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A large deformation, coupled finite-element (FE) model is developed to simulate the multi-

phase response of soft porous materials subjected to high strain-rate (shock) loading, with particular

application for lung parenchyma. The approach is based on the theory of porous media (TPM) at

large deformations. The theoretical model developed herein is general and thermodynamically con-

sistent to allow for a range of applications. An overview of several different time integration schemes

is presented for the purpose of solving the nonlinear dynamic coupled balance of momentum (mix-

ture and fluid), balance of mass of the mixture, and balance of energy (solid and fluid) equations.

Simplifications to the one-dimensional regime studied in the numerical simulations follow.

Numerical examples are presented for (i) verification against closed-form analytical solutions

assuming small loads, (ii) demonstrating large deformation effects at high strain-rate, and (iii)

showing differences in deformations between a single-phase elastodynamics model with occluded

compressible pore fluid and a multiphase poroelastodynamics model at high strain-rate. The multi-

phase model shows that the relative motion of the pore fluid significantly dampens the deformation

response of the solid skeleton as compared to the single-phase model, and makes it possible to ex-

tract quantitative values for the stresses of the different constituents, thereby allowing one to form

preliminary conclusions about the onset of damage in the solid skeleton. The novelty of the cur-

rent work is developing a multiphase, large deformation, mixture theory numerical model for high

strain-rate loading of soft porous materials. Therein, it was discovered that (i) explicit, adaptive

time-stepping Runge–Kutta schemes offer high accuracy at relatively low cost when compared to

traditional implicit (or explicit central difference) schemes, (ii) shock viscosity is necessary to regu-

larize the shock front, and (iii) additional stabilization parameters and non-standard mixed-element

types improve both computational cost and accuracy compared to traditional implementations.
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)
for various perme-

abilities in response to the Yen impulse at 50 kPa overpressure. Note the change in

y-ordinate for the bottom row. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 344

5.46 Displacements at X = H for varying values of κ in response to the Friedlander

impulse at 50 kPa overpressure for (a) the solid skeleton and (b) the pore fluid. . . . 345



xxi

5.47 Comparing displacements atX = H between (u-pf) and (u-uf -pf) formulations in re-

sponse to the Friedlander impulse at 50 kPa overpressure for (a) lower permeabilities

and (b) higher permeabilities. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 346

5.48 Comparing total stress at the Gauss point closest to X = H between (u-pf) and

(u-uf -pf) formulations in response to the Friedlander impulse at 50 kPa overpressure

for (a) lower permeabilities and (b) higher permeabilities. . . . . . . . . . . . . . . . 347

5.49 Comparing solid extra stress at the Gauss point closest toX = H between (u-pf) and

(u-uf -pf) formulations in response to the Friedlander impulse at 50 kPa overpressure

for (a) lower permeabilities and (b) higher permeabilities. . . . . . . . . . . . . . . . 347

5.50 Comparing total pore fluid stress at X = H between (u-pf) and (u-uf -pf) formu-

lations in response to the Friedlander impulse at 50 kPa overpressure for (a) lower

permeabilities and (b) higher permeabilities. . . . . . . . . . . . . . . . . . . . . . . . 348

5.51 Contours along the length of the mesh for Darcy velocity
(
nf ṽf
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Nomenclature

Nomenclature in this thesis follows de Boer [2005] and Holzapfel [2000] as much as possible, with

some minor exceptions which are also noted below. Notation of the nomenclature listed herein is

adapted from Markert [2005].

Conventions

Index and suffix conventions

i, j, k, l,m, ... indices as sub- or superscripts range from 1 to N ; usually N = 3
in the 3-D physical space

(·)s, (·)f capital superscripts indicate the belonging of non-kinematical
quantities to a constituent within mixture theories

(·)s, (·)f capital superscripts indicate the belonging of kinematical quanti-
ties to a constituent within mixture theories

Kernel conventions

(·) placeholder for kernel quantity

s, t,. . .σ, τ . . . scalars (0th-order tensors)

s, t,. . . vectors (1st-order tensors)

S,T ,. . . 2nd-order tensors

n
S,

n
T ,. . . nth-order tensors, e.g.,

4
D,

3
E,

2
F = F ,

1
G = g

Tensor operations

(·)T transpose of vectors, tensors, or matrices

(·)
nm
T special transposition of higher-order tensors by an exchange of

the nth and the mth basis system of the tensorial basis

n
S ⊗

n
T =

n+m
R dyadic tensor product

n
S ..

m
T =

n−m
R with n ≥ m inner tensor product

n
S ·

n
T = r dot product



xxxii

Symbols

Symbol Units Description

α [–] constituent identifier (herein, α = {s, f})

αα [1/K] linear coefficient of thermal expansion of φα; 3αα ..= αα
V for ther-

mally isotropic materials

αV , α
α
V [1/K] volumetric coefficient of thermal expansion of φ,φα

αstab [m3-s2/kg] pore fluid pressure stabilization parameter

β [–] Newmark-beta numerical time integration parameter

Bα [–] volumetric control space of φα in the current (Eulerian) configu-
ration

Bα0 [–] volumetric control space of φα in the reference (Lagrangian) con-
figuration

D [–] reduced dissipation inequality

D [–] internal state variable for solid phase damage

∆(·) [–] change of (·) with respect to a reference value, e.g., ∆t = tn+1−tn

η, ηα [J/kg-K] specific entropy of φ,φα

γ [–] Newmark-beta numerical time integration parameter

γα [–] Grüneisen parameter for φα

Γ,Γx
0 [–] boundary in current (Eulerian) configuration, boundary in refer-

ence (Lagrangian) configuration for arbitrary variable x1

λ, λskel [Pa] second Lamé constant of φ,φs

Λ [Pa] Lagrange multiplier representing temperature-scaled pore fluid
pressure

κ [–] exponent governing the deformation dependency of hydraulic con-
ductivity k̂

κf [Pa-s] real bulk viscosity of φf

µ, µskel [Pa] 1st Lamé parameter (shear modulus) of φ,φs

µf [Pa-s] real shear viscosity of φf

1 With Γx
0 , this usually implies the boundary on which to enforce a Dirichlet or Neumann boundary condition

related to x.
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P [Pa] Lagrange multiplier representing pore fluid pressure

φ,φα [–] entire mixture2 and constituent α

ψα [J/kg] specific constituent Helmholtz free energy

ρ [kg/m3] mass density of mixture

ρα, ραR [kg/m3] partial and real mass density of φα

ρ̂, ρ̂α [kg/m3-s] volume-specific mass supply of φα

R [J/kg-K] gas constant for the ideal gas pore fluid (air)

θ, θα [K] absolute temperature of φ,φα

ε̂α [J/kg-s] local interaction for energy supply to (or specific interal energy
production of) φα

κ [m2] intrinsic permeability3 of φs

ν [–] Poisson’s ratio of φ,φs

ν0 [s] viscous damping parameter applied to solid skeleton extra stress

ξ [m] length scale in finite-element space

π, π̇, π̈ [–] finite-element trial function for pf , ṗf , p̈f

σ,σα [Pa] total and partial Cauchy stress of φ,φα, respectively

σα
E [Pa] extra (effective) Cauchy stress of φα

ϑ, ϑ̇ [–] finite-element trial function for θ, θ̇

ϑs, ϑ̇
s

[–] finite-element trial function for θs, θ̇s

ϑf , ϑ̇
f

[–] finite-element trial function for θf , θ̇f

χα [–] mapping vector from x to Xα

aij [–] Runge-Kutta Butcher table coefficients

A [m2] area in reference (Lagrangian) configuration

bmi [–] Runge-Kutta Butcher table weights of order m

Bs [–] tortuosity of φs

ci [–] Runge-Kutta Butcher table nodes

2 Or a single-phase material, depending on context.
3 This value is held constant. Deformation-dependent permeability occurs through manipulation of k̂(nf).
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c, cα [m/s] P-wave speed of φ,φα

cV , c
α
V [J/kg-K] specific heat of φ,φα

div,DIVα [1/m] divergence operator in current (Eulerian) configuration, reference
(Lagrangian) configuration w.r.t. φα

dx, dX, dξ [m] infinitesimal length scale in current (Eulerian) configuration, ref-
erence (Lagrangian) configuration, local finite-element space

da, dA [m2] infinitesimal area scale in current (Eulerian) configuration, refer-
ence (Lagrangian) configuration

dv, dV [m3] infinitesimal volume scale in current (Eulerian) configuration, ref-
erence (Lagrangian) configuration

Dα
t (·) [–] material time derivative operating on (·) with respect to α of φα

e, eα [J/kg] specific interal energy of φ,φα

êα [J/m3] total power density supply to phase φα

(·)e [–] element-wise quantity

E [Pa] Young’s modulus of φ,φs

Eα [J/kg] total specific internal energy of φα

gp [Pa] Dirichlet condition for the balance of mass of the mixture

gθ
α

[K] Dirichlet condition for the balance of energy of φα

grad,GRADα [1/m] gradient operator in current (Eulerian) configuration, reference
(Lagrangian) configuration w.r.t. φα

he, he0 [m] finite-element length in current (Eulerian) configuration, reference
(Lagriangian) configuration

je [–] element jacobian of transformation from physical space to element
space

Jα [–] Jacobian of deformation of φα

k̂ [m2/Pa-s] hydraulic conductivity

k, kα [W/m-K] thermal conductivity of φ,φα

kεθ [W/m3-K] convective heat transfer coefficient

Kα [J/kg] specific total kinetic energy of φα

K,Kskel [Pa] bulk modulus of φ,φs
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Kη
α [Pa] isentropic bulk modulus of φα

Kθ
α [Pa] isothermal bulk modulus of φα

nα [–] volume fraction of φα

ne [–] number of finite-elements

nydof [–] number of finite-element degrees of freedom for arbitrary variable
y

p [Pa] pressurue of φ

pα, pα [Pa] partial and real pressurue of φα

pαE [Pa] extra (effective) partial pressure of φα

Pα
ext [J/kg] external work on φα

q [Pa] shock viscosity applied to φ,φs in current (Eulerian) configuration

Q [Pa] shock viscosity applied to φ,φs in reference (Lagrangian) config-
uration

Qf [m/s] pore fluid flux per unit area

Qθ, Qθα [W/m2] heat flux applied to φ,φα

r, rα [J/kg-s] heat input rate of φ,φα

t [s] current time

∆t [s] numerical time-step

T [s] total time

v, vα [m3/kg] volume, partial volume4 of φ,φα in the current (Eulerian) config-
uration

vα [m/s] velocity of φα in 1-D uniaxial strain w.r.t. φα

V, V α [m3/kg] volume, partial volume of φ,φα in the reference (Lagrangian) con-
figuration

W s [J-kg/m3] strain energy density of φs

wpf , wθ, wθs , wθf [–] finite-element test functions for pore fluid pressure, single-phase
temperature, solid phase temperature, fluid phase temperature

aα [m/s2] acceleration of φα w.r.t. φα

4 For the 1-D uniaxial strain numerical implementation herein, we may also denote this as a velocity v = vs (or
the velocity of a single-phase material depending on the context).
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A [–] finite-element assembly operator

b, bα [N/kg] body force acting on φ,φα

Be,y [–] finite-element shape function gradient for arbitrary variable y

cy,e [–] finite-element weighting function for arbitrary variable y

Cα [–] right Cauchy-Green tensor of φα

d, ḋ, d̈ [–] finite-element trial functions for us,vs,as

df , ḋf , d̈f [–] finite-element trial functions for uf ,vf ,af

dα [1/s] symmetric velocity gradient of φα

f ,F [–] finite-element local, global vector of applied forces (internal and
external)

F α [–] deformation gradient of φα

g [m/s2] gravitational body force

hα [N/kg] interaction body force from other constituents acting on φα

hf
E [N/kg] extra interaction body force (momentum production force) from

φs acting on φf

He,y [–] finite-element Hermite cubic shape function second-order gradient
for arbitrary variable y

ki [–] vector of Runge-Kutta stage i variables

kθmix
,kθα [W/m-K] heat conduction tensor of φ,φα

kx,y,Kx,y [–] finite-element local, global stiffness matrix for coupling between
arbitrary variables x and y

l, lα [1/s] velocity gradient of φ,φα

mx,x,Mx,x [–] finite-element local, global mass matrix for arbitrary variable x

n [–] unit normal vector

N e,y [–] finite-element shape function for arbitrary variable y

P ,P α
s [Pa] first Piola-Kirchhoff stress of φ,φα

q, qα [W/m2] heat flux of φ,φα

Rx [–] finite-element global residual for arbitrary variable x

S,Sα
s [Pa] second Piola-Kirchhoff stress of φ,φα



xxxvii

Sw [Pa-s/m2] permeability tensor

t, tα [Pa] external traction applied to φ,φα

tσ [Pa] external traction load applied to φ

uα [m] displacement of φα w.r.t. φα

v,vα [m/s] velocity of φ,φα

ṽf [m/s] relative velocity of φf w.r.t. φs(
nf ṽf

)
[m/s] Darcy (seepage) velocity5

wu,wuf [–] finite-element test functions for u,uf

x [m] position in the current (Eulerian) configuration

Xα [m] position in the reference (Lagrangian) configuration w.r.t. φα

zm [–] Runge-Kutta solution of order m

5 Typically, when the relative velocity of the pore fluid is multiplied by the porosity and both are enclosed in
parentheses, the constitutive relationship for the Darcy velocity is used. See Chapter 3.1.4 for details.



Chapter 1

Introduction

1.1 Motivation

1.1.1 Lung injury pathology

Behind Armor Blunt Trauma (BABT) refers to injuries from non-penetrating impacts that

a soldier experiences despite wearing personal protective equipment (PPE), wherein the buildup

of kinetic energy is absorbed by the soft tissue and bone behind the body armor. Shock wave

induced pulmonary injuries, i.e., Blast Lung Injury (BLI), account for upwards of 47% of the

injuries experienced by survivors and up to 86% of fatalities when compared to secondary and

tertiary injuries, resulting from direct impact of shrapnel and tissue impact on nearby surroundings,

respectively [Mayorga, 1997]. Shock waves induce large pressure gradients which are assumed to

be the direct cause of hemorrhaging caused by the microstructural tearing of the lung parenchyma

[Cooper et al., 1991, Cooper, 1996, Tsokos et al., 2003]. In civilian populations, injury to the lung

tissue can also occur from other high-impact events, such as falls, motor vehicle accidents, or sports

injury [Dehghan et al., 2014, Pauzé and Pauzé, 2013, Idriz et al., 2013].

Broadly speaking, injury pathology and progression is well understood [Cohn and DuBose,

2010], however the details of how injury propagates through the lung parenchyma at the ultrastruc-

tural (tissue fibers) and microstructural (air sac) level are not well understood and is an active area

of research [Clayton, 2020, Freed et al., 2021]. The approach undertaken by Freed et al. [2021]

to model the microstructural level necessitates a multiscale model of the whole lung tissue, which
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includes the highly heterogeneous structure of the lung parenchyma. The associated mesoscale

model (with the macroscale referring to a 3-D model of the two lobes of lung themselves) is being

developed as part of this work.

Figure 1.1: Scanning electron microscope image of intact alveolar air sacs, adapted from Tsokos
et al. [2003]

The lung parenchyma accounts for roughly 90% of the volume in the lung, with the remaining

10% due to the bronchi and bronchioles, the tube-like structures made of connective tissue that

are dedicated to moving large volumes of air [Sanborn et al., 2013]. The parenchyma facilitates

gas exchange between the blood and the lungs. It is comprised of alveolar air sacs (ranging from

100-330 µm in diameter [Sobin et al., 1988]) and connective tissues, made up of a complex network

of collagen and elastin fibers [Suki et al., 2005]. Collagen fibers in the parenchyma organize to

form both an axial fiber network that connects the central airways to the alveolar ducts, and a

network that extends from the visceral pleura of the lung to the alveolar ducts. The elastin fibers are

connected to the collagen fibers via microfibrils and proteoglycans, the latter of which have chemical

interactions (in addition to topological interactions) with the collagen fibrils. The composition and

physical dimensions of these unique collagen fibers play a great role in determining the stiffness of
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these networks. Furthermore, mechanical forces that act upon the extra-cellular matrix (ECM),

in which the collagen and elastin fibers reside, can induce the secretion of growth factors which

accelerate ECM remodeling and alter the microstructural composition of the collagen and elastin

networks [Suki et al., 2005]. At low strain, the stress response of fibril network appears to be

heterogeneous as the elastin fibers bear much of the stress. However, at higher rates of strain,

such as those induced by a shock wave, elastin fibers are prone to rupture [Freed et al., 2021] and

the remaining stress response percolates through the collagen fibril networks as the collagen fibers

start to extend to their uncoiled lengths, which increases the stress response of the entire lung

parenchyma [Suki and Bates, 2011]. The complex role that collagen and elastin fibers play in the

dynamics of the lung parenchyma is beyond the scope of this thesis and is discussed in detail by

Freed et al. [2021]; here we focus on the role that poro-elasto-dynamics plays at the mesoscale level.

Lung parenchyma has generally been modeled as a viscoelastic material [Brannen et al., 2022,

Naumann et al., 2022, Cronin, 2011, Clayton et al., 2020, Clayton and Freed, 2019a, 2020a, Clayton,

2020, Clayton et al., 2021, Gayzik et al., 2010, Pydi et al., 2023] within the finite-strain regime.

However, as we aim to show in Section 1.2.3, such an approach may not be physically realistic

when compared to assuming poroelastic models. In recent years, efforts to model lung parenchyma

as a poroelastic material have become more popular [Lande and Mitzner, 2006, Patte et al., 2022,

Concha et al., 2018, Concha and Hurtado, 2020], but still focus on quasi-static or low strain-rate

loading. Given the susceptibility of lung to blast injury, it beehoves us to develop a numerical

model that can capture the kinematics of lung parenchyma within this dynamic regime.

1.1.2 Numerical challenges in TPM

Mixture theory was established at finite strain by Truesdell and Toupin [1960], with later

works for mixture theory applied to porous media by Bowen [1971, 1980, 1982] and others Coussy

[2004], de Boer [2005], Clayton [2022], to name a few. The Theory of Porous Media (TPM) is

an appropriate approximation to a more robust, but much more computationally expensive, Fluid-

Structure Interaction (FSI) model at the pore length-scale. In TPM, these interactions are smeared



4

across a continuum material point, thereby simplifying not just the discretization of the governing

mathematical equations (namely, mass balance, momentum balance, energy balance and entropy

inequality), but also the discretization of the geometry itself. The advantages to using TPM over

a FSI model are simplicity of implementation and computational cost. Here we incorporate TPM

to take into account the different response times of the two constituents (phases) in a soft porous

material subjected to shock loading: solid skeleton (s) and the pore fluid (f) that occupies the pore

space. Generally speaking, we will assume material properties for lung parenchyma (Figure 1.1)

for the solid skeleton, and air for the pore fluid, unless noted otherwise.

Past numerical models involving TPM have typically addressed geological and geotechnical

engineering applications, e.g., soil consolidation problems, wherein inertia terms are typically ig-

nored, the solid and pore fluid phases are nearly incompressible, and strains are small [Lewis and

Schrefler, 1987, Schanz, 2009]. In other works [Markert et al., 2009, Heider, 2012, Zienkiewicz

et al., 1993, Li et al., 2019], inertia terms are retained, but small-strain theory is still assumed. In

Li et al. [2004], Regueiro et al. [2014], inertia terms are retained, constituents are compressible,

nonlinear constitutive theory is present, and deformation is finite. However, it was assumed that

dynamic loading frequencies were relatively small (O(101-102) rad/s), and therefore the accelera-

tion of the fluid phase was approximately the same as that of the solid phase, i.e., af ≈ as = a.

In this work, we continue from Regueiro et al. [2014] but with the assumption that for higher

strain-rate loadings, af ̸= as, necessitating a “three-field” formulation [Regueiro et al., 2014], and

comparison to “two-field” formulation results. The three-field formulation is not new, see, e.g.,

Zienkiewicz and Shiomi [1984] for the initial theory and Gajo et al. [1994], Levenston et al. [1998],

Yang [2006], Lotfian and Sivaselvan [2018], Wu et al. [2019], Zhang et al. [2019] for various numer-

ical implementations. However, to the best of our knowledge, no authors consider the following

novel contributions simultaneously:

• large deformations [Berger, 2015, Cao et al., 2016, Chapelle and Moireau, 2014, Burtschell

et al., 2017, Patte et al., 2022, Concha and Hurtado, 2020, Diebels and Ehlers, 1996,
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Zinatbakhsh et al., 2016, Gajo and Denzer, 2011, Ghorbani et al., 2016, Klahr et al., 2022,

Li et al., 2004, Navas et al., 2017, Obaid et al., 2017, Regueiro et al., 2014, Rohan and

Lukeš, 2017, Vuong et al., 2015, Yang, 2006, Yuan et al., 2022],

• inertial effects [Cao et al., 2016, Chapelle and Moireau, 2014, Burtschell et al., 2017, Diebels

and Ehlers, 1996, Zinatbakhsh et al., 2016, Gajo et al., 1994, Gajo and Denzer, 2011,

Ghorbani et al., 2016, Heider, 2012, Hosseinejad et al., 2019, Li et al., 2004, 2019, Markert

et al., 2009, Navas et al., 2017, Obaid et al., 2017, Pedroso, 2015, Regueiro et al., 2014,

Rohan and Lukeš, 2017, Salomoni and Schrefler, 2005, Vuong et al., 2015, Yang, 2006, Yuan

et al., 2022, Zhang et al., 2019],

• non-linear constitutive theory [Berger, 2015, Chapelle and Moireau, 2014, Burtschell et al.,

2017, Patte et al., 2022, Concha and Hurtado, 2020, Diebels and Ehlers, 1996, Ghorbani

et al., 2016, Hosseinejad et al., 2019, Levenston et al., 1998, Markert et al., 2009, Navas

et al., 2017, Obaid et al., 2017, Regueiro et al., 2014, Rohan and Lukeš, 2017, Vuong et al.,

2015],

• compressible constituents [Cao et al., 2016, Gajo and Denzer, 2011, Ghorbani et al., 2016,

Heider, 2012, Markert et al., 2009, Pedroso, 2015, Regueiro et al., 2014, Rohan and Lukeš,

2017, Yoon and Kim, 2018, Zhang et al., 2019],

and high strain-rate loading with nonlinear geometric effects. Accommodating high strain-rate

loading within the context of TPM at large deformations, with inertia terms, nonlinear consti-

tutive models, compressible constituents, within the framework of locally inhomogeneous phase

temperatures is the primary contribution of this work.

Furthermore, many applications of TPM use implicit time-stepping methods, e.g., the well

known Newmark-beta schemes, or semi-implicit time-stepping methods, see, e.g., Zienkiewicz et al.

[1993], Markert et al. [2009], Heider [2012], Zhang et al. [2019], which, even for dynamic loadings,

are not always suitable computationally speaking for shock-like loadings wherein small time steps

are required to resolve the shock physics. Those that do present explicit time integration schemes
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generally stick to the well-known central-difference scheme or variations thereof [Navas et al., 2017,

Yuan et al., 2022]. Herein, we have developed two explicit integration schemes—central-differencing

and a 3(2) and 5(4) Runge-Kutta scheme—as well as two implicit integration schemes—a Newmark-

beta scheme and the standard trapezoidal rule.

1.1.3 Temperature and damage modeling

In order to address the challenge of quantifying “damage” to the lung tissue (in general,

the solid constituent), one must first quantify lung tissue (solid consituent) temperature. For lung

tissue specifically, the Grüneisen parameter is quite low1 [Clayton and Freed, 2019a, 2020a], and

any rate-effect from damage in an energy balance (refer to Section 3.3.1) is likely to have a negligible

effect on solid temperature change. However, if one wishes to be thermodynamically consistent,

one must pursue a temperature model and it is partially for this reason that we have done so in

Chapters 3 and 4.

It would not be inaccurate to mention that the other reason for pursuing a locally inhomoge-

neous temperature model is for academic interest as well as physical realism when using an ideal gas

model for the pore fluid wherein it may be inappropriate to neglect thermo-mechanical coupling.

Many formulations in TPM assume the mixture is isothermal. Those that do assume temperature

evolves [Wang, 2014, Fankell, 2017] also assume locally homogeneous constituent temperatures

θs = θf = θ. For an ideal gas pore fluid constituent circulating within a water-like solid constituent,

this is a poor approximation, particularly past 50% compression of the pore fluid [Clayton, 2022]

which we are liable to see for high strain-rate loading applications. Few TPM models for locally

inhomogeneous temperatures exist. Ghadiani [2005] uses an ideal gas model for the pore fluid,

but neglects finite strain and dynamic processes. Koch [2016], Sweidan et al. [2020] focus on geo-

logical applications of TPM, but also assume small strains as well as mechanically incompressible

1 There is some uncertainty regarding the thermodynamic parameters for lung tissue used in this work, specifically
their relation to the deformations of the solid skeleton. Thermodynamic parameters for lung tissue used in Clayton
and Freed [2019a, 2020a] were based on experimental data which measured the thermodynamics of the solid lung
tissue. To the best of our knowledge, no such data exists for the solid skeleton “matrix” of lung tissue. It is expected
that the Grüneisen parameter for the solid skeleton would be higher than that of the solid constituent when considering
lung tissue, given that the latter has thermodynamic properties similar to water, which is nearly incompressible.
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constituents (refer to discussion of this in Section 2.3).

There has also been a considerable amount of experimental work to characterize thermo-

dynamic properties for soft, porous materials which may then be used to parameterize numerical

models. Unfortuantely, experimental data for lung tissue thermal properties is limited, if not non-

existent altogether. For brain tissue, Liu et al. [2017] performed shear-wave elastography to show

that brain tissue shear modulus is inversely related to brain tissue temperature. A study by Mo-

hammadi et al. [2021] measured the thermal conductivity, thermal diffusivity, and heat capacity

of (calf) brain and (porcine) liver and pancreatic tissues, wherein, for all tissues, those properties

remained constant up to around 60◦ C and increased thereafter. Multiple experiments have been

conducted on various cartilage samples showing that elastic stiffness degrades as internal tissue

temperature increases [Chae et al., 2008, Liu et al., 2015, Marshall et al., 2019, Marshall, 2019,

Protsenko et al., 2008, Zemek et al., 2012]. If these same behaviors—a degradation of elastic stiffness

and an increase in internal heating—were to be observed in lung tissue, then unique parameteriza-

tion of the convective heat transfer coefficient between phases kεθ would be necessary to accurately

capture the degree to which the lung parenchyma would heat up from the shock-compressed air in

its pores. An extensive literature review for elastic and thermomechanical properties of biological

tissues subjected to thermal loading is provided by Bianchi et al. [2022].

In addition, there exists an abundant amount of experimental data for another soft porous

material of interest, polyurethane (PUR) foams. PUR foams have wide applicability, from the

automotive industry [Chen et al., 2023, Ates et al., 2022, Sebaey et al., 2021, Markert, 2008, 2005,

Rossio et al., 1993] to PPE [Decker and Kedziora, 2024, Rodriguez-Millan et al., 2023, Naderi

et al., 2022, Bhinder et al., 2021]. Experiments have been conducted to characterize the material

properties of PUR foam when applying thermal loads [Constantinescu and Apostol, 2020, Kim

et al., 2017, Song et al., 2009]2 where again there is consensus that thermal degradation (of

the elastic stiffness) is proportional to increases in temperature. Modeling of PUR foam using

2 Stiffer foams are also popular for this area of research, see, e.g., [Rostami-Tapeh-Esmaeil et al., 2022, Bhaga-
vathula et al., 2021, Jain et al., 2021, Liang et al., 2019, Wang et al., 2014, Arezoo et al., 2013, Tan et al., 2013,
Vedula et al., 1998].
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TPM is limited, and constituents are assumed isothermal [Markert, 2008, Ehlers et al., 2003]. Most

numerical approaches assume simplified poroelastic models [Shrestha et al., 2023, Zhang et al., 2022,

Lutsenko and Levin, 2017, Brun and Dumitrescu, 1995] or viscoelastic/visco-thermoelastic models

[Decker and Kedziora, 2024, Naderi et al., 2022, Kim et al., 2017, Zhao et al., 2007]. Therefore,

there is a need for a numerical model than capture the complete thermo-poro-elastodynamic effects

at high rates of strain to address industry needs, such as the model pursued in this work.

1.1.4 Limitations of the current work

It should be noted, however, that there are physiogolical limitations of the current framework.

To start, Brannen et al. [2022] showed that the tertiary bronchial tubes had a significant effect on

lung tissue deformations, an anatomical interaction which we ignore in the present work, despite the

lung parenchyma itself behaving as an isotropic [Weed et al., 2015] and homogeneous [Tai and Lee,

1981] material. Other anatomical interactions such as those between the lung and the surrounding

organs and ribcage are also ignored (refer to Clayton et al. [2021], Clayton [2020], Cronin [2011]),

as well as any complex reflective waves induced by the initial shock wave after impacting said

anatomy and the surrounding environment [Stuhmiller, 2010]. Such interactions would necessitate,

at a minimum, a three-dimensional (3-D) model, which was not pursued in this work.

Furthermore, we neglect microstructural interactions (as previously stated) at the solid-fluid

interface when using TPM to smear the FSI at the pore scale. Most lung parenchyma modeling

approaches [Stuhmiller et al., 1988, Bush and Challener, 1988, Clayton et al., 2021] will approximate

the wave speed through the lung tissue an air as an average of the wave speed through both mediums

so as not to resolve the (computationally prohibitive) fine-scale interactions. As Grimal et al.

[2002] notes, this may not be appropriate in the high-frequency domain such as occurs after shock

loading. In their approach, Grimal et al. [2002] assumed a closed-cell model, such that the pore air

is contained within the walls of the alveoli. For sufficiently long rise times of the incident pressure

wave (e.g., those occuring from a motor vehicle accident), lung parenchyma can be regarded as

a homogeneous material; however, for shorter rise times (such as those from blast), distortion of
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the incident pressure wave is dependent upon the microstructure, i.e., the diameter of the alveoli

Grimal et al. [2002]. Therefore, an important part of future work will be utilizing upscaling from

the microstructural model, with, e.g., a machine-learning approach, to account for variations in the

microstructure to more accurately capture the underlying shock physics.

1.2 Viscoelasticity vs. poroelasticity

To help argue for the necessity of poromechanics models in this area of research (soft porous

materials), we will briefly compare the the stress relaxation times between a purely viscoelastic

model and a poroelastic model, of lung parenchyma fully-saturated with air, at small strain.

1.2.1 Linear viscoelasticity in one dimension at small strain

E∞

E

σ

η

σ

ε

εe εve

Figure 1.2: The standard linear solid model, adapted from Simo and Hughes [1998].

Consider the following viscoelastic standard linear solid model (refer to Simo and Hughes

[1998]) in Figure 1.2 with axial strain ϵ that can be decomposed into its elastic strain ϵe and

viscoelastic strain ϵve components. Then the total stress contributed by the two parallel elements
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of the model can be expressed as

σ = E∞ϵ+ σv , (1.1)

where E∞ is the steady-state elastic modulus and

σv = ηϵ̇ve = Eϵe = E(ϵ− ϵve) , (1.2)

where η is the viscosity of the dashpot. Rearranging Equation (1.2) leads to the following ODE:

ϵ̇ve +
1

τ
ϵve =

1

τ
ϵ , (1.3)

where τ = η/E is the time relaxation constant. We will solve for ϵve(t) using the integration factor

exp[t/τ ] and convolution integral as follows:

exp[t/τ ]ϵ̇ve +
1

τ
exp[t/τ ]ϵve =

1

τ
exp[t/τ ]ϵ,

⇒
t∫

−∞

d

ds
(exp[s/τ ]ϵve(s)) ds =

t∫
−∞

1

τ
exp[s/τ ]ϵ(s) ds,

⇒ exp[t/τ ]ϵve(t) =
1

τ

t∫
−∞

exp[s/τ ]ϵ(s) ds,

⇒ ϵve(t) =

t∫
−∞

1

τ
exp [(s− t)/τ)] ϵ(s) ds;

d

ds
(exp [(s− t)/τ ] ϵ(s)) = 1

τ
exp [(s− t)/τ)] ϵ(s) + exp [(s− t)/τ ] ϵ̇(s),

⇒ ϵve(t) =

t∫
−∞

d

ds
(exp [(s− t)/τ ] ϵ(s)) ds

︸ ︷︷ ︸
..=ϵ(t)

−
t∫

−∞

exp [(s− t)/τ ] ϵ̇(s) ds .

(1.4)

Thus the total stress may be written as follows:

σ(t) = E∞ϵ(t) + E

t∫
−∞

exp [(s− t)/τ ] ϵ̇(s) ds =
t∫

−∞

G(t− s)ϵ̇(s) ds , (1.5)

where the relaxation function is

G(t− s) ..= E∞ + E exp [−(t− s)/τ ] . (1.6)
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Suppose, now, that we write the strain ϵ(t) in terms of the creep function J(t) as follows:

ϵ(t) =

t∫
−∞

J(t− s)σ̇(s) ds; J(t) =
1

E∞

(
1− E

E∞
exp

[−E∞t

E0t

])
, (1.7)

where we apply a step function for the total stress such that

σ(t) = σ0H(t); σ̇(t) = σ0δ(t) . (1.8)

Substitution of the above into Equation (1.7)1 gives

ϵ(t) =

t∫
−∞

J(t− s)σ0δ(s) ds = σ0J(t) . (1.9)

We will compare the effects of this creeping viscoelastic model to that of a poroelastic model, the

latter equations of which we will derive in the following section.

1.2.2 Linear poroelasticity in one dimension at small strain

Terzaghi’s 1-D consolidation theory [Taylor, 1948] makes the following assumptions:

1. The solid constituent is homogeneous.

2. The porous medium is fully saturated, i.e., there are only two constituents in the porous

medium (solid skeleton, and pore fluid).

3. The solid constituent and pore fluid constituent are incompressible. (Note that the porous

solid skeleton “matrix” remains compressible so that deformation may occur.)

4. The applied compression is purely vertical in the z direction (uniaxial strain), and the

motion of the pore fluid is purely vertical as well (unidirectional flow).

5. Darcy’s law (sans inertia terms), i.e., vz(f) = −k̂γf dhdz , is valid (where vz(f) is the pore fluid

seepage velocity in the z direction, k̂ is the hydraulic conductivity, γf is the unit weight of

the pore fluid, and h is the pressure head).

6. The results are valid for small strain:
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(a) k̂ is independent of the void ratio change ∆e, and is assumed constant during the

consolidation process. Note that porosity nf ..= e/(1 + e)).

(b) mv (compressibility factor under uniaxial strain) is assumed constant during the con-

solidation process (i.e., linear isotropic elasticity will hold).

7. There are no sources or sinks of pore fluid.

From Assumptions 3, 4 and 7, the continuity equation reduces to

dvz(f)

dz
dxdydz = 0 , (1.10)

which we may also write as

dvz(f)

dz
dxdydz =

dV

dt
. (1.11)

Substitution of Darcy’s law into Equation (1.10) gives us

dvz(f)

dz
= −k̂γf

d2h

dz2
, (1.12)

where the pressure head is defined as,

h ..=
pf
γf

+ z , (1.13)

and the pore fluid pressure pf may be written as the summation of the fluid unit weight γf times

the position z and an excess pore fluid pressure pf,e. Thus, we can rewrite Equation (1.12) as

dvz(f)

dz
= −k̂ d

2pf,e
dz2

. (1.14)

Now, assuming a linear isotropic elastic constitutive relation for the volumetric strain for uniaxial

strain under vertical stress, we may write

∆V

V
= mv∆σ

r
Es . (1.15)

Rearranging, dividing both sides by ∆t and taking the limit as ∆t→ 0 gives us

dV

dt
= mv

dσsE
dt

dxdydz . (1.16)
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Recall the effective stress principle, σ = σsE + pf , for compressible solid skeleton, and nearly in-

compressible solid constituent (see Chapters 2 & 3). Here, we assume soil mechanics convention

for which the normal components of stress are positive in compression, along with the pore fluid

pressure pf . Decomposing the pore fluid pressure in terms of the hydrostatic and excess pore fluid

pressure, pf = γfz + pf,e, and then taking the time derivative of all four terms above provides the

useful relation

dσsE
dt

= −dpf,e
dt

. (1.17)

Substitution of this result back into Equation (1.16), equating with Equations (1.11) & (1.14), and

rearranging, gives us the following partial differential equation (PDE) for pf,e:

∂pf,e
∂t

= cv
∂2pf,e
∂z2

, (1.18)

where the coefficient of consolidation cv = k̂/(mvγf). We further assume the following “drained”

(atmospheric) boundary conditions:

pf,e(0, t) = 0, pf,e(2H, t) = 0 , (1.19)

where H is the defined as the longest flow path to “drained” (atmospheric) boundary for a given

pore fluid molecule, and an initial pressure along the domain is defined as

pf,e(z, 0) = pf,e,0(z) . (1.20)

Note that a “drained” boundary condition implies atmospheric pressure, which we assume is refer-

ence at 0 atm. This PDE may be solved using the method of separation of variables where

pf,e(z, t) = F (z)Φ(t) , (1.21)

and thus Equation (1.18) becomes

1

F (z)

∂2F

∂z2
=

1

cvΦ(t)

∂Φ

∂t
. (1.22)
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Since the left and right hand sides of Equation (1.22) are independent of t and z, respectively, they

must both be equal to some constant, e.g., −A2. Solving for F (z) yields

F (z) = c1 cos(Az) + c2 sin(Az) , (1.23)

and likewise solving for Φ(t) yields

Φ(t) = c3 exp
[
−A2cvt

]
. (1.24)

Then, Equation (1.21) may be rewritten as the product of these solutions:

pf,e = (c4 cos(Az) + c5 sin(Az)) exp
[
−A2cvt

]
, (1.25)

where c4 = c1c3 and c5 = c2c3. Using the boundary condition given by Equation (1.19)1 gives

c4 = 0. Likewise, using the boundary condition given by Equation (1.19)2 gives

pf,e(2H, t) = 0 = c5 sin
( nπ
2H

z
)
exp

[
−
( nπ
2H

)2
cvt

]
. (1.26)

Since c5 is arbitrary, we may write the solution for the excess pore fluid pressure as a summation

over all n as

pf,e(z, t) =

∞∑
n=1

Bn sin
( nπ
2H

z
)
exp

[
−
( nπ
2H

)2
cvt

]
, (1.27)

where Bn is a yet to be determined constant. Using our initial condition defined by Equation (1.20)

allows us to write

pf,e,0(z) =

∞∑
n=1

Bn sin
( nπ
2H

z
)
. (1.28)

This is a Fourier sine series, which when multiplied by sin(nπz/2H) allows us to solve for Bn using

the orthogonality relation of two sinusoidal waves over the period 2H as

Bn =
1

H

2H∫
0

pf,e,0(z) sin
( nπ
2H

z
)
dz . (1.29)

Substitution of this result back into Equation (1.27) gives

pf,e(z, t) =

∞∑
n=1

 1

H

2H∫
0

pf,e,0(z) sin
( nπ
2H

z
)
dz

 sin
( nπ
2H

z
)
exp

[
−(nπ)2

4
T

]
, (1.30)
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where T = cvt/H is the dimensionless time factor. Consider now the case where the initial excess

pore fluid pressure is constant, i.e. pf,e,0(z) = tσ. Then we may solve for Bn by integrating

Equation (1.29) directly as

Bn =
1

H

2H∫
0

tσ sin
( nπ
2H

z
)
dz =

2tσ

nπ
(1− cos(nπ)) , (1.31)

which gives

pf,e(z, t) =
∞∑
n=1

2tσ

M
sin

(
M

H
z

)
exp

[
−M2T

]
, (1.32)

where M = nπ/2.

1.2.3 Comparison of linear viscoelasticity and poroelasticity in 1-D at small strain

We now compare the one-dimensional, uniaxial strain, unidirectional flow poroelastic response

to the creep viscoelastic response, where both models are subject to a Heaviside step function

application of boundary traction, which results in a constant initial stress with distance if we

ignore gravitational effects. Figure 1.5 shows that for the shorter column, the relaxation times

between the viscoelastic and poroelastic models are identical. For the taller column, the relaxation

time for the viscoelastic model is identical to that of the shorter column. However, the relaxation

time is significantly increased for the poroelastic model. This is because the direct consideration

of the pore fluid means that the solid skeleton must displace said fluid before reaching steady-state

displacement.

In the context of lung deformations, this is an important distinction to make because a simple

difference in geometry leads to drastically different deformation processes. One might consider

designing a lung deformation model to quantify injury metrics and parameterize design of PPE

based on the results of the numerical model in an effort to better protect the soldier in the field.

However, if a viscoelastic model is assumed outright, then, depending on size of lungs (e.g., between

biological male and biological female soldiers) assumed in the model, the ensuing PPE design may

prove to be inadequate as lung injury is coupled to (violent) deformations Fung [1990].
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Figure 1.3: The applied Heaviside step function that is applied to the top of the column.

Figure 1.4: Schematic of the columns used for this thought experiment. The cross-sectional areas
are identical between both, but the second column is double the height of the first.
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Figure 1.5: Comparison for lung parenchyma with initial applied stress tσ = 10 Pa.
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1.3 Objectives

The goal of the present work is to demonstrate the efficacy of a poro-elasto-dynamic model

where the subsequent geometry is subjected high strain-rate loadings that mimic shock waves

occurring from blast, or shock-tube testing in a lab. This model will be contrasted against a single-

phase model to demonstrate how the latter cannot simulate the realistic physics that occur for a

porous medium. The work is outlined as follows.

In Chapter 2 we introduce TPM and provide definitions for important concepts, such as

volume fraction. Following this, the balance laws are either stated, or derived, for each phase

and, when appropriate, the mixture as a whole. Chapter 3 continues with the development of

a complete, thermodynamically consistent model from which all subsequent numerical modeling

approaches then follow. We discuss different assumptions to the physical model, and how said

assumptions impact the physics. Chapter 3 concludes with a brief discussion of a damage model

for the solid constituent, which was not implemented in the present work and will be developed as

part of future work.

Chapter 4 then follows with a presentation of the variational and weakened forms of the

different physics models implemented into the numerical code, SPONGE-1D. For each physical for-

mulation, we present the time-discretized forms of the spatially-discretized governing equations in

great detail, with associated derivations covered in the Appendix. The chapter concludes with a

brief discussion of various numerical stabilization approaches that were pursued in this thesis and

which are implemented into SPONGE-1D.

Chapter 5 presents the results of all numerical simulations, beginning with verification exam-

ples to demonstrate the robustness of the code and the numerical approach discussed in Chapter 4.

Then, we provide examples pertaining to the numerical stabilization techniques, and how different

parameters thereof may alter the resulting kinematics. The bulk of the chapter is dedicated to the

numerical results from simulating lung parenchyma undergoing high strain-rate loadings. Therein,

we showcase different finite element types, constitutive limitations, sensitivity studies for the pore
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fluid & porous material parameters, and the comparison between the single-phase model developed

by Clayton and Freed [2019a], Clayton et al. [2021] and the multiphase model developed for this

thesis. We finish with a brief discussion of preliminary results pertaining to thermo-mechanical

coupling for the multiphase model.



Chapter 2

Theory of Porous Media

An extensive background of mixture theory for porous media is provided by Bowen [1971, 1976,

1980, 1982], Coussy [2004], de Boer [2005] and Ehlers [2002]. We will follow the notation of Holzapfel

[2000] (for solid mechanics) and de Boer [2005] in our presentation of the governing equations and

constitutive relations.

2.1 Concept of volume fractions

We assume that the porous solid continuum body constitutes a control space B (current configura-

tion of the solid skeleton) and that only liquids or gases in the pores can leave this control space.

Rather than modeling the exact microstructure of the porous solid, we assume that the pores are

modeled in a statistical sense such that their specific locations are arbitrary. This concept of volume

fraction is illustrated in Figure 2.1(a). The volume fractions nα are defined such that they relate the

“real” differential volumes dvα of each constituent φα (or phase, α) to the smeared (homogenized),

total differential volume dv, i.e.,

nα(x, t) =
dvα(x, t)

dv(x, t)
, (2.1)

where x is the position vector in the current configuration B (see Figure 2.1(b)), and t is current

time. Thus, for any mixture, the constituents φα occupying some control volume dv in the control

space B must satisfy

∑
α

nα(x, t) = 1 ,
∑
α

dvα(x, t) = dv(x, t) . (2.2)
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We furthermore assume that the constituents are immiscible (following the principle of phase sep-

aration [Ehlers, 2002], see also Section 3.1.1) such that we can relate the partial mass density ρα,

that is, the mass density of φα occupying the total differential volume dv containing multiple con-

stituents, to the real mass density ραR, the mass density of φα occupying the differential volume

dvα containing only φα, as follows:

mα(x, t) =

∫
Bα

ραR(x, t)dvα(x, t) =

∫
B
ραR(x, t)nα(x, t)dv(x, t) =

∫
B
ρα(x, t)dv(x, t) , (2.3)

where mα is the mass of φα in the control space B. Hereafter we assume that variables written in

the current configuration B are dependent on position x at time t so as to simplify the notation.

Similarly, variables written in the reference configuration B0 are dependent on position X at time

t.

2.2 Kinematics

The kinematics of a biphasic solid-fluid mixture theory (α = s, f, and f is either a liquid or

a gas, and cannot be decomposed into both as is common in triphasic solid-liquid-gas mixture

theory, see, e.g., de Boer [2005]), are shown in Figure 2.1. The vector x is the spatial position

vector which is occupied by both constituent material points Xs and Xf of the mixture such that

x = χf(X f , t) = χs(Xs, t), where the material point of the solid constituent is mapped from the

reference position Xs to the current position x through mapping χs. The inverse map is defined as

Xα = χ−1
α (x, t), assuming smoothly differentiable fields. The deformation gradient and its inverse

are defined as follows (assuming Cartesian coordinates):

F α =
∂χα

∂Xα
, F−1

α =
∂Xα

∂x
,

FiI(α) =
∂χi(α)

∂XI(α)
, F−1

Ii(α) =
∂XI(α)

∂xi
.

(2.4)

The differential volumes dV f and dV s in their respective reference configurations Bf0 and

Bs0 both map to the same differential volume dv in the current configuration Bt through their
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(a) (b)

Figure 2.1: (a) Concept of volume fraction for biphasic (solid(s)-fluid(f)) mixture theory, showing
solid skeleton composed of alveolar tissue. Note that in the theory of porous media, it is assumed
that the control space is that of the solid phase B ..= Bs, also known as “solid skeleton.” (b)
Kinematics of a biphasic (solid-fluid) mixture theory.

deformation gradients F f and F s. The Jacobian of deformation for both constituents is defined as

follows:

Js = detF s > 0; Jf = detF f > 0 ,

dv = JsdVs = JfdVf ,

dvα = nαdv = nαJαdVα ,

dVf ⊂ Bf0, dVs ⊂ Bs0 .

(2.5)

We will convert all material time derivatives with respect to the solid (s) constituent motion (equiv-

alently, the solid skeleton motion; see note in Figure 2.1(a) for details) such that for φα the material



23

time derivative is

Dα
t (□) =

Dα (□)

Dt
=

Ds (□)

Dt
+
∂(□)

∂x
· ṽα ,

ṽα = vα − vs ,

Ds
t(□) =

Ds (□)

Dt
=

∂(□)

∂t
+
∂(□)

∂x
· vs ,

(2.6)

where ṽα is the relative velocity vector of φα with respect to the solid (s) constituent motion.

2.3 Balance of Mass

The total mass of a φα in the current configuration B can be written as

mα =

∫
B

ραdv =

∫
B0

ραJαdVα . (2.7)

After taking the material time derivative of mα with respect to the motion of φα, the balance of

mass of φα can be written as

Dα
t mα =

∫
B

(Dα
t ρ

α + ρα div vα) dv =

∫
B

ρ̂αdv , (2.8)

where ρ̂α is the mass supply of φα per unit total current volume. The local form of Equation (2.8)

is, upon dividing by ραR,

Dα
t n

α +
nα

ραR
Dα

t ρ
αR + nα div vα =

ρ̂α

ραR
. (2.9)

We assume that there is no supply of solid mass to the solid (s) constituent such that ρ̂s → 0, and

that the solid (s) constituent of the soft porous material (solid skeleton wall material) is incom-

pressible. If we allowed thermal compressibility under the assumption of locally inhomogeneous

temperatures (θs ̸= θf), i.e.,

ρsR = ρsR(θs) ⇒ Ds
tρ

sR =
∂ρsR

∂θs
Ds

tθ
s , (2.10)

wherein we might use the constitutive relation developed by Lu and Pister [1975]:

ρsR(θs) = ρsR0 exp
[
− αs

V ∆θ
s
]
, (2.11)
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where αs
V is the volumetric CTE of the solid (s) constituent and ∆θs ..= θs − θs0, with θs0 being the

prescribed initial temperature of the solid (s) constituent. This would potentially be inconsistent

with the mechanically incompressible assumption: at the microscopic level, heat is the movement

of individual atoms, and thus a paradox is formed. For the small Grüneisen parameter of the

solid lung tissue used in this thesis, only large changes in temperature of the solid lung tissue,

beyond what one would expect resulting from a shock loading, would affect volume change of the

solid lung tissue. For further reading on a mechancially incompressible and thermally compressible

constituent, refer to Ghadiani [2005], Koch [2016], Ehlers and Häberle [2016], Sweidan et al. [2020],

Vujosevic and Lubarda [2002].

Following this, we may proceed with constitutive assumptions for the internal energy function

of the fluid phase: either it produces a pressure that depends only on its real mass density, i.e.,

pf = pf(ρ
fR) (barotropic), or it produces a pressure that depends on both its real mass density

and entropy per unit mass ηf , i.e., pf = pf(ρ
fR, ηf) (baroclinic) in the case of adiabatic conditions,

or it produces a pressure that depends on both its real mass density and temperature θf , i.e.,

pf = pf(ρ
fR, θf), which is the preferred form for non-adiabatic conditions. Denoting the isentropic

bulk modulus of the pore fluid Kη
f , isothermal bulk modulus of the pore fluid Kθ

f , the Grüneisen

parameter of the pore fluid γf and specific heat of the pore fluid cfV ,

Kη
f

..= ρfR
∂pf
∂ρfR

∣∣∣
ηf
, Kθ

f
..= ρfR

∂pf
∂ρfR

∣∣∣
θf
, γf ..=

1

ρfRθf
∂pf
∂ηf

∣∣∣
ρfR
, cfV

..=
1

ρfRγf
∂pf
∂θf

∣∣∣
ρfR

. (2.12)

The barotropic pore fluid. Suppose that pore fluid pressure is defined as pf(v
f) where vf is

the specific volume of the pore fluid, then,

Df
tpf =

∂pf
∂vf

∣∣∣
ηf
Df

tv
f . (2.13)

Then, using the definition given by Equation (2.12)1,

Df
tpf =

Kη
f

ρfR
Df

tρ
fR . (2.14)

Next, as we express the balance of mass for both constituents (solid and fluid) individually, the

incompressibility assumption (Dα
t ρ

αR → 0) is used for the solid phase in Equation (2.9) for α =
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s and Equation (2.14) is used in Equation (2.9) for α = f. Adding these two equations together

using the relationship between volume fractions nf = 1− ns, the combined balance of mass of the

mixture becomes

nf

Kη
f

Ds
tpf + div vs +

1

Kη
f

grad(pf) · (nf ṽf) + div(nf ṽf) =
ρ̂f

ρfR
. (2.15)

We can map (2.15) back to the reference configuration of the solid skeleton B0 = Bs0, i.e.,

Jsn
f

Kη
f

Ds
tpf +Ds

tJs +
Js
Kη

f

GRADs(pf) · F−1
s · (nf ṽf) + JsGRADs(n

f ṽf)
.. F−T

s =
Jsρ̂

f

ρfR
, (2.16)

where subscript or superscript s implies with respect to the motion of the solid skeleton.

The baroclinic pore fluid: locally inhomogeneous temperature regime. Suppose instead

pf(v
f , ηf), then

Df
tpf =

∂pf
∂vf

∣∣∣
ηf
Df

tv
f +

∂pf
∂ηf

∣∣∣
vf
Df

tη
f . (2.17)

Then, using the definitions given by Equation (2.12)1,3, we may write

Df
tpf =

Kη
f

ρfR
Df

tρ
fR + ρfRγfθfDf

tη
f . (2.18)

If instead pf(v
f , θf), then

Df
tpf =

∂pf
∂vf

∣∣∣
θf
Df

tv
f +

∂pf
∂θf

∣∣∣
vf
Df

tθ
f . (2.19)

Then, using the definitions given by Equation (2.12)2,4, we may write

Df
tpf =

Kθ
f

ρfR
Df

tρ
fR + ρfRγfcfVD

f
tθ

f . (2.20)

Given the prevalence of θf in the balance and constitutive equations when locally inhomogeneous

temperatures are considered, it is more convenient to work with Equation (2.20) than Equa-

tion (2.14), where the former follows from free energy formulations and the latter follows from

internal energy formulations.

Next, as we express the balance of mass for both constituents (solid and fluid) individually,

the incompressibility assumption is used for the solid phase in Equation (2.9) for α = s and
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Equation (2.20) is used in Equation (2.9) for α = f. Adding these two equations together using the

relationship between volume fractions nf = 1 − ns, the combined balance of mass of the mixture

becomes

−γ
fρfRcfV
Kθ

f

[
nfDs

tθ
f + grad(θf) · (nf ṽf)

]
+

nf

Kθ
f

Ds
tpf + div vs

+
1

Kθ
f

grad(pf) · (nf ṽf) + div(nf ṽf) =
ρ̂f

ρfR
. (2.21)

Using the definition of the volumetric coefficient of thermal expansion (CTE) of the pore fluid

αf
V

..=
γfρfRcfV
Kθ

f

;αf
V = 3αf , (2.22)

where αf is the linear CTE of the pore fluid, taken to be constant, we may write the balance of

mass of the mixture as

−αf
V

[
nfDs

tθ
f + grad(θf) · (nf ṽf)

]
+

nf

Kθ
f

Ds
tpf + div vs

+
1

Kθ
f

grad(pf) · (nf ṽf) + div(nf ṽf) =
ρ̂f

ρfR
. (2.23)

We can map (2.23) back to the reference configuration of the solid skeleton B0 = Bs0, which gives

−Jsαf
V

[
nfDs

tθ
f +GRADs(θ

f) · F−1
s · (nf ṽf)

]
+
Jsn

f

Kθ
f

Ds
tpf +Ds

tJs

+
Js

Kθ
f

GRADs(pf) · F−1
s · (nf ṽf) + JsGRADs(n

f ṽf)
.. F−T

s =
Jsρ̂

f

ρfR
, (2.24)

where subscript or superscript s implies with respect to the motion of the solid skeleton. For the

consitutive assumption of an ideal gas made later (refer to Section 3.3.2, paragraph The ideal gas

model), αf
V

..= 1/θf and Kθ
f

..= pf , thus Equation (2.24) may also be written as

−Js
θf
[
nfDs

tθ
f +GRADs(θ

f) · F−1
s · (nf ṽf)

]
+
Jsn

f

pf
Ds

tpf +Ds
tJs

+
Js
pf

GRADs(pf) · F−1
s · (nf ṽf) + JsGRADs(n

f ṽf)
.. F−T

s =
Jsρ̂

f

ρfR
. (2.25)

2.4 Balance of Momentum

The balance of linear momentum for φα is written as

Dα
t

∫
B

ραvαdv

 =

∫
B

ραbαdv +

∫
Γ

tα da+

∫
B

hαdv , (2.26)
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where Γ ..= ∂B. After carrying through the material time derivative (and applying the balance

of mass given by Equation (2.8)), applying the divergence theorem to the traction term tα, and

localizing the integral, we may write

divσα + ραbα + hα = ραaα + ρ̂αvα , (2.27)

where σα is the partial Cauchy stress, such that the total Cauchy stress σ = σs + σf , ρα is the

partial mass density (total mass density ρ = ρs + ρf), bα is the body force per unit mass on φα

(e.g., acceleration due to gravity such that bα = g), hα is the interaction body force from all other

constituents on φα, aα is the acceleration vector, and ρ̂αvα is the mass supply momentum (which

we typically assume is negligible). Usually, the interaction body forces between constituents are

due to drag and will sum to zero because they are equal and opposite. Thus, these forces do not

affect the mixture as a whole such that hs + hf = 0. Via the balance of angular momentum it can

be shown that the partial Cauchy stresses for each φα are symmetric, i.e., σα = (σα)T . Equation

(2.27) can be mapped back to the reference configuration of the solid skeleton for φα as

DIVsP
α
s + ρα0(s)b

α + Jsh
α = ρα0(s)aα + ρ̂α0(s)vα , (2.28)

where again, subscript s or (s) implies with respect to solid skeleton reference configuration, such

that ρα0(s) = Jsρ
α. From Equation (2.28) we can derive the balance of linear momentum equa-

tion for the biphasic mixture in the reference configuration Bs0 using the following equations and

assumptions:

(1) Total Cauchy stress, and first Piola stress with respect to Bs0:

σ = σs + σf , P s = P s
s + P f

s (2.29)

(2) Decomposition of the solid partial Cauchy stress into an extra stress, hereafter referred to

as the solid skeleton extra stress (or solid extra stress), and temperature-scaled pore fluid

pressure (justified in Chapter 3, see also Ehlers [2002])1 , and shock viscosity q (refer to

1 Note that the
θs

θf
pfn

s term that appears in Equation (2.30) necessitates an initial spatial homogeneity of both
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Section 4.4.1):

σs = σs
E −

(θs
θf
pfn

s + q
)
1 (2.30)

(3) Assume all mass supplies are negligible: ρ̂α = 0

(4) Assume body forces per unit mass are only due to gravity: bα = g, where g is the acceler-

ation vector of gravity.

We may then write the balance of linear momentum equation for the biphasic mixture in the

reference configuration Bs0 as

DIVsP s + ρ0(s)g = ρs0(s)as + ρf0(s)af ,

P s = P s
E(s) + P f

E(s) − JspfF−T
s

(θf
θs
ns + nf

)
− JsQF−T

s .

(2.31)

For the (u-pf) formulation, we will further assume that af ≈ as = a, which should be valid only for

slower dynamic loadings. With that assumption in mind, the pore fluid viscous stress tensor P f
E(s)

drops from Equation (2.31)2 because the constitutive law that defines it in Chapter 3 includes

spatial dependence on pore fluid velocity, which cannot be determined without a third governing

equation for the pore fluid displacement. Note that under the assumption of a nearly-inviscid pore

fluid (σf
E → 0) and locally homogeneous temperatures (θs = θf = θ), Equation (2.31)2 may be

rewritten as

P s = P s
E(s) − JspfF−T

s − JsQF−T
s . (2.32)

For brevity, the balance relations hereafter do not make explicit use of the shock viscosity Q, except

for the derivation of the balance of energy of a single phase material (or solid phase in biphasic

mixture theory) in Sections 4.1.2, 4.1.5, & 4.1.6, where it is included to account for dissipation of

energy.

constituent temperatures, θs0 and θf0, as well as initial spatial homogeneity of porosity nf
0. Otherwise, taking div(σs)

to evaluate the linear momentum balance of the solid phase results in grad(θs), grad(θf), grad(nf) terms, indicating
that the solid skeleton has an initial acceleration prior to any applied load. For the mixture linear momentum balance,
only initial spatial homogeneity of the constituent temperatures is required.



29

Balance of Linear Momentum of Pore Fluid. Equation (2.31)1 allows us to solve for the

displacement of the solid skeleton (the connective tissue network of the soft porous material), but

not for the displacement (or velocity) of the pore fluid (f) phase. Thus, we require an additional

governing equation, namely, the balance of linear momentum of the pore fluid (f) phase:

divσf + ρfbf + hf = ρfaf + ρ̂fvf . (2.33)

As motivated by satisfying the second law of thermodynamics in Clausius-Duhem form [Coussy,

2004, de Boer, 2005] (see also Chapter 3), the pore fluid interaction force can be decomposed as

follows:2

hf = hf
E +

θs

θf
pfgradn

f , (2.34)

where it may also be shown that (refer to Section 3.1.3)

hf
E =

(nf)2

k̂
ṽf , (2.35)

where k̂ is the hydraulic conductivity (a proportionality parameter in the Clausius-Duhem inequal-

ity, that may be a function of fluid volume fraction nf) and where it has been assumed that the solid

skeleton’s permeability is isotropic (refer to Equation (3.61)). Direct substitution of Equation (2.35)

into Equation (2.34), and Equation (2.34) into Equation (2.33) with

σf ..= σf
E − nfpf1 ; divσf = divσf

E − nfgradpf − pfgradnf , (2.36)

and assuming bf = bs = b = g and ρ̂f = 0, yields

ρfaf − divσf
E + nfgradpf + pfgrad(n

f)
(
1− θs

θf

)
+

(nf)2

k̂
(vf − vs)− ρfg = 0 . (2.37)

For a nearly-inviscid pore fluid and locally homogeneous temperatures, the balance of linear mo-

mentum of the pore fluid is written as

ρfaf + nfgradpf +
(nf)2

k̂
(vf − vs)− ρfg = 0 . (2.38)

2 Note that this form of hf necessitates initial phase temperatures that are in equilibrium with one another.
Otherwise, Equation (2.37) does not hold for an initial heterogeneous porosity.
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We can map both equations to the reference configuration Bs0 and write them as

ρf0(s)af −DIVsP
f
E(s) + Jsn

f GRADs pf · F−1
s + Jspf GRADs(n

f)
(
1− θs

θf

)
· F−1

s

+
Js(n

f)2

k̂
(vf − vs)− ρf0(s)g = 0 (2.39)

for the case of viscous pore fluid and locally inhomogeneous temperatures and

ρf0(s)af + Jsn
f GRADs pf · F−1

s +
Js(n

f)2

k̂
(vf − vs)− ρf0(s)g = 0 (2.40)

for the case of nearly-inviscid pore fluid and locally homogeneous temperatures.

Now we have three coupled governing equations that describe the kinematics of the biphasic

mixture which we can use to solve for three unknown “fields” (solution variables): Cauchy pore fluid

pressure pf , solid skeleton displacement u (dropping subscript s), and pore fluid displacement uf ,

respectively. For locally homogeneous temperatures, these three coupled governing equations are

commonly referred to as the (u-uf -pf) formulation. In the (u-pf) formulation, we assume that the

acceleration of the pore fluid (f) constituent is approximately equal to the acceleration of the solid

skeleton, i.e. af ≈ as = a; thus, we do not need to solve Equation (2.40). We employ variational

forms of these equations in the total Lagrangian finite element formulation in Chapter 4.

To describe the evolution of phase entropies and temperature(s), additional governing equa-

tions are required, irrespective of whether or not thermo-mechanical coupling and/or locally ho-

mogeneous temperatures are assumed. The governing equations that describe the thermodynamics

will end up being the balance of energy of each phase. However, constitutive relations must be

determined prior. The process for determining constitutive equations is outlined in the next three

sections, and in more detail in Chapter 3.

2.5 Balance of Energy

The first law of thermodynamics provides the balance of energy for the mixture as a whole, and

can be written in the current configuration B for φα as

Dα
t [Kα(t) + Eα(t)] = Pα

ext(t) +Qα(t) + Ēα(t) , (2.41)
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where the kinetic energy is defined as

Kα(t) =

∫
B

1

2
ραvα · vαdv , (2.42)

the internal energy is defined as

Pα
int(t) = Dα

t E
α(t) = Dα

t

∫
B

ραeα(x, t)dv , (2.43)

and where the eα is the internal energy per unit mass (referred to as εα in Bowen [1976], de Boer

[2005]). The external work on φα is defined as

Pα
ext(t) =

∫
Γ

tα · vαda+

∫
B

ραbα · vαdv , (2.44)

where tα = n · σα. The rate of thermal work (thermal power) acting on an individual constituent

as

Qα(t) = −
∫
Γ

qα · nda+
∫
B

ραrαdv , (2.45)

where for φα, qα is the heat flux vector, rα is the heat input rate per unit mass. Lastly, the power

supply to φα by other phases is defined as

Ēα(t) =

∫
B

êαdv =

∫
B

(
ε̂α + hα · vα + ρ̂α

[
eα +

1

2
vα · vα

])
dv , (2.46)

where ε̂α is “local interaction” [Bowen, 1976] for energy supply to φα from other phases and êα

is the total power density (per unit volume) supply to φα by other phases. Combining the above

energy terms, Equations (2.42)–(2.46), the first law of thermodynamics may be written as follows:

Dα
t

∫
B

(
1

2
ραvα · vα + ραeα

)
dv =

∫
Γ

tα · vαda+

∫
B

ραbα · vαdv

−
∫
Γ

qα · nda+
∫
B

(ραrα + êα)dv . (2.47)

Start by applying the material time derivative: switch to reference configuration Bα0 .

Dα
t

∫
B

(1
2
ραvα · vα + ραeα

)
dv = Dα

t

∫
Bα
0

(1
2
ραvα · vα + ραeα

)
JαdVα (2.48)
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Carry out material time derivative in reference configuration Bα0 .

Dα
t

∫
Bα
0

(1
2
ραvα · vα + ραeα

)
JαdVα =

∫
Bα
0

([
Dα

t vα · vα +Dα
t e

α
]
(ραJα)

+
[1
2
vα · vα + eα

][
Dα

t ρ
αJα + ραDα

t Jα

])
dVα (2.49)

The first term in first set of brackets [ ] on r.h.s. of Equation (2.49) is acceleration of φα, i.e.,

Dα
t vα

..= aα . (2.50)

Thus the first set of brackets [ ] on r.h.s. Equation (2.49) of may be written as[
Dα

t vα · vα +Dα
t e

α
]
(ραJα) =

[
aα · vα +Dα

t e
α
]
(ραJα) . (2.51)

The first term in the third set of brackets [ ] on r.h.s. of Equation (2.49) is evaluated from balance

of mass, i.e.,

Dα
t ρ

α = ρ̂α − ρα div vα . (2.52)

The second term in third set of brackets [ ] on r.h.s. of Equation (2.49) is evaluated from the

continuity equation, i.e.,

Dα
t Jα = Jα div vα . (2.53)

Thus the third set of brackets [ ] on r.h.s. of Equation (2.49) may be written as[1
2
vα · vα + eα

][
Dα

t ρ
αJα + ραDα

t Jα

]
= ρ̂α

[1
2
vα · vα + eα

]
Jα . (2.54)

Rewriting the material time derivative of total internal energy in current configuration, such that

JαdVα → dv,

Dα
t

∫
B

(
1

2
ραvα · vα + ραeα

)
dv =

∫
B

(
ραaα · vα + ραDα

t e
α + ρ̂α

[
eα +

1

2
vα · vα

])
dv . (2.55)

Next, apply divergence theorem to the boundary terms (external work via traction, rate of thermal

work via heat flux): ∫
Γ

tα · vαda =

∫
B

div(σα · vα)dv ,

∫
Γ

qα · nda =

∫
B

div qαdv .

(2.56)
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Expand divergence on Cauchy stress & velocity:

div(σα · vα) = div(σα) · vα + σα .. lα , (2.57)

where lα is the velocity gradient. Next, apply localization theorem such that the energy balance

for φα is written as

ραaα · vα + ραDα
t e

α + ρ̂α
(
eα +

1

2
vα · vα

)
= div(σα) · vα + σα .. lα + ραbα · vα

−div qα + ραrα + êα . (2.58)

Third term on r.h.s. of Equation (2.58) can be rewritten by substituting balance of momentum,

i.e.,

ραbα = ραaα + ρ̂αvα − divσα − hα . (2.59)

Substitute into Equation (2.58):

ραaα · vα + ραDα
t e

α + ρ̂α
(
eα +

1

2
vα · vα

)
= div(σα) · vα + σα .. lα

+(ραaα + ρ̂αvα − divσα − hα) · vα − div qα + ραrα + êα . (2.60)

The acceleration terms, divergence on partial Cauchy stress terms cancel, leaving

ραDα
t e

α = σα .. lα − div qα + ραrα + êα + ρ̂α
(1
2
vα · vα − eα

)
− hα · vα . (2.61)

Note that this is equivalent to the derivation provided by Bowen [1976] if one substitutes the

definition of the total power density supply given by Equation (2.46), such that

ραDα
t e

α = σα .. lα − div qα + ραrα + ε̂α . (2.62)

2.6 Balance of Entropy

Deriving an entropy balance for the mixture as a whole is preferred to deriving one for individual

constituents given that the latter can lead to incomplete constitutive relations [de Boer, 2005], i.e.,

∑
α

Γα(t) ≥ 0 , (2.63)



34

wherein,

Γα(t) = Dα
t H

α(t)− Q̃α(t) . (2.64)

Thus, the balance of entropy can be written in the current configuration B as

∑
α

Dα
t H

α(t) ≥
∑
α

Q̃α(t) , (2.65)

where the total internal entropy of φα is

Hα(t) =

∫
B

ραηαdv , (2.66)

and the rate of total entropy input for φα is

Q̃α(t) =

∫
B

1

θα
ραrαdv −

∫
Γ

1

θα
qα · nda . (2.67)

Start by applying the material time derivative: switch to reference configuration Bα0 :

Dα
t

∫
B

ραηαdv = Dα
t

∫
Bα
0

ραηαJαdVα . (2.68)

Carry out material time derivative in reference configuration Bα0 :

Dα
t

∫
Bα
0

ραηαJαdVα =

∫
Bα
0

(
(ηαJα)D

α
t ρ

α + (ραJα)D
α
t η

α + (ραηα)Dα
t Jα

)
dVα . (2.69)

The first and last terms are simplified using mass balance and continuity equation, per Equa-

tions (2.52) and (2.53), respectively, such that

Dα
t

∫
Bα
0

ραηαJαdVα =

∫
Bα
0

(
ηαJαρ̂

α + (ραJα)D
α
t η

α
)
dVα . (2.70)

Rewrite the material time derivative of total internal entropy in current configuration, such that

JαdVα → dv:

Dα
t

∫
B

ραηαdv =

∫
B

(
ηαρ̂α + ραDα

t η
α
)
dv . (2.71)
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Apply divergence theorem to the heat flux term in rate of entropy input, Equation (2.67):∫
Γ

1

θα
qα · nda =

∫
B

div
( 1

θα
qα
)
dv . (2.72)

Next, apply localization theorem, such that entropy balance is written as∑
α

(
ρ̂αηα + ραDα

t η
α − 1

θα
ραrα + div

[ 1

θα
qα
])
≥ 0 . (2.73)

2.7 Dissipation Inequality

In order to produce constitutive relations that adhere to the thermodynamic principles laid out

by Truesdell and Toupin [1960] and Coleman and Noll [1963], the second and first laws will be

combined to form the dissipation inequality, i.e., the Clausius-Duhem inequality. Introduce the

Helmholtz free energy potential

ψα = eα − θαηα , (2.74)

and substitute it into the first law, Equation (2.61), such that

ραDα
t

(
ψα + θαηα

)
= σα .. lα − div qα + ραrα + êα + ρ̂α

(1
2
vα · vα − eα

)
− hα · vα . (2.75)

Next, isolate the material time derivative on the phase entropy:

ραDα
t η

α =
1

θα

(
− ρα

[
Dα

t ψ
α + ηαDα

t θ
α
]
+ σα .. lα − div qα + ραrα + êα

+ρ̂α
[1
2
vα · vα − eα

]
− hα · vα

)
. (2.76)

Substitute this into the entropy balance, Equation (2.73), such that∑
α

1

θα

(
ρ̂αθαηα − ρα

[
Dα

t ψ
α + ηαDα

t θ
α
]
+ σα .. lα − div qα + ραrα + êα

+ρ̂α
[1
2
vα · vα − eα

]
− hα · vα − ραrα + θα div

[ 1

θα
qα
])
≥ 0 . (2.77)

Recognize that heat source/sink terms cancel, such that the total dissipation inequality may be

written as∑
α

1

θα

(
ρα
[
Dα

t ψ
α + ηαDα

t θ
α
]
− σα .. lα − êα + ρ̂α

[
ψα − 1

2
vα · vα

]
+ hα · vα

+
1

θα
grad(θα) · qα

)
≥ 0 . (2.78)
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Given the summation over the mixture, iff θα = θ, i.e., locally homogeneous temperatures, could

we write

∑
α

(
ρα
[
Dα

t ψ
α + ηαDα

t θ
α
]
− σα .. lα + ρ̂α

[
ψα − 1

2
vα · vα

]
+ hα · vα +

1

θ
grad(θ) · qα

)
≥ 0 , (2.79)

where by definition the power density supply terms have cancelled with one another, and a consti-

tutive relation for the local energy interaction term ε̂α is not needed.

If we näıvely multiply both sides of Equation (2.78) by phase temperature under the (ad-

mittedly reasonable) assumption that temperature, being a positive quantity, would not change

the sign of the dissipation inequality, then, when carrying out the summation of the dissipation

inequality over constituents α = s, f, the power density supply terms would cancel. The issue with

such a scenario is that if we were to solve the energy balance later, Equation (2.62), for any one

phase, the local energy interaction term would not have been able to be defined constitutively via

the dissipation inequality. This is also the difficulty that arises when supposing that the second

law need only be satisfied for an individual constituent, i.e., we might have written the dissipation

inequality as

ρα
[
Dα

t ψ
α + ηαDα

t θ
α
]
− σα .. lα − êα + ρ̂α

[
ψα − 1

2
vα · vα

]
+ hα · vα +

1

θα
grad(θ)α · qα ≥ 0 ,

(2.80)

where the power density supply terms êα (including its expanded form above, given by the two terms

following êα in Equation (2.80)) would cancel with one another when summing Equation (2.80)

because they are not temperature-scaled as in Equation (2.78).



Chapter 3

Constitutive Theory

This chapter provides the foundational basis for the constitutive models used in Chapters 4

and 5. Said models are derived in a thermodynamically consistent manner, i.e., they do not violate

the second law of thermodynamics. As such, we proceed directly from the second law to derive the

constitutive models relating stresses to deformations, pressures to densities, etc.

3.1 Locally inhomogeneous temperature model

Herein we assume that constituent temperatures may vary, i.e., θs ̸= θf . It is convenient not

to assume anything about the form of an effective stress principle a priori (see, e.g., Biot and

Wills [1957] for background on an effective stress principle), as this makes the determination of

constitutive relations of the unknown variables difficult. We may begin by assuming that

ρ̂s = ρ̂f = 0 . (3.1)

Using this, we may write the Clausius-Duhem inequality for the mixture as

1

θs

(
ρs
[
Ds

tψ
s + ηsDs

tθ
s
]
− σs .. ls − ês + hs · vs +

1

θs
grad(θs) · qs

)
+

1

θf

(
ρf
[
Df

tψ
f + ηfDf

tθ
f
]
− σf .. lf − êf + hf · vf +

1

θf
grad(θf) · qf

)
≥ 0 . (3.2)

Next, multiply through by solid (s) phase temperature, i.e.,(
ρsDs

tψ
s +

θs

θf
ρfDf

tψ
f
)
+
(
ρsηsDs

tθ
s +

θs

θf
ρfηfDf

tθ
f
)
−
(
σs .. ls +

θs

θf
σf .. lf

)
−
(
ês +

θs

θf
êf
)
+
(
hs · vs +

θs

θf
hf · vf

)
+
( 1

θs
grad(θs) · qs + θs

(θf)2
grad(θf) · qf

)
≥ 0 . (3.3)
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From Equation (3.1), the power density supply terms simplify to

ês = ε̂s + hs · vs ,

êf = ε̂f + hf · vf .

(3.4)

By definition, for a closed system, i.e., without supply from an external source,

∑
α

γ̂α = 0,
∑
α

hα = 0,
∑
α

êα = 0 , (3.5)

and thus the solid power density supply, Equation (3.4)1, may be written as

ês = −êf = −(ε̂f + hf · vf) , (3.6)

such that the power density supply terms in Equation (3.3) sum to

ês +
θs

θf
êf = ε̂f

(θs
θf
− 1
)
+ hf · vf

(θs
θf
− 1
)
. (3.7)

From Equation (3.5)2, the interphase power terms in Equation (3.3) simplify to

hs · vs +
θs

θf
hf · vf = −hf · vs +

θs

θf
hf · vf = hf · ṽf + hf · vf

(θs
θf
− 1
)
. (3.8)

Substitution of Equations (3.7) & (3.8) into Equation (3.3) gives(
ρsDs

tψ
s +

θs

θf
ρfDf

tψ
f
)
+
(
ρsηsDs

tθ
s +

θs

θf
ρfηfDf

tθ
f
)
−
(
σs .. ls +

θs

θf
σf .. lf

)
−
(
ε̂f
[θs
θf
− 1
]
+ hf · vf

[θs
θf
− 1
])

+
(
hf · ṽf + hf · vf

[θs
θf
− 1
])

+
( 1

θs
grad(θs) · qs + θs

(θf)2
grad(θf) · qf

)
≥ 0 , (3.9)

or, noting cancellation of the fluid interphase power terms,(
ρsDs

tψ
s +

θs

θf
ρfDf

tψ
f
)
+
(
ρsηsDs

tθ
s +

θs

θf
ρfηfDf

tθ
f
)
−
(
σs .. ls +

θs

θf
σf .. lf

)
−ε̂f

(θs
θf
− 1
)
+ hf · ṽf +

( 1

θs
grad(θs) · qs + θs

(θf)2
grad(θf) · qf

)
≥ 0 . (3.10)

Following the approach of de Boer [2005], Ehlers [2002], we introduce the saturation constraint to

the Clausius-Duhem inequality given by Equation (3.10), namely,

ns + nf = 1, Ds
tn

s +Ds
tn

f = 0 , (3.11)
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which we can also express as

Ds
tn

s +Df
tn

f − grad(nf) · ṽf = 0 . (3.12)

Utilization of the balance of mass,

nα

ραR
Dα

t ρ
αR +Dα

t n
α + nα div vα =

ρ̂α

ραR
, (3.13)

of each constituent (s) and (f) with assumption of negligible mass supplies and incompressible solid

constituent, allows us to write the saturation constraint as

ns div vs +
nf

ρfR
Df

tρ
fR + nf div vf + grad(nf) · ṽf = 0 . (3.14)

The saturation constraint may be added to the Clausius-Duhem inequality, Equation (3.10), with

the introduction of a Lagrange multiplier Λ (which we will soon identify as temperature-scaled

excess pore fluid pressure):

Λ
(
nsds

.. 1+
nf

ρfR
Df

tρ
fR + nfdf

.. 1+ grad(nf) · ṽf

)
= 0 . (3.15)

Noting symmetry of the partial Cauchy stress tensors, i.e., σα = (σα)T , we may rewrite the

Clausius-Duhem inequality as(
ρsDs

tψ
s +

θs

θf
ρfDf

tψ
f
)
+
(
ρsηsDs

tθ
s +

θs

θf
ρfηfDf

tθ
f
)
−
(
σs .. ds +

θs

θf
σf .. df

)
−ε̂f

(θs
θf
− 1
)
+ hf · ṽf +

( 1

θs
grad(θs) · qs + θs

(θf)2
grad(θf) · qf

)
−Λ
(
nsds

.. 1+
nf

ρfR
Df

tρ
fR + nfdf

.. 1+ grad(nf) · ṽf

)
≥ 0 . (3.16)

Next, combine like terms, such that(
ρsDs

tψ
s +

θs

θf
ρfDf

tψ
f
)
+
(
ρsηsDs

tθ
s +

θs

θf
ρfηfDf

tθ
f
)

−
([

σs + Λns1
] .. ds +

[θs
θf
σf + Λnf1

]
.. df

)
+(hf − Λgradnf) · ṽf − Λ

nf

ρfR
Df

tρ
fR

−ε̂f
(θs
θf
− 1
)
+
( 1

θs
grad(θs) · qs + θs

(θf)2
grad(θf) · qf

)
≥ 0 . (3.17)
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Introduce the so-called “extra” terms (which we can define constitutive models for later):

σs
E = σs + (Λns + q)1 ,

σf
E = σf + Λ

θf

θs
nf1 ,

hf
E = hf − Λgradnf ,

(3.18)

where q is the shock viscosity (refer to Section 4.4.1) acting on the solid consituent, and substitute

the extra terms back into Equation (3.17):(
ρsDs

tψ
s +

θs

θf
ρfDf

tψ
f
)
+
(
ρsηsD

s
tθ

s +
θs

θf
ρfηfDf

tθ
f
)
− σs

E
.. ds + q div vs −

θs

θf
σf
E
.. df

+hf
E · ṽf − Λ

nf

ρfR
Df

tρ
fR − ε̂f

(θs
θf
− 1
)
+
( 1

θs
grad(θs) · qs + θs

(θf)2
grad(θf) · qf

)
≥ 0 . (3.19)

3.1.1 Determination of the Helmholtz free energies

Discussion of how to formulate constitutive equations is discussed in detail in Coleman and

Noll [1963], Marsden and Hughes [1983], Truesdell [1984], and specifically for TPM in Truesdell

and Toupin [1960], Ehlers [2002], de Boer [2005]. Following the approach of Ghadiani [2005] (see

also de Boer [2005]), the following response functions R must be determined:

R ..=
{
ψs, ψf ,σs

E , q,σ
f
E ,h

f
E , ε̂

f , qs, qf
}

(3.20)

which depend on a set S of variables, i.e.,

R ..= R(S) , (3.21)

where S is a subset of the fundamental constitutive variables V for a biphasic continuum with an

elastic solid constituent, i.e.,

V ..=
{
θα, gradθα, nf , gradnf , ραR, gradραR,F α,GRADα F α, div vs,vf ,GRADf vf ,Xα

}
. (3.22)

For an isotropic pore fluid, it can be shown [Cross, 1973] that the deformation gradient F f is

a function of det(F f), which can in turn be determined through porosity nf and real fluid mass

density ρfR in the absence of fluid mass supply ρ̂f . Using the principle of frame indifference, we may
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also substitute the pore fluid velocity vf by the seepage velocity ṽf . The solid pore fluid velocity

gradient GRADf vf may also substituted by the deformation rate tensor df .

From the balance of mass for the incompressible solid constituent with no mass supply,

Ds
tn

s + ns div vs = 0 . (3.23)

Using continuity equation

Ds
tJs = Js div vs , (3.24)

we may write Equation (3.23) as

Ds
tn

s = −n
s

Js
Ds

tJs →
1

ns
Ds

tn
s = − 1

Js
Ds

tJs . (3.25)

Integration of Equation (3.25) yields the useful relation

ns =
ns0(s)

Js
=

ns0(s)

det(F s)
, (3.26)

and thus the real mass density of the solid constituent and its gradient, and porosity and its

gradient, may be eliminated from the set of the response functions. Thus, the set of constitutive

variables pertaining to the problem at hand is

S =
{
θα, gradθα, ρfR, gradρfR,F s,GRADs F s, div vs, ṽf ,df

}
. (3.27)

Combining Equations (3.20), (3.21) and (3.27) gives

{
ψs, ψf ,σs

E , q,σ
f
E ,h

f
E , ε̂

f , qs, qf
}
= R(θα, gradθα, ρfR, gradρfR,F s,GRADs F s,div vs, ṽf ,df) .

(3.28)

Based on the principle of phase separation, that the Helmholtz free energy of φα should depend

only on the φα variables, we may write

ψs ..= ψs(θs, gradθs,Cs,GRADsCs,div vs) ,

ψf ..= ψf(θf , gradθf , ρfR, gradρfR, ṽf ,df) ,

(3.29)
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where we have used the right Cauchy-Green tensor Cs = F T
s F s in place of F s. The material time

derivatives of the Helmholtz free energy functions are

Ds
tψ

s =
∂ψs

∂θs
Ds

tθ
s +

∂ψs

∂(gradθs)
Ds

t(gradθ
s) +

∂ψs

∂Cs
Ds

tCs +
∂ψs

∂(GRADsCs)
Ds

t(GRADsCs)

+
∂ψs

∂(div vs)
Ds

t(div vs) , (3.30)

Df
tψ

f =
∂ψf

∂θf
Df

tθ
f +

∂ψf

∂(gradθf)
Df

t(gradθ
f) +

∂ψf

∂ρfR
Df

tρ
fR +

∂ψf

∂(gradρfR)
Df

t(gradρ
fR)

+
∂ψf

∂ṽf
Df

t ṽf +
∂ψf

∂df
Df

tdf . (3.31)

3.1.2 Evaluation of the Clausius-Duhem inequality

Returning our attention to Equation (3.19), we may substitute the material time derivatives

of the Helmholtz free energy functions, such that(
ρs
∂ψs

∂θs
+ ρsηs

)
Ds

tθ
s + ρs

∂ψs

∂(gradθs)
Ds

t(gradθ
s) +

(
ρs
∂ψs

∂Cs
Cs −

1

2Js
Ss

E(s)

)
.. Ds

tCs

+ρs
∂ψs

∂(GRADsCs)
Ds

t(GRADsCs) +
∂ψs

∂(div vs)
Ds

t(div vs) +
(θs
θf
ρf
∂ψf

∂θf
+
θs

θf
ρfηf

)
Df

tθ
f

+
θs

θf
ρf

∂ψf

∂(gradθf)
Df

t(gradθ
f) +

(θs
θf
ρf
∂ψf

∂ρfR
− Λ

nf

ρfR

)
Df

tρ
fR

+
θs

θf
ρf

∂ψf

∂(gradρfR)
Df

t(gradρ
fR) +

θs

θf
ρf
∂ψf

∂ṽf
Df

t ṽf +
∂ψf

∂df
Df

tdf + q1 .. ds

−θ
s

θf
σf
E
.. df − ε̂f

(θs
θf
− 1
)
+ hf

E · ṽf +
( 1

θs
grad(θs) · qs + θs

(θf)2
grad(θf) · qf

)
≥ 0 , (3.32)

where we have used the identities

Ds
tCs = 2F T

s dsF s, σs
E =

1

Js
F sS

s
E(s)F

T
s , (3.33)

to transform the solid extra stress to the reference configuration of the solid skeleton.

Using the Coleman and Noll [1963] argument, i.e., that the free parameters Ds
tθ

s, Ds
t(gradθ

s),

ls, D
s
t(GRADsCs), D

f
tθ

f , Df
t(gradθ

f), Df
tρ

fR, Df
t(gradρ

fR), div vs, ṽf and df maintain arbitrary
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values, the following constitutive relations must hold:(
ρs
∂ψs

∂θs
+ ρsηs

)
= 0 ⇒ ρs0(s)η

s = −
∂(ρs0(s)ψ

s)

∂θs
,

∂ψs

∂(gradθs)
= 0 ,(

ρs
∂ψs

∂Cs
Cs −

1

2Js
Ss

E(s)

)
= 0 ⇒ Ss

E(s) = 2
∂(ρs0(s)ψ

s)

∂Cs
,

∂ψs

∂(GRADsCs)
= 0 ,(θs

θf
ρf
∂ψf

∂θf
+
θs

θf
ρfηf

)
= 0 ⇒ ηf = −∂ψ

f

∂θf
,

∂ψf

∂(gradθf)
= 0 ,(θs

θf
ρf
∂ψf

∂ρfR
− Λ

nf

ρfR

)
= 0 ⇒ Λ =

θs

θf
(ρfR)2

∂ψf

∂ρfR
,

∂ψf

∂(gradρfR)
= 0 ,

∂ψf

∂ṽf
= 0 ,

∂ψf

∂df
= 0 ,

(3.34)

where the constitutive relations in Equations (3.34)1,3 have been transformed to the reference

configuration of the solid skeleton making use of∫
B

ρsDs
tψ

sdv =

∫
B0

ρsJsD
s
tψ

sdVs =

∫
B0

ρs0(s)D
s
tψ

sdVs , (3.35)

ρs0(s)D
s
tψ

s = Ds
t

(
ρs0(s)ψ

s
)
− ψsDs

tρ
s
0(s)

= Ds
t

(
ρs0(s)ψ

s
)
− ψs (JsD

s
tρ

s + ρsDs
tJs)

= Ds
t

(
ρs0(s)ψ

s
)
− ψsρ̂sJs ⇒ ρsDs

tψ
s =

1

Js
Ds

t

(
ρs0(s)ψ

s
)
. (3.36)

We also define the reduced dissipation inequality :

D ..=
θs

θf
σf
E
.. df − q div vs +

1

θf
ε̂f
(
θs − θf

)
− hf

E · ṽf −
1

θf

(θf
θs
grad(θs) · qs + θs

θf
grad(θf) · qf

)
≥ 0 .

(3.37)
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From Equation (3.34), we can deduce that the Helmholtz free energy functions simplify to:

ψs ..= ψs(θs,Cs) ,

ψf ..= ψf(θf , ρfR) .

(3.38)

Given the dependence of solid stress on the solid Helmholtz free energy, we must have

σs
E

..= σs
E(θ

s,Cs) , (3.39)

and analogously for the pore fluid,

Λ ..= Λ(θs, θf , ρfR) ,

ηf ..= ηf(θf , ρfR) .

(3.40)

Identification of the Lagrange multiplier. From thermodynamic principles (see, e.g., Davison

[2008]) for a compressible fluid with free energy as a function of specific volume vf and temperature

θf , we know that

∂ψf

∂vf
= −pf ⇒

∂ψf

∂ρfR
∂ρfR

∂vf
= −pf ⇒ (ρfR)2

∂ψf

∂ρfR
= pf , (3.41)

and therefore by using Equation (3.34)7, we see that

Λ =
θs

θf
pf , (3.42)

such that the partial Cauchy stresses for each constituent are defined as

σs = σs
E −

θs

θf
pfn

s1− q1 ,

σf = σf
E − pfnf1 ,

(3.43)

with

hf = hf
E +

θs

θf
pfgradn

f . (3.44)

3.1.3 Identifying constitutive relations

From Equation (3.37), we must find the following set of response functions for D:{
σf
E , q, ε̂

f ,hf
E , q

s, qf
}

..= Υ(S) , (3.45)
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where

S =
{
θs, gradθs, θf , gradθf , ρfR, gradρfR,Cs,GRADsCs,div vs, ṽf ,df

}
. (3.46)

In order to identify the form of the response functions as they relate to the set of constitutive

variables, we will expand D into equilibrium and non-equilibrium parts:

D = D0(S0) +Dn(S) , (3.47)

where

D0(S) = 0; D(S0) = 0 , (3.48)

and the initial state is at thermal and mechanical equilibrium, i.e.,

S0 = {θs = θ, gradθs = 0, θf = θ, gradθf = 0, ρfR = ρfR0 , gradρ
fR = 0,Cs = 1 ,

GRADsCs = 0,div vs = 0, ṽf = 0,df = 0} . (3.49)

Thus, it follows that the response functions satisfy

σf
E(S) = σf

En
(S) ,

q(S) = qn(S) ,

ε̂f(S) = ε̂fn(S) ,

hf
E(S) = hf

En
(S) ,

qs(S) = qsn(S) ,

qf(S) = qfn(S) .

(3.50)

Next, we make the following constitutive assumptions about the functional dependencies of the

response functions. The pore fluid extra stress σf
E is identified as the fluid frictional stress for

a single-phase fluid, and, assuming a Newtonian fluid law, it is directly related to the pore fluid

deformation rate tensor df . The strength of shock viscosity q is dependent upon the strength of

the solid velocity gradient along the direction of compression, i.e., via div vs. The heat fluxes qs

and qf are assumed to depend only on their own temperature gradients via Fourier’s law. Lastly,
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the interaction terms ε̂f and hf
E depend on the interaction variables (θs − θf) and ṽf , respectively.

Herein we have made the assumption that the local energy interaction term is a caloric variable

only, i.e., kinematical interaction is accounted for in the lumped interaction force term hf
E , and

vice versa. In other words,

σf
E

..= σf
E(df) ,

q ..= q(div vs) ,

ε̂f ..= ε̂f(θs, θf) ,

hf
E

..= hf
E(ṽf) ,

qs ..= qs(θs) ,

qf ..= qf(θf) ,

(3.51)

which leads to the following linearizations of the response functions using a Taylor series expansion

around S0 and neglecting higher order terms:

σf
En

(S) = σf
E0

+
∂σf

En

∂df

∣∣∣
S0

df ,

qn(S) = q0 +
∂qn

∂(div vs)

∣∣∣
S0

div vs ,

ε̂fn(S) = ε̂f0 +
∂ε̂fn
∂θs

∣∣∣
S0

(θs − θ) + ∂ε̂fn
∂θf

∣∣∣
S0

(θf − θ) ,

hf
En

(S) = hf
E0

+
∂hf

En

∂ṽf

∣∣∣
S0

ṽf ,

qsn(S) = qs0 +
∂qs

∂(gradθs)

∣∣∣
S0

gradθs ,

qfn(S) = qf0 +
∂qf

∂(gradθf)

∣∣∣
S0

gradθf .

(3.52)
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It is assumed that the initial values of the response functions are zero based on Equation (3.49),

such that the Taylor series expansion simplifies to

σf
En

(S) =
4
Zfdf ,

qn(S) = −C div vs ,

ε̂fn(S) = kεθs(θ
s − θ) + kεθf (θ

f − θ) ,

hf
En

(S) = −Swṽf ,

qsn(S) = −kθsgradθs ,

qfn(S) = −kθfgradθf ,

(3.53)

where we have defined

4
Zf

..=
∂σf

En

∂df

∣∣∣
S0

,

C ..= − ∂qn
∂(div vs)

∣∣∣
S0

,

kεθs
..=

∂ε̂fn
∂θs

∣∣∣
S0

,

kεθf
..=

∂ε̂fn
∂θf

∣∣∣
S0

,

Sw
..= −∂h

f
En

∂ṽf

∣∣∣
S0

,

kθs ..= − ∂qs

∂(gradθs)

∣∣∣
S0

,

kθf ..= − ∂qs

∂(gradθs)

∣∣∣
S0

.

