
1.  Introduction
There are two major sources of heat within the Earth: primordial heat from Earth's formation and radiogenic 
heating via the decay of unstable isotopes of uranium, thorium, and potassium (Turcotte & Schubert,  2002). 
The mean heat flux from the surface of the present-day Earth is about 87 mW/m 2, or about 44 TW in total (e.g., 
Jaupart et al., 2007; Turcotte & Schubert, 2002). For the standard geochemical model of the Earth (i.e., the bulk 
silicate Earth model), radiogenic heating within the crust and mantle contributes ∼7 and ∼13 TW, respectively, 
to the total heat flow (e.g., Sramek et al., 2013; Workman & Hart, 2005), suggesting that mantle radiogenic heat 
generation rate is about 3.3 × 10 −12 W/kg or 1.4 × 10 −8 W/m 3. The Earth cools over time, both as a result of 
secular cooling, as heat flows from the interior of the planet to the exterior, and as a result of the depletion of these 
radioactive elements within the mantle.

Viscous dissipation, due to deformation of the Earth's mantle caused by forces external to solid Earth, represents 
a third potential major source of heat within the Earth (Turcotte & Schubert, 2002). This has been observed on 
moons of both Saturn and Jupiter, where tidal forces cause large scale deformation of the moon's surface and 
result in enough dissipation to cause volcanism on the surface (Ross & Schubert, 1987; Segatz et al., 1988). Tidal 
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heating is likely unimportant for the present-day Earth (e.g., Jaupart et al., 2007). Processes associated with mass 
movement on the Earth's surface (i.e., exogenic processes as they are ultimately driven by solar energy) includ-
ing erosion-deposition, glaciation-deglaciation, long-wavelength sea-level changes, and seasonal hydrological 
processes also cause deformation and hence dissipative heating in the mantle. These processes operate at vastly 
different temporal (from 1 to 10 5 years) and spatial scales (from 100 to 10 4 km) with different strengths of forcing 
(i.e., corresponding to pressure load variations of equivalent water column height from 10 −1 to 10 3 m). Tidal 
forces operate on time-scales of planetary orbital and rotational periods (i.e., from hours to days) with strengths 
of forcing that depend on orbital parameters (e.g., Ross & Schubert, 1986).

Dissipative heating in planetary mantles generated by exogenic forcing has been computed in the contexts 
of tidal heating for planetary bodies including Io, Europa and Enceladus (e.g., Beuthe,  2013; Ojakangas & 
Stevenson, 1989; Roberts & Nimmo, 2008; Ross & Schubert, 1986; Sotin et al., 2002; Steinke et al., 2020; Tobie 
et al., 2005, 2008) and glaciation/deglaciation induced heating in the Earth's mantle (e.g., Hanyk et al., 2005; 
Huang et al., 2018). In this type of calculation, stress, deformation, and dissipative heat are determined for a 
viscoelastic mantle in response to an exogenic loading force. It should be pointed out that tidal heating generated 
in the ocean below Enceladus' icy mantle and Io's magma ocean may be significant (Tyler, 2009, 2011; Tyler 
et al., 2015). Using realistic mantle viscosity and glaciation/deglaciation history of the last glacial cycle (i.e., the 
last 100,000 years) on Earth, the dissipative heating from the glaciation-deglaciation process has been estimated 
to be approximately 0.03 TW over the cycle, which is significantly smaller than the present-day heat flux of 
44 TW (Hanyk et al., 2005; Huang et al., 2018).

However, these previous studies mainly estimated dissipative heating during specific processes, and did not 
explore systematically how loading period, loading wavelength, viscosity structure, and viscosity magnitude 
control the dissipative heating within a planetary mantle. Furthermore, these previous studies did not examine the 
energetics (i.e., energy balance and exchange) in the loading system. It is unclear how different forms of energy 
(e.g., elastic energy and dissipative heat) and work done by the exogenic forces are exchanged in the loading 
system and what controls the energy exchange.

This study aims to characterize and quantify the dissipation inside a viscoelastic solid produced by a force on its 
surface. We systematically explore the effects of loading period and wavelengths and viscosity to gain insight 
into the physical processes of dissipative heat generation, storage and release of elastic energy, and work done 
by surface forces. Because models for the full spherical geometry tend to be very computationally intensive, we 
simplify the problem to a two-dimensional Cartesian box, onto the surface of which a time- and space-dependent 
harmonic load is applied. We calculate the work done at the surface of the box by the applied force, the energy 
dissipated, and the elastic energy at each point within the box for all times during the loading cycle. We then 
examine the effects of changing the viscosity structure, viscosity magnitude, wavelength, and period of loading 
on the amount of dissipative heat produced and its spatial distribution throughout the box. Despite simplifica-
tions and limitations of our loading models (e.g., Cartesian models with simple loading functions in time and 
space), our studies have implications and relevance to loading systems including climate-driven mass loading 
or tidal loading on the present-day Earth's mantle with well-constrained viscosity and also on the early Earth or 
other planetary bodies with poorly constrained mantle viscosity or/and external forces. Particularly, because the 
Earth's mantle may cool about 70 K per billion years (e.g., G. F. Davies, 1999), mantle viscosity may have been 
more than two orders of magnitude lower for the early Earth because of temperature-dependent viscosity (e.g., 
Karato, 2008; Turcotte & Schubert, 2002). This study with a general loading formulation helps estimate loading 
induced dissipative heat for the early Earth.

2.  Methods
2.1.  Governing Equations and Boundary Conditions

The Earth's mantle is modeled as an incompressible viscoelastic solid whose behavior is governed by the laws 
of conservation of mass and momentum. These governing equations are written (e.g., Wu & Peltier,  1982; 
Zhong, 1997)

𝜕𝜕𝜕𝜕𝑖𝑖

𝜕𝜕𝜕𝜕𝑖𝑖

= 0,� (1)
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𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕𝑗𝑗

+ 𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖𝑖 = 0,� (2)

where ui is the displacement, xi is the ith spatial dimension, σij is the stress tensor, ρ is the material density, and 
fi,b represents a body force, in this case gravitational acceleration g.

We use a 2-dimensional Cartesian model, onto the surface of which a time and space dependent loading function 
is applied. This loading function σ is given by

𝜎𝜎 = 𝜎𝜎0 cos

(

2𝜋𝜋𝜋𝜋

𝜆𝜆

)

sin

(

2𝜋𝜋𝜋𝜋

𝑇𝑇

)

,� (3)

where 𝐴𝐴 𝐴𝐴0 is the amplitude of the load, λ is the wavenumber, t is time, and T is loading period. Note that the 
load can be a pressure load (e.g., due to ice or water) or tidal load which for incompressible media can be 
treated as a load at density interfaces including the surface (e.g., Qin et al., 2014). In our calculations, the 
load amplitude is always taken as corresponding to a 1-m-high rock load or 𝐴𝐴 𝐴𝐴0 = 𝜌𝜌𝜌𝜌 ⋅ 1m . This is justified 
because the loading problem we consider here is linear to the load amplitude, as in nearly all loading prob-
lems with linear viscoelasticity. The sides and bottom of the box are treated as free-slip boundaries with 
zero normal displacement (i.e., the sides have a reflecting boundary condition), and the top of the box is 
treated as a deformable free surface. A schematic of this Cartesian set up and the loading function is shown 
in Figure 1a.

