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Topological semimetals are an intriguing class of solid-state materials with many distinct
physical properties, but those properties can only be readily observed or utilized if the Fermi level
FEr is in close proximity to the symmetry protected band crossing. In reality, lab-grown materials
will suffer from crystallographic defects and unintended doping that can move Er away from the
dispersive crossing point, obscure the unique topological features, and affect carrier transport.
Understanding and controlling sources of disorder in these materials is therefore essential to fully
harness their potential. Thermodynamic models serve as powerful tools for gaining insights into
the formation of such undesirable defects. They can be utilized to determine why certain defects
form, how synthesis conditions can be changed to mitigate them, and how extrinsic dopants and
alloying can be used to combat them. While many techniques have been developed to simulate
disorder in conventional solid-state systems with first-principles calculations, special attention has not
historically been given to how techniques need to be updated when applied to topological semimetals.
Simultaneously, typical models often include assumptions that certain quantities, such as defect
concentrations in a sample after growth or the enthalpy of mixing in an alloy, can be treated as
temperature independent. This work strives to address both of these shortcomings by combining a
unique treatment of defect behavior in topological semimetals with expanded, broadly applicable
models that capture the missing temperature dependence. I apply the revised approaches to the
Dirac semimetal CdgAso, which is known to form with an elevated Fermi level, and predict strategies
for tuning Fr closer to the Dirac point. These novel methods lay the foundation for future studies

of disorder and defect control in other topological semimetals and beyond.
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Chapter 1

Introduction

1.1 Overview of topological materials

In typical semiconducting or insulating solid state systems, the valence band is derived from
relatively lower energy p-like atomic orbitals, while the unoccupied conduction band is made up of
higher energy s-like orbitals with a greater principal quantum number. The difference in energy
between the two usually determines the conventional band gap. However, in some materials this
typical band ordering can be reversed so the s-like states lie below the p-like states. By contrast to
trivial band gap systems with the standard band ordering, there is a unique set of materials, known
as topological insulators (TIs), with crystal symmetries that constrain the wavefunctions to enforce
the inverted band behavior. They are just one example of a broader class of topological materials
that manifest symmetry protected band crossings close to the Fermi level Er [9, 22, 102].

Modern scientific interest in topological materials was ignited by the discovery of TIs such as
HgTe, BisSes, and BisTes. The defining characteristic of TIs is that they are insulating everywhere in
the bulk but have conducting, metallic states at their surface [48, 161]. It turns out that everywhere
in the bulk BZ of these materials the electronic states have the inverted band behavior described
above, and a strong spin-orbit interaction opens an insulating gap between the inverted p-states.
Meanwhile, at the surface there is a (minimum of one) band crossing at the Fermi level that originates
from the band inversion and gives rise to the conducting behavior at the edges. The crossing itself is
found to be protected by the symmetries of the crystal, and it is considered topological in that there

is a topological invariant associated with the existence of time reversal symmetry that fundamentally



differentiates the T1 from a trivial insulator [63]. As a result, a T cannot be adiabatically transformed
into an ordinary insulator (e.g. by slowly tuning the energy of an inverted band) without passing
through an intermediate conducting state.

In another related set of topological materials, crystal symmetries can give rise to band
crossings in the bulk electronic states rather than at the surface. Conducting materials that possess
these distinctive bulk band crossings are called topological semimetals. In three dimensions (3D)
the points in momentum space where the conduction band and valence band are degenerate are
classified as either Weyl points or Dirac points depending on if their dispersion relations correspond
to the Weyl or Dirac Hamiltonians from particle physics. The primary subject of investigation in
the current work is a Dirac semimetal, so I shall briefly summarize the formalism associated with
topological semimetals as well as the unique properties they possess that motivate their dedicated

study.

1.1.1 Weyl semimetals

As introduced in the previous section, the defining feature of 3D topological semimetals is
the existence of symmetry protected crossing points in the bulk band structure where two or more
bands are degenerate at the Fermi energy Fr. They serve as 3D analogues to graphene, which has a
similar topological band crossing in 2D [22|. As with graphene, the band dispersion in the vicinity of
the crossing is linear in crystal momentum, but in 3 rather than 2 dimensions. Specifically, for the
first type of topological semimetal known as a Weyl semimetal , the band structure in the vicinity of

the band crossing (assuming no anisotropies) is described by the Weyl Hamiltonian:

Hwey) = tor o - k. (1.1)

Here, vp is the Fermi velocity (A = 1) that determines the slope of the bands, o = (04, 0y, 0.) are
the Pauli matrices, the bands are measured from Ep, and the crossing (Weyl point) is chosen to

be at momentum k = 0. At any given Weyl point, the bands are two-fold degenerate. Several



3D materials, such as TaAs [92] and NbP [159], have been identified as Weyl semimetals and are
currently being extensively studied both theoretically and experimentally.

A vital feature of the Weyl Hamiltonian is the nontrivial topology of its solutions. The
eigenstates can be distinctly labeled by their chirality, either right-handed or left-handed based
on if the projection of o onto k is positive or negative, respectively (+ and — in Eq. 1.1). These
chiralities can be associated with a topological invariant, namely the flux of the so-called Berry
curvature (See Appendix A),

k) = +5 25, (1.2)

through any surface in momentum space that encloses a Weyl point of that chirality [22]. It should
be clear that any closed surface flux integral of €2(k) can be evaluated in the manner of Gauss’s law
and will give 27 times the chirality of the Weyl point. This gives rise to the (integer) Chern number,

defined as

1
C= %/Bzﬂ(k) -dS, (1.3)

i.e. 1/(2m) times the flux integral of Q(k) over the first BZ. The topologically invariant Chern
number is either +1 or —1 for a single Weyl point [39].

An important feature of Eq. 1.2 is that it has the same form as the electric field of a point
charge but in momentum space rather than real space. This leads to the commonplace expression
that Weyl points can be thought of as sources and sinks of Berry curvature. Furthermore, the
monopole behavior gives rise to an important prerequisite for the formation of Weyl points. The
field lines of (k) must begin and end within the first BZ because of the necessary periodicity [9,
22|, so Weyl points must necessarily form in pairs of opposite chirality, and the Chern number must
thereby sum to zero for the full Weyl semimetal system [39]. Therefore, the only way to eliminate
the topologically protected Weyl points is pairwise, when they exist at the same point in momentum

space. This situation corresponds to the next class of 3D topological semimetal: the Dirac semimetal.



1.1.2 Dirac semimetals

When two Weyl points of opposite chirality exist at the same point in momentum space, and
the symmetry of the crystal still ensures the crossing of the valence and conduction bands, the result
is known as a Dirac semimetal. For such a material, the low-energy excitations near Er can be
described by the 4 x 4 Dirac Hamiltonian for a massless particle:

ok 0
HDirac = VUF ) (14)

where again the band crossing is chosen to be at k = 0 and energy is measured from Fr. As implied
in the above discussion and in the size of Hpjirac, at the Dirac point the bands (made up of two
Weyl nodes) are four-fold degenerate. Materials with bulk band structures that have been found to
contain 3D Dirac points at Er include NagBi [88] and the focus of the current work, CdsAsy [87,
106].

The leading difference between a Dirac and Weyl semimetal phase is in the crystal symmetries
of the material. It turns out that both time reversal symmetry and inversion symmetry are necessary
for a stable Dirac crossing; breaking either (or both) of them lifts the degeneracy of the Dirac point
and creates a pair of Weyl points with opposite chirality. For example, introducing a magnetic field
through a tunable Zeeman term in Eq. 1.4 explicitly breaks time reversal symmetry and yields a

Weyl semimetal, and the Dirac point is only recovered if the magnetic coupling is set to zero [67].

1.1.3 Properties of topological semimetals

There are many consequences of the topology and symmetry protected band crossings present
in Dirac and Weyl semimetals, and they give rise to a number of unique properties that can be
experimentally observed. One such feature is the appearance of distinct surface states. Owing to the
point source and sink Berry curvature behavior of Weyl points, projections of the region between the

two Weyl nodes onto the surface BZ results in edge-localized states called Fermi arcs [9, 22, 91, 154].



These Fermi arcs show up as line segments when mapping the Fermi surface in k-space, as opposed
to the typical closed loops of a topologically trivial material. Fermi arcs are also often present for
Dirac semimetals because, even though the net flux of Berry curvature at a Dirac point is zero, their
symmetry constraints can still connect different bands at the surface BZ to give arc-like structures.

Another distinctive feature of topological semimetals that has contributed to their ongoing
research is the transport properties that arise from the so-called chiral anomaly. When external
electric and magnetic fields are applied in the same direction in a topological semimetal there is a
resulting disparity between the number of electrons with opposite chiralities [161|. The imbalance
leads to several unique transport properties [112], the most striking of which is a large, negative
longitudinal magnetoresistance [91, 112, 160, 161]. The chiral anomaly also gives rise to other
universal transport phenomena such as the anomalous Hall effect in magnetic Weyl semimetals
[22]. Other special properties that are unique to topological semimetals include ultrahigh electron
mobilities [91, 132| and a unique optical conductivity that is linear in frequency [91].

These characteristic properties make topological semimetals very appealing quantum materials
for applications to next-generation devices. The combination of their ultrahigh mobilities and low
phonon mean free paths make them good candidates for low dissipation electronics, and 3D Dirac
and Weyl semimetals can be epitaxially integrated into devices in a way that has proven difficult
for graphene [85, 106, 168|. Additionally, topological semimetals have the potential to be utilized
in infrared emitters, photodetectors, and optical switches [95, 157, 164, 170], and their capacity
for preserving spin currents makes them viable for photovoltaics and spintronic devices [109, 158].
Lastly, topological semimetals are potentially tangentially applicable in quantum computing because
they might host Majorana zero modes when paired with s-wave superconductors [82].

There are additional classes of topological semimetals and topological materials not discussed
in detail here, such as nodal line semimetals, where the topologically protected band crossing is
along a continuous line or loop in k-space rather than at discrete points [38, 67|. Rather than
go into exhaustive detail on all of the possible materials, I shall simply reiterate that the very

interesting and novel physics associated with topological semimetals makes them worthwhile to study



experimentally, theoretically, and computationally. However, investigating these materials leads
to an important question that is quite difficult to answer: what happens to these materials in the
presence of disorder? When grown in a lab the material will not be a perfect crystal with universally
defined symmetries. Instead, the lab-grown material will have crystallographic defects, impurities,
and unintended dopants, and it is unclear precisely how these sources of disorder affect the electronic
properties of the system and the topology of the band structure. The current work makes several

steps toward answering this question for CdsAss, a representative topological semimetal.

1.1.4 Cadmium Arsenide

Just over a decade has elapsed since angle-resolved photoemission spectroscopy experiments
confirmed a 3D Dirac crossing in the band structure for CdzAss [87, 106]. The ground state crystal
structure [4] has the inverted band behavior and necessary symmetries (time reversal and inversion)
to support the four-fold degenerate linear band crossing as described above. Additionally, CdsAss
has many of the desirable properties associated with topological semimetals described in the previous
section. Fermi arc surface states, large linear magnetoresistance, ultrahigh mobilities, and a linear
band dispersion have all been reported [83-85, 87, 98, 104, 106].

There are two primary reasons to study CdsAss with thermodynamic models based on first-
principles calculations. First, it is advantageous to have a better understanding of how point defects
and unintentional doping affect CdsAsy. At the outset of this work it was understood that when
grown at or near thermodynamic equilibrium CdszAse was inherently n-type, with an excess number
of electron donating defects (originally thought to be As vacancies) that elevate the Fermi level
more than 100 meV above the Dirac point [59, 103, 107, 129]. The elevated Ep limits access to the
characteristic properties and unique electron behaviors of CdsAsy as a topological material [32, 103].
That is to say, the system is only really a Dirac semimetal if g is in close proximity to the Dirac
point [21, 22|. Therefore, the hope is to computationally study the origin of this n-type growth, and
use those insights to manipulate the formation of defects during growth and tune Er closer to the

Dirac point.



To further motivate this goal of Fermi level control, it is important to examine how reducing
the electron carrier concentration and aligning Er to the Dirac point enhances its useful properties
as a quantum material. Recall that topological semimetals are generally sought after because of
their ultrahigh electron mobilities and their capacity for a large linear or negative longitudinal
magnetoresistance. It has been observed that samples of Cd3Ass with lower carrier concentrations
have greater electron mobilities [36, 49]. This is typically attributed to the large Fermi velocity
(band dispersion) nearer to the Dirac point and the band structure’s protection against quasiparticle
backscattering [3, 49]. Simultaneously, increases in electron mobility can give a stronger linear
magnetoresistance [3|, and indeed both thin-film and bulk samples of CdzAss are also found to
have higher magnetoresistance when the carrier concentration is low [49, 104|. This idea is further
supported by experimental observations that the magnetoresistance increases as temperature is
decreased [36], because the electron carrier concentration is reduced at lower temperatures as it
approaches a zero-temperature limit (see e.g. Fig. 2.8 in Ch. 2). Lastly, it has been proposed
that a low carrier density is necessary to experimentally observe the chiral anomaly and a negative
longitudinal magnetoresistance in CdzAse because the chiral anomaly is dependent on the nontrivial
Berry curvature that only exists close to the Weyl nodes [84] (where the Dirac point has been split
into two Weyl points by the applied magnetic field). In summary, manipulating point defects to
reduce the carrier density and subsequently lower Ex to the Dirac point is expected to enhance the
highly sought after transport properties associated with CdzAsy being a Dirac semimetal.

The second reason to develop new thermodynamic models for studying CdsAss is to discover
how the existing models for defects and alloys need to be updated for a topological semimetal. There
is a well-established framework for using first-principles calculations to analyze the formation of
point defects in insulators, semiconductors, and metals (see, e.g., Ref. [37]). However, it is not clear
to what degree these tools can be applied to the fundamentally different system of a topological
semimetal. For example, if Er lies in either the conduction or valence bands in a traditional band
gap system, the limited width of the Fermi-Dirac distribution at typical temperatures means only

excitations of a single carrier need to be considered (electrons in the conduction band or holes in the



valence band). Whereas for a topological semimetal with Ep in the vicinity of the band crossing,
simultaneous excitations of both electrons and holes may result in new and non-intuitive behavior.
Hence, I make it a point in the current work to expand upon the existing first-principles based
methodologies of defect formation and apply the updated theory to CdszAs,. To this end, I will first
briefly summarize the first-principles computational methods that serve as the basis for constructing

the thermodynamic models utilized in the rest of this work.

1.2 Density functional theory

One of the leading modern approaches to exploring the properties of condensed matter
systems—both experimentally observed and theoretically predicted—is calculations from first-
principles. These first-principles (or ab initio) calculations are based on the fundamental principles
of quantum mechanics, do not rely on fitting empirical parameters to experiment, and have risen
to such prominence because of their relative simplicity to implement combined with their general
applicability. Specifically, I am referring to those methods that transform the difficult problem
of calculating the ground state of a system of N interacting electrons into a more manageable
calculation of single-particle or quasiparticle energies. Two of these many-body approaches, namely
density functional theory (DFT) and GW theory, serve as the primary tools for determining the
electronic structures and energetic inputs for the thermodynamic models in the current work. I shall
therefore briefly summarize in this section the DFT approach, how it is most often implemented,
and its challenges and limitations. Then in Sec. 1.3 I will give an overview of some of the corrections
and modified theories beyond standard DFT (including GW theory) that address some of its

shortcomings.



1.2.1 DFT formalism

The many-body Schrédinger equation for the electrons in a solid state system is given by

W) = i(—fﬁv’z 4V (r»)) +1§:U(r. r) | 19) = E|0) (1.5)
i 2m ) T — ’ '
where the first term is the kinetic energy, Vex(7) is the external potential from the (fixed) atomic
nuclei, and U(r;, r;) is the repulsive Coulomb interaction between the N electrons. The starting
point for recasting this complex many-body problem into a set of single-particle equations is in the
two theorems by Hohenberg and Kohn [53]. The theorems state first that the energy E in Eq. 1.5 is
a unique functional of the electron density p, and second that said energy functional gives the correct
ground state energy only if the input p is the true ground state density. The significance of the
Hohenberg-Kohn theorems is that the fundamental variable for solving for the ground state energy
can be chosen to be the single-variable, real-valued function p(r) instead of the more complicated
N-variable, complex-valued ground state |¥).

The complexity of the ground state wave function is not actually lost when the problem is
redefined in terms of the electron density: it is instead relocated to the complicated dependence of

E on p [39]. Kohn and Sham expressed the total energy functional as |65]
Elp] = Tolp] + Eext[p] + Eulp] + Exclp]- (1.6)

Here, Tj is the kinetic energy of a non-interacting electron system with the same density as the
system being studied, Eex comes from integrating Ve () - p(r), Ex is the Hartree contribution to
the electron-electron Coulomb energy, and the unknown exchange-correlation energy functional Fy.
is simply defined to be the remaining contribution that comes from the electron-electron interactions.

Performing a functional derivative of Eq. 1.6 with respect to p subject to the constraint of a



10

fixed total number of electrons [61, 65| gives the famous Kohn-Sham equations:

[T + Vext (1) + V(1) + Vie(T)] @nk(7) = Enkeonie(T). (1.7)

In these equations, ¢,k are non-interacting single-particle orbitals with band index n that feel an
effective potential Vext + Vit + Vi, where Vi is the functional derivative of Fy.[p]. The orbitals can
be labeled by BZ momentum k if periodic boundary conditions are applied, because then the charge
density and effective potential have the periodicity of the crystal lattice and Bloch’s theorem can be
applied. The DFT implementation for finding the ground state energy in a periodic system then
amounts to choosing a suitable approximation for Ey.[p]; solving the set of eigenvalue problems in

Eq. 1.7 for the orbitals ¢,%, corresponding eigenvalues €,g, and the electron density given by

p(r) = lenk(r)’; (1.8)

occ.

and finally evaluating Eq. 1.6 to obtain the total energy.

There are a few key aspects of the approach just described that need to be addressed. First,
there is an implied requirement of self-consistency in Eqs. 1.7 and 1.8. The effective potential in
Eq. 1.7 is determined for a given density, so it is essential that p(r) must be found such that the
potential it generates yields orbitals that reproduce it via Eq. 1.8 [141]. This is accomplished in
a straightforward manner by, e.g., iteratively alternating between solving Eq. 1.7 and evaluating
Eq. 1.8. Second, because Bloch’s theorem is employed and the k-dependence is integrated out in
Eq. 1.8, the Kohn-Sham equations can be solved independently on a chosen grid of irreducible
points in the first BZ. However, a sufficiently dense number of k-points must be chosen to sample
enough of the BZ and ensure good convergence. Third, it is important to note the eigenvalues e,
in the Kohn-Sham equations are Lagrange multipliers introduced when enforcing the constraint of
fixed electron count when minimizing the energy functional [39, 61], so they have a limited physical

interpretation. Nevertheless, the eigenvalues can be used to construct a band structure that can
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(with important caveats discussed below) predict many electronic properties of the solids being
studied.

