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The measurement and manipulation of coherent optical fields have been transformed by the

optical frequency comb. Today, the optical frequency comb grants measurements precise enough

to count individual cycles of light as well as the generation of nearly any coherent electromagnetic

field from the ultraviolet through the infrared. These capabilities have enabled the most precise

realizations and comparisons of time, precision spectroscopy over broad bandwidths, and the ability

to convert stable signals between optical and microwave fields–seamlessly connecting the entire

electromagnetic spectrum from hertz (100) to petahertz (1015). These applications involve the

interference of a frequency comb with another coherent light source, such as another frequency

comb or a single-frequency continuous-wave laser. However, coherent light represents only one

type of light. The vast majority of light emanates from “black bodies” such as stars, which is

in a thermal state as opposed to a coherent state, and carries profound information about the

universe and humanity’s place within it. Other types of light defy classical electromagnetism and

are known as non-classical or quantum light. Such quantum light may play central roles in quantum

communication, quantum computation, and quantum-enhanced metrology. In this thesis, the use

of the optical frequency comb in the interferometric measurement of thermal and quantum light is

investigated, with a focus on assessing fundamental limits to the sensitivity of such measurements.

In order to measure thermal light, a technique called dual-comb correlation spectroscopy is

explored. This technique entails heterodyne measurement of the field of thermal light and sub-

sequent correlation of the field in time. This process reveals the spectrum of thermal light at

high resolution and across broad bandwidths. New theoretical work uncovers previously unknown
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fundamental limits on sensitivity when measuring realistically weak thermal light. Experimen-

tal investigation verifies this scaling and is accompanied by a demonstration of spectroscopy at

the equivalent power spectral density of our Sun, realizing a greater than 1000-fold sensitivity in-

crease over past demonstrations of this technique. These insights pave the way for expansion of

this technique to comb-based spatial correlation of thermal fields. This advancement would allow

for extended baseline synthetic aperture hyperspectral imaging throughout the optical spectrum,

facilitating novel and profound observations of the universe.

The use of frequency combs for the measurement of quantum light is also investigated. This

scenario breaks typical quantum optics assumptions, such as large, mode-matched local oscillators,

and necessitates new quantum measurement operators. Such measurement operators are derived,

which not only describe homodyne measurements on any quantum state of light with a frequency

comb local oscillator, but also indicate that the shot noise limit generally reached in comb-based

measurements of coherent light (such as in continuous-wave laser heterodyne and dual-comb spec-

troscopy) does not correspond to the quadrature or coherent state-overlap description standard

in quantum optics. Efforts to experimentally reach this “standard” quantum limit demonstrate a

significant improvement in the signal-to-noise ratio over the conventional comb-based shot noise

limit, paving the way for lower-power portable optical clocks and quantum-enhanced frequency-

comb metrology.
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1

It is human nature to be curious and seek new experiences to better understand our world. One

natural avenue for this curiosity is through measurement, which is the quantification of some

thing. Although we may merely seek, initially, to satisfy our curiosity, these measurements often

reveal deeper mysteries about the universe beyond our imagination. Such mysteries provoke new

questions for which we seek new and more advanced measurements. This continued advancement

in measurement has driven our current technological and scientific revolution, profoundly changing

the way humans interact with each other and within nature.



Chapter 1

Introduction

In the more than 200,000 years that humans have been a species, it is only in the past 10,000

years that large-scale civilization has grown. As these societal networks grew, new measurements

were needed to sustain these complex organizations [1]. Such measurements include counting large

numbers of objects (perhaps leading to early writing), delimiting and distributing agricultural

land (such as after the annual flood of the Nile valley), and ensuring fair trade standards (such

that a bushel of wheat meant the same for everyone).1 The proliferation of measurements for

the organization of society also laid the groundwork for scientific and technological advance. One

notable example is timekeeping, whose primary purpose 500 years ago was to synchronize lives and

labor in cities [2]; today, the most advanced timekeeping measures if fundamental constants are

truly constant [3, 4]. The reciprocal relationship also exists–measurements that advance science

also impact society. For example, networks of rubidium atomic clocks form the Global Positioning

System (GPS), which provides the positioning and timing infrastructure on which our society so

heavily relies today.

Advancement in measurement arises when one can measure something that was not measur-

able before. Very often, this occurs when sensitivity increases. For example, the Laser Interferome-

ter Gravitational Wave Observatory (LIGO) is built around a large optical interferometer, the basic

design of which has been understood since the 19th century [5]. Through advancements in laser

and materials science, coupled with moving to larger physical scales, instrument sensitivity has
1 It was during the first French revolution that the Système International D’Unités (SI) was created to promote

fairness and equality.
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increased such that one can detect gravitational waves emitted by colossal celestial events. LIGO

now provides an entirely new view of the universe, granting the measurement of fundamentally

different phenomena than ever before [6].