Figure 1.  (a) A side view of the model setup. The box has a depth of D and a width of one-half the loading wavelength, λ. 
The loading function, σ, causes some deformation or cumulative topography of the surface, shown by the dotted line, with 
amplitude h. Viscosity structures designated (b) VS1, (c) VS2, and (d) VS3, with depth are plotted on the vertical axis and 
viscosity on the horizontal.
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2.2.  Rheology

We model the Earth's mantle using an incompressible, linear viscoelastic solid as in Zhong et al. (2003). This 
rheology is given by the equation

𝜎𝜎𝑖𝑖𝑖𝑖 +
𝜂𝜂

𝜇𝜇
𝜎̇𝜎𝑖𝑖𝑖𝑖 = −𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖 + 2𝜂𝜂 𝜂𝜂𝜂𝑖𝑖𝑖𝑖 ,� (4)

where P represents the pressure, η is the viscosity, μ is the elastic modulus, δij is the Kronecker delta, εij is the 
strain tensor, and the dot represents time derivative. Note that the Maxwell time 𝐴𝐴 𝐴𝐴𝑀𝑀 = 𝜂𝜂∕𝜇𝜇 provides an important 
time-scale for stress relaxation in the media (e.g., Turcotte & Schubert, 2002). For example, if η and μ are taken 
as 10 21 Pas and 7 × 10 10 Pa, respectively, then �� is about 455 years.

2.3.  Energy Balance

The momentum equation (Equation 2) can be used to establish a relationship among the work done at the surface, 
the energy lost as heat to dissipation, and the energy stored elastically within the material via the virtual work 
principle. Both sides of Equation 2, assuming no internal buoyancy force, are multiplied with the incremental 
displacement at a given time, ui, and integrated over the volume of the domain V by applying Green's first identity. 
This results in the following expression,

∮
𝑆𝑆

𝜎𝜎𝑖𝑖𝑖𝑖𝑢𝑢𝑖𝑖𝑛𝑛𝑗𝑗𝑑𝑑𝑑𝑑 − ∫
𝑉𝑉

𝜕𝜕𝜕𝜕𝑖𝑖

𝜕𝜕𝜕𝜕𝑗𝑗

𝜎𝜎𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑 = 0,� (5)

where S represents the boundaries for volume V, and nj is the normal vector to the surface.

In this 2-D model, normal displacement is prohibited due to boundary conditions for all the boundaries except 
for the deformable top surface where the load is also applied. Therefore, the surface integral in Equation 5 is 
only non-zero for the top surface. On the top surface with the applied forcing or load σ given by Equation 3, the 
deformable surface has a topography, h, (i.e., cumulative displacement in vertical or normal direction at a given 
time t), and the total stress 𝐴𝐴 𝐴𝐴22 = 𝜌𝜌𝜌𝜌𝜌 + 𝜎𝜎 where subscript index two is for the vertical direction (i.e., direction of 
gravity). Equation 5 then becomes:

∮
𝑆𝑆

𝜎𝜎𝜎𝜎2 𝑑𝑑𝑑𝑑 + ∮
𝑆𝑆

𝜌𝜌𝜌𝜌𝜌𝜌𝜌2 𝑑𝑑𝑑𝑑 − ∫
𝑉𝑉

𝜕𝜕𝜕𝜕𝑖𝑖

𝜕𝜕𝜕𝜕𝑗𝑗

𝜎𝜎𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑 = 0,� (6)

where the surface integrals are only for the top surface boundary. These terms can then be separated into two 
categories, one for the work done at the surface, and the other for the resulting strain energy within the material. 
The work done at the surface is given by the sum of the first two terms,

Δ𝑊𝑊 = ∮
𝑆𝑆

𝜎𝜎𝜎𝜎2 𝑑𝑑𝑑𝑑 + ∮
𝑆𝑆

𝜌𝜌𝜌𝜌𝜌𝜌𝜌2 𝑑𝑑𝑑𝑑𝑑� (7)

These two terms account for the work done by the net force at the surface. The first term represents the work 
done by the applied load 𝐴𝐴 𝐴𝐴 itself, while the second term represents the work done by the surface restoring force 
associated with surface topography h.

The last term in Equation 6 is equal to the strain energy within the material,

𝑈𝑈strain = ∫
𝑉𝑉

𝜕𝜕𝜕𝜕𝑖𝑖

𝜕𝜕𝜕𝜕𝑗𝑗

𝜎𝜎𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑 = ∫
𝑉𝑉

Δ𝜀𝜀𝑖𝑖𝑖𝑖𝜎𝜎𝑖𝑖𝑖𝑖 𝑑𝑑𝑑𝑑 𝑑� (8)

where Δεij is the strain tensor defined by incremental displacement ui at a given time. The strain tensor can be 
written as follows, in terms of viscous and elastic strain,

∆𝜀𝜀ij = ∆𝜀𝜀
𝑒𝑒

𝑖𝑖𝑖𝑖
+ ∆𝜀𝜀

𝑣𝑣

𝑖𝑖𝑖𝑖
.� (9)

We can rewrite the Maxwell rheological equation (Equation 4) in terms of the deviatoric stress,
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Δ𝜀̇𝜀𝑖𝑖𝑖𝑖 =
𝜏̇𝜏𝑖𝑖𝑖𝑖

2𝜇𝜇
+

𝜏𝜏𝑖𝑖𝑖𝑖

2𝜂𝜂
,� (10)

or in its integral form

Δ𝜀𝜀𝑖𝑖𝑖𝑖 =
Δ𝜏𝜏𝑖𝑖𝑖𝑖

2𝜇𝜇
+

1

2𝜂𝜂 ∫ 𝜏𝜏𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑� (11)

and finally, for a small time increment Δt,

Δ𝜀𝜀𝑖𝑖𝑖𝑖 =
Δ𝜏𝜏𝑖𝑖𝑖𝑖

2𝜇𝜇
+

𝜏𝜏𝑖𝑖𝑖𝑖Δ𝑡𝑡

2𝜂𝜂
.� (12)

Equation 8 can now be rewritten in terms of deviatoric stress. In this case, since the medium is incompressible, 
the integral associated with the pressure vanishes. Thus, the expression becomes 

𝑈𝑈strain = ∫
𝑉𝑉

Δ𝜏𝜏𝑖𝑖𝑖𝑖𝜏𝜏𝑖𝑖𝑖𝑖

2𝜇𝜇
𝑑𝑑𝑑𝑑 + ∫

𝑉𝑉

𝜏𝜏2
𝑖𝑖𝑖𝑖
Δ𝑡𝑡

2𝜂𝜂
𝑑𝑑𝑑𝑑 = 𝑈𝑈elastic + 𝜙𝜙𝜙� (13)

where the first term represents energy stored elastically:

