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Dynamical Quantum Phase Transitions (DQPTs) are nonanalyticities in the Loschmidt echo, a

quantity that characterizes the time evolution of quantum systems. These are analogous to thermal

phase transitions, which are nonanalyticities in the thermal partition function. Over the past decade,

DQPTs have been shown to have a close relationship with the equilibrium phases of quantum systems.

DQPTs can serve as a probe of the underlying quantum critical points of a system.

In this thesis, we explore how DQPTs can occur in superconductors. We analytically show

that DQPTs can occur in topological superconductors but not in the topologically trivial s-wave

superconductor. We extend this analysis to study the spectral form factor, which is a related

quantity that tells us about the time evolution of systems. We see how the spectral form factor of

unconventional superconductors can have nonanalyticities, whereas that of the s-wave superconductor

is featureless. These nonanalyticities arise due to the nontrivial structure of the superconducting

gap function in momentum space, which in turn result from the symmetries of the Cooper pair

wavefunction and the underlying lattice. We propose a method by which the spectral form factor

can be measured if the superconducting Hamiltonian is simulated using qubits realized as Anderson

pseudospins.

We find that the Schwinger-Keldysh mean field formalism is insufficient to evaluate these

nonanalyticities in superconductors, and therefore develop a generalized mean field theory for this

purpose. We present a simple model of a flat-band superconductor for which we can explicitly verify

the validity of our generalized mean field theory.
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Chapter 1

Introduction

Condensed matter physics is the study of the phases of matter which arise in systems with

many atoms and molecules. The properties of these phases can be very different than those of

the individual atoms and molecules comprising these phases [1]. These phases include classical

states of matter like solids, liquids and gases, as well as quantum phases such as Fermi liquids,

superconductors, superfluids, topological insulators, quantum spin liquids, neutron stars, and a

myriad others [2–11]. The theoretical and experimental investigation of these phases of matter is at

the heart of the field of condensed matter physics.

Over the previous decade, a new approach has emerged in this study of phases of matter.

Studying the dynamics of a quantum system can reveal insights into its equilibrium properties. In

particular, the phenomenon of dynamical quantum phase transitions (DQPTs) is closely related to

quantum critical points and equilibrium phase transitions in such systems [12]. Also, DQPTs turn

out to be an interesting phenomenon to study in itself.

Another area of highly active research is that of topological insulators and superconductors [9,

13]. These are systems which have associated topological invariants which cannot be changed in a

continuous manner. Topological superconductors are unconventional superconductors whose gap

function can vanish at points in its momentum space. The topological invariants for these materials

cannot be changed by a continuous tuning of its parameters, but rather involve closing the energy

gap in its bulk. These systems are of great interest to the quantum computing community, since

they can be used to implement qubits that are topologically protected [14].
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In this chapter, we will review some of the important concepts regarding DQPTs and their

occurrence in topological insulators and superconductors.

1.1 Formulation of dynamical quantum phase transitions

We start by recalling the main quantity of interest in equilibrium statistical physics. The

central quantity in statistical physics is the partition function, defined as [3]

Z = Tr e−βĤ =
∑
ν

e−βEν , (1.1)

where Ĥ is the Hamiltonian of our system with energy eigenvalues Eν , and Tr represents the trace

operator. β is the inverse temperature given by β = 1
kBT

, where kB is the Boltzmann constant. If

we have the expression for the partition function, we can get the free energy as

F = −kBT lnZ . (1.2)

This is related to several physical observables. For example, the derivative of the free energy with

volume yields pressure, and the second derivative of the free energy with temperature is related to

the heat capacity. If the free energy as a function of temperature becomes non-analytic at some

temperature, then an equilibrium phase transition is said to occur.

A dynamical quantum phase transition is defined in a similar way [12, 15]. We work with a

Hamiltonian with some tunable parameter g. Let us have g = g0 at the start of our process. We

initialize the system in the ground state |ψ0⟩ of the Hamiltonian Ĥ0 = Ĥ(g0). At time t = 0, the

parameter g is changed from g0 to some other value gf . This is known as a quantum quench. The

initial state |ψ0⟩ then evolves under the Hamiltonian Ĥ = Ĥ(gf ). With this we can define the

Loschmidt amplitude as

G(t) = ⟨ψ0|e−iĤt|ψ0⟩ , (1.3)
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and the Loschmidt echo,

L(t) = |G(t)|2 . (1.4)

The Loschmidt amplitude is the quantity of interest here, analogous to the partition function in the

study of thermal phase transitions. Analogous to the free energy, we can define the rate function

λ(t) = − 1

N
lnL(t) . (1.5)

When there is a non-analyticity in the rate function λ(t) at some time t, a dynamical quantum phase

transition (DQPT) is said to occur.

Figure 1.1: Schematic of a dynamical quantum phase transition (DQPT). Figure reproduced from
Ref. [12].

1.2 Fisher zeros

We can further understand DQPTs using a concept called Fisher zeros, which was used by

Michael Fisher in the study of equilibrium phase transitions [16]. We extend time t from the real

axis to the complex plane, t→ z = t+ iτ , and analytically continue the Loschmidt amplitude to

G(z) = ⟨ψ0|e−iĤz|ψ0⟩ . (1.6)
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If our system has a finite number of degrees of freedom, which is the case for fermionic or spin

systems, this becomes

G(z) =
∑
ν

|⟨Eν |ψ0⟩|2 e−iEνz , (1.7)

where |Eν⟩ is an energy eigenstate with eigenvalue Eν . Since G(z) is a sum over a finite number of

analytic functions, G(z) is itself an analytic function in z. Now using the Weierstrass factorization

theorem [17], we can write

G(z) = eµ(z)
∏
j

(zj − z) , (1.8)

Figure 1.2: Schematic of Fisher zeros in the complex time plane. (a) For systems with a finite
number of degrees of freedom, the Fisher zeros are isolated points in the complex plane. (b) In the
thermodynamic limit, the Fisher zeros coalesce onto lines or areas. Figure reproduced from Ref. [12].
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where zj are the zeros of G(z) in the complex plane and µ(z) is an analytic function. µ(z) is not of

interest here since the singular part of the rate function is given by

λs(z) = − 2

N

∑
j

ln |zj − z| . (1.9)

For finite N , the zeros zj are isolated points in the complex plane. But in the thermodynamic limit,

these zeros coalesce onto lines or areas in the complex plane, depending on the dimensionality and

symmetries of the system [18], see Fig 1.2.

DQPTs occur whenever a line or the boundary of an area of Fisher zeros intersects the real-time

axis [16]. The singularity in the rate function is obtained as

λs(z) =

∫
C
dz′ ρ(z′) ln

∣∣z′ − z
∣∣ , (1.10)

where ρ(z′) gives the density of Fisher zeros at point z′ in the complex plane.

1.3 Example of DQPT: Transverse Field Ising Model

In this section, we will see how a DQPT can take place in a physical model. The first model

in which DQPTs were found analytically is the Transverse Field Ising Model (TFIM) in one spatial

dimension [15]. We shall briefly detail this calculation in order to show how DQPTs can arise.

We follow the calculation presented in Ref. [15] where the authors work with a TFIM in

(1+1)D with nearest-neighbor coupling, as it has an exact analytical solution. We start with the

Hamiltonian,

Ĥ(g) = −1

2

N−1∑
i=1

σ̂zi σ̂
z
i+1 +

g

2

N∑
i=1

σ̂xi . (1.11)

These are N quantum spin-12 ’s in 1D with periodic boundary conditions. The strength of the

transverse field, g, is the tuning parameter here. This model has a quantum critical point at

g = 1 [19]. For g < 1 the ground state is ferromagnetic, while for g > 1 the ground state is

paramagnetic. The Hamiltonian can be mapped to a quadratic fermionic model using the Jordan-
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Wigner transformation [20],

Ĥ(g) = −1

2

N−1∑
i=1

(ĉ†i ĉi+1 + ĉ†i ĉ
†
i+1 +H.c.) + g

N∑
i=1

ĉ†i ĉi , (1.12)

where ĉi and ĉ†i respectively annihilate and create a fermion at site i. This is a translation invariant

Hamiltonian that can be diagonalized in the momentum basis to yield the dispersion relation

ϵk =

√
(g − cos k)2 + sin2 k . (1.13)

Each momentum mode k has two energy eigenvalues, ϵk and −ϵk.

We initialize the system in the ground state |ψ0⟩ of Hamiltonian Ĥ(g0). We follow the standard

procedure laid out in Section 1.1 and quench the Hamiltonian from Ĥ(g0) to Ĥ(g1) at time t = 0.

We then evaluate the Loschmidt amplitude and the rate function,

Z(z) = ⟨ψ0|e−zĤ |ψ0⟩ , f(z) = − lim
N→∞

1

N
lnZ(z) . (1.14)

The rate function then evaluates to [15]

f(z) = −
∫ ∞

0

dk

2π
ln
(
cos2 ϕk + sin2 ϕk e

−2zϵk(g1)
)
+ (analytic) , (1.15)

where ϕk = θk(g0)− θk(g1), and

tan(2θk(g)) =
sin k

g − cos k
, θk(g) ∈

[
0,
π

2

]
. (1.16)

From the rate function, we get the Fisher zeros as

zn(k) =
1

2ϵk(g1)
[ln
(
tan2 ϕk

)
+ iπ(2n+ 1)] . (1.17)

Note from the definition (1.14) of the Loschmidt amplitude used by the authors of Ref. [15], a
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Figure 1.3: Lines of Fisher zeros zn(k) = R+ it for the 1D TFIM (1.11). Left shows a quench within
the same phase (g0 = 0.4 → g1 = 0.8) whereas right shows a quench across the quantum critical
point (g0 = 0.4 → g1 = 1.3). Figure reproduced from Ref [15].

Fisher zero must lie on the positive imaginary axis for a DQPT to occur. From the above equation,

we find that zn(k) can be purely imaginary if ϕk = ±π/4. From Eq. (1.16) we find

ϕk=0 =



0 , quench in same phase

π/4 , quench to or from quantum critical point

π/2 , quench across quantum critical point

, ϕk=π = 0 . (1.18)

From the above condition we find that for a quench across the quantum critical point we get the

following limits,

lim
k→0

Re[zn(k)] = +∞ , lim
k→π

Re[zn(k)] = −∞ . (1.19)

Since θk is continuous, we see in this case that there must be some value of k ∈ (0, π) for which

Re[zn(k)] = 0 so that zn(k) lies on the imaginary axis.

Figure 1.3 shows the distribution of Fisher zeros as k is varied across the Brillouin zone. The
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left figure shows a quench within the ferromagnetic phase. Here none of the lines of Fisher zeros

intersects the imaginary axis, so there is no DQPT. Contrast this with the figure on the right

which represents a quench across the quantum critical point. The lines of Fisher zeros intersect the

imaginary axis at equal intervals, giving DQPTs at times

t∗n = t∗
(
n+

1

2

)
, where t∗ =

π

ϵk∗(g1)
. (1.20)

k∗ is the momentum for which ϕk∗ = π/4 (see Eq. (1.17)). t∗ is purely a dynamical quantity which

has no equilibrium counterpart. Thus we see theoretically how DQPTs can occur in the TFIM.

Figure 1.4: DQPT in a TFIM simulated using a string of trapped ions. Figure reproduced from
Ref. [21].

The Transverse Field Ising Model is also the first model for which DQPTs were observed in

experiment [21]. The authors of Ref. [21] simulated a spin chain using a string of trapped Ca+ ions.

Their observation is shown in Figure 1.4. In their experiment, the simulated TFIM did not have

nearest-neighbor interactions as in Eq. (1.11), but had long-range interactions. The rate function λ

is defined in a different way than (1.14). However the physics remains similar. The authors also show

the effect of a DQPT on observables. In their case, the longitudinal magnetization flips at a DQPT.



10

1.4 DQPTs in two-band topological insulators

In this section we show how DQPTs can occur in two-band topological insulators with no

inter-electron interactions. These are the simplest condensed matter systems that can show nontrivial

topological properties. We follow the theoretical work first presented in Ref. [22].

We work with a quadratic fermionic Hamiltonian of the form

Ĥ =
∑
k

ĉ†khkĉk , where hk = dxkσ
x + dykσ

y + dzkσ
z . (1.21)

Here ĉk = (ĉk,A, ĉk,B) represents the fermionic annihilation operators, where the indices A and B

stand for two different sublattices. σx, σy and σz are the 2× 2 Pauli matrices. This could represent

the Hamiltonian of a topological superconductor rather than a topological insulator if we used the

basis ĉk = (ĉk, ĉ
†
−k) instead. The winding of the vector dk as k varies over the Brillouin zone

determines the topological invariant [9]. This Hamiltonian has been realized experimentally in cold

atomic and condensed matter systems [23–26].

The system is prepared in the ground state of the Hamiltonian with d0
k. At time t = 0, the

Hamiltonian is quenched from d0
k to d1

k. The Loschmidt amplitude (1.3) evaluates to

G(t) =
∏
k

[cos
(
ϵ1kt
)
+ id̂0

k · d̂1
k sin

(
ϵ1kt
)
] , (1.22)

where the energy eigenvalues are ϵik =
∣∣di

k

∣∣ and d̂ik is the unit vector pointing along the vector di
k.

This gives us the Fisher zeros,

zn(k) =
iπ

ϵ1k

(
n+

1

2

)
− 1

ϵ1k
tanh−1(d̂0

k · d̂1
k) . (1.23)

The necessary condition for a DQPT to occur is that d̂0
k · d̂1

k vanishes for some k in the Brillouin

zone. This happens when the vector dk for the post-quench Hamiltonian is orthogonal to that for

the pre-quench Hamiltonian. This is a geometric condition that relates DQPTs to the topology of
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the initial and the final Hamiltonian.

In the next two subsections we demonstrate how DQPTs can occur in topological insulators in

one and two spatial dimensions respectively.

1.4.1 DQPTs for topological insulators in 1D

Topological insulators in one spatial dimension belong to either the AIII or the BDI symmetry

class of the tenfold symmetry classification [27]. They possess sublattice symmetry which constrains

dk to lie in a 2D plane.

Let us say that the plane on which dk lies is the x− y plane. As k sweeps across the Brillouin

zone, we find the number of times dk goes around the origin of the plane as [9]

ν =
1

2π

∫
dk (d̂xk∂kd̂

y
k − d̂yk∂kd̂

x
k) . (1.24)

This calculation yields ν as an integer. The winding number, ν, is a topological invariant for the 1D

topological insulator.

Figure 1.5: Illustration showing winding of vectors d0
k and d1

k in a 2D plane. If the winding numbers
of the two Hamiltonians differ by ∆ν, then there are at least 2∆ν values of k at which d0

k and d1
k

become perpendicular. Figure reproduced from Ref. [22].

If the winding numbers of the pre-quench and the post-quench Hamiltonian differ by some



12

positive integer value ∆ν, then the scalar product d̂0
k · d̂1

k covers the interval [−1, 1] at least 2∆ν

times [22]. Figure 1.5 is an illustration of how this can occur. We can find at least 2∆ν points in

momentum space where d0
k and d1

k become orthogonal.

Thus we see that for topological insulators in 1D, a sufficient condition for DQPTs to occur is

that the pre-quench and post-quench Hamiltonians have different winding numbers. However, this is

not a necessary condition. It turns out that even when ∆ν = 0, there can be some k for which d0
k

and d1
k are perpendicular. These DQPTs are not topologically protected. A physical example where

such DQPTs are found is given in Ref. [28].

1.4.2 DQPTs for topological insulators in 2D

Just as for 1D, we can define a topological invariant for topological insulators in 2D. The

Brillouin zone in 2D has the topology of a 2-torus (T 2). As k sweeps across the Brillouin zone, the

number of times d̂k covers the unit sphere is obtained as [29]

Q =
1

4π

∫
B.Z.

dkx dky d̂k · (∂kxd̂k × ∂ky d̂k) . (1.25)

Q is called the Chern number and is an integer topological invariant.

The result for topological insulators in 2D is as follows; for a quench from the Hamiltonian

with d0
k to the Hamiltonian with d1

k, if we have for the Chern numbers |Q0| ≠ |Q1|, then the image

of d̂0
k · d̂1

k is [−1, 1] [22]. This can be shown with the following argument. If d̂0
k · d̂1

k > −1 for all k

then there exists the continuous mapping

fk(γ) = (1− γ)d̂0
k + γd̂1

k , γ ∈ [0, 1] , (1.26)

so that

|fk(γ)|2 = 1 + 2γ(1− γ)(−1 + d̂0
k · d̂1

k) > 0 (1.27)

for all k. This shows that if d̂0
k and d̂1

k are nowhere antiparallel, then d̂0
k can be deformed continuously
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into d̂1
k for all k in the Brillouin zone, resulting in the Chern numbers Q0 and Q1 being equal [30].

The converse of this is the result that if Q0 ̸= Q1, then d̂0
k · d̂1

k = −1 for some k. Also, considering

the additive inverse of d̂1
k, we get that if Q0 ̸= −Q1, then d̂0

k · d̂1
k = 1 for some (other) k. Since both

d0
k and d1

k are continuous and non-vanishing (in order for it to be a topological insulator [9]), we

obtain the result that if |Q0| ̸= |Q1|, then the image of d̂0
k · d̂1

k is [−1, 1]. Thus there exists some k

for which d̂0
k and d̂1

k are orthogonal, resulting in a DQPT.

Some 2D models where DQPTs can occur using the above formalism are the Haldane model

[31], the half-BHZ model [32], and the chiral topological p+ ip superconductor [33]. DQPTs have

been experimentally observed in a 2D Haldane model simulated using ultracold atoms with full-state

tomography [34].

1.5 Some more results on DQPTs

There has been a lot of investigation into DQPTs in quantum systems over the past decade.

In the previous two sections, we showed how DQPTs can occur in the transverse field Ising model in

1D, and in topological insulators in 1D and 2D. In this section, we list some more important results

regarding DQPTs.

From the definition of the Loschmidt amplitude (1.3), one might think that DQPTs affect

only the ground state of the pre-quench Hamiltonian. This is not the case in general. In Ref. [15],

the authors showed that DQPTs affect not only the projection of the time-evolved state on the

ground state of the pre-quench Hamiltonian, but their effect can also be seen in the projection of the

time-evolved state on the higher energy eigenstates of the pre-quench Hamiltonian. DQPTs can also

affect the behavior of observables. For example, in the Transverse Field Ising Model (TFIM) in 1D,

a quench within the same phase results in an exponential decay of the longitudinal magnetization,

whereas a quench across the quantum critical point causes an oscillatory decay in the longitudinal

magnetization [15]. The periodicity of these oscillations coincides with that of the DQPTs. Ref. [35]

further defines a dynamical order parameter for topological systems which is qualitatively different

in periods of time separated by a DQPT.
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In Ref. [36] the authors study the 1D TFIM with integrability-breaking perturbations. They

study a TFIM with axial next-nearest-neighbor interactions, and also an Ising chain in a tilted

magnetic field. They find that DQPTs do occur but are no longer periodic in time. Thus for the

TFIM, DQPTs are stable against weak integrability-breaking perturbations. This is what is observed

in experiment as well [21]. The 1D TFIM used in the experiment has long-range interactions, and is

not integrable. The authors of Ref. [21] find that DQPTs do occur but are not periodic. The form

of the long-range interaction and its strength could be tuned in the experiment. The DQPTs were

found to be stable over a broad range of the interaction form and strength. Ref. [37] shows how the

periodicity of DQPTs can be broken if we have multiple bands rather than changing the form of the

coupling.

DQPTs have been found numerically in the 2D quantum Ising model with strong correlations

in Ref. [38]. The model the authors consider is not integrable, so the Loschmidt echo cannot

be analytically calculated. They calculate the Loschmidt echo numerically, using the method of

Loschmidt cumulants discussed in Ref. [39].

The nonanalyticity at a DQPT can have different forms. If one looks for DQPTs using Fisher

zeros (see Section 1.2), then depending on whether the Fisher zeros lie on lines or areas, there can

be a discontinuity in the first time-derivative or the second time-derivative of the rate function [22].

DQPTs can also be looked at from a symmetry perspective. In the TFIM shown in Section 1.3,

when there is a quench from the ferromagnetic to the paramagnetic phase, the broken symmetry in

the order parameter is restored at a DQPT. This symmetry restoration at a DQPT holds not just

for the ground state, but also extends to higher energy states [21]. In Ref. [40], it is shown that this

restoration of symmetry works not just for the discrete Ising symmetry, but applies to continuous

symmetries as well.

We saw in Section 1.4 that there exists a close relationship between DQPTs in topological

systems and topological phase transitions. In general, quenches between phases with different

topological numbers yields a DQPT. However, the converse does not hold [22].

In general, there exists a relationship between DQPTs and equilibrium phase transitions
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(EPTs). But it has been shown that DQPTs and EPTs are not in one-to-one correspondence. The

authors of Ref. [28] studied DQPTs in an XY chain with a transverse magnetic field. They found

that a quench across critical lines of parameters in the XY model doesn’t yield DQPTs. Thus

DQPTs turn out to be an interesting critical phenomenon, distinct from equilibrium phase transitions.

More nonequilibrium critical points can be found in Ising spin chains, that are not related to any

underlying equilibrium quantum or thermal phase transition [41–43].

1.6 Outline of the thesis

In this thesis, we look at DQPTs and other nonanalyticities in the time evolution of supercon-

ductors.

In Chapter 2, we study how DQPTs that can occur in topological superconductors. This is

different than previous research on this topic, such as Ref. [22], because we do not use the equilibrium

superconducting gap function. Rather we calculate the superconducting mean field gap function

self-consistently. We derive the required nonequilibrium mean field theory from first principles and

show that the resulting gap function is very different than the equilibrium gap function. We find the

form of singularities that can occur in the Loschmidt echo of topological superconductors, and see

that no DQPT can occur in the topologically trivial s-wave superconductor. This work is published

as Ref. [44].

In Chapter 3, we study the spectral form factor for superconductors. The spectral form factor

is a quantity similar to the Loschmidt echo, that gives us information about the time evolution

of the system. It can be considered a more general property of the Hamiltonian since unlike the

Loschmidt echo, it does not depend on any quench or any particular choice of initial state. We

use an appropriate mean field theory to calculate the spectral form factor for the superconductor.

We show that unconventional superconductors can have singularities in their spectral form factor,

whereas the trivial s-wave superconductor has a featureless spectral form factor. This is due to the

difference in the structure of their superconducting gap functions, which comes from the different

symmetries of the Cooper pair wavefunctions. We calculate the form of singularities in the spectral



16

form factor for topological superconductors of different symmetry classes. We then discuss how the

spectral form factor can be experimentally measured in such systems. This work is published as

Ref. [45].

Chapter 4 looks at the mean field theory for the spectral form factor of superconductors in

detail. The most general time-dependent mean field theory is derived in detail for a simple model

which is that of a single-channel flat-band superconductor. This model is useful because its spectral

form factor can also be calculated exactly, without the use of any mean field. We show that the

exact result agrees with the result obtained using our mean field theory, thus providing a verification

of our mean field formalism. In addition, this shows the existence of complex nontrivial saddle points

in the path integral representation of the spectral form factors of superconductors. This is the first

model for which such nontrivial saddle points have been explicitly calculated. This work is presented

in Ref. [46].

Chapter 5 ends the thesis with a summary of our important results and a discussion of topics

for further research.



Chapter 2

Dynamical Quantum Phase Transitions in Superconductors

2.1 Introduction

Superconducting Hamiltonians are considered to be highly non-trivial since they include

electron-electron interaction terms [7, 47]. These Hamiltonians can be dealt with using a mean-field

approximation [48]. The expectation value of the sum of electron-pair-annihilation operators can

be approximated as a mean field. Using this mean field, the superconducting Hamiltonian reduces

to a Hamiltonian with non-interacting electrons. This can then be diagonalized to solve for the

mean field self-consistently. The mean-field approximation becomes exact in the thermodynamic

limit. When the mean-field theory is used to calculate the ground state of the superconducting

Hamiltonian, then this mean field is also known as the gap function. The energy gap between the

ground state and the first excited state is twice the gap function.

Dynamics of superconducting Hamiltonians has been significantly studied in the literature [12,

22, 49–61]. Out of these, the authors in Refs. [12, 22, 57, 58] get results for dynamical quantum

phase transitions (DQPT) in superconductors. However, these authors either take the mean field to

be constant throughout the time-evolution, or evaluate it using an equilibrium formalism. Their

mean-field formalism doesn’t necessarily satisfy the time-dependent self-consistency equations, as we

shall see in this chapter.

