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Tokamaks are currently the leading concept for thermonuclear fusion reactors, using magnetic

fields to toroidally confine a hot plasma and achieve the conditions necessary for sustained fusion.

However, experiments reveal anomalous heat and particle losses which far exceed collisional transport

predictions and significantly degrade confinement. The anomalous radial transport is now known

to result from drift-wave microturbulence, driven unstable in the plasma by the intense pressure

gradients involved. Understanding these turbulent transport mechanisms is critical for predicting

and maintaining steady-state energy production. After extensive development efforts, gyrokinetic

theory and numerical modeling have emerged as essential tools for studying the complex nonlinear

dynamics of tokamak microturbulence.

Gyrokinetic simulations at ion gyroradius scales have successfully reproduced transport char-

acteristics in agreement with experiment, but often underestimate electron thermal transport levels.

The electron-temperature-gradient (ETG) mode, arising at electron gyroradius scales, is a key

candidate to explain excess electron heat losses. ETG transport is expected to be particularly

important in reactor-relevant plasmas like ITER, where ETG turbulence can interact with ion-scale

turbulence through complex multiscale processes which are sensitive to small variations in equilibrium

parameters. Direct simulation of these interactions remains computationally prohibitive, even on

exascale computing platforms, thereby motivating the development of the subgrid model presented

here. The subgrid model captures electron-scale effects in a reduced form suitable for whole-device

modeling of future burning plasmas.

Quasilinear modeling offers an efficient method for predicting turbulent transport spectra by

leveraging linear gyrokinetic simulation results. Quaslinear theory is introduced here for modeling

ion-scale turbulence in DIII-D shot #162940 using linear gyrokinetic simulation. The quasilinear
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predictions show good agreement with nonlinear flux spectra, and analysis is successfully extended

to negative triangularity shaping - a plasma configuration which has reported reduced turbulent

transport levels. Quasilinear models are further compared against nonlinear gyrokinetic ETG

simulations and considered for reduced modeling of local electron-scale turbulence effects in global

ion-scale simulation.

A key mechanism of instability regulation is by perpendicular shearing from zonal flows (ZFs),

which break up radially-elongated drift wave eddies. These are self-generated shear flows which are

driven by growing primary instabilities as nonlinear effects become significant. Intermediate-scale

gyrokinetic theory, encompassing wavelengths much shorter than the ion gyroradius but much longer

than the electron gyroradius, predicts strong ETG-ZF coupling which is expected to drive significant

ZF generation and ETG mode regulation. Zonal flow generation due to a single ETG mode is

investigated in local single-mode gyrokinetic simulations and intermediate-scale results are found to

be in agreement with the gyrokinetic theory. Full-spectrum results are then presented and explained

qualitatively in terms of the single-mode results. The resulting intermediate-scale zonal flows have

been reported to help regulate ion-scale turbulence levels in multiscale gyrokinetic simulation.

A subgrid ETG model is then demonstrated which averages local electron-scale turbulence over

intermediate scales in space and time to include in global ion-temperature-gradient (ITG) simulations.

This approach results in ion-scale equations which incorporate the electron heat transport from

ETG turbulence and effects of electron-scale turbulence on the ion scale. Local ETG simulations are

performed at different radial locations and a kinetic form of the flux is added to global ion-scale

simulations as a source term. Analytic radial profiles of ETG heat flux are constructed and compared

to flux-tube results at multiple radial locations. Different ratios of ITG to ETG heat flux levels

are considered and the results of capturing ETG heat transport in global ion-scale simulations are

discussed. Potential coupling of the ETG streamer potential and intermediate-scale zonal flows to

the ion scale is further addressed.
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Chapter 1

Introduction

This chapter introduces thermonuclear fusion as a potential energy source and
provides an overview of the basic concepts and operation of a tokamak regarding its
viability as a fusion power plant.

1.1 Energy Production

Global population and energy consumption levels have exploded in the last century with the

advent of the industrial age. The majority of energy used today comes from fossil fuels such as coal,

oil, and natural gas. These constitute non-renewable energy resources extracted from the remains

of prehistoric plants and animals buried naturally in the Earth’s crust over millions of years. Not

only are these resources finite and expected to be quickly depleted at current usage rates, they also

release significant amounts of carbon into the atmosphere which contribute to issues of climate

change and air pollution. As a result, countries are more recently pivoting to renewable energy

sources, such as wind, solar, geothermal, and hydroelectric power. While more environmentally

friendly, renewable energy sources have their own limitations. Renewables are significantly less

efficient and more intermittent than their counterparts, leading to the need for more robust energy

storage technologies and improved grid integration measures for large-scale adoption. A comparison

of various energy options and their current global use is shown in Figure 1.1.

A number of these issues can be circumvented by considering nuclear energy options as well.

Two possibile avenues for nuclear power exist: fission, where nuclei are split into several parts, and

fusion, where nuclei are fused together. Currently, only fission reactors have been developed as
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Global primary energy consumption by source
Primary energy¹ is based on the substitution method² and measured in terawatt-hours³.
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1.Primary energy: Primary energy is the energy available as resources – such as the fuels burnt in power plants – before it has been transformed.
This relates to the coal before it has been burned, the uranium, or the barrels of oil. Primary energy includes energy that the end user needs, in the
form of electricity, transport and heating, plus inefficiencies and energy that is lost when raw resources are transformed into a usable form. You can
read more on the different ways of measuring energy in our article.

2.Substitution method: The ‘substitution method’ is used by researchers to correct primary energy consumption for efficiency losses experienced
by fossil fuels. It tries to adjust non-fossil energy sources to the inputs that would be needed if it was generated from fossil fuels. It assumes that
wind and solar electricity is as inefficient as coal or gas. To do this, energy generation from non-fossil sources are divided by a standard ‘thermal
efficiency factor’ – typically around 0.4 Nuclear power is also adjusted despite it also experiencing thermal losses in a power plant. Since it’s
reported in terms of electricity output, we need to do this adjustment to calculate its equivalent input value. You can read more about this adjustment
in our article.

3.Watt-hour: A watt-hour is the energy delivered by one watt of power for one hour. Since one watt is equivalent to one joule per second, a
watt-hour is equivalent to 3600 joules of energy. Metric prefixes are used for multiples of the unit, usually: - kilowatt-hours (kWh), or a thousand
watt-hours. - Megawatt-hours (MWh), or a million watt-hours. - Gigawatt-hours (GWh), or a billion watt-hours. - Terawatt-hours (TWh), or a trillion
watt-hours.

Figure 1.1: Global energy use trends by year [1, 2].
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successful and practical sources of energy production. Such fission power plants are the most reliable

form of continuous energy, with a current capacity factor of around 93% in the United States [3].

The capacity factor indicates the percentage of total annual time during which nuclear plants are

producing maximum power, and for fission plants is about double that of natural gas and coal, and

even triple that of some renewable energy sources such as wind and solar. While fission reactions are

not renewable, as they generally require uranium fuel to be extracted from the earth, the energy

density of nuclear fuels is approximately one million times that of other traditional energy sources.

For instance, the energy extractable from a single uranium pellet is equivalent to that of one ton

of coal or 120 gallons of oil [4]. Fission reactors suffer significant drawbacks though. Namely, the

generation and storage of hazardous nuclear waste with half-lives varying from 30 to millions of

years, concerns about nuclear proliferation of fuels, and negative public perception due to production

of harmful ionizing radiation, which has previously led to catastrophic environmental and human

disasters in cases of extreme failure.

Fusion reactors, on the other hand, can potentially solve many of the challenges faced by

current energy sources, thereby offering safe, clean, and abundant energy [5]. Compared to fission

reactions, fusion reactions release approximately four times more energy per mass and produce no

high-activity, long-lived nuclear waste. Current fusion reactors primarily use a 50/50 mixture of

deuterium and tritium fuel. Deuterium can be abundantly extracted from all types of water, but

tritium is not as readily available on Earth, though it might be bred artificially during the fusion

reaction using naturally abundant lithium. Moreover, fusion power plants pose no catastrophic risk,

as the conditions necessary for fusion are difficult to maintain; fuel must be continuously supplied in

small amounts, and the reaction will stop if the plasma is sufficiently disturbed. Furthermore, by

harnessing the same processes that power stars - which are among nature’s most effective energy

sources - achieving fusion on Earth comes with the possibility of fusion ignition, the generation of

more energy than is necessary to sustain the reaction.

Altogether, these properties make fusion a “holy grail” of energy production capable of

revolutionizing future energy consumption. However, fusion reactors must overcome the Coulomb



4

barrier so that ions are fused via the strong force. This requires creating extreme temperatures on

the order of 100 million Kelvin, and sustaining such reactions on Earth presents significant challenges.

Despite more than 50 years of active research, steady-state operation of a viable fusion power plant

remains elusive though substantial progress has been made. Much of the current effort in the field is

focused on addressing the numerous technical obstacles.

1.2 Thermonuclear Fusion

The discussion here introduces the basics of thermonuclear fusion and the concept of ignition -

the point at which fusion reactions become self-sustaining - and largely follows from the introductory

sections in Ref. [6]. The energy released in nuclear reactions is due to the difference in masses of the

nuclei involved and their constituent particles. This energy is given by the famous formula

E = ∆mc2, (1.1)

where E is the nuclear binding energy released, ∆m is the total mass difference of the reaction, and

c is the speed of light. The binding energy can be understood as the amount of energy required to

separate an atomic nucleus into its constituent protons and neutrons. The average binding energy

per nucleon is shown in Figure 1.2 below, where increasing binding energy per nucleon means the

release of energy during the reaction. A maximum value is clearly seen near iron, which delineates a

general transition point where fusion reactions no longer yield energy, but fission reactions become

viable. As fusion is the viable reaction when elements are light, this means most of the isotopes

involved are stable. The challenge with fusion though, is overcoming the electrostatic Coulomb

repulsion to allow ions to fuse, whereas fission can be more easily forced due to the unstable nuclei

involved and the often spontaneous nature of fission.

A 50/50 mixture of hydrogen isotopes, deuterium (D) and tritium (T), is primarily used as a
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Figure 1.2: Relationship between the nuclear binding energy of an isotope and its atomic mass [7].

fuel in current fusion reactors. The D-T fusion reaction produces an alpha particle and a neutron

2
1D

+ + 3
1T

+ → 4
2He

2+ + 1
0n. (1.2)

The numbers on the top left of each element represent the mass number of the element, A = Z +N ,

with N the number of neutrons and Z the number of protons, where Z is represented at the bottom

left of each element. The total reaction energy is 17.6 MeV, with 4/5 of the energy, or 14.1 MeV,

going to the kinetic energy of the neutron which is around 1/5 of the total mass. The remaining

3.5 MeV goes to the kinetic energy of He-4, otherwise known as an α-particle. This reaction is

largely preferred due to the lower temperatures required to reach the peak collisional cross-section for

collisions. Figure 1.3(a) shows a comparison of common fusion reaction cross-sections as a function

of center-of-mass energy in keV, and clearly indicates D-T reactions to have the highest cross-section

at the lowest energies, peaking near 60 keV.

Calculating the overall reaction rate per volume requires integration over velocity space of the



6

cross-section, σ, and distribution functions, f , of both species

R =

∫ ∫
σ(v′)v′f1(v1)f2(v2)d

3v1d
3v2, (1.3)

with v′ = v1 − v2. The distribution function describes the phase-space density of particles. For a

Maxwellian distribution - indicating thermal equilibrium - it is defined as

fj(vj) = nj

(
mj

2πTj

)3/2

e
−

mjv
2
j

2Tj , (1.4)

for a species j with mass mj , temperature Tj , density nj , and velocity vj . Assuming Maxwellian

distributions, the total reaction rate per volume can be calculated as

R = n1n2⟨σv⟩, (1.5)

which is maximized when n1 = n2. The quantity ⟨σv⟩ is plotted below in Figure 1.3(b) for three

common fusion reactions, again showing the D-T reaction to be the most viable, in practice requiring

temperatures of approximately 10 keV or around 108 K.

(a) (b)

Figure 1.3: (a) Cross-sections versus center-of-mass energy for key fusion reactions [8]. (b) Comparison
of ⟨σv⟩ versus temperature for common fusion reactions [6].
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1.3 Fusion Ignition

Maintaining sufficient densities and temperatures for long enough times is critical for achieving

a self-sustaining fusion reaction, a condition known as fusion “ignition”. These constraints can be

formally understood by considering power balance equations for a fusion plasma [6]. In a magnetically

confined fusion reaction, the neutrons, being neutral, will not be confined to the magnetic fields

and therefore will escape, hitting the walls of the device, where their energy can be captured and

converted to more practical forms of energy. The α-particles however will remain in the core and

their energy will go to heating the plasma. The total α-particle heating can then be found by

integrating the reaction rate, (1.5), and the α-particle energy over the total volume V to find

Pα =

∫
V

1

4
n2⟨σv⟩Eαd3x =

1

4
n2⟨σv⟩EαV, (1.6)

where Eα is the 3.5 MeV of energy carried by the α-particles which goes to heating the plasma via

collisions. The bar here denotes a volume-averaged quantity.

In magnetic confinement fusion plasmas there exist strong equilibrium gradients which are

necessary for fusion to occur in the core of a reactor. These gradients ultimately lead to continuous

power losses, PL, which must be balanced by external heating, PH , as well as α-particle heating, Pα,

in order to maintain the fustion reaction:

PL = PH + Pα. (1.7)

The total energy density of the plasma particles is 3
2nT given 3 degrees of freedom. Considering

both electrons and ions, the total energy in the plasma, W , can be found by integrating the total

energy density of all species over the volume V ,

W =

∫
V
3nTd3x = 3nTV. (1.8)
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The overall losses can then be characterized assuming some energy confinement time, τE , such that

PL =
W

τE
, (1.9)

and (1.7) can be rewritten, assuming a constant density and temperature for simplicity, as

PH +
1

4
n2⟨σv⟩EαV =

3nT

τE
V. (1.10)

Conditions for achieving ignition are then found by assuming no externally applied heating,

that is PH = 0, so that

nτE >
12T

⟨σv⟩Eα
. (1.11)

However, disruptive instabilities in the plasma generally limit the total thermal pressure, p = nT , that

can be attained, and a better figure of merit requires mutiplying by an extra factor of temperature

to get [6]

nTτE >
12T 2

⟨σv⟩Eα
. (1.12)

With the above assumptions of constant temperature and density throughout the plasma, T 2/⟨σv⟩

is minimized around T = 14 keV, where the reaction rate parameter is approximately ⟨σv⟩ =

1.1× 10−24T 2m3s−1, with T = 14. Using Eα = 3.5 MeV gives the final ignition condition [6]

nTτE > 3× 1021
keV · s

m3
. (1.13)

This parameter, nTτE , is famously known as the “fusion triple product”, and (1.13) is similar

to the Lawson criterion, originally derived as the Lawson parameter, nτE , in the case of no external

heating, but balancing the losses from Brehmstrallung radiation [9]. The triple product is one of the

primary figures of merit for realizing viable fusion reactors, and can be understood in very simple

physical terms. Sufficient temperature is required to reach a high probability for the reaction to

occur, and the density then sets the total number of reactions which will occur. The time over which
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this energy is lost in the system needs to be long enough in addition with the other two factors to

reach a minimum threshold for maintaining a self-sustaining reaction. For instance, this condition

can be satisified by the values n = 1020m−3, T = 10keV, and τE = 3s.

One more common figure of merit for a fusion reaction is Q, the energy gain factor,

Q =
PT
PH

, (1.14)

or the ratio of total thermonuclear power to external heating power. Similary to the α-particle

heating, the total fusion power can be calculated by considering (1.5), to find

PT =

∫
V

1

4
n2⟨σv⟩Ed3x =

1

4
n2⟨σv⟩EV, (1.15)

with E the total energy released in each reaction. The current state of fusion power plants is Q < 1

operation, with Q = 1 defining the “breakeven” point, while ignition would mean PH → 0 and so

Q→∞.

The progress of fusion experiments in achieving both a satisfactory triple product and energy

gain has been compiled together recently in Ref. [10]. The results are shown in Figure 1.4(a) as

a function of ion temperature and in Figure 1.4(b) as records set for a given fusion concept over

time. Likewise, contours of Q are provided to demonstrate progress towards the points of breakeven

operation and ignition. Figure 1.4(b) illustrates that growth over time was approximately linear for

tokamaks, indicative of a Moore’s law type scaling characteristic of transistor number in integrated

circuits, which suggests the eventual realization of fusion ignition. However, a gap exists when

extrapolating to current tokamak reactors. This gap is partly due to limitations in technology, for

instance in the case of SPARC which employs novel superconducting ribbon cables [11]. Additionally,

the complexity involved in the design and realization of an international mega-project reactor

contributes to the case of ITER [12]. Furthermore, currently active reactors play essential supporting

roles in advancing understanding and capabilities for future burning plasma experiments. Some of
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(a) (b)

Figure 1.4: Various experimental peak fusion triple products attained versus (a) ion temperature
and (b) time in years. More information about experimental scenarios and specifics of the plotted
data can be found in Ref. [10].

the relevant experimental campaigns are described further in Section 1.4.2.

The experiments considered span a range of different fusion reactor concepts. These can be

simply categorized as follows:

(1) Magnetic Confinement Fusion (MCF): Magnetic fields are used to confine hot plasma particles

long enough so that fusion can occur. This involves low densities and long confinement

times.

• Linear Confinement: The plasma is confined along straight paths in a cylindrical

geometry using straight open field lines or closed poloidal (around the linear axis) field

lines. Examples include Z-pinch, mirror, and field-reversed configuration (FRC) devices.

• Toroidal Confinement: The plasma is contained in a toroidal (donut-shaped) vessel,

with field lines winding around repeatedly. Examples include tokamaks, spherical

tokamaks, spheromaks, and stellarators.

(2) Inertial Confinement Fusion (ICF): Fuel pellets are compressed to extremely high densities

and rapidly heated by the use of strong lasers or particle beams, creating fusion reactions
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over very short times. The National Ignition Facility (NIF) experiment is an example.

(3) Magneto-Intertial Fusion: A hybrid concept combining magnetic and inertial confinement

methods, such as with the MagLIF experiment.

Clearly, tokamaks and laser ICF constitute the experiments capable of highest triple products

and energy gains, with a recent NIF shot achieving breakeven gain [13]. However, as discussed

further in Ref. [10], many other factors play a role in evaluating the approach to fusion [14]. Some

extra factors include total yields, economics [15, 16], and government regulation [17]. For instance,

laser ICF is generally inefficient for steady-state power generation due to its short pulsed operation,

limited fuel and pulse repetition rates, and high energy cost to power the lasers. Furthermore, in the

case of NIF, the primary goal is to simulate and study the conditions of nuclear detonations and

nuclear weapons physics in a controlled manner in accordance with the National Nuclear Security

Administration’s (NNSA) Stockpile Stewardship Program [18].

Further analysis which considers the cost and efficiency of magnetic confinement systems

can be attained by integrating the plasma beta factor, β = 2µ0p/B
2
0 , into the conventional triple

product framework [19, 20]. The plasma beta factor is defined as the ratio of thermal to magnetic

pressure and describes the effectiveness of the magnetic field in confining the plasma. This therefore

represents another key performance metric which can be used to evaluate and optimize reactor

stability, confinement, and efficacy. For many of the various reasons mentioned above, many private

companies have chosen to focus on alternative approches of commercial fusion systems [10]. The

technical hurdles facing steady-state operation of tokamak reactors are discussed in more detail in

Section 1.4.2.

1.4 Magnetic Confinement and the Tokamak

The current leading candidate for fusion power plants is the tokamak. The tokamak was

invented in the Soviet Union during the 1950s, and its name comes from the Russian words

toroidalnaya kamera s magnitnymi katushkami, meaning “toroidal chamber with magnetic coils”
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Figure 1.5: Basic schematic of a tokamak. The plasma is indicated in purple with helical field lines
in black wrapping around the device. The total field is a combination of toroidal (blue) and poloidal
(green) components. Image courtesy of EUROfusion [21].

[22]. Tokamaks are magnetic confinement devices designed to produce controlled fusion power. They

consist of a toroidal vacuum chamber enveloped by electromagnetic coils which generate strong

magnetic fields in the torus to confine a plasma consisting of hot, ionized particles along field lines.

The purpose of the magnetic fields is to prevent diffusion of hot, dense particles radially outward such

that core conditions required to sustain fusion reactions can be maintained. A general schematic

for a tokamak is shown in Figure 1.5 above. The primary magnetic field is driven in the toroidal

direction - around the central axis - by the toroidal field coils. Furthermore, a central solenoid and

poloidal field coils are used to generate a smaller poloidal magnetic field. The poloidal direction is

the shorter angular direction in the cross-section of the torus, and the poloidal fields help to shape
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the plasma in the cross-sectional plane.

The overall field results in charged particles moving along helical trajectories through the torus.

The central solenoid induces a toroidal electric field, driving a toroidal current and ohmically heating

the plasma to a temperature of a few keV. As the plasma is heated charged particles move faster

along field lines and spend less time interacting with each other. As a result, Coulomb collisions

become less frequent with increasing temperature and the plasma resistivity varies as η ∼ T
−3/2
e

[6]. To further heat the plasma one must inject energetic particle beams or electromagnetic waves

in order to reach desired temperatures of ∼ 10 keV as specified previously. Typically the magnetic

fields reach values around 10 T, with the central current on the order of a few MA. As heating losses

in standard coils are unacceptable, superconducting coils are in use today.

The motion of charged particles in electromagnetic fields is governed by the Lorentz force,

FL = q(E + v×B). (1.16)

Here q is the charge of a particle, v is its velocity, and E and B represent the electric and magnetic

fields in the tokamak. Particles are accelerated along field lines by the induced electric field, while

their thermal velocity perpendicular to the field leads to tight orbits around magnetic field lines.

The orbital radius is called the gyroradius and is defined as ρ = mv⊥/qB for a particle with mass m

and velocity v⊥ perpendicular to the field. The orbital frequency is called the cyclotron frequency,

defined by Ω = qB/m. The overall motion then inhibits radial diffusion and allows for maintaining

the intense temperature gradients required for a successful fusion power plant - from approximately

108 K in the core where fusion must occur to 1, 000 K near the edge of the device so that the outer

walls are not damaged. The following section outlines the fundamental plasma dynamics underlying

confinement in tokamaks using material covered in many introductory plasma physics textbooks

[23–26].
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1.4.1 Plasma Confinement

Plasma is the most abundant state of observable matter in the universe, making up around

99% of the total in the form of stars as well as much of the space between them. Reference [23]

defines a plasma as “a quasineutral gas of charged and neutral particles which exhibits collective

behavior.” Collective behavior refers to the fact that the motions of charged particles can lead

to the generation of macroscopic electric and magnetic fields. These fields affect the motions of

charged particles not just locally but at large distances, leading to complex and rich phenomena.

Quasineutrality refers to the existence of Debye shielding, an effect which results in the effective

shielding of any applied or localized potentials in the plasma. One can consider adding a negative

test charge, Q, to a homogeneous plasma of density n0 to find that the potential around the test

charge will be

Φ =
Q

4πϵ0r
e−r/λD = Φ0e

−r/λD . (1.17)

Here, Φ0 is the standard Coulomb potential, ϵ0 the permittivity of free space, r the distance from

the charged particle, and λD the Debye length which is defined as

λ2D =
ϵ0Te
n0e2

, (1.18)

for electron temperature Te and charge e.

The Debye length defines a characteristic length scale in plasmas over which external or local

charge concentrations are effectively shielded out by the motion of ions and electrons which can

respond to the potential. For a plasma with a system size L, if λD/L≪ 1 then the plasma can be

considered quasineutral to leading order and described by a single background density. However, the

plasma will generally not be neutral to all orders so that small-amplitude electromagnetic phenomena

such as plasma waves can still exist, whereas macroscopic fields can be generated by collective

plasma behavior. While analysis of plasma dynamics is often complex and requires self-consistent

determination of particle and field interactions, the basics of tokamak confinement can be understood
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conceptually by considering the motion of charged particles in electromagnetic fields.

The simplest dynamics possible are those of a charged particle in a uniform and static magnetic

field. The equation of motion is given by

m
dv
dt

= q(v×B). (1.19)

The right-hand-side has no component parallel to the field and so the velocity along the field is

constant. The perpendicular part of Equation (1.19) can be decomposed into x and y components

and solved to find

v̇x =
qB

m
vy, v̇y =

qB

m
vx;

v̈x = −
(
qB

m

)2

vx, v̈y = −
(
qB

m

)2

vy;

(1.20)

which describe a simple harmonic oscillator with the cyclotron frequency. These equations can

further be solved to find the particle motion

x− x0 = ρ sin(Ωt), y − y0 = ±ρ cos(Ωt), (1.21)

which describe circular motion around a guiding-center (x0, y0) with fixed gyroradius ρ = v⊥/Ω

(also known as the Larmor radius). The result is helical motion along field lines as pictured in

Figure 1.6(a). Parallel and perpendicular motion are defined specifically in relation to the magnetic

field direction from hereon.

The next simplest configuration considers adding an electric field. Any electric field component

parallel to the magnetic field simply accelerates particles in the parallel direction. The perpendicular

equation of motion becomes

m
dv⊥
dt

= q(E⊥ + v⊥ ×B). (1.22)

To simplify the problem, one can consider transforming to a frame perpendicular to B moving with

velocity vE for which the fields are transformed as B′ = B and E′
⊥ = E⊥ + vE × B. Choosing
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E′
⊥ = 0 leads to the same equation of motion as Equation (1.19) but for v′

⊥ = −vE + v⊥:

m
dv′

⊥
dt

= q(v′
⊥ ×B). (1.23)

Therefore, in the frame moving with velocity vE , the particle is again undergoing the same motion

as for a static and uniform magnetic field.

The velocity vE can be found by taking the cross product of E′
⊥ = 0 to find

E⊥ ×B + (vE ×B)×B = 0⇒ E⊥ ×B−B2vE = 0⇒ vE =
E×B
B2

. (1.24)

This velocity is known as the ExB drift and is the same for all particles in the plasma. The basic

physical mechanism is depicted in Figure 1.6(b), where the perpendicular acceleration (deceleration)

of the particle due to the electric field leads to an increase (decrease) in the gyroradius and an overall

drift of the guiding center. This effect can be generalized to any force, F, perpendicular to the field

as

vF =
1

q

F×B
B2

. (1.25)

By considering fields which vary in space and time many various drifts can be found. Detailed

attention is given to the derivation and description of these drifts in the many introductory plasma

(a) (b) (c)

Figure 1.6: Motion of a charged particle in: (a) a static, uniform magnetic field, (b) perpendicular
electric and magnetic fields, and (c) a magnetic field with a spatial gradient ∇B [25].
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physics textbooks mentioned previously [23–26]. The various guiding-center drifts are listed here for

convenience:

ExB Drift: vE =
E×B
B2

, (1.26)

Grad-B Drift: v∇B = ±v⊥ρ
2

B×∇B
B2

, (1.27)

Curvature Drift: vc =
mv2∥

q

Rc ×B
R2
cB

2
, (1.28)

Polarization Drift: vp = ±
1

ΩB

dE
dt
, (1.29)

Nonuniform E Drift: v∇E =
ρ2∇2

4

E×B
B2

(1.30)

One might notice there is no drift related to the magnetic field changing in time. Analysing

this situation leads to the fact that the magnetic moment, µ = mv2⊥/(2B), is adiabatically invariant

in a magnetic field which changes slowly compared to the cyclotron frequency. That is, as B changes,

particles can lose or gain perpendicular energy and the gyroradius will also change. Given total

energy conservation, the parallel velocity of a particle will change correspondingly as well. This is

known as the magnetic mirror effect, where particles can be reflected when moving into a stronger

magnetic field as all their parallel energy is converted to faster Larmor motion. The force associated

with this motion is called the magnetic mirror force

FM = −µ∇∥B (1.31)

and serves as the primary method of confinement in magnetic mirror devices.

A version of the magnetic mirror force, but perpendicular to the field, results in the “grad-B”

drift defined by Equation (1.27) and depicted in Figure 1.6(c). The grad-B drift and the curvature

drift, Equation (1.28), are important drifts in the context of tokamak confinement. This is because

the tokamak field is primarily toroidal and the field strength generated by toroidal coils varies as

∇B ∼ B/R0 according to Ampere’s law of electromagnetism. R0 here is the tokamak major radius,
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the distance from the central axis, which is depicted later in Figure 1.8(a). The grad-B and curvature

drifts arise from this inhomogeneity of the magnetic field. The force associated with the curvature

drift is the centrifugal force from toroidal rotation, where Rc is the radius of curvature vector which

is related to B by

−Rc

R2
c

=
∇B
B

. (1.32)

The grad-B and curvature drifts combine to drive vertical particle motion in the cross-sectional

plane of the torus, and, most importantly, opposite charges drift in opposite directions. If only a

toroidal field is considered this would lead to vertical charge displacement and loss of confinement

due to the resulting radial ExB drift. For this reason the central solenoid and poloidal field coils

are necessary for successful tokamak operation. The poloidal rotation driven in the cross-sectional

plane cancels out these drift motions over one full poloidal orbit. The overall result is a shifted

circular orbit in the cross-sectional plane, depicted for passing particles in Figure 1.7. The equation

describing the shifted circular surface is [6]

(R−R0 −
vd
ω
)2 + Z2 = constant. (1.33)

Here, R and Z are the major radius and elevation - the horizontal and vertical coordinates of the

toroidal surface in the cross-sectional plane. R0 is the initial center which is shifted by vd/ω, where

ω is the poloidal rotation frequency and vd is the combined grad-B and curvature drift. Furthermore,

particles with insufficient parallel velocity are reflected back by the mirror force when entering the

high-field side of the tokamak. These are called trapped particles and the resulting “banana orbit”

motion is depicted in Figure 1.7.

The resulting drift from a nonuniform electric field, Equation (1.30), is a correction to the

standard ExB drift known as a finite-Larmor-radius (FLR) effect [23]. The primary significance of

this correction is that the drift due to the electric field will no longer be independent of species as ρ is

different for ions and electrons. Given a sinusoidal wave in the plasma, E ∼ E0e
ik·x−iωt, the ions and

electrons can be driven apart, leading to a second electric field. If this second field enhances the first,
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Figure 1.7: Diagram illustrating drift surfaces for passing and trapped particles. The tokamak
central axis is on the left [6].

the wave can grow indefinitely and the plasma becomes unstable. Such instabilities are known as

“drift instabilities” and are often the primary drivers of turbulent losses in the tokamak steady-state.

Note that for the correction term to be important one must have kρ ∼ 1, meaning that instability

wavelengths must be on the order of the species gyroradius driving the instability. For this reason

drift instabilities belong to a more general class called “microinstabilities” [23]. The polarization

drift can also result in instability due to the different inertial response of ions and electrons to an

oscillating electric field. Drift instabilities drive radial turbulent transport of particles and heat out

from the core of a tokamak, degrading plasma confinement. A detailed theoretical description of

temperature-gradient-driven modes and discussion of the numerical simulation techniques employed

to capture resulting turbulent transport losses are more thoroughly described in Chapter 2.

The physics and the mathematical equations governing tokamak equilibrium and stability

have been extensively researched and are now comprehensively documented in many textbooks

regarding the subject [6, 22, 27, 28]. Tokamak equilibria can be described by Maxwell’s equations in

combination with the ideal single-fluid magnetohydrodynamic (MHD) force-balance equation for a

static magnetic field:

∇ ·B0 = 0, (1.34)
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∇×B0 = µ0j, (1.35)

j×B0 = ∇p. (1.36)

Here B0 is the equilibrium magnetic field, j is the plasma current density, and µ0 is the permeability of

free space. For an axisymmetric equilibrium, that is, one independent of toroidal angle, the magnetic

field lines wrap helically around nested toroidal surfaces of the tokamak. These toroidal surfaces

then consist of constant magnetic flux and are called flux surfaces. Cylindrical coordinate systems,

(R,Z, ϕ) or (r, θ, ϕ), can be used to describe the nested flux surfaces as depicted in Figure 1.8(a),

where θ and ϕ are the poloidal and toroidal angles respectively. The radial coordinate r is the flux

surface minor radius and extends to the tokamak minor radius a. Equation (1.36) describes magnetic

field lines and current lines which lie on surfaces of constant pressure, meaning that density and

temperature are constant on flux surfaces and only vary radially.

(a) (b)

Figure 1.8: (a) Cylindrical tokamak coordinates (R,Z, ϕ) or (r, θ, ϕ) used to describe tokamak
flux surfaces with circular cross-sections [22]. (b) Sketch of tokamak cross-section given a divertor
configuration [29].
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The helical divergence-free magnetic field is most often described by the equation

B0 = Bϕ + Bθ = f(ψ)∇ϕ+∇ϕ×∇ψ, (1.37)

where f(ψ) = RBϕ = µ0Ipol/2π is related to the poloidal current in the coils through Ampere’s law,

and ψ is the poloidal magnetic flux normalized by 2π

ψ(R,Z) =

∫ R

0
BZ(R

′, Z)R′dR′. (1.38)

From Equation (1.37) one can see that B0 · ∇ψ = 0, and so ψ can be used to uniquely label flux

surfaces. The flux surface label can then be used as a generalized radial coordinate for nested toroidal

surfaces of arbitrary shape. Flux surfaces range from ψ = 0 at the central magnetic axis to ψ = 1 at

the separatrix, which defines the boundary between closed and open magnetic field lines. The open

field line region is known as the scrape-off layer (SOL) and governs transport towards the vessel wall

as well as divertors which manage the heat load. A basic depiction of the tokamak cross-sectional

plane is shown in Figure 1.8(b). One can combine Equations (1.35), (1.36), and (1.37) to find [30]

[
R
∂

∂R
(
1

R

∂

∂R
) +

∂2

∂Z2

]
ψ = −µ0R2p′(ψ)− µ20ff ′. (1.39)

Equation (1.39) is known as the Grad-Shafranov equation and can be used to solve for the magnetic

equilibrium flux surfaces in the cross-sectional plane, ψ(R,Z), given equilibrium pressure and current

profiles in the plasma.

One key factor in tokamak plasma confinement is the safety factor q(ψ). This parameter

represents the ratio of toroidal to poloidal turns when following a field line around the torus for a

given flux surface. The safety factor is defined as

q(ψ) =
1

2π

∮ 2π

0

B0 · ∇ϕ
B0 · ∇θ

=
1

2π

∮ 2π

0

ds

R

Bϕ
Bθ

, (1.40)
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where ds is an infinitesimal length along the field line. The normalized derivative of the safety factor,

called the magnetic shear, is defined as

ŝ =
r

q

dq

dr
(1.41)

and describes the rate of change of field line bending. The safety factor is so-called because of the

role it plays in the MHD stability of the plasma. Specifically, q > 1 is a rigorous limit required to

stabilize kink modes, and in conventional tokamaks q generally varies from 1 in the core to 3-4 in

the edge [22]. At rational or resonant surfaces, where q = m/n for two integers m and n, field lines

will close back on themselves. Such surfaces are more prone to instability. Resistive MHD theory

demonstrates that resonant surfaces lead to magnetic reconnection and the formation of magnetic

islands. These islands degrade magnetic confinement and can drive the formation of resistive tearing

instabilities and sawtooth instabilities [22]. As the safety factor directly reflects the current profile

in the plasma (Bθ = µ0I(r)/2πr), these instabilities largely fall into the category of current-driven

instabilities. These modes are driven unstable by the parallel component of the current density, j∥.

As mentioned previously, another primary parameter which characterises tokamak stability is

the plasma beta factor

β =
2µ0p

B2
0

, (1.42)

which is the ratio of thermal to magnetic pressure in the plasma. Plasma beta measures the ability

of the magnetic field to confine the plasma and for a tokamak often ranges from around 1-2%. The

maximum achievable β is partly constrained by the fact that large thermal energy in the plasma

can lead to magnetic field line distortion and poorer confinement. It is further constrained by

technological factors as well, such as managing magnetic stresses from the plasma on the vessel

walls and coils [6]. Instabilities which are driven unstable by the pressure gradient are known as

pressure-driven instabilities. In toroidal geometry, mode stability can depend on whether the pressure

gradient and curvature vector, κ = b̂ · ∇b̂, are parallel or anti-parallel. This defines the high-field

side of the tokamak as a “good” curvature region and the low-field side as a “bad” curvature region.

Modes whose stability arise from this curvature dependence are known as interchange instabilities.
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Ballooning mode instabilities are a related type of instability which are localized to resonant

flux surfaces where they are driven most unstable. These modes stretch along field lines due to

the fast parallel streaming of particles, which helps to quickly equilibrate perturbations along field

lines. Because of this, ballooning modes extend from the inner “good” curvature region of the

tokamak where they are stable to the outer “bad” curvature region where they are unstable and

so “balloon” outward. Many of the drift wave microinstabilities discussed further in Chapter 2

are ballooning mode instabilities, primarily driven by density and temperature gradients in the

plasma. In steady-state tokamak operation, these drift waves are usually responsible for the largest

contributions to the loss of heat and particles from the core. Understanding these losses is crucial

for predicting and maintaining steady-state energy production. While categorizing instabilities as

current or pressure driven can be helpful, in principle most instabilities are often affected in some

way by both factors. Ballooning modes, for instance, are stabilized by magnetic shear effects, and

(a) (b)

Figure 1.9: (a) Ballooning stability diagram for large aspect-ratio circular equilibrium. Stability in
the darker shaded region requires Shafranov shifted surfaces. (b) Envelope of data points for various
tokamaks indicating the validity of the Troyon limit. Both figures taken from Ref. [22].
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stability can be characterized by ŝ-α diagrams, where α is the normalized pressure gradient

α = −2µ0R0

B2
q2
dp

dr
, (1.43)

as shown in Figure 1.9(a). Furthermore, the Troyon limit [31]

βT,max[%] = 2.8
Ipol

aB
(1.44)

provides a robust empirical upper bound for β based on stability considerations of both kink and

ballooning mode instabilities. Curves indicating the validity of the Troyon limit for various tokamak

experiments are shown in Figure 1.9(b).

Flux-surface shaping is an important method of controlling and stabilizing the plasma. Poloidal

field coils are primarily responsible for controlling the shape and position of the plasma in the cross-

sectional plane, and this shaping is essential for achieving favorable equilibrium configurations that

help enhance MHD stability and reduce turbulent transport. One simple solution to Equation (1.39)

is that of concentric circular flux surfaces in the large aspect-ratio limit, ϵ = r/R≪ 1. The resulting

equilibrium magnetic field is given by

B = Bθêθ +Bϕêϕ ≈ B0[
ϵ

q
êθ + (1− ϵ cos θ)êϕ], (1.45)

B ≡
√
B ·B =

√
B2

0 [(1− ϵ cos θ)2 + (
ϵ

q
)

2

] = B0

√
1− 2ϵ cos θ ≃ B0(1− ϵ cos θ), (1.46)

where Bϕ = B0R0/R for R = R0 + r cos θ and q = rBϕ/R0Bθ. To lowest order the magnetic field

is toroidal and, as mentioned previously, varies as 1/R. The magnetic field direction and gradient

operator can be calculated to lowest order as

b̂ ≡ B

B
=

ϵ
q êθ + (1− ϵ cos θ)êϕ

1− ϵ cos θ
≃ ϵ

q
(1 + ϵ cos θ)êθ + êϕ ≃

ϵ

q
êθ + êϕ, (1.47)
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∇ = ∂rêr +
1

r
∂θêθ +

1

R
∂ϕêϕ = ∂rêr +

1

r
∂θêθ +

1

R0 + r cos θ
∂ϕêϕ . (1.48)

The minor radius for flux surfaces of arbitrary shape is defined as

r =
Rmax −Rmin

2
, (1.49)

though for modeling experimental scenarios the generalized toroidal coordinate is usually preferred

ρtor =

√
ψ − ψmin

ψmax − ψmin
. (1.50)

Rmin and Rmax are the minimum and maximum major radii of a flux surface, while ψmin and ψmax

are the enclosed toroidal flux at the magnetic axis and the last closed flux surface respectively.