However, before new and more advanced measurement instruments can enable these discov-

eries, their sensitivity must be understood and quantified. In this thesis, I seek to understand the

fundamental limits on uncertainty and sensitivity2 for new measurements of light. Specifically, I

investigate the use of a revolutionary tool called an optical frequency comb to measure coherent,

thermal, and quantum light. This investigation reveals new bounds on uncertainty and sensitivity

for important applications such as astronomical spectroscopy and imaging, timekeeping, and pre-

cision sensing in general. To understand the context of this work, I first offer a brief history for

the general reader before providing an outline of this thesis. I begin with an overview of measuring

frequency and time, upon which my research builds.

1.1 Measuring Time and Frequency

The measurement of frequency and its conjugate quantity time has seen dramatic advance-

ment over the past millennium. Humans naturally follow a circadian clock set by the cycles of night

and day, as well as by the passing seasons that dictate planting, harvesting, and access to food

sources. Through the development of new technologies, we have divided time into increasingly fine

increments, far beyond that dictated by Earth’s rotation and relationship to the Sun.

One of the first uses for finer timekeeping was the tracking of celestial bodies in the night

sky, both for astronomy and astrology. Astronomers were interested in predicting the night sky

and building a map of the galaxy. In measuring the positions and velocities of stars and planets

overhead, they required a stable timekeeper independent of the Sun. By the late 17th century,

the most stable clocks were built on pendula, an invention credited to Christiaan Huygens (1629-

1695) that was based on earlier work by Galileo Galilei (1564-1642), who noted the isochronism of
2 Sensitivity is concerned with how small a quantity one can detect or how small a change in a quantity one can

detect. Sensitivity is closely related to uncertainty, which quantifies the consistency of a measurement.
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pendula. Such clocks indicated time to the minute, yet in a pattern that would continue to occur,

a finer demarcation was desired, and astronomers would track the individual teeth on the gears of

the clocks to measure celestial trajectories at second-level uncertainties [2].

During the expansion of maritime trade and European colonization the question arose: how

could one know where on Earth one was–or, more pertinently, how close to land? A clock that

operated independently of the sun and stars allowed sailors to establish longitude. Sunrise and

sunset could be compared with the time read on the marine chronometer, thereby computing

a “time zone.” John Harrison (1693-1776), after several failed attempts, successfully brought a

sufficiently stable timekeeper to sea by miniaturizing the mechanical clock, using a higher frequency

5 Hz balance spring instead of traditional pendula-based clocks.3

The advance of timekeeping has largely followed the dual discovery and development of new

oscillators and methods of tracking or ”counting” such oscillations at ever higher frequencies. Using

higher frequencies, one can divide time into finer and more regular increments. This is analogous to

a meter stick with finer millimeter markings, as opposed to courser centimeter markings, enabling

length measurement at a finer scale. By counting these fast oscillations, we are able to translate

this precision to the timescales of interest such as seconds, hours, and days.4

By the mid-20th century, the piezoelectric quartz crystal (10s kHz to 100s MHz) had suc-

ceeded the balance spring mechanical oscillator (few Hz), and this technology is used today in every

electronic device to clock and coordinate intricate chip-level computations (and to tell the time).

Shortly thereafter, atoms surpassed quartz crystals. Each atom (of the same isotope) is exactly

the same as the next one, promoting consistency between different clocks. Furthermore, electronic

oscillations in atoms like cesium were found at frequencies higher than those of quartz. Cesium

clocks were much more regular than the Earth’s orbit (solar year), on which the existing “ephemeris

second” was defined, and these clocks are now used to define the modern-day second; the oscilla-
3 The balance spring was a breakthrough stable source of frequency and time and is still used today in fine

mechanical watchmaking.
4 Another related benefit is that the uncertainty of high frequency oscillators is divided down when the oscillator’s

frequency itself is divided down, such as to the human scale of single Hz (one oscillation per second).
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tion frequency corresponding to the transition between the hyperfine ground states of cesium 133

is defined at 9,192,631,770 Hz (9 GHz).5 Such cesium clocks require not just the cesium atom,

but a stable microwave oscillator6 to lock to the atom. In a way, the equivalent of the mechanical

pendulum oscillator is now the joint system of coherent electromagnetic waves (at 9 GHz) and the

atoms they drive. Indeed, the atomic clock revolution was enabled by breakthroughs in the control

of radio-frequency electromagnetic radiation, owing to many developments throughout the 19th

and early 20th centuries, such as the discovery of Maxwell’s equations [8], progress in radar, and

invention of the maser [9].

Even as the cesium standard was adopted, it was understood that more accurate definitions

of time and frequency could yet be realized through atomic spectroscopy at higher frequencies, such

as in the optical range or beyond (100s+ THz). However, while the microwave oscillations could be

counted by existing electronics (much as the individual oscillations of a pendulum could be counted

in the mechanical clock) no means to measure and track the cycles of light existed. No “gear”

could connect the optical transition to the ticking second hand. It was not until the invention of a

broadband laser light source called the optical frequency comb [10] that this connection was made.

