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Bartos, Jan (Ph.D., Electrical Engineering)

Leveraging Nanomaterials for Measurements at the Quantum Limit

Thesis directed by Prof. Shu-Wei Huang

This dissertation reports on sensing enhancements enabled by nanomaterials, focusing on two

areas: magnetic field sensing and imaging, and fluorescence microscopy. In both domains, we find

that nanomaterials lead to sensors which outperform bulk and microscale materials.

Motivating the magnetic field sensing project, we observed that most existing magnetic field

sensing techniques follow a trend where their magnetic field sensitivity is inversely proportional to

sensor volume. This presents a challenge when attempting to perform high-sensitivity, spatially

resolved magnetic field measurements.

The primary research question investigates whether this paradigm could be broken. Because

the sensitivity of Faraday rotation magnetometry (FRM) depends on optical power rather than

intensity, magnetic field sensitivity to be decoupled from spot size.

To leverage this benefit, two key improvements were required. First, we developed a new ma-

terial to enhance sensitivity potential. Second, we optimized the sensing architecture to maximize

performance using this newly developed transducer.

We discovered that a nanocomposite of terbium-doped magnetite nanoparticles embedded

in a polymer host produced an extremely high Verdet constant while maintaining good optical

clarity. However, the material exhibited a low optical damage threshold, which limited performance

when tightly focused optical spots were used. Since magnetic field sensitivity can be improved by

increasing optical power, this low optical damage threshold posed a problem.

To address this issue, we employed a non-common path heterodyne detection scheme. This

approach allowed most of the light to bypass the sample, reducing illumination power while mixing

the beams on the detector. This amplified the signal above the electronic noise floor, enabling

shot-noise-limited measurements even with low optical illumination power. Using this method, we
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achieved a sensitivity of 568 nT/
√
Hz in our magnetometer.

Further exploration, inspired by polarization-sensitive optical coherence tomography, led us to

propose an alternative and novel detection architecture called dual-balanced heterodyne detection

(DBHD). This approach altered the power scaling of the measurement, providing additional signal

amplification at low magnetic fields. This technique initially had potential to achieve pT/Hz

sensitivity. A proof-of-concept device was implemented to validate the hypothesis. However, after

extensive experimental work, I concluded that the sensitivity potential was not realizable due to

nonlinear scaling of the noise. Though we explore some potential advantages of the technique.

The final part of this dissertation investigates the use of upconversion nanoparticles (UCNPs).

These particles are employed in fluorescence microscopy, an imaging technique commonly used in

biology to stain samples. UCNPs convert two low-energy photons into one higher-energy photon,

enabling background-free measurements because the illumination light differs from the detection

light. However, UCNPs are limited by their low photon absorption probability.

We hypothesized that the brightness of UCNPs could be increased using paired photons to

enable instantaneous upconversion attempts. A rate-equation model was developed to simulate the

dynamics of the nanoparticles. We found that the threshold for brightness enhancement between

biphoton and conventional illumination depends on the lifetime of singly excited electrons. In

our material, this lifetime is on the order of milliseconds. The threshold for enhancement was

so low that it would produce fewer than one photon per second, rendering experimental pursuit

impractical.

In summary, this dissertation examines two different systems, both with imaging applica-

tions, that leverage the properties of nanoparticles to enhance sensing. The magnetite nanoparti-

cles enabled highly sensitive measurements when combined with a novel detection configuration.

Meanwhile, the UCNP nanoparticles proved too efficient to justify the use of paired photon sources

for illumination, as their performance could not be practically enhanced.



Dedication

I dedicate this thesis to my parents, for their unwavering love, support, and encouragement.



v

Acknowledgements

Graduate school has been the single greatest challenge of my life. It pushed me, exposed my

weaknesses, and forced me to deal with failure while striving to improve the understanding of the

world around us.

Such a challenge could not have been accomplished alone, and I would like to take this

opportunity to thank those who supported me throughout this journey. First, I would like to

thank my advisor, Shu-Wei. I could always count on you to provide clarity and guidance when

everything felt uncertain. Next, I would like to thank my close collaborators over the years: Taleb

Ba Tis, Conrad Corbella Bagot, Eric Rappeport, Jon Musgrave, and Bright Lu, for being wonderful

scientists and friends to work with. I also want to thank all past and current members of the ultrafast

photonics research group for their insightful conversations and technical support.

Looking outside of CU, I want to extend my deepest gratitude to everyone I had the priv-

ilege of sharing the outdoors with during graduate school—whether through running, skiing, or

biking—while exploring our wonderful state.

I would also like to take a moment to express my appreciation to my Mom, Dad, and Brother

for your love and support, even when I was stressed and working too much. You always had my

back.

Lastly, I want to thank my partner, Liz, for your support, technical knowledge, and patience

throughout my PhD. It is one of my greatest pleasures to not only share science with you but also

to share our love for adventure.



Contents

Chapter

1 Introduction 1

1.1 Metrology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Motivation for Laser Based Sensing . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Microscopy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.4 Limits of Sensing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.5 Dissertation Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Background 6

2.1 Road Map . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 Magnetism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2.1 Electron Spins . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.3 Magneto-optic Faraday Effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.3.1 Paramagnetic Faraday Active Materials . . . . . . . . . . . . . . . . . . . . . 13

2.3.2 Ferromagnetic Faraday Active Materials . . . . . . . . . . . . . . . . . . . . . 14

2.3.3 Relevant Faraday Active Materials . . . . . . . . . . . . . . . . . . . . . . . . 15

2.4 Magnetic Field Sensing Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.4.1 Inductive Sensing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.4.2 Zeeman Effect Sensing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.5 Magnetic Field Imaging . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26



vii

2.6 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.6.1 Biology and Medicine . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.6.2 Current Sensing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.6.3 Physically Unclonable Functions . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.6.4 Condensed Matter Physics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.6.5 Applications-based System Requirements . . . . . . . . . . . . . . . . . . . . 34

2.6.6 Faraday Rotation Imaging Results . . . . . . . . . . . . . . . . . . . . . . . . 34

2.7 Sensitivity Resolution Trade-off . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2.8 Nanomaterials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.8.1 Magnetic Nanoparticles (MNPs) . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.8.2 Upconversion Nanoparticles (UCNPs) . . . . . . . . . . . . . . . . . . . . . . 43

2.9 Fluorescence Microscopy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.9.1 Fluorescence Microscope . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3 High-Verdet Constant and Low-Optical Loss Tb3+ Doped Magnetite Nanoparticles 48

3.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.3 Nanoparticle Synthesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.4 Optical Characterization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4 Advanced Detection Techniques of Faraday Rotation 64

4.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.2 Balanced Heterodyne Detection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.2.2 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4.2.3 Example Signal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.2.4 Sensitivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.2.5 Noise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72



viii

4.2.6 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.2.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.3 Dual Balanced Heterodyne Detection . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.3.1 Schematic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.3.2 Signal Acquisition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.3.3 Signal Derivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.3.4 Noise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

5 Limitations of Squeezed-Light Enhanced Upconversion in Real Intermediate State Materials 83

5.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

5.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5.3 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

5.3.1 Cross Relaxation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

5.3.2 Biphoton Absorption . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

5.4.1 Biphoton Enhancement from Rate Equation modeling . . . . . . . . . . . . . 93

5.4.2 Effects of Cross Relaxation on Upconversion Efficiency . . . . . . . . . . . . . 97

5.4.3 Entanglement Delay . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

5.6 Experimental Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

6 Thesis Summary and Future Work 105

6.1 Thesis summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

6.1.1 Magnetic Field Sensing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

6.1.2 Upconversion Measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

6.1.3 Broader Reflections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

6.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107



ix

6.2.1 Material Enhancement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

6.2.2 Analog Readout . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

6.2.3 Scale Factor Stabilization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

6.2.4 Imaging . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

6.3 Backmatter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

6.3.1 Thesis contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

6.3.2 AI Use Disclosure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

Bibliography 114

Appendix

A Proof: Noise Transfer through a Power Difference Signal 129

A.1 Conventional Balanced Detection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

A.2 Dual Balanced Heterodyne Detection . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

A.2.1 Linear Autocorrelation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

A.2.2 Quadratic Autocorrelation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

A.2.3 Cross-Term: Rxy(τ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

A.2.4 Total Autocorrelation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

A.3 Noise Power Spectral Density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

A.4 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

A.4.1 Signal Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

A.4.2 Signal To Noise Ratio (SNR) . . . . . . . . . . . . . . . . . . . . . . . . . . . 139



x

Tables

Table

2.1 Verdet constants and absorption coefficients for materials commonly used for Faraday

rotation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.2 Properties of various thin-film materials in the near-infrared . . . . . . . . . . . . . . 17

5.1 Near infrared absorption cross-sections of Erbium . . . . . . . . . . . . . . . . . . . . 87



Figures

Figure

2.1 Illustration of magnetic field induced by a permanent magnet and example of mag-

netic field imaging . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2 Cartoon visualization representing an unpaired electron as a small, permanent magnet 9

2.3 Illustration of Faraday rotation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.4 Graphical descriptino of Zeeman splitting . . . . . . . . . . . . . . . . . . . . . . . . 12

2.5 Idealized magnetization as a function of applied external field for paramagnetic and

ferromagnetic materials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.6 Zeeman splitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.7 Example of an optically pumped magnetometer . . . . . . . . . . . . . . . . . . . . . 23

2.8 Nitrogen vacancy-center magnetic field sensing . . . . . . . . . . . . . . . . . . . . . 23

2.9 Nitrogen vacancy (NV) center microscopy sizes . . . . . . . . . . . . . . . . . . . . . 24

2.10 Review of magnetometers for space applications as a function of sensor size. . . . . . 27

2.11 Comparison between full field and confocal magnetic field imaging . . . . . . . . . . 29

2.12 Biological applications of magnetic field imaging . . . . . . . . . . . . . . . . . . . . 31

2.13 Potential medical applications of magnetic field imaging . . . . . . . . . . . . . . . . 32

2.14 More application of magnetic field imaging . . . . . . . . . . . . . . . . . . . . . . . 33

2.15 Magnetic field images produced by a variety of Faraday rotation magnetometry

(FRM) systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.16 Sensitivity-resolution trade-off of room-temperature magnetic field imaging techniques 37



xii

2.17 Benefits of nanoparticles for sensing . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.18 Material size dependence on the magnetic field polarization (magnetization) for

magnetite-based nanoparticles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.19 Fluorescence mechanisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

2.20 Example fluorescence microscope . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.1 Magnetite nanoparticle synthesis process steps . . . . . . . . . . . . . . . . . . . . . 51

3.2 Images of undoped and Tb3+ doped magnetite nanoparticles. Nanoparticle size

distribution. Density of Tb3+ in nanoparticles. . . . . . . . . . . . . . . . . . . . . . 53

3.3 Optical image of three nanocomposite films with different Tb3+ doping densities . . 55

3.4 Absorption coefficient of the PMMA-Fe3O4:Tb
3+ nanocomposite as a function of

wavelength . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.5 Optical system schematic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.6 Optical noise power spectral density measurement of noise stabilization system . . . 59

3.7 Faraday rotation as a function of applied magnetic field . . . . . . . . . . . . . . . . 60

3.8 Verdet constant and figure of merit as a function of Tb3+ doping density. . . . . . . 61

3.9 Phase diagram of FOM as a function of Verdet constant comparing our technology

to other polymer nanocomposites in the near infrared (800-1300 nm) . . . . . . . . . 61

4.1 Laser induced damage on thin-film sample . . . . . . . . . . . . . . . . . . . . . . . . 68

4.2 Non-common path heterodyne configuration . . . . . . . . . . . . . . . . . . . . . . . 69

4.3 Noise PSD measured with and without external magnetic field . . . . . . . . . . . . 71

4.4 Experimental validation of predicted SNR as a function of sample power . . . . . . . 73

4.5 Dual balanced heterodyne detection scheme . . . . . . . . . . . . . . . . . . . . . . . 76

4.6 Basic block diagram of IQ demodulation scheme, extracting the amplitude of an

input cosine with a known amplitude A. . . . . . . . . . . . . . . . . . . . . . . . . 77

4.7 Dual IQ-demodulation DSP scheme to get signal from DBHD system. Ref represents

digitally generated 85 MHz oscillator, minus sign represents power difference operation. 78



xiii

4.8 Experimental validation of signal electrical power as a function of polarization rota-

tion angle for the balanced heterodyne and dual-balanced configurations . . . . . . . 80

5.1 A few upconversion mechanisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5.2 Energy level diagram containing key levels of Er3+ . . . . . . . . . . . . . . . . . . . 87

5.3 Visual representation of how we derive the probability of a biphoton absorption

illumination even occurring. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.4 Probability distribution of Er3+ electron population into different energy levels P (i)

as a function of conventional illumination intensity at 1550 nm. . . . . . . . . . . . . 93

5.5 Simulated output luminescence flux from 4I11/2 [n = 2 . . . . . . . . . . . . . . . . . 95

5.6 Simulated output luminescence flux with biphoton illumination . . . . . . . . . . . . 98

5.7 Illumination intensity as a function of intermediate state lifetime . . . . . . . . . . . 99

5.8 Fluorescent photon flux as a function of illumination intensity. Output luminescence

flux as a function of photon delay. The delay is normalized to the intermediate state

lifetime which is simulated at 1µs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

5.9 Schematic of upconversion fluorescence microscope . . . . . . . . . . . . . . . . . . . 103

5.10 Image of CU created by laser etching a microscope slide and filling the well with

upconversion nanoparticles and allowing them to dry. The drying process produced

a coffee-ring-like effect on the sample, resulting in an uneven distribution of particles.

Total width of target was 1 cm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6.1 Mean-Square measurement device for the AD834 four-quadrant multiplier enabling

low-noise analog demodulation up to 500 MHz. Image taken from AD834 application

note [1]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

6.2 Analog demodulation concept circuit for power based DBHD demodulation and de-

tection leveraging the AD834 four-quadrant multiplier circuit shown in the previous

figure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110



xiv

6.3 Potential imaging configurations. Left) Laser scanner configuration where galvonome-

ter is used to sweep laser spot on sample. Right) Translation stage measurement

with fixed MNP thin film . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111



Chapter 1

Introduction

During my time at the University of Colorado, Boulder, I have focused on enhancing mea-

surement tools, specifically microscopes. My aim has been to make more sensitive measurements,

enabling the detection of weaker signals and facilitating faster measurements. My research has cen-

tered on two discrete projects: magnetic field imaging and upconversion fluorescence microscopy.

In both projects, nanoparticles serve as indicators for quantities of interest, measuring the magnetic

field in the first case and converting probe light to a different wavelength for reduced-noise images

in second case. These nanomaterials enable us to make more sensitive measurements compared to

bulk or microscopic materials as their response to external factors is enhanced by the particle size.

Yet, such materials are only recently being considered for measurements since they can be hard

to fabricate, characterize, and work with. In this thesis, I show how nanoparticles can be lever-

aged in measurements which do not compromise imaging resolution for sensitivity in two different

contexts. The work presented in this thesis is highly multidisciplinary, integrating elements of ma-

terial science, physical chemistry, and optical and electrical engineering to make both diffraction

and shot noise limited measurements. In other words, these measurements approach the classical

limits for both the resolution and sensitivity, respectively. Broadly speaking this work falls under

the umbrella of metrology.
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1.1 Metrology

This dissertation is a multidisciplinary blend of physics and engineering, with a focus on

metrology, the science of measurement. Metrology is intriguing because one rarely measures the

desired quantity directly; instead, one often measures related quantities, such as voltage, which serve

as an abstraction of what one aims to determine. Achieving accurate and consistent measurements

requires careful calibration and thoughtful experimental design. Entire industries are built around

metrology, including the National Institute of Standards and Technology (NIST), a key agency of

the U.S. government dedicated to maintaining measurement standards.

In our case, for magnetic field sensing, though we want to measure magnetic field strength, we

are actually measuring electrical power from a photodetector which is in turn produced by optical

power, which is indirectly a function of the magnetic field. For fluorescence microscopy, the dyes

serve as labels for specific biological components such as cells, thus enabling the quantification of

biological processes such as disease.

Spatially resolved images have pixels whose value (or values) correspond to the quantity of

interest at that location. In the case of magnetic field imaging, each pixel carries a measurement of

the magnetic field strength. These measurements come from optically probing nanoparticles which

increasingly rotate the polarization of the probe beam with increasing magnetic field strength.

Changes in the light’s polarization correspond directly to the magnetic field at the probe site.

In the case of up-conversion fluorescence microscopy, each pixel carries a measurement of the

concentration of nanoparticles within it. These measurements come from contrast agents which

convert infrared probe light into visible fluoresced light. Since the probe wavelength is different

from the detected wavelength, the two can be easily separated and the resulting image is of high

quality without illumination light contamination. The size of the pixels relates directly to the

diffraction limit which dictates, given the optical system design and the wavelength of the probe

beam. Thus, achieving the diffraction limit can be accomplished through careful optical design

and lens selection. Once these parameters are set, an image can be acquired by moving the sample
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relative to the probe beam and measuring different pixels one-by-one.

The fidelity of a measurement within a pixel is referred to as its sensitivity. The fundamental

limit of sensitivity as measured in the signal-to-noise ratio (SNR) is given by the shot noise of the

measurement. Shot noise represents the classical limit for sensitivity that arises from quantization

statistics of both electrons and photons. This noise is the quantum limit of sensitivity and cannot

be beaten except through use of exotic light sources. We use nanoparticles to make it easier to get

to the shot noise limit as well as increasing the response of measurements that are already shot

noise limited.

1.2 Motivation for Laser Based Sensing

In conducting highly-sensitive and high-resolution measurements, we require a tool with both

high temporal and spatial stability. For this, we turn to the laser and leverage the spatial and tem-

poral coherences of the beams it creates. Coherence refers to the fixed phase relationship between

light waves, both spatially and temporally. Broadly speaking, coherence enables precision mea-

surements in fields such as interferometry and holography, where the engineered system stability

highlights minuscule changes in distance or phase. This enables interaction directly with under-

lying quantum effects such an electron spin. In optical communication, coherent beams of light

ensure efficient information transfer by maintaining signal integrity over long distances. Added

benefits that arise from coherence relate to detection strategies which minimize noise and limit

signal degradation, where the signal beam can be detected directly or can be interfered with a

local oscillator beam. Additionally, the tight-focusing nature of coherent light enables optical fiber

communication, the backbone of the modern internet, by enabling coupling between light emitted

in free space and waveguides with small modes such as optical fibers. Lasers also have applications

in medical imaging, such as retina imaging via optical coherence tomography (OCT) which lever-

ages coherence to produce high-resolution, cross-sectional images of biological tissues. Additionally,

coherence plays a vital role in the emerging quantum space, where lasers are used to manipulate

and probe quantum states with exceptional precision, preserving quantum information.
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Imaging applications can leverage the spatial coherence which creates a tightly focused co-

herent laser spot. The size of the laser spot will define the spatial resolution. Since the energy of

a cross-section of a beam remains constant no matter the size of the beam, a tightly focused spot

can also contain locally high optical intensities. This is critical to can drive fluorescence as seen in

upconversion nanoparticles and other nonlinear processes.

A key property of temporal coherence is the stability of the optical carrier frequency. This

enables us to perform optical mixing and leverage the coherent gain of mixing two coherent optical

beams together. This gain amplifies our signal over other noise sources bring us to the shot noise

limit.

1.3 Microscopy

Microscopy, or the study of things smaller than the resolution of the naked human eye, has

been a cornerstone of science since the invention of the microscope in the late 16th century. With

added complexity, modern materials and fabrication techniques are increasing the performance to

the current state of the art. It is important to consider a few parameters that define the performance

and application for a microscope

For much of the history of microscopy, scientists have centered their work on directly imaging

cells using the visible spectrum to understand life. Tools like dyes are often used to artificially en-

hance contrast between different structures, allowing them to be imaged and quantified. Advances

in microscope resolution have enabled researchers to observe increasingly smaller structures. Ex-

ploring wavelengths beyond the visible spectrum has opened up new realms of imaging possibilities.

The imaging in this dissertation primarily employs a confocal technique. Instead of using an

image sensor, we use a single-point detector and scan the sample with a focused laser beam. As we

will demonstrate later, this approach offers the advantage of increasing local intensity increasing

the brightness of the fluorescence, as well as enhancing magnetic field sensitivity.
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1.4 Limits of Sensing

Any real-life measurement will be contaminated with noise. They key challenge of this

dissertation have been understanding and achieving the limits of sensitivity. The ratio between

the desired signal and the noise level is known as the signal-to-noise ratio (SNR). Whereas some

types of noise can be mitigated or reduced with careful engineering, optical shot noise serves as

the quantum limit and cannot be overcome except through the use of exotic, non-classical light

sources. In this dissertation, I will present shot noise limited measurements of magnetic fields and

the work taken to achieve that level of sensitivity.

1.5 Dissertation Outline

This dissertation covers work on improving the performance of imaging magnetometers as

well as modeling non-classical illumination of upconversion nanoparticles. Chapter 2 reviews critical

background information surrounding the optical measurements of magnetic fields. It also provides

a review of key literature preceding my work. Chapter 3 discusses the enhancement of organic

thin film Faraday rotators. Chapter 4 covers a novel method of heterodyne detection of magneti-

cally induced polarization rotation. Chapter 5 covers background and simulation work relating to

non-classical illumination of upconversion nanoparticles. Chapter 6 summarizes the work of this

dissertation and proposes directions for future work.



Chapter 2

Background

2.1 Road Map

This chapter provides background regarding the underlying physics and previous results found

in the literature.

First, in Sec. 2.2 I cover the basic physics underlying magnetism to motivate a discussion in

Sec. 2.3 about the magneto-optic Faraday effect, the magnetic field detection method I use in this

work. The magneto-optic Faraday effect is one of many strategies for magnetic field detection, I

review several other detection strategies and discuss their advantages and limitations in Sec. 2.4. A

key reason why I chose to use Faraday rotation magnetometery because it has a sensitivity potential

that is not limited by the spatial resolution, which I discuss in Sec 2.16. Next, in Sec. 2.5 I discuss

magnetic field imaging. In Sec. 2.6, I review some applications and implementations of magnetic

field imaging.

In Sec. 2.7, I delve into a quantitative comparison of existing magnetic field imaging tech-

niques. I find that magnetic field sensing techniques trade sensitivity (as measured in nT/
√
Hz) for

imaging resolution (as measured in µm). When comparing various techniques along these axes, I

identified a gap in sensitivity and imaging resolution which I target in my magnetometer chapter.

To achieve the desired magnetic field sensitivity, we needed to make an improvement to the

material that forms the sensing medium. We did so through the use of nanomaterials. Thus lever-

aging the unique physical, chemical, and mechanical properties. In Sec. 2.8, I describe how optical

sensing benefits from interaction with this class of materials. In particular, I focus on magnetic
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nanoparticles (MNPs, see Sec. 2.8.1) and upconversion nanoparticles (UCNPs, see Sec. 2.8.2).

Lastly, in Sec. 2.9 I will quickly discuss fluorescence microscopy as it applies to upconversion

nanoparticles. The interaction of non-classical light sources with upconversion fluorescent nanopar-

ticles form the last technical chapter of my thesis are tied to story of my thesis through the use of

nanomaterials.

2.2 Magnetism

In attempting to create a magnetic field imaging system we first need to describe what is

being measured. Magnetic fields are one of the primary physical fields. These fields can arise from

moving charges or unpaired electron spins. Maxwell’s equations govern their behavior and allow us

to work through some key properties. We first, consider the Ampere-Maxwell Law:

∇×B = µ0

(
J + ϵ0

∂E

∂t

)
, (2.1)

where B is the magnetic field, µ0 is the vacuum permeability, J is the current density, ϵ0 is the

vacuum permittivity, and E is the electric field. This law defines how an electric field produces an

orthogonal magnetic field. This gives us a means to generate magnetic fields by using current passing

thought a coil of wire known as a solenoid. This law also hints at why measuring magnetic fields

is interesting for imaging applications. The magnetic field depends on the vacuum permeability

µ0, which is a physical constant of vacuum. When considering magnetic fields within a material,

we need to consider the material permeability µ. Critically, in non-magnetic materials (glasses,

polymers, tissue, and some metals), µ0 = µ. This means that magnetic fields are not diverted or

scattered by interactions with non-magnetic materials. The same cannot be said for the physical

constant that governs electric fields ϵ0. ϵ0 is highly dependent on material properties and will

create scattering and attenuation in those same materials that did not impact the magnetic field.

