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In this dissertation, we investigate the radiation belts as a dynamic system, paying particular

attention to adiabatic motion and the related adiabatic invariant coordinate system. The theoret-

ical foundations, based on classical mechanics and single particle plasma physics, are reviewed to

provide a framework for the dissertation. With this foundation, we develop numerical methods to

implement the calculation of adiabatic invariants from magnetic field models, being the first to do

so in the literature with a concentrated focus on (a) rigorously documenting each computational

step, (b) addressing significant sources of uncertainty, and (c) justifying selections of algorithm pa-

rameters. We apply these methods to quantifying the global adiabatic motion patterns of electrons

in the outer radiation belt through a new computational method called invariant matching. These

global adiabatic motion patterns are visualized as vector plots showing the displacement of mir-

ror points throughout the magnetosphere. The plots display established features of radiation belt

dynamics, such as the Dst effect, drift orbit bifurcation, and drift shell splitting. Finally, we com-

bine four magnetic field models (two empirical and two magnetohydrodynamic) with observational

satellite data from the Van Allen Probes. A study is designed to bolster existing results around the

significant open question of what causes outer radiation belt electrons to accelerate to relativistic

levels. Modern and highly cited results from the literature are reevaluated using the dissertation’s

rigorous tooling and, for the first time, multiple magnetic field models. By using multiple magnetic

field models, this dissertation demonstrates that the results are generally model-independent, which

strengthens the conclusion that acceleration is primarily (but not always) driven by whistler-mode

chorus waves. This dissertation is tied together by the theory of dynamical systems, the devel-

opment of rigorous numerical methodology, and the purpose of describing the causal dynamics of

electron acceleration in the outer radiation belts.
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Chapter 1

Introduction and Background

1.1 Basics of the Magnetosphere

The near-Earth space environment is a dynamic region governed by the dual influences of

the Earth’s magnetic field and the incoming solar wind. This introductory chapter will discuss the

Earth’s magnetic field, solar wind influences, and specific a magnetosphere component known as

the radiation belts.

The magnetic field within the magnetosphere is often decomposed into two terms added

together: the internal field and the external field. The internal field owes itself to currents interior

to the Earth, while the external field owes itself to currents exterior to the Earth [64]. The internal

magnetic field of Earth is largely generated by the motion of conducting liquid iron in Earth’s outer

core. This motion can be modeled as a magnetic dipole to a first-order approximation.

A mixture of permanent and transient currents in the magnetosphere generates the external

field. To understand the current systems that contribute to the external field, we must first discuss

the solar wind and its interaction with Earth. The solar wind consists of plasma material and an

associated magnetic field streaming outward from the sun. Due to a plasma physics phenomenon

known as the frozen-in condition, which occurs for certain regimes of the plasma β variable (β =

nkBT
B2/2µ0

where n is the number density, kB is the Boltzmann constant, B is the magnetic field

strength, and µ0 is the magnetic constant) the magnetic field becomes ”stuck” to the plasma

material and moves along with it [17]. With limited exceptions, the solar wind flow velocity is

mainly radial. However, the solar wind magnetic field is not necessarily radial and broadly follows
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a structure known as the Parker Spiral, which arises from rotation of the sun coupled with the

frozen-in condition (exceptions to solar wind following the Parker Spiral owe to turbulence, shocks,

and co-rotating interaction regions). At Earth, the solar wind number density is around 5-10 cm−3

with flow velocities between 400-700 km/s (again, with some exceptions, such as disturbances

associated with coronal mass ejections).

When the solar wind reaches Earth, the plasma material and magnetic field which are both

supersonic and super-alfvenic interact with Earth’s magnetic field. Individual particles are shocked

by the increasing magnetic field strength, forming a buildup region known as the magnetosheath.

At the inner boundary of the magnetosheath, these particles broadly experience a deflection force

and ultimately flow around the Earth’s magnetic field. This abrupt bullet-shaped surface boundary

between higher-density shocked solar wind particles and the lower density inside of the magneto-

sphere is known as the magnetopause. Due to charge-dependent forces acting on the individual

particles at the magnetopause, a current is generated across this surface. This current, known as

the magnetopause current or Chapman-Ferraro current, is one of the major sources that contributes

to the external field[25]. Other major currents that contribute to the external field include the ring,

Birkeland (polar), and tail currents.

Electromagnetic theory dictates that charged particles may become trapped in dipole-like

magnetic fields. By saying this, we use the word “trapped” similarly to a moon being trapped

by gravity around a planet or an asteroid being trapped around a star, but distinct in that the

controlling forces are electromagnetic, and the trajectory is not a conic section. One such population

of trapped charged particles is the radiation belts, which is the focus of this dissertation. James

Van Allen initially discovered the radiation belts with the Explorer 1 satellite during the dawn of

the space age in 1958. Shortly after, the theory of trapped charged particles was established to

explain Van Allen’s observations. The region was more extensively mapped using the Explorer 3,

4, and Pioneer 3 satellites during the following years.

During this time, it became established that the radiation belts consist of an inner belt and

an outer belt: the inner belt composed of electrons and protons, and the outer belt primarily
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Figure 1.1: Illustration of Earth’s magnetosphere and the structure therein. Image courtesy of the
NASA/GSFC and Wikimedia Commons.
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electrons. A significant observation from this period was that fluxes of each species increase and

decrease in time, indicating what is now understood to be a signature of complex enhancement

and loss processes. This display of complex dynamics led to the birth of the field of study known

as radiation belt dynamics, which seeks to understand the radiation belts and the processes that

occur in them as a dynamical system.

While interesting for academic reasons, studying the magnetosphere has significant practical

applications. Advances in magnetospheric physics, including radiation belt physics, have made

us realize the critical link between plasma in the near-earth space environment and technology.

This applied, technology-focused field has since been known as Space Weather. Many technological

effects are studied in space weather, and I will name but a few here relating to the radiation belts.

It is now well known that energetic particles impacting spacecraft may cause significant and

detrimental effects on the spacecraft. Included in these damaging effects are:

• The accumulation of electric charge can result in electric discharges (sometimes known as

“arcing”). These discharges, similar to very small lightning discharges, can damage elec-

tronic components on the aircraft and cause critical, irreversible damage. This phenomena

is sometimes known as deep dialectric charging.

• Single event effects, which occur when charged particles impact circuits. This charged

particle impact can “flip bits” and result in processors executing arbitrary routines (e.g.,

resets, attitude adjustment) or even trigger components into overdrawing current that

ultimately damages electrons.

The international community studies space weather as spacecraft assets are increasingly cen-

tral to the global economy. For more information on space weather and its effects on technology,

the reader is referred to [72] and [20].
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1.2 Trapped Particle Motion

The electromagnetic laws determining the trajectories of trapped radiation belt particles can

be stated in a differential equation for single-particle motion. At the most direct, fundamental

level, a charged particle in the radiation belts obeys the following differential equation,

m
dv

dt
= q(E+ v ×B) +mg (1.1)

where v is the particle’s velocity vector, m is the particle’s mass, q is the particle’s charge, E is the

electric field vector, B is the magnetic field vector, and g is the acceleration due to gravity. Under

uniform magnetic, a solution to this equation emerges known as gyromotion. In gyromotion, the

particle follows a helix path where the radius of the helix (known as the gyroradius) is given by

rg = mv⊥/(|q|B) and the frequency of the circular motion (known as the gyrofrequency) is provided

by ωg = |q|B/m. Gyromotion structure is also apparent in non-uniform fields, especially when the

scale of the non-uniformity is large compared to the gyroradius and the scale of the time variation

is large compared to the gyrofrequency.

Often, it is desirable to model the movement of the gyromotion helix without actually mod-

eling the circular motion itself. This higher-level theory is known as Guiding Center Theory, where

the equations of motion are written in terms of a guiding center state, which is that of the parti-

cle’s trajectory averaged in a single circular loop of the gyromotion. The guiding center equations

describe the drift of the entire gyromotion structure. The main forces we will discuss that act

upon a particle in guiding center theory are known as (a) the E×B force (caused by the influence

of the electric field), (b) the ∇⊥B Force (caused by perpendicular gradients in the magnetic field

strength), and (c) the ∇∥B Force (caused by parallel gradients in the magnetic field strength) and

the curvature drift (caused by curvature of magnetic field lines).

As previously stated, charged particles in a dipole-like magnetic field may become trapped.

When this happens, they undergo three periodic motions throughout their trapped trajectory: (a)

gyromotion about a field line, (b) bounce motion between off-equitorial ”mirror points”, and (c)

drift motion about the Earth. These periodic motions necessarily emerge in the trajectory described
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Figure 1.2: Illustration of the trapped motion of radiation belt particles. Image courtesy of Anag-
nostopoulos et al., 2010 [5] (with edits).
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by Equation 1.1 when the particle is trapped. Of these three periodic motions, gyromotion occurs

on the shortest time scale, and drift motion on the longest time scale.

Gyromotion is apparent in the motion of charged particles under most magnetic and electric

field configurations. The occurrence of the bounce motion, however, is more circumstantial. The

bounce motion is caused by the ∇∥B force, which acts in a direction aligned with the guiding center

vector. As the particle moves along the field line, the closer it gets to the Earth, the stronger the

∇∥B force, which acts to decrease and eventually reverse the parallel velocity component. This

causes the particle to “bounce” between fixed magnetic field strength endpoints. We note that the

energy is conserved during this bounce motion, where v∥ and v⊥ trade-off values but the total v is

constant. An illustration of a bounce motion can be found in the above Figure 1.2 in the orange

line showing the trajectory of a bouncing particle.

The drift motion is primarily due to the ∇⊥B force, which accelerates the particle in a

direction perpendicular to the magnetic field line. The specific direction is given by 1
q (B×∇⊥B),

and we note that the factor of 1/q factor which carries a sign that causes protons and electrons to

drift in opposite directions. This drift of charge in opposite directions induces an electric current

and is the cause of a significant current system in the magnetosphere known as the ring current.

The ring current is in a direction that depletes the Earth’s magnetic field at the surface. This

depletion of the magnetic field at the earth’s surface is measured on the ground and reported to the

international community through the Disturbance Storm-time (Dst) index. The strength of ring

current, and in turn the magnitude of the field depletion at the surface, is related to the energy

density of the trapped particle population through a phenomenon known as the Dessler-Parker-

Sckopke (DPS) relation [34, 105].

1.3 Adiabatic Invariants Basics

To fully understand the nature of a trapped particle, we must also consider how it is affected

by global changes to the magnetosphere’s magnetic and electric fields. Well-understood changes to

the magnetic field in the magnetosphere include (a) the compression of the dayside magnetic field
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structure in response to increasing solar wind dynamic pressure Pdyn (b) convection of field lines

driven by a magnetic reconnection (an interaction between the solar wind and the magnetosphere),

and (c) changing intensities of currents which add a new deviation to the existing magnetic field.

Overall, trapped particles generally remain trapped unless the particle is absorbed by the

inner boundary (Earth’s ionosphere) or its outer boundary (the magnetopause). Major known

outside forces that change trapping include those associated with stochastic motion of particles

known as radial diffusion. Changes to the field that can cause loss include magnetopause incursion

and outwards transport of particles through the magnetopause [58, 112, 113].

Through the development of classical mechanics, it is known that any system with one or

more periodic motions has a constant quantity along each motion, which can be derived from the

Hamilton-Jacobi action integral [103],

Ji =

∮
[p+

(q
c

)
A] · dsi, (1.2)

where p is the particle momentum, A is the vector potential, q is the particle charge, and c is the

speed of light. We call these constants of motion adiabatic invariants when two conditions are met

[26]. First, there must be a specific set of reversible changes to the system, and they must occur

slowly compared to each periodic motion, and within small spatial scales compared to the periodic

motion. In our context, these reversible changes are changes in the magnetic field compared to

the periods of gyromotion, bounce motion, and drift motion. Second, the exact trajectories of the

periodic motions, (x(t),p(t)), must be altered with the changes to the system, but in a way such

that work is not done.

Adiabatic invariants are powerful tools when used to describe the trapped state of a radiation

belt particle. When the exact trajectory of a radiation belt population is altered due to slow

changes to the magnetic field, the adiabatic invariant coordinate remains constant, and the shift

in the trajectory is reversible adiabatic motion. If the magnetic field deviates from a nominal state

and then returns to its nominal state, so does the particle’s trajectory. This is worth contrasting to
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Figure 1.3: Example of 1-D Periodic System with a constant of motion (conserved when λ is
changed slowly). Image courtesy of Prof. Michael Fowler, University of Virginia.
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irreversible non-adiabatic motion, which alters the particle trajectory, such as in the case of wave-

particle interactions on temporal or spatial scales commensurate with one of the periodic motions.

Therefore, the adiabatic invariant description serves as a more vital state variable, capturing the

essence of the trapped nature in a way that is resistant to slow changes to the global magnetic

fields.

There is one adiabatic invariant for each periodic motion. The canonical adiabatic invari-

ants are often denoted by (M,J,Φ), corresponding to the gyromotion, bounce motion, and drift

motion, respectively. The community has widely adopted an alternative form of (M,J,Φ), denoted

(M,K,L∗). The coordinates (M,K,L∗) can be calculated directly from (M,J,Φ) (and are equiv-

alently invariant) but provide several convenient and desirable properties over their predecessors.

We also note that the first invariant M has a non-relativistic counterpart µ, related by the equation

M = γµ, where γ is the Lorentz factor and µ is the magnetic moment of the particle. The magnetic

moment µ is an adiabatic invariant only in non-relativistic scenarios.

The second invariants J and K are related through the following equations taken from [100],

K = J/(2
√

2m0M) =

∫ s2

s1

√
Bm −B(s) ds. (1.3)

The primary advantage of K is that it can be computed directly from a field line trace as it

depends on B alone. In contrast, calculating J requires tracking the particle’s exchange of parallel

and perpendicular momentum over a bounce. We note, however, that K is only invariant if there

are no parallel forces over the bounce path (this is not true for J). The adiabatic invariant Φ

is identical to the magnetic flux through the drift orbit. The more convenient form of Φ is the

dimensionless L∗, defined as

L∗ = 2πµER
2
E/Φ (1.4)

where µE is the magnetic moment of the Earth and RE is the radius of the Earth. L∗ has the

desirable property that in a dipole field, a particle found on an L-shell L will have L∗ = L. This

allows L∗ to be used as a reference in comparison to L. Subsequently, the occurrence of particles
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found on an L-shell L with L∗ > L or L∗ < L indicates that the magnetosphere has deviated from a

dipole in such a way that the particle underwent outwards or inwards adiabatic motion, respectively,

as a result of the magnetospheric reconfiguration. This is in contrast to the cause necessarily and

solely being due to non-adiabatic transport from work done by wave-particle interactions, such as

betatron/Fermi acceleration [22, 138, 46, 57].

The equations for the adiabatic invariants are summarized below,

M =
p2⊥

2m0B
=

p2sin2(α)

2m0B
(1.5)

K =

∫ s2

s1

√
Bm −B(s)ds (1.6)

Φ =

∫
Π
B · dS ≈ BER

2
E

∫ 2π

0
sin2(θ(ϕ))dϕ (1.7)

L∗ =
2πBER

2
E

Φ
(1.8)

where p is the relativistic momentum, α is the pitch angle, Bm is the magnetic field mirror strength,

θ is the colatitude of the drift shell field line footpoint, ϕ is a magnetic local time in units of radians,

BE is the magnetic field strength of the earth at the surface, and RE is the radius of the earth.

With such a coordinate for each particle, the trapped phase space density defined as the

number of particles per unit volume per momentum, f(x,p) is equivalent to f(M,K,L∗, φ1, φ2, φ3),

where φ1, φ2, and φ3 are the phases associated with each periodic motion for M , K and L∗

respectively. In practice, the phase space distribution is largely not phase-dependent, so it is

accepted to recast f(M,K,L∗, φ1, φ2, φ3) as the phase-averaged distribution f̄(M,K,L∗). The

main advantage of the phase-averaged distribution is that it only has three dimensions compared

to the six dimensions prior (not counting time).

To study the charged particle populations of the radiation belts, particle flux distributions are

measured in-situ by spacecraft instrumentation [79, 39]. By combined count rates and instrument

calibration parameters, the particle’s momentum, and the spacecraft’s orientation/position, velocity

distributions in the form of f(x,p), f(x, α,W ) or f(x, ϕ, θ,W ) can be collected [100]. In these

expressions x is the position in space, p is the particle relativistic momentum, α is a pitch angle
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Table 1.1: Magnetospheric Waves Relating to Radiation Belt Dynamics

Name Type Source

Whistler-mode Chorus Electromagnetic Electron Temperature
Anisotropies

Alfvenic Plasma (Magnetohydrody-
namic)

Shocks / Kelvin Helmholtz

Magnetosonic Plasma (Magnetohydrody-
namic)

Magnetopause Motion

Hiss Electromagnetic Chorus waves propagating in-
side plasmasphere, and light-
ning (when seen in L under 3)

EMIC (Electromagnetic ion
cyclotron)

Electromagnetic Ion Temperature
Anisotropies

between p and B, W is a particle energy, and ϕ/θ are the azimuthal/elevation look directions.

From these base forms of the distribution function, missions studying radiation belt dynamics will

convert the distribution function to f(M,K,L∗) to aid scientific analysis.

1.4 Wave Particle Interactions

The magnetosphere is home to much-varied wave activity in the form of electromagnetic and

plasma waves. Waves that interact with a particle can alter the particle’s trajectory. The primary

method of doing work on a particle in the magnetospheric context is through resonant interactions,

wherein particles interact with waves of frequencies commensurate with particle gyro, bounce, or

drift motions.

The most influential types of magnetospheric waves are listed for background in Table 1.4.

