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Abstract

We generalize a small-gain theorem for a network of infinitely many systems, recently developed in [Kawan et. al,
IEEE TAC (2021)]. The generalized small-gain theorem addresses exponential input-to-state stability with respect to
closed sets, which enables us to study diverse control-theoretic problems in a unified manner, and it also allows for agents
to have infinitely many neighbors. The small-gain condition, expressed in terins of the spectral radius of a gain operator
collecting all the information about the internal Lyapunov gains, has several useful characterizations which simplify the
verification of the condition. To demonstrate applicability of our small-gain theorem, we apply it to the stability analysis

of infinite time-varying networks as well as the design of distributed observers for infinite networks.
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1. Introduction

Emerging technologies such as the Internet of Things,
Cloud computing and 5G communication will let us re-
alize a paradigm shift towards a hyper-connected world
composed of a large number of smart networked systems
providing us with much more autonomy and flexibility.
Examples of such smart networked systems include smart
grids, connected vehicles, swarm robotics, and smart cities
in which the size of the networks is unknown and pos-
sibly time-varying. However, standard tools for stabil-
ity analysis/stabilization of control systems do not scale
well to these large-scale complex systems [1, 2, 3]. A
promising approach to address this critical issue is to over-
approximate a finite but very large network by an infinite
network, and then control this over-approximated system;
see, e.g., [4, 3, 5].

A striking progress in the infinite-dimensional input-
to-state stability (ISS) theory, see, e.g., [6, 7, 8, 9] (also
see [10] for a recent survey on this topic) blended with
the powerful nonlinear small-gain criteria for the stabil-
ity analysis of finite networks of nonlinear systems [11, 12]
create a foundation for the development of stability con-
ditions for infinite networks.
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For iuterconnections of finitely many systems of arbi-
trary nature (possibly infinite-dimensional) the gain oper-
ator, collecting the information about the internal gains,
acts on a finite-dimensional Euclidean space [13]. The case
of infinite networks is much more complex, as the gain op-
erator now acts on an infinite-dimensional space, which
calls for a careful choice of the infinite-dimensional state
space of the overall network, and motivates the use of the
theory of positive operators on ordered Banach spaces for
the small-gain analysis (cf. Section 3.1).

The development of small-gain theorems for infinite net-
works has recently received considerable attention [14, 15,
16, 17]. All of these small-gain theorems for infinite net-
works address ISS with respect to the origin. A more
general notion of input-to-state stability with respect to
a closed set covers several further stability notions such as
incremental stability, robust consensus/synchronization,
ISS of time-varying systems as well as variants of input-
to-output stability in a unified and generalized manner;
see for instance [18]. On the other hand, for large-
but-finite networks, dissipative small-gain conditions are
widely used for various control problems such as dis-
tributed control design [19], compositional construction of
(in)finite-state abstractions [20, 21], cyber-security of net-
worked systems [22], and networked control systems with
asynchronous communication [23].

To provide a tool to study the above problem for in-
finite networks (or networks of possibly unknown size),
we develop in this paper a dissipative small-gain theorem
addressing exponential ISS of infinite networks with re-
spect to closed sets. We assume that all subsystems of
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an infinite network are exponentially ISS, and the associ-
ated exponential ISS Lyapunov functions in a dissipative
form are known. Based on this information, we define a
gain operator, which describes the interconnection struc-
ture of the systems and the influence of individual subsys-
tems on each other. Finally, we show that if the spectral
radius of this operator is less than one, then the whole net-
work is exponentially ISS with respect to a certain closed
set. In particular, we extend the main result of our recent
work [14, Thm. VIL1] to ISS with respect to closed sets
and to networks in which any agent can be connected to
infinitely many other agents. This generalization extends
the applicability of the small-gain result to several control-
theoretic problems, including stability analysis of infinite
time-varying networks and the design of distributed ob-
servers for infinite networks.

As the first application of the proposed small-gain theo-
rem, we study ISS for time-varying infinite networks. Ex-
isting results on infinite networks are developed for time-
invariant systems, although, practically speaking, time-
variance is a more realistic assumption. In this paper,
we address exponential ISS for both time-invariant and
time-varying infinite networks within a unified framework.

As the second application area, we provide a methodol-
ogy to address scalability in distributed estimation prob-
lems. We assume that each subsystem has a local observer
whose states exponentially converge to those of the sub-
system, given estimates of the state of neighboring subsys-
tems. Formulating the state estimation as a stabilization
problem with respect to a certain closed set, we show that
if the couplings between the subsystems are sufficiently
weak, which is quantitatively expressed by our small-gain
condition, then the state estimation problem can be tack-
led.

This paper is organized as follows: first, relevant no-
tation, a discussion of well-posedness of infinite networks
and auxiliary results on distance functions with respect
to a closed set in an infinite-dimensional state space are
given in Section 2. The notion of exponential ISS with re-
spect to a closed set for infinite-dimensional systems and
a related Lyapunov criterion are presented in Section 2.4.
In Section 3, the small-gain theorem for ISS with respect
to closed sets is presented. Applications to ISS for time-
varying systems and distributed observers are respectively
given in Sections 4 and 5. Section 6 concludes the paper.

