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Abstract

In this paper, a model predictive control (MPC) is proposed for wind farms to minimize wake-induced power losses. A
constrained optimization problem is formulated to maximize the total power production of a wind farm. The developed
controller employs a two-dimensional dynamic wind farm model to predict wake interactions in advance. An adjoint
approach as an efficient tool is utilized to compute the gradient of the performance index for such a large-scale system.
The wind turbine axial induction factors are considered as the control inputs to influence the overall performance by
taking the wake interactions into account. A layout of a 2x3 wind farm is considered in this study. The parameterization
of the controller is discussed in detail for a practical optimal energy extraction. The performance of the adjoint-based
model predictive control (AMPC) is investigated with time-varying changes in wind direction. The simulation results
show the effectiveness of the proposed approach. The computational complexity of the developed AMPC is also outlined
with respect to the real time control implementation.

Keywords: Nonlinear model predictive control, Adjoint approach, Wind farm control, Wake interactions, Maximal

energy extraction

1. Introduction

Control of turbines in a wind farm is challenging because of the aerodynamic interactions via wakes. The character-
istics of a wake are reduced wind speed and increased turbulence. The former diminishes the total power production of
the farm and the latter leads to a higher dynamic loading on the downstream turbines. In a wind farm, wakes often merge
with each other, resulting in the so-called multiple wakes. The wake interactions also depend strongly on variations of
wind direction, the surface roughness, turbulence, different atmospheric stratifications, local terrain, and turbine layout in
a wind farm [1]]. Traditionally each turbine operates greedy, i.e., without optimization at wind farm level. By changing
operating points of upwind turbines, it is possible to influence their wakes, and thus the performance of downwind tur-
bines, possibly increasing overall power capture or decreasing structural fatigue loads. Therefore, wind farm control has
recently received significant attention in an attempt to lower the levelized cost of energy [2, [3]].

The idea to maximize the power production of wind farms in the presence of wakes is to coordinate the control
settings of the individual wind turbines, by taking their wake interactions into account. Two commonly proposed but not
practically applied approaches for wake control of wind farms are induction control and wake-steering control. In the

first method, the upstream wind turbines reduce their own power productions to increase the amount of available kinetic
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energy of wind reaching downstream turbines [4]. In the latter method, the rotors of upwind machines are intentionally
yawed out of the wind direction in order to deflect their own wakes away from their downwind turbines [5]].

All wind farm control concepts have to be ultimately validated in field experiments, which is a costly and time-
consuming process. Recent field campaigns have demonstrated possibilities for wind farm controllers based on wake de-
flection [6], as well as the uncertainties stemming from standard wind turbine equipment [7]]. Although they cannot fully
replace the field experiments, wind tunnel experiments with scaled wind turbine models represent a less time-consuming
validation technique characterised by controllable flow conditions, lower expenses and less safety issues. These fea-
tures were used e.g., in [8]] to validate the potential of the torque, pitch and yaw control strategies for wind farm power
maximization. However, experimental activities are always limited by the used sensors, and cannot provide a complete
information of the flow or wind turbine behaviour. To obtain a more comprehensive understanding of the underlying
physics, and how control techniques can influence the flow, numerical simulations, or more specifically, computational
fluid dynamics (CFD) models tuned with experimental data, have been widely employed. These models allow resolving
time-varying turbulent flow for better characterization of the wake physics, e.g., wake meandering, wake-added turbu-
lence, shape of the velocity deficit inside the wake, multiple wakes, etc. The impacts of different atmospheric stabilities
on a deflected wake using yaw control of an upwind turbine have been recently investigated in [9].

Several studies have utilized optimization techniques to find optimal control set-points for the total wind farm perfor-
mance [10} [11]. Nonetheless, from a control design perspective, these approaches have been either open-loop or quasi
steady-state optimization ones, based on analytical static wake models which do not hold fully for dynamical wake interac-
tions. The inherent modeling uncertainties and time-varying inflow conditions, e.g., turbulent nature of wind speed, wind
direction changes, and wake meandering demand a closed-loop control approach to react fast enough to the variations of
the wake interactions within a wind farm. Extremum-seeking based wind farm control as a closed-loop implementation
of the real-time optimization has been proposed for both the induction control [12]] and the yaw-based wake steering con-
trol [[13]. Although this approach benefits from a simple control structure, straightforward for real-time implementation,
it suffers from slow convergence time and sensitivity to inevitable uncertainties because of the model-free nature of the
control architecture.

Soleimanzadeh et al. [[14] have developed a linear state-space model and a distributed controller for the wind farm,
which is only valid for small deviations from the equilibrium. Goit and Meyers [15] have proposed an optimal control
of energy extraction, utilizing a full 3D Large-Eddy Simulation (LES) model and a receding horizon control approach to
increase the turbulent kinetic energy of the flow within a wind farm. The proposed controller relies on a full high-fidelity
LES model of the wind farm to compute the optimal control commands, which is too time-consuming for real-time
control. LES models of wind farms are vastly expensive, which are typically used for investigation of detailed physics of
turbulent flows, wakes and wind turbine interactions with atmospheric boundary layers. Ideally, a control-oriented model
should capture relevant dominant flow dynamics in a computationally inexpensive manner, which is the main motivation
of studying medium-fidelity dynamic models of wind farms [16} 17} [18].

Vali et al. [[19}20]] have proposed an adjoint-based model predictive control (AMPC), which is a closed-loop optimal
wind farm control approach, with the main goal of minimizing wake-induced power losses of a wind farm. Figure [I]
depicts schematically the control architecture of the proposed optimal control framework. It relies on a two-dimensional
dynamic wind farm model, the so-called WFSim [[18]. A constrained optimization problem is formulated according to the

control objectives and the practical constraints. An adjoint approach is exploited and developed as a cost-effective tool to
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compute the gradient of the performance index. In [21]], the AMPC has been investigated to provide active power control
(APC) services against undesired wake effects on wind farm responses to grid requirements. In that paper, the AMPC has
exploited the non-unique solution of APC for optimal power/load distribution among the individual wind turbines, while

their total power production follows a power reference.
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Figure 1: Schematic illustration of the closed-loop optimal control of wind farms. The grey block contains the main components of the
adjoint-based model predictive control (AMPC).

It is evident from [20, 21]] that the AMPC is potentially capable of optimal control of waked wind farms subjected to
time-varying changes in atmospheric and operational conditions. However, several open research questions need to be
answered for practical assessments of the proposed approach. From a wind engineering perspective, the employed control-
oriented model should capture the dominant nature of turbulent flows and wakes for reliable input/output predictions of
the wind power plant. The wake propagation from an upwind turbine toward its downwind turbine introduces a time
delay, needed to be considered in the AMPC optimization problem for an applied wake control. Furthermore, WFSim is
a large-scale dynamic system due to the fact that each grid point contains three states and the order of a wind farm model
can easily grow depending on the meshing resolution. Several studies have focused so far to improve the computational
efficiency of the approach, e.g., the exploitations of sparse structure in the WFSim system matrices [22]], sparse banded
matrices to reduce further computational efforts [23]], and adjoint approach to compute the gradient of the performance
index with the same computational cost of the model [20]. However, the computational complexity of the AMPC is still
one major issue for real-time closed-loop control, which becomes prohibitive for large wind farms.

