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The work presented in this thesis studies the numerical performance of a class of new
hybrid adaptive algorithms applied to autonomous navigation. Hybrid adaptive control is
used to find the source of some signal which the vehicle can locally measure, while evad-
ing multiple obstacles at unknown positions. The source-seeking methods proposed achieve
convergence to an e-neighborhood of the extremum values while evading multiple obsta-
cles at unknown positions under the presence of arbitrary small perturbations, overcoming
limitations imposed by the topological obstructions induced by the obstacles.

We explore the use of both point-mass and nonholonomic unicycle dynamics to model
the vehicle or robot using hybrid adaptive feedback law based on a signal (localization)
function. Furthermore, we explore the use of data-enabled source seeking based on concurrent
learning. We also discuss convergence guarantees for these real-time optimization methods,
even under the presence of arbitrary small perturbations.

Lastly, real-time optimization numerical studies are shown to demonstrate the use of
both hybrid adaptive feedback law and data-enabled extremum seeking controllers. More-
over, experimental results under the presence of adversarial signals are shown to numerically

illustrate both controller’s robustness.
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Chapter 1

Introduction

This thesis seeks to study the numerical performance of a class of new hybrid adaptive
algorithms developed for the safe and robust navigation of a class of autonomous robots and
vehicles. Using theoretical guarantees and numerical results we show that the new hybrid
adaptive algorithms allow a vehicle to localize an unknown source under the presence of
multiple obstacles. The main idea behind the hybrid feedback law is to measure a source
(or localization) signal function to implement a switching rule that allows the vehicle to
always implement, on average, a gradient ascend law over the environment evading multiple
obstacles. The signal function is a quadratic Lyapunov function plus a barrier function,
which tells the vehicle when to switch states. A quadratic form is not strictly required as

shown in [6, 85|, but it is used to simplify the analysis.

1.1 Motivation

In applications where point-cloud maps, GPS (global positioning system), and inertial
navigation are too expensive or nonexistent, source seeking is a viable option for coordi-
nated motion control, which is rapidly growing interest. Some interesting applications are
underwater, cave, under ice, and urban navigation. In the case of sound source seeking a
potential application is home automation, where a robot provided a sound impulse (e.g.,
a phone is ringing or human voice) needs to figure out the a trajectory to navigate from

its starting location to the source of the sound [22]. Another potential application is the



effective underwater localization of a contaminant leakage, such an oil spill in the presence
of turbulent flows or vibrations, which source seeking underwater drones can follow using
sensors [2, 51] or when sensor measurements are intermittent and sporadic in areas with
high Reynolds numbers [9, 72] turbulent medium source tracking methods can be imple-
mented [30, 91]. While sonars can listen to contaminant leakages [7], source seeking drones
can identify the exact leakage source [30]. This could help avoid enormous environmental
disasters and save operators’ lives, such as the 2010 Deepwater Horizon oil spill [10, 34].
Besides an oil spill, the same idea can be applied to radioactive dispersal [30], natural gas
leaks [25], and methane leaks [8]. Additionally, light, heat, moisture, biological and chem-
ical agent concentrations, magnetic fields, and electromagnetic radiation are also potential
source signal examples. Companies such as Kiwibot [73] and TurtleBot [11] or projects like
IceFin [82], L3Harris [13], and AURORA [20] illustrate that source seeking is currently being
implemented in different applications, as in scalar field mapping [44], chemical plume tracing
[47], and path planning [49].

To formalize environment-independent autonomous navigation, safety and robustness
are critical. As showed in [88], source seeking oil spill behavior is affected by perturbations.
Model-free adaptive control, neural networks, reinforcement learning, and model predictive
control all present interesting ideas but lack, in some cases, robustness. As proposed in [60]
hybrid adaptive control can achieve robust model-free autonomous navigation. Furthermore,
as showed in [54] hybrid control can be used to robustly navigate while avoiding multiple ob-
jects. Considering the aforementioned facts, this thesis focuses on the numerical performance
of new hybrid adaptive algorithms to achieve robust and safe environment-independent au-

tonomous navigation in the presence of multiple unknown obstacles.

1.2 Literature Review

In recent years Real-time Optimization (RTO) has gain popularity as a control method-

ology given that as environmental constraints, energy costs, and complexity of system pro-



cesses increases the need for model-free optimization consequently increases. Most adaptive
control schemes are developed for set-points or known reference trajectories, model-based
control. Hence, when optimizing objective (signal) functions where the parameters or the
desired states are unknown, RTO can be used — particularly, RTO by Extremum-Seeking
Control (ESC). The goal of RTO is to find the set of controller variables which lead to
near-optimal operation and the task of ESC is to maximize or minimize an objective func-
tion by real-time automated tuning of system parameters. ESC uses an external excitation
signal, called dither, to numerically compute the gradient, which has advantages related to
disturbance rejection [31].

ESC is not new, it first appeared in 1922 [45] where it was proposed as a method for
maintaining maximum power transfer from a transmission line to a tram car. The proposed
optimization framework proposed started getting attention in the 1940s, especially in the
USSR [38, 39] where it was intensely developed. In the 1960s ESC branched into two
directions, RTO and model-based adaptive control methods [52]. But it was until 1971 [50]
where a formal analysis of ESC started, with the first stability analysis results based on
Lyapunov theory. However, until 2000 the first general stability analysis [43] was published
for stable dynamic systems with unknown output functions. The stability analysis is based
on classic averaging and singular perturbation analysis to show that solutions of the closed-
loop system converge to a small neighborhood of the extremum of the output function [78].

After the rigorous stability analysis was published [43], a resurgence in the field of
ESC started to show promising results in smooth source seeking algorithms for autonomous
navigation. Continuous-time algorithms [19, 97], discrete-time algorithms based on finite
differences [42] and Newton-Raphson [12], and stochastic algorithms [69] were developed to
provide local stability results in source seeking.

However, when obstacles are introduced to the environment, these create topological
obstructions preclude the robust stabilization of the source of the signal by using a continuous

feedback law [60, 76]. When using smooth time-invariant feedback, it is always possible to
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find arbitrarily small adversarial signals e and a solution = to # = f,(z + e) acting on
the states (or vector field), such that a set of initial conditions z,, can be rendered locally
stable as noted in [69, 76]. In general, controllers based on navigation functions under the
presence of obstacles, there will be at least one saddle point (critical point) in the state-
space where smooth feedback can no longer guarantee extremum convergence given that
adversarial signals can always render local stability see chapter 6.1.2 from [76].

In 2018, a hybrid source seeking algorithm showed that by introducing barrier functions
to the localization or navigation function the state-space can be divided into sets which
enclose the saddle points (critical points) induced by the presence of an obstacle and by
using switching logic the vehicle can jump between sets to only flow in areas where the
controller converges. These results opened the door to the use of Hybrid Dynamical Systems
(HDS) in source seeking algorithms to achieve robust semi-global practical stabilization.

HDS is a popular framework to model systems that combine continuous-time and
discrete-time dynamics. Numerous dynamical systems combine continuous-time and discrete-
time behaviors. For instance, synchronizing clocks, biological systems (fireflies), systems that
follow Newton’s second law with instantaneous changes in velocity and momentum due to
collisions, embedded systems, digital and analog components, and modern control algorithms
all fit into the HDS framework class [28]. In 2012, a rigorous book on modeling, stability, and
robustness of HDS [26] was published, which allowed to extend standard results in control
theory to the setting of HDS. Since then, the field has been rapidly growing and finding
multiple interesting applications like autonomous navigation under the presence of multiple
objects [54].

Furthermore, most model-free adaptive control optimization techniques such as, ESC
require a constant persistence of excitation (PE). In some cases when using sufficiently rich
recorded data this PE condition can be relaxed as shown in [36]. Nonetheless, algorithms
using current and past data during the seeking process to eliminate the PE condition have

been explored only recently in [62, 63]. The technique called DES (Data-Enabled Extremum



Seeking) shows promising results using concurrent learning to guarantee convergence to a
neighborhood of a convex optimization problem where the mathematical form of the signal
function is unknown [63].