While many other types of waves exist in the magnetosphere, these are believed to be the most

important in determining the radiation belt dynamics relevant to the science questions mentioned

later in this paper. In radiation belt dynamics, wave-particle interactions are generally considered

the primary source of work done on the particles. As we study radiation belt dynamics, we consider

the influence of these waves and their varying spatial, temporal, and directional occurrences as

drivers that change the state of the global system [119].



13

Figure 1.4: Illustration of different types of magnetospheric waves and where to find them. Image
courtesy of NASA.
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1.5 Dynamics of Outer Radiation Belt Electrons

The outer radiation belt is home to fluxes of energetic (MeV) electrons, notably due to

their presence alongside critical spacecraft assets vulnerable to adverse side effects from energetic

particle impacts. The variability over time of such electron fluxes is known to span many orders of

magnitudes. While the fundamental periodic motion of these trapped particles is understood [100],

many open questions around the processes involved in their acceleration and loss remain [98, 46].

Many candidate mechanisms that could affect the radiation belt populations have been iden-

tified. Loss is generally understood to occur (a) from precipitation into the atmosphere or loss to

a steady magnetopause, forced by diffusive changes to the distribution function from wave-particle

interactions, or (b) abrupt changes to the magnetopause location that remove particles from their

trapped trajectories ([58]) .

Acceleration is understood to arise from two families of wave-particle interactions, distin-

guished by the time-varying patterns in the global distribution of trapped particle states. These

two patterns are radial transport and local acceleration [46, 22]. Radial transport (including forms

referred to as external acceleration or radial diffusion in the literature) is understood to occur from

Ultra Low Frequency (ULF) wave-particle interactions, which move particles across L-shells faster

than the particle’s drift can adiabatically adjust, causing the particle energy to increase to preserve

its first invariant in a stronger magnetic field. Local acceleration (sometimes referred to as growing

peak acceleration or internal acceleration in the literature) is most often driven by gyro-resonant

waves (such as chorus) and accelerate particles at their existing locations around L < 6.6 [54, 120].

The question of which mechanisms accelerate electrons is further complicated by the possibility

that a mix of mechanisms may exist simultaneously, with recent work suggesting that internal

acceleration may be dominant for some energy ranges (3–5 MeV electrons) while radial transport

may be dominant for others (∼7 MeV) [149].

The observational study of outer radiation belt electron enhancements is made difficult due

to the changing global magnetospheric magnetic field. The directly observed flux distribution is
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typically measured in the form j(E,α;x, t), where j is the flux, E is the electron energy, α is

a local pitch angle, x is the location of the spacecraft, and t is the time of measurement. Even

without accelerating wave-particle interactions, a particle measured at a local time with distribution

coordinate (E, α) may never return to that local time with the same (E, α). This is due to

adiabatic changes to its cartesian trajectory, pitch angle, and drift shell from changes to the global

magnetospheric magnetic field. For reasons such as these, studies tracking immediate observable

such j(E0, α0;x, t), where E0 is a fixed energy and α0 is a fixed local pitch angle, are severely

limited.

Instead, combining the global magnetospheric magnetic field modeling with observation has

become common by casting the flux in terms of adiabatic invariant coordinates. These coordinates

function as an underlying measure of the trapped state and remain constant provided the global

magnetospheric magnetic field changes slowly compared to the drift period. The conversion of flux

to phase space density and recasting of the coordinates in terms of adiabatic invariants is known as

phase space density analysis, which results in the model-supplemented measurement f(M,K,L∗),

and is discussed in detail in Chapter 4.

A long-term principle question that this dissertation aims to address is that of what causes

electron acceleration in the outer radiation belts. The leading method of addressing this question

is through phase space density analysis. In this style of analysis, different proposed mechanisms are

reasoned using fundamental physics to generate different structural changes in the time-dependent

f(M,K,L∗; t), and spacecraft measured fobs(M,K,L∗; t) are compared against those anticipated

structural changes. Illustrations of anticipated structural changes in f are displayed in Figure 1.5

for magnetopause loss and in Figure 1.8 for acceleration mechanisms.

This method of analysis has been implemented using POLAR spacecraft in-situ data in e.g.

[46, 106], and Van Allen Probes in-situ data in e.g., [99, 22]. In [46] and [22], a large number of events

were analyzed and it was found that the structural changes in fobs(M,K,L∗) were most commonly

aligned with local acceleration driven by chorus wave activity. In addition, the work of Allison et

al., 2021 [3] provided a detailed analysis of the peaks in phase space density that corresponded
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Figure 1.5: Signatures of two forms of the magnetopause loss phenomena. Image courtesy of Jaynes
et al. 2019 [58].
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Figure 1.6: Signatures of two phenomena associated with the acceleration of outer radiation belt
electrons. Image courtesy of Green et al., 2004 [46].
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to the multi-MeV electrons. It was noted by Boyd et al., 2018 that chorus acceleration was only

the case for 87% of the events, leaving uncertainty as to alternative mechanisms which, while the

minority, still play a role in electron acceleration overall. The question as to what happens when

evidence for local acceleration is absent is complicated by the fact that during these times, multiple

mechanisms may be occurring simultaneously, possibly with secondary interactions.

In these studies, fobs(M,K,L∗) was computed using Tsyganenko empirical models, and Green

et al., 2004 [46] warns as to the model-dependent nature of the calculation. In Chapter 4, we will

implement phases space density analysis with multiple models, including magnetohydrodynamic

(MHD) models. Immediate questions to come from the methods developed here of extending

adiabatic invariant calculation to MHD models are (a) are the previous results in the literature

reproducible when the invariants are calculated from MHD models? and (b) what is available in

the global MHD model context (such as wave activity and, more generally, ρ, u, p, and E) that

can inform us as to what physics may be simultaneously occurring that affects the acceleration?

1.6 Instruments and Data

Measurements of the magnetosphere date back to the earliest ground measurements of Earth’s

magnetic field. However, in-situ measurements of the radiation belts from space only began during

the dawn of the space age, when the radiation belts were first discovered by John Van Allen in

1958 with instruments on board the the Explorer 1 spacecraft.

Spacecraft designed for the specific purposes of collecting scientific data are scientific exper-

iments in themselves. To study complex scientific phenomena, and in particular phenomena of

plasma physics in the magnetosphere, an assortment of parameters are necessary to fully describe

plasma state in a way that provides closure on science questions [60]. The design and implemen-

tation of each scientific instrument– often a deep and challenging engineering problem in itself–

centers around the science questions it aims to answer and, more specifically, the variables and

ranges of values it expects to encounter.

In this study, we use data from Van Allen Probes Energetic Particle, Composition, and Ther-
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mal Plasma (ECT) suite [117]. Specifically, we use the Level-3 RBSP-ECT Combined Pitch Angle

Resolved Electron Flux Data Product [21]. This Level-3 dataset bins the data into three-minute

time resolution and inter-calibrates the multiple ECT instruments of the (a) Helium, Oxygen, Pro-

ton, and Electron (HOPE) [43], (b) Magnetic Electron Ion Spectrometer (MagEIS [18]), and (c)

Relativistic Electron Proton Telescope (REPT [11]). While the dataset includes precomputed val-

ues for invariants I and L∗ using the Olson & Pfitzer Quiet-time Model for the external field [91]

and the International Geomagnetic Reference Field (IGRF; [78]) calculated using LANLGeoMag

software [52], we do not use those. We also use data from the Van Allen Probes magnetometer,

Electric and Magnetic Field Instrument Suite and Integrated Science (EMFISIS; [65]). Specifically,

we use the 4-second time resolution data product [24].

In this dissertation, we also use data from the GOES-13 satellite to provide magnetometer

measurements from geosychronous orbit. This geosynchronous orbit sits at a fixed 6.6 RE radial

distance from Earth, which makes GOES a valuable monitor for the outer radiation belt.

1.7 Modeling and Simulation

Magnetic field models of the earth are essential tools which describe the magnetic field vector

throughout the magnetosphere. As we seek to understand the changing trajectory of a particle

in the context of the fields it exists in, it is essential to know what those fields are and how they

change.

One type of these magnetic field models are the empirical models, which have been con-

structed since early in the space age. These models combine physical insight about the current

structures throughout the magnetosphere with averages of spacecraft measurements, often col-

lected from multiple satellites over decades. These two modeling paradigms (physical structure

and observation) are combined to provide B(x) as a function of some geophysical state. This

geophysical state is typically the solar wind magnetic field components, the solar wind dynamic

pressure ( Pdyn = ρv2 where Pdyn is the dynamic pressure, ρ is the solar wind mass density, and

v is the solar wind flow velocity) , and a geomagnetic activity indicator such as Dst, Kp, or the
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Figure 1.7: Top: A Van Allen Probes spacecraft with the location of each instrument labeled.
Bottom: Design schematics of the REPT instrument. Images courtesy of Baker et al., 2014 [11].
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Auroral Electroject (AE) index. The strengths of these models are their ability to capture large-

scale features such as dayside compression and tail stretching. However, the semi-empirical models

are typically instantaneous “snapshots” which lack time-dependent shock physics and generally do

not include field perturbations due to waves. The main family of semi-empirical models we use are

the Tsyganenko and Tsyganenko/Sitnov models, named by the year they were released: T89[132],

T96[134], and TS05 [131]. Other empirical models we do not use, but have been significant histor-

ically, include Olson & Pfitzer (Quiet / Dynamic), Alexeev, Ostapenko & Maltsev, and Mead &

Fairfield.

Of the Tsyganenko models, T96 and TS05 are used in this dissertation. Both are driven by

a combination of interplanetary magnetic field (IMF) and Dst index measurements, but the TS05

model is also driven by by precomputed ”W” parameters, W1 −W6. These W parameters model

persistence in the magnetosphere, such as that associated with buildup of the ring current during

a geomagnetic storm. Throughout this work, the IMF and W parameters used are supplied by the

5-minute time resolution Qin-Denton dataset, hosted at George Mason University.

A more sophisticated, albeit computationally expensive, class of magnetospheric magnetic

field models is that of full-scale MHD simulations. MHD is a theory of time-dependent plasma dy-

namics in the continuum limit, where the plasma density, temperature, flow velocity, and pressure

are modeled as a continuum. In a very simple sense, MHD is to continuum plasma physics what the

Navier Stokes equations are to continuum fluid dynamics (although the emergent, qualitative fea-

tures of each system often differ drastically). Like the Navier Stokes equations, MHD is commonly

simulated with finite volume simulations, adapted or adaptive grids, and large parallel supercom-

puter solvers. MHD simulations are capable of capturing large-scale features of the magnetosphere,

including dayside compression, tail stretching, separation of regions, dynamic time-varying currents,

and MHD plasma waves.

However, MHD simulations are not without limitations. Foremost, MHD, by design, cannot

model particles at high energies outside the Maxwellian (thermal) bulk. This is notable for this

dissertation because radiation particles are such particles. However, MHD simulations can provide
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the global magnetic and electric fields which the radiation particles exist in, as the feedback inserted

from the current of radiation belt particles is generally negligible.

This dissertation uses multiple MHD simulation models, including the Lyon–Fedder–Mobarry

code (LFM; [77]) and the Space Weather Modeling Framework (SWMF; [122]). Other notable

models that exist in the community but are not implemented here include the Open Geospace

General Circulation Model (OpenGGCM; [97]) and the Grid Agnostic MHD for Extended Research

Applications (GAMERA; [148]).

To create more realistic simulations in areas where the MHD equations may not be appro-

priate, simulations often couple MHD solvers with other models on a region-by-region base. In our

work, the most prominent example of this is a specialized multi-fluid formalization for the ring cur-

rent known as the Rice Convection Model (RCM [121, 94]). In this work, LFM and SWMF are both

coupled with comparable implementations of RCM and are sometimes referred to as LFM-RCM

and SWMF-RCM when an emphasis on coupling is desired.

Many of the simulation runs used here were performed using the Community Coordinated

Modeling Center (CCMC) Run-on-Request system (https://ccmc.gsfc.nasa.gov/), which is a

service provided by NASA to perform simulation runs for the public. The 2023 version of SWMF

was used, with the auroral ionosphere conductance setting and no corotation velocity applied at

the inner boundary. The SWMF simulation was performed on a grid with 4,873,456 cells with 1/8

RE resolution at the inner boundary. The LTR-2 1 5 version of LFM was used, with the auroral

ionosphere conductance setting and no corotation velocity applied at the inner boundary. The

LFM simulations used were performed on a grid with 1,302,528 cells (106×96×128), sometimes

called ”Quad” resolution. The inner boundary for LFM simulations is at 2.1 RE , with the full

computational domain extending from +30 RE to -300 RE along the sun-earth line (SM x-axis)

and from -150 RE to +150 RE along the SM y-axis and z-axis.

The LFM and GAMERA simulations operate on a static and structured grid specially de-

signed for magnetospheric applications. While each cell contains six faces and an associated connec-

tion to neighbors at each, the spatial density of cells is not uniform. These simulations strategically

https://ccmc.gsfc.nasa.gov/
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place more cells in the inner magnetosphere and bow shock where increased resolution is desired

to capture the desired physical information. Fewer cells are placed in the magnetotail, where the

physical phenomena that arise there do not demand increased resolution. We note that while LFM

and GAMERA use similar grids, they are not one-for-one identical.

The SWMF simulation model uses a different approach to resolution. The component of

the SWMF simulation, which evolves the MHD state, is named Block-Adaptive Tree Solarwind

Roe-type Upwind Scheme (BATS-R-US; [123]). BATS-R-US uses a block-adaptive grid, where the

resolution in different parts of the domain is determined at run time as a function of the physical

state. As a result, the output of SWMF and BATS-R-US is therefore not a typical n-dimensional

array as is the case with LFM and GAMERA; it is a tree structure where each cell of a nominal

grid is optionally further represented by sub-cells (and so-on recursively).

In this dissertation, the tools we will develop will require the magnetic field to be specified on

a structured grid. At first, this is not the case for the T96 and TS05 models: the models themselves

provide B(x) at arbitrary input locations; it is also not the case for SWMF as the data is in a tree

structure. To use these models with the code developed for a structured grid, unless otherwise

noted, these models were evaluated or regridded to a specific rectilinear grid. The specifications of

the rectilinear grid were such that each X, Y , and Z axes were between -10 RE and +10 RE with

a grid spacing of 0.15 RE . This outer boundary of ± 10 RE is safely outside the Van Allen Probes

apogee of 5.8 RE , to accommodate the times when combination with Van Allen Probes data is

needed.

To regrid the SWMF model output, an averaging method was used. For each grid cell center

in the rectangular grid, points from the SWMF model output within a spherical neighborhood of

that grid center were averaged using a weighting scheme that gave preference to points closer to

the grid cell center. That average value then became the value of the rectangular grid at that grid

cell center.

Throughout this dissertation, experimentation was done with the grid resolution, and it was

found that using a lower grid resolution did not change the results of this work. For a visual
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Figure 1.8: Structure of the LFM Grid to illustrate spatial distribution of cell density. Not all
points are shown to increase visual clarity. Image courtesy of the CCMC at NASA/GSFC.
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comparison of this rectangular grid and the LFM grid, see Appendix D.

1.8 Review of Literature on Outer Radiation Acceleration

This work focuses more on the question of outer radiation belt acceleration than on loss

mechanisms. Key results in the literature are reviewed here to appropriately follow up on the

current state of the art.

We will first review the work of Green et al., 2004 [46]. At the time of this paper’s writing,

the community had identified two competing candidate methods: internal methods (energization

by cyclotron-scale wave/particle interactions in the inner magnetosphere) and external methods

(energization by movement of particles through radial diffusion).

Green sought to make progress on the question by applying an adiabatic invariant analysis

to in-situ plasma observations from the POLAR spacecraft. The study frames the problem as dif-

ferentiating between two structures in the time-dependent phase space density profile as a function

of L∗ at fixed M (labeled in their work as µ) and K. It can be argued from underlying physics

that internal methods would produce the pattern seen in the top right of Figure 1.8; similarly,

external methods would produce the pattern seen on the bottom. In Green’s paper, data analysis

is performed to determine which pattern best matches the data. Green also provides an excellent

discussion of how errors in the magnetic field model could skew the results.

The conclusion of Green et al., 2004 indicates that the data best matches the internal method,

specifically with a peak in f around L ≈ 5. Though not without limitations, this result strongly

suggests that wave/particle interactions occurring in the inner magnetosphere are responsible for

electron energization to relativistic levels.

The work of Reeves et al., 2013 [99] was an early report from the Van Allen Probes era. This

paper presents a similar analysis to Green et al., 2004, but focuses on a single storm, and uses Van

Allen Probes data instead of POLAR data. It finds a similar result to Green et al., 2004, in that

the pattern of local acceleration is observed in the phase space density signatures, albeit with some

signatures of radial diffusion. The main addition of this work was that it was done with better
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instrumentation (including resolution and resistance to penetrating radiation) and with a better

orbit (very low inclination). Because Green et al., 2004’s conclusion was able to be reproduced with

stronger scientific instrumentation and radiation belt specific mission design, it was made stronger.

We next look at the work of Thorne et al., 2014 [120], which convincingly demonstrated

through simulation that chorus wave emissions play the largest role in electron acceleration. It uses

a global model of chorus emissions and an electron population and was validated with Van Allen

Probes measurements where the two overlapped. Within the overlapping region between the model

and the Van Allen Probes, the agreement was strong, which is used to argue that the model does

well outside the overlapping region. This paper was significant because it narrows the multiple

candidates Green et al., 2004 identified to internal mechanisms. From this paper, we have better

confidence that internal methods are predominantly chorus wave driven.

The most recent paper we review here is the work of Boyd et al., 2018 [22], which presents a

statistical survey of phase space density signatures using dual coverage from the Van Allen Probes

and THEMIS. In the paper’s data analysis, data from the Van Allen Probes are used for lower L

measurements of outer radiation belts, and THEMIS data are used for higher L. This is the most

prominent study that has looked at the phenomena from a statistical perspective. The team studied

80 events and found that 87% of those events showed signatures of internal method acceleration.

