Hamiltonian Triplet Interactions: Areal and Perimetric Forces
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Abstract.

Gravitational and electromagnetic interactions are Hamiltonian systems with forces between pairs of particles.
We propose an alternative: Hamiltonian dynamics with triplet interactions between point particles. Our system has
a potential energy that depends on the shape of the triangle for each triplet. Similar multi-body forces occur in many
physical systems, e.g., polarizable molecules, nucleon interactions, and colloids, but typically are combined with more
conventional two-body forces. We focus on potentials that depend only on the triangle perimeter or on its area.
The resulting forces point towards a center of the triangle, either the incenter or the orthocenter, respectively. For
the planar case, the resulting system has six degrees of freedom but can be reduced to three since it conserves the
total momentum and angular momentum. The dynamics often exhibits chaotic motion, but there are a number of
special solutions, for example equilateral and isosceles triangles, and perturbations of these can lie on invariant tori.
Numerical investigations of several examples show families of such regular trajectories as well as examples of chaotic
dynamics.
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1. Introduction: Triplet Interactions. A classic dynamical system corresponds to a set of
particles with positions and momenta (r;,p;) € R? x R and masses m;, where i = 1,2,...n. Its
dynamics is obtained from a Hamiltonian H(r,p) : R3" x R3" — R that has the standard kinetic
plus potential form:

(1.1) H(r,p) = K(p)+V(r) = Z M +V(r).

For standard models, such as gravitational or electrostatic interactions, the particles interact pair-
wise with a central force so that

(1.2) V(r) = Us(ri) ,

j<i

where

rig =1 —Tj5 .
The pair potential, Us, can also depend on parameters, such as charge and mass, associated with
each particle. Of course this is the case for gravitational and electrostatic interactions, (1.2).

Instead of a potential of the form (1.2), we will consider cases where the interactions correspond
to a force among triplets:

Triplet Interactions. A triplet interaction term is a function Uz := R3 x R3 x R® — R, that
cannot be written as a sum of pair interactions (e.g., is unlike the potential in (1.2)).

For this paper, we will assume the potential in (1.1) satisfies three hypotheses:
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Hypothesis 1 (Triplet Potential). The potential is a sum of triple interaction terms:

V(T) = Z U3(7’i,7’j,7’k) .

i<j<k
In addition we will assume:

Hypothesis 2 (Central Forces). The potential energy, V(r), depends only on pairwise distances,
rizll, 3,5 =1...n, 1 #j.
Of course, the gravitational potential satisfies this hypothesis. Potentials that satisfy Hyps. 1-2,

depend only on the lengths of the sides of the triangle formed by each triplet of particles at positions
(ri,7j, 7)) in R3, thus

(1.3) V()= Y Ualllrgl Irsel, Irsill) -

1<j<k
For example if there are three bodies with positions (r1,72,73) = (u,v,w), and
(1.4) a=llw—=vl, b=u-wl], andc=v—ul,

(see e.g., Fig. 1) then (1.3) becomes

(1.5) V(u,v,w) = Ua(a,b,c),

so that Ua is a function only of the lengths of the sides of the (u,v,w)-triangle. Of course, Ua
could also depend on parameters, such as masses or charges.

Perhaps the simplest potential satisfying Hyp. 2 is that for harmonic springs: Ua(a,b,c) =
% (k1a2 + kob? + k‘gCQ). However, this potential as well as those for gravitational or electrostatic
forces do not satisfy Hyp. 1, since they are sums of pairwise interactions.

To make the triangular nature of the interactions more explicit, we assume:

Hypothesis 3 (Symmetry).  The potential Un : R3t — R is permutation symmetric under
particle exchange:

(1.6) Un(a.b.c) = Ua(b,c,a) = Ua(b,a,c) .

For example, note that if the masses were all equal, a gravitational potential would satisfy
Hyp. 3; however, it would not satisfy Hyp. 1.

Potentials satisfying Hyps. 1-3 have been studied in the context of a number of applications,
including polarizable molecules, colloids, Bose-Einstein condensates, and nucleon interactions, as
we recall in §2.

In this paper we will study in detail only the simplest case: a single triplet with positions
(u,v,w) and conjugate momenta (py, Py, Pw). The Hamiltonian (1.1) with a potential satisfying
Hyps. 1-3 then becomes
1>, lpol® |, llpwl®

[P
N U B ’ - ) - .
o+ ot o= Uallv = wlllw = ul, u = vl)

(L.7) H(r,p)
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Figure 1. A triangle with vertices u,v,w, sides a,b, c, and interior angles 04,0y, 0. The altitude from side ¢ has
length he (A.1), and z. (A.2) denotes the distance from v to the intersection of this altitude with side c.

This gives the dynamics

u—w u—"uv

Py = =0 Upa = ————0hUA — ——03Un
s a0 fu ]
. Pu
U=—,
e

with cyclic permutations for the other particles. We will rewrite these equations for specific poten-
tials in §3, and in Jacobi coordinates in §4.

The Hamiltonian system (1.7) with three particles in R3 has nine degrees of freedom. Of course
since the potential (1.5) has translation symmetry, V(u + a,v + o, w + a) = V(u,v,w), Vo € R3,
the total momentum,

(1.9) PT = Pu+ Do+ Du
is conserved, and this can be used to eliminate three degrees of freedom by going to center-of-mass

coordinates, i.e., translating variables by

1
(1.10) R = —(mju + mav + maw) .
mr

In addition, since (1.5) has rotation symmetry: V(Qu, Qu, Qw) = V (u, v, w) for any rotation matrix
Q € SO(3), the total angular momentum,

(1.11) Jr=uXpy+vXp,+wXpy,

is also conserved. It is also useful to note that the moment of inertia relative to the center of mass,

maomaa® + mymsb® + mlmgc2) ,

3
1
1.12 I=> mjllr; - R|* = —
(1.12) 2 | | mT(
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is also a function only of the triangle sides.

