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The recent advent of low temperature detectors has enabled incredibly precise measurements

of the sub-millimeter sky that have revolutionized our understanding of the origin, structure, and

formation history of our Universe. One such detector technology is the transition edge sensor (TES)

bolometer, a photon-noise-limited detector that takes advantage of the sharp change in resistance

with temperature of a superconducting thin film biased into its phase transition. The sensitivity

of TES bolometers increases with lower bath temperatures and lower thermal conductance to the

bath temperature.

My PhD work has aimed to push TES sensitivity limits further on two fronts. First, I have

studied and measured the thermal conductance of the membrane and microstrip wiring thin films

that constitute the TES legs. I have found that in our case of very thin membranes, the thermal

conductance of the often-neglected microstrip significantly dominates that of the membrane. Sec-

ond, I have contributed to the development of integrating normal metal-insulator-superconductor

junction refrigerators onto TES bolometers to cool the local TES bath temperature from 300 mK

to below 150 mK. These devices have demonstrated TES cooling from 300 mK to 187 mK.
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adapted from Irwin & Hilton 2005 [47]. . . . . . . . . . . . . . . . . . . . . . . . . . 115

6.4 (a) Photograph of the wet cryostat, including the electronics tower and the liquid

cryogen tanks. (b) Photograph of the ADR unit and cold stages. . . . . . . . . . . . 117

6.5 Photographs of the dry cryostat. (a) The cryostat configuration while taking mea-

surements with a room-temperature magnetic field surrounding the sealed vacuum

jacket. (b) The cold stages of the cryostat. All components are thermalized to the

4K plate except for the sample box, which is thermalized to the FAA at 50 mK, and

the loom wires, which are heat sunk to the GGG at 1 K on their way to the sample

box. (c) The cryostat with the vacuum and radiation shields removed. The cold

stage in (b) exists below the 4 K plate. . . . . . . . . . . . . . . . . . . . . . . . . . 118

6.6 (a) Side view and (b) top view of the ADR unit in the wet dewar. The salt pills are

at the center of the unit and are surrounded by the magnet solenoid, which is seated

inside µ-metal magnetic shielding. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119



xviii

6.7 Photographs of the ADR unit in the dry cryostat, progressively removing components

towards the ADR salt pills. a) The ADR package inside the thermalization shell made

of gold-plated copper. b) The µ-metal magnetic shielding around the ADR magnet

inside the thermalization. c) The solenoid that houses the superconducting magnet.

d) The FAA and GGG salt pills inside the superconducting magnet. . . . . . . . . . 119

6.8 Photograph of the 50 mK sample box. Four-wire filtering and protection diodes are

located on the right of the box. Chips are mounted on the left. Stage 1 SQUIDs

(SQ1) and TES voltage bias shunt resistors Rsh are used for TES readout. Samples

are mounted on Cu stages for thermal sinking. The sample box RuOx thermometer

is located near the samples between two SQ1s. NIS four-wire measurement lines are

connected to the µ-D connectors on the right. TES readout lines and connections to

the RuOx thermometer are connected to the µ-D on the left. . . . . . . . . . . . . . 121

6.9 The four-wire measurement circuit of the voltage V and current I across two NIS

junctions in series, each with resistance Rjnc. . . . . . . . . . . . . . . . . . . . . . . 122

6.10 a) Theoretical isothermal IV characteristics and IV measurements of 8 NIS junctions

in series from different bath temperatures. Both the data and the theoretical IVs

transition out of the subgap and onto the normal branch at ∼1.5 mV. For a single

junction, we measure a Q value of 3113 and ∆ = 187.2 eV, which is consistent with

8 × ∆/e ∼1.5 mV. b) NIS junction electron temperature at each data point in (a)

interpolated from the isothermal theory curves. . . . . . . . . . . . . . . . . . . . . . 125

6.11 Measurement of TES saturation power at Tb=156 mK. . . . . . . . . . . . . . . . . . 126

6.12 Circuit diagram of the SQUID-based TES readout circuit. At 100 mK, the current

through the TES is inductively coupled to the stage 1 (S1) SQUID. SQ1 is also

inductively coupled to the SQ1 feedback line, which injects a null current monitored

and controlled by a feedback box at room temperature. At 4K, the SQUID array

(SQA) amplifies the signal from SQ1 before sending it to the feedback box. The raw

TES signal is the nulling bias in the SQ1 feedback line. . . . . . . . . . . . . . . . . 127



xix

6.13 Characterization of the TES on the best-performing NIS-TES v2 device. IV charac-

teristics were taken at a range of bath temperatures between 156 mK and 240 mK.

The inset shows Psat measurements from these IV characteristics evaluated at 70%

RN . These Psat measurements are fit to Equation 6.4, and the resulting best fit

parameters are given in Table 6.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

6.14 (a) Cooling experiment for the best-performing NIS-TES v1 device that cooled the

TES from 300 mK to 187 mK at the optimal NIS bias of 2.8 mV. The solid colored

lines are TES temperature calibration IVs taken with the NIS off. The dashed curves

are IVs taken while iterating through NIS Vbias at a 300 mK bath temperature. The

optimal NIS bias is highlighted as a black solid line (b) Interpolated TES temperature

at each NIS voltage bias using the calibration curves in (a). . . . . . . . . . . . . . . 132

6.15 TES noise measurements at 165 mK. The orange curve is with NIS bias off, and the

blue curve is with NIS bias on. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

6.16 AMF scans of (a) the vendor SiNx substrate and (b) the NIST-grown substrate.

Note that (a) and (b) have different color bars. . . . . . . . . . . . . . . . . . . . . . 135

6.17 Dead length (DL) comparison between an NIS-TES (a) v1 and (b) v2 device. The

v2 device DL is ∼ 5µm. The NIS refrigerator junctions are to the left of the TES

leg, and the cold finger (CF) is the normal metal base electrode that extends onto

the TES on the right. The top photo is an NIS-TES device, with the region imaged

in (a) and (b) highlighted. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

6.18 Model predictions for TES temperature vs TES thermal conductivity with PTES set

to 0.5 pW. In (a), κ0 is the measured NIS-TES v1 thermal conductivity of 272 pW/(K

µm) at 156 mK. The beige area covers the 80% to 325% thermal conductivity range

measured in the v2 devices. The gray dotted line is the maximum cooling measured

with a v2 device. In (b), we instead scale κ0 to 797 pW/(K µm), the value necessary

to predict the v1 data point. We also scale the v2 κ range accordingly. . . . . . . . . 139



xx

6.19 SEM image of a cold finger. The normal metal base electrode extends onto the SiNx

TES leg with a TiAu thermalization layer. . . . . . . . . . . . . . . . . . . . . . . . . 141

A.1 Constrained model predictions of a) the devices under test and b) the CMB legacy

bolometer data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170



Chapter 1

Introduction

Jobu Tupaki: Every new discovery is just a reminder –

Evelyn Wang: We’re all small & stupid.

Everything Everywhere All At Once [1]

The recent advent of low temperature detectors has enabled incredibly precise measurements

of the (sub-)millimeter sky, ushering in the age of precision cosmology. These measurements con-

tinue to revolutionize our understanding of our Universe’s origin, structure, and formation history

and the galaxies within. Spectral surveys in the (sub-)mm enable mapping the star formation his-

tory from cosmic noon to reionization, epochs inaccessible to Spitzer and Herschel [23, 32]. Precise

measurements of the temperature and polarization of the cosmic microwave background (CMB),

which peaks at ∼1 mm, have told us that the Universe is both flat and isotropic and has placed

tight constraints on the curvature, baryon density, and dark matter density of the Universe [9]. The

thermodynamic properties of galaxies and galaxy clusters can be measured through the spectral

distortion of the CMB known as the Sunyaev Zel’dovich effect, and the gravitational lensing of

the CMB allows us to map the matter between us and the surface of last scattering [44]. CMB

polarimetry can distinguish between inflationary, cyclic, and bouncing models of the Universe by

measuring the primordial gravitational wave B-mode signal in the polarization of the CMB [2, 51].

Measurement of this signal would provide insight into the early origins of our Universe.

The most widely accepted cosmological paradigm is inflation, the theory that the very early
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Universe underwent an epoch of exponential expansion. After this epoch, the Universe continued

to expand, though at a much slower rate. Eventually the Universe cooled enough for photons

to decouple from baryons, filling the Universe with the background radiation now known as the

cosmic microwave background. While inflation explains many cosmological observations confirmed

with precise measurements of the CMB, cosmologists have yet to prove inflationary theory with

direct evidence. Many experiments online today are searching for inflation’s unambiguous signature

in the CMB polarization: divergence-free “B-modes” imprinted onto the CMB by inflationary

gravitational waves. Detecting this signal would provide the first strong experimental evidence of

inflationary theory.

Millimeter and submillimeter wavelength astronomy is a contemporary window through which

to probe the CMB and the high redshift Universe. Cryogenic superconducting detectors are the

technology of choice for these wavelengths due to their high sensitivity and suitability for scaling

into imaging arrays. The transition-edge sensor (TES) is a superconducting film electrically biased

into the sharp superconducting-to-normal phase transition. Microwave polarimeters based on TESs

are used in numerous contemporary instruments to measure the polarization of the CMB.

In a TES, lower operation temperatures decrease both Johnson and phonon noise. Addi-

tionally, lowering the bath temperature allows for a larger thermal conductance, and thus more

mechanically robust geometries, without increasing phonon noise. Many experiments access tem-

peratures below 300 mK, the bath temperature provided by pumped 3He, by adding an adiabatic

demagnetization refrigerator (ADR) or a dilution refrigerator (DR) to their cooling chain. ADRs

exchange heat and magnetic energy in a paramagnetic salt pill to control the temperature of the

test bed, with a typical base temperature below 100 mK in astronomical applications. DRs cool

by mixing pure 3He with a 3He-4He mixture. Adding either an ADR or a DR to the cooling chain

introduces mass, power consumption, complexity, and magnetic shielding in the case of an ADR.

Observations in the sub-mm must also mitigate water absorption and emission in the atmosphere,

a disadvantage experiments attempt to circumvent with high-altitude ground-based sites, balloons,

or satellites. The complexities involved with adding a DR or ADR become significant issues on
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a mountaintop, in Antarctica, on a balloon, or in space where the power and mass budgets are

limited.

The work herein will push the sensitivity limits even further, enabling tests of inflation by

searching for the B-mode signal in the CMB. In this work, I discuss research and development

(R&D) of solid state on-chip refrigeration of TESs using Normal metal-Insulator-Superconductor

(NIS) junction refrigerators, developing a simpler and more economical means of reaching 100 mK

bath temperatures than currently exists. This work is done with the Quantum Sensors Division at

the National Institute for Standards and Technology (NIST). We have integrated NIS refrigerators

onto TESs to provide localized cooling to the detector, and the goal of this work is to cool TES

bolometers from a bath temperature of 300 mK to 100 mK or below.

The first NIS-TES integrated prototypes demonstrated NIS refrigeration of TES bolometers

from a bath temperature of 300 mK to 187 mK with seven functional NIS junctions of the eight

on the device. These prototypes suffered from a low junction yield of ∼ 50%, which we remedied

in the second iteration by moving to a smoother substrate. With this change, we recovered ∼100%

NIS junction yield but measured a significant reduction in cooling performance. We investigate

potential explanations for the discrepancy between the two prototypes and suspect that extra

thermal loading from the substrate hinders cooling performance. We aim to recover and surpass

the cooling performance of the first prototypes by suppressing the thermal conductance between

the substrate and the TES membrane in future iterations.

Towards this end, we have studied the thermal conductance of TES bolometers suspended on

thin-film membranes, including the often neglected contributions from the microstrip wiring layers.

Thermal conductance is a crucial TES design parameter because it sets the thermal fluctuation

noise and detector saturation power. Thermal transport in thin films is more complex than the

familiar diffusive transport in bulk materials and, depending on the transport regime, can scale

with thin film geometry in non-intuitive ways. If thermal transport is poorly understood, detector

R&D can be an unnecessarily prolonged process involving multiple iterations of detector geometry.

We find that in our case of very thin membranes (∼ 400 nm), the TES microstrip not only
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contributes significantly but dominates the thermal conductance of the membrane by nearly a factor

of 4, equivalent to > 100% increase in thermal fluctuation noise equivalent power. Therefore,

for TESs with saturation powers of picoWatts, the microstrip layers must be included in noise

predictions during detector design.

We have predicted the thermal conductance of various other CMB TES bolometers fabricated

in the NIST clean room over the past decade using these measurements. Despite having significantly

thicker membranes and wider legs than the bolometers under test, we find excellent agreement

between our predictions and the measured thermal conductances for bolometers with leg lengths

< 1 mm. This model also accurately predicts the saturation power of Simons Observatory mid-

frequency prototype bolometers and explains the measured non-linear scaling with leg dimensions.

1.1 Gravitational Wave Cosmology

Inflationary theory has been widely adopted as the standard cosmology with the addition

of dark energy and cold dark matter. This is primarily because inflation solves many issues that

plagued early Big Bang models, such as the horizon and flatness problems. Increasingly precise

measurements of the CMB power spectra have placed progressively tighter constraints on cosmo-

logical parameters, continuing to rule out alternative cosmological theories and validate predictions

from inflationary theory.

Cosmological inflation explains the observed homogeneity of the Universe reflected in the high

degree of CMB isotropy to nearly one part in 105. It does this by placing regions now separated

to superhorizon scales initially into causal contact. Additionally, the exponential expansion during

inflation flattens any initial curvature in the geometry of the Universe. This prediction agrees with

Planck’s CMB angular power spectrum measurements that restrict the Universe to a flat geometry

within 1% [86].

Yet in all its elegance and insight, inflationary theory has yet to be proven with direct

evidence. Observational cosmologists are searching for such evidence in the relic radiation of the Big

Bang. To understand these signals echoing from the inflationary epoch, we must first understand
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the initial conditions of the infant Universe.

1.1.1 Primordial Soup

In the beginning, our Universe was condensed into an extraordinarily hot, fully ionized pri-

mordial soup of photons and baryons. The constant scattering between photons and electrons in

this plasma state produced an opaque and incredibly isotropic universe. The only deviations from

this equilibrium were density perturbations caused by quantum fluctuations of the inflation field.

The accelerated expansion marking inflation stretched the Universe by a factor of 1025 in

10−33 seconds. This amplified the quantum fluctuations to superhorizon scales, breaking causal

contact within the photon-baryon fluid and freezing these overdensities in place. These quantum-

scale fluctuations seeded gravitational instabilities that, over the intervening ∼13 billion years,

would grow into filaments of galaxy clusters arranged in a cosmic web.

As the Universe expanded, it eventually cooled enough for the electrons and protons to com-

bine into neutral hydrogen, releasing the relic radiation from the Big Bang. This phase transition

is referred to as the epoch of recombination, which occurred when the Universe was 380,000 years

old. The location of the CMB photon-baryon decoupling is known as the surface of last scattering.

The CMB photons released during this sudden (cosmologically-speaking) transition provide a

snapshot of the primordial plasma during recombination, capturing both the overwhelming homo-

geneity and the extremely minute quantum-level fluctuations that seeded the large scale structure

of the Universe. The opacity of the Universe before recombination prevents us from observing our

Universe beyond the surface of last scattering, where the initial conditions of the CMB were set.

In addition to the scalar density perturbations, the unrelenting expansion of spacetime during

inflation amplified tensor perturbations to produce an isotropic background of inflationary gravita-

tional waves. These gravitational waves would have left an imprint on the polarization of the CMB

and could fall into the nHz gravitational wave band of pulsar timing arrays. The magnitude of

these signals will be very small and are still unknown. However, these uncertainties fail to deter ob-

servational cosmologists as detection of these primordial gravitational waves – either directly with
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a gravitational wave observatory or through the inflationary signature in the CMB polarization –

would provide unambiguous evidence for inflationary theory.

1.1.2 Gravitational Wave Background

Cosmology considers the properties and history of the Universe in its entirety. This breadth

of scale contains the most extreme phenomena allowed by nature, from galactic collisions to the

accelerating expansion of spacetime to phase transitions of the Universe itself. Similar to how the

extremely energetic process of nuclear fusion in a stellar core results in the emission of electromag-

netic radiation, cosmological events involving supermassive objects and distortions of the spacetime

metric emit gravitational wave radiation in the form of ripples in spacetime. Humans have been

observing electromagnetic radiation for centuries, progressively expanding our observation capabil-

ities into larger portions of the electromagnetic spectrum. All the while, gravitational radiation

has passed through the Earth undetected.

Although Einstein predicted the existence of gravitational waves in 1916 [34], it wasn’t until

recent decades that we have been able to listen for this cosmic messenger. In 2002, observational

cosmologists began measuring the CMB polarization to search for evidence of inflationary grav-

itational waves [56]. That same year, the Laser Interferometer Gravitational-Wave Observatory

(LIGO) began using laser interferometry to detect length changes caused by gravitational waves

passing through two 4-km-long beams. In 2005, the North American Nanohertz Observatory for

Gravitational Waves (NANOGrav) began monitoring a collection of pulsars in an observing strat-

egy referred to as a pulsar timing array to search for a stochastic gravitational wave background in

the nHz band [31].

Advanced LIGO would first detect gravitational waves in 2015 [3], almost a century after

Einstein’s prediction. In 2022, NANOGrav detected the stochastic gravitational wave background,

and CMB observations have placed increasingly stringent limits on the amplitude of the primordial

gravitational wave signal. Through these experiments and future gravitational wave observatories,

we can test our models of cosmology at more extreme energy scales than are accessible with light.
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The dominant source of gravitational wave background detected by NANOGrav is expected

to be inspiraling supermassive black hole (SMBH) binaries. SMBH binaries are created when

the black holes at the center of two merging galaxies become gravitationally bound. Correlations

between SMBH mass and host galaxy properties suggest that the two co-evolve, and therefore

galaxy formation history should influence the SMBH binary gravitational wave background signal.

One challenging aspect of modeling galaxy evolution is explaining the variety of observed

galaxy morphologies. Hubble categorized regular galaxies as ranging from featureless elliptical

galaxies with randomly oriented stellar orbits to grand design spiral galaxies, whose stars are so

elegantly arranged into arms of a spiraling disk that they seem to suggest divine intervention [45].

Contemporary models favor a “bottom-up” evolution history in which galaxies begin as struc-

tured spirals and evolve into ellipticals through multiple galaxy mergers [101]. Hierarchical structure

formation is consistent with Λ cold dark matter (ΛCDM) cosmology, where the first galaxies were

formed around gravitational instabilities seeded by quantum fluctuations in the primordial plasma.

These first galaxies merged into larger galaxies through mutual gravitational attraction, further

amplifying these gravitational instabilities and leading to more galaxy mergers. This is consistent

with measurements of galaxy mass distributions shifting to higher mass with lower redshift.

The opposite has been observed for black hole formation history, in which lower mass black

hole populations increase at lower redshifts. Though seemingly contradictory, a hierarchical galactic

evolution paradigm does not necessarily conflict with an anti-hierarchical black hole growth, which

could be a symptom of the physics of black hole accretion and the dynamics of dark matter halos

[106]. The implications of this are that the majority of SMBHs that contribute to the GWB will

exist at the centers of the older, more massive elliptical galaxies and that black hole formation is

driven by the galaxy mergers that pair black holes into binary systems [43].

The SMBH mass function determines the strength of the GWB signal and is inextricably tied

to the cosmological context and galaxy formation history through SMBH-host galaxy co-evolution.

The cosmological implications of this now-detected signal are an active area of research. The

influence and effect of cosmology on the interpretation of the GWB signal will co-evolve as our
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understanding of the local SMBH mass function and the GWB signal-to-noise ratio grow.

1.1.3 Cosmic Microwave Background Polarization

Measurements of the CMB power spectra are responsible for much of what we understand

about the particular cosmology of our Universe. From the temperature anisotropy power spectrum,

we now know that the Universe is flat and that it consists of 27% dark matter and 5% baryonic

matter. The polarization spectra provide complementary constraints on the cosmological param-

eters from the temperature power spectrum. The CMB polarization can also isolate signals from

the reionization and inflationary epochs.

Both the scalar and tensor perturbations in the inflaton field polarize the CMB photons

through Thomson scattering, the elastic scattering of photons and charged particles. Polarization

patterns can be separated into curl-free E-modes and divergence-free and B-modes. Scalar density

perturbations only produce E-modes, while the gravitational wave signature, or tensor perturba-

tions, would produce a mixture of E- and B-modes. Any CMB photon-baryon interactions between

the surface of last scattering and observation today would produce the same E-mode polarization

as the scalar perturbations from inflation. Gravitational lensing can convert E-modes to B-modes

on sub-degree scales, but no cosmological processes are expected to produce B-modes on angular

scales larger than a degree.

In recent decades, observational cosmologists have been thoroughly mapping the polarization

of this relic radiation from the high deserts of the South Pole and the Chilean Andes [14, 65, 4].

The Degree Angular Scale Interferometer first detected E-modes in 2002 [56]. Lensing B-modes

were observed in 2013 [42], yet B-mode signals at large angular scales remain elusive.

Measurements of the CMB temperature, E-mode polarization, and B-mode polarization

power spectra from [28] are shown in Figure 1.1. The multipole moment ℓ1 increases with de-

creasing angular scale θ. The power spectrum amplitude represents the square of the temperature

anisotropy magnitude (∆T )2. Notably, the polarization signals are orders of magnitude smaller

1 Beyond this introduction, ℓ refers to the phonon mean free path.
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Figure 1.1: CMB temperature, E-mode polarization, and B-mode polarization power spectra with
measurements from various observatories summarized in Choi et al. 2020 [28]. The primordial
B-mode signal calculated for r = 0.1 is also shown.
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than the temperature power spectrum.

B-modes at ℓ > 100 inform our understanding of the matter distribution in the Universe

and structure formation from gravitational lensing. Below ℓ ∼ 10, the B-mode spectrum is solely

comprised of the inflationary gravitational wave signal. This signal peaks at ℓ ∼ 100 due to photon-

electron scattering during recombination and again at ℓ < 20 due to scattering at reionization [2].

No other processes are expected to produce B-modes on larger scales, and such a discovery would

be the first observation directly from the inflationary epoch.

Detection of this small signal is predicated on pushing sensitivity limits below the grav-

itational wave B-mode signal. Moreover, the strength of this signal depends on the unknown

tensor-to-scalar ratio r, which has recently been constrained to r < 0.036 with 95% confidence [5].

Observing the inflationary gravitational waves in the relic radiation from the Big Bang will

require unprecedented sensitivity. Large arrays of extremely sensitive low temperature detectors,

such as Transition Edge Sensors, have enabled us to measure the properties of our Universe to

incredible precision. The work presented in this thesis aims to push the sensitivity limits of future

CMB polarimeters further by understanding the thermal conductance of Transition Edge Sensors

and cooling these sensors with NIS junction refrigerators.

1.2 Low Temperature Detectors for Precision Cosmology

The scientific returns enjoyed in sub-mm astrophysics arose from packing many low-noise,

high-sensitivity superconducting sensors into steadily larger focal planes. The energy gap corre-

sponding to the breaking of Cooper pairs is ∼ 100× smaller than semiconductor band gaps, allowing

superconducting sensors to access longer wavelengths beyond the realm of CCDs and into the sub-

mm. The predominant superconducting sensors in sub-mm astronomy are Transition Edge Sensors

(TESs) and Kinetic Inductance Detectors (KIDs).

TESs are a state-of-the-art photon-noise-limited detector technology that takes advantage

of the sharp change in resistance with temperature of a superconducting thin film biased into its

phase transition [47, 73]. The transition of a Mo/Cu bi-layer TES is shown in Figure 1.2. While
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Figure 1.2: The phase transition of a superconducting film with Tc ∼ 96 mK. Figure originally
from [47].
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in operation, the TES is biased in the center of this transition, which in this device occurs at its

transition temperature Tc of 96 mK. This steep change in resistance with temperature makes TESs

well-suited for sensitive thermometry.

In sub-mm astronomy, these sensors are used as bolometers to measure on-sky microwave

power. In the X-ray, TESs are used as calorimeters to measure energy pulses. During operation,

the TES is cooled below Tc and voltage-biased into the phase transition. A voltage bias scheme

significantly increases the stability of these detectors in the extremely narrow phase transition due

to negative electrothermal feedback (NETF). Higher signal power deposited onto the TES increases

resistance of the sensor, which decreases the electrical power Pe=V2/R. This bias scheme, coupled

with SQUID current amplifiers, has enabled multiplexing these detectors into large arrays.

KIDs are superconducting micro-resonators that are simple to fabricate and are easily mul-

tiplexed into dense networks of up to hundreds of detectors per single coaxial transmission line.

Photons absorbed by the resonator break Cooper pairs in the superconducting film, increasing the

kinetic inductance due to the quasiparticle population enhancement. This is measured as a shift

in both the resonant frequency and quality factor of the resonator [127, 29].

Superconducting detector performance increases with decreasing bath temperatures (Tb).

Much of the thermal noise and sensor geometry constraints at 300 mK, the bath temperature pro-

vided by pumped 3He, are mitigated at T≤100 mK, providing significant science returns and im-

proved detector fabrication yields. In TESs, Johnson-Nyquist noise equivalent power (NEPJ) scales

with bath temperature as T
1/2
b and thermal fluctuation NEP (NEPTF) scales linearly with Tb [47],

resulting in a 1.7× and 3× noise reduction respectively when the bath temperature is lowered from

300 mK to 100 mK. TES bolometers operated at 100 mK also require less thermal isolation, al-

lowing for significantly stronger membrane leg geometries. Quasiparticle generation-recombination

noise, the fundamental noise source in KIDs, decreases exponentially with temperature [30].

The Decadal Survey on Astronomy and Astrophysics 2020 highlights the recent shift to

achieving a comparable scientific return in higher frequency bands, from FIR to optical through

X-ray and gamma-ray, by adopting ultra-sensitive low temperature detectors. X-ray observatories
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like Athena have been moving from semiconductor detectors towards low temperature detectors

[15]. Mission concepts for the FIR and X-ray probes plan to use cryogenic sensors on their focal

plane, as were The Lynx X-ray Observatory and the Origins Space Telescope, two of four previously

proposed flagship mission concepts [37, 60].

As future observatories opt for the ultra-high sensitivity of low temperature detectors, re-

frigeration technologies to cool these detectors to ∼100 mK will become increasingly desirable.

NIS junction refrigerators could aid this transition by integrating the refrigerator on-chip with the

superconducting detector, allowing projects to adopt superconducting sensor technology without

the weight, cost, and power requirements of ADRs and DRs.

1.3 A Brief History of NIS Refrigerators

NIS junctions were first made in 1960 by Ivar Giaever to measure the superconducting energy

gap ∆ of lead, producing the best measurement at the time [39]. He was awarded the Nobel Prize

in 1973 for his subsequent work measuring ∆ of many metals using NIS and SIS junctions. The

first concept of the selective tunneling mechanism behind NIS refrigeration came from Parmenter in

1961, who posited that the critical temperature of a superconductor should be increased if thermally

excited electrons were removed from the system and suggested this could be accomplished using

an SIS junction [85]. Tunnel junction enhancements of ∆Al were later measured by Gray and

Willemsen in 1977 [41], Chi and Clarke in 1979 [27], and Blamire et al. in 1991 [20].