(a) (b)

Figure 1.10: (a) Comparison of different Miller-parametrized flux surfaces. (b) Diagram of a sample
“D”-shaped tokamak plasma [23].
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General flux surface shapes can be described by a simple analytic form using the Miller

parametrization [32]

R = R0 + r cos(θ + sin−1 δ sin θ), (1.51)

Z = Z0 + κr sin(θ + ζ sin 2θ). (1.52)

R0 and Z0 are the central major radius and elevation respectively. The major radius, R0, is often

shifted outward by a factor ∆(r), known as the Shafranov shift, due to the hoop force. This occurs

because pressure remains constant on a flux surface, while the larger surface area on the tokamak’s

outer side creates a pressure differential. Miller surfaces are parametrized using the elongation κ,

triangularity δ, and squareness ζ. Surfaces with ϵ = r/R = 0.30 and R = 1.0, with various Miller

parameters individually varied, are shown in Figure 1.10(a). These surfaces illustrate how different

Miller parameters can be combined to more accurately represent the now standard “D”-shaped

configuration shown in Figure 1.10(b). Flux surfaces can further be parameterized by a Fourier mode

decomposition, where amplitudes for the second, third, and fourth harmonics correspond directly to

the elongation, triangularity, and squareness [33].

As evidenced by the triple product condition, Equation (1.13), achieving fusion ignition in a

tokamak requires confining the plasma for sufficient time. The energy confinement time τE is defined

as [6]

τE =

∫
3
2n(Ti + Te)d

3x

P
, (1.53)

where P is the total power input to the plasma. If MHD instabilities are stabilized, the plasma

confinement time can still be largely affected by steady-state radial transport of particles and energy.

Given the strong pressure gradients in the plasma, thermal conduction and convection are important

limiting processes, though radiative losses such as Brehmstrallung radiation can often be significant

as well. Ignoring the many instabilities present in the plasma, confinement of a tokamak plasma is

largely determined by Coulomb collisions. Classical transport theory describes a standard random



27

walk diffusive process in cylindrical geometry. Diffusion across magnetic field lines occurs because of

particle collisions and can be expressed as

D =
ρ2

τc
, (1.54)

for a collision time τc and spatial step corresponding to the species gyroradius. In toroidal geometries

this collision rate is enhanced due to the existence of magnetic drifts and trapped particle orbits. The

theory of collisional transport in toroidal geometries is known as neoclassical theory. Neoclassical

theory has been rigorously well-established and is covered in various references on the subject [34,

35].

In tokamak plasmas, experimentally measured transport rates often exceed those predicted

by neoclassical theory. For core conditions, temperatures are usually high enough that collisional

transport effects are negligible, though collisions become substantial closer to the edge. The extra,

unexpected transport is referred to as anomalous and is now established to be due to nonlinear

turbulent processes in the plasma [36–39], where microinstabilities are often driven by the free

energy stored in the background density and temperature gradients. Understanding and explaining

anomalous transport remains one of the primary challenges of theoretical tokamak physics, as

multiple turbulence drives and suppression mechanisms exist which often occur at multiple scales

simultaneously. In recent decades, substantial progress has been made, with strong alignment between

theory, simulation, and experimental observations. Notably, modern supercomputing technology and

the development of large-scale simulations have significantly advanced fundamental understanding of

tokamak plasmas, enabling better interpretation of experimental results, while guiding the design

and optimization of operational regimes [40].

The particle and heat fluxes, Γ and Q, induced by microinstabilities can be effectively described



28

using diffusive models which relate them to the underlying driving gradients

Γ = −D∇n0

Q = −n0χ∇T0
(1.55)

at each flux surface. Here, D is the particle diffusivity and χ is the thermal diffusivity. The physical

mechanisms governing turbulent transport losses are described further in Chapter 2. The overall

result of radial transport is the relaxation of equilibrium gradients in the plasma, which degrades

confinement and ultimately suppresses the drive of the instabilities. This process can be described

by fluid transport equations at a single flux surface. Simple transport equations which describe the

loss of particles and energy due to the respective fluxes are defined here as [34, 36]

∂n

∂t
+∇ · Γ = 0, (1.56)

∂W

∂t
+∇ ·Q = 0. (1.57)

In general, fluxes can depend on both gradients as well as an additional inward convective

pinch term which is non-diffusive. Turbulent diffusivity associated with macroscopic instabilities

typically adheres to so-called Bohm scaling, D⊥ ∼ T/eB, while transport from microinstabilities

largely follows gyroBohm scaling, D⊥ ∼ (ρ/LT )T/eB, where LT is the temperature gradient length

scale [38]. Currently, tokamak transport modeling typically involves conducting separate neoclassical

and turbulence simulations, with the latter focusing on individual instabilities. The results are then

combined by simply superimposing flux contributions from each simulation.

1.4.2 Tokamak Operation

Keeping the plasma sufficiently separated from the vessel walls is a major concern for tokamak

operation. Damaging of wall components can lead to impurities entering the plasma which dilute

the fuel and significantly degrade confinement because of line radiation losses. The “D”-shaped
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(a) (b)

Figure 1.11: Typical (a) temperature and (b) safety factor profiles of different tokamak operational
scenarios [22].

plasma helps to alleviate this concern by channeling open field lines, and therefore radial transport

losses, around the X-point towards the divertors, as shown in Figure 1.8(b). Transport losses in the

plasma must be managed to ensure reasonable heat and particle loads on the divertors. Various

techniques exist for mitigating divertor heat loads, such as using detached divertor configurations as

well as utilizing gas puffing [41]. Recently, tungsten has become the material of choice for divertor

components due to its exceptionally high melting point and low erosion rate. However, as a high-Z

impurity, tungsten accumulation in the core becomes a major problem. Tungsten atoms will only

be partially ionized even in extreme core temperatures, and they can cool the plasma due to line

radiation and electron recombination effects.

As mentioned previously, external heating methods must be employed to reach necessary

core plasma temperatures. These methods include neutral beam injection (NBI), ion cyclotron

resonance heating (ICRH), and electron cyclotron resonance heating (ECRH) [6]. The combination
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of a divertor configuration and sufficiently high auxiliary heating levels in the ASDEX-U tokamak

led to the discovery of a mode of plasma operation with significantly longer confinement times [42].

This new mode of operation, known as H-mode (high confinement mode), contrasts with L-mode

(low confinement mode) operation which was the standard at the time. The transition to H-mode

operation is abrupt and associated with a strong reduction of turbulent transport in the plasma edge.

This results in a narrow region of steep density and temperature gradients known as the pedestal,

as illustrated by the edge transport barrier (ETB) in Figure 1.11(a). The precise reasons for the

formation of the transport barrier remain unknown, but the suppression of turbulence is due to

the generation of sheared rotational flows which break apart the turbulent eddies. While H-mode

operation improves confinement, it also gives rise to edge localized modes (ELMs) [43]. ELMs are

disruptive MHD instabilities that expel significant amounts of heat and particles from the plasma

edge in large bursts. However, they can also be controlled and driven at faster rates and lower

amplitudes to help flush out impurities from the core.

The use of a central solenoid in tokamaks necessitates pulsed operation, posing a challenge

for long-term steady-state operation. Tokamaks cannot be run indefinitely because the current

drive must be constantly varied over time, usually spanning the solenoid’s maximum range. Pulsed

operation is further constrained by thermal stresses imposed on the field coils which limit repetition

rates. Conventional operational scenarios are largely ohmically heated and have monotonically

increasing current profiles, as depicted in Figure 1.11(b) for L-mode and H-mode operation. Non-

inductive current can be achieved through particle and electromagnetic wave injection; however,

maximizing the fraction of bootstrap current, which arises naturally from pressure gradients of

trapped particles in the plasma, is more common. Advanced tokamak scenarios focus on this, and are

typically characterized by flat or reversed shear profiles in the inner core, as shown in Figure 1.11(b).

Furthermore, stellarators are preferred for steady-state operation as they do not rely on the plasma

current. While stellarator performance has not reached the same levels as tokamaks, they avoid the

problems associated with pulsed operation and lessen the impact of current-driven instabilities.

Various other concerns exist which must be addressed for a viable fusion power plant, including
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fusion energy capture, tritium breeding, and helium ash removal. Neutron energy capture is primarily

achieved through breeding blankets and neutron multipliers, while neutron shields help to otherwise

protect critical reactor components from harmful radiation [44]. In ITER, the blanket covers

approximately 85% of the plasma surface area and plays a role in tritium production, heat removal,

and structural protection [45]. Breeding blankets are vital due to the scarcity of tritium. They

are typically made of lithium which reacts with neutrons to generate tritium through reactions

such as 6
3Li

3+ + 1
0n→ 3

1T
+ + 4

2He
2+ + 4.8MeV [6]. Additionally, using liquid lithium walls is a more

contemporary approach, where lithium is circulated to facilitate electricity production and tritium

extraction. Finally, dilution of the core plasma by alpha particles from the fusion reaction leads to

degradation of confinement given long-pulse or steady-state operation. Impurity density control by

way of ELMs can be sufficient in flushing out helium ash impurities within acceptable times [37].

Various tokamaks which currently operate have provided critical insights to help guide the

design and operation of future burning plasmas such as ITER [46, 47]. DIII-D, which is known for

its extensive diagnostic suite [48] and flexibility in plasma shaping, has led to successful negative

triangularity campaigns which demonstrate improved confinement and stability [49, 50]. JET has

played a pivotal role in carrying out tritium campaigns concurrently with the use of ITER-like

wall materials such as beryllium and tungsten [51, 52]. EAST and KSTAR have pushed the

boundaries of long-pulse operations, achieving record durations and temperatures while exploring

advanced scenarios like fully non-inductive current drive [53, 54]. Research on the high-field, compact

Alcator C-Mod tokamak has served as an essential stepping stone to the planned SPARC and ARC

reactors, which leverage novel high-temperature superconducting ribbon cable technology to achieve

significantly stronger magnetic fields, enabling compact designs and more efficient fusion performance

[11, 55].

Finally, some contemporary updates in fusion research are discussed. Regarding computational

advancements, the US Department of Energy launched the Exascale Computing Project, which

aimed to take advantage of exascale supercomputing resources to provide high-fidelity modeling

capabilities for scientific research purposes. In fusion research, this initiative facilitated whole device
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modeling (WDM) efforts [56]. WDM seeks to encompass coupled simulations of distinct tokamak

regions such as the core, edge and walls, as well as coupling of physical proccesses which exist at

disparate spatial and temporal scales. Concurrently, the advent of machine learning and artificial

intelligence has introduced novel numerical methodologies in fusion research. These techniques have

been applied to enhance magnetic shaping and plasma control and predict the onset of instabilities,

thereby offering proactive solutions for real-time disruption prevention [57, 58]. Privately funded

fusion ventures have recently experienced significant growth as well, now approaching the scale of

public government funding programs [59]. Although public and private sectors may have differing

views on the most promising research areas, the increasing private investment reflects a broader

recognition of fusion power plants as sufficiently developed to become commercially viable.

1.5 Thesis Overview

The focus of this thesis is to advance the understanding and prediction of turbulent transport

in fusion devices through gyrokinetic simulations, with particular emphasis on the role of electron

gyroradius scales. As described in Section 1.4, microinstabilities are responsible for anomalous

transport levels well above the expectations of collisional transport theory. While gyrokinetic

simulation methods have been extensively developed to accurately predict transport by ion-gyroradius-

scale turbulence in experimental tokamak plasmas, electron thermal transport levels are often

underestimated. Addressing this excess anomalous electron heat loss remains an unsolved problem in

tokamak physics and an area of active research. The electron-temperature-gradient (ETG) instability

is a leading candidate to explain these excess electron heat losses. Additionally, electron-scale

turbulence can affect ion-scale turbulence in reactor-relevant plasmas, as demonstrated recently in

local multiscale gyrokinetic simulations [60, 61]. Multiscale simulations require resolving electron

gyroradius scales, and so domain sizes become limited. Consequently, the development of reduced

models - such as quasilinear models - of electron-scale turbulence is particularly valuable for global

ion-scale simulations in future whole device modeling efforts.

Initial gyrokinetic simulations of ETG turbulence reported the existence of radially-extended
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“streamers” [62, 63]. These eddies have long radial correlation lengths and drive significant radial ExB

heat transport, exceeding electron gyroBohm estimates. The early ETG simulations showed weak

regulation of long-wavelength ETG turbulence in accordance with fluid theories which predict inverse

cascades to longer wavelengths and Kelvin-Helmholtz type shearing that more strongly regulates

shorter wavelength modes. However, the transition to longer wavelengths raises the question of

whether fluid theories of ETG mode regulation are sufficient. A more recent gyrokinetic theory of ETG

modes at intermediate scales, between that of ion and electron gyroradii, predicts more significant

generation of “zonal” shear flows, which may help to further regulate ETG transport levels over

longer simulation times [64]. In multiscale simulations, streamer-dominated electron-scale turbulence

has been seen to increase ion-scale turbulent transport levels [60, 61], while intermediate-scale zonal

flows can also emerge to help regulate ion-scale turbulence [61].

The primary aim of this thesis is to validate the theory of intermediate-scale zonal flow

generation by ETG modes and to explore whether reduced models can be used to capture the

cross-scale effects of ETG turbulence on ion scales. The remainder of this thesis is outlined as

follows: Chapter 2 introduces the gyrokinetic framework and common instabilities responsible for

turbulent transport, such as the ion-temperature-gradient (ITG) and ETG modes. Two gyrokinetic

codes, GENE and GEM, which are used extensively in this work to study ETG turbulence, are

described therein. Chapter 3 introduces heuristic quasilinear models for turbulent flux spectra

and compares their predictive capabilities in estimating ion-scale transport levels for DIII-D shot

#162940. Quasilinear modeling of ETG turbulence is further considered in chapters Chapter 4 and

Chapter 5. Chapter 4 introduces the various models of ETG mode regulation and validates the

intermediate-scale theory of zonal flow generation using GENE gyrokinetic simulations. Finally,

Chapter 5 considers averaging ETG turbulence effects from local GENE simulations over intermediate

scales to include in global ion-scale GEM simulations. Appendices A to E include various derivations

that complement the main body of work, and the interested reader is encouraged to refer to them

for more detail.



Chapter 2

Turbulent Transport

This chapter introduces the basics of plasma theory and drift wave microtur-
bulence, and derives the gyrokinetic equations used to model turbulent tokamak
transport effectively. Key instabilities relevant to turbulent transport are discussed
here, and the primary gyrokinetic codes, GENE and GEM, employed to study the
ETG instability in this thesis are described.

Tokamak confinement, as considered in Chapter 1, can theoretically achieve the necessary con-

finement times required for a sustainable fusion reactor when considering only neoclassical transport

of particles and heat across magnetic field lines. However, experimental observations from tokamaks

reveal anomalously high radial losses that significantly reduce confinement times. It is now widely

recognized that low-frequency drift wave microturbulence is primarily responsible for these anomalous

losses. The spatial and temporal characteristics of these instabilities allow for gyrokinetic models

tailored to capturing drift wave dynamics and transport. An overview of theoretical plasma models

is given here along with a description of the basic drift wave mechanism. The gyrokinetic framework

is then explained and derived, followed by discussion of common microturbulence instabilities in

tokamaks. Gyrokinetic simulation methods and codes used to study turbulent transport in this

thesis are discussed in the last section.

2.1 Plasma Theory

In principle, a plasma can be modeled by tracking particle motion under the Lorentz force,

with self-consistent coupling to electromagnetic fields via Maxwell’s equations. This would require
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solving for the trajectories of every particle in the plasma, where n ∼ 1020m−3 in a tokamak, which

is completely intractable for any practical purpose. Instead, fluid or kinetic models are employed in

practice. The theoretical description of these models is the subject of many introductory textbooks on

plasma physics [23–26]. Kinetic models are more fundamental and describe the plasma statistically

using the distribution function fj(x,v, t), with j the particle index. The distribution function

represents the 6-D phase-space density of particles and depends on position, velocity, and time. The

probability to find a particle of species j at position x with velocity v at time t is

fj(x,v, t)d3xd3v. (2.1)

Evolution of the distribution function in time is governed by Hamiltonian dynamics and can be

described by the Boltzmann equation

dfj(x,v, t)
dt

= ∂tfj +
dx
dt
· ∂fj
∂x

+
dv
dt
· ∂fj
∂v

=

[
∂t + v · ∂

∂x
+

FL
m
· ∂
∂v

]
fj(x,v, t) = Cj [fj ] + Sj .

(2.2)

FL is the Lorentz force, Equation (1.16), which depends on the electric and magnetic fields, and

Cj represents a collision operator. Sj is an arbitrary source term which contains all unnaccounted

for physical processes - atomic physics, fusion reactions, brehmstrallung radiation, and heating and

current drive [65]. The Boltzmann equation describes local changes in the distribution function over

time which are due to advection of gradients of the distribution function in real space and in velocity

space, as well as changes due to collisions and sources. In general, the core plasma temperature

is high enough that the collision frequency is very small compared to the frequency of drift waves

in the plasma. For this reason, the effect of collisions will often be ignoreed from this point on.

Equation (2.2) without collisions and sources is known as the Vlasov equation, for which the total

time derivative describes motion along constant trajectories in phase-space.

A self-consistent description of the plasma requires coupling the Vlasov equation to Maxwell’s
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equations of electrodynamics

∇ ·E = ρe/ϵ0, (2.3)

∇ ·B = 0, (2.4)

∇×E = −∂B
∂t

(2.5)

∇×B = µ0j + µ0ϵ0
∂E
∂t
. (2.6)

The charge density, ρe, and current density, j, are calculated from moments of the distribution

function as

ρe =
∑
j

qjnj =
∑
j

qj

∫
fjd

3v, (2.7)

j =
∑
j

qjnjuj =
∑
j

qj

∫
vfjd3v. (2.8)

These can then be used to calculate the electric and magnetic fields which evolve the distribution

function per the Vlasov or Boltzmann equations.

Kinetic models can further be simplified by averaging over velocity space to obtain fluid

equations for hydrodynamic quantities such as density, bulk velocity, energy, and temperature.

Different quantities are calculated by taking different moments of fj in velocity space, where the kth

moment is given by [22] ∫
vkfjd3v = nj⟨vk⟩. (2.9)

Some of the most common values are [25]

nj =

∫
fjd

3v, (2.10)

uj =
1

nj

∫
vfjd3v, (2.11)

Wj =
3

2
pj =

∫
1

2
mjv

2fjd
3v, (2.12)



37

where uj is the bulk velocity, Wj is the species kinetic energy, and an isotropic ideal gas law has been

assumed for the pressure (p = nT ). Moments of the Vlasov equation can be taken to get dynamical

fluid equations, for instance zeroth and first moments reuslt in the continuity and momentum

equations:
∂nj
∂t

+∇ · (njuj) = 0, (2.13)

mjnj

[
∂uj
∂t

+ (uj · ∇)uj
]
= njqj(E + uj ×B)−∇pj . (2.14)

However, this approach introduces a closure problem: each moment equation depends on the next

higher-order moment. Closing the equations is often done by relying on some standard assumption

of thermodynamics such as the adiabatic equation of state,

d

dt
(Pj/n

γ
j ) = 0, (2.15)

for an ideal gas, where γ = (f +2)/f is related to the internal degrees of freedom. Another option is

closing the third moment, the change in time of the heat flux, with a thermal conduction equation.

In these cases, closure often assumes that the plasma is in local thermal equilibrium and close

to a Maxwellian distribution. This in turn relies on high collision rates and short mean free paths, and

so validity depends on timescales being significantly longer than collisional timescales, τcoll/τ ≪ 1.

While this condition holds for motion perpendicular to the magnetic field, where particles undergo

tight gyromotion and frequent collisions, it breaks down along magnetic field lines in tokamaks,

where mean free paths can extend to kilometers. A kinetic description which retains the velocity-

space distribution of particles is necessary to accurately capture parallel dynamics. Accounting for

this anisotropy can also lead to fluid properties like pressure and temperature being distinguished

into parallel and perpendicular components in tokamaks. Furthermore, fluid models lose critical

information about wave-particle interactions that depend on velocity-space resonances, leading to

the omission of various stabilizing or destabilizing effects on waves. Similarly, the dependence of

gyroradii on particle thermal velocity limits fluid models in capturing various drift motions. For
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instance, while a two-fluid model can adequately describe simple phenomena like the electron drift

wave by separating electron and ion dynamics, more complex drift wave mechanisms often demand a

kinetic treatment.

A further single-fluid approximation can be derived by assuming a center-of-mass representation

given the small electron-to-ion mass ratio. As outlined in Chapter 1, single-fluid MHD models of

tokamak plasmas are useful for describing the plasma equilibrium and various global instabilities

or disruptions. However, these models have inherent limitations and are unable to account for the

physics of microinstabilities or the steady-state losses they drive [22]. Single-fluid MHD theory

requires a continuum fluid description, treating the plasma as a collection of infinitesimally small,

indistinguishable particles. This framework therefore neglects the differing gyroradii of distinct

particles and loses FLR effects. Consequently, single-fluid MHD theory is only valid on spatial scales

L where ρ/L≪ 1, and it fails to describe drift phenomena such as drift wave instabilities which can

involve distinct ion and electron drift motions. In the limit of infinite conductivity, one finds the

ideal MHD equations which are described by charge conservation, current conservation, ideal Ohm’s

law,

E + v×B = 0, (2.16)

and the momentum equation

ρm

(
∂v
∂t

+ v · ∇v
)

= −∇p+ j×B, (2.17)

where ρm and v ≈ ui are the center-of-mass mass density and fluid velocity respectively.

The system of equations governing any of the models described above can be linearized and

solved to find wave dispersion relations, ω(k), for wave frequency ω and wavenumber k. The

eigenvalues of the system give the real and complex frequencies for different types of waves that can

be excited. The subject of waves in plasmas is inherently complex as plasma dynamics span a wide

range of spatial and temporal scales and involve the self-consistent interaction of charged particles

with the intrinsic electric and magnetic fields. This complexity gives rise to a large array of waves
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and instabilities in the plasma, which are discussed in detail in Ref. [66]. Plasma waves are often

divided into two categories - electrostatic and electromagnetic waves. Electrostatic waves only have

an electric field component and are longitudinal in nature, while electromagnetic waves are made up

of both electric and magnetic field fluctuations which oscillate transverse to the direction of wave

propagation, but can also have some longitudinal component.

2.2 Electron Drift Waves

To gain insight into the primary drift waves responsible for turbulent transport in tokamaks, it

is instructive to examine the basic mechanism of the electron drift wave [6, 23]. This is most easily

done by ignoring toroidal effects and considering a plasma with a uniform magnetic field and no

magnetic shear, known as a “slab” geometry. The drift wave scenario is illustrated in Figure 2.1(a)

with a small-amplitude ion density wave in the ŷ and ẑ directions,

δni(x, t) = δnie
ikyy+ikzz−iωt, (2.18)

where δni/n0 ≪ 1. A density gradient exists in x̂ and the magnetic field is into the plane in the ẑ

direction. Fourier analysis is possible in y and z, but not in x because of the spatial gradient in the

plasma. Due to their low mass, electrons move rapidly along field lines compared to the ion wave

motion and respond to the fluctuating pressure, forming an electric field. A parallel force balance is

established by the electrons, described by the steady-state momentum fluid equation,

nee∇∥δϕ = ∇∥pe, (2.19)

where e is the magnitude of the electron charge, and δϕ is the perturbed electrostatic potential.

Linearizing 2.19 and solving for δne gives

δne
n0e

=
eδϕ

Te
. (2.20)
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(a) (b)

Figure 2.1: (a) Motion of the electron drift wave due to the ExB motion from the wave [6]. (b)
Depiction of a drift wave in toroidal geometry [23]. The rectangular outline corresponds to (a) if the
density gradient were flipped.

Equation (2.20) is known as the Boltzmann relation. The ion density evolution, and therefore the

wave motion, is given by the ion continuity equation,

∂ni
∂t

+∇ · (niui) = 0. (2.21)

Linearizing this equation and ignoring any parallel ion motion, (ω/k∥ ≫ vth,i), the ExB drift velocity

in the perpendicular plane leads to

iωδni = −
iky
B
δϕ∇n0, (2.22)
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giving the drift wave frequency,

ω = ω∗,e = −
kyTe
eB

∇n0
n0

= kyvDe. (2.23)

The drift wave propagates in ŷ due to the ExB drift induced by the wave’s electric field, as

shown in Figure 2.1(a). The phase velocity of the wave, vDe, is known as the electron diamagnetic

drift velocity. The diamagnetic drift is formally defined as

vD = −∇p×B
qnB2

, (2.24)

and it is a drift which is not associated with any net guiding center motion. The diamagnetic

drift results from the pressure gradient in the plasma, where a net current arises because of the

changing number (density) or velocity (temperature) of gyrating particles across a spatial gradient.

If one considers two side-by-side gyration locations separated by a gradient, the total downward and

upward current between the guiding centers don’t cancel perfectly in the middle if there is a pressure

gradient. Note that this drift gives zero contribution to Equation (2.21) and so could be ignored.

In this case, because the potential and density perturbations are in phase, the wave frequency is

real and one simply has wave propagation in ŷ. However, one can also consider various other drifts

such as the polarization drift, Equation (1.29), or the correction to the ExB drift due to FLR

effects, Equation (1.30). These drifts lead to the potential distribution lagging behind the density

perturbation, such that the ExB drift will be shifted along the wave contour, acting to stabilize or

destabilize the wave [23]. A complex component of the frequency, γ, arises in Equation (2.22), and

thus leads to exponential growth or decay through a factor δni ∼ e±|γ|t.

Figure 2.1(b) depicts a drift wave in toroidal geometry. Comparing to the slab geometry, the

x̂ and ŷ directions are local approximations of the radial and poloidal directions. Given periodicity

in the poloidal and toroidal directions on a single flux surface, perturbed quantities such as the
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electrostatic potential can be decomposed into toroidal (n) and poloidal (m) Fourier harmonics [36]

δϕ =
∑
m,n

δϕ̃m,n(r)e
imθ−inζ−iωt + c.c. (2.25)

The toroidal angle is now represented using ζ so as not to conflict with the electrostatic potential ϕ.

Note, ζ is defined in the opposite direction as the toroidal angle of Chapter 1. Equations 1.47 and

1.48 can be used to calculate the parallel wavenumber in the large aspect-ratio, circular limit

k∥ = −ib̂ · ∇ =
ϵ

q

m

r
− n

R
=
m− nq
qR

. (2.26)

Because particles are confined to tight perpendicular orbits, the gradients related to drift waves have

the orderings ∇⊥ ∼ 1/ρ and ∇∥ ∼ 1/R. Wavelengths are then much longer along field lines, such

that k∥/k⊥ ≪ 1. Note that m− nq → 0 on resonant flux surfaces.

The phase shift between the potential and density perturbations which drives instability is

also important for driving average fluxes. Considering electrostatic waves at a given flux surface,

averaging over the surface ψ gives radial fluxes ⟨Γr⟩ψ = ⟨δnδvEr⟩ψ. From a kinetic perspective one

has

Γr = ⟨
∫
δf
δE × B̂

B2
d3v⟩ψ =

1

4π2

∫ 2π

0

∫ 2π

0

∫
δf
δEθ
B

dθdζd3v

=
1

4π2

∫ 2π

0

∫ 2π

0

∫
δf̃

(−∇θ(δΦ̃))
B0

dθdζd3v

=
ikθ

4π2B0

∫ 2π

0

∫ 2π

0

∫
(δf̃δΦ̃∗ − δf̃∗δΦ̃)dθdζd3v,

(2.27)

where the flux-surface-average is defined as a poloidal and toroidal angular average. The perturbations

in Equation (2.27) have been Fourier decomposed into complex form as in Equation (2.25) and

the total real contribution to the flux evaluated using the results of Appendix A.1. One can see

that a complex flux will be driven if the perturbations are in phase, however, as they shift the flux

will gain a real component. The physical reason for the phase shift driving a flux is depicted in

Figure 2.2. Particles ExB drift around contours of constant potential, and when contours of the

density perturbation do not align a net flux will arise from the difference in outward and inward flux
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Figure 2.2: Portion of drift wave contours showing phase-shifted density and electrostatic potential
perturbations. A net radial flux results from ExB-drift convection around contours of constant
potential [36].

around the potential contour. Note, in the kinetic framework the phase shift is in relation to the

distribution function and various moments can be taken to capture the different fluxes. For instance,

a heat flux, ⟨Qr⟩ψ = ⟨δTδvEr⟩ψ, will also be driven given a phase-shift between temperature and

electrostatic potential perturbations.

As mentioned above, perpendicular wavelengths for drift waves are on the order of the particle

gyroradius, k⊥ρ ∼ 1. One can show from this that quasineutrality is satisfied to first order, i.e. true

for perturbations as well as the background [36, 67]. Consider the potential determined by Poisson’s

equation

∇2δϕ = −e(δni − δne)
ϵ0

. (2.28)

Dividing by δne, and assuming a Boltzmann electron response, one finds

δϕ
n0eδϕ
Te

ρ2i
= −eδni − δne

ϵ0δne
⇒ δni − δne

δne
=

( ϵ0Te
n0e2

)

ρ2i
=
λ2De
ρ2i
≪ 1. (2.29)

Given this ordering, the right-hand-side of Equation (2.28) is small to first order, so that one

can assume ∇2δϕ ≈ 0, and the plasma is approximately quasineutral in the case of perturbations.
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Furthermore, drift wave frequencies are much smaller than the cyclotron frequencies, ω∗j/Ωj ≪ 1.

These spatial and temporal properties of drift waves, combined with their small amplitudes, form

the basis of the gyrokinetic ordering which is described more formally in Section 2.3. One can use

the gyrokinetic ordering to asymptotically expand the Vlasov-Maxwell system and then average

equations over the fast particle gyromotion. This process results in the gyrokinetic framework which

has been instrumental in modeling drift wave turbulence dynamics and the associated transport

losses in tokamak plasmas.

2.3 Gyrokinetic Theory

Initial development of gyrokinetic theory and simulation [68–71] was motivated by the need

to describe the dynamics of low-frequency drift wave microturbulence in tokamak plasmas. The

mathematical methods established were specifically informed by experimental measurements of core

tokamak microturbulence expected to be responsible for anomalous experimental transport levels [72,

73]. The validation of gyrokinetic theory continues to be an active area of research [74], especially in

regions where standard assumptions break down, such as in the tokamak pedestal where gradients are

much steeper [75, 76]. The gyrokinetic framework first introduces a transformation to guiding-center

Figure 2.3: Depiction of guiding-center coordinates used in the gyrokinetic framework.
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coordinates

fj(x,v, t)→ fj(Rj , ϵj , µj , α, t), (2.30)

where the original coordinates and the guiding-center coordinate variables are related by the Catto

transformation [77]

Rj = x− ρj (2.31)

v = v∥b̂ + v⊥ cosαê2 − v⊥ sinαê1. (2.32)

Here Rj is the guiding-center position vector and ρj = (b̂ × v)/Ωj is the gyroradius vector for

a single species j. A right-handed field-line-following coordinate system is defined by the vectors

b̂(x), ê1(x), and ê2(x), where b̂ = ê2× ê1. The lowest order energy is defined as ϵj = mjv
2/2+ qjΦ0,

and α represents the gyrophase angle. The coordinate system is illustrated in Figure 2.3. Once the

Vlasov-Maxwell system of equations is converted to guiding-center coordinates, one can average over

the fast particle gyromotion. This results in a simpler 5-D phase space description which considers

the distribution function of guiding-center charged rings and their interaction with low-frequency

drift waves. These charged rings stream along field lines and drift across them due to the average

Lorentz force they feel.

Two primary methods are usually employed to convert the Vlasov equation to guiding-center

coordinates. The original involves a full chain-rule expansion of partial derivatives [68]

dfj
dt

=
∂fj
∂t

+ v ·
[
∂Rj

∂x
∂fj
∂Rj

+
∂ϵj
∂x

∂fj
∂ϵj

+
∂µj
∂x

∂fj
∂µj

+
∂α

∂x
∂fj
∂α

]
+

FL
m
·
[
∂Rj

∂v
∂fj
∂Rj

+
∂ϵj
∂v

∂fj
∂ϵj

+
∂µj
∂v

∂fj
∂µj

+
∂α

∂v
∂fj
∂α

]
= Cj [fj ] + Sj ,

(2.33)

while a second option focuses on calculating total time derivatives of the guiding-center quantities

[65]
dfj
dt

=
∂fj
∂t

+ Ṙj
∂fj
∂Rj

+ ϵ̇
∂fj
∂ϵj

+ µ̇
∂fj
∂µj

+ α̇
∂fj
∂α

= Cj [fj ] + Sj . (2.34)

The two methods are equivalent, however the second method is more convenient given that conser-
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vation of energy and the adiabatic invariance of µ usually hold to lowest order (µ̇ ≈ 0 and ϵ̇ ≈ 0).

These methods then follow with an asymptotic expansion of the Vlasov-Maxwell system using the

gyrokinetic ordering [65]

δfj
f0j
∼ qδϕ1

T
∼ δB

B
∼ δE

E
∼
k∥

k⊥
∼ ω

Ωj
∼ ν

Ωj
∼ ρj
L
∼ ϵ, (2.35)

k⊥ρj ∼ 1, (2.36)

E

vthB
∼ ϵ. (2.37)

Here ν represents a collision frequency, and Equation (2.37) implies ExB flows are not relativistic.

L represents a macroscopic length scale which is often the tokamak minor or major radius, a or R0.

Furthermore, spatial and temporal scales must be defined for macroscopic quantities

∇f0j ∼
f0j
L
, (2.38)

∂tf0j ∼
f0j
τE
∼
χgB
L2

f0j ∼
T

ZjeB
ρj
L

L2
f0j ∼

mjv
2
th,j

ZjeB
ρj
L

L2
f0j ∼

v2th,j
Ωj

ρj
L

1

L2
f0j ∼

ρ3j
L3

Ωjf0j ∼ ϵ3Ωjf0j , (2.39)

where a gyroBohm diffusive random walk process has been assumed to give the energy transport

timescale. The overall ordering depends crucially on experimentally measured characteristics of

tokamak transport and drift wave turbulence as mentioned previously, and allows for separating and

tailoring equations to specific scales of interest. From here, the distribution function (and fields) can

be separated into different orders for non-fluctuating and fluctuating components [65]

fj = f0j + f1j + f2j + . . . , (2.40)

δfj = δf1j + δf2j + . . . , (2.41)

where f0j ∼ fj , f1j ∼ δf1j ∼ ϵfj , and so on. Finally, the different order equations must be
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gyroaveraged, a step which reduces the phase space to five dimensions by utilizing the slow drift

wave frequency compared to the fast particle gyromotion. The gyroaveraging technique is described

mathematically in the next section. Moments of the gyrokinetic equation can also be taken to derive

equations for so-called gyrofluid theory [78].

Taking advantage of the separation of temporal and spatial scales allows for capturing the

dynamics of the background equilibrium and small-scale turbulence separately, as well as how they

influence each other. Examples of the different length and time scales in select fusion plasmas

are given in Table 1 of Ref. [65]. Reference [65] gives a comprehensive derivation of equations up

to the third order transport equations which govern slow changes in the macroscopic equilibrium

profiles. The gyrokinetic and neoclassical equations are found at second order and give the faster

evolution of the small-scale fluctuating and non-fluctuating components of the distribution function

respectively. Additionally, a third, more modern, mathematical prescription exists for deriving the

gyrokinetic equation. This method exploits noncanonical Hamiltonian techniques and Lie algebra

transformations which simplify the form and manipulation of the perturbed equations [69, 70]. A

comprehensive review of modern techniques for gyrokinetic theory is the subject of Ref. [79]. Much

of the following information on the gyrokinetic formalism and derivation incorporates work from a

combination of Refs. [65, 68, 77]. The species subscript j is dropped for the derivation from hereon

to keep notation simpler.

2.3.1 Gyroaveraging

A mathematical definition of the gyroaverage is given here, as well as various useful gyroaveraged

values which will be required for the gyrokinetic derivation that follows. The gyroaverage is defined

for a general quantity A as

⟨A⟩α =

∮
dαA(R, ϵ, µ, α), (2.42)

where R, ϵ, and µ must be held fixed during integration.
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For small-scale fluctuating quantities with k⊥ρ ∼ 1 the gyroaverage can be calculated as

⟨A(r,v)⟩α =
1

2π

∮
dαA(R, ϵ, µ)eik⊥·ρ−iωt = J0(k⊥ρ)A(R, ϵ, µ)e−iωt. (2.43)

Here J0 is the zeroth order Bessel function of the first kind. For long wavelengths compared to the

gyroradius, k⊥ρ ≪ 1, one finds J0(k⊥ρ) → 1, meaning the fluctuating quantity is approximately

constant over the small orbit. When wavelengths become very short compared to the gyroradius,

k⊥ρ≫ 1, one finds J0(k⊥ρ)→ 0, and the fine scale fluctuating quantity averages out over a large

gyroradius. For macroscopic quantities one must Taylor expand in terms of the small gyroradius to

take a gyroaverage,

A(R + ρ, ϵ, µ) = A(R, ϵ, µ) + ρ · ∇A(R, ϵ, µ) + ρρ : ∇∇A(R, ϵ, µ) +O(ϵ3). (2.44)

Recalling the definition of the gyroradius, ρ = (b̂× v)/Ω = (b̂× v⊥)/Ω, and that the components

of v⊥ are v⊥ cosαê2 − v⊥ sinαê2, it is clear that the first order term will vanish after gyroaveraging,

giving

⟨A(r, ϵ, µ)⟩α = ⟨A(R, ϵ, µ) +
b̂ × v⊥

Ω
· ∇A(R, ϵ, µ) +O(ϵ2)⟩α = A(R, ϵ, µ) +O(ϵ2). (2.45)

That is, A(x) ≈ A(R) to lowest order since the expansion terms for macroscopic quantities scale as

ρ/L≪ 1, rather than k⊥ρ ∼ 1 for the small-scale fluctuating quantities. Because of this, macroscopic

quantities are simply functions of R to lowest order, and so these terms can be considered constant

and taken out of the gyroaverage integral.