(3.54)

Given that the caloric interaction defined by ε̂f is driven by a difference in temperature between θs

and θf , we must have

∂ε̂fn
∂θs

∣∣∣
S0

= −∂ε̂
f
n

∂θf

∣∣∣
S0

⇒ kεθs = −kεθf , (3.55)

and thus the reduced dissipation inequality, Equation (3.37), becomes

D =
θs

θf
(
4
Zfdf)

.. df − (−C div vs) div vs +
1

θf
kεθs(θ

s − θf)2 − (−Swṽf) · ṽf

− 1

θf

(θf
θs
grad(θs) · (−kθsgradθs) +

θs

θf
grad(θf) · (−kθfgradθf)

)
≥ 0 . (3.56)
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In order to satisfy the inequality, each term must be non-negative by itself, and thus the following

restrictions must hold:

4
Zf → positive definite ,

C > 0 ,

Sw → positive definite ,

kθs → positive definite ,

kθf → positive definite ,

kεθs > 0 .

(3.57)

Substitution of Equation (3.57) back into Equation (3.53) gives

σf
E =

4
Zfdf ,

q = −C div vs ,

ε̂f = kεθ(θ
s − θf) ,

hf
E = −Swṽf ,

qs = −kθsgradθs ,

qf = −kθfgradθf ,

(3.58)

where we have replaced kεθs
..= kεθ.

3.1.4 Defining proportionality parameters

Definition of the shock viscosity q, and choices for the constant C, is provided in greater

detail in Section 4.4.1. A common choice for the fourth-order tensor Zf is a simple Newtonian fluid

law (see Holzapfel [2000] p. 203), i.e.,

4
Zf

..= nfκf(1⊗ 1)
23
T + 2nfµf(1⊗ 1) , (3.59)

where κf and µf are the bulk and shear viscosity of the pore fluid, respectively.
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When determining the form of kθα , we may assume isotropic heat conduction for simplicity,

such that

kθα =


kθ

α
0 0

0 kθ
α

0

0 0 kθ
α

 (ei ⊗ ej) . (3.60)

The permeability tensor Sw may be defined as

Sw
..= (nf)2(Ks)−1 =

(nf)2

k̂
1 , (3.61)

where Ks is the intrinsic permeability tensor of the solid skeleton, which we have also taken to be

isotropic for sake of simplicity, and k̂ is the hydraulic conductivity,

k̂ ..=
κ
µf

F(nf)
F(nf0(s))

, (3.62)

where κ is the intrinsic permeability value (units m2) of the solid skeleton. F is a nonlinear function

of porosity nf accounting for change in hydraulic permeability due to change in porosity, e.g., the

Kozeny-Carman relation

F(nf) ..=
(nf)3

1− (nf)2
. (3.63)

Another form motivated by work with soft biological tissues was presented by Lai et al. [1981]:

F(nf) = exp[κ(Js − 1)] . (3.64)

However, under extreme volumetric compression, which one may encounter in the finite strain

regime, both the Kozeny-Carman and exponential functional forms of hydraulic conductivity do

not respect the restrictions that a materially incompressible solid constituent demands (refer to

Equation (3.26)), as was noted by Markert [2005]:

k̂ →

 0

∞

 if


nf → 0⇔ ns → 1⇔ Js → ns0(s)

nf → 1⇔ ns → 0⇔ Js →∞
. (3.65)
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As such, Eipper [1998] proposed a deformation dependent permeability that respects the restriction

of materially incompressible solid constituent:

F(nf) ..= (nf)κ (3.66)

for κ > 0, however, such a function is ill-suited for rapidly expanding materials, as shown in

Figure 3.1(b). In light of this, Markert [2005] proposed

F(nf) ..=

(
nf

1− nf

)κ

, (3.67)

such that

k̂ =
κ
µf

(
Js − ns0(s)
1− ns0(s)

)κ

. (3.68)

Irwin et al. [2023a,b,c,d, 2024] erroneously used the Kozeny-Carman relation (as well as not en-

forcing the incompressibility restriction in the solid skeleton strain energy function—refer to Sec-

tion 3.3.1); however, compressive strains did not exceed the lower limit of solid volume fraction, and

thus, the results are still valid. A comparison between Markert’s hyperbolic model and the Kozeny-

Carman model regarding the instability of the latter at higher strain is made in Section 5.3.3.1,

paragraph Necessary constitutive adjustments for higher strain.

Returning our attention to the formulation of Darcy’s law, note that

hf
E

..= hf − θs

θf
pfgradn

f = hf − pfgradnf + pfgrad(n
f)
[
1− θs

θf

]
. (3.69)

Following this, we may use the balance of momentum, Equation (2.27), for α = f and taking ρ̂f = 0

and bf = bs = b, and Equation (3.43)2 to substitute the term hf − pfgradnf in Equation (3.69),

such that

hf
E = ρf(af − b)− divσf

E + nfgradpf + pfgrad(n
f)
[
1− θs

θf

]
. (3.70)

Then we may establish a generalized Darcy’s law for locally inhomogeneous temperature flow by

substitution of Equation (3.70) into Equation (3.58)3 using the definition for Sw in Equation (3.61):

nf ṽf = −k̂
(
ρfR(af − b) + gradpf −

1

nf
divσf

E +
1

nf
pfgrad(n

f)
[
1− θs

θf

])
. (3.71)



51

(a) (b)

Figure 3.1: A comparison, adapted from Markert [2005], of different deformation-dependent hy-
draulic conductivities for κ = 3.0 (a) showing the instability of the Kozeny-Carman relation for
high compression of the solid skeleton and (b) a zoomed-in version of (a) showing the inadequacy
of the Eipper [1998] model for high expansion of the solid skeleton.

Lastly, the physical meaning of the heat transfer coefficient kεθ can be understood via direct substi-

tution into the local interaction energy supply of the solid (s) phase (making use of Equation (3.5)

and definition Equation (2.46)):

ε̂s = −ε̂f − hf · vf − hs · vs = −kεθ(θs − θf)− hf · ṽf . (3.72)

Using Equation (3.58)3 and Equation (3.61), we may write the above as

ε̂s = −kεθ(θs − θf)−
θs

θf
pfgrad(n

f) · ṽf +
(nf)2

k̂
ṽf · ṽf . (3.73)

From this equation, it is apparent that the heat transfer coefficient is independent of frictional

effects, described by the the viscosity of the pore fluid embedded within the hydraulic conductivity

in the last term, and deformation effects, embedded within the porosity gradient in the second term.

Therefore, we cannot a priori use a heat transfer coefficient determined from classical heat exchange

equations as the frictional effects from the fluid viscosity are embedded within these parameters by

corresponding Nusselt number, Prandtl number, Rayleigh number, etc. Instead, the heat transfer

coefficient must be determined through coupled experimentation-simulation techniques, wherein the
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value of the heat transfer coefficient is adjusted through an iterative process to minimize differences

between experimental and numerical results.

3.2 Locally homogeneous temperature model

In the locally homogeneous temperature model, we may assume that there is no heat exchange

between constituents in the mixture, i.e., θs = θf = θ. Therefore, the dissipation inequality may be

written as

ρs
[
Ds

tψ
s + ηsDs

tθ
]
− σs .. ls +

1

θ
grad(θ) · (qs + qf) + ρf

[
Df

tψ
f + ηfDf

tθ
]
− σf .. lf + hf · ṽf ≥ 0 ,

(3.74)

where use has been made of Equation (3.5)2,3 to group the interaction force terms and eliminate

the phase power terms, respectively. As we did for the locally inhomogeneous temperatures model,

we will introduce the saturation constraint multiplied by the Lagrange multiplier P (which will be

identified later as excess pore fluid pressure):

P
(
nsds

.. 1+
nf

ρfR
Df

tρ
fR + nfdf

.. 1+ grad(nf) · ṽf

)
= 0 . (3.75)

As before, we can add this to the Clausius-Duhem inequality, and, combining terms and exploiting

the symmetry of the partial Cauchy stress tensors, we may re-write the Clausius-Duhem inequality

for the locally homogeneous temperature model as

ρsDs
tψ

s + ρfDf
tψ

f + ρsηsDs
tθ + ρfηfDf

tθ −
([

σs + Pns1− q1
] .. ds +

[
σf + Pnf1

] .. df

)
+(hf − Pgradnf) · ṽf +

1

θ
grad(θ) · (qs + qf)− P nf

ρfR
Df

tρ
fR ≥ 0 . (3.76)

Introduce the so-called “extra” terms for the locally homogeneous temperature model:

σs
E = σs + Pns1 ,

σf
E = σf + Pnf1 ,

hf
E = hf − Pgradnf ,

(3.77)
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and substitute back into Equation (3.76):

ρsDs
tψ

s + ρfDf
tψ

f + ρsηsDs
tθ + ρfηfDf

tθ −
(
σs
E
.. ds + σf

E
.. df

)
+hf

E · ṽf − q div vs − P
nf

ρfR
Df

tρ
fR +

1

θ
gradθ · (qs + qf) ≥ 0 . (3.78)

3.2.1 Determination of the Helmholtz free energies

The response functions to be determined for the locally homogeneous temperature model are

Q ..=
{
ψs, ψf ,σs

E ,σ
f
E ,h

f
E , q, q

s, qf
}
, (3.79)

which depend on a set T of variables, i.e.,

Q ..= Q(T ) , (3.80)

where T is a subset of the fundamental constitutive variables V for a biphasic continuum with an

elastic solid constituent,

V ..=
{
θα, gradθα, nf , gradnf , ραR, gradραR,F α,GRADα F α,div vs,vf ,GRADf vf ,Xα

}
. (3.81)

Using the same arguments outlined in Section 3.1.1, we may define

T =
{
θ, gradθ, ρfR, gradρfR,F s,GRADs F s, div vs, ṽf ,df

}
, (3.82)

where we have also made use of θα = θ. Combining Equations (3.79), (3.80) and (3.82),

{
ψs, ψf ,σs

E ,σ
f
E ,h

f
E , q

s, qf
}
= Q(θ, gradθ, ρfR, gradρfR,F s,GRADs F s,div vs, ṽf ,df) . (3.83)

Based on the principle of phase separation, we may write

ψs ..= ψs(θ, gradθ,Cs,GRADsCs, div vs) ,

ψf ..= ψf(θ, gradθ, ρfR, gradρfR, ṽf ,df) ,

(3.84)
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where we have used the right Cauchy-Green tensor Cs = F T
s F s in place of F s. The material time

derivatives of the Helmholtz free energy functions are

Ds
tψ

s =
∂ψs

∂θ
Ds

tθ +
∂ψs

∂(gradθ)
Ds

t(gradθ) +
∂ψs

∂Cs
Ds

tCs +
∂ψs

∂(GRADsCs)
Ds

t(GRADsCs)

+
∂ψs

∂(div vs)
Ds

t(div vs) , (3.85)

Df
tψ

f =
∂ψf

∂θ
Df

tθ +
∂ψf

∂(gradθ)
Df

t(gradθ) +
∂ψf

∂ρfR
Df

tρ
fR +

∂ψf

∂(gradρfR)
Df

t(gradρ
fR)

+
∂ψf

∂ṽf
Df

t ṽf +
∂ψf

∂df
Df

tdf . (3.86)

3.2.2 Evaluation of the Clausius-Duhem inequality

Returning our attention to Equation (3.78), we may substitute the material time derivatives

of the Helmholtz free energy functions:(
ρs
∂ψs

∂θ
+ ρsηs

)
Ds

tθ + ρs
∂ψs

∂(gradθ)
Ds

t(gradθ) +
(
ρs
∂ψs

∂Cs
Cs −

1

2Js
Ss

E(s)

)
.. Ds

tCs

+ρs
∂ψs

∂(GRADs F s)
Ds

t(GRADs F s) +
∂ψs

∂(div vs)
Ds

t(div vs) +
(
ρf
∂ψf

∂θ
+ ρfηf

)
Df

tθ

+ρf
∂ψf

∂(gradθ)
Df

t(gradθ) +
(
ρf
∂ψf

∂ρfR
− P nf

ρfR

)
Df

tρ
fR

+ρf
∂ψf

∂(gradρfR)
Df

t(gradρ
fR) + ρf

∂ψf

∂ṽf
Df

t ṽf +
∂ψf

∂df
Df

tdf − σf
E
.. df

+q1 .. ds + hf
E · ṽf +

1

θ
gradθ · (qs + qf) ≥ 0 , (3.87)

where the identities in Equation (3.33) have been used, here, too.
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Using the Coleman and Noll [1963] argument, the following constitutive relations must hold:(
ρs
∂ψs

∂θ
+ ρsηs

)
= 0 ⇒ ρs0(s)η

s = −
∂(ρs0(s)ψ

s)

∂θ
,

∂ψs

∂(gradθ)
= 0 ,(

ρs
∂ψs

∂Cs
Cs −

1

2Js
Ss

E(s)

)
= 0 ⇒ Ss

E(s) = 2
∂(ρs0(s)ψ

s)

∂Cs
,

∂ψs

∂(GRADsCs)
= 0 ,(

ρf
∂ψf

∂θ
+ ρfηf

)
= 0 ⇒ ηf = −∂ψ

f

∂θ
,

∂ψf

∂(gradθ)
= 0 ,(

ρf
∂ψf

∂ρfR
− P nf

ρfR

)
= 0 ⇒ P = (ρfR)2

∂ψf

∂ρfR
,

∂ψf

∂(gradρfR)
= 0 ,

∂ψf

∂ṽf
= 0 ,

∂ψf

∂df
= 0 ,

(3.88)

and

D ..= σf
E
.. df − q div vs − hf

E · ṽf −
1

θ
grad(θ) · (qs + qf) ≥ 0 . (3.89)

From Equation (3.88), we can deduce that the Helmholtz free energy functions simplify to:

ψs ..= ψs(θ,Cs) ,

ψf ..= ψf(θ, ρfR) .

(3.90)

Given the dependence of solid entropy and stress on the solid Helmholtz free energy, we must have:

σs
E

..= σs
E(θ,Cs) ,

ηs ..= ηs(θ,Cs) ,

(3.91)

and analogously for the pore fluid

P ..= P(ρfR) ,

ηf ..= ηf(θ, ρfR) .

(3.92)
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Identification of the Lagrange multiplier. Using Equation (3.41), the Lagrange multiplier P

is identified as excess pore fluid pressure such that the partial Cauchy stresses for each constituent

are defined as

σs = σs
E − pfns1 ,

σf = σf
E − pfnf1 ,

(3.93)

with

hf
E = hf − pfgradnf . (3.94)

3.2.3 Identifying constitutive relations

The analysis for identifying constitutive relations for the locally homogeneous temperature

model is analogous to that for the locally inhomogeneous temperature model. Thus we will skip

the details for brevity and summarize. The set of response functions for D:

{
σf
E , q,h

f
E , q

s, qf
}

..= Φ(T ) , (3.95)

where

T =
{
θ, gradθ, ρfR, gradρfR,F s,GRADs F s, div vs, ṽf ,df

}
, (3.96)

with similar assumptions as for the locally inhomogeneous temperature model, such that

σf
E

..= σf
E(df) ,

q ..= q(div vs) ,

hf
E

..= hf
E(ṽf) ,

qs ..= qs(θ) ,

qf ..= qf(θ) .

(3.97)

Thus the reduced dissipation inequality, Equation (3.89), becomes, with use of Equation (3.54),

D = (
4
Zfdf)

.. df − (C div vs) div vs − (Swṽf) · ṽf −
1

θ
grad(θ) · (kθmix

gradθ) ≥ 0 , (3.98)
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where we have introduced

kθmix
..= nskθs + nfkθf . (3.99)

In order to satisfy the inequality, each term must be non-negative by itself, and thus the following

restrictions must hold:

4
Zf → positive definite ,

C > 0 ,

−Sw → positive definite ,

−kθ → positive definite .

(3.100)

3.2.4 Defining proportionality parameters

As before: details on shock viscosity q are covered in Section 4.4.1, and the fourth-order

tensor Zf can be defined using a Newtonian fluid constitutive law, see, e.g. Equation (3.59).

We might also assume isotropic heat conduction through the mixture to define kθmix
, see, e.g.,

Equation (3.60). Definition of the seepage tensor does not need to change from Equation (3.61),

however, determination of the seepage velocity is simplified for the locally homogeneous temper-

atures model in that we do not need to perform algebraic tricks with Equation (3.69), and can

substitute from the balance of linear momentum of the pore fluid directly. Thus, Darcy’s law in

the locally homogeneous temperatures model is written as

nf ṽf = −k̂
(
ρfR(af − b) + gradpf −

1

nf
divσf

E

)
, (3.101)

and for a nearly-inviscid pore fluid

nf ṽf = −k̂
(
ρfR(af − b) + gradpf

)
. (3.102)

3.3 Constituent modeling

In the event that adiabatic conditions are assumed, then, for high rate loading pertinent

to stress waves, including shocks, it is more convenient to work with an internal energy formula-

tion than a free energy formulation. Shock wave propagation is neither isentropic nor isothermal.



58

Legendre transformations can used to replace Equation (3.34)1,3,5,7 with constitutive equations in

terms of internal energy functionals eα. First, assume a functional dependence of internal energy

and temperature of each phase as

(ρs0(s)e
s) = (ρs0(s)e

s)(Cs, η
s), θs = θs(Cs, η

s), ef = ef(ρfR, ηf), θf = θf(ρfR, ηf) . (3.103)

Then, chain-rule differentiation of Equation (3.103) in combination with Equations (3.34)1,3,5,7,

(3.41) and (3.42) leads to the following constitutive relations:

θs =
1

ρs0(s)

∂(ρs0(s)e
s)

∂ηs
,

Ss
E(s) = 2

∂(ρs0(s)e
s)

∂Cs
,

θf =
∂ef

∂ηf
,

pf = (ρfR)2
∂ef

∂ρfR
.

(3.104)

Of course, for the locally homogeneous temperatures model, θs and θf are interchangeable as both

become θ. Thus, only one constituent’s internal energy function is sufficient to describe the tem-

perature of the mixture if that constituent’s entropy can be determined from the corresponding

energy balance.

3.3.1 Hyperelastic solid skeleton

Oftentimes it is easier to constitutively define the solid skeleton stress (the solid extra stress)

in terms of the symmetric second Piola-Kirchhoff effective stress Ss
E(s) which is what follows herein.

However, for the numerical implementation, we convert one reference leg to the current configura-

tion and use the first Piola-Kirchhoff stress, i.e,

P s
E(s) = F sS

s
E(s) . (3.105)

The neo-Hookean hyperleastic model. One of the most common strain-energy functions for

modeling non-linear elastic materials in the finite strain regime is the neo-Hookean elastic strain-
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energy function:

W s(Cs, Js(Cs)) =
1

2
µ(trCs − 3)− µ ln(Js) + U s(Js) , (3.106)

where oftentimes

U s(Js) ..=
1

2
λ(ln(Js))

2 , (3.107)

and where the solid skeleton isentropic Lamé parameters are µ and λ ..= Kskel − 2
3µ. In Irwin

et al. [2023a,b,c,d, 2024], we used the form for U s(Js) given by Equation (3.107). However, for the

incompressible solid constituent, it was noted by Ehlers and Eipper [1999] that the restriction from

Equation (3.26),

ns0(s) < Js <∞ , (3.108)

must be encapsulated by the strain-energy function. Therefore, they proposed

U s(Js) ..= λ(1− ns0(s))2
(

Js − 1

1− ns0(s)
− ln

Js − ns0(s)
1− ns0(s)

)
, (3.109)

which behaves like a penalty function to ensure Js is appropriately bounded. Thus, the internal

energy function for the solid skeleton may be written as

(ρs0(s)e
s)(Cs, η

s) ..=W s(Cs, Js(Cs)) + ρs0(s)θ
s
0(η

s − ηs0)
[
1− γs ln Js +

ηs − ηs0
2csV

]
, (3.110)

where simple non-linear thermoelasticity is assumed via the inclusion of the Grüneisen parameter

of the solid γs, and csV is the specific heat of the solid at constant volume per unit mass. The

temperature and second Piola effective stress are then, from Equation (3.104)1,2,

θs = θs0

[
1− γs ln Js +

ηs
E − ηs

0

csV

]
,

Ss
E(s) = µ1+


(
λ ln Js − µ− ρs0(s)θ

s
0γ

s[ηs
E − ηs

0]
)
C−1

s per (3.107)(
λ(1− ns

0(s))
2
[ Js

1− ns
0(s)

− Js

Js − ns
0(s)

]
− µ− ρs0(s)θ

s
0γ

s[ηs − ηs
0]
)
C−1

s per (3.109)

.

(3.111)

For the locally homogeneous temperatures regime, we would write

θ = θ0
[
1− γs ln Js +

ηs
E − ηs

0

csV

]
,

Ss
E(s) = µ1+


(
λ ln Js − µ− ρs0(s)θ0γ

s[ηs
E − ηs

0]
)
C−1

s per (3.107)(
λ(1− ns

0(s))
2
[ Js

1− ns
0(s)

− Js

Js − ns
0(s)

]
− µ− ρs0(s)θ0γ

s[ηs − ηs
0]
)
C−1

s per (3.109)

.

(3.112)
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In both Equations (3.111) and (3.112), thermo-mechanical coupling can be neglected by assuming

γs → 0.

However, as stated previously, it is more convenient in the locally inhomogeneous temperature

model to work with a free energy formulation such that

(ρs0(s)ψ
s)(Cs, θ

s) ..=W s(Cs, Js(Cs))−Kskelαs
V ln(Js)∆θ

s − ρs0(s)csV
(
θs ln

θs

θs0
−∆θs

)
, (3.113)

where ∆θs ..= θs − θs0, and Kskel is the solid skeleton isothermal bulk modulus. The solid entropy

and second Piola-Kirchhoff solid extra stress are then, from Equations (3.34)1,3,

ηs = csV ln
θs

θs0
+

1

ρs0(s)
Kskelαs

V ln Js ,

Ss
E(s) = µ1+


(
λ ln Js − µ−Kskelαs

V ∆θ
s
)
C−1

s per (3.107)(
λ(1− ns0(s))2

[ Js
1− ns0(s)

− Js
Js − ns0(s)

]
− µ−Kskelαs

V ∆θ
s
)
C−1

s per (3.109)

.

(3.114)

For the locally homogeneous temperatures regime, we would write

ηs = csV ln
θ

θ0
+

1

ρs0(s)
Kskelαs

V ln Js ,

Ss
E(s) = µ1+


(
λ ln Js − µ−Kskelαs

V ∆θ
s
)
C−1

s per (3.107)(
λ(1− ns0(s))2

[ Js
1− ns0(s)

− Js
Js − ns0(s)

]
− µ−Kskelαs

V ∆θ
)
C−1

s per (3.109)

.

(3.115)

In both Equations (3.114) and (3.115), thermo-mechanical coupling can be neglected by assuming

αs
V → 0. In such a case, using Equation (3.107), we may assume the existence of the viscous

damping component of Ss
E(s) proposed by Li et al. [2004]:

Ss
E(s),vis = ν0Cs

..
(1
2
Ċ(s)

)
, (3.116)

where ν0 is a viscous damping parameter with units of seconds, and the second tangential elasticity

tensor is defined as

CJIKL(s) = 4
∂2
(
ρ0(s)ψ

s
)

∂CJI(s)∂CKL(s)

= λC−1
JI(s)C

−1
KL(s) + (µ− ln Js)(C

−1
IK(s)C

−1
JL(s) + C−1

IL(s)C
−1
JK(s)) , (3.117)
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such that

Ss
IJ(E) = Ss

IJ(E),inv + Ss
IJ(E),vis

= (λ(ln Js)− µ)C−1
IJ(s) + µδIJ +

ν0
2
CIJKL(s)ĊKL(s) . (3.118)

Using Equation (3.33)1, we may write the viscous component of second Piola-Kirchhoff stress as

follows:

Ss
IJ(E),vis = ν0

[
λC−1

IJ(s)C
−1
KL(s) + (µ− ln Js)

(
C−1
IK(s)C

−1
JL(s) + C−1

IL(s)C
−1
JK(s)

)]
×[

FmK(s)dmn(s)FnL(s)

]
,

(3.119)

which simplifies to

Ss
IJ(E),vis = ν0

[
λF−1

Ji(s)F
−1
Ii(s)F

−1
Kk(s)

∂vk(s)

∂XK
+ 2(µ− ln Js)F

−1
Ji(s)F

−1
Ii(s)F

−1
Kj(s)

∂vj(s)

∂XK

]
. (3.120)

Note that the viscous component of the solid extra stress is not included in any of the numerical

results shown in Chapter 5, and is only shown here for the interested reader.

A damage model for the solid constituent. Ultimately, this thesis is intended to provide a

foundation for which to quantify damage of the solid constituent in the multiphase regime. While a

numerical implementation of a damage model is outside the current scope, it behooves us to derive

theory which will be used in future work.

We begin by introducing an internal state variable D that exists in the solid phase but not

the fluid:

D = D(Xs, t) ∈ [0, 1] . (3.121)

We then introduce a general kinetic law for damage—which will need to be validated by expire-

mental data—which is an irreversible function RD of local state (i.e., its rate is non-negative):

Ds
tD

..= RD(·, t) ≥ 0 . (3.122)
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Now, the free energy of the solid skeleton is defined as

(ρs0(s)ψ
s) = (ρs0(s)ψ

s)(F s, θ
s,D) , (3.123)

such that the set of response functions given in Equation (3.27) is now

S =
{
θα, gradθα, ρfR, gradρfR,F s,GRADs F s,div vs, ṽf ,df ,D

}
. (3.124)

Therefore (using again the principle of phase separation, and substituting Cs for F s), the material

time derivative of the solid skeleton free energy, Equation (3.30) becomes

Ds
tψ

s =
∂ψs

∂θs
Ds

tθ
s +

∂ψs

∂(gradθs)
Ds

t(gradθ
s) +

∂ψs

∂Cs
Ds

tCs +
∂ψs

∂(GRADsCs)
Ds

t(GRADsCs)

+
∂ψs

∂(div vs)
Ds

t(div vs) +
∂ψs

∂D
Ds

tD .

(3.125)

From arguments presented in Section 3.1.2, the Clausius-Duhem inequality for the mixture may be

written as(
ρs
∂ψs

∂θs
+ ρsηs

)
Ds

tθ
s + ρs

∂ψs

∂(gradθs)
Ds

t(gradθ
s) +

(
ρs
∂ψs

∂Cs
Cs −

1

2Js
Ss

E(s)

)
.. Ds

tCs

+ρs
∂ψs

∂(GRADsCs)
Ds

t(GRADsCs) +
∂ψs

∂(div vs)
Ds

t(div vs) +
(θs
θf
ρf
∂ψf

∂θf
+
θs

θf
ρfηf

)
Df

tθ
f

+
θs

θf
ρf

∂ψf

∂(gradθf)
Df

t(gradθ
f) +

(θs
θf
ρf
∂ψf

∂ρfR
− Λ

nf

ρfR

)
Df

tρ
fR

+
θs

θf
ρf

∂ψf

∂(gradρfR)
Df

t(gradρ
fR) +

θs

θf
ρf
∂ψf

∂ṽf
Df

t ṽf +
∂ψf

∂df
Df

tdf + q1 .. ds

−θ
s

θf
σf
E
.. df − ε̂f

(θs
θf
− 1
)
+ hf

E · ṽf +
( 1

θs
grad(θs) · qs + θs

(θf)2
grad(θf) · qf

)
− 1

Js

∂(ρs0(s)ψ
s)

∂D
Ds

tD ≥ 0 , (3.126)

such that, after applying the Coleman and Noll [1963] argument, an additional term appears in the

reduced dissipation inequality D:

D ..=
θs

θf
σf
E
.. df − q div vs +

1

θf
ε̂f
(
θs − θf

)
− hf

E · ṽf + FDRD

− 1

θf

(θf
θs
grad(θs) · qs + θs

θf
grad(θf) · qf

)
≥ 0 , (3.127)

wherein

FD ..= − 1

Js

∂(ρs0(s)ψ
s)

∂D
. (3.128)
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Since FD is defined by, and dependent on the form of, the constitutive model for the solid skeleton

free energy, we do not need to step through the same process in Section 3.1.3 so long as the

constitutive model is written in such a way that FD ≥ 0. Suppose then that

(ρs0(s)ψ
s)(Cs, θ

s,D) ..=W s(Cs, Js(Cs)) · fD(D)−Kskelαs
V ln(Js)∆θ

s − ρs0(s)csV
(
θs ln

θs

θs0
−∆θs

)
,

(3.129)

where the degradation function is defined as

fD ..= ζ0 + (1− ζ0)(1−D) . (3.130)

The constant ζ0 ∈ [0, 1] allows the material to maintain remnant elastic stiffness when D → 1.

Thus, the conjugate force to damage rate is

FD = −W
s

Js

∂fD

∂D
=

1

Js
(1− ζ0)W s . (3.131)

Therefore, FD ≥ 0 so long as strain energy W s is non-negative. Thus with the inclusion of a

damage parameter, the solid skeleton second Piola-Kirchhoff extra stress is written as

Ss
E(s) =


[
µ1+ (λ ln Js − µ−Kskelαs

V ∆θs)C−1
s

]
[ζ0 + (1− ζ0)(1− D)] per (3.107)[

µ1+
(
λ(1− ns

0(s)
)2
[ Js

1− ns
0(s)

−
Js

Js − ns
0(s)

]
− µ−Kskelαs

V ∆θs
)
C−1

s

]
[ζ0 + (1− ζ0)(1− D)] per (3.109)

.

(3.132)

Then, the energy balance of the solid constituent, with the inclusion of damage, may be written in

the reference configuration of the solid skeleton as1

ρs0(s)c
s
VD

s
tθ

s +
(Kskelαs

V θ
s

Js
+ nspf

θs

θf
+Q

)
Ds

tJs + JsFDDs
tD + JsGRADs(q

s) .. F−T
s

+Jsk
ε
θ(θ

s − θf)− Js(n
f)2

k̂
+ Js

θs

θf
pf
nf

GRADs(n
f) · F−1

s ·
(
nf ṽf

)
= 0 . (3.133)

With the inclusion of damage, it is apparent that free energy ψs is now conjugate, by Equa-

tion (3.131), to rate of damage growth. Thus, a damage model must include information about the

solid temperature, which in TPM and for high strain-rate loading, is likely to be influenced by rela-

tive motion between solid and fluid as well as heat transfer via convection from an independent pore

1 Refer to Section 4.1.5, paragraph Derivation of the solid phase energy balance for details on the derivation. We
do not show the trivial derivation of adding the damage rate term herein.
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fluid temperature. It is for this reason that in Chapter 4 we pursue a numerical implementation

that includes distinct phase temperatures.

Note that in the form of Equation (3.129), we have made at least two gross simplifications

with regards to the damage model. Physically speaking, damage is the degradation of the solid

material. Thus, as degradation occurs, one might expect the intrinsic permeability of the solid to

increase. For simplicity, one might assume that the intrinsic permeability remains constant and

that as cracks and cavities form in the solid constituent, pore fluid leaks in, i.e., porosity increases.

The second simplification we have made is assuming thermal conductivity is independent of a

degradation process. In reality, as the solid material is degraded, we would expect its conductivity

to equilibriate to that of the surrounding medium, in this case, the pore fluid. One such functional

form for a degradation-dependent thermal conductivity is proposed in Miehe et al. [2015]. We note,

however, that said form also includes convection to an equilibrium temperature (where the crack

forms) and thus, in its current form, would be inappropriate in the current framework of this work

for the thermal conductivity of the solid constituent given that convection is handled through the

kεθ term.

3.3.2 Compressible pore fluid

Recall from Section 2.3 that we consider two functional forms for the pore fluid pressure:

pf = pf(ρ
fR) (barotropic model) ; pf = pf(ρ

fR, θf) (baroclinic model) . (3.134)

Herein we present the constitutive models for pore fluid internal energy, and pore fluid free en-

ergy, that produce constitutive relations used in the numerical formulation and resulting numerical

simulations in Chapters 4 & 5, respectively.

The barotropic model. The following form for the internal energy of the pore fluid is assumed:

ef(ρfR, ηf) ..= − 1

ρfR

[
Kη

f ln
(ρfR
ρfR0

)
+Kη

f + pf0

]
+ θ0

[
(ηf − ηf0) +

(ηf − ηf0)2
2cfV

]
, (3.135)
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where pf0 is the fluid pressure at reference density ρfR0 and recalling Kη
f is the isentropic bulk

modulus of the fluid. The reference entropy per unit mass, and specific heat at constant volume

per unit mass of the fluid are ηf0, and cfV . Applying Equations (3.104)3,4 allows us to derive the

pressure-density and temperature-entropy relations as

pf = Kη
f ln(ρ

fR/ρfR0 ) + pf0 ⇒ ρfR = ρfR0 exp
[
(pf − pf0)/Kη

f

]
,

θ = θ0[1 + (ηf − ηf0)/cfV ] .
(3.136)

Applying the Df
t operation to Equation (3.136)1 with Kη

f = constant produces Equation (2.14).

Alternatively, we could write the free energy formulation, such that

ψf(ρfR, θ) ..= −K
θ
f

ρfR
(1 + ln ρfR) + cfV

[
θ
(
ln
[ θ
θ0

]
− 1
)
+ θ0

]
. (3.137)

Applying Equations (3.88)5,7 allows us to derive the pressure-density and temperature-entropy

constitutive equations as

pf = Kθ
f ln(ρ

fR/ρfR0 ) + pf0 ⇒ ρfR = ρfR0 exp
[
(pf − pf0)/Kθ

f

]
,

ηf = cfV ln
θ

θ0
.

(3.138)

Applying the Df
t operation to Equation (3.138)1 with Kθ

f = constant produces Equation (2.14)

with Kθ
f instead of Kη

f .

We have also implemented a linear form of Equation (3.137), which is used in Section 5.2.1,

ψf(ρfR, θ) ..= Kθ
f ln ρ

fR + cfV

[
θ
(
ln
[ θ
θ0

]
− 1
)
+ θ0

]
, (3.139)

such that applying Equations (3.88)5,7 allows us to derive the pressure-density and temperature-

entropy constitutive equations as

pf = Kθ
f (ρ

fR − ρfR0 ) + pf0 ⇒ ρfR = ρfR0

[
(pf − pf0)/Kθ

f

]
,

ηf = cfV ln
θ

θ0
.

(3.140)

The ideal gas model. Assume the ideal gas law as the constitutive form for pore fluid pressure,

with R the specific gas constant,

pf = ρfRθfR . (3.141)
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The form for the internal energy function for the fluid phase for an ideal gas is [Clayton, 2022]

ef(ρfR, ηf) ..= ef0

(ρfR
ρfR0

)Γ−1
exp
(ηf − ηf0

cfV

)
,

ρfR0 e
f
0 =

pf0
Γ− 1

, Γ = 1 + γf , Kη
f = Γpf , cfV =

ef0
θf0
,

(3.142)

where pf0 is the fluid pressure at reference density ρfR0 and recallingKη
f is the isentropic bulk modulus

of the fluid. The reference temperature, entropy per unit mass, and specific heat at constant volume

per unit mass of the fluid are θf0, η
f
0, and c

f
V . The datum entropy is arbitrary, so typically ηf0 = 0

for convenience. Applying Equation (3.104)3,4 allows us to derive the temperature-entropy and

pressure-density constitutive relations as

pf = pf0

(ρfR
ρfR0

)Γ
exp
(ηf − ηf0

cfV

)
⇒ ρfR = ρfR0

(pf0
pf

)Γ
exp

(ηf0 − ηf
ΓcfV

)
,

θf = θf0

(ρfR
ρfR0

)Γ−1
exp
(ηf − ηf0

cfV

)
.

(3.143)

It is more convenient in the multiphase temperature scheme to work with a free energy formulation

for the pore fluid; thus, the present objective is to determine the form of ψf(ρfR, θf). Insertion of

Equation (3.141) into Equation (3.41) yields

∂ψf

∂ρfR
=
θfR

ρfR
. (3.144)

Integration of the above gives

ψf =

∫
θfR

1

ρfR
dρfR

= θfR ln
ρfR

ρfR0
+ f1(θ

f) . (3.145)

Taking the derivative with respect to pore fluid temperature θf ,

∂ψf

∂θf
= R ln

ρfR

ρfR0
+
∂(f1(θ

f))

∂θf
. (3.146)

Recall that

cfV
..=

∂ef

∂θf
⇒ cfV =

∂(ψf + θfηf)

∂θf
. (3.147)
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Utilization of Equation (3.34)7 allows us to express the specific heat of the pore fluid at constant

volume in terms of free energy and temperature only :

cfV = − ∂2ψf

∂(θf)2
θf , (3.148)

and thus

∂ψf

∂θf
= −

∫
cfV
θf
dθf

= −cfV ln
θf

θf0
+ f2(ρ

fR) . (3.149)

Comparing Equations (3.145) and (3.149) we may identify

∂(f1(θ
f))

∂θf
= −cfV ln

θf

θf0
,

f2(ρ
fR) = R ln

ρfR

ρfR0
,

(3.150)

such that after integrating Equation (3.150)1

ψf ..= θfR ln
ρfR

ρfR0
− cfV θf

(
ln
θf

θf0
− 1
)
. (3.151)

Applying Equation (3.34)5 allows us to derive the temperature-entropy constitutive relation as

ηf = cfV ln
θf

θf0
−R ln

ρfR

ρfR0
.ss (3.152)

Also, note that applying the Df
t operation to Equation (3.141) produces Equation (2.20), making

use of Equation (2.12)2,4.

The compressible liquid model. In the case that the pore fluid is a liquid whose pressure

pf(ρ
fR, θf), we may use the pore fluid real mass density equation of state for water provided by

Fernandez [1972],

ρfR = ρfR0 exp
[pf − pf,0

Kθ
f

− αf
V θ

f
]
, (3.153)

recalling the isothermal bulk modulus Kθ
f and coefficient of volumetric thermal expansion αf

V , both

of which are taken to be constant. Then, the following form for the Helmholtz free energy must be
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assumed, recalling also Equation (3.148):

ψf(ρfR, θf) = − 1

ρfR

[
Kθ

f ln
(ρfR
ρfR0

)
+Kθ

f α
f
V θ

f +Kθ
f + pf0

]
− cfV

[
θf
(
ln
[ θf
θf0

]
− 1
)
+ θf0

]
(3.154)

Applying Equation (3.34)5,7 to Equation (3.154) allows us to derive the temperature-entropy and

pressure-density relations as

ηf = cfV ln
( θf
θf0

)
+
Kθ

f α
f
V

ρfR
,

pf = Kθ
f

[
ln
(ρfR
ρfR0

)
+ αf

V θ
f
]
+ pf0

(3.155)

Applying the Df
t operation to Equation (3.155)2 produces Equation (2.20) using the definition of

αf
V :

αf
V

..=
γfcfV ρ

fR

Kθ
f

. (3.156)



Chapter 4

Numerical Implementation

This chapter presents (1) a recapitulation of the strong forms of the governing equations, (2)

the derivations of the variational equations for (a) balance of linear momentum of a single-phase

material, (b) balance of linear momentum and balance of energy for a single-phase material, (c)

balance of mass and balance of linear momentum for a biphasic mixture, (d) balance of mass and

balance of linear momentum for a biphasic mixture and balance of linear momentum for a pore fluid

within the biphasic mixture, (e) balance of mass and balance of linear momentum for a biphasic

mixture and balance of energies of said constituents within that biphasic mixture, (f) balance of

mass and balance of linear momentum for a biphasic mixture and balance of linear momentum for

a pore fluid within the biphasic mixture and balance of energies of said constituents within that

biphasic mixture, all at large deformations, and (3) the finite element (FE) implementation of the

variational forms for various time integration schemes and any relevant stabilization parameters.

In this chapter, a total Lagrangian implementation is assumed, such that constituents move

relative to the solid skeleton, that is, the reference configuration follows the motion of the solid

skeleton (see Chapter 2 for details). For this reason, we choose to drop (·)s and (·)s designations

for notational simplicity for operations, variables, and some parameters (where it makes sense to

do so) associated with the solid phase and solid skeleton.
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4.1 Strong and variational forms of the governing equations

4.1.1 (u) formulation

The strong formulation for elasticity (i.e., negelecting the inertia term in the single-phase mo-

mentum balance) and elastodynamics (i.e., retaining the interia term in the single-phase momentum

balance) has the solution space

Su = (u : B0 × [0, T ]→ R3, u ∈ H1, u(t) = gu(t) on Γu
0 , u(X, t = 0) = u0(X)) , (4.1)

where gu is the prescribed displacement on Γu
0 , either directly or via integration of a prescribed

velocity.

The corresponding strong formulation for elasticity is thus:

(S) =



Find u(X, t) ∈ Su, with t ∈ [0, T ], such that:

DIVP + ρ0g = 0 ∈ B0 ,

u(X, t) = gu(X, t) on Γu
0 ,

P (X, t) ·N(X) = tσ(X, t) on Γt
0 ,

u(X, t = 0) = u0(X) ∈ B0 ,

v(X, t = 0) = v0(X) ∈ B0 ,

(4.2)

where tσ is the prescribed traction load on Γt
0.
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For elastodynamics, inertial forces are considered, such that Equation (4.2) is written as

(S) =



Find u(X, t) ∈ Su, with t ∈ [0, T ], such that:

DIVP + ρ0g − ρ0a = 0 ∈ B0 ,

u(X, t) = gu(X, t) on Γu
0 ,

P (X, t) ·N(X) = tσ(X, t) on Γt
0 ,

u(X, t = 0) = u0(X) ∈ B0 ,

v(X, t = 0) = v0(X) ∈ B0 ,

a(X, t = 0) = a0(X) ∈ B0 .

(4.3)

To solve Equations (4.2) & Equation (4.3), we employ the variational form with the variational

(weighting) space

Vu = (wu : B0 → R3, wu ∈ H1, wu(t) = 0∀X ∈ Γu
0) . (4.4)

Let G(ui, wu
i ) be the variational form of Equation (4.2) such that

G : Su × Vu → R . (4.5)

We may then rewrite Equation (4.2) as

G(ui, wu
i ) =

∫
B0

wu
i

∂PiI

∂XI
dV +

∫
B0

wu
i ρ0gi dV = 0 . (4.6)

The first term in Equation (4.6) can be rewritten as follows:∫
B0

wu
i

∂PiI

∂XI
dV =

∫
B0

∂ (wu
i PiI)

∂XI
dV −

∫
B0

∂wu
i

∂XI
PiI dV . (4.7)

Substitution of Equation (4.7) into Equation (4.6) gives us

G(ui, wu
i ) =

∫
B0

∂ (wu
i PiI)

∂XI
dV −

∫
B0

∂wu
i

∂XI
PiI dV +

∫
B0

wu
i ρ0gi dV = 0 . (4.8)



72

Applying divergence theorem to the first term in Equation (4.8) and using the boundary conditions

in Equations (4.2)2 & Equation (4.2)3, the variational form for the balance of linear momentum

under quasi-static conditions becomes:

G(ui, wu
i ) =

∫
B0

∂wu
i

∂XI
PiI dV −

∫
B0

wu
i ρ0gi dV −

∫
Γt
0

wu
i t

σ
i dA = 0 . (4.9)

This may be formally written as:

W =



Find ui(XI , t) ∈ Su, with t ∈ [0, T ], such that:∫
B0

∂wu
i

∂XI
PiI dV −

∫
B0

wu
i ρ0gi dV −

∫
Γt
0

wu
i t

σ
i dA = 0

holds ∀wu
i ∈ Vu, with

Su = (ui : B0 × [0, T ]→ R3, ui ∈ H1, ui(t) = gui (t) on Γu
0 ,

ui(XI , t = 0) = ui,0(XI)) ,

Vu = (wu
i : B0 → R3, wu

i ∈ H1, wu
i (t) = 0 on Γu

0) .

(4.10)

Considering now inertia terms (elastodynamics), let G(ui, wu
i ) be the variational form of Equa-

tion (4.3) such that

G : Su × Vu → R . (4.11)

We may then rewrite Equation (4.3) as

G(ui, wu
i ) =

∫
B0

wu
i

∂PiI

∂XI
dV +

∫
B0

wu
i ρ0gi dV −

∫
B0

wu
i ρ0ai dV = 0 . (4.12)

Weakening of the first Piola-Kirchhoff stress, application of divergence theorem and boundary

conditions then follows, such that the variational form for the balance of linear momentum with

inertia terms becomes

G(ui, wu
i ) =

∫
B0

wu
i ρ0ai dV +

∫
B0

∂wu
i

∂XI
PiI dV −

∫
B0

wu
i ρ0gi dV −

∫
Γt
0

wu
i t

σ
i dA = 0 . (4.13)
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Though not written here, when the solid skeleton acceleration is considered, we often employ

the canonical shock viscosity, Q, defined in Section 4.4.1. This in turn affects the form of the

first Piola-Kirchhoff stress, and, technically speaking, introduces an additional term in the explicit

formulation of the Neumann boundary condition. However, since the Neumann boundary condition

is a consideration of the total traction acting on the boundary Γt
0, inclusion, or exclusion, of the

shock viscosity term does not affect total traction. For brevity, the shock viscosity will not be

included in the balance of linear momentum in other sections. However, since it is a dissipative

mechanism, it is considered when deriving the single-phase energy balance and solid phase energy

balance, as shown in Sections 4.1.2 and 4.1.5, respectively.

Equation (4.13) may be formally written as:

W =



Find ui(XI , t) ∈ Su, with t ∈ [0, T ], such that:∫
B0

wu
i ρ0ai dV +

∫
B0

∂wu
i

∂XI
PiI dV −

∫
B0

wu
i ρ0gi dV −

∫
Γt
0

wu
i t

σ
i dA = 0

holds ∀wu
i ∈ Vu, with

Su = (ui : B0 × [0, T ]→ R3, ui ∈ H1, ui(t) = gui (t) on Γu
0 ,

ui(XI , t = 0) = ui,0(XI)) ,

Vu = (wu
i : B0 → R3, wu

i ∈ H1, wu
i (t) = 0 on Γu

0) .

(4.14)

In the FE implementation that follows, it behooves us to simplify the variational forms, such that

for elasticity

G = GINT
2 + GINT

4 + GEXT
1 = 0 , (4.15)

and for elastodynamics

G = GINT
1 + GINT

2 + GINT
4 + GEXT

1 = 0 , (4.16)
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wherein

GINT
1 =

∫
B0

wu
i ρ0ai dV ,

GINT
2 =

∫
B0

∂wu
i

∂XI
PiI dV ,

GINT
4 = −

∫
B0

wu
i ρ0gi dV ,

GEXT
1 =

∫
Γt
0

wu
i t

σ
i dA .

(4.17)

In the case of 1-D uniaxial strain, i.e., the underlying assumption for the proceeding FE model, the

above terms simplify to the following:

GINT
1 =

X=H∫
0

wuρ0aAdX ,

GINT
2 =

X=H∫
0

∂wu

∂X
P11AdX ,

GINT
4 =

X=H∫
0

wuρ0gAdX ,

GEXT
1 =

∫
Γt
0

wutσ dA = tσA .

(4.18)

4.1.2 (u-θ) formulation

The energy balance for a single-phase thermoelastic material is written as

ρDte = σ .. l− div q + ρr . (4.19)

Substitution of the Helmholtz free energy term ψ into e and neglection of the heat source r yields

ρ(Dtψ + ηDtθ + θDtη) = σ .. l− div q . (4.20)

Simultaneous mapping of Equation (4.20) to the reference configuration and expansion of the

material time derivative on the Helmholtz free energy term allows us to rewrite Equation (4.20) as

∂(ρ0ψ)

∂θ
Dtθ +

∂(ρ0ψ)

∂C
.. DtC + ρ0ηDtθ + ρ0θDtη =

1

2
S .. DtC −QDtJ − J GRAD q .. F−T , (4.21)
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where Q is the shock viscosity (refer to Section 4.4.1 for details).

Recalling Equation (3.88)1,3 allows us to write Equation (4.21) as

ρ0θDtη +QDtJ + J GRAD(q) .. F−T = 0 . (4.22)

For a thermoelastic material, or an ideal gas, it may be shown that (refer to Section 3.3.1, Davison

[2008], respectively)

η = cV ln
θ

θ0
+

1

ρ0
KαV ln J , (4.23)

such that

Dtη =
cV
θ
Dtθ +

1

Jρ0
KαVDtJ . (4.24)

Thus, we may write Equation (4.22) as

ρ0cVDtθ +
(KαV θ

J
+Q

)
DtJ + J GRAD(q) .. F−T = 0 . (4.25)

The strong formulation for thermoelastodynamics has the solution space

Su = (u : B0 × [0, T ]→ R3, u ∈ H1, u(t) = gu(t) on Γu
0 , u(X, t = 0) = u0(X)) ,

Sθ = (θ : B0 × [0, T ]→ R, θ ∈ H1, θ(t) = gθ(t) on Γθ
0, θ(X, t = 0) = θ0(X)) ,

(4.26)

where gθ is the prescribed temperature on Γθ
0.
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The corresponding strong formulation for thermoelastodynamics is thus:

(S) =



Find u(X, t) ∈ Su and θ(X, t) ∈ Sθ,

with t ∈ [0, T ], such that:

DIVP + ρ0g − ρ0a = 0 ∈ B0 ,

u(X, t) = gu(X, t) on Γu
0 ,

P (X, t) ·N(X) = tσ(X, t) on Γt
0 ,

u(X, t = 0) = u0(X) ∈ B0 ,

v(X, t = 0) = v0(X) ∈ B0 ,

a(X, t = 0) = a0(X) ∈ B0 ,

ρ0cVDtθ +
(KαV θ

J
+Q

)
DtJ + J GRAD(q) .. F−T = 0 ∈ B0 ,

θ(X, t) = gθ on Γθ
0 ,

−(JF−1 · q) ·N = Qθ(X, t) on ΓQθ

0 ,

θ(X, t = 0) = θ0(X) ∈ B0 ,

θ̇(X, t = 0) = θ̇0(X) ∈ B0 .

(4.27)

Let G(ui, θ, wu
i ) be the variational form of Equation (4.27)1−6, such that

G : Su × Sθ × Vu → R . (4.28)

We may then rewrite Equation (4.27)1−6 as

G(ui, θ, wu
i ) =

∫
B0

wu
i

∂PiI

∂XI
dV +

∫
B0

wu
i ρ0gi dV −

∫
B0

wu
i ρ0ai dV = 0 . (4.29)

Weakening of the first Piola-Kirchhoff stress, application of divergence theorem and boundary

conditions then follows, such that the variational form for the balance of linear momentum with

inertia terms becomes

G(ui, θ, wu
i ) =

∫
B0

wu
i ρ0ai dV +

∫
B0

∂wu
i

∂XI
PiI dV −

∫
B0

wu
i ρ0gi dV −

∫
Γt
0

wu
i t

σ
i dA = 0 , (4.30)
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where PiI = PiI(J(u), θ).

Let J (ui, θ, wθ) be the variational form of Equation (4.27)7−12, such that

J : Sθ × Su × Vθ → R . (4.31)

We may then rewrite Equation (4.27)7−12 as

J (ui, θ, wθ) =

∫
B0

wθρ0cVDtθ dV +

∫
B0

wθ
(KαV θ

J
+Q

)
DtJ dV +

∫
B0

wθJ
∂qi
∂XI

F 1
Ii dV = 0 . (4.32)

Recall Fourier’s law:

qi = −k
∂θ

∂xi
. (4.33)

The final term in Equation (4.32) may be weakened using chain rule as follows:∫
B0

∂(wθJqiF
−1
Ii )

∂XI
dV =

∫
B0

∂wθ

∂XI
JqiF

−1
Ii dV +

∫
B0

wθJ
∂qi
∂XI

F−1
Ii dV +

∫
B0

wθqi
∂(JF−1

Ii )

∂XI
dV , (4.34)

wherein the last term in Equation (4.34) goes to zero via the Piola identity. Thus, using divergence

theorem and Equations (4.27)8,9 allows us to rewrite Equation (4.32) as

J (ui, θ, wθ) =

∫
B0

wθρ0cVDtθ dV +

∫
B0

wθ
(KαV θ

J
+Q

)
DtJ dV −

∫
B0

∂wθ

∂XI
JqiF

1
Ii dV

−
∫

ΓQθ

0

wθQθ dA = 0 .
(4.35)
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Thus, the formal statement for the variational forms G and J may be written as follows:

W =



Find ui(XI , t) ∈ Su and θ(XI , t) ∈ Sθ, with t ∈ [0, T ], such that:∫
B0

wu
i ρ0ai dV +

∫
B0

∂wu
i

∂XI
PiI dV −

∫
B0

wu
i ρ0gi dV −

∫
Γt
0

wu
i t

σ
i dA = 0 ,

∫
B0

wθρ0cVDtθ dV +

∫
B0

wθ
(KαV θ

J
+Q

)
DtJ dV −

∫
B0

∂wθ

∂XI
JqiF

1
Ii dV

−
∫

ΓQθ

0

wθQθ dA = 0

holds ∀wu
i ∈ Vu and ∀wθ ∈ Vθ, with

Su = (ui : B0 × [0, T ]→ R3, ui ∈ H1, ui(t) = gui (t) on Γu
0 ,

ui(XI , t = 0) = ui,0(XI)) ,

Sθ = (θ : B0 × [0, T ]→ R, θ ∈ H1, θ(t) = gθ(t) on Γθ
0, θ(XI , t = 0) = θ0(XI)) ,

Vu = (wu
i : B0 → R3, wu

i ∈ H1, wu
i (t) = 0 on Γu

0) ,

Vθ = (wθ : B0 → R, wθ ∈ H1, wθ(t) = 0 on Γθ
0) .

(4.36)

In the FE implementation that follows, it behooves us to simplify the variational forms such that

G = GINT
1 + GINT

2 + GINT
4 + GEXT

1 = 0 ,

J = J INT
1 + J INT

2 + J INT
3 + J EXT = 0 ,

(4.37)

wherein

GINT
1 =

∫
B0

wu
i ρ0ai dV ,

GINT
2 =

∫
B0

∂wu
i

∂XI
PiI dV ,

GINT
4 = −

∫
B0

wu
i ρ0gi dV ,

GEXT
1 =

∫
Γt
0

wu
i t

σ
i dA ,

(4.38)
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and

J INT
1 =

∫
B0

wθρ0cVDtθ dV ,

J INT
2 =

∫
B0

wθ
(KαV θ

J
+Q

)
DtJ dV ,

J INT
3 = −

∫
B0

∂wθ

∂XI
JqiF

−1
Ii dV ,

J EXT = −
∫

ΓQθ

0

wθQθ dA .

(4.39)

In the case of 1-D uniaxial strain, i.e., the underlying assumption for the proceeding FE model, the

above terms simplify to the following:

GINT
1 =

X=H∫
0

wuρ0aAdX ,

GINT
2 =

X=H∫
0

∂wu

∂X
P11AdX ,

GINT
4 =

X=H∫
0

wuρ0gAdX ,

GEXT
1 =

∫
Γt
0

wutσ dA = tσA ,

(4.40)

and

J INT
1 =

X=H∫
0

wθρ0cVDtθAdX ,

J INT
2 =

X=H∫
0

wθ
(KαV θ

J
+Q

)
DtJAdX ,

J INT
3 = −

X=H∫
0

∂wθ

∂X
qAdX ,

J EXT = −
∫
ΓQ
0

wθQθ dA = QθA .

(4.41)
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4.1.3 (u-pf) formulation

Herein, barotropic constituents are assumed, i.e., ρsR = const. (from the mechanically in-

compressible solid assumption) and ρfR = ρfR(pf). Locally homogeneous temperatures are also

assumed, i.e., θs = θf = θ. The strong formulation for poroelasticity (i.e., negelecting the iner-

tia terms in the multiphase linear momentum balance and mass balance) and poroelastodynamics

(i.e., retaining the interia terms in the multiphase momentum balance and mass balance) with the

assumption af = as = a has the solution space

Su = (u : B0 × [0, T ]→ R3, u ∈ H1, u(t) = gu(t) on Γu
0 , u(X, t = 0) = u0(X)) ,

Spf = (pf : B0 × [0, T ]→ R, pf ∈ H1, pf(t) = gp(t) on Γp
0, pf(X, t = 0) = pf,0(X)) ,

(4.42)

where gp is the prescribed pore fluid pressure on Γp
0 (typically set for the “drained” boundary

condition).
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The corresponding strong formulation for poroelasticity is thus:

(S) =



Find u(X, t) ∈ Su and pf(X, t) ∈ Spf ,

with t ∈ [0, T ], such that:

DIVP + ρ0g = 0 ∈ B0 ,

u(X, t) = gu(X, t) on Γu
0 ,

P (X, t) ·N(X) = tσ(X, t) on Γt
0 ,

u(X, t = 0) = u0(X) ∈ B0 ,

v(X, t = 0) = v0(X) ∈ B0 ,

Jnf

Kη
f

Dtpf +DtJ +
J

Kη
f

GRAD(pf) · F−1 · (nf ṽf)

+J GRAD(nf ṽf) .. F
−T = 0 ∈ B0 ,

pf(X, t) = gp(X, t) on Γp
0 ,

−[JF−1 · (nf ṽf)] ·N = Qf(X, t) on ΓQf
0 ,

pf(X, t = 0) = pf,0(X) ∈ B0 ,

ṗf(X, t = 0) = ṗf,0(X) ∈ B0 ,

(4.43)

where Qf is the prescribed fluid flux (positive inward) on ΓQf
0 , where we have assumed that the

mass supply of the pore fluid (f) constituent is negligible.

For poroelastodynamics, inertial forces are considered, such that Equation (4.43) is written
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as

(S) =



Find u(X, t) ∈ Su and pf(X, t) ∈ Spf ,

with t ∈ [0, T ], such that:

DIVP + ρ0g − ρ0a = 0 ∈ B0 ,

u(X, t) = gu(X, t) on Γu
0 ,

P (X, t) ·N(X) = tσ(X, t) on Γt
0 ,

u(X, t = 0) = u0(X) ∈ B0 ,

v(X, t = 0) = v0(X) ∈ B0 ,

a(X, t = 0) = a0(X) ∈ B0 ,

Jnf

Kη
f

Dtpf +DtJ +
J

Kη
f

GRAD(pf) · F−1 · (nf ṽf)

+J GRAD(nf ṽf) .. F
−T = 0 ∈ B0 ,

pf(X, t) = gp(X, t) on Γp
0 ,

−[JF−1 · (nf ṽf)] ·N = Qf(X, t) on ΓQf
0 ,

pf(X, t = 0) = pf,0(X) ∈ B0 ,

ṗf(X, t = 0) = ṗf,0(X) ∈ B0 .

(4.44)

To solve Equations (4.43) & Equation (4.44), we employ the variational form with the variational

(weighting) spaces

Vu = (wu : B0 → R3, wu ∈ H1, wu(t) = 0 on Γu
0) ,

Vpf = (wpf : B0 → R, wpf ∈ H1, wpf (t) = 0 on Γp
0) .

(4.45)

Let G(ui, pf , wu
i ) be the variational form of Equations (4.43)1−5 such that

G : Su × Spf × Vu → R . (4.46)
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We may then rewrite Equations (4.43)1−5 as

G(ui, pf , wu
i ) =

∫
B0

wu
i

∂PiI

∂XI
dV +

∫
B0

wu
i ρ0gi dV = 0 . (4.47)

As before, weakening of the first Piola-Kirchhoff stress is made possible via chain rule, where use

has been made of the Piola identity (as shown in Holzapfel [2000] p. 146) on the pore fluid pressure

term, such that the resulting terms allow us to write Equation (4.47) as

G(ui, pf , wu
i ) =

∫
B0

∂wu
i

∂XI
P s
iI(E) dV −

∫
B0

∂wu
i

∂XI
JpfF

−1
Ii dV −

∫
B0

wu
i ρ0gi dV

−

∫
Γt
0

wu
i t

σs
E

i dA−
∫
Γt
0

wu
i pfJF

−1
Ii NI dA

 = 0 , (4.48)

wherein use has been made of Equation (2.32) to split the mixture first Piola-Kirchhoff stress into

the solid extra stress (solid skeleton effective stress) P s
E and the pore fluid pressure component.

Let H(ui, pf , wpf ) be the variational form of Equations (4.43)6−10 such that

H : Su × Spf × Vpf → R . (4.49)

We may then rewrite Equations (4.43)6−10 as

H(ui, pf , wpf ) =

∫
B0

wpf

(
Jnf

Kη
f

ṗf + J̇

)
dV +

∫
B0

wpf
J

Kη
f

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV

+

∫
B0

wpfJ
∂
(
nf ṽi(f)

)
∂XI

F−1
Ii dV = 0 . (4.50)

Using chain rule, the last term in Equation (4.50) can be rewritten as follows:∫
B0

wpfJ
∂
(
nf ṽi(f)

)
∂XI

F−1
Ii dV =

∫
B0

∂
(
wpfJ

(
nf ṽi(f)

)
F−1
Ii

)
∂XI

dV −
∫
B0

∂wpf

∂XI
J
(
nf ṽi(f)

)
F−1
Ii dV

−
∫
B0

wpf
(
nf ṽi(f)

)∂(JF−1
Ii )

∂XI
dV , (4.51)

wherein the last term goes to zero via the Piola identity. Substitution of Equation (4.51) into
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Equation (4.50) gives us

H(ui, pf , wpf ) =

∫
B0

wpf

(
Jnf

Kη
f

ṗf + J̇

)
dV +

∫
B0

wpf
J

Kη
f

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV

+

∫
B0

∂
(
wpfJ

(
nf ṽi(f)

)
F−1
Ii

)
∂XI

dV −
∫
B0

∂wpf

∂XI
J
(
nf ṽi(f)

)
F−1
Ii dV = 0 . (4.52)

Applying the divergence theorem to the third term in Equation (4.52), using the boundary condi-

tions in Equation (4.43)7−8, the variational form for the balance of mass of the biphasic mixture

becomes

H(ui, pf , wpf ) =

∫
B0

wpf

(
Jnf

Kη
f

ṗf + J̇

)
dV +

∫
B0

wpf
J

Kη
f

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV

−
∫
B0

∂wpf

∂XI
J
(
nf ṽi(f)

)
F−1
Ii dV −

∫
Γ
Qf
0

wpfQf dA = 0 . (4.53)
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Thus, the formal statement for the variational forms G and H may be written as follows:

W =



Find ui(XI , t) ∈ Su and pf(XI , t) ∈ Spf , with t ∈ [0, T ], such that:∫
B0

∂wu
i

∂XI
P s
iI(E) dV −

∫
B0

∂wu
i

∂XI
JpfF

−1
Ii dV −

∫
B0

wu
i ρ0gi dV

−

∫
Γt
0

wu
i t

σs
E

i dA−
∫
Γt
0

wu
i pfJF

−1
Ii NI dA

 = 0 ,

∫
B0

wpf

(
Jnf

Kη
f

ṗf + J̇

)
dV +

∫
B0

wpf
J

Kη
f

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV

−
∫
B0

∂wpf

∂XI
J
(
nf ṽi(f)

)
F−1
Ii dV −

∫
Γ
Qf
0

wpfQf dA = 0

holds ∀wu
i ∈ Vu and ∀wpf ∈ Vpf , with

Su = (ui : B0 × [0, T ]→ R3, ui ∈ H1, ui(t) = gui (t) on Γu
0 ,

ui(XI , t = 0) = ui,0(XI)) ,

Spf = (pf : B0 × [0, T ]→ R, pf ∈ H1, pf(t) = gp(t) on Γp
0 ,

pf(XI , t = 0) = pf,0(XI)) ,

Vu = (wu
i : B0 → R3, wu

i ∈ H1, wu
i (t) = 0 on Γu

0) ,

Vpf = (wpf : B0 → R, wpf ∈ H1, wpf (t) = 0 on Γp
0) .

(4.54)

Turning our attention now to poroelastodynamics where a ̸= 0, let G(ui, pf , wu
i ) be the variational

form of Equations (4.44)1−5 such that

G : Su × Spf × Vu → R . (4.55)

We may then rewrite Equations (4.44)1−5 as

G(ui, pf , wu
i ) =

∫
B0

wu
i ρ0ai dV +

∫
B0

wu
i

∂PiI

∂XI
dV +

∫
B0

wu
i ρ0gi dV = 0 . (4.56)

Weakening of the first Piola-Kirchhoff stress of the mixture and decomposition proceeds as before,
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such that Equation (4.56) is written as

G(ui, pf , wu
i ) =

∫
B0

wu
i ρ0ai dV +

∫
B0

wu
i

∂P s
iI(E)

∂XI
dV −

∫
B0

wu
i JpfF

−1
Ii dV +

∫
B0

wu
i ρ0gi dV

−

∫
Γt
0

wu
i t

σs
E

i dA−
∫
Γt
0

wu
i pfJF

−1
Ii NI dA

 = 0 . (4.57)

The procedure for deriving the variational form of the balance of mass of the mixture, that is, the

variational form of Equation (4.44)6−10 is identical that as above, the difference being that the

inertia term is now included in the Darcy velocity (not shown in Equation (4.53)). Thus, one may

refer to Equation (4.53) for the abstract form of the variational form for the balance of mass of the

mixture.
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The formal statement for the variational forms G and H may be written as follows:

W =



Find ui(XI , t) ∈ Su and pf(XI , t) ∈ Spf , with t ∈ [0, T ], such that:∫
B0

wu
i ρ0ai dV +

∫
B0

∂wu
i

∂XI
P s
iI(E) dV −

∫
B0

∂wu
i

∂XI
JpfF

−1
Ii dV −

∫
B0

wu
i ρ0gi dV

−

∫
Γt
0

wu
i t

σs
E

i dA−
∫
Γt
0

wu
i pfJF

−1
Ii NI dA

 = 0 ,

∫
B0

wpf

(
Jnf

Kη
f

ṗf + J̇

)
dV +

∫
B0

wpf
J

Kη
f

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV

−
∫
B0

∂wpf

∂XI
J
(
nf ṽi(f)

)
F−1
Ii dV −

∫
Γ
Qf
0

wpfQf dA = 0

holds ∀wu
i ∈ Vu and ∀wpf ∈ Vpf , with

Su = (ui : B0 × [0, T ]→ R3, ui ∈ H1, ui(t) = gui (t) on Γu
0 ,

ui(XI , t = 0) = ui,0(XI)) ,

Spf = (pf : B0 × [0, T ]→ R, pf ∈ H1, pf(t) = gp(t) on Γp
0,

pf(XI , t = 0) = pf,0(XI)) ,

Vu = (wu
i : B0 → R3, wu

i ∈ H1, wu
i (t) = 0 on Γu

0) ,

Vpf = (wpf : B0 → R, wpf ∈ H1, wpf (t) = 0 on Γp
0) .

(4.58)

In the FE implementation that follows, it behooves us to simplify the variational forms, such that

for poroelasticity

G = GINT
2 + GINT

3 + GINT
4 + GEXT

1 + GEXT
2 = 0 ,

H = HINT
1 +HINT

2 +HINT
3 +HINT

4 +HEXT = 0 ,

(4.59)

and for poroelastodynamics

G = GINT
1 + GINT

2 + GINT
3 + GINT

4 + GEXT
1 + GEXT

2 = 0 ,

H = HINT
1 +HINT

2 +HINT
3 +HINT

4 +HEXT = 0 ,

(4.60)
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wherein

GINT
1 =

∫
B0

wu
i ρ0ai dV ,

GINT
2 =

∫
B0

∂wu
i

∂XI
P s
iI(E) dV ,

GINT
3 = −

∫
B0

∂wu
i

∂XI
JpfF

−1
Ii dV ,

GINT
4 = −

∫
B0

wu
i ρ0gi dV ,

GEXT
1 =

∫
Γt
0

wu
i t

σs
E

i dA ,

GEXT
2 = −

∫
Γt
0

wu
i JpfFIiNI dA ,

(4.61)

and

HINT
1 =

∫
B0

wpf

(
Jnf

Kη
f

ṗf + J̇

)
dV ,

HINT
2 =

∫
B0

wpf
J

Kη
f

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV ,

HINT
3 =

∫
B0

∂wpf

∂XI
JF−1

Ii k̂
∂pf
∂XK

F−1
Ki dV ,

HINT
4 =

∫
B0

∂wpf

∂XI
JF−1

Ii k̂ρ
fR (ai − gi) dV ,

HEXT =

∫
Γ
Qf
0

wpfQf dA .

(4.62)

For poroelasticity,

HINT
4 = −

∫
B0

∂wpf

∂XI
JF−1

Ii k̂ρ
fRgi dV . (4.63)

In the case of 1-D uniaxial strain, i.e., the underlying assumption for the proceeding FE model, the
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above terms simplify to the following:

GINT
1 =

X=H∫
0

wuρ0aAdX ,

GINT
2 =

X=H∫
0

∂wu

∂X
P s
11(E)AdX ,

GINT
3 = −

X=H∫
0

wupfAdX ,

GINT
4 =

X=H∫
0

wuρ0gAdX ,

GEXT
1 =

∫
Γt
0

wutσ
s
E dA = tσ

s
EA ,

GEXT
2 = −

∫
Γt
0

wupf dA = pfA ,

(4.64)

such that

GEXT
1 + GEXT

2 = tσA , (4.65)

and

HINT
1 =

X=H∫
0

wpf

(
Jnf

Kη
f

ṗf + J̇

)
AdX ,

HINT
2 =

X=H∫
0

wpf
1

Kη
f

∂pf
∂X

(nf ṽf)AdX ,

HINT
3 =

X=H∫
0

∂wpf

∂X
k̂
∂pf
∂X

F−1
11 AdX ,

HINT
4 =

X=H∫
0

∂wpf

∂X
k̂ρfR (a+ g)AdX ,

HEXT =

∫
Γ
Qf
0

wpfQf dA = Qf |X=HA ,

(4.66)
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where for poroelasticity,

HINT
4 =

X=H∫
0

∂wpf

∂X
k̂ρfRgAdX . (4.67)

4.1.4 (u-uf-pf) formulation

Herein, barotropic constituents are assumed, i.e., ρsR = const. (from the mechanically in-

compressible solid assumption) and ρfR = ρfR(pf). Locally homogeneous temperatures are also

assumed, i.e., θs = θf = θ. The strong formulation for poroelastodynamics with af ̸= as has the

solution space

Su = (u : B0 × [0, T ]→ R3, u ∈ H1, u(t) = gu(t) on Γu
0 , u(X, t = 0) = u0(X)) ,

Suf = (uf : B0 × [0, T ]→ R3, uf ∈ H1, uf(t) = guf (t) on Γuf
0 , uf(X, t = 0) = uf,0(X)) ,

Spf = (pf : B0 × [0, T ]→ R, pf ∈ H1, pf(t) = gp(t) on Γp
0, pf(X, t = 0) = pf,0(X)) ,

(4.68)

where guf is the prescribed pore fluid displacement on Γuf
0 , either directly or via integration of a

prescribed velocity. A potential no-flux, or “no-slip”, boundary condition is imposed in a weak

sense by setting the pore fluid flux to zero at the desired boundary (Equation (4.69)14). Further

discussion of this type of boundary condition as used in this work can be found in Section 5.3.3.1,

paragraph Remarks on the impermeable boundary condition; for further reading on no-slip condi-

tions in poromechanics, refer to Vuong et al. [2016].
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The corresponding strong form for poroelastodynamics is

(S) =



Find u(X, t) ∈ Su, uf(X, t) ∈ Suf , and pf(X, t) ∈ Spf ,

with t ∈ [0, T ], such that:

DIVP + ρ0g − (ρs0a+ ρf0af) = 0 ∈ B0 ,

u(X, t) = gu(X, t) on Γu
0 ,

P (X, t) ·N(X) = tσ(X, t) on Γt
0 ,

u(X, t = 0) = u0(X) ∈ B0 ,

v(X, t = 0) = v0(X) ∈ B0 ,

a(X, t = 0) = a0(X) ∈ B0 ,

ρf0af + Jnf GRAD(pf) · F−1 + J

(
nf
)2
k̂

(vf − v)− ρf0g = 0 ∈ B0 ,

uf(X, t) = guf (X, t) on Γuf
0 ,

uf(X, t = 0) = uf,0(X) ∈ B0 ,

vf(X, t = 0) = vf,0(X) ∈ B0 ,

af(X, t = 0) = af,0(X) ∈ B0 ,

Jnf

Kη
f

Dtpf +DtJ +
J

Kη
f

GRAD(pf) · F−1 · (nf ṽf)

+J GRAD(nf ṽf) .. F
−T = 0 ∈ B0 ,

pf(X, t) = gp(X, t) on Γp
0 ,

−[JF−1 · (nf ṽf)] ·N = Qf(X, t) on ΓQf
0 ,

pf(X, t = 0) = pf,0(X) ∈ B0 ,

ṗf(X, t = 0) = ṗf,0(X) ∈ B0 .

(4.69)

In Equation (4.69), it was assumed that the contribution of the pore fluid extra stress to dissipative
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mechanisms was negligible. If such an assumption is not made, instead we would write

(S) =



Find u(X, t) ∈ Su, uf(X, t) ∈ Suf , and pf(X, t) ∈ Spf ,

with t ∈ [0, T ], such that:

DIVP + ρ0g − (ρs0a+ ρf0af) = 0 ∈ B0 ,

u(X, t) = gu(X, t) on Γu
0 ,

P (X, t) ·N(X) = tσ(X, t) on Γt
0 ,

u(X, t = 0) = u0(X) ∈ B0 ,

v(X, t = 0) = v0(X) ∈ B0 ,

a(X, t = 0) = a0(X) ∈ B0 ,

ρf0af −DIVP f
E + Jnf GRAD(pf) · F−1

+J

(
nf
)2
k̂

(vf − v)− ρf0g = 0 ∈ B0 ,

uf(X, t) = guf (X, t) on Γuf
0 ,

uf(X, t = 0) = uf,0(X) ∈ B0 ,

vf(X, t = 0) = vf,0(X) ∈ B0 ,

af(X, t = 0) = af,0(X) ∈ B0 ,

Jnf

Kη
f

Dtpf +DtJ +
J

Kη
f

GRAD(pf) · F−1 · (nf ṽf)

+J GRAD(nf ṽf) .. F
−T = 0 ∈ B0 ,

pf(X, t) = gp(X, t) on Γp
0 ,

−[JF−1 · (nf ṽf)] ·N = Qf(X, t) on ΓQf
0 ,

pf(X, t = 0) = pf,0(X) ∈ B0 ,

ṗf(X, t = 0) = ṗf,0(X) ∈ B0 .

(4.70)
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Let G(ui, ui(f), pf , wu
i ) be the variational form of Equations (4.69)1−6 such that

G : Su × Suf × Spf × Vu → R . (4.71)

We may then rewrite Equations (4.69)1−6 as

G(ui, ui(f), pf , wu
i ) =

∫
B0

wu
i (ρ

s
0ai + ρf0ai(f)) dV +

∫
B0

wu
i

∂PiI

∂XI
dV +

∫
B0

wu
i ρ0gi dV = 0 . (4.72)

Weakening of the first Piola-Kirchhoff stress of the mixture and decomposition proceeds as before,

such that Equation (4.72) is written as

G(ui, ui(f), pf , wu
i ) =

∫
B0

wu
i (ρ

s
0ai + ρf0ai(f)) dV +

∫
B0

wu
i

∂P s
iI(E)

∂XI
dV −

∫
B0

wu
i JpfF

−1
Ii dV

+

∫
B0

wu
i ρ0gi dV −

∫
Γt
0

wu
i t

σs
E

i dA−
∫
Γt
0

wu
i pfJF

−1
Ii NI dA

 = 0 . (4.73)

When a viscous pore fluid is considered, an additional two terms appear in Equation (4.73), such

that

G(ui, ui(f), pf , wu
i ) =

∫
B0

wu
i (ρ

s
0ai + ρf0ai(f)) dV +

∫
B0

∂wu
i

∂XI
P s
iI(E) dV +

∫
B0

∂wu
i

∂XI
P f
iI(E) dV

−
∫
B0

wu
i JpfF

−1
Ii dV +

∫
B0

wu
i ρ0gi dV

−

∫
Γt
0

wu
i t

σs
E

i dA+

∫
Γt
0

wu
i t

σf
E

i dA−
∫
Γt
0

wu
i pfJF

−1
Ii NI dA

 = 0 . (4.74)

Let I(ui, ui(f), pf , wuf
i ) be the variational form of Equations (4.69)7−11 such that

I : Suf × Su × Spf × Vuf → R . (4.75)

We may then rewrite Equations (4.69)7−11 as:

I(ui, ui(f), pf , wuf
i ) =

∫
B0

wuf
i ρ

f
0ai(f) dV +

∫
B0

wuf
i Jn

f ∂pf
∂XI

F−1
Ii dV

+

∫
B0

wuf
i J

(
nf
)2
k̂

(vi(f) − vi) dV −
∫
B0

wuf
i ρ

f
0gi dV = 0 , (4.76)
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or, for a viscous pore fluid:

I(ui, ui(f), pf , wuf
i ) =

∫
B0

wuf
i ρ

f
0ai(f) dV +

∫
B0

wuf
i Jn

f ∂pf
∂XI

F−1
Ii dV

+

∫
B0

wuf
i J

(
nf
)2
k̂

(vi(f) − vi) dV

−
∫
B0

wuf
i

∂P f
iI(E)

∂XI
dV −

∫
B0

wuf
i ρ

f
0gi dV = 0 , (4.77)

wherein the second to last term in Equation (4.77) can be split into two terms, similar to the

procedure in the balance of momentum of the mixture, as follows:

I(ui, ui(f), pf , wuf
i ) =

∫
B0

wuf
i ρ

f
0ai(f) dV +

∫
B0

wuf
i Jn

f ∂pf
∂XI

F−1
Ii dV

+

∫
B0

wuf
i J

(
nf
)2
k̂

(vi(f) − vi) dV

+

∫
B0

∂wuf
i

∂XI
P f
iI(E) dV −

∫
Γ0

wuf
i t

σf
E

i dA

−
∫
B0

wuf
i ρ

f
0gi dV = 0 . (4.78)

However, doing so creates an additional complexity, namely that now t
σf
E

i must be determined. In

Vuong et al. [2016], Vuong [2016], such a traction is merely a stress balance between solid and fluid

phases, and does not take into account an external load as implied here. There are at least two

ways in which one might approximate the viscous traction.

The first follows from analysis by Heider [2012] for a nearly-inviscid pore fluid. It involves

applying traction to the solid and fluid phases separately, which thus necessitates an equation that

solves balance of linear momentum of the solid phase, rather than an equation that solves the

balance of linear momentum of the mixture. Supposing then that the total traction

tσ = tσ
s︸︷︷︸

applied to solid mom. bal.

+ tσ
f︸︷︷︸

applied to fluid mom. bal.

(4.79)

is specified (e.g., from known data), one may deduce the viscous traction component tσ
f
E via an
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implicit solve using the solutions u and pf , i.e.,

tσ
f
= tσ − tσ

s ⇒ tσ
f
E (u, pf) = tσ − (σs

E − nspf1) · n+ nfpfn , (4.80)

where σs
E , n

s, nf are functions of solid displacement u. Heider [2012] observed inaccurate pore fluid

pressure solutions with such a scheme for low permeabilities, small strain theory and low strain-rate

loadings, unless additional stabilization parameters were provided. Given difficulties that we have

had with respect to obtaining stable solutions at finite strain for high strain-rate loadings [Irwin

et al., 2024, 2023c], it is outside the current scope of present work to pursue such a method.

The other approach would be to use the mixture linear momentum balance equation, and

approximate the value of tσ
f
E using the interpolated values of porosity and pore fluid velocity

gradient at the Gauss point closest to the boundary where tσ
f
E is applied. However, this would be

inconsistent with how the total traction is applied to the mixture in the balance of linear momentum

of the mixture; there, no such approximations are used for tσ
f
E , nor tσ

s
E nor the pore fluid pressure

component.

Most consistent is to not weaken the divergence of the pore fluid extra stress term, i.e., to

use Equation (4.77). It will be shown that in the balance of mass of the mixture for viscous pore

fluid flow that the pore fluid velocity cannot be weakened in the balance of mass of the mixture

equations. Therefore, requiring C1 continuity in the balance of linear momentum of the pore fluid

raises no issues, and alleviates the problem of specifying the “viscous traction” term.

The procedure for deriving the variational form of the balance of mass of the mixture for a

nearly-inviscid pore fluid, that is, the variational form of Equation (4.69)12−16 is identical to the

procedure carried out in Section 4.1.3, with the difference herein being that the Darcy velocity

depends upon pore fluid acceleration ai(f) rather than ai.

The formal statement for the variational forms G, I, and H, assuming a nearly-inviscid pore
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fluid, may be written as follows:

W =



Find ui(XI , t) ∈ Su, ui(f)(XI , t) ∈ Suf , and pf(XI , t) ∈ Spf ,

with t ∈ [0, T ], such that:∫
B0

wu
i (ρ

s
0ai + ρf0ai(f)) dV +

∫
B0

∂wu
i

∂XI
P s
iI(E) dV −

∫
B0

∂wu
i

∂XI
JpfF

−1
Ii dV −

∫
B0

wu
i ρ0gi dV

−

∫
Γt
0

wu
i t

σs
E

i dA−
∫
Γt
0

wu
i pfJF

−1
Ii NI dA

 = 0 ,

∫
B0

wuf
i ρ

f
0ai(f) dV +

∫
B0

wuf
i Jn

f ∂pf
∂XI

F−1
Ii dV

+

∫
B0

wuf
i J

(
nf
)2
k̂

(vi(f) − vi) dV −
∫
B0

wuf
i ρ

f
0gi dV = 0 ,

∫
B0

wpf

(
Jnf

Kη
f

ṗf + J̇

)
dV +

∫
B0

wpf
J

Kη
f

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV

−
∫
B0

∂wpf

∂XI
J
(
nf ṽi(f)

)
F−1
Ii dV −

∫
Γ
Qf
0

wpfQf dA = 0

holds ∀wu
i ∈ Vu, wuf

i ∈ Vuf , and ∀wpf ∈ Vpf , with

Su = (ui : B0 × [0, T ]→ R3, ui ∈ H1, ui(t) = gui (t) on Γu
0 ,

ui(XI , t = 0) = ui,0(XI)) ,

Suf = (ui(f) : B0 × [0, T ]→ R3, ui(f) ∈ H1, ui(f)(t) = guf
i (t) on Γuf

0 ,

ui(f)(XI , t = 0) = ui(f),0(XI)) ,

Spf = (pf : B0 × [0, T ]→ R, pf ∈ H1, pf(t) = gp(t) on Γp
0,

pf(XI , t = 0) = pf,0(XI)) ,

Vu = (wu
i : B0 → R3, wu

i ∈ H1, wu
i (t) = 0 on Γu

0) ,

Vuf = (wuf
i : B0 → R3, wuf

i ∈ H1, wuf
i (t) = 0 on Γuf

0 ) ,

Vpf = (wpf : B0 → R, wpf ∈ H1, wpf (t) = 0 on Γp
0) .

(4.81)
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In the FE implementation that follows, it behooves us to simplify the variational forms, such that

G = GINT
1 + GINT

2 + GINT
3 + GINT

4 + GEXT
1 + GEXT

2 = 0 ,

I = IINT
1 + IINT

2 + IINT
3 + IINT

4 = 0 ,

H = HINT
1 +HINT

2 +HINT
3 +HINT

4 +HEXT = 0 ,

(4.82)

wherein

GINT
1 =

∫
B0

wu
i (ρ

s
0ai + ρf0ai(f)) dV ,

GINT
2 =

∫
B0

∂wu
i

∂XI
P s
iI(E) dV ,

GINT
3 = −

∫
B0

∂wu
i

∂XI
JpfF

−1
Ii dV ,

GINT
4 = −

∫
B0

wu
i ρ0gi dV ,

GEXT
1 =

∫
Γt
0

wu
i t

σs
E

i dA ,

GEXT
2 = −

∫
Γt
0

wu
i JpfF

−1
Ii dA ,

(4.83)

and

IINT
1 =

∫
B0

wuf
i ρ

f
0ai(f) dV ,

IINT
2 =

∫
B0

wuf
i Jn

f ∂pf
∂XI

F−1
Ii dV ,

IINT
3 =

∫
B0

wuf
i J

(nf)2

k̂
(vi(f) − vi) dV ,

IINT
4 = −

∫
B0

wuf
i ρ

f
0gi dV ,

(4.84)
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and

HINT
1 =

∫
B0

wpf

(
Jnf

Kη
f

ṗf + J̇

)
dV ,

HINT
2 =

∫
B0

wpf
J

Kη
f

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV ,

HINT
3 =

∫
B0

∂wpf

∂XI
JF−1

Ii k̂
∂pf
∂XK

F−1
Ki dV ,

HINT
4 =

∫
B0

∂wpf

∂XI
JF−1

Ii k̂ρ
fR
(
ai(f) − gi

)
dV ,

HEXT =

∫
Γ
Qf
0

wpfQf dA .

(4.85)

In the case of 1-D uniaxial strain, i.e., the underlying assumption for the proceeding FE model, the

above terms simplify to the following:

GINT
1 =

X=H∫
0

wu(ρs0a+ ρfaf)AdX ,

GINT
2 =

X=H∫
0

∂wu

∂X
P s
11(E)AdX ,

GINT
3 = −

X=H∫
0

wupfAdX ,

GINT
4 =

X=H∫
0

wuρ0gAdX ,

GEXT
1 =

∫
Γt
0

wutσ
s
E dA = tσ

s
EA ,

GEXT
2 = −

∫
Γt
0

wupf dA = −pfA ,

(4.86)

such that

GEXT
1 + GEXT

2 = tσA , (4.87)
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and

IINT
1 =

X=H∫
0

wufρf0afAdX ,

IINT
2 =

X=H∫
0

wufnf
∂pf
∂X

AdX ,

IINT
3 =

X=H∫
0

wufJ
(nf)2

k̂
(vf − v)AdX ,

IINT
4 =

X=H∫
0

wufρf0gAdX ,

(4.88)

and

HINT
1 =

X=H∫
0

wpf

(
Jnf

Kη
f

ṗf + J̇

)
AdX ,

HINT
2 =

X=H∫
0

wpf
1

Kη
f

∂pf
∂X

(nf ṽf)AdX ,

HINT
3 =

X=H∫
0

∂wpf

∂X
k̂
∂pf
∂X

F−1
11 AdX ,

HINT
4 =

X=H∫
0

∂wpf

∂X
k̂ρfR (af + g)AdX ,

HEXT =

∫
Γ
Qf
0

wpfQf dA = Qf |X=HA .

(4.89)

The formal statement for the variational forms G, I, and H for a viscous pore fluid may be written
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as follows:

W =



Find ui(XI , t) ∈ Su, ui(f)(XI , t) ∈ Suf , and pf(XI , t) ∈ Spf ,

with t ∈ [0, T ], such that:∫
B0

wu
i (ρ

s
0ai + ρf0ai(f)) dV +

∫
B0

∂wu
i

∂XI
P s
iI(E) dV +

∫
B0

∂wu
i

∂XI
P f
iI(E) dV

−
∫
B0

∂wu
i

∂XI
JpfF

−1
Ii dV −

∫
B0

wu
i ρ0gi dV

−

∫
Γt
0

wu
i t

σs
E

i dA+

∫
Γt
0

wu
i t

σf
E

i dA−
∫
Γt
0

wu
i pfJF

−1
Ii NI dA

 = 0 ,

∫
B0

wuf
i ρ

f
0ai(f) dV −

∫
B0

wuf
i

∂P f
iI(E)

∂XI
dV +

∫
B0

wuf
i Jn

f ∂pf
∂XI

F−1
Ii dV

+

∫
B0

wuf
i J

(
nf
)2
k̂

(vi(f) − vi) dV −
∫
B0

wuf
i ρ

f
0gi dV = 0 ,

∫
B0

wpf

(
Jnf

Kη
f

ṗf + J̇

)
dV +

∫
B0

wpf
J

Kη
f

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV

−
∫
B0

∂wpf

∂XI
J
(
nf ṽi(f)

)
F−1
Ii dV −

∫
Γ
Qf
0

wpfQf dA = 0

holds ∀wu
i ∈ Vu, wuf

i ∈ Vuf , and ∀wpf ∈ Vpf , with

Su = (ui : B0 × [0, T ]→ R3, ui ∈ H1, ui(t) = gui (t) on Γu
0 ,

ui(XI , t = 0) = ui,0(XI)) ,

Suf = (ui(f) : B0 × [0, T ]→ R3, ui(f) ∈ H1, ui(f)(t) = guf
i (t) on Γuf

0 ,

ui(f)(XI , t = 0) = ui(f),0(XI)) ,

Spf = (pf : B0 × [0, T ]→ R, pf ∈ H1, pf(t) = gp(t) on Γp
0,

pf(XI , t = 0) = pf,0(XI)) ,

Vu = (wu
i : B0 → R3, wu

i ∈ H1, wu
i (t) = 0 on Γu

0) ,

Vuf = (wu
i : B0 → R3, wuf

i ∈ H1, wuf
i (t) = 0 on Γuf

0 ) ,

Vpf = (wpf : B0 → R, wpf ∈ H1, wpf (t) = 0 on Γp
0) .

(4.90)
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There are now four additional terms which appear in G, I, and H, namely,

GINT
5 =

∫
B0

∂wu
i

∂XI
P f
iI(E) dV ,

GEXT
3 =

∫
Γt
0

wu
i t

σf
E

i dA ,

IINT
5 =

∫
B0

wuf
i

∂P f
iI(E)

∂XI
dV ,

HINT
5 = −

∫
B0

∂wpf

∂XI

k̂

nf
JF−1

Ii

∂σfij(E)

∂XJ
F−1
Jj dV ,

(4.91)

wherein HINT
5 arises from Darcy’s law Equation (3.101). Thus we may write

G = GINT
1 + GINT

2 + GINT
3 + GINT

4 + GEXT
1 + GEXT

2 + GEXT
3 = 0 ,

I = IINT
1 + IINT

2 + IINT
3 + IINT

4 + IINT
5 = 0 ,

H = HINT
1 +HINT

2 +HINT
3 +HINT

4 +HINT
5 +HEXT = 0 .

(4.92)

1-D counterparts to Equations (4.91) are

GINT
5 =

X=H∫
0

∂wu

∂X
P f
11(E)AdX ,

GEXT
3 =

∫
Γt
0

wutσ
f
E dA = tσ

f
EA

IINT
5 =

X=H∫
0

wuf
∂P f

11(E)

∂X
AdX ,

HINT
5 = −

X=H∫
0

∂wpf

∂X

k̂

nf

∂σf11(E)

∂X
F−1
11 AdX ,

(4.93)

The need for higher-order elements in the case of viscous pore fluid flow. Consider the

Darcy velocity term appearing in Equation (4.85)2 and, more directly, the divergence on the pore

fluid viscous stress tensor appearing in Equation (4.91)4. Recall that the pore fluid viscous stress

tensor σf
E appears in the Darcy-Brinkman equation as

nf ṽf = −k̂
(
gradpf + ρfR(af − g)− 1

nf
divσf

E

)
. (4.94)
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For a general Newtonian fluid,

σf
E

..= nfκf tr(df)1+ 2nfµfdf , (4.95)

where

df
..=

1

2
(gradvf + gradTvf) . (4.96)

Thus, taking the divergence of Equation (4.95) introduces a porosity gradient as well as a Laplacian

of the pore fluid velocity (dropping also (s) subscripts for derivatives with respect to the reference

configuration, for notational convenience):

1

nf

∂σfij(E)

∂XJ
F−1
Jj =

1

nf

(
κf
∂vk(f)

∂XK
F−1
KkF

−1
Jj + µf

[∂vi(f)
∂XK

F−1
Kj +

∂vj(f)

∂XK
F−1
Ki

]
F−1
Jj

) ∂nf
∂XJ

+ κf
∂2vk(f)

∂XJ∂XK
F−1
KkF

−1
Jj + µf

( ∂2vi(f)

∂XJ∂XK
F−1
KjF

−1
Jj +

∂2vj(f)

∂XJ∂XK
F−1
Ki F

−1
Jj

)
, (4.97)

where the porosity gradient, under the assumption of mechanically incompressible solid (s) con-

stituents, can be expressed as

∂nf

∂xj
=

∂nf

∂XJ
F−1
Jj = − ∂ns

∂XJ
F−1
Jj = − ∂

∂XJ

(ns0
J

)
F−1
Jj =

ns0
J2

∂Js
∂XJ

F−1
Jj

=
ns0
J2

∂ det(1 + ∂ui/∂XI)

∂XJ
F−1
Jj =

ns0
J

∂2ui
∂XI∂XJ

F−1
Ii F

−1
Jj . (4.98)

The terms highlighted in red in Equations (4.97) & Equation (4.98) possess second derivatives and

are thus problematic for standard finite element implementations if not weakened appropriately,

i.e., they would require finite elements (for the respective fields) that possess C1 continuity rather

than the standard C0 continuity (e.g., a typical Lagrange element). Returning our focus to the

variational equation, for HINT
2 we have, upon expanding the Darcy-Brinkman term:

HINT
2 = −

∫
B0

wpf
Jk̂

Kη
f

∂pf
∂XI

F−1
Ii

∂pf
∂XK

F−1
KkdV −

∫
B0

wpf
Jk̂

Kη
f

∂pf
∂XI

F−1
Ii ρ

fR(ai(f) − gi)dV

+

∫
B0

wpf
Jk̂

Kη
f

∂pf
∂XI

F−1
Ii

(
1

nf

(
κf
∂vk(f)

∂XK
F−1
KkF

−1
Ji + ηf

[∂vi(f)
∂XK

F−1
Kj +

∂vj(f)

∂XK
F−1
Ki

]
F−1
Jj

) ∂nf
∂XJ

+ κf
∂2vk(f)

∂XJ∂XK
F−1
KkF

−1
Ji + µf

( ∂2vi(f)

∂XJ∂XK
F−1
KjF

−1
Jj +

∂2vj(f)

∂XJ∂XK
F−1
Ki F

−1
Jj

))
dV .