𝑈𝑈elastic = ∫
𝑉𝑉

Δ𝜏𝜏𝑖𝑖𝑖𝑖𝜏𝜏𝑖𝑖𝑖𝑖

2𝜇𝜇
𝑑𝑑𝑑𝑑 𝑑� (14)

and the second represents energy lost to heat via dissipation (e.g., Hanyk et al., 2005):

𝜙𝜙 = ∫
𝑉𝑉

𝜏𝜏2
𝑖𝑖𝑖𝑖
Δ𝑡𝑡

2𝜂𝜂
𝑑𝑑𝑑𝑑 𝑑� (15)

Returning to Equation 6 and using power (i.e., energies divided by ∆t), we can write the statement of conserva-
tion of energy as:

𝑃𝑃work = 𝑃𝑃elastic + 𝑃𝑃𝜙𝜙.� (16)

This equation states that over a time increment ∆t, the work done at the surface (Equation 7), both that done by 
the load and that associated with the restoring force due to topography, is equal to the amount of energy stored 
elastically (Equation 14) plus the amount of energy lost to heat through dissipation (Equation 15). Since the work 
or power done by surface forcing 𝐴𝐴 𝐴𝐴work can be approximated by the total surface loads and displacement (e.g., the 
total ice height and the surface depression it causes), this energy balance statement (Equation 16) helps estimate 
the dissipation 𝐴𝐴 𝐴𝐴𝜙𝜙 , if the elastic energy is not important (e.g., when the loading period is significantly longer than 
Maxwell time τM).

2.4.  Numerical Analysis

Equations  1, 2 and 4 are solvable analytically using the Laplace transform and correspondence principle for 
simple models (e.g., Zhong, 1997), however we use numerical methods because we will test 345 possible config-
urations, many of which have inhomogeneous viscosities. The system of equations is solved numerically under 
the time and space dependent load given by Equation 3. This is accomplished using a finite element code called 
CitcomVE, which was modified from a code called Citcom, which was developed to model thermal convection 
in a viscous fluid (Moresi & Solomatov, 1995). CitcomVE was developed to model deformation of a viscoelastic 
solid for glacial isostatic adjustment and volcanic loading problems (Zhong & Watts, 2013; Zhong et al., 2003).

The governing equations are non-dimensionalized before the solutions are computed (see Zhong et al., 2003). 
This makes it easy to generalize the results for any viscosity, shear modulus, box depth, or loading amplitude 
without having to solve the equations again. Most of the results in the sections that follow will be presented in 
dimensionless form to keep a more general perspective, but some will be dimensionalized to compare to actual 
heat sources and deformation phenomena on Earth and other celestial bodies.
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Displacement, coordinates, and wavelength are scaled by box depth D and 
the dimensionless depth is defined to be 1. Viscosity and shear modulus are 
scaled by the lower mantle viscosity η and the shear modulus μ. In this study, 
the shear modulus is assumed to be constant everywhere, while the mantle 
viscosity may differ in the upper mantle and lithosphere. Stress and pressure 
are scaled by the shear modulus of the material. Time is scaled by the charac-
teristic time for stress relaxation within a viscoelastic material, the Maxwell 
time τM of the lower mantle, η/μ. Power is then scaled by a combination 
of  these quantities in 𝐴𝐴 𝐴𝐴0

𝑃𝑃0 =
𝜇𝜇2

⋅𝐷𝐷2
⋅ 1m

𝜂𝜂
.� (17)

2.5.  Cases of Different Parameters

We compute a total of 345 different models defined by three viscosity structures, five loading wavelengths, and 
23 loading periods. The three viscosity structures are loosely based on the structure of the Earth's mantle. Viscos-
ity structure 1 (henceforth referred to as VS1) is a uniform viscosity of η at all depths. Structure 2 (VS2) has a 
thin stiff layer (0.0137D) of viscosity 10 6η at the top, and viscosity of η for all other depths. This thin stiff layer 
corresponds to a 40 km thick lithosphere, taking D = 2,900 km, the depth of the mantle. Structure 3 (VS3) has 
the same thin stiff top layer as VS2, and then a weak layer with viscosity 0.0333η extending to a depth of 0.23D 
(rescaled to mantle depth, this represents the upper mantle, with the interface with the lower mantle at 660 km 
depth), and then a viscosity of η in the bottom layer (i.e., the lower mantle). VS3 is motivated by viscosity models 
inferred from geoid studies (Hager & Richards, 1989).

These three viscosity profiles are shown in Figures 1b–1d. For each viscosity structure we test five different wave-
lengths λ ranging from 0.625D to 10D, and for each wavelength we test 23 different periods T from 7.63 × 10 −5τM 
to 320τM. Tables 1–3 list the viscosity structures, wavelengths, and periods and their shorthand designations. 
Table 2 also lists the spatial resolution of our models. Each model is run with a timestep size optimized for solu-
tion stability, with values ranging from Δt = 0.5–0.001τM depending on the period.

3.  Results
3.1.  A Representative Case

We first present the results of a single case that has a uniform viscosity (i.e., VS1), a loading period of T = 40τM, 
and a wavelength of λ = 1.25D, to illustrate the basic behavior of the system under the loading force. The surface 
of the box is incrementally displaced by the loading force. Figures 2a–2c shows the surface topography h (dashed 
line), incremental vertical displacement u2 (dotted line) and the loading force σ (solid line) plotted against the 
x-dimension of the box at three different times: (a) t = 0τM, (b) t = 5τM, and (c) t = 10τM. The loading function 
has zero amplitude at t = 0τM and reaches its maximum amplitude of �0 = �� ⋅ 1� , where 𝐴𝐴 𝐴𝐴 = 3, 300 kg∕m3 and 

𝐴𝐴 𝐴𝐴 = 10m∕s
2 , at t = 10τM (i.e., a quarter of the period). The topography h is the cumulative vertical displacement 

of the box surface in response to the loading. At the left side of the box (i.e., 
x  =  0), the loading force is positive for t from 0 to 20τM, and causes the 
surface at x = 0 to subside (i.e., negative topography or h < 0) during this 
time segment. At any given time, the sum of loading force and the restoring 
force associated with topography (i.e., σ + ρgh) is the net vertical force acting 
on the surface. Note that multiplying the net vertical force with incremental 
vertical displacement u2 across the surface determines the work done at the 
surface, 𝐴𝐴 Δ𝑊𝑊  as in Equation 7.

Figure 2d shows the topography h and the incremental vertical displacement 
u2 at the left edge of the box (i.e., x = 0) over time during the entire loading 
cycle. Note that the topography is negative in the first half of the period and 

Viscosity (η)

Depth range (D) VS1 VS2 VS3

0–0.0137 1 1 × 10 6 1 × 10 6

0.0137–0.228 1 1 0.0333

0.228–1 1 1 1

Table 1 
Viscosity Structures

Wavelength λ (D) Vertical nodes Horizontal nodes
Average element 

size (D 2)

10.0 49 193 0.00054

5.0 49 97 0.00054

2.5 49 65 0.00041

1.25 49 33 0.00041

0.625 49 33 0.00020

Table 2 
Wavelengths
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positive in most of the second half the period, that the maximum amplitude of 
the topography is less than 1 m, and that although the loading function has a 
period of 40τM, the topography has not returned to zero at the end of the load-
ing cycle. This indicates that the material does not respond instantaneously to 
the applied pressure, as is to be expected with a viscous media.