Different implementations of DF'T can be classified by how they choose to approximate the
exchange-correlation potential and further subdivided by how they go about solving the Kohn-Sham
equations. For approximating F'., the most rudimentary and straightforward choice is known as the
local density approximation (LDA), in which it is chosen to equal the exchange-correlation energy
for a uniform, interacting electron gas (jellium). The electron gas Fx. is considered “known” in the
sense that there is an exact analytic expression for the exchange energy, and the contribution from
correlations has been numerically modeled to high accuracy by Monte Carlo methods [23, 40, 119].
The other frequently used approximation to E. is known as the generalized gradient approximation
(GGA) and is estimated by considering an electron gas with a slowly varying density [117]. The
GGA functional depends on, in addition to the value of the density, the magnitude of its gradient. It
is generally accepted that the additional information contained in the gradient of p leads to improved
descriptions of the electrons in many solids [117].

As for the different methods of solving the Kohn-Sham equations, they are often identified
by their choice of basis set. That is, the Kohn-Sham orbitals ¢,k(r) can be expressed as linear
combinations of a chosen basis set of orthonormal functions so that solving Eq. 1.7 amounts to
finding the expansion coefficients, and different DF'T implementations have different choices for those
orthonormal functions. Common choices of basis sets include plane waves, combinations of atomic
orbitals, linearized muffin-tin orbitals, and linearized augmented plane waves. Broad overviews of

these different basis sets are given in, e.g., Refs. [5, 141].

1.2.2 Applications beyond zero temperature - thermodynamic modeling

There was a historical misconception associated with DFT that because it is used to find
the ground state energy of a system, it is not capable of giving insights above zero temperature.
However, many finite-temperature effects and properties can be successfully modeled with DFT

calculations, as long as the electronic ground state is well described. In general, the DFT formalism
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of the previous section can be generalized to finite temperatures by considering, rather than the
internal energy, a thermodynamic free energy that includes contributions from different sources
of entropy. For example, the formation energy of a point defect in a solid depends on the atomic
chemical potentials (see Ch. 2), which include contributions from ideal gas entropy as a function
of temperature and partial pressure [74]. Other entropic contributions to the thermodynamic free
energy include configurational entropy (see e.g. Sec. 4.4 and Appendix B), electronic entropy |73,
96|, and vibrational entropy [12, 37].

Modeling a solid state system at finite temperatures then amounts to determining under
what conditions the overall free energy (with relevant contributions from entropy included) is
minimized and assessing the resulting physical implications. This gives rise to many applications
and thermodynamic models that successfully describe physical phenomena at elevated temperatures,
even though the individual first-principles calculations that provide the input data for these models
are performed at zero temperature. Examples applicable to the current work include determining
the equilibrium concentrations of point defects under certain growth conditions [150, 169]| (see Chs.
2 and 3), and Monte Carlo simulations either via the cluster expansion approach [100, 128, 148] or

through explicit energy sampling (see Ch. 4).

1.2.3 Shortcomings

The most frequently cited limitation of DFT is the band gap problem for electronic structures
it generates; it typically underestimates the band gaps for semiconductors and insulators by as
much as 40% [118]. This band gap error is rooted in the construction of the auxiliary single-particle
Hamiltonian in Eq. 1.7. While the Lagrange multiplier eigenvalues of this effective Hamiltonian can
give meaningful insights into the electronic structure, they cannot be interpreted as true quasiparticle
excitation energies. Furthermore, it is important to emphasize that this error is well understood
to be an inherent feature of the single-particle energies for a local density functional (independent
of any approximations) [40, 41, 45, 46, 118, 136], and beyond-DFT methods (see Sec. 1.3) that

incorporate nonlocal exchange effects are necessary to correct it.
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Despite the typical emphasis on the DFT band gap error as the most common problem
associated with the approach, it is worth noting that there are other practical limitations of the
theory. For example, in a true interacting electron system, Pauli exclusion leads to a spatial
separation of same-spin electrons and an overall reduction in the electron-electron Coulomb repulsion
energy. In Hartree-Fock theory this manifests as a negative exchange energy from considering
explicit pairwise swaps between single particle states. As for DFT, it should be included in the
exchange-correlation functional Fy.. The Hartree term in the Kohn-Sham equations includes an
unphysical self-interaction energy (the electron feeling Coulomb repulsion from itself) that should be
canceled by the exchange-correlation potential. However, the approximations of this potential in
LDA or GGA cannot capture the true (nonlocal) exchange behavior. The remaining uncanceled
Hartree energy leads to a spurious delocalization of electron states, called the delocalization error or
self-interaction error 99, 119|. Standard DFT implementations like LDA and GGA are also known
to underestimate the heat of formation (DFT value is less negative) of semiconducting and insulating
compounds, predicting them to be less stable than they actually are |57, 71]. Moreover, standard
GGA functionals like that of Ref. [120] can underestimate the strength of atomic bonds and result
in lattice constants that are 1-2% too large [47, 69].

Beyond just quantitative errors for calculated band gaps, the single-particle energies for the
auxiliary Hamiltonian in standard DFT can also give rise to incorrect qualitative descriptions
of band structures. For example, there is a class of materials, called Mott insulators, that are
verified experimentally to be insulating but typically predicted by DFT to be metallic. This false
characterization of the nature of the band structure is associated with strongly correlated systems
with localized, partially filled d- and f-states [7, 27|. In these systems, DFT fails to capture the
strong correlations, is unable to properly describe these localized states, and incorrectly produces
overlapping valence and conduction bands. This has significant consequences even beyond the
electronic structure. For systems with only a quantitative band gap error the ground state energy is
expected to still be close to the true value, but if the wrong electronic states are occupied /unoccupied

the electron and spin densities and even the predicted total energy can be remarkably inaccurate [7].
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Other examples of a qualitatively incorrect band structure relevant to the current work are DFT
sometimes incorrectly classifying topological materials as trivial [2, 89, 152].

Regardless of the limitations of DF'T summarized here, I would like to emphasize that they by
no means undercut its usefulness. The theory is computationally efficinent, broadly applicable, and
undoubtedly useful in studying the electronic properties of solid state systems. With that in mind, I
will now discuss some of the refined theories that address these shortcomings and further improve

DFT’s predictive power.

1.3 Corrections and modifications

At present I shall briefly mention some of the modern modifications to standard DF'T that
are used to address the weaknesses discussed in the previous section, with a particular emphasis
on those relevant to the work contained in this thesis. One of the most common expanded DFT
methods that addresses the self-interaction error is the use of so-called hybrid functionals [15, 51].
These functionals introduce semi-empirical parameters that mix the approximate exchange energy
from DFT with the explicit nonlocal exchange energy from Hartree-Fock (HF) theory. The restraints
of the DFT approximation lead to delocalized states and too small band gaps, whereas HF does
not include electron correlations, site exchanges between distant electron states are not effectively
screened, and band gaps end up overestimated. Therefore, a fractional mixing of the two (typically
around 20-25% HF, 75-80% DFT) is understood to give a much improved approximation of the true
exchange energy.

There are several other modified density functional theories that serve to produce updated
band structures consistent with experiment or otherwise correct the delocalization error. The
DFT+U approach includes an intra-atomic Hubbard U repulsion term in the potential for strongly
correlated d- or f-electrons [34, 165]. The empirical parameter U can be varied to give band gaps
that agree with experiment, but the drawback is the method can no longer be considered predictive
from first-principles. Another semi-empirical method employed when considering phase stability

and the formation of point defects utilizes fitted elemental-phase reference energies (FERE) to give



15

much improved heats of formation [71, 144, 156]. Within the FERE approach, energies of elemental
reference phases that form binary or ternary compounds are not calculated explicitly with the chosen
LDA or GGA functional, but rather are determined by an overdetermined fit based on experimental
heats of formation and corresponding DFT energies with good error cancellation |71]. Other modified
theories include explicitly including correlation effects beyond standard DFT [24], utilizing the
random phase approximation (RPA) to give improved total energies when DFT predicts the wrong
ground state structure [114], and intentionally increasing the d-like character of poorly described
p-like states to correctly achieve an experimentally observed topological insulating gap [151].
There are many applications in which one or several of the above methods are valuable in
improving the effectiveness of DFT calculations, and each of them comes with advantages and
disadvantages. Rather than belabor the usefulness of each of them, I will instead concentrate on
two specific approaches that were central to the rest of this thesis: the strongly constrained and

appropriately normed meta-GGA functional and GW theory.

1.3.1 Strongly constrained and appropriately normed meta-GGA functional

The defining feature of meta-Generalized Gradient Approximation (meta-GGA) DFT func-
tionals is that the approximation to the exchange-correlation potential depends on, in addition
to the density p and the magnitude of its gradient |Vp|, either the Laplacian of the density V?p,
the kinetic energy density of the occupied single-particle orbitals Y |V,k|?/2, or both [146]. Tt is
understood that these higher order terms in the approximation of V. can still not fully capture
the true nonlocal behavior of electron exchange and correlation, but the additional information
they contain can notably improve the approximation. In fact, the meta-GGA exchange-correlation
energy can be implemented in such a way that what enters the Kohn-Sham equations is a differential
operator rather than an explicitly local multiplicative potential as in standard DFT [105, 146]. It
turns out that this refined potential can partially or even nearly correct the systematic errors of
standard DFT functionals as described in Sec. 1.2.3 above.

The specific meta-GGA functional employed in this thesis is the strongly constrained and
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appropriately normed (SCAN) functional of Ref. [147]. Interest in and utilization of the SCAN
functional have grown in recent years because many general features of DFT solutions in solids are
improved when using it. For example, SCAN does not have the 1-2% overestimated lattice constants
of standard GGA functionals [146], and it no longer systematically underestimates the magnitude of
heats of formation and can thereby more accurately predict stability conditions [13, 57]. T will note
that the FERE approach described above can also be implemented for the SCAN functional, but it
provides less of an improvement than for typical GGA functionals because SCAN does not have
pronounced systematic errors in the first place. Finally, SCAN is known to give slight improvements
in calculated band gaps over standard GGA functionals [57]. These quantitative improvements make
SCAN a promising choice for general solid-state calculations, albeit with the computational cost
increased by a factor of 2 to 5.

The reasons to use the SCAN functional when studying CdzAse are outlined in Ch. 2. In short,
in addition to the general improvements just described, SCAN was better able to reproduce the
quasiparticle band energies of GW calculations than GGA. It turns out that for a Dirac semimetal,
a proper description of point defects requires as precise a description of the band energies near the
Dirac point as possible. With that in mind, it is important to provide an overview of GW theory, as

it produces band structures that often align most accurately with experiment.

1.3.2 GW theory

Recall that the fundamental origin of the band gap error in DFT is in the interpretation of the
single-particle energies in the Kohn-Sham equations (Eq. 1.7) because the effective Hamiltonian is
artificially constructed with a local exchange correlation potential. To truly capture the interacting
behavior of electrons, it is necessary that they be described in a manner that is explicitly nonlocal.
One particularly effective and powerful approach that accounts for said nonlocality and provides
more accurate electronic structures than DFT is GW theory. Note that GW is not explicitly a
correction to DFT, but rather a distinct formulation for quasiparticle excitations in a solid-state

system derived from many-body perturbation theory. However, it is most often implemented by
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using the Kohn-Sham single-particle orbitals and eigenvalues as a starting point as will be seen
presently.
In many-body perturbation theory, collective electron and hole quasiparticle excitations are

described by eigenvalue equations of the form [56]

[T+ Vet (r) + Vi (7)] () + /dr’ S(r, 7', w = enk) onk(r') = EnkPnn(r), (1.9)

where the terms in the effective potential are the same as in DFT but with the exchange-correlation
potential replaced by the many-body self-energy (7, ', w). In addition to being explicitly nonlocal
(depending on both r and 7’), the self-energy is also dynamic (depends on frequency w), and is in
principle determined by way of Hedin’s Equations [50]. Within the GW approach, ¥ is approximated
to lowest order in terms of the Green’s function G of the effective Hamiltonian and the screened
Coulomb potential W (hence the name). The screened Coulomb potential can be evaluated with the
random phase approximation by using the irreducible polarizability x to construct the inverse of the
dielectric function e~!. Technical details for determining ¥ can be found in, e.g., [50, 56, 138]).

Solving Eq. 1.9 requires having an initial Ansatz for the quasiparticle orbitals ¢, (7) and
eigenvalues €, because they themselves are necessary to construct the self-energy. This is where an
initial DFT calculation becomes relevant. The Kohn-Sham orbitals and energies from a standard
implementation of DFT are used to create an initial X, and then Eq. 1.9 can be solved or updated
to varying degrees of self-consistency. For example, single shot GW uses the zeroth order self-energy
from DFT and only one iteration to find new eigenvalues while keeping the orbitals unchanged [56],
partially self-consistent (or eigenvalue self-consistent) GW uses the calculated eigenvalues at each
iteration to update the poles of G and re-evaluate the self-energy operator but still maintains the
DFT orbitals, and fully self-consistent GW additionally updates both the effective Hamiltonian and
the orbitals until neither change with more iterations.

As it happens, fully self-consistent GW tends to give worse predictions than even single-shot

GW [44]. The truncation in the approximation of the self-energy in the self-consistent approach
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leads to an underestimated dielectric screening and overestimated band gaps, while the less rigorous
approaches benefit from fortuitous error canceling. However, without self-consistency the GW result
is often sensitive to the DFT starting point, which is also detrimental. A refined implementation
of self-consistent GW, known as quasiparticle self-consistent GW theory (QSGW), modifies the
self-energy in Eq. 1.9 with an optimized perturbation that removes much of the systematic errors
while still allowing for overall self-consistency [35, 130]. The current work includes both an eigenvalue
self-consistent GW calculation based on DFT results using the SCAN functional and QSGW electronic
structures for CdzAse, with the latter provided by collaborator Mark van Schilfgaarde.

I will conclude this section with an overview of why GW corrections on top of DFT calculations
are so advantageous. It is important to note that, because the self-energy is both nonlocal and
requires many unoccupied orbitals when constructing the frequency-dependent dielectric screening,
GW calculations are significantly more computationally expensive than standard DFT. The increase
in computation time is customarily justifiable though, for the predicted band structures are greatly
improved over the alternatives. The inclusion of screening through the dielectric response function
makes GW preferable to HF theory, which only considers bare (unscreened) exchange and does not
consider electron correlations. Simultaneously, the nonlocal treatment in GW generally mitigates
the errors inherent to DFT and gives far better predictions of band gaps [40, 130, 139]. On top
of that, because point defect formation energies depend on both the Fermi level and the energies
of the bands on an absolute scale (see e.g. Ch. 2), GW band gap corrections also lead to better
predictions of defect concentrations [115]. It is for this reason that in this thesis I combine total
energies from DFT using the SCAN functional with band corrections from GW to give the best

possible description of defects and disorder in CdsAss.

1.4 Overview of this thesis

The current work introduces and applies several thermodynamic models that serve to identify
the sources and subsequent ramifications of disorder in a topological semimetal. Through the study

of the Dirac semimetal Cd3Ass I address many unique questions that differentiate it from more
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traditional band gap systems: How does the well-known DFT band gap error manifest in predicted
electronic structures involving topological band crossings? When excess charge carriers from point
defects occupy the highly dispersive bands near the crossing point, how is the energy of forming those
defects impacted? To what extent can one use variable growth conditions, extrinsic doping, and
alloying to exert control over the equilibrium Fermi level? At the same time, I revisit and expand on
conventional thermodynamic approximations to better describe intermediate temperatures between
the zero- and infinite-temperature limits. The remainder of this thesis covers the motivation behind
these updated theories, their mathematical and computational implementation, and the resulting
predictions when they are applied to CdsAss.

Chapter 2 focuses on adapting the existing methods of simulating point defects in band
gap systems so they can be applied to a topological semimetal. It identifies in CdsAss a strong
dependence of defect formation energies on the band energies in the vicinity of the Dirac point.
The effect gives rise to a self-consistent equilibrium solution between the defect concentrations, free
carriers, and the Fermi level. Modeling the overall effect with a rigid band model requires a very
accurate numerical representation of the band structure, which is obtained with QSGW. Lastly, I use
the defect equilibrium model to study the origin of the innate elevated Fermi level in CdszAse and
recommend growth conditions that might tune Er closer to the Dirac point. The predicted values
of Er for typical growth conditions are consistent with the cited experimental values between 80
and 200 meV, and similarly for the carrier concentrations (cf. Fig. 2.7 and Refs. [59, 103, 104, 107,
129]). Our insights into the formation of dominant Cd defects have also helped develop and explain
strategies for reducing the carrier carrier concentrations and increasing the magnetoresistance in
thin-film grown CdsAsy [104, 123].

Subsequently, chapter 3 gives further insights into defect formation in CdsAsy with the added
consideration of using extrinsic dopants to gain even greater control over Fr. Additionally, in this
chapter I develop one of the expanded thermodynamic theories that fills the gap between the low-
and high-temperature limits. Specifically, I introduce a computational approach for analyzing the

temperature dependent redistribution of point defects on a fixed lattice with the stoichiometry of
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each element maintained, which corresponds to a sample that is isolated after being grown so it can
not exchange atoms with an external reservoir. This “pseudo-equilibrium” approach is motivated by
the persistence of mobile defects at lower temperatures well after an initial growth. That is, if there
is a lack of significant energy barriers to atomic diffusion, defect atoms can migrate through the
material such that individual defect concentrations can drastically change [11, 58, 70, 93, 134], and
the pseudo-equilibrium aims to describe that behavior. Within this model I determine which Group
I and Group IV dopants have the best potential to overcome the intrinsic self-doping and achieve
net-neutral CdszAss at lower growth temperatures.

Finally, Ch. 4 moves beyond a dilute point defect model and instead considers alloying CdgAs,
with Zn. The alloy is predicted to simultaneously undergo both a topological transition from Dirac
semimetal to trivial semiconductor and a doping transition from n-type to p-type. In the process
of determining the solubility limits and relative stability of the (Cd;_,Zn,)3Ase heterostructural
alloy, I construct another updated thermodynamic model that more accurately describes solid-state
systems at moderate temperatures. Particularly, I use Monte Carlo sampling of the alloy to go
beyond the regular solution approximation by way of a temperature dependent enthalpy of mixing
that captures short-range order effects. This modification is useful for for an accurate description
of alloys with strong short-range order because it can result in a significant reduction in the alloy
enthalpies compared to random mixing |25, 60]. I subsequently perform a thermodynamic integration
to construct the alloy phase diagram, which exhibits novel features unique to heterostructural alloys.
The Monte Carlo equilibrated atomic structures then serve as a basis for studying variations in the

electronic structure of the alloy.