(4.99)
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The first two terms can be integrated normally; however the last cannot be integrated by parts to

reduce continuity requirements of the solid skeleton (s) displacement and pore fluid (f) displacement

given that a gradient is also applied to pore fluid pressure pf (i.e., weakening continuity requirements

on the displacements in turn strengthens the continuity requirement on pore fluid pressure). This

problem also arises in HINT
5 , although there the gradient is applied to the weighting function wpf :

HINT
5 = −

∫
B0

∂wpf

∂XI
JF−1

Ii

(
1

nf

(
κf
∂vk(f)

∂XK
F−1
KkF

−1
Ji + µf

[∂vi(f)
∂XK

F−1
Kj +

∂vj(f)

∂XK
F−1
Ki

]
F−1
Jj

) ∂nf
∂XJ

+ κf
∂2vk(f)

∂XJ∂XK
F−1
KkF

−1
Ji + µf

( ∂2vi(f)

∂XJ∂XK
F−1
KjF

−1
Jj +

∂2vj(f)

∂XJ∂XK
F−1
Ki F

−1
Jj

))
dV .

(4.100)

Furthermore, the “mixed approach” taken by Vuong et al. [2016], Vuong [2016] to treat porosity

nf as an independent field variable in the finite element implementation (with the assumption of

incompressible pore fluid (f) constituent, i.e., ∇ · vf = 0), thereby eliminating strict dependence

on solid skeleton (s) displacement, does not in and of itself relieve us of the issue of higher order

continuity requirements since second derivatives appear for pore fluid velocity when the pore fluid

is assumed to be compressible (∇ · vf ̸= 0), in both the balance of mass of the mixture and the

balance of linear momentum of the pore fluid (assuming the divergence on the pore fluid extra

stress is not weakened in the latter).

One potential remedy to this problem is to ignore the pore fluid extra stress tensor σf
E

altogether. It was shown by Markert [2005] and Ehlers [2022] (originally in Ehlers et al. [1999])

that the fluid friction (viscous) forces are negligible when compared to the drag forces on the

macroscale. The derivation from Ehlers [2022] proceeds as follows.

Begin by assuming an incompressible pore fluid constituent and a rigid, non-deforming solid

constituent, i.e.,

Df
tρ

fR → 0 , u→ 0 . (4.101)

Then, the balance of mass of phase α reduces to (still under the assumption of negligible mass
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supply to phase α)

Dα
t n

α + nα div vα = 0 . (4.102)

Given that

∑
α

Dα
t n

α = grad(nf) · ṽf = div(nf ṽf)− nf div vf + (1− ns) div vs , (4.103)

the balance of mass of the mixture for incompressible constituents reduces to

div(nf ṽf) = 0 . (4.104)

For non-deforming solid, ns is constant (grad(nf)→ 0), and thus

div vf = 0 . (4.105)

Pore fluid momentum balance is written as

ρfaf + div(nfpf)− divσf
E − hf − ρfg = 0 . (4.106)

Recall from Section 3.2 that

hf = hf
E + pfgradn

f , (4.107)

with

hf
E = −Swṽf = −

(nf)2

k̂
ṽf , Sw

..=
(nf)2

k̂
1 . (4.108)

With this, and by inserting the Newtonian fluid law given by Equation (4.95) (using the identity

tr(df) = div vf , which is zero by Equation (4.105)) into Equation (4.106) gives the pore fluid

momentum balance for incompressible constituents and non-deforming solid skeleton:

ρfaf + nfgradpf − nfµf div gradvf +
(nf)2

k̂
vf − ρfg = 0 . (4.109)

Introducing the dimensionless quantities

∗
x ..=

x

L
,

∗
vf

..=
vf

V
, (4.110)
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with L as a characteristic length scale and V as a characteristic velocity allows us to write the

dimensionless gradient and divergence operators as

∗
grad(·) = Lgrad(·) ,

∗
div(·) = Ldiv(·) . (4.111)

Then we may recast the viscous and drag forces in Equation (4.109) as, respectively,

divσf
E = nfµf

V

L2

∗
div(

∗
grad

∗
vf) ,

hf
E = −(nf)2

k̂
V

∗
vf .

(4.112)

Taking the ratio of the viscous force to the drag force yields

Viscous force

Drag force
∝ µf k̂

nfL2
=

κ
nfL2

. (4.113)

For porous media applications, κ is typically several orders of magnitude smaller than the length

scale of interest L, e.g., in the current work κ ∼ O(10−10 m2) [Lande and Mitzner, 2006] and

L ∼ O(10−2 m). Thus, it may be appropriate to ignore the pore fluid extra stress (the viscous

force) when solving the balance equations for the mesoscale/macroscale regime, but not necessarily

for the microscale regime where the pore size
√
κ is on the order of L.

However, as Vuong points out (see Chapter 3.3.6 of Vuong [2016] and the figures therein), a

nearly-inviscid fluid creates infinitesimally large velocity gradients at the porous channel walls to

counteract an infinitesimally small boundary layer, which could lead to numerical instability for 3-D

simulations, particularly for highly permeable materials, i.e., those with larger pore sizes (larger

fluid domains). Whether or not it is necessary to account for the boundary layer in a numerical

simulation where flow is modeled on the macroscale regime is an area of debate [Nield and Bejan,

2013]. This boundary layer has thickness of order (η̃fκ/µf)1/2, where η̃f is an effective viscosity of

the pore fluid. For lung parenchyma, κ ∼ 10−10–10−11 m2 [Lande and Mitzner, 2006, Dai et al.,

2014], thus these viscous effects are probably negligible at the mesoscale level of interest for lung

parenchyma which is O(10−2) m.

Generally speaking, it is believed that both the Darcy and Darcy-Brinkman (the inclusion

of the pore fluid viscous stress tensor) equations only hold in the range of Reynolds numbers
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1 < Re < 10 [Bear, 1972, Nield and Bejan, 2013, Vuong, 2016, Winter et al., 2022]—for reference,

in prior work [Irwin et al., 2024, 2023c], the maximum Reynolds number resulting from numerical

simulations was roughly Re = 9.8. Nevertheless, the Reynolds number limits are based upon

experimental data wherein it is difficult to measure the inertia forces [Sobieski and Trykozko, 2014],

and, with the exception of Vuong [2016], many authors do not include the inertia term in Darcy’s

law and use the classical form which relates seepage velocity to pore fluid pressure gradient and (if

applicable) body forces. Nield and Bejan [2013] notes that the inertia term is only consequential

when the kinematic viscosity of the pore fluid νf is on the order of κ/t0 where t0 is the characteristic

time scale of interest. For lung parenchyma and air, this is satisfied when t0 ∼ 10−5 s, i.e., for the

shock-loading regime considered in this thesis.

An alternative representation of the seepage velocity which accounts for non-linear drag

effects at higher Re (but not the turbulent regime, i.e., 10 < Re < 100, [Bear, 1972]) is to use the

Darcy-Forchheimer equation given by Equation (4.114) [Markert, 2005, Ehlers, 2002]:

−gradpf =
(
k̂ +

ρfR

Bs
|(nf ṽf)|

)
(nf ṽf) , (4.114)

where Bs is a tortuosity parameter measuring the irregularity of the pore channels (with deviations

from Bs = 1 indicating higher irregularity). Such a parameter is hard to determine for complex

materials such as lung parenchyma, e.g., in Dai et al. [2014] the geometry of lung parenchyma—for

the purpose of determining a value for the tortuosity—was approximated as parallel cylinders, such

that Bs = 1.33. Note also in Equation (4.114), Markert [2005] has made the a priori assumption

that inertia forces are negligible as well. A brief attempt to reformulate the Darcy-Forchheimer

with inertia terms is presented as follows.

A thermodynamically consistent approach [Ehlers, 2022] starts by defining

hf
E

..= −Sw(n
f ṽf)− Sq|nf ṽf |(nf ṽf) , (4.115)

with Sw defined as per Equation (3.61), and

Sq
..= (nf)3

ρfR

Bs
1 . (4.116)
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Per Section 3.1.4 and Equation (3.70), we may substitute the new form of hf
E given by Equa-

tion (4.115) into the momentum balance of the pore fluid (dropping the pore fluid extra stress on

the assumption that at higher Re, pore fluid viscous effects are negligible), such that

1

k̂
(nf ṽf) + (nf)2

ρfR

Bs
|nf ṽf |(nf ṽf) = −ρfR(af − bf)− gradpf −

1

nf
pfgrad(n

f)
[
1− θs

θf

]
. (4.117)

Following the approach of Markert [2005], taking the norm of both sides of Equation (4.117) allows

us to solve for |nf ṽf | as

|nf ṽf | = −
Bs

k̂ρfR

(
1

2
±
√

1

4
+
Bs(k̂)2

ρfR

(
ρfR[|af | − |b|] + |gradpf |+

1

(nf)2
|pfgrad(nf)|

(
1− θs

θf

)2)
.

(4.118)

In the static conditions (e.g., no pressure gradients, inertia, etc.) Equation (4.118) recovers the

natural condition where |nf ṽf | = 0 if only the positive root is considered. Therefore, substitution

into Equation (4.117) gives the following expression for the seepage velocity:

nf ṽf = −k̂K−1
f

(
ρfR(af − bf)− gradpf −

1

nf
pfgrad(n

f)
[
1− θs

θf

])
, (4.119)

with

Kf
..= 1− (nf)2

[
1

2
+

√√√√1

4
+

(k̂)2Bs

ρfR

(
ρfR[|af | − |b|] + |gradpf |+

1

(nf)2
|pfgradnf |

[
1− θs

θf

]2)]
.

(4.120)

In any case, higher order element types that possess C1 continuity are necessary to guarantee

convergence of equations containing porosity gradients.

Using Hermite polynomials to satisfy C1 continuity requirements. If the porosity gradi-

ent needs to be resolved, elements with continuous first derivatives along their boundaries must be

used in order to guarantee convergence. The approach taken by Vuong et al. [2016], Vuong [2016]

to guarantee C1 continuity was to use Non-Uniform Rational Basis Splines (NURBS) (refer to work

by Hughes et al. [2005] for a finite element application). However, for the simple 1-D geometry
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considered herein, NURBS would introduce an additional layer of complexity given that the basis

functions are not interpolatory.

A simpler solution would be to invoke the Hermite cubic polynomial element (which is C1

continous), which is typically employed in FE analysis of beams. Herein, the analogy to a rotational

degree of freedom (DOF) in beam analysis is the gradient DOF. However, unlike beam analysis, the

gradient DOFs of the field variables of interest (u and uf) are allowed to “float”, i.e., no Dirichlet nor

Neumann boundary conditions are prescribed on these DOFs; in essence, they go unused outside

of their interpolatory functionality.

The element (refer to Fig. 4.1) will not be isoparametric, i.e.,

xh
e
(ξ) = N e(ξ) · xe , uh

e
(ξ) = N e,u

H (ξ) · de , (4.121)

with

N e
1

..=
1

2
(1− ξ) ,

N e
2

..=
1

2
(1 + ξ) ,

(4.122)

and

de =



de1

de2

de3

de4


=



uh
e
(ξ = −1)

uh
e

,x (−1)

uh
e
(1)

uh
e

,x (1)


, (4.123)

such that

uh
e
(ξ) =

[
N e,u

1(H) jeN e,u
2(H) N e,u

3(H) jeN e,u
4(H)

]


de1

de2

de3

de4


= N e,u

H (ξ) · de , (4.124)
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Figure 4.1: The Q3H-Q3H-P1 line element used for C1 continuity of the field variables u and uf .
Shown in red are the gradient DOFs which are allowed to “float”, i.e., no boundary conditions are
prescribed for these DOFs.

where N e,u
H (ξ) are the element Hermite cubic polynomials:

N e,u
1(H)

..=
1

4
(1− ξ)2(2 + ξ) ,

N e,u
2(H)

..=
1

4
(1− ξ)2(1 + ξ) ,

N e,u
3(H)

..=
1

4
(1 + ξ)2(2− ξ) ,

N e,u
4(H)

..=
1

4
(1 + ξ)2(−1 + ξ) ,

(4.125)
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and

je ..=
∂xh

e

∂ξ
=
he

2
,

∂uh
e

∂ξ
= je

∂uh
e

∂X
,

wuhe

(ξ) = N e,u
H · cu,e = (cu,e)T · (N e,u

H )T .

(4.126)

Herein, the “strain-displacement” matrix He,u is defined as:

∂2uh
e
(ξ)

∂X2
=
d2N e,u

H (ξ)

∂X2
· de =

1

(je)2
d2N e,u

H (ξ)

∂ξ2
· de = He,u(ξ) · de , (4.127)

and

∂uh
e
(ξ)

∂X
=
dN e,u

H (ξ)

∂X
· de =

1

je
dN e,u

H (ξ)

∂ξ
· de = Be,u

H (ξ) · de . (4.128)

For notational purposes, the (·)H subscript will be dropped from N e,u
H and Be,u

H . In the finite

element equations where He,u is used, the reader should assume that the shape functions for the

respective field, and its first derivative, are the Hermite shape functions as shown here (i.e., only

one element type will be used to represent a field variable, not a mix of element types). Of course

the same interpolation applies to the shape functions N e,uf
H , Be,uf

H and He,uf when the pore fluid

displacement uf requires a C
1 continuous element.

4.1.5 (u-pf-θ
s-θf) formulation

Herein, baroclinic fluid constituent is assumed, i.e., ρfR = ρfR(pf , θ
f). Locally inhomogeneous

temperatures are also assumed. Furthermore, we assume that af = as = a. The strong formulation

for thermoporoelastodynamics has the solution space

Su = (u : B0 × [0, T ]→ R3, u ∈ H1, u(t) = gu(t) on Γu
0 , u(X, t = 0) = u0(X)) ,

Spf = (pf : B0 × [0, T ]→ R, pf ∈ H1, pf(t) = gp(t) on Γp
0, pf(X, t = 0) = pf,0(X)) ,

Sθs = (θs : B0 × [0, T ]→ R, θs ∈ H1, θs(t) = gθ
s
on Γθs

0 , θ
s(X, t = 0) = θs0(X)) ,

Sθf = (θf : B0 × [0, T ]→ R, θf ∈ H1, θf(t) = gθ
f
on Γθf

0 , θ
f(X, t = 0) = θf0(X)) ,

(4.129)
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where gθ
s
and gθ

f
are the prescribed temperatures on Γθs

0 and Γθf
0 , respectively. Prior to writing

the strong formulation, the energy balances of each phase must be derived.

Derivation of the solid phase energy balance. We may write Equation (2.62) for α = s as

ρsDs
te

s = σs .. ls − div qs + ρsrs + ε̂s . (4.130)

Assuming no heat source rs, and making use of Equations (3.43)1, Equation (3.72), we may write

ρs(Ds
tψ

s + θsDs
tη

s + ηsDs
tθ

s) = (σs
E −

θs

θf
pfn

s1− q1) .. ls − div qs − kεθ(θs − θf)− hf · ṽf . (4.131)

Since the momentum production term hf cannot be constitutively determined, a substitution may

be made via use of Equation (3.44), such that we may write Equation (4.131) as1

ρs(Ds
tψ

s + θsDs
tη

s + ηsDs
tθ

s) = σs
E
.. ds −

(θs
θf
pfn

s + q
)
div vs − div qs − kεθ(θs − θf)

−hf
E · ṽf −

θs

θf
pfgrad(n

f) · ṽf . (4.132)

Prior to invoking the constitutive model(s), it is useful to transform Equation (4.132) to the refer-

ence configuration (dropping also (·)s and (·)s for convenience, where appropriate):

Dt(ρ
s
0ψ

s) + ρs0θ
sDtη

s + ρs0η
sDtθ

s =
1

2
Ss

E
.. DtC −

(θs
θf
pfn

s +Q
)
DtJ

−J GRAD(qs) .. F−T − Jkεθ(θs − θf)− Jhf
E · ṽf − J

θs

θf
pf GRAD(nf) · F−1 · ṽf . (4.133)

Expanding the material time derivative on the first term and using Equations (3.34)1,3, we may

write

ρs0θ
sDtη

s = −
(θs
θf
pfn

s +Q
)
DtJ − J GRAD(qs) .. F−T − Jkεθ(θs − θf)

−Jhf
E · ṽf − J

θs

θf
pf GRAD(nf) · F−1 · ṽf . (4.134)

At this point, the terms on the l.h.s. of Equation (4.132) require a constitutive form for the solid

in order to be further simplified.

1 Note that the last three terms are consistent with result given by Equation (3.73) if we use the constitutive
relation for the seepage tensor, Equation (3.61), in the second to last term of Equation (4.132).
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The linear isotropic thermoelastic model. For a material undergoing linear isotropic thermal

expansion, recall, from Equations (2.11) & Equation (3.44),

ηs = csV ln
θs

θs0
+

1

ρs0
Kskelαs

V ln Js . (4.135)

The first term of Equation (4.134) is thus (assuming constant volumetric CTE αs
V and isothermal

bulk modulus Kskel):

ρs0θ
sDtη

s = ρs0c
s
VDtθ

s +
Kskelαs

V θ
s

J
DtJ . (4.136)

Then, substitution of Equation (4.136) back into Equation (4.134) yields the governing equation

for the balance of energy of the solid constituent:

ρs0c
s
VDtθ

s +
(Kskelαs

V θ
s

J
+ nspf

θs

θf
+Q

)
DtJ + J GRAD(qs) .. F−T + Jkεθ(θ

s − θf)

+
J
(
nf ṽf

)2
k̂

+ J
θs

θf
pf
nf

GRAD(nf) · F−1 ·
(
nf ṽf

)
= 0 , (4.137)

where on the last line of Equation (4.137) we have used the following identities to simplify the extra

fluid interaction force term:

hf
E · ṽf = (−Swṽf) · ṽf , Sw

..=
(nf)2

k̂
1 . (4.138)

Derivation of the fluid phase energy balance. Next, we may write the balance of energy for

the fluid phase as

ρfDf
te

f = σf .. lf − div qf + ρfrf + ε̂f . (4.139)

Assuming no heat source rf , and making use of Equations (3.43)2, Equation (3.72), we may write

ρf(Df
tψ

f + θfDf
tη

f + ηfDf
tθ

f) = (σf
E − pfnf1) .. lf − div qf + kεθ(θ

s − θf) . (4.140)

Expansion of the fluid Helmholtz free energy term in Equation (4.140) yields

Df
tψ

f(ρfR, θf) =
∂ψf

∂ρfR
Df

tρ
fR +

∂ψf

∂θf
Df

tθ
f . (4.141)
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Making use of Equations (3.34)5,7 and Equation (3.41) allows us to write Equation (4.141) as

Df
tψ

f(ρfR, θf) =
pf

(ρfR)2
Df

tρ
fR − ηfDf

tθ
f . (4.142)

Thus, with some simplification of the r.h.s. of Equation (4.140), we may write

ρf
(
θfDf

tη
f +

pf
(ρfR)2

Df
tρ

fR
)
= σf

E
.. df − pfnf div vf − div qf + kεθ(θ

s − θf) . (4.143)

With the assumption that af = as = a, the div vf , σ
f
E , and df terms in Equation (4.143) cannot be

explicitly determined, from, e.g., the balance of linear momentum of the pore fluid. For the latter

two terms, we will assume the fluid is nearly-inviscid such that σf
E ≈ 0. Recall the balance of mass

for α = f (Equation (2.9)) with negligible mass supply ρ̂f :

Df
tn

f +
nf

ρfR
Df

tρ
fR + nf div vf = 0→ −nfpf div vf = pfD

f
tn

f +
nfpf
ρfR

Df
tρ

fR . (4.144)

Thus the pore fluid velocity term can be determined given a constitutive model for the pore fluid

real mass density. Additionally, the terms on the l.h.s. of Equation (4.143) require a constitutive

form for the pore fluid in order to be further simplified.

The ideal gas model. For the ideal gas pore fluid, recall

ηf = cfV ln
θf

θf0
−R ln

ρfR

ρfR0
. (4.145)

Then

θfDf
tη

f = cfVD
f
tθ

f − θfR

ρfR
Df

tρ
fR = cfVD

f
tθ

f − pf
(ρfR)2

Df
tρ

fR . (4.146)

As for the div vf term, recall that for an ideal gas

Df
tρ

fR = Df
t

( pf
Rθf

)
=

1

Rθf
Df

tpf −
pf

R(θf)2
Df

tθ
f =

ρfR

pf
Df

tpf −
ρfR

θf
Df

tθ
f . (4.147)

Substitution of Equation (4.147) into Equation (4.144) yields

−nfpf div vf = pfD
f
tn

f +
nfpf
ρfR

(ρfR
pf
Df

tpf −
ρfR

θf
Df

tθ
f
)

= pfD
f
tn

f + nfDf
tpf −

nfpf
θf

Df
tθ

f . (4.148)
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Recognizing

Df
tn

f = −Df
tn

s → Df
tn

f = −Ds
tn

s + grad(nf) · ṽf , (4.149)

and utilizing Equation (3.26), we may write

Df
tn

f =
ns

Js
Ds

tJ + grad(nf) · ṽf . (4.150)

Thus, we may write the div vf term as

−nfpf div vf =
nspf
Js

Ds
tJs + pfgrad(n

f) · ṽf + nf(Ds
tpf + grad(pf) · ṽf)

− nfpf
θf

(Ds
tθ

f + grad(θf) · ṽf) . (4.151)

Thus, the energy balance for the pore fluid may be written as

ρf(cfV +R)Ds
tθ

f + ρfR(cfV +R)grad(θf) · (nf ṽf)−
nspf
Js

Ds
tJs −

pf
nf

grad(nf) · (nf ṽf)

−nfDs
tpf − grad(pf) · (nf ṽf) + div qf − kεθ(θs − θf) = 0 ,

(4.152)

which we may convert to the reference configuration of the solid skeleton B0 (dropping also (·)s and

(·)s for convenience, where appropriate):

ρf0(c
f
V +R)Dtθ

f + ρfR0 (cfV +R)GRAD(θf) · F−1 · (nf ṽf)− nspfDtJ

−Jpf
nf

GRAD(nf) · F−1 · (nf ṽf)− JnfDtpf − J GRAD(pf) · F−1 · (nf ṽf)

+J GRAD(qf) .. F−T − Jkεθ(θs − θf) = 0 .

(4.153)

As such, the strong formulation for the balances of linear momenta, mass, and energies, assuming
a linear thermoelastic solid constituent and ideal gas pore fluid constituent, may be written as
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follows:

(S) =



Find u(X, t) ∈ Su, pf (X, t) ∈ Spf ,

θs(X, t) ∈ Sθs , and θf (X, t) ∈ Sθf ,

with t ∈ [0, T ], such that:

DIVP + ρ0g − ρ0a = 0 ∈ B0 ,

u(X, t) = gu(X, t) on Γu
0 ,

P (X, t) · N(X) = tσ(X, t) on Γt
0 ,

u(X, t = 0) = u0(X) ∈ B0 ,

v(X, t = 0) = v0(X) ∈ B0 ,

a(X, t = 0) = a0(X) ∈ B0 ,

−
J

θf
[nfDtθ

f + GRAD(θf ) · F−1 · (nf ṽf )] +
Jnf

pf
Dtpf + DtJ

+
J

pf
GRAD(pf ) · F−1 · (nf ṽf ) + J GRAD (nf ṽf ) .. F−T = 0 ∈ B0 ,

pf (X, t) = gp(X, t) on Γ
p
0 ,

−[JF−1 · (nf ṽf )] · N = Qf (X, t) on Γ
Qf
0 ,

pf (X, t = 0) = pf,0(X) ∈ B0 ,

ṗf (X, t = 0) = ṗf,0(X) ∈ B0 ,

ρs0c
s
V Dtθ

s +
(Kskelαs

V θs

J
+ nspf

θs

θf
+ Q

)
DtJ

+J GRAD(qs) .. F−T + Jkε
θ(θ

s − θf )

−
J
(
nf ṽf

)2
k̂

+ J
θs

θf

pf

nf
GRAD(nf ) · F−1 ·

(
nf ṽf

)
= 0 ∈ B0,

θs(X, t) = gθ
s
(X, t) on Γθs

0 ,

−(Jqs · F−T ) · N = Qθ
s (X, t) on Γ

Qθ
s

0 ,

θs(X, t = 0) = θs0(X) ∈ B0

θ̇s(X, t = 0) = θ̇s0(X) ∈ B0

ρf0(c
f
V + R)Dtθ

f + ρfR0 (cfV + R)GRAD(θf ) · F−1 · (nf ṽf )

−nspfDtJ − Jpf
nf GRAD(nf ) · F−1 · (nf ṽf )

−JnfDtpf − J GRAD(pf ) · F−1 · (nf ṽf )

+J GRAD(qf ) .. F−T − Jkε
θ(θ

s − θf ) = 0 ∈ B0

θf (X, t) = gθ
f
(X, t) on Γθf

0 ,

−(Jqf · F−T ) · N = Qθ
f (X, t) on Γ

Qθ
f

0 ,

θf (X, t = 0) = θf0(X) ∈ B0

θ̇f (X, t = 0) = θ̇f0(X) ∈ B0 .

(4.154)

Let G(ui, pf , θs, θf , wu
i ) be the variational form of Equations (4.154)1−6 such that

G : Su × Spf × Sθs × Sθf × Vu → R . (4.155)

We may then rewrite Equations (4.154)1−6 as

G(ui, pf , θs, θf , wu
i ) =

∫
B0

wu
i ρ0ai dV +

∫
B0

wu
i

∂PiI

∂XI
dV +

∫
B0

wu
i ρ0gi dV = 0 . (4.156)
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Weakening of the first Piola-Kirchhoff stress of the mixture and subsequent decomposition proceeds

as before, such that Equation (4.156) is written as

G(ui, pf , θs, θf , wu
i ) =

∫
B0

wu
i ρ0ai dV +

∫
B0

∂wu
i

∂XI
P s
iI(E) dV

−
∫
B0

∂wu
i

∂XI
JpfF

−1
Ii

(θs
θf
ns + nf

)
dV +

∫
B0

wu
i ρ0gi dV

−

∫
Γt
0

wu
i t

σs
E

i dA−
∫
Γt
0

wu
i pfJF

−1
Ii

(θf
θs
ns + nf

)
NI dA

 = 0 , (4.157)

where use has been made of the locally inhomogenous temperature first Piola-Kirchhoff stress of

the mixture,

PiI = P s
iI(E) − JpfF−1

Ii

(θs
θf
ns + nf

)
. (4.158)

Let H(ui, pf , θs, θf , wpf ) be the variational form of Equations (4.154)7−11 such that

H : Spf × Su × Sθs × Sθf × Vpf → R . (4.159)

Since the additional (first) term in Equation (4.154)7 does not require use of chain rule to weaken,

weakening procedure follows from Section 4.1.3, such that we may then rewrite Equations (4.154)7−11

as

H(ui, pf , θs, θf , wpf ) = −
∫
B0

wpf
J

θf

(
nfDtθ

f +
∂θf

∂XI
F−1
Ii

(
nf ṽi(f)

))
dV

+

∫
B0

wpf

(
Jnf

pf
ṗf + J̇

)
dV +

∫
B0

wpf
J

pf

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV

−
∫
B0

∂wpf

∂XI
J
(
nf ṽi(f)

)
F−1
Ii dV −

∫
ΓQ
0

wpfQf dA = 0 . (4.160)

Let J (ui, pf , θs, θf , wθs) be the variational form of Equations (4.154)12−16, such that

J : Sθs × Su × Spf × Sθf × Vθs → R . (4.161)
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Then, we may write the variational form of Equations (4.154)12−16 as

J (ui, pf , θs, θf , wθs) =

∫
B0

wθsρs0c
s
VDtθ

s dV +

∫
B0

wθs
(Kskelαs

V θ
s

J
+ nspf

θs

θf
+Q

)
DtJ dV

+

∫
B0

wθsJ
∂qsi
∂XI

F−1
Ii dV +

∫
B0

wθsJkεθ(θ
s − θf) dV

−
∫
B0

wθs J
(
nf ṽf

)2
k̂

dV +

∫
B0

wθsJ
θs

θf
pf
nf

∂nf

∂XI
F−1
Ii

(
nf ṽi(f)

)
dV = 0 . (4.162)

As shown in Section 4.1.2, the gradient of the solid heat flux term may be weakened using chain

rule and the Neumann boundary condition given by Equation (4.27)14, such that Equation (4.162)

is written as

J (ui, pf , θs, θf , wθs) =

∫
B0

wθsρs0c
s
VDtθ

s dV +

∫
B0

wθs
(Kskelαs

V θ
s

J
+ nspf

θs

θf
+Q

)
DtJ dV

−
∫
B0

∂wθs

∂XI
JqiF

−1
Ii dV +

∫
B0

wθsJkεθ(θ
s − θf) dV

−
∫
B0

wθs J(n
f)2

k̂
dV +

∫
B0

wθsJ
θs

θf
pf
nf

∂nf

∂XI
F−1
Ii

(
nf ṽi(f)

)
dV

−
∫

Γ
Qθ
s

0

wθsQθ
s dA = 0 . (4.163)

Let K(ui, pf , θs, θf , wθf ) be the variational form of Equations (4.154)17−21, such that

K : Sθf × Su × Spf × Sθs × Vθf → R . (4.164)
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Then, we may write the variational form of Equations (4.154)17−21 as

K(ui, pf , θs, θf , wθf ) =

∫
B0

wθfρf0(c
f
V +R)Dtθ

f dV

+

∫
B0

wθfρfR0 (cfV +R)
∂θf

∂XI

(
nf ṽi(f)

)
F−1
Ii dV

−
∫
B0

wθfnspfDtJ dV −
∫
B0

wθf Jpf
nf

∂nf

∂XI

(
nf ṽi(f)

)
F−1
Ii dV

−
∫
B0

wθfJnfDtpf dV −
∫
B0

wθfJ
∂pf
∂XI

(
nf ṽi(f)

)
F−1
Ii dV

+

∫
B0

wθfJ
∂qfi
∂XI

F−1
Ii dV −

∫
B0

wθfJkεθ(θ
s − θf) dV = 0 . (4.165)

The gradient of the pore fluid heat flux is weakend using chain rule and Equation (4.154)19, such

that Equation (4.165) is written as

K(ui, pf , θs, θf , wθf ) =

∫
B0

wθfρf0(c
f
V +R)Dtθ

f dV

+

∫
B0

wθfρfR0 (cfV +R)
∂θf

∂XI

(
nf ṽi(f)

)
F−1
Ii dV

−
∫
B0

wθfnspfDtJ dV −
∫
B0

wθf Jpf
nf

∂nf

∂XI

(
nf ṽi(f)

)
F−1
Ii dV

−
∫
B0

wθfJnfDtpf dV −
∫
B0

wθfJ
∂pf
∂XI

(
nf ṽi(f)

)
F−1
Ii dV

−
∫
B0

∂wθf

∂XI
JqfiF

−1
Ii dV −

∫
B0

wθfJkεθ(θ
s − θf) dV

−
∫

Γ
Qθ
f

0

wθfQθ
f dA = 0 . (4.166)

The formal statement for the variational forms G, H, J , and K—assuming nearly-inviscid pore

fluid, af = as = a, isotropic thermoelasticity of the solid, and an ideal gas model of the pore



119

fluid—may be written as follows:

W =



Find ui(XI , t) ∈ Su, pf(XI , t) ∈ Spf ,

θs(XI , t) ∈ Sθs , and θf(XI , t) ∈ Sθf , with t ∈ [0, T ], such that:∫
B0

wu
i ρ0ai dV +

∫
B0

∂wu
i

∂XI
P s
iI(E) dV −

∫
B0

∂wu
i

∂XI
JpfF

−1
Ii

(θs
θf

ns + nf
)
dV

−
∫
B0

wu
i ρ0gi dV −

∫
Γt
0

wu
i t

σs
E

i dA−
∫
Γt
0

wu
i pfJF

−1
Ii

(θs
θf

ns + nf
)
NI dA

 = 0 ,

−
∫
B0

wpf J

θf

(
nfDtθ

f +
∂θf

∂XI
F−1
Ii

(
nf ṽi(f)

))
dV +

∫
B0

wpf

(
Jnf

pf
ṗf + J̇

)
dV

+

∫
B0

wpf J

pf

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV −

∫
B0

∂wpf

∂XI
J
(
nf ṽi(f)

)
F−1
Ii dV −

∫
Γ
Qf
0

wpfQf dA = 0 ,

∫
B0

wθsρs0c
s
V Dtθ

s dV +

∫
B0

wθs
(Kskelαs

V θs

J
+ nspf

θs

θf
+Q

)
DtJ dV

−
∫
B0

∂wθs

∂XI
JqiF

−1
Ii dV +

∫
B0

wθsJkε
θ(θ

s − θf) dV

−
∫
B0

wθs J
(
nf ṽf

)2
k̂

dV +

∫
B0

wθsJ
θs

θf
pf
nf

∂nf

∂XI
F−1
Ii

(
nf ṽi(f)

)
dV −

∫
Γ
Qθ

s
0

wθsQθ
s dA = 0 ,

∫
B0

wθf ρf0(c
f
V +R)Dtθ

f dV +

∫
B0

wθf ρfR0 (cfV +R)
∂θf

∂XI

(
nf ṽi(f)

)
F−1
Ii dV

−
∫
B0

wθfnspfDtJ dV −
∫
B0

wθf Jpf
nf

∂nf

∂XI

(
nf ṽi(f)

)
F−1
Ii dV −

∫
B0

wθfJnfDtpf dV

−
∫
B0

wθfJ
∂pf
∂XI

(
nf ṽi(f)

)
F−1
Ii dV −

∫
B0

∂wθf

∂XI
JqfiF

−1
Ii dV −

∫
B0

wθfJkε
θ(θ

s − θf) dV

−
∫

Γ
Qθ

f
0

wθfQθ
f dA = 0

holds ∀wu
i ∈ Vu, ∀wpf ∈ Vpf , wθs ∈ Vθs , and wθf ∈ Vθf with

Su = (ui : B0 × [0, T ] → R3, ui ∈ H1, ui(t) = gui (t) on Γu
0 , ui(XI , t = 0) = ui,0(XI)) ,

Spf = (pf : B0 × [0, T ] → R, pf ∈ H1, pf(t) = gp(t) on Γp
0, pf(XI , t = 0) = pf,0(XI)) ,

Sθs = (θs : B0 × [0, T ] → R, θs ∈ H1, θs(t) = gθ
s

on Γθs

0 , θs(XI , t = 0) = θs0(XI)) ,

Sθf = (θf : B0 × [0, T ] → R, θf ∈ H1, θf(t) = gθ
f

on Γθf

0 , θf(XI , t = 0) = θf0(XI)) ,

Vu = (wu
i : B0 → R3, wu

i ∈ H1, wu
i (t) = 0 on Γu

0 ) ,

Vpf = (wpf : B0 → R, wpf ∈ H1, wpf (t) = 0 on Γp
0) ,

Vθs = (wθs : B0 → R, wθs ∈ H1, wθs(t) = 0 on Γθs

0 ,

Vθf = (wθf : B0 → R, wθf ∈ H1, wθf (t) = 0 on Γθf

0 .

(4.167)
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In the FE implementation that follows, it behooves us to simplify the variational forms, such that

G = GINT
1 + GINT

2 + GINT
3 + GINT

4 + GEXT
1 + GEXT

2 = 0 ,

H = HINT
1 +HINT

2 +HINT
3 +HINT

4 +HINT
6 +HINT

7 +HEXT = 0 ,

J = J INT
1 + J INT

2 + J INT
3 + J INT

4 + J INT
5 + J INT

6 + J EXT = 0 ,

K = KINT
1 +KINT

2 +KINT
3 +KINT

4 +KINT
5 +KINT

6 +KINT
7 +KINT

8 +KEXT = 0 ,

(4.168)

wherein

GINT
1 =

∫
B0

wu
i ρ0ai dV ,

GINT
2 =

∫
B0

∂wu
i

∂XI
P s
iI(E) dV ,

GINT
3 = −

∫
B0

∂wu
i

∂XI
JpfF

−1
Ii

(θs
θf
ns + nf

)
dV ,

GINT
4 = −

∫
B0

wu
i ρ0gi dV ,

GEXT
1 =

∫
Γt
0

wu
i t

σs
E

i dA ,

GEXT
2 = −

∫
Γt
0

wu
i JpfFIi

(θs
θf
ns + nf

)
NI dA ,

(4.169)
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and

HINT
1 =

∫
B0

wpf

(
Jnf

pf
ṗf + J̇

)
dV ,

HINT
2 =

∫
B0

wpf
J

pf

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV ,

HINT
3 =

∫
B0

∂wpf

∂XI
JF−1

Ii k̂
∂pf
∂XK

F−1
Ki dV ,

HINT
4 =

∫
B0

∂wpf

∂XI
JF−1

Ii k̂ρ
fR (ai − gi) dV ,

HINT
6 =

∫
B0

∂wpf

∂XI
JF−1

Ii

k̂

nf
pf
∂nf

∂XK
F−1
Ki

(
1− θs

θf

)
dV ,

HINT
7 = −

∫
B0

wpf
J

θf

(
nfDtθ

f +
∂θf

∂XI
F−1
Ii

(
nf ṽi(f)

))
dV ,

HEXT =

∫
Γ
Qf
0

wpfQf dA ,

(4.170)

and

J INT
1 =

∫
B0

wθsρs0c
s
VDtθ

s dV ,

J INT
2 =

∫
B0

wθs
(Kskelαs

V θ
s

J
+ nspf

θs

θf
+Q

)
DtJ dV ,

J INT
3 = −

∫
B0

∂wθs

∂XI
JqsiF

−1
Ii dV ,

J INT
4 =

∫
B0

wθsJkεθ(θ
s − θf) dV ,

J INT
5 = −

∫
B0

wθs J
(
nf ṽf

)2
k̂

dV ,

J INT
6 =

∫
B0

wθsJ
θs

θf
pf
nf

∂nf

∂XI
F−1
Ii

(
nf ṽi(f)

)
dV ,

J EXT = −
∫

Γ
Qθ
s

0

wθsQθ
s dA ,

(4.171)
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and

KINT
1 =

∫
B0

wθfρf0(c
f
V +R)Dtθ

f dV

KINT
2 =

∫
B0

wθfρfR0 (cfV +R)
∂θf

∂XI

(
nf ṽi(f)

)
F−1
Ii dV ,

KINT
3 = −

∫
B0

wθfnspfDtJ dV ,

KINT
4 = −

∫
B0

wθf Jpf
nf

∂nf

∂XI

(
nf ṽi(f)

)
F−1
Ii dV ,

KINT
5 = −

∫
B0

wθfJnfDtpf dV ,

KINT
6 = −

∫
B0

wθfJ
∂pf
∂XI

(
nf ṽi(f)

)
F−1
Ii dV ,

KINT
7 = −

∫
B0

∂wθf

∂XI
JqfiF

−1
Ii dV ,

KINT
8 = −

∫
B0

wθfJkεθ(θ
s − θf) dV ,

KEXT = −
∫

Γ
Qθ
f

0

wθfQθ
f dA .

(4.172)
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In the case of 1-D uniaxial strain, i.e., the underlying assumption for the proceeding FE model, the

above terms simplify to the following:

GINT
1 =

X=H∫
0

wuρ0aAdX ,

GINT
2 =

X=H∫
0

∂wu

∂X
P s
11(E)AdX ,

GINT
3 = −

X=H∫
0

∂wu

∂X
pf

(θs
θf
ns + nf

)
AdX ,

GINT
4 =

X=H∫
0

wuρ0gAdX ,

GEXT
1 =

∫
Γt
0

wutσ
s
E dA = tσ

s
EA ,

GEXT
2 = −

∫
Γt
0

wupf

(θs
θf
ns + nf

)
dA = pf

(θs
θf
ns + nf

)
A ,

(4.173)

and

HINT
1 =

X=H∫
0

wpf

(
Jnf

pf
ṗf + J̇

)
AdX ,

HINT
2 =

X=H∫
0

wpf
1

pf

∂pf
∂X

(nf ṽf)AdX ,

HINT
3 =

X=H∫
0

∂wpf

∂X
k̂
∂pf
∂X

F−1
11 AdX ,

HINT
4 =

X=H∫
0

∂wpf

∂X
k̂ρfR (a+ g)AdX ,

HINT
6 =

X=H∫
0

∂wpf

∂X

k̂

nf
pf
∂nf

∂X
F−1
11

(
1− θs

θf

)
AdX ,

HINT
7 = −

X=H∫
0

wpf
J

θf

(
nfDtθ

f +
∂θf

∂X
(nf ṽf)F

−1
11

)
AdX ,

HEXT =

∫
Γ
Qf
0

wpfQf dA = QfA ,

(4.174)
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and

J INT
1 =

X=H∫
0

wθsρs0c
s
VDtθ

sAdX ,

J INT
2 =

X=H∫
0

wθs
(Kskelαs

V θ
s

J
+ nspf

θs

θf
+Q

)
DtJAdX ,

J INT
3 = −

X=H∫
0

∂wθs

∂X
qsAdX ,

J INT
4 =

X=H∫
0

wθsJkεθ(θ
s − θf)AdX ,

J INT
5 = −

X=H∫
0

wθs J
(
nf ṽf

)2
k̂

A dX ,

J INT
6 =

X=H∫
0

wθs θ
s

θf
pf
nf
∂nf

∂X
(nf ṽf)AdX ,

J EXT = −
∫

Γ
Qθ
s

0

wθsQθ
s dA = Qθ

sA ,

(4.175)
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and

KINT
1 =

X=H∫
0

wθfρf0(c
f
V +R)Dtθ

fAdX ,

KINT
2 =

X=H∫
0

wθfρfR(cfV +R)
∂θf

∂X
(nf ṽf)AdX ,

KINT
3 = −

X=H∫
0

wθfnspfDtJAdX ,

KINT
4 = −

X=H∫
0

wθf pf
nf
∂nf

∂X
(nf ṽf)AdX ,

KINT
5 = −

X=H∫
0

wθfJnfDtpfAdX ,

KINT
6 = −

X=H∫
0

wθf ∂pf
∂X

(nf ṽf)AdX ,

KINT
7 = −

X=H∫
0

∂wθf

∂X
qfAdX ,

KINT
8 = −

X=H∫
0

wθfJkεθ(θ
s − θf)AdX ,

KEXT = −
∫

Γ
Qθ
f

0

wθfQθ
f dA = Qθ

fA .

(4.176)

The compressible liquid model. For the compressible liquid pore fluid, recall

ηf = cfV ln
( θf
θf0

)
+
Kθ

f α
f
V

ρfR
. (4.177)

Then,

ρfθfDf
tη

f = ρfcfVD
f
tθ

f − nfθfKθ
f α

f
V

ρfR
Df

tρ
fR , (4.178)

where

Df
tρ

fR = ρfR
( 1

Kθ
f

Df
tpf − αf

VD
f
tθ

f
)
, (4.179)
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such that

ρfθfDf
tη

f = (ρfcfV + nfθfKθ
f [α

f
V ]

2)Df
tθ

f − nfθfαf
VD

f
tpf . (4.180)

From Equation (4.144)2, we know that

−nfpf div vf = pfD
f
tn

f +
nfpf
ρfR

Df
tρ

fR , (4.181)

and from the second term in Equation (4.143),

ρf
pf

(ρfR)2
Df

tρ
fR =

nfpf
ρfR

Df
tρ

fR , (4.182)

such that when the fluid stress power term (Equation (4.181)) is added to the l.h.s. of Equa-

tion (4.143), the terms containing the material time derivative of the pore fluid real mass densities

will cancel, such that the pore fluid energy balance for the compressible liquid may be written as

(making use of Equations (4.150) and Equation (4.151)):

(ρfcfV + nfθfKθ
f [α

f
V ]

2)(Ds
tθ

f + grad(θf) · ṽf)− nfθfαf
V (D

s
tpf + grad(pf) · ṽf)−

nspf
Js

Ds
tJs

− pf
nf

grad(nf) ·
(
nf ṽf

)
+ div qf − kεθ(θs − θf) = 0 , (4.183)

which equates to

(ρfcfV + nfθfKθ
f [α

f
V ]

2)Ds
tθ

f + (ρfRcfV + θfKθ
f [α

f
V ]

2)grad(θf) ·
(
nf ṽf

)
− nfθfαf

VD
s
tpf

−θfαf
V grad(pf) ·

(
nf ṽf

)
− nspf

Js
Ds

tJs −
pf
nf

grad(nf) ·
(
nf ṽf

)
+ div qf − kεθ(θs − θf) = 0 . (4.184)

Upon inspection of Equation (4.184), substitution of αf
V

..= 1/θf andKθ
f

..= pf for an ideal gas allows

us to recover Equation (4.152).2 Conversion of Equation (4.184) to the reference configuration B0

(dropping also (·)s and (·)s for convenience, where appropriate) yields:

(ρf0c
f
V + JnfθfKθ

f [α
f
V ]

2)Dtθ
f + (ρfR0 c

f
V + JθfKθ

f [α
f
V ]

2)GRAD(θf) · F−1 ·
(
nf ṽf

)
−Jnfθfαf

VDtpf − Jθfαf
V GRAD(pf) · F−1 ·

(
nf ṽf

)
− nspfDtJ

−Jpf
nf

GRAD(nf) · F−1 ·
(
nf ṽf

)
+ J GRAD(qf) .. F−T − Jkεθ(θs − θf) = 0 . (4.185)

2 Recall that ρfRR =
pf
θf

, such that nfρfRR = ρfR =
nfpf
θf

, the last of which is equivalent to nfθfKθ
f (α

f
V )2 when

the definitions αf
V

..= 1/θf and Kθ
f
..= pf are used.
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As such, the strong formulation for the balances of linear momenta, mass, and energies, assuming
a linear thermoelastic solid constituent and a compressible liquid pore fluid constituent, may be
written as follows:

(S) =



Find u(X, t) ∈ Su, pf (X, t) ∈ Spf ,

θs(X, t) ∈ Sθs , and θf (X, t) ∈ Sθf ,

with t ∈ [0, T ], such that:

DIVP + ρ0g − ρ0a = 0 ∈ B0 ,

u(X, t) = gu(X, t) on Γu
0 ,

P (X, t) · N(X) = tσ(X, t) on Γt
0 ,

u(X, t = 0) = u0(X) ∈ B0 ,

v(X, t = 0) = v0(X) ∈ B0 ,

a(X, t = 0) = a0(X) ∈ B0 ,

−Jαf
V [nfDtθ

f + GRAD(θf ) · F−1 · (nf ṽf )] +
Jnf

Kθ
f

Dtpf + DtJ

+
J

Kθ
f

GRAD(pf ) · F−1 · (nf ṽf ) + J GRAD (nf ṽf ) .. F−T = 0 ∈ B0 ,

pf (X, t) = gp(X, t) on Γ
p
0 ,

−[JF−1 · (nf ṽf )] · N = Qf (X, t) on Γ
Qf
0 ,

pf (X, t = 0) = pf,0(X) ∈ B0 ,

ṗf (X, t = 0) = ṗf,0(X) ∈ B0 ,

ρs0c
s
V Dtθ

s +
(Kskelαs

V θs

J
+ nspf

θs

θf
+ Q

)
DtJ

+J GRAD(qs) .. F−T + Jkε
θ(θ

s − θf )

+
J
(
nf ṽf

)2
k̂

+ J
θs

θf

pf

nf
GRAD(nf ) · F−1 ·

(
nf ṽf

)
= 0 ∈ B0,

θs(X, t) = gθ
s
(X, t) on Γθs

0 ,

−(Jqs · F−T ) · N = Qθ
s (X, t) on Γ

Qθ
s

0 ,

θs(X, t = 0) = θs0(X) ∈ B0

θ̇s(X, t = 0) = θ̇s0(X) ∈ B0

(ρf0c
f
V + JnfθfKθ

f [αf
V ]2)Dtθ

f + (ρfR0 cfV + JθfKθ
f [αf

V ]2)GRAD(θf ) · F−1 · (nf ṽf )

−nspfDtJ − Jpf
nf GRAD(nf ) · F−1 · (nf ṽf )

−JnfDtpf − J GRAD(pf ) · F−1 · (nf ṽf )

+J GRAD(qf ) .. F−T − Jkε
θ(θ

s − θf ) = 0 ∈ B0

θf (X, t) = gθ
f
(X, t) on Γθf

0 ,

−(Jqf · F−T ) · N = Qθ
f (X, t) on Γ

Qθ
f

0 ,

θf (X, t = 0) = θf0(X) ∈ B0

θ̇f (X, t = 0) = θ̇f0(X) ∈ B0 .

(4.186)

Let G(ui, pf , θs, θf , wu
i ) be the variational form of Equations (4.186)1−6 such that

G : Su × Spf × Sθs × Sθf × Vu → R , (4.187)

and let J (ui, pf , θs, θf , wθs) be the variational form of Equations (4.186)12−16, such that

J : Sθs × Su × Spf × Sθf × Vθs → R . (4.188)
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The variational forms for the mixture momentum balance and the solid energy balance remain

unchanged from the ideal gas pore fluid model—refer to the previous section for details. Let

H(ui, pf , θs, θf , wpf ) be the variational form of Equations (4.186)7−11 such that

H : Spf × Su × Sθs × Sθf × Vpf → R . (4.189)

This variational form changes slightly from the previous section in that the pore fluid volumet-

ric CTE and pore fluid isothermal bulk modulus may not be replaced by the inverse pore fluid

temperature or pore fluid pressure, respectively. Therefore,

H(ui, pf , θs, θf , wpf ) = −
∫
B0

wpfJαf
V

(
nfDtθ

f +
∂θf

∂XI
F−1
Ii

(
nf ṽi(f)

))
dV

+

∫
B0

wpf

(
Jnf

Kθ
f

ṗf + J̇

)
dV +

∫
B0

wpf
J

Kθ
f

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV

−
∫
B0

∂wpf

∂XI
J
(
nf ṽi(f)

)
F−1
Ii dV −

∫
ΓQ
0

wpfQf dA = 0 . (4.190)

Let K(ui, pf , θs, θf , wθf ) be the variational form of Equations (4.186)17−21, such that

K : Sθf × Su × Spf × Sθs × Vθf → R . (4.191)

Then, we may write the variational form of Equations (4.186)17−21 as

K(ui, pf , θs, θf , wθf ) =

∫
B0

wθf (ρf0c
f
V + JnfθfKθ

f [α
f
V ]

2)Dtθ
f dV

+

∫
B0

wθf (ρfR0 c
f
V + JθfKθ

f [α
f
V ]

2)
∂θf

∂XI

(
nf ṽi(f)

)
F−1
Ii dV

−
∫
B0

wθfnspfDtJ dV −
∫
B0

wθf Jpf
nf

∂nf

∂XI

(
nf ṽi(f)

)
F−1
Ii dV

−
∫
B0

wθfJnfDtpf dV −
∫
B0

wθfJ
∂pf
∂XI

(
nf ṽi(f)

)
F−1
Ii dV

+

∫
B0

wθfJ
∂qfi
∂XI

F−1
Ii dV −

∫
B0

wθfJkεθ(θ
s − θf) dV = 0 . (4.192)
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The gradient of the pore fluid heat flux is weakend using chain rule and Equation (4.186)19, such

that Equation (4.192) is written as

K(ui, pf , θs, θf , wθf ) =

∫
B0

wθf (ρf0c
f
V + JnfθfKθ

f [α
f
V ]

2)Dtθ
f dV

+

∫
B0

wθf (ρfR0 c
f
V + JθfKθ

f [α
f
V ]

2)
∂θf

∂XI

(
nf ṽi(f)

)
F−1
Ii dV

−
∫
B0

wθfnspfDtJ dV −
∫
B0

wθf Jpf
nf

∂nf

∂XI

(
nf ṽi(f)

)
F−1
Ii dV

−
∫
B0

wθfJnfDtpf dV −
∫
B0

wθfJ
∂pf
∂XI

(
nf ṽi(f)

)
F−1
Ii dV

−
∫
B0

∂wθf

∂XI
JqfiF

−1
Ii dV −

∫
B0

wθfJkεθ(θ
s − θf) dV

−
∫

Γ
Qθ
f

0

wθfQθ
f dA = 0 . (4.193)

The formal statement for the variational forms G, H, J , and K—assuming nearly-inviscid pore

fluid, af = as = a, isotropic thermoelasticity of the solid, and a compressible liquid model of the
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pore fluid—may be written as follows:

W =



Find ui(XI , t) ∈ Su, pf(XI , t) ∈ Spf ,

θs(XI , t) ∈ Sθs , and θf(XI , t) ∈ Sθf , with t ∈ [0, T ], such that:∫
B0

wu
i ρ0ai dV +

∫
B0

∂wu
i

∂XI
P s
iI(E) dV −

∫
B0

∂wu
i

∂XI
JpfF

−1
Ii

( θs
θf

ns + nf
)
dV

−
∫
B0

wu
i ρ0gi dV −

∫
Γt
0

wu
i t

σs
E

i dA−
∫
Γt
0

wu
i pfJF

−1
Ii

( θs
θf

ns + nf
)
NI dA

 = 0 ,

−
∫
B0

wpf Jαf
V

(
nfDtθ

f +
∂θf

∂XI
F−1
Ii

(
nf ṽi(f)

))
dV +

∫
B0

wpf

(
Jnf

Kθ
f

ṗf + J̇

)
dV

+

∫
B0

wpf
J

Kθ
f

∂pf

∂XI
F−1
Ii

(
nf ṽi(f)

)
dV −

∫
B0

∂wpf

∂XI
J
(
nf ṽi(f)

)
F−1
Ii dV −

∫
Γ
Qf
0

wpfQf dA = 0 ,

∫
B0

wθsρs0c
s
V Dtθ

s dV +

∫
B0

wθs
(Kskelαs

V θs

J
+ nspf

θs

θf
+Q

)
DtJ dV

−
∫
B0

∂wθs

∂XI
JqiF

−1
Ii dV +

∫
B0

wθsJkεθ(θ
s − θf) dV

+

∫
B0

wθs J
(
nf ṽf

)2
k̂

dV +

∫
B0

wθsJ
θs

θf
pf

nf

∂nf

∂XI
F−1
Ii

(
nf ṽi(f)

)
dV −

∫
Γ
Qθ

s
0

wθsQθ
s dA = 0 ,

∫
B0

wθf (ρf0c
f
V + JnfθfKθ

f [α
f
V ]2)Dtθ

f dV +

∫
B0

wθf (ρfR0 cfV + JθfKθ
f [α

f
V ]2)

∂θf

∂XI

(
nf ṽi(f)

)
F−1
Ii dV

−
∫
B0

wθfnspfDtJ dV −
∫
B0

wθf Jpf

nf

∂nf

∂XI

(
nf ṽi(f)

)
F−1
Ii dV −

∫
B0

wθf JnfDtpf dV

−
∫
B0

wθf J
∂pf

∂XI

(
nf ṽi(f)

)
F−1
Ii dV −

∫
B0

∂wθf

∂XI
JqfiF

−1
Ii dV −

∫
B0

wθf Jkεθ(θ
s − θf) dV

−
∫

Γ
Qθ

f
0

wθfQθ
f dA = 0

holds ∀wu
i ∈ Vu, ∀wpf ∈ Vpf , wθs ∈ Vθs , and wθf ∈ Vθf with

Su = (ui : B0 × [0, T ] → R3, ui ∈ H1, ui(t) = gui (t) on Γu
0 , ui(XI , t = 0) = ui,0(XI)) ,

Spf = (pf : B0 × [0, T ] → R, pf ∈ H1, pf(t) = gp(t) on Γp
0, pf(XI , t = 0) = pf,0(XI)) ,

Sθs = (θs : B0 × [0, T ] → R, θs ∈ H1, θs(t) = gθ
s
on Γθs

0 , θs(XI , t = 0) = θs0(XI)) ,

Sθf = (θf : B0 × [0, T ] → R, θf ∈ H1, θf(t) = gθ
f
on Γθf

0 , θf(XI , t = 0) = θf0(XI)) ,

Vu = (wu
i : B0 → R3, wu

i ∈ H1, wu
i (t) = 0 on Γu

0 ) ,

Vpf = (wpf : B0 → R, wpf ∈ H1, wpf (t) = 0 on Γp
0) ,

Vθs = (wθs : B0 → R, wθs ∈ H1, wθs (t) = 0 on Γθs

0 ,

Vθf = (wθf : B0 → R, wθf ∈ H1, wθf (t) = 0 on Γθf

0 .

(4.194)
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In the FE implementation that follows, it behooves us to simplify the variational forms, such that

G = GINT
1 + GINT

2 + GINT
3 + GINT

4 + GEXT
1 + GEXT

2 = 0 ,

H = HINT
1 +HINT

2 +HINT
3 +HINT

4 +HINT
6 +HINT

7 +HEXT = 0 ,

J = J INT
1 + J INT

2 + J INT
3 + J INT

4 + J INT
5 + J INT

6 + J EXT = 0 ,

K = KINT
1 +KINT

2 +KINT
3 +KINT

4 +KINT
5 +KINT

6 +KINT
7 +KINT

8 +KEXT = 0 ,

(4.195)

wherein G,J remain unchanged from the previous section, and

HINT
1 =

∫
B0

wpf

(
Jnf

Kθ
f

ṗf + J̇

)
dV ,

HINT
2 =

∫
B0

wpf
J

Kθ
f

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV ,

HINT
3 =

∫
B0

∂wpf

∂XI
JF−1

Ii k̂
∂pf
∂XK

F−1
Ki dV ,

HINT
4 =

∫
B0

∂wpf

∂XI
JF−1

Ii k̂ρ
fR (ai − gi) dV ,

HINT
6 =

∫
B0

∂wpf

∂XI
JF−1

Ii

k̂

nf
pf
∂nf

∂XK
F−1
Ki

(
1− θs

θf

)
dV ,

HINT
7 = −

∫
B0

wpfJαf
V

(
nfDtθ

f +
∂θf

∂XI
F−1
Ii

(
nf ṽi(f)

))
dV ,

HEXT =

∫
Γ
Qf
0

wpfQf dA ,

(4.196)
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and

KINT
1 =

∫
B0

wθf (ρf0c
f
V + JnfθfKθ

f [α
f
V ]

2)Dtθ
f dV

KINT
2 =

∫
B0

wθf (ρfR0 c
f
V + JθfKθ

f [α
f
V ]

2)
∂θf

∂XI

(
nf ṽi(f)

)
F−1
Ii dV ,

KINT
3 = −

∫
B0

wθfnspfDtJ dV ,

KINT
4 = −

∫
B0

wθf Jpf
nf

∂nf

∂XI

(
nf ṽi(f)

)
F−1
Ii dV ,

KINT
5 = −

∫
B0

wθfJnfDtpf dV ,

KINT
6 = −

∫
B0

wθfJ
∂pf
∂XI

(
nf ṽi(f)

)
F−1
Ii dV ,

KINT
7 = −

∫
B0

∂wθf

∂XI
JqfiF

−1
Ii dV ,

KINT
8 = −

∫
B0

wθfJkεθ(θ
s − θf) dV ,

KEXT = −
∫

Γ
Qθ
f

0

wθfQθ
f dA .

(4.197)
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In the case of 1-D uniaxial strain, i.e., the underlying assumption for the proceeding FE model, the

above terms simplify to the following:

HINT
1 =

X=H∫
0

wpf

(
Jnf

Kθ
f

ṗf + J̇

)
AdX ,

HINT
2 =

X=H∫
0

wpf
1

Kθ
f

∂pf
∂X

(nf ṽf)AdX ,

HINT
3 =

X=H∫
0

∂wpf

∂X
k̂
∂pf
∂X

F−1
11 AdX ,

HINT
4 =

X=H∫
0

∂wpf

∂X
k̂ρfR (a+ g)AdX ,

HINT
6 =

X=H∫
0

∂wpf

∂X

k̂

nf
pf
∂nf

∂X
F−1
11

(
1− θs

θf

)
AdX ,

HINT
7 = −

X=H∫
0

wpfJαf
V

(
nfDtθ

f +
∂θf

∂X
(nf ṽf)F

−1
11

)
AdX ,

HEXT =

∫
Γ
Qf
0

wpfQf dA = QfA ,

(4.198)
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and

KINT
1 =

X=H∫
0

wθf (ρf0c
f
V + JnfθfKθ

f [α
f
V ]

2)Dtθ
fAdX ,

KINT
2 =

X=H∫
0

wθf (ρfRcfV + nfθfKθ
f [α

f
V ]

2)
∂θf

∂X
(nf ṽf)AdX ,

KINT
3 = −

X=H∫
0

wθfnspfDtJAdX ,

KINT
4 = −

X=H∫
0

wθf pf
nf
∂nf

∂X
(nf ṽf)AdX ,

KINT
5 = −

X=H∫
0

wθfJnfDtpfAdX ,

KINT
6 = −

X=H∫
0

wθf ∂pf
∂X

(nf ṽf)AdX ,

KINT
7 = −

X=H∫
0

∂wθf

∂X
qfAdX ,

KINT
8 = −

X=H∫
0

wθfJkεθ(θ
s − θf)AdX ,

KEXT = −
∫

Γ
Qθ
f

0

wθfQθ
f dA = Qθ

fA .

(4.199)

4.1.6 (u-uf-pf-θ
s-θf) formulation

Herein, baroclinic pore fluid constituent is assumed, i.e., ρfR = ρfR(pf , θ
f). Locally inhomoge-

neous temperatures are also assumed. The strong formulation for thermoporoelastodynamics has



135

the solution space

Su = (u : B0 × [0, T ]→ R3, u ∈ H1, u(t) = gu(t) on Γu
0 , u(X, t = 0) = u0(X)) ,

Suf = (uf : B0 × [0, T ]→ R3, uf ∈ H1, uf(t) = guf (t) on Γuf
0 , uf(X, t = 0) = uf,0(X)) ,

Spf = (pf : B0 × [0, T ]→ R, pf ∈ H1, pf(t) = gp(t) on Γp
0, pf(X, t = 0) = pf,0(X)) ,

Sθs = (θs : B0 × [0, T ]→ R, θs ∈ H1, θs(t) = gθ
s
on Γθs

0 , θ
s(X, t = 0) = θs0(X)) ,

Sθf = (θf : B0 × [0, T ]→ R, θf ∈ H1, θf(t) = gθ
f
on Γθf

0 , θ
f(X, t = 0) = θf0(X)) .

(4.200)

Derivations of constituent energy balances were carried out in Section 4.1.5; the difference in this

formulation lies in the pore fluid energy balance. With the inclusion of a governing equation for

uf , we have chosen in this formulation to include pore fluid extra stress σf
E and not to substitute

the balance of mass of the pore fluid for the div vf term.

Derivation of the fluid phase energy balance. We may write the balance of energy for the

fluid phase as

ρfDf
te

f = σf .. lf − div qf + ρfrf + ε̂f . (4.201)

Assuming no heat source rf , and making use of Equations (3.43)2, Equation (3.72), we may write

ρf(Df
tψ

f + θfDf
tη

f + ηfDf
tθ

f) = (σf
E − pfnf1) .. lf − div qf + kεθ(θ

s − θf) . (4.202)

Expansion of the fluid Helmholtz free energy term in Equation (4.202) yields

Df
tψ

f(ρfR, θf) =
∂ψf

∂ρfR
Df

tρ
fR +

∂ψf

∂θf
Df

tθ
f . (4.203)

Making use of Equations (3.34)5,7 and Equation (3.41) allows us to write Equation (4.203) as

Df
tψ

f(ρfR, θf) =
pf

(ρfR)2
Df

tρ
fR − ηfDf

tθ
f . (4.204)

Thus, with some simplification of the r.h.s. of Equation (4.202), we may write

ρf
(
θfDf

tη
f +

pf
(ρfR)2

Df
tρ

fR
)
= σf

E
.. df − pfnf div vf − div qf + kεθ(θ

s − θf) . (4.205)
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At this point, the terms on the l.h.s. of Equation (4.143) require a constitutive form for the pore

fluid in order to be further simplified.

The ideal gas model. For the ideal gas pore fluid, recall

ηf = cfV ln
θf

θf0
−R ln

ρfR

ρfR0
. (4.206)

Then

θfDf
tη

f = cfVD
f
tθ

f − θfR

ρfR
Df

tρ
fR = cfVD

f
tθ

f − pf
(ρfR)2

Df
tρ

fR . (4.207)

Thus, the energy balance for the pore fluid may be written as

ρfcfV

(
Ds

tθ
f + grad(θf) · ṽf

)
− σf

E
.. df + pfn

f div vf + div qf − kεθ(θs − θf) = 0 , (4.208)

which we may convert to the reference configuration of the solid skeleton B0 (dropping also (·)s and

(·)s for convenience, where appropriate):

ρf0c
f
V

(
Dtθ

f +GRAD(θf) · F−1 · ṽf

)
− Jσf

E
.. df + Jpfn

f GRAD(vf)
.. F−T

−Jkεθ(θs − θf) + J GRAD(qf) .. F−T = 0 . (4.209)

As such, the strong formulation for the balances of linear momenta, mass, and energies, under the
assumption of a linear thermoelastic solid constituent and ideal gas pore fluid constituent, may be
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written as follows:

(S) =



Find u(X, t) ∈ Su, uf (X, t) ∈ Suf , pf (X, t) ∈ Spf ,

θs(X, t) ∈ Sθs , and θf (X, t) ∈ Sθf ,

with t ∈ [0, T ], such that:

DIVP + ρ0g − (ρs0a + ρf0af ) = 0 ∈ B0 ,

u(X, t) = gu(X, t) on Γu
0 ,

P (X, t) · N(X) = tσ(X, t) on Γt
0 ,

u(X, t = 0) = u0(X) ∈ B0 ,

v(X, t = 0) = v0(X) ∈ B0 ,

a(X, t = 0) = a0(X) ∈ B0 ,

ρf0af − DIVP f
E + Jnf GRAD(pf ) · F−1

+Jpf GRADnf
(
1 −

θs

θf

)
· F−1 + J

(
nf
)2

k̂
(vf − v) − ρf0g = 0 ∈ B0 ,

uf (X, t) = guf
(X, t) on Γ

uf
0 ,

uf (X, t = 0) = uf,0(X) ∈ B0 ,

vf (X, t = 0) = vf,0(X) ∈ B0 ,

af (X, t = 0) = af,0(X) ∈ B0 ,

−
J

θf
[nfDtθ

f + GRAD(θf ) · F−1 · (nf ṽf )] +
Jnf

pf
Dtpf + DtJ

+
J

pf
GRAD(pf ) · F−1 · (nf ṽf ) + J GRAD (nf ṽf ) .. F−T = 0 ∈ B0 ,

pf (X, t) = gp(X, t) on Γ
p
0 ,

−[JF−1 · (nf ṽf )] · N = Qf (X, t) on Γ
Qf
0 ,

pf (X, t = 0) = pf,0(X) ∈ B0 ,

ṗf (X, t = 0) = ṗf,0(X) ∈ B0 ,

ρs0c
s
V Dtθ

s +
(Kskelαs

V θs

J
+ nspf

θs

θf
+ Q

)
DtJ

+J GRAD(qs) .. F−T + Jkε
θ(θ

s − θf )

−
J(nf )2

k̂
(vf − v)2 + J

θs

θf

pf

nf
GRAD(nf ) · F−1 ·

(
nf ṽf

)
= 0 ∈ B0,

θs(X, t) = gθ
s
(X, t) on Γθs

0 ,

−(Jqs · F−T ) · N = Qθ
s (X, t) on Γ

Qθ
s

0 ,

θs(X, t = 0) = θs0(X) ∈ B0

θ̇s(X, t = 0) = θ̇s0(X) ∈ B0

ρf0c
f
V

(
Dtθ

f + GRAD(θf ) · F−1 · ṽf

)
− Jσf

E
.. df + Jpfn

f GRAD(vf ) .. F−T

−Jkε
θ(θ

s − θf ) + J GRAD(qf ) .. F−T = 0 ∈ B0

θf (X, t) = gθ
f
(X, t) on Γθf

0 ,

−(Jqf · F−T ) · N = Qθf (X, t) on Γ
Qf

0 ,

θf (X, t = 0) = θf0(X) ∈ B0

θ̇f (X, t = 0) = θ̇f0(X) ∈ B0 .

(4.210)

Let G(ui, ui(f), pf , θs, θf , wu
i ) be the variational form of Equations (4.210)1−6 such that

G : Su × Suf × Spf × Sθs × Sθf × Vu → R . (4.211)
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We may then rewrite Equations (4.210)1−6 as

G(ui, ui(f), pf , θs, θf , wu
i ) =

∫
B0

wu
i (ρ

s
0ai + ρf0ai(f)) dV +

∫
B0

wu
i

∂PiI

∂XI
dV +

∫
B0

wu
i ρ0gi dV = 0 .

(4.212)

Weakening of the first Piola-Kirchhoff stress of the mixture and subsequent decomposition proceeds

as before, such that Equation (4.212) is written as

G(ui, ui(f), pf , θs, θf , wu
i ) =

∫
B0

wu
i (ρ

s
0ai + ρf0ai(f)) dV +

∫
B0

∂wu
i

∂XI
P s
iI(E) dV +

∫
B0

∂wu
i

∂XI
P f
iI(E) dV

−
∫
B0

wu
i JpfF

−1
Ii

(θf
θs
ns + nf

)
dV +

∫
B0

wu
i ρ0gi dV

−

∫
Γt
0

wu
i t

σs
E

i dA+

∫
Γt
0

wu
i t

σf
E

i dA−
∫
Γt
0

wu
i pfJF

−1
Ii

(θf
θs
ns + nf

)
NI dA

 = 0 ,

(4.213)

where use has been made of the locally inhomogenous temperature first Piola-Kirchhoff stress of

the mixture,

PiI = P s
iI(E) + P f

iI(E) − JpfF−1
Ii

(θf
θs
ns + nf

)
. (4.214)

Let I(ui, ui(f), pf , θs, θf , wuf ) be the variational form of Equations (4.210)7−11 such that

I : Suf × Su × Spf × Sθs × Sθf × Vuf → R . (4.215)

We may then rewrite Equations (4.210)7−11 as

I(ui, ui(f), pf , θs, θf , wuf
i ) =

∫
B0

wuf
i ρ

f
0ai(f) dV −

∫
B0

wuf
i

∂P f
iI(E)

∂XI
dV +

∫
B0

wuf
i Jn

f ∂pf
∂XI

F−1
Ii dV

+

∫
B0

wuf
i Jpf

∂nf

∂XI

(
1− θs

θf

)
F−1
Ii +

∫
B0

wuf
i J

(
nf
)2
k̂

(vf − v)

−
∫
B0

wu
i ρ

f
0gi dV = 0 . (4.216)

Let H(ui, ui(f), pf , θs, θf , wpf ) be the variational form of Equations (4.210)12−16, such that

H : Spf × Su × Suf × Sθf × Vpf → R . (4.217)
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The variational form only changes from the one in Section 4.1.5 in an implicit manner (Darcy’s law

is now a function of pore fluid acceleration af , rather than mixture acceleration a = as = af , and

also includes the pore fluid viscous stress contribution). Thus we may write Equation (4.210)12−16

as

H(ui, ui(f), pf , θs, θf , wpf ) = −
∫
B0

wpf
J

θf

(
nfDtθ

f +
∂θf

∂XI
F−1
Ii

(
nf ṽi(f)

))
dV

+

∫
B0

wpf

(
Jnf

pf
ṗf + J̇

)
dV +

∫
B0

wpf
J

pf

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV

−
∫
B0

∂wpf

∂XI
J
(
nf ṽi(f)

)
F−1
Ii dV −

∫
ΓQ
0

wpfQf dA = 0 . (4.218)

Let J (ui, ui(f), pf , θs, θf , wθs) be the variational form of Equations (4.210)17−21, such that

J : Sθs × Su × Spf × Sθf × Vθs → R . (4.219)

The variational form for the balance of the energy of the solid constituent only changes from

Section 4.1.5 in that the porosity gradient term need not use the Darcy velocity, such that

J (ui, ui(f), pf , θs, θf , wθs) =

∫
B0

wθsρs0c
s
VDtθ

s dV +

∫
B0

wθs
(Kskelαs

V θ
s

J
+ nspf

θs

θf
+Q

)
DtJ dV

−
∫
B0

∂wθs

∂XI
JqiF

−1
Ii dV +

∫
B0

wθsJkεθ(θ
s − θf) dV

−
∫
B0

wθs J(n
f)2

k̂
(vi(f) − vi)2 dV +

∫
B0

wθsJ
θs

θf
pf
∂nf

∂XI
F−1
Ii (vi(f) − vi) dV

−
∫

Γ
Qθ
s

0

wθsQθ
s dA = 0 .

(4.220)

Let K(ui, ui(f), pf , θs, θf , wθf ) be the variational form of Equations (4.210)22−26, such that

K : Sθf × Su × Spf × Sθs × Vθf → R . (4.221)
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We may then rewrite Equations (4.210)22−26 as

K(ui, ui(f), pf , θs, θf , wθf ) =

∫
B0

wθfρf0c
f
VDtθ

f dV +

∫
B0

wθfρf0c
f
V

∂θf

∂XI
F−1
Ii (vi(f) − vi) dV

−
∫
B0

Jσfij(E)dij(f) dV +

∫
B0

wθfJnfpf
∂vi(f)

∂XI
F−1
Ii dV −

∫
B0

∂wθf

∂XI
JqfiF

−1
Ii dV

−
∫
B0

wθfJkεθ(θ
s − θf) dV −

∫
Γ
Qθ
f

0

wθfQθ
f dA = 0 ,

(4.222)

where a repeated derivation of the weakening of the pore fluid heat flux term has been ommitted

(refer to Section 4.1.5 for details).
The formal statement for the variational forms G, I, H, J , and K—assuming isotropic
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thermoelasticity of the solid and an ideal gas model of the pore fluid—may be written as follows:

W =



Find ui(XI , t) ∈ Su, ui(f)(XI , t) ∈ Suf , pf (XI , t) ∈ Spf ,

θs(XI , t) ∈ Sθs , and θf (XI , t) ∈ Sθf , with t ∈ [0, T ], such that:∫
B0

w
u
i (ρ

s
0ai + ρ

f
0ai(f)) dV +

∫
B0

∂wu
i

∂XI

P
s
iI(E) dV +

∫
B0

∂wu
i

∂XI

P
f
iI(E) dV

−
∫
B0

∂wu
i

∂XI

JpfF
−1
Ii

( θs

θf
n
s
+ n

f
)
dV −

∫
B0

w
u
i ρ0gi dV

−

∫
Γt
0

w
u
i t

σs
E

i dA+

∫
Γt
0

w
u
i t

σf
E

i −
∫
Γt
0

w
u
i pfJF

−1
Ii

( θs

θf
n
s
+ n

f
)
NI dA

 = 0 ,

∫
B0

w
uf
i ρ

f
0ai(f) dV −

∫
B0

w
uf
i

∂P f
iI(E)

∂XI

dV +

∫
B0

w
uf
i Jn

f ∂pf

∂XI

F
−1
Ii dV

+

∫
B0

w
uf
i Jpf

∂nf

∂XI

(
1 −

θs

θf

)
F

−1
Ii dV +

∫
B0

w
uf
i J

(
nf
)2

k̂
(vi(f) − vi) dV −

∫
B0

w
uf
i ρ

f
0gi dV = 0 ,

−
∫
B0

w
pf

J

θf

(
n
f
Dtθ

f
+

∂θf

∂XI

F
−1
Ii

(
n
f
ṽi(f)

))
dV +

∫
B0

w
pf

(
Jnf

pf
ṗf + J̇

)
dV

+

∫
B0

w
pf

J

pf

∂pf

∂XI

F
−1
Ii

(
n
f
ṽi(f)

)
dV −

∫
B0

∂wpf

∂XI

J
(
n
f
ṽi(f)

)
F

−1
Ii dV −

∫
Γ
Qf
0

w
pf Qf dA = 0 ,

∫
B0

w
θs

ρ
s
0c

s
V Dtθ

s
dV +

∫
B0

w
θs
(Kskelαs

V θs

J
+ n

s
pf

θs

θf
+ Q

)
DtJ dV

−
∫
B0

∂wθs

∂XI

JqiF
−1
Ii dV +

∫
B0

w
θs

Jk
ε
θ(θ

s − θ
f
) dV

−
∫
B0

w
θs J(nf )2

k̂
(vi(f) − vi)

2
dV +

∫
B0

w
θs

J
θs

θf
pf

∂nf

∂XI

F
−1
Ii (vi(f) − vi) dV −

∫
Γ
Qθ

s
0

w
θs

Q
θ
s dA = 0 ,

∫
B0

w
θf

ρ
f
0c

f
V Dtθ

f
dV +

∫
B0

w
θf

ρ
f
0c

f
V

∂θf

∂XI

(vi(f) − vi)F
−1
Ii dV

−
∫
B0

w
θf

Jσ
f
ij(E)dij(f) dV +

∫
B0

w
θf

Jn
f
pf

∂vi(f)

∂XI

F
−1
Ii dV −

∫
B0

∂wθf

∂XI

Jq
f
iF

−1
Ii dV

−
∫
B0

w
θf

Jk
ε
θ(θ

s − θ
f
) dV −

∫
Γ
Qθ

f
0

w
θf

Q
θ
f dA = 0

holds ∀wu
i ∈ Vu, ∀w

uf
i ∈ Vuf , ∀wpf ∈ Vpf , wθs ∈ Vθs , and wθf ∈ Vθf with

Su = (ui : B0 × [0, T ] → R3, ui ∈ H1, ui(t) = gui (t) on Γu
0 , ui(XI , t = 0) = ui,0(XI )) ,

Suf = (ui(f) : B0 × [0, T ] → R3, ui(f) ∈ H1, ui(f)(t) = g
uf
i (t) on Γ

uf
0 , ui(f)(XI , t = 0) = ui(f),0(XI )) ,

Spf = (pf : B0 × [0, T ] → R, pf ∈ H1, pf (t) = gp(t) on Γ
p
0 , pf (XI , t = 0) = pf,0(XI )) ,

Sθs = (θs : B0 × [0, T ] → R, θs ∈ H1, θs(t) = gθ
s

on Γθs

0 , θs(XI , t = 0) = θs0(XI )) ,

Sθf = (θf : B0 × [0, T ] → R, θf ∈ H1, θf (t) = gθ
f

on Γθf

0 , θf (XI , t = 0) = θf0(XI )) ,

Vu = (wu
i : B0 → R3, wu

i ∈ H1, wu
i (t) = 0 on Γu

0 ) ,

Vuf = (w
uf
i : B0 → R3, w

uf
i ∈ H1, w

uf
i (t) = 0 on Γ

uf
0 ) ,

Vpf = (wpf : B0 → R, wpf ∈ H1, wpf (t) = 0 on Γ
p
0) ,

Vθs = (wθs : B0 → R, wθs ∈ H1, wθs (t) = 0 on Γθs

0 ,

Vθf = (wθf : B0 → R, wθf ∈ H1, wθf (t) = 0 on Γθf

0 .

(4.223)
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In the FE implementation that follows, it behooves us to simplify the variational forms, such that

G = GINT
1 + GINT

2 + GINT
3 + GINT

4 + GINT
5 + GEXT

1 + GEXT
2 + GEXT

3 = 0 ,

I = IINT
1 + IINT

2 + IINT
3 + IINT

4 + IINT
5 + IEXT

6 = 0 ,

H = HINT
1 +HINT

2 +HINT
3 +HINT

4 +HINT
5 +HINT

6 +HINT
7 +HEXT = 0 ,

J = J INT
1 + J INT

2 + J INT
3 + J INT

4 + J INT
5 + J INT

6 + J EXT = 0 ,

K = KINT
1 +KINT

2 +KINT
3 +KINT

4 +KINT
7 +KINT

8 +KEXT = 0 ,

(4.224)

wherein

GINT
1 =

∫
B0

wu
i (ρ

s
0ai + ρfai(f)) dV ,

GINT
2 =

∫
B0

∂wu
i

∂XI
P s
iI(E) dV ,

GINT
3 = −

∫
B0

∂wu
i

∂XI
JpfF

−1
Ii

(θs
θf
ns + nf

)
dV ,

GINT
4 = −

∫
B0

wu
i ρ0gi dV ,

GINT
5 =

∫
B0

∂wu
i

∂XI
P f
iI(E) dV ,

GEXT
1 =

∫
Γt
0

wu
i t

σs
E

i dA ,

GEXT
2 = −

∫
Γt
0

wu
i JpfFIi

(θs
θf
ns + nf

)
NI dA ,

GEXT
3 =

∫
Γt
0

wu
i t

σf
E

i dA ,

(4.225)
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and

IINT
1 =

∫
B0

wuf
i ρ

f
0ai(f) dV ,

IINT
2 =

∫
B0

wuf
i Jn

f ∂pf
∂XI

F−1
Ii dV ,

IINT
3 =

∫
B0

wuf
i J

(nf)2

k̂
(vi(f) − vi) dV ,

IINT
4 = −

∫
B0

wuf
i ρ

f
0gi dV ,

IINT
5 =

∫
B0

wuf
i

∂P f
iI(E)

∂XI
dV ,

IINT
6 =

∫
B0

wuf
i Jpf

∂nf

∂XI

(
1− θs

θf

)
F−1
Ii dV ,

(4.226)

and

HINT
1 =

∫
B0

wpf

(
Jnf

pf
ṗf + J̇

)
dV ,

HINT
2 =

∫
B0

wpf
J

pf

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV ,

HINT
3 =

∫
B0

∂wpf

∂XI
JF−1

Ii k̂
∂pf
∂XK

F−1
Ki dV ,

HINT
4 =

∫
B0

∂wpf

∂XI
JF−1

Ii k̂ρ
fR
(
ai(f) − gi

)
dV ,

HINT
5 = −

∫
B0

∂wpf

∂XI

k̂

nf
JF−1

Ii

∂σfij(E)

∂XJ
F−1
Jj dV ,

HINT
6 =

∫
B0

∂wpf

∂XI
JF−1

Ii

k̂

nf
pf
∂nf

∂XK
F−1
Ki

(
1− θs

θf

)
dV ,

HINT
7 = −

∫
B0

wpf
J

θf

(
nfDtθ

f +
∂θf

∂XI
F−1
Ii

(
nf ṽi(f)

))
dV ,

HEXT =

∫
Γ
Qf
0

wpfQf dA ,

(4.227)
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and

J INT
1 =

∫
B0

wθsρs0cVDtθ dV ,

J INT
2 =

∫
B0

wθs
(Kskelαs

V θ
s

J
+ nspf

θs

θf
+Q

)
DtJ dV ,

J INT
3 = −

∫
B0

∂wθs

∂XI
JqsiF

−1
Ii dV ,

J INT
4 =

∫
B0

wθsJkεθ(θ
s − θf) dV ,

J INT
5 = −

∫
B0

wθs J(n
f)2

k̂
(vi(f) − vi)2 dV ,

J INT
6 =

∫
B0

wθsJ
θs

θf
pf
∂nf

∂XI
F−1
Ii (vi(f) − vi) dV ,

J EXT = −
∫

Γ
Qθ
s

0

wθsQθ
s dA ,

(4.228)

and

KINT
1 =

∫
B0

wθfρf0c
f
VDtθ

f dV

KINT
2 =

∫
B0

wθfρf0c
f
V

∂θf

∂XI
(vi(f) − vi)F−1

Ii dV ,

KINT
3 =

∫
B0

wθfJnfpf
∂vi(f)

∂XI
F−1
Ii dV ,

KINT
4 = −

∫
B0

wθfJσfij(E)dij(f) dV ,

KINT
7 = −

∫
B0

∂wθf

∂XI
JqfiF

−1
Ii dV ,

KINT
8 = −

∫
B0

wθfJkεθ(θ
s − θf) dV ,

KEXT = −
∫

Γ
Qθ
f

0

wθfQθ
f dA .

(4.229)

In the case of 1-D uniaxial strain, i.e., the underlying assumption for the proceeding FE model, the
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above terms simplify to the following:

GINT
1 =

X=H∫
0

wuρ0aAdX ,

GINT
2 =

X=H∫
0

∂wu

∂X
P s
11(E)AdX ,

GINT
3 = −

X=H∫
0

∂wu

∂X
pf

(θs
θf
ns + nf

)
AdX ,

GINT
4 =

X=H∫
0

wuρ0gAdX ,

GINT
5 =

X=H∫
0

∂wu

∂X
P f
11(E)AdX ,

GEXT
1 =

∫
Γt
0

wutσ
s
E dA = tσ

s
EA ,

GEXT
2 = −

∫
Γt
0

wupf

(θs
θf
ns + nf

)
dA = pf

(θs
θf
ns + nf

)
A , GEXT

3 =

∫
Γt
0

wutσ
f
E dA = tσ

f
EA ,

(4.230)

such that

GEXT
1 + GEXT

2 + GEXT
3 = tσA , (4.231)
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and

IINT
1 =

X=H∫
0

wufρf0afAdX ,

IINT
2 =

X=H∫
0

wufnf
∂pf
∂X

AdX ,

IINT
3 =

X=H∫
0

wufJ
(nf)2

k̂
(vf − v)AdX ,

IINT
4 =

X=H∫
0

wufρf0gAdX ,

IINT
5 =

X=H∫
0

wuf
∂P f

11(E)

∂X
AdX ,

IINT
6 =

X=H∫
0

wufpf
∂nf

∂X

(
1− θs

θf

)
AdX ,

(4.232)
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and

HINT
1 =

X=H∫
0

wpf

(
Jnf

pf
ṗf + J̇

)
AdX ,

HINT
2 =

X=H∫
0

wpf
1

pf

∂pf
∂X

(nf ṽf)AdX ,

HINT
3 =

X=H∫
0

∂wpf

∂X
k̂
∂pf
∂X

F−1
11 AdX ,

HINT
4 =

X=H∫
0

∂wpf

∂X
k̂ρfR (af + g)AdX ,

HINT
5 = −

X=H∫
0

∂wpf

∂X

k̂

nf

∂σf11(E)

∂X
F−1
11 AdX ,

HINT
6 =

X=H∫
0

∂wpf

∂X

k̂

nf
pf
∂nf

∂X
F−1
11

(
1− θs

θf

)
AdX ,

HINT
7 = −

X=H∫
0

wpf
J

θf

(
nfDtθ

f +
∂θf

∂X
(nf ṽf)

)
AdX ,

HEXT =

∫
Γ
Qf
0

wpfQf dA = QfA ,

(4.233)
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and

J INT
1 =

X=H∫
0

wθsρs0cVDtθAdX ,

J INT
2 =

X=H∫
0

wθs
(Kskelαs

V θ
s

J
+ nspf

θs

θf
+Q

)
DtJAdX ,

J INT
3 = −

X=H∫
0

∂wθs

∂X
qsAdX ,

J INT
4 =

X=H∫
0

wθsJkεθ(θ
s − θf)AdX ,

J INT
5 = −

X=H∫
0

wθs J(n
f)2

k̂
(vf − v)2AdX ,

J INT
6 =

X=H∫
0

wθs θ
s

θf
pf
∂nf

∂X
(vf − v)AdX ,

J EXT = −
∫

Γ
Qθ
s

0

wθsQθ
s dA = Qθ

sA ,

(4.234)



149

and

KINT
1 =

X=H∫
0

wθfρf0c
f
VDtθ

fAdX

KINT
2 =

X=H∫
0

wθfρf0c
f
V

∂θf

∂X
(vf − v)F−1

11 AdX ,

KINT
3 =

X=H∫
0

wθfnfpf
∂vf
∂X

AdX ,

KINT
4 = −

X=H∫
0

wθf n
f

J

(∂vf
∂X

)2
(κf + 2µf)AdX ,

KINT
7 = −

X=H∫
0

∂wθf

∂X
qfAdX ,

KINT
8 = −

X=H∫
0

wθfJkεθ(θ
s − θf)AdX ,

KEXT = −
∫

Γ
Qθ
f

0

wθfQθ
f dA = Qθ

fA .

(4.235)

The compressible liquid model. For the compressible liquid pore fluid model, recall that

ηf = cfV ln
( θf
θf0

)
+
Kθ

f α
f
V

ρfR
,

ρfR = ρfR0 exp
[pf − pf,0

Kθ
f

− αf
V θ

f
]
,

(4.236)

such that

Df
tρ

fR = ρfR
( 1

Kθ
f

Df
tpf − αf

VD
f
tθ

f
)
,

θfDf
tη

f = cfVD
f
tθ

f − αf
VK

θ
f θ

f

ρfR

( 1

Kθ
f

Df
tpf − αf

VD
f
tθ

f
)
.

(4.237)

Then the left hand side of Equation (4.143) simplifies to3

(ρfcfV + nfαf
V [α

f
VK

θ
f θ

f − pf ])Df
tθ

f + nf
( pf
Kθ

f

− αf
V θ

f
)
Df

tpf . (4.238)

3 As with the (u-pf -θ
s-θf) formulation compressible liquid model, note again that when αf

V
..= 1/θf and Kθ

f
..= pf ,

the term in brackets evaluates to zero and the second parenthetical term evaluates to zero, such that we recover the
ideal gas model.



150

Thus, the energy balance for the compressible pore liquid may be written as

(ρfcfV + nfαf
V [α

f
VK

θ
f θ

f − pf ])(Ds
tθ

f + grad(θf) · ṽf)

+nf
( pf
Kθ

f

− αf
V θ

f
)
(Ds

tpf + grad(pf) · ṽf)

−σf
E
.. df + pfn

f div vf + div qf − kεθ(θs − θf) = 0 , (4.239)

which we may convert to the reference configuration of the solid skeleton B0, dropping the appro-

priate (·)s and (·)s designations, as follows:

(ρf0c
f
V + Jnfαf

V [α
f
VK

θ
f θ

f − pf ])(Dtθ
f +GRAD(θf) · ṽf) · F−1

+Jnf
( pf
Kθ

f

− αf
V θ

f
)
(Ds

tpf + grad(pf) · ṽf · F−1)

−Jσf
E
.. df + Jpfn

f GRAD(vf)
.. F−T − Jkεθ(θs − θf) + J GRAD(qf) .. F−T = 0 . (4.240)

As such, the strong formulation for the balances of linear momenta, mass, and energies—under the
assumption of a linear thermoelastic solid constituent and compressible liquid pore fluid constituent—
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may be written as follows:

(S) =



Find u(X, t) ∈ Su, uf (X, t) ∈ Suf , pf (X, t) ∈ Spf ,

θs(X, t) ∈ Sθs , and θf (X, t) ∈ Sθf ,

with t ∈ [0, T ], such that:

DIVP + ρ0g − (ρs0a + ρf0af ) = 0 ∈ B0 ,

u(X, t) = gu(X, t) on Γu
0 ,

P (X, t) · N(X) = tσ(X, t) on Γt
0 ,

u(X, t = 0) = u0(X) ∈ B0 ,

v(X, t = 0) = v0(X) ∈ B0 ,

a(X, t = 0) = a0(X) ∈ B0 ,

ρf0af − DIVP f
E + Jnf GRAD(pf ) · F−1

+Jpf GRADnf
(
1 −

θs

θf

)
· F−1 + J

(
nf
)2

k̂
(vf − v) − ρf0g = 0 ∈ B0 ,

uf (X, t) = guf
(X, t) on Γ

uf
0 ,

uf (X, t = 0) = uf,0(X) ∈ B0 ,

vf (X, t = 0) = vf,0(X) ∈ B0 ,

af (X, t = 0) = af,0(X) ∈ B0 ,

−Jαf
V [nfDtθ

f + GRAD(θf ) · F−1 · (nf ṽf )] +
Jnf

Kθ
f

Dtpf + DtJ

+
J

Kθ
f

GRAD(pf ) · F−1 · (nf ṽf ) + J GRAD (nf ṽf ) .. F−T = 0 ∈ B0 ,

pf (X, t) = gp(X, t) on Γ
p
0 ,

−[JF−1 · (nf ṽf )] · N = Qf (X, t) on Γ
Qf
0 ,

pf (X, t = 0) = pf,0(X) ∈ B0 ,

ṗf (X, t = 0) = ṗf,0(X) ∈ B0 ,

ρs0c
s
V Dtθ

s +
(Kskelαs

V θs

J
+ nspf

θs

θf
+ Q

)
DtJ

+J GRAD(qs) .. F−T + Jkε
θ(θ

s − θf )

−
J(nf )2

k̂
(vf − v)2 + J

θs

θf

pf

nf
GRAD(nf ) · F−1 ·

(
nf ṽf

)
= 0 ∈ B0,

θs(X, t) = gθ
s
(X, t) on Γθs

0 ,

−(Jqs · F−T ) · N = Qθ
s (X, t) on Γ

Qθ
s

0 ,

θs(X, t = 0) = θs0(X) ∈ B0

θ̇s(X, t = 0) = θ̇s0(X) ∈ B0

(ρf0c
f
V + Jnfαf

V [αf
V Kθ

f θf − pf ])(Dtθ
f + GRAD(θf ) · ṽf ) · F−1

+Jnf
(

pf
Kθ

f

− αf
V θf

)
(Ds

tpf + grad(pf ) · ṽf · F−1)

−Jσf
E

.. df + Jpfn
f GRAD(vf ) .. F−T − Jkε

θ(θ
s − θf ) + J GRAD(qf ) .. F−T = 0 ∈ B0,

θf (X, t) = gθ
f
(X, t) on Γθf

0 ,

−(Jqf · F−T ) · N = Qθf (X, t) on Γ
Qf

0 ,

θf (X, t = 0) = θf0(X) ∈ B0

θ̇f (X, t = 0) = θ̇f0(X) ∈ B0 .