Note that the forces in (1.8) lie in the plane of the triangle formed by (u,v,w). Thus if the
initial momenta are in this plane, the orbits remain in the plane. For the planar case, we start with
3 x 2 degrees of freedom, and eliminate two by going to center-of-mass coordinates and one more
for the angular momentum, as it is orthogonal to this plane. The resulting dynamical system has
three degrees of freedom, and this can be made explicit using Jacobi coordinates, see §4.

Thus the dynamics of this simplest three-body case, unlike the simplest two-body case—the
Kepler problem, is non-trivial. We will show results of numerical simulations in §5.

2. Multi-Body Forces in Applications. Multi-body interactions have been considered for a
number of different physical systems. Often these are obtained as “effective interactions” between
structured components such as molecules or lattices. One example is for interactions between
polarizable molecules [Stol3]. A model of this is the Axilrod-Teller-Muto triple-dipole interaction
[AT43] (also obtained by Muto in 1943) with the potential

1 4 3 cos(#;) cos(f;) cos(by,)

(N7 152113

i<j<k

)

where, for example, 6; is the angle between the sides r;; and r;;, of the ijk triangle. Note that the
potential (2.1) is positive for equilateral and right triangles, but is negative when the particles lie
on a line, so that one angle is .

The ATM potential appears to not be of the form (1.3), since it depends on the angles. However,
since the angles are determined by the sides, as we recall explicitly in (A.3) in App. A, (2.1) satisfies
Hyps. 1-3.

Examples of interactions between micro-clusters were studied in [HW80, Oks82] using a poten-
tial of the form V = Upj 4+ Uaras, with the Lennard-Jones two-body potential

1 1
2.2 Urj; = —
(22) L Z[Hnj\\“ ||n-jr\6]’

i<j

representing the Van der Waals forces. Combining (2.2) and (2.1) gives the “LJAT” interaction.
Minimum energy configurations for 3 — 6 bodies as a function of the triplet strength Z were studied
in [HW&0]; for example, when Z is small the equilateral triangle has minimum energy, but above a
critical value, the linear configuration has smaller energy. The paper [Oks82] studies the stability
of the icosahedral equilibrium, which is stable at Z = 0. The dynamics of this model is shown to be
chaotic for a single “trimer” in [CHLW97, YE97]. The LJAT model is also discussed in the book
by Stone [Stol3].
Another example corresponds to the interactions of polar molecules in an optical lattice [BMZ07];}

in this case there are two-body interactions together with a three-body potential for which one model
is the Hubbard potential

1
Ug = (33 + cyclic permutations) .
2 ol
i<

An alternative form for multi-body interactions was used by Baskes [Bas99] to study crystalline
lattices:

V=Urs+ Zﬁi(ln(ﬁi) -1,
i=1
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where p; is a background electron density for the i** particle due to its Z neighbors defined by

pi= > ep(~Allryll 1))
J#i
This approach is used to study lattices, and is a version of the “Embedded Atom Method” [DFB93].
For the three body case, where Z = 2, the multi-body portion of this potential satisfies Hyps. 1-3.
A spine fit to three-body forces was used to obtain similar potentials for a Vanadium lattice in
[LS16].

Multi-body forces are also relevant in colloids, due to the nonlinearities in the Poisson-Boltz-
mann equations. In [RvGDvR02] the authors consider hard spheres in a salt solution and numer-
ically compute—to lowest order in an expansion—the effects of the screening due to the fluid on
the interaction between the spheres. Empirically they find that the three-body interactions closely
fits a potential of the Yukawa form

e~ YUIrigll+lrsll+llrkalD)

lrisll+ lrjill + llreall

(2.3) Uy = —
i<j<k

so that it depends only upon the perimeter of each triangle. For this system, there is also a two-
body, repulsive, Yukawa potential. In §3.1, we consider similar potentials that depend only upon
the perimeter.

Other examples of multi-body forces include the quantum physics of BECs [K602, JTPWO09].
where the potential depends only upon inter-particle distances. Three-nucleon forces are also
important for nuclear stability [FDGG24], describe interactions with mesons and pions [SS60,
Ham15, CPW83] and arise in “chiral effective field theory” [Heb21].

In the context of non-Hamiltonian and dissipative systems, multi-particle forces have been used
in generalizations of the Kuramoto model often used to study synchronization in networks of coupled
oscillators, see e.g., [Str00]. Multi-particle interactions correspond, in this case, to interactions
on hyper-graphs or simplicial complexes [LR20, ZLLB23]. For example, [Loh22] considered multi-
body interactions between higher-dimensional phase oscillators. This non-Hamiltonian system has
oscillators with positions r; € S = {r € R? : ||r|| = 1} and frequencies w;. For triplet interactions,
Lohr uses the potential

UL = Z&Z‘jm‘i T X Tk,
i,k
where €5, is the completely antisymmetric Levi-Civita symbol. Upon adding the constraint, using
Lagrange multipliers, that the particles remain on the sphere, the dissipative dynamics become

\ N
T%Zwixn*fﬁi§:€UHWXTk—WU%TjXWﬂ-
k=1

Similar models are also studied in [DKM*21], but with a symmetric coupling, giving equations of
the form

A N
i = w; X1+ m Z rj 'ri(rk — (Tk ~ri)ri) ,
j:kzl

as well as higher dimensional cases. These interactions do not satisfy Hyp. 2.
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In [KPS22] the gradient flow with a potential that depends upon the volume of a simplex is
considered. For example, for triplet interactions they use

N
K2
Ua = W Z ||A(ri>rj7rk’)||2 5
1,5,k=1

where A(u,v,w) is the (vector) area of the triangle with vertices u, w,w (see (3.4)). Using Heron’s
formula (A.4) for the area (see App. A), the resulting equations become

N
. K
i =gz D gkl + = 20) + (lrael® = i %) (s = 7)) -
Jk=1

Since this is a gradient system, the dynamics implies that areas collapse to zero, so the particles
will collapse to a line. We will assume the potential is a function of the area in the Hamiltonian
context in §3.2.

