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Plasma wakefield accelerators have the potential to drastically reduce the size and cost of

conventional particle accelerators. In these devices, a laser or charged particle beam excites a

density wave in a plasma. The strong fields created by the density wave can then be used to

accelerate a trailing beam to high energy. The accelerating electric field can be three to four orders

of magnitude larger than that found in a typical radio frequency accelerator. Particle accelerators,

however, are tools for producing the beams required by particle colliders and light sources, and

these applications place strict requirements on the quality of the beam. Here, beam quality refers

to the beam emittance, a measure of the transverse momentum spread of the particles in the beam.

Unfortunately, the beam emittance tends to grow considerably in plasma wakefield accelerator

experiments.

The primary mechanism behind emittance growth, chromatic phase spreading, increases the

emittance when the divergence of the beam is not matched to the focusing force of the plasma.

This process can be mitigated by using a plasma source with density ramps. The focusing force of

the plasma gradually increases in the ramp, reducing the beam size adiabatically. This dissertation

covers the development of a laser ionized plasma source intended to demonstrate emittance preser-

vation. We start by developing a general, analytic theory of beam evolution in an adiabatic plasma

ramp. Using this theory, in combination with particle in cell and particle tracking simulations, we

enumerate the requirements a plasma source must meet in order to preserve the beam’s emittance.

Based on these requirements, we propose an optical technique capable of producing a suitable laser

ionized plasma source. Finally, we demonstrate the optical technique experimentally.
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Chapter 1

Introduction

Particle accelerators are incredibly powerful scientific tools. They have been the primary

research tool of high energy particle physics from the discovery of the quark to the measurement

of the Higgs boson. As particle physics has advanced, it has demanded higher and higher beam

energies from accelerators. At the same time, accelerators have proliferated as bright x-ray sources

through synchrotron light sources and, more recently, as x-ray free electron lasers (FEL). The

short, bright, coherent pulses produced by these machines can be used to probe the structures and

dynamics of condensed matter, novel materials, and biological systems. With such a wide range

of applications, x-ray beam time is competitive on these machines; their cost and size limit the

number available.

There are two drivers for advancing accelerator technology. The first is to create higher energy

colliders. The second is to reduce the cost and size of existing accelerators so that they are more

accessible. One of the main limitations for producing higher energy electron accelerators is the size

of the machine. With existing radio frequency (RF) technology, the size of a linear accelerator is set

by the accelerating gradient, which is the rate of energy gain per unit distance. The accelerating

gradient is proportional to the strength of the electric field accelerating the particles. In a RF

accelerator, the particles are accelerated by a travelling electromagnetic wave in a RF cavity. The

strength of this wave is ultimately limited by the material properties of the cavity. At some

critical electric field, the force from the RF wave on the electrons in the walls of the cavity will

exceed the binding energy of the electrons. They are then separated from the wall in a process
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called dielectric breakdown, damaging the cavity. Gradients of up to 50 MeV/m have been reached

in tests [1]. Production accelerators typically operate at lower fields; the copper linac at SLAC

National Accelerator Laboratory operates at 22 MV/m, and the super conducting Linac Coherent

Light Source II (LCLS-II), under construction at SLAC, is designed to operate at 16 MV/m [2].

In summary, conventional RF accelerators are limited by fundamental physics considerations to

accelerating gradients of less than 100 MeV/m, and often fall far shy of that.

Instead of a linear accelerator, circular accelerators can be used. The particles travel around

the accelerator many times, gaining energy each time they pass through the accelerating cavities.

In these devices, the accelerating gradient is not as much of a limitation. The limiting factor

depends on the type of particle being accelerated. Circular electron accelerators are limited by the

synchrotron radiation emitted by the electron as it moves around the circle. As the electron energy

increases, the energy lost per revolution scales as the relativistic factor to the fourth power γ4
b . At

some point, the loss equals the energy gain per revolution and the maximum energy is reached.

Protons have about 2000 times the mass of electrons so, for a given energy, γb is smaller by a factor

of 2000 and synchrotron radiation losses are no longer an issue, having been reduced by a factor of

1.6× 1013. Instead, it is the strength of the bending magnets, which keep the beam travelling in a

circle, that limit the maximum particle energy.

For both types of accelerators, going to higher energy with current technology requires in-

creasing the size of the accelerator. An acceleration device with a much larger gradient could be

used to produce higher energy linear accelerators in the same space as existing accelerators or

shrink existing accelerators down to a much smaller footprint. The factor that limits the gradient

in conventional RF cavities is the breakdown of the cavity material. Using a plasma to contain the

accelerating field circumvents this problem because the plasma is already broken down. Plasma

wakefield acceleration (PWFA) is a technique for producing very large accelerating gradients using

a density wave excited in a plasma [3, 4, 5]. The density wave, or wake, is excited by a particle

beam or laser driver traveling close to the speed of light. Energy is transferred from the driving

beam into the plasma. A suitably located, charged particle beam can then extract energy from the
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plasma and be accelerated to high energy over a very short distance. Research in plasma wakefield

experiments has made great progress towards turning this idea into reality.

Experiments at SLAC’s Final Focus Test Beam demonstrated that accelerating fields of

52 GV/m could indeed be achieved in an electron beam driven plasma wake [6]. These experiments

used a single beam to both drive the plasma and sample the accelerating field. SLAC’s Facility for

Advanced Accelerator Experimental Tests (FACET) had the capability to send a second “witness”

beam behind the first beam [7]. Dual bunch experiments demonstrated that a witness beam could

be accelerated with high energy transfer efficiency, > 30%, from the drive to the witness beam

and a low energy spread of 0.7%, but the total energy gain of the witness beam was limited [8].

Later experiments showed that single stage gain of 9 GeV was possible while still maintaining

modest energy spread [9]. The FLASHForward facility at DESY introduced more stable, better

characterized drive bunches allowing it to achieve gradients of 1.3 GeV/m, efficiency of 42%, and

energy spread of 0.13%, simultaneously.

While most beam driven plasma wakefield accelerator experiments operate by accelerating an

external beam, laser driven accelerators typically produce the accelerated beam in the plasma from

plasma electrons. Using powerful lasers, accelerating gradients of over 100 GeV/m and electron

beams with 4.2 GeV have been created [10, 11]. Typically, the beams are lower charge and have

larger energy spread than those accelerated in a beam driven accelerator.

Despite the promising experimental progress, collider and light source applications require

more than just high energy and low energy spread. The beams must be of high quality and high

brightness. In this case, quality is quantified by the transverse emittance of the beam, a measure of

the amount of transverse momentum spread the particles have. Low emittance is essential to achieve

the small focal spots required for high brightness in a collider, increasing the number of collision

events. In an FEL, the lasing process will not occur if the beam’s emittance is not sufficiently low.

In beam driven plasma wakefield experiments, the emittance tends to grow significantly while the

beam is accelerated. Chaining multiple plasma stages together to create a high energy accelerator

would result in catastrophic emittance growth with current technology. Emittance preservation has
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yet to be demonstrated experimentally and is the next major goal for plasma accelerator research.

This dissertation is part of an experimental campaign to demonstrate emittance preservation

in a beam driven plasma wakefield accelerator, preferably while maintaining a high accelerating

gradient, a high efficiency, low energy spread, and significant energy gain. Emittance growth

primarily results when the divergence of the beam is not matched to the strong focusing forces

from the plasma. This requires the beam to be focused to a small size, typically smaller than

can be achieved by conventional magnetic optics. Instead, a plasma source with a ramped plasma

density has been proposed to focus the beam down to the required size [12, 13]. The beam dynamics

in ramped plasmas have been previously studied [14, 15, 16, 17, 18, 19, 20]. However, there are

still many unknowns about what the ramp should look like and how sensitive the emittance is to

variations in the ramp and the beam. Transverse offset between the drive and witness beam can

also cause emittance growth even if the beam is sufficiently focused, but existing literature has only

briefly considered this mechanism [21, 22, 23, 24].

Emittance preservation is a major goal of upcoming experiments at the FACET-II facility

at SLAC. FACET-II is an upgrade to FACET designed to provide the high current, high quality

beams necessary for high gradient, large energy gain, and emittance preservation experiments. For

these experiments to be successful two things need to be addressed. First, existing gaps in the

understanding of beam dynamics in plasma ramps need to be understood in order to inform the

design of the plasma source. Second, a technique for creating a plasma source with controlled

density ramps needs to be developed. Only with new plasma sources will experiments at FACET-II

be able to demonstrate preservation of the emittance.

This dissertation is about the design and creation of a plasma source for emittance preserva-

tion experiments at FACET-II. We start by developing a general approach to describe the evolution

of the witness beam in a plasma wakefield accelerator with density ramps. Informed by our theo-

retical model, we develop requirements for the FACET-II plasma sources to preserve the emittance

and maximize the performance of the accelerator. We then propose a laser ionization scheme to

produce such a plasma and present optical tests that show our optical technique works.
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1.1 Outline

The research presented in this dissertation works toward the goal of demonstrating emittance

preservation in a plasma wakefield accelerator. The research broadly falls into two categories:

theoretical investigations of beam dynamics and experimental plasma source development. The

chapters are roughly separated along those lines. Ch. 2 and Ch. 3 are focused on beam dynamics

while Ch. 4, Ch. 5, and Ch. 6 focus on the development of plasma sources for emittance preservation

experiments. Ch. 4 refers back to the results of Ch. 3 to inform the plasma source design.

Chapter 2 provides the background information on plasma wakefield accelerators and accel-

erator physics necessary to understand the rest of the dissertation, particularly Ch. 3. Nothing in

Ch. 2 is new work; instead, it is focused on explaining the key concepts and terms used within the

plasma accelerator field with an emphasis on beam driven accelerators.

Chapter 3 works out the detailed beam dynamics, with a focus on chromatic effects, within a

PWFA. The work is motivated by a desire to understand the impact the plasma source has on the

quality of the beam. To this end, the chapter also applies the beam dynamics results to the specific

case of FACET-II. Concrete requirements for the FACET-II plasma source are presented. Almost

all of the content in this chapter represents new, novel work done as part of this dissertation.

Chapter 4 lays out a newly developed optical technique to produce custom tailored plasma

sources with high precision. The first half of the chapter presents the background in field ionization

and optics necessary to understand the technique. The second half develops the technique by

combining several well-known ideas and applying them to the formation of laser ionized plasmas.

The chapter ends by showing some detailed plasma source designs that use the optical technique

to create plasmas that satisfy the requirements laid out in Ch. 3.

Chapter 5 describes the experimental setups used for plasma and optics testing at the Uni-

versity of Colorado Boulder (CU) and for plasma wakefield accelerator experiments at SLAC. A

significant portion of the work done for this dissertation was spent designing, building, and com-

missioning hardware in both labs.
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Chapter 6 describes the results of tests performed to characterize a pair of custom diffractive

optics. The optics were designed as a part of this dissertation work to produce a laser ionized

plasma source. The experiments were carried out at CU to demonstrate that the optical technique

presented in Ch. 4 performs as expected.

Finally, Ch. 7 summarizes the dissertation and discusses the next steps required to experi-

mentally demonstrate emittance preservation in a plasma wakefield accelerator.



Chapter 2

Basics of Plasma Wakefield Acceleration

A plasma wakefield accelerator is created by exciting a density wave in a plasma. The electric

and magnetic fields associated with this wave are immense, capable of accelerating particles to

high energy over a very short distance. These immense fields are not limited to the longitudinal

direction—the direction of acceleration. Transverse fields exert focusing forces on the particles

that are several orders of magnitude stronger than those produced by the focusing magnets used

in conventional accelerators. These focusing forces cause the particles to oscillate back and forth.

When a large number of particles, called a bunch or beam, are loaded into the wave, the dynamics

of the system can become complex. Taking advantage of these dynamics to produce high quality

beams from a plasma-based accelerator requires an understanding of two things: the structure of

the wave and the dynamics of the beam placed within it. The first topic falls under the umbrella

of plasma physics. The second is within the purview of accelerator physics.

This chapter contains the background information in plasma physics and accelerator physics

necessary to understand Ch. 3. The first half of the chapter is about plasma physics, starting

with the basic definition of a plasma and working up to an analytic description of highly nonlinear

waves and wakefields. In the process, important concepts in the physics of plasma accelerators are

introduced. The second half covers accelerator physics, introducing the concepts used to describe

a particle beam and calculate the beam’s dynamics under the influence of external fields.
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2.1 Plasma

Plasma is often called the fourth state of matter, the first three being solid, liquid, and gas

(the condensed matter physicists like to add a couple more). The obvious way to move up through

the list is to increase the temperature. Ice melts into water at 0◦C, water evaporates into steam

at 100◦C, and, if the temperature keeps increasing, steam eventually disassociates and ionizes into

plasma. In the case of melting and evaporation, it is the bonds between atoms and molecules which

are broken as the temperature increases. For a plasma, it is the bonds within the atom that break,

stripping one or more electrons away from the nucleus. Both the electrons and ions are charged

but unbound; this is at the heart of what makes plasma special. Gases interact through direct

collisions with their neighbors. The charged particles in a plasma interact collectively through the

much longer range electromagnetic force.

2.1.1 What is a Plasma?

A plasma is a fluid comprised of free positively and negatively charged particles. The fluid

can contain a variety of ions of different species or different ionization states, as well as neutral

particles and electrons. The particles in the fluid are only free if their thermal energy is greater

than the potential energy from their nearest neighbors. This means plasmas are typically hot, with

temperatures of at least 1 eV (11, 600◦K) [25, 26].

A plasma is dominated by electromagnetic interactions rather than collisions. Too many

collisions between charged particles and neutral particles would cause the fluid to behave like a

gas. In addition, plasma is typically assumed to be quasineutral1 in the stationary state, meaning

that it has about the same amount of positive and negative charge in a given volume. In the next

section we will introduce the various parameters that describe a plasma. Using these parameters,

we will present the three plasma criteria, which formalize the requirements for an ionized gas to

behave as a plasma.

1 Not all plasma are quasineutral; for example, a charged particle beam has only one sign of charge. Many results
in plasma physics, however, rely on the quasineutral assumption.
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2.1.2 Plasma Parameters

The two basic plasma parameters are [27]:

(1) particle number density, ne for the electrons, ni for ions, and nn for neutrals,

(2) temperature of each constituent, Te for electrons and Ti for ions.2

The rest of the plasma parameters are derived from these two.

Plasmas interact primarily through collective, electromagnetic interactions. To derive the

natural timescale for these interactions, consider the displacement of a slab of electrons by δx

relative to the ions. The charge separation will result in an electric field given by Gauss’ Law

Ex = eneδx/ε0, where e is the fundamental charge and ε0 is the permittivity of free space. The

force on an electron is Fx = −eEx and the equation of motion for the electron, with mass given by

me, is δ̈x = − nee2

meε0
δx, which is the equation for a simple harmonic oscillator with frequency

ωp =

√
nee2

meε0
. (2.1)

The quantity ωp is the electron plasma frequency, commonly referred to as the plasma frequency.

The ion motion evolves on a different time scale given by ω2
pi = niZ

2e2/(miε0), where Z is the

charge state of the ion. ωpi is smaller than the electron plasma frequency by a factor of
√
Z2me/mi.

Because the ion mass is typically much larger than the electron mass, the ion motion can often be

ignored.3

Collective, electromagnetic effects will dominate over collisions if the plasma period is much

shorter than the average time, τn, between electron-neutral collisions. This leads to the first plasma

criterion

ωpτn > 1. (2.2)

2 Plasmas are rarely in thermal equilibrium. They often have non-Maxwellian velocity distributions, and
the thermodynamic temperature is not well defined. In plasma physics, temperature is typically defined as
Te = me

3kBne

∫
(v − vb) · (v − vb)f(v)d3v, where f(v) is the velocity distribution and vb is the bulk flow velocity

[25].
3 Ion motion has little impact on the formation of the plasma wake. The small ion motion that develops near the

rear of the wake, however, can have a significant impact on the dynamics of the witness beam, see Sec. 3.5.2.
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The electron-neutral collision time is given by τn = 1
nnσn

√
me

2kBTe
, where σn ≈ 10−19 m2 is the

neutral atomic cross section and kB is the Boltzmann constant [25, 26]. To ensure the first plasma

criterion is satisfied in a plasma wakefield accelerator, we need to introduce the typical scales present

in such a device.

Plasma wakes are excited by charged particle beams or laser pulses, both of which travel at

close to the speed of light. The natural length scale for the wake is then the plasma oscillation

period times the speed of light c:

λp = 2π
c

ωp
, (2.3)

called the plasma wavelength; although, the plasma wavenumber kp = ωp/c is more frequently used.

The driver of the wakefield must be about the same size as the plasma wavelength to efficiently drive

the wake.4 Electron bunches and laser drivers typically have length scales around 10 − 100µm,

while proton drivers produce wakes with λp ≈ 1 mm. As a result, the plasmas used in wakefield

acceleration have densities between 1015 cm−3 and 1019 cm−3. For comparison, the density of air

at room temperature is approximately 3× 1019 cm−3. The corresponding plasma frequencies vary

between 0.9 THz and 90 THz. The typical electron temperature before the wake passes ranges from

1 − 100 eV. We are concerned with plasmas that are partially ionized at the edges of the plasma

source. Even when the ionization fraction is as low as 1%, Te = 100 eV, and with a gas density of

1019 cm−3, ωpτn ≈ 10 and the first plasma criterion is satisfied.

Plasmas appear quasineutral on length scales greater than the Debye length, over which

the electric field is screened by the motion of charges in the plasma. There are contributions

to the Debye length from both the electrons and ions, but, in the plasmas considered here, the

electron temperature is typically much higher than the ion temperature and the Debye length can

be approximated as [25, 27, 26]

λD =

√
ε0kBTe
nee2

. (2.4)

A plasma must be large enough for shielding to occur in order for it to be quasineutral. The second

4 The exception is proton beam drivers which excite many wake periods over the length of the bunch using the
self-modulation instability. The typical plasma wavelength is around 1 mm for these beams.
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plasma criterion is thus

λD � L, (2.5)

where L is characteristic the spatial dimension of the system. For wakefield accelerator plasmas,

the Debye length varies from 2.4 nm for a 1019 cm−3 plasma at 1 eV up to 2.4µm for a 1015 cm−3

plasma at 100 eV. In any case, the plasma dimensions are at least several λp, which is significantly

larger than the Debye length; the second plasma criterion is thus satisfied.

As we have seen above, screening of the electric field occurs on the scale of the Debye length.

The screening results from the movement of particles in response to potentials in the plasma; as

such, there needs to be enough particles present to do the screening. This requirement is quantified

by the number of particles within a Debye sphere [25, 27, 26]:

ND =
4

3
πneλ

3
D. (2.6)

The final plasma criterion is ND ≫ 1. For a 1019 cm−3 plasma at 1 eV, there is about half a

particle in the Debye sphere; while at 100 eV, there are 544. To strictly meet the plasma criterion,

our higher density plasmas must also be hotter. It turns out, however, that this is irrelevant for

the plasma physics discussed here. As a final note, the neλ
3
D part is called the plasma parameter

Λ = neλ
3
D.

2.1.3 Linear Plasma Waves

In the previous section, we derived the oscillation frequency of a slab of electrons displaced

from equilibrium. In this section, we move beyond the simple slab geometry and consider a general

electrostatic wave. We will be limited to the linear regime where the variations in the electron

density are small, allowing the magnetic field to be ignored. To connect this with wakefield accel-

eration, we will consider a source in the form of an ultrarelativistic electron beam moving through

the plasma at approximatly the speed of light, for which we can calculate the electron density

and electric fields analytically. We follow the approach presented in Keinigs and Jones [28] with
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additional details from Refs. [29, 30, 31]. The ions are assumed to be stationary, and the plasma

density is initially uniform and spatially infinite.

We use a fluid approach to the describe the evolution of the plasma. The evolution is

constrained by the continuity equation

∂ne
∂t

+∇ · (nev) = 0, (2.7)

where v is the electron fluid velocity. The continuity equation ensures charge is conserved in the

absence of sources or sinks of electrons in the plasma.5 The force on a fluid element is given by

the Lorentz force law

me
∂(nev)

∂t
= −ene (E + v ×B) , (2.8)

where E is the electric field and B is the magnetic field. We have assumed the plasma elec-

tron velocity is non-relativistic. The fields respond to the plasma density according to Maxwell’s

equations:

∇ ·E =
ρ

ε0
(2.9)

∇ ·B = 0 (2.10)

∇×E = −∂B
∂t

(2.11)

∇×B = µ0J +
1

c2

∂E

∂t
, (2.12)

where the charge density is given by ρ = e(ni − ne) and the current density is J = −enev. These

six equations provide a self-consistent description of the plasma density and electromagnetic field

dynamics.

In the linear—or small amplitude—limit, we treat the change in plasma density as a pertur-

bation ne = n0 + δn, with δn � n0 (ni = n0). Further, we assume the plasma currents are small

enough that the the magnetic field is negligible compared to the electric field (v � c). Expanding

the continuity equation to first order in δn gives

∂δn

∂t
+ n0∇ · v = 0. (2.13)

5 Ionization is an example of an electron source. Recombination would be a sink.
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We ignore the magnetic field in the Lorentz force law:

me
∂v

∂t
= −eE. (2.14)

Similarly, in Maxwell’s equations we remove the magnetic field and consider Gauss’s law

∇ ·E = − e

ε0
δn. (2.15)

Taking the divergence of Eq. (2.14) gives

∂

∂t
∇ · v = − e

me
∇ ·E, (2.16)

inserting Gauss’s Law for ∇·E and Eq. (2.13) for ∇·v gives the equation of motion for the plasma

∂2δn

∂t2
+
n0e

2

meε0
δn = 0. (2.17)

The wave is electrostatic, relying only on Gauss’s law. The oscillation frequency is recognizable as

the plasma frequency.

The plasma wave must be excited by an external source. We will consider an electron beam,

called the drive beam. The resulting plasma density wave is called the wake of the beam and the

electric and magnetic fields produced by the wave are called the wakefields. The charge density in

Gauss’s law is modified by the addition of the beam charge density nb. The equation of motion

gains a forcing term:

∂2δn

∂t2
+ ω2

pδn = −ω2
pnb. (2.18)

Assume the electron beam is relativistic with a Lorentz factor γb = 1/
√

1− v2
b/c

2 and is travelling

in the positive z direction. The beam velocity is given by β = vb/c. Because the beam is relativistic,

the particles have an effective mass of γbme and, therefore, evolve slowly compared to the wake.

We can, therefore, make the quasistatic approximation: The beam dynamics are much slower than

the plasma dynamics so the beam distribution can be treated as static in the calculation of the

plasma response.6

6 The beam dynamics will be treated in detail in Section 2.3. The length scale for the beam evolution in a highly
nonlinear wave is kβ = kp

√
2γb, which is a factor of

√
2γb longer than the dynamics of the plasma electrons. In the

linear waves presented here, the length scale for the beam dynamics is even longer.
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It is convenient to transform to a coordinate system that co-moves with the beam.7 We

define ξ = vbt− z as the co-moving coordinate and we transform from the coordinates (x, y, z, t)

to (x, y, ξ, s ≡ z). Rewriting the equation of motion in terms of ξ:

∂2δn

∂ξ2
+
ω2
p

v2
b

δn = −
ω2
p

v2
b

nb. (2.19)

The plasma density perturbation behaves like a driven, simple harmonic oscillator in the s direc-

tion. The transverse coordinates only enter through the driving term - each transverse position is

decoupled and driven by the local beam at that position. We can use a Green’s function approach

to solve the problem for an arbitrary beam density at a given (x, y) position. The Green’s function

for Eq. (2.19) is

G(ξ, ξ′) = −ωp
vb

sin

[
ωp
vb

(ξ − ξ′)
]

Θ(ξ′ − ξ), (2.20)

where Θ(−ξ) is the Heavyside step function; physically, Θ(−ξ) means the electron beam cannot

drive a wake in front of itself. The Green’s function is verified in Appendix A. The density pertur-

bation driven by the beam is given by

δn(x, y, ξ) = −ωp
vb

∫ ξ

−∞
dξ′nb(x, y, ξ

′) sin

[
ωp
vb

(ξ − ξ′)
]
. (2.21)

From here on, we assume the drive beam is highly relativistic so we can approximate vb ≈ c and

ωp/vb = kp. The wavelength of the wake is then λp.

We can draw several immediate conclusion from Eq. (2.21). First, there are two major regimes

depending on the length of the drive beam compared to λp.
8 If the length of the drive beam is

much longer than λp, we integrate over multiple periods of the sine function at large ξ, which tends

to zero. Physically, the plasma electrons have sufficient time to move in order to shield the fields

from the beam; minimal density perturbations persist after the beam has passed. This shielding is

shown in Fig. 2.1(a) for a beam with a Gaussian longitudinal profile of RMS width σξ. If, on the

7 The co-moving coordinate system is not a transformation to a different frame. We are still in the lab frame but
using a more convenient set of coordinates.

8 Strictly speaking, it is the characteristic lengths of features in nb rather than the total beam length. For example,
a long beam with a very sharp drop off at the tail will excite a wake in the short beam regime because the sharp
drop off has a characteristic length shorter than λp.
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other hand, the beam is shorter than λp, it will drive a sinusoidal density wave that moves along

with the beam and the oscillations will persist after the beam has passed, as shown in Fig. 2.1(b). In

our simple model, the wave never decays; in a real plasma there are various dampening mechanisms

that will cause the wave amplitude to reduce over time.9 Second, the maximum value of δn is nb

if the beam is long and kp
∫
dξnb if the beam is short. At the start of the derivation, we assumed

δn � n0. The wake will only be in the linear regime if the beam density is much less than the

plasma density, nb � n0.
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Figure 2.1: Plasma density waves along the z axis in the linear regime. (a) shows a plasma density
wave driven by a long bunch with σξkp = 4. The plasma reacts sufficiently fast to screen the beam
fields. (b) shows a density perturbation driven by a short bunch (σξkp = 0.5). Even after the beam
has passed, the plasma density continues to oscillate. Adapted from Ref. [31].

Eq. (2.21) is the general solution for a linear density wave excited by an electron beam. The

next step is to calculate the electric field within the wave. We start by presenting the derivation of

the inhomogeneous wave equation [32]. Taking the curl of Eq. (2.11) we get

∇× (∇×E) = − ∂

∂t
∇×B. (2.22)

Using Eq. (2.12) to replace the ∇×B gives

∇× (∇×E) = −µ0
∂J

∂t
− 1

c2

∂2E

∂t2
. (2.23)

9 Landau (collisionless) dampening and dampening due Coulomb collisions or collisions with neutrals will dissipate
the wake. For more details see a plasma text i.e. [25, 26, 27].
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We use the vector identity ∇× (∇×E) = ∇(∇ ·E)−∇2E to get

∇(∇ ·E)−∇2E = −µ0
∂J

∂t
− 1

c2

∂2E

∂t2
. (2.24)

Finally, using Gauss’s law to substitute for ∇ ·E, we get the inhomogeneous wave equation(
∇2 − 1

c2

∂2

∂t2

)
E =

1

ε0
∇ρ+ µ0

∂J

∂t
. (2.25)

We can get a similar equation for the magnetic field by taking the curl of Eq. (2.25), using Faraday’s

Law, Eq. (2.11), to swap the electric field for the magnetic field, and integrating in time:(
∇2 − 1

c2

∂2

∂t2

)
B = −µ0∇× J . (2.26)

The sources are the same as above ρ = −e(δn + nb) and J = −e(n0v + nbcẑ). Making use of

Eq. (2.14) to replace the time derivative of v gives(
∇2 − 1

c2

∂2

∂t2
− k2

p

)
E = − e

ε0
∇(δn+ nb)−

e

ε0c2
cẑ
∂nb
∂t

, (2.27)(
∇2 − 1

c2

∂2

∂t2
− k2

p

)
B = µ0ec∇× (nbẑ). (2.28)

Transforming to the co-moving coordinate causes the z part of ∇2E to cancel the 1
c2
∂2E
∂t2

term;

the same thing happens in the equation for B. This cancellation only occurs because we have

assumed vb ≈ c. We note that a similar cancellation happens between ∇nb and ẑ
c
∂nb
∂t . Again, this

cancellation is due to the fact that we have assumed the electron beam is travelling at the speed

of light. This is the well-known relativistic reduction (by a factor 1/γ2
b ) of the longitudinal electric

field.10 The radial fields are magnified and, thus, a highly relativistic electron beam only looks

like a source in the transverse direction [32]. Finally, the quasistatic approximation allows us to

drop the s derivative in ∂
∂z as ∂

∂s �
∂
∂ξ .

In the co-moving coordinates, the wave equations are given by

(
∇2
⊥ − k2

p

)
E = − e

ε0
∇δn− e

ε0
∇⊥nb, (2.29)

(
∇2
⊥ − k2

p

)
B = µ0ec

(
∂nb
∂y

x̂− ∂nb
∂x

ŷ

)
. (2.30)

10 By assuming the beam has speed vb = c, we have assumed γb is infinite and we thus get perfect cancellation of
the longitudinal electric field from the beam. It is exactly 0. See Sec. 2.3.5 for a derivation of the beam self fields.
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The first source term on the right of Eq. (2.29) is the charge separation of the plasma, the second

term is the radial electric field from the electron beam. The source term on the right of Eq. (2.30)

is the beam current. The plasma current is present for both E and B in the k2
p term.

We are interested in the fields created by the wake, not the driving beam. The wave equations

are linear, so the total fields are the sum of the fields from the plasma source terms and the fields

from the beam source terms. Keeping only the plasma source terms we get

(
∇2
⊥ − k2

p

)
E = − e

ε0
∇δn, (2.31)

(
∇2
⊥ − k2

p

)
B = 0. (2.32)

Trivially, the solution for the magnetic field is B = 0; the wave is electrostatic after all. The equation

for the electric field can be solved independently in the longitudinal and transverse directions. To

simplify the solution, we assume the electron beam is cylindrically symmetric; δn is then also

cylindrically symmetric. We start with the longitudinal direction where, in cylindrical coordinates,

we have (
∇2
⊥ − k2

p

)
Ez = − e

ε0

∂δn

∂ξ
. (2.33)

The radial electric field is given by(
∇2
⊥ −

1

r2
− k2

p

)
Er −

2

r2

∂Eφ
∂φ

= − e

ε0

∂δn

∂r
, (2.34)

where we have used the radial part of the vector Laplacian in cylindrical coordinates:

(∇2E)r =

(
∇2Er −

Er
r2
− 2

r2

∂Eφ
∂φ

)
. (2.35)

To make further progress, we will assume the electron beam, and thus the plasma response,

is cylindrically symmetric and separable: Ez(r, ξ) = R(r)Z(ξ) and nb(r, ξ) = Rb(r)Zb(ξ). If the

beam density is separable, then the density perturbation is also separable according to Eq. (2.21):

δn(ξ, r) = Rn(r)Zn(ξ). Inserting into Eq. (2.33), we get

Z
(
∇2
⊥ − k2

p

)
R = − e

ε0
Rn

∂Zn
∂ξ

(2.36)



18

The longitudinal solution is trivial and is given by

Z(ξ) =
e

ε0k2
p

∂Zn(ξ)

∂ξ
. (2.37)

The Laplacian in cylindrical coordinates is

∇2
⊥R =

1

r

∂R

∂r
+
∂2R

∂r2
+

1

r2

∂2R

∂φ2
, (2.38)

with which we can write the radial equation as

∂2R

∂r2
+

1

R

∂R

∂r
− k2

pR = −k2
pRn, (2.39)

which is the inhomogeneous Bessel’s equation of zero order with a driving force − e
ε0
Rn. The Green’s

function solution to this equation comes from Jackson Sec. 3.11 [32]

g(r, r′) = 4πK0(kpr>)I0(kpr<), (2.40)

where r> is the greater of r and r′ and r< is the lesser. In this case the Green’s function satisfies

∂2g

∂r2
+

1

g

∂g

∂r
− k2

pg = −4π

r
δ(r − r′) (2.41)

so the radial solution is given by

R(r) = k2
p

∫ ∞
0

r′dr′Rn(r′)K0(kpr>)I0(kpr <). (2.42)

Combining everything together gives the longitudinal electric field as

Ez(r, ξ) =
e

ε0

∫ ∞
0

r′dr′
∂

∂ξ
δn(r′, ξ)K0(kpr>)I0(kpr<). (2.43)

The radial electric field can be found using a similar process. The only major difference enters from

the additional 1/r2 term in Eq. (2.34) which results in a Bessel function of the first order. The

radial electric field is given by

Er(r, ξ) =
e

ε0

∫ ∞
0

r′dr′
∂

∂r′
δn(r′, ξ)K1(kpr>)I1(kpr<). (2.44)

These are only the fields generated by the plasma wave—the driving electron beam produces its

own fields which are discussed in Section 2.3.5.



19

Fig. 2.2 shows the beam density, plasma density and electric fields from the plasma. The

drive beam has a cylindrically symmetric, 3-dimensional Gaussian distribution given by

nb(r, ξ) = nb0e
−ξ2/(2σ2

ξ )−r2/(2σ2
r). (2.45)

In the figure, σξ = 0.5/kp, σr = 1/kp, and nb0 = −0.01n0. The electric field is normalized to

mecωp/e. We can explain why this is the appropriate factor using simple dimensional analysis.

Because the wave is electrostatic, the electric field is the energy gained per unit length per unit

charge of an electron in the wave. The plasma wave moves at speed c so the kinetic energy scale

for an electron in the wave is order mec
2.11 The natural length scale of this energy change is the

plasma wavelength 1/kp = c/ωp. Dividing the energy scale by the length scale and the electron

charge gives the normalization factor for the electric field.

A couple things to note from Fig. 2.2: The electric fields vary sinusoidally in the longitudinal

direction behind the beam. The radial field is in phase with the density perturbation, while the

longitudinal field is π/2 out of phase. The longitudinal field has a transverse structure similar to

that of the plasma density. The field is peaked on-axis and falls off as r increases, but the falloff

is much slower than the density falloff of the plasma wave. The magnitude of the radial electric

field grows from zero on-axis up to some maximum value around the edge of the plasma wave, past

which it decays towards zero. We will revisit these fields when we talk about the linear plasma

wakefield accelerator in Sec. 2.2.1.

2.2 Plasma Wakefield Acceleration

Producing large electric fields in a particle accelerator requires two things:

(1) a cavity or medium to support the electric fields long enough for the beam to pass through,

(2) a source for the electric fields.

11 The approximate kinetic energy is δn
n0
mec

2. We assumed the electrons are non-relativistic which means they

must have energy much less than mec
2. Since we assumed δn/n0 � 1 the non-relativistic assumption is automatically

satisfied.
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Figure 2.2: Beam and plasma number density of a linear plasma wave and the electrostatic fields
generated by the wave. (a) shows the on-axis density of the driving electron beam and the resulting
plasma wave. (b) is the density of the cylindrically symmetric Gaussian drive beam. (c) is the
density of the excited plasma wave. (d) shows longitudinal lineouts of the fields. In purple is
the on-axis longitudinal field and in orange is the off-axis radial field—the on-axis radial field is
0—notice that the two fields are π/2 out of phase. (e) and (g) show the longitudinal field and the
transverse variation in the field, while (f) and (h) show the same thing for the radial field. Dashed
lines denote the locations where the lineouts are taken

Conventional accelerators use copper or superconducting cavities to support the electric fields and

are driven by RF sources with a frequency between 1 − 3 GHz. The problem with conventional

accelerators is that the copper or superconductor can only support relatively weak fields. Copper

can only handle electric fields up to about 50 MV/m before it is damaged by dielectric breakdown

[1]. Plasma, on the other hand, has already been ionized and can support very large fields before

further ionization occurs. This is the key difference that allows the plasma-based accelerator to

achieve accelerating gradients three orders of magnitude larger than a conventional accelerator.

Using a plasma removes the main limitation: supporting the strong electric fields. RF sources,
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however, are not suitable for driving high accelerating fields in a plasma. In 1979, Tajima and

Dawson [3] realized that the pondermotive force of a laser pulse could excite electrostatic density

waves with fields capable of trapping and accelerating charged particles to high energies. The

plasma wakefield accelerator is composed of a driver beam (laser or particle) travelling at close to

the speed of light that excites a density wave inside a plasma. Charged particles are then either

launched or injected into the wakefields and accelerated to high energy. At the same time, the wake

and wakefields act back on the driver reducing its energy. In this way, the wakefield accelerator acts

as a very space efficient energy transformer—it transfers energy from the driver into the plasma

and then from the plasma into the accelerated particles. Compare this to RF accelerators: they

work by transferring energy from a RF source to the beam via metallic waveguides but do so over

a much greater distance.

There are two main types of plasma wakefield accelerators depending on what drives the

wake. As in Tajima and Dawson’s original suggestion, a laser can drive the wake in which case

the accelerator is called a laser wakefield accelerator (LWFA). The second technique, originally

proposed in Refs. [4, 5], is to use a charged particle beam, called a beam driven plasma wakefield

accelerator (PWFA). The type of driver influences the shape of the wake and wakefields in the

vicinity of the driver. If the driver is short, the wakefield structure in the rear of the wake is the

same regardless of whether a laser or particle beam drives the wake. The only dependence on the

details of the driver enters through the magnitude of the wake. As a result, the dynamics of the

particles being accelerated are identical for the two acceleration techniques.

Many early PWFA experiments used very long beams to simultaneously drive the wake and

sample the accelerating fields [33, 34, 6]. A practical plasma wakefield accelerator will operate in

the two bunch configuration where a drive beam drives the wake in the plasma while the wake

accelerates a second electron beam, called the witness beam. In an LWFA, the accelerated electrons

are also called a witness beam. As long as the witness beam sits rearward of the laser fields, it

experiences the same dynamics as in a PWFA.

In the preceding section, we discussed the formation of linear waves in a plasma. This is the
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linear plasma wakefield accelerator; it has several less-than-ideal characteristics. We will discuss it

briefly to introduce the concepts of beam loading and transformer ratio; we will also discuss the

disadvantages of the linear regime. As the density of the particle driver or intensity of the laser

driver increases, the linear approximations break down and the wave becomes nonlinear. With

enough driving force, all of the electrons are evacuated from the center of the wake, and we enter

the nonlinear blowout regime. After Section 2.2.1, the rest of this dissertation will assume the

plasma-based accelerator is operating in the blowout regime.

2.2.1 Plasma Wakefield Acceleration in the Linear Regime

In Sec. 2.1.3 we discussed the formation of linear waves in a plasma. In particular, we

considered waves driven by a relativistic electron beam. We were already dangerously close to

describing a plasma wakefield accelerator; the only step remaining is to add a witness beam into

the wave to be accelerated. We can include a second beam in our previous equations by adding

the witness beam charge density into the total beam density nb = nd + nw, where nd and nw are

the charge densities of the drive and witness beam respectively. Because the wave is linear, the

electron density and the resulting fields are simply the sum of the densities and fields from each

individual beam. As such, we start by considering the effect of the wakefields on a single beam.

We already know that the beam must have features with length scales shorter than λp to

generate a wake. The functional form of the distribution determines how Ez, the accelerating field,

varies along the beam. We can combine Eqs. (2.21) and (2.43) to get [35]

Ez(r, ξ) = −k2
p

e

ε0

∫ ∞
0

r′dr′
∫ ξ

−∞
dξ′nb(r

′, ξ′) cos
[
kp(ξ − ξ′)

]
K0(kpr>)I0(kpr<). (2.46)

We can take advantage of the cylindrical symmetry to extract the dependence of the field on the

longitudinal beam profile, i.e., the beam current profile

Ez(r, ξ) = − e

ε0
R(r)

∫ ξ

−∞
dξ′Zb(ξ

′) cos
[
kp(ξ − ξ′)

]
, (2.47)

where R(r) is given by Eq. (2.42). The radial function R(r) ≈ Rb(r) when the beam is much

wider than 1/kp. The fields are reduced for narrower beams; consult Katsouleas et al. Eq. (25)
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for the expression of the reduction in field strength from a cylindrical beam [35]. It is convenient

to separate nb in such a way that Rb(r) is unit-less and Rb(0) = 1. Consider a uniform cylindrical

beam with charge Q, length ∆ξ, and radius ∆r; the beam density is nb0 = Q
eπ∆ξ∆r2 and the beam

profile is Zb(ξ) = nb0 rect
(

ξ
∆ξ −

1
2

)
. The field within the beam is given by

Ez(r, ξ) = − e

ε0
R(r)

1

kp
nb0 sin(kpξ). (2.48)

The front of the beam sees a smaller amplitude field than the rear; thus, the wakefield will extract

more energy from the rear of the beam than the front. In addition, we see that for a uniform

current distribution, ∆ξ < λp/2 to efficiently drive a wake. The wakefield driven by the beam is

Ez(r, ξ) = − e

ε0
R(r)

1

kp
nb0

√
2− 2 cos(kp∆ξ) cos(kpξ + φ), (2.49)

where φ is the phase of the wake at the end of the beam:

φ = arctan

[
−1− cos(kp∆ξ)

sin(kp∆ξ)

]
. (2.50)

The amplitude of the wake can then be identified as

Ez0 = − e

ε0
R(0)

1

kp
nb0

√
2− 2 cos(kp∆ξ). (2.51)

Fig. 2.3(a) shows the longitudinal wakefield from several different drive beams all with the

same charge, but different bunch lengths and thus different currents. For a given charge, the larger

the beam current, the higher the amplitude of the wake function. Fig. 2.3(b) shows a similar figure

except the beam current is held constant and the beam charge is varied. To maximize the strength

of the wake, the beam should have as much charge in as short a length as possible.

Drive beams with uniform current profiles do not loose energy uniformly along their length.

This makes them inefficient because the center of the beam runs out of energy before the ends.

Optimally the decelerating field would be uniform, or close to uniform, along the full length of

the beam; then, all the energy from the drive beam could be transferred to the plasma. Similarly,

a uniform accelerating field along the extent of the witness beam is important to minimize the

energy spread of the particles in the beam. To create uniform fields, we can change the shape of
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Figure 2.3: Longitudinal wakefields for constant current beams with different charges and peak
currents. The rectangles show the current profile of the electron beam. In (a) the beam charge is
held fixed while the bunch length, and thus current, is varied. Larger currents produce stronger
wakefields for a given beam charge. (b) shows several beams all with the same current but varying
charge. Unsurprisingly, more charge produces a stronger wakefield.

the current profile to change the form of the wakefields. This effect is called beam loading and it is

a fundamental concept in plasma wakefield acceleration.

For the drive beam, it is impossible to maintain a constant field along the entire beam

because the field must rise continuously from 0 at the front. A small uniform current beam, like

that presented above, can be used to ramp the field up before the main beam. For both the main

drive beam and the witness beam, a trapezoidal current profile can flatten the wake when properly

shaped [35]. Assuming a beam profile of Zb(ξ) = aξ + b between ξ0 and ∆ξ and using Eq. (2.47),

the field within the beam is found to be

Ez(r, ξ) = − e

ε0
R(r)

1

k2
p

{a− a cos[kp(ξ − ξ0)] + kp(b+ aξ0) sin[kp(ξ − ξ0)]} . (2.52)

We will drop the radial dependence R(r) for the rest of this discussion. The field created by the

bunch summed with the field from the preceding bunch should be a constant. The longitudinal

wakefield in the regions devoid of beam electrons is generically given by

Ewave(ξ) = Ez0 cos(kpξ + φ) (2.53)

Summing Eq. (2.53) and Eq. (2.52), and setting the sum equal to an arbitrary constant allows us

to solve for a and b. We start by changing coordinates to ζ = ξ + φ/kp to simplify the expression.
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The constants a and b are then given by

a = −
Ez0k

2
pε0

e
cos(kpζ0) (2.54)

b = −
Ez0k

2
pε0

e

[
sin(kpζ0)

kp
− ξ0 cos(kpζ0)

]
(2.55)

The accelerating field within the beam is constant and given by

Ebeam = Ez0 cos(kpξ0 + φ). (2.56)

We can work out the fields in the accelerator analytically for a “doorstep” drive beam and

a triangular witness beam [36, 37, 38, 35]. The drive beam current profile is given by Zb(ξ) = nb0

for 0 < ξ ≤ π/(2kp) and Zb(ξ) = kpnb0ξ + nb0(1 − π/2) for π/(2kp) < ξ ≤ 2πN/kp, where N is

an integer.12 We will denote the initial uniform current section with the subscript “step” and

the trapezoidal section with subscript “trap”. The wakefield rises from zero to − enb0
ε0kp

following

Eq. (2.48) inside the step and is described by Eq. (2.49) after the step:

Estep(ξ) = −enb0
ε0kp


sin(kpξ) 0 < ξ ≤ π

2kp

√
2 cos(kpξ − π/4) π

2kp
< ξ

, (2.57)

where λ0 is the beam current within the step. We already defined the trapezoidal part of the beam

current above, but we can verify it flattens the wakefield by calculating a and b using Eqs. (2.54)

and (2.55). This gives a = kpnb0 and b = nb0(1 − π/2). The field within the beam is given by

Eq. (2.52) and the field after the beam is given by evaluating Eq. (2.47):

Etrap(ξ) = −enb0
ε0kp


1−
√

2 cos(kpξ − π/4) π
2kp

< ξ ≤ 2πN(
π
2 − 2− 2πN

)
sin(kpξ) 2πN < ξ

. (2.58)

The N dependence means the wake amplitude can be driven arbitrarily high by increasing the

length of the drive beam.13 Adding together Estep and Etrap in the region π
2kp

< ξ ≤ 2πN results

12 A quarter period step is required for the beam current to be continuous while simultaneously maintaining a
constant wakefield throughout the drive beam.

13 At some point, the wake amplitude will become so large the assumptions of linear theory will no longer be valid
and the wake amplitude will saturate.
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in the accelerating field experienced by the drive beam

Edrive = −enb0
ε0kp

, (2.59)

which will reduce the energy of the beam.

The final step is to calculate the longitudinal wakefield excited by the witness beam. We

have the freedom to choose the position where the witness beam starts. From Eq. (2.53), we can

see that the field acting on the witness beam depends on the total wakefield from the drive beam

Ewave = Estep + Etrap:

Ewave(ξ) = −enb0
ε0kp

√
1 +

(
1− π

2
+ 2πN

)2
cos(kpξ + φ), (2.60)

for 2πN < ξ. Here φ is

φ = arctan
(

1− π

2
+ 2πN

)
. (2.61)

We want the witness beam to be in the accelerating phase of the wake so

2π

(
N +M +

1

4

)
< ξ0kp + φ < 2π

(
N +M +

3

4

)
, (2.62)

where M is an integer describing which wake period the witness beam is placed in. We will use

M = 1 from here on for simplicity. The field experienced by the witness beam can vary between 0

and − enb0
ε0kp

√
1 +

(
1− π

2 + 2πN
)2

. Define θ as the phase within a given wake period such that the

field is proportional to sin θ = cos(kpξ + φ). The witness beam needs to be placed between θ = π

and θ = 2π to be in the accelerating phase of the wake. Recall that the focusing field of the wake

is π/2 out of phase with the accelerating field; the witness beam is focused when π/2 < θ < 3π/2.

Fig. 2.4 shows the useful phase of the wake where the accelerating and focusing fields overlap.

The accelerating field is given in terms θ0, the value of θ at the start of the witness beam, by

Ewitness = −enb0
ε0kp

√
1 +

(
1− π

2
+ 2πN

)2
sin(θ0). (2.63)

As with the trapezoidal beam, we can solve for the current profile of the witness beam using

Eqs. (2.54) and (2.55). The beam starts with a large current that reduces linearly in ξ. The
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Figure 2.4: The transverse and longitudinal wake fields over one period in a plasma wakefield
accelerator. The accelerator is only useful when the witness beam is placed in both the accelerating
and focusing phase of the wake. Adapted from Ruth et al. [4].

maximum length of the beam is set by requiring that Zb > 0, forming a triangular beam. The

beam can be truncated before this point and will still see a uniform accelerating field. In Fig. 2.5,

we show the beam current and longitudinal wakefield for a N = 1 drive beam with two different

witness beams. By comparing the two beams in the figure, we can see that the larger the accelerating

field within the witness beam, the shorter the beam length. The shorter beam corresponds to less

charge being accelerated. Also, notice the difference in wakefield amplitude behind the witness

beam—the amplitude is a measure of the energy remaining in the wake.