In this chapter, we derive the expression for the Loschmidt echo of a superconductor from

first principles. We shall see how the Loschmidt echo can have nonanalyticities, leading to DQPTs.

In particular, we will see how DQPTs can occur in topological superconductors, but not in the
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topologically trivial s-wave superconductor.

2.2 Path integral formulation of the Loschmidt echo

We start by calculating the Loschmidt echo for the Hamiltonian of an s-wave superconductor.

This calculation can be easily generalized to that for other superconducting Hamiltonians.

The s-wave superconducting Hamiltonian takes the form [7]

Ĥ =
∑
p,σ

ξp â
†
pσâpσ −

g

V

∑
p,q,k

â†k
2
+p↑â

†
k
2
−p↓âk

2
−q↓âk

2
+q↑ , (2.1)

with

ξp =
p2

2m
− µ , (2.2)

where â†pσ and âpσ are respectively the creation and annihilation operators for the fermions with

momentum p and spin σ, g is the inter-electron interaction strength, µ is the chemical potential,

and V is the volume of the system. In the applications to superconductivity, only the terms with

k = 0 play a substantial role [7]. From now on we will therefore remove summation over k and set

k = 0 with the result

Ĥ =
∑
p,σ

ξp â
†
pσâpσ −

g

V

∑
p,q

â†p↑â
†
−p↓â−q↓âq↑ . (2.3)

We are interested in calculating the Loschmidt echo, that is the quantity1

Z = ⟨Ψi| e−iĤt |Ψi⟩ . (2.4)

Here |Ψi⟩ is some state which is not an eigenstate of Ĥ. We would like to use mean field

theory to do this calculation, as is common in the theory of superconductivity. It is argued that

as long as the total number of fermions is large, mean field theory is a good approximation for the

Hamiltonian (2.1) [7].

1The standard definition of the Loschmidt echo is
∣∣⟨Ψi| eiH2te−iH1t |Ψ⟩

∣∣2. If Ψ is the eigenstate of H1, up to taking
its absolute value square it effectively reduces to Eq. (2.4).
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Setting up mean field theory for purpose of calculating Loschmidt echo is subtle. Let us set

up the appropriate formalism to do it.

We express the echo in terms of the coherent state functional integral [62]

Z =

∫
DψDψ̄ ei

∫ t
0 dτ{

∑
pσ[ψ̄pσ(i ∂

∂τ
−ξp)ψpσ]+ g

V

∑
p,q ψ̄p↑ψ̄−p↓ψ−q↓ψq↑} . (2.5)

In order to represent the required matrix element of the evolution operator, the fields ψpσ and ψ̄pσ

must satisfy the appropriate boundary conditions at τ = 0 and τ = t whose specific form will not be

important here.

As common in the theory of superconductivity we introduce the Hubbard-Stratonovich field ∆

[63], which results in

Z =

∫
D∆D∆̄ eiW , (2.6)

where

eiW =

∫
DψDψ̄ eiS ,

S =

∫ t

0
dτ

{∑
pσ

[
ψ̄pσ

(
i
∂

∂τ
− ξp

)
ψpσ

]
+∆

∑
p

ψ̄p↑ψ̄−p↓ + ∆̄
∑
p

ψ−p↓ψp↑ −
V

g
∆̄∆

}
.(2.7)

We calculate the integral over ∆ and ∆̄ using the saddle point approximation. Varying W

over ∆̄(τ) at some time τ , we find

1

Z

∫
DψDψ̄

(∑
p

ψ−p↓(τ)ψp↑(τ)−
V

g
∆(τ)

)
eiS = 0 . (2.8)

Going back to the operator formalism and restoring the boundary conditions, this resulting functional

integral can be reinterpreted as

∆(τ) =
g

V Z
∑
p

⟨Ψi| e−iĤ(t−τ)â−p↓âp↑e
−iĤτ |Ψi⟩ . (2.9)
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Similarly, by varying W over ∆ we find

∆̄(τ) =
g

V Z
∑
p

⟨Ψi| e−iĤ(t−τ)â†p↑â
†
−p↓e

−iĤτ |Ψi⟩ . (2.10)

This is the version of the saddle point (or gap) equation appropriate for calculating the Loschmidt

echo. We notice that Eq. (2.10) is not the complex conjugate of Eq. (2.9), unlike in the more common

occurrences of the gap equation where ∆ and ∆̄ are usually complex conjugates of each other.

The mean field Hamiltonian follows from Eq. (2.7) to be

Ĥ =
∑
pσ

ξp â
†
pσâpσ −∆

∑
p

â†p↑â
†
−p↓ − ∆̄

∑
p

â−p↓âp↑ +
V

g
∆̄∆ . (2.11)

The initial state |Ψi⟩ in our formalism is a coherent state and so does not have a fixed number

of particles. To fix the particle number we can introduce the time-dependent chemical potential as a

Lagrange multiplier. That generalizes the formalism to include

Z =

∫
D∆D∆̄Dµ eiW−iN

∫ t
0 dτ µ(τ), (2.12)

where

eiW =

∫
DψDψ̄ eiS[µ] , (2.13)

S[µ] =

∫ t

0
dτ

{∑
pσ

[
ψ̄pσ

(
i
∂

∂τ
− p2

2m
+ µ(τ)

)
ψpσ

]
+∆

∑
p

ψ̄p↑ψ̄−p↓ + ∆̄
∑
p

ψ−p↓ψp↑ −
V

g
∆̄∆

}
.

We now apply the saddle point approximation not only over ∆ and ∆̄, but also over µ. The saddle

point over µ gives

N =
1

Z
∑
pσ

⟨Ψi| e−iĤ(t−τ)â†pσâpσe
−iĤτ |Ψi⟩ . (2.14)

This equation should be solved together with the gap equation (2.9) and (2.10). It will fix the value

of the chemical potential.
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2.3 Anderson Pseudospins

It is customary when working with Hamiltonians such as (2.3) to define the effective spin

operators, often called Anderson pseudospins [64],

ŝ−p = â−p↓âp↑ , ŝ+p = â†p↑â
†
−p↓ , ŝzp =

1

2

(
â†p↑âp↑ + â†−p↓â−p↓ − 1

)
, (2.15)

where

ŝ−p = ŝxp − iŝyp , ŝ+p = ŝxp + iŝyp . (2.16)

These satisfy the usual SU(2) algebra of the angular momentum operators,

[ŝxp, ŝ
y
p] = iŝzp , [ŝyp, ŝ

z
p] = iŝxp , [ŝzp, ŝ

x
p] = iŝyp . (2.17)

In terms of these, the Hamiltonian (2.3) can be rewritten as

Ĥ = 2
∑
p

ξpŝ
z
p − g

V

∑
p,q

ŝ+p ŝ
−
q . (2.18)

We use this Hamiltonian to derive equations of motion of the time-dependent Heisenberg spin

operators, with the result

˙̂s−p = −2iξpŝ
−
p − 2i∆̂ ŝzp ,

˙̂s+p = 2iξpŝ
+
p + 2i ˆ̄∆ ŝzp , ṡ

z
p = i

(
∆̂ŝ+p − ˆ̄∆ŝ−p

)
, (2.19)

where

∆̂ =
g

V

∑
p

ŝ−p , ˆ̄∆ =
g

V

∑
p

ŝ+p . (2.20)

Now the key is that operators ∆̂ and ˆ̄∆ are expressed as a sum over a large number of spins.

Therefore, their quantum fluctuations can be neglected and they can be replaced by their expectation
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values with respect to the state of the system at the initial moment of time |Ψi⟩,

∆ =
g

V

∑
p

⟨Ψi| ŝ−p |Ψi⟩ , ∆̄ =
g

V

∑
p

⟨Ψi| ŝ+p |Ψi⟩ . (2.21)

Substituting this into the equations (2.19) makes the pseudospin equations of motion linear in

operators. As a result, we can replace the remaining operators in these equations of motion by their

expectation values, also over the initial state |Ψi⟩, and obtain fully classical equations of motion

ṡ−p = −2iξps
−
p − 2i∆ szp , ṡ

+
p = 2iξps

+
p + 2i∆̄ szp , ṡ

z
p = i

(
∆s+p − ∆̄s−p

)
, (2.22)

where

∆ =
g

V

∑
p

s−p , ∆̄ =
g

V

∑
p

s+p . (2.23)

Equations (2.22) together with (2.23) represent nonlinear but exactly solvable (integrable) equations

of motion in this problem. These can in principle be solved to find the classical pseudospins s−p , s+p ,

szp evolving in time.

It is also instructive to rewrite these pseudospins in terms of the amplitudes appearing in the

Bardeen-Cooper-Schrieffer (BCS) wavefunction [7]. We are interested in time evolution of the states

which take the form

|Ψ(τ)⟩ =
∏
p

(
up(τ) + vp(τ)ŝ

+
p

)
|0⟩ , (2.24)

where |0⟩ is the fermion vacuum or the state where all the pseudospins point downward so that it is

annihilated by all the operators ŝ−p . For the initial state |Ψi⟩, up and vp take the initial values uip,

vip.

We can derive equations of motion for up(τ), vp(τ) by applying the Hamiltonian (2.18) to the

wave function (2.24), which gives

iu̇p = −ξpup − ∆̄ vp , iv̇p = ξpvp −∆up , (2.25)
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where we apply the same quasiclassical approximation to produce ∆ as given by Eq. (2.23). These

amplitudes up, vp are related to the classical pseudospins as

s+p (τ) = ⟨Ψ(τ)| ŝ+p |Ψ(τ)⟩ = v∗p(τ)up(τ) , s
−
p (τ) = ⟨Ψ(τ)| ŝ−p |Ψ(τ)⟩ = u∗p(τ)vp(τ) , (2.26)

szp(τ) = ⟨Ψ(τ)| ŝzp |Ψ(τ)⟩ =
v∗p(τ)vp(τ)− u∗p(τ)up(τ)

2
. (2.27)

We see that these classical pseudospins are constrained as

√
s+p s

−
p +

(
szp
)2

=
1

2
. (2.28)

This allows us to rewrite the equation (2.23) as

∆(τ) =
g

V

∑
p

u∗p(τ)vp(τ) , ∆̄(τ) =
g

V

∑
p

v∗p(τ)up(τ) . (2.29)

Of course, under the definitions (2.26), (2.27), equations of motion (2.22) together with (2.23) map

into (2.25) together with (2.29). Therefore, these two sets of equations represent two equivalent ways

of representing the equations of motion in this problem.

This is the usual way in which dynamics of superconductors is calculated in the literature

[49–56, 58–60]. But following the discussion in Section 2.2, we need to calculate ∆ and ∆̄ using a

different approach when trying to evaluate the Loschmidt echo. From Eqs. (2.9) and (2.10), we get

∆(τ) =
g

V

∑
p

⟨Ψi| e−iĤ(t−τ)ŝ−p e
−iĤτ |Ψi⟩

⟨Ψi| e−iĤt |Ψi⟩
, ∆̄(τ) =

g

V

∑
p

⟨Ψi| e−iĤ(t−τ)ŝ+p e
−iĤt |Ψi⟩

⟨Ψi| e−iĤt |Ψi⟩
. (2.30)

These are similar to the generalized expectation values introduced in Ref. [65]. To work with these

equations we define

|Ψ(τ)⟩ = e−iĤτ |Ψi⟩ ,
∣∣∣Ψ̃(τ)

〉
= e−iĤ(τ−t) |Ψi⟩ . (2.31)

These result in two sets of amplitudes, up, vp as well as ũp and ṽp. The latter are defined according
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to Eq. (2.24) but with Ψ replaced with Ψ̃, up with ũp, and vp with ṽp.

ũp and ṽp satisfy the same equations of motion as their up, vp counterparts, Eq. (2.25).

However, whereas we have the initial conditions

up(0) = uip , vp(0) = vip , (2.32)

we have the boundary conditions for the new amplitudes,

ũp(t) = uip , ṽp(t) = vip . (2.33)

At the same time, we can evaluate the expectation values in Eq. (2.30) to produce

∆(τ) =
g

V

∑
p

ũ∗p(τ)vp(τ)

2Sp
, ∆̄(τ) =

g

V

∑
p

ṽ∗p(τ)up(τ)

2Sp
. (2.34)

Here we defined

2Sp = ũ∗p(τ)up(τ) + ṽ∗p(τ)vp(τ) . (2.35)

While the amplitudes on the right hand side of this equation are all dependent on τ , one can check

with the equations of motion (2.25) that Sp are independent of τ , while of course they depend on t.

Eq. (2.34) replaces the earlier equation (2.29) which is not adequate for the purpose of calculating

the Loschmidt echo.

Therefore, we arrive at what appears to be a rather difficult problem. We need to solve the

equations of motion (2.25) for up, vp with the initial conditions (2.32) as well as the same equations

of motion for their counterparts ũp, ṽp but with the initial conditions (2.33), all the while keeping ∆

to be given by the Eq. (2.34).

We can simplify the problem somewhat if we define a new set of variables by generalizing
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Eqs. (2.26), (2.27) as

s+p (τ) =
ṽ∗p(τ)up(τ)

2Sp
, s−p (τ) =

ũ∗p(τ)vp(τ)

2Sp
, szp(τ) =

ṽ∗p(τ)vp(τ)− ũ∗p(τ)up(τ)

4Sp
. (2.36)

The normalization condition (2.28) still holds for the new variables. In other words, these are new

pseudospins – vectors of fixed length. Remarkably, the new pseudospins satisfy the same equations

of motion (2.22) as the old ones and, moreover, the gap equations also retain their form (2.23). So

this approach has the advantage of keeping the familiar equations of motion. The difficulty is now

that the boundary conditions (2.32) and (2.33) must now be reworked in terms of these pseudospins.

One can check that this gives

1 + 2szp(0)

2s+p (0)
=
vip
uip

,
1 + 2szp(t)

2s−p (t)
=
v∗ip
u∗ip

. (2.37)

Therefore, the goal is now to solve the equations of motion (2.22) with (2.23), while imposing the

boundary conditions (2.37). One should also note that for these new pseudospins s+p is not equal to

the complex conjugate of s−p , and szp is not necessarily real.

2.4 Evaluating the Loschmidt echo for a superconducting Hamiltonian

As shown in the previous section, in order to evaluate the Loschmidt echo for an s-wave

superconductor, we need to solve the equations of motion (2.22) and (2.23), with the boundary

condition (2.37). This is a hard problem since we have the boundary conditions at two different

values of the time τ , i.e., at 0 and t. This is unlike the calculation of the dynamics of superconductors

in literature, where the initial conditions directly specify the values of the pseudospins sp at τ = 0.

One approach to solve this problem would be an iterative procedure. We would start with an

initial guess for the pseudospins sp(τ = 0), satisfying the first equation in (2.37). The pseudospins

are evolved according to Eqs. (2.22) and (2.23). If at the end of the time-evolution, the boundary

condition at τ = t from Eq. (2.37) is satisfied, then our initial guess for sp(τ = 0) was correct and



26

the Loschmidt echo can be evaluated. However, in general, the boundary condition at τ = t will

not be satisfied. In that case, the initial guess should be modified so that the left-hand-side of the

boundary condition at τ = t in Eq. (2.37) approaches the right-hand-side. This is usually done

using methods like gradient descent. But this is not feasible for this problem where there are a large

number of pseudospins. We shall also see later in this chapter that such a procedure does not reveal

DQPTs in the time evolution.

However, it is worth exploring how these equations of motion (2.22) and (2.23) work. We

look at a simple case of a superconducting Hamiltonian where it is relatively easy to calculate the

Loschmidt echo.

2.4.1 Flat-band single channel model

We study a simple case here involving a flat-band superconducting Hamiltonian. For a flat

band, the bare fermion dispersion relation is independent of the momentum of the fermion. We have

ξp = ξ for all p. To avoid worrying about the underlying lattice which can produce this dispersion

relation, we do away with the momentum label p. Instead, we index the distinct modes of fermions

(and pseudospins) with index n. We consider N species of spin-12 fermions with the Hamiltonian

Ĥ = ξ

N∑
n=1

(
â†n↑ân↑ + â†n↓ân↓

)
− g

N

N∑
n=1

N∑
m=1

â†n↑â
†
n↓âm↓âm↑ . (2.38)

The corresponding pseudospin evolution equations (2.22) become

ṡ−n = −2iξs−n − 2i∆szn , ṡ
+
n = 2iξs+n + 2i∆̄szn , ṡ

z
n = i∆s+n − i∆̄s−n , (2.39)

and the self-consistency condition Eq. (2.23) becomes

∆ =
g

N

∑
n

s−n , ∆̄ =
g

N

∑
n

s+n . (2.40)
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Let us introduce the notation,

s+ =
1

N

∑
n

s+n =
∆̄

g
, s− =

1

N

∑
n

s−n =
∆

g
, sz =

1

N

∑
n

szn . (2.41)

These satisfy

ṡ− = −2iξs− − 2igs−sz , ṡ+ = 2iξs+ + 2igs+sz , ṡz = 0 . (2.42)

sz is constant in time τ , so we get

ṡ− = −2i(ξ + gsz)s− , ṡ+ = 2i(ξ + gsz)s+ . (2.43)

This gives us the time-dependence of s− and s+ as

s−(τ) = s−0 e
−2i(ξ+gsz)τ , s+(τ) = s+0 e

2i(ξ+gsz)τ . (2.44)

At this stage sz is an arbitrary constant. Using these, the equations of motion for individual spins

(2.39) become

ṡ−n = −2iξs−n − 2igs−0 e
−2i(ξ+gsz)τszn ,

ṡ+n = 2iξs+n + 2igs+0 e
2i(ξ+gsz)τszn ,

ṡzn = igs−0 e
−2i(ξ+gsz)τs+n − igs+0 e

2i(ξ+gsz)τs−n .

(2.45)

Let’s denote

s−n = c−n e
−2i(ξ+gsz)τ , s+n = c+n e

2i(ξ+gsz)τ , (2.46)

so that the equations of motion for s−n and s+n simplify to

ċ−n = −2igs−0 s
z
n + 2igszc−n ,

ċ+n = 2igs+0 s
z
n − 2igszc+n ,

ṡzn = igs−0 c
+
n − igs+0 c

−
n .

(2.47)
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These transformations eliminate ξ from the time-evolution equations. We get a system of linear

differential equations in (c−n , c
+
n , s

z
n) for each n. The eigenfrequencies of this system are 0 and ±ω,

where

ω = 2gs , s =
√

(sz)2 + s+0 s
−
0 . (2.48)

The pseudospin is not normalized here, in the sense that s doesn’t equal 1
2 in general. The general

solution of Eq. (2.47) is


c−n (τ)

c+n (τ)

szn(τ)

 = An


s−0

s+0

sz

+Bn


s−sz
s+0

− s+0
s−sz

1

 e−2igsτ + Cn


− s+sz

s+0
s+0
s+sz

1

 e2igsτ . (2.49)

Rewriting this, we get the simplified form,

s−n (τ) = s−0 e
−2i(ξ+gsz)τ

(
An +

Bn
s+ sz

e−2igsτ − Cn
s− sz

e2igsτ
)
,

s+n (τ) = s+0 e
2i(ξ+gsz)τ

(
An −

Bn
s− sz

e−2igsτ +
Cn

s+ sz
e2igsτ

)
,

szn(τ) = Ans
z +Bne

−2igsτ + Cne
2igsτ .

(2.50)

The conditions (2.41) enforce on the coefficients,

1

N

∑
n

An = 1 ,
1

N

∑
n

Bn = 0 ,
1

N

∑
n

Cn = 0 . (2.51)

We can solve for the coefficients An, Bn, and Cn, from Eq. (2.50) along with the boundary condition

(2.37). Let us write the initial condition as αn = vin/uin, where uin and vin are the initial amplitudes

defined in Eq. (2.32). Also let’s write ϕ = 2(ξ + gsz)t and θ = 2gst. Using these we obtain the
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solution,

An =
1

2s

eiθ((s+ sz)α∗
n + s+0 e

iϕ)((s− sz) + s+0 αn) + ((s− sz)α∗
n − s+0 e

iϕ)((s+ sz)− s+0 αn)

eiθ((s+ sz)α∗
n + s+0 e

iϕ)((s− sz) + s+0 αn)− ((s− sz)α∗
n − s+0 e

iϕ)((s+ sz)− s+0 αn)
,

Bn =
−eiθ

2s

(s− sz)((s+ sz)α∗
n + s+0 e

iϕ)((s+ sz)− s+0 αn)

eiθ((s+ sz)α∗
n + s+0 e

iϕ)((s− sz) + s+0 αn)− ((s− sz)α∗
n − s+0 e

iϕ)((s+ sz)− s+0 αn)
,

Cn =
1

2s

(s+ sz)((s− sz)α∗
n − s+0 e

iϕ)((s− sz) + s+0 αn)

eiθ((s+ sz)α∗
n + s+0 e

iϕ)((s− sz) + s+0 αn)− ((s− sz)α∗
n − s+0 e

iϕ)((s+ sz)− s+0 αn)
.

(2.52)

Substituting these expressions in the condition (2.51), we can solve for s+0 , s−0 and sz in terms of the

initial conditions αn.

In a similar way, we can calculate the time-dependence of the amplitudes un and vn. Evaluating

the time-evolution equation (2.25), we get

un(τ) = ei(ϵ+gs
z)τ

[
(s− sz)uin + s+0 vin

2s
eigsτ +

(s+ sz)uin − s+0 vin
2s

e−igsτ
]
,

vn(τ) = e−i(ϵ+gs
z)τ

[
s−0 uin + (s+ sz)vin

2s
eigsτ − s−0 uin − (s− sz)vin

2s
e−igsτ

]
.

(2.53)

In terms of these amplitudes, the Loschmidt echo (2.4) can be written as

Z(t) = e
−iN ∆̄∆

g
t
∏
n

(u∗inun(t) + v∗invn(t)) . (2.54)

Therefore the Loschmidt echo for the single-channel flat-band superconducting Hamiltonian evaluates

to

Z(t) = e−iNgs
+
0 s

−
0 t
∏
n

[
u∗ine

i(ϵ+gsz)t

[
(s− sz)uin + s+0 vin

2s
eigst +

(s+ sz)uin − s+0 vin
2s

e−igst
]
+

v∗ine
−i(ϵ+gsz)t

[
s−0 uin + (s+ sz)vin

2s
eigst − s−0 uin − (s− sz)vin

2s
e−igst

]]
.

(2.55)

We evaluate the Loschmidt echo by substituting for s+0 , s−0 , sz, and s =
√
(sz)2 + s+0 s

−
0 , from the
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self-consistency condition (2.51). Thus we get the explicit expression of the Loschmidt echo for the

superconducting Hamiltonian in (2.38).

2.5 Dynamical Quantum Phase Transitions in Quenched Topological Super-

conductors

This section is based on the results presented in our paper [44]. In the previous section, we saw

how to evaluate the Loschmidt echo of a superconductor. We were able to find the analytic expression

for the Loschmidt echo of a flat-band single-channel superconductor in Eq. (2.55). This is not the

case for a general superconductor. Solving the equations of motion (2.22) with self-consistency

conditions (2.30) and boundary conditions (2.37) remains an open problem in general. The reason

for this is the complicated form of the mean field equation (2.30). In order to calculate ∆(τ) and

∆̄(τ) at some time τ between 0 and t, we need to know the mean-field Hamiltonian Ĥ at all times

τ ′ between 0 and t. This implies from Eq. (2.11) that to calculate ∆(τ) and ∆̄(τ), we need to know

the values of ∆(τ ′) and ∆̄(τ ′) for all times τ ′ between 0 and t.

It turns out that even though we cannot explicitly calculate the expression for the Loschmidt

echo, it is possible in certain cases to look for singularities in the Loschmidt echo. In the seminal

paper on dynamical quantum phase transitions (DQPTs) in quantum systems [15], the authors define

a DQPT to be a singularity in lnZ(t). A singularity occurs in lnZ(t) at a critical time t = tn where

Z(tn) = 0. The mean-fields given by Eqs. (2.9) and (2.10) diverge since the denominator on the

right of these equations vanishes when Z(t) = 0. In this section we shall see that it is possible to

calculate the divergent term in lnZ(t) near the critical time t = tn, without explicitly calculating

Z(t).

