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Since numerical modeling of hyperelastic materials is ubiquitous in many engineering fields,
a main effort in computational mechanics is to develop stable, accurate and efficient tools for their
analysis. A stable numerical calculation of a well-conditioned function will have a relative accuracy
of €machine- Many open source finite element analysis packages contain numerically unstable formu-
lations at some point, even for simple material models. We trace the source of this instability and
show how to formulate various compressible/incompressible hyperelastic constitutive models in a

stable way.

For an incompressible material, the hydrostatic stress becomes an independent variable.
Thus, it can be discretized independently of the displacement field. One of the common approaches
of simulating the incompressible model is mixed finite element discretization. Mixed finite element
method is an efficient approach to overcome locking that is observed in the numerical treatment
of nearly incompressible materials when a pure displacement method with linear element is used.
In order to guarantee the stability and optimal convergence of a mixed formulation, the inf-sup
conditions must be satisfied. The inf-sup constants, which are computable through a set of eigen-
value problems for a given mixed discretization, determines the stability of the chosen FE space

for displacement and pressure fields.

Despite the accuracy gained by high-order mixed finite element method, most of the industrial
finite element problems are constructed within the framework of matrix-based approach by using

at most quadratic/linear order of interpolation for displacement/pressure fields. A matrix-free



iii
approach yields better performance, both in terms of storage and solve time over the assembled
sparse matrices method. We introduce a matrix-free p-multigrid mixed finite element discretization
with Newton-Krylov iterative solvers for the hyperelasticity problem. We implemented our problem
in Ratel which is a performance portable solid mechanics library that uses matrix-free operators
from libCEED and solvers from PETSc to provide fast, efficient, and accurate simulations on next-
generation architectures. To demonstrate the reliability and efficiency of the mixed high-order
finite element implementation, a series of numerical examples are investigated with p-multigrid

preconditioning and different interpolation orders.
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Chapter 1

Introduction

Numerous soft materials can be modeled by hyperelastic models, such as rubber-like elas-
tomers, biological tissues, and bending actuators employed in soft robotics. This subject combines
several challenging aspects, requiring non-linear material laws (to account for effects of large strain),
geometric non-linearities (to account for large deformations), and accurate modelling of incom-
pressibility, or slight compressibility, of the underlying materials, all for complex three-dimensional
geometries. Along with understanding the characteristics of such materials, having accurate, effi-
cient and robust numerical simulation of hyperelastic structures could also help us to predict the

behavior of these materials in many engineering fields.

The standard displacement-based finite element formulations exhibits severe stiffening which
leads to slow convergence, and one must use very fine meshes to get acceptable results near the
incompressible limit [45]. This phenomenon is commonly referred to as volumetric locking. Several
methods have been developed to improve the performance of finite elements. One of the popular
pure displacement-based methods that perform well near the incompressible limit is reduced /selec-
tive integration methods or B technique [48]. In this method the volumetric term in the stiffness
matrix are integrated using a lower order of Gauss integration compared with other terms. [61]
showed that selective integration can be equivalent to a mixed formulation, with the number of
integration points used to evaluate the volumetric contributions equal to the number of pressure

degrees of freedom used in the mixed formulation. The major numerical developments on F', the



generalization of B methods to the hyperelastic finite deformation formulation, have been done by

170, 33].

Another most common and efficient approach to overcome the locking is the mixed Galerkin
finite element formulation. In a mixed method, besides the displacement, one or more additional
fields (typically pressure) are treated as independent variables. However, the order of approxima-
tion for both pressure and displacement variables cannot be chosen arbitrarily. The mixed method
must fulfill the Ladyzhenskaya—Babuska—Brezzi (LBB) or inf-sup [21], 27, [10] condition to ensure
stability and optimal convergence. The mixed displacement-pressure (u/p) formulation with dif-
ferent interpolation orders for incompressible elastic materials can be traced back to Sussman and
Bathe [87]. They demonstrate the various examples solved by u/p formulation to solve in small
and finite deformation with different inf-sup stable mixed elements. Srinivasan and Perucchio [86]
used the mixed model to analyze the anisotropic incompressible hyperelastic materials in 3D using
linear and constant interpolations for displacement and pressure fields (Q1P0 element). They con-
firmed that Q1P0 element does not pass the LBB condition but they got excellent results in the
their numerical experiments. However, when the instability arises in their implementations, they
used quadratic and linear interpolations polynomial for displacement and pressure (Q2P1 element)
which passes the LBB condition. It should be noted element that satisfies the inf-sup condition
may exhibit instability in large deformation [7] but one should at least use the element that satis-
fies LBB condition for linear elasticity [72]. To solve a system with equal-order interpolation, the
mixed model must be used in conjunction with stabilization techniques. Stabilized methods are
very popular class of methods and have been utilized with success in the finite element literature for
fluid mechanics and the two most commonly used are Streamline Upwind Petrov-Galerkin (SUPG)
[23, [46] and Galerkin Least Squares (GLS) [47]. These ideas have been successfully extended to
non-linear solid mechanics [56} [62} 38]. It is worth mentioning that another mixed method so-called
enhanced strain method is also developed by [84] which adds internal element strain modes to enrich

the element predictive capability. However [72] observed that this method does not perform well



in the finite deformation range and suffers from instabilities due to development of hourglass mode
in some loading cases. The appearance of an hourglass mode in the context of nonlinear enhanced
strain methods has first been observed by [30, 95] and numerous methods have been proposed to
overcome instability [91} 89, [75]. More recently, Gurev et al. [41] simulated a high-resolution heart
model with complex boundary as an incompressible hyperelastic materials with mixed pressure-
displacement element. Due to limitation of the direct solver for large numbers of degrees of freedom
(dof), they used a Krylov subspace iterative method along with preconditioner created based on
block matrix decomposition involving the Schur complement. However, they used low-order ele-
ment and the code is not optimized. Connolly et al. [28] proposed a finite element implementation
in terms of principal stretches for isotropic hyperelastic rubber-like materials in initial and current
configurations. They investigate their implemetation by defining the UMAT subroutines in com-
mercial FEM software Abaqus. Furthermore, they validated their formulation with constitutive
models described in terms of Cauchy-Green invariants and compared the solve times. Despite the
fact that their formulation needs to solve the eigenvalue problem to find principal stretches at
each Newton iteration, the computed solve time is acceptable compare with invariants-based for-
mulation. It should be noted they used C3D8H element (Q1P0) linear and constant interpolation
for displacement and pressure which is not inf-sup stable. Q1P0 element with and without the
augmented Lagrangian method also examined for incompressible anisotropic hyperelastic materials
by [40]. Karabelas et al [55] used perturbed Lagrangian-multiplier functional to derive the mixed
formulation for an anisotropic, and nearly incompressible materials. To overcome the volumetric
locking, they utilized stabilization techniques and demonstrated the high robustness and compu-
tational efficiency for two benchmark problems and a heart model as well. They discretized the
problem with low-order element with a high resolution mesh which results in large block system.
With suitable preconditioner and solver available in open-source software PETSc [9] the block sys-
tem is solved and strong scaling was achieved for the coarse/fine grid problem up to 16/1024 cores
on a desktop machine/Archer2. Apart from classical FEM, it is worth mentioning that the virtual

element method (VEM) which is an extension of the classical Galerkin finite element method also



is extended for hyperelastic incompressible materials by [94], 93, [17]. VEM is not restricted by the
choice of element shapes, nor is it necessary for the element to be convex. However, the construc-
tion of a virtual element which is based on projection of the deformation onto a specific ansatz
space would lead to a rank deficient element once the number of vertices is greater than 3. Thus
the formulation has to be stabilized. Moreover, [52] used isogeometric analysis for two-field mixed
variational formulations in both small and large strain for nearly incompressible materials. Also,
there has been recent interest [35, 83] in augmented Lagrangian methods with technical multigrid
methods involving expensive vertex-star patch smoothers to solve incompressible problems. These
methods yield low iteration counts at arbitrary element order, but are significantly more costly

than standard multigrid methods and it’s unclear how to achieve high performance on GPUs.

Despite the fact that all these studies with several approaches for modeling hyperelastic ma-
terial in the compressible and incompressible regimes, the improvement of the performance and
accuracy for is still an active area of the research. In the presented work, numerical modelling of
nearly incompressible and incompressible hyperelastic is implemented in matrix-free way in Ra-
tel which is Extensible, Performance-Portable Solid Mechanics solver. Ratel utilizes the Portable,
Extensible Toolkit for Scientific Computation (PETSc), along with the libCEED library for effi-
cient compiler optimized tensor-product-basis computation to demonstrate an efficient nonlinear
solution algorithm. Our new approach shares some similarity with existing matrix-free implemen-
tation for solid mechanics [66, 26], however, the mixed matrix-free for incompressible hyperelatic
material has not yet been established to the knowledge of the author. We considered three most
common constitutive laws namely, Neo-Hookean, Mooney-Rivlin and Ogden for our model. In
we briefly explain the derivation of constitutive laws and difference between these mod-
els. Then, we show the standard formulation of constitutive equations which are extensively used
in many open-source and commercial finite element software packages are numerically unstable
in small deformation. We trace the source of this instability and introduce a stable constitutive

formulations which are stable for all range of deformation elasticity. In we present the



locking phenomenon arises in linear elasticity and introduce general mixed-formulation in small
strain which is an alternative strategy to overcome the locking. In finite strain, first we present
general mixed formulation and then we discuss a perturbed Lagrange-multiplier approach, which
is based strain energy function with quadratic volumetric term. Both approaches are developed in
initial and current configurations. Then, we present the notation and details of discrete matrix-
free implementation for general mixed formulation. High-order matrix-free finite element operators
offer superior performance on modern high performance computing hardware when compared to
assembled sparse matrices [2, 37, 57], both with respect to the number of floating point opera-
tions needed for operator evaluation and the memory transfer needed for a matrix-vector product.
Further, high-order finite element discretizations offer accuracy advantages over low-order finite
elements [31], [7T], [74]. However, high-order matrix-free operators require iterative solvers, such as
Krylov subspace methods [43],[82], but these iterative solvers converge slowly for the ill-conditioned
operators that come from high-order discretizations. Preconditioning techniques can significantly
improve the convergence of these iterative solvers for high-order matrix-free finite element op-
erators. p-multigrid, developed by by Rgnquist and Patera [77], is particularly well suited for
preconditioning problems on unstructured meshes. For mixed matrix-free formulation, we propose
an upper triangular block preconditioner where we apply p-multigrid and jacobi preconditioners on

the displacement and pressure blocks.

In we investigate the convergence order of the linear elasticity for materials with
Poisson’s ratios 0.375. For mixed linear case, first we compute the inf-sup constant for different
mixed elements with continuous and discontinuous pressure space, then solve a MMS problem to
measure the convergence order for displacement and pressure fields. Moreover, to check the per-
formance of the proposed block preconditioner in small strain, linear iteration count, condition
number and the range of eigenvalues of the preconditioned system for full Dirichlet (MMS) and
clamp-traction boundary conditions are investigated. In finite strain, we perform different bench-

mark problems in bending and compression modes to study the performance of the mixed elements



with continuous and discontinuous pressure field in compressible and incompressible regimes and
compared with displacement-based hyperelastic formulation. For all experiments, we perform con-
vergence study and verify our results with previous studies [67, [I5] and commercial finite element

software ABAQUS.



Chapter 2

Stable numerics for finite-strain elasticity

A backward stable numerical calculation of a function with condition number s will have a
relative accuracy of Keémachine. Standard formulations and software implementations of finite-strain
elastic materials models make use of the deformation gradient F' = I + 0u/0X and Cauchy-Green
tensors. These formulations are not numerically stable, leading to loss of several digits of accuracy
when used in the small strain regime, and often precluding the use of single precision floating
point arithmetic. We trace the source of this instability to specific points of numerical cancellation,
interpretable as ill-conditioned steps. We show how to compute various strain measures in a stable
way and how to transform common constitutive models to their stable representations, formulated in
either initial or current configuration. The stable formulations all provide accuracy of order €yachine-
In many cases, the stable formulations have elegant representations in terms of appropriate strain
measures and offer geometric intuition that is lacking in their standard representation. We show
that algorithmic differentiation can stably compute stresses so long as the strain energy is expressed

stably, and give principles for stable computation that can be applied to inelastic materials.

2.1 Introduction

Errors in computational mechanics are attributable to three sources: continuum model speci-
fication (materials, geometry, boundary conditions), discretization (finite elements), and numerical.

When working in double precision with direct solvers, the first two typically dominate numerical



errors and stable numerics are overlooked beyond linear algebra. Meanwhile, single precision is
widely considered to be insufficient for finite-strain implicit analysis and practitioners opt for dis-
tinct small-strain analysis in part due to perceived cost or instability of finite-strain formulations in
small-strain regimes. This shifts a cognitive burden to the practitioner who must confirm that the
small-strain formulations are valid, and is problematic for high-contrast materials in which finite
strains and infinitesimal strains are present within the same analysis. In this paper, we demonstrate
the instability in standard formulations for hyperelasticity and present intuitive (and mathemat-
ically equivalent) reformulations that are stable, enabling finite-strain analysis at all strains and

opening the door for reduced precision analysis.

In floating point arithmetic, €machine = sup,|fl(z) — z|/|z| is the maximum error incurred
rounding a real number x to its nearest floating point representation fl(z). (We assume z is
within the exponent range and will not discuss overflow/underflow/denormals.) Typical values of
€machine are 2793 ~ 10716 for IEEE-754 double precision and 272* ~ 6 - 10~8 for single precision.
Elementary math operators ® (standing for addition, subtraction, multiplication, or division) and
special functions behave as “exact arithmetic, correctly rounded”, = ® y = fl(z % y) [00], thus

guaranteeing [z ® y — x * y|/|z * y| < €machine-

With such strong guarantees from elementary operations, we might hope that (xr ® y) ® z is
also accurate to €machine, but also, this is not true. An illustrative example is computing (z+1) — 1.
For x = 10716 in double precision, z & 1 = 1, thus (x @ 1) © 1 = 0 has a relative error of 1, which
is much larger than €ychine- For larger values of x, we observe the stair-step effect in |[Figure 2.1
The first operation incurred a relative error smaller than € achine and the second operation was
exact, so where can we place blame for the catastrophic cancellation error? To shed light on this,

we consider the condition number of a differentiable function f(x), defined as

rf(r) = %

2]

(@)

(2.1)

The first operation x + 1 has a condition number of 1 while the second has enormous condition



number. An numerical algorithm f for evaluating the continuum function f is called backward
stable if it computes the exact answer to a problem with almost the given inputs, i.e., f(z) = f(2/)
for some nearby ' satisfying |2’ — z|/|x| < cémachine for a small constant ¢. Backward stable

algorithms satisfy the forward error bound [90]

fz) — f(x
W < ¢k (%) Emachine- (2.2)
Furthermore, this bound composes when the underlying functions are well-conditioned: if f and ¢

are both backward stable algorithms, then

|f(§(~”|ﬁ}zg—(x];§f($))| < crip(g(2)) k(%) emachine-

Note that if kfoq(x) ~ Kf(g(x))rg(x), this is the bound we would get for f o g as a backward
stable algorithm. As a corollary, any calculation constructed from backward stable parts (such
as elementary arithmetic) that exhibits large errors must have ill-conditioned steps. An intuitive
and quantifiable strategy for designing stable algorithms is to ensure that every step is as well-

conditioned as possible.

1000

1.0x107 ¢ 1.0x107 ¢ —ri(s — 1)
800
50x10°° 5.0x10°%°
600
0 0
400
-5.0x10°%% | -5.0x10°%6 |
200
=log(1 + z)
——1log1p(x)
—1.0x10°%® - | T -1.0x107"® | | T j o I \
-1.0x10 -5.0x107® 0 5.0x107*° 1.0x107* -1.0x10 -5.0x107® 0 5.0x10°° 1.0x10°° 0.0 0.5 1.0 15 2.0

Figure 2.1: The stair-step patterns illustrate numerical instability evaluating in (1 + x) — 1 (left)
and log(1l + z) (center). When evaluating (1 + ) — 1, a small relative error is incurred in the
well-conditioned operation s := 1 4 x, and that error becomes a large relative error because s — 1
has unbounded condition number as s — 1 (right), despite this operation being computed exactly
in floating point arithmetic.

We now turn our attention to representative functions in solid mechanics. Most strain-energy

functions and corresponding stress models in hyperelasticity contain expressions like log(1 + x) or
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exp(z) — 1, which are numerically unstable expressions when x ~ 0. Numerical analysts proposed

[12} [1]
logip(x) = log(1 + z) expml(x) = exp(z) — 1,

which gives high precision value for small values of x; these are in most core math libraries since
C99. shows the z, (14 ) —1 and log(1+x), loglp(z) functions around 0. In both cases,
large relative error is incurred by an algorithmic step that maps values near 1 to values near 0 via a
function of derivative about 1, leading to unbounded condition number . Note that log(1 + x)
and exp(z) — 1 are both well conditioned, but their direct evaluation is numerically unstable due to
an ill-conditioned step. We surveyed many open source finite element analysis packages and found
that all contain numerically unstable formulations at some point due to phenomena explained

above.