3. Three Body Forces. In the remainder of this paper we will treat two special cases of a
three-body potential (1.5) that satisfies Hyps. 1-3. For simplicity, we assume that there are only
three-body forces, neglecting the two-body terms that appear in most of the applications in §2.
Denoting the positions of the three particles by u,v, w € R3 and their momenta by py, Py, pw € R3,
gives a Hamiltonian of the form (1.7)

In §3.1, we assume that the potential, Ua, is a function only of the triangle’s perimeter, and in
§3.2, only of its area.

3.1. Perimetric Forces. Suppose first that Un = U(P), depends only on the perimeter of the
triangle (recall (2.3)),

(3.1) P(u,v,w) = ||w—v||+ |lu —w||+ ||lv —u||=a+b+c,

where a, b, ¢ are the side lengths seen in Fig. 1. In the simplest case U(P) = P; however, this
does not satisfy Hyp. 1 since it is a sum of pair interactions. We considered several cases, but
1

concentrate on the simplest, U(P) = P2

The resulting equations of motion (1.8) become

vV—U w—1Uu
u:U/P )
po=v) ()
. Pu
o Pu
My

(3.2)

9

with cyclic permutations for the other two particles.

Note that the force vectors in (3.2) bisect the interior angles of the triangle, pointing into its
interior if U'(P) > 0, see Fig. 2. These three force vectors define lines that meet at the so-called
incenter of the triangle,

au + bv + cw
(3.3) G=——©p
the center of the circle inscribed in the triangle, see App. C. To see this, note that the two right
triangles formed from a particle’s force vector with each of the triangle edges coming from that
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particle are congruent: i.e., the three orange edges in Fig. 2 have equal lengths and are radii of the
inscribed circle.

If the particles become collinear at any time, then the middle particle is at the incenter. More-
over, in this case the perimeter is twice the maximum distance. For example, if v is between u and
w, then a + ¢ = b and P = 2b. In this case ¢; = v: the incenter (3.3) is the position of the central
particle.

Figure 2. Sketch of the forces acting on a triple of particles at u,v,w when the potential is a function of the
perimeter of the triangle. By (3.2) force vectors bisect the angles at each vertez, and thus meet at the incenter of the
triangle when U'(P) > 0, see App. C.

The rate of change of the perimeter of the triangle is

d 1 | N | S
£P:E(v—w)-(v—w)—kg(w—u)-(w—u)+;(u—v)~(u—v).

Combining this with (3.2) gives

d d d
UP)=U(P) 2P == (i pu+ 0P+ pu) = =

K
dt dt ’

where K is the kinetic energy, e.g. (1.7): energy is conserved.
Using (3.3), rate of change of the incenter is

d 1 .
—c == (au~|—bi)+cw+a(u—ci)+b(v—ci)+c'(w—c7;)> :
dt P
3.2. Areal Forces. Suppose now that Ua depends only on the area of the triangle formed by
a triplet. We denote the (vector) area of a triangle by

A(u,v,w) = 5(v —u) X (w—u)

(3.4)

D= D[

(uXv+vXw+wxu).
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This vector is normal to the face of the triangle; in 2D A = é3||A(u,v,w)| when u,v,w are a
right-handed triplet. The form (3.4) is invariant under even permutations of the vertices, and its
magnitude is permutation invariant:

[A(u, v, w)|| = |A(v, u, w)|| = [[A(w, v, u)]| .

Moreover, the area is a function only of the lengths of the sides of the triangle, as can be seen most
explicitly in Heron’s formula (A.4) in App. A. Thus a potential that depends only upon ||A|| obeys
Hyps. 1-3.

The resulting equations of motion for the Hamiltonian (1.7) become

b

w =—U'(]|A Al?
. Du
U=—

my

with cyclic permutations. Using the summation convention and (3.4), the derivative of the squared
area with respect to a component of u becomes

0A4A;
|A|I? = 24; S eik(w; — v;) (up — vi)Eiga(wp — vg)

0
%I
[(wg — vp)(ua — va) (W — vg) — (Wa — va)(ug — vg)(ws — vp)]

[(ta = va) w = v]* = (wa = va)(u = v) - (w V)]

NI N[

Thus in vector notation
VullAl? = 3[(u—v)w —|* = (w = v)((u — v) - (w — v))]
:%(w—v) X [(u—v) x (w—v)]
=@w—-—w)xA.
This vector is orthogonal to both the opposite side vector v — w and to A:
(v —w) - Vo[lA* = A-V,[A]*=0.
Consequently, the equations of motion become
pu =maii = —3U'(JA|)(v —w) x A,
(3.5) po = mab = —3U"([|A]) (w —u) x A,
P =mgt = —5U' (| Al)(u—v) x A4,

where A = A/||A|| is the unit vector in the direction of the area.

As sketched in Fig. 3 the resulting force vectors in (3.5) are in the plane of the triangle and
are orthogonal to the opposite side of the triangle: they are parallel to the triangle’s altitudes. As
recalled in App. D, the altitudes have a common intersection, the orthocenter of the triangle. When
the triangle is acute, and U’ > 0, the forces point inward, and the orthocenter is in the interior
of the triangle. However, when the triangle has an obtuse angle, two of the force vectors point
outward, and the orthocenter is exterior to the triangle.

