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ABSTRACT. A supercharacter theory of a finite group is a natural approximation to the
ordinary character theory. There is a particularly nice supercharacter theory for U,, the
group of unipotent upper triangular matrices over a finite field, that has a rich combinato-
rial structure based on set partitions. Various representation theoretic constructions such as
restriction and induction have supercharacter theoretic analogues. In the case of U, restric-
tions give rise to families of coefficients that are not well understood in general. This paper
constructs a family of modules for U, and uses these modules to describe the coefficients
arising from restrictions of certain supercharacters. This description involves introducing
certain g-analog binomial coefficients associated to a finite poset.
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1. INTRODUCTION

A supercharacter theory of a finite group is a sort of generalized character theory that
shares many of its nice properties, while hopefully being easier to compute. In a supercharac-
ter theory, irreducible characters are replaced by supercharacters, and conjugacy classes are
replaced by superclasses. The supercharacters and superclasses must satisfy certain compat-
ibility conditions. In particular, the character theory of a finite group is also a supercharacter
theory for that group, and a group may have many different supercharacter theories.

This paper is on a particular supercharacter theory for the group U,(¢) of unipotent
upper-triangular n x n matrices with entries in the finite field F, (unipotent means that
the matrices have 1’s on the diagonal). The representation theory of U,(q) is known to
be “wild”. This means that, in some precise sense, determining the irreducible characters
and conjugacy classes of U,(q), for all n and ¢, is hopeless. In [2], André introduced a
supercharacter theory of U, (q) that carries enough information to be useful in applications
that previously required the more difficult ordinary character theory. For example, it is
used in [3] to study a certain class of random walks. This supercharacter theory is also
interesting on its own. The supercharacters and superclasses of this supercharacter theory
can be indexed in a natural way by set partitions, and there is a nice formula for the value
of a supercharacter on a superclass in terms of their associated set partitions. In some ways,
this situation is analogous to the classical character theory of the symmetric group, and its
dependence on integer partitions. For the rest of this paper, we fix a ¢, and write U,, for
Un(q)-

For m < n, there are various embeddings of U,, as a subgroup of U,. Just as in ordinary
character theory, it turns out that the restriction of a supercharacter of U, to the subgroup
U,, can be written as a sum of supercharacters of U,,. Classically, the decompositions of
restrictions of irreducible characters in terms of irreducible characters of the subgroup are
given by branching rules. Branching rules for the supercharacter theory of U, have been
studied [9] and [10]. In [9], an algorithm is given for computing arbitrary restrictions of
supercharacters. However, the resulting coefficients are not well understood in general.
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Motivated by this problem, this paper constructs a family modules of U, (q), whose char-
acters are constant on superclasses. The main result of this paper is a formula for evaluating
these characters at elements of U,,, as well as their decomposition in terms of supercharacters.
In order to describe these characters, we introduce certain g-analog binomial coefficients as-
sociated to a poset. Finally, we use the characters to solve a special case of the restriction
problem. In particular, we give a nice description of the coefficients arrising from restrictions
of “rainbow” supercharacters.

2. SUPERCHARACTER THEORY

The goal of this section is to give the definition of a supercharacter theory of a finite group.
To motive this definition, we briefly review some properties of the character theory of a finite
group. Both [7] and [6] contain all of the following material, and much more. For the remain-
der of this section, we fix a finite group G. A (finite dimensional, complex) representation
@ of G on a finite dimensional, complex vector space V is a group homomorphism

v: G — GL(V)

from G to the group of linear automorphisms of V. One typically uses either ¢ or V to refer
to a representation if the other is understood from context. If a subspace W C V satisfies
e(g)(W) C W for all g € G, we say that W is a subrepresentation of V. If a representation
V' has no subrepresentations other than 0 and V', we say that V is irreducible. For each
representation ¢ of GG, consider the function

Xe: G — C, g — tr(p(g)).

We call x., the character of the representation V. It turns out that, under our assumptions,
a representation is uniquely determined (up to isomorphism) by its character. This is rather
surprising, as taking the trace of a matrix involves ignoring most of its entries. Define the
set of irreducible characters Irr(G) of G by

Irr(G) = {x, | ¢ is an irreducible representation of G},

and write Conj(G) for the set of conjugacy classes of G. The irreducible characters of a group
have many important properties, some of which we record below. Recall that a class function
on (G is a complex-valued function on G that is constant on conjugacy classes, and that the
set of class functions on G forms a vector space with respect to pointwise addition and scalar
multiplication.

e The number of irreducible characters of GG is equal to the number of conjugacy classes
of G.

e Each irreducible character is constant on the conjugacy classes of G. Furthermore,
distinct irreducible characters are linearly independent, and therefore the set of irre-
ducible characters is a basis for the space of class functions on G.

e In fact, the irreducible characters form an orthonormal basis for the space of class
functions on G with respect to the standard inner product

(X1:X2) = é Z x1(9)x2(9)-

geG

on the space of class functions on G.
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We can view all of the irreducible characters of a group simultaneously as a square array
of numbers with rows indexed by irreducible characters and columns indexed by conjugacy
classes. This array is referred to as the character table of G. The character table of a group
encodes a lot of information about the group. For instance, given the character table of a
group, one can determine the orders of the conjugacy classes of the group, as well as all
of its normal subgroups. However, the character table does not determine a group up to
isomorphism; for instance the dihedral group Dg and the quaternion group (s have the same
character table.

We will now define the notion of a supercharacter theory of a finite group. There are
several equivalent definitions; the following one appears in [4]. For a set X C Irr(G) of
irreducible characters of G, let yx = Zwe + ¥(1)1. We define a supercharacter theory to be
a pair (X, K), where X is a partition of Irr(G) and K is a partition of G, such that

(1) | X = |K],
(2) for each X € X, the character xx is constant on the the elements of each K € K,
and

(3) the set {1} is in K, and the set containing only the trivial character, {1}, is in X

It can be shown that these assumptions imply that each K € K is a union of conjugacy
classes, making this definition quite symmetric (see [4]). Given a supercharacter theory
(X,K) of G, we refer to the sets UcexC for K € K as superclasses. For each X € X,
it is typical to pick a cx € Qs such that cxxx is a character. The characters cxxx are
then referred to as supercharacters. We record the following facts in direct analogy with the
character theory of G.

e The number of supercharacters of GG is equal to the number of superclasses classes of
G.

e Each supercharacter is constant on the superclasses of G. Furthermore, distinct
supercharacters are linearly independent, and therefore the set of supercharacters is
a basis for the space of superclass functions on G.

e The supercharacters are orthogonal with respect to the standard inner product on G.
However, they are not orthonormal in general, as a supercharacter may have more
than one irreducible constituent.