2.1.1 Finite-strain mechanics

Let X be the reference configuration and = X + u be the current configuration expressed

in terms of the displacement u. Wriggers [92] discusses the displacement gradient

_ Ou

H=5%

and mentions that the Green-Lagrange strain can be expressed as
1
E(H) = (H + H” + H'H) (2.3)

“in analytical investigations”, but notes “This is actually not necessary when a numerical approach
is applied.” The usual presentation defines the deformation gradient F = I + H and proceeds
to the right Cauchy-Green tensors C = FTF and E = (C — I). At small strain, E is small
despite F' and C being of order 1, leading to instability as in the examples above. For stable
compressible formulations, one must also formulate expressions involving J = |F| and the first and

second invariants of C in a stable way.
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Developers of FEAP [88] observed numerical stability issues when applying the standard ap-
proach at small strains and have begun to favor working directly with the displacement gradient H
[39] but did not complete a stable compressible hyperelastic formulation. The Abaqus UMAT [85]
interface provides the deformation gradient F' and a strain increment, but does not provide direct
access to the displacement gradient H or nonlinear strain tensor, therefore numerical cancellation
is inevitable when small strains appear within large strain formulations. FEBio [60], a nonlinear
finite element package for biomechanical applications, uses the deformation gradient F' even for
defining the linear strain tensor. Moreover, they offer a varieties of hyperelasticity models that
contains the subtraction, which leads to loss of significance when the problem is in a small defor-
mation regime. MoFEM [51], an open source library for solving complex physics problems, uses
the standard formulation given in continuum mechanics text books to describe the stress-strain
relation of material. This constitutive formulation contains logJ function, leading to instability
when J ~ 1. Similarly, the Multiphysics Object-Oriented Simulation Environment (MOOSE) [5§]
defines, for example, the Neo-Hookean model using the standard (numerically unstable) formula-
tion. Albany-LCM [79], a finite element code for analysis of multiphysics problem on unstructured
grid expresses the hyperelastic models in terms of J? — 1, which leads to catastrophic cancellation
when J ~ 1. summarizes the stability properties of formulations used in well-known text

books and production software.

The paper proceeds as follows: develops stable formulations for common hypere-
lastic models in coupled and decoupled (isochoric and volumetric split), demonstrates
that stable stress expressions can be derived using algorithmic differentiation (AD) so long as care
is taken in the strain energy formulation, and concludes with outlook toward inelastic
models. Details of the numerical procedure for evaluating stability are given in All
figures exhibited here are created using the open source Julia programming language. Comprehen-
sive numerical experiments and figures are provided in the executable supplement [81] for those

readers who are interested in exploring of all given formulations here. While this study presents
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Table 2.1: A stable constitutive implementation requires stable computation of strain E, J = |F|,
log J, and shear expressions involving first and second invariants of C. Unstable formulations are
widespread in books and software, with Ratel having the only stable formulation we are aware of.

Software/book  stable strain E stable J stable logJ stable constitutive equation

FEAP [8] v - - -
FEBio [60] - - - -
Abaqus [85] - - - -
MOOSE [58] - - - -
Albany-LCM [79] - - - -
LifeV [14] - - - -
MoFEM [51] - - - -
Ratel [6] v v v v
Holzapfel [44] - - - -
Wriggers [92] - - - -

some of the most well-known hyperelastic models and their stable formulation, the approach is

general and we provide guidance for applying it to other material models.

2.2 Constitutive equations

The constitutive behavior for hyperelastic materials is characterized by a strain energy density
function 1. For isotropic materials in initial configuration, 1 is typically defined by either the
principal invariants {I;, 15,13} of right Cauchy-Green tensor C = FTF or the principal stretches
{A1, A2, A3} of the SPD matrix U where RU = F' is the polar decomposition. In the following
we discuss the most common coupled and decoupled representation of the strain energies and the

associated constitutive equations that are employed frequently in the literature.

2.2.1 Coupled strain energy

Coupled strain energy functionals ¢ are written in terms of invariants without an isochoric-
volumetric split. In the linear regime, this corresponds to use of shear modulus p and first Lamé
parameter A\, with the standard (not deviatoric) infinitesimal strain tensor €. For the general form

of coupled strain energy

P (C) =9 (I, T, I3),, (2.4)
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with the invariants

I,(C) = trace C,

HﬂC):%(ﬁ—CﬁC) (2.5)
I(C) =|C|.

we can determine the constitutive equations by taking the gradient of strain energy as

3
oy oY oy 0,
= =9t =2y = 2.
o oFE oC ~ ol; oC”’ (26)
where S is the general form of the stress relation in initial configuration and
ol
L
oC ’
dl,
9L _17_cC 2.7
5c — b (2.7)
Ol3 1
— =IC".
ocC

In the following we introduce the stable formulation for two well-known hyperelastic constitutive

equations.

2.2.1.1 Neo-Hookean model

One of the simplest hyperelastic models is the Neo-Hookean model, given by
A2 H
w(C’):Z(J —1—210gJ)—,ulogJ+§(]I1—3) (2.8)

where J = |F| = /|C|. The first term is a convex choice satisfying limit conditions [92 [32]
while the second is a structural necessity for coupled strain energy formulations. The second Piola-

Kirchhoff stress is derived according to (2.7))

o0 oY A -1 1
S=2——=—=—-(J"-1)C I1-C 2.9
oc ~oE 2/ 1NC Hul ) (2:9)
where C = I + 2E. Both terms are numerically unstable expressions at small strain (C ~ I),
but the first is also unstable when J & 1 at large strain, a condition that is prevalent for nearly

incompressible materials. Similar to loglp, we need a formulation that avoids direct computation

of JinJ?—1=(J—1)(J+1).
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Consider the 2-dimensional case
14w U2
F=I+H=1+Vxu= ,

u21 14+ oo

and let J_4 = J — 1 be computed by the stable expression

J_1=u11 +u22 +ui1uz2 — U1 2U2 1. (2.10)

Remark 1. Ideally, one would like a proof of backward stability for every constitutive model, but
doing so is tedious and we believe offers no great insight. In light of , it is revealing to plot
the forward relative error and observe that stable algorithms provide errors that are uniformly of
order €machine (Sometimes written “in O(€machine)”) independent of the input argument H (or a
strain). There is a caveat: in the case of tiny perturbations of a pure rotation H ~ Q — I for an
orthogonal matriz Q, the strain is nearly zero and thus stress will also be nearly zero. For example,
the Green-Lagrange strain E(H) = 3(FTF —I) ~ £(QTQ — I) = 0 is a function with unbounded
condition number, thus even a backward stable algorithm such as will have unbounded error
in E. One might consider high/mized precision or alternative state variables w that make strain a
well-conditioned function of the state if a problem requires small-strain stability for large motions
of floating bodies. While we consider H as the input in our numerical experiments (to be agnostic

over strain measures), we will not construct cases of nearly-pure rotations.

Remark 2. Apart from the incompressible limit, hyperelastic constitutive models are wellcondi-
tioned, thus (2.2)) ensures the error will be in O(€machine)- Although various displacement-only for-
mulations are common in engineering practice, mized methods are necessary for well-conditioned

finite element formulations in the incompressible limit.

Using a 3-dimensional analog of (2.10)) described in [Appendix B| and numerical procedure
explained therein, [Figure 2.2 shows that the relative error in J_; is O(€machine) independent of the

magnitude of the displacement gradient H and strain, while J — 1 loses digits of accuracy at small

strain. Replacing J2 — 1 with J_3 (J_3 + 2) is sufficient to stabilize the first term of ([2.9)).



standard f32
stable f32
standard f64
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relative errorin J-1
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strain

Figure 2.2: Relative error of standard computation of J — 1 and its stable way J_;
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In some constitutive models, log.J appears directly in the expression for S, and also has
a huge condition number kjog(J) = 1/logJ when J ~ 1. In such cases, one naturally achieves
stability via

log J = loglp (J_1). (2.11)

The Neo-Hookean constitutive equation (2.9)) is also unstable due to cancellation in the second
term when C~! ~ I, and it can be fixed by replacing I —C~! = C~1(C —I) = 2C~'E. Thus, an

equivalent stable form of (2.9) is
A
§=3531001+2) C '+ 2uC'E. (2.12)

The relative error in S using the standard (2.9)) and stable (2.12)) expressions yields a figure indis-
tinguishable from Although we elide figures for each constitutive model and stress, the
supplement [81] contains numerical demonstration that every expression we call unstable or stable

exhibits errors indistinguishable from the corresponding line in

The Neo-Hookean constitutive model can also be evaluated in current configuration, clas-
sically written in terms of J and the left Cauchy-Green tensor b = FFT. One can derive an
expression for a current configuration stress (we use Kirchhoff stress 7) starting with a strain

energy density 1(b) or (equivalently) pushing S of (2.9)) forward via
T_ A
T=FSF :§(J —)I+pb-1I). (2.13)
A stable form analogous to (2.12) is
A
T = §J,1 (J,1—|—2)I—|—2,ue, (214)

where we call e = 1(b—I) = 3(H + HT + HHT) the Green-Euler strain tensor. (It is the n = 2

current configuration Seth-Hill strain measure [44].)
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2.2.1.2 Mooney-Rivlin model

Compared to the Neo-Hookean model (2.8), the coupled energy function for Mooney-Rivlin
model depends on the additional invariant I»(C) = 3 (I3(C) — C:C) where C:C = trace(CTC)

is the Frobenius inner product. The coupled Mooney-Rivlin strain energy is given by [44]
_ A f 2
P(J,C) = 1 (J? —1—2log J) — (p1 + 2u2)log J + 5 (I, (C) — 3) + 5 (I(C) -3), (2.15)

where p1 and po are parameters that must be experimentally determined and g = @1 + pg is the

shear modulus in the linear regime. The second Piola-Kirchhoff tensor is
S = % (-1 C'+m(I-C ) +mL(C)I-2C""-C). (2.16)
Similar to the Neo-Hookean model, we write the stable form in terms of Green-Lagrange strain,
S = %J_l (J_1+2)C7  +2 (1 +2p2) CT E + 215 (1, (E)I — E). (2.17)

In addition, the Kirchhoff stress tensor for Mooney-Rivlin in current configuration is classically
written

T =

Do | >

(J2=1) I+ p1 (b—I) + po (L1 ()b — 21 — b?) (2.18)

and its stable form in terms of Green-Euler strain is

A
T = 5.]71 (J71 + 2) I+2 (,ul + 2“2) e+ 2us (]Il(e)I — e) b. (219)

2.2.2 Decoupled strain energy

Decoupled strain energy formulations decompose the strain into volumetric and deviatoric
parts. In the linear regime, such formulations use the shear modulus p and bulk modulus k, with
the deviatoric strain €4ey = € — %(trace e)I. In the case of rubber-like materials, the bulk modulus
k is orders of magnitude larger than the shear modulus, £ > p. For finite strain, the strain
energy function is split into volumetric and isochoric (volume-preserving) parts. The first step is

multiplicative decomposition of the deformation gradient as

F = (J'PI)F = J'°F (2.20)
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where J'/3T describes the purely volumetric deformation and F captures the isochoric since |F| =

|J=1/3F| =1 . Similarly we can decompose right Cauchy-Green tensor
C=F'F=J7?C (2.21)

where F and C are known as the modified deformation gradient and modified right Cauchy-Green
tensor, respectively. Moreover, the modified principal stretches \; and modified invariants I; can
be defined

No=J Y3, i=1,2,3 (2.22)
_ _ _ 3
T, = J-2/3, Tp = J~4/3L,, Iy = (J—2/3) Iy = 1. (2.23)
The general decoupled strain energy is a sum of volumetric and isochoric parts

¥ (J,C) = Pvol (J) + ¢iso (C) (2.24)

leading to an additive decomposition of the second Piola-Kirchhoff stress

_ 5¢ _ awvolai a7/)i50

S*ETE* dJ OE ' OE

= Syl + Siso- (2.25)

When the isochoric strain energy is written in terms of modified invariants ;s (I1,I2) (note that

I3 = 1 uniformly), the isochoric stress satisfies

3

aﬂ’iso aﬂ’iso a7/)i50 aiz
Siso = =2 =2 = 2.2
9E ~ ~oC Z oL, aC (2.26)
with
ac - ac 7 \I-3h¢ o)
— =2 ILI-C - I
oC oC I -0 =3k,

where we have used g—é = %J C~!. As discussed for (2.9)), there are many empirical forms for
the pure volumetric part (or bulk term) of the strain-energy, which should be convex and satisfy

physical constrains [32], 68]. We consider one such form,

Pyol = Z (J?—1-2logJ), (2.28)
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but similar principles will give stable formulations for others. The volumetric stress can be defined

as

o0J _
Syol = “Phyd g = ~PhyaJC (2.29)

where we have used the definition of hydrostatic pressure ppyq = —ag}"l, which for (2.28]) can be

stably computed via

k. (J2—1) = ELETNT IS (2.30)

Phyd =755 2J

While pnyq depends on the form y01(J), the volumetric stress (2.29) is numerically stable and
always the same expression in terms of p. In the decoupled framework, the only salient difference
between the Neo-Hookean, Mooney-Rivlin, and Ogden models is in their isochoric part, thus we

focus on stable expressions for isochoric stresses Siso and Tigo.

2.2.2.1 Neo-Hookean model

The decoupled strain energy density for the Neo-Hookean model is
w;épq%mn+g@_a (2.31)
The isochoric second Piola-Kirchhoff stress is a straightforward application of ,
Siso = pJ 723 (I - ;111(14) . (2.32)
Using the relation I; (C) = 3 + 2[; (E), the numerically stable form of can be written as

&w:mu4ﬁc*(E—;mEﬂ)=mu*“C*Em, (2.33)

which makes use of the deviatoric Green-Lagrange strain Eqoy = FE — %]Il (E)I.

In current configuration, the isochoric Kirchhoff stress is
Tiso = FSiso FT = pg=2/3 (b - ;Hl(b)1> (2.34)
and its equivalent stable form is
Tiso = 2uJ 2/3 (e - ;]Il(e)I> =24 "B egey, (2.35)

where we have used I;(b) = 3 + 2I;(e).
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2.2.2.2 Mooney-Rivlin model
For the Mooney-Rivlin model, decoupled strain energy density is given by
$(I,0) = b))+ 5 (L —3) + 2 (I - 3) (2.36)
Using , the isochoric second Piola-Kirchhoff stress can be written as
Siwo = T2/ (I - ;}11(0)01> g3 (]11(0)1 —c- 2112(0)01) (2.37)

and its stable form is

Siso = 2 ¥2C! (E - ;L(E)I) + 200~/ (I, (E)T — E)

+ dppJ ~M3CT <E - %Hl(E)I — z3112(15)I>

(2.38)
=2 (2 + 20120 73) € By + 202 (W(B)I - E)
4
- §M2J_4/3 (I1(E) + 2I:(E)) C Y,
where we have used I (C) = 3 + 2I1(E), I3(C) = 3 + 41 (E) + 41, (E).
In current configuration we have
—2/3 1 _4/3 2 2
Tao = P (b= SO ) + 2~ (L (B)b — b7 — Za(B)I (2.39)

and the stable form of (2.39) is
o gL ~4/3 _ ~af3 (g2 2
Tiso = 2411 e 3]11(6)1 + 2pu0J (Li(e)I —e) b+ 4usJ e 3]11(6)1 3]12((3)[

4
=2 (,“J*Z/?* + 2u2J*4/3) edev + 22 "3 (I (e)I — e) b — §M2J*4/3 (I1(e) + 20x(e)) I
(2.40)

where we have used I;(b) = 3 + 2[;(e), I2(b) = 3 + 41, (e) + 4lz(e).

2.2.2.3 Ogden model

The postulated decoupled strain energy for Ogden model is a function of the modified prin-

cipal stretches (2.22)) as [92, [44]
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3

N
w(J7 ;\z) = ¢vol(‘]) + wiso(j‘i) = ¢vol(<]) + Za}(j‘l) with w(;\z) - Z & (S\?j - 1) (241)

i=1 j=1
where the parameters p; and a; have to be determined from experiments. In the linearized regime,

all hyperelastic models reduce to linear elasticity, where the shear modulus p satisfies

N
2 = Z,ujozj with  pjo; >0 (2.42)
j=1

in terms of the Ogden parameters. The isochoric second Piola-Kirchhoff stress can be written as

3
NN/ =) s N;NT (2.43)
=1

3
8wlso Z 31/11so 8)\ 1 a"/}iso

iso — 22— N
S ON OC ~ &N 0N

where an eigenvector IV; is computed by C'N; = )\%]\Tz By employing g—;\]i =JA\ ! we have

i 1 67/)150 1 aj\k 61,0150 J_l/s 1 82;Z)iso J_l/S 1< —15 awiso
I.SO = — = — — = 51 )\ )\ = = (51 )\ )\ =
TN 0N N 0N O N\ g Py N\ T3 O
(2.44)
in which
iso )\ a-—
Oiso _ 05(k) Zﬂa it (2.45)

Ok O\

To derive an equivalent numerically stable form of (2.43]) we rewrite the ;s by substituting
j\i = J_1/3)\i as

N
Yiso(Ni) = D & [ (AT A7+ A7) T3 3} (2.46)

j=1"7
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and computing its derivative as

N

iso 1 6¢iso 1 Mg i—1 o (o7 NN _ . ) )
T = D (AT T = A O 4 )]

'Djz [\

1 ai— 1. _ . o o e
:)\— j|:>\13 1_§>\11()\13 + 2y _|_)\3]) J/3
1 J=1
1 N
b DI JUREP R R
1 ];1 (2.47)
K a Q. o o
:EZEJ[ ()‘IJ_ ) ()\23—1)—()\33—1)],] /3
j=1
1 N
1 Ly
T 1t2AF > % [2 expm1(a;l1) — expmi(ajls) — expml(a;ls)] J /3

where AP is the eigenvalue of strain tensor E and ¢; = log \; = % loglp(2\F). Following the

above approach we have

i 1 a¢iso —a
sp° = N o =7 n 2)\E Z —expml(a;ly) + 2 expml(a;ls) — expml(ajls)] J il3
(2.48)
iso __ ia'l/}iso o 1

550 = N D 11 2F Z % [— expmi(ajf;) — expml(a;fa) + 2 expmi(a;ls)] J /3.
j=1
Substituting the new definition of si*° and ([2.48) into (2.43]) provides a stable form of

the isochoric second Piola-Kirchhoff stress for the Ogden model. Relative error for the standard

and stable - ) form of the isochoric second Piola-Kirchhoff stress ) for the

Ogden model is plotted in The behavior for single and double precision is similar to

igure 2.

