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A large deformation, coupled finite-element (FE) model is developed to simulate the multi-
phase response of soft porous materials subjected to high strain-rate (shock) loading, with particular
application for lung parenchyma. The approach is based on the theory of porous media (TPM) at
large deformations. The theoretical model developed herein is general and thermodynamically con-
sistent to allow for a range of applications. An overview of several different time integration schemes
is presented for the purpose of solving the nonlinear dynamic coupled balance of momentum (mix-
ture and fluid), balance of mass of the mixture, and balance of energy (solid and fluid) equations.
Simplifications to the one-dimensional regime studied in the numerical simulations follow.

Numerical examples are presented for (i) verification against closed-form analytical solutions
assuming small loads, (ii) demonstrating large deformation effects at high strain-rate, and (iii)
showing differences in deformations between a single-phase elastodynamics model with occluded
compressible pore fluid and a multiphase poroelastodynamics model at high strain-rate. The multi-
phase model shows that the relative motion of the pore fluid significantly dampens the deformation
response of the solid skeleton as compared to the single-phase model, and makes it possible to ex-
tract quantitative values for the stresses of the different constituents, thereby allowing one to form
preliminary conclusions about the onset of damage in the solid skeleton. The novelty of the cur-
rent work is developing a multiphase, large deformation, mixture theory numerical model for high
strain-rate loading of soft porous materials. Therein, it was discovered that (i) explicit, adaptive
time-stepping Runge-Kutta schemes offer high accuracy at relatively low cost when compared to
traditional implicit (or explicit central difference) schemes, (ii) shock viscosity is necessary to regu-
larize the shock front, and (iii) additional stabilization parameters and non-standard mixed-element

types improve both computational cost and accuracy compared to traditional implementations.
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Nomenclature

Nomenclature in this thesis follows de Boer [2005] and Holzapfel [2000] as much as possible, with
some minor exceptions which are also noted below. Notation of the nomenclature listed herein is

adapted from Markert [2005].

Conventions

Index and suffiz conventions

1,7, k,l,m, ... indices as sub- or superscripts range from 1 to NV; usually N =3
in the 3-D physical space

(), ()f capital superscripts indicate the belonging of non-kinematical
quantities to a constituent within mixture theories

(s, ()¢ capital superscripts indicate the belonging of kinematical quanti-
ties to a constituent within mixture theories

() placeholder for kernel quantity

S, ty...0,T... scalars (0""-order tensors)

s,t,. .. vectors (1%t-order tensors)

S, T,... 22d_order tensors

n n 4 3 2 1

S, T,... n'"-order tensors, e.g., D,E,F =F .G =g

(-)T transpose of vectors, tensors, or matrices

Ok special transposition of higher-order tensors by an exchange of
the n* and the m™ basis system of the tensorial basis

n n n+m

ST= R dyadic tensor product

n m n—m

S:T= R withn>m inner tensor product

n n
S-T=r dot product
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Symbols

Symbol Units Description

a ] constituent identifier (herein, o = {s,f})

a® [1/K] linear coefficient of thermal expansion of ¢®; 3a® := af; for ther-
mally isotropic materials

ay,af [1/K] volumetric coefficient of thermal expansion of ¢, p©

astab [m3-s? /kg] pore fluid pressure stabilization parameter

15} -] Newmark-beta numerical time integration parameter

B~ -] volumetric control space of ¢® in the current (Eulerian) configu-
ration

B§ ] volumetric control space of ¢“ in the reference (Lagrangian) con-
figuration

D ] reduced dissipation inequality

-] internal state variable for solid phase damage

A() ] change of (-) with respect to a reference value, e.g., At = t,,11—t,

n,n* [J/kg-K] specific entropy of ¢, p®

vy -] Newmark-beta numerical time integration parameter

~ ] Griineisen parameter for ¢*

I,r§ -] boundary in current (Eulerian) configuration, boundary in refer-
ence (Lagrangian) configuration for arbitrary variable x!

A, Askel [Pal second Lamé constant of ¢, ¢®

A [Pal Lagrange multiplier representing temperature-scaled pore fluid
pressure

K = exponent governing the deformation dependency of hydraulic con-
ductivity k

Kf [Pa-s] real bulk viscosity of ¢f

w, pokel [Pal 15" Lamé parameter (shear modulus) of ¢, ©®°

g [Pa-s] real shear viscosity of of

! With T¢, this usually implies the boundary on which to enforce a Dirichlet or Neumann boundary condition

related to x.
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P [Pal] Lagrange multiplier representing pore fluid pressure

v, P* ] entire mixture? and constituent o

(i [J/kg] specific constituent Helmholtz free energy

p [kg/m?] mass density of mixture

p%, p°R [kg/m?] partial and real mass density of ¢*

Dy P (kg /m3-s] volume-specific mass supply of ¢®

R [J/kg-K] gas constant for the ideal gas pore fluid (air)

6,0 K] absolute temperature of ¢, p®

gx [J/kg-s] local interaction for energy supply to (or specific interal energy

production of) p“

P [m?] intrinsic permeability® of ¢®

v -] Poisson’s ratio of ¢, ¢°

) [s] viscous damping parameter applied to solid skeleton extra stress
£ [m] length scale in finite-element space

T, T, -] finite-element trial function for pr, P, Ps

o,0% [Pal total and partial Cauchy stress of ¢, p®, respectively
o% [Pal extra (effective) Cauchy stress of ¢

9,9 -] finite-element trial function for 6,6

9,0 -] finite-element trial function for 6°, 6%

o', 9 -] finite-element trial function for 6f, §f

Xa -] mapping vector from x to X,

aij -] Runge-Kutta Butcher table coefficients

A [m?] area in reference (Lagrangian) configuration

b -] Runge-Kutta Butcher table weights of order m

B® -] tortuosity of ¢°

Ci -] Runge-Kutta Butcher table nodes

2 Or a single-phase material, depending on context.
3 This value is held constant. Deformation-dependent permeability occurs through manipulation of k(nf)



c, c®

cv, cyy

div, DIV,

dz,dX, d¢

da, dA

dv,dV

DE(")

grad, GRAD,

he, he

XXX1V

P-wave speed of ¢, p“
specific heat of ¢, p®

divergence operator in current (Eulerian) configuration, reference
(Lagrangian) configuration w.r.t. ¢

infinitesimal length scale in current (Eulerian) configuration, ref-
erence (Lagrangian) configuration, local finite-element space

infinitesimal area scale in current (Eulerian) configuration, refer-
ence (Lagrangian) configuration

infinitesimal volume scale in current (Eulerian) configuration, ref-
erence (Lagrangian) configuration

material time derivative operating on (-) with respect to « of p®
specific interal energy of ¢, o

total power density supply to phase p®

element-wise quantity

Young’s modulus of ¢, ¢®

total specific internal energy of ¢

Dirichlet condition for the balance of mass of the mixture
Dirichlet condition for the balance of energy of ¢

gradient operator in current (Eulerian) configuration, reference
(Lagrangian) configuration w.r.t. ¢

finite-element length in current (Eulerian) configuration, reference
(Lagriangian) configuration

element jacobian of transformation from physical space to element
space

Jacobian of deformation of ¢
hydraulic conductivity

thermal conductivity of ¢, p®
convective heat transfer coefficient
specific total kinetic energy of ¢

bulk modulus of ¢, ©®°



ext

Vo

v,ve

WS

s f
wPr, w? w?, w?

Qq

[m/s7]
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isentropic bulk modulus of ¢
isothermal bulk modulus of ¢®
volume fraction of ¢“

number of finite-elements

number of finite-element degrees of freedom for arbitrary variable
Y

pressurue of ¢

partial and real pressurue of p®

extra (effective) partial pressure of ¢

external work on ®

shock viscosity applied to ¢, ¢® in current (Eulerian) configuration

shock viscosity applied to ¢, ¢° in reference (Lagrangian) config-
uration

pore fluid flux per unit area
heat flux applied to ¢, “
heat input rate of ¢, “
current time

numerical time-step

total time

volume, partial volume* of ¢, ¢® in the current (Eulerian) config-
uration

velocity of ¢® in 1-D uniaxial strain w.r.t. %

volume, partial volume of ¢, ¢* in the reference (Lagrangian) con-
figuration

strain energy density of ®

finite-element test functions for pore fluid pressure, single-phase
temperature, solid phase temperature, fluid phase temperature

acceleration of p® w.r.t. o

4 For the 1-D uniaxial strain numerical implementation herein, we may also denote this as a velocity v = v (or
the velocity of a single-phase material depending on the context).
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S, s¢

XXXV

finite-element assembly operator

body force acting on ¢, p®

finite-element shape function gradient for arbitrary variable y
finite-element weighting function for arbitrary variable y
right Cauchy-Green tensor of ¢

finite-element trial functions for us, vg, ag

finite-element trial functions for us, v¢, as

symmetric velocity gradient of ¢

finite-element local, global vector of applied forces (internal and
external)

deformation gradient of ¢
gravitational body force
interaction body force from other constituents acting on ¢“

extra interaction body force (momentum production force) from
©* acting on ¢f

finite-element Hermite cubic shape function second-order gradient
for arbitrary variable y

vector of Runge-Kutta stage ¢ variables
heat conduction tensor of ¢, “

finite-element local, global stiffness matrix for coupling between
arbitrary variables z and y

velocity gradient of ¢, o

finite-element local, global mass matrix for arbitrary variable x
unit normal vector

finite-element shape function for arbitrary variable y

first Piola-Kirchhoff stress of ¢, o®

heat flux of ¢, “

finite-element global residual for arbitrary variable x

second Piola-Kirchhoff stress of ¢, p*



XXXVil

Sw [Pa-s/m?] permeability tensor

t,t* [Pa] external traction applied to ¢,

t7 [Pal external traction load applied to ¢

Ug, [m] displacement of p® w.r.t. ¢*

vV, Vg [m/s] velocity of ¢, p®

Vg [m/s] relative velocity of ¢f w.r.t. °

(n'oy) [m/s] Darcy (seepage) velocity®

w, w = finite-element test functions for w, us

x [m] position in the current (Eulerian) configuration
X, [m] position in the reference (Lagrangian) configuration w.r.t. ¢
zZ™m -] Runge-Kutta solution of order m

5 Typically, when the relative velocity of the pore fluid is multiplied by the porosity and both are enclosed in
parentheses, the constitutive relationship for the Darcy velocity is used. See Chapter 3.1.4 for details.



Chapter 1

Introduction

1.1 Motivation

1.1.1 Lung injury pathology

Behind Armor Blunt Trauma (BABT) refers to injuries from non-penetrating impacts that
a soldier experiences despite wearing personal protective equipment (PPE), wherein the buildup
of kinetic energy is absorbed by the soft tissue and bone behind the body armor. Shock wave
induced pulmonary injuries, i.e., Blast Lung Injury (BLI), account for upwards of 47% of the
injuries experienced by survivors and up to 86% of fatalities when compared to secondary and
tertiary injuries, resulting from direct impact of shrapnel and tissue impact on nearby surroundings,
respectively [Mayorga, 1997]. Shock waves induce large pressure gradients which are assumed to
be the direct cause of hemorrhaging caused by the microstructural tearing of the lung parenchyma
[Cooper et al., 1991, Cooper, 1996, Tsokos et al., 2003]. In civilian populations, injury to the lung
tissue can also occur from other high-impact events, such as falls, motor vehicle accidents, or sports
injury [Dehghan et al., 2014, Pauzé and Pauzé, 2013, Idriz et al., 2013].

Broadly speaking, injury pathology and progression is well understood [Cohn and DuBose,
2010], however the details of how injury propagates through the lung parenchyma at the ultrastruc-
tural (tissue fibers) and microstructural (air sac) level are not well understood and is an active area
of research [Clayton, 2020, Freed et al., 2021]. The approach undertaken by Freed et al. [2021]

to model the microstructural level necessitates a multiscale model of the whole lung tissue, which



includes the highly heterogeneous structure of the lung parenchyma. The associated mesoscale
model (with the macroscale referring to a 3-D model of the two lobes of lung themselves) is being

developed as part of this work.
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Figure 1.1: Scanning electron microscope image of intact alveolar air sacs, adapted from Tsokos
et al. [2003]

The lung parenchyma accounts for roughly 90% of the volume in the lung, with the remaining
10% due to the bronchi and bronchioles, the tube-like structures made of connective tissue that
are dedicated to moving large volumes of air [Sanborn et al., 2013]. The parenchyma facilitates
gas exchange between the blood and the lungs. It is comprised of alveolar air sacs (ranging from
100-330 pm in diameter [Sobin et al., 1988]) and connective tissues, made up of a complex network
of collagen and elastin fibers [Suki et al., 2005]. Collagen fibers in the parenchyma organize to
form both an axial fiber network that connects the central airways to the alveolar ducts, and a
network that extends from the visceral pleura of the lung to the alveolar ducts. The elastin fibers are
connected to the collagen fibers via microfibrils and proteoglycans, the latter of which have chemical
interactions (in addition to topological interactions) with the collagen fibrils. The composition and

physical dimensions of these unique collagen fibers play a great role in determining the stiffness of



these networks. Furthermore, mechanical forces that act upon the extra-cellular matrix (ECM),
in which the collagen and elastin fibers reside, can induce the secretion of growth factors which
accelerate ECM remodeling and alter the microstructural composition of the collagen and elastin
networks [Suki et al., 2005]. At low strain, the stress response of fibril network appears to be
heterogeneous as the elastin fibers bear much of the stress. However, at higher rates of strain,
such as those induced by a shock wave, elastin fibers are prone to rupture [Freed et al., 2021] and
the remaining stress response percolates through the collagen fibril networks as the collagen fibers
start to extend to their uncoiled lengths, which increases the stress response of the entire lung
parenchyma [Suki and Bates, 2011]. The complex role that collagen and elastin fibers play in the
dynamics of the lung parenchyma is beyond the scope of this thesis and is discussed in detail by
Freed et al. [2021]; here we focus on the role that poro-elasto-dynamics plays at the mesoscale level.

Lung parenchyma has generally been modeled as a viscoelastic material [Brannen et al., 2022,
Naumann et al., 2022, Cronin, 2011, Clayton et al., 2020, Clayton and Freed, 2019a, 2020a, Clayton,
2020, Clayton et al., 2021, Gayzik et al., 2010, Pydi et al., 2023] within the finite-strain regime.
However, as we aim to show in Section 1.2.3, such an approach may not be physically realistic
when compared to assuming poroelastic models. In recent years, efforts to model lung parenchyma
as a poroelastic material have become more popular [Lande and Mitzner, 2006, Patte et al., 2022,
Concha et al., 2018, Concha and Hurtado, 2020], but still focus on quasi-static or low strain-rate
loading. Given the susceptibility of lung to blast injury, it beehoves us to develop a numerical

model that can capture the kinematics of lung parenchyma within this dynamic regime.

1.1.2 Numerical challenges in TPM

Mixture theory was established at finite strain by Truesdell and Toupin [1960], with later
works for mixture theory applied to porous media by Bowen [1971, 1980, 1982] and others Coussy
[2004], de Boer [2005], Clayton [2022], to name a few. The Theory of Porous Media (TPM) is
an appropriate approximation to a more robust, but much more computationally expensive, Fluid-

Structure Interaction (FSI) model at the pore length-scale. In TPM, these interactions are smeared



across a continuum material point, thereby simplifying not just the discretization of the governing
mathematical equations (namely, mass balance, momentum balance, energy balance and entropy
inequality), but also the discretization of the geometry itself. The advantages to using TPM over
a FSI model are simplicity of implementation and computational cost. Here we incorporate TPM
to take into account the different response times of the two constituents (phases) in a soft porous
material subjected to shock loading: solid skeleton (s) and the pore fluid (f) that occupies the pore
space. Generally speaking, we will assume material properties for lung parenchyma (Figure 1.1)
for the solid skeleton, and air for the pore fluid, unless noted otherwise.

Past numerical models involving TPM have typically addressed geological and geotechnical
engineering applications, e.g., soil consolidation problems, wherein inertia terms are typically ig-
nored, the solid and pore fluid phases are nearly incompressible, and strains are small [Lewis and
Schrefler, 1987, Schanz, 2009]. In other works [Markert et al., 2009, Heider, 2012, Zienkiewicz
et al., 1993, Li et al., 2019], inertia terms are retained, but small-strain theory is still assumed. In
Li et al. [2004], Regueiro et al. [2014], inertia terms are retained, constituents are compressible,
nonlinear constitutive theory is present, and deformation is finite. However, it was assumed that
dynamic loading frequencies were relatively small (O(10-102) rad/s), and therefore the accelera-
tion of the fluid phase was approximately the same as that of the solid phase, i.e., a; = a5 = a.
In this work, we continue from Regueiro et al. [2014] but with the assumption that for higher
strain-rate loadings, as # as, necessitating a “three-field” formulation [Regueiro et al., 2014], and
comparison to “two-field” formulation results. The three-field formulation is not new, see, e.g.,
Zienkiewicz and Shiomi [1984] for the initial theory and Gajo et al. [1994], Levenston et al. [1998],
Yang [2006], Lotfian and Sivaselvan [2018], Wu et al. [2019], Zhang et al. [2019] for various numer-
ical implementations. However, to the best of our knowledge, no authors consider the following

novel contributions simultaneously:

e large deformations [Berger, 2015, Cao et al., 2016, Chapelle and Moireau, 2014, Burtschell

et al., 2017, Patte et al., 2022, Concha and Hurtado, 2020, Diebels and Ehlers, 1996,



Zinatbakhsh et al., 2016, Gajo and Denzer, 2011, Ghorbani et al., 2016, Klahr et al., 2022,
Li et al., 2004, Navas et al., 2017, Obaid et al., 2017, Regueiro et al., 2014, Rohan and

Lukes, 2017, Vuong et al., 2015, Yang, 2006, Yuan et al., 2022],

e inertial effects [Cao et al., 2016, Chapelle and Moireau, 2014, Burtschell et al., 2017, Diebels
and Ehlers, 1996, Zinatbakhsh et al., 2016, Gajo et al., 1994, Gajo and Denzer, 2011,
Ghorbani et al., 2016, Heider, 2012, Hosseinejad et al., 2019, Li et al., 2004, 2019, Markert
et al., 2009, Navas et al., 2017, Obaid et al., 2017, Pedroso, 2015, Regueiro et al., 2014,
Rohan and Lukes, 2017, Salomoni and Schrefler, 2005, Vuong et al., 2015, Yang, 2006, Yuan

et al., 2022, Zhang et al., 2019],

e non-linear constitutive theory [Berger, 2015, Chapelle and Moireau, 2014, Burtschell et al.,
2017, Patte et al., 2022, Concha and Hurtado, 2020, Diebels and Ehlers, 1996, Ghorbani
et al., 2016, Hosseinejad et al., 2019, Levenston et al., 1998, Markert et al., 2009, Navas
et al., 2017, Obaid et al., 2017, Regueiro et al., 2014, Rohan and Lukes, 2017, Vuong et al.,

2015),

e compressible constituents [Cao et al., 2016, Gajo and Denzer, 2011, Ghorbani et al., 2016,
Heider, 2012, Markert et al., 2009, Pedroso, 2015, Regueiro et al., 2014, Rohan and Lukes,

2017, Yoon and Kim, 2018, Zhang et al., 2019],

and high strain-rate loading with nonlinear geometric effects. Accommodating high strain-rate
loading within the context of TPM at large deformations, with inertia terms, nonlinear consti-
tutive models, compressible constituents, within the framework of locally inhomogeneous phase
temperatures is the primary contribution of this work.

Furthermore, many applications of TPM use implicit time-stepping methods, e.g., the well
known Newmark-beta schemes, or semi-implicit time-stepping methods, see, e.g., Zienkiewicz et al.
[1993], Markert et al. [2009], Heider [2012], Zhang et al. [2019], which, even for dynamic loadings,
are not always suitable computationally speaking for shock-like loadings wherein small time steps

are required to resolve the shock physics. Those that do present explicit time integration schemes



generally stick to the well-known central-difference scheme or variations thereof [Navas et al., 2017,
Yuan et al., 2022]. Herein, we have developed two explicit integration schemes—central-differencing
and a 3(2) and 5(4) Runge-Kutta scheme—as well as two implicit integration schemes—a Newmark-

beta scheme and the standard trapezoidal rule.

1.1.3 Temperature and damage modeling

In order to address the challenge of quantifying “damage” to the lung tissue (in general,
the solid constituent), one must first quantify lung tissue (solid consituent) temperature. For lung
tissue specifically, the Griineisen parameter is quite low! [Clayton and Freed, 2019a, 2020a], and
any rate-effect from damage in an energy balance (refer to Section 3.3.1) is likely to have a negligible
effect on solid temperature change. However, if one wishes to be thermodynamically consistent,
one must pursue a temperature model and it is partially for this reason that we have done so in
Chapters 3 and 4.

It would not be inaccurate to mention that the other reason for pursuing a locally inhomoge-
neous temperature model is for academic interest as well as physical realism when using an ideal gas
model for the pore fluid wherein it may be inappropriate to neglect thermo-mechanical coupling.
Many formulations in TPM assume the mixture is isothermal. Those that do assume temperature
evolves [Wang, 2014, Fankell, 2017] also assume locally homogeneous constituent temperatures
65 = 6' = 0. For an ideal gas pore fluid constituent circulating within a water-like solid constituent,
this is a poor approximation, particularly past 50% compression of the pore fluid [Clayton, 2022]
which we are liable to see for high strain-rate loading applications. Few TPM models for locally
inhomogeneous temperatures exist. Ghadiani [2005] uses an ideal gas model for the pore fluid,
but neglects finite strain and dynamic processes. Koch [2016], Sweidan et al. [2020] focus on geo-

logical applications of TPM, but also assume small strains as well as mechanically incompressible

! There is some uncertainty regarding the thermodynamic parameters for lung tissue used in this work, specifically
their relation to the deformations of the solid skeleton. Thermodynamic parameters for lung tissue used in Clayton
and Freed [2019a, 2020a] were based on experimental data which measured the thermodynamics of the solid lung
tissue. To the best of our knowledge, no such data exists for the solid skeleton “matrix” of lung tissue. It is expected
that the Griineisen parameter for the solid skeleton would be higher than that of the solid constituent when considering
lung tissue, given that the latter has thermodynamic properties similar to water, which is nearly incompressible.



constituents (refer to discussion of this in Section 2.3).

There has also been a considerable amount of experimental work to characterize thermo-
dynamic properties for soft, porous materials which may then be used to parameterize numerical
models. Unfortuantely, experimental data for lung tissue thermal properties is limited, if not non-
existent altogether. For brain tissue, Liu et al. [2017] performed shear-wave elastography to show
that brain tissue shear modulus is inversely related to brain tissue temperature. A study by Mo-
hammadi et al. [2021] measured the thermal conductivity, thermal diffusivity, and heat capacity
of (calf) brain and (porcine) liver and pancreatic tissues, wherein, for all tissues, those properties
remained constant up to around 60° C and increased thereafter. Multiple experiments have been
conducted on various cartilage samples showing that elastic stiffness degrades as internal tissue
temperature increases [Chae et al., 2008, Liu et al., 2015, Marshall et al., 2019, Marshall, 2019,
Protsenko et al., 2008, Zemek et al., 2012]. If these same behaviors—a degradation of elastic stiffness
and an increase in internal heating—were to be observed in lung tissue, then unique parameteriza-
tion of the convective heat transfer coefficient between phases kj would be necessary to accurately
capture the degree to which the lung parenchyma would heat up from the shock-compressed air in
its pores. An extensive literature review for elastic and thermomechanical properties of biological
tissues subjected to thermal loading is provided by Bianchi et al. [2022].

In addition, there exists an abundant amount of experimental data for another soft porous
material of interest, polyurethane (PUR) foams. PUR foams have wide applicability, from the
automotive industry [Chen et al., 2023, Ates et al., 2022, Sebaey et al., 2021, Markert, 2008, 2005,
Rossio et al., 1993] to PPE [Decker and Kedziora, 2024, Rodriguez-Millan et al., 2023, Naderi
et al., 2022, Bhinder et al., 2021]. Experiments have been conducted to characterize the material
properties of PUR foam when applying thermal loads [Constantinescu and Apostol, 2020, Kim
et al., 2017, Song et al., 2009]> where again there is consensus that thermal degradation (of

the elastic stiffness) is proportional to increases in temperature. Modeling of PUR foam using

2 Stiffer foams are also popular for this area of research, see, e.g., [Rostami-Tapeh-Esmaeil et al., 2022, Bhaga-
vathula et al., 2021, Jain et al., 2021, Liang et al., 2019, Wang et al., 2014, Arezoo et al., 2013, Tan et al., 2013,
Vedula et al., 1998].



TPM is limited, and constituents are assumed isothermal [Markert, 2008, Ehlers et al., 2003]. Most
numerical approaches assume simplified poroelastic models [Shrestha et al., 2023, Zhang et al., 2022,
Lutsenko and Levin, 2017, Brun and Dumitrescu, 1995] or viscoelastic/visco-thermoelastic models
[Decker and Kedziora, 2024, Naderi et al., 2022, Kim et al., 2017, Zhao et al., 2007]. Therefore,
there is a need for a numerical model than capture the complete thermo-poro-elastodynamic effects

at high rates of strain to address industry needs, such as the model pursued in this work.

1.1.4 Limitations of the current work

It should be noted, however, that there are physiogolical limitations of the current framework.
To start, Brannen et al. [2022] showed that the tertiary bronchial tubes had a significant effect on
lung tissue deformations, an anatomical interaction which we ignore in the present work, despite the
lung parenchyma itself behaving as an isotropic [Weed et al., 2015] and homogeneous [Tai and Lee,
1981] material. Other anatomical interactions such as those between the lung and the surrounding
organs and ribcage are also ignored (refer to Clayton et al. [2021], Clayton [2020], Cronin [2011]),
as well as any complex reflective waves induced by the initial shock wave after impacting said
anatomy and the surrounding environment [Stuhmiller, 2010]. Such interactions would necessitate,
at a minimum, a three-dimensional (3-D) model, which was not pursued in this work.

Furthermore, we neglect microstructural interactions (as previously stated) at the solid-fluid
interface when using TPM to smear the FSI at the pore scale. Most lung parenchyma modeling
approaches [Stuhmiller et al., 1988, Bush and Challener, 1988, Clayton et al., 2021] will approximate
the wave speed through the lung tissue an air as an average of the wave speed through both mediums
so as not to resolve the (computationally prohibitive) fine-scale interactions. As Grimal et al.
[2002] notes, this may not be appropriate in the high-frequency domain such as occurs after shock
loading. In their approach, Grimal et al. [2002] assumed a closed-cell model, such that the pore air
is contained within the walls of the alveoli. For sufficiently long rise times of the incident pressure
wave (e.g., those occuring from a motor vehicle accident), lung parenchyma can be regarded as

a homogeneous material; however, for shorter rise times (such as those from blast), distortion of



the incident pressure wave is dependent upon the microstructure, i.e., the diameter of the alveoli
Grimal et al. [2002]. Therefore, an important part of future work will be utilizing upscaling from
the microstructural model, with, e.g., a machine-learning approach, to account for variations in the

microstructure to more accurately capture the underlying shock physics.

1.2 Viscoelasticity vs. poroelasticity

To help argue for the necessity of poromechanics models in this area of research (soft porous
materials), we will briefly compare the the stress relaxation times between a purely viscoelastic

model and a poroelastic model, of lung parenchyma fully-saturated with air, at small strain.

1.2.1 Linear viscoelasticity in one dimension at small strain

Ew

A
A
\

Figure 1.2: The standard linear solid model, adapted from Simo and Hughes [1998].

Consider the following viscoelastic standard linear solid model (refer to Simo and Hughes
[1998]) in Figure 1.2 with axial strain e that can be decomposed into its elastic strain € and

viscoelastic strain €”¢ components. Then the total stress contributed by the two parallel elements
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of the model can be expressed as
0=FEye+0o", (1.1)
where E, is the steady-state elastic modulus and
o’ =né’ = Ee® = E(e — €"°), (1.2)

where 7 is the viscosity of the dashpot. Rearranging Equation (1.2) leads to the following ODE:

1 1
Qe 4 Ve = ¢ (1.3)
T T

where 7 = 1/ FE is the time relaxation constant. We will solve for €”¢(t) using the integration factor
explt/7] and convolution integral as follows:

1 1
explt/T]€" + — exp[t/T]e"® = — expl[t/T]e,
T T
t

:>/ci(exp[S/T]eve(S))ds:/iexp[s/ﬂﬁ(s)d&

= exp[t/T]e"(t) = % / exp[s/T|e(s) ds,
: (1.4)
et = [ Texplls—0)/n]e(s)ds
d - 1 ,
75 exp (s —1)/7]e(s)) = —exp[(s —t)/7)] e(s) + exp [(s — 1) /7] (),
o eve(y) = / % (exp (s — £)/7] e(s)) ds — / exp[(s — 1) /7] é(s) ds .

i=e(t)
Thus the total stress may be written as follows:

t
o(t) = Exoe(t —|—E/exp (s —t)/7] € ds-/Gt—s (1.5)

where the relaxation function is

G(t—s)=FEx+ FEexp[—(t —s)/T] . (1.6)
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Suppose, now, that we write the strain €(¢) in terms of the creep function J(t) as follows:

() = j J(t— $)5(s)ds;  J(1) = Eloo <1 _ E]iexp [_Eb::t]) , (1.7)

—00

where we apply a step function for the total stress such that
o(t) =o00H(t); &(t) =00d(t). (1.8)

Substitution of the above into Equation (1.7); gives

t

€(t) = / J(t —s)opd(s)ds = oo (t). (1.9)

—o
We will compare the effects of this creeping viscoelastic model to that of a poroelastic model, the

latter equations of which we will derive in the following section.

1.2.2 Linear poroelasticity in one dimension at small strain

Terzaghi’s 1-D consolidation theory [Taylor, 1948] makes the following assumptions:

1. The solid constituent is homogeneous.

2. The porous medium is fully saturated, i.e., there are only two constituents in the porous

medium (solid skeleton, and pore fluid).

3. The solid constituent and pore fluid constituent are incompressible. (Note that the porous

solid skeleton “matrix” remains compressible so that deformation may occur.)

4. The applied compression is purely vertical in the z direction (uniaxial strain), and the

motion of the pore fluid is purely vertical as well (unidirectional flow).

5. Darcy’s law (sans inertia terms), i.e., v ) = —i{?")/f%, is valid (where v, is the pore fluid
seepage velocity in the z direction, k is the hydraulic conductivity, ¢ is the unit weight of

the pore fluid, and h is the pressure head).

6. The results are valid for small strain:
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(a) k is independent of the void ratio change Ae, and is assumed constant during the

consolidation process. Note that porosity nf == e/(1 +¢)).

(b) m, (compressibility factor under uniaxial strain) is assumed constant during the con-

solidation process (i.e., linear isotropic elasticity will hold).
7. There are no sources or sinks of pore fluid.

From Assumptions 3, 4 and 7, the continuity equation reduces to

d'l}z(f)
dzdydz =0, (1.10)
z
which we may also write as
dv(p) dV
o = —, 1.11
7 dxdydz pm (1.11)

Substitution of Darcy’s law into Equation (1.10) gives us

dv(r) - d’h
— e 1.12
dz 8t dz2 3 ( )
where the pressure head is defined as,
h,::}£—|—Z7 (]‘13)
vt

and the pore fluid pressure pr may be written as the summation of the fluid unit weight ~¢ times
the position z and an excess pore fluid pressure p¢ .. Thus, we can rewrite Equation (1.12) as

dvor) ]%d2pf,e
dz dz?

(1.14)

Now, assuming a linear isotropic elastic constitutive relation for the volumetric strain for uniaxial

strain under vertical stress, we may write

AV
-V = myAoys. (1.15)

Rearranging, dividing both sides by At and taking the limit as At — 0 gives us

av do
dat " ar

dzxdydz . (1.16)
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Recall the effective stress principle, o = 0%, + pr, for compressible solid skeleton, and nearly in-
compressible solid constituent (see Chapters 2 & 3). Here, we assume soil mechanics convention
for which the normal components of stress are positive in compression, along with the pore fluid
pressure pr. Decomposing the pore fluid pressure in terms of the hydrostatic and excess pore fluid
pressure, pr = ¥tz + pr e, and then taking the time derivative of all four terms above provides the

useful relation

doy  dpge
dt — dt

(1.17)

Substitution of this result back into Equation (1.16), equating with Equations (1.11) & (1.14), and

rearranging, gives us the following partial differential equation (PDE) for ps :

8pf,e —¢c 82pf,e
ot Y022

(1.18)

where the coefficient of consolidation ¢, = k/(myy¢). We further assume the following “drained”

(atmospheric) boundary conditions:
pf,e((),t) =0, pf,e(ZH, t) =0, (1.19)

where H is the defined as the longest flow path to “drained” (atmospheric) boundary for a given

pore fluid molecule, and an initial pressure along the domain is defined as

pf,e(zao) :pf,e,O(z) . (120)

Note that a “drained” boundary condition implies atmospheric pressure, which we assume is refer-

ence at 0 atm. This PDE may be solved using the method of separation of variables where
Pre(z 1) = F(2)0(0), (1.21)

and thus Equation (1.18) becomes

L &*F 1 92
F(z) 022 ¢,®(t) ot

(1.22)



14

Since the left and right hand sides of Equation (1.22) are independent of ¢ and z, respectively, they

must both be equal to some constant, e.g., —A%. Solving for F'(z) yields
F(z) = c1 cos(Az) + cosin(Az) (1.23)
and likewise solving for ®(t) yields
D(t) = czexp [~ A%cpt] . (1.24)
Then, Equation (1.21) may be rewritten as the product of these solutions:
Pre = (cacos(Az) + cssin(Az)) exp [—A%c,t] | (1.25)

where ¢4 = cjc3 and ¢; = cac3. Using the boundary condition given by Equation (1.19); gives

¢4 = 0. Likewise, using the boundary condition given by Equation (1.19)s gives

2
pre(2H,t) =0 = c5sin (;—;z) exp [— (%) cvt] . (1.26)

Since c¢5 is arbitrary, we may write the solution for the excess pore fluid pressure as a summation

over all n as

> 2
Pre(z,t) = nzl By, sin <%z) exp [ (%) cvt] , (1.27)
where B,, is a yet to be determined constant. Using our initial condition defined by Equation (1.20)

allows us to write

Preo(z) =Y Bysin (%z) : (1.28)
n=1

This is a Fourier sine series, which when multiplied by sin(n7z/2H) allows us to solve for B,, using

the orthogonality relation of two sinusoidal waves over the period 2H as

2H
1 . [/ NnT
B, = T /pfvevo(z) sin <ﬁz) dz. (1.29)
0

Substitution of this result back into Equation (1.27) gives

2H

> 1 . nmw . nmw nm)?
Dre(z,t) = Z T /pf7€70(2) sin (Ez) dz | sin <ﬁz> exp [—( 4) T] , (1.30)
n=1 0
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where T' = ¢,t/H is the dimensionless time factor. Consider now the case where the initial excess
pore fluid pressure is constant, i.e. pfeo(2) = t7. Then we may solve for B, by integrating

Equation (1.29) directly as

2H
1 [, . (nm 2t7
Bn = ﬁ /t Sin (ﬁ?ﬁ) dz = ni (1 - COS(TNT)) (131)
0

which gives

Pre(2,t) Z el sin (z> exp [— MQT] , (1.32)

where M = nr/2.

1.2.3 Comparison of linear viscoelasticity and poroelasticity in 1-D at small strain

We now compare the one-dimensional, uniaxial strain, unidirectional flow poroelastic response
to the creep viscoelastic response, where both models are subject to a Heaviside step function
application of boundary traction, which results in a constant initial stress with distance if we
ignore gravitational effects. Figure 1.5 shows that for the shorter column, the relaxation times
between the viscoelastic and poroelastic models are identical. For the taller column, the relaxation
time for the viscoelastic model is identical to that of the shorter column. However, the relaxation
time is significantly increased for the poroelastic model. This is because the direct consideration
of the pore fluid means that the solid skeleton must displace said fluid before reaching steady-state
displacement.

In the context of lung deformations, this is an important distinction to make because a simple
difference in geometry leads to drastically different deformation processes. One might consider
designing a lung deformation model to quantify injury metrics and parameterize design of PPE
based on the results of the numerical model in an effort to better protect the soldier in the field.
However, if a viscoelastic model is assumed outright, then, depending on size of lungs (e.g., between
biological male and biological female soldiers) assumed in the model, the ensuing PPE design may

prove to be inadequate as lung injury is coupled to (violent) deformations Fung [1990].
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»

Figure 1.3: The applied Heaviside step function that is applied to the top of the column.
tG
N 7vf

H=0.1m

H=0.05m

Figure 1.4: Schematic of the columns used for this thought experiment. The cross-sectional areas
are identical between both, but the second column is double the height of the first.
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Figure 1.5: Comparison for lung parenchyma with initial applied stress ¢t = 10 Pa.
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1.3 Objectives

The goal of the present work is to demonstrate the efficacy of a poro-elasto-dynamic model
where the subsequent geometry is subjected high strain-rate loadings that mimic shock waves
occurring from blast, or shock-tube testing in a lab. This model will be contrasted against a single-
phase model to demonstrate how the latter cannot simulate the realistic physics that occur for a
porous medium. The work is outlined as follows.

In Chapter 2 we introduce TPM and provide definitions for important concepts, such as
volume fraction. Following this, the balance laws are either stated, or derived, for each phase
and, when appropriate, the mixture as a whole. Chapter 3 continues with the development of
a complete, thermodynamically consistent model from which all subsequent numerical modeling
approaches then follow. We discuss different assumptions to the physical model, and how said
assumptions impact the physics. Chapter 3 concludes with a brief discussion of a damage model
for the solid constituent, which was not implemented in the present work and will be developed as
part of future work.

Chapter 4 then follows with a presentation of the variational and weakened forms of the
different physics models implemented into the numerical code, SPONGE-1D. For each physical for-
mulation, we present the time-discretized forms of the spatially-discretized governing equations in
great detail, with associated derivations covered in the Appendix. The chapter concludes with a
brief discussion of various numerical stabilization approaches that were pursued in this thesis and
which are implemented into SPONGE-1D.

Chapter 5 presents the results of all numerical simulations, beginning with verification exam-
ples to demonstrate the robustness of the code and the numerical approach discussed in Chapter 4.
Then, we provide examples pertaining to the numerical stabilization techniques, and how different
parameters thereof may alter the resulting kinematics. The bulk of the chapter is dedicated to the
numerical results from simulating lung parenchyma undergoing high strain-rate loadings. Therein,

we showcase different finite element types, constitutive limitations, sensitivity studies for the pore
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fluid & porous material parameters, and the comparison between the single-phase model developed
by Clayton and Freed [2019a], Clayton et al. [2021] and the multiphase model developed for this
thesis. We finish with a brief discussion of preliminary results pertaining to thermo-mechanical

coupling for the multiphase model.



Chapter 2

Theory of Porous Media

An extensive background of mixture theory for porous media is provided by Bowen [1971, 1976,
1980, 1982], Coussy [2004], de Boer [2005] and Ehlers [2002]. We will follow the notation of Holzapfel
[2000] (for solid mechanics) and de Boer [2005] in our presentation of the governing equations and

constitutive relations.

2.1 Concept of volume fractions

We assume that the porous solid continuum body constitutes a control space B (current configura-
tion of the solid skeleton) and that only liquids or gases in the pores can leave this control space.
Rather than modeling the exact microstructure of the porous solid, we assume that the pores are
modeled in a statistical sense such that their specific locations are arbitrary. This concept of volume
fraction is illustrated in Figure 2.1(a). The volume fractions n® are defined such that they relate the
“real” differential volumes dv,, of each constituent ¢® (or phase, ) to the smeared (homogenized),
total differential volume dv, i.e.,

dvg(x,t)

n@ ) = )

(2.1)

where @ is the position vector in the current configuration B (see Figure 2.1(b)), and ¢ is current
time. Thus, for any mixture, the constituents p“ occupying some control volume dv in the control

space B must satisfy

Zno‘(w,t) =1, Zdva(w,t) = dv(x,t). (2.2)

[0}
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We furthermore assume that the constituents are immiscible (following the principle of phase sep-
aration [Ehlers, 2002], see also Section 3.1.1) such that we can relate the partial mass density p®,
that is, the mass density of p® occupying the total differential volume dv containing multiple con-
stituents, to the real mass density p®®, the mass density of p* occupying the differential volume
dv,, containing only ¢, as follows:

me(x,t) = /a p°R(x, t)dvy (2, 1) = /

p°R(x, t)n®(x, t)dv(z,t) = / p*(x, t)dv(x,t),  (2.3)
B

B

where mg, is the mass of p® in the control space B. Hereafter we assume that variables written in
the current configuration B are dependent on position & at time ¢ so as to simplify the notation.
Similarly, variables written in the reference configuration By are dependent on position X at time

t.

2.2 Kinematics

The kinematics of a biphasic solid-fluid mixture theory (o = s, f, and f is either a liquid or
a gas, and cannot be decomposed into both as is common in triphasic solid-liquid-gas mixture
theory, see, e.g., de Boer [2005]), are shown in Figure 2.1. The vector x is the spatial position
vector which is occupied by both constituent material points Xg and Xy of the mixture such that
x = x;(X¢,t) = xs(Xs,t), where the material point of the solid constituent is mapped from the
reference position X to the current position x through mapping x,. The inverse map is defined as
X, = x5 (x,t), assuming smoothly differentiable fields. The deformation gradient and its inverse
are defined as follows (assuming Cartesian coordinates):

 Ox, 0X,

09X, Oox '’
Ni@ o1 _ X

Fir(e) = X 1(0)’ Fri) = g,

F,

F;! =

The differential volumes dVy and dVg in their respective reference configurations B(f] and

Bi both map to the same differential volume dv in the current configuration B; through their



pores
de
dv,
¥ solid
alveolar

tissue

(a) (b)

Figure 2.1: (a) Concept of volume fraction for biphasic (solid(s)-fluid(f)) mixture theory, showing
solid skeleton composed of alveolar tissue. Note that in the theory of porous media, it is assumed
that the control space is that of the solid phase B := B°, also known as “solid skeleton.” (b)
Kinematics of a biphasic (solid-fluid) mixture theory.

deformation gradients F'y and Fg. The Jacobian of deformation for both constituents is defined as

follows:
Js= det Fg >0; Jr= detF¢>0,
dv = JgdVs = JydVt,
dve, = n%dv = n®J,dV,,
dvi C B, dVi C Bj.

We will convert all material time derivatives with respect to the solid (s) constituent motion (equiv-

alently, the solid skeleton motion; see note in Figure 2.1(a) for details) such that for ¢ the material
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time derivative is

_be@) _ D@ | o0

bi)==p—= —pr * oz P

f)a = Vq — Vs, (26)
sy D2°(0) o) o)

Dt (D) =D T~ ot + Oz Vs,

where v, is the relative velocity vector of ¢* with respect to the solid (s) constituent motion.

2.3 Balance of Mass

The total mass of a ©® in the current configuration B can be written as

Me :/po‘dv = /paJadVa. (2.7)

B Bo

After taking the material time derivative of m, with respect to the motion of ¢®, the balance of
mass of ¢ can be written as

Dim,, = / (D p* + p*divogy) dv = /[}O‘dv, (2.8)
B B

where p® is the mass supply of ¢ per unit total current volume. The local form of Equation (2.8)

is, upon dividing by p°%,

DR 4 DR e diy gy — P (2.9)
3 paR tP o paR : :

We assume that there is no supply of solid mass to the solid (s) constituent such that p* — 0, and
that the solid (s) constituent of the soft porous material (solid skeleton wall material) is incom-
pressible. If we allowed thermal compressibility under the assumption of locally inhomogeneous
temperatures (65 # '), i.e.,

psR

0
psR — psR(QS) = D,?pSR —

e, (2.10)

wherein we might use the constitutive relation developed by Lu and Pister [1975]:

PR O%) = pifexp [ — af A6, (2.11)
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where af, is the volumetric CTE of the solid (s) constituent and A§® := 6° — 6, with 6 being the
prescribed initial temperature of the solid (s) constituent. This would potentially be inconsistent
with the mechanically incompressible assumption: at the microscopic level, heat is the movement
of individual atoms, and thus a paradox is formed. For the small Griineisen parameter of the
solid lung tissue used in this thesis, only large changes in temperature of the solid lung tissue,
beyond what one would expect resulting from a shock loading, would affect volume change of the
solid lung tissue. For further reading on a mechancially incompressible and thermally compressible
constituent, refer to Ghadiani [2005], Koch [2016], Ehlers and Héberle [2016], Sweidan et al. [2020],
Vujosevic and Lubarda [2002].

Following this, we may proceed with constitutive assumptions for the internal energy function
of the fluid phase: either it produces a pressure that depends only on its real mass density, i.e.,
pr = pe(p™) (barotropic), or it produces a pressure that depends on both its real mass density
and entropy per unit mass nf, i.e., pr = pr(p™, ') (baroclinic) in the case of adiabatic conditions,
or it produces a pressure that depends on both its real mass density and temperature 6, i.e.,
pr = pr(p™, 0Y), which is the preferred form for non-adiabatic conditions. Denoting the isentropic
bulk modulus of the pore fluid K, isothermal bulk modulus of the pore fluid K?, the Griineisen

. f . . f
parameter of the pore fluid +* and specific heat of the pore fluid cy,,

K .— fR Ops K@ _fR Opt £ 1 Ops £ 1 Ops

£ =P 8pr o’ f =P 8pr o’ Vo= mai,r/f R Cy = m@ R (2.12)

The barotropic pore fluid. Suppose that pore fluid pressure is defined as p¢(v!) where of is

the specific volume of the pore fluid, then,

Opy
Dipe = 5t nthffuf. (2.13)

Then, using the definition given by Equation (2.12),

Ky

szpf = pTRDfpr : (2.14)

Next, as we express the balance of mass for both constituents (solid and fluid) individually, the

incompressibility assumption (D§p®® — 0) is used for the solid phase in Equation (2.9) for a =
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s and Equation (2.14) is used in Equation (2.9) for a = f. Adding these two equations together
using the relationship between volume fractions nf = 1 — n®, the combined balance of mass of the

mixture becomes

f of
n . 1 - . -
K—?Dgpf + div g + K—Fgrad(pf) - (nfog) + div(ntoy) = ,f—fR . (2.15)
We can map (2.15) back to the reference configuration of the solid skeleton By = By, i.e.,
Jonf J I N
;(—gpfpf + D} Js + ng CRAD;(ps) - F71 - (nfoy) + J; GRAD(nfoy) : FIT = ;fR . (2.16)

where subscript or superscript s implies with respect to the motion of the solid skeleton.

The baroclinic pore fluid: locally inhomogeneous temperature regime. Suppose instead

pf(vf, nf), then

Ipr Ipr
foo_ f f f f
Dtpf = w nth’U + ai’qf Uth'r] . (217)

Then, using the definitions given by Equation (2.12); 3, we may write

KN
Dip; = pfﬂf{Dfpr + py o' Dy’ (2.18)
If instead p¢(vf, 8F), then
Ips Ips
£ _ OPt| ot f OPE| gt
Dipe = 5| Div + 55| Die". (2.19)

Then, using the definitions given by Equation (2.12)2 4, we may write
0
S g fpt
Dips = prDtp +p Y ey D6t (2.20)

Given the prevalence of #f in the balance and constitutive equations when locally inhomogeneous
temperatures are considered, it is more convenient to work with Equation (2.20) than Equa-
tion (2.14), where the former follows from free energy formulations and the latter follows from
internal energy formulations.

Next, as we express the balance of mass for both constituents (solid and fluid) individually,

the incompressibility assumption is used for the solid phase in Equation (2.9) for « = s and
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Equation (2.20) is used in Equation (2.9) for a = f. Adding these two equations together using the

relationship between volume fractions nf = 1 — n%, the combined balance of mass of the mixture

becomes
fpRe ;
n .
e DI+ a0 - (n100)] + g Die v
f
1 £ . Py [)f
+eparad(pe) - (W 00) + div(n'on) = (2.21)
f

Using the definition of the volumetric coefficient of thermal expansion (CTE) of the pore fluid

f fR .f
ol = % of, = 3af (2.22)

where of is the linear CTE of the pore fluid, taken to be constant, we may write the balance of
mass of the mixture as

—at, [nfD,?@f + grad(#') - (n vf)] + FDtpf + div s
f
1 £ o f Pt
—}—ﬁgrad(pf) < (n'vg) +div(n o) = Pt (2.23)
f

We can map (2.23) back to the reference configuration of the solid skeleton By = B, which gives

Jsn
—Jsad, [n'D50" + GRAD,(0F) - F' - (n'oy)] + 7D ot + D5 J;
f

Js . - _ Jspt
%5 GRAD,(pr) - ' (n®r) + Jy GRAD, (n'5r) 1 T = pf.ﬁ : (2.24)
f

where subscript or superscript s implies with respect to the motion of the solid skeleton. For the
consitutive assumption of an ideal gas made later (refer to Section 3.3.2, paragraph The ideal gas

model), of, == 1/6" and K¢ := p;, thus Equation (2.24) may also be written as

Gf[ n'Dj0" + GRAD,(0") - F' - (n'oy)] + 3 Js
Js 1 _r _ b
o GRAD (pe) - FT1 - (ntog) + J, GRADg(nfog) : FTT = pi (2.25)

2.4 Balance of Momentum

The balance of linear momentum for ¢ is written as

Dy /pa’uadv :/po‘badv—l—/to‘ da+/h°‘dv, (2.26)

B B T B
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where T' := 9B. After carrying through the material time derivative (and applying the balance
of mass given by Equation (2.8)), applying the divergence theorem to the traction term ¢%, and

localizing the integral, we may write
diveo® + p*b* + h® = p“a, + %, , (2.27)

where o® is the partial Cauchy stress, such that the total Cauchy stress o = o° 4+ of, p® is the
partial mass density (total mass density p = p* + pf), b is the body force per unit mass on ¢*
(e.g., acceleration due to gravity such that b* = g), h® is the interaction body force from all other
constituents on ¢%, a,, is the acceleration vector, and p®v,, is the mass supply momentum (which
we typically assume is negligible). Usually, the interaction body forces between constituents are
due to drag and will sum to zero because they are equal and opposite. Thus, these forces do not
affect the mixture as a whole such that h® + hf = 0. Via the balance of angular momentum it can
be shown that the partial Cauchy stresses for each p® are symmetric, i.e., % = (6®)’. Equation

(2.27) can be mapped back to the reference configuration of the solid skeleton for ¢“ as
DIV, P¢ + ,08‘(5) b + Jsh® = Pg(s) aq + ﬁg‘(s)va , (2.28)

where again, subscript s or (s) implies with respect to solid skeleton reference configuration, such
that pg(s) = Jsp®. From Equation (2.28) we can derive the balance of linear momentum equa-
tion for the biphasic mixture in the reference configuration B using the following equations and

assumptions:

(1) Total Cauchy stress, and first Piola stress with respect to 5j:

o=0°+o', P,=P+ P! (2.29)

(2) Decomposition of the solid partial Cauchy stress into an extra stress, hereafter referred to
as the solid skeleton extra stress (or solid extra stress), and temperature-scaled pore fluid

pressure (justified in Chapter 3, see also Ehlers [2002])! , and shock viscosity ¢ (refer to

S

! Note that the o

ﬁpms term that appears in Equation (2.30) necessitates an initial spatial homogeneity of both
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Section 4.4.1):
S

o’ =0 — (%pfns + q) 1 (2.30)

(3) Assume all mass supplies are negligible: % =0

(4) Assume body forces per unit mass are only due to gravity: b% = g, where g is the acceler-

ation vector of gravity.

We may then write the balance of linear momentum equation for the biphasic mixture in the

reference configuration By as

DIV Ps + pys)g = ps)as + pf)(s)af )
(2.31)

P, = Py + Pfg(s) — JspstT<zZns + nf> — JQF;T.

For the (u-pf) formulation, we will further assume that a; ~ as = a, which should be valid only for

slower dynamic loadings. With that assumption in mind, the pore fluid viscous stress tensor P%( 5)

drops from Equation (2.31)2 because the constitutive law that defines it in Chapter 3 includes

spatial dependence on pore fluid velocity, which cannot be determined without a third governing

equation for the pore fluid displacement. Note that under the assumption of a nearly-inviscid pore
s

fluid (of, — 0) and locally homogeneous temperatures (§° = 6' = 6), Equation (2.31)s may be

rewritten as
P, = Py, — JipiFST - JQF;T. (2.32)

For brevity, the balance relations hereafter do not make explicit use of the shock viscosity @), except
for the derivation of the balance of energy of a single phase material (or solid phase in biphasic
mixture theory) in Sections 4.1.2, 4.1.5, & 4.1.6, where it is included to account for dissipation of

energy.

constituent temperatures, 65 and 6, as well as initial spatial homogeneity of porosity nf. Otherwise, taking div(c®)
to evaluate the linear momentum balance of the solid phase results in grad(6®), grad(6?), grad(n') terms, indicating
that the solid skeleton has an initial acceleration prior to any applied load. For the mixture linear momentum balance,
only initial spatial homogeneity of the constituent temperatures is required.
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Balance of Linear Momentum of Pore Fluid. Equation (2.31); allows us to solve for the
displacement of the solid skeleton (the connective tissue network of the soft porous material), but
not for the displacement (or velocity) of the pore fluid (f) phase. Thus, we require an additional

governing equation, namely, the balance of linear momentum of the pore fluid (f) phase:
dive' + p'bf + hf = plas + plos. (2.33)

As motivated by satisfying the second law of thermodynamics in Clausius-Duhem form [Coussy,
2004, de Boer, 2005] (see also Chapter 3), the pore fluid interaction force can be decomposed as

follows:?
hf——hf—i——s dnf 2.34
£+ Zppegradn’ (2.34)

where it may also be shown that (refer to Section 3.1.3)

hl, = 2o, (2.35)

where k is the hydraulic conductivity (a proportionality parameter in the Clausius-Duhem inequal-
ity, that may be a function of fluid volume fraction n!) and where it has been assumed that the solid
skeleton’s permeability is isotropic (refer to Equation (3.61)). Direct substitution of Equation (2.35)

into Equation (2.34), and Equation (2.34) into Equation (2.33) with
f

ol = ol — nlpil; dive! = divel, — nfgradp — pegradn! (2.36)

and assuming bi=b=b= g and pf = 0, yields

Ja f\2
plas — div a’% + nfgradps +pfgrad(nf) (1 — ﬁ) + (n]%) (vf —vg) — plg=0. (2.37)

For a nearly-inviscid pore fluid and locally homogeneous temperatures, the balance of linear mo-

mentum of the pore fluid is written as

f f (nf)? f
p ag + n gradps + P (vf —wvs) —pg=0. (2.38)

2 Note that this form of hf necessitates initial phase temperatures that are in equilibrium with one another.
Otherwise, Equation (2.37) does not hold for an initial heterogeneous porosity.
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We can map both equations to the reference configuration Bj and write them as

98
Phsat — DIV, Pl + Jun' GRAD, pr - FZ' + Jupr GRAD,(n) (1 - ﬁ) F!
JS nf 2
U o)~ g =0 @)

for the case of viscous pore fluid and locally inhomogeneous temperatures and

f f GRA 1 Js(nf)? _ ot _
po(s)af+JSn GRADgps - F " + P (vf — vs) po(s)g—O (2.40)

for the case of nearly-inviscid pore fluid and locally homogeneous temperatures.

Now we have three coupled governing equations that describe the kinematics of the biphasic
mixture which we can use to solve for three unknown “fields” (solution variables): Cauchy pore fluid
pressure pg, solid skeleton displacement u (dropping subscript s), and pore fluid displacement wug,
respectively. For locally homogeneous temperatures, these three coupled governing equations are
commonly referred to as the (u-ug-pr) formulation. In the (u-pf) formulation, we assume that the
acceleration of the pore fluid (f) constituent is approximately equal to the acceleration of the solid
skeleton, i.e. af =~ as = a; thus, we do not need to solve Equation (2.40). We employ variational
forms of these equations in the total Lagrangian finite element formulation in Chapter 4.

To describe the evolution of phase entropies and temperature(s), additional governing equa-
tions are required, irrespective of whether or not thermo-mechanical coupling and/or locally ho-
mogeneous temperatures are assumed. The governing equations that describe the thermodynamics
will end up being the balance of energy of each phase. However, constitutive relations must be
determined prior. The process for determining constitutive equations is outlined in the next three

sections, and in more detail in Chapter 3.

2.5 Balance of Energy

The first law of thermodynamics provides the balance of energy for the mixture as a whole, and

can be written in the current configuration B for ¢“ as

Dif [K°(t) + E*(t)] = Pg(t) + Q%(t) + E*(t), (2.41)
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where the kinetic energy is defined as

1
K*(t) = / ipo‘va cvadv, (2.42)
B
the internal energy is defined as
50 = DREN(D) = Df [ e (atydv, (2.43)
B

and where the e® is the internal energy per unit mass (referred to as € in Bowen [1976], de Boer
[2005]). The external work on ¢ is defined as

P = [ vada [ 5% vads, (2.44)
T B

where t¢ = n - . The rate of thermal work (thermal power) acting on an individual constituent

as
Q(t) = —/qo‘ -nda + /paradv, (2.45)
r B

where for %, q¢ is the heat flux vector, r® is the heat input rate per unit mass. Lastly, the power
(10 Y q )

supply to ¢©“ by other phases is defined as
2

_ 1
Eo(t) = /éo‘dv - / <é°‘ B vg + € + S vade, (2.46)
B

o]

where £ is “local interaction” [Bowen, 1976] for energy supply to ¢ from other phases and é%
is the total power density (per unit volume) supply to ¢ by other phases. Combining the above

energy terms, Equations (2.42)—(2.46), the first law of thermodynamics may be written as follows:

1
D?/ <2pava Vo + paeo‘> dv = /to‘ - vada + /Paba " Vadv
B iy B

- /qa -nda + /(po‘ra + éY)dv. (2.47)

T B
Start by applying the material time derivative: switch to reference configuration Bf'.

1 1
D7 [ (5w vat 7)o = 7 [ (5670wt ") Jud (2.48)

B By
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Carry out material time derivative in reference configuration Bf.

1
Dta/ <§p°"va SV, + pO‘GO‘)JadVa = / ([Dta'va cvg + Df‘ea} (p*Ja)
Bg Bg

1
+ bva vy + ea} [Df‘po‘Ja + pO‘Dto‘Ja} )aVa (2.49)

The first term in first set of brackets [ | on r.h.s. of Equation (2.49) is acceleration of ¢?, i.e.,
Div, = a, . (2.50)
Thus the first set of brackets [ ] on r.h.s. Equation (2.49) of may be written as
Divy v + Df‘eo‘} (p*Jy) = [aa “Vq + Df‘ea] (p%Ja) - (2.51)
The first term in the third set of brackets [ ] on r.h.s. of Equation (2.49) is evaluated from balance
of mass, i.e.,
D p* = p* — p*divw,,. (2.52)
The second term in third set of brackets [ | on r.h.s. of Equation (2.49) is evaluated from the
continuity equation, i.e.,
DYy = Jo divug. (2.53)
Thus the third set of brackets [ ] on r.h.s. of Equation (2.49) may be written as

1 1
[5% Vo e“} [Dgpaja + paD,?Ja} — [iva Rl (2.54)

Rewriting the material time derivative of total internal energy in current configuration, such that

JodVy — du,

1 1
Dto‘/ <2,0°"va SV, + p%“) dv = / (po‘aa Vo + p*Die® + p e + 51]0‘ . va])dv. (2.55)
B B
Next, apply divergence theorem to the boundary terms (external work via traction, rate of thermal
work via heat flux):
/to‘ cvada = /div(ao‘ cvq)dv
(2.56)
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Expand divergence on Cauchy stress & velocity:
div(e® - v,) = div(e®) - vqa + 0% 1y, (2.57)

where [, is the velocity gradient. Next, apply localization theorem such that the energy balance
for ¢ is written as
pay - vy + p*Di¥e® + p* (eo‘ + %Ua . Ua> =div(e®) - vqg + 0% 1o + p2b* - v,
—divg® + p*r® 4 é“. (2.58)
Third term on r.h.s. of Equation (2.58) can be rewritten by substituting balance of momentum,
i.e.,
pobY = p®ay + pv, — dive® — h™. (2.59)
Substitute into Equation (2.58):
praq - vy + p*Dife™ + p° (e"‘ + %va . 'va> =div(e®) - vg + 0% 1,
+(p%aq + pvo —dive® — hY) - vy — divg® + p“r® + é“. (2.60)

The acceleration terms, divergence on partial Cauchy stress terms cancel, leaving

1
p*Die® = o 1, — divg® + pr® + é* + ﬁo‘<§va CVy — ea) —h® - v,. (2.61)

Note that this is equivalent to the derivation provided by Bowen [1976] if one substitutes the

definition of the total power density supply given by Equation (2.46), such that
p*Die” = o 1, —divg® + p%r® +£°. (2.62)
2.6 Balance of Entropy

Deriving an entropy balance for the mixture as a whole is preferred to deriving one for individual

constituents given that the latter can lead to incomplete constitutive relations [de Boer, 2005], i.e.,

d Tt >0, (2.63)
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wherein,
I%(t) = DEHY(t) — Q*(t). (2.64)

Thus, the balance of entropy can be written in the current configuration B as

SO DpHe () > 30, (2.65)
(03 (6
where the total internal entropy of ¢ is
H(t) = /p“n“dv, (2.66)
B
and the rate of total entropy input for ¢ is
o 1 a,.a 1 «a
Q(t) = ga T dv — g nda . (2.67)
B T
Start by applying the material time derivative: switch to reference configuration Bj':

Df‘/po‘no‘dv = Df‘/po‘no‘JadVa. (2.68)
B Bg

Carry out material time derivative in reference configuration Bf:

D7 [ JadVi = [ (0 I)DE6" + (0 T)DE + (o) DF T )V, (269)

Bg By
The first and last terms are simplified using mass balance and continuity equation, per Equa-
tions (2.52) and (2.53), respectively, such that
DY / 0O JodV, = / (na W+ (paJa)Dtana)dva. (2.70)
B Bg

Rewrite the material time derivative of total internal entropy in current configuration, such that
JodVy — dv:

Dta/po‘nadv = / <77a[)o‘ + pO‘Df‘na)dv. (2.71)
B B
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Apply divergence theorem to the heat flux term in rate of entropy input, Equation (2.67):

1, 1
/Qaq -nda—/dlv <9—aq )dv. (2.72)
r B

Next, apply localization theorem, such that entropy balance is written as

3 (ﬁ“n"‘ + 2D — eiapara + div [eiaqa]) >0. (2.73)

«

2.7 Dissipation Inequality

In order to produce constitutive relations that adhere to the thermodynamic principles laid out
by Truesdell and Toupin [1960] and Coleman and Noll [1963], the second and first laws will be
combined to form the dissipation inequality, i.e., the Clausius-Duhem inequality. Introduce the

Helmholtz free energy potential
P =e® — 0%, (2.74)
and substitute it into the first law, Equation (2.61), such that

1
p* Dy (wo‘ + 90‘770‘) =0% 1y —divg® + p*r® 4+ é* + p° (51;@ “Vy — ea) —h® - v,. (2.75)

Next, isolate the material time derivative on the phase entropy:
1
D" = oo (= g [DFY + 0 DPO%] + 0% 1Ly — div g + 1 + &

+p° [%’va CVy — eo‘] — h*. ’Ua> . (2.76)

Substitute this into the entropy balance, Equation (2.73), such that

1
Z gj(ﬁaeana . pOé [D?@/)a + nOéD?HOé] + o I, — div qa + paroz 4 8@

[0}

5 [%va Vo — ea} —h® vy — g%+ 0% div [Q%QQD >0. (2.77)

Recognize that heat source/sink terms cancel, such that the total dissipation inequality may be

written as

1 1
> o (P [DPe + 0 DEO] = 0™ o = 6 4 5 [ = Sva - va] + % v

[0

1
+0—agrad(9°‘) : qo‘) >0. (2.78)
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Given the summation over the mixture, iff ¢ = 6, i.e., locally homogeneous temperatures, could

we write

Z (pa [Dfy® +n*Dgo%] — o 1o + p |* — %'va . 'va] +h* v, + %grad(&) . qo‘> >0, (2.79)

«

where by definition the power density supply terms have cancelled with one another, and a consti-
tutive relation for the local energy interaction term £% is not needed.

If we naively multiply both sides of Equation (2.78) by phase temperature under the (ad-
mittedly reasonable) assumption that temperature, being a positive quantity, would not change
the sign of the dissipation inequality, then, when carrying out the summation of the dissipation
inequality over constituents a = s, f, the power density supply terms would cancel. The issue with
such a scenario is that if we were to solve the energy balance later, Equation (2.62), for any one
phase, the local energy interaction term would not have been able to be defined constitutively via
the dissipation inequality. This is also the difficulty that arises when supposing that the second
law need only be satisfied for an individual constituent, i.e., we might have written the dissipation

inequality as

1 1
P [DFY + 1 DFo%] — o ilq — €% + p° [w — 5V a| + B e+ grad(6)” g% > 0,

(2.80)

where the power density supply terms é“ (including its expanded form above, given by the two terms
following é* in Equation (2.80)) would cancel with one another when summing Equation (2.80)

because they are not temperature-scaled as in Equation (2.78).



Chapter 3

Constitutive Theory

This chapter provides the foundational basis for the constitutive models used in Chapters 4
and 5. Said models are derived in a thermodynamically consistent manner, i.e., they do not violate
the second law of thermodynamics. As such, we proceed directly from the second law to derive the

constitutive models relating stresses to deformations, pressures to densities, etc.

3.1 Locally inhomogeneous temperature model

Herein we assume that constituent temperatures may vary, i.e., 65 # 6. Tt is convenient not
to assume anything about the form of an effective stress principle a priori (see, e.g., Biot and
Wills [1957] for background on an effective stress principle), as this makes the determination of

constitutive relations of the unknown variables difficult. We may begin by assuming that
pP=p=0. (3.1)

Using this, we may write the Clausius-Duhem inequality for the mixture as

1 5 S 1S S . ~S 1 S
¥<pS[D§wS—|—77 Dtﬁs] -0l —€+h° v+ %grad(ﬁ )-qs>

| 1
+§<pf [Dff 4+ D}e"] = o b — &+ BT v + rerad(8") qf) >0. (3.2)

Next, multiply through by solid (s) phase temperature, i.e.,

S S,/,S 95 S, S S NS 95 S . 95 .
(P Diy® + ﬁprgl/Jf> + (p n°D;0° + EpfnfoGf) — (cr s+ Ea‘f : lf)
S

(6)?

— (és + féf) + (hs g+ fhf . ’Uf) + (lgrad(ﬁs) -q° +

of of s grad(@f) : qf> =>0. (3.3)



From Equation (3.1), the power density supply terms simplify to

Jats]

=& +h®- v,

of =t + hf o,

By definition, for a closed system, i.e., without supply from an external source,

d4r=0, Y h¥=0, Y &=

and thus the solid power density supply, Equation (3.4)1, may be written as

such that the power density supply terms in Equation (3.3) sum to
- 0 o _ 0° ¢ 0°
gt = (G = 1) e (G 1)

From Equation (3.5)2, the interphase power terms in Equation (3.3) simplify to

S a f f 6 f f ~ f 6
h~’Us+§h~’l}f=—h-Us—i-ah-’l)f:h"l)f—f—h-vf(ﬁ—l)
Substitution of Equations (3.7) & (3.8) into Equation (3.3) gives

( SDSYS + efprfqp ) <pSnSD§95 n gpfnfoef) - (as U+ e—iaf : lf)

(e[ 1) el 1))+ (6 e[ 1)

1 < < 03
+(Egrad(0 )-q°+ 02

grad(6') qf> >0,

or, noting cancellation of the fluid interphase power terms,
sssgsfff S, S T)SHS esffff 5 - Hf
(po +§th¢)+<ant9 +@p77Dt9>—( s+ oo lf)

Af(% - 1) +hf o+ (6 grad(6®) - ¢° + grad(‘gf) ) > 0.

6°
(07?
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(3.4)

(3.5)

(3.6)

(3.10)

Following the approach of de Boer [2005], Ehlers [2002], we introduce the saturation constraint to

the Clausius-Duhem inequality given by Equation (3.10), namely,

n®+nt =1, Din®+4 Dinf =0,

(3.11)



39

which we can also express as
Din® 4 Dinf — grad(n') -9y = 0. (3.12)

Utilization of the balance of mass,

ﬁa

T (3.13)

na
pa—RDf‘po‘R + Di'n* + n*dive, =

of each constituent (s) and (f) with assumption of negligible mass supplies and incompressible solid

constituent, allows us to write the saturation constraint as
n® div v + D{pr + nfdivvg + grad(nf) - 9¢ = 0. (3.14)
PR

The saturation constraint may be added to the Clausius-Duhem inequality, Equation (3.10), with
the introduction of a Lagrange multiplier A (which we will soon identify as temperature-scaled

excess pore fluid pressure):

A( Sd, : 1+—Dtp +nfde: 1+ grad(nf) - vf)zo. (3.15)

Noting symmetry of the partial Cauchy stress tensors, i.e., % = (%7, we may rewrite the

Clausius-Duhem inequality as

( SDSYS + prfpﬁz/;f) <pSnSD§95 n gpfnfp,fef) - <0'S Sds + gaf : df>
o)

of ps8rad(6°) - ¢” +

) o)

—A( S : 1+p—Dtp + nfdy :1+grad(nf)-f)f) >0. (3.16)
Next, combine like terms, such that
s DS S fo f S1S DSES 6 f fogf
( Y7+ gfp tw) (pn i+ grpn Dy )
03
~([o* + An1] s d+ [ 0" + An'1] )

f
+(ht — Agradn®) - o; — Apn—fRDfpr

+ (;s)2grad(6’f) ' qf> >0. (3.17)
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Introduce the so-called “extra” terms (which we can define constitutive models for later):

or =0 + (A" +g)1,
ot
oty =o'+ Aﬁnfl , (3.18)

hL, =hf— Agradn',
where ¢ is the shock viscosity (refer to Section 4.4.1) acting on the solid consituent, and substitute

the extra terms back into Equation (3.17):

S

9
pfnngﬁf) — 0% ds + qdives — —ob  dy

S

(pSD§’¢S - ;prfwf) - (psnsDies +4

ot of
+hi .o Alfo m_a (T 1 d(6®) - ¢° A 46 -q") >0 (3.19)
3.1.1 Determination of the Helmholtz free energies

Discussion of how to formulate constitutive equations is discussed in detail in Coleman and
Noll [1963], Marsden and Hughes [1983], Truesdell [1984], and specifically for TPM in Truesdell
and Toupin [1960], Ehlers [2002], de Boer [2005]. Following the approach of Ghadiani [2005] (see

also de Boer [2005]), the following response functions R must be determined:
R = {ws,wf,asE,q,afE,hf 7éf,qs,qf} (3.20)
which depend on a set S of variables, i.e.,
R =7R(S), (3.21)

where S is a subset of the fundamental constitutive variables V for a biphasic continuum with an

elastic solid constituent, i.e.,
V= {9a,grad9°‘, nf,gradnf,po‘R,gradpo‘R, F,,GRAD, F,div vs, v, GRAD;¢ vy, Xa} . (3.22)

For an isotropic pore fluid, it can be shown [Cross, 1973] that the deformation gradient F is
a function of det(F), which can in turn be determined through porosity n' and real fluid mass

density p® in the absence of fluid mass supply pf. Using the principle of frame indifference, we may
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also substitute the pore fluid velocity vs by the seepage velocity v¢. The solid pore fluid velocity
gradient GRAD¢ vy may also substituted by the deformation rate tensor ds.

From the balance of mass for the incompressible solid constituent with no mass supply,

Din® +n*divog =0. (3.23)
Using continuity equation
D} Js = Jgdiv vy, (3.24)
we may write Equation (3.23) as
S, S ns S 1 S, S 1 S
Dtn = —IDtJS — EDtn = —jSDtJS . (325)

Integration of Equation (3.25) yields the useful relation

s _ Mo _ )

Jo  det(Fy)’

(3.26)

and thus the real mass density of the solid constituent and its gradient, and porosity and its
gradient, may be eliminated from the set of the response functions. Thus, the set of constitutive

variables pertaining to the problem at hand is
S = {9@, oradd®, p gradp™, F., GRAD, F., div v, ¥, df} . (3.27)
Combining Equations (3.20), (3.21) and (3.27) gives

{00! 0% 0.0l b, &, @', a'} = R(0°, gradd™, o, gradp™, Fy, GRAD, F, divv,, o, dp)
(3.28)
Based on the principle of phase separation, that the Helmholtz free energy of ¢“ should depend

only on the ¢® variables, we may write

® = (6%, grad6®, Cs, GRAD, Cy, div vy) ,
(3.29)

¢f = wf(9f7 gradafa pr7 gradpr7 ’Z)f7 df) ’
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where we have used the right Cauchy-Green tensor Cg = FZFS in place of F5. The material time

derivatives of the Helmholtz free energy functions are

S, 18 __ on® sps % s s on® s L s
Djy® = 507 Djo°® + 8(grad95)Dt(grad9)+ 8CSDtCS+ (GRAD, Cs)Dt(GRADS Cy)
O Ds(dives), (3.30)

T o(div oy

oy oy oy oyt
piyf = 2% iyt Df fy 4 2V pi,® Df fR
V= o6t o+ 8(grad9f) +(gradd’) + pR d(gradpfR) +(gradp™)
o f f
alf} Doy + aﬁ Did: . (3.31)

3.1.2 Evaluation of the Clausius-Duhem inequality

Returning our attention to Equation (3.19), we may substitute the material time derivatives

of the Helmholtz free energy functions, such that

,l/}S S S S aws S S Sarl/}s 1 S
(o 5gs + 07 ) D0 + B{gradgs) (8120 + (v 9c.% 2L E<s>) DiCs
S djs s 8¢S S(1; f% v f f f
0 gaRAD. G PHORAD C) + g S Dildives) + (Gfp o + ") Dje
¢ Oyt DR

6 ¢ 9! f £ n
T Y p o
9 Dgraddh) t(gradeH(ef op pr>
g3 ; 8d)f ; R 63 f8¢f f~ 8’¢f
grad(ef) . qf) >0, (3.32)

0° 1 0
f . A f = Y. g°
0E~df—5 <9f 1)-|—hE vf—{—(esgrad(e) q° + GiE

HS
ot

where we have used the identities

! (3.33)

DiC, = 2FTd,F,, o5 = IFSSSE(S)FST

to transform the solid extra stress to the reference configuration of the solid skeleton

Using the Coleman and Noll [1963] argument, i.e., that the free parameters D;0°, D} (grad6®)

ls, Di(GRADCy), Di6', Di(gradd!), Dip®, Di(gradp™), divws, ¥r and df maintain arbitrary
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values, the following constitutive relations must hold:

¢S s s\ __ S s __ 8(pf)(s)1/)s)
(75 +7) =0 = s = =5
o,
d(grad@s)
S OYP® 1 s B s 3(p8(s)¢s)
( P50, %~ 25.550) =0 7 Ske =250
o .
J(GRAD, C.)
05 Ot 65 £ oyt
(efp 267 +0f’”7) =0 =0 =G
o (3.34)
d(graddt) 0,
oyt 63 opf
£ oy _ fR2
(Hf ap® pr) 0 =A Hf(p ) opR’
opt 0
d(gradp™) — 7
o,
0oy ’
ot _
ods ’

where the constitutive relations in Equations (3.34);3 have been transformed to the reference

configuration of the solid skeleton making use of

/ D3y = / p° T DiSdV, = / Phs DivtdVs (3.35)
B BO Bo
P%(S)D§¢S Dy (PO(S)UJS) @ZJSDtPo s)
=Dj (p 0(s) ) * (JsDip® + p°DiJg)
=Dy (PO(S)%Z) ) *p°Js = p"Diy° = jsDi (p(s)(s)¢s> : (3.36)

We also define the reduced dissipation inequality:

f
7 (5

S

_0 f . S f
D= —op.di — qdlvvs—l—(9 (9 9) - vf —

S 6"
o grad(6°) - ¢° + Hfgrad(ﬁf) ) >0.