They found other classes of phase space density they call “flat gradients” and “positive gradients,”

which are the exceptions to following the internal mechanism pattern. They note that the signature

of internal method acceleration is not always obvious unless you include high L coverage from a

mission like THEMIS. These contributions are important because they reveal the “sometimes-but-

not-always” nature of outer radiation belt electron acceleration and expose the limitations of using

just the Van Allen Probes to study the outer radiation belts for this problem.



Chapter 2

Algorithms for Computing Adiabatic Invariants

The text in this chapter is based on the publication ”Numerical Calculations of Adiabatic

Invariants from MHD-Driven Magnetic Fields” by da Silva et al., published in the Journal of

Geophysical Research: Space Physics, 2024.

2.1 Introduction

The canonical adiabatic invariants of a trapped particle are (M,J,Φ), derived from the

Hamilton-Jacobi action integrals associated with the three periodic motions which trapped par-

ticles undergo [48, 103]. The advantage of the adiabatic invariant coordinates is their nature as an

essential state variable independent of the changing global magnetic field. During a geomagnetic

storm, the shape of the Earth’s magnetic field will change in response to storm-time influences.

In turn, the exact velocity v of trapped particles will change in response to the changed magnetic

field. However, the adiabatic invariant coordinate (M,J,Φ) will remain constant provided (a) no

work is done on the particle and (b) the global magnetospheric fields change sufficiently slowly.

The adiabatic invariants are themselves a representation of the particle’s velocity, being a function

of both the (vx, vy, vz) velocity representation and the instantaneous magnetic field throughout the

drift shell.

Currently, in the radiation belt research community, the conversion of a spacecraft measured

f(x,v) to f(M,K,L∗) is done with empirical magnetic field models. Common codes include LANL-

Star [146], IRBEM (https://prbem.github.io/IRBEM/), SPENVIS (https://www.spenvis.oma.

https://prbem.github.io/IRBEM/
https://www.spenvis.oma.be/
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be/), LANLGeoMag (https://github.com/drsteve/LANLGeoMag) [51], and direct particle trac-

ing methods. Out of all these tools, only LANLGeoMag supports MHD model output by letting

the user provide the global magnetic field in an unstructured array as points. Reasons most tools

have not been adapted to MHD magnetic field models include the immediate availability of em-

pirical models and the difficulties associated with calculating using MHD magnetic field models.

Such difficulties include (a) the more involved task of looking up B(x) due to non-uniform adapted

grids, (b) the computational cost associated with running MHD simulations, and (c) the storage

cost associated with preserving large MHD simulation output. Still, this is a missed opportunity,

as the modeling capabilities of MHD simulation offer, at the very least, complementary insight into

empirical models for most studies using adiabatic invariants. This point will be expanded further

in Section 2.3.

This work documents a rigorous treatment of the calculation of adiabatic invariants with

MHD fields, presented as a stepping stone for exploratory modeling work in radiation belt dynamics

using MHD simulation. As a mode of study to compliment (not replace) analysis using empirical

fields, scientific inquiry using MHD simulation allows one to powerfully (a) access the otherwise-

unavailable global state such as the density, flow velocity, pressure, and electric field and (b)

experiment with impact of particular physics. In the past, access to the self-consistent global

state from MHD simulations has allowed the community to answer questions on the now widely

accepted importance of ULF waves on radial diffusion [41] and drift-resonant electron interactions

[38, 37, 102]. In addition, the work of Olsen et al., 2000 [90] discussed the possibility of generating

the peaks in phase space density profiles driven solely by Ultra Low Frequency (ULF) waves, and

[75] explored the calculation of radial diffusion coefficients using MHD modeling.

Broadly, MHD simulations offer the ability to inspect and evaluate wave propagation in

the mHz frequency range, which is not included in empirical magnetic field models. Similarly,

MHD simulation provides access to the global self-consistent physical variables mentioned, which

are unavailable in empirical models like Tsyganenko. While empirical models of these variables

exist, they generally do not contain wave propagation and are not self-consistent with the empirical

https://www.spenvis.oma.be/
https://www.spenvis.oma.be/
https://github.com/drsteve/LANLGeoMag
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magnetic field model. However, such variables are crucial to describing the complete magnetospheric

system. Furthermore, it is common for MHD simulation codes to have ”optional” features, such

as the inclusion of the Hall term [55], which can lead to qualitatively different results in the global

magnetosphere [16]. Other optional features include coupling the simulation with other models

that cover aspects of the magnetospheric system known to be inaccurate with MHD alone (such as

the ring current) [50, 121].

In Section 2.2, we outline the numerical techniques developed to accomplish the adiabatic

invariant calculation and the tuning of key algorithmic parameters. Section 2.3 analyzes a storm

to note the differences between the MHD-driven LFM/LFM-RCM and the empirical Tsyganenko

T96 and TS05 models. In this section, a time series of L∗ is also presented and compared between

the LFM and LFM-RCM models. In Section 2.7, we summarize the work performed.

Related to this chapter are two appendices. In the Appendix A, we provide supporting data

of the OMNI IMF Parameters during the 2 October 2013 Storm, and in Appendix B, we display

an example of a non-closed drift shell with features that complicate the calculation of L∗.

2.2 Algorithms and Methods

Charged particles trapped in the radiation belts undergo three fundamental periodic motions.

These period motions are gyration perpendicular to a magnetic field line, magnetic mirroring along

a magnetic field line (bounce motion, sometimes called magnetic bottling), and azimuthal drift

about the Earth. The first periodic motion, gyration, is the outcome of the continuous influence

of the Lorentz force as it alters the direction of v⊥, causing the particle to track a helix path. The

second periodic motion, magnetic mirroring, is the outcome of the exchange of velocity between v∥

and v⊥ as the particle moves to increasing field strengths while conserving its kinetic energy and

first invariant. For particles with a pitch angle outside a critical loss-cone threshold [61, 135], the

particle will encounter a sufficiently strong field that will transfer any remaining parallel velocity

into perpendicular velocity before reversing the particle in the direction from which it came. The

third periodic motion, azimuthal drift, is caused by a combination of ∇B drift due to gradients
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in the magnetic field strength along the bounce path and curvature drift due to the curvature

of field lines along the bounce path [42, 26]. Both of these influences act in a different direction

based on the charge, and as a result, protons and electrons azimuthally drift in opposite directions.

The surface covered by the particle as it bounces northward/southward along field lines and its

azimuthal drift about the Earth is called the particle drift shell. When combined, these three

structured and periodic motions (gyration, bouncing, and drifting) account for the trajectory of

trapped particles when no outside work is being done.

The adiabatic invariants in this paper are calculated using numerical methods as a function

of global magnetic field output from the LFM model and empirical models and initial particle

velocity/position state.

Each adiabatic invariant corresponds to an integration over a path/surface associated with

the respective periodic motion in the action integral. For the first invariant M , this periodic motion

is the path of a single gyration; for the second invariant K, this is the bounce path; and for the third

invariant L∗ this is the drift shell. In the case of most geomagnetically trapped charged particles,

the gyro radius is sufficiently small compared to the scale of structure in the magnetic field such

that we can consider B constant over the entire gyration, and thus, no integration is required. We

note that there are some scenarios where this is not the case, such as with electron motion under

very strongly curved field lines relative to the gyroradius [8]. Therefore, the calculation of the first

invariant is trivial but is discussed here for completeness.

The first adiabatic invariant, M , is calculated directly with the equation given in Roederer &

Zhang 2016 [100] and Murphy 2017 [83]. In this equation, p is the momentum, m0 is the rest mass,

B̄ is the magnetic field strength averaged over a gyration [26], p⊥ is the perpendicular momentum,

and α is the particle’s pitch angle.

M =
p2⊥

2m0B̄
=

p2sin2(α)

2m0B̄
(2.1)

The second adiabatic invariant is calculated using the bounce path. The bounce path is
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determined as a portion of the field line trace done in both directions from the point in question.

Given a starting point, the bounce path extends northward and southward, necessarily between

the first occurrence of the magnetic mirroring strength Bm in each direction.

In this work, the field line trace is done by using the Runge-Kutta 4-5 method [40]. In

mathematical terms, the trace of the magnetic field line is computed by solving

x(0) = x0, ẋ =
dx(t)

dt
= aB̂ (2.2)

where x(t) is the position of the field line trace at position t, x0 is the starting point of the trace,

B̂ is the local direction of the magnetic field, and a is a constant to convert from units of magnetic

field intensity to units of space over time [67]. We note that we typically start the field line trace

at the magnetic equator, in practice, using Runge-Kutta 4-5 twice: once forward (for t > 0) to go

northward and once backward (for t < 0) to go southward. The trace is terminated when the inner

(outer) boundary is reached, indicating a closed (open) field line.

The most common scenario for a field line in the inner magnetosphere is that the field strength

is the strongest at the Earth’s surface, declines monotonically towards a minimum value, and then

increases again as the field line comes back towards the Earth. In this case, the selection of any point

along the same field line will produce the same bounce path. This is not the case for certain dayside

field lines and associated values of Bm associated with drift shell splitting [108, 80]. For these types

of field lines, the field line intensity versus magnetic latitude will have two “wells” or local minima,

which will encapsulate the bounce path for sufficiently small Bm, whereas sufficiently large Bm will

not be affected by this structure. Therefore, particles with sufficiently low Bm mirroring on such a

field line may be trapped on a different bounce path depending on their starting location or bounce

phase when entering the Shabansky region.

Because of this phenomenon, the bounce path is determined as a function of two parameters:

the starting point and Bm. Specifically, the path is determined by iterating southwards and north-

wards along the field line trace until Bm is encountered. The starting point is not important if B

at the starting point is less than Bm. When Bm is low enough for the particle to become trapped
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in one of the two bottom wells, a Shabansky orbit will occur.

Once the bounce path is determined, the next step is to integrate along the bounce path

using the equation also derived in Equation 1.3 [100]. In this equation, B(s) is the magnetic field

strength at the position along the trace, Bm is the magnetic mirroring strength, and ds is the

differential length along the trace path. Numerically, in this work this equation is integrated using

trapezoidal integration with ds → ∆s estimated as spatial distance between steps in the field line

trace. The S.I. units of K obtained through this method are km ·
√
nT.

The final third adiabatic invariant, L∗, corresponds to the total magnetic flux outside the

particle’s drift shell. To calculate L∗, we first evaluate the drift shell for the particle. As the

particle moves along its bounce path, it also undergoes an azimuthal drift based on its charge due

to curvature of the field line and radial gradients in the field strength. The surface spanned by the

particle’s bounce motion and azimuthal drift is known as the drift shell. This surface necessarily

never extends to either magnetic pole. It visually appears as a belt or ring around the earth. For

a summary of the forces which contribute to the azimuthal drift, the reader is referred to [88].

The classic way of calculating the drift shell is through a full particle trace. This involves

solving a differential equation for the particle’s position and momentum throughout its drift orbit

and field line trace, for all points along its trajectory. However, this is computationally very

expensive and most notably can be simplified using known physics. When it is known that the

particle is trapped, the particle will necessarily move spatially inwards or outwards during the

azimuthal drift to conserve its second invariant K corresponding to the fixed Bm [100]. This

key simplification allows us to determine the drift shell by iterating through magnetic local times

(MLT’s), and selecting the field line to find one which conservesK from the fixed Bm. This selection

of the field line is significantly less computationally expensive than a full particle trace, though it

leaves the question as to how many MLT’s and how many field line searches to match K from Bm

are required to accurately describe the drift shell.

Drift shell splitting is an important feature to capture in these calculations of the drift shell.

The foundational work of [104] established that drift shell splitting arises from either of two local
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time asymmetries in the magnetosphere: (a) local time asymmetries in the magnetic field, and to a

lesser extent (b) from the presence of an electric field, such as the dawn-to-dusk electric field [141].

The Roederer method used in this work addresses the drift shell splitting from (a) but not (b), due

to the electric field being a lesser source of drift shell splitting and the effects complicating the key

simplifications that make the algorithm computationally efficient.

We present two methods for calculating the drift shell of a particle, the first which does

so from fixed and equally spaced magnetic local times (MLT’s) around Earth, and the second

does so using automatically spaced MLT’s. The automatically spaced MLT mode is backed by a

Runge-Kutta algorithm which varies the spacing to meet user-specified absolute and relative error

tolerances.

The overall equation used to calculate L∗ in this work is,

L∗ =

(
Rinner

RE

)
2π∫ 2π

0 sin2(θinner(ϕ))dϕ
, (2.3)

where Rinner is the inner boundary of the model, θinner is the northern most colatitude of the field

line trace at the model inner boundary, and ϕ is the MLT as an angle between 0 and 2π. This is

a modified [100] Equation 3.40, with a scaling of Rinner/RE . This scaling is derived by extending

the field line at the inner boundary of the model to 1 RE using the dipole model, and in particular

the equation r = Lsin2(θ). When this equation is applied at the footpoint at both the model inner

boundary location and at the magnetically connected surface footpoint, we can derive the equation,

sin2(θsurface) =
RE

Rinner
sin2(θinner), (2.4)

where θsurface is the northern most colatitude of the field line at the surface of Earth. Through

this method, we evaluate L∗ at 1 RE , while simultaneously accommodating magnetic field models

with inner boundaries above 1 RE .

In the fixed and equally spaced mode, the drift shell field line is specified at NMLT unique

and equally spaced MLT’s around Earth. We denote the MLTs as ϕi for i = 1, 2, ..., NMLT . First,

a field line trace and accompanying K(ϕ1, d1) is found for the starting point at distance d from the

magnetic equator.
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Next, a field line search is done at each MLT to place the drift shell field line there. The

search varies the candidate field line by way of the equatorial distance d, and continues to vary it

until a field line is found which produces the desired K(ϕi, di) ≈ K(ϕ1, d1) using the same Bm. We

note that in the case of equatorial mirroring particles, a shortcut exists, wherein one can instead

search for d in Bmin(ϕi, d) ≈ Bmin(ϕ1, d1), a computationally simpler task because no field line

trace is required, as this inherently satisfies the second invariant K when K = 0. This shortcut

essentially amounts to finding an isoline of Bmin around Earth.

To perform the search, candidate distances are tested using a linear search approach. A large

step size is first used (called the initial step, equal to 0.05 RE) to bracket the target, and then a

smaller step size is used to refine the estimate (called the refined step, equal to 0.01 RE). The step-

ping approach was used over bisection (as recommended in [83]) because complex magnetospheres

were found where the curve K(ϕ, d) vs. d possessed multiple matching K. When this occurred,

the correct one (as determined by drift physics) is that which is closest to the previous drift shell

field line. However, bisection would be unable to guarantee which matching solution would be ob-

tained. For this reason, the algorithm was designed to gradually approach the target with carefully

chosen step sizes. The sizes of both the major and refined steps were chosen to be smaller than the

distances observed between multiple matching K in these complex magnetospheres.

When the iteration of refined steps identifies an interval of the refined step size holding d, the

final interval is interpolated. A more controlled use of bisection was experimented with to replace

this interpolation, where it would be used just over this final interval. The advantage would be

that it could guarantee arbitrary error control between the target and acquired K values. However,

we found that this approach resulted in code which was 2.5 times slower (with relative error set to

10−5), and the impact on the final L∗ was less than 0.1%. For this reason, it was deemed that the

interpolation approach was sufficient.

In the automatically spaced MLT mode, the method for searching field lines at each MLT

is similar. The key difference is that the MLTs selected are found while continuously solving the

integral in Equation 2.8. Specifically, the integral is solved using Explicit Runge-Kutta method of
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order 4-5 (RK45) [35], as implemented in the SciPy package [140], which selects MLTs along the

integral bounds. Specifically, it solves the integral D(ϕup) =
∫ ϕup

0 sin2(θinner(ϕ))dϕ through the

differential equation dD
dϕ = sin2(θinner(ϕ)) and D(0) = 0, particularly seeking D(2π) to arrive at

the integral in Equation 2.8. The method is configured with user-specified relative and absolute

error tolerances, which are used to automatically select where dD
dϕ is evaluated based on its rate of

change.

We note that the method algorithm is also parameterized by initial and maximum MLT

spacings. These were selected through an experiment performed using the fixed equally-spaced

MLT mode of the code. In this experiment, we looked at both simple (quiet-time) and complex

(disturbed) magnetospheres with different magnetic field models, and varied the number of local

times. We visually inspected these plots to look for where the calculation became stable. Calcula-

tion stability is determined by using a sufficiently high local time resolution (number of local time

points) to sufficiently capture all necessary drift shell information. The results of this experiment

can be found in Figure 2.1. We concluded that in the best case, the calculation becomes stable

around four MLTs (the left column), and at the worst, around 16 (most of the right column).

Therefore, we set the maximum spacing to 2π/4 and the initial spacing to 2π/16.

We note that while the automatically spaced MLT mode provides desirable automated error

control, it is usually 2-3 times slower than simply using the fixed equally spaced MLT mode with a

safe spacing of 2π/16. Therefore, we recommend that the fixed equally spaced MLT mode be used

for ”quicklook” initial data analysis, and the automatically spaced MLT mode be used for refined

publication-quality results.

In Figure 2.2 we observe the automatically spaced MLT mode selecting a different number

of MLTs throughout the course of a storm. The number of local times selected varies throughout

the storm by a factor of two. The drift shells which required the highest number of MLTs to model

occurred during the main phase of the storm. A second increase in drift shell complexity occurred

later into the recovery phase, around where a secondary yet small drop in Dst occurred.