Additionally, there has been significant results in the collision avoidance navigation
field implementing reinforcement learning [5], neural networks [35, 37|, and model predic-
tive control [92] (another RTO method [1]). However, these methods are not model-free
methods, meaning that the environment must be known. Large deep neural networks using
simultaneous localization and mapping (SLAM), high definition maps (HD maps), point-
cloud mapping, or vision have become widely popular in companies aiming to achieve level
four or level five [32] autonomous navigation meaning full self-driving such as Waymo (Google
self-driving car), Aurora, Tesla, Lyft Level 5, and Uber ATG [14].

In summary, source seeking has been a common research area over the last two decades.
The model-free algorithms have done important work using classic averaging and singular
perturbation theory to guarantee stability but so far, they have not been applied nor studied
in settings with multiple obstacles. Model-based controllers have achieved impressive results
but require significant and constant data to learn the environment. However, the work
presented in [60] and [54] shows that using a hybrid framework these topological obstructions
introduced by obstacles can be evaded. Additionally [62, 63] shows that concurrent learning

can be used to eliminate the PE condition in ESC.

1.3 Problem Statement

Based on the ideas presented in [54, 60, 61] could the results be extended to create
a model-free multiple obstacle avoidance source seeking algorithm? Furthermore, could the
results be replicated using nonholonomic unicycle dynamics? Lastly, could a data-enabled
extremum seeking method based [62, 63], be introduced to achieve the same proposed multiple

obstacle avoidance navigation?



1.4 Thesis Contributions

Primary contributions of this thesis are as follows:

(1) A numerical study that shows that results from [60] can be extended to multiple

obstacles using point-mass dynamics.

(2) Replicated the point-mass Hybrid Adaptive Controller results using nonholonomic

dynamics.

(3) Designed a novel multiple obstacle avoidance Hybrid Data-Enabled Extremum Seek-

ing Controller.

1.5 Thesis Organization

The thesis is organized as follows: Chapter 2 introduces the Hybrid Dynamical System
(HDS) framework and motivates its use. Chapter 3 formally presents Real-time Optimization
using Averaged-Based Extremum Seeking. Additionally, it demonstrates the stability results
of classic averaging and perturbation theory first introduced in [43]. Chapter 4 discusses the
use of Data-Enabled Extremum Seeking Control for Real-time Optimization using concurrent
learning. Chapter 5 showcases the main results of the thesis, implementing the techniques
described in previous chapters by introducing the hybrid adaptive algorithms. Additionally,
this chapter shows numerical studies demonstrating the thesis results. Lastly, chapter 6

concludes this research by summarizing the contributions and discussing open questions.



Chapter 2

Hybrid Dynamical Systems (HDS)

A dynamical system is normally classified as either a continuous-time or a discrete-
time system. However, not every dynamical system perfectly fits such categories. There are
numerous dynamical systems that exhibit characteristics typical of both continuous-time and
discrete-time systems. For instance, circuits with both analog and digital components. These
dynamical systems can be classified as Hybrid Dynamical Systems (HDS). Then, an HDS is
a dynamical system that exhibits characteristics of both, continuous-time and discrete-time

dynamical systems.
2.1 HDS Framework

The model of an HDS first proposed in 2004 [27] is represented in the following form:

» reC &¢€F(x) 21)

reD, xteG(x),
where the state of the system is represented by x, which can change according to the dif-
ferential inclusion & € F'(z) while in the set C, and it can change according to a difference
inclusion ™ € G(x) while in the set D. Furthermore, i represents the velocity of state x
and =T represents the value of the state after an instantaneous change [26].
The behavior represented by the differential inclusion is referred to as flow, the behavior

represented by the difference inclusion is referred to as jumps. The name of the four objects



in (2.1) are:

e (' C R" is called the flow set,

a set-valued mapping F': R" = R" with C' C domF' is called the flow map,

D C R"™ is called the jump set,

a set-valued mapping G : R” = R" with D C domG is called the jump map,

where the flow set, C', and the jump set, D, are subsets of an n—dimensional Euclidean
space R". We use double arrows (=) to denote a set-valued mapping M, where we can
regard a set-valued map as a correspondence or a multifunction that maps a point in R” to a
subset of R™. Set-valued mapping are a generalization of single-valued mappings. The HDS
is represented by the notation H = (C, F, D, G).

Note that, when the flow set is equal to R™ and the jump set is the empty set this
corresponds to a purely continuous-time system and when the jump set is equal to R with

an empty flow set we obtain a purely discrete-time system [26].

2.1.1 Hybrid Time Domain

In continuous-time systems, solutions are parameterized by time, ¢ € Ry, and in
discrete-time systems, solutions are parameterized by discrete steps or jumps, 7 € N. HDS
are parameterized by hybrid time domains, which is defined as: a subset £ C R>p x Nis a

compact hybrid time domain if:

J-1

E = J([t;. 41, ),

=0
for some finite sequence of times 0 =ty < t; <ty < ... < t;. It is a hybrid time domain if
for all (T,J) € E, EN(]0,T] x0,1,...,J) is a compact hybrid domain. Definition 2.3 from

[26]. Figure 2.1 shows an example of a hybrid time domain E.
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Figure 2.1: Hybrid Time Domain F

2.2 Switching Systems

Switching systems are continuous-time systems given by a family of differential equa-
tions, where the differential equation that governs the evolution of the state, is determined by
a switching rule [26]. Let @ be a set where for each ¢ € @), a function f, : R* — R™. When
the switching signal o, which takes values in (), remains constant, the variable z evolves
continuously according to the differential equation Z = f,(z). However, when a switching
signal occurs, it can be described by o™ € @ and the switched closed-loop system can be

modeled as:

zeR" qe @ ze€ f,(2)
H (2.2)

zeR"qeQ qt€qQ,

| e R,
q

and the state x equals:
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where ¢ remains constant during flows and z remains constant during jumps. Following (2.1)

the switching system is modeled as:

<Z> € F(z) := (fq(z)> : <z+) € G(z):= i )
g 0 q" Q

while C' = D = R" x @ [26]. Note that, Q) = 3 — ¢ is commonly used in switching systems

when () has only two possible values denoted ¢ = 1 and ¢ = 2.

2.3 HDS Example

As mentioned before, HDS can model numerous types of dynamical systems. In several
cases opting for an HDS framework makes the stability and robustness analysis simpler. As
it is with switching systems where a classic solution to the differential equation 2 = f,(2)
consists of a piecewise constant function o taking values in ) and a continuous and piecewise
differentiable function z, with ¢ being right continuous and having left limits (CADLAG
function) that satisfy 2 = f,u)(2(t)) at all times ¢ except the switching instances [26].
It is more general to consider an HDS switching system modeled by (2.2) and analyze it
using Lyapunov theory, as shown in Theorem 3.18 (Sufficient Lyapunov Conditions) in [26].
One simple yet interesting example that illustrates the HDS framework is a bouncing ball.
Consider a point-mass bouncing vertically ball on a horizontal surface. Where the state x is
described as:
€ R?,

T2
where x; represents the height above the horizontal surface and x5 represents the vertical
velocity. Let the ball flow when the point-mass is above the surface or when it is at the

surface and the velocity points up:

C={reR*: 2y >00rz; =0,z >0}
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Let the flow map be defined as:

where —7 is the acceleration due to gravity (9.81% for simulation purposes). Impacts happen

when the point-mass is on the surface with negative velocity, hence the jump set is:
D={xeR®: 2, =0,15 <0},

and, lastly, the jump map is given by some A € (0,1):

fla) = (_g@) e R2.