Magnetic fields have the potential for operating in environments where where electric field cannot.

This has already been leveraged by current technologies such as MRI which conveniently avoids
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the scattering properties of tissue by measuring the magnetic fields [2]. Next, considering Gauss’s

law of magnetism:

∇ ·B = 0. (2.2)

The law states that the divergence of any magnetic field is zero. This has the implication

that magnetic field lines must form closed loops as seen in Fig. 2.1(a). This has the implication

for magnetic field imaging because each magnet will have a region of positive and negative field.

This is show in Fig. 2.1(b). Each labeled cell has a red (positive), and a blue (negative) region.

This unique impulse response increases measurement confidence with imaging, with the potential

for performing super resolution techniques [3].

Figure 2.1: a) Magnetic field induced by a permanent magnet. b) Example magnetic field imaging
demonstrating unique impulse response of magnetic fields, modified from [4]

2.2.1 Electron Spins

Maxwell’s laws explain how moving charges produce magnetic fields as well as the formation

of permanent magnetic fields. To fully understand the concept we need to introduce the concept

of electron spin. I will provide an intuitive description as that is all that is needed to understand

interactions presented in this dissertation. A mathematically rigorous description can be found in

any physics textbook. From our simplified perspective, electrons can be considered as little magnets

orbiting an atomic nucleus as seen in Fig. 2.2. In non-magnetic materials, each electron orbital can
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be occupied by two electrons of opposite spin. This dynamic is governed by the Pauli exclusion

principle. When the electrons in an orbital are paired there is no net magnetic moment m⃗ A net

magnetic moment is created in certain materials, such as iron that have many unpaired electrons

as seen in Fig. 2.2. This makes iron magnetic.

Figure 2.2: Cartoon visualization of unpaired electron spin visualizing an electron as a small per-
manent magnet.

The magnetic moment is a vector, which implies that it has a direction. To visualize this,

imagine the tiny magnetic dipole associated with the electron orbiting the nucleus, which is free to

pivot in any direction. We can think of the spin as pointing in the direction of the north pole of this

effective magnet. In the presence of an external magnetic field, the magnetic moment experiences

a torque that causes it to precess around the field direction. The system is intrinsically dynamic:

thermal energy and interactions with the environment drive depolarization over time, and for small

ensembles of spins, the degree of polarization fluctuates due to statistical variations, analogous to

shot noise. Manipulating spin states and measuring spin polarization is common in physics and

forms the operating principle of MRI [2].

Summarizing the generation of magnetic fields, they can either be formed by moving charges

as seen in electric currents or from unpaired spins in permanent magnets. We must review how

magnetic sensing is conducted in the literature to understand the work presented in this dissertation.

It is important to note that the amount of “wobble” is a function of temperature, which is why

many magnetic field sensing techniques work much better at cryogenic temperatures, this will be

discussed further in the next section.

A quick note on normalization: magnetic field sensitivity is presented in units of T/
√
Hz
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Figure 2.3: Faraday active materials rotate the polarization of light when subjected to a magnetic
field. Here, linearly polarized light is rotated by angle θ after passing through the Faraday active
material under a magnetic field.

which serves to normalize for integration time. This is key to understanding how much averaging

is needed to reach a desired sensitivity.

2.3 Magneto-optic Faraday Effect

In my work on magnetic field sensing, we use the Magneto-optic Faraday effect. In this section

I will describe the underlying physics of how external magnetization can affect the polarization of

light.

Discovered in the mid 19th century, the Faraday effect describes how the polarization of light

is modified by an applied magnetic field [5]. Specifically, the Faraday effect induces a rotation of

the polarization axis in a linearly polarized beam as seen in Fig. 2.3. Here is it is possible to see

how the polarization has been rotated after passing through the Faraday active material. This

has been experimentally validated and is commonly quantified using the Verdet constant, which

measures the degree of rotation for a given magnetic field [6].

When subjected to magnetic fields, certain atomic energy states undergo bifurcation from

their degenerate configurations. In this process, electrons with different spin orientations either

gain or lose momentum due to the influence of the external field. This phenomenon, referred to as

Zeeman splitting, describes the dynamic separation of energy levels. The energy difference between

these split levels is linearly proportional to the strength of the applied magnetic field.

The position of specific energy levels directly affects the refractive index experienced by
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an optical probe. This occurs because Zeeman splitting shifts the atomic energy levels, thereby

modifying both the absorption characteristics and the refractive index for a given wavelength and

polarization state of light. Notably, this effect alters the refractive index differently for the two

circular polarization eigenstates of light, resulting in a phenomenon known as circular birefringence.

The degree of Zeeman splitting, and consequently the magnitude of circular birefringence,

is determined by the strength of the applied magnetic field. This relationship also influences the

extent of polarization rotation observed in the light [6].

The polarization rotation is dependent on the handedness of the circular polarization, where

one polarization couples to the higher Zeeman level and the other to the lower Zeeman level. As a

result, a linearly polarized beam experiences a rotation proportional to the magnetic field strength.

The governing expression is commonly expressed as follows:

θ = V BL, (2.3)

where θ is the amount of polarization rotation, V is the Verdet constant, an empirically derived

constant measure of how much polarization rotation is produced for a given field, B is the magnetic

field parallel to the optical axis, and L is path length inside the material [6].

While many materials exhibit Faraday activity, certain specialized materials are required for

highly effective measurements with high Verdet constants. The ideal material candidates have

high Verdet constants, high transparency and a linear response to external magnetic fields. Verdet

and loss are materials characteristics that are at odds with each other because Faraday rotation is

created by optical absorption features [6].

These materials include terbium-doped gallium garnet (TGG), thin organic films, and some

semiconductors. A potential limitation of the technique is that Faraday rotation occurs within an

absorption feature, leading to high losses in many materials. However, research has shown that

materials such as terbium exhibit highly Faraday-active transitions in the ultraviolet range, which

are detectable in the visible or near-infrared spectrum [6, 7]. This enables the material to exhibit
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Figure 2.4: Graphical description of how Zeeman splitting produces circular polarization birefrin-
gence which produces a polarization rotation of linear polarization. Under no magnetic field, the
allowed energy level is a fixed level. However, when the material is subjected to a magnetic field,
two bifurcated allowed energy states emerge. One of these new allowed energy states is slightly
lower in energy than the original state and the other is slightly higher in energy than the original
state. Each energy state interacts with a specific direction of circular polarization (left hand circu-
lar polarization, LHCP, and right hand circular polarization, RHCP). The absorption and index as
functions of wavelength are offset from each other. This gives rise to magnetically induced circular
birefringence in the material.
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Faraday rotation without being strongly attenuating.

To produce Faraday rotation, our material needs to become magnetically polarized to an

external field. The dynamics of magnetic polarization are controlled by the atomic composition of

the material as well as the nano-scale (crystal structure) and micro-scale (bulk material properties).

We can broadly characterize magnetic materials as being paramagnetic or ferromagnetic, which will

change the magnetic polarization dynamics.

2.3.1 Paramagnetic Faraday Active Materials

We need a material to react to an external magnetic field for it to produce Faraday rotation.

How the material reacts is defined by what kind of magnetism the material experiences. As discussed

in the previous section, magnetism is observed in materials with unpaired electrons, where the

individual atomic or molecular magnetic moments align parallel to an external magnetic field.

This alignment occurs because the magnetic dipoles, arising from the intrinsic spin and orbital

angular momentum of electrons, experience a torque in the presence of the field, resulting in a net

magnetization in the direction of the field.

Paramagnetism is the case where the magnetization in the material is weak and dissipates

when the external field is removed, as thermal motion randomizes the orientations of the dipoles [8].

Most materials with unpaired electrons are weakly paramagnetic. The exception is some iron based

materials which can be strongly ferromagnetic.

Paramagnetic materials are characterized by their non-hysteretic magnetization response to

applied magnetic fields, Here, m(H) represents the scalar projection of the vector magnetization

along the magnetic field direction h. When the applied magnetic field is close to zero (H = 0),

changes in H result in linear changes in m. Saturation of m occurs under large H. This is shown

in Fig. 2.5 a. When probed within the linear regime, the response of these materials is ideal for

magnetic field sensing since changes in H translate directly to changes in m.



14

Figure 2.5: Magnetization scalar (m) as a function of applied external field (H) comparison between
a) paramagnetic and b) ferromagnetic materials. Paramagnetic materials have a shallow response
relative to ferromagnetic materials; however, paramagnetic materials lack the hysteresis displayed
by ferromagnetic materials. The nanoparticles used in this study leverage the strong response of
a ferromagnetic material without the hysteresis due to what is known as the superparamagnetic
response.

2.3.2 Ferromagnetic Faraday Active Materials

Ferromagnetism is a different and much stronger form of magnetism compared to paramag-

netism, characterized by the continued alignment of magnetic moments even in the absence of an

external magnetic field. This phenomenon arises from quantum mechanical exchange interactions

between adjacent atomic magnetic moments, which energetically favor parallel alignment, creating

regions of uniform magnetization called domains. When exposed to an external magnetic field, fer-

romagnetic materials exhibit a dramatic enhancement in magnetization, which persists even after

the field is removed, due to the retention of domain alignment [8].

Looking at Fig. 2.5b we find that a hysteresis loop is formed, and the magnetization takes a

different path depending on whether it returns from the positive or negative saturation regime. The

remanent magnetization is defined as the value of m when H = 0. Demonstrates how the material

remains magnetic after it has been magnetized. In transition, the flipping of the domains happens

very rapidly leading to the significantly steeper response slope when compared to paramagnetic

materials.

These materials are more challenging to use for magnetic field sensing because it is not

possible to operate in the small signal regime, oscillating back and forth on the steep part of
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the curve. The magnetization follows this path only when returning from saturation, and the

hysteresis loop becomes smaller if saturation is not reached. As such, defining a Verdet constant is

not practical.

To detect magnetic fields with ferromagnetic materials, work in the literature has shown

how the hysteresis curve shifts left and right as was shown in [9] (Using Magneto-optic Kerr effect

instead of Magneto-optic Faraday effect). However, it is generally challenging to obtain quantitative

measurements of the magnetic field.

Ferromagnetic materials can be fabricated into smaller particles with smaller domain sizes

either, as thin films or nanoparticles, to produce a paramagnetic like response [10, 11]. This can

be combined with other materials to form a more complex nanocomposite. We take this a step

further and fabricate ferromagnetic material into nanoparticles, which act in the superparamagnetic

regime and react to external fields with the strength of a ferromagnetic material but with the linear

response of a paramagnetic material. This will be further discussed in the section on nanomaterials,

Sec. 2.8.

Having introduced paramagnetic and ferromagnetic behavior, we can now see how these

materials are used in practice to produce Faraday rotation.

2.3.3 Relevant Faraday Active Materials

In making a quantitative review of Faraday active materials I make a distinction between

bulk and thin film materials. In our case thin-films operate at thicknesses much thinner than 1

mm, whereas bulk materials are often on the order of or thicker than 1 mm. The thickness will

determine the material choice as well as the application.

Bulk materials have historically been the most commonly used Faraday active materials and

are formed of glasses or crystals. These devices have low Verdet constants but high transparency.

Making the ideally suited for devices such as optical isolators. However, because the Verdet constant

is low, long interaction lengths are needed to induce the desired rotation. As such these devices

would not be suitable for magnetic field imaging. Additionally, the crystals are challenging to grow
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increasing the potential system cost [12].

Vojna et al. provide an excellent comprehensive characterization of bulk Faraday rotation

materials [13]. I summarize the performance of a few key materials in the table below.

Material V (633nm) V (1064nm) α(633nm) α(1064nm) Source

BK7 235 - 0.0024 0.0012 [14]

TGG 7,484 2,148 0.23 0.20 [13,15]

CE:TAG 11,759 3,638 2.1 2.1 [13,16]

Tb2O3 24,189 7,334 1.7 1.7 [13,17]

Table 2.1: Verdet constants (V ) and absorption coefficients (α) for various materials. Verdet
constants are expressed in deg /(T ·m) and absorption is expressed in units of 1/cm. An exhaustive
list can be found at [13].

The table outlines the properties of key Faraday rotation materials, which are most commonly

used in optical isolators and circulators. To provide a reference to un-engineered materials we

first consider BK7, which is an common glass widely used in optics without considerable magnetic

response. The Verdet constant is low at 235 deg /(T·m) for a wavelength of 633 nm, it has negligent

absorption [14].

TGG (Terbium Gallium Garnet) is the most common magneto-optical crystal renowned for its

high transparency. Though the Verdet constant is relatively low compared to other materials. The

transparency makes TGG an ideal material for high-performance Faraday rotators and isolators,

especially in laser systems [13,15].

CE:TAG (Cerium-doped Terbium Aluminum Garnet) is another crystal that has been doped

with the rare-earth (RE) ion cerium. This is a common method to enhance the Verdet constant of

materials [13]. We will even implement it in our own work. There is a modest enhancement over

TGG with a significant loss of transparency [13,16].

Lastly I will review, Tb2O3 (Terbium Oxide) which has been sintered using a complex process

into a high quality optical ceramic material [17]. This once again leverages the high Faraday rotation

of RE-ions to enhance the Faraday rotation. This material has the highest performance of bulk

materials that I have found in the literature, with even better loss performance when compared to
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the other materials [13,17].

Across the materials that I reviewed, the optical absorption feature 2.4 that causes Faraday

rotation is found in the UV. This means that the performance gets better when operated at shorter

wavelengths closer to that absorption feature [13]. Theoretically, the absorption should also increase

at shorter wavelengths but in the transmission curves that I have seen in the literature the change

is minimal [15–17]. We have made the conscious decision to consider our materials in the near-

infrared (NIR) range (780-1550 nm) to leverage access to commercial single frequency lasers which

will better enable heterodyne detection. As such we do take a significant penalty in Verdet constant.

There is a lot of interest in bulk materials due to the needs of the telecommunication and high

power laser industries for high performance optical isolators [13]. These have produced highly

transparent materials. However, these materials are not ideal for imaging because of the material

thickness which would wash out any near-field magnetic signal of interest. We need to consider

the slightly more niche field of thin-film materials. Here we find materials with significantly higher

Verdet constants. This comes at the penalty of higher optical loss, limiting the thickness of the

materials. Thin-film materials excel in situations where thickness is the primary constraint. This

is true for magnetic field imaging because it is desirable to compress the sensor density as close to

the near-field magnetic source to optimize sensitivity. I summarize some key results from literature

in Table 2.2.

Material V(NIR) α(NIR) Source Type

Tb:Fe3O4 560,000 178 [18] NPs

Fe3O4 111,000 74 [19] NPs

Co:Fe3O4 12,000 25 [20] NPs

FePt 53,000 19 [21] NPs

Co 580,000 1,000 [22] NPs

Organics 330,000 7.1 × 104 [7, 23] Org.

Bi:YIG 200 1.5 [24] NPs

CE:YIG 1,500,000* 4.5 × 105 [10] Crystal

Table 2.2: Properties of various thin-film materials in the near-infrared (NIR) range. * Performance
extrapolated to 1064 nm.

Thin-film materials are available in a wide variety of forms, with a comprehensive review of
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the literature provided in [7]. Unlike bulk materials, thin films generally lack broad wavelength

characterization, necessitating the simplification of the results’ table for clarity. Thin films for Fara-

day rotation applications can be categorized into three primary groups based on their composition

and performance characteristics.

The first group includes thin films composed of nanoparticles (NPs) embedded within polymer

matrices, which encompasses our own work as well [18–22, 24]. These materials are composites in

which the nanoparticles, sized to be highly responsive to external magnetic fields, are dispersed

within a polymer host. This design combines the high Verdet constants of the nanoparticles with

manageable optical losses, making these nanocomposites the state-of-the-art material for magnetic

field sensing [7, 18].

The second group consists of pure organic polymer thin films, pioneered by the Swager Group

at MIT [6, 23]. These materials leverage complex organic molecules to achieve tunable Faraday

rotation. While they exhibit extremely high Verdet constants, their performance is ultimately

constrained by significant optical losses, which limit their practical applications.

The third group consists of crystalline yttrium iron garnet (YIG) thin films, typically less

than 300 nm in thickness, which exhibit a quasi-paramagnetic response [10, 25]. These materials

are known for their exceptionally high Verdet constants, making them a cornerstone of magnetic

field imaging applications. However, their practical utility is significantly limited by high optical

losses and constraints on maximum film thickness. Consequently, research in this field has largely

shifted focus toward nanocomposite films, which offer a more favorable balance between Verdet

constant and optical loss [7]. I included a comparison to work on YIG NPs where the performance

does not match other materials [24]. Generally since the thickness of the YIG film is limited, the

NP based methods are better. Considering a more common 80 nm YIG Film [10] compared to a

high performance 35 nm thick NP film (like the one we made) [18] we see 85 times more Faraday

rotation for a given magnetic field.

When comparing thin films to their bulk counterparts the best-performing thin films exhibit

Verdet constants that are typically two orders of magnitude higher than those of bulk materials.
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Similarly, their absorption coefficients are also two orders of magnitude greater. These enhanced

properties allow thin films to achieve equivalent performance with much shorter interaction lengths.

Before delving into FRM as our chosen method for measuring magnetic fields, it is essential to

first examine alternative techniques. A thorough review of these methods, along with a comparison

of their respective advantages and limitations, will provide a clearer context for selecting FRM as

the optimal approach.

2.4 Magnetic Field Sensing Review

For our application, it is absolutely critical to consider the operating conditions of the sensors.

We require that the sensors are able to function at room temperature, and without shield from the

earths native magnetic field. This enables us to use devices in the field without needing to package

them or operate in carefully shielded enclosures.

We first look to overview the some of the methods for magnetic field sensing. From these

methods we will then refine the list to consider methods that are more relevant to imaging. We

can coarsely categorize magnetic field sensing techniques into Inductive sensing and Zeeman effect

sensing. Inductive sensing relies on the ability for magnetic fields to induce currents, while the

Zeeman effect sensing relies on sensing the bifurcation of atomic transition energy as a function of

an external magnetic field that is read out with an optical signal.

2.4.1 Inductive Sensing

Inductive type sensors are probably the most ubiquitous sensors operating in the world.

They range from commodity grade electronic chips to highly specialized devices with appropri-

ate. Numerous techniques exist for magnetic field detection; however, we focus on three commonly

used methods with potential imaging applications: fluxgate sensors, Hall effect sensors, and su-

perconducting quantum interference devices (SQUIDs). Although the Hall effect is not strictly

inductive, the sensor’s operational principles are functionally similar to inductive techniques. State

of the art fluxgate magnetometers are able to reach to the 0.3 pT/
√
Hz regime [26–28]. Though
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high-performance fluxgate transducers are a few centimeter in size, making them not practical for

imaging [26].

The highest performance Hall sensors have worse sensitivity when compared to fluxgate

sensors, some demonstrating as good as 50 nT
√
Hz [29]. Hall sensors are well tailored to nanofab-

rication enabling transducer sizes well below 1 µm with 0.87 µT/
√
Hz sensitivity [30]. The small

transducer size produces high resolution images, but the sensitivity limits the potential applications.

The final category of inductive sensors discussed here exploits novel and sophisticated phys-

ical principles. Superconductivity has been shown to enhance the detection of currents induced by

external magnetic fields, enabling the development of exceptionally sensitive magnetometers [28].

With state-of-the-art SQUIDs, sensitivities as low as 1 fT/
√
Hz have been achieved [31]. SQUIDs

have also shown potential as micro-fabricated devices [32], greatly reducing sensor size. SQUID

magnetometers are considered highly effective for imaging; however, their dependence on super-

conductivity requires cooling with liquid helium, which limits their practicality. We chose not to

compare our performance to SQUID due to the operational temperature requirements.

2.4.2 Zeeman Effect Sensing

Various methods for detecting magnetic fields can be broadly classified based on leveraging

the Zeeman effect. In particular, we examine the behavior of materials under an applied magnetic

field. When closely analyzing material properties, we observe that atoms can occupy well-defined

positions corresponding to electron orbitals. These energy levels are determined by the material’s

chemical composition and crystal lattice structure, as well as other influencing factors. It has been

determined that some of these levels experience a bifurcation first described by Zeeman. A greatly

simplified example can be seen in Fig. 2.6. This demonstrates how energy levels can split into two

distinct states as a function of an applied magnetic field. As the magnetic field strength increases,

the energy level splitting becomes more pronounced. Depending on the target atom or molecule,

the transitions can be highly complex and have hyperfine line-widths, enabling highly sensitive

magnetometers.
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Figure 2.6: a) Cartoon example molecule with bonds and atoms that could define the define
energy structure greatly simplified. b) Example energy level diagram for an imaginary atom that
experiences Zeeman splitting on one of the levels when an external magnetic field is applied.

This class of magnetometers seeks to measure the positions of these energy levels to deduce

the magnetic field strength. Some materials exhibit hyperfine transitions, which have been shown to

provide extremely sensitive measurements by probing these levels to quantify Zeeman splitting. This

sensitivity has been applied in other domains, such as atomic clocks, where hyperfine transitions

serve as highly precise frequency references. These references are now being extended to magnetic

field sensing, allowing for highly controlled and sensitive measurements, with access to extremely

stable levels.

This opens new possibilities for exploring the physics underlying magnetic field detection

and finding innovative methods to measure these transitions using well-established physical prin-

ciples. We will focus on three primary techniques for magnetic field detection: optically pumped

magnetometers (OPMs), nitrogen vacancy (NV) centers in diamonds, and Faraday rotation mag-

netometry.

2.4.2.1 Optically Pumped Magnetometers (OPMs)

OPMs involve interactions between light and heated alkali vapors, such as cesium or rubidium.

One method is direct detection, where microwave transitions are monitored via optical pumping

with a laser. As Zeeman splitting occurs, the laser is no longer resonant, and the material’s optical

transparency decreases, enabling detection of optical intensity as a function of the magnetic field
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as seen in Fig. 2.7(left). Recent developments have expanded this technique to more complex

physics, including the spin-exchange relaxation-free (SERF) regime. This method leverages atomic

collisions to maintain spin polarization even under zero external magnetic field conditions. By

utilizing these collisions, the resulting signal is exceptionally pure, allowing for sensitivities below

1 fT/
√
Hz, outperforming the highest-performing superconducting quantum interference devices

(SQUIDs).

However, a key challenge with this method is the requirement to heat alkali gases to tem-

peratures exceeding 150 °C. This necessitates thermal shielding to protect potential samples and

careful magnetic shielding to ensure that the system operates within the physical regime where

spin-exchange relaxation can occur. The need for such shielding increases system complexity and

transducer size. Even so, an example of the current state-of-the-art can be seen in Fig. 2.7, where

the miniaturized sensor head is 7.3 mm wide [34].

2.4.2.2 Nitrogen Vacancy (NV) Centers in Diamond

The second technique involves nitrogen vacancy (NV) centers in diamond, where vacancies

in the diamond’s carbon lattice adjacent to nitrogen inclusions trap electrons with spins that are

highly sensitive to external magnetic fields. By understanding the spin dynamics of these trapped

electrons, we can extract valuable information about the magnetic field. Like OPMs, NV centers

probe hyperfine energy level structures, but they operate using a green laser to excite electrons to

higher energy levels, while a radio frequency (RF) field drives transitions between the spin sublevels

of the ground state. The ground state of the NV center is a spin triplet, where the application

of an RF field resonant with the energy splitting between spin states allows coherent control and

manipulation of the population distribution among these levels. The Microwave frequency is then

tuned the excitation energy corresponding to the Zeeman splitting frequency which enables direct

readout of the magnetic field [35–38].