Shortly thereafter, this discovery enabled the current generation of optical clocks, which are the

most accurate keepers of time today [4]. At the time of writing this thesis, laser excitation and

spectroscopy of a low-lying nuclear transition of thorium-229 have been demonstrated at 2 PHz

[11, 12, 13], heralding a new era of nuclear atomic clocks operating at frequencies in and beyond

the vacuum ultraviolet, measuring time and frequency with even greater precision.

1.2 Optical Frequency Combs: Their Applications and Capabilities

Out of the pursuit of enhanced timekeeping, the optical frequency comb arose as a means to

connect the world of microwaves (0 Hz to 1 THz) and the world of light (1 THz-10 PHz+), granting
5 Today, cesium clocks from all over the world coordinate to form International Atomic Time (TAI), which is the

basis for Coordinated Universal Time (UTC). Another network of atomic clocks underpins the Global Positioning
System (GPS), a crucial timing and positioning network formed from atomic clocks on each satellite and a primary
reference at the United States Naval Observatory [7].

6 A maser (microwave amplification by stimulated emission of radiation) is used to generate this stable microwave
radiation.
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the ability to establish and compare new optical clocks. However, the impact of the frequency

comb goes beyond timekeeping. Often referred to as a ruler or meter for light, the frequency comb

enables counting and control of every cycle of the electromagnetic field of light, which occurs at the

femtosecond and subfemtosecond levels, or faster than a millionth of a billionth of a second. Today,

the frequency comb is used to generate highly stable microwaves [14], transfer time across vast

distances [15, 16], and perform ultrahigh-resolution and broadband direct spectroscopy [17]. Not

only does the optical frequency comb grant absolute measurement of electromagnetic fields of light,

it also allows for the generation and arbitrary control of nearly any coherent optical field [18]. These

established and emerging capabilities now extend a level of mastery over coherent optical fields that

has long been exercised at much slower frequencies, i.e., radio waves. Just as technological command

of radio waves has revolutionized communication, computation, ranging, medicine, astronomy, and

a host of other fields and parts of our lives, it is likely that this relatively newfound mastery of

coherent light will further enable profound technologies and scientific discoveries.

1.3 Electromagnetic Fields Beyond Coherent States

Coherence7 is a property that describes the regularity of electromagnetic radiation and is a

hallmark of laser light; the electromagnetic field of laser light is highly regular in its oscillation.

The frequency comb can be understood as a coherent state of light. And its use has largely been

applied toward interferometry with other coherent states of light, such as other frequency combs

or continuous-wave (single-frequency) lasers. Yet, there are other states of light of great interest.

For example, thermal light constitutes the vast majority of light in our universe, and quantum

(nonclassical) light–which defies classical electromagnetism–could increase measurement sensitivity

beyond what is possible with classical (coherent) light. However, the application of the optical

frequency comb for the interferometry with and measurement of thermal and quantum light is

largely unexplored. In this dissertation, I investigate the application of the frequency comb toward

not only coherent states of light, but also thermal and quantum states of light. I do so by providing
7 Coherence is explored extensively in chapter 3.
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new frameworks and experiments that quantify the fundamental sensitivity of such measurements,

which has so far been unknown (see Fig. 1.1).

1.4 Thesis Outline

In chapter 2, I give a general technical background essential for understanding metrology

with optical frequency combs, including a review of statistical distributions, noise, signal-to-noise

ratio, and standard optical interferometry techniques such as homodyne and heterodyne.

In chapter 3, I detail the investigation of a new technique to measure the field of thermal light,

such as starlight, and the subsequent temporal correlation and spectral measurement of this light. I

demonstrate this technique, called dual-comb correlation spectroscopy, on thermal light having the

equivalent power spectral density of a 5770 K black body such as our Sun at a wavelength of 1550

nm. The sensitivity reached in this measurement is a factor of 1000 to 10,000 better than in previous

demonstrations of this technique [19, 20]. I also provide new theoretical work that reveals the

previously unknown fundamental shot noise (quantum noise) limited sensitivity of this technique.

This provides crucial information for how this technique could realistically be used for measuring

distant stellar objects. I also experimentally verify this sensitivity scaling across three orders of

magnitude of thermal light strength. In addition, I provide comparison with more traditional ways

of measuring the field of thermal light (such as through laser heterodyne radiometry), analyzing the

complex trade space of sensitivity and technical complexity. Lastly, I show how this work also lays a

foundation for long-baseline synthetic aperture hyperspectral imaging at optical frequencies–which

could grant the imaging of stellar objects thus far indiscernible in our universe, yielding essential

information on planetary formation, molecular composition, and Earth’s place in the universe.