In the proposed model for initial conditions other than zq = (0,0), every jump is followed
by a period of flow (either the ball is going up or down) meaning that consecutive jumps
are not allowed to happen. Proposition 2.10 in [26] is satisfied showing the basic existence
of solutions, meaning that the initial points, £ with & > 0 are in the interior of C' and f is

continuous on the interior of C'; and let:

e (VO) ¢ € CUD,if £ € D or there exists ¢ > 0 and an absolutely continuous
function z : [0,e] — R™ such that z(0) = &, 2(t) € F((2(t)) for almost all ¢ € [0,¢]
and z(t) € C for all t € (0,¢], then there exists a nontrivial solution to, ¢ to H with

¢(0,0) = £ [20].

The case where the initial condition xy = (0,0) is problematic given that it leads to Zeno
behavior (i.e., pure jumps), applying a Krasovskii regularization (see Definition 2.12 in [77])
to the bouncing ball system Zeno behavior can be analyzed, see Example 8.5 in [26].

For the initial points £ with & = 0 and & > 0, f(&) points into the interior of C' and
this suggests that (VC) hold. Thus, from the initial point & = 0, there is the obvious solution
®(t,0) = 0 Vt € Rsq. Furthermore, also from Proposition 2.10 in [26] maximal solutions are
complete, and every solution is bounded which can be shown using Lyapunov theory, see

Example 3.19 in [26] for details.
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Hence, given initial conditions £ with & > 0 and & # 0 the first jump of the solution

¢ from & corresponds to the ball’s first bounce:

. L VE G
1 — )

for A < 1, sup; dom ¢ < oo.
Through numerical simulations letting A\ = 0.8, z; = 15, and x5 = 0 we find Figure
2.2 where we see that both xy and z5 eventually converge to 0, as one would expect when

bouncing a ball (it will not bounce indefinitely).

=
T
1

*, Height [m]
o
/.f

l / IIII -"I ] -'/ 1 -
I|I / % Fi o \._‘ ._
\ W \un'..{ N AWl -
D ko . '#f . -g;r L £ '#r & k. _"rr- -_’F i ‘F'P‘f"*
] 4 <] ] 10 12 14 16

x, Vertical Velocity [m/s]
=

-20

Figure 2.2: A Solution to the Bouncing Ball Example Starting at xzy = (15, 0)



Chapter 3

Real-time Optimization using Averaging-Based Extremum Seeking Control

Extremum Seeking Control (ESC) is a model-free type of adaptive control where the
input/output map is optimized, without any explicit knowledge other than that it exists,
that it has at least a local extremum, and that we can measure it. ESC is a gradient based
optimization technique, which relies on an appropriate exploration via a dither (or excitation
signal), which could also be stochastic [80, 81], to provide with an approximate gradient,
and consequently find the extremum. Using classic averaging and singular perturbation
techniques the behavioral characteristics of the ESC are derived. The overall goal is to
supplement a dynamical system to drive the input/output pair [z,y] to an e-neighborhood

of the extremum pair [z*, y*] [84].

3.1 Extremum Seeking Control (ESC) Analysis

Consider the classic ESC widely popular in literature [43, 96, 24] from Figure 3.1 where:

. . . . d
w is the oscillation frequency in [*2¢]

a is the oscillation amplitude in [rad] (o << @)

h determines the cutoff frequency from the high-pass or washout filter

e scales the integrator gain that determines signal @ (w >> ¢)
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We can further simplify this general ESC by removing the low and high pass filter
which are not essential to the stability analysis as mentioned in Chapter 2.3 of [24]. Now,
we are left with Figure 3.2 where the only design parameters are the oscillation amplitude
a and w the oscillation frequency of the dither signal. We assume the dither signal is not

correlated to the system noise, which could cause the algorithm to incorrectly update u [84].

x = f{xu)
¥p~ h(x)
%
v
h(l(u)) T
u(t) 9 A x
: -
u*
Adapt (integral) Low Pass Filter High Pass Filter
5 € h5 8
3 e — |« = |«
[ g+ h» g+ 111
a sin(®t) a sin(mt)
Dither Signal Dither Signal

Figure 3.1: Classic Extremum Seeking Algorithm for Unknown Output Function, adapted
from [85]

In its simpler form, the ESC equations can be summarized as:
& = f(x, 0+ asin(wt)) (3.1)
U= Eh(:z:)sm(wt). (3.2)
a
3.1.1 Classic Averaging and Singular Perturbation Theory

Assume that both 4 and the dither signal are slow compared to the system dynamics.

By applying singular perturbation theory as explained in Chapter 11 of [41] and following
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h(l(u))
u(t) . /\ ¥
: » U
u*
Adapt (integral)
M e
5 e — |« (X))
S T
a sin(wt) a sin(mt)
Dither Signal Dither Signal

Figure 3.2: Simplified Extremum Seeking Algorithm for Unknown Output Function, adapted
from[85]

the ideas explained in [55, 60, 85, 84] we can approximate x as:
x(t) = 1t + asin(wt)) + &(t) + p(t), (3.3)

where £(t) captures the transients in the x-system, the fastest dynamics, and converges
quickly to zero as t — oo and the u(t)-term is small for small aw and e. From the approx-
imation (3.3) for  and eliminating the fast-time response from the slow-learning dynamics
we obtain equation (3.4) which is in three different time scales. The {-term represents the
fast-dynamics (captures the transients in the z-system), the dither signal and disturbance
are the regular-dynamics or medium-fast dynamics and the presented dynamics in (3.4) are

the slow-dynamics.

1(h(1(@ + asin(wt)) + £(8) + u(t))]sin(wt), (3.4)

G=1C
a

note that (3.4) is now in perturbation standard form described in Chapters 1.6 and 2.1 from

[74] and we can proceed to apply averaging theory following Chapter 10 from [41]. Let the
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average dynamics to be described by:

s
Ugng = esh_g)lo % /(h(l(u + asin(wt)) + &(7) + p(7)))sin(wT)dr. (3.5)
Thus, (3.5) is simplified to:
llavg = aiT / (h(l(u + asin(wT)))sin(wr))dr, (3.6)

where T' = zw—”, applying Taylor expansion to 3.6:
h(l(u + asin(w)) ~ h(l(u)) + aVh(l(u))sin(wt) + O(a?), (3.7)

note that (3.7) is approximately proportional to the steep descent direction hgyy(u,a) =
1VA(l((u)) + O(a). Then, for a small a and assuming h({(u)) in (3.6) is integrable, then
h(l(u + asin(wT)) exist and approximates the gradient [84].

The analysis assumes a point-mass model, however as shown in Chapter 3.3 of [24] and
in [95] classic averaging and singular perturbation theory can still be used to analyze the

system dynamics, where:

T = vcos(0)

¥ = vsin(0)



Chapter 4

Data-enabled Extremum Seeking (DES)

As previously mentioned, the Extremum Seeking (ES) goal is to optimize a response
map when it is not available and we can only rely on measurements taken in real-time
where the controller operates in a slower-time scale by adjusting an e-gain. This approach
depends on an appropriate exploration via the dither [59]. The response map is defined as:
the steady-state relationship between the input parameters of a plant and its performance
output (i.e., objective or cost function). Hence, ES is constrained by the exploration versus
exploitation dilemma [29], because of the use of an external dither signal to guarantee enough
exploration on the objective function and to facilitate optimization making classical ES
algorithms depend on persistence of excitation (PE) [66].

A way to create an ES algorithm that dispenses with the PE condition is to incorporate
recorded past data into the feedback controller [15]. In the case of ES control, we already
have large amounts of recorded data, hence online learning and real-time optimization that
incorporates recorded data have become widely popular in the context of experience replay
[53], interactive learning [58], deep learning [89], and reinforcement learning [36]. However,
in the context of ES it still not ubiquitous [62]. Nonetheless, as shown in [62, 63], the use of
sufficiently rich stored data to synergistically combine concurrent learning and ES has shown

promising results.
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4.1 Convergence Analysis

Concurrent learning requires both, real-time and recorded measurement data; thus, to
guarantee convergence a response map approximation analysis for both is required. Then,
by combining both approximation requirements, convergence can be guaranteed. To achieve
a useful response map approximation, we implement a shallow neural network with a radial
basis activation function.