(3.37)
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From Equation (3.34), we can deduce that the Helmholtz free energy functions simplify to:

Y =07, Cs),

(3.38)
wh= (0", ™).
Given the dependence of solid stress on the solid Helmholtz free energy, we must have
oy =oy(0°Cy), (3.39)
and analogously for the pore fluid,
A=A, 0",
(3.40)

nto=n' (05 p™).
Identification of the Lagrange multiplier. From thermodynamic principles (see, e.g., Davison

[2008)) for a compressible fluid with free energy as a function of specific volume v and temperature

0, we know that

! o' 9p™ .
T = "DF= ma — = 3.41
gof = PTG m gyt pr=(p) g~ Pt (3.41)
and therefore by using Equation (3.34)7, we see that
98
A= grPt (3.42)

such that the partial Cauchy stresses for each constituent are defined as

S
o’ =0} — ﬁpmsl —ql,
(3.43)
f

o :O'fE —pfnfl,

with
t_ gt f
h' = hg + &pfgradn . (3.44)
3.1.3 Identifying constitutive relations

From Equation (3.37), we must find the following set of response functions for D:

{0 0.8 W q q' | = T(S). (3.45)
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where
S = {GS,gradHS,Hf,gradﬁf,pm,gradpm,Cs,GRADS C,, div vs,@f,df} ) (3.46)

In order to identify the form of the response functions as they relate to the set of constitutive

variables, we will expand D into equilibrium and non-equilibrium parts:
D =Dy(So) + Dn(S), (3.47)
where
Do(S) =0; D(Sy) =0, (3.48)
and the initial state is at thermal and mechanical equilibrium, i.e.,
So = {0° = 0, gradf® = 0,60 = 0, gradd’ = 0, p = pff, gradp™ =0,C, =1,
GRAD;C = 0,divwg = 0,9f = 0,ds = 0}. (3.49)

Thus, it follows that the response functions satisfy

o5(S) = 0, (S)

(3.50)

Next, we make the following constitutive assumptions about the functional dependencies of the
response functions. The pore fluid extra stress 0'1;5 is identified as the fluid frictional stress for
a single-phase fluid, and, assuming a Newtonian fluid law, it is directly related to the pore fluid
deformation rate tensor dyf. The strength of shock viscosity ¢ is dependent upon the strength of

the solid velocity gradient along the direction of compression, i.e., via divwvs. The heat fluxes g°

and gf are assumed to depend only on their own temperature gradients via Fourier’s law. Lastly,
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the interaction terms ¢ and k', depend on the interaction variables (6° — 67) and @, respectively.
Herein we have made the assumption that the local energy interaction term is a caloric variable
only, i.e., kinematical interaction is accounted for in the lumped interaction force term th, and

vice versa. In other words,

UfE = UfE (df) )
q = q(divvg),
&:f — éf(es’ ef) \
(3.51)
th = h'fE (’bf) )
¢ =q(0),
g =q'(9"),
which leads to the following linearizations of the response functions using a Taylor series expansion

around Sy and neglecting higher order terms:

ot

f f En

op,(S) =0, + s sodf’
(S) =0+ 21| v
i) =1 d(div vg) IS, 5
o0&t o0&t
Af _af n s n f
£,(S)=¢,+ 905 30(9 0) + 20" 80(0 0),
(3.52)

hi, (S) = h) O, | &

En, — "YEy + a’lNJf Sovf )

S (S)=qp + _9a rad6®

q, ={qy 8(grad95) Sog 9

L) = eraiqf radd’

Inlo) = Do d(gradof) 5° '
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It is assumed that the initial values of the response functions are zero based on Equation (3.49),
such that the Taylor series expansion simplifies to
ol (S) = Zid;,
qn(S) = —Cdiv vs,

EL(S) = K§e(6° — 0) + ki (0" — ),

n

(3.53)
h; (S) = —Sur,
q,(S) = —kzesgradﬁs,
qh(S) = —k" gradg",
where we have defined
8df So ’
g,
C == —-—————
8(d1V 'US) So ’
oét
- n 7
0 005 15y
o0&t
o = 0 | (3.54)
0
S ohl;
v af)f So ’
) A _&
d(grad®)ls, ’
kY — __9¢
d(gradf®) s,

Given that the caloric interaction defined by &' is driven by a difference in temperature between 6°

and 6f, we must have

oet
00s

__0e,
S 06t

= ko =~k (3.55)

So

and thus the reduced dissipation inequality, Equation (3.37), becomes

S 4 1
D= %(zfdf) e~ (<O dive) divo, + 2K (00— ) — (—Sue) -
1,6 : s RS
—— 6?—grad 0°) - (—k? grade®) + H—grad 6" - —kefgradef >0. 3.56
of \ o3 ot
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In order to satisfy the inequality, each term must be non-negative by itself, and thus the following

restrictions must hold:

4
Zy — positive definite,

C>0,
S — positive definite,
(3.57)
kE” — positive definite
K positive definite,
kgs > 0.
Substitution of Equation (3.57) back into Equation (3.53) gives
4
op = Zids,
qg=—Cdivwg,
k560,
(3.58)

where we have replaced kj. = kg.

3.14 Defining proportionality parameters

Definition of the shock viscosity ¢, and choices for the constant C', is provided in greater
detail in Section 4.4.1. A common choice for the fourth-order tensor Zy is a simple Newtonian fluid
law (see Holzapfel [2000] p. 203), i.e.,

23

. f T £

where k¢ and p¢ are the bulk and shear viscosity of the pore fluid, respectively.
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When determining the form of k", we may assume isotropic heat conduction for simplicity,

such that
000
=10 r 0|(e®e)). (3.60)
0o o0 &

The permeability tensor S,, may be defined as

Sy = (n)A(K) =211, (3.61)

where K*® is the intrinsic permeability tensor of the solid skeleton, which we have also taken to be

isotropic for sake of simplicity, and k is the hydraulic conductivity,
A L (3.62)

where s is the intrinsic permeability value (units m?) of the solid skeleton. F is a nonlinear function
of porosity nf accounting for change in hydraulic permeability due to change in porosity, e.g., the

Kozeny-Carman relation

]:(nf) L (nf)3

= Ty (3.63)

Another form motivated by work with soft biological tissues was presented by Lai et al. [1981]:
F(nb) = explr(Js — 1)]. (3.64)

However, under extreme volumetric compression, which one may encounter in the finite strain
regime, both the Kozeny-Carman and exponential functional forms of hydraulic conductivity do
not respect the restrictions that a materially incompressible solid constituent demands (refer to
Equation (3.26)), as was noted by Markert [2005]:

. 0 nf—>0<:>ns—>1<:>Js—>n(S)(s)
i — if : (3.65)

S nfoslenrrs0e J,— oo
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As such, Eipper [1998] proposed a deformation dependent permeability that respects the restriction

of materially incompressible solid constituent:
F(n) = (n")" (3.66)

for k > 0, however, such a function is ill-suited for rapidly expanding materials, as shown in

Figure 3.1(b). In light of this, Markert [2005] proposed

F(n) ::< ia ) : (3.67)

1 —nf

such that

R Js —nd "
=2 (0(3)) . (3.68)

e\ L=
Irwin et al. [2023a,b,c,d, 2024] erroneously used the Kozeny-Carman relation (as well as not en-
forcing the incompressibility restriction in the solid skeleton strain energy function—refer to Sec-
tion 3.3.1); however, compressive strains did not exceed the lower limit of solid volume fraction, and
thus, the results are still valid. A comparison between Markert’s hyperbolic model and the Kozeny-
Carman model regarding the instability of the latter at higher strain is made in Section 5.3.3.1,

paragraph Necessary constitutive adjustments for higher strain.

Returning our attention to the formulation of Darcy’s law, note that

S

0 0°
ht, .= h! — ﬁpfgradnf = h' — pegradn! + prgrad(nf) [1 - ﬁ] . (3.69)

Following this, we may use the balance of momentum, Equation (2.27), for o = f and taking pf = 0
and b' = b® = b, and Equation (3.43), to substitute the term h! — prgradn! in Equation (3.69),

such that

08
hY, = pl(as — b) — div oty + nlgradps + prgrad(n!) [1 - ﬁ} . (3.70)

Then we may establish a generalized Darcy’s law for locally inhomogeneous temperature flow by

substitution of Equation (3.70) into Equation (3.58)3 using the definition for S, in Equation (3.61):

N A 1 . 1 0°
nfop = —k:(pr(af — b) + gradps — i div oty + ﬁpfgrad(nf) [1 — —]) . (3.71)
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Figure 3.1: A comparison, adapted from Markert [2005], of different deformation-dependent hy-
draulic conductivities for k = 3.0 (a) showing the instability of the Kozeny-Carman relation for
high compression of the solid skeleton and (b) a zoomed-in version of (a) showing the inadequacy
of the Eipper [1998] model for high expansion of the solid skeleton.

Lastly, the physical meaning of the heat transfer coefficient kj can be understood via direct substi-
tution into the local interaction energy supply of the solid (s) phase (making use of Equation (3.5)

and definition Equation (2.46)):
as __ aof f s _ £(nS f £~
f=—¢&—-h -v—h® vg=—ks(®*—60)—h'-vs. (3.72)

Using Equation (3.58)3 and Equation (3.61), we may write the above as

AS e(ps f 0° fy |~ (nf)2 ~ o~
€8 = —kp(0®—-6") — ﬁpfgrad(n ) - vs + A Vg - Vs . (3.73)

From this equation, it is apparent that the heat transfer coefficient is independent of frictional
effects, described by the the viscosity of the pore fluid embedded within the hydraulic conductivity
in the last term, and deformation effects, embedded within the porosity gradient in the second term.
Therefore, we cannot a priori use a heat transfer coefficient determined from classical heat exchange
equations as the frictional effects from the fluid viscosity are embedded within these parameters by
corresponding Nusselt number, Prandtl number, Rayleigh number, etc. Instead, the heat transfer

coefficient must be determined through coupled experimentation-simulation techniques, wherein the
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value of the heat transfer coefficient is adjusted through an iterative process to minimize differences

between experimental and numerical results.

3.2 Locally homogeneous temperature model

In the locally homogeneous temperature model, we may assume that there is no heat exchange
between constituents in the mixture, i.e., #° = 6f = 6. Therefore, the dissipation inequality may be

written as
ST 8.8 1 o8 80T _ b - 1 T N S S S S B £ -
p°[Djv® + n°Dib)] a’.ls—i—agrad(G) (@+4q)+p D' +0' D0l —o g +h' -0 >0,
(3.74)

where use has been made of Equation (3.5)23 to group the interaction force terms and eliminate
the phase power terms, respectively. As we did for the locally inhomogeneous temperatures model,
we will introduce the saturation constraint multiplied by the Lagrange multiplier P (which will be

identified later as excess pore fluid pressure):
; nf
P(nbds 114 —=DEp™ 4 nfd; 1 1+ grad(nf) - m) —0. (3.75)
p

As before, we can add this to the Clausius-Duhem inequality, and, combining terms and exploiting
the symmetry of the partial Cauchy stress tensors, we may re-write the Clausius-Duhem inequality

for the locally homogeneous temperature model as
P°Di® + prfzpf + p°n° D0 + pfnfD,fH — ([US + Pn®l — ql] tdg + [Uf + Pnfl] : df)
+(ht — Pgradn®) - v; + %grad(&) (¢ +q") — P;;Dfpﬂ:{ >0. (3.76)
Introduce the so-called “extra” terms for the locally homogeneous temperature model:
oy =o0"+Pn°l,
o, =ol +Pn'1, (3.77)

h, = h! — Pgradn',



93

and substitute back into Equation (3.76):

p"Diy* + p' Dy’ + p*n* D30 + p'n D} — (USE “ds+ ol df)

f
1
+hb B — gdivos — Pp”—fRDipr + geradd - (¢° +q') 2 0. (3.78)
3.2.1 Determination of the Helmholtz free energies

The response functions to be determined for the locally homogeneous temperature model are
Q= {v' v oh. b hpa.a'd} (3.79)

which depend on a set 7 of variables, i.e.,
Q= Q(T), (3.80)

where 7 is a subset of the fundamental constitutive variables V for a biphasic continuum with an

elastic solid constituent,
V= {Ha,gradHO‘, nf, gradn!, p°®, gradp®®, F, GRAD,, F, div vs, v¢, GRAD; vf, Xa} . (3.81)
Using the same arguments outlined in Section 3.1.1, we may define
T = {0, gradd, p'®, gradp™, Fy, GRAD; F, div v, oy, df} , (3.82)
where we have also made use of §¢ = §. Combining Equations (3.79), (3.80) and (3.82),
{00, 0%, 0% bl ', a" b = Q(6, gradf, o™, gradp™, Fy, GRAD, Fy, divo,, br,di) . (3.83)

Based on the principle of phase separation, we may write

¥ == 5(6, gradd, Cs, GRAD, Cy, div vy) ,
(3.84)

o= 10, gradf, p™, gradp™, oy, dy) ,
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where we have used the right Cauchy-Green tensor Cg = FZFS in place of Fs. The material time

derivatives of the Helmholtz free energy functions are

oY® oY® oY® oY®

Di = g Di0 + 5o s Dileradd) + 50 DiCs + e Di(GRAD, C)
+a(j;\/ijs)D§(divvs), (3.85)
Dyt = %‘g Do+ (%slsz)Di(gradH) gw;Df fR—i—(a(gz/(;fR)D{(gradpr)
g‘f’fpt B + 8zfptdf (3.86)

3.2.2 Evaluation of the Clausius-Duhem inequality

Returning our attention to Equation (3.78), we may substitute the material time derivatives

of the Helmholtz free energy functions:

,l/}S S S aws S Sarl/}S _ 1 S
(v %5g + ') Die+ D{erady) Dt (&radd) + (v 8c. % 2 bo) 1 DiCs
¢S aws S/ f w
9(GRAD, Fy) 8(diva)Dt(dlvvs)+(p o6 P ”)Dte

ot ¢ Oy n' N\ m
v Y _p"\p
+p B(ar d9)D ; (gradf) + ( o) prR) P

+p° Dj(GRAD; Fy) +

¢ oyt

+p' s Di(gradp™) + pf oy Dios + 8¢thdf ol dy
d(gradp™)

Ovs od;

1
+q1:ds+ hb - o + geradd - (¢ + q') >0, (3.87)

where the identities in Equation (3.33) have been used, here, too.
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Using the Coleman and Noll [1963] argument, the following constitutive relations must hold:

oY® _ s s _a(PB(S)¢S)
(g +7) =0 = s = ——g5—
oy® _ 0
d(gradf) ’
S OYP® 1 8(P5(S)¢S)
(756,07~ 375%0) =0 = by =255
oY® _o
(GRAD Cs) ’
0 oyt
("% #A) =0 = =%
3.88
ot (359)
d(gradd) '
of nf ot
oY _ _ (R2 9V
( 8pr prR) 0 =P ( ) 8pr’
ot 0
O(gradp™)
f
0 o,
8'Uf
f
9 .
ody
and
1
D =o' dy — qdivo, — hi; - o — erad(0) - (@ + q)>0. (3.89)
From Equation (3.88), we can deduce that the Helmholtz free energy functions simplify to:
Y* = °(0,Cs),
(3.90)
whi= (0, ™).

Given the dependence of solid entropy and stress on the solid Helmholtz free energy, we must have:

oy =o3(0,Cy),
(3.91)
"78 = 778(9a CS) )
and analogously for the pore fluid
P =PE"M),
(3.92)
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Identification of the Lagrange multiplier. Using Equation (3.41), the Lagrange multiplier P
is identified as excess pore fluid pressure such that the partial Cauchy stresses for each constituent

are defined as

o® =0y —pn°l,

(3.93)
ol = o’fE — pfnfl ,
with
th = h! — prgradnt. (3.94)
3.2.3 Identifying constitutive relations

The analysis for identifying constitutive relations for the locally homogeneous temperature
model is analogous to that for the locally inhomogeneous temperature model. Thus we will skip

the details for brevity and summarize. The set of response functions for D:
{00 hpa,a | = (7). (3.95)
where
T = {0, gradd, p'®, gradp™, F,, GRAD, F\, div vs, ¥, df} , (3.96)

with similar assumptions as for the locally inhomogeneous temperature model, such that

q = q(divvs),
hY = hi (), (3.97)
g’ =q°(0),

q =q'(9)

Thus the reduced dissipation inequality, Equation (3.89), becomes, with use of Equation (3.54),

4 1 mix
D = (Zgdy) : di — (C divv,) div o — (Swdy) - & — Ferad(6) (k""" gradd) >0, (3.98)
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where we have introduced

emiz

K = ok 4tk (3.99)

In order to satisfy the inequality, each term must be non-negative by itself, and thus the following
restrictions must hold:

4
Z¢ — positive definite,

C>0,
(3.100)

—Sw — positive definite,

—k% — positive definite.
3.2.4 Defining proportionality parameters

As before: details on shock viscosity ¢ are covered in Section 4.4.1, and the fourth-order
tensor Zy can be defined using a Newtonian fluid constitutive law, see, e.g. Equation (3.59).
We might also assume isotropic heat conduction through the mixture to define komm, see, e.g.,
Equation (3.60). Definition of the seepage tensor does not need to change from Equation (3.61),
however, determination of the seepage velocity is simplified for the locally homogeneous temper-
atures model in that we do not need to perform algebraic tricks with Equation (3.69), and can
substitute from the balance of linear momentum of the pore fluid directly. Thus, Darcy’s law in

the locally homogeneous temperatures model is written as
f~ 7. fR 1. f
n'vf = —k(p (af — b) + gradps — — dive ) , (3.101)
n
and for a nearly-inviscid pore fluid

nfop = —E(pr(af —b)+ gradpf> . (3.102)
3.3 Constituent modeling

In the event that adiabatic conditions are assumed, then, for high rate loading pertinent
to stress waves, including shocks, it is more convenient to work with an internal energy formula-

tion than a free energy formulation. Shock wave propagation is neither isentropic nor isothermal.
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Legendre transformations can used to replace Equation (3.34); 357 with constitutive equations in
terms of internal energy functionals e®. First, assume a functional dependence of internal energy

and temperature of each phase as
(pz(s)es) = (p%(s)es)(CS7 778)7 0° = 98(057 778)7 ef = ef(pra nf)a ef = Hf(pr7 nf) : (3103)

Then, chain-rule differentiation of Equation (3.103) in combination with Equations (3.34)1 357,
(3.41) and (3.42) leads to the following constitutive relations:

1 8(/’%(3)65)

P%(S) o
s 28(:08(5)65)
e oCs (3.104)
of ief
ont’
def
pr= (pr)ZapfR .

Of course, for the locally homogeneous temperatures model, 6% and 6% are interchangeable as both
become 6. Thus, only one constituent’s internal energy function is sufficient to describe the tem-
perature of the mixture if that constituent’s entropy can be determined from the corresponding

energy balance.

3.3.1 Hyperelastic solid skeleton

Oftentimes it is easier to constitutively define the solid skeleton stress (the solid extra stress)
in terms of the symmetric second Piola-Kirchhoff effective stress SSE(S) which is what follows herein.
However, for the numerical implementation, we convert one reference leg to the current configura-

tion and use the first Piola-Kirchhoff stress, i.e,

The neo-Hookean hyperleastic model. One of the most common strain-energy functions for

modeling non-linear elastic materials in the finite strain regime is the neo-Hookean elastic strain-
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energy function:

1
W3(Cs, Js(Cy)) = Q,u(tr Cs—3) — pln(Js) + UB(Js), (3.106)
where oftentimes
S 1 2
V) = AR (3.107)
and where the solid skeleton isentropic Lamé parameters are pu and A\ = K5kl — %,u. In Irwin

et al. [2023a,b,c,d, 2024], we used the form for U®(.Js) given by Equation (3.107). However, for the
incompressible solid constituent, it was noted by Ehlers and Eipper [1999] that the restriction from

Equation (3.26),

must be encapsulated by the strain-energy function. Therefore, they proposed

S S

_ Js —nd
US(Js) = (1 — ng(s))2< Sl O(S)> : (3.109)
1-— 0(s) 1-— ()

which behaves like a penalty function to ensure Jg is appropriately bounded. Thus, the internal

energy function for the solid skeleton may be written as
(05,,%)(Cs, ) = W3(Cl, Jo(C s o — ) 1=+ LT 3.110
PO(S)e)( s:1°) = W?(Cs, Js( s))+PO(S) o —mp) |1 =" InJs + 2¢, 1 (3.110)
where simple non-linear thermoelasticity is assumed via the inclusion of the Griineisen parameter
of the solid +®, and cj, is the specific heat of the solid at constant volume per unit mass. The

temperature and second Piola effective stress are then, from Equation (3.104)1 2,
o :08[1_,YSIHJS+L:7R):|7
Cy
(/\ InJs — p— po 067 e — 778])0;1 per (3.107) (3.111)
S Js Js
)\(1 - nB(s))z s - s
( [1 — M) Js — Mo (s)

For the locally homogeneous temperatures regime, we would write

SSE(S) =pl+

} — 1= Po 007 [n° — 178])0;1 per (3.109)

9 :90[17y51nJ5+%],
\%4
(A = 1= piey07° s = m5]) € per (3.107)  (3.112)

Shy = pl+
E() K Js Js

1= Js =1

(A(l - nﬁ@)z[ } — 1= Pos) 0o — nS])C;l per (3.109) |



60

In both Equations (3.111) and (3.112), thermo-mechanical coupling can be neglected by assuming
v — 0.
However, as stated previously, it is more convenient in the locally inhomogeneous temperature
model to work with a free energy formulation such that
s

9
(he)8°) (Cs, 0°) = W3(Cs, J5(Cs)) — Koy In(J) AG° — p (os In 7 — A95> . (3.113)
0

where A¢® := 0° — 63, and K skel i5 the solid skeleton isothermal bulk modulus. The solid entropy

and second Piola-Kirchhoff solid extra stress are then, from Equations (3.34)1 3,

S =1 f 1 skel s
Ui =cyln —+ —K>"aj InJs,
00 po(s)
(/\ InJg —p— KSkda%,AGS) ct per (3.107) (3.114)
E(s) — nl+ o J. J. s Nt .
()\(1 —= Ms)) [1 — T T } — p— K30}, Af )Cs per (3.109)
0(s) s T0(s)

For the locally homogeneous temperatures regime, we would write

1
n° =cyln 1 + — K8, In J,
90 ps
0(s)
(/\ InJs —pu— KS““O&?/MS)CS” per (3.107)  (3.115)
B =1+ . 1.

(A(l — )’ [ } - Kskelasta) C= per (3.100)

1-— n%(s) Js — n(s)(s)
In both Equations (3.114) and (3.115), thermo-mechanical coupling can be neglected by assuming
oy, — 0. In such a case, using Equation (3.107), we may assume the existence of the viscous

damping component of SSE(S) proposed by Li et al. [2004]:

s (L
SE(S),Vis =10Cs ! (§C(s)> ) (3116)

where 1 is a viscous damping parameter with units of seconds, and the second tangential elasticity

tensor is defined as

C =4 9* (poe) ¥°)
TELE) = 2 0C 1116 0Ck 1 s)

= ACr9Crige) T (=W I)(Crie Crrgey + Crry Cricesy) (3.117)
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such that

Stie) = S1i(E)inv T S11(E) vis

_ 7 .
= (AInJs) — M)C]Jl(s) + pory + gCIJKL(s)CKL(s) . (3.118)

Using Equation (3.33)1, we may write the viscous component of second Piola-Kirchhoff stress as

follows:

S —1 —1 —1 —1 —1 —1
STI(E)vis = V0 [)‘CIJ(S)CKL(S) + (1 —InJg) (CIK(S)CJL(S) + CIL(S)CJK(S))} X

(3.119)
[FmK(s)dmn(s)FnL(s)] )
which simplifies to
S8 _ o bt el pt O oy et et o1 90 (3.120)
1J(E)vis — Y0 Ji(s) " 1i(s) T Kk() 9 X = s )8 ris) P ris) Y K j(s) Xk | :

Note that the viscous component of the solid extra stress is not included in any of the numerical

results shown in Chapter 5, and is only shown here for the interested reader.

A damage model for the solid constituent. Ultimately, this thesis is intended to provide a
foundation for which to quantify damage of the solid constituent in the multiphase regime. While a
numerical implementation of a damage model is outside the current scope, it behooves us to derive
theory which will be used in future work.

We begin by introducing an internal state variable & that exists in the solid phase but not

the fluid:
P = P(Xs,t) € [0,1]. (3.121)

We then introduce a general kinetic law for damage—which will need to be validated by expire-

mental data—which is an irreversible function R? of local state (i.e., its rate is non-negative):

D7 =R7(-,t) > 0. (3.122)
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Now, the free energy of the solid skeleton is defined as
(Phioy®) = (P ¥ (F 67, 7). (3.123)
such that the set of response functions given in Equation (3.27) is now
S = {ea, eradd®, o oradp™, Fy, GRAD; F, div vs, ¥, di, _@} . (3.124)

Therefore (using again the principle of phase separation, and substituting C for F'g), the material

time derivative of the solid skeleton free energy, Equation (3.30) becomes

s

9y 9y 9y
DS S — DS S DS S DS S DS ADS S
1" = s i Giapaa D 87290) + 55 DiCs + GaRAD, o D GRAD: )
oo o (3.125)
+th (le US) 8@ Dt‘@

From arguments presented in Section 3.1.2, the Clausius-Duhem inequality for the mixture may be

written as

s OY°
0C

( ws+pn>D§98+psa o

o 7(grades)Dt(grad9)+< Y o, - 2Js (s)) - DSC,

i oY i oY® o ¢ OYf £ £ £
feee D7 AD,Cy —— D7 s D
T SGRAD. O P (ORAD: Cs) + 5y Pildives) + <9fp 267 +9fp o) Dis

0 ¢ oyt f t ¢ Oy N m
+ﬁp 8(grad6f)Dt (gradd’) + (ﬁp IptR pifR)Dtp
6 ¢ oY t R fOU e
+9f10 6(gradpr) Dt(gradp ) pr 8~ Dtvf 8d D df + q]' d
0° 03 1 0°

G'E cdp — f(ﬁ — 1) + th - + <§grad(95) -q° + (0f>2grad(9f) . qf>

1 3(pE(S)¢S) .
—— = D59 > .
I 3 D2 >0, (3.126)

9f

such that, after applying the Coleman and Noll [1963] argument, an additional term appears in the

reduced dissipation inequality D:
S

9 1
D= ol idi—qdive, + ﬁéf@s —ef) B o+ FIR?

1,6 R
ot (gsgradwb) q° + ﬁgradwf) : qf) >0, (3.127)

wherein

F7 2 = (3.128)
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Since F7 is defined by, and dependent on the form of, the constitutive model for the solid skeleton
free energy, we do not need to step through the same process in Section 3.1.3 so long as the
constitutive model is written in such a way that FZ > 0. Suppose then that

S S S S 9 skel s S S S S 6 S
(P ¥°)(Co, 0%, 2) = W™(Cy, Ju(C)) - 17(2) — K*ai, In(J) A — gy (9 In 2o — A9 ) ,
0
(3.129)

where the degradation function is defined as
J7 =G+ 1-0)01-2). (3.130)

The constant (y € [0, 1] allows the material to maintain remnant elastic stiffness when 2 — 1.

Thus, the conjugate force to damage rate is

g_ _WPOf7 1
g 07 .

(1= Go)W=. (3.131)

Therefore, FZ > 0 so long as strain energy W?* is non-negative. Thus with the inclusion of a

damage parameter, the solid skeleton second Piola-Kirchhoff extra stress is written as

[p1+ (A InJs — p— K3kelag, AGS)C ] [Co + (1 — o) (1 — 2)] per (3.107)
Shes) = . 7. .
[11+ (A1 = 5% 1= 7:3( e ;fx )] — = K05, 80°) O 6o + (1= Go)(1 = 2)] per (3.109)
(3.132)

Then, the energy balance of the solid constituent, with the inclusion of damage, may be written in

the reference configuration of the solid skeleton as'

Kskel s gs 95 )
Po(s) v D0 + (% + 0Py + Q) D;Js + JF?D;2 + J,GRAD,(q") : F "
] J f\2 os
+Jsk§ (05 — 0") — S(g ) + Js@% GRADy(n') - F7'- (nfoy) =0.  (3.133)

With the inclusion of damage, it is apparent that free energy ° is now conjugate, by Equa-
tion (3.131), to rate of damage growth. Thus, a damage model must include information about the
solid temperature, which in TPM and for high strain-rate loading, is likely to be influenced by rela-

tive motion between solid and fluid as well as heat transfer via convection from an independent pore

! Refer to Section 4.1.5, paragraph Derivation of the solid phase energy balance for details on the derivation. We
do not show the trivial derivation of adding the damage rate term herein.
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fluid temperature. It is for this reason that in Chapter 4 we pursue a numerical implementation
that includes distinct phase temperatures.

Note that in the form of Equation (3.129), we have made at least two gross simplifications
with regards to the damage model. Physically speaking, damage is the degradation of the solid
material. Thus, as degradation occurs, one might expect the intrinsic permeability of the solid to
increase. For simplicity, one might assume that the intrinsic permeability remains constant and
that as cracks and cavities form in the solid constituent, pore fluid leaks in, i.e., porosity increases.
The second simplification we have made is assuming thermal conductivity is independent of a
degradation process. In reality, as the solid material is degraded, we would expect its conductivity
to equilibriate to that of the surrounding medium, in this case, the pore fluid. One such functional
form for a degradation-dependent thermal conductivity is proposed in Miehe et al. [2015]. We note,
however, that said form also includes convection to an equilibrium temperature (where the crack
forms) and thus, in its current form, would be inappropriate in the current framework of this work
for the thermal conductivity of the solid constituent given that convection is handled through the

kg term.
3.3.2 Compressible pore fluid
Recall from Section 2.3 that we consider two functional forms for the pore fluid pressure:
pF = pf(pr) (barotropic model) ; ps = pe(p™, 0% (baroclinic model) . (3.134)

Herein we present the constitutive models for pore fluid internal energy, and pore fluid free en-
ergy, that produce constitutive relations used in the numerical formulation and resulting numerical

simulations in Chapters 4 & 5, respectively.

The barotropic model. The following form for the internal energy of the pore fluid is assumed:

£, fR _f g, (P n e gy, (nf=nb)?
e (P n) = ——x [Kf In (TR) + K +pf():| + 6 [(77 — ) + o } , (3.135)
1Y o Cy
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where pgy is the fluid pressure at reference density p(f)R and recalling Kf" is the isentropic bulk
modulus of the fluid. The reference entropy per unit mass, and specific heat at constant volume
per unit mass of the fluid are 176, and cﬁ/. Applying Equations (3.104)3 4 allows us to derive the
pressure-density and temperature-entropy relations as

pe=K{ (" /pt") +po = = p0"exp (o — pro) /K] (3.136)

0 =toll + (n —m)/cv].
Applying the D! operation to Equation (3.136); with K{" = constant produces Equation (2.14).

Alternatively, we could write the free energy formulation, such that
fr fR Kfe fR f 0
Y™, 0) = — k(™) + ol [e(m [ﬂ - 1) +90] . (3.137)
0

Applying Equations (3.88)57 allows us to derive the pressure-density and temperature-entropy

constitutive equations as

pe=K{ (/o) +p0 = oM =phtexp (pf_pfO)/Kfﬂ :

0
f f
=cyl .
n =cy n90

(3.138)

Applying the D! operation to Equation (3.138); with Kf = constant produces Equation (2.14)
with Kf instead of K/

We have also implemented a linear form of Equation (3.137), which is used in Section 5.2.1,
6

(™, 0) = Kl Inp® + ¢, [a(m [ﬂ - 1) + 00} : (3.139)
0

such that applying Equations (3.88)57 allows us to derive the pressure-density and temperature-

entropy constitutive equations as

=Kl (0™ = o) +p0 = pT=pt (pf—pfo)/Kfﬂ,
f f 9

n :cvln%.

(3.140)

The ideal gas model. Assume the ideal gas law as the constitutive form for pore fluid pressure,

with R the specific gas constant,

pr = pToR. (3.141)
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The form for the internal energy function for the fluid phase for an ideal gas is [Clayton, 2022]

fR\ =1 f_ . f
p n—-n
(™) = eg(pm> exp ().
0 v ; (3.142)
fR_f Pfo £ 7 f_ %
poeo=w_—7, L=1+7, Ki=Tp, ¢cy=_%,
r—1 o

where py is the fluid pressure at reference density pgR and recalling Kf is the isentropic bulk modulus
of the fluid. The reference temperature, entropy per unit mass, and specific heat at constant volume
per unit mass of the fluid are 06, n(f), and c{/. The datum entropy is arbitrary, so typically n(f) =0
for convenience. Applying Equation (3.104)3 4 allows us to derive the temperature-entropy and

pressure-density constitutive relations as

fR f

f f f
p\E n = pro\ T Mo — N
pf:pf()( fR) eXp( £ O> :>:0fR:p(fJR<7) exp( 0 f >7
Po Cy 23 Ley,
o (3.143)
r-1 £ f
£ of (P ="
0 = 90 7ﬂ:{ exXp I3 .
Po Cy

It is more convenient in the multiphase temperature scheme to work with a free energy formulation
for the pore fluid; thus, the present objective is to determine the form of ¥f(p®, %), Insertion of

Equation (3.141) into Equation (3.41) yields

ot o'n
_— = 3.144
Integration of the above gives
o = / OrR g,
PR
= 0'"RIn T + f1(6"). (3.145)
Po
Taking the derivative with respect to pore fluid temperature 6f,
oyt p™a(f1(6")
— =Rln— + ———-. 3.146
R T (3.146)
Recall that
o f o f gf f
=00 L O ) (3.147)
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Utilization of Equation (3.34)7 allows us to express the specific heat of the pore fluid at constant

volume in terms of free energy and temperature only:

82wf
f_ f 14
Cy 8(9f)29 s (3 8)
and thus
(91/}f . Cf“/ £
0r = / o
Hf
=—c,In ot F2(p™). (3.149)
0

Comparing Equations (3.145) and (3.149) we may identify

o(f1(6")) P 0

80f = —Cy In 0767

" (3.150)
fa(p™) = Rin B
Po
such that after integrating Equation (3.150);

pr ot
Wf = ofin 2 — cfvef(ln e 1) . (3.151)

Po 0

Applying Equation (3.34)5 allows us to derive the temperature-entropy constitutive relation as

ot pr
nt=d, In - —Rn— .ss (3.152)
% Po

Also, note that applying the D! operation to Equation (3.141) produces Equation (2.20), making

use of Equation (2.12)2 4.

The compressible liquid model. In the case that the pore fluid is a liquid whose pressure
pe(p™, 05), we may use the pore fluid real mass density equation of state for water provided by

Fernandez [1972],

b —DPto
PR = pR ey [T —al '], (3.153)

f
recalling the isothermal bulk modulus K f9 and coefficient of volumetric thermal expansion aﬁ/, both

of which are taken to be constant. Then, the following form for the Helmholtz free energy must be
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assumed, recalling also Equation (3.148):
b ot L e (P 0 f ot 9 A 0 £
v (p,0) = P Kiyln (=g )+ EKfayt + Ky +pp| —cy |0 In o 1) +06, (3.154)
Po 0
Applying Equation (3.34)57 to Equation (3.154) allows us to derive the temperature-entropy and

pressure-density relations as

6f Kot
7 =d <T) fva’
9 p
. (3.155)
P [m ([p)fR) + a%,&f] + pro
0

Applying the Df operation to Equation (3.155)s produces Equation (2.20) using the definition of

f f fR
of, = LVP (3.156)




Chapter 4

Numerical Implementation

This chapter presents (1) a recapitulation of the strong forms of the governing equations, (2)
the derivations of the variational equations for (a) balance of linear momentum of a single-phase
material, (b) balance of linear momentum and balance of energy for a single-phase material, (c)
balance of mass and balance of linear momentum for a biphasic mixture, (d) balance of mass and
balance of linear momentum for a biphasic mixture and balance of linear momentum for a pore fluid
within the biphasic mixture, (e) balance of mass and balance of linear momentum for a biphasic
mixture and balance of energies of said constituents within that biphasic mixture, (f) balance of
mass and balance of linear momentum for a biphasic mixture and balance of linear momentum for
a pore fluid within the biphasic mixture and balance of energies of said constituents within that
biphasic mixture, all at large deformations, and (3) the finite element (FE) implementation of the
variational forms for various time integration schemes and any relevant stabilization parameters.

In this chapter, a total Lagrangian implementation is assumed, such that constituents move
relative to the solid skeleton, that is, the reference configuration follows the motion of the solid
skeleton (see Chapter 2 for details). For this reason, we choose to drop (-)° and (-)s designations
for notational simplicity for operations, variables, and some parameters (where it makes sense to

do so) associated with the solid phase and solid skeleton.
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4.1 Strong and variational forms of the governing equations

4.1.1 (u) formulation

The strong formulation for elasticity (i.e., negelecting the inertia term in the single-phase mo-
mentum balance) and elastodynamics (i.e., retaining the interia term in the single-phase momentum

balance) has the solution space
SY=(u:Byx[0,T] =R we H, u(t) = g"“(t) on TY, u(X,t =0) = uo(X)), (4.1)

where g is the prescribed displacement on I'fj, either directly or via integration of a prescribed
velocity.
The corresponding strong formulation for elasticity is thus:
Find u(X,t) € 8%, with t € [0,T], such that:
DIVP +pog =0¢€ By,
u(X,t) =g“(X,t)only,
(8) = (4.2)

P(X,t) - N(X) =t'(X,t)onT},

u(X,t=0) =wug(X)e€ By,

\ v(X,t=0) =wvo(X)€ By,

where t7 is the prescribed traction load on T'f.
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For elastodynamics, inertial forces are considered, such that Equation (4.2) is written as

(

Find u(X,t) € §*, with t € [0,7], such that:

DIVP+pog—p0a :OGB(),

(S) = P(X,t)-N(X) =t7(X,t)on T},

\

u(X,t) =g“(X,t)only,

’U,(X,tIO) :’U,()(X) € By,
'U(X,tIO) :’U()(X) EBQ,

a(X,t:O) :ao(X) € By.

(4.3)

To solve Equations (4.2) & Equation (4.3), we employ the variational form with the variational

(weighting) space
VU= (w": By — R, w" € H', w'(t) =0V X €T}Y).
Let G(u;,w}") be the variational form of Equation (4.2) such that
G:S"x V"= R.

We may then rewrite Equation (4.2) as

L OX
Bo BO

wOb
g(uiaw;t):/ IdV—I—/w;‘pogidV:(),

The first term in Equation (4.6) can be rewritten as follows:

LOPiI & (wPyy) /
dV = Jav— [2%p v
/ Yiax; T 0X; ox; 1
Bo BO

Substitution of Equation (4.7) into Equation (4.6) gives us

g(uiaw?):/a(u}z”)d‘/— Ow lP]dV—F/w;‘pogidV:O.

0Xr 0X
Bo Bo Bo

(4.6)

(4.7)

(4.8)
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Applying divergence theorem to the first term in Equation (4.8) and using the boundary conditions
in Equations (4.2)2 & Equation (4.2)s, the variational form for the balance of linear momentum

under quasi-static conditions becomes:

A
G (uj, w?) = 8?1 r dV — / wpogi AV — / W dA = 0. (4.9)

Bo Bo T

This may be formally written as:

Find w;(X7,t) € S%, with ¢t € [0, T], such that:

owy'
i p. — | w¥pogi dV — [ w? dA =
0x; i dV /wZ pogi dV /wZ t; d 0

Bo Bo F(t)

holds Vw;' € V*, with (4.10)

S% = (u; : By x [0,T] — R3, w; € H', w;(t) = g*(t) on 'Y,

ui(Xr,t = 0) = u;0(X7)),

VU= (w: By — R3, w € H', w¥(t) =0 on TY).

Considering now inertia terms (elastodynamics), let G(u;, w}') be the variational form of Equa-

tion (4.3) such that

G:S"x V"= R. (4.11)
We may then rewrite Equation (4.3) as
G(ui,w) = [ wj X dV + [ w;i'pogi dV — | wi'poa; dV =0. (4.12)
Bo ! Bo Bo

Weakening of the first Piola-Kirchhoff stress, application of divergence theorem and boundary
conditions then follows, such that the variational form for the balance of linear momentum with

inertia terms becomes

ow?
G(u;,wy') = /w}‘poai av + 81)1}(1 i dV—/w?pogi dV—/w}‘tf dA=0. (4.13)
I

Bo Bo Bo rg
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Though not written here, when the solid skeleton acceleration is considered, we often employ
the canonical shock viscosity, (), defined in Section 4.4.1. This in turn affects the form of the
first Piola-Kirchhoff stress, and, technically speaking, introduces an additional term in the explicit
formulation of the Neumann boundary condition. However, since the Neumann boundary condition
is a consideration of the total traction acting on the boundary I'f, inclusion, or exclusion, of the
shock viscosity term does not affect total traction. For brevity, the shock viscosity will not be
included in the balance of linear momentum in other sections. However, since it is a dissipative
mechanism, it is considered when deriving the single-phase energy balance and solid phase energy
balance, as shown in Sections 4.1.2 and 4.1.5, respectively.

Equation (4.13) may be formally written as:

Find u;(X,t) € 8", with ¢t € [0,T], such that:

ow

/w%‘poai av + ad PirdV — /wf‘pogi dV—/w}”tf dA =0
00Xy

Bo Bo Bo It

S% = (u; : By x [0,T] — R3,u; € H'  u;(t) = gi(t) on I'y,

ui(X1,t =0) =u0(Xr)),

Ve = (w¥: By — R3 w € H', w¥(t) =0 on T'Y).
In the FE implementation that follows, it behooves us to simplify the variational forms, such that

for elasticity
g — géNT + gINT + gEXT (415)
and for elastodynamics

g — g{NT + g;NT + giNT + gEXT (416)
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wherein

g{NT = /w}‘poai dV,

Bo
ow¥
INT 7
= L dV
G2 ox; L&
fo (4.17)
Gt = — / wypog; AV,
Bo
Gt = / wit] dA .
g

In the case of 1-D uniaxial strain, i.e., the underlying assumption for the proceeding FE model, the

above terms simplify to the following:
X=H

GINT — / w'poaAdX ,

0
X=H

ow
GINT — a—XPHA X,

0 4.1
—h (4.18)

g\t = / w'pogAdX
0

Gt = /w“t" dA=1tA.

£}
4.1.2 (u-0) formulation
The energy balance for a single-phase thermoelastic material is written as
pDie =0 :l—divg + pr. (4.19)
Substitution of the Helmholtz free energy term v into e and neglection of the heat source r yields
p(Dyp +nDf 4+ 0Dyn) = o .1 —divg. (4.20)

Simultaneous mapping of Equation (4.20) to the reference configuration and expansion of the

material time derivative on the Helmholtz free energy term allows us to rewrite Equation (4.20) as

d(pov)) d(pov)
—50 D0+ o9C

1
: D.C + ponD,0 + pof Dy = 5S :D;,C —QD;J — JGRADq: F~ T, (4.21)
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where @ is the shock viscosity (refer to Section 4.4.1 for details).

Recalling Equation (3.88) 3 allows us to write Equation (4.21) as
pofDin + QD J + JGRAD(q) . F~T =0. (4.22)

For a thermoelastic material, or an ideal gas, it may be shown that (refer to Section 3.3.1, Davison

[2008], respectively)

1
n:cvln£+—Konan, (4.23)
bo  po
such that
Ccy 1
Dﬂ] = 7Dt€9 + 7KO{VDtJ . (424)
0 Jpo
Thus, we may write Equation (4.22) as
pocy Dib + ( +Q)DyJ +J GRAD(q): F-T =0. (4.25)

The strong formulation for thermoelastodynamics has the solution space

S = (u:Byx[0,T] =R wec H', ut) =g"“(t) on T¥, u(X,t =0) = up(X)),
(4.26)

S’ =(0:Byx[0,T] =R, 0 e H', 0(t) = ¢°(t) on T, 6(X,t = 0) = 6p(X)),
0

where ¢? is the prescribed temperature on Fg.
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The corresponding strong formulation for thermoelastodynamics is thus:
Find (X ,t) € S* and §(X,t) € S,
with t € [0, 7], such that:
DIVP + pog —poa =0¢€ By,
u(X,t) =g“(X,t)only,
P(X,t)-N(X) =t°(X,t)on T},
u(X,t=0) =wuy(X) € By,
(8) = v(X,t=0) =uvy(X)eBy, (4.27)

a(X,t:()) :ao(X) € By,
Kayb

pocy Dy + ( n Q) DiJ + JGRAD(q): FT =0¢B,,
0(X,t) =g¢°onTf,
-1 9 QY
~(JF.q) N =QX,H)onT§
H(X,t:O) :Qo(X)EBo,

O(X,t=0) =6y(X)eBy.

Let G(u;,0,w!) be the variational form of Equation (4.27);_¢, such that
G:S"x 8 x V' 5 R. (4.28)

We may then rewrite Equation (4.27)1_¢ as

oF;
G(u;, 0,w}) = /wfaXI dV—I—/w}‘pogi dV—/wg‘poai dv =0. (4.29)
I

Bo Bo By

Weakening of the first Piola-Kirchhoff stress, application of divergence theorem and boundary
conditions then follows, such that the variational form for the balance of linear momentum with

inertia terms becomes

u
ow;

G(u, 0,w;) = /w}‘poaidV—i— X UdV—/w?pogi dV—/wzutfdAzo, (4.30)
I
Bo Bo Bo re




where Py = P;i(J(u),8).

Let J(u;, 0, w?) be the variational form of Equation (4.27)7_12, such that
J: 8" x 8" x V' 5 R.

We may then rewrite Equation (4.27)7_12 as

Kayh 0q;
T (ui, 0,w°) = /wf’pocVDtedv+/w9< w +Q)DtJdV+/w9Ja)q( FLdv =0.
Bo Bo Bo !
Recall Fourier’s law:
oo
= k2
4 ox;

The final term in Equation (4.32) may be weakened using chain rule as follows:

av,

a(wf’quFg.l) ow’ -1 0. 0¢ 1 0 8(JF1;1)

Bo Bo Bo Bo
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(4.31)

(4.32)

(4.33)

(4.34)

wherein the last term in Equation (4.34) goes to zero via the Piola identity. Thus, using divergence

theorem and Equations (4.27)g 9 allows us to rewrite Equation (4.32) as

o 6
+ Q) DyJdv — a—;"ﬁjti}i dv

Kayb

j(ui,ﬁ,we) :/wepochtHdV—l—/wa(
Bo Bo Bo
- / wQ?dA=0.

QB
FO

(4.35)



Thus, the formal statement for the variational forms G and J may be written as follows:

(

Find u;(X7,t) € S* and 0(X1,t) € Y, with t € [0,T], such that:

/wz‘poai dV + O Py dV—/w?pogi dV—/wft;’ dA =0,
0X;
Bo Bo Bo I}
Koy ow?

0 0 4 _ | = 7. FL
/w pochtGdV—i-/w ( ~ +Q>DtJdV /aXIJqZthV
Bo Bo Bo

/ wQ%dA =0
re’

holds Vw! € V* and Vw? € V. with
S = (u; : By x [0,T] — R3, u; € HY, u;(t) = gi(t) on Ty,
ui(X7,t =0) = u;0(X7)),
S'=(0:Byx[0,T] >R, 0 H', 0(t) = ¢°(t) on TY, 6(X1,t = 0) = 0p(X))),
Ve = (w: By — R3, w* € HY, w¥(t) =0 on T¥),

V0= (w?: By =R, w? € H', w’(t) =0 on T'Y).
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(4.36)

In the FE implementation that follows, it behooves us to simplify the variational forms such that

wherein

G=a""+ "+ + G =0,

J = JINT  gINT | gINT | 7EXT _

gINT — /w;-“poai av,

Bo
ow?
INT 7
= 1 dV
gQ 8X[ il )
Bo
Gt = - / wi'pogi AV,
Bo

gPT — [witg da.

T

(4.37)

(4.38)



and

JINT = /WGPOCthGdV,
Bo

Koy
J%NT:/wG(Of+Q)DtJdV,

Bo
ow? _
JINT — _ 8—X1Jq,-FH1dV,
Bo
jEXT:_ / w@QQdA )
re’
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(4.39)

In the case of 1-D uniaxial strain, i.e., the underlying assumption for the proceeding FE model, the

above terms simplify to the following:

X=H
GINT — / w'poaAdX ,
0

X=H
INT _ duw*

9> 0X

0
X=H

gt = / w"pogAdX,
0
gEXT = / W't dA =1t A,
g
and

X=H

TNt = / w? poey DOA X

0
X=H

Koyt
FINT _ / w( o +Q)DuAdX

0

X:Ha 0
TN =— | SgeddX,
0

jEXT:—/’UJeQedA:QeA.

Q
L'g

PhAdX,

(4.40)

(4.41)
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4.1.3 (u-p¢) formulation

Herein, barotropic constituents are assumed, i.e., p*&

= const. (from the mechanically in-
compressible solid assumption) and PR = pr(pf). Locally homogeneous temperatures are also
assumed, i.e., 8 = #' = . The strong formulation for poroelasticity (i.e., negelecting the iner-
tia terms in the multiphase linear momentum balance and mass balance) and poroelastodynamics

(i.e., retaining the interia terms in the multiphase momentum balance and mass balance) with the

assumption af = as = a has the solution space

SY=(u:Byx[0,T] =R we H', u(t) = g"(t) on T¥, u(X,t =0) = uo(X)),
(4.42)

S = (pr: By x [0,T] = R, pr € H!, pe(t) = gP(t) on T, pe(X,t = 0) = pro(X)),

where ¢” is the prescribed pore fluid pressure on I'f (typically set for the “drained” boundary

condition).
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The corresponding strong formulation for poroelasticity is thus:

(

Find u(X,t) € S* and ps(X,t) € SPf,
with ¢ € [0, 7], such that:
DIVP +pyg =0¢€ By,
u(X,t) =g“(X,t)onTIy,
P(X,t)-N(X) =t°(X,t)onT},

u(XJ:O) :’LL()(X) € By,

(S) = v(X,t=0) =uvy(X) e By, (4.43)
Jnf J .
- Dypi + DiJ + — GRAD(py) - F~' - (n'oy)
K K;

+JGRAD (nfog)  F7T =0¢ By,
pe(X,t) =gP(X,t)onT}h,
—[JF71 (nfog)] - N = Q¢(X,t) on FOQf ,

pf(thZO) :pf,O(X) 6807

pf(thZO) :pf,O(X) 6807

where Qr is the prescribed fluid flux (positive inward) on F?f, where we have assumed that the

mass supply of the pore fluid (f) constituent is negligible.

For poroelastodynamics, inertial forces are considered, such that Equation (4.43) is written
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as

Find u(X,t) € S* and pe(X,t) € SPf,
with ¢ € [0, 7], such that:
DIV P + pog —poa =0¢€ By,
u(X,t) =g“(X,t)only,
P(X,t)-N(X) =t'(X,t)onT,
u(X,t=0) =wuy(X)e€ By,
v(X,t=0) =wvo(X)e€By,
(S) = (4.44)

a(X,t=0) =ao(X)E€DB,

ant

J ~
I Dypt + DyJ + —= GRAD(py) - F~1 - (nfoy)

K{
+J GRAD (nfog)« F~T =0¢€ By,
pe(X,t) =gP(X,t)onTh,
—[JF~' - (nfop)] - N = Qu(X,t) on T§"

pr(X,t=0) =pro(X) € By,

pe(X,t=0) =peo(X) € By.
To solve Equations (4.43) & Equation (4.44), we employ the variational form with the variational
(weighting) spaces
VY= (w": By — R} w" € H, w"(t) =0 on TY),
(4.45)

VPt = (wP' : By — R, wP € H', wP(t) =0 on T'}).

Let G(u;, pr,w}') be the variational form of Equations (4.43);_5 such that

G:S" xS x V" = R. (4.46)
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We may then rewrite Equations (4.43)1_5 as

op;
G (s, pe, w) = /wg ! dV—i—/w}fpogi dv =0. (4.47)
X,

Bo BO

As before, weakening of the first Piola-Kirchhoff stress is made possible via chain rule, where use
has been made of the Piola identity (as shown in Holzapfel [2000] p. 146) on the pore fluid pressure

term, such that the resulting terms allow us to write Equation (4.47) as

” ow owy _1 v
g(uiapﬁwi ) = 8X[ ‘ID”LI(E) av — aX[ prFIi dv_/wl P0Yi dav
Bo Bo Bo
- /w?tf% dA—/w?prFglNz dA | =0, (4.48)
' g

wherein use has been made of Equation (2.32) to split the mixture first Piola-Kirchhoff stress into
the solid extra stress (solid skeleton effective stress) P% and the pore fluid pressure component.

Let H(u;, pr, wPt) be the variational form of Equations (4.43)6_19 such that

H:S" x SPFx VP 5 R. (4.49)

We may then rewrite Equations (4.43)g_19 as

Jnf . J Opt 1, ¢-
H(us, pr, w™) Z/wpf <Kg7pf+J> dV+/wprgaXIFu (n'0ir)) AV
B() BO
9(nTyr))
pr W) gl =0. 4.
+/wJ ox,  Fildv=0 (4.50)
Bo

Using chain rule, the last term in Equation (4.50) can be rewritten as follows:

A(n'vy)) 8 (wPt J (n'0is)) Fr;') wP .
Y23 - — 2 _ 7. -
/ W S v / e av aXIJ(n Bigey ) Fryt dv
Bo Bo Bo
1
- / w? ("fﬁi(n)a(gf(” Jav, (4.51)
I

Bo

wherein the last term goes to zero via the Piola identity. Substitution of Equation (4.51) into
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Equation (4.50) gives us

Jnt J Opr 1, -
H(ui, pr, w) _/’wpf (I(fr;pfﬂLJ) dV+/wprfnaX1Fn (n'0y(py) AV
Bo BO
0 (wpr(nfﬁi(f))FI_.l) Pt ; .
d — | — U; . =0. 4.
+ / X, av aXIJ(n b)) Fr; dV =0 (4.52)
Bo 80

Applying the divergence theorem to the third term in Equation (4.52), using the boundary condi-
tions in Equation (4.43)7_g, the variational form for the balance of mass of the biphasic mixture

becomes

Jnt . J 0
H(us, pe, w) = /wpf (” 'f+J> AV + [ w2 2P (nfdy ) dV

KTP Kl ox; hi
B() 0
OwPt - _
- | ax J(nfvi(f))FIil av — / wPtQrdA =0. (4.53)

BO FOQf
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Thus, the formal statement for the variational forms G and H may be written as follows:

;

\

Find u;(X7,t) € S* and pe(X1,t) € SPf, with ¢ € [0,T], such that:

8w
0X; Py AV = / aX
Bo Bo

Bo
- /wgtj% dA—/wgprFlglNI dA | =0,
I g
Jnf . . J 3pf
Bo BO
J (n" ;) Fy;t dV — / w” QpdA =0
BO Fg?f

holds Vw;} € V* and Vw?* € VP1, with

S% = (u; : By x [0,T] = R, w; € H, u;(t) = g*(t) on TY,
uwi(Xr,t=0) =u;0(Xr)),

8Pt = (pg: Bo x [0,T] = R, pr € H', pg(t) = gP(t) on '],
pe(Xr,t =0) =pro(X1)),

Ve = (w: By — R w* € HY, w(t) =0 on T¥),

VPt = (wPt: By — R, wPt € H', wPi(t) =0 on I'}).

Turning our attention now to poroelastodynamics where a # 0, let G(u;, pr,

form of Equations (4.44);_5 such that

(4.54)

w}') be the variational

G:S" xS x V"= R. (4.55)
We may then rewrite Equations (4.44);_5 as
G(ui, pr,wy') = [ wipoa; dV + | w; X, w;'pogi AV =10. (4.56)
Bo Bo Bo

Weakening of the first Piola-Kirchhoff stress of the mixture and decomposition proceeds as before,
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such that Equation (4.56) is written as

9P (g) )
Olusspr,wt) = [ wipoasaV o+ [wr= 50 av — [wrapFy av+ [ wimgav
BQ BQ ! BO BO
- / witF dA — / wipe JF'NidA | =0. (4.57)
o I

The procedure for deriving the variational form of the balance of mass of the mixture, that is, the
variational form of Equation (4.44)g_10 is identical that as above, the difference being that the
inertia term is now included in the Darcy velocity (not shown in Equation (4.53)). Thus, one may
refer to Equation (4.53) for the abstract form of the variational form for the balance of mass of the

mixture.
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The formal statement for the variational forms G and H may be written as follows:
Find u;(X1,t) € 8" and pe(X1,t) € SPf, with ¢t € [0, 7], such that:

ow¥
/w ,f)gade-l-/a : PS( av — 3;?1 1;1 _/w%LPOQidV
BO 0 BO BO

- /wgtj% dA—/wgprFglNIdA =0,
' g

Jnf . . J aJDf
Bo 0
8wpf = _1
- | ax, J(n Ui(f))FI,L- dVv — / w’ Qs dA =0
BO F[)Qf
W — (4.58)
holds Vwj' € V* and VwP* € VPf, with

S% = (u; : By x [0,T] = R3, w; € HY, w;(t) = g*(t) on I'g,
ui (X7, t =0) = u;o(X1)),

SPt = (pr: By x [0,T] — R, pr € H', pe(t) = gP(t) on T,
pe(X1,t =0) = po(Xr))

Ve = (w: By — R3, w* € HY, w(t) =0 on T¥),

VPt = (wPt: By — R, wPt € H', wPi(t) =0 on I'}).

In the FE implementation that follows, it behooves us to simplify the variational forms, such that

for poroelasticity

g gINT + gINT + gINT + g}EXT + gngT — O, ( )
4.59

H = HllNT + H%NT + rHINT inNT + fHEXT — 0’

and for poroelastodynamics

G =gINT | gINT gINT + GINT | GEXT | GEXT _ ( |
4.60

H=H" +HYT + 1T+ 1T+ HEET =0,



wherein

and

For poroelasticity,

g{NT = /wiupoai dV7

Bo
ow?
INT i ps
g2 aX ( )dV,
Bo
GINT _ owy' Jps Flav
3 OX; Ii ’
Bo
gt = / wi pogi AV,
Bo
gt = /w}‘tfTE dA,
Y

Gyt = — / wi JpsFr Ny dA,

I

f .
HNT = /wpf (Jnnp'f + J) av,
K

Bo
J  Ops
INT
HQ :/U} ﬁa?F (TL /Ul(f)) dV,
Bo
OwPr 12 Opr . _
INT 1 1
= F- F-
Hs 6X1J Py k@XK i AV,
Bo
awpf Cqa
HNT = 3%, JF kp™ (a; — g;) dV
Bo
HEXT = /wprfdA.
et
HINT — 8LJF Llip™g; dV
0Xr .

Bo
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(4.61)

(4.62)

(4.63)

In the case of 1-D uniaxial strain, i.e., the underlying assumption for the proceeding FE model, the



above terms simplify to the following;:

X=H
GINT — /w“poaAdX,
0

)(:I{a
w'
ggNT = 87X Pll(E)A d)(7
0
X=H

Gt =~ / w'prAdX,

0
X=H

gt = / w'pogAdX
0

GEXT — / wE dA =B A,

Ty
Gy T = —/wupfdA =piA,
Ty
such that
g{EXT + g;EXT tUA,
and

Jnt :
HINT — / WPt <”7,p'f + J> AdX,
0 Kf

W= [ R i Adx
)?:H Y43

HYNT = / %E%Fﬁlfl dx
o

HINT = 88“? kp™ (a+g) AdX,

HEXT = / w’ Qs dA = Q¢|x=HA,

Qs
Ly

89

(4.64)

(4.65)

(4.66)
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where for poroelasticity,

X=H

owPr -
INT fR

= kpTtgAdX . 4.
OX pPg (4.67)

4.1.4 (u~us-pr) formulation

SR — const. (from the mechanically in-

Herein, barotropic constituents are assumed, i.e., p
compressible solid assumption) and p® = p®(p;). Locally homogeneous temperatures are also

assumed, i.e., 0 = #f = 6. The strong formulation for poroelastodynamics with a¢ # as has the

solution space
SU=(u:Byx[0,T] =R uwe H', ut)=g"(t) on TY, u(X,t =0) =up(X)),
S" = (ug: By x [0,T] = R?, ur € H', us(t) = g™ (t) on T4, us(X,t = 0) = ug (X)), (468)
SP = (pr: Bo x [0,T] = R, pr € H', pe(t) = ¢”(t) on TY, pr(X, ¢ = 0) = pro(X)),
where g is the prescribed pore fluid displacement on I'y’, either directly or via integration of a
prescribed velocity. A potential no-flux, or “no-slip”, boundary condition is imposed in a weak
sense by setting the pore fluid flux to zero at the desired boundary (Equation (4.69)14). Further
discussion of this type of boundary condition as used in this work can be found in Section 5.3.3.1,

paragraph Remarks on the impermeable boundary condition; for further reading on no-slip condi-

tions in poromechanics, refer to Vuong et al. [2016].
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The corresponding strong form for poroelastodynamics is

Find u(X,t) € S*, us(X,t) € S, and pe(X,t) € SP*,
with ¢ € [0, 7], such that:
DIV P + pog — (pja + phas) =0¢€ By,
u(X,t) =g“(X,t)onTIy,
P(X,t)-N(X) =t’(X,t)on T},
u(X,t=0) =wuy(X)e€ By,
v(X,t=0) =wvo(X)€ By,
a(X.,t=0) =aoX)e by,
2
phas + Jnf GRAD(pg) - F~1 + J(%)(Uf —v)—plg =0¢€B,
(S) = up(X,t) =g“(X,t)on Ty, (4.69)
ur(X,t=0) =wuso(X) € By,
ve(X,t=0) =wv5o(X) € By,
af(X,t=0) =ao(X) € By,

Jnf J .
5 Dipt + DyJ + — GRAD(pr) - F~' - (nfog)

Ky K
+J GRAD (nfog) « F~T =0¢e By,
pe(X,t) =gP(X,t) on I‘g,

—[JF7' (n'%g)]- N = Q(X,t) on TS,

pf(X,t:O) :pf,O(X) GBOa

pf(X,t = O) :]')fV()(X) € By.

\

In Equation (4.69), it was assumed that the contribution of the pore fluid extra stress to dissipative



mechanisms was negligible. If such an assumption is not made, instead we would write

¢

Find u(X,t) € 8%, us(X,t) € S™, and ps(X,t) € S,
with ¢ € [0, 7], such that:

DIV P + pog — (pa + phay)

u(X,t)

P(X.,t)- N(X)

u(X,t=0)

v(X,t=0)

a(X,t=0)

Oaf DIVP + Jnf GRAD(p;) - F~1

()’
k

+J

(v —v) = piog
ug(X, 1)
ug(X,t=0)
ve(X,t=0)
as(X,t=0)

Jnf J
- Dype + DyJ + — GRAD(pg) - F~1 - (nfy)

K] K;
+J GRAD (nfog) « F~T

pe(X,t)

—[JF71 (nfog)]- N

pf(X,t = O)

pf(X)t = O)

=0¢€ By,
=g"(X,t) on Iy,
= ugo(X) € By,
=vro(X) € By,

=aso(X) € Bo,

=0€ By,
=g’(X,t)on T},
= Q¢(X,t) on T",
= pro(X) € Bo,

= prO(X) c Bo .

92

(4.70)
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Let G(uq, ui(¢), pr, wj') be the variational form of Equations (4.69)1_¢ such that
G:S8" xS xS x V" - R. (4.71)

We may then rewrite Equations (4.69)1_¢ as

oP, y
G (ui, uie), pr, wi') = /w?(pzai +p5ai<f))dV+/w?an /wi pogidV = 0. (4.72)
Bo Bo Bo

Weakening of the first Piola-Kirchhoff stress of the mixture and decomposition proceeds as before,

such that Equation (4.72) is written as

u( s f uap 1(E) u -1
G(ui,u Ui (), Pf, W i) = /wi (Poai+Poai(f))dV+/wi X, dv — /wi JpiFy; dV
Bo Bo Bo

—i—/wl”pogi dv — /w;‘t;’% dA—/w?prFfilNI dA| =0. (4.73)
Bo It

When a viscous pore fluid is considered, an additional two terms appear in Equation (4.73), such

that
u u/ S a ;‘L s awl
g(uiaui(f)vpfawi):/wi (Pai + phair)) AV + ax; b g dV + X Pl gy dv
Bo Bo Bo
—/w;?”prFI_il dV—i—/w;‘pggidV
BO Bo
- / witE dA + / wit7P dA / wipeJFINpdA | =0, (4.74)
r r

Let T(ug, i), pr, w ") be the variational form of Equations (4.69)7_11 such that
Z:8“ x 8" xS x V" - R. (4.75)

We may then rewrite Equations (4.69)7_11 as:

0
I(uhui(f))pfaw?f) :/w?fp{)az(f) dV—’_/w?fJ fa)p;'f FIZ dv
Bo BO

£12
+ /w?fj(n]%) (vigry — vi)dV—/wﬁ‘fpgg,- dv =0, (4.76)

Bo BO
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or, for a viscous pore fluid:

0
T (i, wiry, pr, w'*) :/w?fpgai(f) dVJF/wiufJ”fa?IFﬁl av
Bo BO

£\2
+ /w?fj(nl;) ('Ui(f) - Ui) av

Bo
oP!
- [t av = [uttdaav o, (2.77)
Bo BO

wherein the second to last term in Equation (4.77) can be split into two terms, similar to the

procedure in the balance of momentum of the mixture, as follows:

0
I(ulauz(fﬁpfvw?f) :/wzj‘fpgal(f) dv_'_/w?f‘]nfa)p;fIFhl av
Bo BO

£12
+ /w?fj (n]%) (Ui(f) - Ui) av

Bo
aw,?f £ u of
Bo To
— / w phgi dV = 0. (4.78)
Bo

However, doing so creates an additional complexity, namely that now t?% must be determined. In
Vuong et al. [2016], Vuong [2016], such a traction is merely a stress balance between solid and fluid
phases, and does not take into account an external load as implied here. There are at least two
ways in which one might approximate the viscous traction.

The first follows from analysis by Heider [2012] for a nearly-inviscid pore fluid. It involves
applying traction to the solid and fluid phases separately, which thus necessitates an equation that
solves balance of linear momentum of the solid phase, rather than an equation that solves the

balance of linear momentum of the mixture. Supposing then that the total traction

s f

7 = £ + £ (4.79)
~~ ~—~
applied to solid mom. bal. applied to fluid mom. bal.

is specified (e.g., from known data), one may deduce the viscous traction component 75 via an
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implicit solve using the solutions u and ps, i.e.,

f

7 =7 — 7 = % (u,pp) = 17 — (0% — n°pel) -+ npm (4.80)

f are functions of solid displacement u. Heider [2012] observed inaccurate pore fluid

where 0%, n% n
pressure solutions with such a scheme for low permeabilities, small strain theory and low strain-rate
loadings, unless additional stabilization parameters were provided. Given difficulties that we have
had with respect to obtaining stable solutions at finite strain for high strain-rate loadings [Irwin
et al., 2024, 2023c|, it is outside the current scope of present work to pursue such a method.

The other approach would be to use the mixture linear momentum balance equation, and
approximate the value of ok using the interpolated values of porosity and pore fluid velocity
gradient at the Gauss point closest to the boundary where o5 is applied. However, this would be
inconsistent with how the total traction is applied to the mixture in the balance of linear momentum
of the mixture; there, no such approximations are used for t"fE, nor t°& nor the pore fluid pressure
component.

Most consistent is to not weaken the divergence of the pore fluid extra stress term, i.e., to
use Equation (4.77). It will be shown that in the balance of mass of the mixture for viscous pore
fluid flow that the pore fluid velocity cannot be weakened in the balance of mass of the mixture
equations. Therefore, requiring C! continuity in the balance of linear momentum of the pore fluid
raises no issues, and alleviates the problem of specifying the “viscous traction” term.

The procedure for deriving the variational form of the balance of mass of the mixture for a
nearly-inviscid pore fluid, that is, the variational form of Equation (4.69)12_1¢ is identical to the
procedure carried out in Section 4.1.3, with the difference herein being that the Darcy velocity
depends upon pore fluid acceleration a;) rather than a;.

The formal statement for the variational forms G, Z, and H, assuming a nearly-inviscid pore
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fluid, may be written as follows:

Find ui(X[,t) e S, Ui(f)(X[,t) e 8", and pf(X[,t) € SPt

with ¢ € [0, 7], such that:

u
ow;

ow¥

u( s f S 7 -1 u

/wi (poai—i-poai(f))dV—i—/aXIP”(E) dV_/@XIprF” dV—/wi pogi AV
Bo Bo Bo Bo

— /w;‘tf% dA—/w}‘prFh.lNldA =0,
It Ty
opt
ug f ue 7, f 1
/wifp()ai(f) dV+/wifJn TXIFH av
Bo Bo
(nf)” ¢
+/w?f<] f (vie) —Uz‘)dV—/w;“pOgidV:O,
Bo Bo

Jnt . J 0 _ -
/wpf <[(fnpf + J) dV + wpf[{f”a)p;'fl FIil (nfvi(f)) dV

Bo 0
J(nf’bi(f))FI_il dv — / ’U)prf dA=0
W = By p?f (4.81)

holds Vwl € V", w;" € V', and VwP* € VP, with

S% = (u; : By x [0,T] = R, w; € H, u;(t) = g*(t) on T,
ui(X7,t =0) = uio(X1)),

8" = (u(r + Bo x [0, 7] = R, wyy € HY, uyr) (t) = g;* (t) on I,

i) (X1, t = 0) = uyry 0(Xr)) s

SPt= (pr: By x [0,T] = R, pr € HY, pe(t) = gP(t) on T},
pe(Xr,t =0) =pro(Xr)),

V= (wf : By — R3, wl € HY, w¥(t) =0 on T'Y),

VU = ()t : By — R3, wi' € HY, w{(t) =0 on I'y7),

VPE = (wPt : By — R, wPt € H', wPi(t) =0 on I'E).
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In the FE implementation that follows, it behooves us to simplify the variational forms, such that

G = g{NT + Q%NT + gINT + gINT + g{EXT + gEXT
I=1""+ "+ N+ N =0, (4.82)
H=H{"T+HY T+ HET H]T U =0,

wherein

GINT — / W (piai + phase) dV
Bo
INT _ 3“’?

gQ (97)(]
Bo

Py dV

ow _
GiNT — 5 XZ JpiFrtdv
Bo
gt = / wlpogi AV,

Bo

(4.83)

Gt = /wi‘tf;; dA,

I

GEXT = —/fu)i“prFI_i1 dA,
g

and

o= / it phaiey dV

(4.84)



and
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Jnt .
HINT = /wpf <737p’f + J> av,
Kf

Bo
J  Ops
INT
Hy w? WTXIF”( Bi) AV,
Bo
OwPr ops _
INT 17 1
= [ —JF; 'k F-d
s OX; Tl VaXg K v, (4.85)
Bo
owPt A
INT —1 fR
H 8X1 JFH kp (ai(f)—gi) dV,
Bo

HEXT — / w” Qs dA .

