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A special class of complex systems arises when the agents involved are in competition with
one another. The outcomes of these interactions make it possible to reveal a latent ordinal hierarchy
of the entities in the system. SpringRank is a ranking method that models the network as a physical
system comprised of springs. It estimates ranks as locations of the springs that minimize the total
energy of the system.

This thesis explores SpringRank in three ways, two of which are extensions to the model.
Firstly, we make connections between SpringRank and the Boltzmann distribution, Random Utility
Models, and linear regression. We characterize SpringRank as a Random Utility Model by using the
Boltzmann distribution to notice that SpringRank makes a decision between the choices itself as
opposed to the choice items. We reconcile an ordinary least squares interpretation of SpringRank
with the results from the Boltzmann distribution. We conclude that various interpretations of
SpringRank offer the same insights but in different ways. Secondly, we extend SpringRank to
identify the effect of group characteristics on the outcomes of interactions. We develop three models
— two where group memberships are fixed and one where group memberships can change. The
two models when group memberships are fixed correspond to cases where the group effects stay
constant or are allowed to change. Both these models are non-identifiable — we cannot identify the
effect of group characteristics. We recover identifiability in the third model. Finally, we propose an
online update algorithm to accurately and efficiently update ranks inferred by SpringRank. Our
algorithm forces boundary conditions and only updates a small neighborhood. This algorithm
fails the accuracy-efficiency trade-off as it is computationally expensive. Instead, we suggest other

possible online update mechanisms.
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Chapter 1

Introduction

Complex systems are systems with relatively simple components whose behavior is difficult to
model due to dependencies, interactions, competitions and other types of relationships. Complex
systems are ubiquitous. They are comprised of agents that interact with one another, either
individually or as agglomerates. These interactions sustain and lend novelty to the entire system.
For instance, ecosystems form a complex system with species interacting with each other. Even
within an ecosystem, a single species could form a complex system. Social behavior of humans
is one such example. Other examples of complex systems include the metabolic network, Earth’s
climate system, the human brain, and the entire universe. Complex systems can also be artificially
constructed such as electrical power grids, transportation systems, and the world wide web.

A key factor driving such systems is the interaction between different components. A special
class of complex systems arises when the agents involved are in competition with one another. The
nature of those interactions reveals hierarchy — the outcomes are correlated with their positions in
the hierarchy. The hierarchies can be naturally occurring, such as in animals like birds, primates and
elephants that tend to organize themselves according to dominance hierarchies [Drews, 1993]. There
is also evidence of such latent hierarchies in anthropological systems where hierarchies result from
prestige, reputation, and social position [Power, 2017, Clauset et al., 2015]. In certain scenarios,
such as sports tournaments, we construct systems by forcing interactions between entities for the
sole purpose of identifying the rankings [Szymanski, 2003, Baumann et al., 2010]. Finally there are

instances where the hierarchy arises as a byproduct of the construction of the system such as the



world wide web [Page et al., 1999].

From these outcomes, it is possible to reveal the latent rankings of the components, or entities,
in the system. It is desirable to infer the rankings as they form the basis of strategies in complex
systems. The outcome of interactions between entities give evidence to reveal these hierarchies.
However, in some systems, even the existence of an interaction provides useful information to
determine the rankings. For example, sports tournaments are designed to match players of similar
skill levels [Szymanski, 2003, Baumann et al., 2010]. Therefore, we can infer rankings based on the
existence and the outcomes of interactions. Further, inferring an embedding of hierarchies can be
more useful than an ordinal hierarchy as it can reveal relative differences of the positions of entities
in the hierarchy.

We are interested in identifying the latent hierarchies of entities in complex systems. This
is the goal of ranking methods. Using observed data, often in the form of a directed net-
work, they aim to discover the hierarchy that could have generated the data. Since complex
systems appear throughout the world, there are many ranking methods that are unique to
fields (or applications), each with their own advantages and disadvantages. There is a fam-
ily of spectral methods that rank nodes in a network by performing random walks and cal-
culating their stationary distribution [Bonacich, 1987, Page et al., 1999, Negahban et al., 2017].
There is another family of methods that generate ordinal rankings by minimizing penalty func-
tions [Slater, 1961, Ali et al., 1986, Gupte et al., 2011]. There are ranking methods that com-
pute ranks using proportions of wins and losses [Elo, 1978, Herbrich et al., 2007, Coulom, 2008].
There are also Random Utility models that infer real valued ranks from pairwise comparison data
[Bradley and Terry, 1952, Train, 2009).

SpringRank is one such ranking method [De Bacco et al., 2018]. In SpringRank, the system
is represented as a directed weighted network, where the existence of an edge between two nodes
indicates the outcome of a single interaction between them. The direction of the edge i — j is
related to the outcome of the interaction and suggests that i is ranked above j. This model treats

the network as a system of oriented springs, where each spring represents an edge in the network,



and aims to minimize the total energy of the system. The optimal locations of the springs are
mapped to the ranks of the nodes.

In this thesis, we will explore the SpringRank model in three distinct ways. Firstly, we will
gain a deeper insight into SpringRank including why and how it works. In particular, we will
make important connections between SpringRank and the Boltzmann distribution, Random Utility
Models, and linear regression. This will also help us place SpringRank in the larger body of literature
concerning these fields, and reconcile the various interpretations.

Secondly, we will extend the SpringRank model to identify the effect of group characteristics
on the outcomes of the interactions. There are scenarios where some nodes may enjoy advantages
over other nodes due to their group memberships. For instance, chess players may gain an advantage
when they play White (or Black). In such cases, we are interested in distinguishing the “skill” of
the player from the “color advantage” they get from playing White (or Black). We will develop
three models to answer this question. In the process, we will address the problem of identifiability,
the ability to distinguish the skill and group advantage, and state conditions under which the model
is identifiable.

Thirdly, we will extend the SpringRank model to accurately and efficiently update ranks as
new interactions occur over time. As we will see, SpringRank can be computationally expensive.
We will explore a potential algorithm to address the problem and study its viability.

The rest of this thesis follows this natural organization: Chapter 2 formally introduces
SpringRank and is devoted to the first exploration to gain a deeper understanding of SpringRank.
Chapter 3 will deal with the second exploration (and the first extension) to identify the effect of
group characteristics on outcomes of interactions. In Chapter 4, we will concern ourselves with
the third exploration (and the second extension) to update ranks continuously as new information
comes to light. Finally, Chapter 5 will conclude our findings and discuss possible directions for

future research.



Chapter 2

SpringRank

SpringRank is a physical model for inferring a hierarchical ranking of nodes in a directed
network [De Bacco et al., 2018]. Section 2.1 is dedicated to describing the model in detail following
the original work [De Bacco et al., 2018]. The rest of this chapter is devoted to gaining a better
understanding of SpringRank and how it works. Section 2.2 explores the connection between
SpringRank and the Boltzmann distribution, that is briefly mentioned in [De Bacco et al., 2018].
Section 2.3 motivates the study of SpringRank as a Random Utility Model and helps understand
the position of SpringRank in the larger body of literature concerning pairwise choice comparisons.

Finally, Section 2.4 addresses the resemblance of SpringRank to ordinary least squares.

2.1 The original model

Consider a system with N nodes (players, individuals, universities, etc.) that interact with
each other. Let A;; describe the number of interactions between nodes i and j that suggest 7 is
ranked above j. In a sports tournament, this might be the number of times ¢ beat j when they
faced off against each other. In faculty hiring, this might be the number of Ph.D. students university
j hired from university i (therefore tending to suggest that university j endorses the quality of
training university 7 gives its students). In online dating, this might be the number of times ¢ and j
send a first message to a person but only ¢ gets a reply back. Using this data about the outcomes of
many such interactions we can construct a weighted directed network A, where the weight is given

by A,J



Under this setup, ranking algorithms attempt to infer the latent hierarchical ranking of nodes

that generated the observed data. This is the goal of SpringRank.

2.1.1 SpringRank

SpringRank models the ranks as the optimal location of the nodes in a physical system. Each
node i is embedded at location (rank) s;, and each interaction ¢ — j is modeled as a spring with
displacement s; — s;. We are free to scale the embedding space and the energy space. So, without
loss of generality, if we set the rest length and the spring constant to 1, the spring corresponding to

the edge ¢+ — j has energy
1
Hij == 5(51 — S5 — 1)2, (21)

which is minimized when s; — s; = 1. The original model explicitly refrains from allowing tunable
parameters, and parameters that can be inferred (or chosen a priori) such as spring constants and
rest lengths for different springs.

The total energy of the system is given by the Hamiltonian

N N
1
ij=1 ij=1
The optimal rankings, s* = (s},s3,...,s)y), correspond to ranks (locations) that minimize the

energy of the system. We minimize the Hamiltonian by noticing that it is convex in s. Therefore,

we find the optimal ranking of the nodes, s*, by setting VH(s) = 0. This gives us the linear system
Dout + Din _ (A + AT)} st = |:Dout . Din} 1

where 1 is vector of all-ones, and D°" and D™ are diagonal matrices whose entries are the weighted
out- and in-degrees, Dg"* = 3~ A;; and Dt = >, Ajie DO + D™ — (A4 AT) is the Laplacian of the
network A. The derivation of this solution is omitted here and can be found in [De Bacco et al., 2018].
However, two other derivations that follow a similar flavor are shown in Sections 3.2.2 and 3.3.2.
For succinctness of notation, we will denote the Laplacian by L and (D°"* — D™)1 = d.

Further, we will refer to the optimal solution simply by s from this point. So, we can rewrite the



system as
Ls =d. (2.3)

By construction, L is rank deficient. If there are k disconnected components in the undirected
network of A, rank(L) = N — k. Therefore, rank(L) < N — 1. And, 1 resides in the kernel of L.
This means that the family of solutions s is translation-invariant i.e., translating the ranks by a
constant yields another valid solution. In practice, we solve this system by fixing the position of an
arbitrary node sy = 0, and compute the remaining ranks in an iterative fashion.

SpringRank assigns real-valued ranks to nodes in an embedding. This gives interpretability to
ranks. Further, SpringRank assumes that interactions are more likely to occur between similarly

ranked nodes. This assumption is discussed in detail in Section 2.3.1.

2.1.2 Other ranking methods

As previously noted, ranking is not a problem unique to one field and arises in various
contexts. As a consequence, a plethora of ranking methods exists each with their own advantages
and disadvantages. In this section, we will attempt to discuss some other ranking methods and
explain how SpringRank differs.

There is a class of spectral ranking methods like Eigenvector Centrality [Bonacich, 1987],
PageRank [Page et al., 1999], the method of Callaghan [Callaghan et al., 2003], and Rank Centrality
[Negahban et al., 2017]. The ranks produced by these methods are given by stationary distributions
of different types of random walks. However, by design, they tend to give high ranks to a small
number of important nodes, and provide little information about the lower-ranked nodes. In contrast,
SpringRank provides an embedding of the ranks and relative distances between the ranks of two
nodes are interpretable.

A second class of methods such as Minimum Violation Rank [Slater, 1961, Ali et al., 1986,
Gupte et al., 2011], SerialRank [Fogel et al., 2016], and SyncRank [Cucuringu, 2016] propose ordinal

rankings that minimize various penalty functions. For instance, Minimum Violation Rank (MVR)



imposes a uniform penalty for every violation, defined as an edge that has a direction opposite
to the one expected by the rank difference between the two nodes. Non-uniform penalties and
other generalizations are often referred to as agony methods [Letizia et al., 2018]. The problem
with ordinal rankings is, once again, interpretability.