(4.241)

The variational forms for G, I,J remain unchanged from the ideal gas formulation. Let

H(ui, ui(f), pf , θs, θf , wpf ) be the variational form of Equations (4.241)12−16, such that

H : Spf × Su × Suf × Sθf × Vpf → R . (4.242)
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Thus we may write Equation (4.241)12−16 as

H(ui, ui(f), pf , θs, θf , wpf ) = −
∫
B0

wpfJαf
V

(
nfDtθ

f +
∂θf

∂XI
F−1
Ii

(
nf ṽi(f)

))
dV

+

∫
B0

wpf

(
Jnf

Kθ
f

ṗf + J̇

)
dV +

∫
B0

wpf
J

Kθ
f

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV

−
∫
B0

∂wpf

∂XI
J
(
nf ṽi(f)

)
F−1
Ii dV −

∫
ΓQ
0

wpfQf dA = 0 . (4.243)

Let K(ui, ui(f), pf , θs, θf , wθf ) be the variational form of Equations (4.241)22−26, such that

K : Sθf × Su × Spf × Sθs × Vθf → R . (4.244)

We may then rewrite Equations (4.241)22−26 as

K(ui, ui(f), pf , θs, θf , wθf ) =

∫
B0

wθf (ρf0c
f
V + Jnfαf

V [α
f
VK

θ
f θ

f − pf ])Dtθ
f dV

+

∫
B0

wθf (ρf0c
f
V + Jnfαf

V [α
f
VK

θ
f θ

f − pf ])
∂θf

∂XI
F−1
Ii (vi(f) − vi) dV

−
∫
B0

Jσfij(E)dij(f) dV +

∫
B0

wθfJnfpf
∂vi(f)

∂XI
F−1
Ii dV −

∫
B0

∂wθf

∂XI
JqfiF

−1
Ii dV

−
∫
B0

wθfJkεθ(θ
s − θf) dV −

∫
Γ
Qθ
f

0

wθfQθ
f dA = 0 .

(4.245)
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The formal statement for the variational forms G, I, H, J , and K—assuming isotropic thermoe-
lasticity of the solid and a compressible liquid model of the pore fluid—may be written as follows:

W =



Find ui(XI , t) ∈ Su, ui(f)(XI , t) ∈ Suf , pf (XI , t) ∈ Spf ,

θs(XI , t) ∈ Sθs , and θf (XI , t) ∈ Sθf , with t ∈ [0, T ], such that:∫
B0

w
u
i (ρ

s
0ai + ρ

f
0ai(f)) dV +

∫
B0

∂wu
i

∂XI

P
s
iI(E) dV +

∫
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∂wu
i

∂XI

P
f
iI(E) dV

−
∫
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∂wu
i

∂XI

JpfF
−1
Ii

( θs

θf
n
s
+ n

f
)
dV −

∫
B0

w
u
i ρ0gi dV

−

∫
Γt
0

w
u
i t

σs
E

i dA+

∫
Γt
0

w
u
i t

σf
E

i −
∫
Γt
0

w
u
i pfJF

−1
Ii

( θs

θf
n
s
+ n

f
)
NI dA

 = 0 ,

∫
B0

w
uf
i ρ

f
0ai(f) dV −

∫
B0

w
uf
i

∂P f
iI(E)

∂XI

dV +

∫
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w
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i Jn

f ∂pf

∂XI

F
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+
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w
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i Jpf
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)
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∫
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w
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i J

(
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)2
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∫
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w
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i ρ

f
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−
∫
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w
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f
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(
n
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∂θf

∂XI

F
−1
Ii

(
n
f
ṽi(f)

))
dV +

∫
B0

w
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(
Jnf

Kθ
f

ṗf + J̇

)
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+

∫
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f

∂pf

∂XI
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(
n
f
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)
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∂XI

J
(
n
f
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)
F
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Ii dV −

∫
Γ
Qf
0

w
pf Qf dA = 0 ,

∫
B0

w
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ρ
s
0c

s
V Dtθ

s
dV +

∫
B0

w
θs
(Kskelαs

V θs

J
+ n

s
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θs

θf
+ Q

)
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−
∫
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∂wθs

∂XI
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Ii dV +

∫
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w
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Jk
ε
θ(θ

s − θ
f
) dV

−
∫
B0

w
θs J(nf )2

k̂
(vi(f) − vi)

2
dV +

∫
B0

w
θs

J
θs

θf
pf

∂nf

∂XI

F
−1
Ii (vi(f) − vi) dV −

∫
Γ
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s
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Q
θ
s dA = 0 ,

∫
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w
θf

(ρ
f
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f
V + Jn

f
α
f
V [α

f
V K

θ
f θ
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f
dV

+

∫
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w
θf

(ρ
f
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f
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f
α
f
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f
V K

θ
f θ
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∂θf
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F
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−
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Jσ
f
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w
θf
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f
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∂vi(f)
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F
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∫
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Jq
f
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−
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w
θf

Jk
ε
θ(θ
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f
) dV −

∫
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f
0

w
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Q
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holds ∀wu
i ∈ Vu, ∀w

uf
i ∈ Vuf , ∀wpf ∈ Vpf , wθs ∈ Vθs , and wθf ∈ Vθf with

Su = (ui : B0 × [0, T ] → R3, ui ∈ H1, ui(t) = gui (t) on Γu
0 , ui(XI , t = 0) = ui,0(XI )) ,

Suf = (ui(f) : B0 × [0, T ] → R3, ui(f) ∈ H1, ui(f)(t) = g
uf
i (t) on Γ

uf
0 , ui(f)(XI , t = 0) = ui(f),0(XI )) ,

Spf = (pf : B0 × [0, T ] → R, pf ∈ H1, pf (t) = gp(t) on Γ
p
0 , pf (XI , t = 0) = pf,0(XI )) ,

Sθs = (θs : B0 × [0, T ] → R, θs ∈ H1, θs(t) = gθ
s

on Γθs

0 , θs(XI , t = 0) = θs0(XI )) ,

Sθf = (θf : B0 × [0, T ] → R, θf ∈ H1, θf (t) = gθ
f

on Γθf

0 , θf (XI , t = 0) = θf0(XI )) ,

Vu = (wu
i : B0 → R3, wu

i ∈ H1, wu
i (t) = 0 on Γu

0 ) ,

Vuf = (w
uf
i : B0 → R3, w

uf
i ∈ H1, w

uf
i (t) = 0 on Γ

uf
0 ) ,

Vpf = (wpf : B0 → R, wpf ∈ H1, wpf (t) = 0 on Γ
p
0) ,

Vθs = (wθs : B0 → R, wθs ∈ H1, wθs (t) = 0 on Γθs

0 ,

Vθf = (wθf : B0 → R, wθf ∈ H1, wθf (t) = 0 on Γθf

0 .

(4.246)
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In the FE implementation that follows, it behooves us to simplify the variational forms, such that

G = GINT
1 + GINT

2 + GINT
3 + GINT

4 + GINT
5 + GEXT

1 + GEXT
2 + GEXT

3 = 0 ,

I = IINT
1 + IINT

2 + IINT
3 + IINT

4 + IINT
5 + IEXT

6 = 0 ,

H = HINT
1 +HINT

2 +HINT
3 +HINT

4 +HINT
5 +HINT

6 +HINT
7 +HEXT = 0 ,

J = J INT
1 + J INT

2 + J INT
3 + J INT

4 + J INT
5 + J INT

6 + J EXT = 0 ,

K = KINT
1 +KINT

2 +KINT
3 +KINT

4 +KINT
7 +KINT

8 +KEXT = 0 ,

(4.247)

wherein G terms are defined in Equation (4.225), I terms are defined in Equation (4.226), J terms

are defined in Equation (4.228), and

HINT
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∫
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wpf
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Jnf

Kθ
f

ṗf + J̇
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dV ,

HINT
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)
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JF−1
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(
ai(f) − gi

)
dV ,

HINT
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∂XK
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HINT
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∂XI
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(
nf ṽi(f)
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wpfQf dA ,

(4.248)
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and

KINT
1 =

∫
B0

wθf (ρf0c
f
V + Jnfαf
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f
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f θ
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f dV
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(4.249)
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In the case of 1-D uniaxial strain, i.e., the underlying assumption for the proceeding FE model, the

above terms simplify to the following:

HINT
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f
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(4.250)
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and

KINT
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X=H∫
0

wθf (ρf0c
f
V + Jnfαf
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f
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f θ

f − pf ])Dtθ
fAdX
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∂θf

∂X
(vf − v)AdX ,

KINT
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AdX ,

KINT
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J

(∂vf
∂X

)2
(κf + 2µf)AdX ,

KINT
7 = −

X=H∫
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∂wθf

∂X
qfAdX ,

KINT
8 = −

X=H∫
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wθfJkεθ(θ
s − θf)AdX ,

KEXT = −
∫
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f

0

wθfQθ
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fA .

(4.251)

4.2 Finite element implementation

An extensive overview of the finite element method (FEM) is given by Hughes [2000],

Zienkiewicz et al. [2005], Belytschko et al. [2014], Donea and Huerta [2003], to name a few. We will

use Bubnov-Galerkin to approximate the solutions to the weak formulations given in Section 4.1,

such that

yh ∈ (Sy)h ; (Sy)h ⊂ Sy ,

wyh ∈ (Vy)h ; (Vy)h ⊂ Vy ,
(4.252)

for general solution variable of interest y, where the superscript h denotes the FE approximation

(of some finite length scale) of said variable within the discretization (the mesh) of the domain B0.

It is also assumed that

wyh

i = 0 on Γy, ∀wyh

i (xi) ∈ (Vy)h . (4.253)
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4.2.1 Interpolation

As stated in previous sections, for uniaxial strain and unidirectional flow with axial symmetry,

our geometry of a column of porous lung parenchyma is reduced to one-dimension. Therefore, we

employ a one-dimensional finite element mesh to solve the variational equations above. For interpo-

lating our solution variables, we use standard Lagrange polynomials up to cubic order, and Hermite

cubic polynomials when appropriate (i.e., when C1 continuity is required). Displacements (of both

solid and fluid) can either be interpolated using cubic, quadratic, or linear Lagrange polynomials,

or cubic Hermite polynomials. Often we choose linear Lagrange polynomials for improved perfor-

mance and stability, at the cost of reduced accuracy compared to quadratic Lagrange polynomials,

unless C1 continuity is required, in which case the cubic Hermite polynomials are employed. For

pore fluid pressure and phase temperatures, we stick to linear Lagrange polynomials since pressure

and temperature variables remain C0 continuous for all forms of the variational equations.

Consider then a generic solution variable y(X(ξ)) interpolated across the local element coor-

dinate system ξ. For cubic interpolation, we have

yh(ξ, t) =
4∑

a=1

Ny
a (ξ)y

e
a(t) =

{
N e,y

}
︸ ︷︷ ︸

1×4

·
{
ye

}
︸ ︷︷ ︸
4×1

, (4.254)

where the shape function matrix

N e,y ..=


− 9

16
(ξ +

1

3
)(ξ − 1

3
)(ξ − 1) ,

27

16
(ξ + 1)(ξ − 1

3
)(ξ − 1) ,

−27

16
(ξ + 1)(ξ +

1

3
)(ξ − 1) ,

9

16
(ξ +

1

3
)(ξ − 1

3
)(ξ + 1)

 , (4.255)

where “a” refers to local finite element “e” node number, he is the element length and ye are the

nodal values of y. For quadratic interpolation, we have

yh(ξ, t) =

3∑
a=1

Ny
a (ξ)y

e
a(t) =

{
N e,y

}
︸ ︷︷ ︸

1×3

·
{
ye

}
︸ ︷︷ ︸
3×1

, (4.256)
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where

N e,y ..=

{
1

2
ξ(ξ − 1) ,

1

2
ξ(ξ + 1) , 1− ξ2

}
, (4.257)

For linear interpolation, we have

yh(ξ, t) =

2∑
a=1

Ny
a (ξ)y

e
a(t) =

{
N e,y

}
︸ ︷︷ ︸

1×2

·
{
ye

}
︸ ︷︷ ︸
2×1

, (4.258)

where

N e,y ..=

{
1− ξ
2

,
1 + ξ

2

}
. (4.259)

For the Hermite cubic interpolation, we have

yh(ξ, t) =
4∑

a=1

Ny
a (ξ)y

e
a(t) =

{
N e,y

}
︸ ︷︷ ︸

1×4

·
{
ye

}
︸ ︷︷ ︸
4×1

, (4.260)

where

N e,y ..=

{
1

4
(1− ξ)2(2 + ξ) ,

je

4
(1− ξ)2(1 + ξ) ,

1

4
(1 + ξ)2(2− ξ) , j

e

4
(1 + ξ)2(−1 + ξ)

}
, (4.261)

where the jacobian of coordinate transformation je = ∂Xhe
/∂ξ = he0/2 for the initial finite el-

ement length he0. Next, consider the gradient of the generic solution variable y(X), such that

∂y(X(ξ))/∂X = (∂y(ξ)/∂ξ)(∂ξ/∂X), interpolated across the local coordinate system ξ. For cubic

interpolation, we have

∂yh(ξ, t)

∂X
=

4∑
a=1

By
a(ξ)y

e
a(t) =

{
Be,y

}
︸ ︷︷ ︸

1×4

·
{
ye

}
︸ ︷︷ ︸
4×1

, (4.262)

where

Be,y ..=
1

je
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−27

16
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9

8
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1

16
,
9

16
(9ξ2 − 2ξ + 3) ,− 9

16
(9ξ2 + 2ξ + 3) ,

27

16
ξ2 +

9

8
ξ − 1

16

}
.

(4.263)

For quadratic interpolation, we have

∂yh(ξ, t)

∂X
=

3∑
a=1

By
a(ξ)y

e
a(t) =

{
Be,y

}
︸ ︷︷ ︸

1×3

·
{
ye

}
︸ ︷︷ ︸
3×1

, (4.264)
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where

Be,y ..=
1

je

{
ξ − 1

2
, ξ +

1

2
,−2ξ

}
. (4.265)

For linear interpolation, we have

∂yh(ξ, t)

∂X
=

2∑
a=1

By
a(ξ)y

e
a(t) =

{
Be,y

}
︸ ︷︷ ︸

1×2

·
{
ye

}
︸ ︷︷ ︸
2×1

, (4.266)

where

Be,y ..=
1

je

{
−1

2
,
1

2

}
. (4.267)

For the Hermite cubic interpolation, we have

yh(ξ, t) =

4∑
a=1

By
a(ξ)y

e
a(t) =

{
Be,y

}
︸ ︷︷ ︸

1×4

·
{
ye

}
︸ ︷︷ ︸
4×1

, (4.268)

where

Be,y ..=
1

je

{
3

4
(ξ2 − 1) ,

je

4
(3ξ2 − 2ξ − 1) ,−3

4
(ξ2 − 1) ,

je

4
(3ξ2 + 2ξ − 1)

}
. (4.269)

Consider the second order gradient of the generic solution variable y(X), such that ∂2y(X(ξ))/∂X2 =

(∂2y(ξ)/∂ξ2)(∂2ξ/∂X2), interpolated across local coordinate system ξ. Since this is typically only

included for equations that require C1 continuity, we will only consider the Hermite cubic interpo-

lation4

∂2yh(ξ, t)

∂X2
=

3∑
a=1

Hy
a (ξ)y

e
a(t) =

{
He,y

}
︸ ︷︷ ︸

1×4

·
{
ye

}
︸ ︷︷ ︸
4×1

, (4.270)

where

He,y ..=
1

(je)2

{
3ξ

2
,
je

2
(3ξ − 1) ,−3ξ

2
,
je

2
(3ξ + 1)

}
. (4.271)

Hereafter, the length of the vectors N e,y and Be,y will be determined by the number of degrees of

freedom, or ny,edof, of the solution variable of interest. Where the vector He,y is present, the reader

4 SPONGE-1D has implemented second derivatives for Lagrange cubic elements, for the interested reader.
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should assume it corresponds to the Hermite cubic polynomial interpolation, and thus the length

is always 4. Pore fluid pressure and constituent temperatures are assumed to be evaluated at the

endpoints of the element, i.e., npf ,edof = nθ,edof = nθ
s,e

dof = nθ
f ,e

dof = 2. However, we allow degrees of freedom

(of the solid skeleton and pore fluid displacements) to vary, e.g., we may have ns,edof = 3 and nf,edof = 2,

i.e., three degrees of freedom (which will be interpolated using quadratic shape functions) for the

solid skeleton displacement and two degrees of freedom (which will be interpolated using linear

shape functions) for the pore fluid displacement. A list of element types with their corresponding

degrees of freedom can be found in Table 4.1 (note that not all element types are used in Chapter

5) with illustrations given in Figure 4.2.

Table 4.1: Acronyms for different element types.

Element type ns,edof nf,edof npf ,e
dof nθ,edof nθ

s,e
dof nθ

f ,e
dof

Q3H 4 N/A N/A N/A N/A N/A
Q3 4 N/A N/A N/A N/A N/A
Q2 3 N/A N/A N/A N/A N/A
Q1 4 N/A N/A N/A N/A N/A
Q3H-T1 4 N/A N/A 2 N/A N/A
Q3-T1 4 N/A N/A 2 N/A N/A
Q2-T1 3 N/A N/A 2 N/A N/A
Q1-T1 2 N/A N/A 2 N/A N/A
Q3H-P1 4 N/A 2 N/A N/A N/A
Q3-P1 4 N/A 2 N/A N/A N/A
Q2-P1 3 N/A 2 N/A N/A N/A
Q1-P1 2 N/A 2 N/A N/A N/A
Q3H-Q3H-P1 4 4 2 N/A N/A N/A
Q3-Q3-P1 4 4 2 N/A N/A N/A
Q3H-Q2-P1 4 3 2 N/A N/A N/A
Q3H-Q1-P1 4 2 2 N/A N/A N/A
Q2-Q2-P1 3 3 2 N/A N/A N/A
Q2-Q1-P1 3 2 2 N/A N/A N/A
Q1-Q1-P1 2 2 2 N/A N/A N/A
Q3H-P1-T1-T1 4 N/A 2 N/A 2 2
Q3H-Q3H-P1-T1-T1 4 4 2 N/A 2 2
Q3H-Q1-P1-T1-T1 4 2 2 N/A 2 2
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Figure 4.2: Schematic for different element types: (a) left to right: Q3H, Q3, Q2, Q1; (b) left to
right: Q3H-T1, Q3-T1, Q2-T1, Q1-T1.
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Figure 4.2: Schematic for different element types (cont.): (c) left to right: Q3H-P1, Q3-P1, Q2-P1,
Q1-P1; (d) left to right, top to bottom: Q3H-Q3H-P1, Q3H-Q2-P1, Q3H-Q1-P1, Q3-Q3-P1, Q2-
Q2-P1, Q2-Q1-P1, Q1-Q1-P1.
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For our solution variables of interest, i.e., u, θ, pf , uf , θ
s and θf , we introduce the corresponding

discretizations d, ϑ, π, df , ϑ
s and ϑf , respectively. For solid skeleton displacement d, we have

uh
e
(ξ, t) =

ns,e
dof∑

a=1

Nu
a (ξ)d

e
a(t) =

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
de

}
︸ ︷︷ ︸
ns,e
dof×1

. (4.272)

The solid skeleton velocity and acceleration are defined similarly:

vh
e
(ξ, t) =

ns,e
dof∑

a=1

Nu
a (ξ)ḋ

e
a(t) =

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
ḋ
e

}
︸ ︷︷ ︸
ns,e
dof×1

,

ah
e
(ξ, t) =

ns,e
dof∑

a=1

Nu
a (ξ)d̈

e
a(t) =

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
d̈
e

}
︸ ︷︷ ︸
ns,e
dof×1

.

(4.273)

Solid skeleton displacement gradient, velocity gradient and acceleration gradient are defined as

follows, respectively:

∂uh
e
(ξ, t)

∂X
=

ns,e
dof∑

a=1

Bu
a (ξ)d

e
a(t) =

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
de

}
︸ ︷︷ ︸
ns,e
dof×1

,

∂vh
e
(ξ, t)

∂X
=

ns,e
dof∑

a=1

Bu
a (ξ)ḋ

e
a(t) =

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
ḋ
e

}
︸ ︷︷ ︸
ns,e
dof×1

,

∂ah
e
(ξ, t)

∂X
=

ns,e
dof∑

a=1

Bu
a (ξ)d̈

e
a(t) =

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
d̈
e

}
︸ ︷︷ ︸
ns,e
dof×1

.

(4.274)

Second order gradients are defined as follows:

∂2uh
e
(ξ, t)

∂X2
=

ns,e
dof∑

a=1

Hu
a (ξ)d

e
a(t) =

{
He,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
de

}
︸ ︷︷ ︸
ns,e
dof×1

,

∂2vh
e
(ξ, t)

∂X2
=

ns,e
dof∑

a=1

Hu
a (ξ)ḋ

e
a(t) =

{
He,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
ḋ
e

}
︸ ︷︷ ︸
ns,e
dof×1

,

∂2ah
e
(ξ, t)

∂X2
=

ns,e
dof∑

a=1

Hu
a (ξ)d̈

e
a(t) =

{
He,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
d̈
e

}
︸ ︷︷ ︸
ns,e
dof×1

.

(4.275)



166

Single-phase temperature discretizations ϑ are given as follows:

θh
e
(ξ, t) =

nθ,e
dof∑

a=1

N θ
a (ξ)ϑ

e
a(t) =

{
N e,θ

}
︸ ︷︷ ︸
1×nθ,e

dof

·
{
ϑe

}
︸ ︷︷ ︸
nθ,e
dof×1

,

θ̇h
e
(ξ, t) =

nθ,e
dof∑

a=1

N θ
a (ξ)ϑ̇

e
a(t) =

{
N e,θ

}
︸ ︷︷ ︸
1×nθ,e

dof

·
{
ϑe

}
︸ ︷︷ ︸
nθ,e
dof×1

,

∂θhe(ξ, t)

∂X
=

nθ,e
dof∑

a=1

Bθ
a(ξ)ϑ

e
a(t) =

{
Be,θ

}
︸ ︷︷ ︸
1×nθ,e

dof

·
{
ϑe

}
︸ ︷︷ ︸
nθ,e
dof×1

,

∂θ̇h
e
(ξ, t)

∂X
=

nθ,e
dof∑

a=1

Bθ
a(ξ)ϑ̇

e
a(t) =

{
Be,θ

}
︸ ︷︷ ︸
1×nθ,e

dof

·
{
ϑe

}
︸ ︷︷ ︸
nθ,e
dof×1

.

(4.276)

Pore fluid pressure discretizations π are given as follows:

ph
e

f (ξ, t) =

n
pf ,e

dof∑
a=1

Npf
a (ξ)πea(t) =

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
πe

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

,

ṗh
e

f (ξ, t) =

n
pf ,e

dof∑
a=1

Npf
a (ξ)π̇ea(t) =

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
π̇e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

,

p̈h
e

f (ξ, t) =

n
pf ,e

dof∑
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Npf
a (ξ)π̈ea(t) =

{
N e,pf

}
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1×n

pf ,e

dof

·
{
π̈e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1
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∂ph
e

f (ξ, t)

∂X
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n
pf ,e

dof∑
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Bpf
a (ξ)πea(t) =

{
Be,pf
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︸ ︷︷ ︸
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pf ,e
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n
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e
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Bpf
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Be,pf
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dof

·
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π̇e
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n
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dof ×1

.

(4.277)
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Discretizations of the pore fluid displacement df are given as follows:

uh
e

f (ξ, t) =

nf,e
dof∑

a=1

Nuf
a (ξ)dea,f(t) =

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

·
{
de
f

}
︸ ︷︷ ︸
nf,e
dof×1
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e
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Nuf
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Nuf
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}
︸ ︷︷ ︸
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·
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d̈
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︸ ︷︷ ︸
nf,e
dof×1
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e

f (ξ, t)
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a (ξ)dea,f(t) =
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Be,uf
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︸ ︷︷ ︸
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dof

·
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}
︸ ︷︷ ︸
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a (ξ)ḋea,f(t) =

{
Be,uf
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·
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ḋ
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}
︸ ︷︷ ︸
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·
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Solid phase temperature discretizations ϑs are given as follows:

θs,h
e
(ξ, t) =

nθs,e
dof∑
a=1

N θs

a (ξ)ϑsa
,e(t) =

{
N e,θs

}
︸ ︷︷ ︸
1×nθs,e

dof

·
{
ϑs,e

}
︸ ︷︷ ︸
nθs,e
dof ×1

,

θ̇s,h
e
(ξ, t) =

nθs,e
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N θs

a (ξ)ϑ̇s,ea (t) =

{
N e,θs

}
︸ ︷︷ ︸
1×nθs,e

dof

·
{
ϑ̇
s,e
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nθs,e
dof ×1

,
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e
(ξ, t)

∂X
=

nθs,e
dof∑
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Bθs
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Be,θs
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dof

·
{
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}
︸ ︷︷ ︸
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∂X
=
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Bθs

a (ξ)ϑ̇s,ea (t) =

{
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︸ ︷︷ ︸
1×nθs,e

dof

·
{
ϑ̇
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}
︸ ︷︷ ︸
nθs,e
dof ×1

.

(4.279)

Fluid phase temperature discretizations ϑf are given as follows:

θf,h
e
(ξ, t) =

nθf ,e
dof∑
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N θf

a (ξ)ϑfa
,e
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︸ ︷︷ ︸
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︸ ︷︷ ︸
1×nθf ,e

dof

·
{
ϑf,e

}
︸ ︷︷ ︸
nθf ,e
dof ×1

,

∂θ̇f,h
e
(ξ, t)

∂X
=

nθf ,e
dof∑
a=1

Bθf

a (ξ)ϑ̇f,ea (t) =

{
Be,θf

}
︸ ︷︷ ︸
1×nθf ,e

dof

·
{
ϑ̇
f,e

}
︸ ︷︷ ︸
nθf ,e
dof ×1

.

(4.280)

The weighting functions for solid skeleton displacement d and their interpolations (including gra-
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dients) are given as follows:

wuhe

(ξ) =

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
cu,e

}
︸ ︷︷ ︸
ns,e
dof×1

=

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

,

∂wuhe

(ξ, t)

∂X
=

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
cu,e

}
︸ ︷︷ ︸
ns,e
dof×1

=

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

,

∂2wuhe

(ξ, t)

∂X2
=

{
He,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
cu,e

}
︸ ︷︷ ︸
ns,e
dof×1

=

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
He,u

}T

︸ ︷︷ ︸
ns,e
dof×1

.

(4.281)

The weighting functions for single-phase temperature ϑ and their interpolations (including gradi-

ents) are given as follows:

wθh
e

(ξ) =

{
N e,θ

}
︸ ︷︷ ︸
1×nθ,e

dof

·
{
cθ,e
}

︸ ︷︷ ︸
nθ,e
dof×1

=

{
cθ,e
}T

︸ ︷︷ ︸
1×nθ,e

dof

·
{
N e,θ

}T

︸ ︷︷ ︸
nθ,e
dof×1

,

∂wθh
e

(ξ, t)

∂X
=

{
Be,θ

}
︸ ︷︷ ︸
1×nθ,e

dof

·
{
cθ,e
}

︸ ︷︷ ︸
nθ,e
dof×1

=

{
cθ,e
}T

︸ ︷︷ ︸
1×nθ,e

dof

·
{
Be,θ

}T

︸ ︷︷ ︸
nθ,e
dof×1

.

(4.282)

The weighting functions for pore fluid pressure π and their interpolations (including gradients) are

given as follows:

wph
e

f (ξ) =

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
cpf ,e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

=

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

,

∂wph
e

f (ξ, t)

∂X
=

{
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
cpf ,e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

=

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

.

(4.283)

The weighting functions for pore fluid displacement df and their interpolations (including gradients)
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are given as follows:

wuhe

f (ξ) =

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

·
{
cuf ,e

}
︸ ︷︷ ︸
nf,e
dof×1

=

{
cuf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
{
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

,

∂wuhe

f (ξ, t)

∂X
=

{
Be,uf

}
︸ ︷︷ ︸
1×nf,e

dof

·
{
cuf ,e

}
︸ ︷︷ ︸
nf,e
dof×1

=

{
cuf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
{
Be,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

,

∂2wuhe

f (ξ, t)

∂X2
=

{
He,uf

}
︸ ︷︷ ︸

1×nf,e
dof

·
{
cuf ,e

}
︸ ︷︷ ︸
nf,e
dof×1

=

{
cuf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
{
He,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

.

(4.284)

The weighting functions for solid phase temperature ϑs and their interpolations (including gradi-

ents) are given as follows:

wθs,h
e

(ξ) =

{
N e,θs

}
︸ ︷︷ ︸
1×nθs,e

dof

·
{
cθ

s,e

}
︸ ︷︷ ︸
nθs,e
dof ×1

=

{
cθ

s,e

}T

︸ ︷︷ ︸
1×nθs,e

dof

·
{
N e,θs

}T

︸ ︷︷ ︸
nθs,e
dof ×1

,

∂wθs,h
e

(ξ, t)

∂X
=

{
Be,θs

}
︸ ︷︷ ︸
1×nθs,e

dof

·
{
cθ

s,e

}
︸ ︷︷ ︸
nθs,e
dof ×1

=

{
cθ

s,e

}T

︸ ︷︷ ︸
1×nθs,e

dof

·
{
Be,θs

}T

︸ ︷︷ ︸
nθs,e
dof ×1

.

(4.285)

The weighting functions for fluid phase temperature ϑf and their interpolations (including gradi-

ents) are given as follows:

wθf,h
e

(ξ) =

{
N e,θf

}
︸ ︷︷ ︸
1×nθf ,e

dof

·
{
cθ

f ,e

}
︸ ︷︷ ︸
nθf ,e
dof ×1

=

{
cθ

f ,e

}T

︸ ︷︷ ︸
1×nθf ,e

dof

·
{
N e,θf

}T

︸ ︷︷ ︸
nθf ,e
dof ×1

,

∂wθf,h
e

(ξ, t)

∂X
=

{
Be,θf

}
︸ ︷︷ ︸
1×nθf ,e

dof

·
{
cθ

f ,e

}
︸ ︷︷ ︸
nθf ,e
dof ×1

=

{
cθ

f ,e

}T

︸ ︷︷ ︸
1×nθf ,e

dof

·
{
Be,θf

}T

︸ ︷︷ ︸
nθf ,e
dof ×1

.

(4.286)

4.3 Time integration

In the proceeding subsections, the numerical time discretization of the weak forms of the

governing equations is presented. Our general system of equations when inertia terms are included

resembles the following form:

Mẍ+Cẋ+Kx = F , (4.287)
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where M is a mass matrix, C is a viscous damping matrix, K is a stiffness matrix and F is a

vector of applied forces (internal and external) for each variational equation, i.e., each matrix in

Equation (4.287) is a collection of submatrices for each variational equation. Similarly, the acceler-

ations, velocities, and displacements of solid skeleton, pore fluid pressure, pore fluid displacement,

solid temperature, and pore fluid temperature are given by the vectors ẍ, ẋ and x, respectively,

i.e.,5

x =



u

uf

pf

θs

θf


, ẋ =



v

vf

ṗf

θ̇s

θ̇f


, ẍ =



a

af

p̈f

θ̈s

θ̈f


. (4.288)

In the proceeding subsections, we briefly introduce the general forms of the different time-integration

schemes that we have employed. The exact ordinary differential equations for the variational forms

are provided in the subsequent sections.

4.3.1 Runge-Kutta integration

For explicit time integration of the matrix-vector equations, we apply a generalized adaptive

time-stepping Runge-Kutta method for solving Equation (4.287), which involves transforming the

second-order ordinary differential equations (ODEs) into first-order ODEs by variable substitution:

z ..=

zx

zẋ

 =

x

ẋ

 , (4.289)

such that

ż =

żx

żẋ

 =

ẋ

ẍ

 . (4.290)

5 Strictly speaking, the second time derivatives on pore fluid pressure and constituent temperatures are not actually
computed since they do not appear in the variational equations. For the implicit schemes, the variation of the second
derivative in time of the pore fluid pressure and constituent temperatures are computed.
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For a general nonlinear multi-degree-of-freedom ODE,

ż = f(t, z) , (4.291)

where f(t, z) is in general a nonlinear equation in terms of time t and unknown variable z. For a

general Runge-Kutta method of mth order, the intermediate stages ki are defined as follows using

standard notation for a Butcher table:

ki = f

tn + ci∆t, z(tn) + ∆t

i−1∑
j=1

aijkj

 , (4.292)

where ci are the “nodes” and aij are the coefficients of the Butcher table. The higher order solution

is given by

zm(tn+1) = z(tn) + ∆t

m+1∑
i=1

bmi ki , (4.293)

and the lower order solution is given by

zm−1(tn+1) = z(tn) + ∆t
m∑
i=1

bm−1
i ki , (4.294)

where the bmi weights are different from the bm−1
i weights (refer to Bogacki and Shampine [1989],

Cash and Karp [1990] for specific values). The difference between the higher and lower order

solutions allows us to define a truncation error6

ϵTE
..=
∣∣∣∣∣∣zm(tn+1)− zm−1(tn+1)

∣∣∣∣∣∣
∞,2

. (4.295)

The adapted time step ∆t∗ is typically adjusted as follows:

∆t∗ = SF×
(
ϵa
ϵTE

)1/(m−1)

∆t , (4.296)

where SF is a safety factor, typically set to 0.9, and ϵa is a user-defined absolute tolerance, typically

set to ϵa ∈ [10−8,10−2]. If the absolute error(
ϵTE

ϵa

)1/(m−1)

< 1 , (4.297)

6 In practice, estimation of truncation error using the L2-norm (the Euclidean norm) is often preffered for accuracy
over cost, particularly for simulations using higher-order elements where the∞-norm trends towards unstable solutions
for high strain-rate loadings.
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then the solution zm is accepted with ∆tn+1 ← ∆t∗. Otherwise, the stages ki are recomputed at

time tn with ∆tn ← ∆t∗, new solutions are computed, and a new absolute error is computed until

the condition defined by Equation (4.297) is met. In the event that the time step starts to approach

zero, the simulation is terminated with an error message.

For further reading on Runge-Kutta integrators with adaptive time-stepping schemes based

on truncation errors, refer to Cash and Karp [1990], Bogacki and Shampine [1989], Press et al.

[1992]. In numerical simulations described in Chapter 5, we typically employ the fixed-order, 5(4)

Runge-Kutta Cash-Karp (RKFNC) scheme [Cash and Karp, 1990].

4.3.1.1 (u) formulation

For the (u) formulation, the Runge-Kutta integrators transform the general solution variables

given by Equation (4.291) to

{
ż

}
..=

żu

żv

 =

{
f(t, z)

}
=

fv(t, z)

fa(t, z)

 , (4.298)

such that

{
z

}
=

d

ḋ

 , ż =

ḋ

d̈

 . (4.299)

The FE formulation for the balance of momentum of the single-phase, with variational equation

given by Equation (4.18), is written in block-matrix form as{
Ru

}
︸ ︷︷ ︸
ns
dof×1

= 0 , (4.300)

where the global residual for the single-phase displacement is given as

cu,T ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
4 − GEXT,h = 0 . (4.301)
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Therein,

GINT,h
1 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

·
{
d̈
e

}
︸ ︷︷ ︸
ns,e
dof×1

, GINT,h
2 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

2 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

GINT,h
4 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

4 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

, GEXT,h =
ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

(4.302)

where {
fGINT

2 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

=

1∫
−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

P he

11Aj
e dξ ,

{
fGINT

4 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

=

1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

ρh
e

0 gAj
e dξ ,

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof×1

=



{
N e,u(X = 0, H)

}T

︸ ︷︷ ︸
ns,e
dof×1

tσA X = 0, H

0 0 < X < H .

(4.303)

The mass matrix associated with the single-phase acceleration is given by7[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

=

1∫
−1

ρh
e

0

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ . (4.304)

Thus,

{
ż

}
︸︷︷ ︸

(2×ns
dof)×1

=



{
ḋ

}
︸︷︷ ︸
ns
dof×1[

M
GINT
1

u,u

]−1

︸ ︷︷ ︸
ns
dof×ns

dof

·
(
−
{
F GINT

2

}
︸ ︷︷ ︸

ns
dof×1

−
{
F GINT

4

}
︸ ︷︷ ︸

ns
dof×1

+

{
F GEXT

}
︸ ︷︷ ︸

ns
dof×1

)

, (4.305)

where [
M

GINT
1

u,u

]
︸ ︷︷ ︸
ns
dof×ns

dof

=
ne

A
e

[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

,

{
F GINT

2

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

2 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

{
F GINT

4

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

4 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

{
F GEXT

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof×1

.

(4.306)

7 Note that for single-phase materials, the quantity ρh
e

0 is constant over the element, i.e., ρh
e

0 = ρ0.
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As described in Section 4.3.1, Equation (4.305) is solved for each stage increment i at time

tn +∆tci (i.e., any variables that are explicit functions of time, such as a time-dependent external

traction, are to be evaluated at time tn +∆tci), with stage solution ki given by

{
ki

}
︸ ︷︷ ︸

(2×ns
dof)×1

..=



{
ki(v)

}
︸ ︷︷ ︸
ns
dof×1{
ki(a)

}
︸ ︷︷ ︸
ns
dof×1


=



{
zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
i−1∑
j=1

aij

{
kj(v)

}
︸ ︷︷ ︸
ns
dof×1{

za(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t

i−1∑
j=1

aij

{
kj(a)

}
︸ ︷︷ ︸
ns
dof×1


. (4.307)

Then, according to Equation (4.293), the higher order solution to be accepted or rejected at time

tn+1 is given by

{
zm(tn+1)

}
︸ ︷︷ ︸
(2×ns

dof)×1

..=



{
zm
u (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm
v (tn+1)

}
︸ ︷︷ ︸

ns
dof×1


=



{
zu(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
m+1∑
i=1

bmi

{
ki(v)

}
︸ ︷︷ ︸
ns
dof×1{

zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t

m+1∑
i=1

bmi

{
ki(a)

}
︸ ︷︷ ︸
ns
dof×1


. (4.308)

According to Equation (4.294), the lower order solution at time tn+1 is given by

{
zm−1(tn+1)

}
︸ ︷︷ ︸

(2×ns
dof)×1

..=



{
zm−1
u (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm−1
v (tn+1)

}
︸ ︷︷ ︸

ns
dof×1


=



{
zu(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
m∑
i=1

bm−1
i

{
ki(v)

}
︸ ︷︷ ︸
ns
dof×1{

zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
m∑
i=1

bm−1
i

{
ki(a)

}
︸ ︷︷ ︸
ns
dof×1


. (4.309)

Then, a truncation error is calculated for all values of the solutions z(tn+1) according to Equa-

tion (4.295), and the new time step ∆t∗ is adjusted according to Equation (4.296). If the abso-

lute error does not meet the condition defined by Equation (4.297), the solutions given by Equa-

tion (4.308) and Equation (4.309) are recomputed at time tn+1 using the smaller time step ∆t∗ in

place of ∆t in Equation (4.307)–Equation (4.309). This process of computing the truncation error

and substituting the adapted time step is repeated for the (u-θ), (u-pf), (u-uf -pf), (u-pf -θ
s-θf),

and (u-uf -pf -θ
s-θf) formulations, and is thus not repeated for brevity in the corresponding sections

4.3.1.2–4.3.1.6.
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4.3.1.2 (u-θ) formulation

For the (u-θ) formulation, the Runge-Kutta integrators transform the general solution vari-

ables given by Equation (4.291) to

{
ż

}
..=


żu

żv

żθ


=

{
f(t, z)

}
=


fv(t, z)

fa(t, z)

f θ̇(t, z)


, (4.310)

such that

{
z

}
=


d

ḋ

ϑ


, ż =


ḋ

d̈

ϑ̇


. (4.311)

Thus, we require at least one governing equation to solve for the primary unknown d̈, which when

integrated once gives us ḋ, and when integrated twice gives us d; and at least one governing equation

to solve for the primary unknown ϑ̇, which when integrated once gives us ϑ.

The FE formulation for the balance of momentum of the single-phase, with variational equa-

tion given by Equation (4.40), is written in block-matrix form as{
Ru

}
︸ ︷︷ ︸
ns
dof×1

= 0 , (4.312)

where the global residual for the single-phase displacement is given as

cu,T ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
4 − GEXT,h = 0 . (4.313)

Therein,

GINT,h
1 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

·
{
d̈
e

}
︸ ︷︷ ︸
ns,e
dof×1

, GINT,h
2 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

2 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

GINT,h
4 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

4 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

, GEXT,h =
ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

(4.314)
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where {
fGINT

2 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

=

1∫
−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

P he

11Aj
e dξ ,

{
fGINT

4 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

=

1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

ρh
e

0 gAj
e dξ ,

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof×1

=



{
N e,u(X = 0, H)

}T

︸ ︷︷ ︸
ns,e
dof×1

tσA X = 0, H

0 0 < X < H .

(4.315)

The mass matrix associated with the single-phase acceleration is given by

[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

=

1∫
−1

ρh
e

0

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ . (4.316)

The FE formulation for the balance of energy of the single-phase, with variational equation given

by Equation (4.41), is written in block-matrix form as{
Rθ

}
︸ ︷︷ ︸
nθ
dof×1

= 0 , (4.317)

where the global residual for the single-phase temperature is given as

cθ
,T ·Rθ = J h = J INT,h

1 + J INT,h
2 + J INT,h

3 − J EXT,h = 0 . (4.318)

Therein,

J INT,h
1 =

ne

A
e

{
cθ,e
}T

︸ ︷︷ ︸
1×nθ,e

dof

·
[
m

J INT
1 ,e

θ,θ

]
︸ ︷︷ ︸
nθ,e
dof×nθ,e

dof

·
{
ϑ̇
e

}
︸ ︷︷ ︸
nθ,e
dof×1

, J INT,h
2 =

ne

A
e

{
cθ,e
}T

︸ ︷︷ ︸
1×nθ,e

dof

·
{
fJ INT

2 ,e

}
︸ ︷︷ ︸

nθ,e
dof×1

,

J INT,h
3 =

ne

A
e

{
cθ,e
}T

︸ ︷︷ ︸
1×nθ,e

dof

·
{
fJ INT

3 ,e

}
︸ ︷︷ ︸

nθ,e
dof×1

, J EXT,h =
ne

A
e

{
cθ,e
}T

︸ ︷︷ ︸
1×nθ,e

dof

·
{
fJ EXT,e

}
︸ ︷︷ ︸

nθ,e
dof×1

,

(4.319)
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where {
fJ INT

2 ,e

}
︸ ︷︷ ︸

nθ,e
dof×1

=

1∫
−1

{
N e,θ

}T

︸ ︷︷ ︸
nθ,e
dof×1

(KαV θ
he

Jhe +Qhe
)
J̇he

Aje dξ ,

{
fJ INT

3 ,e

}
︸ ︷︷ ︸

nθ,e
dof×1

= −
1∫

−1

{
Be,θ

}T

︸ ︷︷ ︸
nθ,e
dof×1

qh
e
Aje dξ ,

{
fJ EXT,e

}
︸ ︷︷ ︸

nθ,e
dof×1

=



{
N e,θ(X = 0, H)

}T

︸ ︷︷ ︸
nθ,e
dof×1

QθA X = 0, H

0 0 < X < H .

(4.320)

The mass matrix associated with the temperature is given by

[
m

J INT
1 ,e

θ,θ

]
︸ ︷︷ ︸
nθ,e
dof×nθ,e

dof

=

1∫
−1

ρh
e

0 cV

{
N e,θ

}T

︸ ︷︷ ︸
nθ,e
dof×1

{
N e,θ

}
︸ ︷︷ ︸
1×nθ,e

dof

Aje dξ . (4.321)

Then, returning our attention to Equation (4.310), we have

{
ż

}
︸︷︷ ︸

(2×ns
dof+nθ

dof)×1

=



{
ḋ

}
︸︷︷ ︸
ns
dof×1[

M
GINT
1

u,u

]−1

︸ ︷︷ ︸
ns
dof×ns

dof

·
(
−
{
F GINT

2

}
︸ ︷︷ ︸

ns
dof×1

−
{
F GINT

4

}
︸ ︷︷ ︸

ns
dof×1

+

{
F GEXT

}
︸ ︷︷ ︸

ns
dof×1

)
[
M

J INT
1

pf ,pf

]−1

︸ ︷︷ ︸
nθ
dof×nθ

dof

·
(
−
{
F J INT

2

}
︸ ︷︷ ︸

nθ
dof×1

−
{
F J INT

3

}
︸ ︷︷ ︸

nθ
dof×1

+

{
F J EXT

}
︸ ︷︷ ︸

nθ
dof×1

)



, (4.322)
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where [
M

GINT
1

u,u

]
︸ ︷︷ ︸
ns
dof×ns

dof

=
ne

A
e

[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

,

{
F GINT

2

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

2 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

{
F GINT

4

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

4 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

{
F GEXT

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

[
M

J INT
1

θ,θ

]
︸ ︷︷ ︸
nθ
dof×nθ

dof

=
ne

A
e

[
m

J INT
1 ,e

θ,θ

]
︸ ︷︷ ︸
nθ,e
dof×nθ,e

dof

,

{
F J INT

2

}
︸ ︷︷ ︸

nθ
dof×1

=
ne

A
e

{
fJ INT

2 ,e

}
︸ ︷︷ ︸

nθ,e
dof×1

,

{
F J INT

3

}
︸ ︷︷ ︸

nθ
dof×1

=
ne

A
e

{
fJ INT

3 ,e

}
︸ ︷︷ ︸

nθ,e
dof×1

,

{
F J EXT

}
︸ ︷︷ ︸

nθ
dof×1

=
ne

A
e

{
fJ EXT,e

}
︸ ︷︷ ︸

nθ,e
dof×1

.

(4.323)

As described in Section 4.3.1, Equation (4.322) is solved for each stage increment i at time tn+∆tci

(i.e., any variables that are explicit functions of time, such as a time-dependent external traction,

are to be evaluated at time tn +∆tci), with stage solution ki given by

{
ki

}
︸ ︷︷ ︸

(2×ns
dof+nθ

dof)×1

..=



{
ki(v)

}
︸ ︷︷ ︸
ns
dof×1{
ki(a)

}
︸ ︷︷ ︸
ns
dof×1{
ki(θ̇)

}
︸ ︷︷ ︸
nθ
dof×1



=



{
zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
i−1∑
j=1

aij

{
kj(v)

}
︸ ︷︷ ︸
ns
dof×1{

za(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t

i−1∑
j=1

aij

{
kj(a)

}
︸ ︷︷ ︸
ns
dof×1{

zθ̇(tn)

}
︸ ︷︷ ︸

nθ
dof×1

+∆t
i−1∑
j=1

aij

{
kj(θ̇)

}
︸ ︷︷ ︸
nθ
dof×1



. (4.324)

Then, according to Equation (4.293), the higher order solution to be accepted or rejected at time
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tn+1 is given by

{
zm(tn+1)

}
︸ ︷︷ ︸
(2×ns

dof+nθ
dof)×1

..=



{
zm
u (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm
v (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm
θ (tn+1)

}
︸ ︷︷ ︸

nθ
dof×1



=



{
zu(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
m+1∑
i=1

bmi

{
ki(v)

}
︸ ︷︷ ︸
ns
dof×1{

zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t

m+1∑
i=1

bmi

{
ki(a)

}
︸ ︷︷ ︸
ns
dof×1{

zθ(tn)

}
︸ ︷︷ ︸

nθ
dof×1

+∆t

m+1∑
i=1

bmi

{
ki(θ̇)

}
︸ ︷︷ ︸
nθ
dof×1



, (4.325)

and, according to Equation (4.294), the lower order solution at time tn+1 is given by

{
zm−1(tn+1)

}
︸ ︷︷ ︸
(2×ns

dof+nθ
dof)×1

..=



{
zm−1
u (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm−1
v (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm−1
θ (tn+1)

}
︸ ︷︷ ︸

nθ
dof×1



=



{
zu(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t

m∑
i=1

bm−1
i

{
ki(v)

}
︸ ︷︷ ︸
ns
dof×1{

zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t

m∑
i=1

bm−1
i

{
ki(a)

}
︸ ︷︷ ︸
ns
dof×1{

zθ(tn)

}
︸ ︷︷ ︸

nθ
dof×1

+∆t
m∑
i=1

bm−1
i

{
ki(θ̇)

}
︸ ︷︷ ︸
nθ
dof×1



. (4.326)

4.3.1.3 (u-pf) formulation

For the (u-pf) formulation, the Runge-Kutta integrators transform the general solution vari-

ables given by Equation (4.291) to

{
ż

}
..=


żu

żv

żpf


=

{
f(t, z)

}
=


fv(t, z)

fa(t, z)

f ṗf
(t, z)


, (4.327)

such that

{
z

}
=


d

ḋ

π


, ż =


ḋ

d̈

π̇


. (4.328)
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Thus, we require at least one governing equation to solve for the primary unknown d̈, which when

integrated once gives us ḋ, and when integrated twice gives us d; and at least one governing

equation to solve for the primary unknown π̇, which when integrated once gives us π. Contrary to

the central-difference scheme, these equations are solved separately (i.e., not in a staggered manner,

refer to Section 4.3.3.2 and Algorithm 1 therein).

The FE formulation for the balance of momentum of the mixture, with variational equation

given by Equation (4.64), is written in block-matrix form as{
Ru

}
︸ ︷︷ ︸
ns
dof×1

= 0 , (4.329)

where the global residual for the solid skeleton displacement is given as

cu,T ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
3 + GINT,h

4 − GEXT,h = 0 . (4.330)

Therein,

GINT,h
1 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

·
{
d̈
e

}
︸ ︷︷ ︸
ns,e
dof×1

, GINT,h
2 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

2 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

GINT,h
3 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

3 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

, GINT,h
4 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

4 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

GEXT,h =
ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

(4.331)
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where {
fGINT

2 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

=

1∫
−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

P s,he

11(E)Aj
e dξ ,

{
fGINT

3 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

= −
1∫

−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

ph
e

f Aj
e dξ ,

{
fGINT

4 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

=

1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

ρh
e

0 gAj
e dξ ,

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof×1

=



{
N e,u(X = 0, H)

}T

︸ ︷︷ ︸
ns,e
dof×1

tσA X = 0, H

0 0 < X < H .

(4.332)

The mass matrix associated with the solid skeleton acceleration is given by[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

=

1∫
−1

ρh
e

0

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ . (4.333)

The FE formulation for the balance of mass of the mixture, with variational equation given by

Equation (4.66), is written in block-matrix form as{
Rpf

}
︸ ︷︷ ︸
n
pf
dof×1

= 0 , (4.334)

where the global residual for the pore fluid pressure is given as

cpf ,T ·Rpf = Hh = HINT,h
1 +HINT,h

2 +HINT,h
3 +HINT,h

4 −HEXT,h = 0 . (4.335)

Therein,

HINT,h
1 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
([

m
HINT

1 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

·
{
π̇e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

+

{
fHINT

1 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

)
,

HINT,h
2 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHINT

2 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,HINT,h
3 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHINT

3 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

HINT,h
4 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHINT

4 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,HEXT,h =
ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHEXT,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

(4.336)
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where {
fHINT

1 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

J̇he
Aje dξ ,

{
fHINT

2 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

1

Kη
f

∂ph
e

f

∂X

(
nf ṽf

)he

Aje dξ ,

{
fHINT

3 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

k̂h
e ∂ph

e

f

∂X

(
F he

11

)−1
Aje dξ ,

{
fHINT

4 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

k̂h
e
ρfR,he(

ah
e
+ g
)
Aje dξ ,

{
fHEXT,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=



{
N e,pf (X = 0, H)

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

QfA X = 0, H

0 0 < X < H .

(4.337)

The mass matrix associated with the pore fluid pressure is given by

[
m

HINT
1 ,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

Jhe
nf,h

e

Kη
f

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ . (4.338)

When pressure stabilization is enabled, an additional term Hstab is added to the l.h.s. of Equa-

tion (4.335) and is defined as

Hstab =
ne

A
e

cpf e,T ·
[
mHstab,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

·
{
π̇e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

, (4.339)

where [
mHstab,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

αstab
(
F he

11

)−1
{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ . (4.340)
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Then, returning our attention to Equation (4.327), we have

{
ż

}
︸ ︷︷ ︸

(2×ns
dof

+n
pf
dof

)×1

=



{
ḋ

}
︸ ︷︷ ︸
ns
dof

×1[
M

GINT
1

u,u

]−1

︸ ︷︷ ︸
ns
dof

×ns
dof

·

(
−
{
F GINT

2

}
︸ ︷︷ ︸

ns
dof

×1

−
{
F GINT

3

}
︸ ︷︷ ︸

ns
dof

×1

−
{
F GINT

4

}
︸ ︷︷ ︸

ns
dof

×1

+

{
F GEXT

}
︸ ︷︷ ︸

ns
dof

×1

)

[
M

HINT
1

pf ,pf

]−1

︸ ︷︷ ︸
n
pf
dof

×n
pf
dof

·

(
−
{
FHINT

1

}
︸ ︷︷ ︸

n
pf
dof

×1

−
{
FHINT

2

}
︸ ︷︷ ︸

n
pf
dof

×1

−
{
FHINT

3

}
︸ ︷︷ ︸

n
pf
dof

×1

−
{
FHINT

4

}
︸ ︷︷ ︸

n
pf
dof

×1

+

{
FHEXT

}
︸ ︷︷ ︸

n
pf
dof

×1

)



, (4.341)

where [
M

GINT
1

u,u

]
︸ ︷︷ ︸
ns
dof×ns

dof

=
ne

A
e

[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

,

{
F GINT

2

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

2 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

{
F GINT

3

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

3 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

{
F GINT

4

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

4 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

{
F GEXT

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

[
M

HINT
1

pf ,pf

]
︸ ︷︷ ︸
n
pf
dof×n

pf
dof

=
ne

A
e

[
m

HINT
1 ,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

,

{
FHINT

1

}
︸ ︷︷ ︸

n
pf
dof×1

=
ne

A
e

{
fHINT

1 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

{
FHINT

2

}
︸ ︷︷ ︸

n
pf
dof×1

=
ne

A
e

{
fHINT

2 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

{
FHINT

3

}
︸ ︷︷ ︸

n
pf
dof×1

=
ne

A
e

{
fHINT

3 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

{
FHINT

4

}
︸ ︷︷ ︸

n
pf
dof×1

=
ne

A
e

{
fHINT

4 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

{
FHEXT

}
︸ ︷︷ ︸

n
pf
dof×1

=
ne

A
e

{
fHEXT,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

.

(4.342)

If pressure stabilization is enabled, then we must invert a summation of matrices in Equation (4.341):

{
ż

}
︸ ︷︷ ︸

(2×ns
dof

+n
pf
dof

)×1

=



{
ḋ

}
︸ ︷︷ ︸

ns
dof

×1[
M

GINT
1

u,u

]−1

︸ ︷︷ ︸
ns
dof

×ns
dof

·
(

−
{
FGINT

2

}
︸ ︷︷ ︸

ns
dof

×1

−
{
FGINT

3

}
︸ ︷︷ ︸

ns
dof

×1

−
{
FGINT

4

}
︸ ︷︷ ︸

ns
dof

×1

+

{
FGEXT

}
︸ ︷︷ ︸

ns
dof

×1

)

( [
M

HINT
1

pf ,pf

]
︸ ︷︷ ︸
n
pf
dof

×n
pf
dof

+

[
MHstab

pf ,pf

]
︸ ︷︷ ︸
n
pf
dof

×n
pf
dof

)−1
·
(

−
{
FHINT

1

}
︸ ︷︷ ︸

n
pf
dof

×1

−
{
FHINT

2

}
︸ ︷︷ ︸

n
pf
dof

×1

−
{
FHINT

3

}
︸ ︷︷ ︸

n
pf
dof

×1

−
{
FHINT

4

}
︸ ︷︷ ︸

n
pf
dof

×1

+

{
FHEXT

}
︸ ︷︷ ︸

n
pf
dof

×1

)



, (4.343)
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where [
MHstab

pf ,pf

]
︸ ︷︷ ︸
n
pf
dof×n

pf
dof

=
ne

A
e

[
mHstab,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

. (4.344)

As described in Section 4.3.1, Equation (4.341) or Equation (4.343) is solved for each stage increment

i at time tn +∆tci (i.e., any variables that are explicit functions of time, such as a time-dependent

external traction, are to be evaluated at time tn +∆tci), with stage solution ki given by

{
ki

}
︸ ︷︷ ︸

(2×ns
dof+n

pf
dof)×1

..=



{
ki(v)

}
︸ ︷︷ ︸
ns
dof×1{
ki(a)

}
︸ ︷︷ ︸
ns
dof×1{
ki(ṗf)

}
︸ ︷︷ ︸
n
pf
dof×1



=



{
zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
i−1∑
j=1

aij

{
kj(v)

}
︸ ︷︷ ︸
ns
dof×1{

za(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t

i−1∑
j=1

aij

{
kj(a)

}
︸ ︷︷ ︸
ns
dof×1{

zṗf (tn)

}
︸ ︷︷ ︸

n
pf
dof×1

+∆t
i−1∑
j=1

aij

{
kj(ṗf)

}
︸ ︷︷ ︸
n
pf
dof×1



. (4.345)

Then, according to Equation (4.293), the higher order solution to be accepted or rejected at time

tn+1 is given by

{
zm(tn+1)

}
︸ ︷︷ ︸
(2×ns

dof+n
pf
dof)×1

..=



{
zm
u (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm
v (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm
pf
(tn+1)

}
︸ ︷︷ ︸

n
pf
dof×1



=



{
zu(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t

m+1∑
i=1

bmi

{
ki(v)

}
︸ ︷︷ ︸
ns
dof×1{

zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t

m+1∑
i=1

bmi

{
ki(a)

}
︸ ︷︷ ︸
ns
dof×1{

zpf (tn)

}
︸ ︷︷ ︸

n
pf
dof×1

+∆t

m+1∑
i=1

bmi

{
ki(ṗf)

}
︸ ︷︷ ︸
n
pf
dof×1



, (4.346)
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and, according to Equation (4.294), the lower order solution at time tn+1 is given by

{
zm−1(tn+1)

}
︸ ︷︷ ︸
(2×ns

dof+n
pf
dof)×1

..=



{
zm−1
u (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm−1
v (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm−1
pf

(tn+1)

}
︸ ︷︷ ︸

n
pf
dof×1



=



{
zu(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
m∑
i=1

bm−1
i

{
ki(v)

}
︸ ︷︷ ︸
ns
dof×1{

zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
m∑
i=1

bm−1
i

{
ki(a)

}
︸ ︷︷ ︸
ns
dof×1{

zpf (tn)

}
︸ ︷︷ ︸

n
pf
dof×1

+∆t
m∑
i=1

bm−1
i

{
ki(ṗf)

}
︸ ︷︷ ︸
n
pf
dof×1



. (4.347)

4.3.1.4 (u-uf-pf) formulation

For the (u-uf -pf) formulation, the Runge-Kutta integrators transform the general solution

variables given by Equation (4.291) to

{
ż

}
..=



żu

żv

żuf

żvf

żpf


=

{
f(t, z)

}
=



fv(t, z)

fa(t, z)

fvf
(t, z)

faf
(t, z)

f ṗf
(t, z)


, (4.348)

such that

{
z

}
=



d

ḋ

df

ḋf

π


, ż =



ḋ

d̈

ḋf

d̈f

π̇


. (4.349)

Thus, we require at least one governing equation to solve for the primary unknown d̈, which when

integrated once gives us ḋ, and when integrated twice gives us d; at least one governing equation

to solve for the primary unknown d̈f , which when integrated once gives us ḋf , and when integrated
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twice gives us df ; and at least one governing equation to solve for the primary unknown π̇, which

when integrated once gives us π.

The FE formulation for the balance of momentum of the mixture, with variational equations

given by Equation (4.86) & Equation (4.93)1, is written in block-matrix form as{
Ru

}
︸ ︷︷ ︸
ns
dof×1

= 0 , (4.350)

where the global residual for the solid skeleton displacement is given as

cu,T ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
3 + GINT,h

4 + GINT,h
5 − GEXT,h = 0 . (4.351)

Therein,

GINT,h
1 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
([

m
GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

·
{
d̈
e

}
︸ ︷︷ ︸
ns,e
dof×1

+

{
fGINT

1 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

)
,

GINT,h
2 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

2 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,GINT,h
3 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

3 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

GINT,h
4 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

4 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,GINT,h
5 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

5 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

GEXT,h =
ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

(4.352)
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with {
fGINT

1 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

=

1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

ρf,h
e

0 ah
e

f Aje dξ ,

{
fGINT

2 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

=

1∫
−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

P s,he

11(E)Aj
e dξ ,

{
fGINT

3 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

= −
1∫

−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

ph
e

f Aje dξ ,

{
fGINT

4 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

=

1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

ρh
e

0 gAje dξ ,

{
fGINT

5 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

=

1∫
−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

P f,he

11(E)Aj
e dξ ,

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof×1

=



{
N e,u(X = 0, H)

}T

︸ ︷︷ ︸
ns,e
dof×1

tσA X = 0, H

0 0 < X < H .

(4.353)

For a nearly-inviscid pore fluid, Equation (4.353)5 is zero. The mass matrix associated with the

solid skeleton acceleration is given by

[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

=

1∫
−1

ρs,h
e

0

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ . (4.354)

The FE formulation for the balance of momentum of the fluid, with variational equations given by

Equation (4.88) & Equation (4.93)3, is written in block-matrix form as{
Ruf

}
︸ ︷︷ ︸
nf
dof×1

= 0 , (4.355)

where the global residual for the pore fluid displacement is given as

cuf ,T ·Ruf
= Ih = IINT,h

1 + IINT,h
2 + IINT,h

3 + IINT,h
4 + IINT,h

5 = 0 . (4.356)
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Therein,

IINT,h
1 =

ne

A
e

{
cuf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
[
m

IINT
1 ,e

uf ,uf

]
︸ ︷︷ ︸
nf,e
dof×nf,e

dof

·
{
d̈
e
f

}
︸ ︷︷ ︸
nf,e
dof×1

, IINT,h
2 =

ne

A
e

{
cuf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
{
fIINT

2 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

,

IINT,h
3 =

ne

A
e

{
cuf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
{
fIINT

3 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

, IINT,h
4 =

ne

A
e

{
cuf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
{
fIINT

4 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

,

IINT,h
5 =

ne

A
e

{
cuf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
{
fIINT

5 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

,

(4.357)

with {
fIINT

2 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

=

1∫
−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

nf,h
e ∂ph

e

f

∂X
Aje dξ ,

{
fIINT

3 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

=

1∫
−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

Jhe(
nf,h

e)2
k̂

(
vh

e

f − vh
e)
Aje dξ ,

{
fIINT

4 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

=

1∫
−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

ρf,h
e

0 gAje dξ ,

{
fIINT

5 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

= −
1∫

−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

∂P f,he

11(E)

∂X
Aje dξ .

(4.358)

For a nearly-inviscid pore fluid, Equation (4.358)5 is zero. The mass matrix associated with the

pore fluid acceleration is given by[
m

IINT
1 ,e

uf ,uf

]
︸ ︷︷ ︸
nf,e
dof×nf,e

dof

=

1∫
−1

ρf,h
e

0

{
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

Aje dξ . (4.359)

The FE formulation for the balance of mass, with variational equations given by Equation (4.89)

& Equation (4.93)4, is written in block-matrix form as{
Rpf

}
︸ ︷︷ ︸
n
pf
dof×1

= 0 , (4.360)
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where the global residual for the pore fluid pressure is given as

cpf ,T ·Rpf = Hh = HINT,h
1 +HINT,h

2 +HINT,h
3 +HINT,h

4 +HINT,h
5 −HEXT,h

1 = 0 . (4.361)

Therein,

HINT,h
1 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
([

m
HINT

1 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

·
{
π̇e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

+

{
fHINT

1 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

)
,

HINT,h
2 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHINT

2 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,HINT,h
3 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHINT

3 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

HINT,h
4 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHINT

4 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,HINT,h
5 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHINT

5 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

HEXT,h =
ne

A
e

{
cpf e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHEXT,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

(4.362)
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with {
fHINT

1 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

J̇he
Aje dξ ,

{
fHINT

2 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

1

Kη
f

∂ph
e

f

∂X

(
nf ṽf

)he

Aje dξ ,

{
fHINT

3 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

k̂h
e ∂ph

e

f

∂X

(
F he

11

)−1
Aje dξ ,

{
fHINT

4 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

k̂h
e
ρfR,he(

ah
e

f + g
)
Aje dξ ,

{
fHINT

5 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

= −
1∫

−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

k̂

nf

∂σf,h
e

11(E)

∂X

(
F he

11

)−1 1

Kη
f

Aje dξ ,

{
fHEXT,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=



{
N e,pf (X = 0, H)

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

QfA X = 0, H

0 0 < X < H .

(4.363)

For a nearly-inviscid pore fluid, Equation (4.363)5 is zero. The mass matrix associated with the

pore fluid pressure is given by

[
m

HINT
1 ,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

Jhe
nf,h

e

Kη
f

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ . (4.364)

When pressure stabilization is enabled, an additional term Hstab is added to the l.h.s. of Equa-

tion (4.361) and is defined as

Hstab =
ne

A
e

cpf e,T ·
[
mHstab,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

·
{
π̇e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

, (4.365)
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where [
mHstab,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

αstab
(
F he

11

)−1
{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ . (4.366)

Then, returning our attention to Equation (4.348), we have

{
ż

}
︸ ︷︷ ︸

(2×ns
dof

+2×n
f
dof

+n
pf
dof

)×1

=



{
ḋ

}
︸ ︷︷ ︸

ns
dof

×1[
M

GINT
1

u,u

]−1

︸ ︷︷ ︸
ns
dof

×ns
dof

·
(

−
{
F GINT

1

}
︸ ︷︷ ︸

ns
dof

×1

−
{
F GINT

2

}
︸ ︷︷ ︸

ns
dof

×1

−
{
F GINT

3

}
︸ ︷︷ ︸

ns
dof

×1

−
{
F GINT

4

}
︸ ︷︷ ︸

ns
dof

×1

−
{
F GINT

5

}
︸ ︷︷ ︸

ns
dof

×1

+

{
F GEXT

}
︸ ︷︷ ︸

ns
dof

×1

)
{
ḋf
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)



(4.367)
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where [
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︸ ︷︷ ︸
ns,e
dof×ns,e

dof

,

{
F GINT

1

}
︸ ︷︷ ︸
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n
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n
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n
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.

(4.368)

If pressure stabilization is enabled, refer to the addition given by Equation (4.344) and insert into

Equation (4.367) as necessary. This was done in Equation (4.343).

As described in Section 4.3.1, Equation (4.367) is solved for each stage increment i at time

tn +∆tci (i.e., any variables that are explicit functions of time, such as a time-dependent external
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traction, are to be evaluated at time tn +∆tci), with stage solution ki given by

{
ki

}
︸ ︷︷ ︸

(2×ns
dof+2×nf

dof+n
pf
dof)×1

..=



{
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︸ ︷︷ ︸
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}
︸ ︷︷ ︸
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︸ ︷︷ ︸
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︸ ︷︷ ︸
nf
dof×1{
ki(ṗf)
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

=
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(4.369)

Then, according to Equation (4.293), the higher order solution to be accepted or rejected at time

tn+1 is given by

{
zm(tn+1)

}
︸ ︷︷ ︸

(2×ns
dof+2×nf

dof+n
pf
dof)×1

..=


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{
zu(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
m+1∑
i=1

bmi

{
ki(v)

}
︸ ︷︷ ︸
ns
dof×1{

zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
m+1∑
i=1

bmi

{
ki(a)

}
︸ ︷︷ ︸
ns
dof×1{

zuf
(tn)

}
︸ ︷︷ ︸

nf
dof×1

+∆t

m+1∑
i=1

bmi

{
ki(vf)

}
︸ ︷︷ ︸
nf
dof×1{

zvf (tn)

}
︸ ︷︷ ︸

nf
dof×1

+∆t

m+1∑
i=1

bmi

{
ki(af)

}
︸ ︷︷ ︸
nf
dof×1{

zpf (tn)

}
︸ ︷︷ ︸

n
pf
dof×1

+∆t
m+1∑
i=1

bmi

{
ki(ṗf)
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and, according to Equation (4.294), the lower order solution at time tn+1 is given by

{
zm−1(tn+1)

}
︸ ︷︷ ︸

(2×ns
dof+2×nf

dof+n
pf
dof)×1

..=


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

=



{
zu(tn)

}
︸ ︷︷ ︸
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{
ki(v)

}
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}
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+∆t
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}
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zuf
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}
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{
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}
︸ ︷︷ ︸
nf
dof×1{
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}
︸ ︷︷ ︸

nf
dof×1

+∆t
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i=1
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{
ki(af)

}
︸ ︷︷ ︸
nf
dof×1{

zpf (tn)

}
︸ ︷︷ ︸
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dof×1

+∆t
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}
︸ ︷︷ ︸
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

(4.371)

4.3.1.5 (u-pf-θ
s-θf) formulation

For the (u-pf -θ
s-θf) formulation, the Runge-Kutta integrators transform the general solution

variables given by Equation (4.291) to

{
ż

}
..=



żu

żv

żpf

żθs

żθf


=

{
f(t, z)

}
=



fv(t, z)

fa(t, z)

f ṗf
(t, z)

f θ̇s(t, z)

f θ̇f (t, z)


, (4.372)

such that

{
z

}
=



d

ḋ

π

ϑs

ϑf


, ż =



ḋ

d̈

π̇

ϑ̇
s

ϑ̇
f


. (4.373)
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Thus, we require at least one governing equation to solve for the primary unknown d̈, which when

integrated once gives us ḋ, and when integrated twice gives us d; and at least one governing equation

to solve for the primary unknown π̇, which when integrated once gives us π; at least one governing

equation to solve for the primary unknown ϑ̇
s
, which when integrated once gives us ϑs; and at least

one governing equation to solve for the primary unkown ϑ̇
f
, which when integrated gives us ϑf .

The FE formulation for the balance of momentum of the mixture, with variational equation

given by Equation (4.173), is written in block-matrix form as{
Ru

}
︸ ︷︷ ︸
ns
dof×1

= 0 , (4.374)

where the global residual for the solid skeleton displacement is given as

cu,T ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
3 + GINT,h

4 − GEXT,h = 0 . (4.375)

Therein,

GINT,h
1 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

·
{
d̈
e

}
︸ ︷︷ ︸
ns,e
dof×1

, GINT,h
2 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

2 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

GINT,h
3 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

3 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

, GINT,h
4 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

4 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

GEXT,h =
ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

(4.376)
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where {
fGINT

2 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

=

1∫
−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

P s,he

11(E)Aj
e dξ ,

{
fGINT

3 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

= −
1∫

−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

ph
e

f

(θs,he

θf,he n
s,he

+ nf,h
e
)
Aje dξ ,

{
fGINT

4 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

=

1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

ρh
e

0 gAj
e dξ ,

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof×1

=



{
N e,u(X = 0, H)

}T

︸ ︷︷ ︸
ns,e
dof×1

tσA X = 0, H

0 0 < X < H .

(4.377)

The mass matrix associated with the solid skeleton acceleration is given by

[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

=

1∫
−1

ρh
e

0

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ . (4.378)

The FE formulation for the balance of mass of the mixture, with variational equation given by

Equation (4.174), is written in block-matrix form as{
Rpf

}
︸ ︷︷ ︸
n
pf
dof×1

= 0 , (4.379)

where the global residual for the pore fluid pressure is given as

cpf ,T ·Rpf = Hh = HINT,h
1 +HINT,h

2 +HINT,h
3 +HINT,h

4 +HINT,h
6 +HINT,h

7 −HEXT,h = 0 .

(4.380)
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Therein,

HINT,h
1 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
([

m
HINT

1 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

·
{
π̇e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

+

{
fHINT

1 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

)
,

HINT,h
2 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHINT

2 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,HINT,h
3 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHINT

3 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

HINT,h
4 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHINT

4 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,HINT,h
6 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHINT

6 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

HINT,h
7 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHINT

7 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,HEXT,h =
ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHEXT,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

(4.381)
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where {
fHINT

1 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

J̇he
Aje dξ ,

{
fHINT

2 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

1

pf

∂ph
e

f

∂X

(
nf ṽf

)he

Aje dξ ,

{
fHINT

3 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

k̂h
e ∂ph

e

f

∂X

(
F he

11

)−1
Aje dξ ,

{
fHINT

4 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

k̂h
e
ρfR,he(

ah
e
+ g
)
Aje dξ ,

{
fHINT

6 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

k̂h
e

nf,he p
he

f

∂nf,h
e

∂X

(
F he

11

)−1
(
1− θs,h

e

θf,he

)
Aje dξ ,

{
fHINT

7 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

= −
1∫

−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

1

θf,he

(
Jhe

nf,h
e
θ̇f,h

e
+
∂θf,h

e

∂X

(
nf ṽf

)he
)
Aje dξ ,

{
fHEXT,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=



{
N e,pf (X = 0, H)

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

QfA X = 0, H

0 0 < X < H .

(4.382)

The mass matrix associated with the pore fluid pressure is given by

[
m

HINT
1 ,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

Jhe
nf,h

e

ph
e

f

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ . (4.383)
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For the compressible liquid pore fluid model (Equation (3.153), Equation (4.198)),

{
fHINT

7 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

= −
1∫

−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

αf
V

(
Jhe

nf,h
e
θ̇f,h

e
+
∂θf,h

e

∂X

(
nf ṽf

)he
)
Aje dξ ,

[
m

HINT
1 ,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

Jhe
nf,h

e

Kθ
f

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ .

(4.384)

When pressure stabilization is enabled, an additional term Hstab is added to the l.h.s. of Equa-

tion (4.380) and is defined as

Hstab =
ne

A
e

cpf e,T ·
[
mHstab,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

·
{
π̇e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

, (4.385)

where [
mHstab,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

αstab
(
F he

11

)−1
{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ . (4.386)

The FE formulation for the balance of energy of the solid, with variational equation given by

Equation (4.175), is written in block-matrix form as{
Rθs

}
︸ ︷︷ ︸
nθs
dof×1

= 0 , (4.387)

where the global residual for the solid phase temperature is given as

cθ
s ,T ·Rθf = J h = J INT,h

1 + J INT,h
2 + J INT,h

3 + J INT,h
4 + J INT,h

5 + J INT,h
6 − J EXT,h = 0 .

(4.388)
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Therein,

J INT,h
1 =

ne

A
e

{
cθ

s,e

}T

︸ ︷︷ ︸
1×nθs,e

dof

·
[
m

J INT
1 ,e

θs,θs

]
︸ ︷︷ ︸
nθs,e
dof ×nθs,e

dof

·
{
ϑ̇
s,e

}
︸ ︷︷ ︸
nθs,e
dof ×1

, J INT,h
2 =

ne

A
e

{
cθ

s,e

}T

︸ ︷︷ ︸
1×nθs,e

dof

·
{
fJ INT

2 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

,

J INT,h
3 =

ne

A
e

{
cθ

s,e

}T

︸ ︷︷ ︸
1×nθs,e

dof

·
{
fJ INT

3 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

, J INT,h
4 =

ne

A
e

{
cθ

s,e

}T

︸ ︷︷ ︸
1×nθs,e

dof

·
{
fJ INT

4 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

,

J INT,h
5 =

ne

A
e

{
cθ

s,e

}T

︸ ︷︷ ︸
1×nθs,e

dof

·
{
fJ INT

5 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

, J INT,h
6 =

ne

A
e

{
cθ

s,e

}T

︸ ︷︷ ︸
1×nθs,e

dof

·
{
fJ INT

6 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

,

J EXT,h =
ne

A
e

{
cθ

s,e

}T

︸ ︷︷ ︸
1×nθs,e

dof

·
{
fJ EXT,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

,

(4.389)

where {
fJ INT

2 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

=

1∫
−1

{
N e,θs

}T

︸ ︷︷ ︸
nθs,e
dof ×1

(Kskelαs
V θ

s,he

Jhe + ns,h
e
ph

e

f

θs,h
e

θf,he +Qhe
)
J̇he

Aje dξ ,

{
fJ INT

3 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

= −
1∫

−1

{
Be,θs

}T

︸ ︷︷ ︸
nθs,e
dof ×1

qs,h
e
Aje dξ ,

{
fJ INT

4 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

=

1∫
−1

{
N e,θs

}T

︸ ︷︷ ︸
nθs,e
dof ×1

Jhe
kεθ(θ

s,he − θf,he
)Aje dξ ,

{
fJ INT

5 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

= −
1∫

−1

{
N e,θs

}T

︸ ︷︷ ︸
nθs,e
dof ×1

Jhe((
nf ṽf

)he)2
k̂he

Aje dξ ,

{
fJ INT

6 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

=

1∫
−1

{
N e,θs

}T

︸ ︷︷ ︸
nθs,e
dof ×1

θs,h
e

θf,he

ph
e

f

nf,he

∂nf,h
e

∂X

(
nf ṽf

)he

Aje dξ ,

{
fJ EXT,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

=



{
N e,θs(X = 0, H)

}T

︸ ︷︷ ︸
nθs,e
dof ×1

Qθ
sA X = 0, H

0 0 < X < H .

(4.390)
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The mass matrix associated with the solid phase temperature is given by

[
m

J INT
1 ,e

θs,θs

]
︸ ︷︷ ︸
nθs,e
dof ×nθs,e

dof

=

1∫
−1

ρs,h
e

0 csV

{
N e,θs

}T

︸ ︷︷ ︸
nθs,e
dof ×1

{
N e,θs

}
︸ ︷︷ ︸
1×nθs,e

dof

Aje dξ . (4.391)

The FE formulation for the balance of energy of the pore fluid (assuming an ideal gas), with

variational equation given by Equation (4.176), is written in block-matrix form as{
Rθf

}
︸ ︷︷ ︸
nθf
dof×1

= 0 , (4.392)

where the global residual for the fluid phase temperature is given as

cθ
f ,T ·Rθf = Kh = KINT,h

1 +KINT,h
2 +KINT,h

3 +KINT,h
4 +KINT,h

5 +KINT,h
6 +KINT,h

7 +KINT,h
8 −KEXT,h = 0 .

(4.393)

Therein,

KINT,h
1 =

ne

A
e

{
cθ

f ,e

}T

︸ ︷︷ ︸
1×nθf ,e

dof

·
[
m

KINT
1 ,e

θf ,θf

]
︸ ︷︷ ︸
nθf ,e
dof ×nθf ,e

dof

·
{
ϑ̇
f,e

}
︸ ︷︷ ︸
nθf ,e
dof ×1

, KINT,h
2 =

ne

A
e

{
cθ

f ,e

}T

︸ ︷︷ ︸
1×nθf ,e

dof

·
{
fKINT

2 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

,

KINT,h
3 =

ne

A
e

{
cθ

f ,e

}T

︸ ︷︷ ︸
1×nθf ,e

dof

·
{
fKINT

3 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

, KINT,h
4 =

ne

A
e

{
cθ

f ,e

}T

︸ ︷︷ ︸
1×nθf ,e

dof

·
{
fKINT

4 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

,

KINT,h
5 =

ne

A
e

{
cθ

f ,e

}T

︸ ︷︷ ︸
1×nθf ,e

dof

·
{
fKINT

4 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

, KINT,h
6 =

ne

A
e

{
cθ

f ,e

}T

︸ ︷︷ ︸
1×nθf ,e

dof

·
{
fKINT

6 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

,

KINT,h
7 =

ne

A
e

{
cθ

f ,e

}T

︸ ︷︷ ︸
1×nθf ,e

dof

·
{
fKINT

7 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

, KINT,h
8 =

ne

A
e

{
cθ

f ,e

}T

︸ ︷︷ ︸
1×nθf ,e

dof

·
{
fKINT

8 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

,

KEXT,h =
ne

A
e

{
cθ

f ,e

}T

︸ ︷︷ ︸
1×nθf ,e

dof

·
{
fKEXT,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

,

(4.394)
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where {
fKINT

2 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

=

1∫
−1

{
N e,θf

}T

︸ ︷︷ ︸
nθf ,e
dof ×1

ρfR,he
(cfV +R)

∂θf,h
e

∂X

(
nf ṽf

)he

Aje dξ ,

{
fKINT

3 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

= −
1∫

−1

{
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0 0 < X < H .

(4.395)

The mass matrix associated with the pore fluid phase temperature is given by

[
m

KINT
1 ,e

θf ,θf

]
︸ ︷︷ ︸
nθf ,e
dof ×nθf ,e

dof

=

1∫
−1

ρf,h
e

0 (cfV +R)

{
N e,θf

}T

︸ ︷︷ ︸
nθf ,e
dof ×1

{
N e,θf

}
︸ ︷︷ ︸
1×nθf ,e

dof

Aje dξ . (4.396)
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For the compressible liquid pore fluid (Equation (3.153), Equation (4.199)),

{
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2 ,e

}
︸ ︷︷ ︸
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(4.397)

Then, returning our attention to Equation (4.372), we have

{
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}
︸ ︷︷ ︸
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(4.398)
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where [
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(4.400)

As described in Section 4.3.1, Equation (4.398) is solved for each stage increment i at time tn+∆tci

(i.e., any variables that are explicit functions of time, such as a time-dependent external traction,
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are to be evaluated at time tn +∆tci), with stage solution ki given by
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Then, according to Equation (4.293), the higher order solution to be accepted or rejected at time

tn+1 is given by
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θf
(tn+1)

}
︸ ︷︷ ︸

nθf
dof×1



=



{
zu(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
m+1∑
i=1

bmi

{
ki(v)

}
︸ ︷︷ ︸
ns
dof×1{

zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t

m+1∑
i=1

bmi

{
ki(a)

}
︸ ︷︷ ︸
ns
dof×1{

zpf (tn)

}
︸ ︷︷ ︸

n
pf
dof×1

+∆t

m+1∑
i=1

bmi

{
ki(ṗf)

}
︸ ︷︷ ︸
n
pf
dof×1{

zθs(tn)

}
︸ ︷︷ ︸

nθs
dof×1

+∆t

m+1∑
i=1

bmi

{
ki(θ̇s)

}
︸ ︷︷ ︸
nθs
dof×1{

zθf (tn)

}
︸ ︷︷ ︸

nθf
dof×1

+∆t
m+1∑
i=1

bmi

{
ki(θ̇f)

}
︸ ︷︷ ︸
nf
dof×1



, (4.402)
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and, according to Equation (4.294), the lower order solution at time tn+1 is given by

{
zm−1(tn+1)

}
︸ ︷︷ ︸

(2×ns
dof+n

pf
dof+nθs

dof+nθf
dof)×1

..=



{
zm−1
u (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm−1
v (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm−1
pf

(tn+1)

}
︸ ︷︷ ︸

n
pf
dof×1{

zm−1
θs (tn+1)

}
︸ ︷︷ ︸

nθs
dof×1{

zm−1
θf

(tn+1)

}
︸ ︷︷ ︸

nθf
dof×1



=



{
zu(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
m∑
i=1

bm−1
i

{
ki(v)

}
︸ ︷︷ ︸
ns
dof×1{

zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
m∑
i=1

bm−1
i

{
ki(a)

}
︸ ︷︷ ︸
ns
dof×1{

zpf (tn)

}
︸ ︷︷ ︸

n
pf
dof×1

+∆t

m∑
i=1

bm−1
i

{
ki(ṗf)

}
︸ ︷︷ ︸
n
pf
dof×1{

zθs(tn)

}
︸ ︷︷ ︸

nθs
dof×1

+∆t

m∑
i=1

bm−1
i

{
ki(θ̇s)

}
︸ ︷︷ ︸
nθs
dof×1{

zθf (tn)

}
︸ ︷︷ ︸

nθf
dof×1

+∆t

m∑
i=1

bm−1
i

{
ki(θ̇f)

}
︸ ︷︷ ︸
nf
dof×1



. (4.403)

4.3.1.6 (u-uf-pf-θ
s-θf) formulation

For the (u-uf -pf -θ
s-θf) formulation, the Runge-Kutta integrators transform the general solu-

tion variables given by Equation (4.291) to

{
ż

}
..=



żu

żv

żuf

żvf

żpf

żθs

żθf



=

{
f(t, z)

}
=



fv(t, z)

fa(t, z)

fvf
(t, z)

faf
(t, z)

f ṗf
(t, z)

f θ̇s(t, z)

f θ̇f (t, z)



, (4.404)
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such that

{
z

}
=



d

ḋ

df

ḋf

π

ϑs

ϑf



, ż =



ḋ

d̈

ḋf

d̈f

π̇

ϑ̇
s

ϑ̇
f



. (4.405)

Thus, we require at least one governing equation to solve for the primary unknown d̈, which when

integrated once gives us ḋ, and when integrated twice gives us d; and at least one governing equation

to solve for the primary unknown d̈f , which when integrated once gives us ḋf , and when integrated

twice gives us df ; and at least one governing equation to solve for the primary unknown π̇, which

when integrated once gives us π; at least one governing equation to solve for the primary unknown

ϑ̇
s
, which when integrated once gives us ϑs; and at least one governing equation to solve for the

primary unkown ϑ̇
f
, which when integrated gives us ϑf .

The FE formulation for the balance of momentum of the mixture, with variational equation

given by Equation (4.230), is written in block-matrix form as{
Ru

}
︸ ︷︷ ︸
ns
dof×1

= 0 , (4.406)

where the global residual for the solid skeleton displacement is given as

cu,T ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
3 + GINT,h

4 + GINT,h
5 − GEXT,h = 0 . (4.407)
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Therein,

GINT,h
1 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
([

m
GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

·
{
d̈
e

}
︸ ︷︷ ︸
ns,e
dof×1

+

{
fGINT

1 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

)
,

GINT,h
2 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

2 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

, GINT,h
3 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

3 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

GINT,h
4 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

4 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

, GINT,h
5 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

5 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

GEXT,h =
ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

(4.408)

where{
fGINT

1 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

=

1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

ρf,h
e

0 ah
e

f Aj
e dξ ,

{
fGINT

2 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

=

1∫
−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

P s,he

11(E)Aj
e dξ ,

{
fGINT

3 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

= −
1∫

−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

ph
e

f

(θs,he

θf,he n
s,he

+ nf,h
e
)
Aje dξ ,

{
fGINT

4 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

=

1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

ρh
e

0 gAj
e dξ ,

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof×1

=



{
N e,u(X = 0, H)

}T

︸ ︷︷ ︸
ns,e
dof×1

tσA X = 0, H

0 0 < X < H .

(4.409)

The mass matrix associated with the solid skeleton acceleration is given by

[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

=

1∫
−1

ρh
e

0

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ . (4.410)

The FE formulation for the balance of momentum of the fluid, with variational equations given by
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Equation (4.232), is written in block-matrix form as{
Ruf

}
︸ ︷︷ ︸
nf
dof×1

= 0 , (4.411)

where the global residual for the pore fluid displacement is given as

cuf ,T ·Ruf
= Ih = IINT,h

1 + IINT,h
2 + IINT,h

3 + IINT,h
4 + IINT,h

5 + IINT,h
6 = 0 . (4.412)

Therein,

IINT,h
1 =

ne

A
e

{
cuf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
[
m

IINT
1 ,e

uf ,uf

]
︸ ︷︷ ︸
nf,e
dof×nf,e

dof

·
{
d̈
e
f

}
︸ ︷︷ ︸
nf,e
dof×1

, IINT,h
2 =

ne

A
e

{
cuf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
{
fIINT

2 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

,

IINT,h
3 =

ne

A
e

{
cuf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
{
fIINT

3 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

, IINT,h
4 =

ne

A
e

{
cuf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
{
fIINT

4 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

,

IINT,h
5 =

ne

A
e

{
cuf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
{
fIINT

5 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

, IINT,h
6 =

ne

A
e

{
cuf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
{
fIINT

6 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

,

(4.413)

with{
fIINT

2 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

=

1∫
−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

nf,h
e ∂ph

e

f

∂X
Aje dξ ,

{
fIINT

3 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

=

1∫
−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

Jhe(
nf,h

e)2
k̂

(
vh

e

f − vh
e)
Aje dξ ,

{
fIINT

4 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

=

1∫
−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

ρf,h
e

0 gAje dξ ,

{
fIINT

5 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

= −
1∫

−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

∂P f,he

11(E)

∂X
Aje dξ ,

{
fIINT

6 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

= −
1∫

−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

ph
e

f

∂nf,h
e

∂X

(
1− θs,h

e

θf,he

)
Aje dξ .

(4.414)

For a nearly-inviscid pore fluid, Equation (4.414)5 is zero. The mass matrix associated with the
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pore fluid acceleration is given by

[
m

IINT
1 ,e

uf ,uf

]
︸ ︷︷ ︸
nf,e
dof×nf,e

dof

=

1∫
−1

ρf,h
e

0

{
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

Aje dξ . (4.415)

The FE formulation for the balance of mass of the mixture, with variational equation given by

Equation (4.233), is written in block-matrix form as{
Rpf

}
︸ ︷︷ ︸
n
pf
dof×1

= 0 , (4.416)

where the global residual for the pore fluid pressure is given as

cpf ,T ·Rpf = Hh = HINT,h
1 +HINT,h

2 +HINT,h
3 +HINT,h

4 +HINT,h
6 +HINT,h

7 −HEXT,h = 0 .

(4.417)

Therein,

HINT,h
1 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
([

m
HINT

1 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

·
{
π̇e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

+

{
fHINT

1 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

)
,

HINT,h
2 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHINT

2 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,HINT,h
3 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHINT

3 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

HINT,h
4 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHINT

4 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,HINT,h
6 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHINT

6 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

HINT,h
7 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHINT

7 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,HEXT,h =
ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
fHEXT,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

(4.418)
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where {
fHINT

1 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

J̇he
Aje dξ ,

{
fHINT

2 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

1

pf

∂ph
e

f

∂X

(
nf ṽf

)he

Aje dξ ,

{
fHINT

3 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

k̂h
e ∂ph

e

f

∂X

(
F he

11

)−1
Aje dξ ,

{
fHINT

4 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

k̂h
e
ρfR,he(

ah
e

f + g
)
Aje dξ ,

{
fHINT

6 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

k̂h
e

nf,he p
he

f

∂nf,h
e

∂X

(
F he

11

)−1
(
1− θs,h

e

θf,he

)
Aje dξ ,

{
fHINT

7 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

= −
1∫

−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

1

θf,he

(
Jhe

nf,h
e
θ̇f,h

e
+
∂θf,h

e

∂X

(
nf ṽf

)he
)
Aje dξ ,

{
fHEXT,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=



{
N e,pf (X = 0, H)

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

QfA X = 0, H

0 0 < X < H .

(4.419)

The mass matrix associated with the pore fluid pressure is given by

[
m

HINT
1 ,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

Jhe
nf,h

e

ph
e

f

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ . (4.420)
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For the compressible liquid pore fluid model (Equation (3.153), Equation (4.250)),

{
fHINT

7 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

= −
1∫

−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

αf
V

(
Jhe

nf,h
e
θ̇f,h

e
+
∂θf,h

e

∂X

(
nf ṽf

)he
)
Aje dξ ,

[
m

HINT
1 ,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

Jhe
nf,h

e

Kθ
f

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ .

(4.421)

When pressure stabilization is enabled, an additional term Hstab is added to the l.h.s. of Equa-

tion (4.417) and is defined as

Hstab =
ne

A
e

cpf e,T ·
[
mHstab,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

·
{
π̇e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

, (4.422)

where [
mHstab,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

αstab
(
F he

11

)−1
{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ . (4.423)

The FE formulation for the balance of energy of the solid, with variational equation given by

Equation (4.234), is written in block-matrix form as{
Rθs

}
︸ ︷︷ ︸
nθs
dof×1

= 0 , (4.424)

where the global residual for the solid phase temperature is given as

cθ
s ,T ·Rθf = J h = J INT,h

1 + J INT,h
2 + J INT,h

3 + J INT,h
4 + J INT,h

5 + J INT,h
6 − J EXT,h = 0 .