Chapter 2

Band energy dependence of defect formation and self-doping in a topological

semimetal

This chapter is adapted from Ref. [19] and its Supplemental Material: Copyright 2023 by the
American Physical Society; and from Sec. IIT of Ref. [3], reproduced with the permission of AIP
Publishing.

Abstract. Cadmium arsenide (CdsAsy) is a prototypical Dirac semimetal that manifests
topological properties in a three-dimensional (3D) bulk material. In defect-free CdgAsg, the Fermi
level Ex lies at a minimum in the density of states at the Dirac point, but experimentally it forms
with excess electron carriers and an elevated Ep, thereby masking the topological features. To
computationally study the self-doping of Cd3Asy, we combine density functional theory (DFT)
calculations for defect formation energies with quasiparticle self-consistent GW (QSGW) electronic
structure calculations. We demonstrate an innate dependence of the point defect formation energies
on carrier concentrations and use the QSGW calculated density of states to extrapolate formation
energies to arbitrary electron concentrations. This approach allows the quantitative modeling of
thermodynamic defect equilibria in topological semimetals and is used to predict how control of

growth conditions might be utilized to achieve doping-neutral CdsAs,.

2.1 Introduction

Topological semimetals are an intriguing class of novel materials with a significant and sustained

scientific interest. They are represented by several different compounds and exhibit a wide variety
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of transport and electronic structure phenomena as a consequence of their inherent symmetries,
including ultrahigh electron mobility, large linear magnetoresistance, gapless bulk states, and linear
band dispersion [55, 85, 101, 132, 140]. However, in real topological semimetal crystals, defects and
impurities can cause doping and disorder, thereby constraining the accessibility of these topological
features for application in next-generation devices.

CdsAs, is a prototypical three-dimensional Dirac semimetal which is stable in ambient condi-
tions unlike many of its alternatives [85, 87]. The ground state is a centrosymmetric crystal structure
derived from an underlying antifluorite lattice with an ordered sublattice of empty cation sites (space
group 142, 141 /acd) [4]. Defect-free CdzAsy has a Fermi level that lies at a fourfold degenerate Dirac
point along I'-Z in the Brillouin zone (BZ) [4, 29]. Unfortunately, CdsAsy crystal growth tends to
induce unintentional n-type doping, so that the Fermi level Er typically ends up about 100-200
meV above the Dirac point [28, 59, 104, 129].

We investigate computationally the role of intrinsic point defects in the self-doping behavior
and examine how growth conditions of CdsAsy might be manipulated to tune Er closer to the
Dirac point and more readily access its topological features. Furthermore, our goal is to determine
what computational methods beyond standard supercell approaches are necessary for an accurate
representation of defect formation energies in a topological semimetal. Defect equilibrium calculations
based on first-principles formation energies have a long history in semiconductors and insulators
[169], where they are applied to increasingly complex systems with disorder [110] and metastability
[43]. Recent interest in such simulations for topological semimetals like TaAs [20] and Cd3zAsg in the
present work motivates revisiting the issue of finite-size effects in supercell calculations in view of
the absence of a band gap and the resulting differences in the screening behavior. We show that the
dominant intrinsic point defects in CdzAss (Cd interstitials and vacancies) can be modeled as fully
ionized species in charge balance with electrons and hole carriers, and we present predictions for

Fermi level control during synthesis.



23

2.2 Methods

For total energy calculations, we use density functional theory (DFT) methods and perform
supercell calculations of the intrinsic point defects, using the projector augmented wave (PAW)
method as implemented in the VASP code [17, 69|, and utilizing both the generalized gradient
approximation (GGA) of Ref. [120] and the strongly constrained and appropriately normed (SCAN)
meta-GGA functional of Ref. [147|. Compared to standard DFT functionals, SCAN generally
improves the prediction of lattice constants and avoids the systematic errors in the elemental
reference energies [13|. To obtain an accurate electronic structure with high resolution BZ sampling,
we perform quasiparticle self-consistent GW (QSGW) calculations with the Questaal code [68, 113,
130]. To obtain the alignment of the GW band energies relative to SCAN, we also performed
eigenvalue self-consistent GW calculations [72] in VASP [138]. The final results include spin-orbit
coupling in both total-energy and electronic structure calculations.

For all total energy calculations we used a plane wave basis set with a cutoff energy of 380
eV and version 5.4 of the PAW-PBE pseudopotential data sets. The atomic positions of defect
supercells were relaxed with an atomic force convergence requirement of 0.01 eV / A. For studying
the supercell size dependence of the defect energies in Fig. 2.1(a), we used the Generalized Gradient
Approximation (GGA) of Ref. [120] without spin-orbit coupling. The 80-, 160-, and 320-atom
supercells were calculated using 6xX6x6, 4x4x4, and 2x2x2 I'-centered k-meshes respectively. The
large band dispersions in CdsAsse, especially in the unoccupied states, required the use of these
relatively dense k-point samples. Even so, the size dependence of the uncorrected energies (red) in
Fig. 1(a) of the main text still shows a noticeably jagged behavior which is attributed to incomplete
k-point convergence. However, after subtraction of the band-filling energies or in case of the charged
Cd; defect, these effects disappear because the contribution from the dispersive conduction band
states is eliminated.

We further relaxed the atomic structure of the 80-atom primitive cell with the SCAN meta-

GGA functional of Ref. [147], including spin-orbit coupling and a 4x4x4 T'-centered k-mesh. The
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relaxation gave lattice constants a = 6.31 A and ¢ = 12.77 A. This structure serves as the basis for
subsequent defect and electronic structure calculations. All of the defect total energies were calculated
using the 80 atom primitive cell in SCAN with spin-orbit coupling on a 4x4x4 k-mesh. The potential
alignment contribution for the charged defects [80] was included. However, the respective image
charge corrections were excluded, because they are expected to vanish in the long-distance limit, as

discussed below.

2.3 Finite-size effects of defect formation energies

First-principles calculations of point defects are most frequently performed using supercells
under periodic boundary conditions. However, this approach can be subject to spurious interactions
between the defect and its periodic images. The corrections necessary to extrapolate the formation
energies to the dilute limit have been thoroughly investigated for band gap systems [37, 79]. To
investigate how these methods can be adopted to a Dirac semimetal like CdsAss, and to define an
approach for evaluating the defect formation energies in a defect equilibrium with varying defect
and carrier concentrations, we first calculate the supercell size dependence for both electron and
hole donating intrinsic defects.

In the supercell approach to defects in a solid, the formation energy of a defect D in a charge
state q is given by

AHp o(Er, {1}) = [Epg — En] + Y napta + qFr, (2.1)

o
where Ep, and Ej, are the total energies of the defect and host supercells, respectively, p, are
the chemical potentials of the atom species « that are removed (n, = +1) or added (n, = —1) to
the host crystal in forming the defect, and Ep is the Fermi energy. Here, Er corresponds to the
thermodynamic electron chemical potential, e.g., in a defect equilibrium, which is generally different
from the Fermi level in the supercell calculation of a specific defect. The CdzAso primitive cell has
80 atoms with 3 nonequivalent sites for each Cd and As and one empty cation site which we use as

interstitial site.
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Figure 2.1(a) shows the dependence of AHp of the charge-neutral (¢ = 0) Cd; interstitial defect
on the supercell size between 80 and 320 atoms (GGA level calculation without spin-orbit coupling).
Figure 2.2 shows the calculated formation energies for these same supercell sizes for the Viog. We
observe strong finite-size effects for both the donor-type Cd; (Fig. 2.1(a)) and the acceptor-type
Vea (Fig. 2.2) defects. This effect is expected because these defects alter the stoichiometry and
electron count, but do not introduce localized defect states that would bind the two excess electrons
(Cd;) or holes (Viog). In this situation, the electrons (holes) introduced by the defect fill the band
continuum of the host material and raise (lower) the Fermi energy, in analogy to “shallow” dopants
in semiconductors [121]. In contrast to the Cd interstitials and vacancies, the As vacancy Vas acts
analogous to “deep” dopants in the sense that it introduces a localized defect states close to the
Dirac point [104]. The implications of this different behavior for the absolute formation energies will

be discussed below.
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Figure 2.1: (a) The supercell size dependence of the formation energy AH of the Cd; defect in
CdsAs, as a function of inverse linear supercell size 1/L = Q~1/3 obtained from supercell volume .
AHj corresponds to the dilute limit of the formation energy. (b-d) The electronic band structure of
CdsAsy with energies measured from the Dirac point energy Epp, calculated with GGA (b), SCAN
(c), and quasiparticle self-consistent GW theory (d). All band structures were calculated for the
same atomic structure that was relaxed with the SCAN functional.

In case of the Cd defects, the concentration dependent change of Er causes corresponding

“band-filling” energies [121]

ABy= > wkfox(enk — Epp) (2.2)

n,k
E'n,,k>EDP
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Figure 2.2: The supercell size-dependence of the formation energy AH of the Vg defect in CdsAss
as a function of inverse linear supercell size 1/L = Q~1/3 obtained from supercell volume . AH,
corresponds to the dilute limit of the formation energy. Labels indicate the number of atoms in the
respective host supercells.

for electron donating defects (Cd;). Using the occupancy f, x of each band n at k-point k with
BZ weight wy, the sum in Eq. (2.2) and in the analogous equation for acceptors integrates the
contributions of the band energies &, 1 of occupied states above (donors) or unoccupied states below
(acceptors) the Dirac point energy Epp, which plays the role of the reference value for the Fermi
level of the undoped material. Here, the potential alignment technique of Ref. [80] is used to obtain
consistent energy scales between defect and host cells. The analogous expression to Eq. 2.2 for

electron accepting defects (Viq) is

AVININES Z wk(1 = frnx)(Epp — €nk), (2.3)

n,k
En,kSEDp

where instead we sum over states occupied by holes below the reference level Epp.
Subtracting the band-filling energies AFy¢ from AHp, we obtain formation energies that are
in good approximation cell-size independent (Figs. 2.1(a) and 2.2). The absolute values of the

finite-size energies for the Vo4 are less than half of those for the Cd;, reflecting the higher density of



27

states of the occupied (valence-band like) states in CdsAsy. Also, the uncorrected energies in Fig.
2.2 are less susceptible to k-point convergences than in case of Cd;.

In semiconductors or insulators, electron donating or accepting defects can form in a charged
defect state when they exchange electrons with each other or with the band continuum of the host
material. A similar mechanism is expected here as well, but there are important differences arising
from the fact that CdsAsy does not have a band gap. While the detailed screening behavior of Dirac
semimetals is still subject to active research [26], we expect that defect charges are fully screened in
the long-distance limit. As a consequence, there is no bound state analogous to the hydrogenic level
in effective-mass theory [155]: the neutral Cd? essentially constitutes a charged CdiJr 2 defect with
2 electrons in the conduction-band like states above Epp. To demonstrate this equivalence, Figs.
2.1(a) and 2.2 also include the size dependence for the charged defects, where the additional carriers
are excluded from the calculation.

To remove spurious image charge interactions in case of charged defect supercell calculations,
there are additional terms for the formation energies (Eq. 2.1) needed to correct for the electrostatic
interaction between the defect and the compensating background |79, 80, 94|. This contribution
depends on the dielectric constant and can exceed 1 eV in wide-gap systems [115, 116]. In a
topological semimetal, however, it should vanish for sufficiently large cell sizes. Indeed, for the
largest 320 atom cell, we find that the formation energies of the band-filling corrected neutral (green)
and the charged (blue) defects agree closely within about 0.01 eV (see Fig. 2.1a), for both the Cd;™
and Vc_d2 defects. The more significant energy differences in the smaller cells are likely reflecting
residual image charge interactions due to incomplete screening at shorter distances. Thus, from the
cell size dependence in Fig. 2.1(a), we can estimate the screening length in CdzAsg as L ~ 2 nm.
We conclude then that Cd; and Vg can be described as fully ionized defects, where the formation
energy depends on the Fermi level (see Eq. 2.1). In this model, the contribution of band-filling to

AHp 4 is encoded in the change of Er with varying free carrier (electron or hole) concentrations |78].
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2.4 Band energy dependence

Since the formation energies of defects at finite concentrations in CdsAss depend innately on
the electronic structure and density of states (DOS) near Ef, it is imperative that a quantitative
description of its defects involves an accurate representation of the electron band energies. It
is well known that the local approximation of standard DFT functionals leads to a significant
underestimation of the band gap in insulating systems [118, 136]. This limitation often has a
considerable effect on calculated electronic properties and defect formation energies [79]. Similar
problems exist for DFT calculations of topological materials: the approximation to the functional
can give rise to quantitative errors in band dispersions [33, 163], but it can also lead to an incorrect
description of the overall band ordering [2, 152]. DFT electronic structure errors must therefore be
addressed when considering the CdgAs, Dirac semimetal band structure.

We performed QSGW calculations of CdzAsy in the 80-atom primitive cell to obtain an
accurate model of the electronic structure. These QSGW results are shown alongside the band
structures for both the GGA and SCAN functionals in Fig. 2.1(b)-(d). There are several key features
that distinguish the QSGW electronic structure from standard DFT. First, the Dirac point lies closer
to the center of the Brillouin zone, and the band dispersion nearby is greater (a close-up of the band
structure around the Dirac point is shown below). Second, the unoccupied s-like bands above the
Dirac point (highlighted in red) are moved upward. Third, the QSGW calculation exhibits a strong
upward shift of an occupied band below Er (highlighted in blue). This band has a dominant As-p
like character throughout the BZ but becomes s-like at I', revealing its origin from the topological
band inversion.

These modifications to the electronic structure are analogous to GW corrections of DFT band
energies in semiconductors, which generally increase the energy separation of unoccupied s-like and
occupied p-like states [10, 72, 130|. It is essential these corrections be included in the defect model
for Cd3Asy because the band energies near the Dirac point affect the formation energies of defects.

We find that the SCAN functional partially accounts for each of the above features, so that the
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SCAN band structure lies somewhere in between GGA and QSGW (see Fig. 2.1). To obtain the
most accurate defect model, we will combine below the defect formation energies from supercell
calculation in SCAN, with the DOS obtained from QSGW with high-resolution BZ integration. This
strategy is inspired by a similar approach that proved successful in semiconductors and insulators

[115].

2.4.1 QSGW band structure and high-resolution density of states

The quasiparticle self-consistent GW calculations 68| were performed using the Questaal code
[113]. To make the potential self-consistent, we used a 3x3x3 k-mesh in the construction of the
polarizability and self-energy, and a 4x4x4 k-mesh for the one-body part. A 4x4x4 mesh (for
GW) and 6x6x6 mesh (for the one-body part) was also used to confirm the system was converged
in k. The basis set consisted of atom-centered smooth Hankel functions, described in Ref. [113],
distributed as follows. As consisted of spdfspd orbitals with the 3d partial wave included in the
valence as a local orbital. Cd had spdfspd orbitals with the 5d partial wave included as a local
orbital. The basis was enlarged with “floating orbitals” centered on 48 interstitial sites. All told, the
Hamiltonian had a rank of 2832. The G cutoff for the coulomb interaction in the mixed product
basis was set at 4.4 Ry, and the G cutoff for the one-particle states generating G and W was 5.2
Ry. For energy integration the frequency mesh spacing was 0.04 Ry at low frequency. Figure 2.3(a)
shows the same band structure data as Fig. 2.1(d), but focusing on the vicinity of the Dirac point.
The total DOS, shown in Fig. 2.3(b) and (c), was obtained from a Brillouin-zone integration on a

very fine 24x24x48 k-mesh.

2.5 Absolute defect formation energies

In addition to an improved description of the band structure (Fig. 2.1) and the associated
electronic density of states, GW calculations also allow us to determine the change in absolute
band energies relative to the underlying DFT functional. In semiconductors and insulators, the

corresponding conduction and valence band edge shifts have been shown to dramatically improve the
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Figure 2.3: (a) The QSGW band structure zoomed in near the Dirac point. (b) Occupied and (c)
unoccupied density of states calculated in QSGW as a function of energy F measured with respect
to the Dirac point Epp. Dashed red line shows the numerically fitted model function ggsaw.

formation energies of fully ionized defects calculated in DFT [115]. Similar corrections are necessary
for CdzAss: The DFT supercell calculations yield the formation energies for the charged defects using
the Dirac point Epp as a reference energy for the Fermi level. In so far the GW calculation alters
Epp on an absolute scale, the Fermi level must follow suit to maintain the correct charge balance,
thereby affecting the formation energies according to Eq. (2.1). To determine the shift of Epp, we
performed GW calculations of CdgAss in which the wavefunctions and hence the electron density
and electrostatic potential, of the DFT-SCAN functional are maintained. That is, we performed an
eigenvalue self-consistent GW calculation with VASP similar as in previous work on insulators |72,
115], but using the SCAN functional and including spin-orbit coupling. In this type of calculation,
the wavefunctions, electron density, and electrostatic potential of the underlying SCAN solution are
kept fixed, thereby providing GW band energies that are directly comparable to those in SCAN. To
reduce the computing intensity, we combined the results of a single-shot GW calculation on a 2x2x2
k-mesh with a full eigenvalue self-consistent solution at the I' point. While this relatively coarse
k-mesh does not include the Dirac point explicitly, its shift can be approximated by the energy
change of the highest occupied states in the GW calculation, because the occupied valence band like

states below the Fermi level have much less dispersion than those above Ep [see Fig. 2.1(b)-(d)|.
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The resulting shift of the reference energy is determined as AEpp = —0.19 eV, which we include in

the calculation of the formation energies via Eq. (2.1).

2.5.1 Limits to chemical potentials

The defect energies depend on synthesis conditions through the chemical potentials p, =
19 + Apg of Cd and As, observing AHy = 3Apcd +2Auas = —0.59 €V /fu, where p1f, are the energies
of the elemental solids and A Hy is the calculated formation enthalpy of CdsAs, per formula unit
(fu). Considering CdAs and CdAss as potential competing phases, we find that the Cd-rich limit is
given by phase coexistence with Cd metal (Apucqg =0, Apas = —0.30 €V) and the As-rich limit by
coexistence with CdAsy (Apcg = Apas = —0.12 eV), whereas CdAs lies slightly above the convex
hull. Figure 2.4 illustrates a phase diagram for the stable compounds formed by Cd and As, and

shows this stable range of chemical potentials for Cd and As.
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Figure 2.4: Chemical potential stability phase diagram for CdsAss.