We start by considering the dynamical system:

0= £(6,z) (4.1)

y = h(z), (4.2)

where f : R® x R® — R?® is a Lipschitz continuous function, h : R® x R" is a C? output
function, § € R?®; where a C* function means a function with k continuous derivatives. The
state is restricted to evolve in a compact set © C R® and z € R" is the input, which is
restricted to evolve in a pre-defined compact set F C R”. We assume that the functions f
and h are unknown [62].

Assume that there exists a continuous function [ : R® x R® satisfying I(F) C © such

that:

0= f(0,2)
(0,2) €© x F, (4.3)

i =0,

generates complete solutions for every initial condition and renders Uniform Global Asymp-

totic Stability (UGAS) to the set H := {(0,z), e R*t" : § = [(2),z € F.

e Where a set A C R” is said to be uniformly globally stable (UGS) to (2.1) if there
exists a function o : R>y — Rs>o where « is zero at zero, continuous, strictly in-
creasing, and unbounded — known as a € Ku; such that any solution ¢ to (2.1)

satisfies |p(t,7)|4 < a(|9(0,0)|4), V(t, j) € dom(¢). Furthermore, the set A C R" is



19

uniformly globally pre-attractive (UGpA) to (2.1) if for each € > 0 and r > 0, there

exists 7' > 0 such that for any solution ¢ to (2.1),

o |6(t,7)la < 7= 6(tj)la < € V(t,j) € dom(@,t+j = T). Lastly, the he set A C R”
is UGAS to (2.1) if it is both UGS and UGpA [67].

Here the response map is defined as ¢(z) := h(l(z), z) where h is the output function
and [ the mapping generated by (4.3). Assume that ¢ is a convex, continuously differentiable
function on an open set F C D. Furthermore, F is compact, convex, and nonempty [62].

Under these assumptions the problem we are trying to solve is, a real-time convex
optimization:

minimize ¢(2)

(4.4)
subject to z € F.

Every solution to z* in our optimization problem is also a solution to the Variational In-

equality (VI):
(z = 2")Vo(z*) >0, VzeF. (4.5)

where Vo (z*) is the gradient of ¢(z*), Theorem 6.12 in [71].

The constrained convex ES problem (4.4) can also be framed as:
A={z"e€ K:(z—2")V¢(z*) >0, Vo e F}. (4.6)

By our earlier assumption that F is compact, convex, and nonempty and by letting K C R"
is compact, convex, and ¢ : K — R is continuous, then A is nonempty and compact [21].
Note that, we again can use a feedback-based data-driven algorithm designed to con-

verge to the solutions of (4.5) to solve the convex optimization problem (4.4), like ES.

4.1.1 Response Map and Gradient Approximation

Let, (4.7) be an approximation to the response map, ¢(z):

#(2) = b(2)Tw* + €(2), Vz e F, (4.7)
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where € is a continuously differentiable approximation error, w* € RP is a vector of ideal
weights, and b is a continuously differentiable pre-defined vector of basis functions. Where

the set of ideal weights is defined as:
Wy r = {w* € R : |f(2) —wT¢(2)| < e(2),2 € F}, (4.8)

which we assume to be compact. Note that b in (4.7) can be any admissible activation
function such as sigmoid and rectified linear unit (ReLu) functions [4, 90]. Nonetheless, we
opt to use radial basis functions, which are commonly used to approximate functions [93]

[62]. From (4.7) and smoothness, we can compute V¢(z):
Vo(z) = Vb(2) w* + Ve(z), Vz€ F, (4.9)

where Vb is the Jacobian matrix of b and by the Weierstrass High-order Approximation
Theorem, theorem 2.4.13 from [18] the approximation errors € and Ve converge to zero as
the number of basis p increases. This approximation method is commonly known as a shallow
neural network or a single-layer neural network [62]. To solve (4.4), let ¢(z) approximate to

the response map (4.7) defined as:

(2) == b(2)"w, (4.10)

where w € RP is an auxiliary state. The approximation error of the response map can be

defined as:

= b(2) W — b(2)Tw* — €(2) (4.11)
= b(2)T (0 — w*) — €(2).
Similarly, the approximation error of the gradient can be defined as: Ve, (2) := Vb(2)T (0 —
w*) — Ve(z). This shows that if @ — w* = 0 the approximation errors, €(z) and Ve(z) will

be of order O(o) where o > 0 can be made arbitrarily small by increasing the dimension of

the basis vector. To minimize the estimation error by using a gradient descent law, a PE
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condition needs to be satisfied by the basis function to achieve convergence; meaning that

there exists a T' > 0 and v > 0 such that:

t+T

/ b(r)b(r) dr > 41, (4.12)

t
for all ¢ > 0. Note that in practical conditions is difficult a priori the satisfaction of (4.12)
62].

4.1.2 Data-driven Response Map Approximation

To dispense with the PE condition [40] let us consider the use of recorded data, where
the recorded data is a finite sequence of inputs/outputs {(zx,yx)}i_, where k = 1,2,....,J
and zj := z(t;). Obtaining a class of Data-enabled Extremum Seeking Dynamics (DES)
that use concurrently real-time and recorded data of the input/output system. Now, let
b(zy) be the basis function evaluated at the measured data-points and we can now define the

steady-state estimation error using the recorded data:

~

ess(2i) == o(zk) — d(z1)

= (0 — w*)Tb(z) — €(zp).

(4.13)

Just as before, we need to satisfy an a priori condition to guarantee convergence. Now the

data must be (v, J)-sufficiently rich (SR); which is defined as:
J
> apry > I, (4.14)
k=1
where v > 0 [62]. By defining a matrix data, D:
D =[xy, 9, ..., 2k, ..., x5] € RP*

the inequality (4.14) can be expressed as:

J
> apxf = DD" e R7, (4.15)
k=1
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since the rank(DDT) = rank(D7T) (see appendix A in [79]) then the inequality (4.15) holds
if the rank(D) = p. Which means that by verifying the rank of the matrix data, D, a priori

we can satisfy the inequality [62].

4.1.3 Convergence Result

The DES dynamics can now be described by:

UA} = iFw(w72’7y)
€2 (4.16)
2z :51Fz(ga Z)a

where 1w is the same auxiliary state defined in (4.10), g = Vb(z)"w% and the function Fj
equals:

Fy = —a W (2)(9(2) —y) —az Yy W(z)(d(zk) — ye), (4.17)

k=1

for oy, e > 0, where ¥(y) equals:

b(y)
(L4 0(y)Tb(y))*

The pairs (z,y) and (z,yx) correspond to the real-time and recorded measurement data,

U(y) = (4.18)

respectively and function (4.18) is a normalized function see chapter 8.5.5 in [33] and [63, 90].
Function Fy; (4.17), has two components: a real-time measurement driven output,
which can be seen as normalized gradient descent to minimize the squared error, and a
recorded error driven used to relax the PE condition [62].
To solve the ES optimization problem, the input/output data, ({zx,yx)}{_,, must be

consistent, meaning that it must satisfy:

ly(te) = h(l(=(tr)), 2(tx))| < ? (4.19)

for each p > 0 and for all k € {1,2,3, ..., J}. Which means the data point y; is a measurement

of the dynamics, (4.1), output that is p-close to a steady-state condition imposed by zj:

ze€F, £=F,(Vo¢(z),2), (4.20)
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where (4.20) satisfies:

e F) is locally Lipschitz continuous,
e the set A is UGAS,
e for cach bounded continuous function d : R>y — R", and each z(0) € F the per-
turbed system F,(V¢(z) + d, z) generates complete solutions [62].
An ideal algorithm candidate that satisfies every assumption is Lipschitz Projected Gradient
Descent [23, 94]:

Z=—z4 Pr(z — Vo(z)), (4.21)

for 2 € F where Pr(z) := arg min cp_|z — y|. where (4.21) is used in chapter 5 to create

the hybrid DES controller [62].