2. Preliminaries

2.1. Notation

We write N = {1,2,3,...} for the set of positive integers
and Ng := NU {0}; R denotes the reals and Ry := {t €
R : ¢ > 0} the nonnegative reals. For vector norms on
finite- and infinite-dimensional vector spaces, we write |- |.
For associated operator norms, we use the notation || - ||.
By ¢, p € [1, 0], we denote the Banach space of all real
sequences & = (z;);en with finite £P-norm |z|, < co, where

lz], = i,y |2:|P)Y/P for p < 00 and |7|ae = sup;ey |7il-
Given z,y € R", the inner product of x and y are denoted
by (z,y).

A more general class of ¢P-spaces is defined as follows.
Let p € [1,00), let (n;);en be a sequence of positive integers
and fix a norm |- |; on R™ for every ¢ € N. Then

KP(N, (nz)) = {LI] = (-Ti)z‘eN T € Rni, i |.’L‘1|f < OO}
=1

equipped with the norm |z, := (} o, \xl|f)% is a separa-
ble Banach space (which is proved by standard arguments,
see, e.g., [24]). Usually, we drop the index 4 from the norm.
We define £*°(N, (n;)) in a similar fashion.

We write L>®(R4,R™) for the Banach space of essen-
tially bounded measurable functions from Ry to R™. If X
is a Banach space, we write 7(7T") for the spectral radius
of a bounded linear operator T': X — X. The notation
CY%(X,Y) stands for the set of all continuous mappings
f X — Y between metric spaces X and Y. The right
upper Dini derivative of a function v : R — R at t € R
is defined by D*y(t) == limsup,_,o4 + (v(t + k) — ¥(t)),
and is allowed to assume the values +o0o. Analogously,
the right lower Dini derivative of v at t is defined by
Do (t):= liminf, 04 +(y(t+h)—7(t)). We will consider
K, K, and KL comparison functions, see [25, Ch. 4.4] for
definitions.

2.2. Infinite interconnections

We study interconnections of countably many systems,
each given by a finite-dimensional ordinary differential
equation (ODE). Using N as the index set (by default),
the ¢th subsystem is written as

it i = fi(ws, T,ug). (1)

The family (¥;);eny comes together with a number p €
[1,00] and sequences (n;)ien, (m;)ien of positive inte-
gers so that the following assumptions hold with X :=
?P(N, (n;)) for a specified sequence of norms on the spaces
R™:

e The state vector x; of X; is an element of R™:.

e The internal input vector T = (Z;);en is an element
of X.

e The external input vector u; is an element of R™.

e The right-hand side f; : R™ x X x R™ — R™ is a
continuous function.

e Unique local solutions of the ODE (1) exist for all
initial states ;o € R™ and all continuous Z(-) and lo-
cally essentially bounded u;(-) (which are regarded as
time-dependent inputs). We denote the correspond-
ing solutions by &; (-, 0, (T, u;)).
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The values of the function f; can be independent of cer-
tain components of the input vector z. We write I; for
the set of indices j € N so that f;(z;, %, u;) is non-constant
with respect to the component z; of Z (i.e. only dependent
on the components z; with j € I;), and we assume that
i ¢ ;.

In the ODE (1), we consider Z(-) as an internal input
and u;(-) as an external input (which may be a disturbance
or a control input). The interpretation is that the subsys-
tem ¥; is affected by a certain set of neighbors, indexed
by I;, and its external input. We note that the set I; does
not have to be finite, implying that subsystem ¢ can be
connected to infinitely many other subsystems. Moreover,
we note that I; is allowed to be empty.

To define the interconnection of the subsystems ¥;, we
consider the state vector x = (x;);eny € X = P(N, (n;)),
the input vector u = (u;)ien € U := ¢9(N, (m;)) for some
q € [1,00] (possibly different from p), and the right-hand
side

[l u) = (filzr, @), fa(@2, 2, u2), .. ). (2)
The interconnection is then written as
X &= f(z,u). (3)
The class of admissible input functions is defined as

Uu = {u : Ry — U : u is strongly measurable
and essentially bounded }, (4)

and we equip this space with the L°°-norm

|t]g,00 := ess sup |u(t)];.
>0

A continuous mapping £ : J — X, defined on an interval
J =10,T,) with T, € (0,00],is called a solution of the
infinite-dimensional ODE (3) with initial value 2° € X for
the external input v € U provided that the function s —
f(&(s), u(s)) is an X-valued locally integrable function and

£(t) =+ /0 F(E(s), u(s)) ds

holds for all ¢ € J, where the integral is the Bochner inte-
gral for Banach space valued functions. For the theory of
Bochner integration, readers may consult [26].

If for each z° € X and u € U a unique (local) solu-
tion exists, we say that the system is well-posed and write
¢(-, 2%, u) for the corresponding maximal solution (in the
positive direction) and Juyax(2°,u) for its interval of ex-
istence. We say that the system is forward complete if
Jmax (2%, u) = Ry for all (2%,u) € X x U.

In the rest of the paper, unless otherwise stated, we
assume that the following is satisfied.