By carefully controlling the energy level into which electrons decay, researchers can use op-

tical measurement as a function of the microwave excitation frequency. This creates a dip in the



23

Figure 2.7: left) Electron energy level diagram of Rubidium atoms demonstrating the bifurcation
of various hyperfine transitions, figure modified from [33]. right,a) example miniaturized gas cell
used in OPM sensing with scale. right,b) Full assembly of OPM sensor head containing the above
gas cell and all required hardware for sensing, figure modified from [34].

Figure 2.8: a) Diagram of Nitrogen vacancy within a diamond crystal lattice b) Electron energy dia-
gram demonstrating the quantum dynamics which enable NV-center magnetic field sensing through
a combination of optical and electrical excitation, figure modified from [35]. Whereas carbon atoms
can form four bonds, Nitrogen atoms can only form three. When a Nitrogen atom is placed within
a diamond, the void resulting from the crystal defect provides a location for an electron whose spin
can be easily manipulated by external fields. A multi-state energy system enables a sensing mech-
anism wherein microwave electric field biasing can be used to directly probe the Zeeman splitting
energies as a function of fluorescent light output.
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Figure 2.9: Nitrogen vacancy (NV) center microscopy can be conducted across many length scales.
At the nanometer length scale, ultra-small atomic force microscope (AFM) tip probe single NV
centers. At the micron scale, confocal microscopy probes several NV centers. At the millimeter
length scale, ensembles of NV centers are illuminated. When NV vacancies are too close to each
other within the diamond, electrons in NV vacancies couple with each other and other impurities
[36]. This degrades the sensitivity.

fluorescence efficiency of the atom, which corresponds to the observed Zeeman splitting, yield-

ing highly effective magnetic field measurements. These measurements can be made at various

scales, from single NV defects, which have demonstrated sensitivities of DC measurements in the

3 − 10 µT/
√
Hz range, to larger ensemble measurements, which offer highly sensitive readings in

the tens of picotesla range as seen in Fig. 2.8 [35].

The key question for NV centers is why sensitivity is limited by the number of illuminated NV

centers. Increasing the density of NV centers can degrade performance because adjacent centers

couple together, reducing their sensitivity to external fields [35–37]. Thus, the sensitivity of the

technique is linked to the transducer size. To note: the relationship between size and sensitivity

follows across most techniques and is discussed in Section: 2.7.

2.4.2.3 Faraday Rotation Magnetometry (FRM)

Faraday rotation magnetometry (FRM), which leverages the Faraday effect, described earlier,

is a direct result of Zeeman splitting. We can use the relationship established in Eqn. 2.3. After

measuring the polarization rotation we can extract the applied magnetic field on the sample. This

has been done through a variety of materials, ranging from thin and bulk crystals to doped fibers

and more recently organic thin-film materials. In this section I will review previous results.
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The ferromagnetic YIG has dominated the FRM space since the 1980s because of the high

potential Verdet constants [39]. Verdet results can be hard to come by because most measurements

are made as the specific Faraday rotation, defined as the difference between polarization rotation at

positive and negative saturation [40]. This enables the researchers to ignore the hysteresis and just

consider the maximum amount of rotation that a sample generates. As is common practice with

many magnetic materials, doping was found to be an effective means of increasing the magnetization

and subsequently the Verdet constant of the material, resulting in modest enhancements, typically

a factor of around 2x for bulk materials [10, 24, 41–43]. There are two ways that researchers have

made quantitative measurements using optical readout of YIG. Most commonly, thin-film YIG

materials are created < 100 nm which have a single magnetic domain. These act linearly and have

measured Verdet constants to 3, 000, 000 ◦/(m · T), measured for an 80 nm thick film at 780 nm

illumination [10].

A large laser beam can also be used to illuminate multiple domains of all different magnetic

domain orientations, averaging the response and producing a linear curve. This reduces the effective

Verdet in exchange for linearity [43,44]. Thick GA:YIG crystals have been found to exhibit Verdet

constants of 200,000 ◦/(m ·T) [10], effectively sacrificing an order of magnitude in sensitivity while

maintaining similar optical loss. This is also not suitable for magnetic field imaging because the

transducer is too thick to spatially resolve any magnetic structures.

YIG based optical magnetometers with 100 pT/
√
Hz without magnetic field amplifica-

tion [43, 45]. These works were done with thick, high loss crystals on the order of 3 mm to

produce the required rotation. Thin film results have achieved up to 365 pT/
√
Hz results using

complex magnetization schemes [46]. The YIG field has mostly turned to creating electronically (as

opposed to optically) read out YIG magnetometers which has produced impressive results down to

the fT/
√
Hz [47].

The focus in recent years has shifted away from YIG-based materials toward nanoparticle

based thin films. Most advancements have been concentrated in the realm of material development,

with relatively limited progress in designing magnetometers utilizing polymer nanocomposites,



26

despite their significant performance potential.

One notable result in this area involves the use of cobalt ferrite nanoparticles, which achieved

a sensitivity of approximately 1 µT/
√
Hz [20]. While the authors claim higher sensitivity, this

was accomplished through the use of flux concentrators rather than inherent improvements in the

material or sensor design.

I have completed my own review specifically to room-temperature unshielded magnetometers

in Sec. 2.7. I found an excellent source reviewing the matter more specifically for aerospace

applications [48]. I have included a key figure from their work in Fig. 2.10. The key dynamic that

I am interested in studying is how does sensor size impact the sensitivity performance. We find

that as the sensors get smaller, the performance gets worse. For aerospace applications the size

is an important because space and weight is a significant concern. In our case the size effects the

potential for imaging resolution.1

This opens up my primary research question: is there a magnetic field detection technique

that is not limited by the trade-off between size and sensitivity. This is especially important for

magnetic field imaging, which is motivated below.

2.5 Magnetic Field Imaging

To begin exploring magnetic field imaging, we must first review prior work and clarify distinc-

tions among the various techniques. A critical factor in magnetic field imaging involves balancing

sensitivity with resolution, a trade-off that drives much of the decision-making throughout this dis-

sertation. Key performance specifications include the strength of the magnetic field, the minimum

detectable magnetic field, and the achievable imaging resolution of a given device.

Resolution, unlike sensitivity, is determined specifically by transducer size. It is a core perfor-

mance specification that influences the measurement applications for a given magnetic field imaging

technique. Generally, both high sensitivity and high resolution are desirable, but improvements in

1 Here, we define imaging resolution as the fundamental minimum size of the transducer, with the expectation
that the readout optics and electronics can be further miniaturized in a commercial setting.
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Figure 2.10: Review of magnetometers for space applications as a function of sensor size. Image
reproduced from [48]. Here we can see how the size of the device negatively effects the sensitivity.
Exceptionally good NV-center results were achieved with some form of flux concentration which
locally concentrates the magnetic field on the transducer, amplifying the signal thus achieving lower
sensitivity. This is not relevant for imaging.
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one often come at the expense of the other.

Another important distinction is between near-field and far-field measurements. This distinc-

tion is crucial when considering the magnetic elements that can be imaged. For example, magnetic

dipole strength decreases with the cube of the distance from the source (1/r3) for radius r. There-

fore, one must either operate close to the sample to capture accurate data or use extremely sensitive

devices at greater distances.

Near-field techniques operate at nanometer to sub-micron distances, directly probing the

magnetic effects within close proximity to the source. These techniques offer ultra-high resolution,

particularly when using atomic force microscopy (AFM) devices, which can achieve resolutions on

the order of millimeters. However, to support such resolution, the sensor head must have a very

small volume, which limits sensitivity to measurements in the microtesla range.

In contrast, far-field measurements occur at millimeter distances or beyond, where the 1/r3

fall-off of magnetic dipole strength becomes more pronounced. To counter this, far-field devices

must have ultrahigh sensitivity, often capable of detecting magnetic fields in the femtotesla range.

However, this increase in offset distance tends to reduce the achievable imaging resolution unless

careful design considerations are implemented.

In far-field imaging, OPMs are the most commonly employed devices. For near-field appli-

cations, scanning Hall probes, single nitrogen vacancy (NV) center diamond magnetometry, and

ensemble NV diamond magnetometry are preferred. There is an intermediate regime, known as

the confocal regime, where imaging resolution is limited by the optical diffraction limit. Faraday

rotation magnetometry (FRM) and NV center magnetometry fall within this category. These tech-

niques offer lower resolution than near-field methods but higher sensitivity, and they can operate

at micron-scale standoff distances.

A further distinction among imaging techniques involves the difference between single-point

raster scanning and full-field imaging also known as widefield imaging (Fig. 2.11). In full-field

imaging, a camera captures the entire image at once, collecting data from all points simultaneously.

While this approach reduces sensitivity, it is easier to implement and has seen some commercial
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Figure 2.11: Comparison between widefield and confocal magnetic field imaging.

applications. In contrast, for greater sensitivity, single-point raster scanning is used, where the

sensor scans the sample one point at a time to produce an image. Although this method increases

sensitivity, it also lengthens imaging time and adds complexity to the process.

A key challenge in imaging systems is that sensitivity affects speed: the better the sensitivity,

the less integration time is required. This is important because the number of points needed for

imaging scales with the square of the number of pixels, which in turn scales with the square of

one axis of the image. As we continue, we will consider the various methods and applications of

magnetic field imaging techniques as discussed in the literature.

Microscope resolution, on the other hand is defined as the ability to distinguish two closely

spaced objects as separate entities, and it is fundamentally limited by the wavelength of light (λ)

and the numerical aperture (NA) of the imaging system. According to the Abbe diffraction limit,

the resolution is given by

d =
λ

2NA
=

λ

2n sin(θ)
,

where n is the refractive index of the medium, and θ is the half-angle of the maximum cone of

light collected by the objective lens. Shorter λ and a NA both help to improve resolution, enabling

observation of finer details. This relationship underscores the importance of optimizing both the

wavelength of illumination and the design of the objective lens to achieve high-resolution imaging
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in microscopy.

2.6 Applications

Magnetic field imaging has emerged as a versatile and impactful tool across a wide range of

scientific, medical, and industrial disciplines. By enabling the non-invasive visualization and char-

acterization of magnetic fields, this technique provides valuable insights into complex systems and

processes. From probing fundamental physical phenomena to advancing real-world technologies,

magnetic field imaging addresses critical challenges in areas such as neuroscience, materials science,

geophysics, and biomedical diagnostics. The following sections highlight key applications:

2.6.1 Biology and Medicine

Magnetic imaging has found applications in biology and medicine. Considering our sensitivity

and resolution performance, one application we are interested in histology. Histology is the study of

the microscopic structure of tissues and cells, providing insights into the organization, function, and

pathology of biological organisms. This is conventionally done by examining thin tissue sections

under an optical microscope. We can expand that though to measure the magnetic field of the

same samples. Moreover, histology can provide valuable information for understanding normal

physiology and for diagnosing a wide range of conditions, including infections and cancers.

In histology, we aim to image cells stained with magnetic materials, such as nanoparticles [4,

49]. This approach offers several advantages. First, external magnets can be used to manipulate or

localize the magnetic contrast agents [50]. Second, since tissue has no intrinsic magnetic activity,

this method enables background-free imaging, a significant advantage over most optical imaging

techniques.

A few key studies illustrate these benefits. In Ref. [4] (see Fig. 2.12a), diamond NV centers

were used to image cells selectively targeted with magnetic nanoparticles. These tagged cells

produced magnetic fields in the microtesla range, making them easily distinguishable from untagged

cells. Certain cell types, such as those infected by the malaria parasite, exhibit intrinsic magnetism.
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These cells were imaged without the need for contrast agents [51] (Fig. 2.12b).

Another notable application is presented in [49] (Fig. 2.12c). In this study, cells were tagged

with magnetic nanoparticles, and their hysteresis loop was measured under an external magnetic

field. The shape of the hysteresis loop was influenced by the local environment of the nanoparticles,

enabling measurements of nanoparticle density and the surrounding liquid characteristics [49].

Figure 2.12: Biological applications of magnetic field imaging. a) Cells tagged with nanoparticles [4],
b) intrinsically magnetic malarial cells [51], measurement of hysteric loops in magnetically tagged
cells [49].

Beyond histology, magnetic field imaging has promising applications in medicine. One po-

tential use of in-vivo magnetic nanoparticles is in tissue heating [52]. This phenomenon is driven

by the process of magnetostriction, where magnetic nanoparticles generate heat in surrounding tis-

sue, causing localized cell death. This approach has significant therapeutic potential, particularly

when nanoparticles are selectively attached to tumors [52]. The heating effect is demonstrated

in Fig. 2.13a. Magnetic field imaging could play a crucial role in measuring the effectiveness of

nanoparticle distribution within tumors, providing valuable insights to optimize this therapeutic

technique.

An intriguing medical application of magnetic field imaging is the measurement of iron

nanoparticle accumulation in the brain. This accumulation has been linked to neurodegenerative

diseases. Magnetic field imaging offers a direct and non-invasive method to measure the concentra-

tion of these nanoparticles, facilitating a deeper understanding of their role in disease progression
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and informing preventative or therapeutic strategies.

Figure 2.13: Potential medical applications of magnetic field imaging. a) Magnetic induction induce
heating of tissue using magnetic nanoparticles [52], b) Electron microscope image of pollution
induced magnetite nanoparticles found in the brain [53]

2.6.2 Current Sensing

Another compelling application of magnetic field imaging is the non-invasive measurement

of electric currents, as illustrated in Fig. 2.14a. In this example, an NV-center magnetometer was

employed to image the currents flowing through a 555-timer chip [54]. Non-invasive current mea-

surements are valuable for electrical characterization, enabling detailed analysis of circuit behavior

without physical interference. Additionally, this technique has significant security implications,

as it can be used to detect hardware trojans, circuits placed nefariously in hardware which may

compromise device security [54,55].

2.6.3 Physically Unclonable Functions

In the realm of security, there is a growing need for verification stamps that are resistant

to counterfeiting. These are referred to as physically unclonable functions (PUFs) [56], which

enable robust and unique verification. Nickel micro-magnets offer an intriguing implementation of
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Figure 2.14: More application of magnetic field imaging. a) Current sensing with 555 timer chip
using NV-center imaging magnetometer [54], b) physically unclonable function using nickel micro-
magnets [56], c) measurement of stray magnetic fields from vanadium tri-iodide crystals [57].

a PUF, leveraging a fabrication process that inherently produces a system that cannot be replicated.

During fabrication, each micro-magnet randomly adopts one of two magnetic orientations—North-

to-South or South-to-North—as illustrated in Fig. 2.14. This random selection creates a unique

grid of magnetic orientations that can be read out as a signature function.

What makes this system unclonable is the impossibility of fabricating an exact copy where

every magnetic orientation is replicated identically. Magnetic field imaging plays a critical role

in this application, serving as a non-invasive method to accurately read the magnetic orientations

of the micro-magnets and verify their authenticity [56]. This approach highlights the potential of

magnetic field imaging in enhancing security and authentication technologies.

2.6.4 Condensed Matter Physics

Understanding spin interactions and magnetic fields is foundational in condensed matter

physics, a field with immense depth and complexity. While most measurements in this domain are

conducted at cryogenic temperatures—outside the scope of my dissertation - they provide valuable

insights into validating theoretical physics models through experimental data. As an illustrative

example, I will review the specific measurement of magnetic field in vanadium tri-iodide crystals

as seen in Fig. 2.14c. This example demonstrates how magnetic field characterization can play a

crucial role in probing quantum systems and verifying our understanding of spin dynamics and
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material properties. [57]. A more thorough review of application can be found at [35,58].

2.6.5 Applications-based System Requirements

We sought to broadly discuss the operational regime chosen for our system. Since we aim

to perform confocal-style imaging, the first requirement imposed on our system is operation at

room temperature. OPMs must operate at elevated temperatures to maintain the alkali metals in

a gaseous state [33,34,59]. This necessitates shielding any temperature-sensitive materials from the

heat, which increases the standoff distance to the millimeter scale. Which presents a challenge in

maintaining micron scale resolution.

Conversely, magnetic field measurements generally achieve higher sensitivity at cryogenic

temperatures. At these lower temperatures, electrons exhibit reduced thermal motion, making

them more easily polarized. This behavior is also reflected in the temperature dependence of the

Verdet constant in Faraday rotation materials where the value of the Verdet constant increases with

decreasing temperature [7]. Achieving such conditions would require either cooling the sample to

cryogenic temperatures or shielding it from the probe head, which would increase measurement

complexity and standoff distance, respectively.

The second requirement for our system is achieving magnetic field saturation above tens

(µT). This allows us to treat the Earth’s native magnetic field as a fixed bias, thereby eliminating

the need for magnetic shielding. Avoiding magnetic shielding is advantageous, as such shielding is

often bulky and can complicate measurements.

As such we decided to pursue FRM as the method to move forward with because it satisfies

the requirements for saturation and room temperature operation. With the potential for high

performance imaging with confocal techniques not being fully realized in the literature.

2.6.6 Faraday Rotation Imaging Results

We broadly reviewed Faraday rotation magnetometers in Sec. 2.4.2.3, and we now focus more

specifically on imaging results that have leveraged FRM. I will briefly note that in the imaging space,
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the magneto-optic Kerr effect (MOKE) appears to dominate in terms of the number of publications.

The underlying physics are nearly identical to the Faraday effect, except that MOKE operates

via the rotation of light upon reflection rather than transmission. However, we are ultimately

uninterested in MOKE because it is rarely used for quantitative magnetic field measurements [60].

This limitation arises because MOKE signals are strongly dependent on surface properties, such as

roughness and magnetic domain structures, which complicate the extraction of absolute field values.

Furthermore, calibration of MOKE measurements is challenging, as the Kerr rotation angle depends

on both the magneto-optical constants of the material and the optical geometry, making it better

suited for qualitative imaging of magnetic domain patterns rather than precise field quantification.

Figure 2.15: Magnetic field images produced by a variety of Faraday rotation magnetometry (FRM)
systems. a) Widefield YIG-based FRM of: credit card, audio tape, and floppy disk (top to bot-
tom) [61], b) Widefield FRM image of current in a wire [62], c) Scanning FRM image of engineered
domains in YBCO superconductor [63]

In the FRM space, most systems are implemented with a wide-field CCD detector and RE-

doped YIG indicator film. Results from such works were summarized in the review paper [61] and I

have included one interesting figure in Fig. 2.15a. For example, the magnetic domains of magnetic

storage media, such as floppy disks, are clearly visible. The resolution in these cases is limited

by the imaging optics which have not been designed for large magnification. In YIG sensing the

only thing that can limit the imaging resolution is the domain size, which can be mitigated using

very thin films [64]. That result used a thick YIG film with hysteresis to achieve a sensitivity of

10 nT/
√
Hz at a single point, and was expanded to utilize a CCD for imaging; however, it was
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not calibrated for the measured field [64] and achieved only 300 µm resolution due to the domain

size. Another high performance wide-field device was able to achieve 5 µT/
√
Hz with micron-scale

resolution, though the indicator film and sample were cryogenically cooled [65]. Another key wide-

field result reported a sensitivity of 10 µT (with no integration time specified) at approximately

100 µm resolution. In this study, the authors imaged both DC and AC signals in a wire, with the

DC result shown in Fig. 2.15b.

Though most of the results were performed in a wide-field fashion, the confocal configuration

should produce higher sensitivity as the optical power is concentrated on one spot. I found one

high quality scanning FRM result that was able to produce µT sensitivity (no integration time

listed) with a 250 nm spatial resolution (visible illumination). This result produced very high

quality images as seen in Fig. 2.15c. The only caveat with this result is that the indicator film was

cryogenically cooled [63].

To summarize the results of FRM imaging magnetometers, most high-performance work has

been achieved using YIG films, as they were the only readily available materials with sufficiently

high Verdet constants. While the majority of imaging studies have not prioritized achieving high

spatial resolution, a few efforts have approached the diffraction limit for their respective illumination

wavelengths [63,65]. The typical sensitivity achieved in these systems is in the range of µT/
√
Hz.

I have found no existing work suggesting an inherent advantage of FRM over other imaging

techniques. However, in this dissertation, I hypothesize that the ability to concentrate all opti-

cal power into a small, diffraction-limited spot size provides a potential advantage compared to

other methods that cannot achieve such scaling. This hypothesis forms one of the central research

questions of this work, focusing on the interplay between sensitivity and resolution in FRM.

2.7 Sensitivity Resolution Trade-off

Most of the applications that I have reviewed required µT sensitivity to enable measurements.

However, further increasing the sensitivity of would enable the possibility of other measurements

with further standoff distances, smaller electrical currents or interesting dynamics such as spin
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waves [66]. We can look to the field and summarize the results of imaging magnetometers as seen

in Fig. 2.16. There is a clear linear relationship between the sensitivity of a technique and the

resolution.

Figure 2.16: Sensitivity-resolution trade-off of room-temperature magnetic field imaging techniques
in the literature, with the sensitivity gap we target in our studies identified in pink [34,35,37,38,67–
79]. MFM: magnetic force microscopy, OPM: optical pumped magnetometry, NV Center: nitrogen
vacancy center magnetometry.

We will unpack this figure further in Chapter 4, but it is important to note that diamond

NV-centers represent the state-of-the-art magnetic field imaging techniques across a wide range of

resolutions because there are three ways to perform magnetic field imaging as seen in Fig. 2.9.

The sensitivity of NV-center magnetometry is fundamentally determined by the number of

NV-centers that are illuminated. In high-resolution configurations, a single NV-center is illumi-

nated, resulting in the lowest sensitivity. In confocal setups, a greater number of NV-centers are



38

illuminated, while in ensemble configurations, many NV-centers can be utilized simultaneously [35].

However, the density of NV-centers is inherently limited. At higher densities, NV-centers

begin to interact with one another and with defects in the host material, which degrades the

effective sensitivity [36]. This constraint directly links the sensitivity of NV-center magnetometers

to the size of the transducer, highlighting a trade-off between resolution and sensitivity.

2.8 Nanomaterials

One overarching theme of this thesis is the use of nanomaterials to make sensitive mea-

surements. Nanomaterials are materials with structural features at the nanometer scale (typically

less than 100 nanometers) that also happen to exhibit unique physical, chemical, and mechanical

properties not found in their bulk counterparts. These materials include nanoparticles, nanowires,

nanotubes, and nanosheets, which can be composed of metals, ceramics, polymers, or composites.

Their reduced size and high surface area enable exceptional behaviors, such as quantum confine-

ment, enhanced catalytic activity, and increased mechanical strength, making them invaluable in

various fields, from electronics and energy storage to medicine and environmental remediation.

We can use nanomaterals to create macroscopic metamaterials, also known as nanocompos-

ites. These materials engineered materials designed to exhibit properties not typically found in

nature. By introducing the unique characteristics of nanomaterials, we can construct metama-

terials with precisely tuned electromagnetic and optical responses that enable us to make more

sensitive measurements that would otherwise not be possible with materials on the micron scale

and larger.

In our case we consider two different applications that are united through the use of nanopar-

ticles. The first application is the use of magnetite nanoparticles to sense magnetic fields through

Faraday rotation. The second application is the use of upconversion florescence to perform nonlinear

microscopy.

Observing 2.17 we can find the benefits of using nanoparticles for sensing. Arguably the most

important factor of using nanoparticles is the property that the atoms within the nanoparticles



39

Figure 2.17: Single nanoparticles serve as convenient sensing targets since they are small enough
to have minimal lattice defects, yet they are large enough to have high surface areas and can have
functionalized surfaces.
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form a low defect crystal lattice [80]. This well-formed lattice enables them to be very effective

quantum sensors. In the fluorescent imaging case there, low defects enable long florescent lifetimes,

increasing upconversion fluorescent efficiency. For magnetic field sensing the lack of defects removes

spin trapping sites (areas that limit free movement of spin polarization) and along with the size,

enable the nanoparticles to behave in the superparamagnetic regime [11], more easily polarizing

to external fields increasing the response. In addition, size of nanoparticles enable them to have

exceptionally high surface area to volume ratio. This is useful in chemistry and sensing because

they can be highly reactive if needed. This also enables nanoparticles to effectively have ligand

molecules attached to the surface. These molecules reach off of the surface and can “functionalize”

the nanoparticles by enabling them to feel the surrounding environment. One way sensing is enabled

is through surface ligands that preferentially bind to specific cells or cellular structures. The ligand

molecules have also been shown to change the properties of the fluorescent light to, for example

sense pH or force [81–84]. The surface functionalization can aid in nanocomposite self-assembly or

our magnetic indicator films as will be shown in Ch. 3. Lastly the size of the nanoparticles enables

them to not affect the imaging resolution. In bio applications the size also allows the nanoparticles

to slide in and out of cells to potentially image and measure biological processes [85].