In 1994, Nahum et al. at the National Institute of Standards and Technology (NIST) theorized

that the gap enhancement seen in these junctions was due to the electron system being cooled

[79]. They modeled the tunneling of electrons/quasiparticles and holes through the junctions and

used this model to derive the IV characteristics of a NIS junction as well as the energy transfer

between the normal metal and superconductor. From their findings, they noted that at certain bias

voltages, this energy transfer cools the electron system in the normal metal. The authors determined

that the electron temperature in the normal metal would reach equilibrium when the NIS cooling

power balanced the heat load from electron-phonon coupling to the hotter lattice electrons. They
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demonstrated this theory by fabricating NIS junction refrigerators that cooled electrons from 100

mK to 85 mK.

Following the work of Nahum et al., Leivo et al. demonstrated a significant temperature

reduction in a NIS junction of 300 mK to ∼100 mK by reducing the tunneling resistance and the

heat leak through the bias contact [61]. Phonons were first cooled via a SINIS refrigerator in 1997

by suspending a thermometer NIS junction on a SiNx membrane and extending the normal metal

layer onto the membrane for better electron-phonon coupling [69]. The first cooling of a detector

was performed by Tarasov et al. in 2003, where they cooled the electrons in a NIS junction as a

hot-electron bolometer from 250 mK to 90 mK using another NIS junction as a refrigerator [103].

This improved their detector response from 1.6 mV/K to 2.1 mV/K. Notably, cooling the electron

system in the detector required that the junction and the detector be electrically connected.

The first phonon refrigeration of a cryogenic detector by a NIS junction was demonstrated

in 2008 by Miller et al. at NIST [76]. Using an X-ray TES as a Johnson noise thermometer, they

suspended this TES on a SiNx membrane with four legs and four pairs of NIS junctions placed

on top of the bulk Si at the membrane-substrate boundary. This device cooled the detector from

300 mK to 190 mK. Vercruyssen et al. demonstrated NIS cooling of a superconducting resonator

suspended on a membrane in 2011 [111].

The first demonstration of significant temperature reductions with considerable cooling pow-

ers was in 2012 by O’Neil et al. at NIST [84]. The quasiparticle trapping in their devices was

significantly improved by adding large overlayer quasiparticle traps on top of the superconduct-

ing electrodes in addition to the lateral traps that were conventional at the time. Lateral traps

were restricted to the film thickness and tunnel resistance of the normal metal base electrode since

they were fabricated from the same layer. The overlayer traps, however, were fabricated after the

deposition of the superconducting electrode, and thus could incorporate more transparent oxida-

tion layers and significantly increased volume over the base electrode, which are better suited for

quasiparticle trapping. They also provided a more direct path for quasiparticles leaving the normal

metal by being closer to the junction. These improvements significantly reduced the fraction of
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power that backscattered from the superconductor into the normal metal defined as β, and enabled

the authors to demonstrate electron cooling from 300 mK to 82 mK, a significant improvement over

comparably-sized junctions at the time and the greatest electron cooling from 300 mK measured

to date.

The same group demonstrated the first general-purpose NIS junction refrigerators, cooling a

copper payload stage from 290 mK to 256 mK [66] and measured the largest phonon cooling to date

from 300 mK to 154 mK [67]. They subsequently improved these macroscopic refrigerators, cooling

the cold stage from 291 mK to 228 mK [123]. Numerical modeling enabled these accomplishments

by allowing for precise optimization of the integrated NIS-membrane device design. In 2015, Nguyen

et al. demonstrated phonon cooling of a SiNx membrane from 305 mK to 200 mK [81], and in 2016,

the same group demonstrated electron cooling from 300 mK to 100 mK using a 2-stage cascade

NIS refrigerator [82].

In 2016, the group at NIST integrated these optimized NIS refrigerators onto prototype

TES bolometers designed for (sub-)mm wavelength observations on a balloon-borne experiment.

The TESs were suspended on a SiNx membrane via four 600-µm-long × 5-µm-wide legs with two

NIS refrigerators located next to these legs at the wafer-membrane boundary. Using the TES as

a thermometer, the prototype devices demonstrated promising refrigeration capabilities, cooling

the TES bolometer from 300 to 187 mK. With NIS refrigerator applications in mind, Zhang et

al. studied the effect of phononic filters on the thermal conductance from the Si wafer to TES

bolometers on a membrane. This heat load significantly impacts NIS cooling performance [121].

This rich history of NIS refrigerator R&D, much of it done here at NIST, provided the founda-

tion of my PhD work described in the following chapters. Chapter 2 discusses the characterization

of the local SMBH mass function for predicting and understanding the nHz gravitational wave

background. In Chapter 3, I discuss phononic thermal transport in thin films at low temperatures

spanning the relevant phonon transport regimes in the context of TES bolometers. With this

foundation, I share thermal transport measurements in ultra-low G TES bolometers, including the

previously unaccounted-for microstrip wiring layers in Chapter 4. In Chapter 5, I discuss using
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NIS junctions as phonon refrigerators, and in Chapter 6, I characterize the cooling performance of

NIS refrigerators integrated onto TES bolometers. In Chapter 7, I discuss the next steps toward

scaling NIS-cooled TES bolometers to pixels and, eventually, arrays.



Chapter 2

Local SMBH Mass Function from the M• - Mbulge Scaling Relation

The density of charged particles in the primordial plasma kept the photons of the early

Universe in an incredibly uniform equilibrium state, giving the CMB its signature isotropic nature.

It wasn’t until the epoch of recombination, when the Universe had sufficiently cooled for electrons

and protons to snap together into neutral H atoms, that the first photons were free to propagate

through space. The opacity of the early universe prohibits us from probing earlier than the surface

of last scattering.

Unlike electromagnetic radiation, gravitational waves (GWs) were unimpeded by the plasma

state of the infant Universe. In fact, it is during the inflationary epoch that the exponential

expansion of the universe would produce primordial gravitational waves. Observational cosmologists

seek to observe these primordial GWs indirectly by detecting their imprint in the CMB polarization.

However, direct detection of these GWs with a GW observatory would probe directly into the

inflationary epoch, allowing us to observe the Universe from an earlier cosmic time than previously

possible.

Beyond inflation, many other astrophysical phenomena can produce gravitational radiation,

and gravitational wave observatories have begun to observe this new cosmic messenger. In 2015, the

Laser Interferometer Gravitational-Wave Observatory (LIGO) made the first direct observation of

gravitational waves as a 10 ms chirp resulting from a stellar mass black hole merger [3]. In 2022, the

North American Nanohertz Observatory for Gravitational Wave (NANOgrav) detected a stochastic

gravitational wave background (GWB) by monitoring the arrival time signals from a collection of
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pulsars over 15 years, an observation strategy referred to as a pulsar timing array (PTA) [7].

Existing and proposed gravitational wave observatories cover the majority of frequency space

between 10−10− 102 Hz, shown in Figure 2.1. Sources predicted to produce gravitational radiation

in these bands range from cosmic inflation to neutron star mergers. The search for primordial

gravitational wave signature in the B-mode polarization of the CMB complements these strategies

and extends GW observation capabilities to the lowest frequencies allowed by nature [2].

In this work, we are particularly interested in the stochastic gravitational wave background

accessible with pulsar timing arrays. PTAs take advantage of the exceptional rotational stability

of pulsars that allow them to be used as standard clocks. As gravitational waves propagate, they

create ripples in the spacetime around the pulsar, causing a variation in the otherwise incredibly

stable pulsar rotation. These gravitational waves are detected by correlating this variation in a

collection of pulsars. PTAs are sensitive to the nHz-µHz gravitational wave band, seated between

the frequency ranges accessible by the CMB power spectrum and proposed laser interferometers

shown in Figure 2.1.

Supermassive black hole (SMBH) binaries are likely a significant source of this GW back-

ground radiation. To predict and understand this signal, we must understand the local SMBH

mass function. Towards this end, we measure this mass function using a scaling relation between

SMBH mass and the bulge mass of its host galaxy.

In Section 2.1, I discuss the gravitational wave background signal and outline the various

scaling relations between SMBH masses and their host galaxy properties. Section 2.2 outlines how

we build our galaxy sample from the Sloan Digital Sky Survey Data Release 7. Our measurement

of the SMBH mass function is presented in Section 2.3. We attempt to characterize this mass

function using the single and double Schechter Functions in Section 2.4. In Section 2.5, I compare

our measurements to other SMBH mass functions in the literature. I then summarize this work

and present future steps in Section 2.6.
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Figure 2.1: A conceptual strain spectrum hC for frequency bands covered by multiple detection
strategies from [24] (adapted from a figure by NANOGrav). The figure emphasizes the complemen-
tary nature and frequency sensitivities of the multiple strategies, including the search for primordial
gravitational waves (PGWs) in the cosmic microwave background (CMB) in the lowest frequency
band followed by PGWs and SMBH binary radiation observed at higher frequencies with PTAs.
The inset highlights the predicted GWB and limits in the PTA band current at the time of pub-
lishing, adapted from Shannon et al. 2015 [97] with updates from Arzoumanian et al. 2015a [11]
and Lentati et al. 2015 [62].
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2.1 Background

2.1.1 Gravitational Wave Background

Unlike the individual transient GW signals detected by ground-based interferometers like

LIGO, the stochastic gravitational wave background (GWB) in the PTA band is the quadrature

sum of many signals from the GW source population. To discern a cosmological story from this

signal, we must understand the sources of the nHz gravitational radiation. This is an active area

of research in the gravitational wave community.

Many candidate GWB sources are cosmological in nature. The relic gravitational radiation

from tensor and scalar perturbations that were stretched to superhorizon scales during inflation

may be accessible via pulsar timing arrays. Artifacts from any first-order phase transitions that

occurred while the universe was in its plasma state could also produce GWB signals, including

bubble-plasma interactions and topological defects, such as cosmic strings.

The dominant GWB source, however, is expected to be inspiraling supermassive black hole

(M• ∼ 108−1010M⊙) binaries. All galaxies are expected to host a massive black hole in their nuclei

[70], and correlations between the central black hole mass and properties of their host galaxy suggest

the two coevolve. SMBH binaries are created when two galaxies merge and their central black

holes become gravitationally bound. Once bound, the black holes co-orbit each other, continuing

to inspiral long after the merger is complete [16].

SMBH binaries are thought to radiate gravitational waves of shifting frequency as they in-

spiral, resulting in a broadband gravitation background signal in the nHz band [8, 6]. During

the inspiral, a binary system loses energy by emitting this gravitational radiation. For a SMBH

binary to merge within a Hubble time, however, it is often necessary for the system to exchange

orbital energy through interactions with the local galactic environment [16]. The shape of the

emitted gravitational spectrum is sensitive to those environmental conditions and depends on the

sub-parsec evolution of the binary, another regime inaccessible to electromagnetic radiation. The

amplitude of the stochastic background signal depends on the mass and abundance of these SMBH



21

binaries [8].

The spectrum of the gravitational wave background is

ΩGW (f) =
2π2

3H2
0

f2hc(f)2

where H0 is the Hubble constant and f is frequency. This gravitational signal is characterized by

the dimensionless characteristic strain spectrum hc:

h2c(f) =

∫∫∫
d4N

dz dM dq d(ln(f))
h2S dz dM dq (2.1)

where d4N is the number N of SMBH binaries in the redshift range dz, mass range dM , and

black hole binary mass ratio range dq emitted in the frequency range d(ln(f)). The rotation- and

sky-averaged strain of an individual source is hs [100].

The frequency dependence in Equation 2.1 can be separated from the dimensionless term

Ayr:

hc(f) = Ayr

(
f

1 yr−1

)α

(2.2)

where α1 is the power spectral index that depends on the signal source [24]. The GW spectrum

from the SMBH binaries contribution has an associated α = −2/3. The shape of the cosmic string

contribution is α ∈ [−5/3,−7/8], and α ∈ [−2,−1/2] is expected from primordial gravitational

waves from the inflationary epoch. GWs from primordial black holes and QCD phase transitions

do not have a power-law spectral dependence (see [24] and references therein).

2.1.2 The Local Supermassive Black Hole Mass Function

Due to the resolution required, direct measurements of black hole masses via dust and stellar

dynamics have been made for <100 black holes in the very closest and brightest local galaxies.

For galaxies fainter or further away, the black hole mass can instead be estimated via established

relations between supermassive black hole mass and host galaxy spheroidal properties that come

from these dynamical measurements. With these scaling relations, astronomers can use density

1 Outside of this chapter, α characterizes how the thermal conductance of a thin film scales with thickness.
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distributions describing the massive galaxies that should host SMBHs as a proxy for SMBH binary

distributions. Empirical relations between the black hole mass M• and the host galaxy observables

have been measured using the galactic stellar mass (M•-M⋆), bulge mass (M•-Mb), bulge luminosity

(M•-Lb), velocity dispersion (M•-σ), and Sérsic index [55].

The density of SMBH binaries can be predicted from the density of host galaxy mergers:

d3N

dz dM dq
=
dN

dM

d2N

dz dq
(2.3)

= Φ(z,M)R(z,M, q) (2.4)

where the merger density is broken down into the SMBH mass function (SMBH MF) Φ(z,M) =

dN/dM and the galaxy merger rate R(z,M, q) = d2N/(dz dq). The merger rate can be further

broken down into the merger timescale τ(z,M) and the galaxy pair fraction fpair(z):

R(z,M, q) =
dfpair
dq

1

τ

dt

dz
(2.5)

It is convenient to convert the number of binaries per Earth-observed frequency bin d(ln f) to the

number of binaries per co-moving volume shell Vc via

dN

d(ln(f))
=
dVc
dz

dz

dt

dt

d(ln f)
(2.6)

Using Equations 2.1 - 2.6, the strain amplitude Ayr becomes [100]:

A2
yr =

∫∫∫
Φ

1

τ

dfpair
dq

dVc
dz

(
dt

d(ln f)
h2s

)∣∣∣∣
fyr

dz dM dq (2.7)

The following work focuses on characterizing the SMBH mass function Φ, which can be

inferred from various scaling relations between SMBH mass and properties of its host galaxy.

2.1.3 Black Hole & Host Galaxy Scaling Relations

Using dynamical measurements of local SMBH masses, correlations between SMBH mass M•

and properties of their host galaxies have been measured. These scaling relations often take the



23

form of a power-law:

logM• = β + γ logX (2.8)

where X is the normalized host galaxy property. Examples of such properties include the stellar

velocity dispersion X = σ/(200 km/s), the V-band bulge luminosity X = LV /(1011M⊙), and the

bulge mass X = Mb/(1011M⊙) [74, 55].

McConnell & Ma 2013 [74] give the following relation for the galactic stellar velocity dispersion

σ:

log

(
M•

109M⊙

)
= (8.32 ± 0.05) + (5.64 ± 0.31) log

(
σ

200 km/s

)
(2.9)

with a scatter εs of 0.38 dex. We infer σ from the observable stellar mass, effective radius re and

Sérsic index nb from measurements of SDSS galaxies in Bezanson et al. 2011 [19]:

σ =

√
GM⋆

K⋆re
(2.10)

The circularized effective radius is re =
√
ab, where a and b are the respective semi-major and

semi-minor axes of the galaxy. The virial constant K⋆ depends on the Sérsic index nb:

K⋆ = 0.557

(
73.3

10.465 + (nb − 0.94)2
+ 0.954

)
(2.11)

The local M•–σ∗ relationship has been successfully reproduced in smoothed particle hydrodynamics

simulations of feedback-drive black hole growth.

McConnell & Ma 2013 also give the scaling relation for the host galaxy’s V-band luminosity:

log

(
M•

109M⊙

)
= (9.23 ± 0.10) + (1.11 ± 0.13) log10

(
LV

1011L⊙

)
(2.12)

for L > 1010.8M⊙.

Kormandy & Ho 2013 [55] give the following relation for galactic bulge mass Mb in their

Equation 10 with an intrinsic scatter of 0.29 dex:

log

(
M•

109M⊙

)
= (0.49+0.06

−0.05) + (1.16 ± 0.08) log

(
Mb

1011M⊙

)
(2.13)

In this work, we focus on the SMBH mass function estimation from the M• −Mb scaling

relation in Equation 2.13 and compare these results to the literature. Though outside the scope of
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X β γ εs [dex]

σ/(200 km/s) 8.32±0.05 5.64±0.31 0.38

LV /(1011M⊙) 9.27±0.13 1.12±0.82 0.47

Mb/(1011M⊙) 0.49+0.06
−0.05 1.16±0.08 0.29

Table 2.1: Power law parameters for scaling relations between SMBH mass and various host galaxy
properties.

this work, SMBH mass function estimates from σ and LV are also of great interest and would be

the immediate next steps.

2.2 Methods

To measure the local SMBH mass function, we construct a sample of galaxies from the Sloan

Digital Sky Survey Data Release 7 (SDSS-DR7), selecting for spectroscopic and mass completeness.

We use disc, bulge, and total stellar masses, redshift z, and galaxy type from the decomposition

in Mendel et al. 2013 ([75], hereafter M+13). We use the galaxy Sérsic index nb, ellipticity e, and

semi-major axis half-light radius RSMA values in Simard et al. 2011 ([98], hereafter S+11). We

convert RSMA to Re, circular half-light radius, using the relation Re = RSMA(1 − e).

When constructing the MF from the bulge mass scaling relation, we correct for Malmquist

bias using the 1/Vmax completeness correction [98, 104] and we use a Monte Carlo bootstrap

method to account for the errors in the bulge mass and scaling relation parameters as well as the

inherent scatter in the scaling relation. We adopt the standard cosmological model with H0 = 100h

km/s/Mpc, h = 0.7, ΩM = 0.3, and ΩΛ = 0.7.

2.2.1 SDSS-DR7 Galaxy Sample

Our galaxy sample is built as prescribed in Thanjavur et al. 2016 [104] and consists of 550,427

galaxies from the Sloan Digital Sky Survey Data Release 7 (SDSS-DR7). This sample consists of

low redshift (z∼0.1) galaxies in the public release of [75] catalogs, which extend [75] g- and r-band

photometry into SDSS u, i, and z bands to decompose the galaxies into bulge + disc and Sérsic

profiles.
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In the catalog presented in S+11, galaxies in SDSS-DR7 were decomposed into bulges and

discs using the GIM2D software package [99]. This catalog contains only galaxies flagged by SDSS

as extended objects that are unsaturated and have been properly deblended. In addition to the

two-component decomposition, the authors also fit a single-component (pure Sérsic) profile to

these galaxies and include both the resulting Sérsic index nb and the probability that the galaxy

is pure single-component galaxy PPS in their catalog. They apply k-corrections and correct for

galactic extinction when calculating photometric values of galaxy properties. The cataloged data

and measurements performed by GIM2D were screened using multiple quality assessment metrics

outlined in [99]. The resulting catalog contains photometric measurements of 1,123,718 SDSS-DR7

galaxies.

M+13 restricts the S+11 catalog by selecting objects that are spectroscopically classified as

galaxies (SDSS specClass=2) and for which the morphology fit was flagged as successful in all filters

by the GIM2D fitting software (GIM2D prcflag=0). They only select objects whose photometry

is flagged as uncontaminated by nearby neighbors (contam flag=0 and −0.2 ≤ delta fiber ≤ 0.2)

and are consistent with the SDSS fiber aperture magnitudes. The uncertainties in their measure-

ments of MB+D, MB and MD are ∼0.13, 0.14 and 0.15 dex, respectively. The M+13 catalog

consists of 657,996 galaxies selected from the S+11 catalog with updated ugriz photometry.

Beginning with the M+13 catalog, we restrict our sample to galaxies with redshifts 0.02 ≤

z ≤ 0.2 as per the SDSS spectroscopic completeness criterion, which removes 45,168 galaxies. We

also remove 5,518 galaxies with stellar masses log 10(M∗/M⊙) ≤ 8.9 since the surface brightness

of lower mass galaxies may drop below detection limits, compromising sample completeness. We

adhere to the SDSS main galaxy sample selection criterion by limiting the relative Petrosian r-band

magnitude to mP,r ≤ 17.77 mag, removing an additional 48,315 galaxies. Measurements of M⋆,r

or Mb are flagged for 8,568 of the remaining galaxies, and are therefore excluded from the sample

as well. These cuts are shown in Figure 2.2. Our final sample consists of 550,427 galaxies after

removing 107,569 galaxies, or 16.3%, from the M+13 catalog.
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Figure 2.2: (a) Redshift, (b) stellar mass, and (c) r-band apparent magnitude cuts on the M+13
catalog when constructing the galaxy sample. Greyed areas represent galaxies in M+13 that were
removed from our sample.

2.2.2 Bulge Fraction & False disc Corrections

For the majority of galaxies in this sample, we take galactic stellar mass M⋆ to be the sum

of Mb and Md from MT14 decomposition. However, for 9.2% of the sample (N=50,509), this sum

MB+D is inconsistent with the total mass from MT14’s single component fit MBD, meaning that

the difference between MB+D and MBD is larger than their combined standard errors. Bluck et al.

2014 [21] suggest that a potential explanation for this discrepancy is that large errors in the color

gradient lead to measurements of unphysically red bulges in predominantly bulgeless systems.

We correct for these unphysical measurements as prescribed in Bluck et al. 2014 [21] and

executed in Thanjavur et al. 2014 [104]. For this subset of galaxies, we instead set M⋆ to the value

from the single component fit MBD and calculate Mb using the photometric bulge fraction, or the

fraction of the galaxy’s mass that resides in the bulge, in the r-band GIM2D catalog (B/T )r. The

bulge and disc component masses are determined via Mb = MBD × (B/T )r and Md = MBD × (1−

(B/T )r), respectively.

Additionally, for 20.9% of galaxies in our sample (N=114,991), GIM2D incorrectly identifies

disc components in pure spheroidal galaxies due to the fixed bulge Sérsic index nb = 4 profile.

Following the procedure advised in Bluck et al. 2014 [21], as well as personal correspondence with

Prof. Asa Bluck, we identify galaxies with false discs as those with a calculated bulge fraction

(B/T ) > 0.7, bulge Sérsic index nb > 4, and the probability that the galaxy is purely Sérsic
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Figure 2.3: Bulge fraction of the sample as a function of redshift and stellar mass.
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PpS > 0.32. For these galaxies, we set (B/T ) = 1 and Mb = M⋆. The corrected bulge fractions as

a function of redshift and stellar mass of this sample are shown in Figure 2.3.

2.2.3 Malmquist Bias Correction

Despite the careful curation discussed in Section 2.2.1, our sample is still vulnerable to

Malmquist bias, i.e., the relative undercounting of intrinsically faint sources in real galaxy sur-

veys that occurs because the apparent magnitude of fainter sources will fall below survey mag-

nitude limits at earlier redshifts than brighter sources. To correct for this bias, we weight the

measurement of individual galaxies by 1/Vmax,g, where Vmax,g is the maximum volume at which

the galaxy is detectable [93]. This strategy weights the fainter objects more heavily, correcting for

the undercounting.

We use Vmax,g for galaxy g calculated in [98]:

Vmax,g =
1

4π

∫
dΩf(θ, ϕ)

∫ zmax(θ,ϕ)

zmin(θ,ϕ)

d2A(z)

H(z)(1 + z)
cdz (2.14)

where H(z) is the Hubble parameter, dA(z) is the angular distance to the galaxy, and f(Θ, ϕ) is

the sampling fraction as a function of sky position. The angular part of Equation 2.14 in this case

is simply the fraction of the sky covered by the survey. Using the SDSS-DR7 survey areal coverage

of ΩSDSS = 8032 deg2 and the all-sky surface area Ωsky = 41,253 deg2, the left side of the equation

becomes 8032/41253 = 0.1947 and we find that Vmax,g depends solely on redshift.

The bounds zmin and zmax are the respective minimum and maximum redshifts at which the

source can be detected given SDSS spectroscopic completeness constraint 14 ≤ mP,r ≤ 17.77 and

effective surface brightness completeness µr ≤ 23 mag/arcsec2. Calculations of zmin and zmax are

outlined in [98], which I will summarize here. Bounds from the relative magnitude are the redshifts

corresponding to the luminosity distance dL at which the relative magnitude mr falls outside the
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survey limits mr,min and mr,max, in our case 14 and 17.77 respectively.

dL(zmin,m) = dL(z)10−0.2(mr−mr,min) (2.15)

dL(zmax,m) = dL(z)10−0.2(mr−mr,max) (2.16)

The maximum redshift for which a galaxy with r-band surface brightness µr can be detected

is:

zmax,µ = (1 + z)10(µmax−mur)/10 − 1 (2.17)

The effective Petrosian surface brightness is given in [49]:

µ = mP,r + 2.5 log(2πR2
P ) − 10 log(1 + z) − er − kr (2.18)

where mP,r is the Petrosian relative magnitude, RP is the Petrosian radius, er is the line-of-sight

extinction and kr is the r-band k-correction.

We use kr corrections from the GIM2D catalog and line-of-sight galactic extinction er from

the SDSS database. kr corrections are not explicitly given in S+11, but can be solved for using

their Equation 3b:

kr = mr − er −DM(z) −Mr (2.19)

where mr and Mr are the respective apparent and absolute magnitudes measured in S+11 and

DM(z) is the distance modulus at redshift z.

The minimum bound is set by either zmin,m or the lowest redshift of the sample, whichever

is larger. The maximum bound is the lowest redshift between zmax,m and zmax,µ:

zmin = max(zmin,m, 0.02) (2.20)

zmax = max(zmax,m, zmax,µ) (2.21)

If galaxies are uniformly distributed over the sample volume, the median volume ratio <

Vg/Vmax > will be 0.5, where Vg is the SDSS spectroscopic survey volume measured at the redshift

of the galaxy [104]. We calculate that for our sample, <Vg/Vmax > = 0.398, suggesting that

our sample may be biased towards intrinsically dimmer, lighter galaxies. More work is needed to

investigate this potential bias.
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2.3 SMBH Mass Function & Error Estimation

The SMBH mass function is equivalent to the black hole number density per mass bin:

Φjd(logM) =

Nbin∑
i

1

Vmax,i
(2.22)

In addition to the Mb measurement error, the scaling relation itself contributes to the uncertainty

of M• due to the error on the scaling parameters β and γ and the intrinsic scatter εs of the relation.

We account for these uncertainties using a 103-iteration Monte Carlo simulation in which Mb, β

and γ are resampled to produce 103 estimates of M• for each galaxy.

During each iteration i of the simulation, we first sample the scaling factors βi and γi from

a normal distribution defined by the values and 1-σ errors in Table 2.1. We then sample Mb,i

of each galaxy from a uniform distribution within the 16th and 84th percentile log stellar mass

measurement from [75]. The simulated βi, γi, and Mb,i values produce initial estimates of M•,i,0

using Equation 2.8. Finally, we introduce the uncertainty from the intrinsic scatter by sampling

the actual M•,i estimates from a normal distribution centered at M•,i,0 with a standard deviation

of εs.

For each iteration i we bin M•,i of the sample weighted by 1/Vmax, in steps of ∼0.1 dex. The

final SMBH mass function Φ is the mean density in each bin over those 103 iterations, and the 1-σ

error is the standard deviation. A comparison between the resulting mass function and the direct

scaling of Mb using Equation 2.13 is shown in Figure 2.4.