Assumption 1. The system ¥ is well-posed with state
space X = (P(N,(n;)) and external input space U =

4N, (my;)), with finite p,q > 1. Furthermore, all of
its uniformly bounded mazimal solutions ¢(-,x,u) are
global, i.e., exist on Ry (this latter property is also called
boundedness-implies-continuation (BIC) property).

We note that [14, Thm. II1.2] provides sufficient condi-
tions for well-posedness of ¥.. The BIC property is satis-
fied, e.g., if additionally the vector field f is uniformly
bounded on bounded sets and Lipschitz continuous on
bounded sets with respect to the first argument.

Note that our constructions in this paper essentially rely
on the fact that the parameters p and ¢ are finite. For
small-gain theorems in the case of p = ¢ = oo, we refer the
interested reader to [15, 17, 27, 28].

2.3. Distances in sequence spaces

Let X = ¢?(N,(n;)) for a certain p € [1,00). Consider
nonempty closed sets .A; C R™ i € N. For each x; € R™,
we define the distance of z; to the set A; by |x;|a, =
infy, ca, |zi —2:]. Now we define the set

A={zeX: z,eA;, ieN}=XN(A x Ay x...).

(5)

If A # (), we define the distance from any z € X to A as
0 1
— _ — s\ T

ol = inf, o ~ yl, = inf (g v = wl?)".(6)

We note that |z]70y = |z],. The following lemma shows
that the infimum and the sum in (6) can be exchanged.

Lemma 2. Let X = (P(N,(n;)) for a certain p € [1,00).
Assume that A defined by (5) is nonempty. Then for any
x € X we have

1

ola = (S leils,)” <. )

i=1
Moreover, the set A is closed in X .

Proof. First of all, for any z; € R™ and z; € A; it holds
that

| 4, :yiigii lzi — yil < @i — 2] < 2| + |24

As A # 0, we can choose z; € A; so that 2 = (21, 22,...) €
A C X. Now, for each N > 0 the inequality v(a + ) <
v(2a) + v(2b), which holds for any v € K and all a,b > 0,
can be used to show that

N N N
Dolwall, <D (wal +1z)P < (@8l + 28 |z). (8)
i=1 i=1 i=1

As both z,z € X, the limit for N — oo of the right-hand
side exists, and thus

o0

D lwilly, < 2P (el + |21p) < oo 9)

i=1
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Now, let us show the equality in (7). Pick any € X and
any § € A. Then for every € > 0 there is N = N(¢) so
that

o0 oo

e . 3
Z |zi|P < DYISE Z |g:[" < o1 (10)
i=N+1 i=N+1

The following holds:

N [e'S) 1
|7|a = inf (Z\xi—yﬂp-i- > \Iz'—yi|p)p
yeA \ 4 .
=1 i=N+1
N e 1
ol (Sleulr s 3 lamar)’
< ot (el Y b))
=1 i=N+1

(11)

where in the last transition we reduce the set of
y over which we take the infimum from A to
{15 YN, N1, UN125 -+ )ty € A 1 <P < NFC A

Estimating the last term in (11) similarly to (8), and
using (10), we obtain

N

o) 1

< i P P 1P| PY ) P

ola <, yinf, (Xl =i 203 (41 )
1= 1=

N 1 N 1
. P P
< (30t e b €)= (el )

By using (9), we can estimate the last term by

1

oo ry
|z| 4 < (Z|xl|zj41 —‘,—5)" < oc.
i=1

Now, as € > 0 has been chosen arbitrarily, we can take the
limit € — 0 to obtain

1

ola < (Slault) " (12)

=1

On the other hand, as taking the infimum over all z €
A1 x Ay x ... gives a value not larger than taking the infi-
mum over A, it holds that |z| 4 > infy,c 4, ien(X oy |2 —
yilP)r = (DX infen o — uil?)r = (25, |oilf )7,
which together with (12) completes the proof of (7). Writ-
ing A as the intersection of the preimages 7; ' (A;), i € N,
under the canonical projection maps m; : X — R™, we see
that A is closed. O

2.4. Exponential input-to-state stability

We continue to suppose that Assumption 1 (well-
posedness + BIC property) for ¥ holds and that the pa-
rameters p and ¢ are finite. Our aim is to study the stabil-
ity of the interconnected system with respect to a closed
set A C X. For this purpose, we introduce the notion of
exponential input-to-state stability (exponential ISS) with
respect to a set A.

Definition 3. Given a nonempty closed set A C X,
the system X is called exponentially input-to-state stable
(eISS) w.r.t. A if it is forward complete and there are con-
stants a, M > 0 and v € K such that for any initial state
20 € X and any u € U the corresponding solution satisfies

|0(t, 2% u)a < Me™™[a®]a +(Julgo0) VE20. (13)

For any function V' : X — R, which is continuous on
X\A, we define the orbital (right upper Dini) derivative
at z € X\ A for the external input u € U by DTV, (z) :=
DV (é(t, z,u)) 1=, where the right-hand side is the right
upper Dini derivative of the function ¢ — V(¢(¢,z,u)),
evaluated at ¢ = 0.

Exponential input-to-state stability is implied by the ex-
istence of an exponential ISS Lyapunov function, which we
define in a dissipative form as follows.