Some useful gyroaverages are now defined that will help in deriving the gyrokinetic Vlasov

equation. The first considers the gyroaverage of the quantity v⊥ · δE1. First note that this term is

related to the derivative of δϕ1 with respect to α

Ω
∂δϕ1
∂α

= Ω

[
∂x
∂α

∂δϕ1
∂x

+
∂v
∂α�

�
�∂δϕ1

∂v

]
= Ω

∂ρ

∂α
· ∇δϕ1 =�Ω

v⊥

�Ω
· ∇δϕ1 = −v⊥ · δE1. (2.46)
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Using Equation (2.46) one necessarily has

⟨v⊥ · δE1⟩α = −Ω⟨∂δϕ1
∂α
⟩α = − Ω

2π
δϕ|2πα=0 = 0. (2.47)

Furthermore, the gyroaverage of the electric field can be simplified a little. One can show that

∇δϕ ≈ ∇Rδϕ and the gradient can then be taken out of the gyroaverage to find

⟨δE1⟩α = −⟨∇δϕ1⟩α ≈ −∇R⟨δϕ1⟩α. (2.48)

Lastly, one useful tensor gyroaverage is defined here:

⟨vv⟩α =
1

2π

∮ 2π

0
dα

 v2∥b̂b̂ v∥v⊥ cosαb̂ê1 v∥v⊥ cosαb̂ê2
v∥v⊥ cosαê1b̂ v2⊥ cos2 αê1ê1 v2⊥ cosα sinαê1ê2
v∥v⊥ sinαê2b̂ v2⊥ cosα sinαê2ê1 v2⊥ sin2 αê2ê2

 =

 v2∥b̂b̂ 0 0

0
v2⊥
2

ê1ê1 0

0 0
v2⊥
2

ê2ê2


= v2∥b̂b̂ +

v2⊥
2
(
←→
I − b̂b̂).

(2.49)

Note, the outer product tensor notation has been dropped here for simplicity - i.e. b̂⊗ b̂→ b̂b̂.

2.3.2 Derivation of Gyrokinetic Equations

The derivation of the gyrokinetic Vlasov equation is given here and follows from Equation (2.33),

assuming electrostatic turbulence in the collisionless limit with no bulk flow, no sources, and no

background electric field in the tokamak. For the general case - which considers electromagnetic

turbulence, collisions, bulk flow, a background electric field, sources, and the derivation of the

neoclassical equation and higher-order transport equations - the reader is referred to Ref. [65].

Note that this derivation here focuses on turbulent transport, and so only higher-order fluctuating

components of the distribution function and fields are kept, i.e. δf1, δf2, and so on.

The real-space and velocity-space gradients of the guiding-center variables in Equation (2.33)

are derived in Appendix B. Substituting the values from Equations (B.1) to (B.8) into Equation (2.33)
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gives

∂tf + v ·
[
(
↔
I −∇ρ) · ∇Rf − (

µ

B
∇B+

mv∥

B
v⊥ · ∇b̂)

∂f

∂µ
+ (

v∥

v2⊥
b̂ · (v⊥ × b̂) + ê1 · ∇ê2)

∂f

∂α

]
+

q

m
(δE + v×B) ·

[
(
1

Ω

↔
I ×b̂) · ∇Rf +mv

∂f

∂ϵ
+
mv⊥
B

∂f

∂µ
− 1

v2⊥
(b̂× v⊥)

∂f

∂α

]
.

(2.50)

Various terms in Equation (2.50) can then be simplified using Equations (B.23) to (B.29) to get

∂tf + (v∥b̂ + vE) · ∇Rf +Ω
∂f

∂α

+ v ·
[
−(∇ρ) · ∇Rf − (

µ

B
∇B +

mv∥

B
v⊥ · ∇b̂)

∂f

∂µ
+ (

v∥

v2⊥
b̂ · (v⊥ × b̂) +ê1 · ∇ê2)

∂f

∂α

]
+

q

m
δE ·

[
mv

∂f

∂ϵ
+
mv⊥
B

∂f

∂µ
− 1

v2⊥
(b̂× v⊥)

∂f

∂α

]
.

(2.51)

Next, the terms in Equation (2.51) must be split up by order. The ordering of each term is given in

Appendix B, specifically by equations (B.34) - (B.61). To lowest order one finds

Ω
∂f0
∂α

= 0. (2.52)

This simply states that the background distribution is independent of α, such as for a Maxwellian

distribution which depends on v2 only. To first order one finds

v∥b̂ · ∇Rf0 +Ω
∂δf1
∂α

+
q

m
δE1 ·

[
mv⊥

∂f0
∂ϵ

+
mv⊥
B

∂f0
∂µ
− 1

v2⊥
(b̂× v⊥)

�
��
∂f0
∂α

]
− v ·

[
µ

B
∇B∂f0

∂µ
+
mv∥

B
(v⊥ · ∇b̂)

∂f0
∂µ

+ (
v∥

v2⊥
b̂ · (v⊥ × b̂) + ê1 · ∇ê2)

�
��
∂f0
∂α

]
= 0,

(2.53)

where two terms can be dropped because f0 does not depend on α per the zeroth order Equation (2.52).
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Furthermore, to second order one finds

∂tδf1 + vE · ∇Rf0 + (v∥b̂ + vE) · ∇Rδf1 +Ω
∂δf2
∂α

+
q

m
δE1 ·

[
mv∥b̂

∂f0
∂ϵ

+mv⊥
∂δf1
∂ϵ

+
mv⊥
B

∂δf1
∂µ
− 1

v2⊥
(b̂× v⊥)

∂δf1
∂α

]
− v ·

[
∇ρ · ∇R(f0 + δf1) +

µ

B
∇B∂δf1

∂µ
+
mv∥

B
(v⊥ · ∇b̂)

∂δf1
∂µ

+ (
v∥

v2⊥
b̂ · (v⊥ × b̂) + ê1 · ∇ê2)

∂δf1
∂α

]
= 0.

(2.54)

The gyroaverage of the first order equation is considered here first. Removing the terms

dropped in Equation (2.53), one has

v∥b̂ · ∇Rf0 +Ω
∂δf1
∂α

+
q

m
δE1 ·

[
mv⊥

∂f0
∂ϵ

+
mv⊥
B

∂f0
∂µ

]
− v ·

[
µ

B
∇B∂f0

∂µ
+
mv∥

B
(v⊥ · ∇b̂)

∂f0
∂µ

]
= 0.

(2.55)

Term two gyroaverages to zero as with δϕ1 in Equation (2.47), while terms three and four gyroav-

erage to zero according to Equation (2.47). Terms five and six gyroaverage to zero according to

Equation (B.62), and one is simply left with

v∥ · ∇Rf0 = 0, (2.56)

which states that there is no spatial gradient of f0 along field lines. Equation (2.52) and Equa-

tion (2.56) together imply that f0 can be considered Maxwellian to lowest order, as the density and

temperature only vary radially across field lines and the energy is not a function of α. In the more

rigorous derivation, Equation (2.56) would also retain the effect of collisions, from which one can

show that Boltzmann’s H-theorem is satisfied and that f0 truly is Maxwellian [65]. This only holds

given the collisional ordering of Ref. [65], and f0 can more generally be anisotropic if collision rates

are considered much lower along the field line.

From here it is assumed f0 is a Maxwellian distribution, giving ∂ϵf0 = −1/T and ∂µf0 =

0. Combining these derivatives with Equation (2.46) and Equation (2.56) and substituting into
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Equation (2.55) gives

�Ω
∂δf1
∂α

= −�Ω
q

T

∂δϕ1
∂α

f0. (2.57)

Finally, Equation (2.57) can be integrated over α to find

δf1(x,v) = −
qδϕ1(x)

T
f0(x,v) + δh(R, ϵ, µ), (2.58)

where δh is a constant of integration which does not depend on α. The first term is just the Boltzmann

response, Equation (2.20), and represents a statistical equilibrium response to the electrostatic

potential of the wave. One can see this by including the potential energy from the electrostatic wave

in the Maxwellian distribution and Taylor expanding for qδϕ1/T ≪ 1. This term is also known as the

adiabatic response. The second term is the gyrokinetic response, which represents the distribution

function of guiding-center charged rings. The gyrokinetic response drives much of the interesting

dynamical behavior, such as wave-particle resonances and therefore wave instability.

The evolution of the gyrokinetic response is given by the gyrokinetic Vlasov equation which

can found by substituting Equation (2.58) into the second order Vlasov equation, Equation (2.54),

gyroaveraging, and solving for δh. Substituting Equation (2.58) into Equation (2.54) gives

∂tδh+ vE · ∇Rf0 + (v∥b̂ + vE) · ∇Rδh+Ω
∂δf2
∂α

+
q

m
δE1 ·

[
mv∥b̂

∂f0
∂ϵ

+mv⊥
∂δh

∂ϵ
+
mv⊥
B

∂δh

∂µ
− 1

v2⊥
(b̂× v⊥)

�
��
∂δh

∂α

]
− v ·

[
∇ρ · ∇R(f0 + δh) +

µ

B
∇B∂δh

∂µ
+
mv∥

B
(v⊥ · ∇b̂)

∂δh

∂µ

+ (
v∥

v2⊥
b̂ · (v⊥ × b̂) + ê1 · ∇ê2)

�
��
∂δh

∂α

]
=

d

dt
(
qδϕ1
T

f0).

(2.59)

Note that all terms related to the adiabatic response have been combined into a total time derivative

term, and remaining terms with derivatives of α can again be dropped because δh does not depend

on the gyroangle. The combination of all adiabatic terms into a total time derivative is not entirely

possible at this point because the Ω∂α(qδϕ1f0/T ) term is actually first order, but gyroaveraging will
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remove this term and the equation will then be consistent to second order. Again, as with the first

order equation, term five gyroaverages to zero similar to δϕ1 in Equation (2.47), while terms seven,

eight, eleven, and twelve gyroaverage to zero according to Equation (2.47) and Equation (B.62),

giving

∂tδh+ ⟨vE⟩α · ∇Rf0 + (v∥b̂ + ⟨vE⟩α) · ∇Rδh

− q

T
v∥b̂ · ⟨δE1⟩α − ⟨v · ∇ρ⟩α · ∇R(f0 + δh) = ⟨ d

dt
(
qδϕ1
T

f0)⟩α.
(2.60)

The gyroaverage of the last two terms to second order are substituted from Equation (B.69)

and Equation (B.80), giving

∂tδh+ ⟨vE⟩α · ∇Rf0 + (v∥b̂ + ⟨vE⟩α) · ∇Rδh

−
���������q

T
f0v∥b̂ · ⟨δE1⟩α + vd · ∇R(f0 + δh) =

q

T
f0∂t⟨δϕ1⟩α −

���������q

T
f0v∥b̂ · ⟨δE1⟩α,

(2.61)

where vd is the combined grad-B and curvature drift velocity. Equation (2.61) can be averaged over

fluctuations to find

vd · ∇Rf0 = 0. (2.62)

Note, this is not strictly true and in general this step should be done earlier with Equation (2.59) to

find the neoclassical equation as in Ref. [65], but only fluctuating first order quantities were retained

in the analysis here for clarity. Finally, rearranging terms and substituting in Equation (2.62), one

finds the gyrokinetic Vlasov equation

∂tδh+ (v∥b̂ + ⟨vE⟩α + vd) · ∇Rδh =
q

T
f0∂t⟨δϕ1⟩α − ⟨vE⟩α · ∇Rf0, (2.63)

where the gyroaveraged ExB velocity is defined as

⟨vE⟩α =
b̂×∇⟨δϕ1⟩α

B
. (2.64)

The gyrokinetic Vlasov equation describes the evolution of the distribution function of guiding-
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center rings, where gradients are advected along field lines by parallel streaming and across field lines

by various drift motions. The first term on the right-hand-side describes the polarization response

to the fluctuating field, while the last term allows for the ExB drift to pull in energy from the

background gradients and drive waves unstable. As unstable waves grow they form radially-elongated

‘streamers’ due to the ExB drift motion. The ExB nonlinearity is responsible for turbulent transport

as illustrated in Figure 2.2. Furthermore, the nonlinear term leads to Navier-Stokes type shearing in

the perpendicular plane which breaks up the streamers and results in steady-state transport levels.

To complete the gyrokinetic framework, Equation (2.63) must also be coupled to gyroaveraged

versions of Maxwell’s equations. The total first order perturbations, Equation (2.58), can be

substituted into the quasineutrality condition to find

∑
j

Z2
j e

2njδϕ1

Tj
=
∑
j

Zje

∫
d3v⟨δhj⟩α. (2.65)

If electromagnetic perturbations are retained one must also gyroaverage Ampere’s law [65],

∇× δB = −∇2δA = µ0
∑
j

Zje

∫
d3vv⟨δhj⟩α, (2.66)

where the displacement current can be ignored when plasma particles are not relativistic. Note that

Maxwell’s equations must be solved in the original particle space and the gyroaverages of δh here

are taken at constant r, v∥, v⊥. Considering the inverse coordinate transform from Equation (2.43),

one has

A(R) ∼ e−ik⊥·ρA(x) ⇒ ⟨A(R)⟩α = J0(k⊥ρ)A(x), (2.67)

and the gyroaverage of the inverse transform also results in the Bessel function factor J0(k⊥ρ).

Together Equation (2.63) and Equation (2.65) constitute the gyrokinetic Vlasov-Maxwell system of

equations for electrostatic microturbulence. Gyrokinetic codes generally solve equations for the total

fluctuating distribution function, δf1, rather than δh. In these cases the polarization response is

included in the distribution function, resulting in a polarization density and current.
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2.4 Tokamak Microturbulence

The primary steady-state losses in a tokamak occur due to the formation of drift wave

instabilities at gyroradius length scales which are caused by the strong gradients and drift motions

present in the plasma. The nonlinear dynamics of these microinstabilities can be modeled using

the gyrokinetic system of equations. Drift waves exist over a wide range of spatial and temporal

scales, as depicted in Figure 2.4(a), and obtaining analytical solutions is often highly complex,

requiring numerous assumptions to derive individual dispersion relations and stability conditions.

As a result, numerical solutions are crucial for understanding nonlinear drift wave dynamics and

tokamak transport. However, many modes can often coexist in tokamak plasmas, and while numerical

simulations provide the most practical approach, it can often be challenging to distinguish and

isolate the contributions of individual modes [80].

Waves are typically classified by several characteristics: spatial scales associated with species

gyroradii, whether waves are electrostatic or electromagnetic, and if wave-particle interactions involve

trapped or passing particles. Additionally, modes are categorized as either “slab” or “toroidal”,

(a) (b)

Figure 2.4: (a) Comparison of spatial and temporal scales for various waves and instabilities, including
ITG, ETG, and TEM. (b) Summary of electrostatic microturbulence by poloidal wavenumber, with
associated transport channels and stabilizing mechanisms. Both figures from Ref. [38].
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depending on whether toroidal geometry introduces significant destabilizing effects. Common

electrostatic modes include ion-temperature-gradient (ITG) and electron-temperature-gradient

(ETG) modes, which are destabilized at ion and electron gyroradius scales respectively, mainly by

the corresponding temperature gradients. Furthermore, trapped ion and trapped electron modes

(TIM/TEM) arise from wave-particle resonance due to trapped particle bounce motion. These modes

are all driven unstable on the low-field side of the tokamak by the primary species’ density and

temperature gradients. Their physical characteristics can be mathematically described using the

ballooning mode representation for high-n modes detailed in Appendix D [81–83]. A brief summary

of the spatial scales of these electrostatic drift waves is given in Figure 2.4(b), along with associated

transport channels and stabilization mechanisms. Sample plots of growth rates and stability contours

are depicted in Figures 2.5(a) to 2.5(c).

While the aforementioned modes are electrostatic in nature, they can also be influenced by

electromagnetic effects in tokamaks, where β is usually on the order of a few percent. Moreover,

electromagnetic fluctuations involving magnetic field and vector potential components can also be

driven unstable in a tokamak. Notable examples include the microtearing mode (MTM) and kinetic

ballooning mode (KBM). A brief overview of electromagnetic effects in gyrokinetic simulation is

(a) (b) (c)

Figure 2.5: (a) Instability growth rates as a function of minor radius and ky from linear GENE
simulation results of JET discharge #70084 [84]. (b) ITG/TEM stability diagram [85]. (c) TEM/ETG
stability diagram calculated from linear gyrokinetic GS2 simulations given ∇Ti = 0 [86]. R/Ln and
R/LT are normalized equilibrium density and temperature gradients.
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given in Ref. [87]. Another common instability is the Toroidal Alfvén Eigenmode (TAE), a high-n

toroidal MHD-like Alfvénic mode, which is destabilized by interactions with high-energy particles.

The following sections describe the ITG and ETG modes which are central to this thesis, while other

modes which appear are mentioned briefly afterwards.

2.4.1 ITG Mode

The ion-temperature-gradient (ITG) instability or “ηi mode” is the typical ion-scale microin-

stability in the tokamak core, characterized by ion density and temperature fluctuations which

drive ion heat and particle losses [88]. The electron response can be assumed to be drift-kinetic,

J0(k⊥,iρe) → 1, given their much smaller cyclotron orbits, and equal electron particle transport

is driven as the plasma must remain quasineutral. This equal flux effect is known as ambipolar

diffusion. Extensive research has been conducted in investigating ITG transport utilizing gyrokinetic

theory and simulation to the point of accurate prediction of experimental transport levels and flux

spectra in local and global scenarios [89–95]. While simulation is often required for a full nonlinear

dynamical description, linearization of the gyrokinetic equations is useful in understanding instability

conditions and the physical drives of unstable modes.

The ITG dispersion relation is derived in Appendix C from the gyrokinetic equation and

quasineutrality condition under simplifying assumptions which allow for analytic calculation. The

final result is given to lowest order by Equation (C.13)

(1 +
1

τ
) = 1− ω∗i

ω
+ 2

ωdi
ω

cos θ +

(
k∥vth,i

ω

)2

− 2
ωdiω∗i
ω2

(1 + ηi) cos θ, (2.68)

where τ = Te/Ti and vth,i =
√
Ti/mi. Equation (2.68) admits two solutions of interest. For a

homogeneous plasma and uniform magnetic field (∇n, ∇T , ∇B → 0) one finds

ω2 = k2∥c
2
s, (2.69)
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which describes an acoustic wave along the field line with sound speed cs =
√
Te/mi. Retaining the

ion equilibrium and magnetic field gradients and assuming k∥ → 0, the resulting dispersion relation

is

ω2 − 2τω(ωdi − ω∗i) cos θ + 2τωdiω∗i(1 + ηi) cos θ, (2.70)

where ηi = n0∇T0i/T0i∇n0i.

A simple formula for the ITG growth rate can be found by considering one last assumption of

a flat density profile so that ∇n→ 0 and one necessarily has ηi →∞≫ 1 and ω∗i ≪ ωdi. The roots

of Equation (2.70) then yield

ω = τωdi cos θ ±
√
�����ω2
di cos

2 θ − 2τωdiω∗iηi cos θ, (2.71)

and the ITG growth rate is given by

γ =

√
−2Te

Ti
ωdiω∗iηi cos θ =

√
−2Te

Ti
∇ lnTi · ∇ lnB. (2.72)

Equation (2.72) indicates ITG modes are destabilized on the low-field side of the tokamak where

the temperature and magnetic field gradient are both inward. The real frequency is on the order

of the ion diamagnetic drift frequency (ωdi ∼ ω∗i/∇n) and is usually taken to be the positive

frequency/direction in gyrokinetic codes. The ITG mode can be stabilized by electromagnetic effects

when β reaches around 1 − 2% [96], as well as by background ExB flows which shear apart the

radial turbulent eddies [97–99] (for spatial scales shown in Figure 2.4(b)). More detailed information

regarding the ITG mode, including stability constraints and a more thorough kinetic derivation, can

be found in Ref. [36].

2.4.2 ETG Mode

The ETG mode is a counterpart to the ITG mode which results in radially-elongated “streamers”

at electron gyroradius scales [62, 63, 101, 102]. The basic mechanism that drives temperature-gradient
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Figure 2.6: Standard depiction of the ETG instability mechanism at the outer side of the tokamak,
inspired by Ref. [100]. The magnetic drift is the sum of grad-B and curvature contributions, and
depends on the kinetic energy of the particle. This can lead to charge separation across a perturbation
and a corresponding resonance and instability due to the resulting ExB motion.

instabilities is illustrated for the ETG mode in Figure 2.6, where a wave is driven unstable by electron

drift motion at electron gyroradius scales. The magnetic drift of particles depends on the kinetic

energy, and when there is a temperature perturbation the drifts on different sides of the wave will

lead to charge separation. The resulting ExB drift can then act to destabilize or suppress the wave.

In the linear, electrostatic, adiabatic-ion case the ETG mode is isomorphic to the counterpart ITG

case considered in the previous section, and all the same results hold with the species indices swapped.

While adiabatic electrons is often not a good approximation for ITG turbulence as electron gyroradii

are much smaller than ITG wavelengths (J0(k⊥,iρe)→ 1), the ion response to ETG turbulence is

near adiabatic given the much shorter wavelengths (J0(k⊥,eρi)→ 0).

However, the ETG mode differs in many ways. The ETG drift motion is in the opposite

direction of the ITG mode, and ETG wavelengths are on the order of the electron gyroradius so

quasineutrality is not always ensured as in the case of ITG modes. Furthermore, gyroBohm estimates
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of ETG transport lead to much lower expected levels of heat flux than from ITG transport, but often

ETG modes can produce relevant levels of electron thermal transport. As a result, the ETG mode is

a leading candidate to explain excess electron thermal losses in tokamaks - a topic which remains

an area of active research [37–39, 93, 103]. Experimental validation of ETG modes is complicated

by the difficulty of direct measurement given the fine scale of the fluctuations [104]. Due to the

much shorter wavelengths and higher linear growth rate, ETG modes are not generally affected by

background ExB shear flows [38, 105]. Additionally, ETG modes are destabilized by electromagnetic

effects [106]. These two facts are contrary to finite-beta and background shear flow effects on ITG

modes, and this often results in ETG modes becoming important when ITG modes are suppressed,

particularly in spherical tokamaks [107, 108] or the edge pedestal [109, 110]. A recent overview of

ETG turbulent transport is given in Ref. [111].

2.4.3 Other Modes (TEM/KBM/MTM/TAE)

While not central to the work in this thesis, additional modes which are encountered are briefly

discussed here. TEMs are one such mode which exist in the scale kyρi ∼ 0.50− 2.0 intermediate

to ITG and ETG modes. They are driven by the resonant wave-particle interaction due to the

toroidal precessional drift of trapped electrons [112–114]. TEMs are another possible candidate for

explaining excess electron thermal losses, but can also drive electron particle transport as well. Like

ETG modes, TEM stability depends on the electron temperature and density gradients, but they

can usually be differentiated by their ion-scale wavelengths and further dependence on the aspect

ratio ϵ = r/R.

In addition to electrostatic modes, various electromagnetic modes are present in tokamak

plasmas. Kinetic ballooning modes are ion-scale electromagnetic modes which involve resonances

due to magnetic drifts [115]. KBMs can be viewed as a type of interchange mode, where their

instability is driven by a combination of the pressure gradient and magnetic curvature effects. KBMs

are destabilized by electromagnetic effects, particularly in the tokamak core. Similar to ITG modes,

they propagate in the ion diamagnetic and exhibit even (odd) parity of electrostatic (magnetic)
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fluctuations along field lines.

Micro-tearing modes are electromagnetic instabilities analogous to the MHD tearing instabilities

which exist at larger scales, and often drive significant electron thermal transport losses due to the

electron temperature gradient and electron-ion collisions [116]. These are typically the dominant

ion-scale modes in the tokamak pedestal, coexisting with the ETG turbulence present there [117].

MTMs can be identified by motion in the electron diamagnetic direction and even (odd) parity of

magnetic (electrostatic) fluctuations along the field line.

The last mode considered here is the TAE mode [118]. These are high-n MHD modes which

are driven unstable in the presence of energetic particles, such as from NBI or fusion α-particle

heating. TAE modes are electromagnetic, with frequencies on the order of the Alfvén frequency

ω = k∥vA, where vA = B/
√
µ0ρ is the Alfvén speed. TAEs enhance transport of energetic particles,

leading to reduced confinement and potential damage of the vessel walls [119].

2.4.4 Mode Regulation and Zonal Flows

Nonlinear dynamics in the perpendicular plane play a crucial role in regulating drift wave

instabilities and determining steady-state turbulent transport levels. As instabilities grow expo-

nentially, the ExB nonlinearity in the gyrokinetic equation becomes significant, leading to the

generation of zonal flows (ZFs) through turbulent stresses. Zonal flows are poloidal ExB flows which

do not directly drive transport. Instead, they act as a self-regulating mechanism, distorting and

breaking apart turbulent eddies, thereby reducing radial correlation lengths and reducing transport

levels. Physically, ZFs correspond to n = 0 elecrostatic potential fluctuations with zero frequency,

characterized solely by an electric field component in kr. The poloidal shearing rate is commonly

defined as γE′ = dvE/dr ∼ ∇rEr, and shear effects become significant as this rate approaches or

exceeds the mode growth rate, γE′ > γ [6]. Zonal flows are now recognized to be an important loss

mediator for many cases of drift-wave turbulence [120].

Heuristic models of mode regulation via zonal flow shearing often rely on the standard mixing-

length estimate, D ∼ γ/k2⊥ [6, 121, 122], which describes a balance between instability growth and
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turbulent diffusion in the perpendicular plane. Mixing-length models for turbulent transport and

their role in quasilinear modeling are discussed further in Chapter 3. Zonal flow amplitudes are

themselves regulated by collisional damping [120], and the system ultimately reaches a fluctuating

quasi steady-state, alternating between instability growth and self-regulated shearing. As dynamics

in the perpendicular plane are highly nonlinear and turbulent, gyrokinetic simulations provide

an important tool in accurately predicting steady-state transport levels for experimental tokamak

scenarios. Additionally, background shear flows generated by equilibrium electric fields provide an

effective mechanism for suppressing long-wavelength microturbulence such as ITG modes [99, 123].

The emergence of mean ExB shear flows is critical in the formation of transport barriers and the

transition from L-mode to H-mode operation.

2.5 Gyrokinetic Codes

Numerical codes which solve the gyrokinetic Vlasov-Maxwell system of equations have been

extensively developed over the previous decades, where simulation efforts have largely been made

possible by significant increases in available computing power [40]. Gyrokinetic simulations have

since become a crucial link in simulating tokamak turbulence and connecting turbulent transport

theory to experimental measurements [124–138]. Multiple techniques can be employed for plasma

simulation, which can be broadly categorized as follows

(1) Eulerian: Such codes solve the gyrokinetic Vlasov-Maxwell equations by direct discretization

on a 5-D phase-space grid using standard discretization methods like finite difference, element,

or volume. These are often highly accurate in phase-space, but computationally expensive

given high order schemes and high dimensionality. Eulerian codes are limited in time-step by

the Courant-Friedrichs-Lewy (CFL) condition. Examples include GENE [62] and CGYRO

[139].

(2) Particle-in-Cell (PIC): PIC codes simulate a plasma as a reduced collection of discrete

macro-particles which interact with fields on a coarse grid in real-space. While these can be
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more efficient due to the lower grid dimensionality, statistical noise presents a problem if the

number of particles is too low. Examples of PIC codes include GEM [140] and XGC [141].

(3) Semi-Lagrangian: This represents a hybrid approach in which the distribution function is

tracked along particle trajectories and moments are evaluated after interpolating onto a

phase-space grid. GYSELA is one such code [142].

Given the availability of various simulation methods and their different strengths and limitations,

code benchmarking has become an essential tool for reliable validation of gyrokinetic simulation

results [143–147]. By comparing results across different codes, benchmarking helps identify numerical

errors and builds confidence in predictive capabalities for direct experimental comparison.

Two different gyrokinetic codes are employed to study turbulent transport in this thesis - the

continuum code GENE and the PIC code GEM. GENE is primarily used to study ETG turbulence

and zonal flow generation in the local flux-tube limit in Chapter 4. In this approach, the system is

confined to a single flux surface, assuming ρj/L→ 0, which retains only first order effects through

spatial gradients in equilibrium quantities (∇n,∇T, ŝ, etc.). This simplification enables a Fourier

representation in the radial direction with perpendicular box sizes on the order of hundreds of

gyroradiii of the species of interest, while parallel box sizes extend along field lines to capture the

full parallel ballooning mode structure from unstable to stable regions. GEM is largely run using a

global model in Chapter 5 to incorporate local ETG effects from GENE into global ITG simulations,

which range over a large radial domain of the tokamak. As a PIC code, GEM is efficient and robust

for carrying out ITG simulations over global radial scales; however, it suffers more from particle

noise issues at electron gyroradius scales and GENE is instead used for local ETG simulations

to capture phase-space dynamics more accurately. GENE and GEM are described briefly in the

following sections.
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2.5.1 GENE

GENE (Gyrokinetic Electromagnetic Numerical Experiment) is a gyrokinetic Eulerian code

which solves the nonlinear gyrokinetic equations for multiple particle species on a 5-D grid in phase

space to carry out nonlinear simulations of tokamak microturbulence. It can also be run linearly to

calculate the various eigenmodes (real and complex frequencies) of the drift wave instabilities, where

GENE defines the ion diamgnetic frequency to be positive. Furthermore, GENE is parallelized for

use on CPU and GPU supercomputing clusters using the Message Passing Interface (MPI) protocol.

The information presented here is compiled directly from the GENE reference manual and various

theses which directly utilize or advance GENE; readers are encouraged to consult these works for

more detailed explanation [148–151].

The gyrokinetic equation for the gyrocenter distribution function of each species, Fs(X, v∥, µ),

solved by GENE is given here in CGS units with electromagnetic and collisions

∂Fs
∂t

+

(
v∥b̂ +

B0

B∗
0∥
(
c

B0
b̂0 ×∇χs + vd)

)
·
(
∇Fs +

1

mv∥
(qs⟨E1⟩ − µ∇(B0 + ⟨B1∥⟩)

∂Fs
∂v∥

)

)
= ⟨Cs(F )⟩,

(2.73)

where χs = ⟨ϕ⟩ −
v∥
c ⟨A1∥⟩ and B∗

0∥ = b̂ · (∇(A + msc
qs
v∥b̂)). Angled brackets denote a gyroaverage

above. GENE uses a δf -splitting method where Equation (2.73) is split up by order for F0j and the

small-scale perturbation fj . The field equations are given by

∇2
⊥ϕ1 = −4π

∑
s

qsn1s, (2.74)

∇2
⊥A1∥ = −

4π

c

∑
s

j1∥s, (2.75)

∇2
⊥B1∥ = −4π

∑
s

p1⊥s
B0

, (2.76)

where the charge density, current density, and perpendicular pressure are calculated by taking
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moments of the total distribution function

n1s =
2πB0

ms

∫
dv∥dµ

[
J0h1s −

qsϕ1
T0s

F0s

]
, (2.77)

j1∥s = qs
2πB0

ms

∫
dv∥dµv∥

[
J0h1s −

qsϕ1
T0s

F0s

]
, (2.78)

p1⊥s =
2πB0

ms

∫
dv∥dµµB0I1h1s. (2.79)

Here h1s is the non-adiabatic part of f1, defined by

h1s = f1s + [qsJ0ϕ1 + µI1B1∥]
F0s

T0s
, (2.80)

with J0 = J0(k⊥ρ) and I1 = 2J1(k⊥ρ)/(k⊥ρ) involving Bessel functions of the first kind. Note that

Maxwell’s equations are calculated in particle space and the guiding-center distribution function

must be transformed using a pull-back operator.

The magnetic geometry and spatial dynamics are described by a field-aligned coordinate

system which takes advantage of the anisotropic motion in a strongly magnetized plasma. The

coordinates, labeled x, y, and z, represent the radial, binormal, and parallel directions

x = ρ,

y = Cy[q(ρ)θ − ζ],

z = θ.

(2.81)

Here, ρ is the flux-surface label, θ is the straight-field-line poloidal angle, ζ is the toroidal angle,

and Cy = ρ0/q0, with ρ0 and q0 taken at a reference position generally at the center of the

simulation domain. Periodicity in the toroidal angle can be expressed using Equation (2.81) in the

field-line-following coordinates as

f(x, y, z) = f(x, y − Cy2π, z). (2.82)
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Therefore, to capture a full toroidal turn requires Ly = 2πCy, and ky is related to the toroidal mode

number n as

ky = nky,min = n
2π

Ly
=

n

Cy
. (2.83)

The poloidal periodicity constraint becomes

f(x, y, z) = f(x, y + 2πqCy, z + 2π) = f(x, y + 2πq/ky,min, z + 2π). (2.84)

Represented in Fourier space, Equation (2.84) can be rewritten as

f(x, ky, z) = f(x, ky, z + 2π)ei2πjq(x). (2.85)

In the global version of the code this is how the parallel boundary condition is enforced, however

in the local flux-tube approximation q(x) must be Taylor expanded to first order resulting in

q(x) ≈ q0 + (x− x0)ŝ/x0. Expanding into Fourier modes in x and y, Equation (2.85) becomes

f(x, y, z) =
∑
kx,ky

f(kx, ky, z)e
ikxx =

∑
kx,j

f(kx, ky, z + 2π)eikxxei2πjq0ei2πjŝ(x−x0)/Cy , (2.86)

which requires k′x = kx + 2πŝky and the perpendicular box-size quantization N = 2πŝLx/Ly. Note

that due to the finite shear and radial extent of the domain the perpendicular domain will be sheared

as one moves along field lines.

Time-stepping of the gyrokinetic Vlasov equation is handled by a fourth-order explicit Runge-

Kutta method. The initial time step is chosen close to a minimum based on linear mode stability,

generally set by the parallel streaming of electrons in multi-species runs. However, an adaptive time

step is used as fluctuations grow and the CFL condition must be accounted for given nonlinear

terms. Rather than timestepping, a linearized version of the gyrokinetic equation can also be solved

by eigenvalue computation using the PETSc/SLEPc numerical packages. Discretization along the

field in z and v∥ is handled by a fourth-order Arakawa scheme [152] which conserves free energy,
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while perpendicular dimensions are handled pseudo-spectrally in the local flux-tube limit. The

pseudo-spectral method considers calculation of linear terms in Fourier space, but evaluation of

nonlinear terms as products in real space. Nonlinear products result in modenumbers too high to be

resolved by the initial grid, and unresolved modes are removed by a three-halves dealiasing scheme

[153] or by a more efficient phase-space dealiasing scheme [154]. In the global version of the code

radial variation is maintained and Dirichlet or Neumann boundary conditions must be utilized which

allow the equilibrium profiles to relax over time due to transport losses. Radial discretization is

handled globally with a mixed Fourier-space/real-space version of the fourth order Arakawa scheme.

Integration in velocity space employs trapezoidal and Gauss-Laguerre quadrature rules for v∥

and µ directly. Velocity distributions are assumed to be Maxwellian, and default box sizes in v∥ and

µ range within ±3vth,s = ±3
√

2Ts/ms and 0− 9 Ts/B0 respectively. Collisions are modeled using a

linearized Landau-Boltzmann operator [149] and finite volume discretization, or more recently with a

Sugama-type collision operator [155]. All quantities in GENE are normalized such that dimensionless

values are of order unity. Gradients of equilibrium quantities are given by a macroscopic length scale

Lref, which GENE allows users to specify along with reference magnetic field, density, temperature,

mass, charge, and toroidal angular velocity - Bref, nref, Tref,mref,Ωtor,ref. Various other reference

quantities are derived from these, including

pref = nrefTref, cref =
√
Tref/mref, Ωref =

qrefBref

mrefc
,

ρref = cref/Ωref, ρ∗ = ρref/Lref, βref = 8πpref/B
2
ref.

(2.87)

Normalized quantities for each phase-space dimension and time are given with hats as

t = t̂
Lref

cref
, x = x̂ρref, y = ŷρref, z = ẑ,

v∥,s = v̂∥v̂th,scref, µs = µ̂T̂s
Tref

Bref
,

(2.88)

where quantities with subscript s represent specific species quantities and vth,s =

√
2T̂s/m̂s. The
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distribution functions are normalized as

F0s = F̂0s
nref

c3ref

n̂0s
v̂3th,s

, fs = F̂0s
nref

c3ref

n̂0s
v̂3th,s

ρ∗, (2.89)

and the field fluctuations as

ϕ = ϕ̂
Tref

e
ρ∗, A∥ = Â∥ρrefBrefρ

∗, B∥ = B̂∥Brefρ
∗. (2.90)

Lastly, the gyroBohm normalized fluxes are defined for electrostatic turbulence in GENE as ITG

and ETG transport will largely be reported in this thesis. The normalized flux-surface-averaged

particle and heat fluxes driven by radial ExB transport are defined by

Γs
ΓgB

=
Γs

nrefcref(ρ∗)2
= − n̂0s∫ π

−π Ĵdẑ

∫ π

−π
dẑ
∑
k

Ĵ ik̂y
ˆ̄ϕ(k)

(
πB̂0

∫
dv̂∥dµ̂f̂s(k)

)∗
, (2.91)

Qs
QgB

=
Qs

nrefTrefcref(ρ∗)2
= − n̂0sT̂0s∫ π

−π Ĵdẑ

∫ π

−π
dẑ
∑
k

Ĵ ik̂y
ˆ̄ϕ(k)

(
πB̂0

∫
dv̂∥dµ̂v̂

2f̂s(k)
)∗

. (2.92)

Here, ϕ̄ is the gyroaveraged electrostatic potential, and the normalized radial ExB velocity which

has been used is defined as

vE · ex = −ρrefcref
Lref

ik̂y
ˆ̄ϕ. (2.93)

The spatial average of the product (ϕ ∗ fs) in Fourier space simplified using

⟨A(X)B(X)⟩ =
∫ π
−π
∑

k dzJA(k, z)B
∗(k, z)∫ π

−π Jdz
, (2.94)

with X the guiding-center coordinate. Often times the particle and heat diffusivities D and χ are

reported, which are related to the normalized fluxes by

Γs
ΓgB

= D̂sω̂ns,
Qs
QgB

= n̂0sχ̂sω̂Ts, (2.95)
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for normalized gradients ω̂ns = −Lref
∇n0s
n0s

and ω̂Ts = −Lref
∇T0s
T0s

.

2.5.2 GEM

GEM (Gyrokinetic ElectroMagnetic) is a numerical code which solves the gyrokinetic equations

using a PIC approach - the earliest method applied to gyrokinetic simulation [71]. Much of the

information here can be found in more detail in the GEM manual [156] and various papers describing

GEM [140, 157–161]. GEM supports electromagnetic effects [140], a pitch-angle scattering collision

operator, drift-kinetic electrons [158], general magnetic equilibria [159], flux-tube and radially global

simulation, subsonic equilibrium flows, and energetic particle species. In traditional PIC simulations

the distribution function is sampled by a large number of particles which are averaged onto a coarser

grid on which moments are calculated. GEM employs the δf PIC method, where particle weights

are defined as w = δf/f , an approach originally developed to efficiently reduce particle noise [162,

163]. Particle weights are advanced by the gyrokinetic Vlasov equation

dw

dt
= − 1

fM

(
(vE + v∥

δB⊥
B0

) · ∇fM + ϵ̇k
∂fM
∂ϵk

)
, (2.96)

where fM = fM (R, ϵk) is the Maxwellian distribution, which is a function of guiding-center and the

lowest order particle energy ϵk = mv2∥/2 + µB, and δf = δf(R, µ, v∥, t) is the fluctuating first-order

distribution function. As a PIC code, GEM consists of two parts: a particle push and a field

solve. Particles are evolved by interpolating field values from nearby grid locations, known as the

“gather” process. Charge density and current are accumulated on grid points by a process known

as “deposition”. Time advancement of Equation (2.96) is handled using an explicit second order

Runge-Kutta scheme. GEM is parallelized on CPU and GPU, with particle loops parallelized using

either the Open Multi-Processing (OpenMP) or Open Accelerators (OpenACC) software packages,

while the toroidal geometry is parallelized along field lines using MPI. Figure 2.7 depicts TAE

turbulence in a global GEM simulation.
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Figure 2.7: Global GEM simulation results depicting TAE mode turbulence [156].