Including the measurement errors and scatter both smooths the distribution between 105

and 107M⊙ and spreads the volume density to higher and lower masses. The uncertainty on

measurements ofMb grows ∼1-5 orders of magnitude for stellar masses< 3×1012M⊙, leading to very

large error bars on the low mass end of the SMBH mass function. From this mass function, SMBHs

(M• ≥ 108M⊙) constitute 17.3% of the total sample volume density, compared to 17.6% using the

direct scaling relation. Both provide a median SMBH volume density of ∼ 0.026 Mpc−3dex−1.

Since the error on the low mass end is so large and because we expect black holes with mass

≥ 106M⊙ to significantly contribute to the GWB, the remaining analysis only considers the mass
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Figure 2.4: Mass function from bulge mass scaling relation. (a) shows the majority of the distribu-
tion and (b) highlights black holes with M• > 106M⊙, i.e., the black holes expected to contribute
significantly to the GWB.
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Parameter Double SF Single SF

log10(M
∗) 8.91 ± 0.03 8.99 ± 0.03

log10(Φ
∗
1) -2.88 ± 0.03 -2.93 ± 0.03

log10(Φ
∗
2) -5.56 ± 0.53

α1 -1.06 ± 0.02 -1.09 ± 0.02

α2 3.41 ± 0.66

Table 2.2: Single and Double Schechter Function Fit Parameters with 1-σ errors.

function for M• ≥ 106M⊙, highlighted in Figure 2.4b.

2.4 Schechter Function Fits

In 1976, Schechter formulated an expression to parameterize the luminosity function of galax-

ies [92] that has since been used to characterize the stellar mass and luminosity functions for a range

of redshift and galaxy sub-populations [114]. This Schechter Function takes the following form in

logM space:

Φ d log (M) = ln (10)Φ∗ exp (−10logM−logM∗
)

× (10logM−logM∗
)α+1 d logM

(2.23)

where M∗ is the mass at which the mass function transitions from a power law at lower masses

to an exponential at higher masses and Φ∗ is the number density at M∗. In some cases, the mass

function is better described by the Double Schechter Function, which is the sum of two single

Schechter Functions that share the same M∗:

Φ d log (M) = ln (10) exp (−10logM−logM∗
)

×
[
Φ∗
1(10logM−logM∗

)α1+1 + Φ∗
2(10logM−logM∗

)α2+1
]
d logM

(2.24)

We fit both a single and double Schechter Function (SF) to the measured SMBH MF using a least

squares minimization routine. For the double Schechter function fit, α1 was constrained to [-4, 0]

and α2 was constrained to [0, 4] to avoid fitting between two equivalent solutions.

The resulting SF fits and standardized residuals are shown in Figure 2.5, and the fit param-

eters are in Table 2.2. The low mass end of this galaxy sample has an upturn characteristic to red,

quiescent galaxies that we expect to be best described by a double SF. The double SF fit, however,
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does not capture this nonlinearity and instead injects nonlinearity into the high mass end, hence

the sinusoidal pattern in the standardized residuals. It seems that the Schechter Function does not

capture the measured SMBH mass distribution as well as it describes galactic stellar mass func-

tions. This is potentially due to the smoothing of the peaks in the distribution and the spreading of

the high mass tail introduced by including uncertainties and intrinsic scatter in the mass function

calculation.

2.5 Literature Review

We compare this measurement of the SMBH MF with other measurements in the literature

in Figure 2.6. Our measurement is given as the black points in (a) for all galaxies and blue points

in (b) for elliptical galaxies with 1-σ errors as calculated in Section 2.3. Marconi et al. 2004 ([70],

hereafter Marconi+2004) estimate the local SMBH MF from four measurements of the luminosity

function measured with different surveys and photometric bands, namely [18], [71], [54] and [80].

The resulting MF for all galaxies is shown in Figure 2.6a and only the elliptical galaxies in (b).

Shankar et al. 2009 ([96], hereafter Shankar+2009) compile a range of SMBH MF estimates

using various measurements of the M• − L⋆, M• − σ, and M• −Mb scaling relations. The shaded

regions in Figure 2.6a capture the range of these measurements. The pink region summarizes MF

estimates at z=0.02 and the purple region at z=0.26, capturing the redshift range of our sample.

These mass functions deviate for M• < 108, indicating the formation of lower mass black holes

between z = 0.26 and 0.02. This is consistent with the observation from Marconi et. al 2004 [70]

that black hole growth is anti-hierarchical with lower mass black hole growth at later redshifts.

Our mass function for the entire sample agrees with Marconi+2004 at lower masses but

deviates from both mass functions to higher densities for all M• > 108M⊙. The relationship

between Shankar+2009 and this MF may be equivalent to the relationship between the direct

scaling and the mass function including the scatter in that our mass function smooths out the

peaks around M• ∼ 105−6M⊙ and spreads those galaxies out into the high mass tail. Given the

mass functions in Marconi and Shankar result from directly scaling host galaxy properties, it could
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Figure 2.6: Comparison of SMBH mass functions calculated using various host galaxy scaling
relations in the literature. The MF calculated in this work is given by black points for all galaxies
in (a) and blue points for elliptical galaxies in (b). Marconi et al. 2004 [70] calculate a MF from
luminosity scaling relations for all galaxies (a) and early type galaxies (b). Shankar et al. 2009 [96]
summarize a range of mass functions calculated M•-Lbulge, M•-σ, and M•-M⋆ scaling relations.
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be that the discrepancies between our measured mass function and those in the literature stem

from the relative effect the inherent scatter has on the shape of the distribution, similar to the

comparison between the MF and the distribution from the direct scaling in Figure 2.4. This results

in a suppression of the peaks around M• ∼ 105−6M⊙ and a larger density of galaxies in the high

mass tail M• > 108M⊙.

This trend is consistent when we compare our mass function of elliptical galaxies to the

Marconi+2004 mass function of early-type galaxies for M• > 108.5M⊙. When considering only the

elliptical galaxies and comparing it to the mass function of early type galaxies in Marconi+2004, we

again see a relative suppression of the peak around M• > 108M⊙ and spreading of the distribution

into the high and low mass tails. In both Marconi+2004 and Shankar+2009, the authors use a

direct scaling, so it’s expected that our mass function will have shorter peaks and longer tails at

the mass extremities.

2.6 Summary & Future Work

Using our sample of >550,000 local galaxies from SDSS-DR7, we have measured the SMBH

mass function from the host galaxy bulge mass scaling relation given in Kormendy & Ho 2013

[55]. We include the intrinsic scatter of the scaling relation, the error in the scaling relation

parameter fit, and the error in the Mb measurement in our estimation using a Monte Carlo bootstrap

method. We address Malmquist bias with the 1/Vmax strategy. Our galaxy sample may be biased

towards less massive galaxies given <Vg/Vmax >∼ 0.4, where an unbiased sample will produce

<Vg/Vmax >= 0.5.

The resulting SMBH mass function both smooths and spreads the M• distribution compared

to a direct scaling of the bulge mass. This is also true of the comparison between our mass function

and other SMBH mass functions in the literature are calculated from direct scalings of the host

galaxy velocity dispersion, the bulge luminosity, and the bulge mass. Our mass function is not

well described by either a single or double Schechter function. This could be the result of the

aforementioned effect of the inherent scatter on the shape of the distribution.



37

Figure 2.7: Summary of pulsar data collection for the 15-year NANOgrav data set from [7]. Top:
Sky locations of the 67 pulsars observed. Observatories include the Very Large Array (VLT),
Arecibo Observatory (Arecibo), and Green Bank Telescope (GBT). Bottom: Angular separations
probed in the data.
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In the time since the conclusion of this work, NANOGrav has detected strong evidence of a

stochastic GW background signal in their 15 years of PTA data in 2023 [7]. This detection was

made by monitoring 67 pulsars across various observatories shown in Figure 2.7. They determine

that the source of this stochastic background is indeed likely to be SMBH binaries resulting from

galaxy mergers, though other exotic cosmological sources such as primordial gravitational waves

or decay of cosmic strings cannot be ruled out. In fact, their Bayesian analysis often favors the

cosmological sources over the astrophysical SMBH binaries, but the authors caution that these

results are highly dependent on the assumed priors, and argue that the case for a SMBH binary

signal is hindered by a current lack of understanding of this signal and the noise.

A more precise characterization of the SMBH binary signal is necessary to interpret the

physics behind this recently detected novel signal. Given this, the field would greatly benefit from

examining the SMBH mass function using various other M• scaling relations and comparing them

to the now-measured GW background signal.



Chapter 3

Phonon Transport in Thin Films at sub-Kelvin Temperatures

The thermal conductance (G) of a TES bolometer is a key design parameter that sets the

sensitivity, dynamic range, and temporal response of the detector. To control the thermal con-

ductance of these sensors, they are often suspended on a membrane via long, thin legs. Imprecise

control over the thermal conductance can lead to multiple iterations of leg dimensions until a target

saturation power is achieved, leading to longer project timelines and larger R&D budgets.

Thermal isolation requirements are becoming even more stringent as current and proposed

missions will extend TES observations from the sub-mm to higher frequency bands such as the

FIR, equivalent to a 10−3 drop in signal power. Saturation powers of picoWatts have been achieved

by relying on diffusive transport in long, narrow TES legs, but scaling leg geometries to reach

signal powers of femtoWatts may be incompatible with reasonable mechanical yield. Additionally,

diffusive scattering processes come with an intrinsic scatter that cannot be engineered away, where

variances in G as large as 20% have been recorded [118]. An alternative thermal isolation strategy

in active development is phonon filters, also referred to as phononic crystals, which are structures

designed to create band stops in the phonon spectrum of the TES leg [121, 90, 120, 117, 116].

Designing these filters requires advanced modeling techniques and a deep understanding of phonon

transport in thin films. Reaching the sensitivities required to open a window into the FIR universe

and beyond will require a robust understanding and precise control of TES bolometer thermal

conductance.

To understand the thermal conductance of TES bolometers suspended on a membrane, we
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Figure 3.1: The dominant phonon wavelength λD at sub-Kelvin temperatures in amorphous SiNx.

must first understand thermal transport in the thin film layers that constitute the TES legs. In

dielectric thin films below 1 K and superconducting thin films at T << Tc, heat is transported via

phonons. The thermal conductance of the phonon gas in a thin film is often given by scaling the

thermal conductivity κ to the geometry of the film:

G =
A

L
κ (3.1)

where A is the cross-sectional area and L is the length of the thermal link. In thin films, A is the

product of the width w and the thickness d. The thermal conductivity is described by kinetic gas

theory as

κ = Cvvsℓ/3 (3.2)

where Cv is the specific heat of the phonon gas, vs is the mode-averaged speed of sound, and ℓ is

the phonon mean free path.

In bulk (3D) materials, ℓ is set by intrinsic scattering mechanisms, and thermal conductivity

is intrinsic to the material. The resulting conductance scales linearly with the film thickness d,

width w, and inversely with length L. As thin film dimensions approach the dominant phonon

wavelength λD = ℏvs/(2.82kBT ), however, phonons will interact with the boundaries of the film.
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We calculate λD for amorphous SiNx (a-SiN) in Figure 3.1 using the average sound speed vs = 6986

m/s [113]. In a-SiN, λD is 400 nm at 300 mK and longer than 1 µm below 100 mK.

These phonon-boundary interactions suppress the conductance with respect to the bulk case

and change the geometry dependence of G. In sufficiently thin films at low temperatures, the

geometry of the film will restrict phonons to the lowest-order modes, reducing the dimensionality

of the phonon gas and suppressing the thermal conductance. If the surfaces of the film are rough,

the film boundary itself can become a site for diffusive scattering, which further suppresses the

conductance and introduces a mean free path that depends on geometry.

The phonon physics in thin films is described by Rayleigh-Lamb treatments of the phonon

dispersion relations in which mode mixing occurs at the free surfaces of the film [57, 48, 59]. This

approach is informed by elastic theory and acoustics. This chapter summarizes and builds upon

the work of Zhang [121] and Kühn [59], using the theory of thin film phonon transport to predict

and understand the thermal conductance of TES bolometers.

In Section 3.1, I describe phonon transport in the ballistic transport regime L << ℓ, using

elastic theory to predict thin film thermal properties in the absence of diffusive scattering. In Section

3.2, I discuss phonon transport in the diffusive scattering limit L >> ℓ, including the implications

of scattering at the film boundaries. In Section 3.3, I model the total thermal conductance of a thin

film as a parallel sum of the conductances in the ballistic and diffusive limits. Finally, in Section 3.4,

I parameterize how thermal conductance scales with the film thickness in these different transport

regimes.

3.1 Ballistic Phonon Transport

In the regime of ballistic phonon transport, phonon scattering events are negligible and the

thin film acts as a phonon waveguide. We can calculate the thermal conductance from classical

elastic wave theory from the geometry and elastic properties of the material. In elastic theory,

solids are treated as continuous, which is valid when considering length scales much larger than

inter-atomic distances. The equilibrium position of a volume element δV = δxδyδz is given by r,
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and the displacement field u(r, t) describes motion about the equilibrium in the solid.

3.1.1 3D Plane Waves

3.1.1.1 Equation of Motion

Elastic theory describes phonon transport within a material in the absence of diffusive scat-

tering. The equation of motion in elastic media is

∂2t = ∂jpji (3.3)

= ρ−1∂jcijkl(∂kul + ∂luk)/2 (3.4)

= ρ−1cijkl∂j∂kul (3.5)

where pji is the stress tensor Tijkl divided by the mass density ρ and cijkl is the elasticity tensor

[59]. Assuming isotropic media and taking advantage of the symmetries in [[c]], the fourth-rank

tensor is reduced to a 6×6 matrix:

[c] =



c11 c12 c12 0 0 0

c12 c11 c12 0 0 0

c12 c12 c11 0 0 0

0 0 0 c44 0 0

0 0 0 0 c44 0

0 0 0 0 0 c44


(3.6)

where c12 = c11 − 2c44. Therefore, the only independent parameters in [[c]] are c11 and c44 [110].

These parameters are related to the elastic properties of the material, specifically the Young’s

Modulus E and Poisson’s ratio ν:

c11 =
(1 − ν)E

(1 + ν)(1 − 2ν)
(3.7)

c44 =
E

2(1 + ν)
(3.8)
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Young’s modulus is the ratio of the stress σ and the induced strain ϵ, i.e., E = σ/ϵ. Poisson’s ratio

measures the amount of lateral elongation upon compression and takes values between 0 and 0.5

[12, 59].

These matrix components also define the longitudinal and transverse sound speeds:

vl =
√
c44/ρm (3.9)

=

√
(1 − ν)E

(1 + ν)(1 − 2ν)

1

ρm
(3.10)

vt =
√
c11/ρm (3.11)

=

√
E

2(1 + ν)

1

ρm
(3.12)

where ρm is mass density. The mode-averaged sound speed vs is

vs =

(
1

2

[
1

v2l
+

2

v2t

])−1/2

(3.13)

In the bulk limit with no boundary interactions, Equation 3.5 has three independent plane

wave solutions with linear dispersion relations

ωl/t = vl,tk (3.14)

for two transversely-polarized waves and one longitudinally-polarized wave.

3.1.2 Elastic Eigenmodes in Thin Films

As with all systems of finite size, the dispersion relation in a thin film is split into branches.

The 3D plane wave solutions consist of longitudinal waves, which are polarized parallel to the wave

vector k, and transverse waves, which are polarized perpendicular to k. Transverse waves can be

further decomposed into two polarizations perpendicular to each other. In the case of a thin film

depicted in Figure 3.2a, it is convenient to define one transverse polarization to be perpendicular

to the plane of incidence, referred to as shear vertical polarization, and the other parallel to the

plane of incidence, or shear horizontal polarization.
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Figure 3.2: (a) Schematic of a thin film with thickness d, width w, and length L. (b) Reflections of
horizontal (H), symmetric (S) and antisymmetric (A) polarized plane waves at the boundaries of
a semi-infinite plane, located at ±d/2. H modes depicted on the left are polarized parallel to the
film boundaries. Reflections at the boundary couple the S and A Lamb modes. Depicted on the
right is an incident A mode that reflects into both A and S polarizations.
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The wave vector k of a plane wave incident on a free surface can be decomposed into the

component pointing along the surface k∥ and perpendicular to the surface kσ:

ûei(k·r−ωt) = ûei((k∥+kσ)·r−ωt) (3.15)

where û is the polarization of the wave. We denote kσ as kl for longitudinal waves and kt for

transverse (shear) waves.

In thin films, the thickness dimension d is much smaller than the width w and length L. To

derive the phonon dispersion modes in a thin film, we consider the semi-infinite plane constrained

in the ẑ-direction at z = ±d/2, shown in Figure 3.2b. We choose the plane of incidence to be the

x−z plane, and the boundaries of the film are located at z = ±d/2. While these three polarizations

propagate independently in bulk samples, in thin film mode mixing is possible via reflections at the

free boundaries.

We define the polarization vector of the shear horizontal waves (H) as parallel to the plane of

incidence. Components of the polarization vector for the shear vertical and longitudinal waves are

perpendicular to the plane of incidence and are coupled through interactions with the boundary.

These coupled waves are referred to as Lamb modes, and the behavior of these modes is illustrated

in Figure 3.3. Longitudinal waves represent compression of the beam, which are symmetric across

the x-axis and referred to as symmetric Lamb modes (S). The shear vertical waves bend the beam

antisymmetrically across the x-axis and are referred to as antisymmetric Lamb modes (A).

3.1.2.1 Shear Horizontal Modes

We have defined shear horizontal modes such that they are independent of the S and A

modes, and therefore still behave as if propagating through bulk material. We apply the free

surface boundary condition, meaning there is no parallel shear stress acting on the surface, to the

film surfaces at z = ±d/2:

(n̂ipij)(r ∈ δV ) = 0 (3.16)
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Figure 3.3: Behavior of antisymmetric (A) and symmetric (S) Lamb modes. The dotted lines
represent the equilibrium position r. The displacement from the equilibrium u(r,t) is also shown.
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n̂i is the normal of a surface element δV of a solid of volume V and pij is the stress tensor normalized

by the mass density Tij/ρm. This produces the following dispersion relation for the H modes:

ωH,m(k∥) = vt

√
k2∥ + (mπ/d)2 (3.17)

where vt is the transverse sound speed, k∥ is the wave vector parallel to the direction of propagation,

defined as x̂ in Figure 3.2, and m ∈ [0,∞) is the mode number. The acoustic modes are the lowest

energy modes defined by the property ω(k∥ = 0) = 0, which occurs for m = 0.

The displacement field is given by

uH = NH cos [kH(z − d/2)](k̂∥ × ẑ)ei(k∥·r−ωt) (3.18)

where the normalization constant NH is

NH =


√

1/V for m = 0√
2/V for m > 0

(3.19)

3.1.2.2 Lamb Modes

The coupling of the symmetric and antisymmetric Lamb modes through reflections at the

boundary complicates the dispersion relations of these modes with respect to the bulk case. To

derive these dispersion relations, we begin with the displacements of the incident (I) and reflected

(R) Lamb waves:

uIx = ISk∥e
i(k∥x+kSz−ωt) − IAkAe

i(k∥x+kAz−ωt)

uIz = ISkSe
i(k∥x+kSz−ωt) + IAk∥e

i(k∥x+kAz−ωt)

uRz = RSk∥e
i(k∥x−kSz−ωt) −RAk∥e

i(k∥x+kAz−ωt) (3.20)

uRz = −RSkSe
i(k∥x−kSz−ωt) −RAk∥e

i(k∥x+kAz−ωt)

Applying the free surface boundary condition 3.16 at z = ±d/2 gives the following transcen-

dental relation for the A modes:

4kAkSk
2
∥

(k2A − k2S)2
= − tan(kSd/2)

tan(kAd/2)
(3.21)
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and

4kAkSk
2
∥

(k2A − k2S)2
= −tan(kAd/2)

tan(kSd/2)
(3.22)

for the S modes. Combining this with Snell’s Law:

v2t (k2t + k2∥) = v2l (k2l + k2∥) = ω2 (3.23)

we can solve for kS and kA as a function of k∥ and calculate the dispersion relations ω(k∥), which

are shown in Figure 3.4.

The dispersion relations of the A and S modes are not as tidy as the analytical solution for

the H modes. However, we can solve for the cutoff frequencies of these modes ωc = ω(k∥ = 0) by

setting k∥ = 0 in Equations 3.22 and 3.21. For the A modes, the cutoff frequencies are

ωc,A =


2nπvt/d

(2n+ 1)πvl/d

(3.24)

for integer n ∈ [0,∞). Similarly, for the S modes, the cutoff frequencies are given by

ωc,S =


(2n+ 1)πvt/d

2πvl/d

(3.25)

The integer n denotes unique modes but is technically not equivalent to the mode number m since

ωc does not increase monotonically with n.

As can be seen by Equations 3.17, 3.24, and 3.25, ωc of optical modes, or modes for which

m,n ̸= 0, increase with decreasing film thickness d. This means that optical modes in thinner films

are less likely to be occupied at low temperatures, as per Bose-Einstein statistics.

3.1.2.3 Low Temperature Limit

At sub-Kelvin temperatures, the power spectral density in our thin films is dominated by the

acoustic modes since very few phonons populate states with energy ≥ ℏωc of the optical modes.

We can expand the acoustic modes (m=0, ω(k∥ = 0) = 0) described by Equations 3.17, 3.22 and
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Figure 3.4: Normalized dispersion curves of a thin film separated by polarization into the antisym-
metric Lamb (A), symmetric Lamb (S), and horizontal (H) modes. The inset highlights the low
temperature behavior of the acoustic modes.



50

3.21 about k∥ to obtain the low energy behavior of these modes, highlighted in the inset of Figure

3.4.

Setting m = 0 in Equation 3.17, we find that for the acoustic H mode, ωH,0 is linearly

proportional to k∥ for all k∥:

ωH,0(k∥) = vtk∥ (3.26)

Expanding Equation 3.22 in k∥ to first order, we find ω of the acoustic symmetric Lamb mode is

also linearly proportional to k∥ at low temperatures:

ωS,0 = 2
vt
vl

√
v2l − v2t k∥

≡ vSLk∥ (3.27)

We expand Equation 3.21 to the second order to obtain a non-trivial result. We find ω depends

linearly on d for the acoustic antisymmetric Lamb mode:

ωA,0 = d

√
v2l − v2t

3v2l
k2∥

≡ ℏ
2m∗k

2
∥ (3.28)

Kühn 2007 [59] likens this behavior to that of a massive particle with a mass that is inversely

proportional to d.

3.1.3 Ballistic Thermal Conductance

With the dispersion relations of the H, S, and A modes, we can now calculate the thermal

conductance of a thin film in the ballistic limit, i.e., the conductance in the absence of diffusive

scattering. We begin with the general heat flux of the phonon field, which has units of power per

area

−̇→
Q =

1

V

∑
µ

ℏωµv⃗µnµ (3.29)

where ℏ is the reduced Planck’s constant, v⃗µ = ∂ωµ/∂k∥ is the phonon group velocity, and the sum

µ = (k∥,m, p) is over the wave number parallel to the x-axis k∥, mode number m, and polarization
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p = (H,A, S). The Bose-Einstein distribution describes the phonon distribution function nµ:

nµ =
1

exp (ℏωµ/kBT ) − 1
(3.30)

where kB is the Boltzmann constant. We are only concerned with the heat flux propagating through

the ŷ− ẑ plane in the x̂ direction. Therefore, the radiating surface s⃗ is the cross-section of the film

with area A = d× w. This radiated power is

Pball =

∫
s⃗
ds⃗ · −̇→Q =

1

V

∑
µ

∫∫
dy dz ℏωµnµ(v⃗µ · n̂s) (3.31)

where n̂s is the surface normal ŷ × ẑ = x̂. The quantity (v⃗µ · n̂s) = |v⃗µ| cosϕ is the group velocity

perpendicular to the radiating surface. We are only interested in the power flow out of s⃗ and

therefore restrict ϕ to [−π/2, π/2]. The sum over k∥ can be converted to an integral over k∥ space

using ∑
k∥

=
wL

(2π)2

∫∫
d2k∥ (3.32)

=
wL

(2π)2

∫∫
k∥dk∥dϕ (3.33)

Restricting ϕ to [−π/2, π/2] and remembering v⃗µ = ∂ωµ/∂k∥, Equation 3.31 becomes

Pball =
1

V

∫ w

0

∫ d

0
dy dz

wL

(2π)2

∑
m,p

∫∫ ∣∣∣∣∂ωµ

∂k∥

∣∣∣∣ ℏωµk∥

exp (ℏωµ/kBT ) − 1
dk∥ cosϕdϕ (3.34)

=
dwL

V

w

(2π)2

∑
m,p

∫ ∞

0

∣∣∣∣∂ωµ

∂k∥

∣∣∣∣ ℏωµk∥

exp (ℏωµ/kBT ) − 1
dk∥

∫ π/2

−π/2
cosϕdϕ (3.35)

=
w

2π2

∑
m,p

∫ ∞

0

∣∣∣∣∂ωµ

∂k∥

∣∣∣∣ ℏωµk∥

exp (ℏωµ/kBT ) − 1
dk∥ (3.36)

From this, we calculate the ballistic thermal conductance:

Gball =
∂Pball

∂T
=

w

2π2

∑
m,p

∫ ∞

0
kB

(
ℏωµ

kBT

)2 exp (ℏωµ/kBT )

(exp (ℏωµ/kBT ) − 1)2

∣∣∣∣∂ωµ

∂k∥

∣∣∣∣ k∥dk∥ (3.37)

=
w

2π2

∑
m,p

∫ ∞

0
kB

(
ℏωµ

kBT

)2 k∥ exp (ℏωµ/kBT )

(exp (ℏωµ/kBT ) − 1)2
dωµ (3.38)

=
w

2π2

∑
m,p

∫ ∞

0
kBξ

2 k∥ exp (ξ)

(exp (ξ) − 1)2
kBT

ℏ
dξ (3.39)

=
w

2π2
k2BT

ℏ
∑
m,p

∫ ∞

0

k∥ξ
2 exp (ξ)

(exp (ξ − 1)2
dξ (3.40)
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where ξ = ℏωµ/kBT . This expression can only be calculated numerically in the general case, but

we can use dispersion relations in the bulk and low temperature limits to solve for the thermal

conductance in the 3D and 2D cases.

In the bulk limit, the S and A modes do not interact with the boundary and all modes are

decoupled. Dispersion relations for all polarizations take the form of ωp,m = vp
√
k2∥ + (mπ/d)2,

where vp is vl for the S modes and vt for the A and H modes. The 3D radiated power is

P3D =
dwℏ
8π2

(
kBT

ℏ

)4( 2

v2t
+

1

v2l

)
Γ(4)ζ(4) (3.41)

where Γ(4) and ζ(4) are the Gamma and Reimann zeta functions respectively. The 3D thermal

conductance is

G3D =
dwℏ
2π2

T 3

(
kB
ℏ

)4( 2

v2t
+

1

v2l

)
Γ(4)ζ(4) (3.42)

In the 3D ballistic limit, G is linearly proportional to d and T 3, which is consistent with the low

temperature limit of the Debye model.