In this section, we first look for DQPTs in the 2D chiral p-wave superconductor. This turns out

to be the simplest superconducting system which shows DQPTs. A 2D chiral p-wave superconducting

Hamiltonian can be realized using a 2D crystal of ions in a Penning trap [60]. Such a Hamiltonian

involves spinless or spin-polarized fermions that cannot interact in the s-wave channel [33, 53, 66].

Their strongest interactions are in the p-wave channel. In 2D space, their Hamiltonian takes the
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following form

Ĥ =
∑
p

ξp â
†
pâp − 2g

V

∑
p,q,k

p · q â†k
2
+p
â†k

2
−p
âk

2
−qâk

2
+q . (2.56)

Here

ξp =
p2

2m
− µ, (2.57)

â†p and âp are the creation and annihilation operators for the spinless fermions, g is the coupling

constant and V is the volume of the system. When describing superconductivity, only the terms

with k = 0 play a substantial role. So we drop the summation over k and set k = 0 to get

Ĥ =
∑
p

ξp â
†
pâp − 2g

V

∑
p,q

p · q â†pâ
†
−pâ−qâq . (2.58)

The most interesting superconducting phase described by this Hamiltonian is the chiral phase [33]

where

⟨â−pâp⟩ ∼ eiϕp , (2.59)

where ϕp is the polar angle of the vector p in 2D space. It is also often referred to as px + ipy phase

of the superconductor. In this phase, it is advantageous to split the interaction according to

p · q =
1

2
[(px + ipy) (qx − iqy) + (px − ipy) (qx + iqy)] . (2.60)

The right-most term in (2.60), when substituted into Eq. (2.58), produces zero in the px + ipy phase

and therefore can be removed altogether, with the result

Ĥ =
∑
p

ξp â
†
pâp − g

V

∑
p,q

p q ei(ϕp−ϕq)â†pâ
†
−pâ−qâq , (2.61)

Importantly, this nullification happens in any state, ground state or excited state, where Eq. (2.59)

holds. Here we restrict ourselves only to such states. In particular, we are going to consider time

evolution of some initial state. All such initial states will be chosen to satisfy Eq. (2.59). Then we
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can fully rely on Eq. (2.61) as the Hamiltonian describing the time evolution.

The Hamiltonian (2.61) can be rewritten in a simpler form by absorbing the phases ϕp and

ϕq in the creation and annihilation operators

ei
ϕp
2 â†p → â†p , e−i

ϕp
2 âp → âp , (2.62)

with the result

Ĥ =
∑
p

ξp â
†
pâp − g

V

∑
p,q

p q â†pâ
†
−pâ−qâq. (2.63)

Using mean-field theory, this p-wave Hamiltonian becomes

Ĥ =
∑
p

ξp â
†
pâp −∆

∑
p

p â†pâ
†
−p − ∆̄

∑
p

p â−pâp . (2.64)

As shown in the previous sections, the mean fields ∆ and ∆̄ are in general time-dependent, and are

evaluated using the self-consistency equations. We evaluate these mean fields later in this section.

We shall see that for the chiral p-wave superconductor, ∆ and ∆̄ are continuous functions of time

and do not diverge at a DQPT. For now we treat ∆ and ∆̄ as some given time-dependent functions,

and show how one can obtain singularities in the Loschmidt echo.

We start by writing a BCS (Bardeen-Cooper-Schrieffer) eigenstate of the Hamiltonian (2.64)

as

|Ψ⟩ =
∏
p

(
up + vp â

†
pâ

†
−p

)
|0⟩ , (2.65)

where |0⟩ is a vacuum. Normalization of this wave function requires that

|up|2 + |vp|2 = 1 . (2.66)

We consider the standard quench problem. We initialize the system in the ground state |Ψi⟩

of the form (2.65) parametrized by uip and vip. The chemical potential µ of the Hamiltonian is

suddenly changed to a new value so that |Ψi⟩ is no longer its eigenstate. The state now evolves
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forward with the new Hamiltonian. Knowing the time-dependent state |Ψ(τ)⟩ , we can calculate the

Loschmidt echo according to Eq. (2.4), or with Z(t) =
〈
Ψi

∣∣∣Ψ(t)
〉
. We would like to see if there are

values of “Loschmidt time" t at which Z(t) is singular.

Let the initial values of the amplitudes be up(0) = uip and vp(0) = vip. We get the time-

evolution equations, analogous to Eq. (2.25), as

iu̇p = −ξpup − ∆̄ p vp , iv̇p = ξpvp −∆ p up . (2.67)

To calculate the Loschmidt echo, we evolve |Ψ⟩ to the Loschmidt time t and project it back onto

itself, with the result

Z =
∏
p

2Sp , lnZ = V

∫
d2p ln (2Sp) , (2.68)

where

2Sp(t) = u∗ipup(t) + v∗ipvp(t). (2.69)

A typical mechanism for lnZ to become singular is for Sp to vanish at some critical value

t = tn, at some value pc. Let us show that the S0 ≡ limp→0 Sp can vanish in a particularly simple

way. Indeed, the equations of motion of u0, v0 (also understood as limits when p is taken to zero)

can be solved directly, as they decouple from the functions ∆(τ), ∆̄(τ), with the result

u0 = ui0 e
iξ0τ , v0 = vi0 e

−iξ0τ . (2.70)

Substituting this into Eq. (2.69) and taking into account Eq. (2.66) we find

2S0(t) = cos(ξ0t) + i (u∗i0ui0 − v∗i0vi0) sin(ξ0t) . (2.71)

S0 vanishes as a function of t only if

|ui0|2 = |vi0|2 . (2.72)
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Therefore let us restrict our attention to this case. It is well-known that the p-wave superconductor

we study here can be in the weakly coupled phase or strongly coupled phase depending on the sign

of ξ0 = −µ. The condition (2.72) holds true in the ground state at the critical point between the

phases only. Therefore, from now on we consider |Ψi⟩ to be the ground state of a critical p-wave

superconductor, while the Hamiltonian after the quench will describe the strongly coupled ξ0 > 0 or

weakly coupled ξ0 < 0 phase. In other words, the chemical potential effectively changes from µi = 0

to a nonzero µ as a result of the quench. It is necessary to keep µ in the mean-field Hamiltonian (2.64)

to make sure we have the correct average fermion number [58].

With S0 turning to zero at times tn = π(n+ 1/2)/ |ξ0| with integer n, Z can now be singular

at t = tn. However, S0 becoming zero at these times is not by itself a sufficient condition for Z to

be singular. To understand if it becomes singular at these times, we need to examine not just the

point p = 0 in momentum space but also its vicinity. Fortunately in this region we can solve the

equations of motion (2.67) perturbatively, using p as a small parameter. The solution reads

up(τ) =

(
uip + ivip p

∫ τ

0
dτ ′ ∆̄(τ ′) e−2iξpτ ′

)
eiξpτ ,

vp(τ) =

(
vip + iuip p

∫ τ

0
dτ ′∆(τ ′) e2iξpτ

′
)
e−iξpτ . (2.73)

This allows us to calculate, from Eq. (2.69),

2Sp(t) ≈ u∗ipuip e
iξpt + v∗ipvip e

−iξpt + iv∗ipuip p fpe
−iξpt + iu∗ipvip p f̄pe

iξpt , (2.74)

where

fp =

∫ t

0
dτ∆(τ) e2iξpτ , f̄p =

∫ t

0
dτ∆̄(τ) e−2iξpτ . (2.75)

Eq. (2.74) is an expansion in powers of p, therefore uip, vip and ξp themselves need to be expanded

in powers of p. Generally, taking into account Eq. (2.72), this expansion has the form

2 |uip|2 = 1 + αp+ . . . , 2 |vip|2 = 1− αp+ . . . , (2.76)
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where α is some (real) constant. This leads to

2Sp ≈ cos(ξ0t) +
1

2

(
if̄0 + α

)
p eiξ0t +

1

2
(if0 − α) p e−iξ0t . (2.77)

We examine the vicinity of the point in time where S0 vanishes. Expanding in powers of t− tn and

p we find

2Sp ≈ (−1)n [|ξ0|(tn − t) + sign(ξ0)βp] , β = iα+
(
f0 − f̄0

)
/2 . (2.78)

We now know, quite generally, the behavior of Sp in the vicinity of the point p = 0 and time tn

where a singularity of Z can occur. We can estimate the contribution of small p to the Loschmidt

echo (2.68) by writing
1

Z
∂Z
∂t

= 2πV

∫ p0

0

p dp

t− tn − βp/ξ0
, (2.79)

where p0 is some momentum beyond which the expansion (2.78) no longer holds. The integral is

easy to evaluate and produces

1

V Z
∂Z
∂t

=
2πξ20 (t− tn)

β2
ln

[
ξ0(t− tn)

βp0

]
(2.80)

as the singular contribution to the Loschmidt echo (with the second derivative of lnZ over time t

and therefore also with ∂2Z/∂t2 having a logarithmic singularity).

Equation (2.80) is an important result here. We have obtained the form of singularities in

the Loschmidt echo of a 2D p-wave superconductor, without explicitly calculating the expression

for the Loschmidt echo at all times. A 2D p-wave superconductor when quenched out of its critical

point into either its weak (topological) or strong (non-topological) phase has periodic singularities in

its Loschmidt echo where its second derivative over time diverges logarithmically. The singularity

is driven by the behavior of small momentum fermions. The parameter α which appears in the

calculations above is controlled by the initial amplitudes uip, vip. Those can be found as the ground

state of the Hamiltonian before quench is known. Being at the critical point where ξ0 = −µi = 0, it
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must have the form

Ĥi =
∑
p

p2

2m
â†pâp −∆i

∑
p

p â†pâ
†
−p − ∆̄i

∑
p

p â−pâp , (2.81)

where ∆i and ∆̄i are the equilibrium gap functions. Calculating its ground state is a standard

exercise [7]. Evaluating uip and vip leads to α = 1/
(
4m
√

∆̄i∆i

)
.

We would like to point out that the ratio of the amplitudes vip/uip goes either to infinity or to

zero in the two phases of the 2D chiral p-wave superconductors as p→ 0, determining the topological

properties of these phases [67]. The only exception is the critical point between the phases where

this ratio is 1. Therefore, the criticality in the Loschmidt echo directly reflects the fact that before

the quench the system is at the critical point between the two phases with different topology.

The question still remains whether Sp can also vanish at other values of momenta, perhaps

leading to other singularities in Z which we also need to explore. We would like to argue that this

does not happen. To do this, we need to understand further how ∆ and ∆̄ are related to the fermions.

Usually in the problem of quantum quench where the goal is to calculate |Ψ(τ)⟩ after the quench,

the following equation is used for ∆ (analogous to Eq. (2.29)) for the s-wave superconductor),

∆(τ) =
g

V

∑
p

p ⟨Ψ(τ)| â−pâp |Ψ(τ)⟩ = g

V

∑
p

p u∗p(τ)vp(τ) , (2.82)

and its complex conjugate for ∆̄(τ). Substituting this into Eq. (2.67) produces the equations of

motion for up and vp. They are nonlinear but known to be integrable. Their solution can be found

for a variety of initial conditions and allows to calculate |Ψ(t)⟩ in many interesting cases [53].

However, we showed in Section 2.3 that these equations are not suitable for calculating the

Loschmidt echo (2.4). The resulting wave function |Ψ(t)⟩, while well suited for calculating the

expectation values of local observables in the problem and finding their time-dependence, produces

wrong results if used to evaluate overlaps of |Ψi⟩ and |Ψ(t)⟩ occurring in the calculation of Z.

We note that the Loschmidt echo is simply a matrix element of the evolution operator. These
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can be calculated using the conventional Feynman functional integral, avoiding the intricacies

involved in the Schwinger-Keldysh functional integral construction. Analogous to Eq. (2.9) for the

s-wave superconductor, the saddle point approximation with respect to ∆ and ∆̄ calculated in the

framework of the conventional Feynman functional integral produces (see also Ref. [65])

∆(τ) =
g

V Z
∑
p

p ⟨Ψi| e−iĤ(t−τ)â−pâpe
−iĤτ |Ψi⟩ , (2.83)

and similarly for ∆̄(τ). This equation replaces the equation (2.82) for the purpose of determining ∆

and ∆̄.

Just like in Section 2.3, we introduce the wavefunction

∣∣∣Ψ̃(τ)
〉
= eiĤ(t−τ) |Ψi⟩ . (2.84)

Similar to Eq. (2.24), this wavefunction is characterized by amplitudes ũp(τ) and ṽp(τ) as

∣∣∣Ψ̃〉 =
∏
p

(
ũp + ṽp â

†
pâ

†
−p

)
|0⟩ . (2.85)

ũp(τ) and ṽp(τ) satisfy the same equations of motion as (2.67), but with boundary conditions

ũp(t) = uip and ṽp(t) = vip. In terms of these we find

1

Z
⟨Ψi| e−iĤ(t−τ)â−pâpe

−iĤτ |Ψi⟩ =
ũ∗p(τ)vp(τ)

2Sp
, (2.86)

where Sp can be expressed in terms of these amplitudes as

2Sp(τ) = ũ∗p(τ)up(τ) + ṽ∗p(τ)vp(τ) . (2.87)

Using the equations of motion, it can be shown that Sp does not depend on τ . In particular,

substituting τ = t we see that the definitions (2.87) and (2.69) coincide. With the help of these
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relations we find

∆(τ) =
g

V

∑
p

p ũ∗p(τ)vp(τ)

2Sp
, ∆̄(τ) =

g

V

∑
p

p ṽ∗p(τ)up(τ)

2Sp
, (2.88)

analogous to Eq. (2.34). In order to calculate the Loschmidt echo, we need to solve Eq. (2.67) along

with Eq. (2.88). Unlike in Eq. (2.82), here ∆̄ is not equal to the complex conjugate of ∆.

Solving these new equations of motion is an interesting problem by itself, which will be left

as a subject for future work. Here we would just like to see whether they are compatible with the

singularities in Z that we found earlier. In the quench scenario considered earlier, we had Sp vanish

for small p according to Eq. (2.78). Substituting this into Eqs. (2.88) we find

∆ ∼
∫
ũ∗p(τ)vp(τ) p

2dp

t− tn + βp
. (2.89)

This shows that as a function of t, ∆ will have a divergent second derivative. This by itself does not

affect the earlier established fact of the divergent second derivative of Z.

However, up until now we only analyzed vanishing of S0. What if Sp vanishes for some nonzero

pc? If this were to happen, then the gap equation should be expected to read

∆ ∼
∫

ũ∗p(τ)vp(τ) p
2dp

t− tc + β(p− pc)
, (2.90)

where the expression to be integrated is an approximation valid in the vicinity of p ∼ pc. Taking into

account that β is generally complex and recalling the standard formula Im [1/(x± iϵ)] = ∓iπδ(x),

we see that ∆ will then generally be a discontinuous function of t. If ∆ is discontinuous, so will

be Z.2 On the other hand, Z is closely related to the partition functions of quantum systems [12].

Partition functions of thermal systems cannot be discontinuous functions of temperature. Likewise

we expect that the Loschmidt echo cannot be a discontinuous function of time t, thus we conclude

2Indeed, if ∆ is a discontinuous function of t, so are up and vp as they obey their equations of motion (2.67) which
involve ∆ and ∆̄ explicitly. Therefore Z, constructed from up and vp, will also be a discontinuous function of t
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that the scenario where Sp vanishes for some nonzero p cannot be realized.

Now that we demonstrated the existence of singularities in the 2D chiral p-wave superconductor,

let us return to the simple model we started with – that of the s-wave superconductor. Let us test if

an s-wave superconductor can have a vanishing Sp at some critical pc. Putting this superconductor

in d dimensional space for generality, the gap equation and the expression for the Loschmidt echo

now read

∆ ∼
∫
ũ∗p(τ)vp(τ)p

d−1dp

t− tc + β(p− pc)
,

∂Z
∂t

∼
∫

pd−1dp

t− tc + β(p− pc)
. (2.91)

Again, unless pc = 0, the equations above lead to the discontinuity of ∆ as a function of t and

therefore the discontinuity in Z, which we expect cannot happen. The only exception would be

pc = 0. However, here p = 0 is not special in the same way as in p-wave superconductors. The

spin-triplet pairing in p-wave superconductors ensures that the pseudospin at p = 0 is decoupled

from the rest of the pseudospins. Therefore we are unable to identify any initial conditions for which

S0 can vanish for the s-wave superconductor. We are also not aware of any alternative calculation

showing vanishing of S0 in s-wave superconductors. Overall, this leads to our conclusion that the

Loschmidt echo in s-wave superconductors lacks any singularities.

On the contrary, we expect that the criticality in Loschmidt echo due to the p = 0 mode also

manifests itself in some other topological superconductors. Appendix A shows the calculation for

the Loschmidt echo in the B-phase of superfluid He-3 in three spatial dimensions [8], which is an

example of a class DIII superconductor [68]. Here we see a singularity of the form

1

V Z
∂Z
∂t

∼ ξ30(t− tn)
2 ln

(
ξ0(t− tn)

p0

)
. (2.92)

In this case, it is the third derivative of lnZ that is discontinuous at the DQPT.

Appendix B shows the calculation for the Loschmidt echo of a class CI superconductor. This

is a model defined on a diamond lattice in three spatial dimensions, with spin singlet d-wave pairing

[69]. In this case the first derivative of lnZ with t shows discontinuous jumps periodically at times

tn.
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2.6 Conclusions

In this chapter, we showed how to calculate the Loschmidt echo of quenched superconductors

from first principles. The self-consistent mean-field theory for out-of-equilibrium superconductors

yields the expressions for the mean fields (2.9) and (2.10), which are significantly different than

their equilibrium counterparts such as those found in Ref. [7]. This leads to the existence of

dynamical quantum phase transitions (DQPTs) in topological superconductors and their absence in

the topologically trivial s-wave superconductor, as demonstrated in Section 2.5. The particular form

of the singularity in the Loschmidt echo depends on the dimensionality of the momentum space, and

symmetries of the underlying lattice and Cooper pair wavefunction, as evidenced by Eqs. (2.80) and

(2.92), and the result in Appendix B.

Given the wave function |Ψ(t)⟩ calculated using the standard approach of Eqs. (2.67) together

with (2.82), one can ask whether its overlap with the initial wave function |Ψi⟩ is still meaningful.

Let us argue that

L =
∣∣∣〈Ψi

∣∣∣Ψ(t)
〉∣∣∣2 (2.93)

coincides with the classical echo defined as [70, 71]

L =

∫
dx ρ(x, 0)ρ(x, t). (2.94)

Here x are the coordinates parametrizing the phase space of a classical system and ρ(x, t) is the

classical distribution function, which is in general time-dependent.

Indeed, equations of evolution of |Ψ(t)⟩ (2.67) together with (2.82) are quasiclassical and

should be equivalent to evolving the classical distribution function ρ. Therefore, it should not be

surprising that Eqs. (2.93) and (2.94) coincide. Formal proof of that consists of identifying ρ for

the interacting fermions system that we study here with the Wigner function computed from the

quantum state of our system and showing formally that Eq. (2.93) reduces to (2.94); see Appendix

C to see how this calculation can be carried out. The quantity L was calculated for s- and p-wave
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superconductors in Ref. [58] and found to have many singularities as a function of t. Thus we arrive

at a striking conclusion: the classical echo (2.94) can be singular, even when the full quantum echo

calculated here is not. If the Hamiltonian (2.56) is realized in experiment and its Loschmidt echo is

measured, the result is expected to coincide with our finding of the quantum Loschmidt echo and

not the classical Loschmidt echo.

Measurement of the Loschmidt echo has been reported in a trapped ion setup in Ref. [21].

Simulating the Anderson pseudospins using trapped ions provides a way to measure the Loschmidt

echo for a system with a superconducting Hamiltonian. If the echo is measured experimentally, we

need to account for the possibility that the initial state might be at a finite temperature T . This

implies that a certain number of Bogoliubov excitations might be present in the initial state. The

Bogoliubov excitations do not contribute to the echo; however they reduce the number of Cooper

pairs resulting in the same singularity as given in Eq. (2.80) but now suppressed by a weight factor

0 < w < 1 multiplying Eq. (2.80). This is consistent with other studies of Loschmidt echo in systems

kept initially at finite temperature [72].

An interesting remaining question is the role of the chemical potential µ we introduced into the

post-quench Hamiltonian. Normally in dynamical problems with conserved total particle number µ is

arbitrary as changing µ simply changes the phase of the time-dependent wave function. However, our

initial wave function is not an eigenstate of the total particle number operator N̂ =
∑

p â
†
pâp. Note

that ⟨Ψ(τ)| N̂ |Ψ(τ)⟩ can be expressed entirely in terms of uip, vip characterizing the initial wave

function which contains µi but is independent of µ. A more relevant expectation value which arises

in the process of evaluating the Loschmidt echo and depends on µ is ⟨Ψi| e−iĤ(t−τ)N̂e−iĤτ |Ψi⟩ /Z,

as shown in Eq. (2.14). Therefore, µ must be chosen in such a way as to make this expectation

equal to the desired fermion number, i.e., we need to introduce µ to ensure that we describe the

time evolution with the correct number of fermions.

Finally let us recall that in this chapter, we were able to find nonanalyticities in the Loschmidt

echo of superconductors, without explicitly calculating the general expression of the Loschmidt

echo. Evaluating the Loschmidt echo would require solving the mean field gap equations (2.9) and
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(2.10) self-consistently with the Hamiltonian (2.11). These self-consistency equations are significantly

harder to evaluate than those encountered in the case of an equilibrium mean field [7, 8]. At

any time τ , the mean fields ∆(τ) and ∆̄(τ) are self-consistently related to mean fields ∆(τ ′) and

∆̄(τ ′) at all other times τ ′. We have not found such a system of equations in the literature. Even

when trying to solve these self-consistency equations numerically, it turns out that the numerical

procedure does not converge if the initial guess is not appropriately chosen. We have not been able

to find a suitable initial guess for the numerical method. Therefore finding the Loschmidt echo

of a superconducting system, where the superconducting mean field is calculated self-consistently,

remains an open problem.



Chapter 3

Spectral form factors of unconventional superconductors

3.1 Introduction

The previous chapter looked at the dynamics of quenched superconductors using the Loschmidt

echo. The spectral form factor is a related quantity which can be used to describe the time-evolution

of a system. It is defined as the trace of the time-evolution operator,

Z = Tr e−iĤt =
∑
n

e−iEnt , (3.1)

and can be written as a sum over all the energy levels En of a quantum system. It is closely related to

the thermal partition function of a quantum system, coinciding with its formal analytic continuation

to the complex values of temperature. In a way, the spectral form factor is a more general quantity

than the Loschmidt echo because unlike the Loschmidt echo, it does not involve any particular initial

state or quench.

The spectral form factor is a way to characterize the energy spectrum of systems. It is a

common tool in the study of quantum chaos and random-matrix theories [73–99]. Fourier transform

of the absolute value square of the spectral form factor produces the correlation between energy

levels of the system ∫
dt eiωt |Z|2 = 2π

∑
nm

δ (ω − En + Em) . (3.2)

In this chapter, we look at the spectral form factors of superconductors to see what properties

of the underlying Hamiltonians they can reveal. This chapter follows the work presented in Ref. [45].
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We show that spectral form factors in unconventional gapped superconductors have singularities

which occur periodically in time, while their conventional counterparts have featureless spectral

form factors. It follows that spectral form factors could be used as a test of the structure of the

superconducting gap functions. Combined with the new proposals which make it possible to measure

the spectral form factor in some atomic systems [95], this makes the spectral form factor an interesting

observable to study.

3.2 Spectral form factor of the 2D chiral p-wave superconductor

We start by looking at the chiral p-wave superconductor in two spatial dimensions, which

turns out to be the simplest superconducting Hamiltonian that exhibits singularities in its spectral

form factor. This is the same model whose Loschmidt echo was explicitly calculated and studied in

Section 2.5. The required 2D Hamiltonian for identical fermions with attractive interaction is given

by [33, 66]

H =
∑
p

ξpâ
†
pâp − λ

V

∑
p,k,q

k · q â†p
2
+k
â†p

2
−k
âp

2
−qâp

2
+q . (3.3)

Here

ξp =
p2

2m
− µ (3.4)

is the kinetic energy of these interacting spinless fermions, λ is the interaction constant and V is

the volume of the system. These fermions are known to form a px + ipy paired fermionic superfluid,

which for brevity we will refer to as a p-wave superconductor. It is a class D superconductor [27]

which is topological if µ > 0 and has a gap as long as µ ̸= 0. The Bogoliubov-de-Gennes (BdG)

Hamiltonian of this superconductor takes the following standard form

Ĥ =
∑

p, py>0

(
â†p â−p

) ξp ∆(p)

∆̄(p) −ξp

 âp

â†−p

 . (3.5)

Here ∆(p) = (px + ipy)∆p and ∆̄(p) = (px − ipy) ∆̄p are the gap functions. ∆p and ∆̄p are the

magnitudes of the gap functions (the subscript p emphasizes that these are p-wave gap functions).
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To avoid double counting, the summation over p is restricted to py > 0. Below all the sums over p

for p-wave superconductors will be restricted in this way.

