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Sampling-based motion planners (SBMPs) are effective for planning with complex kinody-
namic constraints in high-dimensional spaces, but they still struggle to achieve real-time perfor-
mance, which is mainly due to their serial computation design. In this thesis we introduce two
highly parallel kinodynamic SBMP algorithms designed explicitly for many-core architectures such
as GPUs.

Our first algorithm, Kinodynamic Parallel Accelerated eXpansion (Kino-PAX ), rapidly solves
initial motion planning problems, whereas our second algorithm, Asymptotically Near-Optimal Kin-
odynamic Parallel Accelerated eXpansion (Kino-PAX*), targets finding near-optimal trajectories
over extended planning durations. Both algorithms concurrently grow a tree of trajectory segments
by decomposing the iterative growth process into three massively parallelizable subroutines. We
align the design closely with GPU execution hierarchies, through ensuring that threads are largely
independent, share equal workloads, and take advantage of low-latency resources while minimizing
high-latency data transfers and process synchronizations. This design results in a very efficient
GPU implementation. We prove that Kino-PAX is probabilistically complete and analyze its scala-
bility with compute hardware improvements. We also prove that Kino-PAX* achieves probabilistic
d-robust completeness and asymptotic d-robust near-optimality.

Empirical evaluations demonstrate solutions in the order of 10 ms on a desktop GPU and in
the order of 100 ms on an embedded GPU, representing up to 1000x improvement compared to
coarse-grained CPU parallelization of state-of-the-art sequential algorithms over a range of complex
environments and systems. In addition, Kino-PAX* finds high-quality solutions within approxi-
mately 10 ms and can also be tuned effectively to converge towards near-optimal solutions over

extended planning periods.
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Chapter 1

Introduction

Autonomous robotic systems are increasingly deployed in dynamic environments, requiring
fast, reactive motion planning that accounts for the robot’s complex kinematics and dynamics.
Solving the kinodynamic motion planning problem quickly is critical for ensuring both functional-
ity and safety. Sampling-based motion planners (SBMPs) have proven effective for various difficult
problems, such as complex dynamics [77), 100, 102}, [59] T08], complex tasks [9, R3] [71], and stochas-
tic dynamics [79, [34], B5]. Nevertheless, they are typically designed for serial computation, limiting
their speed to CPU clock rate. While recent methods can find solutions within seconds for simple
systems and tens of seconds for complex ones [77, 100, [102], this is insufficient for real-time re-
activity. Given the plateau in improvements to serial computation and CPU clock speeds, parallel
devices like GPUs offer promising speedups. However, current SBMP algorithms are inherently se-
quential and inefficient when parallelized. In this work, we aim to enable real-time motion planning
for complex and high-dimensional kinodynamical systems by exploiting the parallel architecture of
GPU-like devices.

The objective of this work is to present two kinodynamic motion planning methods designed
to efficiently leverage highly parallel processors, thereby enabling real-time and low-cost solutions
for high-dimensional and complex problems.

First, we introduce Kino-PAX, a highly parallel kinodynamic SBMP, designed to efficiently
find solution trajectories in real-time. Kino-PAX grows a tree of trajectory segments directly in

parallel. Our key insight is that the iterative tree growth process can be decomposed into three



massively parallel subroutines. We design Kino-PAX to align with the parallel execution hierar-
chy of these devices, ensuring that threads are largely independent, share equal workloads, and
take advantage of low-latency resources while minimizing high-latency data transfers and process
synchronizations. We provide an analysis of Kino-PAX, showing that it is probabilistically com-
plete. We also demonstrate, through several benchmarks, that Kino-PAX is robust to changes in
hyperparameters and scalable to large dimensional systems.

Our contributions with Kino-PAX are four-fold: (i) Kino-PAX, a highly parallel kinodynamic
SBMP designed to leverage the parallel architecture of GPU-like devices, (ii) a discussion of Kino-
PAX’s hyperparameters and its efficient application to highly parallel devices, (iii) a thorough
analysis and proof of probabilistic completeness, and (iv) benchmarks showing the efficiency and
efficacy of Kino-PAX for complex and high-dimensional dynamical systems. Our results show that
Kino-PAX achieves up to three-orders-of-magnitude improvement in computation time compared to
our baselines, which use CPU parallelization. In all evaluated problems, Kino-PAX finds solutions
in the order of 10 milliseconds, representing significant progress in enabling real-time kinodynamic
motion planning.

Building on the work of Kino-PAX, we introduce Kino-PAX*, a near-optimal, massively
parallel, kinodynamic motion planning algorithm. Kino-PAX* executes a parallel search through
the state space, continuously identifying and refining solution trajectories throughout the plan-
ning process. It restructures the classical dynamic programming subroutines of near-optimal
SBMPs—mnode selection, node extension, and node pruning—into three highly parallel subrou-
tines. Through extensive experiments, we demonstrate that Kino-PAX* is capable of achieving
high-quality initial solutions in real-time and can be tuned to refine those solutions over an extended
runtime.

Specifically, our contributions with Kino-PAX* are four-fold: (i) Kino-PAX*, a highly paral-
lel near-optimal kinodynamic SBMP designed for GPU-like devices; (ii) a proof of near-optimality
and d-robust completeness; (iii) benchmarks demonstrating Kino-PAX*’s efficiency in quickly

achieving initial solutions and improving them to near-optimality over time; (iv) a comprehen-



sive description and explanation of our implementation of Kino-PAX* on CUDA-enabled GPUs.

1.0.1 Related Work

Geometric Motion Planning: SBMPs have a long-standing history in addressing the
geometric motion planning problem, as established by foundational works such as Probabilistic
RoadMaps (PRM) [50], Ezpansive-Space Tree (EST) [37], Rapidly-exploring Random Tree (RRT)
[76], etc. In general terms, SBMP techniques involve finding a path from a starting configuration to
a goal region by constructing a graph or tree, where nodes represent geometric configurations and
straight line edges represent transitions in the configuration space. Traditionally, these algorithms
operate serially on CPU devices. However, the increasing demand for rapid replanning for complex
systems in unknown and dynamic environments has driven the development of parallelization meth-
ods for geometric SBMPs. These parallelized approaches have been applied to both CPU-based
planners [97, 101, 110, 39) 40, 114] and GPU-based implementations [42].

The CPU-based methods in [97, [10T], [IT0] use coarse-grained parallelization, where threads
independently construct trees and exchange search information. These methods offer straightfor-
ward implementation by leveraging existing serial SBMPs but they achieve limited improvements
in planning rates, and are not applicable to many-core devices. More similar to our work, the
approaches in [39, 40, [IT4] focus on fine-grained parallelization to accelerate the construction of a
single tree. Works [39, [40] introduce parallel RRT and RRT* methods that leverage thread-safe
atomic operations and a novel concurrent data structure for efficient nearest neighbor search. In
contrast, [114] decomposes core operations of geometric SBMPs into unconventional data layouts
that enable parallelism without specialized hardware. While these works present promising fine-
grained parallelization techniques, they are not easily adaptable to kinodynamic planning and are
unsuitable for many-core technology due to high inter-thread communication costs.

Most similar to our work, [42] leverages GPUs to solve the geometric path planning problem
by adapting FMT* [49] for parallelized graph search. Their implementation achieves orders-of-

magnitude performance improvements over its serial counterpart; however, it is strictly limited to



geometric problems.

Kinodynamic Motion Planning: To provide dynamically feasible and collision-free tra-
jectories for systems with complex dynamics, a kinodynamic motion planning algorithm is used,
as seen in traditional serial solutions such as [77, [100], 102, 59, T08]. The details of the kinody-
namic motion planning problem are formally discussed in Section however, in general, these
algorithms are tree-based and solve the problem by sequentially randomly extending trajectories
until a path from a start state to a goal region satisfying all state constraints can be followed by a
sequence of trajectory segments.

To achieve fast planning times, works [102], [108] employ space discretization. Specifically,
[102] constructs a graph from discrete regions and uses it as a high-level planner to guide the
motion tree. However, this approach can face the state-explosion problem as the dimensionality
of state space increases.

In contrast, [I08] avoids this issue by using the discrete regions to track spatial information
about the sparsity of the motion tree without constructing a graph. In the design of Kino-PAX and
Kino-PAX*, we take inspirations from those planners, using discrete regions to guide the search.
Similar to [I08], we use these regions for spatial information to ensure scalability. However, unlike
previous work, Kino-PAX and Kino-PAX* performs these operations in parallel subroutines.

In contrast to the parallelized geometric planning solutions discussed above, parallelization
for planning under the constraints of general dynamical systems is relatively understudied in the
field. An approach to parallelization for the kinodynamic problem is a coarse-grained method,
where multiple trees of classical SBMPs are generated in parallel, and the first solution found is
returned [I0]. This technique improves average-case performance [120], and is employed in Section
to perform CPU-based parallelization as a baseline. However, the inherent sequential nature of
these motion planners make them inefficient for massive parallelization. In this work, we propose

two novel algorithms that enable efficient application to highly parallel devices.



Chapter 2

Kinodynamic Parallel Accelerated Expansion

In this chapter, we present Kinodynamic Parallel Accelerated eXpansion (Kino-PAX), a novel
highly parallel kinodynamic SBMP designed for concurrent devices such as GPUs. Kino-PAX
grows a tree of trajectory segments directly in parallel. Our key insight is how to decompose
the iterative tree growth process into three massively parallel subroutines. Kino-PAX is designed
to align with the parallel device execution hierarchies, through ensuring that threads are largely
independent, share equal workloads, and take advantage of low-latency resources while minimizing
high-latency data transfers and process synchronization. This design results in a very efficient GPU
implementation. We prove that Kino-PAX is probabilistically complete and analyze its scalability
with compute hardware improvements. Empirical evaluations demonstrate solutions in the order
of 10 ms on a desktop GPU and in the order of 100 ms on an embedded GPU, representing up to
1000x improvement compared to coarse-grained CPU parallelization of state-of-the-art sequential

algorithms over a range of complex environments and systems.

2.1 Introduction

A major challenge for robotic systems operating in real-world, unstructured, and dynamic en-
vironments is solving the kinodynamic motion planning problem quickly. Sampling-based methods
have emerged as effective solutions to these complex challenges, as evidenced by foundational works
such as [77, 100, 102, 59, 108, 9l 83, [7T], (79}, B34], B5]. Historically, these algorithms were designed to

operate on the computer hardware available at the time, making them inherently sequential and



dependent on processor core clock speed for runtime improvements. However, with the plateauing
of processor speeds and minimal expected advancements, state-of-the-art serial algorithms require
seconds for simple systems and tens of seconds for more complex systems, making them impractical
for applications that demand real-time responsiveness.

We instead propose the development of new algorithms tailored for modern processors, lever-
aging concurrency to solve the kinodynamic motion planning problem in real-time. However, this
design process presents significant challenges, as classical SBMPs are inherently sequential, em-
ploying a dynamic programming style for node selection and expansion that is ill-suited to parallel
execution.

In this chapter, we propose Kino-PAX, a highly-concurrent algorithm optimized for GPU-
like processors that efficiently solves the kinodynamic motion planning problem within millisec-
onds. Kino-PAX is a kinodynamic SBMP designed to exploit the parallel architecture of modern
processing devices. We discuss its hyperparameters, efficiency on modern many-core processors,
and provide a thorough analysis including a proof of probabilistic completeness. Additionally,
we present benchmarks that demonstrate the algorithm’s effectiveness and efficiency in handling
complex, high-dimensional dynamical systems.

The remainder of this chapter is organized as follows. Section [2.2] formally describes the
problem of interest. Section [2.3] details the Kino-PAX algorithm, including pseudocode for all
subprocesses. Section [2.4] discusses the tuning parameters of Kino-PAX and their impact on per-
formance. Section [2.5] provides a proof of probabilistic completeness for Kino-PAX. Section [2.6]
demonstrates the performance of Kino-PAX across problems of varying difficulty. Lastly, Sec-

tion [2.7] summarizes our findings and proposes directions for future work.

2.2 Problem Formulation

Consider a robotic system operating within a bounded workspace W C R¢, where d € {2,3}.