In the 2D limit, only the acoustic modes are occupied. Using the low temperature expansions

of the acoustic mode dispersion relations in Equations 3.26-3.28, we can solve for the 2D power:

P2D =
wℏ
2π2

[(
1

vt
+

1

vSL

)
Γ(3)ζ(3)

(
kBT

ℏ

)3

+

√
2m∗

ℏ
Γ

(
5

2

)
ζ

(
5

2

)(
kBT

ℏ

)5/2
]

(3.43)

where vSL is defined in 3.28. The last term comes from the treatment of acoustic antisymmetric

mode as a particle with mass m∗ defined in Equation 3.28:

m∗ ≡ ℏ
2d

√
3v2l

v2l − v2t
(3.44)

The 2D thermal conductance is

G2D =
wℏ
2π2

[
3

(
1

vt
+

1

vSL

)
Γ(3)ζ(3)

(
kB
ℏ

)3

T 2 +
5

2

√
2m∗

ℏ
Γ

(
5

2

)
ζ

(
5

2

)(
kB
ℏ

)5/2

T 3/2

]
(3.45)

At very low temperatures, deep into the 2D regime, the antisymmetric mode term in which

G ∼ T 3/2 dominates, giving the surprising resultG2D ∝ 1/
√
d. In the quasi-2D limit at intermediate

temperatures, the left term dominates, and Gq2D is independent of film thickness. Therefore, in

the ballistic transport regime, the dimensionality of the phonon gas dictates how G scales with the

film thickness.
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3.1.4 2D-3D Transition of the Phonon Gas

As shown in Equations 3.24 and 3.25, the cutoff frequencies of the optical modes increase

with decreasing thickness. As a consequence, the dimensionality of the phonon gas in thinner

films is suppressed at lower temperatures. Put another way, the dimensionality of the phonon

gas depends on the relative sizes of the thin film geometry and the dominant phonon wavelength

λD = ℏvs/(2.82kBT ) [124].

In thin films, 2D-3D dimensionality is set by the ratio between d and λD. If λD << d, a

significant number of optical modes are accessible and the number of occupied modes increases

with film thickness. In this case, the phonon gas is fully 3-dimensional. However, if λD >> d,

only the acoustic modes are accessible and the number of occupied modes is agnostic to thickness,

condensing the phonon gas into a 2-dimensional state. The transition between these states occurs

when d ∼ λD. At constant temperature T , the 2D-3D crossover thickness [58, 68] is

dc =
ℏvt

2kBT
(3.46)

This transition can be seen in Figure 3.5, where we have made numerical calculations of

G vs d for a 5-µm-wide film of amorphous silicon nitride (a-SiNx) at 170 mK. We use the sound

speeds for stoichiometric Si3N4 of vt = 6280 m/s for transversely polarized waves, vl = 1115 m/s for

longitudinally-polarized waves, and vs = 6986 m/s is average sound speed [22]. At this temperature,

the transition occurs at dc ∼140 nm, coinciding with a minimum conductance of 6.7 pW/K. The

red dashed lines show power law fits of both the thinnest and thickest films.

For the thinnest films in which d << 140 nm, G is approaching the 2D limit in which G ∝

1/
√
d. The G ∝ d−1/4 result suggests that the antisymmetric Lamb mode contributes significantly

but does not yet dominate the thermal conductance. Calculations of the thickest films approach the

3D limit d >> 140 nm, recovering G∼ d behavior. This figure also illustrates the surprising result

that in the absence of diffusive scattering, a 10-nm-thick film of a-SiNx is nearly as conductive as

a 600-nm-thick film. It is clear from these results that the naive assumption G ∝ d insufficiently

describes the phonon physics in thin films at low temperatures, and that the effects of suppressed
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Figure 3.5: Numerical calculations of G for a 5-µm-wide thin film of a-SiNx at 170 mK. The
minimum conductance occurs at dc=139 nm. Red dashed lines are power law fits to calculations
for the thinnest and thickest d values, which approach the elastic theory predictions that the ballistic
G ∝ 1/

√
d for d << dc and G ∝ d for d >> dc.



55

dimensionality must be included when modeling their thermal conductance.

3.1.5 1D Ballistic Transport

In films where the width also approaches λD, the phonon gas loses dimensionality in the

ŷ direction, and ballistic phonon transport is 1-dimensional. The power transmitted down a 1D

thermal link is

P1D =
∑
m,p

∫ ∞

0

dk

2π
ℏωµ

∣∣∣∣∂ωµ

∂k∥

∣∣∣∣nµ (3.47)

From this, we can calculate the 1D thermal conductance:

G1D =
∂Pball

∂T
=

1

2π

∑
m,p

∫ ∞

0
kB

(
ℏωµ

kBT

)2 exp (ℏωµ/kBT )

(exp (ℏωµ/kBT ) − 1)2

∣∣∣∣∂ωµ

∂k∥

∣∣∣∣ dk∥ (3.48)

=
1

2π

∑
m,p

∫ ∞

0
kB

(
ℏωµ

kBT

)2 exp (ℏωµ/kBT )

(exp (ℏωµ/kBT ) − 1)2
dωµ (3.49)

=
k2BT

h

∑
m,p

∫ ∞

0

ξ2 exp (ξ)

(exp (ξ) − 1)2
dξ (3.50)

=

(
π2k2BT

3h

)
Nm ≡ g0Nm (3.51)

where g0 = (0.946 pW/K2) × T is the quantum thermal conductance and Nm is the number

of modes. In the 1D limit, phonons occupy the only four lowest modes, of which there is one

longitudinal, one torsional, and two shear degrees of freedom. Therefore, in 1D ballistic phonon

transport, the thermal conductance is quantized and no longer depends on sample geometry or

particle statistics [94].

3.2 Diffusive Phonon Transport

In the previous section, we explored the limit where the phonon mean free path is much

longer than the length of the film ℓ >> L and the phonons propagate radiatively across the film.

In the opposite limit ℓ << L, phonons will scatter many times while traveling across the film,

leading to diffusive phonon transport. Any diffusive scattering processes suppress G with respect

to the ballistic case and introduce a G ∝ 1/L dependency.
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In dielectric thin films at sub-Kelvin temperatures and superconducting thin films at T <<

Tc, although phonon-quasiparticle scattering is negligible due to low quasiparticle densities, in-

homogeneities that are intrinsic to the material, such as density inhomogeneities and two-level

systems, can be sites for diffusive phonon scattering. The mean free path associated with these

intrinsic scattering processes ℓi is independent of geometry. If the surface roughness of a film is

comparable to phonon wavelengths, the boundary itself becomes a site for diffusive scattering, in-

troducing a mean free path that depends on film geometry. To accurately describe general phonon

transport in thin films, we must include the effects of intrinsic and boundary scattering on the

thermal conductance.

3.2.1 Diffusive Thermal Conductance

In diffusive transport, the heat flux density is set by the thermal conductivity κ:

−̇→
Q = −κ∇⃗T (3.52)

From this, we see that heat flow is a non-equilibrium process and that
−̇→
Q is non-zero only in the

presence of a temperature gradient ∇⃗T . For the phonon number nµ to be defined, we must assume

the variations in T are sufficiently small such that any position along the gradient is in a local

thermodynamic equilibrium. Therefore, nµ becomes a function of position and can be approximated

as nµ = nµ,0 + δnµ, where δnµ is a small change with the global nµ,0. Only deviations from the

equilibrium distribution can produce the thermal gradient necessary for conduction, therefore only

δnµ can contribute to the heat flux. Given this, Equation 3.29 becomes

−̇→
Q =

1

V

∑
µ

ℏωµv⃗µδnµ (3.53)

Changes in the phonon distribution result from diffusive scattering phonon decay and tem-

perature changes along the thermal gradient. The phonon distribution at time t and position r⃗ is

the distribution at t− dt and position r⃗ − v⃗µdt minus the phonon decay during dt:

nµ(x, t) = nµ(r⃗ − v⃗µdt, t− dt) −
(
δnµ
τµ

)
dt (3.54)
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where we’ve introduced the decay relaxation time τµ. Using a first-order Taylor expansion of

nµ,0 = nµ(r⃗ − v⃗µdt, t− dt),

δnµ
τµ

dt = −∂nµ,0
∂t

dt− v⃗µ · ∇⃗nµ,0dt (3.55)

We are only interested in steady state solutions, so the partial time derivative is 0. Since the

positional dependence of nµ is inherited from the dependence on T, we solve for δnµ in terms of

the thermal gradient:

δnµ = −τµv⃗µ · ∂nµ,0
∂T

∇⃗T (3.56)

This gives the following heat flux for diffusive phonon transport:

−̇→
Q = − 1

V

∑
µ

ℏωµ
∂nµ,0
∂T

τµv⃗µ · (v⃗µ · ∇⃗T ) (3.57)

with units of power per area.

It is common to characterize diffusive phonon transport by the distance between scattering

events, which for a phonon of mode µ and velocity v⃗ is

ℓ⃗µ = τµv⃗µ (3.58)

Inserting ℓ⃗µ into Equation 3.57 gives

Q̇ = − 1

V

∑
µ

ℏωµ
∂nµ,0
∂T

ℓ⃗µ · (v⃗µ · ∇⃗T ) (3.59)

From Equation 3.52, the thermal conductivity of the film is

κ =
1

V

∑
µ

ℏωµ
∂nµ,0
∂T

ℓ⃗µ · (v⃗µ · n̂s) (3.60)

It is conventional to reduce ℓ⃗µ to the mode- and angle-averaged mean free path ℓ, which is a

statistical quantity defined by describing the probability that a phonon will travel a distance dx as

∼ exp (−dx/ℓ) [50]. Using Equation 3.33 and recalling that we have defined the thermal gradient
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to be non-zero only in x̂, the thermal conductivity becomes

κ =
wL

V (2π)2

∫ ∞

0

∑
m,p

ℏωµkB

(
ℏωµ

kBT

)2 exp (ℏωµ/kBT )

(exp (ℏωµ/kBT ) − 1)2
k∥dk∥

∫ π/2

−π/2
|vµ| cos(ϕ)ℓ cos(ϕ)dϕ

(3.61)

=
ℓ

(2π)2d

∫ ∞

0

∑
m,p

ℏωµ|vµ|kB
(
ℏωµ

kBT

)2 exp (ℏωµ/kBT )

(exp (ℏωµ/kBT ) − 1)2
k∥dk∥

∫ π/2

−π/2
cos2(ϕ)dϕ (3.62)

=
ℓ

8πd

∫ ∞

0

∑
m,p

ℏωµ|vµ|kB
(
ℏωµ

kBT

)2 exp (ℏωµ/kBT )

(exp (ℏωµ/kBT ) − 1)2
k∥dk∥ (3.63)

where vµ,x = |vµ| cos(ϕ) and ℓx = ℓ cos(ϕ). As with the ballistic thermal conductance derivation, ϕ

is the angle between v⃗µ and the surface normal n̂s. The diffusive thermal conductance is

Gdiff = (A/L) × κ (3.64)

=
ℓ

4L

w

2π

∫ ∞

0

∑
µ

|vµ|kB
(
ℏωµ

kBT

)2 exp (ℏωµ/kBT )

(exp (ℏωµ/kBT ) − 1)2
k∥dk∥ (3.65)

= Gball ×
πℓ

4L
(3.66)

The ratio L/ℓ is the average number of diffusive phonon scattering events along the length of

the film. Therefore, we can see that diffusive thermal conductance is approximately the ballistic

conductance suppressed by the number of diffusive scattering events along the film. In the bulk

diffusive limit, Gdiff ∝ A/L and κ is intrinsic to the material. However, any amount of ballistic

transport, diffusive boundary scattering, or reduced dimensionality will alter how G scales with

thin film geometry and will introduce a geometry dependence into κ.

3.2.2 Mean Free Path

As shown in the previous section, the phonon mean free path ℓ sets the diffusive thermal

conductance. The limiting diffusive scattering processes in the film determine the overall mean free

path. If phonon transport is limited by boundary scattering, ℓ will depend on film geometry. As

defined in Equation 3.73, ℓ is the length between scattering events projected onto the direction of

the thermal gradient averaged over all modes and integrated over ϕ ∈ [−π/2, π/2]:

ℓ =
1

π

∫ π/2

−π/2
ℓxdϕ (3.67)
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z
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Figure 3.6: The diffusive boundary scattering effect on the phonon path. The red arrows indicate
the mean free path in the thermal gradient direction ℓx = ℓ′ cosϕ, where ℓi is the mean free path
of intrinsic scattering mechanisms. The mean free path magnitude ℓ′ is equal to ℓi for ϕ ≤ ϕi
and is shortened by the boundary for larger ϕ. For ϕ > ϕi, the phonon scatters diffusively at the
boundary and ℓ′ = ℓi sinϕ.

where ℓx is the projection of |ℓµ| onto the x-axis summed over all modes µ.

If phonon transport is limited by intrinsic scattering mechanisms, ℓx = ℓi cosϕ for all ϕ and

ℓ is simply

ℓ0 =
1

π

∫ π/2

−π/2
ℓi cosϕdϕ =

2

π
ℓi (3.68)

However, if phonons also diffusively scatter at the film surfaces, ℓx becomes more complicated.

For angles |ϕ| ≤ ϕi = sin−1(d/2ℓi), illustrated on the left in Figure 3.6, the phonon will scatter

from intrinsic processes before encountering the surface and ℓx is still ℓi cosϕ. Note that we have

assumed that boundary scattering occurs exclusively at the top and bottom surfaces of the film. If

phonons instead scatter at the edges of the film, d should be replaced by w.

For |ϕ| > ϕi, illustrated as the third scenario in Figure 3.6, ℓx is shortened by the boundary

to ℓx = d/(2 sinϕ) × cosϕ. On the very right of the figure, ℓx = (d/2) cos (π/2) = 0. Accounting

for these boundary interactions, ℓx is

ℓx =


ℓi cosϕ for ϕ < ϕi

(d/2) × cotϕ for ϕ ≥ ϕi

(3.69)

So far, we have assumed 100% of phonon interactions with the surface result in diffusive

scattering. However, it is often the case that phonon-boundary interactions are a mixture of both

diffusive and specular scattering. In diffusive scattering, the phonon is absorbed by the boundary
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and reemitted isotropically. In specular scattering, the phonon reflects off the surface, and phonon

propagation is unimpeded by the boundary interaction.

The expectation value of ℓ for diffusive scattering probability Pd on both the top and bottom

surfaces is given by the infinite sum

< ℓ > = Pdℓ0 + Pd(1 − Pd)2ℓ0 + Pd(1 − Pd)23ℓ0 + ... (3.70)

= ℓ0

∞∑
m=0

mPd(1 − Pd)m−1 (3.71)

= ℓ0/Pd (3.72)

where ℓ0 is the mean free path for 100% diffusive scattering probability.

Therefore, if diffusive scattering Pd is less than unity, the thickness is effectively extended to

deff = d/Pd. For example, if 50% of boundary scattering events are diffusive, phonon propagation

is interrupted by only 50% of boundary interactions. This effect is equivalent to 100% diffusive

scattering in a film with twice the thickness. Including the effect of specular scattering, ℓ becomes

ℓ =
1

π

∫ ϕi

−ϕi

ℓi cosϕdϕ+
d

2Pd

(
1

π

∫ −ϕi

−π/2
cotϕdϕ+

1

π

∫ π/2

ϕi

cotϕdϕ

)
(3.73)

using the adjusted ϕi = sin−1[d/(2ℓi × Pd)].

An example calculation of ϕi and ℓ/ℓ0 for a range of diffuse scattering probability is shown

in Figure 3.7. For this calculation, we set ℓi = 20 µm and d = 1 µm. For Pd ≤ d/(2ℓi), we set ϕi =

π/2 since sin−1(x > 1) is nonphysical. This produces the plateau in ℓ/ℓ0 for Pd ≤ 2.5%. For this

geometry, we find that a 10% probability of diffusive boundary scattering suppresses ℓ by > 40%.

If 100% of phonon-boundary interactions result in diffusive scattering, ℓ is suppressed by nearly

90%. For Pd ≤ d/ℓi = 2.5%, ϕi = π/2 and diffusive boundary scattering has no effect on ℓ.

Figure 3.8 shows calculations of ℓ as a function of d/ℓi for the diffuse scattering probabilities of

10%, 50%, and 100%. For the phonon mean free path not to be suppressed by boundary scattering,

the internal scattering mean free path ℓi must be ≤ d/2. Internal scattering dominates at d/ℓi = 0.2

for Pd = 10% and d/ℓi = 1 for Pd = 50%.
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Figure 3.7: Example calculation of the mean free path ℓ including boundary effects normalized
to the mean free path assuming no diffusive boundary scattering for various Pd. The inset is the
corresponding calculation of ϕi. Contributions from angles limited by intrinsic scattering |ϕ| ≤ ϕi
and angles at which phonons diffusively scatter off the film boundaries |ϕ| > ϕi are also shown. We
set ℓi= 20 µm and d = 1 µm.
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Figure 3.8: Calculations of ℓ as a function of d/ℓi for diffuse scattering probabilities of 10%, 50%,
and 100%.
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3.3 Total Thermal Conductance

In cryogenic detectors, it is not uncommon for phonon transport to be a mixture of ballistic

and diffusive transport with a variety of scattering mechanisms. Therefore, for a thermal conduc-

tance model to be generally applicable, it must accommodate all phonon transport regimes. We

model the total thermal conductance as the parallel sum of Gball and Gdiff . Similarly, the mean

free path ℓ is the parallel sum of all ℓ for all significant scattering mechanisms.

Using Equations 3.40 and 3.66, we calculate the total thermal conductance as

Gtot =

(
1

Gball
+

1

Gdiff

)−1

(3.74)

= Gball

(
1 +

4L

πℓ

)−1

(3.75)

The total thermal conductance through the ballistic-diffusive transition is shown in Figure 3.9.

In the limit that the mean free path is much shorter than the length of the film L/ℓ >> 1, the

second term dominates and we recover Gtot = Gball × (πℓ/4L) = Gdiff . In the ballistic limit where

ℓ/L >> 1, L/ℓ is negligible and Gtot = Gball. Transport is fully diffusive with G ∝ 1/L at L = 10ℓ,

and diffusive scattering begins to suppress the thermal conductance at L∼ 10% ℓ.

Withington et al. 2017 [118] measured the thermal conductance of a-SiNx films through

the ballistic-diffusive transition and report the same length scaling behavior. They refer to the

quantity La = πℓ/4 as the thermal elastic-wave attenuation length. They measure La = 20 µm

in a-SiNx films < 2 µm wide and < 200 nm thick with a length ranging from ∼ 1 µm to 500 µm,

corresponding to a mean free path of 27 µm. They favor two-level systems as the limiting diffusive

scattering process in their films.

3.4 Film Thickness Dependence

As shown in the previous sections, the phonon gas dimensionality and scattering mechanisms

(or lack thereof) determine how G scales with film geometry. We characterize boundary effects
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Figure 3.9: Total G as a function of length through the ballistic-diffusive transition.
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involving the top and bottom surfaces of the film as

G ∝ d1+α (3.76)

where α captures deviations from the linear bulk case. The dimensionality dependencies and

associated α values are given in Table 3.1.

Boundary
Scattering

Intrinsic
Scattering Ballistic

3D
G ∝ d2w/L dw/L dw

α = 1 0 0

Quasi-2D
G ∝ dw/L w/L w

α = 0 -1 -1

2D
G ∝

√
dw/L w/(L

√
d) w/

√
d

α = -1/2 -3/2 -3/2

1D
G ∝ d/L 1/L g0

α = 0 -1 -1

Table 3.1: G dependence on thin film geometry and associated α values in different phonon trans-
port regimes.

In the ballistic regime, the phonon mean free path ℓ >> the length of the film L and α

is set by the dimensionality of the phonon gas. In the bulk (3D) case, G is proportional to the

cross-sectional area of the film A = wd and α = 0. As the film thickness shrinks to d ∼ λD, the

phonon gas condenses to a quasi-2D state where G is independent of d and α = −1. In the fully 2D

limit d << λD, the behavior of the acoustic antisymmetric mode dominates, resulting in G ∝ 1/
√
d

and α = −3/2. If the width of the film is also shrunk to w << λD, G is reduced to the thermal

conductance quantum g0 = π2k2BT/3h for each mode and is independent of film dimensions [94],

with an associated α value of -1.

Diffusive scattering will suppress G with respect to the ballistic case and introduce a G ∝ 1/L

dependency. If scattering is dominated by intrinsic scattering mechanisms, the associated mean

free path ℓi is independent of film dimensions, and a 1/L dependence is introduced with respect to
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the ballistic case. If, however, diffusive scattering is dominated by phonon-boundary interactions

with the top and the bottom surfaces of the film, ℓ is set by the boundary scattering mean free

path ℓB, which is proportional to d. In diffusive boundary scattering limit, α is αball + 1, where

αball is the value in the ballistic limit and is dictated by phonon dimensionality. For example, if

the film is 3-dimensional and intrinsic scattering dominates, G ∝ dw/L and α = 0. If instead the

boundary scattering dominates, G ∝ d2w/L and α = 1.

The interpretation of a measured value of α is ambiguous without prior knowledge of the

system, such as the film surface roughness. For example, an α value of 0 could result from a thin

film in the 3D limit dominated by intrinsic diffusive scattering, 3D ballistic transport, or quasi-2D

transport dominated by surface scattering. Measurements of the length scaling, if possible, will

differentiate the diffusive and ballistic regimes. The dominant diffusive scattering mechanisms can

change with stoichiometry, substrate roughness, and other fabrication variables that can produce

large variances in G in nominally identical films. Film interfaces add to the complexity of predicting

G in stacks of thin films.

3.5 Future Work

We have numerically calculated the dispersion curves in individual thin films, and this calcu-

lation can be repeated for any isotropic material on a TES leg if the elastic properties are known.

TES legs, however, are composite multi-layer stacks. If reflection at each layer interface is perfect,

the films can be treated as separate phonon channels and the total thermal conductance of the leg

is the parallel sum of these channels.

However, there is likely some phonon transmission between layers. To more accurately model

TES thermal conductance, the dispersion curves for the composite leg as a whole should be cal-

culated. Such calculations have been accomplished using a spectral collocation method [88] and

could be applied to our simple TES leg structures.



Chapter 4

Thermal Conductance of Individual TES Leg Layers

The dynamic range, sensitivity, and temporal response of a TES bolometer are determined by

its thermal isolation from the thermal bath of the surrounding substrate. This isolation is usually

achieved by suspending the TES on a micromachined island via long, thin legs of silicon nitride

or silicon. The TES bias signal and, in microwave polarimetry, the signals of interest are brought

onto the micromachined island with additional superconducting and dielectric layers.

The Noise-Equivalent Power (NEP) from thermal fluctuations between the TES and the

thermal bath is the limiting noise source in a TES and is set by the thermal conductance: NEPTF =√
4BT 2

cG(Tc), where the numerical factor γ ≤ 1 accounts for the effect of the thermal gradient

across the leg on G(T) [72]. The thermal conductance must be large enough to accommodate the

anticipated signal power yet not so large that there is an unnecessary noise penalty.

G must be made extremely small for observations with low signal and background power,

such as measurements conducted from a balloon or satellite. For example, TES bolometers for the

CMB balloon experiment SPIDER-2 were designed for saturation powers (Psat) of 3 pW and G

of 34 pW/K at a bath temperature of 300 mK [46]. Future FIR satellite NEP and bath temper-

ature requirements will require Psat < 1.5 fW and G < 50 fW/K to achieve low resolution FIR

spectroscopy [35].

During design, the thermal conductance of the TES island is often assumed to be set entirely

by the mechanical leg structure, neglecting the contribution from the microstrip. Once more, a

typical TES R&D process involves prototyping multiple iterations of TES leg dimensions until
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achieving the design conductance within some tolerance. To shorten R&D timelines and precisely

optimize bolometer sensitivity, more rigorous engineering of TES thermal conductance that includes

the contribution of the microstrip layers is required.

The previous chapter covered several regimes of phonon transport in thin films at low tem-

peratures. We parameterized the dependence of thermal conductance G on layer thickness d as

G ∝ d1+α, where α captures any deviations from the bulk non-linear case. With this foundation,

we can better understand the thermal conductance of a TES (GTES), whose legs are comprised of

multi-layer thin film structures.

We measure the total thermal conductance of TES bolometers with various leg geometries

and deduce the thermal conductance of the individual metal and insulator layers. We do this

by fitting these measurements to a model that adopts the α parametrization. We determine the

dependence of thermal conductance on layer thickness and find that in our case of ∼ 400-nm-

thick substrate layers, the microstrip not only dominates GTES but is ∼ 4× larger than G of the

substrate. This is mainly due to the highly conductive SiNx insulating layers. We find evidence for

diffusive phonon-boundary scattering and measure a corresponding α > 0 in the insulating layers.

This model accurately predicts GTES for dozens of other CMB bolometers with significantly

thicker and wider legs than our bolometers under test within 65% of the measured value. This model

also accurately predicts Psat measurements of Simons Observatory (SO) prototype mid-frequency

(MF) detectors. With this model can explain the observed non-linear dependence on leg width in

the SO MF prototypes. These results suggest our model can be more generally applied to low-G

microwave polarimeters beyond our bolometers under test.

In Section 4.1, I discuss the TES bolometers under test and measurements of their total ther-

mal conductances. The model used to describe this data is defined in Section 4.2, and the resulting

thermal conductance and thickness-scaling measurements from fitting this model are shared in Sec-

tion 4.3. In Section 4.4, I compare our measurements to literature values and assess the prediction

power of this model for bolometers with significantly thicker and wider legs than the bolometers

under test. I also use this model to illustrate the implications of neglecting the microstrip when
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Leg Film Stack S W1 I1 W2 I2

A S-W1-I1-W2-I2 386±17 167±7 305±27 358±3 298±26
B S-W1-I1-W2 386±17 167±7 305±27 317±8 -
C S-I1-W2-I2 312±13 - 305±27 358±3 298±26
D S-W1-I1-I2 386±17 167±7 604±14 - -
E S-W1-W2 280±12 418±17 - - -
F S-I1-I2 312±13 - 604±14 - -
G S 235±10 - - - -

Table 4.1: Layer thicknesses in nm for each bolometer leg studied. S is the mechanical substrate
consisting of a SiOx-SiNx bi-layer, W1&2 are Nb wiring layers, and I1&2 are SiNx insulating layers.
W1-W2 and I1-I2 stacks are treated as a single layer.

forecasting detector thermal fluctuation noise. I then summarize this work in Section 4.5 and share

future steps in Section 4.6.

4.1 Bolometers Under Test

We present a study of the thermal conductance of the wiring, insulation, and mechanical leg

layers in AlMn TES bolometers designed for polarimetry of the CMB. The TES bolometers under

test have a superconducting transition temperature Tc of 171±0.7 and are suspended by four legs

that are 5 µm wide and 220 µm long. The substrate layer (S) is a SiOx-SiNx bi-layer that provides

mechanical support from the wafer to the island. The microstrip sits on top of this substrate layer

and consists of two niobium wiring layers (W1 & W2) and two silicon nitride insulating layers (I1

& I2) that separate and protect the wiring layers. Figure 4.1a shows one TES device under test.

Figure 4.1b is the cross-section of a TES leg with the full substrate-microstrip film stack (S-W1-I1-

W2-I2) that was cut with a Focused Ion Beam and imaged with a Scanning Electron Microscope

(FIB-SEM).