Example 2.1. Every group has at least two supercharacter theories. The ordinary character
theory is a supercharacter theory, given by the partitions

X = {irreducible characters of G} and K = {conjugacy classes of G} .
This is refered to as the trivial supercharacter theory. The partitions
X = ({1}, 1n(G) — {1}} and K = {{1},G - {1}}

give another supercharacter theory, called the maximal supercharacter theory. In both cases,
the axioms of a supercharacter theory are easy to check.

It is an open problem to determine whether every finite group has supercharacter theories
beyond these two, although most do.

Example 2.2. The smallest group with a supercharacter theory not of this form is the Klein
group V; = (z,y | * = y? = (2y)? = 1). We record the character table of Vj.
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TABLE 1. Character Table of Vj

{1} [ {=} [ {v} | {zy}
1)1 1] 1] 1
xi| 1] 1 [ 1] 1
Yo| 1] -1 ] 1] -1
Y| 1| -1 ] 1] 1

There is a supercharcter theory of V; with superclasses {1}, {x,y} and {zy}, and super-
characters 11, x1 + X2, x3- The supercharacter table of this supercharacter theory is

TABLE 2. Supercharacter Table of V}

{1} [ {z, 9} | {2y}

1 1 1 1
Xitx2]| 2] 0 | 2
s 1| -1 1

There are many ways to construct supercharacter theories. For instance, automorphisms
of G give rise to supercharacter theories.

Example 2.3. Recall that the automorphism group Aut(G) of G acts on G by
g-g=o0(g) foroe Aut(G), g€ G,
and on Irr(G) by
(0-x)(h) = x(c7(h)) for o € Aut(G), x € Irr(G), h € G.

Let A < Aut(G) be a subgroup of the automorphism group of G. Note that the action of
A permutes the conjugacy classes of G, as g = zhx™! if and only if o(g) = o(z)o(h)o(x) ™,
for g,h,x € G and o0 € Aut(G). Therefore, A also acts on Conj(G), and hence A partitions
both Irr(G) and Conj(G) into orbits. In fact, these orbits give a supercharacter theory for

G. The statement of the following result appears in [4].
Proposition 2.4. Suppose A < Aut(G). Then, the partitions

X ={Ax | x €r(G)} and K= { U C'|Ce Conj(G)}
C'eAC

form a supercharacter theory of G.

Proof. We have to check three conditions. For the first, we must show that the number of
orbits of A on Irr(G) is equal to the number of orbits of A on G. By Burnside’s Lemma, it
will be sufficient to show that each element of A fixes equal numbers of irreducible characters
and conjugacy classes of G. For g, h € G, let C, denote the conjugacy class of g in G, and
recall the column orthogonality relation (see [6],[7])

) i = Up,
> X(Q)W:{cg’ fCy=C,

XEIrr(G) 0, otherwise.
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We fix a 0 € A, and compute:

#{xe(@) [ x=0-x}= Y (xo-x

x€lrr(GQ)

=z(zx @)

XGIrr(G) geG

Z Z x(o=1(g))

gEG xEIrr(G

Gl
|G| Z < |y 065.Cp1
=# {Conjugacy classes C of G | o(C) = C} .

Thus, the numbers of orbits are indeed equal. For the second condition, let y € Irr(G), and
let X = Ax be the orbit of y. Suppose that g, h € G are in the same orbit. Then, there is a
o € A such that o(g) = h. Now,

= v(1)d(a(g))

peX

'X'Z (- $) D)y - )0 (9))

'yGA

‘X’ T v (o)

|X|Z¢

'yGA

Finally, the identity and the trivial character are fixed by the action of A. Thus, the orbits
of A on Irr(G) and G satisfy the requirements for a supercharacter theory. O

Note that if A C Inn(G), then this supercharacter theory is in fact the trivial supercharacter
theory.

We mention one final source of supercharacter theories. Given a normal subgroup N <G
and supercharacter theories of N and G/N, it is possible to stitch them together to get
a supercharacter theory for GG. This construction gives a non-trivial, non-maximal super-
character theory for any non-simple group. There are many supercharacter theories that do
not come from any of the constructions we have just described, but instead depend on the
unique properties of the group in question. We describe such a supercharacter theory in the
next section. Very little is known in general about the possible supercharacter theories of
a group. In [5], the author constructs all of the supercharacter theories of cyclic p-groups.
Even in this very restrictive setting, the answer is non-trivial.
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3. A SUPERCHARACTER THEORY FOR U,

The goal of this section is to define a particular supercharacter theory of U,. This super-
character theory has a natural description in terms of set partition combinatorics. In some
ways, this description is analagous to the classical representation theory of the symmetric
group, and its dependence on the combinatorics of integer partitions. We begin with some
necessary background on set partitions, and then give two constructions of the supercharacter
theory.

3.1. Set Partition Combinatorics. We define a set partition X of {1,2,...,n} to be a set
of pairs of integers (i, ) such that 1 < i < j < n, and such that, if (,7), (k,l) € A, then
1 = k if and only if 7 = [. We refer to these pairs as the arcs of A, and write ¢ ~ j for the

pair (i, j).
Let S,, = {set partitions of {1,...,n}}. A typical element of Sy is
(3.1) A={1~3,3~7,5~6,6~8}

We can write elements of S,, in a compact way by drawing a row of n dots, and putting an
arc from the ¢th dot to the jth dot if the arc :~7 € A. For example, we depict the above A
as

A={1~3,3~7,5~6,6~8} +— ° °
12345678

This definition of a set partition is essentially the same as the usual notion of a set partition
of n elements. To see this, take an element A of S, and consider the relation on {1,...,n}
given by @ ~ j if © —~j € A. The transitive closure of this relation gives an equivalence
relation on {1,...,n}, and these equivalence classes give a (usual) set partition. Moreover,
this correspondence is bijective. We refer to these equivalence classes as blocks, and write
bl(\) for the set of blocks of A. For example, the A in 3.1 has

bIA) =4 {1,3.7} {2} {4}, {5.6,8}) «— [ﬂ
(N) ={{1,3,7}.{2} {4}, {5,6,8}} {13 R RN 8}

We will define some statistics on set partitions. For A € S,,, define the dimension of A by
(3.2) dim(\) = Y j—i.

i~jEA

For \,u € S,, we define a crossing in A to be a pair ((i ~ j,k ~1) € A x A such that
i <k < j <1, and a nesting of p in X\ to be a pair (i ~ j,k —~1) € A x u such that
1< k<l<jy. Let

(3.3) crs(A\) =#{(i~gk~l)erAxA|i<k<j<l}
and

(3.4) nsty = #{(i~jk~) eAxpli<k<l<j}.
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For example, for the A defined in 3.1,
dim(A\) =24+4+14+2=09,

crs(A)zlz#{(3A7,6A8)}<—>#{ . $os }, and

nst —1—#{(3A7,5f\6)}<—>#{ . 5[\6 7}.