This workspace contains a finite set of obstacles O, where each obstacle o € O is a closed subset of



W, i.e., o C W. The dynamics of the robot’s motion is given by

2(t) = f(x(t), u(t)), (2.1)

where z(t) € X € R” and u(t) € U € RY are the robot’s state and control at time ¢, respectively,
and f: X x U — R" is the vector field. We assume that f is a Lipschitz continuous function with
respect to both arguments, i.e, there exist constants K, K, > 0 such that for all z,2’ € X and
u,u’ € U,

1f (z,u) = f@" )| < Kollo — 2] + Kullu— o]

In addition to motion constraints defined by the dynamics in and obstacles in O, we
consider state constraints, e.g., bound on the velocity. To this end, we define the set of valid states,
i.e., states at which the robot does not violate its state constraints and does not collide with an
obstacle, as the valid set and denote it by Xyaiqg € X. Then, given initial state iy € Xvaliq, time
duration ¢y > 0, and control trajectory u: [0,t;] — U, a state trajectory x : [0,t¢] — X is induced,

where

X(t) = Tinis + /O Fx(r),u(r)dr Ve [0t (2.2)

Trajectory x is called valid if, Vt € [0,t], (t) € Xyalid-

In motion planning, the interest is to find a valid trajectory x that visits a given goal set
Xgoal € Xyalia- Therefore, by following this trajectory, the robot is able to respect all of its motion
(kinodynamic) constraints, avoid collisions with obstacles, and reach its goal. In this work, we focus

on kinodynamic motion planning with an emphasis on computational efficiency through parallelism.

Problem 1 (Kinodynamic Motion Planning). Consider a robot with dynamics in (2.1)) in workspace
W consisting of obstacle set O. Given an initial state Ty € Xyaia € X and goal region X joq C
Xoatid, efficiently find a control trajectoryu : [0,ts] — U such that its induced trajectory x through

(2.2)) is valid and reaches goal, i.e., x(0) = xin;s and

x(t) € Xoalid vt € [O,tf],

X(t) € Xgoal dt e [07 tf]'



Note that this is a challenging problem. The simpler problem of geometric motion planning
(by ignoring dynamics) is already PSPACE-complete [106], and the addition of kinodynamic con-
straints makes finding a solution considerably more difficult due to the increase in search space
dimension and dynamic complexities [I7, [73]. Existing algorithms find solutions in the order of
seconds for simple (e.g., linear) systems and tens of seconds for more complex non-linear systems
[102), 100, [77] on standard benchmark problems. When combined with the need for fast replanning
in, e.g., unknown and changing environments, finding solutions in real-time (milliseconds) becomes
crucial for ensuring the functionality and safety of autonomous systems.

With the availability of onboard GPUs, parallel computation provides a promising approach
for finding solutions quickly. Hence, in our approach, we focus on achieving efficiency through a

highly parallelizable algorithm.

2.3 Kino-PAX

Our approach to Problem [I] is a highly parallel algorithm that is able to exploit the many-
core architecture of GPU-like processors. To achieve efficient performance on these high-throughput
devices, it is crucial that our algorithm complements the execution hierarchy of such processors
to optimize resource utilization. For the development of this algorithm, we follow the guidance of
[51L [96] and base our development on three key principles: (i) thread independence, the ability
for each thread in a program to execute without being dependent on the state or result of other
threads; (ii) even workloads across threads, each thread is assigned an equal or nearly equal
number of operations throughout its execution; (iii) utilization of low-latency memory, groups
of threads utilize low-latency memory to share information and reduce the number of higher-latency
global memory accesses.

With these principles in mind, we introduce Kinodynamic Parallel Accelerated eXpan-
sion (Kino-PAX), a highly parallel kinodynamic SBMP.

Kino-PAX grows a tree of trajectory segments in parallel. This is achieved by decomposing

the iterative tree growth process, i.e., selection of nodes, extension, validity checking, and adding
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Figure 2.1: TIllustration of the Kino-PAX expansion process: (a) The current sets Vg and Vp,
where the numbers in each grid cell represent the value of Pyecept(Ri). (b) Expansion of Vg with
branching factor A = 2. (c) Acceptance of promising samples and update of Piccept(Ri). (d)
Updated Vg, ready for the next iteration. (e) Expansion of Vg, producing a valid trajectory to
Xgoal-

new nodes to the tree, into three massively parallel subroutines. Each subroutine follows the key
principles of thread independence, balanced workloads, and low-latency memory utiliza-
tion. Additionally, to ensure fast and efficient planning iterations, we minimize the communication
needed in the synchronization steps between subroutines, e.g., CPU-GPU communication.

At each iteration of Kino-PAX, a set of nodes in the tree is expanded in parallel. Each
sample is extended multiple times through random sampling of controls, also in parallel. We
dynamically adjust the number of extensions in each iteration to maintain an effective tree growth
rate, ensuring efficient usage of the device’s throughput. After extension, a new set of nodes are
selected independently to be propagated in the next iteration.

To guide the search process, Kino-PAX, similar to [102, [108], employs a high-level space
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Figure 2.2: Four iterations of the Kino-PAX planning process for a Dubins airplane dynamical
system, illustrating the growth of the solution tree. Newly added, promising nodes from the unex-
plored set Viy are shown in pink; existing nodes within the tree in blue; the goal region is highlighted
in green; and obstacles are marked in red.

decomposition approach. We designed this method to be well-suited for parallel computation. This



11

Algorithm 1: Kino-PAX

IHPUt ¢ Tinit, Xgoala tmaz

Output: Solution trajectory x
1 7 <« Initialize tree with root node zinjt
2 Vg + {xinit}, Vi, Vo + 0
3 Initialize R with Pyecept(Ri) = 1 for each R; € R
4 while ElapsedT'ime < t,,4, do
5 Propagate (Vg, Viy, R, \)
6
7
8
9

UpdateEstimates(R)
X ¢ UpdateNodeSets (Viy, Vg, Vo, T, R, Xgoal)
if x # null then return x ;

return null

decomposition estimates exploration progress in each region, allowing threads to act independently
when adding new nodes to the tree and identifying promising nodes for extension. As more trajec-
tory segment data becomes available, the estimate of promising space regions is improved, allowing
Kino-PAX to focus on propagating a large number of favorable nodes into less explored areas of

the space.

2.3.1 Core Algorithm

Here, we present a detailed description of Kino-PAX. Pseudocode of Kino-PAX is presented
in Alg. [l with subroutines Algs. and [] a full planning iteration is illustrated in Fig.
and several planning iterations are shown in Kino-PAX organizes samples into three distinct
sets: Vi, Vo, Vg. The set Vi consists of newly generated promising samples that have not yet been
added to the tree. The set Vp includes tree nodes that are not currently considered for expansion;
intuitively, these nodes are located in densely populated or frequently invalid regions of the search
space. Finally, Vg comprises the set of nodes that are flagged for parallel expansion. Further,
Kino-PAX maintains the spatial search progress information using a partition of the state space

denoted by R.
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2.3.1.1 Initialization

In Alg. |1}, Kino-PAX takes as input the initial state zini, a goal region X1, and a maximum
execution time t,,q.. In Lines 1-2; a tree 7 is initialized with xn;¢ at its root. Additionally, the set
VE is initialized with the state iy and the sets Viy and V are initialized as empty.

In Line 3, the space decomposition R is initialized in the state space, where the decomposition

consists of non-overlapping regions, such that:

X=U_ R, and Vi#je€ {1, e ,n}, Int(R;) N Int(Rj) 0,

where Int(R;) is the interior of R;. Each R; is then further partitioned to a set of finer
regions. We denote the k-th sub-region of R; by Rf, ie, R; = Uzllef. For each region R; € R,
several metrics are calculated to assess the exploration progress of the tree. These metrics, adapted
from [102], are designed to be effective in identifying promising regions for systems with complex
dynamics and are well suited for parallelism. Specifically, Kino-PAX updates the following metrics

for each region, R;, after each iteration of parallel propagation to continually guide the search

process:
e Cov(R;): estimates the progress made by the tree planner in covering R;;
e FreeVol(R;): estimates the free volume of R;.

The exact expressions for Cov(R;) and FreeVol(R;) are the same as in [102], which we also show
in Sec.

These metrics determine a score value, Score(R;) and subsequently a probability Pyccept(Ri),
which aid Kino-PAX in adding favorable samples to 7 and assessing if an existing node should be

extended. During initialization, all Pyccept(R;) values are set to 1.

2.3.1.2 Node Extension

After initialization, the main loop of the algorithm begins (Alg. Lines 4-8). In each

iteration, the Propagate (Alg. [2) function is called to propagate the set Vg in parallel (Alg.
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Algorithm 2: Propagate

Input : Vg, Vi, R, A

Output: Updated Vi;
1 foreach z € Vg do
Map x to region R; ;
fori=1,...,\do
Randomly sample v and dt ;
x’ + PropagateODE(z, u, dt) ;
Map 2’ to region R;“ :

if the trajectory from x to 2’ is valid then
Increment 7,4750(Rs) ;
if Rf unvisited or with Pyccept(R;) then
‘ Add 2’ to V ;

else

‘ Increment 7npa1id(Ri) ;

© 00 N O oA W N

==
= o

=
N

Line 5, Fig. . Each node z € Vg is expanded A € NT times using A threads, where each
thread handles one expansion of z (Alg. |2, Lines 1-2). For each thread, a control u € U and a time
duration dt € (0, Tprop|, Where Tpyop is a user-defined constant that sets the maximum propagation
time, are randomly sampled, and the node’s continuous state x is propagated using dynamics in
to generate a new sample state ' (Alg. |2, Lines 3-4). Next, the corresponding region of a’,
Rf, is calculated (Alg. |2, Line 5). Then, in Line 6, the trajectory segment from x to z’ is checked for
validity, i.e., if it is in Xyaq. Throughout the trajectory segment, a user-defined collision check is
performed (our implementation uses a coarse-phase bounding volume hierarchies method discussed
in [42]).

If the extended segment is valid, we increment the total number of valid samples in R; (Alg.
Line 7). Next, 2’ is added to the set Vy if its corresponding region ’R,f is unvisited; if Rf” already
contains a node, then 2’ is added to Viy with probability Pyecept(R;), which favors promising samples
(Alg. |2, Lines 8-9, Fig. . Alternatively, if the trajectory segment is invalid, we increment the
count of invalid samples in R;, as shown in Line 11. This information guides future propagation

iterations away from regions that are frequently invalid, improving search efficiency.
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Algorithm 3: UpdateEstimates
Input : R
Output: Updated estimates for each region R;
1 foreach R; € Ryyai do
2 UpdateFreeVol(R;);
3 UpdateCoverage(R;);
4 UpdateScore(R;);
5 foreach R; € Ryyqi do
6 UpdateAccept(R;);

2.3.1.3 Node Selection

After all samples in Vg have been expanded, the UpdateEstimates (Alg. [3) subroutine is
called (Alg. |1, Line 6). In this subroutine, metrics for each visited region (i.e., a region with a
node = € T), denoted by Rapair, are updated in parallel, with a thread handling a unique region
Ri € Ravail, calculating Cov(R;) and FreeVol(R;) (Alg. |3} Lines 1-3). For each thread, Cov(R;)

is set to the number of visited sub-regions within R;, and F'reeVol(R;) is calculated as

((5 + nmlid(Ri)) . UOZ (Rz)

FreeVol(R;) = ’
reeV o ( ) 5+ nvalid(Ri) + nmmlz’d(Ri)

(2.3)

where § > 0 is a small constant, and vol(R;) represents the mapped workspace volume of the
region R;. Subsequently, on Line 4 of Alg. |3 each thread calculates its corresponding Score(R;)
value with

FreeVol*(R;)
(14 Cov(R:)) (1 + (Nvatia(R:) + Ninvatia(R:))?)’