Film stacks that constitute the bolometer legs measured in this study and the corresponding

layer thicknesses, measured from FIB-SEM-imaged cross-sections, are outlined in Table 4.1. These

legs include the nominal microstrip (S-W1-I1-W2-I2) and variations in which one or more microstrip

layers are removed. Layer thickness can vary with film stack geometry as successive patterning and

etch steps remove material. For example, the substrate layer in Leg Geometry C is thinned during
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220 μm

Figure 4.1: a) One TES bolometer under test. The AlMn TES is a thin film in the middle of the
island suspended from the thermal bath via four 220 µm-long, 5 µm-wide legs. b) The cross-section
of a TES leg on device (a) imaged with FIB-SEM. This leg consists of a full microstrip (W1-I1-
W2-I2) on top of the substrate (S).

Bolometer Leg Geometry GTES [pW/K]

1 4×A 13.96±0.08
2 1×A & 3×G 4.72 ±0.04
3 2×A & 2×G 7.90±0.04
4 3×A & 1×G 10.11±0.05
5 1×B & 3×F 17.23±0.10
6 1×B & 3×E 5.66±0.02
7 2×A & 1×C & 1×D 15.95±0.09
8 1×B & 3×G 3.51±0.02

Table 4.2: Leg geometries and GTES values of the TES bolometers in this study. Legs A-G refer to
film stack geometries in Table 4.1.
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exposure to the W1 and I1 layer etch steps.

We deduce the thermal conductance contributions from individual substrate and microstrip

layers by measuring the total thermal conductance GTES of TES bolometers with eight unique

leg geometries and modeling this data with the α parametrization, which allows for a range and

mixture of phonon transport regimes. GTES measurement methodology is described later in this

thesis in Section 6.3.3.2. GTES measurements for each bolometer under test are given in Table 4.2.

4.2 Thermal Conductance Modeling

In layers of insulating materials and superconducting metals below Tc, heat is transported via

phonons. In the bulk case, the phonon mean free path ℓ is set by internal scattering mechanisms

and G∝ (dw/L) scales linearly with the film thickness d, width w, and inversely with length

L. As discussed in Chapter 3, phonon interactions with the film boundaries can suppress the

dimensionality of the phonon gas or introduce a diffusive scattering mean free path that is set by

the film geometry. These boundary interactions will alter how G scales with film dimensions. These

scalings and corresponding α values are given in Table 3.1.

In this work, all the leg layers share the same 220-µm length and 5-µm width, except the

3-µm-wide W2 layers. Therefore, our measurements are only sensitive to scaling with thickness. In

the case of W2, we assume linear scaling with width. More work is needed to accommodate the

possibility of phonon interactions with the edges of the film.

The total TES thermal conductance GTES is the sum of the contributions from each film that

constitute the four TES legs:

GTES =
∑

layer x

Gx

(
dx
d0

)1+αx

(4.1)

summing over all S, W, and I layers, where the normalized thickness d0 = 400 nm. The physical

significance of α values is summarized in Table 3.1. The conductance of the microstrip is Gmicro =

GW1 + GI1 + GW2 + GI2. This thermal model results in eight versions of Equation 4.1 describing

the bolometer geometries in Table 4.2 using six free parameters: Gx and αx for layers x = S, W,
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and I. These equations are given in the Appendix A.1.

Our data indicates that the thermal conductance of I1-I2 and W1-W2 film stacks on Legs

D-F may be larger than the sum of the individual layers. For example, Bolometer 5 and 7 are

more conductive than Bolometer 1 due to the presence of I1-I2 stacks despite having less material

overall. This suggests these stacks behave as a single thick layer and support some αx > 0. We

allow the heat carriers to pass between layers of the same material without scattering by setting

dx = d1 + d2.

We estimate the normalized thermal conductance Gx and power law strength αx for the S,

W, and I layers using a parametric bootstrap chi-squared (χ2) minimization routine. Since αx is

unknown, there is no simple analytical method to propagate the measurement uncertainty in d into

the uncertainty of the model parameters p⃗ = [GS , GW , GI , αS , αW , αI ]. Therefore, a single

minimization over a goodness-of-fit metric will neglect the significant σd contribution to the model

uncertainty. We instead fit this model 104 times during a Monte Carlo simulation in which we

vary both GTES and d about their measured values, resulting in 104 estimates of p⃗. We take these

estimates’ median and standard deviation as the final model parameters and errors, respectively.

More explicitly, during each iteration of the simulation, we pull a simulated data set G∗
TES

from a normal distribution characterized by the measurements in Table 4.2, i.e., N (GTES, σ2GTES
).

We resample layer thicknesses d∗ via the same procedure using the measurements in Table 4.1. We

then fit Equations A.1a-h toG∗
TES by minimizing over the value χ2 =

∑
i[(G

∗
TES,i−Gpred,i(d

∗
i ))/σGTES

]2,

where Gpred,i is the model-predicted thermal conductance for bolometer geometry i with layer thick-

nesses d∗i .

4.3 G of Individual Layers

The final values for Gx and αx are given in Table 4.3. Model-predicted thermal conductances

and uncertainties, e.g., GTES predictions and σGpred
in Figure 4.2, are the median and standard

deviation of the predictions calculated using the 104 simulated p⃗ estimates. We consider two versions

of this model: one in which α is constrained to [-1,1] (constrained model), and another in which
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α ∈ (−∞,∞) (unconstrained model). There is no obvious physical motivation for α larger than 1,

but the unconstrained model does produce αI > 1.

In both models, the substrate layer is notably less conductive than the W and I layers. Phonon

transport in S could be further suppressed due to an acoustic mismatch at the SiO2-SiNx boundary

or the exposed silicon oxide surface on the bottom of the leg which serves as the etch stop during

the membrane release. A larger volume of more conductive material produces a microstrip that

not only contributes to but dominates the thermal conductance of the bolometer. In the case of

Bolometer 1, where a microstrip runs along all four legs, a conventional design for TES bolometers,

the microstrip is > 3× more thermally conductive than the mechanical substrate supporting it.

We compare these two models by calculating the reduced chi-squared χ2
v using σGpred

, which

captures the uncertainty contributions from both σGTES
and σd: χ2

v =
∑

i[(GTES,i−Gpred,i(d))/σpred, i]
2.

For eight unique TES geometries and six best fit parameters, the estimated number of degrees of

freedom ν = 1 for both models. The unconstrained model χ2
v value is 1.52, which is closer to the

ideal value of 1 than the χ2
v value of 2.98 of the constrained model.

In the constrained fit, αI and αW consistently settle at 1, the maximum value allowed.

However, this model misses the global minimum in the parameter space, biasing GS and GI to higher

values to compensate for the weaker d scaling. This higher GS leads to significantly overestimating

GTES predictions for bolometers of other geometries discussed below. The rest of this work uses

the unconstrained model. Still, we acknowledge the constrained results may indicate αW and αI

are equal to 1, meaning boundary scattering may dominate transport in these layers. Additional

discussion of the constrained model and an alternative four-layer model is given in the Appendix

A.3.

In the unconstrained model results, power law strengths αI and αW > 0 confirm the presence

of significant diffusive boundary scattering in these layers. An αW value > 0 but < 1 could result

from some ballistic transport, reduced dimensionality, or other scattering processes independent

of d in addition to diffusive boundary scattering. An αS ∼ 0 suggests that phonon transport in

the substrate is primarily ballistic or dominated by another scattering process with a shorter ℓ.
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Parameter α ∈[-1,1] α ∈(-∞,∞)

GS [pW/K] 0.86±0.14 0.75±0.08
GW [pW/K] 0.90±0.12 1.0±0.09
GI [pW/K] 1.81±0.16 1.79±0.16

αS 0.25±0.47 -0.09±0.22
αW 1.00±0.14 0.55±0.11
αI 1.00±0.04 1.26±0.22

Gmicro [pW/K] 2.66±0.25 2.66±0.28
χ2
ν 2.95 1.52

Table 4.3: Fit parameters and the resulting Gmicro for the constrained and unconstrained models.
Reduced chi-squared (χ2

ν) values are included for comparison. Gx values are the normalized thermal
conductances G0 for a single 400-nm-thick × 5-µm-wide × 220-µm-long layer of type x, and the
thermal conductance of a film with thickness d is G0(d/d0)

1+α.

The latter case is consistent with the comparatively low conductance due to additional scattering

at the bi-layer interface. Other potential scattering sources that are independent of d include

density inhomogeneities and two-level systems, which have been reported in SiNx films at sub-

Kelvin temperatures [125, 118].

GTES measurements and model predictions are compared in Figure 4.2, as well as the pre-

dicted contributions from the S, W, and I layers. The residuals normalized with respect to prediction

errors are also shown. Insulting layers dominate the thermal conductance of most bolometers due

to the comparable amount of material, higher thermal conductance, and stronger thickness scaling

than the substrate bi-layer. This effect is compounded due to αI > 0 in the I-layer stacks on

Bolometers 5 and 7.

4.4 Discussion

4.4.1 Literature Comparison

Measurements of thin films at low temperatures are difficult to compare given the range of

dimensionality, surface roughness, and stoichiometry. No quantity normalized to film geometry

is intrinsic in all possible transport regimes. For example, if phonon transport is ballistic, G is

independent of length and κ increases with L, whereas if diffusive boundary scattering dominates,
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Figure 4.2: GTES data ( ) and model predictions (⋆) for Bolos 1-8 are shown as a function of the
cross-sectional area of all four TES legs. Contributions from the S (♦), W ( ), and I layers ( ) are
also shown. The residuals are normalized with respect to the prediction errors.
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κ is independent of L but scales linearly with d. We compare our measurements of κ and ℓ at 170

mK to other measurements in the literature, though these values do not give exact comparisons.

We estimate the phonon mean free path from the measured thermal conductivity ℓ = 3κ/Cvvs

using vs, Nb = 3480 m/s [91] and vs, SiN = 6986 m/s [113]. The Debye model gives the phonon

specific heat in the low temperature limit: Cv, Debye = 12π4kBna/5 × (T/Θ)3, where kB is the

Stefan Boltzmann constant, na is the atomic density, T is the temperature, and Θ is the Debye

temperature of 275 K for Nb [63] and 985 K for amorphous silicon nitride (a-SiNx) [125]. Although

Cv > Cv, Debye has been measured in a-SiNx [113], the excess specific heat from non-phononic

excitations and should not be included in the estimation of ℓ [125].

We measure the thermal conductivity κ of the 400-nm-thick × 5-µm-wide × 220-µm-long

superconducting Nb wire at 170 mK to be 105±10 pW/K/µm with a mean free path ℓW = 2.1±0.2

µm. Feshchenko et al. 2017 [36] (F+17) report κ of 200-nm-thick × 1-µm-wide × 5- and 10-µm-long

Nb wires to be 10.5 and 18.7 pW/K/µm respectively. Their measurements of a 20-µm-long Nb wire

are noisy below 250 mK and are not considered here. Measurements of κ in this work and F+17

are suppressed with respect to the bulk thermal conductivity ∼100 nW/K/µm [10] by 2-3 orders

of magnitude, emphasizing the importance of boundary effects in thin films.

The short leg lengths ≤ 10 µm and κ that increase with length suggests the Nb wires in

F+17 are ballistic. The intrinsic quantity in 3D ballistic transport is G/A, which is 2.4 and 1.7

pW/K/µm2 in the 5- and 10-µm-long wires, respectively. The smaller G/A = 0.5 pW/K/µm2 in

our Nb wire supports the αW > 0 result that conductance in our wire is suppressed by diffusive

scattering.

The thermal conductance of our 400-nm-thick×5-µm-wide×220-µm-long S layer is 81.6±8.5

pW/K/µm with a mean free path ℓS of 144 ± 15 µm. For an I layer of the same dimensions, κI is

197.6 ± 17.2 pW/K/µm with an ℓI of 349 ± 31 µm. When boundary scattering at the sides of the

film is considered, ℓI is consistent with measurements of SiNx films that are boundary scattering

limited, and ℓS is consistent with literature values in which phonon propagation is likely suppressed

with respect to the boundary scattering case.



77

Figure 4.3: Mean free paths normalized by the square root of the width in various thin film SiNx

beams. S and I are measurements in this work. W+11 [113] mean free paths from two wafers
in which they measure 21% (squares) and 29% (circles) diffusive reflection at the boundaries in
1-um-thick x 640-um-long Si3N4 beams at various widths. K+06[52] markers correspond to those
in the original figures.
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In Figure 4.3, we compare ℓ normalized by
√
w of the S- and I- layers with other measurements

of SiNx beams of varying geometries. All films are thicker than dc and will exhibit quasi-2D

to 3D behavior. Most literature ℓSiN values are calculated from published values of κ at 170

mK with the procedure above, with the exception of W+11. W+11 measure κ at 450 mK and

Cv,SiN (T ) = 0.082T + 0.502T 3J/K/m3, then calculate ℓ using Cv,SiN . We scale their thermal

conductivity to 170 mK via κ170 = Cv,SiN (170 mK)vsℓ/3 using their published ℓ, then calculate

ℓW+11(170 mK) = 3κ170/vsCv, Debye.

W+11 shows that in thin films with high aspect ratios dominated by boundary scattering,

there is a κ ∝ √
w dependence. Normalizing by this width dependence separates the samples into

two groups: films that are likely dominated by boundary scattering and films that are further

suppressed another scattering mechanism with a thickness-independent ℓ. Our measured ℓI falls

into the former group, and ℓS falls into the latter. This is consistent with αI ≥ 0 and αS ∼ 0,

indicating transport in the I layer is dominated by diffusive boundary scattering and that transport

is suppressed with ℓ < ℓBS in the S layer, likely due to an acoustic impedance at the SiOx-SiNx

interface.

4.4.2 Legacy Data G Predictions

Over the last decade, NIST has fabricated TES bolometers with different geometries and

TES saturation powers for a variety of CMB experiments [33, 46]. This historical data provides an

opportunity to test our model of thermal transport in bolometer legs further. In Figure 4.4, we plot

GTES evaluated at 170 mK for 81 of these TES bolometers as a function of leg length. This family

of bolometers includes leg lengths of 50 - 1250 µm, leg widths of 10 - 41.5 µm, and Tc values of 141

to 193 mK. The substrate bi-layers of these devices consist of a 2-µm-thick layer of SiNx on top of

a 450-nm-thick SiOx. These thicker films were chosen for ground-based observations with higher

optical power. Microstrip (W1-I1-W2-I2) layer thicknesses are similar to that of Leg A, though

variation within fabrication tolerances is expected. W1 and W2 widths are respectively 8 and 5

µm. S and I layers are as wide as the leg.
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Figure 4.4: Thermal conductance measurements and model predictions for various CMB telescope
TES bolometers fabricated at NIST Boulder. Bolometer 1 measurement and model prediction are
also shown. The residuals are normalized with respect to the prediction error.
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It can be seen that at a constant length, there is a considerable spread of 15-25% in the

historical data that will challenge any simple model of heat transport in the legs. Thermal conduc-

tance variations of ≥15% in long, narrow legs in nominally identical devices from the same wafer

have been recorded elsewhere [118], which has been attributed to phonon localization in disordered

SiNx. Processing residues that affect phonon scattering at surfaces and wafer-to-wafer material

variation may also contribute to this spread. We also find that there can be variation in GTES

between nominally identical TESs located at different positions on a 150 mm wafer or on wafers

fabricated at different times.

Additionally, this data is culminated across many institutions with some variance in measure-

ment procedure. Although G(Tc) of these bolometers were measured using the standard method

described in Section 6.3.3.2, in some cases, the exponent n was fixed to 3 while in others n was

allowed to float. To remove the temperature dependence of GTES, we scale these historical G(Tc)

measurements to G(170 mK). An inaccurate value for n will bias this temperature scaling and may

introduce spread in GTES for bolometers of the same length but different Tc.

Model predictions of this historical data, as well as the residuals normalized to the error of

those predictions, are also shown in Figure 4.4. This data spans the ballistic-diffuse transition,

presenting as a shift in length scaling, which can be seen in this data near L = 150 µm. We account

for the shifting length dependence by adopting the acoustic length scaling described in Withington

et al. [118]. This treatment falls out of adding the ballistic and diffusive thermal conductances

in parallel: GTES = Gball(1 + L/La)−1, where the acoustic length scale La is proportional to the

phonon mean free path.

We measure La of the composite leg by fitting this historical data via χ2 minimization and

find La = 152.3 µm with a reduced χ2
ν = 1.0, which is the length scale associated with the knee

in the historical data in Figure 4.4. Withington et al. [118] measure La = 20 µm for a quasi-

1D amorphous SiNx beam, which they suggest indicates their beams are dominated by Two-Level

system scattering. We suspect predominantly boundary scattering in our quasi-2D composite legs,

which will be associated with a longer thickness-dependent mean free path.
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With this length scaling, model predictions agree well for bolometers with legs shorter than

1 mm despite the significantly thicker and wider legs than the bolometers under test used to build

this model. The model overestimates the conductance of the longest legs deep into the diffusive

regime. The conductance may be further suppressed by boundary scattering at the film edges,

which our measurements are not sensitive to and, therefore, our model does not account for.

4.4.3 SO MF Saturation Power

During R&D of Simons Observatory Mid-Frequency (SO MF) TES bolometers, multiple it-

erations of leg geometries uncovered a non-linear dependence in Psat on bolometer leg dimensions.

This resulted in larger Psat values than designed, leading to excess thermal fluctuation noise in

their detectors. We applied this thermal conductance model to predict Psat of the SO MF proto-

type geometries since it accommodates non-linear geometry effects. A comparison between model

predictions and the nominal linear geometry scaling is shown in Figure 4.5, where the linear pre-

dictions scale the Psat = 4.1 pW measurement according to Psat ∝ (dw/L). We found that our

model, including the acoustic scaling of the legacy data, better predicts the measured saturation

powers than the nominal linear scaling.

These bolometers are included in the legacy data and share the same layer thicknesses and

W-layer widths. Bolometer legs are either 100 or 167.8 µm long and are between 10 and 20 µm

wide. These lengths straddle the ballistic-diffusive transition seen in the legacy data, resulting in

a weaker length dependence than the fully diffusive case where Psat ∝ 1/L.

All SO MF bolometer legs extend beyond the 8-µm-width of the W1 layer. Consequently,

further widening of the leg only extends the S-I1-I2 layer stacks. These regions are more conductive

than regions in which W2 separates I1 and I2 due to αI > 0. This is the same effect that makes

Bolometers 5 and 7 more conductive than Bolometer 1. Therefore, Psat will increase more rapidly

in wider geometries than a linear scaling would suggest.

By neglecting the non-linear scaling in length and width, the linearly-scaled predictions sys-

tematically underestimate Psat by up to 40% of the measured values. In comparison, our model
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Figure 4.5: Model predictions (black stars) compared to predictions from scaling Psat = 4.1 pW
linearly with film dimensions (red circles). Residuals as a % of the measured value are also shown.
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Figure 4.6: SO MF bolometer Psat predictions a) treating I1 & I2 as separate layers over the entire
leg compared to b) treating I1-I2 as a single layer for leg widths beyond W1.

predictions are all within 10% of the measured value and do not favor over- or underestimation. It

is worth noting the scaled predictions rely on a measured value, and are greatly influenced by the

choice of which measurement is extrapolated to other geometries. In contrast, predictions from our

thermal conductance model are independent of these specific data points.

To emphasize the effect of the I-layer stacks when extending leg widths, Figure 4.6 compares

model predictions treating I1 and I2 as separate layers over the entire leg and predictions treating

I1 and I2 as a single layer for leg widths outside W1. When the I1-I2 stack effect is neglected, the

model underestimates the 4 of the six measurements by 50% the measured value. While the linear

scaling does sometimes produce accurate Psat predictions, the extra-linear scaling effects captured

in our model must be accounted for in a reliable TES design tool.

4.4.4 Noise Implications

Using this model, we predict the separate contributions of the substrate and microstrip

layers to the NEPTF normalized by the numerical factor
√
γ. Figure 4.7 shows NEPTF predictions

of Bolometer 1 at a range of leg widths for three geometries: (1) four legs of bare substrate, (2)

four legs with 167 nm of Nb deposited on top of the membrane (a minimal wiring scheme), and (3)
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Figure 4.7: Model predictions of thermal fluctuation NEP ±1σ for Bolometer 1 with and without
microstrip wiring layers for a range of leg widths. Film dimensions are otherwise identical to Leg
A in Table 4.1, with a ∼400-nm-thick substrate bi-layer. W1 layers are as wide as the leg until
reaching a maximum width of 5 µm. All W2 layers are 2 µm skinnier than W1.
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four legs with a full microstrip (W1-I1-W2-I2) deposited on each leg.

During leg TES design, W1 and W2 are often set to a fixed width, and increasing the leg

width beyond W1 only grows S-I1-I2 film stacks. In our case, W2 is nominally 5 µm wide and W2

is 3 µm wide, where a 1 µm alignment buffer is trimmed from both sides of W2 as a precaution

against shorts. For leg widths < 5 µm in Figure 4.7, W1 is as wide as the leg and W2 continues to

be 2 µm skinnier than W1. NEPTF predictions are omitted for the single niobium film of widths

<1 µm and substrate widths <3 µm due to assumed fabrication constraints.

Our model predicts that a single layer of niobium wiring has little effect on NEPTF, and that

beyond the maximum W1 width of 5 µm, the NEPTF of the S-W1 stack approaches that of the

substrate. However, the relatively large thermal conductance of the microstrip translates to a total

NEPTF prediction that is > 2× larger than the prediction for the bare substrate at all leg widths.

This discrepancy is exaggerated when leg widths extend beyond W1 as S-I1-I2 film stacks, which

are more conductive than the regions in which W2 separates I1 and I2 due to αI > 0. This results

in an accelerated NEPTF increase for leg widths > 5 µm when the full microstrip is included.

4.5 Summary & Conclusions

We have measured the thermal conductance of the individual membrane and microstrip layers

on TESs designed for (sub-)millimeter observations on a balloon or satellite-borne experiment. We

do this by measuring the total thermal conductance of bolometers with eight unique leg geometries

and fitting this data to a model that allows for a range of phonon transport regimes. We find

evidence for thermal transport limited by diffusive boundary scattering in the SiNx insulating layers,

resulting in G that scales non-linearly with film thickness. In our case of very thin membranes, the

microstrip is nearly 4× more conductive than the substrate that provides mechanical support for

the TES island.

Model-predicted Gs for various other CMB TES bolometers with leg lengths < 1mm are

in excellent agreement with measurements despite significantly thicker membranes and wider legs

than our bolometers under test. This model also reliably predicts the saturation power of CMB
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prototype detectors, improving considerably on the nominal procedure of scaling measurements

linearly with leg geometry. Using this model, we predict NEPTF for Bolometer 1 with different film

stack geometries. When we include the contribution from the microstrip, we predict a NEPTF that

is > 2× larger than the substrate alone. Therefore, for TESs with saturation powers of picoWatts,

the microstrip layers must be included for accurate estimates of G and thermal fluctuation noise.

4.6 Future Work

Despite the broad predictability power of this model, the αI > 1 result does not have an ob-

vious physical explanation. Though we neglect edge scattering effects in our model, our data is not

totally independent of width scaling effects. SiNx thin films dominated by diffusive edge scattering

have been observed, therefore width effects should be investigated for a more complete description

of the phonon transport in the bolometers measured here. The current αI value may be compen-

sating for unaccounted-for diffusive scattering at the edges of the film. However, parameterizing

a non-linear width scaling would have two additional free parameters, requiring measurements of

more bolometer geometries to fit the model.



Chapter 5

Physics of NIS Refrigeration

The current state-of-the-art refrigeration technologies for cooling below the pumped 3He tem-

perature of 300 mK are Adiabatic Demagnetization Refrigerators (ADR) and Dilution Refrigerators

(DRs). ADRs and DRs are established technologies but can be a significant burden on the weight,

electrical, or financial budget of an experiment, especially on a balloon- or satellite-borne mission.

There is a legacy of developing Normal metal - Insulator - Superconductor (NIS) junction

refrigerators at NIST, for which the overarching goal is to aid or replace these heavy, complex, and

expensive technologies with on-chip refrigeration. NIS refrigerators can be fabricated on the same

wafer as the superconducting sensors they cool, adding no weight and negligible power demands to

a cryogenic payload. Specifically, we aim to develop NIS refrigerators to cool cryogenic detectors

from the pumped 3He bath temperature of 300 mK to the more optimal operation temperatures of

100-130 mK.

In this chapter, I will motivate NIS R&D, explain the physics of NIS junctions and their

application as a refrigeration technology, discuss the power balance model we use to design NIS-

membrane structures to optimize cooling and share the implications of some of this modeling. This

chapter draws much of the discussion from previous theses written on the NIS junction refrigerators

at NIST, including [122], [67], [83] and [77]. In the following sections, I summarize the relevant

derivations in Kittel [53] and Tinkham & Emery [105].
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5.1 Motivation

As discussed in the Introduction (Ch. [1]), the sensitivity of superconducting detectors is

greatly improved when cooled from the pumped 3He temperature of 300 mK to 100-130 mK. Many

experiments achieve temperatures <300 mK with the addition of an adiabatic demagnetization

refrigerator (ADR) or a dilution refrigerator (DR) in their cooling chain. ADRs exchange heat and

magnetic energy in a paramagnetic salt pill to control Tbath, with typical base temperatures <100

mK in astronomical applications. DRs cool by mixing pure 3He with a 3He-4He mixture, achieving

base temperatures of <20 mK.

The addition of an ADR or a DR to the cooling chain introduces mass, power consump-

tion, complexity, and potentially magnetic shielding to a scientific payload. Observations in the

(sub-)mm must also mitigate water absorption and emission in the atmosphere, a disadvantage

some experiments circumvent with high-altitude ground-based sites, balloons, or satellites. The

complexities involved with adding a DR or ADR become significant issues on a mountaintop, in

Antarctica, on a balloon, or in space, where the power and mass budgets are limited.

NIS junctions are a simpler refrigeration technology that is fabricated directly onto the de-

tector array, adding no weight and negligible power demands to the science payload. The operating

principle behind an NIS junction as a refrigerator is illustrated in Figure 5.2. When the junction is

optimally biased at Vb ∼ ∆/e, the hottest electrons in the normal metal tunnel across the insulator

into the superconductor and away from the cooling target, lowering the electron temperature in

the normal metal. The normal metal phonon temperature is cooled via electron-phonon coupling,

allowing for the refrigeration of a nearby payload that is electrically isolated from the junction.

When integrated with a TES bolometer, we extend the normal metal of the junction onto the leg

of the TES island, or add a “cold finger,” to maximize thermalization between the normal metal

and the membrane.
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5.2 Junction Tunneling

5.2.1 Occupied States in a Normal Metal

In a normal metal, the Pauli Exclusion Principle prevents electrons of the same spin from

occupying the same energy state. At 0 K, electrons occupy all states up to the Fermi energy

ϵF =
ℏ2

2m

(
3π2N

V

)2/3

where V is the volume of the metal, m is the electron mass, and N is the number of electrons. The

single-particle density of states at 0 K is

DN (ϵ) =
dN

dϵ
=

V

2π2

(
2m

ℏ2

)3/2

ϵ1/2

For T > 0, the probability that an electron will occupy a state is given by the Fermi-Dirac

distribution:

f(ϵ, T ) =
1

e(ϵ−ϵF )/kBT + 1

and the density of occupied states in a normal metal is DN (ϵ)f(ϵ, T ).