As discussed in Section 2.3, the system must obey conservation of energy, 
and thus the rates of negative net work done at the surface, the energy stored 
elastically, and the energy dissipated as heat must sum to zero (i.e., Equa-
tion 16 or 𝐴𝐴 𝐴𝐴work = 𝑃𝑃elastic + 𝑃𝑃𝜙𝜙 ). To check that this is indeed occurring in our 
numerical results, we compute powers 𝐴𝐴 𝐴𝐴work , 𝐴𝐴 𝐴𝐴elastic , and 𝐴𝐴 𝐴𝐴𝜙𝜙 associated with 
the work at the surface, elastic energy, and dissipation, using Equations 7, 14 
and 15, respectively, all of which are divided by time increment per time step 
Δt. We define energy fluxes as powers 𝐴𝐴 𝐴𝐴work , 𝐴𝐴 𝐴𝐴elastic , and 𝐴𝐴 𝐴𝐴𝜙𝜙 divided by the 
surface area of the box (i.e., 𝐴𝐴 1 ⋅  λ/2). Note that the unit of the energy fluxes is 
W/m 2, the same as heat flux at the surface. The dimensionless energy fluxes 
associated with the negative work done by the net force at the surface, elastic 
energy, dissipation, and their sum for a loading amplitude of 1 m for a whole 
loading cycle are shown in Figure 2e. These energy fluxes are normalized 
by Dμ 2/η. The sum of elastic energy, dissipation, and negative net work lies 
along the zero of the y-axis, indicating that conservation of energy is indeed 

satisfied for any given time. Note that at this loading period, only a small fraction of the energy added to the 
system as work is stored elastically, while a much larger fraction is dissipated as heat. Also, the stored elastic 
energy can be positive or negative (Figure 2e), suggesting that the elastic energy is both stored and released by 
the material at different times.

To visualize where dissipation is occurring within the box, we compute the volumetric dissipation rate (again 
scaled for dimensionless equivalent to a 1 m load) for each element within the box at a given time step and plot 
them as a contour plot. Figure 3 shows dissipation power (i.e., 𝐴𝐴 𝐴𝐴𝑖𝑖𝑖𝑖𝜏𝜏𝑖𝑖𝑖𝑖 /(2η)) as filled contours according to the scale 
at left, for the box for t = 0.8τM (i.e., shortly after the loading starts), t = 5τM, and t = 10τM. In all three timesteps, 
dissipation occurs mostly in the top half of the box across the width of the box and grows slightly in magnitude 
between each step. We expect that the spatial pattern of dissipation within the box should vary with different 
periods, wavelengths, and viscosity structures, and we examine these in more detail in subsequent sections.

3.2.  Effects of Period

To understand the effects of loading period on the energy balance of this system, we again plot dimensionless 
dissipation, elastic energy, and negative work as energy fluxes against time throughout the loading cycle for three 
cases with different periods of 320τM, 20τM, and 0.02τM which otherwise are identical to the representative case 
(i.e., VS1 and λ = 1.25D) (Figure 4). As the loading period decreases, the energy flux of the work done by surface 
forcing increases significantly (Figure 4). This is expected because the faster the forcing, the larger the power it 
delivers. Note that for a long period load (Figure 4a), very little energy is stored elastically, and the dissipation 
is nearly equal and opposite to the negative work. That is, nearly all the work done at the surface by the loading 
force and the restoring force associated with topography is converted to dissipative heating. For a short period 
(Figure 4c), the opposite is true; very little energy is dissipated as heat, and the stored elastic energy is approxi-
mately equal and opposite to negative work.

3.3.  Effect of Viscosity Structure and Loading Wavelength

To understand the effects of viscosity structure on dissipation, we first examine how the magnitude of dissipation 
produced is affected by viscosity structure at different periods. Figure 5 shows the total energy flux from dissi-
pation (as in Figure 4) versus time for all three viscosity structures, a wavelength of λ = 1.25D and periods (a) 
320τM, (b) 20τM, and (c) 0.02τM. For all periods, VS1 and VS2 are producing identical amounts of dissipation, as 
we would expect, given that the only difference between the two is the thin stiff layer at the top of VS2 with thick-
ness much smaller than the wavelength. VS3 with a weak upper mantle produces significantly less dissipation 

Period Τ (τM) Period Τ (τM)

01 320 13 7.81 × 10 −2

02 160 14 3.91 × 10 −2

03 80 15 1.95 × 10 −2

04 40 16 9.76 × 10 −3

05 20 17 4.88 × 10 −3

06 10 18 2.44 × 10 −3

07 5 19 1.22 × 10 −3

08 2.5 20 6.10 × 10 −4

09 1.25 21 3.05 × 10 −4

10 0.625 22 1.52 × 10 −4

11 0.3125 23 7.63 × 10 −5

12 0.156

Table 3 
Periods
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than VS1 and VS2 at long periods (Figures 5a and 5b for T = 320τM and 20τM, respectively), but significantly 
more at short periods (Figure 5c for T = 0.02τM). This is also expected since VS3 has a smaller effective viscosity 
that VS1 and VS2, and so heat production in VS3 should be maximized at a shorter period than in VS1 and VS2.

It is also interesting to note how viscosity structure affects the spatial distribution of dissipation within the box for 
different periods and wavelengths. Since VS1 and VS2 have nearly identical energy fluxes (Figure 5), we focus 
this analysis only on VS1 and VS3 for simplicity. Figures 6 and 7 show spatial distributions of volumetric dissi-
pation rate at an instant in time when the spatially averaged dissipation rate is at the maximum during the loading 
cycle plotted for three sample periods (T = 320τM, T = 20τM, and T = 0.02τM) and three sample wavelengths 
(λ = 10D, λ = 2.5D, and λ = 0.625D) for VS1 and VS3 respectively.

As seen in Figure 6, the spatial dependence of dissipation rate for VS1 depends only on wavelength and is inde-
pendent of period, although the magnitude of dissipation rate increases with decreasing period. For long wave-
lengths (Figures 6a, 6d and 6g for λ = 10D) the dissipation extends throughout the entire depth of the box and is 
concentrated at the edges of the box. For short wavelengths (Figures 6c, 6f and 6i for λ = 0.625D) the dissipation 
is concentrated in the top third of the box and extends uniformly across its width, indicating a limited reach of 

Figure 2.  The loading force, in Pascals, the topography, in meters, and the incremental displacement, in meters, for (a) t = 0τM, (b) t = 5τM, and (c) t = 10τM for the 
representative case (i.e., VS1, T = 40τM, and λ = 1.25D). Note that the width of the box is equal to λ/2. (d) The topography h and the incremental displacement u2 at 
the left edge of the box (i.e., x = 0) and (e) dimensionless energy fluxes associated with dissipation, elastic energy, negative work, and their sum as a function of time 
throughout the loading cycle for the representative case. The maximum amplitude of the load is 𝐴𝐴 𝐴𝐴0 = 𝜌𝜌𝜌𝜌 ⋅ 1m with mantle depth D of 2,900 km.
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the surface loading at short wavelengths into the mantle. Although Figure 6 only shows results for three different 
wavelengths, the variations in the pattern are gradual with respect to wavelength.