At this point we can define an important quantity in wakefield acceleration called the trans-

former ratio: the ratio of the accelerating field acting on the witness beam to the decelerating field

acting on the drive beam T = −Ewitness/Edrive. For our linear accelerator

T (θ0) = −
√

1 +
(

1− π

2
+ 2πN

)2
sin(θ0). (2.64)

The transformer ratio grows as the length of the drive beam is increased.14 A second important

parameter is the efficiency of the accelerator, defined as the fraction of the energy lost by the drive

beam that is transferred to the witness beam. To calculate the efficiency, we need to find the charge

14 It has been shown by Bane et al. [39] that a symmetric drive beam can at best produce a transformer ratio of
2. Our trapezoidal beam gets around this because it is asymmetric.
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Figure 2.5: The longitudinal wakefield and beam current in a plasma wakefield accelerator. The
drive beam has a “doorstep” current profile and the witness beam has a triangular current profile,
both of which optimally load the wake. (a) the witness beam is placed at a larger accelerating
field; consequently, the transformer ratio is large and the charge in the witness beam is low. (b)
the witness beam is located at a small accelerating phase. The transformer ratio is small, but the
accelerated charge is large. The efficiency can be estimated by looking at the residual wake after
the witness beam. A large wake such as in (a) means a significant amount of energy remains in the
wake and the efficiency is low.

in each beam. Integrating over the trapezoidal part of the drive beam current distribution gives

Qdrive =
nb0
kp

(
πN + 1− π

4

)(
2πN − π

2

)
. (2.65)

For the witness beam the charge is given by

Qwitness = −nb0
kp

√
1 +

(
1− π

2
+ 2πN

)2 cos2 θ0

2 sin θ0
. (2.66)

The efficiency of the accelerator is given by

η(θ) = −
∫∞
−∞ Zwitness(ξ)Ez(ξ)dξ∫∞
−∞ Zdrive(ξ)Ez(ξ)dξ

= cos2 θ, (2.67)

where the integral over the witness beam is given by the product of Eqs. (2.63) and (2.66), and the

integral over the drive beam requires integrating over the step and summing with the product of

Eqs. (2.59) and (2.65). Fig. 2.6 shows the transformer ratio and efficiency of the accelerator as a

function of θ0. There is always a trade-off between efficiency and transformer ratio.

The linear plasma wakefield accelerator has several less-than-ideal characteristics. First,

the accelerating field depends on R(r), particles closer to the axis experience stronger fields. To
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Figure 2.6: Transformer ratio and efficiency as a function of the witness beam’s phase in the wake.

minimize this effect, the witness beam needs to be much narrower than the drive beam, but then

it becomes difficult to flatten the wake via beam loading for all r. Second, the focusing force is

nonlinear in r resulting in degradation of the beam quality. Third, the linear regime is subject to the

fundamental theory of beam loading which says that for a symmetric drive beam—the trapezoidal

beams we considered earlier are asymmetric—the transformer ratio must be less than 2 [39]. This

is a limitation because, in practice, it is hard to make doorstep beams, while symmetric Gaussian

beams are common.

2.2.2 The Nonlinear Blowout Regime

As the density of the particle driver or intensity of the laser driver increases, the linear

approximations break down, and the wave becomes nonlinear. With enough driving force, all the

electrons are evacuated from the center of the wake and the nonlinear blowout regime is reached.

We will assume we are in the blowout regime for the rest of this dissertation.

Linear theory breaks down when the density perturbation of the plasma wave becomes appre-

ciable compared to the background plasma density. There are many advantages to operating in this

regime. The most obvious—although arguably least important—is the strength of the accelerating

electric field. In Sec. 2.1.3, we showed that the natural scale for the electric field is mecωp/e and in

Sec. 2.2.1, we found fields with amplitudes of Ez0 ≈ eδn
ε0kp

= δn
n0

mecωp
e , where we have used the fact
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that δn ≈ nb0. The natural scale for the electric field is called the wave breaking field [40]

Ez =
mecωp
e

=

√
mec2n0

ε0
, (2.68)

which is the electric field that would result from complete charge separation in a wave with

wavenumber kp:

∇ ·E =
ρ

ε0
→ kpEz =

en0

ε0
. (2.69)

A highly nonlinear wake will produce fields on the order of the wave breaking field. For typical

plasma densities in the range 1016 cm−3 to 1018 cm−3, the peak accelerating field is on the order of

10 GV/m to 100 GV/m. The fields in the linear regime are, by definition, much less than the wave

breaking field.

The primary advantages of operating an accelerator in the highly nonlinear regime are related

to the uniformity of the fields. As in the linear case, we start by presenting the theory for the electron

density before moving on to the wakefield structure. We follow the seminal work of Lu et al. [41, 42]

with additional material from [43]. The full derivation is too involved for this dissertation, so we

restrict ourselves to presenting the main results.

The nonlinear regime is reached when the beam density is sufficiently large that linear theory

no longer applies. The highly nonlinear or blowout regime is reached when the center of the wake is

devoid of any plasma electrons. Lu et al. [42] showed that trajectory crossing of plasma electrons

is a necessary condition—but not sufficient—for a highly nonlinear wake to form. To understand

what we mean by trajectory crossing, consider two electrons: one that starts at a small radius r1,

and a second that starts at a larger radius r2 (r2 > r1). As the drive beam passes, the electrons

will be pushed outward before returning to the axis due to the attractive force of the ions. If at

any point in time r1 > r2, then the electron trajectories will have crossed. The effect of trajectory

crossing is that there is an innermost electron trajectory. All electrons that started with a smaller

initial radius have crossed this innermost trajectory.15

15 Even in the blowout regime, electrons right on-axis are not deflected on large trajectories. Instead, the blowout
can be thought of as a highly unstable equilibrium, particles only slightly off-axis will be rapidly deflected to a large
trajectory.
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The threshold for trajectory crossing is found by solving for the maximum radius of an

electron rm as a function of initial radius r0. Because the electrons all oscillate with approximately

the same frequency, the maximum radius will occur at around the same value of ξ for all electrons.

Thus, trajectory crossing occurs when rm(r0) is no longer a monotonically increasing function.

Dawson [44] worked out a simple ring model in the non-relativistic (electrostatic) limit. In the

model, the plasma is treated as a series of concentric electron rings whose radius evolve according

to

d2r

dξ2
= −kpr

2
+
kpc(r0, r, ξ)

r
, (2.70)

where the kpr/2 term is the force from the ion column and c(r0, r, ξ) = 1
2r

2
0 + 1

n0

∫ r
0 r
′dr′nb(r

′, ξ)

is the force from the electrons at smaller radius, assuming no trajectory crossing. Solving this

equation for rm(r0) and finding the beam parameters that result in drm
dr0

= 0 gives the threshold for

trajectory crossing. Fig. 2.7 shows the trajectories of electron rings driven by a uniform cylindrical

(bi-flattop) drive beam. For a uniform cylindrical beam of radius a, the cutoff for trajectory crossing

is nb > 1.792n0 [42]. The exact value varies depending on the beam distribution. Trajectory crossing

initially occurs for an electron that starts at r0 = a, see Fig. 2.7(b). As the beam density increases,

the portion of the plasma that experiences trajectory crossing expands. This portion corresponds

to the domain of rm(r0) where drm
dr0

< 0 with boundaries r∗ < r0 < r0m as shown in Fig. 2.7(c).

The electron at r0 = 0 is not deflected but all electrons between r∗ and r0m are deflected to a larger

radius than the particle at r0m. The minimum initial radius that experiences trajectory crossing

r∗ rapidly approaches 0 as the beam density is increased above the threshold. As a result, very few

electrons are left in the center of the wake and a nearly perfect blowout forms.

The exact blowout threshold changes slightly depending on the details of the beam distribu-

tion, but a commonly used threshold is

nb ' 2n0, (2.71)

which typically agrees well with simulation.

We now know how to reach the highly nonlinear regime, but what does the wake look like?
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Figure 2.7: Electron trajectories for particles starting at different radial positions. The right plots
show the maximum radial position of each trajectory. The shaded grey box is the electron drive
beam. (a) shows trajectories for an electron beam with nb = n0, no trajectory crossing occurs. (b)
is a beam with nb = 1.792n0. This is the threshold for trajectory crossing: drm

dr0
= 0 at r0 = a. (c)

is a drive beam with nb = 4n0. Trajectory crossing occurs for a range of initial electron positions.
Adapted from Ref. [42].

The plasma density was originally investigated numerically using particle in cell (PIC) simulations—

see Sec. 2.4 for details of the PIC method. It was found that the wake had three distinct regions:

a central ion channel devoid of any plasma electrons, a narrow high density electron sheath around

the ion column, and a region around the bubble where the plasma responds linearly. The electron

density in a typical highly nonlinear wake is shown in Fig. 2.8(a). Unlike the linear case, the

magnetic field is important in the nonlinear regime; thus, the structure of the plasma current in

the wake is also important. Like the electron density, the plasma current is contained in a narrow

sheath around the ion column. The plasma current structure is shown in Fig. 2.8(b). The sheath

acts to screen the surrounding plasma from the strong fields present in the wake.

The boundary between the ion column and the sheath is extremely sharp. Compared to λp,
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Figure 2.8: Structure of a highly nonlinear wake. (a-c) the charge density of the electrons in the
wake. The center of the wake is devoid of plasma electrons which are concentrated in a narrow
sheath. (d-f) the longitudinal plasma current, also concentrated in a narrow sheath.

the electron density is effectively discontinuous. As a result, the boundary can be described by a

one dimensional function of the co-moving coordinate rb(ξ). When we were discussing trajectory

crossing, we pointed out that there was an electron that started at r0m that had the smallest

maximum deflection from the axis.16 It ends up that this electron is the innermost electron along

the majority of the ion column’s length;17 as a result, its trajectory describes the channel boundary.

The approach used by Lu et al. [41, 42] took advantage of this fact to find rb(ξ) by solving the

single particle equation of motion for the innermost electron.

The derivation requires assuming some narrow profile for the plasma electron sheath. The

only requirement on the profile is that the continuity equation is satisfied:

d

dξ

∫
rdr

(
ρ− Jz

c

)
= 0. (2.72)

In front of the blowout, the plasma is neutral and stationary so ρ − Jz/c = 0 and thus
∫
rdr(ρ −

Jz/c) = 0 for all ξ. Assuming the ions are stationary, the source terms are ρ = e(ni − ne) and

16 Excluding the small number of electrons very close to the axis.
17 We know it cannot be true at the start of the bubble because particles with r0 < r0m take some distance to

cross the r0m trajectory.
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Jz = −enevz. The ion density is constant everywhere so the continuity equation requires that∫
rdr[n0 + ne(vz/c − 1)] = 0, which constrains the profile of the sheath. We will avoid discussing

the single particle equation of motion as we have not talked about the electric and magnetic fields

yet. Instead we present the result; the inner radius of the bubble is given by

A(rb)
d2rb
dξ2

+ kpB(rb)rb

(
drb
dξ

)2

+ kpC(rb)rb = − kp
2πcen0

λ(ξ, rb)

rb
, (2.73)

where the source term is the beam current

λ(ξ, rb) = 2πc

∫ rb

0
ρb(ξ, r

′)r′dr′. (2.74)

Both the drive and witness beams are included in the beam charge density ρb = −enb. Eq. (2.73)

then describes the impact of both beams on the sheath radius. The functional form of A(rb), B(rb),

and C(rb) depend on the sheath profile assumed [45, 46] and the transverse density profile of the

plasma [47, 48]. In a transversely uniform plasma column, the coefficients are given by

A(rb) = 1 + k2
p

r2
b

4
+ k2

p

r2
bβ

2
+ k2

p

r3
b

8

dβ

drb
, (2.75)

B(rb) =
1

2
+

3β

4
+

3rb
4

dβ

drb
+
r2
b

8

d2β

dr2
b

, (2.76)

C(rb) =
1 + (1 + r2

bk
2
pβ/4)2

4(1 + r2
bk

2
pβ/4)2

, (2.77)

where β(rb) is a function that depends on the sheath profile. The results are insensitive to the

exact profile used. Therefore, we will use a simple profile consisting of a uniform sheath of width

∆. The continuity equation determines the sheath density:

ρ− Jz
c

= −en0
r2
b

(rb + ∆)2 − r2
b

. (2.78)

The derivation of β requires solving the Poisson-like equation for the wake potential. We will

introduce the wake potential in the next section. For now we skip directly to the result

β(rb) =
(1 + α)2 ln(1 + α)2

(1 + α)2 − 1
− 1, α =

∆

rb
. (2.79)

Eq. (2.73) is still a bit cumbersome. For an accelerator, we want a strongly driven wake which

means we can make the ultrarelativistic approximation rm � k−1
p and ∆ � rb, where rm is the
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maximum value of rb. Further, we assume the sheath width is much smaller than the blowout

radius ∆ � rb. Expanding β in α gives β ≈ α for a uniform sheath profile. For an exponential

sheath profile, β ≈ 2α [48]. In either case the coefficients can be simplified by dropping small

quantities:

A(rb) = k2
p

r2
b

4
, B(rb) =

1

2
, C(rb) =

1

4
. (2.80)

The differential equation for the sheath width then simplifies to

kprb
d2rb
dξ2

+ 2

(
drb
dξ

)2

+ 1 = − 1

2πcen0

4λ(ξ, rb)

r2
b

. (2.81)

Notice that rb does not depend on ∆, and our assertion that the ion channel radius is insensitive

to the details of the sheath profile is confirmed.

In finding Eq. (2.81), we assumed that rb � k−1
p , which is fine for most of the wake, but is

invalid at the front and rear of the first wake period where the radius rises and falls to zero. Using

an energy based argument, Golovanov et al. [43] showed that Eq. (2.81) is still applicable at the

beginning of the bubble; however, it is difficult to solve numerically because the d2rb
dξ2 term diverges

at rb = 0. To fix this, we can make the substitution ψξ(ξ) =
r2
b (ξ)
4 . The resulting differential

equation is

d2ψξ
dξ2

+

(
2

kp
− 1

)
1

2ψξ

(
dψξ
dξ

)2

= − 1

2πcen0

λ(ξ, 2
√
ψξ)

2kpψξ
− 1

2kp
, (2.82)

which can be numerically integrated with the initial conditions

ψξ(ξ0) = 0,
1

ψξ

(
dψξ
dξ

)2
∣∣∣∣∣
ξ=ξ0

= 0. (2.83)

By definition, ψξ is positive and the condition − 1
2πcen0

λ
2ψξ

> 1
2 must be satisfied. This is not

true at the head of the drive beam; the solution is to start integrating Eq. (2.82) at ξ0 such that

ρ(ξ0, 0) = 1/2. Fig. 2.9 shows a comparison between the analytic solution of Eq. (2.82) and PIC

simulations for increasingly relativistic wakes. At low drive beam density, the analytic predictions

increasingly diverge from the simulation as ξ increases.

In the highly nonlinear blowout regime and under the ultrarelativistic limit, we now know

how to calculate the radius of the ion column along the wake. Further, we know that ρ − Jz for
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Figure 2.9: Theoretical predictions for the ion column radius in the ultrarelativistic limit compared
with simulation. From right to left the beam density increases and the electrons in the wake become
more relativistic. The top plots show the electron density including the beam. The bottom plots
show the longitudinal electric field. Reproduced from Ref. [43].

the electrons is confined to a narrow sheath around the ion column. We do not know how to find

the detailed form of the sheath or the relative contributions of the Jz and ρ. Although it may seem

that we do not have enough information to find E and B, we will show in the next section that

knowledge of rb(ξ) is sufficient to find the wakefields in the ultrarelativistic limit.

2.2.3 Fields in the Nonlinear Regime

We were able to assume the magnetic fields in the linear regime were negligible because the

kinetic energy of the plasma electrons was small compared to their rest energy. In the nonlinear

regime, the fields are on the order of the wave breaking field and the character of the wake is fully

electromagnetic. We start with the inhomogeneous wave equations for the potentials in the Lorentz
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gauge: (
∇2 − 1

c2

∂2

∂t2

)
ϕ = − ρ

ε0
, (2.84)(

∇2 − 1

c2

∂2

∂t2

)
A = −µ0J , (2.85)

where φ and A are the scalar and vector potentials, respectively. The Lorentz gauge is defined by

requiring that the potentials satisfy the condition

∇ ·A +
1

c2

∂ϕ

∂t
= 0. (2.86)

Transforming from (x, y, z, t) to co-moving coordinates (x, y, ξ, s) and making the quasistatic

approximation causes the derivatives to transform as

∂

∂z
= − ∂

∂ξ
+

∂

∂s
≈ − ∂

∂ξ

∂

∂t
= c

∂

∂ξ
,

(2.87)

with which we can write the wave equations and Lorentz condition as

∇2
⊥ϕ = − ρ

ε0
, (2.88)

∇2
⊥A = −µ0J , (2.89)

∇⊥ ·A⊥ = −1

c

∂

∂ξ
(ϕ− cAz). (2.90)

At this point it is useful to introduce the wake potential, defined as

ψ = ϕ− cAz. (2.91)

Subtracting the z component of Eq. (2.89) from Eq. (2.88) and using Eq. (2.91) to replace the

potentials gives a 2D Poisson-like equation for the wake potential,

∇2
⊥(ϕ− cAz) = ∇2

⊥ψ = − 1

ε0

(
ρ− Jz

c

)
. (2.92)

We can use ψ to find the longitudinal electric field. The electric field is given in terms of ϕ and A

by

E = −∇ϕ− ∂A

∂t
. (2.93)
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Looking at only the z component and transforming to co-moving coordinates, we find

Ez =
∂ψ

∂ξ
. (2.94)

If we know ρ−Jz/c, then we can solve the Poisson equation for ψ and use ψ to find the longitudinal

electric field. The transverse fields are given by the normal relations:

B = ∇×A, (2.95)

E⊥ = −∇⊥ϕ−
∂A⊥
∂ξ

. (2.96)

Now that we have expressions for the fields, it is a simple matter of finding the potentials from the

charge and current densities.

In the previous section, we showed that ρ−Jz/c for the electrons is concentrated in a narrow

sheath around the constant density ion column. Within the ion column, ρ = en0 and Jz = 0

because we have assumed the ions are stationary. We can solve Eqs. (2.88), (2.89) and (2.92) for

the potentials within the bubble (r < rb(ξ)). Assuming cylindrical symmetry we find

ϕ = ϕ0(ξ)− r2

4

en0

ε0
, (2.97)

Az = Az0(ξ), (2.98)

Ar = −r 1

2c

dψ0

dξ
, (2.99)

ψ = ψ0(ξ)− r2

4

en0

ε0
, (2.100)

where ϕ0(ξ) = ϕ(r = 0, ξ), Az0(ξ) = Az(r = 0, ξ), and ψ0(ξ) = ψ(r = 0, ξ).

We start by finding the wake potential along the axis. Far from the axis where the plasma

is unperturbed, ρ − Jz/c = 0 and the wake potential is constant; we let ψ(ξ → ∞) = 0.18

The wake potential on-axis is then found by integrating Eq. (2.92) and solving for ξ0. Using

∇2
⊥ψ = 1

r
∂
∂r

(
r ∂ψ∂r

)
we have

∂ψ

∂r
= −1

r

∫ r

0
r′dr′

1

ε0

(
ρ− Jz

c

)
,

ψ0 =

∫ ∞
0

dr

r

∫ r

0
r′dr′

1

ε0

(
ρ− Jz

c

)
.

(2.101)

18 In the uniform sheath model, ρ− Jz/c = 0 outside of the sheath outer radius so the wake potential is 0 beyond
that radius. The approach is justified even in a finite width plasma.
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For the uniform sheath model from Ref. [42] (Eq. (2.78)), the integral is straightforward and the

wake potential on-axis is

ψ0(ξ) =
en0

ε0

r2
b (ξ)

4
(1 + β(ξ)) (2.102)

with β(ξ) given by Eq. (2.79). In the ultrarelativistic approximation β ≈ α and α� 1. The wake

potential becomes

ψ(ξ, r) =
en0

ε0

(
r2
b (ξ)

4
− r2

4

)
. (2.103)

The longitudinal electric field is then given by Eq. (2.94):

Ez =
en0

ε0

rb
2

drb
dξ
. (2.104)

Knowledge of rb(ξ) is thus sufficient to solve for the longitudinal electric field. Notice that ψξ is

the ξ dependent part of ψ allowing us to easily find the accelerating electric field from ψξ using

Eq. (2.94) without ever having to calculate rb. Examples of Ez for drive beams of increasing charge

are given in the bottom of Fig. 2.9. The longitudinal field has a nearly constant slope of en0
2ε0

in the

center of the bubble and a spike in amplitude at the rear. Both the drive and witness beams can

load the wake much like in the linear case.

It is trivial to show that Bz = 0 using Eq. (2.95). All that is left is to solve for the transverse

fields. In particular, we are interested in the transverse force on an electron in the drive or witness

beam. From the Lorentz force law, we see that the transverse force is

W⊥ = E⊥ + v ×B⊥ = E⊥ + cẑ ×B⊥, (2.105)

where W⊥ is the focusing field defined such that the force on an electron is F⊥ = −eW⊥. Evaluating

Eq. (2.96) with ϕ from Eq. (2.97) and Ar from Eq. (2.99) gives the transverse electric field

E⊥ =
1

2
r

(
en0

ε0
+

1

c

dψ0

dξ

)
r̂. (2.106)

The 1
2r

en0
ε0

term is the focusing field from the ion column space charge and the 1
2cr

dψ0

dξ term is

from the radial plasma current. Similarly, combining Eqs. (2.95) and (2.99) gives the transverse

magnetic field

B⊥ =
1

2
r

1

c

dψ0

dξ
φ̂, (2.107)
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which is from the radial plasma current. The radial focusing field is Wr = Er − cBφ, we see that

the electric and magnetic fields from the radial plasma current cancel out, and the focusing field is

equal to the electric field from the ion column space charge

Wr = Erion =
1

2

en0

ε0
r =

1

2

meω
2
p

e
r. (2.108)

Importantly, the focusing force is linear in r and does not vary longitudinally within the bubble.

The wakefields are shown in Fig. 2.10 for a typical blowout wake. The highly nonlinear PWFA

accelerator has several advantages over the linear PWFA. First, the longitudinal field is uniform in

r, Fig. 2.10(g), so all particles at a given ξ are accelerated at the same rate. Second, the focusing

force is linear in r, Fig. 2.10(h), and therefore, the beam electrons undergo simple harmonic motion

in the transverse direction, which, we will show later, is important for preserving the beam quality.

Third, the large Ez spike at the rear of the wake, Fig. 2.10(d), allows the transformer ratio to

exceed 2 even for symmetric drive beams.

As in the linear case, beam loading occurs. The current profiles of the drive and witness

beam modify the bubble radius according to Eq. (2.82), which then changes the longitudinal field

following Eq. (2.104). It turns out that optimal loading of the wake in the blowout regime requires

trapezoidal beams just like in the linear regime. In the nonlinear regime, the constants a and b

have been worked out by Tzoufras et al. [49] and are given for the witness beam by

a = −
Ezsk

2
pε0

e
, (2.109)

b = −
Ezsk

2
pε0

e

ξs +

√(
eEzs
mecωp

)4

+

(
ωpRb

2c

)4
 , (2.110)

where Ezs = Ez(ξs) is the longitudinal electric field at the start of the witness beam, ξs is the

location of the start of the witness beam, and Rb is the maximum radius of the ion column.

The tradeoff between efficiency and transformer ratio is much less restrictive in the nonlinear

regime. It is possible to achieve relatively high efficiency while maintaining a transformer ratio

close to 1. As in the linear regime, the charge of the witness beam varies inversely to the strength

of the accelerating field. The energy flux within the blowout at the maximum radius is given by
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Figure 2.10: Beam and plasma density of a highly nonlinear plasma wave and the electric fields
generated by the wave. (a) shows the on-axis density of the drive beam and the wake. (b) is the
density of the Gaussian drive beam. (c) is the density of the excited plasma wave. (d) shows
longitudinal lineouts of the fields. In purple is the on-axis longitudinal field and in orange is the
off axis radial field—the on-axis radial field is 0. (e) and (g) show the longitudinal field and the
transverse variation in the field while (f) and (h) show the same thing for the radial field.

[49, 43]

I0 =
m2
ec

5

64e2
(kpRb)

4. (2.111)

In the rest of the blowout the energy flux can be found using

dI0

dξ
= − nee

8πε20
rbλ(ξ, rb)

drb
dξ
. (2.112)

The derivative term means any current in the decelerating phase of the wake will add energy to the

wake, while any current in the accelerating phase of the wake will remove energy from the wake.

We finish our discussion of plasma waves by looking at the scaling laws for the highly nonlinear

blowout regime. Recall that, in the linear regime we found that the strength of the wake scaled

with both the current and the charge. Ref. [43] worked out the scaling laws for I0 in a wake driven
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by a cylindrical beam19 in the blowout regime. The energy flux available for the witness beam

scales as

I0 = 2πc2

√
2me

e

Q3/2

∆ξ1/2λp
, (2.113)

where ∆ξ is the length of the beam and Q is the total charge. It is assumed that ∆ξ � λp and

rB < ∆ξ
√
ρ0, where rB is the beam radius and ρ0 is the beam density. As in the linear case, we see

that increasing the charge and reducing the bunch length (increasing the peak current) maximizes

the energy transfer rate into the wake, thus reducing the length of the accelerator. The blowout is

approximately spherical with diameter of λp. From Eq. (2.111), we see that the wake sizes scales

very weakly as the energy in the wake is increased; thus, even a strong wake has a size very close

to λp.

2.3 Accelerator Physics

In the previous sections, we calculated the plasma waves and resulting wakefields created

by a pair of electron beams in a PWFA. The beams themselves, however, were treated as static

distributions by invoking the quasistatic approximation. Although the evolution is slow compared

to the timescales of the plasma, it can be significant over the length of the PWFA. In this section,

we introduce the concepts of accelerator physics, the study of the dynamics of a particle beam

within an accelerator.

The PWFA is a single pass device, unlike a circular accelerator or storage ring, the particles

only interact with the accelerator once. During this interaction, the particles in the drive beam

loose energy, the particles in the witness beam gain energy, while both beams are focused by

the transverse forces. We limit ourselves to the ultrarelativistic regime where inter-beam particle

interactions are negligible (see Sec. 2.3.5 for details). This allows the evolution of the beam as

a whole to be built up from the motion of the individual particles in external fields, in our case

the wakefields. The beam evolution can of course feedback onto the wake and change the fields,

but because the focusing force in a highly nonlinear wake depends only on the plasma density, the

19 For other beam distributions, the scaling laws will stay the same but the coefficients will vary.
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feedback is typically not important.20

We provide a cursory summary of beam dynamics in the simplified form relevant to a single

stage PWFA, for more details see Ref. [50].

2.3.1 Transverse Motion

The coordinate system used in accelerator physics is defined in terms of a reference trajectory

(called a reference orbit in a circular accelerator). The particles in both the drive and witness

beams undergo small amplitude transverse motion around the reference trajectory. This transverse

motion is called betatron motion after the type of accelerator it was originally studied in [50].

The reference trajectory in a linear accelerator is defined as the trajectory of a particle with zero

betatron amplitude. The circular definition of the reference trajectory can be understood in a

PWFA in terms of the focusing force within the wake. Recall that the focusing force varies in r

and is zero on-axis for a cylindrically symmetric blowout wake. A particle placed on-axis will not

undergo any oscillations; thus, the reference trajectory is the center of the wake. Because the wake

itself follows the drive beam, the reference trajectory is defined by the drive beam trajectory.

Let r0(s) be the reference trajectory where s is the path length along the trajectory. The

coordinate system around the trajectory is called the Frenet-Serret coordinate system with x̂ defined

as perpendicular to the trajectory and in the tangential plane; ŷ is also perpendicular to the

trajectory while being perpendicular to the tangential plane. The final unit vector ŝ is tangent to

the trajectory. The unit vectors are given by

ŝ(s) =
dr0(s)

ds
, x̂(s) = ρ(s)

dŝ(s)

ds
, ŷ = ŝ(s)× x̂(s), (2.114)

where ρ(s) =
∣∣ds
dŝ

∣∣ is the radius of curvature of the trajectory. Typically r0(s) is confined to the

x-z plane, in which case, ŷ is in the positive vertical direction. In a PWFA the reference trajectory

is straight and oriented along the z axis: r0(s) = sẑ. The unit vectors follow the usual Cartesian

unit vectors with ŝ replacing ẑ.

20 The exception is hosing instability, which will be discussed in Sec. 3.5.1. The longitudinal field is also affected
by the head erosion of the drive beam, but this is not particularly important from a beam dynamics perspective.
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A particle’s path in Cartesian coordinates is given by x(t) = x(t)x̂+ y(t)ŷ + z(t)ẑ; however,

we would like to use s as the independent variable instead of t. We introduce the reference particle

with momentum p0(s) that travels along the reference trajectory. The reference particle has velocity

in ŝ with magnitude v0 =

√
c2p2

0

m2c2+p2
0
, and the co-moving coordinate can be defined in terms of the

reference particle as ξ = v0t− z. A particle’s path in the new coordinates is x(s) = x(s)x̂+y(s)ŷ+

ξ(s)ŝ. In a linear accelerator, the evolution of each particle is an initial value problem that depends

on the particle’s initial position x0 and momentum p0. In our new coordinate system, a particle is

then fully defined by its six dimensional phase space coordinates (x, px, y, py, ξ, ps). It is slightly

more convenient to work with trace space coordinates in the transverse direction, defined as the

angles x′ = dx
ds = px

ps
and y′ = dy

ds =
py
ps

, where prime denotes the derivative with respect to s. In

the longitudinal direction, it is more convenient to use the fractional momentum deviation from

the reference particle δ = (p− p0)/p0. Trace space coordinates are (x, x′, y, y′, ξ, δ).

We want the transverse equation of motion in trace space. The force from the electromagnetic

fields on a single particle in the beam is given by the Lorentz force law

dp

dt
= F = q(E + v ×B), (2.115)

where the momentum is p = γbmv for a relativistic particle. We start with the x component.

Making the ultrarelativistic approximation for the reference particle v0 ≈ c allows us to write the

equation of motion as

dpx
ds

=
q

c
Ex + q

(vy
c
Bz −

vz
c
By

)
. (2.116)

Using the definition of relativistic momentum px = γmvx gives

γbm
dvx
ds

+mvx
dγb
ds

=
q

c
Ex + q

(vy
c
Bz −

vz
c
By

)
,

dvx
ds

+
γ′b
γb
vx =

q

γbmc
Ex +

q

γbm

(vy
c
Bz −

vz
c
By

)
.

(2.117)

If we assume the deviations from the reference orbit are small x′ � 1, and the particles are

ultrarelativistic, then x′ ≈ vx
c and vz

c ≈ 1. We can divide by c and simplify to

x′′ +
γ′b
γb
x′ =

q

γbmc2
Ex +

q

γbmc

(
y′Bz −By

)
. (2.118)
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Similarly, in the y direction we have

y′′ +
γ′b
γb
y′ =

q

γbmc2
Ey −

q

γbmc

(
x′Bz −Bx

)
. (2.119)

We can integrate these equations to find the transverse motion of a particle if we know γb(s) of the

particle and the fields it experiences: E⊥ and B.

The fields contain contributions from the mean space charge field of the other particles in

the beam and the external fields from the accelerator. We will show in Sec. 2.3.5 that the mean

space charge fields are negligible for an ultrarelativistic beam; this leaves us with only the external

fields from the accelerator. Using Eq. (2.95), we showed that Bz = 0 in a highly nonlinear PWFA;

this removes the x-y coupling from the equations of motion. Introducing the focusing field from

Eq. (2.105), we have

x′′ +
γ′b
γb
x′ =

q

γbmc2
Wx. (2.120)

The y direction has the same form. Assuming the beam is made of electrons, we can use Eq. (2.108)

for Wx

x′′ +
γ′b
γb
x′ +

ω2
p

2γbc2
x = 0. (2.121)

The equation for the y direction has the same form. The coefficient on the x term is called K(s).

For our nonlinear PWFA, K(s) =
ωp(s)2

2γbc2
, for other accelerator elements it takes on different values.

In the special case of constant energy, we get Hill’s equation

x′′ +K(s)x = 0. (2.122)

Strictly, this is only Hill’s equation if K(s) is periodic, otherwise it is a harmonic oscillator with time

dependent frequency. Eq. (2.122) is a linear, homogeneous, second order differential equation.21

The solution can always be written as a linear function of the initial conditions

x(s) =

x(s)

x′(s)

 = M(s|s0)x(s0) =

M11 M12

M21 M22


x(s0)

x′(s0)

 . (2.123)

21 Eq. (2.121) is also a linear, homogeneous second order differential equation so the solution can be described by
transfer matrices. The determinant of the transfer matrices, however, is no longer 1 due to the dampening term.
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The matrix M is called the transport matrix, importantly it only depends on K(s) and not on the

particle’s initial conditions. The matrix from s0 to s2 can be constructed by matrix multiplication

if the matrices from s0 to s1 and s1 to s2 are known:

M(s2|s0) = M(s2|s1)M(s1|s0) (2.124)

Hill’s equation is applicable if the particle energy is constant, and the force on the particle de-

pends linearly on x. Two common accelerator elements have these features: drift spaces (Md) and

quadrupoles (Mq). For both, the transport matrix can be found analytically [50]:

Md =

1 l

0 1

 , Mq =

 cos(
√
Kl) 1√

K
sin(
√
Kl)

−
√
K sin(

√
Kl) cos(

√
Kl)

 . (2.125)

Here, l is the length of the element. A drift space is a region without any electric or magnetic fields.

The transport matrix is intuitive: particles travel in straight lines so their direction of propagation

x′ does not change; the straight lines have angle x′0 and intercept of x0 so the particle position must

be x = x0 + x′0l. The beam size within a conventional accelerator is controlled by electromagnetic

quadrupoles. A quadrupole is a focusing magnet where Bx varies linearly in y and By varies linearly

in x. Because the magnetic field is curl and divergence free within the accelerator, a quadrupole

can only focus in one direction (positive K). In the other transverse direction, it is defocusing

(negative K). Typically, quadrupoles are relatively short,
√
Kl� 1, and the transport matrix can

be expanded in the thin lens approximation as

Mq,focusing =

 1 0

−1/f 1

 , Mq,defocusing =

 1 0

1/f 1

 , (2.126)

where f = liml→0
1
|K|l is the focal length of the quadrupole. A quadrupole acts like a lens; a

particle’s position is unchanged as it passes through, but its angle is changed proportional to how

far it is from the axis. Fig. 2.11 shows how particles behave as they pass through a drift space and

a thin lens quadrupole.
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Figure 2.11: Evolution of an electron passing through a thin lens quadrupole and then a drift
space. The top plot shows the trajectory of particles through the system. The bottom plots show
the trajectory in phase space. In the quadrupole, the particle position is unchanged but its angle
changes proportional to its position. In a drift space, the opposite happens; a particle’s angle is
unchanged but its position changes proportional to its angle.

2.3.2 Courant-Snyder Parameters

The general solution to Hill’s equation for an arbitrary, periodic focusing force is given in

terms of the Courant-Snyder (CS) parameters. Even though K is not periodic within a PWFA

stage, CS parameters are still used, and it is important to understand how they are defined. We

follow the work of Courant and Snyder [51] who first defined the CS parameters, with additional

information from Lee [50]. We switch the order of the derivation, providing the more intuitive

definition first, before introducing the original definition.

A solution to Hill’s equation—even for non-periodic K—is a harmonic oscillator with s de-

pendent amplitude and phase

x1(s) = w(s)eiΦ(s), (2.127)

where w(s) and Φ(s) are arbitrary amplitude and phase functions. Substituting back into Hill’s

equation, Eq. (2.122), we find that x1(s) is a solution if w(s) and Φ(s) satisfy the differential
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equations

w′′ +K(s)w − 1

w3
= 0, Φ′ =

1

w2
. (2.128)

In finding the phase equation, we have chosen the integration constant to be 0. The solution

x2(s) = w(s)e−iΦ(s) also satisfies Eq. (2.122) and is linearly independent from x1. We define the

classic CS parameters α, β, and γ as

β = w2, (2.129)

α = −β
′

2
, (2.130)

γ =
1 + α2

β
. (2.131)

Substituting β into Eq. (2.128) gives a differential equation for β:

1

2
β′′ +Kβ − 1

β

[
1 +

(
1

2
β′
)2
]

= 0. (2.132)

The general solution to Hill’s equation is given by x = ax1 +bx2. A single particle starts with initial

conditions x0 = x(s0) and x′0 = x′(s0), which can be used to determine the coefficients a and b

once x1,2 are known. The CS parameters, however, are ambiguous; we are free to choose boundary

conditions for Eq. (2.132) and the resulting β still results in a valid solutions to Hill’s equation. If

K(s) is assumed periodic, then β must satisfy periodic boundary conditions β(s) = β(s + L) and

β′(s) = β′(s + L) with the same period, L, as K. The periodic boundary is sufficient to uniquely

define β.

The definition of γ can be understood by considering Courant and Snyder’s original definitions

for α, β, and γ. We start by writing out the transport matrix from our solution to Hill’s equation

M(s2|s1) =


√

β2

β1
(cos Φ + α1 sin Φ)

√
β1β2 sin Φ

−1+α1α2√
β1β2

sin Φ + α1−α2√
β1β2

cos Φ
√

β1

β2
(cos Φ− α2 sin Φ)

 . (2.133)

Enforcing the periodic boundary condition simplifies the matrix when written over a single period

M(s+ L|s) =

cos Φ + α sin Φ β sin Φ

−γ sin Φ cos Φ− α sin Φ

 = I cos Φ + J sin Φ, (2.134)
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where I is the identity matrix and

J =

 α β

−γ −α

 . (2.135)

Periodic boundary or not, the transport matrix must have a determinant of one because Hill’s

equation is linear without any first derivative terms. Eq. (2.134) is a general form for any matrix

M with determinate of one when J has zero trace and unit determinant. Requiring the determinant

to be one introduces the condition

βγ − α2 = 1 (2.136)

which is the origin of Eq. (2.131). For any transport matrix M from s0 to s1, M can be written in

the form of Eq. (2.134) defining β(s0, s1) regardless of periodicity. β(s0, s1) is only related to the

envelope function β(s) when periodic boundary conditions are enforced.

The motion of a single particle is given by a linear combination of x1 and x2, rewriting in

terms of an initial phase and amplitude gives

x(s) =
√
εβ(s) cos(Φ(s) + Φ0), (2.137)

where Φ(s), called the betatron phase advance, is given by integrating Eq. (2.128):

Φ(s) =

∫ s

0

ds′

β(s′)
. (2.138)

The initial amplitude ε is called the single particle emittance. It is easy to verify by substitution

that

C(x, x′) = γx2 + 2αxx′ + βx′2 = ε (2.139)

is an invariant of the motion called the Courant-Snyder invariant. The invariant traces out an

ellipse in phase space, shown in Fig. 2.12. At any point in the accelerator, a particle will exist at a

position on the ellipse determined by its betatron phase. The emittance of the particle defines the

magnitude of the deviation from the reference orbit.
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Figure 2.12: Phase space ellipse of the Courant-Snyder invariant. The single particle emittance
is the area of the ellipse and is an invariant of the motion. The shape of the ellipse is set by the
CS parameters, which are functions of the focusing force in the machine. A particle’s phase space
coordinates lie at a position on the ellipse defined by the particle’s betatron phase. Adapted from
[50, 52].

The CS parameters at two different points in the accelerator are related by [50]
β2

α2

γ2

 =


M2

11 −2M11M12 M2
12

−M11M21 M11M22 +M12M21 −M12M22

M2
21 −2M21M22 M2

22




β1

α1

γ1

 , (2.140)

where Mij represents an element of the transport matrix M(s2|s1). This matrix is an easy way

to find the evolution of the CS parameters through linear accelerator elements such as drifts and

quadrapoles.

The CS parameters are defined in terms of the transport matrix, which only depends on

the focusing force K(s); if all particles see the same focusing force, then the CS parameters are

defined solely by K(s), i.e. they are a property of the accelerator. Note that α and γ are fully

defined by β; as such, it is common to describe the transverse focusing design of an accelerator by

specifying β(s) through the lattice.22 As discussed earlier, the beta function is only well defined

for an accelerator made of periodic cells where the periodic boundary condition can be imposed. A

22 From Eq. (2.118), we can see that the focusing force depends on the particle energy. β(s) is typically specified
at the energy of the reference particle.
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circular accelerator is naturally periodic, and many linear accelerators are composed of identical,

repeating cells, allowing both to be described by the beta function. In a single stage PWFA, we

need to introduce an initial condition to solve for β, we will cover this in the next section.

2.3.3 The Beam Distribution and Emittance

Up to now we have only discussed the motion of a single particle. Typically, we are inter-

ested in the properties of a particle beam, a collection of particles each with its own position and

velocity. With sufficient particles, the beam can be treated as a distribution in 6D phase space

g(x, px, y, py, ξ, δ) (we will also use the trace space distribution f(x, x′, y, y′, ξ, δ)). The full 6D

phase space is difficult to visualize and to measure experimentally. Instead, 2D projections and

slices are used. Typically, the x and y plane behave independently and we can limit ourselves to

the f(x, px, ξ, δ) subspace, the 4D y subspace will behave in a similar way.

We start with the transverse direction. The projection onto the x-x′ plane, Fig. 2.13(a), is

given by

f⊥(x, x′) =

∫
dξdδf(x, x′, ξ, δ). (2.141)

A longitudinal slice can also be projected onto the x-x′ plane, Fig. 2.13(b),

fξ(x, x
′; ξ) =

1

N(ξ)

∫
dξ′dδf(x, x′, ξ, δ)δD(ξ′ − ξ), (2.142)

and similarly for an energy slice, Fig. 2.13(c),

fδ(x, x
′; δ) =

1

N(δ)

∫
dξdδ′f(x, x′, ξ, δ)δD(δ′ − δ), (2.143)

where N(ξ) =
∫
dxdx′dδf(x, x′, ξ, δ), N(δ) =

∫
dxdx′dξf(x, x′, ξ, δ), and δD is the Dirac delta

function. In all three cases, we end up with a distribution in x and x′, we can perform similar

integrals in momentum space to get a distribution in x and px. The distribution is characterized



52

by its moments:

〈x〉 =

∫
dxdx′xf⊥(x, x′),

〈
x′
〉

=

∫
dxdx′x′f⊥(x, x′),

〈
x2
〉

=

∫
dxdx′x2f⊥(x, x′),

〈
x′2
〉

=

∫
dxdx′x′2f⊥(x, x′),

σ2
x =

〈
x2
〉
− 〈x〉2 , σ2

x′ =
〈
x′2
〉
−
〈
x′
〉2
, σxx′ =

〈
xx′
〉
− 〈x〉

〈
x′
〉
,

(2.144)

where σx and σx′ are the RMS spot size and RMS divergence, respectively.

Figure 2.13: 4D phase space distribution of an electron beam. The projected x-x′ distribution is
shown in (a). The x-x′ distribution of a longitudinal slice is shown in (b) and of an energy slice is
shown in (c).

For a single particle with constant energy, the single particle emittance is an invariant of

the motion. The shape of the ellipse is determined solely by β, which depends on the focusing

force of the accelerator, while the size of the ellipse is determined by the emittance. Consider a

beam where all the particles have the same, constant, energy (equivalently, a single energy slice of

a beam); the evolution of every particle is described by the same transport matrix [31, 50]. We can

take advantage of this by writing a matrix equation for the evolution of the entire beam,

X(s) =

(
x1 x2 · · · xN

)
= M(s|s0)X(s0), (2.145)

where X is a 4×N matrix with each column being the transverse coordinates of a single particle.

The beam moments are given by taking the outer product of the matrix, for simplicity, we assume
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〈x〉 = 〈x′〉 = 0:

Σ =

〈x2
〉
〈xx′〉

〈xx′〉
〈
x′2
〉
 =

XXT

N
(2.146)

As the particles propagate through the accelerator, the evolution of the sigma matrix is given by

Σ(s) =
MX(s0)[MX(s0)]T

N
=

MX(s0)XT (s0)MT

N
= MΣ(s0)MT . (2.147)

Because the determinant of the transport matrix is 1, the determinant of Σ remains constant as

the beam propagates. We define the geometric emittance as

ε =
√

det(Σ) =

√
〈x2〉 〈x′2〉 − 〈xx′〉2, (2.148)

which is a constant of the motion for the entire beam. As for the single particle emittance, the

geometric emittance is a measure of the deviation of the beam from the reference orbit.

In defining the geometric emittance as a constant of the motion, we have assumed all the

particles have the same energy. For a beam that undergoes nonlinear focusing and has some

energy spread, it is useful to define a statistical definition of the CS parameters. In the case

of a monoenergetic beam in a linear lattice, all particles have the same CS parameters, and the

statistical definition should reduce to the single particle values. We follow the derivation of Buon

[53]. The beam distribution can always be rotated to a coordinate system w and w′ such that σw′

is minimized. Rotating the coordinate system by θ we have the condition

∂

∂θ
σ2
w′ = 0. (2.149)

The position of a particle in the new coordinate system is

w′ = x′ cos θ − x sin θ. (2.150)

Combining Eq. (2.149) and Eq. (2.150) and solving for θ gives

tan 2θ =
2 〈xx′〉

〈x2〉 − 〈x′2〉
. (2.151)

The two moments are given by

σ2
w,w′ =

1

2

(〈
x2
〉

+
〈
x′2
〉
± 2 〈xx′〉

sin 2θ

)
. (2.152)
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In the new coordinates, the geometric emittance is given simply as ε = σwσw′ . We can define the

envelope ellipse in the new coordinate system as

w2

σ2
w

+
w′2

σ2
w′

= 1. (2.153)

Transforming back to x and x′, the ellipse equation becomes

x2
〈
x′2
〉
− 2xx′

〈
xx′
〉

+ x′2
〈
x2
〉

= ε. (2.154)

Letting the CS parameters define the envelope ellipse the same way they define the CS invariant

ellipse (see Eq. (2.139)) we get

β =

〈
x2
〉

ε
, γ =

〈
x′2
〉

ε
, α = −〈xx

′〉
ε

. (2.155)

We can see from Eq. (2.155) that the CS parameters are related to Σ according to

Σ = ε

 β −α

−α γ

 . (2.156)

The statistical definition of the CS parameters describes the properties of the beam distribution.

The single particle CS parameters describe the evolution through a linear lattice. In a linear lattice,

these two definitions are equivalent (for the proof see Ref. [53]).

Remember that the evolution of β is given by Eq. (2.132), but the boundary conditions are

ill defined for a non-periodic accelerator. If the properties of the incoming beam are known, we can

use Eq. (2.155) to define initial conditions for β and α, giving us sufficient boundary conditions to

fully define β throughout the accelerator.

The importance of the emittance can be understood by considering a focusing system. A

final focus composed of quadrapoles will focus the beam down to a minimum β, denoted β∗, that

depends on the strength and arrangement of the quadrapoles. The beam size at the focus is σ2
x = βε.

Producing a tightly focused beam requires minimizing the emittance as much as possible, as β∗ is

limited by the strength of the magnets.
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Figure 2.14: Phase space ellipse and geometric emittance for a beam of electrons. The RMS
geometric emittance is a statistical measure of the beam. It can be used to define the CS parameters
statistically. The CS ellipse for the beam is defined in terms of these parameters. If the particles are
ordered by single particle emittance, then ε%95 is the emittance that contains 95% of the particles.

Eq. (2.132) only describes the evolution of β if all the particles have the same energy and

the energy remains constant.23 In a plasma-based accelerator, the energy gain is significant, and

the original definition of the CS parameters is not very useful. There are two approaches to handle

both energy gain and energy spread in the beam. The first is to define the CS parameters using

Eq. (2.155), which is always valid but removes most of the utility of introducing the parameters

in the first place. A second approach is to define CS parameters for each energy slice, again

using Eq. (2.155). This results in β, α, and γ being functions of δ and is useful for modelling the

propagation between accelerator stages.