Random Utility Models [Train, 2009] are designed to infer real-valued ranks from pairwise
comparison data. Bradley-Terry-Luce (BTL) model [Bradley and Terry, 1952, Luce, 1959] is one
such model. They assign utilities to various choices and define a probability, based on this utility,
to the direction of an edge conditioned on its existence, but they do not assign a probability to the
existence of an edge. They find applications in instances when an experimenter presents subjects
with choices between pairs of items, and asks them which they prefer. They are commonly used in,
but not limited to, economics. Section 2.3 is devoted to studying SpringRank as a Random Utility
Model.

Another class of methods like David’s Score [David, 1987] and the Colley matrix [Colley, 2002]
compute rankings from proportions of wins and losses. Widely used win-loss methods such as Elo
score [Elo, 1978], TrueSkill [Herbrich et al., 2007], and Go Rank [Coulom, 2008] update ranks after
every match rather than taking all previous interactions into account. This specialization makes
them useful when ranks evolve over sequential matches, but less useful otherwise. In Section 2.3, we
briefly discuss how SpringRank is similar to one such method called Elo++ [Sismanis, 2010].

The methods highlighted in this section illustrate the range of techniques used to construct
rankings from pairwise interaction data. Though many others exist, we now focus on some of the

more popular approaches, comparing each one to SpringRank

2.2 SpringRank and the Boltzmann distribution

Consider a thermodynamic system consisting of multiple particles. The Boltzmann distribution
gives us the probability of each microstate (a configuration of the particles) existing in the system

as a function of its energy. In particular, at temperature T, if a microstate x has energy F,, the



probability of this microstate existing is given by
P(z) « e Ba/kT

where k is the Boltzmann constant. To normalize the probability, we use the canonical partition
function,
Q=SB
JjEX

1
L o= Eu/kT

Q

— P(z) =

where X is the set of all possible microstates.

SpringRank uses the Boltzmann distribution to make predictions of outcomes. This intuitively
makes sense because SpringRank is a physical system where each spring contributes to the total
energy of the system, which we wish to minimize. In SpringRank, (oriented) springs constitute the
microstates whose energy is given by the corresponding Hamiltonian contribution. For instance,
take a spring oriented from ¢ — j. According to the Boltzmann distribution, the probability of this

microstate is
P(i—j) x e Pt

where 3 = 1/kT is the inverse temperature and H;; = 3(s; — s; — 1)2. Finally, since the Boltzmann
distribution maximizes entropy of the system, SpringRank can be thought of as a maximum entropy
model.

Consider an instance where ¢ and j interact and there is only one winner. There are two
possible outcomes: (1) ¢ beats j, or (2) j beats i. These two outcomes correspond to two possible
microstates: (1) a spring oriented i — j, or (2) a spring oriented j — i. Without loss of generality,

we can compute the probability that i beats j, P(i — j), as

L e PHis
PG ) = —s— (2.4)
1
R S (2.5)

14+ e—2B(si—s;)



2.3 SpringRank and Random Utility Models

Now, let us take a step back and consider Random Utility Models (RUMs) [Train, 2009]. In
this scenario, an agent is given multiple items to choose a single item from. Each item z has an
observed utility u, for the agent. Each item also has an unobserved utility, €, for the agent. The
agent tries to maximize the utility. Random Utility Models model the decision of the agents.

According to the Bradley-Terry-Luce model (BTL) [Bradley and Terry, 1952, Luce, 1959], a
commonly used RUM, the probability that the agent chooses an item x from a set of items & is

given by the multinomial logit distribution,

Ug

PO = e

Multinomial logit model assumes that the unobserved utility is drawn from a Gumbel distribution
[Train, 2009]. If the agent is presented only two choices, i and j, the probability that the agent

chooses 7 over j is given by

et

e 4 e%
1

= e (2.6)

P(i—j)=

Observe that the predictions from SpringRank (Equation 2.5) and RUM (Equation 2.6) both
follow the logistic distribution. In fact, we can interpret SpringRank as a Random Utility Model.

In SpringRank, if we know that ¢ and j interact with each other (and that exactly one of them
will win), there are two possible microstates — two directed springs. So, in the language of RUMs,
the choice is actually between the two directed springs, where the utility of each spring is given
by —8H;; and —BHj; respectively. RUMs consider the utility of the choice items, u;, u; whereas
SpringRank considers the utility of the choice itself —3H;;, —fHj;. In other words, SpringRank
recasts the springs as the choice items. The spring i — j corresponds to the statement (decision)
that ¢ beats j.

Note that, we can add a constant to all of the utilities, and the results (probabilities and

decisions) remain the same. So, to make the utilities positive in SpringRank, we can add the same
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constant to all the utilities without changing the results. Although this is worth observing, we will
not do that.
A missing piece of this interpretation is the unobserved utilities in SpringRank. This question

is addressed in Section 2.5.

2.3.1 The quadratic utility

SpringRank models the utilities as a quadratic function. This has three interesting implications
in the generative model. Firstly, SpringRank operates differently in how it places edges in the
network. Assume that all ranks s; are fixed. We wish to add a new edge (a spring) to the system.

The probability of this new edge is given by the Boltzmann distribution,
P(i — j) o< e P,

According to this model, there is a high probability of adding an edge between i and j when e~ #His
is large i.e., when H;; is small. H;; is small whenever ¢ and j are close to each other. Therefore,
SpringRank chooses to add edges between choices that are similarly positioned (ranked). And the
model is forced to compromise when we need to make a choice between two items that are very far
apart.

This is a well-motivated assumption. Sports tournaments and leagues are often designed to
match players or teams based on similar skills [Szymanski, 2003, Baumann et al., 2010]. Further,
[Hobson and DeDeo, 2015] find that this is also the case in parakeets’ pecking order. Newly
introduced birds have one bit of information on the other birds: are you below me or above me
in the hierarchy? However, once they settle, after about a week, they start targeting just a little
down the hierarchy. From the bird cognition point of view, this suggests that they can now estimate
more than one bit about the other birds: how far above or below me are you? This is exactly what
SpringRank is asking when placing new edges.

Secondly, the quadratic utility is that SpringRank functions, doubly, as regularization. In

the absence of other information, SpringRank will place things near each other. RUMs like BTL
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maximize the separation as much as possible. This prevents the ranks from diverging to too. This
regularization can also be thought of as a consequence of the maximum entropy framework provided
by the Boltzmann distribution.

Finally, due to the coupled utility, SpringRank’s requirement for inference is that the undirected
graph needs to be connected. On the other hand, BTL requires the directed graph to be strongly

connected.

2.3.2 SpringRank as a Context Dependent Random Utility Model

The Context Dependent Random Utility Model (CDM) [Seshadri et al., 2019] is an extension
to the multinomial logit model that allowed for a general choice system in which the utility of an
item is uniquely expanded into contextual utilities,

u(z | C)= Y o(x]|B)
BCC\{z}

= v@) + Y v {yh)++o] O\ {a})
~— —_——
1st order YECMz} |Clth order
2nd order

where C' is a subset of X that has more than two elements. Here the pth order terms represent
the contextual contributions to the utility that is not already modeled by lesser order terms.
By truncating this expansion at order p, they develop a class of models called M. This leads
to n — 1 classes of models: M; C My C ... M,_1 where M,,_1 is the universal logit model

[McFadden et al., 1977]. Further, M; is the multinomial logit model:

ev(x)

IR )

They refer to Ma, the minimal model that accounts for context effects, as the context dependent

random utility model. In particular, they re-parametrize the utility as uy, = v(z | {z}) — v(z) as

the “pairwise push and pull of z on z’s utility” and rewrite the choice probability as

eXp(ZzEC\{J}} Umz)
ZyGC eXp(ZzEC\{x} uyz) .

Pz | C) =
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Notice that SpringRank is exactly a CDM when C' = {x,y}. SpringRank cannot say anything
about an arbitrarily sized C' as the SpringRank choices are always between directed springs between
two nodes. In the language of CDM, v(z) = s, and v(z | {y}) = —g(sg + 82 — 25,8, + 28, + 1)
are the “pairwise push and pull”.

The authors note that the pairwise contextual utilities u;, can be modeled by a lower-
dimensional parameterization, defined as the low-rank CDM. The utilities jointly admit a low-rank
factorization g, = cgtx, where t,, c, € R" are the target and context vectors, and r is the rank of
the CDM. Finally, they state that this featurization must by learned as we assume that it is not

available in the notion of contextual utility.

2.3.3 SpringRank as a Blade-Chest model

The Blade-Chest model [Chen and Joachims, 2016a, Chen and Joachims, 2016b] is aimed
at learning possibly intransitive relations from pairwise comparison data. In Blade-Chest, the

probability that ¢ beats j is also modeled as a logistic function, but differs in the argument:

1
1+ exp(—M(i, 7))

P(i beats j) =

where M(i,j) is the matchup function of ¢ and j. Notice that M(i,j) = u; — u;j recovers the
multinomial logit, or the BTL model. Using this function, they define a N x N skew-symmetric
matchup matrix M where M;; = M(i, j).

They define two d dimensional vectors %plade, chest- Lhese vectors can be viewed as the
“attack” and “defense” of an item, and the interaction between these terms forms the basis of the
matchup function. In particular, they describe two matchup functions — the Blade-Chest dist and

Blade-Chest inner model — that represent any possible matchup matrix:

M(Zaj) = Hjblade - iCheStH% - Hiblade - jchestHg Blade-Chest dist model

M(i,7) = tplade * Jchest — Jblade * Tchest Blade-Chest inner model

The authors term the ability of these two models to represent any possible matchup matrix as
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expressiveness. They also remark, “although the two models are closely related, neither one
generalizes the other.”

Observe that there are a couple of resemblances and allusions to how SpringRank works.
Firstly, the probability that ¢ beats j in SpringRank also reduces to the logistic function. However, it
is not as straightforward as BTL which brings us to the second observation. The matchup function
in Blade-Chest represents the interaction between the two choice items. The utilities in SpringRank
perform a similar role.

This naturally raises the question, what is the Blade-Chest representation of SpringRank?
As SpringRank involves Hamiltonians, it is easier to construct the Blade-Chest dist model with

Ihlade = Sis lchest = Si + 1 and notice that

M(Z)]) = ”jblade - Z‘chestug - Hiblade - jchest”%

:(S]’—Si—l)Q—(Si—S]’—l)Q

The Blade-Chest inner formulation is less straightforward. Given that neither model generalizes
the other, it is unclear if such a formulation even exists. However, in Section 2.3.2, we noted that
CDMs admit a low-rank factorization. Since SpringRank is also a CDM, the contextual utilities
must admit a factorization into target and context vectors. In the language of Blade-Chest,
these correspond to the blade and chest vectors. So, indeed, SpringRank can be formulated as a
Blade-Chest inner model, whose vectors need to be learned.

At this point, it is important to note that Blade-Chest abstracts away from the utilities
associated with the choice items. In Section 2.3.4, we construct a family of utilities, using the

SpringRank model as inspiration, that give rise to the multinomial logit model.

2.3.4 A family of utilities

Consider an arbitrary utility for the choice x — y, u(x,y), we want the difference in utilities

u(z,y) — u(y,x) = k(z — y) to give rise to a multinomial logit. Looking at the degree n Taylor
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polynomial, we have

n n—p
u(z,y) = kp qxPy?, (2.7)
p=0¢=0

where k, , are real constants. In order to generate the multinomial logit, the coefficients need to

satisfy the following:

k,p = free constant (2.8)
k10 # ko1 (2.9)
kp.q = Kqp, (p,q) # (1,0),(0,1) (2.10)

We can easily verify that the Hamiltonian in SpringRank satisfies this condition.
Now, instead, if we want the utility to be a function of a linear combination of x,y i.e.,
u(z,y) = u(ax + by + ¢), we notice that this utility cannot have any (ax + by + ¢) term with an

exponent larger than 2. To see why, let
u(z,y) = (ax + by +¢)", n>3

where the coeflicient of zPy? is given by

(n)! e
kpq = alblc" P,
P4 plgl(n —p = g)!