In chapter 4, I show new theoretical work that provides a quantum description of homodyne

measurements with optical frequency combs in the form of quantum measurement operators. This

quantum optical framework is necessary to describe frequency comb-based measurements of quan-

tum light, thereby providing a road map for quantum-enhanced frequency-comb metrology.8 This
8 The measurement operators derived describe the full statistics of these measurements, which is essential for
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work also reveals a lower quantum limit than previously recognized for the heterodyne measure-

ment of coherent light. This discovery has important implications for optical timekeeping, since

it is through a heterodyne measurement with an optical frequency comb that the timing stability

of an optical atomic transition is translated to electronically countable frequencies. Although it

has been known that the previously accepted “quantum limit” could be surpassed through purely

classical processing [21, 22], there was no defined limit for this improvement. I provide this bound

and detail a series of experiments aiming to reach this bound. Although this limit is not reached, I

detail critical information on the technical challenges involved in reaching this limit. I then provide

calculations and planning to continue seeking this lower frequency comb “standard quantum limit.”

This approach could result in more efficient portable optical clocks and is a necessary step before

experimentally realizing a true quantum advantage in frequency comb metrology.

In chapter 5, I conclude by presenting a broader view of where I believe this work is headed.

describing the uncertainty and sensitivity afforded through such measurements.
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Figure 1.1: The unification of electricity, magnetism, and their dynamics, with notable contri-
butions from James Clerk Maxwell and Michael Faraday [8], combined with the establishment of
quantum theory by Albert Einstein, Max Planck, and many others, such as Roy Glauber [23], have
led to foundational understanding of coherent, thermal, and quantum electromagnetic fields. Tech-
nological progress over the 20th century granted unparalleled control over radio fields, establishing
a coherent link between frequencies from 0 Hz to 1 THz. The optical frequency comb at the turn
of the 21st century provided a coherent link across vastly increased bandwidths, today beyond
PHz frequencies. Just as mastery of coherent radio fields has yielded powerful measurements and
exquisite control of thermal fields in radio astronomy and quantum fields in circuit quantum elec-
trodynamics, it is likely that newfound facility with coherent optical fields–provided through the
optical frequency comb–will enable diverse and impactful capabilities. This thesis describes efforts
to define the fundamental limits for the application of the optical frequency comb toward the mea-
surement of coherent, thermal, and quantum light, with applications in astronomical spectroscopy
and imaging, and quantum-enhanced sensing.



Chapter 2

General Technical Background

Here, I survey general background information essential for understanding this thesis work.

Perhaps the most common figure of merit that assesses sensitivity is the signal-to-noise ratio (SNR),

but in order to fully understand SNR, one must first understand what is signal and what is noise.

Ultimately, these are properties of a probability distribution, so I review the basic nature and

properties of probability distributions. Next, I provide context on a class of statistical distributions

called Gaussian distributions and why they are so ubiquitous and important. I also cover white

noise. Two examples of approximately white Gaussian noise we often see are thermal noise and

shot noise, and I describe their origins.

Lastly, I describe the basics of optical interferometry and homodyne and heterodyne with

continuous-wave local oscillators. I describe how these measurements are made with coherent

signals and their classical shot noise-limited SNR, which prepares the reader for new work in this

thesis establishing the limits of frequency-comb interferometry of coherent, thermal and quantum

light.

Additional technical background specific to Chapter 3 and Chapter 4 is included in those

chapters.

2.1 Signal and Noise

A typical measurement involves reading a number or value, whether on a counter, an os-

cilloscope, or graphed on the computer. This value corresponds to some measurement, but it is
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only in the comparison of this value with other values on subsequent measurements that notions of

signal and noise can be defined. Ideally, we would make many measurements that form a statistical

ensemble, thus yielding (or approximating) a statistical distribution. Most of the time, we simply

assume the structure of the distribution.

2.1.1 Statistical Distributions

Statistical distributions are described by probability densities, e.g., 𝑃(𝑥) where 𝑥 is a possible

value that could be measured and 𝑋 the unknown quantity that is measured. 𝑃(𝑥) must sum to

1, i.e.,

∫
∞

−∞
𝑃(𝑥)𝑑𝑥 = 1 (2.1)

2.1.2 Mean, Variance, and SNR

The average, mean, or expectation value of 𝑋 is:1

⟨𝑋⟩ ≡ ∫
∞

−∞
𝑃(𝑥)𝑥𝑑𝑥 (2.2)

and the variance of 𝑋 is:

𝑉𝑋 ≡ ⟨𝑋2⟩ − ⟨𝑋⟩2 (2.3)

In many instances we encounter in the laboratory, the distributions we deal with are (ap-

proximately) Gaussian and are defined solely by these two values. And usually, we are concerned

with assessing the mean of this distribution, but we are constrained in assessing this mean because

we are sampling across the whole distribution, the width of which is described by the variance.