As we have seen, the emittance is preserved for a mono-energetic beam propagating through

linear elements. Equivalently, the emittance of each energy slice in a beam with energy spread is

preserved. Since the emittance is a measure of the area the beam occupies in transverse phase

space, the total volume of the beam in phase space is preserved. This a statement of Liouville’s

23 In a circular accelerator, the beta function at a given energy is fully defined by the focusing force and the periodic
boundary conditions of the accelerator through Eq. (2.132). If the relative energy gain per revolution is small, the
beta function evolves adiabatically through the solutions for different energies, and the formalism presented so far is
sufficient to define the CS parameters.
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Theorem, which formally says that the phase space density is constant around any trajectory in

phase space, as long as the system is described by Hamiltonian mechanics. Ignoring space charge

forces, the particles evolve under the influence of external electromagnetic fields according to the

Hamiltonian

H(t) = c
√
m2c2 + (p− qA)2 + qφ. (2.157)

In the absence of accelerating fields, we can write down a Hamiltonian for the transverse motion

of each particle in terms of the trace space coordinates [50, 54]. All the particles see the same

Hamiltonian so the initial beam distribution f(x, x′, ξ, δ) is a distribution in the phase space of that

Hamiltonian.24 The number of particles within a volume of phase space is f(x, x′, ξ, δ)dxdx′dξdδ.

According to Liouville’s Theorem, if we follow a particle trajectory, x(s), x′(s), the distribution

function remains constant f(x(s), x′(s), ξ, δ) = f(x, x′, ξ, δ). The number of particles within a

phase space volume about the particle trajectory thus remains constant. The result is a phase

space volume enclosed by a surface of constant phase space density. The projection of this volume

onto the x-x′ plane is the geometric emittance.

The particles in the beam evolve according to the Hamiltonian of Eq. (2.157) in the presence

of accelerating fields. The canonical coordinates are then x, y, and z and the momenta px, py,

and pz. Importantly, x′ and y′ are no longer canonical momentum. Consequently, the geometric

emittance is no longer the conserved phase space quantity. This can be understood intuitively

by recalling that x′ = px/pz. When a particle is accelerated, pz increases while px remains the

same. Consequently x′ shrinks for all particles and the geometric emittance decreases, this effect is

called adiabatic dampening. The conserved quantity is the volume of the beam in 6D phase space

surrounded by a 5D surface of constant phase space density.25 The projection of this volume onto

24 Adding in interactions between the beam particles means each particle experiences a slightly different Hamilto-
nian. As a result, the initial beam distribution no longer describes the phase space distribution of a single Hamiltonian
and Liouville’s theorem cannot be applied. For more details see [54]

25 The emittance is defined as the phase space volume enclosed by a surface of constant phase space density. The
definition is ambiguous in so far as the choice of surface, effectively a choice of scaling parameter. One approach is to
take the surface that envelopes some percentage of the beam particles. The most common choice is the 95% emittance.
However, only scaling the distribution by the RMS values, i.e. using Eq. (2.155), will result in CS parameters that
can be propagated using Eq. (2.140). Unless otherwise specified, the RMS emittance is used throughout this thesis.
For an in depth discussion, see Ref. [52]
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the x-px plane is called the normalized emittance, defined as

εn =
1

mec

√
σ2
xσ

2
px − σ2

xpx , (2.158)

which is the same form as the expression for the geometric emittance with x′ replaced by px. The

use of the normalized emittance allows comparison between the quality of the beam before and

after acceleration in the plasma stage. The geometric emittance is not suitable because it will

always decrease as a result of acceleration. The normalized emittance is the most important figure

of merit for the transverse quality of the beam produced by an accelerator.

The normalized and geometric emittance are projections of the 6D phase space volume onto

the transverse coordinates. As such, they are not constants of the motion and can increase or

decrease depending on the correlations in the beam. That being said, the normalized emittance

can typically only grow as the beam traverses an accelerator.26 The growth happens because

the transverse dimension is often initially uncorrelated with the longitudinal dimension. Further,

the normalized emittance for a slice of the beam with fixed energy and longitudinal position is

preserved by linear elements. Each slice then has the same constant emittance, but the projection

of the all the slices depends on how well they overlap. In this case, the normalized emittance can

only grow from the initial value and cannot be reduced below the initial value. An example is

shown in Fig. 2.15, where the normalized emittance of each energy slice is the same, but the total

projected emittance is larger. Further, if the correlations between the longitudinal and transverse

dimensions are complex, the beam cannot even be corrected back to the initial value. As we will

show in this dissertation, plasma-based accelerators can introduce complex transverse-longitudinal

correlations in the beam that cannot be easily corrected. As such, it is important to preserve the

projected emittance within the plasma stage.

To end this section, we want to comment on one last effect that can cause the “effective”

full 6D emittance to grow without violating Liouville’s theorem. Liouville’s theorem concerns the

26 There are several techniques to reduce the beam emittance, called dampening. One is using the radiation
reaction from synchrotron radiation to create a dissipative system. The particles are circulated in a dampening ring
to produce sufficient synchrotron radiation to reduce the emittance.
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Figure 2.15: Growth of the normalized emittance. The projected emittance, the area of the ellipse
on the x-x′ plane, can typically only increase from its initial value. If the beam starts without
any longitudinal correlations, then the longitudinal slice emittance is preserved. As the beam
propagates it can develop transverse longitudinal correlations, in this case a twist along the beam,
causing the projected emittance to grow. The projected emittance cannot be reduced below the
individual slice emittance.

values of the continuous phase space density function. Particularly in the presence of nonlinear

focusing terms, the density function can develop into thin filaments in phase space that technically

satisfy Liouville’s theorem. However, as the size of the filaments reduces down to the scale of

the discrete particle spacing, the continuous approximation breaks down and the effective phase

space volume of the discrete beam is much larger than its initial volume. In many practical cases,

such as particle colliders and synchrotron radiation light sources, the length scales of interest are

even larger than the inter-particle spacing. In these cases, the effective emittance grows when the

filaments are smaller than the coarse length scales important for such beams.

2.3.4 Gaussian Beam Distribution

The beam distribution can take on any form, but the Gaussian distribution is commonly found

in accelerators and typically used for theoretical work. In this section, we present the functional
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form of the distribution and derive some useful relations. The beam density is given by

f(x, x′, ξ) =
1

(2π)3/2εσξ
exp

[
− 1

2ε2RMS

(
σ2
x′x

2 − 2σxx′xx
′ + σ2

xx
′2)] exp

(
− ξ2

2σ2
ξ

)
. (2.159)

The distribution can be transformed into action-angle coordinates (J, ψ):27

x =
√

2βJ cosψ, x′ = −

√
2J

β
sinψ. (2.160)

The Gaussian distribution in action angle coordinates is

f(J, ψ, ξ) =
1

(2π)3/2εσξ
exp

(
− J

εRMS

)
rect

(
ψ

2π

)
exp

(
− ξ2

2σ2
ξ

)
. (2.161)

Generating the beam in action-angle coordinates is convenient for numerical work, particularly

particle tracking.

The Gaussian distribution can be expanded to include the y direction by adding in an addi-

tional transverse exponential term. The charge density is given by the spacial distribution

ρ(x, y, ξ) =
Q

(2π)3/2σxσyσξ
exp

(
− x2

2σ2
x

− y2

2σ2
y

− ξ2

2σ2
ξ

)
, (2.162)

where Q is the total beam charge. The beam number density is nb = −ρ(x, y, ξ)/e. The current

profile of an ultrarelativistic beam is

λ(ξ) = c

∫
dxdyρ(x, y, ξ) =

cQ

(2π)1/2σξ
exp

(
− ξ2

2σ2
ξ

)
(2.163)

2.3.5 Beam Self Fields

An electron beam generates its own electric and magnetic fields that act back on the beam.

The fields are given by the inhomogeneous wave equations, Eqs. (2.25) and (2.26), with the beam

charge and current as the source:(
∇2 − 1

c2

∂2

∂t2

)
E = − e

ε0
∇nb −

e

ε0c2
cẑ
∂nb
∂t

, (2.164)(
∇2 − 1

c2

∂2

∂t2

)
B = µ0ec∇× (nbẑ). (2.165)

27 For the derivation of action angle variables see Appendix B.
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Following the same procedure as the derivation of linear plasma waves, we take the ultrarelativistic

limit and transform into the co-moving coordinate:

∇2
⊥E = − e

ε0
∇⊥nb (2.166)

∇2
⊥B = µ0ec

(
∂nb
∂y

x̂− ∂nb
∂x

ŷ

)
(2.167)

If we now take the cross product of 1
c
v
c with Eq. (2.166), we get

∇2
⊥

(
1

c2
v ×E

)
= µ0ec

(
∂nb
∂y

x̂− ∂nb
∂x

ŷ

)
, (2.168)

and thus

B =
1

c2
v ×E, (2.169)

which is a general result for any cold beam28 (see Jackson Sec. 11.10 [32]). Now that we know how

to find B from E, we just need to solve Eq. (2.166). Immediately we can see that Ez = 0. If the

beam is cylindrically symmetric, we can then use Gauss law to find the electric field

Er(r, ξ) = − e

ε0

1

r

∫ r

0
r′dr′nb(r

′, ξ). (2.170)

We should be slightly careful about the ultrarelativistic approximation in this case [55]. The Ez

field is only zero if v = c, it is straightforward to find the field for beams with finite energy. Again

assuming cylindrical symmetry, we can write Faraday’s law as

∇×E = −∂B
∂t(

∂Er
∂z
− ∂Ez

∂r

)
= −

∂Bφ
∂t

.

(2.171)

Using Eq. (2.169) and transforming to the co-moving coordinate with velocity vb, we get(
∂Er
∂ξ

+
∂Ez
∂r

)
= −vb

∂Bφ
∂ξ

= −
v2
b

c2

∂Er
∂ξ

. (2.172)

Using the definition of γb, we get the relation

∂Ez
∂r

= − 1

γ2
b

∂Er
∂ξ

. (2.173)

28 A cold beam has no momentum spread; all particles have x′ = y′ = δ = 0. Because x′ and y′ are very small for
a ultrarelativistic beam, the cold beam assumption is valid for this case.
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For a beam with a Gaussian profile the fields can be calculated analytically. Inserting Eq. (2.162)

into Eq. (2.170), we find

Er(r, ξ) =
Q

(2π)3/2σξε0
exp

(
− ξ2

2σ2
ξ

)
1

r

[
1− exp

(
− r2

2σ2
r

)]
. (2.174)

The longitudinal field is found using Eq. (2.173). The electric fields from a Gaussian beam are

shown in Fig. 2.16.
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Figure 2.16: Electric fields from a Gaussian electron beam. (a) the electron number density. (b)
the radial electric field. (c) the longitudinal electric field. The longitudinal electric field is found
by integrating Eq. (2.173) from the simulation boundaries, the actual field will be larger.

The force on a particle in the beam from the self fields is given by the Lorentz force law.

Replacing the magnetic field using Eq. (2.169) we have

W⊥ =
E⊥
γ2
b

(2.175)

because the focusing force from the magnetic field cancels out the defocusing force from the electric

field up to order 1/γ2
b . Ultrarelativistic beams propagate ballistically in free space; as a result, we

can ignore the self fields when calculating the beam dynamics.

2.3.6 Longitudinal Effects

The evolution of the beam particles in a plasma wakefield accelerator is not limited to the

transverse direction. The particles evolve in longitudinal phase space (ξ-δ space) as they are

accelerated. The most important feature of the dynamics is the ξ dependence of the accelerating
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field present in both plasma-based accelerators and RF accelerating cavities. The equation of

motion for a single particle is found by starting with the z component of the Lorentz force law

(Eq. (2.115)):

dps
ds

=
q

c
Ez + q

(vx
c
By −

vy
c
Bx

)
. (2.176)

Inserting the definition of ps, making the ultrarelativistic approximation, and assuming x′ and y′

are small gives

γ′b =
q

mc2
Ez +

q

mc
(x′By − y′Bx). (2.177)

Our longitudinal momentum coordinate is δ = (p − p0)/p0, but we have a differential equation

for the particle energy. In the ultrarelativistic limit p ≈ γbmc, allowing us to rewrite δ in terms

of γb: δ = (γb − γ̄b)/γ̄b, where the bar represents the reference particle. δ is therefore not only

the relative momentum spread, but also the relative energy spread. The reference particle has

transverse velocities x′ = y′ = 0 by definition, so the momentum and energy of the reference

particle is given by

p′0 = mcγ′b =
q

c
Ez, γ̄b =

q

mc2
Ez. (2.178)

Changes in the δ distribution primarily result from the ξ dependence of Ez. The magnetic field

terms x′By and y′Bx are typically negligible and can be ignored.29

The longitudinal evolution is coupled to the transverse evolution through the (γ′b/γb)x
′ term in

Eq. (2.118). The form of Eq. (2.121) makes it clear that this term is a time dependent dampening

that depends on the rate of energy gain. This dampening process is the adiabatic dampening

discussed earlier and is shown schematically in Fig. 2.17. A force along ŝ increases ps; as a result,

the particle’s angle, given by x′ = px/ps, is reduced. A second source of transverse-longitudinal

coupling enters through the γb in the denominator of K(s). We will find that this second source of

coupling is important for understanding the emittance evolution within a PWFA.

Later on we will discuss the FACET-II accelerator. Here, we introduce the 6D transport

29 From Eqs. (2.106) and (2.107), we see that the magnetic field is a factor of c smaller than the electric field
(typical for electromagnetic waves). The relative strength of the magnetic force to the electric force is then given by
x′ � 1, and the magnetic force can be ignored.
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Figure 2.17: Adiabatic dampening. As a particle is accelerated, pz increases while px stays the
same. As a result, the trajectory angle x′ decreases.

matrix required to understand the discussion. The evolution of a single particle through a section of

beamline is typically dominated by linear effects with small higher order corrections. The evolution

of a particle can then be expanded as

xi2 = Rijx
j
1 + Tijkx

j
1x
k
1 + Uijklx

j
1x
k
1x

l
1 + . . . , (2.179)

where xi is now the full 6D vector of phase space coordinates, Rij is the linear transport matrix,

and Tijk and Uijkl are the second and third order transport matrices. If only the linear elements

are important, then the first order transport matrix behaves the same as the transport matrices

for Hill’s equation. We can write

x(s) =



x(s)

x′(s)

y(s)

y′(s)

ξ(s)

δ(s)


= R(s|s0)x(s0) =



R11 R12 R13 R14 R15 R16

R21 R22 R23 R24 R25 R26

R31 R32 R33 R34 R35 R36

R41 R42 R43 R44 R45 R46

R51 R52 R53 R54 R55 R56

R61 R62 R63 R64 R65 R66





x(s0)

x′(s0)

y(s0)

y′(s0)

ξ(s0)

δ(s0)


. (2.180)

As before, the total transport matrix for multiple elements can be created by multiplying the

individual matrices together per Eq. (2.124). It is worth noting that, not only is the linear approach

invalid within a plasma-based accelerator, the series expansion in Eq. (2.179) does not converge

because x(s) depends sinusoidally on δ(s0) well beyond the radius of convergence of the Taylor

series. However, the linear approach is still useful within the conventional part of the accelerator.
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2.4 Particle in Cell Simulation

The full electromagnetic interaction between the beam and plasma can be very complex and

difficult to tackle theoretically. It is common practice to turn to particle in cell (PIC) simulations

to help understand the behavior of the accelerator and design or interpret experiments. Particle in

cell codes treat the beam and plasma kinetically as a collection of macro particles each representing

many real particles. Macroparticles are initialized such that they sample the full 6D phase-space

distribution of the particles.30 The motion of the macro particles is solved for in a continuous

space while the fields from the macroparticles are solved for on a grid using a finite difference time

domain solution to Maxwell’s equations. The simulation loop proceeds as follows:

(1) Deposit the charges and currents from the macro particles into a charge and current density

on the grid.

(2) Calculate the fields on the grid from the charge and current density using a numerical

solution to Maxwell’s equations.

(3) Interpolate the fields from the grid to the individual macroparticle positions.

(4) Push the particles to their new positions/momenta by integrating the particle’s equations

of motion.

Typically, the simulation of a plasma-based accelerator is performed on a co-moving grid that

travels at constant speed along with the particle beam. The grid then only needs to be large

enough to contain the beam and the wake, rather than the entire length of the accelerator.

PIC simulations are computationally difficult and time consuming. A full simulations of

a single plasma stage typically takes days even when running on thousands of CPU cores. For

example, the plasma source for FACET-II has a density of 3.5 × 1016 cm−3 which results in a

30 Typically, the macroparticles are initialized on a grid in the position degrees of freedom with variable weights
representing the phase space density. Each macro particle is then assigned momentum randomly from a distribution
that can depend on the particle’s position. The result is a uniform sampling of the initial position distribution of the
beam and a random sampling of the initial momentum distribution and can support correlations between the two.
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plasma wavelength of λp ≈ 175µm. From Sec. 2.2.3, we know that the size of the blowout is

approximately equal to λp. The simulation box needs to be approximately twice as large as the

blowout. For our example, this is a cubic simulation box 350µm to a side. The cell size is set

by the scale of the electron beam. For FACET-II, this is on the order of σRMS = 4µm. The

beam size needs to be resolved in order to capture the dynamics of the wake formation; assuming

5 cells per σ gives a cell size of 0.8µm. The grid is then about 440 cells in each direction for a

total of 85 million cells. For stability and accuracy reasons,31 the time step is tied to the cell

size by the speed of light. For a 0.5 m long plasma source this is 625,000 time steps. Using the

code VSim [56] with 1600 CPU cores on NERSC’s Cori supercomputer, a time step takes about 1

second with 8 beam and 8 plasma macro particles per grid cell. With these parameters, simulating

a full accelerator stage takes almost a week. It is not possible to optimize an accelerator using

such lengthy simulations. Analytic approaches provide a way to reduce the parameter space before

turning to simulations.

31 For the electromagnetic solver to be stable, the time step needs to satisfy the CFL condition which sets the
upper limit. The dispersion relation for EM waves is most accurate if the time step is as close to the CFL limit as
possible.



Chapter 3

Evolution of the Witness Beam

Plasma-based accelerators cannot take the place of conventional accelerators unless they can

produce beams of comparable quality. In this chapter, we consider how the properties of the

accelerated witness beam evolve as the beam traverses a plasma stage. The goal of the chapter is

to determine what requirements the plasma source must satisfy in order to produce high quality

beams. We focus on the transverse evolution of the witness beam and the ways in which this

evolution depends on the density profile of the plasma source.

The witness beam can be fully characterized by its 6D phase space distribution. The evolution

of this distribution is complex; multiple physical processes compete in driving the beam’s dynamics.

Of primary importance are chromatic effects. The beam always starts with some initial energy

spread, and the energy distribution will evolve during acceleration if the wake is not perfectly loaded.

Because the particles have different energies, they have different betatron oscillation frequencies.

If we slice the phase space distribution in energy, we will find each slice evolves differently. To

complicate matters, the change in the beam’s energy distribution during acceleration will cause the

betatron frequency to vary in time. As a result, particles will mix between energy slices leading to

complex evolution and correlations in 6D phase space.

The full 6D phase space is typically too difficult to work with analytically. In any case, it

is rarely important for accelerator applications. Instead, we focus on the projections of the full

phase space onto the various 2D planes as well as projections of phase space slices. Of primary

importance to applications is the transverse beam moments and emittance, both of the projected



67

beam, and longitudinal or energy slices.

The projected emittance will grow due to chromatic effects as it traverses the plasma if the

divergence of the beam is not matched to the focusing force of the plasma. The beam sizes required

to match to the plasma are very small, typically beyond the focusing capability of conventional

magnetic optics. Placing a ramped density profile at the entrance of the plasma source focuses the

beam, reducing the beam size. If the ramp profile is chosen correctly for a given incoming beam,

it will focus the beam down to the required size, and the emittance growth will be minimized. We

calculate the beam evolution in a plasma ramp in order to specify requirements on the ramp length

and shape.

We start with a description of the transverse evolution in a uniform plasma, without ac-

celeration, to introduce the mechanism of chromatic phase spreading. We then extend this to

a longitudinally non-uniform plasma to show how the profile of the plasma can impact the final

properties of the beam. We demonstrate that a wide range of ramp shapes can be used to preserve

the emittance of the beam, provided the ramp length is chosen carefully. Next, we introduce ac-

celeration into the picture and present an approach, using FACET-II as an example, to find the

bulk plasma density and minimum plasma width. Following this, we combine the longitudinal and

transverse dynamics to develop a general theory for the beam evolution. We show that longitudinal

field results in growth of the slice emittances. We demonstrate that minimizing the total plasma

density in the ramps minimizes the negative impacts on the beam. Finally, with FACET-II as our

target application, we put this all together to show how to design a plasma profile that preserves

the beam emittance while maximizing the energy gain and minimizing the energy spread.

Sec. 3.2 as well as Secs. 3.6.1 and 3.6.2 are largely a direct reproduction of Ariniello et al.

[57] © 2019 American Physical Society. Sections have been broken up and their order changed

to make a more coherent narrative in the thesis. Sec. 3.4 is composed of direct reproductions of

several sections from Ariniello et al. [58] © 2022 American Physical Society.
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3.1 Transverse Dynamics in a Uniform Plasma

The electrons in the witness beam experience strong focusing fields within the wake. The

important features of the transverse beam evolution can be understood without taking into account

the longitudinal fields. In this case, the particle energy is constant, and the beam evolves in the

transverse direction according to Hill’s equation

d2x

ds2
+K(s)x = 0. (3.1)

The focusing strength of the plasma is constant in s but depends on the particle energy (see

Sec. 2.3.1) according to

K =
ω2
p

2γbc2
=

ω2
p

2γ̄bc2

1

1 + δ
, (3.2)

where a bar denotes the value of the reference particle. Typically, we write the focusing force in

terms of the betatron wavenumber k2
β = K.

Each particle undergoes simple harmonic motion with wavenumber kβ in the transverse di-

rection, Fig. 3.1(a). The oscillation wavenumber for each particle depends on the particle’s energy

because kβ = k̄β/
√

1 + δ. For a given energy slice, the particles will oscillate coherently and each

individual particle will trace an ellipse in transverse phase space, Fig. 3.1(b). The slice, as a whole,

will thus rotate in phase space. The different slices, however, will rotate at different rates.

3.1.1 Evolution of the Beta Function

For each energy slice, we can use the CS parameter formalism to describe the beam evolution.

The initial values of β and α are given by Eq. (2.155) for each slice. It is then a simple matter of

solving Eq. (2.132) using these initial conditions to get the evolution of the CS parameters. We

use the solution given by Eq. (2.140). The transport matrix for constant K is simply the thick

quadrupole transport matrix of Eq. (2.125). Combining, we get

β =
1

2

(
β0 +

γ0

k2
β

)
+

1

2

(
β0 −

γ0

k2
β

)
cos(2kβs)−

α0

kβ
sin(2kβs), (3.3)



69

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5
skβ

−0.003

−0.002

−0.001

0.000

0.001

0.002

0.003
xk

β

1

2
3

(a)

−0.003 −0.002 −0.001 0.000 0.001 0.002 0.003
xkβ

−3

−2

−1

0

1

2

3

x′ ′(
m

ra
d)

1

2

3

(b)

Figure 3.1: Motion of a single particle in a uniform ion column. (a) shows the particle trajectory
along the accelerator, (b) shows the trajectory in transverse phase space. The curves, from dark to
light, correspond to particles with increasing single particle emittance. The particles in each curve
have the same energy.

where β0, α0 and γ0 are the CS parameters at s = 0. Remember that β is proportional to the

RMS size of the beam, so the beam will undergo envelope oscillations, shown in Fig. 3.2, unless

β0 = βm = 1
kβ

and α0 = 0. A beam that satisfies this condition is called a matched beam and

propagates without any changes in transverse RMS size. The matched condition represents the

special case where the ellipse of the CS invariant is concentric with the ellipse formed by the phase

space trajectories of the individual particles. The different energy slices of the beam primarily

differ through their phase (the different slices rotate at different rates). Notice, however, that the

matched beta function depends on the beam energy as well. If all the energy slices have the same

initial size, only one of them can be matched to the plasma and the others will undergo small

amplitude envelope oscillations.

3.1.2 Emittance Growth

In a uniform plasma without accelerating fields, the energy slice emittance is constant. Since

the different energy slices rotate at different rates in phase space, as they rotate, they no longer

overlap. The result is that the projected emittance will tend to grow as the beam propagates

through the plasma. The evolution of the 3D phase space is shown in Fig. 3.3. We derive a general

expression that describes emittance growth in Sec. 3.4.2.



70

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5
skβ

0.0

0.5

1.0

1.5

2.0

2.5

3.0
β/
β β

1

2

3

(a)

−0.004 −0.003 −0.002 −0.001 0.000 0.001 0.002 0.003 0.004
xkβ

−2

−1

0

1

2

x′  (
m

ra
d)

1

2

3

′β1ε
′β2ε

′β3ε′β3ε

(√)

Figure 3.2: Evolution of the beta function in a uniform ion column. (a) evolution of β for different
initial values β0, lighter is larger β0. If the beam starts matched, β = βm, then no envelope
oscillations occur. (b) evolution of the CS invariant ellipse in transverse phase space.

Figure 3.3: Projected emittance growth in 3D phase space. Color represents particle energy. All
energy slices start with the same emittance and CS parameters (black ellipse, left). As the beam
propagates, each energy slice rotates in phase space with an energy dependent frequency. After
sufficient rotations the different energy slices no longer overlap and the projected emittance (black
ellipse, right) is larger than the initial emittance (dashed ellipse).

3.2 Transverse Dynamics in a Nonuniform Plasma

Any real plasma source has a longitudinally non-uniform plasma density. Even if the bulk of

the plasma is uniform, the density must taper to zero at the ends. The tapered region at the start

of the plasma source is called the entrance ramp; the region at the end is called the exit ramp.
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Conventional magnetic focusing optics typically are not strong enough to focus the electron beam

down to the size needed to match to the bulk plasma. The ramps provides a way to focus the beam

down further and control the divergence when exiting the plasma source. Even if matching is not

required, the ramps will still be there and will change the beam’s parameters. In this section, we

work out solutions for the evolution of the beta function in nonuniform plasmas at constant energy.

General, analytic solutions for the beam dynamics in an arbitrary shaped ramp are not known. We

derive solutions in the adiabatic (long ramp) and perturbative (short ramp) limits and discuss the

behavior of the beam in the non-adiabatic regime between the two limits.

This section is written in normalized units where 1/kβ0 is the unit of length and η = n/n0

is used for plasma density. The length scale comes from the matched CS parameters, defined as:

βm = 1/kβ, αm = −β′m/2, and γm = (1+α2
m)/βm. βm sets the natural length scale of the transverse

evolution. In a uniform plasma with no energy gain, βm is constant and αm = 0. The matched

CS parameters are functions of s due to the variation in plasma density and particle energy along

the accelerator. Often, we are concerned with matching a beam that has been focused by a set of

conventional optics. The focus of the conventional optics is called the vacuum waist. The vacuum

waist is located at a position denoted by s∗ with a minimum beam size denoted by β∗.

3.2.1 Adiabatic Evolution

In an adiabatic ramp, the plasma density changes slowly compared to the length scale of

the beam’s betatron oscillations. Focusing of a beam using a slowly changing plasma density has

been considered before [59, 60, 12, 15, 16, 17]. However, the full solution for the beam dynamics,

including the evolution of a mismatched beam, has not been explicitly derived. The adiabatic

solution is an expansion in αm; accordingly, we define the adiabaticity parameter as A = |αm|. The

adiabatic limit is defined as

A = |αm| =
1

4ηkβ

∣∣∣∣dηds
∣∣∣∣ =

1

4η3/2

∣∣∣∣dηds
∣∣∣∣� 1, (3.4)
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which is equivalent to saying that the relative change in η over a distance k−1
β is small. This makes

no reference to the rate of change of the beam’s beta function, only the rate of change of the plasma

density.

The transverse dynamics of a single particle are described by the Hamiltonian

H =
1

2
x′2 +

1

2
ηx2. (3.5)

If the plasma density changes adiabatically, the evolution of the beam can be found using the

theory of adiabatic invariants. The action-angle variables J0 and θ0 in a uniform density plasma

are generated by the function

F1(x, θ0) = − x2

2βm
tan θ0, (3.6)

where the subscript 0 denotes that these variables are only action-angle variables for the Hamilto-

nian with constant η.

For a Hamiltonian with longitudinally varying plasma density, J0 and θ0 are still valid canon-

ical variables, but they have a dependence on s given by

J ′0 = −β′m
∂

∂θ0

(
∂F1

∂βm

)
θ′0 =

∂H

∂J0
+ β′m

∂

∂J0

(
∂F1

∂βm

)
.

(3.7)

Using the definition of αm and taking the derivatives of the generating function gives expressions

for J ′0 and θ′0 where the s dependence of η is a clear perturbation:

J ′0 = 2
αmJ0

βm
cos 2θ0, θ′0 =

1

βm
− αm
βm

sin 2θ0. (3.8)

These expressions can be expanded in powers of αm, the lowest order term for each coordinate is

θ
(0)
0 =

∫ s

0

dξ

βm(ξ)
, J

(0)
0 = J0(0). (3.9)

Appendix B shows how to use the coordinates to find the transport matrix for single particle motion

and calculate the adiabatic solution for the β function. The beta function evolves according to

β = βm(c0 + c1 cos 2θ + c2 sin 2θ), (3.10)
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where θ = θ
(0)
0 . The constants are functions of the initial conditions:

c0 =
1

2

(
β0

βm0
+ βm0γ0

)
c1 =

1

2

(
β0

βm0
− βm0γ0

)
c2 = −α0,

(3.11)

where βm0 = βm(0). In the adiabatic limit the β function oscillates with an amplitude proportional

to the matched beam size about a value that is offset from, and proportional to, the matched beam

size.

The first order solution is inconsistent in that β′(0) 6= −2α0. As a result, the solution does

not include oscillations in the beta function that occur when α0 = 0 and αm0 6= 0. It was pointed

out by Xu et al. [18] that these oscillations would never appear in the lowest order adiabatic theory.

A ramp with η = 1/(1 − 2αms)
2, which has constant A, can be solved exactly. This solution can

be used to derive a higher order correction to c1, c2, and c3.

To find the beam evolution in the η = 1/(1− 2αms)
2 ramp, we start by taking the derivative

of Eq. (2.132), which gives a linear third order differential equation describing the evolution of β:

β′′′ + 4ηβ′ + 2η′β = 0. (3.12)

Using the definition of βm the equation can be written as

β3
mβ
′′′ + 4βmβ

′ + 8αmβ = 0. (3.13)

If βm = βm0−2αm0s, corresponding to a plasma density of η = 1/(βm0−2αms)
2, then the equation

is a Cauchy-Euler equation. Changing variables to βm makes this obvious

β3
mα

3
m0

d3β

dβ3
m

+ βmαm0
dβ

dβm
− αm0β = 0. (3.14)

The solution has the form

β = Cnβ
n
m, (3.15)

where Cn is an arbitrary constant and n is a solution of the equation

(n− 1)
(
α2
m0n(n− 2) + 1

)
= 0. (3.16)
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The beta function evolves according to

β = βm
(
c0 + c+e

i2Φ + c−e
−i2Φ

)
, (3.17)

where

Φ =
1

2αm

√
1− α2

m lnβm. (3.18)

Insisting that the solution is real constrains the coefficients such that c0 is real and c∗+ = c−.

We can define a new pair of coefficients as c± = (c1 ± ic2)/2. The evolution is now written in the

familiar form

β = βm(c0 + c1 cos 2Φ + c2 sin 2Φ). (3.19)

The third order differential equation introduces an additional constant that can be removed

by requiring that the solution satisfy Eq. (2.132). After some algebra, it is found that c0 is a

function of c1 and c2:

c0 =

√
c2

1 + c2
2 +

1

1− α2
m

. (3.20)

Letting βm0 = 1, the constants c1 and c2 are given in terms of the initial CS parameters at s = 0

as

c1 =
1

2

(
β0 −

γ0 − 2α0αm0 + α2
m0β0

1− α2
m0

)
, (3.21)

c2 =
α0 − αm0β0√

1− α2
m0

. (3.22)

The constants reduce to the adiabatic solution when αm0 → 0. The solution has the same form

as Eq. (3.10), but with different constants. Expanding these constants to first order in αm and

inserting them into the adiabatic solution, captures the oscillations in β. This solution for the

beta function corresponds to a transfer matrix where the second row is the derivative of the first.

Working backwards it can be shown that the action variable must include some, but not all, of the
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second order terms. The higher order constants are given by:

c0 =
1

2

(
β0

βm0
+ βm0γ0 − 2α0αm0

)
c1 =

1

2

(
β0

βm0
− βm0γ0 + 2α0αm0

)
c2 = −α0 +

αm0β0

βm0
.

(3.23)

The oscillations around the matched size disappear when β0 = βm0√
1+α2

m0

and α0 = αm0√
1+α2

m0

. In the

adiabatic limit this simplifies to β0 = βm0 and α0 = αm0. For a nonuniform plasma, we define

this as the matched condition (this definition of matched was previously noted by Williams and

Katsouleas [60]). If a beam is initially matched to an adiabatic plasma profile, the beam will remain

matched to the plasma.

If it is assumed that β0 = βm0 and α0 = αm0, then very small oscillations of β occur.

Oscillations can also develop due to rapid changes in αm, even if the ramp remains adiabatic.

Oscillations induced by discontinuous changes in αm can be explained using the adiabatic solution

with higher order constants. For example, if the gradient of the plasma density at the beginning of

the exit ramp is discontinuous, a beam that is initially matched to the plasma in the accelerating

region, where β0 = 1 and α0 = 0, will not be matched to the exit ramp. Subsequently, it will

undergo oscillations. Examples of these oscillations for two exit ramps where the beta function can

be found exactly are shown in Fig. 3.4. The ramp is identical to the primary ramp considered in

[18], which has an exact solution for the beam evolution. As shown in the figure, the oscillations

are not captured by the lowest order adiabatic solution, but they are captured by using the higher

order correction to the constants.

3.2.2 Emittance Growth of the Matched and Unmatched Beam

Even if the reference energy slice is matched to the plasma, different energy slices of the

beam will experience different focusing forces leading to projected emittance growth. Each energy

component has a different matched beta function and will undergo adiabatic evolution according

to Eq. (3.10). To lowest order in δ, the projected emittance growth is a function of the beam’s
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chromatic amplitude [61]:

∆ε

ε0
=

1

2
W 2σ2

δ , (3.24)

where σδ is the RMS fractional momentum deviation, and the chromatic amplitude W is defined

as

W 2 =

(
∂α

∂δ
− α

β

∂β

∂δ

)2

+

(
1

β

∂β

∂δ

)2

. (3.25)

Here, all energy slices of the beam are assumed to start with the same geometric emittance ε0 and

all the terms are evaluated at δ = 0. The expansion is only valid if β(δ) is approximately linear

(even for small δ the quadratic term can sometimes be important).

It can be seen from Eq. (2.132) that β(δ) is given by making the replacement βm → βm
√

1 + δ.

Additionally, to account for any chromatic effects of the incoming beam, the initial conditions are

functions of δ: β0(δ), α0(δ) and γ0(δ). Making the above substitution for βm, βm0, and αm0 gives

β(δ) = βm

[
c3
δ

2
(1− cos 2ψ) + c2

√
1 + δ sin 2ψ + c0 + c1 cos 2ψ

]
, (3.26)

where c3 = βm0γ0 − 2αm0α0, and

ψ =
θ√

1 + δ
. (3.27)
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All the ci constants are functions of δ through β0, α0, and γ0. βm is the matched beta function

for the average beam energy 〈γb〉. It is convenient to expand ψ in δ: ψ ≈ (1 − δ/2)θ. Evaluating

the chromatic amplitude will give the lowest order emittance growth for a beam with arbitrary

chromatic initial conditions.

Consider the case where all energy components start with the same initial conditions, and

the reference energy is matched to the plasma. In this case the beam starts with its projected

emittance equal to the emittance of each energy slice. β(δ) is given by

β(δ) = βm

[
δ

2
(1− cos 2ψ) + 1

]
. (3.28)

Evaluating the chromatic amplitude shows that the emittance evolves according to

∆ε

ε0
=

1

4
(1− cos 2θ)σ2

δ (3.29)

to lowest order in δ. This expression also holds true in a uniform plasma. The beam evolution and

emittance evolution in an adiabatic plasma are shown in Fig. 3.5 for two different initial conditions.

The model matches the numerical solution quite well in both cases. An oscillation of the projected

emittance can occur so long as the emittance of each energy slice is smaller than the projected

emittance of the entire beam. In the presence of non-uniform longitudinal fields, particle exchange

between energy slices will lead to slice emittance growth and saturation of the projected emittance

of the beam. The emittance will saturate to the maximum of the oscillation of the projected

emittance. Figure 3.5(b) shows the emittance evolution for initial conditions where each energy

slice is matched to the plasma. For most matched beams, the emittance growth in an adiabatic

section would be negligible, on the order of σ2
δ .

If the reference energy is mismatched, β(δ) cannot be approximated as a linear function and

the chromatic amplitude no longer predicts the emittance growth. The emittance growth in a

uniform plasma from chromatic phase mixing has been found by [18] to be

ε = εsat

√
1− (γ0βm + β0/βm)2 − 4

(γ0βm + β0/βm)2

(
sin ∆ψ

∆ψ

)2

, (3.30)
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Figure 3.5: Emittance evolution for a beam in an adiabatic plasma where (a) all energy components
are matched, and (b) start with the same Courant-Snyder parameters. The beam has a uniform
energy distribution from -2% to 2% with the extremes of the distribution plotted. The plasma
profile is η = 1/(1 + (as)2) with a = 0.05.

where ∆ψ = ψ(
√

3σδ)−ψ(−
√

3σδ). The saturated emittance is given by εsat = ε0(γ0βm+β0/βm)/2,

and represents the asymptotic upper limit of the emittance after many betatron oscillations. The

phase mixing process works the same in an adiabatic plasma, so Eq. (3.30) can be used to describe

the emittance growth of a mismatched beam in an adiabatic ramp.

It is useful to quantify the adiabatic ramp by the total phase advance in the ramp, θf . The

chromatic phase spread can then be written as ∆ψ ≈ −θfδ. Most ramps have θf on the order of

10s of radians and ∆Ψ is small. Even for long adiabatic ramps, the emittance growth in the ramp

is negligible. Adiabatic ramps are a robust option for matching a beam into a plasma. There is

almost no emittance growth in the ramp if the beam is initially matched, and the exact shape of

the ramp is inconsequential, so long as the plasma density changes slowly and A remains small.

3.2.3 Non-Adiabatic Evolution

Ramps that are non-adiabatic, or have sections that are non-adiabatic, can focus beams

over a much shorter distance than an adiabatic ramp with a matched beam. In general, the
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beam evolution in a non-adiabatic ramp cannot be solved for exactly; however, some ramp profiles

have exact solutions that demonstrate the general character of the evolution. One such ramp is

η = 1/(1 − 2αms)
2. The exact solution for the ramp is given in the Sec. 3.2.1. It is similar to

the adiabatic solution except for a difference in constants and a correction to the phase. In the

non-adiabatic regime it is impossible to choose a set of initial conditions such that the oscillating

terms vanish for all s.

The fastest way to focus the beam in a non-adiabatic ramp is to harness the phase of the

oscillation where the beam size is most rapidly decreasing. The non-adiabatic regime is unique in

that the beam can undergo oscillations and still end up matched to the plasma. This is impossible

in a smooth adiabatic ramp. In a well chosen non-adiabatic ramp, the beam undergoes almost

exactly a quarter betatron oscillation and ends matched to the plasma. This is similar to the

scheme presented in Sec. 3.6.2. The focusing process is shown in Fig. 3.6 where a non-adiabatic

ramp is compared to an adiabatic ramp. The non-adiabatic ramp decreases the beta function

by a factor of 30 in only 29/kβ0 with the beam undergoing approximately a quarter of a betatron

oscillation. An adiabatic ramp at the upper limit of the adiabatic regime (αm = 0.1 for the majority

of the ramp) requires a distance of 152/kβ0 to achieve the same degree of focusing.
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Figure 3.6: Evolution of two identical beams with shifted vacuum waist locations through an
adiabatic ramp (magenta) and a non-adiabatic ramp (blue). In the adiabatic ramp, the beam
evolution follows the adiabatic solution, reducing β by a factor of 30 in a distance of 152 k−1

β0 . In
the non-adiabatic ramp, the beam undergoes a quarter of a betatron oscillation, reducing β by a
factor of 30 in 29 k−1

β0 . In both cases the beam ends matched to the uniform density acceleration
section, with β = 1/kβ0 and α = 0.
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Generally, numerical methods must be implemented to design a smooth, matching ramp

that provides rapid focusing. The ramp must transition from non-adiabatic to adiabatic exactly

at the point where the beam oscillation passes through the matched solution. In practice, the

matched Courant-Snyder parameters at the top of the non-adiabatic section can be numerically

back propagated through a ramp of a given shape while scanning the characteristic ramp length

until the ideal matching ramp length is identified.

Analytic solutions exist for ramps where βm(s) is linear or quadratic (see [16] for the quadratic

case) which can be used to approximate the non-adiabatic part of an arbitrary ramp. Non-adiabatic

ramps are sensitive to the exact ramp shape due to the interplay between oscillation and match-

ing. These difficulties make non-adiabatic ramps potentially difficult to design and implement in

situations where the plasma density cannot be precisely controlled.

3.2.4 Perturbative Plasma Ramp

If the plasma has a sufficiently low density, the motion arising from the focusing force of

the ion column can be treated as a perturbation to the vacuum propagation of the beam. The

unperturbed Hamiltonian is the free space Hamiltonian and it is well known that the canonical

transformation obtained using Hamilton’s principle function results in the coordinates given by

A = x′0 B = x−As. (3.31)

According to classical, time dependent perturbation theory, the time evolution of these coordinates

is given by

Ȧ = −η(s)(As+B) Ḃ = η(s)s(As+B). (3.32)

The zeroth order solution is the constant solution of the unperturbed Hamiltonian: A0 = x′0 and

B0 = x0. The first order solution is found by inserting the zeroth order solution into the right hand

side of the differential equation and integrating. The first order solution can be written in the form
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of a transport matrix for x and x′ from s = 0 to s:

M =

1− I0s+ I1 s− I1s+ I2

−I0 1− I1

 (3.33)

where In refers to integrals given by

In =

∫ s

0
ζnη(ζ) dζ. (3.34)

The approximation is valid if 1
2ηx

2 � 1
2x
′2, requiring that βk2

β/γ � 1. A more detailed derivation

is given in Appendix C. The β function evolution can be derived in the normal way from the

components of the transport matrix. Figure 3.7 shows that the approximation well represents the

beam evolution in the low density tail of an exit ramp with a Gaussian density profile.
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Figure 3.7: Evolution of an initially matched beam in an exit ramp with a long perturbative tail.
The perturbative theory effectively models the small deviation in β from free space evolution caused
by the long, low density tail of a Gaussian plasma density ramp (green).

As s becomes very large, the integrals converge for any practical ramp. Beyond this point,

the plasma has no effect on the beam and the beam evolves as it would in vacuum. The beam will

appear to have come from a vacuum waist of β∗ = 1/γ:

β∗ =
1

γ0 + 2(α0I0 − γ0I1) + β0I2
0 − 2α0I0I1 + γ0I2

1

, (3.35)

where the In integrals are assumed to be convergent and evaluated to infinity. After the beam has

left the perturbative region of an exit ramp, β∗ will be the effective waist seen by the downstream

magnetic focusing optics. For an entrance ramp, this formula can be used to calculate the focusing
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of the beam that occurs at the foot of the ramp. It can be useful to drop terms of order I2 to get

a compact version of the formula.

It is straightforward to account for chromatics in the perturbative ramp, a factor of 1/(1 + δ)

appears in front of each In integral. The transport matrix for off energy particles can easily be found

and β(δ) solved for. The chromatic amplitude gives emittance growth induced in the perturbative

part of the ramp, which will be negligible in most cases. The net effect of the perturbative ramp

on the motion does not depend on the exact shape of the ramp, only the values of the integrals In

evaluated over the entire ramp.

3.2.5 Summary of the Effects of the Plasma Ramps

A tailored longitudinal plasma density profile can be used to match a beam into or out of a

plasma-based accelerator in order to minimize chromatic emittance growth in the beam. The length

of the ramp, location of the vacuum waist, and emittance growth in the ramp can be calculated

analytically for a large range of ramp shapes by separating arbitrary plasma profiles - or portions

thereof - into three qualitatively distinct types. The first is an adiabatic plasma ramp where the

plasma density changes slowly. In this type of ramp, a beam that starts out matched to the plasma

remains matched to the plasma and undergoes minimal emittance growth. Adiabatic ramps are

long but insensitive to the exact form of the density profile, so long as the gradient of the plasma

density remains small. The second is a non-adiabatic plasma ramp where the beam is not matched

to the plasma and undergoes a fraction of an oscillation. This type of plasma ramp can focus

the beam quickly, but the beam dynamics are sensitive to the exact shape of the plasma density

profile. The third is a perturbative plasma ramp where the plasma density is low, and the beam

evolution is only slightly perturbed from vacuum-like propagation. This type of ramp is somewhat

insensitive to the form of the plasma density profile but can only cause minimal focusing of the

beam. The beam dynamics can be calculated exactly for the adiabatic and perturbative ramps.

The beam dynamics in a non-adiabatic section can be calculated numerically or approximated by

a ramp where the dynamics are analytically solvable.
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A wide range of ramp shapes can match the same beam into a plasma-based accelerator, but

different density profiles can affect the focusing process. The fastest focusing can be achieved with

a subset of the adiabatic plasma ramps, wherein a highly mismatched beam undergoes a quarter

of a betatron oscillation in a low density uniform plasma (Sec. 3.6.2). In contrast, adiabatic ramps

are long, but are insensitive to errors in the plasma density profile. Multiple ramp types can be

combined to produce a ramp that suits a particular set of experimental needs. The theoretical

work presented here can be used to compare different ramp shapes by studying the sensitivity of

the emittance growth to the initial beam conditions and variations in the plasma density profile.

This can be extended to include the effects of non-uniformity in the accelerating section of the

plasma.

3.3 Acceleration and Wake Loading

In the previous sections, we worked out the emittance growth assuming the energy of each

particle in the beam remained constant. This is instructive to understand the chromatic dephasing

mechanism and the impact of the ramps, within which the energy change is minimal. The entire

point of a plasma wakefield accelerator is to accelerate the particles and increase their energy. The

relative energy gain within a single stage can be significant, particularly in the early stages of an

accelerator. Significant changes in the energy distribution of the beam during acceleration will

impact the chromatic dynamics, especially when wake loading is included.

Before discussing the general solution for the transverse dynamics with energy gain, we want

to touch on the energy gain and energy spread expected from PWFA experiments at FACET-II.

Sec. 3.2 on transverse dynamics was largely focused on how to design the entrance and exit ramps

to preserve the beam emittance. This section focuses on how to choose the bulk plasma density

and set a requirement for the plasma width. Although the simulations are specific to FACET-II,

the approach is general. The FACET-II accelerator can deliver a wide range of beams, but there

are still important limitations on the beam parameters. Choosing the plasma density to match the

beam parameters has a large impact on the beam loading and thus the accelerator’s final energy
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spread and transformer ratio.

3.3.1 Acceleration and Loading for the FACET-II Beam

The drive beam for the two bunch configuration at FACET-II is designed to be as high

current as possible while maintaining an approximately 3 to 1 ratio between the charge of the drive

and witness beam. The ratio sets the trade-off between transformer ratio T and efficiency η; 3 to

1 corresponds to T ≈ 1 and η ≈ 30%. Early simulations of FACET-II were run to find a machine

configuration with a nominal drive-witness separation of 150µm which resulted in bunch lengths of

5.2µm and 3.6µm for the drive and witness beam, respectively [62, 63]. The accelerator is capable

of delivering beams with a range of values around the nominal parameters while maintaining the

drive-witness charge ratio. Achieving the maximum performance from the accelerator requires

tuning the plasma density in concert with the witness bunch length and drive-witness spacing to

maximize the energy and minimize the energy spread of the witness beam.

Table 3.1: FACET-II beam parameters. A ∗ superscript refers to the value of the parameter at the
witness beam waist.

Drive Beam Witness Beam

Charge (nC) 1.5 0.5
Energy (GeV) 10 10
εnx,ny (µm rad) 3.4, 3.0 3.2, 3.1
β∗x,y (cm) 70, 70 5, 5

α∗x,y 4.2, 1.6 0, 0

σz (µm) 5.2 3.6
σδ 1% 1%

We ran PIC simulations at three different plasma densities for witness beams with varying

σz and delays ∆z behind the drive beam. The charge, energy, bunch length, emittance, and

energy spread used in the simulations are summarized in Table 3.1. All beams were initialized with

Gaussian spatial distributions (see Sec. 2.3.4) and uniform energy distributions. Both beams were

initialized matched to the plasma. The simulations were propagated until the wakefields stabilized.