To future students, stability phase diagrams like Fig. 2.4 can be constructed in the following
way. First, perform total energy calculations for all of the possible competing phases, including
the elemental reference phases. Second, normalize the energies of all phases by dividing out the
number of formula units in the unit cell. Third, calculate the formation enthalpy of each phase by

subtracting the (normalized) elemental energies multiplied by the stoichiometry coefficients from
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the (normalized) energy of that phase, e.g. AHf = Ecqdyas, — 3Ecd — 2E4s. Finally, the formation
enthalpy must equal the combined change in chemical potentials, e.g. AHy = 3Aucq + 2Apas, but
those equations can be rearranged to express one chemical potential in terms of the others, e.g.
Apcq = %AH{‘ — %Au As- This allows you to plot lines (higher dimensional contours when considering
more constituent elements) like those in Fig. 2.4, and the phase that minimizes the other chemical

potentials when one Ay is held fixed is the stable phase.

2.5.2 Results for intrinsic formation energies

Figure 2.5 shows the formation energies for the energetically most favorable, fully ionized
defects as a function of Ew, where we calculated the energies of all elements, compounds, and defects
using the SCAN functional with spin-orbit coupling. In contrast to the two Cd defects described
above, the As vacancy Vs introduces a localized defect state close to the Dirac point [104], which
can be fully occupied (¢ = —1), half occupied (¢ = 0), or empty (¢ = +1). The neutral state turns
out to be slightly unstable (“negative-U defect” [6]), resulting in a (4+/—) charge transition level
at Epp + 0.15 €V in the formation energy diagram in Fig. 2.5. Overall, the formation energies of
Vas are higher than those of Cd; and Vg throughout the range of chemical potentials. Therefore,
the net doping will be largely determined by the balance between the Cd interstitial and vacancy
defects. The numerical values of the defect energies AHp for all nonequivalent sites are given in Sec.
2.5.3. The formation energies for the Ascq and Cdag antisite and the As; interstitial defects were
also calculated for completeness. As seen below, they are sufficiently high to exclude them from the

following analysis.

2.5.3 Defect density of states and numerical values of formation energies

For completeness, we include here Fig. 2.6, with formation energies and density of states
for the defects considered in the main text as well as the As interstitial and antisite defects Ascgq
and Cdas. The As; and antisite defects are seen to be considerably higher than the other defects

and hence lower in concentration, so they are excluded from the defect equilibria results below. In
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Figure 2.5: Formation energies AHp , of the intrinsic point defects in Cd3zAsy as a function of Fermi
level Ep in (a) Cd-rich and (b) As-rich conditions. Only the lowest energy Wyckoff positions are
shown for Vs and Viq. The GW correction AEpp = —0.19 eV and equilibrium Fermi level E;iq for

growth at Ty = 400 K and 800 K are indicated.

contrast to Vg and Cd;, all other defects exhibit localized defect state close to the Dirac point,

causing a sequence of distinct charge states corresponding to the slopes of the formation energy in

Fig. 2.6(a). Table 2.1 shows the formation energies calculated via the above procedure at a reference

condition Er = Epp for the Fermi level and Apucq = Apas = 0 for the chemical potentials. The

formation energies for specific values of Er and the chemical potentials can be evaluated with help

of Eq. (2.1).

Table 2.1: Calculated defect formation energies for all Wyckoff positions at reference condition

Ex = Epp and Apucq = Apas = 0.

Cdi Vean Vedz Veas Vasi Vase Vasa
AHp (o2 (&V) 0.83 117 103
AHp (g1 (eV) 1.61  2.05 1.47
AHp (411 (V) 1.20 147 118
AHD,(q:+2) (GV) 0.03

2.6 Defect equilibria

It remains an open question how competing point defects collectively impact the properties

of experimentally grown CdsAss. We therefore consider a defect equilibrium and investigate the
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Figure 2.6: Formation energies AHp , of the intrinsic point defects in Cd3Asy as a function of Fermi
level Ex in (a) Cd-rich and (b) As-rich conditions. (c) Host and defect density of states (DOS) for
point defects in CdszAssy calculated with the SCAN functional as a function of energy E measured
with respect to the Dirac point Epp. Only the lowest energy Wyckoff positions are shown.

combined effect of all of the contributing defects simultaneously. For this thermodynamic equilibrium,
we assume an initial growth temperature and calculate the associated defect concentrations as a
function of the Cd and As chemical potentials, following a procedure similar to Refs. |73, 76]. For
the relatively dilute defect concentrations expected here, the defect concentrations in equilibrium at

a temperature T are given by

CD7q(EF, {M}, T) = ]\/vDefAHD’q(EFv{#})/kBT7 (2.4)

where Np is the concentration of the atomic site where the defect D substitutes, kg is the Boltzmann

constant, and AHp 4(Ew, {u}) contains the implicit Er dependence as given by Eq. (2.1) above.
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2.6.1 Concentration of non-dilute defects

To future students, Eq. 2.4 is the limiting dilute approximation for the concentration of point
defects in a solid. For completeness, I will also give the complete equation for non-dilute defects
that is rarely included in the literature but becomes relevant for defect concentrations greater than
a few percent. In that regime, the defect concentrations in equilibrium are (see Appendix B)

o—AHp o /kpT

1 + e_AHD,q/kBT’

CD,g = Np (2.5)

or equivalently

D _
4 _ o~ AHpo/keT (2.6)
Np —cpgq

where each quantity is the same as in Eq. 2.4. The dilute limit corresponds to AHp 4 > kT, or

equivalently cp , < Np, and applying that limit to Eq. 2.5 or 2.6 gives Eq. 2.4 as it should.

2.6.2 Charge balance condition in the thermodynamic model

The defect equilibrium requires self-consistency between the defect densities c¢p 4 and the
Fermi level Ex while simultaneously observing overall charge balance between defect charges and
the carrier concentrations. To accurately account for the band-filling effects discussed above and to
obtain the corresponding relationship between Er and the carrier concentrations, we integrate the

DOS gqscw(E) from the QSGW calculation, weighted with the Fermi-Dirac distribution, i.e.,

o
_ gasaw (E)
Ne = /EDP L) knT & 1dE, (2.7)
for electrons and, analogously,
Epp 1
ny = /_Oo gascaw(E) <1 T o(BE-Ep)/keT 1dE> : (2.8)

for holes. The integration is facilitated by using a model function for ggsgw (E), discussed presently.
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To facilitate the integration of the Fermi-Dirac distribution in eq. 2.7, we fit the DOS from
QSGW on either side of the Dirac point with a model function ggsgw using a mix of linear and
cubic polynomials for both the occupied and unoccupied states. Figure 2.3 shows the DOS for both
the QSGW data and the model function which reproduces the original data very closely. We use
this fit for the self-consistent defect equilibrium calculated here. The integration of ggsgw weighted
with the Fermi-Dirac distribution is performed numerically with 200 data points per kgT', with an
upper bound at least 50 kg7 above Er. The self-consistent solution is found by iteratively updating

Er until the overall charge balance is satisfied to within Aq = 10 e/cm™3.

2.6.3 Results for defect equilibria

Experimentally, CdsAsy is grown in either bulk or thin film form. Molecular Beam Epitaxy
(MBE) has been proven as a valuable tool for growth of high-quality CdsAss with good control over
the elemental chemical potentials [104, 125, 133]. MBE has a growth temperature window of about
Ty ~ 110 - 250 °C, where the upper limit results from the modest formation enthalpy AH; (see
above) and the fugacity of the atomic and molecular species. On the other hand, bulk synthesis can
reach temperatures above 400 °C [31, 129]. Thus, we consider here a range between 400 and 800 K
for the calculations of defect equilibria.

The resulting defect concentrations are given in Table 2.2 and include a sum over all Wyckoff
sites for Vg and Vag as well as a sum over the different charge states of Vas. As expected from the
formation energies, the Cd; and Vg defects are dominant and the concentrations of the As vacancies
are several orders of magnitude lower. On account of the charge balance condition, the equilibrium
Fermi level E%q at Ty lies close to the intersection point between the Cd; and Vg formation energies
(Fig. 2.5). Table 2.2 also shows the net doping concentrations ¢pq = 2[cp(Cdi) — ep(Veq)], indicating
that n-type growth (cpq > 0) is favored, as expected, under Cd-rich conditions for the full range of Tj.
Interestingly, however, CdsAsg becomes net p-type (chq < 0) at the higher end of growth temperatures
under As-rich conditions. This transition suggests the intriguing possibility of doping-neutral growth

of CdgASQ.
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Table 2.2: Defect equilibria for CdsAss obtained from first-principles defect formation energies.
Given are the concentrations cp of the intrinsic defects and the resulting net doping ¢,q depending
on the growth temperature 7, and the Cd- or As-rich condition.

Cd/As cp (em™3) _3
ich =8 gy Vea vy (™)
400  1.0x10'™ 8.2x10™ 1.3x10° 2.0x10'®
Cd 600  3.0x10% 1.2x10'® 3.0x101® 3.7x10'®
800  1.6x10™ 1.5x10'9 4.6x10 2.9x10'8
400 3.5x10'7  24x10°  2.2x107  6.9x10'7
As 600  2.1x10%™ 1.7x10® 1.0x10'2 9.1x10'7
800  1.5x10' 1.6x10'Y° 3.6x10% —2.7x10'®

To elucidate the physical origin of the doping-type inversion, we study in more detail the tem-

perature dependence of the Fermi level, shown in Fig. 2.7(a) for three different growth temperatures

(circles). Both the asymmetry of the DOS (see Fig. 2.3 showing a much larger DOS below Epp

than above) and the width of the Fermi-Dirac distribution play important roles in determining the

position of Equ. At higher temperatures, their combined effect is to add positive charge from hole

carriers even when Ef lies above Epp. To maintain charge balance, Fr is pushed further upwards,

which favors the formation of negatively charged acceptor-type defects (cf. Fig. 2.5). As a result,

the net doping ¢,q can become negative (cf. Table 2.2).
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Figure 2.7: (a) Temperature dependence of Er in the presence of defect concentrations determined
for three different growth temperatures 7T}, (circles). (b) Low temperature limit of Er as a function
of T,. Solid and dashed lines indicate Cd-rich and As-rich conditions, respectively.
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For accessing the topological band structure features of CdsAssy, the position of Er at low
temperature matters more than that at T,. To model the T" dependence of the electronic system, we
reevaluate the charge-balance condition with the Fermi-Dirac distribution (Eq. 2.7), while keeping
the defect and corresponding net doping concentrations from the equilibrium at T,. (At this point,
Cd vacancies and interstitials could recombine if at least one of the species is mobile at the respective
temperature. However, since the net doping, Er, and the electron and hole concentrations are not
affected by such recombination events, this effect is not explicitly modeled.) Figure 2.7(a) shows the
resulting Fermi level E(T'), and the associated carrier concentrations no(7") and ny,(7T") are shown
in Fig. 2.8 . These self-consistent carrier concentrations ne and ny correspond to the values of Er in
Fig. 2.7 and the defect concentrations in Table 2.2. In the low temperature limit, the dominant
carrier type approaches the net doping concentration (ne — cyq or n, — —cpq). In the n-type case,
we observe an interesting nonmonotonic behavior of Er(7"). To maintain the charge balance, the
Fermi level first decreases with T', reflecting the positive slope of the DOS above Epp (Fig. 2.3).
Above a certain temperature that depends on c¢,q, it starts to increase again, reflecting the high-T

behavior and DOS asymmetry described above.
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Figure 2.8: The (a) electron and (b) hole concentrations ne and ny, plotted as a function of temperature
T for the three growth temperatures in Fig. 3(a) (indicated as upper limits). Shown for Cd-rich and
As-rich conditions. A logarithmic scale is used for hole concentrations.

Figure 2.7(b) summarizes the Er(7") modeling by showing the low-7" limit of Fr as a function
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of Ty. The zero-temperature limit of Er shown in Fig. 3(b) was found using a bisection method for
determining Fr given a net doping concentration c,q, the model function gqosaw, and a step function
for the Fermi-Dirac distribution. While Cd-rich growth results in n-type doping with Er(0) > Epp
for the full range of T}, a conversion to net p-type doping with Fr(0) < Epp occurs around 700 K
under the As-rich condition. Thus, our modeling results suggest that doping-neutral CdzAss could
be achieved through control of the growth process. There are, however, two potential experimental
challenges: Maintaining sufficiently As-rich conditions may require considerable As overpressures
at higher temperatures, and rapid thermal processing techniques may be needed to quench in the

defect equilibrium at these conditions.

2.6.4 Unique behavior of Fermi level with temperature for a topological semimetal

While the prospect of controlling net doping through growth is quite compelling, the behavior
of Er(T) for a topological semimetal is non-intuitive and requires careful consideration. Several
features of the graph of Fr(T") for both n-doped and p-doped CdzAsg, and even the origin of p-type
doping itself, can be better understood by studying the charge balance condition, Eq. (2.7). The
asymmetry of the DOS below/above the Dirac point and the width of the Fermi-Dirac distribution
together determine the overall behavior of Er. The effect of maintaining charge balance with varying
temperature is illustrated in Fig. 2.9, which graphs the Fermi-Dirac distribution (Fig. 2.9a), the
QSGW model DOS (Fig. 2.9b), and the weighted areas for electrons and holes corresponding to two
points on the dashed blue line of Fig. 2.7, i.e., 800 K (Fig. 2.9¢) and 250 K (Fig. 2.9d).

At higher temperatures, the Fermi-Dirac distribution is wide enough to capture the much
larger density of states below the Dirac point (see Fig. 2.9b) and introduce large numbers of hole
carriers even if Fp is above the Dirac point. This means that raising the temperature requires
Er to be pushed upwards to maintain charge balance, and an elevated Er favors the formation of
negatively charged acceptor-type defects (namely the Vg in CdgAsg). The result of growth at this
high temperature then, is that acceptors can outweigh donors, so there is net p-type doping (excess

holes) even though Er is above the Dirac point (Fig. 2.9¢). Then, as the temperature is decreased,
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the difference between electrons and holes is maintained by lowering Er (Fig. 2.9d), and only in the
low-temperature limit does Er move below the Dirac point.

Conversely, there is an interesting non-monotonic behavior of Ex(T) in the case of n-type
doping (cf. 2.7). This is more easily understood by starting from the low-temperature limit. At
zero temperature Er lies above the Dirac point because of excess electrons from defects. Then, to
maintain charge balance, as T increases (but is still relatively low), the positive slope of the DOS
means unoccupied DOS is larger than occupied, and charge balance is maintained by Er decreasing.
Finally, once the temperature is large enough that kg7 is comparable to Er — Epp, which depends
on net doping, then the Fermi-Dirac distribution captures the large DOS below the Dirac point and

charge balance is maintained by increasing Fr.

2.7 Conclusions

Building upon existing methods for semiconductors and insulators, we defined a computational
approach for evaluating first-principles defect equilibria in CdsAss. Several conclusions are more
broadly relevant for topological semimetals: due to electronic screening, there are no bound states
akin to hydrogenic dopant levels. Nevertheless, defects can have well defined charge states depending
on the position of the Fermi level in the band continuum. However, it is particularly important
to distinguish electron occupation of defect states from occupation of the band continuum. The
latter cases do not represent legitimate charge states of the defect and cause a spurious cell size and
concentration dependence of the formation energy. Finally, the overall charge balance condition
depends strongly on the shape of the density of states near the Fermi level, often requiring an accurate
electronic structure method beyond DFT. In Cd3zAsy, mutually compensating Cd interstitials and
vacancies are the dominant intrinsic defects, with the former being the source of unintentional n-type
doping, whereas the concentration of As vacancies remains much lower. Neither of the Cd defects
cause localized states close to the Dirac point, thereby allowing the Fermi level to penetrate the
band continuum. Due to the absence of a band gap and the pronounced asymmetry in the DOS

for electron and hole carriers, the defect equilibria exhibit strong and nonmonotonic temperature
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Figure 2.9: (a) Fermi-Dirac occupation of electrons corresponding to As-rich growth of CdsAss at
800 K (blue) and then cooled to 250 K (orange). The temperature dependent Fermi levels Ex are
indicated by vertical dashed lines. (b) QSGW density of states data as a function of energy E near
the Dirac point Epp. (c)-(d) Model density of states gosgw (E) weighted with the Fermi-Dirac
distribution for electrons (dark gray) and holes (light gray) at the respective temperatures, 800 K
(c) and 250 K (d).

dependencies. The modeling leads to a prediction how doping-neutral CdszAss could be grown, such

that the Fermi level approaches the Dirac point in the low-1" limit.



Chapter 3

Extrinsic doping control from defect theory with site redistribution in a

pseudo-equilibrium

This chapter is adapted from a manuscript that is soon to be submitted for peer review
(working title: “Pseudo-equilibrium theory for extrinsic doping control of the topological semimetal
Cd3Asy”); and from Sec. II of Ref. [3], reproduced with the permission of AIP Publishing.

Abstract. The standard approach for studying defect concentrations in solid-state systems
using first principles formation energies is to evaluate a thermodynamic equilibrium at a model
growth temperature. For lower (room or operating) temperatures, these defect concentrations are
then “frozen in”, and only the Fermi level Ep is re-equilibrated. However, this assumption overlooks
the possibility of short-range diffusion and defect redistribution, even when the overall composition
determined by the growth step remains fixed. To model this redistribution, we developed an approach
to solve for the non-equilibrium chemical potentials as a function of temperature while maintaining
the elemental stoichiometry. We then apply this approach to the Dirac semimetal CdzAss, in the
presence of external dopants. Previous work identified Cd interstitials and vacancies as the primary
defects in self-doped CdsAssy, with excess interstitials leading to undesirable n-type doping that
limits access to the Dirac point under most growth conditions. Here, we utilize the expanded defect
equilibrium model to study extrinsic doping with the goal of introducing additional electron accepting

defects (Group I on Cd and Group IV on As) and lowering Ff.
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3.1 Introduction - Constrained Defect Equilibria

The ground state crystal structure of CdzAss is derived from an antifluorite lattice with an
ordered sublattice of empty cation sites (space group I4;/acd) [4, 29]. The 80-atom primitive cell
has 3 nonequivalent Wyckoff sites for both Cd and As and 1 for the empty cation site. We performed
total energy calculations of intrinsic defects and dopant substitutions for each unique site in this
80-atom supercell using Density Functional Theory (DFT) and the Projector Augmented Wave
(PAW) method as implemented in the VASP code [17, 69]. Specifically, we utilized the Strongly
Constrained and Appropriately Normed (SCAN) meta-Generalized Gradient Approximation (meta-
GGA) functional [147]| with spin-orbit coupling and an eigenvalue self-consistent GW correction to
the band energies [72, 138]. The SCAN total energies were then combined with a high resolution
Quasiparticle Self-consistent GW (QSGW) [68, 130] calculation of the density of states in Questaal
[113] to construct a self-consistent defect equilibria model. Further details are discussed in the
Methods section and in Ref. [19].