The automatically spaced MLT mode results in the completed integral; the fixed equally
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Figure 2.1: An experiment to investigate the minimum number of local times required in the drift
shell to calculate L∗ for simple (quiet time) and complex (disturbed period) magnetospheres. In this
experiment, we increased the number of local times and visually inspected where the calculation
became stable to determine at what point the number of local times is sufficient to model the drift
shell.
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Figure 2.2: Changes in the automatically selected number of MLT’s throughout the course of a
geogmagnetic storm, when the automatically spaced MLT mode is used. In this plot, the absolute
tolerance (atol) and relative tolerance (rtol) of the RK45 method was set to 10−4.
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spaced MLT mode still requires numerical integration. This is done through trapezoidal integration

after smoothing the integrand to counter any numerical noise from the drift shell calculation in

θinner(ϕ). The smoothing is performed with a cubic spline constrained with a periodic condition

forcing the derivative of the integrand and the integrand itself equal at the boundary.

We review that the integral evaluated is the modified integral given in [100]. Experiments were

performed where the magnetic flux through the polar cap Φ was numerically integrated through

Φ =

∫∫
B · n̂ dA, (2.5)

with B provided by IGRF [90]. However, it was found that this approach changed L∗ less than

1.5% throughout the outer radiation belt (L∗ > 3), while being more computationally expensive,

and therefore was not used. More information on this can be found in Section 2.5.

2.3 Dependence of Invariants on Magnetic Field Model

In this section, we study the dependence of invariant calculation on magnetic field models

using data from the 2 October 2013 geomagnetic storm. This is done to motivate future work which

will investigate the effects of magnetic field model used to organize spacecraft-collected phase space

density data. The models studied in this section are (a) the two MHD models LFM and LFM-

RCM and the empirical models (b) T96 and TS05, all driven by solar wind conditions provided

by 5-minute OMNI and the 5-minute QinDenton dataset for TS05 W parameters. T96 and TS05

are evaluated on the LFM grid to avoid any question of grid effects on the results. In this section,

we examine the adiabatic invariants calculated in each model, and discuss how features such as

increased tail stretching, differing current structures, and off-equator dayside field line minima

contribute to different invariant profiles.

Simulations of the 2 October 2013 geomagnetic storm were selected to provide a practical

application for study. Through observation, the 2 October 2013 geomagnetic storm was classified

as a G2 Moderate storm on the NOAA Space Weather Prediction Center (SWPC) scale, origi-

nating from a coronal mass ejection with an observed nominal solar wind speed of 600 km/s and
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observed strongly southward Bz with an observed nominal intensity of -19 nT. The LFM and LFM-

RCM simulations were driven by L1 satellite observations of solar wind conditions from the WIND

spacecraft [45].

The structure of the inner magnetospheric fields holds key properties for understanding the

orbit of geomagnetically trapped particles. The structure of the inner magnetospheric fields is

determined from the currents in the magnetosphere and the Earth’s geomagnetic dynamo. The

Earth’s dynamo largely corresponds to the internal field, while the currents in the magnetosphere

correspond to the external field. To characterize the external field, the intensity of the current

contribution originating from the external field is calculated using Ampere’s law.

Jext =
1

µ0
∇× (Bmodel −Bdipole) (2.6)

Visualization of this quantity across a meridional slice shows much finer level of current

detail in the LFM/LFM-RCM than T96/TS05 as show in Figure 2.3. T96/TS05 leave absent many

field-aligned currents around the poles and into the tail, and greatly simplify the cusp currents.

Finally, all models show different interpretations of night-side plasmasphere currents, with this

current largely absent in stand-alone LFM. These multiple models also show the footpoint of the

cusp current at roughly the same location.

Field line traces are added to show differences in tail stretching and dayside compression.

The traces start at magnetic latitudes in the inner boundary corresponding to the footpoints of

field lines associated with L-Shells of L = 1, 2, 3,. . . of a dipole model. We see a drastically higher

level of stretching in the T96/TS05 models, and similar levels of stretching between LFM and

LFM-RCM.

Magnetic field models can be compared in reference to geosynchronous magnetometer data

orbiting at 6.6 RE in Figure 2.4. In this figure, data from the GOES-13 magnetometer is plotted

alongside the magnetic field obtained from each model, taken at the ephemeris location of GOES-
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Figure 2.3: External field current density contribution from different magnetic field models in the
inner magnetosphere, during Dst minimum of the 2 October 2013 storm. This quantity is calculated
using Ampere’s law in Equation 2.3. Field line traces are overlaid starting at magnetic latitudes
on the inner boundary corresponding to the footpoint of field lines associated with L-Shells of
L = 1, 2, 3, ... in a dipole model. In this plot, we note the finer detail of current structures in
LFM and LFM-RCM, increased tail stretching in T96 and TS05, and the differences in night-side
plasmasphere currents between all models.
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13. In the case of LFM/LFM-RCM, the magnetic field is linearly interpolated within a grid cell.

In the case of T96/TS05, the model is evaluated directly at the GOES-13 satellite ephemeris.

This comparison illustrates agreement in Bx and By, but less so in the Bz. The disagreement

in Bz is particularly emphasized during the main phase and early recovery period of the storm.

During the extended recovery period, the shape of Bz is broadly retained throughout the recovery

and during brief fluctuation (10/03, 18:00). We note that in LFM and LFM-RCM, Bz is offset

from the observation even though the fluctuations match. This offset in Bz has been discussed in

the literature and is understood to be related to tail stretching and LFM’s tendency to produce

weaker-than-reality currents in the plasma sheet [144]. A zoomed version of this plot is included in

Appendix A, which highlights the differences in Bz during the main phase of the storm up to and

slightly after the storm’s minimum Dst.

The differences in Bz between approximately 2 October at 4:00 and 16:00 are now discussed

in the context of Equations 1.3 and 2.8. When calculating K in this context, the parameters

dependent on the magnetic field model are the mirror points s1 and s2, and the magnetic field

strength along the bounce path, B(s). In our comparison, we see that |B| differs between models

by as much as 50%. Smaller |B|’s along the bounce path would make the bounce path longer

(required to go to higher MLATs to reach Bm), and B(s) smaller along the bounce path. These

errors would propagate to errors in K, which would then propagate into an error in the drift shell

and in turn L∗.

What is not immediately obvious from this figure are the differences during the main phase

of the storm. A zoomed portion of that plot during the main phase of the storm (up until and

slightly after Dst minimum) is presented here, with particular focus on the Bz panel.

In this plot, we notice that the shape of Bz observed by GOES-13 is much better captured

by the MHD models (LFM and LFM-RCM) than by the empirical models (T96 and TS05). Up

until around 2 October at 04:30, all models show a gradual decrease in Bz, though the arc is more

closely captured by the MHD models. However, only the MHD models capture the increase in Bz

following this period. In the final hour of this plot, GOES-13 observations show Bz reducing again,
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Figure 2.4: Magnetic field models compared to geosynchronous GOES-13 magnetometer data at 6.6
RE . The magnetic field components are plotted in GSM coordinates. This comparison illustrates
good agreement with observation in the Bx and By components for all models, and then much
disagreement in the Bz particularly during the main phase and early recovery period of the storm.
The two vertical bars identify the minimum Dst (left vertical bar), and the quiet time periods
referenced in Figure 2.1 and Figure 2.6.
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which is not captured well by any of the four models.

To illustrate this further, a profile of K is compared between models in Figure 2.6. In this

visualization, the color at a particular location corresponds to the K associated with a particle

mirroring on that magnetic field line at that magnetic latitude. The solid black lines are field

line traces are each L-shell, and the dashed black lines are isolines of constant K. This plot was

constructed with a 2D grid with linear spaced distances and mirroring magnetic latitudes. For each

grid point, K was calculated for particles mirroring at the given magnetic latitude, starting at the

point (d, 0, 0) for distance d in the SM coordinate system.

A prominent feature of this plot is the abrupt upward trend for the K = 0 lines on the

dayside. This is due to the moving location of the minimum field intensity further out into the

dayside. The change in the minimum field intensity is understood to be due to the influence of the

solar wind, the dipole tilt, Shabansky orbits and off-equatorial minima.

The K profile holds implications for the study of equatorially mirroring test particle simu-

lations. An assumption of equatorially mirroring test particle simulations is that K = 0 at Bmin,

which also coincides with the magnetic equitorial plane in the simulation. This property is shown

here to generally hold within ≈ 10 RE , on both the dayside and nightside, but generally not farther

out. This observation is reassuring for the ability for test particle simulations to model the outer

radiation belt largely contained within this range. We notice that the shape of this K = 0 line is

slightly different between each model, with T96 particularly having an out-of-trend shape.

In Konstantinidis et al., 2015 [66] magnetic field models were compared through the analysis

of L∗ vs increasing distances into the tail. The authors of this work report differences in adiabatic

invariants between various empirical model tools, with variations in L∗ as much as 5% at 6 RE

and 30% at 8 RE . The tools examined by those authors included LANL* [146], IRBEM (https:

//prbem.github.io/IRBEM/), SPENVIS (https://www.spenvis.oma.be/), and a particle tracer.

An analogous comparison is presented here using the models studied in this paper during a quiet

magnetosphere, shown in Figure 2.7. In each plot, one can see separation between the MHD (LFM

and LFM-RCM) and the empirical models (TS05 and T96). This is understood to be because the

https://prbem.github.io/IRBEM/
https://prbem.github.io/IRBEM/
https://www.spenvis.oma.be/
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Figure 2.5: Zoomed Portion of 2 October 2013 Storm during the main phase of the storm (up until
and slightly after Dst minimum). In this plot, we notice that the shape of Bz observed by GOES-13
is much better captured by the MHD models (LFM and LFM-RCM) than by the empirical models
(T96 and TS05). Up until around 10/02 04:30, all models show a gradual decrease in Bz, though
the arc is more closely captured by the MHD models. However, only the MHD models capture the
increase in Bz following this period. In the final hour of this plot, GOES-13 observations show BZ

reducing again, which is captured well by no model.
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Figure 2.6: Profile of K (quiet times on left, disturbed times on right). In this visualization,
the color at a particle location corresponds to the K associated with a particle mirroring on that
magnetic field line at that magnetic latitude. The color of the plot is the value of K for a particle
mirroring on that magnetic field line at that magnetic latitude. The dashed lines are isolines of
constant K. The solid black lines are field line traces for each L-shell. A prominent feature of this
plot is the abrupt upward trend for the K = 0 line on the dayside, which is slightly different shape
for each model. This is due to the moving location of the minimum field intensity further out into
the dayside.
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MHD models contain less stretching than the empirical models, therefore yielding different K.

Finally, in Figure 2.8 we see L∗ calculated at increasing distances into the tail and two

mirroring magnetic latitudes (15◦ and 30◦). The OMNI IMF parameters during this storm are

provided in Appendix A. The most variation in L∗ over the course of the storm occurs at larger

distances into the tail, where the influence of the external field over the dipole is the greatest. It

is noted that during the main phase of the storm, the drift shells associated with d = −8 RE are

largely not closed and do not allow the algorithm to converge. An example of a magnetosphere

which contains such not closed drift shells can be found in Appendix B.

There are interesting differences between LFM and LFM-RCM during the beginning of the

recovery phase on 2 October at 12:00 when the large magnetospheric field disturbances have com-

pleted but ring current enhancement continues. The decline in L∗ for the d = −8 RE lines is similar,

but shows a much different shape around 2 October at 18:00. This is likely due to the more detailed

ring current modeling that RCM provides that acts as a feedback, providing pressure modification

to the MHD solution by LFM. The fluctuation in L∗ around 3 October at 18:00 corresponds with a

denser burst of solar wind traveling at the same velocity as the solar wind preceding and following.

Both magnetic field models produce comparable L∗’s that reflect the magnetosphere’s response to

this small/brief solar wind density fluctuation.

2.4 Explanation of Systematically Larger values for L∗ from MHD Models

In this section we address the observation that predictions of L∗ are systematically larger

when MHD models used over the empirical models used (TS05 and T96). As previously noted,

the difference becomes larger further out in the magnetosphere. Later in this dissertation when

we study the SWMF-RCM MHD model, it will become evident that L∗ is systematically larger for

that as well.

The calculation of L∗ requires calculation of the drift shell. In Figure 2.9, we show the bounce

paths in two drifts drift shells: LFM-RCM (an MHD model) and TS05 (an empirical model). In

this experiment, the results were computed at increasing radii into the tail for a particle with an
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Figure 2.7: Calculation of L∗ at increasing distances into the tail between magnetic field models
during quiet-time conditions. We note that LFM and LFM-RCM contain less stretching than the
T96 and TS05 models, and therefore starting the same point in the represent notable different
values of K. This plot reflects a similar visualization as found in [66] where LANLstar, IRBEM,
SPENVIS, and a particle tracer were compared.
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Figure 2.8: Values of L∗ calculated at various distances into the tail during the 2 October 2013
Storm. We note that during the main phase of the storm many of the drift shells are not closed and
resulted in L∗ calculations that did not converge. Furthermore, the biggest deviations of L∗ from
the dipole L∗ occur farther into the magnetosphere where the external field holds greater influence
over the dipole field.
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Figure 2.9: Bounce paths between an MHD model and an empirical model, showing differences in
dayside compression and tail stretching. This leads to a different shapes in the polar cap surface
Π, which by association changes Φ and L∗. Modeling is done for a particle with equatorial pitch
angle α = 45◦.

equatorial pitch angle of α = 45◦. In this plot, the bounce path are plotted in bold colors, with the

remainder of the field lines in faded colors.

By definition, L∗ ∝ 1/Φ where the variable Φ is the magnetic flux through the drift shell

[100]. The variable Φ is given by

Φ =

∫
Π
B · dS, (2.7)

where Π is the polar cap through the drift shell and B is the magnetic field. With the empirical
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model, we observe increased stretching in the tail and compression that on the dayside that alter

Π. At each radii considered, the field line of the bounce path with the empirical model stays closer

to the equator, and in turns grows the size of the Π surface.

Figure 2.10: Inspection of the integral embedded in the equation we use for L∗ ([31]). This plot
inspects the integral between an MHD and empirical model. Calculations are done for a particle
with equatorial pitch angle α = 45◦.

The equation we use for L∗ is

L∗ =

(
Rinner

RE

)
2π∫ 2π

0 sin2(θ)dϕ
(2.8)

where Rinner is the inner boundary of the model, RE is the radius of the earth, ϕ is the magnetic

local time in radians, and θ is the northern most magnetic colatitude of the field line at each

magnetic local time. The integral
∫ 2π
0 sin2(θ)dϕ contains the same information found in Φ, albeit
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Figure 2.11: Comparison of K values between an MHD model and an empirical model (LFM is
LFM-RCM).

with different units. Specifically, the dependence on the shape of Π in Φ is encoded in θ = θ(ϕ),

and the dependence on B is removed after substituting the dipole equations.

The differences in the integral
∫ 2π
0 sin2(θ)dϕ are described in Figure 2.10. For this experiment
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we used the same drift shell calculations as in Figure 2.9. We observe that the empirical models

generate lower values of sin2(θ) in general (which implies lower values of θ), and in general have a

stronger day/night dependence.

With these observations we can have confirmed that the polar cap Π in the MHD models

is smaller with the MHD models, especially on the day and night sides. From the equations, this

leads to decreased Φ and in turn larger L∗.

Both empirical and MHD models capture the magnetopause (Chapman-Ferraro) current

which flows eastward along the magnetopause and corresponds to compression and increased |B|

inside the magnetosphere on the dayside. They also both capture the ring current (to a greater ex-

tent when MHD is coupled with RCM as assumed for the MHD models here) which flows westward

causing a decrease in |B| in the region typically occupied by outer zone electrons [63]. The degree

to which each current system is accurately captured in the statistical ensemble between Tysganenko

and MHD models determines the relative difference between the two in mapping L∗.

Our finding that the MHD models yield a larger value of L∗ is consistent with a stronger

ring current in the MHD-RCM case than found in the empirical models. This has been found to be

the case when examining solar energetic proton cutoffs in both types of models for a geomagnetic

storm 7 – 8 September 2017 of comparable magnitude [74] to the three studied here (check).

However, these cutoffs are dominated by fields at low L values (3 – 6). At higher L (andL∗)

values, magnetopause currents play an increasingly important role. [73] have shown in an L − L∗

comparison for two different geomagnetic storms that IMF Bz, which controls the location of the

magnetopause [114] and strength of the magnetopause current [130] an outward displacement of L∗

relative to dipole L (r in the equatorial plane) when Bz > 0 and inward displacement when Bz < 0.

2.5 Evaluation of Alternatives: IGRF and 2D Polar Cap Integration

In this section, we evaluate alternatives to the methods presented in this manuscript. Previous

works such as [106] have suggested that IGRF may be important to the calculation of L∗, and other

works such as [1] suggest that L* be calculated through a 2D integration over the polar cap using
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Figure 2.12: Top panel: Demonstration that using the 2D Polar Cap integration method with the
LFM internal model changed to IGRF as a post-processing step has a negligible impact on L∗

(< 1.5%) for 3 ≤ L ≤ 6 compared to using the method presented in this manuscript. Bottom
panel: Demonstration without using the 2D polar cap integration, that the effect of changing the
LFM internal model to IGRF as a post-processing step has a negligible impact on L∗ (< 1.5%) for
3 ≤ L ≤ 6 compared to using LFM with an internal dipole (the official method of this manuscript).



54

the equation L∗ = 2πk0/(ΦRE), where k0 is Earth’s dipole moment, and Φ =
∫∫

B · n̂ dA as in

Equation 2.5. This is in contrast to the Modified Roederer Equation 3.40 presented in Equation

2.8, whose derivation starts with the 2D integral form of Φ, applies the dipole model to provide

B [100], and is modified against using the dipole model to extend each footpoint from the model

inner boundary to Earth’s surface (a contribution of this work).