We are now in a position to define our supercharacter theory.

3.2. The Supercharacter Theory. In [4], the authors define our supercharacter theory as
a special case of a construction for a more general class of groups, called algebra groups. We
first give this definition, and then describe the connection to set partition combinatorics.

Let J, ={u—1]u € U,} = U, —1 be the space of strictly upper triangular matrices with
entries in F, (where 1 is the n x n identity matrix). The group U, acts on .J,, on the left by
left multiplication, and on the right by right multiplication. These actions are compatible,
in the sense that (ax)b = a(zb) for all z € J, and a,b € U,. Consequently, the notation
U,zU, for the two-sided orbit of x € J,, is unambiguous. Consider the dual space J of
linear functions from J, to F,. There is a corresponding two-sided action of U,, on J;, given
by

(ayb)(u—1) =~v(a(u—1)b""), fory € J:abucl,

There is a supercharacter theory whose superclasses are parameterized by the two-sided
orbits of U, on J,, and whose supercharacters are parameterized by the two-sided orbits of
U, on J;. More specifically, the superclasses are the sets

U,xU, +1, forz e J,.

That is, two elements u,v € U, are in the same superclass if there exists a,b € U,, such that
u=a(v—1)b+ 1. To describe the supercharacters, fix a non-trivial linear character p of the
group FF. We can make a function v € J; into a function 7 : U,, — C by setting

F(u) = p(y(u—1)), foru e U,.
The supercharacters are the functions

|G| ~ x
m Z o, foryelJ.
peUnyUn

Note that we have not shown that this choice of supercharacters and superclasses does
indeed form a supercharacter theory. We can verify that they satisfy some of the properties
of a supercharacter theory without too much difficulty. For instance, consider the orbits
U,1U,, and U,1LU, of the identity and the trivial character respectively. Note that, for any
a,b € Uy,, a(1 —1)b+ 1 = 1, and therefore the identity is in its own orbit. Likewise, note

~

that I = O, where O € J* is the zero function. Now, for any a,b,u € U, (aOb)(u — 1) =
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O(a*(u — 1)b™') = 0, so 1 is in its own orbit. The proofs of the other properties are
contained in Lemma 4.1, Theorem 5.5, and Theorem 5.8 of [4].

This supercharacter theory is closely related to the one we want to construct. Consider
the group 7;, C GL,, of invertible diagonal n x n matrices over [F,. Then, 7, acts on U,, by
conjugation. To see this, take u € U, and t € T,,, and set u — 1 =z € J,. We have

tru=tut ' =tlx+ Ot =tat ' +1€J,+1=U,.

There is a dual action of T, on the space of functions U, — C that sends a function
f U, — C to the function given by

(t-u)=ft " -u) = ft  ut), forte T, ucU,.

As in Example 2.3, this action permutes the superclasses and supercharacters of the above
supercharacter theory. Thus, the orbits of this action clump together certain superclasses and
supercharacters into orbits, and it follows from Proposition 2.4 that these orbits determine
a supercharacter theory. For the remainder of this paper, whenever we refer to a superclass
or a supercharacter, it will be understood that we mean a superclass or supercharacter of
this particular supercharacter theory that we have just constructed.

We now describe our supercharacter theory from a combinatorial point of view. It turns
out that the number of superclasses (or supercharacters) of U, is precisely |S,|. In fact, for
each superclass of U, there exists a partition y € S, and a distinguished element u, € U,
of the superclass such that

(uu)ij =

1, ifi~j€epori=jy,
0, otherwise.

For example, note that the identity is in the superclass corresponding to the empty partition
0.

Furthermore, there is a compatible way to index the supercharacters by the elements of S,,.
Under this indexing, there is a nice formula for the value of the supercharacter x* indexed
by A € §,, at an element of the superclass indexed by u € §,,. Recall definitions 3.2 and 3.4.
Then, using the shorthand x*(u) = x*(w,),

(qfl)lkfu\qdim(k)f\k\) (,1)\mul

- , ifi—~Fk e Ximpliesi—~j,j~k¢pu
m

XMu) = for all 7 with ¢ < j < k,
0, otherwise.

For instance, the degree of a character is given by

(1) = xM(0) = (g — HPgmR,
By the definition of a supercharacter theory, it is clear that the supercharacters are orthog-
onal with respect to the standard inner product. However, as they are not irreducible in
general, they are not orthonormal. The inner product of two supercharacters turns out to
have a nice expression [1] as

O M) = (g — 1)PMg=sMgy .
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In particular, this implies that the only supercharacter that is an irreducible character is
the trivial supercharacter. We mention that the factor of (¢ — 1)l arises from the T}, action
in our definition, and that the finer supercharacter theory that omits this action has many
supercharacters that are irreducible characters. This concludes our description of the basic
properties of the supercharacter theory.

4. A FAMILY OF MODULES FOR U,, AND THEIR CHARACTERS

This section contains results on certain modules for U,,. These modules arise when com-
puting restrictions of certain supercharacters, which was the original motivation for their
study. We include this as an application in the next section. We begin this section by defin-
ing poset binomials, which are certain combinatorial data associated to posets that arise
naturally when describing these modules. Next, we define the modules, and compute the
traces of elements of U, acting on them. These characters will turn out to be constant on
superclasses. This suggests the problem of finding their decompositions as sums of super-
characters. The solution of this problem is the final part of this section, and the main result
of the paper.

4.1. Poset Binomials. Let P be a poset with n elements. For x € P, define the weight of
x by w(x) =#{y € P |y > z}. For asubset S C P, we set

w(S) = w(x).
x€S
For k € N, we define a g-analog of the binomial coefficients by

mp = ¢"®eN]q.