As a starting point, we maintain the basic assumptions of defects in a solid within the supercell

method. That is, the formation energy of a defect D in charge state g is given by

AHp o(Er, {n}) = [Epg — Enl + Y natia + qEr, (3.1)

«

where Ep, and Fj, are total energies of the defect and host supercells, respectively, i, are the
chemical potentials of atom species « that are removed (n, = +1) or added (n, = —1) to the host
crystal in forming the defect, and Fg is the Fermi energy. Furthermore, the dilute concentration

cp,q of each defect in equilibrium at temperature 7" is given by
CDJ](EF? {M}? T) = NDe_AHD’q(EF’{M})/kBT, (32)

where Np is the atomic site concentration, kg is the Boltzmann constant, and AHp 4(Er, {p}) is

given by Eq. (3.1). An overall thermodynamic equilibrium is determined by a self-consistent solution
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between the concentrations of all defects, Er, and overall charge balance between charged defects
and free carriers (discussed in further detail in Ref. [19]). For unconstrained equilibrium growth,
the chemical potentials y, = p0 + Apu, are associated with thermodynamic exchange between the
sample and the associated elemental reservoirs, and they are bounded by the solubility limits of
competing phases. In CdgAss, the Cd-rich limit is defined by phase coexistence with Cd metal
and the As-rich limit by coexistence with CdAsy [19]|. The limiting values for extrinsic dopants are
then subsequently determined by the phases they form with Cd and As, e.g. AugCds for Au [66] or
CdGeAs; for Ge [1].

For temperatures below the chosen growth temperature, defects are traditionally assumed
to have fixed concentrations equal to the equilibrium values and only the chemical potential for
electrons (Er) is re-equilibrated [19, 43|. This constraint is enforced through the use of artificial
chemical potentials that effectively “freeze in” the defects to what they were during growth. The
underlying assumption is that the material is cooled on a fast enough time scale that defects do not
have an opportunity to undergo short-range diffusion. However, diffusion and defect recombination
events can realistically occur as low as room temperature, where materials are typically stored. The
purpose of our expanded thermodynamic defect model is to determine to what extent individual
defect concentrations can change as an isolated material is cooled after growth.

The experimental situation we aim to model is a sample that after undergoing thermodynamic
equilibration at a chosen growth temperature T, is then cut off so it can no longer readily exchange
atoms with an external reservoir, e.g. an elemental source or the atmosphere. In this scenario atoms
can still diffuse through the material so the concentrations of individual defects can change and
equilibrate at lower temperatures, but the combined defect stoichiometry (total amount that is not
present in the defect-free system) of each element is held fixed to the growth temperature value. This
constrained equilibrium system allows us to study the redistribution and recombination of defects at
intermediate temperatures between T, and the lower limit determined by diffusion energy barriers.
The current work demonstrates how to incorporate this constraint within the existing framework

for defect equilibria. Namely, at the growth step we add the defect and dopant concentrations to
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determine the initial defect stoichiometries s,jpna of each element. At lower temperatures we then
define an objective function that is the absolute difference in the stoichiometries from the growth
values. We dynamically update the chemical potentials to minimize this objective function and
thereby constrain the system to keep the total amounts of each element fixed. Implementing this
constraint becomes more mathematically complex as more atomic species are considered (see below).
Therefore, we consider first a constrained equilibrium solution for intrinsic defects in CdszAss, and

then subsequently we study how the results change with the introduction of extrinsic dopants.

3.2 Redistribution of Intrinsic Defects

We previously found [19] the dominant defects that determine net doping in CdzAsy are
the Cd interstitial Cd; (occupying the ordered empty sites in the base crystal structure) and Cd
vacancy Vcq, and to a lesser extent the As vacancy Vas. Under a majority of growth conditions, the
Cd; (2 electron donor) outnumbers the Vg (2 electron acceptor), so the net carrier concentration
Cne = Ne — np ~ 2[cp(Cdi) — ep(Vea)] involves excess electrons and the system is net n-type.
However, with As-rich conditions and a sufficiently high growth temperature the vacancies can
surpass interstitials and feasibly give net-neutral or p-type doping. To compare both electron doped
and hole doped CdsAss, then, we consider the recombination of intrinsic defects after As-rich growth
at T, = 600 K (excess Cd;) and T, = 800 K (excess Vcq).

If the self-doped system is isolated and cooled after growth, the defect stoichiometries of Cd
and As are expected to be maintained by the number of Vag being constant and the Cd; and Vg
defects recombining at lower temperatures. A constrained equilibrium solution for the intrinsic
defects then involves holding the number of As vacancies fixed and finding the chemical potential for
Cd such that the difference between interstitials and vacancies is unchanged. We accomplished the
latter task of determining the constrained Aucq at lower temperatures by means of the bisection
method. The results of this constrained solution are plotted in Fig. 3.1, and as expected the Cd
stoichiometry is maintained by interstitials and vacancies recombining at lower temperatures. As

temperature is decreased, the concentrations of both defects decrease significantly, and the defect
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Figure 3.1: Concentrations ¢p of intrinsic Cd defects in CdzAss as a function of temperature 1" when
grown under As-rich conditions at 600 K (dashed) and 800 K (solid).

that was in excess moves toward a limiting value of the initial difference between the two. Because
the Cd; has a +2 charge state and the Vg a 2- charge state, the net doping (electrons minus holes)
is unaffected by their recombination and therefore does not change as a function of temperature.
However, these recombination events result in an overall reduction in the defect density, which can
be largely beneficial for e.g. improving the electron mobility or other transport properties of the

system.

3.3 Defect behavior and dopant density of states

Despite the absence of a band gap, electrically active point defects (either intrinsic defects
or dopants or impurities) in topological semimetals can be categorized into one of the two types of
behavior, resembling “deep” and “shallow” levels in semiconductors [77]. The first kind are those
that introduce localized defect states close to the energy Epp of the Dirac point, within a range
of accessible Fermi levels Fr. These defects can form in different charge states depending on the
occupation of the state as a function of Fr and, therefore, exhibit a tendency to pin the Fermi level.

The other class of defects are those that do not introduce a localized state near Er, and, instead,
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release the carriers (electrons or holes for donor- or acceptor-like defects, respectively) into the band
continuum, thereby also shifting the Fermi level.

Figure 3.2 shows the density of states (DOS) for select intrinsic and extrinsic defects in CdzAss
and how they compare to the 80-atom defect-free primitive cell. The shape of the DOS illustrates
the two distinct defect behaviors described above. The Cd interstitial Cd;, Cd vacancy Vg, and
the substitution of tin on arsenic Snag all introduce delocalized electrons or hole carriers, raising or
lowering the supercell Fermi level while the DOS of the Cd3Asy host is only moderately perturbed
by the presence of the defect (especially when considering the high defect concentration implied by
the limited supercell size). Thus, the supercell DOS exhibits a metallic behavior with Ep residing
in the band continuum in these cases. In contrast, the Vas and Sncq defects exemplify the case
of localized defect states in the vicinity of the Dirac point. Specifically, Vas exhibits amphoteric
behavior where a doubly degenerate defect state can be either occupied or unoccupied, corresponding
to the negative Vgsl As charge state with a defect-induced spike in the DOS at -0.1 eV and to the
positive VA+S1 with a defect state at 0.2 eV, respectively (see Fig. 3.2). Similarly, the neutral Sncq
causes a defect-localized state just above Epp.

Due to the possibility of occupation changes, the defects with localized states give rise to
charge transition levels much like in the case of semiconductors and insulators, except that they
occur inside the band continuum instead of within the band gap. This means that the preferred
charge state can change as Fr varies with the presence of other electrically active defects and with
the changes in temperature. In semiconductors, the defects without localized states are, nevertheless,
able to bind carriers in a “shallow” effective mass-like level [155], where the defect state essentially
represents an envelope function of the “perturbed host state” [77]. Due to the absence of a band gap
and the corresponding screening of the electrostatic potential, this type of bound state does not exist
in a semimetal. Instead, defects of this kind, including Cd;, Vg, and Snag, are more appropriately
viewed as charged defects being compensated by continuum carriers (or other defects of opposite

charge).
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Figure 3.2: Host and defect/dopant density of states (DOS) in CdzAsy calculated with the SCAN
functional (including spin-orbit coupling) as a function of energy E measured with respect to the
Dirac point Epp. Only the lowest energy Wyckoff positions are shown for each defect.

3.4 Choice of Extrinsic Dopant

With the goal of expanding the constrained equilibrium model to CdsAs, in the presence of
external dopants, the question remains of what dopants should be studied. Because the intrinsic
defects favor n-type doping under most conditions, we aim to lower Ex closer to the Dirac point by
choosing a dopant that favors the formation of electron accepting defects. We therefore consider
Group I substitution on Cd and Group IV substitution on As (both with a 1- charge state). However,
each potential dopant also introduces compensating electron donating defects. Namely, Group I can

occupy the ordered empty sites of the primitive cell similar to the Cd interstitial but with a +1
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charge, and Group IV can substitute on Cd with a 42, +1, or 0 charge state (see Ref. [3] and Fig.
3.2 above). This natural compensation behavior requires that we examine the competition between
donor and acceptor defects for each prospective dopant to determine if it can feasibly be used to
tune FF.

The competition between positive (donor) and negative (acceptor) defects serves as the driving
force in determining the equilibrium value of the Fermi level. The behavior comes from the linear
dependence of formation energy on charge state multiplied with Fr (see Eq. 3.1) and applies very
generally beyond just topological semimetals. A low value of Ex will favor the formation of additional
donors that maintain charge balance by introducing free electrons and raising Fr, while a value that
is too high will form more acceptors to lower it. Therefore, the point where the formation energies
(as functions of Er) of donor and acceptor defects intersect serves as an attractor for the equilibrium
Fermi level. This implies that we can plot AHp vs Ep for the donor and acceptor defects of each
possible dopant, and the Er where they intersect is the value the dopant drives the system toward
in equilibrium. We refer to this intersection point as the defect (intrinsic) or dopant (extrinsic)
compensation point and denote the value where it occurs as ESC. Plots of the donor and acceptor
formation energies and the resulting compensation points for the intrinsic Cd defects as well as for
Au and Ge are shown in Fig. 3.3(a).

For CdgAsg, we aim to choose a dopant where the compensation point is at a lower Ey (closer
to the Dirac point) than the Cd defects so the system will more readily allow neutral or p-type
doping. The defect compensation point for the Cd; and Vq is 0.14 €V and 0.20 eV above the Dirac
point going for As-rich to Cd-rich growth respectively. Despite Egc always lying over 100 meV
above the Dirac point, p-type doping is still predicted for growth at a high enough temperature [3,
19]. However, in the current work we seek strategies for achieving neutral doping at lower growth
temperatures (discussed in further detail below), so it is still essential that Egc for the chosen dopants
is lower than for the Cd defects.

In addition to requiring that the chosen dopant drives Er closer to the Dirac point, we must

also consider the dopant’s solubility. This can be accomplished by further studying each dopant
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compensation point. Specifically, we aim for dopants where the value of AHp at the compensation
point is low enough so that a reasonable number can form to compete with the Cd defects but
without precipitating a competing phase. To summarize, by constructing a scatter plot of the dopant
compensation points for each potential dopant on a graph of AHp vs Eg, we can analyze both the

potential impact on net doping (z-axis) and the solubility (y-axis) simultaneously.
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Figure 3.3: (a) Formation energies AHp 4 of donor and acceptor defects for Cd, Au, and Ge, as
functions of Fermi level Er. The intersection points between donors and acceptors are utilized in
constructing (b) The two-objective dopant selection for lowering the Fermi level (low EE) with high
dopant solubility (low AHp). Considered are Group I (circles) and IV (squares) dopants under Cd-
and As-rich conditions, in comparison to the intrinsic Cd defects (crosses). Au and Ge are chosen as
the most promising extrinsic dopants on the Pareto frontier (red line).

Figure 3.3(b) shows the dopant compensation points between the primary donor and acceptor

defects in Cd3zAse for Group I and Group IV dopants as well as for the intrinsic Cd defects. Because
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acceptor doping for Group I involves substitution on Cd, those elements favor p-type doping under
As-rich growth conditions much like the self-doping from Cd defects, whereas the Group IV elements
have improved acceptor doping with Cd-rich growth. To determine which dopants should be
considered for further study, we also construct a Pareto front (dashed red line) in Fig. 3.3(b). With
the intended dual objective of the compensation point be both low in Ew and low in AHp, dopants
above or to the right of the Pareto front for both Cd-rich and As-rich growth can be disregarded.
Therefore, with the requirement that the chosen dopants lie to the left of the Cd defects and because
of the limited solubility of the heavy Group IA elements (K, Rb, and Cs), we choose Au from Group

I and Ge from Group IV to study with the expanded defect equilibrium model.

3.5 Combined Defect and Dopant Redistributions

When external dopants are introduced, the effects of defect recombinations become more
elaborate than for a single element, and constraining the chemical potentials to maintain the
initial defect stoichiometries s, becomes increasingly more complex for each additional element («)
considered. The increased complexity stems from the non-intuitive behavior of varying any given Ap
and how it impacts the defect concentrations. For example, in the case of Au-doped CdsAss changing
Apcq directly changes the formation energy of the Cdj, Vg, and Aucq through Eq. 3.1, but the
resulting changes to the carrier concentrations and Er then indirectly change the concentration
of defects like the Au; that do not explicitly depend on Aucg. This implicit dependence of defect
concentrations (and combined defect stoichiometries) on the chemical potentials can be exceedingly
complex as the results of changing one Ay greatly depends on both its starting value and the current
value of the others. Therefore, a different approach than the bisection method utilized for the Cd
defects is necessary to extend the constrained equilibrium model to a system with several conflicting
defect elements.

In the current work we employ an iterative Newton-like root-finding algorithm to simultaneously
constrain all chemical potentials for the doped system. This is accomplished by defining a vector

objective function to be minimized: the absolute difference between the growth stoichiometries and
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the updated stoichiometries at lower temperatures (one component per element). At each iteration
we update the estimated solution for the constrained chemical potentials based on the magnitude
of the objective function and the numerical derivatives of s, with respect to each Au. Further
details are given in the Methods section. We apply this approach to CdzAs, doped with Au and
Ge, which require constraining 2 and 3 chemical potentials respectively. As a result we are able to
study, in addition to their effect on net doping, how Au and Ge impact the temperature dependent
recombinations of the Cd defects when compared to the intrinsic defect case.

We also consider a modified constrained equilibrium where the initial (growth) dopant con-
centrations exceed the thermodynamic miscibility limit (i.e. supersaturated doping [43]. In simple
cases where the dopant can assume only one lattice site, one could fix the respective concentration
and solve the other defect concentrations as in the equilibrium case. However, dopants can often
assume different configurations (e.g., Aucq and Au;) whose ratios vary with temperature and growth
conditions. Thus, we instead solve for a non-equilibrium chemical potential (e.g., Auay,) that results
in the desired total atomic concentration (e.g., sum of Aucq + Au;). That is, we choose equilibrium
values for the chemical potentials of Cd and As, then we vary the chemical potential of the dopant
via the bisection method to find the value that gives a growth concentration equal to a chosen target
value, in analogy with the constant-N approach of Ref. [108]. After this supersaturated solution is
found, we subsequently enforce the constrained equilibrium by updating the concentrations of all

the defects to maintain the initial stoichiometries using the Newton method.

3.6 Cd;As, Extrinsic Doping: Au

As discussed in Sec. 3.2 above, there is a narrow range of growth parameters with the potential
to achieve net p-type doped CdszAss. Specifically, As-rich conditions and a temperature above 700
K were needed, at which point the number of Vg (free holes) surpassed the number of Cd; (free
electrons). In the current work we aim to utilize the chosen extrinsic dopants to achieve net-neutral
doping over a wider range of growth conditions, i.e. lower temperatures and chemical potentials

closer to the Cd-rich limit. Expanding the accessibility of neutral doping to lower temperatures
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is beneficial for two reasons. First, lower growth temperatures in general give rise to fewer overall
defects, which can allow for improved electron mobilities and other electronic properties. Second,
expanded control over net doping enhances the viability of experimental growth methods that benefit
from lower temperatures, such as molecular beam epitaxy (MBE). Thin film growth with MBE has
proved very valuable in the modern study of CdgAse [104, 124, 125, 133]| but has an upper limit of
Ty =~ 500 K owing to the volatility of the constituent atomic and molecular species, so it is sensible to
explore strategies for Fermi level control at or below that temperature. Furthermore, the deposition
control afforded by MBE allows for the possibility of supersaturated doping not feasible for higher
temperature growth methods, which is why we also consider supersaturated initial growth here.
Because the primary Group I defects are substitution on Cd and occupation of the interstitial
site and they do not reasonably substitute on As, the constrained equilibrium model for Au-doped
CdsAsg only involves constraining two chemical potentials: Cd and Au. The defect stoichiometry of
As (sas) can still be maintained by keeping the concentration of Vs held fixed as with the intrinsic
defects discussed above, and to maintain the Cd and Au stoichiometries only the concentrations of

defects involving them need to be dynamically updated to keep the sums

Scd = CCd; — CVCd - CAqu7 (33)

and

SAu = CAui + CAqu7 (34)

equal to their growth values.

As a starting point before analyzing the defect redistributions, we plot both the initial defect
concentrations ch and the net carrier concentration ¢, = ne — np of CdsAsy as functions of Au
concentration for growth at 800 K and 400 K in Figs. 3.4(a) and (b) respectively. As discussed above,
Au can substitute on both Cd and empty sites with a variable ratio, so the Au concentration is
measured as a percent occupation of the total available atomic sites. For a topological semimetal such

as Cd3Asg, recall that we aim to tune the net carrier concentration close to zero so Er approached
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Figure 3.4: Initial defect concentrations ch and net carrier concentration ¢y in CdgAsy as functions
of Au doping concentration for Cd-rich (dashed) and As-rich (solid) growth at (a) Ty = 800 K
and (b) Ty = 400 K. The defect concentrations after growth are then measured from the initial
growth values and plotted as a function of temperature 7' for As-rich growth at (c¢) 800 K with an
equilibrium concentration of Au (1.95x10'® cm™3) and (d) 400 K with 1% Au.

the Dirac point at low temperature. Because both the intrinsic (Vq) and extrinsic (Aucq) acceptor
defects favor As-rich conditions, ¢, is guaranteed to be lower for As-rich growth (solid line) when
compared to Cd-rich (dashed). Furthermore, as more Au is introduced at either temperature the
increased number of Augg acceptors gives rise to greater number of compensating Cd; and Au; donors.
The net effect is an overall decrease in ¢, with added Au, as suggested by the Au defects lying to

the left of the Cd defects in Fig. 3.3 and therefore favoring a lower Fr. With this understanding of



55

the initial growth concentrations serving as a baseline, we then study the results of a subsequent
constrained equilibrium in two regimes: one dominated by Cd defects and the other by Au.