The final energy and estimated energy spread of the witness beam at the end of the accelerator
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stage was compared between the different cases. The energy spread of the beam can be estimated

for the full plasma using the fields from the short simulation with the following procedure: The

accelerating field has a dependence on ξ given by some function Ez(ξ, s), which in general depends

on s. Assume the shape of the accelerating field is constant as the beam travels down the accelerator,

Ez(ξ, s) = Ez(ξ). Assuming the beam is monochromatic and starts with current density λ(ξ), then

the final energy distribution after a distance L is given by

E(ξ) = E0 + Ez(ξ)L. (3.36)

Here, E0 is the beam’s initial energy and we have ignored any longitudinal motion of beam particles

within the beam. The final average energy of the beam is given by

Ē =

∫∞
−∞ E(ξ)λ(ξ) dξ∫∞
−∞ λ(ξ) dξ

. (3.37)

The final RMS energy spread in the beam is given by

σ2
δ =

∫∞
−∞(E(ξ)− Ē)2λ(ξ) dξ

Ē2
∫∞
−∞ λ(ξ) dξ

. (3.38)

The acceleration length is calculated by solving for L such that Ē − E0 = 10 GeV. This is only an

estimation because the final energy, and thus L, will depend on the transformer ratio.

Fig. 3.8 shows the set of simulations for a plasma density of 5×1016 cm−3 which demonstrate

the typical behavior of the gradient and energy spread as σz and ∆z are varied. As the witness

beam moves further back in the wake, the average accelerating gradient increases until the rear of

the beam starts to exceed the bounds of the wake. The maximum accelerating gradient is larger for

shorter witness beams because they can be pushed further back in the wake while still being fully

contained in the bubble. The gradient is relatively insensitive to the bunch length of the witness

beam, while the energy spread is highly sensitive as the length determines how well the beam loads

the wake. As shown from the simulations, a relatively short beam is required to sufficiently load

the wake. Although not shown at this density, if the beam length is reduced even further, it will

eventually overload the wake and the energy spread will increase. Finally, notice that there is an
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optimum drive-witness separation for minimum energy spread that is typically shorter than the

separation that results in the maximum accelerating gradient.
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Figure 3.8: Average accelerating gradient and estimated final energy spread as a function of the
drive-witness spacing and the witness beam bunch length. (a) the accelerating gradient of the
witness beam increases as it is moved towards the rear of the wake. At some point, the beam no
longer fits within the wake and the gradient drops off. (b) estimated energy spread of the witness
beam from Eq. (3.38) after 10 GeV of acceleration. The energy spread depends on how well the
beam loads the wake.

The accelerating gradient is not a suitable quantity to compare across plasma densities be-

cause the decelerating gradient felt by the drive beam varies. The more appropriate quantity is

the transformer ratio which is approximately proportional to the final energy of the witness beam.1

The transformer ratio and energy spread are compared across all the simulations in Fig. 3.9.

The points near the lower right corner represent the best combination of large transformer ratio

and low energy spread. For FACET-II, the optimal plasma density for these beam parameters is

2.6× 1016 cm−3 with a σz = 5.2µm witness beam. This combination can be tuned for low energy

spread or a balance between energy spread and transformer ratio by changing the spacing between

the two beams.

1 The final energy of the witness beam is the average accelerating gradient multiplied by the length of the
accelerator. The length of the accelerator is set by the how long the drive beam can sustain the wake. Due to drive
beam effects, such as head erosion, this distance is not simply the energy of the drive beam divided by the average
decelerating gradient. Effects such as head erosion are density dependent, so the transformer ratio is an approximate,
but useful, comparison between densities.
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Figure 3.9: Transformer ratio and estimated final energy spread as a function of (a) plasma density
and (b) witness beam bunch length. For the beam parameters considered here, a plasma density
of 2.6 × 1016 cm−3 with a σz = 5.2µm witness beam produces both the largest transformer ratio
and lowest energy spread.

3.3.2 Plasma Width

The plasma must be sufficiently wide to fully contain the wake. We know from nonlinear

theory (Sec. 2.2.3) that the wake is approximately spherical with a diameter of λp. The linear

perturbation around the wake is described by linear fluid theory and extends beyond the wake by

about one skin depth c/ωp [42]. We would expect the width of the plasma would need to be at

least

W = λp + 2
c

ωp
≈ 8.3

c

ωp
, (3.39)

in order to fully enclose the wake. To test this approximation, we ran a series of PIC simulations

using approximate FACET-II beam parameters with different plasma widths. The simulations used

a plasma density of 2.6×1016 cm−3, and the witness beam is located 180µm behind the drive beam.

The rest of the beam parameters are given in Table 3.1. The beams were propagated for 2 mm in

the plasma to let the wakefields stabilize. The minimum plasma width according to Eq. (3.39) is

273µm, simulations were run with plasma widths from 140µm to 280µm in 35µm increments. The

resulting electron density is shown in Fig. 3.10 where the distortion of the bubble is clearly visible.

Reducing the plasma width primarily changes the longitudinal field. The final energy and

energy spread of the witness beam, shown in Fig. 3.11, can then be used to quantify the impact
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Figure 3.10: Plasma and beam density for plasmas with initial widths of (a) 140µm, (b) 175µm,
(c) 210µm, (d) 245µm, and (e) 280µm.

of the plasma width on the accelerator performance. Both parameters converge at a plasma width

of 210µm, well below the predicted value of 273µm from Eq. (3.39). The disagreement is not

surprising; in the widest plasma simulated, the wake is found to be 213µm long and 136µm wide.

The difference from λp = 207µm results because the drive beam does not have sufficient current to

drive a highly nonlinear wake. If we take the measured bubble size and add two skin depths, we get

202µm which agrees well with the simulation. The final bunch length of the FACET-II drive beam

is not yet known, but some simulations predict a much larger peak current; therefore, Eq. (3.39) is

a good target for the minimum width of the FACET-II plasma source.

The plasma width becomes important in the ramps where λp is much larger than in the bulk

plasma. As can be seen in Fig. 3.11, the accelerating gradient is reduced as the plasma width

narrows. In the ramps, this can be advantageous because it limits the energy change of the beam

in the ramp. From the simulations of different plasma densities presented in the previous section,
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Figure 3.11: Convergence of the accelerating gradient and estimated final energy spread with plasma
width. Convergence occurs around W = 210µm.

we know the witness beam only optimally loads the wake at one plasma density. As it traverses

the ramp, the energy spread will grow and, at low plasma density, the witness beam can be in the

decelerating phase of the wake. A narrow plasma in the ramps mitigates both of these effects.

3.4 A General Approach Including Acceleration

Chromatically driven emittance growth results from the variation in particle energy within the

beam. Wake loading and acceleration will affect this energy variation and thus the beam evolution.

In this section, we develop a model for the transverse dynamics of the beam that takes these features

into account. We find that the presence of wake loading results in mixing between energy slices

and thus growth in the energy slice emittance. Using our model, we are able to derive analytic

saturation lengths for the projected and slice emittances. We finish with an analytic calculation of

the emittance growth within a full plasma source with energy gain and density ramps.

3.4.1 Single Particle Motion

The equations of motion in the transverse directions for an electron in the witness beam are

decoupled and given by Eq. (2.121). In general, K is a function of s through the local plasma

density and the particle energy. An approximate solution to the equation of motion can be derived

for a plasma density that varies adiabatically in s, i.e., |αm(s)| � 1. We start with the solution
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derived in Appendix B for the motion of a single particle. Eq. (B.12) gives the transport matrix

for a particle in an adiabatically varying plasma density, in the absence of energy gain. From this

the transverse motion of a single particle is found to be [57, 20]:

x =x0

√
βm
βm0

(cosφ+ αm0 sinφ) + x′0
√
βmβm0 sinφ

x′ =x0
(αm0 − αm) cosφ− (1 + αm0αm) sinφ√

βmβm0

+ x′0

√
βm0

βm
(cosφ− αm0 sinφ),

(3.40)

where the subscript 0 indicates the initial value of a variable at s = s0 and x′ = dx/ds = px/ps, px

and ps are the longitudinal and transverse momentum of the particle, respectively. The betatron

phase advance is defined as

φ =

∫ s

s0

kβ(s′)ds′. (3.41)

We are interested in the general case where the particles can gain and lose energy. Energy

gain (loss) results in a reduction (increase) in the amplitude of the oscillations due to adiabatic

dampening. We use the ansatz that the single particle motion has an additional s dependent

amplitude A(s):

x = A(s)xc = x0A(s)

√
βm
βm0

(cosφ+ αm0 sinφ) + x′0A(s)
√
βmβm0 sinφ, (3.42)

where xc is the position of a single particle with constant energy given by Eq. (3.40). xc satisfies

the differential equation x′′c + k2
βxc = 0. Inserting the ansatz into Eq. (2.121) and requiring that A

can take on any value gives a differential equation for A:

2A′ +
γ′b
γb
A = 0. (3.43)

The solution of which is A(s) =
√
γb0/γb. For Axc to approximately satisfy the equation of motion,

Eq. (2.121), the relative change in energy over one betatron period must be small γ′b/γb � kβ and

γ′′b /γb � k2
β.
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The transport matrix M defines the motion of the particle based on its initial conditionsx
x′

 = M

x0

x′0

 =

M11 M12

M21 M22


x0

x′0

 . (3.44)

Combining the adiabatic dampening term A(s) with xc gives the transport matrix for a particle in

an adiabatic plasma with energy change:

M11 =

√
γb0
γb

βm
βm0

(cosφ+ αm0 sinφ)

M12 =

√
γb0
γb
βmβm0 sinφ

M21 =

√
γb0
γb

(αm0 − αm) cosφ− (1 + αm0αm) sinφ√
βmβm0

M22 =

√
γb0
γb

βm0

βm
(cosφ− αm0 sinφ).

(3.45)

In a uniform plasma, βm = βm0

√
γb/γb0. Inserting βm into Eq. (3.45) and assuming the energy

gain over a single betatron period is small, αm ≈ 0, we recover the expression for single particle

motion in a uniform plasma from [13, 19].

Fig. 3.12 shows a comparison between Eq. (3.44) and a numerical solution to Eq. (2.121) for

a single electron travelling through a plasma-based accelerator. The plasma stage is designed to

double the particle’s energy and has identical adiabatic density ramps on each end. The entrance

ramp reduces the incoming beta function by a factor of 10, and the beam undergoes approximately

12 betatron periods within the uniform plasma section. kβu is the betatron wavenumber at the

start of the uniform plasma section, located at skβu = 200. The parameters used here are similar

to those found in current beam driven plasma wakefield accelerator experiments such as those at

FACET-II [62, 63] and FLASHForward [64, 65]. The analytic solution shows excellent agreement

with the numerical solution; it accurately captures both the adiabatic dampening and focusing in

the ramp. In the next section, we use this solution to derive general expressions for the evolution

of the beam’s moments and emittance.



92

0.00

0.25

0.50

0.75

1.00

n e
/n

eu

0.00

0.25

0.50

0.75

1.00

n e
/n

eu

−0.002

0.000

0.002

xk
βu

0 100 200 300 400
βkβu

−1.0

−0.5

0.0

0.5

1.0

x′
′m

ra
d)

Numerical
Analytic

Figure 3.12: Single particle motion in a plasma accelerator with adiabatic ramps. The particles
energy doubles within the accelerator. The top plot shows the evolution of the particle’s transverse
position x. The bottom plot shows the evolution of the particle’s trajectory angle x′. The solid
line shows the numerical solution to the transverse equation of motion, the dashed line shows the
analytic expression from Eq. (3.45). The longitudinal plasma density is shown by the shaded region.

3.4.2 Evolution of the Beam Moments and Emittance

The transverse beam quality can be quantified using the normalized emittance [52]:

εn = (1/mec)
√
σ2
xσ

2
px − σ2

xpx , (3.46)

where the beam sizes are σ2
x =

〈
x2
〉
− 〈x〉2, σ2

px =
〈
p2
x

〉
− 〈px〉2 and the correlation is σxpx =

〈xpx〉 − 〈x〉 〈px〉. In the ultrarelativistic limit the normalized emittance simplifies to

ε2n = 〈γb〉2
(
σ2
δσ

2
x

〈
x′2
〉

+ ε2
)
, (3.47)

where σ2
δ = (

〈
γ2
b

〉
− 〈γb〉2)/ 〈γb〉2 and ε is the geometric emittance defined as

ε2 = σ2
xσ

2
x′ − σ2

xx′ (3.48)

with σ2
x′ =

〈
x′2
〉
− 〈x′〉2 and σxx′ = 〈xx′〉 − 〈x〉 〈x′〉. In most cases, the first term in Eq. (3.47) is

very small and the geometric emittance dominates, giving the more familiar formula εn ≈ 〈γb〉 ε.

Emittance growth results from the γb dependence of kβ. Different energy slices of the beam

oscillate with different frequencies in the ion channel. Over time the different slices dephase and
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no longer overlap in transverse phase space as shown in Fig. 3.13. Even if the beam has no initial

energy spread, this chromatic dephasing will occur if imperfect wake loading induces energy spread

in the beam during acceleration. This same effect dampens out the centroid oscillations of an

offset beam. To calculate the growth explicitly requires the evaluation of the moments of the beam

distribution.

Figure 3.13: When the witness beam is mismatched or offset transversely with respect to the ion
column, it will undergo emittance growth through chromatic dephasing. Different energy slices of
the beam will rotate at different frequencies in transverse phase space, leading to growth in the
projected emittance (the area enclosed by the white dashed line grows to the area enclosed by the
black dashed line).

The beam moments can be evaluated under the assumption that there is no initial correlation

between the longitudinal distribution and the transverse distribution. In this case the phase space

distribution of the witness beam at s0 can be written as f0(x, x′, ξ, δ) = f⊥(x, x′)f(ξ, δ), where

δ = (p−p0)/p0 parameterizes the energy spread in the beam and p0 is the momentum of the reference

particle. Here, we are ignoring the vertical transverse dimension because it is decoupled and evolves

independently in an analogous fashion. We let f⊥ describe the witness beam without offset; i.e.,

the beam centroid is located at the origin in transverse phase space:
∫
dxdx′ xf⊥(x, x′) = 0 and∫

dxdx′ x′f⊥(x, x′) = 0. Further, we assume that the distribution is normalized to 1.

If the witness beam is then given an initial offset of ∆x in x and ∆x′ in x′, the beam

distribution at s0 can be written as f∆(x, x′, ξ, δ) = f⊥(x − ∆x, x′ − ∆x′)f(ξ, δ). Single particle

evolution is described by Eq. (3.44) and is a function of s, x0, x′0, ξ0, δ0: x(s, x0, x
′
0, ξ0, δ0), where

the ξ0 and δ0 dependence enters through the relativistic factor γb(s, ξ0, δ0). The functional form of
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γb depends on the acceleration model chosen, we show several examples in Secs. 3.4.5 and 3.4.6.

Making the change of variables to u = x−∆x and u′ = x′ −∆x′, we can write the single particle

evolution in terms of u and u′: x(s, u0 + ∆x, u′0 + ∆x′, ξ0, δ0). The first beam moment is given by:

〈x〉 =

∫
dξ0dδ0f(ξ0, δ0)

∫
du0du

′
0 x(u0, u

′
0)f⊥(u0, u

′
0). (3.49)

The other beam moments,
〈
x2
〉
, 〈x′〉,

〈
x′2
〉
, and 〈xx′〉 take the same form.

To make the integral tractable, we make the assumption that the energy spread is small:

δ � 1. This allows us to treat the matched CS parameters and the adiabatic dampening term,

A =
√
γb0/γb, in Eq. (3.45) as constant with respect to ξ0 and δ0. We use bars to denote values

for the reference particle: γ̄b = γb(s, ξ0 = 0, δ0 = 0). Using γb = γ̄b in A, βm, αm, and γm for all

particles defines a matched set of CS parameters for the beam; this is in contrast to the approach

taken in Sec. 3.2 (Ref. [57]), where different matched CS parameters are defined for each energy

slice. The only dependence on ξ0 and δ0 remaining in Eq. (3.45) is in the energy dependence of the

betatron phase φ.

We have to integrate over u and u′ in Eq. (3.49) first because x depends on the longitudinal

coordinates. The u and u′ integrals can be written in terms of moments of the witness beam’s initial

(non-offset) phase space distribution. The second central moments of the phase space distribution,

σx, σx′ , and σxx′ , are defined as: σ2
x =

∫
dxdx′ x2f⊥(x, x′), σ2

x′ =
∫
dxdx′ x′2f⊥(x, x′), and σxx′ =∫

dxdx′ xx′f⊥(x, x′). These moments can be expressed in terms of the CS parameters: β = σ2
x/ε,

γ = σ2
x′/ε, and α = −σxx′/ε.

Evaluating the u, u′ integrals, and writing the beam moments in terms of the beam’s initial

CS parameters gives the following expressions for the moments of the offset beam:

〈x〉 =

√
γ̄b0
γ̄b
βmε0(d1C1 + d2S1) (3.50)

〈
x2
〉

=
γ̄b0
γ̄b
βmε0(a+ b1C2 + b2S2) (3.51)

〈
x′
〉

=

√
γ̄b0
γ̄b

ε0
βm

[−d1S1 + d2C1 − αm(d1C1 + d2S1)] (3.52)



95〈
x′2
〉

=
γ̄b0
γ̄b

ε0
βm

[(1 + α2
m)a− (1− α2

m)(b1C2 + b2S2)

+ 2αm(b1S2 − b2C2)]

(3.53)

〈
xx′
〉

=
γ̄b0
γ̄b
ε0[b2C2 − b1S2 − αm(a+ b1C2 + b2S2)], (3.54)

where we have kept terms of order α2
m. The a, b, and d terms are all unit-less constants that depend

on the beam’s initial conditions:

d1 =
∆x√
βm0ε0

d2 =αm0
∆x√
βm0ε0

+

√
βm0

ε0
∆x′

a =
1

2

(
β0γm0 + γ0βm0 − 2α0αm0 + d2

1 + d2
2

)
b1 =

β0

βm0
+ d2

1 − a

b2 =d1d2 − α0 + αm0
β0

βm0
.

The first three constants have physical meaning; d1 and d2 are the normalized phase space coordi-

nates for the motion of the beam centroid and, as we will show later, a is the relative emittance

growth at saturation.

The s dependence of the moments enters through γ̄b directly (adiabatic dampening) and

through the matched CS parameters (plasma focusing), which are functions of γ̄b; however, the

primary dependence on s is given by the C and S terms which capture both the chromatic phase

spreading and the betatron oscillations. These terms are integrals over the longitudinal phase space:

C1 =

∫
dξ0dδ0f(ξ0, δ0) cos[φ(ξ0, δ0)]

S1 =

∫
dξ0dδ0f(ξ0, δ0) sin[φ(ξ0, δ0)]

C2 =

∫
dξ0dδ0f(ξ0, δ0) cos[2φ(ξ0, δ0)]

S2 =

∫
dξ0dδ0f(ξ0, δ0) sin[2φ(ξ0, δ0)].

The two dimensional longitudinal phase space distribution can always be reduced to a one dimen-

sional distribution of betatron phase advance fφ(φ). The integrals can then be written in the form:
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C1 =

∫
dφ fφ(φ) cosφ, (3.55)

where we have only written the C1 integral for brevity. The s dependence enters through the

variation of the fφ distribution as the beam propagates through the plasma. At this point, the

saturated emittance can be determined. As the different energy components of the beam dephase,

the width of the fφ distribution will grow. At saturation, the width is much larger than 2π and

the C and S integrals tend towards zero. Setting C and S to zero in the moments and calculating

the emittance gives the saturated emittance

εnsat = εn0

√
1 + σ2

δ

1

2

(
β0γm0 + γ0βm0 − 2α0αm0 +

∆x2

βm0ε0
+ ∆x′2

βm0

ε0
+ ∆x∆x′

αm0

ε0

)
, (3.56)

where terms higher than αm have been dropped. The pre-factor
√

1 + σ2
δ can be set equal to one

if the final energy spread is sufficiently small.

The detailed emittance evolution can be found by rewriting the C and S integrals. We start

by writing the betatron phase as φ = φ̄ + ∆φ(ξ0, δ0). Further, we note that the four C and S

integrals can be written as the real and imaginary parts of two complex integrals. After removing

the eiφ̄ term from the them, the integrals generically evaluate to a pair of complex numbers with

real amplitudes H1, H2, and arguments ψ1, ψ2:

I1 =

∫
dξ0dδ0f(ξ0, δ0)ei∆φ(ξ0,δ0) = H1e

iψ1 , (3.57)

I2 =

∫
dξ0dδ0f(ξ0, δ0)ei2∆φ(ξ0,δ0) = H2e

iψ2 . (3.58)

The C and S integrals are then given by

C1 =H1 cos(φ̄+ ψ1)

S1 =H1 sin(φ̄+ ψ1)

C2 =H2 cos(2φ̄+ ψ2)

S2 =H2 sin(2φ̄+ ψ2).
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If one of three conditions is met or approximately met, the expression for the emittance simplifies

significantly. The first condition is if ψ1 = ψ2 = 0. The second is if ψ1 = ψ2 = π/2. The third is if

ψ2 = 2ψ1. In all the examples we consider later, either the first or third condition is satisfied. The

emittance then evolves according to

εn = εnsat

√
1− b21 + b22

a2
H2

2 −
1

a2

{
a
(
d2

1 + d2
2

)
−
[
b1
(
d2

1 − d2
2

)
+ 2b2d1d2

]
H2

}
H2

1 , (3.59)

where H2 terms describe emittance growth due to mismatch and H1 terms describe emittance

growth due to transverse offsets in position and angle. In addition, H1, when combined with

the adiabatic dampening, describes the dampening of the beams centroid oscillations. The H(s)

functions describe the amount of chromatic coherence in the beam, they get smaller as the beam

propagates and dephases. ψ1 is the betatron phase difference between the projected beam and the

reference particle.

3.4.3 Solution in a Uniform Plasma

In Fig. 3.14 we compare the results of numerical particle tracking with Eq. (3.59) for a uniform

plasma without energy gain. The witness beam has an initial energy spread and is either mismatch

to the plasma (red), offset transversely from the drive beam (blue), or both mismatched and offset

(black). In this simple case, Eq. (3.41) gives the betatron phase advance as

φ = φ̄
1√

1 + δ0
.

Here, φ is independent of ξ0 because the accelerating field is constant (in this case zero) in ξ0. The

betatron phase advance of the reference particle is φ̄ = k̄βs, where k̄β = ωp/(c
√

2γ̄b) is the betatron

wavenumber of the reference particle. Expanding to first order in δ0 simplifies the expression to

φ = φ̄ − φ̄δ0/2. Since φ depends linearly on δ0, the I1 and I2 integrals are Fourier transforms of

the energy distribution with frequencies ωδ = φ̄/2 and 2ωδ = φ̄, respectively. If the distribution of

energy is even (symmetric about γ̄b), then H1 = f̂δ(ωδ) = f̂δ(φ̄/2), H2 = f̂δ(φ̄), and ψ1 = ψ2 = 0.

Here, f̂δ is the Fourier transform of the energy distribution fδ. Eq. (3.59) then fully describes the

evolution of the projected emittance.
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In the case of a uniform energy spread between −∆δ/2 and ∆δ/2, f̂δ(φ̄) = sinc∆Φ and

f̂δ(φ̄/2) = sinc(∆Φ/2), where ∆Φ is the range of φ spanned by the energy spread ∆Φ = ∆δφ̄.

In the absence of transverse offset, this formula reduces to that given in Ref. [18]. The emittance

growth of such a beam is shown in Fig. 3.14(a) for various initial mismatches and transverse offsets.

The analytic expression shows excellent agreement with the numerical particle tracking code. The

small oscillations of the numerical result about the theoretical emittance from Eq. (3.59) are due

to treating βm and γb as constants and are of order σ2
δ (for more details see Ref. [57]).

There are two length scales for the emittance growth. The growth due to mismatch saturates

when ∆Φ = π giving a saturation length of s2 = π/(∆δk̄β), while the emittance growth due to

transverse offset requires twice the length to saturate: s1 = 2π/(∆δk̄β).

In the case of a Gaussian distribution of energy, fδ(δ0) = 1√
2π

exp
(
− δ2

0

2σ2
δ

)
and f̂δ(φ̄) =

exp
(
− φ̄2σ2

δ
2

)
. Without any transverse offset, ∆x = ∆x′ = 0, the solution reduces to that given in

Ref. [19]. The theoretical solution is compared to numerical particle tracking in Fig. 3.14(b). As

can be seen in the figure, the saturated emittance is the sum of the emittance growth due to an

offset and mismatch.
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Figure 3.14: Emittance growth of a beam in a uniform plasma without energy gain. The beam
is transversely offset in the blue and black curves. The beam is mismatched in the red and black
curves. (a) shows the emittance evolution for a beam with uniform energy spread, (b) shows the
evolution for a beam with Gaussian energy spread. The dashed lines represent the analytic theory
and solid lines the numerical particle tracking results. In all cases, the energy spread is 2%. The
mismatch driven emittance growth saturates in half the distance of the offset driven emittance
growth. The final saturated emittance growth is the sum of the mismatch and offset.
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3.4.4 Evolution of the Slice Moments and Slice Emittance

Although the projected emittance is normally taken as the figure of merit, both the longi-

tudinal slice emittance and the energy slice emittance are of practical interest. We start with the

longitudinal slice emittance, which is of importance for both light sources and colliders. For an

individual slice at ξ, the I1 integral takes the form:

I1(ξ) =
1

N(ξ)

∫
dξ0dδ0f(ξ, δ0)δD(ξ0 − ξ)ei∆φ(ξ0,δ0)

I1(ξ) =
1

N(ξ)

∫
dδ0f(ξ, δ0)ei∆φ(ξ,δ0) = H1(ξ)eiψ1(ξ),

(3.60)

where N(ξ) =
∫
dδ0f(ξ, δ0) is a normalization factor and δD is the Dirac delta function. I2 has

the same form with ∆φ replaced by 2∆φ. The expressions for the moments and emittance of each

slice are given by Eqs. (3.50)-(3.54) and Eq. (3.59), but with H and ψ replaced by the ξ dependent

expressions from Eq. (3.60). Further accuracy can be achieved by using γ̄b and βm calculated for

each slice rather than the beam as a whole.

Similarly, the energy slice emittance is found by replacing the I1 and I2 integrals with

I1(δ) = H1(δ)eiψ1(δ) =
1

N(δ)

∫
dξ0dδ0f(ξ0, δ0)δD(δ − γb

γ̄b
+ 1)ei∆φ(ξ0,δ0), (3.61)

where γb is a function of ξ0 and δ0, N(δ) =
∫
dξ0dδ0f(ξ0, δ0)δD(δ − γb

γ̄b
+ 1). Again, I2 has the

same form as I1 with ∆φ replaced by 2∆φ. Growth in the energy slice emittance is due to particle

exchange between energy slices as a consequence of imperfect loading of the wake.

Energy slice emittance is important for two reasons: First, projected emittance growth can be

reversed down to the energy slice emittance using a suitable apochromatic beam line. An example

of this technique is presented in Ref. [61]. Second, the energy slice emittance influences the results

of some emittance measurements, such as those taken using the butterfly technique. Third, the

performance of a transverse gradient undulator depends on the energy slice emittance [66, 67, 68].

3.4.5 Emittance Growth of a Beam with Imperfect Wake Loading

In the previous sections, we develop general expressions for the projected and slice emittance

growth. In this section, we work out analytic solutions for the projected and slice emittance for
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two situations where the witness beam does not perfectly load the wake.

Perfect loading requires the witness beam to have a trapezoidal current profile to produce a

uniform accelerating field [49]. Existing accelerators and PWFA experiments tend to use beams that

have Gaussian or other non-trapezoidal current profiles. Depending on the length and current of the

witness beam, the accelerating field can be approximated around the beam centroid as a linear or

quadratic function of ξ. A linear function is a good approximation when the witness beam does not

have sufficient current to flatten the wake and a quadratic function is a good approximation if the

witness beam has too much current. To demonstrate this, we ran a series of particle in cell (PIC)

simulations using the code VSim [56]. A 0.5 nC witness beam and 2 nC drive beam were propagated

through a 3.5 × 1016 cm−3 plasma. Both beams had Gaussian current profiles. Simulations were

run for witness beams of different lengths, and thus, different peak currents. Fig. 3.15 shows the

longitudinal electric field in the region of the witness beam for two beams with the same charge,

but bunch lengths of σz = 4.0µm and σz = 8.0µm. The electric field around the shorter beam

is well represented by a quadratic function centered on the beam centroid while the field around

the longer beam can be approximated as linear. We proceed to work out the projected emittance,

longitudinal slice emittance, and energy slice emittance growth for both cases.
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Figure 3.15: Longitudinal variation in the accelerating field for two witness beams of different
lengths. Both beams have the same charge. The beam in (a) is too long and does not sufficiently
load the wake, the accelerating field varies approximately linearly along the beam as shown by the
dashed blue line. (b) shows a beam that is slightly too short, the variation in the accelerating field
is well approximated by a quadratic function. In both cases the field from −3σξ0 to 3σξ0 was used
for fitting.
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In the linear case, the accelerating field is given by Ez = −E0 − E1ξ/∆ξ. Here, E0 is the

accelerating field at ξ = 0 and E1/∆ξ describes the slope of the electric field; ∆ξ is an arbitrary

length scale, we typically set it to the bunch length. The energy of a particle in the beam as a

function of s depends on ξ0 and δ0 according to

γb = γ̄b + δ0γb0 + E1s
ξ0

∆ξ

e

mec2
, (3.62)

where γ̄b = γb0 + E0se/(mec
2). It is straightforward to evaluate Eq. (3.41) to get the betatron

phase advance of each particle

φ =
ωp

c
√

2

2mec
2

E0e

1

1 + E1ξ0/(E0∆ξ)

(√
γb −

√
γb0(1 + δ0)

)
.

If we make the reasonable assumption that E1ξ0/(E0∆ξ) � 1, then φ can be expanded in the

aforementioned quantity giving

φ =
ωp

c
√

2

2mec
2

E0e

(
1− E1ξ0

E0∆ξ

)(√
γb −

√
γb0(1 + δ0)

)
.

Even for simple distributions, the C and S integrals are not closed form without further expansion

of φ. We use the fact that γb ≈ γ̄b to expand the square root in the above expression in E1ξ0/(E0∆ξ)

and δ0:

φ = φ̄− δ0
φ̄

2

√
γb0
γ̄b

+
E1ξ0

E0∆ξ

(
k̄βs− φ̄

)
, (3.63)

where we have dropped terms higher than first order. The betatron phase advance of the reference

particle is

φ̄ =
ωp

c
√

2

2mec
2

E0e

(√
γ̄b −

√
γb0
)
. (3.64)

Because φ depends linearly on ξ0 and δ0 as ∆φ = −δ0ωδ − ξ0ωξ, the I integrals are related to the

2D Fourier transform of the distribution:

I1 = f̂(ωξ, ωδ), I2 = f̂(2ωξ, 2ωδ), (3.65)

where

ωξ = − E1

E0∆ξ
(k̄βs− φ̄),

ωδ =
φ̄

2

√
γb0
γ̄b
.

(3.66)
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Consider a beam with a Gaussian longitudinal distribution with length σξ0 and energy spread

σδ0,

f(ξ0, δ0) =
1

2πσξ0σδ0
exp

(
− ξ2

0

2σ2
ξ0

− δ2
0

2σ2
δ0

)
. (3.67)

The distribution is symmetric so f̂ is real and ψ1 = ψ2 = 0. H1 and H2 are given by

H1 = e−σ
2
ξ0ω

2
ξ/2−σ

2
δ0ω

2
δ/2,

H2 = e−2σ2
ξ0ω

2
ξ−2σ2

δ0ω
2
δ ,

(3.68)

and the projected emittance and moment evolution is given by Eq. (3.59) and Eqs. (3.50)-(3.54),

respectively.

The longitudinal slice emittance of a Gaussian beam is straightforward to calculate. Eval-

uating Eq. (3.60) gives H1 = e−σ
2
δ0ω

2
δ/2 and ψ1 = −ωξξ. H2 and ψ2 are given by replacing ωδ

with 2ωδ and ωξ with 2ωξ and the emittance growth is given by Eq. (3.59). The longitudinal slice

emittance has no dependence on ξ because all the slices have the same initial energy spread. The

phase term ψ1 shows that the beam offset will vary sinusoidally along the bunch as shown in the

top of Fig. 3.16 because ψ1 ∝ ξ0. The oscillation frequency is given by ωξ.

When finding the energy slice emittance, it will be convenient to use the RMS energy spread:

σ2
δ = σ2

δ0

γ2
b0

γ̄2
b

+ σ2
ξ0

s2E2
1e

2

γ̄2
b∆ξ2m2

ec
4
. (3.69)

Using Eq. (3.61), we calculate H1 and ψ1 for each energy slice:

H1 = exp

[
−
σ2
ξ0σ

2
δ0

2σ2
δ

(
sE1e

γ̄b∆ξmec2
ωδ −

γb0
γ̄b
ωξ

)2
]

ψ1 = δ
1

σ2
δ

(
γb0
γ̄b
σ2
δ0ωδ +

sE1e

γ̄b∆ξmec2
σ2
ξ0ωξ

)
.

(3.70)

H2 and ψ2 are given by replacing ωδ with 2ωδ and ωξ with 2ωξ. The emittance growth is given by

Eq. (3.59) and the moments are given by Eqs. (3.50)-(3.54).

As with the longitudinal slice emittance, the energy slice emittance is the same for all slices

because H1 is independent of δ and the betatron phase offset is linearly proportional to the slice

energy because ψ1 is proportional to δ. Chromatic dephasing cannot occur within an energy slice
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Figure 3.16: Centroid oscillations for each longitudinal slice in the beam. The top of the figure
shows the evolution for the longer beam shown in Fig. 3.15(a), and the bottom shows the shorter
beam from Fig. 3.15(b). In both cases the initial energy spread is σδ0 = 4%. The magnitude of
the oscillations is dampened by chromatic phase spreading due to the initial energy spread within
each slice. The oscillations decohere due to the energy differences the slices pick up as a result of
imperfect wake loading. In (a) the accelerating field varies significantly across the slices and the
oscillations rapidly decohere. In (b) the accelerating field along the beam is more uniform and the
beam oscillates nearly coherently.

unless particles are able to mix between slices. The variation in accelerating field along the wake

causes this mixing to occur.

There are several emittance saturation length scales. The transverse offset and mismatch

driven emittance growth are determined by H1 and H2 respectively. We define the saturation

length as the distance s when the argument of the exponential in H equals -1. The saturation

length for the longitudinal slice emittance growth due to mismatch is given by 2σ2
δ0ω

2
δ = 1; this

length also quantifies the contribution of the initial energy spread to the emittance growth. The

length scale for the emittance growth due to imperfect wake loading is 2σ2
ξ0ω

2
ξ = 1. Finally, the
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saturation length for the energy slice emittance growth is given by

2σ2
ξ0σ

2
δ0

σ2
δ

(
sE1e

γ̄b∆ξmec2
ωδ −

γb0
γ̄b
ωξ

)2

= 1.

The solution for s for each of these expressions is summarized in Table 3.2. To calculate the

saturation length for the energy slice emittance, we assumed σ2
δ0γ

2
b0 � σ2

ξ0s
2E2

1e
2/(∆ξ2m2

ec
4) (i.e.

the initial energy spread is smaller than the energy spread induced by the wake), to simplify the

expression for σδ. This assumption is typically well satisfied for a plasma-based accelerator with a

single stage of reasonable length.

The saturation lengths reveal several properties about the emittance growth. First, the energy

slice emittance always has a saturation length longer than that of the longitudinal slice emittance.

Consequently, the energy slice emittance is smaller than the longitudinal slice emittance at every s.

Second, both slice emittances are approximately independent of σξ0 and E1; they depend only on

the initial energy spread σδ0. Third, if the initial energy spread is too low, the slice emittances will

never fully saturate because acceleration reduces the relative energy spread faster than dephasing

can occur. Mathematically, this appears as a divergence in the saturation lengths of the slice

emittances. Saturation occurs because the spread in betatron phase becomes larger than 2π; the

phase spread in a longitudinal slice is ∆φ = σδ0ωδ, which does not grow without bound. The

maximum phase spread is found by taking the large s limit:

lim
s→∞

σδ0ωδ(s) = σδ0γb0kβ0
mec

2

E0e
. (3.71)

The maximum emittance is found by inserting this limit into the expression for H1 and H2. This

also means the magnitude of the transverse oscillations of the longitudinal slices are not dampened

to zero. The above conclusions apply to the energy slice emittance as long as E1 is sufficiently large

(σ2
δ0γ

2
b0 � σ2

ξ0s
2E2

1e
2/(∆ξ2m2

ec
4)).

Figure 3.17 compares the growth of the longitudinal slice, energy slice, and projected emit-

tance. The accelerating field is the same as that shown in Fig. 3.15(a), but the beam length has

been doubled to σξ0 = 16.0µm to exaggerate the difference between the projected and slice emit-

tance saturation lengths. The initial energy spread is σδ0 = 0.05. The saturation length due to the
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variation in the accelerating field is shorter than that due to the beam’s initial energy spread. As

a result, the saturation length due to imperfect wake loading adequately describes the projected

emittance growth. The difference between the numerical and analytic solution for the projected

emittance arises due to the large final energy spread in this example. This growth can be handled

analytically using the approach presented in Ref. [57]; however, for typical experimental parameters

the energy spread is small enough that the correction is negligible.

0 50 100 150 200
skβ0
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Figure 3.17: Growth of the projected, longitudinal slice, and energy slice emittance of the witness
beam in a wake where the accelerating field varies linearly in ξ. The solid lines are the emittance
from numerical particle tracking, the dashed lines are the analytic theory. The dotted lines show the
saturation lengths from Table 3.2: black is the contribution from the non-uniform accelerating field
to the projected emittance, blue is the initial energy spread contribution as well as the longitudinal
slice, and magenta is the energy slice. The projected emittance is dominated by contribution from
the non-uniform accelerating field.

For the quadratic case, the accelerating field is given by Ez = −E0−E2ξ
2/∆ξ2, where E2/∆ξ

2

is the quadratic fitting parameter. As before, ∆ξ is an arbitrary length scale typically set to the

bunch length. The energy of a particle in the beam is

γb = γ̄b + δ0γb0 + E2s
ξ2

0

∆ξ2

e

mec2
, (3.72)

where γ̄bγb0 + E0se/(mec
2), the same as before. Following the same procedure as before, the

betatron phase advance of the particle is given by

φ = φ̄− δ0
φ̄

2

√
γb0
γ̄b

+
E2ξ

2
0

E0∆ξ2
(k̄βs− φ̄). (3.73)

The reference phase advance φ̄ is given by Eq. (3.64). Unlike before, φ does not depend linearly on
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ξ0 and thus the C and S integrals are no longer Fourier transforms. To keep the math simple, we

define the wξ as

wξ = − E2

E0∆ξ2
(k̄βs− φ̄) (3.74)

while ωδ is given by Eq. (3.66).

We again assume the Gaussian longitudinal phase space distribution of Eq. (3.67). In this

case, the I integrals are straightforward and the evolution is described by

H1 =
(
1 + 4σ4

ξ0w2
ξ

)−1/4
e−σ

2
δ0ω

2
δ/2

ψ1(wξ, ωδ) =
1

2
arctan

(
2σ2

ξ0wξ

)
.

(3.75)

H2 and ψ2 are given by making the replacement ωδ → 2ωδ and wξ → 2wξ. In this case ψ does

not strictly satisfy the requirements for Eq. (3.59) to be valid; however, 2σ2
ξ0wξ must be small

when the emittance is still growing (the emittance saturation length for mismatch is given by

σ2
ξ0wξ = 2), allowing us to expand the arctan and satisfy the condition that ψ2 = 2ψ1. To calculate

the saturation lengths, we let
(

1 + 16σ4
ξ0w2

ξ

)−1/4
≈ e−1 for mismatch (H2) which corresponds to

σ2
ξ0wξ = 2. For transverse offset we assume σ2

ξ0wξ = 4 in H1 in order to calculate the saturation

length. The saturation lengths are shown in Table 3.2.

As before, all longitudinal slices have the same slice emittance. The evolution of each longi-

tudinal slice is given by H(ωδ) = e−σ
2
δ0ω

2
δ/2 and ψ(wξ) = −wξξ

2. The saturation length is the same

as in the linear loading case. If the bunch starts offset, the ξ2 dependence of the phase leads to

a large region in the center of the bunch that undergoes transverse oscillations in phase. This is

evident in the bottom of Fig. 3.16.

The energy slice emittance is analytically tractable, but the solution is cumbersome and the

H and ψ functions are not easily extracted. To compare to the linear case, we use numerical

particle tracking to propagate a witness beam in the accelerating field from Fig. 3.15(b) and then

numerically evaluate Eq. (3.61) to get the theoretical prediction. For this example, the beam is

mismatched but not transversely offset. Fig. 3.18 shows a comparison of the energy slice spot

size evolution between the linear and quadratic cases. In both cases the spot size varies across
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the energy slices at the exit of the plasma. Unlike the linear loading case, the emittance in the

quadratic loading case varies across the energy slices. This variation is described by the H2 function

which is visible in the figure as a δ dependent dampening of spot size oscillation. The low energy

slices of the beam disappear because particles can only move to slices with larger δ (if the initial

energy spread is uncorrelated).
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Figure 3.18: Spot size for each energy slice in the beam. The top of the figure shows the evolution
for the longer beam shown in Fig. 3.15(a) and the bottom shows the shorter beam from Fig. 3.15(b).
In both cases the initial energy spread is σδ0 = 4%. Chromatic dephasing cannot occur within a
slice; the dampening of the β function oscillations is due to particle exchange between slices driven
by wake loading. If Ez is linear in ξ (top), the emittance grows uniformly for all slices and the beam
size only varies with the β function of each slice. If Ez is quadratic in ξ (bottom), the emittance
varies across the slices leading to more complex dynamics.

The variation in beam parameters with energy could be used to measure the wake loading.

If the beam is intentionally mismatched into the plasma, the C-S parameters and emittance of

each energy slice will have a dependence on the wake loading. An imaging spectrometer can then

indirectly measure the loading by looking at the variation in σx with energy.
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3.4.6 Emittance Evolution in a Plasma Source with Density Ramps

In the previous examples, we have only considered plasma sources with uniform density.

Here, we analytically calculate the quantities necessary to find the emittance growth in a plasma

source with adiabatic density ramps at the entrance and exit. We assume the accelerating field

varies with plasma density according to the simple model

E = E0 (
√
η − 2η)− E1η

ξ0

∆ξ
, (3.76)

where η = ne/neu, neu is the uniform density in the bulk, E1η/∆ξ is the slope of the wakefield

in the blowout regime [41, 42] and E0

(√
η − 2η

)
describes the variation in longitudinal phase and

maximum wake amplitude with plasma density [69]. The fields can be approximated from first

principles as

E0 =
κ

2
πc

√
neume

ε0
,

E1

∆ξ
=
neue

2ε0
, (3.77)

where κ is a multiplier accounting for the current of the drive beam. κ typically varies between 1

and 2. Beam loading is ignored in this example to keep the math tractable.

The energy of a single particle is then given by

γb =γb0 + δ0γb0 −
E0e

mec2
G1

+
e

mec2

(
2E0 + E1

ξ0

∆ξ

)
G2,

(3.78)

where

G1(s) =

∫ s

0
ds′
√
η(s′), G2(s) =

∫ s

0
ds′η(s′). (3.79)

To find the betatron phase advance in the ramp we assume the energy spread and energy gained

in the ramp is small compared to the beam’s centroid energy throughout the ramp. We can then

expand kβ as

kβ =
ωpu

c
√

2γb0
η

(
1− 1

2

∆γb
γb0

)
,

where ∆γb = γb−γb0 and ω2
pu = neue

2/meε0 is the plasma frequency of the uniform density region.

As before, the betatron phase advance is linear in δ0 and ξ0: ∆φ = −δ0ωδ − ξ0ωξ. The I integrals
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are given by Eq. (3.65) with

ωξ =
ωpu

c
√

2γb0

E1e

2mec2γb0∆ξ
D2

ωδ =
1

2

ωpu
c
√

2γb0
G1.

(3.80)

The betatron phase advance of the reference particle is

φ̄ =
ωpu

c
√

2γb0

[
G1 −

E0e

2mec2γb0
(2D2 −D1)

]
, (3.81)

where

D1 =

∫ s

0
ds′
√
η(s′)G1(s′), D2 =

∫ s

0
ds′
√
η(s′)G2(s′). (3.82)

The emittance growth and beam moments are then found by getting H1, H2, ψ1, and ψ2 from

the I integrals and then using Eq. (3.59) to find the emittance and Eqs. (3.50)-(3.54) to find the

moments. Without carrying out the full calculation, it is apparent that minimizing the G and D

integrals will minimize ωξ, ωδ, and ∆γb, i.e., minimize the undesirable impacts the ramp has on

the beam.

As the beam enters the uniform density region, it is accelerated significantly and we can no

longer assume ∆γb � γb0. Instead, we use the solution presented in Sec. 3.4.5 with the addition

of an initial phase and an initial energy of γ0 → γbl = γ̄b(s = l), where l is the length of the

ramp. The exit ramp is handled the same way as the entrance ramp except the initial energy is

γbL = γ̄b(s = l+L), where L is the length of the uniform plasma. The resulting piece-wise functions

for φ̄, ωξ, and ωδ are fairly cumbersome and are given in Appendix E.

Qualitatively, the solution is similar to that of a uniform plasma presented in Sec. 3.4.5. The

primary difference is the conversion of beam size into divergence by the entrance ramp (focusing)

and divergence into beam size by the exit ramp (defocusing). This is shown in Fig. 3.19 where σx

and σx′ are plotted for a mismatched beam propagating through a plasma source with ramps. In

this example, the ramps are short and only a small amount of chromatic dephasing occurs in them.

The majority of the emittance growth occurs in the bulk plasma.

If the ramps are long or poorly shaped, they can have significant impacts on the witness beam.

The integrals G1, G2, D1, and D2 determine the amount of phase spread, betatron oscillation, and,
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Figure 3.19: Evolution of the spot size (top) and divergence (bottom) of a mismatched beam
entering a plasma source with entrance and exit ramps. The beam is initially focused by the
entrance ramp into the bulk of the plasma source where it undergoes chromatic dephasing and
becomes matched to the plasma. As the beam is accelerated, the divergence continues to decrease
due to adiabatic dampening before the beam is defocused by the exit ramp.

in the case of a beam driven wake, drive beam energy loss in the ramp. All the integrals are reduced

if the integrated plasma density—G2—is minimized. The adiabatic ramp that minimizes the impact

on the beam therefore has the highest density gradient possible while remaining adiabatic. Solving

Eq. (3.4) gives the optimal ramp as η = 1/(1−2αms)
2. From experience, the ramp needs |αm| < 0.1

for the ramp to be well described by adiabatic theory. In Fig. 3.20, we compare several different

adiabatic ramp shapes that all focus the beam by the same amount. The ramp shapes that minimize

the density integral induce smaller impacts on the witness beam. The full ramp shape is important

and the impact of the ramp on the beam cannot be described using only the half width and the

adiabatic parameter.

3.5 Additional Effects

We have limited our discussion on witness beam dynamics to chromatic effects within the

wake. This description is complete if the wakefields are given by the expressions derived in
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Figure 3.20: Three plasma ramps with different profiles that all reduce the beta function by a factor
of 5. The chromatic phase spread, betatron oscillations and drive beam energy loss in the ramp all
depend on the integral over the plasma density (G2 shaded area). The first ramp (blue, bottom) is
the most efficient adiabatic ramp possible while the Gaussian (red, top) is barely adiabatic at the
tail. The ramp shape can have a significant impact on the beam, and the ramp half width is not a
good indicator of the effectiveness of the ramp.

Sec. 2.2.3.2 Two main mechanisms can modify the field structure and introduce dynamics beyond

those described here. The first is feedback between the witness beam and the wake other than

beam loading of the longitudinal field. The second is the motion of the ions within the wake.

3.5.1 Feedback on the Wake

The wake structure depends on the beam distribution of both the drive and witness beam. As

the beams propagate through the accelerator and experience betatron oscillations and acceleration,

their phase space distributions will change. These changes can feedback onto the wake, changing

the wake structure, which changes the wakefields and then impacts the beam evolution. The only

place the beam distribution entered into our description of a highly nonlinear wake was through

the current distribution of Eq. (2.74). For most of the wake, rb is larger than the beam radius and

Eq. (2.74) depends only on the longitudinal beam distribution. At the front of the drive beam,

however, rb is less that the beam radius and the transverse distribution matters.