SCP
IS|=k

We refer to these as the poset binomials associated to P. There is a standard g-analog of
the binomial coefficients, called the Gaussian binomial coefficients, defined by

[ﬂ :wwmy el =1, 1), A

k .[n—k]q! [k]q...[1]q[n—k]q...[1]q’
where m 1
q J—
[m]q: q_].

is a ¢-integer. The Gaussian binomials have various interpretations. For instance, [Z]q is

the number of k-dimensional subspaces of Fy (see [8], chapter 3). The poset binomials
interpolate between the ordinary binomial coefficients and Gaussian binomial coefficients in
the following sense. If P is the poset with no relations, then

i, = 6)
=,

and if P is a total order, then
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Of particular importance to us are the poset binomials of a total order. Note that there is
some redundancy in our notation, as n must be equal to |P|. Bearing this in mind, whenever
total order binomials occur we will simply write the total order as 7, with it understood
that | 7| is whatever it has to be so that the poset binomial makes sense.

Another source of posets for us is the poset P(\) associated to a set partition A, which
we will describe next. Define the set of crossing-free partitions

NCS, ={\e S, | crs(\) =0}.

For A € S,,, we have the set of left-endpoints, L* = {a | a—~b € X for some b}, and the set of
right-endpoints, R* = {b | a—~b € X for some a}. We prove the following lemma.

Lemma 4.1. For cach \ € S,, there is a unique partition p € NCS, such that
L*=L" and R=R"

Proof. We first show existence, then uniqueness. Suppose (i —~ k,j — [) is a crossing in
A, with ¢ < j < k < [. We can replace this crossing with a nesting by defining N =
(/\ {i~Fk,j~1})U{i~1,j~k}. Then, L* = L) and R* = RN Also, crs(\) = crs(\) — 1.
Thus, iteratively uncrossing each crossing in A gives a crossing-free partition with the same
right and left endpoints as .

Next, we show uniqueness. That is, we show that the order in which the crossings are
uncrossed does not matter. If X = () the result is clear. Suppose A # (). Let b be the
leftmost right-endpoint of an arc in A. In order for an arc a—~b to not cross any other arcs,
it must be that a is the closest left-endpoint to the left of b. The same reasoning applies
with L* replaced by L* — a and R replaced by R* — b. Thus, u is uniquely determined
among those partitions with the same left and right endpoints as A by the requirement that

crs(p) = 0. O
We use this result to define a function
uncr : S, — NCS,,

where uncr()) is the unique partition in N'CS,, such that L™ = [* and R™N) = R,
For example, for the A\ defined in 3.1, we have

345678 345678

Let P(\) be the poset on bl(uncr(A)) with order >, where a > b if either |a| > 1 and there
exists j,k € a and i,] € b such that i < j < k <, or |a| = {j} and there exists i, j € b such
that ¢ < j < k. Note that, as uncr(A) has no crossings, each connected component of this
poset is a tree with a unique maximal element. Thus, the above A has

{1,3,8}
P(A) =

{2 {445,6,7}
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From this picture, it is easy to see that
w({1,3,8}) =0, and w({2}) = w({4}) = w({5,6,7}) = 1.

4.2. The Modules. For u € U, and a subset A C {1,...,n}, let us be the submatrix of u
obtained by taking only those rows indexed by A. For k € [0,n], let

U= || A{ualuect}.
Ac{l,..,n}:
|A|=k
Define right modules for U,, by
ykxn — C-span {v|v € Ukxn}-

with action given by right multiplication. As special cases, note that V°*" = {0} is the
trivial module, and V™™ = CU,, is the (right) regular module of U,. We will prove a
formula for the trace of the action of an element of U, on V**". First, we need the following
two lemmas.

Lemma 4.2. For k € [0,n],

n
Uil = [y

Proof. Let v be a k x n matrix over [, of rank % that is in reduced row echelon form. Then,
there are precisely q@) elements of Uy, whose reduced row echelon form is v. To see this,
note that each u € Uyy,, is already almost in reduced row echelon form. We only need to
account for its possible nonzero entries in the spots above the 1’s coming from the diagonal
entries of U,,. Moving from left to right, there are no spots above the first 1, one spot above
the second 1, and so on, for a total of 0+ 142+ -+ (k—1) = (g) spots. This is easy to see
from an example. For instance, consider the following matrices in Uyxg and their reduced

row echelon form (we write * for an arbitrary element of F).

— %
* ¥

U4><6 =

— % %
* K ¥
_ o O
* X ¥
— o O O

= %X % ¥

There are 0+ 14+ 2+ 3 = (3) spots that are forced to be 0 in the reduced row echelon

form, as expected. The number of k£ x n matrices of rank k£ in reduced row echelon form

is precisely the number of k-dimensional subspaces of Fy, which is given by the Gaussian

binomial coefficient mq. The lemma follows. O

We also show the following.
Lemma 4.3. The function U, — C defined by
u — tr(u, V)

s a superclass function.
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Proof. We will show that, for u,a,b € U,,
tr(u, V") = tr(a(u — 1)b + 1, V™).

The vector space V**" is spanned by the elements of Uy, and the U,, action permutes these
basis vectors. Thus,

tr(u, VF") = # {0 € Upsp | v-u =0} = # {v € Upsn | v(u — 1) = 0} .
As U, acts by permutations, we have that, for each a € U,
#{U € Ukxn | U(u_l) :0} :#{U € Ukxn | (U'a)(u_l) :0}'

Futhermore, for any b € U, (v-a)(u—1) = 0 if and only if (v-a)(u — 1)b = 0 if and only if
v(a(u —1)b+ 1) = v. Thus tr(u, V") is indeed constant on superclasses. O

We use the previous two lemmas to prove the following proposition.

Proposition 4.4. Let k € [0,n] and p € S,,. Then, for each element u € U in the superclass
indexed by u,

tr(u, kan) — {n - |:U":| )
k T

Proof. Suppose u € U, is in the superclass indexed by pu. We compute:
tr(u, V") = tr(u,, V<)
=#1{v € Upxn | v-u, =0}
=#{v € Upxn | j—~1 € pimplies v;; =0 for all 1 <i < k}
= |Uksn—ul]
_ {n - Iul]
k T
where the first equality is by Lemma 4.3, and the last equality is by Lemma 4.2. The result
follows. o

By Lemma 4.3, the character tr(u, V¥*") is a superclass function, so we can ask for its
decomposition in terms of supercharacters.

4.3. Decomposition into Supercharacters. We will prove the following theorem.

Theorem 4.5. Let u € U, be in the superclass indexed by u € S,,. Then, for each k € [0,n],

tr(u, kan) _ Z qnsti |:n - |)\‘

A
\ESn k— |)\J7’(z\)

X

To that end, we make the definition

AN — |)\|
@Z)Z _ Z antA |:k - I)\|:| XA'
AES,, P
Bearing in mind Proposition 4.4, we will work towards showing the equivalent statement

Ui (p) = {n ;WL.
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The proof is somewhat involved, so we outline its structure before we begin. There are three
main steps.