Note that for symmetric, real-valued 3 x 3 strain tensor F, the standard closed-form solutions
for eigenvalues are susceptible to loss of significance in floating point computation. Therefore we

computed )\iE , by the stable algorithm proposed in [42], which has a relative accuracy of €yachine-
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The isochoric Kirchhoff stress tensor for Ogden model is given by
3 .
Tiso = FSioFT =Y m*nmn;". (2.49)

where we have used FIN; = \;n; which n; are eigenvectors of b and TISO = )\?sfo.

Similar to the initial configuration, we can compute the 7i5, in stable form by using the stable

coefficients
. 0y N m;
0=\ a)io = Z ?] [2 expml(ajl1) — expmi(cjlo) — expml(a;l3)] Jeal3
j=1
8¢ N
iSO = 8)20 = Z ?] [— expml(ajl1) + 2 expml(cvjla) — expml(ajls)] Jei/3 (2.50)

N
~ Ois ; .
S0 = )y (;b;o = E % [— expmi(ajfy) — expmi(a;ls) + 2 expmi(ajlz)] J /3
3 ;
J=1
and computing the eigen pair (A;, n;) of Green-Euler strain tensor en; = A\{n; with \; = /1 4+ 2A¢

and £; = log A; = 3 Lloglp(2X¢).

2.2.3 Hencky strain

Standard material logarithmic or Hencky strain is defined as

1
Ey =log(U) =  log(C) Zlog N)N;NT, (2.51)
which is numerically unstable when \; =~ 1. The stable version can be computed by

Ey=2 log(2E +1) Z logip(2AP)N;NT . (2.52)
=1

We can use a similar approach to define the stable form of the spatial logarithmic in current

configuration
1
en = log(v) = 3 log(b) (2.53)

by using the e’s eigenvalues as

= 1og(2e +1) Z loglp(2XS)nn) . (2.54)
171



24

With strain computed in a stable way, constitutive models based on the Hencky strain can stably

evaluated using the principles in the prior sections.

2.3 Algorithmic Differentiation to Derive Material Models

Deriving some of the material models in is not a trivial task, and could be tedious
and error-prone. One way to derive complicated material models without needing to manipulate
and simplify the intermediate expressions is to use algorithmic (aka. automatic) differentiation
(AD). Starting from the strain energy function in terms of the strain tensor, one could use an
AD tool to compute the corresponding stress tensor. However, using AD does not automatically
guarantee stability. Instabilities in the strain energy function will propagate to the derivatives,
leading to an unstable evaluation of stress. Our primary goal here is to show how to compute
material models using AD, identify instability-inducing terms in the free energy function, and
introducing a stable form of the strain energy function. We chose the coupled Neo-Hookean model
to show the procedure. One can apply these principles to obtain stable representations for

other material models.
We start with re-writing equation (2.8 in terms of E.

Y(E) = % (J? —1—2logJ) — u(log J — trace(E)), (2.55)

where J = \/|2E + I|. As we saw in [subsubsection 2.2.1.1} equation (2.55) is unstable due to the

presence of the J2 — 1 and log J terms. Using (2.10)-(2.11)), we can transform (2.55) to

B(E) = 2 (3_4 (J_1 +2) — 21ogtp (J_1)) — p(Logtp (J_y) — trace(E))

(2.56)

> | >

<J_12 —2(loglpJ_1 — J_1)> — p(loglpJ_y —trace E) .
v n'g N~
O(e?) O(e?) O(e?)

While (2.56) is more stable than (2.55)), it is still unstable when J &~ 1 and its derivative
results in an unstable formulation for stress due to numerical cancellations in the loglpJ_3 — J_4

and loglp (J_1) — trace(E) terms. Looking more closely at these terms, if E is of scale €, then
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YP(E) € O(e?) and thus we need to avoid subtracting terms such as J_; and trace E, which are

O(e). The first underbrace in (2.56)) is fine as is, but the second and third require a reformulation.

For the second underbrace, we define a helper function for computing log(1l 4+ x) — = that

avoids subtracting O(z) terms when computing the O(x?) result. Knowing [12]

loglip(x) = log(1 + z)

T
= 2artanh <2 n x) (2.57)

o

1 2\ 20t -
:22271—1—1(2—}—:6) ’ ‘2+w}<1

n=0

and moving z to the left hand side, we have

loglpminus x(z) =log(l +z) — x

2n+1 . (2.58)
) <.
24z

x? > 1
- 19
24+ n+1\24+z
n=1
studies how many terms are necessary to evaluate loglp minus_x accurately.

With a stable implementation of loglp minus_x available, we need only a stable formulation

for the third underbrace in (2.56]). Considering a 2 x 2 strain tensor, we can break down .J? into

J? = |I +2E)|
(2.59)
=1+4+2(E11 + E22) +4(E11F2p — B9l ))
—_————
trace(E)
and define a new variable:
j=J*—1—2trace(E)
(2.60)
=4(E11E2 — E12FE27) .
Using ([2.60|) extended for 3 x 3 matrices, we can compute J_; as
J2—1  j+2trace(E
T, = _j+2trace(E) (2.61)

J+1 J+1
Finally, with (2.58))-(2.61]), we arrive at a stable representation of the strain energy function (2.55))

as

Y(E) = 2 (J_1> — 21loglpminus x(J_;)) — p(loglpminus_x (j + 2trace E) + j) . (2.62)
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shows the relative error of strain energy function for Neo-Hookean model. For the
strain of order 108 we lose 16 and 8 digits in the standard (2.55) and semistable (2.56]) forms,

respectively, while the stable form (2.62)) delivers full accuracy.

We can now expect AD tools to automatically generate a stable representation of the second
Piola-Kirchhoff stress, S = %, and indeed, shows that direct application of Zygote.jl
[49] to (with n = 6 in (2.58))) is stable. Meanwhile, the standard and semistable forms
both lose 8 digits for strain at order 1078, [Listing 2.1| shows sample Julia code to compute S via
reverse-mode AD. We note that AD tools that can compute higher derivatives, e.g., by applying
forward-mode AD to S(E), can readily provide ingredients for solvers (such as Newton lineariza-
tion) and diagnostics, freeing the implementer from tedious coding of higher derivatives or resorting

to numerical differentiation.

Listing 2.1: Code for computing stress § for an arbitrary strain energy psi(FE) using the AD tool
Zygote.jl.
using Zygote
function S(E, psi)
stress, = Zygote.gradient(psi, E)
stress

end

2.4 Conclusions

In this paper, we investigated various constitutive formulations for elasticity along with their
implementation in finite element software packages. Formulations written in terms of the deforma-
tion gradient F' cannot be numerically stable, Standard formulations have additional instabilities
due to the presence of function like J — 1 and/or log.J, which are unstable when J ~ 1, as well
as terms like I — C~!, which similarly experience cancellation for small strain E ~ 0. In general,

the standard computation for a strain of order 10~ will result in m digits lost in the computed
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stress tensor and 2m lost evaluating the strain energy function. We proposed equivalent stable
formulations, all of which achieve relative accuracy O(€machine). These new formulations make use
of the displacement gradient H to define a strain tensor without loss of significance, compute J —1
in a stable way, and avoid cancelation computing shear stress terms. In addition to coupled and
decoupled forms of Neo-Hookean, Mooney-Rivlin, and Ogden models in initial and current configu-
ration, we showed that one can achieve a stable formulation using algorithmic differentiation (AD)
if the forward model (strain energy) is stable. We also showed a stable evaluation of Hencky strain,

which is important for developing stable representations for inelastic models at finite strain.

With single precision in the standard formulation, the first digit of stress is incorrect for
strains of order 10~7, while the new stable formulations get all 7 digits correct at all strain levels.
The stable formulations open the door for hyperelastic simulation using single or mixed precision
[1], thereby improving performance and reducing hardware and energy cost without compromising
accuracy. Moreover, stable formulations are necessary to run efficiently on hardware that does not

support double precision, such as GPUs, tensor cores, and embedded devices.
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Chapter 3

Governing Equation and Implementation

Many problems of physical importance involve motions that essentially preserve volumes
locally. That is, after deformation each small portion of the medium has the same volume as before
deformation. Media that behave in this fashion are termed incompressible. Rubber, biological
tissue and many fluid flows are assumed incompressible. Single field FEM discretization leads to
locking when low-order element is used. To understand the problem of locking, we will examine
first how the problem arises in linear elasticity from both a theoretical and heuristic viewpoint, and

then discuss how locking has been overcome in that field.

3.1 Mixed Linear Elasticity

Recall for the linear elasticity, the stress-strain relation is given by [45]

o = Atracee I + 2ue, (3.1)

where p is shear modulus, A is first Lame parameter defined in terms of Poisson’s ratio v and p by

2vp
A= .2
1—-2v (3.2)
and € is linear strain tensor
1
e(u) = 3 (Vu + (Vu)T) . (3.3)

The Galerkin approximation form for linear elasticity is: Given finite dimension subspace
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Vi, € HY(Q), find u € Vy, such that for all v € V9

/2/,Ls(v):e(uh)dv+/)\V-vv‘uhdv:/vmgdv—i—/ v-tds (3.4)
Q Q Q 0N

where V9 = {v € V;, : v = 0 on 9Qp}. The classical error bounds for the continuum solution w

and the discrete solution of the displacement wuy, in a sufficient regular domain is [4], [73]

lu —upll < C(p, k) R, (3.5)
where
2u(l+v) 2u
k=———<=A+— .
31—20) 13" (3:6)

is the bulk modulus, h is the mesh size, the norm on the left is usual Ls norm, and n is polynomial
order of basis function. Using higher-order polynomial and more refined meshes should reduce the
discretization error. However, the constant C' depends on material parameters and can become quite
large and makes the error estimate practically worthless. For % = O(10) gives satisfactory
convergent finite element approximations to the elasticity problem. But the performance of the
finite element methods deteriorates as A — oo (or equivalently v — 0.5). In this case, the term

involving A in (3.1]), and (3.4]) becomes very large and leads to non-physical results which is known

as the phenomenon of locking. Moreover, the regularity estimate given in [19]
lullzz + ANV - vl < C(lpgll + gl a2 + 1l a) (3.7)

where C' is independent of A and pu, also gives us a hint of trouble that leads to locking when A
is large. One can see from the above equations that as A — o0, it is necessary that V-u — 0

which gives an idea of alternative strategies.

One approach is to define an auxiliary variable p [45], and rewrite constitutive equation ([3.1))

as

o(u,p) = —pI + 2pe,
(3.8)

p = —Atracee.
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Alternatively, we can use the definition of hydrostatic pressure [10] i.e., phyq = —tra% and

arrive at

o (U, Phyd) = —Phyd I + 21€qev,
(3.9)

Phyd = —k tracee.

where 4oy = € — %traees I is the deviatoric part of the linear strain tensor and k is the bulk

modulus. We present a general constitutive equation as

o(u,p) = (kptracee — p) I + 2ueqey,
(3.10)

p = —(k — kp) tracee.
where k, = 21 (1 4+ v,) /3 (1 — 2v,) is the primal portion of the bulk modulus, defined in terms of
vp with —1 < v, < v, where v is the physical Poisson’s ratio. The standard full-train formulation
is obtained using v, = 0, and the deviatoric formulation with v, = —1. The general
mixed boundary-value problem (Strong form) for may then be stated as follows: Given body
force pg, Dirichlet boundary g% and applied traction £, find the displacement and pressure-like

variable (u,p) € V x Q (here V= H'(Q),Q = L?(Q2) ), such that:

—V.0—-pg =0, in

—V-u—m =0, in Q 1)
u=g% ond0"
o-n=t. on 9O
with n be the unit normal on the boundary and its weak formulation as:
a(v, u) +b(v,p) = (v, pg) + (v, E)oqv, Vv €V (312)

b(qg,u) +c(q,p) =0, YgeQ
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where

a(v,u) /V'v (2 edev + kp tracee) dv

/V vpdv

p
= — d 3.13

The discrete version of can be obtained by replacing V,Q by V, C V,,Qp C Q and
(u,p) by (up,pr). For any discretization of a variational problem, stability is crucial to ensure well-
posedness (solutions exist, are unique and depend continuously on the given data). For coercive
problems, the discrete stability may often be easily ensured. For mixed discretizations of saddle
point problems on the other hand, stability may be a nontrivial affair. Indeed, the mixed finite
element spaces must usually be carefully chosen. The stability theory for mixed finite element
discretizations originates from the work of [8] and [20] in the early 1970’s. In order to have uniform
behavior in the limit as A — 0, the Babuska constant v, must be v, > 79 > 0 for all h > 0; that is,
that 7, is bounded from below independently of h [§]. For our mixed problem the Babuska

constant 7y is defined by

" o tunn) 02wy (lUnlv, + ||ph||@h)(||v||v + llallo)

where

d((wn, pn), (v,q)) = a(v,up) + b(v, pp) + b(q, un) + (g, pn) (3.15)

However, the single Babuska stability condition (3.14) can be split into a pair of stability

conditions as follows [20]. We define «y, as the Brezzi coercivity constant and f;, as the Brezzi
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inf-sup constant by

. . ’a(Ua uh)’
ap = inf sup T,
0#£uy €%y, 0£VELy, ||uh||Vh||UHVh (3.16)
) .
8= inf sup &I
0£qeQp 0uneVy || llv, |/l
where
Zy, = {up € Vu|b(q,up) =0 Vg€ Qn} (3.17)

The Brezzi stability conditions state that there exists a unique solution of if and only if ay,
and S, (or equivalently ;) are bounded below for all A > 0 [5]. Moreover, it can be shown that
the Brezzi inf-sup constant is positive if and only if there are no nontrivial spurious modes [59].
These conditions enable a concise characterization of the stability of the discretized saddle point
problems. Unlike where we had explicit bounds in terms of mesh size and material properties,

the error estimate for the mixed formulation [21]

= wnlly < C [g -

— 1
v

of ||lu — v|ly + inf ||p —
ot fu ol + intlp~ o] .

Clp
_ < Z 1B infllu— inf ||p —
P —prllo < 5 [6 ;IGIVIIU vHer;nglp q\l@]

depends only on shear modulus p and inf-sup constant (.

For a given discretization, the Brezzi constants are computable through a set of eigenvalue

problems [5, 59]: Find A € R, 0 # (up, pp) € Vi, x Qp, such that for all (v,q) € VI x Qy,

a(v,un) + b(v,pp) + b(g, un) = —X(q, Pr)q, (3.19)

then, A > 0 and inf-sup constant defined in (3.16)) is 85, = v/Amin- The coercivity constant is equal

to magnitude of the smallest eigenvalue i.e., oy, = [Amin| of the following eigenvalue problem

(L(’U, uh) + b(vvph) + b(Qv uh) = )\<’U, uh)@h (320)

3.2 Mixed Hyperelasticity

For hyperelastic material we are not in the linear strain range, thus we cannot use pnyq =

—tra% in terms of small strain €. To define pressure, first, we need to derive the Cauchy stress
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for hyperelastic which is [44]

1
o=—-T= jFSFT (3.21)

then from definition of general hyperelastic constitutive law (2.25)) and ([2.26)), hydrostatic pressure

is

Phyd = _tra;ea = —% trace(FSFT) = —% trace(SFTF) = —% trace(SC)
o 1 wvol 8¢1§0 aH
=—37 trace ( JI + Z oL, 8E (3.22)
_3¢v01 o _kaU(J)
oJ aJ

where we have used trace(AB) = trace(BA) and

trace <8E C> =2J trace | C — 3]11I =0,

ol 2
trace <81’270> = 2773 trace (]IlC' —-C? - 3]12I> =0, (3.23)

trace <2HESC> =0,

and considered the volumetric energy in the general form

ot = U(J) = & (2~ 1~ 210g.7) (3.24)

However, similar to mixed linear case (3.10|), we define a pressure-like variable in terms of

bulk and primal bulk moduli

— -k

= Pa+ kU (3.25)

and general mixed constitutive equation by substituting pnyq in (2.29) to arrive at

S(u,p) = Siso + (kpJU —pJ) C ™1, (3.26)

Svol

where S is the first Piola-Kirchhoff stress tensor. With (3.25)) and (3.26)), we can state the general

mixed hyperelastic strong form as follow: Given body force pgg, Dirichlet boundary g* and applied
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traction £, find the displacement and pressure-like variable (u,p) € V x Q such that:

—Vx P —pyg=0. in Qg

-U' - =0. in
k= ky (3.27)
u=g" on OQOD
P-N=t. on 896\7
and its weak formulation as:
R, (u,p) = VXU:PdV—/ v-pong—/ v-tdS =0, VeveV
Q0 Q0 oy (3.28)