Figure 3.4(c) shows the constrained concentrations of the Cd and Au defects for thermodynamic
As-rich growth at 800 K—the same growth conditions that resulted in net p-type self-doped CdsAss.
The equilibrium concentration of Au is limited to 1.95x10'® cm™3 (0.0062% of Cd and interstitial
sites) at this relatively high temperature. We find that the recombination of the Cd defects is largely
unchanged compared to the intrinsic case (Fig. 3.1), and the redistribution of Au with decreasing
temperature (Au; — Aucq) happens on a scale smaller by two orders of magnitude. This suggests
that concentrations of Au above the miscibility limit are necessary to significantly alter the doping
behavior resulting from the intrinsic Cd defects. However, metastable doping is far less practical at
higher temperatures, so we further study supersaturated doping at the lower growth temperature to
coincide with thin film growth as discussed above.

The results for a constrained equilibrium starting from As-rich growth at 400 K with 1% Au
(3.14x10%° cm~3) doping are shown in Fig. 3.4(d). In contrast to the equilibrium results at 800 K,
we find that the primary defect redistribution as temperature decreases from 400 K is Cd moving
from the interstitial sites to take the place of Aucq and the displaced Au moving from the Cd to the
interstitial sites. The distinct behavior in the two regimes is understood in the following way. In Fig.
3.4(c), the dominant acceptor defect is the Vg and there is a resulting net cation deficiency. At the
initial temperature of 800 K many Cd and Au atoms are excited to the energetically unfavorable
interstitial site to reduce entropy through increased cation disorder. Then, after cooling under the
compositional constraint (Egs. 3.3 and 3.4), both Cd and Au relax to the excess Cd sites to reduce
the energy. Whereas in Fig. 3.4(d), the dominant acceptor defect is the Aucq and there are very
few Vg (about 3x10% ¢cm™3) so there is a net excess of cations. Upon cooling from 400 K in this
regime, energy is reduced by Aucq being replaced by the more favorable Cd and being expelled to
the interstitial site. For intermediate Au concentrations there would be competition between the

Voa dominated and Aucq dominated regimes.
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3.7 Cd;As, Extrinsic Doping: Ge

As discussed above in Sec. 3.4, Group IV elements like Ge can reasonably substitute on both
As and Cd sites in CdgAsg, where it acts as a single acceptor and double donor, respectively (the
Ge; is not included because it is substantially higher in formation energy). This implies that in an
isolated sample the concentration of As vacancies can no longer be held fixed, and the chemical
potentials for all 3 elements (Cd, As, and Ge) need to be simultaneously constrained to maintain
their stoichiometries. That is, we utilize the same strategy for modeling the temperature dependence

of defect concentrations after growth, but now the sums we hold constant are

SCd = CCdi - CVCd - CGBCCU (35)
SAs = _CVAS - CGGAS7 (36)

and
SGe = CGecq T CGens- (3.7)

There are two additional ways Ge interacts with c¢,c in CdgAss that distinguish it from the
above results for Au. First, the sought after electron accepting defect is substitution on As rather
than Cd, so it favors Cd-rich growth instead of As-rich. Consequently, when trying to achieve doping
balance there will be competition between the intrinsic Vg and extrinsic Geag acceptors depending
on the value for the Cd/As chemical potentials that was not relevant to Au doping. Second, the
compensating Gegq can have one of three different charge states. The fraction of Gecq that has a
given charge state changes with Er and T according to Eq. (3.2), in contrast to the case of Au doping
where each defect in Eqgs. 3.3 and 3.4 only have one charge state. The net carrier concentration
can therefore also change with temperature as a result of defects moving between atomic sites or
changing their charge state. For example, extra holes can be introduced as a Ge atom moves from a
Cd to As site,

Gelq + Va, — Gey, + V3] + 2k, (3.8)
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or additional electrons can be introduced by an on-site charge state transition for a Gegg,

Gelyq — GeZh +2¢™. (3.9)

The combination of these two processes and their competition gives rise to a nontrivial temperature

dependence of ¢, that will be explored presently.
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Figure 3.5: (a) Defect concentrations ¢p for Ge-doped CdzAsy measured from the indicated initial
growth values ¢f). (b) The associated net carrier concentration cpe, both plotted as functions of
temperature T'. Results are shown for Cd-rich growth at 800 K with an equilibrium concentration of
Ge (2.21x10' cm—3).

As above for Au, we study Ge equilibrium solubility at the higher temperature T, = 800 K,
and then we consider supersaturated doping at a lower temperature where we treat the total Ge
concentration as a variable. Figure 3.5 illustrates the redistribution of Ge-doped CdzAso defects and
the temperature dependent net carrier concentration for Cd-rich growth at 800 K. Similar to the
results for thermodynamic Au doping, the recombination of the Cd defects is largely unaffected for
an equilibrium concentration of Ge (2.21x10' ¢cm™3, 0.056% of Cd and As sites). In fact, the Ge
defect concentrations change on a three orders of magnitude smaller scale to the Cd defects despite
the initial Gepg concentration being very similar to the Cd; and Vig.

The net carrier concentration in Fig. 3.5(b), as just discussed, has a nontrivial temperature

dependence. In fact, we find ¢y varies non-monotonically with temperature. At higher temperatures
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(around 800 — 700 K) ¢y decreases as you cool down because of Ge moving from Cd to As sites (e.g.
Eq. 3.8). Then, at lower temperatures (<700 K), a majority of the remaining Gecq that did not
move to As sites undergo the on-site transition from neutral to charge +2 (Eq. 3.9), so ¢y increases.
These competing effects from have little overall impact on net doping (see the scale of the vertical
axis in Fig. 3.5b), but in other systems beside Cd3zAsy defects with variable charge states could
substantially alter net doping from high to low temperatures.

We also examine supersaturated Ge doping concentrations that are potentially accessible
by non-equilirbium growth methods in the same manner as for Au. This situation involves lower
temperatures and much larger dopant concentrations, but we find again that the redistribution
of Ge and changes in net carrier density are not significant. Introducing more Ge increases the
concentrations of Geag and Gegq, but it does not affect the preexisting small concentration of Vag.
The redistribution of Ge from Cd to As is then greatly restricted because there are so few empty
As sites to fill, thereby making the effect minuscule compared to that of the intrinsic Cd defects.
This is an example of the general feature of fixed stoichiometry on a finite lattice that extends
beyond CdzAss as introduced in Sec. 3.1: the degree to which defect concentrations change as a
function of temperature is bounded by the lowest concentration defect. That is, if a given defect has
a restrictively small concentration during growth, redistribution events that involve that defect are
limited in number to be less than or equal to that concentration.

As mentioned above, the Vg and Geag favor growth at opposing values of the Cd and As
chemical potentials. The competition between intrinsic and extrinsic acceptor defects benefiting
from As-rich and Cd-rich conditions respectively suggests we should consider the full range of the
chemical potentials and not just the endpoints. Therefore, we plot the net carrier concentration
as a simultaneous function of both the Cd/As chemical potentials and the Ge concentration, and
the resulting contour plot is shown in Fig. 3.6. The carrier concentrations are measured in the
low temperature limit (7" — 0). The bottom edge of the plot corresponds to the system being
dominated by the intrinsic defects. In that regime ¢y is reduced for more As-rich growth, but as

found previously there is no potential for tuning ¢, to 0 so Er lies at the Dirac point at low T. By
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contrast, the region dominated by Ge doping (above around 0.1%) has the behavior inverted, and
Cne slopes downward when moving from As-rich to Cd-rich. We find it is indeed feasible to achieve

net neutral doping with Ge doping, and in the limiting case of Cd-rich growth p-type doping is found

for concentrations above 0.2% Ge.
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Figure 3.6: Low temperature (7' — 0) net carrier concentration cp. of CdsAsg grown at Ty = 400 K,
plotted as a function of both the Ge doping concentration and Cd chemical potential Aucg. Net
n-type doping is colored red and net p-type is colored blue.

3.8 Discussion and Conclusions

We have developed here a new, generalizable approach to first-principles calculations of
defect equilibria in solid state systems. By constraining the chemical potentials of all elements
associated with the point defects being considered, we are able to model defect redistributions and
recombinations at intermediate temperatures via a pseudo-equilibrium. The method can be applied
outside of topological semimetals to any material where short-range diffusion is expected to persist
at storage or operating temperatures after initial growth. At the same time, we have demonstrated
that the intersection between donor and acceptor defects on a plot of formation energy vs. Ep
(referred to here as the defect or dopant compensation point) is very useful in determining which

extrinsic dopants are good candidates for Fermi level control. That is, the dopant compensation
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point simultaneously provides information about the value of Er the dopant drives the system
toward and the dopant’s solubility. This dual optimization can be utilized to select ideal extrinsic
candidates in other systems with undesirable self-doping.

After applying these strategies to the Dirac semimetal CdzAs,, we find that both Au and
Ge have the potential to overcome the self-doping of Cd defects and attain net-neutral or p-type
doping at lower growth temperatures, with Au preferring As-rich growth and Ge preferring Cd-rich.
Less than 0.01% Au or less than 0.2% Ge (in their preferred regimes) is predicted to tune the
low-temperature Er close to the Dirac point. For Au doping, the redistribution of defects was
contingent on which acceptor defect was dominant during growth: Au; — Aucg for excess Vioq and
Aucg — Au; for excess Aucgg. Ge doping required the extra consideration of defects with variable
charge states, so the net carrier concentration (in addition to the defect concentrations) can vary
with temperature. The changes in ¢, are mostly inconsequential in the case of CdszAss, but the
combination of defect charge transitions and redistributions could have a significant effect in other

systems.
3.9 Methods

3.9.1 First-principles Total Energy Calculations and Defect Equilibria

In this work, the total energies of host and defect supercells of Cd3Asy were calculated
using Density Functional Theory (DFT) and the Projector Augmented Wave (PAW) method as
implemented in the VASP code [17, 69]. All of the first-principles calculations used a plane wave
basis set with cutoff energy 380 eV, version 5.4 of the PAW-PBE pseudopotentials, and the atomic
positions of each defect supercell were relaxed with an atomic force convergence criterion of 0.01
eV/A. We used the Strongly Constrained and Appropriately Normed (SCAN) meta-Generalized
Gradient Approximation (meta-GGA) functional [147] with the inclusion of spin-orbit coupling and
a 4x4x4 I'-centered k-mesh for accurate structure prediction [162]. The charged defect formation

energies were calculated from total energies of the 80-atom primitive cell (space group I4;/acd),
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and we included corrections from the potential alignment between the host and defect cells [80].
Furthermore, we included a correction to the energy of the Dirac point, Epp, based on an eigenvalue
self-consistent GW calculation |72, 138].

The primitive cell has 3 distinct Wyckoft sites for Cd and 3 for As, so we considered defect
substitutions on each unique site, and those with the lowest energy are shown in Fig. 3.3. The
Cd-rich and As-rich limits for thermodynamic growth are set by the enthalpy of formation for CdgAss,
AHs = 3Apcq + 2Aupas = —0.59 eV /formula unit, as well as the competing solid-state phases for
Cd and As. Specifically, phase coexistence with Cd metal gives the Cd-rich limit, Aucq = 0 and
Apas = —0.30 eV, and the As-rich limit Apcqg = Apas = —0.12 eV comes from coexistence with
CdAss.

The calculations for defect equilibria were performed in the same manner as in previous work.
For any given choice of chemical potentials, we find a self-consistent solution for the defect densities
¢p),¢ and the Fermi level Ep with charge balanced between defect charges and free carriers. This
requires integrating the density of states (DOS) weighted with the Fermi-Dirac distribution to capture
how the carrier concentrations change Er by occupying the band continuum. The integration was
facilitated by a model continuous function for the DOS, which was obtained by numerically fitting to
a high-resolution Quasiparticle Self-consistent GW (QSGW) calculation performed with the Questaal

code [68, 113, 130]. For further details, see the main text and Supplemental of Ref. [19].

3.9.2 Constrained Equilibrium and Temperature Dependence of Defect Concentra-

tions with Competing Elements

The supersaturated doping and constrained equilibrium calculations herein utilize the same
self-consistent equilibrium method just described, but the inputs are no longer thermodynamic
chemical potentials. Instead, the inputs are artificial chemical potentials that correspond to a target
doping concentration or fixed elemental stoichiometries. The complexity in finding the solution
for these constrained chemical potentials scales with the number of elements being held fixed. To

determine the chemical potential when only one element is being constrained, e.g. when only
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considering the recombination of Cd defects or when studying supersaturated doping in otherwise
equilibrium growth, we utilize the bisection method. That is, we define a range of possible values of
A, evaluate a defect equilibrium with the midpoint value, update the range so the old midpoint
becomes the new lower or upper bound depending on if the element was deficient or in excess, and
then iterate until the combined atomic concentration of that element is within a chosen tolerance
(fractional error 10%) from the target value. The process can be repeated for many temperatures
below T, to build up the temperature dependent concentrations of defects involving that element.
Constraining the amount of several elements simultaneously, on the other hand, is more involved
and requires special consideration.

If the set of atomic chemical potentials {Apu,} are taken as variable inputs in a defect
equilibrium calculation, then any given choice of that input gives as an output the set of defect
concentrations {cp} for all defects that involve any of the atomic species being considered. The output
concentrations can then be alternatively expressed in terms of the combined defect stoichiometry
for each element by adding and subtracting the contributions from each defect. That is, the defect

stoichiometry s, of species « is defined as

Sq = — Z NaCh(a)s (3.10)
D(«)

where D(a) are all defects that involve species a (with concentrations cp,)), nq is the same as
in Eq. (3.1), and there is also an implied sum over charge state ¢. The minus sign in Eq. (3.10)
is included to reverse the conventional sign of n, defined above, so the stoichiometry is positive
if the atomic species is in excess and negative if it is deficient. For systems such as CdgAs, with
several unique Wyckoff positions for a given element, substitutions involving each Wyckoff site can
be considered distinct defects with different formation energies and concentrations. In that case,
Eq. (3.10) also includes a sum over those nonequivalent symmetry sites. With this definition, the
neq.

constrained equilibrium system can be modeled by finding the set of Aug,  at each temperature

below T that gives the same set of s, as is found during growth. We add the “neq.” superscript to
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the chemical potentials to indicate they correspond to the constrained system solution rather than a
true thermodynamic equilibrium.

The numerical approach employed herein to solve for the constrained equilibrium chemical
potentials is a Newton-like root-finding method that iteratively updates the solution with successive
linear corrections. We start with a defect equilibrium calculated in the usual way with a model
growth temperature and choice for the chemical potentials. We then evaluate the resulting defect
stoichiometries for those growth conditions, which we call s, so the constrained equilibrium condition
for an isolated sample at temperature T is so(7T") = s%. If the starting estimate for the chemical

0

potentials gives stoichiometries s, and the desired change to the stoichiometries is As, such that

59 4+ As, — s = 0, then to linear approximation the solution can be updated as

Asq = Dagd(Apg™) = sp, — 0, (3.11)

where §(Apa™) is the correction to the estimate of the chemical potentials and Dog = 0sa/0(Apy™")

is the (square) Jacobian matrix which can be evaluated numerically. Multiplying Eq. (3.11) by the
inverse of D, on the left gives the update to the solution as

S(AUET) = (Dag) (55 — ). (3.12)

(67

The updated chemical potentials can then be used to find a new estimate s,, and the process

can be iterated until the stoichiometries are within a chosen tolerance of s*, chosen here to be

a
|so — 85| <107° 5.

We have had success with this computational approach, but it is not without challenges. The
method makes use of iterative linear corrections to the chemical potentials, but the stoichiometries
can have a very nonlinear dependence on those chemical potentials. If Fr was fixed and the element

« only had one defect, then s, would vary exactly exponentially with Aua ® (cf. Egs. 3.1 and 3.2).

In that case successive linear corrections work quite consistently, and using the natural log of the
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stoichiometries in Eq. (3.12) would converge in one iteration. However, because the stoichiometry
instead involves a sum over many competing exponentials, the dependence on chemical potentials
becomes very complex and can cause numerical instabilities. Specifically, the chemical potentials
can diverge if the initial estimate is far away from the true solution, or they can oscillate around
the solution as is common for Newton-like methods. We implement two strategies to manage these
instabilities. First, we implement the method at consecutive lower temperatures in steps of 5 K, and
we use the solution from the previous temperature as the initial guess for the next. This allows the
estimate for the chemical potentials to never start far away from the solution at low temperatures.
Second, we multiply the right hand side of Eq. (3.12) by a dynamic damping factor. For each
iteration we start the damping factor at a value of 1, then reduce it until the update to all chemical
potentials 0(Aug 1) is less than 0.01 eV to help prevent the solution from diverging. With the

addition of these strategies we were able to consistently implement the Newton method and find the

temperature dependent defect concentrations presented herein.

3.9.3 Simulated Diffusion with the Nudged Elastic Band Method

The model for the redistribution and recombination of defects in this article is predicated on the
assumption that the defects can undergo short-range diffusion at intermediate or low temperatures.
For completeness, we include here simulated diffusion calculations for the defect redistributions
observed in the constrained equilibrium results to demonstrate that they are indeed energetically
allowed. Specifically, we consider the intrinsic recombination of the Cd; and Vg, a Au atom moving
between the interstitial site and a neighboring V4 site, and Ge moving from a Cd site to a vacant
As site, with the lowest energy Wyckoff sites chosen for each defect. We utilized the Nudged Elastic
Band (NEB) method [62, 97| to study these diffusion paths in a charge neutral supercell within the
framework of our first-principles calculations. For each diffusion path, we created 3 intermediate
images with the aid of the Atomic Simulation Environment (ASE) library [81], and then we relaxed
the images with the same DFT parameters used for point defects described above. The results for

these NEB calculations are shown in Figure 3.7.
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Figure 3.7: Nudged Elastic Band supercell energies E plotted as a function of the image index for
the simulated diffusion paths of (a) the recombination of a Cd; and Vig, (b) Au moving from an
interstitial to a neighboring vacant Cd site, and (c) Ge moving from a Cd site to a neighboring As
site. Energies are measured with respect to the minimum for each diffusion.

We find that for all three paths considered, there is a very small or nonexistent energy barrier
for the atoms to move from the high energy state to the low energy state. At lower temperatures
the Cd; will therefore freely and spontaneously diffuse and fill the V(74 to reduce the total energy,
and similarly for Au; moving to the Cd site and Ge moving from Cd to As. These results coincide
the temperature dependent concentrations presented in Figs. 3.1, 3.4(a), and 3.5(a). The inverted
behavior of Au in Fig. 3.4(b), as discussed above, is understood to be due to there being a greater
energy gain in Cd occupying its home site than Au occupying it. There is a difference of around 50
meV /atom between the recombination of Cd defects and the redistribution of Au, so even though
Au prefers to the Cd site, it is an overall energy gain for it to move to an interstitial site and be

replaced with a nearby Cd atom.
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An aspect of defect mobility after growth not explicitly studied herein is the time scale on
which the point defects can move throughout the material to be close enough to interact or recombine
with one another. We have found that there is little to no barrier for the atoms in adjacent defects
to move between them to reduce the overall energy, but we did not study the extended diffusion
processes of defects moving across several unit cells. Such an analysis would require a detailed kinetic
model with effective rate constants for all possible diffusion processes and is beyond the scope of the

current work.