Step 1: First, we prove Proposition 4.6, which give the value of 9} at the identity.
Most of the work in this step is contained in Lemma 4.7.

Step 2: Next, we prove Proposition 4.8, which states that ¥} () depends only on |u|.
This proof involves two lemmas; Lemma 4.10, a technical result about certain sums of
supercharacters, and Lemma 4.9, which states that ¢} (u) is invariant under “small”
changes to u.

Step 3: Finally, we use Proposition 4.8 to prove Proposition 4.11, which is a recurrence
for ¢ (1) that allows us to reduce to the case of evaluating at the identity.

We begin with the first step. (Note that the identity is the unique element in the superclass
indexed by the empty partition ().

Proposition 4.6. For each k € [0,n],

ot = |}] E

We require the following definitions. Each element of Uy, is of the form w4, for some
A cC{l,...,n} with |A| = k. For each k € [0, n], there is an injection ¢y, : Uxx,, —> U, given
by

Usg, if1 € A,
Lk:(uA)ij = 1, lf Z = j,
0, otherwise.

Define a bijection ¢ : J: — U, by
’7(6@')7 if 1 <1< g <n,
0(v)i; = 1, ifi=j,
0, otherwise,

where e;; is the matrix with a 1 in the (7, j) position, and zeroes everywhere else. For A € S,
define the function v, € J* by

’VA(U - 1) = Z Uig, for u € Un,
i~jEX
and let
Upen = {1 € Upsen | 07 (1)) € UnaUn } -

We have the following lemma.

Lemma 4.7. For each k € [0,n] and X € S,,,

— )\l
U)\ — nst) | T ‘ A 1).
‘ k‘><n| q o |:k _ ‘)\l P(/\)X ( )
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Proof. We first consider the case when crs(\) = ). Fix such a A, and define
Dy ={ejp|i~keXforsomei<j<k<njU{ej|i~ke\forsomei<j<k<n}.
Recall that L* = {i | i—~j € A\}. Suppose A satisfies L* C A C {1,...,n}. Then,
{ua|ue Uy NUN, ={ue U, |0 ((ua)) € UynnUy}

The elements of U,7,\U, are precisely the functions v : J¥ — F, that satisfy supp(y) C
{eju | i < j <k <lforsomei~Ile€ A} andi~j€ \= v(e;) € Fy. Therefore,

{ua | ue Uy NUR,| = (g — HPgHeaePrieti=i,

Consequently,

Ul = > HualueUynl},,]

= Z (q — 1)|/\\q|{ez‘j€DA|i€A}\*l>\|_

L CAC{1,...,n}
|[Al=k

NOW, |{6ij € D)\ | 1 E A}’ — ‘)\’ = |{€z‘j € ’D)\ | 1€ A,Z/“j ¢ >\}|, and

{e;€Dr|icAi~j¢r={e;eD|iclti~kelj<k}
U{ex €Dy |ie Li~jeNj<k}
I_I{eijEDAHEL)‘—A}.

We compute

e €Drie LN i~keNj<k}| = H (j—i—1) =dim(\) — |A[,
i~jEA
HeikeD,\]iELA,iAjE)\,j<k}‘:nsti, and
{eyeDrlice A} = Y WHi~ke|i<j<k}
jEA-LX

= > wbl()),

jEA-LX
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where bl(j) is the block of A\ containing j. Therefore,

‘Ul?xn’ :(q i 1)\>\| Z q|{€ij€DA|i€A}\—|>\|

LACAC{L,...,n}
|A|=k

im(A)— nst? w(A—L>

L CAC{1,...,n}
|A|=k

HS)\ w
=MDy W

Now, we prove the result for arbitrary \. Fix a A € S, — NCS,,. Our strategy will be to
show that both

n— |\
U] and >@<1>qnsti[ | ’}
k=1 ]pe

change by the same amount when we uncross a maximal crossing in A. Suppose (a—~¢, b~
d) € crs(A), with ¢ — b maximal, and write p = (A — {a—~c,b~d})U{a—~d,b~c}. We will
first show that

1
‘Uk/\xn‘ = 5 ‘Ulgxn‘ :
Fix an A with L* = L*¥ C A C {1,...,n} and |A| = k. We know
a0 € Un} U] = (g — )PglesePaieali-h,
and |A| = |pl, so it will be sufficient to show that
|{€ij€D/\|’i€A}|:|{€ij€DM|i€A}|—1.
We compute

H{e;; € Dr|i€ A} —{e;; €D, i€ A} = #{ewe | d' € A,a < d' < b}
U{ew | b<d < d}
={d eAla<d <b}|+d—b—-1

and
|{eij€Du|2'€A}—{eijGD,\|z'GA}|:#{ea/d|a’€A,a<a'<b}

U{ew | b < < d}
=NHd eA|la<d <b}+d-0.
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Therefore,
Uhal = D0 HualueUdntd,
LACAC{1,...,n}
| A=k
1 © Lo
=Y e U0tk = |kl

LrCACA{L,...,n}
| A=k

To complete the proof, note that, by maximality of our choice of crossing nst} = nsth — 1.
As P(\) = P(u) and x*(1) = x*(1), we conclude that

A nstd |70~ |)\| 1 nst | TV — |,u|
e[l T = e |
k— Al roy 4 k— |ul P(w)

We can reach any A by starting with uncr(\) € NCS,, and adding maximal crossings one
at a time. We just showed that both sides of the equality in Lemma 4.7 are multiplied by
a factor of % when we add a crossing, so they are equal for all A € §,, and the proof is
finished. ([l

We are now able to prove Proposition 4.6.

Proof of Proposition 4.6. Note that each v, is in a distinct orbit of J%. Thus, the orbits
U,7\U, partition J*, so applying 0 gives us a partition of U,

Un= | | 0UnsUs).
AES,
This gives us a partition

A
Usn = || Uden:
AES,:
A<k

The result follows, as by Lemma 4.7

am—|A
Pr(1) = Z ¢ {n_ | q 1) = Z |U,?m} = |Upsen| = {n}
k—|A P(N) klr

AES, AES,

O

This concludes the first step of the proof of Theorem 4.5. We move on to step two, which
is the following proposition.

Proposition 4.8. Let k € [0,n], and p,v € S,,. If |u| = |v|, then
Ui (1) = i (v).