Definition 4. Let a nonempty closed set A C X be given.
A function V : X — Ry, which is continuous on X\A, is
called an eISS Lyapunov function for % w.r.t. A if there
ezist constants w,w,b,k > 0 and v € K such that

wlely < V() <wlzlly, VreX, (14a)
DVu(r) < —kV(2) +v(Julg0), Yz € X\Au€lU.
(14b)

Proposition 5. Let Assumption 1 hold. Also assume that
A is bounded or ¥ is forward complete. If there ezists an
elSS Lyapunov function for ¥ w.r.t. A, then ¥ is elSS
w.r.t. A.

The proof follows similar steps as those in the proof of
[14, Prop. IV 4]. In particular, we obtain the validity of the
elSS estimate (13) on the whole domain of the solutions
of the system. Furthermore, the BIC property guaran-
tees that the solutions satisfying the elSS estimate can be
extended to the whole positive semi-axis.

Example 6. If A is unbounded and X is not forward com-

plete, then Proposition 5 does not hold in general. In par-

ticular, A may contain trajectories with a finite escape

time. FEven if we assume that trajectories starting in A

are all forward complete (as the system is linear in the

neighborhood of A), Proposition 5 may still not hold.
Consider the following planar system:

[z, y),
f@y)+ (@ —y),
where f(z,y) = x whenever x —y € [—1,1], and f(z,y) =
x + (k —1)a? whenever |z —y| =k, k > 1.

Let us study the stability of this system with respect to
A = {(z,x) : » € R}. Take V(z,y) := (z —y)?. As
(@, y)la = J5le —yl, it holds that V(z,y) = 2|(z,y)|%-
Since J

Ga—y=—@—y)

(15a)
(15b)

-

Y

we obtain

V(Z’7 y) - _ZV('T7 y)
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Hence, V is an exponential Lyapunov function for (15).
Furthermore, all trajectories starting in A or in a neigh-
borhood of A are forward complete. At the same time,
there are trajectories of (15) with a finite escape time.

3. Small-gain theorem

In [14], a small-gain theorem for interconnections of
countably many eISS subsystems (1) with linear internal
gains has been developed, which allows to analyze stability
of infinite networks consisting of individually eISS subsys-
tems. Here, we extend this result to the case of eISS with
respect to closed sets. Although mathematically its proof
follows similar steps as those in that of the original eISS
small-gain theorem in [14], this extension enables us to de-
velop a framework for control and observation of infinite
networks, cf. Section 5 below.

3.1. The gain operator and its properties

We assume that each ¥; is eISS, and for ¥; there exists
a continuous elSS Lyapunov function w.r.t. A; with linear
gains as introduced next.

Assumption 7. For each i € N, there is a nonempty
closed set A; C R™ and a continuous function V; : R™ —
R satisfying the following properties.

o There are constants o, @; > 0 so that for all z; € R™

aglailty < Vi) < @il - (16)

o There are constants \; > 0, v;; > 0 (j € I;) and
Yiuw > 0 so that the following holds: for each x; €
R™ \ A;, u; € L®(Ry,R™), each internal input T =
(Z;)jen € CO°(R4, X) and for almost all t in the maz-
imal interval of existence of ¢;(t) = ¢;(¢t, zi, (T, u;)),
the following inequality holds:

DF (Vi 0 ) (t) < —AiVilai(t))
3 Vi@ ) + w17
j€I;
e For all t in the mazimal interval of the existence of

@i, it holds that Dy (V; 0 ¢;)(t) < oo.

The gains ;; and decay rates A; characterize the re-
sponse of the i-th subsystem on the internal inputs from
other subsystems.

We furthermore assume that the following uniformity
conditions hold for the constants introduced above.

Assumption 8. (a) There are constants o, @ > 0 so that
a<o <o <o €N (18)
(b) There is a constant A > 0 so that for all i € N

A<\ (19)

(¢) There is a constant 7, > 0 so that for all i € N

In order to formulate a small-gain condition, we further
introduce the following infinite nonnegative matrices by
collecting the coefficients from (17)

A= diag()\17)\27)‘31"')1 .= (’yij)i,jEN>
where we put 7;; := 0 whenever j ¢ I;. We also introduce
the infinite matrix

U= AT = (Yig)igen, iy = 7\# (21)

X3

Under an appropriate boundedness assumption, the
matrix ¥ acts as a linear operator on ¢! by (¥z); =
Z;il lllijl‘j for all + € N.

We call ¥ : /! — /' the gain operator associated with
the decay rates A; and coefficients ;;.

We make the following assumption which is equivalent

to I' being a bounded operator from ¢! to ¢*.

Assumption 9. The matriz I' = (v;;) satisfies

I

o0
1,1 = supZ’yij < 00, (22)
JEN

i=1

where the double index on the left-hand side indicates that
we consider the operator norm induced by the ¢*-norm both
on the domain and codomain of the operator T'.

Clearly, under Assumptions 9 and 8(b), the gain oper-
ator ¥ is bounded (see also [14, Lem. V.7]). Moreover,
clearly ¥ is a positive operator with respect to the stan-
dard positive cone £} := {z = (z1,22,...) € {' : x; >
0, Vi € N} in £', i.e., it maps ¢} into itself.