The blowout starts somewhere within the front of the drive beam and expands radially

towards the rear of the drive beam. The particles within the blowout experience the transverse

focusing force of the ion column given by the transverse wakefield of Eq. (2.108). Many of the

2 By complete, we mean a full description within the validity of the assumptions we have made, i.e., the ultrarel-
ativistic approximation.
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particles, particularly at the front of the beam, are outside of the bubble and do not see the

focusing force. These particles will diverge away from the reference orbit following a vacuum-like

trajectory, and the density at the front of the beam will gradually reduce. The start of the blowout

will then move further back along the drive beam in a process called head erosion [70, 71]. The

erosion is even worse if the plasma is beam ionized rather than pre-ionized. An example of head

erosion in a beam ionized lithium plasma is shown in Fig. 3.21. Particles not captured by the

focusing forces of the wake diverge away from the bubble well before their energy is depleted.

Figure 3.21: Simulation of head erosion in a PWFA where the lithium plasma is ionized by the drive
beam. The blue represents the plasma density; the red is the drive beam density. The electrons
at the front of the beam do not see the focusing force from the plasma and diverge as the beam
propagates. Eventually, the majority of the drive beam charge is lost. Reproduced from Ref. [71].

Eq. (2.74) was derived assuming the drive beam was cylindrically symmetric. This symmetry

is partly responsible for the irrelevance of the beam’s transverse distribution on the evolution of

the wake. We have already discussed one way to the break the symmetry—transverse offsets of

the witness beam. Each electron beam will try and drive a wake centered on the beam. If the

witness beam is offset, it will displace the center by of the wake along the length of the beam.

This will feedback on the transverse dynamics of the rear of the beam. It ends up this feedback

is unstable and the beam offset will grow exponentially in a process called the hosing instability.

The same effect can happen in the drive beam if the beam is tilted or asymmetric. A simulation

showing the growth of the transverse offset along the drive beam is shown in Fig. 3.22(a), notice

the asymmetry in the wake as it oscillates resonantly with the beam. Hosing was first predicted
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in the early days of plasma wakefield acceleration and many approaches for modelling it have been

developed [72, 73, 74, 75, 76].

Figure 3.22: Hosing instability in a PWFA. (a) the centroid offset of the beam Xb grows along its
length, driven resonantly with centroid offsets of the wake Xp. The beam travels right to left (b)
growth of the centroid offset of the rear of the beam relative to the beam’s initial offset Xb,0. The
plasma ramps (top) result in a dampening and eventual saturation of the instability. Reproduced
from Refs. [77, 78]

Hosing can be seeded either by initial transverse offsets between the drive and witness beam or

small asymmetries in the transverse distributions of the two beams. Because hosing is an instability,

any small seed will eventually result in large amplitude oscillations. As a result, theoretical models

of hosing, particularly earlier ones, tended to predict catastrophic beam loss in a PWFA. Luckily,

experimentalist were undeterred and found that hosing in actual experiments was not observed

[79]. Several different mechanisms for suppression of the instability have been proposed. Mehrling

et al. [78] suggested that the energy loss of the drive beam, energy spread in the witness beam, and

ramps at the entrance and exit of the plasma could all act to suppress hosing. In a second paper,

Mehrling et al. [80] suggested that ion motion would also act to suppress the instability. The most

likely reason hosing has not yet been observed is that most experiments have a large energy spread

in the witness beam, suppressing the resonance that drives the instability.
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3.5.2 Ion Motion

When we derived the wake structure and wakefields in both the linear and nonlinear regime,

we assumed the ions were stationary because the timescale of their dynamics is much longer than

the timescale of the electron dynamics. As far as wake formation goes, this is a good assumption.

The ion motion is localized to the transverse center of the wake, where the electron beams are, and

therefore, has no effect on the fields near the electron sheath. Since the fields near the sheath are

unchanged, the evolution of the innermost electron, and thus the bubble radius rb, is unchanged by

the ion motion except at the very rear of the wake, well behind the witness beam. The wakefields

in the vicinity of the witness beam, however, are modified by the change in ion density and impact

the transverse motion of the beam particles [81, 82, 83].

The ions are pulled towards the center of the wake by the beam fields due to their positive

charge. The resulting charge density in the ion column is no longer uniform, ρ is modified and

Eq. (2.100) is no longer the solution to Eq. (2.92). Refs. [81, 82, 83] describe a simple model for

the ion motion that can be used to understand how the transverse fields within the wake change.

The force on the ions is composed of the transverse field from the beam and the radial field from

the ions. When r is small compared to the beam size r � σr, we can expand nb(r, ξ) to zeroth

order in r and use Eq. (2.170) to find the radial electric field from the beam:

Er,b(r, ξ) = −nb(r = 0, ξ)
e

2ε0
r. (3.83)

We will treat the ions as concentric rings. If we assume no trajectory crossing between sheets, then

the electric field from the ions can be found by solving the 2D Poisson like Eq. (2.88) for the scalar

potential. The solution is given by 2D Gauss’ Law:

Er,i(r, ξ) = n̄i(r)
e

2ε0
r, (3.84)

where n̄i(r) is the average ion density within a ring of radius r. Because we assumed no trajectory

crossing, the average ion density is simply n̄i(r) = n0r
2
0/r

2. The equation of motion for an ion ring
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is then

d2r

dξ2
=

Ze2

2ε0c2mi

(
−nbr + n0r

2
0

1

r

)
, (3.85)

where mi is the ion mass and Z is the ionization level of the ion. In a highly nonlinear blowout,

nb � n0 by definition so the ion motion is initially dominated by the beam fields. The phase picked

up by the ions from the drive beam is approximately

∆φ ≈ ki∆ξ = ∆ξ

√
Ze2nb

2ε0c2mi
, (3.86)

where ki is the ion wavenumber from the drive beam and ∆ξ is the length of the drive beam. As

long as ∆φ � π/2, the effects of ion motion are negligible. A more detailed calculation of the

transverse wakefields is given in Ref. [84]. Fig. 3.23 shows several simulations of ion motion. The

ions collapse to a narrow peak near the center of the wake where they distort the focusing force

nonlinearly. The change in focusing force does two things: first, the beam distribution is distorted

by the nonlinearity; second, the emittance grows because the effective matched size is modified.

Figure 3.23: Simulations of ion motion. (a) and (b) are reproduced from Ref. [85] and show a
simulation of ion motion. (a) shows the beam and plasma density. The witness beam is denoted
by the red box. The beams are travelling from right to left. (b) shows the ion density in the x-ξ
plane in the vicinity of the witness beam. (c) is reproduced from Ref. [84] and shows the transverse
wakefield Wr for different bunch densities. The solid-colored lines show the nonlinearity introduced
into the focusing force by the motion of the ions.

Several strategies have been proposed to mitigate the emittance growth caused by ion motion.

First, using a plasma with heavy ions significantly reduces the ion motion and formation of non-

linear fields. Second, Gholizadeh et al. [86] proposed using a plasma composed of different ions
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with reducing mass along s. The technique relies on the fact that the beam distribution can be

matched to the nonlinear focusing in such a way the emittance growth is minimized. The difficulty

is creating a beam with the desired profile. Slowly reducing the ion mass along the plasma results

in an adiabatic change in the nonlinear fields which allows the beam to evolve adiabatically to the

matched distribution. Third, An. et al. [85] showed simulations that implied over-focusing the

beam beyond βm reduced the emitance growth in the presence of strong ion motion.

3.6 Plasma Source Requirements

Combining everything from this chapter, we have enough information to define the require-

ments for a plasma source for FACET-II. The bulk plasma density is the first thing to decide.

In Sec. 3.3.1, we found that the optimal plasma density for a witness beam with σz = 5.2µm

was 2.6 × 1016 cm−3. As the FACET-II design matured (see Sec. 5.2.2 for beam parameters), the

length of the witness beam was reduced and as a result the optimal plasma density increased to

3.4 × 1016 cm−3 [20]. The bulk plasma density sets the matched beta function to βm = 6.5 mm.

The the FACET-II final focus can achieve at best β∗ = 5.0 cm. The entrance ramp will have to

reduce β by about a factor of 10. The plasma width should be at least 239µm wide to fully contain

the wake. The exit ramp is not as important as the entrance ramp for FACET-II experiments. For

convenience, we aim for an inverse of the entrance ramp, an increase in β by a factor of 10.

The length of the bulk plasma is set by the energy loss of the drive beam. We ran a series

of simulations at different densities with the drive beam parameters from Table 3.1. The results

are shown in Fig. 3.24. Based on the simulations, the drive beam looses energy at a rate of

15.4 GeV/m in a 3.4×1016 cm−3 plasma source. Assuming Gaussian ramps which meet our focusing

requirements, a 48 cm long plasma will deplete the drive beam energy down to 200 MeV.

We did a lot of analytic work to show that the detailed ramp profile is not important for

matching. Using an adiabatic ramp allows us to calculate the beam evolution analytically. We

know that small perturbations of such a ramp are unimportant as long as the adiabatic assumption

is not violated. The ramp should minimize the integrated plasma density along the ramp to limit
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Figure 3.24: Accelerating gradient for the FACET-II drive beam. The gradient determines the
length of the plasma source.

the negative impacts on the witness beam’s energy and energy spread σδ. Even for ramps with

significant non-adiabatic sections, the tolerances on the ramp shape are relatively insensitive, as

shown for a Gaussian ramp in Fig. 3.25. In the following sections, we show two ramp shapes where

the beam evolution can be calculated analytically. These shapes are good candidates for a first

pass ramp design with minimal impact on the witness beam. Any other adiabatic ramp shape can,

of course, also be handled analytically. Non-adiabatic ramps are still easily designed numerically

by back propagating the beam from the start of the uniform plasma to the end of the ramp.

3.6.1 Example Ramp Design

Here, we demonstrate how to use adiabatic and perturbative plasma regions to match a beam

originating from a conventional magnetic delivery system into a plasma accelerator. Using these

two regions, the beam dynamics can be solved for analytically. In addition, the ramp is robust

against errors in the plasma density profile. We assume in this example that the magnetic optics

can only focus the beam down to β∗ = 10k−1
β0 in vacuum. The plasma ramp must demagnify the β

function by a factor of 10 for the beam to be matched to the uniform density, accelerating plasma

section. The challenge is to determine an appropriate ramp shape as well as the location of the

vacuum focus s∗ for the incoming beam.

We will use an adiabatic ramp that is truncated on the upstream side by a short perturbative
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Figure 3.25: Ramp length and electron beam focus tolerances for a Gaussian entrance ramp.
Contours are the emittance growth for various combinations of ramp half length σhw and beam
waist locations z∗v . The beam waist can be adjusted to compensate for errors in the ramp length,
which is harder to control. For the 14.0 cm ramp shown here the length tolerance for 1% emittance
growth is ±2.2 cm. Reproduced from [69]

section. The adiabatic section accomplishes most of the beam focusing and the small perturbative

section rapidly brings the plasma density up from zero at the start of the ramp. In the adiabatic

section, a plasma density given by η(s) = 1/(1 + (as)2) is used because it has a smooth profile

at the top and constant αm in the bulk of the ramp, minimizing the length of the ramp. The

perturbative region has a Gaussian plasma density profile given by η(s) = ηt exp(−(s− st)2/2σ2),

where st is the location of the transition between the perturbative and adiabatic section and ηt is

the plasma density at that point. The length scale of the Gaussian is set by σ. A Gaussian profile is

chosen to make evaluating the integrals in the perturbative section of the ramp straightforward. In

the adiabatic section, the beam undergoes adiabatic evolution and remains matched to the plasma

β = βm. To focus the beam by a factor of 10, the plasma density must increase from η = 1/β2
0

to η = 1. To keep the ramp as short as possible, the maximum A is chosen to be 0.1 (a = 0.2),

which is the approximate upper limit for accurate predictions using the adiabatic approximation.

Some focusing will occur in the perturbation section of the ramp so the plasma density increases

adiabatically from η = ηt = 0.012 to η = 1. The lower bound on the plasma density was chosen

somewhat arbitrarily to create a perturbative section of reasonable length. In this perturbative
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section, β decreases by 8% with respect to β∗.

The length of the adiabatic section is determined by solving ηt = 1/(1 + (ast)
2) for st, giving

a length of st = −45.4k−1
β0 , where s = 0 is chosen to be at the top of the ramp. The next step

is to determine the length of the perturbative section and the location of the incoming beam’s

vacuum waist. At the beginning of the adiabatic section, the Courant-Snyder parameters must be

α = αm = 0.1 and β = βm = 1/
√
η = 9.13k−1

β0 . The length of the perturbation section can be

determined by solving Eq. (3.35) for σ. The integrals are taken from 0 to −∞, effectively going

backwards from st. Using this, the perturbative section needs to have σ = 2.645k−1
β0 to match

a β∗ = 10k−1
β0 beam into the adiabatic section of the plasma. Next, the transport matrix for the

perturbation section can be calculated to find the beam waist. Because the integrals were calculated

in the negative direction, the transport matrix propagates in the negative direction. The beam waist

can be determined by back propagating the beta function from the end of the perturbative ramp

into free space and solving for the vacuum waist from the free space values. Using this method, it

is found that the vacuum waist should be placed at s = −48.04k−1
β0 .

The emittance evolution in the ramp can be found using the chromatic amplitude. As an

example, we start with an incoming beam with a uniform energy distribution between 1% and

-1%. All energy components focus to the same β at the vacuum waist, but α at the waist depends

linearly on energy α(s∗) = rδ. Here, r is an arbitrary parameter representing the chromatics in

the incoming beam. The δ dependent transport matrix for the perturbative section can be used to

find the beam’s initial state at the beginning of the adiabatic section. The δ dependent adiabatic

solution can be used to find the chromatic amplitude, and thus the emittance growth, at all points

in the adiabatic section. Figure 3.26 shows the beam evolution in the plasma for an incoming

beam with r = 5.5. The centroid energy slice does not display any significant oscillations about

the matched size, demonstrating that the beam is correctly matched to the adiabatic section of the

ramp. The off energy components undergo significant oscillations in the ramp, but the ramp itself

has negligible impact on the beam emittance. The initial projected emittance is larger than the

slice emittance due to the chromatics in the beam before it reaches the plasma ramp.
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Figure 3.26: An example of a perturbative and adiabatic ramp designed to focus a beam into an
accelerating plasma. The incoming beam is assumed to focus all energy components to the same size
at the vacuum waist. The length of the perturbation region and the incoming beam’s vacuum waist
location were determined using the ramp theory presented in Sec. 3.2. The emittance evolution of
the beam is well described by the analytic solution found using the chromatic amplitude function.

The theoretical calculation carried out in this example shows good agreement with the numer-

ical solution for both the transverse dynamics and the emittance evolution. The theory presented

in Sec. 3.2 provides a simple framework with which to design and evaluate plasma ramps in order

to preserve beam quality.

A ramp with an identical functional form can be used to control the divergence of the beam

at the exit of the plasma-based accelerator. At the exit, however, the beam energy is greater than

at the entrance. This results in a decrease of kβ0 for the exit ramp, causing an increase in the

length scale of the ramp. If the plasma density is uniform throughout the accelerating region (the

bulk), then the idealized ramp length increases by a factor of
√
γbf/γbi, where the subscripts i and

f denote pre and post acceleration, respectively. After traversing the exit ramp, the beam would

behave as if it originated from a vacuum waist with β∗ = β∗0
√
γbi/γbf , where β∗0 is the vacuum

waist produced by the upstream magnetic focusing optics.
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3.6.2 Uniform Plasma Ramp

Matching can be achieved in a very short distance by using a low density, uniform plasma

in front of the accelerating plasma section. The electron beam enters the low density plasma

mismatched and undergoes one quarter betatron oscillation, entering the accelerating plasma at

the minimum of the oscillation where α = 0. An appropriate choice of plasma density ensures that

β = βm where the uniform plasma ramp meets the accelerating section. An example of such a

ramp is shown in Fig. 3.27 where an η = 0.05 density plasma produces a factor of 20 reduction in

the β function over a distance of 7/kβ0.
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Figure 3.27: A mismatched beam in a uniform density plasma ramp undergoes half an oscillation
of β, rapidly focusing the beam. If the plasma ramp is truncated after a quarter betatron period, it
can be used to match the beam into a high density plasma in a short distance. The beam oscillates
about a center value of c0βm, which is offset from the matched beam size βm. The amplitude of
the oscillation is given by

√
c2

1 + c2
2.

The transverse beam evolution in the uniform density “ramp” is described exactly by the

adiabatic theory and the results from the preceding section can be used to design the ramp. The

plasma density required for focusing an incoming beam is given by

η =
1− γ0

β0 − 1
. (3.87)

The necessary length of the ramp can be calculated by solving the phase equation

cos 2θ =
2β0 − 1− βm

1− βm
, (3.88)

with βm determined from Eq. (3.87) and θ = L/βm where L is the length of the ramp.

If the beam is at a waist at the beginning of the ramp (α0 = 0), then the length of the ramp

must be L = π/(2
√
η). To the best of our knowledge, this is the shortest ramp yet considered in
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the literature. Very little chromatic phase spread develops in such a short ramp so the emittance

growth is negligible. The ramp’s length and low plasma density mitigate energy modulation of

the witness beam before the accelerating section. Though the step function density profile of the

theoretical model is nonphysical, the same qualitative behavior will be retained if the change in

density occurs over a distance that is small compared to k−1
β .



Chapter 4

Laser Ionized Plasma Sources

The density profile of the plasma used in a plasma-based accelerator has a large impact on the

performance of the accelerator. The bulk density impacts the final energy spread and transformer

ratio, while the width must be sufficient to fully contain the wake, otherwise the accelerating field

is degraded. The plasma should be long enough to fully deplete the drive beam and maximize the

energy transferred to the witness beam. Finally, the profile and length of the entrance and exit

ramps play a critical role in matching the beam into the plasma in order to preserve the transverse

emittance.

The challenge is to produce a plasma that meets all these requirements. The beam parameters

at FACET-II make this particularly difficult. In Ch. 3 we developed specific requirements for the

FACET-II plasma source that must be satisfied in order to produce a high quality beam. The

requirements are demanding, the plasma needs to be 0.5 m long, 250µm wide with 15 cm shaped

ramps on the entrance and exit. Our solution is to laser ionize the plasma from a neutral gas,

forming the ramps by partial ionization.

This chapter starts with a discussion of optical field ionization. Several models are presented

which allow us to calculate the required laser intensity given a target ionization fraction. Next,

we take a brief interlude to introduce the optics background necessary to understand the rest of

the chapter. We start with the wave equation and proceed through Fourier optics and relevant

nonlinear optics. Then, we introduce the formalism we use to calculate the transverse phase and

intensity a laser pulse must have upstream of the plasma source to produce the target intensity
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profile. We discuss the distortions introduced in the beam as it ionizes the plasma source. After

this, we develop an optical setup capable of shaping a high-power laser. We touch on the fabrication

of the optics and present an example design for FACET-II. Finally, we discuss several limitations

of the plasma source and possible ways to circumvent these limitations.

4.1 Ionization Models

A high-power laser is required to produce the large plasma sources used for PWFA. These

systems are typically 800 nm Ti:sapphire lasers with photon energy around 1.55 eV. Even the atom

with the lowest ionization energy, Cesium at 3.89 eV, cannot be resonantly ionized by a single laser

photon. Instead the ionization occurs via a process called field ionization, which can be divided into

three regimes [87]. At low laser intensity, the atom ionizes in the multi-photon regime by absorbing

several photons from the laser simultaneously. At high laser intensity, the ionization occurs in the

tunnelling regime, where the electric field from the laser sufficiently distorts the atomic potential

that the probability of the electron tunneling out of said potential becomes significant.1 As the laser

intensity is increased, the electric field becomes strong enough that the potential barrier binding

the electron to the atom is removed and the atom is ionized by barrier suppression ionization.

The three ionization regimes are depicted schematically in Fig. 4.1. The ADK model describes

ionization in the tunneling regime. The PPT theory models ionization in both the multi-photon

and tunneling regime. Barrier suppression can occur in either the multi-photon or tunneling regime

and a time dependent Schrodinger equation (TDSE) simulation is typically required to calculate

the ionization rate.

Keldysh [89] wrote the most complete early treatment of field ionization, spanning from the

multi-photon regime to the tunneling regime. He defined the Keldysh parameter

γ =
ω

ωt
, (4.1)

1 Tunnelling ionization still occurs via the absorption of multiple photons, but the ionization rate can be determined
be calculating the tunneling probability and ignoring the photons.
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Figure 4.1: Field ionization regimes in order of increasing electric field strength. (a) multi-photon
ionization: a single photon does not have enough energy to ionize an electron and multiple photons
must be absorbed at once. (b) tunneling ionization: the electric field from the laser distorts the
atomic potential enough for the electron to tunnel away from the atom. (c) border suppression ion-
ization: the atomic potential is distorted so much that the electron is no longer bound. Reproduced
from Ref. [88].

where ω is the laser frequency and ωt is the tunneling frequency, defined as

ωt =
eE√
2meξi

. (4.2)

Here, E is the magnitude of the electric field and ξi is the ionization energy of the electron. When

γ � 1, the field is approximately constant during the time it takes an electron to tunnel out and

ionization occurs in the tunneling regime. When γ > 1 the ionization occurs in the multi-photon

ionization (MPI) regime.

The threshold for BSI ionization occurs when the potential barrier containing the electron is

completely suppressed. The threshold is [90]

EBSI =
1

eαc~
ξ2
i

4Z
, (4.3)

where α is the fine structure constant and Z is the ionization state: Z = 1 for first ionization,

Z = 2 for second, etc. The BSI threshold can be crossed in either the multi-photon or tunneling

regime depending on the laser frequency; although, for most high ionization threshold gases, the

threshold is reached in the tunneling regime.

All the ionization theories calculate an ionization rate. To get the fraction of neutral gas
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ionized we need to solve the differential equation

dng
dt

= −ngw(t), (4.4)

where ng is the neutral gas density and w(t) is the ionization rate as a function of time. The

solution is

ng(t) = ng(t0)e
−

∫ t
t0
w(t′)dt′

. (4.5)

Letting n0 = ne + ng, the ionization fraction is given by

ne
n

=
n− ng
n

=
1

n

(
n− ng(t0)e

−
∫ t
t0
w(t′)dt′

)
=
(

1− e−
∫ t
t0
w(t′)dt′

)
, (4.6)

where we have assumed the ionization fraction is initially 0, i.e., ng(t0) = n. If we know the

temporal pulse shape of the laser, then we can calculate
∫ t
t0
w(t′)dt′ as a function of the peak laser

intensity. Inverting this function (typically numerically) allows us to solve for the laser intensity

required to produce a particular plasma density.

4.1.1 ADK Tunneling Ionization

In the tunneling regime, field ionization can be described analytically using the ADK ioniza-

tion theory. The ADK theory comes from a 1986 paper by Ammosov, Delone, and Krainov (ADK)

[91]. The theory is based off work originally by Landau and Lifshitz, where they calculated the

ionization rate of the hydrogen atom in a constant electric field. Far from any atom, the outer

electron sees an effective ion formed from a combination of the nucleus and inner electrons. The

potential of this effective ion is a Coulomb potential, so the electron’s wave function asymptotically

approaches a wave function similar to a hydrogen atom. Smirnov and Chibisov [92] extended the

calculation of Landau and Lifshitz to arbitrary asymptotic Coulomb wave functions. Ref. [92] has

some errors which Perelomov, Popov, and Terent’ev (PPT) [93] fixed before they time averaged the

ionization rate over a sinusoidal electric field. The ADK theory is an extension of this work that

introduced the use of Stirling’s approximation in determining the unknown asymptotic expansion

coefficient. In practice, the use of Stirling’s approximation, and thus the contribution of ADK, is
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not used, but the theory is still called the ADK ionization theory (For a detailed discussion see

Ref. [94]).

We start with an atom that has a valence electron in a state with ionization energy ξi, orbital

angular momentum l, and its projection m. Note that all units are atomic units: me = ~ = e = 1.

The electron momentum is κ =
√

2ξi, the intra-atomic electric field strength is given by E0 = κ3.

As long as the external electric field is small compared to the intra-atomic electric field, E � E0,

then only the tail of the wave function sees the external potential and contributes to ionization.

The ionization rate in a constant electric field, from Ref. [93], is given by

wstat(E) = |Cn∗l∗ |2
(2l + 1)(l + |m|)!

2|m|(|m|)!(l − |m|)!
ξi

(
2E0

E

)2n∗−|m|−1

exp

(
−2E0

3E

)
, (4.7)

where n∗ = Z/κ is the effective principle quantum number and Cn∗l∗ is a constant specific to the

atom and the state of the electron being ionized. Z is the charge of the atomic residue, the effective

charge of the ion seen by the electron. For the ionization of a neutral atom Z = 1, for the ionization

of the second electron Z = 2, etc.

An analytic solution for Cn∗l∗ can be found by using effective quantum numbers in the

Coulomb wave function:

|Cn∗l∗ |2 =
22n∗

n∗Γ(n∗ + l∗ + 1)Γ(n∗ − l∗)
, (4.8)

where l∗ = n∗0 − 1 and n∗0 is the effective principal quantum number of the ground state. We never

deal with ionization from excited states so n∗0 = n∗ according to Refs. [95, 96]. The ADK theory is

specifically the use of Stirling’s approximation to simplify the expression to

|Cn∗l∗ |2 =

(
4e

n∗2 − l∗2

)n∗ (n∗ + l∗

n∗ − l∗

)l∗+1/2 1

2πn∗
. (4.9)

Popov [94] pointed out that the use of Stirling’s approximation leads to errors of 18% for hydrogen

and 25% for helium. There is no practical reason to ever use the approximate version.

The last piece in the ADK theory [91] is to time average over an alternating electric field.

Consider an external electric field oscillating according to

E(t) = E cos(ωt). (4.10)
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The laser frequency ω must be sufficiently small compared to the tunneling frequency ωt such that

the field is approximately constant in the time it takes the electron to tunnel out. This condition

is equivalent to requiring γ � 1. The integration results in an additional constant factor in front

of the static rate. For linearly polarized light, the averaged ionization rate is

wlin(E) =

(
3E

πE0

)1/2

wstat(E). (4.11)

The general formula for elliptically polarized light is given in Refs. [91, 93].

The ionization rate from the m = 0 state is generally significantly higher than the ionization

rates from the other m states. Specifically,

wm=0

w|m|=1
=

2E0

E
. (4.12)

Since it was assumed at the beginning that E � E0, this ratio is very large and only the m = 0

state needs to be taken into account.

In Fig. 4.2, we compare the ionization rates of three gases we use—hydrogen, helium, and,

argon—as a function of laser intensity. The figure also includes the ionization rates of the second

electron for helium and argon. We use gas species with high ionization energy for the FACET-II

plasma sources to minimize ionization by the electron beam, discussed in Sec. 4.6. Sometimes, we

want the beam to ionize the plasma, in which case lithium is used because it has a low ionization

energy.

4.1.2 PPT Ionization Theory

The ADK theory is only valid in the tunneling regime where γ � 1. Perelomov, Popov,

and Terent’ev (PPT) [93] presented a general solution for the ionization rate of an atom in an

alternating electric field that extends from the multi-photon regime through the tunneling regime.

They expanded the work of Keldysh [89] and rectified the discrepancy between the Keldysh theory

and the well known result of Landau and Lifshitz for the ionization of hydrogen in a uniform field.

As in the ADK section, the formulas are all given in atomic units. PPT assumes E � E0 and
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Figure 4.2: Ionization fraction of various gases as a function of peak laser intensity and laser pulse
length. The laser pulse is assumed to have a Gaussian temporal profile. Inverting these curves
gives the laser intensity required to ionize a target plasma density.

ω � ξi. Additionally, the theory assumes that that the electric field of the laser is constant across

the size of the atom and that the electron is non-relativistic so the magnetic field can be ignored.

The PPT theory describes the ionization rate of an atom through the range of field strengths

from the multi-photon regime to the tunneling regime [93]. The original theory uses the time

dependent Schrödinger equation to directly calculate the ionization rate under the assumptions

stated previously, with one addition: the valence electron must be in a short-range potential—it

must fall of faster than 1/r. The initial theory will not give the correct expression if the potential

has a Coulomb tail. Essentially, the initial theory is limited to the case of negative ions. The

ionization rate for an atom in a linearly polarized wave is given by

wlm(E,ω) = |Cn∗l∗ |2
(

6

π

)1/2

f(l,m)ξi

(
E
√

1 + γ2

2E0

)|m|+3/2

Am(ω, γ) exp

(
−2E0

3E
g(γ)

)
, (4.13)

where

f(l,m) =
(2l + 1)(l + |m|)!

2|m|(|m|)!(l − |m|)!
, (4.14)

Am(ω, γ) =
4√
3π

1

|m|!
γ2

1 + γ2

∞∑
n≥v

exp{−α(n− v)}wm
(√

β(n− v)
)
, (4.15)

in which

wm(x) = e−x
2

∫ x

0
ey

2
(x2 − y2)|m| dy =

x2|m|+1

2

∫ 1

0

e−x
2tt|m|√
1− t

dt, (4.16)



131

and v is the minimum number of photons needed in a multi-photon ionization process:

v =
ξi
ω

(
1 +

1

2γ2

)
. (4.17)

The parameters α, β, and g are functions of γ, which is itself a function of frequency and field

strength. Here, γ is the Keldysh parameter. The parameter definitions are

α(γ) = 2

[
Arsh γ − γ√

1 + γ2

]
(4.18)

β(γ) =
2γ√

1 + γ2
(4.19)

g(γ) =
3

2γ

[(
1 +

1

2γ2

)
Arsh γ −

√
1 + γ2

2γ

]
. (4.20)

The definition of α and g can be simplified using β

α(γ) = 2

[
Arsh γ − β

2

]
(4.21)

g(γ) =
3

2γ

[(
1 +

1

2γ2

)
Arsh γ − 1

β

]
. (4.22)

The mean probability of ionization for all states with a given orbital angular momentum l is

wl(E,ω) = |Cl∗m∗ |2
(

6

π

)1/2

ξi

(
E
√

1 + γ2

2E0

)3/2

A0(ω, γ) exp

(
−2E0

3E
g(γ)

)
(4.23)

The original derivation assumed the potential did not have a long Coulomb tail. The tunneling

limit was derived assuming a long Coulomb tail, which is why the PPT formula does not reduce

to the ADK formula when γ � 1. A later paper by Perelomov and Popov [97] added in the

Coulomb correction to make the formula useful for an arbitrary atom. For linearly polarized light,

the correction is a multiplicative factor that takes the form(
2E0

E

)2n∗

. (4.24)
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The PPT model for an arbitrary atom can then be written as

wlm(E,ω) = |Cn∗l∗ |2
(

6

π

)1/2

f(l,m)ξi

(
2E0

E

)2n∗−|m|−3/2 (√
1 + γ2

)|m|+3/2

×Am(ω, γ) exp

(
−2E0

3E
g(γ)

)
.

(4.25)

With the Coulomb correction, the PPT formula of Eq. (4.25) reduces to the time averaged ADK

formula when γ = 0, as expected. It should be noted that the Coulomb correction is only correct if

the field satisfies E � n∗(ω/ξi)
2E0. Further, information on how to find the momentum spectrum

of the ionized electrons is given in Refs. [97, 98].

The Coulomb correction from [97] has a condition for validity that can also be written as

γ � γc, where

γc =

√
E0

n∗E
. (4.26)

At a large enough γ, the Coulomb correction breaks down. There is an improved expression for

the Coulomb correction given by [99](
2E0

E

)2n∗ (
1 +

2γ

e

)−2n∗

, (4.27)

where e is the base of the natural logarithm. This correction is only valid assuming the parameter

µ� 1 where µ = Zω/(2ξi)
3/2.

The use of PPT in the literature can often be confusing and appear inconsistent. In Ap-

pendix F, we compare and rectify difference between the theory as presented in different sources.

The PPT formula presented in Eq. (4.25) is already time averaged, the time averaging works the

same way as in the ADK formula and can be removed using Eq. (4.11).

Lai et al. [100] compared the PPT and ADK models to ion yields measured in ionization

experiments. The resulting ion yield is compared against the theoretical predictions in Fig. 4.3.

Notice the excellent agreement between the PPT model and the measured data for ionizing argon

with an 800 nm laser. The version of PPT used did not contain the γ dependent Coulomb correction,

it used Eq. (4.24).
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Figure 4.3: Measured ion yield of argon compared to the PPT and ADK ionization theories. In (a)
the gas is ionized with a 400 nm laser, (b) 800 nm, and (c) 1.3µm. Reproduced from Ref. [100]

4.1.3 Ionization Formulas in Practical Units

Both the ADK and the PPT models are given in atomic units. In this section we convert

them to more practical units.

All quantities with units are replaced by the SI equivalent except for the ionization energy,

which is given in eV. First, the ionization energy in Hartree is replaced by

ξi[h]→ e

α2c2me
ξi[eV]. (4.28)

The ionization rate replacement is given by

w[1/τa]→ ~
α2c2me

w[1/s], (4.29)

and the field strength is replaced by

E[Ea]→ e~
α3c3m2

e

E[V/m]. (4.30)

The ratio E/E0 is unit-less, but E0 needs to be given in V/m:

E0[V/m] = 23/2

√
mee

~
ξ

3/2
i [eV]. (4.31)

n∗ itself is unit less, but it has a numerical factor for calculating it from ξi[eV]

n∗ = αc

√
me

2e

Z√
ξi[eV]

. (4.32)
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With these replacements, it is a simple matter of substitution to convert the ADK and PPT formulas

into more useful units.

ADK in useful units is given by

wstat(E) = |Cn∗l∗ |2
e

~
(2l + 1)(l + |m|)!

2|m|(|m|)!(l − |m|)!
ξi

(
2E0

E

)2n∗−|m|−1

exp

(
−2E0

3E

)
. (4.33)

The time averaging factor is unit-less and the functional form does not change from Eq. (4.11).

The primary difference between atomic and SI units comes from the new expression for E0 given

by Eq. (4.31).

For the PPT theory, notice that γ is dimensionless and so are α, β, and g. As we have

Eq. (4.1) in SI units, the formulas for α, β, and g remain unchanged. The expression for Am is also

dimensionless and requires no conversion. The version of the PPT formula in useful units is given

by

wlm[1/s]
~

α2c2me
= |Cn∗l∗ |2

(
6

π

)1/2

f(l,m)
e

α2c2me
ξi[eV]

(
2E0

E

)2n∗−|m|−3/2

×
(√

1 + γ2
)|m|+3/2

Am(ω, γ) exp

(
−2E0

3E
g(γ)

)
.

(4.34)

This trivially simplifies down to

wlm[1/s] = |Cn∗l∗ |2
e

~

(
6

π

)1/2

f(l,m)ξi[eV]

(
2E0

E

)2n∗−|m|−3/2

×
(√

1 + γ2
)|m|+3/2

Am(ω, γ) exp

(
−2E0

3E
g(γ)

)
.

(4.35)

For all our calculations, we will be using the version of PPT with m = 0. In this case the formula

reduces to

wl[1/s] = |Cn∗l∗ |2
e

~

(
6

π

)1/2

(2l+1)ξi[eV]

(
2E0

E

)2n∗−3/2 (√
1 + γ2

)3/2
A0(ω, γ) exp

(
−2E0

3E
g(γ)

)
,

(4.36)

where

A0(ω, γ) =
4√
3π

γ2

1 + γ2

∞∑
n≥v

exp{−α(n− v)}w0

(√
β(n− v)

)
, (4.37)

in which

w0(x) = e−x
2

∫ x

0
ey

2
dy =

x

2

∫ 1

0

e−x
2t

√
1− t

dt. (4.38)

w0(x) is now just Dawson’s integral, a common special function.



135

4.1.4 SAE-TDSE Ionization Calculations

If the electric field is large enough, then the potential barrier binding the electron to the atom

is completely suppressed and neither ADK nor PPT strictly apply. Theoretical models exist for

handling the transition from the tunneling regime to the BSI regime. Surprisingly, the use of the

tunneling formula (ADK) in the BSI regime overestimates the ionization rate. The BSI threshold

is typically irrelevant for our experiments, with one exception. We use four different gas species

in our plasma sources: hydrogen, helium, argon, and lithium. The first three have large ionization

energies. As a result, the ionization stays in the tunneling regime, or at least the ionization chance

has reached close to 100% early in the laser pulse, before the intensity becomes large enough to

reach the BSI regime. Lithium is a special case; the BSI threshold is reached when γ = 3.66, and

ionization is occurring in the multi-photon regime. Over the BSI threshold, we should treat the

ionization rate calculated with PPT with skepticism.

No analytic theory exists to calculate the BSI ionization rate when the threshold occurs in the

multi-photon regime. Instead, we turned to numerical solutions to the time dependent Schrodinger

equation (TDSE) using the single active electron (SAE) approximation. Our colleagues at CU, in

the Becker group, performed the calculations for us using a laser field we provided them. From the

simulation, we received the ionization probability as a function of time [101]. Combined with the

pulse envelope, we can extract the time averaged ionization rate using

w = − d

dt

(
1− ne(t)

n0

)
(4.39)

Fig. 4.4(a) shows a plot of the ionization rate as a function of E0 for several different pulse shapes.

A simple exponential fit does a good job of estimating the ionization rate:

wlin[fs−1] = 2.18× 10−6E[GV/m]5.87 (4.40)

The ionization rate is less than that predicted by either PPT or ADK as shown in Fig. 4.4(b).
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Figure 4.4: Ionization rate of lithium calculated numerically using SAE-TDSE. (a) shows the
numerical rate for three different temporal pulse shapes (colored curves). An exponential fit was
used to model the rate (black curve). (b) compares the ionization fraction as a function of laser
intensity calculated using the SAE-TDSE ionization rate, the PPT rate, and the ADK rate.

4.2 Lasers and Optics

From the beam dynamics chapter, Ch. 3, we know what the requirements on the plasma

density are to produce high quality beams from a PWFA. From Sec. 4.1 on ionization models, we

know how to figure out what the magnitude of the electric field should be to produce the required

plasma density in a uniform gas. All we need to do now is create an electric field with the desired

magnitude. This section contains the optics background necessary to understand our approach to

laser ionization and beam shaping. As the laser ionizes the plasma source it will interact with the

plasma changing its evolution. We also include the necessary optics background to understand this

process.

4.2.1 Basics of Light

Light is an electromagnetic wave propagating with frequencies in the infrared or higher. We

will be interested in light propagating in a partially ionized plasma. The fields are then described by

the inhomogeneous wave equation derived in Sec. 2.1.3. We rewrite Eq. (2.25) here for convenience

(
∇2 − 1

c2

∂2

∂t2

)
E =

1

ε0
∇ρ+ µ0

∂J

∂t
. (4.41)
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In vacuum ρ and J are zero, and we get the homogeneous wave equation(
∇2 − 1

c2

∂2

∂t2

)
E = 0. (4.42)

One particular solution to the wave equation is the real part of the plane wave:

E = E0e
i(k·x−ωt+φ0), (4.43)

where E0 must be perpendicular to k,2 E0 is composed of the amplitude E0 = |E0| and polarization

Ê0,3 k is the wave vector, ω is the angular frequency, and φ0 is the phase offset of the wave. The

frequency and wavenumber are related by the dispersion relation ω = c |k|. The wave propagates

in the k direction with velocity c. The general solution to the wave equation is a superposition of

plane waves with different E, k, and φ0.4 The magnetic field has an identical wave equation, the

solutions of which are given by plane waves with the same form as Eq (4.43). The magnetic field

and electric field are not independent, but are coupled by Faraday’s Law (Eq. (2.11)) and Ampere’s

Law (Eq. (2.12)). The result is that the plane wave for the electric field is accompanied by a plane

wave for the magnetic field with the same k and ω but an amplitude given by B0 = 1
ωk×E0 [32].

As light propagates through a medium, it will polarize it, resulting in a charge and current

density of

ρpol = −∇ · P , Jpol =
∂P

∂t
. (4.44)

Inserting Eq. (4.44) into Eq. (4.41) results in the wave equation in terms of the polarization

∇2E − 1

c2

∂2E

∂t2
= − 1

ε0
∇(∇ · P ) +

1

ε0c2

∂2P

∂t2
. (4.45)

In an isotropic linear medium, such as a gas or plasma, the polarization depends linearly on the

electric field

P = ε0χ
(1)E, (4.46)

2 Equivalently, E0 · k = 0 a direct result of Eq. (2.9).
3 We choose to let E0 be a vector of reals. Often eiφ0 is included as part of E0 making it a vector of complex

numbers.
4 Plane waves are one particular choice of basis for writing the general solution. Many other are possible, we will

discuss the Bessel function basis in Sec. 4.3.
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where χ(1) is the first order susceptibility of the medium. Using Eq. (4.46) to replace P in the wave

equation gives

∇2E − 1

c2

∂2E

∂t2
= −χ(1)∇(∇ ·E) +

χ(1)

c2

∂2E

∂t2
. (4.47)

Inserting the plane wave solution of Eq. (4.43), we immediately notice that ∇ ·E = 0 because the

gradient of E is only non-zero in the k direction but E must be perpendicular to k. The remaining

expression is

∇2E − 1

c2

∂2E

∂t2
=
χ(1)

c2

∂2E

∂t2
, (4.48)

which can be rearranged to give

∇2E − 1 + χ(1)

c2

∂2E

∂t2
= 0, (4.49)

which is the wave equation, but with a wave velocity of v = c/
√

1 + χ(1). Clearly the plane wave

solution satisfies the differential equation; this justifies setting ∇ · E = 0. The only change is in

the dispersion relation, which is given by ω = v |k|, where v can vary with ω because χ(1)(ω) is, in

general, frequency dependent.

The index of refraction is defined as the ratio of the speed of light in vacuum to the phase

velocity of the electromagnetic wave in a medium,

n =
c

v
. (4.50)

Thus, for a linear material, the index of refraction is given by

n2 = 1 + χ(1). (4.51)

Using the relation ε = 1 + χ(1), the index of refraction can also be written as

n =
√
ε (4.52)

A linear medium is equivalent to free space propagation but with a velocity of c/n. At the densities

we work at, the partially ionized plasma has a nearly uniform index of refraction. A sum of plane

wave solutions is a good first approximation for the propagation of light within the plasma-gas

mixture.
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The intensity is the power per unit area of the wave. It is given for a plane wave by

I =
cnε0

2
|E0|2 (4.53)

This expression applies to most of the optical waves we work with if we replace |E0| with the

amplitude of the field.5

4.2.2 The Laser

Lasers produce the high intensity pulses of light needed to field ionize the gas in our PWFA

plasma sources. A laser is a device that amplifies light through the mechanism of stimulated

emission. Stimulated emission is the process by which a photon can drive an electron from a high

energy state to a low energy state if the photon energy matches the energy difference between the

two states. In the process, the electron will emit a photon as it transitions. The emitted photon

will have the same polarization and phase as the stimulating photon. As a result, the electric fields

of the two photons will add coherently. The medium within which the electronic transition occurs

is called the gain medium; it can be a solid, liquid, or gas. Absorption will occur on the same

transition if a large number of electrons exist in the low energy state. In order for emission to

dominate, the transition must have a population inversion, more electrons in the high energy state

than the low energy state. There are various ways of creating a population inversion, for details

consult a laser textbook, such as Ref. [102]. Typically, only a small amount of energy is gained

each time a group of photons passes through the gain medium. To produce significant amounts of

energy, the gain medium is placed in a resonant cavity.6 Lasers are able to produce the extremely

strong electric fields required to directly field ionize a gas into a plasma.

Typically, we model the optical pulse produced by a laser as a Gaussian temporal pulse and

a super-Gaussian transverse pulse. Letting the pulse propagate in the z direction, the electric field

5 An exception is evanescent waves, which are oscillatory, but do not transport any energy.
6 Resonant cavities exist at the beginning of high-power systems. The laser pulse in a high-power amplifier,

however, has so many photons, the pulse might only pass through the gain medium four or five times.
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is given by

E(x, y, t) = E0 exp

[
−2 ln 2

t2

τ2
p

−
(
r

w0

)m]
exp

[
i(φ0 − bt2 − ω0t)

]
, (4.54)

where E0 is the electric field amplitude of the pulse,7 τp is the FWHM pulse length, w0 is the

super-Gaussian spot size, m is the order of the super-Gaussian and must be an even number, and b

describes the chirp of the pulse. Including wavefront errors in the pulse is accomplished by making

φ0 a function of transverse position. The energy in the pulse is found by integrating over the

intensity

E =
cnε0

2

∫
dx dy dt |E0|2 exp

[
−4 ln 2

t2

τ2
p

− 2

(
r

w0

)m]
. (4.55)

Evaluating the integral gives

E =
cnε0π

3/2

2
√

ln 2

4−1/m

m
Γ

(
2

m

)
|E0|2 τpw2

0. (4.56)

Typically the pulse energy, pulse length, and spot size are known for a given laser. Eq. (4.56) can

then be used to find |E0|. The beam evolution in z can be found using the Fourier techniques

presented in the next section.

The effect of optics on the pulse can be modelled by multiplying the electric field of Eq. (4.54)

by a transmission function. For a spherical lens, the transmission function is a quadratic phase

function:

T (r) = e−ikr
2/(2f), (4.57)

where f is the focal length of the lens.

4.2.3 Fourier Optics

From the previous section, we know how to write down the electric field from the laser at

z = 0 and add the phase imparted by a lens. To find how the field changes as the laser pulse

propagates in z, we use Fourier optics. Any solution to the wave equation in free space, or in a

linear isotropic medium, can be given as a sum of plane waves. The plane wave basis naturally

7 Here, E0 can be complex to encode the polarization of the pulse. Circularly polarized light will have a phase
shift between the x and y components of the field. Because the pulse is propagating in z, E0z = 0.
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lends itself to calculation in Fourier space. We follow the angular spectrum approach of Goodman

[103] and Ratcliffe [104]. Notice that the wave equation in free space, Eq. (4.49), is identical for

each component: (
∇2 − n2

c2

∂2

∂t2

)
U = 0, (4.58)

where U is called the field and can represent any of the three components of the electric field.8

The use of Eq. (4.58) is called the scalar approximation.

Imagine that we have a monochromatic wave propagating with some component of k in the

z direction. The field on the z = 0 plane, U(x, y, z = 0, t), is known and we want to find the field

at all positions in z. If we evaluate the plane wave of Eq. (4.43) in the scalar approximation at

z = 0 we get

Uk(x, y, 0, t) = U0e
−iωtei(kxx+kyy), (4.59)

which is a simple complex exponential in the transverse plane with a coefficient given by U0e
−iωt.9

The expression ei(kxx+kyy) is the basis function for Fourier space written in position space. This

means that if we take the 2D Fourier transform of U(x, y, 0, t), then we have decomposed the field

into a sum of plane waves. The Fourier transform is then the amplitude and phase of each plane

wave10

Û(kx, ky) = U0(kx, ky)e
−iωt, (4.60)

where the Fourier transform is defined as

Û(kx, ky) = Fxy{U(x, y, 0, t)}(kx, ky) =
1

(2π)2

∫∫ ∞
−∞

dx dy U(x, y, 0, t)e−i(kxx+kyy). (4.61)

The wave is monochromatic so we can write U(x, y, z = 0, t) = e−iωtU(x, y, 0, 0). To make things

simple, let U⊥(x, y) = U(x, y, 0, 0), in which case the phase and amplitude of each Fourier compo-

8 Although the individual electric field components appear independent of each other, they are coupled to the
magnetic field. Because of this, two electric field components can be dependent on each other indirectly through the
magnetic field. The coupling only occurs in free space in the vicinity of charges and currents, i.e., near a boundary,
and dies off over distances on the order of the wavelength. It is therefore unimportant for lasers [103].