The current paper focuses on the extension and analysis of the AMPC from both the applied control and the wind
engineering perspectives. The APMC is developed and investigated here for optimal energy extraction in waked wind
farms. The wake propagation time is analyzed as a key information for selecting the AMPC design parameters in order
to ensure a satisfactory closed-loop performance and computational efficiency simultaneously. Furthermore, the com-
putational expenses of the adjoint approach are determined using the orders of the model and the optimization domain,
which are effectively used to limit the computational burden of the AMPC. The closed-loop performance of the com-
putationally efficient AMPC is evaluated with fast dynamic wake interactions, caused by time-varying changes in wind

directions as disturbances. To ensure the applicability of the results and discussions, the employed 2D wind farm model
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is also validated with the PArallelized Large-eddy simulation Model (PALM) of wind farms, which has extensively been
used for analyzing the performance of real wind farms under turbulent conditions and their interactions with boundary
layers [7) 24].

The remainder of this paper is organized as follows. Section [2]presents briefly the fundamentals of the medium-fidelity
model of wind farms. The main focus of section [3]is on the structure of the proposed and the extended version of the
AMPC for power maximization of wind farms, consisting of the optimal control problem, the adjoint-based gradient,
the optimization method, and the applied practical constraints on the wind turbine control inputs. The investigated wind
farm example is introduced in section[d A comparative study is conducted in order to validate the utilized model with
an LES model of wind farms. Then, the design characteristics and the performance of the proposed AMPC is discussed
through simulation studies in section[5] The focus of section [6]is on the computational complexity of the proposed MPC
method for wind farm control. Finally, the strengths and weaknesses of the proposed approach are outlined in section

as conclusions of the current study.

2. Wind farm model

This section briefly presents the fundamentals of the employed control-oriented wind farm model, the so-called WF-
Sim [[18} 22} 25]. The model solves the longitudinal and lateral flow velocity components in a wind farm at the wind
turbine hub height. The flow velocity components are then used to model the wind turbines as actuator discs and to

estimate the power production of the wind farm.

2.1. The flow model
The WFSim inflow is modeled using the incompressible 2D momentum Navier-Stokes equations constrained by the

continuity equation [[18]]:
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where p represents the air density, y is the dynamic viscosity, p is the pressure field and u = (u,v)7 is the velocity
vector field at hub height. f = (f,, fy)T represents the external source terms in the x- and y-directions, i.e., streamwise
and lateral directions, respectively, employed for modeling the wind turbines and their DoFs, e.g., the axial induction
factor and the yaw misalignment. Since the focus of the current study is on induction-based wake control, the yaw DoF,

described by a lateral thrust force f, in order to deflect the wake downstream of a wind turbine, is neglected for simplicity.

2.2. The wind turbine model
Actuator disc theory is employed to exert a thrust force into the incoming flow and extract a certain amount of energy

from the wind. The thrust force and the produced power for a single turbine are expressed as follows [26]:

Pr = %pAdUgoCT(a), Cr(a) = a(1 — a), @

Pr— %pAdUS’OOp(a), Cp(a) = da(1 — a)?, )



105

110

where Uy is the effective wind speed at a far distance upwind from the rotor disc, A, the swept area of the rotor plane,
and Cp and Cp are the thrust and power coefficients of a wind turbine, respectively, which are functions of the axial
induction factor a. The practical torque and pitch control inputs of a wind turbine can be related to the axial induction
factor a, which is the ratio of the reduced wind velocity at the rotor plane to the effective wind speed U, [26].

Considering the induction effect of a rotor disc in general as
Ug=(1-a)Us, (6)

enables us to estimate the exerted thrust force using the measurable rotor averaged wind velocity Uy at the rotor plane and
the axial induction factor a. Similar to [[19]], a more precise approximation of U, can be achieved using the correction
factor Cy(a) for a wind turbine model in WFSim as

5 Cr(a)Ua

Vo =20 @

The necessity of the introduced correction factor, which is attributed to the two-dimensional inflow of the WFSim model,
is demonstrated in The described wind turbine model holds under stationary flow conditions. Thus, the

induction factor is extended with a first-order lag with the aerodynamic time constant 13.5 s as suggested in [27]].

2.3. The WFSim model

The 2D flow is spatially and temporally discretized over a specified staggered grid following [28]]. Therefore, the i
turbine model is incorporated inside the flow model using the following discretized source term:
Qg

fui = =20 Ay; U3 Bi, Bi = T
Py

®)

where f,, and Uy, collect the discretized thrust forces and the corrected wind velocities, respectively, at the corresponding
grid cells which cover the " rotor disc. The width of the grid cells Ay; is considered constant in this study. The virtual
control variable 5; is defined to obtain linear expressions of the thrust force and the captured power with respect to the
wind turbine control input [22]. Note that f,, is calculated only for the flow component of the effective wind speed U,
perpendicular to the rotor plane.

Finally, the discrete-time wind farm model with NV; wind turbines can be represented in a nonlinear descriptor state-
space form as follows [18]]

E(Xi)Xpy1 = AXy + B(Xg)By, + b(Xy), )

with state variable X}, which stacks all the longitudinal and lateral flow velocities @, € R(N=—3)(Ny=2)x1 g ¢

R(Na—2)(Ny—3)x1 (Nz—2)(Ny—2)x1

, and scaled pressure components p, € R in every point of the staggered grid with
N, and NN, being the number of cells in the - and y-direction, respectively. The vector of control inputs 3;, collects the

control variables of all NV; turbines within the wind farm, i.e., the virtual axial induction factors @)

Uy, B,k
Xe=|w |, Bpe=| @ |eR¥W
Dk BN, .k
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The descriptor matrix E(X}) contains the diffusion and convection terms of the 2D flow constrained to the continuity
equation (3)) after spatial discretization. The constant matrix A represents the temporal discretization of the flow depend-
ing on the chosen sampling time, and the control distribution matrix B(X},) represents how the axial induction factors of
the individual wind turbines influence the wind farm states. Finally, the vector b(X}) describes the effect of the defined

boundary conditions.