Chapter 4

Heterostructural alloying and phase diagram construction for (Cd;_,Zn,)3;As,

This chapter is adapted from Ref. [18| and its Supplemental Material: Copyright 2024 by the
American Physical Society.

Abstract. Alloying the topological semimetal CdzAsy with ZngAss provides a potential route
for controlling the electronic properties. We predict the alloy phase diagram from first-principles
calculations, considering that both end members have a crystal structure derived from the antifluorite
lattice, but with different arrangements of the unoccupied cation sites. To overcome the limitations
of the regular solution approximation and to include short-range order effects, we perform Monte
Carlo simulations, parameterize the temperature dependence of the mixing enthalpy AH,,, and
perform thermodynamic integration of the free energy. The resulting phase diagram exhibits features
that are unique to heterostructural alloy systems and provides computational predictions of solubility

limits and composition ranges that are stable against spinodal decomposition.

4.1 Introduction

Alloys formed between compounds with different crystal structures, commonly known as
heterostructural alloys, are a rapidly evolving means of advancement in solid-state material synthesis.
This unique class of mixtures has many applications, including fine-tuning of material properties
[131], fabricating metastable materials at compositions that are otherwise inaccessible [54], and
creating negative-pressure polymorphs [142]. One of the most important aspects of studying

heterostructural alloys is determining the composition dependence of the alloy mixing enthalpies in
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the different possible crystal structures. First-principles density functional theory (DFT) and cluster
expansion methods have been very successful in modeling the formation of both isostructural and
heterostructural alloys and sampling their configuration space [8, 14, 86, 100, 127, 135, 137, 143,
148]. In this work, we apply first-principles Monte Carlo sampling to study the combined effects of
short-range order (SRO) and substitutions on several nonequivalent symmetry sites, and we utilize a
thermodynamic integration to fully describe the temperature and composition dependence of alloy
free energies.

Cd3Ass is a three-dimensional Dirac semimetal with sustained scientific interest. However,
intrinsic point defects, recently found to be predominantly Cd interstitials [19], induce n-type doping
and an elevated Fermi level after growth under typical synthesis conditions [19, 28, 59, 104, 129].
This unintentional self-doping effect inhibits access to the unique topological band structure features
of CdgAsy. Conversely, ZngAs, is a trivial semiconductor with a direct band gap of 1.0 eV and
typically forms as p-type [149]. The alloy between these two compounds, (Cd;_;Zn;)3Ase, is then
expected to undergo both a crossover from n- to p-type and a topological phase transition from Dirac
semimetal to semiconductor with increasing x. Both of these features were observed experimentally
[90, 107, 126]. The purpose of the present work is to determine a detailed model for the phase
behavior as a function of temperature and composition. Furthermore, the present results also provide
representative atomic structure models for future electronic structure and doping studies.

The ground state of CdgAss is a body-centered tetragonal structure (space group 142, 14; /acd)
[4] with three distinct Wyckoff positions for both cations and anions. ZnzAsy was observed with this
same structure [167] as well as a related primitive tetragonal structure (space group 137, P4s/nmc)
[166]. Both structures are obtained by constructing supercells of an anti-fluorite lattice with an
ordered set of cation empty sites [4, 29|, and the only difference between the two is in the ordered
stacking of these empty sites, i.e., they can be viewed as different polytypes. For our choice of DFT
functional, namely, the strongly constrained and appropriately normed meta generalized gradient
approximation (SCAN meta-GGA) [147], we find P4s/nmc to be the lower energy structure for

ZnsAss, so we consider it to be the ground state herein. The (Cd;_,Zn,)3Ase alloy was previously
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observed in this structure [167], but has also recently been seen to transition from body-centered to
primitive tetragonal and then back to body-centered as z is increased [90].

With the backdrop of the currently somewhat inconclusive experimental picture, we here
study this heterostructural alloy system by performing first-principles Metropolis Monte Carlo (MC)
sampling in both crystal structures. We develop a model that captures temperature-dependent SRO
effects in the enthalpy of mixing between the two compounds and then use this model to predict
the alloy phase diagram with the crossover of the preferred crystal structure and with the solubility

limits as functions of temperature and composition.

4.2 Methods

We obtained DFT total energies of alloy supercells with the projector augmented wave (PAW)
method [17] as implemented in the VASP code [69]. While the MC energy sampling made use
of a DFT based MC workflow [137] with a standard GGA functional [120], calculations of the
final configuration energies used the SCAN functional with spin-orbit coupling, which is known to
give improved energy differences between atomic configurations [162] and has been found to more
accurately describe CdgAsy [19]. Additional details on DFT calculations are given in Sec. 4.2.1.
Common tangent construction between free energy plots was performed using the optimize package

in SciPy [153].

4.2.1 Compuational details

For all total energy calculations we used a plane wave basis set with version 5.4 of the PAW-
PBE pseudopotential data sets. For the Monte Carlo (MC) sampling and simulated annealing we
used the Generalized Gradient Approximation (GGA) of Ref. [120] without spin-orbit coupling,
a cutoff energy of 300 eV, and a 2x2x2 Monkhorst-Pack k-mesh. The atomic positions of each
proposed MC step were relaxed with a force convergence requirement of 0.01 eV / A after swapping
one pair of Cd and Zn sites. For the calculations of final configurations at each temperature, we used

the Strongly Constrained and Appropriately Normed (SCAN) meta-GGA functional [147], including
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spin-orbit coupling, a cutoff energy of 380 eV, and a 4x4x4 I'-centered k-mesh.

4.3 First-principles Monte Carlo

In preliminary calculations we found that the Zn substitution energies vary markedly among
the three nonequivalent Cd sites of the CdsAss ground state structure. Additionally, we observed
significant changes in alloy total energies when varying cation configurations for both the CdsAss
and ZngAss structures, indicating considerable SRO effects. Both of these contributions give rise
to non-random distributions of cations within the alloy. Therefore, instead of modeling a random
alloy—e.g., with special quasirandom structures—we performed MC simulations which are capable of
capturing the temperature-dependent effects of SRO and yielding more realistic alloy configurations.
While SRO is expected to be less pronounced for the isovalent substitutions we consider here,
compared to, e.g., the exceedingly strong effects in heterovalent alloys [111], we find it is strong
enough that it should be taken into account.

As initial configurations for the MC simulations, we constructed 80-atom supercells for both
the T4y /acd and P4s/nmec structures over the full (Cd;_,Zn,)3Asy alloy composition range in steps

of Ax = 0.125. Here, the lattice constants are approximated by Vegard’s Law, i.e.

Qalloy = (1 - [E) ACdzAss +x AZn3zAss s (41)

and the cation configurations are sampled by 10 explicitly random Cd/Zn occupations for each
composition, corresponding to an initial 7' = oo infinite temperature limit. For each of the initial
configurations, we performed independent MC equilibrations in the canonical NVT ensemble.
Specifically, the cation distribution is sampled by mutual swapping of randomly chosen Cd and Zn
sites, while using the resulting DFT energy after atomic-force relaxation to accept or reject the trial
configuration in accordance with the Boltzmann probability distribution.

To obtain configurations associated with temperatures in the range of interest, we performed

simulated annealing [64] by sequentially equilibrating the MC simulations at 800, 600, and 400 K,
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i.e., corresponding to CdsAse growth temperatures accessible by thin film and bulk synthesis as
in previous work [19]. Averaging over ten independent runs for each composition allows for the
determination of an effective ensemble average of the energy E, of the alloy at a given temperature,
noting that the energy E is virtually identical to the enthalpy H at ambient pressure in the solid
state. The present model maintains the sublattice of unoccupied sites of the anti-fluorite lattice
in either polytype. Disorder in the distribution of the empty sites is in principle also possible,
presumably being responsible for the cubic phase transition at 900 to 1000 K [122], but it is expected
to be of minor importance in the lower temperature range of interest here.

The resulting average energies for the simulated annealing of (Cdg 5Zng 5)3Ase with the CdzAss
crystal structure are shown in Fig. 4.1. Energies are measured with respect to the average of the
initial random configurations. Short-range order at finite temperature gives rise to a significant
decrease in energy from the fully randomized starting configuration, i.e. around 40 meV per formula
unit (f.u.) at 400 K. Furthermore, the systematic energy changes between finite temperatures suggest
a smooth variation as a function of temperature. Because SRO clearly has a significant impact on
the average energy of the alloys, it is therefore essential that a model of the alloy mixing enthalpy

account for this temperature dependence.
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Figure 4.1: Monte Carlo simulated annealing of (Cdg 5Zng 5)3Asg for the CdzAse ground-state crystal
structure, averaged over ten independent samples and equilibrated sequentially at (a) 800, (b) 600,
and (c) 400 K. Energies are measured with respect to the average of the initial random (7" = oo)
configurations. Error bars indicate the standard deviation across the independent MC runs at each
iteration.



72

4.3.1 Probabilities in the chosen Monte Carlo ensemble

As just described above, the specific ensemble considered for our Monte Carlo simulations of the
(Cdj—zZng)3Asy alloy is the canonical NVT ensemble, because when there is a swap between cation
(Cd or Zn) sites, the number of each cation, the cell volume, and the temperature are held fixed. In
the NVT ensemble, the probability P of a given microstate (in this case a unique arrangement of

cations for fixed number of Cd/Zn) with energy F is given by
P= le_E/(kBT)’ (4.2)
Z
where the partition function Z is defined by a sum of the Boltzmann factor over all microstates:
7 — Z e Ei/(ksT) (4.3)
%

The enormous number of cation configurations that would need to be calculated to determine
Z makes it computationally impractical, so it is far more prudent to perform the MC simulations.
Despite not explicitly calculating the partition function, we still make use of Boltzmann statistics
by considering the ratio of probabilities between two microstates at each MC step, which does not

depend on Z. That is, the ratio of probabilities between two cation configurations is

Py By — B
_ L~ 2 44
P = P ( T ) (4.4)

which means we can use only the energy difference between the two configurations (E; — E2) to
model the NVT ensemble. At each MC step we accept or reject potential cation swaps according to
Eq. 4.4.

To future students, the process is as follows. Calculate the supercell energy of the current
configuration, which is Fy; propose a swap between a randomly chosen pair of Cd and Zn sites, relax

the atomic positions (with cell volume fixed), and calculate the total energy of this new possible
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configuration, Fo; if Fs < E7, allow the swap and repeat with the new configuration replacing the
old one for the next iteration; if Fo > FE1, calculate the right hand side of Eq. 4.4, generate a random
number between 0 and 1 from a uniform distribution, and then compare the two; if the random
number is less than the calculated probability, allow the swap and replace the old configuration with

the new; otherwise, reject the swap and maintain the old configuration for the next iteration.

4.4 Thermodynamic free energy integration

A common starting point for describing alloy thermodynamics is the regular solution model,
where the configurational entropy of mixing is assumed to be equal to the limit of ideal random site
occupations, and the mixing enthalpy is considered to be independent of the temperature [52, 145].

The ideal random alloy configurational entropy is given by

ASy (T = 00) = —kp[zln(z) + (1 — 2)In(1 — )], (4.5)

where x and (1 — x) are the fractional compositions of the competing atomic species. The enthalpy of
mixing is typically modeled as a quadratic function of the alloy composition with a constant bowing
parameter, i.e., AHy, = Qx(1 — x) [145]. We define here a model that incorporates a temperature
dependence of the mixing enthalpy through the interaction parameter (7). Specifically, with the
relative polytype energies Ey and F; of the end compounds included, the mixing enthalpy is given
by

AHu(T)=UT) - 2(1 —x)+ (1 —2)Ep + zE. (4.6)

For each of the two polytypes, we fit bowing parameters Q(T') to the mixing enthalpies of the
initial random configurations as well as those resulting from the MC equilibrations at the different
temperatures. Figure 4.2 shows the raw mixing enthalpy data and the quadratic fits to Eq. (4.6) as
a function of composition. Data are shown for infinite temperature (random seed) as well as 800,
600, and 400 K. We tested the possibility of an asymmetric shape of AHy, by fitting third-order

polynomials, but found insufficient statistical significance. Comparing Figs. 4.2(a) and 4.2(b), we
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observe similar SRO effects in both structures. The magnitude of {2 at each temperature is large
compared to the energy differences between the two polytypes at the endpoints: E; = 5.0 meV /f.u.
for I41/acd and Ey = 7.3 meV /f.u. for P4y /nme. This comparably small energy difference between
the two structures for both compounds is attributed to the two structures only being differentiated

by the stacking of cation empty sites as discussed above.
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Figure 4.2: Temperature dependent alloy mixing enthalpy AH,, data and quadratic fits for Monte
Carlo simulations of (a) space group 141 /acd (solid) and (b) space group P4,/nmc (dashed) as
functions of composition z. Energies are measured with respect to the respective ground states at
the end-point compositions (x = 0 and x = 1). (¢) Discrete MC data and exponential decay function
fit for the quadratic bowing parameter ) of both structures as a function of reciprocal temperature.

Construction of a heterostructural alloy phase diagram requires a model for the free energy of
mixing at all temperatures (see below). To this end, we first determine the T dependence of the
mixing enthalpy by extrapolating the discrete set of bowing parameters from the MC simulations.

Specifically, we model the temperature dependence of {2 with an exponentially decaying function in
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/T, ie.,

0 <;> — Ae BT 4 C, (4.7)

where A, B, and C are empirical fit parameters. This functional form for €2 captures an initial
value A + C at T = oo corresponding to the regular solution limit, and then decreases with lower
temperatures to a limiting value C' as T'— 0. The difference A — C' captures the maximal energy
lowering afforded by SRO while maintaining a long-range disordered state. Figure 4.2(c) shows
numerical fits to this exponential decay function for 2 as a function of 1/7". Substituting this
functional form for €2 into Eq. (4.6) yields a temperature-dependent mixing enthalpy that is used for
further analysis in the following.

At finite temperatures in a MC simulation—where configurational entropy is not explicitly
known—the free energy of mixing AGy, = AH,, — TAS, is typically obtained via thermodynamic
integration starting from either zero or infinite temperature [16, 30]. Either case makes use of a
starting point where configurational entropy is known exactly, either AS;, =0 for T'=0 or ASy,
given by Eq. (4.5) for T' = co. We employ the infinite temperature starting point because it coincides
with the initial random configurations for the simulated annealing. In this framework, the free energy

of mixing at finite temperature is given by

CAS() + /0% AH,, (j{) d (;)

where the mixing enthalpy AH,(1/T) is given by substituting Eq. (4.7) into Eq. (4.6). The chosen

AGw(T)=T , (4.8)

analytic expression for 2(1/7") above makes it possible to evaluate the integral in Eq. (4.8) and obtain
the free energies for any composition and temperature not explicitly sampled with MC. Furthermore,
the finite-temperature configurational entropy can then be determined by ASy, = (AHy — AGw)/T

if needed.
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4.4.1 Origin of the expression for thermodynamic integration

Equation 4.8 originates from a manipulation of an integral involving Gibbs free energy

G = H — TS and temperature T'. Specifically, we consider the integral

/TOO (%)PCZT' = (f) (7" =c0) — (f) (T'=T). (4.9)

where the right hand side comes from the fundamental theorem of calculus. By the Gibbs-Helmholtz
equation (derived in Appendix C), the integrand can be rewritten as —H/T"2. Simultaneously, the

term at infinite temperature can be simplified as

(7)o

With the above substitutions, Eq. 4.9 can be rewritten as

00) = lim ( - S> = -S(T' = ). (4.10)

T T2

AT’ = —S(T' = o0) — G(TT) (4.11)

Then, we can absorb a minus sign into the integration bounds, multiply by 7', and solve for G(T') to

obtain

G(T):T[—S(oo)— LOT Hﬁ)dr}. (4.12)

Lastly, we can perform a change of variable from 7" to 1/7" and make the substitution

1 1

to arrive at

G(T)=T , (4.14)

s [ ()2

which is the same as Eq. 4.8 but for the total Gibbs free energy G instead of the specific free energy

of mixing AGy,.
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4.5 Phase diagram

The Gibbs free energy of mixing AGy, describes the free energy of the alloy relative to the
pure end compounds, thereby eliminating any dependence on chemical potentials and associated
partial pressures in the gas phase. Further, we did not attempt to evaluate vibrational contributions
which are expected to cancel to a large extent, due to the chemical and structural similarity of the
end compounds. Thus, having determined AGy,(z,T) via Eq. (4.8) for both polytypes, we can
construct a phase diagram containing the composition limits for binodal and spinodal decomposition.

The binodal line defines the global free energy minimum for phase coexistence, thereby
describing the thermodynamic solubility limit, and is obtained via common tangent construction.
The spinodal line further describes metastable regions that resist small fluctuations in composition,
and is determined by the condition d?AGy, /dz? = 0. Phase diagram construction for this temperature
dependent bowing parameter model follows a similar procedure to the conventional regular solution
model |52, 54]. For temperatures within the range of interest, we determine the binodal x points
from common tangent construction, considering that the tangents can be either between or within
the polytypes. The spinodal x points are determined for each polytype separately as the inflection
points of the free energy curve. Repeating the process for each temperature gives a set of (z,T")
points that collectively map out the alloy phase diagram.

For the phase diagram construction from the free energy expression, we utilized the SciPy
optimize package. The derivative of the free energy AG., (z) = dAGy,/dx was evaluated numerically
with second order central differences and then fit with a cubic spline interpolation. For the common
tangent construction, we used the minimize function to find the values x; and xs with the smallest
absolute difference between the derivatives of the two structures. However, the unique solution that
corresponds to a common tangent has the additional constraint that—in addition to the derivatives
being equal—the derivatives at those points must equal the slope of the line that connects them,
Le, AGY, 1(21) = AGY, 5(22) = [AGm2(w2) — AGy1(21)]/ (22 — 21). Imposing this constraint when

minimizing the absolute difference between the derivatives gives the common tangent at a given
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temperature such that the solution points 1 and z2 then lie on the binodal lines. The spinodal
lines were found by solving for the points at which the numerical derivative changes sign.

Previous work on phase diagrams of heterostructural alloys has highlighted the possibility of
novel features beyond the regular solution model of isostructural alloys [54], including the decoupling
of binodal and spinodal lines, resulting in access to much wider metastable (x,T') ranges where the
alloys are stable against spinodal decomposition. The detailed features of heterostructural phase
diagrams depend on whether the relation between the crystal structures is displacive or reconstructive,
and on the relative magnitude of the end point polymorph energies and the interaction parameters.
As discussed in detail in Ref. [54], in the case of a displacive relationship, only the lower-energy
structure type of the respective end compounds is dynamically stable, which leads to a single, but
possibly strongly non-parabolic mixing enthalpy. In contrast, a reconstructive relationship involves
energy barriers in the structure transition, stabilizing the higher-energy polymorph or polytype. In
this case, we obtain two distinct free energy curves over the entire composition range.