IGRF is an empirical model of Earth’s internal magnetic field designed to capture deviations

from the dipole and drifts in the magnetic structure over time. We investigate using IGRF in two

ways. First, we evaluate IGRF serving as an internal model for LFM, wherein the for each point

on the model grid the dipole field is subtracted and the IGRF field is added to replace it as a

post-processing step. We note that this results in more realistic non-dipiolar near-Earth fields for

the L∗ calculation, but also removes the consistency of the fields with the MHD model physics used

to produce them (which assume an internal dipole). Second, we evaluate using IGRF to trace each

drift shell footpoint at the model inner boundary down to Earth’s surface, at which point the 2D

integration over the polar cap would be performed.

An experiment is performed to evaluate the effect of doing both these alternatives at the

same time. The results are displayed in the top panel of Figure 2.12. To perform the 2D polar cap

integration at 1 RE , we numerically integrated,

Φ =

∫ ϕ=2π

ϕ=0

∫ θ=π/2

θ=θsurface(ϕ)
Brsin(θ)R

2
Edθdϕ, (2.9)

where Br is the radial magnetic field component, and θsurface is the colatitude of the point which

results from tracing the drift shell footpoint at the model inner boundary down to Earth’s surface

using IGRF. In this experiment, it is found for 3 ≤ L ≤ 6 the difference in L∗ between these two

methods is within 1.5%. This was deemed a very small change which did not outweigh the cost

associated with integrating IGRF into the final software and causing our results to now depend on

the details of another model.

We further seek to understand whether spatial variations in the IGRF field strength are

impactful to the calculation. To further check this, an experiment is performed where the 2D
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integration method is applied to produce L∗ corresponding to artificial circular polar caps spanning

varying magnetic latitudes. The calculation is repeated with B provided by the standard dipole

model and then again with IGRF. It was found that for polar caps extending between 30◦ and 60◦

MLAT, the difference between L∗ calculated each way is less than 1.5%.

Furthermore, a calculation of the dipole strength of IGRF using the 2010 coefficients and

Equation 6 of [2] produced a value of BIGRF
0 = 29, 950.126 nT, which is within 0.2% of LFM’s

nominal BLFM
0 = 30, 000 nT. However, we note that the IGRF dipole strength drifts year-by-year,

and has drifted on the order of 5% between the years of 1900 to 2000.

A final experiment was performed to check the effect of replacing the LFM internal model

with IGRF as a post-processing step, while holding the L∗ equation unchanged. That was done

to separate the effects of the 2D polar cap integration method from using IGRF as the internal

model. The results are displayed in the bottom panel of Figure 2.12. It was found that when this

the internal model was changed this way, the difference in L∗ was again less than 1.5%. For the

same reasons as before, this difference was deemed too small to be worth the cost.

2.6 Review of Alternative Approaches for Computing L∗

We have detailed the methodology which will be used in this dissertation for computing L∗,

which will be applied in the subsequent chapters. This method is known as the ”Roederer method”,

in tribute to Roederer’s 1970 book (revised 2014 and 2016) [100]. For the stake of completeness,

we will now mention alternative methods in the literature for computing L∗.

In the work of Albert et al., 2018 [1], a newly developed code named AFRL-Shell is presented

which directly follows guiding center motion to trace the particle trajectory. Multiple variations

of the guiding center equations exist, and AFRL-Shell uses the ubiquitous Brizard-Chan 1999

formulation [23] with neglected electric field effects. Albert et al., state they ignore electric field

effects because a self-consistent electric field is not available with the Tsyganenko models they

used. In AFRL-Shell, once the trace of the particle trajectory is found, the value of L∗ is found by

mapping the northern mirror points down to 0.8 RE and computing the line integral around the
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interior polar cap, similar to what was described previously in this dissertation.

In Appendix C of Selesnick et al., 2000 [106] another method was presented for computing

the third invariant in the form of Φ. The technique sets the problem up as coupled differential

equations, which are then solved numerically using standard techniques. These equations are:

Φ =

∮
A · dl, (2.10)

dΦ

dl
= R

(
Aθ

dθ

dl
+Aλsinθ

dλ

dl

)
, (2.11)

dθ

dl
=

−dI/dλ

R((dI/dλ)2 + sin2θ(dl/dθ)2)1/2
, (2.12)

dλ

dl
=

−dI/dθ

R((dI/dλ)2 + sin2θ(dl/dθ)2)1/2
, (2.13)

dI

ds
=

(
1− B

Bm

)1/2

, (2.14)

dx

ds
=

Bx

B
, (2.15)

dy

ds
=

By

B
, (2.16)

and (2.17)

dz

ds
=

Bz

B
, (2.18)

where A is the vector magnetic potential, l is the path around the polar cap, θ and λ are the

spherical coordinate angles of a point on the polar cap, and I is the second invariant. Similar to the

Reoderer method, this approach exploits the connection between the second and third invariants.

The couple differential equations are solved using a Runge-Kutta method with adaptive step sizes

[96].

Another approach is that of Min et al. 2013, [82], who derive a method of computing L∗ using

(U,B,K) coordinates [143]. Min’s method requires an expensive preparation step of computing

two-dimensional isoenergy contours that simplify the subsequent calculations. The preparation step

needs only be done once per magnetic field timestep and can be reused for different L∗ criteria. The

method is perhaps unique from the Roederer and Selesnick methods in that it allows for constant

electric potential along field lines.
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While not necessarily a technique of calculating L∗ as much as an implementation of regres-

sion to speed up results calculated using another tool, the LANL* software provides very efficient

calculation of L∗ using a pre-trained neural network [146]. The neural network itself is trained

on millions of L∗ calculations made using the IRBEM code (based on the Roederer method). The

IRBEM code is parameterized by different backing models, and strictly speaking, there is a different

LANL* method for each of these models. Models used to train LANL* include T96, T01 Quiet,

T03 Storm, TS05, OP dynamic, and OP quiet. The inputs that the neural network learns to map

to L∗ vary based on the backing model, but generally reflect the similar inputs to those for the

backing model. This approach, which essentially uses the neural network as a more capable agent

for statistical regression, boasts the ability to generate L∗ estimates in microseconds instead of the

usual seconds. The work analyzes the error rigorously, which is found low enough for the approach

to be applicable to most practical use cases.

2.7 Summary

In this chapter we present a rigorously developed methodology for calculating adiabatic in-

variants in MHD-driven fields, starting with those from LFM and LFM-RCM. Our methodology

follows the groundwork laid out in Roederer and Zhang 2016 [100] (first edition published in 1970)

and further refined in Murphy 2017 [83]. The rigorous development and documentation of this

algorithm is a contribution to the research community as groundwork preceding later utilization.

In addition to the methodology, this chapter presented evidence to justify the effort spent

developing tools for calculating adiabatic invariants around fields that originate from MHD-driven

simulation. A detailed analysis of meridional current derived from LFM, LFM-RCM, T96, and

TS05 was presented and showed differences that warrant consideration. In particular, we showed

a much higher level of detail in current complexity in the MHD-driven models compared to the

empirical models.

Calculation of L∗ over the course of the 2 October 2013 storm for LFM and LFM-RCM

showed that differences in L∗ exist primarily at larger L∗ in the magnetosphere where the external
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field’s influence over the dipole grows. The time series of the L∗ calculation between LFM and

LFM-RCM showed the influence of the ring current modeling as a feedback mechanism that affects

L∗.

These tools are developed with the intent to enhance the capability of modeling studies using

L∗, as well as extending the ability to accurately organize in-situ data using adiabatic invariants.

In this chapter, we noted the difference in L∗ structure based on whether LFM was coupled with

the RCM model. A rich history of magnetospheric simulation has explored different variants of the

MHD equations (such as Hall and Multi-Fluid), as well as complex many-model coupling [15, 95].

By establishing methodology and code to analyze the dynamics of trapped particles under simulated

magnetospheres, we begin a period of science where the impacts of modeling choices on trapped

charged particle dynamics can be studied.



Chapter 3

Quantifying Adiabatic Motion

The text in this chapter is based on the publication ”Quantifying Adiabatic Motion in the

Outer Radiation Belt and Ring Current with Invariant Matching” by da Silva et al., published in

Frontiers in Astronomy and Space Sciences, 2024 [30].

3.1 Introduction

Adiabatic motion is fundamental motion in the radiation belts, of critical importance to

the overarching theory of the dynamics that touches a wide range of scenarios. The ability to

quantify the adiabatic processes that occur in the radiation belts is a powerful tool to have, with

numerous applications. We will outline several applications here, surveying from both ends of the

spectrum: from practical space weather operations to more academic research questions about the

magnetosphere.

Geostationary satellites, which orbit in circular orbits with an apogee of 6.6 RE , are criti-

cal assets embedded in the outer radiation belt region. In the later sections of this chapter, we

will show that within a single storm, particles may move adiabatically inwards or outwards at

scales up to 2 RE . To better protect geostationary assets, we may ask: how much of the energetic

particle population overlaps with geostationary orbit? We can reason that energetic particle popu-

lations interior to the geosynchronous radius of 6.6 RE , which do not initially reach these satellites,

may adiabatically move radially outwards until they intersect with geostationary orbit and pose a

threat. Similarly, energetic particle populations currently posing a threat to geosynchronous and
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other satellites may move inward and create a safety period. To best understand the time-varying

energetic particle threats posted to geosynchronous satellites, we must understand these patterns

of adiabatic motion.

A similar argument can be with the ring current population, and a corresponding space

weather effect. In geostationary orbit, ring current particles accumulate on the spacecraft’s surface,

sometimes leading to spatial variation in surface charge. These spatial variations in surface charge

(also known as ”differential charging”) can trigger pulsed discharges harmful to onboard electronics

[70]. We can similarly ask: how does the adiabatic movement of ring current populations affect the

time-dependent rate of spacecraft charging for satellites in geostationary orbit?

The adiabatic motion also has implications for research missions not in geosynchronous orbits,

such as the Van Allen Probes [79]. The Van Allen Probes satellites orbited with an apogee of about

5.8 RE , which serves as a radial upper bound for the mission’s outer radiation belt coverage.

However, because particles are known to adiabatically move inwards and outwards radially, they

will inevitably transition in and out of the satellite’s coverage. The extent to which this occurs is

relevant to studies using such data, as well as the interpretation of outer radiation belt data.

Finally, we consider an application between adiabatic motion and induced field changes from

the ring current. The ring current is the primary source of magnetic field depletion at the Earth’s

surface during geomagnetic storms, whose strength is often stated in terms of the Dst index. The

induced change to the magnetospheric magnetic fields caused by the ring current can be calcu-

lated with the Biot-Savart law [147], ∆B(r) = µ0

4π

∫∫∫
RingCurrent

J×r′

|r′|3 dV , wherein the change from

magnetic field ∆B due to the ring current is calculated through an integral over the ring current

region, with current density J, positions r and r′, and infinitesimal volume dV . In this equation, we

bring attention to the 1/|r′|3 term, which shows that the ∆B at a location in the magnetosphere is

connected to its distance to each infinitesimal volume of the ring current having a notable current

density. This change in the magnetic field strength due to changes in the ring current will alter the

drift shells of trapped energetic particles.

In this dissertation, we quantify the adiabatic motion using a method centered around the
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theory of adiabatic invariants. Our method, Invariant Matching, pairs mirror points of equal K and

L∗ over space from distinct magnetospheres. This can be viewed through the lens of a particle’s drift

shell adapting in shape to conserve K and L∗ under newly encountered fields. We note that K and

L∗ alone dictate the drift shell structure because, for our considered populations, the gyro-radius

is extremely small compared to the spatial scales of the bounce and drift motions.

Our method is a computationally efficient alternative to particle tracing when adiabatic

motion free from non-adiabatic effects is considered. While it is well understood that non-adiabatic

effects occur in nature, the results derived from our method can be interpreted as theoretical

features pertaining to fundamental transitional behaviour between pairs of magnetospheres. We

call this pure adiabatic motion between two sets of global magnetic fields idealized adiabatic motion

to emphasize the calculation’s independence from any non-adiabatic effects.

In this work, we model and discuss idealized adiabatic motion during a geomagnetic storm

using the semi-empirical magnetic field model driven by L1 solar wind measurements and the Dst

index. We quantify the adiabatic displacement of mirror points between a storm time commence-

ment, time of Dst minimum, and nominal recovery time to understand the scale at which particles

move adiabatically within a storm.

Because changes to the global magnetic field are entirely driven by currents throughout the

magnetosphere, we also study the adiabatic response to individual current system enhancements.

The current systems we study are the ring current, tail currents, Birkeland currents, and Chapman-

Ferraro currents. Specifically, we vary each current system individually and observe the adiabatic

response. Because these currents ultimately drive each significant distortion of the global mag-

netosphere magnetic field, it is helpful to understand their respective contributions to adiabatic

motion.

3.2 Current Systems and the TS05 Model

We use the Tsyganenko/Sitnov 2005 (TS05) model to model the global magnetospheric mag-

netic field. This semi-empirical model of the global magnetospheric magnetic field combines both
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Figure 3.1: Integrated currents throughout a geomagnetic storm, showing variation on a scale of
about 4X between the quiet-time intensity and the intensity at the time of Dst minimum.

physical modeling and a history of satellite observation in a comprehensive modeling approach re-

fined over multiple decades [130, 129, 126, 128, 134, 124]. Interior to the magnetopause, this model

calculates the overall magnetic field BFinal as the sum of seven contributing vectors,

BFinal = BCF +BTAIL1 +BTAIL2 +BSRC +BPRC +BBIRK1 +BBIRK2 +BIMF, (3.1)

where BCF represents the contribution from the Chapman-Ferraro current system, BTAIL1 and

BTAIL2 from two regions of tail currents, BSRC from the ”symmetric” ring current, BPRC from

the ”partial” ring current, BBIRK1 and BBIRK2 from two regions of the Birkeland currents, and

BIMF from the penetrated component of the interplanetary magnetic field (IMF). We note that

the penetrated component, unlike the others, does not nominally correspond to a magnetospheric

current system for the purposes of this dissertation.

Tsyganenko describes their rationale for splitting some current systems into two terms [130].

For the tail currents , two distinct tail current regions are used to separately model inner and outer

cross-tail current. Two Birkeland currents allow for shifting the current peaks longitudinally, where
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Region 1 corresponds to current peaks at dawn and dusk and Region 2 corresponds to current peaks

at noon and midnight. The symmetric ring current differs from the partial ring current in that

the symmetric ring current is axially symmetric, while the partial ring current includes the effects

of field-aligned currents associated with the local time asymmetry of azimuthal near-equatorial

currents [128].

In Figure 3.1 we display time-varying metrics for current system intensity for three current

groups during the geomagnetic storm beginning on October 2, 2013: the ring current (BPRC and

BSRC), tail current (BTAIL1 and BTAIL2), and Birkeland currents (BBIRK1 and BBIRK2). This

demonstrates how the intensity of each current system varies overall on a scale of about 4X between

the quiet time intensity and the intensity during the storm’s Dst minimum. This plot is prepared

with the total current integrated over a surface using the equation,

TotalCurrent =

∫∫
1

µ0
|∇ ×

∑
Bi|dA, (3.2)

where Bi are the magnetic field vectors from the terms considered. The integration surface used is

the midnight X-Z plane bounded by X > −20 RE (Solar Magnetic coordinates) for the ring current

and tail current. The integration surface for the Birkeland current is the X-Y plane at Z = 1.1 RE ,

to place the the surface where the Birkeland currents take their field-align direction.

The model itself computes each of the contributing vectors as a function of upstream solar

wind conditions and geomagnetic state. Specifically, the input variables are the IMF By and Bz,

the Dst index, the interplanetary dynamic pressure Pdyn, and six time-dependent parameters W1

to W6 that allow the model to account for the growth and decay of persistent currents.

This work investigates the adiabatic responses of ring current and radiation belt particles to

individual current systems. An illustration of the combined current sources can be found in Figure

3.2, which shows the current density calculated from the equation

Jext =
1

µ0
|∇ ×Bext|, (3.3)

where Bext is the external magnetic field vector obtained from TS05, Jext is the current density

associated with the perturbed (non-dipole) fields, and µ0 is the vacuum magnetic permeability. This
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Figure 3.2: Model cuts displaying the current systems extracted from the Tsyganenko/Sitnov 2005
(TS05) model, using Equation 3.2.

example is driven by the inputs Pdyn = 1.64 nPa, Dst = −7.0 nT, By = −2.7 nT, Bz = −1.2 nT,

W1 = 0.338, W2 = 0.469, W3 = 0.063, W4 = 0.248, W5 = 0.337 and W6 = 0.58. These inputs

correspond to the commencement time of the storm, which will be described later. In this plot, we

see a complex description of the global magnetosphere, including multiple layers of ring current, a

tail current, and cavities of current density immediately around the polar regions.

Our work will investigate the influence of individual current systems by artificially scaling

terms of Equation 3.1 to enhance each system. This is implemented using a modified version

of the official Fortran TS05 code, with the original available at https://geo.phys.spbu.ru/

~tsyganenko/empirical-models/magnetic_field/ts05/. Specifically, the function that holds

the code that adds the contributing terms is modified to accept scale factors used to multiply each

contributing term.

3.3 Invariant Matching Methodology

We seek to describe the adiabatic motion of ring current and radiation belt particles between

a pair of magnetospheres. The key state of a trapped particle is its adiabatic invariant coordinate

https://geo.phys.spbu.ru/~tsyganenko/empirical-models/magnetic_field/ts05/
https://geo.phys.spbu.ru/~tsyganenko/empirical-models/magnetic_field/ts05/
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(M,K,L∗) that describes its trapped state. For this manuscript, we will accept that the three

adiabatic invariant coordinates (M,K,L∗) can be calculated in conjunction with a magnetic field

model from a starting position x0, a particle rest mass m0, and mirroring field intensity Bm.