3. Adjoint-based model predictive control

An adjoint-based model predictive control (AMPC) framework is proposed here for minimizing the wake-induced
power losses of wind farms. Figure [2]demonstrates schematically the main components of the designed nonlinear MPC.
The control inputs and wake-induced plant responses are predicted in advance and optimized for a finite time horizon V,,.
The optimization method benefits from an adjoint method as a cost-effective tool to compute the gradient of the specified
performance index, subjected to the aforementioned medium-fidelity wind farm model. The nonlinear model and perfor-
mance index are linearized and stored online over the prediction horizon (see blue arrows in Fig.[2). Then, an adjoint
variable is defined to estimate the proper search directions (see red arrows in Fig. [2) for iteratively solving the formu-
lated optimal control problem. Indeed, the adjoint variable associates the variations of the model and the performance
index over the prediction horizon N,, which is informative for calculating the gradient, as explained in subsection @
Finally, the first part of the optimal solution INV,, < N, is applied to the plant (see green arrows in Fig. |z[) in order to
optimally adjust the wake interactions. The whole procedure is repeated with new measurements, providing feedback into
the optimization problem, which enables the controller to react to varying atmospheric and operating conditions of a wind

farm.
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Figure 2: Schematic illustration of the adjoint-based model predictive control (AMPC) of wind farms

Here, it is assumed that all required state variables for optimal control of a given wind farm are measurable. Ob-
servation techniques can be used for estimating the state variables of the employed model. Doekemeijer et al. [[23| [29]
have developed a computationally efficient Ensemble Kalman Filtering (EnKF) method based on WFSim, to estimate the
flow velocities at hub height of an LES model of wind farms. It is shown that such estimation techniques are capable of
adjusting the predicting model in order to address the model plant mismatches for a proper feedback correction strategy.

Moreover, the recent developments of lidar technology make the measurements of the wind speed at various distances



10 of wind turbines practical [7] and reliable for developing advanced control algorithms, e.g., model predictive control, in
wind energy [30, [31].

Furthermore, the focus of this study is on the centralized structure of a high-level wind farm controller for finding

the optimal control set-points of the wind turbines, taking their wake interactions into account. It is assumed that the

low-level wind turbine control systems are able to realize the commanded optimal trajectories to correct local mismatches

15 and mitigate short-scale disturbances due to turbulence [32}[33]].

3.1. Optimal control problem

A constrained optimization problem is formulated here to minimize the wake-induced power losses of a wind farm.
The manipulating variables are the virtual wind turbine induction factors 3 at time instant k. The optimal control problem
is formulated as finding the maximal power production of the wind farm over a finite time horizon N,,. Hence, we first

define the following performance index, referring to the sum of the actual turbine power productions, at time instant k as

Ny
Te(Xi, Be) = > Pik (10)
=1

Now, we can formulate the following constrained optimization problem over the prediction horizon N,

NP
max  J(X,8) = Ju(Xk, Br), (11)
B8 k=1
st. C(X,B8) =0, (12)
Bik = Bik-1 for k=N, —N;y+1,---,N, (13)
1 1
0< i< 5 = 0O<aip < 3 (14)

The equality constraint (T2) represents the discrete-time wind farm model, used for predicting the wake evolutions

and interactions over the prediction horizon N,, with the following expanded form

C1(Xo, X1, Bo) Xi B4
. Co(X1, X2, 51) . Xo - B2
C= , X = , B= ,
Cn,(Xn,-1,XN,, BN, 1) XN, Bn,
where according to (9)
Cr (X1, Xg, Br—1) = E(Xp—1) Xt — AXp—1 — B(Xg—1)Br_1 — b(Xi—1). 15)

The prediction horizon N, should be long enough to capture wake propagations within a wind farm. Therefore, the
wake propagation plays a key role in the closed-loop performance, as it introduces a significant time delay to wind farm
responses. It is thus common that a short preview objective leads to optimal predictions that yield either an undesired

150 closed-loop performance or even instability issue. The terminal set constraints (T3) are introduced to limit the inherent

behaviour caused by the finite-horizon control, through blocking the moves over the final time period Ny, as explained in
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section [3:4] In [20], a long prediction horizon is used to avoid such issues, which demands ineffectively computational
expenses. However, we demonstrate here that setting the final time period as Ny = N, /2 equals to the wake traveling
time from an upwind turbine toward the first downwind turbine would be a fair choice to ensure a desired closed-loop
performance and computational efficiencies simultaneously.

The inequality constraint (T4) addresses the practical constraints on the wind turbine control inputs. The formulated
optimization problem (TT)-(T4) can be extended for other control objectives of wind farms, e.g., active power control,

optimal load coordination among wind turbines [21]], and optimal wake steering.

3.2. Adjoint-based gradient of the cost function

As mentioned above, the wind farm model given in (9) is a large-scale system. The order of the model is determined
by the chosen domain size and staggered grid resolution (N, x N, ). Although the existing sparsity in the system matrices
makes the model computationally efficient, the number of cost function evaluations for each control input using common
approaches, e.g., finite difference, make the computation of the gradient intractable and consequently impractical for
real-time applications.

Adjoint methods give an efficient way of obtaining the gradient of a performance index including many decision
variables, regardless of the system order. Adjoint methods have been used widely in wind energy investigations for
wind farm layout optimization [34] and analyses of wind farm control [[15] 135] using high-fidelity models of wind farms
consisting of a vast number of state variables. Considering the computational efficiency of the WFSim model, we employ
an adjoint method here for computing the gradient of the MPC cost function in order to make it practical and realizable
for real-time control of wind farms.

First, we define the Lagrangian to turn the constrained optimization problem (TT)-(I2) into an unconstrained one as

follows

L(X,B,A) = J(X,B)+ATC(X,p), (16)

where A = [A1, Az, .., A NP}T is the vector of Lagrange multipliers. Since the equality constraint lb holds always for

k=1,2,---, N, we may choose A freely, and the gradient of the cost function can be expressed as

T —VUsf — - TO VX - ~ Tco .
V3T = VgLl =(Jx +ATCx)X5+T5+ATCp, a7

where (.) ¢ and (.) 5 represent the partial derivatives with respect to X and B respectively. |Appendix A|presents the

sparse structure of C £ in 1| and C 3 in 1} describing the perturbations of the employed model in response to the

control inputs and disturbances over a prediction interval N,,.
In order to avoid tedious computation of X 3 one may choose the adjoint variable as a solution of the following
adjoint equation [36]:
AT A _ T
CiA=-J; (18)

The structure of the adjoint equation (I8) indicates that the adjoint solution strongly depends on the variations of the
performance index and the wind farm model response over the prediction horizon. By substituting the adjoint variable A

into the gradient equation (I7), there is no need for tedious calculations of the derivatives of the flow solution with respect
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to the control variables (X B) and the gradient of the performance index can be expressed in the following compact form
Vad =Tz +ATChH. 19
ﬂj J 3+ 3 19)

The structure of the matrices C £ in |l and C 3 in li allows us to derive the backward time-propagation of the
adjoint variable (I8) and consequently the gradient (T9) as follows

(Com1) % Mem1 = =Tx,_, — (Ck) ko, Mo (20)

Vg, J=Jg  +X(Cug, @n

k—1

with initializing Ay, +1 = 0 at the end of the prediction interval.

3.3. Receding horizon control law

Due to the time-dependent nature of the problem, a descent gradient method is employed to solve the optimization
problem iteratively. It is computationally efficient when the number of optimization variables is large due to exploiting
few vector operations instead of high-dimensional matrix operations, e.g., in Newton’s method [37].