Thus we define the signal as the mean and the square root of the variance2 as the noise, and the

signal-to-noise ratio (SNR) as their ratio:
1 Here we are assuming the ergodic hypothesis–that temporal averages and ensemble averages are equivalent. This

may not always be the case, and one should carefully define the periods over which one averages or the quantities one
is characterizing in order to satisfy ergodicity. For example, the statistics of pulsed frequency comb measurements are
not stationary in time, and one must measure far beyond the timescale of each repetition period to equate temporal
and ensemble averages.

2 I.e., the standard deviation, thus maintaining a unit-less SNR.
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SNR = ⟨𝑋⟩
√⟨𝑋2⟩ − ⟨𝑋⟩2 = ⟨𝑋⟩

√𝑉𝑋
(2.4)

Note that in general non-Gaussian distributions require more than mean and variance to be

fully characterized. Mean and variance fall into a class of terms called moments and cumulants,

where the first moment is the mean and the second cumulant is the variance. Higher order mo-

ments (and cumulants) are essential to describe more complex probability densities, though here

we concern ourselves with the simple (beautiful) and ubiquitous Gaussian distribution for which

mean and variance are sufficient.

2.1.3 Averaging

As taught in introductory STEM classes, averaging the results of independent but method-

ologically identical measurements produces a more accurate result. Why and how does this happen?

Averaging is a two-step process. First random variables must be added then divided by

the number of measurements. If independent random variables 𝑋 and 𝑌 are added, such that

𝑍 = 𝑋 + 𝑌 , the probability density of 𝑍 is

𝑃𝑍(𝑧) = ∫
∞

−∞
𝑃𝑋(𝑧 − 𝑠)𝑃𝑌 (𝑠)𝑑𝑠 = 𝑃𝑋 ∗ 𝑃𝑌 , (2.5)

which is the convolution of the two probability densities 𝑃𝑋 and 𝑃𝑌 . This has the consequence

that both the means and the variances add, i.e.,

⟨𝑍⟩ = ⟨𝑋⟩ + ⟨𝑌 ⟩ (2.6)

and

𝑉𝑍 = 𝑉𝑋 + 𝑉𝑌 . (2.7)

Since averaging is not only a summation but also a division, we write the mean of the average

as:

𝜇avg = ⟨
𝑁

∑
𝑛=1

𝑋𝑛
𝑁 ⟩ = 1

𝑁
𝑁

∑
𝑛=1

𝜇 = 𝜇, (2.8)
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where 𝜇 is the expectation value for a single measurement, 𝑁 is the number of measurements, and

𝜇avg is the expectation value for the averaged measurement. So the mean or expectation value does

not change with the number of averages.

But the variance does! Note that 𝑉 [𝑎𝑋] = 𝑎2𝑉 [𝑋] = 𝑎2𝑉𝑋, where subscript and bracketed

notation refer to the same functional relationship. This equality can be derived from the definition

of the variance above. Using this equality alongside the property that variances add, we derive the

variance of the average:

𝑉avg = 𝑉 [
𝑁

∑
𝑛=1

𝑋𝑛
𝑁 ] =

𝑁
∑
𝑛=1

𝑉𝑋
𝑁2 = 𝑉𝑋

𝑁 (2.9)

So the variance of the average decreases by the number of averages. As a consequence, the SNR

increases by the square root of the number of averages:

SNR[𝑁] = ⟨𝑋⟩
√𝑉𝑋

×
√

𝑁 (2.10)

Note that often times we also specify the SNR in terms of power ratios, so our power ratio SNR is:

SNRPR[𝑁] = ⟨𝑋⟩2

𝑉𝑋
× 𝑁 (2.11)

2.1.4 Gaussian Distributions

Gaussian, or normal, distributions are spectacularly ubiquitous in physics and statistics and

have a long history in which Carl Friedrich Gauss (1777-1855) is one contributor (and Abraham

de Moivre (1667-1754) and Pierre-Simon Laplace (1749-1827) are other notable contributors). An

enjoyable and technical account of the history can be found in E.T. Jayne’s book Probability Theory

[24]. The Gaussian distribution can be written as,

𝑃(𝑥) = 1√
2𝜋𝜎2 𝑒− (𝑥 − 𝜇)2

2𝜎2 = 𝒩(𝜇, 𝜎2) (2.12)

where the mean of the probability density is ⟨𝑋⟩ = 𝜇 and the variance is 𝑉 [𝑥] = 𝜎2 (see Fig. 2.1).