Score(R;) = (2.4)

which prioritizes regions that are less visited and have a high free volume and low coverage.
Once all score values have been updated, each visited region’s Pyecept (Ri) probability is refined
(Alg. 3] Lines 5-6, Fig.[2.1c|). This process, again, is done in parallel with a thread being designated

to a unique R; € Ravqait and Pyeeept(Ri) being set by

(2.5)

Prceept(Ri) — min {17 Score(R;) ) X e} ,

ZRj R D core(R;
where 0 < € < 1 is a constant and Rgyq;; € R represents the set of regions that contain a

node in 7. We note that the expressions for the metrics in ([2.3)-(2.5)) are taken from [102].
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Algorithm 4: UpdateNodeSets
Input : Vy, Ve, Vo, T,R, Xgoal
Output: Trajectory if a goal is found, otherwise null
1 foreach z € Vg do
2 Map x to Ry;
3 Move x to Vp with probability 1 — Pyccept(Ri);
4 foreach z € Viy do
5 Move x from Vi to Vg and T;
6
7
8
9

if x € Xgoal then return Trajectory it to x ;
foreach x € Vp do

Map z to R;;

Move z to Vi with probability Pyecept(Ri);

10 return null

Once the Pyecept(Ri) probabilities have been updated for all available regions, the Update-
NodeSets subroutine is called (Alg. |1} Line 7, Fig. . In Lines 1—3 of Alg. 4] we remove samples
from the expansion set Vg randomly with probability 1 — Pyceept(Ri), ensuring that promising
samples remain in Vg. Then, we move the newly generated samples, Vi7, to 7 and add them to the
expansion set Vg. If any newly generated nodes satisfy goal criteria, we return the valid trajectory
x (Alg. 4l Lines 4-6). Finally, we move inactive samples in Vp to the expansion set if deemed
promising with the updated search information (Alg. |4, Lines 7-9).

Kino-PAX repeats the main loop of Propagate, UpdateEstimates and UpdateNodeSets
until a solution trajectory x that solves Problem [I]is returned, or a user-defined time limit ¢,,4; is

surpassed.
2.4 Tuning and Performance Discussion

In this section, we discuss how Kino-PAX can be tuned to match a problem’s difficulty, and
present the properties of Kino-PAX that enable efficient parallelism.
24.1 Tuning Parameter

In practice, due to the limitations of device memory and the high cost of vector resizing

operations, we predefine the maximum size of the tree rather than constraining the runtime, similar



16

to the approach taken in PRM. This introduces a hyperparameter for Kino-PAX, denoted as t.,

which we refer to as the expected tree size. Specifically, t. corresponds to the maximum number

of nodes in Kino-PAX and should be tuned according to the difficulty of the problem at hand.
Varying, t. has two main effects on the performance of Kino-PAX. Firstly, an increase in ¢,

increases the branching factor A which is updated for each iteration of parallel propagation and is

where \jqq is the user-defined maximum branching factor and |7 | and |Vg| are the numbers of nodes

set according to

in 7 and Vg, respectively. Eq. ensures that in the early iterations, when |7 is much smaller
than t., a larger A is used. This approach effectively uses available throughput and accelerates the
initial stages of tree propagation. As |7 | approaches t. and |Vg| grows large, a smaller A is used to
stabilize the growth rate of 7.

Secondly, t. affects the number of nodes that can be included in 7. As the problem difficulty
increases, such as with a system’s state dimension, a larger t. is recommended to sufficiently explore
the space. Kino-PAX'’s search characteristics make finding a suitable t. relatively straightforward
for a given system, as the tree expands in all accessible free space areas. We demonstrate this
in Sec. 2.6] where systems with the same state dimension utilize a constant t. value across all
testing environments. In Sec. 2.6 we also show that as t. increases, the success rate of Kino-PAX

converges to 100%.

Remark 1. The mazximum tree size can be made adaptive by increasing te by a constant multiple
if a solution is not found after the tree size nears its threshold. However, this introduces vector

resizing operations on high latency device memory, slowing down the search.

2.4.2 Decomposition Tuning

The search efficiency of Kino-PAX is dependent on the choice of space decomposition. An

improper decomposition, e.g., one that is too coarse or too fine, can lead to inefficiencies. A
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decomposition that is too fine may cause slower updates due to the large number of regions. On
the other hand, a decomposition that is too coarse may lead to poor approximation of promising
space regions. For instance, if a region frequently generates invalid trajectories but contains critical
space for finding a solution, Kino-PAX may experience inefficient search. A method to mitigate
this is to use a free-space-obeying decomposition, as proposed in [102]. Nonetheless, Kino-PAX

remains probabilistically complete with any valid decomposition.

2.4.3 Efficient Application to Highly Parallel Devices

Kino-PAX'’s propagation subroutine implementation is well-suited for parallelism due to
three main factors. First, we utilize low-latency memory by distributing commonly used data
to groups of nearby threads. Specifically, the state € Vg is shared via on-chip memory to all A
threads assigned to expand the node. Second, we balance workloads across threads by having
each thread create a single trajectory segment, minimizing thread divergence—i.e., variations in
execution paths that force threads into serial execution. Third, the acceptance of new samples
and their addition to Vs is achieved with thread independence, using and unique thread
identifiers.

Kino-PAX maintains its space decomposition in a parallel-friendly manner through the met-
rics — that can be calculated independently of other regions and by ensuring that each
region’s calculations have an equal number of operations. Further, we avoid the need for serial
data structures when choosing expansion nodes by adding samples to Vg independently via the
acceptance probability .

Furthermore, the organization of samples into three disjoint sets, V7, Vo, and Vg, enables a
straightforward and memory-efficient representation. In Kino-PAX, we do this via a boolean-mask
representation that is thoroughly discussed in [89].

Lastly, Kino-PAX reduces latency between its subroutines by pre-allocating a large memory
chunk on the GPU to accommodate t. nodes. This allows Kino-PAX to construct its tree directly

on the GPU, avoiding the transfer of large data structures between devices.
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2.5 Analysis

Here, we show that Kino-PAX is probabilistically complete for Problem [I] and analyze its

scalability.

2.5.1 Probabilistic Completeness

We begin with a definition of probabilistic completeness for algorithms that solve Problem

Definition 1 (Probabilistic Completeness). A sampling-based algorithm is probabilistically com-
plete if the probability that the algorithm fails to return a solution, given one exists, approaches

zero as the number of samples approaches infinity.

We first show that, in Kino-PAX, every tree node has a non-zero probability of being ex-

tended.

Lemma 1. Let x € T be a node in the tree. The probability that x is selected for extension is lower

bounded by € € (0,1).

Proof. The probability of extending a node x € T in Kino-PAX is calculated using for its
corresponding region R; € R. We demonstrate that every region R; falls into one of three cases,
and in each case, is lower bounded by e.

Case 1: a region R; is entirely in invalid space, i.e., Ri N Xfpee = 0, meaning R; cannot
contain a tree node and R; ¢ Rayqi- Thus, is set to 1 > ¢, as per Line 3 of Alg.

Case 2: a region R; is entirely within free space, i.e., R; C Xyanuq.- If 7 does not contain a
node in R;, then R; ¢ Rayail, and is set to 1 > €, as by Line 3 of Alg. (1] However, if T does
contain a node in R;, we examine the worst-case scenario that produces the lowest probability from
. In this scenario, the number of nodes in R; approaches infinity, driving the score of R; to 0
by . Additionally, in a worst-case scenario, the score of all other available regions approaches

infinity. In this case, (2.5)) trivially approaches e.
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Case 3: R; is partially in X4, i.e., Ri N Xyatia # 0 and R; N Xyaiqa # Ri. In this case,
similar to above, if R; ¢ Ravai, (2.5)) is set to 1 by Line 3 of Alg. |1l If R; € Ravait, as in Case 2,

(2.5) approaches € in the worst-case, when the number of nodes in R; approaches infinity. O
Finally, we can state our main analysis result.
Theorem 1. Kino-PAX is probabilistically complete.

Proof Sketch. Our proof is an adaptation of the result from [52], originally established for kino-
dynamic RRT, for Kino-PAX. Specifically, the conditions laid out in [52] Lemma 2-3] hold under
the assumptions of Problem [I]in this paper. Furthermore, Lemma [I| provides a lower bound ¢ > 0
on the probability of extending from an arbitrary tree node. By combining [52] Lemma 2-3] with
Lemma 1, we can follow the same logical structure as the proof of [52, Theorem 2]. Thus, as
the number of samples approaches infinity, Kino-PAX asymptotically almost-surely finds a valid

trajectory from Zjuit to Xgoal that solves Problem O

2.5.2 Scalability

Here, we discuss the scalability of Kino-PAX . Firstly, Kino-PAX’s scalability increases as the
number of cores in the parallel device increases. Since Kino-PAX supports adaptive tuning of the
branching factor A through varying t., an increased number of cores can be leveraged by increasing
te and setting a higher \,,4,. This results in computation time improvements as the number of
cores increase, allowing Kino-PAX to scale as parallel hardware computation power improves.

Secondly, as the problem becomes more complex, i.e., requiring a larger tree (more nodes) to
find a solution, traditional tree-based SBMPs suffer. That is, they slow down significantly as the
number of nodes increases due to the sequential nature of those algorithms. However, Kino-PAX
does not struggle with increasing number of nodes, unless the tree size nears its threshold and a
resizing operation is needed.

This property makes Kino-PAX particularly more advantageous for planning for systems

with large dimensional state spaces since they often require large trees to sufficiently search the
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space.

2.6 Experiments

We demonstrate the performance of Kino-PAX in planning for various dynamical systems
across three 3D environments shown in Fig. [2.4f The considered systems are: (i) 6D double

integrator, (ii) 6D Dubins airplane [12], and (iii) 12D highly nonlinear quadcopter [21].

(a) Forest (b) Narrow Passage (c) Building

Figure 2.3: Environments used throughout the experiments with the solution trajectory produced
by Kino-PAX. Initial position and goal region are shown by blue and green spheres, respectively.

Environments (a) and (c) are taken from [42].

For each pair of dynamical system and environment, we benchmark the performance and
scalability of Kino-PAX against four traditional SBMPs: RRT [77], EST [37], PDST [59] and
SyCLoP [102]. To ensure fairness, for these comparison planners, we used a coarse-grained CPU
parallelization method where multiple trees grow in parallel as suggested by [I0]. Each tree is
managed by a separate thread, and the planner returns the first solution found.

We implemented Kino-PAX in CUDA C and performed benchmarks on two GPUs with

different capabilities. We used an NVIDIA RTX 4090 as a baseline, which has 16,384 CUDA
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cores and 24 GB of RAM. Further, to test the efficiency of Kino-PAX on an embedded GPU,
we ran benchmarks on an NVIDIA Jetson Orin Nano, which has 1,024 cores and 8 GB of RAM.
The comparison algorithms, are implemented in C++ using OMPL [109] and executed on an Intel
Core 19-14900K CPU with 24 cores, a base clock speed of 4.4 GHz, and 128 GB of RAM. Our
implementation of Kino-PAX is publicly available: https://github.com/aria-systems-group/
Kino-PAX.

We followed the standard setup configurations for all comparison algorithms as recommended
by the OMPL documentation. All algorithms, including Kino-PAX, were configured to use the
same methods for state propagation, state validity checking and space decomposition. For all
experiments, a grid-based decomposition was used with the dimensionality of the grid equal to
the system’s state-space dimension. For Kino-PAX’s hyperparameters, Apq, was set to 32 and .
was set to 2 x 10° for all 6D systems and 4 x 10° for the 12D system. For each combination of
algorithm, dynamic model, and workspace, we performed 50 queries, each with a maximum runtime

of 60 seconds.

2.6.1 Benchmark Results

Table [2.1] shows the mean runtime, the speed ratio relative to the desktop GPU implemen-
tation of Kino-PAX, and the success rate within the allotted planning time for each combination
of algorithm, environment, and dynamics.

For both 6D systems, Kino-PAX finds a solution trajectory in less than 8 ms across all testing
environments. For the 6D Double Integrator, Kino-PAX is on average 85x, 287x, 433x faster in
Environments 1, 2, 3, respectively, compared to the baseline algorithms.

For the Dubins Airplane system, the performance gap of Kino-PAX widens further. For
instance, in Environment 3, Kino-PAX experiences a slowdown of less than 1.3x (~2 ms) compared
to RRT’s 22x (~20,000 ms), EST’s 1.8 (~4,000 ms), PDST’s 8.9x (~16,000 ms), and SyCLoP’s
22x (~24,000 ms). Additionally, the embedded GPU implementation of Kino-PAX outperforms

all serial baseline methods, finding valid trajectories for all 6D problems in under 115 ms. When
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dealing with the more challenging 12D nonlinear quadcopter problem, Kino-PAX finds solutions
in less than 25 ms across all environments. On average, this marks an improvement of three
orders of magnitude over all reference serial solutions. In the most challenging environment
(Environment 3), the best-performing baseline algorithm (EST) is 1720x slower than the desktop
implementation of Kino-PAX and 44x slower than the embedded GPU implementation.