Given an estimated control variable B(n) € RNeNo X1 gt the ph optimization iteration, a new estimation is obtained

using the computed time-dependent gradient (I9) as follows
T
~(n+1 ~(n n
ﬂ( ) _ ﬂ( )—i—a(m) (V(B)j> , (22)

with (™) being the step size along a given search direction, which ensures that an improvement is achieved in the total
power production at each optimizing iteration. A backtracking line search method is employed to find the proper step
size, initialized with its maximum value () = 1. Until the improvement in the performance of interest lb is achieved,

the step size at the m™ line search iteration is set as:

1
a(m,) — §a(m—1). (23)

The solution B* is obtained when the gradient falls below a user-defined threshold. The receding horizon control law,

which is fed to the wind farm is implemented as

B
= [Ixe 100w,y ) @I B (24)
BN,

where I stands for the identity matrix with /V,, and IV, being the length of the receding horizon and the number of wind
turbines, respectively, and ® represents the Kronecker product. Repeating the whole procedure with new measurements
provides feedback into the optimal control problem, which enables the AMPC to react to varying atmospheric and operat-
ing conditions. Depending on how fast the wind farm responds to the control inputs and disturbances, the receding horizon

control N,, determines the quality of the closed-loop performance. Increasing /NV,, degrades the closed-loop performance
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and makes the control system less responsive to fast dynamics, e.g., wake meandering, wind gust, and turbulent flows.

3.4. Control input constraints

Without the move-blocking (T3), any control actions at the end of the horizon would not be seen by the downwind
turbines in (TT). Therefore, the optimal solution would be to start using the greedy setting, since the wakes with the lower
energy content would not reach downwind turbines within the prediction horizon. Although this undesired behaviour can
be avoided in the wind farm closed-loop performance using a long preview prediction, it adds unnecessary computational
effort [20]. Therefore, we prevent the AMPC from making such changes by employing the move-blocking (13). Following
many practical online MPC systems [38]], an input move-blocking scheme [39] is applied for mapping the adjoint-based

gradient as follows

Vg = (VBJ) T, (25)
with the blocking matrix
Iy _ 0
T,= | " ) @ Iy,, (26)
0 ]\Tf [1]Nf x1

where the Kronecker product ® is used to apply the final set constraint (I3) on N, wind turbines of the wind farm. In
doing so, we eliminate the undesired behaviour caused by the finite-horizon optimization and reduce the computational
complexity of the optimal control problem by choosing the prediction horizon N, and the final time period Ny according
to the specific physics of the problem, e.g., wake traveling time.

An active set method is also employed to enforce the control inputs applied to always remain within the specified
limits . When the constraint (I4) is activated, e.g., 5; x = 0.5 or 5; 1, = 0, the adjoint-based gradient is projected in

order to move along the activated constraint.

3.5. Computational complexity
This section establishes the systematic procedure of the AMPC implementation. Figure [3|demonstrates schematically
the main components of the developed optimizer for optimal predictive control of wind farms. The grey block contains

the main three computation steps of the AMPC as follows

e Step 1, linearization: The employed WFSim model and the performance index are linearized and stored online over

the prediction horizon for computing the adjoint variable,

e Step 2, adjoint variable calculation: The adjoint-based gradient is calculated backward in time using the family of

linearized models and performance indices with respect to both the state variables and control inputs,

e Step 3, line-search: At least one forward prediction is conducted to ensure that the chosen step size along the search

direction yields an improvement in the performance of interest.

The user-defined threshods, e.g. the allowable CPU (central processing unit) time or the desired norm of the gradient,
specify the number of optimizing iterations for applying the optimal solution to the wind farm. Therefore, the total elapsed

time 7" for a receding horizon control ﬁ,’;‘ k4, can be approximated as

Np
T~ (Tii+ Toi+ NiTss), 27)

i=1

10
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Figure 3: Schematic illustration of the main components of AMPC optimization solver. The grey block contains the main computing
steps of AMPC for optimal predictive control of wind farms. 7%, T%, and T stand for the elapsed time of each main computing step.

where Ny and N, represent the total number of optimization and line-search iterations, respectively and T4 ;, 15 ;, and

it" iteration. It should be noted that there

T3 ; stand for the elapsed times of the aforementioned computing step 1 to 3 at
exist a few scalar and vector operations in between, which their parts are neglected in the total elapsed time 7', compared

with these three main steps.

4. Model comparison and validation

For practical perspectives of the approach, we demonstrate that WFSim is able to capture the dominant dynamics of
the resolved turbulent wakes of an LES model of wind farms at the hub height of the wind turbines. An LES approach is
conceptually suitable for studying the evolution of turbulence and wind turbine wakes because it can simulate a very wide
range of turbulent scales. In the current study, we use the PArallelized Large-eddy simulation Model (PALM) [40] coupled
with the Actuator Disc Model (ADM) of wind turbines [24]. The PALM model has been used widely for investigating the
performance of real wind farms [24] and for analyzing real measurement data [7]].

PALM is an open source LES code, which is developed for atmospheric and oceanic flows and optimized for massively
parallel computer architectures. It uses central differences to discretize the non-hydrostatic, filtered, and incompressible
Boussinesq approximation of the three-dimensional Navier-Stokes equations on a uniformly spaced Cartesian grid [40].
PALM resolves the detailed unsteady turbulent wind farm flow and wind turbine wakes, considering their interactions
with the atmospheric boundary layer. On the other hand, the employed WFSim model aims only to estimate the dominant
dynamics of wake interactions at the hub height and resultant power losses of downwind turbines, making the model

suitable for the wind farm control.

4.1. Case study

A layout of a 2x3 wind farm is considered in the current study (see Fig.[d). The wind turbines with rotor diameter
D = 126 m, taken from the freely available model of the NREL 5-MW reference wind turbine [41], are spaced 5D in

the stream-wise direction. The rotor centers of the middle turbines are offset half a rotor diameter from the centers of

11
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the upwind and downwind turbines to create partial wake overlaps with rotors of the downwind turbines. It should be
mentioned that analyzing the partial wake overlaps using analytical low-fidelity static wake models, used in many studies

such [10, [11]], typically yields an unreliable estimation of wind turbine power productions.

Figure 4: The layout of the investigated 2 X 3 wind farm.

Table B.3] summarizes the key parameters of the simulation set-ups and specifications, e.g., the domain size, the grid
resolution, the wind turbine control DoF, and atmospheric conditions, for both the studied WFSim and PALM models of
the given wind farm example. Furthermore, the characteristic performances of the wind turbine models in both WFSim
and PALM are provided in compared with actuator disc theory. For this study, PALM was run on the EDDY
HPC (High-Performance Computing) cluster devoted to wind energy research at ForWind—University of Oldenburg [42].