2.8.1 Magnetic Nanoparticles (MNPs)

The fabrication and characterization magnetic nanoparticles will be more comprehensively

discussed in Chapter 3. Here we introduce why we chose to work with MNPs in magnetic sensing.

To induce Faraday rotation we are looking to polarize the internal spins of a material to an exter-

nal magnetic field as we saw looking back to 2.5. Expanding this idea, we find that not just the

materials, but also the domain size will affect the magnetic performance response [11]. Magnetiza-

tion (M) is a vector quantity that represents the density of magnetic moments within a material,

indicating the degree to which the material is magnetized in response to an external magnetic field.

Magnetization reflects the alignment of microscopic magnetic dipoles, and can vary depending on

the type of material and the strength of the applied magnetic field. To predict the Faraday rotation
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performance we are interested in both how strongly a material is magnetized to an external field

and how linear the response is. This will enable us to actually make quantitative magnetic field

measurements. Considering Fig. 2.18 we find there are 3 size regimes where the magnetic field

behaves differently [11].

Materials with particle size above a certain threshold, (85 nm for magnetite) can be considered

to be equivalent to bulk materials. Here we find that the material is large enough to contain multiple

crystal lattice domains, each with its respective preferred spin direction. Multi domain material

will also have defects between crystal regions that can pin the spin orientations which can reduce a

materials’ ability to react to an external magnetic field. The impact of this is producing a material

with a ferrimagnetic or ferromagnetic response depending on the material. Bulk materials exhibit

distinct responses to external magnetic fields due to differences in their magnetic domain structures

and the alignment of magnetic moments. The magnetic moments of the atoms will align parallel to

each other within the crystal domains, resulting in a strong net magnetization even in the absence

of an external field. When an external magnetic field is applied, these domains grow and reorient

in the direction of the field, leading to a significant increase in magnetization, which can remain

even after the external field is removed — a phenomenon known as hysteresis. This is shown by

the open loop of the magnetization curve in Fig. 2.18. Tracking the loop from a positive applied

H-field to zero we find that the material still has a some magnetization (m). These materials are

useful for permanent magnets but more challenging to use in magnetic field sensing as there is no

linear correlation between the applied field and the amount of magnetization.

If the particles are shrunk below 85 nm we consider them to be in the single domain param-

agnetic region, which will exists even for intrinsically ferromagnetic materials like magnetite. With

a single domain we no longer see any hysteresis or remanent magnetization. The response is linear

before it reaches saturation, which better enables magnetic field sensing. This would be the optimal

operational regime if not for the behavior under 25 nm in diameter for magnetite [11].

In the final size regime, under 25 nm the particles begin to exhibit what is known as a

superparamagnetic response. Superparamagnetic behavior occurs in materials composed of very
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Figure 2.18: Material size dependence on the magnetic field polarization (magnetization) for
magnetite-based nanoparticles. In a multi domain crystal, each crystal has a preferred orientation
that is self reinforcing and difficult to change. This resistance to change gives rise to hysteresis.
Single domain and superparamagnetic systems do not display this hysteresis. Relative to single
domain systems, superparamagnetic systems have a stronger magnetization response because their
internal magnetic moment are smaller relative to the thermally induced spin fluctuations. Arrows
within material sketches represent preferred spin orientation of crystal lattice domains. Three size
categories listed with example magnetization curves show below. Size thresholds are different for
other materials [11]
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small, single-domain magnetic nanoparticles. In these materials, thermal energy is sufficient to

randomly flip the magnetic moments, similar to the behavior observed in paramagnetic systems.

The key difference is that the magnetic susceptibility is much higher, so the slope of the response

is much higher. This greatly enhances our ability to measure small fields as superparamagnetic

materials have a much higher Verdet constant. In out case we leverage 17 nm nanoparticles in

the superparamgnetic regime to make measurements [11]. These nanoparticles have been broadly

considered for magnetic field sensing [6, 7].

2.8.2 Upconversion Nanoparticles (UCNPs)

Nanoparticles are not just use for magnetic field measurements, we also use them for fluo-

rescent imaging. It felt more reasonable to place the necessary background for the UCNP project

into Chapter 6, but I will lightly review the concept to contextualize against the MNPs used for

magnetic field sensing.

Fluorescence is an atomic absorption mechanism where photons are absorbed and subse-

quently released at a different wavelength [86]. This has been shown to be useful in a variety

of fields ranging from biology to metrology and spectroscopy. The process can be best described

using quantum energy level diagrams such a Fig. 2.19 where the ground state (level 0) references

the lowest available electron energy state. The absorption of photons will cause electrons to climb

to into high energy states where they will decay back to the ground state randomly. As photons

decay back to lower energy levels they can release photons corresponding to the change in electron

energy [80,84,86].

The most simple mechanism is described in Fig. 2.19 where a higher energy (Blue) photon

is absorbed by an atom into a level that doesn’t perfectly align with given quantum state for that

atom, the electron will enter a so-called virtual state. This quantum state is extremely short-lived,

and the electron will quickly decay down to a real state with the assistance of a phonon. This is

referred to as a non-radiative transition as a phonon is heat instead of light. The electron, now in

an intermediate state can then decay radiatively with a lower energy (red/stokes-shifted) photon
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compared to the illumination. Since the emitted photons correspond to the atomic states this

has found great use in describing the specific quantum energy levels of atomic systems. One can

think of this process as entropy assisted, and can be quite efficient, depending on how likely the

atomic system is to absorb incoming photons. In the field of biological imaging, limitation were

found in penetration depth and background removal when using downconversion. This lead to the

development of anti-stokes or upconversion fluorescence materials and processes [87].

A more complicated process is referred to as up-conversion fluorescence. Where two photons

are used to doubly excite an electron into an even higher energy state [84]. Producing an (anti-

stokes) blue shifted photon and seen in 2.19. This process can either happen through a virtual state

absorption which requires simultaneous absorption of two photons [87] or two-step fluorescence

which happens through a real transition and is more efficient. However, both processes are less

efficient than down-conversion because they are not entropy assisted.

We choose specifically to use rare earth doped sodium yttrium fluoride nanoparticles because

they are efficient fluorophores. This is due to the high purity of the crystal lattice, reducing the

amount of sites where excitation can decay non-radiatively as heat. This has the effect of increasing

the florescent efficiency. The nanoparticles are also able to be surface functionalized with antigens

enabling use as contrast agents in histology [81, 82]. Their size enables easy penetration in cells,

and the high surface area enables them to bond efficiently with targets. My work with UCNPs is

regarding increasing the upconversion florescent efficiency using bi-photon squeezed light in UCNPs.

This will be completely discussed in Chapter 6.

2.9 Fluorescence Microscopy

We consider using UCNPs to perform fluorescence microscopy. This is a powerful imaging

technique that leverages the principles of fluorescence to visualize and study the structure and

function of biological samples. This enables the detection of molecular and cellular details with

high specificity and sensitivity. Fluorescence microscopy is widely used in fields such as cell bi-

ology, neuroscience, and biochemistry to investigate dynamic processes, spatial organization, and
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molecular interactions within living or fixed specimens.

Fluorescence microscopy is a well established field, where researchers are developing novel

flourophores to increase imaging depth and potential for specific bonding to biological structures

and compounds [87–90]. One novel compound is the UCNPs described above [88–90].

2.9.1 Fluorescence Microscope

Fig. 2.20 illustrates the optical layout of a fluorescence microscopy system. The light is

directed into an inverted microscope via a dichroic mirror, which transmits the laser excitation beam

towards the specimen through the objective lens. Emitted fluorescence from the sample is separated

from the excitation light using dichroic and long-pass blocking filters, ensuring only fluorescence

signals reach the detectors. Adjustable mirrors and confocal irises spatially gate the light, enabling

confocal depth resolution. The system includes a set of photomultiplier tubes (PMTs) for multi-

channel detection, allowing the simultaneous capture of fluorescence signals from different emission

wavelengths [86].

A similar schematic can be used for upconversion and downconversion fluorescence. The

illumination source and the dichroic mirrors and filters pass bands need to be adjusted to the

match the imaging target.
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Figure 2.19: Fluorescence mechanisms sketched on energy diagrams. Blue and red arrows represent
photon electron transitions; black arrow labeled non-radiative transition represents phonon transi-
tion. Energy levels denoted with a star and dashed lines are virtual. In fluorescent downconversion,
a photon is absorbed into a real state through a phonon-mediated downconversion and then emitted
at a lower frequency. In two photon fluorescence, two photons are simultaneously absorbed and
enable a higher frequency emission. In two step photon fluorescence, a single photon absorption
raises the electron to an elevated state, and a second photon absorption raises the electron to a
higher yet energy state from which a photon is emitted.
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Figure 2.20: Example of a fluorescence microscope schematic from Ref. [86]. Monochromatic light
probes a sample which fluoresces. This fluoresced light is collected on a series of wavelength-
sensitive detectors. PMT: photomultiplier tube. M3H,CRS: Galvonometers.



Chapter 3

High-Verdet Constant and Low-Optical Loss Tb3+ Doped Magnetite

Nanoparticles

3.1 Abstract

We have demonstrated that Faraday Rotation Measurement (FRM) is a promising approach

for high-performance magnetic field sensing and imaging. However, the material response of even

the most effective Faraday-active materials remains relatively low, and any improvement in this

response directly translates to enhanced magnetic sensitivity. Recognizing this limitation, we iden-

tified an opportunity to advance performance through the development of improved materials.1

Nanocomposite thin films, which incorporate Faraday-active nanoparticles within a polymer

host matrix, have shown highly competitive Verdet constants while maintaining excellent optical

clarity. Our investigation revealed that magnetite-based nanoparticles alone exhibit moderate per-

formance in terms of both Verdet constants and optical loss. However, we discovered that doping

these nanoparticles with terbium (Tb3+) ions significantly enhances the Verdet constant without

increasing optical loss. This improvement can be quantified using the magneto-optic figure-of-merit

(FOM), defined as the ratio of the Verdet constant to optical loss.

By doping magnetite (Fe3O4) nanoparticles with Tb3+ ions, we introduce a novel strategy

for enhancing the Verdet constant while preserving low optical loss. The resulting Fe3O4:Tb
3+

1 This chapter was adapted from J. Bartos, et al.: “High-Verdet constant and low-optical loss Tb3+ doped
Magnetite Nanoparticles” [91]
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nanocomposite achieves a state-of-the-art Verdet constant of 5.6×105 ◦/(T·m) and a leading FOM

of 31 ◦/T in the near-infrared region.

3.2 Introduction

The Faraday effect has been used in a wide range of applications in lasers, telecommunications,

materials science, quantum computing, and remote sensing [92–95]. It describes the polarization

rotation that linearly polarized light undergoes when passing through a magneto-optical (MO)

medium [96,97]. Traditionally, MO garnet crystals such as terbium gallium garnet (TGG), terbium

aluminum garnets (TAG), yttrium iron garnet (YIG), and rare-earth doped glasses have used

Faraday rotators due to their high transparency [94, 95]. To compensate for the rather weak to

moderate Faraday effect, these materials are commonly used in bulk configuration with mm to cm

thicknesses including optical fiber materials [98,99]. In recent years, MO polymer nanocomposites

have been introduced as alternatives to the conventional MO crystal [94,100–106]. Thanks to their

magnetic nanoparticle content, these polymer nanocomposites exhibit ultrahigh MO responsivities

and thus can achieve large Faraday rotation with sub-mm interaction lengths. Additionally, they are

more flexible for fabrication and processing compared to single crystals [94,107,108], enabling MO

polymer nanocomposite thin film that can be integrated with microfabricated devices for various

photonic and magnetic applications.

The major drawback of MO polymer nanocomposites is their increased optical loss when com-

pared to MO crystals stemming from nanoparticle’s intrinsic material absorption and aggregation

induced scattering [94, 100, 104]. The trade-off between MO responsivity and optical loss can be

quantified by defining a MO figure-of-merit: FOM= V/α where V is a measure of the MO respon-

sivity known as the Verdet constant and α is the attenuation coefficient [106]. While the Verdet

constant is a useful parameter quantifying MO device performance in a power-abundant regime,

FOM is a better metric for applications in the power-starved regime when the device insertion loss

cannot be tolerated.

To mitigate the scattering losses, the nanoparticles are often coated with polymerizable lig-
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ands which allow them to be anchored to the polymer matrix during the polymerization reaction,

and thus maintain their spatial dispersion [100,109,110]. Other strategies to reduce the scattering

loss also include lowering nanoparticle concentration [100], using block copolymers [106], and em-

ploying multi-step spin-coating methods with intervening spacer layers [100,104]. These strategies

have been proven very effective, leaving the fundamental trade-off between the MO responsivity

and absorption coefficient the remaining challenge to be addressed [97].

In this work, we report a new strategy to enhance both the Verdet constant and FOM

of magnetite (Fe3O4) nanoparticles via doping with terbium (Tb3+) ions. To induce a strong

MO response far away from absorption peaks, it has been suggested that materials containing

ions with a C-term Faraday response, which arises from the Zeeman splitting of ground state

due to external magnetic field, should be used [97]. Tb3+ ions present an ideal candidate for

examining this hypothesis. They possess a high magnetic moment, strong spin-orbit coupling,

and have allowed optical transitions far from the near-infrared (NIR) region [111]. Earlier studies

have investigated the impact of Tb3+ and other rare-earth dopants on the magnetic properties

of magnetite nanoparticles such as saturation magnetization, coercivity, magnetic moment, and

relaxivity [112–117]. The few articles that discussed the effect of rare-earth doping on the magneto-

optical properties were either limited in their scope, analysis, and data presentation or have been

carried out on other ferrite systems such as cobalt ferrite [118,119]. Thus, the effect that Tb3+ and

other rare ions doping might have on the Faraday effect of magnetite nanoparticles remains largely

unexplored.

By embedding Fe3O4:Tb
3+ nanoparticles in a polymethylmethacrylate (PMMA) matrix, the

Verdet constants and FOM at 980 nm were characterized as a function of the Tb3+ doping. We

show that an optimal Tb3+ doping density of 1.12 mol% results in a 3-fold enhancement of both

the Verdet constant and the FOM compared to undoped nanoparticles. The PMMA-Fe3O4:Tb
3+

nanocomposite is a unique material that simultaneously achieves high Verdet constant of 5.6× 105

◦/(T·m) and high FOM of 31 ◦/T in the NIR, benefiting all applications in either the power-

abundant or the power-starved regimes.
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Figure 3.1: Magnetite nanoparticle synthesis process, first the precursor materials undergo thermal
decomposition which leads to seed mediated growth during cooling. The surface is first covered
in oleic acid (OA) to stop growth. Next some of the OA is exchanged from bis(2- methacryloy-
loxy)ethylphosphate which is a precursor that enables integration into a polymer matrix in the last
step, this prevents particle aggregation.

3.3 Nanoparticle Synthesis

Material fabrication and chemical characterization was performed by my collaborator Dr.

Taleb Ba Tis. An excellent comprehensive description can be found in his thesis. [120]. It is

necessary to include some details to maintain the completeness of this thesis.

A summary of the process can be found in Fig. 3.1. First the material undergoes a thermal

decompensation stage where the precursor materials are dissolved at high temperatures. Next,

through the process of nucleation, tiny crystals will form these make up the seed core of the

nanoparticles. The process is repeated with fresh precursor materials to continue growth of the

nanocrystals. Once the desired size is reached, the particles are coated in oleic acid (OA) to stop

further growth. We wish to evenly distribute the particles in a thin film material so the OA is

exchanged for a precursor that enables the nanoparticles to be evenly embedded in a polymer

matrix. The coated nanoparticles are then transferred to a monomer solution in a solvent and are

then polymerized to form a high quality optical thin-film.

Let us look at the process more specifically. The Fe3O4 nanoparticle synthesis was carried

out using the thermal decomposition protocol with some modifications [112, 121]. Briefly, 2 mmol

of iron (III) acetylacetonate, Fe(acac)3, was added to a three-neck round-bottom flask along with

10 mmol of 1,2-hexadecanediol, 9 mmol of oleic acid, 3 mmol of oleylamine, and 20 mL of benzyl

ether. The temperature of flask was raised then from room temperature to 110 ◦C while the reagents
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were vigorously mixed using a magnetic stir bar. At 110 ◦C, the flask was kept under argon for 5

minutes followed by 5 minutes of vacuum purge. The argon/vacuum step was repeated two more

times before the temperature was raised again to 180 ◦C under argon gas. The reaction was kept

at this temperature for 2 hours before it was raised again to 298 ◦C. Once one hour had passed

at 298 ◦C, the reaction was allowed to cool down to room temperature. To synthesize Tb-doped

nanoparticles, some of the Fe(acac)3 was replaced by terbium (III) acetylacetonate, Tb(acac)3,

while keeping the overall inorganic precursor content fixed at 2 mmol. For instance, 0.01 mmol of

Tb(acac)3 was used along with 1.99 mmol of Fe(acac)3 to synthesize TbFe3O4 (1) nanoparticles. In

a similar fashion, Tb(acac)3 amounts of 0.02, 0.05, 0.1, and 0.4 mmol were used to synthesize the

TbFe3O4 (2)-(5) samples, respectively. Following the synthesis, the nanoparticles were centrifuged

three times using a mixture of ethanol, methanol, and acetone at 8000 RPM for 20 minutes. After

that, the nanoparticles were dispersed in a hexane solution.

Larger nanoparticles were then grown using the seed-mediated growth protocol. Briefly, 80 mg

of the core nanoparticles were added to the reaction mixture that was used in their core synthesis.

All the other steps were kept the same with the slight modification of 1 hour at 180 ◦C and 1.5

hours at 298 ◦C. This seed-mediated growth step was repeated once more using the core/shell

nanoparticles as seeds. Following the washing step, the final core/shell/shell nanoparticles were

dispersed in chloroform and stored in a desiccator until future use. The exact Tb3+ content was

confirmed via ICP-MS analysis as shown in Fig. 3.2. The Tb3+ molar percentage is calculated as

follows: Tb(mol%) = Tb(mol)/(Fe(mol) + Tb(mol)).

One the nanoparticles were grown, there was a need to characterize the material properties to

confirm that fabrication had gone as planned. We are interested in the size, chemical composition.

In the experiment, six nanoparticle batches were prepared with increasing amounts of Tb3+

using the process described below. As shown in Fig. 3.2 (A-G), the nanoparticles were roughly

14-16 nm in size with standard deviations around 2 nm. Previous reports on the size dependence

of the Faraday effect have shown that larger nanoparticles tend to exhibit stronger MO response

[105,122,123]. The gain in MO responsivity can, however, be undermined by the propensity of larger
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nanoparticle to aggregate due to their strong magnetic interactions [101, 124]. Thus, there is an

optimal size where the MO responsivity can be maximized without causing severe aggregation. We

opted for 14-16 nm sized nanoparticles because that is the range where both the Verdet constant

and FOM were maximized for our system. The Tb3+ doping density in the nanoparticles was

determined via Inductively Coupled Plasma Mass Spectrometry (ICP-MS) analysis as shown in

Fig. 3.2 (H) and further discussed in Sec. 3.4.

Figure 3.2: Representative TEM images of (A) undoped and (B-F) Tb3+ doped magnetite nanopar-
ticles after synthesis. Scale bar is 100 nm. (G) Size distribution of the nanoparticles as calculated
from TEM images using the software package ImageJ. (H) Tb3+ doping density in the nanoparticles
as characterized by ICP-MS analysis.

Once the nanoparticles had been characterized we needed to turn them into a nanocomposite.

This was done to spatially separate the nanoparticles to prevent them from magnetically interacting

with each other. This was done by first modifying the surface to enable the nanoparticles to become

embedded in the polymer matrix. Next raw monomers were added, and the whole mixture was
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polimerized into one solid.

To prepare the surface, the native oleic-acid coating of the as-synthesized nanoparticles was

replaced using the ligand exchange process with some modifications [110]. Briefly, a 10mg/mL

stock solution of bis (2-methacryloxy) ethyl phosphate (BMEP) in chloroform was prepared and

stored at 4 ◦C until use. In a separate vial, 10 mg of nanoparticles were added and dispersed in 0.7

mL chloroform via sonication. After that, 0.3 mL of the BMEP stock solution was added dropwise

to the nanoparticle solution. The nanoparticle solution was then nutated overnight to complete the

ligand exchange reaction. After the reaction was completed, the chloroform was dried off under

vacuum, the nanoparticles were washed once with methanol, and finally collected with a magnet.

To the BMEP-coated nanoparticles, another 0.3 mL of BMEP stock solution was added along with

0.7 mL chloroform to maintain the nanoparticles’ stability during the polymerization reaction.

To induce polarization, the polymer nanocomposite was fabricated using the in-situ free-

radical polymerization reaction of PMMA with some modification [125]. Briefly, 240 mg of methyl

methacrylate (MMA) was added to the 10 mg BMEP-coated nanoparticles prepared in the previous

step. The solution was mixed thoroughly via sonication. After that, 2.5 mg of azobisisobutyroni-

trile (AIBN) was added to the MMA/nanoparticle solution and sonicated until fully dissolved. The

reaction vial was then partially sealed to allow the chloroform to evaporate during the polymeriza-

tion reaction which was carried out at 70 ◦C for 2.5 hours. After that, the vial was placed under

vacuum to evaporate any remaining solvent or unreacted MMA. Once fully dry, the weight of the

polymer nanocomposite was measured, and the nanoparticle loading was determined by dividing

the weight of added nanoparticles by the overall weight of the polymer composite. Due to the in-

complete MMA polymerization, the loading is typically higher than the intended 4 wt%. Therefore,

additional PMMA (MW 996k) powder was added to adjust the loading to 4 wt%.

The polymer nanocomposite was then dissolved in chloroform to form a viscous solution.

Roughly 30-50 µL of the dissolved polymer nanocomposite was then taken out using a pipet and

drop-casted on a clean glass slide substrate. The substrate was then placed under vacuum to

evaporate the chloroform in a controlled manner and form a polymer thin film for the UV-VIS-NIR
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Figure 3.3: Optical image of three nanocomposite films with different Tb3+ doping densities of
0.29 % (left), 1.12 % (middle), and 4.55 % (right). The optical clarity is demonstrated by the
clearly visible letters behind the film that do not exhibit any scattering.

spectra and Faraday rotation measurements. The thickness of the polymer nanocomposite films

was measured using a stylus profilometer. We find the films to be in a range of thickness from 25

to 37 µm with an average standard deviation of thickness of 5% across the width of the film.

3.4 Optical Characterization

With the size and chemical composition of the nanoparticles characterized. We moved onto

optical characterization of the material. For this we ultimately care about two parameters, the first

is the optical loss in the material. This is caused by two factors.

The first factor is optical absorption by the material. The PMMA host matrix is highly

transparent, so the loss caused by the magnetite nanoparticles. The loss of the material can be

controlled by changing the concentration of nanoparticles in the material. Absorption is critically

important because it leads to heating of the nanoparticles. As discussed in later chapters, this

heating is what ultimately cases the damage threshold of the materials to be quite low.

The second factor is optical scattering. Scattering is a problem because not only does it reduce

the returned optical power but also because it will also degrade the potential for high resolution

imaging. The nanoparticles are much smaller than an optical wavelength and thus in the Raleigh

scattering regime. We found high optical quality in the films which suggested there was minimal

scattering. The film quality can be seen in Fig. 3.3.