We use the BdG Hamiltonian to calculate the spectral form factor. To do that, we diagonalize

the BdG Hamiltonian for each p. Its eigenvalues ω±(p) are

ω±(p) = ±E(p) , (3.6)

where

E(p) =
√
ξ2p + p2∆̄p∆p . (3.7)

Therefore the trace of its evolution operator is

Z =
∏
p

Sp , Sp = e−itE(p) + eitE(p) = 2 cos (tE(p)) . (3.8)

Before proceeding to study Z, let us briefly discuss its analytic properties. Each factor Sp is

obviously an analytic function of time t. However, if Sp vanishes for some values of p at some critical

time t = tc with all Sp remaining nonzero if t deviates from tc, this could make Z nonanalytic at tc

(we postpone the discussion whether Sp can indeed behave in this way until later). Indeed, suppose

Sp vanishes at t = tc if p = pc. Quite generally we should expect that in the vicinity of p = pc and

t = tc, Sp has the following expansion

Sp ≈ C
(
t− tc + α |p− pc|2

)
, (3.9)

where α and C are some complex constants (we will see later that, even though it may not be

obvious right now, the factors Sp are generally complex-valued). This immediately leads to

∂ lnZ
∂t

=
∑
p

∂ lnSp
∂t

≈
∑
p

1

t− tc + α |p− pc|2
. (3.10)

On the right hand side above the approximate expression for Sp valid with p in the vicinity of pc
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and t − tc small is substituted. The sum above is a singular function of time at t = tc, with the

details of the singularity dependent on the dimensionality of space and on whether pc is zero or

nonzero. This makes lnZ as well as Z itself a nonanalytic function of time at t = tc (we note an

obvious similarity between the thermal free energy and lnZ introduced above).

We now go back to Eq. (3.8). For a Hamiltonian (3.5) with given ∆p, ∆̄p, and ξp, Eq. (3.8)

gives the answer for its spectral form factor. However, in a superconductor, ∆p and ∆̄p are not fixed

beforehand but must be determined self-consistently, by matching the Hamiltonian (3.3) with the

BdG Hamiltonian (3.5). To understand how to do it, let us recall that to calculate thermal partition

function Tr exp
(
−Ĥ/(kBT )

)
, we must determine ∆p and ∆̄p by solving the thermal gap equation

[8]. In a p-wave superconductor, this takes the form

1

V

∑
p

p2 tanh
[
E(p)
2kBT

]
E(p)

=
1

λ
, (3.11)

where T is the temperature, kB is the Boltzmann constant, and E(p) is the energy eigenvalue given

by Eq. (3.7). This equation is solved for the product ∆̄p∆p which enters E(p). The solution to this

equation can be used for example to calculate the thermal partition function of the superconductor.

In order to adapt this to calculating the spectral form factor, we replace 1/(kBT ) → it, with the

result
i

V

∑
p

p2 tan
[
tE(p)

2

]
E(p)

=
1

λ
. (3.12)

This should be understood as an equation to determine ∆̄p∆p, which should then be substituted into

Eqs. (3.7) and (3.8). See Appendix D for the steps necessary for a formal derivation of Eq. (3.12)

from the Hamiltonian (3.5).

In principle, there could be many solutions of the equation (3.12). To find the one we should

use we should identify the solution which gives the largest contribution to the spectral form factor.

One strategy to do it could consist of first finding the solution of equation (3.11) for the temperatures

T where the solution ∆̄p∆p is nonzero, and then analytically continuing to the imaginary values of



47

T . We will leave the detailed study of the solutions of Eq. (3.11) for future work.

We observe that the self-consistency equation (3.12) predicts that the product ∆̄p∆p must not

be real. Indeed, if it is real, the left hand side of this equation is necessarily imaginary, while the

right hand side is real. A similar situation occurs in evaluation of the Loschmidt echo where one

also finds [44] that ∆̄ and ∆ are not complex conjugates of each other. With ∆̄p∆p being complex,

E(p) is also generally complex.

As a result, the factors cos (tE(p)), which appear in the spectral form factor (3.8), generally

do not vanish at any t. The exception to that is p = 0 where E(0) = |ξ0| = |µ|, and is independent

of ∆̄p∆p. Quite remarkably, this takes us to the previously discussed scenario given by the Eq. (3.9)

with pc = 0. Specifically, for t close to any of the values tn given by

tn =
π

2 |µ|
(1 + 2n) , (3.13)

with an arbitrary integer n, we can write

Sp = 2 cos (tE(p)) ≈ C
(
t− tn + αp2

)
. (3.14)

Here

C = 2(−1)n+1 |µ| , (3.15)

and

α = π

(
1

2
+ n

)
∆̄p∆pm− µ

2µ2|µ|m
. (3.16)

are obtained by doing a simple Taylor expansion about t = tn and p = 0. Importantly, α is complex

due to ∆̄p∆p being complex. Note that this matches the conjectured form (3.9).

Working in the limit of large V and replacing summation over p with integration we find

1

V

∂ lnZ
∂t

=
1

4π

∫
p dp

t− tn + αp2
. (3.17)
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The integral above is taken over p varying from 0 to infinity, although we must remember that only

the approximate value for the expression being integrated is written above, valid for small p only. In

particular, that means that the integral above can be cut off at some momentum scale, avoiding any

divergences at large p. We are interested in the singularity that occurs due to the integration over p

near zero. It is then straightforward to see that the leading singularity is

1

V

∂ lnZ
∂t

≈ − 1

8πα
ln |t− tn| . (3.18)

The expression here is approximate, valid when t is in the vicinity of tn.

Therefore we arrive at the conclusion advertised earlier. The spectral form factor for the 2D

p-wave chiral superconductor has periodic logarithmic singularities which occur at times tn, defined

above in Eq. (3.13).

It is important for this argument that α is complex and is not real, which in turn is related to

∆̄p∆p being complex.

3.3 Spectral form factor of the s-wave superconductor

We contrast the behavior of the spinless fermions with attractive interactions studied in the

previous section, with that of attractively interacting spin-12 fermions described by the Hamiltonian,

Ĥ =
∑
p

∑
σ=↑,↓

ξp â
†
p,σâp,σ −

λ

V

∑
p,q,k

â†k
2
+p,↑â

†
k
2
−p,↓âk

2
−q,↓âk

2
+q,↑ . (3.19)

This is the Hamiltonian of an s-wave superconductor, also seen in Eq. (2.1). Its Bogoliubov-de-Gennes

Hamiltonian takes the form

Ĥ =
∑
p

(
â†p↑ â−p↓

) ξp ∆s

∆̄s −ξp

 âp↑

â†−p↓

 . (3.20)
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Here ∆s, ∆̄s are momentum-independent s-wave gap functions. The spectral form factor takes the

same form (3.8) but with the spectrum

Es(p) =
√
ξ2p + ∆̄s∆s . (3.21)

The self-consistent solution for ∆̄s∆s is given by the gap following equation, which is almost identical

to the one for the p-wave superconductor,

i

2V

∑
p

tan
[
tEs(p)

2

]
Es(p)

=
1

λ
. (3.22)

This equation is explicitly derived in Appendix D as Eq. (D.15). The primary point is that, just

like in case of Eq. (3.12), the solution of this equation necessarily corresponds to ∆̄s∆s being

complex-valued. As a result, Es(p) is complex-valued. Unlike in case of the p-wave superconductor,

Es(p) is complex-valued for all p without exceptions. As a result, none of the factors Sp defined

in Eq. (3.8) vanish for any time t, and the spectral form factor Z is analytic at all times. This

is in contrast to the spectral form factor of the chiral p-wave superconductor (3.18), which has

singularities periodic in time.

3.4 Spectral form factors of higher order unconventional superconductors

The key distinction in the behavior of the spectral form factors of the s-wave and chiral p-wave

superconductors is due to the difference in their superconducting gap functions. In the p-wave case,

there is the point p = 0 in momentum space where the gap function ∆(p) = (px + ipy)∆p vanishes.

Furthermore, despite having to analytically continue the solution of the gap equation (3.11) to

imaginary temperature 1/T → it, we expect that the analytically continued gap function must also

vanish as p → 0. Indeed, from the structure of the Hamiltonian (3.3) the p-wave gap function must

satisfy

∆(p) = −∆(−p). (3.23)
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This comes from the spin-triplet pairing, which forces the Cooper pair wavefunction to be anti-

symmetric under the exchange of the positions of the two fermions forming the pair. The above

constraint enforces that the gap function must always vanish at p = 0 even if it is a solution of

the analytically continued gap equation (3.12). More generally, the key necessary condition for a

nonanalytic spectral form factor is that the gap function ∆(p) vanishes at certain values of p, not

only at finite temperature, but also when analytically continued to imaginary values of temperature.

A good second example of a p-wave superconductor is a class DIII 3D topological superconductor

[8, 100] (Helium III B phase) with the Bogoliubov-de-Gennes Hamiltonian

Ĥ =
∑
p

(
â†p â−p

) ξp ipµσ
yσµ∆p

−ipµσµσy∆̄p −ξp

 âp

â†−p

 , (3.24)

where σy and σµ are Pauli matrices acting on the spin indices of the operators âp and â†p. Its

spectrum is also given by the equation (3.7), but with p being the 3D vector. By analogy with the

previous analysis leading to equation (3.17), we immediately find

1

V

∂ lnZ
∂t

=
1

2π2

∫
p2 dp

t− tn + αp2
∼
√
|t− tn| . (3.25)

On the other hand, let us examine 2D spin-singlet chiral d-wave superconductor, which belongs

to the symmetry class C [68]. The corresponding Bogoliubov-de-Gennes Hamiltonian is

Ĥ =
∑
p

(
â†p↑ â−p↓

) ξp ∆(p)

∆̄(p) −ξp

 âp↑

â†−p↓

 , (3.26)

with ∆(p) = (px + ipy)
2∆d, ∆̄(p) = (px − ipy)

2∆̄d. What sets this example apart from others is

that while the gap function vanishes at p = 0, it is not automatically obvious that the gap function

analytically continued to imaginary temperature would still vanish in this limit. To elucidate this

further, we suppose that the gap function contains contributions from both d-wave and s-wave terms,

∆(p) = ∆s + (px + ipy)
2∆d, ∆̄(p) = ∆̄s + (px − ipy)

2∆̄d. With rotationally invariant interactions,
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the gap equation should decouple into two separate equations for ∆s, ∆̄s and for ∆d, ∆̄d. If ∆s is

equal to zero for any temperature T , its analytic continuation to imaginary values of T should also

be zero. At the same time, just as earlier, ∆̄d∆d becomes a complex number, with the spectrum

given by E(p) =
√
ϵ2(p) + p4∆̄d∆d/2. leading to the following singularity in the spectral form factor

(it can be shown that β is real, while α is complex in the following equation)

1

V

∂ lnZ
∂t

=
1

2π

∫
p dp

t− tn + βp2 + αp4
∼ ln |t− tn| . (3.27)

However, if ∆s is nonzero at some range of temperature, then it may still be nonzero after the analytic

continuation 1/(kBT ) → it. In that case the superconductor will have a non-singular spectral form

factor. To decide whether a particular superconductor of this form will have singularities in its

spectral form factor we need to examine the original Hamiltonian of the interacting fermions which

led to this superconductor and see if any s-wave pairing is possible in addition to the d-wave pairing.

Therefore, the singularities in this case are not as ubiquitous as in the p-wave case.

All superconductors that we looked at so far were gapped to fermionic excitations. Let us now

look at an example of a gapless superconductor. As an example, consider a 3D p-wave spin-triplet

superconductor which has the Bogoliubov-de-Gennes equation (3.5) with the gap function which

behaves as

∆(p) = (px + ipy)∆p . (3.28)

This gap function vanishes if px = py = 0, for all pz. Furthermore, given ξp = p2/(2m) − µ with

µ > 0, the excitation spectrum

E(p) =

√(
p2

2m
− µ

)2

+
(
p2x + p2y

)
∆̄p∆p (3.29)

vanishes at px = py = 0, pz =
√
2mµ. Suppose just as in the previous examples, once the temperature

is made imaginary, ∆̄p∆p becomes complex, but otherwise no other terms appear in the gap function.

However, unlike the previous examples of gapful superconductors, setting px = py = 0, we find that
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E(pz) now ranges from zero to infinity. As a result, the spectral form factor Z(t) is now an analytic

function of time t.

Now it is further possible to imagine that the fermions which formed this superconductor move

on a lattice, as opposed to a continuous space. If so, then E(pz), at px = py = 0 now has a maximum

somewhere as pz is varied. Denoting this maximum as E+, it is straightforward to see that this

would lead to a singularities in the spectral form factor occurring at times tn = π(2n+ 1)/(2E+).

These arguments show that singularities are possible even in gapless superconductors, but they are

not as ubiquitous and their existence requires some assumptions. In this case, the periodicity of the

singularities would depend on the underlying lattice spacing.

Note however that if µ < 0 in Eq. (3.29), then the resulting superconductor is gapful, although

not topological [68]. It will still have singularities controlled by E− = |µ|.

Coming back to the gapful (topological) superconductors, we can rely on the classification

of the topological superconductors [100] to see that there are five distinct classes of topological

superconductors of interest, three in the two dimensional space and two more in the three dimensional

space. We can summarize the behavior of their spectral form factors in the following table.

Class Gap function Spectral Form Factor

D, 2D (px + ipy)∆p
∂ lnZ
∂t ∼ ln |t− tn|

C, 2D (px + ipy)
2∆d

∂ lnZ
∂t ∼ ln |t− tn|

DIII, 2D (σzpx + ipy)∆p
∂ lnZ
∂t ∼ ln |t− tn|

DIII, 3D ipµσ
yσµ∆p

∂ lnZ
∂t ∼

√
|t− tn|

CI, 3D vanishes on surfaces ∂ lnZ
∂t ∼

√
|t− tn|

Table 3.1: Form of singularities in the spectral form factor for different classes of topological
superconductors

The first two entries as well as the fourth entry of the above table have already been calculated

in this chapter. In particular, class D and class DIII superconductors are p-wave and the singularities

in their spectral form factor are ubiquitous. The class C superconductor may have singularities in

their spectral form factor if its gap equation excludes the possibility of an additional s-wave gap
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function, as discussed above Eq. (3.27). The last entry refers to the class CI topological spin-singlet

superconductor in three dimensions [69]. It is in the same class as the conventional s-wave spin-singlet

superconductor and therefore will have singularities in the spectral form factor only if its gap equation

excludes the possibility of an additional s-wave gap function. If this is excluded, then working out

its singularities relies on the understanding that its gap function vanishes on 2D surfaces in its 3D

Brillouin zone. Starting from the point on the surface where E(p) has its minimum, following the

arguments given here we obtain for class CI,

∂ lnZ
∂t

∼
∫

d2q1dq2
t− tn − αq21 − βq22

. (3.30)

Here q1 is the coordinate parametrizing the surface and q2 is the direction perpendicular to the

surface, α is real while β is complex. By analogy with (3.25) we find

∂ lnZ
∂t

∼
√
|t− tn| , (3.31)

just as stated in the table on the previous page.

3.5 Measuring the spectral form factor

Spectral form factors are new types of observables which only recently came within reach of

experiment. It may not be obvious that they can be measured experimentally. We would like to

present here a brief overview of the measurement techniques which were recently suggested in the

literature [95].

The simplest object to measure would be the Loschmidt echo. That could be defined as

E =
∣∣∣⟨ψ| e−iĤt |ψ⟩∣∣∣2 . (3.32)

If the system under study is equivalent to a number of interacting spins, or qubits, and if there is

experimental control over each of these spins, one could prepare the initial state |ψ⟩ (assuming it is
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a product state), evolve it in time, and find the probability that after that evolution it is still the

same state |ψ⟩ as initially. This procedure has been carried out in a system of cold ions [21], where

the state of each ion can be addressed independently.

The spectral form factor cannot be measured using this approach as it is given by

|Z|2 =

∣∣∣∣∣∑
n

⟨n| e−iĤt |n⟩

∣∣∣∣∣
2

. (3.33)

Here |n⟩ could be the eigenstates of Ĥ or any other complete set of orthonormal states. Instead, an

alternative approach was proposed in Ref. [95] which allows to measure it. Just as in the example

above, this approach still requires that the system under study consists of interacting spins or qubits.

In this work we study interacting fermions. However, all the relevant Hamiltonians presented

here can be mapped into a system of interacting spin. The mapping which has extensively been

discussed in the literature, and also in Section 2.3, consists of defining the Anderson pseudospin

operators. For the s-wave Hamiltonian (3.19) the Anderson pseudospin operators are defined as

Ŝ+
p = â†p,↑â

†
−p,↓ , Ŝ−

p = â−p,↓âp,↑ , (3.34)

Ŝzp =
1

2

(
â†p,↑âp,↑ + â†−p,↓â−p,↓ − 1

)
. (3.35)

It is straightforward to check that they satisfy SU(2) algebra, as required for spins. In terms of

these, the Hamiltonian becomes

Ĥ = 2
∑
p

ξpŜ
z
p − λ

V

∑
k,q

Ŝ+
k Ŝ

−
q . (3.36)

Within mean field theory, this Hamiltonian reduces to

Ĥ = 2
∑
p

ξpŜ
z
p −∆

∑
p

Ŝ+
p − ∆̄

∑
p

Ŝ−
p , (3.37)
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where ∆ satisfies a gap equation almost identical to Eq. (3.22),

i

2V

∑
p

tan [tEs(p)]

Es(p)
=

1

λ
. (3.38)

The absence of a factor of 2 in Eq. (3.38) when compared to Eq. (3.22) is due to a small difference

between the spin system and the original interacting fermions. As can be readily seen, a spin flip

excitation corresponds to exciting two Bogoliubov quasiparticles (with the opposite spin and the

same excitation energy) in the superconductor. This does not affect the qualitative features of the

spectral form factor.

We can now aim at creating a spin system obeying (3.36). A version of the spin system

equivalent to a p-wave superconductor (3.3) obeys the Hamiltonian

Ĥ =
∑
p

ξpŜ
z
p − λ

V

∑
k,q

k · q Ŝ+
k Ŝ

−
q (3.39)

with the identification

Ŝ+
p = â†pâ

†
−p , Ŝ−

p = â−pâp , (3.40)

Ŝzp =
1

2

(
â†pâp + â†−pâ−p − 1

)
. (3.41)

Ref. [60] addressed the question of how the Hamiltonian (3.39) can be created in an cold ion system

where each spin (qubit) can be independently controlled and measured, at least in principle. The

question remains how this addressability can be used to measure spectral form factors.

This question was resolved in another work Ref. [95]. That work proposed a protocol towards

measuring the spectral form factor. The protocol itself is not elementary. It consists of the following

steps. If the Hilbert space of a quantum many body system can be represented by a collection of N

qubits, remarkably the square of the absolute value of the spectral form factor can be measured in

terms of the probabilities
∣∣∣⟨s|U †e−iĤtU |0⟩

∣∣∣2. Here |0⟩ is the state where all qubits are initialized in

the “all spin-up" state, ⟨s| is the state where the j − th qubit points up if sj = 0 or down if sj = 1.
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U =
∏N
j=1 uj and uj is a unitary SU(2) rotation of the j-th qubit. It can be shown that

∣∣∣Tr e−iĤt∣∣∣2 = ∫
∏

j

duj

 ∑
sj=0,1

(−2)−
∑N

j=1 sj
∣∣∣⟨s|U †e−iĤtU |0⟩

∣∣∣2 . (3.42)

Here the integrals duj are over the SU(2) group’s Haar measure.

To implement this proposal, it is envisioned that a system of spins is initialized in the “all

spin-up" state. Subsequently it is rotated by a random rotation U , evolved in time, rotated again by

U †, and the spins are measured producing the data of sj . This is repeated many times and 2−
∑

j sj is

averaged over many realizations of U as well as many repetitions of the same experiment. Since the

quantum mechanical probability of observing an outcome of a set of sj is given by
∣∣∣⟨s|U †e−iĤtU |0⟩

∣∣∣2,
it should be clear that this procedure will, upon averaging over many measurements, produce the

spectral form factor as long as Eq. (3.42) is correct.

The derivation of (3.42) involves Weingarten calculus and is given in Ref. [95].

3.6 Conclusions

In this chapter, we saw how the spectral form factor is an interesting observable in the study

of superconductors. We studied the existence of a particular kind of singularities in the spectral

form factor. The simplest superconductor, which has Cooper pairs with s-wave coupling, has a

non-singular spectral form factor as shown in Section 3.3. Meanwhile, the simplest topologically

non-trivial superconductor, which is a 2D chiral p-wave superconductor, shows periodic singularities

in its spectral form factor as given in Eq. (3.18).

Singularities in the spectral form factor of a superconductor can arise when there are points

in the momentum space where the superconducting gap function vanishes. This occurs when the

superconducting Hamiltonian and the Cooper pair wavefunction obey certain symmetries. The

singularities that occur in the different classes of topological superconductors are summarized in

Table 3.1. If the singularities exist, then the type of the singularity depends only on the dimension

of space.
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Finally, as we saw in Section 3.5, spectral form factors are nowadays accessible to measurement

in experiments, using the techniques of atomic physics. For example, if the superconductor is realized

by means of cold ions [60], its spectral form factor could in principle be measured by directly evolving

a random initial product-state up to some time t and measuring the distribution of Cooper pairs in

the resulting state via the protocol proposed and developed in Ref. [95]. Thus the spectral form

factor can serve as a probe of the structure of the superconducting order parameter, and hence reveal

its topological characteristics.



Chapter 4

Nontrivial saddle points in the spectral form factor of a flat-band superconductor

4.1 Introduction

In Chapter 3, we talked about how the spectral form factor can be an interesting observable in

the study of superconductors. Superconducting Hamiltonians can be realized in the laboratory using

cold ions [60]. The spectral form factor of such a system can be measured using the protocol outlined

in Ref. [95]. The type of singularities that can occur in the spectral form factor of a superconductor

is determined by the structure of the superconducting order parameter in momentum space.

The key step in finding these singularities is to calculate the superconducting order parameter

using the self-consistent mean field theory. We saw from the superconducting gap equations (3.12)

and (3.22) in the previous chapter that the mean fields, ∆ and ∆̄ are not complex conjugates of each

other. We also observed this when calculating the Loschmidt echo in chapter 2, where the mean

fields given by equations (2.9) and (2.10) are not complex conjugates of each other.

In contrast, there are no examples in the literature where the superconducting mean fields,

∆ and ∆̄ are not complex conjugates. When the mean field theory is used to calculate the

superconducting gap function at any finite temperature, then the real-temperature gap equation

enforces ∆̄∆ to be real-valued [7, 8]. Even when looking at the time evolution of superconducting

systems, authors use ∆ and ∆̄ which are complex conjugates [12, 22, 49–61].

This can lead us to question the mean field theory we have been using in this text. In particular,

we wish to ascertain whether it is possible to have the mean fields ∆ and ∆̄ that are not complex

conjugates, or whether there is a flaw in the mean field formalism developed in chapters 2 and 3.
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In this chapter, we work with a model of a superconductor for which it is possible to calculate

the spectral form factor without using mean fields. We compare the result to the one calculated

using mean field theory and see that they match exactly. This model demonstrates explicitly that it

is possible to have superconducting mean fields ∆ and ∆̄ which are not complex conjugates. This

work has been presented in Ref. [46].