The approach used is to associate particles mirroring at a known point along a fixed drift

shell and, through computational methods, match them to the mirror point under a new drift shell

they would adiabatically transition to under a modified global magnetic field, in the absence of

any non-adiabatic effects such as wave-particle interactions. We calculate the idealized adiabatic

motion between a starting and ending magnetosphere. The approach begins by preprocessing

the ending global magnetic field. A grid of positions on an X-Z slice of Solar Magnetic (SM)

space is associated with adiabatic coordinates corresponding to a particle thatch mirrors there.

This produces a ”mapped” dataset which maps a grid of mirror positions (Xij , Zij) to adiabatic

coordinates (Kij , L
∗
ij).

The invariant matching grid is irregular 0.1), and the magnetic latitude ϕ of a mirror point

along each field line between −61◦ and 61◦ (in increments of 2◦) with extra points placed at

±0.1◦ around the equator. These extra points were placed to extend the minimum K which could

be interpolated, due to the singularity that arises from interpolating K in log-space. Each mirror

point magnetic latitude, whether positive or negative, yields the mirroring field strength Bm, which

inherently specifies the opposite mirror point location along that field line. This grid is designed

to cover the region of space occupied by outer radiation belt elections and includes a variety of

mirroring states. Through this mapping process, each of the (L, ϕ) grid points is connected to a

(K,L∗) coordinate.

The mapped dataset describing the ending magnetosphere is used to match adiabatic co-

ordinates (K,L∗) from the starting magnetosphere with the mirror point locations in the ending

magnetosphere. For each mirror point in the starting magnetosphere, the mapped dataset is in-

terpolated to find the corresponding (X,Z) position where the mirror points displace to in the

ending magnetosphere. In Figure 3.3 we show the adiabatic coordinates of the mapped ending

magnetosphere mirror points colored by their X and Z coordinates, with the adiabatic coordinates
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Figure 3.3: Adiabatic invariant coordinates (K,L∗) in the ending magnetosphere are computed
for particles mirroring on a grid of L and magnetic latitude ϕ at a fixed local time. The X
and Z variables correspond to the SM mirror point location at the local time. This mapping
(K,L∗) 7→ (X,Z) is interpolated to find the location of the mirror point for a (K0, L

∗
0) particle

originating from the starting magnetosphere.

of the starting magnetosphere mirror points as black/white circles.

The interpolation done is in log-scale for the K coordinate, which naturally spans about 7

orders of magnitude. To interpolate, a radial basis function method is used from the SciPy package

[140]. Specifically, we use multiquadratic basis functions of the form b(r) =
√
(r/ϵ)2 + 1 where b(r)

is the radial basis function, r is the radius, and ϵ is equal to the average distance between data

points. The smoothness setting is used to force the interpolation function to always go through the

data points. This method was chosen because of its effectiveness working with scattered data. Care

is taken not to extrapolate the mapped dataset; if at any time one of the interpolation locations

is not fully within the enclosed bounds of the mapped data points then the adiabatic motion is

not computed. This constraint is accomplished by checking whether the interpolation location is

within the convex hull of the mapped data points.

We now discuss the scope of this methodology. This methodology may be applied where the

three invariants are conserved for the particles in question. Previous studies of trapped particle

motion have identified a number of cases where the invariants are not conserved, which we review
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here. Generally speaking, if M is not conserved, then K and L∗ are also not conserved, and if K

is not conserved, L∗ is not. Known scenarios where one or more invariants are broken include:

• Highly curved field lines, where the gyro radius approaches the curvature radius of the

field line.

• Spatially sheared field lines, where there is a sudden large change in field line direction

over space, such as around the magnetotail current sheet.

• Drift Orbit Bifurcation (DOB), such as around the dayside Shabansky region.

• Rapid changes to the magnetic field topology, such as where there the global mag-

netic topology alters the motion of the particle on a scale faster than the drift period.

• Large gradients in the field line strength, such as around the magnetopause and

magnetosheath boundary layer (MSBL).

• Resonant Wave-Particle Interactions, such as but not limited to chorus or ULF waves.

Detailed discussion of each of these scenarios is outside the scope of this dissertation. For

issues regarding curvature of field lines and the magnetotail, see [6]. For wave-particle interactions

see [137] and [37] when concerned with ULF waves, and [4] for chorus waves.

3.4 Results

3.4.1 Idealized Adiabatic Motion Between Storm Times

We now turn our attention to studying the idealized adiabatic motion during a geomagnetic

storm, nominally beginning on 2 October 2013. This storm, studied in Chapter 2, was triggered

by a coronal mass ejection (CME) [84] with mostly BIMF
y < 0 plasma and flow speeds in excess of

600 km/s. The magnetosphere’s response reached a minimum Dst of −90 nT during the peak of

the storm.



68

Figure 3.4: Idealized adiabatic motion between a nominal storm commencement time and the time
of Dst minimum for the storm, displayed through the displacement of mirror points. The bottom
two panels show the total external field current density, computing using Equation 3.3.

We study the idealized adiabatic motion between three times in the storm: (a) a nominal

commencement time immediately preceding the CME, (b) the time of minimum Dst, chosen to

reflect the most disturbed state, and (c) a nominal recovery time about two days after the com-

mencement, when the solar wind dynamic pressure had since returned to its baseline value and
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there no longer existed a strong southward BIMF
z .

Though it is generally understood that adiabatic breaking behaviour would occur between

the commencement and main phase, we apply this method to a storm to demonstrate the scale of

adiabatic influence. The adiabatic motion between the storm commencement and the time of Dst

minimum is displayed in the top panel of Figure 3.4 . Each of the vectors drawn in this plot is

between a mirror point in the commencement magnetosphere and its corresponding adiabatically

displaced mirror point in the Dst minimum magnetosphere. The bottom two panels show the

external current densities (from all external current sources) for each magnetosphere computed

using Equation 3.3. The commencement magnetospheric field lines are drawn in white, and the

Dst minimum field lines are drawn in gray.

We notice a number of interesting features in these plots. The magnitude of the adiabatic

mirror point displacement is largest furthest away from the Earth, where the external field domi-

nates. As expected, the Dst minimum dayside magnetosphere is significantly more compressed than

during the storm commencement. On the dayside, we also see that the adiabatic displacement of

the mirror points tends to be broadly in the direction perpendicular to the field line. We label

a region around the magnetic equator where the adiabatic motion would have displaced mirror

points past the magnetopause, in a well-understood phenomena known as magnetopause shad-

owing or magnetopause incursion [58]. Magnetopause shadowing affects particles in pitch angle

bands around 90◦. Through the dropouts of particles in these pitch angle bands, the phenomena

is known to instigate doubly-peaked ”butterfly” pitch angle distributions. The features observed

here are consistent with test particle simulations of magnetopause shadowing [101], Fokker-Planck

simulations [145], and phase space density observations [118, 136, 111, 76, 115].

Moving on the tail portion of Figure 3.4, we observe a combined influence of the Dst effect

and drift shell splitting. The experiment depicts latitude-dependent outward mirror-point displace-

ment within the same starting field line (attributable to drift shell splitting), with the strongest

displacement just outside the ring current region (widely known as the Dst effect). There are two

peaks in total displacement magnitude at roughly the same absolute magnetic latitude. This can
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Figure 3.5: Idealized adiabatic motion between the time of minimum Dst for the storm and a
nominal recovery time over 36 hours later, displayed through the relocation of mirror points. DOB
stands for drift orbit bifurcation. The bottom two panels show the total external field current
density, computed using Equation 3.3.

be expected to lead to interesting changes in the equatorial pitch angle distributions as would be

measured at increasing L values into the tail. That is, the equatorial pitch angle distribution ver-

sus L would change in shape/structure from particles being exchanged in pitch angle dependent

amounts across L-shells.
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The adiabatic motion between the Dst minimum for the storm and the nominal recovery time

over 36 hours later is displayed in Figure 3.5. We note signatures of a well known phenomena known

as drift orbit bifurcation (DOB). This phenomenon occurs in a region of the dayside magnetic field

known as the Shabansky region [108, 80]. In the Shabansky region, each magnetic field line is

”hammer-head” shaped as it contains two local minima in magnetic field strength. Each of these

local minima is located near each cusp [92]. Test particle simulations have confirmed that when

particles of sufficiently low Bm pass through these regions they become trapped within one of the

two local minima, with the minimum chosen being effectively stochastic [109].

In Figure 3.5, we observe the results of invariant matching on the dayside for drift shell mirror

points subject to DOB effects at the time of Dst minimum but not during recovery. The pitch angle

dependent dynamics of entering and leaving the Shabansky region have been reported in McCol-

lough et al., 2012 [80]. McCollough et al.’s work describes three types of particles encountering the

region, labeled as Type I, II, and III. Type I particles are those of high K that undergo dayside

drifts without mirroring inside the bifurcated region; in many ways they are unaffected by the

unique Shabansky structure. Type II and III particles are those which mirror inside the bifurcated

region, spending their time at high latitudes while in the Shabansky region. The difference between

Type II and III particles is that Type II particles have small K (which is conserved after leaving the

Shabansky region), and Type III particles have an even smaller near-zero K (which is not conserved

after leaving the Shabansky region). While mirroring inside the Shabansky region, a standard pre-

scription is that the full value of K is partitioned between minima, such that K = K1 +K2. It is

common, though not entirely accurate, to approximate K1 and K2 with K1 = K2 = K/2.

Our model of idealized adiabatic motion accurately describes Type I and II particles, but less

so for Type III particles. This is necessarily because K, and therefore L∗, are not conserved after

leaving the region for Type III particles, which violates a key assumption of the Invariant Matching

method. The arrow crossing in Figure 3.5 can be understood to occur at the mirroring latitudes

which effectively act as classification boundaries between Type I and II particles. We note that a

similar but reversed DOB effect occurred between commencement and Dst minimum for particles
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drifting on the dayside around L = 6 in the commencement magnetosphere, but it was cropped out

of Figure 3.4 for visual simplicity.

We note that the changes to K and L∗ for Type III particles were reported in McCollough

et al., 2012 [80] be small within a drift. Their work showed at each drift, K about doubled in

value when entering/exiting the Shabansky region a single time. This is notabaly small compared

to the seven orders of magnitude of K across a field line observed in our work (Figure 3.3). It was

reported in that work that this per-drift change in K and L∗ would repeat in the form of a diffusive

process. For this reason, we do not claim exact results for near-equatorial Type III particles in the

Shabansky region.

3.4.2 Idealized Adiabatic Motion In Response to Current System Enhancements

Figure 3.6: Idealized adiabatic motion when the ring current intensity is doubled. The background
shows the external field density consisting of just the ring current source terms, computed using
Equation 3.3.

Using this method as our tool of study, we now turn our attention to the relative role of

magnetospheric current systems on adiabatic motion. We perform experiments for each of four

major current systems: the ring current, the tail current, the Chapman-Ferraro current, and the

Birkeland current. As outlined in Equation 3.1, the ring current corresponds to the field source
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terms BPRC and BSRC, the tail current to BTAIL1 and BTAIL2, the Chapman-Ferraro current to

BCF, and the Birkeland current to BBIRK1 and BBIRK2,

Figure 3.7: Idealized adiabatic motion when the Chapman-Ferarro current intensity is doubled.
The background shows the external field density consisting of just the Chapman-Ferarro source,
computed using Equation 3.3.

In this experiment, we use a nominal magnetosphere taken during the storm commencement

(labeled in Figure 3.1) as the starting magnetosphere. For the ending magnetosphere, we double

the intensity of the major current system being studied. This is done by doubling the corresponding

field source terms in Equation 3.1. For example, when we compute a magnetosphere with a double

the ring current intensity, we compute a new magnetosphere with the BPRC+BSRC terms replaced

with 2(BPRC +BSRC), leaving the other terms the same.

The purpose of this exercise is to understand the adiabatic response of radiation belt and

ring current particles to enhancements of each major current system. In Figure 3.1’s display of

integrated currents throughout a storm, we notice that the relative intensity of each current group



74

Figure 3.8: Idealized adiabatic motion when the tail current intensity is doubled. The background
shows the external field density consisting of just the tail current source terms, computed using
Equation 3.3.

varies throughout the storm. For example, we notice that while both the tail current and the ring

current reach their maximum intensity around the time of Dst minimum, the ring current intensity

in the model drops more rapidly than the tail current. By analyzing the adiabatic responses to each

major current system, we move towards a more detailed understanding of the adiabatic responses

throughout a storm on hourly time scales.

In Figure 3.6, we observe the effect of doubling the ring current intensity in our nominal

magnetosphere. This enhancement results in outward displacement of mirror points on both the

nightside and dayside. We observe that the vertical change ∆z in the mirror point location is small

on the nightside, but latitude-dependent on the dayside. On the dayside outer most field line with

vectors plotted, we see the adiabatic motion begin to point to rearrangements (on the equator)

around the equator corresponding to DOB. This result indicates that a ring current enhancement

of the magnitude, alone, is enough to displace particles onto the DOB field lines, without any

compression of the magnetosphere. This is notable, as it reminds us that ring current enhancement

can push higher L particles into this region, even with a steady magnetopause location.

The adiabatic effects of doubling of the Chapman-Ferraro current, displayed in Figure 3.7,
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shows a different story. This current doubling, which has a notable effect on the shape of the

dayside field lines, overall results in inward mirror point displacement, with minimal ∆z vertical

movement on both the dayside and the nightside.

The effects of the tail current, displayed in Figure 3.8, show largely outward motion. On the

dayside, the ∆z of the mirror point displacement is clearly latitude dependent, with more ∆z at

higher magnetic latitudes. On the nightside, this relationship between magnetic latitude and ∆z

is missing lower at L, and at higher L is overcome by effects of the tail stretching.

Similar to the other analysis, the effects of the Birkeland current is also analyzed. It was

found that when doubled, the adiabatic response to the Birkeland current is extremely small and

most likely negligible compared to these other current systems.

3.5 Summary

In this work we present a new method for quantifying adiabatic motion for particles in the

radiation belts and ring current. Our method works by tracking the displacement of mirror points,

pairing a starting mirror point with its ending location using a mapped version of the ending

magnetosphere. This approach makes it easy to compute and visualize vector fields corresponding

to the relocation of mirror points throughout the magnetosphere. Though not pictured here, this

method could be applied to the dawn/dusk local times in addition to noon and midnight.

Results from this method yield features such as magnetopause shadowing, drift orbit bifur-

cation, and a combination of the Dst effect and drift shell splitting. These features are found

consistent with existing observations and test particle simulations in the literature [101, 145, 118,

136, 111, 76, 115], serving as a simple validation of the method.

In particular, the drift orbit bifurcation patterns can be explained by displacement to conserve

Bm during a transition from Shabansky field line to a normal field line. In our observations of

magnetopause shadowing, we observed how invariant matching can capture the effects of drift shells

displacing past the magnetopause. The observation of L-shell spreading indicates that particles

which once collocate a single field line at a given MLT can become spread out across multiple field
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lines at that MLT from adiabatic effects alone.

The magnetospheric system’s adiabatic response to enhancements of individual current sys-

tems was also analyzed. We looked at current groups as modeled through the TS05 model, including

the ring current, the Chapman-Ferraro current, the tail current, and the Birkeland current. We

noted that enhancements in the ring current and tail currents generates outward motion, an en-

hancement to the Chapman-Ferraro current generates inward motion, and the effect of the Birkeland

current is largely negligible.

This work has presented analyses of adiabatic responses to storm-time magnetospheric defor-

mations and responses to individual current system enhancements, which are important analysis

tools to begin with when applying the method. Future potential applications include complementing

existing modeling using this independent method which has the bonus of being more computation-

ally efficient. Topics include modeling of magnetopause shadowing, such as quantifying the span of

pitch angles at each L which undergo loss after an adiabatic response due to a changing location of

the magnetopause. Other applications include addressing the topics mentioned in the introduction:

(a) geosynchronous satellite vulnerability to single event effects and spacecraft charging, (b) outer

radiation belt coverage for observational satellites like the Van Allen Probes, and (c) changes to B

at Earth and throughout the inner magnetosphere due to displacement of the ring current.



Chapter 4

Phase Space Density Organized by Adiabatic Invariants

The text in this chapter is based on the publication ”Radiation Belt Phase Space Density:

Calculation Analysis and Model Dependence” by da Silva et al., accepted to Frontiers in Astronomy

and Space Sciences, in 2024.

4.1 Introduction

The conversion of flux to phase space density and recasting of the coordinates in terms of adi-

abatic invariants is known as phase space density analysis, which results in the model-supplemented

measurement f(M,K,L∗) [56, 62], [27], [136]. Typically, to aid visualization, M and K are held

constant, and one curve of f(L∗) per inbound/outbound arm of an orbit is plotted. This curve can

then be used to demonstrate changes to the (M,K) population at each L∗, which may occur from

additions, losses, or redistribution of a (M,K) population across L∗.

The implementation details of combining a flux measurement with a global magnetic field

model vary in the literature. Most commonly, the global magnetic field model used is an empirical

model, often either Tsyganenko models TS05 and T96 [134, 130]. In this chapter, we seek to answer

the question as to whether the interpretation of phase space density analyses differs dramatically

when the same data is reprocessed using different models. In this chapter, we use data from two

empirical models and two MHD-driven simulations: T96 (empirical), TS05 (empirical), the Space

Weather Modeling Framework (SWMF; an MHD model; [122]) and Lyon-Fedder-Mobarry (LFM;

an MHD model [77]), both at similar resolutions and coupled with the Rice Convection Model
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(RCM; [121]) for stronger ring current modeling.

The magnetic field model is not the only implementation detail that varies in the literature.

Aside from issues of the magnetic field model and calculating the invariants themselves, differences

in the numerical methods to convert the flux measurement to phase space density at the given adi-

abatic invariant coordinate arise in the literature. Among these numerical differences are different

approaches to fitting and interpolation, done with varying degrees of agency applied to smoothing

the measurements.