Figure 7 shows that the spatial distribution of dissipation for VS3 is dependent on both period and wavelength. 
For long wavelengths and long to medium periods (Figures 7a and 7d for λ = 10D and T = 320τM and 20τM) 
dissipation occurs mostly in the lower mantle, concentrated at the edges of the box. However, for all other scenar-
ios (e.g., for short period T = 0.02τM, and short to intermediate wavelengths λ = 2.5D or less), the dissipation 
occurs only in the upper mantle with reduced viscosity (Figures 7b, 7c and 7e–7i). In particular, for short period 
and short wavelength, the dissipation is uniformly distribution in the upper mantle (Figure 7i), while for the 
other scenarios the dissipation is concentrated at the edges of the box or at the 670 km depth with viscosity 
variations. Also note that the magnitude of dissipation is significantly larger for VS3 than VS1 for short periods 
(Figures 7g–7i for VS3 vs. Figures 6g–6i for VS1, and also see Figure 5).

Figures 6 and 7 are not necessarily representative of the distribution of dissipation over the entire period since 
they show only an instant in time with maximum total dissipation. To understand how the distribution of dissipa-
tion varies with depth over an entire loading cycle, we average the dissipation produced in each row of elements 

Figure 3.  Contour plots of the dimensionless volumetric dissipation rate throughout the box for the representative case at (a) t = 0.8τM, (b) t = 5τM, and (c) t = 10τM.

Figure 4.  Dimensionless dissipation, elastic energy, and negative work as energy fluxes plotted against time throughout the loading cycle, scaled again for 1 m 
dimensionless equivalent load, for VS1 and λ = 1.25D with periods (a) 320τM, (b) 20τM, and (c) 0.02τM.
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Figure 5.  Energy flux from dissipation plotted over time all three viscosity structures, a wavelength of λ = 1.25D and periods 
of (a) 320τM, (b) 20τM, and (c) 0.02τM.

Figure 6.  Contour plots of the volumetric dissipation rate when the dissipation rate is at maximum during the loading cycle for VS1 cases with periods (top row) 
320τM, (middle row) 20τM, and (bottom row) 0.02τM, and with wavelengths (first column) 10D, (middle column) 2.5D, and (last column) 0.625D.
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over both time and horizontal distance and plot this value as a function of depth, as shown in Figure 8, again 
for VS1 and VS3 respectively. This plot shows approximately the same trends as seen in the contour plots above 
(Figures 6 and 7). For VS1 models (solid line in Figure 8), the depth-distribution of dissipation only depends on 
wavelength, and the shorter the wavelength, the shallower depth the dissipation occurs, independent of period. 
For VS3 (dashed line in Figure 8), the distribution of dissipation is dependent on both period and wavelength. 
For short wavelengths, dissipation is concentrated in the weak upper mantle for all periods (Figures 8b and 8c 
for � ≤ 2.5� ), but for long wavelengths, dissipation occurs mostly in the upper mantle for only short periods 
(Figure 8g). For long wavelengths and long periods, dissipation is concentrated in the lower mantle (Figures 8a 
and 8d). Importantly, for short periods, the dissipation is concentrated in the weak upper mantle with peak ampli-
tudes in VS3 models that are ∼30 times larger than that in VS1 models (Figures 8g–8i and for T = 0.02τM). The 
finding that the dissipation is concentrated in the weak upper mantle layer is similar to that in Hanyk et al. (2005) 
and Steinke et al. (2020), but our study also shows that for long-wavelength loading at relatively long periods 
(e.g., 𝐴𝐴 𝐴𝐴 = 10𝐷𝐷 and 𝐴𝐴 𝐴𝐴 ≥ 20𝜏𝜏𝑀𝑀 in Figures 7a, 7d, 8a, and 8d), more dissipation occurs in the high viscosity lower 
mantle.

3.4.  Efficiency

As shown in Figures 2e and 4, a portion of the energy added to this system as work by surface force is stored 
elastically by the material, and a portion of it is dissipated as heat. The time-averaged power in terms of energy 
flux for both dissipation and work are computed for each case to examine how much of the work done at the 

Figure 7.  Contour plots of the volumetric dissipation rate when the dissipation rate is at maximum during the loading cycle for VS3 cases with periods (top row) 
320τM, (middle row) 20τM, and (bottom row) 0.02τM, and with wavelengths (first column) 10D, (middle column) 2.5D, and (last column) 0.625D.
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surface is converted to heat by viscous dissipation. Figure 9a shows the energy flux for both dissipation (solid 
lines) and work (dashed lines) versus period for VS1 and VS3 at wavelength 1.25D (note that the results for 
VS1 and VS2 are again nearly identical). As seen previously in Figure 4, for a given viscoelastic structure, the 
energy flux associated with the work increases with decreasing loading period or faster loading rate. This result 
is confirmed here by our models with a wide range of periods (Figure 9a). However, the energy flux for work 
does not increase uniformly with loading rate, and it is approximately constant at periods between 1τM and 10τM 
for VS1/VS2 models and at periods of ∼0.1τM for VS3 model (Figure 9a). For periods between 0.01τM and 10τM, 
the energy flux for work for VS3 is significantly larger than that for VS1/VS2, while for other periods, the energy 
flux for work for VS1/VS2 is larger.

The dissipation displays significantly different characteristics from the work done at the surface. For a given 
viscoelastic model (e.g., VS1), the energy flux for dissipation is constant for periods that are less than a threshold 
period (e.g., ∼10τM for VS1), but the energy flux decreases with increasing period for longer periods (Figure 9a). 
At short periods, the energy flux for dissipation is very small compared to that for work at the surface (Figure 9a). 
However, at long periods, the dissipation is nearly equal to the work done at the surface. The system's efficiency 
in converting mechanical energy to heat is defined as the time-averaged energy flux for dissipation divided by that 
for work. For VS1/VS2 models, the efficiency is low at short periods and approaches a maximum of 1 at period of 
∼1τM (Figure 9b). The energy flux for dissipation for VS3 is more than 1 order of magnitude larger than that for 
VS1/VS2 for short periods, but is smaller than that for VS1/VS2 for period larger than ∼10τM (Figure 9a, and also 
Figure 5). For VS3, the efficiency approaches a maximum of 1 at period of ∼0.1τM, compared with 1τM period 

Figure 8.  Plots of the averaged (over both time and space) dissipation rate versus depth for VS1(solid line) and VS3 (dashed line) cases with periods (top row) 320τM, 
(middle row) 20τM, and (bottom row) 0.02τM, and with wavelengths (first column) 10D, (middle column) 2.5D, and (last column) 0.625D.
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for VS1/VS2 (Figure 9b). This is because VS3 has a lower effective mantle viscosity than VS1 and VS2 due to its 
weak upper mantle layer, and so the effective Maxwell time for VS3 will be smaller.