R,(u,p) ::/Q qLJdV =0, VeqgeQ
0

where (.)g indicates the initial configuration, P = F'S is the first Piola-Kirchhoff stress tensor, N
is the unit normal vector, x in Vyx indicates that the gradient is calculated with respect to the

initial configuration, and

L=-U— :
k—k,

Discretization of produces a finite-dimensional system of nonlinear algebraic equations,
which we solve using Newton-Raphson methods. One attractive feature of Galerkin discretization
is that we can arrive at the same linear system by discretizing the Newton linearization of the
continuous form; that is, discretization and differentiation (Newton linearization) commute. In

general for solving a nonlinear equation R(u) = 0, we use the first-order (Taylor’s) expansion
0 = R(u) + dR(u;du) + o(du), (3.29)

where d and du denote the linearization operator and the increment of the displacement field u.
The reminder o(du) is a small error that tends to zero faster than du — 0. The second term dR
is the linear change in R due to du at w. In fact, it is the directional derivative of R at a given u

(fixed) in the direction of the incremental displacement field

dR(u) = W X (3.30)
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For instance, the deformation gradient linearization is

qF — OF (u + edu) _ (81 n 0(0u/0X) n 0e 9(0du/0X) N 6(‘9(6du/8X)>
Oe =0 Oe Oe Oe Oe Oe =0 (3.31)
0du

To simplify the linearization of other quantities we can use (3.31). For example the lineariza-
tion of Green-Lagrange strain is

dE = g? :dF = % (AF"F + F" dF) = sym (F" dF). (3.32)

With above explanation, the linearized form of (3.28)) (assume constant traction and body

force) may be stated as: Find (du,dp) € V x Q such that for all (v,q) € Vo x Q

Vxv:(dFS + FdS) dV = —R,(u,p),
Qo (3.33)
/ ¢(ALJ + L dJ) dV = R, (u, p),
Qo

where

aSiso dE + 8Svol dE + 8Svol

15 =2E OE ap

dp = dSiso + dSE, + dS?

vol’

(3.34)

For the Neo-Hookean model (see (2.33]) and (3.26])), with second Piola-Kirchhoff stress
S = Siso + Syol = 21 2PC T Eyey + (kpJU' — pJ) C72, (3.35)

we can derive its linearization as
dSis = —%MJ*Q/?’(C*l .dE) <13 _ ;]1101>
— %,u]d/?' (2tracedE cl+1 dCil) , (3.36)
= —guJ_Q/?’(C_l dE)C ™' Egey — %MJ_QB (2tracedEC~' +1; dC™)
and
u = (kp AU + kyJU" dJ — de) C' + (kyJU' — pJ)dC™,
— [l 2U" + kyJU' = pI| (CT:dE) €' + (kyJU' — pJ) dC7, (3.37)

ds? . = —dpJC~ 1,

vol —
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where we have used
_oJ

g7 . - -1,
dJ = 5=:dE = JC:dE, (3.38)
and
—1
dc—t = 8§E :dE = -2C 'dEC™L. (3.39)

The second equation of (3.33)) also can be simplified as

J dp
k—ky

dp
k— K,

dLJ+LdJ:<—U”dJ— > J+LdJ:(—JU”+L)dJ—

(3.40)

1" ! J Jd
— (22U +oUu + -2 Vo tag - 2P
k—k, k—k,

Note that for different material models like Mooney-Rivlin and Ogden, the volumetric stress

and the second equation of (3.33)) and their linearization (3.37)), (3.40) are the same, and we only

need to derive the isochoric part, which are given in

Keeping above linearization in mind, we can rewrite (3.33]) in short-hand notation as

A Bl |du R,
- (3.41)
C D| |dp R,
where R, R, are defined in (3.28]), and the block operators are
A~ VXv(dFS+FdS1so+Fd zftol) d‘/,
Qo
B~ / Vxv:FdSP dV = —/ Vxv:dpJF1dV
o o (3.42)

1 ! J
c~—/ q(JQU Y (g >C—1:dEdv,
Qo

k—k,
d
DN—/ -2y
0, Tk — Ky

The block structure matrix in (3.41) is not symmetric [22]. However, we can write the
mixed formulation for incompressible materials by the variational approach as discussed in the

next section.
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It should be noted that for displacement-based formulation (single field), we only solve the
first equation of (3.33) with

S = Siso 4+ Syor = 2uJ 2PC Egey + kJU' C7, (3.43)

where the linearization of the isochoric part is the same as (3.36)), and

= BP0+ kJU'] (CT1idB) €71+ (RIUY) dCT

vol —

(3.44)
ds?  =0.

vol —

3.3 Perturbed Lagrange-multiplier method

In the previous sections [section 3.1 and [section 3.2] we introduced the strong form of general

mixed formulation for small and finite strain and by considering test functions (v, q) as derived in
(3.12)) and (3.28)). Alternatively, we can derive the mixed u — p weak formulation based on mini-
mization of two fields functional II(wu, p), which it is known as the perturbed Lagrangian approach.

For the mixed linear case, we can write

k
II(u,p) = / [,u E€dev i Edev — P tracee + L (tracee)? — P dv — Hext (w)
Q 2 2(k — kp) (3.45)
Moyt (u) = / u-pgdv+/ u-tds
Q o0
and by invoking the stationarity of Il with respect to u and p, we obtain
/ Vou: 211 €qey + (kp tracee — p) I dv — Lext (0u) = 0,
@ (3.46)
p
op (— tracee — > dv =0,
/ 5,
where Lexi(0u) = [ 0u - pgdv + [, 6u - tds, and we have used
8traces5u _ 8traces§5u — I.te,

1
de = 5 (Véu + Véu') = sym(Viu),
in which du and dp are virtual displacement and pressure and can be seen as the test functions v, g,

i.e., Vou = Vv, op = q. It is clear that the weak form ([3.46)) agrees with what we obtained in (3.12)).
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However, the hyperelastic weak form (3.28)), can not be derived by minimizing any functional [22]

and as shown its linearization is not symmetric.

To write the mixed functional II(u, p) for hyperelastic, we need to consider the strain energy

of the form [22]

N |

b = beaald) + ol €)= 5 (01()) + ol ). (3.48)

where the function U requires condition

U(J)=0 ifand onlyif J =1,
which by comparing the volumetric part of above equation with (3.24)), we realize that if
U(J) = =U%(J), (3.49)

the strain energy will be the same for both methods. Using the quadratic form of volumetric energy,

we can write the general mixed functional for hyperelasticity in terms of bulk moduli £, &, as
_ A kp . 2 p2

(u,p) = /Q Yiso(C) —pU(J) + —- (U(J)> - 2(7 dV — ext (w),

0

2 k= k) (3.50)

Hext(u):/ u~pong+/ u-tdS.
Qo Qo

Finding the stationary conditions with respect to du = v and dp = ¢ by taking Gateaux

derivative gives the weak form

REL(u,p) = / F | S + (kpU _ p) JU' C™| :VxvdV — Lex(v) =0

Qo
o (3.51)
RPE(u, p) ::/ (—U(J) B >qu =0
P Q% k—k,
and its linearization can be derived as
Vxv:(FdS +dFS)dV = —RUE(u, p),
o (3.52)

~ dp PL
qg|—dU — >dV:—R (u,p),
/Qo ( k— kp b
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where dU = U’ dJ, and dS = dS, + dSY

(e]

| +dS?

vol*

In perturbed Lagrange-multiplier method, the isochoric stress Sis, and its linearization dS;s,

are the same as given in (3.35)) and (3.36) but the volumetric part is different i.e.,

~

Sl = (kpU - p> ident (3.53)

with its linearization

Sty = [k (JO)? + (k0 = p) (JU' + 20") (C7":aB)| €7 + (kU — p) JU'aC™,

(3.54)
ds? | = —dpJU'C™,
Furthermore, unlike (3.41)), the block structure system
A B| |du RPL
= — (3.55)
¢ | |dp RPL

obtained with PL approach is symmetric i.e., C = BT, where Rff L Rf; L are defined in (3.51)), and

the block operators are

A ~ VX’US (dFS + Fdsiso + Fd Affol) d‘/7
Qo

B~ | Vxv:FdSP dV =— [ Vxv:dpJUF T4V

Q vol Q
0 0 (3.56)

c~—/ qJU’C—l:dEdV_—/ qJUFT:VxdudV =B",
Q() QO

dp
DN—/ q dv.
0 k—kp

3.4 Current Configuration

In the preceding sections, all equations have been formulated in the initial configuration.
This may feel convenient in that the computational domain is clearly independent of the solution,

but there are some advantages to defining the equations in the current configuration.

e Body forces (such as gravity), traction, and contact are more easily defined in the current

configuration.
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Initial Residual Current Residual
———
push forward
Vxv:FS V.v:T
. . (dF=Vyxdu dV,v=—V,vV,du|;: .
lmeanzel dS(dE) z dr( dIe) z Jhnearlze

push forward

Vyv:(dFS + FdS) Vv (dT — (Y, du)T)

vy

Initial Jacobian Current Jacobian

Figure 3.1: Residual and Jacobian in initial and current configurations commute in multiple paths.

e Mesh quality in the initial configuration can be very bad for large deformation.

e The required storage and numerical representation can be smaller in the current configu-

ration.

Most of the benefit in last item can be attained solely by moving the Jacobian representation to the
current configuration [29], though residual evaluation may also be slightly faster in current config-
uration. There are multiple commuting paths from the nonlinear weak form in initial configuration
to the Jacobian weak form in current configuration. One may push forward to the current configu-

ration and then linearize or linearize in initial configuration and then push forward, as summarized

below in

The first term of first equation in (3.28) can be rewritten in terms of the symmetric Kirchhoff

stress tensor 7 = Jo = PFT = FSFT as
Vxv:P = VX'U:TF*T =VxvF lir=V,v:7

therefore, the weak form in terms of 7 and gradient with respect to current configuration V, is

ru(u,p) = Vev:TdV —/

v-pong—/ v-tdS =0, VeveV
Q0 Q0 o0y

(3.57)
rp(u,p) ::/ qLJdV =0, VeqeQ
Qo

Similarly we can rewrite the first equation of the weak form derived by variational approach

(3.51) in current configuration.
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To derive a Newton linearization of , first we define
Vedu=Vyxdu F7! =dFF!, (3.58)
then by expanding the directional derivative of V,v: 7, we arrive at
d(Vyv:r)=d (Vyv):m+ Vyv:dr. (3.59)
The first term of can be written as

d(Vyv):r=d (VxvF ') ir= | Vx (dv) F' + VxvdF ' |7
0

3.60
= (-VxvF 'dFF ')t = (-V,wdFF'):7 (360

= (—VooVydu):T = —Vv:71 (Vydu)'

where we have used dF~! = —F~'dFF~! and (3.58). By making use of (3.59) and (3.60) in

(3.57)), we arrive at the Jacobian in the current configuration: Find (du,dp) € V x Q such that for

all (v,q) € Vo xQ

/ V! (dT —7(Vy du)T> AV = —ry(u,p),
Qo

(3.61)
/QO q(dLJ+ L dJ) dV = —rp(u,p),
Alternatively, we can transform the jacobian in initial configuration to current via
Vyv:dP = (Vyv) F:dPFT = V,v:dPFT = V,v: (dT — (Vs du)T)
and with existing derivation of dS in we can compute
dr — 7 (Vydu)' = dPF" = dFSF” + FASF”
=dFF 'FSF" + FdSF" (3.62)

=V,dut+ FAdSF”"

For the Neo-Hookean model (3.35)) we can derive (see (2.35))

T =FSF' = 15y + 7o = 20T Peqey + (kpJU' —pJ) I, (3.63)



44

where egey is the deviatoric part of the Green-Euler tensor (see |Appendix Al), and we have used

1
FC 'Eg FT =FT <E - 3H1(E)I> FT = ey,. (3.64)

To compute F dSFT, first we start by ([3.36))
2
FdS, FT = —g,uJ_Z/3 (2 trace(de)egey + trace(de)I — 1; de) , (3.65)
where I[; = trace(b), b is the left Cauchy-Green tensor,

de = - (Vo du+ (Vydu)?) =sym (V, du), (3.66)

DN |

and we have used the following derivations to derive the equivalent terms in current configurations:
trace (dE) = trace (FT dF) = trace (F dFT) = trace (dFFT) = trace (de) . (3.67)

C Y dE=F'F T.FTaF

= trace(F ' F~TFT 4F)

(3.68)
= trace(F 1 dF)
= trace(dFF~') = trace(V, du) = trace de,
FAC'FT = 2FC'dEC'FT = 2F TdEF™' = —2de, (3.69)
where F~T dE F~! is simplified as
FTdEF ' = %F’T (FTdF + dF"F) F!
= % (AFF '+ FTdFT) (3.70)
- %(Vm du+ (V, du)T) — de.
Then, from we have
Fdsy FT = [kaQU” 4k JU' — pJ} (tracede) I — 2 (kpJU’ — pJ) de, -

FdS? FT = —dpJI,

vol
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As you can see in current configuration we do not need to compute the inverse of a ma-
trix like C~! since it is replaced by identity matrix. Moreover, for computing C~' : dE in
initial configuration, we need 15 flops while this term in current configuration is substituted by
trace de = trace(V, du), which requires 2 flops for its computation. Furthermore, the linearization
of C~1 , which needs computing inverse of right Cauchy-Green tensor and two matrix-matrix

multiplication is replaced by —2 de term.

With above derivation for current configuration, we can rewrite (3.61)) in a matrix form as

A Bl |du T
= (3.72)
C Df |dp Tp
where 7,7, are defined in (3.57)), and the block operators are
A~ | Vou:(Vedut + FdSioF" + FdSY FT) dV,
Qo
B~ VIU:FdS\IfOIFT dV = — Vev:dpJIdV = —/ trace (V,v) dpJ dV
Qo Qo Qo (373)

Cn— / q <J2U” U+ TP )tracededV,
Qo

k—k,
DN—/ Ly
0o Tk — K,

It should be noted that the perturbed Lagrange-multiplier formulation (3.55)) can be trans-

formed into current configuration similarly. Also for different material models, we derived the

Kirchhoff stress 7 in [subsection 2.2.2, and their linearization F dSFT are given in

3.4.1 Pressure Boundary Condition

One of the important load case is the pressure boundary loading which is caused by liquids or
gases on the surface of the solid structure. The pressure boundary load depends upon the current
state of the deformation and can be considered as a traction vector £ = —pgn per unit current

surface, acting in the direction of the outward unit normal n. Therefore, the following surface
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integral will be add to the right-hand-side of the first equation of (3.28) or (3.57))

/ v - (—pon)ds, (3.74)
onN

where the normal on current surface is computed by

ox ox

_ 98 "0
n=oe s Om| (3.75)

56 < o6
in which &;,& € [—1,1]? are reference coordinate system on the face and x is the position vector

in current configuration. If we write the surface area in terms of reference coordinate as ds =

\% X g—g|d§1d§2, the pressure load (3.74]) can be simplified to
ox Oz
- o [ E2 % 22 ) dgyd .
/[_171]2’0 Po <8§1 X 8£2> §1d&a (3.76)

In deriving (3.33)) we assume the traction is constant. However, in the case of pressure loading

on boundary even for constant pressure, due to appearance of current state & the linearization of

(3.76|) is not zero and given by

d
—po/ v- (3 u, oz, 02 8d“> de 1 dés. (3.77)
[7171]2

o6, " 0g o6 g

3.5 Matrix-free formulation

Historically, conventional high-order finite element methods were rarely used for industrial
problems because the Jacobian rapidly loses sparsity as the order is increased, leading to unaf-
fordable solve times and memory requirements [24]. Matrix-free methods describe algorithms that
do not require the explicit storage of a matrix in order to solve the algebraic system of equations
resulting from the discretization of a PDE. The main motivation for matrix-free methods is to
enable the solution of larger problems due to reduced memory requirements, but more importantly,
to solve a problem faster due to a significant reduction in the number of operations and in the

transfer of data from main memory.

In the context of finite element methods, matrix-free methods are typically realized by on-

the-fly operator evaluation using numerical quadrature. The efficiency of matrix-free finite element
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operator evaluation as compared to matrix-based approaches essentially depends on the polynomial
degree of the shape functions and the type of elements. For quadrilateral and hexahedral element
shapes, the tensor-product structure of the shape functions and of the quadrature rule can be ex-
ploited by a technique called sum-factorization, which leads to improved computational complexity

in terms of operation counts and which is crucial in achieving efficient matrix-free methods.

We present here the notation and mathematical formulation of matrix-free method for a
general mixed-elasticity problem R(u,p) = [Ry(u,p) R,(u,p)]T = 0: Find (u,p) € V x Q, such

that

<'v,Ru(u,p)):/ v- fo+ Vo fidV — v-tdS =0, YveV,,
N
o 9% (3.78)

<Q7Rp(u7p)> = /Q q-90 + tigl av = 07 Vq € Q7
0

where the operators fy, f1,90, 91 contain all possible sources in the problem i.e., uw, Vu,p, Vp. It
should be noted that the gradient in the (3.78) depends on the configuration system and it could be

with respect to initial configuration X i.e., Vxwv (Lagrangian approach) or current configuration

x i.e., V,v (Eulerian approach, see [section 3.4).