We will prove this by first showing that ¢} (x) is invariant under small changes to u.
Specifically, for [ € [1,n — 1], define

Ti={ eS8, |I~(1+1) €N},
and consider the bijections
elR:Sn—'ﬁ—MSn—’ﬁ and ef:Sn—ﬁ—hSn—’ﬁ
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where €*(\) (respectively €*()\)) is the partition obtained by applying the transposition

(I,14+1) to the right (respectively left) endpoints of the arcs in \. We will prove the following
lemma.
Lemma 4.9. Fizl € [1,n — 1], and let k € [0,n]. Then, for all p € S, — T,

VRt () = ilel (1) = ¥i(n)-

We prove the €t case. The argument for €/ is completely symmetric. Write € = €. We
will use the following technical result to facilitate our computations.

Lemma 4.10. Fiz 1 <1 <l < n. Suppose the function 0 : S, — C satisfies, for some
z € C,

O(e(N)) = 2q0(N), for all X € S, such thati—~1,j~(l+1) € X for somei < j<lI,
@00, for all h € Sy such that i~ (I41) € X j~1 ¢ AVj <1,

and
G(eNUl~(+1)) =2(¢—1)0(\) forall X € S,, such that i~ (I+1) € \,j~1 & \Vj <.

Then, for alli < j <,

— A — A
AESy — Allpey AES,, — Mlpw
i~le i~(l+1)el
J(H1L)EAV <i jﬁgg\v)jii

Proof. We split the sum on the left hand side into two parts as

— A
AES, —[Al P(N)

i~lEX
F~(+1)EAVj<i

S R KR Y

j=i+1 A\ES, P(XN) AES,, P
i~lea i~len
J~(+1)EX J~(+1)gAVj<i

nsteo\)

Consider the first sum. As ¢"% = ¢®%3+1 and P(e(\)) = P(N), we have that

I+1 n— A 1+1 n—

nst - nst) —

O(\) = a(A\
2 21 A[k—wL w=:3 SR o
j=i+1 \ES, N j=i+1 \ESn PN

ilEN i~(+1)er
j~(+1)er j~lex
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by our hypothesis on . We next consider the second sum. As

nst? TL—|)\|:|
z q A{ O\
> E— M o (A)

AES),
i~(+1)ex
JIENY<i

B Tl R LR Y] P

j=it+1 AES, PN AES, A)
i~(I+1)ex i~(I+1)er
JIEA GIENVj<i

it will be sufficient to show that

T e {Z: KH =Y g {Z: KHP(Q(A).

AESn M) AES, A
Coamlex i~(I+1)€eX
F~(+1)¢gAVji<i JIENV<i

Define the set
B={XN—{i~Il}|AeS,,i~l€X and j~(+1) ¢ \Vj <I}.

For each A € B, note that both N = AUi~7land N = AUi~1~ ([ + 1) are valid set
partitions in §,,. Furthermore,

NeS,li~lerj~(I+1)¢Nj<il={N|AeByU{N|)eB}.

Therefore, we can rewrite the above sum as

— ’ — / " _ "
Z qnsti |:/n' |)\|:| Q(A) — Z qnst;, [n |>\/|:| 0()\/) + qnsti/, |:/n' |A//‘:| 0(}\//)
i, F=lpey” 1 k= NP k=X Tpom

i~lEA
F~(+1)EAVi<i

Tn— |\ -1
()
poert — A=
st |:TL - |/\| -2

N e 1>e<e<X>>>,

by our assumption on 6. We claim that

nst, |:7’L - |)\| - 1:|
q

" {n — Al = 2]
k= = 2] pou

+ (g — 1)g™t nsti()) [" —IAl-1

o) ]
k= A= Hpeo
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To see this, write a = {l} € P(e()\)) and let b € P(N) be the block containing [ + 1. Note
that w(a) = w(b) + 1. Set x = k — |A\| — 1. Then,

ln — Al = 1} Z () = Z ) 4 Z e
t 7>(G(XD SCP(e(N) SCP(e(N) SCP(e(N)
|S|=z |S|= maGS |S|=x,a¢S
=q Z 0" + Z 7"
ScP(x ScP(x
|S|= :chS |S|= xngS
1) Y e Y
SCP(N) SCPA)
|S|=2,beS |S|=a
n—|Al—1
SCPO o POV)
|1S|= beS
(g - 1)g*® [n — |\ = 2] 'n— |\ — 1] ’
=1 lpom L X PV)

e(N)

nst nst,

< = ¢™", the claim follows. Thus, we can write

n— |\ nstc ) [ — |A| = 1]
I E A OV DYl e )
AES,, P AeB AP(e(V))

i~lEA
F~(+1)ENVj<i

e(N)
Noting that ante(A)er(b) = q“btx” and ¢"

S-ED STE! | IO
¢ = k= [Alpny
i~(+1)er
J~IgAV<l

The lemma follows. O
We now proceed with the proof of Lemma 4.9.

Proof of Lemma 4.9. We identify three cases.

Case 1: €(u) = i
Case 2: There exists i € [1,] — 1] such that one of i ~[ or i ~({ + 1) is in p.
Case 3: There exist i,j € [1,{ — 1] such that i ~[ and j~ (I + 1) are in p.

Case 1. This is obvious.

Case 2. We can assume without loss of generality that i ~1 € p (and thus i~ (I+1) € €(p)).
Let v = pu —i~1, and note that ¢(u) = v Ui~ ({ + 1) by assumption. Consider

o) =) = =5 1T 600~ e

AES,

= g {:: KHP(A)(XA(V Uil) = Ui(l+1))).

AES,
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Consider the six disjoint subsets of S,, defined by
A1 ={ eS8, |i~(+1)€Xand /' ~1 € ) for some 7’ < i}
Ay ={ eS8, |i~leXand i ~(I+1) € X for some 7' < i}
B ={ eS8, |i~1le\forsomei <ii" ~(1+1)¢Ni"<ii~I'¢éNI>1+1}
By={\eS8,|i'~({+1)e\forsomei <ii" ~1¢&N\i"<iji~I'"¢g\NlI>I1+1}
C={reS, |i~leXi"~(1+1)¢Ni"<i}
Co={ eS8, |i~(I+1)eNi"~1¢Ni" <i}.

Define (\) = x*(vUi~1) — x (v Ui~ (I +1)). We apply the character formula in each
case to obtain that

(™ (g — 1) ) if A e A
—q (g = DThAMY) A€ A
—q_nStiA“(lH)X)‘(V) if A e By
O(A) = { g™\ ) if A € By
—g g — 1) v) iEaeq
g (g =) ThAw) i AEC
0 otherwise.