As evident from the results, Kino-PAX outperforms baseline algorithms more significantly as
the problem becomes more challenging; in other words, the performance gap significantly widens in
favor of Kino-PAX . This is due to two main factors. First, as the dimensionality of the search space
increases, exponentially more trajectory segments are required to find a valid solution. This suits
Kino-PAX particularly well, as it is designed to propagate a massive number of nodes efficiently
in parallel. Second, as the problem difficulty increases, the efficiency of Kino-PAX becomes more
prominent. This is because unlike traditional tree-based SBMPs that slow down as the number of

samples increases, Kino-PAX does not suffer as much with the size of the tree.
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Table 2.1: Benchmark results over 50 trials with a 60-second maximum planning time. CPU-based

algorithms used coarse-grained parallelization, growing multiple trees in parallel and utilizing all

available cores, denoted by “Par” before the algorithm name.

Environment 1

Environment 2

Environment 3

Algorithm Device

Time (ms)  tag/tkino-rAx Succ % | Time (ms)  tayg/txino-pax Succ % | Time (ms)  tayg/tKino-rax Succ %

6D Double Integrator
Par RRT CPU 157.0 42.0 100.0 598.1 184.1 100.0 993.7 183.4 100.0
Par EST CPU 416.1 1114 100.0 1822.5 561 100.0 5122.8 945.5 100.0
Par PDST CPU 486.0 130.1 100.0 1144.7 352.4 100.0 2094.5 386.6 100.0
Par SyCLoP CPU 216.6 58.0 100.0 168.1 51.8 100.0 1183.3 218.4 100.0
Kino-PAX Embd. GPU 62.3 16.7 100.0 29.1 9.0 100.0 78.6 14.5 100.0
Kino-PAX GPU 3.7 1.0 100.0 3.3 1.0 100.0 5.4 1.0 100.0
Dubins Airplane
Par RRT CPU 632.5 165.0 100.0 4973.9 1389.9 100.0 22698.7 3207.4 98.0
Par EST CPU 275.7 71.9 100.0 3443.6 962.3 100.0 9108.5 1287.1 100.0
Par PDST CPU 515.6 134.5 100.0 12410.3 3467.9 98.0 18570.2 2624.0 100.0
Par SyCLoP CPU 234.4 61.2 100.0 936.2 261.6 100.0 25544.7 3610.0 100.0
Kino-PAX Embd. GPU 67.5 17.6 100.0 43.1 12.0 100.0 110.5 15.6 100.0
Kino-PAX GPU 3.8 1.0 100.0 3.6 1.0 100.0 7.1 1.0 100.0
12D Non Linear Quadcopter

Par RRT CPU 40694.7 2262.5 72.0 91023.1 5306.9 12.0 93144.7 3873.2 8.0
Par EST CPU 10034.4 557.9 100.0 35435.9 2066 90.0 41381.0 1720.8 84.0
Par PDST CPU 23726.9 1319.1 92.0 51203.4 2985.3 70.0 53169.8 2211 68.0
Par SyCLoP CPU 3384.2 188.2 100.0 10181.6 593.6 100.0 86558.3 3599.4 16.0
Kino-PAX Embd. GPU 797.0 44.3 100.0 681.8 39.8 100.0 935.7 38.9 100.0
Kino-PAX GPU 18.0 1.0 100.0 17.2 1.0 100.0 24.1 1.0 100.0
2.6.2 Effects Of Tuning Parameter ¢,

To support the point made in Sec. [2.4]that Kino-PAX’s hyperparameter t. is easy to tune and

that Kino-PAX remains efficient across a wide range of values, we present a numerical experiment

showing that as Kino-PAX is provided with a sufficiently large t., its failure rate converges to zero.

We also examine the impact on runtime as ¢, increases. Fig. presents the results for planning

with the 12D nonlinear quadcopter system in Environment 1.
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Figure 2.4: Results of varying the expected tree size t. for the 12D nonlinear quadcopter system
in environment (a) Number of Failures vs. te. (b) Mean runtime and variance of Kino-PAX
vs. te.

As shown in Fig. for small values of t., Kino-PAX is unable to find solutions, indicating
that the number of samples required exceeds t.. As t. increases beyond 2.8 x 10°, Kino-PAX
achieves a 100% success rate, demonstrating that t. is not a sensitive tuning parameter with respect
to finding solutions.

Fig. shows an increase in the hyperparameter t. also increases the runtime. This can be
attributed to two main factors. First, as t. increases, Kino-PAX typically uses a larger branching
factor A, resulting in a tree with more nodes. In this experiment, the number of nodes in the tree
increases by approximately 1x 10° for every 2 x 10° increase in t.. Specifically, we observed 3.1 x 10°
nodes when t, = 4 x 10° and 6.1 x 10° nodes when . = 10 x 10°. Second, the larger t. demands
more memory, leading to more frequent cache misses in the implementation of Kino-PAX, which

causes data to be fetched from slower global memory more often.

2.7 Conclusion

We have introduced a novel motion planning algorithm for kinodynamic systems that enables

a significant parallelization of a process previously considered inherently sequential. Our algorithm
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is well suited to exploit the recent advancements of modern computing devices and is equipped to
scale as hardware continues to improve. Benchmark results show planning times of less than 8 ms
for 6-dimensional systems and less than 25 ms for a 12-dimensional nonlinear system, representing
an improvement of up to three orders of magnitude compared to traditional motion planning
algorithms. For future work, we plan to make the hyperparameter t. dynamic (adaptive) and

extend Kino-PAX to a near-optimal planner.



Chapter 3

Asymptotically Near Optimal Kinodynamic Parallel Accelerated Expansion

3.1 Introduction

In addition to solving the kinodynamic motion planning problem quickly, it is essential for
real-world robotics to also achieve near-optimal solutions. This challenge has been extensively
explored in foundational works such as [78], which examines various methods enabling SBMP al-
gorithms to asymptotically approach near-optimal solutions. However, similar to classical SBMP
algorithms discussed in [77, 100, 102} (9] 108, 9, B3] 71l [79, 34, [35], existing near-optimal kino-
dynamic algorithms typically rely on serial dynamic programming approaches. Their inherently
sequential nature significantly limits their real-time applicability and scalability in complex robotic
scenarios.

Given the recent stagnation in improvements to CPU core clock speeds, substantial ad-
vancements in near-optimal kinodynamic planning necessitate a fundamental redesign of existing
algorithms. We therefore propose developing new SBMPs specifically optimized for manycore pro-
cessors that can leverage the massive parallelism offered by modern hardware.

However, designing algorithms suitable for highly parallel architectures poses significant chal-
lenges. Traditional near-optimal kinodynamic SBMPs employ sequential dynamic programming
steps—such as selecting a minimum-cost node, extending this node, evaluating its inclusion into
the tree, and pruning existing nodes—that do not directly translate to efficient concurrent execu-
tion.

In this chapter, we present Kino-PAX*, a massively parallel near-optimal kinodynamic SBMP
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designed for efficient execution on modern manycore processors. Kino-PAX* delivers real-time,
low-cost initial solutions and guarantees asymptotic near-optimality over extended planning
durations. We provide detailed pseudocode for Kino-PAX*, discuss hyperparameter tuning op-
tions to achieve desired behaviors, and present a proof of asymptotic near-optimality and d-robust
completeness. Furthermore, we benchmark Kino-PAX* to demonstrate its effectiveness across
problems of varying difficulty. Finally, we thoroughly describe our implementation of Kino-PAX*

on CUDA-enabled GPUs.

3.2 Problem Formulation

Consider a robotic system operating under the assumptions outlined in Section 2.2 In
addition to solving Problem [I] we are interested in computing trajectories that are near-optimal
with respect to a specified cost metric. Recall from Section[2.2]and Eq.[2.I]that a system’s trajectory
is denoted by x. We denote the set of all possible trajectories by X and define a cost function on

this set as follows.

Definition 2 (Cost Function). The cost function cost : X — Rx¢ maps each system trajectory

x € X to a non-negative real number cost(x) > 0.

To formally define the near-optimal motion planning problem, we make assumptions about

the cost function, similar to [78]:

Assumption 1 (Lipschitz Continuous Cost Function). The cost function cost(x) of a trajectory is

assumed to be Lipschitz continuous. Specifically, there exists K. > 0 such that:
|cost(x1) — cost(xa)| < K. -sup ||x1(t) — xa(t)]l,
Vi

for all x1,x9 € X with the same start state. Consider two trajectories x1,xo such that their

concatenation is X1|xa (i.e., following trajectory xa after trajectory x1), the cost function satisfies:
o cost(x1|x2) = cost(x1) + cost(xz2) (additivity)

e cost(x1) < cost(x1|x2) (monotonicity)
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o Vg >1t1 > 0,IM. > 0,ta — t1 < M, - |cost(x(t1)) — cost(x(t2))| (non-degeneracy)

In addition, we assume that the system dynamics satisfy Chow’s condition [13], which implies
that the system is small-time locally accessible.

Next, we adopt the notion of a d-robust trajectory from [78]:

Definition 3 (J-Robust Trajectory). A trajectory x, defined by Eq. (2.2), is §-robust if both its
obstacle clearance € (the minimum distance from obstacles along the trajectory) and dynamic clear-

ance §y (the mazimum permissible perturbation in states preserving feasibility) exceed a positive

threshold 9.

Given the assumption of at least one d-robust trajectory’s existence, we formally define the

0-Robust Feasible Motion Planning problem:

Definition 4 (é-Robust Feasible Motion Planning). Given a dynamical system following Eq.
the collision-free subset Xyq1qg C X, an initial state xo € Xyaid, a target region Xgoa C Xyatid, and
that a 6-robust trajectory that connects xo with a state in Xgoq exists, find a solution trajectory x

for which x(0) = xo and x(t) € Xgoal-

Under these assumptions, we present definitions for a kinodynamic SBMP that probabilisti-
cally guarantees eventual feasibility and asymptotically approaches near-optimality. These defini-

tions are adapted from [78]:

Definition 5 (Near-Optimal Trajectory). Let ¢* denote the minimum achievable cost among all
d-robust solution trajectories to a §-Robust Feasible Motion Planning problem. A trajectory x with

cost ¢ is considered near-optimal if it satisfies:
¢ < h(c, ),
where the function h is defined as:
h(c*,0) = (1+a-0)-c",

for some constant o > 0.
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Definition 6 (Asymptotic d-robust Near-Optimality). Consider a -robust feasible motion planning
problem with minimum achievable cost c* as defined in Definition @ Let YnALG denote a random
variable representing the minimum cost among all trajectories returned by algorithm ALG after

iteration n. The algorithm ALG is asymptotically §-robust near-optimal if it satisfies:

P <lim sup VALY < p(cr, 5)) =1,

n—o0

where h(c*,d) is as defined in Definition [

Definition 7 (Probabilistic -Robust Completeness). Let XAEG denote the set of trajectories dis-
covered by an algorithm ALG at iteration n. Algorithm ALG is probabilistically §-robustly complete,

if for any 0-robustly feasible motion planning problem (Xyqaid, €0, Xgoal;9) the following holds:

liminf P (Hx IS X;?LG : x solution to (Xyatids ©0, X goal 5)) =1.

n—oo

In this work, we address the problem of asymptotic §-robust near-optimal kinodynamic mo-
tion planning, with an emphasis of computational efficiency achieved through parallelization. For-

mally, the problem is defined as follows:

Problem 2 (Near-Optimal Kinodynamic Motion Planning). Consider a robot with dynamics de-
scribed by Eq. operating in workspace W containing an obstacle set O. Given an initial state
ZTinit € Xoatia € X, a goal region Xgoq € Xyaua, and a cost function satisfying Assumption [1], the
objective is to efficiently compute a control trajectory u : [0,t¢] — U whose induced trajectory x

solves Problem[1] and meets the criteria for near-optimality as defined in Definition [3.