Chapter 5

Main Results

Using the concepts discussed in chapters 2, 3, and 4 we can now build the proposed
algorithms and showcase the numerical results.
Following the analysis from chapter 3.2 and the ideas presented in [55, 60, 74, 85], let

the obstacle-free adaptive control dynamics be:

Uy = awjts + K, (5.1)
u, = —awp + k&, (5.2)
=L I+ )~ ¢) (53
p=o¢ (5.4)
i = (5.5)
iy = —p. (5.6)

where k = 0w, @ is a scaling constant, J is a quadratic cost function, p = [x — apy, y — aus]?,

£ =[&,&)", w1 and py are the dither signals generated via a dynamic oscillator, and £ is

€&

sufficiently small. Now, by averaging the dynamic system (5.3) along the solutions of (5.5
and 5.6), and, as we did previously in chapter 3.2.1, we perform a Taylor expansion of the

cost function, J, to obtain:

J(p+ap) = J(p) + ap" VI () + e,
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where e, is of order O(a?) and knowing that:

Then, the averaged system becomes:

éavg = @(vj(ﬁavg) +er — favg)
5avg =0 gavga

where €44 is of order O(a). If we let 0 =0 in ﬁwg, by linearity the averaged system of the
fast dynamics, the system has an equilibrium point at VJ(payg) +€ravg Which is exponentially
stable. Now, to obtain slow dynamics let VJ(Davg) + €ravg replace Eug to obtain the slow

dynamics:
Z=V-JO) +e,

and, as mentioned in chapter 3.2.1, adjusting the tuning parameters (%, 0, a) the dynamical
system in (5.1-5.6) approximates, on average, in the slowest time scale a gradient system.
Now, if we let e, = 0 and assume the cost function, J, is smooth and it has an strict
global maximum and for each o € R the set {(x,y) : J(z,y) > a} is compact and contains
no points where V.J(z,y) = 0 other than the strict global maximum point, [z*, y*]7 (note
that these conditions are met for a quadratic function); the unperturbed gradient system
guarantees Uniform Global Asymptotic Stability (UGAS) of the unique extremum point via
the Lyapunov function J(z*) — J(Z), where 2* := [z*,y*]* [60].

Furthermore, using the continuity of V.J(-) and the UGAS property by lemma 7.20 from

[26] for @ — 0T system, %, is SGP-AS (Semi-globally Practically-Asymptotically Stable) [87]
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and by Theorem 1 from [26] our dynamical system (5.1-5.6) is also SGP-AS. This means
that the proposed feedback law can be tuned to guarantee convergence of the vehicle to any
e-neighborhood of [z*, y*]T from any compact set K of initial conditions [60]. However, when
we introduce obstacles and even if we introduce potential functions to J to push the solutions
away from saddle points it may be problematic. Because the inclusion of obstacles introduces
at least one saddle point (critical point) [60, 68, 83] where the smooth time-invariant feedback
system could locally converge in the presence of arbitrarily small adversarial signals, e(t).

To illustrate this, consider a divided state-space in three sets Iy, Ko, and K using the
closed-loop time-invariant controller, ;zv, with z = 0 and where E() is locally bounded and
where there exists at least one Carathéodory complete solution z, satisfying z(t) € Iy \ K,
V¢t e [0,7] where T > 0 of 2 [60]. By adding at least one obstacle this introduces a
topological obstruction, which guarantees the existence of a curve Ky or Ky such that for
initial conditions on each side of Iy or ICy the trajectories of the vehicle approach the set IC
either from above or below the obstacle. This implies that it is possible to find arbitrarily
small signals, e(t), acting on the states of the vehicle such that some of the trajectories of the
closed-loop system will remain in the neighborhood of the line K or Ko and consequently,
will not converge to the set IC by Theorem 6.5 from [76] see [60].

Therefore, as previously stated and following the ideas introduced in [54, 60] to guar-
antee the stability properties even in the presence of small adversarial signals, e(t), a hybrid
feedback law is required. This hybrid feedback law partitions the state-space and adds a
switching state ¢ € {1,2} by modifying our cost function J to a localization function J,,

which is defined as:

Jo(x) = (21 — 2n)* + (22 — 242)* + B(d) (5.7)
B(dq) _ (dq - P) ln(@)v dq € [07p] (58)
0, dq > p,

where p € (0,1] is a threshold variable, d,(z1,z2) = |[z1,72]" |2, is a distance mapping
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function, which maps a position to a squared value of its distance, and ¢ € {1,2} is our

switching logic variable. The function d,, with d = 2y — ry + dj, is defined as:

e When ¢ = 1, and a tolerance constant ds € N, is greater than (x; —ry)? + (13 — ra)?
(where 71 and ry are the location coordinates of the detected obstacle) d, is defined

as:

(

r1+r2—\m/1§—m2—ds’ d < ry— 1131,171 —r < Ty —T9+ ds

dl = < r1—r1+ro—xo—ds

o) ) d>r —x1,01 — 11 > Ty — T2+ d

V(xy —7r1)2+ (w2 — r2)2 — ds,  otherwise

\

e When ¢ =2 and ds > (z1 — 71)? 4+ (—x2 + 12)?, d,, is defined as:

’
r1—ro—xl+x2—ds

7 , —d<ri—x,xl—r <ry—x9+d,

T1—r1—rotxa—ds

V2 ) —d>r; — 21,81 — 11 >T9 — Ty +ds

do

\/($1 - 7”1)2 + (7‘2 — IQ)Q —dg, otherwise

\
e When g =1and ds < (1 —71)?+ (2o —73)? or ¢ = 2 and ds > (x; —711)* + (12 — x2)?,
dg, dg is defined as: d; =0

e Lor any other case, d;, = 0

Note that [z, y] = [z1, xs] for the rest of the chapter.
5.1 Hybrid Adaptive Framework

By dividing the state-space using a barrier function we introduce the sets O; and O,
as shown in Figures 5.1a and 5.1b. Note that the Jump Sets from Figures 5.1a and 5.1b
are not just the empty (white) areas, but also include points close to the barrier functions.
The idea is to construct a box around the obstacle and project adjacent sides of the box to

divide the space in two parts. By doing this, O; U O, covers R? entirely apart from of the
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box that includes the detected obstacle. Then, using switching logic defined in C' and D
the vehicle switches from its current logic state, g. We can see from Figure 5.1a and 5.1b
how the state-space is divided in two, flow and jump sets and we can tell from these figures
when the controller triggered the switch logic and jumped to logic state ¢ = 2, where the
flow set is defined and then the jumps back to ¢ = 1 and successfully converge to the global

maximum, [z*, y*].

25¢ 251 =
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2 = 2L

Jump =

151 > S 15|
s, - |
1k

0.5 0.5 Set| [
- = |
of 0 :
05 0.5 ‘ ‘
al At J
16 E 5‘;— Jump ek —
} Set e |
2 . .
-2 -2 15 1 0. 1] 0.5 1 1 2 2 3 a5
X x
(a) Space Oy, including points near (5.8) (b) Space Os, including points near (5.8)

Figure 5.1: Barrier Functions Space Division, O; and O,

An important question is how to detect obstacles at unknown locations. To accomplish
this, we attach a sensor to the vehicle of radius ¢, which can detect obstacles of radius b when
the vehicle is close enough to an obstacle. The variable p stores the number of obstacles
detected and r stores the location of the detected obstacle. If more than one obstacle is
detected the controller will not flow until just one obstacle is detected, the radius ¢ will
be multiplied by a small variable n € (0, 1] to reduce the radius size until one obstacle is
detected. Moreover, the number of obstacles detected is given by the cardinality of the set

P(z,c) which is defined as:

P(x,c)={ie N : (x + BN (r; + bB) # 0} (5.9)
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where B denotes the unit ball in Euclidean space centered at the origin and N denotes the
set {1,2,3,...,N'} where N € N [54].