Qs
Ly

In the case of 1-D uniaxial strain, i.e., the underlying assumption for the proceeding FE model, the

above terms simplify to the following:

such that

X=H
oI = [ w(pa+ plaradx.
0
X:Ha
wu
géNT: X 11(E)AdX

xo\

=H
gt = — / wiprAdX
0

(4.86)
X=H

G\t = / w"pogAdX
0

GEXT — / wE dA =B A,

I

Gyt = /w"pf dA = —pA,

o

GIXT + gi*T =74, (4.87)



and

and

INT _
7 =

INT _
" =

INT _
137 =

INT _
Iy =

HINT —

HINT

HINT —

HINT _

2{EXT _
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X=H
/w“fp(f)afAdX,
0
X=H 5
ug £ OPE
/ n 8XAdX,
0
o (4.88)
e 7 (01)?
w fJT(Uf —v)AdX,
0
X=H
/w“fpﬁgAdX,
0
X=H .
/wpf <I:,725f+J)AdX,
J f
R
pe — 9PE o feN A ax
/ K7 ox o AdX,
0
w0
wht -~ Opy 4
— F 7 AdX 4.89
/ ax Fox fuAdX, (4.89)
0
X:Ha .
wPt .
| G (e g) Adx,
0
/wprfdAZQf!XHA-

&

The formal statement for the variational forms G, Z, and H for a viscous pore fluid may be written



as follows:
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Find ui(X],t) e SY, Ui(f)(X[,t) € S%, and pf(X[,t) S

with ¢ € [0, 7], such that:

wr s owy' ow;'
/w.( Po@i +P(f)az( ) dV + 8X w(E) AV + X, I(E) dv
Bo BO
/a : prFI_ildV—/wg‘pogidV

Bo

— /wi“t?% dA+/ “tJE dA — /w prFthIdA =0,

Iy I I}
u u aPil E u Op
/wifpgai(f) dV—/wif 8X(1 ) dV—i—/wifJ f—axf Ftav
BO 9 BO BO
f
Bo Bo
Jnf . J Opg
/ w <K§7p f”) Wt [ g g, et (7)) 4V
Bo .
owPt - 1
X, i) Frg dV — | w"QrdA = 4.90
0X; J(n' i) Fp dV /w Qs d 0 (4.90)
Bo FOQf

holds Yw} € V*, w;" € V", and VwP' € VP!, with

S = (u;: By x [0,T] = R3, u; € H', u;(t) = gi'(t) on 'y,
wi(X7,t =0) = u;o(Xr)),

S = (ui(py : Bo x [0,T] = R®, wigy € HY, uyqr) (t) = g (t) on I'g",

wir) (X1, t = 0) = ui(r) 0(X1)) ,

8Pt = (pr: By x [0,T] = R, pr € HY, pe(t) = gP(t) on I,
pe(X1,t=0) = pro(X1)),

VU= (wf: By — R3, wl € H, wi(t) =0 on TY),

Vit = (wt: By — RS, w! € H', w!(t) = 0 on T,

VPE = (wPf: By — R, wPf € HY, wPi(t) =0 on Ih).
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There are now four additional terms which appear in G, Z, and H, namely,

Ot
gINT w, Pifl ) av

0X7
Bo
f
GEXT — / wit]F dA,
o 4.91
b Laxy
Bo
OwPt ]}; 6
INT _ Z](E)
— | =—=———=JF;; F Lav,
s 0X; nt i 0X
Bo
wherein HINT arises from Darcy’s law Equation (3.101). Thus we may write
G = GINT | GINT | GINT | GINT | GEXT | GEXT 4 GEXT _
T = ZINT 4 INT | gINT | ZINT | INT (4.92)
H = HINT  INT 4 yINT | g/INT 4 9/INT | g/EXT _
1-D counterparts to Equations (4.91) are
X= Ha
w
GINT — X — PhmAdX,
0
Gs*t = / w7 dA = 15 A
X
. f (4.93)
INT ug 8P11(E)
0
X:Ha pe . Dot
INT w 1(E) -1
= — — FrAdX
Hs ox nf ox MU ’

0
The need for higher-order elements in the case of viscous pore fluid flow. Consider the
Darcy velocity term appearing in Equation (4.85)2 and, more directly, the divergence on the pore
fluid viscous stress tensor appearing in Equation (4.91)4. Recall that the pore fluid viscous stress

tensor ot appears in the Darcy-Brinkman equation as
E aPp Y q

- - L.
nfop = —k:(gradpf + p(a; — g) — o div o-fE) . (4.94)
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For a general Newtonian fluid,
0'% = nl Ky tr(ds)1 + onf peds (4.95)
where
1 T
ds = §(gradvf + grad” vy) . (4.96)

Thus, taking the divergence of Equation (4.95) introduces a porosity gradient as well as a Laplacian
of the pore fluid velocity (dropping also (s) subscripts for derivatives with respect to the reference

configuration, for notational convenience):

1 Oof; 1 ov ov; ov onf
2 THE) p-1 7(Hf k(: F;},iFE + [ (f)F— J(f)F }FJ_]l) n

nt 0X; 71 nf M ox Xk aX 0X
aQ’Uk(f) 8 Vi(f 82’0' f
MY et et U o 1 + -0 poip 4,
TN O KR +Nf(6X‘;0XK T ox,0x K Jﬂ) (4.97)

where the porosity gradient, under the assumption of mechanically incompressible solid (s) con-

stituents, can be expressed as

onl _ onl oy _ O alz_i<@)pf_1:@&]s |
8xj 8XJ Jj (9XJ Jj 8XJ J Jj J2 8XJ Jj
ng 0det(1 + du; /0X7) 1M 0Pu; 1.
== F;. = ————F "F;. . 4.
e X, i = axax, T (4.98)

The terms highlighted in red in Equations (4.97) & Equation (4.98) possess second derivatives and
are thus problematic for standard finite element implementations if not weakened appropriately,
i.e., they would require finite elements (for the respective fields) that possess C' continuity rather
than the standard C° continuity (e.g., a typical Lagrange element). Returning our focus to the

variational equation, for ’H%NT we have, upon expanding the Darcy-Brinkman term:

Jk opr 4 Opr _ J k Opy
INT _ Dt F -1 F 1d o F ) —a)d
2 T ax, 1 ax Y KT ox, P ) — g)av
B() BO
Jk Ope (1 Oug(r) _1 iy vyt 1 ont
Df . ) —
Kj X, T ( o Lkt +"[aX Fici + o, FKJFJJ>8XJ
Bo
0 Uk(f) 11 0% i(f) 1 0% Yji(f) 1
e _plp Flr g o2 plp ) Jav
R X OX e Kk T <aX OXx tOX,0x g Ki i)
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The first two terms can be integrated normally; however the last cannot be integrated by parts to
reduce continuity requirements of the solid skeleton (s) displacement and pore fluid (f) displacement
given that a gradient is also applied to pore fluid pressure p¢ (i.e., weakening continuity requirements
on the displacements in turn strengthens the continuity requirement on pore fluid pressure). This

problem also arises in ’HgNT, although there the gradient is applied to the weighting function w?t:

OwPr 1/ Oy ov; v, on!
INT _ _ [ 9% yp1 & (£) p—1p-1 i(f) -1 i) 1] -1
= ax; i (M(”faXKFKkFJ@ +“f[aXKFKJ+ aXKFK@]FJﬂ>aXJ
Bo

820k(f)

X, 0X

Folpl ( 0%vi(r) Folp-lg 0*vj(e) F—1F—1) av
Kkt i T HE OX 10X KiTTi T X 0X e KitTi :

(4.100)

Furthermore, the “mixed approach” taken by Vuong et al. [2016], Vuong [2016] to treat porosity
nf as an independent field variable in the finite element implementation (with the assumption of
incompressible pore fluid (f) constituent, i.e., V - vf = 0), thereby eliminating strict dependence
on solid skeleton (s) displacement, does not in and of itself relieve us of the issue of higher order
continuity requirements since second derivatives appear for pore fluid velocity when the pore fluid
is assumed to be compressible (V - vy # 0), in both the balance of mass of the mixture and the
balance of linear momentum of the pore fluid (assuming the divergence on the pore fluid extra
stress is not weakened in the latter).

One potential remedy to this problem is to ignore the pore fluid extra stress tensor 0'1;5
altogether. It was shown by Markert [2005] and Ehlers [2022] (originally in Ehlers et al. [1999])
that the fluid friction (viscous) forces are negligible when compared to the drag forces on the
macroscale. The derivation from Ehlers [2022] proceeds as follows.

Begin by assuming an incompressible pore fluid constituent and a rigid, non-deforming solid

constituent, i.e.,

DI 50, uw—o0. (4.101)

Then, the balance of mass of phase a reduces to (still under the assumption of negligible mass
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supply to phase «)
Din® +n*dive, =0. (4.102)
Given that
Y Din® = grad(n') - o¢ = div(n'®g) — n' divos + (1 - n®) divvg, (4.103)
o
the balance of mass of the mixture for incompressible constituents reduces to
div(nfog) = 0. (4.104)
For non-deforming solid, n® is constant (grad(nf) — 0), and thus
divor =0. (4.105)
Pore fluid momentum balance is written as
plas + div(nips) — divel, — hf — plg=0. (4.106)

Recall from Section 3.2 that

h' = hf, 4 prgradn’ (4.107)
with
£\2 12
hY, = — S, = —<"f€) b, Su o= (”];) 1. (4.108)

With this, and by inserting the Newtonian fluid law given by Equation (4.95) (using the identity
tr(dg) = divvg, which is zero by Equation (4.105)) into Equation (4.106) gives the pore fluid

momentum balance for incompressible constituents and non-deforming solid skeleton:

f\2
pfaf + nfgradpf — nfuf div gradwvy + (nl% v — pfg =0. (4.109)
Introducing the dimensionless quantities
* xr * Uf
- = 4.110
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with L as a characteristic length scale and V as a characteristic velocity allows us to write the

dimensionless gradient and divergence operators as
grad(-) = Lgrad(-), div(-) = Ldiv(-). (4.111)

Then we may recast the viscous and drag forces in Equation (4.109) as, respectively,

Vo x * ok
divel, = nfufﬁdiv(grad'vf) ,

4.112
Kl GRS e
== — x f .
i J
Taking the ratio of the viscous force to the drag force yields
Viscous force ,U,fl% __x (4.113)

Drag force RN P
For porous media applications, s is typically several orders of magnitude smaller than the length
scale of interest L, e.g., in the current work 3 ~ O(107'° m?) [Lande and Mitzner, 2006] and
L ~ O(1072 m). Thus, it may be appropriate to ignore the pore fluid extra stress (the viscous
force) when solving the balance equations for the mesoscale/macroscale regime, but not necessarily
for the microscale regime where the pore size /5 is on the order of L.

However, as Vuong points out (see Chapter 3.3.6 of Vuong [2016] and the figures therein), a
nearly-inviscid fluid creates infinitesimally large velocity gradients at the porous channel walls to
counteract an infinitesimally small boundary layer, which could lead to numerical instability for 3-D
simulations, particularly for highly permeable materials, i.e., those with larger pore sizes (larger
fluid domains). Whether or not it is necessary to account for the boundary layer in a numerical
simulation where flow is modeled on the macroscale regime is an area of debate [Nield and Bejan,

172 where 7 is an effective viscosity of

2013]. This boundary layer has thickness of order (7¢s¢/ )
the pore fluid. For lung parenchyma, s ~ 1071010711 m? [Lande and Mitzner, 2006, Dai et al.,
2014], thus these viscous effects are probably negligible at the mesoscale level of interest for lung
parenchyma which is O(1072) m.

Generally speaking, it is believed that both the Darcy and Darcy-Brinkman (the inclusion

of the pore fluid viscous stress tensor) equations only hold in the range of Reynolds numbers
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1 < Re < 10 [Bear, 1972, Nield and Bejan, 2013, Vuong, 2016, Winter et al., 2022]—for reference,
in prior work [Irwin et al., 2024, 2023c|, the maximum Reynolds number resulting from numerical
simulations was roughly Re = 9.8. Nevertheless, the Reynolds number limits are based upon
experimental data wherein it is difficult to measure the inertia forces [Sobieski and Trykozko, 2014],
and, with the exception of Vuong [2016], many authors do not include the inertia term in Darcy’s
law and use the classical form which relates seepage velocity to pore fluid pressure gradient and (if
applicable) body forces. Nield and Bejan [2013] notes that the inertia term is only consequential
when the kinematic viscosity of the pore fluid v is on the order of s /ty where tg is the characteristic
time scale of interest. For lung parenchyma and air, this is satisfied when tq ~ 107° s, i.e., for the
shock-loading regime considered in this thesis.

An alternative representation of the seepage velocity which accounts for non-linear drag
effects at higher Re (but not the turbulent regime, i.e., 10 < Re < 100, [Bear, 1972]) is to use the

Darcy-Forchheimer equation given by Equation (4.114) [Markert, 2005, Ehlers, 2002]:
.t f f
—gradps = (k + ﬁ\(n ’Uf)|) (n'vg), (4.114)

where B* is a tortuosity parameter measuring the irregularity of the pore channels (with deviations
from B® = 1 indicating higher irregularity). Such a parameter is hard to determine for complex
materials such as lung parenchyma, e.g., in Dai et al. [2014] the geometry of lung parenchyma—for
the purpose of determining a value for the tortuosity—was approximated as parallel cylinders, such
that BS = 1.33. Note also in Equation (4.114), Markert [2005] has made the a priori assumption
that inertia forces are negligible as well. A brief attempt to reformulate the Darcy-Forchheimer
with inertia terms is presented as follows.

A thermodynamically consistent approach [Ehlers, 2022] starts by defining
Ry = —8u(n'vr) — Syln'vg| (n'oy), (4.115)
with S, defined as per Equation (3.61), and

Sy = (nf)*_1. (4.116)
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Per Section 3.1.4 and Equation (3.70), we may substitute the new form of h% given by Equa-
tion (4.115) into the momentum balance of the pore fluid (dropping the pore fluid extra stress on

the assumption that at higher Re, pore fluid viscous effects are negligible), such that

5 R s 1 o
(n'og) + (”f)Q%’nfva”fo) = —p™(as — b") — gradp; — ﬁpfgfad(nf) {1 - ﬁ} - (4117)

E i

Following the approach of Markert [2005], taking the norm of both sides of Equation (4.117) allows

us to solve for |nfo;| as

N B (1 1 Bs(k)? 1 05\ 2
fo | = — il - R _ - f _
| = ]%pm<2i\/4+ S (p™llar] = [bl) + lgradpr] + ¢ prerad ()| 1 af)>.

(4.118)

In the static conditions (e.g., no pressure gradients, inertia, etc.) Equation (4.118) recovers the
natural condition where \nffjf] = 0 if only the positive root is considered. Therefore, substitution

into Equation (4.117) gives the following expression for the seepage velocity:

. 1 0°
f~ _ _Lape—1( fR(,. _ pfy _ _ LY 4.119
n'oe = —kK;" (o™ (ar — b") — gradpe — ~prerad(nf) |1 - ). (4.119)
with
1 1 (k)2Bs 1 gs 2
£12
Ke=1-()" 5+, 7+ g (ﬂm[laf! — |bl] + [gradpg| + W!pfgfadnf’ [1 - ﬁ] )] :

(4.120)

In any case, higher order element types that possess C'' continuity are necessary to guarantee

convergence of equations containing porosity gradients.

Using Hermite polynomials to satisfy C' continuity requirements. If the porosity gradi-
ent needs to be resolved, elements with continuous first derivatives along their boundaries must be
used in order to guarantee convergence. The approach taken by Vuong et al. [2016], Vuong [2016]
to guarantee C'! continuity was to use Non-Uniform Rational Basis Splines (NURBS) (refer to work

by Hughes et al. [2005] for a finite element application). However, for the simple 1-D geometry
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considered herein, NURBS would introduce an additional layer of complexity given that the basis
functions are not interpolatory.

A simpler solution would be to invoke the Hermite cubic polynomial element (which is C!
continous), which is typically employed in FE analysis of beams. Herein, the analogy to a rotational
degree of freedom (DOF) in beam analysis is the gradient DOF. However, unlike beam analysis, the
gradient DOF's of the field variables of interest (u and uy) are allowed to “float”, i.e., no Dirichlet nor
Neumann boundary conditions are prescribed on these DOFs; in essence, they go unused outside
of their interpolatory functionality.

The element (refer to Fig. 4.1) will not be isoparametric, i.e.,

(&) =N -z, u"(¢) =Ny (&) d, (4.121)
with
N§ = o(1+8),
and
]| utge=-1)
ds ul (1
a={ 2\ = @ (1) : (4.123)
ds uh (1)
dg) | k(D)
such that
di
de
h® — e,u ce NTEU e,u ce \TEU 2 — e,u . Ae
ut (€)= Nitey INoiy Nty I Na(my - =Ny (§)-d°, (4.124)
3
|4
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1-D mesh oOu 8u”§
T

N 0X OX

) uhe pf ufe

d T@ d,

H=10cm| [0 | d T d,
@

AX dZ d2f

Figure 4.1: The Q3H-Q3H-P1 line element used for C'' continuity of the field variables v and ;.
Shown in red are the gradient DOFs which are allowed to “float”, i.e., no boundary conditions are
prescribed for these DOF's.

where N%"(€) are the element Hermite cubic polynomials:

N =T e,

(H) ™ 4

eu 1 o 2
Ny = 41;“ %(1+¢). .
Nyl = 71+6%2-9),

e,u 1
Nytwy = 1(1 +6P(-1+9),
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and
e B oM _h*
] 65 2 )
he he
Ou” _ pedut (4.126)
0¢ 0xX ’

w(€) = NG e = ()T (N
Herein, the “strain-displacement” matrix H*" is defined as:

2l () dPNG(€) 1 d*Ng"(€)

ax2 ~ axz TGy e ¢ = H%"(¢) - d°, (4.127)
and
du' (&) dANF'(E) . LANF'(E) o ew :
X = ow A= e d = By (4.128)

For notational purposes, the (-)g subscript will be dropped from N%" and B%". In the finite
element equations where H*" is used, the reader should assume that the shape functions for the
respective field, and its first derivative, are the Hermite shape functions as shown here (i.e., only
one element type will be used to represent a field variable, not a mix of element types). Of course
the same interpolation applies to the shape functions N%*, B%" and H*" when the pore fluid

displacement wus requires a C'!' continuous element.

4.1.5 (u-pg-6°-0") formulation

Herein, baroclinic fluid constituent is assumed, i.e., p™ = pr(pf, Gf). Locally inhomogeneous
temperatures are also assumed. Furthermore, we assume that a; = as = a. The strong formulation

for thermoporoelastodynamics has the solution space
S = (u:Byx[0,T] =R we H, u(t) = g"“(t) on T§, u(X,t = 0) = uo(X)),
SPt = (pf : BO X [OaT} — R7 pr € Hla pf(t) = gp(t) on Fga pf(Xat = O) :pf,O(X)) )
(4.129)
S” =(0°:Byx[0,T] =R, 65 H, 65(t) = ¢” on TY, 5(X,t = 0) = 65(X)),

S = (00 : By x [0,T] = R, 6F € HY, 05 (t) = ¢ on TY, 6f(X,t = 0) = 65(X)),
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where ¢?° and gef are the prescribed temperatures on ng and Fgf, respectively. Prior to writing

the strong formulation, the energy balances of each phase must be derived.

Derivation of the solid phase energy balance. We may write Equation (2.62) for a = s as
p’Dje® = o° 1y —divg® + p°r® 4 €°. (4.130)

Assuming no heat source r°, and making use of Equations (3.43);, Equation (3.72), we may write

\ v s s , A . s -
p°(DjY° + 8 Din® + n°Dj6°) = (o — ﬁpfnsl —q1) 1 —divg® — k5(6° — ") —hf - ;. (4.131)
Since the momentum production term h! cannot be constitutively determined, a substitution may

be made via use of Equation (3.44), such that we may write Equation (4.131) as'

GS
p(D5YS + 05 DS + 1P D36°) = o - dis — (ﬁpms + q> div vs — div ¢° — k5(6° — )
08

—hly o — ﬁpfgrad(nf) - Df . (4.132)

Prior to invoking the constitutive model(s), it is useful to transform Equation (4.132) to the refer-

ence configuration (dropping also (-)s and (-)® for convenience, where appropriate):
S S S NS S S, S S 1 S . HS S
Di(p®) + po0°Den® + pon® Di0° = §SE . D.C — (ﬁpfn + Q)DtJ
_ s - 0° 1.
—JGRAD(q®*): F~T — Jk5(6° — 6%) — Jhl; - vp — J e GRAD(nY) - F~ 1. %;. (4.133)

Expanding the material time derivative on the first term and using Equations (3.34); 3, we may

write
S

0
PpS6° Dy = — (ﬁpms + Q) DyJ — JGRAD(q®) : F~T — Jk5(6° — 9

95
—JhL; - — J e GRAD(nf) - F~' . &;. (4.134)

At this point, the terms on the L.h.s. of Equation (4.132) require a constitutive form for the solid

in order to be further simplified.

! Note that the last three terms are consistent with result given by Equation (3.73) if we use the constitutive
relation for the seepage tensor, Equation (3.61), in the second to last term of Equation (4.132).
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The linear isotropic thermoelastic model. For a material undergoing linear isotropic thermal
expansion, recall, from Equations (2.11) & Equation (3.44),

S
S —

‘ 1 el s
=y In— + K% InJ. (4.135)

% 1o
The first term of Equation (4.134) is thus (assuming constant volumetric CTE of, and isothermal

bulk modulus K*!):

skel s gs
K< a3, 0

DJ . 4.136
7 ¢ ( )

Pt Den® = pycy Di” +

Then, substitution of Equation (4.136) back into Equation (4.134) yields the governing equation

for the balance of energy of the solid constituent:

S S S KSkela%/GS s 6 s\ . =T £/ pns f
P Db + <f+npfﬁ+Q)DtJ+JGRAD(q).F TR (6° — 6
J(nfog)? g
+(”;f) + 75 P GRAD () - FL - (nfog) =0, (4137)

where on the last line of Equation (4.137) we have used the following identities to simplify the extra

fluid interaction force term:

hY - o = (—S,f) - U, Sp = ——1. (4.138)

Derivation of the fluid phase energy balance. Next, we may write the balance of energy for

the fluid phase as
p'Dlef = o' 1y — divg' + pirf +&f. (4.139)
Assuming no heat source rf, and making use of Equations (3.43)2, Equation (3.72), we may write
P (DIt + 0 Dinf + ' DEOY) = (o, — penf1) 1 1y — div qf + k5 (6° — 6F). (4.140)
Expansion of the fluid Helmholtz free energy term in Equation (4.140) yields
0 ot

f
Dyt (™, 0") = JRDfpﬂ)‘ + gt IO (4.141)
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Making use of Equations (3.34)5 7 and Equation (3.41) allows us to write Equation (4.141) as

D
(p™)2

Diy'(p™,6") = Dip™ —n' D" (4.142)

Thus, with some simplification of the r.h.s. of Equation (4.140), we may write

ot <9fD£77f + (pﬁ:l;)Q Dfpr) =o'y dy — pen' div oy — div q' + E5(6° — 6. (4.143)

With the assumption that a; = a5 = a, the div vy, O'fE, and dy terms in Equation (4.143) cannot be
explicitly determined, from, e.g., the balance of linear momentum of the pore fluid. For the latter
two terms, we will assume the fluid is nearly-inviscid such that a’% ~ 0. Recall the balance of mass

for a = f (Equation (2.9)) with negligible mass supply p':
IR . f er D mw
Din' + —zg Dyp™ +n diveg =0 — —nipsdiveg = ptDin + —=Dip . (4.144)
p p

Thus the pore fluid velocity term can be determined given a constitutive model for the pore fluid
real mass density. Additionally, the terms on the L.h.s. of Equation (4.143) require a constitutive

form for the pore fluid in order to be further simplified.

The ideal gas model. For the ideal gas pore fluid, recall

f f ! p™
n :cvlne—g—%ln@. (4.145)
Then
o'R
o Dinf = e Dfo ~ SR Df™ = o Dlo" — D™ (4.146)
As for the div vf term, recall that for an ideal gas
fR fR
fR_pf (P _ 1 ¢ bt fof _ P f P gt
‘Dtp = Dt(@) = @Dtpf - WDtQ == E‘Dtpf - ?Dte . (4147)
Substitution of Equation (4.147) into Equation (4.144) yields
f fR fR
. npt(p P
—nlpg div vy = peDinf + ra (EDfp - ?Dfﬂf)
f
= peDinf + nfDipe — L2 Digf (4.148)

of
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Recognizing
Df f_ _Df S f,.f _  ps,,s f\
' =—Dyn® — Din' = —Din® + grad(n') - vy, (4.149)

and utilizing Equation (3.26), we may write

S
Dinf = %DfJ + grad(nf) - o . (4.150)
S

Thus, we may write the divvs term as

nSps - -
P s, + prgrad(nf) - o + nf (Dips + grad(pr) - o)

—nfpf divos =
S

f
— 2L (D36" + grad(¢) - o). (4.151)

Thus, the energy balance for the pore fluid may be written as

n°ps
Js

p(ch + R D50t + pB(ch, + R)grad(6') - (n'oy) DS J, — %grad(nf) - (n')

(4.152)
—n' Dipr — grad(pr) - (n'o¢) + div g’ — k5(6° — 6') = 0,

which we may convert to the reference configuration of the solid skeleton By (dropping also (-)s and

(+)® for convenience, where appropriate):

P, + R) Dot + pR (el + %) GRAD(6Y) - F~1 - (nog) — n*peDyJ

_ I
nf

GRAD(n') - F~1- (nfoy) — Jn' Dyps — J GRAD(pg) - F~1 - (nfoy) (4.153)
+JGRAD(q") : F~T — JE5(6° — 6") = 0.

As such, the strong formulation for the balances of linear momenta, mass, and energies, assuming
a linear thermoelastic solid constituent and ideal gas pore fluid constituent, may be written as



follows:

Find u(X,t) € 8%, pp(X,t) € SPf,
3 £
05(X,t) € 8%, and 0f(X,t) € S?,
with ¢ € [0, T], such that:
DIV P + pog — poa =0¢€ By,
u(X,t) =g"(X,t)onTy,
P(X,t)- N(X) =t7(X,t)onl},
w(X,t=0) =ug(X) € By,
v(X,t=0) =wvo(X)E€ By,
a(X,t=0) =ao(X)e€ By,
ok £ £ -1 £ Jnf
79—f[n D:6" + GRAD(6") - F~~ - (n"vg)] + —— D¢pg + D¢ J
y23
J 1 fs £ T
+— GRAD(p¢) - F - (n'v¢) + JGRAD (n'v¢) + F =0 € By,
pf
pe(X,t) = gP(X,t)on I,
—FTh (5] N = Q(X, ) on TG,
pe(X,t=0) =pfo(X)€Bo,

pe(X,t =0) =p¢o(X) € Bo,

(8) = Keskel s gs 08
Pey Di0° + (——— + npr— + Q) D J
J of
+J GRAD(q®) « F~T + Jk5(6° — 6%)
J(nff;f)z 0° p¢

z +JEFGRAD(nf)~F*1 - (nfor) =0 € Bo,
05(X,t) =g (X,t)on T8,
(g FT) N = Qf(X,1) on T |
05(X,t=0) =03(X) € By
65(X,t=0) =605(X)¢€ By
(el + M) De0f + pfft (e, + 9) GRAD(6F) - F~1 - (nfoy)
—npgDyJ — 2B GRAD(nf) - F~1 - (nfoy)
—JnfDips — JGRAD(pg) - F~1 - (nfy)
+J GRAD(q")  F~T — Jk5(6° — 6%) =0 € By
of(x,t) = g"f(x,t) on rgf ,
(e FT). N —f(X.t)on Tl

of(x,t=0) =05(X)e By

6f(x,t=0) =65(X)eBo.

Let G(us, pr, 05,0, w!) be the variational form of Equations (4.154);_¢ such that
G:8" xS x 8" x 8 x V' SR,

We may then rewrite Equations (4.154)1_¢ as

P;
G(ug, pr, 05, 6%, w¥) :/wﬁpoaidv+/w$gXI dV—i—/w}‘pogidV:O.
Bo Bo ! Bo
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(4.154)

(4.155)

(4.156)
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Weakening of the first Piola-Kirchhoff stress of the mixture and subsequent decomposition proceeds
as before, such that Equation (4.156) is written as

S u u 8“}? S
G (ui, pt, 0 79f7wi) = /wi poa; AV + TXIPH(E) av
B() BO

8w;u -1 6 S f u
- | G5 Teen (ﬁn + ') dV—i—/wi pogi dV
Bo BO

f

o 0
_ /w}‘tiE dA—/w%‘mJF;f(esns —i—nf)N[ dA | =0, (4.157)
It Tt
0 0

where use has been made of the locally inhomogenous temperature first Piola-Kirchhoff stress of

the mixture,

L
Pit = Piygy = IpeFy (g + ') - (4.158)

Let H(us, pr, 6%, 60, wPt) be the variational form of Equations (4.154)7_1; such that
HSP xS xS xS x VP SR, (4.159)

Since the additional (first) term in Equation (4.154)7 does not require use of chain rule to weaken,
weakening procedure follows from Section 4.1.3, such that we may then rewrite Equations (4.154)7_1;

as

J 90" ., .
H(uiapﬁesaef,wpf) = _/wpf (nthgf + 8XIF]i1(nfvi(f))) av

of
Bo
Jnf ) J Ops 1, ¢~
+ [ Wt —pe+J dV—i—/wpfF. n' v ) dV
/ <pf bt D 8X1 Ii ( (f))
Bo BO
Pt
— g‘)"( J(nf@i(f))FlgldV—/wprfdA:o. (4.160)
I
Bo 1’*(?

Let J (ug, pr, 0,05, w”) be the variational form of Equations (4.154)12_1¢, such that

T 8" xS xS xS x V" S R. (4.161)
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Then, we may write the variational form of Equations (4.154)12_1¢ as

T (ug, g, 6%, 605, w?) = /wgsp(s)c?/Dtes dV—{—/wes(KSkej]Oé?/HS +n® pfes + Q)DtJdV
Bo Bo
0° aqz 0° 71.5(p5 _ pf
—I-/w J(?X dV—I—/w Jkg(6° — 6") dV
Bo Bo
f~\2
—/wes‘](”;f) dV+/ szpig; Fit (n'0yp) dV =0, (4.162)
Bo By

As shown in Section 4.1.2, the gradient of the solid heat flux term may be weakened using chain
rule and the Neumann boundary condition given by Equation (4.27)14, such that Equation (4.162)

is written as

. . . Kskel s 9° 63
T (g, pr, 65, 6%, ) = /uﬂ Pt Dyf° dv+/w9 (% + e +Q>DtJdV
Bo BO
aw (7 (S f
o G F AV [Tk (67— 6T dv
Bo BO
sj(nf)2 S 08 pf a’l”Lf — ~
0 [% 1/,.f
Bo BO
— /wengdA: : (4.163)
!

Let K(uj, pg, 60, 0F, w? ) be the variational form of Equations (4.154)17_21, such that

K:8” x 8" xS xS” x V' S R. (4.164)
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Then, we may write the variational form of Equations (4.154)17_91 as

f

K(uivpﬁgs?Qf’we ) = /wefpg(cli/ + %)Dtﬁf dVv

Bo
‘ o0t
+ /w9 20 (cV +R)— ox; (nfvi(f))FIil dVv
Bo
, Jpg O
- / w’ n*peDyJ AV — / = a; (n'oy)) Fr;" dV
B() BO
= / w” Jn! Dypg dV — / waJ(fgé(n By ) Fr;t dV
Bo BO
+/w Jg)qg Frldv — /waJk;g(es — 0" dV =0. (4.165)
Bo BO

The gradient of the pore fluid heat flux is weakend using chain rule and Equation (4.154)19, such

that Equation (4.165) is written as

K (i, pr, 0°, 07, 0" ) = / W ol (s + R D v

Bo
‘ 6"
+/w'9 20 (cVJriﬁ)aX (n vz(f))Fh av
Bo
of s of pr 871 -1
_/w nprtJdV—/ o (nfE) Frav
BO BO
/ w? Jnf Dypy dV — / J—(n Bie)) Fr; - dV
Bo
ou” T T Fav — [ W Tk (05 — 6F) av
8X Ii 0
Bo BO
- /wefQ?dAzo. (4.166)
r

The formal statement for the variational forms G, H, J, and K—assuming nearly-inviscid pore

fluid, af = as = a, isotropic thermoelasticity of the solid, and an ideal gas model of the pore



fluid—may be written as follows:

Find ui(Xut) e SY, pf(X[,t) €SPt
0°(X1,t) € S, and 6"(X1,1t) € S, with t € [0,T7], such that:

/wzpoazdv'i‘/awl P:I(E)dv /6wl J fFI;' (an +n)dV

0

f/wfpogide /wl ZEdA /wzprFu (zfn +n)N1dA =0,

Bo e ry

J o6* Jnt .
_ Df D F Y23 .
/w oF <n 0F + o Fri '(n v“f))) dv +B/w ( p” pf+J) dv

Bo 0

J o
+/wpf;f8§leh (n Bi(ry) dV — /7J(n vl(f))Fu dv — / w”QrdA =0,

0

s o s . S Kskel bos 0
/w9 p5c Dif dv+/w" (% +n'pi gy +Q)DtJdV
BU BO

ow” S eos
e —Jqg ! dv+/w9 Jk5(0° — 6") dV

Bo By
:.J(Tl 'Uf) 03 871 _ s
0 Dt 1/ f- 0% 0

— 827" ) — A=

/ P dV+/ Jﬁfnf(?X[ i (n Uz(f))dv /w Qsd 0,
Bo Bg Q¢

20t | ;. _
[ dbtclr + D0 av + [ e + ) S (05 P v
Bo Bo

/w n°pe Dy J dV — / of I on! ( ff)i(f))FI_ildV—/wefJnthpf dV

nf 0X;
Bo Bo
s (n"0ur)) Fri* dV — ou” g Ftdv — [ w Tk (6° — 0%y dv
ax; W) X, ri
Bo Bo Bo
—/wefQ?dA:o
rof

holds Yw® € V¥, YwPt € VPr, w® €V and w® €V with

S" = (ui: Bo x [0,T] = R3, u; € H, u;(t) = gi*(t) on TY, u; (X1, t = 0) = u;0(Xr1)),
8Pt = (pr: Bo x [0,T] = R, pr € H', pi(t) = ¢”(t) on TG, pr(X1,t = 0) = pr,o(X1)),
S” =(6°:Bo x[0,T] =R, 65 H*, 0°(t) = ¢° on T'§ , 0°(X1,t = 0) = 05(X1)),

S" = (0" Bo x [0,T] >R, 0" € H, 0°(t) = ¢" on T, 0°(Xs,t = 0) = 05(X1)),

V= (w¥: By — R* wi € H', wi(t) =0 on TY),
VPt = (wPf : By — R, wPt € H', wPt(t) =0 on T}),
A (wgs :Bo — R, w” € H, wgs(t) =0onlY,

V= (w‘9f :Bo = R, w’ € H, wef(t) =0on I‘gf.
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(4.167)
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In the FE implementation that follows, it behooves us to simplify the variational forms, such that

G = g%NT + géNT + g:I))NT + g}lNT + glEXT + ggXT — 0’

H=H"+HY T +HET +HNTHET + 1N 7T =0,

wherein

(4.168)
T =TT+ BN+ I+ I+ TN+ N+ g =0,
K=K+ 5T+ 1T + T + KT+ KT+ T 4+ T+ PR =0,

gt = /w?f’oaz‘ av,

Bo

ow¥
INT i ps

Gy = ax, i) v,

Bo

ow¥ 03
INT i -1 5 £
Gs - | ox, JpeF <§n +n ) av,
Bo
(4.169)
gt =— /’wfpogz‘ v,
Bo

GEXT — / wit7P dA,

T

98

QQEXT = — /w;‘prF[i (ﬁns + ’I”Lf>N[ dA,

t
1—‘0
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and
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Bo
J apf _ ~
INT pr . OO o1 f dv
H / pfaXI I ( 'L(f)) ’
Bo
owPr 17 Opr
INT 1 1
= —JF; Kk F-dV
Hg 8X[ Ii aXK Ki ?
Bo
SwPr R
INT —1L R, _
Ht = | G I En ke (i — gV (4.170)
Bo
OwPs k  onf 6
INT 1 —1 —
Moo = | ax, M i ax w1
Bo
2/ INT WP nfDQeraiF—l( Wi ) AV
7 = 9f t 8X[ I l(f) ’
Bo
HEXT _ /’UjprfdA,
et
A= / w” picy Dyt dV
Bo
) Kskelas 63 s 0
j2INT:/w0 (fijnpfﬁJrQ)DtJdV,
Bo
ow?”
INT sp—1
— | 2 JSF
\.73 /8X1Jql I dV’
Bo
INT 05 716 (ps f
T / w” Jkg( ) (4.171)

Bo

- \2
j5INT _ _/wes‘](n;vf)dv,

Bo

s 65 pr ont s
INT _ ] Lt
Ts _/w ofnfox, 1 (n'Bigr)) AV,



and
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JINT = /w pb(ch, + M) Dot dv

oo

f f
IC%NT_/uﬂ P+ M) g (00 Fig v

- / w? Jnf Dyps dV

— / w? nSpe Dy J dV

Bo

gr Jpr Ot o 1
/w e 3X1( Ui(f))FIi av,
Bo

(4.172)

Bo

8'[0 f

o JAE AV,
Bo
/ w? Tk (6° — 6%) dV
Bo
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In the case of 1-D uniaxial strain, i.e., the underlying assumption for the proceeding FE model, the

above terms simplify to the following;:

and

X=H

GINT — / w"poaAdX
0

X=H
ow
INT __ S
GINT = o — PhimAdX
0
X=H
GiINT = aqu (gsn +n)AdX
3 ax "'\gt ’
O (4.173)
GINT — / w'pogAdX
0
GEXT — / U198 dA = t°F A
g
EXT 0° °
05" =~ [ (o ) = (ot )1
Ty
X=H J ¢
H{NT / wPr (ppf + J) AdX
0
X=H
1
HINT = / r LDt i) A dx
Dbr
0
X=H
OwPt .~ Opg
INT 1
= L PAdX,
73 0X k 0X d
0
IN X:Hawpf >
HINT X kp™ (a+g)AdX, (4.174)
0
X=H
owPt k onf 0
INT __
e = DX fpfaXFH( _§>AdX’
0
X=H
HINT — e (Dot " 5 AdX ,
7= whop (7Dt +87(nvf)

WX = [ wrQida = QA

o
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and

; Kskelas Ja 63
INT __ 0 1% s
jg = / w (f"‘?’b}?fﬁ"ﬁ‘@)DtJAdX,
0
X:H8 o
INT we s
= — ——q°AdX
0
X=H
TINT — / O Jke(0° — 0" AdX (4.175)
0

X
<05 pe Onf
INT 0 f
= Z A2 AdX
0

g =~ [ Qlaa=qla,

ro*
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and
X=H
KONT — / w? pb(c, + MDY AdX

0
X=H

a0t
JCINT = / wefpr(c{/ + D‘i)a—X(nfvf)A dX,
0
X=H
K%NT = — / wefnsprtJA dX
0
X=H
KINT — / 9@‘9—”10(7% )AdX
4T nf X f ’
0
X=H
INT — / w” Jn'DyprAdX (4.176)
0
X=H
KNT — / 0" OB (1150 A dX
6 8_X Y
0
X=H
ow?
INT f
= [ 2 fadx
,C7 / X q )
0
X=H
KINT = — / w? Jk5(6° — 0 AdX
0
KCEXT — _ / w” QldA =QlA.
r

The compressible liquid model. For the compressible liquid pore fluid, recall

of K9qf
nt = In (—f> f;v (4.177)
% p
Then,
fof 170 o f
n'0' Ko
o' Din" = piel, Dj6" — #DW, (4.178)
where
1
Dfpr = Pm<ﬁDfpf - a%/DE‘gf) ) (4.179)
f
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such that
o' Dint = (o', + it Kol 12 Diot — nfotal, Dip; . (4.180)
From Equation (4.144)y, we know that
fpf
—nfpsdives = thn + —fRDfpr, (4.181)
p

and from the second term in Equation (4.143),

r Pt f R _ npf
P D = D

, (4.182)

such that when the fluid stress power term (Equation (4.181)) is added to the Lh.s. of Equa-
tion (4.143), the terms containing the material time derivative of the pore fluid real mass densities
will cancel, such that the pore fluid energy balance for the compressible liquid may be written as

(making use of Equations (4.150) and Equation (4.151)):

n°pg
) —

('l + 0" KF [0}, 12) (D367 + grad (6") - &) — 00"l (Dipr + grad(p) - 3) — "

D5 J
—%grad(nf) - (nfor) + divg" — K5(0° — 0" =0, (4.183)

which equates to

(p'cly + 00 KVl 1) D36" + (0l + 0" Kf ol 12)grad (6) - (no¢) — n'6'al, Dip;

—0'al grad(pr) - (n'or) — njpf DjJs — %grad(nf) - (n'og) +divg" — k505 —6") =0.  (4.184)

Upon inspection of Equation (4.184), substitution of a§/ = 1/6" and ng = p¢ for an ideal gas allows
us to recover Equation (4.152).2 Conversion of Equation (4.184) to the reference configuration By
(dropping also (-)s and (-)® for convenience, where appropriate) yields:

(phel, + In'0' K[l 12) D" + (pftel, + 70" Kol ]?) GRAD(9') - F~1 - (nfoy)

—Jn'0'al, Dypr — J0'al, GRAD(pg) - F~1 - (n'o¢) — n*peDyJ

J
—ﬂ GRAD(nf) - F~' - (n'¢) + J GRAD(q") : F~7 — Jk(6° — 6") = 0. (4.185)
f
2 Recall that p™9 = Of’ such that nfpBR = pfr = %, the last of which is equivalent to nf6* K¢ (al,)? when

the definitions of, := 1/6" and K{ := p; are used.
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As such, the strong formulation for the balances of linear momenta, mass, and energies, assuming

a linear thermoelastic solid constituent

written as follows:

(8) =

Find u(X,t) € 8%, ps(X,t) € SPf,
05(X,4) € S, and 07 (X, ) € 89",
with ¢ € [0, T], such that:

DIV P + pog — poa

u(X,t)

P(X,t)  N(X)

u(X,t=0)
v(X,t=0)
a(X,t=0)

f
—Jal, [nfDy6f + GRAD(F) - F~1 . (n'5 A DyJ
v 10" + (C) (nvf)]+K0 tpf + Dt
f

J —1 (s £ -r
+F GRAD(pg) - F - (n'v¢) + JGRAD (n'v¢) + F
i

pe(X,t)

—[JF71 - (nfop)] - N
pe(X,t =0)
pe(X,t=0)

kel s
(Ks lag, 6°

e e
phcy Dio® + + e g + Q) Ded

+J GRAD(q®) « F~T 4 Jk§ (6% — 6F)
+@ + J;% GRAD(nf) - F~1 . (nfay)
0%(X,t)

—(Jg®-F~T). N

6%(X,t =0)

65(X,t =0)

(ot + anfof K (at,12)D6f + (pfRcf, + J6f Kf (ol 12) GRAD(6Y) - F~1 . (nfoy)
—nSpeDed — % GRAD(nf) - F~1. (nfop)
—JnfDyps — JGRAD(ps) - F~1 - (nfoog)

+J GRAD(q") + F=T — Jk5(6° — 6F)

of(x, 1)

—Jgt - FT). N

of(x,t=0)

6f(x,t=0)

and a compressible liquid pore fluid constituent, may be

—0c¢ B,
=g“(X,t) on Iy,
=t7(X,t) on l"(t),
=uo(X) € By,
=wvo(X) € By,

=ao(X) € Bo,

=0 € Bp,

=gP(X,t) on l"g,

= Q¢(X,t) on Fde s
= pr,0(X) € Bo,

= pg,0(X) € Bo, (4.186)

=0 € Bo,
_ 0% 0%
=g" (X,t)onTgy ,
6
0 Q¢
:QS(X,t)onl"oﬁ',
=605(X) € Bo

= 65(X) € Bo

=0 € By
f f
=g% (X,t)onT§ ,
0
= QU(X,t) on TF
=05(X) € Bo

=65(X) € Bo .

Let G(us, pr, 0%, 0%, w!) be the variational form of Equations (4.186);_¢ such that

G:S' xS xS xS x V' SR,

(4.187)

and let J (us, pg, 0%, 05, w?) be the variational form of Equations (4.186)12_16, such that

T8 x 8" x 8P xS x VP SR,

(4.188)
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The variational forms for the mixture momentum balance and the solid energy balance remain
unchanged from the ideal gas pore fluid model—refer to the previous section for details. Let

H(ui, pg, 0%, 0%, wPr) be the variational form of Equations (4.186)7_11 such that
H S xS x ST x SY x VP SR, (4.189)

This variational form changes slightly from the previous section in that the pore fluid volumet-
ric CTE and pore fluid isothermal bulk modulus may not be replaced by the inverse pore fluid

temperature or pore fluid pressure, respectively. Therefore,

. 90"
H(ui, ps, 0%, 0", wPr) = —/wpfjafv <nth(9f ax; I '(nf Z(f))> av
Bo
Jnf J Opy
+ /wpf <K’f9pf —+ J) dv+/wpf03X1F12 (n ’U,L(f)) dv
Bo BO
A Dt
oxX; J (n" o)) Fp; ' dV — /w QidA=0. (4.190)
Bo re

Let K(uj, pr, 6%, 6%, wef) be the variational form of Equations (4.186)17_21, such that
K:8% x 8" x 8P xS” x V' S R. (4.191)

Then, we may write the variational form of Equations (4.186)17_21 as

f

]C(uiapfvgs)ef?we ) = / (pOCV + Jnfefo[ ] )Dt@f dVv

Bo
+/ (,0 A+ I Kol ])aef( ) Ftdv
0 Cv f X, b)) F'ri
Bo
9f s Oprf 871
—/w nprtJdV—/ GXI( bie)) Fr;t dv
Bo BO
Ipt
- / w” Jn! Dypg dV — / J(?T(n Ty ) Fry b dvV
Bo BO
+/w Jg)(? Frtdv — /w9fjkg(95—9f)dvzo. (4.192)

BO BO
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The gradient of the pore fluid heat flux is weakend using chain rule and Equation (4.186)19, such

that Equation (4.192) is written as

K(uivpf> 987 9f7 wa) = /'UJ(Qf (p(f)Ci/ + Janfo[aﬁ/]Q)Dth dVv
Bo

¢ oot ;. _
+ /w9 (PR, + J@fog[a{/]Q)a—XI(nfvl(f))Fhl dV
Bo
¢ Jpr On .
- / w? nSpeDyJ AV — / w” S (noye)) iy dv
BO BO
- / w” Jn' Dype dV — / wefjgif](nfﬁl(f))FhldV
Bo BO
ow” fa—1 0f 71e/ps f
Bo BO
- / W QldA=0. (4.193)
r%

0

The formal statement for the variational forms G, H, J, and K—assuming nearly-inviscid pore

fluid, ay = a5 = a, isotropic thermoelasticity of the solid, and a compressible liquid model of the



pore fluid—may be written as follows:

Find ui(X[,t) e S, pf(X]7t) €SPt

05(X1,t) € S, and 0f (X ,t) € 8%, with ¢ € [0, T], such that:

GS
/w poalclVJr/a i PZSI(E>dV /6 L JpeF (EnSJrnf)dV
Bo

s 08
—/w}fpogi av — /w;‘tjE dA—/wz‘prFI_il(ﬁns—l-nf)N] dA | =0,
B F(t) t

o6t
—/wPfJag (nthQf +ox; 1 o (nf vz(f))) dV+/wpf <K6 Pr+ J) av
Bo
J Ops OwPt
+/ Pf— K? 90X, Fh (n Bi(gy) dV — TJ(n U.L(f))F dv — /wprfdA—O
Bo Bo rof
Lo
s L ) S Kskcla o ) 0
/w‘9 pacﬁ/DthdV—i-/we (7V+nbpf—f+Q)DtJdV
J [
Bo Bo

LA NP " Jk5(6° — 6%) d

o, JaTi v+ [ e (65 — 0') dv
Bo

o J(nfor)? 6% p; onf .

] f f~ /] 0 _
+/w war/ Jﬁ—fa?}?h (nBir)) AV — / w” QYdA =0,
Bo Bo Qf

Jnfof K¢ D:6f av of { +J0'K? L F-lav
(Pocv+ n 1ot 1?) Dy + [ w? (pfel, + ?lod ])TXI(" Bie)) Frz
Bo

[ nipeDigav — [ IO )F_ldV— o Jnf Dypg dV

w” n°pgDy ot 0X; n Oye)) Fp; w” Jn' Dyps

Bo

—/waJg—;fI(nfﬁi(f)) v — /—qu Slav — /w Tk (65 — 67) dv

Bo

- / w? Q0dA =0

rof
holds Vwi € V¥, VwPt € VP1, w? € Ves, and w?" S ng with
S% = (u; : Bo x [0,T] = R®, u; € H, u;(t) = g¥(t) on ¥, ui(X1,t =0) = u; 0(X71)),
SPt = (ps: Bg x [0,T] = R, pr € H, pe(t) = gP(t) on Fg, pe(Xr1,t =0) = pro(Xy)),
S =(0°:Bo x [0,T] - R, 05 € H', 05(t) = ¢ on T§, 05(X,t = 0) = 05(X7)),
S = (6" : By x [0,T] - R, 6F € HY, 67(t) = ¢ on T, 6'(X[,t = 0) = 65(X 1)),
VU= (wd: Bp — R3, w¥ € H, w¥(t) =0 on I'Y),
VPE = (wPf : By — R, wPf € H, wPi(t) =0 on I'}),
VO = (w? : By —» R, w? € H!, w? (t) = 0 on ng,

Vo' = (wgf 1By — R, w € H, wgf(t) =0on Fgf.
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(4.194)
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In the FE implementation that follows, it behooves us to simplify the variational forms, such that

G = GINT L gINT gINT 4+ GINT 4 GEXT | GEXT _
H=HIT +HNT + 1T + 1T+ HYT +HET 1T =0,
(4.195)
J = JINT | gINT 4 gINT | 7INT | gINT , gINT 4 7EXT _ g
K=K+ 5T+ 1T + T + KT+ KT+ T 4+ T+ PR =0,
wherein G, J remain unchanged from the previous section, and
Jnf .
HINT /wpf (Zp‘f + J> v
Kf
Bo
J Opr 1, ¢
INT _ 1/ f
Hy ~ = wPE ?fe X Fh’ (n Ui(f)) dV
Bo
OwPt 8pf _
INT _ 17 1
Frk—— d
s 0X1 TE 0Xk v
Bo
HINT [ 99 e R (a; — i) dV
4 aX[ Ii ©P g ’ (4196)
Bo




and

S / w” (phely + In'6'Kf [}, ]*) Dif" av

Bo
INT 0f ( R _f fr-01,f 12 09" f~ -1
Ky = [ w” (pg ey + JO Ki[ay] )TXI(H Ui ) Fr; dV
Bo
KNT = — / w’ nSpeDyJ dV
Bo
INT or Jpr On' ¢ 1
K4 :—/w FTX](” Tin) Fr AV,
Bo
KINT — / w” In'Dypg dV
By
INT ot 7 Opr (o -1
ICG = —/w Jai)([(n vi(f))F[i dV,
Bo
ow’
INT £ p—
Bo
JINT _ _ / W JRE(0° — 6F) dV
Bo
KEXT = / w” Qf dA
Qf

132

(4.197)
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In the case of 1-D uniaxial strain, i.e., the underlying assumption for the proceeding FE model, the

above terms simplify to the following;:
X=H It
JINT / WPt <n9pf+j)AdX,
K
0

T
Hy'T = /wPfKeaif( o) AdX
[ owrt .
HINT = / o a}; FilAdX
0
X7H8 »
f
HINT - (a+g) AdX, (4.198)
0
owr b onf 0
INT _ whr n i(,_&
o = | Bx aPaxin (1 ef)AdX’
0
s 00"
HINT = / wpra€/< thQf—i—a—X(nvf) )AdX

HXT [ wrQida = Qua,

Qf
1_‘0



and

4.1.6

X=
/
X=
/
X=
/
X=
=— / w‘gf%(nfﬁf)AdX,
h
/
X=
/
/

w? (phe, + Tnfo'KE ol )2) D0 AdX

o6t
w” (pel + 0 Kf o} ) 5 (n' i) AdX

wgfnsprtJA dXx,

ot Pt Ont

w® JnthpfA dX

0X

ef
CcdAax.

w? Jks(6° — 0N AdX

W' QldA = QlA.

of
0

(u-ug-p-6°-0") formulation

134

(4.199)

Herein, baroclinic pore fluid constituent is assumed, i.e., p™ = pT(py, 67). Locally inhomoge-

neous temperatures are also assumed. The strong formulation for thermoporoelastodynamics has
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the solution space

S = (u:Byx[0,T] =R we H', u(t) = g“(t) on T¥, u(X,t =0) = uo(X)),

SU = (ug: By x [0,T] — R?, up € H, ug(t) = g“(t) on T, ug(X,t = 0) = ug (X)),

SPt = (pr: By x [0,T] — R, pr € H', pe(t) = g*(t) on T}, pr(X,t = 0) = pr (X)), (4.200)

S” =(0°:Byx [0,T] =R, 65 H', 65(t) = ¢” on TV, 65(X,t = 0) = 65(X)),

S" = (0" Byx [0,T] = R, 0" € H', 05 (¢) = ¢ on T, 0"(X,t =0) = 05(X)).
Derivations of constituent energy balances were carried out in Section 4.1.5; the difference in this
formulation lies in the pore fluid energy balance. With the inclusion of a governing equation for

u¢, we have chosen in this formulation to include pore fluid extra stress 0'% and not to substitute

the balance of mass of the pore fluid for the div v¢ term.

Derivation of the fluid phase energy balance. We may write the balance of energy for the

fluid phase as
p'Dief = of 11y — divgl + pfirf + & (4.201)
Assuming no heat source !, and making use of Equations (3.43)s, Equation (3.72), we may write
P (DIt + 0 DIyt + ' DO = (o — penf1) 1 1y — div ¢ + K5 (6° — 6F). (4.202)
Expansion of the fluid Helmholtz free energy term in Equation (4.202) yields
0 ot

f
Dyt (p™,6") = E);/;RDfpr + 5 DIt (4.203)

Making use of Equations (3.34)s5 7 and Equation (3.41) allows us to write Equation (4.203) as

p
Diy! (o™, 0") = (pfpf)szpr — ' Dief . (4.204)

Thus, with some simplification of the r.h.s. of Equation (4.202), we may write

ot <9fD£77f + (plf)é)Q Dfpr) = o'y dy — pent div o — div ' + E5(6° — 6. (4.205)
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At this point, the terms on the Lh.s. of Equation (4.143) require a constitutive form for the pore

fluid in order to be further simplified.

The ideal gas model. For the ideal gas pore fluid, recall

f pr
nt=¢c n ——Rln—F. (4.206)
% Po
Then
fo)‘i pf

0 Diy' = cf, Dfg" — p—fRthpr — o, Digf — (pr)2thpr. (4.207)

Thus, the energy balance for the pore fluid may be written as
pley (Dfef + grad(6') - 'TJf) — ol dp + pent divog + divg' — k5(6° — 65) =0, (4.208)

which we may convert to the reference configuration of the solid skeleton By (dropping also (+)s and

(+)® for convenience, where appropriate):
ol (D,ﬁf + GRAD(4') - F1. f;f) — Job,  d; + Jpn' GRAD(wy) : F~T
—JE5(6° — 0') + JGRAD(¢") : F T =0. (4.209)

As such, the strong formulation for the balances of linear momenta, mass, and energies, under the
assumption of a linear thermoelastic solid constituent and ideal gas pore fluid constituent, may be



written as follows:

(&) =

Let G(ui, uy¢y, pt, 0%, 0", w!) be the variational form of Equations (4.210);_g such that

Find w(X,t) € SY, us(X,t) € SUf, pe(X,t) € SPt,
05(X, ) € S%°, and 0f(X,¢) € SO,

with ¢t € [0, T], such that:

DIV P + pog — (pja + phar)

u(X,t)

P(X,t) N(X)

u(X,t=0)
v(X,t=0)
a(X,t=0)

phag — DIV P4, + gnf GRAD(py) - F~1

S f 2
+Jps GRAD nf(l - Z—:) CFTl g (nk) (vr —v) — phg

ug(X,t)
ug(X,t=0)
ve(X,t=0)
ap(X,t=0)
,%[nthef +GRAD(0") - F~1 - (nfop)] + %Dtm o
-s-pi GRAD(pg) - F~1 - (nfor) + J GRAD (nfog) . FT
f
pe(X, 1)

—[JF~ 1. (nfog)] - N

pe(X,t=0)
pe(X,t =0)
Kskclas 0 0
Poet Di0® + (T 4+ npr gy + Q) De

+J GRAD(q®)  F~T 4 Jk§(6° — 6%)

J f\2 s
- (z) (vf—v)2+JEp—i GRAD(nf) - F~1 . (nfag)
n

05(X,t)

~(Jg° - FT).N

05(X,t=0)

65(X,t =0)

phct, (Dtef + GRAD(6f) . F~1 -f;f) — Joby, « d¢ + Jpgnf GRAD(vg) - F~T
—Jk5(6° — 6") + JGRAD(q") . F~T

0t (x,t)

~(Jq" - F~T) - N

of(x,t=0)

6f(x,t=0)

G:S" xS xS xS xS x V¢ 5 R.

=0¢€ By,

=g“(X,t) on T¥,

t?(X,t) on FE’),
= uo(X) € Bo,

vo(X) € By,

=ao(X) € Bo,

=0¢€ By,
:guf(X,t) on Fgf s

= ug o(X) € Bo,

ve o(X) € Bo,

=a¢ o(X) € Bo,

=0 € By,

p
gP(X,t) on T,

Q
=Q¢(X,t) on Tt
= pf,0(X) € Bo,

= pf,0(X) € Bo,

=0 € By,
=g95(X,t) on I‘gs,
:Qg(X,t) on F?g,
=05(X) € By

=605(X) € By

=0 € By
— ¢ (X, on g,
= ng(X,t) on 1"0Qf N
=06l(X) € By

=65(x) e By.
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(4.210)

(4.211)
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We may then rewrite Equations (4.210)1_¢ as

, OP; y
G (i, wigr), pr, 0%, 0, wi) = /wé‘(ﬁ%ai+p5ai(f))dV+/w?an /w,- pogidV =0.

Bo Bo Bo

(4.212)
Weakening of the first Piola-Kirchhoff stress of the mixture and subsequent decomposition proceeds

as before, such that Equation (4.212) is written as

S u u S 8wl S 8“)
G (wi, wiry, pr, 0%, 0" wy) = /wi (Poai‘i‘ﬂgai(f))dv‘f' ox,  iE B dV + 09X, Pu(E) av
Bo Bo Bo
ef
—/w;-JprFI_il <§ns+nf> dV—F/w;Lpogi av
Bo BO

s f f
- /w?t;’E dA—I—/w;‘t?E dA—/w;-prJFI_il<zSnS+nf>N1dA =0,

' N g
(4.213)

where use has been made of the locally inhomogenous temperature first Piola-Kirchhoff stress of

the mixture,

S — ef
Pir = Py + Pl — IoeFy,! (f

o nf> . (4.214)

Let T(us, i), pr, 0° ,0%,w") be the variational form of Equations (4.210)7_1; such that
T:8" x 8" x 8 x 8 x 8 x Vy 5 R. (4.215)

We may then rewrite Equations (4.210)7_1; as

oPL,
I(uiuui(f)apfaes79f7w?f) :/w;u‘fpgal(f) dV—/wZLf = )dv+/wffj fapf Fll av

aX[ 3X[
Bo Bo Bo
u onf 05\ __ ue (0t 2
[t =g+ s
BO BO
- /w}‘pggi dV =0. (4.216)
Bo

Let H(uq, wir), pr, 0%, 6%, wPr) be the variational form of Equations (4.210)12_16, such that

TSP xS x SU x S x VP 5 R. (4.217)
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The variational form only changes from the one in Section 4.1.5 in an implicit manner (Darcy’s law
is now a function of pore fluid acceleration a¢, rather than mixture acceleration a = as = a¢, and

also includes the pore fluid viscous stress contribution). Thus we may write Equation (4.210)12_1¢

as
J 06"
H(us, ey, pr, 0%, 0, wr) = /wpfef <”th9f 9X; At (0f ())) av
Bo
Jnf . . J Ope f
+ [ Wt —pr+J dV+/ ——F. " (n'0yp) dV

/ (pf Pt ) oo, L1 (1)
80 0

Jwrt

X, J (n"yp)) Fp;t dV — /uﬂ’f@f dA=0. (4.218)
Bo F(()?

Let J (u;, uyey, pr, 0° ,0% w”) be the variational form of Equations (4.210)17_21, such that
T 8" xS xS xS x V" S R. (4.219)

The variational form for the balance of the energy of the solid constituent only changes from

Section 4.1.5 in that the porosity gradient term need not use the Darcy velocity, such that

s pf 6% 0% s s s 0° KSkela%/HS s 0°
j(ui,ui(f),pfﬁ O, w” ) = | w pyey, D6 dV + | w (f +n pfﬁ + Q)DtJdV
B() BO
8’[1) 0° 711.€(pS f
a6 AV [ Tk o) av
Bo BO
sJ(nf)Q 0° 8”
0 2 1
/U} ];; (’Ui(f) *Ui) dV+/w JﬁfpfﬁX Fz (’Ui(f) —vi) dv
Bo BO
- / w”QYdA =0.
&

(4.220)

Let K(ui, u;s), pr, 0%, o, w(’f) be the variational form of Equations (4.210)22_26, such that

K8 x 8" x 8P x 8" x V' SR, (4.221)
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We may then rewrite Equations (4.210)92_2¢ as

o0t
K(uiaui(f)vpf79870f7w0f) = /wefﬂgcﬁ/Dth dVJr/wengC%/%Fﬁl(Ui(f) —v;)dV
Bo BO
8Ui 8 of

—/JUfj(E)dmf) dV+/w9fJnfpf aX(?Fﬁ-ldV— OL)QJQfFBIdV

B() BO BO
- /wekazg(Gs —ohav — / w”QldA =0,

Bo Fg)?

(4.222)

where a repeated derivation of the weakening of the pore fluid heat flux term has been ommitted

(refer to Section 4.1.5 for details).
The formal statement for the variational forms G, Z, H, J, and K—assuming isotropic
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thermoelasticity of the solid and an ideal gas model of the pore fluid—may be written as follows:

Find u; (X7, t) € Y, uy) (X, t) € SUf, pp(Xp,t) € SPE,

s . f
05(X1,t) € 8%, and 6f (X, t) € s" , with t € [0, T], such that:

ps owi ¢
/w (Po“z+Poaz(f>)dV+/ BX Pir(m) dV+B/ TXIPU(E) av
0 0

X7
0 Bo
w,o% w, ok u _10° £
— /wi'tiEdA+/wi tiE — /wi'prF“ (G—fn +n )NI dA| =0,
rh g g
. apf I s}
/w;‘fpf)am) dV—/w:fﬂdVJr/ w gnf 2L gl gy
X, X,
Bo Bo Bo
£ 2
anf 0% ( )
f uf
+/w prax (1 gf)F“ dV+/w J (Wigry — vi) AV — /w phgsdv =0,
Bg . Bo . Bo
20 J )
/wpff nIDof + F  (nf5p) dV+/wpf e+ J)av
oxy ’ Df
Bo
J dps 1, ¢ P —1
+/ — ——F;. (n'y, J(n' v, F.dvf/wpf dA =0,
oe DX} i (1 Tig)) ox; (n" i) Fry . Qf
F(?f
Kskel VGS s 6
/w p5cy, D1 6° dV+/ +n pr+Q)DtJdV

03
— 03 E
75/ o, Jai Fr; dV+/w Jk§(6°5 — 6%y av

: sJ(n) 6 onf _ s
_/ 0 (igey — vi) dv+/w9 Jgfpf Frt(vigry — vi) dV — / wQlda=0,

Xy
By By Qf

of —1
w pochtG dV+/w pocva (’Ui(f) vi)Fp,~dv
Bo Bg .
£ f v, aw?

0 f 0 f i) -1 w f—1
7/111 Jo—q‘,_j(E)dz‘j(f) av + /w Jn pfaTF“ dV*/ X Jq; Fp;” dV
: I I
Bo Bg

f f
7/w6 JkG(0° — 05y dv — / w? Qlda=o0
af
To
P s f f
holds Vuw} € V¥, Vuw!f € VU, VwPt € VPf, w? € V% and w® € V? with

SY = (u; : Bo x [0,T] = B3, u; € H, u;(t) = gf(t) on Tf, u;(Xp,t = 0) = u; o(X[)),

SUE = (uypy : Bo x [0, T] = B3, wygy € HY, uy(p) () = g;/T (¢) on TgT, wye) (X1t = 0) = uy(),0(X1)) s

SPf = (pg : Bo x [0, T] = R, pr € HY, pe(t) = gP(t) on T}, pe(Xy,t = 0) = pro(X1)),
S =(0°: By x [0,T] = R, 05 € HY, 05(t) = g% on 18", 65(X;,t = 0) = 05(X))),

SO = (0f . By x [0,T] = R, 6f € HY, 0f(¢) = %" on rg 08X, t=0) =6f(x1)),

VU = (wl By — R, w¥ € HY, wl(t) =0onTY),

Vit = (wit By — R, wit € HY, wf(t) = 0 on 1),

VPE = (wPf : By — R, wPf € H', wPf(t) =0 on T5),

VO = (w® By = R, w? € H, w® (t) =0 on I,

f f f f f
v = (w? By - R, w e H! W (t):Ooan

(4.223)
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In the FE implementation that follows, it behooves us to simplify the variational forms, such that

wherein

G = g%NT + géNT + gINT + gINT + gINT + gi‘EXT + g;EXT + gEXT

I=T"" + T + T+ N+ INT + X T =0,

Ho=HINT + HINT 4 yINT  gINT g INT g INT g INT | yBXT _ (4.224)
J = jINT + jINT + jINT + jINT + jINT j6INT + jEXT -0 ,

K= K:{NT + ]CéNT ]CINT + ,CINT ICI7NT + ,CéNT + ICEXT — 07

GIN" = [ wl(pai + pai) av

Bo
ow¥
INT _ i ps
Bo
ow¥ 03
INT i
g3 aXJf <0fn +n>dV
Bo
PR
Bo
gINT B aw? ot v (4.225)
5 7 | ox, @) )
Bo
GEXT — / witlE dA
g
95
GEXT _ _/wyjpfFu(efns n nf>N1 dA
I

GEXT — / “t"E dA,

T



and

and

I{NT = /wffpgaz(f) dV,
Bo
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9
TINT — / wi Jnf 22 gy

00Xy
Bo

£12
N = /w?fJ(n]%) (vi(r) — vi) AV,

B
’ (4.226)
N — - [l pfgiav,
Bo
INT ug 8Pifl(E)
7 —/wi ox; av,
Bo
ont 63
INT _ wg _ U\t
1 —/wi g (1- ) Frtav,
Bo
J f
{INT / wPt <”p'f+ J) v,
P bt
0
J Opr _1, ¢-
INT _ e’ F1l(pt dv
e / pr0X; 1 (" 00)) AV,
Bo
OwPt _12 Opr
INT 1 1
= | —JF; 'k Fo-d
HS 8X]J I3 8XK K1 V’
Bo
6wpf A
HZIlNT - 8X] ']szlkp (az(f) - g’L) dV’
Bo
\ 4.227
HINT - _ 8wpt E 1 'U(E) F_-l dv ( )
5 ox;nt” 1t 9x,; i T
Bo
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and
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TN = [ W phevDisav,
Bo

< Kskel s s g3
JINT _ /w‘) (% + iy + Q)DtJdV,
Bo

95
INT _ ow

e JFd
8X]qu I V7

(4.228)

K%NT = /wefpgcaDté’f av
Bo
o6t
ICINT:/ of t f o — ) LAV
2 . w pOCVaX[(Uz(f) v;) Ii )
0

ov;
INT of 7 f i(f) -1
K3 :/w anfa IF” dv,

Bo

INT of 7 _f
Bo

INT _ ou” fp—1
’C7 = — TAX,IJ(]ZF]Z V,
Bo

KINT — / w? Jk5(6° — 05 dV
Bo
KEXT = — / w QA .

Qe
Iyt

In the case of 1-D uniaxial strain, i.e., the underlying assumption for the proceeding FE model, the
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above terms simplify to the following;:

X=H
Q{NT: / w'poaAdX
0

X:H8
INT _ w"
GINT oy FlimAdX.
0
T 9
,wu S
GINT _ _ apr<0fn +n)AdX,
0
X=H
gt = / wpogAdX , (4.230)
0
X=H
gt = [ 2pr o aax
5 - aX 11(E)

GEXT — / wtB dA =tE A,

GEXT — _ / w“pf(ﬁns + nf) dA = pf<—ns + nf>A, GEXT — /w“t"fE dA = tU%A,
T} o

such that

GEXT | GEXT | GEXT _yo 4 (4.231)



and

INT __
Il

INT __
z’-2

INT
IS

INT __
I4

INT __
I5

INT
IG

H
w phagAdX

T

Ops
a—XA dX ,

ug nf

T

2
w“fJ(n]%)(vf —v)AdX,

H
w“fpggAdX,
H
oPL

w1 g gx
Y Tax ’
" ont 0

up, O (1 O
w pfaX<1 Hf)AdX’

S T o o o o o7
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(4.232)
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X=H Jf
HINT / WPt <pnpf+J>AdX,
0
o1
DE g
H%NT = / wpf];a—X(nfo)A d}(7
0
T owr .
INT _ wh S Opr
i _/ R P AdX
0

0X

Pt
N = [ S ™ () Adx,
0

(4.233)

Ha e j. Oot
f
HINT = / W TE) pd g x|

0X nf 0Xx

X
owP k onf
INT
- ] ax fpfaXFﬂ(

J ol
INT _ _ pe [ pf |

W”z/w@wz@A
rd

G

HS)AdX,

(n vf)> AdX
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; Kskelas A 63
INT _ (% Vv S
jg = / w (f"‘?’b}?fﬁ"ﬁ‘@)DtJAdX,
0
X:H8 o
INT we s
= — ——¢°AdX
7. / ax ! ’
0
X=H
TINT — / O Jke(0° — 0" AdX (4.234)
0
X=H J f\2
JINT — _ / w?” (Z ) (vf — v)?AdX,
0

<05 onf
INT 0
T = / w ﬁpf—aX (vf —v)AdX,

g =~ [ Qlaa=qla,

ro*
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and
X=H
JCINT / wefpgcﬁ/DthA X
0
X=H
INT ¢ 00" —1
Kt = w’ pocvaX( —v)F; AdX,
0
X=H o
INT _ Jve
0
X=H
JOINT _ wef” (%) (kg + 2ue) A dX (4.235)
4 J 8X f f ) .
0
X=H
ouw’
INT £
- qgAdX,
o / ox 1
0
X=H
KINT — / w? Jk5(6° — 0N AdX
0
KEXT — / w” QldA = QlA
r%

The compressible liquid model. For the compressible liquid pore fluid model, recall that

9f Kﬁaf
i = n <0f> i fva,
P (4.236)
™ = pftexp [0 — algl]
f
such that
1
DR =) <K9D{pf aﬁ/Dfﬁf),
(4.237)
K{6*
0Dl = o, Dl — o it ( Dt pr — afvpfef) .
p
Then the left hand side of Equation (4.143) simplifies to?
y4i
(p'ct, +nfal [l K00" — pi])Di6 + <ﬁ - a%&f) Dip. (4.238)

f

3 As with the (u-ps-0°-0") formulation compressible liquid model, note again that when of, := 1/6% and K¢ := py,
the term in brackets evaluates to zero and the second parenthetical term evaluates to zero, such that we recover the
ideal gas model.
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Thus, the energy balance for the compressible pore liquid may be written as
(p'ed, +ntal (ol K20' — p])(D56F + grad(8') - o)

bt -
' (5 — ab0") (Dipe + grad(pr) - )
f

—olydy + ppnt div oy + dive — E5(0° —6") =0, (4.239)

which we may convert to the reference configuration of the solid skeleton By, dropping the appro-

priate (-)® and (-)s designations, as follows:

(phet, + Jnfal [of, KO0F — p])(Dy0F + GRAD(OY) - o) - F~1
—i—Jnf<p—f‘9 - a;9f> (DSpg + grad(py) - v - F71)
Kf
—Jo'ly i di + Jpen! GRAD(vg) : F~T — Jk5(6° — 6F) + JGRAD(¢") : F~T = 0. (4.240)

As such, the strong formulation for the balances of linear momenta, mass, and energies—under the
assumption of a linear thermoelastic solid constituent and compressible liquid pore fluid constituent—



may be written as follows:

(8) =

The variational forms for G,7Z, 7 remain unchanged from the ideal gas formulation. Let

Find u(X,t) € 8%, ug(X,t) € S¥f, pe(X,t) € SPf,
05(X,¢) € 8%°, and 0F(X,¢) € 8",

with ¢t € [0, T], such that:

DIV P + pog — (p§a + phar)

u(X,t)

P(X,t) - N(X)

u(X,t=0)
v(X,t=0)
a(X,t=0)

phag — DIV PL + Jnf GRAD(p;) - F~1

21 e 0

+Jps GRAan(l - ?) CFl 4y

(ve —v) — phg

k
ug(X,t)
ue(X,t=0)
ve(X,t=0)
as(X,t=0)

f
—Jaf, [nfD.6f + GRAD(6') - F~ 1. (nf% Jn
v t0" + (0°) - F (n*o¢)] + 70 Dypg + DiJ
f

J 1 fa £ T
+F GRAD(pg) - F~* - (n'9¢) + J GRAD (n*v¢) « F
£
pr(X, t)
—JF~Y  (nfop)] - N
pe(X,t =0)

pe(X,t =0)

KSkCIOLS{,HS
J

+J GRAD(q®) + F~T + Jk§(6° — 6%)

0°
s s s s
pPocy Dt0° + ( + nps of + Q)DtJ

—J(an)Z(Uf —)? 4 JZ—?% GRAD(nf) - F~1 . (nfo;)
05 (X, t)

~(Jg* FT) N

0%(X,t = 0)

65(X,t=0)

(phel, + Infal (o}, Kf0F — pe)) (D6 + GRAD(O) - o¢) - F1

+Jnf(% - a§/9f)(Df:Df + grad(pg) - B¢ - F 1)
f

vdp + Jpenf GRAD(vg) « F=T — Jk§(6° — 6F) + JGRAD(gf) . F~7T

of (X, t)

- of £
—(Jq' - F )N =Q (X,t)onfc?,

of(x,t=0)

6f(x,t=0)

—0eB,
=g“(X,t) on Fg,
=t7(X,t) on Fé,
=wuo(X) € Bo,
=wvo(X) € By,

=ao(X) € By,

=0¢€ By,

=gy (X, 1) on It
= ug o(X) € Bo,

= wvg o(X) € Bo,

=af o(X) € Bo,

=0 €Byp,

= gP(X,t) on Tf,
= Qi(X, 1) on TFF
= ps,0(X) € Bo,

= pt,0(X) € Bo,

=0 € By,
0% 6%
=g” (X,t)yonT{ ,
6
0 Qs
= Qg (X,t) on FOq s
=05(X) € By

=65(X) € By
=0 € By,

f f
=g¢% (X,t)onTY ,

=05(X) € Bo

=605(x) e By .

H(ui, wyey, pt, 0%, 6f, wPr) be the variational form of Equations (4.241)12_16, such that

HSP xS x S xS x VP SR,

151

(4.241)

(4.242)
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Thus we may write Equation (4.241)12_16 as

0
H(wi, wi(r, pr, 0%, 0°, w) = —/wprafv ( ‘DY + ;XFI (n Wf))) av

Bo

Jnf : J Opr 3
+/wpf <K%9pf + J> dV+/wprfaXfIFn1(”fUi(f)) av

Bo Bo

OwPt
%J(nfai(f))F;il dv — / w’QrdA =0. (4.243)
1

Bo o

Let K(ui, uy), pr, 0%, o, w(’f) be the variational form of Equations (4.241)22_26, such that
K8 x 8" x 87 x 8" x V' SR, (4.244)

We may then rewrite Equations (4.241)99_9¢ as

]C(Ui, Ui(f), Pt 95, ef’ wa) = /'UJQf (,O(f)Cﬁ/ + J'I’LfOéﬁ/ [aﬁ/KfQHf — pf])DtHf dv

Bo
ot/ £ f f f f 0 nf a‘gf
+ [ w” (poey + Jn ay oy Ky 6 —pf])aX Fr M iy — vi) dV
Bo
Jobd. o dV Jfa()F Lay — —8waF Lay
- Tij(m)%ij(f) @V + w’ ox, i X, 4;
Bo Bo Bo
—/wekag(HS—Qf)dV—/wefodAzo.
Bo F??