The total time derivative of the energy quantity is defined as

ϵ̇k = qvG · (−∇ϕ−
∂A

∂t
b̂), (2.97)

with vG the overall guiding-center drift. In explicit finite difference schemes the appearance of

the ∂A∥/∂t term leads to numerical instability. Implementation of an implicit method is more

complicated in PIC codes and is handled by switching coordinates from parallel velocity (v∥) to

parallel momentum (p∥) [164]. The rate of change of the energy variable then becomes

ϵ̇p = −qvG · ∇⟨ϕ⟩ −
q

m
⟨A∥⟩b̂ · µ∇B + qp∥vG · ∇⟨A∥⟩, (2.98)

and the distribution function is redefined here for loaded particles, giving the new weight equation

dw

dt
= − 1

g0

(
(vE + v∥

δB⊥
B0

) · ∇fM + ϵ̇
∂fM
∂ϵp

)
. (2.99)
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The term g0 = (1/(2πT )3/2)e
−(µB+mp2∥/2)/T represents the loaded marker particle distirbution

function. The numerical representation of g0 (given by a “∼”) is

g̃ =
V

Np

∑
j

δ(x− xj)δ(v− vj)

=
V

Np

∑
j,l

1

N

1

J
δ(R−Rj)δ(µ− µj)δ(v∥ − v∥j)δ(γ − γjl),

(2.100)

for j the particle index, Np the total particle number, V the total volume, J the Jacobian of the

guiding-center coordinate transformation, and the subscript l denoting an N -point gyroaverage.

Generally a four-point gyroaveraging is sufficient [71] and is used in GEM. For ion-scale turbulence,

electrons are handled in the drift-kinetic limit (k⊥ρe → 0), and fluctuating quantities are unchanged

by gyroaveraging. The distribution function and moments giving the density and current are

calculated as

δf̃ = wj g̃, (2.101)

δñ =
V

Np

∑
j,l

1

N
wjδ(x−R− ρjl), (2.102)

δj̃∥ =
V

Np

∑
j,l

1

N
v∥wjδ(x−R− ρjl), (2.103)

and the particle shape in real space is given by

δ(x− xj) ≈
1

J(x, z)

1

∆x∆y∆z
S1D(

x− xj
∆x

)S1D(
y − yj
∆y

)S1D(
z − zj
∆z

),

S1D(x) =


1− |x| |x| ≪ 1

0 |x| > 1

.

(2.104)

The ion weight equation in GEM is defined as

ẇi = −
[
(vE + v∥

δB⊥
B0

) · fM
f

+
q

T
(vG · ∇⟨ϕ⟩ − v̇∥⟨A∥⟩+ v∥vG · ∇⟨A∥⟩)

]
fM
g0
. (2.105)



72

Furthermore, GEM uses a split-weight scheme to model kinetic electrons [157, 165]. The updated

electron weight is defined as

we = w − ϵg
eϕ

Te

fM
g0
, (2.106)

where ϵg represents a free parameter which is 1 for adiabatic electrons. The electron weight equation

then becomes

dwe
dt

= −
[
(vE + v∥

δB⊥
B0

) · ∇fM +
e

T

(
−vG · ∇ϕ+ v̇∥0A∥ −

µ

m
(b̂ · ∇B0)vG · ∇A∥

)
+ ϵg

e

Te
(ϕ̇(xj) + vG · ∇ϕ|xj )

]
fM
g0
.

(2.107)

The solution for ϕ̇ above is given by the vorticity equation, which is the partial time derivative of

the quasi-neutrality equation

−qṅp = q∂tδni − e∂tδne, (2.108)

where np is the polarization density

np = −
∫

q

T
(ϕ(x)− ⟨ϕ⟩)fMdv = −

∑
k⊥

qn0
T

(1− Γ0(b))ϕk⊥e
ikxx+ikyy, (2.109)

with b = k2⊥ρ
2 and Γ0(b) = I0(b)e

−b given a local Fourier representation. Using an analytic form of

Ampere’s law results in a cancellation problem and a properly discretized numerical form must be

used [158]. The solution to the ion and electron parallel currents become

1

q
δj∥i =

V

Np

∑
j

1

N

∑
l

(
wi − qv∥

⟨A⟩∥
Ti

fM
g0

)
j

v∥jδ(x− δRj − ρjl), (2.110)

−1

e
δj∥e =

V

Np

∑
j

(
we + ϵg

eϕ

Te

fM
g0

+ ev∥
A∥

Te

fM
g0

)
j

v∥jδ(x− δRj). (2.111)

Collisions are modeled with a Lorentzian operator, where random changes to particle pitch angles

are calculated using a Monte-Carlo method.
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GEM defines the field-line-following coordinate system

x = r − r0

y = (

∫ θ

0
q̂(r, θ′)dθ′ − ζ) = r0

q0
(qθf − ζ)

z = q0R0θ,

(2.112)

in the large aspect-ratio limit, where R0 and q0 are arbitrary, usually taken to be on the magnetic

axis and at the center of the domain respectively. The Jacobian of the coordinate system is given by

1

J
= ∇z · ∇x×∇y =

r0R0

R
|∇r ×∇θ|. (2.113)

The simulation domain is a rectangle of dimensions Lx × Ly × Lz with Lx = rout − rin and

Lz = 2π|q0|R0. The domain size in y is generally chosen to be a wedge of the tokamak, Ly =

2πr0/|q0|/lymult, for the fundamental toroidal mode number n = lymult. The endpoints of the

z domain are the high-field sides ±π. The domain conditions rin ≤ r ≤ rout, −π ≤ θ < π, and

ζ ∈ [0, 2π), can be mapped onto a rectangle to find new coordinate definitions

x = r − r0 + Lx/2,

y = mod

(
(
r0
q0
)(

∫ θ

0
q̂(r, θ′)dθ′ − ζ), Ly

)
,

z = q0R0(θ + πq0/|q0|),

(2.114)

where mod (x, 2π) means modulus of x by 2π. Quantities are periodic in θ and ζ, but not y and z.

A shift occurs in y as one moves from (θ = −π, ζ) to (θ = π, ζ), where

y(r, θ = π, ζ) = mod

[
y(r, θ = −π, ζ) + 2π

r0
q0
q(r), Ly

]
. (2.115)

That is, if particles move outside the simulation box in z they continue at the other end, but with

their value in y shifted by 2πr0q(r)/q0. In local simulations, the boundary condition in x is also
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periodic. Global simulations use Dirichlet boundary conditions, and particles which move beyond

the radial boundaries are relocated according to their equilibrium trajectories. To ensure numerical

steady-state turbulence and transport a numerical heat source is applied to all particles in global

simulations [160].

Units for temperature, density, and the magnetic field can be arbitrarily chosen, with B usually

taken at the magnetic axis, while other normalization values are accordingly calculated. These units

are denoted by a subscript u as

mu = mp, qu = e, vu =
√
Tu/mu, xu = muvu/quBu, ωu = eBu/mu,

tu = 1/ωu, ju = enuvu, Au = Tu/evu, ϕu = Tu/e, Eu = ϕu/xu.

(2.116)

Particle and heat fluxes, or their associated diffusivities, are among the most commonly used

quantities for comparison with experimental transport losses. The fluxes normalized to gyroBohm

units are given by

ΓgB = necs

(ρs
a

)2
QgB = neTecs

(ρs
a

)2
,

(2.117)

for cs =
√
Te/mi and ρs = cs/Ωi. Flux values are calculated by averaging over a volume Vs in GEM

according to

Γ =
1

Vs

∫
δf

(
E× b̂
B0

+ v∥
δB⊥
B0

)
· ∇r
|∇r|

dxdv =
1

Vs

∑
j∈Vs

wj

(
vEr + v∥

δBr
B0

)
, (2.118)

Q =
1

Vs

∫
1

2
mv2δf

(
E× b̂
B0

+ v∥
δB⊥
B0

)
· ∇r
|∇r|

dxdv =
1

Vs

∑
j∈Vs

wj
1

2
mv2

(
vEr + v∥

δBr
B0

)
. (2.119)

2.6 Summary

Drift wave turbulence represents an important loss mechanism which can significantly reduce

confinement times in tokamak reactors. Drift waves are typically driven unstable by the intense equi-

librium pressure gradients necessary for sustaining fusion reactions in the core. A brief introduction
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to fluid and kinetic plasma descriptions was given here initially. This was followed by an outline of a

basic two-fluid model of the electron drift wave, which provides a practical conceptual understanding

of the underlying drift wave physics. However, a kinetic representation which retains particle velocity

information is generally required to account for wave-particle resonances and finite Larmor radius

effects. One limitation of kinetic theory is its computational expense. This led to the development of

the gyrokinetic framework, which provides an efficient approach to modeling drift-wave transport by

leveraging experimentally verified characteristics of core plasma turbulence. Gyrokinetic theory has

become an essential tool in simulating and understanding turbulent transport in tokamak plasmas.

A minimal, instructive derivation of the gyrokinetic equations was presented, along with an overview

of the most common microinstabilities in magnetized plasmas. Particular emphasis was placed on

the ion(electron)-temperature-gradient instabilities, which are central to this thesis, and a simple

dispersion relation was derived from gyrokinetic theory. Additionally, the gyrokinetic codes GENE

and GEM, which are employed in this thesis to investigate nonlinear turbulent transport dynamics,

were described.



Chapter 3

Quasilinear Theory

This chapter introduces quasilinear theory for plasmas and demonstrates its
effectiveness in modeling turbulent transport flux spectra in tokamaks. The main
focus of this chapter is on comparing various quasilinear saturation rules for transport
spectra in regards to DIII-D experimental shot #162940. As a co-author of the
primary work discussed here, results are presented in this chapter which are taken
directly from Ref. [166]. This includes the discussion of the three saturation rules
used as well linear gyrokinetic simulation results and comparison of quasilinear and
nonlinear flux spectra. Extension of analysis to negative triangularity scenarios
is taken from the related Ref. [167]. The CUGK python library, available on the
official CU Boulder GitHub, was developed as part of this work and used to perform
all post-run analysis and calculate quasilinear flux models as described herein.

3.1 Basics of Quasilinear Theory

The discussion of quasilinear theory given here follows along the introductory plasma texts Ref.

[24] and [25]. Previously, it has been assumed that fluctuations are small and nonlinear terms can

be ignored in order to linearize the governing equations of interest for a tokamak plasma. While this

can provide one with dispersion relations for unstable waves in the system, these instabilities will

eventually grow large enough that nonlinear effects must be taken into account. Quasilinear theory

provides a method of nonlinear analysis in which instabilities are weak and nonlinear interactions can

lead to slow changes in the background plasma profiles. Consider for simplicity a 1-D Vlasov-Poisson

system of equations,

∂tfs + vz∂zfs +
qs
ms

∂zϕ
∂fs
∂vz

= 0, (3.1)

https://github.com/UCBoulder
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∂2ϕ

∂z2
=
∑
s

q

ϵ0

∫ ∞

−∞
fsdvz, (3.2)

where s denotes the particle species. Initially the plasma is assumed to be homogeneous with no

equilibrium potential, and the distribution function is decomposed into an initial background and

fluctuating term

fs(z, vz, t = 0) = f0s(vz) + f1s(z, vz, t = 0). (3.3)

Fluctuations are assumed to be spatially periodic and spatially averaging Equation (3.3) gives

⟨fs⟩z(vz, t = 0) = f0s(vz), where fs is allowed to deviate from the initial equilibrium configuration

over time. The focus of quasilinear theory here is to describe the time evolution of the spatially

averaged distribution function. Equation (3.1) is spatially averaged to find

∂t⟨f0s⟩z = −
qs
ms
⟨∂zϕ1

∂fs
∂vz
⟩z = −

qs
ms

∂

∂vz
⟨∂zϕ1f1s⟩z, (3.4)

where it has been assumed fs decays to zero at large values of z so that the ⟨vz∂zfs⟩ term integrates to

zero. The time evolution of f1s can be solved for by subtracting Equation (3.4) from Equation (3.1),

giving

(∂t + vz∂z)f1s = −
qs
ms

∂zϕ1
⟨fs⟩z
∂vz

− qs
ms

[∂zϕ1f1s − ⟨∂zf1s⟩z] . (3.5)

It is clear from here that the time rate of change of f1s depends on second order fluctuating quantities

and a closure problem exists. However, these terms are simply assumed to be small and neglected.

Dropping the second term on the right hand side, and linearizing Equation (3.5) and the first

order Poisson equation results in

f̃1s =
qs
ms

kϕ1
ω − kvz

∂⟨fs⟩z
∂vz

, (3.6)

k2ϕ̃1 = −
∑
s

qs
ms

∫ ∞

−∞
f̃1sdvz, (3.7)

where a “∼” represents a Fourier mode. Note that for real quantities such as the electrostatic
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potential one has

ϕ1(z, t) = ϕ∗1(z, t)⇒ ϕ̃1(k) = ϕ̃∗1(−k). (3.8)

The nonlinear term in Equation (3.4) can be simplified using Equation (3.8) and by assuming an

infinitely large box size and the Dirac delta function identity

lim
L→∞

∫ L

−L
ei(k+k

′)zdz = 2πδ(k + k′), (3.9)

to find

∂

∂vz
⟨∂zϕ1f1s⟩z =

∂

∂vz

1

2L

∫ L

−L
∂zϕ1f1sdz =

∂

∂vz

1

2L

∫ L

−L

[
∂z

∫ ∞

−∞
ϕ̃1e

ikzdk

∫ ∞

−∞
f̃1se

ik′zdk′
]
dz

= −π
L

∂

∂vz

∫ ∞

−∞
ikϕ̃1(−k, t)f̃1s(k, t)dk = −π

L

∂

∂vz

∫ ∞

−∞
ikϕ̃1(k)f̃1s(k)e

2γtdk.

(3.10)

Substituting Equation (3.6) into Equation (3.10) gives

∂

∂vz
⟨∂zϕ1f1s⟩z = −

π

L

qs
ms

∂

∂vz

∫ ∞

−∞
ik2

ϕ̃1(k)ϕ̃1(−k)
ω − kvz

∂

∂vz
⟨f0s⟩ze2γtdk. (3.11)

Rewriting the field fluctuations in terms of the spectral energy density,

E(k, t) = πϵ0
2L
|Ẽ1(k)|2e2γt, (3.12)

and substituting Equation (3.11) into Equation (3.4) yields a final velocity-space diffusion equation

∂t⟨f0s⟩z =
∂

∂vz

[
D(vz, t)

∂⟨f0s⟩z
∂vz

]
, (3.13)

with diffusion coefficient

D(vz, t) =
2

ϵ0

(
qs
ms

)2 ∫ ∞

−∞

iE(k, t)
ω − kvz

dk =
2

ϵ0

(
qs
ms

)2 ∫ ∞

−∞

γE
[ωr − kvz]2 + γ2

dk. (3.14)
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Figure 3.1: Depiction of the background electron distribution function relaxing due to quasilinear
diffusion in the case of the “bump-on-tail” instability [25].

The last step in calculating Equation (3.14) is possible as E is even in k and ωr is odd, so that the

complex part integrates to zero. This indicates the diffusion coefficient is required to be real. One

simple application of this result is to the electron “bump-on-tail” instability illustrated in Figure 3.1.

Such a situation might occur if a small amount of high-energy particles are injected into the system.

The parallel wave-particle resonance drives unstable growth when ∂f0/∂vz > 0, an effect known as

inverse Landau damping [25]. The instability here leads to quasilinear diffusion and a subsequent

flattening of the equilibrium distribution function. As the equilibrium profile relaxes, instabilities no

longer grow, and the system ultimately becomes stable.

3.1.1 Mixing Length Models for Turbulent Transport

The drift wave fluctuations involved in tokamak turbulence are small in amplitude and

quasilinear analysis provides a reasonable approximation to model nonlinear properties of the

turbulent system. The quasilinear picture of turbulent transport is analogous to that of the bump-

on-tail instability described in Section 3.1, though diffusion occurs in real space. Gradients in the

equilibrium profiles drive instabilities, leading to turbulent transport losses and subsequent flattening

of the background profiles. As the equilibrium profiles are relaxed, the critical gradients required to

drive instabilities in the plasma are no longer sustained and the turbulent system is stabilized.
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Many standard quasilinear models of turbulent diffusion depend on the so-called mixing length

estimate [6, 121, 122]. The mixing-length estimate defines a maximum bound on perturbation

amplitudes when perturbed gradients and equilibrium gradients become equal. That is, the linear

and nonlinear ExB advection terms are balanced and one has

vE · ∇δn = vE · ∇n0 ⇒
δn

n0
=

1

k⊥Ln
, (3.15)

given a density gradient length scale Ln. The displacement of perturbations by the ExB velocity is

defined by dξ/dt = vE , and perturbations are stretched by this flow (as depicted in Figure 2.6) such

that

δn = ξ · ∇n0. (3.16)

Combining Equation (3.15) and Equation (3.16) one finds the maximum radial displacement, i.e.

streamer length, is set by
ξ · ∇n0
n0

=
1

k⊥Ln
⇒ ξr =

1

k⊥
. (3.17)

Linearizing the ExB velocity to lowest order in terms of ξ gives

i(−ωr + iγ)ξ = vE , (3.18)

where ωr is the real frequency of the mode. An expression for the radial particle flux can then be

derived by ignoring any complex contribution from Equation (3.18) to find

Γr = vErδn = γξrδn = γ
1

k⊥

n0
k⊥Ln

=
γ

k2⊥

n0
Ln

=
γ

k2⊥
∇n0. (3.19)

It is clear now that Equation (3.19) describes a diffusive model for the particle flux with

D ∼ γ

k2⊥
. (3.20)
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Likewise, the same value can be derived for the heat flux and the thermal diffusivity. This is

the standard mixing-length diffusion estimate, which can be interpreted as a balance between the

unstable growth of a mode and the stabilizing effect of turbulent diffusion in the perpendicular plane.

As linear calculations with gyrokinetic codes are routine and computationally fast, linear

simulations provide a practical method for estimating nonlinear flux characteristics by employing

quasilinear models. Using linear gyrokinetic simulation, one can straightforwardly obtain linear fluxes

as well as the various parameters such as mode growth rates and wavenumbers which are typically

required for quasilinear estimates, as evidenced by the case of the mixing length estimate. However,

linear calculations provide no information about the nonlinear saturation level of the turbulence,

while nonlinear simulations are significantly more compute-intensive. For this reason, heuristic

“saturation rules” are generally invoked which provide saturation levels given linear characteristics of

the instabilities. In this sense, saturation rules are not rigorous values, and sophisticated quasilinear

models typically scale results to match a database of nonlinear simulation results [168]. There is also

some approximation possible regarding the choice of a quasilinear expression for the flux.

Typically, one combines the quasilinear expression for the flux and a heuristic saturation rule

to obtain mode amplitudes for the nonlinear fluxes. The overall level of the fluxes may not be so

accurate using this approach, but often characteristic dependences on mode and plasma parameters

are insightful. Here, three plausible saturation rules are discussed, following along Ref. [166]. The

quasilinear expression of the flux is taken from the prescription in Ref. [169], where it is used

for GENE gyrokinetic simulation results. The quasilinear fluxes are calculated given the GENE

field-line-following coordinate system described previously in Section 2.5.1. Linear fluxes, represented

generally by F , are decomposed for each toroidal mode (ky) and defined proportional to the mode

amplitude squared as

F lin
ky = Ĝky

∣∣∣Φ̂0,ky(z = 0)
∣∣∣2 , (3.21)

where it is assumed that the mode amplitude can be parametrized by the ky component at z = 0

(θ = 0), the ballooning mode peak.
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The quasilinear amplitude for the flux can then be straightforwardly calculated from the

amplitude-normalized linear flux, Ĝky , as

FQL =
∑
ky

A2(ky)Ĝky∆ky, (3.22)

where ∆ky is the spacing in ky and A2(ky) represents the choice of saturation rule. In the case of

Ref. [169], the saturation amplitude is given by a mixing-length type rule [170]

A2(ky) = A2
0

(
γky〈
k2⊥
〉)2

, (3.23)

where γky is the linear growth rate and k⊥ is the perpendicular wavenumber. The denominator,

⟨k2⊥⟩, is calculated by averaging k⊥ over the ballooning mode envelope, Φ̂kx,ky(z), and is given by

〈
k2⊥
〉
=

∑
kx

∫
(gxxk2x + 2gxykxky + gyyk2y)

∣∣∣Φ̂kxky(z)∣∣∣2 Jdz∑
kx

∫ ∣∣∣Φ̂kxky(z)∣∣∣2 Jdz . (3.24)

Here, J is the Jacobian and gxx, gxy, gyy are geometric coefficients gµν = ∇µ · ∇ν in the field-line

following coordinates.

While linear parameters do play a role in determining the quasilinear flux, parametric depen-

dence of the fluctuation amplitude is more complex and demands running nonlinear gyrokinetic

simulations many times over a range of parameters [171]. However, some insight can be gained

regarding transport properties by comparing various saturation rules and the sensitivity of the

observed trends. The goal in this work was not to develop a transport model that accurately

reproduces nonlinear gyrokinetic simulation results, but rather to present results which scan the

sensitivity of fluxes to the saturation rule. Three common saturation rules are considered here, and

simple scaling arguments from which they can be derived are given. First, the saturation rule defined

by Equation (3.23) can be found by balancing the linear growth of the instability with the advection
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from the ExB nonlinearity [166],

γδnk ∼
k2⊥
B
|δϕk| |δnk| ⇒

e |δϕk|
T

∼ eB

T

γk
k2⊥
. (3.25)

It has been assumed that the regulated turbulence is isotropic in the perpendicular plane and

kx ∼ ky ∼ k⊥. This saturation rule can also be obtained by considering wave-particle trapping of

resonant particles which gives the correct saturation level in slab geometry [172].

The second saturation rule invokes a dimensional argument where the diffusion coefficient is

simply set to the mixing length estimate, Equation (3.20). The expression for the flux, D∇n0 =

⟨vExδn⟩, then gives [166]
γ

k2⊥

n0
Ln
∼ ky
B
δϕkδnk

⇒ γ

k2⊥

n0
Ln
∼ ky
B
δϕk

eδϕk
T

n0

⇒ γ

k2⊥
∼ Lnky

T

eB

∣∣∣∣eδϕkT
∣∣∣∣2

⇒ e |δϕk|2

T
∼ eB

T

1

Lky

γk
k2⊥
.

(3.26)

A similar calculation could be made for the thermal diffusivity, so L is used in Equation (3.26) more

generally. Equation (3.26) is similar to the saturation rule used in the quasilinear code QuaLiKiz

[173]. Finally, the third saturation rule used for comparison is the following [166]

e |δϕk|2

T
∼ eB

T

γk
k2⊥
, (3.27)

which has a similar γ
k2⊥

scaling for the flux as Equation (3.26), but does not diverge as ky approaches

zero. The saturation rule given in Equation (3.27) has been used previously for comparison to

nonlinear gyrokinetic simulation and experiment in the case of KBM transport in the tokamak core

[174]. Note that in Ref. [174] the flux normalization described by Equation (3.21) instead involves

integrating the mode potential along the field line and considering a sum over all kx modes.
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3.1.2 Quasilinear Codes

Prediction of turbulent transport of particles and energy is critical to improving fusion reactor

performance, and much progress has been made towards reduced modeling in the core region of

tokamaks. Quasilinear models are often employed to compare to transport in nonlinear gyrokinetic

simulation and experiment, and they have shown success in predicting core transport profiles over

a range of tokamak plasma operating conditions [169, 170, 175]. Sophisticated quasilinear codes

include the Trapped Gyro-Landau Fluid (TGLF) model [168, 171, 176, 177], the multi-mode model

(MMM) [178–181], and the gyrokinetic transport model QuaLiKiz [173, 182–184]. Though quasilinear

modeling of transport has been largely successful, better understanding is still required in many

cases. For instance, particle transport regarding density build-up is not well understood [185, 186],

and controlling core concentrations of high-Z impurities, such as tungsten in ITER, would help in

significantly reducing radiative power losses [187, 188].

The TGLF code is employed in this chapter for comparison with the three heuristic saturation

rules described previously. TGLF solves a system of gyrofluid moment equations for both trapped

and passing particles to find linear eigenmodes for various instabilities of interest. Linear eigenmodes

can be computed for ITG modes, ETG modes, trapped ion and electron modes, and electromagnetic

KBMs. TGLF contains multiple saturation models, which consider different saturation effects for the

nonlinear mode amplitudes. The nonlinear scaling coefficient in the TGLF model is specifically fit to

a database of 83 nonlinear gyrokinetic simulation conducted using the GYRO code [189]. The SAT1

model which is used here considers both the effects of so-called zonal flow mixing as well as zonal

flow shearing in the regulation of ion and electron scale turbulence [177]. Inclusion of zonal-flow

mixing effects allows for reproduction of multiscale simulation fluxes when ion-scale ZFs mitigate

electron-scale turbulence levels.
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3.2 Quasilinear Modeling of DIII-D Shot #162940

The quasilinear transport modeling efforts of Refs. [166] and [167] are recounted here. These

works study a conventional ELMy H-mode DIII-D case (#162940) just prior to the onset of an ELM.

Further details and MTM analysis of this scenario can be found in Ref. [117], along with additional

studies on ETG and MTM turbulence in Refs. [147, 190]. A Miller equilibrium is employed, where

the Miller [32] parameters are obtained from Equilibrium Fitting (EFIT) [191] data on a 513× 513

(R,Z) grid, and radial profiles of density and temperature. Local and global nonlinear gyrokinetic

simulations were carried out and results compared to the three heuristic saturation rules described

in Section 3.1.1 as well as the TGLF SAT1 model. The focus of these comparisons is on considering

the sensitivity of the chosen saturation rules.

Results are discussed here from gyrokinetic simulation using the GENE and GEM codes. GENE

is used for linear and nonlinear local simulation, including calculations of the quasilinear expression

for the flux, while GEM is employed for global gyrokinetic simulations. Electrons and two ion species

are included, namely, deuterium (main) and carbon (impurity). The plasma parameters are first

discussed and the linear properties of the selected profiles investigated. Quasilinear models are

constructed from linear GENE simulation data and compared directly against nonlinear simulation

fluxes from local GENE and global GEM simulations. Equilibrium shear flow is not considered in

the simple quasilinear models, and so is also ignored in the gyrokinetic simulations. This allows for

a clearer comparison of the saturation rules. Realistic collisionality is included in all simulations.

GENE considers all species as gyrokinetic, while GEM takes gyrokinetic ions and drift-kinetic

electrons. Electromagnetic fluctuations perpendicular to B (δB⊥) are included in both linear and

nonlinear simulations, while δB∥ effects are neglected. The plasma β is reduced for some nonlinear

simulations presented, with further details provided in the discussion.

Figure 3.2 shows the equilibrium temperature and density profiles for all species of DIII-D

shot #162940 prior to ELM buildup. The impurity temperature is assumed to be equal to the main

ion temperature, and only the carbon impurity is considered in this analysis. As the carbon density
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Figure 3.2: Profiles for DIII-D 162940 ELMy H-mode just prior to ELM onset. (a) Electron and
main ion density profiles. (b) Impurity density profiles. (c) Electron temperature profile. (d) Main
ion temperature profile.

profile is hollow, inward radial particle flux is expected. Radial locations, ρ = r/a, are defined by

the Miller radial coordinate, Equation (1.49), and a which is the value of r at the separatrix. The

major radius is defined as

R =
Rmax +Rmin

2
. (3.28)

Local simulation parameters are given in Table 3.1 for the multiple radial locations considered for

this analysis. Linear stability is first examined at these radial locations. As described in Section 2.5.1,

various physical quantities are used to determine the collisionality and for unit conversion. The

normalized density and temperature gradients for each species j are given by R/Lnj and R/LTj

respectively. The ratio of electron to ion temperature is given by Te
Ti

and the carbon impurity

concentration is given in terms of the electron density by nC
ne

. Note that the impurity density and

density gradients have been adjusted so that quasineutrality is satisfied at each radial location.

The safety factor and magnetic shear are given by q and ŝ = ρ
q
dq
dr , and βe is the electron plasma
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Table 3.1: Local tokamak plasma parameters at ρ = 0.80, 0.85, and 0.90.

ρ R
LTi

R
LTe

Te
Ti

R
Lne

R
Lni

R
LnC

nC
ne

[%] q ŝ βe[%] κ δ ζ

0.8 6.71 7.49 0.87 1.44 2.40 -0.71 5.16 2.28 1.75 1.00 1.47 0.21 -0.03

0.85 9.16 8.94 0.87 1.84 3.06 -0.75 5.37 2.56 2.17 0.85 1.51 0.24 -0.04

0.9 12.49 11.17 0.88 2.36 3.98 -0.79 5.65 2.97 2.94 0.67 1.55 0.28 -0.05

beta defined by βe = µ0neTi/B
2
0 . The Miller parameters - κ, δ, and ζ - describe the elongation,

triangularity, and squareness of the parametrized flux surface as explained in Section 1.4.1 and are

calculated directly by GENE.

3.2.1 Linear Analysis

The local linear properties of the tokamak plasma parameters discussed above are studied

here for the radial locations ρ = 0.80, 0.85, and 0.90 near the pedestal top. Linear initial-value

calculations are carried out with the GENE code in the local flux-tube limit. The grid resolution

used in linear simulations was 20x16x32x8 in the x,z,v∥, and µ dimensions. The linear growth rates

and real frequencies of the most unstable modes are plotted in Figure 3.3(a) as functions of kyρi.

Here ρi is the deuterium gyroradius and vth =
√
Ti/mi. The “i” subscript refers to the main ion

species, deuterium, throughout this section. The results in Figure 3.3(a) show features standard

to core H-mode plasmas as well as the “Cyclone Base Case” (CBC) scenario [192]. An ion mode,

the ITG mode, is present for kyρi ≲ 1.4, indicated by positive frequency in the ion diamagnetic

direction, while an electron mode, the collisionless trapped-electron mode (CTEM), dominates when

kyρi ≳ 1.4, indicated by the crossover to negative frequencies. Moving towards the pedestal region,

the gradients become steeper and the most unstable longest wavelength mode switches to a negative

frequency. This was identified to be a micro-tearing mode (MTM) by its even parity vector potential

fluctuation along the field line. MTMs are often the most dominant mode in the pedestal region for

such H-mode tokamak parameters [117], and global analysis is needed to accurately model these

long wavelength modes.
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(a) (b)

Figure 3.3: (a) Growth rate and real frequency plots for radial locations ρ = 0.80, 0.85, and 0.90
from linear initial-value GENE simulations. (b) Comparison of linear frequencies and growth rates
given by GENE and TGLF at ρ = 0.85.

Figure 3.3(b) gives a comparison between linear simulation results from TGLF and GENE at

ρ = 0.85. There is good agreement in the real frequencies, however the TGLF SAT1 model predicts

higher growth rates than GENE. As GENE solves the linearized gyrokinetic equation directly, the

GENE results are more accurate. However, it is possible that the SAT1 model allows for higher

growth rates to calculate more accurate fluxes. Global effects, which are typically stabilizing, are

not accounted for in this analysis.

3.2.2 Saturation Levels and Quasilinear Fluxes

Figure 3.4 compares the three saturation rules, given T = Ti, with the TGLF SAT1 results.

GENE gyroBohm units are used in which the electrostatic potential is normalized as eϕ/(Tiρ∗) as

described in Section 2.5.1. The saturation rules, Equations (3.25) to (3.27), are respectively labeled

“Lapillonne(2011)”, “Bourdelle(2007)”, and “Kumar(2021)”, and the TGLF SAT1 model is labeled

“SAT1”. No consideration of the relative validity of each model is made as the rules are simply used

here for comparison. Additionally, the overall levels for each saturation rule are not important given

that the TGLF value is scaled using a constant coefficient to best match nonlinear simulation results.

The saturation rules all peak in the range kyρi ∼ 0.20− 0.30, while some difference in the spectral
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Figure 3.4: The three saturation rules obtained from linear GENE results along with TGLF SAT1
in the GENE gyroBohm units described in the text.

width is observed. The narrowest spectrum is given by the SAT1 model, while the broadest spectrum

is given by Equation (3.27), which is reasonable due to the power of the γk/k2⊥ term and the lack of

a 1/ky factor. Interestingly, Equation (3.26) gives the closest approximation to the SAT1 model,

though only the SAT1 model predicts unregulated modes at shorter wavelengths, which are likely

TEM modes.

Next, the quasilinear flux spectra are calculated from the normalized GENE linear fluxes and

the three saturation rules. Comparison of the various quasilinear flux spectra are given with the SAT1

model in Figure 3.5. GENE gyroBohm units for the fluxes are used, where QgB = vthρ
2
ineTi/R

2

and ΓgB = vthρ
2
ine/R

2. Results have been normalized to the SAT1 model by adjusting A0 for each

saturation rule to match the total ion heat flux, Qi, predicted by SAT1. Notably, the carbon flux

is directed inward as expected by the hollow density profile. The results agree qualitatively well,

with some variation in the spectral widths. Note that because the total fluxes are normalized to

the SAT1 model, the broader quasilinear spectra will have lower flux values for each point. Finally,

the SAT1 model indicates fluxes likely driven by TEM modes at shorter wavelengths, whereas the

GENE results generally do not.
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Figure 3.5: Quasilinear fluxes from GENE and TGLF SAT1 versus kyρi at ρ = 0.85 for the three
saturation rules in GENE gyroBohm units. (a) Deuterium heat flux. (b) Electron heat flux. (c)
Carbon heat flux. (d) Deuterium particle flux. (e) Electron particle flux. (f) Carbon particle flux.
Fluxes are normalized such that the total ion heat flux matches SAT1.

3.2.3 Comparison with Nonlinear Gyrokinetic Simulations

The quasilinear models were then validated against nonlinear flux-tube GENE simulations

carried out at ρ = 0.85. The perpendicular flux-tube domain was 167ρi × 126ρi in the radial and

binormal dimensions, with 256 radial grid points and 32 toroidal modes. The values of kyρi were

evenly spaced, ranging from 0.05 to 1.60. Grid resolution in the z, v∥, and µ dimensions was taken to

be 32×32×16 respectively, where these values were found by running linear growth rate convergence

tests. Initial runs with the value of βe = 0.85%, as specified in Table 3.1, showed nonlinearly excited

lower-ky MTMs dominating the transport at earlier times which led to numerical instability at late

times. Electromagnetic modes were not observed in the global nonlinear GEM simulations discussed

further below, likely because of destabilization by nonlocal effects, and βe was reduced by 90% to

produce robust electrostatic simulation results.

Particle and heat flux spectra in kyρi are compared between the Lapillonne quasilinear model,

local nonlinear GENE simulation, and global nonlinear GEM simulation in Figure 3.6. The quasilinear

fluxes shown in blue and labeled “QL GENE” agree well with the nonlinear GENE results shown in
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Figure 3.6: Lapillonne QL flux model, NL from GENE, and GEM results versus kyρi at ρ = 0.85 in
GENE gyroBohm units. GEM fluxes scaled by 3.49. (a) Deuterium heat flux. (b) Electron heat flux.
(c) Carbon heat flux. (d) Deuterium particle flux. (e) Electron particle flux. (f) Carbon particle flux.

orange and labeled “NL flux-tube GENE”, where the saturation amplitude A0 is normalized using

the nonlinear GENE ion heat flux. The global GEM results, discussed below, are scaled by a factor

of 3.49 for comparison in order to match the total ion heat flux. This is necessary because nonlocal

effects - variations in the equilibrium profiles - have a stabilizing effect, and global calculations

typically see lower fluxes overall.

The results labeled “NL global GEM” in Figure 3.6 are from nonlocal nonlinear electromagnetic

gyrokinetic GEM simulations. For the current analysis, drift-kinetic electrons are included using the

split-weght scheme described in Section 2.5.2. A numerical heat source is applied to all species to

prevent profile relaxation, and a numerical scheme used which evaluates the marker distribution

into significantly late times [161]. The grid resolution is (Nx, Ny, Nz) = (128, 128, 64), in the radial,

binormal and parallel directions, respectively. The particle number is 32/cell for the ion species

and 64/cell for electrons, and the time step is Ωp△t = 1, with Ωp the proton gyro-frequency. The

global radial simulation domain extends from 0.65 < r/a < 0.95. Attempts were made to extend

the simulation domain to the separatrix (r/a = 1.0), however nonphysical modes emerged near the

edge. The cause is not known, but is likely a result of the equilibrium configuration. Specifically,
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poloidal variation is expected in steep gradient regions such as the pedestal, but local Maxwellian

distributions are assumed here which only vary radially with the density and temperature. Density

and temperature gradients were reduced within a region ±r/a ∼ 0.05 near the outer boundary to

help stop instabilities peaking at the end of the domain.

The simulation domain is a toroidal wedge which is 1/8 of the total torus, and the electro-

magnetic fields were filtered to include only the toroidal mode numbers n = 0, 8, 16, . . . , 88. As

mentioned previously, no nonlinear excitation of low-n electromagnetic modes, e.g. MTMs, was

observed in the global GEM simulations. This is contrary to the local GENE nonlinear results, and

likely a result of nonlocal stabilizing effects. Ion energy fluxes are plotted in time in Figure 3.7(a) for

various radial locations in the GEM simulation. In order to compare to the GENE quasilinear and

nonlinear results, turbulent GEM fluxes were decomposed by toroidal mode number. Considering

the formula for the radial heat flux, Equation (2.119),

Q(r) =
1

△V

∫
△V

1

2
mv2 δf

(
E× b

B
+ v∥

δB⊥
B

)
· ∇r
|∇r|

dxdv, (3.29)

one can replace the fields by specific toroidal components to calculate the contribution of each

(a) (b)

Figure 3.7: (a) Global GEM ion heat flux versus time in GENE gyroBohm units at multiple radial
locations. (b) GEM ion heat flux versus kyρi and the corresponding smooth polynomial fit.
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component to the total value. Here △V is a thin toroidal annulus with a radial size of △r/a = 0.025.

The ion heat flux spectra is shown in Figure 3.7(b), with values indicated by solid red triangles. The

solid blue squares are calculated from a polynomial fit as GEM does not evolve the distribution

function spectrally and summing over particles introduces statistical noise when calculating the total

fluxes. The smoother polynomial fit was introduced for each flux value in order to more clearly

compare to the quasilinear and nonlinear GENE models in Figure 3.6.