First, consider the case where n is odd. From Equation 2.10, k, o = ko,,. Therefore a = b as n is
odd. But, from Equation 2.9, k1o # ko,1 gives a # b. This is a contradiction.
Now, consider the case where n is even. Similarly Equation 2.9 gives a # b. From Equation
2.10, kno = kon. This gives a = £b. Therefore, @ = —b. But, then k1o # kp;. This is a
contradiction. Therefore, u(x,y) have any (ax + by + ¢) term with an exponent larger than 2.
Notice that SpringRank captures all possible quadratic solutions if we recall that the rest
length of the spring was arbitrarily scaled to 1. In other words, SpringRank captures all possible

utilities that build in regularization.
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2.3.5 Other related models

Another pairwise ranking model that achieves a similar effect to SpringRank is Elo++
[Sismanis, 2010]. Sismanis attempts to rank chess players and predict the outcome of chess games
by combining a logistic error term with a quadratic term that acts as regularization by penalizing
ranks that deviate away from the average rank of their neighbors as

G = > Wik Sk
>k Wik
B 1
~ 1+exp(sj —si —7)

l= Zwij(pij - Oij)Q + )\Z(Si —38;)
ij i

Dij

where w;; is a weight based on how recently ¢ and j played (larger value indicating more recency),
0;j is the outcome of that game, v, A are global parameters and [ is the total loss. Notice that 3; is
the average rank of the neighbors of player i, weighted by how recently they played. The aim of
Elo++ is to find ranks s; that minimize the loss [.

As a consequence of the regularization, the rank of 7 is pulled closer to the average of the
ranks of neighbors. This suggests that the rank of a player is similar to that of their opponents.
Under the microstate interpretation of SpringRank, the probabilistic model suggests the same by
favoring (assigning a higher likelihood) to edges whose nodes are similarly ranked. The energy of
the spring automatically kicks in the same effect of the regularization of Elo++.

Two key differences between Elo++ and SpringRank are: (1) Elo++ attempts to minimize
the prediction accuracy explicitly and simultaneously, while SpringRank does it implicitly through
the probabilistic model, and (2) Elo++ weighs games based on how recently it occurred, while

SpringRank is agnostic to time.
2.4 SpringRank as linear regression

Recall that the Hamiltonian is described as

1
H(s) = §ZAz’j(3i — 55— 1)
‘Vj
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Our goal is to minimize H(s). Notice that this resembles the method of least squares to solve a

linear regression problem. And we can recover the linear system that generates this least squares

formulation.

We can rewrite the vector with difference in scores as

S1 — 81
S1 — 82
S1 — Sn
S92 — 81
Sn — Sn

51

51

51

52

Sn

(+)

— n23—

n2S.

51

52

51

Sn

Ii;)s

s1— 81

§1 — 52

Sn — Sn

51 — 81

51 — S2

Sn — Sn

0

ol - -
S1
52

0

0

1

AZ,1
10
01
0 0
10
0 0

51

52

Sn

(2.11)

(2.12)

Therefore, SpringRank can be re-imagined as solving the following regression problem via the

method of least squares

(2.13)
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Observe that fnz does not have linearly independent columns. Therefore, AEQ fnz also does
not have linearly independent columns. As a consequence, s cannot be determined uniquely. This is
not surprising as we already know from SpringRank that s is translation-invariant.

Notice that if we attempt to directly solve this linear system using least squares, we have to
pre-multiply by (AE2 I,2)T. And we get

1 _ 1 1 . 1
(A2,1,2) A2, 1,28 = (A2,1,2)T A%,1

1

~ 1T - 1T 1
= I1,A2 A% 1,08 =11,A2, A%1
— fggAnzfnmS = INZ;AnQI' (2.14)
The last equation is simply a decomposition of

Ls =d.

Therefore, we recover the SpringRank solution. This verifies the alternative least squares formulation
of the problem.

Now, let us take a step back to the regression equations. We have

VAij(si — s5) =/ Aij + €5, ViF] (2.15)

where €;; is some unobserved quantity, which we will call residuals. We can obtain certain nice
properties by assuming that €;; is drawn from some fixed probability distribution.
For instance, Gauss-Markov Theorem [Amemiya, 1985] asserts that under Gauss-Markov

assumptions, which are
(i) Bley) =0, ¥ i, J,
(ii) Var(e;) = 0% < o0, ¥V 4,7, and
(iii) Cov(e;j, €x) = 0, whenever i # k and j # [,

the least squares estimate § is the best linear unbiased estimator. It is best in the sense that is

optimal to minimizing the mean squared error (the Hamiltonian). It is linear in the outcome
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variables, \/AT] . And, it is unbiased as E(8) = s. However, note that we may have to translate §
appropriately in order to satisfy the unbiased property, although it will not invalidate the other two
properties.

Further, if we assume normality i.e., € ~ Normal(0,c%I), then the estimator 3 is also normally
distributed, 8 ~ Normal(s, Q) [Amemiya, 1985]. Here Q = ((AEQIan)TAEQIan)_l is the cofactor
matrix. We can simplify this

1 1
Q= ((A72L2In2)TAZ2In2)_1
= PR 1
= (InQATQLQ AfLQInZ)i
= (IZ;Anzan)_l

=

where L is the Laplacian of the network A. So, 3 ~ Normal(s,o?L™!). Of course, this holds
assuming that we shift 8§ and s appropriately and that we define L=! as the Moore-Penrose
pseudo-inverse because L is rank deficient.

This is interesting because [De Bacco et al., 2018] show that if we assume a multivariate
Gaussian distribution for s with covariance matrix ¥, and use the formulation given by the

Boltzmann distribution, we get that the covariance matrix > = %L‘l.

2.5 Reconciliation

The results in the preceding sections are intriguing. In Section 2.2, we started with the
Boltzmann distribution to predict states in the SpringRank model. These states correspond to edge
directions i.e., the Boltzmann distribution characterized the probability that node ¢ beats node j.
And this characterization is natural as SpringRank is a physical system of springs.

In Section 2.3, we saw that the multinomial logit model, a Random Utility Model, characterizes
the same probability in a similar manner. We reconciled the two models saying that SpringRank
is also a Random Utility Model. In particular, there is a generalized version of multinomial logit

models, called the context dependent random utility model and SpringRank is just a special case
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of the generalization. Through this lens, we decomposed the observed utility of choosing a winner
into the utility determined solely by the winner and the contextual utility determined as a function
of the opponent. However, we observed that there is a missing piece to the puzzle: what is the
unobserved utility in the RUM formulation of SpringRank?

In Section 2.4, we discovered that SpringRank is a least squares solution to a linear regression
problem with normally distributed residuals. We also noted that this is the same result obtained

from the Boltzmann distribution. So, if the residuals, €;; ~ Normal(0,0?), then

Aij(si — sj — 1) ~ oNormal(0,1)

1 o
po*
= —BHy ~ ——xi (2.16)
ij

where we assume A;; # 0 and x7 is the Chi-squared distribution with 1 degree of freedom. And
this completes the Random Utility Model formulation. The unobserved utilities in SpringRank are
drawn from a Gaussian distribution and takes the form of a Chi-squared distribution.

We have closed the problem of interpreting SpringRank through various perspectives by
realizing that they offer the same insights. These interpretations are simply different sides to the
same problem, each more natural in a particular context: When we want to infer the ranks from
observed data, we use the least squares approach. When we wish to predict new edges i.e., winners
in future interactions, we use the Boltzmann distribution. When we want to study the contextual
effects of choosing the direction of the edge i.e., the winner in presence of different nodes, a Random

Utility Model is best suited.



Chapter 3

SpringRank with Groups

There are scenarios where the nodes that are interacting may have an advantage (or disad-
vantage) that could potentially influence the outcome. For instance, in turn-based games such as
chess we may believe that the player who goes first may gain an advantage. Home-field advan-
tage in sports has been well studied [Courneya and Carron, 1992, Jones, 2007, Lidor et al., 2010].
[Clauset et al., 2015] report a hierarchical structure in faculty hiring that reflects a social inequality.
When viewed as a competition for endorsements (e.g., by hiring doctoral students), this suggests
that some institutions may enjoy an advantage over others. Further, there may be arbiters, having
different preferences, who judge the outcome of the interaction. [Bruch and Newman, 2019] find
that such a racial stratification occurs in online dating platforms.

These situations raise the question, how can we use SpringRank to identify these group
preferences? SpringRank, by itself, does not account for such preferences. In this chapter, we
develop methods to address this problem. In Section 3.1, we discuss some existing methods that
tackle similar situations. In Section 3.2, we develop a model that takes into account group preferences
when ranking nodes, assuming that group preferences are constant with respect to nodes. In Section
3.3, we extend the model to consider scenarios where arbiters making decisions have different group
preferences, relaxing the constant group preferences assumption. Finally, in Section 3.4, we explore

the model identifiability problem that arises throughout this chapter.
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3.1 Related work

We want to infer the effect of group characteristics on the outcomes of interactions be-
tween nodes in the system. This is reminiscent of hierarchical models (or multilevel models)
[Gelman and Hill, 2006]. Hierarchical models are often used when the data is nested. In such
scenarios, each observation (node) is a member of a group and the group membership has significant
effects on the outcome (ranks). Hierarchical models are used to estimate parameters that vary at
more than one level i.e., at the group and individual level. [Slaughter and Koehly, 2016] discusses a
hierarchical Bayesian approach to modeling exponential random graphs.

There has been work done in ranking individuals based on exclusively group comparisons,
such as players in team-based games [Huang et al., 2008]. This does not help us because our system
does not consist of just inter-group interactions; it also consists of intra-group interactions. There is
also an existing body of literature that discusses network generation algorithms that produces high
clustering of nodes [Ravasz and Barabasi, 2003, Noh, 2003]. While we can estimate the parameters
of such generative algorithms from data, this does not generalize well to systems where the group

information is not correlated with the structure of the network.

3.2 Introducing groups for nodes

SpringRank is agnostic to characteristics that differentiate nodes thereby giving advantage (or
disadvantage) with respect to the outcomes. By being able to identify these group preferences (or
equivalently, penalties), we can get better insights into the behavior of the system. At this point, it
is important to distinguish group memberships and community structure in networks. Community
structure can be inferred from the network. Group membership information, which is the focus
here, need not be evident from the structure of the network.

In this section, we extend the SpringRank model to infer these group preferences. Throughout
this section, we will assume that the group preference for each node remains fixed. In other words,

if a node 7 has a group preference 6;, then it will have the same group preference in all of its



22

interactions recorded in the data. In Section 3.3, we will relax the assumption and deal with a more

general situation.

3.2.1 Redefining the hamiltonian

Recall that in the original model, we set all springs to have the same rest positions. Here, we
allow different springs to have different rest positions. In particular, we have a priori knowledge
about the group memberships of the nodes. So, each node’s final combined rank is a function of its
individual rank (score) and the group membership. All nodes in a particular group have the same
rest position. Consequentially, nodes belonging to one group may have an advantage over a different
group, while nodes in the same group do not. These group preferences allow us to incorporate
nested structure of the network when ranking its members. This nested structure can be given as
such, or inferred from the network itself.