8.2. Small-gain theorem: elSS with respect to closed sets

In this section, we prove that the interconnected sys-
tem X is exponentially ISS under the given assumptions,
provided that the spectral radius of the gain operator sat-
isfies (V) < 1. In particular, we construct an overall eISS
Lyapunov function as a linear combination of individual
ones given by Assumption 7. This is accomplished by the
following small-gain theorem.

Theorem 10. Consider the infinite interconnection X,
composed of the subsystems ¥;, i € N, satisfying As-
sumption 1. That is, ¥ is well-posed as a system with
state space X = (P(N,(n;)), space of input values U =
9(N, (m;)) with finite p,q, and the external inpul space
U, as defined in (4), and has the BIC property. Con-
sider nonempty closed sets A; C R™ and assume that
A= XN (A x A2 x ...) is nonempty. Also assume
that A is bounded or ¥ is forward complete.

Furthermore, suppose that the following conditions hold:
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(i) FEach ¥; admits a continuous eISS Lyapunov function
Vi w.r.t. A; so that Assumptions 7 and 8 are satisfied
with A; as above, and with p,q as in the definition of
X, U above.

(ii) The operator T : {1 — 01 is bounded, i.e., Assumption
9 holds.

(i3i) The spectral radius of U satisfies r(¥) < 1.

Then there exists a vector u = (f;)ien € £°° satisfying
1< pi <7t with constants p, @ > 0 such that

PT(~A+T) < —doopt” (23)

with a constant Aoo > 0. Moreover, the function V : X —
R4, given by

Vi) =3 Vi), (24)
i=1

s an eISS Lyapunov function for the network ¥ w.r.t. A
and has the following properties:

(a) V is continuous on X \ A.
(b) Forallz® € X\ A andu el

D¥Vu(2°) £ =AooV(2%) + 707, [ul] o
(c) For all x € X the following inequalities hold:
nalzlfy < V(z) < palelf. (25)
In particular, ¥ is eISS w.r.t. A.
Proof. According to [14, Lem. V.10], the condition r(¥) <
1 implies that there exists a vector g = (p;)ien € £
satisfying p < pu; < 7 such that (23) holds.

An eISS Lyapunov function for X is defined as in (24)
with p € £°° satisfying (23). It is well-defined, because

oo oo
0<V(z) <> pitilaill, < aluloe Y |2il%,
i=1 =1

= afftlos|z[} < o0,

where we used Lemma 2. This also proves the upper bound
for (25). The lower bound for (25) is obtained analogously,
and thus inequality (14a) holds for V' (with b = p). The
rest of the proof is a straightforward extension of the proof
of [14, Thm. VL.1]. We omit the details, but only mention
that the inequality (23) is crucial for the proof of the Lya-
punov estimate (14b).

Finally, since we assume that A is bounded or ¥ is for-
ward complete, then X is eISS in view of Proposition 5. [

Set stability of time-invariant systems covers several im-
portant problems such as stability analysis of time-varying
systems and observer design, among others. The next sec-
tion specifically discusses these two applications.

4. Small-gain theorem for infinite time-varying
networks

Although Theorem 10 only considers time-invariant sys-
tems, it can also be applied to time-varying systems
by transforming them into time-invariant systems of the
form (3). To see this, consider the time-varying system

= f(t,z,u), (26)

where r € X, u € U and f: Rx X x U — X is continuous
with f(¢,0,0) =0 for all t € R.

We assume that the state space X and the input space
U are chosen as X = (P(N,(n;)) and U = (9(N, (my)),
respectively, for fixed p,q € [1,00). The same class of
admissible input functions as in (4) with R in place Ry is
considered here.

Similarly as we did in Section 2.2, one can introduce
the concepts of solution, well-posedness, and forward com-
pleteness for the system (26). If (26) is well-posed, for any
initial time t® € R, initial value 2° € X and input v € U,
the corresponding maximal solution in the positive direc-
tion of the system (26) with x(t°) = 2° is denoted by
(-, 10,2 u).

In this section, we assume:

Assumption 11. The system (26) is well-posed with state
space X = (P(N,(n;)) and external input space U =
/1(N, (m;)) for some p,q € [1,00). Furthermore, all of
its uniformly bounded mazimal solutions in the positive
direction ¢(-,t°, 2°,u) are global, i.e., exist on [ty, ).
Definition 12. The system (26) is called uniformly ex-
ponentially input-to-state stable (UelSS) if it is forward
complete and there are constants a, M > 0, independent
of 9, and v € K such that for any initial time t° € R,
initial state 29 € X and external input w € U the corre-
sponding solution of (26) satisfies for all t > t° that

|6t 10, 2%, w)|p < Me™ "= 20|y (|u(t®+)|g,00)- (27)

The uniformity here means that the transient term on
the right-hand side of (27) depends on ¢t — ¢, and not on
t and to individually.

By adding a “clock”, one can (see [29]) transform (26)
into

y=1,
z= f(y7 Zvu)v (28)

where y € R, z € X, u € U. We equip R with an arbitrary
norm | - | and turn R x X into an ¢P-space by putting

[(ys 2)lp 2= (lyl” + 1215) "7

Denoting the transition map of (28) by b=t (y,2),u),
and its z-component by ¢s, we see that the following holds:

Dt 10, z,u) = do(t — 10, (1%, ), u(t® +-)) Wt > 0. (29)

The stability properties of (26) and (28) are related in the
following way:



Journal Pre-proof

Proposition 13. The system (26) is UelSS if and only if
(28) is eISS with respect to the closed set A =R x {0}.