3.2.4 Extension to Negative Triangularity

The results from the preceding sections are extended here to the case of negative triangularity

(NT) flux surfaces. Negative triangularity has seen renewed interest recently, with DIII-D experimental

campaigns demonstrating highly favorable properties in tokamak plasmas [49, 50]. While NT

configurations were previously investigated decades ago, they fell out of favor due to a lack of access

to the advantageous H-mode state of operation. However, the more recent DIII-D NT experiments

were able to achieve ELM-free operation in high-confinement-like regimes with reduced levels of

(a) (b) (c)

Figure 3.8: Comparison of equilibrium flux surfaces from ρ = 0.10 to 0.90 at intervals of 0.10 for
DIII-D shot #162940. (a) Original magnetic equilibrium data. (b) Miller parametrization with
positive triangularity. (c) Miller parametrization with negative triangularity.
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core turbulent transport. Investigations into turbulent transport in NT scenarios with nonlinear

gyrokinetic simulation have reported that there are stabilizing effects on ion-scale turbulence [193,

194]. This was largely attributed to modification of the precessional drift of trapped electrons and a

reduction in TEM transport. The effect of negative triangularity on ITG mode stability is currently

an active topic of research, and simulations have shown modest ITG stabilization [195].

The original magnetic equilibrium data is shown in Figure 3.8(a) in comparison to the positive

and negative triangularity Miller parametrizations in Figure 3.8(b) and Figure 3.8(c). To calculate

NT Miller parametrizations the value of the triangularity, δ, in Table 3.1 simply has its sign flipped.

However, the Miller equilibrium calculations used by GENE define the squareness in terms of δ and

the new values required for valid surfaces are ζ = 0.015, 0.018, and 0.037 at ρ = 0.80, 0.85, and 0.90

respectively. Linear electromagnetic simulations were carried out at these radial locations. Conversely

to the results of Section 3.2.1, it was found that the electromagnetic MTM mode dominated for all

values of kyρi considered. Electrostatic simulations with β = 1e−4 were instead run in order to focus

on the effects of NT on ITG and TEM mode stability. Nonlinear gyrokinetic simulations were again

run given these updated parameters for comparison to the quasilinear saturation models.

The linear electrostatic gyrokinetic simulation results are presented in Figure 3.9. Comparing

Figure 3.9: Growth rates and real frequencies at radial locations ρ = 0.80, 0.85, and 0.90 from linear
electrostatic GENE simulations with β = 1e−4 and negative triangularity.
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Figure 3.10: Lapillonne QL flux model and NL flux-tube results from GENE in PT and NT at
ρ = 0.90 in GENE gyroBohm units. (a) Deuterium heat flux. (b) Electron heat flux. (c) Carbon
heat flux. (d) Deuterium particle flux. (e) Electron particle flux. (f) Carbon particle flux.

to the PT results of Figure 3.3(a), it is clear that the ITG growth rates are lower, and a transition

from positive to negative growth rates is evident with increasing kyρi into TEM scales. Not all

points were converged in the linear simulations, indicated by missing points, which is likely a result

of the stabilization of higher kyρi modes. The ITG results were most robust for the case of ρ = 0.90,

and so this radial location was taken for quasilinear comparison to nonlinear results. The quasilinear

and nonlinear particle and heat flux spectra for each species are plotted below in Figure 3.10. These

are further compared to the PT results from the previous section. It is clear that a drop in ITG flux

levels is associated with the change in triangularity from positive to negative for all fluxes considered.

This qualitatively aligns with findings indicating that NT enhances ITG stability due to changes in

the magnetic shear and field-line curvature [196]. Interestingly, the electron particle flux changes

direction in the NT case, which is likely required to maintain ambipolar diffusion as the main ion

particle flux drops more significantly compared to the carbon impurity flux between the PT and NT

cases.
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3.2.5 Discussion and Future Work

Quasilinear theory was introduced in this chapter as a framework for modeling nonlinear

plasma dynamics, specifically when capturing the nonlinear effects of small pertubations and their

gradual influence on the background equilibrium. This approach is particularly relevant to high-

confinement tokamak regimes, for which mixing-length models can be used to describe turbulent

transport spectra effectively. The particular experiment considered was a DIII-D ELMy H-mode shot

(#162940), with analysis focused on modeling ion-scale turbulent transport. Miller parameterization

was used to describe the magnetic equilibrium, and experimental density and temperature profiles

were considered. Collisional and electromagnetic effects were included, with particle dynamics either

gyrokinetic or drift-kinetic (as in the case of electrons in GEM). Three common saturation rules

were introduced and compared, and linear gyrokinetic simulation results were used to calculate the

quasilinear expressions for the flux. Comparisons were further made to the SAT1 TGLF model as

well as local and global nonlinear gyrokinetic simulations. The three saturation rules were shown to

exhibit similar behavior. Local nonlinear GENE simulations were extended to negative triangularity

flux surfaces, and a reduction in transport was observed corresponding to stabilization of ITG and

TEM modes.

Low-ky electromagnetic MTM modes dominated local nonlinear GENE simulations, but were

absent in global GEM simulations, likely due to nonlocal stabilizing effects. The value of β was

reduced in GENE simulations to eliminate the MTM modes, and nonlinear GENE results then

agreed well with the quasilinear models. Global GEM results gave a lower ion and electron particle

flux, while nonlinear GENE and GEM showed a higher impurity flux than the quasilinear models

predicted. It would be interesting to further include equilibrium shear flow effects and investigate

the parametric dependence of the models for a variety of tokamak equilibria. Future work might also

consider breaking up the diffusive and convective pinch contributions to the flux, as well as consider

the impurity peaking factor. Furthermore, all quasilinear models described here focus on electrostatic

modes, and extension to electromagnetic instabilities is a topic of interest. It has been made evident
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here that quaslinear theory constitutes a powerful tool for reduced modeling of turbulent transport

characteristics. This offers significant advantages for the subgrid modeling efforts of Chapter 5,

which seek to capture electron-scale turbulent effects in global ion-scale simulation. However, the

validity of such mixing-length models is found to be less robust for ETG modes in sections 4 and 5,

likely due to the different saturation mechanisms present at different wavelengths. This indicates a

need for better saturation models of ETG turbulence.



Chapter 4

ETG-Driven Zonal Flows

The focus of this chapter is on nonlinear regulation of ETG turbulence. Previous
fluid theories of ETG mode regulation are briefly introduced, where the self-regulating
effect of zonal flow drive is expected to be weak. More recent work regarding nonlinear
gyrokinetic theory of zonal flow generation at intermediate scales is described, and
gyrokinetic simulation results validating the theory are presented. The theoretical
framework and simulation results discussed here are directly based on the contents
of Refs. [64] and [197], and represent the primary original work of this chapter.

4.1 ETG Mode Regulation

Electron-scale turbulence is a primary candidate for the anomalous transport of electron

energy well above the neoclassical values seen in a variety of tokamak plasma scenarios [36–38,

40]. Additionally, electron energy transport may become more important in future burning plasma

experiments such as ITER because the electron channel is preferentially heated by Coulomb collisions

with fusion alpha particles [111]. The electron-temperature-gradient (ETG) instability produces

radially-elongated streamers at the electron gyroradius scale and is a primary candidate to explain

electron-scale transport [37, 38, 62, 63, 101, 102, 198]. Electron heat flux due to ETG turbulence

has been seen to play a role in various tokamak experiments [107, 199–201], and the inclusion of

electron-scale dynamics at the ion scale has resulted in better agreement with experimental heat flux

levels for both species [60, 61].

Electron-scale [108, 202] and multiscale [60, 61] long-time, large-box gyrokinetic flux-tube

simulations have reported that intermediate-scale zonal flows (ZFs) help to regulate streamer

turbulence in the quasi-saturated state and can eventually become dominant. These results are
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inconsistent with fluid ETG turbulence models in which zonal flow generation occurs via the standard

Hasegawa-Mima nonlinear mechanism [203, 204], which is significantly weaker for ETG turbulence

than for ion-temperature-gradient (ITG) turbulence [205, 206]. Moreover, while shearing due to

zonal flows generated by ITG turbulence can suppress ion transport levels, the finer scale ETG

turbulence is unlikely to be affected by the ITG-driven zonal flows [40, 105]. These effects have led

to the expectation of a streamer-dominated steady state at the electron scale.

A more recent weak-turbulence, toroidal, gyrokinetic-electron analysis [64] of nonuniform

tokamak plasmas in the intermediate-scale (k2⊥ρ
2
e ≪ 1 ≪ k2⊥ρ

2
i ) results in a Navier-Stokes type

nonlinearity which is typically stronger than the Hasegawa-Mima coupling of the fluid approximation.

This stronger Navier-Stokes type nonlinearity is predicted to drive notable ZF generation and ETG

mode regulation at intermediate scales when compared to the Hasegawa-Mima type coupling of the

short-wavelength fluid regime [64]. ETG mode saturation in the short-wavelength fluid regime has

been extensively studied and includes saturation mechanisms such as secondary instabilities [62, 63]

and toroidal inverse-cascading [105, 205, 206] which would lead to a turbulent state characterized by

intermediate-scale ETG modes. After the initial transition to the intermediate scale, the nonlinear

interaction between ETG and ZF modes is expected to be enhanced such that zonal flows may

grow to regulate long-term steady state transport levels as measured by experiment [64]. The

intermediate-scale turbulent state might then be characterized by kinetic saturation mechanisms

such as standard quasilinear estimates [173, 175, 207] and E×B particle trapping [172].

Collisionless Cyclone base-case (CBC) simulations of ETG turbulence initially reported the

algebraic growth of zonal flows into late times [202]. Electron-scale MAST simulations [108]

demonstrated that the long-time saturated electron heat flux scales roughly proportionally to the

collisionality, and this was tied to the nonlinear interaction of ETG modes with zonal flows which

are well-known to be damped by collisions [120]. In both cases, an initial turbulent state developed

characterized by ETG mode streamers which were eventually suppressed by the slow growth of

intermediate-scale zonal flows. DIII-D and Alcator C-Mod simulations [60, 61] involving multiscale

ion and electron dynamics also saw significant intermediate-scale zonal flow generation which helped
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to suppress ITG and ETG turbulence into the late stage.

This chapter provides results which compare the generation of zonal flow by ETG turbulence in

electron-scale, gyrokinetic simulations with theoretical predictions in the intermediate-scale limit [64].

First, brief introductions are given to the Hasegawa-Mima and secondary Kelvin-Helmholtz type

methods of ETG regulation as an overview of previous work on the subject. This is followed by a

description of the intermediate-scale nonlinear gyrokinetic theory of Ref. [64]. Analysis of gyrokinetic

ETG simulations is then given for two types of nonlinear simulations. Simulation parameters and

details are described in Section 4.2.1, and the “single-mode" results which are described next in

Section 4.2.2 serve to illuminate the role of a single ETG mode in generating zonal flows. As the

theoretical description is limited to a single ETG mode for tractability, these results convey the

primary scope of the original work described herein. The “full-spectrum" nonlinear simulations

provided in Section 4.2.3 include a typical range of ETG modes and are qualitatively explained in

terms of the single-mode results. In both types of simulations it is found that intermediate-scale

zonal flows are primarily driven by slowly-saturating intermediate-scale ETG modes. The results

are in good agreement with the gyrokinetic theory in the intermediate-scale and the fluid models of

secondary instability at the short wavelength scale.

4.1.1 Hasegawa-Mima Equation

One possible governing equation for drift-wave turbulence is the Hasegawa-Mima (HM)

equation, a second order nonlinear partial differential fluid equation that describes nonlinear drift-

wave dynamics [203]. The intrinsic nonlinearity of the HM equation drives the isotropization of

turbulence in the perpendicular plane through the advection of vorticity (ω = ∇×vE = ∇2ϕ). While

the total energy of the system is conserved, it spreads isotropically in kx and ky due to rotational

dynamics in the perpendicular plane. As a result, radially extended drift-wave streamers are broken

up into circular eddies in the final steady-state configuration. This process ultimately reduces radial

correlation lengths, and, consequently, results in lower radial transport levels.

A simple derivation for the Hasegawa-Mima equation starts from the ion continuity equation and
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further assuming adiabatic electrons, quasineutrality, no parallel dynamics, and no divergence for the

ExB drift (which can easily be shown in slab geometry for electrostatic waves as ∇·E = ∇·B = 0). In

order to retain nonlinear effects the second order polarization drift must be kept in the perpendicular

divergence of the velocity and the governing ion continuity equation is [36]

∂tni + vE · ∇ni +∇⊥ ·
(
c2nimi

qiB2

dE⊥
dt

)
= 0. (4.1)

The time derivative of the electric field is expanded using the ExB drift, i.e. d/dt = ∂t + vE · ∇,

and Equation (4.1) reduces to the Hasegawa-Mima equation

(1− ρ2s∇2
⊥)∂tϕ+ vd∂yϕ−

c

B
{ϕ,∇2ϕ} = 0. (4.2)

The curly braces here correspond to Poisson brackets, where {A,B} = ∂xA∂yB−∂yA∂xB. Linearizing

Equation (4.2) simply results in the standard drift wave dispersion relation, Equation (2.23). The

last term is nonlinear in the perturbation ϕ, and the expanded notation clearly involves a cross

product which leads to rotation in the perpendicular plane and an isotropic potential in Fourier

space.

A more thorough derivation is given for an ETG mode in Appendix E, which results in the

electron-scale-normalized HM equation, Equation (E.15),

− (1− 1 + τ

2τ
∇2

⊥)∂tΦ+
1 + τ

2τ

r2n
ρ2e
∂−1
t ∇2

∥Φ+
(1 + τ)(1 + ηe)

4τ
∂y∇2

⊥Φ

+
(1 + ηe)

2τ
∂yΦ+

(1 + τ)2

τ2
rn
4ρe

[
b̂×∇⊥Φ · ∇⊥

]
∇2

⊥Φ = 0.

(4.3)

Equation (4.3) is solved numerically in the perpendicular plane (assuming k∥ = 0), and the results

are presented here for illustrative purposes. The time step is handled by a 4th-order Runge-Kutta

scheme, and the nonlinear term is calculated pseudo-spectrally. Nonlinear products are de-aliased by

a 2/3 rule, where the largest 1/3 of the initial wavenumbers must be truncated so that products of

modes remain well-resolved on the simulation grid. The initial condition is taken from a steady-state
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(a) (b)

(c) (d)

Figure 4.1: Initial ETG streamer potential from the nonlinear GENE simulations of Section 4.2.1
plotted in (a) real space and (b) Fourier space. Late-time electrostatic potential after evolution by
HM Equation (4.2), plotted in (c) real space and (d) Fourier space.

snapshot of ETG turbulence from the small-box nonlinear GENE simulation described later in

Section 4.2.1, and the initial and final states are shown in real and Fourier space in Figure 4.1. The

transition from a streamer dominated state to one consisting of more circular eddies corresponds

clearly to rotation and isotropization of the potential in Fourier space. Note, there is also a toroidal

inverse cascade present, which is expected in the HM system [204].
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4.1.2 Kelvin-Helmholtz Instabilities

Secondary instabilities represent another type of regulation mechanism which can lead to ETG

turbulence suppression. A secondary instability refers to any instability which is itself driven by

the primary instability, in this case the ETG mode. Secondary instabilities grow as the primary

instability grows and so will eventually grow faster than the primary until nonlinear effects lead

to primary mode saturation. Original work on gyrokinetic simulations of ETG turbulence showed

Kelvin-Helmholz-type (KH) instabilities played an important role in the regulation of high-k ETG

streamers [62, 63, 101]. Physically, this is because as the ETG wavenumber increases, the ExB

convective layers get closer together and shearing effects become stronger. The KH instability leads

to shearing flows which break up the radial streamers, and the resulting zonal flows were found to be

themselves regulated by tertiary KH instabilities [63]. All analysis of ETG saturation by secondary

modes described here is taken from Ref. [63]. The dynamics of the secondary mode are described by

the equations
dn

dt
+

1

2
[∇2

⊥ψ, T⊥] = 0, (4.4)

n = [τ − (1 + τ)∇2
⊥]ψ, (4.5)

where τ = ZeffT0e/T0i, and n and ψ represent a normalized density and electrostatic potential.

The primary mode structure is given simply by ψ = ψp0 cos(kpy) + ψ̃(y) exp(γt + ikxx) with kp

the poloidal wavenumber of the primary mode. Substituting the form of the primary mode into

Equation (4.4) and using Equation (4.5) for the density gives

[(
τ

1 + τ

)
γ + k2xγ̄

]
ψ̃ = ∂y[γ̄∂y(ψ̃/γ̄)], (4.6)

where γ̄ = γ − ikxψ′
y(y). Note, the resulting ETG secondary equation differs from the conventional

KH equation because of the first term on the left-hand-side which is due to the ion response in the

plasma.
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Balancing terms in Equation (4.6) gives a maximum growth rate

γmax ∼ k4pψp0, (4.7)

for kx ∼ kp, which is O((k⊥ρe)2) smaller than the standard KH mechanism. Because of this,

saturation by secondary instability growth is quite weak for small k⊥ρe, and long wavelength ETG

streamers saturate at much higher levels. This has led to the expectation of a streamer dominated

state with large electron heat transport levels in early ETG studies. Note that this method of

saturation produces a ϕ ∼ γ/k4⊥ saturation rule as opposed to what might be expected by a standard

mixing-length model. In this case, the potential spectra is narrower and falls off more sharply at

high-k. However, as the system transitions to longer wavelength turbulence, gyrokinetic theory

would better describe the nonlinear dynamics of mode regulation. Furthermore, fluid theories of

ETG turbulence also predict toroidal inverse cascading to longer wavelengths [105, 205, 206]. These

considerations, along with gyrokinetic simulation results showing slow growth of zonal flows into

late times [61, 108, 202], motivated the development of a gyrokinetic theory of intermediate-scale

ETG turbulence [64], which is formally described in Section 4.1.3.

4.1.3 Intermediate-Scale Gyrokinetic Theory

This section focuses on a gyrokinetic model of ETG mode saturation. Fluid theories of ETG

regulation described previously result in a transition to intermediate scales, where it is expected

that nonlinear gyrokinetic theory becomes more important. Ref. [64] has shown theoretically that

intermediate-scale zonal flow may play a significant role in the saturation of ETG turbulence in

tokamak plasmas. The Navier-Stokes type ExB nonlinearity in the gyrokinetic equation drives more

notable zonal flow growth at intermediate scales, further regulating any streamer dominated ETG

steady-state predicted by fluid theories. The theory described in Ref. [64] is reviewed here, and

simulation results from [197] are further presented in comparison to the theoretical model.

The theoretical model takes the standard gyrokinetic equation [65, 68, 69] for electrons and
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the quasineutrality condition in the intermediate-scale limit k2⊥ρ
2
e ≪ 1≪ k2⊥ρ

2
i . For long-wavelength

ETG modes, one can generally assume that the growth rate is much smaller than the real frequency,

|γ/ω| ≪ 1, which allows for a weak-turbulence analysis. These ETG modes also satisfy the relation

|ωd| ≪ |ω|, |ωt|, for ωt and ωd the transit and magnetic drift frequencies respectively. Note a fluid

approximation, which is applicable at higher frequencies and wavenumbers, would instead assume

|ωd|, |ωt| ≪ |ω|. Local approximations [208] are assumed for ωd and ωt in formulating a kinetic

electron model. The ETG mode is modeled using the ballooning mode representation, described in

Appendix D by Equation (D.8),

δϕk =
∑
m

ei(mθ−nζ)
∫ ∫

dηdθke
i[nq(η−θk)−mη]Akδϕ̃k, (4.8)

where η is the field-line-following coordinate and θk is the mode tilting angle.

Analysis is simplified by considering a local kinetic model, by replacing η with the parallel-mode-

averaged value η̄ = [(
∫
dηΦ̃∗η2Φ̃)]1/2, where Φ = eδϕk/(ρ∗Te) is the normalized electrostatic potential

and ρ∗ = ρe/rn with rn the density gradient scale length. The gyrokinetic and quasineutrality

equations are combined to find a dispersion relation, which reduces to the algebraic form

Dk(ωk, θk, r) ≡ (1 + τ)− ⟨
(ωk + ωt∗e)J̄

2
kF0

ωk + ωt + ωd
⟩v = 0, (4.9)

where ωt = −vtev∥/(qR0η̄), ωd = −ω∗eϵn(2v
2
∥ + v2⊥)[ŝ(η̄ − θk) sin η̄ + cos η̄], and ωt∗e = −ω∗e[1 +

ηe(v
2 − 3/2)] with ϵn = rn/R0 and ⟨· · · ⟩v =

∫
dv(· · · ). The drifts in the large aspect-ratio circular

limit, as calculated in Appendix C, have been converted to a field-line-following coordinate system

here.

The nonlinear description of zonal flow dynamics is found by considering lowest order effects
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in the gyrokinetic equation [105, 209], thereby taking neoclassical effects into account,

[
∂t + γz(1 + dzk

2
θρ

2
es

2θ2k)
]
χzAz(θk) =

√
π

2
(kθρeŝ)θk

∫
dϑkϑ

2
k [An(ϑk)A

∗
n(ϑk − θk)a∗n

− An(ϑk + θk)A
∗
n(ϑk)an] .

(4.10)

The nonlinear term under the integral in Equation (4.10) is related to the Reynolds stress of the

ETG modes. The ZF damping rate is given by γz ≃ 3νee/(|ω∗e|
√
ϵ), with νee the electron-electron

collision frequency and ω∗e the electron diamagnetic drift frequency. The total electric susceptibility

is defined as χz = τ + (1+ 1.6q2/
√
ϵ)k2θρ

2
es

2θ2k/2 with τ = Te/Ti, and the dz term in Equation (4.10)

represents a gyrodiffusive correction which helps suppress short wavelength zonal flows [210]. The

an term describes the parallel correlation of the ETG turbulence and is defined as

an(θk, ϑk) =

∫
dη⟨Φ̃∗

n(η, ϑk)v
2
⊥δH̃n(η, ϑk + θk)⟩v, (4.11)

where δH̃n is the non-adiabatic part of the distribution function perturbation.

The parallel decoupling, an, results from the separation of different kx parts of the ETG mode

along the field line as kx = ŝkyθk. This is in contrast to the case of ITG modes for which the local

value an(0, 0) can reasonably be used [211] as ky is much lower for ITG modes. Assuming a parallel

ETG mode structure centered around different θk one expects

ϕ̃n(η, θk) = ϕ̃n(0, θk)e
(η−θk)2

η̄2 , (4.12)

i.e. a Gaussian structure shifted along the field line by an amount θk. A form for an can be found by

linearizing the gyrokinetic equation for δH̃n and substituting into Equation (4.11), resulting in [64]

an = an(0, 0) exp(−θ2k/2η̄2). (4.13)

Keeping an non-local in tilting angle in order to take into account ballooning effects leads to a
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parallel decoupling of ETG modes and therefore ZFs as well. It is then clear that the Reynolds stress

decreases exponentially with θ2k, and the decoupling effect plays an important role in suppressing

shorter wavelength ZFs.

The evolution of a single ETG mode can be derived in terms of a nonlinear Schrodinger

equation (NLSE) by considering the gyrokinetic equation to the next order [64]

[i(∂t − γn)− bnk2θρ2e ŝ2θ2k −
cn

k2θρ
2
e ŝ

2

∂2

∂θ2k
]An(θk) =

−ikθρeŝ√
2π

∫
dϑkϑkAz(ϑk)An(θk − ϑk), (4.14)

with Az and An the amplitudes of the ZF and ETG modes, γn the ETG mode growth rate, θk

and ϑk the tilting angle (defined by θk = kx/(ky ŝ) in the flux-tube limit [78] for ky of the ETG

mode), and kθ the poloidal wavenumber. The terms including bn and cn relate to the frequency

mismatch and plasma nonuniformity corrections respectively, where the coefficients are defined as

bn = −(∂2θkDk/∂ΩkDk)/(2k
2
θρ

2
e ŝ

2) and cn = (∂2rDk/∂ΩkDk)/2, for Ωk = ωk/|ω∗e| [64]. The nonlinear

term under the integral in Equation (4.14) describes a Navier-Stokes type coupling due to ExB

shearing effects. This coupling is O((kθρe)−2) stronger than the usual Hasegawa-Mima type coupling

in the fluid limit [205, 206], resulting in a stronger regulation of ETG turbulence by zonal flows and

also leads to a reduced threshold for ZF excitation by intermediate-scale ETG modes. The threshold

condition is described further in Equation (4.15).

Eqns. (4.14) and (4.10) are taken together as the NLSE model. The numerical solution of

the NLSE model with a single ETG mode and a range of ZF modes gives an evolution of ETG and

ZF modes that can be described by three specific stages [64]. The initial stage involves uninhibited

exponential growth of the ETG mode to a threshold point at which the radial beating of the ETG

drives ZF growth at a rate e2γt, as described in Ref. [64]. As the ZF modes grow, they lead to

radial dispersion of the initial ETG wave and the creation of sidebands. These sidebands then drive

more zonal flows via a modulational instability in the second stage. Once the zonal flow grows to

appreciable levels in comparison with the ETG mode, the nonlinear interaction in Equation (4.14)

acts to saturate the ETG mode. In the final stage, the linear growth rate of the ETG mode becomes
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negligible and the NLSE model then results in slow, algebraic growth for the zonal flow [64]. This

slow growth has been observed in previous gyrokinetic electron-scale simulations [108, 202].

A threshold condition for the ZF excitation can be calculated analytically [64] by considering

a simple four-wave model for a single zonal flow mode, an ETG pump mode, and two ETG

sideband modes. Narrow-band, rectangular functions are used to describe the ZF and ETG modes,

AzΠ[(θz)/W ] and A0Π(θk/W ) +A+Π[(θk − θz)/W ] +A−Π[(θk + θz)/W ] respectively. Here W is

the full-width of the modes, θz is the ZF wavenumber in terms of tilting angle, and Az, A0, and A±

are the ZF, ETG pump, and ETG sideband mode amplitudes. Substituting these functions into

Eqns. (4.14) and (4.10) with the assumption of no plasma nonuniformities (cn = 0) and a steady

state pump amplitude for simplicity, one obtains the critical threshold condition [64]

W 2|A2
0,c| =

(∆2 + γ2s )γz(1 + dz(kθρeŝθz)
2)χz

(kθρeŝθz)4[γsRe(an) + ∆Im(an)]
. (4.15)

Here, ∆ = Re(bn)(kθŝθzρe)2 represents the frequency mismatch of the pump and sidebands, and

γs = γn + Im(bn)(kθŝθzρe)
2 is the growth rate of the sidebands. This threshold condition for ZF

excitation by intermediate-scale ETG modes is O(k2θρ2e) lower than the condition found in the fluid

approximation [206], and so leads to more effective ZF generation at intermediate scales.

The ZF modes are initially excited over a range of θz values. As the system evolves to the

quasi-saturated state and the ETG mode is suppressed, the ZF spectrum narrows towards the most

easily driven mode. Comparing the exponential θk dependence of the an term to the algebraic

form of the dz term, one finds that the parallel decoupling is largely responsible for minimizing

the intermediate-scale threshold condition at low θz. If one considers the temporal evolution of

the four-wave model, a fixed-point solution can be found with constant Az and sufficiently low ZF

damping rate, where the ZF and ETG mode amplitudes are given as [64]

W 2|Az,p|2 =
π(δ2 −∆δ − γnγs)

(kθŝθzρe)2
, (4.16)
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and

W 2|A0,p|2 =
χzγz(1 + dzk

2
θ ŝ

2θ2zρ
2
e)[γ

2
s + (δ −∆)2]

(kθŝθzρe)4[(∆− δ)Im(an) + γsRe(an)]
. (4.17)

Here, δ = ∆γn/(γs + γn) represents the amplitude oscillation frequency of ETG modes due to the

nonlinear ETG-ZF coupling. The single ETG mode spectrum then continues to fluctuate in kx

while the ZF mode reaches a constant, steady state [64]. Additionally, |A0,p|2 is proportional to

γz in the saturated state, and therefore the collision frequency, while |Az,p|2 is not. While these

saturation estimates are only valid for a single ZF mode, as the ETG turbulence saturates and the

ZF spectrum narrows due to the threshold condition, θz of the most optimally-driven mode can be

used to estimate the ETG saturation level.

4.2 Gyrokinetic Simulations of ETG-Driven Zonal Flows

4.2.1 Simulation Model and Parameters

GENE [62, 148], an Eulerian 5-d gyrokinetic continuum code, is employed here in the flux-

tube limit appropriate for electron-scale turbulence. Gyrokinetic ions and electrons are taken with

standard Cyclone base-case (CBC) parameters which are typical of H-mode core plasmas, but here

a simplified circular geometry is used [90, 145, 192, 212]. First, the linear ion-scale benchmark in

Ref. [145] was verified, then the simulation was converted to the electron scale by reducing the

perpendicular box dimensions by a factor of
√
mi/me ∼ 42. Here, me is the electron mass, and

mi is the ion mass which is taken to be the proton mass, mp. For the electron-scale case the ion

temperature gradient was set to zero to suppress ion-scale turbulence and focus on electron-scale

physics.

The mode frequencies, ω, and growth rates, γ, resulting from the linear GENE simulations are

shown as functions of kyρi in Figures 4.2(a) to 4.2(c) below. The frequencies are normalized to units

of R/cs, as listed with other GENE normalizations in Table 4.1. Here, ky is the binormal wavenumber

of the GENE coordinate system, R is the tokamak major radius, and cs =
√
Ti/me is the ion sound

speed with Ti the ion temperature. The ITG benchmark case is shown in Figure 4.2(a) alongside
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Figure 4.2: GENE linear simulation results showing growth rates and real mode frequencies for (a)
CBC ITG benchmark case, (b) electron-scale ETG case, and (c) ion-scale ETG case showing CTEM
modes as well. Positive (negative) frequencies indicate propagation in the ion(electron)-diamagnetic
direction.

the electron-scale ETG case in Figure 4.2(b). Ion-scale ETG results are shown in Figure 4.2(c),

where the collisionless trapped-electron mode (CTEM) [113, 213, 214] is included. One can see the

ITG mode in the lower kyρi range of Figure 4.2(a) characterized by propagation in the ω > 0 ion

diamagnetic drift direction. The ETG mode becomes unstable at higher kyρi where ω crosses to the

negative electron diamagnetic drift direction [36]. While the CTEM is expected to contribute to

electron transport [40, 114, 175, 215], Figure 4.2(c) shows that it is stable in the intermediate-scale

range.

The reference values and radial profiles are taken as specified in Ref. [145] with reduced values

of mi and β = 8πneTe/B
2. Here ne and Te are the electron density and temperature, and B is the

on-axis magnetic field. A value of β = 10−4 was chosen to keep the simulation nearly electrostatic

in order to avoid transport due to electromagnetic fluctuations. The safety factor, q = rBϕ/RBθ,

and magnetic shear, ŝ, profiles are given by q(r) = 2.52(r/a)2 − 0.16(r/a) + 0.86 and ŝ = r
q
dq
dr

[145]. Bϕ and Bθ represent the toroidal and poloidal magnetic field components respectively. The

radial flux-surface coordinate r = 0.5a was chosen, where a is the tokamak minor radius. The

normalized density and temperature gradient profiles, for a general profile A(r), are defined as

R/LA = −R∂r ln(A(r)), which can be calculated using the profile given in Eq. (2) of Ref. [145].
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The values of the pertinent simulation parameters are listed in Table 4.2.

For the linear ITG case, the grid resolution was taken with 32 grid points in the radial

dimension, x, and 16 grid points in the parallel spatial dimension, z. The GENE radial coordinate x

corresponds to the flux-surface coordinate r for the case of a circular geometry. In Figure 4.2(a)

the flux-tube GENE benchmark result from Ref. [145] is marked as “Görler" and the corresponding

“low” (32× 8) and “high” (64× 16) velocity grid (v∥ × µ) resolution simulations have been plotted

collectively. There is good agreement with the benchmark case in the ITG range. The intermediate

scale is well resolved in the “low v-res" case, and the same grid resolution was used for the nonlinear

simulation, but with the radial grid resolution increased to 192 gridpoints. The perpendicular box

size was reduced from 125ρi × 125ρi at the ITG turbulence scale to 6ρi × 3ρi at the ETG turbulence

Table 4.1: Relevant GENE normalizations and
definitions [148].

ρ∗ ρi/R

cs
√
Ti/me

t R/cs

ω cs/R

γ cs/R

QgB csneTe(ρ
∗)2

χgB ρ2i cs/R

ϕ eϕ/(Teρ
∗)

νc π ln Λe4neR/(2
3/2T 2

e )

Λ 24− ln(
√
1013 · ne/(103Te))

Table 4.2: GENE simulation parameters.

R(m) 1.67

ni,e(10
19m−3) 4.66

Ti,e(keV) 2.14

Bϕ(T) 2.0

r/a 0.5

a/R 0.36

ρ∗ 0.001413

β 1e−4

mi/mp 1.0

me/mi 5.4462e−4

R/LTi 0

R/LTe 6.96

R/Lni,e 2.22

q 1.41

ŝ 0.837

νei 0.106875
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Figure 4.3: Original (small-box, no collisions) nonlinear simulation results showing (a) time-marked
electrostatic electron heat flux and electrostatic potential contours for the (b) early nonlinear phase
(green marker), and (c) late zonal phase (red marker).
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Figure 4.4: Original (small-box, no collisions) nonlinear simulation results showing Fourier-space
electrostatic potential contours for the (a) initial time (blue marker), (b) early nonlinear phase (green
marker), and (c) late zonal phase (red marker). The markers correspond to the times marked in
Figure 4.3(a).

scale, where the original radial extent of the flux-tube domain was increased from 3ρi to 6ρi to allow

for the full formation of the ETG mode streamers.

The electrostatic portion of the radial heat flux, ⟨QES⟩, for electrons is shown approaching

a statistically steady state in time in Figure 4.3(a) for the collisionless, 6ρi × 3ρi, nonlinear, full-

spectrum, electron-scale case. The heat flux is normalized to QgB, the gyroBohm normalization

given in Table 4.1, and the angled brackets, ⟨. . .⟩, denote a flux-tube volume average. The heat flux

is determined in GENE as [148],

QES =

∫
d3v

(
1

2
mv2

)
vE×B · r̂ δf , (4.18)
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where δf is the distribution function perturbation, vE×B = −(∇ϕ×B)/B2 is the E ×B drift, ϕ

is the electrostatic potential perturbation, and m and v are the particle mass and velocity. The

normalization for ϕ is given in Table 4.1. One can see the shift from the early, nonlinear state

characterized by radially-elongated electrostatic potential streamers in Figure 4.3(b) to the later

state of Figure 4.3(c) where zonal flows have become dominant. It is during this phase that

intermediate-scale zonal flows grow slowly into the final quasi-saturated state.

The initial condition for ϕ was realistically peaked about the most unstable mode as shown

in Figure 4.4(a). This allowed for a transition from the high-ky ETG turbulence regime to the

intermediate scale where ZF generation is expected to be stronger [64]. Such zonal flow generation

is not present in toroidal electron fluid theories [205, 206]. An inverse-cascade can clearly be seen

between Figs. 4.4(a) and 4.4(b). This initial saturation is discussed further for the single-mode

simulation results presented in Section 4.2.2, and for the well-converged, collisional, full-spectrum

simulation results presented in Section 4.2.3. The convergence tests for finding an optimal nonlinear

box size are detailed in Section 4.2.4.

4.2.2 Single-Mode Simulation Results

The expectations from the theoretical NLSE model (Eqns. 4.14 and 4.10) are tested against

gyrokinetic simulation results here. Collisionless, nonlinear, ETG simulations were first carried out,

where a single unstable ETG mode (kx = 0) and all zonal flow modes (ky = 0) are retained. This

fairly accurately describes the dynamics of the NLSE model. All results presented in this section are

averaged over z. The ETG growth rate spectrum with respect to kyρi is utilized here to illustrate

the NLSE model dynamics. As seen in Figure 4.2(b), the ETG growth rate spectrum is symmetric

around the most unstable mode, so one can choose to compare the evolution of a pair of ETG modes

with similar growth rates, where one mode has a kyρi value in the intermediate-scale range and the

other mode has a larger kyρi value outside of that range. Then the ZF drive of the two modes can

be compared to verify the expectations from the NLSE model.

The kyρi = 6.36 mode with a growth rate of γ ≈ 7.037 and the kyρi = 30 mode with a similar
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growth rate of γ ≈ 7.015 are taken here for comparison. Figure 4.5(a) shows the time evolution

of the kyρi = 6.36 mode, while Figure 4.5(b) shows the time evolution of the kyρi = 30 mode.

Figure 4.5(c) shows the time evolution of the four strongest zonal flow modes at the final time step

for the intermediate-scale case, whereas Figure 4.5(d) considers a larger range of ZF modes excited

in the high-ky case in order to illustrate a difference in the zonal flow response between the two cases.

One can see that initially both ETG modes grow exponentially at similar rates until a threshold is

reached, at which point zonal flows are excited. For the intermediate-scale ETG mode, this phase is

followed by an algebraically-growing long wavelength ZF phase in which the ZF modes gradually

reach a steady state value. The high-ky results show no slowly-growing ZF phase at late times.

This difference in ZF generation in the late stage is consistent with the threshold condition given in

Equation (4.15). The intermediate-scale ETG mode continues to slowly drive zonal flows as it is

suppressed to lower levels, whereas the high-ky ETG mode does not. The zonal flows plotted were

confirmed to grow linearly on a log plot, indicating exponential growth.

The peak level of the ETG mode is much lower for the high-ky case than for the intermediate-

scale case. This result is not expected from the NLSE model as the shearing of the ETG mode by the

wave-wave coupling should be stronger in the intermediate scale than at higher ky. Zonal flows are

Figure 4.5: Plots of collisionless single ETG mode evolution for (a) kyρi = 6.36 and (b) kyρi = 30
with respective growth rates γ ≈ 7.037 and 7.015. The strongest four ZF modes in the late time are
plotted for (c) the kyρi = 6.36 case, while (d) shows the excitation of a larger range of ZF modes in
the kyρi = 30 case.
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Figure 4.6: Plot of the sum of zonal potential amplitudes at final times,
∑
|ϕz| =

∑
kx
|ϕkx,0|, as

driven by a single ETG mode. The fourth and seventh points correspond to the ETG modes from
Figure 4.5.

also generated earlier in the high-ky case, indicating a lower threshold initially, which is inconsistent

with the NLSE model. One noticeable difference between the single-mode GENE simulations and

the NLSE model is that the NLSE model only includes the ZF shearing suppression mechanism,

whereas the single-mode GENE simulations include other saturation mechanisms. Comparing the

zonal response between the two cases, it is found that the initial ZF excitation shown in Figure 4.5(d)

is much more abrupt, growing exponentially on a log plot, possibly indicative of a secondary

instability [62, 63, 216]. The change in ETG-ZF dynamics in the single-mode results is found to

occur near kyρi ∼ 15. This difference in behavior likely indicates the reason for the transition to the

intermediate scale mentioned previously in Section 4.2.1, and this is further discussed in comparison

to the full-spectrum simulation results presented in Section 4.2.3.