\

We will show that

Z qnsti n— P"
k— Al

AEAIUAL

and likewise for B; U By and C; U Cy. For A; U As, note that € gives a bijection between A;
and A,. Furthermore, for A € A,

| tewuing = Rwuingr ) -o
P(N)

Be(N) = —¢ ™ 1(g — 1) P (w) = ‘719@).
e(N)

As ¢"t = antiﬂ, the claim follows. For both B; U By and C; U Cs, we will show that, in
each case, 6 satisfies the conditions of Lemma 4.10. Note that e gives a bijection between 5;
and Bs. Furthermore, for A € By, we compute

e(N)
B(e(N)) = —q "timar (N () = —g -ty D ()

) =af(N), if i ~([+1),j~1€ ) forsome i <i<j<lI,
-0\, if i ~(1+1) € \for some i’ <i,j~1¢ \forall j<I.

Furthermore, for A such that ¢/ ~ (Il + 1) € X for some i’ < i,7~1 ¢ X for all j <,
O(eN) UL~ +1)) =0(e(N) = —0(N).
Therefore, Lemma 4.10 implies that

— A
Z " {Z ‘)\q (xMrvui~l) —xrvui~(I+1))=0.
AEBLUB; = ey
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Finally, note that e gives a bijection between C; and Cy. For A € Cy, we compute

e(N)

B(e(N) = —g 55 (g — 1) PV () = —g e TN ()

) —=qf(N), ifi~(l+1),5~1€ Xforsomei<j<I,
-0, ifi~(+1)eNj~1¢ Nforall j <.

Furthermore, for A such that i ~({+ 1) € \,j~1 ¢ X for all j <,
Oe(N)Ul~(L+1)) =0(e(N) = —0(N).
Thus, by Lemma 4.10,

> 0 [n - W] LEUin = uin @) =0

k- A
AEC1UC2
Therefore,
aln =1\ . i
L) — ) = 3 q[ | '] (A Uinl) = P Ui (4 1)) = 0,
fvercd k= py

and the second case is finished.

Case 3. We proceed similarly to the previous case. Assume without loss of generality that
i~l,j~(+1)€epforsomei<j<l Letv=p—{i~l,j~({+1)}. Consider

nL) — b (e _ nst) n—|[Al M) — vMe
W =) = S L, o =)

As in the previous case, consider the six disjoint subsets of S,, defined by
A= eS8, |i~Lj~(1+1) e}
Ay ={reS, |i~(1+1),j~1€ N}
Bi={ eSS, |i~leXand j'~(I+1) ¢ \Vj <j}
By={ eS8, |i~({+1)eXand j~1 ¢ \Vj < j}
CG={r eS8, |j~leNi~(1+1)¢ I\ <i}
Co={ eS8, |j~U+1)eNi~1¢&I\i <i}.
Let 0(\) = x*(vUi~lUj~({+1)) —xvUi~(+1)Uj~1). We apply the character
formula in each case to obtain that
(™ (g — 1) "2 Mv) A€ A
g vt (g — 1)) i\ € A,
—q i (g — 1)) iEN € B
0(N\) = q_nSt?“UJrl)UJ'“l(q — 1) M) if X e By
g Mt reisig(q — 1) T () A€ G
_HSt?AlUJ'AUH)(q — 1)) ifAeCy
0 otherwise.
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We will show that
— A
g {Z |A|} W Ui~Uj~(+1)) = Uin(+1)Uj~I) =0,
AeA1UAS _| | P

and likewise for B; U By and C; U Cy. For A; U A,, note that e gives a bijection between A;
and A,. Furthermore, for A € A;,

e(N)

wan>=—qm%ﬁ@—1>aﬂ”w>={}mn.

e(N)

As ¢™t = antiH, the claim follows. For both B; U By and C; U Cs, we will show that, in
each case, 6 satisfies the conditions of Lemma 4.10. Note that e gives a bijection between 5;
and Bs. Furthermore, for A € By, we compute

9(6(}\)) = _q—n t192UJA<l+1> (q — 1) 1Xe()\)(y) _ _qfnstj‘h(l+1)ujﬁl+l(q i 1)71X6()\)(V)

) =qf(N), ifi~(I4+1)€ A j ~1€Aforsome j<j <l
=60, ifi~(I4+1) €N ~1¢ Nforall j <.

Furthermore, for A such that i ~(l+1) € A\,j7’ ~1 ¢ X for all j' <[,
O(e(N) UL~ (L+1)) =0(e(N) = 0(N).
Therefore, Lemma 4.10 implies that

nst) |7V — ‘)\|‘|
q [ O(A) = 0.
2 1" | ]

AEB1UB

Finally, note that e gives a bijection between C; and Cy. For A € Cy, we compute
0(e() = g i (g = 1) ) = g )

) =qf(N), if j~(I+1),7~1 € Xforsomei <i <lI,
-0, ifj~(I4+1)eNi ~1¢\forall i <.
) €
I+

Furthermore, for A such that j ~(I+1) € A\, ~1 ¢ X for all i’ <,

O(e(A) UL~ (1 +1)) =0(e(A) = O(N).
Thus, by Lemma 4.10,

AEC;UCs = Al P(N)
Therefore,
AN — A
ot — vt = L3171 o=
AES,, = A PN

We can now prove Proposition 4.8
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Proof of Proposition 4.8. Fix u € S, and let m = |u|. Let
Up=1~2~...~m~(m+1).
We will show that
Ui () = g (vm).
Consider the arc a—~b € p with @ minimal. Then,
1~2=cloelo- ol joeloeo---oel (a—~b).
Moreover, by Lemma 4.9
Ui () = viie ool o6 oo (u).

We may repeat this procedure to move the arc in p with the next smallest left endpoint to
the arc 2~3, and so on. Therefore,

() = BRI~ 2~~~ (m 4 1)) = U (v),
as desired. U
We now state and prove Proposition 4.11.
Proposition 4.11. Suppose p € S,, and v € S, satisfy |u| = |v| — 1. Then,
vE() =9 (V).

Proof of Proposition 4.11. Let p € S,,, and set m = |u|. By Proposition 4.8, it suffices to
prove the result for

v=1~2~...~(m—=1)~mand p=vU(n—1)—~n.
Consider the sum

n nst} N—P\'
TATED DY it

AES,

n—|A
| =i T 0 et -n-m,
P(N) AES, PN

Each \ € §, falls into exactly one of the following three cases. In each case, we apply the
character formula to relate x*(u) = x*(v U (n — 1) ~n) and x*(v).