Now, assume there are k groups in the network, where 0 < k£ < N. The group membership is
given by the matrix G € RV** where G = 1 if node i belongs to group t and 0 otherwise. We can

also define Gy = d4, +. Here, 6,y is the Kronecker delta such that,

L, gi=1
Git :5i,t =

0, gi#t
Let 8 € R* denote the group penalties, where 6; is the penalty for the ¢ group. Finally, let
s; denote the rank (or total score) and a; denote the individual score for node i. So, the spring
corresponding to the edge ¢+ — j has energy,

1

H;; = 5(52 —S5; = 1)2
— Lo+ 8]~ Lo + 8,1~ 12 (3.1

where g; is the group that node ¢ belongs to. Therefore, the total energy of the system is given by

the revised Hamiltonian

N N
1
H(a,0) = Z Ainij = 5 Z AU([az + 091] — [aj + egj] — 1)2. (32)
ij=1 ij=1
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3.2.2 Minimizing the hamiltonian

To minimize the Hamiltonian, observe that it is convex in a and 6. Therefore, we can find
the optimal ranking, a, and the optimal group penalties, 8, by solving VH (a,8) = 0.

To solve VH(a, 0) = 0, where H is defined in Equation 3.2, first consider %.

ZAU a; + bg,] — [aj + 0y, ZAJZ aj + 0g,] — lai +6y,] — 1)
= (ai +6g,) Z Aij — Z Agj(aj +bg,) Z Aij
(a; + 0g,) ZAJZ - ZAJZ aj +0g,) + ZAZJ

Now, let doU* = Z A;; and dn =3 y Aj;. Further, for the sake of convenience, let us define a new

Oaz

vector 8, € R such that the i** element of 0, denotes the group preference for node ¢. Thus,

OH
8611'

= (a; + 05 (d7" + &) — (A + AT)(a + 6y)), — (d7™* —di").
We want g—g = 0. So,
(ai + 0g,) (A" + ") — (A + AT)(a + 8y)), = (d" — di).

Now, we can rewrite this as a system of N equations by recalling that D°"* and D™ are diagonal

matrices representing the out- and in-degrees. This gives us
(DO + D" — (A4 AT))(a + 6,) = [D°" — D™|1.

Here, 1 is the all-ones vector of appropriate dimension. Notice that 8, = G68. Therefore, we can

write the linear system as

[D°" 4+ D™ — (A + AT)](a + GO) = [D°"* — D'™]1. (3.3)

Now, consider g—gf. This is more difficult to represent using 6, because more than one node

can belong to the same group. So, using the Kronecker delta, equivalently we have

Z Aij([a; + 0] = [a; + 0;] — 1)dg, 04, ,r Z Aij([a; + 0;] — [a; +0,] — 1)5gi,t59j,r-
9.7 T ’]’

89t



= aibgr Y Aijbg,
% 7,7

=D _aibge ) Ay
i j

_ . jout _ T rout .
= E a;d; 691’775 = E G D3 s
i i

_ (GTDOUta)t'

= (G"D™a),.
S A0 = 0 3 A
©,J,T : ar

=0, b0 > Aij
i J

=0 Z dgutégi,t — 0, Z Gg;DzQiUth’t

3 3

= (GT D" @)y = (GT DU GO);.

Z AJ"’H“)‘!//-“S{/V,./' = (GTDi“GG)t.

OV

D A0y g =Y Sgt > Aijaj Y Sg,r
7 T

1,7,T 7
= G0 Y Aija;
( J
= 6g.4(Aa); =Y Gfi(Aa);
= (GT Aa);.

Z Ajiajdg, tdg; r = (GTATa)t.

1,7,T

> A004 1000 = Sga > Ay > 0,
ij,r i j r
= 850> Ay > Gjrb,
% 7 T

To simplify, it is worth investigating each term in this equation individually.

(Z becomes redundant.)

(Gl; = Git = bg,)

(a similar argument)

(Z becomes redundant.)

(Gf; = Git = 8g,1)

(a similar argument)

(Z becomes redundant.)

(Gl = Git = dg,.0)

(a similar argument)

(Gjr = dg;.r)

24
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=D gy Aiy(GO); =) GL(AGH); (Gl = Git = 0g,)

= (GTAGH),.

Z A;ibrg; 109, = (GTATGO),. (a similar argument)

g

D A0y =Y St Y A Y Oy
7 T

= Z Ogit Z Ayj (Z becomes redundant. )
i i r

= d™Gy =Y GLDYGy (GL =Gt = 641)
= (G"D™G),.
Z Ajidg; t0g;,r = (GTD"G),. (a similar argument)
2,7,T
OH

Substituting these simplifications into g9, = 0, we have

[GT(Dout +Din _ (A+AT))S]t + [GT(Dout +Din _ (A+AT))G9]t _ [GT(Dout o Din)G]t.

Now, we can rewrite this as a system of k£ equations
[GT(DOut + D™ — (A+ AT))] (a+ GO) = [G’T(DOut — Din)G] 1,
where 1 is the vector of all-ones. If we impose the restriction that a node belongs to exactly one
group, we can simplify G1 = 1 (assuming they are of appropriate dimensions). This gives us
[GT(D" + D™ — (A + AT))|(a + GO) = [GT (D™ — D™)]1. (3.4)

Equations 3.3, 3.4 give us the following linear systems:

~

L(a+ GO) =d, (3.5)
GTL(a+GO) =GTd, (3.6)

where L = D" 4 D* — (A 4 AT) and d if the difference between out- and in-degrees. We can also
visualize this as a single system of N + k equations if we concatenate a and 6 vectors as

L LG a d

GTL GTLG| |6 GTd
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3.2.3 Generalizing to arbitrary number of group characteristics

We can generalize the results in the previous section to m sets of group characteristics. For
characteristic i, let k; denote the number of groups, G; € RV** denote the group membership
matrix for characteristic, and 6; € R¥: denote the preferences vector.

We get the following linear systems:

Lia+ Y G;6;) =d, (3.8)
j=1
T - nN T3 .
GlL(a+Y G;0;,)=Gld, 1<i<m. (3.9)
j=1

If we visualize this as a single system of N + > " | k; equations, we have:

L LGy LGy ... LG, a d
GTL GTLg, GYLG, ... GTLG,.| |6: GTd
YL GfrG, GILGg, ... GILG,| |6:| = |Gld|- (3.10)
GT'L GTLG, GLLGy ... GTLG,.| |0m GTd

3.24 Regularization

Observe that Equation 3.6 is identical to Equation 3.5, but left multiplied by GT. This is in fact
an underdetermined system. This system has at least k£ + 1 degrees of freedom as rank(L) < N — 1.
This means that we cannot infer group penalties because we do not know if node i is inherently
better than j or if it is because group g; is superior to g;. In other words, this is an identifiability
problem. We will take a closer look at this in Section 3.4.

For now, if we introduce Lo regularization for a and 6, with regularization coefficients A,
and )\g respectively, we can get a unique solution to the system. For brevity, we will deal with the
case with only one set of group characteristics, but we can directly extend this idea to m group

characteristics. Specifically, in m = 1 case, we have the regularized Hamiltonian:

H,(a,8) = H(a,0) + SAdllall} + 11612 (3.11)
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We want to solve VH,(a,0) = 0, which gives:

Vo : Vol + Ma =0,

Vo : VoH + Xg8 = 0.

If we define, A, = AoI and Ay = Agl, where I is the identity matrix of appropriate dimensions, we

get the following system:

L+ A, LG a d
= . (3.12)
GT'L GTLG+ Ay| |0 G'd
The regularization coefficients control how much the group preferences and the individual
scores contribute to the final ranks of the nodes. A relatively small A\, (compared to Ag) places a
greater importance on the individual scores. On the other hand, a relatively large A, places a greater

importance on the group preferences. The choice of these regularization coefficients determine how

we resolve the identifiability problem.

3.2.5 Results using synthetic data

Here, we present results from synthetic data. We generated data by first assigning groups to
each node, G. Then, we drew individual scores aplantea and group preferences, Opjanted from Gaussian
distributions. Thus, the total rank is splanted = @planted + GOplanted- Then an average degree (k) and
inverse temperature 5 were chosen. Finally, edges were drawn from the generative model described
in the original paper [De Bacco et al., 2018].

For Test 1, we drew individual scores for 500 nodes from Normal (%, 10). We fixed the number
of groups to be 4 and drew the corresponding group preferences from Normal(2, %) Here, 5 = 0.1,
(k) = 10. The results are shown in Figure 3.1. In each subfigure, the left panel plots the recovered
individual scores a against the planted individual scores a. The middle panel plots the recovered
group preferences 6 against the planted group preferences 6. And the right panel plots the recovered
ranks § against the planted ranks s. Figure 3.1(a) corresponds to the solution when regularization

was used. Figure 3.1(b) shows the solution when attempting to resolve identifiability by setting the
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average individual scores across all groups to 0. Figure 3.1(c) shows the solution when we arbitrarily
set the average individual scores for each group. Note that the final rank § remains unchanged.
This illustrates the non-identifiability problem which is discussed in detail in Section 3.4 (where we
will revisit this experiment).

To introduce variety, in Test 2 we drew individual scores for 600 node. 200 of them were
drawn from Normal(3,10), 200 from Normal(0, 3), 200 from Normal(—1,1). We fixed the number
of groups to be 4 and drew the corresponding group preferences from Normal(2,10). The results
are shown in Figure 3.2. The subfigures correspond to plots described above. We performed more
tests under a similar setup but varied the inverse temperature 5. These plots can be found in

Appendix A.1.

3.3 Introducing arbiters for interactions

In Section 3.2 we assumed that the group characteristics of nodes directly affect the outcome
of the interactions. In this section, we introduce arbiters who determine the outcomes of interactions.
So, the arbiters’ preferences influence the outcomes. Further, we also assume that the arbiters have
group memberships which determine their preferences. In essence, we are relaxing the assumption
that group preferences stay constant across interactions. However, for now, we still assume that
group memberships remain the same. We will briefly relax this assumption in in Section 3.4 when
studying identifiability.

This is inspired by competition in online dating platforms [Bruch and Newman, 2018]. In
such a system, suitors compete for attention. Concretely, suitor ¢ beats suitor j when ¢ gets the
attention of an arbiter k, but j fails. This happens when i and j send a first message to k, who
replies to ¢ but not j. Suitors have characteristics such as ethnicity, age and education that may give
an advantage. Arbiters also have the same characteristics which may determine their preferences for
suitors. So, an arbiter belonging to group a will have preference 6, s for a suitor belonging to group
s, while an arbiter in group b will have a, possibly, different preference ¢, ; for suitors in group s.

The problem here is infer these group preferences.
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Figure 3.1: Results from Test 1 with synthetic data (without arbiters). N = 500; aplanted ~
Normal(},10); 4 groups; Oplantea ~ Normal(2, 3). The individual scores correspond to aplanted and
group preferences refer to pjanted. The ranks refer to the total score of each node (individual and
group preference) i.e., splanted. Here, f = 0.1, (k) = 10.
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g =0.1, (k) = 10.
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While this question is inspired online dating platforms, the answer is more broadly applicable
to any pairwise comparison data. Consider a different scenario where a researcher presents pairs
of items to an arbiter, who is to choose one item. In the language of Random Utility Models, the
arbiter gains some utility from choosing each item and attempts to maximize their utility. Of course,
each arbiter may gain different utilities from the same item (in the same situation). The problem,
then, is to identify these preferences that are characteristic to arbiters.