Naturally, these equations also preserve the total momentum (1.9) and total angular momentum
(1.11). Note that the rate of change of the area of the triangle is

X
X

%A(u,v,w):%(ux(v—w)—kz’;x(w—u)—i—u’;x(u—v)).
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Figure 3. Sketches of the forces acting on a triplet of particles at u,v,w when the potential is a function of the
area. The forces are orthogonal to the opposite sides and meet at the orthocenter, c,.

3.3. Special Solutions. There are a number of special configurations for which the dynamics
is simpler. For simplicity we suppose that all the masses are equal
(36) mu:mvzmwzla

the center of mass (1.10) is the origin, and the total momentum (1.9) is zero.
e (Equilateral Triangle) Suppose that the initial state has a discrete rotational symmetry:

v(0) = Qar/3u(0) ,  w(0) = Qur/3u(0) ,
9(0) = Q2r/3u(0) ,  w(0) = Qur/3u(0) ,

where @)y is the 2D rotation by angle ¢. This corresponds to an equilateral triangle with
sides

(3.7)

a=b=c=3lul,
so that the perimeter and area become
P =3l ,
A= T2 ).
The rotational symmetry of the initial conditions is maintained by (3.2) and (3.5), so the

shape remains equilateral. Letting u = 7(cos#,sin#), the system can be reduced to a
Hamiltonian with coordinates (r,6), and momenta p, = 7 and py = r26:

2
1.2, Pg 1
H(raeapTape) == Qpr + ﬁ + gU 9
Note that this is an integrable system, since the angular momentum is conserved. As-
suming that U is monotonically increasing, the uniformly rotating case corresponds to
Pz = V/3U'(P)r3 or ﬁU '(A)r*, for the perimetric and areal cases, respectively.
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(Isosceles) For an isosceles triangle with base b and height h, we can set u(t) = (—b/2,—h/3),
v(t) = (0,2h/3) and w(t) = (b/2,—h/3). This form is a solution of (3.2) and (3.5) main-
taining the symmetry. Here

P(t) = |b] + Vb? + 4h?

At) = —%bhé .
Note that the area is negative for our assumed coordinates when bh > 0 since the orientation
of the triangle is reversed. The dynamics can be reduced to a two degree of freedom

Hamiltonian
H (b, h, py, pn) = pj + 507 + U(b, ) .

For the perimetric case, the equations become
h
Vo2 4+ 4n?’

b= 2p, = —2U"(P) <sgn(b) + \/lﬂiw) :

h=3p, = —6U'(P)

Similarly the equations for the areal case are

b= 2y, = ~U'(| Al})|hl sgn(b) ,
h=3pn = —3U"(|A]})|b] sgn(h) -

These equations are not smooth for a pair collision when b = 0, or a linear configuration
when h = 0.

(Rotating Line) Suppose that the particles lie on a line, and one is at the center of mass,
say v = 0, so that w = —w. This linear configuration is preserved if u(0) = —w(0) and
0 = 0. Using polar coordinates, u = r(cos(#),sin(#)), the perimeter is P = 4r, and the
reduced Hamiltonian for the perimetric case becomes

5

52 + %U(4r) .

H(r,0,pr,po) = 3p2 +
Since the angular momentum is conserved, this again reduces to one degree-of-freedom. If
U(P) is increasing, this has the uniformly rotating solution when p3 = 2r3U’(P). A special
case of this corresponds to zero angular momentum. Again assuming U(P) is monotone
increasing, this gives oscillations with repeated triple collisions.

4. Jacobi Coordinates. To explicitly eliminate the conserved quantities we can use, for exam-
ple, Jacobi coordinates [MH92, LR97, LMAC98, Monl7]). For the triplet (ri,72,73) = (u,v,w),
one version of these coordinates is

(4.1)

s=v—u,

h:w_mlu—l—mw _ mi(w — u) + ma(w — v) ’
mi2 mi2

R = —(miu + mav + maw) ,

mr
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where mp = m1 + mo + ms and mi2 = m1 + mo. As sketched in Fig. 4, the vector s is one side
of the triangle, h is the vector from the center-of-mass of v and v to the vertex w, and R is the
center-of-mass of the triplet. The inverse of (4.1) is

ma ms3
u=R—-—F—s——h,

mi2 mr
m m
(4.2) v:R+—15——3h,
mi2 mr
w=R+ M2y,
mr

The main points of the choice (4.1) are: (i) this linear transformation is orthogonal with respect
to the mass-scaled metric, so the kinetic energy remains diagonal, and (ii) (s, h) are invariant under
translations, (u,v,w) — (u,v,w) + (o, a, ) [Mon17]. Indeed the kinetic energy becomes

(4.3) K =5 (3 + pallbl]® + mo | R)) |

where

1 1 1 1 1 1

_— = — — _— = )

- )
M1 m1 mo H2 mi2 m3

define the “reduced masses”. Since by Hyp. 2, the potential is independent of the center-of-mass
R, the momentum pr = m7 R is conserved, and we can drop it from the Hamiltonian so that

(4.4) H = g llpol® + 55 Ipal® + Us, 1)
For the planar case, this is a four degree-of-freedom system. The angular momentum (1.11) becomes

JTZSXPS—Fthha

which of course is conserved. Similarly the moment of inertia in center-of-mass coordinates (1.12)
becomes, in Jacobi coordinates,

(4.5) I'= s + p2llh]* .
In Jacobi coordinates, the perimeter (3.1) becomes

1
P=a+b+c= p— (|lm1s — maghl|| + ||mes + mi2h|) + |5 -

When the potential depends only on P, the Hamiltonian equations for (4.4) are

ps = —U'(P) (S+ mi s = magh | ma mas + magh )
’ Is]| ~ mi2 [mis —magh|  miz ||mas+ magh| )’
. mi2h —ms mizh + mas
—_U'(P ,
(4.6) Ph ( <Hm12h—mlsH ”mmh+m28‘>
§= ip&
h = 5 ph.