The model we consider here is that of a single-channel flat-band superconductor. Flat-band

superconductivity has recently been theoretically studied in the literature [101, 102]. Here we

consider a toy model of a flat-band superconductor without worrying about the explicit material or

platform where it can be implemented. We consider the Hamiltonian

Ĥ = ϵ
N∑
n=1

(
â†n↑ân↑ + â†n↓ân↓

)
− g

N

N∑
n=1

N∑
m=1

â†n↑â
†
n↓âm↓âm↑ , (4.1)

where â and â† are respectively the annihilation and creation operators for attractively interacting

identical fermions. We let the index n represent momentum modes. The bare fermion energy is given

by ϵ, which is independent of n. Thus this represents a dispersionless or flat-band superconductor.

We wish to calculate the spectral form factor,

Z(t) = Tr e−iĤt =
∑
n

e−iEnt , (4.2)

where En are the energy eigenvalues of the Hamiltonian (4.1). In this calculation, we treat n just as

an index, without worrying about the distribution of momenta in the Brillouin Zone.

4.2 Mean field approximation

The standard way to work with a superconducting Hamiltonian is to introduce a mean field.

Here we shall set up the mean field to calculate the spectral form factor. From Eqs. (4.2) and (4.1),
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we can write Z(t) as a coherent state path integral [62],

Z(t) =

∫
DψDψ̄ exp

[
i

∫ t

0
dτ

(∑
n,σ

(
iψ̄nσψ̇nσ − ϵψ̄nσψnσ

)
+

g

N

∑
n,m

ψ̄n↑ψ̄n↓ψm↓ψm↑

)]
, (4.3)

where ψnσ and ψ̄nσ are fermionic fields. In order for this to represent the trace, these fields must

satisfy the boundary conditions,

ψnσ(t) = −ψnσ(0) , ψ̄nσ(t) = −ψ̄nσ(0) . (4.4)

We have neglected subexponential prefactors in Eq. (4.3) as we are only trying to find the mean

field here. Applying the Hubbard-Stratonovich transformation [63], Eq. (4.3) becomes

Z(t) =

∫
DψDψ̄D∆D∆̄ eiS(t) ,

S(t) =

∫ t

0
dτ

(∑
n,σ

(
iψ̄nσψ̇nσ − ϵψ̄nσψnσ

)
+∆

∑
n

ψ̄n↑ψ̄n↓ + ∆̄
∑
n

ψn↓ψn↑ −
N

g
∆̄∆

)
.

(4.5)

We approximate the functional integral over ∆(τ) and ∆̄(τ) using only their saddle points.

In this section, we calculate the mean fields from first principles. The mean fields, ∆ and ∆̄ are

dependent on time (τ) in general.

Sections 4.2.1, 4.2.2 and 4.2.3 detail the calculation of the saddle point. These sections can be

skipped by the reader unconcerned with the specifics of the calculation. Section 4.2.4 discusses the

result obtained using this mean-field theory.

4.2.1 Saddle Point Equations

The Hubbard-Stratonovich (HS) mean field Hamiltonian can be written as

Ĥ(τ) =

N∑
n=1

Ĥn(τ) ,

Ĥn(τ) = ϵ
(
â†n↑ân↑ + â†n↓ân↓

)
−∆(τ)â†n↑â

†
n↓ − ∆̄(τ)ân↓ân↑ +

1

g
∆̄(τ)∆(τ) ,

(4.6)
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where ∆(τ) and ∆̄(τ) are the HS mean fields at time τ . This is a time(τ)-dependent Hamiltonian

quadratic in the fermion operators where the different n−modes are effectively decoupled. The

spectral form factor can be written as a product,

Z(t) = (Z0(t))
N , (4.7)

where

Z0(t) =
∑
{αn}

⟨αn|T exp

(
−i
∫ t

0
dτ ′Ĥn(τ

′)

)
|αn⟩ . (4.8)

Here {|αn⟩} is a set of basis states for the fermion mode indexed by n, and T denotes the time-

ordering operator. One choice of basis here is the BCS basis, for which {|αn⟩} = {|11⟩n , |00⟩n}.

Here the two basis states correspond respectively to the presence or absence of a Cooper pair in the

n−fermionic mode. Z0(t) is the same for all n since in this basis the elements of the Hamiltonian

matrix Ĥn(τ) (Eq. (4.6)) are independent of n.

The saddle point equation for ∆(τ) is obtained by taking the functional derivative of the

action in Eq. (4.5) with respect to ∆̄(τ) and setting it to zero. This yields the saddle point,

∆(τ) = g
Z1(τ ; t)

Z0(t)
, (4.9)

where

Z1(τ ; t) =
∑
{αn}

⟨αn|
(
T exp

(
−i
∫ t

τ
dτ ′Ĥn(τ

′)

))
ân↓ân↑

(
T exp

(
−i
∫ τ

0
dτ ′Ĥn(τ

′)

))
|αn⟩ , (4.10)

and Z0(t) is given by Eq. (4.8). In a similar way, we obtain the saddle point equation for ∆̄(τ) as

∆̄(τ) = g
Z̄1(τ ; t)

Z0(t)
, (4.11)
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where

Z̄1(τ ; t) =
∑
{αn}

⟨αn|
(
T exp

(
−i
∫ t

τ
dτ ′Ĥn(τ

′)

))
â†n↑â

†
n↓

(
T exp

(
−i
∫ τ

0
dτ ′Ĥn(τ

′)

))
|αn⟩ . (4.12)

We see that ∆(τ) and ∆̄(τ) are not complex conjugates in general. This is what we saw in Chapters 2

and 3 as well. These saddle points have explicit dependence on τ . Hence, the mean-field Hamiltonian

Ĥn defined in Eq. (4.6) is non-Hermitian and time(τ)-dependent.

We note that there are two different times involved in this problem: t is the time at which we

wish to evaluate the spectral form factor, whereas τ represents any time between 0 and t at which

we are evaluating the mean fields ∆ and ∆̄. In order to calculate Z0(t), Z1(τ ; t) and Z̄1(τ ; t), we

need to know Ĥn(τ
′) from (4.6), and hence the fields ∆(τ ′) and ∆̄(τ ′), at all times τ ′ between 0 and

t. Thus the self-consistency condition for these time-dependent mean fields is more complicated than

that which occurs in the standard calculation for the superconducting partition function at finite

temperature [7].

4.2.2 Time dependence of mean fields

The standard way to solve these saddle point equations would be an iterative procedure. We

would begin by choosing arbitrary fields ∆(τ) and ∆̄(τ) for all τ ∈ (0, t). We would calculate Z0(t),

Z1(τ ; t) and Z̄1(τ ; t) with our chosen fields ∆(τ) and ∆̄(τ). Then we use these values of Z0(t),

Z1(τ ; t) and Z̄1(τ ; t) to calculate new fields ∆(τ) and ∆̄(τ) according to Eqs. (4.9) and (4.11). We

use these new fields ∆(τ) and ∆̄(τ) to again calculate Z0, Z1 and Z̄1. We get a self-consistent

solution for the saddle point equations if the sequence of fields (∆(τ), ∆̄(τ)) generated iteratively,

converges.

This standard procedure is computationally cumbersome. Also it is not certain that such an

iteration would converge. For example, if Z0(t) becomes sufficiently close to 0 at some step of the

iteration, then the values for ∆(τ) and ∆̄(τ) diverge, and the iterative procedure breaks down.

However, it turns out that we can do better for this flat-band model. We take the derivative
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of ∆(τ) with τ . From Eq. (4.9),

∂∆(τ)

∂τ
=

g

Z0(t)
lim
h→0

Z1(τ + h; t)−Z1(τ ; t)

h
. (4.13)

Using the expression for Z1(τ ; t) from Eq. (4.10), this becomes

∂∆(τ)

∂τ
=

g

Z0(t)
lim
h→0

1

h

∑
{αn}

⟨αn|
(
T exp

(
−i
∫ t

τ+h
dτ ′Ĥn(τ

′)

))
ân↓ân↑

(
T exp

(
−i
∫ τ+h

0
dτ ′Ĥn(τ

′)

))

−
(
T exp

(
−i
∫ t

τ
dτ ′Ĥn(τ

′)

))
ân↓ân↑

(
T exp

(
−i
∫ τ

0
dτ ′Ĥn(τ

′)

))
|αn⟩ .

(4.14)

This evaluates to

∂∆(τ)

∂τ
=

ig

Z0(t)

∑
{αn}

⟨αn|
(
T exp

(
−i
∫ t

τ
dτ ′Ĥn(τ

′)

))

[Ĥn(τ), ân↓ân↑]

(
T exp

(
−i
∫ τ

0
dτ ′Ĥn(τ

′)

))
|αn⟩ .

(4.15)

Referring to the mean-field Hamiltonian in Eq. (4.6), we find that the commutator appearing above

becomes

[Ĥn(τ), ân↓ân↑] = −2ϵân↓ân↑ −∆(τ)(â†n↑ân↑ + â†n↓ân↓ − 1) . (4.16)

Now let us define the generalized expectation value of the Cooper pair ‘number’ operator

(analogous to ∆(τ) in Eq. (4.9)) as

n(τ) =
Z2(τ ; t)

Z0(t)
, (4.17)

where Z2(τ ; t) is defined as

Z2(τ ; t) =
∑
{αn}

⟨αn|
(
T exp

(
−i
∫ t

τ
dτ ′Ĥn(τ

′)

))
·

(â†n↑ân↑ + â†n↓ân↓ − 1)

(
T exp

(
−i
∫ τ

0
dτ ′Ĥn(τ

′)

))
|αn⟩ ,

(4.18)

and Z0(t) is given by Eq. (4.8). Using this definition of n(τ) and the commutator (4.16), Eq. (4.15)
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reduces to
∂∆(τ)

∂τ
= −i∆(τ)(2ϵ+ g n(τ)) . (4.19)

Thus we see that in the self-consistent mean field formalism, the time(τ)-evolution equation for ∆(τ)

depends only on the concurrent values of the fields ∆(τ) and n(τ). This is a consequence of the

flat-band property of the Hamiltonian.

Following the same procedure, we get the time-evolution equation for ∆̄(τ) as

∂∆̄(τ)

∂τ
= i∆̄(τ)(2ϵ+ g n(τ)) . (4.20)

Finally, we can find the time-evolution equation for n(τ) by differentiating Z2(τ ; t) with τ

from Eq. (4.18). We get

∂n(τ)

∂τ
=

i

Z0(t)

∑
{αn}

⟨αn|
(
T exp

(
−i
∫ t

τ
dτ ′Ĥn(τ

′)

))

[Ĥn(τ), â
†
n↑ân↑ + â†n↓ân↓ − 1]

(
T exp

(
−i
∫ τ

0
dτ ′Ĥn(τ

′)

))
|αn⟩ .

(4.21)

Using Eq. (4.6) the commutator above yields

[Ĥn(τ), â
†
n↑ân↑ + â†n↓ân↓ − 1] = 2∆(τ)â†n↑â

†
n↓ − 2∆̄(τ)ân↓ân↑ . (4.22)

Substituting this into Eq. (4.21), we get

∂n(τ)

∂τ
=

2i

g
(∆(τ)∆̄(τ)− ∆̄(τ)∆(τ)) = 0 . (4.23)

We find that n(τ) is constant as a function of τ . Let us call this constant n.

n = n(τ) = n(0) =
Z2(0; t)

Z0(t)
[from Eq. (4.17)]. (4.24)
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Using this in Eqs. (4.19) and (4.20), we obtain

∆(τ) = ∆0e
−i(2ϵ+g n)τ , ∆̄(τ) = ∆̄0e

i(2ϵ+g n)τ , (4.25)

where ∆0 = ∆(τ = 0) and ∆̄0 = ∆̄(τ = 0) are the initial values of the fields. Thus we find that in

this simple flat-band model, the time(τ)-dependence of the mean fields can be expressed exactly.

4.2.3 Self-consistent solution of saddle point equations

To calculate the spectral form factor, we need to determine the values of n, ∆0 and ∆̄0

self-consistently. Using Eq. (4.25), the mean-field Hamiltonian (4.6) can be written in the BCS basis

as

Ĥn(τ) =

 ϵ −∆0e
−i(2ϵ+g n)τ

−∆̄0e
i(2ϵ+g n)τ −ϵ

+
∆̄0∆0

g
1 . (4.26)

The time(τ)-dependence of this Hamiltonian can be factored by going into a ‘rotating’ basis,

Ĥn(τ) = Û−1
n (τ)ĤnÛn(τ) , (4.27)

where

Ĥn =

 ϵ −∆0

−∆̄0 −ϵ

+
∆̄0∆0

g
1 , Ûn(τ) =

1 0

0 e−i(2ϵ+g n)τ

 . (4.28)

Note that Ûn(τ) is not in general a unitary matrix, since n as defined in Eq. (4.24) is not real-valued.

The time-evolution operator can be written as

T exp

(
−i
∫ t

0
dτ ′Ĥn(τ

′)

)
= lim

δτ ′→0
T

t/δτ ′∏
m=1

exp
(
−iĤn(mδτ

′)δτ ′
)
. (4.29)

Using Eq. (4.27) this becomes

T exp

(
−i
∫ t

0
dτ ′Ĥn(τ

′)

)
= lim

δτ ′→0
T

t/δτ ′∏
m=1

exp
(
−iδτ ′Û−1

n (mδτ ′)ĤnÛn(mδτ
′)
)
, (4.30)
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giving

T exp

(
−i
∫ t

0
dτ ′Ĥn(τ

′)

)
= lim

δτ ′→0
T

t/δτ ′∏
m=1

Û−1
n (mδτ ′) exp

(
−iĤnδτ

′
)
Ûn(mδτ

′) . (4.31)

To evaluate this product we note that

Ûn((m+ 1)δτ ′) Û−1
n (mδτ ′) =

1 0

0 e−i(2ϵ+g n)δτ
′

 = Ûn(δτ
′) . (4.32)

Eq. (4.31) reduces to

T exp

(
−i
∫ t

0
dτ ′Ĥn(τ

′)

)
= lim

δτ ′→0
Û−1
n (t)e−iĤnδτ ′

(
Ûn(δτ

′)e−iĤnδτ ′
)t/δτ ′−1

Ûn(0) . (4.33)

We can write

Ûn(δτ
′)e−iĤnδτ ′ = 1+ iAδτ ′ , (4.34)

where

A =

−ϵ ∆0

∆̄0 −(ϵ+ g n)

− ∆̄0∆0

g
1 , (4.35)

so that the time evolution operator becomes

T exp

(
−i
∫ t

0
dτ ′Ĥn(τ

′)

)
= Û−1

n (t) exp(iAt)Ûn(0) . (4.36)

To calculate the exponent of A, we diagonalize it. The eigenvalues of A are

λ± = −
(
ϵ+

g n

2
+

∆̄0∆0

g

)
±D , where

D =

√
∆̄0∆0 +

g2 n2

4
.

(4.37)

We work with the case D ̸= 0, in which case the eigenvalues are distinct and the matrix A is

diagonalizable. The case D = 0 can be evaluated in a separate calculation not presented here; doing
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that calculation, we see that the result for D = 0 coincides with that for D ̸= 0 in the limit D → 0.

Hence let us proceed with our calculation for D ̸= 0. The matrix of eigenvectors corresponding to

the eigenvalues λ+ and λ− is

V =

g n
2 +D −∆0

∆̄0
gn
2 +D

 . (4.38)

The exponential of A (4.35) can now be written as

exp(iAτ) = V

eiλ+τ 0

0 eiλ−τ

V −1 . (4.39)

Substituting this in Eq. (4.36) and using Eq. (4.37), we get

T exp

(
−i
∫ t

0
dτ ′Ĥn(τ

′)

)
= e

−i ∆̄0∆0
g

t ·e−i(ϵ+ g n
2 )t (cos(Dt) + i g n2D sin(Dt)

)
e−i(ϵ+

g n
2 )t i∆0

D sin(Dt)

ei(ϵ+
g n
2 )t i∆̄0

D sin(Dt) ei(ϵ+
g n
2 )t (cos(Dt)− i g n2D sin(Dt)

)
 .

(4.40)

The spectral form factor (for a single fermionic mode) is just the trace of this time evolution operator

as in Eq. (4.8). Thus we get

Z0(t) = e
−i ∆̄0∆0

g
t
[
2 cos(Dt) cos

((
ϵ+

g n

2

)
t
)
+
g n

D
sin(Dt) sin

((
ϵ+

g n

2

)
t
)]

. (4.41)

Doing similar calculations as those from Eqs. (4.36)-(4.40), we get the remaining time-evolution

operators as

T exp

(
−i
∫ τ

0
dτ ′Ĥn(τ

′)

)
= Û−1

n (τ) exp(iAτ)Ûn(0) = e
−i ∆̄0∆0

g
τ ·e−i(ϵ+ g n

2 )τ (cos(Dτ) + i g n2D sin(Dτ)
)

e−i(ϵ+
g n
2 )τ i∆0

D sin(Dτ)

ei(ϵ+
g n
2 )τ i∆̄0

D sin(Dτ) ei(ϵ+
g n
2 )τ (cos(Dτ)− i g n2D sin(Dτ)

)
 ,

(4.42)
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and

T exp

(
−i
∫ t

τ
dτ ′Ĥn(τ

′)

)
= Û−1

n (t) exp(iA(t− τ))Ûn(τ) = e
−i ∆̄0∆0

g
(t−τ) ·e−i(ϵ+ g n

2 )(t−τ) (cos(D(t− τ)) + i g n2D sin(D(t− τ))
)

e−i(ϵ+
g n
2 )(t+τ) i∆0

D sin(D(t− τ))

ei(ϵ+
g n
2 )(t+τ) i∆̄0

D sin(D(t− τ)) ei(ϵ+
g n
2 )(t−τ) (cos(D(t− τ))− i g n2D sin(D(t− τ))

)


(4.43)

Substituting these time-evolution operators in Eq. (4.10), we get

Z1(τ ; t) = e
−i ∆̄0∆0

g
t
e−i(2ϵ+g n)τ

i∆0

D

[
cos
((
ϵ+

g n

2

)
t
)
sin(Dt)

+ i sin
((
ϵ+

g n

2

)
t
)
sin(D(2τ − t)) +

g n

D
sin(Dτ) sin(D(t− τ)) sin

((
ϵ+

g n

2

)
t
)]

.

(4.44)

Also, Eq. (4.18) gives

Z2(τ ; t) = e
−i ∆̄0∆0

g
t
[
−2i cos(Dt) sin

((
ϵ+

g n

2

)
t
)
+
ig n

D
sin(Dt) cos

((
ϵ+

g n

2

)
t
)]

. (4.45)

To get the self-consistency condition for the mean-field we substitute the expressions for Z0(t),

Z1(τ ; t) from Eqs. (4.41) and (4.44) into Eq. (4.9), giving

[
cos
((
ϵ+

g n

2

)
t
)(

2 cos(Dt)− ig

D
sin(Dt)

)
+ sin

((
ϵ+

g n

2

)
t
) g n
D

(
sin(Dt) +

ig

D
cos(Dt)

)]
∆0

= − g

D
sin
((
ϵ+

g n

2

)
t
) [

sin(D(2τ − t))− i
g n

D
cos(D(2τ − t))

]
∆0 .

(4.46)

The left hand side of the above equation is independent of the intermediate time τ , whereas the

right hand side explicitly depends on it. Thus, we must have

∆0 = 0 or sin
((
ϵ+

g n

2

)
t
)
= 0 . (4.47)

It is also possible to have D = 0. But then the eigenvalues in Eq. (4.37) are not distinct and the
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matrix A cannot be diagonalized. As mentioned after Eq. (4.37), we looked at this case separately

and found that it leads to the same conditions as above.

In Eq. (4.44) we calculated Z1(τ ; t) and used it in the self-consistency equation for ∆(τ). In a

similar manner we calculate Z̄1(τ ; t) and use it to get the self-consistency condition for ∆̄(τ). It

turns out that analogous to Eq. (4.47), this gives

∆̄0 = 0 or sin
((
ϵ+

g n

2

)
t
)
= 0 . (4.48)

The final self-consistency condition is that for n(τ) in Eq. (4.17). Substituting from Eqs. (4.41)

and (4.45), we get

2 cos(Dt)
[
n cos

((
ϵ+

g n

2

)
t
)
+ i sin

((
ϵ+

g n

2

)
t
)]

=
g n

D
sin(Dt)

[
i cos

((
ϵ+

g n

2

)
t
)
− n sin

((
ϵ+

g n

2

)
t
)]

.

(4.49)

We want to see if Eq. (4.47) can satisfy this self-consistency condition for n(τ). If we have ∆0 = 0

then from Eq. (4.37), we have D = ±g n/2. Eq. (4.49) becomes

2n
[
cos
((
ϵ+

g n

2

)
t
)
cos
(g n

2
t
)
+ sin

((
ϵ+

g n

2

)
t
)
sin
(g n

2
t
)]

= 2i
[
cos
((
ϵ+

g n

2

)
t
)
sin
(g n

2
t
)
− sin

((
ϵ+

g n

2

)
t
)
cos
(g n

2
t
)]

.

(4.50)

This reduces to

n = −i tan(ϵt) . (4.51)

Thus we have

∆0 = ∆̄0 = 0 , n = −i tan(ϵt) (4.52)

as a self-consistent saddle point.

With the other solution in Eq. (4.47), sin((ϵ+ g n/2)t) = 0, the self-consistency equation
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(4.46) for ∆ and equation (4.49) for n, both reduce to

i

2

tan(Dt)

D
=

1

g
. (4.53)

Substituting for D from Eq. (4.37), we find that

n =
2

g

(
kπ

t
− ϵ

)
,

i

2

√
∆̄0∆0 +

(
kπ
t − ϵ

)2 tan
t
√
∆̄0∆0 +

(
kπ

t
− ϵ

)2
 =

1

g
(4.54)

is a valid saddle point for any integer k. The time-evolution equation for ∆ and ∆̄, Eq. (4.25),

becomes

∆(τ) = ∆0 exp

(
−i2πkτ

t

)
, ∆̄(τ) = ∆̄0 exp

(
i
2πkτ

t

)
. (4.55)

We see that the self-consistency equation enforces ∆(t) = ∆(0) and ∆̄(t) = ∆̄(0). The choice k = 0

gives a time(τ)-independent saddle point.

4.2.4 Result

We find that there are two classes of time-dependent saddle point solutions, given by Eqs. (4.52)

and (4.54). We calculate the contribution to the spectral form factor due to each. Substituting

(4.52) in Eq. (4.41) gives

Z0(t) = 2 cos(ϵt) (4.56)

whereas substituting the solution (4.54) into (4.41) gives

Z0(t) = 2(−1)k cos(tzl(t)) exp

[
− it
g

(
zl(t)

2 −
(
kπ

t
− ϵ

)2
)]

, (4.57)

where Z0(t) = (Z(t))
1
N , as defined in Eqs. (4.7) and (4.8), is the spectral form factor for a single

fermionic mode of the mean field Hamiltonian, and zl(t) is a solution for D in the equation

i

2

tan(Dt)

D
=

1

g
. (4.58)
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Eq. (4.58) has infinitely many solutions in the complex plane, which we index with subscript l. Note

that these saddle points zl(t) depend on the interaction strength (g) and time (t), but not on the

bare fermion energy (ϵ).

Figure 4.1: Saddle points zl(t) for g = 1 and t = 1. Shown here are the seven saddle points closest
to the imaginary axis in the lower right quadrant of the complex plane.

Figure 4.1 shows the saddle points zl(t) which are the solutions to Eq. (4.58) for g = 1 and

t = 1. The seven saddle points closest to the imaginary axis in the lower right quadrant of the

complex plane are plotted. For each saddle point zl(t), there is a corresponding saddle point −zl(t)

in the upper left quadrant of the complex plane not shown in the figure.

The infinitely many saddle point solutions to Eq. (4.58), each contribute to the spectral form

factor according to Eq. (4.57). Let us define

b(t, zl(t)) = ln(Z0(t, zl(t))) , (4.59)

where the expression for Z0(t, zl(t)) is given in Eq. (4.57). The magnitude of the contribution of
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saddle point zl(t) to the spectral form factor is determined by the real part of b(t, zl(t)),

Re[b(t, zl(t))] = ln 2 + ln | cos(tzl(t))|+
2t

g
Re[zl(t)]Im[zl(t)] , (4.60)

whereas the imaginary part determines its complex phase. Denoting the saddle points in the lower

right quadrant of the complex plane as z1(t), z2(t), z3(t), and so on in order of increasing distance

from the imaginary axis, the real part of b(t, zl(t)) is shown as a function of t for the first three

saddle points in Figure 4.2. The interaction strength g has been set to 1 for this figure. We see that

z1(t), the saddle point closest to the imaginary axis, has the largest value of Re[b(t, zl(t)] among all

the saddle points.