4.2. Wind farm performance

A neutral boundary layer (NBL), with a mean wind speed of 8 m/s at hub height is simulated in PALM as a reference.
Under such conditions, large wake losses can be expected during standard operation of the wind farm. A precursor
simulation of the atmospheric boundary layer is conducted without any turbines in order to allow for the generation of a
fully developed undisturbed turbulent flow field which can then be used for the initialization of the main simulation run
in which a turbulence recycling method is used [40].

One important note is that observations from LES studies [24] and real measurement data [1]] of offshore wind farms
have shown that there exist different rates of wake recovery behind the wind turbines for neutral boundary layers (NBL),
wherein a mixing process with turbulent inflows re-energizes the wake. This fact is also considered in the current vali-
dations of the WFSim. A tunable wake recovery model is introduced in [18]] based on the spatial parameterization of the
dynamic viscosity . In this study, we distinguish the dynamic viscosity behind the upwind and downwind turbines, i.e.,
W13 = po—g = O0kg/ms and ps—5 = pa—6 = 10kg/ms, to create different rate of wake recovery, in accordance with
the simulated wind farm layout with PALM. Note that j;_, ; is the dynamic viscosity between the ‘" upwind turbine and
the j** downwind turbine in the simulated wind farm model with WFSim.

In order to evaluate the dynamic performance of the WFSim model with the PALM as a reference, both models
are excited using the same time-series of the axial induction factors. Figure [5] shows the time series of the applied
induction factors, taken from [18]], to the individual turbines of the wind farm models. The corresponding averaged rotor
velocities are demonstrated for clear assessments of the used model. The wake-induced velocity deficits at downwind
rotor locations are captured in an acceptable agreement with the large-eddy simulation model. Figure [6] shows that the

total power production of the investigated model is well estimated, compared with the PALM total power production.
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Figure 5: The applied axial induction factors and the corresponding estimated rotor-averaged flow velocities of the individual wind
turbines, compared with those of the high-fidelity PALM model.
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Figure 6: The total power coefficient of WFSim, compared with PALM for the simulated wind farm example. The power coefficient is
computed as Cpy, , = vaz‘l C'p, for the mean wind speed of 8 m/s.

5. Results and discussion

The performance of the adjoint-based model predictive controller (AMPC) is analyzed here through simulation studies
with time-varying atmospheric conditions. The investigated layout (see Fig.[d) is simulated with the WFSim model with
the key parameters given in Table[B:3] We consider the performance of the controller in the below-rated region, wherein
the wind speed is lower than its rated value. The main control objective here is to operate at the optimal point on a wind
farm level, i.e., capturing the kinetic energy of the wind as much as possible. Although this optimal point is the same with
respect to different wind speeds at this below-rated region, it varies with changes in the wind direction due to different
wake trajectories, and therefore different wake interactions. Hence, the wind farm controller must be able to adjust the
control inputs in such a way that the wind farm always operates at the corresponding optimal point.

First, we explore the main features of the designed controller which should be considered for power maximization
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of waked wind farms. Then, the AMPC is examined to adjust the optimal wind turbine induction factors while the wind

direction changes over time, yielding up to +8° misalignment with the rotors of the wind turbines.

5.1. Key features of the designed AMPC

The main characteristics of the designed AMPC are presented here for optimal wake control of wind farms. There exist
two significant criteria for choosing the prediction horizon V. It should be long enough to capture wake propagations
within a wind farm and also not too long in order to limit computational effort of the MPC. The final time period Ny should
be properly selected in order to limit the undesirable effects caused by the finite-horizon optimal control as discussed in
section Therefore, it is set to |V, /2], considering the dynamic response of the predicting model to the end of the
horizon effect. The function |.| represents the floor function, which gives the greatest integer less than or equal to an
input real number. Finally, the receding horizon length N,, depends on how fast atmospheric and operational conditions
of a wind farm change.

Figure[7a|shows the performance of the AMPC with different selections of the prediction horizon for power maximiza-
tion of the studied wind farm. The receding horizon length and the MPC time step are chosen as N, = 1 and T; = 8,
respectively for all cases. The simulation sample time is set to At = 2. Contrary to [20], the MPC sample time 7T is
chosen four times longer than simulation sample time to limit the computational burden of the AMPC. The individual
wind turbines each start operating with the locally greedy axial induction factor a; = 0.33. At time instant 600s, the
controller is activated. The regulated induction factors result in an immediate reduction of the power production, which
increases after propagation of the controlled wakes. The accuracy and the convergence time of the controller are improved
by choosing a longer prediction window due to the time delays inherent to wake propagation. The maximal amount of
energy extraction is achieved by choosing V7 = 200s, with approaximately 100 s needed for propagation of a wake
from an upwind turbine toward the first downwind one for our considered example. Note that the prediction horizon
N,Ts = 400s yields more accurate solution at the steady-state condition at the expense of additional computation and in
return for more power losses at the transient period of wake propagations. Indeed, increasing the length of the prediction

horizon yields more losses in the transient period because a higher importance is given to the steady-state solution.
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Figure 7: Normalized optimal control of energy extraction of the wind farm with different parameterization of the AMPC. The receding
horizon length and the final time period are chosen as N, 7Ts = 8 s and | N, /2], respectively. The power is normalized with respect to
the total power when each turbine is controlled to be locally greedy.
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The adjoint-based calculation of the gradient has efficiently the same computational cost as the employed model does
for predicting dynamic flow and wake interactions over the prediction horizon. However, a reliable and feasible real-time
wind farm control needs faster evaluations of the MPC performance index. The original AMPC problem [20] considers
the full control DoFs, i.e., the number of wind turbine control inputs multiplied by the number of prediction samples.
One possible solution to deal with the computational burden of the AMPC is to increase the time step of the controller,
i.e., the control DoFs are effectively reduced. To this aim, a design parameter N, is introduced, defining the number of
moves over the prediction horizon NV,, in order to reduce the number of performance index evaluations even more and
consequently limit effectively the computational complexity of the AMPC.

Figure [7D]illustrates the optimal control of energy extraction with different numbers of moves N,,, over the selected
prediction horizon N,Ts = 200s. The selected number of moves N,;,, = 100 represents the performance of the original
full-order AMPC [20] for the conducted simulation set-up with the chosen sample time At = 2s. Indeed, reducing
the time step of the MPC scheme might sacrifice the closed-loop performance in an undesirable manner particularly for
systems with fast dynamics. The accuracy of the AMPC for optimal energy extraction remains almost unchanged for the
reduced order AMPC, e.g., by limiting the number of moves to IV,,, = 25. The detailed analysis of the computational

complexity of the AMPC with the proposed parameterization is provided in section 6}

5.2. Steady-state optimal references

To evaluate the performance of the AMPC with dynamic wake interactions, we first search for the steady-state optimal
control settings for two different wind farm operating conditions, full and partial wake interactions. First, we assume that
the inflow is aligned to the rotor discs and wind turbines interact fully through their wakes. Second, the incoming wind is
misaligned 8° with the rotor discs due to a wind direction change, that mitigates aerodynamic interactions of the wind tur-
bines. Similar to [20], the flow is simulated for laminar flow conditions with constant viscosity parameter ;4 = 10kg/ms,
where viscous forces are dominant. To find the optimal steady-state axial induction factors, we employed a Game Theo-

retic (GT) approach [10]], an iterative open-loop control strategy, proposed for maximizing the power production of waked
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Figure 8: Six-turbine example operating with the optimal axial induction factors, achieved using GT approach, at U, =8 m/s. The
incoming flow is aligned to the rotor discs (left) and misaligned 8° with the rotor discs (right), resulting in full and partial wake
interactions, respectively.