To characterize the optical absorption we used a VIS-NIR absorption spectrometer with

the results shown in Fig. 3.4 demonstrating the wavelength dependent absorption spectrum of
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the PMMA-Fe3O4:Tb
3+ nanocomposite films, measured with VIS-NIR spectrophotometry. The

intervalence charge transfer (IVCT) transitions of the Fe3+ and Fe2+ ions [126, 127] that result in

magnetite’s strong MO response also led to a strong UV absorption band and an elevated NIR

absorption peak centered around 1400 nm. On the other hand, no additional NIR absorption is

observed when Tb3+ is doped into the magnetite nanoparticles, rendering Tb3+ doping an effective

strategy to simultaneously enhance the Verdet constant and FOM. The lack of any significant

changes in the absorption spectra after doping are likely due to the low Tb3+ concentration and

its small absorption cross-section in comparison to magnetite [126, 128]. The 15% variation in

absorption coefficients among different samples is attributed to the uncertainty of the nanoparticle

loading which is uncorrelated with the Tb3+ doping density. Fig. 3.3 shows an optical image

of representative 30-µmthick nanocomposite films with different Tb3+ doping densities. The text

behind the PMMA- Fe3O4:Tb
3+ nanocomposite films remain sharp without distortion, confirming

that the Tb3+ doping does not degrade the optical quality of the nanocomposite films.

Figure 3.4: VIS-NIR absorption coefficient of the PMMA-Fe3O4:Tb
3+ nanocomposite.

Most critical of all, we had to measure the Verdet constant of the material. This was done

by applying a known magnetic field and measuring the response of the material.

The Verdet constant measurement apparatus, illustrated in Fig. 3.5, was designed following



57

Figure 3.5: System schematic, PBS: Polarizing beam splitter, λ/2: Half waveplate, BS: Beams
sampler, PIN: Photodetector, BD: Balanced detector.

the setup reported in Pavlopoulos et al [100].

To reduce the effects of sample oxidation the samples were measured within two weeks of

fabrication. The measurement apparatus is shown in Fig. 3.4 and closely resembles the setup

described by Pavlopoulos et al. [100]. The light from a 980 nm pump driver diode is first linearly

polarized, and a beam sampler is used to pick off a small portion of the light to measure the

intensity of the light. This creates a feedback loop with a PID laser servo controller allowing us to

stabilize the laser power against polarization instability from the light delivery path.

Looking more closely at the stabilization performance, we find that we are able to suppress

the laser noise by almost 20dB. This is shown by the difference between the orange and blue lines

in Fig. 3.6. We find that up to 300Hz we are able to completely suppress the laser noise to below

the noise floor of the photodetector. An important note should be make when comparing the in-

loop noise Fig. 3.6(a) (Laser to PIN) is that the noise is suppressed to around 1 Hz bandwidth.

However, when considering the out-of-loop noise Fig. 3.6(b) (Laser to BD) the suppression becomes

significantly worse at 10Hz. This demonstrates that the sample is inducing noise that is not
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corrected by the PID loop. We utilized careful shielding to reduce environmental noise but were

not able to fully remove it. Using a magnetic shielding chamber was also done but created optical

pointing issues which did not reduce the low frequency noise.

The light is then fed through a free space optical chopper to create a signal that can be

detected using lock-in detection. A half waveplate on motorized rotation stage is used to bias the

light to 45◦ as well as perform responsivity calibration. We focus the light through the sample

and onto a mirror with a long focal length lens (f=100 mm). This double passes the MNP sample

negating any residual polarization effects such as stress birefringence from the sample. The magnetic

field is applied at DC using a simple homemade solenoid coil.

The light returning from the sample is passed through a Wollaston prism polarization beam

splitter onto an autobalanced detector (New Focus Nirvana 2017). The amplitude of the chopped

optical signal is measured and recorded by a lock-in detector (Stanford Research Systems, SRS830).

To perform an acquisition, the sample is mounted into the solenoid coil. The light first rotated by

0.6 ◦ (0.3◦ physical rotation of half waveplate) using the motorized mount. This serves to calibrate

the responsivity of the system to the specific optical power incident on the detector (Nominally 300

µW on each port). The solenoid coil is then energized at 3 different field strengths and the results

averaged for 30 seconds.

We measure the Faraday rotation of the PMMA-Fe3O4:Tb
3+ nanocomposite films as a func-

tion of the applied DC magnetic fields. The Faraday rotation, θF , is then normalized by the film

thickness, L, to determine the Verdet constant, V according to the equation:

θF /L = V B, (3.1)

where V is the Verdet constant, B is the applied DC magnetic field, and θF /L is the specific Faraday

rotation. When the applied DC magnetic field is plotted against the specific Faraday rotation, the

slope of the response is determined by the Verdet constant.

It is important to note that while equation 3.1 assumes a linear relationship between the
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Figure 3.6: Noise power spectral density of stabilization loop. a) In-loop measurement measures
noise within the PID stabilization loop. b) Out-of-Loop measurement measures noise at the bal-
anced detector. Locked and unlocked state represents the PID loop being enabled and disabled.
Black line represents the electronic noise floor of the PID system which was limited by the dark
noise of the photodetector.
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Faraday rotation and magnetic field, some MO materials deviate from the linear behavior especially

at high magnetic fields [94,101]. To find the validity range of equation 3.1 for our material, we first

measured the Faraday rotation of the undoped nanoparticle over a wide range of magnetic fields

(i.e., 0 – 90 mT). As shown in Fig. 3.7, the Faraday rotation starts saturating at magnetic fields

greater than 10 mT. As a result, we used magnetic fields below 0.5 mT, safely within the linear

region as shown in Fig. 3.7 for all subsequent Faraday rotation measurements.

Figure 3.7: (A) Specific Faraday rotation of undoped nanoparticle thin films demonstrating sat-
uration above 10 mT, inset demonstrating linear regime of nanoparticles. (B) Verdet Constant
measurements of all fabricated thin films in the linear region. The solid lines are the linear fits of
the specific Faraday rotation as a function the applied DC magnetic field.

Fig. 3.8 shows the Verdet constants and FOMs of the PMMA-Fe3O4:Tb
3+ nanocomposite

films as a function of Tb3+ doping. Both Verdet constants and FOMs reach their peaks at 1.12mol%

Tb3+ doping, confirming the effectiveness of Tb3+ doping to simultaneously enhance the Verdet

constant and FOM. The maximum Verdet constant and FOM are 5.6 × 105 ◦/(T·m) and 31 ◦/T,

respectively, representing a 3-fold enhancement over the undoped magnetite nanoparticles. Fig. 3.9

compares our results to other room temperature MO polymer nanocomposites with 4 wt% loading

in the NIR. Our new PMMA-Fe3O4:Tb
3+ nanocomposite is one of a kind that achieves not only

high Verdet constant but also high FOM. Compared to the best Co nanocomposite that has a

comparable Verdet constant, our new PMMA-Fe3O4:Tb
3+ nanocomposite exhibits an over 5-fold
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higher FOM. Compared to the best FePt-nanocomposite that has a comparable FOM, our new

PMMA-Fe3O4:Tb
3+ nanocomposite exhibits an order-of-magnitude higher Verdet constant. Our

new PMMA-Fe3O4:Tb
3+ nanocomposite outperforms other MO polymer nanocomposites in both

Verdet constant and FOM.
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Figure 3.8: Verdet constant and FOM as a function of Tb3+ doping density. Positive sign indicates
clockwise polarization rotation of light in an anti-parallel magnetic field.
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Figure 3.9: Comparison against other room temperature MO polymer nanocomposite in the NIR
(800-1300 nm) [100,102,103,105]

Magnetite’s strong MO response has been attributed to the allowed IVCT transitions of the
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Fe3+ and Fe2+ ions [127]. The paramagnetic lineshape of these IVCT transitions, particularly in

the UV and NIR region, suggest that their contribution to Faraday rotation is of a C-term nature.

The magnitude of the C-term MO response is proportional to the dipole transition strength and

the magnetic moment of the ground state as shown in equation 3.2:

C(j ← n) =
1

dg
⟨n|mz|n⟩ Im {⟨n|µx|j⟩ ⟨j|µy|n⟩} , (3.2)

where n and j are the initial and final states, dg is the degeneracy of the initial state, the

⟨n|mz|n⟩ term is related to the ground state magnetic moment, and the Im {⟨n|µx|j⟩ ⟨j|µy|n⟩}is

related to the dipole transition strength, mz is the magnetic dipole moment operator parallel to

the light propagation direction, and µx and µy are electric dipole moment operators perpendicular

to the light propagation direction [97]. In Fe3+ and Fe2+ ions, both the magnetic moment and

transition dipole strength are large, thereby leading to a high Verdet constant [127].

As denoted recently by Nelson et al. [97], C-term MO responses are ideal for applications

where minimal optical loss is desired because the peak of the MO response is shifted with respect

to the peak of the absorption band and the MO response has a long tail, extending beyond the

region of strong absorption [97]. On this basis, we believe that doping with Tb3+ leads to an

additional strong C- term contribution to the NIR Faraday rotation, originating from its high

magnetic moment as well as its 4f-5d allowed transition in the near UV region [129]. The fact that

the MO enhancement peaks around 1.12 mol% before it starts decreasing suggests that another

competing effect starts to take over at higher doping levels. A likely culprit in this case is the

lattice distortion created by the incorporation of larger amounts of Tb3+ ions, thereby negatively

impacting the overall magnetic ordering of the ions in the magnetite lattice. Previous studies on

rare earth ion doped magnetite nanoparticles have observed a similar behavior with respect to

the saturation magnetization and attributed it to the increased lattice strain and disorder and the

possible formation of secondary phases when the rare-earth doping exceeds the critical solubility

limit [116,117,130,131].
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In summary, we report a new strategy to simultaneously enhance the Verdet constant and

FOM by doping magnetite nanoparticles with Tb3+ ions. At the optimal Tb3+ doping density of

1.12 mol%, the PMMA-Fe3O4:Tb
3+ nanocomposite is one of a kind that simultaneously achieves

high Verdet constant of 5.6 × 105 ◦/(T·m) and high FOM of 31 ◦/T in the NIR, benefiting all

applications in either the power-abundant or the power-starved regimes. Our work demonstrates

a new strategy toward engineering high performing MO nanoparticles and paves the way toward

their potential in magnetic field sensing and imaging.

Broadening this summary to the broader context of this thesis, our work aims to advance the

sensitivity and resolution of magnetometers. The materials developed in this study exhibit signifi-

cantly reduced optical losses for a given level of Faraday rotation. This improvement simultaneously

enhances the optical power available to the detector—thereby increasing sensitivity—while mini-

mizing heating effects caused by absorption. Furthermore, the films demonstrate exceptionally low

optical scattering, preserving imaging resolution through the material. This characteristic provides

the potential for high-resolution imaging applications.



Chapter 4

Advanced Detection Techniques of Faraday Rotation

4.1 Abstract

In the previous chapter we had enhanced the material properties to better enable Faraday

rotation magnetometry (FRM). Here, we look to enhance the way that FRM measurements are

made with the addition of heterodyne detection. This work is motivated by the observation that the

sensitivity of FRM depends in part on applied optical power. While increasing optical power can

enhance measurement sensitivity, it can also damage the sensing media. For example, nanoparticle-

doped polymers can become permanently damaged. The first part of this chapter addresses this

limitation by introducing a non-common-path heterodyne detection scheme that reduces optical

illumination power without loss of sensitivity. Experimental results demonstrate excellent perfor-

mance when used in an organic thin-film FRM magnetometer: this heterodyne detection scheme

achieves results approximately 1dB above the shot-noise limit with 568 nT/
√
Hz sensitivity. This

is, to the best of our knowledge, the best sensitivity achieved with thin-film materials.

After optimizing the performance of the heterodyne system we were presented with a choice of

pursuing experimental results of imaging or chasing enhanced sensitivity. We chose to then extend

the boundaries of conventional approaches by proposing an advanced signal processing scheme,

termed Dual Balanced Heterodyne Detection (DBHD). This method transforms the signal response

from a quadratic dependence on the magnetic field to a linear dependence, we hypothesized that this

could significantly enhance the potential sensitivity to 100 pT/
√
Hz. After extensive experimental

and theory, work we found that the noise scaling of the DBHD system created a nonlinear noise
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scaling term that produced results that were comparable to the conventional heterodyne detection

scheme.

4.2 Balanced Heterodyne Detection

4.2.1 Introduction

Magnetic field sensing, specifically imaging has found numerous applications from aerospace,

physics, and medicine [132–135]. In the examples stated, magnetic field imaging devices have

historically had a trade-off between the sensitivity and transducer size [133,135]. Where sensitivity

is a measurement of the minimum detectable magnetic field. It follows that Magnetic field imaging

systems with increased transducer sizes will have worse imaging resolution. Moreover, magnetic field

imaging techniques that operate effectively at room temperature and within the Earth’s ambient

magnetic field are particularly advantageous, as they eliminate the need for magnetic shielding,

thereby simplifying the transducer design and reducing its overall size and complexity.

Nitrogen vacancy (NV) centers represent the state-of-the-art high sensitivity magnetic imag-

ing modality [132, 133, 136]. Where all of the imaging techniques mentioned in the previous

paragraph have been conducted using NV-centers [132, 134, 137, 138]. The measured sensitiv-

ity of optical resolution (on the order of 1 µm) limited NV magnetometers is on the order of

µT/
√
Hz [136, 139, 140]. NV-center magnetometry is nearing a fundamental sensitivity limit im-

posed by constraints on NV-center density. Specifically, there exists an upper limit to NV-center

density beyond which performance is adversely affected [136]. This subject is well known [133]

where large ensemble style NV centers can produce upwards of 10 pT/
√
Hz sensitivity [141–143].

On the other end of the resolution spectrum single NV-centers can be illuminated in an atomic

force microscope (AFM) tip providing nanometer scale resolution also with µT/
√
Hz sensitivity

but at cryogenic temperatures [133].

In contrast, we propose enhancements to Faraday rotation magnetometry (FRM) as an alter-

native magnetic sensing technique, that leverages optical readout to maximize resolution potential.
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The principle behind FRM is the detection of Faraday Rotation, which is a physical effect that

describes rotation of the polarization around the propagation axis [97, 144]. When dealing with

linearly polarized light, the amount of rotation is given by the expression

∆θ = V BL, (4.1)

where ∆θ is the change in the angle of polarization, V an empirically derived material property

known as the Verdet constant, B is the magnetic field perpendicular to the optical axis and L is

the path length of the optical interaction with the Faraday rotator material.

In FRM, the magnetic field sensitivity is proportional to the total optical power measured at

the detector [145]. Unlike NV-centers, the read-out laser spot size does not affect the sensitivity,

making FRM ideal for high resolution imaging applications. The challenge of implementing high-

sensitivity FRM is finding suitable transducer materials that produce high Verdet constants with

low optical loss. The material of choice for sensing applications has historically been rare-earth

element doped Yttrium Iron Garnet (YIG) [146]. Though YIG requires sub-micrometer thick

layer to produce a linear response to magnetic fields. As an alternative, a new class of materials

that Verdet constants as high as 5.8 × 105 ◦/(m · T) have been developed for NIR illumination

[7,20–22,147]. These materials leverage nanoparticles embedded in polymers. The benefit of this is

that the nanocomposite can be fabricated into 10’s of microns thick polymer films. This will produce

more Faraday rotation and thus a higher potential for sensitivity when compared to thin-film

YIG. Another key benefit of FRM is that the materials work at room temperature and experience

magnetic saturation above 5mT which enables them to be used in unshielded environments exposed

to the native-earth magnetic field.

As the sensitivity is coupled to optical power on the transducer material, it is desirable to put

as much optical power on the sample as possible. This creates a thermal issues for both polymer

nanocomposites as well as YIG. The polymer host materials suffers from a low optical damage

threshold. While YIG has the potential to become thermally demagnetized. As a solution we
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first considered a non-common path heterodyne configuration. This enables a significant amount

of the light to bypass the sample and increase sensitivity without contributing to sample heating.

Optical heterodyning is a common technique used in sensitive optical measurements that provides

amplification, and noise reduction to enable shot-noise limited measurements. Heterodyne detection

has been successfully implemented for the detection of polarization rotation to produce shot noise

limited results [145,148–150]. The use of non-common path heterodyne gain to reduce optical power

on the transducer to prevent material damage has not been considered in the literature. The only

previous demonstration of magentometry using nanocomposite thin films produced results roughly

20 dB above the shot noise limit, exposing the technical challenges of a non-heterodyne system [20].

Simply adding heterodyne gain to an identical experimental configuration enabled us to get within

a few dB of of the shot-noise limit.

While implementing balanced heterodyne detection (BHD) we also realized there is a signifi-

cantly more sensitive detection scheme for FRM. Inspired by polarization sensitive optical coherence

tomography (PS-OCT) to implement a dual balanced heterodyne detection (DBHD) configuration

when increases responsivity to small changes in polarization rotation [151]. As will be derived in

the next section, this technique will change a normally quadratic measured electrical signal power

response from ∆P e ∝ B2 to ∆P e ∝ B, where P e is the electrical power and B is the magnetic

field. This drastically improved sensitivity to small signals. Experimentally this enhancement does

not come for free as it requires additional optical complexity as well as special consideration on the

detection electronics. We look to describe both techniques in detail as they are both useful.

In this work, we first created heterodyne polarimeter, which presents the highest sensitivity

seen in a organic thin-film FRM magnetometers at 658 nT/
√
Hz without the use flux concentrators.

We also present a paradigm shifting dual-balanced non-common path heterodyne magnetometer

and measure magnetic fields that greatly expands the sensitivity of this technique. Paving the

way for a high sensitivity, unshielded, room temperature magnetometer with higher sensitivity at

diffraction limited spot sizes than the state-of-the-art NV-center magnetometers.
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Figure 4.1: a) Line of optical damage created by scanning laser spot on thin-film Faraday rotator.
b) Peak thermal temperature simulated in COMSOL simulation modeling our material as a function
of optical spot size. Absorption was modeled as a heated cylinder producing heat power equal to
the amount of absorbed light, where the radius of the cylinder was defined as the spot size, the
thickness was equal to our thin film, the glass substrate was included in the modeling.

4.2.2 Methods

The Verdet constant V from Eqn. 4.1 plays a key role in determining measurement sensitivity.

Recent studies have explored both complex organic compounds and inorganic crystal nanoparticles

and provided 2 orders of magnetite enhancement in Verdet constant [7,97,147]. In this work, we use

Tb3+-doped magnetite (Fe3O4) nanoparticles embedded in a polymethyl methacrylate (PMMA)

polymer. The Faraday active thin film material specifically used in the system was a 35 µm thick

PMMA thin film nanocomposite made of 4 wt.% loading, 17 nm magnetite nanoparticles doped

with 1.5 mol% Tb3+. The Verdet constant was measured to be 1.15×105 ◦/(m·T) at 1064 nm. This

is lower than our previously measured value, likely due to age-related oxidation of the sample [152].

The polymer nanocomposite films have a low damage threshold because optical absorption in

the magnetite nanoparticles heats and eventual melts the PMMA host as seen in Fig. 4.1(a). YIG

thin-films potentially suffer from a similar heating issue where the demagnetization temperature

(Curie point) is around 290 ◦C [153]. Thus, YIG is slightly more resilient, but not immune to

optical heating degradation of performance. In Fig. 4.1(b) We model the thermal performance of

the nanocomposite in COMSOL. Using a 35 µm thick PMMA sheet on top of glass, we model two
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Figure 4.2: Basic non-common path heterodyne configuration used for the detection of polarization
rotation. film MNP: Magnetite nanoparticle film, LO: local oscillator, PBS: polarization beam-
splitter, PD: photodetector, DA differential amplifier.

laser spot sizes as cylindrical heat sources with a fixed heat power. We find that the reaches the

PMMA melting point at approximately 2.5 dBm of illumination power with a 1 µm laser spot,

which corresponds to 2 kW/cm2 of intensity. This value matched well with the experimentally

observed damage threshold.

The complete experimental apparatus is similar enough to what was demonstrated in [154],

we will focus on describing the detection side. Light is produced by a 80 kHz linewidth, 1064 nm

fiber laser [NKT Koheras AdjustiK Y10]. The LO and sample arm beams are generated in a free-

space acoustooptic frequency shifter (AOFS) with a frequency difference of 85 MHz. The light is

then delivered to the detection schemes described in Fig. 4.2 using polarization maintaining fiber.

It is possible to observe the balanced heterodyne schematic in Fig. 4.2. The sample light double

passes through the MNP film and then passes through a BS which acts as an optical high-loss

circulator. The light passes through a PBS where it is split into the polarization components. The

reference (LO) passes through the BS and is also split into polarization components. The sample

and LO mix on a photodetector to produce a heterodyne tone. The tones are subtracted from each

other in the internal differential amplifier of the balanced detector. This serves to reduce the noise

and amplify signals created by polarization modulation. We work through the sensitivity of the



70

system below:

Vhet(t, θ) = 2RTg

√
PrPs cos2(θ) cos(∆ωt) (4.2)

The heterodyne signal is an AC sine wave with an amplitude determined by the optical power in the

sample (Ps) and reference (LO) (Pr). The cos(∆ωt) represents the term created by the frequency

difference between the sample and LO. When using balanced photo-detection to reduce noise and

dynamic range requirements. The voltage from the balanced heterodyne configuration is as follows:

VBHD(∆θ) = 2RTg

√
Pr

2
Ps

(√
cos2(θ)−

√
sin2(θ)

)
. (4.3)

Pr is divided by two to correspond to the total reference power incident on the PBS. Ps will also

eventually divided by two in the cos2 term. In power terms we simplify:

PBHD(∆θ) = 2k sin2(∆θ) ≈ 2k∆θ2. (4.4)

Where k is defined as follows, adding an additional term ηhet which represents the heterodyne

efficiency which was measured to be 85%:

k =
R2T 2

g PrPsη
2
het

Ω
, (4.5)

4.2.3 Example Signal

An example of the heterodyne tone can be found in Fig. 4.3. Here, we can gain an under-

standing of how the signal is formed and measured in practice. Starting from the lowest power

(lowest noise), we first observe the noise floor of the measurement device, which is represented by

the black line.

Next, we observe the blue line, which corresponds to the detector noise. With just a single

laser beam incident on the detector, we find that the laser has no significant noise contributions at
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85 MHz. Once both lasers (sample and LO) are active, the heterodyne tone appears. We find that

the beating introduces minimal additional noise.

The last key feature is the magnetic signal, which is encoded as an amplitude modulation of

the 85 MHz peak. This modulation manifests as sidebands to the actual signal. By measuring the

height of the sidebands, we can determine the magnetic field.

Figure 4.3: Power spectral density of heterodyne tone created by system with and without magnetic
fields. Magnetic signal is encoded in sidebands at +- 8 kHz away from the central peak. Magnetic
field is approximately 75 µT at 8 kHz AC modulation. Shot noise limit defined mathematically
based on applied optical power.

4.2.4 Sensitivity

To calculate the sensitivity we establish a model for the signal-to-noise ratio.

SNR =
P e
s

P e
n

, (4.6)

where P e
s is the electrical signal power and P e

n is the noise power. The noise power will be de-

fined more rigorously in the following section, but it follows the form where we will estimate the

power spectral density (PSD) of the noise this must be multiplied by the bandwidth ∆f of the

measurement,
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Pn = PSDn ×∆f. (4.7)

We need to define how all the parameters affect the signal-to-noise ratio (SNR). We can mostly

simply achieve this by calculating the noise equivalent polarization rotation angle ∆θNEA.