H2
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Figure 4. Jacobi coordinates (s, h, R) for the triangle.

For the areal case, since v —u=sand w—u=h+ %s, the area (3.4) becomes

A(u,v,w) = 35 x (h+ 2s) = 35 % h,

which is natural since s is a side and h is a vector connecting that side to the third vertex. When
the potential is a function of area, the equations for (4.4) are

ps = —3U'(| Ak x 4,
pr=—3U"(JANA x s,

4.7 .

( ) 3:;11787
P 1
h = 2P -

To eliminate the angular momentum we introduce polar coordinates following [Mon17]. Using
complex notation, R? ~ C, let

s=ce?, h= nei(aﬂ)) .

Substituting into (4.3) gives the kinetic energy
K =3 (W'IQ + pan? + 10202 + pan® (0 + </5)2) :

The Lagrangian L = K — V does not depend upon the rotation angle 8: the shape of the triangle
is determined by (o, 7, ¢). This will give the conserved angular momentum, py = Jr,

oL . .
Po =5 = 11020 + pan* (6 + ¢) .

Since (4.5) gives I = puyo? + pan?, eliminating 0 in the kinetic energy gives

I

M1M202772 '2)
I ¢ '

2
: 2 P
K:§<u102+u2n2+9+
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Defining canonical momenta,

. . pap2o’n? .
o = H10, Dy = pal), P = fqﬁ ;
then gives
P2 Py pp 11 1
4.8 H:"+++<+ )p +U(o,n,¢) .
(48) 21 2pp 21 2 \yo?  pon? )Y (:7,9)

The potential is a function only of the lengths o, n and the angle ¢; therefore, this is a three
degree-of-freedom system for (o, ps), (7, py), and (¢, ps).
The perimeter and area become

1 : )
P= m—m(\mlgnews —myo| + ]mlgne“z’ +mao|)+ o,
A = Lonsin(¢) .

The configuration equations for (4.8) become

1
0 = Do

M1

4.9 [ *1
. n= P,
(4.9) H2 K

i (29
p1o? - pgn? bo

and for areal potentials the momentum equations are

2
. p i
bo =m0+ e ¢3 — U (| AlDnl sin(8)] |

(410) Py + Py sU'([IA])o| sin(g)]
=N+ —=—53 o|sin ,
212 112 77

P = —3U'([|A])on cos(¢) sign(sin(¢)) -

The corresponding equations for the perimetric case are complicated, and we do not write them
out.

5. Numerical Explorations. A typical trajectory of the three body system (1.7) with m; =
my = mz = 1 and U(P) = 3 P? is shown in Fig. 5. In panel (a), the particle positions are shown
in the (z,y) plane. The initial conditions are indicated by filled circles, and curves for the three
particles, red for u, green for v and blue for w, show the trajectories up to ¢t = 20. The integration
was done using the RK45 method in Matlab, with an error bound of 1072, As one estimate
of the integration accuracy, the energy and angular momentum have errors O(5 x 1071%) over
an integration time of t = 500. Panel (b) shows the same trajectory in the 3D space of inequities
(ia,1p,ic) (see App. B). We claim these coordinates are more convenient than the three side lengths,
(a,b,c), since the triangle inequalities restrict the latter to a hard-to-visualize cone in the positive
octant, while the inequities can take any values in the non-negative octant.
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Figure 5. (a) Positions of the three particles (u,v,w) in the plane as a function of time, up to t = 20 for

U(P) = %PQ. (b) Trajectory in the positive octant of the inequities, (ia,ip,ic), see App. B. At t = 0, the triangle

has sides (a,b,c) = (2.9,2.0,1.8). With the center-of-mass at the origin this gives ug =~ (—0.49166 — 0.65781),
vo ~ (1.30833, —0.65781), and wo ~ (—0.81666,1.31561), The initial velocities are & = —w = (1,3) and © = 0. For
this trajectory E = 32.445 and Jr = 2.94842.

If one plots longer segments of this trajectory, one gets the impression it is chaotic. To see this
in more detail, Fig. 6 shows P(t) and A(t) along this trajectory. These curves are computed using
RelTol = AbsTol = 10~'2; if this is relaxed, the resulting curves for P and A appear close to those
seen in the figure up to ¢ ~ 200, but after that the evolution is quite different, again as one would
expect for a chaotic orbit.

Note that since £ = K + U, and the kinetic energy is non-negative, the maximal perimeter for
this quadratic potential is P < v/2E. For the initial condition in Fig. 5, the energy is E = 32.445,
implying that P < 8.0554. However, for this trajectory the angular momentum (1.11) is nonzero,
so the maximal perimeter is determined by

5.1 E= /7 U(P

(5.1) = Thue).
For a given perimeter and equal unit masses, the moment of inertia (1.12) has the bound I > P?/9,
which is reached when the triangle is equilateral. Indeed, for the trajectory of Fig. 6, I =
0.144625 > P2. /9 = 0.1439709. Using this in (5.1) for the quadratic potential, then gives

man

(5.2) Praz = \/ E+\/E%2-9J2 =709788.

The maximum realized up to ¢ = 500, as seen in Fig. 6(a), is 99.9% of this value.

For a given perimeter the maximum side length occurs when the triangle collapses to a line, so
we must have sides of length less than P/2. The largest distance from the center-of-mass would
occur at a double collision, where two of the particles are at a distance P/6 from the center-of-mass
and the third is at the distance P/3. This gives a version of Hill’s region: the trajectory must lie
in the disk of radius %Pmax ~ 2.6596 about the center-of-mass; this disk is shown in Fig. 5(a).
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Figure 6. For the potential U(P) = £ P? and the initial condition of Fig. 5, the perimeter (a) and area (b) as
a function of time for t € [0,500]. For this trajectory segment, P € [1.138305,7.985506], A € [—2.552623,2.623263]
and the moment of inertia (1.12) I € [0.144625, 8.125064].