Figure [§] depicts our six-turbine example operating with the steady-state optimal axial induction factors for two dif-
ferent wind farm operating conditions. The corresponding optimal control settings, achieved by the GT approach, are

listed in Table[T]for each case. It should be noted that the asymmetric coordination of the induction factors for the partial
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wake relates to different wake interactions at each row of turbines, caused by the 8° wind direction change (see Fig. [8b).
The steady-state simulation results with WESim show that there exists the potential of a 4 % power increase for the full
wake conditions and a 1.5 % increase for the partial wake conditions, with respect to the locally greedy control approach,
via the optimal coordination of the wind turbine control settings. The lower power gain for the partial wake condition is

related to the lower wake-induced power losses.

Table 1: Steady-state optimal set-points of wind turbines, achieved using GT approach, for two different wind directions.

Full-wake (0°) Partial-wake (8°)
a; =021 a3 =028 a5 =0.32 a; =026 a3 =031 a5 =0.32
as =0.21 a4 =0.28 Qg =0.32 as =0.31 a4 =0.26 Qg =0.33

5.3. Optimal control of energy extraction with dynamical changes in wind direction

In order to evaluate the performance of the AMPC, the following simulation scenario is defined. The individual wind
turbines start operating with the optimal axial induction factors, while the wind direction is aligned to the rotor discs (see
Fig.[8d). After 600s, the wind direction at the boundary conditions at the west side of the domain is changed, yielding
8° misalignment with the rotor discs and deflected wake propagations (see Fig. [8b). After 600 additional seconds, the
wind turns again into the initial direction and as a result wake interactions change dynamically. The key parameters of
the AMPC are chosen here as the prediction horizon N,Ts; = 200s, the receding horizon N, Ts = 8s, the final time
period N;T; = 965, and the number of moves N,,, = 25. The AMPC step time and the simulation sample time are set
to T, = 8s and At = 2, respectively. Note that the length of the receding horizon N, T = 8 s guarantees a satisfactory
closed-loop wind farm performance with changes in wind direction while the computational complexity of the AMPC

optimization problem is kept relatively low.
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Figure 9: Normalized total power production with AMPC, while wind direction changes. The power is normalized with respect to the
total power of the locally greedy control at the full-wake operating condition. Green dashed lines represent the steady-state maximum
power set-points of the wind farm, obtained by the GT approach.

Figure [9] shows the optimal control of the energy extraction of our simulated example with wind direction changes,
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compared with the locally greedy control (a; = 0.33). It can be seen that the AMPC is able to maximize the power
production, while its optimal operating point is altered due to changes in the atmospheric conditions. The controller
reacts relatively fast, because the control inputs and wind farm responses are predicted in advance and optimized with
respect to the total power production. Note that the green dashed curve represents the steady-state maximum total power
set-points, corresponding to Table [I] for each yaw mis-alignment. The total power production of the wind farm converges

to the corresponding steady-state optimal reference after controlled wakes propagate within the wind farm.
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Figure 10: The induction factors of the individual wind turbines operating with AMPC, compared with the locally greedy control
a; = 0.33. Green dashed lines represent the steady-state optimal set-points of the wind turbines, computed by the GT approach.

Figure [T0] illustrates the time-varying behaviour of the axial induction factors of the individual wind turbines. The
control input trajectories converge to the steady-state optimal solutions (green dashed lines), obtained by the GT approach
(see Table [T, after wake traveling time. The observed delay in the convergence time corresponds to the flow and wake
traveling times. Note that at time instants 600 s and 1200 s, the wind direction is changed at the west boundaries of the
wind farm domain. The induction factors of the upwind turbines are adjusted when new atmospheric conditions reach
them, taking their impacts on the downwind turbines into account. The last machines, i.e., Sth and 6th turbines, are
operating always with the greedy control setting to capture as much kinetic energy as possible from the incoming wind.
In the partial wake condition, the 2nd and 3rd turbines are controlled to operate closer to greedy because the deflections
of their wakes away from downwind turbines are predicted and taken into account (see Fig. [8b).

One important note here is that the prediction horizon N, T, = 200s is chosen on the basis of the wake traveling time
from an upwind turbine toward its first downwind one. It means that the wake impacts of the 1st and 2nd turbines on
the 5th and 6th turbines, respectively, cannot be seen by the predictive controller, which results in a sub-optimal solution
at the steady state condition, compared with the steady-state optimal set-points of the wind turbines, computed by the
GT approach (see a; and as of Fig. [I0). As shown, the accuracy of the controller is improved by a selection of the
longer prediction horizon N, T = 400s (see light grey curves), which is enough time for propagation of wakes within the
given wind farm example. However, little amount of the total power gain compared with the shorter prediction horizon
N,T, = 200s is negligible with respect to the increased amount of computational effort.

Figure [T1] illustrates the normalized power production of the individual wind turbines. When the inflow has 8° mis-

alignment with the rotor area, the 2nd and 5Sth turbines produce the same level of greedy control because their wakes
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Figure 11: The normalized power of the individual wind turbines operating with AMPC, compared with the locally greedy control. The
power is normalized with respect to the total power of the locally greedy control at the full-wake operating condition. Green dashed
lines represent the steady-state optimal power set-points of the wind turbines, computed by the GT approach.

do not interact significantly with other turbines. The noticeable power increases of the 4th and 5th machines are due to
the deflected wakes of their upwind turbines (see Fig. [8b). While the wind turbines are fully interacting through their
wakes (last 10 min), the controller reduces the energy extraction of the upwind turbines to increase the kinetic energy of
the inflow downstream and consequently to maximize the total power production of the wind farm. It can be seen that
most of the power gains of the wind farm (last 10 min) are achieved by the 5th and 6th wind turbines due to the optimal
coordination of the induction factors of the upwind turbines. It should be noted that the power gains of the 3rd and 4th
wind turbines are almost compensated with optimally derating the upwind turbines energy extraction.

The performance of the designed controller for power maximization of wind farms is demonstrated in a final simulation
with faster changes in atmospheric condition and resultant wake interactions. Here, the wind direction is changed more
frequently in order to alter the operational point of the given wind farm faster. Figure[I2a]shows the simulated time series
of random changes of the wind direction in the interval of £8° per every 100 s.