9 In contrast to Eq. (4.43), U0 is complex and includes the phase offset.
10 The electric field must be perpendicular to k in free space. The use of the scalar approximation here introduces

an error because all possible value of Kx and ky cannot have the same electric field direction. As long as the wave is
paraxial, Kx, ky � kz, the error is negligible.
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nent is

Û⊥(kx, ky) = U0(kx, ky). (4.62)

The field is given in terms of its Fourier transform Û⊥(kx, ky), called the angular spectrum, by

U(x, y, 0, t) = e−iωt
∫∫ ∞
−∞

dx dy Û⊥(kx, ky)e
i(kxx+kyy), (4.63)

where the integral makes it clear the solution is a sum of plane waves.
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Figure 4.5: Illustration of the fundamental idea behind Fourier optics. The plane wave solution
(b) to the wave equation can be sliced along a transverse plane (c). In this plane, the wave has a
transverse frequency that depends on its angle of incidence. We can thus use the Fourier transform
of the field on any transverse plan to decompose the wave into a sum of plane waves. Each plane
wave picks up phase in z depending on its angle of incidence (a). The phase can be applied in
Fourier space to solve for the field everywhere.

We can take advantage of the fact that we know how plane waves evolve in z to find

U(x, y, z, t). We can see from Eq. (4.43) that the plane wave of Eq. (4.59) evolves according

to

U(x, y, z, t) = U(x, y, 0, t)eikzz, (4.64)

where kz =
√
k2 − k2

x − k2
y. Since Eq. (4.63) is a sum of plane waves with z = 0, the solution for

all z is the same sum, but of the full z dependent plane waves

U(x, y, z, t) = e−iωt
∫∫ ∞
−∞

dkxdkyÛ⊥(kx, ky)e
izkzei(kxx+kyy). (4.65)
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In the theory of linear, invariant systems, H(kx, ky; z) = eizkz is called a transfer function. Using

the definition of the inverse Fourier transform

F−1{Û(kx, ky)}(x, y) =

∫∫ ∞
−∞

dkxdkyÛ(kx, ky)e
i(kxx+kyy) (4.66)

the field can be written as

U(x, y, z, t) = e−iωtF−1 {F [U⊥(x, y)]H(kx, ky; z)} . (4.67)

Using the transfer function, we can find the phase and amplitude of a laser beam at arbitrary z

given the phase and amplitude on a transverse plane.

A finite duration laser pulse cannot be monochromatic. Propagating a pulse is a simple

matter of applying Eq. (4.65) to each frequency component and summing the results together. The

medium the wave is propagating through must be linear and isotropic, but it can be dispersive.

Assume we start with a field given by U(x, y, 0, t) as before, but now the time dependence is non-

trivial. Our basis function in real space is now ei(kxx+kyy−ωt) so the amplitude of each plane wave

is given by the Fourier transform

Û(kx, ky, ω) = U0(kx, ky, ω) =
1

(2π)3

∫∫ ∞
−∞

dx dy dtU(x, y, 0, t)e−i(kxx+kyy−ωt) (4.68)

As before, each plane wave is propagated by the transfer function H(kx, ky, ω; z)eizkz(ω) where k

can depend on ω through the dispersion function. The field at all locations and times is given by:

U(x, y, z, t) =

∫∫∫ ∞
−∞

dkxdkydω Û(kx, ky, ω)eizkz(ω)ei(kxx+kyy−ωt). (4.69)

The transfer function H is called the Rayleigh-Sommerfeld transfer function when it uses kz =√
k2 − k2

x − k2
y. Applying the paraxial approximation kx,y � kz gives kz = k2 − 1

2k
2
x − 1

2k
2
y, which,

when used in H, results in the Fresnel transfer function.

Fourier optics techniques lend themselves to numerical propagation of laser pulses. The

Fourier transform is implemented numerically through the fast Fourier transform (FFT) algorithm,

which allows for fast evaluation of the forward and reverse Fourier transforms. In addition, the

spatial discretization only needs to resolve the highest transverse frequency rather than the laser
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wavelength, like in a FDTD solution to Maxwell’s equations. Laser propagation problems are

typically paraxial and thus have large spatial frequencies allowing relatively coarse grids to be

used. We will make extensive use of Fourier optics to simulate optics and as part of the algorithm

for simulating laser propagation through plasma.

4.2.4 Nonlinear Optics

Nonlinear optics deals with light propagation through materials within which the polarization

depends nonlinearly on the electric field. In these materials, the index of refraction is no longer

sufficient to describe the impact of the material on the propagation of light. Laser ionization of a

plasma is a special case of nonlinear optics. The polarization depends linearly on the electric field

at a given plasma density, but the plasma density depends nonlinearly on the time history of the

electric field, so the propagation of light is nonlinear. In this section, we will focus on the first type

of nonlinearity, which appears in the optical systems we use as well as the plasma, although it is

much less important in the plasma than the second type of nonlinearity. We generally follow the

work of Boyd [105].

The full wave equation with the polarization terms is given by Eq. (4.45). Generally the

spatial variation of the polarization is small and the ∇(∇ · P ) term can be ignored. The wave

equation is then given in the simplified form as

∇2E − 1

c2

∂2E

∂t2
=

1

ε0c2

∂2P

∂t2
. (4.70)

Electromagnetic wave propagation in matter depends on how the polarization P is related to the

electric field E. We now have to be more careful with our complex representation of the electric

field because the inhomogeneous wave equation is, in general, nonlinear.11 The electric field can

be written as a Fourier series

E =
∑
n

E(ωn)e−iωnt, (4.71)

11 Treating the electric field as the real part of a complex number works because the homogeneous wave equation
is linear. To show why, we can write the wave equation in terms of the a’Alembert operator �U = 0. If we know that
a complex number U = a+ ib is a solution: �(a+ ib) = 0, then �a+ i�b = 0. The real and imaginary components
must each satisfy the equation independently, so the real part is also a solution �a = 0.
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where E(−ωn) = E∗(ωn), ensuring that the summation is real. All the spatial variation is included

in E(ωn) terms. The polarization can also be expressed as a sum of frequency components

P =
∑
n

P (ωn)e−iωnt. (4.72)

Each term in the polarization can be expressed in terms of the electric field by [105] (vector Taylor

series in E)

Pi(ω) = ε0

∑
j

χ
(1)
ij (ω)Ej(ω) +

∑
jk

∑
(nm)

χ
(2)
ijk(ω;ωn, ωm)Ej(ωn)Ek(ωm) + . . .

 , (4.73)

where χ(n) is the nth order susceptibility tensor and (nm) means sum over all n and m such

that ωn + ωm = ω. In an isotropic material, the susceptibility tensors are diagonal with identical

elements. If the material is lossless the tensors are real.

We are not concerned with the nonlinear processes of frequency conversion, but with distor-

tions to the laser pulse that occur due to nonlinear effects. In particular, we will be concerned with

two nonlinear processes: the Kerr effect and relativistic self-focusing.

The optical Kerr effect occurs when light is propagating through a medium with nonzero χ(3).

Again, we adopt the scalar approximation to simplify the math because we only consider isotropic

media. In addition, we assume that χ(3) is independent of frequency, a good approximation for the

systems we consider, where the laser frequency is much lower than the resonant frequencies of the

system. Consider a plane wave with frequency ω0: U = 1
2U0e

i(k·x−ω0t) + 1
2U0e

−i(k·x−ωt). For the

plane wave, U(ω0) = 1
2U0e

ik·x. The third term in Eq. (4.73) is

P (3)(ω) = ε0
∑

(onm)

χ(3)U(ωo)U(ωn)U(ωm), (4.74)

where (onm) denotes the sum over all indices where ω = ωo + ωn + ωm. Inserting our plane wave

we find that the polarization has two non-zero, positive frequency components:

P (3)(ω0) =
3

8
ε0χ

(3)U3
0 e
ik·x (4.75)

P (3)(3ω0) =
1

8
ε0χ

(3)U3
0 e
i3k·x (4.76)
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The negative frequency components are simply the complex conjugates, P (−ω0) = P (ω0)∗ and

P (−3ω0) = P (3ω0)∗. The total polarization is given by Eq. (4.72). The two terms with the same

frequency as the driving wave describe the Kerr effect. Including the first order susceptibility and

the Kerr terms, the polarization is

P = ε0

(
χ(1) +

3

4
χ(3)U2

0

)
U (4.77)

Inserting P into Eq. (4.70) gives

∇2U − 1

c2

(
1 + χ(1) +

3

4
χ(3)U2

0

)
∂2U

∂t2
= 0. (4.78)

we see that χ(3) acts like an intensity dependent index of refraction. Using Eq. (4.53) we can write

n = n0 + n2I = n0 +
3χ(3)

4n2
0ε0c

I, (4.79)

where n2 is the nonlinear index of refraction.

In high power lasers, the Kerr effect can cause significant distortions of the pulse if not

accounted for. The center of the pulse, with intensity I(z), picks up phase as it propagates through

the medium according to

φ = k

∫ L

0
ndz = k

∫ L

0
n0dz + k

∫ L

0
n2I(z)dz. (4.80)

The edges of the pulse, where the intensity is small, only pick up the phase from the first term.

The phase difference between the center of the pulse and the edges is called the B-integral. and is

given by the second term

B = k

∫ L

0
n2I(z)dz. (4.81)

Two things happen if the B-integral is large. Self-focusing occurs because the center of the pulse

picks up more phase than the edges, acting like a positive lens. Self-phase modulation occurs

because the temporal center of the pulse picks up more phase than the beginning and end, leading

to a change in frequency along the length of the pulse. Both processes are best avoided in optical

systems, a good rule is to keep B < 1 [102].
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Plasmas inherently have χ(3) = 0 at low laser power because the plasma oscillations are linear

in E (see Sec. 2.1.2). At high laser power, the oscillation amplitude becomes large enough that the

electron velocities start to become relativistic. The result is an increase in the effective mass of the

electron which changes the oscillation frequency. We derive the index of refraction in a plasma in

Sec. 4.4, taking that result and making the substitution me → γbme gives the index with relativistic

electron motion

n2 = 1−
ω2
p

γbω2
. (4.82)

The new factor, γb, however, changes throughout the oscillation period of the electron. In Refs. [106,

107], it is shown that an effective value can be used, and the nonlinear index of refraction can be

written as

n2 =
ω2
pe

2

2n2
0ε0m

2
ec

3ω4
, (4.83)

where n0 is the normal index of refraction of the plasma Eq. (4.112). The beam will again undergo

self-focusing, now called relativistic self-focusing after the source of the nonlinearity.

4.3 Bessel Beams

PWFA experiments require plasmas with lengths close to a meter. Traditional spherical

lenses produce short, narrow, high intensity spots with depths of focus given by the Rayleigh

length zR = πw2
0/λ. Here w0 is the spot size of a Gaussian laser pulse at the focus. Long plasmas

can be produced using spherical lenses with very long focal lengths, for a 40 cm plasma source the

beam waist would be 320µm [64]. This focusing system has three issues. First, the divergence of

the beam is w0/zR = 0.8 mrad requiring a focal length of 25 m, which significantly increases the

footprint of the accelerator. The length can be improved by increasing the laser power. Increasing

the power, however, leads to the second issue; the intensity near the focus of the spherical lens can

be much larger than the intensity required to fully ionize the gas. The result is strong nonlinear

effects that distort the pulse. Third, the plasma is dumbbell shaped, ionizing a much wider plasma

near the ends than in the middle; this requires a large amount of laser energy.
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A better focusing solution for long plasmas is to use Bessel like beams. Bessel beams are

solutions to the wave equation in cylindrical coordinates. The size and intensity of the central focus

spot remains constant in z. For this reason, they are often called non-diffracting beams. Just like

a plane wave, they are only non-diffracting if the beam has infinite transverse extent. Realizable

Bessel beams can only maintain a uniform longitudinal intensity over a finite distance. The easiest

way to produce Bessel beams is to use an axicon lens. Essentially a cylindrical prism, an axicon

imprints a linear phase in r on the beam. But the real usefulness of Bessel beams comes when

trying to shape the longitudinal intensity of the focus, using a superposition of Bessel beams, we

can create near arbitrary on-axis intensity profiles.

4.3.1 Wave Equation in Cylindrical Coordinates

In free space, under the scalar approximation, Maxwell’s equations for the electric and mag-

netic fields reduce to the scalar wave equation,

∇2U − 1

c2

∂2U

∂t2
= 0, (4.84)

where U is the scalar field representing one component of either the electric or magnetic field. In

cylindrical coordinates the Laplace operator is given by

∇2U =
∂2U

∂r2
+

1

r

∂U

∂r
+

1

r2

∂2U

∂φ2
+
∂2U

∂z2
. (4.85)

Using separation of variables, U(r, φ, z, t) = Ur(r)Uφ(φ)Uz(z)Ut(t), the wave equation in cylindrical

coordinates reduces to four ordinary differential equations,

k2
rr

2 ∂2Ur
∂(krr)2

+ krr
∂Ur
∂(krr)

+ (k2
rr

2 −m2)Ur = 0

∂2Uφ
∂φ2

= −m2Uφ

∂2Uz
∂z2

= −k2
zUz

∂2Ut
∂t2

= −ω2Ut,

(4.86)

where ω = ck and k2 = k2
z + k2

r . The first equation is Bessel’s equation in krr. The last three

equations describe simple harmonic oscillators in φ, z, and t. Several boundary conditions constrain
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the solutions. The fields must be finite at the origin, so only the Bessel functions of the first kind

are retained. The field must be continuous in the φ direction, requiring m ∈ Z . Additionally,

since the beams propagate in the positive z direction, ω is assumed to be positive. Combining the

solutions, we get the expression for a Bessel beam, the cylindrical coordinate equivalent to a plane

wave

U = U0Jm(krr)e
i(kzz+mφ−ωt) (4.87)

The field structures of a m = 0 and m = 2 Bessel beam are shown in Fig. 4.6. Much like how the

general solution in Cartesian coordinates (Eq. (4.69)) is a sum of plane waves, the general solution

in cylindrical coordinates is a superposition of Bessel beams:

U(r, φ, z, t) =
∑
m

∫ ∞
−∞

dω

∫ ∞
0

krdkrSm(kr, ω)Jm(krr)e
i(kzz+mφ−ωt), (4.88)

where Sn(kρ, ω) specifies the weighting of each Bessel function at each temporal frequency. As with

Fourier optics, we are interested in how a beam specified on the z = 0 plane propagates in z.
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Figure 4.6: The electric field of a Bessel beam. An m = 0 beam is shown in (b), (a) is the field
along r = 0 (c) is a transverse line-out showing the Bessel function. (e) shows an m = 2 Bessel
beam with (d) being a longitudinal line-out at the r where the peak electric field is and (f) shows
the transverse Bessel function.

We want to find Sn(kρ, ω) using the fields on the z = 0 plane. Just like in Fourier optics kz is

a function of kr given by kz = ±
√
k2 − k2

r , the positive solutions correspond to waves propagating
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in +z, the negative solutions in −z, and the imaginary solutions are evanescent waves. Starting

with Eq. (4.88) and evaluating at z = 0 gives

U(r, φ, z = 0, t) =
∑
m

∫ ∞
−∞

dω

∫ ∞
0

krdkrSm(kr, ω)Jm(krr)e
i(mφ−ωt). (4.89)

The solution can be found by first multiplying both sides by Jn(k′rr)e
−i(nφ−ω′t) and integrating over

r, φ, and t. The expression can be simplified using orthogonality relationships:∫ ∞
0

rdr Jn(krr)Jn(k′rr) =
δ(kr − k′r)

kr
. (4.90)

∫ 2π

0
dφei(m−n)φ = 2πδnm (4.91)

∫ ∞
−∞

dt e−i(ω−ω
′)t = 2πδ(ω − ω′) (4.92)

The result is∫ ∞
−∞

dt

∫ 2π

0
dφ

∫ ∞
0

rdrU(r, φ, 0, t)Jn(k′rr)e
−i(nφ−ω′t)

= (2π)2
∑
m

∫ ∞
−∞

dω

∫ ∞
0

dkrSm(kr, ω)δ(kr − k′r)δ(ω − ω′)δnm.
(4.93)

Solving for the spatial spectrum and making the substitutions kr → k′r, n→ m, and ω′ → ω gives

Sm(kr, ω) =
1

(2π)2

∫ ∞
−∞

dt

∫ 2π

0
dφ

∫ ∞
0

rdr U(r, φ, 0, t)Jm(krr)e
−i(mφ−ωt). (4.94)

The field at all z is given by Eq. (4.88).

For circularly symmetric beams, only the zeroth order Bessel function remains. Looking at

a monochromatic beam, the spatial spectrum is given by

S(kr) =

∫ ∞
0

rdr U(r, z = 0)J0(krr), (4.95)

which is the Hankel transform of U(r, z = 0). The solution for arbitrary z reduces to

U(r, z, t) =

∫ ∞
0

krdkrS(kr)J0(krr)e
i(kzz−ωt). (4.96)
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Along the optical axis the field is

U(r = 0, z) =

∫ ∞
0

krdkrS(kr)e
i(kzz−ωt). (4.97)

Changing the integration variable to kz using kz =
√
k2 − k2

r , and ignoring the evanescent waves

we get

U(0, z) =

∫ k

0
kzdkzS(

√
k2 − k2

z)e
ikzz. (4.98)

The on-axis field is the inverse Fourier transform of the spatial spectrum evaluated at
√
k2 − k2

z

[108]. We will use this fact to create pulses with arbitrary on-axis intensity in Sec. 4.3.3.

4.3.2 The Axicon Lens

l

R

Figure 4.7: An axicon lens is described by the cone angle α and radius R. Parallel incident rays
are deflected at an angle of β, producing a long focus of length l.

The easiest way to produce a quasi-Bessel beam is with an optic called an axicon lens.12

An axicon is a cylindrical prism (a cone shaped lens). The geometry is defined by the angle of the

prism α and the radius of the lens R; Fig. 4.7 shows a schematic of a typical axicon. Sometimes

the axicon is specified by the included angle of axicon tip θ = π− 2α instead. The deflection angle

of the rays β is determined from α and the index of refraction of the axicon. Using Snell’s Law:

β = arcsin
(na
n

sinα
)
− α, (4.99)

12 We say quasi-Bessel because a true Bessel beam requires infinite transverse extent.
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where n is the index of refraction of the medium surrounding the axicon and na is the index of

refraction of the axicon. The length of the focus from the simple ray tracing picture is given by

l =
R

tanβ
(4.100)

The intensity along the focus is not uniform, as an axicon does not produce a true Bessel beam.

The intensity rises linearly from the lens before dropping of rapidly at the end of the focus. The

linear growth can be easily understood from the ray optics picture using an energy argument. The

rays in an annulus of radius r and thickness dr are all focused to z = r
tanβ over a distance dz = dr

tanβ .

Assuming uniform incident intensity on the axicon, the energy incident on an annulus as a function

of r is E ∝ rdr; therefore, the intensity on-axis is proportional to z. A numerical Fourier optics

calculation of the intensity from an axicon is shown in Fig. 4.8 demonstrating the linear rise in

intensity immediately after the axicon and the rapid reduction in intensity at the end of the focus.
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Figure 4.8: Intensity produced by an axicon lens illuminated by a super-Gaussian laser beam. The
axicon has an angle of α = 0.7◦ and is illuminated by a 4 mm diameter beam. The intensity grows
linearly from zero immediately after the optic, before dropping off rapidly.

The transverse intensity profile of an axicon is a Bessel function. To understand why, consider

the Fourier transform of a m = 0 Bessel beam on the z = 0 plane. The beam is circularly symmetric.

It ends up that the 2D Fourier transform of a circularly symmetric function is the Hankel transform
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of that function [103]:

Û(kx, ky) =
1

(2π)2

∫∫
dx dy U0J0(krr)e

−i(kxx+kyy) =

∫ ∞
0

rdr U0J0(krr)J0(k′rr). (4.101)

Using Eq. (4.90), the spatial frequencies of a Bessel beam are then

Û(kx, ky) = U0
δ(kr − k′r)

kr
, (4.102)

where k′r =
√
k2
x + k2

y. In Fourier space, a Bessel beam is simply an infinitely thin ring of spatial

frequency with radius kr. Remember that the spatial frequency distribution corresponds to the

distribution of k vectors in the plane wave decomposition of a given optical field. A ring corresponds

to a cone of k vectors pointing inwards. An axicon produces exactly such a ring; the light rays are

refracted into an inward facing cone all with the same angle relative to the optical axis.

In the thin lens approximation, an axicon can be described by a phase transmission function:

T (r) = e−ik sin(β)r. (4.103)

Axicons were used heavily at FACET to create plasma sources longer than a meter; however, they

suffer from several drawbacks. They provide no control over the ramps at the beginning and end

of the plasma and they tend to be very energy inefficient.

4.3.3 Shaping the On-axis Intensity

Axicon lenses are able to produce a long enough and wide enough focus to satisfy our plasma

requirements, but they provide no control over the intensity used to create the ramps. We want full

control over the longitudinal intensity. This has been demonstrated with a low-power CW laser by

Cizmar et al. [108], and later, with a low-power ultrashort laser by Ouadghiri-Idrissi et al. [109].

In this section, we describe how to calculate the phase and intensity the laser pulse must have

upstream of the focus to produce a near arbitrary on-axis intensity profile. In Sec. 4.5, we describe

a way to produce the required transverse intensity and phase. For now, we focus on finding the

field at z = 0. The approach is straightforward. We already know the on-axis field of a general
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circularly symmetric beam from Eq. (4.98). Assume we have some target intensity I(z). Using

Eq. (4.53), we can find the target electric field amplitude, E(z). The full electric field will also have

an oscillatory component that can, in general, be z dependent. Combining, the target electric field

is

Ug(z) = E(z)eikz0(z)z. (4.104)

Inserting Ug(z) into the left hand side of Eq. (4.98), we see that the on-axis field is the inverse

Fourier transform of the spatial spectrum—up to a difference in integration bounds. If we assume

the frequency components of Ug are negligible outside of the range 0 to k (we will come back to

this later), we can Fourier transform both sides and solve for S

S(
√
k2 − k2

z) =
1

2πkz

∫ ∞
−∞

E(z)eikz0(z)ze−ikzz. (4.105)

The oscillating term kz0(z) determines the width of the focus since kρ =
√
k2 − k2

z . The first root

of J0 occurs at r = 2.4048/kr. The radial width of the main lobe (radius of the first zero) of the

Bessel beam is approximately given by

Rb(z) ≈
2.4048√

k2 − kz0(z)2
(4.106)

For our plasma sources, we want a beam of uniform width, kz0(z) = kz0. In this case, we can use

the Fourier shift theorem to simplify the spatial spectrum,

S(
√
k2 − k2

z) =
1

2πkz
Ê(kz − kz0). (4.107)

The coordinates can then be transformed back to kr

S(kr) =
1

2π
√
k2 − k2

r

Ê(
√
k2 − k2

r − kz0). (4.108)

The field on the boundary is given by inserting Eq. (4.108) into Eq. (4.89):

U(r, z = 0) = H−1
0 {S(kr)}, (4.109)

from which the phase can be extracted from the argument of the field and the intensity using

Eq. (4.53). If a target intensity pattern is chosen with frequency components outside of the range



155

(0, k), then S(kr) can still be found with Eq. (4.108), and the required phase and intensity at z = 0

plane can be found using Eq. (4.109). However, for kr > k the waves are evanescent and will

decay exponentially in z because kz is imaginary. They will not contribute to the on-axis field. An

example of an on-axis intensity profile is shown in Fig. 4.9 along with the radial phase and intensity

required to create it.
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Figure 4.9: Example of shaping the on-axis intensity. (a) shows a typical intensity target for a
PWFA plasma source. (b) plots the transverse phase and intensity required at z = 0 to produce
the target intensity. The dash line in (a) is the result of numerically propagating the transverse
field from (b).

4.4 Laser Propagation Through a Plasma

At this point, it seems we have everything we need to create a plasma source with controlled

density ramps. We can take a target plasma density, calculate the required laser intensity, and

shape the laser to produce this longitudinal intensity. Alas, it is not so simple. As the laser pulse

propagates it interacts with the plasma modifying the intensity of the pulse.

The index of refraction of a plasma is less than the index of neutral gas. As the laser pulse

traverses the gas, the front of the pulse begins to ionize the gas and form a plasma. The plasma

changes the index of refraction experienced by the rear of the pulse. As a result, the rear of the

pulse is defocused as the beam propagates. We call this process plasma refraction. It is inherently

nonlinear because the index of refraction depends on the plasma density, and thus, the time history

of the electric field at any given location.
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4.4.1 Index of Refraction in a Plasma

The laser pulse refracts off the gas-plasma mixture because the plasma has a different index

of refraction than the gas. We are interested in finding the index of refraction of the mixture as a

function of ionization fraction. Recall that the index of refraction depends on the polarization in

a linear medium. A simple model for the polarization is given in Jackson Sec. 7.5 [32]. The model

treats the electron in the gas atom or plasma as bound to some point and driven by the electric

field, the equation of motion is

me(ẍ + γẋ + ω2
0x) = −eE(t), (4.110)

where we have assumed the oscillation amplitude is small compared to the optical wavelength so

we can ignore the x dependence of E. Assuming the electric field is a linearly polarized plane

wave, the field goes as E = E0e
−iωt. The particle position is given by the well-known solution for

a driven damped harmonic oscillator:

x = − e

m

1

ω2
0 − ω2 − iωγ

E. (4.111)

The dipole moment contributed by a single electron is then

p =
e2

m

1

ω2
0 − ω2 − iωγ

E. (4.112)

If the electrons in the medium behave this way, then the material is clearly linear and isotropic. In

a plasma, the electrons are not bound to any particular location so ω0 = 0. The dampening term

is negligible as well γ = 0. If the electron density is ne then the first order susceptibility is

χ(1) = − nee
2

ε0me

1

ω2
= −

ω2
p

ω2
. (4.113)

The index of refraction is given by Eq. (4.51)

n =

√
1−

ω2
p

ω2
. (4.114)

In a gas, the dipole moment from every electron in an atom has to be taken into account,

each with its own ω0 and γ. The sum of all the terms is called the atomic polarizability α(ω)
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defined by

P = ε0ngα(ω)E. (4.115)

The susceptibility is given by

χ(1) = ngα(ω), (4.116)

and the index of refraction is

n =
√

1 + ngα(ω). (4.117)

The total index in a partially ionized plasma is given by adding the polarization vectors together

n =

√
1 + ngα(ω)−

ω2
p

ω2
. (4.118)

For the laser wavelength, plasma density, and gas species we use, the total index of refraction is

very close to 1, so we can expand the square root to get

n(ω) ≈ 1 +
1

2
ngα(ω)−

ω2
p

2ω2
= 1 +

1

2
ngα(ω)− nee

2

2ω2ε0
. (4.119)

4.4.2 Split Step Fourier Simulation

Solving for the beam evolution in the plasma requires finding solutions to the set of differential

equations:

∇2U − n2(x)

c2

∂2U

∂t2
= 0, (4.120)

dng(x)

dt
= −ng(x)w(|U(x, t)|), (4.121)

where n(x) is related to ng by Eq. (4.119) with ne = n0−ng. The spatial dependence of n depends

on E non-trivially through the ADK formula, making the wave equation nonlinear. Fourier optics

techniques can no longer be used to solve it directly. Instead, we can take advantage of the fact

that the index of refraction is very close to 1. We can write the index as a constant with an x

dependent perturbation.

n = nh + nih = nh −
1

2
(n0 − ng)α−

nee
2

2ω2ε0
(4.122)
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where nh = 1 + 1
2ngα. The wave equation can then be broken into two parts. In the first part,

the index of refraction does not depend on x, and it can be solved using Fourier optics. In the

second part, the index is a small perturbation and can be treated as adding a real space dependent

phase. The solution can be found by alternating between Fourier space and real space. The pulse

envelope is propagated diffractively in Fourier space, and the spatially dependent index adds local

phase in real space. As long as the spatial step is small enough that the envelope does not diffract

significantly in a single step, and the change in ray angle does not result in too large of a transverse

propagation, the error in the solution remains small.

The algorithm for the electric field proceeds iteratively

U(x, y, z + ∆z, t) = F−1
txy

{
Ftxy

[
U(x, y, z, t)eik0nih(t,x,y,z+∆z/2)∆z

]
eikz∆z

}
, (4.123)

where kz is a function of ω, kx, and ky. Now, we need to include the ionization of the plasma. To

do this, the rear part of the pulse needs to be able to see the index of the plasma created by the

front part of the pulse. By ignoring dispersion, which is a secondary effect to refraction, we can

rewrite the algorithm as

U(x, y, z + ∆z, t) = F−1
xy

{
Fxy

[
U(x, y, z, t)eik0nih(t,x,y,z+∆z/2)∆z

]
eikz∆z

}
. (4.124)

Since t is no longer part of the Fourier transform, we can solve for U(x, y, z, t0) using nih(t0). We

can then numerically integrate Eq. (4.121) to find nih(t1), and use this to solve for U(x, y, z+∆z, t1).

A diagram of the algorithmic structure is shown in Fig. 4.10.

4.4.3 Optimizing the Plasma Width

The refraction of the rear of the pulse off the plasma formed by the front of the pulse can have

a significant impact on the ionization process. The plasma reduces the index of refraction, leading

to a defocusing effect on the rear of the pulse. Unsurprisingly, this will reduce the peak intensity,

but it also tends to widen the focus. The reduction in peak intensity will change the ionization

fraction in the plasma density ramps, modifying the ramp shape. In the bulk, the reduction in
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Figure 4.10: Structure of the split-step Fourier algorithm for simulating a laser ionized plasma.
The pulse is divided up temporally and the first slice is propagated through the gas using the
split step technique. The ionization from the first slice is calculated and the index of refraction
is updated. The next slice is propagated through this new index of refraction and the algorithm
continues iteratively.

intensity can be significant enough to prevent 100% ionization. At the same time, the widening

of the focus results in a wider plasma and can be advantageous for reaching the required plasma

width.

At our target density of 3.4 × 1016 cm−3, the plasma should be 239µm wide. Naively, we

would think to use a Bessel beam with Rb = 120µm. If we did, we would find that the plasma would

not be fully ionized but would be much wider than our requirement. Reducing Rb will increase the

plasma density, while reducing the diameter. To show this, we ran a series of refraction simulations

using the longitudinal intensity profile for the E300 optic, detailed in Sec. 4.7.2. We varied Rb

at two different energies to see how the plasma changed. The results are shown in Fig. 4.11. As

expected, the plasma width increases with Rb, while the plasma density is reduced.

We see a general trend across all the simulations we have run. If the width of the Bessel Rb

starts small, then there is minimal refraction, and the plasma will be ionized as expected from ADK
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Figure 4.11: Properties of a laser ionized plasma formed in a 3.5 × 1016 cm−3 lithium vapor. The
left plot shows the FWHM of the plasma as a function of the width of the central Bessel peak, 2Rb.
The right plot shows the peak plasma density as a function of Bessel width. Refraction widens
the laser focus resulting in a plasma that is wider than the Bessel peak. As the Bessel width is
increased, refraction lowers the peak intensity and prevents the plasma from being fully ionized.

using the un-refracted intensity. Increasing Rb results in increased refraction leading to a wider,

but lower intensity, pulse. At some point, the pulse intensity drops too low to fully ionize, but the

width of the partially ionized plasma continues to increase, see Fig. 4.11. Increasing the energy

does little when Rb is small—the plasma stays fully ionized. Surprisingly, at large Rb, the peak

intensity, and thus ionization fraction, is almost independent of the pulse energy. The increase in

energy only causes the refraction and defocusing to occur earlier in the pulse, but the peak intensity

remains unchanged. Instead, increasing the energy causes the plasma to get even wider as the rear

of the pulse is significantly refracted. Both effects can be seen in the orange curves of Fig. 4.11.

There is an optimal Rb for each combination of density and gas species, where the plasma is still

fully ionized, and the width is maximized. For lithium gas at 3.4×1016 cm−3 the optimum as about

Rb = 60µm.

4.5 Tandem Lens Optics

Given a target longitudinal intensity profile, Eq. (4.109) tells us how to find the laser’s

transverse intensity and phase at a plane upstream of the target. In this section, we present the

optical technique we chose to produce such a laser pulse. Axial intensity shaping has recently
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been demonstrated experimentally [108, 109]. These demonstrations used a phase only spatial light

modulator (SLM) to produce a hologram. When combined with Fourier spatial filtering at the

focus of a lens, phase only SLMs can create a pulse with shaped phase and intensity. The laser

fluence required for field ionization, however, is too large for any existing SLM. Even if an SLM

could be used, the efficiency of the technique is very low. Most of the laser energy ends up in

diffraction orders that are rejected by the spatial filter. We turn to an optical technique proposed

by Honkanen and Turunen [110] called the tandem lens. As the name implies, the optical system

is composed of a pair of lenses. The first lens is placed upstream of the second lens and shapes

the intensity on the second lens so that it matches the target intensity. The second lens removes

the residual phase left by the first lens and adds the target phase. A schematic of the tandem

lens technique is shown in Fig. 4.12. By solving for the transverse field using a superposition of

Bessel beams, we fully account for diffractive effects and significantly improve the performance of

the optics compared to the original idea.

Figure 4.12: Principle of operation of the tandem lens. The first lens shapes the intensity onto the
second lens. The second lens removes the residual phase from the first lens and adds the required
phase. Reproduced from Ref. [110].

4.5.1 Phase of Each Lens

We use simple ray tracing to design the phase of the first lens. The goal is to create a lens

that transforms one intensity profile into another over a given distance L. Call the plane a distance
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L from the lens the output plane. The intensity incident on the lens is the input intensity and the

intensity on the output plane is the output intensity. The lens design problem is then to find the

ray deflection as a function of radius, θ(r). From there, it is straightforward to find the phase of

the lens [111]. This problem is equivalent to mapping each radius on the lens, r, to a radius on the

target plane, r′. We can do this mapping using geometric energy conservation which can be stated

as

2πIin(r)rdr = 2πIout(r
′)r′dr′. (4.125)

This equation represents the mapping of energy from an annulus of thickness dr on the lens plane

to an annulus of thickness dr′ on the output plane. The two radii are related by the ray angle

according to

r′ = r + L tan[θ(r)]. (4.126)

Inserting into Eq. (4.125) gives a differential equation for θ(r)

dθ

dr
(L2θ + rL) + Lθ + r

(
1− Iin(r)

Iout(r + Lθ)

)
= 0 (4.127)

The boundary condition is slightly difficult to determine. If both lenses have non-zero intensity at

r = 0 then the boundary condition is θ(0) = 0. For the tandem lenses, Iout is often an annular

profile. The initial value of θ must map the center of the input lens to the inner radius of the annulus,

where there is appreciable intensity. The differential equation must be integrated numerically so

“appreciable” intensity in this case depends on the details of the step size and the intensity profile.

In practice, we use a different numerical technique, based off Eq. (4.125), to avoid these

issues. We start with Iout and r′ on a grid and calculate the corresponding r for each r′. We

start by writing Eq. (4.125) as single terms in a Riemann sum. We need the result to depend only

Iin(ri−1) and not ri, as we do not know ri, it is what we are solving for. We use a left Riemann

sum for Iin so it only depends on ri−1 and a middle Riemann sum for everything else

Iin(ri−1)
1

2
(ri + ri−1)(ri − ri−1) =

1

2
(Iout(r

′
i)r
′
i + Iout(r

′
i−1)r′i−1)(r′i − r′i−1). (4.128)
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The input radius is then given by

r2
i = (Iout,ir

′
i + Iout,i−1r

′
i−1)

∆r′

Iin(ri−1)
+ r2

i−1, (4.129)

where we have assumed we can evaluate Iin at arbitrary r, either through interpolation or analyti-

cally. We now have a recursion relation for ri starting from r0 = 0 and r′0. r′0 is chosen so that the

intensity is appreciable at r′0. Each ray goes from ri to r′i, so the ray angle is given, in the paraxial

limit, by

θ(ri) =
r′i − ri
L

(4.130)

Once the ray angles are known, it is straightforward to find the phase function of the lens. The

derivative of the phase is related to the ray angle according to

dφ(r)

dr
= − sin[θ(r)]. (4.131)

The phase of the first tandem lens is found by integrating Eq. (4.131).

The phase imparted by the first lens at the output plane is found by taking the incoming beam

profile, applying the phase of the first lens, and propagating to the second lens. The phase of the

second lens is then the difference between the target phase and the incoming phase. Fig. 4.13 shows

the tandem lens phases required to produce the transverse intensity and phase from Fig. 4.9(b),

with L = 1 m. The distance between the lenses is a free parameter, but numerical tests show it

does not have a significant impact on lens performance if it is sufficiently long to keep all the rays

paraxial while remaining short enough that diffraction is not significant.

4.5.2 Fabrication

The tandem optics can be created either using refractive or diffractive lenses. Because the

lenses are rotationally symmetric, they could be created as a refractive optic using single point

diamond turning. The surface relief of the optic would follow the phase profile. From Fig. 4.13, we

can see that the first tandem lens would have a sharp corner at the center that would be difficult

to fabricate with a turning process. We could of course ignore this section when designing the



164

0 2 4 6 8 10 12
r (mm)

−80

−60

−40

−20

0

20

40

60
ϕ 

(ra
di

an
s)

(a)

0 2 4 6 8 10
r (mm)

−300

−250

−200

−150

−100

−50

0

ϕ 
(ra

di
an

s)

(b)

Figure 4.13: Phases of both tandem lenses. (a) is the first lens, (b) is the second. The lenses are
designed to produce the transverse phase intensity profile of Fig. 4.9(b) from an incoming beam
with a super-Gaussian intensity profile defined by w0 = 12 mm and n = 8.

phase of the first lens, but this would lower the efficiency. The lens also must be thin to limit

the self-phase modulation introduced into the laser pulse. Thin lenses are difficult to turn without

introducing distortion into the lens, but the primary difficulty with refractive optics is the expense

to manufacture. For this reason, we use diffractive optics for the tandem lenses.

Diffractive optics work by exploiting the wave nature of light. In our case, we will be using

a binary optic, also called a kinoform. The surface profile of the optic is found by taking the phase

of the lens modulo 2π, and then dividing it into 2m uniform, discrete steps. The discretized phase

profile forms the surface profile of the optic. The physical height of each step corresponds to the

difference in material thickness required to produce a 2π/2m phase change. Assuming the material

has index of refraction n, the height of each step is

dstep =
λ

2m(n− 1)
. (4.132)

For an 800 nm laser passing through an 8 layer optic made of fused silica, n = 1.4533, the step

height is 220 nm. Etch depths of several 100 nm in fused silica are within the standard range of

reactive ion etching (RIE) techniques.

The disadvantages of a refractive optic are twofold: efficiency and wavelength sensitivity.

The discretization of the phase causes some amount of light to be transmitted into higher diffrac-

tion orders. In the language of Fourier optics, the discretized phase profile has spatial frequency
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Figure 4.14: The surface profile of the binary optic is created by taking the lens phase modulo 2π
(top plot to center plot) and discretizing into 2m layers (center to bottom plot). In this case, m = 3
and the lens has been discretized into 8 layers. The depth of each layer depends on the index of
refraction of the lens material according to Eq. (4.132).

harmonics at the spatial frequencies of the discrete steps. The first harmonic has a transverse

wavenumber kr corresponding to the width of the steps, there are also higher harmonics at half

the step size and up. These correspond to the first and higher diffraction orders. Light in the first

and higher diffraction orders has a larger spatial frequency than the light we want in the 0th order.

The efficiency of the optic is the fraction of the incoming laser power in the 0th diffraction order.

It increases with increasing m, at m = 3 it is over 95% for the design wavelength [112].

The step height of Eq. (4.132) depends on λ, called the design wavelength. Other colors of

light will not have perfect 2π phase wrapping and will have reduced diffraction efficiency and a

phase error. Looking at different colors from a ray optics perspective, the angle of the ray after

the optic will be shifted proportional to the frequency. For detailed calculations of the focal length

shift with frequency, see Refs. [113].

We attempted to make our own binary optics in the University of Colorado’s nanofabrication

lab, called the Colorado Shared Instrumentation in Nanofabrication and Characterization (COS-
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INC). The fabrication process starts by laser writing a mask for each etch step. For our optics,

we use m = 3 etches, which produces 23 = 8 layers. The masks start as 4 in squares of 0.06 in

thick soda lime glass with a 100 nm layer of chrome and then a 530 nm layer of AZ1518 photoresist

deposited onto one side. The masks are loaded into a direct laser writer (Heidelberg DWL 66FS)

where an ultraviolet laser exposes the photoresist in the regions that will be etched. Alignment

marks and serial numbers are also exposed during this step. The mask is then submerged in a

developer solution to dissolve the exposed resist. The mask is rinsed off, submerged in an acid bath

to etch away the chrome that is no longer covered by resist, and rinsed again before entering an

ultrasonic solvent bath that removes the undeveloped resist. Finally, the mask is rinsed, dried, and

inspected.

The optics start as 1 mm thick polished wafers of fused silica, 2 in in diameter. Each optic

is rinsed in solvent and then water to clean it before fabriaction. After cleaning, the wafers are

heated on a hot plate at 110◦C for 120 s to drive off moisture. The wafers are then spin coated

with HMDS, an adhesion promoter, at 6000 RPM for 30 s and thermally activated by heating at

110◦C for 120 s to improve the HMDS performance. The wafers are then spin coated with AZ9260

photoresist at 6000 RPM for 30 s producing a 5.7µm thick coating for the two shallow etches. For

the deepest etch, the wafers are coated twice at 4000 RPM for 30 s with a softbake of 110◦C for

180 s in between to help evaporate the solvent from the first coating. The resulting photoresist is

16.6µm thick. The wafers are then heated at 110◦C for 180 s to evaporate the rest of the solvent

from the resist. The wafers are allowed to rest for 30 min to re-hydrate and prevent cracking of the

photoresist layer.

The coated wafers are exposed through the masks using a Karl Suss MJB3 mask aligner. The

mask and wafer are placed into the machine and the mask is aligned to any previous etches manually

through a microscope. The mask aligner then clamps the mask to the substrate using vacuum and

exposes the backside of the mask to the light from an ultraviolet lamp. The thin photoresist layers

were given 3.5 min of exposure, the thick layers 5 min. After exposure, the wafers are submerged

in a container of developer for 2.5 min and 5 min for the thin and thick layers respectively. The
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developer dissolves the exposed photoresist. The wafers are then rinsed, dried, and heated on a hot

plate at 90◦C for 180 s. The wafers are then ready for the etch.

Wafers are etched in a reactive ion etcher using CF4 and O2 process gases at 14 sccm and

4 sccm, respectively. The chamber is kept at 180 mTorr with 300 W of RF power used to drive the

plasma. The etch rate for this recipe is approximately 36 nm/min. The remaining photoresist is

stripped from the wafers in a solvent ultrasonic bath. The wafers are then rinsed and dried, and the

process starts over again for the next etch. The etches are performed in order of increasing depth

starting with a 220 nm etch, then a 440 nm etch, and finishing with a 880 nm etch. A profilometer

trace after the first two etches is shown in Fig. 4.15. The measured etch depth of the second etch

was 430 ± 52 nm over 2 mm of the sample demonstrating good control of the etch depth, but less

than ideal etch uniformity.

Figure 4.15: Profilometer trace of a binary optic after performing a 220 nm etch and a 4400 nm
etch. The feature depth is the spacing between the black lines, and measures the depth of the
second etch. The surface relief has the stair step pattern expected from a binary optic.

Two issues plagued our attempts to make optics at COSINC. First, the RIE etcher produced

inconsistent results. It struggled to maintain process parameters, and as a result, the etch depths

and selectivity had large variation. Second, the mask aligner was in a state of disrepair making it

almost impossible to align multiple layers. The first etch is only a 220 nm deep feature in a clear

substrate. Resolving the etch under the mask aligner’s microscope was exceedingly difficult. The

result was a very low success rate with aligning multiple etches. In the end we had the optics
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manufactured by an external company, NILT Technologies. Microscope images of the binary optics

are shown in Fig. 4.16.

Figure 4.16: Microscope images of etched binary optics. Left is a false color image of a single etch
carried out in the nanofabrication lab at University of Colorado. Right is an image of a purchased
diffractive optic.

4.5.3 E301 Plasma and Optics

As an example of the optics design process presented in the previous sections, consider a

plasma for the E301 experiment at FACET-II. E301 is the designation for plasma wakefield exper-

iments using a laser ionized gas in a flooded chamber as the plasma source. The plasma source

is designed for the beam parameters presented in Sec. 5.2.2. The expected FACET-II beam pa-

rameters have changed slightly since we defined the plasma source requirements. For E301, the

initial design uses a 3.5× 1016 cm−3 bulk plasma with a length of 48 cm. The ramps on both ends

have a Gaussian profile. Numerical optimization was performed separately for both the x and y

direction to determine the optimal ramp length and ramp location relative to the focus of the elec-

tron beam (called the interaction point or IP). We cannot have different ramps in both transverse

directions, so the average of the two solutions was taken. The resulting entrance ramp has a length

of σent = 4.9 cm, with the top of the ramp located 15 cm downstream of the IP. The exit ramp

length is less critical and was chosen to have σexit = 6 cm.
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To find the target on-axis intensity, we started by finding the ionization fraction as a function

of peak intensity for a τp = 70 fs laser pulse using Eq. (4.5), with the ionization rate given by the

time averaged ADK formula of Eq. (4.11) and (4.33). The gas species is helium to minimize beam

ionization. We then numerically inverted the ionization fraction-intensity relation to get the peak

intensity as a function of ionization fraction. Using this, we converted the target plasma density

into a target laser intensity. We do not want the laser to have barely enough intensity to fully

ionize in the bulk, so we modify the intensity target by doubling the intensity in the fully ionized

part of the plasma. The intensity ramps up from the top of the ramps to ensure the overall target

profile is smooth. The final target intensity profile is shown in Fig. 4.17(d) where the tops of the

ramps are clearly visible.

The longitudinal intensity is converted into the required transverse phase and intensity of

the laser at the second tandem optic using Eqs. (4.108) and (4.109). The Bessel width was chosen

to be Rb = 75µm, which maximizes the plasma width. Fig. 4.17 shows the transverse intensity at

the second tandem optic. The phase of both tandem lenses is found using the procedure outlined

in Sec. 4.5.1. The locations of the lenses relative to the plasma are dictated by the layout of the IP

area at FACET-II, the second lens is 1.75 m upstream of the IP and the first lens is 1 m upstream

of the second. For more details of the IP layout see Sec. 5.2.3. The phases of the two lenses are

shown in Fig. 4.17(b) and (c).

The actual plasma formed will not match the target plasma due to refraction during the

ionization process. We ran a split-step Fourier simulation of the ionization process to see how

the ramps were distorted. The results are presented in Fig. 4.17(f). The distortion is minimal

in the entrance ramp but is significant near the end of the plasma and in the exit ramp. We

calculated the emittance growth through the plasma in order to see how well the actual plasma

source would perform. We included energy gain using the simple energy gain model of Eq. (3.76)

with E0 = 18.7 GV/m determined from PIC simulation and E1 = 0. The resulting emittance

evolution for both the x and y directions is shown in Fig. 4.18. The emittance growth is only 4%

in both directions, which is about the minimum possible due to the difference in waist position
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Figure 4.17: Initial lens design for E301. (a) peak laser intensity at lens B as a result of the phase
imparted by lens A. (b) phase imparted by lens A. (c) phase imparted by lens B. (d) simulated
laser intensity in vacuum, the lineouts show the on-axis intensity from simulation (dashed) and the
target (solid). (e) transverse plasma density at the start, middle, and end of the bulk plasma. (f)
simulated plasma density including refraction. (g) longitudinal plasma density on-axis.

between the two directions.

4.6 The Problem of the Electron Beam

We worked out the electric field produced by the electron beam in Sec. 2.3.5. Using Eq. (2.174)

to calculate the fields from the FACET-II drive beam, we see that the beam easily has fields on

the order of 100 GV/m when matched to the plasma. Such a strong field is more than sufficient

to field ionize helium. The problem is made worse by the fact that the location of the drive beam

focus is downstream of the witness beam focus. As a result, both the drive and witness beam can

be simultaneously matched to the plasma. For emittance preservation, the witness beam must be
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Figure 4.18: Growth of the witness beam’s emittance in the E301 plasma source. The plasma
density profile is taken from the output of a refraction simulation, distortion is obvious in the down
ramp.

matched, and thus, the drive beam cannot be matched and will undergo betatron oscillations in

the ramp. At the minimum of the oscillations, the beam will pinch down below the matched size,

increasing the strength of the electric field and resulting in even more ionization. The end result

is a significant, potentially nonlinear, distortion of the partially ionized ramp that will prevent

emittance preservation at the µm level. An example of the drive beam ionization in the E301

plasma source is shown in Fig. 4.19. For initial experiments, the emittance of the drive beam can

be spoiled by introducing foils into the beam line. The resulting beam fields are reduced below the

ionization threshold. The spoiled beams will at least allow proof of principle emittance preservation

experiments, but new plasma sources will have to be developed to preserve the beam emittance at

the µm level.