To make this concrete, consider a situation where a publisher is choosing book covers for a
book. The publisher knows that people are more likely to buy the book if the cover appeals to
them. Further, different target audiences, based on age and region, may have different preferences
for book covers. The question here is to identify these different preferences.

To motivate the solution, we will use the example of suitors and arbiters in Sections 3.3.1
and 3.3.2. After that, we will switch the terminology and refer to suitors as items (and continue

using arbiters). This is to remind ourselves of the broader applicability.

3.3.1 Redefining the hamiltonian

Consider a situation with N suitors and M arbiters. The matrix F' € RV*M denotes the
first message indicators. F;, = 1 if suitor ¢ sent a first message to arbiter k£, and 0 otherwise. Let
R € RVXM denote the reply indicators. Ry, = 1 if arbiter k replied to a first message sent by suitor
i, and 0 otherwise. Consequentially, let us define R = 1 — R for convenience. Hence, R;, = 0 if
arbiter k replied to a first message sent by suitor ¢, and 1 otherwise. Using this notation, we can

construct the adjacency matrix, A € RV*N_ for the directed network as follows:

M
Ay = Z FiFirRir Rjg.
k=1
In other words, A;; denotes the number of times suitor 7 beat j in the competition for attention. It
is the number of times i and j sent a first message to the same arbiter say k (FirFji), and that

arbiter k chose to reply to i, but not j (RiyRjk).

Let the suitors be grouped into n groups and the arbiters into m. Let g, denote the group
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membership of individual z. Let Gg € RN*™ denote the group membership matrix of suitors.
Further, let A®) denote the directed network formed when we only consider the competitions for
arbiters in group ¢ i.e., competitions decided by arbiters belonging to group ¢. Clearly, A =", AW,
With this group membership information, we can introduce group preferences for arbiters. Let us
define this group preference matrix by © € R"™*" where O, is the group preference of arbiters in
group r for suitors in group s. Further, let 8, € R™ be the vector of group preferences of arbiters in
group r. It is easy to see that this corresponds to row r in the matrix ©.
Now, we are ready to define the new Hamiltonian, H(a, ©):
H(a,0) = % >N FuFjrRaRjp(ai + Oy g, — aj — Oy g, — 1), (3.13)
ik

where a; is the individual rank (or score) for suitor 7. If © is identically 0, we recover the original
SpringRank model defined in Equation 2.2 as A;; = >, FiijkRikRjk. Further, if there is only
one group for the arbiters, we recover SpringRank with groups (and without arbiters) defined in

Equation 3.2.

3.3.2 Minimizing the hamiltonian

We minimize the Hamiltonian by noticing that it is once again convex in @ and ©. So, we
can minimize the energy, by solving for VH(a,0) = 0.

To solve for VH(a,©) = 0, first, consider g—g:

OH
8ai

= Z FikF}'kRikRjk(ai + Og,g0 — a5 — G)glng -1
j7k

- Z ijFikRijik(aj + 99@9;‘ —ai — @gkygi - 1)-
j?k

Let us look at just the first term,

Z FipFjrRix Ry (ai + Oy, g, — aj — Oy g, — 1)
g,k

=a; Y FyFjpRiRjr + > FirFjrRixRixOg, g — > FirnFjrRixRjra,
ak ak ak
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- Zk: FiFjRir RjkOgy g, + Zk: FiFir Ry Rjy,
J J»
= ad?™ + YA O =Y Ayay = Y A0, — d™
Jit J gt
— aid?™ + (Y DOGe0,) ~ (Aa) — (D AVGs6,) —dr.
t t

Here, (-)®) corresponds to the quantity (-) formed by arbiters belonging to group t. The second

term is symmetrical,

Z ijFikRijik(aj + 691@793' —a; — Og, g, — 1)
ik

7

ad? + (3 DORGs0,) ~ (ATa) — (30 AOTGs0,) + i
t t

Combining both, setting the sum to 0, and vectorizing, we get:

La+)» LYGs0, =d,
t=1

where L is the full graph Laplacian and L) is the Laplacian of the graph formed by arbiters

belonging to group t.

: O0H
Now, consider o

OH _
——— =) FyFpRiRjn(0: + 0,0 — a; = O, = 1)8g, r0g,.6
9975 i5.k
— Z FiFpRjpRig (0 + O, — 0, — Op — 1)0g, +0g, 5.
?:7.j7k

This is slightly more complicated. So, let us analyze this term-by-term.

= Z a;0g; s Z Z FiijkRikRjkégN
i J ok

= Z a;0g; s Z Ag)
i J

~ (D)

S

_ (D)

s

Zf‘ilffjjL’Rz'lvH_jk”j(5;1;“,r(;g],s = § a; § 0gi.s § Fip Fi Ry Rjkdg,
ik j i %
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== Z aj Z Ag)ég
J )
= (654 g0y
J

= (Gf’;A(T)a) .

s

> FjiFi R Rixa0g, 10, s = (GEA(T)’TG) :

. S
i,k
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Z F/ﬁk:Eiji/s:]?_jk('—)r,gj 6‘9;{:,7’5‘01‘,8‘ = Z 592-73 Z Z Z EijkRsz]k@T,gj 5%7,,
ik - -
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This gives us the following linear system:
GILWa + GLLWGs0, = G5d"

Together, this gives us the following linear system:

La+Y L9Gs6, = d", (3.14)
t=1
GILWa+ GILOGs0, = 654",  1<t<m, (3.15)

We can visualize Equations 3.14, 3.15 as a single system of equations:

L WGy  L®Gs ... LMGg a d
GLLM ¢Irhgs o0 .. 0 0, cTd"
GLLE) 0 GLL@Gs ... 0 0, = |ctd®|.  (3.16)
GLLo™ 0 0 .. GELmGg| 6,]  |cTd™

3.3.3 Regularization

Once again, the system is non-identifiable. To see why, notice the following:

YL =L
r=1
= ) (G£L<t>a + G£L<t>Gsat> =GiLa+ Y LYGsH,. (3.17)
t=1 t=1

In other words, Equation 3.15 is a rewritten version of Equation 3.14. This means that the system
is low-rank and the model is non-identifiable i.e., we cannot distinguish the group preferences from
the individual scores. We will take a closer look at identifiability in Section 3.4.

For now, we can make the system full-rank by introducing regularization. With regularization
coeflicients Ag, Ag,, Mg, - - -, Ag,,, and the corresponding diagonal matrices Ag, Ag,, Ag,, ..., A, of

appropriate dimensions, we can solve the regularized system described in Equation 3.18.
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L+ A, LWGy LGy - LiMGg a d

GILW  GLILOGs + Ag, 0 . 0 0, cTd"

GLL® 0 GLIL®Gg + Ay, ... 0 0, | = | ¢Ld?

GL L 0 0 . GILMGs+ Ay, | |0m] |GTd™
(3.18)

The regularization coefficients determine how the scores and group preferences are controlled. A
large regularization coefficient makes the individual score vector (or corresponding group preference

vector) small giving more importance to other vectors when finding a solution.

3.34 Results from synthetic data

Here, we present results from synthetic data. We generated data by first assigning groups to
each item. Then, we fixed the number of groups the arbiters can belong to. Then, we drew the
individual scores for the items and the group preferences for each class of arbiters. To generate the
full directed network, we generated a directed network for each group of arbiters like in Section 3.2.

For Test 1, we drew individual scores for 500 items from Uni form(1,10). We fixed n =m = 4
groups for the items and arbiters. We introduced a systematic bias against the fourth group of items
i.e., a negative group preference drawn from a Normal(0,1). For others, arbiters from group ¢ had
a positive preference towards items from group ¢, and no preference for other items. Here, 8 = 0.5.
The results are shown in Figure 3.3. Figure 3.3(a) shows the solution obtained using regularization.
Figure 3.3(b) shows the solution after correcting for identifiability. The left panel in each subfigure
plots the recovered individual scores against the planted individual scores. Each of the other four
panels plot the recovered group preferences against the planted group preferences, for each group of
arbiters.

For Test 2, we drew individual scores for 600 items from Uniform(1,10). We fixed n = m =4

groups for the items and arbiters. This time, the group preferences were completely randomized
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and drawn from Normal(2,1). Here, § = 0.1. The results are shown in Figure 3.4. The plots in
each subfigure is described above. We performed more tests whose results are shown in Appendix

A.2 varying 8 and the distributions from which the ranks were drawn from.

3.4 Model identifiability

In our development of models so far, we have constantly been confronted by model identifiability.
In this section, we will delve deeper into understanding why the models are non-identifiable and
attempt to provide conditions under which we can possibly recover identifiability. Here, we will
concern ourselves only with the case where there are no arbiters i.e., group preferences remain fixed,
for each node, across all interactions. However, the arguments made will generalize to the scenario
with aribters having varied preferences.

Recall that the Hamiltonian is given by Equations 3.1 and 3.2:

1
Hz'j = 5(82 — Sj — 1)2
1 ..
= 5([%’ +0g,] — la; +0y,] — 1), (3.1 revisited)
1 N
H(a,0) =5 D Aij([ai + 04,] — [aj + 04, — 1) (3.2 revisited)
i,j=1

And the solution is given by Equations 3.5, 3.6, and 3.7:

-~

L(a+GO) =d, (3.5 revisited)
GTL(a +GO) = G7d, (3.6 revisited)
L LG | |a d

= ) (3.7 revisited)
GTL GTLG| |6 GTd

Here, model identifiability corresponds to finding a unique linear decomposition of s; as

s; = a; + 0g,.
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3.4.1 The model is non-identifiable

The operator in Equation 3.7 is low-rank. To see this observe that Equation 3.6 is a compressed
version of Equation 3.5. This is a consequence of attempting to decompose the rank (full score)
of a node, s;, into individual score, a;, and group preference (group score), 6,,. This is a model
identifiability problem.

The full score of node i is invariant in terms of an arbitrary constant ¢ if we consider the

following shift:

a;:aiqtc

/ P

by, =04, — c
I /

- Si—ai‘f_egi

= (ai +¢) + (0y, — )

= S;.

Therefore, the energy of this spring does not change. Now, if we increase the individual scores of
all nodes belonging to group g; by ¢, the Hamiltonian does not change. Hence, the Hamiltonian
itself is invariant in terms of the constant c. In other words, it is no longer meaningful to compare
the individual scores of nodes (and the groups scores) between two different groups. It is only
meaningful to compare the full scores of nodes.

This confounding of the model is illustrated in Figure 3.1. Figure 3.1(a) shows the solution
when we use regularization. In Figure 3.1(b), we shift the individual scores (and group preferences)
by arbitrary constants such that the average individual score for each group is 0. Firstly, notice that
the final ranks, s; remain unchanged. This verifies that the Hamiltonian is still minimized. Then,
notice that the distribution of individual ranks also remains relatively unchanged. This is because
we drew all individual scores from the same Gaussian distribution. In an attempt to confound
the model, in Figure 3.1(b), we shift the individual scores (and group preferences) by arbitrary

constants such that the average individual score for each group is very different. Observe that the
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final ranks still remain unchanged. However, the individual scores follow different distributions. If
we did not have prior information about the individual scores, it will be impossible to distinguish
results in Figures 3.1(b) and 3.1(c).