3.3 Kino-PAX*

Our approach to Problem 2]involves designing a highly parallel algorithm specifically designed
for the many-core architecture of GPU-like processors. Building upon principles introduced in
Section this approach adheres to the guidelines from [511, [96], emphasizing thread independence,
balanced workloads across threads, and efficient use of low-latency memory. Unlike Kino-PAX,

which focuses on rapidly solving Problem (1| and terminating, our proposed method aims not only to
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quickly identify low-cost initial solutions but also to iteratively refine these solutions over extended
planning durations.

Motivated by these concepts, we introduce Near Optimal Kinodynamic Parallel Ac-
celerated eXpansion (Kino-PAX*), a highly parallel kinodynamic SBMP designed to efficiently
solve Problem Kino-PAX* builds a sparse trajectory tree by decomposing the traditionally
iterative operations—node selection, node extension, and node pruning—into three massively par-
allelized subroutines. Each subroutine is optimized for efficient execution on highly parallel pro-
cessors, significantly reducing communication overhead such as CPU-GPU interactions.

During each iteration of Kino-PAX*, multiple nodes from the existing tree are expanded
concurrently. Each node undergoes multiple parallel extensions through random control sampling,
with the number of extensions per node dynamically adjusted based on the current expansion set
size and allotted planning time. After extensions are completed, non-promising nodes are pruned in
parallel, and a new set of nodes is selected concurrently for expansion in the subsequent iteration.

Kino-PAX* leverages a spatial decomposition R to guide the search process and systemat-
ically refine discovered solutions. This decomposition promotes thread independence during node
addition and selection phases. By continuously tracking the lowest-cost node per region, Kino-
PAX* progressively refines cost estimates, selecting only the most promising nodes for further
propagation. Consequently, the algorithm efficiently focuses computational effort on extending a

select set of promising nodes into underexplored regions of the state space.

3.3.1 Core Algorithm

Here, we present a detailed description of Kino-PAX*, accompanied by pseudocode in Algo-
rithms|[5] [6] [7, and [8] as well as an illustration of one cycle of Kino-PAX* in Figure Kino-PAX*
organizes tree nodes into four distinct sets: Va, V7, Vp, and Vy. Specifically, V4 contains nodes
selected for parallel expansion (Algorithm @; V7 includes temporarily inactive nodes that may be
reactivated for expansion in future iterations (Algorithm ; Vr comprises terminal nodes perma-

nently pruned from the tree, and thus not considered in subsequent iterations (Algorithm [7]); and
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Figure 3.1: Ilustration of the Kino-PAX* expansion process: (a) Current node sets V4 and Vr.
Numbers within grid cells indicate the lowest-cost trajectories reaching each region R;.

(b) Parallel expansion of nodes in V4 with branching factor A = 2.

(c) Addition of selected nodes to the unexplored set Vi and corresponding updates to region costs.
(d) Pruning of nodes from V4 based on newly acquired trajectory cost information.

(e) Updated active set Vy, ready for the next iteration of node expansion.

finally, Viy consists of newly generated promising nodes produced during node propagation (Al-
gorithm @ Additionally, Kino-PAX* partitions the state space into distinct hyper-cube regions,

denoted by R, and maintains the lowest-cost node within each region to guide efficient exploration.

3.3.1.1 Initialization

In Algorithm Kino-PAX* takes as input an initial state Tinit € Xvala, a goal region Xgoa C
Xialid, @ maximum execution time tyay, a branching factor A, and a maximum inactive node count
Inax. In lines 1-2, the initial state xjni is set as the root node of the tree 7 and placed into the
active set V4. The inactive set V7, terminal set Vi, and unexplored set Vi; are initialized as empty.

Lines 34 initialize each region in the spatial decomposition R with infinite cost, while the solution
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Algorithm 5: Kino-PAX*

IHPUt ¢ Tinit, Xgoalv tmaz; )\7 Imaa:

Output: Solution trajectory x

T <« Initialize tree with root node Zinit

VA < {:cinit}, V[, VU, VT — @

Initialize R with cost(R;) = oo for each R; € R

Initialize x = null with cost(x) = oo

while FlapsedTime < ty,q, do
Propagate (Va, V7, R, A)
PruneNodes(V4, Vi, Vi, T, R)
UpdateTree(V4, Vi, T, R, x)

return x

© 00 N o Ok W N -

trajectory x is initialized as null with infinite cost.

3.3.1.2 Node Extension

After initialization, the main loop of Kino-PAX* begins (Algorithm [5, Lines 5-8). In each
iteration, the Propagate subroutine (Algorithm @ Figures and propagates nodes in
the active set V4 using massive parallelism. The inputs to Propagate include V4, Vi, R, and A.
Specifically, each node z € V4 undergoes \ parallel expansions, resulting in a total of A-|V4| parallel
threads, where |Vy4| denotes the cardinality of V4. For each thread, a random control v € U and a
duration dt € (0, Tprop| are sampled, with Tprop being a user-defined maximum propagation time.
The node’s state x is then propagated using the system dynamics defined in Eq. , generating
a new candidate state x’ (Algorithm @, Lines 3-4, Figure .

Subsequently, the validity of the trajectory segment between states x and z’ is evaluated
against Xyaiq. If the trajectory segment is valid, the spatial region R; corresponding to the new
state 2’ is identified (Algorithm@7 Line 6). The incremental cost from x to z’ is computed according
to the user-defined cost metric satisfying Assumption [I} and the cumulative cost from the root xini
to 2’ is updated accordingly (Algorithm @, Line 7).

If the new state 2’ improves upon the previously recorded cost for region R;, the cost asso-
ciated with that region is updated (Algorithm @ Line 8). Furthermore, if 2’ remains the lowest

recorded cost for region R;, it is added to the unexplored node set Viy (Algorithm @ Lines 9-
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Algorithm 6: Propagate
Input : Vy, Vi, R, A
Output: Updated Vi;
1 foreach x € V4 do
2 fori=1,...,Ado
3 Randomly sample v and dt ;
4 x' + PropagateODE(z, u, dt) ;
5 if the trajectory from z to 2’ is valid then
6
7
8
9

Map 2’ to region R; ;

cost(x') « cost(x) + getCost(z,z’) ;
cost(R;) + min(cost(R;), cost(z') ;
if cost(a’) == cost(R;) then

10 ‘ Add 2’ to Vy ;

10, Figure [3.1c). This selective admission criterion ensures that nodes added to Vi consistently
improve upon the best trajectories found, guiding the search toward near-optimal solutions while

maintaining memory efficiency.

Remark 2. In our implementation, to avoid data races when updating the region cost for R;, we
perform the cost-update operation atomically. Atomic operations ensure an ordering constraint on
memory accesses, avoiding degenerate behavior. Section [{.5 provides further explanation of atomic

operations and highlights their significance in concurrent programming.

Remark 3. Since the Propagate routine executes as a parallel process, a thread may insert a node
into the unexplored set Vi even if another thread later identifies a lower-cost trajectory to the same
region. The higher-cost nodes introduced initially are removed during the TreeUpdate (Algorithm

@) subroutine, ensuring only the lowest-cost nodes remain in the tree T .

Remark 4. If collision checking requires significant computational resources, particularly in obstacle-
dense environments, performance can be improved by first comparing the cost to reach x’ against

the lowest recorded cost for region R;. Collision checking is then performed only if x' is the best

recorded node in R;.
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3.3.1.3 Node Selection

After propagating nodes in V4, the algorithm executes the PruneNodes subroutine (Algo-
rithm [5, Line 7; Algorithm , which classifies each node x € T as active, inactive, or terminal
based on newly acquired search information. This subroutine operates as a massively parallel
procedure, assigning one thread per node.

Each thread begins by mapping its node x to its corresponding region R; (Algorithm
Line 2). If a node = € V; (currently inactive) no longer represents the lowest cost in its region, it
is moved permanently to the terminal set Vp (Algorithm (7], Lines 10-12). Conversely, if x € V;
remains the lowest-cost node in its region, its inactivity counter I.ount(z) is incremented (Algo-
rithm Lines 3-4). If this counter exceeds a user-defined threshold I,.x, indicating prolonged
inactivity without improvement in its region, node x is reactivated and returned to the set Vy for
further expansion (Algorithm 7} Lines 5-7). This mechanism ensures essential nodes re-enter active
exploration, maintaining completeness.

Nodes currently in V4 are also evaluated for pruning. A node xz € V4 is pruned and moved to
Vr if its trajectory cost exceeds the lowest recorded cost for its region (Algorithm (7| Lines 10-12).
Alternatively, if node = has the lowest cost within its region but any of its parent nodes exceeds the
minimum recorded cost for their respective regions, node x is moved to the set V; (Algorithm
Lines 13-15, Figure . This selective pruning strategy enables Kino-PAX* to concentrate
computational resources on expanding a focused subset of promising nodes with a higher branching
factor.

After pruning, the UpdateTree subroutine is invoked (Algorithm |5, Line 8; Algorithm .
This subroutine concurrently removes nodes in Vy that are not the minimum-cost nodes in their
respective regions, adds the remaining nodes in Viy to T, and checks whether a better solution has
been found. UpdateTree receives as input T, V4, Vi, and R, with each thread responsible for
processing a single node from Vi;. Each thread retrieves the corresponding region R; for its node

x (Algorithm |8 Line 2). If x represents the lowest-cost node to reach region R;, it is added to
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Algorithm 7: PruneNodes
Input : 7,V4, Vi,V R
Output: Updated Vyu, Vi, Vi

1 foreach x € T do

2 Map z to region R; ;

3 if cost(x) == cost(R;) and z € Vi then

4 Increment Iepynt();

5 if Teount() > Lnas then

6 Add x to Vy;

7 return;

8 if Ieount(x) > Inae and cost(x) == cost(R;) then
9 ‘ return;
10 if cost(z) > cost(R;) then
11 Add z to Vp;
12 return;
13 if any parent of z, x,, has cost(z,) > cost(R,) then
14 Add z to Vp;
15 return;

both V4 and 7 (Algorithm 8] Lines 3-4, Algorithm [3.1€]). Subsequently, if node x satisfies the goal
criteria and its cost improves upon the current best-known solution, the solution trajectory x and
its associated cost are updated accordingly (Algorithm [8] Lines 5-7).

Kino-PAX* repeats the main loop of Propagate, PruneNodes, and UpdateTree until the
user-defined time limit ¢, is exceeded, at which point the best-found solution trajectory x is
returned. Figure illustrates how Kino-PAX* progressively improves the quality of its solution

over time.
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Algorithm 8: UpdateTree

Input :7,Va, Vi, R
Output: Updated V4, T,x
1 foreach z € V;; do

2 Map z to region R; ;

3 if cost(z) == cost(R;) then

4 Add z to V4 and T;

5 if © € Xyoa and cost(x) < cost(x) then
6 X < trajectory from x;,; to x;

7 cost(x) < cost(x);

O ) O
Y — e
M ) B
= S— e =
, o Y D -
= o

(a) First Solution (b) Intermediate Solution

(c) Final Solution

Figure 3.2: Three solutions found by Kino-PAX* using 6D Double Integrator dynamics and mini-

mizing path length cost. Subfigure (a) is the first solution found, subfigure (b) is an intermediate

solution, subfigure (c) is the final solution found.

3.4 Tuning Parameters

3.4.1 Expected tree size tuning

In practice, the expected tree size t. is a fixed hyperparameter that specifies the maximum

number of nodes allowed in 7 and sets bounds for the sizes of V4, Vi, Vp, and Vj.

Fixing

t. improves the computational efficiency of Kino-PAX* by eliminating high-latency operations

associated with dynamic memory resizing on many-core devices. Additionally, a fixed tree size

enables users to precisely tune algorithm performance, balancing the trade-off between runtime
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and solution quality.
Adjusting the value of ¢, affects Kino-PAX*’s behavior in two ways. First, it influences A,

which is calculated by:

A:ﬂ00r< s > (3.1)

where | V4| denotes the cardinality of the active node set. This relation ensures maximal propagation
of each active node within a single iteration of the Propagate subroutine while guaranteeing that
Propagate does not generate more than ¢, new nodes, which would result in a segmentation fault.
Increasing t. leads to the generation of more trajectory segments (Algorithm@, potentially yielding
lower-cost trajectories. However, higher ¢, values require greater computational resources and
additional memory to accommodate larger node sets and trees, ultimately increasing iteration
times. This trade-off is examined in detail in experiments in Section [3.6]

Secondly, t. controls the total number of nodes stored within 7. For complex problems, par-
ticularly those involving high, dimensional systems—a larger t. is recommended to enable sufficient
exploration of the state space and identification of high-quality solutions. Due to Kino-PAX*’s
structured search strategy, hyperparameter tuning is quite straightforward. This is demonstrated
in Section [3.6] where we consistently achieve high-quality solutions across a wide range of t. values

and problem configurations.