(4.245)
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The formal statement for the variational forms G, Z, H, J, and K—assuming isotropic thermoe-
lasticity of the solid and a compressible liquid model of the pore fluid—may be written as follows:

Find u;(Xr1,t) € Y, uy(p) (X1, t) € S"f, pp(Xy,t) € SPL,

o f
05(X,t) € S, and 6f (X, t) € 59 , with ¢ € [0, T], such that:

/w p0a1+p0a1(f))dv+/ BX ”(E) dV+/ 8X 1I(E) av

(e—n +n )dV* wi ; dV
8X JpsFr; oF y i P0gi
0

s f 95
w, o w,°f u —1 s f _
- /wvtv dA+/w-t. —/wiprF” (G—fn +n )NIdA =o,

rf FO
)
/w phase dV — /w ﬂdv+ /w“fJ 8?[ Frtav
Bo )
f
onf 6%

+ /wfprf7(1 f) Lav 4 /w“fJ( ) (Wicry — vi) dV — /w plgidv =0,
f oXrr 0 4 4

0 0 0

- a6t gnf
/w JaV n Dt9 +8X FIz (n v1(f)) dV+/ Kifepf+J dv

J 9 Pf .
+/ wPt = P g (ot ) av — / Ouw J(nfvl(f)) Lav — / wPfQrdA =0,

K 09X
F?f
Kskela 9s } 9s
/w p5cy, D163 dV+/ ernsprJrQ)DtJdV
Bo Bo
o F;.ldv-‘-/w"SJkg(es —ofyav

bJ(n) 65 onf _

*/ ¢ (vi(ry — vi) LiV+/w9 J fpfax Iil(vi(f) —v;)dV — / w
Bo Bo F?g

f
/ w? (p(f)cﬁ/ + Jnfaﬁ/[aﬁ/KfHQf - Pf])Dtgf av
Bo
f

f a6
+ / w? (pgcﬁ/ + Jnfai/[aﬁ,KfGGf — pt])
4 oXr
0

/JG'U(E)d”(f) dV+/w

Fi M (wiey — i) dV

6

Jnfpe “”F 1g Frtav
X1

/we Tk (6% — 65y dv — /w Qlda=o0
Qf

5 f f
holds Vw} € V¥, Vw,f € V¥, VPl € V£, v € VO, and w? € V' with

®Qlda=o0,

S = (u;: Bo x [0,T] = B3, u; € HY, ui(t) = g () on T§, wi(Xp, ¢ = 0) = u; o(X1)),

SUE = (uypy : Bo X [0,T] = B3, wygy € HY, uyie) () = g7 (¢) on TyT, wye) (X1t =0) = uy() (X)),

SPt = (pg :

S9° = (% :
f

= (6% :

Vv = (wi

ugp uf
VU = (w;

VP = (wPf

Bo x [0,T] = R, py € H', pe(t) = gP(t) on T'h, pe(Xy,t =0) = pg o(X1)),

Bo x [0,T] = R, 65 € HY, 05(t) = ¢°° on T8, 65(X[,t = 0) = 05(X1)),
Bo x [0,T] B, 6F € H', 05(t) = g% on 18", 6% (X7, ¢ = 0) = 05(X1)),
Bo — R3, wi € HY, wi'(t) =0 on I'y),

:Bo —» R, wit € HY, w;T(t) =0 on Iyf),

:Bp — R, wPf € H, wPt(t) =0 on I'}),

: Bg — R, w?® e HT, wes(t) =0 on I‘gs s

f f f
: By = R, w? e H!, w? (t):Oonfg

(4.246)
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In the FE implementation that follows, it behooves us to simplify the variational forms, such that

G = g{NT + g%NT + gINT + gINT + gINT + gi‘EXT + ggXT + gEXT

I=T"" + T + T+ N+ INT + X T =0,

H = IH{NT + fHéNT + rH;I))NT + HINT IH}L_)NT + HéNT + H%NT + HEXT =0 7
J = jINT + jINT + jINT + jINT + jINT L76INT + jEXT — 0’

K= K:{NT + ]CéNT /CINT + ,CINT ICI7NT + ,CéNT + ICEXT — 0’

(4.247)

wherein G terms are defined in Equation (4.225), Z terms are defined in Equation (4.226), J terms

are defined in Equation (4.228), and

f .
HINT = /wpf (Jngp'f + J> av,
Ky

Bo
J Ops
INT
Hs /w ﬁ@TF (””z(f))dv’
Bo
owPt Op
INT _ [ oW 9Pt
Hs ox; JF kaX Fre dV
Bo
OwPt
INT _
1L ax;  Fii ko™ (ae) = gi) dV
Bo
owP k oot
INT _ —1° " ij(E)
Hy ™ = ox, nt’ T Thx; FJJ av,
Bo
OwPs k ont 6°
INT _ P! Frel(1-—
e o, Fin P g P (1 e ) 4V
Bo
INT O S
H ' = wPtJay, | n D +87F” (n'Ti) ) AV,
T
Bo

(4.248)
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T = [ (el + b lol 20— D8 aV

Bo

KT = [ (phely + Inlallal Kefo -

Bo
8
INT gf ’L(f)
p— F
Bo
£
KT = / w’ Joi g dijr) AV
Bo
ow?”
KT = [ gy av,
Bo
KINT — /wefjke(e oHdv,
Bo
]CEXT _ / w Qf dA

pf])aiXI(”i(f) -

ef
9 v)FRdv

(4.249)
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In the case of 1-D uniaxial strain, i.e., the underlying assumption for the proceeding FE model, the

above terms simplify to the following;:
X=H I
’H{NT — / wPt (I?pr 4+ J> AdX,

0 f
X=H

[ 1
HINT = / wpr(,gi’(f, ) AdX
HINT = a g;; FilAdX
0
X7H8 »
f
HINT / 1} (ar +g) AdX
0

e (4.250)

ot
HINT — /8 ﬁf “() FilAdX,
0
=H

owPt k Onf 0
INT __
o' = X Mg i ( _E>AdX’
0
X=H

f
HINT — _ / wP Jod, (nthHf + gi((n w)) AdX

HEXT — / W QrdA = QA
ro



157

and
X=H
JINT / W (e + Tnfal [ K0T — pe]) Dy A dX
0
X=H
INT of /£ f £ f1 f 7-0pf 6"
Ky = / w” (pey +niay oy Ke 0" — pr]) 5= (v — v)AdX,
0
X=H 5
CINT _ / of £, OVt 4oy
3 w" npt 0X )
0
X=H E oy
INT _ pt T (OUp
KINT = / w5 <6X> (ke + 2u) A dX (4.251)
0
X:H8 o
JCINT _ _ / W tAdX
7 8X q )
0
X=H
KNT = — / w? Tk (6° — 0")AdX
0
KEXT = / w’ QdA = QIA.
r
4.2 Finite element implementation

An extensive overview of the finite element method (FEM) is given by Hughes [2000],
Zienkiewicz et al. [2005], Belytschko et al. [2014], Donea and Huerta [2003], to name a few. We will
use Bubnov-Galerkin to approximate the solutions to the weak formulations given in Section 4.1,

such that

y'e s (s cs,
(4.252)
w’ e (V) (vl v,
for general solution variable of interest y, where the superscript i denotes the FE approximation

(of some finite length scale) of said variable within the discretization (the mesh) of the domain 5.

It is also assumed that

w?h =0onlY, wah(xi) e (V). (4.253)
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4.2.1 Interpolation

As stated in previous sections, for uniaxial strain and unidirectional flow with axial symmetry,
our geometry of a column of porous lung parenchyma is reduced to one-dimension. Therefore, we
employ a one-dimensional finite element mesh to solve the variational equations above. For interpo-
lating our solution variables, we use standard Lagrange polynomials up to cubic order, and Hermite
cubic polynomials when appropriate (i.e., when C'' continuity is required). Displacements (of both
solid and fluid) can either be interpolated using cubic, quadratic, or linear Lagrange polynomials,
or cubic Hermite polynomials. Often we choose linear Lagrange polynomials for improved perfor-
mance and stability, at the cost of reduced accuracy compared to quadratic Lagrange polynomials,
unless C'!' continuity is required, in which case the cubic Hermite polynomials are employed. For
pore fluid pressure and phase temperatures, we stick to linear Lagrange polynomials since pressure
and temperature variables remain C° continuous for all forms of the variational equations.

Consider then a generic solution variable y(X (£)) interpolated across the local element coor-
dinate system &. For cubic interpolation, we have

Y6 1) = ﬁjlzvg@y;(t) - {N} ~ {y} , (4.254)

— Y~

1x4 4x1
where the shape function matrix
9 1 1 27 1
oo ] TEEFPEPED gl e-gie-nl
—LEFDE+S)E- D), To(E+ E - FE+ )

where “a” refers to local finite element “e” node number, A€ is the element length and y¢ are the

nodal values of y. For quadratic interpolation, we have

D = S N — {N} - {y} | (4.256)

a=1 N ;o\ ,
1x3 3x1
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where
1 1
Nl e i) (1.257)
For linear interpolation, we have
2
60 = S N = {new b {y | (1.258)
a=1 R .
1x2 2x1
where
NV .= {1 —& 1+ } . (4.259)
2 72
For the Hermite cubic interpolation, we have
4
Y& t) =D NY(©yi(t) = {N@vy} : {y} , (4.260)
a=1 R
1x4 4x1

where

NoY = {i( —ore+e. L0020, 0+ -0, Larer- 1+5)} , (4261)
where the jacobian of coordinate transformation j¢ = X" /0¢ = h¢ 6/2 for the initial finite el-
ement length h§. Next, consider the gradient of the generic solution variable y(X), such that
0y(X(€))/0X = (0y(&)/0£)(0&/0X), interpolated across the local coordinate system £. For cubic
interpolation, we have

ay ét ZBy et {Be,y} {y } (4.262)

1x4 4x1

where

19 9 27 9 1
(962~ 26 +3), —w<9§2+2§+3>,16§2+85—w} -

1
B@,y::'i _ T g2
Je{ f+ €+16 16

(4.263)

For quadratic interpolation, we have

ai:Bé’ )Yalt {Bw} {y } (4.264)

N—_—— N~
1x3 3x1
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where

1
B= = {5 2.+, —25} : (4.265)

For linear interpolation, we have
oyl (&, 1)
y 5 ZBy Yyl (t {Be,y} {y } : (4.266)

where
1 11
B¢Y .= .{_ } . (4.267)
J¢ 279

For the Hermite cubic interpolation, we have

P = 3 BUEWED) - {Beo}-{oe. (1.268)

where

ey ::1{3 J° 3 } A
B = € -0, 768 -2 1), - 3(E 1), T8 + 26 - 1) (4.269)

J°
4
Consider the second order gradient of the generic solution variable y(X), such that 9%y(X (¢))/0X? =
(02y(€)/0€?)(0%¢€/0X?), interpolated across local coordinate system £. Since this is typically only

included for equations that require C' continuity, we will only consider the Hermite cubic interpo-

lation?
82 h ,
3X§2 ZHy )Yalt {H@y} {y } (4.270)
—_—— ——
1x4 4x1
where
1 3¢ 5 3¢ j° }
H%Y = —— _ J . 4.271
(]6)2 { 2 (3£ )a 92 ) 9 (35_'— 1) ( )

Hereafter, the length of the vectors N®Y and B®Y will be determined by the number of degrees of

freedom, or n4%, of the solution variable of interest. Where the vector H®Y is present, the reader

4 SPONGE-1D has implemented second derivatives for Lagrange cubic elements, for the interested reader.
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should assume it corresponds to the Hermite cubic polynomial interpolation, and thus the length
is always 4. Pore fluid pressure and constituent temperatures are assumed to be evaluated at the
endpoints of the element, i.e., n?°¢ = n%% = n? ¢ = n? ¢ = 2. However, we allow degrees of freed

p » v Tdof T "fdof T "fdof T '"dof T ¢ ) grees ol Ireedom
(of the solid skeleton and pore fluid displacements) to vary, e.g., we may have nj’oef =3 and ng’oef =2,
i.e., three degrees of freedom (which will be interpolated using quadratic shape functions) for the
solid skeleton displacement and two degrees of freedom (which will be interpolated using linear
shape functions) for the pore fluid displacement. A list of element types with their corresponding

degrees of freedom can be found in Table 4.1 (note that not all element types are used in Chapter

5) with illustrations given in Figure 4.2.

Table 4.1: Acronyms for different element types.

| Element type [ s [ nfe [t [ nfes | nff | nfor |
Q3H 4 [N/AN/A[N/A[N/A[N/A
Q3 4 [N/A|N/A|N/A [N/A | N/A
Q2 3 | N/JA|N/A | N/A [ N/A [ N/A
Q1 4 [ N/A[N/A|N/A[N/A|N/A
Q3H-T1 4 [ N/A|N/A|] 2 [N/A|N/A
Q3-T1 4 | N/AN/A| 2 [N/A[N/A
Q2-T1 3 |[N/A|N/A| 2 |[N/A|N/A
QI-T1 2 | N/A[N/A| 2 | N/A|N/A
Q3H-P1 4 [ N/A| 2 [ N/A[N/A|N/A
Q3-P1 4 [N/A| 2 [ N/A|[N/A|NJ/A
Q2-P1 3 |N/A| 2 [ N/A|N/A|N/A
QI-P1 2 |[NJA| 2 [ N/A[N/A[N/A
Q3H-Q3H-P1 4 4 2 | N/A|[N/A [ N/A
Q3-Q3-P1 4 4 2 [ N/A | N/A|[N/A
Q3H-Q2-P1 4 3 2 | N/A[N/A [ N/A
Q3H-Q1-P1 4 2 2 | N/A | N/A [ N/A
Q2-Q2-P1 3 3 2 | N/A|[N/A [ N/A
Q2-Q1-P1 3 2 2 | N/A | N/A [ N/A
Q1-Q1-P1 2 2 2 [ N/A | N/A|[N/A
Q3H-P1-T1-T1 4 |N/AT 2 [N/A] 2 2

Q3H-Q3H-P1-T1-T1 4 4 2 N/A 2 2

Q3H-Q1-P1-T1-T1 4 2 2 [ N/A| 2 2
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u" u" u" u"
dg,TA dte dZT- d;T-
d iy
d 41 ¢ i
AP AR AR AR

4 d; °
4,1 ¢
e A
d 1
A e T e A | e A |
dszl dl | d1T3(1 d1TI(1

(b) (u-0) formulation element types

Figure 4.2: Schematic for different element types: (a) left to right: Q3H, Q3, Q2, Q1; (b) left to
right: Q3H-T1, Q3-T1, Q2-T1, Q1-T1.
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ou"
00X
U pfhe U pfhe U pfhe U pfhe
1® e, e ote,
e T n, I, ,
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4
0 1t
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(¢) (u-pr) formulation element types

Q

o

ou" Ou ou" ou"
X ax = ox _  9X
u"ptuf u"p u"p U
d3 T @T[e Tde d3 T @T[e TdBf dS' T ®T[e Tde
¢ 2 d ¢ 2 e 2
d4 4f d4 d4
® ® Td;
d |4 4 d,
e T[e ¢ e T[e e e T[e e
dz T@ ITdu d1 T@ lelf d1 T@ ITdu
W w W wr u
([ J @ ( J ([ J
d3 T OngTdS’f d3 T OT[ZTdZ d4 T OT[; d4f d2 T OT[;Tde

d;T

ef
at@ile, al@ile, i@l 1@,

(d) (u-u¢-pr) formulation element types

Figure 4.2: Schematic for different element types (cont.): (c) left to right: Q3H-P1, Q3-P1, Q2-P1,
Q1-P1; (d) left to right, top to bottom: Q3H-Q3H-P1, Q3H-Q2-P1, Q3H-Q1-P1, Q3-Q3-P1, Q2-
Q2-P1, Q2-Q1-P1, Q1-Q1-P1.
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ou"

2s/f

da |0,

2 1s/f

s

ou'"

3 2f
e T[e
2
d4 ﬁe
2s/f

a'@ild,

(e) (u-pe-6°-6%) formula-

tion element types

(f) (u-us-pe-6°-6") formulation element types

Figure 4.2: Schematics of different element types (cont.): (e) Q3H-P1-T1-T1; (f) left to right:
Q3H-Q3H-P1-T1-T1, Q3H-Q1-P1-T1-T1.
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For our solution variables of interest, i.e., u, 6, pg, ug, #° and 6, we introduce the corresponding

discretizations d, 9, 7, dg, 9° and 9, respectively. For solid skeleton displacement d, we have

Z NHEE M . { de} , (4.272)

s,e s,e
Ixng e Ngpex1

The solid skeleton velocity and acceleration are defined similarly:

) = §N3(§)di(t) - {N} ‘ {d}

N—— ==

s,e s,e
Ixng; ng ex1

N )

— Y~

s,e s,e
Ixnge ngex1

(4.273)

Solid skeleton displacement gradient, velocity gradient and acceleration gradient are defined as

follows, respectively:

dof

(e =3 BiOG )= {p} Lo},
—— ——
lan’Oef ni’oefxl

avh‘f 57 dof " . e
Z By (§)dy( {Be’“} ' {d } ) (4.274)
——

s,e s,e
Ixngle  ngoeX1

dal (&) it e
a 6 ZBu Ve (t {Be’“}‘{d}-
N——

s,e s,e
IXnge  ngoexl

Second order gradients are defined as follows:

62 he f t dof u .
6X2 ZH d {He,u}.{de}’

———— N~
s,e s,e
Ixnge ngex1

92v he 5 Nt .
Tax: ZH E)dg {H“} ' {d } (4.275)
3,€ s,e
1><nfi’Of nd’ofxl

D2k (g,1) ol "
Tox? ZH ) da(t {HU}{d } '

—— ——
1xn>® %€ %1
Ndof  Mdof
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Single-phase temperature discretizations 9 are given as follows:

0" (&) Zd:dN@ AC {Ne,e} . {06}7

—— Y~

lxng’ocf nzoefxl
. dof
6" (¢ 1) ZN9 LAG {Neﬁ} : {196},
—— ——
lxng’ocf nzoefxl
(4.276)
89h€ 5 t) Zd:"fBe Yo (¢ {Beﬁ} , {ﬂe}
—— ——
lan’oef ng:fxl
8éhe(€ t) dof P
- 7 B 196 ed \ . e\ .
D% Z B 9
—— ——
lan’oef ng:fxl
Pore fluid pressure discretizations 7 are given as follows:
nPte
dof
WiEn = Nremo = 0= {nerrp- {a ]
W_e/ \e,_/
1><"§£>f "igf x1
pf.e
dof
ien =3 N = { e fae
a=1 R PN ,
1x ng(f)’fe ngf fe x1
Df e
dof
en =X o = { e fae )
a=1 \ PN ,
1X”Z£f Ngor X1
psre (4.277)
e Ndof
PS03 mrem) = {Bor - {ac )
a=1
Dy
: iy
8pf8§§’t) = Z BPr(&)7E(t) = {Be,pf} {7‘1-6} )
a=1
Dl b
e
=h¢ Ngof
WD 3 ety - {pon}- ()
a=1 —_—— ——
Dfse pf e



Discretizations of the pore fluid displacement dy are given as follows:

ndof
u?e(§7t> —ZNU‘f {Neuf}-{df}a
=
foe fre

Ixngoe  mguexl

U?e(g’t) _ZNuf {Neuf}-{d§}7
—_—— N~

B s,e
1Xn£of ndofxl

fe

D =S N :u@

a=1

f.e fre
Ixngoe  nguexl

et NEp R
—ox :ZBf BY b g
—— S~

e fre
Ixngne  mgoex1

fe

vi;?t) :i:OfB“f(f) af(t) = {Be’uf}'{d§}7
— —~—

a=1
e fre
Ixngne  mgoex1

fe

a=1

(%f(;g,t) :i:OfB“f(f) r(t) = {Be’uf}'{éﬁ}
— —~

e Fre
Ixngne  mgoex1

82uhe (57 t) dof u
Toxz . 2 H© 0= fuee ) {a).
——— S~

f.e fre
Ixngoe  nguexl

fe

32;;;5“ :fﬂw@ af<>=@'@’

a=1

f.e fre
Ixngoe  mgexl

8%a a}é t) fﬂ“f {H”f}'{d?}'
—

f.e fre
Ixngoe  mgexl
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(4.278)
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Solid phase temperature discretizations 9¥° are given as follows:

@S

dof
rren St e fo)
S— N —
ande nng x1
GS
. e dof . . S .
ety =3 NTE©I () = { oy } { 03,6}7
a=1
1 ><ndof ngofe x1
fof (4.279)
s,h® d07f ]
T = s - {pe} (o}
a=1
ande ng;f %1
GSf
a@bh 6 t i B9g 1986 {Beyes} . {1‘9&6} '
——

08 .,e 68 e
Ixnggp Ngor X1

Fluid phase temperature discretizations 9 are given as follows:

gf

o) =S NI = {Ne»ef} - {w},

a=1 ————— N —
1><n3f)f ngif x1
Gf,e
. Ndof . . ¢
ey =3 N = {ner - {ot ]
a=1 \ ,
1><ngff gif x1
f (4.280)
0 e

o6 Mot ; "
a)((&t) = BL(&U5(t) = {Beﬂ }-{me},
a=1

—_—— ——
of e of e
1><ndof ndof x1

Gfe

A he dof . ) '
R ILACL IR A S

a=1 —— N —

of e ef
1x Mot dof x1

The weighting functions for solid skeleton displacement d and their interpolations (including gra-
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dients) are given as follows:

e T T
—_—— —— —— ) —
1 anl’oef nszx 1 1x ni’;f nz’oef x1
he T T
M =J B&Y o - che p = < e -{ B&u ,
0X (4.281)
—_—— —— ——— —
Ixnys nyex1 IXnys nyex1
hE
M — e,u . Uu,e — Uu,e T- e,u T
X2 =\1H" cr=3c® H* .
—_— ——— S N —
Ixnys nopex1 Ixnys nyex1

The weighting functions for single-phase temperature ¢ and their interpolations (including gradi-

ents) are given as follows:

Ixngle ng X1 Ixngle nanex1
gne . . (4.282)
dw (£7t) = B69 Oe \ — 0,e B69
) * c bl —_ c bl 3
0X
——
1 Xngff ng:fx 1 1x ng;ef nﬁ’:f x1

The weighting functions for pore fluid pressure 7 and their interpolations (including gradients) are

given as follows:

e T T
1
wht (€) = {Neypf} . {cpf,e} = {cpf,e} . {Ne,pf} ,
T S N
e , . (4.283)
owPt (€,1) e i b Bew
_— = »Pf . fy = 5 . sPf .
aX C C
—— ———— N e N e
1x ng(f)’fﬁ ng(f)’fﬁ x1 1x nZ‘;’fe ng(f)’fe x1

The weighting functions for pore fluid displacement df and their interpolations (including gradients)
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are given as follows:

e T T
wlt (é') — {Ne,uf} . {Cuf,e} — {cuf,e} . {Ne,uf} ,
—_—— ———— ————— ————
1><n£§ nﬁ;efxl 1><n£:'f ngffxl
he
Qu*t (f,t) Bev ug,e Ug,e ! B !
_— = sUf . fy = £ . suf
0X N ¢ ’ (4.284)
(O L A L
1x ngoef ngoef x1 Ixn)S ngoefx 1
he
0wt (‘S’t) e,u ug,e ug,e ' e,u !
_— = Yuf . fy = f5 . yUf .
X2 H c c H
—_——— — O ——
lxncfiff nﬁ;efxl lxngff ncfiffxl

The weighting functions for solid phase temperature 9° and their interpolations (including gradi-

ents) are given as follows:

p T T
0% S s S s
w (5) _{Ne,ﬁ}.{ce ,e}_{ce ,e} .{Ne,e} ,
S S S S
Ixngof g X1 Ixnglf ngfxl
. (4.285)
es,h T T
8w (gﬂt) — Be 05 . 65 e — 95 e . Be 95
8X C C M
S S S S
1 Xngo’fe ngo’fe x1 1 ><'ngo’f8 ngo’fe x1

The weighting functions for fluid phase temperature 9 and their interpolations (including gradi-

ents) are given as follows:

£,h® T T
0 f £ £ £
w (5) :{Ne,G}.{CG,e}:{CQ,e} .{Neﬂ} ,
A,f_/ Hf,_/ f _f —
1x nzo’fe ngo’fe x1 1x nzo’fe nzo’fe x1
ne T T (4.286)
awe ’ (57 t) o e gf Qf _ Qf e 9f
TR =B el = ey B
—_——— —— ——— ~—
1 Gf,e Gf,e 1 1 Gf,e Gf,e 1
XN gof Mgor X XN gof Ngof X
4.3 Time integration

In the proceeding subsections, the numerical time discretization of the weak forms of the
governing equations is presented. Our general system of equations when inertia terms are included

resembles the following form:

Mi#+Ci+Kx=F, (4.287)



171

where M is a mass matrix, C is a viscous damping matrix, K is a stiffness matrix and F' is a
vector of applied forces (internal and external) for each variational equation, i.e., each matrix in
Equation (4.287) is a collection of submatrices for each variational equation. Similarly, the acceler-
ations, velocities, and displacements of solid skeleton, pore fluid pressure, pore fluid displacement,

solid temperature, and pore fluid temperature are given by the vectors &, & and x, respectively,

ie.b
4 3\ A
u v a
uy vy as
T=p s T=p 0 E= P (4.288)
g3 gs gs
ot ot ot
\ Vs Vg

In the proceeding subsections, we briefly introduce the general forms of the different time-integration
schemes that we have employed. The exact ordinary differential equations for the variational forms

are provided in the subsequent sections.

4.3.1 Runge-Kutta integration

For explicit time integration of the matrix-vector equations, we apply a generalized adaptive
time-stepping Runge-Kutta method for solving Equation (4.287), which involves transforming the

second-order ordinary differential equations (ODESs) into first-order ODEs by variable substitution:

Zg x
z = = , (4.289)
Zi x
such that
Z. T
2= = ) (4.290)
Z; z

5 Strictly speaking, the second time derivatives on pore fluid pressure and constituent temperatures are not actually
computed since they do not appear in the variational equations. For the implicit schemes, the variation of the second
derivative in time of the pore fluid pressure and constituent temperatures are computed.
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For a general nonlinear multi-degree-of-freedom ODE,
= f(t, 2), (4.291)

where f(t,z) is in general a nonlinear equation in terms of time ¢t and unknown variable z. For a
general Runge-Kutta method of m™ order, the intermediate stages k; are defined as follows using

standard notation for a Butcher table:
k; = f | tn + AL, Z(tn) + At Z aijk]’ R (4292)

where ¢; are the “nodes” and a;; are the coefficients of the Butcher table. The higher order solution

is given by
m+1
2" (tny1) = 2(tn) + ALY bk (4.293)
i=1
and the lower order solution is given by
m
27 Ntng1) = 2(tn) + ALY bk, (4.294)
i=1

where the b]" weights are different from the b;nfl weights (refer to Bogacki and Shampine [1989],

Cash and Karp [1990] for specific values). The difference between the higher and lower order

solutions allows us to define a truncation error®

€ETE = Hzm(thrl) — Zm_l(tn+1)Hoo 5 . (4.295)
The adapted time step At* is typically adjusted as follows:
¢\ Ym-D)
At* = SF x < = ) At (4.296)
€TE

where SF is a safety factor, typically set to 0.9, and ¢, is a user-defined absolute tolerance, typically

set to e, € [1078,1072]. If the absolute error

1/(m—1)
<6TE > <1, (4.297)

€a

5 In practice, estimation of truncation error using the L?-norm (the Euclidean norm) is often preffered for accuracy
over cost, particularly for simulations using higher-order elements where the co-norm trends towards unstable solutions
for high strain-rate loadings.
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then the solution 2™ is accepted with At, 11 < At*. Otherwise, the stages k; are recomputed at
time t,, with At, <+ At*, new solutions are computed, and a new absolute error is computed until
the condition defined by Equation (4.297) is met. In the event that the time step starts to approach
zero, the simulation is terminated with an error message.

For further reading on Runge-Kutta integrators with adaptive time-stepping schemes based
on truncation errors, refer to Cash and Karp [1990], Bogacki and Shampine [1989], Press et al.
[1992]. In numerical simulations described in Chapter 5, we typically employ the fixed-order, 5(4)

Runge-Kutta Cash-Karp (RKFNC) scheme [Cash and Karp, 1990].

4.3.1.1 (u) formulation

For the (u) formulation, the Runge-Kutta integrators transform the general solution variables

given by Equation (4.291) to

{z}=— j —{f(t,z)}— ;Z: , (4.298)

such that
d d
{z} = , 2= . (4.299)

The FE formulation for the balance of momentum of the single-phase, with variational equation

given by Equation (4.18), is written in block-matrix form as

{Ru} =0, (4.300)

S
nGoex1

where the global residual for the single-phase displacement is given as

cu,T . Ru — gh _ g{NT,h + g;NT,h + gZILNT,h o gEXTﬁ —0. (4301)
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Therein,
3 T INT The T
INT,h , e INT,h INT
G = A e - mihe| fach o= Ao {prmed
‘ S 5,€ S S,€ ‘ 5,€ 5,€
IxXngor Mot %Mot Mot X1 IXnger TrgorX 1 (4.302)
Ne T Ne T ’
INT,h \ INT EXT,h _ AN EXT
g4 :A{cu,e} '{fg4 ,e}’ g _A{Cu,e} {fg ,e}’
€ ——— —— € ——— N——
Ixnys nogex1 IXnys noex1
where
L T L T
{fgéNT@} = / {Beﬂt} Plhl Ajede, {fgiNTve} = / {Ne,u} pg gAj®dE,
—_— D] e — —_— ] e
noex1 npex1 noex1 niex1
(4.303)

T
{Ne,u(X :O,H)} A X=0H

GEXT o | _ ~
{f ng X1

——
ngaex1 0 0<X<H.

\

The mass matrix associated with the single-phase acceleration is given by’

1
T
[mqu;:T,e} - /pge {Ne,u} {Ne,u} Ajede . (4.304)

-1 N —
s,e

s,e s,e s,e
Mot X Mdof Mo X 1 IXngie

Thus,
( 3
1
Sof X
{z} = 1 , (4.305)
GINT GINT GINT GEXT
—— M3}, | =S F% =< RIS P+ F
(2xn§ e x1
S——— S———
n(siof ><nilof n(siof x1 nflofx 1 nflofx 1
where

Ne Ne
GINT | GINT ¢ Nt | INT
M| = A | A

e
N—— ——
ns .xns s,e s,e ns .x1 s,e 1
dof XM dof Mot X Mot dof N gor X
4.
INT = INT EXT = EXT ( 306)
FYi = A fg4 €5 FY = A fg e
[ €
SN——— S——
o<1 nix1 o<1 nix1

" Note that for single-phase materials, the quantity pge is constant over the element, i.e., p{f = po.
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As described in Section 4.3.1, Equation (4.305) is solved for each stage increment ¢ at time
t, + Ate; (i.e., any variables that are ezplicit functions of time, such as a time-dependent external

traction, are to be evaluated at time ¢, + Atc;), with stage solution k; given by

. i1
{ki(v) } {zv (tn) } +At Z ij {kj(v) }
———— ~—_—— J=1 ————
ngoex1 X1 ng e X1
{k} = = . . (4.307)
(2xn3 ) x1 {k’(a)} {za(tn)} +At Z i {kj(a) }
—— j=1
e X1 nf X1 nfj X1

Then, according to Equation (4.293), the higher order solution to be accepted or rejected at time

tp+1 is given by

m+1
{Zum(tn+1)} {zU(tn)} +At Z b;" {ki(v)}
~—— —_—— i=1 ——
ncslof><1 nfiofXI ncslofX:l
S——r—r m mn
@xn )x1 {Zv (t”“)} {Zv(tn)} +At Z b; {ki(a)}
\—S/—/ =1
NJoeX1 ) n3 X1 ng ex1

According to Equation (4.294), the lower order solution at time ¢, is given by

_ -1
{ZT 1(tn+1)} {ZU(tn)} —&—Ath;ﬂ {ki(v)}
| —— —_—— =1 ——
ncslofXI nc'slofx1 ncsiofXI
—_— m—1 m—1
(2xng, )% 1 {Zv (t"H)} {zv(tn)} +At Zl bi {ki(a)}
—_— \ , i= R ,
ngofXI \ ncslofX1 nilofX1 y,

Then, a truncation error is calculated for all values of the solutions z(t,4+1) according to Equa-
tion (4.295), and the new time step At* is adjusted according to Equation (4.296). If the abso-
lute error does not meet the condition defined by Equation (4.297), the solutions given by Equa-
tion (4.308) and Equation (4.309) are recomputed at time ¢, using the smaller time step At* in
place of At in Equation (4.307)-Equation (4.309). This process of computing the truncation error
and substituting the adapted time step is repeated for the (u-8), (u-pr), (u-we-py), (u-pe-65-65),
and (u-up-pp-0°-67) formulations, and is thus not repeated for brevity in the corresponding sections

4.3.1.2-4.3.1.6.
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4.3.1.2 (u-0) formulation

For the (u-0) formulation, the Runge-Kutta integrators transform the general solution vari-

ables given by Equation (4.291) to

2y fu(t2)
{z} =Q 2z, 0 = {f(t, z)} = fut,2) ¢ (4.310)
7 £t 2)
such that
d d
{z} =lav. z={ay. (4.311)
9 9

Thus, we require at least one governing equation to solve for the primary unknown &, which when
integrated once gives us d, and when integrated twice gives us d; and at least one governing equation
to solve for the primary unknown 19, which when integrated once gives us 9.

The FE formulation for the balance of momentum of the single-phase, with variational equa-

tion given by Equation (4.40), is written in block-matrix form as

{Ru} =0, (4.312)

S
Mo X1

where the global residual for the single-phase displacement is given as

T INT,h INT,h INT,h ho_
c - R, = gh = g1 + g2 + g4 - gEXT h— 0. (4313)
Therein,
INT,h _ g INT INTh r
) - , INT
gl :A{cu,e} . |:m5,1u 7€:| ,{d6}7 g2 :A{cu,e} .{fQQ ,e}’
‘ s,e s,€e s,e S,e ‘ s,€e S,e
1><";12>%T MgorXMor  MdorX 1 Ixnges ., MgorX 1 (4.314)
Ne Ne
INT,h
g4 = A {cu,e} . {fgiNT,e} , gEXT’h = A {cu,e} . {ngXT,e} ,
€ ——— ——C € ——— ——

s,e s,e s,e s,e
IXngoe Mo 1 IxXngor Mo X 1
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where

1 T 1 T
{fgéNT,e} = / {Be,u} PlhleAje d¢, {fgiNT,e} = / {Ne,u} pgegAje d¢ ,
—1 -1

s,e s,e s,e s,€e
MgorX 1 MgorX 1 TgorX 1 NgorX1
T
{N“"’“(X o H>} A X=0H (4.315)
EXT _
{fg ’e} = nEx1
s,e
Nor X1 0 0<X<H.
The mass matrix associated with the single-phase acceleration is given by
L T
[mﬁi’ﬂ L {N} {N} Ajede . (4.316)
—— -1 N — N —

s,e s,e s,e s,e
Nof X Mdof Mo X 1 IXngor

The FE formulation for the balance of energy of the single-phase, with variational equation given

by Equation (4.41), is written in block-matrix form as

{RQ} =0, (4.317)

——

6
N X1

where the global residual for the single-phase temperature is given as

VA INT,h INT,h INT,h EXT,h
Ry =g =g N g N gBEXTR — g, (4.318)
Therein,
INT,h & T INT INT,h _ p& r INT
3 s a€ L
Ji :A{ce’e} . [mele e] '{19 }7 J5 —A{ca’e} '{f‘72 ’6}7
’ 0 0 0 0 ’ 0 0
Ixngs DN NS NS Ixng X1 (4.319)
INT,h IS T EXT.h = T EXT .
b INT ho_
\73 _A{CG,e} .{f.73 76}’ J _A{cﬂ,e} {fj ,e},
€ ——— —— € ——— ————

6,e 6,e 6,e 6,e
Ixngoe NgpeX 1 Ixngoe Mo X 1
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where

1 T he
K 0 € *he
{fJQINT’e} :/{NE,G} (%+Qh )Jh Ajedg’
-1

N—— N——
0,e 0,e
ndofxl ndofX1
1 T
{fJSINT,e} = /{Be,e} q" Aj© de,
— i (4.320)
Mo X1 Mo X 1

T
{NE’Q(X:&H)} QA X=0H

JEXT7€ —

{f } nigar1

~—_———
nhx1 0 0<X<H.

\

The mass matrix associated with the temperature is given by

1
T
g = [ e o) (v} e s
—_—— - —— ——
X Nt nguix1 1xnd

Then, returning our attention to Equation (4.310), we have

——
njofxl
INT -1
G INT INT EXT
{ 2} _ [ u , (4.322)
N~~~ nflof:(rn(siof N3orX 1 N3orX 1 NgorX 1
(2xn3 +nf )x1 ]
INT INT EXT
[Mil’pf :| . B {FJQ } - {FJS } + {Fj }
nzof>< ncgiof ngof x1 nglof>< 1 nzofx 1
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where
Ne Ne
o . GINT ¢ INT INT
[Mu,lu - mu}u ) FY2 = f% € b
—— € e
N e’
Mo X Mot XN nSoex1 3o x1
INT = INT EXT Te EXT
{Fg4 }— {fg4 } {Fg }_A{fg }
—— € e
N———
Mo X1 ngex1 ng X1 nSox1
n n (4.323)
JNTL A TINT e JINT | _ \ JINT o
on | = A myy L (FR = AVFE s
—_—— € e
o 0 0, 0, 0 0,
Mot XM dof ngnEX gt nf.px1 % x1
n n
JINT B © jINT . jEXT _ e jEXT .
FY3 = f 3 s F — f R .
—— € e
—
0 0, 0 0,
Mdor X1 X1 Ngoe X 1 nguex1

As described in Section 4.3.1, Equation (4.322) is solved for each stage increment i at time ¢, + Atc;
(i.e., any variables that are explicit functions of time, such as a time-dependent external traction,

are to be evaluated at time ¢, + Atc;), with stage solution k; given by

i—1 )
{ki(v)} {zv(tn)} +Atzaij {kj(v)}
—— —_—— Jj=1 —_——
ngpx1 ngopx1 NG X1
i—1
{k} = {k““)} = {z“(t”) } ALY {’“ﬂ“)} . (4.324)
K ———— \ , j=1 \ ,
—~— Mo X1 nSopx1 ns ex1
(2xn3 +nf )x1 -
{ Z<9>} {Za'(tn)} +AtZ““ {kj(e')}
nf x1 7=
dof nf sx1 nf sx1

Then, according to Equation (4.293), the higher order solution to be accepted or rejected at time
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tn+1 is given by

. m-+1
{zZL(th)} {z“(t")} A Z b {ki(”)}
, =1 N——
n3 x1 nioex1 NGorX 1
m+1
N - {va(thrl)} _ {zv(tn)} ALY b {k’i(a)} (4.325)
z (thrl) '_ —_—— B ——— i=1 N—— ’ .
S~—— 77‘(Siof x1 nflofx 1 ninfX 1
(2xn tnf ) x1
m+1
m
{Ze (tn+1)} {za(tn)} +At Z b {ki(é)}
T , =1 ——
dof L ngof x1 ncglof x1

and, according to Equation (4.294), the lower order solution at time ¢, is given by

m—1
{Zum_l(tn+1)} {ZU(tn)} +Atzbi {ki(v)}
N , =1 \ ,
ngopx1 N X1 N X1
1 — {zvml(tn+1)} _ {zv(tn)} +At2b;n_1 {kz(a)}
Zm (tn+l) = = =1 . (4326)
N——— ————— N———
~—_— N X1 n3 e x1 ngopx1
(2 Xni{of+n(eiof) x1 m
m—1 m—1
{ze (tn+1)} {zg(tn)} +Athi {’%(9’)}
*g,—/ \ , =1 \ ,
\ Mot 1 n(elofx 1 nzof x1

4.3.1.3 (u-pg) formulation

For the (u-pg) formulation, the Runge-Kutta integrators transform the general solution vari-

ables given by Equation (4.291) to

Zu fult,2)
{z} YA {f(t7z)} =9 falt,2) (> (4.327)
Zps Iy (t, 2)
such that
d d

{z}: av.z=2a. (4.328)



refer to Section 4.3.3.2 and Algorithm 1 therein).
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Thus, we require at least one governing equation to solve for the primary unknown El, which when
integrated once gives us d, and when integrated twice gives us d; and at least one governing
equation to solve for the primary unknown 7r, which when integrated once gives us . Contrary to

the central-difference scheme, these equations are solved separately (i.e., not in a staggered manner,

The FE formulation for the balance of momentum of the mixture, with variational equation

given by Equation (4.64), is written in block-matrix form as

{f’;}zo’

S
Mot X 1

where the global residual for the solid skeleton displacement is given as

T R, =Gh = g{NT,h i gINT hoy gINT ho gINT h _ GEXTh _

Therein,

Ne T INT . = T INT
g:IlNT,h — A {Cu’e} . [mgu :| . {de} , Q;NT h A {cuﬁ} . {fQQ ,e} R

——— —— —_—_—— ——
IxXngle  nopXngye ngeeX1 Ixngle NgaX 1
GINTA _ { } { GINT } GINTh A { - }T { GINT }
3 A c” . f 4 %0,
€ — N ———
1><ndof nd0f><1 lxnfiff nz’:fxl

GoxTh { N {g 2

1 X NS 1

(4.329)

(4.330)

(4.331)
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where

1 T I T
{fgéNT’e} = / {Be,u} Pls’i}EE)Aje dg’ {fQéNT,e} = — / {Be,u} p?eAje dé,
-1 -1

N—— N—— N——r N——
ni’oefx 1 n(si’oef x1 nfiffx 1 nfi’oﬁf x1
! T
{fgi”’e} = / {N} ph gAj de,
s,e -1 s,e (4332)
ngoex1 ng ex1

T
{Ne’u(X:O,H)} t7A XZO,H

GEXT o | _ ~
{f ngex1

N——
ngyex 1 0 0<X<H.

\

The mass matrix associated with the solid skeleton acceleration is given by

1
T
[m‘i,{:T’e} = / s {N“} {N&“}Aje dg . (4.333)
— N N ,
Maat X Mot Maarx1  Ixngs

The FE formulation for the balance of mass of the mixture, with variational equation given by

Equation (4.66), is written in block-matrix form as

{ Rpf} =0, (4.334)
——

pf
NgoeX1

where the global residual for the pore fluid pressure is given as

TR, — M — HINTh | g/INTh | ,HéNT,h 4 HINTA g BXTR _ (4.335)

Ne T
INT,h HAINT . INT
y —A{cpf’e} ({m e]'{we}+{fH1 })
€ ———— MC—— L ———

Therein,

Pf.€ Pf.e  Pfie Pf,e€ Pf,€

IXngqp Tdof XMaof  Mdof X1 Ngof X1
INT,h 4 INT,h & 4
HQ = A cpfae . ‘fHIQNTve ’H3 7= A cpf,e . fH%NTﬁ R
. R (4.336)
—_— Y—— S—
IxnPEe P g 1xnPEe pee g
XN gof Ngor X XN gof Mgof X
INT,h & 4 N EXTh _ p g X
HINTh _ A{cpf,e} .{fm }’H "= A{cpf,e} .{fHE T}
‘ pe,e py,e ‘ pr,e pg,e
f> fs f> fs
IXngqp Ngor X1 IXngqe Ngor X1
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where

1 T
{f’HIlNT,e} — / {Ne,pf} jheAje df,
21

—_—— N——
s e
1
T e
1 9dp he
INT o f f~ .
{f’H2 76}_/{N€,Pf} KipaiX(n ’Uf) A]edf,
pf,e B pf,e
Ngor X1 Ngor X1
1 T P e
{fH;IaNTye} = / {Bevpf} khe%(F{lle)_lAje dg,
—_— I (4.337)
s o

1
T
{fHEINT@} = / {Be,pf} e piRohe (ahe + g) Aj° d¢g,
————

—_— -1

nahe x1 nghi x1
T
{Ne,pf(X — 0)[{)} QA X =0,H
EXT _
{fH 76} - ngf)’fexl
~—_———
nghi x1 0 0< X< H.

The mass matrix associated with the pore fluid pressure is given by

1
HINT Jhenf’hﬁ r
,€ — - 1€
[mpf}pf ] = K7 {Neapf} {N&pf} AjedE . (4.338)
. = ——
Mot XMgor nger X1 xngfy

When pressure stabilization is enabled, an additional term %P is added to the Lh.s. of Equa-

tion (4.335) and is defined as

Ne
W= Nt [ | o) .
e

pe.e D€ pf,e
Mot XMdof  Mdot X1

where
! T
[m;{:;b’e] = / P (R { Bemf} { Be,pf} Aj de . (4.340)
—_— -1 —_— —

pEse D€ pese pEse
Mot XMdof Ngop X1 Ixnggp



Then, returning our attention to Equation (4.327), we have

0

s
ngoeX1

——
(2Xn$uf+nsif)><1 [

s s
Mot X dof

INT |
Hl
Mppe :|

Py Py
T dof X dof

where

Ne

A

gINT

S S
a0t X Mdof

INT }

”dole

gEXT }

dof>< 1
{FHINT }
dof
{ 'HINT }
dof

HEXT }

dole

-1
INT
[Mi}u }
N————

s
ndqu1

pf

pf
Ngoe X1 4o

gINT
mu u 3

S,
Nof X Mqof

{fgINT }’ {FgINT} K {ngIINT7e
—_—— € ——

S
nGoex1

ndofX1

gEXTﬁ} , |:

f><1

Fg:I;NT }

iffiii_v_,

s
ndofXI

n

S
ngopx1

Ne
F%NT :A fg%NT’e},
—_———

{ngNT } + {FgEXT }

s s
nd0f><1 ndofX1

_ {F,HIINT} _ {FHIZNT} _ {FHIBNT} _ {F,HELNT} + {FHEXT}
—_—— Y Y

Pf

doe X1 n

Pt
ngoe X1

e

ndofx 1

~~

Pf

ot X Mdof

Al
{meT }7 {FﬂyT}

pf pf,e

Ne
HINT | HINT ¢
M pepe | A Mepy,pe )
ﬁ,_/

Pf5

Ngor X1

dof x1 gof

{frHINT } , {FHELNT}

pf e
ndof

{ fHEXT

Pf e
Mot

x1

x1

pf

Ndof

x1 n

)
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(4.341)

(4.342)

If pressure stabilization is enabled, then we must invert a summation of matrices in Equation (4.341):

gINT
(el

Loo-

p
(2xnS f+ndgf)><l

do ( A HT
Pf.pE

I+

Pf

Pf pf . Pf
Tdof X™dof  ™dof X "dof

nS s
"dof X Mdof

stab —1 INT INT INT INT EXT
O e R e R e R e R )
U O A i e 8

s
ndofxl

Pf
ndofxl

&

N~

s
nioex1

I G el B M )

ns
3o X1

Pf
ndofxl

ns ns
”dofX1 ”dot'XI

nPf Pf Pf
"’dofXI ndofxl "dofXI

s

(4.343)
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where
Ne
Z‘ rHstab — A Hstab,c 4 344
pt,pPf ml’fﬁ”f ( )
e
—— N——
Pf Pf pf,€ pf.€
Mot X Maof Mot XMqof

As described in Section 4.3.1, Equation (4.341) or Equation (4.343) is solved for each stage increment
i at time t,, + Atc; (i.e., any variables that are explicit functions of time, such as a time-dependent

external traction, are to be evaluated at time t,, + Atc;), with stage solution k; given by

p i—1
{kz(v)} {zv(tn)} +Atzaij {kj(v)}
\ , ——— Jj=1 N——
nS X1 ngoe X1 n,ex1
1—1
_ {ki(a) } _ za(tn) +At Z aij | k j(a)
k, = = - J . (4345)
7 N—— N — Jj=1 N—_——
~—— nieeX1 ngpx1 ngpx1
(2xngotnghe) x1
k. .
{ l(pf)} {zpt } +At Z Qjj { pf)}
W h,_/ W
. dOfX1 \ dole dofX1

Then, according to Equation (4.293), the higher order solution to be accepted or rejected at time

tp+1 is given by

m+1
{enttin] {zut }+At 2 b’”{ o)
~———— N——— N e’
nioex1 ngpx1 ns px1
m+1
v (t +AL Y b
{Zm(tn+1)} — {Zv ( n-l—l)} _ { } ; {kﬁz(a)} 7 (4346)
—_——— i
—_— or <1 Mo X 1 Mo X 1
(2xng tnghe) x1
m+1
m
L] Lo }w > 7 {ku |
— i=1
pf
NgoeX1

dof dof



and, according to Equation (4.294), the lower order solution at time ¢,11 is given by

{Zu(tn)} +At Z bzm_l {kz(v) }
\ , i=1 N ,

{Zml(tnﬂ)} =

——
P
(2xngoptnghy) x1

of

4.3.1.4

{zu””‘1<tn+1)}
——l

S
Ndor X 1

{zvml(tnﬂ)}
——l

S
ngoex1

{Z;?l(tnﬂ)}
———

Pt
Ngopx1

(u-ug-pr) formulation

,

S S
Mo 1 NgorX1

{zv(tn)} +At§; b;”*@

N——

S S
ngex1 ngopx1

m—1
{zpf(tn)} ALY b, {’ﬂ(m)}
N , =1 N ,

Pt pf
NgorX1 NgeeX 1
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(4.347)

For the (u-ug-pf) formulation, the Runge-Kutta integrators transform the general solution

variables given by Equation (4.291) to

-

such that

Zy

ds

Folt2)
Falt.2)
—{f(t,z>}— Fult2) [
Farlt )
| £5,(1.2)
\ (4
a
cx=Sa
dy
T

™

(4.348)

(4.349)

Thus, we require at least one governing equation to solve for the primary unknown El, which when

integrated once gives us d, and when integrated twice gives us d; at least one governing equation

to solve for the primary unknown df, which when integrated once gives us dy, and when integrated
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twice gives us dy; and at least one governing equation to solve for the primary unknown 7r, which
when integrated once gives us 7
The FE formulation for the balance of momentum of the mixture, with variational equations

given by Equation (4.86) & Equation (4.93)1, is written in block-matrix form as

{Ru} =0, (4.350)

S
Mot X 1

where the global residual for the solid skeleton displacement is given as

T INT,h INT,h INT,h INT,h INT,h
TR, =G"=G" """+ G gy g 4 g - gBE T = g, (4.351)
Therein,
Ne
INTh A < mgls } {fgINT’ })
N——
1 Xngo; 0 ><"dof Mg X 1 Ny X1
T
INT h { } { INT } INT h A { } { GINT
) . f 3 ) 5
H,_/ ﬁ(_/
1><n n? ><1 1xne nyéx1
dof dof dof dof
. . (4.352)
INT h { } { gINT INT,h GINT
f = A che . f 5 € ,
€ ——— ———
1><nd0f nd0f><1 1><n§’oef nfi’oefxl

GEXTA { N { ),

1><ndof nd0f><1
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with

1 T ! T
{fgi”vf} = / {N} P a?eAj"‘d&{fg;NT’e} = / {B} Pl Aj* dS
—1 N——

—— —_— 1

|

nyex1 nyGx1 nyex1 niex1
1 T 1 T
INT he 4 - INT he .
{ng ,e} :_/{Be,u} ph A]edf,{fg4 76} :/{Ne,u} Py gAj° dE,
N — — —1 N——
nz’;x 1 nz’:’fxl ’rbz’;‘fxl nj’o"‘fxl
1
T (4.353)
INT f,he . :
{gorme = [{me} Pl arae.
—_———— =] N———
nix1 nigEx1

T
{Ne7u(X:0,H)} A X :07H

gexT | _
f = nS5x1
—_——

ngex1 0 0<X < H.

For a nearly-inviscid pore fluid, Equation (4.353)5 is zero. The mass matrix associated with the

solid skeleton acceleration is given by

1
T
|:mgi];IT,€:| — /pzzh {N@u} {N@,u} Aje df ) (4354)
N—— —] N’ N e’
WIS NaeeX1  IXngg

The FE formulation for the balance of momentum of the fluid, with variational equations given by

Equation (4.88) & Equation (4.93)s, is written in block-matrix form as

{ Ruf} =0, (4.355)
——

ngofxl

where the global residual for the pore fluid displacement is given as

¢l R, =10 =N N INTh L TR gINTR g (4.356)
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Therein,

INT,h _ N g IINT | [ e INT,h _ A g INT
Il = A cune . me,uf . df , I2 "= A cune . fIz €5
€ —~—— —— ——— € ———— ———
f.e fie fie fie fie f e

IxngLe Mgoe XNy MgneX 1 IxngLe NgosX 1
Ne T Ne T
I:I,)NT’h = A {cm,e} . {fI:IaNT@} , IiNT’h = A {Cuf,e} . {fIAILNT,e} ,
- - (4.357)
—_——— — —C —_——— — —
£ £, £ £,
1 ><ndoef doﬁf x1 1 ><ndoef doEf>< 1
INT,h _ p 4 INT
1'5 ) :A{Cw,e} .{f_’[s ,e}’
€ e N e
lxngoef ngoefxl

with

! T 8
INT o e f,h®
{fI2 ,}_/{N,f} n 8YA g,
—_——— —_——

fe fe

Tgor X 1 Tigor X1
1
T 7he(, f,he)2
J" (nb e e
{fI}:/{N} (]% ) (v — ") Aj° de,
—_— -] ——
nhex1 nfex1

" dof

1
T
{ fIiNT:e} = / {Ne’“f} P gAje dE
N———

—— -1

dof

(4.358)

ngoefxl ngoefxl
1 £,he
T oP,:
{ fzéNT:e} - - / { N“} 617)1((E)Ajed£ .
—— 2 N —
nfex1 nlex1

dof dof

For a nearly-inviscid pore fluid, Equation (4.358)5 is zero. The mass matrix associated with the

pore fluid acceleration is given by

1
T
INT f,he i
[mff,uf } = /Po {N‘f’“f} {N‘%“f}AJedé. (4.359)
N—— _ ~ /\ ,
ndofx ngoef (floef>< 1 1 Xngé)ef

The FE formulation for the balance of mass, with variational equations given by Equation (4.89)

& Equation (4.93)4, is written in block-matrix form as

{ Rpf} —0, (4.360)
——

dole
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where the global residual for the pore fluid pressure is given as

INT,h INT,h INT A INT,h INT,h EXT,h
T Ry = H =1 A Hy A Hy P 1 e 1 - H N = 0. (4.361)
Therein,
INT,h HINT . INT
Hy {Cpf’ } ( Mg '{7"6} + {le ’e} J
—— N——
1><”dof ”ggfex nibe  mahy x1 nibe x1
R T
INT,h _ INT,
HQ {Cpfy } {fHINT } ’HS = A {cpf,e} . {ngNT,e} ,
€ ——— N ——
1><n npf’ x1 1xnhie nfiex1
dof dof dof . dof (4362)
INT, h INT INT h INT
H4 {Cpf’ } {fH } —A{cpf7 } {fHS 76}7
N N ——
lxndof ngg’f x1 lxngi’fe ngi’fexl
Ne
HEXT,h — A {Cpfe} {fHEXT }
e

pf,e Pf e

dof 7/l’dof x1

1xn
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with

1
T
{fHIlNT,e} — / {N&pf} jhEAje df,
el

N————— SN——r

nhfx1 nhi¢x1

1
T e
1 dp he

HINT o | _ e,p Il 16 SR O9% 5~ Ai¢d

fz’}—/{N’f 7 nvg) Ajedg,
{ K{ 0X
—_— 1 Y

nPx1 nPx1

dof

1 T .
-~ ea e\ —
{f""‘%”»e} = / {Be’pf} RS (Fl) T A d
e

—— 1

pg,€

dof

pf,€

ndof x1 ndof x1
1
P 4.363
{fﬂgNT,e} =/ {Be’“} K" (af” + g) Aj© de o
—_—— -] ———
nﬁi’fe x1 ngf)fe x1
1 N f,he
T 7 §ob
k 9% 1(E)  pey—1 1.
INT 4
(o= [l e gar s
=1 N——
0 R
T
{Ne,pf(X _ O,H)} QA X =0H
EXT
{f"*‘ } = by x1
e
ngor x1 0 0<X<H.

For a nearly-inviscid pore fluid, Equation (4.363)5 is zero. The mass matrix associated with the

pore fluid pressure is given by

1
he, f,he T
INT J n .
|:m;-i1pf 76] — / e {Ne,pf} {N&pf} Ajede . (4.364)
F,€ € e e
"ng Xnggf ”ggf x1 1><”5£>f

When pressure stabilization is enabled, an additional term %P is added to the Lh.s. of Equa-

tion (4.361) and is defined as

pt,pf
_——— ——

pg.e D€ pg,e
Mot XMdof  Mdot X1

Ne
HStab — A cpfe’T . |:m’HStab’e:| . {ﬂ.e} , (4365)
e



where

1
T
[m;ff;afb,e] — /astab (F{Lf)_l {Be’pf} {BE,pf} A]e df .
—— N — N —

—1
pgie D€ pf,€ pf,€
Mot XMdot Mgor X1 IXngop

Then, returning our attention to Equation (4.348), we have

(2x n%ﬁof
+2;<f"dof
Frgee) X1

(M

%

el el el S S el S el
"ot X Mof NgofX1 Nor X1 N X1 Ngof X1 Nor X1 NJoeX1

u,U

HllNT
Pf,Pf

{3

s
ngoeX1

-1
g{NT:| i < _ {FQ{NT } _ {FQ;NT} _ {FgZIiNT} _ {FQAILNT } _ {FQ%NT} + {FgEXT })
——— ———— e e e N

”(];ofx 1
ZINT -t INT INT INT INT
M| | —VFf2 (—\F% [ —(F [ —(F%
———— —_—— —— Y Y —
f f f f f f
"o X dof Nor X1 Ndor X1 Nor X1 Ndor X1

pr o Pt g e e e P p
Mot X Mdof Mo X1 Mo X1 Ngor X1 Nor X1 Mo X1 Mo X1
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(4.366)

(4.367)
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where

Ne Ne
[Mﬁim] =A [mgI:T } , {ngNT} = A {fG{NT’e},
e

e

y N—— N————
Mdof X Mot N XNt Mo <1 nimex1
n
{FgINT} {fgINT } {Fg:IsNT} _ A {fgINT’e} ,
e
Mof X 1 Mg X 1 NJoeX 1 X1
{ INT } { INT } { INT = INT
Gy gy FY9 = fg5 ,e
9
e
— —_——
"o le ndofX1 NQosX 1 nex1
gEXT gEXT IINT | = TINT ¢
Mg ue | = A Mauygue |0
e
W ﬁ,—/
ndOfX 1 ndOfX 1 ndofxndof ndofX ngoef
{ TINT } {fIINT } {FIINT } {fIINT }
nd le dole ndofX1 dole
) (4.368)
{FIINT} {fIINT } {FZINT {fIINT }
ndofX]' dOle nd0f><1 dofX]'
Te
HINT — HINT INT INT
[M prpe | A Mpcip | F™ fH
e
N——— —_——
P Df pge_ prie pf e
Mot X Mdof Mot XMdof ngly x1
/I’L
INT INT ¢ INT INT
e
AK_/
NPy pf z
nghex1 M of nghex Mg X1
{F'HEINT } K {ffHINT } {FHINT } {fHINT }
6
Az—’ 4
pg.e p -
Mor X1 o X1 Mor nghy x1
{ EXT = EXT
FH = A fH e\
\ﬁ’_/ € ——
nibex1 by X1

If pressure stabilization is enabled, refer to the addition given by Equation (4.344) and insert into
Equation (4.367) as necessary. This was done in Equation (4.343).
As described in Section 4.3.1, Equation (4.367) is solved for each stage increment ¢ at time

t, + Atc; (i.e., any variables that are ezplicit functions of time, such as a time-dependent external



traction, are to be evaluated at time ¢, + Atc;), with stage solution k; given by

)

——
(2xns p+2xnd 4nhf )x1

{ki@f)}

dof X 1 J

fraaf a5t fu)

)i
Lot} e feo
Lotn } Atz% dim}
)
I

ndof><1 nd0f><1

AtZaU{ }

nd0f><1

ndofX 1 ”dof>< 1

)

{zpf +At Z ij

”dof X 1 "dofX 1

ndof><1 nd0f><1

fo)
o)
o)
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(4.369)

Then, according to Equation (4.293), the higher order solution to be accepted or rejected at time

tp+1 is given by

{Zm(tnﬂ)} =

|
f P
(2xng, +2xnl Anht )x1

’ {zum(tn-‘rl)}

—_———
S
ngoex1

{z;"(tnﬂ)}

—_———
S
ngoex1

{ZTf (th)}

—_—
ngofxl

z{ )

"dofX1

ndofX1
m+1
rary bm{ }
”dofX1 ”dofX1
nd f><1 nd f><1
m+1
+At

2 (ki)

ndofX 1 ndofX 1

m+1
+At Z by

”dofX1 ndofxl

)
)
frto} a3 fo}
Lonlt] 8030 (ko
s )

(4.370)



and, according to Equation (4.294), the lower order solution at time ¢,11 is given by

{zu (tn)} +At Z blm_l {kz(v)}
\ , =1 R ,

S S
nGoex1 ngoex1

{zml(tnﬂ)}

—_—
(2xns +2xnf Anh )x1

{Zuml(tnﬂ)}

N————
S
MNaof X 1

vail (tn+1)

S
ngopx1

()
()
()

Pf
o X 1

4.3.1.5 (u-pg-60°-0") formulation

)

nd0f><1

+Athm 1{

)
3
SR )
3

nd0f><1

ndofX1

zp (1

fo)
foco)
e )

”dole

nd0f><1

Z(’Uf

ndof><1

z(af

nd0f><1

nd0f><1

+Athm 1{ }

)i
|
3
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(4.371)

For the (u-pg-6°-6%) formulation, the Runge-Kutta integrators transform the general solution

variables given by Equation (4.291) to

such that

T P

Zy

Zy

g0
2yt

d

d

L=1a

N

ﬂf

(4.372)

(4.373)
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Thus, we require at least one governing equation to solve for the primary unknown El, which when
integrated once gives us d, and when integrated twice gives us d; and at least one governing equation
to solve for the primary unknown 7r, which when integrated once gives us 7r; at least one governing
equation to solve for the primary unknown 195, which when integrated once gives us 19°; and at least

one governing equation to solve for the primary unkown 9 , which when integrated gives us 9.

The FE formulation for the balance of momentum of the mixture, with variational equation

given by Equation (4.173), is written in block-matrix form as

{f’;}zo’

S
Mot X 1

where the global residual for the solid skeleton displacement is given as

T R, =Gh = g{NT,h i gINT hoy gINT ho gINT h _ GEXTh _

Therein,

Ne T INT . = T INT
g:IlNT,h — A {Cu’e} . [mgu :| . {de} , Q;NT h A {cuﬁ} . {fQQ ,e} R

——— —— —_—_—— ——
IxXngle  nopXngye ngeeX1 Ixngle NgaX 1
GINTA _ { } { GINT } GINTh A { - }T { GINT }
3 A c” . f 4 %0,
€ — N ———
1><ndof nd0f><1 lxnfiff nz’:fxl

GoxTh { N {g 2

1 X NS 1

(4.374)

(4.375)

(4.376)
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where

1
T
{fggNT,e} — / {Be,u} Plsi}(LE)A.]e df,
—1

—— N——

ni’;fxl nj’oefxl

/ g h 5" h f.h
INT e e e .

{fgs v@}:—/{Be’“} Pf (Wns +nb )Ajed&
—_—— —1 N———

nyex1 nygx1

1
T (4.377)
he 4 :

{fgi“’e} - / {N} ph g Aje de,
—_—— -] ———

Ngur*1 ngyex1

T
{Ne,u(X :O,H)} A X :O,H

GEXT o | _ ~
{f ngoex1

N—_————
ngaex1 0 0< X< H.

\

The mass matrix associated with the solid skeleton acceleration is given by

1
T
il | = [ {ven} {nenbageac. (4.379)
—_——  — ——
SR TR

The FE formulation for the balance of mass of the mixture, with variational equation given by

Equation (4.174), is written in block-matrix form as

{Rpf} =0, (4.379)

pf
NgorX1

where the global residual for the pore fluid pressure is given as

INT,h INT,h INT,h INT,h INT,h INT,h
Cpf’T'Rpf:Hh:Hl ’ +H2 ’ +H3 ’ +H4 ’ +7—£6 ’ +H7 ’ _HEXT’hZO.

(4.380)
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Therein,

Ne T
INT,h . A HINT . INT o
Hy - A chre . [mphpf ] ’ {7"6} { i
—— e — N —

pg.e Dfse pf e
Mot XMaof  Mdof X1 Mot X

Pf e
n T
,HéNT,h _ A cpre {fHINT } INTh _ A {cm } {fHINT }7
pf e Pf e

dof Ngor X1

x1 1xn

(4.381)

pfe pfe

dof Ngor X1

x1 1xn

fHINT } HEXT h A {cpf7 }T . {fHEXT7e} ,
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pf,e Pf €

dof Ngor X1

x1 1xn
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where

L T
(- [} v
-1

——— N ,

Pf = pf e

Mgof X1 gy X1

/ 0
1 D he

HETe b — e,ps f 5" A€ d
{f New g o (o) A,
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nahe x1 nghi x1

1
0
{fH%NT’€}=/{Beva} " (f;(( T) A de
———
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pf,€ p,€

Mgor X1 gl x1
L T
{f”iNT’e} = / {B&pf} R pTP (0 4 g) Aj© dg
! : (4.382)
Mor X1 naor X1
1 R
kR ﬁnf’he 1 g:n°
{fHéNT,e} :/{Be,pf} fhppf X (Fn) (1 efh(,)Aj dg ,
N e ] N e’
e e
1
T fh&
1 e e rpe oo- e
{fH%NT,E} = _/{Be,pf} o (Jh nf,h ef,h + 7% (nfﬁf)h )Aje de
N——— —1 N——
1 e

T
{Ne,Pf(X:O’H)} QfA X:O,H

EXT
f’H e\ — .
Mot x

—
nghi x1 0 0< X< H.

The mass matrix associated with the pore fluid pressure is given by

1
T Jhepfhe T .
Mpip: | = o NPt Nepr o Ajde . (4.383)

f

pgse pf,e Dt e ppre
Tof XMof ngor X1 Ixngty
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For the compressible liquid pore fluid model (Equation (3.153), Equation (4.198)),

; T e e e 80f7he he¢
{ fH%NT,e} =- / { Be,pf} ol (Jh O+ = (n' ) )Ajedg,
—_——— ~———

-1

pf,€ pg.e

Ngor X1 Ngor X1
° ) ° (4.384)
e e T
HiM e = i e.pt eps 5 Aj€d
My | = K N© N¢ Jj°dg .
= —_—————
nat Xndor ngor X1 Ixngly

When pressure stabilization is enabled, an additional term %P is added to the Lh.s. of Equa-

tion (4.380) and is defined as

Jystab — Ae cbre T |:m7-[smb76:| . {7'1'6} , (4385)

DPf,Pf
[
Pf.e Pfe Pf,e
ndof ><ndof ndof x1
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1 ) T
e —_ .
|:m;_is;ab,e:| = /aStab (F{-Ll ) {Be7pf} {Be:Pf} A]e dg . (4.386)
£,Df
-1 ———
pg.e D€ pf,€ pf,€
Tgof XMdot Mot X1 Ixngoe

The FE formulation for the balance of energy of the solid, with variational equation given by

Equation (4.175), is written in block-matrix form as

{RQS} =0, (4.387)

——

GS
ndofX1

where the global residual for the solid phase temperature is given as

ps. T h INT,h INT,h INT,h INT,h INT,h INT,h EXT,h
C 'Rgf:j :\.71 ‘1‘;72 +;73 +\74 +j5 +‘-76 *j =0.

(4.388)
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(4.389)

(4.390)



202

The mass matrix associated with the solid phase temperature is given by

1
T
[milgf’ ] - /pghe(ﬁ/ {Ne,es} {Ne,es} Ajéde . (4.391)
os 65, -1 6s 0s
ot XMof Mo X1 Ixngoi

The FE formulation for the balance of energy of the pore fluid (assuming an ideal gas), with

variational equation given by Equation (4.176), is written in block-matrix form as

{Ref} =0, (4.392)

of
NGoeX1

where the global residual for the fluid phase temperature is given as

£, 1"
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(4.393)
Therein,
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where
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The mass matrix associated with the pore fluid phase temperature is given by

1
T
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For the compressible liquid pore fluid (Equation (3.153), Equation (4.199)),

/ g fR,he f £,he of R 707 f 12 a"h f~ \h®
INT f e e e ~ .
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(4.398)
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As described in Section 4.3.1, Equation (4.398) is solved for each stage increment 7 at time ¢, + Atc;

(i.e., any variables that are explicit functions of time, such as a time-dependent external traction,



are to be evaluated at time ¢, + Atc;), with stage solution k; given by

b -
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nd f><1 NGopx1
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(4.401)

Then, according to Equation (4.293), the higher order solution to be accepted or rejected at time

tp+1 is given by

{Zm(tnﬂ)} =

—_—
s Pf 6s of
(2XnG0 Mot TG0t T dor) X 1

{Zum(tn-l-l)}

N———
S
Mo X 1
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—_——
S
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i=1
nzifxl nngxl
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\ ndofXI

dof

o (4.402)



and, according to Equation (4.294), the lower order solution at time ¢,11 is given by

{zm_l(tnﬂ)}
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(2x ndof+ndof+ndof+ndof) x1

4.3.1.6
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dof
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(4.403)

For the (u-ug-pe-6°-0") formulation, the Runge-Kutta integrators transform the general solu-

tion variables given by Equation (4.291) to

Zy

gs

ot

-fés (t,2)
féf (tv z)

(4.404)



such that
( 3\ .
d d
d d
d¢ d¢
{Z} = df y 2 = N dg
™ ™
9° &
o 9
\
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(4.405)

Thus, we require at least one governing equation to solve for the primary unknown El, which when

integrated once gives us d, and when integrated twice gives us d; and at least one governing equation

to solve for the primary unknown ds, which when integrated once gives us ds, and when integrated

twice gives us df; and at least one governing equation to solve for the primary unknown 7, which

when integrated once gives us 7r; at least one governing equation to solve for the primary unknown

195, which when integrated once gives us 9°; and at least one governing equation to solve for the

. of . . .
primary unkown ¢ , which when integrated gives us 9.

The FE formulation for the balance of momentum of the mixture, with variational equation

given by Equation (4.230), is written in block-matrix form as

@:o,

S
NG X1

where the global residual for the solid skeleton displacement is given as

T h INT,h INT,h INT,h INT,h INT,h EXT,h
c" Ru:g :gl +g2 +g3 +g4 +g5 -G =0.

(4.406)

(4.407)
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Therein,
INTh { ue ( muIzI;IT’ {&e}_'_ {fg{NT7e}) ’
——  ——
1 XNt "dof>< Mot X1 X1
GINTh _ { } { INTh r
U,e INT, } g A {Cu,e} . {fgéNT,e} ,
€ ———~— ———
lxndof ndofxl IXnys nyex1
o . (4.408)
INTh { } {fgINT }’ géNTh {Cu’e} ‘{fgéNT’e}’
€ ———— N ——
lxndof ndofxl lxni‘:f nfl’oefxl
lxndof ndof><1
where
I T 1 T
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—— ] N—— —— o] N——
nfj’oefx 1 njl’;f x1 nsgf x1 n‘;’oefx 1
; T gs,he
{f%”@} =— / {B} Pt (rf e 4 nlbh )Aje de ,
—_——— —1 ——
nex1 nyex1
1
T 4.409
{fgz‘f”’e} = / {N} ph g Aj° de, (4:409)
—_———— -] N———
nj’oefxl nj’:fxl
( T
{Ne,u(X — O,H)} A X = O,H
EXT o
{fg ’e} = nSEx1
[ —
MggrX1 0 0<X<H.
The mass matrix associated with the solid skeleton acceleration is given by
INT ; T
[mgu } =/p8 {N“} {N@y“}Aje d¢ . (4.410)
—_—— - ———— ——

s, s, s,e s,e
Mo X Mdof Mo X 1 IxXngo

The FE formulation for the balance of momentum of the fluid, with variational equations given by



Equation (4.232), is written in block-matrix form as

{r.} -0
——

ngofxl

where the global residual for the pore fluid displacement is given as
vt R, = Th — I%NT,h n I;NT,h X I;NT,h n IiNT,h I I;NT,h n IéNT,h —0.

Therein,
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with
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Z
H
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(4.411)

(4.412)

(4.413)

(4.414)

For a nearly-inviscid pore fluid, Equation (4.414)5 is zero. The mass matrix associated with the
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pore fluid acceleration is given by

1
T
IINT f,he .
[muf,uf } = / Po {NW} {NEv"f}Ayedf. (4.415)
N—— 1 N e’ e’
n({k)fx ntj:{coef n({lffX 1 1 Xnéc;)ef

The FE formulation for the balance of mass of the mixture, with variational equation given by

Equation (4.233), is written in block-matrix form as

{Rpf} =0, (4.416)
——

dole

where the global residual for the pore fluid pressure is given as

cPr T Rpf _ ,H ,HINT ,h + ,HINT ,h + HINT h + HINT ,h + ,HINT h + ,HINT ,h /HEXT,h =0.

(4.417)
Therein,
T
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e
—_—— e
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e e
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R N R Ry N I P S
e e
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dof dof dof
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where

L T
o) e v
-1

—— N ,

Pf e pf e

Mgof X1 gy X1
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gifeX1 Z£f€><1
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khe anf,hb‘3 1 0% he
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naor X1 nfli x1

T
{Ne,Pf(X:O’H)} QfA X:O,H

EXT
f’H e\ — .
Mot x

—
nghi x1 0 0< X< H.

The mass matrix associated with the pore fluid pressure is given by

1
2N Jhe pfohe T )
it | = | o AN (e A e (4.420)
— —_——— ———

f

PEe i PDe g€ peoe
Tof XMof ngor X1 Ixngty
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For the compressible liquid pore fluid model (Equation (3.153), Equation (4.250)),

; T e e e 80f7he he¢
{ fH%NT,e} =- / { Be,pf} ol (Jh O+ = (n' ) )Ajedg,
—_——— ~———

-1

pf,€ pg.e

Ngor X1 Ngor X1
° ) ° (4.421)
e e T
HiM e = i e.pt eps 5 Aj€d
My | = K N© N¢ Jj°dg .
= —_—————
nat Xndor ngor X1 Ixngly

When pressure stabilization is enabled, an additional term %P is added to the Lh.s. of Equa-

tion (4.417) and is defined as

HStab — K cpfevT . |:m7-[smb76:| . {7'1'6} , (4422)

DPf,Pf
[
pr.e_, prhe ppy€e
ndof ><ndof ndof x1
where
1 ) T
e —_ .
[m;-ts;ab*e] = /aStab (Flh1 ) {B&pf} {B&Pf} AjedeE . (4.423)
£, Df
—_——— -1 —_——— —
pPE.e, Dpe pf,e pe.e
Tgof XMdot Mot X1 Ixngoe

The FE formulation for the balance of energy of the solid, with variational equation given by

Equation (4.234), is written in block-matrix form as

{RQS} =0, (4.424)

——

GS
ndofX1

where the global residual for the solid phase temperature is given as

ps. T h INT,h INT,h INT,h INT,h INT,h INT,h EXT,h
C 'Rgf:j :\.71 ‘1‘;72 +;73 +\74 +j5 +‘-76 *j =0.