The Fermi function introduces the thermal smearing seen in the normal metal density of

occupied states in Figure 5.2. An electron can tunnel from the normal metal across the insulating

layer as long as there is an unoccupied state of the same energy in the superconductor.

5.2.2 Occupied States in a Superconductor

Bardeen-Cooper-Schrieffer (BCS) theory of superconductivity states that at sufficiently low

temperatures, the normally repulsive electrons in a metal are bound into Cooper pairs via interac-

tions with the lattice. The field of a free electron in a metal pulls on the lattice to create a mirror

positive charge. This positive charge attracts another electron and binds the two together via their

mutual interaction with the lattice.
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The energy of this bound state is smaller than the Fermi energy and is easily overwhelmed

by thermal excitations. Therefore, only at very low temperatures is this state accessible. Once it is

available, the electron gas will condense into this lower energy bound state. When bound together,

the paired electrons behave as a composite boson and are no longer subject to the Pauli Exclusion

Principle. This bosonic behavior is responsible for the phenomenon of superconductivity.

The energy difference between this bound state and the Fermi energy is referred to as the

superconducting gap energy ∆. At 0 K, only ground state excitations with energies > ∆ can break

Cooper pairs to produce quasiparticles in a superconductor. That is, the quasiparticle density of

states in a superconductor is nonzero only for energy magnitudes above ϵF + ∆ and vanishes at

energies within ϵF ± ∆. The BCS density of quasiparticle states in the superconductor is:

DS,BCS(ϵ) = DN (ϵ)

∣∣∣∣Re( ϵ√
ϵ2 − ∆2

)

∣∣∣∣ (5.1)

While BCS theory predicts no states in the energy gap, tunneling in this region has been

measured, suggesting the presence of sub-gap states. Possible physical explanations for these extra

states include radiation-assisted tunneling of quasiparticles [13], magnetic impurities in the super-

conductor [126], or pinholes in the oxidized insulating layer acting as a resistor in parallel with the

junction. A simple way of modeling the addition of these sub-gap states is to insert the Dynes

parameter Γ into the BCS density of states:

DS(ϵ) = DN (ϵ)

∣∣∣∣∣Re

(
ϵ− iΓ√

(ϵ− iΓ)2 − ∆2

)∣∣∣∣∣ (5.2)

The Dynes parameter adds states into the forbidden region but does not change the total

number of states. With this modified density of states, we can calculate the current-voltage (IV)

characteristic of an NIS junction.
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5.2.3 Tunneling Across a Barrier

To use NIS junctions as refrigerators, we take advantage of the physics of electron tunneling

to remove the highest energy electrons. The current across a junction can be understood by first

describing the probability that the electron will tunnel across an insulating barrier. For an electron

in a potential U1 with kinetic energy ϵ approaching a barrier with potential U2 > ϵ, the probability

the electron will tunnel into region with potential U3 can be determined with the time independent

Schrödinger equation:

ϵψ =

(
− ℏ

2m
∇2 + U

)
ψ (5.3)

The solutions in regions 1, 2, and 3 are

ψ1 = A exp (ik1x) +B exp (−ik1x) k1 = 1
ℏ (2m (ϵ− U1))

1/2

ψ2 = C exp(k2x) +D exp(−k2x) k2 = 1
ℏ (2m (U2 − ϵ))1/2

ψ3 = E exp (ik3x) k3 = 1
ℏ (2m (ϵ− U3))

1/2

(5.4)

Constants A-E can be determined by enforcing continuity in ψ and ψ′ at x = 0 and x = d

for an insulating layer with thickness d. The tunneling probability is the ratio of the transmitted

and incident intensity T = |E/A|2 ∼ exp(−2k2d). A typical insulating barrier in a junction has an

energy of ∼1 eV. Provided U3-U1 is very small, meaning there are available states in Region 3 for

the electron to tunnel to, we expect to observe tunneling (T=10−1) in barriers ∼1 nm thick.

5.2.4 Current in a Normal Metal / Insulator / Normal Metal Junction

To understand the current-voltage (IV) characteristics of a junction, we begin with the simple

example of a Normal Metal / Insulator / Normal Metal (NIN) junction. In thermal equilibrium,

the electron distribution in both metals is described by the Fermi function as shown in Figure 5.1.

When the normal metal (1) on the left is voltage biased, the energy of the electrons is elevated by

eVb. Provided there are unoccupied states of the same energy in normal metal (2), electrons will

tunnel across the barrier, creating a current across the junction.
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Figure 5.1: Occupation diagram of (a) an unbiased and (b) a voltage biased NIN junction. The
dotted line indicates the Fermi energy ϵF . The junction is at a nonzero temperature, and thus
the state occupation is ”smeared.” In (b), the energy level in the normal metal is raised by eVbias.
When biased, the electrons on the left can tunnel over to the available states on the right.
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The tunneling from normal metal (1) to (2) is

Γ1→2(E) = P1→2(E)D1(ϵ)f1(T, ϵ− eVb)D2(ϵ)[1 − f2(T, ϵ)] (5.5)

where P1→2 is the tunneling probability, D1(ϵ)f1(T, ϵ − eVb) is the density of occupied states in

layer 1 and D2(ϵ)[1−f1(T, ϵ)] is the density of unoccupied states in layer 2. Similarly, the tunneling

rate from normal metal (2) to (1) is

Γ2→1(E) = P2→1(E)D1(ϵ)[1 − f1(T, ϵ− eVb)]D2(ϵ)f2(T, ϵ) (5.6)

At temperatures much smaller than the Fermi temperature, ∼10,000 K in normal metals,

the density of states can be approximated as constant. For simplicity, we assume the probability of

tunneling in both directions is the same and independent of energy. The current across the junction

is the net tunneling rate for all ϵ multiplied by the electron charge e:

ININ =

∫ ∞

−∞
e[Γ1→2(ϵ) − Γ2→1(ϵ)]dϵ (5.7)

= ePD1(0)D2(0)

∫ ∞

−∞
[f1(ϵ− eVb) − f2(ϵ)]dϵ (5.8)

≈ PD1(0)D2(0)e2Vb (5.9)

Therefore, an NIN junction behaves ohmically with the resistance

RN =
1

PD1(0)D2(0)e2
(5.10)

5.2.5 Current in a Normal Metal / Insulator / Superconductor Junction

The current in an NIS junction can be derived by replacing D2(0) in the tunneling rates with

the superconductor density of states given by Equation 5.2. The resulting current from the normal

metal N to the superconductor S is
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INIS =

∫ ∞

−∞
e[ΓN→S(ϵ) − ΓS→N (ϵ)]dϵ (5.11)

= ePDN (0)2
∫ ∞

−∞
[fN (ϵ− eVb, T ) − fS(ϵ, T )]|Re

(
ϵ− iΓ√

(ϵ− iΓ)2 − ∆2

)
|dϵ (5.12)

The expression for INIS can be further simplified by changing the bounds to only positive

energies and using the relations DS(−ϵ) = DS(ϵ) and f(−ϵ, T ) = 1 − f(ϵ, T ). With these simplifi-

cations, Equation 5.11 becomes

INIS =
1

eRN

∫ ∞

0
[fN (ϵ− eVb, T ) − fN (ϵ+ eVb, T )]

∣∣∣∣∣Re

(
ϵ− iΓ√

(ϵ− iΓ)2 − ∆2

)∣∣∣∣∣ dϵ (5.13)

The mechanism behind the tunneling current in an NIS junction is illustrated in 5.2. The

quasiparticle density of states is 0 in the superconductor for |ϵ| ≤ ϵF + ∆. When the junction

is unbiased, the electron energy in the normal metal is the Fermi energy ϵF , with some thermal

smearing at T > 0 K. In the absence of available tunneling states, there is no current in an

unbiased junction. Placing a voltage bias Vb across the junction raises the energy of the normal

metal electrons to eVb + ϵF . At biases Vb ≳ ∆/e, electrons will tunnel to the available states in the

superconductor, creating a tunneling current.

Equation 5.13 shows that the current through the junction only depends on the electron

temperature in the normal metal. The IV characteristics near ∆ are highly sensitive to changes

in temperature, as illustrated in Figure 5.3. At T = 0 K, no current flows through the junction

at Vb < ∆/e. With increasing temperature, however, both the quasiparticle population and the

number of available states will increase, leading to higher sub-gap current. With an accurate

measurement of current, voltage, ∆, and Γ, this temperature sensitivity allows us to use an NIS

junction as a thermometer from its IV characteristic.

What must be characterized before using the junction as a thermometer is the quality factor

Q, defined as the ratio of the sub-gap resistance R∆ to the normal state resistance RN at low

temperature. R∆ is measured by taking the maximum of dV/dI for an IV characteristic taken at
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Figure 5.2: Occupation diagram of (a) an unbiased and (b) a voltage biased NIS junction. The
dotted blue line indicates the Fermi energy ϵF . ∆ is the gap energy of the superconducting metal
layer. The density of states in the region ϵF ± ∆ is 0. The junction is at a nonzero temperature,
and thus the state occupation is ”smeared” in the normal metal. In (b), the energy level in the
normal metal is raised by eVbias. The highest energy, i.e., hottest, electrons will tunnel across the
insulating layer into the available states above ϵF + ∆ in the superconducting layer.

-2 -1 0 1 2
-2

-1

0

1

2

(a)

0 0.5 1 1.5 2

10-4

10-2

100

(b)

Figure 5.3: Normalized IV Characteristic of an NIS junction at various fractions of TC in (a) linear
and (b) log scale. At 0 K (in blue), there is no current at voltages below ∆. Above 0 K, thermal
smearing allows the hottest electrons to tunnel through the junction. At voltages above ∆, the
junction behaves as a resistor with constant dV/dI. At temperatures above Tc, the superconductor
is normal and the junction behaves as a resistor at all voltage biases.



96

the base temperature of the cryostat, which is around 80 mK. A poor quality factor (<1000) allows

for higher current in the subgap region, allowing both cool and hot electrons to tunnel across the

insulator. This means loss of selective tunneling, making for a less sensitive thermometer and a

less efficient refrigerator.

Q =
R∆

RN
≈ ∆

Γ
(5.14)

where R∆ is the resistance in the sub-gap region. Q should be measured at the lowest possible

temperature to avoid excess subgap conductance.

5.3 Cooling Electrons

Electron refrigeration corresponds to negative power on the electron system. The power in

the normal metal is the tunneling rate multiplied by the energy of each electron integrated over all

energies:

PN =

∫ ∞

−∞
(eVb − ϵ) [ΓNS(ϵ) − ΓSN (ϵ)] dϵ (5.15)

= PDN (0)2
∫ ∞

−∞
(eVb − ϵ)[fN (ϵ− eVb) − fS(ϵ)]

∣∣∣∣∣Re

(
ϵ− iΓ√

(ϵ− iΓ)2 − ∆2

)∣∣∣∣∣dϵ (5.16)

=
1

e2RN

∫ ∞

−∞
(eVb − ϵ)[fN (ϵ− eVb) − fS(ϵ)]

∣∣∣∣∣Re

(
ϵ− iΓ√

(ϵ− iΓ)2 − ∆2

)∣∣∣∣∣ dϵ (5.17)

This power is plotted in Figure 5.4. For Vb ≲ ∆/e, negative power is indeed deposited on the

normal metal, indicating refrigeration of the electron system. This is the basis behind NIS junction

refrigeration. Unlike INIS , the PN depends on the temperature of both the normal metal and

the superconductor. The bath temperature affects the cooling power of an NIS refrigerator and is

optimized at TNIS ∼ 50%Tc. PN is also inversely proportional to RN , indicating more transparent

junctions have higher cooling power.
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Figure 5.4: Power deposited in the normal metal electron system from the tunneling current driven
by Vb at various ratios of T/Tc. Negative power indicates electron refrigeration.
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T [mK] Σ [nW/µm3/Knep ] nep

113 3.32 5.90
137 2.58 5.71
162 2.05 5.53
190 1.73 5.40
215 1.73 5.36
267 1.36 5.10
316 1.44 5.16
419 1.19 4.86
522 1.11 4.66
623 1.08 4.63

Table 5.1: Σ and nep measurements for AlMn.

5.4 Cooling Phonons

NIS refrigerators also cool payloads that are electrically isolated from the junction by coupling

the cold electrons in the normal metal to the phonons of the cooling target. Phonons traveling

through the normal metal shift the lattice structure, which in turn shifts the valence electron

structure, providing a means for electron-phonon interactions. This coupling can be modeled as a

scalar deformation potential, with notable theoretical developments by Reizer [89] and later Sergeev

and Mitin [95]. From this theory, electron-phonon coupling in the normal metal is described by

Pep = ΣV
(
T
nep
e − T

nep
p

)
(5.18)

where Σ is the material-dependent electron-phonon coupling constant, V is the volume of the

material, Te is the electron temperature, Tp is the phonon temperature, and nep is a dimensionless

number that ranges from 4 to 6. Measurements of Σ and nep for AlMn at various temperatures are

presented in [109] and are summarized in Table 5.1.

5.4.1 NIS Thermal Model

To cool a sensor below the temperature of the Si wafer, it is necessary to thermally isolate the

sensor from the hot phonons in the Si. As discussed in Chapter 3, precise control over the thermal
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conductance (G) to the heat bath is also critical for optimizing sensor sensitivity, and for this reason,

TESs are often suspended on a membrane via long, thin legs. In the dielectric and superconducting

thin films that constitute these legs, the electron/quasiparticle thermal conductance is negligible.

Therefore, this thermal isolation is achieved by controlling the phonon conduction between the

wafer and the cooling target.

Below 1 K, electron-phonon interactions in a normal metal are so infrequent that the electron

and phonon temperatures decouple. To cool the phonons in the sensor below the bath temperature,

the conduction from the cold electrons and the membrane phonons must dominate the conduction

between the membrane phonons and the hot phonons in the Si wafer despite this weakened electron-

phonon coupling.

We can add thermal structures to the integrated NIS-membrane structure to either enhance

the electron-phonon coupling or decrease the phonon-phonon coupling, such as the thermalization

layer on the cold finger. On the other hand, non-optimal alignment of the membrane deep etch

due to fabrication tolerances will hinder cooling performance. To model the effects of geometry

and thermal structures on the electron and phonon temperatures and to design NIS-membrane

structures with optimized cooler performance, we have built a thermal model to calculate the heat

flow in NIS-cooled sensors.

We begin with the coupled 3D heat diffusion equations,

Cpρ

V

∂T

∂t
− ∇⃗ · [κ∇⃗T ] = q̇ = P/V (5.19)

where Cp is the heat capacity of the element, ρ is the mass density, κ is the thermal conductivity, V

is the volume, and q̇ is the heat source and sink terms acting on the element. We are interested in

steady state solutions and set ∂T/∂t = 0. We can further simplify this equation by assuming there

are no temperature gradients in the thickness d or width w directions and by treating each thin

film as a parallel conduction path. These assumptions reduce Equations 5.19 into the 1D equation

− ∂

∂x

[
κd
∂T

∂x

]
=
Pd

V
=
P

A
(5.20)
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Figure 5.5: Infinitesimal element of our 1D thermal model described by Equation 5.20.
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where κ d ∂T/∂x is the heat flux through the element times its thickness and P/A is the power per

unit area w dx from the heat sources and sinks q̇ acting on an element shown in Figure 5.5 and ∂x

runs along the length of the leg. Here we have scaled the terms in the equation by film thickness

d. We assume materials are isotropic, meaning κ in a layer is constant along the leg. With this,

Equation 5.20 becomes:

−κd∂
2T

∂x2
=
P

A
(5.21)

The thermal conductivity of a given layer drives the heat flux term on the left side of this

equation, and the heat source/sink term on the right captures the various power loads acting on

the electrons or phonons in the layer. With Equation 5.21, we can now model the electron and

phonon temperatures along an NIS-cooled membrane.

5.4.1.1 NIS-TES Membrane Structure

We integrate NIS refrigerators onto TES bolometers suspended on a membrane. One leg of

an integrated NIS-TES device is illustrated in Figure 5.6. The bulk wafer is located on the left,

and the membrane extends to the TES on the right. The regions of this structure are as follows:

Region 1 extends from the wafer to the edge of the NIS junction. The junction consists of

a ∼1 nm AlOx insulating layer sandwiched between a 300-nm-thick Al superconducting layer and

the AlMn normal metal base electrode (BE). The SiOx layer on the left defines the junction area,

where the junction itself is between the SiOx and the end of the insulating layer on the right.

Region 2 represents the “dead length” region that can result from non-ideal deep etch

alignment. One of the final fabrication steps is the deep etch that removes the silicon under the

membrane, releasing the TES island from the wafer. This etch progresses laterally as it moves

towards the membrane. Ideally, the end of the lateral etch lines up with the end of the junction,

but due to fabrication constraints, the wafer can be under- or overetched.

Positive dead length, where the Si wafer extends past the edge of the junction, is represented

in (a). In this case, the extended Si introduces a heat leak between the hot wafer phonons and the
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Figure 5.6: Profile view of a NIS cooler integrated onto one TES leg, not to scale. A top view of
one such leg is highlighted in the inset. Region 1 extends from the wafer to the edge of the NIS
junction. Region 2 represents the dead length in which the substrate extends past the junction.
Positive dead length is shown in (a), and negative dead length is shown in (b). No dead length is
ideal for cooling performance. For better electron-phonon coupling, the normal metal extends onto
the membrane in Regions 3 & 4, and in Region 4, another normal metal is added for thermalization.
Region 5 is the leg between the cold finger and the TES. Region 6 is the TES bolometer.
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membrane phonons. Negative dead length, where the Si undercuts the junction, is represented in

(b). In this case, the junction extends out onto the membrane, and the junction bias introduces

Joule heating onto the membrane. For ideal cooling, there is no dead length, i.e., no Region 2.

In Regions 3 & 4, the normal metal extends past the Si onto the membrane to increase the

electron-phonon coupling in the BE. This is referred to as the cold finger. In Region 4, a Ti/Au

bi-layer is added on top of the cold finger for thermalization. The Ti/Au is added further along

the cold finger to thermalize the electron and phonon systems further from the hot substrate.

Region 5 is the TES leg between the cold finger and the TES and consists of the SiOx-SiNx

membrane and the TES microstrip layers, which are not shown. Despite the depiction here, this

region is the longest.

Region 6 is the AlMn TES bolometer, i.e., the cooling target. We treat the TES island

structure pictured in the inset as a single power source on the right end of the leg.

In Region 1, the NIS junctions remove power from the electron system and deposit it onto

the bulk Si substrate that acts as a thermal bath with temperature Tbath. We include this power

removed as a heat sink term in q̇. In Region 6, the TES power deposited at the center of the

membrane is treated as a heat source and also included in q̇. Therefore, we require that the heat

flux through the boundaries in Regions 1 and 6 are 0.

5.4.1.2 Heat Flux Terms

In this section, I will restate some relevant discussion from Chapter 3 as a convenience to the

reader.

The electron-phonon conductance is the temperature derivative of Pep defined in Equation

5.18.

Gep =
∂Pep

∂Te
= nepΣV T

nep−1
e (5.22)

The e-e and p-p conductance come from their respective thermal conductivities κee and κpp,

which are related via G = κ× dw/L, where L is the length of the film and the cross-sectional area

(different from the area defined earlier in this chapter) is d× w.
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The thermal conductivity of the phonon gas is given by kinetic gas theory:

κpp = Cvvsℓ/3 (5.23)

where Cv is the phonon specific heat, vs is the average sound velocity in the material, and ℓ is the

phonon mean free path. The low temperature limit of the Debye model gives the specific heat:

CV, Debye =
12

5
π4nkB

(
Tp
Θ

)3

(5.24)

where kB is the Stefan Boltzmann constant, n is the atomic density, T is the temperature, and Θ

is the Debye temperature. Using the sound speed vs For our AlMn base electrode, we use Al values

for vs = 3700 m/s, atomic density n = 6 × 1028 m−3, and Θ = 428 K. We estimate ℓ = 2 µm from

our measurements of ℓS in a 400-nm-thick SiOx-SiNx membrane (see Chapter 3).

In 2014, our group measured the thermal conductivity of similar SiNx membranes used in

NIS phonon coolers to be κSiN = 1 × 10−2T 2.2 W/(K m) [67]. This deviation from the T 3 scaling

of the Debye model is a well-documented characteristic of amorphous materials and is likely due

to the T 1 contributions to Cv from disorder and two-level systems in the material. This thermal

conductivity evaluated at 170 mK is 203 pW/(K µm), which is consistent with our measurement

of a 400-nm-thick film of SiNx at 170 mK of 198 ± 18 pW/(K µm) in Chapter 4.

The electron thermal conductivity in the normal metal layers can be calculated from the

electronic resistivity using the Wiedemann-Franz law:

κee =
L

ρel
Te (5.25)

where L is the Lorenz number L = 2.44×10−8 WΩ/K−2, ρel is the electrical resistivity and Te is

the electron temperature. We have measured ρAlMn = 6.6×10−8 Ωm in our devices.

In Figure 5.7, we calculate and compare the electron-electron (ee), electron-phonon (ep), and

phonon-phonon (pp) thermal conductances for a 20-µm-wide x 100-µm-long region consisting of a

30-nm-thick film of AlMn on a 420 nm thick film of SiNx. This geometry is similar to cold fingers on

our integrated NIS-TES devices. Σ and nep depend on temperature and were interpolated from the
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values measured in Table 5.1. It can be seen that between 70 and 500 mK, Gee > Gep > Gpp. This is

significant because it shows that at these temperatures, the phonon cooling from the cold electrons

in the BE dominates the heat loading from the Si substrate. Therefore, NIS-cooled electrons can

cool the membrane phonons below the bath temperature.

5.4.1.3 Heat Source and Sink Terms

The power loads on the layers of the device are illustrated in Figure 5.8. In a steady state

system, the various heat loads will be balanced with the cooling power of an NIS junction given by

−PNIS = ΣV (T
nep
e − T

nep
p ) + βIVb + I2Rpad + I2Vb + PMS + Pload (5.26)

The first term on the right is the familiar electron-phonon coupling in the normal metal. The

second term is the backscattering of hot quasiparticles, where β is the fraction of removed power

PNIS that returns to the normal metal. Extensive work has been done to minimize β in our NIS

refrigerators, including the addition of quasiparticle traps overlayed on top of the superconducting

electrode and laterally on either side of the BE. The overlayer traps (OLTs) are visible as the top

layers in Figures 6.1 a and b. This work is detailed in [83] and [67]. With the addition of the

quasiparticle traps, typical values of β are 1-2%.

Joule heating takes the form PJ = IR2
pad, where Rpad is the resistance of the normal metal

layer between the two junctions. Junction current INIS from single-particle tunneling events is

a first-order approximation of the total junction current. However, higher order tunneling events

can add a secondary current. For example, even a perfect NIS junction will experience Andreev

reflections in which electrons (holes) in the normal metal with ϵ < ∆ form Cooper pairs in the

superconductor by reflecting holes (electrons) at the junction interface. The Andreev current and

other second-order terms are lumped together into I2, giving the additional power load P2 = V I2.

There is a thermal resistance between the phonon systems in the normal metal and the

membrane due to differences in the material density, resulting from the same wave mechanics that

describe light interacting at the interface of two optical media [102, 26]. This effect, referred to as
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Figure 5.7: Electron-electron (ee), electron-phonon (ep), and phonon-phonon (pp) thermal conduc-
tances for a 20-µm-wide × 100-µm-long cold finger consisting of a 30-nm-thick film of AlMn on a
420 nm thick film of SiNx. Between 70 mK and 500 mK, Gee > Gep > Gpp.
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Figure 5.8: The various power loads on the electrons and phonons described in Equation 5.26.
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Kapitza acoustic mismatch, has an associated heat flow

PAMM = ξ(T 4
ph,M − T 4

ph,N ) (5.27)

where Tph,M and Tph,N are the membrane and normal metal phonon temperatures, respectively,

and ξ is a material dependent parameter. We use ξ=360 W/m2/K4 measured for Al on Si [102, 84].

Pload is the power load from the cooling target, which in our case is a TES bolometer, and any

stray loading from the measurement environment. All terms in Equation 5.26 scale linearly with

the number of devices, except for Pload, which is constant. To model NIS self-cooling for NIS-TES

devices, we simply divide the power load from the TES (∼ pW) by the number of NIS junctions

per device.

Until recently, this concluded all the power loads included in the power balance model. From

the measurements in Chapter 3, however, we have realized there is significant loading from the

highly conductive microstrip used to bring the bias signal to the TES. The power load from the

added conductance of the microstrip is

PMS =
GMS

3.2
(T 3.2

ph,MS − T 3.2
ph,N ) (5.28)

We have measured the thermal conductance of the microstrip GMS to be 2.66 pW/K in our devices.

5.4.2 Results

Parameter Value

∆ 187.2 µeV

Γ 60.14 neV

dS 300 nm

dN 30 nm

RN 5.66 Ω

β 0.014

Rpad 0.328 Ω

V 9.7 µm3

Table 5.2: Table of parameters used in example power balance model. These parameters are
representative of measurements from NIS-TES v2 devices.
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Figure 5.9: Sample result from the power balance model. The temperature at no voltage bias is
the bath temperature. The electron temperature refers to the electron temperature in the normal
metal of the junction.
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Using this model, we calculate electron temperature in the normal metal Te as a function of

junction bias from various Tbath in Figure 5.9. We use the parameters in Table 5.2, which were

chosen from junction measurements of our integrated NIS-TES devices. When the junction is

unbiased, the electrons are in thermal equilibrium with the wafer. The optimal bias changes with

Tbath but is always between 0.9 and 1.0 ∆. This model predicts that from 300 mK, the normal

metal electrons are cooled to 113 mK.

Calculations of the electron temperature in the normal metal Te, phonons in the normal metal

Tp,N , and phonons in the microstrip Tp,MS along an NIS-TES leg are shown in Figure 5.10. The

junction is 32 µm long and, in this example case, is followed by 5 µm of dead length (DL), i.e., the

Si wafer extends 5 µm past the edge of the junction. The 80-µm-long Ti-Au thermalization layer

(TL) begins at x = 52 µm. The junctions and the thermalization layer are spaced 20 µm apart,

and in this case, with a 5 µm dead length, is 15 µm away from the edge of the Si. Pload is set to 0

pW.

In Figure 5.10 are predictions of Te, Tp,N , and Tp,MS (a) neglecting PMS and (b) including

PMS in the power balance. In (a), the model predicts that the normal metal phonons thermalize

to 135 mK at the end of the TL. In (b), however, the normal metal phonons thermalize to 154 mK,

19 mK hotter than when the microstrip is neglected.

Figure 5.11 compares final thermalization temperatures for various dead lengths. If the deep

etch alignment is perfect, meaning there is no dead length, the model predicts that the normal

metal phonons thermalize to 134 mK, which is 20 mK colder than the 5 µm dead length case

plotted above. In other words, adding 5 µm of dead length is akin to adding another microstrip on

the other side of the cold finger, and both significantly impact cooling performance.
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Figure 5.10: Electron and phonon temperatures along the cold finger of a single leg cooled with
two junctions illustrated in Figure 5.6 with a 5 µm dead length (DL) (a) excluding the power
load from the microstrip PMS and (b) including PMS . Te and Tp,N are the electron and phonon
temperatures in the AlMn base electrode of the NIS junction. Tp,MN is the phonon temperature
of the microstrip running parallel to the cold finger along the TES leg. The 80-µm-long Ti-Au
thermalization layer (TL) begins 20 µm after the NIS junction and 15 µm after the DL. Tp,N at
the end of the thermalization layer is 19 mK higher when the microstrip is included.
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Figure 5.11: Te, Tp,N and Tp,MS at the end of the thermalization layer for various dead lengths.