3.4.1.1 Space Decomposition Tuning

Kino-PAX* also allows tuning through its spatial decomposition R, where adjusting the
fineness of the decomposition changes algorithm behavior.

With a coarser decomposition, fewer nodes are accepted into 7, as multiple nodes are more
likely to fall within the same region. This configuration improves memory efficiency by enabling
solutions to be found with a relatively small t.. Moreover, a coarser discretization helps prevent
Kino-PAX* from exhausting memory prematurely, allowing the algorithm to run for a sufficient
number of iterations to iteratively improve the solution. However, if the discretization is too coarse,

it can hinder the algorithm’s ability to propagate nodes between regions, potentially preventing the
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discovery of feasible solutions.

Additionally, a finer decomposition significantly changes the algorithm’s behavior. If the
decomposition is excessively fine relative to a small t., newly generated nodes frequently populate
unvisited regions, rapidly exhausting available memory before sufficient iterations can be executed.
In contrast, pairing a fine decomposition with a large t. enables high-quality solutions and sufficient
iterations but increases per-iteration runtime, delaying the discovery of the first solution. As shown
in Section the spatial decomposition in Kino-PAX* can be tuned effectively, with quality
solutions obtained across a wide range of decompositions and environment complexities for a given

dynamical system.

3.5 Analysis

In this section, we establish that Kino-PAX* achieves asymptotic d-robust near-optimality
(Definition @ and probabilistic d-robust completeness (Definition . Our analysis extends the
results of Li et al. [78], who introduced and proved these properties for the SST algorithm. We

begin by recalling Definition 14 from [78], describing a covering ball sequence along a trajectory x:

Definition 8 (Covering Balls). Given a trajectory x(t) : [0,T] = Xyaid, robust clearance § € RT,
and cost increment Cn > 0, the covering ball sequence B(x(t),0,Ca) is a set of M + 1 hyper-
balls {B(d, z0),B(d, z1),...,B(d,zpr)}, each of radius &, where the centers x; are defined such that

Cost(x; = xiy1) = Ca for alli=0,1,...,M — 1.

Next, we reference Theorem 17 from Li et al. [78], which characterizes the reachable set
between two covering balls for systems satisfying the dynamics assumptions outlined in Section [3.2]

This formally proven result underpins our analysis of Kino-PAX*:

Theorem 2 (Reachability between Covering Balls). Given a trajectory x of duration tx, the proba-
bility that MonteCarlo-Prop generates a 0-similar trajectory X' from an initial state x'(0) € Bs(x(0))
to a final state within the ball Bs(x(tx)), with propagation duration txr = Tprop > tx, is lower bounded

by a strictly positive probability ps > 0.
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This theorem is essential for our analysis as it guarantees that any state within the initial
ball Bs(x(0)) can probabilistically reach any state within the final ball Bs(x(tx)) via a trajectory
x’ that remains within distance ¢ of the original trajectory x. Furthermore, it establishes that if
the reference trajectory x is optimal from x(0) to x(¢x), then the trajectory x’ meets the criteria

of J-optimality as defined in Definition [5] A visual illustration of this property is provided below.

Figure 3.3: Illustration of Theorem The trajectory x is shown with the starting state x(0) and
the ending state x(tx), each surrounded by a d-sized ball. The blue region represents an arbitrary
state within a ¢ distance of x(0), and the purple region indicates the states within a § distance of

x(tx) that are reachable by x{, while remaining é-near x throughout the propagation of x’.

Before assessing the properties of Kino-PAX*, we define the set of regions R* associated with
a given d-robust optimal trajectory x*. This trajectory is characterized by a sequence of covering
balls B(x*(t), d,Ca ), each with radius d, defined as the diagonal length of its corresponding region.
Each ball B; in the sequence is centered at state z] located within a region R} € R*. The set

R* consists of all regions containing the centers of these balls. A figure showing this setup can be

found in Figure

Definition 9 (Optimal Trajectory Regions). Consider a space decomposition R where each region
Ri; € R has diagonal length § € R, an optimal trajectory x*(t) : [0,T] — Xyauqa with robust
clearance 6, and the corresponding covering ball sequence B. The set R* C R is defined as the
collection of regions where each region R; € R* contains the center x; of the corresponding covering

ball B; € B.
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Figure 3.4: An illustration of a é-robust optimal trajectory x* (yellow nodes), with nodes equally
spaced in terms of cost increments of C'a. Each node lies within a region R;, and the purple regions

collectively form the set R*.

Using Definition @ we now show that for any pair of consecutive regions R;_;, R} € R*, any
state x;_1 € R;f_l can generate a trajectory reaching any state z; € 72;», while remaining within a

d-distance of the optimal trajectory x*.

Lemma 2. Given a d-robust optimal trajectory x* with associated optimal trajectory regions R*,
the probability of successfully propagating an arbitrary state x;—1 € R;_; to an arbitrary state
z; € R}, while maintaining a trajectory within 0 distance of x*, is bounded below by a positive

constant pr > 0.

Proof. From Theorem [2| ([78]), we have that for any state in the covering ball B;_1, centered at
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*

€ R;‘Ll, there exists a strictly positive probability ps of generating a J-similar trajectory
segment to any state within B;. By definition, the radius § of the covering ball is equal to the

diagonal length of the region R;_;, thus guaranteeing:
R}f,l - Bj—l-

Consequently, any state :1:;-_1 € Rj_; also has a positive probability of generating a trajectory
segment to any state within B;. Since we similarly have R; C By, it follows that extending any
state :c;~_1 to any state w; € R also occurs with strictly positive probability, which we denote by

pr > 0. O
Finally, we present the main analytical result.
Theorem 3. Kino-PAX* is asymptotically §-robustly near-optimal.

Proof. Given a d-robust optimal trajectory x* with corresponding optimal trajectory regions R*, we
demonstrate that Kino-PAX* asymptotically generates a d-optimal trajectory. The proof proceeds
by induction, showing that Kino-PAX* will eventually generate a d§-optimal trajectory reaching
any region R} € R*. To achieve this, we analyze two exhaustive scenarios under which Kino-PAX*
extends a d-optimal trajectory into each region R} as the number of iterations goes to infinity.

First, define the events:

° Ag.n) : On iteration n, Kino-PAX* generates a trajectory x terminating in region 72;‘ with

cost satisfying cost(x;) < h(cost(x}),d).

: By iteration n, Kino-PAX* has generated at least one trajectory satisfying event

We begin by verifying the base cases E((]n) and EYL).

Base Case (Eén) and E;n)):
Since the root node of the tree 7 in Kino-PAX* is g = z; € R, event E(()n) trivially occurs

with probability 1 at the first iteration (n = 1). Furthermore, by Lemma [2, node xy can extend



42

d-optimally to region R} given infinite sampling opportunities. Since Kino-PAX* repeatedly adds
the lowest-cost node from each visited region to the active set V4, node xg is expanded infinitely
many times as n — oco. Hence:

lim P(E™) = 1.

n—oo

Inductive Step (from EJ(.7_L)1 to E](n)):

Assume event E](T_L)l holds; thus, Kino-PAX* has produced a d-optimal trajectory x;_i ter-
minating in Rj_,, ensuring the presence of a node in Rj_; that will be repeatedly selected for
expansion in subsequent iterations. By Lemma [2| infinite sampling guarantees that Kino-PAX*
generates a J-optimal trajectory x; containing a segment from R;_y to R} as n — oo. Two
mutually exclusive scenarios for trajectory acceptance arise:

Case 1 (Acceptance): Kino-PAX* directly accepts trajectory x;, as it achieves the lowest
cost for its terminal region Rj. Acceptance occurs with strictly positive probability 1 > 0.

Case 2 (Rejection): Kino-PAX* rejects trajectory x; due to the existence of another
trajectory x} with a lower cost endpoint already in region Rj. Since the rejected trajectory x; is
d-optimal, the accepted trajectory x; must also be d-optimal. Thus, even rejection results in having

a d-optimal trajectory in region R, and this case occurs with strictly positive probability 72 > 0.

These cases exhaust all possibilities, ensuring:

lim ]P’(EJ(-n)) =y +7=1

n—o0

(n)

By induction, event Ejn occurs with probability 1 for all trajectory segments indexed by j

as n — oo. Therefore, Kino-PAX* asymptotically achieves §-robust near-optimality.

O

From Theorem 3|, we further derive that Kino-PAX* is probabilistically d-robust complete,

satisfying Definition [7}

Theorem 4. Kino-PAX* is probabilistically §-robust complete.
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Proof. Definition [7] states that an algorithm is probabilistically d-robust complete if the probability
that it fails to solve a d-robustly feasible motion planning problem approaches zero as the number
of iterations goes to infinity.

From Theorem |3 we have already demonstrated that if there exists a d-robust optimal tra-
jectory x*, then Kino-PAX* asymptotically finds a d-optimal solution trajectory x with probability
1 as n — oo. Consequently, given a d-robustly feasible motion planning problem, the probability
of Kino-PAX* failing to find at least one valid solution trajectory approaches zero.

Thus, by satisfying the condition established in Definition EI, we conclude that Kino-PAX*

is probabilistically d-robust complete.

3.6 Experiments

We evaluate Kino-PAX*’s performance across four 3D environments using three dynamical
systems. Three environments were introduced in Section [2.6] and depicted in Fig. [2.3] while a new
fourth environment, shown in Fig. [3.5] specifically tests Kino-PAX*’s capability for planning in
tight corridors over extended horizons. The dynamical systems include: (i) a 6D double integrator,
(ii) a 6D Dubins airplane [12], and (iii) a 12D nonlinear quadcopter [21].

For each dynamical system and environment, we benchmark Kino-PAX* against our previous

Figure 3.5: Environment d. Corridors
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algorithm, Kino-PAX, and the traditional serial SBMP algorithm SST [78]. This comparison
assesses Kino-PAX*’s time to initial solution relative to Kino-PAX and evaluates its solution
quality compared to SST.

We implemented Kino-PAX* in CUDA C and benchmarked its performance alongside Kino-
PAX on an NVIDIA RTX 4090 GPU with 16,384 CUDA cores and 24 GB of RAM. The serial
SBMP SST, implemented in C++ using OMPL [109], ran on an Intel Core i9-14900K CPU (base
clock 4.4 GHz, 128 GB RAM). Our implementation of Kino-PAX* is publicly available at https:
//github.com/aria-systems-group/Kino-PAX.

All algorithms were tuned for each dynamical system, maintaining consistent parameters
across environments. Identical state propagation, validity checking, and node cost calculation
methods were used for fairness. Each combination of algorithm, dynamical system, and environment
was evaluated in over 100 queries, minimizing the cost of Euclidean distance, with a maximum
runtime of 300 seconds per query.

We evaluated two tuning strategies for Kino-PAX*: Kino-PAX* -large-6 and Kino-PAX*
-small-5. The Kino-PAX* -large-0 strategy uses coarser decomposition and smaller expected tree
sizes, emphasizing rapid initial solutions and early termination. Specifically, for the 6D double
integrator: t. = 100,000 with 27,000 regions; for the 6D Dubins airplane: t. = 300,000 with 52,000
regions; and for the 12D nonlinear quadcopter: t. = 1,000,000 with 100,000 regions. Conversely,
the Kino-PAX* -small- strategy uses a finer decomposition and larger tree sizes (t. = 100,000, 000

with 10,000,000 regions for all systems), focusing on extensive state space exploration.

3.6.1 Benchmark Results

Tables and summarize results, presenting median initial solution time (IT),
normalized median initial solution cost (IC), median final solution time (FT), normalized median

final solution cost (FC), and the success rate across 100 queries.


https://github.com/aria-systems-group/Kino-PAX
https://github.com/aria-systems-group/Kino-PAX
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Table 3.1: Benchmark results over 100 trials with a 300-second maximum planning time for the 6D

double integrator system.