Figure [12b] shows the optimal control of energy extraction of the simulated example, compared with the locally
greedy control (a; = 0.33). The AMPC optimizes the power production of the given wind farm, even with fast pertur-
bations of the wake interactions. The small differences between the locally greedy control and the AMPC about time
instants 1250 s and 1550 s corresponds to the propagated flows with +8° wind directions. As discussed above, the wake-
induced power losses are reduced at the partial-wake operational point due to less wake interactions among wind turbines.
Figure[T3]demonstrates the trajectories of the axial induction factors and the corresponding controlled power productions

of the individual wind turbines, compared with their locally greedy control settings.

6. Considerations for real-time implementation

In order to consider the proposed AMPC for the real-time control implementations, several key factors should be
taken into account for reducing the computational complexity of the controller. The analysis of the prediction horizon N,
as a key parameter design of AMPC, is discussed in section [5.I} With a long prediction horizon, probable influences

of an upwind turbine on all downwind turbines can be captured, which improves the accuracy of the controller at the
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Figure 12: Normalized total power production with AMPC, while the wind direction changes quickly. The power is normalized with
respect to the total power of the locally greedy control at the full-wake operating condition.
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Figure 13: The axial induction factor trajectories and the normalized power of the individual wind turbines operating with AMPC,
compared with the locally greedy control. The left and right vertical axes represent the induction factor and the normalized power,
respectively. The powers are normalized with respect to the total power of the locally greedy control at the full-wake operating
condition.

expense of additional computation, as shown in Fig. [I0} This section summarizes other major elements that influence the
computational complexity of AMPC, which correspond to the systematic procedure of the AMPC implementation shown
in Fig.[3|

In section [5.1] reducing the control DoF of AMPC is discussed by limiting the number of moves N,,, over the predic-
tion horizon, which yields fewer numbers of linearization and performance index evaluation. As discussed, the adjoint-
based calculation of the gradient has almost the same computational cost as the employed model does, regardless of the
number of the decision variables. Therefore, the complexity of the model, which is determined by the chosen domain
size and the defined staggered grid resolution, is another key factor specifying the computational complexity of AMPC.
The computational efficeincy of the WESim is clear enough, compared with an LES model (see Table[B.3). However, the

employed model of the investigated 2 x3 wind farm example is described with n=19824 state variables, containing veloc-
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ity and pressure of all grid points, for predicting dynamic flow and wake interactions among wind turbines. Therefore,
further study on the model reduction is also needed for the fast and reliable performance of AMPC.

In the following, a comparative study is conducted to evaluate the influence of the aforementioned factors on both
the computational burden and the performance quality of the AMPC for optimal energy extraction of the given wind
farm example. The simulation scenario with multiple changes in wind direction is used with sample time At = 2s. The
prediction horizon and the receding horizon are chosen as N, Ts = 200s and N, T, = 8s, respectively for all cases.
The original AMPC [20] is considered as a reference with full-order optimization domain, i.e., the sample time of the
controller model and the simulation model is equal (T; = At). Furthermore, two different coarse grids are generated
for WFSim, which result in reduced order models for prediction of wind farm responses of the same domain. Note
that the parameterization of the wind farm simulation model is kept the same as before for all case studies. Table
summarizes the different parameterization of the AMPC, involving the specified model order and the number of moves.
The detailed elapsed time for each computing steps and a receding horizon control are outlined to assess the impact of
AMPC parameterization on its computational complexity. Since the number of iterations is variable, it is limited to two
iterations per each control action for a better comparison of the controllers performance. For this study, the simulations

were run on the EDDY HPC (High-Performance Computing) cluster [42] with a single core.

Table 2: Evaluation of computational complexity and control performance with different parametrizations of the AMPC. The lengths of
the prediction horizon and receding horizon are chosen as N,Ts = 200s and N, T = 8, respectively.

AMPC parameterization Number of grid cells [100x70] [100x70] [60x44] [50x31]
WEFESim model order n 19824 19824 7206 4097
Turbine grid cells No. 5 5 4 3
Number of moves Ny, 100! 25 25 25
AMPC time step T’s 2s 8s 8s 8s

Elapsed time 7T} 72.63s 15.48 s 3.79s 2.01s

(Linearization and storage)

Elapsed time 75 15.68s 4.28s 1.46s 0.84s

(Adjoint-based gradient calculation)

Elapsed time 75 13.51s 3.70s 1.20s 0.65s

(Forward prediction)

Total elapsed time T 216.7s 47.1s 12.8s 7.0s

(One receding horizon control)

Changes of computational complexity NA -78.3% -94.1% -96.8%

(w.r.t. full order AMPC [20])

Wind farm power gain’ +3.24% +3.24% +3.15%  +3.12%

(w.r.t. locally greedy control)

! Full order AMPC optimization problem as the reference [20]
2 Sum of the total power gain over 1200 s simulation run with AMPC

For all cases, the dominant computing effort corresponds to the first step involving the linearization of the wind farm
flow model and the performance index over the prediction horizon. Reducing the number of decision variables limits
significantly the elapsed time for all computing steps. As expected, the adjoint-based gradient is calculated almost with
the same computational cost of the forward prediction, i.e, 75 ~ T3. Note that the adjoint propagates backward in time
using the family of linearized models, which are stored in the first step, and associates the variations of the model and the
performance index. The impact of the employed model order on the computational complexity of AMPC is also obvious.

The performance of each controller parameterization is assessed using the power gains of the wind farm example with
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respect to the locally greedy control. Figure[T4]plots the optimal control of energy extraction with frequent changes in
wind direction for all studied parameterizations. As reported in Table [2] the optimal energy extraction of the wind farm
is slightly reduced as a result of limiting the complexity of the AMPC wind farm model. Comparing with the full order
AMPC optimization problem with N,,, =100 [20], the execution time is significantly reduced (approximately 78%) due
to fewer evaluations of the performance index with N,, =25. Indeed, the longer MPC time step 75 =8s is able to
capture the dominant wake dynamics needed for the closed-loop control of waked wind farms. The total elapsed time T’
falls below the chosen receding horizon control N, T = 8s for WESim parameterization with the order of n = 4097.
Further improvements can be expected by, e.g., investigating the model order reduction and the code optimization. The
future work focuses on the implementation of the AMPC in PAarallelize Large-eddy Simulation Model of wind farms in

order to examine its performance under detailed dynamic wake and turbulence conditions of wind farm flows.
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Figure 14: Normalized total power production of wind farm with different parameterization of AMPC according to Tablefor analyz-
ing its computational burden. The power is normalized with respect to the total power of the locally greedy control at the full-wake
operating condition. n represents the order of the AMPC model and N,, stands for the number of moves over the prediction hori-
zon NpTs = 200s.