Chapter 6

NIS-cooled TES Bolometers

We are developing Normal metal - Insulator - Superconductor (NIS) junctions as a solid-state,

on-chip refrigeration technology with the potential to cool cryogenic detectors from the pumped 3He

temperature of 300 mK to the more optimal operational temperatures of 100-130 mK. Compared

to the current state of the art for cooling below 300 mK, this refrigerator technology is inexpensive,

light, and compact, making it especially well suited for space applications.

As will be shown in this chapter, we have integrated NIS coolers onto transition edge sensor

(TES) bolometers designed for observations of the sub-mm sky from a balloon-born experiment.

These integrated devices consist of two NIS refrigerators that sit at the base of each of four TES

island legs for a total of 8 junctions per bolometer. We have measured the NIS cooling of a TES

from 300 mK to 187 mK on a device with six working NIS junctions and no measurable difference in

detector noise. With eight operational NIS junctions, we predict TES cooling from 300 mK to 143

mK, which is equivalent to a ∼30% reduction in detector Johnson-Nyquist noise equivalent power

and a ∼50% reduction in thermal fluctuation noise equivalent power. These prototypes suffered

from a junction yield of ∼50% due to tall silicon (Si) islands in the substrate shorting through the

few-nm-thick insulating layer.

After switching to a NIST-grown substrate with lower Si content, we have recovered junc-

tion yields of nearly 100%, but with diminished cooling performance. Potential causes of this

impaired refrigeration include excess dead length and structural discontinuities, though the specific

mechanisms are still under investigation. Once cooling performance is restored with maintained
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near-unity junction yield, several design improvements involving decreasing the conductance to the

heat bath and increasing NIS cooling power can be implemented to achieve TES refrigeration below

150 mK.

The NIS junction refrigerator component of these integrated NIS-TES devices is described in

Section 6.1, and the TES bolometer component is described in Section 6.2. In Section 6.3, I describe

the measurements we take to characterize integrated NIS-TES devices as well as the cryogenic test

beds we use to make those measurements. Section 6.4 contains the results and cooling performance

of the various NIS-TES prototypes, which span three versions. In Section 6.5, I share the next steps

once cooing performance is recovered towards optimizing single-pixel performance before scaling to

full-sized arrays of integrated NIS-TES detectors.

6.1 NIS Refrigerator Junctions

Normal metal - Insulator - Superconductor (NIS) junctions cool the electrons system in the

normal metal by depositing the hottest electrons into the superconductor. To cool an arbitrary

payload that is electrically isolated from the junction, the refrigeration of the normal metal electron

system must translate to refrigeration of the phonon system in the payload. This is mitigated via

electron-phonon coupling in the normal metal. When integrated onto a TES bolometer, we extend

the normal metal of the junction onto the TES leg membrane to maximize thermalization between

the normal metal and the membrane.

NIS cooling power increases linearly with the number of junctions. We place two junctions at

the end of each TES leg to provide twice the cooling power without additional fabrication steps. The

NIS refrigerators are AlMn/AlOx/Al junctions with an area of 7 µm × 32 µm. We use aluminum

because it can be oxidized to form a high quality barrier on the order of 1 nm, the size required for

an insulating layer. The normal metal base electrode is a 30 nm-thick layer of AlMn, which is then

oxidized to form a ∼few nm insulating layer. A 300 nm-thick layer of Al is deposited on top of the

insulator to form the superconducting counter electrode (CE). The 500-nm-thick AlMn overlayer

trap (OLT) is deposited on top of the CE with a thin AlOx layer sandwiched between the CE and
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the OLT. Cross-sections of junction pairs in series imaged with a Scanning Electron Microscope

are shown in Figure 6.1.

6.2 Transition Edge Sensors

The Transition Edge Sensor (TES) is a highly sensitive thermometer that takes advantage

of the sharp change in resistance with temperature of a superconducting thin film biased into

its phase transition. This incredible sensitivity in temperature makes TESs well suited for (sub-

)mm astronomy applications, where signals are ∼picoWatts. TESs can be used as bolometers,

which measure power, or calorimeters, which measure pulses of energy. This work focuses on TES

bolometers, using the 280 GHz SPIDER TES design as a template for our detectors. SPIDER is a

balloon-born CMB polarimeter aiming to find the inflationary signature in the CMB polarization.

The 280 GHz TESs were added to the SPIDER focal plane after its first flight in 2015 to constrain

the level of B-mode contamination from galactic dust emission [46]. The TES island is suspended

via four legs with a cross-sectional area A∼7 µm2 and a length of 600 µm. We added eight NIS

junctions to this template, two per TES leg, shown in Figure 6.2.

The sensor itself is a superconducting AlMn-alloy thin film operated at a bath temperature

below its critical temperature Tc and voltage biased into its phase transition [112, 115]. The power

through a TES is the sum of the absorbed optical power Po and the electrical power Pe. For

enhanced stability and dynamic range in the extremely narrow phase transition, TESs are voltage

biased to take advantage of negative electrothermal feedback (ETF).

The TES bias circuit is shown in Figure 6.3. The TES is voltage biased with a current bias

Ibias and a shunt resistor Rsh. The sensor is coupled to readout electronics via the inductor L.

Rpar is the parasitic resistance in series with the TES.

The detection mechanism in a TES bolometer is an increased resistance resulting from the

absorbed optical power and subsequent increase in local temperature. In a voltage biased scheme,

the increased resistance from the sky signal power load decreases the electrical power Pe = V 2/R

in the sensor, allowing the TES to fall back into the phase transition. This bias scheme, coupled
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Figure 6.1: Scanning electron scanning microscope images of two NIS junctions in series. (a)
Tunneling current flows from the left-side superconductor through the normal metal base electrode
into the superconductor on the right. Overlayer quasiparticle traps (OLTs) sit atop the S layers.
The 30-nm-thick base electrode is barely visible. (b) Another SEM cross-section of a similar
structure, but zoomed into the center structure. The junction sits on top of a SiOx-SiNx bi-layer
membrane, all on a Si wafer.
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are visible at the end of each TES bolometer leg.
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Figure 6.3: (a) The TES bias circuit, and (b) the Thévenin equivalent of the TES bias circuit,
adapted from Irwin & Hilton 2005 [47].
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with SQUID current amplifiers, has enabled multiplexing these detectors into large arrays.

6.3 Experimental Apparatus

6.3.1 Cryogenic Test Bed

Device measurements are performed across two adiabatic demagnetization refrigerators (ADRs)

with a base temperature of ∼50 mK. An ADR utilizes electron spins in a paramagnetic salt pill to

refrigerate a cold stage below the temperature of a thermal bath, which in our case is 4 K. One

test bed is a “wet” ADR and is backed by a liquid 4He tank from IR Labs shown in Figure 6.4.

The other is a Model 103 “dry” ADR from High Precision Devices backed by a closed cycle helium

compressor shown in Figure 6.5.

The ADR unit inside the wet dewar is shown in Figure 6.6 and the unit inside the dry

dewar is shown in 6.7. At the center of the unit are two paramagnetic salt pills surrounded by

a superconducting magnet solenoid. During operation, the magnet is ramped up to a maximum

field, aligning the electronic spins in the salt pills while still in contact with the thermal bath.

This exothermic process exchanges magnetic energy for thermal energy, which is absorbed into the

thermal bath. Once the salt pills are once again in equilibrium with the 4 K bath, the thermal

connection between the two is broken and the magnetic field slowly ramped back down.

During the magnetic ramp down, it is an entropically favorable for the electron spins to anti-

align. As electrons anti-align, energy is absorbed from the thermal system and the salt pills are

cooled to below the bath temperature. Since this process is adiabatic, the temperature of the cold

stage can be controlled with a magnetic field to any temperature between the base temperature

and the thermal bath.

A Kepco bipolar operational power supply drives the superconducting magnet in both ADRs.

The current ramp up is monitored using an Agilent 34401A digital multimeter to ensure the voltage

across the magnet never exceeds 200 mV. Voltages larger than this could generate enough EMF

to drive the superconducting magnet wire normal, depositing a large amount of heat onto the cold
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Figure 6.4: (a) Photograph of the wet cryostat, including the electronics tower and the liquid
cryogen tanks. (b) Photograph of the ADR unit and cold stages.
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Figure 6.5: Photographs of the dry cryostat. (a) The cryostat configuration while taking measure-
ments with a room-temperature magnetic field surrounding the sealed vacuum jacket. (b) The cold
stages of the cryostat. All components are thermalized to the 4K plate except for the sample box,
which is thermalized to the FAA at 50 mK, and the loom wires, which are heat sunk to the GGG
at 1 K on their way to the sample box. (c) The cryostat with the vacuum and radiation shields
removed. The cold stage in (b) exists below the 4 K plate.
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Figure 6.6: (a) Side view and (b) top view of the ADR unit in the wet dewar. The salt pills are at
the center of the unit and are surrounded by the magnet solenoid, which is seated inside µ-metal
magnetic shielding.
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Figure 6.7: Photographs of the ADR unit in the dry cryostat, progressively removing components
towards the ADR salt pills. a) The ADR package inside the thermalization shell made of gold-plated
copper. b) The µ-metal magnetic shielding around the ADR magnet inside the thermalization. c)
The solenoid that houses the superconducting magnet. d) The FAA and GGG salt pills inside the
superconducting magnet.
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stage and suddenly quenching the magnetic field, which would damage the magnet. As another

protection against a current surge, back-to-back diodes are placed in parallel with the magnet that

would provide an alternate route to ground for voltages ≥ 1 V.

The ADR consists of a Ferric ammonium alum (FAA) salt pill, which refrigerates the cold

stage to 50 mK, and a Gadolinium-gallium garnet (GGG), which provides an intermediate stage

to heat sink wires between the 4 K bath and the cold stage. The salt pills are thermally connected

to the helium bath via a mechanical heat switch, which is opened to break the thermal connection

between the salt pills and the 4 K bath during the ADR cycle.

The cold stage is isolated from room temperature by two nested radiation shields enclosed

in a vacuum jacket. The innermost shield is connected to the 4 K helium bath. The intermediary

shell is heat sunk to the 60 K pulse tube in the dry dewar and a 77 K liquid nitrogen tank in the

wet dewar. The vacuum jacket seals the dewar under high vacuum (∼10 µTorr) when in operation.

All three shells attach at the top of the dewar but are mechanically isolated below the helium bath.

A photo of the cryostat and the cold stages of the wet dewar is shown in Figure 6.4.

The temperature of the cold stage is controlled between 50 mK and 1 K with a PID loop

controlled by a Lakeshore 370, which outputs a current between 0 and 316 µA. This is amplified

×20,000 by the Kepco power supply that sends current through the superconducting magnet.

Temperature stability is best below 500 mK, where the temperature is stable to about 50 µK.

The GGG, FAA, and sample box temperatures are measured using a Ruthenium Oxide (RuOx)

resistance thermometer. The resistance is converted to temperature with a Lakeshore 370 resistance

bridge using the calibrated temperature versus resistance curve. The magnet, pulse tube, and 4

K stage temperatures are monitored with silicon diode temperature sensors and read out using a

Lakeshore 218 Temperature Monitor.

Devices are mounted in a gold-plated copper box and wire bonded to a printed circuit board

(PCB). This sample box is shown in figure 6.8. The temperature of the sample box is measured

with a RuOx thermometer soldered on the PCB that has been calibrated against a Johnson noise

thermometer.
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Figure 6.8: Photograph of the 50 mK sample box. Four-wire filtering and protection diodes are
located on the right of the box. Chips are mounted on the left. Stage 1 SQUIDs (SQ1) and TES
voltage bias shunt resistors Rsh are used for TES readout. Samples are mounted on Cu stages
for thermal sinking. The sample box RuOx thermometer is located near the samples between two
SQ1s. NIS four-wire measurement lines are connected to the µ-D connectors on the right. TES
readout lines and connections to the RuOx thermometer are connected to the µ-D on the left.
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Figure 6.9: The four-wire measurement circuit of the voltage V and current I across two NIS
junctions in series, each with resistance Rjnc.

Inside the sample box, each NIS measurement line is filtered with a Minicircuits LFCN-80 80

MHz low pass filter to remove stray RF signals. These lines are also connected to ground through

a Schottky diode as a precaution against sudden electrostatic discharge (ESD), to which the NIS

junctions are highly sensitive. Each TES bolometer is wire bonded to a SQUID amplifier in the

sample box with 280 µΩ shunt resistors. Outside the sample box, both NIS and TES measurement

lines are routed through two superconducting NbTi looms of 48 twisted pair DC wires on Micro-

D 25 connectors. These wire looms are heat sunk at 800 mK, then filtered again through two

Minicircuits LFCN-80 80 MHz filters and one LFCN-3000 filter at the 4 K stage.

Connections between 4 K and room temperature are made with low inductance flexible cables

that are heat sunk to the 60/77 K heat plate. These cables terminate at the breakout box on the

top of the cryostat with SMB connectors, where each NIS measurement line is filtered with a 1kΩ

resistor and a 120 µH inductor in series as another protection against ESD.

6.3.2 NIS Characterization

Both NIS junctions and TES bolometers are fully characterized from measurements of current

through the device as a function of voltage across the device, hereafter IV characteristics. An NIS

IV characteristic is measured by current biasing the junction in a four-wire measurement scheme.
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The IV measurement circuit for two NIS junctions in series is shown in Figure 6.9.

A four-wire measurement scheme separates the current-carrying and voltage-sensing connec-

tions between the volt/ammeter and the device under test, eliminating the contact resistance from

the voltage measurement. To do this, the voltage leads are placed as close as possible on either

side of the device under test, and the current leads are placed outside these voltage connections. In

this configuration, very little current goes through the voltage sensing loop, minimizing the voltage

drop across the sensing leads and providing a more accurate measurement of the voltage across the

device.

The current bias is achieved using a low-noise dual-polarity voltage source, comprised of either

two battery programmable voltage sources connected at their negative terminals or a Stanford

Research Systems SIM928 module. This voltage is converted to a current bias with a known room

temperature resistor Rbias. These voltage sources have a maximum output of at least ±6 V, and

Rbias is chosen such that the voltage across the junction at the maximum range of the voltage

source is ∼ 5∆.

The current through the junction is determined by measuring the voltage across a known room

temperature resistor Rsense. This current sensing voltage and the voltage across the NIS junction

are amplified by an INA 100 instrumentation amplifier and then measured with an Agilent 34401A

digital multimeter. Rsense is chosen to be ∼ 10× smaller than Rbias to not affect the current bias

of the junction, but provide a large enough voltage drop for accurate measurement. A typical

measurement configuration for measuring eight junctions in series is Rbias =1 kΩ and Rsense = 10

kΩ.

A single IV characteristic at base temperature is sufficient to measure both the quality factor

of the junction Q and the specific resistance of the junction Rsp. Q, as shown in equation 5.14,

is calculated as the ratio of the sub-gap resistance Rsg to the normal state resistance RN . RN

is measured as the average numerical derivative dV/dI at voltages ≥ 2∆, where the junction is

in the normal branch. Rsg is measured as the maximum dV/dI, and should be measured at the

base temperature where the excess current from the thermal smearing from the Fermi function is
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minimized.

We see from Equation 5.17 that we can increase the cooling power of the junction by de-

creasing RN . This is limited by the ability to yield thin oxidation layers, resulting in a lower limit

on the product of the normal resistance and the junction area, defined as the specific resistance

Rsp = RNA All refrigerator junctions in this work have an area of 7 µm × 32 µm, and a typical

lower limit on Rsp from fabrication is ∼ 1000Ωµm2.

The superconducting energy gap ∆ can be estimated as the voltage corresponding to the

minimum in dV/dI. A more precise measurement of ∆ is made by fitting measured IV characteristics

taken at a range of bath temperatures to the theoretical IV characteristics calculated using Equation

5.13 To do this, we first calculate theoretical IV curves at a range of temperatures using the

previously measured RN and Q for various values of ∆ We then interpolate the temperature of the

junction at each data point of a measured IV curve from the theoretical IV curves Finally, we do a

least-squares minimization of the interpolated temperatures and the cold stage temperature during

the IV measurement to determine which ∆ value best describes the data.

The internal temperature of the junction changes as a function of voltage due to self-cooling,

which is not included in the theoretical IV calculations. For this reason, we only fit data at voltages

∼ 10%∆/e and temperatures above 150 mK to these theoretical IVs, where junction self-cooling is

minimized.

The temperature of the NIS junction can be determined at each bias point of a measured

IV by using the theoretical IV curves for temperature calibration. The isothermal theory IV char-

acteristics in this measurement are calculated using the previously measured NIS characterization

parameters for that particular junction. The optimal bias for self-cooling is again found by iterating

through voltage biases centered around 90%∆.

An example measurement is shown in Figure 6.10, where the solid lines are the theoretically

calculated IV characteristics and the dots are measured IV data points Below 0.1 mV, the data

points follow the isothermal theory curves Above 0.1 mV, the data trends to lower current, crossing

several isothermal curves before transitioning out of the subgap and onto the normal branch at
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(a) Isothermal NIS IV curves (solid lines) and IV data (dots) at various bath temperatures.

(b) Interpolated NIS electron temperatures from (a)

Figure 6.10: a) Theoretical isothermal IV characteristics and IV measurements of 8 NIS junctions
in series from different bath temperatures. Both the data and the theoretical IVs transition out of
the subgap and onto the normal branch at ∼1.5 mV. For a single junction, we measure a Q value
of 3113 and ∆ = 187.2 eV, which is consistent with 8 × ∆/e ∼1.5 mV. b) NIS junction electron
temperature at each data point in (a) interpolated from the isothermal theory curves.
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Figure 6.11: Measurement of TES saturation power at Tb=156 mK.

V∼1.5 mV This indicates that the NIS junctions are self-cooling above 0.1 mV.

6.3.3 TES Characterization

TES bolometers are also characterized by their IV characteristics. A single TES IV mea-

surement provides the normal state resistance RN and the saturation power of the detector at the

bath temperature of the measurement Psat(Tb). We take the TES normal resistance to be the mean

value of dV/dI in the normal branch. The saturation power Psat(Tb) is the IV power at the end

of the superconducting-to-normal transition. An example Psat measurement of an NIS-TES device

is shown in Figure 6.11. Taking multiple IV characteristics while sweeping the bath temperature

provides the TES thermal conductance G(T ) and transition temperature Tc by fitting Psat(Tb)

measurements to Equation 6.4 described in the following section.

6.3.3.1 TES Readout

We measure the TES signal using a Superconducting Quantum Interference Device (SQUID)-

based readout system akin to a time-division multiplexing (TDM) readout scheme. SQUIDs are low

noise amplifiers that can easily be impedance-matched to TESs and are ubiquitous in the world of

TES readout. In our readout system, shown in Figure 6.12, the TES is voltage biased with a shunt
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Figure 6.12: Circuit diagram of the SQUID-based TES readout circuit. At 100 mK, the current
through the TES is inductively coupled to the stage 1 (S1) SQUID. SQ1 is also inductively coupled
to the SQ1 feedback line, which injects a null current monitored and controlled by a feedback box
at room temperature. At 4K, the SQUID array (SQA) amplifies the signal from SQ1 before sending
it to the feedback box. The raw TES signal is the nulling bias in the SQ1 feedback line.
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resistor Rsh for enhanced detector stability via negative electrothermal feedback and is connected

in series to the input coil of a Stage 1 SQUID (SQ1) at 100 mK. The output of SQ1 is inductively

coupled to a series array of 100 SQUIDs (SQA) at 4 K, which amplify the TES signal before sending

it to a feedback box at room temperature. This feedback box injects a nulling current onto the

SQ1 feedback line to cancel the signal from the TES. This active nulling technique is referred to as

flux-locking the SQUID and greatly enhances its dynamic range.

The raw TES signal is the voltage placed on the feedback line VFB used to keep SQ1 flux-

locked, which is translated to current through the TES using measured values of the circuit com-

ponents:

ITES =
VFB − Voff
RFBMr

(6.1)

Ibias =
Vbias − Vb,off

Rbias
(6.2)

VTES = (Ibias − ITES − Ioff )Rsh − (ITES + Ioff )Rpar (6.3)

where Voff and Ioff are the respective voltage and current offsets in the measurement circuit, Vb,off

is the voltage offset in the bias circuit, Mr is the mutual inductance between the SQ1 feedback

and TES input coils, RFB is the bias resistance on the SQ1 feedback line, and Rpar is the parasitic

resistance in the TES bias circuit.

6.3.3.2 TES Power Law

The power flowing between a TES and the thermal bath is P = k(Tn
TES − Tn

b ), where k is

related to the leg geometry and materials, TTES and Tb are the TES and bath temperatures, and

the exponent n depends on the mode of phonon transport [47]. The thermal conductance is closely

related to this power: G ≡ ∂P
∂T | = nkTn−1. During operation, TTES ≈ Tc and the maximum power

the TES can absorb before saturation is Psat = k(Tn
c − Tn

b ). Rearranging terms, the relationship

between Psat and G evaluated at Tc is made explicit:

Psat = G(Tc) ×
Tc
n

[
1 −

(
Tb
Tc

)n]
(6.4)
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Figure 6.13: Characterization of the TES on the best-performing NIS-TES v2 device. IV charac-
teristics were taken at a range of bath temperatures between 156 mK and 240 mK. The inset shows
Psat measurements from these IV characteristics evaluated at 70% RN . These Psat measurements
are fit to Equation 6.4, and the resulting best fit parameters are given in Table 6.1.
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The TES critical temperature Tc, thermal conductance G(Tc) evaluated at Tc, and power law

exponent n are measured by fitting TES saturation power measurements from I-V characteristics

measured at different values of Tb. At each Tb, we calculate saturation power Psat as the current

times the voltage at 80% percent of the normal state resistance for various Tb. We choose 70-80%

because the resistance is approximately constant with current high in the transition.

The TES power measurement error σP is given as σP =
√

(I ∗ σV )2 + (V ∗ σI)2, where σV

is taken to be the standard deviation of the voltage in the superconducting region of the TES IV,

and σI is the standard deviation of the normal branch current after subtracting the best fit line.

Errors on Tc, G(Tc), n are estimated as the square root of the diagonal entries in the power law

fit covariance matrix. The parameters k and n are typically covariant, leading to large error bars

propagating through when using these parameters to calculate G(Tc). We avoid overestimating σG

by fitting for G explicitly.

Parameter Measurement

Tc [mK] 260.4 ± 1.5

n 2.4 ± 0.04

G(Tc) [pW/K] 7.2 ± 0.6

Psat [pW ] 0.71 ± 0.1

RN [mΩ] 19.7 ± 0.1

Table 6.1: TES parameters from the power law fit in Figure 6.13 at 80% RN . All parameters with
a temperature dependency, i.e., G(T) and Psat(T ) are evaluated at 168 mK.

IV characteristic measurements of a TES bolometer at various bath temperatures are shown

in Figure 6.13. The resulting Psat measurements and power law fit are shown in the inset. The

TES parameter fit results are given in Table 6.1.

At V = 0 V of the IV characteristics, the TES is superconducting and the current jumps

to the TES critical current. At high voltages, ≥ 125 nV in this measurement, the TES is normal

and the IV characteristic is ohmic. At intermediate voltages, the TES is in the superconducting

phase transition. Unlike NIS junctions, the current through a TES in the phase transition is higher

at lower temperatures. This temperature sensitivity makes the TES an excellent thermometer at
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temperatures below Tc.

6.3.4 NIS-TES Refrigeration Measurements

We can use the same temperature sensitivity that makes the TES an ultra sensitive detector

to determine the temperature of the TES during an NIS-TES refrigeration measurement. To use

the TES as a thermometer, we first take TES IV characteristics while sweeping the ADR bath

temperature with the NIS cooler off. In the same way that we interpolate NIS temperature using

the isothermal theory curves, we can use these calibration IV curves to interpolate TES temperature

from a TES IV characteristic. With these temperature calibration IV curves, we can continue with

the NIS-TES cooling experiment.

During a cooling experiment, we set the ADR bath temperature to a constant 300 mK and

iterate through a range of NIS voltage biases, taking a TES IV at each NIS bias point. NIS biases

are finely sampled around the optimal bias point for NIS cooling Vopt ∼ Njnc×90%∆/e, where Njnc

is the number of NIS junctions on the NIS-TES device. We then interpolate the TES temperature

from IV curves taken at each NIS bias point to determine what temperature the NIS refrigerators

cooled to the TES.

An example cooling experiment is shown in Figure 6.14. In (a), the TES temperature cali-

bration curves taken with the NIS junction turned off are given as solid lines. TES IVs taken at an

ADR bath temperature of 300 mK for various NIS biases are given as dashed lines. The optimal

bias of 2.8 mV is highlighted with a solid black line. In (b), the TES temperature interpolated in

(a) is shown as a function of NIS voltage bias. The TES in this NIS-TES integrated device was

cooled to 187 mK from 300 mK at an NIS bias of 2.8 mV.
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Figure 6.14: (a) Cooling experiment for the best-performing NIS-TES v1 device that cooled the
TES from 300 mK to 187 mK at the optimal NIS bias of 2.8 mV. The solid colored lines are TES
temperature calibration IVs taken with the NIS off. The dashed curves are IVs taken while iterating
through NIS Vbias at a 300 mK bath temperature. The optimal NIS bias is highlighted as a black
solid line (b) Interpolated TES temperature at each NIS voltage bias using the calibration curves
in (a).
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6.4 Results & Discussion

6.4.1 NIS-TES v1 & v2

As discussed in Section 5.4.1, cooling performance is maximized when there is no dead length,

i.e., when the membrane release lines up perfectly with the edge of the NIS junction. If the Si is

insufficiently etched and extends past the NIS junctions, the cold finger is burdened with extra

loading of the substrate phonons. If the device is overetched and the NIS junction extends past the

Si wafer onto the TES leg, the cold finger is burdened with extra loading from the Joule heating

in the junction.

One challenging aspect of integrated NIS-TES devices is aligning the membrane deep etch

release for minimal dead length. The deep etch is one of the final fabrication steps that defines

and releases the TES island from the substrate. The etch begins from the back of the wafer and

removes material laterally as well as vertically. Each NIS-TES sample for all fabrication runs

includes various iterations on the ”deep etch gap,” or the spacing between the edge of the junctions

and where the Si etch begins at the back of the wafer, to account for the uncertainty in the extent

of the lateral etching.

The first iteration of integrated NIS-TES devices, hereafter NIS-TES v1, demonstrated

promising cooling performance but was plagued with a low NIS junction yield of 50%. We also

found that the NIS coolers added negligible noise to the TES detector. In Figure 6.15, we show

that there is no discernible difference in TES noise with the NIS refrigerators biased or unbiased.