Figure 4.6 shows the sum of all ZF mode amplitudes,
∑
|ϕz|, as a function of kyρi. Each value

of kyρi represents initializing with a different unstable ETG mode. The sum is taken at the final

simulation time, where the ZF mode amplitudes are nearing steady state levels. The notable region

of ZF generation is clearly seen to be in the intermediate-scale range, as expected by the NLSE
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model. Shorter ETG mode wavelengths correspond to weaker zonal flows at late times, in agreement

with fluid ETG models. In addition, the drop-off at long ETG mode wavelengths is reasonable due

to trapped electron effects at this wavenumber range [217]. A validation of this expectation for the

full-spectrum simulations is provided in Section 4.2.4.

The unstable ETG mode is shown to be suppressed at late times in Figs. 4.5(a) and 4.5(b).

The total amplitude, ⟨|ϕ|⟩ = (
∫
dθk|ϕk|2)1/2, of the ETG mode is small in comparison to the zonal

flow amplitude. In contrast, the NLSE model simulation results given in Fig. 3 of Ref. [64] show

that the total ETG and ZF mode amplitudes, ⟨|ϕ|⟩, are of similar strength and fluctuating in the

late stage. One reason to expect the strong ETG suppression in the gyrokinetic simulations is the

lack of collisions which would damp the zonal flows due to the collisional dependence of the γz term

in Equation (4.10). Another difference is that the NLSE model assumes a Gaussian radial spectrum

for the ETG mode, while the single-mode flux-tube GENE simulations take kx = 0 initially. The

globally-Gaussian radial distribution of the ballooning modes would lead to more radial ETG mode

overlap, which would then drive more ZF generation as predicted by Equation (4.10).

More physically realistic results were obtained here for the kyρi = 6.36 case in which the

ETG and ZF modes fluctuate about similar steady state values due to their nonlinear coupling.

Figure 4.7: Plot of total (a) ETG and
(b) ZF mode potential as an integral over
kx in the collisional, Gaussian-kx ETG
case for kyρi = 6.36. Markers have been
added to match the spectral snapshots
of Figure 4.8.

Figure 4.8: Radial-spectrum snapshots of (a) the single
ETG mode and (b) ZF as a function of tilting angle
for the kyρi = 6.36 case. Snapshot times match the
markers in Figure 4.7.
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Figure 4.10: Ratio of total absolute ampli-
tudes of ZF to ETG modes with varying
collisionality. Results are taken at the final
timestep. The reference value corresponds to
the fourth point, γz = 0.014.

These results were achieved by including the physical collision rate taken in Section 4.2.3, such

that γz = 0.014, and by initializing the ETG mode with a Gaussian kx and z spectrum such that

ϕ(kx, z, t = 0) ∼ e−(k2x+z
2)/8π2 . The corresponding ⟨|ϕ|⟩ for the ETG and ZF modes are plotted in

Figure 4.7. One can see the strong drive of the zonal flow, as well as the late-stage fluctuations of

both ETG and ZF modes. Figure 4.8 shows that over time the Gaussian radial spectrum of the ETG

mode is broadening into sidebands, while the radial spectrum of the zonal flow modes narrows from

a broad distribution to a peak at a final, low-θz mode number, as predicted by the NLSE model [64].

These results suggest that one should perform global simulations to see results most consistent with

the NLSE model.

The improved single-mode results for the kyρi = 6.36 case showed large θk-averaged fluctu-

ations for the ETG mode compared to more fixed ZF fluctuations. These results agree with the

expectations of Eqns. (4.16) and (4.17). The fluctuations can be seen in Figure 4.9, where the

average dimenionsless radial wavenumber, ⟨|θk|⟩ =
(∫
dθkθ

2
k|ϕk|2

)1/2
/⟨|ϕk|⟩, is plotted for the ETG

and ZF modes respectively. The ratio of the total absolute amplitude of ZF to ETG modes is given in

Figure 4.10 as a function of γz and is consistent with the trend from the NLSE model. The late-stage
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behavior of the ETG and ZF kx-spectra, as shown in Figs. 4.8 and 4.9, and the collisional behavior

of the mode amplitude ratio agree well with the late-time behavior reported in the electron-scale

MAST simulations of Ref. [108].

4.2.3 Full-spectrum Simulation Results

The full-spectrum nonlinear simulation results are presented here and the intermediate-scale

zonal flow generation mechanism is further investigated. Including multiple toroidal modes results in

a final quasi-saturated heat flux characterized by richer turbulent interactions. Figure 4.11(a) shows

the time history of the heat flux for the well-converged 24ρi × 3ρi case with collisions. The evolution

of the four strongest zonal flow modes at the final simulation time is depicted in Figure 4.11(b). The

Figure 4.11: Full-spectrum collisional nonlinear simulation results showing (a) the electron heat flux
time-evolution and (b) the time evolution of the four strongest final ZF modes. Data is averaged
over z.
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Figure 4.12: Time trace of full-spectrum ETG modes ranging from the longest mode to the most
unstable mode. Data is averaged over z.

value of the normalized electron-ion collision frequency used is νei = 0.106875. This frequency is

defined as νei = 4vteνc/R, where vte =
√
Te/me and νc is the collision frequency given in Table 4.1.

The self-adjoint form of the standard Landau-Boltzmann collision operator is used. Realistic

collisionality allows for ZF damping when reaching a final state, and the simulation was carried out

to a sufficiently long non-dimensional time, t/(R/cs) = 90, to ensure that a quasi-saturated steady

state in ⟨QES⟩ is achieved. The convergence with respect to box size is discussed in Section 4.2.4.

Figure 4.12 shows the evolution of various ETG modes ranging from the longest wavelength to

the most unstable mode. The shorter wavelength modes saturate very quickly to negligible levels, in

agreement with the single-mode results, and are omitted. One can observe that the intermediate-scale

modes saturate the slowest and reach the highest levels. During the period of intermediate-scale

ETG mode growth, the ZF modes shown in Figure 4.11(b) are driven exponentially by the radial

beating of ETG modes, leading to the modulational instability. Once the ETG modes reach a
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quasi-saturated state, the ZF modes continue to grow slowly in agreement with the single-mode

simulation results. Considering the findings of the NLSE model, the single-mode simulations results

of Section 4.2.2, and the full-spectrum simulation results discussed here, it is the intermediate-scale

ETG modes which are most responsible for driving ZF mode growth into the late stage.

The heat flux spectrum for the full-spectrum case is shown in Figure 4.13, alongside a quasilinear

saturation estimate. The quasilinear estimate of the heat flux for a single ky mode is calculated as

[169, 170]

QQLky = A0
(γ/⟨k2⊥⟩)2

|ϕ0,ky(0)|2
Qlin.
ky , (4.19)

with Qlin.
ky

representing the linear simulation results for the heat flux and ϕ0,ky(0) the linear electro-

static potential at kx = z = 0. The term A0 represents a constant of proportionality and ⟨k2⊥⟩ is the

ballooning-angle-averaged perpendicular wavenumber, described previously in Section 3.1.1 as [169]

⟨k2⊥⟩ =
∑

kx

∫
(gxxk2x + 2gxykxky + gyyk2y)|ϕk(z)|2dz∑

kx

∫
|ϕk(z)|2dz

. (4.20)

Here, ϕk represents a Fourier mode of the electrostatic potential perturbation. A sum over all kx
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Figure 4.13: Comparison of quasilinear and nonlinear heat flux spectra for the 24ρi×3ρi full-spectrum
electron-scale case. NL and QL stand for nonlinear and quasilinear respectively.
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values was required for the drop-off of saturation levels at low kyρi.

As discussed in Chapter 3, this model of mode saturation describes a balance of the unstable

growth of the instability with turbulent diffusion based on a mixing-length estimate [173, 175, 207].

Clearly there is notable agreement with the nonlinear heat flux spectrum in the intermediate scale.

The disparity between the quasilinear model and the nonlinear heat flux spectrum is greatest for

ETG modes with wavenumbers higher than kyρi ≈ 12. This suggests other, stronger saturation

mechanisms for these modes. While new effects, such as toroidal inverse-cascading [105, 205, 206],

may play a role in the full-spectrum case, the difference in the heat flux spectra also agrees with

the transition in ETG-ZF dynamics found to occur around kyρi = 15 for the single-mode results.

The more abrupt ZF response and quicker saturation of the higher ky modes may be consistent

with secondary instability theory [62, 63], where a |ϕn| ∼ γ/⟨k4⊥⟩ saturation model for ETG mode

amplitudes predicts a steeper drop-off near kyρi ≈ 12 than that of the quasilinear mixing-length

estimate.

Finally, a comparison of turbulent and neoclassical transport levels is presented for both ion

and electron scales. Because the electron-scale case takes the ion temperature gradient to zero, one

can compare the electron-scale thermal diffusivity to that of the ion-scale ITG case with adiabatic

electrons to compare the effect of regulation by zonal flows at each scale. In units normalized to

the specific species of interest, the thermal diffusion coefficients due to electrostatic turbulence are

⟨χES⟩i = 0.7ρ2i vT i/LT i for the ion-scale ITG case and ⟨χES⟩e = 2.8ρ2evTe/LTe for the electron-scale

ETG case, where vTs is the thermal velocity,
√
2Ts/ms, for a species s. This suggests that the

ETG-driven zonal flows don’t regulate ETG turbulence as strongly as the isomorphic counterpart

ITG turbulence is regulated by ITG-driven zonal flows. However, simulations where the zonal flow

component is removed would need to be run for a proper comparison.

The neoclassical transport values were calculated using GENE for both the ion and electron scale

cases. Given in units of χgB from Table 4.1, the neoclassical thermal diffusivites are ⟨χneo⟩i = 0.14χgB

and ⟨χneo⟩e = 0.004χgB. The neoclassical values are in close agreement with the theoretical

expectation that χi =
√
mi/meχe, and are negligible compared to the respective turbulent thermal
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diffusivities, ⟨χES⟩i = 6.95χgB and ⟨χES⟩e = 0.328χgB. The late-time heat flux spectrum peaks in

the intermediate scale at kyρi = 10.6 with ⟨QES⟩e = 0.66QgB and drops off to ⟨QES⟩e = 0.10QgB

and 0.11QgB for kyρi = 4.24 and 16.96 respectively. These values are in good agreement with

the theoretical expectation that Q/QgB ∼ O(0.01) − O(0.1) (in the units of Table 4.1) for the

intermediate-scale ETG modes [64].

4.2.4 Nonlinear Convergence Tests

This section details a “full-spectrum” nonlinear simulation box-size convergence study. The

perpendicular box size is varied in terms of the basic 6ρi × 3ρi electron-scale box size shown in

Section 4.2.1. The collisionality was set to the reference value discussed in Section 4.2.3. Four

perpendicular domain sizes are presented: 6ρi×3ρi, 12ρi×3ρi, 24ρi×3ρi, and 12ρi×6ρi. These cases

consider the importance of correctly resolving the ETG streamer lengths and the longest wavelength

zonal flow modes. Additionally, the inclusion of longer ETG mode wavelengths is considered in the

12ρi × 6ρi case to verify the findings of Section 4.2.2. The number of radial gridpoints was increased

in each simulation to retain the original resolution. The electron heat flux for each case is shown over

time in Figure 4.14. One can clearly see that the increase in radial dimension is necessary to correctly

resolve the heat flux. The late-stage zonal flows of the 6ρi × 3ρi case, as shown in Figure 4.4(c), are

peaking at the longest mode allowable and the box size must be increased to correctly resolve the

longest modes. Allowing for longer wavelength ZF modes leads to stronger regulation of the heat

flux as seen in Figure 4.14.

The time evolution of various ETG modes for the 12ρi × 6ρi case is shown in Figure 4.15(a),

and the time evolution of the four strongest ZF modes at the final time is shown in Figure 4.15(b).

These results are qualitatively similar to the 24ρi× 3ρi case shown in Figure 4.11 and Figure 4.12. In

this new case, the longest wavelength ETG mode, kyρi = 1.06, grows to the highest level. However,

it can be seen in Figure 4.15 that from non-dimensional times 5-10 t/(R/cs), when the longest ETG

mode is dominant, the zonal flows are already in the final, slowly growing stage. This indicates that

the strongest ZF modes are largely being affected by the intermediate-scale ETG modes, not the
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Figure 4.14: Convergence of the electrostatic
electron heat flux for the various box size
cases compared to the original 6ρi× 3ρi case.

Figure 4.15: (a) ETG and (b) four strongest
final ZF mode time traces for the 12ρi × 6ρi,
large-y box size. All data is averaged over z.

longest wavelength ETG mode, confirming the results found in Section 4.2.2 which showed little

zonal flow generation outside the intermediate-scale range. As increasing Ly from the original size of

3ρi had no effect on the final quasi-saturated state, the largest Lx case considered, 24ρi × 3ρi, was

chosen for the full-spectrum investigation discussed in Section 4.2.3.

4.3 Conclusions

It has been shown here, using the single-mode nonlinear simulations, that the NLSE model

[64] accurately describes the zonal flow generation mechanism by intermediate-scale ETG modes and

that it provides a theoretical understanding for the slow growth of long-wavelength zonal flows into

the long-term quasi-saturated state. As the NLSE model considers only a single ETG mode for a

practicable analysis, one cannot say conclusively that the same is true of the full-spectrum nonlinear

results. However, in the full-spectrum case the high-ky ETG modes are quickly saturated by a

stronger ZF response as compared to the intermediate-scale ETG modes. The intermediate-scale

ETG modes then drive exponential ZF mode growth initially, and slow, algebraic ZF mode growth

as they are suppressed in the late stage. This result is in good agreement with the NLSE model for
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intermediate-scale ETG-ZF dynamics, as well as various long time, saturated electron-scale [108, 202]

and multiscale [61, 218] flux-tube simulations. The final transport levels for the full-spectrum case

are in similar ranges found in thorough electron-scale CBC benchmarks which compare well with

experimental observations [198]. As the zonal flows are driven at long electron-scale wavelengths,

multiscale effects could become important and ETG-driven zonal flows may have an effect on ion-

scale turbulence. This effect where intermediate-scale zonal flows contribute to ion-scale turbulence

suppression has been reported in large multiscale simulations [61, 218].



Chapter 5

Subgrid ETG Model

This chapter focuses on the primary work of the thesis - a subgrid model for
electron-scale turbulent effects in global ion-scale simulations. An introduction is
given regarding local multiscale gyrokinetic simulation results which represent the
highest fidelity physics model. The theoretical subgrid ETG model is then derived
which can account for electron-scale heat transport and possible effects of electron-
scale turbulence on the ion scale. Local electron-scale simulations are performed at
multiple radial locations to incorporate in global ion-scale simulation. The local and
global simulations are described and the effects of including electron-scale transport
in global ion-scale simulation are discussed. Topics of consideration for future work
are addressed. This chapter is largely compiled from the contents of Ref. [219] where
the original work is published.

5.1 Introduction

Gyrokinetic simulations of ion gyroradius scales are currently able to confidently predict ion

transport and power spectra in experiment; however, they can often underestimate electron thermal

transport [136, 220]. The role of ETG turbulence has been studied in various tokamak scenarios

[107, 130, 200, 201, 221] and is particularly important in cases of marginal ion-scale turbulence [111].

Specifically for ITER, alpha-particle and electron cyclotron heating effects are expected to drive

meaningful ETG turbulence levels, leading to important multiscale dynamics [61, 222]. To better

understand interactions between the disparate scales, local multiscale simulations of core ITG and

ETG turbulence have garnered much interest [61, 186, 218, 222–225]. In general, turbulent spectra

are distinctly scale-separated, and cross-scale interactions lead to changes in steady-state transport

levels which can better predict experimental losses for both species. A recent overview of multiscale
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simulation results can be found in Ref. [226].

Refs. [218] and [61] both report evidence of rich-cross scale interations which are highly

sensitive to equilibrium profile changes when ITG turbulence is marginal. In Ref. [218] multiscale

gyrokinetic simulations of an Alcator C-Mod L-mode scenario are performed with varying ion

(a) (b)

(c) (d)

Figure 5.1: (a) Outboard midplane potential showing ETG streamers present for run 2 from (b)
comparison of multiscale to ion-scale ion heat fluxes from Ref. [218]. (c) Outboard midplane potential
for highest shear flow run showing intermediate-scale ZFs present, and (d) comparison of multiscale
to ion-scale ion heat fluxes from Ref. [61]. Note, Fig. (c) was originally Fig. 7(e) in Ref. [61].
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temperature gradients. As the ion temperature gradient is reduced, electron-scale streamers become

more prominent, resulting in an increase in ion heat flux when compared to ion-scale simulation

results. The outboard midplane electrostatic potential of the median run and a comparison of ion

heat fluxes between ion-scale and multiscale simulations are shown in Figures 5.1(a) and 5.1(b).

Ref. [218] describes the increase in Qi as due to a lower efficiency of zonal flow shearing in the

presence of ETG streamers, whereas local multiscale CBC simulations report a damping of zonal

flow amplitudes by ETG streamers [224].

Multiscale gyrokinetic simulations of the DIII-D ITER Baseline Scenario are described in [61],

where the background ExB shear is varied within experimental uncertainty. The lowest value of

equilibrium shear flow indicates a similar trend as in Ref. [218], while the largest value reports

intermediate-scale zonal flows growing at late times and helping to regulate ITG turbulence. These

zonal flows are expected to be driven by electron-scale turbulence, as reported by Refs. [108, 197].

The outboard midplane electrostatic potential for the run with highest shear flow and a comparison

of ion heat fluxes between ion-scale and multiscale simulations are shown in Figures 5.1(c) and 5.1(d).

As multiscale simulations require resolving electron gyroradius scales, the sizes of simulation

domains become limited. Consequently, reduced modeling of electron-scale turbulence is particularly

valuable for whole-device modeling efforts in future burning plasma experiments. Previous work has

considered the importance of cross-scale interactions [223, 227, 228], while more recent efforts have

led to the development of reduced models for pedestal ETG transport [229] and multiscale quasilinear

saturation rules [177]. Additionally, a scale-separated model of coupled gyrokinetic equations [230]

has shown that ion-scale turbulence influences electron-scale dynamics through parallel-to-the-field

shearing which suppresses the ETG growth rate [231].

The goal of the work presented in this chapter is to account for heat losses due to ETG

turbulence in global ion-scale simulations and to probe the effects of ETG turbulence on the ITG

background. The remaining sections are outlined as follows. Section 5.2 derives a theoretical model

which accounts for electron-scale effects in global ion-scale gyrokinetic simulation. Local ITG and

ETG simulations are carried out in GENE to test for a valid scale-separated scenario which is
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described in Section 5.3. Section 5.4 then details the global ITG simulation in GEM. This is followed

by the results of including a kinetic source term in GEM which accounts for excess electron-scale

thermal losses due to ETG turbulence. Section 5.6 concludes with future plans to couple the ETG

streamer potential and intermediate-scale zonal flows [61, 108, 197] found in ETG simulations to the

ion scale.

5.2 Subgrid ETG Model

The gyrokinetic framework for modeling microturbulence in tokamak plasmas assumes an

expansion in the parameter ϵ = ρ/a≪ 1, where ρ is the species gyroradius involved in the generation

of instabilities and a is the device minor radius [68, 69, 71]. This in part allows for separating

dynamical equations between small-scale fluctuating quantities and background equilibrium quantities.

A further subsidiary expansion can be made using the small electron-to-ion mass ratio,
√
me/mi ≪ 1,

to separate the dynamics of ion-scale (IS) and electron-scale (ES) instabilities, such as ITG and

ETG modes [65, 230]. Distinct equations can then be used to investigate the effects of coupling

between the two scales. Note that a lowercase ‘es’ is instead used to refer to electrostatic simulations

further on.

The primary assumption of the subgrid model is to take the electron-scale gyrokinetic equation

as stand-alone, i.e. unaffected by ion-scale turbulence. Then local ES turbulence is averaged over

intermediate scales in time and space perpendicular to the field to include effects of ETG turbulence

in global ITG simulations. The amplitude of the ES flux-tube steady-state is varied in accordance

with values reported in multiscale simulations involving core ITG and ETG turbulence and the effect

of new terms are either discussed further or investigated.

The subgrid model might further be incorporated with the multiscale model of Ref. [230] to

perform self-consistent coupled simulations of ITG and ETG turbulence. As the theory in Ref. [230]

makes various assumptions about the electron-scale turbulence, the final equations focus on the

effects of ITG turbulence on the electron scale. The goal here is to recreate effects of electron-scale

turbulence in multiscale simulations by using minimal assumptions and incorporating ES effects
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directly from flux-tube simulation. The intermediate-scale averaging procedure offers a reduced

approach for including ES turbulent effects, making it practical for use in global ion-scale simulations.

The accuracy of the subgrid model in capturing cross-scale interactions can be validated and improved

by comparing to local IS simulations that directly include ES turbulence.

In focusing on the combined effects of ITG and ETG turbulence, the subgrid model includes

only electrostatic effects. The governing gyrokinetic Vlasov equation used here takes the form

∂δf

∂t
+
(
v∥b + vD

)
· ∇δf +

1

B
⟨δE⟩α × b · ∇δf

= − 1

B
⟨δE⟩α × b · ∇f0 + q(v∥b + vD) · ⟨δE⟩α

f0
T
,

(5.1)

where ⟨. . . ⟩α represents a gyro-phase angle average. For simplicity, the gyroaverage notation is

dropped from now on. Collisions are ignored assuming low collision frequency in the core. Fluctuations

of the perturbed distribution function and electrostatic potential are split into IS and ES terms

δf = δf ′ + δfES,

δE = δEIS + δEES,

(5.2)

where δf ′ retains new components that may be generated in the original IS distribution function due

to the inclusion of ES ExB effects. In general this could also include cross-scale energy cascading

effects, though this is ignored with the stand-alone ES assumption. An averaging procedure over

intermediate mesoscales in time and in space perpendicular to the field, τm and lm, can then be

introduced, where the intermediate values lie between ion and electron scales defined by a≫ ρi ≫ ρe

and τ ≫ a/vth,i ≫ a/vth,e. Here, τ is the transport timescale and vth is the particle thermal velocity.

The specific choice of intermediate-scale values is described further in Section 5.3 in reference to the

ES flux-tube simulation results.
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Mesoscale averaging the components of Equation (5.2) results in retaining only IS fluctuations:

⟨δf ′⟩m = δfIS, ⟨δfES⟩m = 0,

⟨δEIS⟩m = δEIS, ⟨δEES⟩m = 0.

(5.3)

Here, ⟨. . . ⟩m represents a mesoscale average in space perpendicular to the field and time. It is

assumed the mesoscale average of δf ′ recovers the IS distribution function. As the electron scale is

stand-alone, the ES dynamics are described by the gyrokinetic equation

∂δfES

∂t
+

(
v∥b + vD +

1

B
δEES × b

)
· ∇δfES

= − 1

B
δEES × b · ∇f0 + q(v∥b + vD) · δEES

f0
T

+ SES.

(5.4)

A source term, SES, has been explicitly included to ensure a steady-state consistent with the flux-tube

approximation. To obtain an equation for the remaining scales, the total fluctuating quantities are

substituted into Equation (5.1) and the ES equation subtracted, resulting in

∂δf ′

∂t
+

(
v∥b + vD +

1

B
δEIS × b

)
· ∇δf ′

+
1

B
δEES × b · ∇δf ′ + 1

B
δEIS × b · ∇δfES + SES

= − 1

B
δEIS × b · ∇f0 + q(v∥b + vD) · δEIS

f0
T
.

(5.5)

Equation (5.5) is then averaged over the intermediate mesoscales to find the new IS gyrokinetic

equation
∂δfIS

∂t
+

(
v∥b + vD +

1

B
δEIS × b

)
· ∇δfIS

+ ⟨ 1
B
δEES × b · ∇δf ′⟩m + ⟨ 1

B
δEIS × b · ∇δfES⟩m + ⟨SES⟩m

= − 1

B
δEIS × b · ∇f0 + q(v∥b + vD) · δEIS

f0
T
.

(5.6)

The three new terms are grouped together on the middle line of Equation (5.6) for clarity. These

new terms represent the averaged effects of electron-scale turbulence in ion-scale simulations. The

first term represents the additional guiding-center motion due to the ETG field. The second term is
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due to effects of the ITG field on the ETG distribution function, which averages to zero according

to Equation (5.3). The final term, SES, is used to account for electron thermal transport by ES

turbulence in IS simulations.

Given local electron-scale simulations, a form for the source term can be found by taking the

flux-surface-average of Equation (5.4). Due to the periodic boundary conditions in the flux-tube

approximation one finds that the source term must come from the ES ExB nonlinearity,

⟨SES −
1

B
δEES × b · ∇δfES⟩ψ = 0, (5.7)

where ⟨. . .⟩ψ represents a flux-surface average. Note that the mesoscale average can be used if the

turbulence is strongly scale separated, but in principle the linear terms may not average to zero for

intermediate-scale modes. As this source is responsible for maintaining the steady-state transport, it

can account for excess electron thermal transport from ETG modes. The second non-zero term is

recast as a diffusion operator in real space,

⟨ 1
B
δEES × b · ∇δf ′⟩m ≈ ⟨DES∇2

⊥δf
′⟩m = DES∇2

⊥δfIS. (5.8)

It is expected that the ES ExB effects can lead to changes in the IS electron distribution function.

This effect can likely be modeled as a diffusion, DES, acting on the IS distribution function due to

the ETG electrostatic potential. Such a model of microturbulence-induced diffusion has previously

been studied in the saturation of TAE modes [232].

The following sections address including the ES source term in global ion-scale simulations

to capture electron-scale heat transport. Flux-tube ETG simulations are carried out using GENE

at different radial locations. A kinetic source term is constructed using local results at the peak

temperature gradient location and the source term is added to global IS GEM simulations. The

ES source term is varied in accordance with various multiscale simulation results, and the result of

adding ES transport to global IS simulation is discussed. Different analytic radial profiles of the
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ETG heat flux are then compared to results from local ES simulations at multiple radial locations.

5.3 Local Simulations

Local linear and nonlinear flux-tube simulations of ITG and ETG turbulence were carried out

in GENE [62] to test for a simple scenario with suitable scale separation. Circular Cyclone Base

Case (CBC) parameters [145] are taken for geometric and computational simplicity. Gyrokinetic

ions and electrons are used for simulations at both scales with deuterium chosen as the main ion

species and collisions included at both scales. As described in Ref. [145], normalized radial density

and temperature profiles and the associated normalized gradients for both species are given by the

following equations:

A(r)/A(r0) = exp

[
−κAwA

a

R
tanh

(
r − r0
wAa

)]
, (5.9)

R/LA = −R∂r(lnA(r)) = κA cosh−2

(
r − r0
wAa

)
, (5.10)

for A ∈ {n0, T0}, κA ∈ {κn, κT } = {2.23, 6.96} defining the gradient profile peaks, and wA = 0.30

the gradient profile widths.

The density and temperature profiles and their gradients are shown in Figure 5.2(a) and

Figure 5.2(b). The safety factor profile is given by

q(r) = 2.52(r/a)2 − 0.16(r/a) + 0.86, (5.11)

with ŝ = r
q
dq
dr the magnetic shear profile. To retain only the electrostatic instabilities of interest, the

plasma beta factor, β = 8πn0eT0e/B
2
0 , with B0 the on-axis magnetic field, is taken to be β = 1e−4.

Multiscale CBC simulations have previously reported important cross-scale interactions [224], and

so the simplified circular CBC parameters were chosen to facilitate initial theoretical investigation.

While these parameters are idealized, ETG turbulence profiles can in principle be captured for

any experimental scenario by using results from multiple flux-tube simulations at different radial

locations.
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The normalized mode frequencies, ω/(cs/R), and growth rates, γ/(cs/R), for the instabilities

are calculated using GENE linear electrostatic simulations. Here cs =
√
Te/mD is the deuteron

sound speed. The linear growth rates at r/a = 0.50 are shown in Figure 5.2(c) spanning IS and ES

scales in kyρi, where ky is the wavenumber in the binormal direction. Grid convergence values in

z× v∥× µ were found by increasing grid resolution until growth rates were constant to three decimal

places. Here, z is the field-line-following coordinate, v∥ is the particle velocity along a field line, and

µ = mv2⊥/2B is the magnetic moment which represents particle velocity perpendicular to a field line.

Convergence was checked for the most unstable mode as well as a longer wavelength mode closest to

the peak of the nonlinear flux spectra.

The resulting grid resolutions, z × v∥ × µ, used for linear simulations were 32 × 48 × 16 at

the ion scale and 48 × 48 × 48 at the electron scale. For both scales 32 gridpoints are taken in

the local radial coordinate x. The IS modes start at kyρi = 0.05 with 40 modes up to kyρi = 2.0

and the ES modes start at kyρi = 2.0 with 32 modes up to kyρi = 64.0. A clear scale separation

in both frequency and wavenumber can be seen in Figure 5.2(c). The scale separation is of order

γES/γIS ∼ ky,ES/ky,IS ∼
√
mD/me ∼ 60, which is expected given the respective IS and ES orderings
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Figure 5.2: (a) Density and temperature profiles and (b) the respective normalized gradient profiles
as functions of r/a defined by Equation (5.9) and Equation (5.10). (c) ITG and ETG growth rates
from linear electrostatic GENE simulations at r/a = 0.50.
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of ρi and ρe in space perpendicular to the field and a/vth,i and a/vth,e in time. With the equilibrium

gradients dropping off outward from the center, growth rates for both scales remained appreciable out

to r/a = 0.35 and 0.65, while falling to zero near r/a = 0.20 and 0.80. Although the linear simulation

results might include trapped-electron modes (TEMs), primarily in the range kyρi ∼ 0.50− 2.0, the

nonlinear GENE results presented next show little radial heat flux or electrostatic potential in ky at

this intermediate range.

The nonlinear simulations are discussed here in detail for both scales at r/a = 0.50. The

nonlinear z × v∥ × µ grid resolution was reduced to lower values for which growth rates were still

converged to within ±1%. The new grid resolutions are 16× 32× 8 and 32× 32× 16 for the IS and

ES scales. Nonlinear IS simulations were also tested with an increased resolution of 32× 48× 16,

while for ES simulations the resolution in each of the three dimensions was increased by a factor of 2
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Figure 5.3: Comparison of electron heat fluxes at r/a = 0.50 for the many cases considered for
convergence. The values of nx0, nz0, nv0, and nw0 are the number of x, z, v∥ and µ gridpoints
respectively and nky is the number of toroidal modes. All dimensions are in reference to those of
Run #1, i.e. the case nx0/2 is the case used for multiple radial locations. The spurious drop in the
red line is due to an issue continuing from a checkpoint file.
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Table 5.1: Time-averaged heat fluxes for all simulations, in gyroBohm units.

Run Code Scale β γE′ Qi Qe

#1 GENE ES 1e−4 0 0.22 30.78

#2 GENE IS 1e−4 0 171.26 50.16

#3 GENE ES 1e−2 0.2 0.21 29.19

#4 GENE IS 1e−2 0.2 8.82 4.79

#5 GEM IS (global) 1e−4 0 74.94 14.39

respectively to test for convergence. The ITG runs include 32 modes ranging from kyρi = 0.0625 to

2.0, and the ETG runs include 32 modes ranging from kyρi = 2.0 to 64.0. The perpendicular domain

sizes, Lx × Ly, are 96ρi × 100ρi and 360ρe × 190ρe, with the Lx : Ly ratio increased for ETG runs

to allow for possible generation of intermediate-scale zonal flows. The radial grid resolutions are

∆x = 0.50ρi and ∆x = 0.62ρe respectively. The perpendicular domain for ETG runs was tested by

separately increasing Lx and Ly by a factor of 2 each. For runs at multiple radii, the radial grid

resolution was also reduced by a factor of 2 such that ∆x = 1.24ρe to decrease computational cost.

The heat fluxes over time for all cases considered to test for convergence are shown in Figure 5.3.

Ion and electron heat fluxes, Qi and Qe, are listed in Table 5.1 for all ES and IS nonlinear

runs. Heat fluxes are normalized using the gyroBohm value QgB = necsTe(ρD/R)
2, with ρD the

deuteron gyroradius. Runs #1 and #2 correspond to ES and IS simulations without background

shear flow or electromagnetic effects. Runs #3 (ES) and #4 (IS) include these effects to regulate

ITG turbulence [96, 99] in the unstable CBC scenario, providing a comparison to multiscale scenarios

in which ITG turbulence is marginal. This results in a 95% reduction in Qi. By comparison,

simulations with only shear flow or finite-beta effects show reductions of approximately 37.5% and

85% respectively. The value of β is derived directly from the equilibrium profiles, and is near the

point where the dominant mode transitions from an ITG mode to a KBM mode. The choice of

shearing rate, γE′ ≈ γmax
ITG/2 = 0.2, comes from comparing the most unstable ITG growth rate in

the electromagnetic case to the maximum shearing rate within experimental uncertainty for the
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DIII-D IBS values from Ref. [61]. The heat fluxes are further compared to results from the global

ion-scale GEM simulation (run #5) which is discussed further in Section 5.4. The GEM simulation

ranges from r/a = 0.20 to 0.80, and the heat flux is calculated by averaging over a centered domain

spanning from r/a = 0.35 to 0.65.

These scenarios provide variable ratios of IS and ES turbulence for comparison with multiscale

simulations results. In runs #1 and #5, the ratio of ES to total electron heat transport falls within

the approximate range of 1/2 − 2/3 seen in multiscale scenarios with appreciable ES effects [61,

218]. Finite-beta and shear flow effects are not included directly in GEM as the CBC scenario with

electromagnetic effects is often numerically challenging [233]. Instead, ES effects are magnified by a

factor of 3 when included in GEM in Section 5.4. This increased factor is used to match the ratio of

electron heat flux in runs #3 and #4 when ITG is regulated. The magnified ES scenario represents

cases of marginal ITG turbulence in multiscale scenarios, where the ratio of total Qe : Qi can range

from 1-3 [61, 218, 225].

For Runs #1− 4, the spatial averages of the heat flux spectra are shown as functions of ky

in Figure 5.4(a). The spatial averages of the electrostatic potential spectra are further shown as

functions of ky in Figure 5.4(b) and kx in Figure 5.4(c). Electrostatic simulation results are labeled

‘es’, while the electromagnetic results with shear flow are labeled ‘em+γE′ ’. The difference in ITG

turbulence levels between both cases is clear. A strong spatial separation of scales exists in ky for

both the heat flux and potential spectra. However, the kx potential spectrum is continuous, due to

the generation of intermediate-scale zonal flows at the electron scale. Such zonal flows have been

reported in multiscale simulations with marginal levels of ITG turbulence, where they may further

suppress ion-scale fluctuations [61]. Capturing these effects would require breaking scale-separation

assumptions and this is briefly mentioned further in Section 5.6.

The choice of mesoscale values in space perpendicular to the field and in time, lm and τm, is

based on the peaks of the nonlinear ky spectra, rather than peaks of the linear growth rate. For

the electrostatic cases, the peaks occur at kyρi = 0.25 and 10.1 for the IS and ES scales, giving

length scales of 25ρi and 0.62ρi. The linear mode frequencies for these wavenumbers are ω/(cs/R)
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Figure 5.4: Flux spectra for GENE IS and ES flux-tube scenarios. (a) Electron heat flux and
(b) electrostatic potential spectra as functions of ky, averaged over kx and z. (c) Electrostatic
potential spectra as a function of kx, averaged over ky and z. Labels ‘es’ and ‘em+γE′ ’ correspond
to electrostatic runs and electromagnetic runs with shear flow respectively.

= 0.586 and 17.1, giving time scales of 10.72R/cs and 0.367R/cs. The separation of scales is then

approximately 40x in space and 29x in time, compared to the theoretical estimate of 60x seen in

the linear simulation results. The mesoscale length is taken at kyρi = 2.0, where the linear mode

frequency is ω/(cs/R) = 2.8, giving lm = 3.14ρi and τm = 2.24R/cs. This choice of kyρi then allows

for using a perpendicular flux-surface-average in lieu of a true intermediate-scale averaging since this

represents the extent of the y-domain. Since only ky modes contribute to the radial transport, the

issue of scale separation in x is ignored for now, and the whole radial domain is averaged over.

Finally, multiple ES simulations were carried out at various radial locations. The global

radial electron heat flux profile is shown later in Figure 5.10(b) in comparison to the various

global theoretical models considered in Section 5.4. Necessary simulation parameters were updated

accordingly using Eqns. 5.9-5.11. The runs used for different radial locations had the radial grid

resolution reduced by a factor of 2 to save on computational cost. The new value of Qe/QgB at

r/a = 0.50 for the updated case was 28.24, similar to the original 30.78, as shown in Figure 5.3.

Local IS simulations were not performed at multiple radii.

5.4 Global Ion-Scale Simulations

Nonlinear nonlocal electrostatic gyrokinetic simulations are carried out with the δf particle-in-

cell code GEM [158, 159]. The grid resolution is 256× 128× 64 in the radial, binormal, and parallel



138

0.0 0.2 0.4 0.6 0.8 1.0
t / tmax

0

20

40

60

80

Q
e/Q

gB

IS
ES

Figure 5.5: Comparison of surface-averaged heat fluxes over time for local GENE ES and global GEM
IS cases (Runs #1 and #5). The final times, tmax, are 27.50R/cs for the ES run and 147.85R/cs for
the IS run.

directions. 16 ions and 32 electrons per cell are used. The time step is Ωp∆t = 1, with Ωp the proton

cyclotron frequency, and the radial domain is 0.20 ≤ r/a ≤ 0.80. Drift-kinetic electrons are included

using a split-weight scheme [159]. Each particle is given a weight defined by w = δf/fM , where fM

is the Maxwellian distribution. Electron weights are evolved in time according to Equation (2.107),

ẇe =−
[
vE ·

∇fM
fM

− e

T0e
(vG · ∇δϕ) +

e

T0e
(∂tδϕ(x) + vG · ∇δϕ|x)−

S

fM

]
fM
g0
, (5.12)

with g0 the marker particle distribution, vE the ExB drift, vG the guiding-center drift, and x the

particle location. S represents a numerical heat source which maintains the steady-state transport

[160]. Figure 5.5 compares the electron heat fluxes over time for the local ES (#1) and global IS

(#5) simulations. The heat flux plotted from GEM is averaged over a toroidal annulus extending

radially from r/a = 0.35 to 0.65.

The changes to GEM discussed here account for excess electron heat transport from the

electron scale by including the new source term in Equation (5.6). This term is responsible for radial

ExB transport caused by electron-scale turbulence in ion-scale simulations, and can be broken up
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into total divergence and compressible flow terms

⟨SES⟩m = ⟨ 1
B
δEES × b · ∇δfES⟩m = ⟨∇ · (vE,ESδfES)− δfES(∇ · vE,ES)⟩m

= ⟨∇r · (vE,ESδfES)⟩m +
((((((((((
⟨∇x · (vE,ESδfES)⟩m − ⟨δfES(∇ · vE,ES)⟩m

= ∇r · ⟨vE,ESδfES⟩m − ⟨δfES(∇ · vE,ES)⟩m.

(5.13)

Here, vE is the ExB drift velocity which, in the case of electrostatic waves in toroidal geometry,

varies as ∇ · vE ∼ vE/R. The global radial divergence is pulled out of the local intermediate-scale

spatial average, and, due to the periodic boundary conditions of the flux-tube approximation, the

total divergence is zero for ES fluctuations.