Summing over all the saddle points the spectral form factor is obtained from Eqs. (4.7) and

Figure 4.2: Contribution of saddle points z1, z2 and z3 to Z0 as a function of time t for g = 1
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(4.59) as

Z(t) =
∑
l

cl(t) e
Nb(t,zl(t)) , (4.61)

where cl(t) is a prefactor that is subexponential in N . cl(t) comes from the omitted subexponential

prefactor in Eq. (4.3) and the Gaussian integral around the saddle point. Thus from Eq. (4.61) and

Figure 4.2 we see that saddle points zl(t) with l > 1 are exponentially suppressed as compared to

the saddle point z1(t). To get the spectral form factor from Eq. (4.57) in the large-N limit, we only

consider zl(t) with l = 1 at the leading order.

Among Eqs. (4.56) and (4.57), at leading order in N , we only consider the saddle point whose

contribution to Z0(t) has the larger absolute value. Using Eqs. (4.56), (4.57), (4.59), and (4.60), we

obtain

lim
N→∞

ln |Z(t)|
N

= ln 2 +max

{
ln(| cos(ϵt)|),

(
ln | cos(tz1(t))|+

2t

g
Re[z1(t)] Im[z1(t)]

)}
. (4.62)

This is an exact expression for the spectral form factor of the Hamiltonian in Eq. (4.1).

For saddle point z1(t), the Hubbard-Stratonovich mean fields satisfy, from Eq. (4.54), ∆̄∆ =

z1(t)
2 −

(
kπ
t − ϵ

)2 for some integer k. z1(t) is neither purely real nor purely imaginary for any t > 0

since it is a solution for D in Eq. (4.58). Thus ∆̄∆ is complex-valued in general.

Singularities occur in the spectral form factor expression of Eq. (4.62) when the two arguments

of the max{·} function become equal. These singularities are of a different form than the ones

studied in chapter 3, and are not related to Fisher zeros. For the superconducting Hamiltonians

considered in chapter 3, looking for these singularities would involve solving the self-consistency

equations for time-dependent mean fields. This is a hard problem, which we leave for future research.

4.3 Exact solution: sum over Anderson pseudospins

For the single-channel flat band superconductor considered here, it turns out that it is possible

to evaluate the spectral form factor without using a mean field. We follow the standard mapping
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from fermionic operators to spin operators,

â†n↑â
†
n↓ = ŝ+n , ân↓ân↑ = ŝ−n ,

1

2
(â†n↑ân↑ + â†n↓ân↓ − 1) = ŝzn , (4.63)

where

ŝ+n = ŝxn + iŝyn , ŝ−n = ŝxn − iŝyn . (4.64)

These operators follow the commutation relations,

[ŝxn, ŝ
y
n] = iŝzn , [ŝyn, ŝ

z
n] = iŝxn , [ŝzn, ŝ

x
n] = iŝyn , (4.65)

and are called Anderson pseudospins [64].

Figure 4.3: Exact spectral form factor, obtained by summing over N = 200 Anderson pseudospins,
for three different values of ϵ, with g = 1
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In terms of these Anderson pseudospins, the Hamiltonian Eq. (4.1) becomes

Ĥ = 2ϵ

N∑
n=1

(
ŝzn +

1

2

)
− g

N

N∑
k,l=1

ŝ+k ŝ
−
l . (4.66)

Denoting the sum over all pseudospins as Ŝ =
∑N

n=1 ŝn, the Hamiltonian becomes

Ĥ = Nϵ+ 2ϵŜz − g

N
Ŝ+Ŝ− . (4.67)

From the pseudospin commutation relations, we have Ŝ+Ŝ− = Ŝ2 − (Ŝz)2 + Ŝz and [Ŝ2, Ŝz] = 0.

Thus, eigenstates of the Hamiltonian (4.67) are simultaneous eigenstates of Ŝ2 and Ŝz operators.

Let us denote these eigenstates as |KM⟩, where

Ŝ2 |KM⟩ = K(K + 1) |KM⟩ , Ŝz |KM⟩ =M |KM⟩ . (4.68)

If we choose N even for convenience, then the value of K can be any integer from 0 to N/2. For a

particular K, M can have integer values from −K to K. The possible eigenvalues of the Hamiltonian

(4.67) are hence,

EKM = Nϵ+ 2ϵM − g

N
[K(K + 1)−M(M − 1)] , (4.69)

each with degeneracy [103],

DK =
N !(2K + 1)(

N
2 +K + 1

)
!
(
N
2 −K

)
!
. (4.70)

This gives us an expression for the spectral form factor (4.2) as

Z(t) = e−iNϵt

N
2∑

K=0

N !(2K + 1)(
N
2 +K + 1

)
!
(
N
2 −K

)
!
eit

g
N
K(K+1)

K∑
M=−K

e−it(2ϵM+ g
N
M(M−1)) . (4.71)

Figure 4.3 shows the plot of the absolute value of the spectral form factor from Eq. (4.71)

with g = 1 and N = 200, for three different values of the bare fermion energy ϵ.
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4.4 Comparison of mean-field approximation with exact solution

Figure 4.4: Comparison of the exact spectral form factor with the saddle point approximation, for
ϵ = 0.2, g = 1 and N = 200

We now compare the exact value of the spectral form factor obtained from Eq. (4.71), with

the saddle point approximation (4.62) from mean field theory. Figures 4.4, 4.5 and 4.6 plot the

results obtained from the two different methods for ϵ = 0.2, 1 and 5 respectively. The interaction

strength g has been set to 1 for convenience. The summation in Eq. (4.71) has been carried out over

N = 200 pseudospins in all these plots. We see that the saddle point approximation matches the

exact spectral form factor to leading order in N . The subleading terms are O
(
lnN
N

)
. For N = 200,

we have lnN
N ≈ 0.03.

4.5 Conclusions

We see in this simple single-channel model for a flat-band superconductor that our time-

dependent mean field approximation agrees with the exact result for the spectral form factor. We

saw in Section 4.2 that for the mean fields, ∆̄∆ is not real-valued. Hence we have found a model
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Figure 4.5: Comparison of the exact spectral form factor with the saddle point approximation, for
ϵ = 1, g = 1 and N = 200

Figure 4.6: Comparison of the exact spectral form factor with the saddle point approximation, for
ϵ = 5, g = 1 and N = 200
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where we explicitly showed the existence of mean fields ∆ and ∆̄, that are not complex conjugates

of each other. This answers the question posed in the beginning of the chapter. The reason we find

∆̄∆ to be complex-valued in chapters 2 and 3, is not because there is a flaw in our formalism. It is

because this is the nature of the mean fields which are required to calculate the time evolution of

superconductors. This agrees with our results published in Refs. [44] and [45].

The result here comes from the important fact that though the Hubbard-Stratonovich fields

defined in Eq. (4.5) are complex conjugates of each other, their saddle points are not. This is also

what is observed when a complex function is integrated over a segment of the real axis. If the

integrand is complex-valued, then it can have saddle points anywhere in the complex plane, and not

necessarily on the real axis [104].

This shows that one needs to be careful when using the saddle point approximation in the

calculation of the time evolution of a quantum system. There are quite a few research articles

involving the time evolution of superconducting systems, in which ∆ and ∆̄ are taken to be complex

conjugates. This should not be the case in general. In such context, ∆ is not the superconducting

gap function, but the saddle point of the mean field used in the Hubbard-Stratonovich path integral.

Thus, one should not use the value of the equilibrium gap function for the mean field, but rather

calculate the mean field self-consistently.

Ref. [95] provides a protocol to measure the spectral form factor of a system of quantum

spins. Section 3.5 outlines how this protocol can be used to measure the spectral form factor of a

superconducting Hamiltonian, where the Anderson pseudospins are realized using a trapped ion

framework. If we wish to experimentally verify the mean-field result presented in this chapter, we

need to recall that the expression in Eq. (4.62) is only valid in the large-N limit. Quantum simulators

which measure the spectral form factor are limited by the quantum measurement technology of the

time. Currently, the spectral form factor can be measured accurately only for systems with the

number of spins N on the order of 10 [95]. In order to compare the theoretical prediction with

experiment, Eq. (4.62) must be extended beyond the large-N limit. This involves including the

sub-dominant saddle points in the calculation, the subexponential prefactor to the path integral in
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Eq. (4.5), and doing a Taylor expansion of the integrand around each saddle point to include the

higher order terms.



Chapter 5

Conclusions

In this thesis we studied nonanalyticities in the Loschmidt echo and the spectral form factor of

superconductors. We found that these nonanalyticities can occur in unconventional superconductors,

whose superconducting gap function has a nontrivial structure in momentum space. On the other

hand, the conventional s-wave superconductor does not show any such nonanalyticity. The form of

these nonanalyticities depends in general on the symmetries of the Cooper pair wavefunction and

the dimensionality of space on which the system is defined.

A crucial tool in our study of the time evolution of superconductors was the generalized mean

field theory. The superconducting mean field here is derived as the saddle point of the appropriate

path integral involved in our calculation. We found that this path integral can have complex

nontrivial saddle points which are different than the ones present in a static mean field theory. We

explicitly calculated the most general time-dependent saddle points for the single-channel flat band

superconductor and verified that our result agree with the exact result calculated without using

mean field theory.

There is one important question which arises when using our generalized mean field theory. In

Chapter 4, we found saddle points which have complex ∆̄∆, even though the Hubbard-Stratonovich

fields ∆ and ∆̄ are defined to be complex conjugates in the Gaussian path integral. Even if these

complex saddle points exist, how can we be sure that they can be accessed by the path integral?

In our case, we could match our mean field results with the exact solution obtained without using

mean field. This showed that these complex saddle points do in fact contribute to the path integral.
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But complex saddle points also exist for other systems which have been studied in literature. One

prominent example is the thermal partition function of a superconductor. For the chiral p-wave

superconductor Eq. (3.11), we can have saddle points for which E(p) is purely imaginary. But these

saddle points do not contribute to the path integral for the partition function, since such partition

functions have been calculated in literature and found to be real-valued [105]. Also, one can show

that if these complex saddle points did contribute to the thermal partition function, it is possible for

their contribution to be larger than that of their real counterpart. Thus there needs to be further

study on what conditions determine whether certain saddle points do or do not contribute to the

path integral.

In Chapter 4, we found that the spectral form factor of the single-channel flat-band supercon-

ductor can have singularities, as observed in figures 4.4, 4.5, and 4.6. These singularities cannot be

found in the formalism used in Chapters 2 and 3. The nonanalyticities in Chapter 4 occur due to

the dominant saddle point switching between two different types of saddle points, and not due to

Fisher zeros being encountered. Such nonanalyticities can also occur in the Loschmidt echo studied

in Chapter 2. Finding such nonanalyticities requires calculating the Loschmidt echo at any general

time, and not just near a DQPT. Therefore, using the nonequilibrium mean-field theory to explicitly

calculate the Loschmidt echo for superconductors, and using it to find such nonanalyticities remains

an open problem.

We can also use the nonequilibrium mean field theory developed here to look for mixed state

dynamical quantum phase transitions (DQPTs) in superconductors. These mixed state DQPTs

have been studied for the transverse field Ising model in Ref. [72], and for Gaussian models in

Ref. [106]. This requires starting with a mixed state, such as an equilibrium thermal distribution,

rather than the ground state of the pre-quench Hamiltonian. Such a calculation should match the

results obtained in Chapters 2 and 3 in the two following limits. If we start with the equilibrium

thermal distribution with temperature approaching zero, then it should approximate the standard

DQPT result obtained in Chapter 2. On the other hand, if we start with the equilibrium thermal

distribution with temperature approaching infinity, it should approximate the spectral form factor
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obtained in Chapter 3. Any deviation of the mixed state DQPTs from these expected limits would

be an interesting phenomenon to study in itself. It would suggest that the order of operations of

using the Hubbard-Stratonovich mean field approximation and taking the limit of the temperature

to zero or infinity, do not commute.
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Appendix A

DQPTs in a class DIII superconductor

A.1 Hamiltonian and equations of motion

We start with the BdG (Bogoliubov-de Gennes) Hamiltonian for the B phase of superfluid

He-3 in three spatial dimensions [8]. This is an example of a class DIII superconductor [68]. This is a

translation-invariant Hamiltonian, therefore the momentum k is a good quantum number. For each

momentum mode k, we use the basis Ĉk = (ĉk↑, ĉk↓, ĉ
†
−k↑, ĉ

†
−k↓)

T , where ĉkσ and ĉ†kσ are respectively

the annihilation and creation operators of the fermion with momentum k and spin σ. In this basis,

the Hamiltonian is written as

Ĥ =
∑
k

Ĉ†
kHkĈk , (A.1)

Hk =

ξkσ0 ∆k

∆†
k −ξkσ0

 , (A.2)

and

ξk =
k2

2m
− µ , ∆k = i∆σ2k · σ . (A.3)

Here, ∆ is the gap function. For later convenience, we write the Hamiltonian in expanded form,

Ĥ =
∑
k

ξk[ĉ
†
k↑ĉk↑ + ĉ†k↓ĉk↓ − ĉ−k↑ĉ

†
−k↑ − ĉ−k↓ĉ

†
−k↓]

+ ∆
∑
k

[(kx + iky)ĉ
†
k↑ĉ

†
−k↑ − kz ĉ

†
k↑ĉ

†
−k↓ − kz ĉ

†
k↓ĉ

†
−k↑ − (kx − iky)ĉ

†
k↓ĉ

†
−k↓]

+ ∆̄
∑
k

[(kx − iky)ĉ−k↑ĉk↑ − kz ĉ−k↓ĉk↑ − kz ĉ−k↑ĉk↓ − (kx + iky)ĉ−k↓ĉk↓] .

(A.4)
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The summation is only over momentum modes with kz > 0 so as to avoid double-counting.

We write a BCS state as

|Ψ⟩ =
∏
k

|Ψk⟩ , where

|Ψk⟩ = (uk + vk↑↑ĉ
†
k↑ĉ

†
−k↑ + vk↑↓ĉ

†
k↑ĉ

†
−k↓ + vk↓↑ĉ

†
k↓ĉ

†
−k↑ + vk↓↓ĉ

†
k↓ĉ

†
−k↓ + vk↑↓↑↓ĉ

†
k↑ĉ

†
k↓ĉ

†
−k↑ĉ

†
−k↓) |0⟩ .

(A.5)

The coefficients obey the normalization,

|uk|2 + |vk↑↑|2 + |vk↑↓|2 + |vk↓↑|2 + |vk↓↓|2 + |vk↑↓↑↓|2 = 1 . (A.6)

We wish to compute the action of the Hamiltonian on |Ψk⟩. To do this, let us list the action

of each term of the Hamiltonian on |Ψk⟩.

ĉ†k↑ĉk↑ |Ψk⟩ = (vk↑↑ĉ
†
k↑ĉ

†
−k↑ + vk↑↓ĉ

†
k↑ĉ

†
−k↓ + vk↑↓↑↓ĉ

†
k↑ĉ

†
k↓ĉ

†
−k↑ĉ

†
−k↓) |0⟩

ĉ†k↓ĉk↓ |Ψk⟩ = (vk↓↑ĉ
†
k↓ĉ

†
−k↑ + vk↓↓ĉ

†
k↓ĉ

†
−k↓ + vk↑↓↑↓ĉ

†
k↑ĉ

†
k↓ĉ

†
−k↑ĉ

†
−k↓) |0⟩

ĉ−k↑ĉ
†
−k↑ |Ψk⟩ = (uk + vk↑↓ĉ

†
k↑ĉ

†
−k↓ + vk↓↓ĉ

†
k↓ĉ

†
−k↓) |0⟩

ĉ−k↓ĉ
†
−k↓ |Ψk⟩ = (uk + vk↑↑ĉ

†
k↑ĉ

†
−k↑ + vk↓↑ĉ

†
k↓ĉ

†
−k↑) |0⟩

ĉ†k↑ĉ
†
−k↑ |Ψk⟩ = (ukĉ

†
k↑ĉ

†
−k↑ − vk↓↓ĉ

†
k↑ĉ

†
k↓ĉ

†
−k↑ĉ

†
−k↓) |0⟩

ĉ†k↑ĉ
†
−k↓ |Ψk⟩ = (ukĉ

†
k↑ĉ

†
−k↓ + vk↓↑ĉ

†
k↑ĉ

†
k↓ĉ

†
−k↑ĉ

†
−k↓) |0⟩

ĉ†k↓ĉ
†
−k↑ |Ψk⟩ = (ukĉ

†
k↓ĉ

†
−k↑ + vk↑↓ĉ

†
k↑ĉ

†
k↓ĉ

†
−k↑ĉ

†
−k↓) |0⟩

ĉ†k↓ĉ
†
−k↓ |Ψk⟩ = (ukĉ

†
k↓ĉ

†
−k↓ − vk↑↑ĉ

†
k↑ĉ

†
k↓ĉ

†
−k↑ĉ

†
−k↓) |0⟩

ĉ−k↑ĉk↑ |Ψk⟩ = (vk↑↑ − vk↑↓↑↓ĉ
†
k↓ĉ

†
−k↓) |0⟩

ĉ−k↓ĉk↑ |Ψk⟩ = (vk↑↓ + vk↑↓↑↓ĉ
†
k↓ĉ

†
−k↑) |0⟩

ĉ−k↑ĉk↓ |Ψk⟩ = (vk↓↑ + vk↑↓↑↓ĉ
†
k↑ĉ

†
−k↓) |0⟩

ĉ−k↓ĉk↓ |Ψk⟩ = (vk↓↓ − vk↑↓↑↓ĉ
†
k↑ĉ

†
−k↑) |0⟩ .

(A.7)
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Using these, we get

Ĥk |Ψk⟩ = [2ξk(−uk + vk↑↓↑↓ĉ
†
k↑ĉ

†
k↓ĉ

†
−k↑ĉ

†
−k↓)

+ ∆[uk((kx + iky)ĉ
†
k↑ĉ

†
−k↑ − kz ĉ

†
k↑ĉ

†
−k↓ − kz ĉ

†
k↓ĉ

†
−k↑ − (kx − iky)ĉ

†
k↓ĉ

†
−k↓)

+ (−(kx + iky)vk↓↓ − kzvk↓↑ − kzvk↑↓ + (kx − iky)vk↑↑)ĉ
†
k↑ĉ

†
k↓ĉ

†
−k↑ĉ

†
−k↓]

+ ∆̄[((kx − iky)vk↑↑ − kzvk↑↓ − kzvk↓↑ − (kx + iky)vk↓↓)

+ vk↑↓↑↓((kx + iky)ĉ
†
k↑ĉ

†
−k↑ − kz ĉ

†
k↑ĉ

†
−k↓ − kz ĉ

†
k↓ĉ

†
−k↑ − (kx − iky)ĉ

†
k↓ĉ

†
−k↓)]] |0⟩ .

(A.8)

Now we obtain the equations of motion for the u and v amplitudes using i∂ |Ψk⟩ /∂t = Ĥk |Ψk⟩

as

iu̇k = −2ξkuk + ∆̄((kx − iky)vk↑↑ − kzvk↑↓ − kzvk↓↑ − (kx + iky)vk↓↓)

iv̇k↑↑ = ∆(kx + iky)uk + ∆̄(kx + iky)vk↑↓↑↓

iv̇k↑↓ = −∆kzuk − ∆̄kzvk↑↓↑↓

iv̇k↓↑ = −∆kzuk − ∆̄kzvk↑↓↑↓

iv̇k↓↓ = −∆(kx − iky)uk − ∆̄(kx − iky)vk↑↓↑↓

iv̇k↑↓↑↓ = 2ξkvk↑↓↑↓ +∆((kx − iky)vk↑↑ − kzvk↑↓ − kzvk↓↑ − (kx + iky)vk↓↓) .

(A.9)

As k → 0, ∆k and ∆̄k vanish (A.3). The above equations simplify to

iu̇0 = −2ξ0u0 , v̇0↑↑ = v̇0↑↓ = v̇0↓↑ = v̇0↓↓ = 0 , iv̇0↑↓↑↓ = 2ξ0v0↑↓↑↓. (A.10)

A.2 Condition for DQPT

We write u(τ), v(τ) as the coefficients at some time τ . The initial value of the coefficients are

denoted as vik = vk(0). Using these, the Loschmidt echo is written as

Z =
∏
k

2Sk , lnZ = V

∫
d3k ln(2Sk) , (A.11)
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where

2Sk = u∗ikuk(t) + v∗ik↑↑vk↑↑(t) + v∗ik↑↓vk↑↓(t) + v∗ik↓↑vk↓↑(t) + v∗ik↓↓vk↓↓(t) + v∗ik↑↓↑↓vk↑↓↑↓(t) . (A.12)

From the time evolution equations for k → 0 given in Eq. (A.10), we get for 2S0,

2S0(t) = |ui0|2e2iξ0t + |vi0↑↑|2 + |vi0↑↓|2 + |vi0↓↑|2 + |vi0↓↓|2 + |vi0↑↓↑↓|2e−2iξ0t . (A.13)

This can be simplified using the normalization condition Eq. (A.6) to

2S0(t) = 1 + (|ui0|2 + |vi0↑↓↑↓|2)(cos(2ξ0t)− 1) + i(|ui0|2 − |vi0↑↓↑↓|2) sin(2ξ0t) . (A.14)

There are two cases in which S0(t) can vanish.

Case 1: S0 (t) vanishes at time

tn =
(2n+ 1)π

2|ξ0|
, if 1− 2(|ui0|2 + |vi0↑↓↑↓|2) = 0 . (A.15)

Case 2: If we have

|ui0| = |vi0↑↓↑↓| , then S0(t) = 1 + 2|ui0|2(cos(2ξ0t)− 1) . (A.16)

S0(t) can vanish in (A.16) if we have |ui0|2 > 1/4.

A.3 Initial values of amplitudes

Now we wish to compute the coefficients at time τ = 0. At τ = 0, the state |Ψk⟩ is the

ground state of the Hamiltonian (A.2) with a different value of µ, the value before the quench. For
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convenience, we follow the derivation in Ref. [107]. Ĥ can be diagonalized as

Ĥ =
∑
k

Â†
kEkÂ

†
k , (A.17)

where

Âk = (âk↑, âk↓, â
†
k↑, â

†
−k↓)

T , Ek = diag(Ek, Ek,−E−k,−E−k) . (A.18)

The eigenvalue Ek is given by

Ek =

√
ξ2k + |∆k|2 , where |∆k|2 =

1

2
Tr(∆†

k∆k) . (A.19)

In the ground state we have ∆̄ = ∆∗. In this problem, for ∆k given by Eq.(A.3), Ek becomes

Ek =

√
ξ2k + |∆|2k2 = Ek . (A.20)

We get the eigenvector Âk as Ĉk = UkÂk or Âk = U†
kĈk, where the unitary matrix Uk is given by

Uk =

 Uk Vk

V ∗
−k U∗

−k

 , where Uk =
(Ek + ξk)σ0√
2Ek(Ek + ξk)

, Vk =
−∆k√

2Ek(Ek + ξk)
. (A.21)

Thus we get


âk↑

âk↓

â†−k↑

â†−k↓

 =
1√

2Ek(Ek + ξk)


Ek + ξk 0 ∆(kx + iky) −∆kz

0 Ek + ξk −∆kz −∆(kx − iky)

−∆̄(kx − iky) ∆̄kz Ek − ξk 0

∆̄kz ∆̄(kx + iky) 0 Ek − ξk




ĉk↑

ĉk↓

ĉ†−k↑

ĉ†−k↓


(A.22)

In the ground state of the Hamiltonian, |Ψi⟩, which is the state at τ = 0, we have

âk↑ |Ψik⟩ = 0 , âk↓ |Ψik⟩ = 0 . (A.23)
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This leads to the conditions,

((Eik + ξik)ĉk↑ +∆i(kx + iky)ĉ
†
−k↑ −∆ikz ĉ

†
−k↓) |Ψik⟩ = 0

((Eik + ξik)ĉk↓ −∆ikz ĉ
†
−k↑ −∆i(kx − iky)ĉ

†
−k↓) |Ψik⟩ = 0 .