(4.425)



Therein,
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The mass matrix associated with the solid phase temperature is given by

1
T
INT € s .
[milgs 7€:| — /pgh C%/ {Ne,es} {Ne,es} A]e df ) (4428)
— N — N——
08 .e 68e 68 e 68 e
Mdof X Mdof Niop X1 Ixng

The FE formulation for the balance of energy of the pore fluid, with variational equation given by

Equation (4.235), is written in block-matrix form as

{ Raf} =0, (4.429)

N——

of
Ndof x1

where the global residual for the fluid phase temperature is given as
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where
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The mass matrix associated with the pore fluid phase temperature is given by

1
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For the compressible liquid pore fluid (Equation (3.153), Equation (4.251)),
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and we must
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add ICéNT’h to Equation (4.431), wherein
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Then, returning our attention to Equation (4.404), we have
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")) ) Aje de

(4.435)

(4.436)

)
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where
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For the compressible liquid pore fluid, we must add FX™ on the last line of Equation (4.438),

such that

{ cmg,NT} _ A { fzcgNT,e} , (4.439)

N—— N——
of of e
Ngor X1 Ngor X1

As described in Section 4.3.1, Equation (4.436) is solved for each stage increment 7 at time ¢,, + Atc;

(i.e., any variables that are ezplicit functions of time, such as a time-dependent external traction,



are to be evaluated at time ¢, + Atc;), with stage solution k; given by
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(4.440)

W

Then, according to Equation (4.293), the higher order solution to be accepted or rejected at time
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tn+1 is given by
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and, according to Equation (4.294), the lower order solution at time ¢,11 is given by

m 3\
( m—1
{zT‘l(th)} {zu(tn>}+Athi {’%(v)}
N , i=1 N ,
n3 e x1 MorX 1 NGofx 1
m—1
{ZT_l(tn+1)} { }+Atzb { z(a }
—_——
n3 X1 N X1 ndofX]'
m
1
{emi {zuf@n)}wa’” {<}
~—_— N—_——— i=1
Ngop X 1 ”gof x1 ndofX 1
{ m
)| o)
_’s_/f n£0f><1 NGoex1 nd0f><1
(2 Xn30f+ngif+ngof+ngof) x1 m
(et} {anten frary o { o)
=1
nbex1 nff x1 ndof><1
m
1
{zgj (tn-&-l)} {Z@s(tn)}+Athm 1{ }
=1
ndorx 1 nf x1 ng fxl
1 m
Zgi (tnt1) {zef(tn)}JrAthm 1{ }
—_— i=1
N nZifX ! ”gif x1 ”dof X 1

4.3.2 Implicit integration

For the poroelastodynamic equations that retain inertial terms, we apply the Newmark-beta

method [Newmark, 1959] for solving Equation (4.287) wherein

Mz, 1 +Cxpy1 + Kxp1 = Fpya,

. AP ) )



where

The predictors are

such that

u v a
T=Nus(r» T=§vr (> LT=§ar
Dt Dt Dt

N A .
Tpt1 = Ty + Aty + - (1—-28)&,,

Tyl =+ At(1—7) &, ,

~ 2.
Ln+1 = Tp41 + ﬁAt LTn+1,

Tyl = Tpp1 + YALE, 11 .

This allows us to solve for the accelerations at the next time step as follows:

(M +yAtC + BAPK) &1 = Fri1 — Cpy1 — K&t

— Zi}n+1 = (M +’YAtC + BAtZK)il . (Fn+1 — C',-:i'n-‘rl — K:’]én+1) .

When inertia terms are ignored, the system of equations becomes

Note that in this formulation

because pore fluid displacement does not have a balance equation associated with it.

Cex+Kx=F.
u v

= , @T= ,
Dt Dt
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(4.444)

(4.445)

(4.446)

(4.447)

(4.448)

(4.449)

For these equations (those that do not retain inertial terms), we apply a general trapezoidal

rule for solving Equation (4.287) wherein

Crpi1+ Kz = Fpy,

Tnt+1 = Tp + 'YAtmn )

(4.450)
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with predictor

Tp+1 = Tn + (1 —y)Atx,, (4.451)
such that

Tpi1 = Tpy1 + YALZ, 11 - (4.452)

This allows us to solve for the velocities at the next time step as follows:
(C + ')’AtK) ibn+1 = F»,H_l — K:i)n+1

— &pp1 = (C+ALK) ' (Fpp — K&y, ) . (4.453)

In addition to a fixed time-stepping scheme, we have also implemented an ad-hoc adaptive time-
stepping scheme. However, most of the applications of non-inertial problems in the context of this
work are for verification examples only, and we find that fixed time-step is suitable for this purpose.
The method is most useful for dynamic problems where higher order of accuracy is pertinent, and
is described as follows: in the event that the local number of Newton-Raphson iterations (see
details in Section 4.3.2.1) exceeds a user-defined threshold (usually 6 iterations, which is typically
beyond the criteria for quadratic convergence), the time step is reduced by a user-defined factor
(e.g., At* — 0.25At). Conversely, if the solution converges before the user-defined threshold, the
time-step is increased by a user-defined factor (e.g., At* — 1.1At). For further details, refer to

Laadhari and Székely [2017].

4.3.2.1 Newton-Raphson method

Generally speaking, Equation (4.443); can be reduced to a force residual r as a function of

displacement d for static force equilibrium,

r(d) = FEXT - pFINT(q) =0 (4.454)

FEXT

where is our external force (typically a pressure wave in the form of an applied traction

force) and F™T are the internal forces that work to oppose FEXT. In this particular research
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application, the internal forces are non-linear, therefore requiring us to employ a non-linear solver
for Equation (4.454). For simplicity, we use the Newton-Raphson method to find the “exact”
solution d* such that 7(d*) = 0 given the applied external force F*XT. Consider the Taylor-series

expansion about the past iterate d”:

4 =d* +6d*
(4.455)

ar(dk)&dk n 182T(dk)

k2
5d 5 B (0d")* +h.ot.=0.

r(d*) = r(d®) +

or(d®)
od
higher order terms (h.o.t.s), and thus d* ~ d**1.

Then we “linearize”: let be the consistent tangent at iteration k, drop the quadratic and

dk
r(d*) + arfgd)adk ~0 ;  d"~d =dF 4 6dk (4.456)

Then, to find the solution to Equation (4.454), set

,r(dk) — FEXT _ FINT(dk),

ar(d’w)‘l . (aFINTu'f))’l .
odrF = —r(d)] = | ———=] r(d),
( ) ) y (d") -

d"t = db + 6d",

r(dFH) = FEXT _ pINT (gh+1)
and check for convergence:

[r(d*)]

P/l « tol THEN d* = dFt!
|r(d)]

IF

ELSE iterate

where tol is a relative residual tolerature, relative to the initial residual r(d°). The proceeding
section is concerned with how to find §d* given by Eq.Equation (4.457)s.
4.3.2.2 Gateaux derivatives for implicit integration methods

In order to properly linearize the matrix forms of the governing equations listed above, we

will need to find the directional (Gateaux) derivatives of all the terms that have a dependence on
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FEXT,

> X

Figure 4.3: Hlustration of Newton-Raphson method for solution of d, where we show iteration
k=0,1,2, and convergence likely at iteration & = 3. The black curve is a plot of FINT(q).

any one of the three solutions variables (u;, u(), pr). In the following section we will substitute the
results obtained here into the linearized forms of each term of our variational equations defined
in Section 4.1. Again, we have assumed a 1-D uniaxial strain approximation to the deformation
of lung parenchyma and the pore air within. All displacement and pressure vectors (i.e., solution
vectors whose components are degrees of freedom) can be written in terms of their second time
derivatives (or first time derivatives for the non-inertial equations) and subsequently integrated

using an appropriate integration scheme to find the nodal solutions for displacement and pressure.
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The variations are given by®

ou oa ov oa
Sug ¢ = BAE S sap oy dup ¢ = VAL Sag ¢ - (4.458)
ops 0Pt Ot Ops

In the following equations, we assume localized one-dimensional solution variables and drop the
boldface notation. Detailed derivations are provided in Appendix A.

Starting with the Gateaux derivative of the deformation gradient, we have

d(da) d(dv)
_ 2 _
0(F11) = At X = ~vAt ax (4.459)
For the deformation gradient raised to any power n, Equation (4.459) becomes
n 0(da) 9(dv)
S(FPY) = nF A ox. =~ LAt 5 (4.460)
In the 1-D approximation, the Jacobian J is equivalent to Fi; and thus
d(da) (o)
5(J) = 8(Fiy) = BAREY — y\g 200
0X o05a) )3X o(60) (4.461)
ny __ n—1 2 a n—1 v
§(J™) =06 (F}) =nJ" " BAEL X nJ"V T yAt——= X

Given the constitutive relation for the solid second Piola-Kirchoff extra stress shown in Section 3.3.1,

we will also require the Gateaux derivative on the In(J) terms, namely,

d(da) 1 At@(év)

1
In(J)) = ~BAL == 1.462
as well as the Gateaux derivative on the inverse Cauchy green tensor component C’fll:
9(da) 9(dv)
§(Ch) = —2F°BAL o = —2F *yAt oy (4.463)

8 Users of SPONGE-1D (refer to Chapter 5) will note that an implicit integration scheme has been developed for
thermporoelasticity and thermoporoelastodynamics, specifically for the (u—pf—6‘s-0f) formulation. However, in testing
we found that the results between the explicit and implicit thermoporoelastodynamic formulations do match well with
the results between the poroelastodynamic formulations for the examples given in Section 5.3.3.2 (more than might
be accounted for by numerical error). For this reason, the FE equations for the implicit (u—pf—6‘s-0f) formulation are
not presented anywhere in this work. The interested reader may find the linearizations (and derivations therein) for
implicit (u-ps-0°-67) listed in Appendix B.5.
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Now that we have both Equations (4.462) & Equation (4.463), we can apply the Gateaux deriva-
tive to the solid second Piola-Kirchoff extra stress component § (Sil( E)) (assuming a neo-Hookean

hyperelastic material model® ) as follows:

o il(E)) = A =2[An(J) — u]) FﬁgﬂAtQ 8({;‘;1)
= (A =2[AIn(J) — pl) Fﬁ?’vﬁtag()ig) ' (4.464)

Then the Gateaux derivative applied to the solid first Piola-Kirchoff extra stress component 6 (Pj, ( E))

is

3(Piygy) = (4 [N = Aln(J) + p] ;%) BAE aéi?)
= o+ D= A+ i) 2i5 (4.465)

As an aside, consider the case where viscous damping is introduced (refer to Equation (3.118)):

_ _1 Ov
6(P151(E)) = F112 <[>‘ + 24] <V07A75 - 2V()Fn1 3X/3At2)
—1 81) 2
— 111F11 2V0")/At — 41/0F11 78X - A 5At

_, Ov d(da
+ <[)‘ tpt+ MF121] - 2V0F1118X> BAtQ) (gX)

_ _1 Ov
= Iy <[)\ + 2p] <V0 - 2V0F1116)X’>’At>

—In F1y (QVO - [4V0F111§;( - )\] 'yAt)

4 Ov o(ov
+ ([A + p+ pFE] = 2u 1118X> ’yAt) éX) : (4.466)

The real mass density of the barotropic pore fluid p® is dependent on the pore fluid pressure as

defined in Section 3.3.2, therefore
fR p™ 2 p™
6(p™) = f?ﬁAt opr = ??VAtdﬁf; (4.467)
and for a linear relationship given by Equation (3.140);

SRy = PO gass PO A 4.4
(p )—ﬁﬁ t Pt = 717 tops . (4.468)
f f

9 The neo-Hookean model with the extension from Ehlers and Eipper [1999] has been implemented in SPONGE-1D
but is not presented here for brevity.



230

The volume fraction of pore fluid is dependent on the volume fraction of the solid skeleton which
is dependent on the deformation of the solid skeleton, therefore

o n 20(0a) —n® d(dv)
i(n') = JﬁAt X = JyAt X (4.469)

The mass density of the pore fluid is likewise dependent on both the volume fraction of the pore
fluid as well as the real mass density of the pore fluid, therefore

d(6a)  JInfp® .
5(ph) = At2< fR + )
(po) =B P 5% &, b

d(dv) | Jnfp™
= (L + T ) (1.470)

As discussed in Section 3.1.4, to express the hydraulic conductivity as a function of the porosity

we employ the either the Kozeny-Carman relation as shown in Equation (3.63) such that

~ kns [ 3 2n! d(da)
= — —_ _— A 2‘
o(k) J [nf Tz (nf)Q} bat 0X
O
B d(0v)
or the hyperbolic form given by Markert [2005], as shown in Equation (3.68), such that
. Js =g\ k-1 a(6
vk kg ,0(30)
= — A
oK) pel — n%(s) ( 1-— ng(s) ) pAt 0X
O
()
=0;7A . 4.472

Later, for simplicity, we will reference ¢; alone. The interested reader should refer to Equa-

tions (4.471) and Equation (4.472) for the individual forms.

4.3.2.3 (u) formulation

Linearization of the variational equations. Detailed derivations of the following lineariza-

tions are provided in Appendix B.1. The linearization of Equation (4.18); is given by:
X=H
SGINT = / wpodaAdX . (4.473)
0
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For elasticity, Equation (4.473) is zero.

The linearization of Equation (4.18)9 is given by:

X=H
ow" _ d(da)
5GT = ax (1t [ = AIn(]) + 4] F?) (BAE) x AdX (4.474)
0
For linearizations of GINT with elasticity and viscous damping, refer to Equations (B.3)-Equation (B.5).

INT when shock viscosity is enabled, refer to Equation (B.10).

For linearization of G
The linearization of Equation (4.18)3 is zero under the assumption that the variation of the
reference mass density of the material is constant. In addition, the variation of the external force

vector given by Equation (4.18)4 is of course unnecessary as this term is simply subtracted from

the residual at every Newton-Raphson iteration.

Finite element formulation. The finite element formulation for the (u) formulation is presented
as follows, with additional details being covered in Appendix C.1.1.

The finite element formulation for the elastodynamics variational equation is written in block-

] {0

—_— Y~ Y=

S S S S
Mot X Mot Mot X1 Mot X 1

matrix formation as

The finite element formulation for the elasticity variational equation is written in block-matrix

] fs)-{-n)

— ——

s s s s
Mot X Mot Mdof X 1 Ngof X 1

formation as

The global residual for the solid displacement is given as

T Ry = Gh = GNTH 4 gINTA | GINTA _ GEXTh _ g (4.477)



232

where
Ne T . T
g{NT,h _ {C%e} (/ {Ne,u} pg al Aj¢ d§> )
¢ e 1 ~—
Ixnge NgaeX1
Ne T f T
g;NTah:A{Cu,e} ,(/{BE,U} Plhl A]ed£> ’
¢ e 1 —
e w1
1
e T T (4.478)
INT,h “gAj .
g4 = A {Cuve} (/{Ne’u} pg gAjed€> ?
¢ e 1 — —
Ixngl NgarX1

T
{Ne,u(X:()?H)} tA X=0H

EXTh R
’ u,e .
g A {c } nisx1

e

S

i

Ixng; 0 0< X< H.

For elasticity, Equation (4.478); is zero.

Recall that the tangent matrix for each Newton-Raphson iteration must be of the form

0=R! = (%Z“) a = {Kw] : {5&} , (4.479)
N N —

S S S
Mot X Ndor Mot X1

or
OR )
0=RF= < (%“) dv = [Kw} - {6d} : (4.480)
~——
n30f><nc510f ncslofXI
where
Ne r 2 INT
EEY SE D vt (451
. , e | , i=1
o X Mot Ixngl Tt X gt
and where
1 T
[kﬁ,{fT’e] = / o {N“} {NE’U}AJE d¢
—_—— - —_——— ——
e X Nt Nanex 1 Ixngg
1 i (4.482)
[kg] = [t = A () ] (7L (%) { Be,u} { Bevu} Ajde
—_—— -1 —_—— ——

s,e s,e s,e s,e
Nof X Mdof Mo X1 IxXngor
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,€e

IN
For elasticity, Equation (4.482); is zero. For the formulations of k:q_gfu with elasticity and viscous
damping, refer to Equations (C.9), Equation (C.12) and Equation (C.15). For the formulation of

INT
kgfu *“ when shock viscosity is enabled, refer to Equation (C.18).

4.3.2.4 (u-pg) formulation

Linearization of the variational equations. Detailed derivations of the following linearized

equations are provided in Appendix B.3. The linearizations of Equations (4.64); 2 remain unchanged

from the (u) formulation (the former under the assumption that the Gateaux derivative of the mass

density of the biphasic mixture is negligible); refer to Equations (4.473) & Equation (4.474) for
QINT & 5QINT respectively.

The linearization of Equation (4.64)s is given by (for poroelasticity, refer to Equation (B.24)):

X=H
ow¥

0X

sGyNT = B(BAt?)oprAdX . (4.483)

0

The linearization of Equation (4.64)4 is zero under the assumption the Gateaux derivative of the
mass density of the biphasic mixture is very small. In addition, the external force vector given by
Equations (4.61)s5 6 is of course unnecessary as this term is simply subtracted from the residual at
every Newton-Raphson iteration.

The linearization of Equation (4.66); is given by (for poroelasticity, refer to Equation (B.26)):

X=H
INT _ | Pe 2 d(6a)  Jnf
OHy = 0/ w? ([Kﬁ (5At)+(7At)] ax w7 (’yAt)ém)AdX (4.484)

The linearization of Equation (4.66)2 is given by (for poroelasticity, refer to Equation (B.30)):

X=H
5H£NT= / wpf<

0

o(dpe) - Opr

- - Op -1
(nfvf) — k‘if(FH) 8X aX

(a+ )ij(BAtQ)dﬁf
Kf

Opt
Tox

. Ops »
—k(nfvf) + 7ko112 K?

(ﬁAt2)8(5a) It f R 5a>AdX. (4.485)
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The linearization of Equation (4.66)3 is given by (for poroelasticity, refer to Equation (B.33)):

X=H
OwPf P 8pf d(0a)
5HINT / X ([51; - anl]aX 11 (ﬂAt2) X
0
+kF (BALY) 82)7?) > AdX | (4.486)

The linearization of Equation (4.66)4 is given by (for poroelasticity, refer to Equation (B.35)):

X=H

OwPt d(da
57—[}1NT = e ) (51%(& +9) (ﬁAtQ) éX)
0
+k(a+ g) (,BAt2)5pf 1 k5a> AdX . (4.487)

The linearization of the external force vector given by Equation (4.66)5 is of course unnecessary as
this term is simply subtracted from the residual at every Newton-Raphson iteration. For pressure
stabilization, the linearization of Equation (4.600) is given by (for poroelasticity, which often does

not require the employment of pressure stabilization, refer to Equation (B.37)):
S gur o(6p)  Op (s
. .
(SHStab — LaStabFl—ll ((')/At) ( pf) Pt Fll (ﬁAtQ) ( a) ) A dX (4488)

0X 0X  0X 0X
0

Finite element formulation. The finite element formulation for the (u-pf) formulation is pre-
sented as follows, with additional details being covered in Appendix C.1.2.
The FE formulation for the (u-pf) poroelastodynamics variational equations is written in

block-matrix form as

Kuu Kpul| od ) -R. (t.459)
K u,pg Kpfvpf o7 _Rpf
SN—— N——

P p p P
(NG tnahe) X (o tnany)  (Miortngh ) X1 (ngrtnghe) x1

The finite element formulation for the poroelasticity variational equations is written in block-matrix

formation as

Kuu Ky od -R, (4.490)
K u,pf KPf:Pf or _Rpf
N—— S—

P p p P
(Mo tnaon) X (ot gy (niortngb) X1 (nptngle) x1
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The global residual for the solid skeleton displacement is given as

cu,T X Ru — gh — g{NT,h + g;NT,h + géNT,h + g}lNTJl . gEXT,h _ 0’ (4491)
where
INT,h & 4 / 4
G = {cu,e} (/{Ne’u} ,08 a" A]ed§> )
€ e~— Ml ——
1><n(si’:f nj’:fxl
INT,h N g / T
Gy = {cu’e} (/{Be“} Plsi(E)AJed§>7
€ a—~— 1l ——
e 1
INT,h & 4 / T
B (L]
f I (4.492)
1><nd’Of nd’ofxl
INT,h N ’ / ’
g, = {cu,e} .(/{Ne,u} pg gAjed§>,
€ e—~— Ml N——
Ixng ngyex1

Ixnds; 0 0<X<H.

For poroelasticity, Equation (4.492); is zero.

The global residual for the pore fluid pressure is given as

INT,h INT,h INT,h INT,h
TRy = H = U My Hy My = HP =0

3 4 ; (4.493)
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where
1
INTh e T Trghepthe .
Hl AL {Cpf’e} . /{Nepf} |:I{77 ? +Jh:|AJed£ )
e J —1 A,_/ f
Lxngfy nify x1
1
T T h¢
190
INT, A Pt ()"
- Ao ‘</{N "} g ) Aﬂedf)’
€ N—— —1 N——
1xnfe natix1
INTH e T o O ey
H3 5 :e{cpf,e} . /{Bept} k ai)f((Fll) Ajedf ’
1xnbts nhfx1
Ne T 1 TA
HiNT,h _ A{cpf,e} .(/{Be,pf} ke piRoh (ah —I—g)A]ed€)7
¢ e Ml —
1xnfEe gy x1

€
1xnffy 0 0<X < H.

For poroelasticity, Equation (4.494)4 becomes

1
Ne T T
INT,h ~pe e X
He = A {cpf’e} (/ {Be’pf} kM pT g Aje dﬁ) : (4.495)
€ e — V] e ——
T e

When pressure stabilization is enabled, an additional term %P is added to the Lh.s. of Equa-

tion (4.493) and is defined as

b Ne T 1 T . bap?e he 1
stab A{Cpf,e} . /{BE,Pf} o™ 87(1711) AjedeE | . (4.496)
€ ——— M ] N
pee ppie

Ixngoe Ngor X1
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The tangent matrix for the (u-pf) formulation for each iteration must be of the form

OoR, OR,
OR da Ops da
aRpf aRpf (5pf
da Opr
Kuu Ko, od
= . , (4.497)
Kpfau Kpf,pf 67T
(ot nah) X (o ndhy)  (ngorHnghy) x1
or, for poroelasticity,
OR, OR,
OR ov Opr ov
8Rpf aI:lpf 5pf
ov Opr
Kuu Ko od
= . , (4.498)
Kpfvu Kpf,pf 57T
~——
(3o tmane) X (nortnghy)  (nGortnghe) X1
where
e T2 INT
[Kw] - A {Cu} > [kgu } ’
—— € e Tl —o
ncslof X ngof 1x ”fo ncsl’:f X "fo
- - T
K — A { ue} . [kgéNT’e:|
u,ps cv u,ps ’
- p- ‘ s,e pg,e
Mot X b Ixngye  ngxngly
) ) o T4 . (4.499)
_ H, e
Kpfau - {cpf’e} Z |:kpf1u :| ?
——— € e— Tl T
Pt xns 1xnli* nPiexn e
dof dof dof dof dof
[ Me T INT
_ \ . H; e
Kphpf] - A {cphe} Z |:kpf7pf ] )
——— € - =1
Mot Mot Ixngly MGt XTor

where the definitions for K, , remain unchanged from Section 4.3.2.3 (refer to Equations (4.482) 2).
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The skeleton displacement and pore fluid pressure coupling tangent is given as follows:

1
T
[kgégf] S / (BAL?) { Be,u} { Ne,pf} Aje de (4.500)
-1 ——— N —
Mgar <o Mgor<1 Ixnfly
The pore fluid pressure and solid skeleton coupling tangents are given as follows:
[ e ] / phe T
€| = / (Ién(mﬁ) + ('yAt)) { Ne,pf} { Be,u} Aj€de,
- - f N — N —
néby xngs; nghy x1 Ixngl
1
- _ T (Sh 8
HINT, b ( f~\h° | 7he Pf 2
pf?u N / {Nevpf} (l%h (’I’L v ) k 8X (F ) (ﬂAt ) {B&u}
_H/—-/ —1 ———— N—_——
by Xngor iy x1 Ixngs
N R Y L SV
0X K77 ’ (4.501)
~——
IxXnys
1 5 -
HINT, pf heN—1(che e[ mhe1—1 2 .
[kpf?u ] / oy (Fi1) ™ (0 — K" [y ] ) (BAr?) {Be,pf} {B&u} Aje de,
N——— -1 —— —
o Xt ngbi <1 gl
; T
INT e e ~re e .
[kff;}u ] / {B@Pf} <5£ (a" +9)(BAE) {Be’“}—i-kh {Ne’“}>pm’h Ajedg .
I — , . y
néby X iy x1 Ixngs Ixngg

For poroelasticity, Equations (4.501);_

4 are given by Equations (C.31), Equation (C.39), Equa-

tion (C.47) and Equation (C.55). When pressure stabilization is enabled, we must add one more

pore fluid pressure and solid skeleton coupling tangent to Equation (4.499)s:

For poroelasticity, Equation (4.502) is given by Equation (C.63).

1
a T
Z’};ﬁbtdb e:| _ /astab F —2 pf (BAtQ) {B&pf} {Be,u} Aje dg . (4502)
-— e ————— ——
ngby xngue ngor X1 Ixngst

Lastly, the pore fluid pressure
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tangents are given as follows:

INT / :]he'n/f’he T
{Hl ’e] = T(VN) {Nevpf} {Nevpf}Ajedﬁ,
f

pt,pt
il T
1
T h@
INT £~ \h® ~ eap ey —1
|:k;-i?pf :6] = / {Ne,Pf} ([(n 'Uf) _ kP T’))f( (Flhl ) {Be,pf}
— ] N—— ——
— W1 T
A~ eaph‘e e pr7h 1
S i Sy L et b | —— (BA2) Aj¢d
ox (@ *9) KN K7 (BAL%) Aj° de, (4.503)
gty
; T
HE el — [ phe (R LB AL2 e,p ept » Aj€d
Epe e - (11) (ﬁ ) BePt Berr » Aj©dg,
-1 N——
ety WL el
1
rHINT e > he he pr’he 9 T e
T k (a +g) KF (5At ) BePt Neps o Ajedg .
~—— - —_———— —
Mot X268 Mor X1 1xngy

For poroelasticity, Equations (4.503);_4 are given by Equations (C.32), Equation (C.40), Equa-
tion (C.48) and Equation (C.56). When pressure stabilization is enabled, we must add one more

pore fluid pressure tangent to Equation (4.499):
1

T
|:k'}_[stab,e:| _ /astab (Flhle)—l (fyAt) {Be,pf} {Be,pf} Ajede . (4.504)

Pt ,Pf
-1 —_————— ——
pPfy€ pf,€ pf,€ pf,€
Ndof XMdof Ngor X1 IXngor

For poroelasticity, Equation (4.504) is given by Equation (C.64).

4.3.2.5 (u-us-pr) formulation

Linearization of the variational equations. Detailed derivations of the following linearized
equations are provided in Appendix B.4. The linearization of Equation (4.86); is given as follows
under the assumption that the Gateaux derivative of the real mass density of the solid phase is

negligible owing to the incompressibility assumption:
X=H

oGINT = / w" <p35a + as (BAL?)

0

mO(6a)  Jniph
P Tox UKD

Spe | + pgaaf> AdX . (4.505)
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The linearizations of Equations (4.86)2 3 remain unchanged from the (u-pf) formulation; refer to
Equations (4.474), Equation (4.483) for §GINT and dGINT, respectively. As before, 6GINT a 0 under
the assumption that the variation of mass density of the mixture is negligible.

The derivation of the Gateaux derivative of the pore fluid extra stress tensor, which con-

tributes to block matrices Ky, Ky v, proceeds as follows:

5(”?1(15)) = 5( ggé) (ke + 2u¢) = < (BAt? )ag;?) nf(yAt) 8596;)) (ke +2m5),  (4.506)

where we assume pore fluid bulk viscosity k¢ and pore fluid shear viscosity ps are not functions of

the independent variables u, ug, pr. Thus, the linearization of Equation (4.93)1, 5géNT, is
X=H

ow 8(5@) d(day)
T = At?) —— A 2ur)AdX . 4.
635 / 8X<J(6 t?) e nf(YAt) =~ oy | (k1 +2u)Ad (4.507)
0
The linearization of Equation (4.88); is given as
e d(5a)  Jnfp®
STINT — / W (af(BAtQ) o é)?) 7;(/7)7 0Pt —l—pg(Saf)AdX. (4.508)
4 f
The linearization of Equation (4.88) is given as
o Ops 8(da)  (O(5pr)
IINT—/ " Opr 00a) | e0OP) ) (5 AdX 4,
6T w” Tax ox " ox (BAt*)Ad (4.509)
0
The linearization of Equation (4.88)s3 is given as
X=H 2 2
on®  J6;1 (nf) o dda  J(nf)
INT _ us 2 —
STINT = / w ([1+ T k) - (BAR) T2 + T (7AM1) (Fag — 6a) | AdX .
0
(4.510)
The linearization of Equation (4.88)4 is given as
X=H
d(6a)  JnfpM
IN U fR
STNT = / w f([p ax K7 5pe | (BAE?) | gAdX . (4.511)
0
The variation of Equation (4.93)3, §Z:NT | is
e 0% o' 0(5a)
INT _ ug s 9 ivf 2
0
Bn 8(5af) f(92((5af)
A AdX . 4.512
FOAFL 5 Tox T Taxe d (4512)




241

The linearizations of Equations (4.89); 3 and 4.600 remain unchanged from the (u-p¢) formulation;
refer to Eqs. 4.484, 4.486 and 4.488, respectively.

The linearizations of Eqs. 4.895 4 are different from the (u-pf) formulation given that the pore
fluid acceleration is used in place of the mixture’s acceleration (i.e., the solid skeleton acceleration
in the (u-u¢-pr) formulation) in the constitutive model for Darcy’s law. Furthermore, the pore fluid
viscous stress appears in these terms when considered. The Gateaux derivative of the divergence
of the pore fluid extra stress term that is scaled by porosity and inverse deformation gradient, is
HINT gINT

used in variation of , and is given by

1001, onfove n® 100t du 0%\ s ,d(8a)
5<nf ax ) =\ axax iz Tonfax ax T 2axe | (e 2080 %

i 10w (60) | 1 ont L, 20
TRt ax e T BT e gk (T 2 B AT
0?(Say)
+ (ke 4+ 2u¢) F 11 ’)/At X2
(4.513)
Thus, variation of Equation (4.89)2, 6 HiNT | becomes
o .9 a(op) - Opr R
INT _ s f~ Df 2 P
otz / v ([(M) 8X] (358) =5% GX(af+g)Kf
0
Ops | 0; Opr _
x (BAE)op f+87 f( O) + ko iy’
- n® on' dvg 0%\ 3 9\ 0(6a)
+]€< (nf)2 + — 8787 +27(9X2 Fll (/‘vf +2Mf) (ﬁAt ) 0X
apf 1y _5 Ovg o 50%(a)  Opg - fR
“ax Nt i g (e 2m)BAE T — ke ar
Ops - 1 ont 0(6ar)  9%(0ar) A
Fr - il .
S 0X ox P (A1) nt 90X 0X ox> | | K/ X (4.514)

The terms highlighted in red in Equation (4.514) correspond to the pore fluid viscous stress tensor;

when a nearly-inviscid pore fluid is assumed, these terms are zero.
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Next, variation of Equation (4.93)y, dHINT, is given as

2
(re + 2Mf)) X

X=H
OwPt 5, 9oy ont Ovg 1 n® 5 0%v
INT _ k (B) 2 gvt 2 g
s = 0X k([(nfk ox 07 |axax ((nf)2 * nf> 2%
0
_ d(da) nf 1 Ov 0?(8a)
30 A2 ng 1 ovp 2
BrPAT Y Fo nf ax T 2 BAT 5
f d(dar) d%(dag)
-2 f -2 f
+ ﬁaiX(/if + 2/Lf)FH ’)/At OX + (Iif + 2,uf)F11 ’}/At X2 AdX .
(4.515)

Finite element formulation. The FE formulation for the (u-us-pf) formulation is written in

block-matrix form as

Kuyw Kuuw Kup od -R,
Koy Kugue Kougp ods = ~R,, (4.516)
_Kpf,u K Kpfvpf_ o7 -R,,
(Mo tnlortndn) X (nortnortndly)  (iorrndytnifdx1  (ngorndtngl)x1
The global residual for the solid skeleton displacement is given as
T R, =Gh = g{NT,h I géNT,h n géNT,h n giNT,h n géNT,h _GEXTh _ ¢ (4.517)
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where
INTh _ N T T one £,he
o™ = e} ([ {ve} e sy ara).
Ce—~— 1 ——
g e
INTh _ A T T e
Gy = A {c“ve} </ {Be’”} Pfi(E)A edf) ;
€ o_— 1l ——
D e
INTh _ & g / g
oo} (e )
€ —— -1 N
lxnz’oef ni’:fxl
1
e T T (4.518)
giNT’h = {cu,e} </ {Ne,u} pg gAje df) ,
€ e—~— 1 ——
Ixmgr Mot X1
INTh & T T e
v -Ae) ([} o)
€ — -l ~———
IxXnys noex1
T
{Ne,u(X -0 H)} t’A X =0,H
ne T ’
EXT,h _
g =A {Cu’e} niix1
€ ——
xngse 10 0<X<H.
When the pore fluid viscous stress tensor is not considered, g;NT”‘ drops from Equation (4.517).

The global residual for the pore fluid displacement is given as

T Ry =T = I{NT,h +I;NT,h JrI;NT,h +IiNT,h JrI;NT,h —0 (4.519)
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where
Ne T : T e
I{NTJL — A {cuf,e} (/ {Ne,Uf} pg’h a?’lAje df) )
€ ——— V] ——
Ixnfs: nfsex
Ne T : T P
N f {c} (/ {N} nhh A dé) ,
€ ——— ] ————
Ixnf; nfspx
1
T T ghe (, £,h¢)2=he
J¥ (nh v
INT,h f ]
g B (o) TS ).
¢ e—— M — —
Ixnf; nfsex
Ne T ; T e
- e ([ e
€ —~— ] —————
1><n£ff n(J;Z)F}X1
1 f,he
e T T oP;;
leI;NT,h _ {cuf7e} . ( — {Ne,uf} 617;((]5)14]'6 df) .
e | ) —1 \_v_/
Lxns nhspx1

I;NT,h

When the pore fluid viscous stress tensor is not considered, drops from Equation (4.519).

The global residual for the pore fluid pressure is given as

T R, =N = /HiNT,h n 7_éNT,h n /H;NT,h n HiNT,h 4 HINT _gEXTh (4.521)
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where
1
INT.h K T T hepth he h
Hl 9 — cpf?e . / NC,pf K/',] f + J A € dé- )
e /) —1 A,_/ f
Ixngly Mor X1
1
Ne T T 1 8 he
INT,h PE(ts) "
HQ _A{cpf,e} </{N @f} Kif"]aiX(nv) A]edé.)’
¢ e 1 —
1xnfle o X1
dof dof
INTh T T e Opl 1
HS ) A {Cpf’e} (/ {Be,pf} kh ﬁ(Flhl) A,]e df) i
¢ e ] ——
1x ngg’fe ”gg}'e x1
1
. - T 4.522
HiNT,h _ A {cpf,e} </ {Bemf} k" pr’h (ah + g)AJE dE) ) ( )
¢ e 1 ~—
1xnfEe aor X1
1 ~ f,he
ne T T e oy
INT,h 11(E )LAj
HS Mo A {Cpf,e} . ( _ / {Be,pf} T a)é )(Flhl) 1Aje df) )
€ ——— —1 N——
Lxngy ndor X1

IXngop 0 0< X< H.

When pressure stabilization is enabled, an additional term %P is added to the Lh.s. of Equa-

tion (4.521) and is defined as

1

ne T T opl* e 1
b — A{cpf,e} . / {Be,pf} astaba—)f((Fﬁ) Ajede ). (4.523)
N—_———

e
—1 ———
pEse pg,e
IXngqe Ngof X1

The tangent matrix for each iteration must be of the form

Kuzu KU,’U,f Kuzpf 6(“1
k .
0=-R"= Ko Kpugur Kuepe| odg ’ (4.524)
Kpfvu Kpf,’lLf Kpfvpf 57.%
L .

f Pf ! Pf f pf
(niof+ndof+ndof) x (ngof+ndof+ndof) (ncslof+ndof+ndof) x1
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where

Ne T
INT
[Kw} _A{cu,e} ¥ [kgu ]
—— € e L2 O

s s s,e s,e s,e
Pdof x Tof Ix Ndof Ndof x Ndof
- - T - -
e GINT
K = u,e . ki €
w,ug & u,ug ’
< L e L i=1,5L 2
s f 1xn®€ s,e f.e
ot X Mdof dof ot X Mdof

- T - -
B Ne we gINT e
Koyp | = A cv ' Z Feiiips ’

< . e , =138 2
s pf s,€e s,e pf.€
Mot X Mdof Ixngop Mot X Mdof
_ T 5
e TINT .
K = cUte . E i
us,u uf,U ’
—— € ——_—— Tl
f s fie f.e s,e
o X Mdof Ixngee Mo X Mdof

- TLE T - -
. TINT,
K| = A {ene} - 3 [iie]
N , e , i=1,3,5t - (4.525)

f f fie fie fie
Mot X Mdof Ixngse o X Mdof
—- - T —- -

n,
K = A8 U e . E IINT e
Uf,Pf c Uf,Pf ’
< L e , i=1,2,48 -

f Pt fie fie . Pf€
Mot ><ndof Ix Ndof 3ot ><ndof
[ e T2 HINT

— Df,€ . 7 )€

KphU ¢ Z kpuU ’
——— €~ e
bt s pg.€ s,e
Mot X Mot lxnc];oef o XMdof
r T

n,
Kpu| = AT - > [kF0e
prut Pr Ut ?
L - e . , i=2,4,5. ,

P o f 1xnde PEee f.e
ot XM dof N dof Ndof X Mdof
_ T 4

n
Ky o | = N qemer -S> k10"
Pt Pt Dt ,Pf
& - e | , i=1
pf Pf f.e pPf,e f.e

Mo X Mdof IxXngse Ngof XMdof
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INT
The solid skeleton displacement tangents are given as follows (where the definition for kg% ©
remains unchanged from the (u) and (u-pr) formulations given by Equation (4.482)3):
1 T
INT € € € .
|:kg}u 7e:| _ / {Ne,u} <p8,h {Ne,u} —|—a? pr,h (ﬁAtQ) {Be,u} )A]e d€,
s,€e s,€e N s,e s,e s,e
Tof X Mdof 1 TrgorX 1 IxXngos DX Mot (4.526)
e T
INT av e e e\ —2 .
[kg?u ,e] :/ 8)f( (" — 0B (kg + 20) (FIY) 77 (BAE?) {Be,u} {Be,u}Ajedi .
—— -1
Tt X gt NgarX 1 Ixngly

For a nearly-inviscid pore fluid, Equation (4.526)9 is zero. The solid skeleton displacement and

pore fluid displacement coupling tangents are given as follows:

1
T
[kg{EfT,e:| = /p(f)’he {Ne,u} {Ne’uf} Aje dfa
~— —_—

ngsexndn; naorXl Ixnlg
(4.527)
INT h nf’he T
[kg?uf } = / W(m%m)(ﬂt) {Be»u} {Be’“f}AJE dg .
o 11
e ngor<l 1xnf

The solid skeleton displacement and pore fluid pressure coupling tangent is given as follows (where

INT
kgf’pf *“ remains unchanged from the (u-pg) formulation given by Equation (4.500)):

1
he Thepfhe JfR,he T
[kg{;jf] - / o ;L(n P (BA) { Ne,u} { Ne,pf}Aje d¢ . (4.528)
pf,e B f pf,€

s,e S,e
ndofxndof ndofX 1 1><ndof
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The pore fluid displacement and solid skeleton displacement coupling tangents are given as follows:

1
T
{kﬁf} = / P " (BAE) {Ne’“f} {B@“}Ajedé ,
—_—— -1 —— ——

"X or nfix1 1xngg

[ INT ] h apf 2 T

kit ©| = / T gy (BAT) {NW} {Be’“}Aje d¢

L J

ngoef X ndof nglc;)ef x1 Ix ndof

1

- 1 T s,he Jheghe f,he)2~he

TINT o 2n i ( ) Vg 2

Kyl —/{Nw} ([1+ - } e (BAt){Be,u}
—_—— -] ————

ngoefxndot ngffXI 1><ndof

T (nfhe)? .
H/._/
1xXn
- - 1 T
INT e .

K| = / PR g (BAF) {N} {Bevu}AJedﬁy
—_———— -1 —_——— ——

ngofxn:]oef (J;:le Ixng

1

r 7 T f,he f,he

IINT, o s,he fhe 8 Uf an ’ 871 ’

ki ——/{N‘*“f} <[(n ) ox7 ~ Y ox ox ] {Be’u}
——— —1 N—— ——
ngofxnfioef £oef><1 IxXngg

he 31115‘ 9
TR HX HeY (Fn) (’?f +2Mf)(5At )A] d§
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For a nearly-inviscid pore fluid, Equation (4.529)5 is zero. The pore fluid displacement tangents

are given as follows:

1
T
[kﬁNqu] = / " {Ne’“f} {Ne’“f}Aje d¢,
—— 1 N — N———

<l nfgexl Ixndl
1
r 1 he (,f,he)2 T
ZINT J (n’ ) .
Kb | = / T(VM Nev e Neu e Aj©de,
Mgt XN X1 Ixngl
(4.530)
[ INT | / T 8nf’he f.he hey —2
R I £ (U (i PR G O A TP
~——— -1 ——— ~— ~——
nlsexnlo: nfarx1 Lxnf: Lxnf:
(vAt)Aj© dE .
The pore fluid displacement and pore fluid pressure coupling tangents are given as follows:
; ah’ pf,he T
TINT | _ £ Po 2 . e
[ku;pf ] = I (BA) { Ne,uf} { Ne,pf} Aj€ de
—— — %,_xa,_ez
nlsxndss nfx1 bxng
[ INT | / T
TINT o | £,he 2 e
Kuip | = / " (BAE) {Ne’“f} {Be’pf}AJ dc (4.531)
—— 1 A,-/a,_pz
nhaex ity nigpxl Ixngly

1
1 Jhe L pfR.he T )
Kty | = / 2 (8A¢) {N} {N@pf}AJ d .
f

—— —1
f,e pfs€

fre
Mot X Mdof nigx1 1xn

Df €
dof

INT e

The pore fluid pressure and solid skeleton coupling tangents are given as follows, where kglu " and

INT stab,e 1 . . :
k;{fu “ (and k;{ﬁ;b when pressure stabilization is enabled), remain unchanged from the (u-py)

formulation given by Equation (4.501); 3 (and Equation (4.502) when pressure stabilization is en-
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abled):

INT i T 5}}6 8]7 -2
|:k;-£?u ,e:| :/{Ne,pf} ((EIZE (nff;f) kh 8;( [F ]

~ 21

pf,e

pf,e

Mot XMot Ngof X1
s,h® |4 ~f,hE 9,,h° 2,.h¢
~pe o hey —3 n® 5 | on""™ Oug 0%y
e wfﬂm([(m,h“f+nf=”‘] X ox 2ax? B
———
Ixnys
s,h® he
}Cn hG d e 1 8pf 2 .
—k nfhe (F11> 8X (K + 2puf) {H }) K” X (5At )AJed§7
——
1><71,3;)5f
INT T
Hy he fR,h€ 2 .
[pf, ] /5 af +9)(5At){Be’pf} {Be’“}Aﬂed@ (4.532)
—_———— —_——— —
néy xndor ngbex1 Ixngl
1
T 5 ot
HINTe| _ _ 7.he k 11(E)
{kpf?u e] - /{Be’pf} k ([nf’hefche OX (Fll)
—— —1 N——
néby xngs; ity x1
on 80?6( LA >+282 ) (w4 200) | { e
_ P .
90X 00X (nf7he)2 nEhe X2 f T 2pf B
S
1><nd’oef
n(s) 28 hey—3 2 -e
T TR (Fy)~ aX (Fuf+2ﬂf) Hev e | (FLY) 7 (BAE) | Aj©de,
———

1><n(si’:f
For a nearly-inviscid pore fluid, the terms highlighted in red in Equation (4.532); drop and Equa-

tion (4.532)3 is zero. The pore fluid pressure and pore fluid displacement coupling tangents are
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given as follows:

1
T e
~pe a 1 e e\ —2
- [ o e
S——— S——r f SN——r

pf,€
ndof ><ndof

HINTe| _
[kpf,Uf -
—_———

Pfs€ f,e
Mot XMa5e

HNTe| _
|:kpf7uf :| -
———

Pfs€ f,e
Mot XMaoe

pfs€ f.e
Ngor X1 Ixngee

1 anf7h8 e, uf e, uf
nth ox (BT HET

—— N —

)Ajedé,

1x né(ﬂ 1x néoef
1
T
e . 4.533
/kh prl {Beypf} {N€=Uf}Aje dg , ( )
] —_——— — —C
Mor X1 Lxnd;
1 T he
T4 gt i
B (e (B He |20
1 Y—— —_—— Y= ( 11)
ngg’fe x1 1 Xnﬁff 1 Xnﬁff

(VAL A d .

For a nearly-inviscid pore fluid, the terms marked in red of Equation (4.533); are zero and Equa-

tion (4.533)3 is zero. Lastly, the pore fluid pressure tangents are given as follows, where kg}pf ’

HINT
and kpf »Pf

INT

stab e

and k7t when pressure stabilization is enabled) remain unchanged from the (u-p¢
PEPr

formulation given by Egs. 4.503; 3 (and Equation (4.504) when pressure stabilization is enabled):

1 T
-~ € ~ ea
[kfoféf] Z/{Nevpf} ([(nfvf)h — k" ;)f( (K1)~ ] {Be’pf}
1 N————— ———

——

nébr Xnghy o X1 Ixmgly
cOph . pRhe
— M (ah ep —AtzA de,
ox (e +9) KN ﬁ(ﬁ JAj* dé (4.534)
—_——
Dty

1
fR,h*®

T
{k;ﬁgj’e] = /k:he (a?e + g) pKn (/BAtz) {B&pf} {Ne,pf} AjedeE .
————

-1 ——— ——
pre_ ppe nPEe pte
Mot XMdof Mgor X1 IXN g0
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4.3.3 Central-difference integration

For the central-difference (CD) in time integrator, the discretized balance equations take the

similar general form as

Méni1 + Cpir + FNY (&40, ®pi1) = FEXT (4.535)
where it is assumed that @, is to be solved at time t,,41, and M, C, FINT and FEXT are known
at time ¢, from values at ¢,,. For a CD scheme,

: At)?
Ln+1 :$n+Atmn+(2) no
; (4.536)
:i:n—i—l = wn + 7(51371 + iﬁ*n—i—l) .

Next, we show how these are implemented for the (u) and (u-p¢) formulations; as will be shown
in Chapter 5, the CD integrator as applied to the (u-pf) formulation is unstable for shock loading,
thus, we did not formulate the integrator for the (w-us-pr) formulation which only adds more
complexity and potential instability.

We also typically employ an adaptive time-stepping scheme for the central-difference time
integrator that is loosely based on a localized Courant-Fredrichs-Lewy (CFL) condition. Recall for

the critical time step

A e
Ate, < c‘f , (4.537)

where Ax® = h® is the shortest element length in the current configuration. The local P-wave
speed ¢° for uniaxial strain, assuming linear isotropic elasticity as an approximation, is usually

determined as
Kskel + %Gskel
pe
¢ = max . (4.538)

ns,eKS + nf,eK? + %Gskel
e
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For single-phase materials, the current total mass density is p = Jpp, and for multiphase materials

p = (n°p® + nfpM). Then, the following time step is chosen:

Aty = min Atg, (4.539)
e

where we can either manually constrain the time step to not exceed some global maximum should
the CFL condition at time t,, produce a time step too large for calculations at time ¢, 1, resulting
in a greater likelihood of error buildup, or, more commonly, we multiply Equation (4.537) by a

safety factor, SF € [0.2,0.9].

4.3.3.1 (u) formulation

The FE formulation for the balance of momentum of the solid, variational Equation (4.18),

is written in block-matrix form as

{Ru} =0, (4.540)

ngoex1

where this global residual for the solid displacement is given as
CU,T X R _ gh gINT Jh + gINT ,h + gINT ,h gEXT,h _ 0 (4 541)
u = =0, .

where

e r INT, e
am- R o) ] o)

—— —— N

1x n;’oef ncsift X ni’oef ni‘oef x1
INT h INT

1><ndOf ndofxl (4 542)
INT h } { INT }

1><ndof ndofX1

GEXT { } {g o

1 Xngse e X 1
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()

N——
s,e
ndofX1

f o) -

F T
_ / {B} P Aje de,
—1

N—_——
s,e
ndofX1

1 T
/ {N“} Py g Az de

-1

s,e
ngex1

s,e
ngex1

GEXT o | _ ~
{f ng X1

———

s,e
ng X1

0

T
{Ne,u(X:(),H)} tA X=0H

0<X < H.

The mass matrix associated with the solid acceleration is given by

gINT

I:mu u

s,e s,e s,e s,€
Mo X Mqof Ngof X 1 1 XM gof

Thus, the solution is given by

where

S
ngex1

L T
} = /p’d‘e {N“} {Ne’“}Ajedf-
—_——— —

INT e INT
[Mifu ]=A {m%u ]

S S s,e S,€e
N30t X Mot Mo X g
{FgINT } {fgINT }

Mo 1 nipX 1
{FgINT } { fgINT }

ndOf X 1 ndof x 1
{ FgEXT } { GEXT. }

Mo X 1 ngseX 1

-1
——
n(siofxnfiof n(siofx 1 nflofx 1 ’n’fiof>< 1
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(4.543)

(4.544)

(4.545)

(4.546)
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The solid velocity and solid displacement updates are recovered by

S S S S
ngex1 nGoex1 nGoex1 NG X1

(4.547)
: At? (.
dn+1 = dn +At dn +7 dn+1 :
—_—_——  —— ——— ~—_————
ng e X1 ng,ex1 noex1 ngoeX1

4.3.3.2 (u-pf) formulation

For the (u-pf) formulation, the variational equations are given by Equations (4.64) & Equa-
tion (4.66). The FE equations integrated in time using CD for the poroelastodynamic equations
are solved in a staggered manner. A solid skeleton displacement update is computed first. There
are no unknowns related to pore fluid pressure in the balance of linear momentum of the mixture.
Then the solid displacements are substituted into the corresponding equations to compute a pore
fluid pressure update; see Algorithm 1. The advantage of such a procedure is that there are no
coupling matrices that would introduce off-diagonal entries in a block matrix of the system when
trying to solve the solid skeleton acceleration and second time derivative on pore fluid pressure up-
dates. This reduces computational cost at the expense of accuracy when compared to the explicit

Runge-Kutta methods and the implicit Newmark-beta methods.

Algorithm 1 General concept of staggered solution process for (u-p;) formulation with
CD time integration for a given time ¢,

Update £,

Update external force vector(s)

Compute deformations and stresses at time t,1 from values at ¢,

Assemble internal force vector and mass matrix associated with G from values at tn
Compute a” at time t, 41

Assemble internal force vector and mass matrix associated with H" from values at t,
Compute p? at time t,41

The FE formulation for the balance of momentum of the mixture variational equation is



written in block-matrix form as

S
Mot X 1

This global residual for the solid skeleton displacement is given as

where

T h INT,h INT,h
Cu . Ru == g = gl + g

Ne T
g{NT’h = A {cu,e} . |:

N—_——

e

s,e
Ixng e
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1><ndof
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1><nde

gEXT,h { }

lxndof

+ gINT h + gINT h gEXT,h — O,

] {ir).
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s,e s,e
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{ ey }

ndofxl

256

(4.548)

(4.549)

(4.550)
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and

1
T
{fg%”’e} = / {B} Py A dE
-1

N—— N——
nfi’oefxl nfi’:fxl
! T
{ fggNT,e} -/ {B} PrnAfF dS
—_—— —1 N———
e e
T 4.551
{fgi“’e} {N} ph g Aj° de, 5
~—_——
nfi’oefxl nd0f><1
T
{Neu — H)} t?A X:07H
EXT o
{fg 76} - nd0f><1
—_——
Mot 1 0 0<X<H.
The mass matrix associated with the solid skeleton acceleration is given by
L T
[mgff’ } = /Pge {N“‘} {Ne“} Ajeds . (4.552)
—— - —_———— ——

s,e s,€e s,€e s,e
Tdof X Tdof Ngor X1 IXngor
The FE formulation for the balance of mass variational equation is written in block-matrix

form as

{Rpf} =0, (4.553)

NgorX1

where the global residual for the pore fluid pressure is given as

INT,h

T INT,h INT,h
Ry = =H) T+ Hy

+HY O KT =, (4.554)
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The coupling tangents that get multiplied by the updated solid skeleton acceleration at t,41 are

1
- A T
kol | = / ;{Nevpf} {B@v“}Aj"’df :
S———

given by

—— 1

it XNp ngfy x1 Ixngle

[ e ] pfn e T .

kpz, | = / KT kPt {N e’pf} {N "} At dg, (4.557)
L i

ndifexnfioi‘ ”d ¢ “x1 Ixngs;

_ ; 1 A T

ks, c| = / K ptne {Bevpf} {N“} Aj€dg,

- - -1 N —— N —

néfy xng; nify x1 Ixngs

and the mass matrix associated with the pore fluid pressure is given by

1
INT JhnbRe At T .
it = [ e} e parae. e
=z ————— ——
Mot XMor maor X1 Ixngly

When pressure stabilization is enabled, an additional term #H*%P is added to the Lh.s. of Equa-

tion (4.554) and is defined as

Ne
stab __ D, ,e,T stab,e . stab,e
W= 7 -({m;f,pf }{we}—F{fﬁ }) (4.559)
e
AN i A SRS | nPiex1
dof dof dof dof
where
1
e\ 1 At r
Hstab,e stab h , , -e
|:mpf,pf ] /Oé F 2 {Bepf} {Bepf}A] d¢ ,
pf.€ pf,€ ! Pf
Mot XMdof Mot X1 Ixndby
4.
/ r N INY .
/Hstab,e — e,p stab Fhe — ,n =t ,n Aed )
{:j? }’ d/r {:13 f }’ Qa ( 11 ) é);xi ﬁ_ 2 f);XT ] E
—— o] N———
nPh %1 nPix1

dof dof

Returning our attention to Equation (4.535), we see now that we can write it without intro-
ducing nonlinearity if we solve the equations in a staggered manner as described in Algorithm 1.
Therefore,

{dnH} = [M%IET] o ( ~ {F%NT} {FgINT} {ngNT} + {FQEXT} ) : (4.561)

—— ———— Y e —

S S S S S S S
NgoeX 1 Mot X Mdof Ngoe* 1 Mo 1 Mo X 1 Mo X L
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where

e
INT g INT
u,u u u ’
——— € e —
s s s,e s,e
Mo X Mdof Taof X Mdof

{ gINT

gINT

nd0f><1

gINT

ndofxl

JAu)
INT
AL oot
N3, f><1 ”dofX1
() Al
ndofX1 "d0f><1
{FgEXT} {ngXT }
ndofx1 ndofX1

and the solid velocity and solid displacement updates are recovered by

S S S S
ngex1 nGoex1 nGoex1 ngoex1

(4.563)
. At? (.
dn+1 = dn +AL dn +7 dn+1 :
—_——  —— —— —_————
ng e X1 n,ex1 ngoex1 ng e X1

Then, when solving for pore fluid pressure, we use the result given by Equation (4.561) for

all values of dn+1 in Equations (4.555)1_4. Therefore,

-1
O O o o e e
A,_/ ——

Pf

pf ., Pf g
dole Mot X Mdof dofX1 dofxl Ngeex1 nglex1
2INT 2INT 2INT e 2EXT
+ |:Kpf7lu + Kpf?u + Kpfjlu dn+1 + F ) (4564)
pf s pf s pp R e ox1 P |
Mo X Mdof Mo X Mdof ot XM dof dof nifex
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where
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Pf ey
dof dof
{ HINT } { HINT }
dof ”gi:
{FHINT} {fHINT }
dof "nge
{ HINT } { HINT }
dof "gfff x1
{ 2{EXT } { HEXT ¢ }
nghex "gife x1

The first time derivative on pore fluid pressure and the pore fluid pressure updates are recovered

by

ngifxl dofxl dOfX1 dole (4566)
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Tl ( — \Tn +AL S 7, +7 Tntl f -
—_—— R/—’ H/—/ he

Pt
Ngop X 1 dof x1 dof x1 dof>< 1
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If pressure stabilization is enabled, then we invert a summation of matrices in Equation (4.564)

and must subtract the force vector associated with pressure stabilization along with the other force

vectors:
T\-1
.. _ HINT 7¢stab | qINT qINT 7{INT
{ﬂ-n-i-l} _(|:Mpfapf + Mpf,pf F Fre Fs
N—— ~ -
P 1 Pt P Pf Pt Pt 1 Pt 1 pf 1
Ngo X Mot X Mqof ot X Mdof Mgof X Ngor X LIPS
B e 2ystab HINT HINT HINT DE
{F 4 F + Kpf,u + Kpfv'U + KphU dn+1 (4 567)
lee————  ~———  ~—— N——
Pf o Pf o Pf wns Pf ns Pf wns ns .x1
Mo X Ngof X Nof X Mdof Nof X Mdof Mo X Mdof dof
EXT
—_——
”gng1
where,
b =
Hsta — Hstab,e
[Mpf,pf ] A [mphpf ’
e
—_——
pf pf rf,e pf.e
Mot X Mdof Mot XMdof
e ) (4.568)
stab sta
e S r
—_—— € ——
nﬁifxl ngi’fexl
Hstab

Owing to the gradient shape functions that appear in m . pressure stabilization restricts one

Pt,Pt
to use consistent mass matrices because typical row-sum mass lumping techniques are not possible

with the gradient shape functions.

4.4 Stabilization techniques

Oftentimes for dynamical problems, particularly at high strain-rates, the stability of the
numerical integration scheme is dependent on artificial damping introduced into the time-discretized
balance equations. Of the integrators introduced above, only the Newmark-beta integration scheme
with added dissipation, i.e., Newmark-beta method with the parameters § = 0.3025 and v = 0.6,
has some algorithmic damping. Therefore, whether or not the other numerical integration schemes
remain stable is dependent upon tolerances (relative and/or absolute) and the length of the time

steps. We have found that for shock-loading problems, tight tolerances and small time steps
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(either fixed, or calculated through an adaptive time-stepping scheme with tight tolerance for
truncation error, e.g., the Runge-Kutta methods discussed in Section 4.3.1) are not enough to
control spurious pressure oscillations (or in some cases, negative Jacobians of deformation, i.e., an
“inverted” element) that make the simulation go unstable. Furthermore, for consistent element
types, at low-to-moderate permeabilities, we require element-stabilization techniques to satisfy
the well known inf-sup condition. To address these issues, we have explored adding a canonical
“shock viscosity” term to the solid skeleton stress, as well as a pressure stabilization term to the
balance of mass of the mixture, both of which are discussed below. As will be shown in proceeding
examples of shock-like loadings in Chapter 5, we have found that a combination of both shock
viscosity and pressure stabilization allow us to obtain results for lung parenchyma deformations at
higher overpressures, and with less computational expense given that we are able to take larger
time-steps comparable to those suggested by a CFL condition. Additionally, when considering
thermoporoelastodynamics, the pore fluid energy balance takes the form of an advection-diffusion
equation, which may necessitate stabilization methods, such as streamline upwind Petrov-Galerkin

(SUPG), to control spurious oscillations and overshoots in the pore fluid temperature solution.

4.4.1 Shock viscosity

The history of the artificial shock viscosity can be traced back to the seminal work by von
Neumann and Richtmyer [1950] who proposed that a viscous term ¢ be added to an otherwise

inviscid fluid’s momentum equation for shocks propagating in one dimension, i.e.,

0= Go(aap(2)

4.
o (4.569)

where ¢ = 0 for expanding motions (0x/dx > 0), z is the coordinate in the direction of motion, Az
is the grid spacing, p is the material density and ¢ is a constant =~ 2. Landshoff [1955] introduced

a ¢ term that was linear in the velocity gradient, i.e.,

: (4.570)

9
q:= chAa:c‘a—i
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where ¢y, is a constant &~ 1 and c is the local sound speed, i.e., the square root of the local
P-wave modulus divided by the local density. For further reading on the subject, we refer the
interested reader to reviews by Benson [2007] and Margolin and Lloyd-Ronning [2022], with details
on thermodynamical validity discussed in Mattson and Rider [2014]. In this work, we use the
artificial viscosity given by Wilkins [1980] (which is also used in LS-DYNA Dev. [2019]) which

combines linear and quadratic terms into one form, i.e.,

pl(Cole, — Crcéyy) if € <0
g = (4.571)

0 if € >0,

where [ is a characteristic length scale (in 1-D, this reduces to the local element length), Cy and

C are constants typically taken to be 1.5 and 0.06, respectively, and &;; is the strain-rate tensor,

8@1-

J

(4.572)
The extent to which the shock viscosity effects the solution depends on the magnitude of the
constants Cy and C;. The latter is responsible for damping out oscillations behind the front (i.e.,
the weak waves produced by compression of the material, irrespective of the strength of the shock
front) and the former is responsible for damping out oscillations near or ahead of the front. Large
values of either constant tend to overly smooth out the shock over multiple elements; examples
of shock-like loadings with varying ranges of the constants that demonstrate this phenomenon are
shown in Section 5.3.1.

The shock viscosity is essentially an opposing pressure term added on to the solid skeleton

stress, such that the augmented effective solid skeleton Cauchy stress is written as

&% =o' — (P + )1, (4.573)

which, using the common definitions for solid skeleton deviatoric stress o-SL;dev and solid skeleton
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hydrostatic pressure P, we may also write as,

afj(E) — p*h[Cohl3;, — Ciclyy] dij if Ik, < 0 (in compression)

~S

3i(E) if Iy, > 0 (in tension),

or, in the reference configuration,

(s s vk \% o k1] 1
lI(E)_JpohO[COJhO(aXK> Kk_ClcaXKFKk Ti
~ ::Q
s = 4.575
{E) if 88;1:( < 0 (in compression) ( )
< £ vy, >0 (i )
i (E) i X (in tension),

where the F' I;li scaling of the velocity gradient is omitted from the conditions because it does not
affect the sign of the velocity gradient, which is what determines whether or not the shock viscosity

is applied. In the 1-D uniaxial strain regime, Equation (4.575) reduces to, e.g., along the direction

of motion,
p
< s, Ov ov .. Ov
Pll(E)_phoﬁ COhOaX — Chc lfaiX <0
< .. OV
Pll(E) if 87 Z 0,

where the Fﬁl scaling of the velocity gradient is omitted from the conditions for aforementioned
reasons. For explicit and semi-implicit!® integration methods, the shock-viscosity terms are simply
added to the stress (force residual) since we assume that solid skeleton stress is evaluated explicitly.
For implicit integration methods, we require additional terms be added to the consistent tangent
when shock-viscosity is enabled; refer to Appendix B.1 for the formulation of the linearized term

and Appendix C.1.1 for the finite element formulation.!'!

10° A semi-implicit predictor-corrector integration scheme was pursued at one point in this work. However, we found
it to be computationally expensive when compared to the Runge-Kutta method, and, owing to its complexity (even
for (u-pt)), it was abandoned. For details on implementation for simpler theory, the interested reader is referred to
Markert et al. [2009].

1 Note that the inverse deformation gradient which maps the solid skeleton velocity v from the current to the
reference configuration has been omitted from the signage calculation of the strain-rate in Equation (4.576) given
that for non-invertible elements it should be greater than zero and therefore play no role in the determination of
whether or not the solid skeleton is undergoing expansion or compression.
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Shock viscosity applied to the pore fluid. Suppose that an additional shock viscosity is

applied to the pore fluid. Let
ol = ol — (nlp + ¢')1, (4.577)
with
qf = Pfhf[cohflzk(f) - Clcflkk(f)] . (4.578)
Therein, h¢ represents the characteristic length scale of the pore fluid, such that
he = Jehor - (4.579)

Since the Lagrangian implementation at hand is defined with respect to the reference configuration

of the solid skeleton (s) and not the reference configuration of the pore fluid (f), we will assume
hf ~ hs = Jsho(s) . (4.580)

Thus, the pore fluid shock viscosity (dropping subscript (s) for notational convenience) is written

as
qf = pfh[COhlik(f) — Clcflkk(f)] s (4.581)
such that the augmented pore fluid stress is

O'Zf~ — pfh[COhl2 — C’lcflkk £ ]51 if lkk n < 0 (in compression)
5 J kk(f) (£)19j (f) (4.582)

szj if lyr(r) > O (in expansion).

This may be written in the reference configuration of the solid skeleton as

( k(r) .12 G e —
Ply = J piholCoTho( X(K) Fit) =G X(K) Frl it
Pir = ) (4.583)
! if 81;?'(;) < 0 (in compression)
0
Py if aQ;I;(Kf) > 0 (in expansion) .
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In the 1-D uniaxial strain regime,

)
Ovg Ovg Ovy .
Pl — ptho—— 35X (COhOaX — Cic ) if 6—X < 0 (in compression)
Pf = o (4.584)
P! if vt > 0 (in expansion)
! oX p .

Furthermore, the gas wave speed ¢! will be assumed constant using the isentropic bulk modulus

Kp This assumption allows for an easier computation of div(qf) as it appears in the momentum

balance:
dq' dq" —1
2 p-
ox; J@XI 1i
aqf o nfpr
0X; (8X1 L maicos holie) = CLET ki)
oJ
+ p'ho[Co T holjpsy — C1E k() 55 ox;
J 9 Ouy
f 2 _
+ o Tho [ Coho (4 5%, + 2T 55 g )
0 Ougr
C Kn_—_ . 4.585
TRTGX, B } (45%5)
Therein,
O’ _mp_Owi
0Xr  JO0X[0X;’
fR
o i(n@a;;f pr = pr(p™) (loc. homogeneous temp. model)
- f I 4.
Xy 1 opr  p™ 06" R pfy (5 .
RTOX, 0K, pr = pe(p™, 6') (ideal gas model) ,
aJ %u;

— =J——.
0Xr 0X10X;
Thus, divergence of the pore fluid shock viscosity is first written as

aq" _ s m_ Ou 1y 1Op k() 4 n OVk(t) —1
axi—J<np axax, aXI)Jho[C Tho (8X Fi; ) ~ O  Fik|
vy (f) vy (f) 3% 1
vy, 2 92y a 9%
: (1) i B o1 97Vm(n)
+Jp Jho[coh()(ax FKk) Toxax, i 20T gy PRI o T
82Uk
n ® —
+O4K! aXIaXKFKk]FH .

(4.587)
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The first two lines on the r.h.s. of Equation (4.587) can be simplified to

f 62 .
L (pmiuz il

p 59X, i JFL. (4.588)

)

Thus, we may write

o ¢ 1w 0% 0™
== F
ox;  pf ( aX,aXJFJJ 0X | )J Ii
ov ov 82w 9%v
2 f k(f) -1 m(f) -1 i m(f) -1
+ 0 ho [Cojho OX i g ’“((‘BXM FMmaXIaXJFJJ +28X18XMFM’”>
vy 41

Equation (4.589) may be added to the residual of the pore fluid momentum balance such that

5
Z TN+ I (uupy)
T={ = (4.590)

ZIZ-INT + I (u—uf—pf—ﬁs—ef) ,

with
7= [ (ii (" s, )
Bo
+ J%p o [Ctho (Z;’;(f) % ((?;;4) Fifm 6)?153(JFJJ T 2;;:53& FA}i”)
+ ClK?afjvgé? b Fr > dv . (4.591)

In the 1-D uniaxial strain approximation, Equation (4.589) simplifies to

dq' o q' m O%u fap
%‘E( axzl 8X)
Ovs 1 v D*u 9%v 0%v¢
+ 'ho|Coho gt (55 o P + 255 ) + C1E] 5= (4.592)
with
fR
o,R Ln% pr = pr(p™) (loc. homogeneous temp. model)
g _ ) KfoX (4.593)
0X £
1 8pf pr 00

S ox ~ o ox P pe(p™®, %) (ideal gas model) .

(4.594)
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Thus, Equation (4.591) simplifies to
X=H

f 0%u 9p™
TINT _ / w(‘](m e £0p )
7 J wt (e e T gy

v 1 Ovg O%u 0vg
f £ £ -1
+o'ho|Cohogig (G5 pxain' + 2g3) + Ot

0%v¢

5 XQDAdX (4.595)

The additional terms that appear in the balance of momentum and balance of mass of the mixture,

are, respectively,

INT _ i Af
G 6X]Q dv,
Bo
owPt qF 0%u;
INT _ k1a/(m i 1
= ax <pf <” 8X]8XJFJJ aX )JFIZ
Bo
(4.596)
ov ov 52 0%
2 f k(f) m(f) — Uy m(f) -1
+ I ho [CO‘”LO OXy LK <8X Fyim 5,555 01 +26X18XMFM7”)
0%
n Uk(f) e
HOURY G o P Fi )dv’
with 1-D counterparts
X=H
gINT 3“’
0
X=H R
HINT = 8“’pf’“<qf( wOu oy O ) (4.597)
8 axX nf P ax2in 0X ‘
0
Ovg 1 Ovy O%u 9%v O%vp
+r'ho [COhOaX (aX X2 8X2) + ClKgaX2DAdX

A shock viscosity for the pore fluid is not pursued herein, but may be considered as part of future
work.
4.4.2 Pressure stabilization

For stabilizing the linear Q2-Q1-P1, Q1-Q1-P1 and Q1-P1 elements'? , we follow the approach

of Truty and Zimmerman [2006], which is based on the method of Brezzi and Pitkéranta [1984].

12 In practice we found that using pressure stabilization on the Hermite cubic elements sped up computations
and maintained accuracy, though strictly speaking this is not necessary given the higher-order continuity of the
displacement variables in relation to pore fluid pressure.
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The stabilization term acts like an opposing pore fluid pressure flux in the variational equation of

the balance of mass, wherein

NINT
H= (Z H%NT> — HEXT gt — g, (4.598)
owPt __ Opr _
stab ,_ stabiF -1 F 1J dV
H B/ X I o, ki ; (4.599)
0

where the value of niyT depends on the governing physics (refer to the variations of the variational
forms of the balance of mass in Section 4.1). In the 1-D uniaxial strain regime, the stabilization

term reduces to

X=H
Pt )
qgstab _ / stab 85;( -1 gi’é AdX (4.600)
0

While Truty and Zimmerman [2006] have been able to relate the pressure stabilization parameter
o*2b to material geometry and simulation time-step, such an approach would be difficult to derive
for compressible pore fluid, large deformations and high strain-rate loadings. Therefore, we have

chosen ostaP

on an ad-hoc basis. Typically, the smaller the value of o*2P  the more stable the
simulation and the closer the results become to the already stable (for low pressure amplitude
loadings) Q2-Q2-P1 and Q2-P1 mixed elements. “Large” values of a2 > 107% give rise to

stab — 1010 1352 /kg appears to give the

numerical instabilities or otherwise inaccurate results; «
best results. A detailed discussion on the effect of pressure stabilization as it applies to a numerical
verification example is provided in Section 5.3.2.

For both explicit and implicit integration methods, the inclusion of the stabilization term
requires an additional tangent matrix. For explicit methods, this is because of the inclusion of the
time derivative on the pore fluid pressure gradient, which is unknown at solution time ¢,,41. This
tangent also limits us to use consistent “mass” matrices in the weak formulation of the balance
of mass given that the gradient shape functions for linear-order interpolations produce constant
off-diagonal terms that do not lead to cancellation at the Gauss points as they would for linear-

order and quadratic-order interpolations (no gradients) using a row-sum lumping technique. This

tangent is derived in Appendix B.3 and formulated for finite elements in Appendix C.1.2.
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4.4.3 Streamline upwind Petrov-Galerkin

Recall from Section 4.1.5 that the strong formulation for pore fluid energy balance for an
ideal gas with the assumptions a'% ~0,as ~ a; = a, i.e., (u-pe-6°-0%) formulation, is written in the

current configuration as

o (el + R D3O8 + pR(cl, + R)grad(8F) - (n15e) — 2 D3, — L grad(nf) - (nfay)
Js n
(4.601)
—nf DSp — grad(pr) - (n'o¢) + divg' — k§(6° — 61) =0,
which we may also write as [Koch, 2016]
v - grad(8") — ddivgrad(8') +5 =0, (4.602)

convective term diffusive term

such that

v = pR(cl, + R) (n'oy),

*

d:=n'k"

w *

n® -
= pl(cd, + M)Ds" — pr DS J, — ntDipe — k5(6° — 0%) — (%grad(nf) + gradpf) - (nfoy) .