6D Double Integrator

Algorithm Device
IT (ms) IC (L2) FT (ms) FC (L2) Succ%
Environment a
SST CPU 1950.0 1.0 165201.5 0.79 100.0
Kino-PAX GPU 3.7 0.70 4.0 0.70 100.0
Kino-PAX* -large-6 GPU 3.0 0.72 6.2 0.68 100.0
Kino-PAX* -small-§ GPU 1173.0 0.68 180017.5 0.64 100.0
Environment b
SST CPU 3525.0 1.0 97060.0 0.78 100.0
Kino-PAX GPU 2.8 0.5 2.8 0.49 100.0
Kino-PAX* -large-§ GPU 2.2 0.5 5.3 0.47 100.0
Kino-PAX* -small-§ GPU 1002.2 0.48 252173.0 0.44 100.0
Environment c
SST CPU 5225.5 1.0 131089.5 0.84 100.0
Kino-PAX GPU 5.1 0.62 5.4 0.62 100.0
Kino-PAX* -large-6 GPU 4.7 0.62 8.6 0.56 100.0
Kino-PAX* -small-§ GPU 1556.0 0.57 133854.0 0.48 100.0
Environment d
SST CPU 34760.0 1.0 146466.5 0.95 100.0
Kino-PAX GPU 7.7 0.83 8.5 0.83 100.0
Kino-PAX* -large-d§ GPU 10.6 0.79 19.9 0.73 100.0
Kino-PAX* -small-6  GPU 2698.1 0.72  91483.6 0.63 100.0
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Figure 3.6: Comparison of planning performance between Kino-PAX and Kino-PAX* -large-6 on

the 6D double integrator system in the house environment over a 15 ms planning duration.



10.5

10

9.5

8.5

7.5

Solution Cost

6.5

5.5

—— 4.
—_———_—————
—_— - —— —
e |

——— =

,_____
—
N I
e 1

—_—— e —

B S —
—_—_——_——————

—_——_————_——
—_—_———_———_——

—_————
—_—— e e}
—_—_—————_———

,_____
—_—
I
_——
_
_
_—
_—

—_——_—

—_———————

—_———

—_——————

————

—_——— - ———

—_———

T T T T T T I T

®  KPAX*.Small-§
KPAX* -Large-d
= SST

T

,____
—
N
—_—
_—
_—

rI+rrrrrrrrrrTr T r T T T T T T T T T TTTTTT

R R R R R SR SRS ROR SR SORCROR ORISR SR P I S

Time (s)

47

Figure 3.7: Planning performance of Kino-PAX* -small-6, Kino-PAX* -large-§, and SST on the

6D double integrator system in the house environment over a 300s planning duration.

Table [3.1] shows that, for the 6-D double-integrator, Kino-PAX* -large-§ reaches an initial

solution in under 11, ms across all environments, comparable to Kino-PAX, which does so in under

8, ms.

A comparison of their initial solution times and solution quality over time is shown in

Figure 3.6l Relative to SST, Kino-PAX* -large-6 finds the first solution 650x, 1600x, 1100x, and

3300x faster in environments a-d, respectively. On average, Kino-PAX* -large-§’s initial solution

cost is 0.65% of SST’s first-solution cost. After 10, ms of planning, Kino-PAX* -large-§ converges

to a local optimum with an average cost that is 0.61% of SST’s initial solution cost. In comparison,
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the fine-grained tuning variant, Kino-PAX* -small-0, converges to a local optimum after an average
of 160, s of planning, achieving an average cost that is 0.55% of SST’s initial cost. Meanwhile, SST,
after the full five-minute duration, improves only to 0.84% of its own initial cost. A visualization

comparing SST with Kino-PAX* -large-6 and Kino-PAX* -small-§ is shown in Figure

Table 3.2: Benchmark results over 100 trials with a 300-second maximum planning time for the

Dubins Airplane system.

Dubins Airplane
Algorithm Device
IT (ms) IC (L2) FT (ms) FC (L2) Succ %
Environment a
SST CPU 10341.0 1.0 182846.0 0.91 100.0
Kino-PAX GPU 4.2 0.86 4.2 0.86 100.0
Kino-PAX* -large-§ GPU 6.1 0.87 14.5 0.77 100.0
Kino-PAX* -small-6 GPU 1559.7 0.81  89458.9 0.74 100.0
Environment b
SST CPU 24294.5 1.0 141664.0 0.83 100.0
Kino-PAX GPU 3.2 0.67 3.2 0.67 100.0
Kino-PAX* -large-§ GPU 4.7 0.65 12.0 0.61 100.0
Kino-PAX* -small-6 GPU 1419.5 0.62  56694.8 0.58 100.0
Environment ¢
SST CPU 154149.0 1.0 218667.0 0.97 87.0
Kino-PAX GPU 7.5 0.94 7.5 0.94 100.0
Kino-PAX* -large-6 GPU 13.4 0.91 34.8 0.80 100.0
Kino-PAX* -small-6 GPU 2274.8 0.75 250972.0 0.64 100.0
Environment d
SST CPU NaN NaN NaN NaN 0.0
Kino-PAX GPU NaN NaN NaN NaN 0.0
Kino-PAX* -large-§ GPU NaN NaN NaN NaN 0.0
Kino-PAX* -small-6 GPU 4320.7 1.0 71019.9 0.91 100.0

Continuing to the Dubins Airplane system in Table we see largely similar results, where
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Kino-PAX* -large-6 achieves initial solutions on average 6000x faster than SST, with initial solu-
tion costs that are 78% of SST’s first solution cost. Kino-PAX* -large-0 converges to solutions that
are 72% of SST’s first solution cost, while Kino-PAX* -small-0 converges to solutions that are 65%
of the cost. Notably, in environment (d), only Kino-PAX* -small-0 is able to find a valid solution
within the planning time. This environment posed a particularly challenging problem due to the
Dubins Airplane system’s large turning radius and the presence of long, narrow passages with tight
turns. Thanks to its fine discretization and large expected tree size (te), Kino-PAX* -small-§ is
able to find an initial solution in 4.3 seconds and improve that solution by an additional 9% over

the five-minute planning period.
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Table 3.3: Benchmark results over 100 trials with a 300-second maximum planning time for the

12D Nonlinear Quadcopter system.

12D Nonlinear Quadcopter

Algorithm Device
IT (ms) IC (L2) FT (ms) FC (L2) Succ %
Environment a
SST CPU 86931.0 1.0 218315.0 0.92 84.0
Kino-PAX GPU 83.7 0.72 98.2 0.68 100.0
Kino-PAX* -large-§ GPU 159.3 0.72 1764.5 0.65 100.0
Kino-PAX* -small-0 GPU 4214.2 0.69 176232.0 0.62 100.0
Environment b
SST CPU | 132363.0 1.0 221516.0 0.96 53.0
Kino-PAX GPU 88.8 0.55 99.8 0.52 100.0
Kino-PAX* -large-§ GPU 145.3 0.55 1396.9 0.48 100.0
Kino-PAX* -small-0  GPU 4015.4 0.51 185098.5 0.45 100.0
Environment c
SST CPU | 209123.0 1.0 2711125 0.93 42.0
Kino-PAX GPU 147.6 0.65 163.1 0.62 100.0
Kino-PAX* -large-6 GPU 263.0 0.62 1406.6 0.53 100.0
Kino-PAX* -small-6 GPU 5631.6 0.59  246833.0 0.47 100.0
Environment d
SST CPU NaN NaN NaN NaN 0.0
Kino-PAX GPU 287.7 0.98 303.4 0.97 100.0
Kino-PAX* -large-§ GPU 1038.1 1.0 2918.0 0.88 100.0
Kino-PAX* -small-6 GPU 11504.0 0.93 221927.0 0.78 100.0
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Figure 3.8: Planning performance of Kino-PAX* -small-§, Kino-PAX* -large-0, and Kino-PAX on

the 12D nonlinear quadcopter system in the corridors environment over a 300 s planning duration.

Lastly, Table [3.3| and Figure present the planning results for the 12D nonlinear quad-
copter system. Both tuning variants of Kino-PAX* consistently outperform SST across all eval-
uated metrics, including time to first solution, initial solution cost, and final solution cost. In
these experiments, SST successfully found solutions in only 84%, 53%, 42%, and 0% of trials in
environments a—d, respectively. In contrast, both Kino-PAX* -large- and Kino-PAX* -small-0
achieved a 100% success rate across all environments. On average, Kino-PAX* -large-6 finds the

first solution 750x faster than SST and with a cost that is 63% of SST’s first solution cost. It
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converges to a final solution that is 55% of SST’s first solution cost, while Kino-PAX* -small-§
converges to a final solution that is 51% of SST’s. In comparison, SST converges to a final solution
that is 94% of its own initial solution cost.

As evident from the results, Kino-PAX* outperforms existing serial asymptotically near-
optimal planners in terms of time to first solution, quality of the initial solution, time to convergence,
and final solution quality, while remaining robust across a wide range of tuning configurations.
Kino-PAX* -large-6 demonstrates that it can be tuned to rapidly find high-quality initial solutions,
achieving speeds thousands of times faster than existing serial algorithms. Meanwhile, Kino-PAX*
-small-6 shows that the algorithm remains effective and reliable for extremely challenging problems
that were previously infeasible for traditional SBMPs. Finally, our experiments across diverse
dynamical systems indicate that Kino-PAX* maintains strong performance despite changes in

state space dimension and dynamic complexity.
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Figure 3.9: Three solutions found by Kino-PAX* using 6D Double Integrator dynamics and mini-
mizing path length cost. Subfigure (a) is the first solution found, subfigure (b) is an intermediate

solution, subfigure (c) is the final solution found.
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3.7 Conclusion

We have introduced a novel motion planning algorithm for the asymptotically near-optimal
kinodynamic motion planning problem. Our design enables significant parallelization of the plan-
ning process and leverages recent advancements in many-core computing architectures. Benchmark
results show that initial solution times are, on average, three orders of magnitude faster than those
of existing asymptotically near-optimal kinodynamic SBMPs, with significantly lower initial so-
lution costs. We also demonstrate that our algorithm scales effectively across diverse dynamical
systems and varying tuning parameters. For future work, we plan to conduct more sophisticated

simulation studies, followed by deployment in a real-world robotic system.



Chapter 4

GPU Implementation

This chapter details the GPU implementation of both Kino-PAX and Kino-PAX*, expanding
on key algorithmic components not covered in Chapters [2] and [3], which are critical for efficient
execution on many-core devices. Our discussion focuses primarily on the implementation of Kino-
PAX* for clarity and conciseness; however, much of the implementation applies equally to Kino-
PAX.

We begin by introducing a naive many-core SBMP to highlight common pitfalls in inefficient
GPU implementations. Next, we describe the data structure format and shared subroutines used
in both Kino-PAX and Kino-PAX*. Finally, we present a detailed walkthrough of the Kino-PAX*

implementation, which can be readily adapted to Kino-PAX.

4.1 Naive Implementation

We first describe a naive GPU implementation of an RRT-like planner to highlight common
inefficiencies. In this approach, similar to Kino-PAX*, we expand a set of tree nodes V4 in parallel
and integrate newly generated nodes Vi into the tree. In this implementation, the tree 7, obstacles
O, and node expansion set V4 reside in CPU memory. For each iteration, the CPU identifies
promising nodes within 7 and populates V4. Subsequently, V4 and O are transferred to the GPU,
which propagates these nodes in parallel and performs collision checks on resulting trajectory
segments. Newly generated nodes Vi are then transferred back to the CPU and integrated into 7.

A visualization of this data transfer process is provided in Fig.
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Figure 4.1: Naive GPU implementation of an RRT-like planner.

This design results in poor performance, primarily due to frequent, large-volume data trans-
fers between the CPU and GPU. Such CPU-GPU communication is a high-latency operation [96]
that significantly degrades runtime. Minimizing this communication is therefore essential for effi-
cient GPU utilization.

To address this issue, our implementation of Kino-PAX* adopts a design where all key data
structures reside solely on the GPU, significantly reducing data transfer overhead. As illustrated
in Fig. the planning tree and node sets are constructed and managed directly on the GPU.

The CPU’s involvement is limited to GPU memory initialization and orchestrating GPU kernel

launches.
CPU P GPU
Tree:
Obstacles: O
Problem: P Active Set: V4
Newly Generated Set: Vir
S Solution: S

Figure 4.2: Improved GPU design used by Kino-PAX*, storing all key data structures directly on

the GPU.