∆θNEA =

√
PSDn∆f

k
, (4.8)

Which can be converted to an integration normalized sensitivity by diving by the bandwidth:

∆θNEA√
∆f

=

√
PSDn

k
, (4.9)

This defines our minimum detectable field by substituting the equation for Faraday rotation ∆θ =

V BL π
180 in units of radians. For balanced heterodyne detection:

Bmin =
180

√
P e
n√

2kπLV
, (4.10)

4.2.5 Noise

In a heterodyne magnetometer, there are four primary noise sources: environmental noise,

technical noise, laser relative intensity noise (RIN), and optical shot noise. When discussing the

noise of the system we normalize to the power spectral density (PSD) of the electronic signal in

units of W/Hz. The SNR of the system is defined as

SNR =
P e
signal

ΣP e
noise

=
P e
signal

PTech +
PIN

CMRR + Pshot

, (4.11)

We can start defining noise by considering laser intensity noise (IN): IN = RIN2 × Popt of the

laser will dominate at higher optical powers, but can optimally be removed by using the common

mode rejection ratio (CMRR) of the balanced detector. The laser RIN noise is quoted by the

manufacturer to be -120 dBc/Hz Intensity noise is defined as follows:
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Figure 4.4: a) Experimental validation of predicted SNR as a function of sample power with
fixed 1.2mW total LO. Magnetic field sensitivity given measured SNR, considering 35 µM thick
nanocomposite thin-film with 1.15×105 ◦/(m ·T) Verdet constant. Higher optical powers were not
considered as they would be beyond the damage threshold of the material.

PSDIN =
PsigPRefRIN T 2

gR
2

Ω
. (4.12)

Shot noise represents is the quantum limit of our measurement. Shot noise arises from a temporal

distribution in the arrival time of photons. This noise cannot be removed by balanced detection.

Shot noise is defined as follows:

PSDshot =
2T 2

g qR(Psig + PRef )

Ω
. (4.13)

Technical noise represents the two sources of electrical noise in the system. The first source is the

data acquisition system (DAC). Our DAC (Liquid Instruments Moku Pro) has a noise floor of -140

dBm/Hz for an input range of 400 mVpp. The second source of electronic noise is the balanced

detector [Thorlabs PBD435C] which we measure to be -135 dBm/Hz, defining the electronic noise

floor.
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4.2.6 Results

Validating the sensitivity, we begin considering a theoretical signal without heterodyne am-

plification, red line 4.4. We see that the signal is limited by technical noise until the sample arm

power begins to encroach on the damage threshold of the material. The presents an opportunity

for balanced heterodyne configuration blue line 4.4. The heterodyne gain of the signal amplifies

the signal above the electrical noise where the signal is ¡2 dB above the shot noise limit. We

validated the performance of the heterodyne system and determined the shot noise limited sensi-

tivity to be 658 nT/
√
Hz the best demonstrated in the literature for thin-film nanocomposite based

magnetometers.

4.2.7 Conclusion

Heterodyne detection enables us to reduce applied optical power reducing thermal issues

related to high optical intensity in FRM transducers. The experiments were performed at room

temperature, and within the native earth field. Additionally, if fresh thin films were used, a Verdet

constant of 5.6×105 ◦/(m ·T) could be achieved. We look to leverage the high sensitivity to reduce

acquisition time in magnetic field imaging systems, enabling higher frame-rates enabling the study

of dynamic systems such cells or time dependent circuit dynamics.

4.3 Dual Balanced Heterodyne Detection

The story of dual balanced heterodyne detection (DBHD) started by asking the question if

the signal could be encoded linearly proportional to the magnetic field. This is in direct contrast

to the BHD case where the signal is quadratically related to the magnetic field. Where Eqn. 4.4

gave us the signal power response of the balanced heterodyne system as a function of θ2 a linear

system would be able to give us a signal power response θ. This would massively amplify the

amount of signal that is produced for small magnetic fields, where the quadratic scaling of BHD is

detrimental. The configuration draws heavily from the work in the field of polarization sensitive
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OCT (PS-OCT), to achieve the sensitivity required for biological images [151].

To validate the signal response of the dual balanced configuration is linear. I compare the

signal formation to the balance heterodyne case. In balanced heterodyne, the signal is formed by

the difference in optical power between the two ports of the balanced detector. The key difference

is that we build a DBHD system to respond to the difference of electrical power P e which is

proportional to the optical power squared P 2
opt.

4.3.1 Schematic

We can compare the DBHD schematic to the BHD schematic in Fig. 4.5. Whereas the BHD

system splits the polarization components and takes the difference on a single balanced detector,

the DBHD system uses a non-polarizing BS to first split the signal in half. Then, each of those

beams is split again by a PBS. This leaves us with two beams carrying the ŝ polarized signal and

two beams with the p̂ polarized signal.

Next, the beams are fiber-coupled and then directed onto balanced photodetectors such that

the same polarizations are incident on different ports of the balanced detector. Due to the difference

in reflections in the optical path, heterodyne beatnotes produced by the two coupled photodetectors

for a single polarization are π out of phase with each other. When the differential signal is taken,

this has the effect of doubling the amplitude of the signal. This serves to minimize wasted optical

signal and provide a doubling of the signal power.

To perform the subtraction, the heterodyne tones corresponding to both polarizations are

simultaneously acquired on two channels of a data acquisition (DAQ) system (Alazar 9371) with

12-bit resolution at 1 Gsps. Here, digital in-phase quadrature (IQ) demodulation is performed to

extract the instantaneous signal power, which can then be digitally subtracted from the other po-

larization electrical power to produce the DBHD signal. Further discussion of the signal processing

can be found in Sec. 4.3.2.

In summary, we can look at the response of the BHD system to be as follows:
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P e
BHD ∝ (Pŝ − Pŝ)

2 . (4.14)

Where P e
BHD is the electrical power produced by the system and Pŝ and Pŝ are the optical power

contained within a polarization component. The DBHD system is slightly different, and measures:

P e
DBHD ∝

(
P 2
ŝ − P 2

ŝ

)
. (4.15)

The difference is subtle but plays a key role in defining sensitivity.
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Figure 4.5: a) Basic non-common path heterodyne configuration used for detecting rotated po-
larization. MNP: Magnetite nanoparticle film, LO: local oscillator, PBS: polarizing beamsplitter,
BS: Non-polarizing beamsplitter, PD: photodetector, DA: differential amplifier. b) Dual balanced
heterodyne detection scheme.

4.3.2 Signal Acquisition

In BHD, signal acquisition is remarkably straightforward because a low-noise electronic spec-

trum analyzer (ESA) can be used to directly acquire the signal without requiring any digital signal

processing (DSP). This simplicity, however, does not extend to DBHD. Implementing this tech-

nique necessitates first determining the instantaneous power of one of the polarization signals to

subtract it from the other. This process is challenging because it demands relatively long mea-

surement durations (over 10 ms of acquisition) at high sampling rates to effectively capture the
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Figure 4.6: Basic block diagram of IQ demodulation scheme, extracting the amplitude of an input
cosine with a known amplitude A.

85 MHz beat-note. For this purpose, we employed a DAQ system specifically designed for OCT

measurements, capable of sustained sampling at 1 Gsps, limited only by computer memory.

To extract the instantaneous power, we utilize IQ-demodulation, as illustrated in Fig. 4.6.

This approach employs a nonlinear heterodyne mixing scheme, analogous to the optical heterodyne

method previously discussed, but implemented entirely in the electronic domain. The sample

and reference time-domain signals are multiplied, producing a sum-frequency component, which is

filtered out using a low-pass filter, and a difference-frequency component, which is retained.

In the special case where the LO frequency matches the heterodyne frequency, the difference

signal appears at DC. The multiplication occurs twice: first, the input signal is multiplied by the

reference (in-phase) and then by a copy of the reference shifted by π/2 (quadrature). The signals

are subsequently combined in a mean-square fashion to extract the instantaneous power. This

scheme is referred to as a superheterodyne receiver, which can demodulate signals regardless of the

carrier phase difference between the sample and LO. Superheterodyne receivers are widely used in

scenarios requiring demodulation. In laboratory settings, devices that perform this operation are

known as lock-in amplifiers. A detailed explanation of their operation can be found in [155].

Though there are lock-in amplifiers available at 85 MHz bandwidth, we did not have any
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and decided that the experimental complexity could be greatly reduced without the use of these

expensive devices. We were able to achieve comparable results in terms of input noise and dynamic

range by using a high quality DAC.

For our acquisition we actually need to perform simultaneous demodulation on two signals

at once, we implement this with two digital IQ-demodulators at once, as seen in Fig. 4.7. Here

the signals from the balanced detectors are acquired by the DAC, and then run through an IQ

demodulator to extract the instantaneous power. The difference is then taken producing our signal

of interest.

Figure 4.7: Dual IQ-demodulation DSP scheme to get signal from DBHD system. Ref represents
digitally generated 85 MHz oscillator, minus sign represents power difference operation.

4.3.3 Signal Derivation

PDBHD = P e
ŝ − P e

p̂ (4.16)

We start by getting the heterodyne voltage amplitude on each port is in the form of:
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Vŝ = 2RTg

√
Pr

4

√
Ps

2
cos2(θB +∆θ). (4.17)

In the DBHD configuration, each polarization is input into its own BD. These signals add construc-

tively in the balanced detector because they are π out of phase, doubling the voltage.

VBHD = 4RTg

√
Pr

4

√
Ps

2
cos2(θB +∆θ) (4.18)

Converting to power:

PBHD =
16RTg

Pr
4

Ps
2 cos2(θB +∆θ)

2Ω
= k cos2(θB +∆θ)) (4.19)

This produces a dual balanced heterodyne expression:

PDBHD(∆θ) = k(cos2(θB +∆θ)− sin2(θB +∆θ)) (4.20)

We simplify and approximate for small angles:

PDBHD(∆θ) = k sin(2∆θ) ≈ |2k∆θ| (4.21)

Thus demonstrating how the response of the signal is linear to angle, which is then linear to magnetic

field. This contrasts with the BHD case which is quadratic. We are simply able to calibrate this

response with a half wave-plate to change the polarization a known amount, it is possible to see

the results of this experiment in Fig. 4.8. Here it is clear to see how the BHD system responds

quadratically while the DBHD system responds linearly. Immediately, it is clear that the slope

response of the DBHD system is much higher.

.

4.3.4 Noise

We have established that the signal benefits from favorable power scaling, which enhances

sensitivity. However, to fully understand the advantages of this system, we must also examine how
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Figure 4.8: Experimental validation of signal electrical power as a function of polarization rotation
angle for the balanced heterodyne and dual-balanced configurations. Black line represent quadratic
fit for heterodyne case, and absolute value of linear fit for dual balanced. Responses were taken
with the same optical power.

the noise scales. The noise sources — such as shot noise and RIN — are the same as those defined

in the noise analysis of the BHD measurement.

The key question is: what happens to the noise when the signal is effectively ”square-rooted”

compared to the quadratic case considered in BHD? Intuitively, one might expect the noise to

also follow a square-root relationship, resulting in no net gain in sensitivity. My initial attempt

to predict the noise behavior suggested that averaging affected the square-rooted noise differently

from what was observed in the previous chapter. This led to an extended period of experimental

effort aimed at validating our initial prediction of achieving pT/
√
Hz sensitivity. Unfortunately,

these experimental attempts were ultimately unsuccessful.

These experimental failures prompted me to revisit the noise analysis more rigorously. In

the literature (including my own prior work), noise is often treated with some abstraction, typi-

cally represented by variances as we saw in the BHD noise section. My initial hypothesis about

noise scaling relied on performing mathematical operations on these abstracted noise terms. This

approach was mathematically incorrect and prevented me from observing the correct dynamics.

To arrive at a complete understanding, I needed to consider a more fundamental noise model

based on time-domain Gaussian random variables. The full derivation of this model is provided in
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Appendix A, but I will cover a few key details here.

First, we model the total photocurrent at the photodiode as a function of time, i(t). The

mean photocurrent is Ī, and we account for shot noise as an additive term:

i(t) = Ī +

√
2qĪ · n(t),

where n(t) is a zero-mean, Gaussian-distributed random variable with unit variance.

When analyzing noise, we typically refer to the power spectral density (PSD) to describe noise

power as a function of frequency, Si(f). This allows us to consider how measurement bandwidth

influences noise and helps in evaluating system sensitivity when normalized for integration time.

The PSD is defined as:

Si(f) = F{Rii(τ)},

where Rii is the autocorrelation function of the random variable ni(t):

Rii(τ) = ⟨ni(t)ni(t+ τ)⟩.

The angle brackets represent an ensemble average, a concept commonly used in stochastic signal

processing to represent infinite averaging.

Skipping the detailed derivation (which is provided in Appendix A), we arrive at the fi-

nal result for the shot-noise-limited minimum detectable polarization rotation (∆θmin), where

SNR(∆θmin) = 1. We compare both the BHD and DBHD systems1 :

Conventional Double Balanced

SNR∆V (∆θ) ∝ ∆θ2Ī2

qĪ
SNR∆P (∆θ) ∝ ∆θ2Ī4

qĪ3

∆θmin ∝
√

q
Ī

∆θmin ∝
√

q
Ī

This leads us to the unfortunate conclusion that there is no fundamental sensitivity advantage

between BHD and DBHD.

1 Equations are shown in proportional form, as prefactors have been omitted for clarity
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4.3.5 Conclusion

This conclusion is disappointing because it means that, even though the signal response may

be linear, the contribution of noise is equally strong, resulting in no net improvement in the SNR.

Without the addition of analog hardware — which is discussed in the future work section — the

DBHD measurement may actually perform worse, as it lacks the analog signal subtraction that is

inherent to the balanced detector in the BHD system. This omission causes the measurement to be

limited by the dynamic range of the digitization device. I still defend the time spent exploring this

approach as worthwhile, because had the DBHD system performed as initially predicted, it could

have provided an enhancement in sensitivity of up to six orders of magnitude.

There remains, however, a potential benefit in the linearity of the DBHD signal that war-

rants further investigation. Referring back to Fig. 4.8, we observe that the BHD signal exhibits

a quadratic dependence on the bias angle, whereas the DBHD signal remains linear. This im-

plies that, regardless of the polarization bias angle, the DBHD configuration produces a consistent

amount of signal power for a given magnetic field. This is not the case for the BHD system when

specifically considering signal power. It is noted that the BHD response is linear when considering

signal voltage, it becomes quadratic in terms of power. Further exploration is required to deter-

mine if there are scenarios in which a linear signal power response is advantageous, such as when

measuring signals with an electronic spectrum analyzer (ESA).



Chapter 5

Limitations of Squeezed-Light Enhanced Upconversion in Real Intermediate

State Materials

5.1 Abstract

Upconversion nanoparticles (UCNPs) are a promising contrast agent for use in deep tissue

biological imaging in the near infrared illumination regime. Conventional organic upconversion

fluorescence dyes are not currently available for deep penetrating NIR illumination. The brightness

of UCNPs is limited by the small absorption cross-sections when compared to quantum dots and

single photon organic dyes limits. This limits image brightness at low illumination powers. In an

effort to increase brightness, previous works with two-photon fluorescence organic dyes has shown

that using squeezed paired photons (biphotons) can enhance the upconversion efficiency. These

dyes have a virtual intermediate state requiring simultaneous absorption of two photons. In an

attempt to see if biphoton light can be used to enhance the performance of UCNPs we adapt a

rate equation simulation to model conventional and biphoton illumination of Erbium doped UCNPs

which have a real intermediate state lifetime. Unlike two-photon dyes we simulate there will only be

luminescent enhancement at low illumination powers proportional to the intermediate state lifetime

of the material. In Erbium UCNPs the enhancement can be seen below 10/W cm2. Shortening the

intermediate state lifetime to the order of µs level would raise the enhancement threshold and make

experimental measurements of the enhancement visible at higher illumination powers. However,

we find that using squeezed light on UCNPs provides no gain in fluorescent efficiency at practical

illumination powers.
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In summary, we explored a hypothesis asking if biphoton illumination of UCNPs would

increase the brightness for a fixed optical power. We find that there is no enhancement unless the

optical power is very weak or the intermediate state lifetime of the material is very short. Although

our hypothesis was proven incorrect, it represents a significant amount of work, both experimentally

and in simulation, and is therefore included in this thesis.

5.2 Introduction

Infrared illumination at the low water absorption windows has been shown to be the optimal

choice for deep tissue imaging [156–159]. This is due to the combination of low-scattering potential

and nonexistent tissue auto-florescence [157,160]. In this wavelength range, commonly studied con-

trast agents are: organic two-photon fluorescent dyes [157, 161, 162], quantum dots [157, 163–165],

and up-converting nanoparticles (UCNPs) [166–169]. Though work is being done to develop single-

photon pumped organic dyes in this wavelength range, the compounds are not yet widely avail-

able [170]. Organic two-photon fluorescent (2PF) dyes have many advantages including aberration

free deep tissue focusing [171], and high imaging resolution [171, 172]. The primary limitation

with 2PF dyes is that the absorption process is extremely inefficient due to the requirement of

near-simultaneous absorption of two photons [171]. The powerful illumination leads to rapid pho-

tobleaching of the dye and thermal damage to tissue [161,171]. Quantum dot based contrast agents

offer a single photon absorption alternative that can be very bright when compared to 2PF dyes.

Complications with quantum dots including design of non-blinking [164,165], and managing poten-

tially toxic composition [163, 173]. UCNPs are typically composed of lanthanide-doped inorganic

crystals that exhibit fluorescence via upconversion [166–168]. Yet, one major limitation of UCNPs

is that their absorption cross-sections is small, thus fluorescent images captured with tissue safe

illumination intensities are significantly dimmer than quantum dots and single-photon fluorescence

of organic dyes [174]. UCNP are still many orders of magnitude brighter than 2PF organic dyes and

are able to produce detectable fluorescence under tissue-safe CW illumination. To further increase

the clinical viability of UCNPs, much attention has been focused on making UCNPs fluorescence
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more brightly by modifying their chemical composition [166] and structure [167]. In a novel attempt

to improve the performance of UCNPs we examine the influence of illumination with squeezed-light

generated paired photons (biphotons). Following inspiration from the field of 2PF dyes, where lu-

minescent enhancement has been demonstrated under biphoton illumination [171,175–180], we look

to demonstrate the potential for enhancement in UCNPs. We perform a rate equation simulation

to model the efficiency of upconversion fluorescence in UCNPs under conventional and biphoton

illumination. Where enhancement in the luminescent efficiency would increase the clinical viability

of UCNPs by making them brighter.

Figure 5.1: A few upconversion mechanisms, (a) two-photon fluorescence with star representing
virtual transition, (b) two-step fluorescence, (c) cross relaxation from secondary ion.

The process of fluorescence upconversion converts multiple lower energy photons into a higher

energy, shorter wavelength photon. We can categorize three, two photon upconversion processes

by their underlying mechanisms as shown in Fig. 5.1. Two-photon fluorescence (2PF) is a non-

linear optical process where the intermediate state is a virtual transition, requiring simultaneous

absorption to produce upconversion [161]. This is the primary means of upconversion in organic

dyes. The requirement of simultaneous absorption is the reason that biphoton sources have shown

luminescent efficiency enhancement over conventional illumination [171,175–180].

Two-step fluorescence (2SF) is a process where two photons are absorbed sequentially [176].

With a real intermediate state, the electron will statistically remain excited about the period of a
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lifetime not requiring simultaneous absorption to produce upconversion. The UCNPs considered

in this report will perform upconversion with this mechanism. We expect that performing a pair

absorption will ignore the lifetime of the intermediate state and enhance the efficiency at low power.

Once sufficient illumination intensity has been reached, the rate of conventional upconversion will

overtake the efficiency of the biphoton mediated upconversion.

Upconversion can also be mediated by the excitement of a secondary ion and then energy

transfer to an acceptor electron in the intermediate state. This is known as cross relaxation [168,

181], and can be seen in Fig. 5.1. Depending on the dopant concentration, cross relaxation can

become a dominant energy transfer process in UCNPs [182].

5.3 Methods

Modeling and predicting key parameters such as transition probabilities, radiative lifetimes,

and branching ratios of lanthanide group materials has been well understood for rare earth ions since

the 1960s [181–184]. We implement a coupled partial differential rate equation system to model

the electron dynamics using the derived parameters as seen in [181–183]. The model considers all

the inflows and outflows of election from each discrete energy level of the Er3+ ion. We model each

of the 6 excited state levels as well as the ground state with a separate equation. The differential

equation representing the change in electron population given for each level i is in the form:

dni

dt
= Nσabsi +

N

2
σ2SF −

i∑
j=0

A[i, j]ni...

+
6∑

k=i+1

A[k, i]nk +NR[i, i− 1]ni −NR[i+ 1, i] + CRanind − CRdnina (5.1)

Absorption of photons is handled by the photon flux N and the absorption cross-section σi.

When applicable, we include the 2SF absorption. Using the Einstein A coefficients we can model

the inflows and outflows due to radiative decay, which is scaled by the probability of an electron

existing at a specific level ni. NR corresponds to the nonradiative decay arriving and leaving the
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level. Lastly, CR describes cross relaxation pathways between donor (CRd) and acceptor (CRa)

levels. An abridged version of the model can be seen in Fig. 5.2. We define the probability of each

of the events as follows in terms of transitions per ion per second. A description of the common

parameters can be found in [181,182,184]. We describe modeling of cross relaxations and a biphoton

absorption below.

Parameter σGSA σESA σESA2 σ2SF
Value 1× 10−20 0.2× 10−20 0.8× 10−20 2× 10−41

Table 5.1: NIR absorption cross sections of Erbium. All values presented in units of [cm2]. Following
Fig. 5.2, σGSA describes 4I15/2 →4 I13/2, σESA describes 4I13/2 →4 I9/2, σESA2 describes 4I9/2 →4

S3/2

In our model, the key to understanding the luminescent efficiency is to model how electrons

populate the specific level 4I11/2 in our case. Following Fig.5.2 we can see that the level is populated

by conventional absorption, biphoton absorption, and cross relaxation using the fast nonradiative

transition between 4I9/2 and 4I11/2 levels. Each of these pathways has a rate described in (1). To

see enhancement, the rate of biphoton absorption must be greater than that of conventional and

cross relaxation.

Figure 5.2: Energy level diagram containing key levels of Er3+, The σ represents absorption events
including 2SF absorption shown in green, A the given Einstein coefficients. NR represents non-
radiative transitions. CR represents cross relaxation between donor (D) and acceptor (A) ions.
Higher levels are fully implemented in simulation but are not included in this figure for clarity.
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5.3.1 Cross Relaxation

One key effect that must be modeled when working with UCNP particles is multi-ion processes

driven by Förster resonance energy transfer (FRET). Depending on the ion species and illumination

wavelength, this can become the dominant excitation process known as cross relaxation. As the

illumination power increases the inversion of electrons will form complex networks with 100s of

possible pathways [182]. The full quantum mechanical picture was first described by Kushida in

1973 [185]. This has been applied many times in the literature, and we will use parameters from

the following works [182,183].

We only need to consider energy transfer effects that are possible in the very weak illumi-

nation regime where squeezed light could have an advantage over conventional light. The primary

characteristic of this regime is minimal inversion from the ground state into the first excited state

4I13/2. The only energy transfer pathway available in this condition is the cross-relaxation between

4I13/2 electrons decaying to the ground state promoting an electron from the same 4I13/2 state to

4I9/2 as seen in fig. 5.1. To calculate the probability we define a CR parameter that describes the

probability of a transfer happening. This is scaled by the available population in the donor and

acceptor states. We use a rate of 15.3s−1 empirically fitted for a 2% doped Er UCNP [183].

To account for finite Er density, we need to scale to account for the shortened average distance

between ions, R. This is done by comparing the probability of FRET, which scales as R−6 and

the R as a function of doping concentration D. We find that the cross relaxation rate CR scales

quadratically to the doping concentration [184]

CR′ = CR

(
D′

D

)2

(5.2)

This gives us a transition rate of 2391s−1 which will become the dominant driving force for

excitation into the 4I9/2 state under 1523 nm illumination. To apply this to the rate equation we

use the cross relaxation rate and donor and acceptor population as follows
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dnicr

dt
= CRanind − CRdnina (5.3)

5.3.2 Biphoton Absorption

Biphoton sources, also known as correlated photon pair generators or entangled photon

sources, are optical devices that generate pairs of photons. These light sources are based on

nonlinear optical processes, such as spontaneous parametric down-conversion or four-wave mixing,

which occur in nonlinear crystals, waveguides, or fibers. Most work regarding the absorption of has

focused on spontaneous parametric down-conversion (SPDC) sources [175, 176, 178], the challenge

with these sources is that they produce output powers at the photon counting levels, making fluo-

rescence measurements difficult, more recent works [171] have used two-mode squeezed light sources

that provide much higher illumination powers. We will sweep a range of illumination powers that

could be covered with both types of sources.