S

(4.603)

Equation (4.602) resembles a convection-diffusion equation, which often require stabilization meth-
ods. A review of said methods is outlined in Donea and Huerta [2003]; herein, we turn our attention
to the streamline upwind Petrov-Galerkin (SUPG) scheme.
Briefly, Equation (4.602) is stabilized by adding a stabilization term to the residual, such
that
/(wef [0 - grad(6") — 5] + grad(wef) . grad(ﬁf):i)dv - /wgf:lgrad(ﬁf) -nda +

B r
StandararGalerkin

/ 7[5 - grad(w®)][# - grad(6") — div(dgrad(6")) — 3dv =0, (4.604)
B

SUPG stabilization
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with

*

stab BStab dPer

T = 7* 5 s
v

Pegf -3 S Peef S 3
B8P = coth(Pegt) — 1/Pegt = , (4.605)

sign(Peye) |Pege| > 3

* * *
max{vihy, vaha, v3hs}
Peef = ” )

2d

where {;}1, {)2, T)g} are the components of 'z‘;, and {hi, ha, h3} are the components of element expan-
sion in 3-D.
*
Given the choice to interpolate #' using linear elements, the ddiv(grad(6!)) term vanishes

such that

8
K= Z ]CZINT + ICEXT + ICStab,
i=1

6
stab § : stab
IC = IC,L 3

Kitab Jaau)]( F Stab * D Hf dV
Bo !
Kstab — J?;)U( F 1 stab| ZF@%? FKk dV

. (4.606)
Stab /J F—l Stab * }?f DtJ dV

stab /J F 1 stabv Tlthpf dV

ow”

K:;tab J 8X F—l stab * kg(e ef) dV,
Bo
stab 8w9f —1_stab * [ Pf 8nf -1 apf -1 f~
Bo

Note the appearance of the additional pore fluid temperature rate term in Equation (4.606)s. In
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the 1-D uniaxial strain assumption, Equations (4.606)3_g become

0f
]Citab _ aaX stab UDtHfA dx ,
Bo
,Cstab 8w9f stab * 80 flA dX
= e
2 ox, -pY gx ’
Bo
ow® «n°pr
]Cstab — stab D,JA dX
3 ox -pUTy
fo 5 (4.607)
fCstab = 5;( b onf DiprAdX
Bo
ow? o+
K;gtab — a“;( stab k,o(e Gf)A X,
Bo
0 % 0 0
]C%tab _ au‘;( stab <pff 87;( + aiﬁé) (Tl Uf)FlllAdX
Bo
with
stab _ Jhoﬁit—ag
B o
PengfD -3 S PengfD S 3
g = coth(Pegt 1_p) — 1/Pegry_p ~ (4.608)
SigH(Pegf’liD) ‘Pegf717D| > 3
Jhov
Pe9f717D = W .

If instead we assume the (u-wg-pe-65-0%) formulation, such that crfE # 0 and a¢ # as, pore fluid

energy balance is written in the current configuration as
plet, (Dt@f + grad(#') - o ) — o'y dp + pent divog + dive — E5(0° — 61) =0, (4.609)

which we may also write as [Koch, 2016]

3 - grad(0") — ddiv grad(0) +5 = 0, (4.610)

vV
convective term diffusive term
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such that
v = pr{/'bf,
d=nik" (4.611)
5= plel, D3O — ol - dy + nlpr divor — k5(6° — 67).

Thus,

K= § ,CI,NT + ICEXT + ICstab
(3 Y
i=1,2,3,7,8

]Cstab Z ]Cstab
Kitab /J F—l stab * D ef dV

06"

ow?

stab -1 stab 2
- axv Z )T

15 / J Fp. | | 3

X —_Filav,

(4.612)
Bo

sta S’ —1 _sta *
]Ct b — /J&XF 1 tb’UZO'kJ( )dk]()dv

Bo

ow?" ov

stab 1 stab Uy

—F i F Ld

Ki / Tox, vin'prgs X vy
Bo

]Cgtab /J({;u;([ F—l stab * ka(e ef) dv .
Bo

Note the appearance of the additional pore fluid temperature rate term in Equation (4.612)3. In
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the 1-D uniaxial strain assumption, Equations (4.612)3_7 become

0f
ow stab

Kstab — — % b DT A dX
Bo
ow? 200"
b b _
,Cgta = 8X] 'TlSt_aD’U 87F111A dX,
Bo
stab a,w@f stab * f 8Uf -1 2
IC3 = — 76)( T1—pun |:87XF11 :| (Hf + 2,Ulf)A dX, (4613)
Bo
ow? * ov
b b f f ~—
K5kl = — e B2 un pfa—XFnlA dx,
Bo
ow? .
K30 = — [ Sk (00 — 6 Adx,
Bo
with
stab _ Jhoﬂi‘f%
T1-D - 2
2v
Peof71_D -3 S Peef71_D S 3
stab) = coth(Pegr 1_p) — 1/Peg y_p ~ (4.614)
sign(Pegs 1_p) [Pege;_p|l >3
Jhov
PeefJ_D = W .

In practice we found that the SUPG stabilization has little-to-no effect on the overall stability of
the pore fluid temperature’s numerical solution (e.g., spurious oscillations are still observed, the
mysterious “cooling effect,” discussed in Section 5.3.3.2, paragraph Assessing numerical challenges
at high strain-rate, is not remediated, etc.). Therefore, the finite element forms of the above
equations were ommitted from Section 4.3.1.5 and Section 4.3.1.6, but have been implemented in

SPONGE-1D nonetheless.



Chapter 5

Numerical Examples

This chapter provides an overview of the numerical results for applications of interest investi-
gated in this thesis, ranging from extensive verification to shock loading of lung parenchyma. The
numerical model, henceforth referred to as SPONGE-1D, has been implemented as a custom Python
code, and has been made available for public use via GitHub. Therein, the reader may find detailed
documentation for how to use this tool for themself.

The SPONGE-1D simulations herein were conducted using the Blanca condo computing re-
source at the University of Colorado Boulder’s. Blanca is jointly funded by computing users and
the University of Colorado Boulder. Simulations were conducted in serial (SPONGE-1D does not have

parrallel computing capability) using 2x Intel Xeon Gold 6230 processors with 192 GB of RAM.

5.1 Differences between LS-DYNA and SPONGE-1D models

Before presenting the numerical examples in this chapter, it would be prudent to highlight
some key differences between the different numerical models. LS-DYNA, originally known as DYNA3D,
was developed by John Hallquist at Lawrence Livermore National Laboratory in 1976. It is a
“general-purpose finite element code for analyzing the large deformation static and dynamic re-
sponse of structures including structures coupled to fluids” [Dev., 2019] written in FORTRAN, and
has been highly optimized for massive multiparallel dynamic computations. The physical govern-

ing equation that LS-DYNA seeks to solve is the solid balance of linear momentum equation in the
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current configuration, i.e.,
pa = dive + pb (5.1)

wherein the Cauchy stress o is defined by a wide range of available constitutive models. In Sec-
tion 5.3.1, the LS-DYNA material model we employed was a neo-Hookean material model (MAT 45),
identical to the one we defined in Section 3.3.1 (refer to Equation (3.115)).

There also exists a poroelastodynamics framework in LS-DYNA, which is what we compare
to in Section 5.2. However, its applications are limited. For starters, Darcy’s velocity in LS-DYNA
does not account for inertial effects (refer to CONTROL_PORE_FLUID input card in the user’s manual

[Dev., 2020)), i.e.,

(nff)f) = —l%(gz;f - prb> . (5.2)

Note also that k in Equation (5.2) is a constant hydraulic conductivity parameter, i.e., not a
function of deformation (e.g., no dependence upon porosity change under large deformation). Fur-
thermore, pore fluid pressure boundary conditions can only be specified at the top of the domain
(in the z direction), which is limiting for modeling soft porous materials wherein one might want
to apply pore fluid pressure boundary conditions at other surfaces on the domain. In our use of
LS-DYNA’s poroelastodynamics model, we also found that we could only achieve accurate results for
the verification problem in Section 5.2 by (1) using a linear isotropic elastic constitutive material
model for the solid skeleton response, and (2) initializing the solid skeleton extra (effective) stress
o, due to “geostatic” gravity. The result of (2) is that the solution for the solid skeleton extra
(effective) stress o%; does not match the analytical solution, because the analytical solution ignores
body forces.

LS-DYNA also provides the user with the ability to write their own constitutive material model
within the preexisting elastodynamics framework. This is what was accomplished for analysis of
lung parenchyma tissue by Clayton and Freed [2019a] (for details on implementation, refer to

Clayton [2020], Clayton et al. [2021]). This is the model we generally refer to as the “single-phase”
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model (or “Clayton & Freed” in the figures), wherein pore air cannot move relative to the motion
of the solid skeleton lung tissue. However, the constitutive model presented by Clayton and Freed
[2019a] is based on the biological tissue constitutive theory, in contrast to our simpler neo-Hookean
model. A viscoelastic response is also considered in the single-phase model, though more research
is needed to determine whether or not lung tissue can be treated as a viscoelastic versus poroelastic
material (or both) for high strain-rate loadings. A damage variable is also introduced in Clayton
and Freed [2019a] to address local injury; when making comparisons to the single-phase model, we
disable damage mechanics by adjusting the associated parameters appropriately. Enabling damage
as part of the multiphase solid skeleton constitutive model is part of future work.

LS-DYNA provides the user with the ability to choose between several time integration schemes
to find the solution of Equation (5.1); either an implicit Newmark-beta scheme (refer to Sec-
tion 4.3.2) or a central-difference scheme (refer to Section 4.3.3). By default, LS-DYNA employs
the central-difference time integration scheme with lumped mass matrices (row-sum lumping tech-
nique), where the time-step is limited by a local CFL condition (refer to Equation (4.537)). In
our results of the LS-DYNA simulations, we use the default time integration scheme; for custom
material models, it is not possible to choose from other time integration schemes. Lastly, for the
linearly-interpolated hexahedral elements employed in the following LS-DYNA simulations, single-
point quadrature rules are applied by default, i.e., properties such as stress are evaluated at the
Gauss point (the centroid of the element), and shock viscosity (refer to the CONTROL_BULK_VISCOSITY
input card in Dev. [2020]) is by default enabled to regularize shock front propagation, and in turn
stabilize the numerical solution. Hourglass stabilization (refer to the CONTROL_HOURGLASS input
card in Dev. [2020]) is also added by default, but is inconsequential for the 1-D uniaxial strain

simulations presented herein.

5.2 Verification

In the following sections we provide examples to verify the FE formulation of the various

governing equations against either analytical solutions (if they exist), other published results, and
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using the method of manufactured solutions. Validation of the model is beyond the scope of this
thesis. For a limited discussion of the procedure of verification and validation (V&V), refer to

Oberkampf et al. [2004], Babuska and Oden [2004], Schwer [2007], Sun [2019].

5.2.1 Method of manufactured solutions

The method of manufactured solutions (MMS) is a powerful tool to verify that implemen-
tation of the FE form of the governing equations of interest is correct. A detailed overview of
the method is provided by Salari and Knupp [2000]. Briefly, MMS provides a way to verify that
the numerical solver in question is solving the governing equations without any order of accuracy
mistakes (OAM), e.g., the numerical error between an exact solution and the numerical solution
should approach zero as the level of spatial or temporal discretization is increased (hf§ — 0, At — 0,
respectively).

The method by which this accomplished is explained as follows. Suppose one wishes to solve

Poisson’s equation for some variable ¢(z,y), i.e.,
V24 =0. (5.3)

First, one proposes an arbitrary solution for ¢(z,y). This solution need not satisfy Equation (5.3),

nor need it be physically realistic in most cases.!

E.g., suppose we choose
o(z,y) = 2ty + 629> (5.4)
Then, this solution is substituted into Equation (5.3), such that

V2p(x,y) = 122%y + 362y = f(2,y). (5.5)

The term f(x,y) is known as the forcing function. It is named as such because when one substitutes

1" As will be explained in the proceeding sections, some restrictions on the form of the pore fluid pressure solution
pe(X, t) at finite strain are necessary to maintain stability of the coupled poroelastodynamic solutions. Furthermore,
for resolving spatial or temporal accuracy, one must be careful in choosing solutions that use spatial and temporal
terms with sufficient higher order terms for said resolution (e.g., choosing a solution that is linear in time ¢ will not
resolve acceleration terms).
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it on the r.h.s. of Equation (5.3), i.e.,

V2¢)(J), y) = f(.%, y) ) (56)

the solution of Equation (5.6) is “forced” to be Equation (5.4). Thus, inclusion of a forcing function
gives rise to an additional term in the governing equation, which for the FE implementation herein,
amounts to another term in the residual of the variational form of the governing equation. When
included, one therefore obtains a numerical approximation of the known analytical solution, and
a measurement of the error between the two may be made. In practice, one usually performs
convergence studies to determine whether or not the source of the error is a numerical phenomenom
(e.g., round-off error) or due to incorrect implementation of the governing equations (the variational
form) in the numerical model. In subsequent subsections, we present results for temporal and
spatial convergence studies of SPONGE-1D for the (u), (u-pf), and (u-ug-pf) formulations, with

inertia terms.

5.2.1.1 (u) formulation
Recall the strong form of elastodynamics given by Equation (4.3), such that for MMS

Choose u(X,t) € S*, with t € [0,T], such that:
DIVP + o9 — p0a = Frumes € Bo.
g“(X,t) =u(X,t)onTly,
(8) = t°(X,t) =P(X,t)-N(X)onT,, (57
uy(X) =u(X,t=0)€ By,
vo(X) =v(X,t=0)€ By,

ap(X) =a(X,t=0)€By.

Note that in Equation (5.7), boundary and initial conditions have flipped equalities from their
counterparts in Equation (4.3) such that they are prescribed not according to user inputs, but

according to the chosen analytical solution.
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For single-phase elastodynamics, we restrict the constitutive model for the solid skeleton to

the neo-Hookean model (refer to Equation (3.106)) so that we may evaluate an analytical solution

for DIV P:
DIVP = S =~ (uFi + (Mn()) — ) Fy; ]
OF;; X\ __,0(det(Fy)) OF;!
= — o~ 77 1 _ =1L
Wox, ot T ax, PN mmGy
02, 02, 0?u;
— ¢ F22 0 (2] B Ak il 5.8
where we have used the identity
Odet(A(t)) _10A(t)
T det(A(t))tr(A(t) = ) (5.9)

to evaluate the 0J/0X term. In the 1-D uniaxial strain implementation, Equation (5.8) reduces

to

0P 9%u ou ou1—2

. A= (14 o) )| [T+ o2] ) 5.10
0X ax?(’“r[ U ax) T T ax (5.10)
SPONGE-1D has been implemented with the following analytical solutions for u(X,¢) using A = p =
1 Pa,pg =2 kg/m3:
u(X,t) = X242,
w(X,t) = X3,
w(X,t) = —X?t3,
uw(X,t) = X342,

(5.11)

u(X,t) = X33,
uw(X,t) = = X33,
uw(X,t) = X3,

u(X,t) = — X443,
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with corresponding forcing functions (which were solved for with aid of Mathematica)

2 —In(1 + 2X¢?
fmms,u:2g+4X2_2t2(1+ n( + )),

(1+2X12)?
2 —1In(1 + 2X¢3)
— 29+ 12X - 2%(1 ).
fmms,u g+ + (1—|—2Xt3)2
2 —In(1 —2Xt3)
s = 29 — 12X2¢ 2t3(1 )
I S,u g + + (1 — 2Xt3)2 ,

2 —In(1 + 3X%2)
(14 3X2¢2)2 ) ’
2 —In(1 + 3X%3)
(1+3X23)2 ) ’
2 —In(1 — 3X%3)
(1 —3X2¢3)2 ) ’
2 —In(1 +4X3?)
(1+4X3¢2)2 ) ’
2+ In(1 — 4X3¢%)
(1 —4X3t2)2 )

fmms7u =29+ 4X3 — 6Xt2 (1 +
(5.12)

fmms,u = 29 + 12X3t — 6Xt3 (1 —+

fmms,u =29 — 12X3t + 6Xt3 (1 +

foms.a = 29 + 12X — 12X2¢° (1 n

fmms,u = 29 - 12X4t + 12X2t3 (1 +

The following convergence studies—here, and in the subsequent sections—were conducted using
the Newmark-beta implicit integration scheme with constant acceleration Newmark parameters
B =1/4,7 = 1/2. The studies were run on a 1x1x1 meter unit cube (effectively a 1 m column for
the 1-D uniaxial strain assumption). Simulations were run out to ¢ = 0.01 seconds and data was
saved at 0.001 second intervals. For the elastodynamics MMS, gravitational forces were disabled.
We see a good temporal convergence (variation of time step with fixed element length) profile
for the two element types investigated in Figure 5.1. The trend is roughly quadratic, which is to
be expected for a second-order-in-time numerical integration method [Hughes, 2000] and appears
to level off, likely due to truncation error, at At = 1076 s. For this reason, the spatial convergence
(variation of element length) studies used fixed time step At = 1076 s. Spatial convergence is

excellent for both quadratic and Hermite cubic element types, as demonstrated in Figure 5.2.
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Temporal convergence of Q2 elements Temporal convergence of Q3H elements
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Figure 5.1: Temporal convergence of the elastodynamics MMS, using (a) quadratic elements with
uw(X,t) == X?t3, and (b) Hermite cubic elements with u(X,t) := X33, plotted at t = 0.01 s. A
single element was used to minimize spatial discretization error.
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Figure 5.2: Spatial convergence of the elastodynamics MMS, using (a) quadratic elements with
u(X,t) .= X3t3, and (b) Hermite cubic elements with u(X,t) := X3, plotted at ¢t = 0.01 s. The
time step At = 107° s was fixed to minimize temporal discretization error.
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5.2.1.2 (u-p¢) formulation

Recall the strong form of poroelastodynamics (u-ps) formulation given by Equation (4.44),

such that for MMS

Choose u(X,t) € S* and ps(X,t) € SPt,
with ¢ € [0, 7], such that:
DIV P + pog — po@ = frumsu € Bo,
g“(X,t) =u(X,t)only,
t7(X,t) =P(X,t)-N(X)onTf,
uy(X) =u(X,t=0)¢€ By,
vo(X) =v(X,t=0)€ By,
(S) = (5.13)
ap(X) =a(X,t=0)€ By,
ﬁDtpf + DiJ + Igg GRAD(ps) - F~1 - (nfoy)
+J GRAD (nfo;) « F™T = fuumsp, € Bo,
g@(X,t) =pe(X,t)onTh,
Qi(X,t) =—[JF~ - (n'%;)]- N on I§",

pro(X) =pe(X,t=0) € By,

pro(X) =pi(X,t=0)€By.

\

Given that
P =Py, — JpF T (5.14)

the divergence of the mixture stress in the 1-D uniaxial regime has the analytical solution

%@1 =§2;2<u+[A—(Aln(1+§;)—u)ﬂl+$r2)—apg§’ﬂ. (5.15)
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For both (u-pr) and (u-us-pr) formulations, we have found that the pore fluid pressure solution

must be restricted to the form

pe(X,t) = (adl — X)t", (5.16)

where a and n are integers > 1. For a < 1, suction physics are introduced, and the numerical
solution is unstable. Furthermore, we discovered that the exponential constitutive model for the
real mass density of the pore fluid (refer to Equation (3.136);) introduces so much non-linearity
within MMS that the solution cannot converge.? Therefore, we impose an additional constitutive
model restriction, i.e., that the linear model for pore fluid real mass density be imposed (refer to

Equation (3.140)1). This changes the governing equation for balance of mass of the mixure for

MMS to
J2 f J2 ¢
7o Depr + DiJ + 2 GRAD(py) - F~ 1. (n'oy)
f f

+J GRAD (n'9;) : F7T = frumspe € Bo, (5.17)

and the divergence of the solid skeleton extra stress has the analytical solution

oPy  OPu g, AM1=np)*\  ap(X,0)
X —W@(Fn +1)+ (J—n(s])2>_ X

. (5.18)

For applications of an incompressible solid constituent at large strain, it is preferable to switch
the standard neo-Hookean constitutive model (Equation (3.107)) to the Ehlers and Eipper [1999]
neo-Hookean constitutive model (Equation (3.109)). Likewise, it is preferable to use the hyperbolic
form for hydraulic conductivity (Equation (3.68)) rather than the Kozeny-Carman model (Equa-
tion (3.63)). Further discussion of these constitutive models is presented in Section 5.3.3.1, para-

graph Necessary constitutive adjustments for higher strain. Parameter restrictions for SPONGE-1D

are given in Table 5.1. SPONGE-1D has been implemented with the following coupled analytical

2 With the exponential model, it can be shown that resulting forcing function for the balance of mass of the
mixture, fmms,p, contains spatial terms of O(12) or higher, and temporal terms of O(18) or higher. The former
cannot be accurately captured by any Gauss quadrature rule, and the latter is unfit for the Newmark-beta temporal
discretization schemes.



Table 5.1: Material parameters for the (u-pf) and (u-ug-pr) MMS convergence studies.

’ Parameter ‘ Value ‘
A (Pa) 1
p (Pa) 1
ny 0.5
A (0¥ /kg) | 2
pe (Pa-s) 1
po- (0’ /kg) |1

solutions for u(X,t), ps(X,t) for the (u-p¢) formulation:

u(X,t) = X2t pe(X,t) = (H — X)t*,

uw(X,t) = X3 pp(X,t) = (H — X)t?,

U(th) = X4t3;pf(X7t) = (H - X)t27

with corresponding forcing functions for balance of linear momentum of the mixture

fmms,u = _tz - 2t3 (1 +

1/16

1/4

(1/4 4 Xt3)2
| 12XCH(KY /24 P(H - X)(1/4+ XF) |

(1/2+ X13)?

)

2 o 3
g(t (H — X)(1/2 + 2X13)

fmms,u = _tQ + 6X3t +

+Xt3(

fomsu = —t2 + 6X % +

+X2t3(

3X?H — 3X3

Ky

18X°t5(H — X)

Ky

3X2H — 3X3

Ky

K
B <t2(1/2 +3XP)(H - X) 1)
K
1/6 2/3
(1/6 + X2t3)2  (1/3+ X2t3)2) ’

24X7t5(H — X)

Ky

Ky

—_ 12—

<t2(1/2 +4X33)(H — X)

3/16

K
3/4

(1/8 + X313)2

(1/4 + X33)2

1)
).

__1)’
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(5.19)

(5.20)
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and corresponding forcing functions for balance of mass of the mixture

8(H — X)(1/4+ Xt3)(1/2 + Xt3)

fmms,pf =t <6Xt +

K{
L (6(H — X)(X?t 4 g/6) 1
— 2t4(2%)ke(1/2 2Xt3“( _ )
(el /2 ) K/ 1+2X¢3
H—-X)(X?
N E5e(1 + 2X0)(1 + 4x¢3ys (U0 o)
Ky
12X H — 18X? 1t2
— (1 44X 13 “(X%[ } B Kn)
18(H — X)(1/6 + X?t3)(1/3 + X?t3
fmms,pf :t<9X2t—|— ( )( / 7 )( / )
f
1 /6(H — X) (X3t +g/6) 1
—BX (2% kae(1/2 + 3X 23R 1( _ )
(2M)kae(1/2 + ) % s
6(H—X)(X3t+9/6 (5.21)
. t35(1 4+ 3X%3)(1 +6th3)n( ( )}(? t+9/6) 1+3§(2t3)
K{
28X H — 24X? 22
— (1 + 6X248° ”(Xt[ } B Kn)
1+ ) K/ 33 X282 9/Ks )
32(H — X)(1/8 + X3t3)(1/4 + X33)
fmms,pf = t<12X3t + K
f
_1/6(H — X)(X* + g/6) 1
— 12X (2%) kae(1/2 + AXPE3)R 1( - )
(rel/2 ) K] 1+4X3¢3
— 4
+ t3%(1 " 4X3t3)(1 T 8X3t3)&(6(H X)I(()g Pl 1+4§(3t3>
K{
24X H — 30X? 3¢2
— (14 8X33 "‘(th[ ] B Kn>'

In the following convergence studies, we set g = 10 m/s? (in the downward direction), K{! =1 Pa,
and » =1 m?.

We see a reasonable temporal convergence (variation of time step with fixed element length)
profile for the two element types investigated in Figure 5.3. The trend continues to be roughly
quadratic and appears to level off at At = 10™* s. Despite this, we have found that for finer

meshes, fixed At = 1075 s provides the most stability, and therefore this is the time-step that is

used for the spatial convergence studies.
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Figure 5.3: Temporal convergence of the poroelastodynamics (u-pf) formulation MMS, using (a)
quadratic-linear displacement-pressure elements with u(X, t) == X213, p¢(X,t) .= (H—X)t?, and (b)
Hermite cubic-linear displacement-pressure elements with u(X,t) = X33 pe(X,t) = (H — X)t?,
plotted at ¢ = 0.01 s. A single mixed-element was used to minimize spatial discretization error.
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Figure 5.4: Spatial convergence of the poroelastodynamics (u-pf) formulation MMS, using (a)
quadratic-linear displacement-pressure elements with u(X, t) == X33, p¢(X,t) .= (H—X)t?, and (b)
Hermite cubic-linear displacement-pressure elements with u(X,t) == X4, pe(X,t) = (H — X)t?,
plotted at ¢ = 0.01 s. Time step is held fixed at At = 107% s to minimize temporal discretization

error.

The spatial convergence profiles for poroelastodynamics (u-pg) formulation are shown in
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Figure 5.4. Both display good trends, with reduction in error between subsequent mesh refinements

for all variables averaging a factor of 7.5, which is on par with Obaid et al. [2017].

5.2.1.3 (u-ug-pr) formulation

Recall the strong form of poroelastodynamics (u-u¢-pg) formulation for nearly-inviscid pore
fluid given by Equation (4.69), such that for MMS
Choose u(X,t) € S*, us(X,t) € ™,
and pg(X,t) € SPf, with t € [0,T], such that:
DIV P + pog — (pa + phag) =0 € By,
g“(X,t) =wu(X,t)onTy,
t7(X,t) =P(X,t)-N(X)onT},
uy(X) =u(X,t=0)€ By,
vo(X) =v(X,t=0)€ B,
ao(X) =a(X,t=0)eBy,
£ 2
phas + Jnf GRAD(ps) - F~' + J("];)(vf —v)—plg =0€B,
(S) = 9., (X,t) =wui(X,t)on Ty, (5.22)
uro(X) =w(X,t=0) € By,
vio(X) =wv(X,t=0) € By,

af’o(X) = af(X,t = 0) € By,

J?nt J? 1
ﬁDtpf + DtJ + ﬁ GRAD(pf) 3 (nfﬁf)
f f

+JGRAD (nfog) « F~T =0¢€ By,
gP(X,t) =pe(X,t) on Th,
Qi(X,t) =—[JF' (nfog)]- N on TS,

peo(X) =pe(X,t=0) € By,

Pro(X) =pe(X,t=0) € By.
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We enforce the same restrictions as those in Section 5.2.1.2. SPONGE-1D has been implemented with
the following coupled analytical solutions for u(X,t), us(X,t), pe(X, t) for the (u-us-pr) formulation:
uw(X,t) = X2t w (X, t) = %X2t3 cpp(X,t) = (H — X)t?,

w(X,t) = X3 w(X,t) = %X%?’ cpe(X, 1) = (H — X)t2, (5.23)
W(X,8) = XM up(X, 1) = %X“t?’ (X, 1) = (H — X)2,

with corresponding forcing functions for balance of linear momentum of the mixture

6X%3(H — X)(1/4 + Xt3) 1/16 1/4 )

—2t3(1+

mms,u — _t2 6X2t
Junans, HoAT K7 (/A XPB2 (124 XP)?
t2(H — X)(1/2 + 2Xt3)
+( K] ~1).
9X3t3(H — X)(1/6 + X2¢3 t2(1/2 +3X2%)(H — X
o = 1 68 SOPHZ X060 X0 20240 X))
’ K K
(5.24)
+6xt°(1+ ! + ! )
36(1/6 + X2t3)2 ' 9(1/3 + X243)2)°
12X43(H — X)(1/8 + X313 £2(1/2 + 4X3%)(H — X)
42 4 _ _
Sms,u = —t° +6Xt + K7 g( K7 1)
+12X%6 (14 ! + ! )
64(1/8 + X3t3)2 ' 16(1/4 4 X313)2)
corresponding forcing functions for balance of linear momentum of the pore fluid
; 7t2(17 1 ) (29 + 6X2t)(H — X)(1/2 + Xt3)?
s 24 4X¢3 K{
C3XP(1/44+ X)) (14X )
> )
9 1 (39 +9X3t)(H — X)(1/3 + X?t3)?
Junms,up = 1 (1 24 6X2t3) K]
(5.25)

x

X3(3/4 + 4.5X243)(1 + 6X243)51 1)

F _ t2(1 B 1 ) (49 + 12X%)(H — X)(1/4 + X3t3)?
s 2+ 8X2t3 K/

CXA(3/4+ 6X35) (1 + 8X33) ! 1)

»
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and corresponding forcing functions for balance of the mass of the mixture

8(H — X)(1/4+ Xt3)(1/2 + Xt3)

Sroms,pe = t(GXt +

K¢
_1(3(H — X)(X%t+g/3) 1
— 2427V kse(1/2 + 2X¢3) 1 _
R ) ( Ky 1+2Xt3)
£35¢(1+ 2X13)(1 + 4X13)" (3<H7X>I<{)fg2t+g/s> _ Ml)m)
- X7
6HXt —9X?t /3
— (1 + 4X8)" o).
#(1+4Xt%) K7 T2 XER 9/ K¢
18(H — X)(1/6 + X*t%)(1/3 + X*t%)
frms,pe = t<9X2t + =
f
1 (3(H = X) (X%t +g/3) 1
— d(or 2,3\k—1 B
6Xt1(2%)kse(1/2 + 3X 23 ( o 1+3X2t3)
—X)(X? (5.26)
t35¢(1 + 3X23) (1 + 6X2t3)m(3(H x)[({)gc7 t+9/3) 1+3§(2t3>
+ e
9HX —12X? o2
— tx(1 X243 N(Xt[ ]7 Kn)
x2(1+6 ) Ktﬁ + 3(1/3 +X2t3)2 g/ £ )
2(H - X)(1 X343)(1/4 + X343
Jrnms,pr =t<12X3t+3 ( )(1/8 + : )(1/4 + )
: e
_1(3(H - X)(X*t +9/3) 1
— 12X2t4 2"'{ 1/2 4X3t3 K 1( B )
B ) K¢ 1+4X383
— 4
t35¢(1 +4X33) (1 + 8X3t3)n(3(H X)I((); t+g/3) 1+4§(3t3>
+ n
Kf
12HX —15X2 342
L 8RN (X% | -o/K7) ).
AL ) K{ + 4(1/4 + X3¢3)2 9/ K§

In the following convergence studies, we set g = 10 m/s? (in the downward direction), K{ = 1 Pa, and
3 =1 m?. The temporal convergence study (Figure 5.5) for the poroelastodynamics (u-us-py) formulation
follows that of the poroelastodynamics (u-pg) formulation. Spatial convergence (Figure 5.6) also behaves as

expected and is comparable to the (u-p¢) spatial convergence study.
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Figure 5.5:

Temporal convergence of the poroelastodynamics (u-pf) formulation MMS, us-

ing (a) quadratic-quadratic-linear solid displacement-fluid displacement-pressure elements with
w(X,t) = X3 u(X,t) == X%, pe(X,t) == (H — X)t?, and (b) Hermite cubic-Hermite cubic-
linear solid displacement-fluid displacement-pressure elements with u(X,t) = X33, ug(X, )
$X343, pr(X, t) == (H — X)t?, plotted at ¢ = 0.01 s. A single element was used to minimize spatial

discretization error.

Spatial convergence of Q2-Q)2-P1 elements Spatial convergence of Q3H-Q3H-P1 elements

—1 —1
13,23 * T reflle = vl & el 12,23 T refln % - reiln & el
© lv-reflle, B lloe—reflle  F lpe—refll, © lv-reflle. B [loe—reflle,  F |lpr—refllr,
107 B lla—reflle,  © lla=ref, 1074 B Jla—reflln,  ® llas—ref
1074 4 107 4
0 | M 100 ] M
0y M .
. i =— = —
= 10774 e = = 10774 Ls o L
2 101 S 2 105 =
LE 10710 4 = = mH 107104 -~ I —
1071 4 10711
10712 4 10712
IU*\SE ‘107]33
10714 4 10714
1071 4 10715 4
1071° T T 10716 T T
10° 107! 1072 1073 10° 107! 1072 1073
h§ (m) h§ (m)
(a) (b)

Figure 5.6: Spatial convergence of the poroelastodynamics (u-pf) formulation MMS, us-
ing (a) quadratic-quadratic-linear solid displacement-fluid displacement-pressure elements with
u(X,t) == X33 wp (X, t) = 3 X33, pe(X,t) == (H — X)t?, and (b) Hermite cubic-Hermite cubic-
linear solid displacement-fluid displacement-pressure elements with u(X,t) = X*3, ug(X,t) =
X143, pe(X,t) == (H — X)t?, plotted at ¢ = 0.01 s. The time step At = 107% s was fixed to
minimize temporal discretization error.
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5.2.2 Elastodynamics

For this verification example, we employ the eigenfunction expansion technique used by Erin-
gen and Suhubi [1975] (which is a modification of the technique proposed by Reismann [1967]) to

solve the following differential equation:

82
C%VQ'UJ—C%VXVXU4—]°:8—:; Ve eQx(0,T), (5.27)
subjected to the boundary conditions
u(x,t) =g“(z,t) Vaxel",
(5.28)

o(xz,t) -n(x) =t(x,t) Vrcl,
and initial conditions
u(z,0) = uo(x),
(5.29)
v(z,0) =wvo(z),
where c¢; and ¢y are the irrotational and equivoluminal wave velocities, respectively. The solution

u(x,t) may also be expressed as a summation of an eigenfunction ¥(x) subjected to homogeneous

boundary conditions and a quasistatic displacement field ®(x, 1), i.e.,

u(x,t) = ®(x,t) + Y on(t)¥n(x), (5.30)
n
wherein the strong formulation for the eigenfunction is given by
AV - BV XxVx T+ T =0 zcQx(0,T),
U(x,t)=0 VYoecl®, (5.31)
o(x,t) - n(x)=0 Vxecl’,
where w is the natural frequency (i.e., the eigenvalue). The strong formulation for the quasi-static

displacement field is given by
AV - AV XV Xx®+ f(x,t)=0 2cQx(0,T),
®(x,t) =g"(x,t) Vaxel", (5.32)

o(x,t) -n(x) =t (x,t) Vacl’.
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Substitution of Equation (5.30) into Equation (5.27) and making use of Equation (5.31) gives us

S (b wion) walw) = —F(a,1). (5.33)

n
Multiplying Equation (5.33) by ®,,(x), integrating over 2 and invoking the orthogonality condition

on ® gives us

Q.b.m + W3n¢m = (bm(t) ) (5.34)
where
B, (1) = —/d)(m,t) W(2)dQ. (5.35)
Q

To solve Equation (5.34), we require initial conditions, which we can pull from Equation (5.29) and

substitute into Equation (5.30) to find

on0) = [ wo(@): B (@)d2 + 8,(0),
. (5.36)
bm(0) = /vo(:c) @, (2)d) + By 0).
Q
Then the solution to Equation (5.34) is
Pm(t) = [¢m(0) — P (0)] cos(wmt) + wlm ¢m(0) — &, (0) | sin(wmt)
+ Bo(t) — wnm / By (7) sin(wm (t — 7))dr (5.37)
0
Then, Equation (5.30) may be rewritten as
u(x,t) = Z Qy, COS(Wint) + wlmﬁm sin(wmt) — wm / D, (7) sin(wp, (t — 7)dT) | ¥ (),
m 0
(5.38)
wherein
D@, 1) + > Py ()T (x) =0, (5.39)
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and

oy, = / wo() - B()dY, B — / vo(a) - B(2)dQ. (5.40)

Q Q

For this particular verification problem, we presuppose that our domain is 1-D, that it is fixed at

its lower end & its sides, and that we apply a sinusoidal traction to the top surface, i.e.,

wX,t) =0 VXeT,

; (5.41)
t7(t) = 50[1 —cos(wt)] VX eIt
with initial conditions
u(X,0) =0,
(5.42)
v(X,0) =0.
Then Equation (5.38) reduces to
t
W(X,8) = = 3w Wpn(X) / By (7) sin(wm (t — 7)dr) (5.43)
m 0

It can be shown that

1/240 _1\m
D (1) = 2(275361£m(()2(7;f)_( 1;) ; (5.44)

where H is the initial height of the column, which allows us to rewrite Equation (5.43) as

w(X 1) = — i 2(_1)m O/ttff(f) sin <(2m — Dmer(t = T>> dr| sin <W> . (5.45)

m—1 2H 2H

wherein

E 1—v
(1—2v M
o = (i) Y ey (5.46)
£o PO

and where F, v and M are Young’s modulus, the poisson ratio and the P-wave modulus for the
material, respectively.

Geometrical and loading parameters are given in Table 5.3, with associated schematics in
Figure 5.7; material parameters are given in Table 5.2. We see excellent agreement between the

numerical and analytical solution, as shown in Figure 5.8.
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t7(t) = "8 [1 — cos(wt)]
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1m Im

(a) (b)

Figure 5.7: (a) Traction application and (b) schematic of column mesh for the elastodynamics
verification example.

Table 5.2: Material parameters for elastodynamics verification example.

| E(MPa) [ v | po (kg/m®) |
[ 50 [03] 198 |

Table 5.3: Geometrical and loading parameters for elastodynamics verification example.

]H(m)\A(mQ)\tg (kPa)\w(rad/s)\
[ 20 | 1 | 40 [ 50 |
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Figure 5.8: Results for the displacements for the elastodynamics verification. Here,
Q1 elements were used in SPONGE-1D with mesh size hf = 1 m.
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5.2.3 Poroelasticity

Recall from Section 4.1.3 the formulation for poroelasticity, i.e., the (u-p¢) formulation without
inertia terms. Here, we present results previously published in Li et al. [2004] that demonstrate
the differences between small-strain theory and finite-strain theory (large deformation). Similar to
the elastodynamics example in Section 5.2.2, a porous column is subjected to an external traction
load while its base and sides remain fixed. The analytical solution in small-deformation theory is
given by

__teH
oA+ 2u]

(5.47)

where H is the initial height of the column and A\ and p are the first and second Lamé parameters
of the solid skeleton, respectively. The upper boundary of the fully saturated column is perfectly
drained with reference pressure ps(X = H,t) = 0 atm and subjected to a uniform step load with

finite rise time.

tG
@ p (HY=p,
t°A

1-D mesh

H=10m

SN

e /
P

Q
N
— e
©———®
G! N:l

%
(0 )

Figure 5.9: (a) Traction application and (b) schematic of column mesh for the poroelasticity veri-
fication example.

Geometrical and loading parameters are given in Table 5.5, with associated schematics in
Figure 5.9; material parameters are given in Table 5.4. The displacement histories of the top of

the column are plotted in Figure 5.10. Owing to the fact that the displacement for our large
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Table 5.4: Material parameters for the poroelasticity verification example.

| A (MPa) [ u (MPa) | p (kg/m?) [ py (kg/m®) | n" [ n° |
20 | 7 | 2700 | 1000 [0.42] 058 |

Table 5.5: Geometrical and loading parameters for the poroelasticity verification example.

[H(@m) [A(m?) [ h§ (m) [ t§ (MPa) | to [ t1 |

[ 10 | 1 ] 1 [004248]03]10]
0
Large deformation
=== Analytical, steady-state solution (at small strain)
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Figure 5.10: Porous layer with uniform step load: vertical displacement-time history at topmost
node for load tJ = 40kPa.

deformation model is so small, the results line up well with the analytical solution for small-strain
theory. However, when load is increased to the order of megapascals, the small-strain theory always

predicts deformations well-exceeding that of finite-strain (large deformation).
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Figure 5.11: Porous layer with uniform step load: vertical displacement-time histories at topmost
node for loads t§ = 2, 4 and 8 MPa.
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Recall from Sections 4.1.3 and 4.1.4 the formulation for poroelastodynamics, i.e., the (u-pr)

and (u-u¢-pr) formulations with inertia terms. Here, we present results comparing the numerical

solution to an analytical solution developed by de Boer et al. [1993].

Similar to the previous

examples, a porous column is subjected to an external traction load while its base and sides remain

fixed. The top of the porous column is perfectly drained with reference pressure ps(X = H,t) =0

atm and subjected to a harmonic loading. The analytical solution for this problem is given as

(t—7) exp

b } b\/7'2—aX2
77’ IO )

b ]Io(bm)

follows:
t
(X 1) - / (
)\ 2
+ ,u ]
t
ur (X, 1) - f >\+2u / (to
0
32
pe(X,t = [nfpfR
() (n ><A+2u> ot

+ (TfX)eXp{

wherein

LX.1) = / Qt — 1)G(X, 7)dr
0

1 b
G(X,t) = %exp |:—2at
f\2 R
s, _ (n)Ap g
k

(n®)° p + (nf)” p?
(A + 2) (n5)?

J— Sv

C (A +2u) ()

a =

——T

t
S b (o8 b
ol1(e) (X, 1) M/(t (tT)eXP{ 9
0

sl

i (

o, QLK. t)]

bvVT?2 — aX2> X
2

M

b
2a

2a —aX?

)dT,

H(t — \/aX) — - exp [

b M(?b

Ja

(r— \/aX)> dr

(r— ﬁX))dT

H(r — ﬁX)) dr

(5.48)

) (5.49)

and where I, are the modified Bessel functions of order m, H is the Heaviside function, t7(t) is

the harmonic loading function and A and p are the first and second Lamé parameters of the solid
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skeleton, respectively.

o 124
t7(t) = % [1 — cos(wt)] H=10m

}hg

(a) (b)

Figure 5.12: (a) Traction application and (b) schematic of column mesh for the poroelastodynamics
verification example.

Table 5.6: Material parameters for the poroelastodynamics verification example.

[ A (MPa) [ u (MPa) [ py (kg/m?) [ pfy (kg/m®) [ ny [ n§ | ko (m/s) |
[ 56 | 84 | 2700 | 1000 [042]058] 102 |

Table 5.7: Geometrical and loading parameters for the poroelastodynamics verification example.

]H(m)\A(m2)\h8 (m)\tg (kPa)\w(rad/s)\
[ 10 | 1 [L1o1] 40 [ 50 |

Geometrical and loading parameters are given in Table 5.7, with associated schematics in
Figure 5.12; material parameters are given in Table 5.6. With SPONGE-1D, we see excellent agree-

ment between numerical and analytical solutions (see Figure 5.13, Figure 5.14). However, there
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are slight discrepancies in both solid skeleton displacement and pore fluid pressure in the LS-DYNA
poroelastodynamics model. We suspect that this is caused by LS-DYNA ignoring the inertia term
in the Darcy velocity constitutive equation, irrespective of whether or not the (u-pf) assumption is
made. Furthermore, given that LS-DYNA assumes a (u-pg) formulation outright, its poroelastody-
namics model cannot be used to verify the displacement of pore fluid because there is no governing
equation for the third field variable, which the analytical solution includes (see Figure 5.13(b)).
Lastly, we found that we were only able to obtain a close approximation with LS-DYNA by assuming
a linear isotropic elastic material and initializing the geostatic stresses prior to starting the simu-
lation. As a result, the resulting solid skeleton effective stress response g% in LS-DYNA does not
match the analytical solution, and is not shown here for that reason.

We also observe poor agreement between the analytical solution and our FE solution for the
pore fluid displacement (see Fig.5.13(b)). However, this is an entirely numerical phenomenon. The
same discrepancies were observed by Heider [2012], who came to the conclusion that for coarse-mesh
resolution, the pore fluid pressure gradient is numerically unstable at the drained surface. Given
that the pressure there is set to 0 atm (reference pressure) and that a traction load is also applied
there, this causes a large pore fluid pressure buildup at the surface, which must quickly dissipate
to 0 atm. Thus, a large pore fluid pressure spatial gradient is created, and because of the coupling
between pore fluid pressure and pore fluid displacement in the balance of momentum of the pore
fluid, this leads to inaccuracy in the FE solution for the pore fluid displacement. Fortunately,
this problem is easily remedied by using mesh refinement—see Figure 5.14 for a demonstration.
Therefore, in addition to numerical issues with resolving the propagation of a shock wave with
coarse meshes, as we shall see momentarily in Section 5.3.1, we elect to use finer meshes for the
poroelastodynamics simulations of soft porous materials such as lung parenchyma.

The convergence profile for different element types with varying stabilization parameters
is shown in Figure 5.15. Here we have used the implicit Newmark-beta integrator for constant

acceleration, i.e., § = 1/4,7 = 1/2, at fixed time step for variable element lengths. The relative
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displacement error

= ’uanalytical(X =H,t=02 S) — unumerical(X =H,t=10.2 S)|
’uanalytical(X = H, t=20.2 S)‘

ERR,[-] - (5.50)

It is apparent that the (u-pf) formulation does not give as accurate of a result as the (u-ug-pr)
formulation, especially at the smaller element lengths. We do not observe a strong convergence
profile, especially compared to the one obtained by Markert et al. [2009], Heider [2012]. We suspect
that the poor convergence behavior is due to the abundance of nonlinearities in our model, whereas

Markert et al. [2009], Heider [2012] assumed a linear, small strain theory. We have also considered
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Figure 5.13: Verification results for the numerical approximation to the de Boer analytical solution,
using A = 1 m. All element types used in SPONGE-1D are stable, i.e., Q2-P1 or Q2-Q2-P1 depending
on the formulation.
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Figure 5.14: Comparison between two different mesh resolutions for multiple integrators demon-
strating the importance of finer meshes in resolving the pore fluid displacement (using SPONGE-1D).

the viscous pore fluid stress for this problem; material parameters are unchanged with the addition
of the pore fluid bulk viscosity k¢ = 2.86 mPa-s. Other than a bump in accuracy in the pore
fluid displacements from the higher-order element (Figure 5.16), inclusion of the viscous pore fluid
stress does not effect the solution, because for water, the viscous effects are essentially negligible

(Figure 5.17).
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Figure 5.16: Verification results for the numerical approximation to the de Boer analytical solution,
comparing the nearly invisicid (Darcy) to viscous (Darcy-Brinkman) formulations, using h§ = 0.1

m.
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5.3 High strain-rate loading

Of key importance for dynamic injury predictions of soft tissue (or dynamic damage predic-
tions of another soft, porous material) is how lung tissue (or said material) deforms under shock
loading. In the following sections, we present our findings for a column of lung parenchyma sub-
jected to external traction loadings on the order of milliseconds or less. In all of the simulations, the
lung parenchyma column is fixed on its sides and base. Furthermore, in many of the simulations,
the sides and top are assumed to be an impermeable membrane (i.e., “undrained”, or, “no-flux”)
such that the pore air is confined solely within the column.

While we do have full control over the boundary conditions at the ends of the column, we
have chosen the impermeable boundary condition for comparative purposes to the model developed
by Clayton and Freed [2019a,b], Clayton et al. [2020], Clayton [2020], Clayton and Freed [2020a],
Clayton et al. [2021], in which they assume occluded pore air. One could imagine the experimental
analog to this type of boundary condition wherein a small section of lung parenchyma is excised,
placed in an impermeable sleeve and then uniaxially loaded. The advantage to our model over
the one implemented by Clayton et al. [2021] is that we could allow for more realistic boundary
conditions at the ends of the column of lung parenchyma in our simulations. For example, allowing
an end to remain open to atmospheric pressure (i.e., “drained”; see, e.g., the section on viscous
pore fluid stress in Chapter 5.3.3) such that experimentally the sleeve need not enclose this end of
excised tissue, or specifying a mixed boundary condition wherein the pore fluid pressure gradient
and pore fluid pressure at the end of the column are both free. This would enable experimentally
that the sleeve need not enclose the end of excised tissue, and the impacting device would need

only to maintain contact with a part of the tissue during loading.

5.3.1 Effects of shock viscosity for single-phase models

To begin with, we wish to demonstrate the effects that the shock viscosity imposes on the

deformation of a single-phase material. For the single-phase model in LS-DYNA, we use the standard
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neo-Hookean hyperelastic material model, MAT 45, so that we can make a one-to-one comparison
with our neo-Hookean hyperelastic material model in SPONGE-1D. Material properties are given in

Table 5.8. Geometrical and loading parameters are given in Table 5.9.

Table 5.8: Material parameters for an example on shock viscosity for a column of single-phase,

elastodynamic lung parenchyma. Values taken from Clayton et al. [2021].

K (kPa) | G (kPa) | po (kg/m?)

213 3 337

Table 5.9: Geometrical and loading parameters for an example on shock viscosity for a column of
single-phase, elastodynamic lung parenchyma.

| Overpressure load type | H (cm) [ A (cm?) | h§ (cm) | ¢§ (kPa) [ to (ms) | {1 (ms) |
Yen impulse 10 1 1,01 50 0.17 0.34
Friedlander impulse 10 1 1, 0.1 25 10 N/A

The traction is applied to the top of the column in two forms. The first is a linear triangular
impulse, hereafter referred to as the Yen impulse, shown in Figure 5.18, which rises to a maximum
pressure tg = 50 kPa at time ¢ty = 170 us relative to reference pressure, set to 0 atm for these
single-phase simulations. It then decays to t° = 0 kPa at time 2tg = t; = 340 us. The time scales
and pressure profile were chosen based on an experimental study of rabbit lung exposed to shock
tubes by Yen et al. [1988]. Overpressure amplitude was chosen arbitrarily, though we note that
Yen et al. [1988] observed that overpressures greater than 2 psi (=~ 14 kPa) resulted in edema of
the exposed rabbit lung.

The second traction application is the Friedlander impulse [Friedlander, 1946], which is de-
picted in Figure 5.18(b). The profile is of an exponentially decaying function to 0 applied pressure
at tg = 10 ms, whereby it then starts to act as a tensile force relative to atmospheric pressure. This
profile is an analytical solution to sound waves diffracting off of a semi-infinite plate. Therefore,

the Friedlander wave is more indicative of the overpressure profile of a blast wave [Dewey, 2018]
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(e.g., one resulting from an explosion and impacting against a hard surface, such as body armor),
than the Yen impulse, which is better suited to describe shock-tube-like experimental loading.

For both pressure profiles, we will vary the peak overpressure amplitude. As with the de
Boer example in Section 5.2.4, the bottom and sides of the column remain fixed and rigid such that
the motion is purely vertical in the X direction. The 1-D FE mesh is shown in Figure 5.18(c).

Different choices of element length h§ and different choices of shock viscosity (i.e., none or
default values) are investigated in displacement predictions for the Yen loading protocol in Fig-
ure 5.19 and Figure 5.20. Similarly, predictions are compared for the Friedlander loading protocol
in Figure 5.21 and Figure 5.22.

For both element lengths Af, it is apparent that without shock viscosity, SPONGE-1D’s inte-
gration schemes struggle to constrain the numerical overshoots. This is particularly noticeable for
the coarser mesh with h§ =1 cm in Figure 5.21(a) for the implicit solver which is taking constant
time-steps At = 1075 s. When some shock viscosity is introduced, the “noise” from the shock is
dampened significantly, and we see fairly good agreement with the results from LS-DYNA, which we
note does not provide users the option to disable shock viscosity as is evident by the overlapping
Co = C1 = 0.0 (black) and Cp = 1.5, C; = 0.06 (red) curves.

We show further comparisons for the Friedlander impulse with the fine mesh. In contrast
to the results shown in Irwin et al. [2023c|, here the central-difference scheme in Figure 5.22(a)
looks nearly identical to Figure 5.22(b) and remains stable. This was due to imposing a severe
restriction on the max allowable time step, reducing it from At = 10~7 s to At = 10~% s. Without
this restriction, the numerical solution went unstable.

In addition, care must be taken when choosing the coefficients Cy and C7; as the values of
these coefficients increase, the shock is smeared across larger portions of the domain (i.e., over more
elements). This can be seen in Figs. 5.23 and 5.24. Thus, if the constants are too large, we begin
to eliminate physical effects that are important to measure. For that reason, we stick to the default

values used by LS-DYNA in SPONGE-1D for shock loading.
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Figure 5.20: Comparison of elastodynamical response to Yen impulse loading for peak overpressure
of 50kPa with element size h§ = 0.1 cm for (a) simulations without shock viscosity enabled (b)

shock viscosity set to default values.
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Figure 5.22: Comparison of elastodynamical response to Friedlander impulse loading for peak
overpressure of 25kPa with element size hf = 0.1 cm for (a) simulations without shock viscosity
enabled (b) shock viscosity set to default values.
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Figure 5.23: The effect of changing the shock viscosity coefficients Cy and C; for the Yen impulse at
peak overpressure of 50 kPa; here, all simulations were conducted using a neo-Hookean hyperelastic
material (UMAT 45) in LS-DYNA with A§ = 0.1 cm.
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Figure 5.24: The effect of changing the shock viscosity coefficients Cy and C for the Friedlander
impulse at peak overpressure of 25 kPa; here, all simulations were conducted using a neo-Hookean
hyperelastic material (UMAT 45) in LS-DYNA with A§ = 0.1 cm
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5.3.2 Effects of pore fluid pressure stabilization

As with our study of the shock viscosity and how varying the constants Cy and C7 can
affect the solution, we shall do the same here for pressure stabilization by modifying the stabilizing
parameter o***". In the following investigation, we use the (u-p¢) formulation and a Q1-P1 element
with 2§ = 1 cm. In contrast to the poroelastic and poroelastodynamic verification problems, here
we set an impermeable boundary condition at the surface of the column of lung parenchyma: pore
air is not allowed to escape the column at any position. Material parameters are listed in Table 5.10.
Geometrical and loading parameters are given in Table 5.11.

As in previous examples, we apply a pressure load in the form of a traction at the top of
the column. However, for the multiphase model, the applied overpressure is relative to 1 atm, as
opposed to 0 atm for the single-phase model in Section 5.3.1.1. The two pressure profiles we explore
are the Yen impulse and Friedlander impulse, as depicted by Figure 5.25(a) and Figure 5.25(b),

respectively. For both pressure profiles, we choose a peak overpressure of 15 kPa.

Table 5.10: Material parameters for multiphase lung parenchyma simulations. Values taken from
Clayton et al. [2021], Lande and Mitzner [2006].

| K% (kPa) | G (kPa) | K, (kPa) | K (kPa) | pi® (kg/m?) [ pI} (kg/m®) | nl | ko (n?/Pa-s) |
y 75 [ 3 [22x10°] 140 | 1000 | 1138 [0.664] 10° |

Table 5.11: Geometrical and loading parameters for pressure stabilization study.

| Overpressure load type | H (cm) [ A (cm?) | A§ (cm) | ¢§ (kPa) [ to (ms) | ¢1 (ms) |

Yen impulse 10 1 0.1 15 0.17 0.34
Friedlander impulse 10 1 0.1 15 10 N/A
It is apparent from Figure 5.26 and Figure 5.27 that as we increase the value of o***, we

introduce numerical error into the solution. We can see that this also results in oscillations in both

the pore fluid and solid lung parenchyma pressure: refer to Figure 5.28 and Figure 5.29. Therefore,

stab

when enabling pressure stabilziation, we choose a value of « as close to 0 as possible, typically

1071% m3s? /kg as this shows good overlap with the unstabilized formulation.
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the Q1-P1 element type.



2.0

1.5 1

Displacement (mm)

-1.0

— w(X =0.1m,t), a***P =0

O u(X =0.1m,t), a*?P = 1010

— (X =0.1m,t), o***> =108

— (X = 0.1m,t), a***> = 1076 ’

5 10 15 20 25

Time (ms)

30

319

Figure 5.26: Comparison of lung parenchyma displacements undergoing overpressure loading from
the Yen impulse at 15 kPa, using RKFNC numerical time integration with consistent mass matrices,
tracking the nodes at the top of the column for varying values of a5%P. Here, we invoke a Q1-P1

element with hf =1 cm.
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Figure 5.27: Comparison of lung parenchyma displacements undergoing overpressure loading from
the Friedlander impulse at 15 kPa, using RKFNC numerical time integration with consistent mass
matrices, tracking the nodes at the top of the column for varying values of o*2?. Here, we invoke

a Q1-P1 element with A§ = 1 cm.
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Figure 5.28: Comparison of lung parenchyma pressure p}, and pore fluid pressure p; after over-
pressure loading from the Yen impulse at 15 kPa, using RKFNC numerical time integration with
consistent mass matrices, tracking the Gauss point closest to X = H for varying values of a%P.
Here, we invoke a QI1-P1 element with A§ = 1 cm, and K = 7.5 kPa is the bulk modulus of the
solid skeleton.
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Figure 5.29: Comparison of lung parenchyma pressure p%, and pore fluid pressure p; after overpres-
sure loading from the Friedlander impulse at 15 kPa, using RKFNC numerical time integration
with consistent mass matrices, tracking the Gauss points closest to X = H for varying values of
o*%@P Here, we invoke a Q1-P1 element with hg =1 cm, and K = 7.5 kPa is the bulk modulus of
the solid skeleton.
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5.3.3 Shock loading of lung parenchyma
5.3.3.1 Locally homogeneous temperature model

In the following sections we present our findings for a column of lung parenchyma subjected to
external traction loading durations on the order of milliseconds or less. In all of the simulations, the
column is fixed on its sides and base. Furthermore, when making comparisons to the single-phase
model developed by Clayton and Freed [2019a], the sides and top are assumed to be impermeable
(i.e., “undrained”) such that the pore fluid (air) is confined solely within the column. For the
duration of this subsection (Section 5.3.3.1), we assume either the standard neo-Hookean model, or
the Ehlers and Eipper [1999] neo-Hookean model, for the solid skeleton, devoid of thermomechanical
coupling (refer to Equations (3.113) & (3.115) with a3, — 0). For the pore fluid, we assume a
barotropic model, i.e., the exponential model assumed in the previous sections for poroelasticity
and poroelastodynamics examples (refer to Equations (3.137) & (3.138); more details on these
constitutive choices are discussed in subsequent sections).

This section is outlined as follows. In paragraph Taylor-Hood mized elements and shock load-
ing we discuss the shortcomings of the common Taylor-Hood element when applying shock loading.
In paragraph Necessary constitutive adjustments for higher strain we discuss the inadequacy of
the standard neo-Hookean model combined with the Kozeny-Carman model for high strains. In
paragraph Remarks on the impermeable boundary condition we demonstrate findings regarding a
no-flux (i.e., “impermeable”, “undrained”, “no-slip”) boundary condition applied to the pore fluid.
In paragraph A sensitivity study for »x we demonstrate findings from a sensitivity study on the
intrinsic permeability; in paragraph A sensitivity study for k we demonstrate findings from a sen-
sitivity study on the hyperbolic hydraulic conductivity model. For paragraph Investigation of the
pore fluid viscous stress tensor, we explore the impact of accounting for the pore fluid extra stress
(viscous stress) as compared to the standard, nearly-inviscid pore fluid stress. Lastly, paragraph
Comparison between single-phase and multiphase models for shock loading concludes with the com-

parison between single-phase and multiphase models for shock loading of lung parenchyma.
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Table 5.12: Geometrical and loading parameters for multiphase porous material simulations demon-
strating Taylor-Hood mixed elements.

| Overpressure load type | H (cm) | A (cm?) | h§ (cm) | 3 (kPa) | to (ms) | ¢1 (ms) |
Yen impulse 10 1 0.1 15 0.17 0.34
Friedlander impulse 10 1 0.1 15 10 N/A

1-D mesh
€ h¢ e
u" poouf
e
1@ 1d,
e
H=10cm| [0 | T,

Figure 5.30: Schematic of multiphase column mesh for examples of lung parenchyma deformations,
highlighting the Q2-Q2-P1 Taylor-Hood mixed-element type.

Taylor-Hood mixed elements and shock loading. First, we present results for the multiphase
model developed in SPONGE-1D compared to the single-phase model developed in LS-DYNA wherein
we do not enable shock viscosity nor pressure stabilization; geometrical and loading parameters are
listed in Table 5.12; material parameters are repeated from Table 5.10; an example of the Q2-Q2-P1
Taylor-Hood mixed element used is provided in Figure 5.30.

In the multiphase model, fully stable elements (i.e., Taylor-Hood elements without additional

stabilization parameters) are used and, for low overpressure loading magnitudes at high strain-rates,
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additional stabilization via shock viscosity or pressure stabilization is not necessary to obtain a
stable solution. The standard neo-Hookean model (Equation (3.106)) is used for the solid skeleton
response, the barotropic exponential model (Equation (3.137)) is used for the pore fluid response,
and the Kozeny-Carman model (Equation (3.63)) is used for the functional form of the porosity-
dependent hydraulic conductivity.

Figure 5.31 shows the displacement history of the top of the porous column over time after
being subjected to the Yen impulse at 15 kPa overpressure. For the single-phase model (Clayton
& Freed), the solution behaves elastodynamically, with little to no dissipation of the shock wave.
For the multiphase model, we can directly observe the effect that the pore air has on the solid
skeleton displacement, i.e., an “absorption” of the shock wave and eventual dissipation of that

energy. Similar behavior is observed in the results for the Friedlander impulse, Figure 5.32.
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Figure 5.31: Comparison of solid skeleton displacements undergoing overpressure loading from the
Yen impulse at 15 kPa between (a) the single-phase (Clayton & Freed) and multiphase models
tracking the nodes at the top of the column, and (b) the multiphase models from SPONGE-1D
tracking the nodes at the middle of the column with and without stabilization methods. Without
shock viscosity @ and pressure stabilization o***, we invoke a Q2-P1 or Q2-Q2-P1 element; with
shock viscosity @ (where Cy = 1.5,C1 = 0.06) and pressure stabilization (where a®#P = 10719), we
invoke a Q1-Q1-P1 element.

Notice that for the Taylor-Hood elements without any stabilization, numerical oscillations

are present in the displacement solution, irrespective of the integration scheme. When shock vis-
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Figure 5.32: Comparison of solid skeleton displacements undergoing overpressure loading from
the Friedlander impulse at 15 kPa between (a) the single-phase (Clayton & Freed) and multiphase
models tracking the nodes at the top of the column, and (b) the multiphase models from SPONGE-1D
tracking the nodes at the middle of the column with and without stabilization methods. Without
shock viscosity @ and pressure stabilization o, we invoke a Q2-P1 or Q2-Q2-P1 element; with
shock viscosity @ (where Cy = 1.5, C; = 0.06) and pressure stabilization (where a** = 10719), we
invoke a Q1-Q1-P1 element.

cosity and pressure stabilization are introduced, with a Q1-Q1-P1 element, as in Figure 5.31(b) and
Figure 5.32(b), displacement solutions are smoother than their Taylor-Hood counterparts. Further-
more, we have found that without the shock viscosity and pressure stabilization techniques, we are
unable to achieve greater magnitudes of peak overpressure loadings without one of the following
numerical problems occurring: unstable pore fluid pressure (i.e., pore air pressure — o), element
e collapse (J¢ < 0) or, for the implicit schemes, an inability to achieve convergence in the Newton-
Raphson iterative solver; and for the adaptive time-stepping explicit schemes, e.g., Runge-Kutta
Cash-Karp, the time-step goes to zero. Therefore, we choose to enable both stabilization techniques

in our simulations of shock-like loadings of the lung parenchyma.?

3 In the absence of experimental data, or a known analytical solution to calibrate (or validate) or verify, respectively,
the results for the high strain-rate examples, it cannot be said with absolute certainty whether or not the shock
viscosity results are real or artificial. Future work must calibrate the present model to experimental data; see
remarks in Chapter 6.
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Necessary constitutive adjustments for higher strain. However, there is an overpressure
limit even for the linear elements with shock viscosity and pressure stabilization enabled. Recall
from the discussions in Section 3.1.4 and Section 3.3.1, paragraph The neo-Hookean hyperleastic
model, that the Kozeny-Carman functional form of the hydraulic conductivity and the standard
neo-Hookean model, respectively, are ill-suited for the finite-strain regime for an incompressible
solid phase which bounds ng < J < oo.

At higher overpressures, it is possible, in the numerical sense, to have J < n{), as demonstrated
explicitly in Figure 5.33(b) & Figure 5.34(b) and implicitly (by way of simulation failure as J —
ng) in Figure 5.33(a) & Figure 5.34(a). When this occurs, the deformation-dependent hydraulic
conductivity goes unstable (e.g., the relative value of k to ko becomes negative; refer to Figure 3.1(a)
for a qualitative example and Figure 5.33(b) or Figure 5.34(b) for a numerical example).

Such an instability does not necessarily arise with a combination of hyperbolic functional form
of the hydraulic conductivity and the standard neo-Hookean model. However, for consistency’s sake,
it is better to use a free energy model for the solid skeleton that adheres to the same restrictions
of skeleton deformation as the hydraulic conductivity model. As such, all subsequent multiphase
results provided by SPONGE-1D in this work will use the additional penalty-like term proposed
by Ehlers and Eipper [1999] (Equation (3.109)) for the neo-Hookean constitutive model and the

hyperbolic form of the hydraulic conductivity proposed by Markert [2005] (Equation (3.68)).



328

081 Lo

=
< 06

=<0 < L0.6™
L wie
04
Fo.4
¥ ki /ko(X ()t ~ 1.49e-01ms), (u-us-pr), NHKC 02 ¢ ki/ko(X(€),t ~ 1.00e-01ms), (u-pr), NHKC
> Ii/lo(X(€).t ~ 1.49e-01ms), (u-us-pr), NHEH ro.2 > Ii/ko(X ().t ~ 1.00e-01ms), (u-p;), NHEH ro:2
B J(X(),t ~ 1.49e-01ms), (u-us-pr), NHKC B J(X(),t ~ 1.00e-01ms), (u-p;), NHKC
0o B J(X(€),t ~ 1.49e-01ms), (u-u-p;), NHEH 0.0 4 B J(X(€),t ~ 1.00e-01ms), (u-pr), NHEH
0 4 . . T T T T . 0.0 - T T T T T - 0.0
8.00 8.25 8.50 875 9.00 9.25 9.50 975 10.00 8.00 8.25 850 8.75 9.00 9.25 9.50 975 10.00
Position (cm) Position (cm)
(a) (b)

Figure 5.33: A demonstration of the instability of the neo-Hookean/Kozeny-Carman (NHKC) model
versus the neo-Hookean-Eipper/hyperbolic (NHEH) model for (a) (u-u¢-pr) in response to Fried-
lander impulse loading at 50 kPa overpressure, and (b) (u-p¢) in response to Friedlander impulse
loading at 100 kPa overpressure, both simulated using linear elements, with pressure and shock
stabilization, for lung parenchyma with material parameters repeated from Table 5.10. The dashed
black line is the initial solid volume fraction, nf, relative to the secondary y-ordinate. In (a), the
NHKC model J approaches its lower limit, nf, and the NHKC model relative hydraulic conduc-
tivity approaches zero before simulation termination. In (b), the NHKC model values of J and
relative hydraulic conductivity are non-physical well before simulation termination, demonstrating
the issue with relying on results from the NHKC model combination at higher strain. In both (a)
and (b), values for the NHEH model remain physical (J > n§ and k/ko > 0), demonstrating its
robustness at adhering to the incompressbility constraint on the solid phase. A value of Kk = 2.5
was chosen for the NHEH simulations.
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Figure 5.34: A demonstration of the instability of the neo-Hookean /Kozeny-Carman (NHKC) model
versus the neo-Hookean-Eipper/hyperbolic (NHEH) model for (a) (u-u¢-pg) and (b) (u-pg), both
in response to Yen impulse loading at 100 kPa overpressure and simulated using linear elements,
with pressure and shock stabilization, for lung parenchyma with material parameters repeated from
Table 5.10. The dashed black line is the initial solid volume fraction, n{, relative to the secondary
y-ordinate. In (a), the NHKC model J approaches its lower limit, n{, and the NHKC model relative
hydraulic conductivity approaches zero before simulation termination. In (b), the NHKC model
values of J and relative hydraulic conductivity are non-physical well before simulation termination,
demonstrating the issue with relying on results from the NHKC model combination at higher
strain. In both (a) and (b), values for the NHEH model remain physical (J > n$ and k/ky > 0),
demonstrating its robustness at adhering to the incompressbility constraint on the solid phase. A
value of kK = 2.5 was chosen for the NHEH simulations.
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Remarks on the impermeable boundary condition. While the no-flux Neumann boundary
condition (Equations (4.43)7, (4.44)7, (4.69)14, etc.) is mathematically sufficient to constrain the
relative motion between solid and fluid at said boundary, the enforcement is only imposed weakly.
As a consequence, the relative velocity between solid and fluid approaches zero as h§ — 0, but is
not guaranteed to be exactly zero. Two potential remedies to alleviate this issue have been explored
as part of this work.

The first is an ad-hoc method, used in Irwin et al. [2023c,d, 2024], whereby the pore fluid
degrees of freedom at the boundary (i.e., the topmost node in the 1-D mesh) are set equal to
the solid skeleton degrees of freedom as a kind of “strong” enforcement of the no-flux boundary
condition. This guarantees us <— u, v¢ <— v, as < a at those degrees of freedom. Refer to Figure 5.35

for an example.

u' pf" ul u' Pfh uf
d6 T @ T d12f d6 T ©T[ T de
s becomes 15
d5 ¢ duf d5 * d11f

d4 T @T[ET dlof d4 T @T[MT d10f

Figure 5.35: An example of the ad-hoc “strong” enforcement of the no-flux boundary condition
applied to a 5-element Q2-Q2-P1 mesh. The leftmost element represents the “unperturbed” global
DOFs where the pore fluid displacement global DOF, dis¢, is free, as it would be for a “weak”
enforcement of the no-flux boundary condition alone. The rightmost element represents the assign-
ment of the pore fluid displacement global DOF at the boundary to take on the value of the solid
skeleton displacement global DOF at the boundary.

The other method was pursued first by Vuong [2016], Vuong et al. [2016] whereby a Lagrange
multiplier method is constructed to weakly enforce no-flux or no-slip conditions.* In essence, the

Lagrange multiplier takes on the role of a pseudo-traction from the solid skeleton acting on the

4 For 3-D problems with viscous pore fluid flow, i.e., with % # 0, a no-slip condition is preferred, i.e., (vi—v) =0
along the boundary, rather than the no-flux condition nf('uf —v) - n = 0, the latter of which restricts fluid flowing
through open pores at the boundary but imposes no restriction on fluid-solid interfaces which is necessary when
computing the macroscale viscous forces of the pore fluid.
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pore fluid. While our attempt at implementation of this method in SPONGE-1D did not yield the

desired effects, it is presented here in brief for the interested reader.

Begin by weakening the pressure gradient term in the pore fluid momentum balance, such

that
f f (”f)2 f
phas + Jnt GRAD(pg) - F~1 + JT('Uf —v) —pg =0

may be re-written as

£\2
pbas + JGRAD(p") - F~! — Jp; GRAD(n!) - F~T + J(n]%)(vf —v)—plg=0.

Then, the variational form is written as follows:

ug
ow,

I(Ul,uz(f),pf,W?f) :/w?fp{)az(f) dV—/ aX[ prF[_zl av

(n")”
—/w;”pggi dV—l—/w;‘fJ 3 (vi(ry — i) dV
Bo BO

£
—/wfprf On FﬁldV—l—/w;“prFI_ilNldA—O.

X,
Bo Féf

Identifying the pore fluid traction as

7 = Jp'F TN,

(5.51)

(5.52)

(5.53)

(5.54)

we may then postulate a strong formulation for the balance of linear momentum for the pore fluid
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that includes the Neumann boundary condition as follows:

Find u¢(X,t) € 8% with t € [0, 7], such that:
phas + JGRAD(p!) - F~! — Jp; GRAD(nf) - F~T

(n)*

+J P ('vf—v)—pgg =0¢€ebB,

’U,f(X,t) = gUf(X7t) on Fgf )
P'(X,t)-N(X) =t"(X,t)onT}
ug(X,t=0) =wuo(X) € By,

’Uf(X,t = O) = ’Uf7[)(X) S B(),

af(X,t = O) = (1f70(X) € By.

\

Note that this manipulation of the pore fluid linear momentum balance now introduces the porosity
gradient, requiring resolution with C'-continuous finite elements for solid skeleton displacement
(e.g., the Hermite cubic element).

The Lagrange multiplier method is chosen to weakly enforce the no-flux condition, such that

/w;”tff dA = /w;‘f)\i(c) dA, /w/\L Jnf(vi(f) —v))F;;'NjdA =0,

f £ 1
r} I g

(5.56)
/ w) I\ Fr ' Tr dA = 0,
T
where Fg U I‘(?f € TI'l. Equation (5.56); is an identification of the Lagrange multiplier as the
“pseudo-traction” acting on the pore fluid (e.g., the force from the impermeable solid skeleton
“membrane”). Equations (5.56)2 3 ensure the weak constraint of the no-flux condition normal to

the surface, and that the Lagrange multiplier vanishes tangential to the surface, respectively.

The FE formulation for the (u-u¢-p¢) formulation without the Lagrange multiplier is written
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in block-matrix form as®
K’U,,’LL K’I.L,Uf Kuvpf 6£l _Ru
Kuhu KUf»Uf Kuhpf ' 5df = _Ruf ) (5'57)
Kpfﬂt Kphuf Kpfypf om _Rpf
- - —— ————

f Pf f Pf ; f Pt f Pf
(Mot Maor T Mdot) X (Mot dor TMa0t) (Mot PaotTaot) X1 (Mot ngortao) X1

Introduction of the Lagrange multiplier as a separate DOF yields

Ku,u Ku,uf Ku,pf Ku)\c 5d *Ru

Kuf,u Kuﬁuf Kuf,zlf Kuf,)\c ) dds _ _Ruf - sz 7 (5.58)
K:Dhu Kpfﬂbf K:Df,pf K:DfJ\c om _Rpf

Ki.u Kix,u Kip Kia SA —R,,
- - —— —_—

(Mot nlort LA 15 X (Niortnlortnghetnasy)  (NGortndortngletngl) X1 (nigetndortngletnds) x1
where R;, is the finite element form of the pseudo-traction Neumann boundary condition, i.e.,
the contribution of the Lagrange multiplier to the pore fluid linear momentum balance given by
Equation (5.56);.