The jump set is defined as: D = Dy, U Dy, U Dy U D3, where Dy, defines the regions
for where the vehicle has detected an obstacle when no previously obstacles were detected:
Dy, ={X €Z:|P(xz,c)| = 1,p =1} where r* = r and p* = |P(x,¢)| (5.9). Dy, is the set
defined where multiple obstacles are detected simultaneously: Dy, = {X € Z : |P(z,¢c)| >
2}, where pt = |P(z,nc)| (5.9) and ¢ = nc. Dy is the set where the logic state ¢ is
updated where we introduce two design parameters p > 1 and A > 0 to trigger jumps as:
Dy={Xe€Z: J(x,r,p,c) > (u—A)Js_g(x,r,p,c),p > 1} and as mentioned we employ the
switch logic Q = 3 — g to update ¢. Lastly, D3 is the set where the vehicle has successfully
evaded the obstacles after the use of the model-free hybrid adaptive controller defined as:
D3 ={X €Z:|P(z,c)| =0,p > 1} where p* = |P(z,¢)| (5.9) and ¢™ = ¢ [54].

The flow set is defined as C' = C} U Cy U (3, where C; denotes the region where
no obstacles are present, defined as: C; = {X € Z : x € R*|P(z,c¢)] = 0,p = 0,c =
co}. Cy is the set where a single obstacle is detected: Cy = {X € Z : Jy(x,r,p,c) <
ps—q(z,7,p,c), |P(x,c)| =1,p > 0}, and Cs is the set where multiple obstacles are detected
resulting in the reduction of the radius of detection region, ¢, defined as:Cs ={X € Z: x €
R? |P(z,c)| > 1,|P(x,c)| = 0,p > 1}.

Putting these definitions together the flow and jump sets are defined as:

Flow Set,

C=0C,UC,UCs
Ci={X€Z:2eR?|P(x,c)|=0,p=0,c=co}

(5.10)
Co={X€Z:J(x,r,p,c) < pds_g(z,r,p,c), |P(z,c)| =1,p > 0}

Cy={X €Z:x R |P(x,c0)| > 1,|P(z,¢)] =0,p>1}
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Jump Set,

D =D, UDy,UDyU Dg
Dy, ={X€Z:|P(z,c)|=1,p=1}
Dy ={X €Z:|P(z,c)| > 2} (5.11)
Dy={X€Z: J)(z,r,p,c) > (1t — N)Js_g(x,7,p,c),p > 1}
D3 ={X €Z:|P(x,c)| =0,p>1}

The flow and jump sets in the algorithms implemented are the same, given that the
jump rules do not change if the dynamics change. We still follow the same partitioning and
switch logic. However, the jump and flow maps do change, depending on the algorithm and
model dynamics, given that the flow instructions vary, and the jump variable updates varies
depending on the defined variables. Furthermore, the proposed switching rule in chapter 2
is implemented, Q(q) := 3 — q.

Additionally, to numerically analyze the algorithms’ robustness we introduce a per-
turbation e; = es;, where i € {1,2}. By definition € is a small number and s; is defined

as:

z—0.6, (x—0.6)<0.15 or (r—0.6)>—0.15
51 = (5.12)

0, otherwise,

y, (y—0.6) <0.05 or (y—0.6)>—-0.05
S9 = (513)

0, otherwise,

5.1.1 Model-Free Hybrid Adaptive Controller

Now, implementing the ideas mentioned in chapter 2, 3, and 5.1 we can build the hybrid

real-time optimization algorithm using point-mass and nonholonomic unicycle dynamics.
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5.1.1.1 Point-Mass Dynamics

Using point-mass dynamics to model the vehicle, see Figure 5.2, the dynamics are
quite similar to (5.1 - 5.6) with the exception that for the hybrid model-free controller we
require the use of the localization function, J, instead of the cost function J. Furthermore,
we include the perturbation signals to the x and y signal and update the sensor radius and

detection variables.

y A

Figure 5.2: Point-mass Dynamics Model

Hence, H,,, is defined as:

e Flow Map, F(2)pm, f1 = —wsin(wt), fla = wcos(wt), & = —w(xy — %(wt)]q),
&y = —w(xe — 2cosa(m) Jy), 1 = awcos(wt) + kxy — €51, &g = —awsin(wt) + kxrs — €S2,

o Jump Map, G(2)pm: pif = i, piz = pio, & = &1, & = &, 2f = 11, 13 = 13,

¢"=3—-qp"=pc=c
e Flow Set is defined in (5.10)

e Jump Set is defined in (5.11)
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5.1.1.2 Nonholonomic Dynamics

The nonholonomic unicycle dynamics are modeled as:
ie.=wvcos(), ye.=vsin(d), 0= wp, (5.14)

where [z.,y.| is the center, 6 the orientation, 0 is the angular velocity of Figure 5.3, v is
the forward velocity input, and wy the angular velocity input. To simply the analysis and
equations we assume that the sensor of the nonholonomic model is exactly at the center of

the vehicle, which would make r from Figure 5.3 equal to zero.

sensor

Figure 5.3: Nonholonomic Unicycle Dynamics Model

Nonholonomic systems, are systems which have constraints, which are nonintegrable
into positional constrains. In the case of (5.14) this means the position of the unicycle is
given by a pair of coordinates (z,y) and an additional coordinate; the orientation of the
unicycle, which is specified by an angle #. For any position, the unicycle can be pointed in
any direction, 6. Thus, there is no constraint of the form f(x,y,6,t) = 0, which means that
there is a constraint that: & = v(cos(6x)+sin(fy)) or y = @tan(d). These are nonholonomic
constraints, so we cannot reduce the number of variables in the system [86]. The physical

implication of this system is that the orientation will keep oscillating, something that is
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visible in the trajectory of the numerical studies, chapter 5.2.2.

To analyze the nonholonomic system we need to drive the averaging results following
the same ideas we implemented when derived the point-mass dynamics. We can still, guar-
antee convergence of the vehicle to any e-neighborhood of [z*,y*] from any compact set K
of initial conditions, however as previously mentioned the orientation will keep oscillating
changing the trajectory shape as shown in [95].

Thus, changing the flow and jump maps to adjust the nonholonomic dynamics using

the localization function, and including a perturbation we find that H,,:

e Flow Map, F(2)nn: fu = —wsin(wt), fis = weos(wt), & = —(zy — %WJQ), £y =

—(xe— 2‘:%(‘”'S)Jq), 0=2 0 = —aw(cos(wt)cos(z—f)+a9.cos(wt)sz'n(z—°l’))—H{:x1 — €51,

iy = aw — cos(wt)sin(32) + Océcos(wt)sm(z—‘:) +kry—€S2,G=0,p=0,¢=0
o Jump Map, G(2)un: pf = pn, iy = 1o, & =&, & =&, 07 =0, v = 21, 23 = 15,

¢"=3-qp"=pc=c
e Flow Set is defined in (5.10)

e Jump Set is defined in (5.11)

5.1.2 DES Controller

As mentioned in chapter 4, we can use Projected Lipschitz Gradient Descent, Lipschitz-
PGD, to find the dynamics required to implement the DES algorithm, Figure 5.4.
Gradient Descent (GD) is a standard way to solve unconstrained optimization func-

tions, GD iterates the following equation until a stopping condition is met:

i1 = 26 — Y VO(2k),

in our case, the stopping condition would be to find the extremum values of the localization
function, J,. However, for a constrained situation, like the one we are solving, a projection

is required.
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Figure 5.4: DES Algorithm Block Diagram, adapted from [62]

Projected Gradient Descent (PGD) is a common technique to solve constrained opti-
mization problems. Consider the set F, starting from an initial point zg € F, PGD iterates

the equation:

Zk4+1 = P]—'(Zk - ykv¢(2k))7

where Pr is a Euclidean Lipschitz projection operator Pr(z) := argminycp,|.—y|, given the
point zg the projection aims to find a point z € F which is near to z, [63, 62].