Figures 9c and 9d show the energy fluxes of the work and dissipation and efficiency versus period for three 
different wavelengths for VS1. The energy fluxes for work and dissipation and the efficiency of the system are in 
general not very sensitive to wavelength (Figures 9c and 9d).

4.  Discussion
This study formulates 2-D viscoelastic (Maxwellian) models of surface loading to understand the general controls 
on the energetics of planetary mantles associated with exogenic forcing. Specifically, the model calculations 
examine the effects of period and wavelength of loading and mantle viscosity structure on the work done by 
surface forces and dissipative and elastic energies in the mantle during the loading process. Here is an overview 
of our main results and discussions of implications of the results for some loading systems.

4.1.  Characteristics of Surface Forced Viscous Dissipation

This study demonstrates through both analysis and numerical modeling that the dissipative heat and elastic energy 
in the media are balanced by the work done by forces at the surface including the loading force and restoring force 
associated with the topography, regardless of mantle viscosity and loading period and wavelength (Equation 16, 
Figures 2e and 4). However, mantle viscosity and loading period have important influence on the work done by 
forces at the surface and partitioning of dissipative heat and elastic energy. In particular, the period of the load-
ing force strongly affects how the work done at the surface is partitioned between dissipative and elastic terms 

Figure 9.  (a) Time-averaged energy flux for work done at the surface and dissipation over the loading cycle for each period for VS1 and VS3 viscosity structures at 
wavelength 1.25D. The solid lines show dissipation, and the dotted lines show work. (b) Efficiency, calculated as dissipation divided by work versus period for each 
viscosity structure. Panels (c and d) are the same as in (a and b) for VS1 for wavelengths 1.25D, 5.0D and 10D.
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(Figures 4 and 9). For long periods (Figure 4a), nearly all the input work is converted to dissipative heat with very 
little elastic energy involved, while for short periods (Figure 4c), nearly all the input work is stored and released 
elastically with very little dissipation. Therefore, at the long and short period limits, the work done at the surface 
is generally in phase with either dissipative heat generation or elastic energy. However, at intermediate periods 
(Figure 4b), all three energy terms are similar in amplitude and are slightly out of phase from one another, as 
the conversion from mechanical to thermal energy introduces the time lag which is characteristic of dissipative 
systems.

For a given amplitude of the load (e.g., equivalent to 1 m thick mantle material), the energy flux (or the power) 
associated with the work done by surface forces generally increases with decreasing period (Figures 4, 9a and 9c). 
The energy flux for dissipative heat also generally increases with decreasing period but remains constant for 
period shorter than some characteristic period (∼10τM for VS1 and ∼1τM for VS3) (Figures 9a and 9c). The dissi-
pation rate does not depend strongly on loading wavelength (Figure 9c).

Viscosity structure (e.g., uniform viscosity VS1 vs. VS3 with a factor of 30 viscosity reduction in the upper 
mantle) has significant effects on both the work done at the surface and dissipation. For long periods (>∼10τM), 
the energy flux of dissipation for VS1 is larger than that for VS3 (Figures 8a and 9a), but for short periods 
(<∼10τM), VS3 models produce significantly more (i.e., by a factor of 10 for periods <∼1τM) dissipation than 
VS1 (Figures 5c and 9a). The same trend exists for the work done at the surface, but at very short periods VS1 
models produce more work at the surface than VS3 models (Figure 9a). The periods at which these transitions 
occur and the increase in dissipative heat for VS3 likely depend on the viscosity reduction in the upper mantle, 
which may be an interesting topic for future studies.

An interesting feature for both VS1 and VS3 models is that at the short period (elastic) limit, energy flux of the 
work done at the surface increases nearly linearly with decreasing period T, while energy flux of dissipation is a 
constant (i.e., Pwork = C1/T, and 𝐴𝐴 𝐴𝐴𝜙𝜙  = C2, where C1 and C2 are constants) (Figure 9a). That is, over a period T, the 
work done by surface net force 𝐴𝐴 Δ𝑊𝑊  (Equation 7) is a constant independent of T, or 𝐴𝐴 Δ𝑊𝑊 = 𝐶𝐶1 , while dissipative 
heat 𝐴𝐴 𝐴𝐴 is linearly proportional to T or 𝐴𝐴 𝐴𝐴 = 𝐶𝐶2𝑇𝑇  . For the long period (viscous) limit, Pwork and 𝐴𝐴 𝐴𝐴𝜙𝜙 with the same 
amplitudes both decrease with increasing T but with a slope that is steeper than 1 (Figure 9a). The simplicity of 
the results at the two limits suggests that a simple model may be formulated for the limiting cases, which we leave 
for future studies.

For models with uniform viscosity (VS1), the spatial distribution of dissipation depends on loading wavelength 
but is independent of loading period (Figures 6 and 8). Loading at short wavelengths produces dissipation at shal-
low depths, while loading at long wavelengths generates dissipation that extends deeply. Particularly, for short 
wavelengths, dissipation concentrates at shallow depths but does not vary in the horizontal direction, whereas for 
long wavelengths, dissipation concentrates on the two edges of the model box. The loading function is a cosine 
function of the horizontal coordinate (i.e., Equation 3) such that at the center of the box there is very little pres-
sure force and thus very little topography produced. At long wavelengths, the pattern of dissipation mirrors this, 
with dissipation maximums occurring directly underneath the areas with the greatest topography (the box edges) 
(Figures 6a, 6d and 6g). At short wavelengths, however, there is no such pattern in the dissipation (Figures 6c, 6f 
and 6i).

For models with the weak upper mantle (VS3), the spatial distribution of dissipation depends on both period and 
wavelength. At long periods and long wavelengths, dissipation is concentrated in the lower mantle (Figures 7a 
and 7d), but in all other cases dissipation is concentrated in the upper mantle (Figures 7 and 8). The dissipation 
occurs mostly at the edges of the box or near the viscosity interface for all the cases except for short wavelength 
and short period for which horizontal variation in dissipation is minimal (Figures 7i and 8i). That the dissipation 
concentrates in the weak upper mantle at intermediate and short wavelengths and long periods (i.e., ∼300τM) is 
consistent with Hanyk et al. (2005) and Huang et al. (2018).

4.2.  Applications to the Present-Day Earth

The Earth's mantle is estimated to cool at a rate of about 70 K/Ga, which suggests that the early Earth's mantle 
may have been up to 300 K hotter than the present-day (G. F. Davies, 1999). This implies that early Earth may 
have had a viscosity of only 10 19 Pa·s, or even smaller at shallower depths, due to pressure-dependence of viscos-
ity (Karato, 2008). To examine how surface loading-induced dissipation processes may have evolved throughout 
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Earth's history, the results for VS3 which most closely models the Earth's interior are rescaled for several refer-
ence viscosities (i.e., the lower mantle viscosity), ranging from 10 22 Pa·s, which is representative of Earth at 
present-day (e.g., Mao & Zhong, 2021; Mitrovica & Forte, 2004), to 10 18 Pa·s, which may be representative of 
the early Earth.