(4.425)
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Therein,

J INT,h
1 =

ne

A
e

{
cθ

s,e

}T

︸ ︷︷ ︸
1×nθs,e

dof

·
[
m

J INT
1 ,e

θs,θs

]
︸ ︷︷ ︸
nθs,e
dof ×nθs,e

dof

·
{
ϑ̇
s,e

}
︸ ︷︷ ︸
nθs,e
dof ×1

, J INT,h
2 =

ne

A
e

{
cθ

s,e

}T

︸ ︷︷ ︸
1×nθs,e

dof

·
{
fJ INT

2 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

,

J INT,h
3 =

ne

A
e

{
cθ

s,e

}T

︸ ︷︷ ︸
1×nθs,e

dof

·
{
fJ INT

3 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

, J INT,h
4 =

ne

A
e

{
cθ

s,e

}T

︸ ︷︷ ︸
1×nθs,e

dof

·
{
fJ INT

4 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

,

J INT,h
5 =

ne

A
e

{
cθ

s,e

}T

︸ ︷︷ ︸
1×nθs,e

dof

·
{
fJ INT

5 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

, J INT,h
6 =

ne

A
e

{
cθ

s,e

}T

︸ ︷︷ ︸
1×nθs,e

dof

·
{
fJ INT

6 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

,

J EXT,h =
ne

A
e

{
cθ

s,e

}T

︸ ︷︷ ︸
1×nθs,e

dof

·
{
fJ EXT,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

,

(4.426)

where {
fJ INT

2 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

=

1∫
−1

{
N e,θs

}T

︸ ︷︷ ︸
nθs,e
dof ×1

(Kskelαs
V θ

s,he

Jhe + ns,h
e
ph

e

f

θs,h
e

θf,he +Qhe
)
J̇he

Aje dξ ,

{
fJ INT

3 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

= −
1∫

−1

{
Be,θs

}T

︸ ︷︷ ︸
nθs,e
dof ×1

qs,h
e
Aje dξ ,

{
fJ INT

4 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

=

1∫
−1

{
N e,θs

}T

︸ ︷︷ ︸
nθs,e
dof ×1

Jhe
kεθ(θ

s,he − θf,he
)Aje dξ ,

{
fJ INT

5 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

= −
1∫

−1

{
N e,θs

}T

︸ ︷︷ ︸
nθs,e
dof ×1

Jhe(
nf,h

e
)2

k̂he
(vh

e

f − vh
e
)Aje dξ ,

{
fJ INT

6 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

=

1∫
−1

{
N e,θs

}T

︸ ︷︷ ︸
nθs,e
dof ×1

θs,h
e

θf,he p
he

f

∂nf,h
e

∂X
(vh

e

f − vh
e
)Aje dξ ,

{
fJ EXT,e

}
︸ ︷︷ ︸

nθs,e
dof ×1

=



{
N e,θs(X = 0, H)

}T

︸ ︷︷ ︸
nθs,e
dof ×1

Qθ
sA X = 0, H

0 0 < X < H .

(4.427)
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The mass matrix associated with the solid phase temperature is given by

[
m

J INT
1 ,e

θs,θs

]
︸ ︷︷ ︸
nθs,e
dof ×nθs,e

dof

=

1∫
−1

ρs,h
e

0 csV

{
N e,θs

}T

︸ ︷︷ ︸
nθs,e
dof ×1

{
N e,θs

}
︸ ︷︷ ︸
1×nθs,e

dof

Aje dξ . (4.428)

The FE formulation for the balance of energy of the pore fluid, with variational equation given by

Equation (4.235), is written in block-matrix form as{
Rθf

}
︸ ︷︷ ︸
nθf
dof×1

= 0 , (4.429)

where the global residual for the fluid phase temperature is given as

cθ
f ,T ·Rθf = Kh = KINT,h

1 +KINT,h
2 +KINT,h

3 +KINT,h
4 +KINT,h

7 +KINT,h
8 −KEXT,h = 0 . (4.430)

Therein,

KINT,h
1 =

ne

A
e

{
cθ

f ,e

}T

︸ ︷︷ ︸
1×nθf ,e

dof

·
[
m

KINT
1 ,e

θf ,θf

]
︸ ︷︷ ︸
nθf ,e
dof ×nθf ,e

dof

·
{
ϑ̇
f,e

}
︸ ︷︷ ︸
nθf ,e
dof ×1

, KINT,h
2 =

ne

A
e

{
cθ

f ,e

}T

︸ ︷︷ ︸
1×nθf ,e

dof

·
{
fKINT

2 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

,

KINT,h
3 =

ne

A
e

{
cθ

f ,e

}T

︸ ︷︷ ︸
1×nθf ,e

dof

·
{
fKINT

3 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

, KINT,h
4 =

ne

A
e

{
cθ

f ,e

}T

︸ ︷︷ ︸
1×nθf ,e

dof

·
{
fKINT

4 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

,

KINT,h
7 =

ne

A
e

{
cθ

f ,e

}T

︸ ︷︷ ︸
1×nθf ,e

dof

·
{
fKINT

7 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

, KINT,h
8 =

ne

A
e

{
cθ

f ,e

}T

︸ ︷︷ ︸
1×nθf ,e

dof

·
{
fKINT

8 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

,

KEXT,h =
ne

A
e

{
cθ

f ,e

}T

︸ ︷︷ ︸
1×nθf ,e

dof

·
{
fKEXT,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

,

(4.431)
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where {
fKINT

2 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

=

1∫
−1

{
N e,θf

}T

︸ ︷︷ ︸
nθf ,e
dof ×1

ρf,h
e
(cfV +R)

∂θf,h
e

∂X
(vh

e

f − vh
e
)Aje dξ ,

{
fKINT

3 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

=

1∫
−1

{
N e,θf

}T

︸ ︷︷ ︸
nθf ,e
dof ×1

nf,h
e
ph

e

f

∂vh
e

f

∂X
Aje dξ ,

{
fKINT

4 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

= −
1∫

−1

{
N e,θf

}T

︸ ︷︷ ︸
nθf ,e
dof ×1

nfhe

Jhe

(∂vhe

f

∂X

)2
(κf + 2µf)Aj

e dξ ,

{
fKINT

7 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

= −
1∫

−1

{
Be,θf

}T

︸ ︷︷ ︸
nθf ,e
dof ×1

qf,h
e
Aje dξ ,

{
fKINT

8 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

= −
1∫

−1

{
N e,θf

}T

︸ ︷︷ ︸
nθf ,e
dof ×1

Jkεθ(θ
s,he − θf,he

)Aje dξ ,

{
fKEXT,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

=



{
N e,θf (X = 0, H)

}T

︸ ︷︷ ︸
nθf ,e
dof ×1

Qθ
fA X = 0, H

0 0 < X < H .

(4.432)

The mass matrix associated with the pore fluid phase temperature is given by[
m

KINT
1 ,e

θf ,θf

]
︸ ︷︷ ︸
nθf ,e
dof ×nθf ,e

dof

=

1∫
−1

ρf,h
e

0 (cfV +R)

{
N e,θf

}T

︸ ︷︷ ︸
nθf ,e
dof ×1

{
N e,θf

}
︸ ︷︷ ︸
1×nθf ,e

dof

Aje dξ . (4.433)

For the compressible liquid pore fluid (Equation (3.153), Equation (4.251)),

{
fKINT

2 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

=

1∫
−1

{
N e,θf

}T

︸ ︷︷ ︸
nθf ,e
dof ×1

(ρf,h
e
cfV + (nf,h

e
)2θf,h

e
Kθ

f [α
f
V ]

2)
∂θf,h

e

∂X
(vh

e

f − vh
e
)Aje dξ ,

[
m

KINT
1 ,e

θf ,θf

]
︸ ︷︷ ︸
nθf ,e
dof ×nθf ,e

dof

=

1∫
−1

(ρf,h
e

0 cfV + Jhe
nf,h

e
θf,h

e
Kθ

f [α
f
V ]

2)

{
N e,θf

}T

︸ ︷︷ ︸
nθf ,e
dof ×1

{
N e,θf

}
︸ ︷︷ ︸
1×nθf ,e

dof

Aje dξ ,

(4.434)
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and we must add KINT,h
5 to Equation (4.431), wherein

{
fKINT

5 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

=

1∫
−1

{
N e,θf

}T

︸ ︷︷ ︸
nθf ,e
dof ×1

Jhe
nf,h

e
(phe

f

Kθ
f

− αf
V θ

f,he
)(
ṗh

e

f +
∂ph

e

f

∂X
(vh

e

f − vh
e
)
(
F he

11

)−1
)
Aje dξ .

(4.435)

Then, returning our attention to Equation (4.404), we have

{
ż

}
︸ ︷︷ ︸

(2×ns
dof

+2×n
f
dof

+n
pf
dof

+nθs

dof

+nθf

dof)×1

=



{
ḋ

}
︸ ︷︷ ︸

ns
dof

×1[
M

GINT
1

u,u

]−1

︸ ︷︷ ︸
ns
dof

×ns
dof

·
(

−
{
FGINT

1

}
︸ ︷︷ ︸
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×1

−
{
FGINT

2

}
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×1

−
{
FGINT

3

}
︸ ︷︷ ︸
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×1

−
{
FGINT

4

}
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dof

×1

+

{
FGEXT

}
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×1

)

{
ḋf

}
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n
f
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×1[
M

IINT
1

uf ,uf

]−1

︸ ︷︷ ︸
n
f
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×n
f
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·
(

−
{
FIINT

2

}
︸ ︷︷ ︸

n
f
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−
{
FIINT
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}
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n
f
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×1

−
{
FIINT
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}
︸ ︷︷ ︸

n
f
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×1

−
{
FIINT

5

}
︸ ︷︷ ︸

n
f
dof

×1

−
{
FIINT

6

}
︸ ︷︷ ︸

n
f
dof

×1

)

[
M

HINT
1

pf ,pf

]−1

︸ ︷︷ ︸
n
pf
dof

×n
pf
dof

·
(

−
{
FHINT

1

}
︸ ︷︷ ︸

n
pf
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×1

−
{
FHINT

2

}
︸ ︷︷ ︸

n
pf
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×1

−
{
FHINT

3

}
︸ ︷︷ ︸

n
pf
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×1

−
{
FHINT

4

}
︸ ︷︷ ︸

n
pf
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×1

−
{
FHINT

6

}
︸ ︷︷ ︸

n
pf
dof

×1

−
{
FHINT

7

}
︸ ︷︷ ︸

n
pf
dof

×1

+

{
FHEXT

}
︸ ︷︷ ︸

n
pf
dof

×1

)

[
M

J INT
1

θs,θs

]−1

︸ ︷︷ ︸
nθs
dof

×nθs
dof

·
(

−
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2

}
︸ ︷︷ ︸

nθs
dof

×1

−
{
FJ INT

3

}
︸ ︷︷ ︸

nθs
dof

×1

−
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︸ ︷︷ ︸
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×1
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5

}
︸ ︷︷ ︸
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×1

−
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}
︸ ︷︷ ︸

nθs
dof

×1

+

{
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}
︸ ︷︷ ︸

nθs
dof

×1

)

[
M

KINT
1

θf ,θf

]−1

︸ ︷︷ ︸
nθf
dof

×nθf
dof

·
(

−
{
FKINT
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}
︸ ︷︷ ︸

nθf
dof

×1

−
{
FKINT

3
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︸ ︷︷ ︸

nθf
dof

×1

−
{
FKINT

4

}
︸ ︷︷ ︸

nθf
dof

×1

−
{
FKINT

7

}
︸ ︷︷ ︸

nθf
dof

×1

−
{
FKINT

8

}
︸ ︷︷ ︸

nθf
dof

×1

+

{
FKEXT

}
︸ ︷︷ ︸

nθf
dof

×1

)



, (4.436)
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where [
M

GINT
1

u,u

]
︸ ︷︷ ︸
ns
dof×ns

dof

=
ne

A
e
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m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

,

{
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1

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

1 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

{
F GINT

2

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

2 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

{
F GINT

3

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

3 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

{
F GINT

4

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

4 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

[
M

IINT
1

uf ,uf

]
︸ ︷︷ ︸
nf
dof×nf

dof

=
ne

A
e
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m
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1 ,e

uf ,uf

]
︸ ︷︷ ︸
nf,e
dof×nf,e

dof

,

{
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}
︸ ︷︷ ︸

nf
dof×1

=
ne

A
e

{
fIINT

2 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

,

{
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}
︸ ︷︷ ︸

nf
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=
ne

A
e

{
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3 ,e

}
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nf,e
dof×1

,
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︸ ︷︷ ︸

nf
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=
ne

A
e

{
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4 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

,

{
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}
︸ ︷︷ ︸
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=
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A
e

{
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nf,e
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,
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=
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e

{
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6 ,e

}
︸ ︷︷ ︸

nf,e
dof×1

,

[
M

HINT
1

pf ,pf

]
︸ ︷︷ ︸
n
pf
dof×n

pf
dof

=
ne

A
e

[
m

HINT
1 ,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

,

{
FHINT

1

}
︸ ︷︷ ︸

n
pf
dof×1

=
ne

A
e

{
fHINT

1 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

{
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︸ ︷︷ ︸

n
pf
dof×1

=
ne

A
e

{
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2 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

{
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}
︸ ︷︷ ︸

n
pf
dof×1

=
ne

A
e

{
fHINT

3 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

{
FHINT

4

}
︸ ︷︷ ︸

n
pf
dof×1

=
ne

A
e

{
fHINT

4 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

{
FHINT
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}
︸ ︷︷ ︸

n
pf
dof×1

=
ne

A
e

{
fHINT

6 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

{
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7

}
︸ ︷︷ ︸

n
pf
dof×1

=
ne

A
e

{
fHINT

7 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1
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}
︸ ︷︷ ︸

n
pf
dof×1

=
ne

A
e

{
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︸ ︷︷ ︸

n
pf ,e

dof ×1

,

(4.437)
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M
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︸ ︷︷ ︸
nθs
dof×nθs

dof

=
ne

A
e

[
m
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1 ,e
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]
︸ ︷︷ ︸
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dof ×nθs,e

dof

,

{
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︸ ︷︷ ︸

nθs
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A
e

{
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︸ ︷︷ ︸
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︸ ︷︷ ︸

nθs
dof×1

=
ne

A
e

{
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=
ne
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{
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︸ ︷︷ ︸
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{
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︸ ︷︷ ︸
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dof×1

=
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A
e

{
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4 ,e

}
︸ ︷︷ ︸

nθs,e
dof ×1
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{
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}
︸ ︷︷ ︸
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=
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A
e

{
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}
︸ ︷︷ ︸

nθs,e
dof ×1

,

[
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KINT
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θf ,θf

]
︸ ︷︷ ︸
nθf
dof×nθf

dof

=
ne

A
e
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1 ,e

θf ,θf

]
︸ ︷︷ ︸
nθf ,e
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dof

,
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2

}
︸ ︷︷ ︸

nθf
dof×1

=
ne

A
e

{
fKINT

2 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

,

{
FKINT

3

}
︸ ︷︷ ︸

nθf
dof×1

=
ne

A
e

{
fKINT

3 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

,

{
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}
︸ ︷︷ ︸
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=
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A
e

{
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4 ,e

}
︸ ︷︷ ︸
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,
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}
︸ ︷︷ ︸
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=
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A
e

{
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7 ,e

}
︸ ︷︷ ︸
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,

{
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8

}
︸ ︷︷ ︸

nθf
dof×1

=
ne

A
e

{
fKINT

8 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

,

{
FKEXT

}
︸ ︷︷ ︸

nθf
dof×1

=
ne

A
e

{
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nθf ,e
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(4.438)

For the compressible liquid pore fluid, we must add FKINT
5 on the last line of Equation (4.438),

such that {
FKINT

5

}
︸ ︷︷ ︸

nθf
dof×1

=
ne

A
e

{
fKINT

5 ,e

}
︸ ︷︷ ︸

nθf ,e
dof ×1

. (4.439)

As described in Section 4.3.1, Equation (4.436) is solved for each stage increment i at time tn+∆tci

(i.e., any variables that are explicit functions of time, such as a time-dependent external traction,
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are to be evaluated at time tn +∆tci), with stage solution ki given by

{
ki

}
︸ ︷︷ ︸

(2×ns
dof+2×nf

dof+n
pf
dof+nθs

dof+nθf
dof)×1

..=



{
ki(v)

}
︸ ︷︷ ︸
ns
dof×1{
ki(a)

}
︸ ︷︷ ︸
ns
dof×1{
ki(vf)

}
︸ ︷︷ ︸
nf
dof×1{
ki(af)

}
︸ ︷︷ ︸
nf
dof×1{
ki(ṗf)

}
︸ ︷︷ ︸
n
pf
dof×1{
ki(θ̇s)

}
︸ ︷︷ ︸
nθs
dof×1{
ki(θ̇f)

}
︸ ︷︷ ︸
nθf
dof×1


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

. (4.440)

Then, according to Equation (4.293), the higher order solution to be accepted or rejected at time
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tn+1 is given by

{
zm(tn+1)

}
︸ ︷︷ ︸

(2×ns
dof+n

pf
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dof+nθf
dof)×1

..=


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
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}
︸ ︷︷ ︸

n
pf
dof×1

+∆t

m+1∑
i=1

bmi

{
ki(ṗf)

}
︸ ︷︷ ︸
n
pf
dof×1{

zθs(tn)

}
︸ ︷︷ ︸

nθs
dof×1

+∆t
m+1∑
i=1

bmi

{
ki(θ̇s)

}
︸ ︷︷ ︸
nθs
dof×1{

zθf (tn)

}
︸ ︷︷ ︸

nθf
dof×1

+∆t
m+1∑
i=1

bmi

{
ki(θ̇f)

}
︸ ︷︷ ︸
nf
dof×1



, (4.441)
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and, according to Equation (4.294), the lower order solution at time tn+1 is given by

{
zm−1(tn+1)

}
︸ ︷︷ ︸

(2×ns
dof+n

pf
dof+nθs

dof+nθf
dof)×1

..=



{
zm−1
u (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm−1
v (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm−1
uf

(tn+1)

}
︸ ︷︷ ︸

nf
dof×1{

zm−1
vf

(tn+1)

}
︸ ︷︷ ︸

nf
dof×1{

zm−1
pf

(tn+1)

}
︸ ︷︷ ︸

n
pf
dof×1{

zm−1
θs (tn+1)

}
︸ ︷︷ ︸

nθs
dof×1{

zm−1
θf

(tn+1)

}
︸ ︷︷ ︸

nθf
dof×1



=



{
zu(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
m∑
i=1

bm−1
i

{
ki(v)

}
︸ ︷︷ ︸
ns
dof×1{

zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
m∑
i=1

bm−1
i

{
ki(a)

}
︸ ︷︷ ︸
ns
dof×1{

zuf
(tn)

}
︸ ︷︷ ︸

nf
dof×1

+∆t
m∑
i=1

bm−1
i

{
ki(vf)

}
︸ ︷︷ ︸
nf
dof×1{

zvf (tn)

}
︸ ︷︷ ︸

nf
dof×1

+∆t
m∑
i=1

bm−1
i

{
ki(af)

}
︸ ︷︷ ︸
nf
dof×1{

zpf (tn)

}
︸ ︷︷ ︸

n
pf
dof×1

+∆t
m∑
i=1

bm−1
i

{
ki(ṗf)

}
︸ ︷︷ ︸
n
pf
dof×1{

zθs(tn)

}
︸ ︷︷ ︸

nθs
dof×1

+∆t
m∑
i=1

bm−1
i

{
ki(θ̇s)

}
︸ ︷︷ ︸
nθs
dof×1{

zθf (tn)

}
︸ ︷︷ ︸

nθf
dof×1

+∆t
m∑
i=1

bm−1
i

{
ki(θ̇f)

}
︸ ︷︷ ︸
nf
dof×1



. (4.442)

4.3.2 Implicit integration

For the poroelastodynamic equations that retain inertial terms, we apply the Newmark-beta

method [Newmark, 1959] for solving Equation (4.287) wherein

Mẍn+1 +Cẋn+1 +Kxn+1 = F n+1 ,

xn+1 = xn +∆tẋn +
∆t2

2
[(1− 2β) ẍn + 2βẍn+1] ,

ẋn+1 = ẋn +∆t [(1− γ) ẍn + γẍn+1] ,

(4.443)
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where

x =


u

uf

pf


, ẋ =


v

vf

ṗf


, ẍ =


a

af

p̈f


. (4.444)

The predictors are

x̃n+1 = xn +∆tẋn +
∆t2

2
(1− 2β) ẍn ,

˙̃xn+1 = ẋn +∆t (1− γ) ẍn ,

(4.445)

such that

xn+1 = x̃n+1 + β∆t2ẍn+1 ,

ẋn+1 = ˙̃xn+1 + γ∆tẍn+1 .

(4.446)

This allows us to solve for the accelerations at the next time step as follows:

(
M + γ∆tC + β∆t2K

)
ẍn+1 = F n+1 −C ˙̃xn+1 −Kx̃n+1

→ ẍn+1 =
(
M + γ∆tC + β∆t2K

)−1 ·
(
F n+1 −C ˙̃xn+1 −Kx̃n+1

)
. (4.447)

When inertia terms are ignored, the system of equations becomes

Cẋ+Kx = F . (4.448)

Note that in this formulation

x =

u

pf

 , ẋ =

v

ṗf

 , (4.449)

because pore fluid displacement does not have a balance equation associated with it.

For these equations (those that do not retain inertial terms), we apply a general trapezoidal

rule for solving Equation (4.287) wherein

Cẋn+1 +Kxn+1 = F n+1 ,

xn+1 = xn + γ∆tẋn ,

(4.450)
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with predictor

x̃n+1 = xn + (1− γ)∆tẋn , (4.451)

such that

xn+1 = x̃n+1 + γ∆tẋn+1 . (4.452)

This allows us to solve for the velocities at the next time step as follows:

(C + γ∆tK) ẋn+1 = F n+1 −Kx̃n+1

→ ẋn+1 = (C + γ∆tK)−1 · (F n+1 −Kx̃n+1) . (4.453)

In addition to a fixed time-stepping scheme, we have also implemented an ad-hoc adaptive time-

stepping scheme. However, most of the applications of non-inertial problems in the context of this

work are for verification examples only, and we find that fixed time-step is suitable for this purpose.

The method is most useful for dynamic problems where higher order of accuracy is pertinent, and

is described as follows: in the event that the local number of Newton-Raphson iterations (see

details in Section 4.3.2.1) exceeds a user-defined threshold (usually 6 iterations, which is typically

beyond the criteria for quadratic convergence), the time step is reduced by a user-defined factor

(e.g., ∆t∗ → 0.25∆t). Conversely, if the solution converges before the user-defined threshold, the

time-step is increased by a user-defined factor (e.g., ∆t∗ → 1.1∆t). For further details, refer to

Laadhari and Székely [2017].

4.3.2.1 Newton-Raphson method

Generally speaking, Equation (4.443)1 can be reduced to a force residual r as a function of

displacement d for static force equilibrium,

r(d) = FEXT − F INT(d) = 0 (4.454)

where FEXT is our external force (typically a pressure wave in the form of an applied traction

force) and F INT are the internal forces that work to oppose FEXT. In this particular research
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application, the internal forces are non-linear, therefore requiring us to employ a non-linear solver

for Equation (4.454). For simplicity, we use the Newton-Raphson method to find the “exact”

solution d∗ such that r(d∗) = 0 given the applied external force FEXT. Consider the Taylor-series

expansion about the past iterate dk:

d∗ = dk + δdk ,

r(d∗) = r(dk) +
∂r(dk)

∂d
δdk +

1

2

∂2r(dk)

∂d2
(δdk)2 + h.o.t. = 0 .

(4.455)

Then we “linearize”: let
∂r(dk)

∂d
be the consistent tangent at iteration k, drop the quadratic and

higher order terms (h.o.t.s), and thus d∗ ≈ dk+1.

r(dk) +
∂r(dk)

∂d
δdk ≈ 0 ; d∗ ≈ dk+1 = dk + δdk (4.456)

Then, to find the solution to Equation (4.454), set

r(dk) = FEXT − F INT(dk) ,

δdk =

(
∂r(dk)

∂d

)−1

[−r(dk)] =
(
∂F INT(dk)

∂d

)−1

r(dk) ,

dk+1 = dk + δdk ,

r(dk+1) = FEXT − F INT(dk+1) ,

(4.457)

and check for convergence:

IF
|r(dk+1)|
|r(d0)| < tol THEN d∗ = dk+1

ELSE iterate

where tol is a relative residual tolerature, relative to the initial residual r(d0). The proceeding

section is concerned with how to find δdk given by Eq.Equation (4.457)2.

4.3.2.2 Gateaux derivatives for implicit integration methods

In order to properly linearize the matrix forms of the governing equations listed above, we

will need to find the directional (Gateaux) derivatives of all the terms that have a dependence on
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Figure 4.3: Illustration of Newton-Raphson method for solution of d, where we show iteration
k = 0, 1, 2, and convergence likely at iteration k = 3. The black curve is a plot of F INT(d).

any one of the three solutions variables (ui, ui(f), pf). In the following section we will substitute the

results obtained here into the linearized forms of each term of our variational equations defined

in Section 4.1. Again, we have assumed a 1-D uniaxial strain approximation to the deformation

of lung parenchyma and the pore air within. All displacement and pressure vectors (i.e., solution

vectors whose components are degrees of freedom) can be written in terms of their second time

derivatives (or first time derivatives for the non-inertial equations) and subsequently integrated

using an appropriate integration scheme to find the nodal solutions for displacement and pressure.
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The variations are given by8
δu

δuf

δpf


= β∆t2


δa

δaf

δp̈f


,


δv

δvf

δṗf


= γ∆t


δa

δaf

δp̈f


. (4.458)

In the following equations, we assume localized one-dimensional solution variables and drop the

boldface notation. Detailed derivations are provided in Appendix A.

Starting with the Gateaux derivative of the deformation gradient, we have

δ(F11) = β∆t2
∂(δa)

∂X
= γ∆t

∂(δv)

∂X
. (4.459)

For the deformation gradient raised to any power n, Equation (4.459) becomes

δ(Fn
11) = nFn−1

11 β∆t2
∂(δa)

∂X
= nFn−1

11 γ∆t
∂(δv)

∂X
. (4.460)

In the 1-D approximation, the Jacobian J is equivalent to F11 and thus

δ(J) = δ(F11) = β∆t2
∂(δa)

∂X
= γ∆t

∂(δv)

∂X
,

δ(Jn) = δ (Fn
11) = nJn−1β∆t2

∂(δa)

∂X
= nJn−1γ∆t

∂(δv)

∂X
.

(4.461)

Given the constitutive relation for the solid second Piola-Kirchoff extra stress shown in Section 3.3.1,

we will also require the Gateaux derivative on the ln(J) terms, namely,

δ(ln(J)) =
1

J
β∆t2

∂(δa)

∂X
=

1

J
γ∆t

∂(δv)

∂X
, (4.462)

as well as the Gateaux derivative on the inverse Cauchy green tensor component C−1
11 :

δ(C−1
11 ) = −2F−3

11 β∆t
2∂(δa)

∂X
= −2F−3

11 γ∆t
∂(δv)

∂X
. (4.463)

8 Users of SPONGE-1D (refer to Chapter 5) will note that an implicit integration scheme has been developed for
thermporoelasticity and thermoporoelastodynamics, specifically for the (u-pf -θ

s-θf) formulation. However, in testing
we found that the results between the explicit and implicit thermoporoelastodynamic formulations do match well with
the results between the poroelastodynamic formulations for the examples given in Section 5.3.3.2 (more than might
be accounted for by numerical error). For this reason, the FE equations for the implicit (u-pf -θ

s-θf) formulation are
not presented anywhere in this work. The interested reader may find the linearizations (and derivations therein) for
implicit (u-pf -θ

s-θf) listed in Appendix B.5.
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Now that we have both Equations (4.462) & Equation (4.463), we can apply the Gateaux deriva-

tive to the solid second Piola-Kirchoff extra stress component δ(Ss
11(E)) (assuming a neo-Hookean

hyperelastic material model9 ) as follows:

δ(Ss
11(E)) = (λ− 2 [λ ln(J)− µ])F−3

11 β∆t
2∂(δa)

∂X

= (λ− 2 [λ ln(J)− µ])F−3
11 γ∆t

∂(δv)

∂X
. (4.464)

Then the Gateaux derivative applied to the solid first Piola-Kirchoff extra stress component δ(P s
11(E))

is

δ(P s
11(E)) =

(
µ+ [λ− λ ln(J) + µ]F−2

11

)
β∆t2

∂(δa)

∂X

=
(
µ+ [λ− λ ln(J) + µ]F−2

11

)
γ∆t

∂(δv)

∂X
. (4.465)

As an aside, consider the case where viscous damping is introduced (refer to Equation (3.118)):

δ(P s
11(E)) = F−2

11

(
[λ+ 2µ]

(
ν0γ∆t− 2ν0F

−1
11

∂v

∂X
β∆t2

)
− lnF11

(
2ν0γ∆t−

[
4ν0F

−1
11

∂v

∂X
− λ

]
β∆t2

)
+

([
λ+ µ+ µF 2

11

]
− 2ν0F

−1
11

∂v

∂X

)
β∆t2

)
∂(δa)

∂X

= F−2
11

(
[λ+ 2µ]

(
ν0 − 2ν0F

−1
11

∂v

∂X
γ∆t

)
− lnF11

(
2ν0 −

[
4ν0F

−1
11

∂v

∂X
− λ

]
γ∆t

)
+

([
λ+ µ+ µF 2

11

]
− 2ν0F

−1
11

∂v

∂X

)
γ∆t

)
∂(δv)

∂X
. (4.466)

The real mass density of the barotropic pore fluid ρfR is dependent on the pore fluid pressure as

defined in Section 3.3.2, therefore

δ(ρfR) =
ρfR

Kη
f

β∆t2δp̈f =
ρfR

Kη
f

γ∆tδṗf , (4.467)

and for a linear relationship given by Equation (3.140)1

δ(ρfR) =
ρfR0
Kη

f

β∆t2δp̈f =
ρfR0
Kη

f

γ∆tδṗf . (4.468)

9 The neo-Hookean model with the extension from Ehlers and Eipper [1999] has been implemented in SPONGE-1D

but is not presented here for brevity.
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The volume fraction of pore fluid is dependent on the volume fraction of the solid skeleton which

is dependent on the deformation of the solid skeleton, therefore

δ(nf) =
ns

J
β∆t2

∂(δa)

∂X
=
ns

J
γ∆t

∂(δv)

∂X
. (4.469)

The mass density of the pore fluid is likewise dependent on both the volume fraction of the pore

fluid as well as the real mass density of the pore fluid, therefore

δ(ρf0) = β∆t2
(
ρfR

∂(δa)

∂X
+
JnfρfR

Kf
δp̈f

)
= γ∆t

(
ρfR

∂(δv)

∂X
+
JnfρfR

Kf
δṗf

)
. (4.470)

As discussed in Section 3.1.4, to express the hydraulic conductivity as a function of the porosity

we employ the either the Kozeny-Carman relation as shown in Equation (3.63) such that

δ(k̂) =
k̂ns

J

[
3

nf
+

2nf

1− (nf)2

]
︸ ︷︷ ︸

δk̂

β∆t2
∂(δa)

∂X

= δk̂γ∆t
∂(δv)

∂X
, (4.471)

or the hyperbolic form given by Markert [2005], as shown in Equation (3.68), such that

δ(k̂) =
κ
µf

κ

1− ns0(s)

(Js − ns0(s)
1− ns0(s)

)κ−1

︸ ︷︷ ︸
δk̂

β∆t2
∂(δa)

∂X

= δk̂γ∆t
∂(δv)

∂X
. (4.472)

Later, for simplicity, we will reference δk̂ alone. The interested reader should refer to Equa-

tions (4.471) and Equation (4.472) for the individual forms.

4.3.2.3 (u) formulation

Linearization of the variational equations. Detailed derivations of the following lineariza-

tions are provided in Appendix B.1. The linearization of Equation (4.18)1 is given by:

δGINT
1 =

X=H∫
0

wuρ0δaAdX . (4.473)
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For elasticity, Equation (4.473) is zero.

The linearization of Equation (4.18)2 is given by:

δGINT
2 =

X=H∫
0

∂wu

∂X

(
µ+

[
λ− λ ln(J) + µ

]
F−2
11

)(
β∆t2

)∂(δa)
∂X

AdX . (4.474)

For linearizations of GINT
2 with elasticity and viscous damping, refer to Equations (B.3)-Equation (B.5).

For linearization of GINT
2 when shock viscosity is enabled, refer to Equation (B.10).

The linearization of Equation (4.18)3 is zero under the assumption that the variation of the

reference mass density of the material is constant. In addition, the variation of the external force

vector given by Equation (4.18)4 is of course unnecessary as this term is simply subtracted from

the residual at every Newton-Raphson iteration.

Finite element formulation. The finite element formulation for the (u) formulation is presented

as follows, with additional details being covered in Appendix C.1.1.

The finite element formulation for the elastodynamics variational equation is written in block-

matrix formation as [
Ku,u

]
︸ ︷︷ ︸
ns
dof×ns

dof

·
{
δd̈

}
︸ ︷︷ ︸
ns
dof×1

=

{
−Ru

}
︸ ︷︷ ︸
ns
dof×1

. (4.475)

The finite element formulation for the elasticity variational equation is written in block-matrix

formation as [
Ku,u

]
︸ ︷︷ ︸
ns
dof×ns

dof

·
{
δḋ

}
︸ ︷︷ ︸
ns
dof×1

=

{
−Ru

}
︸ ︷︷ ︸
ns
dof×1

. (4.476)

The global residual for the solid displacement is given as

cu,T ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
4 − GEXT,h = 0 (4.477)
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where

GINT,h
1 =

ne

A
e
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}T
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·
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N e,u

}T

︸ ︷︷ ︸
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e
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he
Aje dξ

)
,
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ne

A
e

{
cu,e

}T
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dof

·
( 1∫
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Be,u

}T
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ns,e
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P he

11Aj
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)
,

GINT,h
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ne

A
e

{
cu,e

}T
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1×ns,e

dof

·
( 1∫
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{
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}T
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ns,e
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ρh
e

0 gAj
e dξ

)
,

GEXT,h =
ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·



{
N e,u(X = 0, H)

}T

︸ ︷︷ ︸
ns,e
dof×1

tσA X = 0, H

0 0 < X < H .

(4.478)

For elasticity, Equation (4.478)1 is zero.

Recall that the tangent matrix for each Newton-Raphson iteration must be of the form

0 = Rk
u =

(
∂Ru

∂a

)
δa =

[
Ku,u

]
︸ ︷︷ ︸
ns
dof×ns

dof

·
{
δd̈

}
︸ ︷︷ ︸
ns
dof×1

, (4.479)

or

0 = Rk
u =

(
∂Ru

∂v

)
δv =

[
Ku,u

]
︸ ︷︷ ︸
ns
dof×ns

dof

·
{
δḋ

}
︸ ︷︷ ︸
ns
dof×1

, (4.480)

where [
Ku,u

]
︸ ︷︷ ︸
ns
dof×ns

dof

=
ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
2∑

i=1

[
k
GINT
i ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

, (4.481)

and where[
k
GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

=

1∫
−1

ρh
e

0

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ ,

[
k
GINT
2 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

=

1∫
−1

(
µ+

[
λ− λ ln

(
Jhe)

+ µ
](
F he

11

)−2(
β∆t2

)){
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ .

(4.482)



233

For elasticity, Equation (4.482)1 is zero. For the formulations of k
GINT
2 ,e

u,u with elasticity and viscous

damping, refer to Equations (C.9), Equation (C.12) and Equation (C.15). For the formulation of

k
GINT
2 ,e

u,u when shock viscosity is enabled, refer to Equation (C.18).

4.3.2.4 (u-pf) formulation

Linearization of the variational equations. Detailed derivations of the following linearized

equations are provided in Appendix B.3. The linearizations of Equations (4.64)1,2 remain unchanged

from the (u) formulation (the former under the assumption that the Gateaux derivative of the mass

density of the biphasic mixture is negligible); refer to Equations (4.473) & Equation (4.474) for

δGINT
1 & δGINT

2 , respectively.

The linearization of Equation (4.64)3 is given by (for poroelasticity, refer to Equation (B.24)):

δGINT
3 = −

X=H∫
0

∂wu

∂X
B
(
β∆t2

)
δp̈fAdX . (4.483)

The linearization of Equation (4.64)4 is zero under the assumption the Gateaux derivative of the

mass density of the biphasic mixture is very small. In addition, the external force vector given by

Equations (4.61)5,6 is of course unnecessary as this term is simply subtracted from the residual at

every Newton-Raphson iteration.

The linearization of Equation (4.66)1 is given by (for poroelasticity, refer to Equation (B.26)):

δHINT
1 =

X=H∫
0

wpf

([
ṗf
Kη

f

(
β∆t2

)
+
(
γ∆t

)]∂(δa)
∂X

+
Jnf

Kη
f

(
γ∆t

)
δp̈f

)
AdX . (4.484)

The linearization of Equation (4.66)2 is given by (for poroelasticity, refer to Equation (B.30)):

δHINT
2 =

X=H∫
0

wpf

([(
nf ṽf

)
− k̂ ∂pf

∂X

(
F11

)−1

](
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∂X

(a+ g)
ρfR

Kη
f

(
β∆t2

)
δp̈f

+
∂pf
∂X

[
δk̂
k̂

(
nf ṽf

)
+
∂pf
∂X

k̂F−2
11

](
β∆t2

)∂(δa)
∂X

− ∂pf
∂X

k̂ρfRδa

)
A

Kη
f

dX . (4.485)
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The linearization of Equation (4.66)3 is given by (for poroelasticity, refer to Equation (B.33)):

δHINT
3 =

X=H∫
0

∂wpf

∂X

(
[δk̂ − k̂F

−1
11 ]

∂pf
∂X

F−1
11

(
β∆t2

)∂(δa)
∂X

+k̂F−1
11

(
β∆t2

)∂(δp̈f)
∂X

)
AdX . (4.486)

The linearization of Equation (4.66)4 is given by (for poroelasticity, refer to Equation (B.35)):

δHINT
4 =

X=H∫
0

∂wpf

∂X
ρfR

(
δk̂(a+ g)

(
β∆t2

)∂(δa)
∂X

+k̂(a+ g)
1

Kη
f

(
β∆t2

)
δp̈f + k̂δa

)
AdX . (4.487)

The linearization of the external force vector given by Equation (4.66)5 is of course unnecessary as

this term is simply subtracted from the residual at every Newton-Raphson iteration. For pressure

stabilization, the linearization of Equation (4.600) is given by (for poroelasticity, which often does

not require the employment of pressure stabilization, refer to Equation (B.37)):

δHstab =

X=H∫
0

∂wpf

∂X
αstabF−1

11

((
γ∆t

)∂(δp̈f)
∂X

− ∂ṗf
∂X

F−1
11

(
β∆t2

)∂(δa)
∂X

)
AdX . (4.488)

Finite element formulation. The finite element formulation for the (u-pf) formulation is pre-

sented as follows, with additional details being covered in Appendix C.1.2.

The FE formulation for the (u-pf) poroelastodynamics variational equations is written in

block-matrix form as Ku,u Kpf ,u

Ku,pf Kpf ,pf


︸ ︷︷ ︸

(ns
dof+n

pf
dof)×(ns

dof+n
pf
dof)

·

δd̈δπ̈
︸ ︷︷ ︸

(ns
dof+n

pf
dof)×1

=

−Ru

−Rpf

︸ ︷︷ ︸
(ns

dof+n
pf
dof)×1

. (4.489)

The finite element formulation for the poroelasticity variational equations is written in block-matrix

formation as Ku,u Kpf ,u

Ku,pf Kpf ,pf


︸ ︷︷ ︸

(ns
dof+n

pf
dof)×(ns

dof+n
pf
dof)

·

δḋδπ̇
︸ ︷︷ ︸
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dof+n

pf
dof)×1

=

−Ru

−Rpf

︸ ︷︷ ︸
(ns

dof+n
pf
dof)×1

. (4.490)
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The global residual for the solid skeleton displacement is given as

cu,T ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
3 + GINT,h

4 − GEXT,h = 0 , (4.491)

where
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0 0 < X < H .

(4.492)

For poroelasticity, Equation (4.492)1 is zero.

The global residual for the pore fluid pressure is given as

cpf ,T ·Rpf = Hh = HINT,h
1 +HINT,h

2 +HINT,h
3 +HINT,h

4 −HEXT,h = 0 , (4.493)
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where
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(4.494)

For poroelasticity, Equation (4.494)4 becomes

HINT,h
4 =

ne

A
e

{
cpf ,e

}T
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ρfR,he

gAje dξ

)
.

(4.495)

When pressure stabilization is enabled, an additional term Hstab is added to the l.h.s. of Equa-

tion (4.493) and is defined as

Hstab =
ne
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}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
( 1∫

−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

αstab∂ṗ
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)
. (4.496)
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The tangent matrix for the (u-pf) formulation for each iteration must be of the form

0 = Rk =

(
∂R

∂A

)
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
∂Ru
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, (4.497)

or, for poroelasticity,
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, (4.498)

where [
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(4.499)

where the definitions forKu,u remain unchanged from Section 4.3.2.3 (refer to Equations (4.482)1,2).
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The skeleton displacement and pore fluid pressure coupling tangent is given as follows:
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Aje dξ (4.500)

The pore fluid pressure and solid skeleton coupling tangents are given as follows:
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(4.501)

For poroelasticity, Equations (4.501)1−4 are given by Equations (C.31), Equation (C.39), Equa-

tion (C.47) and Equation (C.55). When pressure stabilization is enabled, we must add one more

pore fluid pressure and solid skeleton coupling tangent to Equation (4.499)3:

[
kHstab,e

pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

= −
1∫

−1

αstab
(
F he

11

)−2∂ṗh
e

f

∂X

(
β∆t2

){
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ . (4.502)

For poroelasticity, Equation (4.502) is given by Equation (C.63). Lastly, the pore fluid pressure
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tangents are given as follows:[
k
HINT

1 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

Jhe
nf,h

e

Kη
f

(
γ∆t

){
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ ,

[
k
HINT

2 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

([(
nf ṽf

)he

− k̂he ∂ph
e

f

∂X

(
F he

11

)−1

]{
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

− k̂he ∂ph
e

f

∂X

(
ah

e
+ g
)ρfR,he

Kη
f

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

)
1

Kη
f

(
β∆t2

)
Aje dξ ,

[
k
HINT

3 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

k̂h
e(
F he

11

)−1(
β∆t2

){
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ ,

[
k
HINT

4 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

k̂h
e(
ah

e
+ g
)ρfR,he

Kη
f

(
β∆t2

){
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ .

(4.503)

For poroelasticity, Equations (4.503)1−4 are given by Equations (C.32), Equation (C.40), Equa-

tion (C.48) and Equation (C.56). When pressure stabilization is enabled, we must add one more

pore fluid pressure tangent to Equation (4.499)4:[
kHstab,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

αstab
(
F he

11

)−1(
γ∆t

){
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ . (4.504)

For poroelasticity, Equation (4.504) is given by Equation (C.64).

4.3.2.5 (u-uf-pf) formulation

Linearization of the variational equations. Detailed derivations of the following linearized

equations are provided in Appendix B.4. The linearization of Equation (4.86)1 is given as follows

under the assumption that the Gateaux derivative of the real mass density of the solid phase is

negligible owing to the incompressibility assumption:

δGINT
1 =

X=H∫
0

wu

(
ρs0δa+ af

(
β∆t2

)[
ρfR

∂(δa)

∂X
+
JnfρfR

Kη
f

δp̈f

]
+ ρf0δaf

)
AdX . (4.505)
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The linearizations of Equations (4.86)2,3 remain unchanged from the (u-pf) formulation; refer to

Equations (4.474), Equation (4.483) for δGINT
2 and δGINT

3 , respectively. As before, δGINT
4 ≈ 0 under

the assumption that the variation of mass density of the mixture is negligible.

The derivation of the Gateaux derivative of the pore fluid extra stress tensor, which con-

tributes to block matrices Ku,u,Ku,uf
, proceeds as follows:

δ(σf11(E)) = δ

(
nf
∂vf
∂X

)
(κf + 2µf) =

(
ns

J

(
β∆t2

)∂(δa)
∂X

+ nf(γ∆t)
∂(δaf)

∂X

)
(κf + 2ηf) , (4.506)

where we assume pore fluid bulk viscosity κf and pore fluid shear viscosity µf are not functions of

the independent variables u, uf , pf . Thus, the linearization of Equation (4.93)1, δGINT
5 , is

δGINT
5 =

X=H∫
0

∂wu

∂X

(
ns

J

(
β∆t2

)∂(δa)
∂X

+ nf(γ∆t)
∂(δaf)

∂X

)
(κf + 2µf)AdX . (4.507)

The linearization of Equation (4.88)1 is given as

δIINT
1 =

X=H∫
0

wuf

(
af
(
β∆t2

)[
ρfR

∂(δa)

∂X
+
JnfρfR

Kη
f

δp̈f

]
+ ρf0δaf

)
AdX . (4.508)

The linearization of Equation (4.88)2 is given as

δIINT
2 =

X=H∫
0

wuf

(
ns

J

∂pf
∂X

∂(δa)

∂X
+ nf

∂(δp̈f)

∂X

)(
β∆t2

)
AdX . (4.509)

The linearization of Equation (4.88)3 is given as

δIINT
3 =

X=H∫
0

wuf

([
1 +

2ns

nf
− Jδk̂

k̂

](nf)2ṽf
k̂

(
β∆t2

)∂δa
∂X

+
J
(
nf
)2

k̂

(
γ∆t

)
(δaf − δa)

)
AdX .

(4.510)

The linearization of Equation (4.88)4 is given as

δIINT
4 =

X=H∫
0

wuf

([
ρfR

∂(δa)

∂X
+
JnfρfR

Kη
f

δp̈f

](
β∆t2

))
gAdX . (4.511)

The variation of Equation (4.93)3, δIINT
5 , is

δIINT
5 =

X=H∫
0

wuf (κf + 2µf)

([
(ns − nf)∂

2vf
∂X2

− 4
∂nf

∂X

∂vf
∂X

]
F−2
11

(
β∆t2

)∂(δa)
∂X

+ (γ∆t)F−1
11

[
∂nf

∂X

∂(δaf)

∂X
+ nf

∂2(δaf)

∂X2

])
AdX . (4.512)
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The linearizations of Equations (4.89)1,3 and 4.600 remain unchanged from the (u-pf) formulation;

refer to Eqs. 4.484, 4.486 and 4.488, respectively.

The linearizations of Eqs. 4.892,4 are different from the (u-pf) formulation given that the pore

fluid acceleration is used in place of the mixture’s acceleration (i.e., the solid skeleton acceleration

in the (u-uf -pf) formulation) in the constitutive model for Darcy’s law. Furthermore, the pore fluid

viscous stress appears in these terms when considered. The Gateaux derivative of the divergence

of the pore fluid extra stress term that is scaled by porosity and inverse deformation gradient, is

used in variation of HINT
2 ,HINT

5 , and is given by

δ

(
1

nf

∂σf11(E)

∂X
F−1
11

)
= −

(
∂nf

∂X

∂vf
∂X

ns

(nf)2
+ 5

1

nf
∂nf

∂X

∂vf
∂X

+ 2
∂2vf
∂X2

)
F−3
11 (κf + 2µf)β∆t

2∂(δa)

∂X

+
ns0
F 5
11

1

nf
∂vf
∂X

(κf + 2µf)β∆t
2∂

2(δa)

∂X2
+

1

nf
∂nf

∂X
(κf + 2µf)F

−2
11 γ∆t

∂(δaf)

∂X

+ (κf + 2µf)F
−2
11 γ∆t

∂2(δaf)

∂X2
.

(4.513)

Thus, variation of Equation (4.89)2, δH
INT
2 , becomes

δHINT
2 =

X=H∫
0

wpf

([(
nf ṽf

)
− k̂ ∂pf

∂X

](
β∆t2

)∂(δp̈f)
∂X

− k̂ ∂pf
∂X

(af + g)
ρfR

Kη
f

×
(
β∆t2

)
δp̈f +

∂pf
∂X

[
δk̂
k̂

(
nf ṽf

)
+ k̂

∂pf
∂X

F−2
11

+k̂

([
ns

(nf)2
+

5

nf

]
∂nf

∂X

∂vf
∂X

+ 2
∂2vf
∂X2

)
F−3
11 (κf + 2µf)

](
β∆t2

)∂(δa)
∂X

−∂pf
∂X

k̂
ns0
nf
F−5
11

∂vf
∂X

(κf + 2µf)β∆t
2∂

2(δa)

∂X2
− ∂pf
∂X

k̂ρfRδaf

−∂pf
∂X

k̂F−2
11 (γ∆t)

[
1

nf
∂nf

∂X

∂(δaf)

∂X
+
∂2(δaf)

∂X2

])
A

Kη
f

dX . (4.514)

The terms highlighted in red in Equation (4.514) correspond to the pore fluid viscous stress tensor;

when a nearly-inviscid pore fluid is assumed, these terms are zero.
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Next, variation of Equation (4.93)4, δHINT
5 , is given as

δHINT
5 = −

X=H∫
0

∂wpf

∂X
k̂

([(
δk̂
nf k̂

∂σf11(E)

∂X
F 2
11 −

[
∂nf

∂X

∂vf
∂X

( ns

(nf)2
+

5

nf

)
+ 2

∂2vf
∂X2

]
(κf + 2µf)

)
×

F−3
11 β∆t

2∂(δa)

∂X
+

ns0
F 5
11

1

nf
∂vf
∂X

(κf + 2µf)β∆t
2∂

2(δa)

∂X2

+
1

nf
∂nf

∂X
(κf + 2µf)F

−2
11 γ∆t

∂(δaf)

∂X
+ (κf + 2µf)F

−2
11 γ∆t

∂2(δaf)

∂X2

)
AdX .

(4.515)

Finite element formulation. The FE formulation for the (u-uf -pf) formulation is written in

block-matrix form as
Ku,u Ku,uf

Ku,pf

Kuf ,u Kuf ,uf
Kuf ,pf

Kpf ,u Kpf ,uf
Kpf ,pf


︸ ︷︷ ︸

(ns
dof+nf

dof+n
pf
dof)×(ns

dof+nf
dof+n

pf
dof)

·


δd̈

δd̈f

δπ̈

︸ ︷︷ ︸
(ns

dof+nf
dof+n

pf
dof)×1

=


−Ru

−Ruf

−Rpf

︸ ︷︷ ︸
(ns

dof+nf
dof+n

pf
dof)×1

(4.516)

The global residual for the solid skeleton displacement is given as

cu,T ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
3 + GINT,h

4 + GINT,h
5 − GEXT,h = 0 , (4.517)
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where

GINT,h
1 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
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{
N e,u
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︸ ︷︷ ︸
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e

0 ah
e
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e

0 ah
e

f

)
Aje dξ

)
,
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2 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
( 1∫

−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

P s,he

11(E)Aj
e dξ

)
,

GINT,h
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ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
(
−

1∫
−1

{
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}T

︸ ︷︷ ︸
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e
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e dξ
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ne

A
e
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}T

︸ ︷︷ ︸
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N e,u
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︸ ︷︷ ︸
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ρh
e

0 gAj
e dξ

)
,
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ne

A
e

{
cu,e

}T
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1×ns,e
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( 1∫
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{
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

P f,he

11(E)Aj
e dξ

)
,

GEXT,h =
ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·



{
N e,u(X = 0, H)

}T

︸ ︷︷ ︸
ns,e
dof×1

tσA X = 0, H

0 0 < X < H .

(4.518)

When the pore fluid viscous stress tensor is not considered, GINT,h
5 drops from Equation (4.517).

The global residual for the pore fluid displacement is given as

cuf ,T ·Ruf
= Ih = IINT,h

1 + IINT,h
2 + IINT,h

3 + IINT,h
4 + IINT,h

5 = 0 (4.519)
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where

IINT,h
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ne
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︸ ︷︷ ︸
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∂X
Aje dξ

)
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(4.520)

When the pore fluid viscous stress tensor is not considered, IINT,h
5 drops from Equation (4.519).

The global residual for the pore fluid pressure is given as

cpf ,T ·Rpf = Hh = HINT,h
1 +HINT,h

2 +HINT,h
3 +HINT,h

4 +HINT
5 −HEXT,h = 0 , (4.521)
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where
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pf ,e
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·


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N e,pf (X = 0, H)

}T
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0 0 < X < H .

(4.522)

When pressure stabilization is enabled, an additional term Hstab is added to the l.h.s. of Equa-

tion (4.521) and is defined as

Hstab =
ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof
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︸ ︷︷ ︸
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dof ×1

αstab∂p
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(
F he
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)−1
Aje dξ

)
. (4.523)

The tangent matrix for each iteration must be of the form

0 = −Rk =


Ku,u Ku,uf

Ku,pf

Kuf ,u Kpuf ,uf
Kuf ,pf

Kpf ,u Kpf ,uf
Kpf ,pf


︸ ︷︷ ︸

(ns
dof+nf

dof+n
pf
dof)×(ns

dof+nf
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dof+nf
dof+n

pf
dof)×1

, (4.524)
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where [
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dof

=
ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
∑
i=1,3

[
k
GINT
i ,e

u,pf

]
︸ ︷︷ ︸
ns,e
dof×n

pf ,e

dof

,

[
Kuf ,u

]
︸ ︷︷ ︸
nf
dof×ns

dof

=
ne

A
e

{
cuf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
5∑

i=1

[
k
IINT
i ,e

uf ,u

]
︸ ︷︷ ︸
nf,e
dof×ns,e

dof

,

[
Kuf ,uf

]
︸ ︷︷ ︸
nf
dof×nf

dof

=
ne

A
e

{
cuf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
∑

i=1,3,5

[
k
IINT
i ,e

uf ,uf

]
︸ ︷︷ ︸
nf,e
dof×nf,e

dof

,

[
Kuf ,pf

]
︸ ︷︷ ︸
nf
dof×n

pf
dof

=
ne

A
e

{
cuf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
∑

i=1,2,4

[
k
IINT
i ,e

uf ,pf

]
︸ ︷︷ ︸
nf,e
dof×n

pf ,e

dof

,

[
Kpf ,u

]
︸ ︷︷ ︸
n
pf
dof×ns

dof

=
ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
5∑

i=1

[
k
HINT

i ,e
pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

,

[
Kpf ,uf

]
︸ ︷︷ ︸
n
pf
dof×nf

dof

=
ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
∑

i=2,4,5

[
k
HINT

i ,e
pf ,uf

]
︸ ︷︷ ︸
n
pf ,e

dof ×nf,e
dof

,

[
Kpf ,pf

]
︸ ︷︷ ︸
n
pf
dof×n

pf
dof

=
ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

·
4∑

i=1

[
k
HINT

i ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×nf,e
dof

.

(4.525)
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The solid skeleton displacement tangents are given as follows (where the definition for k
GINT
2 ,e

u,u

remains unchanged from the (u) and (u-pf) formulations given by Equation (4.482)2):

[
k
GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

=

1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

(
ρs,h

e

0

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

+ah
e

f ρ
fR,he(

β∆t2
){

Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

)
Aje dξ ,

[
k
GINT
5 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

=

1∫
−1

∂vh
e

f

∂X
(ns,h

e − nf,he
)(κf + 2µf)

(
F he

11

)−2(
β∆t2

){
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ .

(4.526)

For a nearly-inviscid pore fluid, Equation (4.526)2 is zero. The solid skeleton displacement and

pore fluid displacement coupling tangents are given as follows:

[
k
GINT
1 ,e

u,uf

]
︸ ︷︷ ︸
ns,e
dof×nf,e

dof

=

1∫
−1

ρf,h
e

0

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

Aje dξ ,

[
k
GINT
5 ,e

u,uf

]
︸ ︷︷ ︸
ns,e
dof×nf,e

dof

=

1∫
−1

nf,h
e

F he

11

(κf + 2µf)(γ∆t)

{
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

{
Be,uf

}
︸ ︷︷ ︸
1×nf,e

dof

Aje dξ .

(4.527)

The solid skeleton displacement and pore fluid pressure coupling tangent is given as follows (where

k
GINT
3 ,e

u,pf remains unchanged from the (u-pf) formulation given by Equation (4.500)):

[
k
GINT
1 ,e

u,pf

]
︸ ︷︷ ︸
ns,e
dof×n

pf ,e

dof

=

1∫
−1

ah
e

f J
he
nf,h

e
ρfR,he

Kη
f

(
β∆t2

){
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ . (4.528)
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The pore fluid displacement and solid skeleton displacement coupling tangents are given as follows:

[
k
IINT
1 ,e

uf ,u

]
︸ ︷︷ ︸
nf,e
dof×ns,e

dof

=

1∫
−1

ρfR,he
ah

e

f

(
β∆t2

){
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ ,

[
k
IINT
2 ,e

uf ,u

]
︸ ︷︷ ︸
nf,e
dof×ns,e

dof

=

1∫
−1

ns,h
e

Jhe

∂ph
e

f

∂X

(
β∆t2

){
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ ,

[
k
IINT
3 ,e

uf ,u

]
︸ ︷︷ ︸
nf,e
dof×ns,e

dof

=

1∫
−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

([
1 +

2ns,h
e

nf,he −
Jhe

δh
e

k̂

k̂he

](nf,he)2
ṽh

e

f

k̂he

(
β∆t2

){
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

− Jhe(
nf,h

e)2
k̂he

(
γ∆t

){
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

)
Aje dξ ,

[
k
IINT
4 ,e

uf ,u

]
︸ ︷︷ ︸
nf,e
dof×ns,e

dof

=

1∫
−1

ρfR,he
g
(
β∆t2

){
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ ,

[
k
IINT
5 ,e

uf ,u

]
︸ ︷︷ ︸
nf,e
dof×ns,e

dof

= −
1∫

−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

([
(ns,h

e − nf,he
)
∂2vh

e

f

∂X2
− 4

∂nf,h
e

∂X

∂nf,h
e

∂X

]{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

+
ns,h

e

Jhe

∂vh
e

f

∂X

{
He,u

}
︸ ︷︷ ︸
1×ns,e

dof

)(
F he

11

)−2
(κf + 2µf)

(
β∆t2

)
Aje dξ .

(4.529)
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For a nearly-inviscid pore fluid, Equation (4.529)5 is zero. The pore fluid displacement tangents

are given as follows:

[
k
IINT
1 ,e

uf ,uf

]
︸ ︷︷ ︸
nf,e
dof×nf,e

dof

=

1∫
−1

ρf,h
e

0

{
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

Aje dξ ,

[
k
IINT
3 ,e

uf ,uf

]
︸ ︷︷ ︸
nf,e
dof×nf,e

dof

=

1∫
−1

Jhe(
nf,h

e)2
k̂he

(
γ∆t

){
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

Aje dξ ,

[
k
IINT
5 ,e

uf ,uf

]
︸ ︷︷ ︸
nf,e
dof×nf,e

dof

= −
1∫

−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

(
∂nf,h

e

∂X

{
Be,uf

}
︸ ︷︷ ︸
1×nf,e

dof

+nf,h
e

{
He,uf

}
︸ ︷︷ ︸

1×nf,e
dof

)
(κf + 2µf)

(
F he

11

)−2×

(γ∆t)Aje dξ .

(4.530)

The pore fluid displacement and pore fluid pressure coupling tangents are given as follows:

[
k
IINT
1 ,e

uf ,pf

]
︸ ︷︷ ︸
nf,e
dof×n

pf ,e

dof

=

1∫
−1

ah
e

f ρ
f,he

0

Kη
f

(
β∆t2

){
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ ,

[
k
IINT
2 ,e

uf ,pf

]
︸ ︷︷ ︸
nf,e
dof×n

pf ,e

dof

=

1∫
−1

nf,h
e(
β∆t2

){
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

{
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ ,

[
k
IINT
4 ,e

uf ,pf

]
︸ ︷︷ ︸
nf,e
dof×n

pf ,e

dof

=

1∫
−1

Jhe
nf,h

e
ρfR,he

g

Kη
f

(
β∆t2

){
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ .

(4.531)

The pore fluid pressure and solid skeleton coupling tangents are given as follows, where k
HINT

1 ,e
pf ,u and

k
HINT

3 ,e
pf ,u (and kHstab,e

pf ,u
when pressure stabilization is enabled), remain unchanged from the (u-pf)

formulation given by Equation (4.501)1,3 (and Equation (4.502) when pressure stabilization is en-
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abled):

[
k
HINT

2 ,e
pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

=

1∫
−1

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

((
δh

e

k̂

k̂he

(
nf ṽf

)he

+ k̂h
e ∂ph

e

f

∂X

[
F he

11

]−2

+k̂h
e(
F he

11

)−3
(κf + 2µf)

([
ns,h

e(
nf,he

)2 +
5

nf,he

]
∂nf,h

e

∂X

∂vh
e

f

∂X
+ 2

∂2vh
e

f

∂X2

)){
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

−k̂he ns,h
e

nf,he

(
F he

11

)−4∂vh
e

f

∂X
(κ+ 2µf)

{
He,u

}
︸ ︷︷ ︸
1×ns,e

dof

)
1

Kη
f

∂ph
e

f

∂X

(
β∆t2

)
Aje dξ ,

[
k
HINT

4 ,e
pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

=

1∫
−1

δh
e

k̂
ρfR,he(

ah
e

f + g
)(
β∆t2

){
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ ,

[
k
HINT

5 ,e
pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

= −
1∫

−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

k̂h
e

([
δh

e

k̂

nf,he k̂he

∂σf,h
e

11(E)

∂X

(
F he

11 )
2

−
(
∂nf,h

e

∂X

∂vh
e

f

∂X

( ns,h
e(

nf,he
)2 +

5

nf,he

)
+ 2

∂2vh
e

f

∂X2

)
(κf + 2µf)

]{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

+
ns0
nf,he

(
F he

11

)−2∂vh
e

f

∂X
(κf + 2µf)

{
He,u

}
︸ ︷︷ ︸
1×ns,e

dof

)(
F he

11

)−3(
β∆t2

))
Aje dξ ,

(4.532)

For a nearly-inviscid pore fluid, the terms highlighted in red in Equation (4.532)1 drop and Equa-

tion (4.532)3 is zero. The pore fluid pressure and pore fluid displacement coupling tangents are
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given as follows:

[
k
HINT

2 ,e
pf ,uf

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

= −
1∫

−1

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

k̂h
e ∂ph

e

f

∂X

1

Kη
f

(
ρfR,he

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

+(κf + 2µf)
(
F he

11

)−2
(γ∆t)×

[
1

nf,he

∂nf,h
e

∂X

{
Be,uf

}
︸ ︷︷ ︸
1×nf,e

dof

+

{
He,uf

}
︸ ︷︷ ︸

1×nf,e
dof

])
Aje dξ ,

[
k
HINT

4 ,e
pf ,uf

]
︸ ︷︷ ︸
n
pf ,e

dof ×nf,e
dof

=

1∫
−1

k̂h
e
ρfR,he

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

Aje dξ ,

[
k
HINT

5 ,e
pf ,uf

]
︸ ︷︷ ︸
n
pf ,e

dof ×nf,e
dof

= −
1∫

−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

(
1

nf,he

∂nf,h
e

∂X

{
Be,uf

}
︸ ︷︷ ︸
1×nf,e

dof

+

{
He,uf

}
︸ ︷︷ ︸

1×nf,e
dof

)
(κf + 2µf)

k̂h
e(

F he

11

)2×

(γ∆t)Aje dξ .

(4.533)

For a nearly-inviscid pore fluid, the terms marked in red of Equation (4.533)1 are zero and Equa-

tion (4.533)3 is zero. Lastly, the pore fluid pressure tangents are given as follows, where k
HINT

1 ,e
pf ,pf

and k
HINT

3 ,e
pf ,pf (and kHstab,e

pf ,pf
when pressure stabilization is enabled) remain unchanged from the (u-pf)

formulation given by Eqs. 4.5031,3 (and Equation (4.504) when pressure stabilization is enabled):

[
k
HINT

2 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

([(
nf ṽf

)he

− k̂he ∂ph
e

f

∂X

(
F he

11 )
−1

]{
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

− k̂he ∂ph
e

f

∂X

(
ah

e

f + g
)ρfR,he

Kη
f

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

)
1

Kη
f

(
β∆t2

)
Aje dξ ,

[
k
HINT

4 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

k̂h
e(
ah

e

f + g
)ρfR,he

Kη
f

(
β∆t2

){
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ .

(4.534)



252

4.3.3 Central-difference integration

For the central-difference (CD) in time integrator, the discretized balance equations take the

similar general form as

Mẍn+1 +Cẋn+1 + F INT(ẍn+1,xn+1) = F EXT
n+1 , (4.535)

where it is assumed that ẍn+1 is to be solved at time tn+1, and M , C, F INT and FEXT are known

at time tn+1 from values at tn. For a CD scheme,

xn+1 = xn +∆tẋn +
(∆t)2

2
ẍn ,

ẋn+1 = ẋn +
∆t

2
(ẍn + ẍn+1) .

(4.536)

Next, we show how these are implemented for the (u) and (u-pf) formulations; as will be shown

in Chapter 5, the CD integrator as applied to the (u-pf) formulation is unstable for shock loading,

thus, we did not formulate the integrator for the (u-uf -pf) formulation which only adds more

complexity and potential instability.

We also typically employ an adaptive time-stepping scheme for the central-difference time

integrator that is loosely based on a localized Courant-Fredrichs-Lewy (CFL) condition. Recall for

the critical time step

∆tecr ≤
∆xe

ce
, (4.537)

where ∆xe = he is the shortest element length in the current configuration. The local P-wave

speed ce for uniaxial strain, assuming linear isotropic elasticity as an approximation, is usually

determined as

ce = max



√
Kskel + 4

3G
skel

ρe

√
ns,eKs + nf,eKη

f + 4
3G

skel

ρe

. (4.538)
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For single-phase materials, the current total mass density is ρ = Jρ0, and for multiphase materials

ρ = (nsρsR + nfρfR). Then, the following time step is chosen:

∆tn+1 = min
e

∆tecr , (4.539)

where we can either manually constrain the time step to not exceed some global maximum should

the CFL condition at time tn produce a time step too large for calculations at time tn+1, resulting

in a greater likelihood of error buildup, or, more commonly, we multiply Equation (4.537) by a

safety factor, SF ∈ [0.2, 0.9].

4.3.3.1 (u) formulation

The FE formulation for the balance of momentum of the solid, variational Equation (4.18),

is written in block-matrix form as {
Ru

}
︸ ︷︷ ︸
ns
dof×1

= 0 , (4.540)

where this global residual for the solid displacement is given as

cu,T ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
4 − GEXT,h = 0 , (4.541)

where

GINT,h
1 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

·
{
d̈
e

}
︸ ︷︷ ︸
ns,e
dof×1

,

GINT,h
2 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

2 ,e

}
︸ ︷︷ ︸

ns,e
dof×1

,

GINT,h
4 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

4 ,e

}
︸ ︷︷ ︸
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(4.542)
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(4.543)

The mass matrix associated with the solid acceleration is given by

[
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Thus, the solution is given by{
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where [
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(4.546)
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The solid velocity and solid displacement updates are recovered by{
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︸ ︷︷ ︸
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(4.547)

4.3.3.2 (u-pf) formulation

For the (u-pf) formulation, the variational equations are given by Equations (4.64) & Equa-

tion (4.66). The FE equations integrated in time using CD for the poroelastodynamic equations

are solved in a staggered manner. A solid skeleton displacement update is computed first. There

are no unknowns related to pore fluid pressure in the balance of linear momentum of the mixture.

Then the solid displacements are substituted into the corresponding equations to compute a pore

fluid pressure update; see Algorithm 1. The advantage of such a procedure is that there are no

coupling matrices that would introduce off-diagonal entries in a block matrix of the system when

trying to solve the solid skeleton acceleration and second time derivative on pore fluid pressure up-

dates. This reduces computational cost at the expense of accuracy when compared to the explicit

Runge-Kutta methods and the implicit Newmark-beta methods.

Algorithm 1 General concept of staggered solution process for (u-pf) formulation with
CD time integration for a given time tn

1: Update tn
2: Update external force vector(s)
3: Compute deformations and stresses at time tn+1 from values at tn
4: Assemble internal force vector and mass matrix associated with Gh from values at tn
5: Compute ah at time tn+1

6: Assemble internal force vector and mass matrix associated with Hh from values at tn
7: Compute p̈hf at time tn+1

The FE formulation for the balance of momentum of the mixture variational equation is
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written in block-matrix form as {
Ru

}
︸ ︷︷ ︸
ns
dof×1

= 0 . (4.548)

This global residual for the solid skeleton displacement is given as

cu,T ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
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4 − GEXT,h = 0 , (4.549)
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(4.550)
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(4.551)

The mass matrix associated with the solid skeleton acceleration is given by

[
m
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]
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The FE formulation for the balance of mass variational equation is written in block-matrix

form as {
Rpf

}
︸ ︷︷ ︸
n
pf
dof×1

= 0 , (4.553)

where the global residual for the pore fluid pressure is given as

cpf ,T ·Rpf = Hh = HINT,h
1 +HINT,h

2 +HINT,h
3 +HINT,h

4 −HEXT,h
1 = 0 , (4.554)
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where
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(4.555)

with{
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The coupling tangents that get multiplied by the updated solid skeleton acceleration at tn+1 are
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(4.557)

and the mass matrix associated with the pore fluid pressure is given by[
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When pressure stabilization is enabled, an additional term Hstab is added to the l.h.s. of Equa-

tion (4.554) and is defined as
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Returning our attention to Equation (4.535), we see now that we can write it without intro-

ducing nonlinearity if we solve the equations in a staggered manner as described in Algorithm 1.

Therefore,{
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and the solid velocity and solid displacement updates are recovered by{
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Then, when solving for pore fluid pressure, we use the result given by Equation (4.561) for

all values of d̈n+1 in Equations (4.555)1−4. Therefore,{
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dof ×ns,e
dof

,

[
K

HINT
2

pf ,u

]
︸ ︷︷ ︸
n
pf
dof×ns

dof

=
ne

A
e

[
m

HINT
2 ,e

pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

,

[
K

HINT
4

pf ,u

]
︸ ︷︷ ︸
n
pf
dof×ns

dof

=
ne

A
e

[
m

HINT
4 ,e

pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

,

{
FHINT

1

}
︸ ︷︷ ︸

n
pf
dof×1

=
ne

A
e

{
fHINT

1 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

{
FHINT

2

}
︸ ︷︷ ︸

n
pf
dof×1

=
ne

A
e

{
fHINT

2 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

{
FHINT

3

}
︸ ︷︷ ︸

n
pf
dof×1

=
ne

A
e

{
fHINT

3 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

{
FHINT

4

}
︸ ︷︷ ︸

n
pf
dof×1

=
ne

A
e

{
fHINT

4 ,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

,

{
FHEXT

}
︸ ︷︷ ︸

n
pf
dof×1

=
ne

A
e

{
fHEXT,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

.

(4.565)

The first time derivative on pore fluid pressure and the pore fluid pressure updates are recovered

by {
π̇n+1

}
︸ ︷︷ ︸
n
pf
dof×1

=

{
π̇n

}
︸ ︷︷ ︸
n
pf
dof×1

+
∆t

2

({
π̈n

}
︸ ︷︷ ︸
n
pf
dof×1

+

{
π̈n+1

}
︸ ︷︷ ︸
n
pf
dof×1

)
,

{
πn+1

}
︸ ︷︷ ︸
n
pf
dof×1

=

{
πn

}
︸ ︷︷ ︸
n
pf
dof×1

+∆t

{
π̇n

}
︸ ︷︷ ︸
n
pf
dof×1

+
∆t2

2

{
π̈n+1

}
︸ ︷︷ ︸
n
pf
dof×1

.

(4.566)
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If pressure stabilization is enabled, then we invert a summation of matrices in Equation (4.564)

and must subtract the force vector associated with pressure stabilization along with the other force

vectors:{
π̈n+1

}
︸ ︷︷ ︸
n
pf
dof×1

=
([

M
HINT

1
pf ,pf

]
︸ ︷︷ ︸
n
pf
dof×n

pf
dof

+

[
MHstab

pf ,pf

]
︸ ︷︷ ︸
n
pf
dof×n

pf
dof

)−1
·
(
−
{
FHINT

1

}
︸ ︷︷ ︸

n
pf
dof×1

−
{
FHINT

2

}
︸ ︷︷ ︸

n
pf
dof×1

−
{
FHINT

3

}
︸ ︷︷ ︸

n
pf
dof×1

−
{
FHINT

4

}
︸ ︷︷ ︸

n
pf
dof×1

−
{
FHstab

}
︸ ︷︷ ︸

n
pf
dof×1

+

[ [
K

HINT
1

pf ,u

]
︸ ︷︷ ︸
n
pf
dof×ns

dof

+

[
K

HINT
2

pf ,u

]
︸ ︷︷ ︸
n
pf
dof×ns

dof

+

[
K

HINT
4

pf ,u

]
︸ ︷︷ ︸
n
pf
dof×ns

dof

]
·
{
d̈n+1

}
︸ ︷︷ ︸
ns
dof×1

+

{
FHEXT

}
︸ ︷︷ ︸

n
pf
dof×1

)
,

(4.567)

where, [
MHstab

pf ,pf

]
︸ ︷︷ ︸
n
pf
dof×n

pf
dof

=
ne

A
e

[
mHstab,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

,

{
FHstab

}
︸ ︷︷ ︸

n
pf
dof×1

=
ne

A
e

{
fHstab,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

.

(4.568)

Owing to the gradient shape functions that appear in mHstab,e

pf ,pf
, pressure stabilization restricts one

to use consistent mass matrices because typical row-sum mass lumping techniques are not possible

with the gradient shape functions.

4.4 Stabilization techniques

Oftentimes for dynamical problems, particularly at high strain-rates, the stability of the

numerical integration scheme is dependent on artificial damping introduced into the time-discretized

balance equations. Of the integrators introduced above, only the Newmark-beta integration scheme

with added dissipation, i.e., Newmark-beta method with the parameters β = 0.3025 and γ = 0.6,

has some algorithmic damping. Therefore, whether or not the other numerical integration schemes

remain stable is dependent upon tolerances (relative and/or absolute) and the length of the time

steps. We have found that for shock-loading problems, tight tolerances and small time steps
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(either fixed, or calculated through an adaptive time-stepping scheme with tight tolerance for

truncation error, e.g., the Runge-Kutta methods discussed in Section 4.3.1) are not enough to

control spurious pressure oscillations (or in some cases, negative Jacobians of deformation, i.e., an

“inverted” element) that make the simulation go unstable. Furthermore, for consistent element

types, at low-to-moderate permeabilities, we require element-stabilization techniques to satisfy

the well known inf-sup condition. To address these issues, we have explored adding a canonical

“shock viscosity” term to the solid skeleton stress, as well as a pressure stabilization term to the

balance of mass of the mixture, both of which are discussed below. As will be shown in proceeding

examples of shock-like loadings in Chapter 5, we have found that a combination of both shock

viscosity and pressure stabilization allow us to obtain results for lung parenchyma deformations at

higher overpressures, and with less computational expense given that we are able to take larger

time-steps comparable to those suggested by a CFL condition. Additionally, when considering

thermoporoelastodynamics, the pore fluid energy balance takes the form of an advection-diffusion

equation, which may necessitate stabilization methods, such as streamline upwind Petrov-Galerkin

(SUPG), to control spurious oscillations and overshoots in the pore fluid temperature solution.

4.4.1 Shock viscosity

The history of the artificial shock viscosity can be traced back to the seminal work by von

Neumann and Richtmyer [1950] who proposed that a viscous term q be added to an otherwise

inviscid fluid’s momentum equation for shocks propagating in one dimension, i.e.,

q ..= c20ρ(∆x)
2
(∂ẋ
∂x

)2
, (4.569)

where q = 0 for expanding motions (∂ẋ/∂x ≥ 0), x is the coordinate in the direction of motion, ∆x

is the grid spacing, ρ is the material density and c0 is a constant ≈ 2. Landshoff [1955] introduced

a q term that was linear in the velocity gradient, i.e.,

q ..= cLρ∆xc
∣∣∣∂ẋ
∂x

∣∣∣ , (4.570)



264

where cL is a constant ≈ 1 and c is the local sound speed, i.e., the square root of the local

P-wave modulus divided by the local density. For further reading on the subject, we refer the

interested reader to reviews by Benson [2007] and Margolin and Lloyd-Ronning [2022], with details

on thermodynamical validity discussed in Mattson and Rider [2014]. In this work, we use the

artificial viscosity given by Wilkins [1980] (which is also used in LS-DYNA Dev. [2019]) which

combines linear and quadratic terms into one form, i.e.,

q =


ρl
(
C0lε̇

2
kk − C1cε̇kk

)
if ε̇kk < 0

0 if ε̇kk ≥ 0 ,

(4.571)

where l is a characteristic length scale (in 1-D, this reduces to the local element length), C0 and

C1 are constants typically taken to be 1.5 and 0.06, respectively, and ε̇ij is the strain-rate tensor,

ε̇ij = lij ..=
∂vi
∂xj

. (4.572)

The extent to which the shock viscosity effects the solution depends on the magnitude of the

constants C0 and C1. The latter is responsible for damping out oscillations behind the front (i.e.,

the weak waves produced by compression of the material, irrespective of the strength of the shock

front) and the former is responsible for damping out oscillations near or ahead of the front. Large

values of either constant tend to overly smooth out the shock over multiple elements; examples

of shock-like loadings with varying ranges of the constants that demonstrate this phenomenon are

shown in Section 5.3.1.

The shock viscosity is essentially an opposing pressure term added on to the solid skeleton

stress, such that the augmented effective solid skeleton Cauchy stress is written as

σ̃s
E = σs,dev

E − (P + q)1 , (4.573)

which, using the common definitions for solid skeleton deviatoric stress σs,dev
E and solid skeleton



265

hydrostatic pressure P , we may also write as,

σ̃sij(E) =


σsij(E) − ρsh[C0hl

2
kk − C1clkk]︸ ︷︷ ︸
..=q

δij if lkk < 0 (in compression)

σsij(E) if lkk ≥ 0 (in tension) ,

(4.574)

or, in the reference configuration,

P̃ s
iI(E) =



P s
iI(E) − J ρs0h0

[
C0Jh0

( ∂vk
∂XK

)2
F−2
Kk − C1c

∂vk
∂XK

F−1
Kk

]
︸ ︷︷ ︸

..=Q

F−1
Ii

if
∂vk
∂XK

< 0 (in compression)

P s
iI(E) if

∂vk
∂XK

≥ 0 (in tension) ,

(4.575)

where the F−1
Kk scaling of the velocity gradient is omitted from the conditions because it does not

affect the sign of the velocity gradient, which is what determines whether or not the shock viscosity

is applied. In the 1-D uniaxial strain regime, Equation (4.575) reduces to, e.g., along the direction

of motion,

P̃ s
11(E) =


P s
11(E) − ρsh0

∂v

∂X

(
C0h0

∂v

∂X
− C1c

)
︸ ︷︷ ︸

..=Q1-D

if
∂v

∂X
< 0

P s
11(E) if

∂v

∂X
≥ 0 ,

(4.576)

where the F−1
11 scaling of the velocity gradient is omitted from the conditions for aforementioned

reasons. For explicit and semi-implicit10 integration methods, the shock-viscosity terms are simply

added to the stress (force residual) since we assume that solid skeleton stress is evaluated explicitly.

For implicit integration methods, we require additional terms be added to the consistent tangent

when shock-viscosity is enabled; refer to Appendix B.1 for the formulation of the linearized term

and Appendix C.1.1 for the finite element formulation.11

10 A semi-implicit predictor-corrector integration scheme was pursued at one point in this work. However, we found
it to be computationally expensive when compared to the Runge-Kutta method, and, owing to its complexity (even
for (u-pf)), it was abandoned. For details on implementation for simpler theory, the interested reader is referred to
Markert et al. [2009].

11 Note that the inverse deformation gradient which maps the solid skeleton velocity v from the current to the
reference configuration has been omitted from the signage calculation of the strain-rate in Equation (4.576) given
that for non-invertible elements it should be greater than zero and therefore play no role in the determination of
whether or not the solid skeleton is undergoing expansion or compression.
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Shock viscosity applied to the pore fluid. Suppose that an additional shock viscosity is

applied to the pore fluid. Let

σf = σf
E − (nfpf + qf)1 , (4.577)

with

qf ..= ρfhf [C0hf l
2
kk(f) − C1c

f lkk(f)] . (4.578)

Therein, hf represents the characteristic length scale of the pore fluid, such that

hf = Jfh0(f) . (4.579)

Since the Lagrangian implementation at hand is defined with respect to the reference configuration

of the solid skeleton (s) and not the reference configuration of the pore fluid (f), we will assume

hf ≈ hs = Jsh0(s) . (4.580)

Thus, the pore fluid shock viscosity (dropping subscript (s) for notational convenience) is written

as

qf ..= ρfh[C0hl
2
kk(f) − C1c

f lkk(f)] , (4.581)

such that the augmented pore fluid stress is

σ̃fij =


σfij − ρfh[C0hl

2
kk(f) − C1c

f lkk(f)]δij if lkk(f) < 0 (in compression)

σfij if lkk(f) > 0 (in expansion) .

(4.582)

This may be written in the reference configuration of the solid skeleton as

P̃ f
iI =



P f
iI − J ρf0h0[C0Jh0

(∂vk(f)
∂XK

F−1
Kk

)2
− C1c

f ∂vk(f)

∂XK
F−1
Kk]︸ ︷︷ ︸

..=Qf

F−1
Ii

if
∂vk(f)

∂XK
< 0 (in compression)

P f
iI if

∂vk(f)

∂XK
> 0 (in expansion) .

(4.583)
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In the 1-D uniaxial strain regime,

P̃ f
11 =


P f
11 − ρfh0

∂vf
∂X

(
C0h0

∂vf
∂X
− C1c

f

)
︸ ︷︷ ︸

..=Qf
1−D

if
∂vf
∂X

< 0 (in compression)

P f
11 if

∂vf
∂X

> 0 (in expansion) .

(4.584)

Furthermore, the gas wave speed cf will be assumed constant using the isentropic bulk modulus

Kη
f . This assumption allows for an easier computation of div(qf) as it appears in the momentum

balance:

∂qf

∂xi
= J

∂qf

∂XI
F−1
Ii

⇒ ∂qf

∂XI
=
∂(nfρfR)

∂XI
Jh0[C0Jh0l

2
kk(f) − C1K

η
f lkk(f)]

+ ρfh0[C0Jh0l
2
kk(f) − C1K

η
f lkk(f)]

∂J

∂XI

+ ρfJh0

[
C0h0

(
l2kk(f)

∂J

∂XI
+ 2Jlmm(f)

∂

∂XI

∂vk(f)

∂xk

)
+ C1K

η
f

∂

∂XI

∂vk(f)

∂xk

]
. (4.585)

Therein,

∂nf

∂XI
=
ns0
J

∂2ui
∂XI∂XJ

,

∂ρfR

∂XI
=


ρfR

Kη
f

∂pf
∂XI

pf = pf(ρ
fR) (loc. homogeneous temp. model)

1

Rθf
∂pf
∂XI

− ρfR

θf
∂θf

∂XI
pf = pf(ρ

fR, θf) (ideal gas model) ,

∂J

∂XI
= J

∂2ui
∂XI∂XJ

.

(4.586)

Thus, divergence of the pore fluid shock viscosity is first written as

∂qf

∂xi
= J

(
nsρfR

∂2ui
∂XI∂XJ

F−1
Jj + nf

∂ρfR

∂XI

)
Jh0

[
C0Jh0

(∂vk(f)
∂XK

F−1
Kk

)2
− C1K

η
f

∂vk(f)

∂XK
F−1
Kk

]
F−1
Ii

+ Jρfh0

[
C0Jh0

(∂vk(f)
∂XK

F−1
Kk

)2
− C1K

η
f

∂vk(f)

∂XK
F−1
Kk

]
J

∂2ui
∂XI∂XJ

F−1
Jj F

−1
Ii

+ JρfJh0

[
C0h0

(∂vk(f)
∂XK

F−1
Kk

)2
J

∂2ui
∂XI∂XJ

F−1
Jj + 2C0Jh0

∂vk(f)

∂XK
F−1
Kk

∂2vm(f)

∂XI∂XM
F−1
Mm

+ C1K
η
f

∂2vk(f)

∂XI∂XK
F−1
Kk

]
F−1
Ii .

(4.587)
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The first two lines on the r.h.s. of Equation (4.587) can be simplified to

qf

ρf

(
ρfR

∂2ui
∂XI∂XJ

F−1
Jj + nf

∂ρfR

∂XI

)
JF−1

Ii . (4.588)

Thus, we may write

∂qf

∂xi
=
qf

ρf

(
ρfR

∂2ui
∂XI∂XJ

F−1
Jj + nf

∂ρfR

∂XI

)
JF−1

Ii

+ J2ρfh0

[
C0Jh0

∂vk(f)

∂XK
F−1
Kk

(∂vm(f)

∂XM
F−1
Mm

∂2ui
∂XI∂XJ

F−1
Jj + 2

∂2vm(f)

∂XI∂XM
F−1
Mm

)
+ C1K

η
f

∂2vk(f)

∂XI∂XK
F−1
Kk

]
F−1
Ii . (4.589)

Equation (4.589) may be added to the residual of the pore fluid momentum balance such that

I =


5∑

i=1

IINT
i + I7 (u-uf -pf)

6∑
i=1

IINT
i + I7 (u-uf -pf -θ

s-θf) ,

(4.590)

with

IINT
7 =

∫
B0

wuf

(
qf

ρf

(
ρfR

∂2ui
∂XI∂XJ

F−1
Jj + nf

∂ρfR

∂XI

)
JF−1

Ii

+ J2ρfh0

[
C0Jh0

∂vk(f)

∂XK
F−1
Kk

(∂vm(f)

∂XM
F−1
Mm

∂2ui
∂XI∂XJ

F−1
Jj + 2

∂2vm(f)

∂XI∂XM
F−1
Mm

)

+ C1K
η
f

∂2vk(f)

∂XI∂XK
F−1
Kk

]
F−1
Ii

)
dV . (4.591)

In the 1-D uniaxial strain approximation, Equation (4.589) simplifies to

∂qf

∂x
=
qf

ρf

(
ρfR

∂2u

∂X2
F−1
11 + nf

∂ρfR

∂X

)
+ ρfh0

[
C0h0

∂vf
∂X

(∂vf
∂X

∂2u

∂X2
F−1
11 + 2

∂2vf
∂X2

)
+ C1K

η
f

∂2vf
∂X2

]
, (4.592)

with

∂ρfR

∂X
=


ρfR

Kη
f

∂pf
∂X

pf = pf(ρ
fR) (loc. homogeneous temp. model)

1

Rθf
∂pf
∂X
− ρfR

θf
∂θf

∂X
pf = pf(ρ

fR, θf) (ideal gas model) .

(4.593)

(4.594)
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Thus, Equation (4.591) simplifies to

IINT
7 =

X=H∫
0

wuf

(qf
ρf

(
ρfR

∂2u

∂X2
F−1
11 + nf

∂ρfR

∂X

)

+ ρfh0

[
C0h0

∂vf
∂X

(∂vf
∂X

∂2u

∂X2
F−1
11 + 2

∂2vf
∂X2

)
+ C1K

η
f

∂2vf
∂X2

])
AdX . (4.595)

The additional terms that appear in the balance of momentum and balance of mass of the mixture,

are, respectively,

GINT
6 = −

∫
B0

∂wu
i

∂XI
Qf dV ,

HINT
8 =

∫
B0

∂wpf

∂XI

k̂

nf

(
qf

ρf

(
ρfR

∂2ui
∂XI∂XJ

F−1
Jj + nf

∂ρfR

∂XI

)
JF−1

Ii

+ J2ρfh0

[
C0Jh0

∂vk(f)

∂XK
F−1
Kk

(∂vm(f)

∂XM
F−1
Mm

∂2ui
∂XI∂XJ

F−1
Jj + 2

∂2vm(f)

∂XI∂XM
F−1
Mm

)

+ C1K
η
f

∂2vk(f)

∂XI∂XK
F−1
Kk

]
F−1
Ii

)
dV ,

(4.596)

with 1-D counterparts

GINT
6 = −

X=H∫
0

∂wu

∂X
QfAdX ,

HINT
8 =

X=H∫
0

∂wpf

∂X

k̂

nf

(qf
ρf

(
ρfR

∂2u

∂X2
F−1
11 + nf

∂ρfR

∂X

)

+ ρfh0

[
C0h0

∂vf
∂X

(∂vf
∂X

∂2u

∂X2
F−1
11 + 2

∂2vf
∂X2

)
+ C1K

η
f

∂2vf
∂X2

])
AdX .

(4.597)

A shock viscosity for the pore fluid is not pursued herein, but may be considered as part of future

work.

4.4.2 Pressure stabilization

For stabilizing the linear Q2-Q1-P1, Q1-Q1-P1 and Q1-P1 elements12 , we follow the approach

of Truty and Zimmerman [2006], which is based on the method of Brezzi and Pitkäranta [1984].

12 In practice we found that using pressure stabilization on the Hermite cubic elements sped up computations
and maintained accuracy, though strictly speaking this is not necessary given the higher-order continuity of the
displacement variables in relation to pore fluid pressure.
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The stabilization term acts like an opposing pore fluid pressure flux in the variational equation of

the balance of mass, wherein

H =

(
nINT∑

i

HINT
i

)
−HEXT +Hstab = 0 , (4.598)

Hstab ..=

∫
B0

αstab∂w
pf

∂XI
F−1
Ii

∂ṗf
∂XK

F−1
Ki J dV , (4.599)

where the value of nINT depends on the governing physics (refer to the variations of the variational

forms of the balance of mass in Section 4.1). In the 1-D uniaxial strain regime, the stabilization

term reduces to

Hstab =

X=H∫
0

αstab∂w
pf

∂X
F−1
11

∂ṗf
∂X

AdX . (4.600)

While Truty and Zimmerman [2006] have been able to relate the pressure stabilization parameter

αstab to material geometry and simulation time-step, such an approach would be difficult to derive

for compressible pore fluid, large deformations and high strain-rate loadings. Therefore, we have

chosen αstab on an ad-hoc basis. Typically, the smaller the value of αstab, the more stable the

simulation and the closer the results become to the already stable (for low pressure amplitude

loadings) Q2-Q2-P1 and Q2-P1 mixed elements. “Large” values of αstab ≥ 10−6 give rise to

numerical instabilities or otherwise inaccurate results; αstab = 10−10 m3-s2/kg appears to give the

best results. A detailed discussion on the effect of pressure stabilization as it applies to a numerical

verification example is provided in Section 5.3.2.

For both explicit and implicit integration methods, the inclusion of the stabilization term

requires an additional tangent matrix. For explicit methods, this is because of the inclusion of the

time derivative on the pore fluid pressure gradient, which is unknown at solution time tn+1. This

tangent also limits us to use consistent “mass” matrices in the weak formulation of the balance

of mass given that the gradient shape functions for linear-order interpolations produce constant

off-diagonal terms that do not lead to cancellation at the Gauss points as they would for linear-

order and quadratic-order interpolations (no gradients) using a row-sum lumping technique. This

tangent is derived in Appendix B.3 and formulated for finite elements in Appendix C.1.2.
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4.4.3 Streamline upwind Petrov-Galerkin

Recall from Section 4.1.5 that the strong formulation for pore fluid energy balance for an

ideal gas with the assumptions σf
E ≈ 0,as ≈ af = a, i.e., (u-pf -θ

s-θf) formulation, is written in the

current configuration as

ρf(cfV +R)Ds
tθ

f + ρfR(cfV +R)grad(θf) · (nf ṽf)−
nspf
Js

Ds
tJs −

pf
nf

grad(nf) · (nf ṽf)

−nfDs
tpf − grad(pf) · (nf ṽf) + div qf − kεθ(θs − θf) = 0 ,

(4.601)

which we may also write as [Koch, 2016]

∗
v · grad(θf)︸ ︷︷ ︸
convective term

−
∗
ddiv grad(θf)︸ ︷︷ ︸
diffusive term

+
∗
s = 0 , (4.602)

such that

∗
v ..= ρfR(cfV +R)

(
nf ṽf

)
,

∗
d ..= nfkθ

f
,

∗
s ..= ρf(cfV +R)Ds

tθ
f − nspf

Js
Ds

tJs − nfDs
tpf − kεθ(θs − θf)−

( pf
nf

grad(nf) + gradpf

)
·
(
nf ṽf

)
.

(4.603)

Equation (4.602) resembles a convection-diffusion equation, which often require stabilization meth-

ods. A review of said methods is outlined in Donea and Huerta [2003]; herein, we turn our attention

to the streamline upwind Petrov-Galerkin (SUPG) scheme.

Briefly, Equation (4.602) is stabilized by adding a stabilization term to the residual, such

that ∫
B

(wθf [
∗
v · grad(θf)− ∗

s] + grad(wθf ) · grad(θf)
∗
d)dv −

∫
Γ

wθf
∗
dgrad(θf) · nda

︸ ︷︷ ︸
Standard Galerkin

+

∫
B

τ [
∗
v · grad(wθf )][

∗
v · grad(θf)− div(

∗
dgrad(θf))− ∗

s]dv

︸ ︷︷ ︸
SUPG stabilization

= 0 , (4.604)
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with

τ stab ..=
βstab

∗
dPeθf

|∗v|2
,

βstab = coth(Peθf )− 1/Peθf ≈


Peθf −3 ≤ Peθf ≤ 3

sign(Peθf ) |Peθf | ≥ 3

,

Peθf
..=

max{∗v1h1,
∗
v2h2,

∗
v3h3}

2
∗
d

,

(4.605)

where {∗v1,
∗
v2,

∗
v3} are the components of

∗
v, and {h1, h2, h3} are the components of element expan-

sion in 3-D.