Now, if ¢ is a convex and a Lipschitz function (the gradient is bounded above) the
PGD convergence rate is of O(\/LE) and if ¢ is additionally a smooth function, the rate of
convergence will be the same as GD, O(3) [3]. As shown in [62] when V¢ : R" — R" is
a smooth and strongly monotone mapping and the assumption that F is compact, convex,

and nonempty holds, Lipschitz-PGD results in:
2= —z+4 Pr(z — Vo(z)),

for € F where Pr(z) := arg min ¢ p_|z—y|. Which renders exponentially stable to the set of
solutions of the variation inequality (VI) (4.5) which is a singleton under strong monotonicity
of ¢ and render UGAS to the compact set A provided V¢ : R" — R” is monotone, under
theorem 3 in [23].

By applying the DES algorithm and using Lipschitz-GPD we obtain the following

Hprs set:
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e Flow Map, F(2)un: &1 = 5(—& + Proo — €81), @3 = 5(—y + Pre — €s9), W[l : n] =
_’Y(Dreal + Dmeasured)a q = 07 p - Oa c=0

o Jump Map, G(z)pgs = 2f =1, 25 =22, wH[l:n] =w[l:n], ¢" =3—¢q, pt =p,

(i4+1)(i+2)
2

¢t = ¢, where n = and 7 is equal to the polynomial order of the response

map.
e Flow Set is defined in (5.10)

e Jump Set is defined in (5.11)

Where Pr equals:

y41
Pr = y Tns .
’a {mm( —p%+p§) 1]
D2
pr=x— V&l
P2 =Y — v§527

where ¢ is the estimation of the localization function’s gradient, (4.9) and ry, is the navigation
set radius, D,.q are the real-time component dynamics equal to (4.18) times (4.13 and
Dineasurea are the data-driven component dynamics equal to (4.18) times (4.11) [63, 62].
The DES controller was tested with four different approximation functions: quadratic,
polynomial 4% order, 6! order, and 8" order. The only change that this introduced was
increasing the amount of weights, vector of basis function Jacobian matrix of the basis
function, b. Moreover, as expected the higher the degree order the slower the controller

converged.
5.2 Numerical Studies

To validate the Hybrid Dynamical Adaptive Controllers, H,,,, Hnn, and Hpgs pre-
sented in this chapter we used the Hybrid Equation (HyEQ) Toolbox in MATLAB [75] which

facilities the simulation of hybrid dynamical systems.
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The typical values used for every constant variable mentioned throughout the analysis

are in Table A.1.

5.2.1 Hybrid Adaptive Controller: Point-Mass Dynamics

From H,,, and using the values defined in Table A.1, we proceed to numerically analyze
the controller with point-mass dynamics. First, we analyze the source seeking control under
the presence of no obstacles to guarantee convergence. From Figure 5.5a we see that under
the presence of no obstacles the algorithm behaves just as a classical extremum seeking
controller.

To truly test the obstacle avoidance property of the controller, we add one Figure 5.5b
and multiple obstacles Figure 5.6a. From Figure 5.6b we can see the switching mechanism
described in chapter 5.1 properly jumping between logical states to achieve convergence

under the presence of one or multiple obstacles.

|t
1 |
(I
|‘||||||

(a) Source Seeking (b) Single Obstacle Avoidance

Figure 5.5: No Obstacle Source Seeking and Single Obstacle Avoidance
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Figure 5.6: Multiple Obstacle Avoidance with its Jump and [z, y] Optimization Plots

5.2.1.1 Point-mass Dynamics Perturbation

Another important numerical analysis is under the presence of an e-perturbation where
recall that we define the perturbation or disturbance signal as: e(t) = es;(t), where i € {1, 2}
and s; is defined in (5.12) and (5.13). For a perturbation signal with ¢ = 0.1 Figure 5.7
and Figure 5.8a is the path before adding an obstacle in the presence of ¢ = 0.33 and
Figure 5.8b is after the presence of a single obstacle. Note that the convergence results
are unaffected even though the path trajectory is different. However, when € > 0.34 we
start seeing convergence issues. By adjusting w, k, and a we can find results that converge,
however for these combinations of w, k, and a that an € < 0.34 is the upper limit. However,
note that ¢ = 0.33 is considered a large adversarial perturbation. Common e-perturbation

sizes are of 0.01, 0.05, and 0.1 see [68, 83].

5.2.2 Hybrid Adaptive Controller: Nonholonomic Unicycle Dynamics

From H,; and using the values defined in Table A.1, we proceed to numerically analyze

the controller with nonholonomic unicycle dynamics. Again, first we analyze the source
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Figure 5.8: Point-mass Dynamics under the Presence of an Adversarial Signal

seeking control under the presence of no obstacles to guarantee convergence, see Figure 5.9.
Now, we jump to a multiple obstacle analysis Figure 5.10a and Figure 5.11a, where we
can see that the controller successfully evades four obstacles directly in the vehicle’s path.
Furthermore, we see both jump plots in Figure 5.10b and Figure 5.11b where the controller
performs two and four successful jumps between logic states to avoid any collisions.
Interestingly, as expected, the nonholonomic unicycle dynamic model’s trajectory is
different from the point-mass dynamic model, given that the orientation keeps oscillating

making the vehicle’s trajectory wider than the point-mass model.
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Figure 5.10: Multiple Obstacle Avoidance with its Jump and [z, y] Optimization Plots

5.2.2.1 Nonholonomic Dynamics Perturbation

As shown with the point-mass dynamics, the nonholonomic unicycle dynamics can also

successfully converge in the presence of adversarial signals. In this case, an e-perturbation



40

Jump Plots
& 2 T T T T T T

1.5 1ar 1
18 1

o
17 1

0.5
16 i
x'0f 151 1
0.5 L 1
13 3

AR
125 i

1.5 7
1d-F 1

-2 1 i i i i i i
-1 0 20 40 60 80 100 120 140
X
1
(a) Multiple Obstacle Avoidance (b) Corresponding Jump Plot

Figure 5.11: Multiple Obstacle Avoidance of Nonholonomic Unicycle Dynamics

defined in (5.12) and (5.13) is applied. Under a perturbation signal with ¢ = 0.1 Figure 5.12a
shows convergence in the presence of no obstacles. Figure 5.12b shows how the controller

successfully converges under the presence of two obstacles.
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(a) No Obstacle Perturbation Path (b) Double Obstacle Avoidance with € = 0.1

Figure 5.12: Nonholonomic Unicycle Dynamics under the Presence of an Adversarial Signal

Furthermore, Figure 5.13 shows that the convergence results are unaffected even though

the path trajectory is different under the presence of an € = 1.05. We start seeing convergence
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issues when € > 1.1. By adjusting w, k, and a we can find results that converge, however for

these combinations of w, k, and a that an € < 1.05 is the upper limit.

Figure 5.13: Double Obstacle Avoidance with ¢ = 1.05

5.2.3 DES Controller

Lastly we analyze the numerical results of Hpgg, even though we expect similar results
to the previous numerical studies the DES controller does not require the persistence of
existence (PE) condition, meaning that the path should be a straight line with no oscillations.

We start the analysis with a quadratic response map, ¢(z) and a state-space with
no obstacles, by satisfying the a priori (v, J)-Sufficiently Rich condition by showing that
rank(D) = p, which in this case rank(D) = 6. Then as shown in Figure 5.14a and Figure
5.14b the parameter estimation errors approach zero as t — oo and the input states approach
the extremum values [z,y] — [z*,y*] as t — 0.