4.7 Shaping the Gas Density

Beam ionization distorts the partially ionized ramps in a laser ionized plasma source, pre-

venting emittance preservation at the µm level. The obvious solution is to form the ramps using a

shaped gas density and then fully ionize the plasma source along its entire length. LWFA exper-

iments routinely use this approach either with a capillary discharge plasma, a gas cell, or a small

gas jet. From Sec. 3.6, we know that we need a plasma that is about 50 cm long. It is most likely
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Figure 4.19: Beam ionization fraction in E301. The beam fields will ionize the remaining gas in
the ramp every time the beam pinches down. By the time the beam reaches the bulk plasma it is
continuously ionizing a annulus around itself.

possible to build a capillary discharge plasma this long, the longest capillary discharge built for

LWFA is 40 cm long [114], but the uniformity of the plasma along the length of the discharge is

unknown. Ramps are formed by the expansion of gas from the gas inlet to the end out the capillary

and out into the surrounding vacuum. Even with a long enough capillary, the ramp lengths are

short and difficult to control and there is no guarantee that the gas is fully ionized in the ramps

[64, 115]. The next option is a gas cell, a chamber filled with gas with small apertures at the en-

trance and exit.13 Again, the expansion of the gas as it flows out of the apertures creates density

ramps. The main difference from a capillary discharge is that the gas cell is either beam ionized,

or laser ionized. To produce ramps of reasonable length, the inlet and outlet must have diameters

on the order of millimeters. Such small apertures do not allow ionization of long plasmas using an

axicon or tandem lens, which requires at least a 2 cm of clear aperture.

Both round and slit gas jets have been heavily used in LWFA. The shape of the nozzle can

be modified to control the gas density profile and there are no obstructions to laser ionization.

However, gas jets typically have sizes on the order of millimeters up to a couple centimeters, using

them at FACET-II would require more than an order of magnitude increase in length. To determine

if they would be a feasible option, we ran simulations of elongated gas jets to see what the typical

longitudinal and transverse profiles would look like for FACET-II densities. The simulations are

13 Technically a capillary is a kind of gas cell where the outlet apertures are about the same size as the cell cross
section.
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discussed in Sec. 4.7.1.

The main plasma source used in PWFA experiments to date is an alkali vapor heat pipe

oven. These plasma source can produce very long alkali vapor columns with controlled ramps at

the entrance and exit. The alkali vapor is contained in the oven with a cooled buffer gas of helium,

for more details on their operation see Sec. 5.2.3 and Ref. [116]. Originally designed for beam

ionization, the vapor has a very low first ionization threshold. Even though the beam can ionize

the plasma, laser pre-ionizing helps minimize head erosion. Unfortunately, heat pipe ovens still

suffer from ramp degradation due to beam ionization of the buffer gas on either side. Nevertheless,

the first experiments at FACET-II will utilize a lithium heat pipe oven because the initial beam

emittance will be low enough that it will not ionize helium. The lithium oven is a good test bed

for developing optics to ionize an elongated gas jet—from the laser’s perspective the setup is the

same. In Sec. 4.7.2, we present a tandem lens design for ionizing the lithium oven at FACET-II.

4.7.1 Elongated Gas Jets

One way to avoid the distortion of the plasma ramps due to beam ionization is to shape

the gas density into a ramp and fully ionize all the gas. We propose using a very long gas jet to

produce a suitable gas density. The density distribution of the gas is controlled by the geometry of

the nozzle and the backing pressure behind the nozzle. A set of tandem lenses can then fully ionize

the entire length of the plasma source.

The question we must answer is: how does the nozzle geometry impact the gas density

profile? We will use a converging-diverging nozzle to expand the gas from a reservoir into vacuum,

Fig. 4.20(a) shows the cross section of a typical nozzle. A converging-diverging nozzle directed into

vacuum will produce supersonic jets of gas that expand away from the nozzle in a non-isotropic

distribution. Within the nozzle, the gas properties are described analytically by 1D isentropic

theory [117, 118]. The fluid properties can all be found from the Mach number M , which is related
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to the area of the nozzle by

A

A∗
=

1

M

(
2 + (k − 1)M2

1 + k

)(k+1)/[2(k−1)]

, (4.133)

where A∗ is the area of the nozzle throat, A is the nozzle area as a function of x, and k = cp/cv is

the ratio of specific heat at constant pressure cp to specific heat at constant volume cv. The rest of

the fluid properties follow from M :

p

p0
=

(
2

2 + (k − 1)M2

)k/(k−1)

(4.134)

T

T0
=

2

2 + (k − 1)M2
(4.135)

ρ

ρ0
=

(
2

2 + (k − 1)M2

)1/(k−1)

, (4.136)

where p is the pressure, T is the temperature, and ρ is the density. The subscript zero denotes

the fluid properties in the reservoir backing the nozzle. The shape of the converging section of the

nozzle is unimportant as long as it smoothly tapers to the throat. The gas jet can only produce

suitable ramps if the background gas density in the chamber is very low, otherwise the background

gas will be ionized and impact the beam evolution. This means the gas must be pumped out

between shots and the gas flow into the chamber should be minimized. The nozzles then should

have a narrow throat width, wt < 1 mm. Since wt is much less than the length of the nozzle L, the

nozzle behaves as a 2D structure and A in Eq. (4.133) can be replaced by the nozzle width.

1D isentropic theory assumes there is no transverse variation in the gas properties. The fluid

velocity, however, always drops to zero at the edge of the nozzle, and there is a transition zone from

the uniform flow at the center of the nozzle to the stationary flow at the edge, called the boundary

layer. The impact of the boundary layer is quantified by the dimensionless Knudsen number Kn

[118]

Kn =
λMF

L
=

1√
2σngL

, (4.137)
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Figure 4.20: A converging-diverging, low pressure 2D nozzle. (a) schematic of the nozzle geometry.
The diverging part of the nozzle is linear with half angle α. The geometry of the converging part of
the nozzle has little effect on the flow. (b) Mach number within the nozzle. At the nozzle throat,
M = 1 and increases in the diverging part of the nozzle. At the gas densities relevant for PWFA,
the boundary layers occupy a significant portion of the nozzle. (c) velocity and density profile 1 mm
before the mouth of the nozzle showing that the boundary layers extend almost to the center of
the nozzle.

where λMF is the mean free path of the gas molecules, L is the characteristic size of the geometry,

and σ is the scattering cross section of the molecules. As long Kn < 10−1, continuum fluid

mechanics is a valid approximation, but the boundary layer can become significant. Typical gas

jets, such as rocket nozzles or high density LWFA jets, operate in a regime where the boundary

layer effect is minimal. We want gas densities of around 3.5× 1016 cm−3 about 1 cm above the gas

jet. The resulting density in the jet is low enough that the boundary layer is significant as shown

in Fig. 4.20(b) and (c). The boundary layer extends nearly to the center of the jet at the nozzle

outlet. We are forced to turn to simulation to determine the flow behavior of the nozzle.

We considered 2D conical nozzles, which have straight sides in the diverging section. The

geometry of the nozzle is shown in Fig. 4.20(a). The throat width wt, diverging angle α, and exit

width we fully define the nozzle. From Eq. (4.133) we can see that the important parameter is

the area ratio we/wt, which we will typically use instead of we. We ran 2D computational fluid

dynamics (CFD) simulations (Solidworks Flow Simulation) of different conical nozzle geometries to

see how the nozzle geometry impacts the density distribution of the plume. The results are shown



176

in Fig. 4.21. Two different throat sizes were simulated, the larger throat resulted in a plume with

lower density at the exit of the nozzle, but the density dropped off more slowly in the axial direction.

The transverse profile of the plume 10 mm away from the nozzle was similar for both throat sizes.

Larger area ratio has a similar effect as throat width, reducing the density at the nozzle exit with

a slower drop off away from the nozzle. The transverse profile is slightly narrower for large area

ratio. The diverging angle had a small impact on the longitudinal density, with small diverging

angle leading to lower density. The diverging angle has the largest impact on the transverse profile,

with larger diverging angles leading to narrower plumes. We also simulated a bell shaped nozzle

but the profile was very similar to the 2D conical nozzles due to the large boundary layer [119].

Figure 4.21: Variation in the gas density profile as a function of 2D nozzle geometry. The top
plots show the axial gas density (a) and the transverse gas density 10 mm above the nozzle (b) at
AR = 10 for different throat sizes. The bottom shows the axial (c) and transverse (d) density for
a wt = 1 mm nozzle with different expansion ratios (color). In all figures the shading indicates α
from 5◦ to 15◦ (dark to light).

Remember, the primary goal of our plasma sources is to preserve the beam emittance. The

jet needs to produce appropriate ramped gas density profiles on the entrance and exit to achieve
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this goal. We ran a series of simulations of a full 40 cm gas jet with different end geometries to see

what ramp shapes we could achieve. The end geometries all consisted of a flat plane truncating

the end of the nozzle. The angle between the plane and the axial direction was varied between 0◦

to 15◦. The ramp lengths at larger angles are around 5 cm long, about the length we require for

matching the witness beam to the bulk plasma. After initial proof of concept experiments with

a flooded chamber, the elongated gas jet will be considered as a replacement plasma source at

FACET-II.

Figure 4.22: Gas density ramp at the end of several elongated gas jets with different end geometries.
The purple points use a nozzle with α = 5◦, the red use α = 10◦. Both nozzles have T = 1 mm and
AR = 10. The end of the nozzle is a flat plane inclined relative to the nozzle flow direction. Dark
to light is inclined angles from 0◦ to 15◦.

4.7.2 Laser Ionization of a Lithium Vapor Oven

The lithium heat pipe oven differs from the E301 plasma source in that the gas species already

has the correct density profile and simply needs to be ionized along the entire length of the oven.

The lithium oven is good analog for the ionization optics that would be used on an elongated gas

jet. We follow the same approach as Sec. 4.5.3, but we have more freedom in choosing the target

intensity profile because we no longer need to form ramps. The lithium gas density in the oven

rises from zero and drops back down to zero over a length of 80 cm. With experience, we have

found that the plasma source width is maximized if the laser intensity grows as it propagates. The

target laser intensity is set to be 6 times that required for full ionization at the start of the lithium
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oven and grows by 40% over 80 cm. Somewhat arbitrary intensity ramps are added to either side

to maintain a smooth intensity profile. The target is shown in Fig. 4.23(d). For lithium, we ran a

set of refraction simulations with different Rb to find the value that produced the widest plasma

while still fully ionizing across the entire width. The optimal value was Rb = 60µm.

Figure 4.23: Design of the LO8 optic for E300. (a) peak laser intensity at lens B as a result of the
phase imparted by lens A. (b) phase imparted by lens A. (c) phase imparted by lens B. (d) simulated
laser intensity in vacuum, the lineouts show the on-axis intensity from simulation (dashed) and the
target (solid). (e) transverse plasma density at the start, middle, and end of the bulk plasma. (f)
simulated plasma density including refraction. (g) longitudinal plasma density on-axis. For the
lithium oven, the longitudinal density profile is determined by the lithium density along the oven.

The tandem lens pair sits in the accelerator with the second lens 1.75 m upstream of the

start of the 80 cm long lithium oven. The first tandem lens is 1 m upstream of the second. The

intensity on the second lens and the phases of the two lenses are shown in Fig. 4.23(a), (b), and

(c), respectively. The simulated plasma profile, with refraction, is shown in Fig. 4.23(f). The
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widening of the plasma through refraction is clearly visible. The plasma width at the beginning of

the entrance ramp is the width of the central Bessel peak in vacuum. As the beam propagates, the

plasma widens significantly. In the lithium oven, the plasma width does not need to fully contain

the wake because the ionization threshold is low enough that the drive beam will ionize a much

wider region than the laser. The pre-ionized plasma is there to minimize head erosion in the drive

beam. The longitudinal line-out in Fig. 4.23(g) shows the lithium density profile, which is the

plasma density profile in the lithium oven.



Chapter 5

Experimental Setup

The experimental campaign to demonstrate emittance preservation can be broken down into

two pieces. The first is demonstrating that the laser ionization optics perform as expected and can

produce the desired plasma profile. The second is firing a pair of electron bunches into the plasma

and showing that the emittance of the witness beam is preserved during acceleration, preferably

with significant energy gain and minimal energy spread. The electron beams are provided by the

FACET-II accelerator at SLAC. The accelerator is equipped with a suitable laser for producing

laser ionized plasma sources, but the experimental environment at FACET-II is challenging. The

experimental area is located 10 m underground and 100 m from the nearest staircase and space

in the tunnel is limited. Because the experiment is located in the accelerator housing, physical

access to the experimental area is limited to when the accelerator is shutdown. Making changes

or adjusting setups is time consuming and difficult. The best approach is to test and validate the

plasma formation away from FACET-II and then install it for the final experiment. For this reason,

characterizing the optics for laser ionization is carried out in our lab at University of Colorado

Boulder (CU). The laser system at CU is intentionally designed to have similar specifications to

the experimental laser at FACET-II.

In this chapter, we describe the experimental setups at both CU and FACET-II. We start

with the 15 TW laser system, vacuum system, and control system built at CU for these experiments.

Next, we describe the experimental setup used to characterize the tandem lenses; the results of the

tests are presented in Ch. 5. Then we move to FACET-II with a brief description of the accelerator
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itself, followed by a more detailed description of the experimental area and laser system.

5.1 University of Colorado Laser Lab

The laser lab at the University of Colorado Boulder is designed for plasma source and diag-

nostic development for FACET-II. The lab revolves around a 15 TW peak power ultrafast Ti:sapph

laser, model Centaurus from Continuum Inc. (now Amplitude Laser Group). The laser produces

30 fs, 450 mJ pulses at 10 Hz repetition rate. The laser is coupled to an experimental vacuum sys-

tem with a deformable mirror (DM) and a large volume that can be filled with gas for producing

laser ionized plasmas in. The experimental equipment is controlled by a home-made central data

acquisition system and control computer.

5.1.1 The Laser System

The laser is a commercial system that fits on a single 4 ft by 12 ft optical table with a free

standing in-vacuum compressor at the foot of the table occupying a 4 ft x 4 ft area. The layout of

the system is shown in Fig. 5.1. The laser chain consists of an oscillator (Laser Quantum Venteon

Power) producing 10 fs pulses at 80 MHz repetition rate. The pulses enter the stretcher enclosure

where an Öffner triplet stretches the pulses to 300 ps. A fast photodiode just upstream of the

stretcher generates a 80 MHz electrical signal which is divided by the laser’s timing system to

produce the 10 Hz triggers for the rest of the system. After the stretcher is a Faraday isolator

followed by a pulse picker. The pulse picker uses a Pockels cell and a polarizing beam splitter to

select every 8th million pulse, reducing the pulse train to 10 Hz repetition rate. The rest of the

pulses are sent back through the Faraday isolator, where they are dumped.

After stretching and downsampling to 10 Hz, the laser pulses are ready for amplification. The

next enclosure contains both the regenerative amplifier (regen) and the first multi-pass amplifier

(MP1). Both are pumped by a single Continuum Inlite II producing 150 mJ, 6 ns pulses of 532 nm

light at 10 Hz. The regen amplifies the 800 nm seed pulses up to 0.7 mJ using a Brewster cut

Ti:sapph crystal. The pulses are further amplified in the 5-pass MP1 to 20.5 mJ before leaving the
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Figure 5.1: Schematic of the 15 TW laser system at the University of Colorado. Ultrashort laser
pulses are generated in the oscillator before being stretched and amplified by a chain of three
amplifiers: regenerative amplifier to 0.7 mJ, first multi-pass amplifier to 20.5 mJ, and second multi-
pass amplifier to 550 mJ. The amplifier are pumped by two of 532 nm lasers.

enclosure and entering the enclosure for the second multi-pass amplifier (MP2). MP2 is pumped

by a Continuum Powerlite DLS which produces 2 J, 6 ns laser pulses of 532 nm light at 10 Hz.

The pump pulses pass through a homogenizer before reaching the Ti:sapph crystal in MP2. The

homogenizer helps create a uniform transverse intensity in the 800 nm pulse. MP2 is a water cooled,

4-pass amplifier that increases the laser power to 550 mJ. A beam sampler picks off 5% of the laser

pulse, most of which is sent into a pair of probe lines. After each multi-pass amplifier is a camera

imaging the laser beam at the Ti:sapph crystal, called a near field imaging system, and a camera

imaging the focal point of a spherical lens, called a far field imaging system. The near field camera

monitors the laser position, the far field camera monitors the pointing angle of the laser, together

they act as an alignment reference.

The pulse passes through a collimation lens and then a periscope to raise it to the height of

the compressor chamber. Inside the chamber, a pair of gratings compress the pulse down to 30 fs

with 80% energy efficiency. The grating spacing is remotely adjustable allowing the compression to

be adjusted to compensate for dispersion in downstream optics. The final mirror in the compressor

is also motorized to allow alignment through the exit window of the compressor. The window has

an aperture of 30.2 mm, which is slightly smaller than the beam diameter. Therefore, alignment

adjustability after pumping the chamber down to vacuum is critical to minimize clipping on the
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aperture. After passing through the exit window, the laser enters the first experimental chamber

where it reflects off a deformable mirror (Imagine Optics Ilao Star). Leakage light from the mirror

directly after the deformable mirror passes out of the vacuum chamber through a window and is

imaged by a 4f, M = 0.1 telescope onto a Shack-Hartmann wavefront sensor. The wavefront sensor

acts in closed loop with the DM to produce a target phase profile. The DM can typically reduce

the wavefront error to < 0.2µm P-V and < 0.03µm RMS. We have seen P-V errors less than λ/10.

A summary of typical laser parameters after the DM is shown in Fig. 5.2.

Figure 5.2: Pulse parameters of the laser system. (a) the transverse profile is slightly clipped by the
window aperture on the compressor. MP2 was not pumped for this image, the transverse profile
is more uniform when pumped. (b) measured wavefront of the laser after correction with the DM,
focus and tilts have been removed. The RMS wavefront is 21 nm. (c) laser pointing jitter over 1000
shots taken at the focal plane of a 1 m focal length lens.

5.1.2 The Vacuum System

The vacuum system starts with the vacuum compressor for the laser system. The compressor

is pumped by an Agilent TwissTorr 304fs turbomolecular pump and typically operates at a couple

10−7 mTorr to protect the surface coatings of the gratings. The compressor has its own roughing

pump which also serves as a backing pump for the turbo. All the valves on the system are pneu-

matically operated which allows the pump down of the chamber to be automated by a controller

supplied with the laser system. The compressor chamber is free standing on its own supports and

is not coupled to the optical tables. Inside the chamber is an optical breadboard that is decoupled
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from the chamber and mounted to the floor through a separate support structure. The compressor

vacuum is isolated from the rest of the system by a window installed in the bellows between the

compressor and the next chamber, called chamber A. The main experimental system is composed

of two chambers, chamber A and chamber B, separated by 39.25 in. In between the two chambers

is a six-way vacuum cross with gate valves between it and either chamber. Spools connect the gate

valves to the cross.

The system is pumped by an Agilent TwissTorr 304fs turbomolecular pump mounted on top

of the cross, a gate valve is placed between the turbo and the cross so that it can be isolated

from the vacuum system. The system has a separate roughing pump that is connected via right

angle valves to both the chambers and the six-way cross. The gate valves separate the system into

three vacuum volumes, chamber A, six-way cross, and chamber B, each of which can be roughed

individually. The six-way cross can be pumped by the turbo pump directly while chambers A

and B can be pumped to high vacuum by opening the gate valve between the chamber and the

six-way cross. The chambers can be flooded with either nitrogen, argon, or helium from a set of

manifolds plumbed into each of the three vacuum volumes. The layout of the system is summarized

in Fig. 5.3.

Figure 5.3: Diagram of the vacuum system. The laser pulse is compressed in the compressor
chamber which is vacuum isolated from the rest of the system by a thin window. Laser preperation
occurs in chamber A and the plasma is formed in chamber B.

Chamber A is primarily used for preparing the laser. Inside the chamber is the deformable
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mirror for correcting the laser wavefront. In plasma generation experiments, the focusing optics

are typically located in chamber A. The chamber is equipped with a selection of windows and

electronics feedthroughs. All the mirrors in the chamber are motorized to allow remote alignment

while the system is pumped down. Being able to align the system under vacuum is important

because the system tends to shift during pump-down. Leakage light from several mirrors exits

the chamber through the windows and can be used for diagnostics. Plasma formation typically

occurs either in the six-way cross, chamber 2 or both. The cross and chamber B are equipped with

windows to accommodate optical diagnostics of the plasma.

5.1.3 DAQ

The data acquisition system (DAQ) handles recording data from instruments, controlling the

experimental hardware, and displaying data in live time. The system is a custom python program

and GUI that operates on a single computer and connects to instruments in the lab either over a

dedicated local area network or via USB. The program is heavily multi-processed to prevent one

instrument from holding up data acquisition from other instruments. Each device interfacing with

the DAQ, whether it be a turbo pump controller or a camera, has two dedicated processes for data

acquisition and control. The first process handles sending and receiving commands from the device,

and the second handles saving data to disk. With this architecture, a device that takes a long time

to reply to a request will not prevent commands from being sent to any other device. Similarly,

saving the data to disk will not interrupt data gathering. In fact, the computer has enough memory,

256 Gb, to temporarily store a significant number of shots in memory before saving them to disk.

On top of the DAQ processes is a GUI which provides a convenient way to control the system as

well as displaying live data from the instruments. Simple post-processing applications are built

into the GUI, such as reference crosses on images, to aid in running experiments.

Synchronization of the experimental systems is handled by a signal delay generator (Stanford

Research Systems DG645). The master timing signal comes from the laser system. The signal

delay generator (SDG) can then generate triggers for measurement devices such as cameras and
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spectrometers. The SDG can be enabled and disabled by a home-built timing controller that

interfaces with the DAQ. One output of the SDG is fed back into the timing controller to keep

track of the shots in the current dataset. This allows shot numbers to be assigned to the data

from multiple instruments and be confident the shot numbers are synchronized across instruments.

The system works as follows. When a new dataset is started, all instruments are stopped, and the

SDG is disabled turning off the trigger signals. The instruments are reset and told to wait for a

trigger and that they will be taking N shots. Once all instruments are ready, the SDG is enabled,

and the timing controller starts counting the trigger signals sent out by the SDG. Once the timing

controller has counted to N , it disables the SDG ensuring that only N triggers have been sent out.

The number of shots recorded by each instrument is then counted. As long as each instrument

recorded N shots, we can be confident that all the shots are synchronized. If any shots are missing,

the dataset is retaken. Typical datasets range from 10 to 100 shots, which take 1-10 seconds when

the laser is firing at its nominal rate of 10 Hz.

5.1.4 Setup for Testing Lenses

Optical characterization of the tandem lens was performed outside of vacuum for convenience.

Fig. 5.4 is a schematic diagram of the experiment. The setup uses the leakage light normally used

for the wavefront sensor. The leakage from the first mirror after the DM exits the vacuum through

a window on the chamber. The light passes through a periscope, bringing it to table height, and

is reflected off a beamsplitter then a mirror to reach the first tandem lens, a second mirror directs

the beam through the second tandem lens and down the optical table. The first tandem lens

is mounted on a kinematic mount with four degrees of freedom: translation in both transverse

directions and rotation in pitch and yaw. The second tandem lens mount is on a slightly different

kinematic mount that allows translation in the horizontal and longitudinal directions as well as

pitch and yaw rotation. The pitch degree of freedom is provided by a micrometer rotation stage to

ensure known angular adjustments. This is used for finding the angular alignment tolerance of the

optic. A custom built 2.2 m travel translation stage is placed after the tandem lens to measure the
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evolution of the pulse.

The light transmitted through the first beamsplitter is used to characterize the laser before

it reaches the optics. A 4f imaging telescope with M = 0.1 is used to image the surface of the DM

onto a near field camera and a Shack-Hartmann wavefront sensor. A second diagnostic arm focuses

the laser with a 1 m focal length lens. The focal spot is imaged onto a far field camera using a 10×

microscope objective. In addition, a spectrometer can be inserted into the laser before the first

tandem lens to measure the spectrum of the pulse. The near and far field allow measurements of the

beam profile and pointing stability. The far field was used to take the pointing jitter measurements

in Fig. 5.2(c).

5.2 FACET-II Accelerator

The Facility for Advanced Accelerator Experimental Tests (FACET) operated from 2011 to

2016 producing the highest energy electrons and positrons in the world. The facility was designed

to provide the high peak current, high energy electron beams needed to develop plasma wakefield

accelerators. The accelerator occupied the first 2 km of the 3 km SLAC linac, delivering 20 GeV

electron and positron beams to a group of experiments tucked away in the middle of the linac

tunnel [7]. In 2016 LCLS-II began construction in the first kilometer of the accelerator, requiring

the removal of the first half of the FACET accelerator. This provided an opportunity to install

a new electron source and upgrade FACET into FACET-II with half the energy, but significantly

lower emittance and increased peak current. The peak current is so high, it opens up research

opportunities in high energy physics as well as advanced accelerator research. The experimental

area of the accelerator has been redesigned to handle a selection of diverse experiments in both

fields [120].

In this section, we give a brief overview of the FACET-II accelerator from the electron source

to the experimental area. We discuss the expected beam parameters for PWFA experiments and

go over the parts of the experimental system relevant to emittance preservation, in particular the

laser ionized plasma source, lithium oven, and diagnostics.
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5.2.1 Brief Linac Overview

The FACET-II accelerator starts in sector 10, 1 km from the start of the original SLAC linac,

where the electron gun is located in a bunker off the side of the main accelerator housing. The

accelerator housing, also called the tunnel, is located 10 m underground and contains the magnets

and RF cavities of the accelerator. At ground level above the accelerator is the Klystron gallery,

stretching the full length of the accelerator. The gallery contains the RF amplifiers (Klystrons)

used to feed the accelerating cavities, it also contains support equipment such as electronics and

vacuum pumps for the linac. After the gun, the beam is accelerated to 135 MeV before entering

the main linac where it is accelerated and then longitudinally compressed in three stages. Finally,

the beam reaches the final focus and experimental area. An overall schematic of the FACET-II

linac is shown in Fig. 5.5. The accelerator can produce beams with a range of parameters; in the

following paragraphs, we consider a typical beam for PWFA experiments.

Figure 5.5: Overall schematic of the FACET-II accelerator. The beam is generated in a photo-
injector (RF gun) before being sent through a series of RF accelerating structures (yellow) and
bunch compressors before reaching the final focus and experimental area. Reproduced from
Ref. [121].

A photocathode source provides the electrons for FACET-II. Within the source, a 400µJ UV

laser pulse at 253 nm is sent onto a copper cathode within a 1.6 cell RF cavity. The laser pulse

releases 2 nC worth of electrons from the copper. The phase of the RF cavity is synchronized to

the laser so that the electrons are injected near the peak of the RF field. As a result, the particles
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quickly accelerate to 4.2 MeV before the emittance has a chance to grow significantly due to space

charge affects. The bunch immediately passes through a solenoid magnet integrated onto the end

of the RF cavity that focuses the bunch. Fig. 5.6 is a schematic of the RF gun showing the RF

cavity, solenoid magnet, and the path the laser takes to the cathode. The beam then enters a pair of

3 m S-band accelerating structures to increase the energy to 135 MeV. These first two accelerating

structures are called L0 and, combined with the gun, form the part of the accelerator called the

injector.

Figure 5.6: FACET-II photo-injector electron source. A UV laser pulse enters the vacuum system
from the top of the image and is reflected onto the copper cathode. The UV photons free electrons
from the copper and into the fields of a 1.6 cell S-band RF cavity. The electrons are accelerated in
the cavity to 4.2 MeV before entering a focusing solenoid.

The beam is injected onto the main accelerator axis by a pair of dipole magnets. The

main accelerator accelerates and compresses the beam in three stages, shown in Fig. 5.7. Each

acceleration section is composed of many 3 m long S-band traveling wave structures, with every three

powered by a Klystron RF amplifier. In the first acceleration stage (L1), the beam is accelerated

to 335 MeV while travelling through the accelerating structures −20.5◦ off-crest of the RF wave,

generating an energy chirp for compression. This is followed by the first round of compression in a

4-bend chicane in sector 11 (BC11), reducing the beam length to 468µm. The second acceleration

stage (L2) follows. The beam is boosted to 4.5 GeV at −39.0◦ before being compressed by a second
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4-bend chicane (BC14) to 96µm. Typically, the beam is slightly over-compressed to provide the

required chirp for the final bunch compressor. In the third and final stage of acceleration, the

beam reaches the full 10 GeV energy, accelerated on the RF crest [120]. Before delivery to the

experimental area, the beam is compressed to its final length of 1.8µm in the W-chicane shown in

Fig. 5.8.

Figure 5.7: Overview of the FACET-II linac. The beam is accelerated in a series of S-band
travelling-wave RF structures. Each box represents four 3 m long RF sections fed by a single
Klystron. Reproduced from Ref. [120] .

Fig. 5.8 also shows a top level schematic of the experimental area, located after the final

bunch compressor. The experimental area will be covered in more detail in Secs. 5.2.3 and 5.2.4,

but, in brief, it contains the transverse deflecting cavity, final focus magnets, interaction point (IP)

area with experimental hardware—targets and plasma source—and laser, imaging spectrometer

for the electron beam, gamma ray/x-ray diagnostics and the beam dump. From the linac side,

the experimental area is dedicated to shaping the beam for experiments and measuring the beam

parameters before and after the experiment.

In our description so far, we have only described the process to generate and accelerate a

single beam. Plasma wakefield acceleration requires two bunches, a drive and witness. Two ways

are available to produce the two bunch structure at FACET-II. The first technique is illustrated in

the top of Fig. 5.8. The beam is dispersed transversely according to energy within the W-chicane.1
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Figure 5.8: Final bunch compressor and IP area of FACET. Dipole magnets are labelled with (D).
(a) is the notch collimator, (b) the transverse deflecting cavity, (c) a spectrometer, (d) final focus
magnets, (e) plasma ionization laser, (f) plasma source, (g) image quadrupoles for the spectrometer,
(h) spectrometer dipole magnet, and (i) screens for imaging the beam. For FACET-II the transverse
deflecting cavity has been moved after the chicane and an additional quadrupole has been added
to the imaging spectrometer. Reproduced from Litos et al. [8].

If the beam has some initial energy chirp, which it must for compression, then each energy slice

is located at a different longitudinal position in the beam. In the chicane, the beam is displaced

transversely according to energy and, therefore, displaced transversely according to longitudinal

position. The beam can then be sliced in two transversely by placing a dense metal in the way of

the center part of the beam. The transverse two bunch structure will be rotated into a two bunch

longitudinal structure through the rest of the chicane. The device that blocks the center of the

beam is called the notch collimator and it includes adjustable pieces to block the tails of the beam

as well. The second way to produce two beams is to send two, closely spaced, laser pulses into the

photocathode. The beams are then accelerated and compressed together through the linac. The

final pulse can be cleaned up using the notch collimator.

1 Compression of the electron beam works the same way as a laser beam. The beam is given an energy chirp
along its length before being passed through a set of optics where the different energy components take different path
lengths. The particles at the rear of the beam take a shorter path and catch up to the particles at the front. In a
chicane the difference in path length comes from dispersing the beam. In the transport matrix formalism, a bunch
compressor has a non-zero R56.
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5.2.2 Beam Parameters

The FACET-II team at SLAC has run numerous particle tracking simulations of the beam

through the accelerator to develop machine configurations for various experiments. These simu-

lations provide the full phase space distribution of the electron beam throughout the linac. The

phase space of the nominal two bunch configuration at the beginning of the plasma source is shown

in Fig. 5.9. The two bunch structure in these simulations was created by sending two laser pulses

onto the cathode. The accelerator is highly tunable, and the bunch structure can be adjusted in a

range around these parameters, although these simulations are near peak compression so the bunch

length can only be made longer.

The drive and witness beams do not have exactly the same energy. Any chromatic aberrations

in the focusing system will cause the two beams to be focused differently, especially when they are

focused to very small spot sizes. The beam parameters shown in Fig. 5.9 are taken at the vacuum

focus of the witness beam, which is called the IP and is located near the beginning of the density

ramp of the plasma source. The drive beam size is much larger at this location because the drive

beam waist in the horizontal x direction is 14.8 cm downstream and in the vertical y direction is

34.1 cm downstream. At the IP, the CS parameters of the witness beam in x and y, respectively,

are αx,y = 0.1, 0.7 and βx,y = 5.0, 7.0 cm. For the drive beam they are αx,y = 1.7, 2.2 and

βx,y = 33, 33 cm. Each beam can be modelled by the Gaussian distribution of Sec. 2.3.4 using the

Gaussian fits in Fig. 5.9 combined with the CS parameters.

5.2.3 IP Area

The area around the electron beam focus is called the IP area. The IP area is where most

of the experimental hardware, including the plasma source, is located along with several beam

diagnostics. It is situated within the slightly larger region called the experimental area which

includes everything in the accelerator downstream of the W-chicane. Fig. 5.10 is a schematic of the

experimental area. In a PWFA experiment, the incoming beam is focused down to a small spot
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Figure 5.9: Beam parameters at the IP for the nominal two bunch configuration. The RMS values
are the normal statistical definition applied to the full distribution while the σ values above each
plot are the fit parameters for the Gaussian curve shown in red. Reproduced from [122, 63].

size by five families of quadrupoles that comprise the final focus. The beam then enters the plasma

source where the plasma-based accelerator is located. Just before the beam arrives at the plasma,

a laser pulse is sent through to pre-ionize the vapor source, comprised of either a lithium vapor

oven or uniform gas pumped into the vacuum system. After exiting the plasma, the beam enters

an imaging spectrometer which measures the energy distribution of the beam. Subsequently, the

beam leaves vacuum and is stopped by the beam dump.

The IP area itself, stretching from the end of the final focusing optics to the start of the
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Dipole

Final focus IP area Spectrometer

THz table Dump table

TCAV

Plasma Source

Compressor

Picnic basket

Laser transport

8in cube

PDC/EDC

Butterfly chamber

Beam 
dump

Figure 5.10: Schematic of the FACET-II experimental area. The electron beam enters from the left
and is focused to the plasma source using the final focus quadrupoles. The laser enters the laser
transport from a penetration in the ceiling of the tunnel before traveling to the upstream side of
the compressor. After compression, the laser is focused and injected co-linear to the electron beam
in the picnic basket. The laser is extracted from the 8 in cube and the electron beam continues into
the spectrometer before being dumped.

spectrometer, is one of the most complex parts of the accelerator. It is designed to operate and

switch between seven or more experiments remotely and is where the experimental laser system

interacts with the electron beam. The accelerator tunnel is sealed up during operation because of

the high levels of radiation, so the laser systems must then be aligned remotely. On top of this,

LCLS-II sends its beam through a transport line on the roof of the tunnel. This means the tunnel

can only be accessed when both LCLS-II and FACET-II are turned off. Because these outages

are not frequent enough for the experimental schedule, the hardware in the IP area is designed to

switch between experiments remotely using over 120 motorized degrees of freedom.

The layout of the IP area is summarized in Fig. 5.11. The electron beam enters from the left.

A pair of beryllium windows—thin sheets of beryllium in the beam line—create an impermeable

barrier isolating the IP area vacuum from the surrounding vacuum. The electron beam can pass

through the beryllium windows with only a modest increase in emittance due to multiple scattering.

The region in between the windows is back filled with gas during PWFA experiments. There

are toroids at the upstream and downstream end of the IP area to measure the beam charge.

Throughout the IP area are a series of optical transition radiation (OTR) screens that can be

lowered into the beam and viewed with a camera to find the beam position and profile. In addition,

there are a series of beam profile monitors that allow for high precision measurements of the beam

size. The laser enters the tunnel through a penetration in the ceiling before travelling upstream to
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enter the laser compressor. More details about the laser system are given in Sec. 5.3.
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Figure 5.11: Schematic of the FACET-II IP area showing the two main plasma sources (lithium
oven and bypass line), the laser path, and diagnostics for both the electron beam and laser.

The vacuum system between the two beryllium windows has two main chambers, the plasma

sources, and an 8 in cube. The large vacuum chamber next to the electron beamline is the com-

pressor chamber (Fig. 5.12(a)). It contains the laser compressor, a removable optic mount, and a

beam block for the main laser. The compressor vacuum can be isolated from the rest of the IP area

by a gate valve with a window, called the guillotine valve, that sits between the compressor and

the second large vacuum chamber. This second chamber is called the picnic basket, Fig. 5.12(b),

and has two functions. It is the laser integration chamber which houses the optics to align the

main laser co-linearly with the electron beam. The picnic basket is also the main experimental

chamber and contains hardware for most of the planned experiments at FACET-II. The chamber

contains a couple things relevant to PWFA experiments. A motorized mount for ionization optics

sits near the port where the laser enters the chamber, and the electro-optic sampling beam position

monitor is located along the electron beam axis at the upstream side of the chamber. The other

apparatuses in the chamber allow solid targets and gas jet targets to be moved into the path of

the electron beam. The large apparatus in the center allows the electron beam to be collided with

a tightly focused laser pulse. Additional optical setups exist to probe the interactions occurring in

the various beam targets.
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(a) Compressor chamber (b) Picnic basket

Figure 5.12: The vacuum chambers where the laser is compressed and focused. The laser is com-
pressed in the compressor chamber (a) and passes through the first tandem optic. The picnic basket
(b) is the main experimental chamber on the beamline and allows remote operation and switching
between experiments. It houses the second tandem lens and the optics for injecting the laser along
the electron beam.

Just downstream of the picnic basket is the plasma source for PWFA experiments. Two

plasma sources are installed, a lithium vapor oven and the bypass line. The bypass line is so called

because it provides a means for the electron beam to bypass the lithium oven. It can be used to

house a laser-ionized gas plasma source in a flooded chamber configuration. The bypass line is

filled to a designated static pressure and then the plasma source is created via laser ionization. The

two sources exist on separate beam lines placed side by side on top of a lateral mover. They are

joined to the rest of the beamline by two large bellows which allow the system to translate. The

lithium oven is built by K. Marsh at UCLA, a detailed description can be found in Ref. [116]. In

brief, the oven works by vaporizing solid lithium into a gas at high temperature. The oven starts

filled with helium gas and solid lithium around the walls of the oven. As the oven heats up, the

lithium is vaporized and the vapor pressure begins to displace some of the helium from the center

of the oven. The lithium flows outward where it is cooled by the helium gas until it condenses on

the walls of the oven and is wicked back towards the center by a mesh placed on the inside of the

oven. Water jackets are placed on either side of the oven to cool the helium and ensure the lithium
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condenses. The lithium vapor pressure is in equilibrium with the helium pressure, the helium

pressure determines the bulk density of the plasma. The length and ramp shapes are determined

by the temperature distribution, adjustable by changing the heater power.

5.2.4 Diagnostics

We briefly mentioned toroids, OTRs and wirescanners as beam diagnostic devices. There are

several more complicated diagnostics installed on the beamline capable of looking at the longitudinal

phase space of the beam. The first is an imaging spectrometer that uses three quadrupoles and

a vertical dipole to image the beam onto a screen with vertical dispersion. The vertical direction

on the screen then corresponds to the particle energy and the horizontal direction corresponds to

the transverse size of the beam. The spectrometer only images in the horizontal plane, in the

vertical plane it focuses the beam to a small beta function to maximize the energy resolution. The

spectrometer can be set to image different locations in the IP area allowing energy resolved scans of

the beam size after the plasma source. The right side of Fig. 5.10 is a diagram of the spectrometer

setup.

Two screens are available for measuring the beam spectrum: a scintillating YAG screen or a

polished titanium screen for OTR. Two cameras view the screen: DTOTR1 is a small field of view

high resolution camera with about a 2 GeV field of view that can be moved to view any part of

the spectrum, DTOTR2 is a large field of view camera capable of viewing the full spectrum from

0 to 10 GeV. A simulated spectrometer image is shown in Fig. 5.13(a). The screens are located in

vacuum in the butterfly chamber at the end of the beamline.

The spectrometer is only able to image a single energy at a time onto the DTOTR screen.

The resulting image takes on the butterfly shape where the image on the screen is narrow at the

imaged energy and widens from there. The variation can be quantified by the function σx(δ),

which is easily extracted from the DTOTR image. The variation of the beam size with energy can

be easily calculated using the transport matrix formalism. The transport matrix M of the beam

from the exit of the plasma source to the spectrometer screen is found by using Eq. (2.124) to
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Figure 5.13: Imaging spectrometer data. (a) typical DTOTR1 image of the beam at the end of the
imaging spectrometer. The quadrupoles are set up to image 20 GeV while other energy slices are
out of focus creating the typical butterfly shape. (b) width of each energy slice. Fitting Eq. (5.1)
to the data can be used to find the beam emittance assuming no correlations. Reproduced from
Ref. [123].

combine the transport matrices of the individual elements given by Eq. (2.125). In general, the

transport matrix is a function of energy M(δ). If we assume all the energy slices start with the

same emittance and CS parameters at the object plane of the imaging spectrometer, then the final

spot size of the beam is given by combining Eqs. (2.140) and (2.155):

σ2
x(δ) =

εn
γb

[
M2

11(δ)β0 − 2M11(δ)M12(δ)α0 +M2
12(δ)

(
1− α2

0

β0

)]
. (5.1)

The emittance is found by fitting Eq. (5.1) to the the measured σx(δ) with εn, β0, and α0 as fitting

parameters.

As we pointed out in Sec. 3.4.5, the energy slice parameters will vary across the slices. The

functional form of the dependence cannot be extracted from the butterfly without more information.

This can be overcome by doing a so-called quad scan, where the focus of the quadrupole is scanned

across a range of energies. The scan results in a beam size curve for each energy slice as a function

of quadrupole parameters. The emittance and CS parameters for each slice can then be found via

fitting. The disadvantage of this technique is that it cannot be accomplished in a single shot. As

such, it relies on the beam being stable shot-to-shot for the duration of the measurement, a difficult

proposition for many PWFA experiments.

In the middle of the final focusing optics, just downstream of the THz table, is the transverse
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deflecting cavity (TCAV). The TCAV is a travelling wave RF-cavity, much like the accelerating

structures used in the linac but the electric field is oriented in the transverse direction rather than

the longitudinal direction. The TCAV is normally operated with the beam placed near the zero

crossing of the RF phase. The result is a transverse kick on the beam that depends linearly on

ξ. The kick effectively maps the ξ dimension onto the x dimension (nonzero R15). If the beam is

then sent through a dipole, it will be dispersed in y according to energy, effectively mapping the δ

dimension onto the y dimension (nonzero R36). Measuring the transverse profile using DTOTR then

provides a measurement of the longitudinal profile. The TCAV is located upstream of the IP area

which means its use requires kicking the beam before it reaches the plasma source. Unfortunately,

the transverse kick from the TCAV renders it unusable during PWFA experiments. As such, the

TCAV is considered a destructive measurement: either it or the experiment can be used, but not

both at the same time. The EOS-BPM described below provides a more limited measurement of

the current profile non-destructively.

OTR Foil

Transverse Deflecting

RF Cavity

Electron Bunch

Figure 5.14: The transverse deflecting cavity can be used to measure the full longitudinal phase
space. In the cavity, a RF pulse with a transverse electric field co-propagates with the electron
beam. The beam sits at the zero crossing of the RF phase, so the front of the pulse is deflected
transversely to the right and the rear of the pulse is deflected to the left. After sending the beam
through a dipole, it is dispersed vertically in energy. The result is a beam where the longitudinal
phase space has been mapped onto the transverse phase space, which can be measured with an
OTR. Reproduced from Ref.[124].
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The drive and witness bunches are separated by about 150µm or about 500 fs. A typical beam

position monitor (BPM) uses the signal difference between four electrodes spaced every 90◦ around

the beamline to determine the location of the beam. Time scales in the hundreds of femtoseconds

are three orders of magnitude lower the characteristic response time of the electronics so there is

no way for a traditional BPM to distinguish between the drive and witness beam. Lasers, however,

can routinely produce pulses on the order of 10 fs, which is more than fast enough to resolve the

temporal structure of the dual electron bunches. Electro-optic sampling (EOS) is a technique

for imprinting the temporal structure of the electron beam onto the laser pulse. The electro-optic

sampling beam position monitor (EOS-BPM) places an EOS on each side of the beamline and looks

at the signal difference, similar in concept to a traditional BPM. The EOS-BPM was developed out

of our group at University of Colorado, more details can be found in Ref. [125].

EOS sampling works using the electro-optic effect in a non-linear medium. The transverse

electric field from the electron beam induces birefringence in a nonlinear crystal—typically GaP

or ZnTe—placed near the electron beam axis. The birefringence exists only during the electron

beam’s passage. A horizontally polarized ultrashort pulse is sent through the crystal at an angle

to probe the birefringence in an approach called spatial encoding, Fig. 5.15(a) is a diagram of the

setup. The birefringence rotates the polarization of the laser when the electron beam is next to

the crystal. By sending the laser in at an angle, the longitudinal beam structure is mapped onto

the transverse polarization of the laser. Sending the laser through a vertical polarizer and onto

a camera produces a signal like the one shown in Fig. 5.15(b). The spacing between the vertical

stripes corresponds, with appropriate calibration, to the spacing between the electron bunches. The

EOS-BPM apparatus installed at FACET-II is shown in Fig. 5.15(c) where two identical spatial

encoding setups are installed on either side of the beamline. The difference between the signals

from the two EOS arms can be used to independently measure the transverse offset of the witness

beam and drive beam.
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(a) (b) (c)

Figure 5.15: Electro-optic beam position monitor. Temporal information is encoded in the laser
pulse through the spatial encoding scheme. (a) a horizontally polarized ultrashort laser (red) passes
through an electro-optic crystal (orange) at an angle. The section of the laser within the crystal
when the electric field of the electron beam (purple) passes will have its polarization rotated (blue).
Using a camera with a vertical polarizer will produce an image of the longitudinal beam structure
(b). A beam position monitor is created by placing a spatially encoded EOS on either side of the
beam and looking at the signal difference (c). Reproduced from Ref. [125].

5.3 FACET-II Laser System

The experimental laser at FACET-II is very similar in layout to the system at CU, described in

Sec. 5.1. Details of the original laser are presented in Green et al. [126]. The transport system after

the main amplifier was completely rebuilt for FACET-II with more diagnostics and the addition

of a deformable mirror. The laser is an 800 nm Ti:sapph based CPA system with a regenerative

amplifier and two main amplifiers. The seed laser, amplifiers, and pump lasers are located at ground

level in the FACET-II S20 laser room. After amplification, the laser is expanded onto a deformable

mirror before it is launched into a transport line to the accelerator tunnel. The laser is transported

out of the laser room, across the top of the Klystron gallery, down through a penetration to the

accelerator housing and then up the tunnel to the compressor, where the first tandem lens can be

inserted. From the compressor, the laser travels into the picnic basket where the second tandem

lens can be inserted, and the laser is made co-linear with the electron beam. Finally, the laser is

extracted from the electron beam in the 8in cube and dumped.
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5.3.1 CPA System

The system is composed of an oscillator (Coherent Inc. Vitara-T), regenerative amplifier

(regen, Coherent Inc. Legend Elite HE USP), multi-pass pre-amplifier (pre-amp), and multi-pass

main amplifier (main-amp). The oscillator produces ultrashort pulses with 800 nm central wave-

length and 60 nm FWHM bandwidth at 68 MHz. The pulse train from the oscillator is phase locked

to the master RF signal from the SLAC linac to synchronize the laser to the accelerator. Measured

RF to laser jitter is < 70 fs while jitter between the laser and electron beam is slightly worse due to

variation in the electron beam arrival time. The pulses from the oscillator are stretched within the

Legend Elite before entering the regenerative amplifier which amplifies the pulses to 1 mJ. Simulta-

neously, the regen acts as a pulse picker reducing the repetition rate to 120 Hz. A standalone pulse

picker after the regen reduces the repetition rate down to either 1 or 10 Hz for full amplification.

The pulses are initially amplified in the four-pass preamplifer to an energy of 30 mJ. The

pre-amp is pumped by a 130 mJ Nd:YAG laser (Quantel CFR200) frequency doubled to 532 nm.