Since the Lagrange multiplier appears only as a boundary condition in the pore fluid momen-
tum balance via Equation (5.56)1, and, by definition, as an enforcement of the no-flux boundary

condition (dependent only upon the motion of the solid and fluid) via Equations (5.56)23, the

tangents
K“)AC = Kpf’AC = K)‘C’pf = 07 (5'59)

such that the block system may be written as

Kuuw Kuu Kup 0 od R,
Ko Ko Koo Kuoo| 0 Jodel ) Re-m [
Pty Kpf,uf Kpf,Pf 0 o1 _R;Df
K)\c,u KAmuf 0 I{/\C,)\C 5A —1?,)\C
- - N—_—— N——

s f Pf Ae s f Pt Ae s f Pf Ac s f Pt Ae
(Mot 0t TMaott1a5e) X (ot Naort a0t 1ass) (Mot NaortNaortmase) X1 (N30t TN d0t T aortase) X 1

5 The Lagrange multiplier method necessitates an implicit time integration formulation; a penalty method appro-
priate for explicit time integration was not pursued in this work.
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For 1-D uniaxial strain, unidirectional pore fluid flow with a fixed column base, the following must

hold:
n(’}gf =1 (i.e., the no-flux BC is enforced at one DOF /boundary),
Ky . =0,
R, = /w’\nf(vf —v)dA, (5.61)
g
R, = / w" A dA .
Ty

The block system may thus be written as

B T . (
Ku,u Ku,Uf Ku,pf 0 od _Ru
Ku U Ku U I{u7 Ku Ac 5df _Ru _RZ
£ £ Uf £,Df £ ] _ f £ ‘ (5.62)
Kpf,u Kpf,uf Kpupf 0 o _Rpf
K)\c,u K)\muf 0 0 6A ) _R)\c
——

(M8 ottt A D)X (MGt ndo bbb 1) (n3rtnd Anif et X1 (ng nd bl +1)x1

If we do not wish to increment §A as part of the Newton-Raphson method, that is to say, assume

(51&;111 = (5A; +1, a direct solve for the Lagrange multiplier would yield®

An+1 = _K_l

ug,Ac

(Ru + RS, (M) + K 0d + Koy, - 6ds + Koy p, - 577) . (5.63)

Thus, the augmented block system is written as

a1 %

Ku,u Ku,uf Ku,pf . i+l _Ru 0
od
Kuhu KUﬁUf Kuf,pf . (Sdf _ _Ruf - Rﬁf + 0 . (5.64)
Kpﬁu Kpfvuf Kpf,pf . _Rpf 0
o7t .
K, . K, 0 el -R,, A1
- - n+1 n+1
For w™, w™, we choose linear shape functions
A 1 1
Ne&A = NoUt — {2(1 —9), 5(1 4+ 5)} . (5.65)

5 SPONGE-1D does not use the direct solve method and increments the Lagrange multiplier DOF as part of the
Newton-Raphson method.
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For w*, Hermite cubic shape functions are necessary to resolve a porosity gradient found elsewhere

in the variational equations, i.e.,

Nt = {laeererg Da-rarg Surere-o. Larerciig) . -
5.66
B =j1e{i(£21>,ﬁ(3§2251)7i(521>,J4(35z+251)}7

In 1-D, we will assume the Lagrange multiplier is enforced at the topmost node X = H, i.e., for
e = ne and £ = 1. Thus, the residual and resulting stiffness matrices are independent of the area
integral. Therefore, the stiffness matrix that couples the Lagrange multiplier and the solid skeleton

displacement is written element-wise as

e

T 715 h . .
kif?f = {NE’A} ‘5:1([(J’38 ngl(dfid)

(o) { B | -0

=1

080 {need])a

(5.67)

Mnode

The stiffness matrix that couples the Lagrange multiplier and the pore fluid displacement is written

element-wise as

T
ko = {ver ) | 00| a0 {near |4 (5:68

¢=1 ¢=1

The residual for the Lagrange multiplier’s contribution to the pore fluid momentum balance is

written as
R, = / WA dA | (5.69)
I
or, for the 1-D problem, as
R = Ac"° Ae (5.70)
Mnode Mnode
Linearization of the residual yields
SRS, = / W' (BAL) 55, dA | (5.71)
g

Therefore, the stiffness matrix that couples the pore fluid displacement and the Lagrange multiplier

is written element-wise as

T
ko= {ve ) | oae) {vead| 4. 572
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Direct evaluation of the shape functions at £ = 1 yields

O

- =40 0 1 0 (5.73)
oo 1)

£=1 :{000 1}-

Therefore, the stiffness matries are scalars function with the values

Ne,)\‘ — N&ut
&=1

Nev

B

e = (-] [ ]| a8 - @] an)a,
Ko =) ‘ ey (TADA (5.74)

—=Ne _ 2
knae = (BA)A.
For kf\czze, care must be taken to insert the scalar functions at the appropriate DOFs. E.g., the
linearization of the velocity component is inserted into the global stiffness matrix at the location

[Ndot, n5¢ — 1] and the linearization of the gradient component (the porosity) is inserted at the

location [ngoef, 73], per the evaluation of the shape functions.

Lagrange cubic polynomials

1
N® = o {0+ 1/8)(€ — 1/3)(€ — 1), 27(€ + 1€ — 1/3)(E — 1), ~27(€ + D€+ 1/3)(E 1), 9(€ + 1/3)E — 1/3)(€ + 1)}

(5.75)

ke f,he

are used to interpolate the Gauss point data for J", n®" ni"* at the nodes. E.g., assume J" is

known at the four Gauss points, such that

‘]he(gzght) = JI(t)7
JE=&ut) = Jult),
(5.76)
I =&ut) = Jm(t),
J(E=&v,t) = Jwv(t),

with unknown nodal values Jy, Js, Js3, J4. Therefore,

JM(E = &t) = NY (&) J1(t) + N5 (€u) Ja () + N5 (€ Ja(t) + N (€v) Ja(t) = Jilt) | (5.77)
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such that
i@ M@ NiE) M@ | [aw] [ ae ]
Ne(én)  Ns(én)  N§(éw)  Ni(éu) | |Ja() _ Ju(t) (5.78)
Ne¢(Gm) N§(&m) N§(Gm)  N§(&mn) | | Js(t) Ji(t)
| Nf(év) N§(&v) N§Gv) Ni(ow)| [a®)] [ Jiv(®)]
Then,
_ - _ - —1 - -
Ji(t) Ni(&)  Ns(G)  N§(&)  Nié) Ji(t)
Ja(t) _ Nf(:H) Nze(:n) N§(%H) Nf(?l) Ju(t) (5.79)
J3(t) NY(&mr) Ns(&m) Ng(&m) NE(&m) J(t
L) [NfGv) N§(Gv) N§(&w) Ni(éw)| o [Jiv(D)]

We now demonstrate the three methods: weak enforcement of the no-flux condition via the no-flux
Neumann boundary condition as it appears in the balance of mass, hereafter referred to as “weak”,
weak enforcement and strong enforcement, hereafter referred to as “strong”, and weak enforcement
with the Lagrange multiplier method, hereafter referred to as “Lagrange.” Material parameters
are given by Table 5.13; geoemetrial and loading parameters are given in Table 5.14. Results for
Yen impulse loading are very similar qualitatively to the results for Friedlander impulse loading,

but are ommitted for sake of brevity.

Table 5.13: Geometrical and loading aprameters for the no-flux boundary condition study. Values
taken from Clayton et al. [2021], Lande and Mitzner [2006].

[ KT (kPa) | G (kPa) | K, (kPa) | K7 (kPa) | pif (ke/m®) | pff (ke/m®) | nf [ ko (w?/Pas) | w |

[ 75 [ 3 [22x10°] 140 | 1000 | 1138 [0664] 10°  [25]

Table 5.14: Geometrical and loading parameters for the no-flux boundary condition study.

| Overpressure load type | H (cm) [ A (cm?) | A§ (cm) | ¢§ (kPa) [ to (ms) | ¢1 (ms) |
’ Friedlander impulse ‘ 10 ‘ 1 ‘ 0.1 ‘ 25 ‘ 10 ‘ N/A ‘

For short-duration, shock-loading simulations, the negative effects from the Lagrange method

are not observable on the typical time scales of interest; only for longer simulation times are these
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effects noticeable. The fluid and solid displacements resulting from application of the Friedlander
impulse at 25 kPa overpressure are plotted in Figure 5.36. We observe that the Lagrange method
begins to go unstable around 40 ms, while both the weak and strong methods maintain a trend
towards equilibrium. The strength of this instability is more apparent when observed as a contour
plot of the displacements across the mesh at ¢ = 90 ms (Figure 5.37). One positive of the Lagrange

method is that the displacements at the no-flux boundary coincide with one another, even if they

are wrong.
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Figure 5.36: Solid and fluid displacements at X = H of the various no-flux methods following
application of the Friedlander impulse. Black, red, and green curves overlap throughout.

The instability likely arises from an unstable pore fluid pressure, shown in Figure 5.38.
Whether or not this is a result of an overconstrainment of the problem via two, essentially identical
no-flux boundary conditions (one for the balance of mass of the mixture, the other for the pore
fluid linear momentum balance), has yet to be determined.

Another positive of both the weak method and the Lagrange method is that the actual no-
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Figure 5.37: Solid and fluid displacements contours of the various no-flux methods following ap-
plication of the Friedlander impulse at 25 kPa overpressure. Black and red curves, and green and
blue curves overlap at this scale.

flux condition, that is, that the relative velocities should be equal at the boundary, is satisfied in
the weak sense almost immediately for the Lagrange method and particularly for longer simulation
times for the weak method. Absolute relative differences in phase velocities are smallest for the
Lagrange method (Figure 5.39(a)); the weak method shows a convergence to zero difference in
phase velocity as element size is decreased (Figure 5.39(b)). Thus, given that the strong method
is ad-hoc and the Lagrange method presents an instability for longer simulation times, and given
that the weak method is satisfied given enough simulation time, the simulations involving no-flux

boundary conditions in the proceeding sections will use the weak method.
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Figure 5.38: Pore fluid pressure at X = H of the various no-flux methods following application of
the Friedlander impulse at 25 kPa overpressure.
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A sensitivity study for ». Perhaps one of the most important parameters for determining just
how much fluid-structure interaction matters in a multiphase simulation is the intrinsic permeability
of the porous solid skeleton, . For lung parenchyma, there is high uncertainty regarding the
magnitude of this parameter. Lande and Mitzner [2006] used a hydraulic conductivity k ~ ©(1077)
m?/Pa-s and initial porosity nf, = 0.99, which for pore air with ps ~ O(1075) Pa-s, necessitates
s~ O(1071%) m2. In Dai et al. [2014], » was estimated O(10~'!) m? based on an experiment in
which air was passed through inflated, dry, swine lung parenchyma at a fixed flow rate. A pressure
differential was recorded, thereby allowing them to calculate the permeability via the non-inertial
form of Darcy’s law (refer to Equation (5.2)). Here, we simulate the lung parenchyma and pore
air response to shock loading for various values of s». Material parameters are listed in Table 5.15;
geometrical and loading parameters are listed in Table 5.16, with standard linear Q1-Q1-P1 or Q1-
P1 elements, depending on the formulation. We note that initial porosity is held fixed nf) = 0.664
for comparative purposes. However, this is not realistic. For materials with smaller pore sizes,
the initial porosity would be lower, and vice versa. A functional relationship between intrinsic

permeability and initial porosity will be pursued as part of future work.

Table 5.15: Material parameters for sensitivity study of s». Known values taken from Clayton et al.
[2021]. 5 € [1.89 x 107%,1.89 x 10712] m?.

’ KT (kPa) \ G (kPa) \ K, (kPa) \ K/ (kPa) \ o (kg/m?) \ o (kg/m?) \ nd \ pe (Pa-s) \ K ‘
[ 75 | 3 J[22x10°] 140 [ 1000 | 1138 [ 0.664 | 1.89 x 10" [ 25 |

Table 5.16: Geometrical and loading parameters for senstivity study on s.

| Overpressure load type | H (cm) | A (cm?) [ h§ (cm) | ¢§ (kPa) [ to (ms) [ ¢ (ms) |
Yen impulse 10 1 0.1 50 0.17 0.34
Friedlander impulse 10 1 0.1 50 10 N/A

Displacements for solid and fluid in response to Yen impulse loading are given in Fig-
ure 5.40(a) & Figure 5.40(b), respectively. For the lower permeabilities, the solution behaves as if
it were elastodynamic, i.e., with little-to-no dissipation from the pore fluid (i.e., behaving as if it

were “locally undrained”), suggesting a lower limit on permeability (or hydraulic conductivity) for
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using TPM in this application space (high strain-rate loading of air-saturated porous materials).

Conversely, as permeability increases, dissipation becomes greater. We observe that for s =
1.89x 1078 m? (magenta curves), there is a bump in the solid displacement after the solution appears
to have reached equilibrium; likewise, the solution for pore fluid displacement is not even remotely
close to the solution for solid displacement (which it should be, for the no-flux boundary condition).
This suggests an upper limit on the permeability (or hydraulic conductivity) for problems that use
TPM. L.e., for finite strain applications with air as the pore fluid, one may be better off computing
the dynamic response of the two phases using, e.g., a CFD-ALE approach when the pore sizes are
this large.

When comparing displacements from (u-pg) vs. (u-us-pr) formulations for the more moderate
permeabilities, differences are minor (refer to Figure 5.41), particularly for the higher permeabilities.
The same can be said for the total stress (Figure 5.42) and the solid extra stress (Figure 5.43). Of
notable interest is how for the lower permeabilities, peak compressive solid extra stress is lower when
compared to the higher permeabilities, demonstrating the importance of accounting for pore air (as
compared to a single-phase model) for higher permeabilities when it can move more freely through
the pore space. Yet, peak tensile solid extra stress is higher, demonstrating the role of the pore
air in dissipating the stress wave when it (the air) can move more freely at higher permeabilities.
This is corroborated by the pore fluid stress behaving in the opposite manner (i.e., higher pore
fluid stress for more “immobile” pore fluid at the lower permeabilities, and vice versa), shown in
Figure 5.44. Differences in total stress are negligible for all permeabilities, as one would expect.

Differences in the seepage velocity between formulations are negligible for lower permeabil-
ities (Figure 5.45); at higher permeabilities, e.g., s = 1.89 x 107 m? (orange curves), choice of
formulation becomes important. It was shown in Irwin et al. [2024] (and in paragraph Comparison
between single-phase and multiphase models for shock loading) that pore air acceleration is not
equivalent to the solid acceleration, nor mixture acceleration, for high strain-rate loadings. While
choice of formulation appears to have little-to-no effect on important solid metrics, such as solid

extra stress, there is a clear difference in the dynamics for larger pore sizes.
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response to the Yen impulse at 50 kPa overpressure for (a) lower permeabilities and (b) higher
permeabilities.
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abilities in response to the Yen impulse at 50 kPa overpressure. Note the change in y-ordinate for
the bottom row.
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Figure 5.46: Displacements at X = H for varying values of s in response to the Friedlander impulse
at 50 kPa overpressure for (a) the solid skeleton and (b) the pore fluid.

Moving on to the Friedlander impulse, results show a similar trend compared to the Yen
impulse. For lower permeabilities, the solution is nearly elastodynamic (i.e., “locally undrained”),
and for higher permeabilities, pore fluid dissipation is dominant (refer to Figure 5.46). It also
appears that results for » = 1.89 x 107?,1.89 x 10~® m? (orange, magenta curves) have some
numerical instability based on the bump in displacement that occurs after the solution appears to
have reached equilibrium, though for long enough simulation time the solutions do trend towards
zero displacement equilibrium (not shown). This bump is probably induced by the larger strain
resulting from the longer duration loading, which is the only other qualitative change from the
Yen impulse as far as displacements go. Nevertheless, the s = 1.89 x 1072 m? (orange) curve is
included in the subsequent analysis for completeness. on Again we observe that there are more
differences in the (u-pr) vs. (u-us-pg) formulations for the lower permeabilities than for the higher
permeabilities, where for the latter, the choice of formulation appears to be insignificant (refer to
Figure 5.47) with the exception of the Darcy velocity. The story is the same regarding the analysis
of the stresses (refer to Figure 5.48, Figure 5.49, and Figure 5.50)—for the Friedlander impulse,

there are minute differences between formulations for the higher permeabilties just after shock
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Figure 5.47: Comparing displacements at X = H between (u-pf) and (u-us-pr) formulations in
response to the Friedlander impulse at 50 kPa overpressure for (a) lower permeabilities and (b)
higher permeabilities.

loading (not shown for brevity), but after longer periods of time, the formulations converge to the
same solution (Figure 5.49, Figure 5.50).

With regards to the seepage velocity, we again see no difference in formulations for the
lower permeabilities (Figure 5.51(a)-Figure 5.51(c)), but at higher permeabilities (Figure 5.51(d)-
Figure 5.51(f)), specifically for » = 1.89 x 107 m? (orange curves), the choice of formulation
matters for reasons discussed above.

Given that the value of s is uncertain for lung parenchyma, and the promising results for s ~
O(1071%) m?, we choose to conduct simulations in the proceeding sections using > = 1.89x 10710 m?.
Future work must include calibration of this parameter to experimental data, as well as determining

any potential functional relationship between intrinsic permeability and initial porosity.
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Figure 5.48: Comparing total stress at the Gauss point closest to X = H between (u-pf) and
(u-us-pr) formulations in response to the Friedlander impulse at 50 kPa overpressure for (a) lower
permeabilities and (b) higher permeabilities.

10
s
] -.W-.—.-,—' i
— —
< <
e & 10
~< ~4
= =
B 10 @2
@ o)
] B —204
7] 7]
>, —15 .
3 3
= = —30 1
8 —20 . TR 5 S —10 .2
- ”ll(k;)(x(f) ~0.1m, ), (u-us-pr), = 1.89 x 107" m - !7“(,.;)()((5) ~ 0.1m,t), (u-ug-py), > = 1.89 x 10719 m’
o - rr”(h.)(X(f) ~0.1m,1), (u-ps), =189 x1071? m? _40 1 + ”Tl(ﬁ;)(x(f) ~0.1m, 1), (u-pr), 2= 1.89x 10710 m?
' — 0%y (X (&) = 0.1m, 1), (w-u-pp). > = 1.89 x 1071 m? 0510y (X (€) = 0.1m, 1), (w-ug-pr), > = 1.89 x 10~ m?
== O (X(©) = 01m. 1), (upp),  x=189x 107" m? O30y (X(€) ~ 0.1m, 1), (wpy), =189 x 107 m?
-30 T T T T T —50 T T T T T
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time (ms) Time (ms)

Figure 5.49: Comparing solid extra stress at the Gauss point closest to X = H between (u-pg) and
(u-ug-pr) formulations in response to the Friedlander impulse at 50 kPa overpressure for (a) lower
permeabilities and (b) higher permeabilities.
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Figure 5.50: Comparing total pore fluid stress at X = H between (u-pf) and (u-us-pr) formulations
in response to the Friedlander impulse at 50 kPa overpressure for (a) lower permeabilities and (b)
higher permeabilities.
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Figure 5.51: Contours along the length of the mesh for Darcy velocity (nfﬁf) for various permeabil-
ities in response to the Friedlander impulse at 50 kPa overpressure. Note the change in y-ordinate
for the bottom row. Time samples are shown in Figure 5.83.
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A sensitivity study for x. The parameter x governs the rate of fluid flow through the porous
medium; refer to Equation (3.68). Higher values of x should, in theory, induce greater relative
velocities between solid and fluid during expansion, and smaller relative velocities between solid
and fluid during compression, since k ~ J* for this model.

The value of this parameter has not been measured for lung parenchyma. Markert [2005]
deduced k &~ 2.65 via calibration to experimental data for nearly quasi-static compression of PUR
foam with intrinsic permeability » = 1.69 x 107'% m? and initial porosity n(f) = 0.96. Since we
have chosen a value of the instrinsic permeability (which also governs rate of fluid flow through
the porous medium) within an order of magnitude of that for PUR foam, it seems reasonable to
keep the values of x € [1.0,5.0] in the following sensitivity study. Material parameters are listed in
Table 5.17; geometrical and loading parameters are listed in Table 5.18, with standard linear Q1-
Q1-P1 elements—differences in results between the (u-pf) and (u-ug-pr) formulaions are essentially
negligible (with the exception of the Darcy velocity, where (u-p¢) shows slightly greater magnitudes
in seepage velocity on O(10~1) m/s for just after shock loading onset for the Friedlander impulse
across all k, and some variation just after unloading for the Yen impulse for x = 5.0), and are not

included herein for brevity.

Table 5.17: Material parameters for sensitivity study of k. Known values taken from Clayton et al.
[2021]. K € [1.0,5.0].

| K% (kPa) | G (kPa) | K, (kPa) | K{ (kPa) | pi® (kg/m?) | o}t (kg/m®) | nf | k (m?/Pas) |
] 75 | 3 [22x10°] 140 | 1000 [ 1138 ] 0.664 [ 1.89 x 101 |

Table 5.18: Geometrical and loading parameters for senstivity study on x.

| Overpressure load type | H (cm) [ A (cm?) | A§ (cm) | ¢§ (kPa) [ to (ms) | ¢1 (ms) |
Yen impulse 10 1 0.1 50 0.17 0.34
Friedlander impulse 10 1 0.1 50 10 N/A

Beginning with the Yen impulse, solid displacements at the top of the mesh differ slightly
from one another between the values of x, but are otherwise in good agreement with one another

(refer to Figure 5.52). At the middle of the mesh (Figure 5.53), differences in displacement are
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apparent, particularly on the extreme ends of k = 1,5. Pore fluid displacements show greater
variation at the top of the mesh, but less so at the middle of the mesh (refer to Figure 5.54 &
Figure 5.55, respectively). Variations are minimal for all ranges of « for the total and solid stress
(Figure 5.56 & Figure 5.57, respectively), but not for the pore fluid stress (Figure 5.58) where there
is greater variation between values of .

As the value of k increases, the hydraulic conductivity is smaller during compression (near
the onset of loading) than during expansion (well after loading). This inhibits the relative motion
between solid and fluid, decreasing the amount of dissipation that occurs. As such, we see an
increase in the amplitude of the pore fluid stress in both compressive and tensile states (see, e.g.,
the k = 5.0 cyan curve, Figure 5.58(b)) when compared to lower values of  (see, e.g., the kK = 1.50
green curve, Figure 5.58(b)). This is corroborated by smaller dissipation in the solid extra stress
for higher values of x than for lower values of x (see, e.g., the cyan and green curves corresponding
to k = 5.0,1.50, respectively, in Figure 5.57(a)). There is also a small phase shift in the Cauchy
stresses for all three metrics (total, solid, fluid) between the Kozeny-Carman model and the the

hyperbolic model.
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Figure 5.52: Solid skeleton displacements in response to the Yen impulse at 50 kPa overpressure at
X = H for (a) a moderate range of x and (b) a greater range of k.

Differences in relative motion between constituents are minor for changes in x (refer to
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Figure 5.53: Solid skeleton displacements in response to the Yen impulse at 50 kPa overpressure at
X = H/2 for (a) a moderate range of k and (b) a greater range of .
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Figure 5.54: Pore fluid displacements in response to the Yen impulse at 50 kPa overpressure at

X = H for (a) a moderate range of k and (b) a greater range of k.

Figure 5.59). However, differences in relative values for hydraulic conductivity are not negligible,

as shown in Figure 5.60. At peak loading (Figure 5.60(a), Figure 5.60(d)) and well after loading

(Figure 5.60(c), Figure 5.60(f)) differences are fairly minor, but certainly apparent. At unloading

(Figure 5.60(b), Figure 5.60(e)), differences are greatest, with smaller values of x demonstrating

decreased resistance (higher ratio of k/kg) to relative motion, and vice versa. We note that for
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Figure 5.55: Pore fluid displacements in response to the Yen impulse at 50 kPa overpressure at
X = H/2 for (a) a moderate range of k and (b) a greater range of .
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Figure 5.56: Total Cauchy stress in response to the Yen impulse at 50 kPa overpressure at the
Gauss point closest to X = H for (a) a moderate range of xk and (b) a greater range of &.

all the results from the Yen impulse loading, a value of 2.0 < k < 2.5 (orange and red curves,
respectively) seems to track best with the results from the Kozeny-Carman functional form (black

curves).
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Figure 5.57: Solid extra stress in response to the Yen impulse at 50 kPa overpressure at the Gauss
point closest to X = H for (a) a moderate range of x and (b) a greater range of .
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Figure 5.58: Total pore fluid stress in response to the Yen impulse at 50 kPa overpressure at the
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Figure 5.59: Darcy velocity contours in response to the Yen impulse at 50 kPa overpressure for
(a)—(c) a moderate range of k and (d)—(f) a greater range of k.
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Figure 5.60: Relative hydraulic conductivity contours in response to the Yen impulse at 50 kPa
overpressure for (a)—(c) a moderate range of x and (d)—(f) a greater range of k. Note that (a), (b),
(d), and (e) all zoom in at the top of the mesh (where loading is applied) so as to better observe
differences in relative hydraulic conductivity, differences which are non-existent futher down the
mesh for earlier simulation times.
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Moving on to the Friedlander impulse, we see something slightly different from the Yen
impulse results. For higher values of x, there is greater variation in deformation of solid and fluid
at the top of the mesh (Figure 5.61 & Figure 5.63), where amplitudes increase with increasing k.
Variation in displacements at the middle of the mesh (Figure 5.62 & Figure 5.64) is comparable to
the Yen impulse loading, albeit at greater strains here (which is a result of the longer duration in
shock loading).

In contrast to the Yen impulse, there is almost no discernable variation in total stress for
the different values of x (Figure 5.65). As for solid extra stress, for a moderate range of x (Fig-
ure 5.66(a)), the differences are negligible. However, for a greater range of x (Figure 5.66(b)),
we observe that as k increases, the propensity for the solid skeleton to go into tension (positive
values of Uil( E)) diminishes. This is in contrast to what we might expect physically (and from
the Yen impulse results), where higher values of x corresponded to a decrease in dissipation. Here
we observe what appears to be an increase in dissipation. As stated previously, when the porous
material is undergoing compression, larger values of k decrease the hydraulic conductivity, which
inhibits relative motion between solid and fluid (diminishing dissipation), as compared to when &
is small and the inverse occurs. We also note that pore fluid pressure peaks earlier, and higher,
when x increases as shown in Figure 5.67(b).

Again, the differences in relative motion between constituents are minor for changes in k,
particularly just after the onset of shock loading (Figure 5.68). Later in the simulation, we can
observe that for greater values of k, dissipative effects have already occured (e.g., cyan curve in
Figure 5.68(f)), whereas for smaller values of k, dissipation is still occuring (e.g., green curve in
Figure 5.68(f)). The trend in relative hydraulic conductivity follows that of the Yen impulse:
greater values of x induce smaller hydraulic conductivities during compression (Figure 5.69), and
larger hydraulic conductivities during expansion (not shown). We note that for all the results from
the Friedlander impulse loading, a value of k = 1.5 (green curves) seems to track best with the
results from the Kozeny-Carman functional form (black curves).

Having said that, for both the Yen and the Friedlander impulse, initial testing indicates that
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Figure 5.61: Solid skeleton displacements in response to the Friedlander impulse at X = H for (a)

25 kPa overpressure and a moderate range of x and (b) 50 kPa overpressure and a greater range
of k.
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Figure 5.62: Solid skeleton displacements in response to the Friedlander impulse at X = H/2 for

(a) 25 kPa overpressure and a moderate range of x and (b) 50 kPa overpressure and a greater range
of k.

a higher value of k is preferred for stability at even higher overpressures, as well as for the locally
inhomogeneous temperature regime (Chapter 5.3.3.2). It appears from testing that x = 2.5 is the

“optimal” value, and is thus used throughout this work other than in this sensitivity study.
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Figure 5.63: Pore fluid displacements in response to the Friedlander impulse at X = H for (a) 25
kPa overpressure and a moderate range of x and (b) 50 kPa overpressure and a greater range of k.
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Figure 5.66: Solid extra stress in response to the Friedlander impulse at the Gauss point closest to
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Figure 5.68: Darcy velocity contours in response to the Friedlander impulse (a)—(c) at 25 kPa
overpressure for a moderate range of x and (d)—(f) at 50 kPa overpressure for a greater range of .
Time samples are shown in Figure 5.83.
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Figure 5.69: Relative hydraulic conductivity contours in response to the Friedlander impulse (a)—(c)
at 25 kPa overpressure for a moderate range of x and (d)—(f) at 50 kPa overpressure for a greater
range of k. Note that (a), (b), (d), and (e) all zoom in at the top of the mesh (where loading
is applied) so as to better observe differences in relative hydraulic conductivity, differences which
are non-existent futher down the mesh for earlier simulation times. Time samples are shown in
Figure 5.83.
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Investigation of the pore fluid viscous stress tensor. In the preceding sections on shock
loading of lung parenchyma, we have ignored the effects of the pore fluid extra stress O'fE on the

poroelastodynamic response, i.e., we assumed 0'55 ~ 0. In the present section, this assumption is

not made, and a Newtonian fluid law is assumed [Holzapfel, 2000], such that
O'fE = nlk; tr(ds)1 + 2ueds (5.80)
where k¢ denotes the constant bulk viscosity of the compressible pore fluid and
1 T
d; = i(gradvf + grad” vy) . (5.81)

As noted in Section 4.1.4, paragraph The need for higher-order elements in the case of viscous pore
fluid flow, as well as in Irwin et al. [2023d], introduction of the pore fluid extra stress requires
resolution of the porosity gradient (appearing in Darcy’s law) and the Laplacian of the pore fluid
velocity (appearing in the balance of linear momentum of the pore fluid). Both terms introduce C'-
continuity requirements in the variational forms of the governing equations, thus, standard Lagrange
elements are ill-suited to guarantee convergence, and the Hermite cubic elements are used in their
stead (refer to Figure 4.1 and/or Figure 4.3(d)). Geometrical and material parameters for the

following simulations are listed in Tables 5.19 & 5.20, respectively.

Table 5.19: Material parameters for pore fluid viscous stress tensor simulations. Values taken from
Clayton et al. [2021], Lande and Mitzner [2006], Holmes et al. [2011], Rand et al. [1964], Shang
et al. [2019]. Viscosity values for air are interpolated for resting body temperature 37° C; bulk
modulus, density and bulk viscosity for blood are estimated using values for water at resting body
temperature 37° C, while shear viscosity is estimated from Rand et al. [1964]. A value of k = 2.5
was chosen for the hyperbolic hydraulic conductivity.

KT (IkPa) G (kPa) K, (kPa) K/ (kPa) o (kg/m?)
75 3 2.2 % 100 140; 2.2 x 10° 1000

R (kg/m?) n ko (m?/Pa-s) pe (mPa-s) k¢ (mPa-s)

1.138; 1006 | 0.664; 0.99 | 107°: 6.3 x 10~% [ 1.89 x 102; 3 | 2.03 x 1072, 1.93

To start, we assume an impermeable membrane of lung parenchyma, in other words, the pore

air is allowed to move freely within the column of lung parenchyma, but cannot escape at either end.



366

Table 5.20: Geometrical and loading parameters for pore fluid viscous stress tensor simulations.

| Overpressure load type | H (cm) [ A (cm?) | A§ (cm) | ¢§ (kPa) [ to (ms) | ¢1 (ms) |
Yen impulse 10 1 0.1 50 0.17 0.34
Friedlander impulse 10 1 0.1 50 10 N/A

Displacement profiles between the nearly-inviscid (Darcy) and viscous (Darcy-Brinkman, inclusion
of pore fluid extra stress) simulations subjected to the Yen impulse at 50 kPa overpressure are
shown in Figure 5.70. It is evident that inclusion of the pore fluid extra stress for this example has
a negligible effect on the motion of the lung parenchyma and pore fluid within. This is likely due
to how small of a contribution the pore fluid extra stress, shown in Figure 5.71(a), has on the total
fluid stress, shown in Figure 5.71(b). Pore fluid extra stress is three orders of magnitude smaller

than the pore fluid pressure for this application.
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Figure 5.70: Displacement results from applying the Yen impulse (50 kPa) to the impermeable
lung parenchyma for (a) solid skeleton displacement u(X = H,t) and pore fluid displacement
ug(X = H,t), and (b) solid skeleton displacement u(X = H/2,t) and pore fluid displacement
ug(X = H/2,t). Initial porosity is nf) = 0.664.

Next, we assume a permeable membrane, i.e., the pore air is allowed to escape from the top
of the column. Again we see that the pore fluid extra stress has negligible effects on displacements
(refer to Figure 5.72) and total fluid stress (refer to Figure 5.73). However, pore fluid extra stress

is only one order of magnitude smaller than total pore fluid stress for the permeable membrane. In
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Figure 5.71: Pore fluid stress results from applying the Yen impulse (50 kPa) to the impermeable
lung parenchyma for (a) pore fluid extra stress at the Gauss point closest to X = H, and (b) total
pore fluid stress 0{1 = a{l( B~ nipe at the Gauss point closest to X = H. Initial porosity is

nf = 0.664.
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Figure 5.74, we see how pore fluid extra stress “scales” with pore fluid velocity gradient—denoted
by the slope of the velocity contour curve—and porosity, and how each evolve over time. Sampled
times are (a) at maximum overpressure loading, (b) when overpressure loading stops, and (c¢) well
after loading has ended. Peak overpressure loading occurs at 170 us, but the effects of the shock
loading are not observed until later, see, for example, Figure 5.74(b) when the impulse ends. In

Figure 5.74(c) we see that the magnitude of the pore fluid extra stress has greatly dissipated well

after load is removed.
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Figure 5.72: Displacement results from applying the Yen impulse (50 kPa) to the permeable lung
parenchyma for (a) solid skeleton displacement w(X = H,t) and pore fluid displacement us(X =

H,t), and (b) solid skeleton displacement u(X = H/2,t) and pore fluid displacement us(X =
H/2,t). Initial porosity is nf) = 0.664.

Keeping the permeable boundary condition, we now swap the pore air for pore blood, in
others words, we assume the lung is saturated with blood as the pore fluid, assuming blood can
be modeled as a Newtonian fluid. We adjust the pore fluid density, bulk modulus, and viscosities
appropriately (refer to Table 5.19). Initial porosity is also increased to nf = 0.99 (from 0.664).
While the high initial porosity is not a physically realistic scenario, the magnitude of the pore fluid
extra stress should increase as pore fluid extra stress scales with porosity and viscosity. This is what

is observed in Figure 5.76: the pore fluid extra stress accounts for some oscillations in the total
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Figure 5.73: Pore fluid stress results from applying the Yen impulse (50 kPa) to the permeable lung
parenchyma for (a) pore fluid extra stress at the Gauss point closest to X = H, and (b) total pore
fluid stress of, == U{l(E) —nfps at the Gauss point closest to X = H. Initial porosity is nf) = 0.664.
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pore fluid stress at the onset of the shock load. However, the solid extra stress (i.e., the material
stress of the lung parenchyma tissue itself) is not affected by the inclusion of the pore fluid extra
stress (as shown in Figure 5.77). This may have to do with the fact that the motion of the lung
parenchyma and the pore blood are not affected either (refer to Figure 5.75).

In contrast to the example with pore air (refer to Figure 5.72), pore fluid (blood) and solid
skeleton (lung parenchyma) displacements are similar (Figure 5.75), owing to the similar densities
of lung tissue and blood (i.e., the two phases behave similarly to a single-phase material because
of the similarity in densities). Furthermore, when shear viscosity of the pore fluid is increased,
the initial hydraulic conductivity ko is reduced. Since seepage velocity (nfor) scales with hydraulic
conductivity per Darcy’s (and Darcy-Brinkman’s) law, relative velocity between solid and fluid
phases is reduced.

Comparing now the contours of pore fluid extra stress, pore fluid velocity, and porosity
(Figure 5.78) for blood-saturated lung parenchyma to that of air-saturated lung parenchyma (Fig-
ure 5.74), we see that in the latter the shock wave percolates more quickly through the mixture than
in the former. Velocity of pore air is also greater in magnitude than for pore blood. Furthermore,
porosity gradients are small for high initial porosity in blood-saturated lung parenchyma compared
to moderate initial porosity in air-saturated lung parenchyma. In fact, we see that porosity remains
high for the duration of the simulation as compared to air-saturated lung parenchyma, where more

fluctuations in porosity are observed.
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Figure 5.75: Displacement results from applying the Yen impulse (50 kPa) to the permeable,
blood-saturated lung parenchyma for (a) solid skeleton displacement u(X = H,t) and pore fluid
displacement us(X = H,t), and (b) solid skeleton displacement u(X = H/2,t) and pore fluid
displacement u;(X = H/2,t). Initial porosity is nl = 0.99.

1.0
0.8 A 0
—~ 0.6 1
<
i ‘AA' 0.2
— 0445
o) 1
9] EEEA
S:)( 9 | 'I A\ - . : ‘ ‘
— 0. 1 i 'l | I\ A . X 2 . 6 . y
« T T A N A W4 N N AN AL A
> \ Vi v WA S A \ N s i
% 0.0 .'l.""".n’s\‘l\.'\l\"\"’\\ :I\‘l\\"\”\\ /
: \ vy v i \\|/ / \ \
= RYRY \/ ViV VIVV VIV VIV
| vy -V
O o2l v I
|'
v of (X (€) = 0.1m, ), Darcy-Brinkman
S0 — Uil(E)(X(ﬁ) ~ 0.1m, t), Darcy-Brinkman
=+ —nfpy(X(€) ~ 0.1m,t), Darcy-Brinkman
7076 T T T 1 1 1
0 5 10 15 20 25 30
Time (ms)

Figure 5.76: Pore fluid stress results from applying the Yen impulse (50 kPa) to the permeable,
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0.99.
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We now present the results of the simulations using the Friedlander impulse loading at max-
imum overpressure t§ = 50 kPa, which, again, is more applicable for free-field shock loading of the
lung parenchyma. Proceeding as before, we first assume an impermeable membrane of air-saturated
lung parenchyma with initial porosity ng = 0.664. Looking at Figure 5.79 and Figure 5.80, we see
a similar trend when comparing to the Yen impulse loading: the pore fluid extra stress is small
and does not account for any discrepancy between motions of solid and fluid, and total fluid stress,

between nearly-inviscid (Darcy) and viscous (Darcy-Brinkman) pore fluid flow.
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Figure 5.79: Displacement results from applying the Friedlander impulse (50 kPa) to the imperme-
able lung parenchyma for (a) solid skeleton displacement u(X = H,t) and pore fluid displacement
ug(X = H,t), and (b) solid skeleton displacement u(X = H/2,t) and pore fluid displacement
ug(X = H/2,t). Initial porosity is nf) = 0.664.

When the top of the column allows fluid to escape (i.e., when we use the permeable boundary
condition), we again see no difference between the nearly-inviscid (Darcy) and viscous (Darcy-
Brinkman) displacements (refer to Figure 5.81), though we note that strains are much larger here
than for the impermeable boundary. Total pore fluid stress is unaffected by the pore fluid extra
stress (refer to Figure 5.82). Furthermore, pore fluid extra stress begins to diminish as the shock
wave moves along the mesh (where the time sampling locations used for the contour stills are shown

by Figure 5.83), as shown in Figure 5.84. We again see how pore fluid extra stress is influenced by
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Figure 5.80: Pore fluid stress results from applying the Friedlander impulse (50 kPa) to the imper-
meable lung parenchyma for (a) pore fluid extra stress at the Gauss point closest to X = H, and
(b) total pore fluid stress of; = a{l(E) — nfps at the Gauss point closest to X = H. Initial porosity

is nf = 0.664.
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large gradients in pore fluid velocity (Figure 5.84(a) and Figure 5.84(b)). In contrast to the Yen

impulse (shock-tube loading), we also see larger porosity gradients (Figure 5.84(b)).
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Figure 5.81: Displacement results from applying the Friedlander impulse (50 kPa) to the permeable
lung parenchyma for (a) solid skeleton displacement u(X = H,t) and pore fluid displacement
ug(X = H,t), and (b) solid skeleton displacement u(X = H/2,t) and pore fluid displacement
ug(X = H/2,t). Initial porosity is nf = 0.664.

Continuing, the pore air is now swapped for pore blood; pore fluid density, bulk modulus and
viscosities are adjusted accordingly. Initial porosity is increased to 0.99. We observe that the pore
fluid extra stress has no impact on displacement (refer to Figure 5.85), although its magnitude is
on par with the total pore fluid stress, at least at the onset of the shock load before the pore fluid
pressure response dominates (refer to Figure 5.86). However, the pore fluid extra stress does not
affect the solid extra stress, that is, no additional tensile forces indicative of potential damage in
the lung parenchyma [Fung, 1990] are observed as compared to the nearly-inviscid pore fluid (refer
to Figure 5.87). Similarly to the Yen impulse for blood-saturated lung parenchyma, we see (refer
to Figure 5.88) the shock wave percolating more slowly through the mixture than for air-saturated

lung parenchyma, for either type of impulse loading.
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Figure 5.82: Pore fluid stress results from applying the Friedlander impulse (50 kPa) to the perme-
able lung parenchyma for (a) pore fluid extra stress at the Gauss point closest to X = H, and (b)
total pore fluid stress 0{1 = O‘lil( B~ nfps at the Gauss point closest to X = H. Initial porosity is

nf = 0.664.
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Figure 5.83: Sampling locations along the Friedlander impulse for 50 kPa maximum overpressure
used in the contour plots
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Figure 5.85: Displacement results from applying the Friedlander impulse (50 kPa) to the permeable,
blood-saturated lung parenchyma for (a) solid skeleton displacement u(X = H,t) and pore fluid
displacement ug(X = H,t), and (b) solid skeleton displacement u(X = H/2,t) and pore fluid
displacement u¢(X = H/2,t). Initial porosity is nf = 0.99.
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Figure 5.86: Pore fluid stress results from applying the Friedlander impulse (50 kPa) to the per-
meable, blood-saturated lung parenchyma for the Gauss point closest to X = H. Initial porosity
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Figure 5.87: Solid extra stress results from applying the Friedlander impulse (50 kPa) to the
permeable, blood-saturated lung parenchyma for the Gauss point closest to X = H. Slightly
greater amplitude in the zoomed-in figure is due to higher time resolution for a second, shorter

simulation. Initial porosity is ng = 0.99.
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Comparison between single-phase and multiphase models for shock loading. In this
section, we present results that were published in Irwin et al. [2024], with the exception of the Taylor-
Hood elements (discussed above in paragraph Taylor-Hood mixed elements and shock loading) and
with higher overpressure from the Friedlander impulse. For brevity, we omit comparisons between
the numerical time integration schemes implemented in SPONGE-1D, which have (nearly) overlapping
results for all quantities of interest (refer to Irwin et al. [2023c, 2024]): only SPONGE-1D’s Runge-
Kutta Cash-Karp integrator will be highlighted in this section.

Geoemtrical and loading parameters are given in Table 5.22. All LS-DYNA simulations from
this point forward will assume the Clayton and Freed [2019a] model (with full non-linearity)” for
the bulk (single-phase) lung parenchyma response. Viscoelastic and damage effects are disabled for
comparative purposes to the multiphase model developed in SPONGE-1D.% Q8 hexahedral elements
with reduced, single-point quadrature are used, and shock viscosity is turned on. Materials param-
eters are given in Table 5.21. Based on results presented in previous sections, for SPONGE-1D we

have elected to:
(1) disable the pore fluid viscous stress,
(2) use the hyperbolic hydraulic conductivity model with k = 2.5,
(3) use » = 1.89 x 10719 m?,

(4) use the weakly-enforced no-flux condition (again, the LS-DYNA single-phase Clayton and
Freed [2019a] model cannot simulate permeable boundary conditions for the non-existent

pore fluid),

" In Clayton et al. [2021], the numerical implementation included a linearization of the shearing strains. In this
work, that model was modified to use the exponential form of the shearing strains as originally presented in Clayton
and Freed [2019a]. Differences in results are minor, but are not presented herein because that is out of scope of the
present work.

8 Actually, the Clayton and Freed [2019a] hyperelastic solid skeleton model has been implemented in SPONGE-1D
for both single-phase ((u), (u-0)) and multiphase ((u-pt), (u-we-pr), (u-ps-05-0°), (u-wus-ps-6°-6")) formulations, with
the viscoelastic relaxation. However, given that the Clayton and Freed [2019a] model does not necessarily obey the
solid phase incompressibility assumption, we have elected to use the Ehlers and Eipper [1999] model, which does
enforce the incompressibility constraint (in a weak sense) at the cost of a purely hyperelastic assumption. A damage
model, as well as formulation of the incompressibility constraint on the solid phase for the Clayton and Freed [2019a]
model, will be pursued as part of future work.
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(5) use the Ehlers and Eipper [1999] form of the strain-energy potential U®(Js) as a means to

enforce the nearly-incompressible solid phase assumption (i.e., enforce ”B(S) < Js < ),

(6) and use linearly-interpolated elements (with shock viscosity and pressure stabilization)

given that they are low-cost (computationally speaking) and accurate, and higher-order

spatial integration is not needed to resolve, e.g., a porosity gradient since such physics need

not be considered for the locally homogeneous temperature regime and from points (1) and

(4).

Table 5.21: Material parameters for single-phase vs. multiphase simulations. Values taken from

Clayton et al. [2021], Lande and Mitzner [2006].

K, ¢ skel (kPa)“

G (kPa)

K, (kPa)

K] (kPa)

po_(kg/m?)

PR (kg/m?)

Py (kg/m?)

T
L)

ko (m?/Pa-s)

213, 7.5

3

2.2 x 106

140

337

1000

1.138

0.664

10-5

® Here, K is used for the single-phase simulations and K**¢! is used for the multiphase simulations.

Table 5.22: Geometrical and loading parameters for single-phase vs. multiphase simulations.

| Overpressure load type | H (cm) | A (cm?) | h§ (cm) | ¢§ (kPa) | to (ms) | ¢ (ms) |

Yen impulse

10

1

0.1

50

0.17

0.34

Friedlander impulse

10

1

0.1

50

10

N/A

As we saw in paragraph Taylor-Hood mized elements and shock loading, the single-phase

model behaves elastodynamically in response to shock loading via the Yen impulse, whereas the

multiphase model shows the expected poroelastodynamic dissipation (Figure 5.89). Slight, but ul-

timately negligible, differences are observed in the solid displacements between (u-p¢) and (u-ug-pr)

formulations in Figure 5.89(a). Despite this, we see in Figure 5.90 that the pore fluid acceleration

(dotted green curve) is several orders of magnitude larger than the solid acceleration—or mixture

acceleration, as in the case of the (u-pf) formulation—denoted by solid red and dashed green over-

lapping curves. IL.e., the shock wave propagates more quickly through the air than it does the solid,

which is also evident from the earlier displacement of air compared to the solid lung parenchyma

at X = H/2 as shown in Figure 5.89(b). The multiphase model’s acceleration also shows dissipa-




386

tion over the simulation time, whereas the single-phase model’s acceleration (solid black curve) has

little-to-no dissipation.
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Figure 5.89: Overpressure loading from the Yen impulse at 50 kPa showing a comparison of (a) solid
displacements between the single-phase LS-DYNA model developed by Clayton and Freed [2019a],
Clayton et al. [2021] and the multiphase model developed in SPONGE-1D at X = H and (b) solid
and pore fluid displacements between aforementioned models at X = H/2.

Another advantage of the multiphase model over the single-phase model is that we can directly
compute the solid skeleton and pore air pressures separate from one another, as well as separate
computation of the solid skeleton extra stress and total stress; in the single-phase model, these
metrics are lumped together. We see fairly good correlation between the total pressures and total
stresses between the single-phase and multiphase model, shown in Figure 5.91. We believe that the
slight discrepancies between the two models are due to the differences in Gaussian quadrature rules
used. As mentioned previously, LS-DYNA (i.e., the single-phase model) assumes 1-point Gaussian
quadrature, and here we use linear elements with 2-point quadrature for the multiphase model.
Additionally, LS-DYNA seems to have an automatic, unchangeable lower limit on its adaptive time-
step whereas in SPONGE-1D the user may set lower and upper limits themselves (at the risk of

compromising speed and stability, repsectively); here, SPONGE-1D has a finer time resolution for the

data output.
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Figure 5.90: Overpressure loading from the Yen impulse at 50 kPa showing a comparison of ac-
celerations at X = H/2 between the single-phase LS-DYNA model developed by Clayton and Freed
[2019a], Clayton et al. [2021] and the multiphase model developed in SPONGE-1D.

Next, we present the results for the Friedlander impulse. As mentioned previously, strains
are much higher for the Friedlander impulse’s longer duration overpressure (10 ms Friedlander vs.
340 ps Yen) followed by the the tensile force relative to the reference pressure (i.e., atmospheric
pressure), versus no force for the Yen impulse. This gives rise to strains on the order of 15-16%
(nominal axial strain), i.e., 10x greater than those for the Yen impulse, as shown in Figure 5.92(a).
As with the resulting deformations from the applied Yen impulse, we are also able to see the relative
motion of the pore air to the solid skeleton, shown in Figure 5.92(b), and again we see the necessity
of the full (u-u¢-pg) formulation in accounting for the differences in accelerations between the solid
skeleton and pore air, shown in Figure 5.93.

In contrast to the Yen impulse, however, we see a better agreement between the total pressures
and total stresses, shown in Figure 5.94. Of great interest is the solid skeleton stress going into

tension sooner in the multiphase model than in the single-phase model. Fung [1990] has argued
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Figure 5.91: Overpressure loading from the Yen impulse at 50 kPa showing a comparison of (a)
total pressures between the single-phase LS-DYNA model developed by Clayton and Freed [2019a],
Clayton et al. [2021] and the multiphase model developed in SPONGE-1D at the Gauss point closest
to X = H, as well as distinct solid skeleton extra pressure and pore air pressures, and (b) the total
axial Cauchy stress between the single-phase and multiphase model, as well as the solid skeleton
axial Cauchy stress for the multiphase model.
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Figure 5.92: Overpressure loading from the Friedlander impulse at 50 kPa showing a comparison of
(a) solid displacements between the single-phase LS-DYNA model developed by Clayton and Freed
[2019a], Clayton et al. [2021] and the multiphase model developed in SPONGE-1D at X = H and (b)
solid and pore fluid displacements between aforementioned models at X = H/2.

that excessive tensile forces in the walls of the lung alveoli can lead to rupturing of the alveoli and
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Figure 5.93: Overpressure loading from the Friedlander impulse at 50 kPa showing a comparison
of accelerations at X = H/2 between the single-phase LS-DYNA model developed by Clayton and

Freed [2019a], Clayton et al. [2021] and the multiphase model developed in SPONGE-1D.

local injury. Thus, we might be able to predict injury sooner by accounting for the relative motion

of air to the lung parenchyma solid skeleton in the multiphase model. Future work is needed to

quantify damage and local injury in the multiphase solid skeleton constitutive model to say for

certain.
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Figure 5.94: Overpressure loading from the Friedlander impulse at 50 kPa showing a comparison
of (a) total pressures between the single-phase LS-DYNA model developed by Clayton and Freed
[2019a], Clayton et al. [2021] and the multiphase model developed in SPONGE-1D at the Gauss point
closest to X = H, as well as distinct solid skeleton extra pressure and pore air pressures, and (b)
the total axial Cauchy stress between the single-phase and multiphase model, as well as the solid
skeleton axial Cauchy stress for the multiphase model.
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5.3.3.2 Locally inhomogeneous temperature model

As mentioned throughout this work, the assumption of locally homogeneous temperatures
may perhaps be physically unrealistic, particulary when involving a gas undergoing shock load-
ing. The thermal expansion coefficient for air is an order of magnitude larger than for the solid
lung tissue, and given also the compressibility of the air, heating and cooling of the air will be
more pronounced than it will for the solid lung tissue. Therefore, it would be pertinent to formu-
late equations which consider locally inhomogeneous temperatures. This formulation was pursued
theoretically in Chapter 3, and numerically in Chapter 4.

Here we present preliminary results regarding the numerical implementation for an ideal gas
pore fluid and thermoelastic solid. More constitutive models are implemented in SPONGE-1D (and
discussed in Chapters 3 & 4), but the analysis thereof is ommitted for the following reason: the
current numerical implementation is incomplete from a physics standpoint, as we observe numerical
oddities at the boundaries of the 1-D mesh for the temperature fields 6% and 6f. All simulations
presented herein assume impermeable, zero heat flux boundary conditions since that seems to
provide the most stability. Despite the numerical difficulties, results are still included as part of this
work to demonstrate overall robustness of the formulation and resulting numerical implementation.
Future work will seek to alleviate the numerical issues at the boundaries, either via reformulation
of the governing and/or variational equations, use of a different numerical time integration scheme,

or other unforseen approaches.

Verification at low-to-moderate strain-rates. To begin with, we simulate 99% porosity, im-
permeable lung parenchyma undergoing dynamic impulse compression at low-to-moderate strain
rate, and compare thermoporoelastodynamics results to the (u-pf) formulation, the latter of which
has been published in separate work [Regueiro et al., 2014]. Geoemetrical and loading parameters
are given in Table 5.24 with examples of the (u-ps-6°-0%) element and traction load type given in Fig-
ure 5.95 ((u-pg), (u-pe-0°-0"), (u-ug-pe-6°-0') results were generated using Q3H-P1, Q3H-P1-T1-T1

and Q3H-Q1-P1-T1-T1 element types, respectively); material parameters are given in Table 5.23.
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Thermal convection between constituents is disabled for this example. (u-pf) examples assumed an
isothermal ideal gas pore fluid (i.e., Equations (4.174);_4 with Equations (4.174)5_¢ set to zero),
which is in contrast to prior (u-pf) formulation results presented thus far, where the mixture tem-
perature was not held fixed even if it was not computed. Here we invoke the isothermal, ideal-gas
model for comparative purposes only.

Table 5.23: Material parameters for thermoporoelastodynamic simulations at low-to-moderate
strain rate. Values taken from Clayton et al. [2021], Lande and Mitzner [2006], Yang and Cao

[2020]. Initial temperatures are 65 = 96 = 310 K. The hyperbolic hydraulic conductivity model is
assumed with x = 2.5.

E (kPa) v K, (kPa) | K! (kPa) | piF (kg/m®) | o (kg/m’) nh
5 0.3 2.2 x 108 101.325 1000 1.138 0.99
ko (m?/Pas) | o3 (1/K) | ¢ (kJ/kg-K) | ¢}, (kJ/keg-K) | &% (W/m-K) K (W/m-K) | k§ (W/m3-K)
107 7.4 x107% 2.2 0.717 0.509 0.026 0

Table 5.24: Geometrical and loading parameters for thermoporoelastodynamics simulations at low-
to-moderate strain-rate.

| Overpressure load type | H (cm) | A (cm?) [ h§ (cm) | ¢ (kPa) [ to () [ 1 (5) |
’ Triangular impulse ‘ 10 ‘ 1 ‘ 0.1 ‘ 10 ‘ 0.1 ‘ 0.2 ‘

Solid skeleton displacements are provided in Figure 5.96. There is excellent agreement be-
tween the isothermal ideal gas (u-p¢) and ideal gas (u-pg-6°-0"), (u-ug-pe-6°5-0') formulations. Total
stress and solid stress also overlap (Figure 5.97) between the different formulations.

Pore fluid pressure and pore fluid temperature are shown in Figure 5.98; again, there is
excellent agreement between the pore fluid pressure across formulations, bbut poor agreement for
pore fluid temperatures between the thermoporoelastodynamic formulations. In addition, we note
that there are some small oscillations in the temperature values nearly the boundaries, which are
not negligible when zoomed in on, as shown in Figure 5.99. Such oscillations are certainly not a

physical phenomena and may be the cause of issues observed for higher strain-rate loadings.
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Figure 5.95: (a) Triangular impulse traction application (b) schematic of column mesh for the ther-

moporoelastodynamic simulations of lung parenchyma at low-to-moderate strain-rate, highlighting
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Figure 5.96: Solid skeleton displacements following slower, dynamic impulse loading at
10 kPa overpressure comparing the isothermal (wu-pf) formulation to the mnon-isothermal
(u-pe-0°-01), (u-us-pe-6°5-01) formulations at (a) X = H and (b) X = H/2.
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Figure 5.97: Slower, dynamic impulse loading at 10 kPa overpressure comparing the isothermal
(u-pg) formulation to the non-isothermal (u-pe-65-61), (u-ug-pe-6°-0%) formulations at the Gauss
point closest to X = H for (a) total axial Cauchy stress and (b) solid axial Cauchy stress (solid

extra [effective] stress).
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Figure 5.98: Slower, dynamic impulse loading at 10 kPa overpressure comparing the isothermal
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pressure py and (b) comparing the pore fluid temperature 6! for (u-pe-6°-6') and (u-ug-pe-6°-6F)

formulations.
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Assessing numerical challenges at high strain-rate. Returning our focus back to the high
strain-rate regime, parameters from Clayton et al. [2021] are restored (listed in Table 5.25) and the
impermeable lung parenchyma is loaded via Yen impulse (geometry and loading parameters listed in
Table 5.26). For LS-DYNA, the Clayton et al. [2021] implementation has thermodynamics enabled (as
it did in Section 5.3.3.1, even though temperature was not plotted), but thermodynamic variables
are treated as internal state variables. Therefore, the plots still refer to this implementation as (u)
formulation even though temperature evolves. The (u-pr) formulation presented herein assumes the
barotropic exponential pore fluid model (Equation (3.138)), and uses the Q1-P1 element (refer to
Figure 4.3(c)) with shock viscosity and pressure stabilization. The (u-ps-65-0%) and (u-ug-pe-6°-6")
formulations assume the baroclinic, ideal gas model (Equations (3.141) & (3.152)), and use ei-
ther the Q3H-P1-T1-T1 element (Figure 4.3(e)) or the Q3H-Q1-P1-T1-T1 element (Figure 4.3(f)).
All three multiphase formulations assume the neo-Hookean Ehlers and Eipper [1999] model with
hyperbolic hydraulic conductivity [Markert, 2005], but the thermodynamics models include the
thermoelastic coupling (Equation (3.114)) whereas the (u-ps) model does not (Equation (3.115),
ay — 0).

Solid displacements are shown in Figure 5.100. Again we see that the single-phase model
(black curve) behaves elastodynamically, whereas the multiphase models (red, blue curves) show
the expected poroelastodynamic dissipation. The thermoporoelastodynamics model (blue curve)
also behaves more stiffly than the poroelastodynamics model. Good agreement exists between total
stress and total pressure (Figure 5.101) across all models, with minor variations between the (u-pf)
and (u-ps-0°-0") formulations’ solid metrics (dashed red and blue curves).

Comparing the pore fluid pressures between the (u-pg) and (u-pe-65-6") formulations, again
we see the latter has the stiffer response, but is in otherwise good agreement (Figure 5.102).
Moving our focus to the temperatures, it is apparent that there is strange behavior in both the
(u-pe-6°-0") and (u-us-pe-65-0') models. Figure 5.104(a)—(c) shows a contour plot of pore fluid
velocity plotted against pore fluid temperature. Initially (Figure 5.104(a)), the (u-ps-65-6%) model

displays uncharacteristic cooling of the pore fluid—recall D{#' ~ — GRAD(vy), i.e., compression of
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Table 5.25: Material parameters for thermoporoelastodynamics simulations at high strain rates.
Values taken from Clayton et al. [2021], Lande and Mitzner [2006], Yang and Cao [2020]. (-)*
indicates values used for single-phase formulation (some of which are also the initial mixture values).

K* (kPa) | K< (kPa) G (kPa) K, (kPa) K7 (kPa)
213 7.5 3 2.2 x 10° 101.325
pg (kg/m?) | p§" (ke/m?) | pf* (kg/m?) ng ko (m*/Pa-s)
337 1000 1.138 0.664 10-°
ay (/K) | oy (1/K) [ ev (kI/keK) [ ¢ (kI/ke-K) | cf (kI/kg-K)
239 %10 % | 74x10 7 1.2° 2.2 0.717

k- (W/m-K) | & (W/m-K) | £ (W/m-K) | k& (W/m3-K)
0.188 0.509 0.026 0

Table 5.26: Geometrical and loading parameters for thermoporoelastodynamics simulations at high

strain-rate.

| Overpressure load type | H (cm) | A (cm?) | h§ (cm) | ¢§ (kPa) | to (ms) | ¢ (ms) |

Yen impulse 10 1 0.1 50 0.17 0.34
Friedlander impulse 10 1 0.1 50 10 N/A
1.5 L5
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Figure 5.100: Overpressure loading from the Yen impulse at 50 kPa showing a comparison of
(a) solid displacements between the single-phase LS-DYNA model developed by Clayton and Freed
[2019a], Clayton et al. [2021] and the multiphase model developed in SPONGE-1D at X = H and (b)
solid displacements between aforementioned models at X = H/2.

the pore fluid (negative pore fluid strain-rate) should lead to an increase in pore fluid temperature—

whereas the (u-ug-pe-65-0%) shows the expected temperature rise, which is correlated well with the

numerical value of the pore fluid velocity gradient (i.e., the descending profile of the green circles).
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Figure 5.101: Overpressure loading from the Yen impulse at 50 kPa showing a comparison of (a)
total pressures between the single-phase LS-DYNA model developed by Clayton and Freed [2019a],
Clayton et al. [2021] and the multiphase model developed in SPONGE-1D at the Gauss point closest
to X = H, as well as distinct solid skeleton extra pressure, and (b) the total axial Cauchy stress
between the single-phase and multiphase model, as well as the solid skeleton axial Cauchy stress
for the multiphase model.

About 0.1 ms later (Figure 5.104(b)), we observe cooling of the pore fluid in both formulations,
which remains consistent with the pore fluid velocity gradient, though the (u-ps-65-6F) formulation
has a larger dip in pore fluid temperature. Around 0.2 ms (Figure 5.104(c)), the (u-ug-ps-6°-6F)
formulation goes unstable, and the simulation terminates as At — 0 when the RKFNC integrator
tries to resolve the large gradients in both pore fluid velocity and pore fluid temperature.

The (u-pg-05-0F) simulation remains stable, however, and the mixture temperature, given by

[Ruggeri and Simié, 2009],

aea
0 = chza (5.82)
a~V

shows relatively good agreement with the single-phase temperature (Figure 5.105(a)—(c)). The rise
in temperature near the boundary is due to the solid phase also displaying uncharacteristic heating
behavior near the boundary (Figure 5.105(d)—(f)), which, unlike the pore fluid, does not decrease

nor dissipate on a reasonable time scale.
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(barotropic exponential model) and (u-pg-6°-6%) (baroclinic ideal gas model) formulations.
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Figure 5.103: Overpressure loading from the Yen impulse at 50 kPa showing (a) pore fluid tem-
perature 6' and (b) solid lung tissue temperature 6° for (u-p;-65-0%) plotted at the X = H and
X = H/2 nodes.
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Moving onto discussion of the Friedlander impulse results, again we see the stiffer response
from the (u-pp-60°-6%) formulation’s ideal gas model as compared to the (u-pg) barotropic exponential
model, with the LS-DYNA model behaving elastodynamically (Figure 5.106). In contrast to the Yen
impulse, total pressure and total stress for the (u-ps-65-0F) simulation do not track as well with the
(u-p¢) and single-phase simulations (Figure 5.107), though the discrepancy is not unreasonable,

and solid metrics track fairly well between (u-pr) and (u-pg-6°-6F).
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Figure 5.106: Overpressure loading from the Friedlander impulse at 50 kPa showing a comparison
of (a) solid displacements between the single-phase LS-DYNA model developed by Clayton and Freed
[2019a], Clayton et al. [2021] and the multiphase model developed in SPONGE-1D at X = H and (b)
solid displacements between aforementioned models at X = H/2.

Comparing the pore fluid pressures between the (u-pg) and (u-pg-65-0F) formulations, again
we see the latter has the stiffer response, but is in otherwise good agreement (Figure 5.108).
Moving our focus to the temperatures, we see similar problems arise as we did with the Yen
impulse. Figure 5.104(d)—(f) shows a contour plot of pore fluid velocity plotted against pore fluid
temperature. Initially (Figure 5.104(d)), the (u-p-65-6%) model displays the uncharacteristic cooling
of the pore fluid, whereas, again, the (u-ug-pr-65-6) model shows the expected temperature rise,
which is correlated well with the numerical value of the pore fluid velocity gradient. About 0.03 ms

later (Figure 5.104(e)), we observe cooling of the pore fluid in both formulations, which remains



0.05 10
0
0.00
° —
= T 10
% 0051 &
g =
g 010 g
S =, 30
= .
= <
E i =
£ 015 =
ZO — /K(X(¢) ~0.1m, 1), LS-DYNA, (a) O 401 — on(X(©) ~ 0.1m, 1), LS-DYNA,  (u)
— p/K(X(€) ~ 0.1m, t), SPONGE-1D, (u-pr) — ou(X(§) = 0.1m,t), SPONGE-1D, (u-pr) )
~0.20 . p/K(X(8) ~ 01m. 1), SPONGE-1D. (u-py-6°-6°) - — 7u(X() ~ 0.1m,1), SPONGE-1D, (upy-6-0')
=+ py/K(X(€) ~ 0.1m, t), SPONGE-1D, (u-pr) = oY1) (X (€) ~ 0.1m, t), SPONGE-1D, (u-pr)
= piy/K(X(€) ~ 0.1m, ), SPONGE-1D, (u-p;-0°-0F) =+ 0%y (X (€) = 0.1m, ), SPONGE-1D, (u-p-0°-6")
~0.25 | ] - - . —60 4 . ; - - -
0 5 10 15 20 25 30 0 5 10 15 20 2 30
Time (ms) Time (ms)
(a) (b)

Figure 5.107: Overpressure loading from the Friedlander impulse at 50 kPa showing a comparison
of (a) total pressures between the single-phase LS-DYNA model developed by Clayton and Freed
[2019a], Clayton et al. [2021] and the multiphase model developed in SPONGE-1D at the Gauss point
closest to X = H, as well as distinct solid skeleton extra pressure, and (b) the total axial Cauchy
stress between the single-phase and multiphase model, as well as the solid skeleton axial Cauchy
stress for the multiphase model.

consistent with the pore fluid velocity gradient, and again the (u-pg-6°-6%) formulation has a larger
dip in pore fluid temperature. Around 0.13 ms (Figure 5.104(f)), the (u-us-ps-6°-0') formulation
goes unstable, and the simulation terminates as At — 0 when the RKFNC integrator tries to
resolve the large gradients in both pore fluid velocity and pore fluid temperature.

As before, the (u-pg-0°-0") simulation remains stable, and the mixture temperature shows
relatively good agreement with the single-phase temperature (Figure 5.110(a)—(c)). The rise in
temperature near the loaded/topmost boundary is due to the solid phase also displaying unchar-
acteristic heating behavior near the boundary (Figure 5.110(d)—(f)), which, unlike the pore fluid,

does not decrease nor dissipate on a reasonable time scale.
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Chapter 6

Conclusion

6.1 Recapitulation of present work

In this work, we have developed a novel, thermodynamically consistent, multiphase, contin-
uum mechanics model within the framework of the theory of porous media (TPM) to simulate
soft porous materials subjected to shock loading. The underlying physical theory was presented
in detail in Chapters 2 & 3. Therein we showed the complexity of accounting for two distinct
phases in a biphasic medium, as compared to more traditional, single-phase models, particularly
under the assumption of locally inhomogeneous phase temperatures. We dispelled with basic con-
stitutive assumptions regarding the response of the solid skeleton that had been utilized in prior
work [Regueiro and Ebrahimi, 2010, Regueiro et al., 2014, Irwin et al., 2023a,c,d, 2024] in favor
of more rigorous constitutive models [Ehlers and Eipper, 1999, Markert, 2005]. The numerical im-
plementation for all the various physical formulations explored in this work (including single-phase
models) was presented in Chapter 4. We applied several numerical time integration schemes to each
formulation, from the well-known implicit Newmark-beta [Newmark, 1959] and central-difference
explicit schemes, to high order Runge-Kutta explicit schemes [Cash and Karp, 1990], the latter of
which is preferable for high strain-rate loadings. The one-dimensional (1-D) model implementation
is encapsulated in the custom Python code used in this work, SPONGE-1D.

In Chapter 5, we presented the results of the numerical simulations. Starting with verifi-
cation examples, we showed, via use of the Method of Manufactured Solutions (MMS), positive

convergence behavior as both temporal and spatial discretization is refined for various element
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types applied to example problems. We continued the exercise in verification by showing how
the implementation of: the single-phase elastodynamic model agrees with an analytical solution
[Eringen and Suhubi, 1975], the multiphase poroelastic model compares to prior work [Li et al.,
2004] and is necessary for finite strain, and the multiphase poroelastodynamic model agrees with
an analytical solution [de Boer et al., 1993].

Following this, we presented a sensitivity study on the two numerical stabilization techniques
used heavily for the multiphase model: shock viscosity and pressure stabilization. For the former,
our analysis was constrained to single-phase modeling to isolate the behavior of the shock viscosity
q, wherein we observed that the ¢ term removes numerical oscillations (which are likely a result of
Gibbs’ phenomena) from the numerical solution. Care must be taken by appropriate adjustment
of the associated parameters that govern the magnitude of this term so as not to “smooth out” the
physical waves propagating through the geometry. Analysis for the pressure stabilization constant
then followed, where we showed that smaller values of this constant allowed the solution to approach
the unstabilized formulation solution.

Lastly, we simulated the multiphase model developed in SPONGE-1D to shock loading. We
observed that the standard Taylor-Hood finite elements are objectively “worse” at producing stable
solutions at higher overpressure and are much more costly than the linear finite elements (refer to
Table 7 in Irwin et al. [2024]). We also showed that the neo-Hookean hyperelastic solid skeleton
model with the standard logarithmic term combined with the widely-known Kozeny-Carman model
was simply inadequate at enforcing the incompressibility assumption of the solid phase; in lieu of
this, we used the Ehlers and Eipper [1999] hyperelastic solid skeleton model with the hyperbolic
hydraulic conductivity model developed by Markert [2005] for the remainder of the multiphase
analysis, since both models can weakly enforce the incompressibility assumption.

Following these examples, we conducted sensitivity studies on several key parameters that
govern relative pore fluid flow through the porous material (lung parenchyma). Beginning with
the intrinsic permeability of the solid skeleton, we showed how smaller values lead to almost non-

existent relative motions akin to a “locally undrained” assumption, whereas larger values seem
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to infer an upper limit on the applicability of TPM for high strain-rate loading with air as the
pore fluid. Further investigation for other initial porosities and a different pore fluid is needed to
say for certain. Next, we investigated a parameter governing the hyperbolic functional form of
the hydraulic conductivity. Smaller values of this parameter were, generally speaking, correlated
with larger relative velocities between the solid and fluid phases during compression of the porous
material, and the opposite was observed for larger values. Given the uncertainty regarding the
values of both the intrinsic permeability and the hyperbolic parameter for lung parenchyma, we
chose moderate values that gave what we believe! would be physically realistic results and those
which performed well numerically at higher overpressures.

Then, we investigated the role of the pore fluid viscous stress tensor on the kinematics
of the porous medium when subjected to high strain-rate loadings, for both air and blood, and
impermeable and permeable boundary conditions. We found that this term has little effect on the
overall dynamics due to the difference in magnitude between the pore fluid pressure and the shear
& bulk viscosities of the pore fluid. As discussed in Section 4.1.4, this is likely to do with the size
of a boundary layer in a pore channel being insignificant compared to the scale of interest (several
orders of magnitude difference). However, we note that in the 1-D uniaxial strain framework, it is
unlikely that pore fluid shearing forces would have much of a role to play in the dynamics when
compared to pore fluid pressure gradients, regardless of whether or not a TPM or traditional CFD
framework is used. Future work on a 3-D model would be needed to investigate this further.

Finally, we showed the importance of using TPM to approximate the pore-scale, smeared
FSI when compared to a simpler (kinematically speaking) single-phase model. The TPM model
drastically altered the deformation response of the soft porous material (lung parenchyma). In
particular, deformations of the solid skeleton are dampened out by the oscillating pore air, whereas
the single-phase model behaves elastodynamically with minimal dissipation of the shock wave. It

was also shown that accounting for differences in accelerations between the two constituents was

! As we have stated numerous times, calibration to or validation against experimental data is necessary to say for
certain whether or not these parameter values are physically realistic.
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effective in demonstrating the necessity for the more complex poroelastodynamics formulation for
high strain-rate loading applications. Furthermore, by use of the solid extra stress [Ehlers, 2002], we
are able to distinguish between solid skeleton, pore fluid (air) and total pressures, and stresses. Such
metrics are important for understanding how damage from shock waves, or other impact events,
that is, blunt trauma from sports injury or vehicular collisions, will propagate through the porous
lung tissue. To this extent, it was shown that for a shock wave resulting from an explosion, the
multiphase model can pick up tensile stresses in the solid skeleton sooner than in the single-phase

model, which may be indicative of tissue rupture (and damage) [Fung, 1990].

6.2 Ongoing and future work

In Section 5.3.3.2 we presented preliminary results for the locally inhomogeneous temperature
model. Therein it was shown that for moderate strain-rates, the resulting kinematics match the
locally homogeneous temperature model. The thermodynamic response appears reasonable in the
absence of experimental (or numerical) data, however, the response at the boundaries of the mesh
displayed characteristics of numerical instability. This instability is more pronounced when the
geometry is subjected to higher rates of strain, and causes the numerical solution to go unstable.

As such, there remains an ongoing effort to understand why this instability occurs. Ap-
proaches to resolution of this problem are not straightforward given the inherent novelty of this
application space. One such remedy may be an approximation of a shock viscosity applied to the
pore fluid rather than just the solid skeleton, as discussed in Section 4.4.1, paragraph Shock vis-
cosity applied to the pore fluid. This may reduce instability in the pore fluid velocity gradient for
the (u—uf—pf—ﬁs—ef) formulation, which, hopefully, should in turn reduce instability in the pore fluid
temperature solution. Another strategy worth pursuing is further manipulation of the Dirichlet
boundary conditions for the phase temperatures. While not shown, this was attempted to little
avail, but perhaps there are approximations that can be made to recreate experimental conditions,
or analytical solutions, by which to verify the present numerical implementation. It may also be

worth investigating other numerical time integration schemes, such as those developed in LLNL’s
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ARKODE [Reynolds et al., 2022, Gardner et al., 2022, Hindmarsh et al., 2005], which combines
explicit Runge-Kutta for “fast moving” components of a first order ODE with implicit Runge-Kutta
for “slow-moving” components of a first order ODE.

Upon successful resolution of the thermal instabilities, work should proceed with implemen-
tation of a damage model for the solid material, as outlined in brief in Section 3.3.1, paragraph A
damage model for the solid constituent. Quantification of damage is of utmost importance when
studying soft porous materials subjected to impact or shock loading, particularly for soft biologi-
cal tissues. Subsequent analysis can then follow to determine whether or not a multiphase model
predicts “more” or “less” damage than a traditional single-phase model.

Further work necessitates validation of the present model, starting with calibration to ex-
perimental data. As mentioned, experimental data for lung parenchyma is limited (particularly
thermal parameters) to three-dimensional (3-D) space. Therefore, in the absence of experimental
data that recreates the uniaxial strain, unidirectional pore fluid flow constraints, it behooves us
to extend the 1-D model presented herein to a full 3-D model. Said data could be obtained by
enclosing the lung parenchyma in a (near-)frictionless sleeve, and subjecting it to uniaxial loading
conditions.