Consider an example of chess games. We have a set of players who always play Black and a
different set of players who always play White!. We wish to score (rank) players and understand
how much of their score can be attributed to their inherent skill (individual score) versus the color
of the pieces they play with (group preference). Using this, we wish to compare players based
on their inherent skill. Since the players can only play with the same color, it is impossible for
us to discern their skill from the color they choose. Mathematically, we can arbitrarily increase
the individual scores of all Black players by ¢ units and decrease the group score for Black by ¢
units. And suddenly, when comparing the inherent skills (individual scores) of Black and White
players, Black players appear to be more highly skilled. But, we could repeat this arbitrary shift
procedure for just the White players and White players will appear to be more skilled than Black
players. Clearly, we cannot decompose the full score into individual and group score preserving

comparability.

3.4.2 The Equality assumption

So, when can we meaningfully compare the individual scores, if at all possible? For now, we
will continue assuming that once a chess player chooses a color, they can never change it.

The decomposition fails because the individual scores for each group becomes coupled with
that particular group preference, but is not directly coupled with the individual scores of different
groups. In other words, we can shift individual scores for nodes within a certain group without
altering the individual scores of other nodes. To make the individual scores comparable across

groups, we can remove the dependence on the group score using the following Fquality assumption:

Ela | gi=r] = E[a] (3.19)

In chess, White always goes first.
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Equation 3.19 means that the average individual score of nodes belonging to a group r, is the same
as the average individual score of all nodes. Note that this is weaker than assuming that nodes
across all groups have identically distributed individual scores. We call this the Equality assumption
because it implicitly says, “All nodes are created equally, on average.” Once this assumption
is satisfied, we can compare the group preferences directly without worrying about confounding
SpringRank.

We will argue that to confront the identifiability problem in the absence of external information,
this assumption is necessary. The word ezternal refers to information about the system that cannot
be inferred from the win-loss and group matrices. For the sake of contradiction, assume that there
is some grouping of nodes F such that each group has a different expected value of individual scores.

There are two cases:

(i) We want to infer group preferences in the same group space i.e., the group preferences are
to be inferred using a grouping G that is a partition of F.? Any group preference that G
provides will become indistinguishable from F because we will only see the effects due to

both preferences. We have a model identifiability problem once again.

(i) We want to infer group preferences in a different group space, G. Note that this includes
the cases where G is “orthogonal” to F, and where F is a partition of G. This case is not
meaningful to consider. If we are in a different group space, then the group preferences that

came with the original grouping simply manifest themselves in the form of individual scores.

Therefore, in the absence of external information, this assumption is a necessary evil. As a
remark, if we do have external information about the relative differences in expected values across
groups, or group preferences, then we can easily impose those restrictions by directly modifying
Equation 3.19.

Now, we will see how to impose this assumption. We want to find the proper constant ¢,

2Partition means that if nodes z,y belong to different groups under F, then they cannot belong to the same group

under G.
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for each group 7 such that the resulting translated individual scores satisfy Equation 3.19. First,
we find the average individual scores of nodes in group 7, (a),. Then, we translate the individual
scores of nodes in group r by this value. To preserve the Hamiltonian of the system, we also need
to translate the group score 6, accordingly. Therefore, for each group r, we perform the following

translation:

a; = a; — (@), V ¢ where ¢g; = r (3.20)

0, =0, + (a),. (3.21)

The translation ensures that the average individual score in each group is 0. Therefore, the average
individual score across all groups is also 0. Therefore, Equation 3.19 is satisfied. Thus, in order to
resolve the model identifiability problem, and be able to compare individual and group scores, we
need to fix the group scores to be the average individual score of nodes in that group. But, from the
example shown in Figure 3.1, we know that this assumption can be wrongly imposed to generate
false results and interpretations. So, we must tread with caution when imposing this.

To illustrate this on a real dataset, we ranked universities in North America based on Computer
Science faculty hiring networks [Clauset et al., 2015]. The data consists of 4388 tenure-track faculty
hired by 205 Computer Science departments. If department v hires a doctoral student from
department u for a tenure-track position, then the edge goes from u — v, because endorsed v
department u. We ranked the 205 departments using SpringRank, and grouped them into 5 regions
— Canada, Midwest, Northeast, South, and West.

The results are shown in Figure 3.5. The left panel shows the distribution of ranks of the
departments sorted by region. In the middle panel, we shift the individual scores in order to conform
to the Equality assumption. The right panel shows the “region preferences”. Just by looking at this,
it is tempting to say that departments located in the Northeast get a boost to their rank simply by
being there. However, given our discussion about identifiability, we should be careful not to jump

to such conclusions without knowing more about the underlying process that generated these ranks.
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Figure 3.5: 205 Computer Science departments in North America ranked based on tenure-track
faculty hiring network using SpringRank grouped into 5 regions — Canada, Midwest, Northeast, South,
and West. Given our arguments about non-identifiability, we must be careful when interpreting
these results about group preferences.

3.4.3 Resolving identifiability

So far we have been spuriously assuming that chess players are fixed to playing with one color
throughout their career. Although it has served us well in developing our arguments, we now turn
to a realistic situation (at least in some scenarios, including the game of chess): players are not
restricted to a single color. In other words, let us assume that the groups are not fixed (nodes can
change their groups in their interactions).

For the sake of simplicity, assume there are two different groupings given by the group matrices
GW G Assume that the individual scores a, and the group preferences  are fixed under both
groupings. When the nodes interact under GV, call the resulting directed network A the
difference between out- and in-degrees d(l), and the Laplacian L(). Similarly, define A J(Q), L@
when the nodes interact under G(2).

If we were agnostic to groups, the two corresponding SpringRank solutions will take the form:

LW — gV

122 — g?
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But, we want s(!) and s to decompose as:

sV — a1 G0g

Therefore,

(3.22)

(3.23)

This is a system with 2N equations and N + k variables. To make this a system of N + k equations,
we can pre-multiply Equation 3.23 by G®)T" and we get

L LW a dv

_ (3.24)
cOTLO caTL@c@ | o] |a@Td®

Unlike in previous cases, Equation 3.24 generally has rank N + k — 2. This is because Equations
3.22 and 3.23 are generally independent from each other. So, the resulting rank of the system is
N + k — 2, where the —2 comes from the fact that each Laplacian is rank deficient. This gives us
two free variables, one for each of @ and 6, and we can uniquely solve for the individual scores and
the group preferences (up to one free variable). Therefore, we recover identifiability.

Note that this system can still be low-rank in specific scenarios where we lose identifiability.
One such instance is when the top row of the matrix in Equation 3.24 is a linear combination of
the bottom row. This corresponds to a case where every group interacts with every node the same
number of times under both groupings. To see why observe that GTL = GT[D°" 4 D* — A — AT]
has dimensions k£ x N and in particular reflects the interactions between every group and node.
Therefore, when every group interacts with every node the same number of times under both
groupings, G TLM) = GA.TL2) This also implies that GO TLMGM) = GATLRGE) and

G(l)’Td(l) = G(z)’TdA(Z). In other words, Equations 3.22 and 3.23 become linearly dependent when
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grouped together, and Equation 3.24 has rank N — 1 resulting in non-identifiability. Of course, now
we can relax that assumption and conclude that when the ratio of number of interactions between
every group and every node across both groupings is constant, we lose identifiability.

In order to demonstrate this, we performed several tests with synthetic data. For Test 1, we
generated 500 nodes whose individual scores were drawn from Normal(0,10). We fixed the number
of groups to be 2 and the group preferences was [0.5,0]. The 500 nodes were randomized into two
groups, in two different ways. Under the first grouping, a directed network was generated with
(kM) = 20. And under the second grouping, a directed network was generated with (k(2)) = 5. Here,
£ = 0.1. The results are shown in Figure 3.6. The left panel plots the recovered individual scores
against the planted individual scores. And the right panel plots the recovered group preferences
against the planted group preferences.

For Test 2, we generated data in a fashion similar to chess i.e., only opposite groups can
interact with each other. We drew 500 individual scores from Normal(1,3). We fixed the number
of groups to be 2 and the group preferences was [0.5,0]. The 500 nodes were randomized into a
grouping. In the second grouping, the groups were flipped. Under the first grouping, a directed
network was generated with <k:(1)> = 20. And under the second grouping, a directed network was
generated with (k:(2)> = 5. Here, § = 0.4. We performed more tests, whose results are shown in

Appendix A.3.

3.5 Conclusion

In this chapter, we developed a series of three models in order to identify the effect of node
characteristics on the outcome of interactions. In order to account for node characteristics, we
sorted nodes into different groups, each of which provide an additional boost. To model this boost,
which we called group preference, we attempted to decompose the rank, s, into individual scores, a,
and the group preference 6.

In the first model, we assumed that the groups of the nodes were fixed and that the group

preference remained constant in all the interactions. In the second model, we introduced arbiters
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Figure 3.6: Results on identifiability with synthetic data - Test 1. 500 nodes drawn from
Normal(0,10). There were two groups and the group preferences was [0.5,0]. Under the two
groupings, network was generated with (k) =20 and (k®)) = 5. Here, § = 0.1
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Figure 3.7: Results on identifiability with synthetic data - Test 2. 500 nodes drawn from
Normal(1, g) There were two groups and the group preferences was [0.5,0]. We allowed only
opposite groups to interact with each other. Further, in the second grouping, nodes were assigned
groups opposite from their first assignment. Under the two groupings, network was generated with
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who determined the outcome of the interactions, and thus the group preferences could change over
the interactions. We saw that both of these models are non-identifiable i.e., we cannot discern
the individual score from the group preference. We studied identifiability in detail and saw that
this corresponds to underdetermined systems. Without external information, we cannot recover
identifiability. If we are willing to make an assumption that the average individual score for each
each group is the same, we can partly recover identifiability. However, we noted that this assumption
is flawed and can lead to misinterpretation of results. To recover identifiability, we developed a
third model where the nodes can change group memberships in different interactions. This model is,

generally, identifiable although there might be specific instances where we lose identifiability again.



Chapter 4

Online SpringRanking

So far, we have considered inferring rankings where all pairwise interactions are observed up
front. However, in many applications, it’s desirable to be able to compute rankings while interactions
are being observed (e.g., inferring sports rankings throughout the season, as games are won and
lost). In this chapter, we propose an extension to SpringRank to accurately and efficiently update
rankings as new interactions occur over time. We term this process online ranking or an online
update.

SpringRank computes the ranks by solving a linear system. The system grows quadratically
with the number of nodes in the network. Recomputing the ranks every time a new interaction
occurs can, therefore, be an expensive process. By being able to accurately and efficiently update
existing ranks, we can study the temporal behavior, and the life cycle of the system. This has
interesting applications in short time-scale networks (such as career trajectories of sports players
and faculty), and long time-scale networks (such as behavior and evolution of biological species).

The rest of this chapter is organized as follows: In Section 4.1, we will discuss some related
work that has already been done. In Section 4.2, we describe some properties that we may desire
for such an online ranking algorithm. In Section 4.3, we propose an iterative update algorithm and

discuss the results.
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4.1 Related work

The problem of updating ranks continuously as new interactions occur is well studied. These
include online ranking adaptations of commonly used methods such as PageRank [Page et al., 1999],
and the Bradley-Terry-Luce model [Bradley and Terry, 1952, Luce, 1959]. Methods such as Elo
score [Elo, 1978] and TrueSkill [Herbrich et al., 2007] are designed to be online in nature — updates
occur after every game. There are also Bayesian ranking systems such as Glicko [Glickman, 1995]
and Whole History Ranking [Coulom, 2008]. These methods approach ranking from a different
perspective with contrasting assumptions, and are therefore ill-suited for adaptation to online
SpringRank. These methods do not allow for conservation of ranks i.e., the order in which
interactions are used to update the ranks can change the final ranking. Further, ranking methods
that solely focus on pairwise interactions fail to propagate the changes in ranks throughout the
entire system. The drawbacks suggest that a novel approach is needed to solve the problem of online

ranking in SpringRank.