The pulses then enter the main amp where they are amplified to 1 J in four passes. The Ti:sapph

crystal in the main amp is pumped from both sides by a pair (one laser incident on each side) of

1.8 J, 532 nm frequency doubled Nd:YAG lasers (Thales SAGA). After amplification the bandwidth

is narrowed to around 24 nm FWHM. The beam exits the final amplifier with a diameter of around

10 mm The optical layout is illustrated in Fig. 5.16. The entire laser system fits on two optical

tables in the FACET-II S20 laser room.

The laser system has cameras and motorized mirrors allowing remote realignment to com-

pensate for long term drift. The ability to align remotely allows adjustments to the laser to be

done from the accelerator control room without having to have someone in the laser room as well.

On top of this, the temperature stability in the FACET-II S20 laser room is less than ideal and

the laser tends to drift depending on the outside temperature. The motorized system is able to

compensate for this slow drift automatically.
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Figure 5.16: Overview of the experimental laser at FACET-II. The system starts with a commercial
oscillator and amplifier before entering a sequence of two multi-pass amplifiers. The laser is imaged
relayed to an energy attenuator after which the beam is sampled for diagnostic purposes. A
deformable mirror corrects the wavefront of the pulse before the laser is sent into the 30.5 m vacuum
transport to the accelerator.

5.3.2 Deformable Mirror and Transport

The output of the main laser passes through a series of safety systems, diagnostics, and beam

shaping devices before reaching the laser transport. A schematic of the laser system between the

main amplifier and the entrance to the transport is shown in Fig. 5.17. After the main-amp, the

laser enters a 4f image relay telescope to preserve the transverse profile. After the second telescope

lens, there is the radiation protection (RP) attenuator, which must be inserted into the laser

whenever people are working with the laser in the tunnel to prevent the unintentional generation
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of ionizing radiation. The laser then passes through an energy attenuator composed of a waveplate

and polarizer before being expanded from a 10 mm to a 40 mm diameter by a diverging-converging

telescope. At this point the pulses are expanded to the size necessary for the compressor. The

beam size can be adjusted using a motorized iris after the telescope.2
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Figure 5.17: Schematic of the so called transport section of the laser system, i.e. everything
in the laser room after the main amplifier. After the second multi-pass amplifier, the laser is
imaged relayed to an energy attenuator after which the beam is sampled for diagnostic purposes.
A deformable mirror corrects the wavefront of the pulse before the laser is sent into the 30.5 m
vacuum transport to the accelerator. A HeNe laser is injected co-linear with the 800 nm beam to
act as a reference for the alignment feedback system when the main laser is off.

The DM has to be placed after the telescope to ensure its entire surface is filled. In this case,

it is placed directly after the telescope. Upstream of the converging-diverging telescope a beam

sampler picks off 0.65% of the beam that is sent to a near field and far field imaging system to

2 At full energy, the laser diameter needs to large enough such that the intensity does not damage the compressor
grating. Reducing the laser size with an iris removes energy from the beam but does not change the intensity.
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monitor laser steering onto the DM. Most of the energy in the sampled beam (81.8% ) is sent to an

energy meter to measure the pulse energy. After the DM, the laser reflects from a pair of mirrors

into an enclosure directly before the laser transport. A 4f imaging system images the surface of the

DM onto a Shack-Hartmann wavefront sensor using the leakage light through the first mirror after

the DM. The DM functions in closed loop with the wavefront sensor to produce a target wavefront

in the laser.

Leakage light from the second mirror after the DM is sent into a near field and far field

imaging system to monitor the alignment of the laser as it is launched into the transport. The

transport itself is an approximately 30.5 m vacuum line with seven bends that is part of the same

vacuum volume as the compressor in the tunnel. The transport rises vertically from the optics

table in the laser room, turns (B0) and exits through the wall to the Klystron gallery, where it

turns (B1) to travel upstream along the wall of the gallery to the z location of the penetration to

the S20 experimental area. The line turns (B2) and crosses over the walkway in the gallery before

turning (B3) downward and dropping 11 m into the tunnel. From there it turns (B4) upstream

and travels along the tunnel wall before passing through a periscope (B5 and B6) to bring it to

the entrance height of the compressor. Within the transport are two 4f image relay telescopes to

image the beam from the DM to the entrance of the compressor. The transport must be at vacuum

because the intensity at both of the telescope foci is high enough to ionize air; the resulting plasma

would ruin the transverse profile of the beam.

The transport traverses three different temperature zones: it starts in the—nominally—

temperature-controlled laser room, passes through the uncontrolled Klystron gallery, and finally

enters the tunnel, which stays warm due to the > 80◦ F temperature set-point of the linac chilling

water. The gallery temperature fluctuates significantly with the outside ambient temperature and

the tunnel undergoes significant temperature cycles each time the linac is turned on and off. This

is of course terrible for maintaining alignment. On top of this, the supports for the transport line

are affixed to the structure of the gallery. In high winds, the structure flexes significantly causing

misalignment of the transport.
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To help maintain some level of alignment in the laser transport, an automated alignment

system is installed to correct for drifts of the transport system. All the mirror mounts in the

transport are motorized to allow for realignment while under vacuum. A diffuser is placed on the

back of each mirror and viewed by a camera mounted to the outside of the transport line to measure

the alignment at each bend box. The cameras in the transport system look at the position of the

laser on each mirror so the alignment can only be corrected when the laser is on. When the laser

system is turned off, the transport can shift far enough that the beam is no longer visible on the

downstream mirrors. Recovering from this situation typically requires venting the transport to

realign. To prevent this issue, a HeNe laser co-propagates with the IR laser and is left on at all

times to provide a reference for maintaining alignment.

5.3.3 Laser System in the Tunnel

The laser enters the tunnel through a vertical penetration around the center of the IP area

optical tables, see Fig. 5.11. The bend (B4) at the bottom of the penetration has a beamsplitter

instead of a mirror to pick off a probe line from the main pulse. The transmitted probe exits the

transport vacuum through a window and is sent to the optical table where it is compressed separate

from the main pulse. The probe laser is used for EOS-BPM as well as several other experiments.

The main laser enters the compressor chamber from the transport. A motorized beam block

can be inserted to allow operation of the probe laser independent of the main laser. The laser

compressor, composed of a pair of diffraction gratings and a retro-reflector, follows the beam block

and is able to compress the pulses down to 50 fs FWHM duration. The compressor efficiency was

measured to be 72%. The overall transport efficiency from the main amplifier to the exit of the

compressor chamber is around 45% with about half the losses in the compressor. The other large

sources of loss are the polarizing beamsplitter in the energy attenuator and the beamsplitter for

the probe beam. Leakage from the last mirror in the compressor is imaged with a near field and far

field camera system as an alignment reference through the compressor. Just before the exit of the

compressor, the mount for the first tandem optic is placed on a 100 mm translation stage oriented



208

transverse to the laser path. The stage allows the lens to be be remotely removed and inserted into

the beam line and allows alignment in the horizontal direction. Figure 5.12(a) shows the optical

setup within the compressor chamber.

The beam exits the compressor, enters a conflat cross (called the funky cross) where it reflects

off a mirror directing it downstream towards the picnic basket. Between the funky cross and the

picnic basket is the guillotine valve that can be used to isolate the compressor from the experimental

area when the lithium oven is operating or when the experimental area is operating as a flooded

chamber. The laser then enters the picnic basket where it passes through the second tandem optic,

mounted on a 3-axis translation stage. After the lens the beam reflects off a pair of mirrors to bring

it co-linear with the electron beam. The second mirror is called the upstream holed mirror (USHM)

and has a 5mm diameter hole in it for the electron beam to pass through. Leakage through the

first mirror is sent to a camera on a 2 m rail in order to measure the longitudinal intensity profile of

the laser after passing through the tandem optics. Some of this leakage light is picked off to send

to a set of near and far field cameras.

The laser reflects from the upstream holed mirror into the plasma source: either the lithium

oven or the bypass line filled with gas. After the plasma source, the laser is extracted from the

beamline by the downstream holed mirror located in the 8in cube. The laser is sampled for a final

near field and far field imaging system before being dumped. Fig. 5.11 shows a schematic of the

main laser in the compressor chamber, picnic basket, 8in cube, and diagnostics on the IP area

table.
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Experimental Results

The first step in demonstrating emittance preservation in a PWFA is to demonstrate the

optical ionization of a suitable plasma source. Verifying that the laser ionization scheme works

starts by verifying that the tandem optics technique, developed in Ch. 4, works as intended. An

initial prototype, designed to ionize the lithium oven at FACET-II, was tested in our lab at the

University of Colorado. In this chapter, we report on the results of these initial optical tests. The

two tandem lenses are denoted by the letters A and B, with A being the first lens and B being the

second lens. The designs are numbered by the purpose and revision number. The optics tested here

are called LO8 for Lithium Oven revision 8. Lens and B are then LO8-A and LO8-B, respectively.

For details on the lens design see Sec. 4.7.2. For details of the test setup see Sec. 5.1.4.

6.1 Intensity Profile Extraction

Testing the tandem lens optics entails measuring the full 3D intensity pattern downstream

of the optic using a camera mounted on a 2.2 m translation stage. The linear translation stage,

however, is not perfectly straight. The laser position on the camera thus varies as a function of

z. On top of this, laser pointing jitter causes the laser spot to move around from shot to shot.

Because the jitter is angular, the offset of the laser spot due to jitter increases linearly with distance

from the second tandem lens. Reconstructing the intensity distribution then requires transversely

aligning the images of each individual laser shots to all the others. We use two different approaches

to do the alignment. For the lens A measurements, the pointing jitter is a small percentage of the
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beam size and is not important in comparison to the nonlinearities in the rail, which are magnified

by the M = 0.1 imaging system. Aligning the images is then a simple matter of subtracting the z

dependent offset introduced by the rail. Measuring the offset is done by taking images of the laser,

without lens A installed, along the entire length of the translation stage. The location of the beam

center on the image at each z position then corresponds to the offset of the image plane at that

z position. In addition, because the pointing jitter is negligible, all the shots taken at a single z

position can be directly averaged together.

For the higher resolution images of the Bessel focus, the offset due to pointing jitter is

important. In this case, we numerically find the center of the beam in each image and use this

to center all the images before averaging. The disadvantage of this approach is that defining the

beam center is not always straightforward. The center of a Bessel function is well defined, so this

approach works well in the bulk of the high intensity region. Where it breaks down is near the

end where wavefront aberrations in the beam destroy the Bessel and produce strange intensity

patterns. In these areas, the center of the beam is not so well defined. In the data, this appears as

an apparent curvature in the intensity pattern near the end of the focus.

6.2 Characterization of Lens A

The tandem lens is designed to produce a target transverse phase and intensity in the laser

pulse immediately after the second lens. Lens A shapes the intensity and lens B shapes the phase.

The two lenses are separated by 1 m so the laser intensity 1 m downstream of lens A should match

the target intensity. Unfortunately, the LO8 tandem lens was designed for the FACET-II laser

which has a 40 mm diameter beam, rather than the 30 mm beam used for these tests. The optics

were designed assuming a super-Gaussian intensity profile described by Eq. (4.54) with m = 8 and

w0 = 24 mm. The beam profile of the test laser, shown in Fig. 5.2(a), is not only too small, but

not very super-Gaussian either.

Clearly, we cannot compare the experimental data to the target intensity the optics were

designed to create because the incoming laser beam differs significantly from the intended profile.
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Instead, we measured the intensity of the incoming beam and used this as the input to a Fourier

optics simulation of the lens pair. The laser intensity at z = 1 m calculated in the simulation was

then compared to the measured intensity to see if the optic was performing as expected. Both

simulated and measured intensity are shown in Fig. 6.1. The measured and simulated intensity

match reasonably well. The outer diameter of the measured intensity is wider than expected, but

the overall profile shows good agreement. The discrepancies are most likely due to poor collimation

in the incoming beam, discussed in more detail in Sec. 6.3.3.

Figure 6.1: Intensity produced by the first tandem lens measured at the second tandem lens. (a)
measured intensity at lens B (z = 1 m). (b) simulated intensity at lens B using the measured
intensity at lens A (z = 0 m) as the initial conditions. (c) vertical line-out through the center of
each image.

We also compared the full intensity profile to simulation. Images of the laser profile were

taken in 5 cm steps starting 10 cm from the lens and ending 2.1 m from the lens. The resulting

profile is compared to simulation in Fig. 6.2. Looking at the y − z plane, the measured intensity

is asymmetric compared to the simulations. In simulation, optic A acts almost like an annular

lens, focusing the beam into a thin ring about 1.4 m from the lens. The measured data shows a φ

dependent focal length for the ring focus. In a later test, the optic was removed from the beam

path and the laser position was recorded at the location of optic A using a camera. The lens was

then reinstalled and carefully aligned to the center of the incoming beam. After realigning, a sweep

of intensity along z was taken and the focal length was more uniform as shown in Fig. 6.2(b). We
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suspect that the alignment of the lens was to blame for the unexpected performance in the first

test.

Figure 6.2: Intensity of the beam after passing through lens A. (a) measured intensity from 10 cm
after the lens to 2.1 m after the lens. (b) the same as (a) but after realigning the lens. Notice that
the upper and lower focus are now aligned in z. (c) simulation of the propagation after lens A.

For designing experiments, it is important to quantify the allowable misalignment of the

optic. To this end, we measured and simulated the intensity of lens A when it was transversely

offset from the laser beam. The results are shown in Fig. 6.3. As the lens is more and more offset,

the ring becomes highly asymmetric. We would expect this to reduce the on-axis intensity as more

of the laser light is sent into the m = 2 Bessel mode due to the breaking of azimuthal asymmetry.

We revisit lens alignment tolerances in much more detail when we look at the output of the tandem

lenses as a pair.

6.3 Characterization of Lens B

Lens B is difficult to characterize directly because the center of the optic is flat, it does not

impart any phase on the laser. As a result, the light that passes through the center interferes

with the light that is focused by the outside of the optic, making the resulting intensity patterns
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Figure 6.3: Laser intensity after lens A for different transverse offsets between the lens and the center
of the beam. (a), (b), and (c) are the measured intensity at offsets of ∆y = 0 mm, ∆y = 1.5 mm,
∆y = 3.5 mm, respectively. (d), (e), and (f) are the simulated intensities at the same offsets.

difficult to interpret. Instead, we characterize the lens by installing it with lens A and looking at

the Bessel focus. We know from simulations that the alignment between the two lenses is sensitive

on the 10µm level and that a Bessel focus will not form at all if the alignment is worse than several

100µm. Conveniently, if the alignment is bad, the laser forms an interference pattern that looks

like an arrow pointing in the direction the alignment needs to be adjusted. After aligning the

lens, an image of the Bessel focus was taken 1.5 m downstream of lens B. The image is shown in

Fig. 6.4. Fitting squared Bessel functions to the intensity results in a measured Bessel width of

Rb = (60.5µm, 60.1µm) in (x, y), which is within 1% of the design value of Rb = 60µm. The width

of the Bessel function did increase along the length of the plasma, reaching Rb = (73.2µm, 72.7µm)

2.5 m downstream of the lens.

The Bessel focus is sensitive to aberrations in the laser wavefront, particularly anything that

breaks azimuthal symmetry. One convenient way of quantifying aberrations in the incoming laser is

to decompose the wavefront error into Zernike polynomials. Typically, the error will be dominated

by the lower order polynomials. The magnitude of the wavefront error for astigmatism and trefoil,
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Figure 6.4: Intensity of the Bessel focus produced by the tandem lens. (a) shows an image of
the focus. (b) and (c) are lineouts through the center of the focus in the x and y directions,
respectively. The Bessel width is found by fitting a squared Bessel function to each curve. The
optics are designed to produce a Bessel with Rb = 60µm.

two of the more common aberrations, grows with r. Remember that large r corresponds to the end

of the Bessel focus, so the wavefront errors will show up most noticeably near the end of the depth

of focus. We can take advantage of this to correct the laser wavefront. Placing a camera at the end

of the Bessel will show a multi-lobed pattern like those in Fig. 6.5. The number of lobes provides

information about which aberration is present: two lobes indicate astigmatism or coma, while three

lobes indicates trefoil. The wavefront errors can be corrected by adding the appropriate Zernike

polynomial to the laser wavefront using the deformable mirror until the patterns disappear.

Figure 6.5: Bessel beam intensity with wavefront errors. Both plots are taken at a z location
near the end of the focus, where the aberrations are most severe. (a) shows the aberration due to
astigmatism, (b) due to trefoil.
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The defining feature of the tandem optics is their ability to produce a prescribed intensity

profile along the optical axis. Due to the difference between the laser profile used to test the optics

and the laser profile the optics were designed to work with, the optics are not going to produce the

target longitudinal intensity pattern. Nevertheless, we can compare to a simulation of the optics

when illuminated by the test laser to see if the optics are behaving as expected. This comparison is

shown in Fig. 6.6. The Bessel focus is the correct distance from the lens but is about twice as long

as is should be. In the next sections, we measure the profile while intentionally misaligning the

optics and adding aberrations into the beam. The goal is to determine if the discrepancy results

from setup issues, aberrations in the incoming beam, or issues with the lenses themselves.

Figure 6.6: The longitudinal intensity profile produced by the tandem optics. (a) shows the mea-
sured intensity in the y− z plane. (b) shows the simulated intensity using the measured transverse
profile of the laser as input. (c) shows the discrepancy in the on-axis intensity.

6.3.1 Alignment Sensitivity of the Tandem Lens

Simulations predict that the tandem lenses are sensitive to the transverse alignment of lens

B. The center of lens A, combined with the laser vector, sets the nominal beam path. The center of

lens B needs to be aligned to this beam path with high tolerance. The allowed error that maintains
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the longitudinal intensity shaping is expected to be on the order of 10µm. To measure the impact

of position errors, we offset the lens between 2.5µm and 50µm and recorded the longitudinal

intensity profile. The results are shown in Fig. 6.7(a) and (b). The tandem lens is less sensitive to

transverse offsets than expected, although this is most likely due to how the tolerance was measured

in simulation: the simulation results were not centered prior to finding the on-axis intensity.

The profile is expected to be sensitive to the spacing between the two lenses on length scales

of several millimeters. If the lenses are too close, the length of the profile shortens and the intensity

increases; if they are too far apart, the length of the profile contracts and the intensity decreases.

The results of offsetting the lens from −10 mm to 5 mm are shown in Fig. 6.7(c) and (d) and the

behavior qualitatively matches expectations. We do not believe an error in the spacing between

the lenses can explain the discrepancies in the longitudinal profile. The lenses are mechanically

mounted the correct distance from each other with a tolerance well within the range of adjustment

we tested, yet the adjustment was not sufficient to correct the profile.

Figure 6.7: Sensitivity of the longitudinal intensity profile to transverse and longitudinal offsets of
lens B with respect to lens A. (a) shows the longitudinal intensity for a transverse offset of 50µm
and (b) shows how the offset impacts the longitudinal profile. The tandem lens is less sensitive to
transverse offsets between the lenses than originally anticipated. (c) shows the intensity when the
distance between the two lenses is changed by −5 mm. (d) shows the on-axis intensity for different
lens separations in increments of 5 mm.
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6.3.2 Phase Sensitivity of the Tandem Lens

As discussed in Sec. 6.3, the Bessel beam is susceptible to wavefront errors in the incoming

laser. Any non-azimuthally symmetric features in the beam will scatter light into higher order

Bessel modes, which will not contribute to the on-axis intensity. Because our laser system has a

deformable mirror, we can selectively add aberrations to the laser and see how it impacts the focal

region. We chose the four most common Zernike polynomials that we typically see in laser systems:

defocus, coma, astigmatism, and trefoil. For each aberration, we added it into the laser system in

increasing amounts and measured the longitudinal intensity profile. The results for defocus and

coma are shown in Fig. 6.8. All the aberrations we consider are symmetric except for defocus,

which is asymmetric for positive and negative values.

Figure 6.8: Laser intensity when the incoming laser has nonzero focus or comma. (a) intensity
of the beam with P-V defocus of −0.2µm. (b) on axis intensity for different amounts of focus
aberration. The camera saturates at 255 counts, cutting off the large negative defocus case. (c)
intensity with P-V coma of 0.2µm of. (d) on axis intensity for different P-V amplitudes of comma.

Fig. 6.9 shows the change in the longitudinal intensity profile when adding astigmatism or

trefoil errors into the incoming beam. The wavefront aberration data was taken on a different day

than the alignment data. The reference curves for each day were taken immediately before taking
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misalignment or aberrations data. This is why the reference curve for the aberration datasets is

saturated in places, the laser power was slightly higher that day. Neither coma, astigmatism, nor

trefoil are that interesting; the intensity is impacted most significantly at the downstream side of

the focus where the variation in phase is the largest. The most difficult part of tuning the system

is distinguishing between astigmatism and coma, which have very similar effects on the beam.

Figure 6.9: Laser intensity when the incoming laser has nonzero astigmatism or trefoil. (a) intensity
of the beam with P-V astigmatism of 0.1µm. (b) on axis intensity for different P-V amplitudes of
astigmatism. (c) intensity with P-V trefoil of 0.2µm of. (d) on axis intensity for different amounts
of trefoil.

Defocus is the most interesting aberration because it tends to length the focal depth and

reduce the intensity if the amplitude is negative. It does the opposite if the amplitude is positive.

This makes it a potentially useful tool for actively adjusting the length of the plasma in a PWFA

experiment. Normally changing the plasma length would require changing the optic, but instead

a simple adjustment using a deformable mirror can be used to scan through a range of plasma

lengths. From Fig. 6.8, we can see that the measured intensity profile begins to approach the

profile expected from simulation when the defocus is negative. We will discuss this in the next

section.
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6.3.3 Laser Collimation

The longitudinal intensity profiles measured throughout this chapter are not consistent with

the expectations from simulation. Several different features in the data point towards a diverging

beam as the cause: the wider annulus seen from lens A, the variation in the width of the Bessel

in z, and the improvement in profile when adding negative defocus. If we take a measurement of

the beam propagation without any lens installed, we can see the divergence in the beam directly.

To check if this could be the source of the discrepancy between our measurements and simulations,

we ran simulations with additional defocusing phase added to the laser. The best match between

the simulation and the data is shown in Fig. 6.10. The remaining discrepancy could easily be a

combination of misalignment, particularly lens spacing error, and other aberrations in the beam.

Unfortunately, we were not able to confirm this hypothesis by adjusting the laser collimation during

these tests.

Figure 6.10: Poor collimation in the incoming beam likely explains the discrepancy between ex-
periment and simulation. (a) shows the measured intensity produced by the tandem lens on the
y − z plane. (b) shows a simulation of the tandem lens where the incoming beam has 2.5µm of
P-V defocus added. (c) shows the agreement between the on-axis intensity of the simulation and
the data.
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6.3.4 Frequency Effects

In Sec. 4.5.2 we noted that one of the disadvantage of diffractive optics is the highly chromatic

nature of the focusing. The focal length of a diffractive optic is proportional to λ0/λ, where λ0 is

the design wavelength [113]. Short pulse laser must have large bandwidths, leading to variation

in focal position with frequency and a corresponding increase in pulse length. The tandem lenses

are relatively immune to this effect because the length of the focus is so long. Our lens has a

focus that extends from about 1.5 m to about 2.5 m. A laser with a 5% bandwidth would focus the

low frequency components from 1.46 m to 2.44 m while the high frequency components would be

focused from 1.54 m to 2.56 m, so only the first and last couple percent of the focus would have an

increased pulse length. To demonstrate this, we measured the laser intensity through 10 nm wide

band-pass filters centered at 770 nm and 790 nm. The intensity traces are shown in Fig. 6.11. As

expected, the focus of the higher frequency components extends farther at the end of the focus

than the low frequency components, but only the very ends of the focal region are impacted.
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Figure 6.11: On axis intensity produced by the tandem lens measured through different band pass
filters. The long wavelength components (red) have shorter focal lengths than the short wavelength
components (green), the effect is most noticeable at the end of the focus. The overlap is good
enough that there is only pulse lengthening at the very front and rear of the focus.
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Conclusion

In this dissertation, we have made progress toward achieving the goal of emittance preser-

vation in a plasma wakefield accelerator. We have worked out a detailed theory for the beam

dynamics that causes emittance growth within a plasma wakefield accelerator. As part of this the-

ory, we identified three regimes of plasma ramps: adiabatic, non-adiabatic, and perturbative. We

derived analytic solutions for the beam evolution in both the adiabatic and perturbative regimes,

assuming the beam energy is constant in the ramp. These analytic theories together are sufficient to

calculate the necessary length of the ramp, the ideal location of the beam’s vacuum waist, and the

emittance growth within the ramp. Most importantly, we showed that many different ramp shapes

can match the beam into the bulk plasma source. The profile of the ramp is not so important for

matching, as long as the length is correct for the given ramp shape. However, the length of the

ramp can play a role in determining how much energy spread and energy loss is imparted on the

beam while traversing the ramp. We showed that it is the integral of the plasma density along the

ramp that determines the deleterious perturbation to the witness beam.

We developed a full analytic framework that includes the effects of energy change, wake load-

ing, and adiabatic variations in plasma density. Using this framework, we analytically calculated

the evolution of the emittance when the witness beam is mismatched and/or transversely offset from

the center of the plasma wake. This allowed us to derive simple closed form saturation lengths for

the projected and slice emittances for cases where the witness beam has either an initial mismatch,

an initial offset, or both. These analytic formulas are a useful tool that will allow experimentalists
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to quickly estimate the tolerances on beam parameters required to achieve emittance preservation.

Such numerical explorations of the possible parameter phase space are otherwise unachievable given

the time and expense of PIC simulations. We also considered the detailed evolution of the longi-

tudinal and energy slices of the beam for the first time. In particular, we showed that the energy

slices undergo irreversible emittance growth within the plasma due to energy slice mixing as a

result of non-uniform wake loading. Of particular importance for experiments, we discovered that,

in the case of mismatch or offset, a correlation between Courant-Snyder parameters and energy will

develop in the beam. The standard downstream emittance diagnostics, particularly the butterfly

technique, rely on the assumption that all the energy components have the same parameters at the

exit of the plasma. The correlations will thus impact the numbers retrieved from these diagnostics

and have implications for how the diagnostic techniques must be altered and interpreted to account

for this effect.

The theoretical work provides guidance for designing a plasma ramp—minimize the integrated

density and keep the shape as adiabatic as possible. Defining the full plasma source requires deter-

mining the density, length, and width of the uniform plasma where acceleration occurs. Optimizing

the bulk density of the plasma source is the first step in the design process. Using PIC simula-

tions, we found the optimal combination of beam parameters and plasma density that maximized

the transformer ratio and minimized the final energy spread within the constraints of FACET-II.

The length of the plasma follows straightforwardly from the average decelerating field experienced

by the drive beam in the simulations. For the width, we presented a simple argument for how

wide the plasma must be to avoid impacting the nonlinear wake dynamics and verified it with PIC

simulations.

With requirements for the plasma source in hand, we developed an optical technique for

producing suitable plasmas. Our technique combines the ideas of on-axis intensity shaping, tandem

lenses, and binary diffractive optics to shape a high-power laser into a controlled meter scale focus.

We then implemented a version of the split step algorithm that combined Fourier propagation with

laser ionization. Using this algorithm, we calculated how much the index of refraction from the
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plasma formed by the front of the pulse impacts the propagation of the rear of the pulse. Using

this information, we were able to define the optimal width of the focus to create the widest possible

plasma using our technique. The optical setup was demonstrated experimentally to show that the

optics work as intended. We also measured the alignment sensitivity and tolerable wavefront error

of the optics, allowing us to set requirements on the quality of the incoming laser.

7.1 Future Work

The work on preserving emittance presented in this dissertation is far from complete. The goal

is to demonstrate emittance preservation experimentally at FACET-II. There are several smaller

steps required to reach this goal. The next step in plasma source development is to ionize a plasma

with the tandem optics and verify that the plasma density matches expectation. Measuring the

plasma source is a challenge in and of itself. At densities of 3.5×1016 cm−3, the index of refraction is

small. Orthogonally directed, low energy laser probes will not experience a sufficiently large phase

delay from propagation across the plasma filament, rendering techniques such as shadowgraphic

phase reconstruction impossible in this configuration. Instead, a probe laser must be sent through

the plasma at a shallow oblique angle such that it passes through a sufficiently long segment of

plasma to pick up a detectable phase shift that can be observed as an intensity modulation further

downstream.

After verifying the ionization optics produce the expected plasma, the optics need to be

installed, aligned, and characterized in the FACET-II IP area. Initial experiments with the electron

beam should focus on demonstrating a reduction in head erosion using only the drive beam. Once

this has been achieved, and there is confidence that the plasma source is working as intended,

two bunch beams should be introduced. It will be necessary to spoil the emittance of the beams,

that is, render it artificially larger than what is delivered out of the linac, in order to prevent

beam ionization of the helium buffer gas on either end of the lithium oven. Proof of principle

experiments with spoiled emittance will provide enough confidence in the technique to move onto a

plasma source with a shaped gas density, possibly an elongated gas jet, to demonstrate emittance
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preservation at the micron-radian level.

If emittance preservation can be demonstrated, then all the pieces for a functional plasma

wakefield accelerator stage will have been achieved experimentally. It is then a matter of achieving

all of them at once. Once a plasma accelerator produces beams with low energy spread, high

efficiency, large energy gain (full depletion of the drive beam), and emittance preservation then a

PWFA could be considered ready for use in applications such as light sources and colliders.
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Appendix A

Green’s Function for a Linear Plasma Wave

The equation of motion for a fluid element in a linear plasma wave is

∂2δn

∂ξ2
+
ω2
p

v2
b

δn = −
ω2
p

v2
b

nb. (A.1)

We can use a Green’s function approach to solve the problem for an arbitrary beam density at a

given x, y position. The Green’s function for Eq. (A.1) is

G(ξ, ξ′) = −ωp
vb

sin

[
ωp
vb

(ξ − ξ′)
]

Θ(ξ′ − ξ), (A.2)

where Θ(−ξ) is the Heavyside step function. The Green’s function can be verified by checking that

∂2G(ξ, ξ′)

∂ξ2
+
ω2
p

v2
b

G(ξ, ξ′) = −
ω2
p

v2
b

δ(ξ − ξ′). (A.3)

We start with the left hand side:

∂2G(ξ, ξ′)

∂ξ2
+
ω2
p

v2
b

G(ξ, ξ′)

=− ωp
vb

∂2

∂ξ2
sin

[
ωp
vb

(ξ − ξ′)
]

Θ(ξ′ − ξ)−
ω3
p

v3
b

sin

[
ωp
vb

(ξ − ξ′)
]

Θ(ξ′ − ξ)

=− ωp
vb

{
−
ω2
p

v2
b

sin

[
ωp
vb

(ξ − ξ′)
]

Θ(ξ′ − ξ) + sin

[
ωp
vb

(ξ − ξ′)
]
δ′(ξ − ξ′)

}

−
ω3
p

v3
b

sin

[
ωp
vb

(ξ − ξ′)
]

Θ(ξ′ − ξ)

=
ωp
vb

sin

[
ωp
vb

(ξ − ξ′)
]
δ′(ξ − ξ′)

=−
ω2
p

v2
b

δ(ξ − ξ′).
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Adiabatic Solution for the Beta Function

The adiabatic solution for the beta function is given by using the theory of adiabatic invariants

to find the evolution of the action-angle coordinates. These coordinates are used to derive the

transport matrix for a single beam particle, from which the evolution of β is found using Eq. (2.140).

The single particle Hamiltonian is given by

H =
1

2
x′2 +

1

2
ηx2. (B.1)

The action-angle coordinates for a constant η are given by the generating function

F1(x, θ0) = − x2

2βm
tan θ0. (B.2)

In an adiabatic plasma, the lowest order expansion in αm gives the evolution as (see Sec. 3.2.1 for

the derivation)

θ
(0)
0 =

∫ s

0

dξ

βm(ξ)
+ θ0(0), J

(0)
0 = J0(0). (B.3)

The action-angle coordinates are related to x and x′ by [127]

x′ =
∂F1

∂x
= − x

βm
tan θ0, J = −∂F1

∂θ0
=

x2

2βm
sec2 θ0. (B.4)

Solving the two equations for J gives

J =
1

2
βm(ηx2 + x′2). (B.5)

Similarly, we can write x and x′ in terms of the action-angle coordinates

x =
√

2J0βm cos θ0, x′ = −

√
2J0

βm
sin θ0. (B.6)
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The solution for x and x′ in the adiabatic case are trivially given by

x(s) =

√
2J

(0)
0 βm cos

[
θ

(0)
0 (s)

]
, x′(s) = −

√
2J

(0)
0

βm
sin
[
θ

(0)
0 (s)

]
. (B.7)

We can find the transport matrix for a single particle by finding particular solutions for x1(0) = 0

and x′1(0) = x′0, and x2(0) = x0 and x′2(0) = 0. Each solution gives two elements of the transport

matrix. In the first case, θ0(0) = −π/2 and J0(0) = βm0

2 y′20 ; the solutions for x1 and x′1 are given

by inserting the initial conditions into Eq. (B.7):

x1(s) = x′0
√
βmβm0 cos

[
θ

(0)
0 (s)

]
, x′1(s) = −x′0

√
βm0

βm
sin
[
θ

(0)
0 (s)

]
. (B.8)

In the second case θ0(0) = 0, J0(0) = x2
0

1
2βm0

, and the solutions are

x2(s) = x0

√
βm
βm0

cos
[
θ

(0)
0 (s)

]
, x′2(s) = −x0

√
1

βm0βm
sin
[
θ

(0)
0 (s)

]
. (B.9)

The two sets of solutions have different values of θ0(0), and therefore, θ
(0)
0 is not defined the same

way for both sets. We can fix this by rewriting everything in terms of the betatron phase advance

θ defined as

θ =

∫ s

0

dξ

βm(ξ)
. (B.10)

The four solution then become

x1(s) = x′0
√
βmβm0 sin θ, x′1(s) = x′0

√
βm0

βm
cos θ

x2(s) = x0

√
βm
βm0

cos θ, x′2(s) = −x0

√
1

βm0βm
sin θ

(B.11)

From these four solution we can read off the elements of the transport matrix

M =


√

βm
βm0

cos θ
√
βmβm0 sin θ

−
√

1
βm0βm

sin θ
√

βm0

βm
cos θ

 , (B.12)

which can be written as a squeeze then a rotation then a squeeze in the opposite direction

M =

√βm 0

0
√

1
βm


 cos θ sin θ

− sin θ cos θ



√

1
βm0

0

0
√
βm0

 (B.13)



238

Using these we can write down the solution for the beta function using Eq. (2.140):

β = M2
11β0 − 2M11M12α0 +M2

12γ0. (B.14)

Inserting the elements of the transport matrix, we get that, in the adiabatic limit, the beta function

evolves according to

β =
βm
2

(
β0

βm0
− βm0γ0

)
cos 2θ − βmα0 sin 2θ +

βm
2

(
β0

βm0
+ βm0γ0

)
. (B.15)
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Perturbative Solution for the Beta Function

In the regime where αm � 1, the plasma should act only as a perturbation to the beam,

resulting in a small deviation from free space propagation. As such, the evolution can be looked

at using classical time-dependent perturbation theory. Imagine we have a Hamiltonian with a

known solution, denoted H0(q, p, t), and that the solution has been obtained using Hamilton’s

principle function to generate a canonical transformation to a new Hamiltonian, which is zero. The

transformed variables denoted by A and B are constant. The perturbed Hamiltonian is given by

H(q, p, t) = H0(q, p, t) + ∆H(q, p, t). (C.1)

The transformed Hamiltonian is given by

K(A,B, t) = H0 + ∆H +
∂S

∂t
= ∆H(A,B, t). (C.2)

The equations of motion for A and B are given by

Ȧ = −∂∆H(A,B, t)

∂B
, Ḃ =

∂∆H(A,B, t)

∂A
. (C.3)

Now enters the perturbation theory, plug the constant values of A and B into the right hand sides

of the equations above to get the first order correction, plug this in to get the second, and so on.

For transverse motion in a plasma-based accelerator, the variables (p, q) are replaced by

(y, y′). The unperturbed Hamiltonian is simply that of free space propagation

H0 =
1

2
y′2, (C.4)
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and the perturbing Hamiltonian is the focusing force given by

∆H =
1

2
ηy2. (C.5)

The Hamilton-Jacobi equation is easy to solve for this system (the solution is in Ref. [127]) and

the transformed coordinates are given by

A = y′0, B = y −As. (C.6)

The inverse transformation is y = As + B. Both coordinates are constants of the motion. The

perturbed Hamiltonian written in terms of these coordinates is given by

∆H(A,B, s) =
1

2
η(s)(As+B)2. (C.7)

The equations of motion for the canonical coordinates are

Ȧ = −η(s)(As+B), Ḃ = η(s)s(As+B). (C.8)

The zeroth order solution is the constant solution of the unperturbed Hamiltonian A0 = y′0 and

B0 = y0. The first order solution is found by by inserting these into the right hand side of the

differential equations

Ȧ1 = −η(s)(A0s+B0), Ḃ1 = η(s)(A0s
2 +B0s). (C.9)

Which reduces down to calculating three integrals over the plasma density of the form

In(s) =

∫ s

0
xnη(x) dx. (C.10)

The first order solution is given by

A1 = A0 −A0I1(s)−B0I0(s), B1 = B0 +A0I2(s) +B0I1(s). (C.11)

Transforming back to the original coordinates gives

y = y0(1− I0s+ I1) + y′0((1− I1)s+ I2), y′ = −y0I0 + y′0(1− I1), (C.12)
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which allows us to define the transport matrix as

M =

1− I0s+ I1 s− I1s+ I2

−I0 1− I1

 . (C.13)

The beta function evolution is given by Eq. (2.140)

β = β0(1− I0s+ I1)2 − 2α0(1− I0s+ I1)(s− I1s+ I2) + γ0(s− I1s+ I2)2. (C.14)



Appendix D

Particle Tracking Algorithm

This appendix is a direct reproductions of Appendix A from Ariniello et al. [58] © 2022

American Physical Society.

The particle tracking simulations shown in this dissertation all use a simple particle tracking

code. Each particle is propagated by numerically solving Eq. (2.121). The values of γb(s) and γ′b(s)

are known from the acceleration model used for each simulation. The focusing force, parameterized

by kβ(s), is easily found from γb(s) and the plasma density profile ne(s). Both kβ(s) and γb(s) are

functions of the particles initial ξ, and either δ or τ . The particle transverse positions are updated

from step si to si+1 using the transport matrix formalismxi+1

x′i+1

 = M(si+1|si)

xi
x′i

 , (D.1)

where we use the standard transport matrix

M(si+1|si) =

 cos(kβ∆s) 1
kβ

sin(kβ∆s)

−θkβ sin(kβ∆s) θ cos(kβ∆s)

 . (D.2)

Here, ∆s = si+1 − si is the step size, kβ = kβ(si + ∆s/2) is the betatron wavenumber evaluated

at the half-step, and θ = 1− γ′b(si+∆s/2)∆s

γb(si+∆s/2) describes the adiabatic dampening. The step size ∆s is

much less than 1/kβ.
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The particles are initialized in action-angle variable space (J and ψ) using the distribution

ρ(J) =
1

ε
e−J/ε, (D.3)

ρ(ψ) =
1

2π
rect

(
ψ

2π

)
. (D.4)

The particle’s initial position in real space is calculated from J and ψ using

x0 =
√

2Jβ0 cosψ + ∆x, (D.5)

x′0 = −

√
2J

β0
(sinψ + α0 cosψ) . (D.6)

The longitudinal positions are initialized based on the distribution of interest.



Appendix E

Beam Evolution in a Plasma Source with Adiabatic Ramps

This appendix is a direct reproductions of Appendix B from Ariniello et al. [58] © 2022

American Physical Society.

Finding the beam evolution in an adiabatic plasma source with ramps requires assuming the

energy change is small in the ramps but including energy change in the bulk plasma. As a result,

the analytic expressions are piece-wise with different expressions for the ramps and the bulk. The

evolution is fully described by γb, φ̄, ωξ, and ωδ. The expression for γb and γ̄b are not piece-wise

and are given in Sec. 3.4.6. The expressions for φ̄, ωξ, and ωδ are

φ̄ =



ωpu
c
√

2γb0

[
G1 − E0e

2mec2γb0
(2D2 −D1)

]
s ≤ l

φ̄|l +
ωpu
c
√

2
2mec2

E0e

(√
γ̄b −

√
γbl
)

l < s ≤ l + L

φ̄|l+L +
ωpu

c
√

2γbL

[
G∗1 − E0e

2mec2γbL
(2D∗2 −D∗1)

]
l + L < s

ωξ =



ωpu
c
√

2γb0

E1e
2mec2γb0∆ξ

D2 s ≤ l

ωξ|l − ωpu
c
√

2
E1

E0∆ξ

[
1√
γ̄b
G2 + 2mec2

E0e
(
√
γbl −

√
γ̄b)− 1√

γbl
G2(l)

]
l < s ≤ l + L

ωξ|l+L +
ωpu

c
√

2γbL

E1e
2mec2γbL∆ξ

[D∗2 +G∗1G2(L)] l + L < s

ωδ =



1
2

ωpu
c
√

2γb0
G1 s ≤ l

ωδ|l − ωpu
c
√

2

mec2γb0
E0e

(
1√
γ̄b
− 1√

γbl

)
l < s ≤ l + L

ωδ|l+L + 1
2

ωpu
c
√

2γbL

γb0
γbL

G∗1 l + L < s,
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where G1, G2, D1, and D2 are integrals over the plasma density defined in Sec. 3.4.6. The starred

quantities are the integrals evaluated over only the exit ramp:

G∗1 =G1(s)−G1(l + L)

G∗2 =G2(s)−G2(l + L)

D∗1 =

∫ s

l+L
ds′
√
η(s′)G∗1(s′)

D∗2 =

∫ s

l+L
ds′
√
η(s′)G∗2(s′).

Combining these expressions with Eqs. (3.65), (3.57) and (3.58) gives H1, H2, ψ1, and ψ2. These

can be inserting into Eq. (3.59) to find the emittance growth and Eqs. (3.50)-(3.54) to find the

evolution of the beam moments.



Appendix F

Versions of PPT

The PPT model is referenced throughout the literature and unfortunately the equations used

are not all the same. In this section I will compare the equations and try to rectify discrepancies

between them. The original PPT model with the Coulomb correction is given by [93, 97]

wlm(E,ω) = |Cn∗l∗ |2
(

6

π

)1/2

f(l,m)ξi

(
2E0

E

)2n∗−|m|−3/2 (√
1 + γ2

)|m|+3/2

×Am(ω, γ) exp

(
−2E0

3E
g(γ)

)
.

(F.1)

Lai et al. [100] use the PPT theory to calculate ionization rates and compare them to

experimental data. Particularly for linearly polarized light, the model they use has good agreement

with the experimental data. The model they use is given by

wlm(E,ω) = |Cn∗l∗ |2 f(l,m)ξi

(
2E0

E

)2n∗−|m|−1 (√
1 + γ2

)|m|+3/2
Am(ω, γ) exp

(
−2E0

3E
g(γ)

)
,

(F.2)

which differs from the PPT model by a factor of(
3E

πE0

)1/2

, (F.3)

which is the term in the ADK model that accounts for averaging over a single cycle of the laser

field, which is consistent with the claims in the paper that state the
√

3E/πE0 factor results from

cycle averaging. They also have a difference in the function Am. In the original PPT paper, Am

was given by

Am(ω, γ) =
4√
3π

1

|m|!
γ2

1 + γ2

∞∑
n≥v

exp{−α(n− v)}wm
(√

β(n− v)
)
. (F.4)
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The version in Ref. [100] is

Am(ω, γ) =
4γ2

√
3π |m|!(1 + γ2)

∞∑
q≥qmin

exp{−α(q − v)}wm
(√

β(q − qmin)
)
, (F.5)

where qmin = (ξi+Up)/ω, which is the minimum number of photons necessary to reach the effective

ionization threshold. Up is the pondermotive potential given in atomic units by

Up =
E2

4ω2
. (F.6)

It ends up that

Up =
ξi

2γ2
. (F.7)

Therefore, qmin = v and the version matches the original PPT formula exactly.

Another version of the formula is presented by Popruzhenko et al. [99] in which the ionization

rate for an s state (l=m=0) is given by

wlm(E,ω) = |Cn∗l∗ |2
2

π
ξi

(
ω

ξi

)3/2√
β
∞∑
n≥v

exp{−α(n− v)}F
(√

β(n− v)
)

exp

(
−2E0

3E
g(γ)

)
,

(F.8)

where F is the Dawson integral given by

F(x) = e−x
2

x∫
0

ey
2
dy. (F.9)

It is easy to see that F(x) = w0(x). We can pull out the function A0 which simplifies the expression

for the ionization rate to

wlm(E,ω) = |Cn∗l∗ |2
(

6

π

)1/2

ξi

(
ω

ξiβ

)3/2√
2A0(ω, γ) exp

(
−2E0

3E
g(γ)

)
. (F.10)

Using the definition of β gives (
ω

ξiβ

)3/2

=

(
ω
√

1 + γ2

2γξi

)3/2

. (F.11)

Inserting the definition of γ for the γ in the denominator gives(
ω
√

1 + γ2

2γξi

)3/2

= 23/2

(
E
√

1 + γ2

2E0

)3/2

. (F.12)
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Inserting back into the original equation produces the original PPT theory evaluated at l = m = 0

without the Coulomb term and with an additional factor of 4:

wlm(E,ω) = 4 |Cn∗l∗ |2
(

6

π

)1/2

ξi

(
E
√

1 + γ2

2E0

)3/2

A0(ω, γ) exp

(
−2E0

3E
g(γ)

)
, (F.13)

The Coulomb term is explicitly removed in Ref. [99] thus its absence is expected. The corrected

Coulomb term is calculated in this paper so they present the formula without the Coulomb correc-

tion. Most likely the factor of 4 comes from a difference in the definition of the coefficient |Cn∗l∗ |2.

In previous works, Ref. [98], the authors used the Hartree expression for |Cn∗l∗ |2 which they defined

as

|Cn∗l∗ |2 =
22n∗−2

n∗Γ(n∗ + l + 1)Γ(n∗ − l)
, (F.14)

which is smaller by a factor of 4 from the coefficient used in the ADK theory and that used by

Ref. [100]. Using this definition of |Cn∗l∗ |2 their form of the theory matches the original version.

An additional version of the PPT theory comes from Couairon and Mysyrowicz [95]:

wlm(E,ω) =
ωa.u.
2ξH

|Cn∗l∗ |2
(

6

π

)1/2

f(l,m)ξi

(
2E0

E
√

1 + γ2

)2n∗−|m|−3/2

Am(ω, γ) exp

(
−2E0

3E
g(γ)

)
.

(F.15)

This differs from the original formula by the factor of

√
1 + γ2

−2n∗

(F.16)

and the ωa.u./2UH factor in front. The definition of v also has an additional ~ in it from converting

the photon energy from atomic units, where it has the same units as frequency, to eV

v =
ξi
~ω

(
1 +

1

2γ2

)
. (F.17)

The definition of E0 is

E0 = EH

(
ξi
ξH

)3/2

, (F.18)

and the definition of n∗ is given by

n∗ = Z

√
ξH
ξi
. (F.19)
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Everything with a H subscript refers to the equivalent quantity for atomic hydrogen. These quan-

tities are given by

EH [V//m] =
α3m2

ec
3

~e
, (F.20)

ξH [eV] =
α2mec

2

2e
, (F.21)

ωa.u. =
eEH√
2meξH

=
α2mec

2

~
. (F.22)

The overall factor in SI is given by

ωa.u.
2ξH

=
α2mec

2

~
e

α2mec2
=
e

~
, (F.23)

which exactly matches the conversion constant from Sec. 4.1.3. Plugging in all the hydrogen terms

for E0 gives

E0 = 23/2

√
mee

~
ξ

3/2
i , (F.24)

which again matches the result Sec. 4.1.3. The unit conversion for n∗ also matches Sec. 4.1.3:

n∗ = αc

√
me

2e

Z√
ξi
. (F.25)

The only unresolved term in this version of the formula is the
√

1 + γ2
−2n∗

which comes from

Ref. [90], where they claims it is part of the Coulomb correction from Ref. [97]. However, it is

clearly not part of the Coulomb correction in [97], and it does not appear in any other papers;

therefore, it is most likely an error in this reference.

The last piece that is unclear is a statement by Ref. [95] that the PPT ionization theory

underestimates the ionization rates by a factor of 4. They reference Mishima et al. [128] as the

source of this claim. However, Ref. [128] is fairly unintelligible so the validity of this claim is

suspect.
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