(A.24)

With the form of |Ψik⟩ as given by Eq. (A.5), we get the following equations for the BCS coefficients,

(Eik + ξik)vik↑↑ +∆i(kx + iky)uik = 0

(Eik + ξik)vik↑↓ −∆ikzuik = 0

(Eik + ξik)vik↓↑ −∆ikzuik = 0

(Eik + ξik)vik↓↓ −∆i(kx − iky)uik = 0

∆i[(kx + iky)vik↑↓ + kzvik↑↑] = 0

∆i[−kzvik↓↓ + (kx − iky)vik↓↑] = 0

(Eik + ξik)vik↑↓↑↓ −∆i(kx + iky)vik↓↓ −∆ikzvik↓↑ = 0

(Eik + ξik)vik↑↓↑↓ +∆i(kx − iky)vik↑↑ −∆ikzvik↑↓ = 0 .

(A.25)

Solving these equations with the normalization condition (A.6), we obtain

uik =
Eik + ξik
2Eik

, vik↑↑ = −∆i(kx + iky)

2Eik
, vik↑↓ = vik↓↑ =

∆ikz
2Eik

,

vik↓↓ =
∆i(kx − iky)

2Eik
, vik↑↓↑↓ =

∆2
i k

2

2Eik(Eik + ξik)
.

(A.26)

To evaluate the cases (A.15) and (A.16), we need to see what happens to the above expressions in

the limit k → 0.

If µ > 0, k → 0 : then uik =
k2|∆i|2

4µ2
, vikσσ′ ∼ k∆i

µ
, vik↑↓↑↓ = 1 . (A.27)

If µ < 0, k → 0 : then uik = 1 , vikσσ′ ∼ k∆i

µ
, vik↑↓↑↓ =

k2∆2
i

4µ2
. (A.28)
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If µ = 0, k → 0 : then uik =

1

2
+

k

4m|∆i|
, vik↑↑ = −(kx + iky)∆i

2k|∆i|
,

vik↑↓ = vik↓↑ =
kz∆i

2k|∆i|
, vik↓↓ =

(kx − iky)∆i

2k|∆i|
, vik↑↓↑↓ =

∆2
i

|∆i|2

(
1

2
− k

4m|∆i|

)
.

(A.29)

From Eqs. (A.15) and (A.16), we see that only the µ = 0 case can have S0(t) = 0 for some t.

We need to look at the singularity in lnZ as we integrate around the k = 0 point in momentum

space. To do this, let us expand the initial coefficients (A.29) to one further order in k.

uik =
1

2
+

k

4m|∆i|
+O(k3) ,

vik↑↑ = −(kx + iky)∆i

2k|∆i|

(
1− k2

8m2|∆i|2

)
,

vik↑↓ = vik↓↑ =
kz∆i

2k|∆i|

(
1− k2

8m2|∆i|2

)
,

vik↓↓ =
(kx − iky)∆i

2k|∆i|

(
1− k2

8m2|∆i|2

)
,

vik↑↓↑↓ =
∆2
i

|∆i|2

(
1

2
− k

4m|∆i|
+O(k3)

)
.

(A.30)

A.4 Search for DQPTs

Now we use the time evolution equations (A.9) to get the coefficients at time t upto first order

in k. Let us define

fk =

∫ t

0
dτ ∆(τ) e2iξkτ , f̄k =

∫ t

0
dτ ∆̄(τ) e−2iξkτ . (A.31)
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Up to first order in k, we get

uk(t) = (uik + i(−(kx − iky)vik↑↑ + kz(vik↑↓ + vik↓↑) + (kx + iky)vik↓↓)f̄k) e
2iξkt ,

vk↑↑(t) = vik↑↑ − i(kx + iky)(uikfk + vik↑↓↑↓f̄k) ,

vk↑↓(t) = vik↑↓ + ikz(uikfk + vik↑↓↑↓f̄k) ,

vk↓↑(t) = vik↓↑ + ikz(uikfk + vik↑↓↑↓f̄k) ,

vk↓↓(t) = vik↓↓ + i(kx − iky)(uikfk + vik↑↓↑↓f̄k) ,

vk↑↓↑↓(t) = (vik↑↓↑↓i(−(kx − iky)vik↑↑ + kz(vik↑↓ + vik↓↑) + (kx + iky)vik↓↓)fk) e
−2iξkt .

(A.32)

Substituting these in Eq. (A.12) and using Eq. (A.30) for the initial values of the coefficients, we

get Sk(t) for small k upto first order in k as

Sk(t) =

(
1

4
+

k

4m|∆i|
+
ik

2

∆i

|∆i|
f̄k

)
e2iξ0t +

1

2
+(

1

4
− k

4m|∆i|
+
ik

2

∆i

|∆i|
fk

)
e−2iξ0t + ik

∆̄i

|∆i|
fk + f̄k

2
.

(A.33)

Now for t close to a DQPT at tn given by Eq. (A.15) (Eq. (A.16) also gives the same value for tn),

we can expand in powers of (t− tn):

2iξ0t = 2iξ0tn + 2iξ0(t− tn) = i(2n+ 1)π
ξ0
|ξ0|

+ 2iξ0(t− tn) . (A.34)

To first order in k and (t− tn), Eq. (A.12) becomes

2Sk(t) = −
(
1

2
+ ik

∆i

|∆i|
fk + f̄k

2

)
+

1

2
+ ik

∆̄i

|∆i|
fk + f̄k

2
+O((t− tn)

2) . (A.35)

Since in the ground state the gap function ∆i is real and positive (this can be shown using the

self-consistency condition), and ∆̄i is just the complex conjugate of ∆i, we get

2Sk(t) = 0 , (A.36)
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up to first order in k and (t− tn). Thus to observe the behavior of Sk(t) near tn, we should expand

it to second order in k and (t− tn).

Let us generalize Eq. (A.31) to

fk(τ) =

∫ τ

0
dτ ′∆(τ ′) e2iξkτ

′
, f̄k(τ

′) =

∫ τ

0
dτ ′∆̄(τ ′) e−2iξkτ

′
. (A.37)

In addition to these, to go up to second order in k we also need to define the following,

f∆k(t) =

∫ t

0
dτ∆(τ)fk(τ) e

2iξkτ , f∆̄k(t) =

∫ t

0
dτ∆̄(τ)fk(τ) e

−2iξkτ ,

f̄∆k(t) =

∫ t

0
dτ∆(τ)f̄k(τ) e

2iξkτ , f̄∆̄k(t) =

∫ t

0
dτ∆̄(τ)f̄k(τ) e

−2iξkτ ,

Vik = −(kx − iky)vik↑↑ + kz(vik↑↓ + vik↓↑) + (kx + iky)vik↓↓ .

(A.38)

Note that since vikσσ′ are O(1) in k (from Eq. (A.29)), Vik is O(k). Using these we can extend Eq.

(A.32) to second order in k as

uk(t) = (uik + iVikf̄k(t)− 2k2(uikf∆̄k(t) + vik↑↓↑↓f̄∆̄k(t))) e
2iξkt ,

vk↑↑(t) = vik↑↑ − i(kx + iky)(uikfk(t) + vik↑↓↑↓f̄k(t)) + (kx + iky)Vik(f̄∆k(t) + f∆̄k(t)) ,

[Now since vik↓↑ = vik↑↓]

vk↑↓(t) = vk↓↑(t) = vik↑↓ + ikz(uikfk(t) + vik↑↓↑↓f̄k(t))− kzVik(f̄∆k(t) + f∆̄k(t)) ,

vk↓↓(t) = vik↓↓ + i(kx − iky)(uikfk(t) + vik↑↓↑↓f̄k(t))− (kx − iky)Vik(f̄∆k(t) + f∆̄k(t)) ,

vk↑↓↑↓(t) = (vik↑↓↑↓ + iVikfk(t)− 2k2(uikf∆k(t) + vik↑↓↑↓f̄∆k(t)) e
−2iξkt .

(A.39)
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Using these for Sk(t) in Eq. (A.12), we obtain

2Sk(t) ≈ 1 + (|uik|2 + |vik↑↓↑↓|2)(cos(2ξkt)− 1) + i(|uik|2 − |vik↑↓↑↓|2) sin(2ξkt)

+ i(u∗ikf̄k(t) e
2iξkt + v∗ik↑↓↑↓fk(t) e

−2iξkt)

− 2k2[u∗ik(uikf∆̄k(t) + vik↑↓↑↓f̄∆̄k(t)) e
2iξkt + v∗ik↑↓↑↓(uikf∆k(t) + vik↑↓↑↓f̄∆k(t)) e

−2iξkt]

+ iV∗
ik(uikfk(t) + vik↑↓↑↓f̄k(t))− |Vik|2(f̄∆k(t) + f∆̄k(t)) .

(A.40)

Now up to O(k2), we have

e2iξkt = e2iξ0t+ik
2t/m ≈ e2iξ0t

(
1 + i

k2

m
t

)
,

fk(t) =

∫ t

0
dτ∆(τ) e2iξ0τ

(
1 + i

k2

m
τ

) (A.41)

In Eq. (A.40), since fk occurs only at O(k) and f∆k at O(k2), we can approximate fk ≈ f0 and

f∆k ≈ f∆0. The same approximation holds for the other quantities in Eqs. (A.37) and (A.38).

Using the initial values of the coefficients (A.30), we see from Eq. (A.38) that

Vik = k
∆i

|∆i|
. (A.42)

Substituting this along with Eq. (A.30) in Eq. (A.40), we get for Sk(t),

2Sk(t) ≈ 1 +
1

2

(
1 +

k2

4m2|∆i|2

)
(cos(2ξ0t)− 1)− k2

2m
t sin(2ξ0t) + i

k

2m|∆i|
sin(2ξ0t)

+
i

2

(
∆i

|∆i|

(
k +

k2

2m|∆i|

)
f̄0(t) e

2iξ0t +
∆̄i

|∆i|

(
k − k2

2m|∆i|

)
f0(t) e

−2iξ0t

)
− k2

2

(
f∆̄0(t) +

∆2
i

|∆i|2
f̄∆̄0(t) +

∆̄2
i

|∆i|2
f∆0(t) + f̄∆0(t)

)
− k2(f̄∆0(t) + f∆̄0(t))

+
i

2

(
∆̄i

|∆i|

(
k +

k2

2m|∆i|

)
f0(t) +

∆i

|∆i|

(
k − k2

2m|∆i|

)
f̄0(t)

)
+O(k3) .

(A.43)
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Now we expand the terms in t to second order in (t− tn),

cos(2ξ0t) ≈ −1 + 2ξ20(t− tn)
2 , sin(2ξ0t) ≈ −2ξ0(t− tn) ,

e2iξ0t ≈ −1− 2iξ0(t− tn) + 2ξ20(t− tn)
2 , e−2iξ0t ≈ −1 + 2iξ0(t− tn) + 2ξ20(t− tn)

2 .

(A.44)

Using these, Sk(t) becomes

2Sk(t) ≈ ξ20(t− tn)
2 + ikξ0(t− tn)

[
− 1

m|∆i|
+

i

|∆i|
(f0(t)∆̄i − f̄0(t)∆i)

]
+ k2

[
− 1

4m2|∆i|2
− 1

2

(
3f∆̄0(t) +

∆2
i

|∆|2i
f̄∆̄0(t) +

∆̄2
i

|∆i|2
f∆0(t) + 3f̄∆0(t)

)

+
i

2m|∆i|

(
f0(t)

∆̄i

|∆i|
− f̄0(t)

∆i

|∆i|

)]
.

(A.45)

In the ground state of the Hamiltonian before quench, ∆i is real and positive, so that ∆i = ∆̄i = |∆i|.

Then up to O(k2), O(k(t− tn)) and O((t− tn)
2), Sk(t) simplifies to

2Sk(t) ≈ ξ20(t− tn)
2 − βk ξ0(t− tn)− γk2 , (A.46)

where

β =
i

m∆i
+ (f0(t)− f̄0(t)) ,

γ =
1

4m2∆2
i

+
1

2
(3f∆̄0(t) + f̄∆̄0(t) + f∆0(t) + 3f̄∆0(t))−

i

2m∆i
(f0(t)− f̄0(t)) .

(A.47)

Differentiating the equation for lnZ with time, we get

1

V Z
∂Z
∂t

=

∫
d3k

1

Sk

∂Sk
∂t

= 4π

∫ k0

0
dk

2k2ξ20(t− tn)/γ − βk3ξ0/γ

ξ20(t− tn)2/γ − βk ξ0(t− tn)/γ − k2
.

(A.48)

Here k0 is some momentum above which the expansion to O(k2) is no longer sufficient. We are

interested in the nonanalyticity that occurs due to the integration near k = 0. The poles of the
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integrand above are

kp1/p2 = ξ0(t− tn)

[
− β

2γ
±
(
β2

4γ2
+

1

γ

)1/2
]
. (A.49)

The integral in (A.48) can be written as

1

V Z
∂Z
∂t

= 4π

∫ k0

0
dk

(
βξ0k

γ
− ξ20(t− tn)

(
β2

γ2
+

2

γ

)
+

ρp1
k − kp1

+
ρp2

k − kp2

)
, (A.50)

where

ρp1/p2 = ±ξ
3
0(t− tn)

2

kp1 − kp2

[
βkp1/p2
γ

(
β2

γ2
+

3

γ

)
− ξ0(t− tn)

γ

(
β2

γ2
+

2

γ

)]
. (A.51)

From Eqs. (A.49) and (A.51), we see that kp1/p2 is O(t− tn) and ρp1/p2 is O((t− tn)2). The singular

part of the integral is given by

1

V Z
∂Z
∂t

= −4π

(
ρp1 ln

(
kp1
k0

)
+ ρp2 ln

(
kp2
k0

))
(A.52)

Substituting in the appropriate expressions, we obtain

1

V Z
∂Z
∂t

∼ ξ30(t− tn)
2 ln

(
ξ0(t− tn)

k0

)
. (A.53)

This is the form of the singularities in the Loschmidt echo of the B-phase of superfluid He-3 in three

spatial dimensions.



Appendix B

DQPTs in a class CI superconductor

B.1 Hamiltonian and equations of motion

We consider a diamond lattice in 3D with spin singlet d-wave pairing [69]. This is an example

of a class CI topological superconductor. The Hamiltonian is given as Ĥ =
∑

k Ψ̂
†
kHkΨ̂k, with

Ψ̂k = (âk↑, b̂k↑, â
†
−k↓, b̂

†
−k↓)

T , where âkα and b̂kα are the electron annihilation operators with spin α

and momentum k on sublattice A and B of the diamond lattice, respectively. Hk is given by

Hk =


Θk Φk ∆k 0

Φ∗
k −Θk 0 ∆k

∆̄k 0 −Θk −Φ∗
−k

0 ∆̄k −Φ−k Θk

 , (B.1)

where Φk is the nearest neighbor (NN) hopping term, Θk is the next nearest neighbour (NNN)

hopping term and ∆k is the pairing potential. A specific form of these which we use in our calculation

is as follows [69]:

Φk = 2w

[
eikz/4 cos

kx + ky
4

+ e−ikz/4 cos
kx − ky

4

]
, (B.2)

∆k = 4∆

[
cos

kx
2

cos
ky
2

− cos
ky
2

cos
kz
2

− cos
kz
2

cos
kx
2

]
, (B.3)

Θk = 4w′ cos
kz
2

(
cos

ky
2

− cos
kx
2

)
+ µs . (B.4)
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The energy eigenvalues of (B.1) are

E±
k = ±

√
|Φk|2 + |Θk|2 + |∆k|2 , (B.5)

exhibiting a twofold degeneracy for each k. The system has time-reversal symmetry (TRS) giving a

constraint on Hk,

H∗
−k = Hk . (B.6)

With this we see that Θk and ∆k are real-valued, and Φk obeys Φ∗
−k = Φk. This simplifies Hk to

Hk =


Θk Φk ∆k 0

Φ∗
k −Θk 0 ∆k

∆̄k 0 −Θk −Φk

0 ∆̄k −Φ∗
k Θk

 , (B.7)

We retain ∆̄k instead of just ∆k because when we study the Loschmidt echo, ∆̄k can turn out to be

different from ∆k by the self-consistency condition.

When Θk = 0, the BCS dispersion given by Φk and ∆k has four Dirac points where the bands

are fourfold degenerate, K1,± = 2π(±1/3, 1, 0) and K2,± = 2π(1,±1/3, 0).

We can write a BCS state on this lattice as

|ΨBCS⟩ =
∏
k

|Ψk⟩ where

|Ψk⟩ = (uk + vkaaâ
†
k↑â

†
−k↓ + vkbbb̂

†
k↑b̂

†
−k↓ + vkabâ

†
k↑b̂

†
−k↓ + vkbab̂

†
k↑â

†
−k↓ + vkaabbâ

†
k↑â

†
−k↓b̂

†
k↑b̂

†
−k↓) |0⟩ ,

(B.8)

with the normalization,

|uk|2 + |vkaa|2 + |vkbb|2 + |vkab|2 + |vkba|2 + |vkaabb|2 = 1 . (B.9)
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We now calculate the action of each term of the Hamiltonian on the BCS state.

â†k↑âk↑ |Ψk⟩ = (vkaaâ
†
k↑â

†
−k↓ + vkabâ

†
k↑b̂

†
−k↓ + vkaabbâ

†
k↑â

†
−k↓b̂

†
k↑b̂

†
−k↓) |0⟩ ,

â†k↑b̂k↑ |Ψk⟩ = (vkbbâ
†
k↑b̂

†
−k↓ + vkbaâ

†
k↑â

†
−k↓) |0⟩ ,

â†k↑â
†
−k↓ |Ψk⟩ = (ukâ

†
k↑â

†
−k↓ + vkbbâ

†
k↑â

†
−k↓b̂

†
k↑b̂

†
−k↓) |0⟩ ,

â−k↓â
†
−k↓ |Ψk⟩ = (uk + vkbbb̂

†
k↑b̂

†
−k↓ + vkabâ

†
k↑b̂

†
−k↓) ,

â−k↓b̂
†
−k↓ |Ψk⟩ = (−vkaaâ†k↑b̂

†
−k↓ − vkbab̂

†
k↑b̂

†
−k↓) |0⟩ ,

â−k↓âk↑ |Ψk⟩ = (vkaa + vkaabbb̂
†
k↑b̂

†
−k↓) |0⟩ ,

b̂†k↑b̂k↑ |Ψk⟩ = (vkbbb̂
†
k↑b̂

†
−k↓ + vkbab̂

†
k↑â

†
−k↓ + vkaabbâ

†
k↑â

†
−k↓b̂

†
k↑b̂

†
−k↓) |0⟩ ,

b̂†k↑âk↑ |Ψk⟩ = (vkaab̂
†
k↑â

†
−k↓ + vkabb̂

†
k↑b̂

†
−k↓) |0⟩ ,

b̂†k↑b̂
†
−k↓ |Ψk⟩ = (ukb̂

†
k↑b̂

†
−k↓ + vkaaâ

†
k↑â

†
−k↓b̂

†
k↑b̂

†
−k↓) |0⟩ ,

b̂−k↓b̂
†
−k↓ |Ψk⟩ = (uk + vkaaâ

†
k↑â

†
−k↓ + vkbab̂

†
k↑â

†
−k↓) |0⟩ ,

b̂−k↓â
†
−k↓ |Ψk⟩ = (−vkbbb̂†k↑â

†
−k↓ − vkabâ

†
k↑â

†
−k↓) |0⟩ ,

b̂−k↓b̂k↑ |Ψk⟩ = (vkbb + vkaabbâ
†
k↑â

†
−k↓) |0⟩ .

(B.10)

Using these, we get

Hk |Ψk⟩ = [∆̄k(vkaa + vkbb)

+ (2Θkvkaa + (Φkvkba +Φ∗
kvkab) + (∆kuk + ∆̄kvkaabb))â

†
k↑â

†
−k↓

+ (−2Θkvkbb + (Φkvkba +Φ∗
kvkab) + (∆kuk + ∆̄kvkaabb))b̂

†
k↑b̂

†
−k↓

+Φk(vkaa + vkbb)â
†
k↑b̂

†
−k↓ +Φ∗

k(vkaa + vkbb)b̂
†
k↑â

†
−k↓

+∆k(vkaa + vkbb)â
†
k↑â

†
−k↓b̂

†
k↑b̂

†
−k↓] |0⟩ .

(B.11)

The Schrödinger equation, i∂ |Ψk⟩ /∂t = Hk |Ψ⟩k, gives us the time evolution equations for the
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amplitudes as

iu̇k = ∆̄k(vkaa + vkbb) ,

iv̇kaa = 2Θkvkaa + (Φkvkba +Φ∗
kvkab) + (∆kuk + ∆̄kvkaabb) ,

iv̇kbb = −2Θkvkbb + (Φkvkba +Φ∗
kvkab) + (∆kuk + ∆̄kvkaabb) ,

iv̇kab = Φk(vkaa + vkbb) ,

iv̇kba = Φ∗
k(vkaa + vkbb) ,

iv̇kaabb = ∆k(vkaa + vkbb) .

(B.12)

B.2 Condition for 2Sk(t) = 0

We denote the initial value of the amplitudes as uik and vik. Since for k = K1,± or K2,±, we

have ∆k = ∆̄k = Φk = 0, the time evolution equations simplify to give

uk(t) = uik , vkaa(t) = vikaae
−2iΘkt , vkbb = vikbbe

2iΘkt ,

vkab(t) = vikab , vkba(t) = vikba , vkaabb(t) = vikaabb .

(B.13)

For these values of k, we get

2Sk(t) = ⟨Ψik|Ψk(t)⟩ = |uik|2 + |vikaa|2e−2iΘkt + |vikbb|2e2iΘkt + |vikab|2 + |vikba|2 + |vikaabb|2

= 1− (|vikaa|2 + |vikbb|2)(1− cos(2Θkt)) + i(|vikbb|2 − |vikaa|2) sin(2Θkt) .

(B.14)

This can go to zero in two cases:

Case 1: |vikaa| = |vikbb| , sin2(Θkt) =
1

4|vikaa|2
⇒ Θkt = nπ ± sin−1

(
1

2|vikaa|

)
,

Case 2: sin(2Θkt) = 0 , |vikaa|2 + |vikbb|2 =
1

2
⇒ Θkt =

(
m+

1

2

)
π .

(B.15)



105

B.3 Initial values of amplitudes

We now diagonalize the Hamiltonian in (B.7) to get the initial values of the amplitudes. Let

Ek = (|Φk|2 + |Θk|2 + |Φk|2)1/2 as in Eq. (B.5). Let us define sx, sy, sz to be Pauli matrices acting

on the a− b sublattice space. We decompose Φk into its real and imaginary parts, Φk = Φkx + iΦky.

The eigenvectors with energy −Ek will be the null eigenvectors of the matrix,

Ek1+Φkxsx − Φkysy +Θksz ∆k1

∆k1 Ek1− Φkxsx +Φkysy −Θksz

 (B.16)

Let us take the initial state to be the ground state of the Hamiltonian with the values of Θk, Φk, ∆k

so that Ek = 0 at k = K1,±. From the time reversal symmetry (B.6) and the form of ∆k (B.3), in

the initial state, we have ∆̄k = ∆k. Let the null eigenvector of the above matrix be (A,B)T . We get

from the first row,

(Ek1+Φkxsx − Φkysy +Θksz)A+∆k1B = 0 , (B.17)

so that

B = − 1

∆k
(Ek1+Φkxsx − Φkysy +Θksz)A . (B.18)

The second row yields the same equation. Now since the eigenvalue −Ek is doubly degenerate, we

can find B for two linearly independent values of A.

For A =

1

0

 , B = − 1

∆k

Ek +Θk

Φ∗
k

 ,

For A =

0

1

 , B = − 1

∆k

 Φk

Ek −Θk

 .

(B.19)

The normalized eigenvectors for eigenvalue −Ek become

1

(2Ek(Ek +Θk))1/2
(∆k, 0,−(Ek +Θk),−Φ∗

k)
T and

1

(2Ek(Ek −Θk))1/2
(0,∆k,−Φk,−(Ek −Θk))

T .

(B.20)
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In the above, if we replace Ek → −Ek, we get the eigenvectors with eigenvalue Ek as

1

(2Ek(Ek −Θk))1/2
(∆k, 0, Ek −Θk,−Φ∗

k)
T and

1

(2Ek(Ek +Θk))1/2
(0,∆k,−Φk, Ek +Θk)

T .