4.2 Desired properties of the system

To make this scenario concrete, consider an example. We have results from the original set of
games in the form of a directed network Ag, and the corresponding ranking sg. Then, the players
play additional games. The results from the original and additional games are described in the new
directed network A. The corresponding final ranking is given by s. According to the original model,
we have to repeat the computation to calculate s. Here, we consider the possibility of updating the
old rankings sy with new information from the additional games to get an approximation of s. A

successful online update will account for the following properties:

(i) Coupled system: Due to the coupled nature of the system, games between a pair of players,
has the potential to not only affect the players’ ranks, but also the ranking of other players

in the system.

(ii) Conserved system: The rankings are computed from the Hamiltonian of a physical represen-
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tation of the system. This means that the resulting rankings are conserved. In other words,

the order in which the games are played should not affect the final rankings.

(iii) Non-conserved system: On the other hand, sometimes, we may desire the rankings to be
dependent on the order of edge formation. An example of such a situation is where the
players learn from the games and gain experience. Here, the ability to learn creates a friction
that changes the underlying rank distribution. Another instance where the system may not

be conserved is when a new node enters the system.

4.3 Updating the neighborhood

In this method, we propose to update the ranks of nodes in the neighborhood of the change,
by fixing the ranks of all other nodes. Here, we define the k-th neighborhood of a node to be the set

of all nodes in the network that are k edges away i.e., can be reached in k steps.

4.3.1 The update step

Let sg be the original ranks, Ly be the original Laplacian, and dy be the original difference of
out- and in-degrees. Consider adding new edges between a subset of nodes, P = {x1,z2,...Zn}.
Let L be the new Laplacian, d be the new difference of out- and in-degrees. Let 6 denote the change
in ranks.

As new notation, let Xy denote the sampled version of X where we keep only elements (rows
and columns) corresponding to the set @) and remove all others. So, Lp is the sampled Laplacian
for nodes in P and sp is the corresponding sampled ranks. Note that Lp is, still, a square matrix
of dimension |P| x |P| and sp is a vector of length |P|.

First, we will consider the case where we add new edges between nodes x and y. Then, we

can generalize the results. Now, consider the new Hamiltonian

1
H(S) = 52141](82 — Sj — 1)2.
]
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Recall that we are fixing the ranks of all nodes except for  and y. Therefore, when we want to
minimize the new Hamiltonian, we only need to consider terms involving s, and s,. Let us look at

the two partials,
OH
87595 = E Agi(sz —5; — 1) — EZ Aip(si — 52 — 1)

= 5o (A0 + A7) =Y (Api+ Aip)si — d™ + di

)

(Sx — S0,z T+ SO,x)daz - (Axy + Ayx)(sy - SO,y) - ((A + AT)SO)m - CZx

~

= dy0y — (Azy + Ayz)0y + (LS0)z — dy.

Similarly, gf = dy0y — (Aye + Azy)ds + (Lso)y — dy.
Y

After setting the partials to 0 (to minimize H), we can visualize the equations as the following linear

System:

do ~(Ay + Aye) | |02] _|(d = Lso)e| m

—(Aye + Azy) dy Oy (Cz — Lsg)y
Now, observe that the 2 x 2 matrix in Equation 4.1 is exactly the the Laplacian L but with only
the rows and columns corresponding to nodes x and y. The same is true for the vector on the
right hand side — it is the vector d — Lsg but with only elements corresponding to nodes x and y.
Essentially, this is the sampled version of the original SpringRank model, concerning only the nodes

between which we added new edges. So, in the case where we add edges between nodes in the set P,

Equation 4.1 generalizes to
Lpdp = (d — LSU)p,

where X is the sampled version of X'. Note that, without loss of generality, we can set P to be any
arbitrary subset of the nodes. So, we can set P to be the k-th neighborhood of the nodes z, y.

As a final observation, note that if P is the entire set of nodes in the network, we have

~

Lé =d— Lsy
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— L(sp+06)=d

S

— Ls=

)

and we recover the full SpringRank problem.

We can encompass these results into the following update steps:

Lpdp = (d— Lso)p (Step (i) (4.2)
sp=3Sop+0p (Step (ii)) (4.3)
Sp = Sy p> (Step (iii)) (4.4)

where P is the complement of P.

4.3.2 One-pass update algorithm

Using Equations 4.2 — 4.4, we have a one-pass update algorithm described in Algorithm 1.

Algorithm 1: One-pass update algorithm for online ranking

Input : Original network Ay
Original ranks sg
New edges AA
Subset of nodes between which new edges were added P
Neighborhood &

A=A+ AA
L = Laplacian(A)
S =398y

d = Difference out- and in-degrees of A
N = k-th neighborhood of nodes in P
Solve for 6]\[, LN(SN = ((i— LSO)N

SN =8y +0n

Output : Updated ranks s

This algorithm does not perform as expected. It seems that when we fix the boundary condi-
tions (fix ranks of nodes outside the neighborhood), the ranks of the nodes inside the neighborhood
change drastically in order to minimize the Hamiltonian. This is also interesting because in our
experiments, we observed that the ranks of the nodes outside the neighborhood do not change at

alll We conjecture that this could be due to the one-pass update algorithm creating a subsystem
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whose Hamiltonian we are trying to minimize. And since this subsystem is closed (to nodes from
outside the neighborhood), minimizing the Hamiltonian results in a different solution to the overall
problem.

In the following simulation, we generated a network with 10,000 nodes. We computed the
original ranks of the nodes using SpringRank. Then, we randomly chose two nodes and added a
directed edge between them. We computed the new ranks using SpringRank. Then, we used the
one-pass update algorithm to compute the online ranks by changing the neighborhood degree from
k = 0 (just the two nodes) to k = 7. k = 7 was chosen as an upper bound because it generally

captured the entire network. The results from this simulation are shown in Figures 4.1, 4.2
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Figure 4.1: Accuracy and runtime analysis for Algorithm 1.

In Figure 4.1, the left panel shows the log error between estimates of ranks using Algorithm 1
and SpringRank for each neighborhood. The error was computed as the Ly norm of the difference
between the SpringRank estimate and the online estimate. Notice that the error first increases
before decreasing. The increase can be attributed to the fixed boundary conditions. The error
decreases when the entire network is captured in the neighborhood. This situation is exactly the
same as plain SpringRank. The middle panel shows the runtime for the algorithm. The gray line
denotes the baseline from using SpringRank to compute the ranks and the green-blue line shows
the runtime of Algorithm 1. A further decomposition shows the solve time decreases with a larger

neighborhood, but the neighbor collection process becomes more expensive. This decrease is due to
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the usage of sparse solvers which perform faster than traditional solvers when the network is very

large with few non-zero entries. The right panel shows the fraction of the network covered with

each neighborhood.

124

104

Updated SpringRank Estimates

Online Estimates

144

124

104

Neighborhood k = 0

Boundary

Updated »
Lost P4
Won ,“\

Online Estimates

144

124

10

Neighborhood k = 1

Boundary
Updated Kl
Lost 4
Won o

0 2 4 6 8 10 12
Original SpringRank Estimates

Neighborhood k = 2
14

14 4

2 4 6 8 10 12 14
Updated SpringRank Estimates
Neighborhood k = 3

304

2 4 6 8 10 12 14
Updated SpringRank Estimates
Neighborhood k = 7

Boundary Boundary Boundary
Updated o Updated Updated
124 @ Lost ! 12 @ Llost 254 @ Lost
© Won © Won o Won
10 10 -
20
0 @ @
g 4] <
T 8- © 81 ©
E £ £
ko ki % 154
uw il il
v 64 o 6 o
£ £ £
5 5 5
s 104
44 ° 44
&
&
29 2 54
.
04 0
04
0 2 4 6 8 10 12 14 2 4 6 8 10 12 14 5 10 15 20 25 30

Updated SpringRank Estimates

Updated SpringRank Estimates

Updated SpringRank Estimates

Figure 4.2: Change in ranks as we vary k in Algorithm 1.

In Figure 4.2, the top-left plot shows the ranks of the nodes after and before the new node

was introduced. Both these estimates are calculated using SpringRank. In each subsequent plot, the

estimates from Algorithm 1 (for each k) are plotted against the SpringRank estimates. The green

and red nodes are the winning and losing nodes respectively. The grey nodes are the boundary

nodes i.e., their ranks are fixed. The green-blue nodes are nodes that belong to that corresponding

neighborhood, and are therefore updated. As we can see, the fixed boundary conditions change the

ranks of nodes inside the neighborhood drastically in order to minimize the Hamiltonian. Once the

neighborhood covers the entire network, however, our results completely agree with the estimates
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from SpringRank.

4.3.3 Recursive update algorithm

Using Equations 4.2 — 4.4 we can also design an algorithm to recursively update the ranks.

This algorithm is defined in Algorithm 2. Here the convergence can be defined by some tolerance e

s(i>_3(i71) H2

and we declare convergence if ] TEGE < €, where s is the updated ranks after iteration i.

Algorithm 2: Recursive update algorithm for online ranking
Input : Original network Ay
Original ranks sg
New edges AA
Subset of nodes between which new edges were added P

A=Ag+ AA
L = Laplacian(A)
S =98y

d = Difference out- and in-degrees of A
Solve for (sp, Lp(sp = (d— LSO)p
sp=sp+dp
N = neighbors of P in A
while s not coverged do
Solve for 6N, LN(sN = ((i— LS)N
SN =S8N + 0N
N = neighbors of N in A
Output : Updated ranks s

The error and speed will depend on the number of nodes in P, |P|, as it determines the number
of iterations until convergence. Generally, we expect the effect of change in s, on a second-degree
neighbor of z to be smaller than the effect on a first-degree neighbor, which will result in convergence.
In fact, as € — 0, this algorithm is asymptotically the same as SpringRank. However, this algorithm
becomes computationally more expensive due to the recursive nature.

In the following simulation, we generated a network with 10000 nodes. We computed the
original ranks of the nodes using SpringRank. Then, we randomly chose two nodes and added a
directed edge between them. We computed the new ranks using SpringRank. Then, we used the
recursive update algorithm to compute the online updates. The results are shown in Figure 4.3.

In Figure 4.3, the left panel shows the error as a function of the number of iterations. The
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Figure 4.3: Accuracy and runtime analysis for Algorithm 2.

error is computed as the norm of the difference between the online and SpringRank estimates. As we
can see, the error first increases, but then the online estimates converge to the SpringRank estimates
asymptotically. The right panel shows the runtime as a function of the number of iterations. The
gray line shows the time it takes SpringRank to solve the system i.e., the time we need to beat.
Comparing both the plots, notice that while Algorithm 2 is accurate, it compromises on the speed.

This shows that Algorithm 2 is actually worse than SpringRank.