This revised approach greatly improves efficiency compared to the naive implementation
and serves as the basis for Kino-PAX*. However, maintaining algorithm correctness becomes

more challenging, as GPU data structures require unconventional layouts and careful memory
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management. The subsequent section describes our GPU data structure representations and details

common routines, such as graph searches, performed directly on these data structures.

4.2 Data Structure Representation

Unlike traditional SBMPs, which represent the planning tree using node objects, Kino-PAX*
represents 7 as a one-dimensional floating-point array. Prior to planning, the user specifies the
expected tree size t., determining the GPU memory allocation. Specifically, T is structured as a
floating-point array of size:

7;ize == te X (Sdim + Cdim + 2)7

where sq;n denotes the state dimension, cgin, the control dimension, and the additional 2 represents
the control duration and parent node index. For instance, a node in 7 for a 6D Double Integrator

is structured as follows:

State Input

T y z T y z z Y z dt | pias

Figure 4.3: Example node structure in 7 for a 6D Double Integrator system.

This representation significantly enhances efficiency for parallel computation. Threads inde-
pendently read states from assigned indices of interest in 7, propagate trajectory segments, and
safely write results back to predetermined locations. A key challenge arises in efficiently identifying
these indices of interest, essentially a parallelized graph search over active nodes.

To facilitate parallel graph searches, node sets in Kino-PAX* are represented as boolean mask
arrays on the GPU. These arrays have length t., where a value of ‘1’ indicates the corresponding
node is included in the set. For example, with ¢, = 5 and nodes 0 and 3 active in Vjy, the

representation is as follows:
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Figure 4.4: Boolean mask representation for active nodes in V4.

To efficiently perform a graph search on 7 and extract active indices (e.g., nodes 0 and 3
in the example), we utilize two GPU-optimized operations. First, an exclusiveScan operation
computes the cumulative sum of the V4 mask, storing the results in a separate array, S. Our
implementation employs optimized parallel operations provided by CUDA’s Thrust library [96].

The result of exclusiveScan for the example is:

Figure 4.5: Resulting cumulative sum array S after applying exclusiveScan to Vjy.

Next, arrays S and V4 serve as inputs to a second parallel GPU routine, GraphSearch, which
compacts active indices from V4 into a new integer array, I, also of size t.. The resulting array [

for our example and pseudocode for GraphSearch are provided below:

Figure 4.6: Resulting array I containing active indices after executing GraphSearch.

Algorithm 9: GraphSearch
Input :Vy,S, 1

Output: Updated array [
1 tid < unique thread index;
2 if tid > |V4| or =V4tid] then
3 return;

4 I[S[tid] « tid;
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The GraphSearch subroutine launches t, threads, each assigned to a unique index in Vj4.
Fach thread determines its unique ID, exiting immediately if its corresponding node is inactive
(Algorithm |§|7 Lines 1-3). Active threads compute their target position in I using S[tid]. Since S
remains constant until encountering subsequent active nodes, each thread safely writes its unique
identifier to a distinct position in I (Algorithm |§|, Line 4). After all threads complete execution,
array I compactly represents active node indices, and the final value in array S indicates the total
number of active nodes. This compact representation provides essential data for initiating the

subsequent parallel propagation phase.

4.3 GPU Implementation of Kino-PAX*

Given our design choices, data structure layout, and maintenance methods, we now detail the
workflow of Kino-PAX*. Assume an expansion set V4 has undergone the parallel exclusiveScan
and GraphSearch operations to populate arrays S and /. To initiate the Propagate subroutine
Algorithm [6] only a single integer—the count of active nodes in V4 obtained from the final index
of S—must be transferred from the GPU to the CPU. Using this integer, the CPU orchestrates the
GPU'’s Propagate kernel by launching [V4| - A threads. This ensures the number of threads never
exceeds te, thus preventing memory out-of-bounds errors.

We now describe the parallel Propagate routine in detail for Kino-PAX* (Algorithm .
This GPU kernel takes as inputs 7, I, O, R, A, Vi7, and an empty tree structure ¢ (with identical
size to T).

Each thread first calculates its unique identifier (tid), ranging from 0 to |V4|- A — 1. Using
this identifier, it obtains its assigned index from I by evaluating I[|tid/A]]. This indexing scheme
ensures exactly A threads access each active node, while no threads exceed the compact set I.
Threads then read their assigned state data x from the array 7 using index arithmetic involving
the system dimension (e.g., for the 6D double integrator from Fig. DIM = 11) (Algorithm
Lines 1-3).

After obtaining the node x, each thread randomly generates controls and durations, prop-
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agating = to a new state z’ (Algorithm Lines 4-5). Threads then verify trajectory validity,
determine the corresponding region R; for state z’, and calculate the cost to reach 2’ (Lines 6-8).

To prevent race conditions, threads use atomic operations to update the minimum cost of R;
(Line 9). This atomic operation ensures that if multiple threads attempt to write to the memory
location of R; simultaneously there is an ordering constraint, preventing data races. If a thread’s
node 2’ represents the minimal cost within its region, the thread writes z’ into the empty tree
structure U at index tid - DIM, guaranteeing unique write locations for each thread. The thread
then marks the corresponding position in the boolean mask array Vy to indicate the addition of a
promising node (Lines 10-12). Lastly if a thread’s node 2’ is in the goal region and has a lower
cost than the best-known goal satisfying trajectory x it atomically updates the best-known solution
cost (Lines 13-14).

The rationale for using U rather than directly writing to 7 is threefold: (1) Direct writing to
T requires knowledge of empty indices of T to avoid overwriting critical data. (2) Writing directly
to a partially populated 7 would produce sparse, inefficient memory usage. (3) Direct writes limit
parallelism since at most t, — | 7| threads could safely run without overwriting. Using a separate,
initially empty structure U allows launching all ¢, threads in every iteration, with a subsequent
compact transfer of new nodes to 7.

The complete pseudocode for the parallel propagation routine in Kino-PAX* is provided

below:
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Algorithm 10: Kino-PAX* Parallel Propagate
Input : T7I7O7Ra )\72/[) VU

Output: Updated arrays U and Vi
1 tid < unique thread index;
2 treeldx < I[|tid/\]];
3 x <« T[treeldx - DIM : (treeldx + 1) - DIM];
4 Randomly sample control v and duration dt;
5 2/ < PropagateODE(z,u, dt);
6 if trajectory from z to 2’ is valid then
7 Map 2’ to region R;;
8 cost(x') + cost(x) + getCost(x,z’);
9 cost(R;) « atomicMin(cost(R;), cost(x'));

10 if cost(z') = cost(R;) then

1 Ultid- DIM : (tid + 1) - DIM] « 2;

12 Vu(tid] < 1,

13 if 2/ € Xyoq then

14 cost(x) < atomicMin(cost(x'), cost(z'));

After completing the Propagate routine, the unexplored tree structure U and boolean mask
array Vi are populated, and the minimum costs for visited regions in R are updated. With these
updated region costs, we proceed to prune nodes from the tree 7. The GPU implementation of
node pruning closely follows the serialized pseudocode (Algorithm ; no atomic operations are
necessary since each GPU thread independently inspects a single node at index tid - DIM and
updates the corresponding boolean value in Vy4[tid] to indicate whether the node remains active or
is pruned.

However, a key implementation detail involves filtering nodes added to U that no longer
represent the lowest-cost node within their respective regions—this situation arises when one thread
initially adds a node as the region’s lowest-cost node, only for a subsequent thread (within the same

subprocess) to identify a node with lower cost in the same region. To resolve this, we perform an
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additional GPU subprocess using our graph search routine (Algorithm E[) to update array I with
active indices from V7. We then launch V7| threads to reevaluate and filter out these higher-cost
nodes, ensuring that only the lowest-cost nodes remain marked as active in V.

Next, we detail the GPU implementation of the UpdateTree subroutine. This step efficiently
transfers new nodes from the temporary tree U to the main tree 7 and identifies if an improved
solution trajectory has been found. First, we perform another graph search on U over the boolean
set Vy, identifying active indices. Then, we launch a GPU thread for each node in U and transfer
it to a compact position in 7 at index |T|- DIM + tid - DIM. This ensures efficient, concurrent,
and safe writing without overlapping indices. Lastly, threads check if their newly transferred node
is within the goal region and has cost equal to that updated in Algorithm If so, the thread
updates a solution integer variable with the tree index of this node, thus efficiently maintaining the
optimal solution trajectory.

We then repeat the three core subprocesses—Node Propagate, Node Pruning, and Tree
Update. Critically, we designed this cycle to minimize latency between subprocesses by reducing
both the frequency and volume of data transfers between the CPU and GPU. Figure [£.7] illustrates

this repeated cycle and highlights the latency periods.

GPU Node
Extension

Synchronize and
CPU Orchestrate

GPU Node Selection

Synchronize and
CPU Orchestrate

Synchronize and
Orchestrate

GPU Node Pruning

CPU

Figure 4.7: Planning cycle of Kino-PAX*, consisting of repeated GPU subprocesses. A CPU-
side synchronization occurs between each subprocess to coordinate data exchange and maintain

execution order.



Chapter 5

Conclusions

5.1 Summary

In summary, we have presented two key contributions toward achieving real-time and robust
motion planning for robotic systems operating in the real world. These approaches are applicable
to both high-dimensional state spaces and systems with complex dynamics, while also providing
formal guarantees of completeness and optimality.

This thesis begins in Chapter (1] by introducing the kinodynamic motion planning problem.
We then provide an overview of existing serial and parallel algorithms developed for both CPU
and GPU platforms to solve various classes of motion planning problems. From this analysis, we
identify a critical gap in the literature: the lack of efficient many-core algorithms for kinodynamic
sampling-based motion planning (SBMP).

In Chapter we introduce Kinodynamic Parallel Accelerated eXpansion (Kino-PAX), a
novel many-core kinodynamic SBMP designed to efficiently leverage modern computing hardware.
We describe the algorithm in detail and provide a proof of probabilistic completeness. Kino-PAX
is shown to solve challenging kinodynamic motion planning problems in under 10 ms—an order-of-
magnitude improvement over parallelized versions of existing serial SBMPs. It is also demonstrated
to be robust across a range of dynamical systems and tuning hyperparameters.

Chapter [3] presents an extension of Kino-PAX: Asymptotically Near Optimal Kinodynamic
Parallel Accelerated eXpansion (Kino-PAX*). This algorithm is designed to rapidly compute initial

solutions in milliseconds and then refine them toward near-optimal trajectories over longer planning
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durations. In this chapter, we provide a detailed description of Kino-PAX*, present two theoreti-
cal guarantees—probabilistic completeness and asymptotic near-optimality—and report extensive
benchmarking results. Kino-PAX* is shown to compute initial solutions thousands of times faster
than previous asymptotically near-optimal planners, with significantly lower initial costs. It also
scales efficiently across a variety of dynamical systems and maintains strong performance across a
wide range of tuning parameters.

Lastly, in Chapter[d, we provide insight into the implementation of both Kino-PAX and Kino-
PAX*, focusing on components that are critical for computational efficiency and correctness. We
begin by presenting a naive GPU-based SBMP to highlight common pitfalls in designing algorithms
for many-core architectures. We then describe the data structure format used by Kino-PAX and
Kino-PAX*, along with the common subroutines that operate on these structures. Finally, we
provide a detailed discussion of the core computational procedures of Kino-PAX* and explain how

they are executed at the level of individual GPU threads.

5.2 Future Direction

The contributions of this thesis open several promising directions for future research. One
such direction is extended simulation testing followed by real-world deployment. Verifying and
integrating the proposed algorithms on a physical robotic system introduces numerous challenges,
such as dealing with sensor uncertainty, hardware constraints, and ensuring system-level safety.
These real-world experiments may also reveal new research opportunities in areas such as safety
guarantees.

Another compelling direction is the extension of this work to multi-agent planning. Coor-
dinating motion plans for multiple robots in real time poses significant computational challenges,
especially in unstructured environments. The substantial computational speedups demonstrated
in this thesis may enable scalable and efficient multi-agent kinodynamic planning, which has been

traditionally limited by algorithmic complexity and runtime constraints.
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