Since Gaussian distributions are entirely defined by mean and variance, the SNR detailed above is

a very sensible figure of merit for assessing how well we know the distribution and its mean!
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2.1.5 The Central Limit Theorem

Why are Gaussian distributions so common, and why are so many of the physical quantities we

want to measure defined by a Gaussian distribution? While not entirely inclusive of all processes

that result in Gaussian distributions, most Gaussian processes we encounter can be understood

through the central limit theorem, which states that when many (independent) distributions with

finite mean and variance are convolved, the result is a Gaussian distribution. In other words, when

we add many independent variables, the resulting probability distribution is Gaussian. This can

be stated softly for the case of independent processes with the same expectation values3 as:

lim
𝑛→−∞

√𝑛(𝑋̄𝑛 − 𝜇) = 𝒩(0, 𝜎2), (2.13)

where

𝑋̄𝑛 = 𝑋1 + 𝑋2 + 𝑋3 + ... + 𝑋𝑛
𝑛 (2.14)

and

𝒩(0, 𝜎2) = 1√
2𝜋𝜎2 𝑒 −𝑥2

2𝜎2 . (2.15)

Already we can see why measurements (and noise) we encounter in the laboratory are defined by

Gaussian distributions–we are often viewing the result of many uncorrelated events. A proof of

the above can be found in [25], extensive discussion can be found in [24], and excellent intuition

can be gleaned from Grant Sanderson’s Youtube channel 3Blue1Brown [26]. Before we discuss the

connection to thermal noise and shot noise, we note two other common distributions that limit to

the Gaussian distribution.

2.1.6 Binomial Distributions

The binomial distribution describes the probability of one of two outcomes in a sequence of 𝑛

independent measurements. A typical example is a sequence of coin flips, but in a laser metrology

laboratory, a very common setting for a binomial distribution is in balanced detection with a single
3 Though this result holds for any independent processes with finite mean and variance.



16

0 1 2 3 4
Number of Successes

0.1

0.2

0.3

Pr
ob

ab
ili

ty

n = 5

2 4 6 8
Number of Successes

0.0

0.1

0.2

Pr
ob

ab
ili

ty

n = 10

40 50 60
Number of Successes

0.000

0.025

0.050

0.075

Pr
ob

ab
ili

ty

n = 100

Binomial Distributions

Figure 2.2: Example binomial distributions with spline interpolation as 𝑛 increases and 𝑘 = 0.5.
As 𝑛 increases the binomial distribution approaches a Gaussian distribution.

coherent input (which will be discussed later) where the photon must “choose” between being

detected on one detector or the other in the balanced pair. The binomial distribution can be stated

as

Pr(𝑋 = 𝑘) = 𝑛!
𝑘!(𝑛 − 𝑘)!𝑝

𝑘(1 − 𝑝)𝑛−𝑘 (2.16)

where 𝑘 = 0, 1, 2, ..., 𝑛 and 𝑝 is the probability of one of two outcomes for a single measurement.

Importantly, as 𝑛 and 𝑛𝑝 approach infinity (i.e., satisfying the central limit theorem), the bino-

mial distribution approaches the Gaussian distribution of 𝒩(𝑛𝑝, 𝑛𝑝(1 − 𝑝)), which is again solely

described by a mean and a variance!

2.1.7 Poisson Distributions

The Poisson distribution is also a very common distribution, occurring notably in the direct

detection of photons from a laser (approximately a coherent state where photons are uncorrelated–

see discussion of photon statistics in following sections). In fact, it is another limiting case of

the binomial distribution where 𝑛 goes to infinity, but 𝑛𝑝 remains finite. Physically, the Poisson

distribution defines the probability of a given number of events given some fixed time interval under

the conditions that these events have a mean rate and are independent of each other:

Pr(𝑋 = 𝑘) = 𝜆𝑘𝑒−𝜆

𝑘! . (2.17)
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Figure 2.3: Example Poisson distributions with spline interpolation as 𝜆 increases. As 𝜆 increases
the Poisson distribution also approaches a Gaussian distribution.

Here, 𝑘 is the number of events in the fixed interval, and 𝜆 is the expectation value for the number

of events in the fixed interval. The Poisson distribution also has the property that 𝜆 = ⟨𝑋⟩ = 𝑉 [𝑋];

in other words, the mean is equal to the variance, which is parameterized by 𝜆. In addition, as 𝜆

grows large, the Poisson distribution also approaches the Gaussian distribution 𝒩(𝜆, 𝜆).

So it seems that many distributions end up becoming Gaussian–especially when there is an

element of summation over uncorrelated random variables. But I would like to emphasize that many

important distributions are non-Gaussian, too. One particularly relevant non-Gaussian distribution

is the Bose-Einstein distribution, which will be important in discussions on black-body radiation

and thermal light.

2.2 Noise Basics

Now that the basics of distributions have been covered, I review a couple other aspects of

noise: the power spectral density and the shape of this spectrum, specifically the case where the

shape is flat, i.e., “white noise.”