To solve (3.78)) with Newton Method we may state the Jacobian form for a constant t as:

Find (du,dp) € V x Q such that for all (v,q) € Vo x Q

(v,Ju(u,p)dU):/ v-dfy+ Vou:dfi dV, VYuv e Vy,

o (3.79)
(¢; Jp(u,p)dU) = / q-dgo+ Vq:dg1dV, Vqe€Q,
Qo
where dU = [du dp]? and the linearization of operators fo, f1, g0, g1 are
dfi:afidu+ afinu—i—afidp—k afivclp7 i=0,1
ou oVu dp oVp
P 9 9 5 (3.80)
gi gi gi gi )
dg; = d d d dp, =0,1
g ou u+8Vuv ut Op p+8va (S

Compare with governing equations derived in pervious sections for linear and large deformation, it

is easy to verify that
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e For mixed linear described in (3.12]) or (3.46)

fo=—pg, fi1=2uedes + (kptracee —p)I, go= —tracee — 91=0

p
k—ky’

dfi = fi(du,dp), dgo = go(du,dp)

e For mixed hyperelastic in initial configuration described in (3.28]) and (3.33|)

fo=—-pog, fi=FS, go=LJ, g1 =0

dfi = dFS + FdS, dgo=dLJ+LdJ

e For mixed hyperelastic with variational approach in initial configuration given in (3.51))

and (3:52)

fo=-pog, Fi=FS, go=-U(J) g1=0

__p
k—k,
dp

k—k,

dfy =dFS + FdS, dgyo=—dU(J)—

e For mixed hyperelastic in current configuration derived in (3.57)) and (3.61))

fOZ—POQv f1:T7 gOZLJ’ 91:0

df, =dr — 7 (Vedw)', dgo=dLJ + LdJ

The corresponding discrete form of (3.78)) without traction can be written by

dim
> ED" [(BZ)T WOA (fo (uf, Vu®)) + > (D)) WA (f1 (u, Vuc))| =0
‘ = (3.81)
=0

dim
> ET [(BS)T WEA (go (p°, VP©)) + > (D5)] WEA (g1 (p°, VP°))

i=1

e

where &7, £ are the element e restriction operators for displacement and pressure fields that sepa-
rates DoF's based on the elements they belong to, and A represents pointwise function evaluation.
The diagonal weighting W€ = det (VX)) A <W QW ® W) are quadrature weights mapped to the
physical element and £ is the coordinate of the reference element & € [—1,1]%™. Both f; and g;,

i = 0,1 come from the constitutive law and we compute them in quadrature point as follow. By
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applying element restrictions &7, &7 on total assembled vector U = [u p]T, we can get the nodal
values of displacement and pressure for element e, i.e., u® = ELU, p® = E;U. Then map them to
the quadrature points by applying interpolation basis function as ut = B u® and 1/)E = Byp°, where
“symbol indicates that vectors u® and ]/)E live in the quadrature space. To compute the gradient,

first we apply derivative of basis function so we have gradient of nodal value in reference element

€c[-1,14m je., @ = [(Dz)due]giﬂ. The nodal basis and its derivative are constructed by

B=B®B®B, D, =D®B®B,

Dy=B®D®B, D;=B®B®D, (3.82)

from one dimensional tabulations B and D of shape functions and their derivatives at quadrature

points. Then we compute the physical gradient by
Vxut = J; Veus

where J; ! = Vx¢ is inverse of the jacobian i.e., J. = [D¢X e]gizni with the physical coordinate X°¢

of element e. Pulling (3.81) back to reference coordinates, we have

- T r
Ro=Y ()" |7 wea (ff) <ue’vfi))
: Du__ ) __(fl (“67%“ )) (3.83)
B- S ()" | %] we (90 (. ¥e"))
p D, | _(Ql (Peav/g’e))

where for instance fo (uﬂ@) = fo (ue, Je_lﬁ) and fl (uﬂ@) =J7 (ue, J1 @) .

While this interface brings the isoparametric mapping into quadrature functions, the work
outside these quadrature routines shares the same data and can be batched over elements, leading

to improved vectorization and data reuse.

In this formulation, the element restriction operators and basis operators can represent dif-

ferent element geometries and different degree polynomial bases, providing a flexible description
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for arbitrary meshes. It should be noted that we used the notation By, and By to indicate that the

polynomial degree can be different for displacement and pressure fields.

The Jacobian action can be computed [24] similar to the residual (3.83])

T _ o - -
By foo forl| | B
JudU = (£)" WeA £edU
e Dy, fio fia| | Dy
T _ oo (3.84)
B; goo 9o.| |B;
Ldu =Y ()" | 7| wea Plecdu
e Dy | 910 G11| | Dp]

where the fz‘,o, fz’,l and g; 0, g;,1 are pull back of derivative of f; and g; with respect to the solution
fields given in (3.80). The general mixed formulation resulting from discretization at iteration m

with given initial guess U has the form

JU™JAU™ = -R(U™)
(3.85)
Um+1 — Um + dUm
where R(U™) and Jacobian J are discrete form of system (3.41) (or (3.55) and (3.72)) if we use

perturbed Lagrange-multiplier method and formulation in current configuration) needs to be solved

at each Newton’s iteration.

Systems of equations with the form (3.83) and (3.84]) admit a natural implementation via
libCEED [25], which provides fast algebra for element-based discretizations on CPUs and GPUs.

illustrates the action of an arbitrary finite element operator,
A =PTETBTDBEP, (3.86)

where P represents the parallel communication portion of the element restriction operator, £ rep-
resents the local portion of the element restriction operator, B represents the basis action kernels
that provide solution values and derivatives at the quadrature points given by B,,, B}, and D,,, D,,

and D (which may be linear or nonlinear) represents the pointwise representation of the weak form,
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given by fi, g; and fm, gij as well as the element quadrature weights W and geometric factors

VeX.
A=PTeTBTDBEP
global domain sub-domains elements quadrature
all (shared) dofs device (local) dofs element dofs point values q
P £ B
T-vector L-vector E-vector Q-vector
+----=- Element operations (dense) ------ -
mmmmmmm—— - libCEED Operator --------------------- >
et et itaintaiete b tata e dede bl Global problem ------------------------------- >

Figure 3.2: libCEED composes local (L-vector to L-vector) operations from element restriction &,
basis B, and quadrature-point functions D. A T-vector represents the non-overlapping parallel
partition of DoF's, as needed by nonlinear and linear algebraic solvers. The L-vector is localized
per device (e.g., MPI rank or GPU context) with any ghost values replicated into each part. The
E-vector (restricted to elements) and Q-vector (evaluated to quadrature points) exist only concep-
tually in our optimized implementation, since restriction &£, basis B, and user-provided quadrature

function D are fused into one kernel.
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3.6 Preconditioner
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Figure 3.3: libCEED Backends.

Linear system of the form

52

(3.87)

could typically be solved through direct or iterative methods if a solution exists. For large scale

problems, the iterative methods known as Krylov subspace methods are more efficient. In theory,

the Krylov subspace methods are supposed to converge in a finite number of iterations.

The

Conjugate Gradient method (CG) and Generalized Minimal Residual method (GMRES) are well-

known Krylov subspace linear solvers. If matrix A is symmetric positive definite (SPD), the CG

method is preferred, while GMRES can be considered for a more general non-symmetric matrix A.

Krylov iteration methods are not necessarily fast on their own, and the iterations count depends

on condition number of the operator. Incompressibility in elasticity problems typically produce
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difficult matrices to solve. That means the numerical properties of the matrix A can have an effect
on how many iterations the Krylov subspace method will take to reach to a solution. In addition, as
the size of the system of equations in increases, the number of iterations to reach a solution
by a Krylov subspace solver increases. To accelerate the solve time and bound the number of
iterations for a Krylov subspace method, regardless of the system size, preconditioning techniques
are employed. Preconditioners transform to a new system of equations with smaller condition
number and therefore reduce total iteration count and total solve time. This transformation takes

place via a non-singular matrix, P! , known as a preconditioner
PlAx=P ' (3.88)

For the preconditioner to be effective we need
e P lzis easy to compute for any vector z.
e The condition number of the preconditioned problem is smaller than the original problem.

There are numerous techniques for preconditioning which can be found in [78| [16], [13]. For ellip-
tic PDEs, multigrid methods provide an efficient preconditioning framework for obtaining uniform
convergence rates with respect to resolution and model extent. Multigrid methods can be cate-
gorized into h—multigrid, p—multigrid, and algebraic multigrid (AMG) techniques. Geometric or
h—multigrid methods rely on a hierarchy of meshes. In many cases, such as unstructured meshes
used in finite element methods, h—multigrid is hard to implement. In contrast to geometric multi-
grid methods, AMG techniques extract all information from the assembled system matrix without
requiring any mesh information. To avoid assembling high-order matrix-free operator, we make
use of p—multigrid which coarsens the operator by reducing the order of the basis functions and
AMG solver is needed at the coarsest level (linear element). Algorithm |I{shows the preconditioned
conjugate gradient [78, [16} [36] for solving which require the action of A applied to a vec-
tor, so that an explicit assembly of the matrix A is avoided by the use of matrix-free operator

evaluation. The operator only needs to be assembled on the coarsest multigrid level for the AMG
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coarse-level solver in line 3 of Algorithm In the preconditioning step of the conjugate gradi-
ent solver (preconditioner P), the operator is inverted approximately by performing one multigrid
V-cycle according to Algorithm [2{ with initial solution &) = 0, where | denotes the finest level.
Pre- and post-smoothing are done in lines 6 and 11, respectively, with 2nd order Chebyshev/Jacobi
iteration in the range of [0.1\pax, 1.1 \max], where Apax is the eigenvalue estimate of (diaugA)f1 A.

Note that the prolongation operator in line 10 of Algorithm [2]is given by

P =37 (65)"A (m;l) B, £°, (3.89)

where, B, ; is the interpolation kernel from the lower order to high order finite element, defined by
(3.82), and my = & fSJTE + is a pointwise scaling factor for the multiplicity of nodes shared between

elements on the fine grid.
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Algorithm 1 Preconditioned conjugate gradient algorithm for solving Az = b

Input: Given tolerances eyel, €abs
1: function PCG(A, z,b)
22 r=b- Ax
3 roll = [l

4: z=P1r

7. while ||7]|/||ro|| > €l and ||7|| > €aps dO

8: z=Ap

9 a=4/(p"z)
10: < T+ ap
11: T T—az
2

13: z=Plr
14: Oold = 0

15: =1z

16: b= (5/501(1
17: p<z+Op
18: end while

19: end function

> e.g., MultigridVCycle(L, A, 0, r)

> e.g., MultigridVCycle(L, A, 0, r)
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Algorithm 2 Multigrid V-cycle

1: function MultigridVCycle(l, AD 2O b(l))

2: if [ =0 then

3: x(©) « CoarseLevelSolver(A©®, () p©)
4: return z(¥)
5. else

6: x® Smooth(A(l), z® pM) Amax)

7: rO —p) — 4050

8: rr(l_l) — R(l_17l)r(l)

9: 21 MultigridVCycle(l — 1, Al=D 0, r(l_l))
10: zl) g 4 pli-1g(-1)

11: W) Smooth(A(l), a:(l), b(l)7 Amax)

12: return z()

13:  end if

14: end function

> e.g., AMG

> pre-smoothing

> restriction

> prolongation

> post-smoothing

3.7 Block preconditioner

To design the preconditioner for the block structure system (3.41]), we start by rewriting the

factorization of the jacobian matrix by [16] (69, 50]

A B
J:

C D

0

I

__Ao I A'B
0 S||0o I

-I—BS_l A 0
0o I 0 -S
I A'B

0o I

A B

0 S

(3.90)
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where S = D — CA'B is called the Schur complement. The simplest block preconditioner is

obtained by only considering the diagonal blocks .4 and S as [69, [50]

A 0 At 0

0 -S 0o -S!
which can applied as a preconditioner in Krylov subspace iterative method such as MINRES for
a symmetric problem. The preconditioned operator JP~! has minimal polynomial degree 3 so

that MINRES converges in three iterations [69]. From the given factorization in (3.90)), the block

triangular preconditioner can also be taken into account as

A B I 0
P= s Jp = (3.92)

0 -§ CA™Y —TI
which the preconditioned system has the minimal polynomial (A — 1)(A 4+ 1) [50] thus converges
faster compared to block diagonal preconditioner. However, if we write the inverse of the triangular

preconditioner
p-1_ _ (3.93)
0 -§! 0 I||o —-I|]|0 S

we need to apply extra operator B to the block system and increase the cost of computation.

In this study we consider the upper triangular preconditioner of the form
-1
A B
(3.94)
0 D

where the blocks A and D are related to the original blocks and for instance, in linear elasticity,

are defined by

A~ / Vv : (2uegey + kpe trace(e)I) dv,
Q

. 1 1
Dw—/g( +)dpdv,
Q k—kpe n

where k. is bulk modulus defined in terms of v,. with —1 < v, < v to indicate that A could be

(3.95)

different from original displacement block A given in terms of k, in the first equation of (3.13).
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Note that this approach may be considered an augmented Lagrangian technique parametrized by
vpe that is always consistent for any physical Poisson’s ratio v. The scaling in is intended to
deliver maximum eigenvalues of the preconditioned operator close to 1, similar to multigrid applied
to the displacement block A. Note that in finite strain, A and D are defined similar to in

terms of k. i.e.,

A~ | Vxv:(dFS + FdSi, + F dSY,(kp.)) dV,

vol
Qo

. . (3.96)
@N—/q( +>Jdpdv.
Qo k — kpc 1%

To approximate the displacement and pressure blocks /l_l, @_1, Ratel uses p-multigrid
and variable size point block Jacobi preconditioners. In the next chapter, we present numerical
experiment for different loading in small and finite strain to show the performance and accuracy of

the proposed preconditioner.



Chapter 4

Numerical experiments

In this chapter we present different numerical experiments for incompressible material in

small and finite strain regimes.

4.1 Small strain

Before we present the results for mixed formulation, we investigate the error estimate formula

(3.5) for linear elasticity with exact solution
uz = Agsin(sz — xo) sin(sy — vo), Uy = 2 ug. (4.1)

with Ag = 1073, s = 27, 29 = yo = % on unit square [0, 12 with n X ny uniform mesh, where n,, n,
are number of elements per side The material properties is A = 3,y = 1,v = 0.375 and

full Dirichlet boundary condition is applied.
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Figure 4.1: Example of uniform mesh on unit square with 4 elements per side, n, = n, = 4

shows the L2 error and convergence order for linear elasticity with Qo, Qs, Q4

elements. The convergence order is computed via

logyg <

lw — un, II) / <
— log
[l — wp, | v

)

(4.2)

where h = 1/ng, n, = n, is the element size. As expected, from ({3.5)) the convergence order for @,

is n 4+ 1 and the results are in good agreement with theory.

Table 4.1: Convergence study for linear elasticity with n, x n, uniform mesh.

Ny Q2 Q3 Q4

Erroru  Orderuw  Errorw  Orderw  Errorw  Order u
4 3.541e—05 2.908e—06 2.023e—07
8 3.917e—06  3.176  1.687e—07  4.108  6.041e—09  5.066
12 1.123e—06  3.080  3.244e—08  4.066  7.86le—10  5.030
16  4.682e—07  3.042  1.016e—08  4.037  1.857e—10  5.016
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Figure 4.2: 2D mixed element examples with discontinuous and continuous (last column) pressure

For the mixed linear elasticity we used the same exact solution (4.1) for the displacement

field and computed the pressure by
p=—(k—Fkp)V - u. (4.3)

Before we compute the error, we should check the stability of the mixed elements created by
combination of different polynomial orders for displacement and pressure fields. shows
some mixed elements where the pressure DoF can be continuous or discontinuous. We performed
the inf-sup analysis by solving the eigen problem for various mixed elements on square [0, 1]?
and stretched meshes [0, 1] x [0,0.1] All mixed elements with continuous pressure are
inf-sup stable on element with aspect ratio 1 and 10. However, for the discontinuous pressure, the
inf-sup constant for widely-used Q1 Fy and @Q,@Q,—_1 elements is decreasing under mesh refinement
which make them unstable. Moreover, Q2P element which is stable on square mesh, becomes
unstable on the stretched meshes. In fact, the inf-sup constant of Q2 P; is decreasing by factor

1/y/a where a is element aspect ratio. Thus, for stretched structure one should avoid using this
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element.
Continuous Pressure, Element aspect ratio 1 Continuous Pressure, Element aspect ratio 10
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C c
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Figure 4.3: Inf-sup constant for various mixed-elements with continuous (top row) and discontinu-

ous (bottom row) pressure on square and stretched meshes.

We investigated the Lo error and convergence order for mixed formulation on the the uniform
mesh with inf-sup stable mixed elements. [Table 4.2 shows the convergence order and
error for mixed element with discontinuous pressure field. It is clear that Qo element with total
DoFs/element 21 (in 2D) has the optimal convergence orders 3,2 and its Lo error is close to the
Q3Q1 element (same convergence orders) with total DoFs/element 36. In general we can conclude
that @, P,_1 has the order of n 4+ 1 for displacement and n for pressure and Q,Q,_2 convergence

orders for u, p are n,n — 1, respectively.

For continuous pressure, we are allowed to have elements of type Q,Q»—1 and Q,,Q,_2 based

on inf-sup analysis However, as shown in [Table 4.3 comparing Q2Q1. and Q3Q1,
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increasing the interpolation order of displacement field doesn’t gain better convergence order for
displacement nor better accuracy in general. In fact, convergence orders of Q3@ is 3,2 which is
similar to Q2Q1. but with more DoFs . Therefore, Q),,Q,—1 with convergence orders n+1,n for u,p
is a bettor choice for discretizing the mixed finite element problem. All the results in this section

generated by a finite element code written in julia programming language and are reproducible [80)].

Table 4.2: Convergence study for mixed linear elasticity in the incompressibility regime with dis-

continuous pressure with n, X n, uniform mesh.