To illustrate the numerical differences, we will give a motivating example. In the calculation,

which will be described step-by-step later on, there is a step where the flux j(E,α) is put in terms

of just j(E), and it is required to interpolate this curve at a fixed E. Methods for interpolating

j(E) are as follows:

• Fitting j(E) to a power law distribution [49]

• Converting j(E) to f(E) and fitting to an exponential distribution [46]

• Use of a smoothing spline the j(E) curve with both the dependent and independent vari-

ables in log space [22, 21]

In this work, we will demonstrate that the choice for this step is in some cases significant

enough that changing the approach causes a result that exhibits evidence of internal acceleration

to change to a result that shows evidence of radial diffusion.

In order to strengthen the foundation of the phase space density analysis methodology and

related results in the literature, this manuscript aims to study each effects of model dependence

and as many implementation options as possible. By doing this, we aim to provide a more stable

groundwork for this computational technique in relating radiation belt theory to observational

evidence.

This chapter consists of three body sections. In the Data and Models section, we describe

the data and models used for this study. In the Calculation Analysis section, we review each step

of the calculation and the different implementation options known to exist. Discussion is made
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between the various implementation options with commentary as to which are essential and which

are minor, and plots are presented showing the differences in doing the calculation each way. This

section intends to cover every numerical approach that may be used (such as those that would be

impossible to cover within an article), but instead, it will cover the most reasonable and widely

used techniques in the community. In the Model Dependence section, we use a set of nominal

implementation options for the algorithm and apply them with different magnetic field models,

studying the differences in the results for three distinct classes of radiation belt enhancements.

These classes are taken from the previous work of Boyd et al., 2018 [22], and correspond to (a)

Growing Peak Events, (b) Flat Gradient Events, and (c) Positive Gradient Events.

4.2 Calculation Analysis

In a phase space density analysis, magnetospheric magnetic field models are used to provide

a value for B(x, t) throughout the magnetosphere. Strictly speaking, it is only required to cover

(a) the drift shell of the target (M,K) particle class at each L∗, and (b) the highest north/south

latitude reached on the bounce path of the highest measured pitch angle at each spacecraft position.

In practice, it is easiest to assume modeling capability for everywhere between the surface of the

earth and a few RE above the spacecraft apogee (to allow for effects such as drift shell splitting).

The only required measurement is that of a flux distribution j(E,α;x, t) which, if not directly

available in a mission dataset, can be computed from j(v;x, t) or j(p;x, t) where v is a velocity and

p is a momentum and a value of B at the spacecraft location. Strictly speaking, a measurement

of B is not required, as one can attempt to acquire B from evaluating the model at the spacecraft

location, though that is less desirable.

The seven calculation steps are outlined in Figure 4.1. When applicable, different imple-

mentation options for fulfilling each step are presented. These options were collected by reviewing

key examples in the literature and consulting with community members. They represent the most

reasonable and common approaches rather than a fully extensive set of all possible approaches. In

this section, we will walk through each step, discussing the different implementation options listed,
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Figure 4.1: Steps of the phase space density calculation, per timestep, using a fixed M and K
selected for the computation.



81

with a particular eye on how each option may affect the analysis’s effectiveness at organizing the

data to distinguish between signatures of internal acceleration and radial transport.

The calculation steps are presented in terms of what to do for each time step. The calculation

is done for particular fixed M and K which is to be selected before hand. In general, higher K

correspond to pitch angles farther away from 90◦, and higher M correspond to higher perpendicular

energies at the magnetic equator.

Step 1 begins with pairing each pitch angle αi of the data with a counterpart Ki, using

separate code to calculate the second invariant K using a magnetic field model. The work of Kon-

stantinidis et al., 2015 [66] and has investigated the differences in the calculated second invariants

(they used I of K) between codes and backing magnetic field models. They found that there was

generally good agreement between the codes tested for evaluation of the second invariant. The

codes evaluated in that work were IRBEM [19], SPENVIS [69, 53], and a particle tracer.

The second step is to interpolate the curve of (Ki, αi) from the previous step to determine the

calculation’s target pitch angle from the target fixed K selected. A reasonable way to interpolate

α(K) is so using linearly interpolation with K in log space. Experiments were performed where we

interpolated α(K) using splines and it was found that differences were non-consequential.

Step 3 includes more variation in the implementation options. In this step, one interpolates

the j(α,E) flux measurement at the target α found from Step 2, and produces a one-dimensional

j(E) curve. This step can be done by stepping through each energy channel and fitting the pitch

angle flux distribution at that energy to a functional form which is then interpolated. This is best

done in combination with time averaging to mitigate the effects of noise that may result from low

counting statistics.

Methods for fitting this functional form include fitting to the following functional form:

j(α) = c0sin(α) + c1sin
n(α), (4.1)

which was used early on in phase space density analysis in Green et al., 2004 [46] and stated to

be designed as a method of fitting both butterfly and highly peaked distributions. Other methods
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include the simpler functional form [44, 107, 47, 86],

j(α) = c sinn(α), (4.2)

which may be easier to numerically fit [139], but is capable of modeling fewer pitch angle distribution

shapes. In the work of Boyd et al., 2012 [21] a method is presented which fits log10(j(α)) to a set of

orthogonal basis functions known as the Legendre polynomials, which have the added benefit that

the fitted j(α) may be guaranteed symmetric through the use of only even-term basis functions,

which is desirable as a method of removing noise when j(α) truly is symmetric.

Step 5 involves finding the target E where we will interpolate along the j(E) curve. This is

done by using the fixed first invariant M , which can be written as a function of E, our target α,

and the magnetic field strength |B|. The equation for M written this way is [49],

M =
(E2 + 2m0c

2E)sin2(α)

2m0|B|c2
. (4.3)

When α, M , and |B| are known and E is considered the independent variable, this can be solved

as a quadratic equation. The real solution for E is given by,

E = −c2m0 + c2

√
m2

0 +
2m0|B|M
c2sin2(α)

. (4.4)

The implementation variation for this step comes from whether to take |B| from the model or an

onboard magnetometer. Strictly speaking, the |B| in Equation 4.3 corresponds to the magnetic

field averaged over a gyration [26], but it is common practice to use |B| at the spacecraft location

as a simplification.

When the target E is obtained, Step 5 involves interpolating the j(E) curve at the target

E. This j(E) curve is expressed from Step 3 in data as a series of points, and the most common

approaches to interpolating involve fitting it to a smoother function and then evaluating that

function at the target E. Methods of doing include (a) using a smoothing spline such as the with

the make smoothing spline() function in the Python SciPy package [140], (b) fitting to a power

law distribution [49], or (c) converting to units of phase space density and fitting to an exponential

distribution [46]. Our experiments yielded the conclusion that a smoothing spline produced the
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Figure 4.2: Two different options for satisfying Step 5 (Figure 4.1), which lead to very different
conclusions regarding whether the event exhibits signatures of local acceleration (left) or radial
transport (right). Per discussion in the text, the smoothing spline fit is the recommended option,
with the power law distribution deemed a poor fit for the data observed (see Figure 4.3).

strongest results, both due to visual inspection, the smoothing spline’s ability to adapt to structure

in j(E) without a-priori assumptions about that structure, and even the ability to adapt to reverse

energy spectra with higher fluxes at higher energies [150]. Experiments were done with a non-

smoothing spline (specifically a cubic spline), and it was found this degraded results over the

smoothing spline due to effects of instrument noise.

In Figure 4.2 we display a phase space density analysis with this step performed using a

smoothing spline and a power law fit. For this experiment, options 2a, 3c, 4a, 5a, and 7a of Figure

4.1, were used and the background model was SWMF-RCM. In this example, use of the power

law distribution for interpolating j(E) over a smoothing spline leads to very different conclusions

regarding whether the event exhibits signatures of local acceleration (left) or radial transport (right).

On the left panel, one can see a clear unimodal distribution whose peak increases in time, consistent

with the local acceleration theory of Boyd et al., 2018 [22] energizing wave-particle acceleration



84

Figure 4.3: Further illustration depicting the issues with interpolating j(E) using a power law
distribution fit. In this plot we also notice that the target energy we interpolate (vertical black
light) changes throughout a storm in response, leading to interpolation between different energy
channels and possibly even between different instruments.
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occurring around L∗ ∼ 4.5 in this plot. While on the right, one can see the phase space density at

high L∗ ∼ 5.5 remaining high and steady, while the phase space density at lower L∗ is gradually

increasing consistent with radial transport acceleration [36].

The deeper issues with the power law fit of the j(E) curve is displayed in Figure 4.3, showing

multiple fits over the course of the same event shown in Figure 4.2 (and later in the Section 4.3.1).

While the power law distribution may be an appropriate fit for certain subset energy ranges of the

j(E) curve, it is a poor fit for the full energy range, and yields over or under estimates in almost

every panel shown. In this plot the vertical black bar, placed at the target energy E, increases

during the main phase of the storm, and decreases during the recovery time in accordance to

changing variables in Equation 4.4. We notice that at high energies, particularly above 1 MeV,

noise is visible in the j(E) data, which can be connected to lower counting statistics within the

instrument. Variations of the power law fit, such as fitting only energies above 50 keV, were

evaluated and yielded similarly poor results. We conclude that the smoothing spline represents the

strongest approach to satisfying this step.

In Step 6, when the j(E0) flux value is found, this value is converted to phase space density

using the equation the basic equation,

f(E0) = j(E0)/p
2, (4.5)

where p is the relativistic momentum.

Now that a phase space density f has been computed for this time step, the final remaining

Step 7 involves assigning a value of L∗ for this point. Similar to the calculation of K in Step 2, this

can be done with different codes and algorithms for computing the invariants. The implementation

option we consider here is similar to Step 2, which is whether the mirror point strength Bm used

in the calculation is derive using the |B| from the magnetometer or |B| from the model.

In Figure 4.4 we consider the effect of using |B| from the magnetometer or |B| from the model

jointly for the entire calculation. This choice comes into play for options 2a/2b, 4a/4b, and 7a/7b.

To simplify the analysis, an experiment was done where |B| was always used from the magnetometer
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Figure 4.4: This plot shows the only very minor differences that were found when a phase space
density analysis was done two ways: (left) using |B| from magnetometer observation, and (right)
using |B| from the model. Per the implementation option numbering of Figure 4.1, the left panel
depicts options 2a/4b/7a, and the right panel depicts options 2b/4b/7b.

(2a, 4b, 7a) and always from the model (2b, 4b, 7b). It was found that effect of this difference is

very minor, and doing it either way leads to a similar interpretation of a growing peak event. Some

minor differences in this lines appear, most notably in the line labeled 2015-12-20 21:17-01:30. This

line corresponds to around the Dst minimum of the storm, where it can be expected that agreement

in |B| between the model and the magnetometer is most difficult. Overall, the conclusion from this

study is that the difference in using |B| from either magnetometer or model is of low impact on

the final result, provided one avoids poor models.

We note still, that differences in L∗ between models do exist, and warrant consideration.

This is investigated in more detail in the next section.
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4.3 Model Dependence

The three events presented here are used as canonical examples of three corresponding classes

of radiation belt enhancement. These are (a) growing peak events (b) flat gradient events and (c)

positive gradient events. Growing peak events are defacto examples of internal acceleration, which

the other two events inviting alternate interpretation. Growing peak events are defined as those

which clearly resolve a growing peak within the Van Allen Probes apogee of 5.8 RE , while flat

gradient events exhibit either flat or slightly negative gradients (∂f/∂L∗ ≈ 0 or ∂f/∂L∗ < 0) at

the Van Allen Probes apogee. Positive gradient events are similar, but have positive monotonic

gradients (∂f/∂L∗ > 0) at the Van Allen Probes apogee.

In Boyd’s study, 80 outer radiation belt events between October 2012 to April 2017 were

analyzed and sorted into these three categories. A key result of that study was that 87% of

those events exhibited growing peaks, which suggests that internal acceleration mechanisms are

common, but perhaps not exclusively the story of what causes energetic electron enhancements in

the radiation belts.

The influence of the magnetic field model enters the calculation in the final calculation of

L∗ (Step 7), but also more subtly when α is paired with K to determine the pitch angle which

corresponds to the fixed K being analyzed (Step 1). In this section, we investigate three events

previously written about in Boyd et al., 2018 [22], reproducing previous results in the literature

using multiple backing magnetic field models.

In Boyd et al., 2018 the TS05 model was used. The plots displayed in this section utilize

the implementation option prescription 2a/3c/4a/5a/7a per Figure 4.1, which fits the pitch angle

flux distribution to Legendre polynomials, uses a smoothing spline to interpolate j(E), and favors

using the magnetometer |B| over the model |B| in every instance. Values of M = 794 MeV/G and

K = 0.076
√
GRE were used in each analysis, selected to best illustrate the structural changes in

the curves consistent with values used by Boyd. We also note that we use code developed with our

own methodology to calculate K and L∗, which differs from what was done in Boyd et al., 2018
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[22].

4.3.1 Growing Peaks Event

In Figure 4.5, we process the 20 December 2015 growing peak event processing using the

TS05 (Empirical), T96 (Empirical), SWMF-RCM (MHD), and LFM-RCM (MHD) models. The

solar wind B⃗ components are the Dst index visualized below are provided by the OMNI dataset

[93]. During this event, we observe a southward Bz component which lasts well into the recovery

period, gradually becoming less southward. We also see a By component which is positive around

the time of Dst minimum, and becomes more negative into the recovery phase. This event was

caused by a coronal mass ejection, as identified by NOAA’s Space Weather Prediction Center [87].

We first notice that the values of L∗ are larger for the MHD models than the empirical models,

consistent with previous reports of adiabatic calculation between MHD and empirical models in

Chapter 2. In that work, it was noted that ∆L∗ is higher at higher L∗ where the relative influence

or the external field is stronger. Based on whether one trusts the empirical or MHD models more,

this challenges previous results stating the range of L∗ at which internal acceleration has been

observed to occur [46]. The empirical models suggest a range of L∗ around 3.5− 4, while the MHD

models suggest range of 3.5− 5.

The MHD models show interesting structure in the recovery period of the storm, labeled in

the bottom two panels, that is not visible in the empirical models. The MHD models reveal a more

gradual increase in f(L∗) during the recovery period that is consistent with the overall growing

peak shape. This may be attributable to more dynamic recovery state and associated persistence

modeling by the dynamic simulations. Should the gradual increase during recovery time calls for

further investigation into whether the levels of accelerating chorus wave activity during these times

are commensurate with earlier times in the event.

The astute reader may notice gaps under the LFM-RCM panel in one of the blue colored

lines, within the region of 3.5 < L∗ < 4.5. Values in this region are unavailable because L∗ was

not able to be calculated. Specifically, at this time the LFM-RCM simulation yielded magnetic
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Figure 4.5: A growing peak (internal acceleration) event starting around 20 December, 2015. The
phase space density analysis here is performed with four different magnetic field models, and the
results from each model largely yield similar interpretations, though the MHD models show a more
gradual increase in f(L∗) during the labeled recovery period. Magnetic field components are in the
GSM coordinate system.
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topology which violated a key assumption in the Roederer method ([100]) which is used by the L∗

calculation code. This assumption is that K decreases monotonically as the selected field line is

moved further outward, which is the case almost always, and allows a clean search for the field line

at each local time which conserves K. In the LFM-RCM simulation at this time ”islands” of high

|B| are seen throughout the dayside magnetosphere which cause this violation.

Overall, we find that the growing peak event is still a growing peak event when processed

with each of these four models. We conclude that the growing peak nature of f(L∗) during this

this event exhibits model independence.

4.3.2 Flat Gradients Event

In Figure 4.6 we process a flat gradient event using the four models. Though the formal

definition which qualifies it as a flat gradients event is the flat or slightly negative gradient at the

Van Allen Probes apogee, we also observe two peak in f(L∗), with only the peak of higher L∗

displaying any notable growth during the event. We notice in the bottom panels of the OMNI IMF

parameters, throughout this enhancement the magnetic field components vary in time much more

frequently than during the growing peak event, and the structure of the Dst index over time does

not display a clear main phase and recovery period like during the growing peak event.

This event is also classified the same way when processed with different models. Again, the

Tsyganenko empirical models are closer to each other than the MHD models, and the differences

in scale of L∗ between empirical and MHD models are visible. There are some subtle differences in

how slightly negative the slope of f(L∗) is in the final line at apogee between the empirical models,

but all models show it being slightly negative. While the main growth in f(L∗) occurs at the peak

of higher L∗, there is some growth in the peak of lower L∗, and all models show about the same

amount of growth. Unlikely the growing peak event in Figure 4.5, this event does not display more

gradual increases to f(L∗) during the recovery period.
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Figure 4.6: A flat gradients event starting around 30 November, 2015. The phase space density
analysis here is performed with four different magnetic field models, and the results from each
model largely yield similar interpretations. Magnetic field components are in the GSM coordinate
system.



92

Figure 4.7: A positive gradients event starting around 7 December, 2015. The phase space density
analysis here is performed with four different magnetic field models, and the results from each
model largely yield similar interpretations. Magnetic field components are in the GSM coordinate
system.

4.3.3 Positive Gradients Event

In Figure 4.6 we process a positive event using same four models. In [22], they note that

these can sometimes revealed to be growing peak events when data at radii beyond the Van Allen
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Probes apogee are used, such as through the Time History of Events and Macroscale Interactions

during Substorms (THEMIS) mission [7].

The panels showing the IMF parameters indicate that progression of the Dst index for this

storm, which follows the conventional pattern for a storm. Clear main phase and a recovery phase

are visible, with the nuance that there is a brief interruption in the Dst index recovery around

8 December at 6:00 UT. Similar to the flat gradients event previously analyzed, the magnetic

field components showed significant variation (this was not the case for the growing peak event

previously analyzed). We note that this event is unlike the others in the flat gradients event in that

the period of varied magnetic field eventually ceases (around 8 December at 9:00 UT), at which

point the magnetic field components become more stable, and the magnetospheric response can be

expected to transition towards a steady state.