2.2.1 Power Spectral Density

Up to now, I have considered the statistics of events up to a certain time and have not

considered distinguishing these events in time and characterizing their relationships. One way

to describe the temporal properties of a random process is through the conjugate variable, i.e.,
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through the spectrum (Fourier transform), but random processes are not as simply related through

a Fourier transform as are deterministic processes. In order to define the spectrum of a random

process, one must define the power spectral density (PSD). Consider the random process 𝑥(𝑡). The

average power of this process is:

𝑃 [𝑥(𝑡)] = lim
𝑇 →∞

1
𝑇 ∫

𝑇 /2

−𝑇 /2
⟨𝑥2(𝑡)⟩𝑑𝑡. (2.18)

One is interested in the average power in some band of frequencies, so one may imagine bandpass

filtering 𝑥(𝑡) to form a filtered signal 𝑌 (𝑡) that has been averaged over all sample trajectories:

𝑃 [𝑌 (𝑡)] = ∫
𝜈2

𝜈1

𝑆(𝜈)𝑑𝜈, (2.19)

where 𝜈1 and 𝜈2 define the edges of the bandpass filter, and 𝑆(𝜈) is the function over which the

filtering would have occurred. 𝑆(𝜈) is the PSD and can be defined as:

𝑆(𝜈) = ∫
∞

−∞
𝑅(𝜏)𝑒−𝑖2𝜋𝜈𝜏𝑑𝜏, (2.20)

where

𝑅(𝜏) = ⟨𝑥(𝑡)𝑥(𝑡 + 𝜏)⟩. (2.21)

This definition of PSD is called the Wiener-Khintchine theorem, and I will return to this in Chapter

3 to understand dual-comb correlation spectroscopy.

2.2.2 White Noise

A special case for the power spectral density of a random process is where the power is evenly

distributed across all frequencies. This is called white noise (and it is not physically realizable

because of the infinite energy carried by infinite-bandwidth white noise). However, approximately

white noise is very common. In the time domain, the PSD of a random process is white if the

random process has the following autocorrelation:

𝑅(𝜏) = 𝜎2𝛿(𝜏), (2.22)
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and the PSD is

𝑆(𝜈) = 𝜎2. (2.23)

In reality, 𝑅(𝜏) is not composed of a delta function but an impulse response of non-zero temporal

width, and thus a spectrum that is approximately white up to a finite bandwidth.4 It is important

to emphasize that an underlying Gaussian distribution is not equivalent to a white noise process,

but often they come together, as in subsequent examples of thermal noise and shot noise. This

is a particularly convenient simplification because the noise of the random process can (ideally)

be entirely characterized by the PSD or variance at any point in the PSD (up until some cut-off

point).

2.3 Examples of White Noise

Echoing the earlier discussion, noise is a property of our probability distribution that makes it

difficult to characterize the center, or expectation, of that distribution. For a Gaussian distribution,

this can easily be parameterized by the variance 𝜎2 or equivalently the standard deviation 𝜎. Now we

discuss two of the principal noise types encountered in the detection of photons, thermal (Johnson-

Nyquist) noise and shot noise. Other sources of noise, such as excessive relative intensity noise and

digitization noise, will be discussed in later chapters.

2.3.1 Thermal Noise

Thermal noise in electronic circuits, as quantified and measured by John Bertrand John-

son (1887-1970) and explained by Harry Nyquist (1889-1976)5 [27, 28], is a manifestation of the

fluctuation-dissipation theorem, which states that any system at thermodynamic equilibrium will

exhibit fluctuations that correspond to its dissipative processes [29]6 . In the case of an electrical
4 Note here it is convenient to specify the variance in units of spectral density, but for any measurement there is

a specified bandwidth, so there would be a total integrated variance that aligns with subsequent definitions of noise.
5 In 1928 and both at AT&T’s Department of Development and Research–what would become Bell Telephone

Laboratories.
6 Later we will see another example of the fluctuation dissipation theorem in the generation of light from a black

body.
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conductor, the dissipative process is its resistance, and the corresponding fluctuation is the volt-

age or current noise caused by the thermal motion of the electrons. As is perhaps intuitive from

the physical basis of thermal noise, the probability distribution for a thermal noise across a finite

bandwidth is Gaussian, and the PSD is white corresponding to a temporally uncorrelated process.

The mean square7 of the current through a (source) resistor is:

𝑖2
TN,s = 4𝑘𝐵𝑇 Δ𝑓

𝑅 , (2.24)

where 𝑘𝐵 = 1.380649×10−23 J/K is the Boltzmann constant (defined exactly), T is the temperature

in K, R is the resistance in Ω, and Δ𝑓 is some finite bandwidth in Hz over which the noise is filtered.

If this is the current power dissipated by a source resistor, the power measured across the

load of a measurement resistor is a factor of 4 less than this, since the voltage is divided equally

(by two) across the two resistors. Thus, the current power measured is:

𝑖2
TN,l = 𝑘𝐵𝑇 Δ𝑓

𝑅 . (2.25)

Putting some typical numbers here, if I measured thermal noise from a 50 Ohm resistor at 300

K (room temperature) on my RF spectrum analyzer with 50 Ohm termination, I would measure a

power spectral density of -174 dBm/Hz, which is quite low.