A crude assumption can be made by focusing on the effects of ETG heat flux to assume a

global radial variation ∇r ·Qe ∼ Qe/LT , so that the radial variation of both terms can be compared:

∇ · ⟨(δfESvE,ES)⟩m
⟨δfES∇ · vE,ES⟩m

∼ ⟨δfESvES⟩m/LT
⟨δfESvES⟩m/R

∼ R/LT . (5.14)

The compressibility term can then be ignored, as R/LT ranges from 3 to 7 when r ∈ [0.2, 0.8]

for the CBC profiles shown in Figure 5.2(b). However, this assumption is only reasonable when

taking the second moment of these terms in velocity space. This allows for focusing on ETG heat

transport, but at the loss of compressible effects regarding other moments as the ETG particle and

momentum flux are considered negligible. Any possible contribution from the Reynolds stress of

ETG turbulence is also lost. Notably, inclusion of the ETG Reynolds stress can result in an effective

dissipation of TEM modes in good agreement with multiscale scenarios [234].

Due to the choice of perpendicular spatial mesoscale, lm, discussed in Section 5.3, the perpen-

dicular spatial mesoscale average is replaced with a flux-surface average. The z-average has been

retained for simplicity and is defined as

⟨. . .⟩z =
∫
(. . .)J(z)dz∫
J(z)dz

. (5.15)
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In the general subgrid model formulation, any dependence on z must be preserved as the source can

depend on the poloidal angle. The flux-surface average is only employed here to more readily test

adding the ES heat transport to GEM. The final ES source then becomes

⟨SES⟩m ≈ ∇r · ⟨⟨vE,ESδfES⟩τm⟩ψ = ∇r · Γ̂ETG(r, v∥, µ). (5.16)

In this context, Γ̂ is used instead of Γ to indicate that it is not a particle flux, but rather a kinetic

form that has been both flux-surface-averaged and time-averaged. Hereafter, Γ̂ will be referred to

as the kinetic flux density. It is important to note that the z-averaging process does not commute

with velocity-space integration, and the kinetic flux density is further normalized to yield the correct

heat flux upon integration with factor 1
2mv

2. Consequently, the particle flux differs from the exact

value. However, because the ion response to ETG turbulence is typically adiabatic, the particle flux

is negligible, and the focus remains on the heat flux.

A simple initial form for Γ̂ can be constructed by using the diffusion coefficient at the peak

temperature gradient location. All radial variation is retained in the equilibrium temperature profile

to obtain a Fick’s law diffusive model

⟨SES⟩m = ∇r · Γ̂ETG(r, v∥, µ) = ∇r · (−D̂∗
0,ETG(v∥, µ)∇rT0e(r)) = −D̂∗

0,ETG(v∥, µ)∇2
rT0e(r).

(5.17)

The subscript ETG is chosen here to not conflict with DES of Equation (5.8), and the temperature

gradient is used to recover an appropriate ETG heat flux when the second moment is taken. This

pseudo ETG diffusion coefficient, D̂∗
0,ETG, is defined by dividing the peak kinetic flux density by the

peak temperature gradient and density at r0 = 0.50a,

D̂∗
0,ETG = −Γ̂0,ETG/(n0e∇rT0e)|r0 . (5.18)

D∗ has been used to differentiate from the actual diffusion coefficient. This model then allows for

correctly capturing the heat diffusivity when taking the second moment, while maintaining negligible
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particle transport. The radial Laplacian is taken in cylindrical coordinates, giving the normalized

value

−R2∇2
rT0e
T0e

= −R2
1
r∂r(r∇rT0e)

T0e
=−

[
κ2T sech2(

r − r0
wTa

) + 2
κTR

wTa
tanh(

r − r0
wTa

)

]
× sech2(

r − r0
wTa

) +
R

r

R

LT
.

(5.19)

The negative sign is added for consistency with Equation (5.10).

Γ̂0,ETG(v∥, µ) is shown in Figure 5.6 above, where the mesoscale time average is taken over

t/tmax = 0.458 − 0.540 in Figure 5.5. This corresponds to the same heat flux listed in Table 5.1

which was averaged over the full nonlinear phase, t/tmax = 0.182− 1.0. The global radial variation

is added in accordance with Equation (5.17), and the source term converted to GEM normalizations

as described in Section 5.5. The ES source term is then included in GEM according to the updated

weight and vorticity equations:

ẇe = ẇe,GEM −
⟨SES⟩m
g0

, (5.20)

−np( ˙δϕ) = q∂t⟨δni⟩α − e∂tδne, (5.21)

where changes to ∂tδne in GEM must reflect changes in the density due to the new source in the

electron weights.
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Figure 5.6: Mesoscale and z average of kinetic flux density taken from GENE ES run #1 at
r/a = 0.50.
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Figure 5.7: Comparison of the electron temperature perturbations generated by ITG (IS) and ETG
(ES) turbulence in GEM.

Simple diagnostic equations can be used to understand the effect of the new ES term. By

focusing on the change in time of the IS distribution function in Equation (5.6) due only to the ES

source term, Equation (5.17), one can take moments to find

∂tδnIS = D∗
0,ETG∇2

rT0e ≈ 0,

∂tδTIS =
2

3

1

n0e
χ0,ETG∇2

rT0e,

(5.22)

where χ0,ETG = −Q0,ETG/(n0e∇rT0e)|r0 is the ETG heat diffusivity at r/a = 0.50. Pressure isotropy

has been assumed as there as there is no rotational flow, and the temperature equation is found

by linearizing the standard equation of state, p = nT , and solving for the change in the pressure

perturbation

∂tδpIS =������
∂t(δnIST0e) + ∂t(δTISn0e) = −

∫
2

3
(
1

2
mv2)⟨SES⟩md3v. (5.23)

Temperature perturbations are calculated by integrating over particle trajectories in time in

GEM. The IS and ES contributions are separated and compared in Figure 5.7. The IS perturbation

is calculated by averaging over all time in the standard GEM case (run #5) without any subgrid

contribution included. The ES perturbation is calculated by integrating just the ⟨SES⟩m term over
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Figure 5.8: Comparison of (a) electron heat flux evolution averaged over a toroidal annulus from
r/a = 0.35 to 0.65 and (b) electron temperature profile flattening for three different GEM scenarios
at t = 129.75R/cs. ‘GEM’, ‘SM’, and ‘SMx3’ correspond to standard GEM, GEM with subgrid
model, and GEM with enhanced (3x factor) subgrid model runs. The dashed red line corresponds to
the initial electron temperature profile.

one time step as the subgrid term is constant over time. The effect of these temperature perturbations

is to increase Te when r/a ≳ 0.50 and decrease Te when r/a ≲ 0.50, thus flattening the electron

temperature profile and reducing the possible ITG transport.

To observe the change in electron heat flux over time, the original heat source in GEM

was removed and three simulations were run: one with no subgrid term, one with the subgrid

term included, and one with the subgrid term increased in magnitude. As discussed previously in

Section 5.3, the increased magnitude (3x) comes from scaling the subgrid term in GEM to match

the electron heat flux ratio, Qe,ES : Qe,IS , observed in runs #3 and #4. Runs #3 and #4 include

electromagnetic and shear flow effects which suppress ion-scale turbulence so that this adjusted ratio

in GEM represents multiscale scenarios with marginal ITG turbulence.

Figure 5.8(a) compares the difference in electron heat flux over time for the three scenarios.

Heat fluxes are calculated by averaging over a toroidal annulus with radial extent r/a = 0.35 to 0.65.

Figure 5.8(b) compares the corresponding temperature profile flattening, with the time-averaged

perturbations calculated from times t = 0− 129.75R/cs. As the subgrid contribution is increased,
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Figure 5.9: Kinetic flux density averaged in time over (a) the linear phase, t/tmax = 0.007− 0.072,
and (b) the nonlinear saturated phase, t/tmax = 0.182− 0.982, of run #1 shown in Figure 5.5. (c)
Quasilinear model of kinetic flux density using linear GENE simulations. All plots at r/a = 0.50.

the electron temperature profile flattens more quickly and the ITG mode drives less electron thermal

transport. Although the source term directly affects the electron distribution function, the ITG

turbulence was unaffected and no meaningful differences in the ion particle and heat fluxes or electron

particle flux were observed. Furthermore, it must be noted here that the effect of temperature

relaxation by ETG transport was reduced by approximately 50% in the presence of ITG turbulence,

though currently the specific reason why remains unknown.

Lastly, the validity of the Fick’s law diffusive model is discussed. A key limitation of this model

is that all radial variation is attributed to the temperature gradient. Since the electron temperature

gradient remains non-zero at the ends of the domain, the source term does not vanish. However, as

discussed in Section 5.3, the ETG modes are stabilized near the boundaries and there should be no

ES heat transport. This issue is evident in Figure 5.7, where the ES temperature perturbation does

not fall to zero at the ends of the simulation domain like with the IS perturbation. A more accurate

model would incorporate radial variation in the diffusion coefficient which correctly reflects linear

properties of the mode. Furthermore, the Fick’s law model cannot account for any small but finite

particle flux correctly.

To illustrate the possibility for a flux model which can capture linear mode properties, the time

average of Γ̂0,ETG(v∥, µ) from run #1 is shown over both the linear phase and the saturated state of

the nonlinear phase in Figure 5.9(a) and Figure 5.9(b). Clearly there is qualitative agreement between
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the linear and nonlinear phases, and input from linear simulations at multiple radial locations can

be used to account for radial changes in ETG mode properties. Quasilinear estimates for the flux

spectra are used to better capture radial changes in ETG transport levels for each ky mode in linear

simulations [169, 170]:

ΓQL
ky

= A0
(γ/⟨k2⊥⟩)2

|ϕ0,ky(0)|2
Γlin
ky , QQL

ky
= A0

(γ/⟨k2⊥⟩)2

|ϕ0,ky(0)|2
Qlin
ky . (5.24)

A0 is a constant of proportionality used to match the nonlinear fluxes and Γlin
ky

and Qlin
ky

are the linear

simulation fluxes at the final time step. The electrostatic potential, ϕ0,ky(0), is taken at kx = z = 0,

and ⟨k2⊥⟩ is the ballooning-mode-averaged perpendicular wavenumber squared. The flux spectrum

models defined by Equation (5.24) are the same, and so can be applied to the linear kinetic flux

density directly.

The quasilinear kinetic flux density is calculated at r/a = 0.50 and shown in Figure 5.9(c) in

comparison to the nonlinear results of Figure 5.9(a) and Figure 5.9(b). All parameters excluding A0

are taken from linear simulations at different radial locations r/a = 0.20, 0.30, 0.40, 0.50, 0.60, 0.70,

and 0.80. The parameter A0 is chosen to match the nonlinear heat flux at r/a = 0.50. While this

quasilinear model has been validated for ITG and TEM modes, it doesn’t capture the ETG flux

spectra as accurately. This is illustrated in Figure 5.10(a). However, Figure 5.9(a) - Figure 5.9(c)

show it works well as an initial test of feasibility. As in Section 4.2.3, the quasilinear model does

not account for any regulation from the secondary instability saturation mechanism. A proper

quasilinear model for ETG flux spectra is beyond the scope of this work.

The quasilinear model combines a single nonlinear simulation with multiple linear simulations,

enabling a more efficient approach which can help expedite direct coupling of global IS and local

ES simulations. Nonlinear simulation results at r/a = 0.40, 0.50, 0.60, and 0.70, as described at the

end of Section 5.3, are used to provide the most realistic radial profile of the ETG heat flux. The

three different heat flux models discussed are compared directly in Figure 5.10(b). Spline fits are

made for the quasilinear and nonlinear models using simulation results at each plotted point. All
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Figure 5.10: (a) Comparison of quasilinear and nonlinear electron heat flux spectra at r/a = 0.50
averaged over kx and z. (b) Comparison of three radial ETG heat flux models with increasing
fidelity. ‘QL’ and ‘NL’ stand for quasilinear and nonlinear respectively. A red x corresponds to
points assumed to go to zero for nonlinear simulations.

three models coincide at the peak temperature gradient location, r/a = 0.50, where one nonlinear

simulation result must be used.

These heat flux models correspond to three different levels of fidelity. Clearly the Fick’s law

∇T0e model does not fall off to zero like the nonlinear results, while the quasilinear model provides

an efficient and more reasonable prediction of the radial variation for the nonlinear ETG heat flux

profile. Various fits can then be tested to include the quasilinear or nonlinear source profiles in

GEM. While the focus of this work has been on capturing ES electron heat transport, the model

constructed from multiple nonlinear results would best account for any fine-scale particle transport

as well.

5.5 Normalizations

The normalizations involved in converting GENE output to GEM input are discussed here.

Including Equation (5.17) in GEM requires converting the amplitude as well as the velocity-space

grid to be consistent at different radii with global variation in temperature. Normalizations are

taken from the values described in sections 2.5.1 and 2.5.2. The conversion from normalized units to
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SI units for parallel velocity and magnetic moment are defined in each code as

vSI
∥,e = vGN

∥,e

√
2T0e(r)

me
, vSI

∥,e = vGM
∥,e

√
T0e(r0)

mp
, (5.25)

µSI
e = µGN

e

T0e(r)

B0
, µSI

e = µGM
e

T0e(r0)

B0
. (5.26)

‘GN’ and ‘GM’ stand for GENE and GEM respectively. Equation (5.25) and Equation (5.26) are used

to convert the normalized velocity-space grid in GENE to SI values at multiple radial locations, and

then to GEM normalized units. The velocity-space grid is recalculated for each particle depending on

its radial location and particles are interpolated onto the new velocity-space grid to calculate Γ̂ETG.

Approximately 95% of GEM particles fall into the velocity-space grid at all radial locations, with

the remaining particles outside the v∥,e domain ±3vTe set in GENE, where vTe =
√

2T0e(r)/me.

Furthermore, the magnitude of Γ̂0,ETG needs to be converted to GEM normalized units. The

quantities vEx and δfe are normalized as follows

vSI
Ex = ρ∗

√
T0e(r0)

mD
vGN
Ex , vSI

Ex =

√
T0e(r0)

mp
vGM
Ex , (5.27)

δfSI
e = δfGN

e ρ∗n0e(r)/v
3
Te(r),

δfSI
e = δfGM

e n0e(r0)/(T0e(r0)/mp)
3/2,

(5.28)

where GENE includes a factor of ρ∗ = ρD/R scaling for the perturbations δϕ and δf . Radial

variation in vEx is ignored to use only the peak turbulence level. While GENE uses the radial basis

vector ex = ∇r by default, GEM uses the unit vector êx = ∇r/|∇r| for the radial dot product. For

the circular geometry used this makes no difference, however this can be changed in GENE using

the ‘norm_flux_projection’ flag if necessary.

Finally, LGN
ref = R, while LGM

ref = ρp, the proton gyroradius, so that the normalized second
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derivative, Equation (5.19), must be multiplied by a factor (ρp/R)
2, giving a total factor

∇ · Γ̂ GM
ETG =

n0e(r)

n0e(r0)

(
2T0e(r)

T0e(r0)

mp

me

)−3/2

(
ρp
R
)2(

ρD
R

)2(∇ · Γ̂ GN
ETG). (5.29)

While this correctly accounts for differences in normalizations between the codes it does not yet give

a radially constant D̂∗
0,ETG consistent with Equation (5.17). This is because Equation (5.29) depends

radially on n0e(r). The other factor of T−3/2
0e (r) is cancelled by Equation (5.25) and Equation (5.26)

when integrating over velocity-space. Furthermore, when calculating the heat flux an extra 1
2mv

2

factor will add another radial dependence on T0e(r). To see this, consider the GENE formula for the

normalized heat flux as defined by Equation (2.92)

⟨Qe⟩ψ
QgB

= − n̂0e(r)T̂0e(r)∫ π
−π Ĵ(r, z)dz

∫ π

−π

∑
k

Ĵ(r, z)ik̂yδ
ˆ̄ϕ(k)

×
(
πB̂0(r, z)

∫
dv̂∥dµ̂v̂

2δf̂e(k)
)∗

,

(5.30)

which contains radial dependence on p̂0e(r) = n̂0e(r)T̂0e(r). A caret (^) in Equation (5.30) indicates

normalized variables.

The extra pressure factor is divided from Equation (5.29) to retrieve an approximately radially-

constant D̂∗
0,ETG. The source term is integrated on the original GENE velocity-space grid and

converted to GEM normalization to compare to direct integration in GEM which sums over particle

weights. The results of both integration methods are compared in Figure 5.11(a) using the kinetic

flux density of Figure 5.6 and agree well. Note, some radial variation remains in D̂∗
0,ETG due to

radial changes in J(r, z) and B0(r, z) which are used when integrating Equation (5.30). The effect

of this is small and simply ignored. This remaining radial variation can be seen in Figure 5.11(b),

where the fluxes are calculated by integrating Γ̂0,ETG in Figure 5.6 using CBC equilibrium profiles.
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Figure 5.11: (a) Comparison of source terms when integrating GENE data directly in velocity-space
and when integrating by interpolating over particles in GEM. (b) Electron flux profiles when Γ̂0,ETG
is integrated assuming only radial changes in geometry (B(r, z), J(r, z)).

5.6 Discussion

A subgrid ETG model has been derived here which averages local electron-scale turbulence

over intermediate scales in space perpendicular to the field and in time to include in global ion-scale

simulation. CBC simulations are carried out which show a clear scale separation in turbulent spectra

in ky. A kinetic form of the electron-scale electron heat flux is taken from local GENE simulation

and added into global GEM ITG simulations using a simple Fick’s law diffusion model. Multiple

ratios of ITG to ETG turbulent heat flux levels are considered, and the effects of increased electron

temperature relaxation are described. A more accurate quasilinear heat flux model is constructed

and compared against nonlinear ETG heat fluxes at multiple radial locations. Such a quasilinear

model allows for the possibility of using a single nonlinear ETG simulation at the peak temperature

gradient only, which can help expedite coupling of simulations at both scales.

Future work will consider the effects of the ETG potential on the ion-scale distribution of

electrons, as described by Equation (5.8). The diffusion coefficient, DES, can be found by following

the motion of tracer particles in the ETG field of a local ES simulation, and a theoretical model

developed to capture radial variation of the diffusion. The ETG streamer potential can also be
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added directly to local GEM ion-scale simulations, assuming periodicity on ion scales, and evolved

in time to compare to the diffusive model. The effects of intermediate-scale zonal flows as shown

in Figure 5.4(c) might also be included as an extra global radial shear parameter. Theoretically

this would require breaking the scale separation hypothesis as ⟨δfES⟩m ̸= 0 and ⟨δEES⟩m ̸= 0 when

the spectra become multiscale in kx. If local ion-scale simulations extend to kxρi ∼ 2 the longest

wavelength ZFs could be added directly to investigate the effect. The formation of intermediate-scale

zonal flows in multiscale simulation is dependent on the level of ITG turbulence [61], and so it would

be prudent to first focus on including effects of ion-scale turbulence in electron-scale simulations per

Ref. [230].

Many further topics exist for future research directions. These include adding the compressible

effects and effects of ETG Reynolds stress which have been ignored here, considering any spectral

transfer between scales, and proper coupling of ITG and ETG simulations to capture effects of

ion-scale turbulence in electron-scale simulations. Furthermore, it is important to understand when a

scale separation hypothesis is valid, as electron transport spectra can broaden to become multiscale

in the pedestal [235].



Chapter 6

Conclusions and Outlook

The primary objective of this work is to advance the theoretical understanding of ETG

turbulence in core tokamak plasmas through gyrokinetic simulations. After decades of extensive

development, gyrokinetic modeling has become an essential tool for studying the nonlinear dynamics

of tokamak microturbulence. Numerical simulations have successfully reproduced flux spectra and

transport levels associated with ion-scale instabilities in agreement with experimental observations.

However, electron thermal transport levels are often underestimated. The ETG mode, which exists

at electron gyroradius scales, is a leading candidate to explain these excess electron heat losses. In

reactor-relevant plasmas, such as ITER, a combination of ECH and fusion alpha-particle heating is

expected to drive significant ETG turbulence in the core. Furthermore, such scenarios can result in

complex multiscale interactions when ITG turbulence is suppressed by stabilizing electromagnetic

effects and equilibrium shear flow. Additionally, in the edge pedestal region, turbulence is often

governed by a combination of ETG and MTM modes, as the strong shear flows characteristic of the

edge transport barrier suppress ITG instabilities.

The cross-scale interactions observed in multiscale simulations are highly sensitive to small

variations in equilibrium parameters. This makes it challenging to systematically study these

dependencies as multiscale gyrokinetic simulations are computationally demanding due to the

disparate scales involved. As a result, reduced models of electron-scale turbulence are of particular

interest for whole-device modeling efforts of future burning plasmas. Quasilinear theory offers an

efficient approach to estimating nonlinear turbulence characteristics by leveraging significantly less



152

expensive linear simulation results. In Chapter 3, quasilinear theory was introduced, along with

its applications in modeling the nonlinear electrostatic potential and flux spectra of drift wave

turbulence. Linear GENE simulations were used for quasilinear modeling of ion-scale turbulence

in DIII-D shot #162940, with results compared against nonlinear local GENE and global GEM

simulations. The quasilinear predictions showed good agreement with flux spectra for all species,

including carbon impurities. The analysis was extended to negative triangularity (NT) plasma

shaping, a configuration that has gained interest as a promising method for reducing turbulent

transport while enabling ELM-free operation. Linear results showed complete TEM stabilization

and reduced ITG growth rates, and the corresponding flux spectra agreed well with nonlinear GENE

simulation results. Future work might consider extending quasilinear saturation rules to include

electromagnetic modes of interest and explore the role of non-diffusive pinch effects, as well as

analyze the stabilizing effects of NT on ITG modes.

While these heuristic mixing-length quasilinear models have historically been successful in

describing ITG and TEM turbulence, their agreement was found to be less robust for the cases

of ETG turbulence considered in both Chapter 4 and Chapter 5. This discrepancy is overall

unsurprising, as the regulation of ETG modes has been less extensively studied and has only recently

become a more active topic of research. In Chapter 4, nonlinear flux-tube GENE simulations with a

single toroidal mode revealed that ETG turbulence is regulated through two distinct mechanisms

at long and short wavelengths respectively. At shorter wavelengths, suppression occurs via the

generation of secondary Kelvin-Helmholtz type instabilities, consistent with earlier fluid theories of

ETG mode regulation. These theories predicted weaker regulation at longer wavelengths, leading to

a steady state characterized by radial streamers and high transport levels. However, the single-mode

simulations of longer-wavelength ETG modes instead showed an initial exponential growth of zonal

flows, followed by slow growth into late times, validating a more recent intermediate-scale gyrokinetic

theory which expected lower ETG transport levels. Furthermore, full-spectrum nonlinear ETG

simulations were carried out which showed good qualitative agreement with the separate dynamics

observed in the single-mode simulations.



153

Developing a more accurate quasilinear saturation rule for ETG modes would likely require

incorporating both saturation mechanisms. As mentioned in Chapter 4, the earlier fluid analyses

derived a saturation rule of ϕ ∼ γ/k4⊥ - notably different from the standard mixing-length estimate -

which showed better agreement with the steeper drop off of the ETG potential spectrum at shorter

wavelengths. Additionally, further investigation of nonlinear ETG dynamics under varying magnetic

shear and in negative triangularity configurations would further provide valuable insights into ETG

mode regulation. More thorough understanding of nonlinear ETG turbulence dynamics would prove

especially helpful in future efforts to model multiscale effects. Multiscale gyrokinetic simulations

have recently garnered much interest, reporting improved agreement with experimental transport

levels for both species in core tokamak plasmas when ITG and ETG turbulence coexist. In cases of

strong ITG turbulence ETG modes are generally regulated, while cases of marginal ITG turbulence

report effects of ETG turbulence at ion scales. Typically, the electron scale is characterized by

radially extended streamers which lead to enhancement of ITG transport, though intermediate-scale

zonal flows can develop in cases of weak or sub-critical ITG turbulence which help to further regulate

ion-scale turbulence.

Chapter 5 details preliminary efforts to couple ETG turbulence effects from local gyrokinetic

GENE simulations into global ion-scale GEM simulations. The theoretical subgrid ETG model

considers averaging ETG turbulence over intermediate scales in space perpendicular to the field and

in time to provide a reduced method of capturing ETG turbulence effects. This approach results

in ion-scale equations which incorporate the electron heat transport from ETG turbulence and

effects of electron-scale turbulence on the ion scale. Flux-tube ETG Cyclone Base Case simulations

were performed at different radial locations and a kinetic form of the flux was added to global

ion-scale simulations as a source term. Analytic radial profiles of ETG heat flux were constructed by

considering radial variation in the background temperature profile and quasilinear theory to compare

against flux-tube results at multiple radial locations. Different ratios of ITG to ETG heat flux levels

were considered and the results of capturing ETG heat transport in global ion-scale simulations was

discussed.
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Initial global GEM simulations incorporated a kinetic flux density profile averaged along the

field line to more readily test ETG transport effects. Simulation results showed stronger flattening

of the electron temperature profile and a subsequent reduction in electron heat flux driven by ITG

turbulence. No substantial change in ITG transport levels was otherwise noticed, indicating minimal

effect on ITG dynamics. Interestingly, the temperature flattening by ETG heat transport was found

to be reduced by approximately half, a result which needs to be further analyzed and understood.

Future work should aim to retain flux variation along the field line and implement the more realistic

quasilinear or nonlinear models by interpolating data from multiple radial simulations which would

also better account for small but finite ETG particle fluxes. Additionally, any Reynolds stress and

compressible ExB flow contributions were ignored in this work. Any coupling of the ETG streamer

potential and intermediate-scale zonal flows to the ion scale must further be addressed. One approach

to testing ETG streamer effects on ion-scale transport is to incorporate them directly into local ITG

simulations. It is expected that a diffusive model can be used to account for averaged effects in global

ion-scale simulations. Meanwhile, capturing the influence of intermediate-scale zonal flow shearing

on ITG modes would necessitate breaking scale-separation assumptions. If local ion-scale simulations

extend into the intermediate-scale, the strongest ZFs could be directly included to investigate any

regulative effect. Moreover, electron transport spectra can broaden to become multiscale in the

pedestal, and so it is important to better understand when a scale separation hypothesis is valid.
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Appendix A

Complex Notation

A.1 Drift Wave Flux

Waves in the plasma can be described as complex oscillations, so that one can assume a Fourier

mode decomposition

A(x,k, t) = Ãke
−iωt+ik·x, (A.1)

where Ã0,k is a complex number that can be generally represented as,

Ãk = Ã0,ke
iψ, Ãk ∈ R . (A.2)

In Equation (2.27) one is interested only in the real parts of the transport fluxes. In dealing with

complex wave notation, one can choose to use the notation expressed in Equation (2.25) to find

Re{A} = 1

2
(Ã+ c.c.) =

1

2
(Ã+ Ã∗) =

1

2
(Ãke

−iωt+ik·x + Ã∗
ke
iωt−ik·x), (A.3)

Dropping the k subscript for simplicity, one finds that the nonlinear term in Equation (2.27) becomes

f̃(−∇θΦ̃) =
1

4
(f̃ + f̃∗)(−∇θ(Φ̃ + Φ̃∗)) = ikθ

1

4
(f̃ + f̃∗)(Φ̃∗ − Φ̃)

= ikθ
1

4
[(A0e

iψe−iωt+ik·x +A0e
−iψeiωt−ik·x)(B0e

−iϕeiωt−ik·x −B0e
iϕe−iωt+ik·x)]

= ikθ
A0B0

4
[(ei(ψ−ϕ) − e−i(ψ−ϕ)) + (ei[2(ωt−k·x)−(ψ+ϕ)] − e−i[2(ωt−k·x)−(ψ+ϕ)])]

= ikθ
A0B0

2
[i sin(ψ − ϕ) + i sin(2(ωt− k · x)− (ψ − ϕ))] ,

(A.4)
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where f̃ and Φ̃ have been represented using (A.1) and (A.2) as

f̃ = Aeiψe−iωt+ik·x, (A.5)

Φ̃ = Beiϕe−iωt+ik·x. (A.6)

Considering a flux-surface average over θ and ζ as defined in Equation (2.27), one finds that the

second sin term in (A.4) will disappear, as

⟨. . .⟩x =
1

2π

∫ 2π

0
sin(ax+ b)dx = 0, a ∈ Z+,Z− (A.7)

Here x represents either the poloidal or toroidal angle, θ or ζ, when flux-surface averaging. The

integer a would be m or n, the toroidal or poloidal mode numbers. Using Equation (A.7), only the

first sin term must be kept in Equation (A.4), namely [Φ̃∗f̃ − f̃∗Φ̃], thus proving Equation (2.27).



Appendix B

Gyrokinetic Theory Derivations

This chapter contains the more involved derivations used in Section 2.3.2. The starting

point of the derivation is Equation (2.33), for which real-space and velocity-space derivatives of the

guiding-center coordinates - R, ϵ, µ, and α - are needed. Note that ∇v = 0 and ∇vx = 0 as the

coordinates x and v are independent. All of the various vector and tensor identities used throughout

this section can be found in the convenient list at the beginning of the NRL Plasma Formulary

([236]), which in turn are taken from Ref. [237]. The transformation to guiding-center coordinates is

handled in Section B.1, followed by ordering the equation term by term in Section B.2, and finally

the gyroaverages of various terms are given for the resulting equations in Section B.3.

B.1 Guiding-Center Transformation

The eight guiding-center variable derivatives are given here, though ∇α and ∇vα are most

involved and are derived afterwards

∇R = ∇(x− ρ) =
←→
I −∇ρ, (B.1)

∇vR =���∇vx−∇vρ = ∇v(
v× b̂
Ω

) =
1

Ω

[
∇vv× b̂ + v×���∇vb̂

]
=

1

Ω
[
←→
I × b̂], (B.2)

∇ϵ = ∇(1
2
mv2) =

1

2
m∇(v · v) = m(v ·��∇v) = 0, (B.3)

∇vϵ = ∇v(
1

2
mv2) =

1

2
m∇v(v · v) = m∇vv · v =

←→
I · v = v, (B.4)
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∇µ = ∇(

mv2⊥
2B

) =
mv2⊥
2
∇ 1

B
+

m

2B
∇v⊥·v⊥

= −
mv2⊥
2B2
∇B +

mv⊥
B
· ∇v⊥ = − µ

B
∇B +

mv⊥
B
· ∇(�v− v∥b̂)

= − µ
B
∇B − mv⊥

B
· (��̂b∇v∥ + v∥∇b̂) = − µ

B
∇B −

mv∥

B
v⊥ · ∇b̂,

(B.5)

∇vµ = ∇v(
mv2⊥
2B

) =
m

2B
∇v(v⊥ · v⊥) =

mv⊥
B
· ∇v(v− v∥b̂)

=
mv⊥
B
·
[←→

I − ��̂b(∇vv∥)− v∥���∇vb̂
]
=
mv⊥
B

,

(B.6)

∇α =
v∥

v2⊥
b̂ · (v⊥ × b̂) + ê1 · ∇ê2, (B.7)

∇vα = − 1

v2⊥
(b̂× v), (B.8)

where
←→
I is the identity tensor. Note that A ·∇B ̸= (A ·∇)B and any directional derivatives will be

explicity denoted using parenthesis where necessary throughout this section; this allows for A · ∇B

and ∇B ·A to be interchangeble, i.e. in index notation they are both Ai∂Bi/∂xj .

The value of ∇vα can be found by considering the equations

∇v(v · ê1) =
←→
I · ê1 + 0 = ê1 = ∇v(−v⊥ sinα) = −∇v(v⊥) sinα− v⊥ cosα∇vα, (B.9)

∇v(v · ê2) =
←→
I · ê2 + 0 = ê2 = ∇v(v⊥ cosα) = ∇v(v⊥) cosα− v⊥ sinα∇vα. (B.10)

Equation (B.9) and (B.10) can be combined to find

cosαê1 + sinαê2 = −v⊥∇vα

⇒ ∇vα = − 1

v⊥
(cosαê1 + sinαê2) = −

1

v⊥

Ω

v⊥
ρ = − 1

v2⊥
(b̂× v).

(B.11)

The same steps can be taken to find ∇α. This time one has

∇(v · ê1) = 0 + v · ∇ê1 = ∇(−v⊥ sinα) = −∇(v⊥) sinα− v⊥ cosα∇α, (B.12)

∇(v · ê2) = 0 + v · ∇ê2 = ∇(v⊥ cosα) = ∇(v⊥) cosα− v⊥ sinα∇α. (B.13)
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Again, these two equations can be combined to find

v · (cosα∇ê1 + sinαê2) = −v⊥∇α

⇒∇α = − 1

v⊥
v · (cosα∇ê1 + sinα∇ê2)

(B.14)

Equation (B.14) can be simplified by breaking up v into parallel and perpendicular components.

The parallel component is considered here first, for which one finds

−
v∥

v⊥
b̂ · (cosα(∇b̂× ê2 +�����b̂×∇ê2)− sinα(∇b̂× ê1 +�����b̂×∇ê1))

=−
v∥

v⊥
b̂ · (∇b̂× (cosαê2 − sinαê1))

=−
v∥

v2⊥
b̂ · (∇b̂× v⊥)

=
v∥

v2⊥
b̂ · (v⊥ ×∇b̂).

(B.15)

The perpendicular component of Equation (B.14) becomes

− (cosαê2 − sinαê1) ·
[
cosα(∇b̂× ê2 +b̂×∇ê2) + sinα(∇ê1 × b̂ + ê1 ×∇b̂)

]
=−

[
cos2 αê2 · (b̂×∇ê2)− sinα cosαê1 · (�����∇b̂× ê2 + b̂×∇ê2)

− sin2 αê1 · (∇ê1 × b̂) + cosα sinαê2 · (∇ê1 × b̂ +�����ê1 ×∇b̂)
]

=−
[
cos2 αb̂ · (∇ê2 × ê2) − sin2 αb̂ · (ê1 ×∇ê1) + sinα cosα(b̂ · (ê1 ×∇ê2 + ê1 ×∇ê1))

]
=−

[
cos2 αb̂ · [(∇ê1 × b̂ + ê1 ×∇b̂)× ê2]− sin2 αb̂ · [ê1 × (∇b̂× ê2 + b̂×∇ê2)]

+ sinα cosαb̂ · [ê1 × (∇ê1 × b̂ + ê×∇b̂) +ê2 × (∇b̂× ê2 + b̂×∇ê2)]
]

=−
[
cos2 αb̂ · [b̂(∇ê1 · ê2)−��̂e2 (∇ê1 · b̂) +∇b̂����(ê1 · ê2)−��̂e2(ê1 · ∇b̂)]

− sin2 αb̂ · [∇b̂����(ê1 · ê2)−��̂e2(ê1 · ∇b̂) + b̂(ê1 · ∇ê2)−∇ê2����(ê1 · b̂)]

+ sinα cosα[∇ê1����(ê1 · b̂)− b̂(ê1 · ∇ê1) +��̂e1(ê2 · ∇b̂)−������∇b̂(ê1 · ê1) +�����∇b̂(ê2ê2)−��̂e2(ê2 · ∇b̂)

+ b̂(ê2 · ∇ê2)−∇ê2����(ê2 · b̂)]
]

=− cos2 α(ê2 · ∇ê1) + sin2 α(ê1 · ∇ê2) + sinα cosα(ê2 · ∇ê2 − ê1 · ∇ê1)
(B.16)
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The final value in Equation (B.16) can further be simplified by focusing on the unit vector

expressions. First, note that the last term goes to zero because the equation

∇(ê1 · ê1) = ∇(ê2 · ê2) = ∇(1) = 0 (B.17)

implies the following are true

∇(ê1 · ê1) = 2ê1 · ∇ê1 = 0, (B.18)

∇(ê2 · ê2) = 2ê2 · ∇ê2 = 0. (B.19)

Second, one can rewrite the final vector expression for the cos2 α term in Equation (B.16) as

ê2 · ∇ê1 = −(b̂× ê1) · ∇ê1 = ê1 · (∇ê1 × b̂) = −ê1 · ((∇b̂× ê2 + b̂×∇ê2)× b̂)

= +ê1 · (b̂× (∇b̂× ê2) + b̂× (b̂×∇ê2))

= +ê1 · (∇b̂����(b̂ · ê2)−��̂e2(b̂ · ∇b̂) +�b(b̂ · ∇ê2)−∇ê2(b̂ · b̂))

= −ê1 · ∇ê2.

(B.20)

Combining Equation (B.18), Equation (B.19), and Equation (B.20), one can rewrite Equation (B.16)

as

− 1

v⊥
v⊥ · (cosα∇ê1 + sinα∇ê2) = (sin2 α+ cos2 α)(ê1 · ∇ê2) = (ê1 · ∇ê2). (B.21)

Finally, combining Equation (B.21) and Equation (B.15) gives

∇α =
v∥

v2⊥
b̂ · (v̂⊥ × b̂) + ê1 · ∇ê2. (B.22)

Various simplifications were also made to convert Equation (2.50) to Equation (2.51), which

are listed here
q

mΩ
δE · (

←→
I × b̂) =

δE× b̂
B

= vE , (B.23)

q

m
v× B̂ = Ω(v× b̂) = Ω(v⊥ × b̂), (B.24)
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q

m
v× b̂ · (mv) = 0 (B.25)

mΩ

B
(v⊥ × b̂) · v⊥ = 0 (B.26)

− Ω

v2⊥
(v⊥ × b̂) · (b̂× v⊥) = Ω

�
�
�v2⊥

v2⊥
(v̂⊥ × b̂) · (v̂⊥ × b̂) = Ω, (B.27)

�Ω(v⊥ × b̂) · (
�
��
1

Ω

←→
I × b̂) = (v⊥ × b̂)× b̂ = −b̂× (v⊥ × b̂)

= −[v⊥(b̂ · b̂)− b̂����
(v⊥ · b̂)] = −v⊥

(B.28)

v · ∇Rf − v⊥ · ∇Rf = v∥b̂ · ∇Rf. (B.29)

B.2 Gyrokinetic Ordering

The second step in deriving the gyrokinetic equation involves splitting up the terms into their

different orders as defined by Equation (2.35), Equation (2.36), and Equation (2.37). A few more

orderings are delineated here which are necessary to complete the derivation. Because the magnitude

of the equilibrium magnetic field varies as 1/L, one necessarily has macroscopic variations for the

following quantities

∇ρ ∼ ∇b̂ ∼ ∇ê1 ∼ ∇ê2 ∼ 1/L. (B.30)

The ordering of vE must also be clarified and is readily shown to be

vE
vth
∼ δE1

vthB0
∼ ϵ E0

vthB0
∼ ϵ. (B.31)

It must also be clarified that orderings of dot products between velocity and perturbed fields

must be split up between parallel and perpendicular directions due to the ordering of parallel and

perpendicular wavelengths. That is

v∥ · δE1

v⊥ · δE1
∼

�
��
vth
vth

k∥

k⊥�
�
�δϕ1

δϕ1
∼ ϵ. (B.32)
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Care must also be taken to split up terms regarding dot products of velocity and gradients of δf1, as

in the case of Equation (B.44). Finally, gradient scales with respect to α must be found. These can

be calculated by considering expanding into real-space and velocity-space derivatives as follows

∂f

∂α
=
∂x
∂α
∇f +

∂v
∂α
∇vf =

∂ρ

∂α
∇f +

∂v
∂α
∇vf =

vth
Ω
∇f + (v⊥ × b̂)∇vf

∼ ρ(f0
L

+ k⊥δf1) + vth(
f0
vth

+
δf1
vth

) +O(ϵ2f0)

∼ ϵf0 + δf1 + f0 + δf1 +O(ϵ2f0) ∼ f.