Figure 4.3(a) shows the temperature-composition phase diagram for (Cdj_;Zn,)3Ass, cal-
culated from the above-defined free energy model. The relationship between the two polytypes
is reconstructive, because the conversion requires overcoming energy barriers associated with the
reordering of the unoccupied cation sites. For the two temperatures of 300 K and 370 K, Figs. 4.3(b)
and 4.3(c) show the two free energy curves with the corresponding common tangent construction.
(Similar figures for 400 and 500 K are shown in Sec. 4.5.1) The structural transition just below
x = 0.2 is sharp, due to the reconstructive transformation, and weakly temperature dependent.
It occurs at Cd-rich compositions, which is a consequence of the fact that interaction parameters
Q(T) are smaller in the P4y/nme (ZnsAsy) than in the I4;/acd (CdsAsy) structure, even though
the relative magnitude of the end point energies Fy and E; would favor a transition in the Zn-rich
regime (cf. Fig. 4.2). The structure transition occurs at higher yet comparable Zn compositions
than observed in Ref. [90], but the reported change back to I4;/acd in the Zn-rich regime does not
follow from the present model.

The (binodal) miscibility gap narrows quickly around 400 K, but persists up to high tempera-
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Figure 4.3: (a) Temperature-composition phase diagram for the (Cd;_,Zn;)3Asy heterostructural
alloy. The miscibility regions for the two structures are colored red and blue, and the metastable
region between them is colored white. Corresponding free energies of mixing AGy, at (b) T'= 300 K
and (c) T'= 370 K are shown as a function of composition x. The black dashed line in (a) marks
the minimum free energy crossover between the two structures, illustrated by black dots in (b) and
(c). Green and orange dots represent points on the binodal lines as governed by common tangent
construction. Diamonds indicate inflection points that determine the spinodal lines in (a), shown as
solid (dashed) for compositions at which the respective structure is stable (metastable).

tures around the critical composition for structure transition (near z = 0.2), forming a characteristic
“chimney” structure in the phase diagram [Fig. 4.3(a)]. For temperatures around 370 K, we observe
two common tangents [cf. Fig. 4.3(c)|, one between the two structures and one within the P4s/nmc
(ZngAsy) structure. The possibility of a coexistence of two common tangents is also a unique feature
of heterostructural alloys. It was not observed in Ref. [54] because the phase diagrams in that work

were dominated by the contribution of the polymorph energies in contrast to the stronger effect of
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the interaction parameter in the present case.

In contrast to the binodal lines, the spinodal lines are determined for each structure separately.
In the regular solution model, the spinodal lines are exact parabolas, but in our present model they
deviate from parabolic, particularly near the endpoints. This deviation is a result of the decreasing
magnitude of Q(7T") with temperature, resulting in a wider range of metastable compositions at low
temperatures. Overall, the predicted phase diagram in Fig. 4.3 suggests thermodynamic miscibility
for most compositions above about 400 K, which corresponds to the lower limit of common synthesis
conditions [104, 125|. The narrow binodal miscibility gap around the structural transition can
likely be overcome by thin-film synthesis, e.g., via molecular beam epitaxy [104, 125, 133]|, where
the interatomic mixing can result from the deposition process and does not need to be driven by
thermodynamics. Above room temperature, the (Cd;_,Zn,)3Asy alloy is predicted to be metastable
against spinodal decomposition up to Zn compositions around x = 0.3.

The (Cd;—,Zn,)3Ass structures generated by the present MC simulations (available in the
Supplemental Materials of Ref. [18]) will serve for future investigations, extending upon our previous
study in pure CdgAssy [19], where we used a combination of quasi-particle self-consistent GW electronic
structure theory [113] and DFT calculations of defect formation energies. Interesting questions
include how the Cd/Zn composition and the degree of short-range order affect the topological band

structure and how defect-dopant interactions and alloy disorder alter the doping properties [42].

4.5.1 Additional free energies of mixing

For completeness, we include in Fig. 4.4 additional plots of the free energy of mixing that
correspond to points in the alloy phase diagram at higher temperatures. For temperatures above the
spinodal lines of each structure, the free energy curves are entirely concave up, and there is a narrow
composition range for the common tangent between them. At 400 K only space group P4s/nme is
above the spinodal decomposition limit, and at 500 K both structures are above the limit.

To future students, while the approach described herein is successful in constructing a common

tangent between the free energy curves, it is subject to some important limiations. Namely, the



81

=
o

-~ 1 (a) 400 K : (b) 500 K

> 0 - -

Y u L

; ] N ] 14,/acd

o —10 ~ -

S ] - .

= -20 4 SR

65 E P4,/nmc E E

< -30 -
T T T T I T Ll T T Ll T T T I T T T T I

0.0 0.5 1.0 0.0 0.5 1.0

xin (Cdy _xZny)sAs, xin (Cdy _xZn,)sAs,

Figure 4.4: Free energies of mixing AGy, at (a) T'= 400 K and (c¢) T = 500 K as a function of
composition x. The black dots mark the minimum free energy crossover between the two structures.
Green and orange dots represent points on the binodal lines as governed by common tangent
construction. Diamonds indicate inflection points that determine the spinodal line in Fig. 4.3(a).

solution is strongly dependent on the initial guess for x; and x2 (which would be required by any
minimization algorithm). Choosing the initial estimates for these points turns out to be quite
complex, and spurious solutions can be obtained if special care is not taken. For example, in
temperature ranges where both structures are below their respective spinodal lines and the free
energy curves both have pairs of inflection points (e.g. Fig. 4.3b), it is straightforward to use
the global minima of the two curves as x; and x5 to obtain the correct solution. However, for
temperatures above one or both of the spinodal lines (e.g. Fig. 4.4), choosing the global minima of
the free energy curves as the initial guess gives false solutions. To obtain the true common tangents
at each temperature as shown in Fig. 4.4, the initial guess unfortunately has to be quite close to
the true solution points. These numerical instabilities in finding the solution means that it is very
difficult to automate the choice of the initial guess at each temperature, and I was unable to succeed
in doing so. Instead, in this regime I manually set the initial guess at a few dozen temperatures by
eye, visually inspected each solution to ensure it actually corresponded to a common tangent, then

used a cubic spline interpolation to extend the curves over the full range.
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4.6 Conclusions

We constructed a heterostructural alloy phase diagram for (Cd;_,Zn,)3Asy based on first-
principles total energy calculations. Monte Carlo simulated annealing revealed significant short-range
order effects, reducing the mixing enthalpy AH,, by about a factor of 1/2 compared to the random
alloy in the temperature range of interest. The phase diagram reveals characteristic features
for alloys with a structural phase transition between the end members, such as the coexistence
of two miscibility gaps at a given temperature, and the persistence of a narrow miscibility gap
around the structure transition up to high temperatures. The results suggest favorable mixing
behavior of (Cdj_,Zn,)3Ass alloys, especially in thin film deposition, with stability against spinodal

decomposition up to z = 0.3.



Chapter 5

Final thoughts and outlook

This thesis has provided many insights into the origins and properties of disorder in CdgAs,.
There are still open questions, however, particularly with regard to how net doping changes after
alloying, e.g. with ZngAs,. I would therefore like to briefly discuss some of the future work that
could be carried out by subsequent researchers to address these questions. Finally, I will conclude by
summarizing the novel techniques and models developed throughout this work and outline how they

can be readily applied to other solid-state systems.

5.1 Further possibilities for Cadmium Arsenide

While Ch. 4 addresses the formation of and solubility limits of the (Cd;_,Zn,)sAsy alloy, it is
still unknown how in detail the electronic structure changes compared to pristine CdsgAss. A trivial
band gap is expected to open in the Zn-rich limit, but the existence and numerical value of that gap
will depend on both the amount of Zn present and the temperature dependent disorder discussed in
detail in the previous chapter. Consequently, because the formation of defects is so fundamentally
tied to the electronic structure, the net doping will also heavily depend on the amount of Zn and the
disorder. A logical next step then is to obtain representative electronic structures for the alloy at
different compositions  and temperatures 1" and incorporate them in an updated defect theory.

There are several challenges associated with construct temperature and alloy composition
dependent electronic structures from first-principles calculations. First, the particular numerical

values for the band energies depend uniquely on the atomic configuration of the alloy. Therefore,
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a representative band structure would require an ensemble average over many configurations at a
given composition and temperature. Fortunately, this can be streamlined by using the representative
structures that were obtained from MC sampling in Ch. 4 (included as Supplemental Material in Ref.
[18], because they were already chosen to represent an equilibrated ensemble average. Averaging the
band energies over the MC equilibrated structures should yield a fairly accurate representation of
the true electronic structure.

This leads to the second challenge of obtaining the alloy electronic structures: obtaining the
representative average at a single temperature and composition requires many individual electronic
structure calculations. A computationally efficient approach to each calculation is therefore necessary
to perform an electronic structure sampling of this kind. While QSGW provides the most numerically
accurate prediction of the band structure for CdsAs,, it is impractical to use such an expensive
method for the large number of configurations that would be required.

One possible strategy for overcoming this computational bottleneck is through the use of fitted
nonlocal external potentials (NLEPs). The NLEP approach is a versatile correction method (see
Ref. [75] that can improve DFT band energies in a similar manner to the DFT+U method. It can
be differentiated from DFT+U in that the potential introduced to the Kohn-Sham Hamiltonian is
applied equally to both occupied and unoccupied orbitals, while the standard Hubbard U potential
only acts on occupied states. Different potentials can be applied for each atomic type and for each
angular momentum quantum number, and in principle the empirical potentials can be determined
so that the DFT band structure largely reproduces that of QSGW. For example, Fig. 5.1 compares
the QSGW and DFT band structures of CdgAss, but with several values of the NLEP V' applied to
the s-like states (equal for Cd and As) in DFT. A value of V' = 0.80 €V significantly improves the
agreement between DFT and QSGW.

To perform the electronic structure sampling necessary for the alloy electronic structure while
maintaining the numerical accuracy of QSGW, one could perform a multi-variable least squares fit of
the QSGW band structures for pristine CdsAss and ZngAss. This determines optimal NLEP values

for each angular momentum quantum number in Cd, As, and Zn. Then, the electronic structures
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Figure 5.1: The electronic band structure of CdzAsy with energies measured from the Dirac point
energy Epp, calculated with quasiparticle self-consistent GW theory (red) and GGA with different
values of a nonlocal external potential V' applied to all s-like states. All band structures were
calculated for the same atomic structure that was relaxed with the SCAN functional.

for the representative alloy structures can be calculated at the DFT level, but with the fidelity of
a QSGW calculation. The procedure can be used to construct accurate alloy electronic structures
and provides an opportunity to subsequently incorporate the defect pseudo-equilibrium of Ch. 3 to

defects and net doping in the (Cd;_,Zn;)3Ass alloy.

5.2 Applying these models to other systems

Each of the modernized thermodynamic models developed in this thesis can be adapted and
applied to the theoretical study of other material systems. First, the approach of Ch. 2 can be

utilized for defect calculations in other topological semimetals. That is, fully screened charged defects
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can be used to obtain dilute formation energies without contributions from band-filling; a numerical
fit of the DOS near Ey, weighted with the Fermi-Dirac distribution, helps establish the necessary
charge balance between donors and acceptors; and a self-consistent defect equilibrium determines
net carrier concentrations and the position of the Fermi level. Second, the pseudo-equilibrium
model of Ch. 3 can be employed for any system with intrinsic or extrinsic doping where short-range
diffusion is expected at operating or storage temperatures. There also remains an open opportunity
to more rigorously define this pseudo-equilibrium in terms of a free energy minimization under
specific constraints to justify the use of otherwise artificial chemical potentials that maintain the
defect stoichiometry in an isolated sample. Lastly, the expanded regular solution approximation
with temperature dependent bowing parameter, subsequent thermodynamic integration, and phase
diagram construction of Ch. 4 can be easily applied to other heterostructural alloys. The temperature
dependence of € can be determined through MC sampling with explicit DFT calculations or with a
cluster expansion. Together, these models provide a versatile framework for studying disorder and
defect-driven properties in a wide range of materials, leading to valuable predictions for practical

material design.
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Appendix A

Berry curvature in the vacinity of a Weyl point

The following derivation is based on a similar calculation on Pg. 340 of Ref. [39]. For the
Weyl Hamiltonian (Eq. 1.1) with positive chirality (the derivation proceeds in the same manner for

negative chirality), the two eigenstates (for a specific gauge choice) are

sin(/2)e~"

—cos(0/2)

and

cos(6/2)e®
[+) = 0 ; (A.2)
sin(6/2)

with energies given by Hwyey |£) = Fvpk |£). Here, the crystal momentum k is given in spherical
coordinates, i.e. k = k(sin 6 cos ¢, sin 0 sin ¢, cos 6).

The (vector) Berry connection A"(R) of the n-th eigenstate of a Hamiltonian H with a set of

D variable parameters labeled by R = (R, Ra,...,Rp), is defined as [39]

A'(R) =i (n(R)| 55 [n(R)) - (A-3)

The variable parameters R in momentum space for the Weyl Hamiltonian are then k, 6, and ¢.

Focusing on the |—) state, the spherical components of the Berry connection are as follows. The
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component A, is trivially 0 because the eigenstates do not depend on k. As for the other components:

Ay =i (=105]-)

g [sin(0/2)e"

=1i(sin(8/2)e® —cos(0/2) | A
(sinto2 02) 5 o

i cos(6/2)e" (A4)
= = | sin(0/2)e’* —cos(6/2
5 (snio/2 0/2) o

=~ (sin(6/2)cos(6/2) — sin(6/2)cos(8/2))

=0,
and
Ay =i (=10s]=)
_ ‘ g [sin(8/2)e=
=1 <sin(9/2)e‘¢’ —cos(@/Q)) a0
¢\ —cos(0/2)
(A.5)
. ‘ —i sin(0/2)e®
=1 <sin(9/2)e“ZS —cos(9/2)>
0
— ain2
= sin“(6/2).
The (gauge independent and anti-symmetric) tensor for the Berry curvature, defined in general
as
Wiy (R) = Or, AJ(R) — Or, AL(R), (A.6)

can then be constructed in spherical coordinates as

00 (A.7)
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with all other entries equal zero. It can then be transformed back to Cartesian momentum coordinates

by way of the Jacobian matrix. For example, the k;, k, component can be found as

20 90
Wie p,, = wyy det |57 T
o op  9¢ (A.8
ok, Ok, 8)
o 2k¥

where the spherical coordinates that are differentiated are

k.
0 =cos! | ——m—— |, (A.9)
\/ K2+ KL+ k2
and
¢ =tan"! (?) . (A.10)

Repeating the above calculation for each Cartesian component of w™ gives

0 ke —k,
_ 1
ky —ko O

Lastly, the tensor can be converted to the pseudovector Berry curvature €2(k), by contracting it

with the Levi-Civita symbol, i.e.

Q' = €ijrwip, (A.12)
so we have
_ _ ks
ka = 6123kakz = 27]{:;’
Fy (A.13)

Qky = 6213kakz = 93’

Q) = es12wp = BYER
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or for the combined Berry curvature, the point charge expression of Eq. 1.2:

QO (k) = = (A.14)

The derivation is exactly analogus for the |+) state as well as for both eigenstates with negative

chirality.



Appendix B

Derivation of the non-dilute concentration of defects in thermal equilibrium

The total Gibbs free energy G2t = H°F — T'S'°! for an ensemble of various non-interacting
point defects can be expressed as a sum over contributions from each defect. That is, up to degeneracy

factors,

Gk = cpgAHpg—ksTIn ][ W(epq, Np), (B.1)
D, D.q

where cp 4, and AHp 4 are the concentration and enthalpy of formation of the defect, respectively,
kg is the Boltzmann constant, T' is the temperature, and Np is the atomic site density where each
defect D can substitute. The microstate duplicity function W (cp 4, Np) that determines each defect’s
contribution to the total configurational entropy is simply the number of ways to arrange cp 4 defects

on Np sites:
Np!
cp,¢!(Np — ¢pg)!

W(CD7q,ND) = (BQ)

Applying the Stirling Approximation, InN! ~ NIn N — N, to Eq. B.1 then simplifies the total free

energy to

Np!

El%tf = ZCD qAHDq k‘BTZhl |:

= Z cp,AHp 4 — kBTZ [NpInNp —cepglnep g — (Np —¢epg) In (Np — ¢pg)] -
D,q D.,q

cp,q!(Np — ¢pg)!
(B.3)

The expression for cpy o for a specific defect D" with charge state ¢’ in equilibrium is determined

by minimizing the free energy with respect to that defect’s concentration, and the free energy is
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minimal when Gt /dcpy , = 0. Taking the derivative of Eq. B.3 and setting it equal to zero gives

0= AHD/g/ — kT [*111 cp' g + In (ND/ — CD’,q’)] ,

which simplifies to

_ AHD/7q/ — ln CD/7q/
kﬁBT ND’ — CD/ ¢ ’

Finally, dropping the unique labels D’ and ¢’ and rearranging gives Eq. 2.6,

CD:q _ e—AHqu/kBT
- )
ND —CDyg

which can be solved for ¢p 4 to obtain Eq. 2.5,

o—AHp o /kpT

1+ e~ AHp o /kaT"

CDh,q = ND

(B.4)

(B.6)

(B.7)



Appendix C

Derivation of Gibbs-Helmholtz equation

The Gibbs free energy for a closed system (fixed number of particles) at pressure P and
temperature 7T is given by

G(P,T)y=H-TS=U+ PV —TS, (C.1)

where the enthalpy H = U 4+ PV is defined in terms of the total energy U, P, and volume V', and

the entropy is given by S. The total differential of this expression is

dG = dU + PdV + VdP — TdS — SdT, (C.2)

where upon substituting the fundamental thermodynamic relation

dU = TdS — PdV, (C.3)

simplifies to

dG = VdP — SdT. (C.4)
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This allows us to apply the quotient rule to the differential of G/T, and simplify it as

J G\ TdG-GdT
T) T2
T (VAP — SdT) — GdT
T2

—(G+T8)dT +TVdP (C.5)
_ 5

—HdT +TVdP

T2

H |4
= ——dIl'+ —=dP.
T2 * T

Simultaneously, because G is the thermodynamic potential for the natural variables P and T,

the same differential can be expressed as

G\ [(0(G/T) 0(G/T)
o(€)= (2Sm ar (2GT) s
Comparing Egs. C.5 and C.6 gives the Gibbs-Helmholtz Equation,
0(G/T) _H
( M’)p‘ . ©1)

and simultaneously the related expression,

<8(§]éT>>T 4 (C8)
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