Ny Q2P Q2P

Error u  Order u Error p Order p  Erroru  Orderw  Error p Order p

4 7.331le—-04 1.512e—02 1.042e—04 5.774e—03

8  2.224e—-04 1.721 8.085e—03  0.904  7.872e—06  3.727 1.544e—-03  1.903

12 1.035e—04 1.886  5.456e—03  0.970 1.765e—06  3.688  6.928e—04  1.976

16 5.932e—05 1.935  4.109e—03 0.986  6.377e—07  3.538  3.907e—04  1.991

Ny Q3Q1 Q1Q2

Error u  Order u Error p Order p  Erroru  Orderw  Error p Order p

4 8.397e—05 3.228e—03 7.979e—06 4.319e—04

8 1.156e—-05  2.862  8.300e—04 1.960 5.308e—07  3.910  5.519e—05  2.968

12 3.496e—06  2.949  3.707e—04 1.988  1.064e—07  3.963  1.642¢e—05  2.990

16 1.487e—06  2.971  2.089e—04 1.994 3.388¢—08  3.979  6.936e—06  2.995
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Table 4.3: Convergence study for mixed-linear elasticity in incompressibility regime with contin-

uous pressure with n, x n, uniform mesh.

Ny Q2Q1c R3Q2c

Error u  Order u Error p Order p  Erroru  Orderw  Error p Order p
4 9.467e—05 4.168e—03 6.935¢—06 5.669e—04
8  5.756e—06  4.040  8.953e—04 2.219 6.97le—07  3.314  8.775e—05  2.692
12 1.359e—06  3.559  3.839¢e—04  2.088  1.584e—07  3.654  2.770e—05  2.844
16 5.231e—07  3.319  2.131le—04  2.046  5.323e—08  3.792  1.20le—05  2.905
Ng QSQlc Q4Q2c

Error w  Order u Error p Order p  Erroru  Order w  Error p Order p
4 1.470e—04 4.150e—03 1.263e—05 5.657e—04
8 1.381e—05  3.412  8.942¢—04 2.214  1.159e—06  3.446  8.772e—05  2.689
12 3.803e—06  3.181  3.837e—04  2.087  2.562¢e—07  3.723  2.769e—05  2.844
16 1.562e—06  3.095  2.131le—04 2.045 8.510e—08  3.831 1.201e—05  2.905

To study the performance of the block preconditioner (3.94) in small strain, we begin with

the effect of 1, and v, for the general mixed linear formulation (3.11)) on the linear solve, condition

number and the range of eigenvalues for preconditioned system for different boundary conditions

in 3D with element per sides n; = n, = n, = 3. We use Cholesky factorization for both the

displacement A and pressure D blocks. Tables |Table 4.4| and |Table 4.5| show the results for full

Dirichlet (with an MMS displacement) and clamp-traction (bending mode) boundary conditions

with Young’s modulus £ = 1 and Poisson’s ratio v = 0.49 for a 3D unit box with mesh size h = 1/6

and Q2Q)1. element, where . indicates that pressure is continuous. The full strain formulation ([3.8])

(vp = Vpe = 0) and deviatoric form (3.9) (v, = vp. = —1) are indicated by bold font. The diagonal

of the tables are for the case when the displacement block in Jacobian matrix (3.13)) is equal to the
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provided operator (3.95) i.e., A = A. As shown in table [Table 4.4 the iteration count, condition

number and smallest and largest eigenvalues when v, = v, (diagonal of the table) are similar and

they are deviated a little when v, # vp..

Table 4.4: KSP iteration, condition number k, smallest and largest eigenvalues i.e., [Bmin, Omax]
for different v, and v, for mixed linear elasticity with Q2Q1. element (continuous pressure), and

non-homogeneous Dirichlet boundary conditions (MMS problem).

vp,=-10 | v,=-03 vp = 0.0 vp = 0.3
20 29 35 50
Vpe = —1.0 9.39 17.17 10.05 63.89
[0.12, 1] | [0.12, 1.45] | [0.17, 1.82] | [0.09, 3.12]
29 19 29 44
Vpe = —0.3 13.21 9.52 18.18 64.32
[0.12, 0.99] [0.11, 1] [0.11, 1.41] | [0.09, 2.50]
34 29 18 38
Vpe = 0.0 5.0 13.75 9.85 25.43
[0.25, 0.95] | [0.12, 0.99] | [0.11, 1] | [0.14, 1.98]
44 41 37 15
Vpe = 0.3 22.55 13.25 11.19 11.29
[0.12, 0.99] | [0.12, 0.99] | [0.15, 0.97] [0.09, 1]

However, when the boundary condition is changed to clamp-traction (table the
deviatoric formulation has a huge condition number and eigenvalue due to dilation null space.
Keeping this formulation (first column), we can increase v, in A to get a maximum eigenvalue
close to 1 and smaller condition number. The results for full strain formulation i.e., v, = vp. = 0

remains in the same range that we have for non-homogeneous Dirichlet boundary conditions. It
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should be noted the smallest iteration count and condition number with largest eigenvalue 1 are

obtained for the discretization with v, = v, = 0.3.

Table 4.5: KSP iteration, condition number k, smallest and largest eigenvalues i.e., [Bmin, Smax]
for different v, and v, for mixed linear elasticity with Q2Q1. element (continuous pressure), and

clamp-traction boundary conditions (bending mode).

vp =—1.0 vy =—0.3 vp = 0.0 vy =0.3
81 112 147 269
Vpe = —1.0 980.13 1282.02 1811.23 6361.95
[0.42, 401.92] | [0.39, 521.73] | [0.33, 675.66] | [0.24, 1290.96]
43 27 42 73
Vpe = —0.3 12.57 12.57 15.18 58.07
[0.36, 1.60 | [0.36, 3.27] [0.31, 4.73] [0.21, 10.16]
o7 33 20 47
Vpe = 0.0 40.42 7.12 7.34 39.81
[0.18, 0.99] [0.52,0.77] | [0.32, 1.47] [0.20, 4.34]
96 55 39 14
Vpe = 0.3 20.07 56.03 32.48 5.54
[0.09, 0.92] [0.19, 0.99] [0.29, 0.97] [0.22, 1]

4.2 Finite strain

In this section, we run different benchmark problems to study convergence and stability of
different elements using displacement-based formulation and mixed u — p formulations in com-
pressible and nearly incompressible regimes. For the sake of brevity, we consider only Neo-Hookean

hyperelastic model with volumetric energy form

N

VYool = kU (J) = = (J —1)2. (4.4)
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In order to define the operators for non-symmetric mixed formulation in (3.42)), we need first

and second derivatives of U(J) i.e.,
U =J—-1, U'(J)=1, (4.5)

and for perturbed Lagrange-multiplier method ([3.56]) (symmetric formulation) we have U (J)=J-1

and U' = 1,U" =o0.

We solve all problems using quasi-Newton method in 10 pseudo time steps for ¢ € [0, 1]. Each
pseudo time step requires a nonlinear solve, which is implemented using PETSc’s Scalable Nonlinear
Equations Solver (SNES). At each Newton iteration, we use PETSc’s Krylov Subspace (KSP),
GMRES, to solve to a relative tolerance of 1073 with upper triangular block preconditioner

(3.94) and multigrid preconditioner (PC) tools.

4.2.1 Plane strain cook’s membrane problem

In the first experiment, we follow [67] to test in-plane bending situations in a well-known
cook’s membrane benchmark. displays the geometry and deformed shape of the cook’s
membrane with linear element (Q1), Poisson’s ratio v = 0.3 and Young modulus E = 1.0985 MPa.
To restrict the motion in x — y plane, the slip boundary condition on the grey face is applied in z
direction and clamp and traction t = [0,62.5,0]” kPa/m? boundary conditions are applied on the
left and right edges, respectively. We consider number of elements n, = n, = 24l p, =11in 2,y

and z directions, with [ € {0,1,...,5} indicating the refinement level.
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Figure 4.4: Cook’s membrane test: (a) geometry and boundary conditions and (b) vertical dis-

placement for v = 0.3 with single field Neo-Hookean model at refinement level [ = 3.

Convergence study for vertical displacement of point A is plotted in for Poisson’s
ratios ¥ = 0.3 and v = 0.498 and v, = vp. € {—1,0,0.29} for single field formulation using
Qn, n=1,...,4 elements, non-symmetric and symmetric mixed formulations using mixed elements
with continuous and discontinuous pressure space i.e., Q2Q1¢, Q3Q2. and Q1 Fy, Q2Fy, Q2P1, Q3Q1,
respectively displays the 2D case of these elements). The vertical displacement of point
A in all the compressible models approach to 15.09 mm, while in incompressible regime u,, is 13.65
mm. It should be noted that results given in [67] is slightly smaller (14.8 mm for compressible and
12 mm for exact incompressible) since they measure the vertical displacement of mid-point at the
right edge of the cook’s membrane. In single field case, ()1 element shows the poorest performance
and approaches to final vertical displacement with very refined mesh in compressible case, whereas

for v = 0.498 it fails to reach 13.65 mm due to locking effect. As expected, by increasing the



69

polynomial order, we reach the desire displacement value with a coarser mesh (less DoFs). In
both mixed models, Q1Fy with all v, values and Q2P with v, = —1,0 start with huge error in
displacement when coarse mesh is used (refinement level | < 3). On the other hand, all other
mixed elements and Q2 Py with v, = 0.29 give accurate results at the early stage of refinement. We
run above experiment with @5 element, and Q4Q3. with v, = 0.29 using single and mixed fields
at refinement level [ = 5 and considered their results as a reference solution to plot the relative
error in displacement as shown in It is clear that we lose accuracy in displacement-
based formulation and the rate of error degrade as v — 0.5 especially with linear element ().
However, in mixed formulation the rate is almost remains constant. It should be noted that all

of the benchmark problems for hyperelasticity in this section have singularity. Thus, we will not

see the expected convergence order that we showed in linear case (see [Table 4.1} [Table 4.2, and

Table 4.3)).
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Figure 4.5: Cook’s membrane convergence study plot for Neo-Hookean model in compressible and

incompressible regime using single field formulation (top row), non-symmetric mixed formulation

(middle row), and perturbed Lagrange-multiplier approach (bottom row).
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We repeat our experiment with F = 240.566 MPa, v = 0.4999, and applied traction
t = [0,6250,0]” kPa/m?, to verify the displacement magnitude of point A as given in [15].
depicts the convergence study for both symmetric and non-symmetric formulations. Similar
behavior as discussed above occurred and all mixed elements approach to 9 mm, which is exactly

the same value reported by [15].

=11y Vp= Ve  —®— 10 %= 00  me 029 =11y Vp= Ve  —@— 10 %= 00  me 029
E E
=10 =10
= =
$ 9 $ 9
2 Q1PO 2 Q1PO
& 8 Q2P0 & 8 Q2P0
E Q2P1 E Q2P1
£ 7 Q2Q1c 7 Q2Q1c
£ Q3Q1 £ Q3Q1
& 6 Q3Q2c & 6 Q3Q2c
& &
8 ;5 . : . 8 5 ; , 5

10° 10" 10° 10° 10" 10°

Global DoFs Global DoFs
(a) Non-symmetric mixed model v = 0.4999. (b) Symmetric mixed model v = 0.4999.

Figure 4.7: Cook’s membrane convergence study plot with Neo-Hookean model in incompressible
regime using non-symmetric mixed formulation (left), and perturbed Lagrange-multiplier approach

(right).

4.2.2 Punch Test

In the previous experiment we only checked the accuracy of the displacement field. How-
ever, to check the pressure results, we run a benchmark problem with given boundary conditions
described in (see [53]), Young’s Modulus E = 240.566 MPa, Poisson’s ratio v = 0.3 for
compressible case and v = 0.499, 0.49999 for incompressible case using single and mixed formula-
tions. The pressure load applied on the grey area on the top face with magnitude 160 MPa and
the discretization is (ng,ny,n.) = 24(4,4,2) with [ € {0,1,...,4} refers to refinement level. The

deformed shape on the right side of figure at refinement | = 2 shows the 43% com-
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pression with Q2P element discretization. The convergence study for displacement and pressure

with single and mixed models are exhibited in [Figure 4.9 and [Figure 4.10] In compressible regime

vertical displacement of point A approaches 0.4 mm and in incompressible limit the final displace-
ment value is 0.425 mm which is exactly the same as given in [53] for pg = 160 MPa. Similar to
cook’s membrane problem, ()1 element loses accuracy in incompressible case and ()3, Q4 elements
need at least one level of refinement to reach the final displacement value, while in compressible
case for [ = 0 give the accurate result. The results for both mixed models are similar and with
Vp = Vpe = 0.29 we get better accuracy at the early stage of the refinement for both compressible
and incompressible regimes. The hydrostatic pressure for compressible case reach 76 MPa, which is
almost half of the applied pressure pyg. The linear elements 1, Q1 Py do not converge to the accu-
rate hydrostatic pressure even at the finest level of mesh refinement. Q2 Fy element gives accurate
results with v, = 0.29 for compressible case but in the incompressible limit, its result has a huge
error for v, = —1,0. For v = 0.499 with single field formulation, we can see ()1 element has a huge
pressure value due to locking and all other high order elements depicts a higher value for pressure.
However, both mixed formulations approach pg as expected for v = 0.49999 without any locking.
It should be noted that 1Py and Q2 Fy need more refinement to get closer to the expected final
pressure value since we interpolate pressure field with constant. On the other hand, by increasing
the order of pressure space we reach the 160 MPa after few level of mesh refinement. It seems
for element with continuous pressure field Q3Q2. we get closer to final pressure value with all v,
values in compressible limit, whereas in incompressible regime v, = —1 gives more accurate value.
On the contrary, @31 element reach 160 MPa when v, = 0.29. Note that (J3Q2. element uses
quadratic element for pressure field thus at the early stage of the mesh refinement it approaches pg.
Figure 4.11| shows the linear iteration count for single field and mixed formulations. (); element
uses AMG and its iteration count is increasing under mesh refinement. ()2, Q3 and 4 shows an
excellent performance with maintaining iteration count 12 under mesh refinement in compressible
case. However, it increases to 100-150 in the incompressible regime due to bigger condition number

of the linear system. In mixed models all the elements have iteration count under 25 and almost
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remains constant under mesh refinement in both compressible and incompressible limits, which
shows the robustness of our proposed upper triangular preconditioner. However, iteration count of
Q1 Py element for v = 0.49999 is increasing due to huge condition number of the matrix since it is
not inf-sup stable element, which means an eigenvalue of the system is approaching zero as shown

in [Figure 4.3
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05 1245 .
\E RSOSLAT
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Figure 4.8: 3D block: (a) geometry and boundary conditions described in [53] and (b) deformed

shape under compression load py = 160 MPa and v = 0.49999 at refinement level [ = 2.
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Figure 4.9: Displacement convergence study for the punch test with Neo-Hookean model in incom-
pressible regime using single field formulation (top row), non-symmetric mixed formulation (middle

row), and perturbed Lagrange-multiplier approach (bottom row).
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We plot relative displacement and pressure errors in[Figure 4.12|and [Figure 4.13|using average

values of (Q3Q)1 and (Q3Q)2. at finest mesh level [ = 4 and v, = 0.29 as a reference solution. For
single field, the convergence rate in displacement plot degrade when we have nearly incompressible
material since the constant in error estimate depends on material properties and pressure
relative errors are almost flat and show huge error. In compressible limit, both mixed models give
relative error close to 1076 at the finest mesh level similar to single field. However, element like Q3P
with v, = 0.29 has close relative error to other high order elements in compressible limit, while for
v = 0.49999, relative error increases. Both higher order mixed element QQ3Q2. and Q3@ give the
smallest relative displacement error with v, = 0.29 and v, = 0 for compressible and incompressible
cases. It should be noted that if we check pressure field for v = 0.49999, QQ3Q2. with v, = —1 has
a slightly better accuracy compare to other v, values. In general, increasing v/, results in the lower
KSP iteration for all elements (see KSP iteration . Thus, based on the accuracy and
iteration count plots discussed here, we can conclude that v, > 0 gives more accurate results with

smaller KSP iteration and among all the mixed elements, ()3Q)1 shows the best performance.
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tion (middle row), and perturbed Lagrange-multiplier approach (bottom row).
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Figure 4.13: Relative pressure error in the punch test with Neo-Hookean model in compressible and

incompressible regime using single field formulation (top row), non-symmetric mixed formulation

(middle row), and perturbed Lagrange-multiplier approach (bottom row).
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We simulate our experiment in Abaqus by providing user subroutine code (see
for Neo-Hookean model with E = 240.565 MPa, v = 0.49999 using linear C3D8H and quadratic
C3D20H elements for mesh refinement levels [ € 0, 1, 2. It should be noted that the linear elements
in Abaqus and Ratel are the same (8 nodes displacement field and constant pressure), while the
quadratic elements have different number of nodes for displacement since Abaqus uses serendipity
element (20 nodes in Abaqus versus 27 in Ratel). shows convergence study obtained by
Abaqus and Ratel for the punch test, which are also plotted in Displacement results of
linear elements C3D8H and Q1P with v, = 0.29 are similar and for quadratic elements, C3D20H
has a huge error in displacement at the coarsest mesh (refinement level [ = 0), while Q2 P; is more
accurate since it has 27 nodes for displacement. On the other hand, for linear element pressure
response of Ratel is closer to applied load pg = 160 than Abaqus, while Abaqus’s pressure response

are quite accurate even at the early stage of refinement.
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Table 4.6: Abaqus and Ratel results for the punch test with £ = 240.565 MPa, v = 0.49999,

po = 160 MPa, linear and quadratic elements C3D8H and C3D20H, and our Q1 Fy, Q2P; elements

for mesh refinement levels [ = 0,1, 2.

l C3D8H QIPO(Vp = —1) QlPO(Vp = 0) le()(l/p = 029)
uy(mm)  ppya(MPa) uz(mm) ppya(MPa) u,(mm) ppya(MPa) u,(mm) phya(MPa)
0 0.41567 88.489 0.42013 111.878 0.41893 131.429 0.41524 171.544
1 0.42453 111.258 0.42590 127.206 0.42582 141.424 0.42540 171.248
2 0.42531 131.402 0.42547 140.162 0.42555 148.852 0.42568 167.081
4 - - 0.42512 154.964 0.42513 157.313 0.42515 162.186
l C3D20H QQPl(Vp == 71) QQPl(l/p = 0) Qgpl(l/p == 029)
uy(mm)  ppya(MPa) uz(mm) ppya(MPa) u.(mm) pnga(MPa) u,(mm) puya(MPa)
0 041175 158.475 0.42524 146.715 0.42609 156.045 0.42786 180.070
1 0.42437 158.643 0.42498 156.795 0.42520 163.179 0.42554 176.292
2 0.42525 158.967 0.42504 159.023 0.42509 161.336 0.42515 166.122
4 - - 0.42511 159.861 0.42511 160.068 0.42511 160.499
Yy = VU —o— -1.0 #-- 0.0 & (.29 4 Vp = Vpe —o— -1.0 #-- 0.0 & (0,29 4
_ 180
£ | s e
E0.425 A e 2 60
2 £ 140 S .
8 0.420 —— QIPO § - /. — QiPo
= Q2P1 s o Q2P1
3 —— C3D8H g 120 / —— C3D8H
T 0415 — C3D20H 7 * —— C3D20H
.g = 100 /
> [ ] f L
10° 10* 10° 10
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(a) Displacement.