We need to determine a model to consider absorption probabilities in the form of σ values for

the biphoton illumination case. Look at Fig. 5.3 we gain intuition on how the single absorption is

handled in the model. For any given illuminated ion, the amount of photons absorbed is determined

by the total photon flux density multiplied by the ”effective area” of the ion. This meaning any

photon that enters the green circle will be absorbed. However, the photon can hit the sample

anywhere with in the illuminated area Aillum. This giving rise to what is described as the absorption

cross-section. Following this logic we will consider the case where we want to know the probability

that a single ion will absorb two photons from the biphoton source as something in the form of σ2.

Since we are considering a real intermediate state we can consider the conventional cross-

section and use a combinatorial statistics approach to determine the probability p of paired photons

are absorbed. This allows us to model an uconversion pathway that fundamentally ignores any

effects at the intermediate state.

p(2SF ) = p(GSA ∩ ESA) (5.4)
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Figure 5.3: Visual representation of how we derive the probability of a biphoton absorption illumi-
nation even occurring.

σ2SF = σGSAσESA (5.5)

With the ground state absorption (GSA) given by σGSA, excited state absorption (ESA)

cross-section σESA. In (1) the absorbed photon flux N normalized by 2 to consider paired photons.

There is a series of assumptions that must hold true for this cross-section to work. These being,

the ground state of the UCNP is full, intermediate state is relatively empty, and the probability of

all events is mutually exclusive. Since we expect to see enhancement at low optical intensity, there

should be minimal inversion validating the first two assumptions. The probability of absorption

of a photon by an Er3+ ion is on the order of 10−13 which can safely be considered as mutually

exclusive.

When simulating the absorption of entangled photons, we need to consider how the photons

interact with the materials. We can describe the uncertainty in the photon arrival time and location

as a function of the temporal and spatial entanglement.

5.3.2.1 Temporal Photon Correlation

As previously mentioned, certain quantum systems exhibit correlations between photons in

both the temporal and spatial domains. Temporal photon correlation describes a state where
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the conventional arrival time statistics are broken in favor of paired photon arrival. Depending

on the source, the biphotons can be delayed from a few fs up to µs level [176, 186]. Biphoton

delay is commonly induced when measuring 2PF absorption to confirm that the effect is caused

by entanglement. To model the effects on the 2SF system we can implement delay in the rate

equation model by using a scaling factor that is a function of the intermediate state lifetime. This

corresponds to the probability that an absorbed photon will remain in the excited state when the

subsequent photon is absorbed. The correction is implemented as follows. With Te corresponding

to the average photon delay, and τ corresponding to the intermediate state lifetime.

σ2SF = σGSAσESAe
−Te/τ (5.6)

This scaling preserves implementation of the rate equation simulation without needing to add

Monte Carlo elements and preserves the simulation efficiency. In addition, we make the assumption

that the statistical distribution of photon pair delay is much smaller than the intermediate state

lifetime and can be subsequently modeled as a delta function. This is valid for UCNPs but not

necessarily true for 2PF systems.

5.3.2.2 Spatial Photon Correlation

Spatial photon correlation explores the statistical relationships between arrival locations of

photons. For some sources, the spatial correlation has been well studied [187]. For applications

in imaging and therapeutics where the enhancement would be most desirable, a diffraction limited

spot size is modeled. At the diffraction limited spot it is impossible to distinguish between lateral

positional variations of the photons. If this was possible, significant resolution enhancement past

the Abbe diffraction limit would be possible in the single photon regime. The implication of this

is that every photon could interact with every ion in the illuminated spot, therefore we do not

consider any spatial enhancement of the source. This is accounted for by multiplying the two

absorption cross-sections in (5) which models that the two photons are probabilistically absorbed

into the same ion. Should a system be used that has spatial correlation on the ion level we would
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expect to see an increase in the enhancement gain.

5.3.2.3 Biphoton Purity

Even though the photons are generated as pairs, loss in the delivery optics needs to be

minimized to maintain the concentration of biphotons. Attenuation will fractionally reduce the

amount of photons that remain paired, thus reverting to a flux with conventional photon statistics.

In this simulation we consider a pure biphoton stream. For experimental comparison the predicted

threshold should be scaled by the loss on the delivery path.

5.4 Results

The rate equation simulation was performed with values determined from the literature [181,

183]. We will first look to model the UCNPs under conventional illumination, moving next to

a simplified biphoton illumination without energy transfer dynamics. We will then explore the

implication of energy transfer pathways as well as entanglement delay to complete the model. We

are interested in modeling the efficiency of 980 nm generation from 1550 nm illumination which is

driven by the 4I11/2 →4 I13/2 (2→ 0) transition. This transition is characterized by a particularly

long intermediate state, which exemplifies its use as a laser transition. However, the following

approach is general and can be applied to many materials and wavelengths as long as some key

parameters are known.

In simulation, we first performed an intensity sweep observing all seven relevant levels of the

Er3+ ion. In Fig. 5.4 we find that as the illumination intensity increases we find a gradual inversion

of electrons into excited states. Where all the electrons start in the ground state and eventually

partially fill the first excited state. Then the second energy level is filled. To generalize the dynamic

we have sequential filling of the energy levels as the illumination intensity increases.

This provides the first hint that biphoton illumination will have no significant effect on the

fluorescent efficiency. This is because the intermediate state has a long relative lifetime and there

is some amount of electrons that can be found in this state, even at low illumination powers. If
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there is some population of excited state electrons, all that is needed to produce an upconversion

attempt is a single absorption event which is not aided by the use of biphoton illumination.

This model allows us to narrow the parameter space by establishing an upper bound on the

illumination intensity. Exceeding 105 W/cm2 results in population inversion of the 4I13/2 level,

shifting the process toward dominance by single-photon absorption, which will see no enhancement

under biphoton illumination.

10
5

10
6

10
7

10
8

10
9

10
10

10
11

10
12

Illumination Intensity (W/cm2)

0.0

0.2

0.4

0.6

0.8

1.0

P
(i
)

Electron Energy Level
0 1 2 3 4 5 6

Figure 5.4: Probability distribution of Er3+ electron population into different energy levels P (i) as
a function of conventional illumination intensity at 1550 nm.

5.4.1 Biphoton Enhancement from Rate Equation modeling

To gain intuition about a potential enhancement region and the factors that control the

dynamics, we examine the relevant parameters in detail. We simulate the output fluorescence

intensity, which is directly proportional to the probability of an electron existing in level 2 (P (2)).
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With A[2, 0] representing the Einstein coefficient. Thus giving us the luminescent efficiency in the

units of per ion luminescence rate dn2rad/dt.

dn2rad

dt
= A[2, 0]P (2) (5.7)

We again run the rate equation simulation as seen in Fig. 5.4 but only consider the popu-

lation of P (2) for three different intermediate state lifetimes. The results can be seen in Fig. 5.5.

First considering purely conventional illumination (black dotted lines) modeled for three different

intermediate state lifetimes, we see a consistent slope efficiency until saturation. The slope remains

consistent with varying intermediate state lifetime. The curves become more efficient (shifted to

the left) when the lifetime is increased. Considering squeezed illumination (colored lines) we can

see luminescent enhancement over conventional illumination at low intensity. This is shown by an

increase in output photon flux when the colored line deviates from the dotted black line. Above the

inflection point the conventional matches the squeezed illumination suggesting that the biphotons

are absorbed with the same statistics as conventional photons. As such biphoton illumination would

have no effect on the output power. The illumination intensity of the inflection point decreases

with intermediate state lifetime.

The implications of these results are as follows. First, the lifetime of the intermediate state

plays a critical role in determining the fluorescence efficiency of real intermediate-state materi-

als. Specifically, the longer an electron remains in the excited state, the greater the probability of

undergoing a second excitation to reach the fluorescent emission wavelength. This property is par-

ticularly advantageous for upconversion nanoparticles (UCNPs), as they are high-quality materials

characterized by long intermediate-state lifetimes.

Second, materials with extended intermediate-state lifetimes exhibit lower inflection points,

where biphoton excitation becomes more efficient. This behavior suggests that such materials

are inherently more suited for applications requiring enhanced multiphoton processes due to their

ability to sustain higher excitation efficiencies at lower energy thresholds.
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Figure 5.5: a

s a function of illumination power]Output luminescence flux from 4I11/2 [n = 2]. Colored lines
correspond to intermediate state lifetime of the 4I13/2 level under squeezed light illumination.
Dotted black lines correspond to conventional illumination with the same intermediate state

lifetime as the colored line that is above them.

To build intuition about the dynamics, we can solve a simplified version of the steady state

system analytically. We consider a four level [i = 0-3] model (4I15/2 to 4I9/2) with an instantaneous

decay between 4I9/2 and 4I11/2. This is reasonable as we expect to see enhancement when there

is little to no population inversion. We additionally do not consider the effects of cross relaxation,

which can often be lumped in with the intermediate state lifetime. We find that the rate of

conventional upconversion dn2conv/dt as a function of the photon flux N
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dn2conv

dt
=

σESAσGSAN
2

A[1, 0] + σeESAN
. (5.8)

The biphoton enhanced upconversion rate (dn2bi/dt) is given by:

dn2bi

dt
= σ2SF

N

2
= σESAσGSA

N

2
. (5.9)

When the rates are equal we find the threshold flux where the conventional illumination overtakes

the 2SF as given by:

Nth =
σESAσGSA

2τis
. (5.10)

Drawing conclusions again from both the simulation performed in Fig. 5.5 as well as the analytic

expression above. First, there is a threshold where conventional illumination becomes the dom-

inant upconversion process, unlike in virtual state 2PF upconverters, we cannot expect to have

enhancement at all illumination intensities [178]. This is not necessarily a problem because deep

tissue in-vivo imaging operates in the low intensity illumination regime. The second conclusion is

that the threshold intensity where the enhancement ceases is only dependent on the intermediate

state lifetime. In simulation, we adjust this value to find a region that would be measurable with

a physical system. The results from the analytic expression are supported by the modeling results

in Fig. 5.6 (Left).

The key limitation of Eqn. 5.10 is that it does not consider cross relaxation, a mechanic where

energy is exchanged between neighboring ions in a bulk material. Cross relaxation can significant

depending on the system and is particularity strong in highly doped UCNPs with long intermediate

state lifetimes [80]. In the next section we model the effects of cross-relaxation, focusing on the

impact of the conventional illumination efficiency threshold over biphoton illumination.
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5.4.2 Effects of Cross Relaxation on Upconversion Efficiency

Cross relaxation can often play an important role in UCNP energy dynamics [182]. The exact

pathways vary between ions and the rates depend on the ion concentration within the nanoparticle.

In our case of Eribium UCNPs the key cross relaxation pathway can be seen in Fig 5.2. This

pathway is collaborative with the absorption pathway where it excited electrons to the 4I9/2 level.

Next we look to expand the model to include energy transfer effects that can be observed in

Fig. 5.6. We see a similar inflection dynamic when cross relaxation is added to the model. Looking

at conventional illumination. The slope efficiency remains constant, with an increase in luminescent

efficiency at the 10−2s lifetime. This is a result of the collaborative cross relaxation pathway found

in erbium. As the intermediate state lifetime decreases the effects of cross-relaxation becomes neg-

ligible. When considering squeezed illumination, the increased conventional luminescent efficiency

will further lower the threshold for squeezed illumination enhancement. Refining this conclusion

we find that cross relaxation does not have a strong effect unless the lifetime is nonphysically short

on the order of 10 ms.

The effect of intermediate state lifetime can be more clearly demonstrated in Fig. 5.8. Here

we look to generalize the relationship between the intermediate state lifetime and threshold where

conventional illumination becomes more efficient. There is a monotonic decrease in the threshold as

the intermediate state lifetime decreases. Any region above the line has no benefit from biphoton

illumination, and any region below has enhancement.

Previous experimental works with 2PF dyes [171] have shown that the effect can be challeng-

ing to measure experimentally due to the low output power of the SPDC sources. In our case, we

need to operate in a low power illumination regime to have enhancement, it must be determined

if output fluorescence from the enhancement regime is even detectable. This can be achieved by

scaling the per ion fluorescent flux by the number of ions illuminated. We assume a spot size radius

of 2.5µm and a depth of field of 1µm, in this volume we illuminate approximately 4× 1010 Erbium

ions. In the right axis of Fig. 5.7 the total output luminescence of the sample can be seen. To see
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Figure 5.6: Output luminescence flux from 4I11/2 level in a 25% Erbium UCNP. Solid colored
lines correspond to biphoton illumination with cross relaxation. Dashed colored lines correspond
to biphoton illumination without cross relaxation. Black dashed lines correspond to conventional
illumination with cross relaxation.
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results experimentally this will need to get scaled by the microscope objective collection efficiency

and the probability of photon detection in the detector, which can be conservatively approximated

as a 10dB loss from the total efficiency. For Erbium ions that commonly have millisecond interme-

diate state lifetimes we expect to collect significantly less than 1 photon per second of light, which

would make experimental efforts challenging. More reasonable experimental efforts could be had if

the intermediate state lifetime was shortened to the µs regime.

We can further generalize the effects of cross relaxation to different concentrations and differ-

ent active ions. The dominant energy pathways will depend on the relative rates between decay and

energy transfer. As the ion concentration is increased the cross relaxation rate will also increase

and potentially become dominant. The effects on the squeezed enhancement threshold is dependent

on if the pathway is collaborative. If cross relaxation enhances luminescent efficiency the threshold

for enhancement will become lower. If instead, the cross relaxation facilitates depopulation of the

intermediate state without enhancing upconversion this will raise the enhancement threshold by

lowering the effective intermediate state lifetime. This could be used to engineer UCNPs with dif-

ferent active ions that demonstrate squeezed upconversion enhancement outside the single photon

regime.

5.4.3 Entanglement Delay

We can also simply consider the delay between biphoton pairs. We normalize the delay by

the intermediate state lifetime Te/τ where Te is the average photon delay and τ is the intermediate

state lifetime. Results can be seen in Fig. 5.8. The induced temporal delay between the photons has

the effect of reducing the upconversion efficiency between the bounds of no delay and conventional

illumination. In a physical experiment care should be taken that the entangled photon delay

is at least on the order of the intermediate state lifetime or lower to optimize the upconversion

enhancement.
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5.5 Conclusion

We present the first theoretical study on the potential for enhancing the efficiency of UCNPs

with real intermediate states by using a biphoton laser source. Unlike virtual state upconverters

there is a more delicate balance between conventional and entangled illumination that is driven

by the intermediate state lifetime of the material. In a physical system with parameters based on

25% Er doped UCNPs we expect to be able to detect enhancement with a 1µs intermediate state

lifetime. This is challenging to realize experimentally because the required lifetime is too fast for

all real lanthanide transitions, it is also much too slow for any virtual transitions. We attempted to

shorten the intermediate state lifetime by intentionally oxidizing the UCNPs to induce additional

lattice defects. This lowered the intermediate state lifetime to 100s of microseconds which was

not sufficient to observe enhancement. In UCNPs, cross relaxation often plays an important role

in upconversion pathways, in our case the effect on the enhancement threshold was negligible but

would need to be carefully considered in other materials. Lastly, when dealing with biphotons it is

important to consider the potential delay between photons. We found that as long the photon delay

is at the same order of magnitude as the intermediate state lifetime the efficiency of the process

would be preserved.

With knowledge of just a few experimental parameters one could find a suitable real inter-

mediate state upconversion material and simply demonstrate enhancement without the need of

virtual state transitions. It is common to implement co-doping UCNPs with Yb and Er. Since

Yb has a larger absorption cross-section and strong energy transfer to Er3+. This could be added

into the model with the addition of partial differential equations for the available Yb states and

energy transfer to Er. We chose not to implement this for our 1523 nm pumping scheme that would

require a 2PF absorption to excite the Yb. We hope that since the intermediate states are real, the

simpler kinetics will allow for conclusive enhancement if it is found experimentally in the future.



103

Figure 5.9: Schematic of upconversion fluorescence microscope used to experimentally measure
fluorescent efficiency of various samples as well as produce images. DM, dichoric mirror, LPF, long
pass optical filter.

5.6 Experimental Work

The simulation work presented above was preceded by experimental efforts that yielded

inconclusive results. Nevertheless, I include several snapshots here to demonstrate the successful

construction of a fluorescence microscope capable of acquiring confocal images of an upconversion

nanoparticle (UCNP) target. The schematic of the optical setup is shown in Fig. 5.9.

In this setup, a dichroic mirror was employed to separate the illumination and detection

paths. Two irises were positioned as a confocal gate to improve spatial resolution. An optical

chopper, in conjunction with a lock-in detector, was utilized to stabilize measurements and enhance

sensitivity, enabling the detection of extremely low levels of collected fluorescent light. To further

improve detection sensitivity, a high-gain avalanche photodetector, optimized for femtowatt-level

measurements, was employed to measure the output power accurately

We made an imaging target to validate the imaging capability of the system. Using a laser

cutter we etched a CU target into a glass microscope slide and filled it with liquid UCNP solution

and allowed it to dry. The resulting image is seen in Fig. 5.10.
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Figure 5.10: Image of CU created by laser etching a microscope slide and filling the well with
upconversion nanoparticles and allowing them to dry. The drying process produced a coffee-ring-
like effect on the sample, resulting in an uneven distribution of particles. Total width of target was
1 cm.



Chapter 6

Thesis Summary and Future Work

6.1 Thesis summary

From a broad perspective, this thesis demonstrates how nanomaterials can be leveraged to

enhance the sensitivity of measurement tools. Specifically, nanoparticles were employed both for

magnetic field sensing and for generating upconversion fluorescence. The small size of the nanopar-

ticles enabled the formation of largely defect-free crystals with properties favorable for enhanced

sensing. In the case of magnetic field sensing, the particles were more responsive to external mag-

netic fields, as evidenced by an enhanced Verdet response. Their size also contributed to low optical

losses due to reduced scattering and absorption. In terms of fluorescence, the particles exhibited

very long intermediate-state lifetimes, making them highly efficient upconverters. For fluorescence

microscopy, the UCNPs displayed exceptionally long lifetimes and highly efficient fluorophores. Ul-

timately the viability of UCNP based flourophores are primarily limited by their small absorption

cross-sections.

Nanoparticles cover a broad spectrum of applications beyond those discussed in this thesis,

their fabrication can be challenging. The vast parameter space in terms of material composition and

structural design underscores the potential for incremental improvements using custom-engineered

materials.
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6.1.1 Magnetic Field Sensing

Our work on magnetic field sensing was driven by the question of whether sensitivity limits

could be decoupled from the size of the transducers. We identified Faraday Rotation Measurement

(FRM) as an optimal solution because its sensitivity depends on total optical power rather than

intensity. To achieve the sensitivity limits of this technique, we developed a novel material by lightly

doping magnetite (Fe3O4) nanoparticles with terbium (Tb3+). This process yielded a material that

was both more transparent and exhibited a higher Verdet constant than other thin-film Faraday

rotators in its class.

Having developed this material, we sought to push the sensitivity of the technique to its

theoretical limits. Initially, we increased optical illumination power until the samples began to

thermally degrade. To overcome this limitation, we employed a simple balanced heterodyne de-

tection method, allowing us to reduce optical power on the sample while using coherent gain to

amplify signals at the detector. This approach enabled shot-noise-limited measurements with a

sensitivity of 658 nT/
√
Hz, outperforming all other techniques operating at the optical diffraction

limit.

Discussions about further improving detection sensitivity led us to investigate a novel de-

tection scheme known as dual-balanced heterodyne detection. This method combines heterodyne

gain, higher sensitivity regimes, and common-mode noise rejection into a single system. After care-

ful experimental work we found that our hypothesis that the system would be more sensitive was

rejected due to nonlinear noise scaling. The system ultimately only provided approximately the

same performance as balanced heterodyne system.

6.1.2 Upconversion Measurements

The second research focus addressed whether the fluorescence efficiency of upconversion

nanoparticles could be enhanced using squeezed light. We found that the high quality of the

nanoparticles’ internal crystal structures produced materials with extremely long intermediate-
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state lifetimes. This resulted in highly efficient fluorophores that minimized energy losses through

non-radiative transitions. However, these materials underperformed relative to other candidates

such as organic two-photon dyes due to their small absorption cross-section.

Simulations of the rate equations governing this system revealed that, due to the intrinsic

efficiency of the nanoparticles, they did not benefit from squeezed light unless illumination power

was so low as for the output to be practically undetectable. Consequently, we opted not to pursue

experimental validation further, ultimately disproving our initial hypothesis. In summary, the

nanoparticles were already too efficient to benefit from enhancement through squeezed light.

6.1.3 Broader Reflections

Taking a broader view of this work, the primary conclusion is that nanomaterials and nanopar-

ticles can significantly enhance measurement capabilities. That said, these materials can be chal-

lenging to fabricate and maintain. For example, magnetite nanoparticles were prone to oxidation

and film degradation over time, presenting reliability challenges.

Beyond material challenges, the sensing process itself proved to be one of the most demanding

aspects of this research. Achieving and reproducing sensitivity measurements required meticulous

control over a wide range of experimental parameters. Developing a deep understanding of the

inner workings of the magnetometer and maintaining consistency in measurements was far from

trivial. Nevertheless, these efforts underscore the complexity and potential of nanoparticle-based

sensing technologies and highlight avenues for further research and refinement.

6.2 Future Work

My deep study specifically in the field of magnetic field sensing has led me to present a few

areas of future work.
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6.2.1 Material Enhancement

We chose to use magnetite nanoparticles for our work. The idea of terbium doping emerged

from a review of the literature, where rare-earth doping of magnetically active materials is a common

practice for enhancing magnetic responsiveness. Our initial studies exploring alternative rare-earth

dopants for magnetite nanoparticles did not yield significant enhancements [120]. Nonetheless,

there remains a vast array of materials to explore within the polymer nanocomposite framework.

From a speculative perspective, cobalt nanoparticles doped with terbium may represent a

promising avenue for achieving even higher Verdet values. More complex ordered structures, such

as those presented in [20], which utilized layers of nanoparticles separated by unloaded polymer

layers, could also be leveraged to enhance sensitivity.

Additionally, heterodyne detection provides tolerance to high optical losses, minimizing im-

pacts on sensitivity. We had initially considered heavily loaded magnetic nanoparticle thin films

with potential Verdet constants exceeding 106,◦ /(m · T ). While this approach poses challenges

such as increased aggregation and scattering losses, these effects could be compensated for through

heterodyne gain.

Finally, renewed efforts on rare-earth doped yttrium iron garnet (YIG) films may also be

worthwhile. Both in the form of nanoparticles—previously limited by poor crystal formation—and

as doped thin films, these materials are optimized for heterodyne detection and imaging. YIG

films have already demonstrated Verdet constants above 106,◦ /(m · T ), making them a promising

candidate for future work with our high-sensitivity magnetometer.

6.2.2 Analog Readout

Regarding future work with the DBHD project. There is space for enhancement in the

analog data acquisition. In the DBHD, the signal is first digitized using a DAC, and then a

series of DSP processes are used to extract the signal. For certain applications, it may be more

effective to perform the IQ demodulation in analog hardware. This approach would lower the
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Figure 6.1: Mean-Square measurement device for the AD834 four-quadrant multiplier enabling
low-noise analog demodulation up to 500 MHz. Image taken from AD834 application note [1].

sampling rate requirements for the DAC hardware. Currently, data acquisition during magnetic field

measurements generates approximately 8 GB/s of data, making long-term sampling impractical.