The area along the trajectory is shown in Fig. 6(b). For this triangle, A(0) = 1.77607 and A(¢)
initially decreases, crossing zero when the triangle collapses to a line and then reverses orientation.
For a given perimeter the area has an upper bound given by (B.3) in App. C, corresponding to the
equilateral case. Thus, since the perimeter is bounded by (5.2), |A(t)| < 3.06289. The trajectory
for this example only reaches 86% of this bound over the time shown in the figure.

We computed the maximal Lyapunov exponent, p, for this trajectory by integrating the one-jet
equations (E.1). As an initial condition, we chose a random deviation vector that left the center
of mass at the origin. For T' = 2000, we found pr = 0.16905 4+ 0.00008, where the nominal error is
measured by the variation in pup over the interval T' € [1600,2000]. As usual it is difficult to give
an accurate value for p [SM25], but at least this indicates that the trajectory is chaotic.
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The variation of the maximal Lyapunov exponent with changing initial velocity is shown in
Fig. 7. For this one-parameter family of trajectories, poggp appears to be positive. The three curves
in this figure show the value of the exponent with different, randomly chosen, initial deviation
vectors; this gives an indication of the large errors in the computation.

03

I | L MW / r\‘ /" |

o IR TV |
/

0.1 - 1

0.05 1 1 1 1 1

Figure 7. Computations of the maximal Lyapunov exponent ur for the potential U(P) = %PQ and integration time
T = 2000. The initial condition is a triangle with sides (a, b, c) = (2.9,2.0, 1.8) and initial velocities w = —w = (146, 3)
and v = 0. When § = 0, this corresponds to the case shown in Fig. 5. The three curves differ only in that different
randomly chosen deviation vectors were used. Large variations show the slow convergence of the Lyapunov exponent.

We now consider a trajectory that is close to the uniformly rotating equilateral trianglea = b = ¢
of §3.3. Such a trajectory simply rotates when the velocities have magnitude

V;“ot =V aU/(P) ;

which for the quadratic potential becomes Vo = v/3a. An example with the velocities perturbed
is shown in Fig. 8. In this case the trajectory appears to lie on a three torus.! Indeed the
maximal Lyapunov exponent for this case seems to be 0: ooy = 0.013 + 0.008 and g0 =
0.0029 + 0.0008. Both the area A € [1.477951,5.200333] and perimeter P € [6.984039,11.026097]
oscillate quasiperiodically (not shown).

The Lyapunov exponent for a range of equilateral initial conditions (those in Fig. 8 with 0 €
[0,10]) is shown in Fig. 9. The estimated Lyapunov exponent appears to be essentially zero up to
6 = 4.2, where there is a sudden onset of chaotic behavior. The short time behavior for several
of these regular orbits is shown in Fig. 10 in inequity space. The inner three orbits in the figure
appear to lie on invariant tori enclosing the uniformly rotating equilateral case (the point i, = i =
i. = 2v/3). The outermost (gray) trajectory, with § = 4.5, is chaotic as seen in Fig. 9. A longer
segment of a trajectory in this family, for 6 = 3.0, was shown in Fig. 8.

The 6 = 4.5, chaotic orbit of Fig. 10 appears to have near pair-collisions since it approaches the
axes in inequity space. The first near collision is at ¢ = 0.498, where b = 0.0924, so u = w; this is

!Since we have not eliminated the angular momentum here, we nominally have six degrees of freedom.
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Figure 8. A perturbed equilateral triangle. (a) Positions (u,v,w) in the plane as a function of time, up to t = 100
for U(P) = %P2. Here the initial condition is an equilateral triangle with sides a = b = ¢ = 2+/3. (b) Trajectory in
the positive octant of the inequities, (ia, v, 4c), for t = 200.. The initial conditions are uo = (2,0), vo = (=1, \/§) and
wo = (=1, —/3), with o = Vror(0,1) +6(%, —1), 0 = $Vrer(—V/3,1) and o = —iio — Bo. The perturbation is § = 3
and Vyot = 6. For this trajectory, E = 84.45577, Jr = 24.40192, and Pmaz = 11.2503, (5.2).

followed by a several near collisions of v and v, and then a near collision of v and w at t = 20.212,
where a = 0.0440. The evolution of the side lengths for this trajectory is shown in Fig. 11 for
t € [0,50]. Of the many other near collisions, the closest, for ¢ < 500, is a(30.790) = 0.0004372.

0.3

02 - _

0.1 - 1

Figure 9. The mazimal Lyapunov exponent 2000 for the equilateral initial condition of Fig. 8, with u(0)
perturbed with § € [0,10]. The exponent appears to be zero up to § = 4.25.
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Figure 10. Four trajectories in the space of inequities, up to t = 50 for the equilateral initial condition of Fig. 8,
with 6 = 0.5 (black), 1.5 (red), 3.5 (blue), and 4.5 (gray). When § = 0, the orbit is an equilibrium in this space at
ia = ip = ic = a = 2V/3. but is a uniformly rotating equilateral triangle in R?. The outermost orbit is chaotic since
1= 0.078 > 0.

a,b,c

Figure 11. The evolution of the triangle sides lengths a,b, c for the initial condition of Fig. 8 with 6 = 4.5. This
trajectory was shown as the gray curve in Fig. 10. Note that there is a sequence of near pair-collisions, when a side
length nears zero.