Figures 10a and 10b show the time-averaged energy flux of dissipation and work for different periods of VS3 with 
loading wavelengths 1.25D (i.e., Figures 9a) and 5D, respectively, scaled for mantle thickness D = 2,900 km, 
shear modulus μ = 7 × 10 10 Pa and five different reference viscosities (10 18–10 22 Pas) under the application of 
a 1 m rock load. As expected from time scale τM = η/μ and energy flux scale Dμ 2/η, the curves with different 
reference viscosities are identical in shape but shifted in both horizontal and vertical axes that now have units. For 
short periods, the smaller the reference viscosity η, the larger the energy flux of dissipation (Figure 10). However, 
for long periods, the opposite is true. The energy flux of work done at the surface increases with decreasing 
period but does not depend on reference viscosity at very short periods. That is, if the curves for the work done for 
different viscosities in Figure 10 are extended toward very short period, they all plot along the same line. These 
results are simply a consequence of re-scaling for the energy flux of dissipation that is independent of period T 
(or ∼𝐴𝐴 𝐴𝐴 0 ) at short periods but depends on 𝐴𝐴 1∕𝑇𝑇 𝑝𝑝 with p > 1 at long periods, while the energy flux of work at short 
periods depends on 𝐴𝐴 1∕𝑇𝑇  (Figure 10a).

The volumetric dissipation is estimated for several processes on present day Earth to compare with the amount of 
heat produced by radiogenic decay and the total heat flux. During the Early Pleistocene, glaciation-deglaciation 
cycles had a period of about 40,000 years and since the Mid-Pleistocene Transition they have had a period of about 
100,000 years (e.g., Berends et al., 2021). Considering an amplitude of ice sheet thickness variation of 2,500 m 
(i.e., ∼750 m of rock height) at the peak of glaciation and a wavelength of 3,600 km (i.e., about 1.25D which is 
more representative of the Fennoscandian ice sheet), and a reference viscosity of 10 22 Pa·s, Figure 10a indicates 
that the energy flux of dissipation is ∼5 × 10 −9 W/m 2 for loading period 100,000 years with 1 m rock load. This 
leads to ∼3 × 10 −3 W/m 2 (i.e., 3 mW/m 2) for 2,500 m ice load amplitude, given that the energy scales with square 
of the load amplitude. Assuming the dissipation occurring uniformly in the mantle leads to a volumetric dissipa-
tion rate of ∼10 −9 W/m 3 (i.e., dividing energy flux of 3 mW/m 2 by mantle thickness D of 2,900 km). The North 
American ice sheet may have a dominant wavelength of ∼7,000 km, and because the energy flux of dissipation is 
slightly smaller for longer wavelengths for long periods (Figures 9c and 10), the estimated surface heat flux and 
volumetric dissipation rate are ∼2 mW/m 2 and 7 × 10 −10 W/m 3, respectively. These estimates are 2%–4% of the 
averaged present-day surface heat flux of 87 mW/m 2 (e.g., Jaupart et al., 2007) and 5%–7% of radiogenic heat 
generation of 1.4 × 10 −8 W/m 3 for the bulk silicate Earth (Sramek et al., 2013; Workman & Hart, 2005). Hanyk 

Figure 10.  Time-averaged energy flux plotted versus period for several reference viscosity values for VS3 under a 1 m rock 
load at wavelengths (a) 1.25D and (b) 5D.
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et al. (2005) and Huang et al. (2018) considered realistic ice loading models and found that the time-averaged 
surface heat flux from the loading-induced dissipation for the last glaciation-deglaciation cycle is ∼0.03 TW. 
Considering that North American and Fennoscandian ice sheets may only cover ∼2% of the Earth's surface, their 
surface heat flux results are broadly consistent with ours.

If a glacial cycle period 40,000 years for the Early Pleistocene is used, the estimated surface heat flux and dissipa-
tion rate for wavelength 3,600 km will be increased by a factor of 3 (Figures 10a) to 9 mW/m 2 and 3 × 10 −9 W/m 3, 
respectively, suggesting the important influence of loading period on the dissipation. Such dissipative heating, 
if lasting for a significant amount of time, may have significant effects on mantle dynamics, especially consid-
ering that the heating is likely concentrated in the upper mantle (e.g., Hanyk et al., 2005). As another example, 
the results are also scaled for seasonal change in the Amazon River basin, again with wavelength of 3,600 km, 
a period of 1 year, and a 0.3 m water load (or 0.1 m rock load). The energy flux of dissipation is estimated at 
∼1.5 × 10 −7 W/m 2 (Figure 10a), which is insignificant compared with the surface heat flux.

4.3.  Implications for the Early Earth and Other Planetary Bodies

Here we discuss possible dissipation rate for the early Earth conditions, focusing on loading processes of different 
periods with reduced mantle viscosities. Long-term climate processes such as glacial cycles are mostly driven 
by insolation variations that are controlled by the Earth's orbital parameters including eccentricity, obliquity, 
and precession rate (Berends et al., 2021; Milankovic, 1941). However, given that the energy flux of dissipation 
decreases with decreasing viscosity at relatively long periods (Figure  10), it is unlikely that these long-term 
climate driven processes would contribute any significant dissipative heating in the mantle. However, it is possi-
ble that climate related processes at relatively short periods (e.g., annual or decadal changes), if they are associ-
ated with significant surface mass movement, may produce potentially significant dissipation rate for the early 
Earth's mantle, because at short periods the dissipation increases with decreasing viscosity (Figure 10).

Tidal forcing at periods of around 1 day may cause significant dissipative heating in the early Earth's mantle, 
particularly because of relatively short distance between the Earth and the Moon at that time. The most important 
tidal potential on the Earth is at harmonic degree 2 raised by the Moon, and for simplicity assuming a circular 
lunar orbit with zero obliquity (but obliquity tides can be important for other systems, e.g., Tyler, 2009), the spatial 
component of the degree-2 and order-0 tidal potential at the Earth's surface can be written as (e.g., Agnew, 2007):

𝑉𝑉 =
𝐺𝐺𝐺𝐺𝑚𝑚𝑅𝑅

2

𝑎𝑎3
𝑃𝑃20(𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐),� (18)

where G is the gravitational constant, Mm is the mass of the Moon, R is the Earth's mean radius, a is the radius 
of the lunar orbit, and θ is the co-latitude. To model tidal deformation for incompressible mantle, the tidal force 
needs to be applied to the surface and the core-mantle boundary (Qin et  al.,  2018). Our loading model here 
only considers forcing at the surface in 2-D Cartesian box, but the model may still provide some useful insight. 
Equating the tidal potential in Equation 18 to the gravitational potential produced by a degree-2 and order-0 mass 
anomaly of surface density amplitude ρδ:

4𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋

5
𝑃𝑃20(𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐) =

𝐺𝐺𝐺𝐺𝑚𝑚𝑅𝑅
2

𝑎𝑎3
𝑃𝑃20(𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐),� (19)

leads to an estimated height of equivalent rock load δ ∼1 m, where a = 60R is the present-day distance between 
the Moon and Earth, 𝐴𝐴 𝐴𝐴𝑚𝑚  = 7.35 × 10 22 kg, R = 6,370 km, and ρ = 3,300 kg/m 3. Because our model does not 
consider the loading at the core-mantle boundary, it is reasonable to double δ to 2 m. From Figure 10b for a refer-
ence viscosity of 10 22 Pas and loading wavelength of 5D, which resembles degree-2 wavelength, the energy flux 
of dissipation is ∼8 × 10 −8 W/m 2 for 1 m rock load or 3.2 × 10 −7 W/m 2 for 2 m rock load. The latter corresponds 
to a total power of 1.3 × 10 8 W, which is insignificant compared with the present-day heat flux value.