The largest measured cooling of a TES was from 300 mK to 187 mK on a device with 6 out

of 8 live junctions. The bath temperature of the TES is related to temperature of the NIS TNIS

and the number of functional junctions Nj via the equation

1

8
k(Tn

b − Tn
c ) + Psat(T )b) =

Nj

8
k(Tn

c − Tn
NIS) (6.5)

where k and n are defined by the TES power law in Section 6.3.3.2. From this, we predict that

with 8 working junctions, the TES would have cooled to 143 mK. Therefore, improving the junction
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Figure 6.15: TES noise measurements at 165 mK. The orange curve is with NIS bias off, and the
blue curve is with NIS bias on.

yield was the most straightforward route to achieving TES refrigeration from 300 mK to below 150

mK.

We found the low junction yield was due to high surface roughness in the commercially

produced SiNx substrate. This substrate was made to be very low stress and thus had a relatively

high silicon content. This unintentionally resulted in a substrate with Si islands as tall as 12 nm,

which can be seen in Figure 6.16a. These Si islands created topological defects that could pierce

through the ≤10-nm-thick oxidation layers and short the junctions.

We resolved this yield issue by growing our own higher stress SiNx substrate with lower Si

content. To compare the two substrates, we measured the index of refraction n, which increases

with silicon content in SiNx. The index of refraction for the NIST-grown substrate is n = 2.2,

compared to n = 2.27 in the vendor substrate. We also mapped the topology of the two substrates

using atomic force microscopy (AFM), shown in Figure 6.16. We found that the surface roughness

of the NIST-grown substrate was a large improvement over the vendor substrate. The peak height

was reduced from 11.7 nm to 4.9 nm in the new substrate, with an RMS height reduction from 0.75

nm to <0.4 nm. We first fabricated a wafer of junction-only devices on this new lower Si substrate

and recorded 100% yield in the 24 junctions measured.

The second version of integrated NIS-TES devices (v2) was then fabricated on the NIST-
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(a) (b)

Figure 6.16: AMF scans of (a) the vendor SiNx substrate and (b) the NIST-grown substrate. Note
that (a) and (b) have different color bars.

grown substrate. To decrease the loading from the hot substrate phonons, we included four unique

”split” designs in which phononic filters were added in addition to baseline devices with nominally

the same design as v1. Phononic filters are designed to disrupt the phonon path and lower membrane

thermal conductance.

On split a devices, ∼150-nm-thick × 4-µm-long strips of PdAu in a 7-µm center-to-center

spacing were added on top of the TES legs. Split b devices included PdAu strips with the same

dimensions and spacing, but only along the cold finger. Split c devices replaced the PdAu strips in

split b with strips of SiNx. On split d devices, 4-µm-diameter holes were etched through the cold

finger with a 7-µm triangular grid spacing. These phonon filter design choices were informed by

the work in Zhang et al. 2019 [121], which measured reduction in the thermal conductance of SiNx

membranes by up to 56% with the addition of a single metal layer patterned into rings on top of

the membrane surface.

The junction yield in v2 devices is nearly 100%, with 39 of 40 measured junctions opera-

tional, indicating that the smoother substrate alleviated the v1 junction yield issue. However, v2

devices have shown a significant reduction in cooling performance compared to v1. The greatest v2

temperature reduction measured was from 300 mK to 240 mK on a baseline device with seven live

junctions. With eight operational junctions, we predict the TES would cool to 231 mK. The v1 and

v2 devices with the best cooling performance are compared in Table 6.2. Including the microstrip
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wiring layers, the NIS-TES legs have a cross-sectional area of w× d = (6µm× 1.4µm = 8.4µm2 and

a length of 600 µm.

Parameter v2 v1

Njnc 7 6

G(T ) [pW/K] 4.19 3.8

κ(T ) [pW/(Kµm)] 419 380

Psat(T ) [pW ] 0.65 0.79

TC [mK] 265.1 290.6

k [pW/Kn] 24.8 16.1

n 2.5 2.2

NIS RN [Ω] 5.3 4.8

DL [µm] 0.5-2 0

Cooling from 300 mK 240 mK 187 mK

Cooling 8 Jncts 231 mK 143 mK

Table 6.2: The NIS-TES v1 and v2 devices with the best cooling performance. TES power law
parameters are evaluated at 70% RN and 156 mK. Cooling experiment measurements and projected
cooling from 300 mK with eight live junctions are given at the bottom.

6.4.1.1 Substrate Heat Load

Thermal modeling in Section 5.4 shows that the electron system in the NIS junctions is

predicted to self-cool from 300 mK to 112.8 mK (see Figure 5.9) and measurements in Section 6.3.2

show that the NIS junctions in the best-performing v2 device self-cool to ∼130 mK (see Figure

6.10). However, the TES only cools to 231 mK with eight working junctions, so there must be a

thermal gradient of ≥100 mK between the NIS junctions and the TES. The cooling performance will

be degraded if extra power loads or heat leaks to the substrate are introduced in v2, or if thermal

conduction between the cold junction electrons and the TES phonons is impaired somewhere along

the cooling chain.

Upon visual inspection, we have found the dead length increased significantly between v1 and

v2. An example dead length comparison between v1 and v2 is given in Figure 6.17 in which this v1

device has negligible dead length and the v2 device has 5 µm of dead length. The v2 device in Table
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Figure 6.17: Dead length (DL) comparison between an NIS-TES (a) v1 and (b) v2 device. The v2
device DL is ∼ 5µm. The NIS refrigerator junctions are to the left of the TES leg, and the cold
finger (CF) is the normal metal base electrode that extends onto the TES on the right. The top
photo is an NIS-TES device, with the region imaged in (a) and (b) highlighted.
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6.2 has 0.5-2 µm dead length on each leg, whereas the dead length on the v1 device is negligible.

From Figure 5.11, a dead length of 2 µm theoretically increases the final TES temperature from

136 mK to 149 mK. The dead length increase does significantly impact TES refrigeration but does

not fully explain the reduction in cooling performance between these two devices.

If the higher stress v2 substrate is more thermally conductive than the v1 substrate, the

increased thermal loading from the Si wafer would negatively affect the cooling performance in

v2. In Table 6.2, we see that the best-performing v2 device is slightly more conductive than the

v1 device. In Figure 6.18, we use the power balance model in Section 5.4.1 to predict the TES

temperature for a range of TES thermal conductivities, where in (a) κ0 = 272 pW/(K µm) is the

total TES thermal conductivity at 156 mK. This κ0 is larger than κSiN given in Chapter 5 because

it includes the thermal conductivity contribution of the microstrip. The beige area encompasses

the range of conductivities measured in the v2 devices, spanning 80% to 325% κ0. We find that

using the measured values of κ fails to explain either the v1 or v2 data despite the wide variance

in v2 κ.

In Figure 6.18b, we instead scale κ0 to 797 pW/(K µm), the thermal conductivity required

to predict the v1 data point. To assess the implications of the v2 cooling performance, we scale

the v2 κ range accordingly. There is no obvious reason to scale the v1 conductivity by a factor of

∼ 3, meaning κ =797 pW/(K µm) necessary to explain the v1 data point is likely unphysical. If

we choose to entertain this treatment, including a large unexplained heat leak, we find that this

higher κ still does not explain the v2 data.

While the model does begin to agree with the best measured v2 performance at the highest

v2 κ range, the device associated with the highest κ failed to cool below the TES below Tc ∼270 mK

from 300 mK, instead cooling the TES from a bath temperature of 260 mK to 245 mK. Therefore,

while a more conductive substrate may contribute to the issue, there must be other mechanisms

behind the reduced v2 cooling performance.
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(a) (b)

Figure 6.18: Model predictions for TES temperature vs TES thermal conductivity with PTES set
to 0.5 pW. In (a), κ0 is the measured NIS-TES v1 thermal conductivity of 272 pW/(K µm) at 156
mK. The beige area covers the 80% to 325% thermal conductivity range measured in the v2 devices.
The gray dotted line is the maximum cooling measured with a v2 device. In (b), we instead scale
κ0 to 797 pW/(K µm), the value necessary to predict the v1 data point. We also scale the v2 κ
range accordingly.
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6.4.1.2 Cold Finger Electron Thermal Conductance

Since a larger thermal conductance in the TES leg fails to explain the v2 cooling performance,

we also consider the thermal conductance in the cold finger. Unlike the dielectric and superconduct-

ing layers that make up the membrane and microstrip, the dominant heat carriers in the normal

metal cold finger are electrons. The electron thermal conductivity is given by the Wiedemann-Franz

law κe = L0T/ρ, which relates the electron thermal conductivity κe to the electrical resistivity ρ

and the Lorentz number L0 as a function of temperature T The thermal gradient ∆T is given by

∆T = P/G =
PL

Aκe
=

PρL

L0Twd
(6.6)

Using the properties of the AlMn cold finger ρAlMn = 0.145 Ω µm, d = 30 nm, w = 5 µm,

and L = 100 µm, and setting P = 1 pW, a typical TES power load per leg in sub-mm astronomy,

we calculate a thermal gradient ∆T = 14 mK across the cold finger, which also does not explain

the large gradient we observe.

However, if there were physical defects in the cold finger introduced with the new substrate,

there could be discontinuities in the electron thermal conductance unaccounted for in this calcula-

tion. Figure 6.19 is a SEM image of a v2 cold finger cross-section cut with a FIB. This image shows

a few potential physical defects in the cold finger. For example, the normal metal layer does not

span the entire width of the SiNx layer underneath it, which is not as designed. We can also see

debris and a dip in the thickness of the normal metal layer. Since thermal conductance depends on

the thickness of the film, thinner regions in the normal metal can significantly reduce the electron

thermal conductance and thus the electron-phonon coupling necessary to cool the TES.

6.4.2 NIS-TES v2b & v3

The v2 design was refabricated on a 150 mm wafer using the same higher stress NIST-grown

substrate, but wiring discontinuities in the NIS biasing circuit prevented their use as refrigerators.

We have recently finished NIS-TES v3 devices. For v3, we took the v2 design and reduced the

microstrip width near the cold finger from 5 µm to 3 µm. This design change was made in light
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Figure 6.19: SEM image of a cold finger. The normal metal base electrode extends onto the SiNx

TES leg with a TiAu thermalization layer.



142

of our measurements in Chapter 4 that, in our case of very thin substrate layers, the microstrip

dominates the TES thermal conductance. We also removed splits a and c to simplify the fabrication.

Unfortunately, the NIS junctions on v3 devices have anomalously high normal resistances

ranging from 200 Ω to ∼ 1 MΩ, much larger than the design RN ∼5 Ω. IV characteristics of

v3 junctions show that we have maintained 100% junction yield, but do not function as TES

refrigerators due to their low cooling power with such high RN .

The NIS-TES devices are potentially the most complex fabrication done in the NIST clean

room. The TES and NIS fabrication steps cannot be parallelized, meaning the process is essentially

two fabrications completed in series on the same wafer. This process can take the most skilled

clean room staff 3-6 months to fabricate, which does not allow for a quick fabrication-measurement

feedback process. This ambitious fabrication process is the largest obstacle to recovering and

improving the performance of NIS junction refrigeration of TES bolometers.

6.5 Future Work

While we suspect excess dead length and potential physical discontinuities in the cold fin-

ger are responsible for the diminished cooling performance in v2, further investigation is needed

to recover the demonstrated v1 cooling performance while retaining a near 100% junction yield.

Once this is accomplished, improved NIS-junction refrigeration of TES bolometers from 300 mK

to the more optimal operation temperatures of 100-130 mK can be achieved with the following

advancements on the current design: 1) increasing the cooling power by creating more transparent

junctions and 2) lower thermal loading from further development of phononic filters and adjust-

ments the microstrip design.

Nominally, the NIS refrigerator junctions have a normal resistance of ∼5Ω. Despite recent

issues with high RN junctions, we have previously demonstrated more transparent junctions with

thinner oxides. When fabricated on the smoother substrate, we do not expect junction yield to

suffer with a thinner oxide layer.

While we have fabricated integrated NIS-TES devices with various phononic structures as a
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proof of concept, the effect is still under study and the design will require future iterations. The

phononic filter development will require the most effort and provide the largest improvement in

cooling efficiency and should be the priority once v1 performance is recovered. Furthermore, a

microstrip redesign with a thinner to non-existent top insulating layer will also reduce the thermal

loading from the substrate. Measurements in Chapter 4 suggest that removing the top insulating

layer of the microstrip will decrease GTES by 12%.

We have developed solid-state, on-chip refrigerators for cooling low temperature detectors

below 300 mK. The refrigerator technology will be inexpensive, light, and compact, making it well

suited for space applications. With the above improvements on the current design, we will have

demonstrated optimized cooling of single pixels.

The next lucky graduate student will scale this technology to a full-sized array for deployment

on a future balloon-born observatory. Though we will develop NIS refrigerators to cool TES

bolometers for (sub-)mm astrophysics, this technology can be used to cool any cryogenic sensor

tuned to any wavelength from sub-mm through gamma-ray. Once demonstrated on a balloon-

borne experiment, NIS refrigerators will be a TRL 7 technology ready to enable the deployment of

NASA’s X-ray and FIR Probe missions, and eventually the future Flagship UV/O/NIR mission,

on a faster timeline and a smaller budget.



Chapter 7

Future Work

7.1 TES Leg Thermal Conductance Modeling

Our treatment of thermal transport in multi-layered TES legs can be made more accurate by

including two effects that we have thus far neglected. The first includes potential diffusive scattering

at the edges of the films in addition to the top and bottom surfaces. This would require additional

free parameters in our model, which can only be accommodated by measuring more unique TES

leg geometries.

Additionally, we presently approximate the thermal conductance of the TES leg, which is a

composite thin film structure, as the parallel sum of the thermal conductance of each film. This is

equivalent to treating each film as a separate phonon channel. This treatment is accurate under the

assumption of 100% internal phonon reflection at the interfaces between disimilar materials, which

is not guaranteed in TES legs. A more accurate treatment would be calculating the dispersion

curves of the multi-layer structure, which can be done using a spectral collocation method [88].

7.2 NIS-TES Integrated Detectors

Once the initial NIS-TES v1 cooling performance is recovered, improving upon this perfor-

mance can be achieved with the following advancements to the current design: 1) lower junction

normal resistance with thinner insulating layers to increase the cooling power of our junctions

and 2) lower thermal loading with a redesign of the TES microstrip and the addition of phononic

structures.
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We have demonstrated the fabrication of more transparent junctions than the current junc-

tions with RN ∼ 5Ω. These thinner junctions will be fabricated on the smoother substrate and

thus yield is not expected to diminish with the second advancement. The second advancement will

require the most effort and provide the largest improvement in cooling efficiency. The microstrip

redesign will thin or remove the top insulating layer, which our recent measurements indicate will

decrease GTES by 12%.

Phononic structures disrupt the phonon path, resulting in lower membrane thermal conduc-

tance. On NIS-TES integrated devices, we have introduced phononic filters to reduce the thermal

loading from the substrate while maintaining high electron thermal conductance with the NIS re-

frigerator. We have fabricated integrated NIS-TES devices with various phononic structures as a

proof of concept, but the effect is still under study and the design will require future iterations.

We will use our TES thermal conductance model and build on our established NIS thermal

model to design, fabricate, and test the next iteration of NIS-TES integrated devices with these

improvements. With these improvements, single-pixel NIS-cooled TES bolometers will optimized

and ready to scale into full arrays for deployment on a balloon-borne cryogenic experiment.

Two potential experiments for this technology development are Taurus, an instrument funded

by NASA’s APRA program to measure the optical depth to reionization, and the Terahertz Intensity

Mapper (TIM), which will study cosmic star formation history with KIDs [17, 64]. Both missions

are technology pathfinders for future Probe- and Flagship-tier NASA missions that, if equipped with

NIS refrigerators, will raise the Technology Readiness Level (TRL) of this refrigeration technology

from 4 to 7. The R&D funded with this grant will enable future NASA satellites with cryogenic

payloads, such as the two Probe-class missions and the future Flagship UV/O/NIR mission outlined

in the Astro2020 Decadal, to fly unburdened by the financial, weight, and power demands of an

ADR or DR.
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7.2.1 Impacts Beyond (Sub-)mm Astronomy

Most of the development of NIS-cooled detectors has been for CMB balloon-borne TES

polarimeters, but NIS refrigeration technology is sensor- and wavelength-agnostic. Both TES and

KID detector technologies show strong promise in the X-ray, FIR, and optical; fields prioritized

for both Probe-class missions and the next Flagship mission in the Astro2020 Decadal. KIDs also

have applications in dark matter detection and quantum computing [40, 78], and TESs have been

used in mm to gamma-ray astronomy [25, 108], X-ray material analysis [107, 108], and quantum

information [38]. Deployment of a full NIS-TES array on a (sub-)mm balloon-borne observatory is

the quickest route to raising the TRL of this refrigeration technology, and compelling science will

be done in this context. However, once NIS refrigeration is demonstrated as a TRL 7 technology,

it can be applied to any low temperature detector tuned to any wavelength.

Experiments that opt to keep ADRs in the cooling chain will also benefit from NIS refrigera-

tors. When placed in series with an ADR, NIS refrigerators enhance ADR performance significantly

by extending base temperature hold times and alleviating weight and magnetic shielding require-

ments. Due to the adiabatic refrigeration mechanism of an ADR, a 4 Tesla ADR will remain at

300 mK many times longer than 100 mK. Alternatively, an ADR designed to cool from 4 K to 300

mK requires a peak field of only ∼1 Tesla, alleviating much of the magnetic shielding and power

requirements. An NIS-ADR cooling chain will provide the same benefits, though to a lesser degree,

as ADR replacement with NIS refrigerators.
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A. Ducout, X. Dupac, S. Dusini, G. Efstathiou, F. Elsner, T. A. Enßlin, H. K. Eriksen, Y. Fan-
taye, M. Farhang, J. Fergusson, R. Fernandez-Cobos, F. Finelli, F. Forastieri, M. Frailis,
A. A. Fraisse, E. Franceschi, A. Frolov, S. Galeotta, S. Galli, K. Ganga, R. T. Génova-Santos,
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Gregory S. Hennessy, Željko Ivezić, G. R. Knapp, Don Q. Lamb, Timothy McKay, Jeffrey A.
Munn, Robert Nichol, Sadanori Okamura, Donald P. Schneider, Aniruddha R. Thakar, and
Donald G. York. Early-type Galaxies in the Sloan Digital Sky Survey. II. Correlations between
Observables. The Astronomical Journal, 125(4):1849–1865, April 2003.

[19] Rachel Bezanson, Pieter G. van Dokkum, Marijn Franx, Gabriel B. Brammer, Jarle Brinch-
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teau, Kavilan Moodley, Tim Morton, Sigurd Naess, Toshiya Namikawa, Federico Nati, Laura
Newburgh, John P. Nibarger, Andrina Nicola, Michael D. Niemack, Michael R. Nolta, John
Orlowski-Sherer, Lyman A. Page, Christine G. Pappas, Bruce Partridge, Phumlani Phakathi,
Heather Prince, Roberto Puddu, Frank J. Qu, Jesus Rivera, Naomi Robertson, Felipe Rojas,
Maria Salatino, Emmanuel Schaan, Alessandro Schillaci, Benjamin L. Schmitt, Neelima Seh-
gal, Blake D. Sherwin, Carlos Sierra, Jon Sievers, Cristobal Sifon, Precious Sikhosana, Sara
Simon, David N. Spergel, Suzanne T. Staggs, Jason Stevens, Emilie Storer, Dhaneshwar D.
Sunder, Eric R. Switzer, Ben Thorne, Robert Thornton, Hy Trac, Jesse Treu, Carole Tucker,
Leila R. Vale, Alexander Van Engelen, Jeff Van Lanen, Eve M. Vavagiakis, Kasey Wagoner,
Yuhan Wang, Jonathan T. Ward, Edward J. Wollack, Zhilei Xu, Fernando Zago, and Ningfeng
Zhu. The Atacama Cosmology Telescope: a measurement of the Cosmic Microwave Back-
ground power spectra at 98 and 150 GHz. Journal of Cosmology and Astroparticle Physics,
2020(12):045–045, December 2020.

[29] Peter K. Day, Henry G. LeDuc, Benjamin A. Mazin, Anastasios Vayonakis, and Jonas
Zmuidzinas. A broadband superconducting detector suitable for use in large arrays. Nature,
425(6960):817–821, October 2003. Publisher: Nature Publishing Group.



157

[30] P. J. de Visser, J. J. A. Baselmans, P. Diener, S. J. C. Yates, A. Endo, and T. M. Klapwijk.
Generation-Recombination Noise: The Fundamental Sensitivity Limit for Kinetic Inductance
Detectors. Journal of Low Temperature Physics, 167(3-4):335–340, May 2012.

[31] P. B. Demorest, R. D. Ferdman, M. E. Gonzalez, D. Nice, S. Ransom, I. H. Stairs, Z. Ar-
zoumanian, A. Brazier, S. Burke-Spolaor, S. J. Chamberlin, J. M. Cordes, J. Ellis, L. S.
Finn, P. Freire, S. Giampanis, F. Jenet, V. M. Kaspi, J. Lazio, A. N. Lommen, M. McLaugh-
lin, N. Palliyaguru, D. Perrodin, R. M. Shannon, X. Siemens, D. Stinebring, J. Swiggum,
and W. W. Zhu. LIMITS ON THE STOCHASTIC GRAVITATIONAL WAVE BACK-
GROUND FROM THE NORTH AMERICAN NANOHERTZ OBSERVATORY FOR GRAV-
ITATIONAL WAVES. The Astrophysical Journal, 762(2):94, January 2013.

[32] H. Dole, G. Lagache, J.-L. Puget, K. I. Caputi, N. Fernández-Conde, E. Le Floc’h, C. Pa-
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[34] Albert Einstein. Näherungsweise Integration der Feldgleichungen der Gravitation. Königlich
Preußische Akademie der Wissenschaften (Berlin). Sitzungsberichte, 22:688–696, 1916.

[35] Duncan Farrah, Kimberly Ennico Smith, David Ardila, Charles M. Bradford, Michael Dipirro,
Carl Ferkinhoff, Jason Glenn, Paul Goldsmith, David Leisawitz, Thomas Nikola, Naseem
Rangwala, Stephen A. Rinehart, Johannes Staguhn, Michael Zemcov, Jonas Zmuidzinas,
James Bartlett, Sean Carey, William J. Fischer, Julia Kamenetzky, Jeyhan Kartaltepe,
Mark Lacy, Dariusz C. Lis, Lisa Locke, Enrique Lopez-Rodriguez, Meredith MacGregor,
Elisabeth Mills, S. Harvey Moseley, Eric J. Murphy, Alan Rhodes, Matt Richter, Dimitra
Rigopoulou, David Sanders, Ravi Sankrit, Giorgio Savini, John-David Smith, and Sabrina
Stierwalt. Review: Far-Infrared Instrumentation and Technology Development for the Next
Decade. Journal of Astronomical Telescopes, Instruments, and Systems, 5(02):1, April 2019.
arXiv:1709.02389 [astro-ph, physics:physics].

[36] A. V. Feshchenko, O.-P. Saira, J. T. Peltonen, and J. P. Pekola. Thermal conductance of Nb
thin films at sub-kelvin temperatures. Scientific Reports, 7(1):41728, March 2017.

[37] Jessica A. Gaskin, Douglas Swartz, Alexey A. Vikhlinin, Feryal Özel, Karen E. E. Gelmis,
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Appendix A

Appendix

A.1 Thermal Conductance Equations

Gx is defined as the thermal conductance of a 400-nm-thick layer of material x at 170 mK,

S refers to the the SiOx-SiNx substrate bi-layer, GW refers to the Nb wiring layer, and GI the

SiNx insulating layer. The substrate nitride is a furnace-grown layer deposited via Low Pressure

Chemical Vapor Deposition, and the insulating nitride is grown at a lower temperature via Plasma

Enhanced Chemical Vapor Deposition.

As deposited, the substrate layer is 300 nm of SiNx on top of 300 nm of SiOx which serves as

an etch stop during the deep etch membrane release. We expect up to 30 nm of SiOx is removed

during the deep etch. Some of the nitride is also removed, and the amount varies with film stack

geometry. The removal of both materials are reflected in the overall measured thickness in Table

4.1. The thermal conductances of bolometers 1-8 from Table 4.2 are expressed in terms of GS, GW,

and GI below.
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A.1.1 GTES of Bolometers 1-8

GTES(1) = 4 ×G(A) (A.1a)

GTES(2) = 1 ×G(A) + 3 ×G(G) (A.1b)

GTES(3) = 2 ×G(A) + 2 ×G(G) (A.1c)

GTES(4) = 3 ×G(A) + 1 ×G(G) (A.1d)

GTES(5) = 1 ×G(B) + 3 ×G(F ) (A.1e)

GTES(6) = 1 ×G(B) + 3 ×G(E) (A.1f)

GTES(7) = 2 ×G(A) + 1 ×G(C) + 1 ×G(D) (A.1g)

GTES(6) = 1 ×G(B) + 3 ×G(G) (A.1h)

A.1.2 Gleg of Legs A-G

G(A) = GS,0

(
dS,A

400 nm

)1+αS

+GW,0

[(
dW1,A

400 nm

)1+αW

+
3

5

(
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)1+αW
]

+GI,0

[(
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+

(
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] (A.2a)

G(B) = GS,0

(
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3
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(A.2b)

G(C) = GS,0

(
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3
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G(D) = GS,0

(
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+GW,0
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G(E) = GS,0
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G(F ) = GS,0

(
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)1+αS

+

GI,0

(
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+

(
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(A.2f)

G(G) = GS,0

(
dS,A

400 nm

)1+αS

(A.2g)

A.2 Non-Standard Width Scaling

In the case of the W1-W2 stack on Leg E, we treat the stack as a single W layer with a

combined thickness and effective width that is the thickness-weighted average of the two. We

found that I1 layers on leg stacks in which I2 are removed are trimmed to the 3-um-width of the

W2 layer on top of I1.

A.3 Alternative Thin Film G Models

A.3.1 Four Layer Model

We treat the substrate SiOx-SiNx bi-layer as a single layer to minimize the number of free

parameters in our model given amorphous solids have similar thermal conductivities at sub-Kelvin

temperatures [87, 119]. When considering a model that separates the oxide and nitride layers in

the substrate, we found the resulting measurements Gx and αx to be statistically questionable

and contradictory to historical measurements. This model fits 7 free parameters to 8 independent

GTES measurements, and the reduced χ2 value for the four-layer model is larger than the three-layer
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Figure A.1: Constrained model predictions of a) the devices under test and b) the CMB legacy
bolometer data.

model by a factor of ∼10. Measurements of more leg stack geometries are needed before considering

a four-layer model.

A.3.2 Constrained α Model

As mentioned in Chapter 4, there is no obvious physical motivation for α > 1, but constraining

αx to [0, 1] misses the global minimum in parameter space and produces a higher reduced χ2 value

of 2.98 compared to the unconstrained model. This results in a higher estimations of GS and GI

to compensate for the relatively suppressed αI . Figure A.1 shows the constrained model thermal

conductance predictions for a) the devices under test and b) the CMB legacy bolometer data. The

constraint of αI ≤ 1 underestimates G of Bolometers 5 or 7, both of which have I1-I2 layer stacks.

The larger error bars on GS lead to incredibly large errors on legacy bolometer G predictions, which

have significantly thicker substrate layers than the devices under test. The constrained model also

over predicts the entire data set as a consequence of the higher GS and GI values.
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