Since the heterodyne carrier is relatively strong and the signal represents small variations,

the primary design challenge revolves around achieving sufficient dynamic range. Ideally, the sys-

tem should possess approximately 100 dB of dynamic range, which exceeds the capabilities of any

integrated circuit (IC)-based demodulation scheme. Furthermore, the linear RF power detectors

currently available operate with a maximum dynamic range of 40 dB. Consequently, custom elec-

tronic hardware development is necessary.

To address this issue, I identified a circuit architecture capable of enabling low-noise amplitude

demodulation with the potential for high dynamic range. The AD834, a four-quadrant multiplier

chip, provides a means for low-noise mean-square demodulation of the 85 MHz carrier signal.

Following the guidance outlined in the application note, I propose constructing a circuit that

adheres to the architecture defined in the application guide (see Fig. 6.1).

I would implement a system as follows. Using an AD834-based mean-square measurement

circuit for each channel of the polarization measurement, I would then incorporate an interaction

circuit to remove the residual carrier. The signal would subsequently be converted to a DC signal

with voltage proportional to the electrical power from each polarization. This output could then

be fed into an auto-balancing low-noise differential amplifier (LeCroy DA155A). Such an approach
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Figure 6.2: Analog demodulation concept circuit for power based DBHD demodulation and detec-
tion leveraging the AD834 four-quadrant multiplier circuit shown in the previous figure.

would significantly reduce the requirements on data acquisition, simplifying the system’s practical

implementation. A general block diagram can be found in Fig. 6.2. At 85 MHz, certain RF

considerations would need to be addressed during circuit design. However, the primary challenge

would lie in managing the electronic noise of the system.

6.2.3 Scale Factor Stabilization

The primary challenge of our measurement system is that the bias point of the polarization

is only stable for approximately 500 µs. In Chapter 3, we implemented an active noise-canceling

system that used a feedback loop to reduce laser intensity noise. Ideally, an active polarization

noise stabilization device could be implemented to increase measurement stability time, enabling

longer integration periods.

I initially tested a rudimentary stabilization device using a liquid crystal variable waveplate.

However, this device was optimized for binary operation and did not perform well for active polariza-

tion noise cancellation. A piezoelectric-driven rotational nanopositioning stage could provide finer

movement resolution and enable active noise cancellation. Nevertheless, a device with smoother

motion dynamics would be preferred.
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Figure 6.3: Potential imaging configurations. Left) Laser scanner configuration where galvonometer
is used to sweep laser spot on sample. Right) Translation stage measurement with fixed MNP thin
film

The polarization stability issue is fundamentally an engineering challenge related to packaging

and system design and remains an active area of development for the DBHD magnetometer.

6.2.4 Imaging

All of the work that I have done during my PhD has revolved around one form of imaging

or another. However, technical challenges associated with achieving a single-pixel measurement

prevented me from fully exploring the implementation of a complete imaging system.

Specifically, regarding the magnetometer, we considered two different imaging configurations.

The first configuration, designed for fast imaging, involved constructing a diffraction-limited laser

scanning head capable of rapidly sweeping a spot size over a sample to produce images. Concerns

arose regarding non-uniformity in the thin-film, which could affect polarization stability. To miti-

gate this issue, we implemented a scheme where the sample, rather than the laser spot, would be

moved, allowing the laser to remain fixed in one place on the MNP thin film. The two configurations

have are shown in Fig. 6.3

Achieving magnetic imaging requires high long-term measurement stability, which the current

system is not capable of providing. However, I have laid the groundwork for enhancing the system

to enable the development of a truly revolutionary imaging magnetometer.
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6.3 Backmatter

6.3.1 Thesis contributions

The work discussed in this thesis is documented in the following papers:

(1) Jan Bartos, Taleb Ba Tis, Mingming Nie, Shu-Wei Huang, and Wounjhang Park. “High-

Verdet Constant and Low-Optical Loss Tb3+ Doped Magnetite Nanoparticles.” Nano Let-

ters 24, no. 30 (2024): 9163-9168.

(2) Jan Bartos, Taleb Ba Tis, Wounjhang Park, Shu-Wei Huang. “Favorable Size-Sensitivity

Scaling of Faraday Rotation Magnetometers”, In preparation

In addition, I worked on the following papers during my time at the University of Colorado, Boulder,

but these papers are not discussed in this thesis:

(1) Bowen Li, Jan Bartos, Yijun Xie, and Shu-Wei Huang. “Time-magnified photon counting

with 550-fs resolution.” Optica 8, no. 8 (2021): 1109-1112.

(2) Mingming Nie, Jonathan Musgrave, Kunpeng Jia, Jan Bartos, Shining Zhu, Zhenda Xie,

and Shu-Wei Huang. “Turnkey photonic flywheel in a microresonator-filtered laser.” Nature

Communications 15, no. 1 (2024): 55.

(3) Samuel Galinsky, Euduardo Miscles, Jan Bartos, Jon Musgrave, Shu-Wei Huang, Victor

Bright, and Juliet Gopinath. “Nonmechanical spectral domain optical coherence tomogra-

phy using an electrowetting beam-scanner”, In preparation

(4) Gazelle Hajimazdarani, Jan Bartos, and Shu-Wei Huang. “Stimulated Brillouin Gain in

Long Lithium Niobate on Chip Waveguides.” In preparation.

The following provisional patents cover some of my work:

(1) Non-Mechanical Tomography System - No. 63/718,135
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6.3.2 AI Use Disclosure

This thesis was written in the early days of widespread large language model use and best

practices have not been fully established. I disclose that I used the OpenAI ChatGPT 4o model as

a tool for editing this thesis. AI was not used to generate original content.
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Appendix A

Proof: Noise Transfer through a Power Difference Signal

In the dual-balanced heterodyne detection scheme, we are interested in measuring the elec-

trical power difference between two separate balanced detectors. This alters how the scale factor of

the polarization rotation signal is determined. We hypothesized that this would have a significant

impact on the minimum detectable polarization rotation. This was not found to be true in exper-

iments. Thus, we need a better understanding of how the noise is affected by taking the power

difference.

This proof demonstrates that the minimum detectable polarization rotation angle, corre-

sponding to the magnetic field sensitivity, is the same for both the balanced heterodyne and dual-

balanced heterodyne detection methods. I establish this by analyzing the transfer of shot noise

through each measurement scheme.

The key to this derivation is the use of the formal definition of the power spectral density

Si(f):

Si(f) = F{Rii(τ)},

defined as the Fourier transform of the autocorrelation, where Rii is the autocorrelation function

of random variable ni(t):

Rii(τ) = ⟨ni(t)ni(t+ τ)⟩.

I have chosen to model the system in terms of photocurrent. We define the mean photocurrent as
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Ī and just considering shot noise as the second term. Each detector sees photocurrent in the form:

i1(t) = Ī +

√
2qĪ · n1(t), i2(t) = Ī +

√
2qĪ · n2(t),

where:

• n1(t) and n2(t) are independent, zero-mean white Gaussian noise processes.

• Autocorrelation: ⟨ni(t)ni(t+ τ)⟩ = δ(τ)

• Power Spectral Density: Sni(f) = 1

A.1 Conventional Balanced Detection

Before examining the dual-balanced case, we should first consider how shot noise affects the

power in the conventional measurement using a single balanced detector.

We define the differential voltage signal (linear to electrical current):

V (t) ∝ i1(t)− i2(t)

We substitute the photocurrent definitions:

V (t) = Ī +

√
2qĪ · n1(t)− Ī −

√
2qĪ · n2(t)

V (t) =

√
2qĪ (n1(t)− n2(t))

Solving for the PSD we start with the autocorrelation:

R∆V = 2qĪ ⟨(n1(t)− n2(t))(n1(t+ τ)− n2(t+ τ))⟩

We make the full expansion:

R∆V = 2qĪ⟨n1(t)n1(t+ τ)⟩ − ⟨n1(t)n2(t+ τ)⟩ − ⟨n2(t)n1(t+ τ)⟩+ ⟨n2(t)n2(t+ τ)⟩
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We can remove cross terms because ⟨ni(t)nj(t+ τ)⟩ = 0 when the noise is completely uncorrelated.

Also, we know from above that the autocorrelation of zero-mean white Gaussian noise only produces

values at zero delay ⟨ni(t)ni(t+ τ)⟩ = δ(τ).

R∆V = 2qĪ(δ(τ) + δ(τ))

R∆V = 4qĪδ(τ)

We can sum the delta functions because they represent uncorrelated noise contributions. We can

now take the Fourier Transform to get PSD:

S∆V (f) = F{R∆V } = 4qĪ = 2qĪtot [A2/Hz] (A.1)

Intuitively, this shows that the shot noise from a balanced detector depends on the total photocur-

rent, which is itself proportional to the optical power, as expected. The prefactors arise as expecte,

and this expression forms the level of abstraction used to consider noise in the literature. The

complexity of the proof begins when you need to consider the PSD of the power-difference scheme

as seen in dual balanced heterodyne detection (DBHD).

A.2 Dual Balanced Heterodyne Detection

In DBHD we are now interested in the power difference signal (electrical current squared):

∆P (t) = i21(t)− i22(t)

Expanding each squared term:

i21(t) = Ī2 + 2Ī

√
2qĪn1(t) + 2qĪn2

1(t),

i22(t) = Ī2 + 2Ī

√
2qĪn2(t) + 2qĪn2

2(t).

This expansion potentially creates the problematic quadratic, non-Gaussian random variable that

has a mean: n2
i (t). Foreshadowing the proof this variable creates a problem because the autocor-

relation ⟨n2
i (t)n

2
i (t+ τ)⟩ does not arise simply.
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To start the proof we want to separate the linear from the quadratic terms by change of variables:

∆P (t) = i21(t)− i22(t) = x(t) + y(t).

where:

x(t) = 2Ī

√
2qĪ(n1(t)− n2(t)), y(t) = 2qĪ(n2

1(t)− n2
2(t)).

Knowing this, we define the autocorrelation function as:

R∆P (τ) = ⟨∆P (t) ·∆P (t+ τ)⟩ = ⟨(x(t) + y(t))(x(t+ τ) + y(t+ τ))⟩

Expanding this product

R∆P (τ) = ⟨x(t)x(t+ τ)⟩+ ⟨x(t)y(t+ τ)⟩+ ⟨y(t)x(t+ τ)⟩+ ⟨y(t)y(t+ τ)⟩

Assuming stationarity and real-valued signals, we use the fact that:

⟨x(t)y(t+ τ)⟩ = ⟨y(t)x(t+ τ)⟩

Thus, the autocorrelation simplifies to:

R∆P (τ) = ⟨x(t)x(t+ τ)⟩+ ⟨y(t)y(t+ τ)⟩+ 2⟨x(t)y(t+ τ)⟩

Giving us 3 terms to work with:

• Linear Autocorrelation: Rxx(τ) = ⟨x(t)x(t+ τ)⟩

• Quadratic Autocorrelation: Ryy(τ) = ⟨y(t)y(t+ τ)⟩

• Cross-correlation Rxy(τ) = 2⟨x(t)y(t+ τ)⟩
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A.2.1 Linear Autocorrelation

We compute:

Rxx(τ) = ⟨x(t)x(t+ τ)⟩ = A2⟨(n1(t)− n2(t))(n1(t+ τ)− n2(t+ τ))⟩

Where the pre-factors are condensed into A = 2Ī
√

2qĪ. Expanding further:

Rxx(τ) = A2 [⟨n1(t)n1(t+ τ)⟩+ ⟨n2(t)n2(t+ τ)⟩ −⟨n1(t)n2(t+ τ)⟩ − ⟨n2(t)n1(t+ τ)⟩]

Since n1, n2 are independent we can simplify:

⟨n1(t)n2(t+ τ)⟩ = ⟨n2(t)n1(t+ τ)⟩ = 0

⟨ni(t)ni(t+ τ)⟩ = δ(τ)⇒ Rxx(τ) = 2A2δ(τ)

Substituting A2 = 8qĪ3, producing the linear autocorrelation term:

Rxx(τ) = 16qĪ3δ(τ) (A.2)

A.2.2 Quadratic Autocorrelation

We perform similar operation to calculate the autocorrelation of the quadratic terms. We

substitute the prefactor B = 2qĪ.

y(t) = B(n2
1(t)− n2

2(t))⇒ Ryy(τ) = B2⟨(n2
1(t)− n2

2(t))(n
2
1(t+ τ)− n2

2(t+ τ))⟩

Expanding:

Ryy(τ) = B2
[
⟨n2

1(t)n
2
1(t+ τ)⟩+ ⟨n2

2(t)n
2
2(t+ τ)⟩ − 2⟨n2

1(t)n
2
2(t+ τ)⟩

]
Dealing with the simple term, using the fact that n1, n2 are independent and simplify:

⟨n2
1(t)n

2
2(t+ τ)⟩ = ⟨n2

1(t)⟩⟨n2
2(t+ τ)⟩ = 1

Thus leaving us with the difficult to handle term:
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⟨n2
i (t)n

2
i (t+ τ)⟩ = ?

Stochastic signal processing provides us with a theorem to reduce the order of the moment when

considering zero-mean Gaussian variables.

A.2.2.1 Isserlis’ Theorem

We let X1, X2, X3, X4 be zero-mean, jointly Gaussian random variables. Then:

⟨X1X2X3X4⟩ = ⟨X1X2⟩⟨X3X4⟩+ ⟨X1X3⟩⟨X2X4⟩+ ⟨X1X4⟩⟨X2X3⟩

Now apply this to the autocorrelation of squared Gaussian noise:

⟨n2(t)n2(t+ τ)⟩ = ⟨n(t)n(t)n(t+ τ)n(t+ τ)⟩

Identify:

X1 = X2 = n(t), X3 = X4 = n(t+ τ)

Using Isserlis’ Theorem:

⟨n2(t)n2(t+ τ)⟩ = ⟨n(t)n(t)⟩⟨n(t+ τ)n(t+ τ)⟩+ 2 · ⟨n(t)n(t+ τ)⟩2

= ⟨n2(t)⟩⟨n2(t+ τ)⟩+ 2R2
n(τ)

Assuming stationary and unit variance ⟨n2(t)⟩ = 1, we get:

⟨n2(t)n2(t+ τ)⟩ = 1 + 2R2
n(τ)

Which completes the autocorrelation expression:

Ryy(τ) = B2
[
2(2R2

n(τ) + 1)− 2
]
= 4B2R2

n(τ)

Ryy(τ) = 16q2Ī2R2
n(τ)
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Where R2
n(τ) = δ2(τ) this provides the following expression:

Ryy(τ) = 16q2Ī2δ2(τ) (A.3)

Which still leaves us with the poorly defined term δ2(τ). This will be dealt with when we Fourier

transform the result to get to the noise PSD.

A.2.3 Cross-Term: Rxy(τ)

Rxy(τ) = ⟨x(t)y(t+ τ)⟩ = AB⟨(n1(t)− n2(t))(n
2
1(t+ τ)− n2

2(t+ τ))⟩

Expanding:

Rxy(τ) = AB
[
⟨n1(t)n

2
1(t+ τ)⟩ − ⟨n1(t)n

2
2(t+ τ)⟩

−⟨n2(t)n
2
1(t+ τ)⟩+ ⟨n2(t)n

2
2(t+ τ)⟩

]
All terms are 3rd-order moments of zero-mean Gaussian variables:

⟨ni(t)n
2
i±1(t+ τ)⟩ = 0 (Correlation of odd Gaussian moments goes to zero)

So:

Rxy(τ) = 0 (A.4)

Which is convenient.

A.2.4 Total Autocorrelation

We now combine the individual autocorrelation variables.

R∆P (τ) = Rxx +Ryy +Rxy

Which gives us the expression1 :

1 An aside about units: this is the PSD of a power signal, which is provided in units proportional to [W 2/Hz] ∝
[A4/Hz]. This is why the white noise expression has unconventional prefactors
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R∆P (τ) = 16qĪ3δ(τ) + 16q2Ī2δ2(τ) + 0 (A.5)

A.3 Noise Power Spectral Density

Now all that is left is to do the Fourier transform of the autocorrelation to arrive at the PSD

of the noise. We can split the expression again along linear and quadratic terms. We start with

linear terms producing a white noise component as seen in the conventional balanced detection.

Sx(f) = F{Rxx(τ)} = 16qĪ3 [A4/Hz] (A.6)

Next is the quadratic term :

Sy(f) = F{Ryy(τ)} = 16qĪ2 · F{δ2(τ)}

To gain intuition on how to handle the squared delta-function I chose to bandwidth limit the white-

noise. As is the case in out actually system the acquired bandwidth of the signal is limited by the

sampling rate of the system in the frequency domain. We have done this a few time but to review,

a non-bandwidth limited system looks like:

Ri(τ) = δ(τ)⇒ Si(f) = 1

In the bandwidth limited case this is turned into:

S′
i(f) = rect(

f

4bw
)⇒ R′

i(τ) = sinc(2bwτ)

Defining the Nyquist limited acquisition bandwidth as 2bw. Bandwidth limiting the signal enables

us to take the square of Ryy(τ):
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R2
i (τ) = sinc2(2bwτ)⇒ F[R2

i (τ)] =
1

2bw
· tri

(
f

4bw

)
Therefore:

Sy(f) = 4B2 ·
(

1

2bw
· tri

(
f

4bw

))
= 2B2 1

bw
· tri

(
f

4bw

)
Now multiply by the original constant B = 2qĪ:

y(t) = B(n2
1(t)− n2

2(t))⇒ B = 2qĪ ⇒ B2 = 4q2Ī2

So finally:

Sy(f) = 4q2Ī2 · 2bw · tri
(

f

4bw

)
Which produces the final expression:

Sy(f) = 8q2Ī2bw · tri
(

f

4bw

)
[A4/Hz] (A.7)

Now combining with the linear term calculated earlier we can get an expression for the transfer of

shot noise through the DBHD system.

S∆P (f) = 16qĪ3 + 8q2Ī2bw · tri
(

f

4bw

)
[A4/Hz] (A.8)

Looking at the result intuitively we find that there is a component of the noise that is a form a

or flat bandwidth noise that arises from the linear noise component. The second term is a colored

noise term whose slope changes as a function of the measurement bandwidth.

We start by considering further simplifications to understand how the equation can be ana-

lyzed. One aspect that I neglected earlier in the proof was the absolute value of the prefactor terms

A and B. In the final expression both A and B get squared:
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A2 = 16qĪ3, B2 · bw = 16q2Ī2 · bw

We put experimental values to this model including a mean current of [Ī = 1 mA] and electron

charge as [q = 1.6× 10−19 C]. We find that the because we are operating at a current (charge flow)

that is much, much larger than the charge of an electron that the B term can be entirely neglected

by over 6 orders of magnitude, even with a measurement bandwidth of [bw = 1 GHz]. This should

have been considered earlier in the proof. In single photon experiments this simplification might

not work when the mean current is on the order of the electron charge.

Ultimately, it is a completely reasonable simplification to set:

B2 ≈ 0

A.4 Analysis

We thus wish the make the comparison to the PSD of the noise generated by the conventional

balanced (∆V ) and dual balanced devices (∆P ). Here the shot noise power spectral density is

given as follows:

S∆V (f) = 4qĪ [A2/Hz], S∆P (f) = 16qĪ3 [A4/Hz]. (A.9)

Here it should be noted that the PSD of the power difference case is not a direct square of the noise

PSD of the voltage difference case. Rather the current is cubed and the units of the response are

now proportional to the electrical power, squared.

A.4.1 Signal Model

To understand the magnitude of the shot noise when compared to the signal we first have

to consider the power of the signal. I have defined the signal terms previously and will thus not
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include the derivation in this proof. We assume the Faraday rotation signal electrical power ki is

proportional to the photocurrent as follows 2 :

k∆V ∝ ∆θ2Ī2 [A2]

Conventional

k†∆P ∝ ∆θĪ2 [A2]

Double Balanced

Here we see the motivation for the problem. We knew that small signals of magnitude << 1 would

be greatly amplified if the ∆θ term remained linear as is seen by the signal in the dual balanced

case. We measured this experimentally and found the response slope to be correct however we

found that the signal-to-noise ration (SNR) was much worse than expected.

In this it is important to note that the above expression are both given in units of power.

However, it is only the conventional case where the noise PSD can be considered in these units.

Because we are not considering what is fundamentally, a power signal the power spectral density

of such a signal should be in units of power, squared. The resulting expression used for calculating

the SNR of the dual balanced system should actually be:

k∆P ∝ ∆θ2Ī4 [A4]. (A.10)

Here we lose the linear relationship to the Faraday rotation angle, that we have so desired. We

should probably still see how the SNR reacts.

A.4.2 Signal To Noise Ratio (SNR)

SNR is defined as the ratio of the signal power Ps and the noise power Pn:

SNR =
Ps

Pn
=

ki
Si

.

I once again make the distinction that signal power is related to the square of the signal Ps ∝ s2,

even if this leads to unconventional units like [A4]. Knowing this statement we can define a minimum

detectable polarization rotation as SNR(∆θmin) = 1.

2 † represents that the units of the equation are not correct to represent power spectral density, and will be
modified in the following section.
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Conventional Double Balanced

SNR∆V (∆θ) = ∆θ2Ī2

4qĪ
SNR∆P (∆θ) = ∆θ2Ī4

16qĪ3

∆θmin =
√

4q
Ī

∆θmin =
√

16q
Ī

This concludes the proof, demonstrating that the sensitivities of the two systems are equal in

magnitude. It was shown that taking the electrical power difference of optical signals increases the

shot noise power by an amount equivalent to the increase in signal power, resulting in no net gain

in sensitivity. ■


	Introduction
	Metrology
	Motivation for Laser Based Sensing
	Microscopy
	Limits of Sensing
	Dissertation Outline

	Background
	Road Map
	Magnetism
	Electron Spins

	Magneto-optic Faraday Effect
	Paramagnetic Faraday Active Materials
	Ferromagnetic Faraday Active Materials
	Relevant Faraday Active Materials

	Magnetic Field Sensing Review
	Inductive Sensing
	Zeeman Effect Sensing

	Magnetic Field Imaging
	Applications
	Biology and Medicine
	Current Sensing
	Physically Unclonable Functions
	Condensed Matter Physics
	Applications-based System Requirements
	Faraday Rotation Imaging Results

	Sensitivity Resolution Trade-off
	Nanomaterials
	Magnetic Nanoparticles (MNPs)
	Upconversion Nanoparticles (UCNPs)

	Fluorescence Microscopy
	Fluorescence Microscope


	High-Verdet Constant and Low-Optical Loss Tb3+ Doped Magnetite Nanoparticles 
	Abstract
	Introduction
	Nanoparticle Synthesis
	Optical Characterization

	Advanced Detection Techniques of Faraday Rotation
	Abstract
	Balanced Heterodyne Detection
	Introduction
	Methods
	Example Signal
	Sensitivity
	Noise
	Results
	Conclusion

	Dual Balanced Heterodyne Detection
	Schematic
	Signal Acquisition
	Signal Derivation
	Noise
	Conclusion


	Limitations of Squeezed-Light Enhanced Upconversion in Real Intermediate State Materials
	Abstract
	Introduction
	Methods
	Cross Relaxation
	Biphoton Absorption

	Results
	Biphoton Enhancement from Rate Equation modeling
	Effects of Cross Relaxation on Upconversion Efficiency
	Entanglement Delay

	Conclusion
	Experimental Work

	Thesis Summary and Future Work
	Thesis summary
	Magnetic Field Sensing
	Upconversion Measurements
	Broader Reflections

	Future Work
	Material Enhancement
	Analog Readout
	Scale Factor Stabilization
	Imaging

	Backmatter
	Thesis contributions
	AI Use Disclosure


	 Bibliography
	Proof: Noise Transfer through a Power Difference Signal
	Conventional Balanced Detection
	Dual Balanced Heterodyne Detection
	Linear Autocorrelation
	Quadratic Autocorrelation
	Cross-Term: Rxy()
	Total Autocorrelation

	Noise Power Spectral Density
	Analysis
	Signal Model
	Signal To Noise Ratio (SNR)