It has been proposed that a is ∼32R at 4 Ga, and is even smaller before 4 Ga, based on calculations of lunar fossil 
bulge formation and orbital evolution (Qin et al., 2018). This implies that tidal forcing at 4 Ga was ∼10 times 
larger than it is today. Together with enhanced dissipation for a reduced reference mantle viscosity of 10 19 Pas 
(Figure 10b), the total power of tidal dissipation for the early Earth's mantle may be ∼13 TW from degree 2 
and order 0 loading or ∼26 TW for all degree 2 loading terms. This tidal heating may have important dynamic 
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implications for mantle melting in and thermal evolution of the early Earth, considering that the dissipation may 
occur entirely in the weak upper mantle or weak layer even at degree-2 long wavelengths (Figures 7 and 8g).

That tidal dissipation may concentrate at shallow depths with small viscosity has special implications for other 
planetary bodies for which tidal heating is important, for example, Io or the Moon. The pressure dependencies 
of mantle rheology, solidus and adiabat tend to give rise to a reduced mantle viscosity at shallow depths. The 
enhanced tidal dissipation at the relatively weak shallow depth may lead to increased temperature there, which 
reduces the viscosity even more, as pointed out by Steinke et al. (2020). This positive feedback process may be 
responsible for a weak asthenosphere and even global-scale melting such as that on Io, and it also suggests that 
the deep mantle of Io may not be affected significantly by the tidal heating. As discussed earlier, a large number 
of studies have explored various tidal heating effects on Io and other icy satellites (e.g., Beuthe, 2013; Bierson & 
Nimmo, 2016; A. G. Davies et al., 2015; Hamilton et al., 2013; Ross & Schubert, 1985; Sotin et al., 2002; Tobie 
et al., 2005, 2008).

5.  Conclusions
This study examined the dissipative behavior of a viscoelastic solid under a surface load to understand the poten-
tial contribution of dissipative heat caused by exogenic forces to the energy budget of the Earth and other solid 
celestial bodies. Using a linear Maxwell rheology and assuming an incompressible and non-accelerating mate-
rial, we computed solutions to the viscoelastic loading problem for 345 different cases with varying viscosity 
structure, loading wavelength, and loading period. The results were then analyzed to understand the controls on 
the partitioning of dissipative and elastic energy terms and their spatial distributions, and to estimate how much 
dissipative heating occurs for present-day and early Earth as a result of exogenic forces.

We demonstrated through analysis of the energy balance that the dissipative heat and elastic energy always 
balance the work done at the surface by loading force and restoring force associated with the topography, which is 
verified by our numerical modeling. Our results show that the partition of energy between dissipative and elastic 
terms is strongly dependent on the loading period, and that at long periods (i.e., viscous limit), the work done at 
the surface is consumed by dissipative heat with negligible elastic energy involved, while at short periods (elastic 
limit), the work done at the surface is accommodated mostly by elastic energy. The average dissipation flux in 
the elastic limit is constant and independent of periods, while the energy flux of the work done at the surface 
decreases linearly with increasing period, suggesting that dissipation in the elastic limit has an upper bound, 
independent of the work done at the surface. In the viscous limit, the average dissipation flux and the work are 
nearly equal and decrease with a slope greater than 1 as period increases.

Dissipation rate is smaller for longer loading wavelength. Viscosity structure controls both the magnitude and 
distribution of dissipation rate. Models with a weak upper mantle generate significantly more dissipation rate 
at relatively short periods than those with uniform mantle viscosity. However, for relatively long periods, the 
opposite is true. The spatial distribution of dissipation depends on wavelength but not on period for a uniform 
viscosity structure, and on both period and wavelength for a layered viscosity structure. For models with a weak 
upper mantle layer, dissipation is concentrated in the upper mantle in nearly all cases except those with very long 
wavelengths and long periods, suggesting that most heat generation will be concentrated at shallow depths on 
bodies with such viscosity structures.

We find that our models produce estimates for glaciation- and deglaciation-forced dissipation that are broadly 
consistent with those found in other studies. For a shorter glacial period (e.g., ∼40,000 years), such as that of the 
Early Pleistocene, dissipative heating may lead to 3–9 mW/m 2 surface heat flux in glaciated regions, and if such 
glacial cycles last for sufficiently long time, the resulting dissipative heat may have a significant effect on mantle 
dynamics, especially since dissipation is likely concentrated in the upper mantle. On present-day Earth, we find 
that tidal heating produces an insignificant amount of heat, but for early Earth with a smaller mantle viscosity 
and larger forcing amplitude, it may have produce ∼30 TW global surface heat flux, representing a significant 
fraction of the global heat flux and influencing mantle melting and cooling during that time. The finding that 
tidal dissipation is concentrated at shallow depths even at very long wavelengths has important implications for 
the dynamic evolution of the early Earth and any planetary body where tidal heating is important, such as Io. 
Heating concentrated in a weak layer will increase its temperature and thus decrease its viscosity, making the 
layer weaker, and creating a positive feedback system in the upper mantle. This may contribute to the formation of 
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a weak asthenosphere and global scale melting at shallow depths, and also suggests that the deep mantle of such 
systems (e.g., Io) may not be significantly affected by tidal heating.

This study is limited by the simplicity of our model, first in that we used a 2D Cartesian geometry rather than a 
full spherical treatment of the problem, and second in our assumptions of uniform shear modulus and viscosity 
and Maxwell rheology. The Maxwell rheology may not be a good representation of the deformational behavior of 
mantle materials at short periods, and variable shear modulus and viscosity may affect the loading response (e.g., 
Steinke, 2021). The Cartesian model may present different spatial patterns of dissipation than a spherical model 
due to the flat geometry, and because of the small size of the domain compared to the load. Future research into 
this topic using full spherical geometries would provide better understanding of behaviors under tidal forcing, as 
these are not necessarily well approximated by a surface loading force, and the use of more sophisticated rheol-
ogy models (e.g., Huang et al., 2018) is likely necessary to understand more about how these bodies react to all 
types of exogenic forces. Even with these shortcomings, we believe that this study represents an important step in 
understanding the dynamics of dissipative heating in planetary bodies.

Data Availability Statement
The CitcomVE package and the input files used in this study can be found at https://zenodo.org/record/6677595. 
Additional model input parameters are given in Tables 1–3.
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