In this section, we observed that processing the Van Allen Probes data using four magnetic

fields models lead to similar classifications of the event type (the classes being growing peaks, flat

gradients, and positive gradient types). While the classification remained unchanged, we did notice

differences in the scaling of f(L∗) between the different models, which implicates conclusions about

the particular L∗ location of individual changes to phase space density.

4.4 Summary

In this work we study the details of phase space density analysis, wherein one recasts observed

flux as phase space density and puts flux in terms of the three adiabatic invariants. Different ways

of doing the calculation are presented, with the common ones covered and discussed.

In our analysis of the implementation options, we demonstrated that the interpolation method

for j(E) lead to different conclusions as to whether our example event exhibited signatures of

internal acceleration or radial transport. In our analysis of the differences to processing our example

when |B| from an on-board magnetometer is used over |B| from the magnetic field model, we found

that the differences are largely negligible.

This work also studies the degree to which the identification of signatures from phase space
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density analyses depend on the magnetic field model used. We processed three events with four

models each, including empirical models TS05 and T96 and coupled MHD simulations SWMF-RCM

and LFM-RCM. It was found that each of the interpretations are model independent, though some

notable differences can be seen in each analysis. These most notable differences are that the MHD

models yielded larger values of L∗ than their empirical counterparts, especially at higher cartesian

radii where the external field dominates. The differences were on the scale of ∆L∗ = 0.5 − 1.0 at

Van Allen Probe apogee. Within the growing peak event, we also observed a more gradual increase

in f(L∗) during the recovery of the storm with MHD models, which was distinct from the more

sudden increase of f(L∗) displayed with the empirical models.

In regards to the question as to whether the magnetic field model used impacts the ability

to distinguish local acceleration events from radial transport events, the conclusion of this work

is that the analysis is overall model independent. It is concluded, however, that use of imprecise

implementation options for the steps of calculating f from the observed flux (Figure 4.1) can lead

to major issues, up to and including changing the final result of what acceleration mechanism is

identified from the analysis. We therefore recommend that delicate care should be taken in the

steps for calculating f , and the implementation option for each step be explicitly stated in the

literature.



Chapter 5

Conclusion and Future Studies

5.1 Conclusion

This dissertation touches on the adiabatic component of radiation belt dynamics. In Chapter

1, we introduced the magnetosphere, the radiation belts within, and significant open questions

around the radiation belts. We reviewed the theoretical foundations of the adiabatic invariant

coordinate system, which has underpinnings in dynamical systems and classical mechanics. In

Chapter 2, we translated these theoretical foundations to numerical techniques solidly derived from

first principles. This dissertation is not the first to numerically compute the adiabatic invariants

in the context of the radiation belts. Still, it is the first to publish each step in rigorous detail

in the literature, with due consideration to uncertainty and numerical artifacts. The result is a

well-documented and transparent methodology worthy of building upon in future work.

In Chapter 3, we apply the methodology to quantify adiabatic motion in the magnetosphere.

Through a newly developed method called invariant matching, we can track the displacement of

mirror points between a starting and ending magnetic field model. This methodology can repro-

duce known macroscopic features of radiation belt dynamics, such as the Dst effect, drift shell

splitting, and drift orbit bifurcation. These displacements are also computed in response to en-

hancing individual current groups within the broader magnetospheric system. Though we only

visualized two-dimensional cuts, these vector fields are inherently three-dimensional objects with

rich information about the morphological displacement of radiation belt populations in response to

changing magnetospheric magnetic fields.
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Finally, in Chapter 4, we apply the adiabatic invariant methodology as an organizing co-

ordinate system for phase space density measurements. The purpose of this chapter is to better

understand the causes of outer radiation belt electron acceleration. In particular, we consider the

question by classifying observations by their corresponding signatures of pre-identified candidate

mechanisms. The method of recasting measurements in terms of the adiabatic invariants has been

used within the community for decades [46] [98] [106], [22]. Still, we now treat it for the first time

with rigorous detail and extensive analysis of alternatives. We outline a decision tree of different

implementation options (Figure 4.1), testing the effect of performing the calculation in various

ways. We conclude that some decisions are trivial, but others carry drastic consequences. The de-

pendence of the calculation on the magnetic field model used to back it is reviewed and discussed,

with the reassuring conclusion that most results of the literature are valid and that the results

previously demonstrated by the community are model-independent.

Each chapter of this dissertation is tied together by a dynamical systems approach and

the development of rigorous numerical methodology. The methodology from Chapters 2, 3, and

4 is robust and deep. We have only begun to scratch the surface of possible applications to

magnetospheric science, with many exciting prospects to come.

5.2 Future Studies

In this section, some future studies that will continue the work started in this dissertation

are outlined.

5.2.1 Tracking Adiabatic Magnetopause Loss

Magnetopause loss is a process in which particles orbiting at high L∗ interact with the magne-

topause and break out of their trapped state. Reasons this can occur include inward magnetopause

motion (such as in response to an increasing solar wind dynamic pressure), outward motion of the

particles (such as due to adiabatic effects or radial diffusion), or some combination of the two. Pre-

viously, we labeled a region of the adiabatic mirror point displacement vector plot where particles
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become lost to the magnetopause. In this plot, a subset of pitch angles around 90◦ are susceptible

to magnetopause loss, while higher pitch angles are protected. This methodology could be ad-

vanced to design specific experiments to answer questions about magnetopause loss due to outward

adiabatic motion. In particular, the pitch angle distribution of lost particles over time could be

tracked, and this could be compared with observation. One could also ask, ”How much loss is due

to outward adiabatic motion versus inward magnetopause motion?” the relationship between ring

current enhancement and adiabatic magnetopause loss could be investigated.

5.2.2 Quantification of Adiabatic Mass Redistribution

The displacement vector fields developed in Chapter 3 are inherently 3-D objects. Between a

starting and ending magnetic field model, one can consider the adiabatic displacement vector field

da(x). As a vector field over space that redistributed mass, it has some limited intuitive connection

to a flow field, and derived variables like ∇ · da(x) can be computed. One may ask whether large-

scale changes to the magnetospheric magnetic field ”bunch up” or ”spread out” particles due to

this adiabatic displacement field in physical space.

5.2.3 Uncertainty Quantification in Phase Space Density Analysis

Calculating f(L∗) at fixed values of M and K outlined in Chapter 4 can be significantly en-

hanced with statistical methods to quantify the uncertainty. When a proper method for calculating

the phase density is used, the remaining sources of error are in the particle measurement and the

magnetic field model used.

Several approaches to quantifying the uncertainty could be applied. An ensemble approach

previously employed for quantifying uncertainty in space weather modeling [28] could be employed,

where the calculation is repeated with perturbed and possibly Monte-Carlo sampled variations to

build a set of f(L∗) estimates, S. The estimates in S can be considered a random sample of a

probability distribution linked to the underlying f(L∗), and visualized as such. In this way, an

f(L∗) curve can be drawn with ±1 σ error bars. This would help strengthen the interpretation of
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the phase space density analysis, as the error bars would indicate whether a structure such as a

growing peak is present in all variations of the calculation.

We will not discuss some ways we could build this set of variations S. First, a basic measure

of the uncertainty in the flux measurement from Poisson counting statistics can be estimated, giving

a basic (albeit not comprehensive) uncertainty on the flux measurement. This Poisson distribution

could be sampled, and the calculation repeated with different flux inputs.

Next, if the TS05 model is used, previous analysis that quantifies error bars in L1 measure-

ments for the variables Pdyn, By, and Bz could be utilized. See Appendix C for results detailing

the sensitivity of L∗ to changes in these variables, and Walsh et al. 2019 [142] for a report about

how error in these variables can originate from the fact that spacecraft nominally at L1 actually

orbit that point, and may be up to 100 RE away from the sun-earth line at any given time.

5.3 Software and Data Availability

Code which implements the algorithms presented to calculate K and L∗ from Chapter 2 is

available as a Python package at https://github.com/ddasilva/dasilva-invariants. A pack-

age home page which includes both API documentation and usage examples is currently available

online at https://dasilva-invariants.readthedocs.io/. It is recommended that future users

of the package check the home page and use the latest available version for their research, and that

publications which using the package acknowledge it through citation of the dissertation or journal

publication associated with Chapter 2.

The original code for the TS05 model, which this work modified to allow for scaled individual

currents, can be found at https://geo.phys.spbu.ru/~tsyganenko/modeling.html.

Data for the Qin-Denton dataset used for TS05 inputs (includingW parameters) can be found

at http://mag.gmu.edu/ftp/QinDenton/5min/merged/latest/. Data from the OMNI database

is available from OMNIWeb and NASA Goddard Spaceflight Center (GSFC) Space Physics Data

Facility (SPDF) at https://omniweb.gsfc.nasa.gov/.

Data from the GOES13 magnetometers is available online from the National Centers for Envi-

https://github.com/ddasilva/dasilva-invariants
https://dasilva-invariants.readthedocs.io/
https://geo.phys.spbu.ru/~tsyganenko/modeling.html
http://mag.gmu.edu/ftp/QinDenton/5min/merged/latest/
https://omniweb.gsfc.nasa.gov/
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ronmental Information (NCEI) at https://www.ngdc.noaa.gov/stp/satellite/goes/. Runs of

LFM are available on-demand from the Community Coordinate Modeling Center’s (CCMC’s) Run-

on-Request System at https://ccmc.gsfc.nasa.gov/models/LFM~LTR-2_1_5/. The QinDenton

dataset used for TS05 W parameters can be found at http://mag.gmu.edu/ftp/QinDenton/5min/

merged/latest/.

https://www.ngdc.noaa.gov/stp/satellite/goes/
https://ccmc.gsfc.nasa.gov/models/LFM~LTR-2_1_5/
http://mag.gmu.edu/ftp/QinDenton/5min/merged/latest/
http://mag.gmu.edu/ftp/QinDenton/5min/merged/latest/
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Appendix A

OMNI IMF Parameters during 2 October 2013 Storm

The IMF parameters propagated from L1 observations to the bow shock by the OMNI data

product show the type of incoming solar wind during the storm as seen in Figure A.1. This

data was taken from the OMNI database (https://omniweb.gsfc.nasa.gov/). The CME-driven

enhancement associated with abrupt increases in IMF number density and velocity occurred around

2 October at 06:00. Following this abrupt increase, the IMF number density reduced to a nominal

state, while the solar wind speed gradually decreased over the next few days. Around 3 October

at 18:00 is a “blip” of increased IMF number density with in-trend IMF velocities, increasing the

IMF dynamic pressure and affecting L∗ in the tail, as shown in Figure 2.8.

https://omniweb.gsfc.nasa.gov/
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Figure A.1: OMNI IMF Parameters during the 2 October 2013 storm. This data was taken from
the OMNI database, which propagates satellite observations of the upstream solar wind at the L1
point to Earth’s bow shock for geomagnetic storm analysis. The two vertical bars identify the
minimum Dst (left vertical bar) and the quiet period referenced in Figures 2.1 and 2.6.



Appendix B

Example of Non-Closed Drift Shell

The calculation of L∗ is only valid for trapped particle radiation and when the magnetic field

changes slowly compared to the drift period. However, during particular disturbed periods of the

magnetosphere, previously trapped particles will no longer be trapped and will escape along open

field lines. Furthermore, during particularly disturbed periods, the magnetic field will change much

faster than the drift period, and using one snapshot of the magnetospheric magnetic field will be

insufficient to describe the particle’s trajectory.

Here, we illustrate one example of a particularly disturbed magnetosphere, illustrated by

an equatorial slice of the TS05 empirical model during the 2 October 2013 storm. In this plot,

the colors correspond to the log-scale magnetic field intensity, and the black lines are isolines of

magnetic field intensity drawn at cubically decreasing intensity levels.

We recall that particles with 90◦ pitch angles will orbit along isolines of Bmin. However, in

this plot, we see that night-side “islands” of magnetic field intensity exist in the equatorial plane,

which would prevent such a trajectory from making a complete orbit around the Earth. The drift

shell calculation description in Chapter 2 describes visiting each magnetic local time assuming a

complete orbit is made. However, that will not be the case in a field such as this.

Additionally, on the dayside, we encounter what we refer to as “reversals” in the equatorial

magnetic field intensity isolines. These reversals are in direct conflict with the drift shell calculation.

The calculation assumes that each magnetic local time is visited only once, making the drift shell

convex. However, if the isolines of B reverse direction, the drift shell becomes concave, and a single
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drift shell distance for that magnetic local time is no longer sufficient.
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Figure B.1: An example of a non-closed drift shell exhibits at least two features that complicate
the calculation of the drift shell and, in turn, L∗. First, night-side “islands” of equatorial magnetic
field intensity exist on the nightside, which would prevent particles mirroring at Bmin from making
a complete orbit around Earth. Secondly, on the dayside, there exist reversals in the direction of
the equatorial magnetic field intensity isolines, which prevent the drift shell from being convex (a
condition required for our algorithm).



Appendix C

Influence of Solar Wind Measurement Error on L∗ with TS05

The TS05 and T96 models are driven by measurements of the Dst index and solar wind

at the location of the foreshock. The solar wind parameters, including By, Bz, and the dynamic

pressure Pdyn, are typically measured at the L1 location by a satellite such as ACE or WIND and

propagated to the foreshock using physical modeling such as in the OMNI data product.

The measurement of these variables is not without error. Previous work by Walsh et al., 2019

[142] studied the uncertainty associated with using solar wind measurements for geospace modeling

inputs. Similar work appears in Ashour-Abdalla et al., 2008 [9], where the influence of solar wind

errors was considered concerning MHD simulations. Issues with measuring the solar wind at L1 and

propagating to the foreshock include (a) the fact that spacecraft nominally located at L1 orbit that

point and may be up to 100 RE off the spacecraft-sun line, (b) the plasma may undergo significant

changes between L1 and the foreshock which are difficult to capture using propagation algorithms.

An illustration of the relative sizes of ACE and WIND’s orbit compared to the magnetosphere can

be found in Figure C.1.

For instance, Walsh et al., 2019 [142] displays an interval where two different spacecraft

nominally at L1 (ACE and WIND) make simultaneous measurements of solar wind but notably

report opposing signs for By and Bz (with Bz ≈ ±3 nT and By ≈ ±1 nT). In their comparison

of ACE and WIND measurements, it was found that Pdyn differed between the two satellites with

a mean of 0.45 nPa and a standard deviation of 0.67 nPa, and the clock angle θclock = tan−1(
By

Bz
)

differed with a mean of 38.4 degrees.
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Figure C.1: The Relative sizes of the ACE/WIND orbits compared to Earth’s magnetosphere.
Image taken from Walsh et al., 2019 [142]

.
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Since the focus of this dissertation is on the calculation and associated analyses using the

adiabatic invariants, and a common driver of that calculation is using empirical models like TS05

driven by L1 solar wind measurements, it is prudent to study the effect of input errors on the

resultant adiabatic invariants. In this appendix, we will look at how L∗ changes as different input

parameters to the TS05 model are varied to simulate errors in the upstream input data source.

Though the Dst index measurement is not identified as much of an issue as the solar wind mea-

surement error, results for the Dst index are included here for completeness.

To study this, we designed the following experiment using TS05. We took a nominal set

of inputs corresponding to typical solar wind conditions, varied each parameter, and recalculated

L∗. This is repeated for multiple starting points extending along the nightside −X axis (SM

Coordinates) to display the radial dependence. The nominal set of inputs is Pdyn = 4.18 nPa

(corresponding to n = 10 cm−3 and v = 500 km/s), By = Bz = 5 nT, and W1 = W2 = W3 = W4 =

W5 = W6 = 0. The results are calculated from 1 January 2023 for a particle with an equatorial

pitch angle αeq = 45◦.

Overall, given the scale errors reported by Walsh et al. 2019, the downstream effect of

miscalculating L∗ is limited. In Figure C.2, we see a strong dependence of L∗ on Pdyn, especially

further out into the magnetosphere, but the relative change in L∗ is small. The same is true when

considering errors in By and Bz.

A by-product of this analysis is that with TS05, the influence of Bz is much more significant

on the resultant L∗ than By; changing By had little effect. While not a solar wind parameter,

we display a comparable analysis for the Dst index in Figure C.5. This plot similarly found that

the L∗ response to changes in the Dst index is greater further out into the magnetosphere. Still,

appreciable differences do not occur within the realm in which error is expected to exist.
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Figure C.2: Changes to L∗ using TS05 as the solar wind dynamic pressure Pdyn changes and other
inputs are held constant.
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Figure C.3: Changes to L∗ using TS05 as the IMF By (GSM) changes and other inputs are held
constant.
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Figure C.4: Changes to L∗ using TS05 as the IMF Bz (GSM) changes and other inputs are held
constant.
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Figure C.5: Changes to L∗ using TS05 as the Dst index changes and other inputs are held constant.



Appendix D

Grid Comparison for Magnetic Field Models

In this Appendix, we visually compare the grids used for comparing phases space density

analysis in Chapter 4. There are two grids used: the native LFM grid, and a rectangular grid. The

rectangular grid is used with SWMF, TS05, and T96 unless otherwise noted (in some cases, TS05

and T96 are evaluated on the LFM grid). For SWMF, the data is regridded to the rectangular

grid. For TS05 and T96, the model is evaluated at each grid point.

Overall, the grids are of comparable resolution within the relevant region of the Van Allen

Probes orbit (r < 5.8 RE). This is true for all local times. For this reason, the differing grids should

not be an issue when comparing the resultant phase space density analysis from the different models.
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Figure D.1: Comparison of the grids used between the rectangular grid (regridded SWMF and
evaluation grid for TS05 and T96) and the native LFM grid.
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