The proof is straightforward and thus omitted here.
Assume that the system (26) can be decomposed into
infinitely many interconnected subsystems

i €N, (30)

with t € R, z; € R", z € X and u; € R™. Also,
let fi: R x R™ x X x R™ — R™ be continuous with
fi(t,0,0,0) =0 for all t € R.

With each of the systems (30), we associate a time-
invariant system by

&y = filt, x5, T, u5),

Z; = fz(zl’ (yv z)vui) = fi(%zivz? ui)7 (31)

where the time ¢ now becomes an additional internal input
Y.
Define Ap := R and A; := {0} C R™ for all i > 1. Ag-
gregating all subsystems (31), ¢ € N, and adding the clock
y = 1 as the Oth subsystem, we obtain an infinite network
of the form (28), modeled on the state space ¢?(Ny, (n;))
with ng := 1.
To enable the stability analysis of the composite system,
we make the following assumption.

Assumption 14. For each i € N, there exists a continu-
ous function V; : R™ — R, satisfying the following prop-
erties:

o There are constants o, a; > 0 so that for all z; € R™

a;lzil” < Vilz) < @ilzl”. (32)

o There are constants A;, Vij, Viu > 0 so that the follow-
ing holds: for each z; € R u; € L°(R,R™), each
internal input (y,z) € CO(R,Rx X) and for almost
all t in the maximal interval in the positive direction
of existence of ¢;(t) = ¢i(t, 2, (Y, Z),u;), one has

D (Vio¢i)(t) < —A\;Vi(@(t)) + Z i3 Vj(25(t))

+ Yiului ()% (33)

where we denote the components of z by z;(-).

e For all t in the maximal interval in the positive direc-
tion of the existence of ¢;, one has D4 (Viop;)(t) < oo.

Note that due to the inequalities (16) and Ay = R, we
necessarily have V5 = 0 for the eISS Lyapunov function
of the Oth subsystem (the clock). Furthermore, we can
choose Ag as an arbitrary positive number and 7o, := 0 for
all j € N.

The following corollary of Theorem 10 is our small-gain
theorem for time-varying networks.

Corollary 15. Consider networks (26) and (28) and as-
sume that they are well-posed in the sense of Assump-
tion 11 and Assumption 1, respectively. Further suppose
the following:

(i) Assumption 14 holds.

(i1) The constants in Assumption 14 are uniformly
bounded as in Assumption 8.

(11i) Assumption 9 holds.
(iv) The spectral radius of ¥ satisfies r(¥) < 1.

Then the composite system (26) is uniformly eISS.

5. Distributed observers

We consider the problem of constructing distributed ob-
servers for metworks of control systems. For simplicity,
we set the external inputs u; to zero (i.e., u;(t) = 0 for
all 4 € N) and focus on the network interconnection as-
pect, rather than discussing the construction of individ-
ual local observers. For more details on observer the-
ory for nonlinear systems, an interested reader is referred
to [30, 31, 32, 33, 34].

Our basic assumption is that in a network context, we
have local observers for all subsystems. We assume that
the states of these local observers asymptotically converge
to those of subsystems, given perfect knowledge of the
states of neighboring subsystems. Of course, such informa-
tion will be unavailable in practice, and instead each local
observer will at best have the state estimates produced by
other, neighboring observers available for its operation.

5.1. The distributed system to be observed

Let the distributed nominal system consist of infinitely
many interconnected subsystems

o {-Tz = filxi, Ts) 7

i€ N.
Yi = hi(xi, T;)

(34)

While x; € R™ is the state of the system ;, the quantity
y; € RP (for some p; € N) is the output that can be mea-
sured locally and serves as an input for a state observer.
We denote by Z; the vector composed of the state vari-
ables x;, j € I;. Although our general setting allows each
subsystem to directly interact with infinitely many other
subsystems, in distributed sensing normally each subsys-
tem is only connected to a finite number of subsystems.
Therefore, the set I; is assumed to be finite in this ap-
plication. To make this observation as clear as possible,
in (34), as opposed to the main body of the paper, we use
the notation Z; in place of Z. Further, we assume that
fi: R x RN — R™ and h;: R™ x RN — RP: are both
continuous, where N; := " 1 n;.

5.2. The structure of the distributed observers

It is reasonable to assume that a local observer O; for
a system X; has access to y; and produces an estimate Z;
of x; for all t > 0. Moreover, we essentially need to know
x; for all j € I; to reproduce the dynamics (34). Access
to this kind of information is unrealistic, so instead it is
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assumed that it has access to the outputs y; of neighboring
subsystems and /or the estimates &; for j € I; produced by
neighboring observers. For more details, one may consult
the literature on distributed observation and filtering; see
e.g. [35] for distributed observers in which the outputs and
the state estimates are exchanged among local observers
and [36] for those in which only state estimates are shared.