Given the choice to interpolate θf using linear elements, the
∗
ddiv(grad(θf)) term vanishes

such that

K =
8∑

i=1

KINT
i +KEXT +Kstab ,

Kstab ..=
6∑

i=1

Kstab
i ,

Kstab
1 = −

∫
B0

J
∂wθf

∂XI
F−1
Ii τ

stab ∗
viDtθ

f dV ,

Kstab
2 =

∫
B0

J
∂wθf

∂XI
F−1
Ii τ

stab| ∗vi|2
∂θf

∂XK
F−1
Kk dV ,

Kstab
3 = −

∫
B0

J
∂wθf

∂XI
F−1
Ii τ

stab ∗
vi
nspf
J

DtJ dV ,

Kstab
4 = −

∫
B0

J
∂wθf

∂XI
F−1
Ii τ

stab ∗
vin

fDtpf dV ,

Kstab
5 = −

∫
B0

J
∂wθf

∂XI
F−1
Ii τ

stab ∗
vik

ε
θ(θ

s − θf) dV ,

Kstab
6 = −

∫
B0

J
∂wθf

∂XI
F−1
Ii τ

stab ∗
vi

( pf
nf

∂nf

∂XK
F−1
Kk +

∂pf
∂XK

F−1
Kk

)(
nf ṽi(f)

)
dV .

(4.606)

Note the appearance of the additional pore fluid temperature rate term in Equation (4.606)3. In
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the 1-D uniaxial strain assumption, Equations (4.606)3−8 become

Kstab
1 = −

∫
B0

∂wθf

∂X
τ stab1−D

∗
vDtθ

fAdX ,

Kstab
2 =

∫
B0

∂wθf

∂XI
τ stab1−D

∗
v
2 ∂θf

∂X
F−1
11 AdX ,

Kstab
3 = −

∫
B0

∂wθf

∂X
τ stab1−D

∗
v
nspf
J

DtJAdX ,

Kstab
4 = −

∫
B0

∂wθf

∂X
τ stab1−D

∗
vnfDtpfAdX ,

Kstab
5 = −

∫
B0

∂wθf

∂X
τ stab1−D

∗
vkεθ(θ

s − θf)AdX ,

Kstab
6 = −

∫
B0

∂wθf

∂X
τ stab1−D

∗
v
( pf
nf
∂nf

∂X
+
∂pf
∂X

)
(nf ṽf)F

−1
11 AdX ,

(4.607)

with

τ stab1−D =
Jh0β

stab
1−D

2
∗
v
2

βstab1−D = coth(Peθf ,1−D)− 1/Peθf ,1−D ≈


Peθf ,1−D −3 ≤ Peθf ,1−D ≤ 3

sign(Peθf ,1−D) |Peθf ,1−D| ≥ 3

Peθf ,1−D =
Jh0

∗
v

2nfkθf
.

(4.608)

If instead we assume the (u-uf -pf -θ
s-θf) formulation, such that σf

E ̸= 0 and af ̸= as, pore fluid

energy balance is written in the current configuration as

ρfcfV

(
Ds

tθ
f + grad(θf) · ṽf

)
− σf

E
.. df + pfn

f div vf + div qf − kεθ(θs − θf) = 0 , (4.609)

which we may also write as [Koch, 2016]

∗
v · grad(θf)︸ ︷︷ ︸
convective term

−
∗
ddiv grad(θf)︸ ︷︷ ︸
diffusive term

+
∗
s = 0 , (4.610)
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such that

∗
v ..= ρfcfV ṽf ,

∗
d ..= nfkθ

f
,

∗
s ..= ρfcfVD

s
tθ

f − σf
E
.. df + nfpf div vf − kεθ(θs − θf) .

(4.611)

Thus,

K =
∑

i=1,2,3,7,8

KINT
i +KEXT +Kstab ,

Kstab ..=
5∑

i=1

Kstab
i ,

Kstab
1 = −

∫
B0

J
∂wθf

∂XI
F−1
Ii τ

stab ∗
viDtθ

f dV ,

Kstab
2 =

∫
B0

J
∂wθf

∂XI
F−1
Ii τ

stab| ∗vi|2
∂θf

∂XK
F−1
Kk dV ,

Kstab
3 = −

∫
B0

J
∂wθf

∂XI
F−1
Ii τ

stab ∗
viσ

f
kj(E)dkj(f) dV ,

Kstab
4 =

∫
B0

J
∂wθf

∂XI
F−1
Ii τ

stab ∗
vin

fpf
∂vj
∂XJ

F−1
Jj dV ,

Kstab
5 = −

∫
B0

J
∂wθf

∂XI
F−1
Ii τ

stab ∗
vik

ε
θ(θ

s − θf) dV .

(4.612)

Note the appearance of the additional pore fluid temperature rate term in Equation (4.612)3. In
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the 1-D uniaxial strain assumption, Equations (4.612)3−7 become

Kstab
1 = −

∫
B0

∂wθf

∂X
τ stab1−D

∗
vDtθ

fAdX ,

Kstab
2 =

∫
B0

∂wθf

∂XI
τ stab1−D

∗
v
2 ∂θf

∂X
F−1
11 AdX ,

Kstab
3 = −

∫
B0

∂wθf

∂X
τ stab1−D

∗
vnf
[∂vf
∂X

F−1
11

]2
(κf + 2µf)AdX ,

Kstab
4 = −

∫
B0

∂wθf

∂X
τ stab1−D

∗
vnfpf

∂vf
∂X

F−1
11 AdX ,

Kstab
5 = −

∫
B0

∂wθf

∂X
τ stab1−D

∗
vkεθ(θ

s − θf)AdX ,

(4.613)

with

τ stab1−D =
Jh0β

stab
1−D

2
∗
v
2

βstab1−D = coth(Peθf ,1−D)− 1/Peθf ,1−D ≈


Peθf ,1−D −3 ≤ Peθf ,1−D ≤ 3

sign(Peθf ,1−D) |Peθf ,1−D| ≥ 3

Peθf ,1−D =
Jh0

∗
v

2nfkθf
.

(4.614)

In practice we found that the SUPG stabilization has little-to-no effect on the overall stability of

the pore fluid temperature’s numerical solution (e.g., spurious oscillations are still observed, the

mysterious “cooling effect,” discussed in Section 5.3.3.2, paragraph Assessing numerical challenges

at high strain-rate, is not remediated, etc.). Therefore, the finite element forms of the above

equations were ommitted from Section 4.3.1.5 and Section 4.3.1.6, but have been implemented in

SPONGE-1D nonetheless.



Chapter 5

Numerical Examples

This chapter provides an overview of the numerical results for applications of interest investi-

gated in this thesis, ranging from extensive verification to shock loading of lung parenchyma. The

numerical model, henceforth referred to as SPONGE-1D, has been implemented as a custom Python

code, and has been made available for public use via GitHub. Therein, the reader may find detailed

documentation for how to use this tool for themself.

The SPONGE-1D simulations herein were conducted using the Blanca condo computing re-

source at the University of Colorado Boulder’s. Blanca is jointly funded by computing users and

the University of Colorado Boulder. Simulations were conducted in serial (SPONGE-1D does not have

parrallel computing capability) using 2x Intel Xeon Gold 6230 processors with 192 GB of RAM.

5.1 Differences between LS-DYNA and SPONGE-1D models

Before presenting the numerical examples in this chapter, it would be prudent to highlight

some key differences between the different numerical models. LS-DYNA, originally known as DYNA3D,

was developed by John Hallquist at Lawrence Livermore National Laboratory in 1976. It is a

“general-purpose finite element code for analyzing the large deformation static and dynamic re-

sponse of structures including structures coupled to fluids” [Dev., 2019] written in FORTRAN, and

has been highly optimized for massive multiparallel dynamic computations. The physical govern-

ing equation that LS-DYNA seeks to solve is the solid balance of linear momentum equation in the

https://github.com/zthowin/SPONGE-1D


277

current configuration, i.e.,

ρa = divσ + ρb (5.1)

wherein the Cauchy stress σ is defined by a wide range of available constitutive models. In Sec-

tion 5.3.1, the LS-DYNA material model we employed was a neo-Hookean material model (MAT 45),

identical to the one we defined in Section 3.3.1 (refer to Equation (3.115)).

There also exists a poroelastodynamics framework in LS-DYNA, which is what we compare

to in Section 5.2. However, its applications are limited. For starters, Darcy’s velocity in LS-DYNA

does not account for inertial effects (refer to CONTROL PORE FLUID input card in the user’s manual

[Dev., 2020]), i.e.,

(
nf ṽf

)
..= −k̂

(∂pf
∂x
− ρfRb

)
. (5.2)

Note also that k̂ in Equation (5.2) is a constant hydraulic conductivity parameter, i.e., not a

function of deformation (e.g., no dependence upon porosity change under large deformation). Fur-

thermore, pore fluid pressure boundary conditions can only be specified at the top of the domain

(in the z direction), which is limiting for modeling soft porous materials wherein one might want

to apply pore fluid pressure boundary conditions at other surfaces on the domain. In our use of

LS-DYNA’s poroelastodynamics model, we also found that we could only achieve accurate results for

the verification problem in Section 5.2 by (1) using a linear isotropic elastic constitutive material

model for the solid skeleton response, and (2) initializing the solid skeleton extra (effective) stress

σs
E due to “geostatic” gravity. The result of (2) is that the solution for the solid skeleton extra

(effective) stress σs
E does not match the analytical solution, because the analytical solution ignores

body forces.

LS-DYNA also provides the user with the ability to write their own constitutive material model

within the preexisting elastodynamics framework. This is what was accomplished for analysis of

lung parenchyma tissue by Clayton and Freed [2019a] (for details on implementation, refer to

Clayton [2020], Clayton et al. [2021]). This is the model we generally refer to as the “single-phase”
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model (or “Clayton & Freed” in the figures), wherein pore air cannot move relative to the motion

of the solid skeleton lung tissue. However, the constitutive model presented by Clayton and Freed

[2019a] is based on the biological tissue constitutive theory, in contrast to our simpler neo-Hookean

model. A viscoelastic response is also considered in the single-phase model, though more research

is needed to determine whether or not lung tissue can be treated as a viscoelastic versus poroelastic

material (or both) for high strain-rate loadings. A damage variable is also introduced in Clayton

and Freed [2019a] to address local injury; when making comparisons to the single-phase model, we

disable damage mechanics by adjusting the associated parameters appropriately. Enabling damage

as part of the multiphase solid skeleton constitutive model is part of future work.

LS-DYNA provides the user with the ability to choose between several time integration schemes

to find the solution of Equation (5.1); either an implicit Newmark-beta scheme (refer to Sec-

tion 4.3.2) or a central-difference scheme (refer to Section 4.3.3). By default, LS-DYNA employs

the central-difference time integration scheme with lumped mass matrices (row-sum lumping tech-

nique), where the time-step is limited by a local CFL condition (refer to Equation (4.537)). In

our results of the LS-DYNA simulations, we use the default time integration scheme; for custom

material models, it is not possible to choose from other time integration schemes. Lastly, for the

linearly-interpolated hexahedral elements employed in the following LS-DYNA simulations, single-

point quadrature rules are applied by default, i.e., properties such as stress are evaluated at the

Gauss point (the centroid of the element), and shock viscosity (refer to the CONTROL BULK VISCOSITY

input card in Dev. [2020]) is by default enabled to regularize shock front propagation, and in turn

stabilize the numerical solution. Hourglass stabilization (refer to the CONTROL HOURGLASS input

card in Dev. [2020]) is also added by default, but is inconsequential for the 1-D uniaxial strain

simulations presented herein.

5.2 Verification

In the following sections we provide examples to verify the FE formulation of the various

governing equations against either analytical solutions (if they exist), other published results, and
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using the method of manufactured solutions. Validation of the model is beyond the scope of this

thesis. For a limited discussion of the procedure of verification and validation (V&V), refer to

Oberkampf et al. [2004], Babuska and Oden [2004], Schwer [2007], Sun [2019].

5.2.1 Method of manufactured solutions

The method of manufactured solutions (MMS) is a powerful tool to verify that implemen-

tation of the FE form of the governing equations of interest is correct. A detailed overview of

the method is provided by Salari and Knupp [2000]. Briefly, MMS provides a way to verify that

the numerical solver in question is solving the governing equations without any order of accuracy

mistakes (OAM), e.g., the numerical error between an exact solution and the numerical solution

should approach zero as the level of spatial or temporal discretization is increased (he0 → 0, ∆t→ 0,

respectively).

The method by which this accomplished is explained as follows. Suppose one wishes to solve

Poisson’s equation for some variable ϕ(x, y), i.e.,

∇2ϕ = 0 . (5.3)

First, one proposes an arbitrary solution for ϕ(x, y). This solution need not satisfy Equation (5.3),

nor need it be physically realistic in most cases.1 E.g., suppose we choose

ϕ(x, y) = x4y + 6xy3 . (5.4)

Then, this solution is substituted into Equation (5.3), such that

∇2ϕ(x, y) = 12x2y + 36xy = f(x, y) . (5.5)

The term f(x, y) is known as the forcing function. It is named as such because when one substitutes

1 As will be explained in the proceeding sections, some restrictions on the form of the pore fluid pressure solution
pf(X, t) at finite strain are necessary to maintain stability of the coupled poroelastodynamic solutions. Furthermore,
for resolving spatial or temporal accuracy, one must be careful in choosing solutions that use spatial and temporal
terms with sufficient higher order terms for said resolution (e.g., choosing a solution that is linear in time t will not
resolve acceleration terms).
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it on the r.h.s. of Equation (5.3), i.e.,

∇2ϕ(x, y) = f(x, y) , (5.6)

the solution of Equation (5.6) is “forced” to be Equation (5.4). Thus, inclusion of a forcing function

gives rise to an additional term in the governing equation, which for the FE implementation herein,

amounts to another term in the residual of the variational form of the governing equation. When

included, one therefore obtains a numerical approximation of the known analytical solution, and

a measurement of the error between the two may be made. In practice, one usually performs

convergence studies to determine whether or not the source of the error is a numerical phenomenom

(e.g., round-off error) or due to incorrect implementation of the governing equations (the variational

form) in the numerical model. In subsequent subsections, we present results for temporal and

spatial convergence studies of SPONGE-1D for the (u), (u-pf), and (u-uf -pf) formulations, with

inertia terms.

5.2.1.1 (u) formulation

Recall the strong form of elastodynamics given by Equation (4.3), such that for MMS

(S) =



Choose u(X, t) ∈ Su, with t ∈ [0, T ], such that:

DIVP + ρ0g − ρ0a = fmms,u ∈ B0 ,

gu(X, t) = u(X, t) on Γu
0 ,

tσ(X, t) = P (X, t) ·N(X) on Γt
0 ,

u0(X) = u(X, t = 0) ∈ B0 ,

v0(X) = v(X, t = 0) ∈ B0 ,

a0(X) = a(X, t = 0) ∈ B0 .

(5.7)

Note that in Equation (5.7), boundary and initial conditions have flipped equalities from their

counterparts in Equation (4.3) such that they are prescribed not according to user inputs, but

according to the chosen analytical solution.
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For single-phase elastodynamics, we restrict the constitutive model for the solid skeleton to

the neo-Hookean model (refer to Equation (3.106)) so that we may evaluate an analytical solution

for DIVP :

DIVP =
∂PiI

∂XI
=

∂

∂XI
[µFiI + (λ ln(J)− µ)F−1

Ii ]

= µ
∂FiI

∂XI
+
λ

J
F−1
Ii

∂(det(FiI))

∂XI
+ (λ ln(J)− µ)∂F

−1
Ii

∂XI

= µ
∂2ui
∂X2

I

+ λF−2
Ii

∂2ui
∂X2

I

− (λ ln(J)− µ)F−2
Ii

∂2ui
∂X2

I

(5.8)

where we have used the identity

∂det(A(t))

∂t
= det(A(t))tr

(
A(t)−1∂A(t)

∂t

)
(5.9)

to evaluate the ∂J/∂XI term. In the 1-D uniaxial strain implementation, Equation (5.8) reduces

to

∂P11

∂X
=

∂2u

∂X2

(
µ+

[
λ−

(
λ ln

(
1 +

∂u

∂X

)
− µ

)][
1 +

∂u

∂X

]−2)
. (5.10)

SPONGE-1D has been implemented with the following analytical solutions for u(X, t) using λ = µ =

1 Pa, ρ0 = 2 kg/m3:

u(X, t) = X2t2 ,

u(X, t) = X2t3 ,

u(X, t) = −X2t3 ,

u(X, t) = X3t2 ,

u(X, t) = X3t3 ,

u(X, t) = −X3t3 ,

u(X, t) = X4t3 ,

u(X, t) = −X4t3 ,

(5.11)
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with corresponding forcing functions (which were solved for with aid of Mathematica)

fmms,u = 2g + 4X2 − 2t2
(
1 +

2− ln(1 + 2Xt2)

(1 + 2Xt2)2

)
,

fmms,u = 2g + 12X2t− 2t3
(
1 +

2− ln(1 + 2Xt3)

(1 + 2Xt3)2

)
,

fmms,u = 2g − 12X2t+ 2t3
(
1 +

2− ln(1− 2Xt3)

(1− 2Xt3)2

)
,

fmms,u = 2g + 4X3 − 6Xt2
(
1 +

2− ln(1 + 3X2t2)

(1 + 3X2t2)2

)
,

fmms,u = 2g + 12X3t− 6Xt3
(
1 +

2− ln(1 + 3X2t3)

(1 + 3X2t3)2

)
,

fmms,u = 2g − 12X3t+ 6Xt3
(
1 +

2− ln(1− 3X2t3)

(1− 3X2t3)2

)
,

fmms,u = 2g + 12X4t− 12X2t3
(
1 +

2− ln(1 + 4X3t2)

(1 + 4X3t2)2

)
,

fmms,u = 2g − 12X4t+ 12X2t3
(
1 +

2 + ln(1− 4X3t2)

(1− 4X3t2)2

)
.

(5.12)

The following convergence studies—here, and in the subsequent sections—were conducted using

the Newmark-beta implicit integration scheme with constant acceleration Newmark parameters

β = 1/4, γ = 1/2. The studies were run on a 1x1x1 meter unit cube (effectively a 1 m column for

the 1-D uniaxial strain assumption). Simulations were run out to t = 0.01 seconds and data was

saved at 0.001 second intervals. For the elastodynamics MMS, gravitational forces were disabled.

We see a good temporal convergence (variation of time step with fixed element length) profile

for the two element types investigated in Figure 5.1. The trend is roughly quadratic, which is to

be expected for a second-order-in-time numerical integration method [Hughes, 2000] and appears

to level off, likely due to truncation error, at ∆t = 10−6 s. For this reason, the spatial convergence

(variation of element length) studies used fixed time step ∆t = 10−6 s. Spatial convergence is

excellent for both quadratic and Hermite cubic element types, as demonstrated in Figure 5.2.
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Figure 5.1: Temporal convergence of the elastodynamics MMS, using (a) quadratic elements with
u(X, t) ..= X2t3, and (b) Hermite cubic elements with u(X, t) ..= X3t3, plotted at t = 0.01 s. A
single element was used to minimize spatial discretization error.
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Figure 5.2: Spatial convergence of the elastodynamics MMS, using (a) quadratic elements with
u(X, t) ..= X3t3, and (b) Hermite cubic elements with u(X, t) ..= X4t3, plotted at t = 0.01 s. The
time step ∆t = 10−6 s was fixed to minimize temporal discretization error.
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5.2.1.2 (u-pf) formulation

Recall the strong form of poroelastodynamics (u-pf) formulation given by Equation (4.44),

such that for MMS

(S) =



Choose u(X, t) ∈ Su and pf(X, t) ∈ Spf ,

with t ∈ [0, T ], such that:

DIVP + ρ0g − ρ0a = fmms,u ∈ B0 ,

gu(X, t) = u(X, t) on Γu
0 ,

tσ(X, t) = P (X, t) ·N(X) on Γt
0 ,

u0(X) = u(X, t = 0) ∈ B0 ,

v0(X) = v(X, t = 0) ∈ B0 ,

a0(X) = a(X, t = 0) ∈ B0 ,

Jnf

Kη
f

Dtpf +DtJ +
J

Kη
f

GRAD(pf) · F−1 · (nf ṽf)

+J GRAD(nf ṽf) .. F
−T = fmms,pf ∈ B0 ,

gp(X, t) = pf(X, t) on Γp
0 ,

Qf(X, t) = −[JF−1 · (nf ṽf)] ·N on ΓQf
0 ,

pf,0(X) = pf(X, t = 0) ∈ B0 ,

ṗf,0(X) = ṗf(X, t = 0) ∈ B0 .

(5.13)

Given that

P ..= P s
E − JpfF−T (5.14)

the divergence of the mixture stress in the 1-D uniaxial regime has the analytical solution

∂P11

∂X
=

∂2u

∂X2

(
µ+

[
λ−

(
λ ln

(
1 +

∂u

∂X

)
− µ

)][
1 +

∂u

∂X

]−2)
− ∂pf(X, t)

∂X
. (5.15)
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For both (u-pf) and (u-uf -pf) formulations, we have found that the pore fluid pressure solution

must be restricted to the form

pf(X, t) = (aH −X)tn , (5.16)

where a and n are integers ≥ 1. For a < 1, suction physics are introduced, and the numerical

solution is unstable. Furthermore, we discovered that the exponential constitutive model for the

real mass density of the pore fluid (refer to Equation (3.136)1) introduces so much non-linearity

within MMS that the solution cannot converge.2 Therefore, we impose an additional constitutive

model restriction, i.e., that the linear model for pore fluid real mass density be imposed (refer to

Equation (3.140)1). This changes the governing equation for balance of mass of the mixure for

MMS to

J2nf

Kη
f

Dtpf +DtJ +
J2

Kη
f

GRAD(pf) · F−1 · (nf ṽf)

+J GRAD(nf ṽf)
.. F−T = fmms,pf ∈ B0 , (5.17)

and the divergence of the solid skeleton extra stress has the analytical solution

∂P11

∂X
=

∂2u

∂X2

(
µ(F−2

11 + 1) +
λ
(
1− ns0

)2(
J − ns0

)2 )− ∂pf(X, t)

∂X
. (5.18)

For applications of an incompressible solid constituent at large strain, it is preferable to switch

the standard neo-Hookean constitutive model (Equation (3.107)) to the Ehlers and Eipper [1999]

neo-Hookean constitutive model (Equation (3.109)). Likewise, it is preferable to use the hyperbolic

form for hydraulic conductivity (Equation (3.68)) rather than the Kozeny-Carman model (Equa-

tion (3.63)). Further discussion of these constitutive models is presented in Section 5.3.3.1, para-

graph Necessary constitutive adjustments for higher strain. Parameter restrictions for SPONGE-1D

are given in Table 5.1. SPONGE-1D has been implemented with the following coupled analytical

2 With the exponential model, it can be shown that resulting forcing function for the balance of mass of the
mixture, fmms,pf , contains spatial terms of O(12) or higher, and temporal terms of O(18) or higher. The former
cannot be accurately captured by any Gauss quadrature rule, and the latter is unfit for the Newmark-beta temporal
discretization schemes.
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Table 5.1: Material parameters for the (u-pf) and (u-uf -pf) MMS convergence studies.

Parameter Value

λ (Pa) 1

µ (Pa) 1

ns0 0.5

ρsR0 (m3/kg) 2

µf (Pa-s) 1

ρfR0 (m3/kg) 1

solutions for u(X, t), pf(X, t) for the (u-pf) formulation:

u(X, t) = X2t3 ; pf(X, t) = (H −X)t2 ,

u(X, t) = X3t3 ; pf(X, t) = (H −X)t2 ,

u(X, t) = X4t3 ; pf(X, t) = (H −X)t2 ,

(5.19)

with corresponding forcing functions for balance of linear momentum of the mixture

fmms,u = −t2 − 2t3
(
1 +

1/16

(1/4 +Xt3)2
+

1/4

(1/2 +Xt3)2

)
+

12X2t(Kη
f /2 + t2(H −X)(1/4 +Xt3)

Kη
f

+ g
( t2(H −X)(1/2 + 2Xt3)

Kη
f

− 1
)
,

fmms,u = −t2 + 6X3t+
18X5t6(H −X)

Kη
f

− g
( t2(1/2 + 3X2t3)(H −X)

Kη
f

− 1
)

+Xt3
(3X2H − 3X3

Kη
f

− 6− 1/6

(1/6 +X2t3)2
− 2/3

(1/3 +X2t3)2

)
,

fmms,u = −t2 + 6X4t+
24X7t6(H −X)

Kη
f

− g
( t2(1/2 + 4X3t3)(H −X)

Kη
f

− 1
)

+X2t3
(3X2H − 3X3

Kη
f

− 12− 3/16

(1/8 +X3t3)2
− 3/4

(1/4 +X3t3)2

)
,

(5.20)
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and corresponding forcing functions for balance of mass of the mixture

fmms,pf = t

(
6Xt+

8(H −X)(1/4 +Xt3)(1/2 +Xt3)

Kη
f

− 2t4(2κ)κκ(1/2 + 2Xt3)κ−1
(6(H −X)(X2t+ g/6)

Kη
f

− 1

1 + 2Xt3

)

+
t3κ(1 + 2Xt3)(1 + 4Xt3)κ

(
6(H−X)(X2t+g/6)

Kη
f

− 1
1+2Xt3

)
Kη

f

− tκ(1 + 4Xt3)κ
(
X2t

[12XH − 18X2

Kη
f

+
1t2

2(1/2 +Xt3)2

]
− g/Kη

f

)
,

fmms,pf = t

(
9X2t+

18(H −X)(1/6 +X2t3)(1/3 +X2t3)

Kη
f

− 6Xt4(2κ)κκ(1/2 + 3X2t3)κ−1
(6(H −X)(X3t+ g/6)

Kη
f

− 1

1 + 3X2t3

)

+
t3κ(1 + 3X2t3)(1 + 6X2t3)κ

(
6(H−X)(X3t+g/6)

Kη
f

− 1
1+3X2t3

)
Kη

f

− tκ(1 + 6X2t3)κ
(
Xt
[28XH − 24X2

Kη
f

+
2t2

3(1/3 +X2t3)2

]
− g/Kη

f

)
,

fmms,pf = t

(
12X3t+

32(H −X)(1/8 +X3t3)(1/4 +X3t3)

Kη
f

− 12X2t4(2κ)κκ(1/2 + 4X3t3)κ−1
(6(H −X)(X4t+ g/6)

Kη
f

− 1

1 + 4X3t3

)

+
t3κ(1 + 4X3t3)(1 + 8X3t3)κ

(
6(H−X)(X4t+g/6)

Kη
f

− 1
1+4X3t3

)
Kη

f

− tκ(1 + 8X3t3)κ
(
X2t

[24XH − 30X2

Kη
f

+
3t2

4(1/4 +X3t3)2

]
− g/Kη

f

)
.

(5.21)

In the following convergence studies, we set g = 10 m/s2 (in the downward direction), Kη
f = 1 Pa,

and κ = 1 m2.

We see a reasonable temporal convergence (variation of time step with fixed element length)

profile for the two element types investigated in Figure 5.3. The trend continues to be roughly

quadratic and appears to level off at ∆t = 10−4 s. Despite this, we have found that for finer

meshes, fixed ∆t = 10−6 s provides the most stability, and therefore this is the time-step that is

used for the spatial convergence studies.
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Figure 5.3: Temporal convergence of the poroelastodynamics (u-pf) formulation MMS, using (a)
quadratic-linear displacement-pressure elements with u(X, t) ..= X2t3, pf(X, t) ..= (H−X)t2, and (b)
Hermite cubic-linear displacement-pressure elements with u(X, t) ..= X3t3, pf(X, t) ..= (H − X)t2,
plotted at t = 0.01 s. A single mixed-element was used to minimize spatial discretization error.
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||ṗf − ref.||L2

Spatial convergence of Q2-P1 elements

(a)

10−310−210−1100

he0 (m)

10−16

10−15

10−14

10−13

10−12

10−11

10−10

10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

E
rr

or
n

or
m

||u− ref.||L2

||v − ref.||L2

||a− ref.||L2

||pf − ref.||L2
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Figure 5.4: Spatial convergence of the poroelastodynamics (u-pf) formulation MMS, using (a)
quadratic-linear displacement-pressure elements with u(X, t) ..= X3t3, pf(X, t) ..= (H−X)t2, and (b)
Hermite cubic-linear displacement-pressure elements with u(X, t) ..= X4t3, pf(X, t) ..= (H − X)t2,
plotted at t = 0.01 s. Time step is held fixed at ∆t = 10−6 s to minimize temporal discretization
error.

The spatial convergence profiles for poroelastodynamics (u-pf) formulation are shown in
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Figure 5.4. Both display good trends, with reduction in error between subsequent mesh refinements

for all variables averaging a factor of 7.5, which is on par with Obaid et al. [2017].

5.2.1.3 (u-uf-pf) formulation

Recall the strong form of poroelastodynamics (u-uf -pf) formulation for nearly-inviscid pore

fluid given by Equation (4.69), such that for MMS

(S) =



Choose u(X, t) ∈ Su, uf(X, t) ∈ Suf ,

and pf(X, t) ∈ Spf , with t ∈ [0, T ], such that:

DIVP + ρ0g − (ρs0a+ ρf0af) = 0 ∈ B0 ,

gu(X, t) = u(X, t) on Γu
0 ,

tσ(X, t) = P (X, t) ·N(X) on Γt
0 ,

u0(X) = u(X, t = 0) ∈ B0 ,

v0(X) = v(X, t = 0) ∈ B0 ,

a0(X) = a(X, t = 0) ∈ B0 ,

ρf0af + Jnf GRAD(pf) · F−1 + J

(
nf
)2
k̂

(vf − v)− ρf0g = 0 ∈ B0 ,

guf
(X, t) = uf(X, t) on Γuf

0 ,

uf,0(X) = uf(X, t = 0) ∈ B0 ,

vf,0(X) = vf(X, t = 0) ∈ B0 ,

af,0(X) = af(X, t = 0) ∈ B0 ,
J2nf

Kη
f

Dtpf +DtJ +
J2

Kη
f

GRAD(pf) · F−1 · (nf ṽf)

+J GRAD(nf ṽf) .. F
−T = 0 ∈ B0 ,

gp(X, t) = pf(X, t) on Γp
0 ,

Qf(X, t) = −[JF−1 · (nf ṽf)] ·N on ΓQf

0 ,

pf,0(X) = pf(X, t = 0) ∈ B0 ,

ṗf,0(X) = ṗf(X, t = 0) ∈ B0 .

(5.22)
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We enforce the same restrictions as those in Section 5.2.1.2. SPONGE-1D has been implemented with

the following coupled analytical solutions for u(X, t), uf(X, t), pf(X, t) for the (u-uf -pf) formulation:

u(X, t) = X2t3 ; uf(X, t) =
1

2
X2t3 ; pf(X, t) = (H −X)t2 ,

u(X, t) = X3t3 ; uf(X, t) =
1

2
X3t3 ; pf(X, t) = (H −X)t2 ,

u(X, t) = X4t3 ; uf(X, t) =
1

2
X4t3 ; pf(X, t) = (H −X)t2 ,

(5.23)

with corresponding forcing functions for balance of linear momentum of the mixture

fmms,u = −t2 + 6X2t+
6X2t3(H −X)(1/4 +Xt3)

Kη
f

− 2t3
(
1 +

1/16

(1/4 +Xt3)2
+

1/4

(1/2 +Xt3)2

)
+ g
( t2(H −X)(1/2 + 2Xt3)

Kη
f

− 1
)
,

fmms,u = −t2 + 6X3t+
9X3t3(H −X)(1/6 +X2t3

Kη
f

− g
( t2(1/2 + 3X2t3)(H −X)

Kη
f

− 1
)

+ 6Xt3
(
1 +

1

36(1/6 +X2t3)2
+

1

9(1/3 +X2t3)2

)
,

fmms,u = −t2 + 6X4t+
12X4t3(H −X)(1/8 +X3t3

Kη
f

− g
( t2(1/2 + 4X3t3)(H −X)

Kη
f

− 1
)

+ 12X2t3
(
1 +

1

64(1/8 +X3t3)2
+

1

16(1/4 +X3t3)2

)
,

(5.24)

corresponding forcing functions for balance of linear momentum of the pore fluid

fmms,uf
= t2

(
1− 1

2 + 4Xt3

)( (2g + 6X2t)(H −X)(1/2 +Xt3)2

Kη
f

− 3X2(1/4 +Xt3)(1 + 4Xt3)κ−1

κ
− 1

)
,

fmms,uf
= t2

(
1− 1

2 + 6X2t3

)( (3g + 9X3t)(H −X)(1/3 +X2t3)2

Kη
f

− X3(3/4 + 4.5X2t3)(1 + 6X2t3)κ−1

κ
− 1

)
,

fmms,uf
= t2

(
1− 1

2 + 8X2t3

)( (4g + 12X4t)(H −X)(1/4 +X3t3)2

Kη
f

− X4(3/4 + 6X3t3)(1 + 8X3t3)κ−1

κ
− 1

)
,

(5.25)
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and corresponding forcing functions for balance of the mass of the mixture

fmms,pf
= t

(
6Xt+

8(H −X)(1/4 +Xt3)(1/2 +Xt3)

Kη
f

− 2t4(2κ)κκ(1/2 + 2Xt3)κ−1
(3(H −X)(X2t+ g/3)

Kη
f

− 1

1 + 2Xt3

)

+
t3κ(1 + 2Xt3)(1 + 4Xt3)κ

(
3(H−X)(X2t+g/3)

Kη
f

− 1
1+2Xt3

)
Kη

f

− tκ(1 + 4Xt3)κ
(6HXt− 9X2t

Kη
f

+
t3

2(1/2 +Xt3)2
− g/Kη

f

))
,

fmms,pf
= t

(
9X2t+

18(H −X)(1/6 +X2t3)(1/3 +X2t3)

Kη
f

− 6Xt4(2κ)κκ(1/2 + 3X2t3)κ−1
(3(H −X)(X3t+ g/3)

Kη
f

− 1

1 + 3X2t3

)

+
t3κ(1 + 3X2t3)(1 + 6X2t3)κ

(
3(H−X)(X3t+g/3)

Kη
f

− 1
1+3X2t3

)
Kη

f

− tκ(1 + 6X2t3)κ
(
Xt
[9HX − 12X2

Kη
f

+
2t2

3(1/3 +X2t3)2

]
− g/Kη

f

))
,

fmms,pf
= t

(
12X3t+

32(H −X)(1/8 +X3t3)(1/4 +X3t3)

Kη
f

− 12X2t4(2κ)κκ(1/2 + 4X3t3)κ−1
(3(H −X)(X4t+ g/3)

Kη
f

− 1

1 + 4X3t3

)

+
t3κ(1 + 4X3t3)(1 + 8X3t3)κ

(
3(H−X)(X4t+g/3)

Kη
f

− 1
1+4X3t3

)
Kη

f

− tκ(1 + 8X3t3)κ
(
X2t

[12HX − 15X2

Kη
f

+
3t2

4(1/4 +X3t3)2

]
− g/Kη

f

))
.

(5.26)

In the following convergence studies, we set g = 10 m/s2 (in the downward direction), Kη
f = 1 Pa, and

κ = 1 m2. The temporal convergence study (Figure 5.5) for the poroelastodynamics (u-uf -pf) formulation

follows that of the poroelastodynamics (u-pf) formulation. Spatial convergence (Figure 5.6) also behaves as

expected and is comparable to the (u-pf) spatial convergence study.
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Figure 5.5: Temporal convergence of the poroelastodynamics (u-pf) formulation MMS, us-
ing (a) quadratic-quadratic-linear solid displacement-fluid displacement-pressure elements with
u(X, t) ..= X2t3, uf(X, t) ..= 1

2X
2t3, pf(X, t) ..= (H − X)t2, and (b) Hermite cubic-Hermite cubic-

linear solid displacement-fluid displacement-pressure elements with u(X, t) ..= X3t3, uf(X, t) ..=
1
2X

3t3, pf(X, t) ..= (H −X)t2, plotted at t = 0.01 s. A single element was used to minimize spatial
discretization error.
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Figure 5.6: Spatial convergence of the poroelastodynamics (u-pf) formulation MMS, us-
ing (a) quadratic-quadratic-linear solid displacement-fluid displacement-pressure elements with
u(X, t) ..= X3t3, uf(X, t) ..= 1

2X
3t3, pf(X, t) ..= (H − X)t2, and (b) Hermite cubic-Hermite cubic-

linear solid displacement-fluid displacement-pressure elements with u(X, t) ..= X4t3, uf(X, t) ..=
1
2X

4t3, pf(X, t) ..= (H − X)t2, plotted at t = 0.01 s. The time step ∆t = 10−6 s was fixed to
minimize temporal discretization error.
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5.2.2 Elastodynamics

For this verification example, we employ the eigenfunction expansion technique used by Erin-

gen and Suhubi [1975] (which is a modification of the technique proposed by Reismann [1967]) to

solve the following differential equation:

c21∇2u− c22∇×∇× u+ f =
∂2u

∂t2
∀x ∈ Ω× (0, T ) , (5.27)

subjected to the boundary conditions

u(x, t) = gu(x, t) ∀x ∈ Γu,

σ(x, t) · n(x) = tσ(x, t) ∀x ∈ Γt ,

(5.28)

and initial conditions

u(x, 0) = u0(x),

v(x, 0) = v0(x) ,

(5.29)

where c1 and c2 are the irrotational and equivoluminal wave velocities, respectively. The solution

u(x, t) may also be expressed as a summation of an eigenfunction Ψ(x) subjected to homogeneous

boundary conditions and a quasistatic displacement field Φ(x, t), i.e.,

u(x, t) = Φ(x, t) +
∑
n

ϕn(t)Ψn(x) , (5.30)

wherein the strong formulation for the eigenfunction is given by

c21∇2Ψ− c22∇×∇×Ψ+ ω2Ψ = 0 x ∈ Ω× (0, T ) ,

Ψ(x, t) = 0 ∀x ∈ Γu ,

σ(x, t) · n(x) = 0 ∀x ∈ Γt ,

(5.31)

where ω is the natural frequency (i.e., the eigenvalue). The strong formulation for the quasi-static

displacement field is given by

c21∇2Φ− c22∇×∇×Φ+ f(x, t) = 0 x ∈ Ω× (0, T ) ,

Φ(x, t) = gu(x, t) ∀x ∈ Γu ,

σ(x, t) · n(x) = tσ(x, t) ∀x ∈ Γt .

(5.32)
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Substitution of Equation (5.30) into Equation (5.27) and making use of Equation (5.31) gives us

∑
n

(
ϕ̈n + w2

nϕn

)
Ψn(x) = −Ψ̈(x, t) . (5.33)

Multiplying Equation (5.33) by Φm(x), integrating over Ω and invoking the orthogonality condition

on Φ gives us

ϕ̈m + ω2
mϕm = Φ̈m(t) , (5.34)

where

Φm(t) = −
∫
Ω

ϕ(x, t) ·Ψ(x)dΩ . (5.35)

To solve Equation (5.34), we require initial conditions, which we can pull from Equation (5.29) and

substitute into Equation (5.30) to find

ϕm(0) =

∫
Ω

u0(x) ·Φm(x)dΩ+ Φm(0) ,

ϕ̇m(0) =

∫
Ω

v0(x) ·Φm(x)dΩ+ Φ̇m(0) .

(5.36)

Then the solution to Equation (5.34) is

ϕm(t) = [ϕm(0)− Φm(0)] cos(ωmt) +
1

ωm

[
ϕ̇m(0)− Φ̇m(0)

]
sin(ωmt)

+ Φm(t)− ωm

t∫
0

Φm(τ) sin(ωm(t− τ))dτ . (5.37)

Then, Equation (5.30) may be rewritten as

u(x, t) =
∑
m

αm cos(ωmt) +
1

ωm
βm sin(ωmt)− ωm

t∫
0

Φm(τ) sin(ωm(t− τ)dτ)

Ψm(x) ,

(5.38)

wherein

ϕ(x, t) +
∑
m

Φm(t)Ψm(x)→ 0 , (5.39)
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and

αm =

∫
Ω

u0(x) ·Φ(x)dΩ, βm =

∫
Ω

v0(x) ·Φ(x)dΩ . (5.40)

For this particular verification problem, we presuppose that our domain is 1-D, that it is fixed at

its lower end & its sides, and that we apply a sinusoidal traction to the top surface, i.e.,

u(X, t) = 0 ∀X ∈ Γu,

tσ(t) =
tσ0
2
[1− cos(ωt)] ∀X ∈ Γt ,

(5.41)

with initial conditions

u(X, 0) = 0,

v(X, 0) = 0 .

(5.42)

Then Equation (5.38) reduces to

u(X, t) = −
∑
m

ωmΨm(X)

t∫
0

Φm(τ) sin(ωm(t− τ)dτ) . (5.43)

It can be shown that

Φm(τ) =
2(2H)1/2tσ(X, t)(−1)m
πρ0c1ωm(2m− 1)

, (5.44)

where H is the initial height of the column, which allows us to rewrite Equation (5.43) as

u(X, t) =
4

πρ0c1

∞∑
m=1

(−1)m
2m− 1

 t∫
0

tσ(τ) sin

(
(2m− 1)πc1(t− τ)

2H

)
dτ

 sin

(
(2m− 1)πX

2H

)
, (5.45)

wherein

c1 =

√√√√E
(

1−ν
(1+ν)(1−2ν)

)
ρ0

=

√
M

ρ0
, (5.46)

and where E, ν and M are Young’s modulus, the poisson ratio and the P-wave modulus for the

material, respectively.

Geometrical and loading parameters are given in Table 5.3, with associated schematics in

Figure 5.7; material parameters are given in Table 5.2. We see excellent agreement between the

numerical and analytical solution, as shown in Figure 5.8.
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(a) (b)

Figure 5.7: (a) Traction application and (b) schematic of column mesh for the elastodynamics
verification example.

Table 5.2: Material parameters for elastodynamics verification example.

E (MPa) ν ρ0 (kg/m3)

50 0.3 1986

Table 5.3: Geometrical and loading parameters for elastodynamics verification example.

H (m) A (m2) tσ0 (kPa) ω (rad/s)

20 1 40 50
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Figure 5.8: Results for the displacements for the elastodynamics verification. Here,
Q1 elements were used in SPONGE-1D with mesh size he0 = 1 m.
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5.2.3 Poroelasticity

Recall from Section 4.1.3 the formulation for poroelasticity, i.e., the (u-pf) formulation without

inertia terms. Here, we present results previously published in Li et al. [2004] that demonstrate

the differences between small-strain theory and finite-strain theory (large deformation). Similar to

the elastodynamics example in Section 5.2.2, a porous column is subjected to an external traction

load while its base and sides remain fixed. The analytical solution in small-deformation theory is

given by

∆H =
tσ0H

λ+ 2µ
, (5.47)

where H is the initial height of the column and λ and µ are the first and second Lamé parameters

of the solid skeleton, respectively. The upper boundary of the fully saturated column is perfectly

drained with reference pressure pf(X = H, t) = 0 atm and subjected to a uniform step load with

finite rise time.
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Figure 5.9: (a) Traction application and (b) schematic of column mesh for the poroelasticity veri-
fication example.

Geometrical and loading parameters are given in Table 5.5, with associated schematics in

Figure 5.9; material parameters are given in Table 5.4. The displacement histories of the top of

the column are plotted in Figure 5.10. Owing to the fact that the displacement for our large
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Table 5.4: Material parameters for the poroelasticity verification example.

λ (MPa) µ (MPa) ρs0 (kg/m3) ρf0 (kg/m3) nf ns

29 7 2700 1000 0.42 0.58

Table 5.5: Geometrical and loading parameters for the poroelasticity verification example.

H (m) A (m2) he0 (m) tσ0 (MPa) t0 t1

10 1 1 0.04; 2; 4; 8 0.3 1.0
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Figure 5.10: Porous layer with uniform step load: vertical displacement-time history at topmost
node for load tσ0 = 40kPa.

deformation model is so small, the results line up well with the analytical solution for small-strain

theory. However, when load is increased to the order of megapascals, the small-strain theory always

predicts deformations well-exceeding that of finite-strain (large deformation).
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Figure 5.11: Porous layer with uniform step load: vertical displacement-time histories at topmost
node for loads tσ0 = 2, 4 and 8 MPa.
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5.2.4 Poroelastodynamics

Recall from Sections 4.1.3 and 4.1.4 the formulation for poroelastodynamics, i.e., the (u-pf)

and (u-uf -pf) formulations with inertia terms. Here, we present results comparing the numerical

solution to an analytical solution developed by de Boer et al. [1993]. Similar to the previous

examples, a porous column is subjected to an external traction load while its base and sides remain

fixed. The top of the porous column is perfectly drained with reference pressure pf(X = H, t) = 0

atm and subjected to a harmonic loading. The analytical solution for this problem is given as

follows:

u(X, t) = − 1√
a (λ+ 2µ)

t∫
0

(
tσ(t− τ) exp

[
− b

2a
τ

]
I0

(b√τ2 − aX2

2a

)
H(τ −√aX)

)
dτ ,

uf(X, t) =
ns

nf
√
a (λ+ 2µ)

t∫
0

(
tσ(t− τ) exp

[
− b

2a
τ

]
I0

(b√τ2 − aX2

2a

)
H(τ −√aX)

)
dτ ,

pf(X, t) =
1

(nf)
2
(λ+ 2µ)

[
nfρfR

∂2L(X, t)

∂t2
+ Sv

∂L(X, t)

∂t

]
,

σs
11(E)(X, t) =

b

2
√
a

t∫
0

(
tσ(t− τ) exp

[
− b

2a
τ

]
I1

(b√τ2 − aX2

2a

) X√
τ2 − aX2

H(τ −√aX)

)
dτ

+ f(τ −√aX) exp

[
− b

2
√
a

]
X ,

(5.48)

wherein

L(X, t) ..=

t∫
0

Q(t− τ)G(X, τ)dτ ,

Q(t) ..=
1√
a

t∫
0

tσ(t− τ) exp
[
− b

2a
τ

]
I0

(
b

2a
τ

)
dτ ,

G(X, t) ..=
1√
a
exp

[
− b

2a
t

]
I0

(
b
√
t2 − aX2

2a

)
H(t−√aX)− 1√

a
exp

[
− b

2a
t

]
I0

(
b

2a
t

)
,

Sv ..=

(
nf
)2
ρfRg

k̂
,

a ..=
(ns)2 ρf +

(
nf
)2
ρs

(λ+ 2µ) (ns)2
,

b ..=
Sv

(λ+ 2µ) (nf)
2 ,

(5.49)

and where Im are the modified Bessel functions of order m, H is the Heaviside function, tσ(t) is

the harmonic loading function and λ and µ are the first and second Lamé parameters of the solid
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skeleton, respectively.

(a) (b)

Figure 5.12: (a) Traction application and (b) schematic of column mesh for the poroelastodynamics
verification example.

Table 5.6: Material parameters for the poroelastodynamics verification example.

λ (MPa) µ (MPa) ρs0 (kg/m3) ρf0 (kg/m3) nf0 ns0 k0 (m/s)

5.6 8.4 2700 1000 0.42 0.58 10−2

Table 5.7: Geometrical and loading parameters for the poroelastodynamics verification example.

H (m) A (m2) he0 (m) tσ0 (kPa) ω (rad/s)

10 1 1; 0.1 40 50

Geometrical and loading parameters are given in Table 5.7, with associated schematics in

Figure 5.12; material parameters are given in Table 5.6. With SPONGE-1D, we see excellent agree-

ment between numerical and analytical solutions (see Figure 5.13, Figure 5.14). However, there
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are slight discrepancies in both solid skeleton displacement and pore fluid pressure in the LS-DYNA

poroelastodynamics model. We suspect that this is caused by LS-DYNA ignoring the inertia term

in the Darcy velocity constitutive equation, irrespective of whether or not the (u-pf) assumption is

made. Furthermore, given that LS-DYNA assumes a (u-pf) formulation outright, its poroelastody-

namics model cannot be used to verify the displacement of pore fluid because there is no governing

equation for the third field variable, which the analytical solution includes (see Figure 5.13(b)).

Lastly, we found that we were only able to obtain a close approximation with LS-DYNA by assuming

a linear isotropic elastic material and initializing the geostatic stresses prior to starting the simu-

lation. As a result, the resulting solid skeleton effective stress response σs
E in LS-DYNA does not

match the analytical solution, and is not shown here for that reason.

We also observe poor agreement between the analytical solution and our FE solution for the

pore fluid displacement (see Fig.5.13(b)). However, this is an entirely numerical phenomenon. The

same discrepancies were observed by Heider [2012], who came to the conclusion that for coarse-mesh

resolution, the pore fluid pressure gradient is numerically unstable at the drained surface. Given

that the pressure there is set to 0 atm (reference pressure) and that a traction load is also applied

there, this causes a large pore fluid pressure buildup at the surface, which must quickly dissipate

to 0 atm. Thus, a large pore fluid pressure spatial gradient is created, and because of the coupling

between pore fluid pressure and pore fluid displacement in the balance of momentum of the pore

fluid, this leads to inaccuracy in the FE solution for the pore fluid displacement. Fortunately,

this problem is easily remedied by using mesh refinement—see Figure 5.14 for a demonstration.

Therefore, in addition to numerical issues with resolving the propagation of a shock wave with

coarse meshes, as we shall see momentarily in Section 5.3.1, we elect to use finer meshes for the

poroelastodynamics simulations of soft porous materials such as lung parenchyma.

The convergence profile for different element types with varying stabilization parameters

is shown in Figure 5.15. Here we have used the implicit Newmark-beta integrator for constant

acceleration, i.e., β = 1/4, γ = 1/2, at fixed time step for variable element lengths. The relative
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displacement error

ERRu[−] ..=
|uanalytical(X = H, t = 0.2 s)− unumerical(X = H, t = 0.2 s)|

|uanalytical(X = H, t = 0.2 s)| . (5.50)

It is apparent that the (u-pf) formulation does not give as accurate of a result as the (u-uf -pf)

formulation, especially at the smaller element lengths. We do not observe a strong convergence

profile, especially compared to the one obtained by Markert et al. [2009], Heider [2012]. We suspect

that the poor convergence behavior is due to the abundance of nonlinearities in our model, whereas

Markert et al. [2009], Heider [2012] assumed a linear, small strain theory. We have also considered
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Figure 5.13: Verification results for the numerical approximation to the de Boer analytical solution,
using he0 = 1 m. All element types used in SPONGE-1D are stable, i.e., Q2-P1 or Q2-Q2-P1 depending
on the formulation.
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the viscous pore fluid stress for this problem; material parameters are unchanged with the addition

of the pore fluid bulk viscosity κf = 2.86 mPa-s. Other than a bump in accuracy in the pore

fluid displacements from the higher-order element (Figure 5.16), inclusion of the viscous pore fluid

stress does not effect the solution, because for water, the viscous effects are essentially negligible

(Figure 5.17).
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Figure 5.16: Verification results for the numerical approximation to the de Boer analytical solution,
comparing the nearly invisicid (Darcy) to viscous (Darcy-Brinkman) formulations, using he0 = 0.1
m.
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Figure 5.17: Viscous pore fluid stress for the de Boer verification problem.
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5.3 High strain-rate loading

Of key importance for dynamic injury predictions of soft tissue (or dynamic damage predic-

tions of another soft, porous material) is how lung tissue (or said material) deforms under shock

loading. In the following sections, we present our findings for a column of lung parenchyma sub-

jected to external traction loadings on the order of milliseconds or less. In all of the simulations, the

lung parenchyma column is fixed on its sides and base. Furthermore, in many of the simulations,

the sides and top are assumed to be an impermeable membrane (i.e., “undrained”, or, “no-flux”)

such that the pore air is confined solely within the column.

While we do have full control over the boundary conditions at the ends of the column, we

have chosen the impermeable boundary condition for comparative purposes to the model developed

by Clayton and Freed [2019a,b], Clayton et al. [2020], Clayton [2020], Clayton and Freed [2020a],

Clayton et al. [2021], in which they assume occluded pore air. One could imagine the experimental

analog to this type of boundary condition wherein a small section of lung parenchyma is excised,

placed in an impermeable sleeve and then uniaxially loaded. The advantage to our model over

the one implemented by Clayton et al. [2021] is that we could allow for more realistic boundary

conditions at the ends of the column of lung parenchyma in our simulations. For example, allowing

an end to remain open to atmospheric pressure (i.e., “drained”; see, e.g., the section on viscous

pore fluid stress in Chapter 5.3.3) such that experimentally the sleeve need not enclose this end of

excised tissue, or specifying a mixed boundary condition wherein the pore fluid pressure gradient

and pore fluid pressure at the end of the column are both free. This would enable experimentally

that the sleeve need not enclose the end of excised tissue, and the impacting device would need

only to maintain contact with a part of the tissue during loading.

5.3.1 Effects of shock viscosity for single-phase models

To begin with, we wish to demonstrate the effects that the shock viscosity imposes on the

deformation of a single-phase material. For the single-phase model in LS-DYNA, we use the standard
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neo-Hookean hyperelastic material model, MAT 45, so that we can make a one-to-one comparison

with our neo-Hookean hyperelastic material model in SPONGE-1D. Material properties are given in

Table 5.8. Geometrical and loading parameters are given in Table 5.9.

Table 5.8: Material parameters for an example on shock viscosity for a column of single-phase,

elastodynamic lung parenchyma. Values taken from Clayton et al. [2021].

K (kPa) G (kPa) ρ0 (kg/m3)

213 3 337

Table 5.9: Geometrical and loading parameters for an example on shock viscosity for a column of
single-phase, elastodynamic lung parenchyma.

Overpressure load type H (cm) A (cm2) he0 (cm) tσ0 (kPa) t0 (ms) t1 (ms)

Yen impulse 10 1 1, 0.1 50 0.17 0.34
Friedlander impulse 10 1 1, 0.1 25 10 N/A

The traction is applied to the top of the column in two forms. The first is a linear triangular

impulse, hereafter referred to as the Yen impulse, shown in Figure 5.18, which rises to a maximum

pressure tσ0 = 50 kPa at time t0 = 170 µs relative to reference pressure, set to 0 atm for these

single-phase simulations. It then decays to tσ = 0 kPa at time 2t0 = t1 = 340 µs. The time scales

and pressure profile were chosen based on an experimental study of rabbit lung exposed to shock

tubes by Yen et al. [1988]. Overpressure amplitude was chosen arbitrarily, though we note that

Yen et al. [1988] observed that overpressures greater than 2 psi (≈ 14 kPa) resulted in edema of

the exposed rabbit lung.

The second traction application is the Friedlander impulse [Friedlander, 1946], which is de-

picted in Figure 5.18(b). The profile is of an exponentially decaying function to 0 applied pressure

at t0 = 10 ms, whereby it then starts to act as a tensile force relative to atmospheric pressure. This

profile is an analytical solution to sound waves diffracting off of a semi-infinite plate. Therefore,

the Friedlander wave is more indicative of the overpressure profile of a blast wave [Dewey, 2018]
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(e.g., one resulting from an explosion and impacting against a hard surface, such as body armor),

than the Yen impulse, which is better suited to describe shock-tube-like experimental loading.

For both pressure profiles, we will vary the peak overpressure amplitude. As with the de

Boer example in Section 5.2.4, the bottom and sides of the column remain fixed and rigid such that

the motion is purely vertical in the X direction. The 1-D FE mesh is shown in Figure 5.18(c).

Different choices of element length he0 and different choices of shock viscosity (i.e., none or

default values) are investigated in displacement predictions for the Yen loading protocol in Fig-

ure 5.19 and Figure 5.20. Similarly, predictions are compared for the Friedlander loading protocol

in Figure 5.21 and Figure 5.22.

For both element lengths he0, it is apparent that without shock viscosity, SPONGE-1D’s inte-

gration schemes struggle to constrain the numerical overshoots. This is particularly noticeable for

the coarser mesh with he0 = 1 cm in Figure 5.21(a) for the implicit solver which is taking constant

time-steps ∆t = 10−6 s. When some shock viscosity is introduced, the “noise” from the shock is

dampened significantly, and we see fairly good agreement with the results from LS-DYNA, which we

note does not provide users the option to disable shock viscosity as is evident by the overlapping

C0 = C1 = 0.0 (black) and C0 = 1.5, C1 = 0.06 (red) curves.

We show further comparisons for the Friedlander impulse with the fine mesh. In contrast

to the results shown in Irwin et al. [2023c], here the central-difference scheme in Figure 5.22(a)

looks nearly identical to Figure 5.22(b) and remains stable. This was due to imposing a severe

restriction on the max allowable time step, reducing it from ∆t = 10−7 s to ∆t = 10−8 s. Without

this restriction, the numerical solution went unstable.

In addition, care must be taken when choosing the coefficients C0 and C1; as the values of

these coefficients increase, the shock is smeared across larger portions of the domain (i.e., over more

elements). This can be seen in Figs. 5.23 and 5.24. Thus, if the constants are too large, we begin

to eliminate physical effects that are important to measure. For that reason, we stick to the default

values used by LS-DYNA in SPONGE-1D for shock loading.
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Figure 5.18: (a) Yen impulse traction application (b) Friedlander impulse traction applica-
tion (c) schematic of column mesh for an example on shock viscosity for a column of single-
phase/elastodynamic lung parenchyma, highlighting the Q1 element.
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Figure 5.19: Comparison of elastodynamical response to Yen impulse loading for peak overpressure
of 50 kPa with element size he0 = 1 cm for (a) simulations without shock viscosity enabled (b) shock
viscosity set to default values.
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Figure 5.20: Comparison of elastodynamical response to Yen impulse loading for peak overpressure
of 50kPa with element size he0 = 0.1 cm for (a) simulations without shock viscosity enabled (b)
shock viscosity set to default values.
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Figure 5.21: Comparison of elastodynamical response to Friedalnder impulse loading for peak
overpressure of 25kPa with element size he0 = 1 cm for (a) simulations without shock viscosity
enabled (b) shock viscosity set to default values.
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Figure 5.22: Comparison of elastodynamical response to Friedlander impulse loading for peak
overpressure of 25kPa with element size he0 = 0.1 cm for (a) simulations without shock viscosity
enabled (b) shock viscosity set to default values.
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Figure 5.23: The effect of changing the shock viscosity coefficients C0 and C1 for the Yen impulse at
peak overpressure of 50 kPa; here, all simulations were conducted using a neo-Hookean hyperelastic
material (UMAT 45) in LS-DYNA with he0 = 0.1 cm.
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Figure 5.24: The effect of changing the shock viscosity coefficients C0 and C1 for the Friedlander
impulse at peak overpressure of 25 kPa; here, all simulations were conducted using a neo-Hookean
hyperelastic material (UMAT 45) in LS-DYNA with he0 = 0.1 cm
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5.3.2 Effects of pore fluid pressure stabilization

As with our study of the shock viscosity and how varying the constants C0 and C1 can

affect the solution, we shall do the same here for pressure stabilization by modifying the stabilizing

parameter αstab. In the following investigation, we use the (u-pf) formulation and a Q1-P1 element

with he0 = 1 cm. In contrast to the poroelastic and poroelastodynamic verification problems, here

we set an impermeable boundary condition at the surface of the column of lung parenchyma: pore

air is not allowed to escape the column at any position. Material parameters are listed in Table 5.10.

Geometrical and loading parameters are given in Table 5.11.

As in previous examples, we apply a pressure load in the form of a traction at the top of

the column. However, for the multiphase model, the applied overpressure is relative to 1 atm, as

opposed to 0 atm for the single-phase model in Section 5.3.1.1. The two pressure profiles we explore

are the Yen impulse and Friedlander impulse, as depicted by Figure 5.25(a) and Figure 5.25(b),

respectively. For both pressure profiles, we choose a peak overpressure of 15 kPa.

Table 5.10: Material parameters for multiphase lung parenchyma simulations. Values taken from
Clayton et al. [2021], Lande and Mitzner [2006].

Kskel (kPa) G (kPa) Ks (kPa) Kη
f (kPa) ρsR0 (kg/m3) ρfR0 (kg/m3) nf0 k̂0 (m2/Pa-s)

7.5 3 2.2× 106 140 1000 1.138 0.664 10−5

Table 5.11: Geometrical and loading parameters for pressure stabilization study.

Overpressure load type H (cm) A (cm2) he0 (cm) tσ0 (kPa) t0 (ms) t1 (ms)

Yen impulse 10 1 0.1 15 0.17 0.34
Friedlander impulse 10 1 0.1 15 10 N/A

It is apparent from Figure 5.26 and Figure 5.27 that as we increase the value of αstab, we

introduce numerical error into the solution. We can see that this also results in oscillations in both

the pore fluid and solid lung parenchyma pressure: refer to Figure 5.28 and Figure 5.29. Therefore,

when enabling pressure stabilziation, we choose a value of αstab as close to 0 as possible, typically

10−10 m3s2/kg as this shows good overlap with the unstabilized formulation.
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Figure 5.25: (a) Yen impulse traction application (b) Friedlander impulse traction application (c)
schematic of multiphase column mesh for examples of lung parenchyma deformations, highlighting
the Q1-P1 element type.
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Figure 5.26: Comparison of lung parenchyma displacements undergoing overpressure loading from
the Yen impulse at 15 kPa, using RKFNC numerical time integration with consistent mass matrices,
tracking the nodes at the top of the column for varying values of αstab. Here, we invoke a Q1-P1
element with he0 = 1 cm.
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Figure 5.27: Comparison of lung parenchyma displacements undergoing overpressure loading from
the Friedlander impulse at 15 kPa, using RKFNC numerical time integration with consistent mass
matrices, tracking the nodes at the top of the column for varying values of αstab. Here, we invoke
a Q1-P1 element with he0 = 1 cm.
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Figure 5.28: Comparison of lung parenchyma pressure psE and pore fluid pressure pf after over-
pressure loading from the Yen impulse at 15 kPa, using RKFNC numerical time integration with
consistent mass matrices, tracking the Gauss point closest to X = H for varying values of αstab.
Here, we invoke a Q1-P1 element with he0 = 1 cm, and K = 7.5 kPa is the bulk modulus of the
solid skeleton.
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Figure 5.29: Comparison of lung parenchyma pressure psE and pore fluid pressure pf after overpres-
sure loading from the Friedlander impulse at 15 kPa, using RKFNC numerical time integration
with consistent mass matrices, tracking the Gauss points closest to X = H for varying values of
αstab. Here, we invoke a Q1-P1 element with he0 = 1 cm, and K = 7.5 kPa is the bulk modulus of
the solid skeleton.
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5.3.3 Shock loading of lung parenchyma

5.3.3.1 Locally homogeneous temperature model

In the following sections we present our findings for a column of lung parenchyma subjected to

external traction loading durations on the order of milliseconds or less. In all of the simulations, the

column is fixed on its sides and base. Furthermore, when making comparisons to the single-phase

model developed by Clayton and Freed [2019a], the sides and top are assumed to be impermeable

(i.e., “undrained”) such that the pore fluid (air) is confined solely within the column. For the

duration of this subsection (Section 5.3.3.1), we assume either the standard neo-Hookean model, or

the Ehlers and Eipper [1999] neo-Hookean model, for the solid skeleton, devoid of thermomechanical

coupling (refer to Equations (3.113) & (3.115) with αs
V → 0). For the pore fluid, we assume a

barotropic model, i.e., the exponential model assumed in the previous sections for poroelasticity

and poroelastodynamics examples (refer to Equations (3.137) & (3.138); more details on these

constitutive choices are discussed in subsequent sections).

This section is outlined as follows. In paragraph Taylor-Hood mixed elements and shock load-

ing we discuss the shortcomings of the common Taylor-Hood element when applying shock loading.

In paragraph Necessary constitutive adjustments for higher strain we discuss the inadequacy of

the standard neo-Hookean model combined with the Kozeny-Carman model for high strains. In

paragraph Remarks on the impermeable boundary condition we demonstrate findings regarding a

no-flux (i.e., “impermeable”, “undrained”, “no-slip”) boundary condition applied to the pore fluid.

In paragraph A sensitivity study for κ we demonstrate findings from a sensitivity study on the

intrinsic permeability; in paragraph A sensitivity study for κ we demonstrate findings from a sen-

sitivity study on the hyperbolic hydraulic conductivity model. For paragraph Investigation of the

pore fluid viscous stress tensor, we explore the impact of accounting for the pore fluid extra stress

(viscous stress) as compared to the standard, nearly-inviscid pore fluid stress. Lastly, paragraph

Comparison between single-phase and multiphase models for shock loading concludes with the com-

parison between single-phase and multiphase models for shock loading of lung parenchyma.
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Table 5.12: Geometrical and loading parameters for multiphase porous material simulations demon-
strating Taylor-Hood mixed elements.

Overpressure load type H (cm) A (cm2) he0 (cm) tσ0 (kPa) t0 (ms) t1 (ms)

Yen impulse 10 1 0.1 15 0.17 0.34

Friedlander impulse 10 1 0.1 15 10 N/A
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Figure 5.30: Schematic of multiphase column mesh for examples of lung parenchyma deformations,
highlighting the Q2-Q2-P1 Taylor-Hood mixed-element type.

Taylor-Hood mixed elements and shock loading. First, we present results for the multiphase

model developed in SPONGE-1D compared to the single-phase model developed in LS-DYNA wherein

we do not enable shock viscosity nor pressure stabilization; geometrical and loading parameters are

listed in Table 5.12; material parameters are repeated from Table 5.10; an example of the Q2-Q2-P1

Taylor-Hood mixed element used is provided in Figure 5.30.

In the multiphase model, fully stable elements (i.e., Taylor-Hood elements without additional

stabilization parameters) are used and, for low overpressure loading magnitudes at high strain-rates,
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additional stabilization via shock viscosity or pressure stabilization is not necessary to obtain a

stable solution. The standard neo-Hookean model (Equation (3.106)) is used for the solid skeleton

response, the barotropic exponential model (Equation (3.137)) is used for the pore fluid response,

and the Kozeny-Carman model (Equation (3.63)) is used for the functional form of the porosity-

dependent hydraulic conductivity.

Figure 5.31 shows the displacement history of the top of the porous column over time after

being subjected to the Yen impulse at 15 kPa overpressure. For the single-phase model (Clayton

& Freed), the solution behaves elastodynamically, with little to no dissipation of the shock wave.

For the multiphase model, we can directly observe the effect that the pore air has on the solid

skeleton displacement, i.e., an “absorption” of the shock wave and eventual dissipation of that

energy. Similar behavior is observed in the results for the Friedlander impulse, Figure 5.32.

0 5 10 15 20 25 30

Time (ms)

−1.00

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

D
is

p
la

ce
m

en
t

(m
m

)

u(X = 0.1m, t), LS-DYNA, (u), Clayton & Freed

u(X = 0.1m, t), SPONGE-1D, (u-pf), CD (C. mass)

u(X = 0.1m, t), SPONGE-1D, (u-pf), RKFNC (L. mass)

u(X = 0.1m, t), SPONGE-1D, (u-uf -pf), RKFNC (L. mass)

u(X = 0.1m, t), SPONGE-1D, (u-uf -pf), NB (β = 0.25, γ = 0.5)

(a)

0 2 4 6 8 10

Time (ms)

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3

D
is

p
la

ce
m

en
t

(m
m

)

u(X = 0.05m, t), (u-pf), CD (C. mass)

u(X = 0.05m, t), (u-uf -pf), RKFNC (L. mass)

u(X = 0.05m, t), (u-uf -pf), NB (β = 0.25, γ = 0.5)

u(X = 0.05m, t), (u-uf -pf), RKFNC (C. mass), Q > 0, αstab > 0

u(X = 0.05m, t), (u-uf -pf), NB (β = 0.25, γ = 0.5), Q > 0, αstab > 0

(b)

Figure 5.31: Comparison of solid skeleton displacements undergoing overpressure loading from the
Yen impulse at 15 kPa between (a) the single-phase (Clayton & Freed) and multiphase models
tracking the nodes at the top of the column, and (b) the multiphase models from SPONGE-1D

tracking the nodes at the middle of the column with and without stabilization methods. Without
shock viscosity Q and pressure stabilization αstab, we invoke a Q2-P1 or Q2-Q2-P1 element; with
shock viscosity Q (where C0 = 1.5, C1 = 0.06) and pressure stabilization (where αstab = 10−10), we
invoke a Q1-Q1-P1 element.

Notice that for the Taylor-Hood elements without any stabilization, numerical oscillations

are present in the displacement solution, irrespective of the integration scheme. When shock vis-
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Figure 5.32: Comparison of solid skeleton displacements undergoing overpressure loading from
the Friedlander impulse at 15 kPa between (a) the single-phase (Clayton & Freed) and multiphase
models tracking the nodes at the top of the column, and (b) the multiphase models from SPONGE-1D

tracking the nodes at the middle of the column with and without stabilization methods. Without
shock viscosity Q and pressure stabilization αstab, we invoke a Q2-P1 or Q2-Q2-P1 element; with
shock viscosity Q (where C0 = 1.5, C1 = 0.06) and pressure stabilization (where αstab = 10−10), we
invoke a Q1-Q1-P1 element.

cosity and pressure stabilization are introduced, with a Q1-Q1-P1 element, as in Figure 5.31(b) and

Figure 5.32(b), displacement solutions are smoother than their Taylor-Hood counterparts. Further-

more, we have found that without the shock viscosity and pressure stabilization techniques, we are

unable to achieve greater magnitudes of peak overpressure loadings without one of the following

numerical problems occurring: unstable pore fluid pressure (i.e., pore air pressure →∞), element

e collapse (Je < 0) or, for the implicit schemes, an inability to achieve convergence in the Newton-

Raphson iterative solver; and for the adaptive time-stepping explicit schemes, e.g., Runge-Kutta

Cash-Karp, the time-step goes to zero. Therefore, we choose to enable both stabilization techniques

in our simulations of shock-like loadings of the lung parenchyma.3

3 In the absence of experimental data, or a known analytical solution to calibrate (or validate) or verify, respectively,
the results for the high strain-rate examples, it cannot be said with absolute certainty whether or not the shock
viscosity results are real or artificial. Future work must calibrate the present model to experimental data; see
remarks in Chapter 6.
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Necessary constitutive adjustments for higher strain. However, there is an overpressure

limit even for the linear elements with shock viscosity and pressure stabilization enabled. Recall

from the discussions in Section 3.1.4 and Section 3.3.1, paragraph The neo-Hookean hyperleastic

model, that the Kozeny-Carman functional form of the hydraulic conductivity and the standard

neo-Hookean model, respectively, are ill-suited for the finite-strain regime for an incompressible

solid phase which bounds ns0 ≤ J <∞.

At higher overpressures, it is possible, in the numerical sense, to have J < ns0, as demonstrated

explicitly in Figure 5.33(b) & Figure 5.34(b) and implicitly (by way of simulation failure as J →

ns0) in Figure 5.33(a) & Figure 5.34(a). When this occurs, the deformation-dependent hydraulic

conductivity goes unstable (e.g., the relative value of k̂ to k̂0 becomes negative; refer to Figure 3.1(a)

for a qualitative example and Figure 5.33(b) or Figure 5.34(b) for a numerical example).

Such an instability does not necessarily arise with a combination of hyperbolic functional form

of the hydraulic conductivity and the standard neo-Hookean model. However, for consistency’s sake,

it is better to use a free energy model for the solid skeleton that adheres to the same restrictions

of skeleton deformation as the hydraulic conductivity model. As such, all subsequent multiphase

results provided by SPONGE-1D in this work will use the additional penalty-like term proposed

by Ehlers and Eipper [1999] (Equation (3.109)) for the neo-Hookean constitutive model and the

hyperbolic form of the hydraulic conductivity proposed by Markert [2005] (Equation (3.68)).
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(a) (b)

Figure 5.33: A demonstration of the instability of the neo-Hookean/Kozeny-Carman (NHKC) model
versus the neo-Hookean-Eipper/hyperbolic (NHEH) model for (a) (u-uf -pf) in response to Fried-
lander impulse loading at 50 kPa overpressure, and (b) (u-pf) in response to Friedlander impulse
loading at 100 kPa overpressure, both simulated using linear elements, with pressure and shock
stabilization, for lung parenchyma with material parameters repeated from Table 5.10. The dashed
black line is the initial solid volume fraction, ns0, relative to the secondary y-ordinate. In (a), the
NHKC model J approaches its lower limit, ns0, and the NHKC model relative hydraulic conduc-
tivity approaches zero before simulation termination. In (b), the NHKC model values of J and
relative hydraulic conductivity are non-physical well before simulation termination, demonstrating
the issue with relying on results from the NHKC model combination at higher strain. In both (a)
and (b), values for the NHEH model remain physical (J > ns0 and k̂/k̂0 > 0), demonstrating its
robustness at adhering to the incompressbility constraint on the solid phase. A value of κ = 2.5
was chosen for the NHEH simulations.
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(a) (b)

Figure 5.34: A demonstration of the instability of the neo-Hookean/Kozeny-Carman (NHKC) model
versus the neo-Hookean-Eipper/hyperbolic (NHEH) model for (a) (u-uf -pf) and (b) (u-pf), both
in response to Yen impulse loading at 100 kPa overpressure and simulated using linear elements,
with pressure and shock stabilization, for lung parenchyma with material parameters repeated from
Table 5.10. The dashed black line is the initial solid volume fraction, ns0, relative to the secondary
y-ordinate. In (a), the NHKC model J approaches its lower limit, ns0, and the NHKC model relative
hydraulic conductivity approaches zero before simulation termination. In (b), the NHKC model
values of J and relative hydraulic conductivity are non-physical well before simulation termination,
demonstrating the issue with relying on results from the NHKC model combination at higher
strain. In both (a) and (b), values for the NHEH model remain physical (J > ns0 and k̂/k̂0 > 0),
demonstrating its robustness at adhering to the incompressbility constraint on the solid phase. A
value of κ = 2.5 was chosen for the NHEH simulations.
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Remarks on the impermeable boundary condition. While the no-flux Neumann boundary

condition (Equations (4.43)7, (4.44)7, (4.69)14, etc.) is mathematically sufficient to constrain the

relative motion between solid and fluid at said boundary, the enforcement is only imposed weakly.

As a consequence, the relative velocity between solid and fluid approaches zero as he0 → 0, but is

not guaranteed to be exactly zero. Two potential remedies to alleviate this issue have been explored

as part of this work.

The first is an ad-hoc method, used in Irwin et al. [2023c,d, 2024], whereby the pore fluid

degrees of freedom at the boundary (i.e., the topmost node in the 1-D mesh) are set equal to

the solid skeleton degrees of freedom as a kind of “strong” enforcement of the no-flux boundary

condition. This guarantees uf ← u, vf ← v, af ← a at those degrees of freedom. Refer to Figure 5.35

for an example.

Figure 5.35: An example of the ad-hoc “strong” enforcement of the no-flux boundary condition
applied to a 5-element Q2-Q2-P1 mesh. The leftmost element represents the “unperturbed” global
DOFs where the pore fluid displacement global DOF, d12 f , is free, as it would be for a “weak”
enforcement of the no-flux boundary condition alone. The rightmost element represents the assign-
ment of the pore fluid displacement global DOF at the boundary to take on the value of the solid
skeleton displacement global DOF at the boundary.

The other method was pursued first by Vuong [2016], Vuong et al. [2016] whereby a Lagrange

multiplier method is constructed to weakly enforce no-flux or no-slip conditions.4 In essence, the

Lagrange multiplier takes on the role of a pseudo-traction from the solid skeleton acting on the

4 For 3-D problems with viscous pore fluid flow, i.e., with σf
E ̸= 0, a no-slip condition is preferred, i.e., (vf −v) = 0

along the boundary, rather than the no-flux condition nf(vf − v) · n = 0, the latter of which restricts fluid flowing
through open pores at the boundary but imposes no restriction on fluid-solid interfaces which is necessary when
computing the macroscale viscous forces of the pore fluid.
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pore fluid. While our attempt at implementation of this method in SPONGE-1D did not yield the

desired effects, it is presented here in brief for the interested reader.

Begin by weakening the pressure gradient term in the pore fluid momentum balance, such

that

ρf0af + Jnf GRAD(pf) · F−1 + J

(
nf
)2
k̂

(vf − v)− ρf0g = 0 (5.51)

may be re-written as

ρf0af + J GRAD(pf) · F−1 − Jpf GRAD(nf) · F−T + J

(
nf
)2
k̂

(vf − v)− ρf0g = 0 . (5.52)

Then, the variational form is written as follows:

I(ui, ui(f), pf , wuf
i ) =

∫
B0

wuf
i ρ

f
0ai(f) dV −

∫
B0

∂wuf
i

∂XI
JpfF−1

Ii dV

−
∫
B0

wuf
i ρ

f
0gi dV +

∫
B0

wuf
i J

(
nf
)2
k̂

(vi(f) − vi) dV

−
∫
B0

wuf
i Jpf

∂nf

∂XI
F−1
Ii dV +

∫
Γtf
0

wuf
i Jp

fF−1
Ii NI dA = 0 .

(5.53)

Identifying the pore fluid traction as

tσ
f
= JpfF−T ·N , (5.54)

we may then postulate a strong formulation for the balance of linear momentum for the pore fluid
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that includes the Neumann boundary condition as follows:

(S) =



Find uf(X, t) ∈ Suf with t ∈ [0, T ], such that:

ρf0af + J GRAD(pf) · F−1 − Jpf GRAD(nf) · F−T

+J

(
nf
)2
k̂

(vf − v)− ρf0g = 0 ∈ B0 ,

uf(X, t) = guf
(X, t) on Γuf

0 ,

P f(X, t) ·N(X) = tσ
f
(X, t) on Γtf

0

uf(X, t = 0) = uf,0(X) ∈ B0 ,

vf(X, t = 0) = vf,0(X) ∈ B0 ,

af(X, t = 0) = af,0(X) ∈ B0 .

(5.55)

Note that this manipulation of the pore fluid linear momentum balance now introduces the porosity

gradient, requiring resolution with C1-continuous finite elements for solid skeleton displacement

(e.g., the Hermite cubic element).

The Lagrange multiplier method is chosen to weakly enforce the no-flux condition, such that∫
Γtf
0

wuf
i t

σf

i dA =

∫
Γtf
0

wuf
i λi(c) dA,

∫
ΓI
0

wλ⊥Jnf(vi(f) − vi)F−1
Ii NI dA = 0 ,

∫
ΓI
0

w
λ∥
i Jλi(c)F

−1
Ii TI dA = 0 ,

(5.56)

where Γtf
0 ∪ ΓQf

0 ∈ ΓI
0. Equation (5.56)1 is an identification of the Lagrange multiplier as the

“pseudo-traction” acting on the pore fluid (e.g., the force from the impermeable solid skeleton

“membrane”). Equations (5.56)2,3 ensure the weak constraint of the no-flux condition normal to

the surface, and that the Lagrange multiplier vanishes tangential to the surface, respectively.

The FE formulation for the (u-uf -pf) formulation without the Lagrange multiplier is written
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in block-matrix form as5
Ku,u Ku,uf

Ku,pf

Kuf ,u Kuf ,uf
Kuf ,pf

Kpf ,u Kpf ,uf
Kpf ,pf


︸ ︷︷ ︸

(ns
dof+nf

dof+n
pf
dof)×(ns

dof+nf
dof+n

pf
dof)

·


δd̈

δd̈f

δπ̈

︸ ︷︷ ︸
(ns

dof+nf
dof+n

pf
dof)×1

=


−Ru

−Ruf

−Rpf

︸ ︷︷ ︸
(ns

dof+nf
dof+n

pf
dof)×1

. (5.57)

Introduction of the Lagrange multiplier as a separate DOF yields

Ku,u Ku,uf
Ku,pf

Ku,λc

Kuf ,u Kuf ,uf
Kuf ,pf

Kuf ,λc

Kpf ,u Kpf ,uf
Kpf ,pf

Kpf ,λc

Kλc,u Kλc,uf
Kλc,pf

Kλc,λc


︸ ︷︷ ︸

(ns
dof+nf

dof+n
pf
dof+nλc

dof)×(ns
dof+nf

dof+n
pf
dof+nλc

dof)

·



δd̈

δd̈f

δπ̈

δΛ̈

︸ ︷︷ ︸
(ns

dof+nf
dof+n

pf
dof+nλc

dof)×1

=



−Ru

−Ruf
−Rc

uf

−Rpf

−Rλc

︸ ︷︷ ︸
(ns

dof+nf
dof+n

pf
dof+nλc

dof)×1

, (5.58)

where Rc
uf

is the finite element form of the pseudo-traction Neumann boundary condition, i.e.,

the contribution of the Lagrange multiplier to the pore fluid linear momentum balance given by

Equation (5.56)1.

Since the Lagrange multiplier appears only as a boundary condition in the pore fluid momen-

tum balance via Equation (5.56)1, and, by definition, as an enforcement of the no-flux boundary

condition (dependent only upon the motion of the solid and fluid) via Equations (5.56)2,3, the

tangents

Ku,λc = Kpf ,λc = Kλc,pf = 0 , (5.59)

such that the block system may be written as

Ku,u Ku,uf
Ku,pf

0

Kuf ,u Kuf ,uf
Kuf ,pf

Kuf ,λc

Kpf ,u Kpf ,uf
Kpf ,pf

0

Kλc,u Kλc,uf
0 Kλc,λc
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︸ ︷︷ ︸
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·
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δd̈

δd̈f
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=
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−Ru

−Ruf
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−Rpf

−Rλc

︸ ︷︷ ︸
(ns

dof+nf
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pf
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dof)×1

. (5.60)

5 The Lagrange multiplier method necessitates an implicit time integration formulation; a penalty method appro-
priate for explicit time integration was not pursued in this work.
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For 1-D uniaxial strain, unidirectional pore fluid flow with a fixed column base, the following must

hold:

nλc
dof = 1 (i.e., the no-flux BC is enforced at one DOF/boundary) ,

Kλc,λc = 0 ,

Rλc =

∫
ΓI
0

wλnf(vf − v) dA ,

Rc
uf

=

∫
Γtf
0

wufλc dA .

(5.61)

The block system may thus be written as

Ku,u Ku,uf
Ku,pf 0

Kuf ,u Kuf ,uf
Kuf ,pf Kuf ,λc

Kpf ,u Kpf ,uf
Kpf ,pf 0
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0 0
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︸ ︷︷ ︸
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·
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︸ ︷︷ ︸
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=
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−Ru

−Ruf
−Rc

uf

−Rpf

−Rλc

︸ ︷︷ ︸
(ns

dof+nf
dof+n

pf
dof+1)×1

. (5.62)

If we do not wish to increment δΛ̈ as part of the Newton-Raphson method, that is to say, assume

δΛ̈
i+1
n+1 = δΛ̈

i
n+1, a direct solve for the Lagrange multiplier would yield6

Λ̈n+1 = −K−1
uf ,λc

·
(
Ruf

+Rc
uf
(λn(c)) +Kuf ,u · δd̈+Kuf ,uf

· δd̈f +Kuf ,pf · δπ̈
)
. (5.63)

Thus, the augmented block system is written as

Ku,u Ku,uf
Ku,pf

Kuf ,u Kuf ,uf
Kuf ,pf

Kpf ,u Kpf ,uf
Kpf ,pf

Kλc,u Kλc,uf
0



i

n+1

·


δd̈

δd̈f

δπ̈



i+1

n+1

=



−Ru

−Ruf
−Rc

uf

−Rpf

−Rλc



i

n+1

+



0

0

0

Λ̈n+1


. (5.64)

For wλ, wuf , we choose linear shape functions

N e,λ = N e,uf =

{
1

2
(1− ξ), 1

2
(1 + ξ)

}
. (5.65)

6 SPONGE-1D does not use the direct solve method and increments the Lagrange multiplier DOF as part of the
Newton-Raphson method.
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For wu, Hermite cubic shape functions are necessary to resolve a porosity gradient found elsewhere

in the variational equations, i.e.,

N e,u =

{
1

4
(1− ξ)2(2 + ξ) ,

je

4
(1− ξ)2(1 + ξ) ,

1

4
(1 + ξ)2(2− ξ) , j

e

4
(1 + ξ)2(−1 + ξ)

}
,

Be,u =
1

je

{
3

4
(ξ2 − 1) ,

je

4
(3ξ2 − 2ξ − 1) ,−3

4
(ξ2 − 1) ,

je

4
(3ξ2 + 2ξ − 1)

}
,

(5.66)

In 1-D, we will assume the Lagrange multiplier is enforced at the topmost node X = H, i.e., for

e = ne and ξ = 1. Thus, the residual and resulting stiffness matrices are independent of the area

integral. Therefore, the stiffness matrix that couples the Lagrange multiplier and the solid skeleton

displacement is written element-wise as

ke=ne
λc,u

..=

{
Ne,λ

}T ∣∣∣
ξ=1

([ (ns)h
e

Jhe

]∣∣∣
ξ=1

(ḋf − ḋ)
∣∣∣
nnode

(
β∆t2

){
Be,u

} ∣∣∣
ξ=1

− (nf)h
e
∣∣∣
ξ=1

(
γ∆t

){
Ne,u

} ∣∣∣
ξ=1

)
A .

(5.67)

The stiffness matrix that couples the Lagrange multiplier and the pore fluid displacement is written

element-wise as

ke=ne
λc,uf

..=

{
N e,λ

}T ∣∣∣
ξ=1

(nf)h
e
∣∣∣
ξ=1

(
γ∆t

){
N e,uf

} ∣∣∣
ξ=1

A . (5.68)

The residual for the Lagrange multiplier’s contribution to the pore fluid momentum balance is

written as

Rc
uf

=

∫
ΓI
0

wufλc dA , (5.69)

or, for the 1-D problem, as

Rc
uf

= Acuf ,e
∣∣∣
nnode

λc

∣∣∣
nnode

. (5.70)

Linearization of the residual yields

δRc
uf

=

∫
ΓI
0

wuf
(
β∆t2

)
δλ̈c dA . (5.71)

Therefore, the stiffness matrix that couples the pore fluid displacement and the Lagrange multiplier

is written element-wise as

ke=ne
uf ,λc

..=

{
N e,uf

}T ∣∣∣
ξ=1

(
β∆t2

){
N e,λ

} ∣∣∣
ξ=1

A . (5.72)
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Direct evaluation of the shape functions at ξ = 1 yields

N e,λ
∣∣∣
ξ=1

= N e,uf

∣∣∣
ξ=1

=

{
0 1

}
,

N e,u
∣∣∣
ξ=1

=

{
0 0 1 0

}
,

Be,u
∣∣∣
ξ=1

=

{
0 0 0 1

}
.

(5.73)

Therefore, the stiffness matries are scalars function with the values

ke=ne
λc,u

=
(
(ḋf − ḋ)

∣∣∣
nnode

[(ns)he

Jhe

]∣∣∣
ξ=1

(
β∆t2

)
− (nf)h

e
∣∣∣
ξ=1

(
γ∆t

))
A ,

ke=ne
λc,uf

= (nf)h
e
∣∣∣
ξ=1

(
γ∆t

)
A

ke=ne
uf ,λc

=
(
β∆t2

)
A .

(5.74)

For ke=ne
λc,u

, care must be taken to insert the scalar functions at the appropriate DOFs. E.g., the

linearization of the velocity component is inserted into the global stiffness matrix at the location

[ndof, n
s
dof − 1] and the linearization of the gradient component (the porosity) is inserted at the

location [ndof, n
s
dof], per the evaluation of the shape functions.

Lagrange cubic polynomials

Ne ..=
1

16

{
−9(ξ + 1/3)(ξ − 1/3)(ξ − 1) , 27(ξ + 1)(ξ − 1/3)(ξ − 1) ,−27(ξ + 1)(ξ + 1/3)(ξ − 1) , 9(ξ + 1/3)(ξ − 1/3)(ξ + 1)

}
(5.75)

are used to interpolate the Gauss point data for Jhe
, ns,h

e
, nf,h

e
at the nodes. E.g., assume Jhe

is

known at the four Gauss points, such that

Jhe
(ξ = ξ̃I, t) = JI(t) ,

Jhe
(ξ = ξ̃II, t) = JII(t) ,

Jhe
(ξ = ξ̃III, t) = JIII(t) ,

Jhe
(ξ = ξ̃IV, t) = JIV(t) ,

(5.76)

with unknown nodal values J1, J2, J3, J4. Therefore,

Jhe
(ξ = ξ̃I, t) = N e

1 (ξ̃I)J1(t) +N e
2 (ξ̃II)J2(t) +N e

3 (ξ̃III)J3(t) +N e
4 (ξ̃IV)J4(t) = JI(t) , (5.77)
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such that 

N e
1 (ξ̃I) N e

2 (ξ̃I) N e
3 (ξ̃I) N e

4 (ξ̃I)

N e
1 (ξ̃II) N e

2 (ξ̃II) N e
3 (ξ̃II) N e

4 (ξ̃II)

N e
1 (ξ̃III) N e

2 (ξ̃III) N e
3 (ξ̃III) N e

4 (ξ̃III)

N e
1 (ξ̃IV) N e

2 (ξ̃IV) N e
3 (ξ̃IV) N e

4 (ξ̃IV)





J1(t)

J2(t)

J3(t)

J4(t)


=



JI(t)

JII(t)

JIII(t)

JIV(t)


. (5.78)

Then, 

J1(t)

J2(t)

J3(t)

J4(t)


=



N e
1 (ξ̃I) N e

2 (ξ̃I) N e
3 (ξ̃I) N e

4 (ξ̃I)

N e
1 (ξ̃II) N e

2 (ξ̃II) N e
3 (ξ̃II) N e

4 (ξ̃I)

N e
1 (ξ̃III) N e

2 (ξ̃III) N e
3 (ξ̃III) N e

4 (ξ̃III)

N e
1 (ξ̃IV) N e

2 (ξ̃IV) N e
3 (ξ̃IV) N e

4 (ξ̃IV)



−1 

JI(t)

JII(t)

JIII(t)

JIV(t)


. (5.79)

We now demonstrate the three methods: weak enforcement of the no-flux condition via the no-flux

Neumann boundary condition as it appears in the balance of mass, hereafter referred to as “weak”,

weak enforcement and strong enforcement, hereafter referred to as “strong”, and weak enforcement

with the Lagrange multiplier method, hereafter referred to as “Lagrange.” Material parameters

are given by Table 5.13; geoemetrial and loading parameters are given in Table 5.14. Results for

Yen impulse loading are very similar qualitatively to the results for Friedlander impulse loading,

but are ommitted for sake of brevity.

Table 5.13: Geometrical and loading aprameters for the no-flux boundary condition study. Values
taken from Clayton et al. [2021], Lande and Mitzner [2006].

Kskel (kPa) G (kPa) Ks (kPa) Kη
f (kPa) ρsR0 (kg/m3) ρfR0 (kg/m3) nf0 k̂0 (m2/Pa-s) κ

7.5 3 2.2× 106 140 1000 1.138 0.664 10−5 2.5

Table 5.14: Geometrical and loading parameters for the no-flux boundary condition study.

Overpressure load type H (cm) A (cm2) he0 (cm) tσ0 (kPa) t0 (ms) t1 (ms)

Friedlander impulse 10 1 0.1 25 10 N/A

For short-duration, shock-loading simulations, the negative effects from the Lagrange method

are not observable on the typical time scales of interest; only for longer simulation times are these
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effects noticeable. The fluid and solid displacements resulting from application of the Friedlander

impulse at 25 kPa overpressure are plotted in Figure 5.36. We observe that the Lagrange method

begins to go unstable around 40 ms, while both the weak and strong methods maintain a trend

towards equilibrium. The strength of this instability is more apparent when observed as a contour

plot of the displacements across the mesh at t = 90 ms (Figure 5.37). One positive of the Lagrange

method is that the displacements at the no-flux boundary coincide with one another, even if they

are wrong.
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Figure 5.36: Solid and fluid displacements at X = H of the various no-flux methods following
application of the Friedlander impulse. Black, red, and green curves overlap throughout.

The instability likely arises from an unstable pore fluid pressure, shown in Figure 5.38.

Whether or not this is a result of an overconstrainment of the problem via two, essentially identical

no-flux boundary conditions (one for the balance of mass of the mixture, the other for the pore

fluid linear momentum balance), has yet to be determined.

Another positive of both the weak method and the Lagrange method is that the actual no-
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Figure 5.37: Solid and fluid displacements contours of the various no-flux methods following ap-
plication of the Friedlander impulse at 25 kPa overpressure. Black and red curves, and green and
blue curves overlap at this scale.

flux condition, that is, that the relative velocities should be equal at the boundary, is satisfied in

the weak sense almost immediately for the Lagrange method and particularly for longer simulation

times for the weak method. Absolute relative differences in phase velocities are smallest for the

Lagrange method (Figure 5.39(a)); the weak method shows a convergence to zero difference in

phase velocity as element size is decreased (Figure 5.39(b)). Thus, given that the strong method

is ad-hoc and the Lagrange method presents an instability for longer simulation times, and given

that the weak method is satisfied given enough simulation time, the simulations involving no-flux

boundary conditions in the proceeding sections will use the weak method.
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Figure 5.38: Pore fluid pressure at X = H of the various no-flux methods following application of
the Friedlander impulse at 25 kPa overpressure.