Similar results are obtained for trajectories near the linear case discussed in §3.3. Here we
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consider the set of initial conditions

' (0) = (1.5,-10.0711), v(0) = —4(0.5,1.0), w(0) = —u(0) — ©(0),
for 6 € (0,10]. Most orbits in this family appear to have positive Lyapunov exponents, with values
0.006 < w2000 < 0.25.
Finally, we consider an example of a trajectory for the areal case of §3.2, using the potential

(5.4) U(lAl) = niu 4|2

Since U — 400 at ||A|| = 0 orbits cannot collapse to a linear configuration. For Fig. 12, the
initial condition is equilateral, but the initial velocities do not have the symmetry (3.7). During
the early evolution, seen in Fig. 12(a), v(¢) (green curve) remains relatively small, while the other
two particles experience larger displacements. As seen in the inequity plot, Fig. 12(b), this orbit
repeatedly passes close to the equilateral configuration, but then undergoes large swings towards
either i, = 0 or 4, = 0 where the triangle nears collapse to a linear configuration. For the areal
case, the side lengths can become much larger than the perimetric case: indeed if the area were to
approach zero, the perimeter could be unbounded. Of course, this is forbidden by the singularity
in the potential (5.4); indeed for this energy, U(]|A]|) < E restricts the area to the range

(5.5) 0.3722962812 < A(t) < 2.139086602 .

The area and perimeter for ¢ € [0,500] are shown in Fig. 13; here A(t) € [0.37265, 2.13785], within
0.1% of the limits (5.5). The area undergoes much more rapid oscillations than the perimeter,
which has the range P(t) € [3.68511,81.24522]. The corresponding moment of inertia (not shown)
ranges over I(t) € [1.52569, 830.259]. This again obeys the bound I, > P2 /9 = 1.50889.

min

6. Conclusions. This paper has initiated the study of a rich new class of Hamiltonian systems:
particles interacting in triplets with central forces. Geometrically such dynamics is interesting
because the forces depend upon the shape of the triangle. Analytically, it is unconventional since
physical models most often involve pair interactions. Nevertheless, as we noted in §2, triplet
interactions also arise a number of physical systems. However, in most of these cases the three-
body force is added to a more conventional two-body force. In our examples, we assumed there
were only three-body forces.

In §3 we obtained the equations when the potential depends on the perimeter or area of the
triangle. Perimetric potentials also occur in some applications; for example, such a potential for
colloids was seen in (2.3). Potentials that obey the hypothesis of “centrality”, Hyp. 2, could depend
more generally on the side lengths, but if we ask that they are symmetric, Hyp. 3, a dependence
on the perimeter or area seems natural. We are not aware of applications in which the potential
has the areal form, though such forces have been studied in the context of gradient dynamics on
hypergraphs as we noted in §2. In §5 we obtained numerical solutions for two simple examples, but
in other explorations, we found that the dynamics has similar behavior for other potentials. The
areal case has a weak singularity if the configuration passes through linearity, where the area is
zero; moreover—as in the gravitational case—the triplet force can be singular when pairs or triplets
coalesce. We have leave the study of such singularities to a future paper.
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®)

Figure 12. (a) Positions of the three particles (u,v,w) in the plane as a function of time, up to t = 100 for
the areal potential (5.4). (b) Trajectory in the positive octant of the inequities, (ia,ip,ic). At t = 0, the triangle is
equilateral with sides a = b = ¢ = /3, setting up = (1,0), vo = %(—1,\/5), and wy = %(—1,—\/5). The initial
velocities are 4 = —w = (1,3) and © = 0. For this trajectory, E = 5.51067 and Jr = 1.99322.

We have found several special solutions: rotating equilateral triangle and linear configurations,
and a non-rotating isosceles case. Many trajectories near the equilateral case lie on invariant tori,
but they can become chaotic as the initial conditions vary—a typical phenomenon in Hamiltonian
systems near an elliptic equilibrium. It would be interesting to see if there are other uniformly
rotating solutions that might be analogous to the Lagrange points or central configurations of
the gravitational problem [Ham19]. For such a study the Jacobi coordinates and its extensions
[LMACO98] will prove useful. While we obtained this reduction in §4, we used a simpler convenient
set of reduced coordinates, the triangular inequities, for visualization. An advantage of the later
coordinates is that they respect the symmetry of the triplet system.

There is much to do in the future. For example, it would be interesting to study the case
when there are more than three particles, as well as to allow for two body forces. It would also be
interesting to investigate in more detail the stability of special solutions and families of invariant
tori that generically occur in Hamiltonian systems due to KAM theory [MH92].

Appendices

Appendix A. Triangle Relations.
Given a triangle with vertices (u,v,w) € R?, we let (a,b,c) € R3" (1.4) denote the lengths of
each of the opposite sides, recall Fig. 1. The altitude of the triangle from the side ¢ to w has length

(A.1) he = asin(f,) = bsin(6,,) ;

where 6, and 0, are the interior angles at u and v respectively. This can be made more explicit
by eliminating the sine functions. Define the signed distance between v and the base point of the
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Figure 13. For the potential (5.4) and the initial condition of Fig. 12, the perimeter (a) and area (b) as a function
of time for t € [0, 500].

altitude h. by z. = acos(0,) = ¢ — bcos(f,), recall Fig. 1. Squaring (A.1) then gives

(A.2) a®(1 —cos?(0,)) = b*(1 —cos?(0,)) = 4 a? —b* =2z, .
With permutations, this gives the cosines of the interior angles:
b2 + 2 —a?
COS(Qu) = T y
2, 2 12
+a“—b
A3 gy T4 T
(A.3) cos(6y) Son ,
a?+ b2 — 2
Op) = ——.
cos(0y) 50

By the triangle inequalities, the right hand sides of these formulas are indeed in the interval [—1, 1].
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By elementary trigonometry the magnitude of the area (3.4) is
| A(u, v, w)|| = Facsin(f,) = Sche .

We can solve for the altitude using h? = a? — 22 and (A.2) to obtain

hcz2%\/(&+b+c)(b—|—c—a)(c+a—b)(a+b—c).