Here, we suppose that each local observer is represented
by

, 1€N,

0, {xz :{i(xivyi,yiaxi) (35)

9 = hi(®, %)
for some appropriate continuous functions fz and ﬁi, re-
spectively. Here, 7, (resp. ;) is composed of the outputs
y; (resp. state variables &;), j € I;.

Necessarily, the observers are coupled in the same direc-
tional sense as the original distributed subsystems. Based
on the small-gain theorem introduced above, this leads us
to a framework for the design of distributed observers that
guarantees that an interconnection of local observers expo-
nentially tracks the true system state. Thus, we consider
the composite system given by

(36a)
(36Db)

&y = fiws, ),  yi = hi(2i, Ty),

5.8. A consistency framework for the design of distributed
observers

Denote by ¢; and (ﬁz the transition maps of the x;-
subsystem and #;-subsystem of (36), respectively, and de-
fine

A; = {(.’EZ,.fz) e R™ x R™ Z.Ti:.fi}, € N.
Denote also by ¢ and (ﬁ the transition maps of z-subsystem
and Z-subsystem of (36), respectively.

Assumption 16. We assume that the sequence of local
observers O = (O;)ien for X = (X;)ien is given. Further,
there is p € [1,00) so that for each i € N there exist a
continuous function V;: R™ x R™ — R, as well as con-
stants o, 0; > 0 and A\, 75 > 0, j € I; such that for all
i, T; € R™ the following holds:

a;l(wi, @)%, < Vilwi, @) <@il(ws,2)%,. (37)
Here, we endow the state space R™ of 3;, the state space
R™ of the observer O;, and the state space R™ x R™ of
the composite i-th subsystem with the £y-norm.

Furthermore, we assume that the dissipative estimates

DT (V; o (¢, 1)) (1) < — AiViloi(t), b4 (1))
) i Vilas(t), 25(1))

JEL;

(38)

hold for all i € N. Furthermore, for all t in the mazimal
interval in the positive direction of the existence of ¢; and
¢; we have D (V; o (¢, 1)) (t) < oc.

Following our general framework, we choose the state
space for the system ¥ = (3;);eny and for the network of
local observers O = (O;)en as X := (P(N, (n;)) for p as in
Assumption 16.

We would like to derive conditions which ensure that
the network of local observers O = (0 );en is a distributed
observer for the whole system ¥, i.e., the error dynamics of
the composite system (36) is globally exponentially stable.

Following our approach, the state space of the total com-
posite system consists of sequences (z;, #;)$2, with a finite
{p-norm:

(@i, )24, =

(X lw.zr)”
=1
(iwu ) < ox.

=1

Hence, we can view the state space of the total compos-
ite system as the Banach space X x X with the norm

1/p
)l = (22 +Iylz) " (,9) € X x X. Define

A={(z,2) e X x X : 2 =7}
= (X x X)N (A x Az x...). (39)

Here is the main result of this section.

Theorem 17. Consider the infinite interconnection X,
given by equations (34), and the corresponding compos-
ite system (36), with fized p € [1,00). Let the following
hold:

(i) (36) is well-posed and forward complete as a system
on X x X.

(i) Each ¥; admits a continuous eISS Lyapunov function
Vi so that Assumptions 8 and 16 are satisfied.

(11i) Assumption 9 holds.
(iv) The spectral radius of ¥ satisfies r(¥) < 1.

Then the composite system (36) admits a Lyapunov func-
tion w.r.t. A as defined in (39) of the form

o0
V(z, &)=Y piVi(wid:), V:XxX Ry  (40)
=1

for some p = (pi)ien € £ satisfying p < p; < [ with
some constants p,fi > 0. In particular, the function V
has the following properties:

(a) V is continuous on (X x X)\ A.
(b) There is a Moo > 0 so that for all x° € (X x X)\ A

DTV (2%) < AV (20).
(¢) For all z,3 € X, the following inequalities hold:

pal(z, @) < V(z, &) <pal(z, 2).  (41)
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Consequently, the error dynamics of (36) is globally expo-
nentially stable, i.e., there are M,a > 0 so that the follow-
ing holds for all x,& € X and all t > 0O:

|¢(t7 x) - qg(tv i)lp S Meiat|x - j|P7 (42)

which in turn means that O = (O;)ien s a distributed
observer for X.

Proof. Applying Theorem 10, we obtain that V' is an expo-
nential Lyapunov function for the composite system (36)
with respect to the set A.

The distance of (z,y) € X x X to the set A can be
computed as

(@)l = inf () = (22)xx
: p p 1/p -t
= inf (lo =2+ ly =) " =27 o -yl (43)

where the infimum is achieved at z = £ (z + ).
To see this, note that for every p > 1 the function f :
x +— P is convex, so in particular

f@/2+y/2) < f(2)/2+ fy)/2.