4.4 Conclusion

We developed two algorithms that focused on updating the ranks in a particular neighborhood
of the network. When the neighborhood spans the network, we saw that we recovered SpringRank.
However, when updating the ranks for just a small neighborhood, the boundary conditions created
a smaller system whose energy, the Hamiltonian, we minimize. And the solution we obtain by
minimizing the Hamiltonian for the smaller system corresponds to a different solution to the problem.
Therefore, when the neighborhood does not span the network, the updated ranks diverge from the
expected ranks. Although the updated ranks converge to the expected ranks when the neighborhood
spans the network, the algorithm becomes computationally more expensive than SpringRank. This
suggests that we need to find alternative methods to accurately and efficiently update ranks in

SpringRank.
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Conclusions and Future Directions

5.1 Conclusions

In the preceding chapters, we developed several insights into, and extensions of, SpringRank,
a model for inferring a hierarchical ranking of nodes in a network. In Chapter 2, we made important
connections between SpringRank, the Boltzmann distribution, Random Utility Models, and linear
regression. This helped us gain a better understanding of how the model fits into the larger body of
literature concerning these fields. In Chapter 3, we extended SpringRank in order to identify the
effect of node covariates that may influence the outcome of the interactions. We saw that such a
model is generally non-identifiable and found conditions under which the model becomes identifiable.
Finally, in Chapter 4, we designed an online update algorithm to update the ranks, efficiently and
accurately, as new information comes to light.

Chapter 2 was devoted to understanding SpringRank. SpringRank is a ranking algorithm
to rank nodes in a network. The network can be thought of as a win-loss matrix representing the
outcomes of interactions between nodes. SpringRank models the network as a physical system with
edges representing springs and aims to minimize the energy of the system, given by the Hamiltonian.
From statistical physics, this gives rise to the Boltzmann distribution for predicting new edges. The
Boltzmann distribution simplifies to a multinomial logit model that is a commonly used Random
Utility Model. We reconciled the two different models by observing that SpringRank makes a choice
between the springs (the choices itself) as opposed to making a choice between the nodes (like in

the multinomial logit model). In order to concretely justify SpringRank as a Random Utility Model,



99

we formulated SpringRank as a specific instance of the Context Dependent Random Utility Model,
which is a generalization of Random Utility Models. Finally, we noted that SpringRank can be
viewed as an ordinary least squares solution to a linear regression problem. By assuming that the
noise is drawn from a multivariate Gaussian distribution, we recover results obtained from using the
Boltzmann distribution to predict new edges. We concluded our discussion by noting that there are
multiple perspectives to SpringRank, and that all of them offer the same insights.

In Chapter 3, we developed a series of three models in order to identify the effect of node
characteristics on the outcome of interactions. In order to account for node characteristics, we sorted
nodes into different groups, each of which provide an additional boost. To model this boost, which
we called group preference, we attempted to decompose the rank s, into individual scores a, and the
group preference 0. In the first model, we assumed that the groups of the nodes were fixed and that
the group preference remained constant in all the interactions. In the second model, we introduced
arbiters who determined the outcome of the interactions, and thus the group preferences could
change with respect to the interactions. Both of these models are non-identifiable i.e., we cannot
discern the individual score from the group preference. To recover identifiability, we developed a
third model where the nodes can change group memberships in different interactions.

In Chapter 4, we designed an algorithm to continuously update ranks efficiently and accurately.
Our algorithm updated a small neighborhood of the network centered around the change, keeping
all other ranks constant. However, imposing these boundary conditions changed the behavior of
the system, thereby causing the updated ranks to diverge from the expected ranks. In order for
convergence, we noted that neighborhood should span the entire network. But then, it becomes
computationally cheaper to simply perform SpringRank again instead of using our algorithm.
Therefore, we concluded that we should not force boundary conditions on the physical system.
While this formulation proved to be less efficient than SpringRank, our analyses reveal promising

directions for future investigations.
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5.2 Future directions

This thesis explored three important ideas to broaden the applicability of SpringRank to
diverse problems. While the research answers many questions, it asks new questions in the process.
Here, we summarize these questions for possible future work.

Chapter 2 closed by conclusively tying several approaches to SpringRank together. This
does not imply that there is no future work left here. This actually questions the existence of
other perspectives to SpringRank that can offer additional insights to our understanding. For
instance, we discovered a family of utilities that simplify to the multinomial logit model, without
fully exploring them. What models do each of these utilities correspond to? Another idea that was
briefly mentioned was learning the feature vectors that the Context Dependent Random Utility
Model proposes. It will be interesting to find closed form expressions for these feature vectors in
order to better understand the model.

In Chapter 3, we developed models to identify the effect of group characteristics and concluded
that the model is non-identifiable, unless in special cases. We introduced the Equality assumption
in order to compare group preferences and noted that, in the absence of external information,
this assumption can be flawed. A natural question to ask is, what other information is needed to
recover identifiability? Following this, how do we encode this information into the model? Our
inability to do so restrained us from applying our methods to real world applications to prevent
incorrect interpretation of the results. Explicitly encoding the external information into our model
will help us successfully apply our methods to real data and interpret the results accurately. This
may help us quantify social inequalities, in the language of Random Utility Models, mentioned by
[Clauset et al., 2015] in faculty hiring networks. This may also be applicable while studying social
support networks [Power, 2017] and online social interactions [Bruch and Newman, 2019].

In Chapter 4, we designed an online update algorithm to update ranks by forcing boundary
conditions and updating only a neighborhood in the network. We saw that this boundary condition

changes the behavior of the system. Our attempts to update the ranks by only considering certain
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neighborhoods of the network fails to be accurate and efficient. And this was a key requirement in
order to beat SpringRank. Here, we propose four other avenues worth investigating in the space of
online ranking.

Firstly, during our discussion, we noted that a change in rank of node = has a larger effect on
its first-degree neighbors than second- or third-degree neighbors. We can leverage this to weigh
the perturbations in ranks depending on how far they are from the local disturbance. Secondly, we
assumed that the system is closed. However, adding an edge is an external interaction. Therefore,
the system is most likely not closed. So, it makes sense to take a simulated annealing approach
by increasing the energy of all springs and then allowing them to settle down to final ranks. As a
third approach, let us assume that we have already computed and stored the inverse of the graph
Laplacian L, L='. If the new edges added to the network is a low-rank perturbation to L, then
we can exactly update L~! using the matrix inversion lemma [Hager, 1989]. Using this updated
inverse, we can compute the new ranks. Finally, we can take a stochastic approach. Whole History
Ranking leverages the Bradley-Terry-Luce model to model the variations (changes) in rankings over
time as a Wiener process [Coulom, 2008]. Then, a maximum likelihood estimation is performed
to find the best change in rankings. As another approach, we can also model the ranks as an
Ornstein-Uhlenbeck process, which is essentially a random walk with a drift to the long-term mean
of the ranks.

In the end, our goal is developing tools to analyze complex systems. And we wish to use
apply these tools to understand such systems that surround us. Answering these questions will give

us further insights into uncovering the hierarchical structure of complex systems.
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Appendix A

Supplementary Results to Chapter 3

A.l Recovering group preferences (without arbiters)

For each subfigure in the following plots, the left panel plots the recovered individual scores a
against the planted individual scores a. The middle panel plots the recovered group preferences 6
against the planted group preferences . And the right panel plots the recovered ranks § against the
planted ranks s. The top subfigure corresponds to the solution when regularization was used. The
bottom subfigure shows the solution when setting the average individual scores across all groups to
0. Note that the final rank § remains unchanged. This illustrates the non-identifiability problem
which is discussed in detail in Section 3.4.

For Test 3, we generated 500 nodes with individual scores drawn from Normal(1, g) There
were 4 groups with group preferences drawn from Normal(2, %) Here, 8 = 0.4 and (k) = 10. The
results are shown in Figure A.1.

For Test 4, we generated 500 nodes with individual scores drawn from Normal(0,0.2). There
were 4 groups with group preferences drawn from Normal(0,0.2). Here, 5 =5 and (k) = 10. The
results are shown in Figure A.2.

For Test 5, we generated 600 nodes. 200 individual scores were drawn from Normal(0,1),
200 from Normal(1, %), and 200 from Normal(4,1). There were 4 groups with group preferences

drawn from Normal(1,1). Here, 8 = 0.4 and (k) = 10. The results are shown in Figure A.3.
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Figure A.1: Results from Test 3 with synthetic data (without arbiters). N = 500; aplanted ~
Normal(1, %), 4 groups; Oplanted ~ Normal(2, %) The individual scores correspond to apjanted and
group preferences refer to pjanted- The ranks refer to the total score of each node (individual and
group preference) i.e., Splantea. Here, f = 0.4, (k) = 10.
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(k) = 10.
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A.2 Recovering group preferences (with arbiters)

The left panel in each subfigure plots the recovered individual scores against the planted
individual scores. Each of the other four panels plot the recovered group preferences against the
planted group preferences, for each group of arbiters. The top subfigure shows the solution obtained
using regularization. The bottom subfigure shows the solution when setting the average individual
scores across all groups to 0.

For Test 3, we drew 500 individual scores for items from Uniform(1,10). We fixed 4 groups
for the items and the arbiters. There is a systematic bias against the fourth group of items. There
is a systematic bias against the fourth group of items i.e., a negative group preference drawn
from a Normal(0,1). For others, arbiters from group 7 had a positive preference, also drawn from
Normal(0,1) towards items from group 4, and no preference for other items. Here, 8 = 5. The
results are shown in Figure A.4.

For Test 4, we drew 600 individual scores for items from Normal(0,1). We fixed 4 groups for
the items and the arbiters. The group preference matrix was drawn from Uniform(—5,5). Here,
B = 0.5. The results are shown in Figure A.5.

For Test 5, we drew 600 individual scores for items from Normal(2,10). We fixed 4 groups
for the items and the arbiters. The group preference matrix was drawn from Uniform(—2,2). Here,

B = 1. The results are shown in Figure A.6.
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Figure A.5: Results from Test 4 with synthetic data (with arbiters). 600 items from Normal(0,1).
There are 4 groups for items and arbiters. Group preferences were drawn from Uniform(—5,5).

Here, 5 = 0.5.
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Figure A.6: Results from Test 5 with synthetic data (with arbiters). 600 items from Normal(2,10).
There are 4 groups for items and arbiters. Group preferences were drawn from Uniform(—2,—2).
Here, g = 1.
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A.3 Recovering group preferences (identifiable models)

In each of the following figures, the left panel plots the recovered individual scores against the
planted individual scores. And the right panel plots the recovered group preferences against the
planted group preferences.

For Test 3, we drew 100 nodes from Normal(1,3), Normal(0,1), and Normal(—2,2) each
for a total of 300 nodes. There were two groups and the group preferences was [0.5,0]. Under the
two groupings, network was generated with (k1)) = 20 and (k(®)) = 5. Here, § = 0.4. The results

are shown in Figure A.7.
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Figure A.7: Results on identifiability with synthetic data - Test 3. 100 nodes drawn from
Normal(1, %), Normal(0,1), and Normal(—2,2) each for a total of 300 nodes. There were two

groups and the group preferences was [0.5,0]. Under the two groupings, network was generated
with (k1)) = 20 and (k(®) = 5. Here, 8 = 0.4.

For Test 4, we drew 200 nodes from Normal(3,2), Normal(0,1), and Normal(—3,2) each
for a total of 600 nodes. There were two groups and the group preferences was drawn from
Uniform(—3,3). We allowed only opposite groups to interact with each other. Further, in the

second grouping, nodes were assigned groups opposite from their first assignment. Under the two
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groupings, network was generated with (k()) = 10 and (k(?)) = 10. Here, 8 = 0.4. The results are

shown in Figure A.8.
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Figure A.8: Results on identifiability with synthetic data - Test 4. 200 nodes drawn from
Normal(3,3), Normal(0,1), and Normal(—3,2) each for a total of 600 nodes. There were two
groups and the group preferences was drawn from Uni form(—3,3). We allowed only opposite groups
to interact with each other. Further, in the second grouping, nodes were assigned groups opposite
from their first assignment. Under the two groupings, network was generated with (k1)) = 10 and
(k)) = 10. Here, 8 = 0.4.
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