This can be used with (A.1) to give formulas for the sines. Using this in the area gives Heron’s
formula

(A.4) |Al =1V (a+b+c)b+c—a)c+a—Db)a+b—c).

Note that (A.4) implies that the area depends only on the lengths of the sides, and, of course, is
permutation symmetric.
The momenta of inertia, for the equal mass case is

= [lull + [Jv]l* + [lw]|* -

Suppose that the coordinates are chosen so that the center-of-mass is at the origin, R = %(u + v+
w) = 0, then after some algebra we can see that

I= %(a2—|—b2—|—02) .
More generally when the masses are not equal, this becomes (1.12). For a given perimeter P =
a+ b+ ¢, this implies that I > P?/9, with the bound occurring for the equilateral case.

Appendix B. Triangle Inequities. For a triangle with sides (1.4), the triangle inequality
implies that |a —b| < ¢ < a+b. We can use this, and its permutations, to define three nonnegative
quantities that we will call the inequities of the triangle:

ic=b4+c—a,
(B.1) ipb=c+a—>b,
ie=a+b—rc.

In terms of the inequities, the space of all possible triangles is the positive octant (iq, ip,ic) € R3*.
Note that the inequities determine the sides:

a:%(ib‘f’ic)u b:%(iC"i_ia)v c:%(ia_'_ib);

thus they uniquely determine the shape of the triangle. The perimeter (3.1) and area (A.4) become

(B.2) P =i, +iy+ic, Al =3V Pigipic -

Surfaces of constant perimeter and area in inequity space are sketched in Fig. 14.
Each of the planes where one inequity vanishes corresponds to a degenerate triangle:

{io, =0} ~{a=b+ ¢} = Line with u between v and w ,

{iy, =0} ~ {b =c+ a} = Line with v between w and u ,
{ic =0} ¥ {c=a+ b} = Line with w between v and u .
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Figure 14. Shape space of triangles in terms of the inequities (B.1). A surface of constant area, A = 3, is shaded.
A partially dashed triangle outlines the plane where P = 6; this plane does not intersect the A = 3 surface, since
(B.3) requires P 2 7.8964. Curves on the A = 3 surface with perimeters P = 8,8.5, and 9 are also shown. Degenerate
triangles are indicated on the coordinate planes.

Examples are shown in Fig. 14. Thus the axes correspond to pair collisions,
{ia=0p=0}=2{c=0}=u=v,
{ip=i.,=0}~{a=0}=v=w,
{ic=1i,=0}2{b=0}=>w=u.

Isosceles triangles lie on planes:

{ia =ip} ~{a =10},
{ip =i} ~{b=c},
{ic =i} ~{c=a},

and equilateral triangles are on the diagonal i, = i, = i.. By (B.2), the plane of constant perimeter
intersects the surface of constant area only when

(B.3) P? > 12V3| A,

and the first intersection is on the diagonal where the triangle is equilateral.

Appendix C. Incenter. The incenter, c;, of a triangle is the center of the inscribed circle
defined by the triangle, recall Fig. 2. It is also the unique point at which bisectors of the three
angles meet. For a triangle with vertices (u,v,w), the bisecting line from a vertex w is

ZAO:u+t<v_u +'w_u),teR,

o=l flw —ull

with cyclic permutations for the two other vertices. Solving for the intersection point ¢; = 1, (t1) =
ly(t2) = lw(t3) gives the incenter (3.3), where P is the perimeter (3.1).
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The point ¢; is also the center of the inscribed circle in the triangle: each pair of right triangles
formed from the triangle edges and the force line is congruent, so the three orange edges in Fig. 2
have equal lengths. The radius of the incircle is 7; = ||¢; — u| sin(6,/2), which, using the trig
formulas in App. A, becomes

_ollAl
(C.1) r =2 5

There are two cases in which the incenter is at the center-of-mass of the triplet. If the particles
are not collinear, we require that the opposites sides be proportional to the particle masses:

lu— | = amy, [Jv—w|=amy,, |w-—ou||=amn,,

for then (3.3) gives
MaypyW + My U + My V
C’L — = me .
a(may + My, + my)
Thus for the equal mass case, this occurs with an equilateral triangle.
If the particles are collinear, then the perimeter is twice maximum interparticle distance. Sup-
posing, e.g., that v is between u and w, then P = 2||w — u|| = 2b. In this case the incenter is the

position of the central particle ¢; = v.

Appendix D. Orthocenter. The orthocenter, ¢, of a triangle is the intersection of the altitudes
of the triangle (u,v,w), as shown in Fig. 3. To see that these lines intersect, parallel translate each
side to its opposite vertex, to construct a new triangle (u,v,w), see Fig. 15. The claim is that
(u,v,w) is the medial triangle of (u,v,w): the original vertices are bisectors of the sides of the new
triangle. Moreover the circumcenter of (u, v, w) is at the position of the orthocenter of the original
triangle.

Solving for the position gives

(u—v)-(v—w) ,

Ax(w—u),
oA (w=u)

Co =1+

or any cyclic permutation.

Appendix E. One-Jet. To compute the Lyapunov exponent for the perimetric case we use the
one-jet of the vector field (3.2):

- - v — 8 Sw — 6
Spu=U"(P) (=2 + ) sp () (syn 0 g gun 800
(E.1) c b c b
si= P
my
where

6P =L(u—v)-(6u—0v)+ $(u—w)- (du—bw)+ (v —w)- (6v—dw),
T
xx
ST =1-—,
. 2

are the perimeter variation and the matrix projection orthogonal to a vector x.
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Figure 15. Construction of the orthocenter of a triangle (u,v,w). The sides of the triangle (u,v,w) are parallel
to each of the sides of the original triangle with the vertices (u,v,w) as bisectors. Thus the altitudes of (u,v,w) lie
on the radii of the circumcircle of (u,v,w).
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