(b) Pressure.

Figure 4.14: Displacement (left) and pressure (right) convergence study plots for punch test results

obtained by Abaqus and Ratel given in
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Figure 4.15: Pressure distribution result for the punch test by Abaqus with C3D8H element at

refinement level [ = 2.

In the next experiment, we run our mesh at refinement level [ = 3 with applied pressure
po = 320 MPa, using ()3 and (Q3Q2. elements with single field and non-symmetric mixed models
in compressible v = 0.3 and incompressible limits v = 0.495, and v, = v, = 0.29. As shown
in in compressible regime both single and mixed models give similar response with
maximum values u, = 0.647 mm, pypyq = 128.061 MPa, and u, = 0.647 mm, pyyq = 127.302 MPa,
respectively. In incompressible case as depicted in the displacement results for both
models are smooth with maximum value u, = 0.693 mm (close to 70% compression as given in [53]).
However, using single field model with v = 0.495 gives a pressure distribution with fluctuation and
maximum value pyyq = 464.948 MPa larger than applied load pg, while the mixed formulation gives

smooth pressure response with maximum value pyyq = 316.935 MPa close to applied po.

The above experiment is solved in parallel on 8 processors using avx/blocked libCEED’s
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backend on personal laptop in 10 pseudo time steps. Total number of DoFs, SNES iteration
count per time step, linear solvers iteration count at each nonlinear step, condition number of
the preconditioned operator i.e., P~1J and solve time are given in When v — 0.5
the condition number of the system and as a result linear and nonlinear iteration counts and the
solve time increase for displacement-based formulation. However, condition number for mixed
formulation decreases for v = 0.495 and iteration count for nonlinear and linear solvers remains
almost constant. It should be noted that in incompressible case, the solve time for single field
model almost is more than twice of the solve time of mixed formulation even though the size of the

system is smaller.
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Figure 4.16: Displacement and pressure distribution for the punch test with pg = 320 MPa and
mesh refinement level [ = 3 obtained by solving displacement-based and mixed non-symmetric

Neo-Hookean model with Q3 and Q3Q)2. elements and Poisson’s ratio 0.3.
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Figure 4.17: Displacement and pressure distribution for the punch test with pg = 320 MPa and
mesh refinement level [ = 3 obtained by solving displacement-based and mixed non-symmetric

Neo-Hookean model with (03 and Q3Q)2. elements and Poisson’s ratio 0.495.
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Table 4.7: Total DoFs, SNES iteration at each pseudo time step, KSP iteration per Newton solver

step, condition number of the preconditioned operator, and solve time for the punch test in com-

pressible and incompressible limits displayed in |Figure 4.16| and |Figure 4.17}

(3, Total DoF's: 1345584

v SNES Its KSP Its Condition number Solve time (sec)

0.3 ) 7 3 175.253

0.495 7 30 67 689.826

Q3Q2¢, Total DoFs: 1485009

v SNES Its KSP Its Condition number Solve time (sec)

0.3 5 8 9 208.126

0.495 ) 13 3 289.666

We repeat previous experiment (E = 240.565 MPa, v = 0.495, v, = 0.29 and py = 320
MPa) with the sparse direct solver using cholesky factorization for approximating A and D in
non-symmetric mixed formulation and compare the efficiency (DoFs/sec/CPU) with matrix-free
approach under mesh refinement in The vertical axis in is computed by
dividing total DoF's by total solve time and 16 processors. For linear element Q1 Fy we could run
our experiment up to refinement level [ = 3, but other mixed high-order element results obtained
for [ = 2 due to more memory requirement. However, with matrix-free approach we could refine
the mesh up to I = 3 for all mixed elements. In both cases Q2 P; achieve higher efficiency but as
we expected, the matrix-free discretizations efficiency is much higher due to less memory usage per
DoF. For example, for a system with size 10, with sparse direct solver we can solve 42 DoFs per

second on one processor, while with matrix-free the efficiency is 40 times higher.
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Figure 4.18: Efficiency of the direct solver Cholesky-Cholesky (left) and matrix-free pmg-vpbjacobi

(right).

4.2.3 Schwarz Primitive extrusions under compression

Volumetric extrusions of triply periodic minimal surfaces have garnered interest during the
additive manufacturing revolution for a range of applications from tissue membranes [54] to met-
allurgy [3]. We consider the Schwarz Primitive surface, which exhibits interesting geometric and
material nonlinearities. Prior finite element analysis of such models [64] using voxelized meshes [63]
found that about 30k low order (Abaqus C3D8R) elements were needed to achieve an engineering
tolerance of 1%. We consider conformal meshes that attain comparable accuracy with fewer DoF
and much fewer elements. To generate such meshes, start with a 24-element 2D manifold mesh of a
single unit cell embedded in 3D, replicated to the prescribed extent in each embedding dimension.

This mesh is partitioned and distributed using ParMETIS, then refined with new nodes projected

to the closest point on the implicit surface

cos 2mx 4 cos 2wy + cos 2wz = 0.
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Figure 4.19: Von-Mises distribution for schwarz mesh with refinement level [ = 2, 2 layers, and
extent (2,2,2) using mixed Neo-Hookean model (left) thickness 0.2 under 4 Mpa compression, (right)

thickness 0.1 under 2.35 Mpa compression.

The resulting manifold mesh is extruded normal to this surface to the prescribed thickness
and number of layers. [Figure 4.19shows a Schwarz Primitive model loaded to about 13% strain on
an extent (2,2,2) with 2 layers and mesh refinement level I = 2. These models, which are available
in PETSc-3.17, provide excellent tests for solvers because they exhibit all compressive and bending
modes, nonlinearities are activated at local and global scales, coarsening is inherently unstructured,
and scaling to a larger domain gives the same accuracy tolerances. We keep the extent, number
of layers and strain constant and study the effect of thickness on different mixed elements under

mesh refinement [ € {1,...,4} in compressible and incompressible regimes.

shows the displacement for schwarz mesh with thickness 0.2 under 4 MPa com-
pression load for v = 0.3,0.498. In compressible limit, Q2Fy element with v, = —1,0 yield an
slightly different final results and all other elements converge to final horizontal displacement value
Uy = 27.86 cm. On the other hand, for v = 0.498, Q2 F, loses accuracy even with v, = 0.29, which
suggest that we should avoid using this element in incompressible regime. The linear iteration count

as depicted in starts with large number due to higher aspect ration of the element but
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under mesh refinement the element becomes almost isotropic, thus all the mixed elements converge
to smaller iteration count. When we are in the incompressible regime, the final iteration count is
slightly bigger than compressible case due to higher condition number of the system. However, in
both cases, iteration count remains under 50, which shows the performance and robustness of our
block preconditioner with unstructured mesh discretization. Also, as we expected and shows for
linear elasticity in the discretization with v, > 0 results in less linear solve iteration for

all mixed elements.

We run our problem using QQ4@3. element, with v, = 0.29 at refined level | = 4 as reference
solution and plot relative error for displacement field in All elements in compressible
case have relative error less or equal than 1073 except Q2P with vp = —1,0. In incompressible
regime, QQ2Fy give inaccurate results for all v, cases. For compressible case, ()3Q2. with v, = —1 is
more accurate than other elements, however in incompressible limit, (Q3Q1 with v, = 0.29 has the

smallest error.
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Figure 4.20: Displacement convergence study result for schwarz mesh with thickness 0.2 under 4

MPa compressible load with Neo-Hookean model in compressible and incompressible regimes using

non-symmetric mixed formulation (top row), and perturbed Lagrange-multiplier approach (bottom

row).
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Figure 4.21: Linear iteration count for schwarz mesh with thickness 0.2 under 4 MPa compressible
load with Neo-Hookean model in compressible and incompressible regimes using non-symmetric

mixed formulation (top row), and perturbed Lagrange-multiplier approach (bottom row).
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Figure 4.22: Relative error in horizontal displacement for schwarz mesh with thickness 0.2 under 4

MPa compressible load with Neo-Hookean model in compressible and incompressible regimes using

non-symmetric mixed formulation (top row), and perturbed Lagrange-multiplier approach (bottom

row).

We repeat same experiment with thickness 0.1 as shown in and

Similar to previous case, Q2P loses accuracy and as expected, the linear iteration count in this

case is larger due to higher aspect ratio of the element compare to previous case. Also, under mesh

refinement we are getting smaller iteration count since elements become roughly isotropic for [ > 3.

shows the relative error for thickness 0.1. For compressible case, high order mixed
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elements are approaching almost the same relative error for all v, except ()3Q1 with v, = —1.

However, in the nearly incompressible case, changing v, results in different accuracy and Q3Q2.

with v, = —1 and @3Q1 with v, = 0.29 are more accurate elements.
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Figure 4.23: Displacement convergence study result for schwarz mesh with thickness 0.1 under 2.35
MPa compressible load with Neo-Hookean model in compressible and incompressible regimes using
non-symmetric mixed formulation (top row), and perturbed Lagrange-multiplier approach (bottom

row).
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Figure 4.24: Linear iteration count for schwarz mesh with thickness 0.1 under 2.35 MPa compress-
ible load with Neo-Hookean model in compressible and incompressible regimes using non-symmetric

mixed formulation (top row), and perturbed Lagrange-multiplier approach (bottom row).
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Figure 4.25: Relative error in horizontal displacement for schwarz mesh with thickness 0.1 under
2.35 MPa compressible load with Neo-Hookean model in compressible and incompressible regimes
using non-symmetric mixed formulation (top row), and perturbed Lagrange-multiplier approach

(bottom row).

It should be noted that all above experiments in finite strain performed in current configura-
tion formulation due to smaller solve time. Both algorithms for the tangent (Jacobian)
operator in initial (see , ) and current configurations using non-symmetric formulations
are given in algorithms 1 and 2, respectively. Algorithm 1 exploits two static storage containers,

geometric factor Vx& (9 scalars), and quadrature weight W = W |VeX| (1 scalar), and one com-
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puted stored data Vxu,p (10 scalars), which is stored during the residual evaluation step for a
total of 20 double precision scalars stored per quadrature point. Algorithm 2 shows current con-
figuration Jacobian evaluation with one static storage W (1 scalar), and computed stored values
V.l =Vx€F 1 e J—1,J23p (18 scalars) in total 19 double precision scalars stored per
quadrature point. compares total solve time between initial and current configuration
on schwarz mesh with extent (2,2, 2), thickness 0.2 and refinement level [ = 2 (193824 DoF'), using
symmetric and non-symmetric mixed formulations with Q2 element and v, = 0.29 in compress-
ible limit on 8 processors. It is clear that current configuration is about 40 second faster than initial

configuration and it is a better choice for large scale problem.

Algorithm 1 Tangent operator in initial configuration stores 10 double precision scalars per
quadrature point (Vx&, W), and computes and stores 9 double precision scalars per quadrature

point during residual evaluation (V xu, p)

Input: V¢du, dp plus cached values
for each element e € (2 do

for each quadrature point ¢ on e do
evaluate F = I +Vyu, J=|F|, J %% C~'| E, Eg.
evaluate S = 2uJ 2/3C ' Ege, + (kpJU' —pJ)C~1
evaluate dF = (Ve du)(Vx€), dE =sym (FTdF), C ':dE, tracedE
evaluate dC~! = —2C~'dEC~!
evaluate dS = dSjs, + dS%, + dS?
evaluate dP = dFS + FdS

end for

end for
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Algorithm 2 Tangent operator in current configuration stores 1 double precision scalars per

quadrature point (W), and computes and stores 9 double precision scalars per quadrature point

during residual evaluation (V, €, e, J — 1, J=2/3 p)

Input: V¢du, dp plus cached values
for each element e € ) do

for each quadrature point g on e do
evaluate eqey
evaluate 7 = 2uJ " 2/3egey + (kpJU' —pJ) I
evaluate V, du = (V¢ du) (V.€), de=sym(V,du), tracede, tracede
evaluate V, dur + FdSF7T

end for

end for

Table 4.8: Performance for different Jacobian representations in mixed Neo-Hookean hyperelasticity
(around 200 kDoF'). Stored values before the semicolon are constant data while those after are a

byproduct of residual evaluation.

Problem Storage Scalars  Time (s)

current  W:;V,€ e J—1,7J723p 19 147.317
initial W,Vx€& Vxu,p 20 189.407
current PL W;V,€, e, J —1,J72/3 p 19 149.188

initial PL W,Vx&; Vxu,p 20 182.734

4.3 Conclusion

In this chapter we performed convergence study for single and mixed elasticity in small
strain. For w-based formulation, element (),,, where n is polynomial order converge with rate of

n + 1. However, this rate will degrade when v — 0.5 since the constant in error estimate depends
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on material properties. In mixed linear case, first we analyzed inf-sup constant for different mixed
elements with continuous and discontinuous pressure field, then, we compute convergence order for a
2D problem with full Dirichlet boundary condition. For mixed elements with discontinuous pressure,
we can have non-tensor and tensor basis for pressure field. The former, are Q1 Py, Q2Fy, andQ2P;
with convergence order 2,2,3 and 1, 1,2 for displacement and pressure field and the latter is Q3Q1
with convergence order 3,2 for w, p. Mixed element with continuous pressure like Q2Q1¢, @3Q2. has
a tensor basis for pressure field and convergence orders for u and p are 3,4 and 2, 3, respectively.
We examined our proposed general mixed formulation with upper-triangular block preconditioner
in small strain with full Dirichlet and clamp-traction boundary conditions. In the case of full
Dirichlet, the linear iteration count, condition number and range of eigenvalue are almost similar
for different v, and v},.. However, when we changed the boundary condition, we observed huge
eigenvalue due to presence of dilation null space in displacement block. By Increasing v}, and v,
from —1 — 0.3, results in smaller KSP iteration count, condition number and maximum eigenvalue

close to 1.

In finite strain, our formulation for singe and mixed models are written in general form
and user can choose any convex function for volumetric energy term to experiment with. We
used Neo-Hookean model with quadratic function i.e., 1y = k(J — 1)?/2 and compared u-based
formulation and symmetric and non-symmetric 4 — p formulations in compressible and nearly
incompressible limits with v, = v, € —1,0,0.29 and different elements. In the first experiment, we
performed convergence study for plain strain cook’s membrane problem in the bending mode. We
verified our displacement results with previous studies. We depicted that the linear iteration count
remains constant under mesh refinement in compressible and incompressible regimes for mixed
formulation, which shows robustness and performance of our proposed preconditioner. However,
with single field model, when v — 0.5 the KSP iteration is increasing due to larger condition
number of the system. In the next experiment, we run the 3D block under compression load in

compressible and nearly incompressible limits. Displacement result with single and mixed fields
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are similar and converging to same value in compressible case, except ()1 element which has a huge
error for v = 0.499. Pressure response with u-based approaching to same value (except Q1) as
mixed formulation in compressible limit but in nearly incompressible case the final value are larger
than applied pressure, which shows the necessity of mixed formulation. All the mixed elements
approached to the applied load when v = 0.49999. However, lower order element like Q)1 Py or
Q2 Py need more mesh refinement to decreases the relative error. Moreover, we compared our
results with commercial software package Abaqus with linear (C3D8H) and quadratic (C3D20H)
elements and achieved an excellent agreement. To show the performance of our mixed formulation
we used Schwarz Primitive mesh under compression with different element aspect ratio. In the case
of thinner element (high aspect ratio), KSP iteration increased as expected but remains constant
under mesh refinement, which shows the robustness of our mixed models. It should be noted that,
the linear iteration count for schwarz mesh starts with large number due to higher aspect ratio
of the element, but under mesh refinement we get smaller iteration count since elements become
roughly isotropic for [ > 3. We run all the benchmark problems in current configuration since the
solve time is smaller than initial configuration as depicted for Schwarz mesh under compression.
For all the experiment above, we can conclude that our mixed formulations are accurate and robust
in both compressible in incompressible cases. Higher order element (Q3Q); (discontinuous pressure)
and @3Q2. (continuous pressure) are more accurate and we can reduce the cost of computation
(KSP iteration) by choosing v, > 0. Furthermore, we showed that for material with v = 0.495,
despite the accuracy of the displacement result using single field formulation, its solve time is larger
than mixed formulation. Therefore, we recommend using mixed formulation to simulate the nearly

incompressible even if we only need displacement values.