In either case, there are unknown parameters that have discernable effects on the simulated
deformation response of lung parenchyma, such as the intrinsic permeability and Griineisen param-
eter of the solid skeleton, which would need to be calibrated against experimental data. Deeper
investigation surrounding the constitutive models for seepage velocity could then follow. It may be
that at higher rates of strain, the inertial Darcy’s law becomes invalid, and a Darcy-Forchheimer
model is more appropriate (refer to discussion in Section 4.1.4, paragraph The need for higher-order
elements in the case of viscous pore fluid flow). Said model also picks up the effects of tortuosity, a
value of which is not presently known for lung parenchyma, and thus calibration of this parameter
would be highly desirable for others simulating lung parenchyma. Furthermore, the constitutive law
governing the hydraulic conductivity and associated parameters therein, and the effect of pore fluid

viscosity, needs to be calibrated against experimental data, particularly 3-D data for the latter.


https://computing.llnl.gov/projects/sundials/arkode
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Appendix A

Derivation of the Gateaux derivatives

Gateaux derivatives for linearization of the variational equations as presented in Chapter 4
are derived in this Appendix. Starting with the Gataeux derivative for the deformation gradient,

we have

6(F11) =46 (1 + g;) =6 (g;) = aéi?) = ,BAtQE)g;?) = 'yAtaéi?) : (A.1)

The Gateaux derivative of the deformation gradient raised to any power n is thus

ou \" _
S(FT) =& (1 + 6;) — nFLS(Fyy)
2000 o)
:nFll 1,8At287 :nFll 1')/At 8X . (A2)

Recall that for 1-D uniaxial strain, Fj; = det(F') = J. Given that In(J) appears throughout the

constitutive equation for the single-phase/solid skeleton response, we find that

5(In(J)) = %w) _ %5At2 8(%‘;?) _ iymag‘;’) . (A.3)

Gateaux derivative for inverse left Cauchy-Green tensor axial strain component is

_ _ _ _ 0(6
5(0111) = _01125(011) = _01125(F121) = —20112F11 é)?)
_ d(da) _ d(ov)
= —2F*BAL? o = —2FPyAt 5% (A.4)

Recall that for the implicit integrators, the solid skeleton stress model was that of a neo-Hookean

hyperelastic material; thus, the following derivations of the variations of the solid skeleton extra
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stresses are not generalizable to other material models. Starting with the second Piola-Kirchhoff

solid extra stress, we have

5(S31(my) = 6 (n+ AIn(J) — u] C')

=26 (In(J)) Ot + A n(J) — ] 6 (C1h)

= (A —2[\In(J) — p]) F;°BA2 aéi?)
= (A —2\In(J) — u)) F;? Ataéig) (A.5)
Thus the Gateaux derivative of the first Piola-Kirchhoff solid extra stress is
0(Pry(g)) = 0(F11571(g)) = 0(F11) 571 () + F110(ST1 ()
= (u+ () — ] ) A0
+ (A= 2[0n(7) - Fi2) 200
= (p+ [\ = Aln(J) + p] Fi7?) BAE ag;)
= (u+ A= An(J) + p] F7?) yAtaéi;’) . (A.6)

A Gateaux derivative of the viscous component to the second Piola-Kirchoff solid extra stress is

derived as follows:

H _3, Ov _300(v
30511 vis) = Yo A+ 2(p = In Fiy)] <5(F113)8X+F113 ag()>
_3 Ov
+ 1 Fy° 8X( 20(In F11))

=1 [\ +2(u — In F1y)] ( 3F;*

_3 0v (=2 94(u)
377 [ =
Tk (FH oX >

0(u) v _300(v)
ax ax Ty

0
= VoFﬁg |:()\ + 2(/,L —In FH)) <’7At Fnl a;}(ﬁAt2>
_, Ov d(0a)
1 2
2 Gy P } 0X
= 1/0F1_13 [()\ +2(pu—In F11)) < — 3k 8X"}/At>

(o)

ov
—oFTl .
0X

11 aX

At] (A7)



429

Thus, the Gateaux derivative of the viscous component of the first Piola-Kirchhoff solid extra stress

is derived as follows:

_3 Ov d(da
0(F11S () wis) = 0P X A+ 2(u — In Fiy)] BAE (;X)
+ v Fp;? [(/\ +2(p —In Fyy)) <7At - 3F111 Ov 6At2>
1 0v d(da)
_ 1 2
20y 5 BA } e
5 0v d(dv
= Z/(]FH 8X [)\ + 2( — IHFH)] ’}/At éX)
o)
+ v F? [()\ +2(p — In F1y)) ( — 3! 8)%&)
1 0v d(ov)
— 17
2P 5 At] 5x (A.8)

Together, Eq. (A.6) and Eq. (A.8) give the Gateaux derivative on the total first Piola-Kirchhoff
solid extra stress (that is, the inviscid and viscous components sum to):
S —2 -1 v 2
6(Plipy) = I [ (A +2p] | voyAt = 2u0 k7 aXﬁAt

—In F11 <2V0’)/At - |:4V0F1_112X - A:| BAt2>

ov d(da)

+<[A+u+uFﬁ} 200 F 18 )mt)(?X
1 Ov
ZFﬁZ <[>\+2u] <V0—21/0 ” aX'yAt)
—InFip (2v— |4 F—lﬁ—x At
nitiy | 2 Vol X Y
_1 0v o(dv

+ <[)\+M+,UJF121} — 2V0F1116X> ’yAt) éX) . (A.9)

The Gateaux derivative of the real mass density of the pore fluid, assuming no pressure-temperature

coupling, is

bt — P, bt — P,
s3] - e 5)

p P p™
= —=70(ps) = fgﬁAt opr = Kig’YAwpf‘ (A.10)
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With pressure-temperature coupling, e.g., assuming an ideal gas law, we have

™) = 5<m9f>_91%5<%)
:%(%6@) GE 5(9f)> %efgmz( 9f59f> %eﬂm@pf 9£59f>7 (A1)

and for a compressible liquid, we have

Pt —Pro Dt
S(pty =90 (po exp { K7 - a{;Gﬂ) = pRs (Kfe - oz{/t?f>

1 . . 1 . .
= oM (BAL) (Keapf — af{,aef> = p(yAt) <K95pf - afvaef> : (A.12)
f f

Gateaux derivative of the porosity is

mo\ _ Mo

S(nt) =6(1 —n®) = —6(n°) = -4 <J> = 530(J)
d(0a) nS At@(év)

ax T "ax -

75&2 (A.13)

Gateaux derivative of partial mass density of the pore fluid—in the absence of pressure-temperature

coupling—in the reference configuration is thus

3(ph) = 6(Jnp™) = nfp™6(T) + TpMs(n") + In'6(p™)

d(du) o(6u)  Jnfp™
_ £ fR s fR
=npt o5 +n°p 3 + ; ops

d(6a)  Jnfp® .
_ 2 fR
= BAt (p ox xR O

o(6v)  JntpR
_ fR
= vAt (p X + e opr | - (A.14)

With pressure-temperature coupling, e.g., the ideal gas law, we have

3(po) = 6(Jn'p™) = np™6(J) + Jp™6(n) + Jn'é(p™)

a(6 o(6 Jnt
— nfpR (U)+ns fR U)—k—n(éf ef‘”f)

aX ) RY*
= BAP (pmaéi() ;Q;f OBt = )
=7t (p" a(gis;) * % 961 — 50" (A-15)
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and for a compressible pore liquid, we have

5(ph) = 6(Jn'p™) = nfp™6(J) + Jp™6(n") + Jn's(p™)

_ nfpraéi?) +nspm385U) L (K@épf _ avéef)
= 0 (PG g o)
=38 (s 4 b g - b

(A.16)

The Gateaux derivative of the hydraulic conductivity, assuming the Kozeny-Carman model for

F(nb), is derived as follows:

a}*(ng) onf onft
2 F(n') [3 2nf o o [3 2nf ¢
~ e bt W} )=k [+ 3
B kn® [ 3 2nt 20(0a) d(dv)
=7 {nf—i- 1—(nf)2} BAL X = op7Al ax (A.17)
%
The derivation for the hyperbolic model by Markert [2005] is shown as follows:
- s F (n! w _(1J —nje
=3 (2 50) - 211380
nff(no) ne 1 Ny
_oxyJ=ng\lord —ng
B nf<1—n3> 5(1—ng>
x Kk J—n{\r1 ,0(0a) d(dv)
nf1—ng(1—ng) PR =A% (A.18)
%
The derivation for the exponential model by Lai et al. [1981] is shown as follows:
N oul) 20(0a) (o)
d(k)y=20 <77f exp [HﬁX}) = /;ak: BAL X dpyAt X (A.19)

k
Divergence of the pore fluid extra stress tensor, as it appears in Eq. (4.93)s, simplifies to the

following with the 1-D uniaxial strain assumption:

(kg + 2m5) F1,2 (A.20)

O _ [on' 0w
0X  |0XoX 0X2
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The Gateaux derivatives of new variables are given as follows:
onf 0%u
(5) =2 5xa )

_ (58) ( R T S () Ry 8(5(1))

HX?2 I ax2 9XxX

B oy (15 0%(6a)  2n° 0Pu d(da)\ _n® . o[ 0*(da) 2 0%u d(da) (A.21)
= (pA )<J axz ~ Zox? ox )~ P8\ axz T Jaxz ax )

Jox2 11 px B

5<%) _ (yan 200

X X
82u 9% (5ar)
5(8)(2)*(7&) ax2 -

The variation of the divergence of the pore fluid extra stress term, which contributes to block

matrices Ky v, Koypue 18

001y onf 0(éa 0%(6a n® 9%(6a
5( i) = o i (0) [ Tt a(Xzf)] ¥ 7(?(5“2) s
n° o [0%vr 2 Oup O%u g (E) 9\ 0(0a)
+ J (BAt )[3X2 JoX 8X2 8X J 0X aX(/BAt ) ox

(A.22)



Appendix B

Derivation of linearized equations

Linearizations for the implicit integrators discussed in Chapter 4.3.2 are derived in this Ap-

pendix.

B.1 (u) formulation

The linearization of the variational equations given in Chapter 4.1.1 commences as follows:

X=H X=H

SGINT = /w“&(pga)AdX: /w“poéaAdX. (B.1)
0 0

For quasi-static elasticity, (B.1) is zero. Next,

X= Ha u
SGINT — / at;]( (P)AdX
0
S g d(da)
/ 81;’( p+ A= An() + ] ) (BA2) 52 AdX (B.2)
0

When viscous damping is considered, where vy is the viscous dampening coefficient (unit (s)), (B.2)

becomes

) ('yAt) — g Ft

11 8X (/BAtz)

09 = | S5 F ([/\ +2u]

1 Ov ]

—IH(FH) 2V0(’7At) - (41/0F1_1 8X )(IBAtz)

(6At2)> 8(%)1461)( (B.3)

4 Ov
(AN p+ pFY) — 200 P = %




For elasticity, (B.2) becomes

X=H

0Gy " = /aaz;(u—k[)\—)\ln({]) u] Py )(At)a(é)AdX.

0X
0

When viscous damping is considered, (B.4) becomes

X=H
ut 1 0v
oGy = alﬁcFuZ([“Qﬁ‘] Yo = 2P g (VAY)
0
—In(F11) | 200 — | 4o Fq' == oy = A | (vAt)
11 0 0411 0x v
_ 81} 6 5’1)
+ (/\+u+uF121)—2l/anlaX (’YN)> (;X) X
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(B.4)

(B.5)

When shock viscosity is enabled, linearization with the additions given by Chapter 4.4.1

proceeds as follows:

X=H

a u
6T = | S (6(Pn) - 5(Q)AdX
0
where
0 o [ Ov2
0(Q) = poho (Cohoé(J) [87;(] + COJh05(F112) [87;)(]
v ov
2 _ 2
+ CoJhoFy; 5([8){} ) - Cré(e) Py -
_1y Ov _106v

- Gd(F) gy ~ el gy ) |

with

_ %_71 1/2 —3/2 _71 1/2 —3/25( PO
50_5Hp_ 2M p~%op = 2M p 5<J>

Lapz,-s2P0 5, Ml/le/Qé,] 57,
=3 J2 T 2J

where M denotes the single-phase P-wave modulus. Thus, after some algebra,

) )
5(Q) = poho (Coho Fiiss [(1 —2F)") 5 (BA) +2(yAt)

0da
B &

F_l ov

—ClFl_llc 11 0X

(BAE?) — (vAR)

(B.6)

(B.7)

(B.8)

(B.9)
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Then, combining the results from Eqs. B.2 with B.9, (B.6) becomes

X=H
o= [ 5l ()
0
9 d
—poho COhOF1_1287;v ((1 — 2F1_11)67;)((6At2) + 2(’7At))
—01F1—11C< Fﬁlgf((m#) (v At)) )85‘;)1461)( (B.10)

Note that it would be unnecessary to derive the linearization of GIN' with shock viscosity and
without inertia terms. We have found that for overall stability of the numerical solution, the
shock viscosity is usually only necessary when the inertia terms are enabled, and so a quasi-static

formulation of the linearization of QINT with shock viscosity is omitted here.

B.2 (u-0) formulation

The linearization of the variational equations given in Chapter 4.1.2 commences as follows.
Linearization of Q%NT is unchanged from the (u) formulation. Linearization of QINT now includes

the thermoelastic component:

X=
8 u
gINT _ / at;( (P)AdX
0
X_Ha d(6a) K
w“ oy .
= [ G (b =m0y 12 (se) 0 - B (a)ad) aax
0
(B.11)
With shock viscosity enabled,
X:Ha u
0G5 " = / al;’( ([u+()\—)\1n(J)+u+KaVA0) 2] (BAE)
0
B
—poho C’OhoFl_lQa;(<(1 2F11) — (BA8%) + (’yAt))

d(0a) Kay
0X

—01F1—11C< Flllg);( (BAE) — (v At))

(,8At2)50> AdX . (B.12)
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For thermoelasticity,

X=H
ow" _ d(v) Kay .
IN 2
308 = [ Sl (= AW + o+ K d0) ?] () 00— B9V (o anysi) aax
0
(B.13)
Linearization of jllNT proceeds as follows:
X=H
STNT = / w? poey (YA)S0AdX . (B.14)
0
For thermoelasticity,
X=H
STINT = / w’ pocy 00A dX . (B.15)
0
Linearization of jglNT proceeds as follows:
e 1 1 Kay0
STINT — / w® ( [Kav (jae + 95(3) + 5(@)) J+ 2224 5(J‘)> AdX

0

X=H .
J Kay hy 0 11 0
-/ w@([(—wmﬂ) =+ poho | 0= ([L - 2P 5 (BAF) + 2(vA))

-l 268 - 1)

+ (vAY) ( K?‘]VQ + Q)} 86((;?) + K?‘]‘/j (5At2)59’) AdX .
(B.16)
In the absenece of shock viscosity,
X=H .
STt = / wGKO‘TVG ([(ym) — %(mﬂ)} 85(;‘?) + J(BAtQ)cSé) AdX . (B.17)

0
For thermoelasticity,

X=H :
STINT — / w° K?‘]Ve ([1 — ('yAt)i} o(0v) + j(yAt)(Sé)AdX . (B.18)

J1 0X
0
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Linearization of J; INT proceeds as follows:
e owt (1 00N 00
sapt = [ Gsaan = [ 5e(Sa(3%)+ fga(5) Jane
0 0
N ot k9 o [0(86) 186 0(5a)
- e J(BAt )( X~ TEX X )AdX. (B.19)

=]

For thermoelasticity,

5INT — X/: P, 18 (a(aé) 100 0(51})) ax (B.20)

X J( 0X JoX 0X
0

B.3 (u-pr) formulation

The linearization of the variational equations given in Chapter 4.1.3commences as follows.
The linearizations dGINT and §GINT remain unchanged from the (w) formulation for this (u-py)
formulation, unless shock viscosity is added to the solid skeleton extra stress reponse. In such a
case, @ # Q(p) but rather @ = Q(p*). Incidentally, the variation of the wave speed is the same for

an incompressible solid constituent:

skel
5 =6 M 2(Mskel)1/2( ) 3/26ps — _%(Mskel)lﬂ( ) 3/25( S SR)
pS
Lo kely1/2 3/2 R0 _ L kely1/2 (p°)~1/?
= S22 ) = ey sy = Sa, B
such that we recover (recalling §(pj)) = const.)
X:Ha
w" _
6G3" " = / X ([,u+ (A= AIn(J) + p) Fi?] (BAE)
0
—piho | Como 2 LY (1—2F—1)@(5At2)+2(7m)
Polo onof1 5y 11 )5y
1 s 4, Ov d(0a)
—ClFch< FHlaX(ﬁAtz) (v At)) ) oy AdX (B.22)
The first required linearization is given by
X:Ha X:Ha
INT _ _ w*" _ w" 2\ ca
0G3 X d(pr) AdX = X (ﬂAt )5pfAdX . (B.23)



For poroelasticity, (B.23) becomes

owt .
SGINT — _ / al;}( (YAt) 6pe A dX .

The next linearization proceeds as follows:

X=H

SHINT — pes( I 1 ) adx
Hi o = w ﬁpf_F

H
n' pe Jps £ Jn
wpf(Kn o0J + K"(S K" 5pf+5J>AdX

H
d0(6a)  Jnt

o e

X

d(6a)  Jnt .

prf ( [;;fn (BAE?) + (vAL)

f

I
o

For poroelasticity, (B.25) becomes

X=H

SHINT = / w”([[@(vm)ﬂ
f

0

0X

ov) | ‘]—”5 )AdX .
The next linearization proceeds as follows:

o 10
e~ [ s ()

P .
(;;FM +p (a+g)>6k

0X 0X
Term 1
~(0(dps) —1 | Ope R A
—k( X Fit+ @X6FH + (a4 g)6p™ + p™éa ﬁdX

/

Term 2

f .
wpf( [Z{? (BAE?) + %1(5At )+ ('VAt)] ox T i (W’At)dpf)AdX
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(B.24)

(B.25)

(B.26)

(B.27)
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Opr a(s
Torm 1= 5, (B 1) (53 200
_ %% g o\ O(5a)
= % (ufir) (8802) 22 |
~f o(op 0 _ a6
Term 2 = _k<F111(/3At2) Eg);f) - %Fnz (5At2) 3;

Combining terms leaves us with

X=H
N 5
SHINT = / wPr (nfﬁf (BAtZ) 8595)2?) + % ?k (nffif) (5At2) a(;i?)
0
o o(0pr)  Opr - 9(da)
—k (Fnl (BAE) ox aT(Flf (BAE?) 5%
R A
f f
Rearranging like terms, we arrive at
X=H
INT b fe ~Opr 4 o\ O(0PF) - Opy
0
fR
14 2 e 0P| 0% o 2 Opg 1, o 2y 0(6a)  Oprs
—(BA — | = —F A - —dX . B.2
Kg(ﬂ t)5pf+8X k(nvf)+kaX | (BAE) e an da K?d (B.29)

For poroelasticity, (B.29) becomes

X=H

~ - Opr o(ope) - Opr pT .
i
SHINT = / wm([(” Ur) — kaXFul (vAt) ox kangK*?('YAt)épf
0
ope[6: o o a5v)\ A




The next linearization proceeds as follows:

w0
f
SHINT — v 6<k Pt g )AdX

0X (9X

X=H

B OwPt 8pf 1 _ 8(5pf) 8pf
_/ % <8X ok kF SR+ R | Adx

0
X=H

_ / owPt <8pf 1115 (,BAt2) d(da)
0

0X 0X

o(6pr) - Opy
0X 0X

+ kP (BAE)

Rearranging like terms, we arrive at

X=H
P N
SHINT = / awf<[5;;—kFﬁl]amF_l(6At2)a(6)

0X ox U 0X '
0

For poroelasticity, (B.32) becomes

X=H

owPr 0 a(dv A O(Sps
HE T = / <[5,; kFY 62; L(vAt) ( )+/<:F111(7At) ( )>AdX.

0X 0X 0X

0

The next linearization proceeds as follows:

X=H
Pt R
SHINT aan 5(kp™(a+ g))AdX
0
X=H
owPt [ o fR , 7 MR
= / ax | P (a+ g)ok + k(a+ g)op™ + kpda |AdX
0
o B(da)
_ wht g 9 a
_ / e (5 (a+9)(8) =22
0

R 1 R
+ k(a+ g)ﬁ(mﬂ)aﬁf + k:<5a> AdX .
f

For poroelasticity, (B.34) becomes

X=H
8wpf

9(6v)
ax

SHPT = (5 g(vAt) S5 4 g (’yAt)ém)AdX :

0X
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(B.31)

(B.32)

(B.33)

(B.34)

(B.35)
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The next linearization is given by

X=H
OwPt Op
stab __ stab 1
ot = [ S 5<FH 5 )AdX

0

X=H
_ M stab 8pf _1@
- ) ax“ <aX‘5( )Py JAAX
0
Y g a0ps Oy 26
WPt op e a
= | Setry ((ym)aﬁf - o' (6ar) aX)AdX (B.36)
0
For poroelasticity, (B.36) becomes
Y g aops Oy 6v
stab __ wht stab rn—1 )43 pf
OH™ = Sx @ F <8X ax H(yAt) aX)AdX (B.37)
0
B.4 (u-us-pr) formulation

The linearization of the variational equations given in Chapter 4.1.4 commences as follows:
H

SGINT — w"S(pha + phar) AdX

H
w" (p§da + agdph + phoar) AdX

H

o(0 JnfpR
fR(a)+ np

ox T RT oM

Il
O\T o T T

w" (p(s)éa + af (BAtZ) p

+ pgéaf> AdX (B.38)

INT 5gINT

The linearizations 6G; remain unchanged from the (u-p¢) formulation for the (u-us-pr)

formulation. The next linearization is obtained via

X=H X=H

0L = / w6 (phar) AdX = /q(af5P5+P55“f)AdX
0 0
X=H

mO(6a)  Jniph
0X K

O

/ w® <af (BAE?) | p

- pg(saf> AdX . (B.39)
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The linearization of the next term proceeds as follows:

X=H X=H
INT up 5Pf Opr . ¢ ¢0(opr)

0

X ..
= [ w (" Pt (gne2) 200 nf(ﬁAtZ)‘W>AdX (B.40)
0

J 0X 0X 0X

The next linearization is then

STINT =

0X ko J 0X

0
7 nf2 nf S

— / w“f<(l%)6f5(,])+2‘; 56(n) + J (nf) 56 (k") +
0
o (nf)2 d(6a)  2Jntwe n d(da)
/ W( o (BAR) T T T (BAR) T
0

2
+J(nf) % (— k72)0; (BAE) aé‘;?) + '](zf) (vAt)[as — 5(1]) AdX . (B.Al)

Rearranging like terms,

X=H

u oS J& 1 (nf) 2y 90a J(nf)?

0

(B.42)

The next requisite linearization proceeds as

X=H

STINT = / “f(s AdX— / a6 (ph)gAdX

0 0
X=H

d(6a)  Jnlp® .
w' [ (BAL%) | p™ + Spr
0/ < [ 0X K]

>gA dx . (B.43)

The subsequent linearization for the (u-us-py) formulation is similar to that derived in (B.29) for

the (u-pf) formulation, except that we now account for a variation on the pore fluid acceleration



rather than the mixture acceleration when the Darcy velocity is expanded.
X=H 5
1 Opr ¢
INT _ f
57‘[2 = / wpf6 ([(ga)(n Uf) AdX

X=H

wPt <nf1~)fa(8(;];f) +g§é5(nfﬁf)>‘[§lndX
f

0 .
_ (aifFHl + p®(as + g)> Sk

Term 1

o 00ps) Opr ¢y fR | R A
—k( e 8X(5(F11)+(af+g)5p + poag K?dX

Term 2

0(0a)

0

= % (u'ar) (9

d(da)
X’

o0(0pg)  Opr

d(da) pR

0X 0X

Term 2 = —E((ﬁAtQ) X

Combining terms leaves us with

X=H

SHANT = / wP <nf@f(mt2)a(5pf)+a“

5 b d(da)
X ' 0X vt

0

i (Fﬂl(mﬂ) 9080) _ 00t a5 209 4 (g +.g)2

0xX  ox! 0X K/

A
f

Rearranging like terms, we arrive at

X=H

o= [

0

o(6ps) - Opr p™
ox "ax a9 g

X

(BAE)

d(0a)  Opt
0x 90X

N A
fR

443

(B.44)

— SO FA(BA) > + (ar + 9) = (BA) ¢ + pﬂ%af)
f

(B.45)

(B.46)
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The final necessary linearization for the for the (u-u¢-p¢) formulation proceeds as follows.

X=H

suNT — [ 95

X 8 (kp™(as + g))AdX

0

awpf
0X

(pr(af + 9)0(k) + k(ag + g)5(pr) + ifpré(CLf))AdX

OwPt d(0a) - 1 .
X PR <5k(af + 9)(BA#?) o * k(as + g)K—? (BAE?) 55 + k(saf> AdX (B.47)

O\E O\E

In the case that the pore fluid viscous stress tensor 0'53 is assumed non-zero, recall that Darcy’s

law is
fog) = —k —g) + grad 1 div o} B.48
(n'vp) = pm(af g) + gradpg pdivop). (B.48)

Thus, for the implicit formulation, additional terms are required in the variation of HIN', as well as
a variation of ’HéNT. Additionally, we require variations of g;NT and IéNT, though these are simpler
to formulate given that C° continuity can be maintained by weakening the terms. In the variations
of the balance of mass terms, we seek to find the variation of the porosity-scaled divergence of the
viscous stress term, which in 1-D reduces to the following from Eq. (4.97):

1 | Onf ov 0% _
[ L nf 2D (kg + 2m0) Fip2 (B.49)

ox ox " ox?

nf
This is identical to Eq. (A.20) except for the additional scaling of inverse porosity, whose variation

is

() = ‘(1‘5("f) - ‘J&Sf)?ﬁ S (B.50)

Thus the variation of Eq. (B.49) is

9?(da)
0X?

1 _ ont d(day) 0?(Sag) n® Ovg
e 200 P (hm) [(TX ox T ax |+ 5 ox (627)

J o0X
ns 2) |:82’Uf 2 vy O%u } 6(5a)>

X2 JOX 0X?l 9X

s\ 0ot
1 <2+%) JH(E)(ﬁAtQ)M- (B.51)



Thus, §HINT becomes

X=H

ot = [ wpf<[(nf@f) PR (58) 20 i -+

0
(5At2)5p'f+% i’j( )+k%F;ﬁ
ke (S [ - 22 - o 21250 | G 250
_gkﬁ;g(wmnf)mt?ﬁ%) gif,k R
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(B.52)



Next, SHINT is given as

X=H
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Jwrr 7%8‘7{1(15’)
INT _ o
M = 3X5<nf ox  )AX
0
X=H ¢ ; . .
owrt (1 90 o O 1Y k9T
__/ 0X <nf 0X Ok) + k 0X ‘S(H)JFF;( 0X ) AdX
0
X=H f
_ / OwPt 5—]%8011(E)(ﬂAt2)8(5a>
0xX \nf 0X X
0
k L onf d(as) 0% (dar)
r (1 + 20y (WN) ox ox "o
® Ou 2y 9%(da)
7 ax M) ke
n® o [0?0r 2 0u 0?u 1 0(6a)
+57 (850 |55~ Tax o3 ax
_ ’5(2+ ns)‘%iw) (Mtz)é’(éa) AdX
Jnt nt/ 00X 0X
X:H8 - o X
_ L I NI B S 102 I S PN L
B / 0X <nf(mt)[ 0X (‘5k J[2+nfD
0
k 0% 2 Ovp 02u\10(8a)
+ Ja o+ 20 (55 ~ Fax oxo) | ox
k onf o(dag)  0%(0ag)
+m(/€f+277f)(’mt) [87 ox " axe ] AdX . (B.53)

For the variations of the momentum variational equation terms G

variation of the viscous stress term

INT

INT and ZINT | we seek to find the

ove
3(011(k)) = 0(Piy(iz)) = 0 (”fa)éFnl> (Kt + 2ps) , (B.54)
which is simply
ovg d(da) _ d(dag)
8—XF112(7LS — ) (ks + 2uf)BAt287 + nfF (kg + 2up)yAt ax (B.55)
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Thus, 5QINT is given as

X=H
Bu vy d(da) L 8(bar)
INT _ £ 2 fra—1
8Gs " = / 5X (Hf+2/.tf)<aXF (n® —n')BAL X +n' F yAt 5X AdX, (B.56)
0
and 6ZINT is given as
e Our dda) B(dar)
INT _ w*t £ 2000a)
0I5 = X (mf—i—Q,uf)(aXF (n® —n")BAL X n'FlyAt X )AdX.
0
(B.57)
B.5 (u-pe-0°-0") formulation

The linearization of the variational equations given in Chapter 4.1.5 commences as fol-
lows. The linearizations 5Q{NT and 5Q£NT remain unchanged from the (u-p¢) formulation for the
(u-p-6°-0") formulation (save notation denoting a separate solid phase, i.e., 0 < 05, A + ay, ete.).

Linearization of QéNT proceeds as follows:

X=H

SGINT — _ / aal;;5<pf[2in +n })AdX
0
=H
/ % Wt ( an +n } + pfga( ) + p 0:5(95) + pfnsasa(%) + pf(5(nf)> AdX
it
L e e
0
(B.58)
For thermoporoelasticity,
X=H
0G5 = - / %Z;j: (vA?) <5pf + 2 pr 1- %] aéi?) ”gffae ”(;if)z 59’f> AdX . (B.59)

0

Recall that the constitutive relation between pore fluid real mass density and its pressure is related
by the bulk modulus of the pore fluid (refer to Eq. (2.20)). For an ideal gas, the bulk modulus

is the pore fluid pressure. Therefore, the scaling of the H%NT and ’HéNT terms by the pore fluid
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isentropic bulk modulus must be replaced by the scaling of the pore fluid pressure. For HINT| the

linearization is now

X=H
SHINT = /wpfé p—pf+J AdX
f

0

X=H
Jp J .
- /wpf "' s )+ s )+—n5(pf)+anf5< )+5(J) AdX
, bt Dbt bt
s d(6a)  Jnf ;
pf a n bt 2 ..
= wPt At At + — At) — —(BAt7) |0 AdX . B.60
0/ ( 5)“)]@;( pf(v)pf(zf)pf) (B.60)
For thermoporoelasticity, (B.60) becomes
o ; a6v)  Jnt ;
5HINT — / w2 (yar) 41| 2909 Iy PE A | ape | AdX. B.61
' Pt (a¢) oX e Pt (at) |3 (B.61)

0

For the compressible liquid model, the isentropic bulk modulus is replaced by the isothermal bulk

modulus, such that,

X=H

SHINT = / wpfq;szg(m#)Jr(ym)

0

0a) | ‘]—n( At)ap'f> AdX, (B.62)

0X K

which, for thermoporoelasticity, becomes

X=H

SHINT = / wpf([[};f(,(mt)ﬂ
f

0

X K

ov) | ‘;—”5 )AdX . (B.63)

Recall that Darcy’s law for thermoporoelastodynamics and thermoporoelasticity now includes the
thermally-scaled porosity gradient term (pg/nf)grad(nf)[1 — 6°/6f] in addition to the outer scaling

by pore fluid pressure. The variation of the thermally-scaled porosity gradient term proceeds as
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follows! :
pr Onf 1 0° 1 ont 1 03 pr Ont 1 0° ¢
‘5<nfaan = m]) = o Fi (1 g o) - (2 ox 1= g )o")
Pt 6 on' -1 ps On' 11
- 7Gx ) — wrax i o)
peon’ oy 0 oo
T rox i e ®)
1 onf 6° 9 o 0%(6a)
- ﬁax[ ﬁ] (Bat >5pf+ J2n f{l_*} e
n°pg 1ont 3 0%u 9y 0(da)
_Jan[ }<nf8X J6X2)(5At) X
R PN S TR
T X o (BA?) 56 Tt 9X (07)? 560 (B.64)
Therefore, the variation of Darcy’s law for the ideal gas pore fluid may be written as follows
N Of 1 ¢~ Opr  n°pr 05\ /1 ont 3 0%u d(da)
f _ (k. f A et ¢ T ¢ 4 _ N[z 22 2
') = (L) + [ax o (1= 5) Grax * Jaxe) ) 08055
n°pek 02(6a) - k O(5pr)
= T (17 *> (5a8) iz —heta = 5(5A8) T
~/ 1 ont 0° a+g 2\ o pf/% on' 2\ /s
- k(ﬁa?[l ~ ) ) (BAE)b+ 5 o (BA) 86
PR RO On' o cAf
+ ko (fa+g) - Jnfa—X)(ﬁAt )66 . (B.65)
For the compressible liquid pore fluid,
- 0f 1 f- Ops  n°pe 05\ /1 ont 3 0%u d(da)
f _ (k. f A It 4 A 2 § N2 2T 2
0(n'tx) (k (') + [8X nf ( ef) <nf ox © J8X2)D(6At ) ox
n®pek 9?(da) k O(op)
T (1 >(5At) oxz ~ Rooa - G(AAR) Ty
~ 1 anf 0 pr N Pfk on 2 S
~*(Farax |1~ ) + Tlo + ) (AR + g 5 (BAE) 60
(B.66)

0 ont .
+k(p ol fa+g] - Jnff(ef)2a—X)(5At2)59f.

! In the second equality of Eq. (B.64), we have used a variation of the form of the Gateaux derivative of the

porosity gradient given by Eq. (A.21);.
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Thus the derivation of the linearization for N for the ideal gas pore fluid may proceed as follows:

X=H
SHINT = / wpfé( gﬁ;f )AdX
0 pr
A 1\ (nf) /0 10
_ opt (¢~ 4 n' Ut Dt Dt £
- 0/ wpf<aX(””f>5(pf>+ o 5(6X)+pfaX5(nUf)>AdX
T opegs k0 0171 onf 3 02
— 2 9Pt 1% (f5 opr  wper, 68 n_ sou
~ [ (R By + (- anafmmx
0
5, 0(0a)  Opr n sk 6° 9 82(6(1) opr pR
(A7) 5 — 55 72t |1~ 1) (B2) g — o o i

L |(nfr) - %%} (BAE2) agf)

N i%[(n o) H;(L‘L”f[l _ %} + “*.9)] (BA) 6

pe OX L py Jnf 0X ROt
k. op; on' o se  Opr k gat+g 65 ont -
Tniet o o (PAT) 00 + X (072 ( o Jnfa—X)(ﬁAt )66 | AdX . (B.67)

For thermoporoelasticity,

X=H

SHINT — / WPt (;gﬁ {%(nf’ﬁf) 4+ = k (gﬁé n::f [1 — ;} {%ZL)L; + %%D] X

0

o(0v)  Ape nk [1 0 9%(6v)

O ) i L o) (080 e ax?

17, .. k ops d(0pr)
o (1150 = S 55| 080 T

10pep(n'er) ./ 1 ont 0 g _
“wax L H(Grax L ) ) |00
k Op on' S O kg 0 ont y
* T ax ox A0+ 5% e 5 (56~ Jur o) 020" | Adx . (B63)
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For the compressible liquid model,

THy " = wpfa( Ot 55 )AdX

K? ax"

Zml@m@WM+A@“JWW—%U@§f£ZMX

(ﬁAt2)6<5a) Ips nk [ 95}(5& )32(5a) Ipe pRiisa

aX  OX 2k axz ax’
. k ops o O(0P)
+ [(” o) — 757(} (BA) 5%

—%wm+%%@@9?ﬂ%~mWwa

oX Jifax ot
Tntot 9X 0X (5 2)ob + Gek(pMallat gl - T (67)2 5% )

(mﬁ)aéf) AdX . (B.69)

For thermoporoelasticity,

X=H
6H£NT = / wPf — 1 (apf[ 8pf nspf 1 8nf 3 82U
0

oX Zk(”“f)J’ (BX T { _ﬁ] [557+38X2mx

(80~ G e[ ] 080 3

o) - 3] 020 25

- % {(nfﬁf) + k(#% [1 - ;} + i:;[a + g])} (vAt)5ps
- %gﬁ;gg(ym)éés + %k(pﬂ‘a‘i/ - %g) x

(7At)59f> AdX . (B.70)



The linearization of HINT, HINT

contribution to Darcy’s law comprises HINT whose linearization proceeds as follows:

S 9 0

f S

= [ (1 ]
0

X “\"n;ox of
T own (o 6° onf 0
_ wr ( pr On Pty + (PO [ _ O
B / 0X <nf8XF11 [1 af}‘;(’“Hk‘;(nfaxFﬂ [1 efD>AdX
0
T g err on' wkolont 3 0% d(da)
_ W _j on wkelon 2y 90a
B / 0X ( efH‘skaX J <nfaX J@X?)](mt) 0X
0
n®pek 6° o 02(6a) k on' 0° 9
Tt |1 = 51| (B82) 5 + e |1 = e (522)d
kpe onf 1 2) 565 + kpe Onf 6° 2\ siif
— oy g (BAL) 0 + 73X G S (BA%) 86" | AdX .

For thermoporoelasticity,

SHINT _ X/:Hﬁwpf (pf[l_ f] [&M B j(iai+ 3 0%u )](’yAt) d(ov)

0X \ Jnf ofI Lk oxX J \nfoxX " JoX?2 0X
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Taf ox gt VAN + e o a2

S (vAt) 59’f> AdX .
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remain unchanged from the (u-pf) formulation. The thermal

(B.71)

(B.72)



Linearization of H%NT for the ideal gas pore fluid proceeds as follows:

H
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Jnf .. 96" (nfoy)
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453

(B.73)
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Combining like terms,

on == [ om (i« B (o) B2 - T ) (G S 2]

9%(0a)  kp™ 96F

o O(0a) 1 06 npek 6° 9
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For thermoporoelasticity,
oo a6 /6 k1o 05\ /1 onf 3 82
INT _ e Lige L 09 (Ohgpipy B[O _mpec, O°Nc1On 3 07u
o = / w <9f [9 +3X<;; (n'0r) + JQ{aX nl (1 0f>(nf8X +J8X2)mx
0
A(0v) 1 96f npek

6° 0?%(6v)
aX 0 OX It [1 - E} (VA 552

(vAt)

k o6 o(0pr) koot 1 onf
~ Jarax A Tox afax[

Jur (1 ) * i) (13000

Jnf(01)2 0X X

d(56")
0X

nff}f)
ot

(i + ) A

1
()

o1, _ 90 on'_ (o)

+ 5% 9~ Tarax ~ pm )~ ") ﬁ“ﬂ”%

[Jnfﬁf + (/2:pr

AdX . (B.75)
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For the compressible liquid model,
X=H

. f
SHINT = — / wP ol (Jnfef + gi{,(nf@f)> AdX
0
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Combining like terms,

R (8 T T YT o
]
(pa) 5 - S - e o) ) -
N KU L A ’;:;(a +9)] (5a)x
Opr + %gig(ﬂmz)éés + (n'5¢) (BAE?) 8(;)(?)

+ [Jnf (vAt) + (l%g—i; [praﬁ/(a +9) — Jfff(%bf)Qg;L(fD (ﬂAtz)]59f> X

AdX . (B.77)

For thermoporoelasticity,

X=H - i
o= [ ot [ 55 (G + B[220 B) 5+ S )

02055 - G e [t~ Fl 020 5

- 5o 080 2R i [ 5 (1~ )+ o]
%%g (vA!)S0* + (n'ii) (vA?) 3(8‘5?

+ [Inf + (Eg—i [pRalg - %g?g])(’yAtﬂééf)AdX : (B.78)

JNT now includes a dependence on porosity, which it did not have in the (u-) formulation, such

that its linearization in the (u-ps-65-0) formulation is

X=H X=H

ST = / w” e 6(pyf) AdX = / w” ey (0§ 0°5(n) + p6(6%)) A dX
0 0
X=H

: Y (0
= / wc (0 (At)00" — 224 (5¢2) é)?))AdX. (B.79)

0
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For thermoporoelasticity,

X=H
STINT — / w” e, (pgéés - %e‘s (vAt) 885”))/1(;)( . (B.80)
0
I INT now includes a pore fluid pressure coupling term,
s O° s n°pg 6° 9y 0(da ) 0° 2\ o
npi g — 5<n pfﬂ = A (BAP) S 4 (BAR) b )
L pf P (BA#)56° — nopy G 9) (BA2) 56"

Therefore, there are additional components for d(da)/dX and §6%, such that the linearization of

jQINT is written as

X=H

s = [ ([3(- o K5 )
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ho O 41 0O
oo [0 o ([1 = 2P0 5 (BAF) +2(71) )

~ere(g g (38%) - 6]

02 (S oy + )| G5

skel
+ J[K Jav + %} (5At2)595 +n® J (ﬁAt2)5pf —n pr(G) (ﬂAt2)59f>AdX
(B.82)
Without shock viscosity,
st [ (19— () 000 P9 gy (K0 0%y 000
2 / v [3(‘ (8 )[f”%g]) + (v )(prfﬁ)} X
0
skel . s s )
+J‘[K 4 T (882) 567 + J (BAE) 5 —n pr(9> (B2 )59f)
x AdX .

(B.83)
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For thermoporoelasticity,

X=H

oot = [ ([H(- a5 ) + (KA 4 )]0

Iz T TPy Tax
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N J [KSkelO(%/ nspf S

s 0 0 .
J + of ] (fyAt)(SGS +n Jef (’YAt)(Spf n pr(Qf) (’yAt)é&f)AdX )

(B.84)

Linearization of 75 INT now includes dependence on porosity, such that its derivation proceeds as

follows:

ow?”
INT _ _
bV Sy 0@ AdX
0
o 90 80° s1\  106°
w n s LO00° S
- [ e (o) i)+ o aox
0
N ot ek a(66)  2n° 96 (5
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_ ow- 29 X . B.
/ axX 7 (ﬁAt)<8X 7 90X 09X )Ad (B.85)
0
For thermoelasticity
T sk a(66)  2n° 99 H(6v)
INT _ w’ n® ns v
ow” gov) v 9 , B.
05 X  J (Vm)< aX  J 90X 90X )AdX (B.86)
0
Linearization of [J; INT proceeds as follows:
X=H X=H
STINT = / w” k56(J]0° — ') AdX = / w” kg ([0° — 056(J) + J8(6°) — J5(0%)AdX
0 0
e a0
_ / weskg(mﬂ)([es—ef] 90a) o rsis — Jaéf)AdX. (B.87)
0X
0
For thermoporoelasticity,
o )
6 S f i
STINT — / w kg(wAt)([H — 0155 J59)AdX. (B.88)
0
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Linearization of jgNT for the ideal gas pore fluid proceeds as follows:
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For thermoporoelasticity,
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For the compressible liquid pore fluid,
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For thermoporoelasticity,
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Linearization of jéNT for the ideal gas pore fluid proceeds as follows:
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Combining like terms,

X=H A
ot = [ (G Lo 5 G - 1= Gllege - S

05 [+ 7awe)) 00 G5
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zi lf g;i {(nfvf) kpf(JZf%i [1 - ;} + ag:efg)} (BAE?) ot
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For thermoporoelasticity

X=H
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For the compressible liquid pore fluid model,

X=H

ot = [ (e e e - (% - S0 - 5l + )
0
- g+ S e G

S S 2 S f
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For thermoporoelasticity,
X=H
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Linearization of INT for the ideal gas pore fluid proceeds as follows:
X=H X=H
w? (cf, + RPN AdX = / w? (cf, + R) (656 (b)) + plo(67) AdX
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+ b | (vA) - 066" ) aax . (B.98)

For thermoporoelasticity,

X=H
ST = / w” (), + R) (pméf (vAth)
0

8(51}) Jnf
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0" (vAt) 5y

+ b [1 - (VeAft)éf} 50'f)AdX . (B.99)

For the compressible liquid pore fluid,
H
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H
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O\T O\T
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Combining like terms,

X=H
SICINT — / w? (éf [prch+Kf"[ ]ef} (BAE)
0

d(6a) | ¢
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For thermoporoelasticity,

X=H
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N — [t (6 [, + Kol P (120 % e 103 (180) 3
0
+ [(Phel, + KO ok 12anf 0" + K¢k, )2 0n 6 (vAt)] 5e'f)A dX . (B.102)

Linearization of IC%NT for the ideal gas pore fluid proceeds as follows:

H

P f
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Combining like terms,
X=H

R e e SR (T S )
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For thermoporoelasticity,
X=H
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For the compressible liquid,

X=H
f
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Combining like terms,

X=H
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For thermoporoelasticity,
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Linearization of IC}SNT proceeds as follows:
X=H X=H
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0
For thermoporoelasticity,
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0
Linearization of IC};NT for the ideal gas pore fluid proceeds as follows:
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Combining like terms,

X=H
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For thermoporoelasticity,

X=H
e /peronf fn® N 0i , oo
5’C£NT = / we (;ﬁ. [87 (ﬁ(nf’l}f) - f(nf’l}f)
0

el - (- 1) (g + S + s 0o

So . 71 f s
(Wm)a(av) +%{pfk on (1 0

- 0% (v
W00 TR EECL (1= 2) - ()] () S 05

0X?

el 5] ) - ]

k pe onfy2 . k(pr)?on' RO° on' ”

TG




For the compressible liquid,
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For thermoporoelasticity,
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k [pf a”] (BAr? )aetﬁai(p%fv[wg] o @)(5At2)aéf)AdX. (B.114)
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Linearization of ICéNT proceeds as follows:

H X=H
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For thermoporoelasticity,
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0

Linearization of IC%NT for the ideal gas pore fluid proceeds as follows:
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For thermoporoelasticity,
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For a compressible liquid,
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For thermoporoelasticity,
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Linearization of KINT proceeds as follows:
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For thermoporoelasticity,
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Linearization of lCéNT proceeds as follows:

X=H
SKINT = — / w? kg5 (J[6° — 01]) AdX
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For thermoporoelasticity,
o (6
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Appendix C

Derivation of the FE equations

Numerical ingredients such as consistent tangents for the implicit and explicit central-difference

FE formulations Chapter 4 are derived in this Appendix.

C.1 Implicit integration

C.1.1 (u) formulation

For elastodynamics ((u) formulation), we first apply the FE discretization as follows:

Ne T ' T
5g{NT — A {Cu’e} (/ {N67u} p(f)be {Ne,’u,} {5d5} A]e d€> . (Cl)
€~ —— M e —— —— ——
1><n(si’oef ni’;xl lxni’:‘f nfi’oefxl

Then, pulling out the variation 5d” leaves us with

Ne T
oot = A fee | -] {air | (©2)

—_———— ——— ——

Ixngs  ngupxngs  ngnxl
where we recover
1 T
INT he .
[kzg,lu ] :/Po {N“} {N@»“}Afdﬁ- (C.3)
—_—— - ———— ——

s,e s,e s,e s,€e
Nof X Mdof Mo X 1 Ixngos
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Next we apply the FE discretization as

s,e s,e
Ixngie Tgor X 1

[8A7] {B} {5&6} 45° dé) (P

N—— N —
s,e s,e
IXngle  mngex1

Then, pulling out the variation 5d° leaves us with

Ne T
G = A {cu} : {k%?f’e} : {5&8} : (C.5)
€ e N

s,e s,e s,e s,e
IXngor Mot XMaor  MaofX1

where we recover
1

[kg,%j%] = / (n+ [N = AIn (J7) + ] (FJy) 2 (8A)) { Be,u} { Be,u} Ajede . (C.6)

—1 —_———— ——

s,e s,e s,e
Ngpex1 Ixngie

NS

Now, to derive the tangent for SGINT for elasticity, apply the FE discretization as follows:

Do e
Al {B} {&f} Aj° d§> S (e
Ixnys npgx1
Then, pulling out the variation 5d’ leaves us with

Me T INT .
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—_———— ——— ——
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where
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gINT

To derive the tangent for 0G5 when viscous damping is considered, we start from (B.3),

and we then apply the FE discretization as follows.

ne T [
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s,e
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Then, pulling out the variation 5d" leaves us with
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To derive the tangent for 5Q£NT when viscous damping and elasticity are considered, start



from (B.5) and apply the FE discretization as follows:
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(C.13)

(C.14)

(C.15)

To derive the tangent for §GINT when shock viscosity is considered, start from (B.10), and
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apply the FE discretization as follows:
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Then, pulling out the variation 5d° leaves us with
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Y ey —1, OV
e [(1 —2(Fly) ) S (BA8) +2(7A1)

—01<Fff>1che<§<m> D s - (vAw)D{Bevu}T{Be,u}Afdg. c18)

s,e s,e
Ngoex1 Ixnge

—pt"ho | Coho (F1h1)

C.1.2 (u-p¢) formulation

The FE formulations for the tangents relating to the linearized terms §GINT and 6GINT remain
unchanged from the (u) formulation; refer to the equations in the preceding section. To derive the
tangent for §GINT, we start by applying the FE discretization as follows:

- Afed (- {5} e {po ) arec) e

s,e s,e pf,e g€
Ixngos Mo X1 IXnggp  Mgep X1
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Then, pulling out the variation d7¢ leaves us with

Ne T
095" = A {cu} : [k:%;f] - {&r} , (C.20)
e ———— ——— N —

s,e s,e pf,e pe,e
IxXng, N X Mo Ngor X1

where we recover

1
T
[kgéf] — _/ (BAE?) {Be,u} {Ne,pf} Ajéde . (C.21)
— e e
Mgat X< Tdof Mgor<1 Ixngly

INT

To derive the tangent for 6G;" = when poroelasticity is considered, we start from (B.24) and

apply the FE discretization as follows:

1
e T T
SGINT — A {C%@} . < — / {BB,U} [vAt] {N&pf} {57'!'6} Aj° df) . (C.22)
€ —— 2 ——— ———— ——
Ixngl Mggr¥1 Ixngly ngop X1

Then, pulling out the variation 47 leaves us with

Ne T
0G5 = A {cu} : [kzif] - {57}6} , (C.23)

—_—

Ixndy  nySxnhit’ nffx1
where
1 T

gINT e .e

kis, | =— | (YAt) § Bev Neps o Ajede . (C.24)
N——_—— — N — N —

s,e pf.€ TLS’E-XI 1 pg,e

o X Mdof dof XN yof

To derive the tangents for §HNT, apply the FE discretization as follows:

SHINT — A@i([&ff_}i [(%[,@A#] + [ryAt]) x

e
pf,€ pf,€

IxXngoe Nger X1
) Jhe pfohe
{Be,U} {&f} +T['yAt] {Nevpf} {57}6} Ajede | . (C.25)
f
N — N — N — N —
o anfl i

Then, pulling out the variations 5d° and §7¢ leaves us with

Ne T
o= A fone ([ o)+ o] {owe} )
€ e~ M e e

pEse Dpse pEs€
Mot XMdot  Mdot X1

)

C.26)

b€ pt,€ s,e s,e
IxXngop Mot XMt Mot X1
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where we recover

1
.he T
[k;ﬁf’e] = / (%(mﬁ) + (7At)> { Ne,pf} { Be,u}Aje de (C.27)
—— 1 f N e e
nhr Xndor nhfx1 1xn%
1
e Jhe pfohe T .
kplp | = T(VAt) NPt Nep: o Aj€dE . (C.28)
f
Mot XMgor ngor X1 1xngi

To derive the tangents for 6HINT when poroelasticity is considered, start from (B.26) and

apply the FE discretization as follows:

5H{NT§@£‘<ZM[<%[7At]+1>@@

lxngi’: ngg’fcxl lxnz’oef nf’l’oefxl
Jhenf,he
+T {Ne,pf} {5,:,6} AjcdE . (C.29)
f
———— ——
1xnPl® pPifx1

dof dof

Then, pulling out the variations éd”~ & 7€ leaves us with

Ne T
5H£NT — A {Cpf,e} ( |:k;-ﬁllNLT,€:| . {5(16} + |:k;-£1;f,€:| . {(5776}) ,
€ o M e e e N

—~

C.30)

e TR o T
where
] g
H el f e
Kpiu —/ @(VAt) +1 {N@pf} {Bev“}AJ dg, (C.31)
—_—— -1 —_—
Mot XMt nor X1 Ixngg
1
- - he fhﬁ T
HINT | J¥ b .e
Kyl _/K_fn et Nepe p Aj¢dE . (C.32)
- - -1 —_—

pg.e pge pg,e pE€
ot XMdof Ngor X1 IXngqe
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To derive the tangents for SH3NT, we apply the FE discretization as follows:

e

pf,€ pf e

Ixnggp Tgor X1
2 7 he 3pf he pht 2
X (BAE)  Bowr ¢ o7 ¢ =k oo (0" + 9) o (BAF) ¢ Newe o i
—— —— f Ar—’H/—’
lxnsg’fe lxngi’fe 1><'n,dof nﬁifexl (C 33)
oph” (67 . Opl°
YL ~ k?h f F AtQ e e
(ot ety ) (e {
—_——— ——
1><ni’oef ni’oefxl
apf > he th . A
k eu € ¢d
X N od Kny 3
—— ——
Ixnls  nyigx1
Then, pulling out the variations 5d° and §7¢ leaves us with
INT Me T HINT e HINT .
0H; A el o\ kpou |y 0d (T | Rppe | 0T ’ (C.34)
£ e— o — Y~ —— ——
Ixnghe nghy xngue Maeexl nghTxngfT ngfix1
whereby we recover the following tangents:
INT / T (we 8]7 2
HINT o | k(o f~ 2he OPF ( hey— 2
|:kpf?u e] _ / {Ne,pf} ([l%he (n v ) + k OX (F11) (/BAt ) {Be,u}
-1 —_——
nghy xngue nghi x1 Ixng
Are B opl* 1
_kh R,k e,u e O A d .
———
1><n§’:f
1 a he
INT -\ he ~phe OP ey—1
] = [ {wen ([t - oty | { e}
-1 ~~ ——
ngbe xnghi ”ZifeXl Ixnghe
N Ef)p e pr’he 1 .
= S ept s | =5 (BAL?) Aj¢ de . C.36
ox (@ +9) A Kfn(ﬁ )Aj€ d¢ (C.36)
~—_——
1><n§f:

To derive the tangents for 6HINT when poroelasticity is considered, start from (B.30), and
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apply the FE discretization as follows:

1
INT _ ’ T o 1he o pe PR pev—1
H = Ay Ne [n'a]” -k S (F1h)
€ ——~— ] —————

pf€ pf,€
dof N dof

L Oph pRAe
x (80) 4 Bewn b 4 e b b PGP (ynd) § e} e
—— —— d ———

pg,e pf,e

1xn x1

IXnger  Mgop X1 1Xn£;? nﬁ&?xl (CX37)
O (08 ¢ he | ope Ol heroa
T ax (/;he (o)™ + K x (i)

]

s,e s,€e
Ixnge ngleX1

Then, pulling out the variations 5d” & 67 leaves us with

T
Ne
INT _ . HINT,G ) - e /HINT7€ . .
5" = A fene) ([k s L ] fowed ) o
€ ————— M e ——— e —
pf.e g€ s,e s,e pf,e g€ pf,e
Ixmgoe Mgor XNdoe  Mdot® 1 Mgop Xngor  Mgep X1

whereby we recover the following tangents:

/ Ky h pp” 2
WNTel _ e k_( £~ \h* | 7.heYPf he\—
{k;f?u ]—/{N vpf} ([kh (n'e)" + k" g5 (Fi1)

8p?e 1 .
YAt {Bev“} 5 AjedE,
oo (e} ) 25

-1 ~ N——
nibe xngs nihx1 Ixng
(C.39)
1
fHINT e T £~ he 2 he 8p?e hey—1
Kpipe | = / N&H (n vf) ok 67(F11) Bt
—_——— =] N—— ~——
Wbl il 1 Dbt
e AP R 1
By M epr b | — (vAt) Aj€ dE . C.40
ox I KT N K?h )Aj© d (C.40)
1xntie

dof

To derive the tangents for 5H§NT, we apply the FE discretization as follows:

Ne T 1 T e
T = A\ { e ( [ {5 [(éze—l%he<Fff>*)%§<Fff>‘1<w>x
rf.€e -1 p,€e

IXmg o Ngop X1
e ~he ey —1 -e
{BG,U} {(5d }+kh (Flhl) (ﬁAtQ) {Bfi,pf} {57}6} Aj d§> . (C.41)
—_——— —— —_—— ——
S o Dokt i
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Then, pulling out the variations 5d" and 7€ leaves us with

Ne T
INT _ 'HINT,e e rHINT7€ .
5?-[3 - A {cpf’e} ’ {kpf?u "yod + kpf?Pf L ’ (0‘42)
£ e—~— e — Y—— —— ——
Do g o el it

whereby we recover

1

[ 1 opl* ey — e rre ey — T

By ¢ Z/;;((Fﬁ) o —E(F) T (8AP) {Bemf} {BeM}Ajedg, (C.43)

-pf,e se- -1 —/—‘pf’e w

Mot XMdof nifox1 1xXn35

_ - 1 T

kot | = / F(FY) T (8A8) {BW} {Bevpf}Ajedg. (C.44)
—1 ~—_————

Mot M6t aor X1 Ixngy”

To derive the tangents for 57—[§NT when poroelasticity is considered, start from Eq. (B.33),

and apply the FE discretization as follows:

T L T ‘
e e ~pe ey —1 ap ey —1
SHINT — A {Cpf,e} (/ {Be,pf} [(6”; — k" (FY) >a)f((F1h1) (vAt)
N—— —

e

21

I e
{BW} {&f} R (Fl) T (vAY) {BW} {5#@} Ajd¢ ) . (C45)
——— —— —— ——
lxnfl’oef nj’oefxl lxnii’fﬁ nZ‘;’fGXI

Then, pulling out the variations 5d° and 67 leaves us with

Ne T
INT . INT
My = A {} ( [kif ] - {&f} + [kiff?pf ] : {w}) : (C.46)
‘ € € s,e € € €
Ixngly Mor Xngar MaorX 1 nghy xnghy nghe <1
where
1
HINT e ap?e he —1 he 2 he he —1 T .e
kpf?u ’ == 87 (Fll ) ((5]% — k (Fll ) ) ('}/At) Be,Pf Be’u AJ dé- y (C47>
—_—— 1 e — N———
e o Do
1 T
{kﬁf ] = / F(FY) T (A {B@vpf} {Bevpf}Aje de . (C.48)
~1 ———— ——
pgse D€ pfs€ pEse

Mot XMdof Ngor X1 IXngop
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To derive the tangents for SHN T, we start by applying the FE discretization as follows:

e T : T
5H£NT — A {Cpf’e} . </ {Bt?,pf} pr,hE [5]%6 (ahe + g) (BAtZ) {Be’u} {(5d6}
e , N — S——

pg,e
dof

pf.€
dof

fre s e 1
+ B (o +9)KT7(BNQ) {Ne’pf} {5#6} (C.49)
—_—

pg,e pg,e
IXnggp  Mger X1

Ajeczg).

Then, pulling out the variations 5d” and 7€ leaves us with

s,e s,e
1xn n x1 andOf TLdofXI

+ kM {Ne’“} {5&6}
——— ——

s,e s,e
Ixnge mgleX1

T
Ne
INT _ HINT e e HINT e ..
o= A {ere ([k od" [+ ke | o ) (C:50)
‘ pgse PEe_ s, s€ 1 P DPfie pf.€
IxXnge Mot XMdor  "dot™ Mot XMdot Mot X1

where we recover
1

T
[’“Zf] -/ {Be”’f} <5'f§5 (a" +g) (828 {B} o+ {NG’"DP“’“‘W@ i€, (C51)
—_—— —_—— —— ———

ngg’fe XN ngf)’fe x1 IxXnys IxXnys
INT i pr’hc r
HINT | [ 2hey pe 2 .
[k:pf%pf ]— / E" (0™ + g) K7 (ﬁAt){Bemf} {NW}AJ dg . (C.52)
_ —_———
Mot XMor gor X1 Ixngly

To derive the tangents for 5H£NT when poroelasticity is considered, start from (B.35), and apply
the FE discretization as follows:

Ne T : T
5H£NT — A {Cpf,e} (/ {Be,pf} pr’he légeg(’yAt) {Beﬂu} {&le}
-1

e

—— ——— e N’
1><n5‘;’fe ngg’:xl 1><n3’06f n(si’oefxl
| )
+k 971 (’yAt) {N&pf} {(57}6} Aj€ dﬁ) ) (C.53)
£ —— ——
1 Xngg’fe ngg’fe x1

Then, pulling out the variations 5d° and 67 leaves us with

Ne T
oHNT = {cpf,e} ( [kZﬁ?ST’e] - {&f} + {k?fﬁf ] - {W} ) , (C.54)
€ e~ M Y e

ppoe Pre. se s,e ppie_  ppie ppre
IxXngop Mgor XNane Mot XL Mgop XNgor  Mger X1
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where

I T
[klf%flﬂ = / {Be’pf} (5,’59(7&) {Bev"}>pr”‘eAjed£7 (C.55)
1 N——

ngy Xng; ngh x1 1xngoe
L fR,he T
HINT o spe P .e
|:kpf%pf = k g KF ('yAt) BE&Pt IN &Pt A] dE . (056)
—_—— - —_——
nébe Xnghr nior X1 Ixngly

To derive the tangents for §H5P start from (B.36), and apply the FE discretization as

(vAt) {B&Pf} : {5#6}

follows:

€

Ne T ; T
6Hstab — A {Cpf,e} . </ {Be,pf} QStab (Flhle)fl
N——

—1 N—— ——— ——
Doy i Dot
_% Fhe -1 At? eu \ . 3¢ Ai¢d C.57
aX(ll) (8At?) < Be od Jode |- (C.57)
—— N —
Ixnis  nigxl
Then, pulling out the variations 5d° and §7¢ leaves us with
Ne T
stab _ . Hstab,e . e Hstab,e . .
o= Ao (] o) oo ] o)) o
e M — e e — V——
IXmger mgh Xnane a1 ngle xngly ngly x1
where we recover
[ - / tab (70h 2815?6 2 !
stab,e _ sta €\ — -e
kz;ﬁ,u - _/a (Fll) ﬁ(ﬁAt ) {Be’pf} {Be’u} Ajedg, (0'59)
- - -1 —_———
e W g
r - 1 1 T
stab,e tab he\— .
ko | = / o™ (Fiy) (vAl) {Be»pf} {Be’pf}AJedi : (C.60)
- - -1 —_——— —
b xnhie nPiex1 1xnbie

dof dof dof dof

To derive the tangents for dH*'*" when poroelasticity is considered, start from (B.37) and



487

apply the FE discretization as follows:

Ne T ; T
5Hstab — A {Cpf’e} . </ {Be,pf} astab (Flhle)fl [ {Be,pf} . {57‘1_e}
€ —— — S~ S

bty W T
TN eu 0 |Ajcd C.61
_8X(11) (vAt) S Bev v - 6d Jodg | . (C.61)
—— ———
Ixnys noex1
Then, pulling out the variations 5d" and §7c¢ leaves us with
Ne T
stab _ . Hstab,e . . e Hstab,e . .
SH™ ™ = A {Cpf,e} {kpf,u ] {6d }+ [kpf,pf ] {57r6} , (C.62)
€ ————— M e e e N
Ixngly  maby xngsy magexl gy xnghy nghy <1
where
- - 1 - he T
J{stab,e stab h¢ —28pf e
kpf7u = — o (Fll ) aiX(’}/At) Bevpf Be7u Aj df, (063)
N—— -1
WL ns W Lo
- - 1 1 T
k;{::b»e = / asteb (FP5) ™ { Be,pf} { Be,pf}Aje dé . (C.64)
%’,__/ ~-1 —_——— ——
ity W Dy
C.1.3 (u-ug-pr) formulation
INT

To derive the tangents for §G;~ ", we start by applying the FE discretization as follows:

e T 1 T .
5g{NT — A {Cu,e} . </ {Ne,u} [p(s)vh {Ne,u} {5(16}
€ ——_——— ——— e — e —

IxXnys npex1 Ixn}s  nyjgx1
e € .. Jhe nf’he m,he
+ai” (BAL?) (pm’h {Be’“} {de}JrKnp {N@yl’f} e
N’ N =~ f N e N —
Ixnys nigx1 lxngi’fe ngi’fexl
ikt { Ne,uf} {dlf} Aje dg). (C.65)

fre fre
Ixngle mgleX1

Then, pulling out the variations 5&6, 8dr, and 07 leaves us with

Ne T
oG = A\ {cu} : ( [kifT’e] : {5&6} + [ki,{f""] - {5&?} + [k:g;T] - {M} ) , (C.66)
e | ; ———— —— e—_——— — —_— Y——

s,e s,e s,e s,e s,e f,e fie s,e pf,€ pf,e
1 X0t Mot X Mdof Ngof X 1 Mot X Mdof Ngof X 1 N30t X Mdof Ngof X 1
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where we recover the following tangent matrices:

1
T
|:k1gL£1jT76:| — / {Ne,u} (p%h {Ne,u} _i_a?epr,he (IBAt2) {Be,u} )AJE dé., (C67)
—_— ] —— —— ——
Mot X Mot norx1 Ixngl 1xn3e
[ INT i / f he T
kqgﬁw ‘| = /Po’ {N”} {Ne’“f} Aj€dg, (C.68)
L L ‘
NgarX Mot MaorX1 Ixnfg
1
i ] he yhe, f,h¢ fR, h° T
INT ag J" nb" pth 9 .
kg,lpf | = / : K7 (BAt ) {Ne’u} {Ne’pf} Aj€ds . (C.69)
L J ) f
Mot < Melof niex1l  IxnfEe

The tangents for 6GINT and §GINT remain unchanged from (u) and (u-p) formulations, respectively.

Refer to Egs. C.6, C.12 and C.21. When the pore fluid viscous stress tensor is considered, we start

by applying the FE discretization to §GINT as follows:

Ne T ; T Ovg g
(SQEI)NT = A {cu,e} (/ {B&U} (Kf + 2,Uf) aiXFfQ(ns — nf)BAtQ {Be’u} {5&6}
———

€ —1 ———— —— ——
s,e s,€e S,e s,e
Ixng e ngoex1 Ixnge ngex1

T
+nf At {Beyuf} {5dfe}
N—————

fre fe
Ixngle nglex1

Af) . (C.70)

Then, pulling out the variations 5d° and ddg leaves us with

T
(5QINT _ e e GINT ¢ e GINT ¢ e C.71
5 A c” | K 1 0d Tt ki "\ 9ds ’ (C.71)
e~ M e e — ——
Ixngg Mot Magr  MaotXl  nigxnls nlgx1

where we recover the following tangent matrices:

1

B T 31) ¢ e, _ e e 4 ,

kow | = /(K+2Mf)< oy (i) 2 (" =t )ﬁAt2> {Be’u} {Bw}Afd(s’ (72
- > 4 Sy T

Ny XNt NgoeX 1 IXngor

_ i 1 T

ki €| = / (st +2uf>nf’h6<Fff>17At{367“} {B} Ajde (C.73)
L 4 ] N’

s,e fie ns,e x1 »€
ot X Mdof dof IXngo
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To derive the tangents for ZINT, we apply the FE discretization as follows:

Te T : T e e
STINT = A {Cm,e} (/ {Ne,uf} [a? (BAE?) (pm’h {Ne»“} {5&6}
€ —— 1 N——— S~

1><n£;€f n({:fxl 1><n3’oef nfl’:fxl
JH e RS he ) .
+—K77 INEPE » < e +pg (N e Sdp o |Ai€dE | (C.74)
f
—_—— —_——
e e
1><n§f)’f ngif x1 1><n£:‘f nﬁ;&xl

Then, pulling out the variations 5(“16, 5dg, and §7¢ leaves us with

Ne T
oo = A {cwe} : ( {kﬁf’e} : {5&6} - [kﬁlff’e} : {5&?} + [kﬁf;f’ﬂ : {577} ) ,
Ce~— —— Y —— Y ~—— ——

—

C.75)

Ixndig nlixnds maoxl nlpxnll nlix1l nlolly ndlx1
where we recover
P T
W] = [ (oaey {vew ) { e} aieae, (©76)
—— -1 e —— N —
ndexnSe nlex1  Ixnggy
- - 1 T
K| = / " {Neﬂf} {NW}AJ"’d& (C.77)
—— -1 S—— ‘
nlixnl nlgxl  Ixnly
r 7 I he f,h€ T
Ko | = / %(,@A#) { Ne,uf} { Ne,pf}Ajedg. (C.78)
—_—— -1 f —
nlexmgty nfixt Ixnghy

To derive the tangents for 5I§NT, we start by applying the FE discretization as follows:

T 1 T s,h® he
e n>"" dp d°
5I§NT _ A {cuf’e} (/ {N@,Uf} [ Jhe 87;( {Be,u} {(5d }
e — 1 N——

e

lxngﬁ n({j;}xl IXanf ni’oefxl
+n {Be,pf} {577}] (BAE?) Aje df) : (C.79)
N N——
Ixngly  nahy x1

Then, pulling out the variations 5d” & §7° leaves us with

T
Te
INT _ TINT e e TINT e ..
07, —A{cufve} ([kufu R A N R Y S P (C.80)
C ———r N\ — —— —— \?e,_/
» e )
1xng nhapxngsy Ml nfixnghy ngly <1
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where we recover the following tangents:

1
7INT nsh® apfe 2 g e
[kzu?,u ’ ] :/ The W(ﬁAt ) {Ne’"f} {Be’“} Ajedg, (C.81)
—— -1
naexngi nfex1 Ixngg
1 T
[kﬁig] = / nbh (BA) { Ne,uf} { Be,pf} Ajede . (C.82)
—_— - —
nuexnfly nfgx1 Ixnghd

To derive the tangents for 6Z:NT, we start by applying the FE discretization as follows:

1
Ne T T s,h® Jhe(sbe
2n
5I§NT—A{c“fae} (/{N“f} [([H T e ]
—_——— —_——

€ -1

Ll nfarx1
nfvhe)zﬁhe Jhe (nf’he)2 e
X (khﬁf(ﬁm?) — T(yAt) { Ne’“} {5(1 } (C.83)
H,._/H,_/
1><n3’oef njffxl
Jhe (nfhe)? e .
+ (]%he)(vAt) {Ne’“f} {Mf} Ajed£> :
——— ——
1xni® fre w1

dof  "dof

Then, pulling out the variations 6d" and dy leaves us with

Ne T
INT __ TINT, e TINT e
oI = A {c%e} < [kug,u ] '{5d }+ [k:u;,uf ] ~{5df}> ; (C.84)
€ ———— N — Hse,_/ _——— ———
enfils nflxng maxt el nfifxa

whereby we recover the tangents

1

T s,he Jhe §he £,he\2~pe
ZINT, 2n i (n ) vf 9
|:ku?,u e:| :/{Ne’uf} ( 1+ nbhe o ]A{:he ];,he (ﬂAt ) {Be,u}
—_—— ] N—— N——
ndxnis: ndiix1 Ixngs;
Jhe (nfhe)?
—(]glm)(vAt) {N“} Ajedg, (C.85)
S
1><nd’oef
1
Jhe (nfhe 2 T
INT .
[kf] = / (,;he)(fmt) {N} {Nev“f}AJedﬁ. (C86)
—_———— 1 —_—————— —
ndixnl nhix1 1xndg
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To derive the tangents for §ZIN', start by applying the FE discretization as follows:

Ne T I T
(SIZ{NT — A {Cuf’e} . (/ {N67Uf} [pﬂ:{,h {Be,u} {5(16}
€ ——— —_—— ——— ———

Lxnd nfx1 Lxngse ngorx1
Jhe ke HiRhe , .
+K—f” NePi o 2 g o | (BAE?)gAjedE | . (C.87)
N — N —
Loty bty x1
Then, pulling out the variations 5d" and 7€ leaves us with
3 r INT INT
INT _ TINT, e TINT, ..
oLy = A {cuw} : [k;u;{u ] -{(m }+ [ku;ﬁpf } ‘{571-6} : (C.88)
€ e N e N e N
Lenfle ondixndl Maorl o ndiongl ngly <1
where we recover
[ INT | ; T
T fR,he 2 .
o / p " g(BAL) { Ne,uf} { Be,u} Aje de, (C.89)
—_——— 1 ———— ——
e il D
1
r b he  f,h¢ fR,h® T
Nt | [Tt g 9 o
kg ps / Kfn (BAt ) IN&ut Neps » Aj€dE . (C.QO)
—_—— -1 N — N———
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When the pore fluid viscous stress tensor is considered, we start by applying the FE discretization

to 0ZINT as follows.

e T /L T s T
(SI{:I)NT:A{CW’G} . /{Be,uf} (/ff+2,llf) 87XF1_12<ns_nf)5At2 {Be,u} {5de}
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1xng X1 Ixngle  mggex1
T
—H”LfFl_ll’yAt {Be,w} {5df} Aje> . (C.91)
Dxnfe  ndx1
Then, pulling out the variations 5d" and dy leaves us with
e r INT INT
2t = A ) < ] {a f o e {5df}> , (C92)
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where we recover the following tangent matrices:

1
avhe e e e T .
K=/ <m+zﬂf><a;<<Fﬁ>2<nS’h — wm?) {proc {Beo}arac. (o

el e
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INT 1 T
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N—— —1 — N ,
ndixnl nlixl  Ixndg

The tangent for 6HNT remains unchanged from (u-pg) formulation: refer to (C.28).

To derive the tangents for dHINT, we start by applying the FE discretization as follows:

1
SHINT — AL e " / €. ! [“]he—l%heapi?e(Fhe)il (BAE)
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Then, pulling out the variations (5&6, 8dy, and 07 leaves us with

Ne T
oy = A {oee} .([kz;%?»e}-{agf}+[kz;:%i%]-{m:}{&i?ﬁ]-{W}), (C.96)
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whereby we recover
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When the pore fluid viscous stress tensor is considered, we start by applying the FE discretization
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to SHINT as follows:
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(C.100)
Then, pulling out the variations 5&6, ddg, and §7¢ leaves us with

Ne T
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whereby we recover Eq. (C.99), with new additions
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To derive the tangents for SHN T, we start by applying the FE discretization as follows:

Ne T ; T
5HINT A {cpf,e} (/ {Be,pf} pr,he [52; (a?e + g) (ﬁAtZ) {Be,u} {&-le}
N—— 1 N—— A rwaliare cund

e

1X”§i}e naor X1 Ixngle  ngpx1
+E" (af” + 9) —5 Kﬂ (BAL?) { Ne,pf} {5,7} kM { Ne,uf} {5;1;} Ajed§> . (C.104)
SN——— S——N——
Ixngly nghy 1 Lxnfl njsx

Then, pulling out the variations 5(“16, 5dg, and §7¢ leaves us with
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To derive the tangents for (57-[%NT, when the pore fluid viscous stress tensor is considered, we start

by applying the FE discretization as follows.
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Then, pulling out the variations 5d" and (5d§ leaves us with
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whereby we recover the tangents
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C.2 Explicit integration

C.2.1 CD scheme

In this final section, we show the derivation of the FE formulation for the (u-pf) formulation
using central-difference (CD) integration. Time-dependent variables that are zeroeth-order in time
are evaluated at t,; those that are first or second order in time (i.e., &, %) are evaluated at t,11.
Therefore, this derivation requires some manipulation of variables that have explicit dependence
on solution variables.

The balance of momentum of the mixture is trivial to adapt to the CD scheme from the
variational form of the equation. The acceleration update of the solid skeleton is readily separable
from the variational equation, and the stress update does not explicitly depend the solution variable
at tp41.

Here, we begin with the balance of mass of the mixture, from which

H
h
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We may rewrite the above as
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which we can write element-wise as
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(C.115) can be split into a force vector, a mass matrix and a tangent coupling matrix written as

follows:
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Next,
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which we can write element-wise as
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(C.120) can be split into a force vector and a tangent coupling matrix written as follows:
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Given that HINT has no explicit dependence on solution variables at ¢,41, we omit the trivial

derivation herein. Next,
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which we can write element-wise as
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(C.124) can be split into a force vector and a tangent coupling matrix written as follows:
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When pressure stabilization is enabled, we must apply the time discretization update to the d9ps/0X

term:
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In the CD scheme, we may rewrite the above as
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which we can formulate element-wise as
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Lastly, (C.129) can be split into a force vector and a mass matrix as follows:
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