Consequently, the vehicle optimizes the response map as shown in Figure 5.15a. Adding
obstacles to the state-space yield the same results with the hybrid DES algorithm optimizing
the response map as shown in Figure 5.15b.

Furthermore, the algorithms still optimize the response map when using 4*"-order, 6-

order, and 8"-order parametric approximations of the potential field [Figure 5.17a - 5.18a].
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Figure 5.14: Error and State Convergence
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Figure 5.15: DES Quadratic Function No Obstacle and Double Obstacle Avoidance

Note, that as the polynomial order increases the response map becomes flat, which makes the
Lipschitz-PGD algorithm slower. Refer to Table 5.1 for a time comparison among response
maps using the same numerical analysis and variable constants (performance test under the

same conditions) Note that as simulation complexity increases, the time gaps become wider.
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Figure 5.16: DES Quadratic Function Multiple Obstacle Avoidance

However, we can see that as t — oo even for the 8”-order polynomials the state variable

reaches the extremum [x,y] — [2*,y*] see Figure 5.18b.

Response Map, ¢(2) Time [s]

274 Order Polynomial Function 6.25

4" Order Polynomial Function 17.65

6" Order Polynomial Function 23.68

8" Order Polynomial Function 38.18

Table 5.1: Convergence Time Comparison
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(a) 4*"-Order Multiple Obstacle Avoidance
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Figure 5.17: Nonholonomic Unicycle Dynamics for 4" and 6 Response Map
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Figure 5.18: DES 8**-Order Function Results

5.2.3.1 DES Perturbation

As expected, we can see from Figures 5.19 that the algorithm optimization results

hold even under the presence of a perturbation. The upper limit varies depending on the
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obstacle’s locations and the value of 7. For Figure we found an upper limit at ¢ = 86.1,
this is a far larger € value compared to the previous numerical results which is due to the

data-driven nature of the controller, which takes into account the added adversarial signal.
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(a) Convergence without an Adversarial Signal (b) Convergence with an added Adversarial Signal

Figure 5.19: DES Controller Single Obstacle Avoidance Adversarial Signal Convergence
Comparison

5.2.4 Controller Trajectory Shape Comparison

As previously mentioned, the three Real-time Optimization (RTO) algorithms have
different trajectory shapes. This is due to the PE condition and the dynamic model used.
Figure 5.20 and Figure 5.21 shows the three shapes exhibit by the controllers. Note, that
the nonholonomic unicycle shape varies as the tunable constant variables are modified.

Note that the trajectory shape of Figure 5.21 is similar to the one shown in [86], where

both are triangular-like shapes even though the variable parameters are different.
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Figure 5.20: Model-free Controller Trajectory Shape

Figure 5.21: Nonholonomic Dynamics Trajectory Shape

Refer to A.2 for additional numerical simulation results, which illustrate path adjust-

ments under the increasing presence of unknown obstacles in the state-space.



Chapter 6

Conclusion and Open Questions

6.1 Conclusion

Starting with the fundamental concepts of Real-time Optimization using Extremum
Seeking, Hybrid Dynamical Systems, and Data-Enabled Extremum Seeking this thesis pre-
sented a numerical study that showed that the results from [60] can be extended to multiple
obstacles maintaining the same hybrid model-free behavior, furthermore the results were also
extended to nonholonomic unicycle dynamics where we saw how the trajectory of the vehi-
cle was affected as the orientation cannot be stabilized; hence, the trajectory keeps rotating.
Additionally, we implemented a Hybrid Data-Enabled Extremum Seeking (DES) algorithm
to obtain the same previous results as with the Model-free Adaptive Control algorithms,
but now with no persistence of excitation (PE) condition. This was clear in the numerical
studies where the trajectory was a clean line with no oscillations, which are noticeable in
controllers with PE. Lastly, we showed that the DES controller can use higher-order para-
metric approximations of the potential field not just quadratic, with the disadvantage that
the computation time increases.

The results were all presented numerically with theoretical foundations. Both in the
presence of no adversarial signals and in the presence of small adversarial signals. The simu-
lations showed how similar yet different the three algorithms are, which have similar Hybrid
Dynamical System frameworks but significantly different trajectory paths. Additionally, the

jumps were also plotted to understand how the vehicle evaded obstacles.
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6.2 Open Questions

An important question is could these algorithms achieve similar results experimentally
using a robot, like the turtle bot? Based on the experimental results of [61] there is no
apparent reason why these algorithms would not physically work, however it still must be
tested.

Another interesting question, is how would the algorithms behave with dynamical
obstacles [98]7 We cannot always assume the obstacles will remain static, hence extending
this work to dynamical obstacles would be extremely interesting.

Furthermore, as shown when using higher-order polynomial functions with the DES
controller, the computational power required increased significantly, which consequently in-
creased the time to converge by a factor of approximately five (from the quadratic polynomial
to the 8™-Order). Hence, it is logical to ask if these higher-order polynomials could benefit
from momentum or acceleration [56, 57, 64, 65|, and if so, how much?

Additionally, extending the dynamic results to 3-D dynamics [16, 17] would be inter-
esting to be a step closer to full physical 3-D vehicle dynamics with aerospace and defense
applications. Lastly, the work presented was all deterministic, it would be interesting to
recreate this work following an stochastic approach [48, 70] to compare both, the deter-
ministic and stochastic hybrid controller and perhaps then implement a controller with a

combined deterministic and stochastic approach.
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A.l

Appendix A

Variable Values and Supplementary Numerical Results

Simulation Variable Values and Descriptions

Name Value Description

1 & 1o (0, 1.75) Array of Obstacle(s) Location Values

Ty (3, 0) Target Location (extremum point, [z*, y*|

T1, To (-0.5, 0.5) || Vehicle’s Starting

q 1 Starting Switching Logic

0 0.1 Orientation Initial Value (only used in 5.2.2)

P 0 Initial Value of Obstacles Detected

c 0.1 Vehicle’s Sensor Detection Radius

&, &y (0,0) Fast Dynamics Initial Conditions (used in 5.2.1 &
5.2.2)

w1, mus) || (0,0) Dither Signal Initial Value (used in 5.2.1 & 5.2.2)

NUMops 2 Number of Existing Obstacles

bo 0.1 Initial Obstacle(s) Ball Radius

Co 0.1 Initial Vehicle’s Sensor Radius

i 0.9 Radius ¢ Reduction Variable

p 1 Barrier Function Tuning Variable

w 1000 Dither Signal Frequency




w 1 Amplitude of Fast Dynamics (used in 5.2.1 & 5.2.2)

a 0.01 Dynamics Amplitude (used in 5.2.1 & 5.2.2)

k 0.002 Fast Dynamics Amplitude Coefficient (used in 5.2.1
& 5.2.2)

€ 0.15 Perturbation Size

T 0.1 Level Set Thickness

o 0.4 Nonholonomic Amplitude (only used in 5.2.2)

k1 8 Nonholonomic Frequency Reduction Factor (only
used in 5.2.2)

v 20 DES Amplitude Constant (only used in 5.2.3)

w 0 Matrix of Weights (only used in 5.2.3)

Table A.1: Constant Variables Typical Simulation Values

A.2 Supplementary Numerical Results

o8

This section illustrates the path adjustments the algorithms perform as the number of

obstacles increases. The numerical results presented showcase how the algorithms behave

starting from no obstacles present to numerous (more than six) obstacles in the state-space.

Where Figure A.1 shows the trajectory results for the point-mass dynamics of the hybrid

adaptive controller, Figure A.2 illustrates the results for the holonomic unicycle dynamics,

and Figure A.3 corresponds to the DES controller using a quadratic map function.
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Figure A.1: Point-mass Dynamics Hybrid Adaptive Law Path Variation under a perturba-
tion, € = 0.01
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Figure A.2: Nonholonomic Unicycle Dynamics Hybrid Adaptive Law Path Variation
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Figure A.3: DES Controller Path Variation
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