7. Conclusion

An adjoint-based model predictive control (AMPC) has been proposed in this study for optimal energy extraction
of wind farms, considering the aerodynamic wake interactions among wind turbines. The MPC optimization problem is
formulated to maximize the total power production over a prediction horizon, subjected to a 2D dynamic wind farm model,
the so-called WFSim. The developed controller benefits from an adjoint approach as a computationally-efficient tool for
computing the gradient. The employed WFSim model is validated with a LES wind farm model in order to demonstrate its
capability of capturing the dominant dynamics of the wake interaction at hub height of the wind turbines. The key design
parameters of the developed AMPC are elaborately discussed for a practically optimal energy extraction in a waked wind
farm. The length of the prediction horizon should be long enough to capture the propagation of a wake and to limit the
undesirable effects caused by the finite-horizon optimal control simultaneously. The computational complexity of the

AMPC is limited effectively by increasing the time steps of the controller.
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The effectiveness of the proposed approach is investigated using an example 2x3 wind farm. The wake challenge is
first elaborated to demonstrate the wake-induced power losses and the dependency of the wake interactions on changes
in atmospheric conditions. Contrary to open-loop control strategies, based on quasi steady-state inflow conditions, the
AMPC is capable of reacting to varying atmospheric and operational conditions using feedback. Simulation results
demonstrate that the AMPC converges reasonably quick to the optimal control set-points, while wake interactions are
perturbed with changes in wind direction. In comparison to the conventional locally greedy control, the AMPC yields
higher power gain, i.e. up to 4% increase, when the wind turbines operate with full wake interactions. It is also demon-
strated that an appropriate parameterization of the AMPC can lead to a significant reduction of the execution time without
degrading the control performance. Although the obtained 7 s executation time is a promising result, further study of the
model reduction and the code optimization can still be done. The implementation of the developed control approach in
PALM is our current focus to assess the AMPC performance and realization, under detailed dynamic wake and turbulence

conditions in a simulated wind farm.

Acknowledgement

The main author especially wants to thank Gerald Steinfeld and Lukas Vollmer for their kind support with PALM
simulations.

This work has been funded by the German Ministry of Economic Affairs and Energy (BMWi) in the scope of the
"WIMS-Cluster" project (FKZ 0324005) and by the Ministry for Science and Culture of Lower Saxony through the
funding initiave "Niedersdchsisches Vorab" in the scope of the "ventus efficiens" (ZN3024). Support from a fellowship

from the Hanse-Wissenschaftskolleg in Delmenhorst, Germany is also gratefully acknowledged.

Appendix A. Partial derivatives of the wind farm model over one prediction horizon

The derivatives of the discretized wind farm model (NJ()N( , [3) = 0 with respect to the state X and control input 3, over

the whole prediction horizon V,,, are

(C1)x, 0 0 0
(02)X1 (02)X2 o 0 0
Cy; = (A1)
0 0 (CNP71>XNp71 0
L 0 0 - (On)xn,on  (On,)xy,
[0 0 0 0 0]
(Co)s O 0 0 0
~ 0 (Cy)g, 0 0 0
C; = ( ?’.)B (A2)
0 0 (CN,-1)Bx, 2 0 0
0 0 0 (Cny ), 1 0
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where the linearized components of the discretized wind farm model (15]) at sample time k are

(Cr)x, = E(Xk-1),
(Co)xi = (B(Xk-1)Xk)x,, — A= (B(Xp-1)Br_1)x 1 — (0(Xk—1)) x4+ (A3)
(Ck)pyy = —B(Xjg-1).

ss5  The reader is referred to [23] for more details on the linearized model.

Appendix B. Simulation set-ups for wind farm model validation

Table [B.3]summarizes the key parameters of the simulation set-ups used for both the WFSim and PALM. Figure [B.T3]
plots the instantaneous field of the u-components of the wind at hub-height of the wind turbines simulated with both the
considered models.

Table B.3: The key parameters of the WFSim and PALM simulation set-ups.

Simulation set-up WESim (2D) PALM (3D)
Domain size L, x Ly x L. 3x2x[-]km? 15.3%3.8x1.3km?
Grid mesh size N x N, x N 100x70x[-] 1024 x256x 128
Cell mesh resolusion A, x Ay X A, 30x29x[-] m? 15x15x10m>
Number of wind turbines 6 6

Wind turbine model corrected ADM ADM!
Wind turbine control DoF Induction factor Induction factor
Turbine rotor diameter D 126 m 126 m
Number of grid cells per turbine 5 68

Hub height [-] 90 m
Atmospheric stability condition [-] NBL?
Effective wind speed at hub height 8m/s 8m/s
Geostrophic wind velocity [-] v =9m/s and v =-2m/s
Sample time At 1s s
Computation time seconds hours

1" Actuator disc model
2 Neutral boundary layer

1500 1800
- -
1300 1600 ~ ‘
1400 .
— 1100 - '
E E
> 900 > 1200
500 800 [
600 1000 1400 1800 2200 2600 5600 6000 6400 6800 7200 7600
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(a) WFSim model (b) PALM model horizontal snapshot at hub hight

Figure B.15: The simulated 2 x 3 wind farm flow with WFSim and PALM, taken from one random frozen time.
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Appendix C. Characteristic performance of wind turbines

The steady-state performance of the wind turbines with an undisturbed flow at ambient wind speed 8 m/s are observed

for both models. The unperturbed thrust and power coefficients of the wind turbines versus the axial induction factors are

Cra) = T(a) _ _4a (C’f(a)Ud)’ C.1)

extracted as follows

1pAUZ  1—a Uso
P(a) 4a Cf(a)Ud 3
= = C.2
Crlo) = i 1_@( Wty €2

in order to associate the performance of a single turbine incorporated in the 2D and 3D flow models of wind farms.
Figure [C.16] demonstrates the undisturbed thrust and power coefficients of the wind turbine models in both WFSim
and PALM, compared with the actuator disc theory. For the PALM model, a few 600-second simulations are conducted
for varying axial induction factors without the correction factor, i.e., Cy(a) = 1. For the WFSim, the thrust and power
of the effective wind speed U, are computed at the horizontal plane, on the basis of (??)-(??), facing only the width of
the 5 grid cells which cover the rotor disc (5Ay ~ D). The necessity of the introduced correction factor C'¢(a) in (7)) for

satisfying both actuator disc theory and PALM is attributed to the two-dimensional inflow of the WFSim model.

1.2 ; ; . 0.7 : : - —
== Actuator disc theory i, L7 i
-G ADM + PALM A ) os | ’ i

11~ - ADM + WFSim 8 - ' . i )

—— Corrected ADM + WFSim i /, ; >0
’ 0.5 / |
0.8 , ’ 1 ’ 1
’ I / |
_ 7 i _ o4y 4 !
L I N I
o8 4 i & v i
, i 03t i
4 ! 1
04 - Y/ 1 J i
i 02| i

Betz {imit Betz {imit
0.2 | 1 01 F '
! !
! !
0 L L L 1 L 0 L L L 1 L
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 03 0.4 05
al] af]
(a) Thrust coefficient (b) Power coefficient

Figure C.16: Undisturbed thrust (a) and power (b) coefficients of the wind turbine models in both PALM and WFSim for the given wind
farm, compared with actuator disc theory. The Betz limit referes to the operating point with maximum energy extraction of an isolated
turbine.
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