Case 1: If (n — 1) ~n € A, then x*(v U (n — 1) ~n) = —1/(q — 1)x*(v).

Case 2: If j~n € ) for some j <n — 1, then x*(v U (n — 1) ~n) = x*(v) = 0.

Case 3: If j ~n ¢ ) for all j < n, then x*(v U (n — 1) ~n) = x v).

Thus, we can rewrite the sum as
() =—— Y ¢™" { ] W)+ > ¢ ().
-1 k= 1Al ey sl k= 1M]pey
(n—1)~neA JnENV]
We rewrite the first sum as
_1 nst? |:TL - |)\|
P q A
1 2 e
(n—1)—~neX

nstd n — )\| —1
} )y ==Y ¢"n [k - ||A| } 1] ()
PO Nl POU(n—1)~n)
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and the second sum as

n—|A . n— A -1 n—|A -1
ISR I IRSC R O <[ A IS Pt ) v
AES,: PN AESn_1 P(A) PA)

JngAVj

Noting that P(AU (n — 1) —~ n) and P(A) have the same poset binomial coefficients, we

conclude that N
n — -1 B
=¥ " e =)
el AL ey

as desired. 0
Theorem 4.5 follows immediately.

Proof of Theorem 4.5. Let u € S,. Then, Proposition 4.11 implies

i) = 07,
and by Proposition 4.6,
n n— n— |y
ot =z = [
T
as desired 0

5. RESTRICTIONS OF RAINBOW SUPERCHARACTERS

Given an m < n and a subset A C {1,...,n} with |A| = m, there is a natural embedding

of Uy, as a subgroup of U, given by the function
' _ Jug, ifijeAori=j,
v Um = Un, - tfu)ys = {O, otherwise.

When we are considering such subgroups of U,,, we use the notation U4 to indicate a copy
of U,, equipped with the above map into U,,. Given a supercharacter x* of U,,, we consider
the problem of writing the restriction Resg:(xk) as a sum of supercharacters of Uy. In [9],
an algorithm is given for computing such restrictions. However, the resulting coefficients
are not well understood in general. We use the characters v} to describe the coefficients
arrising from restrictions of a particular family of supercharacters, which we call rainbow
supercharacters. These supercharacters are of interest, as they seem to exhibit many of the
features that make the general restriction problem hard. The rainbow supercharacter with
[ arcs is the (pointwise) product

XlA(TH_Q) -0 Xl/\(n+2) _ Xl/\(n+2)®l c Sn+2-
The following theorem is a consequence of Theorem 4.5.
Theorem 5.1. For each | € N,
1 /-1
Unn — —1i
Resy 000 = (g = 1) 3 (H e ”) -
j=0 \i=0

To prove this, we will use the following lemma, which appears in chapter 4 of [8].
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Lemma 5.2. Let n € N. Then, the identity

I /-1
n % n
=) <| | (x—Q)) H
. J q
holds in the polynomial ring Z[x, q].

Proof of Theorem 5.1. Fix a p € S,,. We evaluate both sides of the claimed equality at p.
By the character formula,

(Xlr\(n+2)®l)(u) _ (q _ 1)lql(n—|u|)_

[2,n+1]

(¢—1) Xl: (ﬁ (¢ = 1)) T =(q— 1" (ﬁ 1)) {” _M}

j=0

= (-1,

<
I -
R
~ <
L |
—
QN
|
’Q@
\_/'
~__
1
3
<, |
=
[E—1
2

By Lemma 5.2, we can expand the monomial 2" # as

n—lul _ i (i:[: (z — qi>> {n - Iul] )

§=0 J

Therefore,

(=1 (l:[ (¢ — qi)) {n —M] = (g — 1)!g"" 1D,
as desired. O

Theorem 4.5 also gives the following expression for the decomposition of the restriction of
rainbow supercharacters.

Corollary 5.3. For each l, the restriction of the rainbow supercharacter with | arcs has the
following expansion in terms of the supercharacters of U,.

1 -1

Ui . i nstd [TV — |>\|
Resy 2 (!0 = (= 1) 3~ ST (@7 = 1)g™4 L-_ |)\|L(A) -

AeS, \j=0 i=0

REFERENCES

[1] Marcelo Aguiar, Carlos André, Carolina Benedetti, Nantel Bergeron, Zhi Chen, Persi Diaconis, Anders
Hendrickson, Samuel Hsiao, I. Martin Isaacs, Andrea Jedwab, Kenneth Johnson, Gizem Karaali, Aaron
Lauve, Tung Le, Stephen Lewis, Huilan Li, Kay Magaard, Eric Marberg, Jean-Christophe Novelli, Amy
Pang, Franco Saliola, Lenny Tevlin, Jean-Yves Thibon, Nathaniel Thiem, Vidya Venkateswaran, C.
Ryan Vinroot, Ning Yan and Mike Zabrocki, Supercharacters, symmetric functions in noncommuting
variables, and related Hopf algebras, Advances in Mathematics, 229 (2012) 2310-2337

[2] Carlos A.M. André, Basic Characters of the Unitriangular Group, Transactions of the American Math-
ematical Society, 130 (2002), 1943-1954.



DANIEL BRAGG

Ery Arias-Castro, Persi Diaconis and Richard Stanley, A Super-Class Walk on Upper-Triangular Ma-
trices, Journal of Algebra, 278 (2004), 739-765.

Persi Diaconis and I.M. Isaacs, Supercharacters and Superclasses for Algebra Groups, Transactions of
the American Mathematical Society, 360 (2008), 2359-2392.

Ander Hendrickson, Supercharacter theories of cyclic p-groups, http://www.cord.edu/faculty /ahendric/
(2008).

I. Martin Isaacs, Character Theory of Finite Groups, Dover, New York (1994).

Gordon James and Martin W. Liebeck, Representations and Characters of Finite Groups, Cambridge
(2001).

V. Kac and P. Cheung, Quantum Calculus, Universitext, Springer (2002).

Nathaniel Thiem, Branching rules in the ring of superclass functions of unipotent upper-triangular
matrices, Journal of Algebraic Combinatorics, 31 (2010), 267-298.

Nathaniel Thiem and V. Venkateswaran, Restricting supercharacters of the finite group of unipotent
uppertriangular matrices, Electronic Journal of Combinatorics, 16 (2009), paper number 23.