(B.21)

Let Ak be the basis in which the Hamiltonian is diagonal. we can write Ψ̂k = (âk↑, b̂k↑, â
†
−k↓, b̂

†
−k↓)

T =

UkÂk, where the unitary transformation Uk, can be obtained from the eigenvectors above. To

simplify our notation, let us write ε+ = (2Ek(Ek +Θk))
1/2, ε− = (2Ek(Ek −Θk))

1/2 and drop the

subscript k in our expression for Uk. We get U as

U =


∆/ε+ 0 ∆/ε− 0

0 ∆/ε− 0 ∆/ε+

−(E +Θ)/ε+ −Φ/ε− (E −Θ)/ε− −Φ/ε+

−Φ∗/ε+ −(E −Θ)/ε− −Φ∗/ε− (E +Θ)/ε+

 . (B.22)

We get Âk = U †
kΨ̂k,

Âk =


∆/ε+ 0 −(E +Θ)/ε+ −Φ/ε+

0 ∆/ε− −Φ∗/ε− −(E −Θ)/ε+

∆/ε− 0 (E −Θ)/ε− −Φ/ε−

0 ∆/ε+ −Φ∗/ε+ (E +Θ)/ε+




âk↑

b̂k↑

â†−k↓

b̂†−k↓

 . (B.23)

In the ground state, we require (Âk)1 |Ψik⟩ = 0 and (Âk)2 |Ψik⟩ = 0, i.e., the annihilation operators

in the diagonalized basis acting on the ground state yield zero. This gives the conditions,

(∆ikâk↑ − (Eık +Θik)â
†
−k↓ − Φikb̂

†
−k↓) |Ψik⟩ = 0 ,

(∆ikb̂k↑ − Φ∗
ikâ

†
−k↓ − (Eik −Θik)b̂

†
−k↓) |Ψik⟩ = 0 .

(B.24)
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From the form of |Ψk⟩ in Eq. (B.8), we get the following conditions for the initial amplitudes,

∆ikvikaa − (Eik +Θik)uik = 0

∆ikvikab − Φikuik = 0

(Eik +Θik)vikab − Φikvikaa = 0

∆ikvikaabb − (Eik +Θik)vikbb +Φikvikba = 0

∆ikvikba − Φ∗
ikuik = 0

∆ikvikbb − (Eik −Θik)uik = 0

− Φ∗
ikvikbb + (Eik −Θik)vikba = 0

∆ikvikaabb +Φ∗
ikvikab − (Eik −Θik)vikaa = 0 .

(B.25)

Solving these equations along with the normalization (B.9), we get the initial amplitudes as

vikaa =
Eik +Θik

2Eik
, vikab =

Φik
2Eik

, vikba =
Φ∗
ik

2Eik
,

vikbb =
Eik −Θik

2Eik
, vikaabb =

∆ik

2Eik
= uik .

(B.26)

Here it makes sense that vikaabb = uik since the bare single-particle dispersion energies of the A and

B sublattices are equal in magnitude and opposite in sign. Thus simultaneously creating a particle

on both either sublattice costs the same energy as not creating any particle at all.

B.4 Search for DQPTs

Let us now evaluate the condition (B.15) to see when we can have 2Sk(t) = 0. With

Φik = ∆ik = 0, Case 1 in (B.15) gives

|vikaa| = |vikbb| ⇒ Θik = 0 , |vikaa| = |vikbb| =
1

2
. (B.27)
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This happens at times tn where

sin2(Θktn) = 1 ⇒ tn =

(
n+

1

2

)
π

Θk
, (B.28)

where n is any integer which gives a positive value for tn (according to the sign of Θk). Case 2 of

(B.15) gives the same result.

Since Θik = 0, the system is gapless before the quench. K1,± and K2,± are Dirac points. After

the quench to Θk ̸= 0 for the above points in k−space, the system is gapped. Thus 2Sk(t) = 0 is

achieved in a quench from a gapless to a gapped phase.

For k = K1,±, Θk = 0 when µs = 6w′, whereas for k = K2,±, Θk = 0 when µs = −6w′.

Depending on which initial condition we have, µs = 6w′ or µs = −6w′, Sk(tc) = 0 will occur for

k = K1,± or k = K2,± respectively.

For convenience, let us choose the initial condition µs = 6w′ and focus on k = K1,+. Let us

expand Sk(t) to lowest non-zero order in (k− K1,+) and (t− tn). Let

k = K1,+ + q =

(
2π

3
+ qx, 2π + qy, qz

)
. (B.29)

From Eq. (B.2),

ΦK1,++q = 2w

[
eiqz/4 cos

(
2π

3
+
qx + qy

4

)
+ e−iqz/4 cos

(
−π
3
+
qx − qy

4

)]
= 2w

(
−
√
3

4
qy − i

qz
4

)
.

(B.30)

From Eq. (B.3), we have

∆K1,++q = 4∆
(
cos
(π
3
+
qx
2

)
cos
(
π +

qy
2

)
− cos

(
π +

qy
2

)
cos
(qz
2

)
− cos

(π
3
+
qx
2

)
cos
(qz
2

))
= 2

√
3∆qx .

(B.31)
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From Eq. (B.4),

ΘK1,++q = 4w′ cos
(qz
2

)(
cos
(
π +

qy
2

)
− cos

(π
3
+
qx
2

))
+ 6w′

=
√
3w′qx .

(B.32)

Using these, we get for Eik,

Eik =

(
3w′2q2x + w2

3q2y + q2z
4

+ 12∆2q2x

)1/2

. (B.33)

Now we wish to calculate the amplitudes at time t. To zeroth order in q, we have Eq. (B.13).

To get the expressions to first order in q, let us define the following,

f∆k =

∫ t

0
dτ ∆k(τ) e

2iΘkτ , f∆̄k =

∫ t

0
dτ ∆̄k(τ) e

2iΘkτ ,

f̄∆k =

∫ t

0
dτ ∆k(τ) e

−2iΘkτ , f̄∆̄k =

∫ t

0
dτ ∆̄k(τ) e

−2iΘkτ .

(B.34)

These expressions are all O(q) from Eq. (B.31). We integrate Eq. (B.12) with time to first order in

q giving

uk(t) = uik − ivikaaf̄∆̄k − ivikbbf∆̄k ,

vkaa(t) = vikaae
−2iΘkt − 1

2Θk
(Φkvikba +Φ∗

kvikab)(1− e−2iΘkt)− i(uikf∆k + vikaabbf∆̄k)e
−2iΘkt ,

vkbb(t) = vikbbe
2iΘkt − 1

2Θk
(Φkvikba +Φ∗

kvikab)(e
2iΘkt − 1)− i(uikf̄∆k + vikaabbf̄∆̄k)e

2iΘkt ,

vkab(t) = vikab −
Φk

2Θk
(1− e−2iΘkt)(vikaa + vikbbe

2iΘkt) ,

vkba(t) = vikba −
Φ∗
k

2Θk
(1− e−2iΘkt)(vikaa + vikbbe

2iΘkt) ,

vkaabb(t) = vikaabb − ivikaaf̄∆k − ivikbbf∆k .

(B.35)
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Therefore we have

2Sk(t) = u∗ikuk(t) + v∗ikaavkaa(t) + v∗ikbbvkbb(t)

+ v∗ikabvkab(t) + v∗ikbavkba(t) + v∗ikaabbvkaabb(t) .

(B.36)

In this problem, we are just quenching µs, so that Φk(τ) = Φik for any time τ . Also from

Eq. (B.26), we see that uik, vikaa, vikbb, vikaabb are all real whereas vikab and vikba are complex.

Substituting Eq. (B.35) in the equation for 2Sk(t), we get

2Sk(t) = u2ik + v2ikaae
−2iΘkt + v2ikbbe

2iΘkt

+ |vikab|2 + |vikba|2 + v2ikaabb

− (vikaa + vikbbe
2iΘkt)

(
iuik(f̄∆k + f̄∆̄k) + iuike

−2iΘkt(f∆k + f∆̄k)

+ (1− e−2iΘkt)
|Φik|2

ΘkEik

)
.

(B.37)

Substituting (B.26) for the initial amplitudes, we get

2Sk(t) = 1 +
1

4E2
ik

[
(Eik +Θik)

2(−1 + e−2iΘkt) + (Eik −Θik)
2(−1 + e2iΘkt)

− ((Eik +Θik) + (Eik −Θik)e
2iΘkt)

[
i∆ik((f̄∆k + f̄∆̄k)

+ (f∆k + f∆̄k)e
−2iΘkt) + 2(1− e−2iΘkt)

|Φik|2

Θk

]]
.

(B.38)

Now let us expand this to first order in (t − tn). We expand around tn = (n + 1/2)π/Θk where

2Θktn = (2n+ 1)π,

e2iΘkt ≈ −(1 + 2iΘk(t− tn)) , e
−2iΘkt ≈ −(1− 2iΘk(t− tn)) . (B.39)



111

Eq. (B.38) simplifies to

2Sk(t) ≈
1

4E2
ik

[
− 4Θ2

ik + 8iEikΘikΘk(t− tn)

− 2

[
iΘik∆ik(f∆k + f̄∆k + f∆̄k + f̄∆̄k) +

4Θik|Φik|2

Θk

]]
,

(B.40)

where we have neglected terms of O(q(t− tn)) for small q, since the expression contains a term of

O(t− tn). Let us rank the terms in the above equation in orders of q. From Eqs. (B.31) and (B.34),

we can write

f∆k = 2
√
3qxf̃∆k , (B.41)

so that f∆k is O(q). The same holds for all the quantities in Eq. (B.34). Using Eqs. (B.30), (B.31)

and (B.32), 2Sk(t) becomes

2Sk(t) ≈ −3w′2q2x
E2
ik

+
2
√
3iw′qxδµ

Eik
(t− tn)

− 1

2E2
ik

[
12
√
3iw′∆iq

3
x(f̃∆k + ˜̄f∆k + f̃∆̄k + ˜̄f∆̄k) + 4

√
3ww′ qx(3q

2
y/4 + q2z/4)√

3w′qx + δµ

]
,

(B.42)

where δµ = µs − 6w′ from Eq. (B.4) and Eik = (3w′2q2x + w2(3q2y + q2z)/4 + 12∆2q2x)
1/2 from Eq.

(B.33). The first term in the above equation is O(q0), the second term is O(t− tn), and the third

and fourth terms are O(q). Let us ignore these latter two terms for now.

We want to calculate the singular part of the Loschmidt echo. The contribution to this from

the region around k = K1,+ is given by Z = V
∫∫∫

dqxdqydqz ln(2Sk(t)), so that

1

V Z
∂Z
∂t

=
1

V

∫∫∫
dqxdqydqz

1

Sk(t)

∂Sk(t)

∂t
≈
∫∫∫

dqxdqydqz

(
(t− tn) + i

√
3w′qx

2Eikδµ

)−1

, (B.43)

where V is the volume of the system.

Since in the initial condition, we chose µs as 6w′, there is also a node at k = K1,−. A similar
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calculation gives the contribution to Z from the region around K1,− as

1

V Z
∂Z
∂t

≈
∫∫∫

dqxdqydqz

(
(t− tn)− i

√
3w′qx

2Eikδµ

)−1

. (B.44)

Adding up these two contributions gives us

1

V Z
∂Z
∂t

≈
∫∫∫

dqxdqydqz2(t− tn)

(
(t− tn)

2 +
3

4

w′2q2x
E2
ikδµ

2

)−1

. (B.45)

Let us see if we can approximate this integral. The integrand has inversion symmetry in q, it

is invariant under the transformation, q → −q. We double the integrand and integrate qx from 0 to

q0, where q0 is large enough to not interfere with the singularity at q = 0.

We split the integral over qx into two parts. For some qr which is of the order
√
3q2y + q2z/2,

we approximate Eik from Eq. (B.33) as,

For 0 < qx < qr → Eik ≈ w

2
(3q2y + q2z)

1/2 ,

For qr < qx < q0 → Eik ≈ (3w′2 + 12∆2
i )

1/2qx .

(B.46)

The integral in Eq. (B.45) is split as

1

V Z
∂Z
∂t

≈
∫∫

dqydqz

[
w2(3q2y + q2z)δµ

2

3w′2

∫ qr

0
dqx

4(t− tn)
w2

3w′2 (3q2y + q2z)δµ
2(t− tn)2 + q2x

+

∫ q0

qr

dqx
4(t− tn)

(t− tn)2 +
(
4δµ2(1 + 4∆2

i /w
′2)
)−1

]
.

(B.47)

The integrand of the second integral is independent of q, so it doesn’t contribute to the singularity.

Evaluating the first integral, we get

1

V Z
∂Z
∂t

≈
∫∫

dqydqz
4wδµ√
3w′

(3q2y + q2z)
1/2 tan−1

( √
3w′qr

w(3q2y + q2z)
1/2δµ(t− tn)

)
. (B.48)
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When we have (t− tn) ≪ w′qr/((3q
2
y + q2z)

1/2wδµ), then we can approximate the tan−1(·) term as

tan−1

( √
3w′qr

w(3q2y + q2z)
1/2δµ(t− tn)

)
≈ π

2
sgn[t− tn] . (B.49)

We see that the integrand is discontinuous as t crosses tn. Thus we predict that d lnZ/dt will have

jump discontinuities periodically at times t = tn. This gives us the form of DQPTs for the class CI

superconductor described by Eqs. (B.1)-(B.4).

We made several approximations to get from Eq. (B.45) to Eq. (B.49). Instead, we can

evaluate the integral in Eq. (B.45) numerically, to see if the jump discontinuity appears even without

those approximations. Figures B.1 and B.2 show the numerical result for certain values of the

parameters w, w′, ∆i, and δµ. We indeed see that there is a jump discontinuity in d lnZ
dt at time

t = tn. Thus this class CI superconductor shows DQPTs where the first derivative of lnZ with time

is discontinuous.

Re[ 1
V
d
dt
ln Z]

Im[ 1
V
d
dt
ln Z]

-0.010 -0.005 0.005 0.010
δμ(t-tn)

-0.006

-0.004

-0.002

0.002

0.004

0.006

Figure B.1: Real and imaginary parts of 1
V
d lnZ
dt as a function of δµ(t − tn) for w′ = 1

2
√
3
, w =

1
10 ,∆i =

1
4
√
3
, and δµ = 1.
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Figure B.2: Real and imaginary parts of 1
V
d lnZ
dt as a function of δµ(t− tn) for w′ = 1

2
√
3
, w = 1,∆i =

1
40

√
3
, and δµ = 1.



Appendix C

Classical Loschmidt echo

In calculating the Loschmidt echo we need to compute

Z = ⟨Ψi| e−iĤt |Ψi⟩ =
∏
p

2Sp . (C.1)

Here Sp are defined in Eq. (2.35).

However, if we were not careful, we could have instead computed

|Ψ(t)⟩ = e−iĤt |Ψi⟩ (C.2)

using the conventional approach of solving equations (2.25) together with (2.29). We could then

calculate 〈
Ψi

∣∣∣Ψ(t)
〉
=
∏
p

(
u∗ipup(t) + v∗ipvp(t)

)
, (C.3)

The right hand side of this equation appears to be superficially similar to the right hand side of the

equation (C.1) if τ = t is used in the definition of Sp, Eq. (2.35). However, importantly in evaluating

the amplitudes up, vp, Eq. (2.29) is used instead of Eq. (2.34). This in fact has been carried out in

the literature [58].

One could ask about the meaning of the resulting quantity. We would like to present arguments

that it is equivalent to the classical echo introduced in Refs. [70, 71].
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Consider the quantity

L(t) =
∣∣∣〈Ψi

∣∣∣Ψ(t)
〉∣∣∣2 . (C.4)

Using simple algebra, one can show that [58]

L(t) =
∏
p

Lp(t) , (C.5)

where

Lp(t) =
1

2
+ 2sp(0) · sp(t) , (C.6)

with the spins defined according to Eq. (2.26), (2.27).

Classical Loschmidt echo is defined as [70, 71]

Lcl(t) =

∫
dx ρ(x, 0)ρ(x, t), (C.7)

where the integral is over the phase space x and ρ(x, t) is the phase space density of a classical

system. The classical counterpart of spin is angular momentum (classical spin) and the corresponding

phase space density is the Wigner function of spin-12 [108],

ρ(k, t = 0) =
1

2
+
√
3k · s , (C.8)

where k is a unit vector representing the phase space of the spin s. We choose to parametrize k by

its spherical angles (θ, ϕ), i.e.,

k = [sin θ cosϕ, sin θ sinϕ, cos θ] . (C.9)

Eq. (C.8) is a distribution of initial conditions for a classical spin that rotates according to classical

equations of motion (2.22). Each initial condition [initial direction k of the classical spin] moves to a

new point k′ in the phase space in time t thus generating the evolution of the Wigner function in
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time.

It is sufficient to do the calculation for one spin sp due to the product nature of (C.5). sp(0)

and sp(t) are related by a rotation. Since we did not pick any coordinate axis until now, we can

choose them arbitrarily without loss of generality. Let the axis of rotation be the z-axis and sp(0)

be in the x− z plane with spherical coordinates θ = θ0 and ϕ = 0. In this coordinate system we also

have

sp(0) · sp(t) =
1

4
cos2 θ0 +

1

4
sin2 θ0 cosα , (C.10)

and

sp(0) = [sin θ0/2, 0, cos θ0/2] . (C.11)

The phase space point (θ, ϕ) evolves to (θ, ϕ+α) under this rotation, where α is the angle of rotation

and the vector k evolves into

k′ = [sin θ cos(ϕ+ α), sin θ sin(ϕ+ α), cos θ] , (C.12)

and

ρ(θ, ϕ, t) =
1

2
+
√
3k′ · s(0) . (C.13)

The integration in Eq. (C.7) should be understood as integration (averaging) over the sphere, i.e.,

∫
dx =

1

4π

∫ 1

−1
d cos θ

∫ 2π

0
dϕ . (C.14)

Note that Wigner function (C.8) is normalized to one with this integration measure. Using this

definition of
∫
dx in Eq. (C.7) with ρ(x, 0) and ρ(x, t) from Eqs. (C.8) and (C.13) and the above

expressions for s, k, and k′, we obtain

Lcl =
1

4
+ sp(0) · sp(t) . (C.15)
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This coincides with Lp in Eq. (C.6) up to a nonessential factor of 2.



Appendix D

Gap equation for the spectral form factor of s-wave superconductors

Here we present the derivation of the real-time gap equation for the s-wave spin singlet

superconductor. The gap equations for other types of superconductors can be derived similarly.

We begin with the Hamiltonian (3.19) for the spin-1/2 attractively interacting fermions. We

are interested in calculating the spectral form factor, that is the quantity

Z = Tr e−iĤt . (D.1)

Let us set up the coherent state path integral for the purpose of this calculation [62].

Z =

∫
DψDψ̄ exp

i ∫ t

0
dτ

∫
d3x

∑
σ=↑,↓

(
iψ̄σψ̇σ −

∇ψ̄σ∇ψσ
2m

+ µψ̄σψσ

)
+ λψ̄↑ψ̄↓ψ↓ψ↑


 .

(D.2)

In order to represent the spectral form factor, which involves taking a trace, the fermionic fields ψ

and ψ̄ must satisfy the antiperiodic boundary conditions

ψσ(t) = −ψσ(0) , ψ̄σ(t) = −ψ̄σ(0) . (D.3)

As standard in the theory of superconductivity we introduce the Hubbard-Stratonovich field

∆s [63], which results in

Z =

∫
D∆sD∆̄s e

iW , (D.4)
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where

eiW =

∫
DψDψ̄ eiS ,

S =

∫ t

0
dτ

∫
d3x

∑
σ=↑,↓

(
iψ̄σψ̇σ −

∇ψ̄σ∇ψσ
2m

+ µψ̄σψσ

)
− ∆̄sψ↓ψ↑ −∆sψ̄↑ψ̄↓ −

∆̄s∆s

λ

 .

(D.5)

We calculate the integral over ∆s and ∆̄s in the saddle point approximation. Varying W over

∆̄s(r, τ) at some time τ and at some position r, we find

1

Z

∫
DψDψ̄

(
ψ↓(r, τ)ψ↑(r, τ) +

1

λ
∆s(r, τ)

)
eiS = 0 . (D.6)

We will look for the solution of this equation in terms of ∆s(r, τ) and ∆̄s(r, τ) which are constant in

space and time and so, from now on, denote them simply as ∆s and ∆̄s. This gives

∆s = − λ

Z

∫
DψDψ̄ ψ↓(r, τ)ψ↑(r, τ) e

iS . (D.7)

We note that recasting this equation, and the corresponding equation for ∆̄s, in the operator

formalism gives

∆s = −λTr
(
e−iĤBdG(t−τ)ψ̂↓(r)ψ̂↑(r)e

−iĤBdGτ
)
,

∆̄s = −λTr
(
e−iĤBdG(t−τ)ψ̂†

↑(r)ψ̂
†
↓(r)e

−iĤBdGτ
)
. (D.8)

Here ĤBdG is the Bogoliubov-de-Gennes Hamiltonian which follows from the action S in Eq. (D.5).

Note that, the equation for ∆̄s is not the complex conjugate of the equation for ∆s, therefore as

pointed out in the Chapter 3, ∆̄s∆s does not have to be real.

To proceed further, we need to calculate the anomalous Green’s function which appears on

the right hand side of the equation (D.7). This is computed by taking advantage of the functional

integral over ψ, ψ̄ being Gaussian. We rewrite the action S by using the Nambu notations in the

frequency and momentum space. The frequencies as always are discrete and have the fermionic
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Matsubara form, to ensure the antiperiodic boundary conditions (D.3),

ωn =
π

t
(1 + 2n) . (D.9)

We define

ψp,ωn =
1√
V

∫ t

0
dτ

∫
d3xψ(r, τ) eiωnτ−ip·r ,

ψ(r, τ) =
1

t
√
V

∑
ωn,p

ψp,ωn e
−iωnτ+ip·r .

(D.10)

The action in Eq. (D.5) becomes

S =
1

t

∑
p,ωn

(
ψ̄p,ωn,↑ ψ−p,−ωn,↓

)ωn − p2

2m + µ −∆s

−∆̄s ωn +
p2

2m − µ

 ψp,ωn,↑

ψ̄−p,−ωn,↓

− tV

λ
∆̄s∆s . (D.11)

To calculate the anomalous Green’s function we invert the matrix

ωn − p2

2m + µ −∆s

−∆̄s ωn +
p2

2m − µ

−1

=
1

ω2
n −

(
p2

2m − µ
)2

− ∆̄s∆s

ωn + p2

2m − µ ∆s

∆̄s ωn − p2

2m + µ

 ,

(D.12)

and read off the anomalous Green’s function from the upper right corner of this matrix. We find

1

Z

∫
DψDψ̄ ψ↓(r, τ)ψ↑(r, τ)e

iS = − i

tV

∑
n

∑
p

∆s

ω2
n −

(
p2

2m − µ
)2

− ∆̄s∆s

. (D.13)

The saddle point equation (D.6) thus becomes

i

tV

∑
n

∑
p

1

ω2
n −

(
p2

2m − µ
)2

− ∆̄s∆s

=
1

λ
. (D.14)

Summation over the Matsubara frequencies can now be carried out explicitly (see for example
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Ref. [105]), with the result

i

2V

∑
p

tan
[
tEs(p)

2

]
Es(p)

=
1

λ
, (D.15)

where

Es(p) =

√(
p2

2m
− µ

)2

+ ∆̄s∆s . (D.16)

This is the real-time gap equation which appears as Eq. (3.22) in Chapter 3. Given the solution

∆̄s∆s of this equation, we can calculate the spectral form factor by following Eq. (3.8). Following a

very similar blueprint we can also derive Eq. (3.12) from the Hamiltonian (3.5).

Note that if instead we had been interested in computing the thermal partition function

Tr e−Ĥ/(kBT ), we would have employed the imaginary time formalism. It largely coincides with the

formalism described here, and differs only by the replacement it→ 1/(kBT ) where T is temperature

and kB Boltzmann constant, and by the analytic continuation of the time τ used above to imaginary

values. It would have resulted in

kBT

V

∑
n

∑
p

1

ω2
n +

(
p2

2m − µ
)2

+ ∆̄s∆s

=
1

λ
, (D.17)

where

ωn = 2πkBT (1 + 2n) , (D.18)

instead of Eqs. (D.9) and (D.14). Carrying out the summation over the Matsubara frequencies

results in
1

2V

∑
p

tanh
[
Es(p)
2kBT

]
Es(p)

=
1

λ
, (D.19)

which is the standard thermal gap equation [8, 66].
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