(a) (b)

Figure 5.39: Absolute difference in relative velocities for (a) the weak and Lagrange method with
element size he0 = 1 mm, and (b) the weak method for varying element sizes.
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A sensitivity study for κ. Perhaps one of the most important parameters for determining just

how much fluid-structure interaction matters in a multiphase simulation is the intrinsic permeability

of the porous solid skeleton, κ. For lung parenchyma, there is high uncertainty regarding the

magnitude of this parameter. Lande and Mitzner [2006] used a hydraulic conductivity k̂ ∼ O(10−5)

m2/Pa-s and initial porosity nf0 = 0.99, which for pore air with µf ∼ O(10−5) Pa-s, necessitates

κ ∼ O(10−10) m2. In Dai et al. [2014], κ was estimated O(10−11) m2 based on an experiment in

which air was passed through inflated, dry, swine lung parenchyma at a fixed flow rate. A pressure

differential was recorded, thereby allowing them to calculate the permeability via the non-inertial

form of Darcy’s law (refer to Equation (5.2)). Here, we simulate the lung parenchyma and pore

air response to shock loading for various values of κ. Material parameters are listed in Table 5.15;

geometrical and loading parameters are listed in Table 5.16, with standard linear Q1-Q1-P1 or Q1-

P1 elements, depending on the formulation. We note that initial porosity is held fixed nf0 = 0.664

for comparative purposes. However, this is not realistic. For materials with smaller pore sizes,

the initial porosity would be lower, and vice versa. A functional relationship between intrinsic

permeability and initial porosity will be pursued as part of future work.

Table 5.15: Material parameters for sensitivity study of κ. Known values taken from Clayton et al.
[2021]. κ ∈ [1.89× 10−8, 1.89× 10−12] m2.

Kskel (kPa) G (kPa) Ks (kPa) Kη
f (kPa) ρsR0 (kg/m3) ρfR0 (kg/m3) nf0 µf (Pa-s) κ

7.5 3 2.2× 106 140 1000 1.138 0.664 1.89× 10−5 2.5

Table 5.16: Geometrical and loading parameters for senstivity study on κ.

Overpressure load type H (cm) A (cm2) he0 (cm) tσ0 (kPa) t0 (ms) t1 (ms)

Yen impulse 10 1 0.1 50 0.17 0.34
Friedlander impulse 10 1 0.1 50 10 N/A

Displacements for solid and fluid in response to Yen impulse loading are given in Fig-

ure 5.40(a) & Figure 5.40(b), respectively. For the lower permeabilities, the solution behaves as if

it were elastodynamic, i.e., with little-to-no dissipation from the pore fluid (i.e., behaving as if it

were “locally undrained”), suggesting a lower limit on permeability (or hydraulic conductivity) for
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using TPM in this application space (high strain-rate loading of air-saturated porous materials).

Conversely, as permeability increases, dissipation becomes greater. We observe that for κ =

1.89×10−8 m2 (magenta curves), there is a bump in the solid displacement after the solution appears

to have reached equilibrium; likewise, the solution for pore fluid displacement is not even remotely

close to the solution for solid displacement (which it should be, for the no-flux boundary condition).

This suggests an upper limit on the permeability (or hydraulic conductivity) for problems that use

TPM. I.e., for finite strain applications with air as the pore fluid, one may be better off computing

the dynamic response of the two phases using, e.g., a CFD-ALE approach when the pore sizes are

this large.

When comparing displacements from (u-pf) vs. (u-uf -pf) formulations for the more moderate

permeabilities, differences are minor (refer to Figure 5.41), particularly for the higher permeabilities.

The same can be said for the total stress (Figure 5.42) and the solid extra stress (Figure 5.43). Of

notable interest is how for the lower permeabilities, peak compressive solid extra stress is lower when

compared to the higher permeabilities, demonstrating the importance of accounting for pore air (as

compared to a single-phase model) for higher permeabilities when it can move more freely through

the pore space. Yet, peak tensile solid extra stress is higher, demonstrating the role of the pore

air in dissipating the stress wave when it (the air) can move more freely at higher permeabilities.

This is corroborated by the pore fluid stress behaving in the opposite manner (i.e., higher pore

fluid stress for more “immobile” pore fluid at the lower permeabilities, and vice versa), shown in

Figure 5.44. Differences in total stress are negligible for all permeabilities, as one would expect.

Differences in the seepage velocity between formulations are negligible for lower permeabil-

ities (Figure 5.45); at higher permeabilities, e.g., κ = 1.89 × 10−9 m2 (orange curves), choice of

formulation becomes important. It was shown in Irwin et al. [2024] (and in paragraph Comparison

between single-phase and multiphase models for shock loading) that pore air acceleration is not

equivalent to the solid acceleration, nor mixture acceleration, for high strain-rate loadings. While

choice of formulation appears to have little-to-no effect on important solid metrics, such as solid

extra stress, there is a clear difference in the dynamics for larger pore sizes.
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Figure 5.40: Displacements at X = H for varying values of κ in response to the Yen impulse at
50 kPa overpressure for (a) the solid skeleton and (b) the pore fluid. Note the lower bound on the
y-ordinate in (b) to account for irrecoverable pore fluid displacement when κ = 1.89× 10−8 m2 as
compared to the lower permeabilities.
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Figure 5.41: Comparing displacements at X = H between (u-pf) and (u-uf -pf) formulations in
response to the Yen impulse at 50 kPa overpressure for (a) lower permeabilities and (b) higher
permeabilities.
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Figure 5.42: Comparing total stress at the Gauss point closest to X = H between (u-pf) and
(u-uf -pf) formulations in response to the Yen impulse at 50 kPa overpressure for (a) lower perme-
abilities and (b) higher permeabilities.
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Figure 5.43: Comparing solid extra stress at X = H between (u-pf) and (u-uf -pf) formulations
in response to the Yen impulse at 50 kPa overpressure for (a) lower permeabilities and (b) higher
permeabilities.
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Figure 5.44: Comparing total pore fluid stress at the Gauss point closest to X = H between (u-pf)
and (u-uf -pf) formulations in response to the Yen impulse at 50 kPa overpressure for (a) lower
permeabilities and (b) higher permeabilities.
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(a) t = 0.17 ms (b) t = 0.34 ms (c) t = 3.00 ms

(d) t = 0.17 ms (e) t = 0.34 ms (f) t = 3.00 ms

Figure 5.45: Contours along the length of the mesh for Darcy velocity
(
nf ṽf

)
for various perme-

abilities in response to the Yen impulse at 50 kPa overpressure. Note the change in y-ordinate for
the bottom row.
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Figure 5.46: Displacements at X = H for varying values of κ in response to the Friedlander impulse
at 50 kPa overpressure for (a) the solid skeleton and (b) the pore fluid.

Moving on to the Friedlander impulse, results show a similar trend compared to the Yen

impulse. For lower permeabilities, the solution is nearly elastodynamic (i.e., “locally undrained”),

and for higher permeabilities, pore fluid dissipation is dominant (refer to Figure 5.46). It also

appears that results for κ = 1.89 × 10−9, 1.89 × 10−8 m2 (orange, magenta curves) have some

numerical instability based on the bump in displacement that occurs after the solution appears to

have reached equilibrium, though for long enough simulation time the solutions do trend towards

zero displacement equilibrium (not shown). This bump is probably induced by the larger strain

resulting from the longer duration loading, which is the only other qualitative change from the

Yen impulse as far as displacements go. Nevertheless, the κ = 1.89 × 10−9 m2 (orange) curve is

included in the subsequent analysis for completeness. on Again we observe that there are more

differences in the (u-pf) vs. (u-uf -pf) formulations for the lower permeabilities than for the higher

permeabilities, where for the latter, the choice of formulation appears to be insignificant (refer to

Figure 5.47) with the exception of the Darcy velocity. The story is the same regarding the analysis

of the stresses (refer to Figure 5.48, Figure 5.49, and Figure 5.50)—for the Friedlander impulse,

there are minute differences between formulations for the higher permeabilties just after shock
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Figure 5.47: Comparing displacements at X = H between (u-pf) and (u-uf -pf) formulations in
response to the Friedlander impulse at 50 kPa overpressure for (a) lower permeabilities and (b)
higher permeabilities.

loading (not shown for brevity), but after longer periods of time, the formulations converge to the

same solution (Figure 5.49, Figure 5.50).

With regards to the seepage velocity, we again see no difference in formulations for the

lower permeabilities (Figure 5.51(a)-Figure 5.51(c)), but at higher permeabilities (Figure 5.51(d)-

Figure 5.51(f)), specifically for κ = 1.89 × 10−9 m2 (orange curves), the choice of formulation

matters for reasons discussed above.

Given that the value of κ is uncertain for lung parenchyma, and the promising results for κ ∼

O(10−10) m2, we choose to conduct simulations in the proceeding sections using κ = 1.89×10−10 m2.

Future work must include calibration of this parameter to experimental data, as well as determining

any potential functional relationship between intrinsic permeability and initial porosity.
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Figure 5.48: Comparing total stress at the Gauss point closest to X = H between (u-pf) and
(u-uf -pf) formulations in response to the Friedlander impulse at 50 kPa overpressure for (a) lower
permeabilities and (b) higher permeabilities.
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Figure 5.49: Comparing solid extra stress at the Gauss point closest to X = H between (u-pf) and
(u-uf -pf) formulations in response to the Friedlander impulse at 50 kPa overpressure for (a) lower
permeabilities and (b) higher permeabilities.
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Figure 5.50: Comparing total pore fluid stress at X = H between (u-pf) and (u-uf -pf) formulations
in response to the Friedlander impulse at 50 kPa overpressure for (a) lower permeabilities and (b)
higher permeabilities.
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(a) t = 0.03 ms (b) t = 0.30 ms (c) t = 3.00 ms

(d) t = 0.03 ms (e) t = 0.30 ms (f) t = 3.00 ms

Figure 5.51: Contours along the length of the mesh for Darcy velocity
(
nf ṽf

)
for various permeabil-

ities in response to the Friedlander impulse at 50 kPa overpressure. Note the change in y-ordinate
for the bottom row. Time samples are shown in Figure 5.83.
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A sensitivity study for κ. The parameter κ governs the rate of fluid flow through the porous

medium; refer to Equation (3.68). Higher values of κ should, in theory, induce greater relative

velocities between solid and fluid during expansion, and smaller relative velocities between solid

and fluid during compression, since k̂ ∼ Jκ for this model.

The value of this parameter has not been measured for lung parenchyma. Markert [2005]

deduced κ ≈ 2.65 via calibration to experimental data for nearly quasi-static compression of PUR

foam with intrinsic permeability κ = 1.69 × 10−10 m2 and initial porosity nf0 = 0.96. Since we

have chosen a value of the instrinsic permeability (which also governs rate of fluid flow through

the porous medium) within an order of magnitude of that for PUR foam, it seems reasonable to

keep the values of κ ∈ [1.0, 5.0] in the following sensitivity study. Material parameters are listed in

Table 5.17; geometrical and loading parameters are listed in Table 5.18, with standard linear Q1-

Q1-P1 elements—differences in results between the (u-pf) and (u-uf -pf) formulaions are essentially

negligible (with the exception of the Darcy velocity, where (u-pf) shows slightly greater magnitudes

in seepage velocity on O(10−1) m/s for just after shock loading onset for the Friedlander impulse

across all κ, and some variation just after unloading for the Yen impulse for κ = 5.0), and are not

included herein for brevity.

Table 5.17: Material parameters for sensitivity study of κ. Known values taken from Clayton et al.
[2021]. κ ∈ [1.0, 5.0].

Kskel (kPa) G (kPa) Ks (kPa) Kη
f (kPa) ρsR0 (kg/m3) ρfR0 (kg/m3) nf0 k̂ (m2/Pa-s)

7.5 3 2.2× 106 140 1000 1.138 0.664 1.89× 10−10

Table 5.18: Geometrical and loading parameters for senstivity study on κ.

Overpressure load type H (cm) A (cm2) he0 (cm) tσ0 (kPa) t0 (ms) t1 (ms)

Yen impulse 10 1 0.1 50 0.17 0.34
Friedlander impulse 10 1 0.1 50 10 N/A

Beginning with the Yen impulse, solid displacements at the top of the mesh differ slightly

from one another between the values of κ, but are otherwise in good agreement with one another

(refer to Figure 5.52). At the middle of the mesh (Figure 5.53), differences in displacement are
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apparent, particularly on the extreme ends of κ = 1, 5. Pore fluid displacements show greater

variation at the top of the mesh, but less so at the middle of the mesh (refer to Figure 5.54 &

Figure 5.55, respectively). Variations are minimal for all ranges of κ for the total and solid stress

(Figure 5.56 & Figure 5.57, respectively), but not for the pore fluid stress (Figure 5.58) where there

is greater variation between values of κ.

As the value of κ increases, the hydraulic conductivity is smaller during compression (near

the onset of loading) than during expansion (well after loading). This inhibits the relative motion

between solid and fluid, decreasing the amount of dissipation that occurs. As such, we see an

increase in the amplitude of the pore fluid stress in both compressive and tensile states (see, e.g.,

the κ = 5.0 cyan curve, Figure 5.58(b)) when compared to lower values of κ (see, e.g., the κ = 1.50

green curve, Figure 5.58(b)). This is corroborated by smaller dissipation in the solid extra stress

for higher values of κ than for lower values of κ (see, e.g., the cyan and green curves corresponding

to κ = 5.0, 1.50, respectively, in Figure 5.57(a)). There is also a small phase shift in the Cauchy

stresses for all three metrics (total, solid, fluid) between the Kozeny-Carman model and the the

hyperbolic model.
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Figure 5.52: Solid skeleton displacements in response to the Yen impulse at 50 kPa overpressure at
X = H for (a) a moderate range of κ and (b) a greater range of κ.

Differences in relative motion between constituents are minor for changes in κ (refer to
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Figure 5.53: Solid skeleton displacements in response to the Yen impulse at 50 kPa overpressure at
X = H/2 for (a) a moderate range of κ and (b) a greater range of κ.
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Figure 5.54: Pore fluid displacements in response to the Yen impulse at 50 kPa overpressure at
X = H for (a) a moderate range of κ and (b) a greater range of κ.

Figure 5.59). However, differences in relative values for hydraulic conductivity are not negligible,

as shown in Figure 5.60. At peak loading (Figure 5.60(a), Figure 5.60(d)) and well after loading

(Figure 5.60(c), Figure 5.60(f)) differences are fairly minor, but certainly apparent. At unloading

(Figure 5.60(b), Figure 5.60(e)), differences are greatest, with smaller values of κ demonstrating

decreased resistance (higher ratio of k̂/k̂0) to relative motion, and vice versa. We note that for
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Figure 5.55: Pore fluid displacements in response to the Yen impulse at 50 kPa overpressure at
X = H/2 for (a) a moderate range of κ and (b) a greater range of κ.
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Figure 5.56: Total Cauchy stress in response to the Yen impulse at 50 kPa overpressure at the
Gauss point closest to X = H for (a) a moderate range of κ and (b) a greater range of κ.

all the results from the Yen impulse loading, a value of 2.0 ≤ κ ≤ 2.5 (orange and red curves,

respectively) seems to track best with the results from the Kozeny-Carman functional form (black

curves).



356

0.0 0.2 0.4 0.6 0.8 1.0

Time (ms)

−35

−30

−25

−20

−15

−10

−5

0

5

C
au

ch
y

st
re

ss
(k

P
a)

σs
11(E)(X(ξ) ≈ 0.1m, t), (u-uf -pf), Kozeny-Carman

σs
11(E)(X(ξ) ≈ 0.1m, t), (u-uf -pf), κ = 1.00

σs
11(E)(X(ξ) ≈ 0.1m, t), (u-uf -pf), κ = 2.50

σs
11(E)(X(ξ) ≈ 0.1m, t), (u-uf -pf), κ = 2.00

σs
11(E)(X(ξ) ≈ 0.1m, t), (u-uf -pf), κ = 2.50

(a)

0.0 0.2 0.4 0.6 0.8 1.0

Time (ms)

−35

−30

−25

−20

−15

−10

−5

0

5

C
au

ch
y

st
re

ss
(k

P
a)

σs
11(E)(X(ξ) ≈ 0.1m, t), (u-uf -pf), κ = 1.50

σs
11(E)(X(ξ) ≈ 0.1m, t), (u-uf -pf), κ = 2.50

σs
11(E)(X(ξ) ≈ 0.1m, t), (u-uf -pf), κ = 3.00

σs
11(E)(X(ξ) ≈ 0.1m, t), (u-uf -pf), κ = 4.00

σs
11(E)(X(ξ) ≈ 0.1m, t), (u-uf -pf), κ = 5.00

(b)

Figure 5.57: Solid extra stress in response to the Yen impulse at 50 kPa overpressure at the Gauss
point closest to X = H for (a) a moderate range of κ and (b) a greater range of κ.
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Figure 5.58: Total pore fluid stress in response to the Yen impulse at 50 kPa overpressure at the
Gauss point closest to X = H for (a) a moderate range of κ and (b) a greater range of κ.
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(a) t = 0.17 ms (b) t = 0.34 ms (c) t = 3.00 ms

(d) t = 0.17 ms (e) t = 0.34 ms (f) t = 3.00 ms

Figure 5.59: Darcy velocity contours in response to the Yen impulse at 50 kPa overpressure for
(a)–(c) a moderate range of κ and (d)–(f) a greater range of κ.
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(a) t = 0.17 ms (b) t = 0.34 ms (c) t = 3.00 ms

(d) t = 0.17 ms (e) t = 0.34 ms (f) t = 3.00 ms

Figure 5.60: Relative hydraulic conductivity contours in response to the Yen impulse at 50 kPa
overpressure for (a)–(c) a moderate range of κ and (d)–(f) a greater range of κ. Note that (a), (b),
(d), and (e) all zoom in at the top of the mesh (where loading is applied) so as to better observe
differences in relative hydraulic conductivity, differences which are non-existent futher down the
mesh for earlier simulation times.
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Moving on to the Friedlander impulse, we see something slightly different from the Yen

impulse results. For higher values of κ, there is greater variation in deformation of solid and fluid

at the top of the mesh (Figure 5.61 & Figure 5.63), where amplitudes increase with increasing κ.

Variation in displacements at the middle of the mesh (Figure 5.62 & Figure 5.64) is comparable to

the Yen impulse loading, albeit at greater strains here (which is a result of the longer duration in

shock loading).

In contrast to the Yen impulse, there is almost no discernable variation in total stress for

the different values of κ (Figure 5.65). As for solid extra stress, for a moderate range of κ (Fig-

ure 5.66(a)), the differences are negligible. However, for a greater range of κ (Figure 5.66(b)),

we observe that as κ increases, the propensity for the solid skeleton to go into tension (positive

values of σs11(E)) diminishes. This is in contrast to what we might expect physically (and from

the Yen impulse results), where higher values of κ corresponded to a decrease in dissipation. Here

we observe what appears to be an increase in dissipation. As stated previously, when the porous

material is undergoing compression, larger values of κ decrease the hydraulic conductivity, which

inhibits relative motion between solid and fluid (diminishing dissipation), as compared to when κ

is small and the inverse occurs. We also note that pore fluid pressure peaks earlier, and higher,

when κ increases as shown in Figure 5.67(b).

Again, the differences in relative motion between constituents are minor for changes in κ,

particularly just after the onset of shock loading (Figure 5.68). Later in the simulation, we can

observe that for greater values of κ, dissipative effects have already occured (e.g., cyan curve in

Figure 5.68(f)), whereas for smaller values of κ, dissipation is still occuring (e.g., green curve in

Figure 5.68(f)). The trend in relative hydraulic conductivity follows that of the Yen impulse:

greater values of κ induce smaller hydraulic conductivities during compression (Figure 5.69), and

larger hydraulic conductivities during expansion (not shown). We note that for all the results from

the Friedlander impulse loading, a value of κ = 1.5 (green curves) seems to track best with the

results from the Kozeny-Carman functional form (black curves).

Having said that, for both the Yen and the Friedlander impulse, initial testing indicates that
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Figure 5.61: Solid skeleton displacements in response to the Friedlander impulse at X = H for (a)
25 kPa overpressure and a moderate range of κ and (b) 50 kPa overpressure and a greater range
of κ.
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Figure 5.62: Solid skeleton displacements in response to the Friedlander impulse at X = H/2 for
(a) 25 kPa overpressure and a moderate range of κ and (b) 50 kPa overpressure and a greater range
of κ.

a higher value of κ is preferred for stability at even higher overpressures, as well as for the locally

inhomogeneous temperature regime (Chapter 5.3.3.2). It appears from testing that κ = 2.5 is the

“optimal” value, and is thus used throughout this work other than in this sensitivity study.
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Figure 5.63: Pore fluid displacements in response to the Friedlander impulse at X = H for (a) 25
kPa overpressure and a moderate range of κ and (b) 50 kPa overpressure and a greater range of κ.
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Figure 5.64: Pore fluid displacements in response to the Friedlander impulse at X = H for (a) 25
kPa overpressure and a moderate range of κ and (b) 50 kPa overpressure and a greater range of κ.
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Figure 5.65: Total Cauchy stress in response to the Friedlander impulse at the Gauss point closest
to X = H for (a) 25 kPa overpressure and a moderate range of κ and (b) 50 kPa overpressure and
a greater range of κ.
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Figure 5.66: Solid extra stress in response to the Friedlander impulse at the Gauss point closest to
X = H for (a) 25 kPa overpressure and a moderate range of κ and (b) 50 kPa overpressure and a
greater range of κ.
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Figure 5.67: Total pore fluid stress in response to the Friedlander impulse at the Gauss point closest
to X = H for (a) 25 kPa overpressure and a moderate range of κ and (b) 50 kPa overpressure and
a greater range of κ.

(a) t = 0.03 ms (b) t = 0.30 ms (c) t = 3.00 ms

(d) t = 0.03 ms (e) t = 0.30 ms (f) t = 3.00 ms

Figure 5.68: Darcy velocity contours in response to the Friedlander impulse (a)–(c) at 25 kPa
overpressure for a moderate range of κ and (d)–(f) at 50 kPa overpressure for a greater range of κ.
Time samples are shown in Figure 5.83.
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(a) t = 0.03 ms (b) t = 0.30 ms (c) t = 3.00 ms

(d) t = 0.03 ms (e) t = 0.30 ms (f) t = 3.00 ms

Figure 5.69: Relative hydraulic conductivity contours in response to the Friedlander impulse (a)–(c)
at 25 kPa overpressure for a moderate range of κ and (d)–(f) at 50 kPa overpressure for a greater
range of κ. Note that (a), (b), (d), and (e) all zoom in at the top of the mesh (where loading
is applied) so as to better observe differences in relative hydraulic conductivity, differences which
are non-existent futher down the mesh for earlier simulation times. Time samples are shown in
Figure 5.83.
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Investigation of the pore fluid viscous stress tensor. In the preceding sections on shock

loading of lung parenchyma, we have ignored the effects of the pore fluid extra stress σf
E on the

poroelastodynamic response, i.e., we assumed σf
E ≈ 0. In the present section, this assumption is

not made, and a Newtonian fluid law is assumed [Holzapfel, 2000], such that

σf
E

..= nfκf tr(df)1+ 2µfdf , (5.80)

where κf denotes the constant bulk viscosity of the compressible pore fluid and

df
..=

1

2
(gradvf + gradTvf) . (5.81)

As noted in Section 4.1.4, paragraph The need for higher-order elements in the case of viscous pore

fluid flow, as well as in Irwin et al. [2023d], introduction of the pore fluid extra stress requires

resolution of the porosity gradient (appearing in Darcy’s law) and the Laplacian of the pore fluid

velocity (appearing in the balance of linear momentum of the pore fluid). Both terms introduce C1-

continuity requirements in the variational forms of the governing equations, thus, standard Lagrange

elements are ill-suited to guarantee convergence, and the Hermite cubic elements are used in their

stead (refer to Figure 4.1 and/or Figure 4.3(d)). Geometrical and material parameters for the

following simulations are listed in Tables 5.19 & 5.20, respectively.

Table 5.19: Material parameters for pore fluid viscous stress tensor simulations. Values taken from
Clayton et al. [2021], Lande and Mitzner [2006], Holmes et al. [2011], Rand et al. [1964], Shang
et al. [2019]. Viscosity values for air are interpolated for resting body temperature 37◦ C; bulk
modulus, density and bulk viscosity for blood are estimated using values for water at resting body
temperature 37◦ C, while shear viscosity is estimated from Rand et al. [1964]. A value of κ = 2.5
was chosen for the hyperbolic hydraulic conductivity.

Kskel (kPa) G (kPa) Ks (kPa) Kη
f (kPa) ρsR0 (kg/m3)

7.5 3 2.2× 106 140; 2.2× 106 1000

ρfR0 (kg/m3) nf0 k̂0 (m2/Pa-s) µf (mPa-s) κf (mPa-s)
1.138; 1006 0.664; 0.99 10−5; 6.3× 10−8 1.89× 10−2; 3 2.03× 10−2; 1.93

To start, we assume an impermeable membrane of lung parenchyma, in other words, the pore

air is allowed to move freely within the column of lung parenchyma, but cannot escape at either end.
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Table 5.20: Geometrical and loading parameters for pore fluid viscous stress tensor simulations.

Overpressure load type H (cm) A (cm2) he0 (cm) tσ0 (kPa) t0 (ms) t1 (ms)

Yen impulse 10 1 0.1 50 0.17 0.34
Friedlander impulse 10 1 0.1 50 10 N/A

Displacement profiles between the nearly-inviscid (Darcy) and viscous (Darcy-Brinkman, inclusion

of pore fluid extra stress) simulations subjected to the Yen impulse at 50 kPa overpressure are

shown in Figure 5.70. It is evident that inclusion of the pore fluid extra stress for this example has

a negligible effect on the motion of the lung parenchyma and pore fluid within. This is likely due

to how small of a contribution the pore fluid extra stress, shown in Figure 5.71(a), has on the total

fluid stress, shown in Figure 5.71(b). Pore fluid extra stress is three orders of magnitude smaller

than the pore fluid pressure for this application.
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Figure 5.70: Displacement results from applying the Yen impulse (50 kPa) to the impermeable
lung parenchyma for (a) solid skeleton displacement u(X = H, t) and pore fluid displacement
uf(X = H, t), and (b) solid skeleton displacement u(X = H/2, t) and pore fluid displacement
uf(X = H/2, t). Initial porosity is nf0 = 0.664.

Next, we assume a permeable membrane, i.e., the pore air is allowed to escape from the top

of the column. Again we see that the pore fluid extra stress has negligible effects on displacements

(refer to Figure 5.72) and total fluid stress (refer to Figure 5.73). However, pore fluid extra stress

is only one order of magnitude smaller than total pore fluid stress for the permeable membrane. In
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Figure 5.71: Pore fluid stress results from applying the Yen impulse (50 kPa) to the impermeable
lung parenchyma for (a) pore fluid extra stress at the Gauss point closest to X = H, and (b) total
pore fluid stress σf11

..= σf11(E) − nfpf at the Gauss point closest to X = H. Initial porosity is

nf0 = 0.664.
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Figure 5.74, we see how pore fluid extra stress “scales” with pore fluid velocity gradient—denoted

by the slope of the velocity contour curve—and porosity, and how each evolve over time. Sampled

times are (a) at maximum overpressure loading, (b) when overpressure loading stops, and (c) well

after loading has ended. Peak overpressure loading occurs at 170µs, but the effects of the shock

loading are not observed until later, see, for example, Figure 5.74(b) when the impulse ends. In

Figure 5.74(c) we see that the magnitude of the pore fluid extra stress has greatly dissipated well

after load is removed.
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Figure 5.72: Displacement results from applying the Yen impulse (50 kPa) to the permeable lung
parenchyma for (a) solid skeleton displacement u(X = H, t) and pore fluid displacement uf(X =
H, t), and (b) solid skeleton displacement u(X = H/2, t) and pore fluid displacement uf(X =
H/2, t). Initial porosity is nf0 = 0.664.

Keeping the permeable boundary condition, we now swap the pore air for pore blood, in

others words, we assume the lung is saturated with blood as the pore fluid, assuming blood can

be modeled as a Newtonian fluid. We adjust the pore fluid density, bulk modulus, and viscosities

appropriately (refer to Table 5.19). Initial porosity is also increased to nf0 = 0.99 (from 0.664).

While the high initial porosity is not a physically realistic scenario, the magnitude of the pore fluid

extra stress should increase as pore fluid extra stress scales with porosity and viscosity. This is what

is observed in Figure 5.76: the pore fluid extra stress accounts for some oscillations in the total
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Figure 5.73: Pore fluid stress results from applying the Yen impulse (50 kPa) to the permeable lung
parenchyma for (a) pore fluid extra stress at the Gauss point closest to X = H, and (b) total pore
fluid stress σf11

..= σf11(E)−nfpf at the Gauss point closest to X = H. Initial porosity is nf0 = 0.664.
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pore fluid stress at the onset of the shock load. However, the solid extra stress (i.e., the material

stress of the lung parenchyma tissue itself) is not affected by the inclusion of the pore fluid extra

stress (as shown in Figure 5.77). This may have to do with the fact that the motion of the lung

parenchyma and the pore blood are not affected either (refer to Figure 5.75).

In contrast to the example with pore air (refer to Figure 5.72), pore fluid (blood) and solid

skeleton (lung parenchyma) displacements are similar (Figure 5.75), owing to the similar densities

of lung tissue and blood (i.e., the two phases behave similarly to a single-phase material because

of the similarity in densities). Furthermore, when shear viscosity of the pore fluid is increased,

the initial hydraulic conductivity k̂0 is reduced. Since seepage velocity (nf ṽf) scales with hydraulic

conductivity per Darcy’s (and Darcy-Brinkman’s) law, relative velocity between solid and fluid

phases is reduced.

Comparing now the contours of pore fluid extra stress, pore fluid velocity, and porosity

(Figure 5.78) for blood-saturated lung parenchyma to that of air-saturated lung parenchyma (Fig-

ure 5.74), we see that in the latter the shock wave percolates more quickly through the mixture than

in the former. Velocity of pore air is also greater in magnitude than for pore blood. Furthermore,

porosity gradients are small for high initial porosity in blood-saturated lung parenchyma compared

to moderate initial porosity in air-saturated lung parenchyma. In fact, we see that porosity remains

high for the duration of the simulation as compared to air-saturated lung parenchyma, where more

fluctuations in porosity are observed.
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Figure 5.75: Displacement results from applying the Yen impulse (50 kPa) to the permeable,
blood-saturated lung parenchyma for (a) solid skeleton displacement u(X = H, t) and pore fluid
displacement uf(X = H, t), and (b) solid skeleton displacement u(X = H/2, t) and pore fluid
displacement uf(X = H/2, t). Initial porosity is nf0 = 0.99.

Figure 5.76: Pore fluid stress results from applying the Yen impulse (50 kPa) to the permeable,
blood-saturated lung parenchyma for the Gauss point closest to X = H. Initial porosity is nf0 =
0.99.
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Figure 5.77: Solid extra stress results from applying the Yen impulse (50 kPa) to the permeable,
blood-saturated lung parenchyma for the Gauss point closest to X = H. Initial porosity is nf0 =
0.99.
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We now present the results of the simulations using the Friedlander impulse loading at max-

imum overpressure tσ0 = 50 kPa, which, again, is more applicable for free-field shock loading of the

lung parenchyma. Proceeding as before, we first assume an impermeable membrane of air-saturated

lung parenchyma with initial porosity nf0 = 0.664. Looking at Figure 5.79 and Figure 5.80, we see

a similar trend when comparing to the Yen impulse loading: the pore fluid extra stress is small

and does not account for any discrepancy between motions of solid and fluid, and total fluid stress,

between nearly-inviscid (Darcy) and viscous (Darcy-Brinkman) pore fluid flow.
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Figure 5.79: Displacement results from applying the Friedlander impulse (50 kPa) to the imperme-
able lung parenchyma for (a) solid skeleton displacement u(X = H, t) and pore fluid displacement
uf(X = H, t), and (b) solid skeleton displacement u(X = H/2, t) and pore fluid displacement
uf(X = H/2, t). Initial porosity is nf0 = 0.664.

When the top of the column allows fluid to escape (i.e., when we use the permeable boundary

condition), we again see no difference between the nearly-inviscid (Darcy) and viscous (Darcy-

Brinkman) displacements (refer to Figure 5.81), though we note that strains are much larger here

than for the impermeable boundary. Total pore fluid stress is unaffected by the pore fluid extra

stress (refer to Figure 5.82). Furthermore, pore fluid extra stress begins to diminish as the shock

wave moves along the mesh (where the time sampling locations used for the contour stills are shown

by Figure 5.83), as shown in Figure 5.84. We again see how pore fluid extra stress is influenced by
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Figure 5.80: Pore fluid stress results from applying the Friedlander impulse (50 kPa) to the imper-
meable lung parenchyma for (a) pore fluid extra stress at the Gauss point closest to X = H, and
(b) total pore fluid stress σf11

..= σf11(E)−nfpf at the Gauss point closest to X = H. Initial porosity

is nf0 = 0.664.
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large gradients in pore fluid velocity (Figure 5.84(a) and Figure 5.84(b)). In contrast to the Yen

impulse (shock-tube loading), we also see larger porosity gradients (Figure 5.84(b)).
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Figure 5.81: Displacement results from applying the Friedlander impulse (50 kPa) to the permeable
lung parenchyma for (a) solid skeleton displacement u(X = H, t) and pore fluid displacement
uf(X = H, t), and (b) solid skeleton displacement u(X = H/2, t) and pore fluid displacement
uf(X = H/2, t). Initial porosity is nf0 = 0.664.

Continuing, the pore air is now swapped for pore blood; pore fluid density, bulk modulus and

viscosities are adjusted accordingly. Initial porosity is increased to 0.99. We observe that the pore

fluid extra stress has no impact on displacement (refer to Figure 5.85), although its magnitude is

on par with the total pore fluid stress, at least at the onset of the shock load before the pore fluid

pressure response dominates (refer to Figure 5.86). However, the pore fluid extra stress does not

affect the solid extra stress, that is, no additional tensile forces indicative of potential damage in

the lung parenchyma [Fung, 1990] are observed as compared to the nearly-inviscid pore fluid (refer

to Figure 5.87). Similarly to the Yen impulse for blood-saturated lung parenchyma, we see (refer

to Figure 5.88) the shock wave percolating more slowly through the mixture than for air-saturated

lung parenchyma, for either type of impulse loading.
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Figure 5.82: Pore fluid stress results from applying the Friedlander impulse (50 kPa) to the perme-
able lung parenchyma for (a) pore fluid extra stress at the Gauss point closest to X = H, and (b)
total pore fluid stress σf11

..= σf11(E) − nfpf at the Gauss point closest to X = H. Initial porosity is

nf0 = 0.664.
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Figure 5.83: Sampling locations along the Friedlander impulse for 50 kPa maximum overpressure
used in the contour plots
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Figure 5.85: Displacement results from applying the Friedlander impulse (50 kPa) to the permeable,
blood-saturated lung parenchyma for (a) solid skeleton displacement u(X = H, t) and pore fluid
displacement uf(X = H, t), and (b) solid skeleton displacement u(X = H/2, t) and pore fluid
displacement uf(X = H/2, t). Initial porosity is nf0 = 0.99.

Figure 5.86: Pore fluid stress results from applying the Friedlander impulse (50 kPa) to the per-
meable, blood-saturated lung parenchyma for the Gauss point closest to X = H. Initial porosity
is nf0 = 0.99.
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Figure 5.87: Solid extra stress results from applying the Friedlander impulse (50 kPa) to the
permeable, blood-saturated lung parenchyma for the Gauss point closest to X = H. Slightly
greater amplitude in the zoomed-in figure is due to higher time resolution for a second, shorter
simulation. Initial porosity is nf0 = 0.99.
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Comparison between single-phase and multiphase models for shock loading. In this

section, we present results that were published in Irwin et al. [2024], with the exception of the Taylor-

Hood elements (discussed above in paragraph Taylor-Hood mixed elements and shock loading) and

with higher overpressure from the Friedlander impulse. For brevity, we omit comparisons between

the numerical time integration schemes implemented in SPONGE-1D, which have (nearly) overlapping

results for all quantities of interest (refer to Irwin et al. [2023c, 2024]): only SPONGE-1D’s Runge-

Kutta Cash-Karp integrator will be highlighted in this section.

Geoemtrical and loading parameters are given in Table 5.22. All LS-DYNA simulations from

this point forward will assume the Clayton and Freed [2019a] model (with full non-linearity)7 for

the bulk (single-phase) lung parenchyma response. Viscoelastic and damage effects are disabled for

comparative purposes to the multiphase model developed in SPONGE-1D.8 Q8 hexahedral elements

with reduced, single-point quadrature are used, and shock viscosity is turned on. Materials param-

eters are given in Table 5.21. Based on results presented in previous sections, for SPONGE-1D we

have elected to:

(1) disable the pore fluid viscous stress,

(2) use the hyperbolic hydraulic conductivity model with κ = 2.5,

(3) use κ = 1.89× 10−10 m2,

(4) use the weakly-enforced no-flux condition (again, the LS-DYNA single-phase Clayton and

Freed [2019a] model cannot simulate permeable boundary conditions for the non-existent

pore fluid),

7 In Clayton et al. [2021], the numerical implementation included a linearization of the shearing strains. In this
work, that model was modified to use the exponential form of the shearing strains as originally presented in Clayton
and Freed [2019a]. Differences in results are minor, but are not presented herein because that is out of scope of the
present work.

8 Actually, the Clayton and Freed [2019a] hyperelastic solid skeleton model has been implemented in SPONGE-1D

for both single-phase ((u), (u-θ)) and multiphase ((u-pf), (u-uf -pf), (u-pf -θ
s-θf), (u-uf -pf -θ

s-θf)) formulations, with
the viscoelastic relaxation. However, given that the Clayton and Freed [2019a] model does not necessarily obey the
solid phase incompressibility assumption, we have elected to use the Ehlers and Eipper [1999] model, which does
enforce the incompressibility constraint (in a weak sense) at the cost of a purely hyperelastic assumption. A damage
model, as well as formulation of the incompressibility constraint on the solid phase for the Clayton and Freed [2019a]
model, will be pursued as part of future work.
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(5) use the Ehlers and Eipper [1999] form of the strain-energy potential U s(Js) as a means to

enforce the nearly-incompressible solid phase assumption (i.e., enforce ns0(s) ≤ Js <∞),

(6) and use linearly-interpolated elements (with shock viscosity and pressure stabilization)

given that they are low-cost (computationally speaking) and accurate, and higher-order

spatial integration is not needed to resolve, e.g., a porosity gradient since such physics need

not be considered for the locally homogeneous temperature regime and from points (1) and

(4).

Table 5.21: Material parameters for single-phase vs. multiphase simulations. Values taken from
Clayton et al. [2021], Lande and Mitzner [2006].

K,Kskel (kPa)a G (kPa) Ks (kPa) Kη
f (kPa) ρ0 (kg/m3) ρsR0 (kg/m3) ρfR0 (kg/m3) nf

0 k̂0 (m2/Pa-s)
213, 7.5 3 2.2× 106 140 337 1000 1.138 0.664 10−5

a Here, K is used for the single-phase simulations and Kskel is used for the multiphase simulations.

Table 5.22: Geometrical and loading parameters for single-phase vs. multiphase simulations.

Overpressure load type H (cm) A (cm2) he0 (cm) tσ0 (kPa) t0 (ms) t1 (ms)

Yen impulse 10 1 0.1 50 0.17 0.34
Friedlander impulse 10 1 0.1 50 10 N/A

As we saw in paragraph Taylor-Hood mixed elements and shock loading, the single-phase

model behaves elastodynamically in response to shock loading via the Yen impulse, whereas the

multiphase model shows the expected poroelastodynamic dissipation (Figure 5.89). Slight, but ul-

timately negligible, differences are observed in the solid displacements between (u-pf) and (u-uf -pf)

formulations in Figure 5.89(a). Despite this, we see in Figure 5.90 that the pore fluid acceleration

(dotted green curve) is several orders of magnitude larger than the solid acceleration—or mixture

acceleration, as in the case of the (u-pf) formulation—denoted by solid red and dashed green over-

lapping curves. I.e., the shock wave propagates more quickly through the air than it does the solid,

which is also evident from the earlier displacement of air compared to the solid lung parenchyma

at X = H/2 as shown in Figure 5.89(b). The multiphase model’s acceleration also shows dissipa-
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tion over the simulation time, whereas the single-phase model’s acceleration (solid black curve) has

little-to-no dissipation.
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Figure 5.89: Overpressure loading from the Yen impulse at 50 kPa showing a comparison of (a) solid
displacements between the single-phase LS-DYNA model developed by Clayton and Freed [2019a],
Clayton et al. [2021] and the multiphase model developed in SPONGE-1D at X = H and (b) solid
and pore fluid displacements between aforementioned models at X = H/2.

Another advantage of the multiphase model over the single-phase model is that we can directly

compute the solid skeleton and pore air pressures separate from one another, as well as separate

computation of the solid skeleton extra stress and total stress; in the single-phase model, these

metrics are lumped together. We see fairly good correlation between the total pressures and total

stresses between the single-phase and multiphase model, shown in Figure 5.91. We believe that the

slight discrepancies between the two models are due to the differences in Gaussian quadrature rules

used. As mentioned previously, LS-DYNA (i.e., the single-phase model) assumes 1-point Gaussian

quadrature, and here we use linear elements with 2-point quadrature for the multiphase model.

Additionally, LS-DYNA seems to have an automatic, unchangeable lower limit on its adaptive time-

step whereas in SPONGE-1D the user may set lower and upper limits themselves (at the risk of

compromising speed and stability, repsectively); here, SPONGE-1D has a finer time resolution for the

data output.
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Figure 5.90: Overpressure loading from the Yen impulse at 50 kPa showing a comparison of ac-
celerations at X = H/2 between the single-phase LS-DYNA model developed by Clayton and Freed
[2019a], Clayton et al. [2021] and the multiphase model developed in SPONGE-1D.

Next, we present the results for the Friedlander impulse. As mentioned previously, strains

are much higher for the Friedlander impulse’s longer duration overpressure (10 ms Friedlander vs.

340 µs Yen) followed by the the tensile force relative to the reference pressure (i.e., atmospheric

pressure), versus no force for the Yen impulse. This gives rise to strains on the order of 15-16%

(nominal axial strain), i.e., 10x greater than those for the Yen impulse, as shown in Figure 5.92(a).

As with the resulting deformations from the applied Yen impulse, we are also able to see the relative

motion of the pore air to the solid skeleton, shown in Figure 5.92(b), and again we see the necessity

of the full (u-uf -pf) formulation in accounting for the differences in accelerations between the solid

skeleton and pore air, shown in Figure 5.93.

In contrast to the Yen impulse, however, we see a better agreement between the total pressures

and total stresses, shown in Figure 5.94. Of great interest is the solid skeleton stress going into

tension sooner in the multiphase model than in the single-phase model. Fung [1990] has argued
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Figure 5.91: Overpressure loading from the Yen impulse at 50 kPa showing a comparison of (a)
total pressures between the single-phase LS-DYNA model developed by Clayton and Freed [2019a],
Clayton et al. [2021] and the multiphase model developed in SPONGE-1D at the Gauss point closest
to X = H, as well as distinct solid skeleton extra pressure and pore air pressures, and (b) the total
axial Cauchy stress between the single-phase and multiphase model, as well as the solid skeleton
axial Cauchy stress for the multiphase model.
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Figure 5.92: Overpressure loading from the Friedlander impulse at 50 kPa showing a comparison of
(a) solid displacements between the single-phase LS-DYNA model developed by Clayton and Freed
[2019a], Clayton et al. [2021] and the multiphase model developed in SPONGE-1D at X = H and (b)
solid and pore fluid displacements between aforementioned models at X = H/2.

that excessive tensile forces in the walls of the lung alveoli can lead to rupturing of the alveoli and
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Figure 5.93: Overpressure loading from the Friedlander impulse at 50 kPa showing a comparison
of accelerations at X = H/2 between the single-phase LS-DYNA model developed by Clayton and
Freed [2019a], Clayton et al. [2021] and the multiphase model developed in SPONGE-1D.

local injury. Thus, we might be able to predict injury sooner by accounting for the relative motion

of air to the lung parenchyma solid skeleton in the multiphase model. Future work is needed to

quantify damage and local injury in the multiphase solid skeleton constitutive model to say for

certain.
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Figure 5.94: Overpressure loading from the Friedlander impulse at 50 kPa showing a comparison
of (a) total pressures between the single-phase LS-DYNA model developed by Clayton and Freed
[2019a], Clayton et al. [2021] and the multiphase model developed in SPONGE-1D at the Gauss point
closest to X = H, as well as distinct solid skeleton extra pressure and pore air pressures, and (b)
the total axial Cauchy stress between the single-phase and multiphase model, as well as the solid
skeleton axial Cauchy stress for the multiphase model.
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5.3.3.2 Locally inhomogeneous temperature model

As mentioned throughout this work, the assumption of locally homogeneous temperatures

may perhaps be physically unrealistic, particulary when involving a gas undergoing shock load-

ing. The thermal expansion coefficient for air is an order of magnitude larger than for the solid

lung tissue, and given also the compressibility of the air, heating and cooling of the air will be

more pronounced than it will for the solid lung tissue. Therefore, it would be pertinent to formu-

late equations which consider locally inhomogeneous temperatures. This formulation was pursued

theoretically in Chapter 3, and numerically in Chapter 4.

Here we present preliminary results regarding the numerical implementation for an ideal gas

pore fluid and thermoelastic solid. More constitutive models are implemented in SPONGE-1D (and

discussed in Chapters 3 & 4), but the analysis thereof is ommitted for the following reason: the

current numerical implementation is incomplete from a physics standpoint, as we observe numerical

oddities at the boundaries of the 1-D mesh for the temperature fields θs and θf . All simulations

presented herein assume impermeable, zero heat flux boundary conditions since that seems to

provide the most stability. Despite the numerical difficulties, results are still included as part of this

work to demonstrate overall robustness of the formulation and resulting numerical implementation.

Future work will seek to alleviate the numerical issues at the boundaries, either via reformulation

of the governing and/or variational equations, use of a different numerical time integration scheme,

or other unforseen approaches.

Verification at low-to-moderate strain-rates. To begin with, we simulate 99% porosity, im-

permeable lung parenchyma undergoing dynamic impulse compression at low-to-moderate strain

rate, and compare thermoporoelastodynamics results to the (u-pf) formulation, the latter of which

has been published in separate work [Regueiro et al., 2014]. Geoemetrical and loading parameters

are given in Table 5.24 with examples of the (u-pf -θ
s-θf) element and traction load type given in Fig-

ure 5.95 ((u-pf), (u-pf -θ
s-θf), (u-uf -pf -θ

s-θf) results were generated using Q3H-P1, Q3H-P1-T1-T1

and Q3H-Q1-P1-T1-T1 element types, respectively); material parameters are given in Table 5.23.
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Thermal convection between constituents is disabled for this example. (u-pf) examples assumed an

isothermal ideal gas pore fluid (i.e., Equations (4.174)1−4 with Equations (4.174)5−6 set to zero),

which is in contrast to prior (u-pf) formulation results presented thus far, where the mixture tem-

perature was not held fixed even if it was not computed. Here we invoke the isothermal, ideal-gas

model for comparative purposes only.

Table 5.23: Material parameters for thermoporoelastodynamic simulations at low-to-moderate
strain rate. Values taken from Clayton et al. [2021], Lande and Mitzner [2006], Yang and Cao
[2020]. Initial temperatures are θs0 = θf0 = 310 K. The hyperbolic hydraulic conductivity model is
assumed with κ = 2.5.

E (kPa) ν Ks (kPa) Kθ
f (kPa) ρsR0 (kg/m3) ρfR0 (kg/m3) nf0

5 0.3 2.2× 106 101.325 1000 1.138 0.99

k̂0 (m2/Pa-s) αs
V (1/K) csV (kJ/kg-K) cfV (kJ/kg-K) kθ

s
(W/m-K) kθ

f
(W/m-K) kεθ (W/m3-K)

10−5 7.4× 10−4 2.2 0.717 0.509 0.026 0

Table 5.24: Geometrical and loading parameters for thermoporoelastodynamics simulations at low-
to-moderate strain-rate.

Overpressure load type H (cm) A (cm2) he0 (cm) tσ0 (kPa) t0 (s) t1 (s)

Triangular impulse 10 1 0.1 10 0.1 0.2

Solid skeleton displacements are provided in Figure 5.96. There is excellent agreement be-

tween the isothermal ideal gas (u-pf) and ideal gas (u-pf -θ
s-θf), (u-uf -pf -θ

s-θf) formulations. Total

stress and solid stress also overlap (Figure 5.97) between the different formulations.

Pore fluid pressure and pore fluid temperature are shown in Figure 5.98; again, there is

excellent agreement between the pore fluid pressure across formulations, bbut poor agreement for

pore fluid temperatures between the thermoporoelastodynamic formulations. In addition, we note

that there are some small oscillations in the temperature values nearly the boundaries, which are

not negligible when zoomed in on, as shown in Figure 5.99. Such oscillations are certainly not a

physical phenomena and may be the cause of issues observed for higher strain-rate loadings.
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(a) (b)

Figure 5.95: (a) Triangular impulse traction application (b) schematic of column mesh for the ther-
moporoelastodynamic simulations of lung parenchyma at low-to-moderate strain-rate, highlighting
the Q3H-P1-T1-T1 element.
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Figure 5.96: Solid skeleton displacements following slower, dynamic impulse loading at
10 kPa overpressure comparing the isothermal (u-pf) formulation to the non-isothermal
(u-pf -θ

s-θf), (u-uf -pf -θ
s-θf) formulations at (a) X = H and (b) X = H/2.
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Figure 5.97: Slower, dynamic impulse loading at 10 kPa overpressure comparing the isothermal
(u-pf) formulation to the non-isothermal (u-pf -θ

s-θf), (u-uf -pf -θ
s-θf) formulations at the Gauss

point closest to X = H for (a) total axial Cauchy stress and (b) solid axial Cauchy stress (solid
extra [effective] stress).

0.0 0.1 0.2 0.3 0.4 0.5

Time (s)

−2

0

2

4

6

8

10

O
ve

rp
re

ss
u

re
(k

P
a)

pf(X = 0.1m, t), (u-pf)

pf(X = 0.1m, t), (u-pf -θ
s-θf)

pf(X = 0.1m, t), (u-uf -pf -θ
s-θf)

(a)

0.0 0.1 0.2 0.3 0.4 0.5

Time (s)

308

310

312

314

316

318

320

T
em

p
er

at
u

re
(K

)

θf(X = 0.1m, t), (u-pf -θ
s-θf)

θf(X = 0.1m, t), (u-uf -pf -θ
s-θf)

(b)

Figure 5.98: Slower, dynamic impulse loading at 10 kPa overpressure comparing the isothermal
(u-pf) formulation to the non-isothermal (u-pf -θ

s-θf), (u-uf -pf -θ
s-θf) formulations for (a) pore fluid

pressure pf and (b) comparing the pore fluid temperature θf for (u-pf -θ
s-θf) and (u-uf -pf -θ

s-θf)
formulations.
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(a) (b)

Figure 5.99: Slower, dynamic impulse loading at 10 kPa overpressure comparing the temperatures
near the (a) bottom of the mesh and (b) top of the mesh.
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Assessing numerical challenges at high strain-rate. Returning our focus back to the high

strain-rate regime, parameters from Clayton et al. [2021] are restored (listed in Table 5.25) and the

impermeable lung parenchyma is loaded via Yen impulse (geometry and loading parameters listed in

Table 5.26). For LS-DYNA, the Clayton et al. [2021] implementation has thermodynamics enabled (as

it did in Section 5.3.3.1, even though temperature was not plotted), but thermodynamic variables

are treated as internal state variables. Therefore, the plots still refer to this implementation as (u)

formulation even though temperature evolves. The (u-pf) formulation presented herein assumes the

barotropic exponential pore fluid model (Equation (3.138)), and uses the Q1-P1 element (refer to

Figure 4.3(c)) with shock viscosity and pressure stabilization. The (u-pf -θ
s-θf) and (u-uf -pf -θ

s-θf)

formulations assume the baroclinic, ideal gas model (Equations (3.141) & (3.152)), and use ei-

ther the Q3H-P1-T1-T1 element (Figure 4.3(e)) or the Q3H-Q1-P1-T1-T1 element (Figure 4.3(f)).

All three multiphase formulations assume the neo-Hookean Ehlers and Eipper [1999] model with

hyperbolic hydraulic conductivity [Markert, 2005], but the thermodynamics models include the

thermoelastic coupling (Equation (3.114)) whereas the (u-pf) model does not (Equation (3.115),

αs
V → 0).

Solid displacements are shown in Figure 5.100. Again we see that the single-phase model

(black curve) behaves elastodynamically, whereas the multiphase models (red, blue curves) show

the expected poroelastodynamic dissipation. The thermoporoelastodynamics model (blue curve)

also behaves more stiffly than the poroelastodynamics model. Good agreement exists between total

stress and total pressure (Figure 5.101) across all models, with minor variations between the (u-pf)

and (u-pf -θ
s-θf) formulations’ solid metrics (dashed red and blue curves).

Comparing the pore fluid pressures between the (u-pf) and (u-pf -θ
s-θf) formulations, again

we see the latter has the stiffer response, but is in otherwise good agreement (Figure 5.102).

Moving our focus to the temperatures, it is apparent that there is strange behavior in both the

(u-pf -θ
s-θf) and (u-uf -pf -θ

s-θf) models. Figure 5.104(a)–(c) shows a contour plot of pore fluid

velocity plotted against pore fluid temperature. Initially (Figure 5.104(a)), the (u-pf -θ
s-θf) model

displays uncharacteristic cooling of the pore fluid—recall Df
tθ

f ∼ −GRADs(vf), i.e., compression of
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Table 5.25: Material parameters for thermoporoelastodynamics simulations at high strain rates.
Values taken from Clayton et al. [2021], Lande and Mitzner [2006], Yang and Cao [2020]. (·)∗
indicates values used for single-phase formulation (some of which are also the initial mixture values).

K∗ (kPa) Kskel (kPa) G (kPa) Ks (kPa) Kθ
f (kPa)

213 7.5 3 2.2× 106 101.325

ρ∗0 (kg/m3) ρsR0 (kg/m3) ρfR0 (kg/m3) nf0 k̂0 (m2/Pa-s)
337 1000 1.138 0.664 10−5

α∗
V (1/K) αs

V (1/K) cV (kJ/kg-K) csV (kJ/kg-K) cfV (kJ/kg-K)
2.39× 10−3 7.4× 10−4 1.2∗ 2.2 0.717

k∗ (W/m-K) kθ
s

(W/m-K) kθ
f

(W/m-K) kεθ (W/m3-K)
0.188 0.509 0.026 0

Table 5.26: Geometrical and loading parameters for thermoporoelastodynamics simulations at high
strain-rate.

Overpressure load type H (cm) A (cm2) he0 (cm) tσ0 (kPa) t0 (ms) t1 (ms)

Yen impulse 10 1 0.1 50 0.17 0.34
Friedlander impulse 10 1 0.1 50 10 N/A

0 5 10 15 20 25 30

Time (ms)

−2.0

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

D
is

p
la

ce
m

en
t

(m
m

)

u(X = 0.1m, t), LS-DYNA, (u)

u(X = 0.1m, t), SPONGE-1D, (u-pf)

u(X = 0.1m, t), SPONGE-1D, (u-pf -θ
s-θf)

(a)

0 5 10 15 20 25 30

Time (ms)

−2.0

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

D
is

p
la

ce
m

en
t

(m
m

)

u(X = 0.05m, t), LS-DYNA, (u)

u(X = 0.05m, t), SPONGE-1D, (u-pf)

u(X = 0.05m, t), SPONGE-1D, (u-pf -θ
s-θf)

(b)

Figure 5.100: Overpressure loading from the Yen impulse at 50 kPa showing a comparison of
(a) solid displacements between the single-phase LS-DYNA model developed by Clayton and Freed
[2019a], Clayton et al. [2021] and the multiphase model developed in SPONGE-1D at X = H and (b)
solid displacements between aforementioned models at X = H/2.

the pore fluid (negative pore fluid strain-rate) should lead to an increase in pore fluid temperature—

whereas the (u-uf -pf -θ
s-θf) shows the expected temperature rise, which is correlated well with the

numerical value of the pore fluid velocity gradient (i.e., the descending profile of the green circles).
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Figure 5.101: Overpressure loading from the Yen impulse at 50 kPa showing a comparison of (a)
total pressures between the single-phase LS-DYNA model developed by Clayton and Freed [2019a],
Clayton et al. [2021] and the multiphase model developed in SPONGE-1D at the Gauss point closest
to X = H, as well as distinct solid skeleton extra pressure, and (b) the total axial Cauchy stress
between the single-phase and multiphase model, as well as the solid skeleton axial Cauchy stress
for the multiphase model.

About 0.1 ms later (Figure 5.104(b)), we observe cooling of the pore fluid in both formulations,

which remains consistent with the pore fluid velocity gradient, though the (u-pf -θ
s-θf) formulation

has a larger dip in pore fluid temperature. Around 0.2 ms (Figure 5.104(c)), the (u-uf -pf -θ
s-θf)

formulation goes unstable, and the simulation terminates as ∆t→ 0 when the RKFNC integrator

tries to resolve the large gradients in both pore fluid velocity and pore fluid temperature.

The (u-pf -θ
s-θf) simulation remains stable, however, and the mixture temperature, given by

[Ruggeri and Simić, 2009],

θ ..=

∑
α c

α
V θ

α∑
α c

α
V

, (5.82)

shows relatively good agreement with the single-phase temperature (Figure 5.105(a)–(c)). The rise

in temperature near the boundary is due to the solid phase also displaying uncharacteristic heating

behavior near the boundary (Figure 5.105(d)–(f)), which, unlike the pore fluid, does not decrease

nor dissipate on a reasonable time scale.
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Figure 5.102: Overpressure loading from the Yen impulse at 50 kPa showing a comparison of (u-pf)
(barotropic exponential model) and (u-pf -θ

s-θf) (baroclinic ideal gas model) formulations.
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Figure 5.103: Overpressure loading from the Yen impulse at 50 kPa showing (a) pore fluid tem-
perature θf and (b) solid lung tissue temperature θs for (u-pf -θ

s-θf) plotted at the X = H and
X = H/2 nodes.
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Moving onto discussion of the Friedlander impulse results, again we see the stiffer response

from the (u-pf -θ
s-θf) formulation’s ideal gas model as compared to the (u-pf) barotropic exponential

model, with the LS-DYNA model behaving elastodynamically (Figure 5.106). In contrast to the Yen

impulse, total pressure and total stress for the (u-pf -θ
s-θf) simulation do not track as well with the

(u-pf) and single-phase simulations (Figure 5.107), though the discrepancy is not unreasonable,

and solid metrics track fairly well between (u-pf) and (u-pf -θ
s-θf).
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Figure 5.106: Overpressure loading from the Friedlander impulse at 50 kPa showing a comparison
of (a) solid displacements between the single-phase LS-DYNA model developed by Clayton and Freed
[2019a], Clayton et al. [2021] and the multiphase model developed in SPONGE-1D at X = H and (b)
solid displacements between aforementioned models at X = H/2.

Comparing the pore fluid pressures between the (u-pf) and (u-pf -θ
s-θf) formulations, again

we see the latter has the stiffer response, but is in otherwise good agreement (Figure 5.108).

Moving our focus to the temperatures, we see similar problems arise as we did with the Yen

impulse. Figure 5.104(d)–(f) shows a contour plot of pore fluid velocity plotted against pore fluid

temperature. Initially (Figure 5.104(d)), the (u-pf -θ
s-θf) model displays the uncharacteristic cooling

of the pore fluid, whereas, again, the (u-uf -pf -θ
s-θf) model shows the expected temperature rise,

which is correlated well with the numerical value of the pore fluid velocity gradient. About 0.03 ms

later (Figure 5.104(e)), we observe cooling of the pore fluid in both formulations, which remains
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Figure 5.107: Overpressure loading from the Friedlander impulse at 50 kPa showing a comparison
of (a) total pressures between the single-phase LS-DYNA model developed by Clayton and Freed
[2019a], Clayton et al. [2021] and the multiphase model developed in SPONGE-1D at the Gauss point
closest to X = H, as well as distinct solid skeleton extra pressure, and (b) the total axial Cauchy
stress between the single-phase and multiphase model, as well as the solid skeleton axial Cauchy
stress for the multiphase model.

consistent with the pore fluid velocity gradient, and again the (u-pf -θ
s-θf) formulation has a larger

dip in pore fluid temperature. Around 0.13 ms (Figure 5.104(f)), the (u-uf -pf -θ
s-θf) formulation

goes unstable, and the simulation terminates as ∆t → 0 when the RKFNC integrator tries to

resolve the large gradients in both pore fluid velocity and pore fluid temperature.

As before, the (u-pf -θ
s-θf) simulation remains stable, and the mixture temperature shows

relatively good agreement with the single-phase temperature (Figure 5.110(a)–(c)). The rise in

temperature near the loaded/topmost boundary is due to the solid phase also displaying unchar-

acteristic heating behavior near the boundary (Figure 5.110(d)–(f)), which, unlike the pore fluid,

does not decrease nor dissipate on a reasonable time scale.
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Figure 5.108: Overpressure loading from the Friedlander impulse at 50 kPa showing a comparison
of (u-pf) (barotropic exponential model) and (u-pf -θ

s-θf) (baroclinic ideal gas model) formulations.
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Figure 5.109: Overpressure loading from the Friedlander impulse at 50 kPa showing (a) pore fluid
temperature θf and (b) solid lung tissue temperature θs for (u-pf -θ

s-θf) plotted at the X = H and
X = H/2 nodes.
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Chapter 6

Conclusion

6.1 Recapitulation of present work

In this work, we have developed a novel, thermodynamically consistent, multiphase, contin-

uum mechanics model within the framework of the theory of porous media (TPM) to simulate

soft porous materials subjected to shock loading. The underlying physical theory was presented

in detail in Chapters 2 & 3. Therein we showed the complexity of accounting for two distinct

phases in a biphasic medium, as compared to more traditional, single-phase models, particularly

under the assumption of locally inhomogeneous phase temperatures. We dispelled with basic con-

stitutive assumptions regarding the response of the solid skeleton that had been utilized in prior

work [Regueiro and Ebrahimi, 2010, Regueiro et al., 2014, Irwin et al., 2023a,c,d, 2024] in favor

of more rigorous constitutive models [Ehlers and Eipper, 1999, Markert, 2005]. The numerical im-

plementation for all the various physical formulations explored in this work (including single-phase

models) was presented in Chapter 4. We applied several numerical time integration schemes to each

formulation, from the well-known implicit Newmark-beta [Newmark, 1959] and central-difference

explicit schemes, to high order Runge-Kutta explicit schemes [Cash and Karp, 1990], the latter of

which is preferable for high strain-rate loadings. The one-dimensional (1-D) model implementation

is encapsulated in the custom Python code used in this work, SPONGE-1D.

In Chapter 5, we presented the results of the numerical simulations. Starting with verifi-

cation examples, we showed, via use of the Method of Manufactured Solutions (MMS), positive

convergence behavior as both temporal and spatial discretization is refined for various element
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types applied to example problems. We continued the exercise in verification by showing how

the implementation of: the single-phase elastodynamic model agrees with an analytical solution

[Eringen and Suhubi, 1975], the multiphase poroelastic model compares to prior work [Li et al.,

2004] and is necessary for finite strain, and the multiphase poroelastodynamic model agrees with

an analytical solution [de Boer et al., 1993].

Following this, we presented a sensitivity study on the two numerical stabilization techniques

used heavily for the multiphase model: shock viscosity and pressure stabilization. For the former,

our analysis was constrained to single-phase modeling to isolate the behavior of the shock viscosity

q, wherein we observed that the q term removes numerical oscillations (which are likely a result of

Gibbs’ phenomena) from the numerical solution. Care must be taken by appropriate adjustment

of the associated parameters that govern the magnitude of this term so as not to “smooth out” the

physical waves propagating through the geometry. Analysis for the pressure stabilization constant

then followed, where we showed that smaller values of this constant allowed the solution to approach

the unstabilized formulation solution.

Lastly, we simulated the multiphase model developed in SPONGE-1D to shock loading. We

observed that the standard Taylor-Hood finite elements are objectively “worse” at producing stable

solutions at higher overpressure and are much more costly than the linear finite elements (refer to

Table 7 in Irwin et al. [2024]). We also showed that the neo-Hookean hyperelastic solid skeleton

model with the standard logarithmic term combined with the widely-known Kozeny-Carman model

was simply inadequate at enforcing the incompressibility assumption of the solid phase; in lieu of

this, we used the Ehlers and Eipper [1999] hyperelastic solid skeleton model with the hyperbolic

hydraulic conductivity model developed by Markert [2005] for the remainder of the multiphase

analysis, since both models can weakly enforce the incompressibility assumption.

Following these examples, we conducted sensitivity studies on several key parameters that

govern relative pore fluid flow through the porous material (lung parenchyma). Beginning with

the intrinsic permeability of the solid skeleton, we showed how smaller values lead to almost non-

existent relative motions akin to a “locally undrained” assumption, whereas larger values seem
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to infer an upper limit on the applicability of TPM for high strain-rate loading with air as the

pore fluid. Further investigation for other initial porosities and a different pore fluid is needed to

say for certain. Next, we investigated a parameter governing the hyperbolic functional form of

the hydraulic conductivity. Smaller values of this parameter were, generally speaking, correlated

with larger relative velocities between the solid and fluid phases during compression of the porous

material, and the opposite was observed for larger values. Given the uncertainty regarding the

values of both the intrinsic permeability and the hyperbolic parameter for lung parenchyma, we

chose moderate values that gave what we believe1 would be physically realistic results and those

which performed well numerically at higher overpressures.

Then, we investigated the role of the pore fluid viscous stress tensor on the kinematics

of the porous medium when subjected to high strain-rate loadings, for both air and blood, and

impermeable and permeable boundary conditions. We found that this term has little effect on the

overall dynamics due to the difference in magnitude between the pore fluid pressure and the shear

& bulk viscosities of the pore fluid. As discussed in Section 4.1.4, this is likely to do with the size

of a boundary layer in a pore channel being insignificant compared to the scale of interest (several

orders of magnitude difference). However, we note that in the 1-D uniaxial strain framework, it is

unlikely that pore fluid shearing forces would have much of a role to play in the dynamics when

compared to pore fluid pressure gradients, regardless of whether or not a TPM or traditional CFD

framework is used. Future work on a 3-D model would be needed to investigate this further.

Finally, we showed the importance of using TPM to approximate the pore-scale, smeared

FSI when compared to a simpler (kinematically speaking) single-phase model. The TPM model

drastically altered the deformation response of the soft porous material (lung parenchyma). In

particular, deformations of the solid skeleton are dampened out by the oscillating pore air, whereas

the single-phase model behaves elastodynamically with minimal dissipation of the shock wave. It

was also shown that accounting for differences in accelerations between the two constituents was

1 As we have stated numerous times, calibration to or validation against experimental data is necessary to say for
certain whether or not these parameter values are physically realistic.
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effective in demonstrating the necessity for the more complex poroelastodynamics formulation for

high strain-rate loading applications. Furthermore, by use of the solid extra stress [Ehlers, 2002], we

are able to distinguish between solid skeleton, pore fluid (air) and total pressures, and stresses. Such

metrics are important for understanding how damage from shock waves, or other impact events,

that is, blunt trauma from sports injury or vehicular collisions, will propagate through the porous

lung tissue. To this extent, it was shown that for a shock wave resulting from an explosion, the

multiphase model can pick up tensile stresses in the solid skeleton sooner than in the single-phase

model, which may be indicative of tissue rupture (and damage) [Fung, 1990].

6.2 Ongoing and future work

In Section 5.3.3.2 we presented preliminary results for the locally inhomogeneous temperature

model. Therein it was shown that for moderate strain-rates, the resulting kinematics match the

locally homogeneous temperature model. The thermodynamic response appears reasonable in the

absence of experimental (or numerical) data, however, the response at the boundaries of the mesh

displayed characteristics of numerical instability. This instability is more pronounced when the

geometry is subjected to higher rates of strain, and causes the numerical solution to go unstable.

As such, there remains an ongoing effort to understand why this instability occurs. Ap-

proaches to resolution of this problem are not straightforward given the inherent novelty of this

application space. One such remedy may be an approximation of a shock viscosity applied to the

pore fluid rather than just the solid skeleton, as discussed in Section 4.4.1, paragraph Shock vis-

cosity applied to the pore fluid. This may reduce instability in the pore fluid velocity gradient for

the (u-uf -pf -θ
s-θf) formulation, which, hopefully, should in turn reduce instability in the pore fluid

temperature solution. Another strategy worth pursuing is further manipulation of the Dirichlet

boundary conditions for the phase temperatures. While not shown, this was attempted to little

avail, but perhaps there are approximations that can be made to recreate experimental conditions,

or analytical solutions, by which to verify the present numerical implementation. It may also be

worth investigating other numerical time integration schemes, such as those developed in LLNL’s
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ARKODE [Reynolds et al., 2022, Gardner et al., 2022, Hindmarsh et al., 2005], which combines

explicit Runge-Kutta for “fast moving” components of a first order ODE with implicit Runge-Kutta

for “slow-moving” components of a first order ODE.

Upon successful resolution of the thermal instabilities, work should proceed with implemen-

tation of a damage model for the solid material, as outlined in brief in Section 3.3.1, paragraph A

damage model for the solid constituent. Quantification of damage is of utmost importance when

studying soft porous materials subjected to impact or shock loading, particularly for soft biologi-

cal tissues. Subsequent analysis can then follow to determine whether or not a multiphase model

predicts “more” or “less” damage than a traditional single-phase model.

Further work necessitates validation of the present model, starting with calibration to ex-

perimental data. As mentioned, experimental data for lung parenchyma is limited (particularly

thermal parameters) to three-dimensional (3-D) space. Therefore, in the absence of experimental

data that recreates the uniaxial strain, unidirectional pore fluid flow constraints, it behooves us

to extend the 1-D model presented herein to a full 3-D model. Said data could be obtained by

enclosing the lung parenchyma in a (near-)frictionless sleeve, and subjecting it to uniaxial loading

conditions.

In either case, there are unknown parameters that have discernable effects on the simulated

deformation response of lung parenchyma, such as the intrinsic permeability and Grüneisen param-

eter of the solid skeleton, which would need to be calibrated against experimental data. Deeper

investigation surrounding the constitutive models for seepage velocity could then follow. It may be

that at higher rates of strain, the inertial Darcy’s law becomes invalid, and a Darcy-Forchheimer

model is more appropriate (refer to discussion in Section 4.1.4, paragraph The need for higher-order

elements in the case of viscous pore fluid flow). Said model also picks up the effects of tortuosity, a

value of which is not presently known for lung parenchyma, and thus calibration of this parameter

would be highly desirable for others simulating lung parenchyma. Furthermore, the constitutive law

governing the hydraulic conductivity and associated parameters therein, and the effect of pore fluid

viscosity, needs to be calibrated against experimental data, particularly 3-D data for the latter.

https://computing.llnl.gov/projects/sundials/arkode
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Miguélez. Impact response of advance combat helmet pad systems. International Journal of
Impact Engineering, 181:104757, August 2023.
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Appendix A

Derivation of the Gateaux derivatives

Gateaux derivatives for linearization of the variational equations as presented in Chapter 4

are derived in this Appendix. Starting with the Gataeux derivative for the deformation gradient,

we have

δ(F11) = δ

(
1 +

∂u

∂X

)
= δ

(
∂u

∂X

)
=
∂(δu)

∂X
= β∆t2

∂(δa)

∂X
= γ∆t

∂(δv)

∂X
. (A.1)

The Gateaux derivative of the deformation gradient raised to any power n is thus

δ(Fn
11) = δ

(
1 +

∂u

∂X

)n

= nFn−1
11 δ(F11)

= nFn−1
11 β∆t2

∂(δa)

∂X
= nFn−1

11 γ∆t
∂(δv)

∂X
. (A.2)

Recall that for 1-D uniaxial strain, F11 = det(F ) = J . Given that ln(J) appears throughout the

constitutive equation for the single-phase/solid skeleton response, we find that

δ(ln(J)) =
1

J
δ(J) =

1

J
β∆t2

∂(δa)

∂X
=

1

J
γ∆t

∂(δv)

∂X
. (A.3)

Gateaux derivative for inverse left Cauchy-Green tensor axial strain component is

δ(C−1
11 ) = −C−2

11 δ(C11) = −C−2
11 δ(F

2
11) = −2C−2
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∂(δu)
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∂X
. (A.4)

Recall that for the implicit integrators, the solid skeleton stress model was that of a neo-Hookean

hyperelastic material; thus, the following derivations of the variations of the solid skeleton extra
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stresses are not generalizable to other material models. Starting with the second Piola-Kirchhoff

solid extra stress, we have

δ(Ss
11(E)) = δ

(
µ+ [λ ln(J)− µ]C−1

11
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Thus the Gateaux derivative of the first Piola-Kirchhoff solid extra stress is

δ(P s
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A Gateaux derivative of the viscous component to the second Piola-Kirchoff solid extra stress is

derived as follows:
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Thus, the Gateaux derivative of the viscous component of the first Piola-Kirchhoff solid extra stress

is derived as follows:
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Together, Eq. (A.6) and Eq. (A.8) give the Gateaux derivative on the total first Piola-Kirchhoff

solid extra stress (that is, the inviscid and viscous components sum to):
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The Gateaux derivative of the real mass density of the pore fluid, assuming no pressure-temperature

coupling, is

δ(ρfR) = δ
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430

With pressure-temperature coupling, e.g., assuming an ideal gas law, we have
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and for a compressible liquid, we have
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Gateaux derivative of the porosity is

δ(nf) = δ(1− ns) = −δ(ns) = −δ
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Gateaux derivative of partial mass density of the pore fluid–in the absence of pressure-temperature

coupling–in the reference configuration is thus

δ(ρf0) = δ(JnfρfR) = nfρfRδ(J) + JρfRδ(nf) + Jnfδ(ρfR)

= nfρfR
∂(δu)

∂X
+ nsρfR

∂(δu)

∂X
+
JnfρfR

Kf
δpf

= β∆t2
(
ρfR

∂(δa)

∂X
+
JnfρfR

Kf
δp̈f

)
= γ∆t

(
ρfR

∂(δv)

∂X
+
JnfρfR

Kf
δṗf

)
. (A.14)

With pressure-temperature coupling, e.g., the ideal gas law, we have

δ(ρf0) = δ(JnfρfR) = nfρfRδ(J) + JρfRδ(nf) + Jnfδ(ρfR)

= nfρfR
∂(δu)

∂X
+ nsρfR

∂(δu)

∂X
+
Jnf

Rθf

(
δpf −

pf
θf
δθf
)

= β∆t2
(
ρfR

∂(δa)

∂X
+
Jnf

Rθf

[
δp̈f −

pf
θf
δθ̈f
])

= γ∆t
(
ρfR

∂(δv)

∂X
+
Jnf

Rθf

[
δṗf −

pf
θf
δθ̇f
])

(A.15)
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and for a compressible pore liquid, we have

δ(ρf0) = δ(JnfρfR) = nfρfRδ(J) + JρfRδ(nf) + Jnfδ(ρfR)

= nfρfR
∂(δu)

∂X
+ nsρfR

∂(δu)

∂X
+ ρf0

( 1

Kθ
f

δpf − αf
V δθ

f
)

= β∆t2
(
ρfR

∂(δa)

∂X
+ ρf0

[ 1

Kθ
f

δp̈f − αf
V δθ̈

f
])

= γ∆t
(
ρfR

∂(δv)

∂X
+ ρf0

[ 1

Kθ
f

δṗf − αf
V δθ̇

f
])

(A.16)

The Gateaux derivative of the hydraulic conductivity, assuming the Kozeny-Carman model for

F(nf), is derived as follows:

δ(k̂) = δ

(
κ
ηf

F
(
nf
)

F
(
nf0
)) =

∂k̂

∂nf
δ(nf) =

∂

(
κ
ηf

1
F(nf

0)
(nf)3

(1−(nf)2)

)
∂nf

δ(nf)

=
κ
ηf

F
(
nf
)

F
(
nf0
) [ 3

nf
+

2nf

1− (nf)2

]
δ(nf) = k̂

[
3

nf
+

2nf

1− (nf)2

]
δ(nf)

=
k̂ns

J

[
3

nf
+

2nf

1− (nf)2

]
︸ ︷︷ ︸

δk̂

β∆t2
∂(δa)

∂X
= δk̂γ∆t

∂(δv)

∂X
. (A.17)

The derivation for the hyperbolic model by Markert [2005] is shown as follows:

δ(k̂) = δ

(
κ
ηf

F
(
nf
)

F
(
nf0
)) =

κ
ηf
δ
([J − ns0

1− ns0

]κ)
=

κ
ηf

(J − ns0
1− ns0

)κ−1
δ
(J − ns0
1− ns0

)
=

κ
ηf

κ

1− ns0

(J − ns0
1− ns0

)κ−1

︸ ︷︷ ︸
δk̂

β∆t2
∂(δa)

∂X
= δk̂γ∆t

∂(δv)

∂X
(A.18)

The derivation for the exponential model by Lai et al. [1981] is shown as follows:

δ(k̂) = δ

(
κ
ηf

exp

[
κ
∂u

∂X

])
= κk̂︸︷︷︸

δk̂

β∆t2
∂(δa)

∂X
= δk̂γ∆t

∂(δv)

∂X
. (A.19)

Divergence of the pore fluid extra stress tensor, as it appears in Eq. (4.93)3, simplifies to the

following with the 1-D uniaxial strain assumption:

∂σf11(E)

∂X
=

[
∂nf

∂X

∂vf
∂X

+ nf
∂2vf
∂X2

]
(κf + 2ηf)F

−2
11 . (A.20)
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The Gateaux derivatives of new variables are given as follows:

δ
(∂nf
∂X

)
= δ
(
ns
∂2u

∂X2
F−1
11

)
=
(
β∆t2

)(
− ns

J

∂2u

∂X2
F−1
11

∂(δa)

∂X
+ nsF−1

11

∂2(δa)

∂X2
− nsF−2

11

∂2u

∂X2

∂(δa)

∂X

)

=
(
β∆t2

)(ns
J

∂2(δa)

∂X2
− 2ns

J2

∂2u

∂X2

∂(δa)

∂X

)
=
ns

J
β∆t2

(
∂2(δa)

∂X2
− 2

J

∂2u

∂X2

∂(δa)

∂X

)
,

δ
(∂vf
∂X

)
= (γ∆t)

∂(δaf)

∂X
,

δ
(∂2vf
∂X2

)
= (γ∆t)

∂2(δaf)

∂X2
.

(A.21)

The variation of the divergence of the pore fluid extra stress term, which contributes to block

matrices Kuf ,u,Kuf ,uf
, is

δ

(
∂σf11(E)

∂X

)
= (κf + 2ηf)F

−2
11

((
γ∆t

)[∂nf
∂X

∂(δaf)

∂X
+ nf

∂2(δaf)

∂X2

]
+
ns

J

∂vf
∂X

(
β∆t2

)∂2(δa)
∂X2

+
ns

J

(
β∆t2

)[∂2vf
∂X2

− 2

J

∂vf
∂X

∂2u

∂X2

]∂(δa)
∂X

)
− 2

J

∂σf11(E)

∂X
∂X
(
β∆t2

)∂(δa)
∂X

.

(A.22)



Appendix B

Derivation of linearized equations

Linearizations for the implicit integrators discussed in Chapter 4.3.2 are derived in this Ap-

pendix.

B.1 (u) formulation

The linearization of the variational equations given in Chapter 4.1.1 commences as follows:

δGINT
1 =

X=H∫
0

wuδ (ρ0a)AdX =

X=H∫
0

wuρ0δaAdX . (B.1)

For quasi-static elasticity, (B.1) is zero. Next,

δGINT
2 =

X=H∫
0

∂wu

∂X
δ(P11)AdX

=

X=H∫
0

∂wu

∂X

(
µ+

[
λ− λ ln(J) + µ

]
F−2
11

)(
β∆t2

)∂(δa)
∂X

AdX . (B.2)

When viscous damping is considered, where ν0 is the viscous dampening coefficient (unit (s)), (B.2)

becomes

δGINT
2 =

X=H∫
0

∂wu

∂X
F−2
11

([
λ+ 2µ

][
ν0
(
γ∆t

)
− 2ν0F

−1
11

∂v

∂X

(
β∆t2

)]

− ln(F11)

[
2ν0
(
γ∆t

)
−
(
4ν0F

−1
11

∂v

∂X
− λ

)(
β∆t2

)]

+

[(
λ+ µ+ µF 2

11

)
− 2ν0F

−1
11

∂v

∂X

](
β∆t2

))∂(δa)
∂X

AdX . (B.3)
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For elasticity, (B.2) becomes

δGINT
2 =

X=H∫
0

∂wu

∂X

(
µ+

[
λ− λ ln(J) + µ

]
F−2
11

)(
γ∆t

)∂(δv)
∂X

AdX . (B.4)

When viscous damping is considered, (B.4) becomes

δGINT
2 =

X=H∫
0

∂wu

∂X
F−2
11

([
λ+ 2µ

][
ν0 − 2ν0F

−1
11

∂v

∂X

(
γ∆t

)]

− ln(F11)

[
2ν0 −

(
4ν0F

−1
11

∂v

∂X
− λ

)(
γ∆t

))

+

[(
λ+ µ+ µF 2

11

)
− 2ν0F

−1
11

∂v

∂X

](
γ∆t

))∂(δv)
∂X

dX . (B.5)

When shock viscosity is enabled, linearization with the additions given by Chapter 4.4.1

proceeds as follows:

δGINT
2 =

X=H∫
0

∂wu

∂X
(δ(P11)− δ(Q))AdX , (B.6)

where

δ(Q) = ρ0h0

(
C0h0δ(J)F

−2
11

[ ∂v
∂X

]2
+ C0Jh0δ

(
F−2
11

)[ ∂v
∂X

]2
+ C0Jh0F

−2
11 δ

([ ∂v
∂X

]2)
− C1δ(c)F

−2
11

∂v

∂X

− C1cδ
(
F−1
11

) ∂v
∂X
− C1cF

−1
11

∂δv

∂X

)
, (B.7)

with

δc = δ

√
M

ρ
= −1

2
M1/2ρ−3/2δρ = −1

2
M1/2ρ−3/2δ

(ρ0
J

)
=

1

2
M1/2ρ−3/2 ρ0

J2
δJ =

1

2
M1/2 ρ

−1/2

J
δJ =

c

2J
δJ , (B.8)

where M denotes the single-phase P-wave modulus. Thus, after some algebra,

δ(Q) = ρ0h0

(
C0h0F

−2
11

∂v

∂X

[(
1− 2F−1

11

) ∂v
∂X

(
β∆t2

)
+ 2
(
γ∆t

)]

−C1F
−1
11 c

[
3

2
F−1
11

∂v

∂X

(
β∆t2

)
−
(
γ∆t

)])∂δa
∂X

. (B.9)
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Then, combining the results from Eqs. B.2 with B.9, (B.6) becomes

δGINT
2 =

X=H∫
0

∂wu

∂X

([
µ+

(
λ− λ ln(J) + µ

)
F−2
11

](
β∆t2

)
−ρ0h0

[
C0h0F

−2
11

∂v

∂X

((
1− 2F−1

11

) ∂v
∂X

(
β∆t2

)
+ 2
(
γ∆t

))

−C1F
−1
11 c

(
3

2
F−1
11

∂v

∂X

(
β∆t2

)
−
(
γ∆t

))])∂(δa)
∂X

AdX . (B.10)

Note that it would be unnecessary to derive the linearization of GINT
2 with shock viscosity and

without inertia terms. We have found that for overall stability of the numerical solution, the

shock viscosity is usually only necessary when the inertia terms are enabled, and so a quasi-static

formulation of the linearization of GINT
2 with shock viscosity is omitted here.

B.2 (u-θ) formulation

The linearization of the variational equations given in Chapter 4.1.2 commences as follows.

Linearization of GINT
1 is unchanged from the (u) formulation. Linearization of GINT

2 now includes

the thermoelastic component:

δGINT
2 =

X=H∫
0

∂wu

∂X
δ(P11)AdX

=

X=H∫
0

∂wu

∂X

([
µ+

(
λ− λ ln(J) + µ+KAV ∆θ

)
F−2
11

](
β∆t2

)∂(δa)
∂X

− KαV

J

(
β∆t2

)
δθ̈
)
AdX .

(B.11)

With shock viscosity enabled,

δGINT
2 =

X=H∫
0

∂wu

∂X

([
µ+

(
λ− λ ln(J) + µ+KαV ∆θ

)
F−2
11

](
β∆t2

)
−ρ0h0

[
C0h0F

−2
11

∂v

∂X

((
1− 2F−1

11

) ∂v
∂X

(
β∆t2

)
+ 2
(
γ∆t

))

−C1F
−1
11 c

(
3

2
F−1
11

∂v

∂X

(
β∆t2

)
−
(
γ∆t

))]∂(δa)
∂X

− KαV

J

(
β∆t2

)
δθ̈

)
AdX . (B.12)
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For thermoelasticity,

δGINT
2 =

X=H∫
0

∂wu

∂X

([
µ+

(
λ− λ ln(J) + µ+KαV ∆θ

)
F−2
11

](
γ∆t

)∂(δv)
∂X

− KαV

J

(
γ∆t

)
δθ̇
)
AdX .

(B.13)

Linearization of J INT
1 proceeds as follows:

δJ INT
1 =

X=H∫
0

wθρ0cV (γ∆t)δθ̈A dX . (B.14)

For thermoelasticity,

δJ INT
1 =

X=H∫
0

wθρ0cV δθ̇A dX . (B.15)

Linearization of J INT
2 proceeds as follows:

δJ INT
2 =

X=H∫
0

wθ

([
KαV

( 1
J
δθ + θδ

( 1
J

)
+ δ(Q)

)]
J̇ +

[
KαV θ

J
+Q

]
δ(J̇)

)
AdX

=

X=H∫
0

wθ

([ J̇
J

(
−
(
β∆t2

)KαV θ

J
+ ρ0h0

[c0h0
J

∂v

∂X

([
1− 2F−1

11

] ∂v
∂X

(
β∆t2

)
+ 2
(
γ∆t

))

− c1c
( 3

2J

∂v

∂X

(
β∆t2

)
−
(
γ∆t

))])

+
(
γ∆t

)(KαV θ

J
+Q

)]∂(δa)
∂X

+
KαV J̇

J

(
β∆t2

)
δθ̈

)
AdX .

(B.16)

In the absenece of shock viscosity,

δJ INT
2 =

X=H∫
0

wθKαV θ

J

([(
γ∆t

)
− J̇

J

(
β∆t2

)]∂(δa)
∂X

+ J̇
(
β∆t2

)
δθ̈

)
AdX . (B.17)

For thermoelasticity,

δJ INT
2 =

X=H∫
0

wθKαV θ

J

([
1−

(
γ∆t)

J̇

J

]∂(δv)
∂X

+ J̇
(
γ∆t

)
δθ̇

)
AdX . (B.18)
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Linearization of J INT
3 proceeds as follows:

δJ INT
3 = −

X=H∫
0

∂wθ

∂X
δ(q)AdX =

X=H∫
0

∂wθ

∂X
kθ

(
1

J
δ
( ∂θ
∂X

)
+

∂θ

∂X
δ
( 1
J

))
AdX

=

X=H∫
0

∂wθ

∂X

kθ

J

(
β∆t2

)(∂(δθ̈)
∂X

− 1

J

∂θ

∂X

∂(δa)

∂X

)
AdX . (B.19)

For thermoelasticity,

δJ INT
3 =

X=H∫
0

∂wθ

∂X

kθ

J

(
γ∆t

)(∂(δθ̇)
∂X

− 1

J

∂θ

∂X

∂(δv)

∂X

)
AdX . (B.20)

B.3 (u-pf) formulation

The linearization of the variational equations given in Chapter 4.1.3commences as follows.

The linearizations δGINT
1 and δGINT

2 remain unchanged from the (u) formulation for this (u-pf)

formulation, unless shock viscosity is added to the solid skeleton extra stress reponse. In such a

case, Q ̸= Q(ρ) but rather Q = Q(ρs). Incidentally, the variation of the wave speed is the same for

an incompressible solid constituent:

δcs = δ

√
M skel

ρs
= −1

2
(M skel)1/2(ρs)−3/2δρs = −1

2
(M skel)1/2(ρs)−3/2δ(nsρsR)

=
1

2
(M skel)1/2(ρs)−3/2ρsR0

ns0
J2
δ(J) =

1

2
(M skel)1/2

(ρs)−1/2

J
δ(J) =

cs

2J
δ(J) , (B.21)

such that we recover (recalling δ(ρs0) = const.)