Chapter 5

Conclusion and future work

We investigated various constitutive formulations for elasticity along with their implemen-
tation in finite element software packages. These formulations which are written based on the
deformation gradient F' are not numerically stable and lose several digits of accuracy. The in-
stabilities in the standard formulations are due to the presence of function like logJ which is
ill-conditioned when J = 1 and the catastrophic cancellation that happens in J — 1 term or strain
tensor written in terms of F. We proposed equivalent stable formulations which are stable and
have relative accuracy of €machine. 1These new formulations make use of displacement gradient H
to define strain tensor without loss of significance and compute J — 1 term in a stable way. We
computed the relative accuracy of both standard and stable formulations of J — 1 and Ogden ma-
terial model and exhibited the results up to strain of order 10~®. With single precision in standard
formulation we lose all the accuracy of the final results while using stable formulations give the

accuracy of €machine-

We considered the isochoric-volumetric split formulation and discretized it in a matrix-free
way for single and mixed formulation with hyperelastic Neo-Hookean, Mooney-Rivlin and Ogden
models. The displacement-based formulation exhibited non-physical results in pressure response
despite using high-order basis function. However, mixed formulation was an an efficient approach to
overcome locking and have a smooth pressure distribution as shown in punch test. To the knowledge

of the author, most packages available for mixed problem, are using direct solver for the block
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preconditioner. However, we implemented the upper triangular block preconditioner with p-MG
on displacement block, which offers an efficient and robust convergence for different problem using
structure and unstructured elements under different loading situations. Moreover, we showed that
we can solve a mixed problem at similar cost to the best available compressible solver (single field).
In nearly incompressibility limit, despite having larger system to solve using mixed formulation,
the solve time is almost half of the single field model. Furthermore, we implemented all material
models in current configuration, which requires less storage and flops in the tangent operator thus
faster computation. It should be noted that we also implemented the perturbed Lagrange-multiplier
mixed formulation where unlike non-symmetric formulation, we have an objective functional and
one can use backtracking line search in nonlinear solver. With the mixed model implemented in
Ratel, we can simulate all other mixed problems such as poroelasticity, phase field modeling, just

by defining the operators for these models.
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Appendix A

Preliminaries

The mechanical response of a deformable body can be described by a motion ¢(X,t) which
will generally change its shape, position and orientation. According to the material
point X € Qq at ¢t = 0 (initial configuration) is transformed onto spatial point x = ¢(X,t) € Q at

time ¢ (current configuration). The deformation gradient [44]

) )
Fi=Vyd(X,1) = 8—; :I+8—; (A1)

maps the unit tangent dX of the initial/Lagrangian configuration onto its counterpart dx in the

current/Eulerian configuration, where we used the definition of displacement vector
u=x—X (A.2)
Moreover, we define the change in volume between the two configurations by
dv=J(X,t)dV, J=detF >0 (A.3)

where dV and dv denote infinitesimal volume elements defined in the initial and current configu-
rations. The vector elements of infinitesimally small areas da and dA defined in the current and

initial configurations are related through [44]
da=JF TdA (A.4)

which is well-known as Nanson’s formula.
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Figure A.1: General motion of a deformable body

Under the motion ¢, the principal stretches A1, A2, A3 of this deformation are the eigenvalues

of unique SPD right (or left) stretch tensor U (or v)
UNZ = >\7,Nzu or vn; = )\Z"I’LZ', 1= 1, 2, 3 (A5)

where the eigenvectors are related through n; = RIN; and stretch tensors are defined by the polar
decomposition of the deformation gradient F = RU = vR with RR” = I as a rotation tensor. In
initial (Time=0) and current (Time=t) configurations we define the right and left Cauchy—Green
tensors by

C=F'F=U2% (A.6)
b=FFT =2 (A7)

and Green-Lagrange and Green-Euler strains

E=_-(C-I)=-(H+H"+H"H). (A.8)

DO | =

b-I)=-(H+H"+HH"). (A.9)

e =

N = N | —
N =

in which H = g—;‘(. Clearly U, C and E have the same orthonormal eigenvectors IN; and their
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eigenvalues are related through )\Z-C =X =1+2)\ie,

CN; =)\ N; = \!N;. i=1,2,3
(A.10)

1
ENi:)\iENZ-:§()\?—1)NZ-. i=1,2,3,

Similarly the eigenvectors of v, b and e are n,; and their eigenvalues satisfy )\f = A2 = 1+2X¢

ie.,

bni = )\fnz = )\ZQTLZ 1= 1,2,3
(A.11)

1



Appendix B

Numerical Stability Evaluation

In order to compare stability of different implementations of functions of the displacement
gradient H = g—;, we start with by sampling H as the absolute value of a standard normal
distribution (H = abs. (randn(3, 3)) in Julia) and then plot relative error of each function f(eH)
as in where € € (1078,107!) to cover a range from small to large strain. Julia’s big
converts the input to arbitrary precision (default gives emachine < 10777) and further operations
retain that arbitrary precision. For the range of € considered, the big arithmetic can be considered
exact. reference and then calculate the relative error for single and double precision i.e., repr =

Float32 and repr = Float64.

Listing B.1: Julia code for computing relative error of function f(eH)

function rel_error(eps, f, repr)
ref = f(big.(eps*xH)) # arbitrary precision
norm (f (repr.(eps*H)) - ref) / norm(ref)

end

We start with the J —1 term which appears in all hyperelastic models and compare it with its
stable form J_; (2.10|) as defined in Julia in [Listing B.2[and their relative errors are shown in figure
(2.2). As expected, the stable computation J_; has a relative accuracy of order €pachine for single

and double precision and J — 1 loses accuracy as H decreases. In fact, for u; ; of order 10~8 we can
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trust no digits in single precision and we lost half of the digits in double precision, respectively.

Listing B.2: Code for computing J — 1 and J_4

function Jml_unstable (H)

F=1+H
J = det (F)
J -1

end

function Jml_stable (H)
det_H = det (H)

Al H[1,1]*xH([2,2] + H[1,1]*H[3,3] + H[2,2]*H[3,3]

A2 H[1,2]*xH[2,1] + H[1,31*H[3,1] + H[2,3]1*H[3,2]
# Compute J-1
det_H + tr(H) + A1l - A2

end

To assess stability of constitutive models, we implement the standard and unstable expres-

sions for the appropriate stress S(H) or 7(H ), internally making use of Green-Lagrange or Green-

Euler strains computed by stable means ([2.3), and measure the relative error via [Listing B.1

yielding figures like [Figure 2.3| and [Figure 2.5]

B.1 Accurate evaluation of loglp minus _x

We require efficient and accurate evaluation of the function loglp minus x(z) = log(1 +

x) — x to ensure accuracy of the AD-computed stresses in [section 2.3| [Figure B.1| demonstrates

that n = 6 in (2.58) is sufficient to provide O(€machine) accuracy evaluating loglp minus x(x) for
e € (107°,1071). We believe it would be fruitful to develop a uniformly accurate algorithm for

loglpminus_x and include it in numerical libraries.
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Figure B.1: Relative error of computation of loglp minus_x() for different expansions of the Taylor
series.



Appendix C

Stress linearization in initial configuration

We derived two forms of stress in [section 3.2| and [section 3.3l as

S = Siso + (kpJU' —pJ) C 71, (C.1)
Svol

S = Siso + (kpU —p) JO'C, (C.2)
Svol

where volumetric part is the same for all materials and the isochoric part Sjs,, for different materials

is given in [chapter 2

The linearization of the volumetric form for both methods are given in (3.37)) and (3.54)). The
isochoric linearization dSjs, for Neo-Hookean is given in (3.36)) and for Mooney-Rivlin and Ogden

are as follow.



C.1 Mooney-Rivlin model

For the Mooney-Rivlin model ([2.37)), we have

4
dSiso = —g(c_l 1dE) (MlJ_2/3 + 4M2J_4/3> C 'Egey

1

-3 <MJ_2/3 n 2u2J_4/3) (21 (dE)C~" + T, dC™Y)
8 . _

-5(C VAE) e J Y3 (1L (E) I — E)

+ 2003 (I, (AE) I3 — dE)

4
+ (14 2)C7' = S V3 (1U(E) + 2I,(E)) dC ™

3
where
16 _
¢l = jmj 3(C7VAE) (IL(E) + 21y(E)) .
4
cy = _§M2J_4/3 (]Il(dE) + 214 (E)Hl(dE) — 2EdE) .

C.2 Ogden model
The linearization of Ogden model ({2.43)) is

3
dSi, = Z dsP°N; N[ + s (AN; N + N; AN}
=1

For example computing ds° from (2.47)) gives
N

; 2dA ;
dst” = — 3 : Z % [2 expml(ajl1) — expmi(cyjlo) — expml(a;l3)] J—oi/3
1

j=1

N
1 v
+ /\7% Z % [2 d/q exp(ajfl) — dly exp(ajﬁg) — dfs eXp(aj€3)] J—Ocj/3
Jj=1

N
— % Z méa] 2 expm1(vjfy) — expmi(aly) — expmi(ajls)] J~%4/3(C~1:dE)
1 j=1

To compute d)\; we differentiate C = Zg’zl MN;N! as

2

3
dC = 2X; A\NNT + A7 (AN;NT + N; AN}
=1
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(C.6)
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and used the fact that the eigenvectors are orthonormal i.e., (IN;, N;) = d;; so that (IN;, dIN;) = 0,
we can multiply (C.7) from the left and right by IN;

1

(Ni,dEN;) (C.8)

To derive linearization of the eigenvectors, dIV;, we start by differentiating EN; = AP N;
dEN; + EdN; = d\PN; + \F dN; (C.9)
taking the inner product of above equation with IN;, j # ¢ simplifies above equation to

(N;,dEN;) + (dN;, EN;) = \P(dN;, N;)

(N;,dEN;) + BE(dN;, N;) = AF(dN;, N;)

1
1 J

(dN;, N;j) =

1
dN; =Y m«wm, N;)N;
j#i

and finally the linearization of ¢; = log A; is

SI— (C.10)

which complete dSjs, for Ogden model.

Note that in the case of two identical eigenvalues, \¥ = Bf , the denominator of ((C.10))

becomes zero and leads NaN in the computation. In this case we used the following relations [44]

O = T— NyNsT
” for Ay =y # \g (C.11)
6= N3N3"
a2 &
% :ZNZNZT:I for )\1 :)\2:>\3:)\, (012)
=1

to compute d(IN; N') = (dN; NI + N;dN}') in (C.F).



Appendix D

Stress linearization in current configuration

As we discussed in [section 3.4} for current configuration we need Kirchhoff stress, which can

be derived from (|(C.1]

T=FSF" =7y + (kyJU' — pJ) I, (D.1)
R Y —
Tvol
and (C.2)
r=FSFT =1 + (kpif - p) JU'I, (D.2)

TV
Tvol

where the isochoric part is derived in for Neo-Hookean, Mooney-Rivlin and Ogden

models.

As we showed in (3.62)), for the linearization in current configuration we need to derive
FdSFT term. We derived F dS, FT in (3.71)) and F dSis, FT for Neo-Hookean in (3.65)). Since
the volumetric part is the same for different materials, in following we derive F' dSis, F'"" for Mooney-

Rivlin and Ogden models.
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D.1 Mooney-Rivlin model

In this case, multiply (C.3) by F and F7 from left and right gives
T 4 —2/3 —4/3
FdSi F' = —3 trace(de) <M1J + 4o ) €dev
2 —9/3 —4/3
+3 (1172 + 2020~ (I de — Iy (de) 1)
_ g(trace(de))mj—m (I ()b — be) (D.3)
+ 2490 ~/3 (I, (de)b — b deb)
8 43
+ (1 + ) + g,ugJ (I1(e) 4 2I2(e)) de
where
_ 16 a3
c1 = —paJ 7 trace(de) (I (e) + 2Ix(e)) .
94 (D.4)
co = —§u2J74/3 (Iy(de) + 2I; (e)I; (de) — 2 trace(be de)) .
and we have used
FEF" =~ (FCF" — FF") = be.

dE = - (FTdFF'F + FTFTdFTF) = FT deF. (D.5)

l\D\»—\ L\DM—A

E:dE = trace(E dE) = trace(EFT deF) = trace(FEFT de) = trace(be de).

D.2 Ogden model

For Ogden model we have
3 . .
FdSi o FT =) M\ dsinn] + \isf (FdAN;n] + n; AN/ F")
=l (D.6)

_ Z <d iso __ & 150) nn, _i_TlsoA

where for example d7% can be written

N
drise = Z mg J [2dl1 exp(ojly) — dla exp(ajle) — dlz exp(ojls)] Jal3
= (D.7)

N
Z mi) 2 expmi(ajf;) — expmi(a;la) — expmi(ajlz)] J /3 trace (de)

J=1
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and

A; = 2%71171? + d(nanT) + ((Vx du) nanT + nlnzT (Vy du)T>

)

where 715 is defined in (2.50) and we have used FIN; = \;n; and Tiiso = )\?siso. Note that

i
the linearization of principal stretches, \;, and eigenvectors, n;, are similar to initial configuration

but are written in terms of Green-Euler tensor i.e.,

1

d\;, = —
Ai

(n;,den;).

1
dn; = m(deni,nﬂnj.
iz



Appendix E

Abaqus Uhyper Subroutine

To simulate a hyperelastic material in Abaqus, we need a user subroutine as described in
Abaqus documentation. We follow Abaqus notation and CVENT7511’s course notes [76] with the

strain energy function as

U= Uvol(J) + Udev(ﬁl) =

N

(J =1+ 5 (L -3) (E.1)

where k,p are bulk and shear moduli, I; = J~2/31; = J 2/3trace C is modified first invariant,

C = FTF is right Cauchy-Green tensor and J = | F| is the volume ratio.
To complete the subroutine we need the following terms.

Energy terms:

k _
U(l):U:§(J—1)2+g(]I1—3)
(E.2)
U(2) = Ugeo(Iy) = g (T, - 3)
First derivatives:
ou
I11(1) = — = —
un) ol 2
oU
UIl(2) = —= =0 E.3
@ =5 (E3)
UIl( )za—U:k(J—l)


https://classes.engineering.wustl.edu/2009/spring/mase5513/abaqus/docs/v6.6/books/sub/default.htm?startat=ch01s01asb28.html

Second derivatives:

2
UI2(1) = %ﬁ%] =0
2
UI2(2) = ?ﬁ(g] =0
UI2(3) = ZQJZ =k
2
UI2(4) = c?%gﬁg =
0*U
UI2(5) = aL07 =
0*U
UI2(6) = oL,07 =
Third derivatives:
3
UI3(1) = 8%;] =
3
UI3(2) = aa]I%OUJ =
3
UI3(3) = aﬂiagw -
3
UI3(4) = 6]1818UJ2 =
3
UI3(5) = a}i(gﬁ -
UI3(6) = gj]U?: =0

The following code is provided by the instructor of the CVENT7511 course [76].

Subroutine Code

C

SUBROUTINE UHYPER(BI1,BI2,AJ,U,UI1,UI2,UI3,TEMP,NOEL,

1 CMNAME, INCMPFLAG ,NUMSTATEV ,STATEV ,NUMFIELDV ,FIELDV,

2 FIELDVINC ,NUMPROPS, PROPS)

C

INCLUDE ’ABA_PARAM.INC’
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(E.4)

(E.5)
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C

CHARACTER*80 CMNAME

DIMENSION U(2),UI1(3),UI2(6),UI3(6),STATEV(NUMSTATEV),

1 FIELDV(NUMFIELDV),FIELDVINC (NUMFIELDV),PROPS(NUMPROPS)
C

PARAMETER (ONE=1.0D0O,TW0=2.0D0,THREE=3.0D0,SIX=6.0DO,

1 ZER0=0.0DO,FOUR=4.0D0,SEVEN=7.0DO, TWSEV=27.0DO,

2 HALF=0.5D0,NINE=9.0DO0)

C..Incompressibility flag defined to be
C..1 if the material is specified as incompressible, or

C..0 if the material is specified as compressible.

INCMPFLAG=0

C PROPS (1) - E

C PROPS(2) - 0.5-NU

C

EYOUNG=PROPS (1)

ENU=HALF -PROPS (2)
DMU=EYOUNG/ (TWO* (ONE+ENU))
DKAPPA=EYOUNG/ (THREE* (ONE-TWO*ENU))
C WRITE (*,*) ’DKAPPA = ’ DKAPPA
C WRITE (*,*) °DMU = °’,DMU

C



C BI1

\bar{I}_1

C BI2

\bar{I}_2

C AJ

J = det (F)

C

C...ASSIGN ISVs FOR VIEWING

STATEV (1)=AJ

STATEV (2)=BI1

C

C...FREE ENERGY

C

C...FULL TERM, VOLUMETRIC AND ISOCHORIC
U(1)=HALF*DKAPPA*(AJ-ONE)**TWO+HALF*DMU*(BI1-THREE)
C

C...ISOCHORIC ONLY

U(2)=HALF*DMU* (BI1-THREE)

C

C...DERIVATIVES

C

UI1(1)=HALF*DMU

UI1l(2)=ZERD

UI1(3)=DKAPPA*(AJ-0ONE)

C

UI2(1)=ZERO
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UI2(2)=ZERO
UI2(3)=DKAPPA
UI2(4)=ZERO
UI2(5)=ZERO
UI2(6)=ZEROD
C

UI3 (1)=ZERO
UI3 (2)=ZERO
UI3 (3)=ZEROD
UI3(4)=ZERO
UI3 (5)=ZEROD
UI3 (6)=ZERD
C

RETURN

END
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