(B.33)

Note it has been assumed that ∂f/∂v ∼ f/vth, i.e. this is assumed true for all orders in f .

The orders of each term in Equation (2.51) are provided here relative to (vth/L)f0. Because

this derivation ignores the highest-order transport equations, only terms of lower order than the

transport timescale, as defined by Equation (2.39) and Equation (B.34), are kept here. For this

reason most terms depend only on first order fluctuating quantities, except for Equation (B.42)

which depends on δf2. The terms are ordered as follows:

∂tf0
vth
L f0

∼ ϵ3ΩL

vth
∼ ϵ3L

ρ
∼ ϵ2, (B.34)

∂tδf1
vth
L f0

∼ ω∗Lϵf0
vthf0

∼ ω∗ϵ

vthϵ
∼ ω∗

Ω
∼ ϵ, (B.35)

v∥ · ∇Rf0
vth
L f0

∼
vth
L f0
vth
L f0

∼ 1, (B.36)

v∥ · ∇Rδf1
vth
L f0

∼
vthk∥ϵf0
vth
L f0

∼ ϵ2k⊥ρ
L

ρ
∼ ϵ2 1

ϵ
∼ ϵ, (B.37)

vE · ∇Rf0
vth
L f0

∼
ϵvthL f0
vth
L f0

∼ ϵ, (B.38)

vE · ∇Rδf1
vth
L f0

∼ ϵvthk⊥ϵf0
vth
L f0

∼ ϵ2k⊥ρ
L

ρ
∼ ϵ2 1

ϵ
∼ ϵ, (B.39)

Ω∂f0
∂α

vth
L f0

∼
vth
ρ f0
vth
L f0

∼ L

ρ
∼ 1

ϵ
, (B.40)
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Ω∂δf1
∂α

vth
L f0

∼
vth
ρ ϵf0
vth
L f0

∼ ϵL
ρ
∼ ϵ

ϵ
∼ 1, (B.41)

Ω∂δf2
∂α

vth
L f0

∼
vth
ρ ϵ

2f0
vth
L f0

∼ ϵ2L
ρ
∼ ϵ2

ϵ
∼ ϵ, (B.42)

v · ∇ρ · ∇Rf0
vth
L f0

∼
vth

ρ
L
f0
L

vth
L f0

∼ ρ

L
∼ ϵ (B.43)

v⊥ · ∇ρ · ∇Rδf1
vth
L f0

∼
vth

ρ
Lk⊥ϵf0
vth
L f0

∼ ϵk⊥ρ
L

ρ
ϵ ∼ ϵ2 1

ϵ
∼ ϵ, (B.44)

v∥ · ∇ρ · ∇Rδf1
vth
L f0

∼
vth

ρ
Lk∥ϵf0
vth
L f0

∼ ϵ2k⊥ρ
L

ρ
ϵ ∼ ϵ3 1

ϵ
∼ ϵ2, (B.45)

v · µB∇B
∂f0
∂µ

vth
L f0

∼
vth

mv2th
B2

B
L

f0
mv2th/B

vth
L f0

∼
vth
L

B
B

vth
L

∼ 1, (B.46)

v · µB∇B
∂δf1
∂µ

vth
L f0

∼
vth

mv2th
B2

B
L

ϵf0
mv2th/B

vth
L f0

∼ ϵ
vth
L

B
B

vth
L

∼ ϵ, (B.47)

v · mv∥B (v⊥ · ∇b̂)∂f0∂µ
vth
L f0

∼
vth

mvth
B

vth
L

f0
mv2th/B

vth
L f0

∼
vth
L f0
vth
L f0

∼ 1, (B.48)

v · mv∥B (v⊥ · ∇b̂)∂δf1∂µ
vth
L f0

∼
vth

mvth
B

vth
L

ϵf0
mv2th/B

vth
L f0

∼ ϵ
vth
L f0
vth
L f0

∼ ϵ, (B.49)

v · v∥
v2⊥

(∇b̂) · (v⊥ · b̂)∂f0∂α
vth
L f0

∼
vth

1
vth

1
Lvthf0

vth
L f0

∼ 1, (B.50)

v · v∥
v2⊥

(∇b̂) · (v⊥ · b̂)∂δf1∂α

vth
L f0

∼
vth

1
vth

1
Lvthϵf0

vth
L f0

∼ ϵ, (B.51)

v · (ê1 · ∇ê2)∂f0∂α
vth
L f0

∼
vth

1
Lf0

vth
L f0

∼ 1, (B.52)

v · (ê1 · ∇ê2)∂δf1∂α
vth
L f0

∼
vth

1
Lϵf0

vth
L f0

∼ ϵ, (B.53)

q
mδE1 · (mv⊥)

∂f0
∂ϵ

vth
L f0

∼ qδE1⊥vthf0/T
vth
L f0

∼ k⊥L
qδϕ1
T
∼ ϵk⊥ρ

L

ρ
∼ ϵ1

ϵ
∼ 1, (B.54)

q
mδE1 · (mv∥)

∂f0
∂ϵ

vth
L f0

∼
qδE1∥vthf0/T

vth
L f0

∼ k∥L
qδϕ1
T
∼ ϵ2k⊥ρ

L

ρ
∼ ϵ2 1

ϵ
∼ ϵ, (B.55)
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q
mδE1 · (mv⊥)

∂δf1
∂ϵ

vth
L f0

∼ qδE1⊥vthϵf0/T
vth
L f0

∼ ϵk⊥L
qδϕ1
T
∼ ϵ2k⊥ρ

L

ρ
∼ ϵ2 1

ϵ
∼ ϵ, (B.56)

q
mδE1 · (mv∥)

∂δf1
∂ϵ

vth
L f0

∼
qδE1∥vthϵf0/T

vth
L f0

∼ ϵk∥L
qδϕ1
T
∼ ϵ3k⊥ρ

L

ρ
∼ ϵ3 1

ϵ
∼ ϵ2, (B.57)

q
mδE1 · mv⊥

B
∂f0
∂µ

vth
L f0

∼
qδE1⊥

vth
B

f0
mv2th/B

vth
L f0

∼ qδϕ1k⊥L

mv2th
∼ qδϕ1

T
k⊥ρ

L

ρ
∼ ϵ1

ϵ
∼ 1, (B.58)

q
mδE1 · mv⊥

B
∂δf1
∂µ

vth
L f0

∼
qδE1⊥

vth
B

ϵf0
mv2th/B

vth
L f0

∼ qδϕ1k⊥Lϵ

mv2th
∼ ϵqδϕ1

T
k⊥ρ

L

ρ
∼ ϵ2 1

ϵ
∼ ϵ, (B.59)

q
mδE1 · 1

v2⊥
(b̂× v⊥)

∂f0
∂α

vth
L f0

∼
q
mδE1⊥

1
vth
f0

vth
L f0

∼ qδϕ1k⊥L

v2th
∼ qδϕ1

T
k⊥ρ

L

ρ
∼ ϵ1

ϵ
∼ 1, (B.60)

q
mδE1 · 1

v2⊥
(b̂× v⊥)

∂δf1
∂α

vth
L f0

∼
q
mδE1⊥

1
vth
ϵf0

vth
L f0

∼ ϵqδϕ1k⊥L
v2th

∼ ϵqδϕ1
T

k⊥ρ
L

ρ
∼ ϵ2 1

ϵ
∼ ϵ. (B.61)

The lowest order term, Equation (B.40), is thus O(ϵ−1). This term alone makes up Equation (2.52).

Terms of O(1) make up Equation (2.53), while terms of O(ϵ) make up Equation (2.54).

B.3 Gyroaveraging Terms

Lastly, all the terms in Equation (2.54) and Equation (2.55) must be gyroaveraged to

obtain the final gyrokinetic equations. The first term that needs to be gyroaveraged is the

v ·
[
µ
B∇B

∂f0
∂µ +

mv∥
B (v⊥ · ∇b̂)

]
in Equation (2.55). Noting from Equation (2.49) that only par-

allel velocity components will survive gyroaveraging the first piece and perpendicular velocity

components will survive gyroaveraging the second piece, one has

⟨v · ( µ
B
∇B∂f0

∂µ
+
mv∥

B
(v⊥ · ∇b̂))⟩α =

µ

B
v∥b̂ · ∇B +

mv∥

B
⟨v⊥ · (v⊥ · ∇b̂)⟩α

=
µ

B
v∥b̂ · ∇B +

mv∥

2πB
∇b̂ :

∮ 2π

0
dαv⊥v⊥

=
µ

B
v∥b̂ · ∇B +

mv2⊥
2B

v∥∇b̂ : (
←→
I − b̂b̂)

=
µ

B
v∥b̂ · ∇B + µv∥(∇ · b̂)

=
µv∥

B
(b̂ · ∇B +B∇ · b̂) =

µv∥

B
∇ ·B = 0.

(B.62)
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Note that Equation (B.17) and Equation (B.18) can be used to show the following fact which has

been used above

∇b̂ : b̂b̂ = ∇(ê2 × ê1) : b̂b̂ = [∇ê2 × ê1 + ê2 ×∇ê1] : b̂b̂

= [∇ê2 × (b̂× ê2)−∇ê1 × (ê1 × b̂)] : b̂b̂

= [b̂(∇ê2 · ê2)−��̂e2(∇ê2 · b̂)−��̂e1(b̂ · ∇ê1) + b̂(ê1 · ∇ê1)] : b̂b̂

= (b̂ · b̂)(ê1 · ∇ê1 + ê2 · ∇ê2) · b̂ = 0.

(B.63)

The next term which needs to be gyroaveraged is −v · ∇ρ in Equation (2.60). Substituting

the definition of ρ gives

−⟨v · ∇ρ⟩α = −⟨v · ∇( b̂× v
Ω

)⟩α

= −⟨
[
(b̂× v)(v · ∇( 1

Ω
)) +

1

Ω
v · (∇b̂× v) +

1

Ω
v · (b̂×��∇v)

]
⟩α

= ⟨
[
(b̂× v)(

m

qB2
v · ∇B) − 1

Ω
v · (∇b̂× v)

]
⟩α

=
1

Ω
⟨
[
1

B
(v · ∇B)(b̂× v)− (v · ∇b̂)× v

]
⟩α.

(B.64)

The final terms in Equation (B.64) are split up and solved below. Note that for the first term

b̂ × v∥ = 0 so that only perpendicular velocities matter. Gyroaveraging the first term using

Equation (2.49) gives

1

BΩ
⟨(v⊥ · ∇B)(b̂× v⊥)⟩α =

1

2πBΩ

∮ 2π

0
dαv⊥i

∂Bj
∂xi

ϵklmblv⊥m

=
1

2πBΩ

∂Bj
∂xi

ϵklmbl

∮ 2π

0
dαv⊥iv⊥m =

v2⊥
2BΩ

∂Bj
∂xi

ϵklmbl(δim − bi��bm)

=
1

BΩ

v2⊥
2
ϵklibl

∂Bj
∂xi

=
1

BΩ

v2⊥
2
(b̂×∇B) = v∇B.

(B.65)

For the second term in Equation (B.64), Equation (2.49) shows that only factors combining two

parallel and two perpendicular velocities survive the gyroaverage. Focusing on the parallel components
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first gives

−⟨ 1
Ω
(v∥ · ∇b̂)× v∥⟩α = −⟨

v2∥

Ω
(b̂ · ∇b̂)× b̂⟩α =

v2∥

Ω
b̂× (b̂ · ∇b̂) = vc, (B.66)

which is the curvature drift, Equation (1.28), according to Ref. [65]. Then looking at the perpendicular

components gives

− 1

Ω
⟨(v⊥ · ∇b̂)× v⊥⟩α = − 1

2πΩ

∮ 2π

0
dαϵijkv⊥l

∂bj
∂xl

v⊥k = −
1

2πΩ
ϵijk

∂bj
∂xl

∮ 2π

0
dαv⊥lv⊥k

= − 1

Ω

v2⊥
2
ϵijk

∂bj
∂xl

(δlk − blbk) = −
1

Ω

v2⊥
2
(ϵijl

∂bj
∂xl
− ϵijk

∂bj
∂xl

blbk)

= − 1

Ω

v2⊥
2
(−ϵilj

∂bj
∂xl
− ϵijk(bl

∂bj
∂xl

)bk) =
1

Ω

v2⊥
2
(∇× b̂ + (b̂ · ∇b̂)× b̂)

=
1

Ω

v2⊥
2
(∇× b̂ + b̂× (b̂× (∇× b̂)))

=
1

Ω

v2⊥
2
(����∇× b̂ + b̂(b̂ · (∇× b̂))−����

(∇× b̂)(b̂ · b̂))

=
1

Ω

v2⊥
2

b̂(b̂ · (∇× b̂)) = vB,

(B.67)

where vB is the Baños drift [65], which is in the parallel direction and an order smaller than the

parallel streaming velocity.

Combining the results of equations (B.65) - (B.67) gives

−⟨v · ∇ρ⟩α = v∇B + vc + vB. (B.68)

Note that the full term in Equation (2.60) becomes (v∇B + vc + vB) · ∇R(f0 + δh). However,

b · ∇Rf0 = 0 so the Baños drift does not contribute here. Furthermore, there is also a term

v∥b̂ · ∇Rδh in Equation (2.60) which is one order larger than than the Baños drift term so that

vB · ∇R(f0 + δh) ≈ 0 and can be ignored. The final term then becomes

−⟨v · ∇ρ⟩α · ∇R(f0 + δh) ≈ (v∇B + vc) · ∇R(f0 + δh) = vd · ∇R(f0 + δh), (B.69)

where the magnetic drifts have been combined into a single term vd.

The last term which needs to be gyroaveraged is ∂t(qδϕ1f0/T ) in Equation (2.60). One can
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split up this term into three parts

⟨ d
dt
(
qδϕ1
T

f0)⟩α = ⟨∂t(
qδϕ1
T

f0) + v · ∇(qδϕ1
T

f0) +
q

m
(δE1 + v×B) · ∇v(

qδϕ1
T

f0)⟩α, (B.70)

and each of these three pieces can be considered separately. The first term in Equation (B.70) gives

⟨∂t(
qδϕ1
T

f0)⟩α =
q

T
f0∂t⟨δϕ1⟩α + q⟨δϕ1⟩α∂t(

f0
T
) ≈ q

T
f0∂t⟨δϕ1⟩α. (B.71)

The second term in Equation (B.70) is left unchanged for now.

Using the fact from Section 2.3.2 that f0 is Maxwellian and so doesn’t depend on µ or α, and

Equations (B.1) to (B.4), the final, third term in Equation (B.70) becomes

⟨ q
m
(δE1+v×B)·∇v(

qδϕ1
T

f0)⟩α = ⟨ q
m
(δE1+v×B)·[− 1

Ω
(
←→
I ×b̂)·∇R(

qδϕ1
T

f0)−
qδϕ1
T

(mv)
∂f0
∂ϵ

]⟩α.

(B.72)

Equation (B.72) can be simplified using relations Equations (B.23) to (B.25) and Equation (B.28) to

get

⟨ q
2

mΩ
(δE1 × b̂) · ∇R(

δϕ1
T
f0)⟩α − ⟨v⊥ · ∇R(

qδϕ1
T

f0)⟩α − ⟨
q2

T 2
δϕ1f0v · δE1⟩α. (B.73)

Breaking up the first term in Equation (B.73) and using ?? one has to lowest order

⟨q
2δϕ1
mΩ

(δE1 × b̂) · ∇R(
f0
T
)⟩α + ⟨ q

2f0
mTΩ

(δE1 × b̂) · ∇R(δϕ)⟩α

≈ ⟨q
2δϕ1
mΩ

(δE1 × b̂) · ∇R(
f0
T
)⟩α + ⟨ q

2f0
mTΩ

(δE1 × b̂) · ∇(δϕ)⟩α

= ⟨q
2δϕ1
mΩ

(δE1 × b̂) · ∇R(
f0
T
)⟩α − ⟨

q2f0
mTΩ((((((((

(δE1 × b̂) · δE1⟩α

≈ 0,

(B.74)

where the order of the remaining term before gyroaveraging is

qδϕ1
T vE

f0
L

vth
L f0

∼ ϵ vE
vth
∼ ϵ2. (B.75)
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Looking at the final term in Equation (B.73) one has

−⟨ q
2

T 2
δϕ1f0v · δE1⟩α =

q2

T 2
f0⟨δϕ1(v∥b̂ + v⊥) · δE1⟩α

≈ q2

T 2
f0⟨δϕ1(v⊥ · δE1)⟩α

= − q
2

T 2
f0⟨δϕ1Ω

∂δϕ1
∂α
⟩α

= − q
2

T 2
f0⟨

1

2
Ω
∂(δϕ1)

2

∂α
⟩α = 0,

(B.76)

where the parallel velocity term has been dropped as lower order and Equation (2.46) has been used.

At this point only the second term from Equation (B.73) remains, so it can be substituted

into Equation (B.70) along with Equation (B.71) to find

⟨ d
dt
(
qδϕ1
T

f0)⟩α ≈
q

T
f0∂t⟨δϕ1⟩α + ⟨v · ∇(qδϕ1

T
f0)− v⊥ · ∇R(

qδϕ1
T

f0)⟩α. (B.77)

Using Equation (2.47), the second term in Equation (B.77) can be broken up as

⟨v · ∇(qδϕ1
T

f0)⟩α = − q
T
f0v∥b̂ · ⟨δE1⟩α −

q

T
f0�����⟨v⊥ · δE1⟩α + ⟨qδϕ1v · ∇R(

f0
T
)⟩α, (B.78)

while the third term in Equation (B.77) can be broken up as

−⟨v⊥ · ∇R(
qδϕ1
T

f0)⟩α = −⟨qδϕ1v⊥ · ∇R(
f0
T
)⟩α −

q

T
f0⟨v⊥ · ∇Rδϕ1⟩α

≈ −⟨qδϕ1v⊥ · ∇R(
f0
T
)⟩α −

q

T
f0������⟨v⊥ · ∇δϕ1⟩α

= −⟨qδϕ1v⊥ · ∇R(
f0
T
)⟩α

(B.79)

where Equation (2.47) and ?? have been used. Finally, Equation (B.78) and Equation (B.79) can be

substituted into Equation (B.77) and simplified to arrive at

⟨ d
dt
(
qδϕ1
T

f0)⟩α ≈
q

T
f0∂t⟨δϕ1⟩α −

q

T
f0v∥b̂ · ⟨δE1⟩α. (B.80)
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Derivation of ITG Dispersion Relation

The ITG dispersion relation used in Section 2.4.1 can be derived by combining the gyrokinetic

equation, Equation (2.63), with the quasineutrality relation, Equation (2.29). Linearizing the

gyrokinetic Vlasov equation and assuming a Fourier representation, Equation (2.25), for δh one finds

−i(ω − k∥v∥ − vd · ∇R)δh =
eJ0(k⊥ρi)δϕ1

Ti
f0 − J0(k⊥ρi)(

∇Rδϕ1 × b̂
B

) · ∇Rf0. (C.1)

The gradients and drift terms can be simplified given the large aspect-ratio equations defined by

Equations (1.45) to (1.48) and the fact that ∇R ≈ ∇ (as in the case of δϕ in Chapter 2). The

magnetic drift is given by

vd =
v2∥ +

1
2v

2
⊥

Ωj

B×∇B
B2

. (C.2)

Simplifying to lowest order in ϵ one has

B ×∇B
B2

=
B0[(1− ϵ cos θ)êζ + ϵ

q êθ]× [(∂rêr +
1
r∂θêθ +

1
R∂ζ êζ)B0(1− ϵ cos θ)]

B2
0(1− ϵ cos θ)2

=
[(1− ϵ cos θ)êζ + ϵ

q êθ]× [− 1
R0

cos θêr +
r
rR0

sin θêθ]

(1− ϵ cos θ)2

=
1

(1− ϵ cos θ)2
[− (1− ϵ cos θ) cos θ

R0
(êζ × êr)−

(1− ϵ cos θ) cos θ
R0

(êζ × êθ)

− ϵ

qR0
cos θ(êθ × êr)]

≃ (1 + 2ϵ cos θ)[−cos θ

R0
êθ −

sin θ

R0
êr] ≃ −

1

R0
(sin θêr + cos θêθ) ,

(C.3)
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and the third term in Equation (C.1) becomes

vd · ∇X ≈ vd · ∇ = −
v2∥ +

1
2v

2
⊥

Ωj
(sin θêr + cos θêθ) · (∂rêr +

1

r
∂θêθ)

= −
v2∥ +

1
2v

2
⊥

ΩjR0
(sin θ∂r +

cos θ

r
∂θ) = −

ikθTjmj

qjTjB0R0
(v2∥ +

1

2
v2⊥)(

kr
kθ

cos θ + sin θ)

= −ωdj(
v2∥

v2th,j
+

1

2

v2⊥
v2th,j

)(cos θ +
kr
kθ

sin θ) = −ω̄dj ,

(C.4)

where ωdj = n
∇nω∗j is the magnetic drift frequency and vth,j =

√
Tj/mj . From hereon we will assume

kr = 0 for simplicity.

The spatial gradient of the Maxwellian distribution can be calculated as

∇fM,j =
dn

dr

d

dn
fM,j +

dT

dr

d

dT
fM,j =

dn

dr
e
−

mjϵ
∗

Tj(r) +
dT

dr

du

dT

d

du
[nj

(
mju(T (r))

2π

)3/2

e−mjϵ
∗u(Tj(r))]

=
1

n

dn

dr
fM,j +

dT

dr

du

dT
nj [

3

2

(mju

2π

)1/2 (mj

2π

)
−mjϵ

∗
(mju

2π

)3/2
]e−mjϵ

∗u(Tj(r))

=
1

n

dn

dr
fM,j +

dT

dr

du

dT
[
3

2
u−1 −mjϵ

∗]fM,j = [
1

n

dn

dr
+
dT

dr
(− 1

T 2
)(
3

2
u−1 −mjϵ

∗)]fM,j

= [
1

n

dn

dr
− 1

T

dT

dr
(
3

2
− mjv

2

2Tj
)]fM,j = [

1

n

dn

dr
− 1

T

dT

dr
(
3

2
− v2

2v2T,j
)]fM,j

=
1

n

dn

dr
[1 + (

1

2

(
v

vT,j

)2

− 3

2
)ηj ]fM,j ,

(C.5)

given that u = T−1, du = −T−2dT , and ϵ∗ = ϵ/mj . Lastly, the ExB drift becomes

∇δϕ1 × b̂
B

=
iδϕ1
B

k× b̂ =
iδϕ1
B

(krêr + kθêθ + kζ êζ)× (
ϵ

q
êθ + êζ) ≈ −

iδϕ1
B

(krêθ + kθêr), (C.6)

so that the last term in Equation (C.1) can be rewritten as

qj
mj
⟨vE⟩α · ∇Rf0 = iJ0(k⊥ρj)δϕ1

kθmj

qjB

[
1 +

(
1

2
(
v

vth,j
)2 +

3

2

)
ηj

]
fMj

= i
qj
Tj
J0(k⊥ρj)δϕ1ω∗j

[
1 +

(
1

2
(
v

vth,j
)2 +

3

2

)
ηj

]
fMj

= i
qj
Tj
J0(k⊥ρj)δϕ1ω

T
∗jfMj .

(C.7)
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The quantity ω∗j

[
1 +

(
1
2(

v
vth,j

)2 + 3
2

)
ηj

]
has been defined as ωT∗j . Equation (C.4) and Equation (C.7)

can be substituted into Equation (C.1) for ions to find

δh =
qi
Ti
J0(k⊥ρi)δϕ1

ω − ωT∗i
ω − k∥v∥ − ω̄di

f0i (C.8)

Assuming protons as a main ion species and an adiabatic electron response, the quasineutrality

equation becomes

e(
eδϕ1
Ti

+
eδϕ1
Te

)n0 = e

∫
d3v⟨δh⟩α = e

∫
d3vJ0(k⊥ρi)δh. (C.9)

Equation (C.8) and Equation (C.9) can be combined to find

(1 +
1

τ
) =

2π

ni

∫ ∞

−∞

∫ ∞

0
v⊥dv⊥dv∥f0iJ

2
0 (k⊥ρi)

ω − ωT∗j
ω − k∥v∥ − ω̄di

, (C.10)

where τ = Te/Ti. Various simplifications are made here to enable simple integration of the resonant

denominator. The interested reader can find proper consideration of the contour integration given

analytic continuation described in Ref. [36]. Here we assume a fluid ion response, k∥vth,e ≫ ω ≫

k∥vth,i, and ignore ion FLR effects, k⊥ρi ⇒ 0, so that J0(k⊥ρi)→ 1. Additionally it is assumed that

the wave frequency is much larger than the magnetic drift frequency ω ≫ ωdi. These frequency

assumptions allow for Taylor expanding the denominator to find

(1 +
1

τ
) =

2π

ni

∫ ∞

−∞

∫ ∞

0
v⊥dv⊥dv∥f0i

ω − ωT∗j
ω

[
1− (−

k∥v∥ − ω̄di)
ω

]
=

2π

ni

∫ ∞

−∞

∫ ∞

0
v⊥dv⊥dv∥f0i(1−

ωT∗i
ω

)

[
1 +

�
�
�k∥v∥

ω
+
ω̄di
ω

+
k2∥v

2
∥

ω2

]

=
2π

ni

∫ ∞

−∞

∫ ∞

0
v⊥dv⊥dv∥f0i(1−

ωT∗i
ω

+
ω̄di
ω

+
k2∥v

2
∥

ω2
− ωT∗iω̄di

ω2
).

(C.11)

Note the second order parallel term has been retained because odd moment integrals of the parallel

Maxwellian distribution will result in 0, and ωT∗i only depends on even powers of v∥. The general
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formulas for moments of Gaussian integrals are [238]

∫ ∞

−∞
x2me−(x/a)2dx = a2m+1√π (2m− 1)!!

2m
, for even n = 2m,∫ ∞

0
xne−(x/a)2dx =

√
π

2
an+1 (n− 1)!!

2(n+1)/2
, for odd n,∫ ∞

0
xne−(x/a)2dx =

1

2
an+1 (n− 1)!!

2(n+1)/2
, for even n.

(C.12)

where (2n− 1)!! = (2n− 1)(2n− 3)(2n− 5) . . . is the double factorial. Expanding out everything in

Equation (C.11) and integrating using Equation (C.12) gives

(1 +
1

τ
) = 2π

(
mi

2πTi

)3/2 ∫ ∞

−∞

∫ ∞

0
v⊥dv⊥dv∥[1 +

k2∥v
2
∥

ω2
− ω∗i

ω
(1 + (

v2∥ + v2⊥

2v2th,i
− 3

2
)ηi)

+
ωdj cos θ

ω
(
v2∥

v2th,j
+

v2⊥
2v2th,j

)−
ω∗iωdj cos θ

ω2
[(1− 3

2
ηi)(

v2∥ + v2⊥

2v2th,i
) + ηi(

v4∥

2v4th,i
+

3v2∥v
2
⊥

4v4th,i
+

v4⊥
4v4th,i

)]]

= 1 + [
k2∥v

2
th,i

ω2
− ω∗i

ω
(1−

�
��
3

2
ηi +

�
�
�
�

(1 +
1

2
)ηi) + 2

ωdi
ω

cos θ − 2ω∗iωdi[1−
3

2
ηi + 4ηi(

5

8
)]]

= 1− ω∗i
ω

+ 2
ωdi
ω

cos θ +
k2∥v

2
th,i

ω2
− 2

ω∗iωdi
ω2

(1 + ηi) cos θ.

(C.13)

The final result here is equal to Equation (2.68). In Section 2.4.1 the dispersion relation is solved to

find the ITG growth rate formula, Equation (2.72).



Appendix D

Ballooning Mode Representation

The ballooning mode representation, or ballooning transformation, is a useful mathematical

tool which allows for reducing the drift-wave eigenmode equation to one dimension, allowing for a

more straightforward solution for the eigenfunction along the field line at a given flux surface [81,

82]. One can best understand the physical meaning behind the ballooning transform by starting

from the general eigenmode expression, Equation (2.25), and following the methods of [83]. The

notes deriving the ballooning mode transform are reproduced courtesy of Scott Parker and figures

are generated from Python simulations written in collaboration with Wes Johnson. A simplification

can be made for high-n modes in tokamaks (n≫ 1) such as ITG or ETG modes by considering two

factors. The first is that ballooning modes are most unstable on rational flux surfaces as k∥ → 0 and

the stabilizing effect of Landau damping is lost. Secondly, the mode width around a rational surface

takes the form of a Gaussian to lowest order, where the width depends on some inverse factor of n

and so decreases as the mode number increases [22]. In these cases, Equation (2.25) can be rewritten

for a single mode n0 and a sum of coupled poloidal harmonics due to the nearby resonant surfaces,

ϕ(r, θ, ζ, t) =

+Nθ∑
j =−Nθ

ϕj(r)e
−iωn0 t−in0ζ+i(m0+j)θ. (D.1)

The dominant poloidal mode here occurs at m0 = n0q(r0), and the next most important modes are

the sidebands at m = m0 ± 1, ±2, and so on. The wave notation for n0 and ω is now dropped for

simplicity.
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Considering a local approximation with constant magnetic shear one can determine the spacing

between mode rational surfaces,

m0 + 1 = n0(q(r0) + q′(r − r0))⇒ 1 = ∆rn0q
′ ⇒ ∆r =

1

n0q′
=

r0
m0

q(r0)

r0q′
=

1

kθŝ
. (D.2)

The different radial modes can be assumed to have the same shape such that one can make the

replacement

ϕj(r) = ϕ(
r

∆r
− j). (D.3)

In general however, the amplitude of modes varies globally and one must consider a slowly varying

envelope function An0(r) as well. The new form for the toroidal eigenfunction is then

ϕn0,ω(r, θ) = An0(r)

+Nθ∑
j =−Nθ

ϕ(
r

∆r
− j)ei(m0+j)θ. (D.4)

The conventional ballooning mode representation is found by Fourier transforming Equation (D.4).

For now the transformation of the radial envelope will be ignored, and one can define the

Fourier transform of the radial function

ϕ(u) =

∫ ∞

−∞
ϕ̃(η)eiηudη. (D.5)

Substituting Equation (D.5) into Equation (D.4) one finds

ϕn0,ω(r, θ) = An0(r)

+Nθ∑
j =−Nθ

∫ ∞

−∞
ϕ̃(η)e(iη(

r
∆r

−j))ei(m0+j)θdη

= An0(r)
∑
m

∫ ∞

−∞
ϕ̃(η)eimθe−i(m−m0)ηeiη

r
∆r dη

= An0(r)
∑
m

eimθ
∫ ∞

−∞
ϕ̃(η)e−i(m−n0q(r0)− r

∆r
)ηdη

= An0(r)
∑
m

eimθ
∫ ∞

−∞
ϕ̃(η)e−i(m−n0q(r))ηdη.

(D.6)
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(a) (b)

Figure D.1: (a) Ballooning mode structure in the tokamak cross section given by the radial eigenmodes
shown in (b).

Considering the large aspect-ratio approximation and recalling the definition of the parallel wavenum-

ber, Equation (2.26), it is clear from the exponential factor of Equation (D.6) that

η = q0R0z, (D.7)

for a coordinate z along the field line. Therefore, η is a field-line-following coordinate which spans

the domain (−∞,∞), and it is evident that the Fourier transform for the local radial eigenmode in

the tokamak gives an eigenfunction extending infinitely along a field line.

Furthermore, one can consider transforming the slow radial envelope as well to find the

ballooning mode representation defined in Section 4.1.3,

ϕk =
∑
m

ei(mθ−nζ)
∫ ∫

dηdθke
i[nq(η−θk)−mη]Akϕ̃k. (D.8)

The ballooning mode structure is plotted in Figure D.1(a) using Equation (D.4). Gaussian radial

modes and a Gaussian envelope are assumed, along with the magnetic field defined by Equation (1.45)

and Equation (1.46), and the safety factor profile for the circular CBC case. The radial mode

structure is illustrated in Figure D.1(b). The variable θk is known as the ballooning or tilting angle,
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defined as the poloidal angle at which the mode peaks. One may notice that the mode begins to tilt

in the perpendicular plane when moving poloidally from the mode peak at θ = 0.

This effect can be understood more clearly by the standard representation of the ballooning

mode transformation [36]

ϕ(r, θ, ζ) =

∞∑
p =−∞

ϕ̂(θ0, θ + 2πp)e−in(ζ−q(r)(θ−θ0+2πp)). (D.9)

Here θ is the field-line-following angle and θ0 gives the ballooning angle, generally assumed to peak

at θ = 0. An infinite sum over modes along the field line is required to enforce poloidal periodicity if

each mode extends more than ±π along the field. The ballooning mode structure along the field

line for the case of Figure D.1(a) is shown in Figure D.2 for comparison to the corresponding radial

mode structure in Figure D.1(b). Note the field-line structure is only plotted in the domain [−π, π]

but is periodic over 2π. In this case, the mode is considered “strongly ballooning” and only the p = 0

term is necessary to describe it. Assuming p = 0 and θ0 = 0 and calculating the radial wavenumber,

kr = −i∂r, one finds [36]

kr = nq′θ = kθŝθ, (D.10)

Figure D.2: Real value of the electrostatic potential plotted along the field line for the ballooning
mode from Figure D.1(a).
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where kθ = nq/r. That is, increasing kx components will be located further along the field line in θ,

causing the mode to tilt radially along the field line. This is fairly unsurprising given the original

treatment, as the Fourier transform of the radial coordinate was related to the field line coordinate.



Appendix E

Hasegawa-Mima Toy Model Derivation

The Hasegawa-Mima equation simulated in Section 4.1.1 is derived here for the case of an

ETG mode with adiabatic ions, k∥ ̸= 0, and isothermal electrons (δTe = 0). These notes are provided

courtesy of Haotian Chen. The continuity and momentum equations for the electrons are

∂tne +∇ · (neve) = 0, (E.1)

me
dve
dt

= −e(−∇ϕ+
ve ×B

c
)− ∇(Pe + δPe)

ne
= (1 + τ)e∇ϕ− eve ×B

c
− ∇Pe

ne
, (E.2)

where τ = Te/Ti. Taking parallel and perpendicular components of Equation (E.2) results in

meb̂ ·
dve
dt

= (1 + τ)e∇∥δϕ ⇒ v∥ = (1 + τ)
e

me
∂−1
t ∇∥δϕ, (E.3)

and

b̂× dve
dt

= (1 + τ)
e

me
b̂×∇δϕ− Ωceve⊥ −

b̂×∇Pe
mene

. (E.4)

Equation (E.4) can be solved perturbatively. To lowest order one finds

ve⊥,0 = (1 + τ)
e

meΩce
b̂×∇δϕ− b̂×∇Pe

meΩcene
= (1 + τ)vE + vD, (E.5)
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and the total lowest order drift motion is

ve,0 = v∥ + (1 + τ)vE + vD. (E.6)

The polarization drift can be found to next order,

ve,1 = −
1

Ωce
(∂t + ve,0 · ∇)(b̂× ve,0), (E.7)

which can be approximated to second order as

ve,1 ≈ −
1 + τ

Ωce
[∂t + ((1 + τ)vE + vD) · ∇] (b̂× vE)

= {∂t +
1

meΩce

[
(1 + τ)eb̂×∇⊥δϕ−

b̂×∇Pe
ne

]
· ∇⊥}

e(1 + τ)

meΩ2
ce

∇⊥δϕ

=
e(1 + τ)

meΩ2
ce

∂t∇⊥δϕ−

[
b̂×∇Pe

ne
· ∇⊥

]
e(1 + τ)

m2
eω

3
ce

∇⊥δϕ+
e2(1 + τ)2

m2
eΩ

3
ce

[
b̂×∇⊥δϕ · ∇⊥

]
∇⊥δϕ.

(E.8)

Incompressibility in slab geometry (∇ · ve,⊥,0) combined with Equation (E.1) yields

∂tδne + ne∇ · (v∥ + ve,1) +∇δne · vD + (1 + τ)∇ne · vE = 0, (E.9)

where the following orderings have been assumed:

k∥

k⊥
∼ ρe
rn
∼ ϵ, ω

Ωce
∼ k⊥ρe

2τ

ρe
rn
∼ ϵ3/2, δne

ne
∼ ϵ, k2⊥ρ2e ∼ ϵ, τ ∼ 1,

vD
vE
∼ 1, k2∥r

2
n ∼ ϵ, (E.10)

ne∇ · v∥

∇ne · vE
∼

4τ2k2∥r
2
n

k2⊥ρ
2
e

∼ 1,
ne∇ · ve,1
∇ne · vE

∼ k⊥ρe
rn
ρe

ω

Ωce
∼ ϵ, (E.11)

∇δne · vD
∇ne · vE

∼ k⊥ρe
rn
ρe

δne
ne
∼ ϵ1/2,

∇∥δne · v∥

∇ne · vE
∼ δne

ne
k∥rn

k∥

k⊥

Ωce
ω
∼ ϵ3/2, ∇ne · ve,1

∇ne · vE
∼ ϵ3/2. (E.12)

Substituting δne = δni into Equation (E.9) and retaining terms up to order ϵ gives the HM
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equation

− ne∂t
eδϕ

Ti
+ ne(1 + τ)

e

me
∂−1
t ∇2

∥δϕ+
ene(1 + τ)

meΩ2
ce

∂t∇2
⊥δϕ

− e(1 + τ)

m2
eΩ

3
ce

[
b̂×∇Pe · ∇⊥

]
∇2

⊥δϕ+
e2ne(1 + τ)2

m2
eΩ

3
ce

[
b̂×∇⊥δϕ · ∇⊥

]
∇2

⊥δϕ

+∇⊥
eδϕ

Ti
· b̂×∇Pe
meΩce

+
e(1 + τ)

meΩce
∇ne · b̂×∇ϕ = 0.

(E.13)

Lastly, applying electron normalizations,

eδϕ

Ti
= Φ,

∂xne
ne

= − 1

rn
,
∂xTe
Te

= − 1

rt
, ηe =

rn
rt
, ρe =

√
τme

mi
ρi,

x
ρe
→ x,

ρe
rn

Ωcet→ t, (E.14)

one finds

− (1− 1 + τ

2τ
∇2

⊥)∂tΦ+
1 + τ

2τ

r2n
ρ2e
∂−1
t ∇2

∥Φ+
(1 + τ)(1 + ηe)

4τ
∂y∇2

⊥Φ

+
(1 + ηe)

2τ
∂yΦ+

(1 + τ)2

τ2
rn
4ρe

[
b̂×∇⊥Φ · ∇⊥

]
∇2

⊥Φ = 0.

(E.15)
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