δGINT
2 =

X=H∫
0

∂wu

∂X

([
µ+

(
λ− λ ln(J) + µ

)
F−2
11

](
β∆t2

)
−ρs0h0

[
C0h0F

−2
11

∂v

∂X

((
1− 2F−1

11

) ∂v
∂X

(
β∆t2

)
+ 2
(
γ∆t

))

−C1F
−1
11 c

s

(
3

2
F−1
11

∂v

∂X

(
β∆t2

)
−
(
γ∆t

))])∂(δa)
∂X

AdX . (B.22)

The first required linearization is given by

δGINT
3 = −

X=H∫
0

∂wu

∂X
δ (pf)AdX = −

X=H∫
0

∂wu

∂X

(
β∆t2

)
δp̈fAdX . (B.23)
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For poroelasticity, (B.23) becomes

δGINT
3 = −

X=H∫
0

∂wu

∂X
(γ∆t) δṗfAdX . (B.24)

The next linearization proceeds as follows:

δHINT
1 =

X=H∫
0

wpf δ

(
Jnf

Kη
f

ṗf + J̇

)
AdX

=

X=H∫
0

wpf

(
nf ṗf
Kη

f

δJ +
Jṗf
Kη

f

δnf +
Jnf

Kη
f

δṗf + δJ̇

)
AdX

=

X=H∫
0

wpf

([
nf ṗf
Kη

f

(
β∆t2

)
+
Jṗf
Kη

f

ns

J

(
β∆t2

)
+
(
γ∆t

)] ∂(δa)
∂X

+
Jnf

Kη
f

(
γ∆t

)
δp̈f

)
AdX

=

X=H∫
0

wpf

([
ṗf
Kη

f

(
β∆t2

)
+
(
γ∆t

)]∂(δa)
∂X

+
Jnf

Kη
f

(
γ∆t

)
δp̈f

)
AdX . (B.25)

For poroelasticity, (B.25) becomes

δHINT
1 =

X=H∫
0

wpf

([
ṗf
Kη

f

(
γ∆t

)
+ 1

]
∂(δv)

∂X
+
Jnf

Kη
f

δṗf

)
AdX . (B.26)

The next linearization proceeds as follows:

δHINT
2 =

X=H∫
0

wpf δ

(
1

Kη
f

∂pf
∂X

nf ṽf

)
AdX

=

X=H∫
0

wpf

(
nf ṽf

∂(δpf)

∂X
+
∂pf
∂X

δ(nf ṽf)

)
A

Kη
f

dX

=

X=H∫
0

wpf

(
nf ṽf

(
β∆t2

)∂(δp̈f)
∂X

+
∂pf
∂X

[
−
(
∂pf
∂X

F−1
11 + ρfR(a+ g)

)
δk̂︸ ︷︷ ︸

Term 1

−k̂
(
∂(δpf)

∂X
F−1
11 +

∂pf
∂X

δF−1
11 + (a+ g)δρfR + ρfRδa

)
︸ ︷︷ ︸

Term 2

])
A

Kη
f

dX (B.27)
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Term 1 = −δk̂

(
∂pf
∂X

F−1
11 + ρfR(a+ g)

)(
β∆t2

)∂(δa)
∂X

=
δk̂
k̂

(
nf ṽf

)(
β∆t2

)∂(δa)
∂X

,

Term 2 = −k̂
(
F−1
11

(
β∆t2

)∂(δp̈f)
∂X

− ∂pf
∂X

F−2
11

(
β∆t2

)∂δa
∂X

+ (a+ g)
ρfR

Kη
f

(
β∆t2

)
δp̈f + ρfRδa

)

Combining terms leaves us with

δHINT
2 =

X=H∫
0

wpf

(
nf ṽf

(
β∆t2

)∂(δp̈f)
∂X

+
∂pf
∂X

[
δk̂
k̂

(
nf ṽf

)(
β∆t2

)∂(δa)
∂X

−k̂
(
F−1
11

(
β∆t2

)∂(δp̈f)
∂X

− ∂pf
∂X

F−2
11

(
β∆t2

)∂(δa)
∂X

+(a+ g)
ρfR

Kη
f

(
β∆t2

)
δp̈f + ρfRδa

)])
A

Kη
f

dX . (B.28)

Rearranging like terms, we arrive at

δHINT
2 =

X=H∫
0

wpf

([(
nf ṽf

)
− k̂ ∂pf

∂X
F−1
11

](
β∆t2

)∂(δp̈f)
∂X

− k̂ ∂pf
∂X

(a+ g)×

ρfR

Kη
f

(
β∆t2

)
δp̈f +

∂pf
∂X

[
δk̂
k̂

(
nf ṽf

)
+ k̂

∂pf
∂X

F−2
11

](
β∆t2

)∂(δa)
∂X

− ∂pf
∂X

k̂ρfRδa

)
A

Kη
f

dX . (B.29)

For poroelasticity, (B.29) becomes

δHINT
2 =

X=H∫
0

wpf

([(
nf ṽf

)
− k̂ ∂pf

∂X
F−1
11

](
γ∆t

)∂(δṗf)
∂X

− k̂ ∂pf
∂X

g
ρfR

Kη
f

(
γ∆t

)
δṗf

+
∂pf
∂X

[
δk̂
k̂

(
nf ṽf

)
+ k̂

∂pf
∂X

F−2
11

](
γ∆t

)∂(δv)
∂X

)
A

Kη
f

dX . (B.30)
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The next linearization proceeds as follows:

δHINT
3 =

X=H∫
0

∂wpf

∂X
δ

(
k̂
∂pf
∂X

F−1
11

)
AdX

=

X=H∫
0

∂wpf

∂X

(
∂pf
∂X

F−1
11 δk̂ + k̂F−1

11

∂(δpf)

∂X
+ k̂

∂pf
∂X

δF−1
11

)
AdX

=

X=H∫
0

∂wpf

∂X

(
∂pf
∂X

F−1
11 δk̂

(
β∆t2

)∂(δa)
∂X

+ k̂F−1
11

(
β∆t2

)∂(δp̈f)
∂X

− k̂ ∂pf
∂X

F−2
11

(
β∆t2

)∂(δa)
∂X

)
AdX

(B.31)

Rearranging like terms, we arrive at

δHINT
3 =

X=H∫
0

∂wpf

∂X

(
[δk̂ − k̂F

−1
11 ]

∂pf
∂X

F−1
11

(
β∆t2

)∂(δa)
∂X

+ k̂F−1
11

(
β∆t2

)∂(δp̈f)
∂X

)
AdX . (B.32)

For poroelasticity, (B.32) becomes

δHINT
3 =

X=H∫
0

∂wpf

∂X

(
[δk̂ − k̂F

−1
11 ]

∂pf
∂X

F−1
11

(
γ∆t

)∂(δv)
∂X

+ k̂F−1
11

(
γ∆t

)∂(δṗf)
∂X

)
AdX . (B.33)

The next linearization proceeds as follows:

δHINT
4 =

X=H∫
0

∂wpf

∂X
δ
(
k̂ρfR(a+ g)

)
AdX

=

X=H∫
0

∂wpf

∂X

(
ρfR(a+ g)δk̂ + k̂(a+ g)δρfR + k̂ρfRδa

)
AdX

=

X=H∫
0

∂wpf

∂X
ρfR

(
δk̂(a+ g)

(
β∆t2

)∂(δa)
∂X

+ k̂(a+ g)
1

Kη
f

(
β∆t2

)
δp̈f + k̂δa

)
AdX . (B.34)

For poroelasticity, (B.34) becomes

δHINT
4 =

X=H∫
0

∂wpf

∂X
ρfR

(
δk̂g
(
γ∆t

)∂(δv)
∂X

+ k̂g
1

Kη
f

(
γ∆t

)
δṗf

)
AdX . (B.35)
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The next linearization is given by

δHstab =

X=H∫
0

∂wpf

∂X
αstabδ

(
F−1
11

∂ṗf
∂X

)
AdX

=

X=H∫
0

∂wpf

∂X
αstab

(
∂ṗf
∂X

δ
(
F−1
11

)
+ F−1

11

∂δṗf
∂X

)
AdX

=

X=H∫
0

∂wpf

∂X
αstabF−1

11

((
γ∆t

)∂δp̈f
∂X

− ∂ṗf
∂X

F−1
11

(
β∆t2

)∂δa
∂X

)
AdX . (B.36)

For poroelasticity, (B.36) becomes

δHstab =

X=H∫
0

∂wpf

∂X
αstabF−1

11

(
∂δṗf
∂X

− ∂ṗf
∂X

F−1
11

(
γ∆t

)∂δv
∂X

)
AdX . (B.37)

B.4 (u-uf-pf) formulation

The linearization of the variational equations given in Chapter 4.1.4 commences as follows:

δGINT
1 =

X=H∫
0

wuδ
(
ρs0a+ ρf0af

)
AdX

=

X=H∫
0

wu
(
ρs0δa+ afδρ

f
0 + ρf0δaf

)
AdX

=

X=H∫
0

wu

(
ρs0δa+ af

(
β∆t2

)[
ρfR

∂(δa)

∂X
+
JnfρfR

Kη
f

δp̈f

]
+ ρf0δaf

)
AdX (B.38)

The linearizations δGINT
2 , δGINT

3 remain unchanged from the (u-pf) formulation for the (u-uf -pf)

formulation. The next linearization is obtained via

δIINT
1 =

X=H∫
0

wuf δ
(
ρf0af

)
AdX =

X=H∫
0

q
(
afδρ

f
0 + ρf0δaf

)
AdX

=

X=H∫
0

wuf

(
af
(
β∆t2

)[
ρfR

∂(δa)

∂X
+
JnfρfR

Kη
f

δp̈f

]
+ ρf0δaf

)
AdX . (B.39)
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The linearization of the next term proceeds as follows:

δIINT
2 =

X=H∫
0

wuf δ

(
nf
∂pf
∂X

)
AdX =

X=H∫
0

q

(
∂pf
∂X

δnf + nf
∂(δpf)

∂X

)
AdX

=

X=H∫
0

wuf

(
ns

J

∂pf
∂X

(
β∆t2

)∂(δa)
∂X

+ nf
(
β∆t2

)∂(δp̈f)
∂X

)
AdX (B.40)

The next linearization is then

δIINT
3 =

X=H∫
0

wuf δ

(
J
(
nf
)2

k̂
ṽf

)
AdX

=

X=H∫
0

wuf

((
nf
)2
k̂

ṽfδ(J) +
2Jnf

k̂
ṽfδ(n

f) + J
(
nf
)2
ṽfδ(k̂

−1) +
J
(
nf
)2

k̂
δ
(
ṽf
))
AdX

=

X=H∫
0

wuf

((
nf
)2
k̂

ṽf
(
β∆t2

)∂(δa)
∂X

+
2Jnf ṽf

k̂

ns

J

(
β∆t2

)∂(δa)
∂X

+ J
(
nf
)2
ṽf
(
− k̂−2

)
δk̂
(
β∆t2

)∂(δa)
∂X

+
J
(
nf
)2

k̂

(
γ∆t

)
[δaf − δa]

)
AdX . (B.41)

Rearranging like terms,

δIINT
3 =

X=H∫
0

wuf

([
1 +

2ns

nf
− Jδk̂

k̂

](nf)2ṽf
k̂

(
β∆t2

)∂δa
∂X

+
J
(
nf
)2

k̂

(
γ∆t

)
(δaf − δa)

)
AdX .

(B.42)

The next requisite linearization proceeds as

δIINT
4 =

X=H∫
0

wuf δ
(
ρf0g
)
AdX =

X=H∫
0

qδ
(
ρf0
)
gAdX

=

X=H∫
0

wuf

((
β∆t2

)[
ρfR

∂(δa)

∂X
+
JnfρfR

Kη
f

δp̈f

])
gAdX . (B.43)

The subsequent linearization for the (u-uf -pf) formulation is similar to that derived in (B.29) for

the (u-pf) formulation, except that we now account for a variation on the pore fluid acceleration
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rather than the mixture acceleration when the Darcy velocity is expanded.

δHINT
2 =

X=H∫
0

wpf δ

(
1

Kη
f

∂pf
∂X

nf ṽf

)
AdX

=

X=H∫
0

wpf

(
nf ṽf

∂(δpf)

∂X
+
∂pf
∂X

δ(nf ṽf)

)
A

Kη
f

dX

=

X=H∫
0

wpf

(
nf ṽf

(
β∆t2

)∂(δp̈f)
∂X

+
∂pf
∂X

[
−
(
∂pf
∂X

F−1
11 + ρfR(af + g)

)
δk̂︸ ︷︷ ︸

Term 1

−k̂
(
∂(δpf)

∂X

∂pf
∂X

δ(F−1
11 ) + (af + g)δρfR + ρfRδaf

)
︸ ︷︷ ︸

Term 2

])
A

Kη
f

dX (B.44)

Term 1 = −δk̂

(
∂pf
∂X

+ ρfR(af + g)

)(
β∆t2

)∂(δa)
∂X

=
δk̂
k̂

(
nf ṽf

)(
β∆t2

)∂(δa)
∂X

,

Term 2 = −k̂
((
β∆t2

)∂(δp̈f)
∂X

− ∂pf
∂X

F−2
11 (β∆t2)

∂(δa)

∂X
+ (af + g)

ρfR

Kη
f

(
β∆t2

)
δp̈f + ρfRδaf

)

Combining terms leaves us with

δHINT
2 =

X=H∫
0

wpf

(
nf ṽf

(
β∆t2

)∂(δp̈f)
∂X

+
∂pf
∂X

[
δk̂
k̂

(
nf ṽf

)(
β∆t2

)∂(δa)
∂X

−k̂
(
F−1
11

(
β∆t2

)∂(δp̈f)
∂X

− ∂pf
∂X

F−2
11 (β∆t2)

∂(δa)

∂X
+ (af + g)

ρfR

Kη
f

×

(
β∆t2

)
δp̈f + ρfRδaf

)])
A

Kη
f

dX . (B.45)

Rearranging like terms, we arrive at

δHINT
2 =

X=H∫
0

wpf

([(
nf ṽf

)
− k̂ ∂pf

∂X

](
β∆t2

)∂(δp̈f)
∂X

− k̂ ∂pf
∂X

(af + g)
ρfR

Kη
f

×

(
β∆t2

)
δp̈f +

∂pf
∂X

[
δk̂
k̂

(
nf ṽf

)
+ k̂

∂pf
∂X

F−2
11

](
β∆t2

)∂(δa)
∂X

− ∂pf
∂X

k̂ρfRδaf

)
A

Kη
f

dX . (B.46)
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The final necessary linearization for the for the (u-uf -pf) formulation proceeds as follows.

δHINT
4 =

X=H∫
0

∂wpf

∂X
δ
(
k̂ρfR(af + g)

)
AdX

=

X=H∫
0

∂wpf

∂X

(
ρfR(af + g)δ(k̂) + k̂(af + g)δ

(
ρfR
)
+ k̂ρfRδ(af)

)
AdX

=

X=H∫
0

∂wpf

∂X
ρfR

(
δk̂(af + g)

(
β∆t2

)∂(δa)
∂X

+ k̂(af + g)
1

Kη
f

(
β∆t2

)
δp̈f + k̂δaf

)
AdX (B.47)

In the case that the pore fluid viscous stress tensor σf
E is assumed non-zero, recall that Darcy’s

law is

(nf ṽf) = −k̂
(
ρfR(af − g) + gradpf −

1

nf
divσf

E

)
. (B.48)

Thus, for the implicit formulation, additional terms are required in the variation of HINT
2 , as well as

a variation of HINT
5 . Additionally, we require variations of GINT

5 and IINT
5 , though these are simpler

to formulate given that C0 continuity can be maintained by weakening the terms. In the variations

of the balance of mass terms, we seek to find the variation of the porosity-scaled divergence of the

viscous stress term, which in 1-D reduces to the following from Eq. (4.97):

1

nf

[
∂nf

∂X

∂vf
∂X

+ nf
∂2vf
∂X2

]
(κf + 2ηf)F

−2
11 (B.49)

This is identical to Eq. (A.20) except for the additional scaling of inverse porosity, whose variation

is

δ
( 1

nf

)
= − 1

(nf)2
δ(nf) = − ns

J(nf)2
β∆t2

∂(δa)

∂X
. (B.50)

Thus the variation of Eq. (B.49) is

1

nf
(κf + 2ηf)F

−2
11

((
γ∆t

)[∂nf
∂X

∂(δaf)

∂X
+ nf

∂2(δaf)

∂X2

]
+
ns

J

∂vf
∂X

(
β∆t2

)∂2(δa)
∂X2

+
ns

J

(
β∆t2

)[∂2vf
∂X2

− 2

J

∂vf
∂X

∂2u

∂X2

]∂(δa)
∂X

)

− 1

Jnf

(
2 +

ns

nf

)∂σf11(E)

∂X

(
β∆t2

)∂(δa)
∂X

. (B.51)
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Thus, δHINT
2 becomes

δHINT
2 =

X=H∫
0

wpf

([(
nf ṽf

)
− k̂ ∂pf

∂X

](
β∆t2

)∂(δp̈f)
∂X

− k̂ ∂pf
∂X

(af + g)
ρfR

Kη
f

×

(
β∆t2

)
δp̈f +

∂pf
∂X

[
δk̂
k̂

(
nf ṽf

)
+ k̂

∂pf
∂X

F−2
11

− k̂

Jnf

(
ns

J2
(κf + 2ηf)

[∂2vf
∂X2

− 2

J

∂vf
∂X

∂u2

∂X2

]
−
[
2 +

ns

nf

]∂σf11(E)

∂X

)](
β∆t2

)∂(δa)
∂X

−∂pf
∂X

k̂
ns

J3nf
∂vf
∂X

(κf + 2ηf)β∆t
2∂

2(δa)

∂X2
− ∂pf
∂X

k̂ρfRδaf

−∂pf
∂X

k̂

J2nf

[
∂nf

∂X

∂(δaf)

∂X
+ nf

∂2(δaf)

∂X2

]
(κf + 2ηf)

(
γ∆t

)) A

Kη
f

dX . (B.52)
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Next, δHINT
5 is given as

δHINT
5 = −

X=H∫
0

∂wpf

∂X
δ

(
k̂

nf

∂σf11(E)

∂X

)
AdX

= −
X=H∫
0

∂wpf

∂X

(
1

nf

∂σf11(E)

∂X
δ(k̂) + k̂

∂σf11(E)

∂X
δ
( 1

nf

)
+

k̂

nf
δ
(∂σf11(E)

∂X

))
AdX

= −
X=H∫
0

∂wpf

∂X

(
δk̂
nf

∂σf11(E)

∂X

(
β∆t2

)∂(δa)
∂X

k̂

nf
(κf + 2ηf)F

−2
11

((
γ∆t

)[∂nf
∂X

∂(δaf)

∂X
+ nf

∂2(δaf)

∂X2

]

+
ns

J

∂vf
∂X

(
β∆t2

)∂2(δa)
∂X2

+
ns

J

(
β∆t2

)[∂2vf
∂X2

− 2

J

∂vf
∂X

∂2u

∂X2

]∂(δa)
∂X

)

− k̂

Jnf

(
2 +

ns

nf

)∂σf11(E)

∂X

(
β∆t2

)∂(δa)
∂X

)
AdX

= −
X=H∫
0

∂wpf

∂X

(
1

nf
(
β∆t2

)[∂σf11(E)

∂X

(
δk̂ −

1

J

[
2 +

ns

nf

])

+
k̂

J3ns
(κf + 2ηf)

(∂2vf
∂X2

− 2

J

∂vf
∂X

∂2u

∂X2

)]∂(δa)
∂X

+
k̂

J2nf
(κf + 2ηf)

(
γ∆t

)[∂nf
∂X

∂(δaf)

∂X
+ nf

∂2(δaf)

∂X2

])
AdX . (B.53)

For the variations of the momentum variational equation terms GINT
5 and IINT

5 , we seek to find the

variation of the viscous stress term

δ(σf11(E)) = δ(P f
11(E)) = δ

(
nf
∂vf
∂X

F−1
11

)
(κf + 2µf) , (B.54)

which is simply

∂vf
∂X

F−2
11 (ns − nf)(κf + 2µf)β∆t

2∂(δa)

∂X
+ nfF−1

11 (κf + 2µf)γ∆t
∂(δaf)

∂X
. (B.55)
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Thus, δGINT
5 is given as

δGINT
5 =

X=H∫
0

∂wu

∂X
(κf + 2µf)

(
∂vf
∂X

F−2
11 (ns − nf)β∆t2∂(δa)

∂X
+ nfF−1

11 γ∆t
∂(δaf)

∂X

)
AdX , (B.56)

and δIINT
5 is given as

δIINT
5 =

X=H∫
0

∂wuf

∂X
(κf + 2µf)

(
∂vf
∂X

F−2
11 (ns − nf)β∆t2∂(δa)

∂X
+ nfF−1

11 γ∆t
∂(δaf)

∂X

)
AdX .

(B.57)

B.5 (u-pf-θ
s-θf) formulation

The linearization of the variational equations given in Chapter 4.1.5 commences as fol-

lows. The linearizations δGINT
1 and δGINT

2 remain unchanged from the (u-pf) formulation for the

(u-pf -θ
s-θf) formulation (save notation denoting a separate solid phase, i.e., θ ← θs, A← αs

V , etc.).

Linearization of GINT
3 proceeds as follows:

δGINT
3 = −

X=H∫
0

∂wu

∂X
δ

(
pf

[θs
θf
ns + nf

])
AdX

= −
X=H∫
0

∂wu

∂X

(
δ(pf)

[θs
θf
ns + nf

]
+ pf

θs

θf
δ(ns) + pf

ns

θf
δ(θs) + pfn

sθsδ
( 1

θf

)
+ pfδ(n

f)

)
AdX

= −
X=H∫
0

∂wu

∂X

(
β∆t2

)(
δp̈f +

nspf
J

[
1− θs

θf

]∂(δa)
∂X

+
nspf
θf

δθ̈s − nspfθ
s

(θf)2
δθ̈f

)
AdX .

(B.58)

For thermoporoelasticity,

δGINT
3 = −

X=H∫
0

∂wu

∂X

(
γ∆t

)(
δṗf +

nspf
J

[
1− θs

θf

]∂(δv)
∂X

+
nspf
θf

δθ̇s − nspfθ
s

(θf)2
δθ̇f

)
AdX . (B.59)

Recall that the constitutive relation between pore fluid real mass density and its pressure is related

by the bulk modulus of the pore fluid (refer to Eq. (2.20)). For an ideal gas, the bulk modulus

is the pore fluid pressure. Therefore, the scaling of the HINT
1 and HINT

2 terms by the pore fluid
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isentropic bulk modulus must be replaced by the scaling of the pore fluid pressure. For HINT
1 , the

linearization is now

δHINT
1 =

X=H∫
0

wpf δ

(
Jnf

pf
ṗf + J̇

)
AdX

=

X=H∫
0

wpf

(
nf ṗf
pf

δ(J) +
Jṗf
pf
δ(nf) +

Jnf

pf
δ(ṗf) + Jnf ṗfδ

( 1

pf

)
+ δ(J̇)

)
AdX

=

X=H∫
0

wpf

([
ṗf
pf

(
β∆t2

)
+
(
γ∆t

)]∂(δa)
∂X

+
Jnf

pf

[(
γ∆t

)
− ṗf
pf

(
β∆t2

)]
δp̈f

)
AdX . (B.60)

For thermoporoelasticity, (B.60) becomes

δHINT
1 =

X=H∫
0

wpf

([
ṗf
pf

(
γ∆t

)
+ 1

]
∂(δv)

∂X
+
Jnf

pf

[
1− ṗf

pf

(
γ∆t

)]
δṗf

)
AdX, . (B.61)

For the compressible liquid model, the isentropic bulk modulus is replaced by the isothermal bulk

modulus, such that,

δHINT
1 =

X=H∫
0

wpf

([
ṗf

Kθ
f

(
β∆t2

)
+
(
γ∆t

)]∂(δa)
∂X

+
Jnf

Kθ
f

(
γ∆t

)
δp̈f

)
AdX , (B.62)

which, for thermoporoelasticity, becomes

δHINT
1 =

X=H∫
0

wpf

([
ṗf

Kθ
f

(
γ∆t

)
+ 1

]
∂(δv)

∂X
+
Jnf

Kθ
f

δṗf

)
AdX . (B.63)

Recall that Darcy’s law for thermoporoelastodynamics and thermoporoelasticity now includes the

thermally-scaled porosity gradient term (pf/n
f)grad(nf)[1− θs/θf ] in addition to the outer scaling

by pore fluid pressure. The variation of the thermally-scaled porosity gradient term proceeds as
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follows1 :
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Therefore, the variation of Darcy’s law for the ideal gas pore fluid may be written as follows:
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For the compressible liquid pore fluid,
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1 In the second equality of Eq. (B.64), we have used a variation of the form of the Gateaux derivative of the
porosity gradient given by Eq. (A.21)1.



450

Thus the derivation of the linearization for HINT
2 for the ideal gas pore fluid may proceed as follows:
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For thermoporoelasticity,
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For the compressible liquid model,
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)
− k̂

J

∂pf
∂X

](
β∆t2

)∂(δp̈f)
∂X

− ∂pf
∂X

[(
nf ṽf
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For thermoporoelasticity,
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)
+ k̂
( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+
ρfR

Kθ
f

[a+ g]
)](

γ∆t)δṗf
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The linearization of HINT
3 ,HINT

4 remain unchanged from the (u-pf) formulation. The thermal

contribution to Darcy’s law comprises HINT
6 , whose linearization proceeds as follows:
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For thermoporoelasticity,
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Linearization of HINT
7 for the ideal gas pore fluid proceeds as follows:
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Combining like terms,
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For thermoporoelasticity,
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For the compressible liquid model,
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Combining like terms,
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β∆t2

)∂(δp̈f)
∂X

− k̂ ∂θ
f

∂X

[ 1

Jnf

∂nf

∂X

(
1− θs

θf

)
+
ρfR

Kθ
f

(a+ g)
](
β∆t2)×

δp̈f +
pf k̂

Jnfθf
∂θf

∂X

∂nf

∂X

(
β∆t2

)
δθ̈s +

(
nf ṽf

)(
β∆t2

)∂(δθ̈f)
∂X

+
[
Jnf

(
γ∆t

)
+
(
k̂
∂θf

∂X

[
ρfRαf

V (a+ g)− pfθ
s

Jnf(θf)2
∂nf

∂X

])(
β∆t2

)]
δθ̈f

)
×

AdX . (B.77)

For thermoporoelasticity,

δHINT
7 = −

X=H∫
0

wpfαf
V

([
θ̇f +

∂θf

∂X

(δk̂
k̂

(
nf ṽf

)
+

k̂

J2

[∂pf
∂X
− nspf

nf

(
1− θs

θf

)( 1

nf
∂nf

∂X
+

3

J

∂2u

∂X2

)])]
×

(
γ∆t

)∂(δv)
∂X

− ∂θf

∂X

nspf k̂

J2nf

[
1− θs

θf

](
γ∆t

)∂2(δv)
∂X2

− k̂

J

∂θf

∂X

(
γ∆t

)∂(δṗf)
∂X

− k̂ ∂θ
f

∂X

[ 1

Jnf

∂nf

∂X

(
1− θs

θf

)
+
ρfR

Kθ
f

g
](
γ∆t)δṗf

+
pf k̂

Jnfθf
∂θf

∂X

∂nf

∂X

(
γ∆t

)
δθ̇s +

(
nf ṽf

)(
γ∆t

)∂(δθ̇f)
∂X

+
[
Jnf +

(
k̂
∂θf

∂X

[
ρfRαf

V g −
pfθ

s

Jnf(θf)2
∂nf

∂X

])(
γ∆t

)]
δθ̇f

)
AdX . (B.78)

J INT
1 now includes a dependence on porosity, which it did not have in the (u-θ) formulation, such

that its linearization in the (u-pf -θ
s-θf) formulation is

δJ INT
1 =

X=H∫
0

wθscsV δ(ρ
s
0θ̇

s)AdX =

X=H∫
0

wθscsV (ρ
sR
0 θ̇sδ(ns) + ρs0δ(θ̇

s))AdX

=

X=H∫
0

wθscsV

(
ρs0
(
γ∆t

)
δθ̈s − ρs0

J
θ̇s
(
β∆t2

)∂(δa)
∂X

)
AdX . (B.79)
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For thermoporoelasticity,

δJ INT
1 =

X=H∫
0

wθscsV

(
ρs0δθ̇

s − ρs0
J
θ̇s
(
γ∆t

)∂(δv)
∂X

)
AdX . (B.80)

J INT
2 now includes a pore fluid pressure coupling term,

nspf
θs

θf
→ δ

(
nspf

θs

θf

)
= −n

spf
J

θs

θf
(
β∆t2

)∂(δa)
∂X

+ ns
θs

θf
(
β∆t2

)
δp̈f

+
nspf
θf
(
β∆t2

)
δθ̈s − nspf

θs

(θf)2
(
β∆t2

)
δθ̈f .

(B.81)

Therefore, there are additional components for ∂(δa)/∂X and δθ̈s, such that the linearization of

J INT
2 is written as

δJ INT
2 =

X=H∫
0

wθs

([ J̇
J

(
−
(
β∆t2

)[Kskelαs
V θ

s

J
+ nspf

θs

θs

]

+ ρs0h0

[c0h0
J

∂v

∂X

([
1− 2F−1

11

] ∂v
∂X

(
β∆t2

)
+ 2
(
γ∆t

))

− c1c
( 3

2J

∂v

∂X

(
β∆t2

)
−
(
γ∆t

))])

+
(
γ∆t

)(Kskelαs
V θ

s

J
+ nspf

θs

θf
+Q

)]∂(δa)
∂X

+ J̇
[Kskelαs

V

J
+
nspf
θf

](
β∆t2

)
δθ̈s + nsJ̇

θs

θf
(
β∆t2

)
δp̈f − nspf J̇

θs

(θf)2
(
β∆t2

)
δθ̈f

)
AdX .

(B.82)

Without shock viscosity,

δJ INT
2 =

X=H∫
0

wθs

([ J̇
J

(
−
(
β∆t2

)[Kskelαs
V θ

s

J
+ nspf

θs

θs

])
+
(
γ∆t

)(Kskelαs
V θ

s

J
+ nspf

θs

θf

)]∂(δa)
∂X

+ J̇
[Kskelαs

V

J
+
nspf
θf

](
β∆t2

)
δθ̈s + nsJ̇

θs

θf
(
β∆t2

)
δp̈f − nspf J̇

θs

(θf)2
(
β∆t2

)
δθ̈f

)

×AdX .

(B.83)
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For thermoporoelasticity,

δJ INT
2 =

X=H∫
0

wθs

([ J̇
J

(
−
(
γ∆t

)[Kskelαs
V θ

s

J
+ nspf

θs

θs

])
+
(Kskelαs

V θ
s

J
+ nspf

θs

θf

)]∂(δv)
∂X

+ J̇
[Kskelαs

V

J
+
nspf
θf

](
γ∆t

)
δθ̇s + nsJ̇

θs

θf
(
γ∆t

)
δṗf − nspf J̇

θs

(θf)2
(
γ∆t

)
δθ̇f

)
AdX .

(B.84)

Linearization of J INT
3 now includes dependence on porosity, such that its derivation proceeds as

follows:

δJ INT
3 = −

X=H∫
0

∂wθs

∂X
δ(qs)AdX

=

X=H∫
0

∂wθs

∂X
kθ

s

(
ns

J
δ
(∂θs
∂X

)
+ ns

∂θs

∂X
δ
( 1
J

)
+

1

J

∂θs

∂X
δ(ns)

)
AdX

=

X=H∫
0

∂wθ

∂X

nskθ
s

J

(
β∆t2

)(∂(δθ̈)
∂X

− 2ns

J

∂θ

∂X

∂(δa)

∂X

)
AdX . (B.85)

For thermoelasticity

δJ INT
3 =

X=H∫
0

∂wθ

∂X

nskθ
s

J

(
γ∆t

)(∂(δθ̇)
∂X

− 2ns

J

∂θ

∂X

∂(δv)

∂X

)
AdX . (B.86)

Linearization of J INT
4 proceeds as follows:

δJ INT
4 =

X=H∫
0

wθskεθδ(J [θ
s − θf ])AdX =

X=H∫
0

wθskεθ([θ
s − θf ]δ(J) + Jδ(θs)− Jδ(θf))AdX

=

X=H∫
0

wθskεθ
(
β∆t2

)(
[θs − θf ]∂(δa)

∂X
+ Jδθ̈s − Jδθ̈f

)
AdX . (B.87)

For thermoporoelasticity,

δJ INT
4 =

X=H∫
0

wθskεθ
(
γ∆t

)(
[θs − θf ]∂(δv)

∂X
+ Jδθ̇s − Jδθ̇f

)
AdX . (B.88)
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Linearization of J INT
5 for the ideal gas pore fluid proceeds as follows:

δJ INT
5 = −

X=H∫
0

wθsδ
(J(nf ṽf

)2
k̂

)
AdX

= −
X=H∫
0

wθs
((nf ṽf

)2
k̂

δ(J) +
2J
(
nf ṽf

)
k̂

δ
(
nf ṽf

)
−

J
(
nf ṽf

)2
(k̂)2

δ(k̂)
)
AdX

= −
X=H∫
0

wθs
([(nf ṽf

)2
k̂

−
J
(
nf ṽf

)2
(k̂)2

δk̂

](
β∆t2

)∂(δa)
∂X

+
2J
(
nf ṽf

)
k̂

[( δk̂
k̂

(
nf ṽf

)
+

k̂

J2

[∂pf
∂X

−
nspf

nf

(
1−

θs

θf

)( 1

nf

∂nf

∂X
+

3

J

∂2u

∂X2

)])(
β∆t2)

∂(δa)

∂X

−
nspf k̂

J2nf

(
1−

θs

θf

)(
β∆t2

)∂2(δa)

∂X2
− k̂ρfRδa−

k̂

J

(
β∆t2

)∂(δp̈f)
∂X

− k̂
( 1

Jnf

∂nf

∂X

[
1−

θs

θf

]
+

a+ g

Rθf

)(
β∆t2)δp̈f +

pf k̂

Jnfθf
∂nf

∂X

(
β∆t2

)
δθ̈s

+ k̂
ρfR

θf

(
[a+ g]−

Rθs

Jnf

∂nf

∂X

)(
β∆t2)δθ̈f

])
AdX

=

X=H∫
0

wθs
((

nf ṽf
)[ (nf ṽf

)
k̂

(
1 +

J

k̂
δk̂

)
+

2

J

(∂pf
∂X

−
nspf

nf

[
1−

θs

θf

][ 1

nf

∂nf

∂X
+

3

J

∂2u

∂X2

])](
β∆t2

)∂(δa)
∂X

−
2nspf

(
nf ṽf

)
Jnf

(
1−

θs

θf

)(
β∆t2

)∂2(δa)

∂X2
− 2J

(
nf ṽf

)
ρfRδa− 2

(
nf ṽf

)(
β∆t2

)∂(δp̈f)
∂X

− 2J
(
nf ṽf

)( 1

Jnf

∂nf

∂X

[
1−

θs

θf

]
+

a+ g

Rθf

)(
β∆t2)δp̈f +

2pf
(
nf ṽf

)
nfθf

∂nf

∂X

(
β∆t2

)
δθ̈s

+ 2J
(
nf ṽf

)ρfR
θf

(
[a+ g]−

Rθs

Jnf

∂nf

∂X

)(
β∆t2)δθ̈f

)
AdX . (B.89)

For thermoporoelasticity,

δJ INT
5 =

X=H∫
0

wθs
((

nf ṽf
)[(nf ṽf

)
k̂

(
1 +

J

k̂
δk̂

)
+

2

J

(∂pf
∂X

− nspf
nf

[
1− θs

θf

][ 1

nf

∂nf

∂X
+

3

J

∂2u

∂X2

])](
γ∆t

)∂(δv)
∂X

−
2nspf

(
nf ṽf

)
Jnf

(
1− θs

θf

)(
γ∆t

)∂2(δv)

∂X2
− 2
(
nf ṽf

)(
γ∆t

)∂(δṗf)
∂X

− 2J
(
nf ṽf

)( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+

g

Rθf

)(
γ∆t)δṗf +

2pf
(
nf ṽf

)
nfθf

∂nf

∂X

(
γ∆t

)
δθ̇s

+ 2J
(
nf ṽf

)ρfR
θf

(
g − Rθs

Jnf

∂nf

∂X

)(
γ∆t)δθ̇f

)
AdX . (B.90)
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For the compressible liquid pore fluid,

δJ INT
5 =

X=H∫
0

wθs
((

nf ṽf
)[ (nf ṽf

)
k̂

(
1 +

J

k̂
δk̂

)
+

2

J

(∂pf
∂X

−
nspf

nf

[
1−

θs

θf

][ 1

nf

∂nf

∂X
+

3

J

∂2u

∂X2

])](
β∆t2

)∂(δa)
∂X

−
2nspf

(
nf ṽf

)
Jnf

(
1−

θs

θf

)(
β∆t2

)∂2(δa)

∂X2
− 2J

(
nf ṽf

)
ρfRδa− 2

(
nf ṽf

)(
β∆t2

)∂(δp̈f)
∂X

− 2J
(
nf ṽf

)( 1

Jnf

∂nf

∂X

[
1−

θs

θf

]
+

ρfR

Kθ
f

[a+ g]
)(

β∆t2)δp̈f +
2pf
(
nf ṽf

)
nfθf

∂nf

∂X

(
β∆t2

)
δθ̈s

+ 2J
(
nf ṽf

)(
ρfRαf

V [a+ g]−
pfθ

s

Jnf(θf)2

)(
β∆t2)δθ̈f

)
AdX . (B.91)

For thermoporoelasticity,

δJ INT
5 =

X=H∫
0

wθs
((

nf ṽf
)[(nf ṽf

)
k̂

(
1 +

J

k̂
δk̂

)
+

2

J

(∂pf
∂X

− nspf
nf

[
1− θs

θf

][ 1

nf

∂nf

∂X
+

3

J

∂2u

∂X2

])](
γ∆t

)∂(δv)
∂X

−
2nspf

(
nf ṽf

)
Jnf

(
1− θs

θf

)(
γ∆t

)∂2(δv)

∂X2
− 2
(
nf ṽf

)(
γ∆t

)∂(δṗf)
∂X

− 2J
(
nf ṽf

)( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+

ρfRg

Kθ
f

)(
γ∆t)δṗf +

2pf
(
nf ṽf

)
nfθf

∂nf

∂X

(
γ∆t

)
δθ̇s

+ 2J
(
nf ṽf

)(
ρfRαf

V g − pfθ
s

Jnf(θf)2

)(
γ∆t)δθ̇f

)
AdX . (B.92)
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Linearization of J INT
6 for the ideal gas pore fluid proceeds as follows:

δJ INT
6 =

X=H∫
0

wθs

δ
(θs
θf
pf
nf
∂nf

∂X

(
nf ṽf

))
AdX

=

X=H∫
0

wθs
( 1

θf
pf
nf
∂nf

∂X

(
nf ṽf

)
δ(θs)− θs

(θf)2
pf
nf
∂nf

∂X

(
nf ṽf

)
δ(θf) +

θs

θf
1

nf
∂nf

∂X

(
nf ṽf

)
δ(pf)

− θs

θf
pf

(nf)2
∂nf

∂X

(
nf ṽf

)
δ(nf) +

θs

θf
pf
nf
(
nf ṽf

)
δ
(∂nf
∂X

)
+
θs

θf
pf
nf
∂nf

∂X
δ
(
nf ṽf

))
AdX

=

X=H∫
0

wθs
( 1

θf
pf
nf
∂nf

∂X

(
nf ṽf

)(
β∆t2

)
δθ̈s − θs

(θf)2
pf
nf
∂nf

∂X

(
nf ṽf

)(
β∆t2

)
δθ̈f

+
θs

θf
1

nf
∂nf

∂X

(
nf ṽf

)(
β∆t2

)
δp̈f −

θs

θf
pf

(nf)2
ns

J

∂nf

∂X

(
nf ṽf

)(
β∆t2

)∂(δa)
∂X

+
θs

θf
pf
nf
ns

J

(
nf ṽf

)(
β∆t2

)[∂2(δa)
∂X2

− 2

J

∂2u

∂X2

∂(δa)

∂X

]

+
θs

θf
pf
nf
∂nf

∂X

[(δk̂
k̂

(
nf ṽf

)
+

k̂

J2

[∂pf
∂X
− nspf

nf

(
1− θs

θf

)( 1

nf
∂nf

∂X
+

3

J

∂2u

∂X2

)])
×

(
β∆t2)

∂(δa)

∂X
− nspf k̂

J2nf

(
1− θs

θf

)(
β∆t2

)∂2(δa)
∂X2

− k̂ρfRδa

− k̂

J

(
β∆t2

)∂(δp̈f)
∂X

− k̂
( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+
a+ g

Rθf

)(
β∆t2)δp̈f

+
pf k̂

Jnfθf
∂nf

∂X

(
β∆t2

)
δθ̈s + k̂

ρfR

θf

(
[a+ g]− Rθs

Jnf

∂nf

∂X

)(
β∆t2)δθ̈f

])
×

AdX (B.93)
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Combining like terms,

δJ INT
6 =

X=H∫
0

wθs
([θs
θf
pf
nf

(∂nf
∂X

[δk̂
k̂

(
nf ṽf

)
+

k̂

J2

(∂pf
∂X
− nspf

nf

[
1− θs

θf

][ 1
nf
∂nf

∂X
+

3

J

∂2u

∂X2

])]

−
(
nf ṽf

)ns
J

[ 1
nf
∂nf

∂X
+

2

J

∂2u

∂X2

])](
β∆t2

)∂(δa)
∂X

+
θs

θf
pf
nf
ns

J

[(
nf ṽf

)
− pf k̂

Jnf

(
1− θs

θf

)](
β∆t2

)∂2(δa)
∂X2

− θs

nf
(ρfR)2

R

∂nf

∂X
k̂δa

+
θs

θf
1

nf
∂nf

∂X

[(
nf ṽf

)
− k̂pf

( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+
a+ g

Rθf

)](
β∆t2

)
δp̈f

− θs

θf
pf
nf
∂nf

∂X

k̂

J

(
β∆t2

)∂(δp̈f)
∂X

+
pf
nfθf

∂nf

∂X

[(
nf ṽf

)
+
θs

θf
pf
nf
∂nf

∂X

k̂

J

](
β∆t2

)
δθ̈s

+
θs

(θf)2
pf
nf
∂nf

∂X

[
k̂ρfR

(
[a+ g]− Rθs

Jnf

∂nf

∂X

)
−
(
nf ṽf

)](
β∆t2

)
δθ̈f
)
AdX . (B.94)

For thermoporoelasticity

δJ INT
6 =

X=H∫
0

wθs
([θs
θf
pf
nf

(∂nf
∂X

[δk̂
k̂

(
nf ṽf

)
+

k̂

J2

(∂pf
∂X
− nspf

nf

[
1− θs

θf

][ 1
nf
∂nf

∂X
+

3

J

∂2u

∂X2

])]

−
(
nf ṽf

)ns
J

[ 1
nf
∂nf

∂X
+

2

J

∂2u

∂X2

])](
γ∆t

)∂(δv)
∂X

+
θs

θf
pf
nf
ns

J

[(
nf ṽf

)
− pf k̂

Jnf

(
1− θs

θf

)](
γ∆t

)∂2(δv)
∂X2

+
θs

θf
1

nf
∂nf

∂X

[(
nf ṽf

)
− k̂pf

( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+

g

Rθf

)](
γ∆t

)
δṗf

− θs

θf
pf
nf
∂nf

∂X

k̂

J

(
γ∆t2

)∂(δṗf)
∂X

+
pf
nfθf

∂nf

∂X

[(
nf ṽf

)
+
θs

θf
pf
nf
∂nf

∂X

k̂

J

](
γ∆t

)
δθ̇s

+
θs

(θf)2
pf
nf
∂nf

∂X

[
k̂ρfR

(
g − Rθs

Jnf

∂nf

∂X

)
− 1
](
γ∆t

)
δθ̇f
)
AdX . (B.95)
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For the compressible liquid pore fluid model,

δJ INT
6 =

X=H∫
0

wθs
([θs
θf
pf
nf

(∂nf
∂X

[δk̂
k̂

(
nf ṽf

)
+

k̂

J2

(∂pf
∂X
− nspf

nf

[
1− θs

θf

][ 1
nf
∂nf

∂X
+

3

J

∂2u

∂X2

])]

−
(
nf ṽf

)ns
J

[ 1
nf
∂nf

∂X
+

2

J

∂2u

∂X2

])](
β∆t2

)∂(δa)
∂X

+
θs

θf
pf
nf
ns

J

[(
nf ṽf

)
− pf k̂

Jnf

(
1− θs

θf

)](
β∆t2

)∂2(δa)
∂X2

− θs

θf
pf
nf
∂nf

∂X
k̂δa

+
θs

θf
1

nf
∂nf

∂X

[(
nf ṽf

)
− k̂pf

( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+
ρfR

Kθ
f

[a+ g]
)](

β∆t2
)
δp̈f

− θs

θf
pf
nf
∂nf

∂X

k̂

J

(
β∆t2

)∂(δp̈f)
∂X

+
pf
nfθf

∂nf

∂X

[(
nf ṽf

)
+
θs

θf
pf
nf
∂nf

∂X

k̂

J

](
β∆t2

)
δθ̈s

+
θs

θf
pf
nf
∂nf

∂X

[
k̂
(
ρfRαf

V [a+ g]− pfθ
s

Jnf(θf)2
∂nf

∂X

)
−
(
nf ṽf

)](
β∆t2

)
δθ̈f
)
AdX . (B.96)

For thermoporoelasticity,

δJ INT
6 =

X=H∫
0

wθs
([θs
θf
pf
nf

(∂nf
∂X

[δk̂
k̂

(
nf ṽf

)
+

k̂

J2

(∂pf
∂X
− nspf

nf

[
1− θs

θf

][ 1
nf
∂nf

∂X
+

3

J

∂2u

∂X2

])]

−
(
nf ṽf

)ns
J

[ 1
nf
∂nf

∂X
+

2

J

∂2u

∂X2

])](
γ∆t

)∂(δv)
∂X

+
θs

θf
pf
nf
ns

J

[(
nf ṽf

)
− pf k̂

Jnf

(
1− θs

θf

)](
γ∆t

)∂2(δv)
∂X2

+
θs

θf
1

nf
∂nf

∂X

[(
nf ṽf

)
− k̂pf

( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+
ρfR

Kθ
f

g
)](

γ∆t
)
δṗf

− θs

θf
pf
nf
∂nf

∂X

k̂

J

(
γ∆t2

)∂(δṗf)
∂X

+
pf
nfθf

∂nf

∂X

[(
nf ṽf

)
+
θs

θf
pf
nf
∂nf

∂X

k̂

J

](
γ∆t

)
δθ̇s

+
θs

θf
pf
nf
∂nf

∂X

[
k̂
(
ρfRαf

V g −
pfθ

s

Jnf(θf)2
∂nf

∂X

)
− 1
](
γ∆t

)
δθ̇f
)
AdX . (B.97)
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Linearization of KINT
1 for the ideal gas pore fluid proceeds as follows:

δKINT
1 =

X=H∫
0

wθf (cfV +R)δ(ρf0θ̇
f)AdX =

X=H∫
0

wθf (cfV +R)(θ̇fδ(ρf0) + ρf0δ(θ̇
f))AdX

=

X=H∫
0

wθf (cfV +R)
(
ρfRθ̇f

(
β∆t2

)∂(δa)
∂X

+
Jnf

Rθf
θ̇f
(
β∆t2

)
δp̈f

+ ρf0

[(
γ∆t

)
−
(
β∆t2

)
θf

θ̇f
]
δθ̈f
)
AdX . (B.98)

For thermoporoelasticity,

δKINT
1 =

X=H∫
0

wθf (cfV +R)
(
ρfRθ̇f

(
γ∆tt

)∂(δv)
∂X

+
Jnf

Rθf
θ̇f
(
γ∆t

)
δṗf

+ ρf0

[
1−

(
γ∆t

)
θf

θ̇f
]
δθ̇f
)
AdX . (B.99)

For the compressible liquid pore fluid,

δKINT
1 =

X=H∫
0

wθf (cfV δ(ρ
f
0θ̇

f) +Kθ
f [α

f
V ]

2δ(Jnfθf θ̇f))AdX

=

X=H∫
0

wθf (cfV [θ̇
fδ(ρf0) + ρf0δ(θ̇

f)] +Kθ
f [α

f
V ]

2[nfθf θ̇fδ(J) + Jθf θ̇fδ(nf)

+ Jnf θ̇fδ(θf) + Jnfθfδ(θ̇f)])AdX

=

X=H∫
0

wθf
(
cfV θ̇

f
(
β∆t2

)[
ρfR

∂(δa)

∂X
+ ρf0

( 1

Kθ
f

δp̈f − αf
V δθ̈

f
)]

+ cfV ρ
f
0

(
γ∆t

)
δθ̈f

+Kθ
f [α

f
V ]

2
[
nfθf θ̇f

(
β∆t2

)∂(δa)
∂X

+ nsθf θ̇f
(
β∆t2

)∂(δa)
∂X

+ Jnf θ̇f
(
β∆t2

)
δθ̈f + Jnfθf

(
γ∆t

)
δθ̈f
])
AdX . (B.100)
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Combining like terms,

δKINT
1 =

X=H∫
0

wθf
(
θ̇f
[
ρfRcfV +Kθ

f [α
f
V ]

2θf
](
β∆t2

)∂(δa)
∂X

+ ρf0c
f
V

θ̇f

Kθ
f

(
β∆t2

)
δp̈f

+
[
(ρf0c

f
V +Kθ

f [α
f
V ]

2Jnfθf)
(
γ∆t

)
+Kθ

f [α
f
V ]

2Jnf θ̇f
(
β∆t2

)]
δθ̈f
)
AdX . (B.101)

For thermoporoelasticity,

δKINT
1 =

X=H∫
0

wθf
(
θ̇f
[
ρfRcfV +Kθ

f [α
f
V ]

2θf
](
γ∆t

)∂(δv)
∂X

+ ρf0c
f
V

θ̇f

Kθ
f

(
γ∆t

)
δṗf

+
[
(ρf0c

f
V +Kθ

f [α
f
V ]

2Jnfθf) +Kθ
f [α

f
V ]

2Jnf θ̇f
(
γ∆t

)]
δθ̇f
)
AdX . (B.102)

Linearization of KINT
2 for the ideal gas pore fluid proceeds as follows:

δKINT
2 =

X=H∫
0

wθf

(cfV +R)δ
(
ρfR

∂θf

∂X

(
nf ṽf

))
AdX

=

X=H∫
0

wθf

(cfV +R)
(∂θf
∂X

(
nf ṽf

)
δ(ρfR) + ρfR

(
nf ṽf

)∂(δθf)
∂X

+ ρfR
∂θf

∂X
δ
(
nf ṽf

))
AdX

=

X=H∫
0

wθf

(cfV +R)
(∂θf
∂X

(
nf ṽf

)
Rθf

(
β∆t2

)[
δp̈f −

pf
θf
δθ̈f
]
+ ρfR

(
nf ṽf

)(
β∆t2

)∂(δθ̈f)
∂X

+ ρfR
∂θf

∂X

[(δk̂
k̂

(
nf ṽf

)
+

k̂

J2

[∂pf
∂X
− nspf

nf

(
1− θs

θf

)( 1

nf
∂nf

∂X
+

3

J

∂2u

∂X2

)])
×

(
β∆t2)

∂(δa)

∂X
− nspf k̂

J2nf

(
1− θs

θf

)(
β∆t2

)∂2(δa)
∂X2

− k̂ρfRδa

− k̂

J

(
β∆t2

)∂(δp̈f)
∂X

− k̂
( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+
a+ g

Rθf

)(
β∆t2)δp̈f

+
pf k̂

Jnfθf
∂nf

∂X

(
β∆t2

)
δθ̈s + k̂

ρfR

θf

(
[a+ g]− Rθs

Jnf

∂nf

∂X

)(
β∆t2)δθ̈f

(B.103)
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Combining like terms,

δKINT
2 =

X=H∫
0

wθf (cfV +R)
(
ρfR

∂θf

∂X

(δk̂
k̂

(
nf ṽf

)
+

k̂

J2

[∂pf
∂X

− nspf
nf

(
1− θs

θf

)( 1

nf

∂nf

∂X
+

3

J

∂2u

∂X2

)])
×

(
β∆t2)

∂(δa)

∂X
− nsρfRpf k̂

J2nf

∂θf

∂X

(
1− θs

θf

)(
β∆t2

)∂2(δa)

∂X2
− k̂(ρfR)2

∂θf

∂X
δa

+
∂θf

∂X

[(nf ṽf
)

Rθf
− ρfRk̂

( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+

a+ g

Rθf

)](
β∆t2

)
δp̈f

− ρfR
k̂

J

∂θf

∂X

(
β∆t2

)∂(δp̈f)
∂X

+
k̂(pf)

2

JnfR(θf)2
∂θf

∂X

∂nf

∂X

(
β∆t2

)
δθ̈s

+ ρfR
(
nf ṽf

)(
β∆t2

)∂(δθ̈f)
∂X

+
1

θf
∂θf

∂X

[
k̂(ρfR)2

(
[a+ g]− Rθs

Jnf

∂nf

∂X

)
−
(
nf ṽf

)
Rθf

pf
](
β∆t2

)
δθ̈f
)
AdX . (B.104)

For thermoporoelasticity,

δKINT
2 =

X=H∫
0

wθf

(cfV +R)
(
ρfR

∂θf

∂X

(δk̂
k̂

(
nf ṽf

)
+

k̂

J2

[∂pf
∂X
− nspf

nf

(
1− θs

θf

)( 1

nf
∂nf

∂X
+

3

J

∂2u

∂X2

)])
×

(
γ∆t)

∂(δv)

∂X
− nsρfRpf k̂

J2nf
∂θf

∂X

(
1− θs

θf

)(
γ∆t

)∂2(δv)
∂X2

+
∂θf

∂X

[(nf ṽf)
Rθf

− ρfRk̂
( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+

g

Rθf

)](
γ∆t

)
δṗf

− ρfR k̂
J

∂θf

∂X

(
γ∆t

)∂(δṗf)
∂X

+
k̂(pf)

2R

Jnf

∂θf

∂X

∂nf

∂X

(
γ∆t

)
δθ̇s

+ ρfR
(
nf ṽf

)(
γ∆t

)∂(δθ̇f)
∂X

+
1

θf
∂θf

∂X

[
k̂(ρfR)2

(
g − Rθs

Jnf

∂nf

∂X

)
−
(
nf ṽf

)
Rθf

pf

](
γ∆t

)
δθ̇f
)
AdX . (B.105)
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For the compressible liquid,

δKINT
2 =

X=H∫
0

wθf

δ
(
[ρfRcfV + θfKθ

f [α
f
V ]

2)]
∂θf

∂X

(
nf ṽf

))
AdX

=

X=H∫
0

wθf
(
[cfV δ(ρ

fR) +Kθ
f [α

f
V ]

2]δ(θf)]
∂θf

∂X

(
nf ṽf

)
+ [ρfRcfV +Kθ

f [α
f
V ]

2θf ]×

[(
nf ṽf

)∂(δθf)
∂X

+
∂θf

∂X
δ
(
nf ṽf

)])
AdX

=

X=H∫
0

wθf
([
ρfRcfV

(
β∆t2

)( 1

Kθ
f

δp̈f − αf
V δθ̈

f
)
+Kθ

f [α
f
V ]

2
(
β∆t2

)
δθ̈f
]∂θf
∂X

(
nf ṽf

)

+ [ρfRcfV +Kθ
f [α

f
V ]

2θf ]
[(
nf ṽf

)(
β∆t2

)∂(δθ̈f)
∂X

+
∂θf

∂X

(δk̂
k̂

(
nf ṽf

)
+

k̂

J2

[∂pf
∂X
− nspf

nf

(
1− θs

θf

)( 1

nf
∂nf

∂X
+

3

J

∂2u

∂X2

)])
×

(
β∆t2)

∂(δa)

∂X
− nspf k̂

J2nf

(
1− θs

θf

)(
β∆t2

)∂2(δa)
∂X2

− k̂ρfRδa− k̂

J

(
β∆t2

)∂(δp̈f)
∂X

− k̂
( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+
ρfR

Kθ
f

[a+ g]
)(
β∆t2)δp̈f +

pf k̂

Jnfθf
∂nf

∂X

(
β∆t2

)
δθ̈s

+ k̂
(
ρfRαf

V [a+ g]− pfθ
s

Jnf(θf)2
∂nf

∂X

)(
β∆t2)δθ̈f

])
AdX . (B.106)
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Combining like terms,

δKINT
2 =

X=H∫
0

wθf
(
[ρfRcfV +Kθ

f (α
f
V )

2θf ]
∂θf

∂X

[(δk̂
k̂

(
nf ṽf

)

+
k̂

J2

[∂pf
∂X
− nspf

nf

(
1− θs

θf

)( 1

nf
∂nf

∂X
+

3

J

∂2u

∂X2

)])(
β∆t2

)∂(δa)
∂X

− nspf k̂

J2nf

(
1− θs

θf

)(
β∆t2

)∂2(δa)
∂X2

− k̂ρfRδa− k̂

J

(
β∆t2

)∂(δp̈f)
∂X

+
pf k̂

Jnfθf
∂nf

∂X

(
β∆t2

)
δθ̈s
]
+ [ρfRcfV +Kθ

f (α
f
V )

2θf ]
(
nf ṽf

)(
β∆t2

)∂(δθ̈f)
∂X

+
∂θf

∂X

[ρfRcfV
Kθ

f

(
nf ṽf

)
− (ρfRcfV +Kθ

f [α
f
V ]

2θf)
( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+
ρfR

Kθ
f

[a+ g]
)]
×

(
β∆t2

)
δp̈f +

∂θf

∂X

(
β∆t2

)[
αf
V (K

θ
f [α

f
V ]− ρfRcfV )

(
nf ṽf

)

+ (ρfRcfV +Kθ
f [α

f
V ]

2θf)k̂
(
ρfRαf

V [a+ g]− pfθ
s

Jnf(θf)2
∂nf

∂X

)]
δθ̈f
)
AdX .

(B.107)

For thermoporoelasticity,

δKINT
2 =

X=H∫
0

wθf
(
[ρfRcfV +Kθ

f (α
f
V )

2θf ]
∂θf

∂X

[(δk̂
k̂

(
nf ṽf

)

+
k̂

J2

[∂pf
∂X
− nspf

nf

(
1− θs

θf

)( 1

nf
∂nf

∂X
+

3

J

∂2u

∂X2

)])(
γ∆t

)∂(δv)
∂X

− nspf k̂

J2nf

(
1− θs

θf

)(
γ∆t

)∂2(δv)
∂X2

− k̂

J

(
γ∆t

)∂(δṗf)
∂X

+
pf k̂

Jnfθf
∂nf

∂X

(
γ∆t

)
δθ̇s
]
+ [ρfRcfV +Kθ

f (α
f
V )

2θf ]
(
nf ṽf

)(
γ∆t

)∂(δθ̇f)
∂X

+
∂θf

∂X

[ρfRcfV
Kθ

f

(
nf ṽf

)
− (ρfRcfV +Kθ

f [α
f
V ]

2θf)
( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+
ρfR

Kθ
f

g
)]
×

(
γ∆t

)
δṗf +

∂θf

∂X

(
γ∆t

)[
αf
V (K

θ
f [α

f
V ]− ρfRcfV )

(
nf ṽf

)

+ (ρfRcfV +Kθ
f [α

f
V ]

2θf)k̂
(
ρfRαf

V g −
pfθ

s

Jnf(θf)2
∂nf

∂X

)]
δθ̇f
)
AdX . (B.108)
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Linearization of KINT
3 proceeds as follows:

δKINT
3 = −

X=H∫
0

wθf δ(nspf J̇)AdX = −
X=H∫
0

wθf (pf J̇δ(n
s) + nsJ̇δ(pf) + nspfδ(J̇))AdX

= −
X=H∫
0

wθf
(
− nspf

J
J̇
(
β∆t2

)∂(δa)
∂X

+ nsJ̇
(
β∆t2

)
δp̈f + nspf

(
γ∆t

)∂(δa)
∂X

)
AdX

=

X=H∫
0

wθfns
(
pf

[ J̇
J

(
β∆t2

)
−
(
γ∆t

)]∂(δa)
∂X

− J̇
(
β∆t2

)
δp̈f

)
AdX . (B.109)

For thermoporoelasticity,

δKINT
3 =

X=H∫
0

wθfns
(
pf

[ J̇
J

(
γ∆t

)
− 1
]∂(δv)
∂X

− J̇
(
γ∆t

)
δṗf

)
AdX . (B.110)

Linearization of KINT
4 for the ideal gas pore fluid proceeds as follows:

δKINT
4 = −

X=H∫
0

wθf δ
( pf
nf

∂nf

∂X

(
nf ṽf

))
AdX

= −
X=H∫
0

wθf
( 1

nf

∂nf

∂X

(
nf ṽf

)
δ(pf)−

pf
(nf)2

∂nf

∂X

(
nf ṽf

)
δ(nf) +

pf
nf

(
nf ṽf

)
δ
(∂nf

∂X

)
+

pf
nf

∂nf

∂X
δ
(
nf ṽf

))
AdX

= −
X=H∫
0

wθf
( 1

nf

∂nf

∂X

(
nf ṽf

)(
β∆t2

)
δp̈f −

nspf
J(nf)2

∂nf

∂X

(
nf ṽf

)(
β∆t2

)∂(δa)
∂X

+
nspf
Jnf

(
nf ṽf

)(
β∆t2

)[∂2(δa)

∂X
− 2

J

∂2u

∂X2

∂(δa)

∂X

]

+
pf
nf

∂nf

∂X

[(δk̂
k̂

(
nf ṽf

)
+

k̂

J2

[∂pf
∂X

− nspf
nf

(
1− θs

θf

)( 1

nf

∂nf

∂X
+

3

J

∂2u

∂X2

)])
×

(
β∆t2)

∂(δa)

∂X
− nspf k̂

J2nf

(
1− θs

θf

)(
β∆t2

)∂2(δa)

∂X2
− k̂ρfRδa

− k̂

J

(
β∆t2

)∂(δp̈f)
∂X

− k̂
( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+

a+ g

Rθf

)(
β∆t2)δp̈f

+
pf k̂

Jnfθf
∂nf

∂X

(
β∆t2

)
δθ̈s + k̂

ρfR

θf

(
[a+ g]− Rθs

Jnf

∂nf

∂X

)(
β∆t2)δθ̈f

)
AdX

(B.111)
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Combining like terms,

δKINT
4 =

X=H∫
0

wθf
( pf
nf

[∂nf

∂X

( ns

Jnf

(
nf ṽf

)
−

δk̂

k̂

(
nf ṽf

)

− k̂

J2

[∂pf
∂X

− nspf
nf

(
1− θs

θf

)( 1

nf

∂nf

∂X
+

3

J

∂2u

∂X2

)])
+

2ns

J2

∂2u

∂X2

(
nf ṽf

)]
×

(
β∆t2)

∂(δa)

∂X
+

nspf
Jnf

[pf k̂
J

∂nf

∂X

(
1− θs

θf

)
−
(
nf ṽf

)](
β∆t2

)∂2(δa)

∂X2
+

pf
nf

k̂ρfR
∂nf

∂X
δa

+
1

nf

∂nf

∂X

[
pf k̂
( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+

a+ g

Rθf

)
−
(
nf ṽf

)](
β∆t2

)
δp̈f

+
pf
nf

k̂

J

∂nf

∂X

(
β∆t2

)∂(δp̈f)
∂X

− k̂

Jθf

[ pf
nf

∂nf

∂X

]2(
β∆t2

)
δθ̈s − k̂(ρfR)2R

nf

∂nf

∂X

(
[a+ g]− Rθs

Jnf

∂nf

∂X

)(
β∆t2

)
δθ̈f
)
AdX . (B.112)

For thermoporoelasticity,

δKINT
4 =

X=H∫
0

wθf
( pf
nf

[∂nf
∂X

( ns

Jnf

(
nf ṽf

)
− δk̂

k̂

(
nf ṽf

)

− k̂

J2

[∂pf
∂X
− nspf

nf

(
1− θs

θf

)( 1

nf
∂nf

∂X
+

3

J

∂2u

∂X2

)])
+

2ns

J2

∂2u

∂X2

(
nf ṽf

)]
×

(
γ∆t)

∂(δv)

∂X
+
nspf
Jnf

[pf k̂
J

∂nf

∂X

(
1− θs

θf

)
−
(
nf ṽf

)](
γ∆t

)∂2(δv)
∂X2

+
1

nf
∂nf

∂X

[
pf k̂
( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+

g

Rθf

)
−
(
nf ṽf

)](
γ∆t

)
δṗf

+
pf
nf
k̂

J

∂nf

∂X

(
γ∆t

)∂(δṗf)
∂X

− k̂

Jθf

[ pf
nf
∂nf

∂X

]2(
γ∆t

)
δθ̇s − k̂(pf)

2

nf
∂nf

∂X

(
g − Rθs

Jnf

∂nf

∂X

)(
γ∆t

)
δθ̇f
)
AdX . (B.113)
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For the compressible liquid,

δKINT
4 =

X=H∫
0

wθf
( pf
nf

[∂nf

∂X

( ns

Jnf

(
nf ṽf

)
−

δk̂

k̂

(
nf ṽf

)

− k̂

J2

[∂pf
∂X

− nspf
nf

(
1− θs

θf

)( 1

nf

∂nf

∂X
+

3

J

∂2u

∂X2

)])
+

2ns

J2

∂2u

∂X2

(
nf ṽf

)]
×

(
β∆t2)

∂(δa)

∂X
+

nspf
Jnf

[pf k̂
J

∂nf

∂X

(
1− θs

θf

)
−
(
nf ṽf

)](
β∆t2

)∂2(δa)

∂X2
+

pf
nf

k̂ρfR
∂nf

∂X
δa

+
1

nf

∂nf

∂X

[
pf k̂
( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+

ρfR

Kθ
f

[a+ g]
)
−
(
nf ṽf

)](
β∆t2

)
δp̈f

+
pf
nf

k̂

J

∂nf

∂X

(
β∆t2

)∂(δp̈f)
∂X

− k̂

Jθf

[ pf
nf

∂nf

∂X

]2(
β∆t2

)
δθ̈s − k̂

nf

∂nf

∂X

(
ρfRαf

V [a+ g]− pfθ
s

Jnf(θf)2
∂nf

∂X

)(
β∆t2

)
δθ̈f
)
AdX . (B.114)

For thermoporoelasticity,

δKINT
4 =

X=H∫
0

wθf
( pf
nf

[∂nf
∂X

( ns

Jnf

(
nf ṽf

)
− δk̂

k̂

(
nf ṽf

)

− k̂

J2

[∂pf
∂X
− nspf

nf

(
1− θs

θf

)( 1

nf
∂nf

∂X
+

3

J

∂2u

∂X2

)])
+

2ns

J2

∂2u

∂X2

(
nf ṽf

)]
×

(
γ∆t)

∂(δv)

∂X
+
nspf
Jnf

[pf k̂
J

∂nf

∂X

(
1− θs

θf

)
−
(
nf ṽf

)](
γ∆t

)∂2(δv)
∂X2

+
1

nf
∂nf

∂X

[
pf k̂
( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+
ρfR

Kθ
f

g
)
−
(
nf ṽf

)](
γ∆t

)
δṗf

+
pf
nf
k̂

J

∂nf

∂X

(
γ∆t

)∂(δṗf)
∂X

− k̂

Jθf

[ pf
nf
∂nf

∂X

]2(
γ∆t

)
δθ̇s − k̂pf

nf
∂nf

∂X

(ρfR
Kθ

f

g − pfθ
s

Jnf(θf)2
∂nf

∂X

)(
γ∆t

)
δθ̇f
)
AdX . (B.115)



472

Linearization of KINT
5 proceeds as follows:

δKINT
5 = −

X=H∫
0

wθf δ(Jnf ṗf)AdX = −
X=H∫
0

wθf (nf ṗfδ(J) + Jṗfδ(n
f) + Jnfδ(ṗf))AdX

= −
X=H∫
0

wθf
(
nf ṗf

(
β∆t2

)∂(δa)
∂X

+ nsṗf
(
β∆t2

)∂(δa)
∂X

+ Jnf
(
γ∆t

)
δp̈f

)
AdX

= −
X=H∫
0

wθf
(
ṗf
(
β∆t2

)∂(δa)
∂X

+ Jnf
(
γ∆t

)
δp̈f

)
AdX . (B.116)

For thermoporoelasticity,

δKINT
5 = −

X=H∫
0

wθf
(
ṗf
(
γ∆t

)∂(δv)
∂X

+ Jnfδṗf

)
AdX . (B.117)

Linearization of KINT
6 for the ideal gas pore fluid proceeds as follows:

δKINT
6 = −

X=H∫
0

wθf δ
(∂pf
∂X

(
nf ṽf

))
AdX = −

X=H∫
0

wθf
((

nf ṽf
)(
β∆t2

)∂(δp̈f)
∂X

+
∂pf
∂X

δ
(
nf ṽf

))
AdX

=

X=H∫
0

wθf
(
− ∂pf

∂X

[δk̂
k̂

(
nf ṽf

)
+

k̂

J2

(∂pf
∂X

− nspf
nf

[
1− θs

θf

][ 1

nf

∂nf

∂X
+

3

J

∂2u

∂X2

])]
×

(
β∆t2)

∂(δa)

∂X
+

nspf k̂

J2nf

∂pf
∂X

(
1− θs

θf

)(
β∆t2

)∂2(δa)

∂X2
+ k̂ρfR

∂pf
∂X

δa

+
[ k̂
J

∂pf
∂X

−
(
nf ṽf

)](
β∆t2

)∂(δp̈f)
∂X

+ k̂
∂pf
∂X

( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+

a+ g

Rθf

)(
β∆t2)δp̈f

− pf k̂

Jnfθf
∂pf
∂X

∂nf

∂X

(
β∆t2

)
δθ̈s − k̂

ρfR

θf
∂pf
∂X

(
[a+ g]− Rθs

Jnf

∂nf

∂X

)(
β∆t2)δθ̈f

)
AdX . (B.118)

For thermoporoelasticity,

δKINT
6 =

X=H∫
0

wθf
(
− ∂pf
∂X

[δk̂
k̂

(
nf ṽf

)
+

k̂

J2

(∂pf
∂X
− nspf

nf

[
1− θs

θf

][ 1
nf
∂nf

∂X
+

3

J

∂2u

∂X2

])]
×

(
γ∆t)

∂(δv)

∂X
+
nspf k̂

J2nf
∂pf
∂X

(
1− θs

θf

)(
γ∆t

)∂2(δv)
∂X2

+
[ k̂
J

∂pf
∂X
−
(
nf ṽf

)](
γ∆t

)∂(δṗf)
∂X

+ k̂
∂pf
∂X

( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+

g

Rθf

)(
γ∆t)δṗf

− pf k̂

Jnfθf
∂pf
∂X

∂nf

∂X

(
γ∆t

)
δθ̇s − k̂ ρ

fR

θf
∂pf
∂X

(
g − Rθs

Jnf

∂nf

∂X

)(
γ∆t)δθ̇f

)
AdX . (B.119)
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For a compressible liquid,

δKINT
6 =

X=H∫
0

wθf
(
− ∂pf

∂X

[δk̂
k̂

(
nf ṽf

)
+

k̂

J2

(∂pf
∂X

− nspf
nf

[
1− θs

θf

][ 1

nf

∂nf

∂X
+

3

J

∂2u

∂X2

])]
×

(
β∆t2)

∂(δa)

∂X
+

nspf k̂

J2nf

∂pf
∂X

(
1− θs

θf

)(
β∆t2

)∂2(δa)

∂X2
+ k̂ρfR

∂pf
∂X

δa

+
[ k̂
J

∂pf
∂X

−
(
nf ṽf

)](
β∆t2

)∂(δp̈f)
∂X

+ k̂
∂pf
∂X

( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+

ρfR

Kθ
f

[a+ g]
)(

β∆t2)δp̈f

− pf k̂

Jnfθf
∂pf
∂X

∂nf

∂X

(
β∆t2

)
δθ̈s − k̂

∂pf
∂X

(
ρfRαf

V [a+ g]− pfθ
s

Jnf(θf)2
∂nf

∂X

)(
β∆t2)δθ̈f

)
AdX . (B.120)

For thermoporoelasticity,

δKINT
6 =

X=H∫
0

wθf
(
− ∂pf
∂X

[δk̂
k̂

(
nf ṽf

)
+

k̂

J2

(∂pf
∂X
− nspf

nf

[
1− θs

θf

][ 1
nf
∂nf

∂X
+

3

J

∂2u

∂X2

])]
×

(
γ∆t)

∂(δv)

∂X
+
nspf k̂

J2nf
∂pf
∂X

(
1− θs

θf

)(
γ∆t

)∂2(δv)
∂X2

+
[ k̂
J

∂pf
∂X
−
(
nf ṽf

)](
γ∆t

)∂(δṗf)
∂X

+ k̂
∂pf
∂X

( 1

Jnf

∂nf

∂X

[
1− θs

θf

]
+
ρfR

Kθ
f

g
)(
γ∆t)δṗf

− pf k̂

Jnfθf
∂pf
∂X

∂nf

∂X

(
γ∆t

)
δθ̇s − k̂ ∂pf

∂X

(
ρfRαf

V g −
pfθ

s

Jnf(θf)2
∂nf

∂X

)(
γ∆t)δθ̇f

)
AdX . (B.121)

Linearization of KINT
7 proceeds as follows:

δKINT
7 = −

X=H∫
0

∂wθf

∂X
δ(qf)AdX =

X=H∫
0

∂wθf

∂X
kθ

f
δ
(nf
J

∂θf

∂X

)
AdX

=

X=H∫
0

∂wθf

∂X
kθ

f
(ns
J2

∂θf

∂X

(
β∆t2

)∂(δa)
∂X

− nf

J2

∂θf

∂X

(
β∆t2

)∂(δa)
∂X

+
nf

J

(
β∆t2

)∂(δθ̈f)
∂X

)
AdX

=

X=H∫
0

∂wθf

∂X

kθ
f

J

(
β∆t2

)(ns − nf
J

∂(δa)

∂X
+ nf

∂(δθ̈f)

∂X

)
AdX . (B.122)

For thermoporoelasticity,

δKINT
7 =

X=H∫
0

∂wθf

∂X

kθ
f

J

(
γ∆t

)(ns − nf
J

∂(δv)

∂X
+ nf

∂(δθ̇f)

∂X

)
AdX . (B.123)
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Linearization of KINT
8 proceeds as follows:

δKINT
8 = −

X=H∫
0

wθfkεθδ(J [θ
s − θf ])AdX

= −
X=H∫
0

wθfkεθ([θ
s − θf ]δ(J) + Jδ(θs)− Jδ(θf))AdX

=

X=H∫
0

wθfkεθ
(
β∆t2

)(
Jδθ̈f − Jδθ̈s − [θs − θf ]∂(δa)

∂X

)
AdX . (B.124)

For thermoporoelasticity,

δKINT
8 =

X=H∫
0

wθfkεθ
(
γ∆t

)(
Jδθ̇f − Jδθ̇s − [θs − θf ]∂(δv)

∂X

)
AdX . (B.125)



Appendix C

Derivation of the FE equations

Numerical ingredients such as consistent tangents for the implicit and explicit central-difference

FE formulations Chapter 4 are derived in this Appendix.

C.1 Implicit integration

C.1.1 (u) formulation

For elastodynamics ((u) formulation), we first apply the FE discretization as follows:

δGINT
1 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
( 1∫

−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

ρh
e

0

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

{
δd̈

e

}
︸ ︷︷ ︸
ns,e
dof×1

Aje dξ

)
. (C.1)

Then, pulling out the variation δd̈
e
leaves us with

δGINT
1 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
[
k
GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

·
{
δd̈

e

}
︸ ︷︷ ︸
ns,e
dof×1

, (C.2)

where we recover [
k
GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

=

1∫
−1

ρh
e

0

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ . (C.3)
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Next we apply the FE discretization as

δGINT
2 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
( 1∫

−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

[
µ+

(
λ− λ ln

[
Jhe]

+ µ
)(
F he

11

)−2]×
[
β∆t2

]{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

{
δd̈

e

}
︸ ︷︷ ︸
ns,e
dof×1

Aje dξ

)
. (C.4)

Then, pulling out the variation δd̈
e
leaves us with

δGINT
1 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
[
k
GINT
2 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

·
{
δd̈

e

}
︸ ︷︷ ︸
ns,e
dof×1

, (C.5)

where we recover[
k
GINT
2 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

=

1∫
−1

(
µ+

[
λ− λ ln

(
Jhe)

+ µ
](
F he

11

)−2(
β∆t2

)){
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ . (C.6)

Now, to derive the tangent for δGINT
2 for elasticity, apply the FE discretization as follows:

δGINT
2 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
( 1∫

−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

[
µ+

(
λ− λ ln

[
Jhe]

+ µ
)(
F he

11

)−2]×
[
γ∆t

]{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

{
δḋ

e

}
︸ ︷︷ ︸
ns,e
dof×1

Aje dξ

)
. (C.7)

Then, pulling out the variation δḋ
e
leaves us with

δGINT
2 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
[
k
GINT
2 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

·
{
δḋ

e

}
︸ ︷︷ ︸
ns,e
dof×1

, (C.8)

where[
k
GINT
2 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

=

1∫
−1

(
µ+

[
λ− λ ln

(
Jhe)

+ µ
](
F he

11

)−2(
γ∆t

)){
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ . (C.9)
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To derive the tangent for δGINT
2 when viscous damping is considered, we start from (B.3),

and we then apply the FE discretization as follows.

δGINT
2 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
( 1∫

−1

[
F he

11

]−2

[(
λ+ 2µ

)(
ν0
[
γ∆t

]
− 2ν0

[
F he

11

]−1∂vh
e

∂X

[
β∆t2

])

− ln
(
F he

11

)(
2ν0
[
γ∆t

]
−
[
4ν0
(
F he

11

)−1∂vh
e

∂X
− λ

][
β∆t2

])

+

([
λ+ µ+ µ

(
F he

11

)2]− 2ν0
(
F he

11

)−1∂vh
e

∂X

)(
β∆t2

)]
{
Be,u

}T

︸ ︷︷ ︸
ns,e
dof×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
δd̈

e

}
︸ ︷︷ ︸
ns,e
dof×1

Aje dξ

)
(C.10)

Then, pulling out the variation δd̈
e
leaves us with

δGINT
2 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
[
k
GINT
2 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

·
{
δd̈

e

}
︸ ︷︷ ︸
ns,e
dof×1

, (C.11)

where [
k
GINT
2 ,e

u,u
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To derive the tangent for δGINT
2 when viscous damping and elasticity are considered, start
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from (B.5) and apply the FE discretization as follows:
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Then, pulling out the variation δḋ
e
leaves us with
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To derive the tangent for δGINT
2 when shock viscosity is considered, start from (B.10), and
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apply the FE discretization as follows:
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Then, pulling out the variation δd̈
e
leaves us with
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where [
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C.1.2 (u-pf) formulation

The FE formulations for the tangents relating to the linearized terms δGINT
1 and δGINT

2 remain

unchanged from the (u) formulation; refer to the equations in the preceding section. To derive the

tangent for δGINT
3 , we start by applying the FE discretization as follows:
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Then, pulling out the variation δπ̈e leaves us with
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To derive the tangent for δGINT
3 when poroelasticity is considered, we start from (B.24) and

apply the FE discretization as follows:
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Then, pulling out the variation δπ̇e leaves us with
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To derive the tangents for δHINT
1 , apply the FE discretization as follows:
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Then, pulling out the variations δd̈
e
and δπ̈e leaves us with
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To derive the tangents for δHINT
1 when poroelasticity is considered, start from (B.26) and

apply the FE discretization as follows:
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Then, pulling out the variations δḋ
e
& δπ̇e leaves us with
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To derive the tangents for δHINT
2 , we apply the FE discretization as follows:
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Then, pulling out the variations δd̈
e
and δπ̈e leaves us with
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whereby we recover the following tangents:
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To derive the tangents for δHINT
2 when poroelasticity is considered, start from (B.30), and
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apply the FE discretization as follows:
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Then, pulling out the variations δḋ
e
& δπ̇e leaves us with
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whereby we recover the following tangents:[
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([
δh

e

k̂

k̂he

(
nf ṽf

)he

+ k̂h
e ∂ph

e

f

∂X

(
F he

11

)−2

](
γ∆t

){
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

)
∂ph

e

f

∂X

1

Kη
f

Aje dξ ,

(C.39)[
k
HINT

2 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

([(
nf ṽf

)he

− k̂he ∂ph
e

f

∂X

(
F he

11

)−1

]{
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

−k̂he ∂ph
e

f

∂X
g
ρfR,he

Kη
f

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

)
1

Kη
f

(
γ∆t

)
Aje dξ . (C.40)

To derive the tangents for δHINT
3 , we apply the FE discretization as follows:

δHINT
3 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
( 1∫

−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

[(
δh

e

k̂
− k̂he(

F he

11

)−1

)
∂ph

e

f

∂X

(
F he

11

)−1(
β∆t2

)
×

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

{
δd̈

e

}
︸ ︷︷ ︸
ns,e
dof×1

+k̂h
e(
F he

11

)−1(
β∆t2

){
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

{
δπ̈e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

]
Aje dξ

)
. (C.41)
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Then, pulling out the variations δd̈
e
and δπ̈e leaves us with

δHINT
3 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
([

k
HINT

3 ,e
pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

·
{
δd̈

e

}
︸ ︷︷ ︸
ns,e
dof×1

+

[
k
HINT

3 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

·
{
δπ̈e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

)
, (C.42)

whereby we recover

[
k
HINT

3 ,e
pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

=

1∫
−1

∂ph
e

f

∂X

(
F he

11

)−1(
δh

e

k̂
− k̂he(

F he

11

)−1)(
β∆t2

){
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ , (C.43)

[
k
HINT

3 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

k̂h
e(
F he

11

)−1(
β∆t2

){
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ . (C.44)

To derive the tangents for δHINT
3 when poroelasticity is considered, start from Eq. (B.33),

and apply the FE discretization as follows:

δHINT
3 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
( 1∫

−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

[(
δh

e

k̂
− k̂he(

F he

11

)−1

)
∂ph

e

f

∂X

(
F he

11

)−1(
γ∆t

)
×

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

{
δḋ

e

}
︸ ︷︷ ︸
ns,e
dof×1

+k̂h
e(
F he

11

)−1(
γ∆t

){
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

{
δπ̇e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

]
Aje dξ

)
. (C.45)

Then, pulling out the variations δḋ
e
and δπ̇e leaves us with

δHINT
3 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
([

k
HINT

3 ,e
pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

·
{
δḋ

e

}
︸ ︷︷ ︸
ns,e
dof×1

+

[
k
HINT

3 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

·
{
δπ̇e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

)
, (C.46)

where[
k
HINT

3 ,e
pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

=

1∫
−1

∂ph
e

f

∂X

(
F he

11

)−1(
δh

e

k̂
− k̂he(

F he

11

)−1)(
γ∆t

){
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ , (C.47)

[
k
HINT

3 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

k̂h
e(
F he

11

)−1(
γ∆t

){
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ . (C.48)
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To derive the tangents for δHINT
4 , we start by applying the FE discretization as follows:

δHINT
4 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
( 1∫

−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

ρfR,he

[
δh

e

k̂

(
ah

e
+ g
)(
β∆t2

){
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

{
δd̈

e

}
︸ ︷︷ ︸
ns,e
dof×1

+ k̂h
e(
ah

e
+ g
) 1

Kη
f

(
β∆t2

){
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

{
δπ̈e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

+ k̂h
e

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

{
δd̈

e

}
︸ ︷︷ ︸
ns,e
dof×1

]
Aje dξ

)
.

(C.49)

Then, pulling out the variations δd̈
e
and δπ̈e leaves us with

δHINT
4 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
([

k
HINT

4 ,e
pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

·
{
δd̈

e

}
︸ ︷︷ ︸
ns,e
dof×1

+

[
k
HINT

4 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

·
{
δπ̈e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

)
, (C.50)

where we recover[
k
HINT

4 ,e
pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

=

1∫
−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

(
δh

e

k̂

(
ah

e
+ g
)(
β∆t2

){
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

+k̂h
e

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

)
ρfR,he

Aje dξ , (C.51)

[
k
HINT

4 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

k̂h
e(
ah

e
+ g
)ρfR,he

Kη
f

(
β∆t2

){
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ . (C.52)

To derive the tangents for δHINT
4 when poroelasticity is considered, start from (B.35), and apply

the FE discretization as follows:

δHINT
4 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
( 1∫

−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

ρfR,he

[
δh

e

k̂
g
(
γ∆t

){
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

{
δḋ

e

}
︸ ︷︷ ︸
ns,e
dof×1

+k̂h
e
g

1

Kη
f

(
γ∆t

){
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

{
δπ̇e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

]
Aje dξ

)
. (C.53)

Then, pulling out the variations δḋ
e
and δπ̇e leaves us with

δHINT
4 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
([

k
HINT

4 ,e
pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

·
{
δḋ

e

}
︸ ︷︷ ︸
ns,e
dof×1

+

[
k
HINT

4 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

·
{
δπ̇e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

)
, (C.54)
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where [
k
HINT

4 ,e
pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

=

1∫
−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

(
δh

e

k̂
g
(
γ∆t

){
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

)
ρfR,he

Aje dξ , (C.55)

[
k
HINT

4 ,e
pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

k̂h
e
g
ρfR,he

Kη
f

(
γ∆t

){
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
N e,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ . (C.56)

To derive the tangents for δHstab, start from (B.36), and apply the FE discretization as

follows:

δHstab =
ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
( 1∫

−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

αstab
(
F he

11

)−1

[(
γ∆t

){
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
δπ̈e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

−∂ṗ
he

f

∂X

(
F he

11

)−1(
β∆t2

){
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
δd̈

e

}
︸ ︷︷ ︸
ns,e
dof×1

]
Aje dξ

)
. (C.57)

Then, pulling out the variations δd̈
e
and δπ̈e leaves us with

δHstab =
ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
([

kHstab,e

pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

·
{
δd̈

e

}
︸ ︷︷ ︸
ns,e
dof×1

+

[
kHstab,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

·
{
δπ̈e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

)
, (C.58)

where we recover[
kHstab,e

pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

= −
1∫

−1

αstab
(
F he

11

)−2∂ṗh
e

f

∂X

(
β∆t2

){
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ , (C.59)

[
kHstab,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

αstab
(
F he

11

)−1(
γ∆t

){
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ . (C.60)

To derive the tangents for δHstab when poroelasticity is considered, start from (B.37) and
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apply the FE discretization as follows:

δHstab =
ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
( 1∫

−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

αstab
(
F he

11

)−1

[{
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
δπ̇e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

−∂ṗ
he

f

∂X

(
F he

11

)−1(
γ∆t

){
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
δḋ

e

}
︸ ︷︷ ︸
ns,e
dof×1

]
Aje dξ

)
. (C.61)

Then, pulling out the variations δḋ
e
and δπ̇e leaves us with

δHstab =
ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
1×n

pf ,e

dof

·
([

kHstab,e

pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

·
{
δḋ

e

}
︸ ︷︷ ︸
ns,e
dof×1

+

[
kHstab,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

·
{
δπ̇e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

)
, (C.62)

where [
kHstab,e

pf ,u

]
︸ ︷︷ ︸
n
pf ,e

dof ×ns,e
dof

= −
1∫

−1

αstab
(
F he

11

)−2∂ṗh
e

f

∂X

(
γ∆t

){
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ , (C.63)

[
kHstab,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

αstab
(
F he

11

)−1
{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ . (C.64)

C.1.3 (u-uf-pf) formulation

To derive the tangents for δGINT
1 , we start by applying the FE discretization as follows:

δGINT
1 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
( 1∫

−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

[
ρs,h

e

0

{
N e,u

}
︸ ︷︷ ︸
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dof

{
δd̈

e

}
︸ ︷︷ ︸
ns,e
dof×1

+ah
e

f

(
β∆t2

)(
ρfR,he

{
Be,u

}
︸ ︷︷ ︸
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{
d̈
e

}
︸ ︷︷ ︸
ns,e
dof×1

+
Jhe
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e
ρfR,he

Kη
f

{
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}
︸ ︷︷ ︸
1×n

pf ,e

dof

{
π̈e

}
︸ ︷︷ ︸
n
pf ,e

dof ×1

)

+ρf,h
e

0

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

{
d̈
e
f

}
︸ ︷︷ ︸
nf,e
dof×1

]
Aje dξ

)
. (C.65)

Then, pulling out the variations δd̈
e
, δd̈f , and δπ̈

e leaves us with

δGINT
1 =

ne

A
e

{
cu,e

}T

︸ ︷︷ ︸
1×ns,e

dof

·
([

k
GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

·
{
δd̈

e

}
︸ ︷︷ ︸
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+
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k
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]
︸ ︷︷ ︸
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dof×nf,e

dof

·
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δd̈

e
f

}
︸ ︷︷ ︸
nf,e
dof×1

+

[
k
GINT
1 ,e

u,pf

]
︸ ︷︷ ︸
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pf ,e

dof

·
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}
︸ ︷︷ ︸
n
pf ,e

dof ×1

)
, (C.66)
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where we recover the following tangent matrices:

[
k
GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e
dof×ns,e

dof

=

1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

(
ρs,h

e

0

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

+ah
e

f ρ
fR,he(

β∆t2
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Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

)
Aje dξ , (C.67)

[
k
GINT
1 ,e

u,uf

]
︸ ︷︷ ︸
ns,e
dof×nf,e

dof

=

1∫
−1

ρf,h
e

0

{
N e,u

}T

︸ ︷︷ ︸
ns,e
dof×1

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

Aje dξ ,
(C.68)

[
k
GINT
1 ,e

u,pf

]
︸ ︷︷ ︸
ns,e
dof×n

pf ,e

dof

=

1∫
−1

ah
e

f J
he
nf,h

e
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The tangents for δGINT
2 and δGINT

3 remain unchanged from (u) and (u-pf) formulations, respectively.

Refer to Eqs. C.6, C.12 and C.21. When the pore fluid viscous stress tensor is considered, we start

by applying the FE discretization to δGINT
5 as follows:

δGINT
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ne

A
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{
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}T
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︸ ︷︷ ︸
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e
f

}
︸ ︷︷ ︸
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]
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)
. (C.70)

Then, pulling out the variations δd̈
e
and δd̈f leaves us with
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A
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︸ ︷︷ ︸
ns,e
dof×ns,e

dof

·
{
δd̈

e

}
︸ ︷︷ ︸
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, (C.71)

where we recover the following tangent matrices:

[
k
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]
︸ ︷︷ ︸
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}
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[
k
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]
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To derive the tangents for δIINT
1 , we apply the FE discretization as follows:

δIINT
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. (C.74)

Then, pulling out the variations δd̈
e
, δd̈f , and δπ̈

e leaves us with
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where we recover [
k
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]
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[
k
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[
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To derive the tangents for δIINT
2 , we start by applying the FE discretization as follows:
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Then, pulling out the variations δd̈
e
& δπ̈e leaves us with
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where we recover the following tangents:

[
k
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To derive the tangents for δIINT
3 , we start by applying the FE discretization as follows:

δIINT
3 =

ne

A
e

{
cuf ,e

}T

︸ ︷︷ ︸
1×nf,e

dof

( 1∫
−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e
dof×1

[([
1 +

2ns,h
e

nf,he −
Jhe

δh
e

k̂

k̂he

]

×
(
nf,h

e)2
ṽh
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(C.83)

Then, pulling out the variations δd̈
e
and δd̈f leaves us with
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whereby we recover the tangents
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]
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To derive the tangents for δIINT
4 , start by applying the FE discretization as follows:
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Then, pulling out the variations δd̈
e
and δπ̈e leaves us with
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where we recover[
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When the pore fluid viscous stress tensor is considered, we start by applying the FE discretization

to δIINT
5 as follows.
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Then, pulling out the variations δd̈
e
and δd̈f leaves us with
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where we recover the following tangent matrices:
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The tangent for δHINT
1 remains unchanged from (u-pf) formulation: refer to (C.28).

To derive the tangents for δHINT
2 , we start by applying the FE discretization as follows:
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Then, pulling out the variations δd̈
e
, δd̈f , and δπ̈

e leaves us with
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whereby we recover
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When the pore fluid viscous stress tensor is considered, we start by applying the FE discretization
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to δHINT
2 as follows:
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(C.100)

Then, pulling out the variations δd̈
e
, δd̈f , and δπ̈

e leaves us with
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)
, (C.101)
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whereby we recover Eq. (C.99), with new additions
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︸ ︷︷ ︸
n
pf ,e

dof ×1

∂ph
e

f

∂X

([
δh

e

k̂

k̂he

(
nf ṽf
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[
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To derive the tangents for δHINT
4 , we start by applying the FE discretization as follows:
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)
. (C.104)

Then, pulling out the variations δd̈
e
, δd̈f , and δπ̈

e leaves us with
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whereby we recover the tangents
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Aje dξ (C.108)

To derive the tangents for δHINT
5 , when the pore fluid viscous stress tensor is considered, we start

by applying the FE discretization as follows.
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Then, pulling out the variations δd̈
e
and δd̈

e
f leaves us with
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whereby we recover the tangents
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(C.112)

C.2 Explicit integration

C.2.1 CD scheme

In this final section, we show the derivation of the FE formulation for the (u-pf) formulation

using central-difference (CD) integration. Time-dependent variables that are zeroeth-order in time

are evaluated at tn; those that are first or second order in time (i.e., ẋ, ẍ) are evaluated at tn+1.

Therefore, this derivation requires some manipulation of variables that have explicit dependence

on solution variables.

The balance of momentum of the mixture is trivial to adapt to the CD scheme from the

variational form of the equation. The acceleration update of the solid skeleton is readily separable

from the variational equation, and the stress update does not explicitly depend the solution variable

at tn+1.

Here, we begin with the balance of mass of the mixture, from which

HINT,h
1 =

X=H∫
0

wpf

(
Jhnf,h

Kη
f

ṗhf + J̇h

)
AdX . (C.113)
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We may rewrite the above as
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which we can write element-wise as
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(C.115) can be split into a force vector, a mass matrix and a tangent coupling matrix written as

follows:
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Next,

HINT,h
2 =

X=H∫
0

wpf
1

Kη
f

∂phf,n
∂X

(
nf,hṽhf
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which we can write element-wise as

HINT,h
2 =

ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

·
(
−

1∫
−1

{
N e,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

[
1

Kη
f

∂ph
e

f,n

∂X
k̂h

e

(
∂ph

e

f,n

∂X

(
F he

11

)−1

+ρfR,he

[{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

{
d̈
e

}
︸ ︷︷ ︸
ns,e
dof×1

+g

])]
Aje dξ

)
(C.120)
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(C.120) can be split into a force vector and a tangent coupling matrix written as follows:
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Given that HINT
3 has no explicit dependence on solution variables at tn+1, we omit the trivial

derivation herein. Next,
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which we can write element-wise as
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Aje dξ

)
. (C.124)

(C.124) can be split into a force vector and a tangent coupling matrix written as follows:

fHINT
4 ,e =

1∫
−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

k̂h
e
ρfR,he

gAje dξ , (C.125)

k
HINT

4 ,e
pf ,u︸ ︷︷ ︸

n
pf ,e

dof ×ns,e
dof

=

1∫
−1

k̂h
e
ρfR,he

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ . (C.126)

When pressure stabilization is enabled, we must apply the time discretization update to the ∂ṗf/∂X

term:

Hstab,h =

X=H∫
0

∂wpf

∂X
αstab

(
F h
11

)−1∂ṗhf
∂X

AdX . (C.127)

In the CD scheme, we may rewrite the above as

Hstab,h =

X=H∫
0

∂wpf

∂X
αstab

(
F h
11

)−1∂
(
ṗhf,n + ∆t

2

[
p̈f,n + p̈f

])
∂X

AdX , (C.128)
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which we can formulate element-wise as

Hstab,h =
ne

A
e

{
cpf ,e

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

·
( 1∫

−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

αstab
(
F he

11

)−1

[
∂ṗhf,n
∂X

+
∆t

2

∂p̈f,n
∂X

+
∆t

2

{
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

·
{
π̈e

}
︸ ︷︷ ︸
n
pf ,e

dof

]
Aje dξ

)
(C.129)

Lastly, (C.129) can be split into a force vector and a mass matrix as follows:

{
fHstab,e

}
︸ ︷︷ ︸

n
pf ,e

dof ×1

=

1∫
−1

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

αstab
(
F he

11

)−1

(
∂ṗh

e

f,n

∂X
+

∆t

2

∂p̈h
e

f,n

∂X

)
Aje dξ , (C.130)

[
mHstab,e

pf ,pf

]
︸ ︷︷ ︸
n
pf ,e

dof ×n
pf ,e

dof

=

1∫
−1

αstab
(
F he

11

)−1∆t

2

{
Be,pf

}T

︸ ︷︷ ︸
n
pf ,e

dof ×1

{
Be,pf

}
︸ ︷︷ ︸
1×n

pf ,e

dof

Aje dξ . (C.131)
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