Using the triangle inequality, we obtain

|z —ylp <

> i — il + |2i — wil)?
= Zf |lwi — zil + |z — wil)

< *Zf 2|I1_Z1[ Zf2‘zz_yz
= 2p_1(2‘33i*Zi|p+Z|Zi—yi‘p)-

This implies

2= (P=1)/p|y —yl,

< (lz =25+ | =yl 7,

and allows us to represent the norm of the error
eft,z, &) = §(t,z) — d(t, )
of the observer system (36) as

le(t, 2, )], = (t,2) — B(t,2)];

. o (44)

=27 |(6(t,2), &(t,2)) | -
Hence, global exponential stability of (36) w.r.t. A im-
plies global exponential stability of the error dynamics
(w.r.t. the X-norm). O

5.4. Example

Consider an infinite network with sector nonlinearities,
whose subsystems are described by

yi = Ciw;
where A; € Rwxni B, € R%, G, € R%, D; €

RniXNi7Ci € Rpixmi N, = ZjEIi nj, L = {2}, and
I; = {i —1,i+ 1} for all i > 2. Let us take the stan-
dard Euclidean norm on each R™, R™ and RM:. That is,
we choose p = 2.

We assume that the pair (A;,C;) is detectable for all
¢ € N. This ensures the existence of matrices L; € R™i*Pi
such that A; := A; + L;C; are Hurwitz for all i € N.

Let the observer O; be given for all i € N by

Oi : jil
Yi

Assume that A;, F;, G;, D;, L; and C; are uniformly
bounded for all ¢ € N, ie., ||4;]] < a,[|Ei] < e, |G <
G IBill < b, Ds]| < d, ||Lf| <1 and [|Ci]| < c. We as-
sume that the functions ¢; : R — R have some regularity
properties (e.g. local Lipschitz continuity) such that well-
posedness of the overall network (45) and (46) and the BIC
property with the state space £2(N, (n;)) x £2(N, (n;)) are
ensured.

Now, for all i € N define the function V; as

= A Eipi(Gi#s) + Didti —
- O,

Li(yi — 1), (46)

Vi(wi, &) ==

where P; € R™*™ 4 = 1,...,n are symmetric, positive
definite and uniformly bounded matrices, i.e.

(.’Iii — Z%Z)sz(xz — .Ci'l),

Amin(P)|@; — #4)% < Vi@, 84) < Amax(P)|zi — 242, (47)

where 0 < p S )\min(Pi) S )\max(Pi) S ﬁ < 0. )\min
and Apax are, respectively, the smallest and largest eigen-
values. In that way, conditions (37) and (18) hold with
o = Amin(lji)7 Q; = )\max(Pi)a a=p,and @ =p.

Moreover, assume that for all i € N, z; € R™, the
inequality

2w — &) Pi(Ai(wi — &) + Ei(0i(Gimi) — i(Giy))) <
— ri(xi — &) T Py — &) (48)

holds with k; > k > 0 for some k. We have

oVi(xi, ) OVi(zi, &) ;. =
<T7fl( iy L Z)> <Tafz(x17yl7yuxz)>:
2w; — &) Pi(Ai(wi — &) + Ei(0i(Gimi) — 0i(Gidii)))
+ 2(£L'i — .ﬁz)TPZDZ(.fl — 17'1)

Since P; is positive definite, \/P; is well-defined, and we
have

2(z;—1;) " PiD;(%; — %)
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= 2(x; — &) VPV PiDy(T; — &)
<2V Pz — )| - [V PiDi(Z; — &)

. 1 =
< eV Pi(wi — &) + ;H\/ P;D;|?|z; — &)

1 _
Ei(l'i — i‘Z)TPZ(CL'l — i’l) =+ ;H\/ P1D2||2|:fl — Ci?l‘2

Using (48), and choosing ¢; € (0, k;), we obtain

<8Vi (w4, %)

oVi(wi, i)
- OVil@i, &i) )

65&1 7f1(jz7yzagl7'%l)

»fi(xi7fi)>+<

< €)(@i — ;)T Pi(w; — &) |z — 5

\/FZDZ 2 =
—(ri — il . ” >

7

From the first inequality of (47) and since I; = {i—1,i+1},
one has

<

Vi (x5, &) _
<T7fz(93m$z)>+<
— (ki — &) Vilws, 34)
| VD

€

oVi(xs, &) 4. _ =
vaz(xwyz’ywx%)>

(Vi—l(ﬂﬁi—hfi—ﬂ

Vig1(®it1, Zi1) )
)\min(-P'ifl)

Amin (Pit1)

Clearly, condition (38) is fulfilled with A\; = k; — €, Ajj =
2

% for all j € I;. To verify (19) and (22), we choose

iAmin (Pj

€;’s so that there exist ¢,€ > 0 with e < ¢; <€ < c0. In

— 2

that way, A = k — € and \;; < pg%. Finally, we need to

verify the spectral radius condition for which we use the

following sufficient condition

(W) < [[¥ff <1, (49)

2 .
with 9y #ﬂ)(%) for jo€ I; and v;; = 0 oth-

erwise. The second inequality of (49) is clearly satisfied
if

_
(k —=€)pe

<1,

which, in turn, holds for appropriate choices of ¢; and suffi-
ciently small d. The latter particularly implies sufficiently
small coupling between subsystems.

6. Conclusions

We developed a small-gain theorem ensuring exponen-
tial ISS with respect to a closed set for infinite networks.
The small-gain condition was given in terms of the spectral
radius representing the strength of the couplings between
participating subsystems, for which there exist several in-
sightful criteria, see [16, 37]. We illustrated the applicabil-
ity of our small-gain theorem by applying it to the stability
problem for time-varying infinite networks and distributed
state estimation.
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