2.3.2 Shot Noise

In a classical picture, shot noise arises from uncorrelated and distinct events. In Chapter 4

I will show that shot noise has other interpretations from a quantum optics metrology view, but

here I derive the photon shot noise PSD of a laser from the classical perspective following the

abbreviated treatments of Hermann Haus [30] and Robert Kingston [31].

The current 𝑖 measured in a time interval 𝜏 is

𝑖 = 𝑛𝑞/𝜏, (2.26)
7 Which is equivalent to the variance due to a zero mean.
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where 𝑛 is the number of photo-electrons excited in this time interval and 𝑞 is the elementary charge

of (defined exactly) 1.602176634 × 10−19 C. The average current is

̄𝑖 = 𝑛̄𝑞/𝜏, (2.27)

where 𝑛̄ is the average number of excited photo-electrons. The mean-square noise current over

independent measurements all of time 𝜏 is

𝑖2
SN = (𝑖 − ̄𝑖)2 = 𝑞2

𝜏2 (𝑛 − 𝑛̄)2 = 𝑞2

𝜏2 𝑛̄ = 𝑞𝐼
𝜏 , (2.28)

where we have used the Poissonian condition that the variance is equal to the mean.8 Note that the

mean current 𝐼 = 𝑞𝑛̄
𝜏 . In defining 𝜏 , I assumed an impulse response function ℎ(𝑡) that integrates

electrons over some time 𝜏 . For simplicity, assuming that ℎ(𝑡) is a rectangular or box car function

of length 𝜏 , and thus a sinc-shaped spectrum, the equivalent rectangular spectrum of the same

peak height and equal area has a width of Δ𝑓 = 1
2𝜏 . Therefore, we can rewrite the shot noise as

𝑖2
SN = 2𝑞2

𝜏 𝑛̄Δ𝑓 = 2𝑞𝐼Δ𝑓. (2.29)

A useful number to keep in mind is the power at which shot noise equals thermal noise. Here

I will make the (realistic) assumption that the quantum efficiency from photons to electrons is 2/3.

We can include this efficiency by rewriting shot noise as

𝑖2
SN = 2𝜂𝑞2 𝑃Δ𝑓

ℎ𝜈 = 2𝑞 × 𝑅𝑒 × 𝑃Δ𝑓, (2.30)

where 𝜂 = 2/3, 𝑃 is the optical power incident on the detector, ℎ is the (exactly defined) Planck

constant of 6.62607015 × 10−34 J/Hz, 𝜈 is the frequency of the laser, and 𝑅𝑒 = 𝜂𝑞/ℎ𝜈 is the

responsivity of the detector in A/W. For a laser around 1550 nm in wavelength, the power needed

to equal 50 Ohm thermal noise at room temperature is approximately 320 µW.
8 This though begs the question, why, when a laser is photo-detected, are the photon arrival times uncorrelated.

It turns out that must be this way for a field that radiates from a classical dipole antenna, i.e. for a coherent state.
More about this can be found in the work of Roy Glauber, e.g., [23]
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2.4 Optical and Laser Interferometry

The interferometry of light is a powerful technique with a wide array of variations and ap-

plications. Various interferometers of historical and practical importance include Young’s double

slit interferometer (highlighting the complementarity of the wave and particle nature of light), the

Sagnac interferometer (used to detect rotation), the Fabry-Pérot interferometer (laser stabiliza-

tion), the Michelson stellar interferometer (astronomical imaging), and the Michelson interferome-

ter (Fourier transform spectroscopy and gravitational wave detection).

At the core of optical interferometry is the superposition of light followed by photodetection.

Consider two light fields 𝐴(𝑡) and 𝐵(𝑡). Combined on a, for example, 50:50 beam splitter, one

of the output ports now contains the field 𝐴(𝑡)+𝐵(𝑡)√
2 . Photodetection measures the intensity of the

light, resulting in:

𝑖PD(𝑡) ∝ ∣𝐴(𝑡) + 𝐵(𝑡)√
2

∣
2

= 1
2[|𝐴(𝑡)|2 + |𝐵(𝑡)|2 + 𝐴(𝑡)𝐵∗(𝑡) + 𝐴∗(𝑡)𝐵(𝑡)]. (2.31)

Most often, the interference terms 𝐴(𝑡)𝐵(𝑡) are of interest.

2.4.1 Classical Homodyne and Heterodyne

Very often, one of the fields (e.g. 𝐵(𝑡)) is known, and the other field (e.g. 𝐴(𝑡)) is unknown.

Through interferometry, the unknown field can be reconstructed or some parameter of the unknown

field can be estimated. For optical fields, 𝐵(𝑡) = ℬ(𝑡)𝑒𝑖𝜔0𝑡,9 where there is a high frequency

THz+ carrier 𝜔0 riding on the complex envelope ℬ(𝑡). These oscillations cannot be measured

by electronics, and interferometry between light fields of close carrier frequencies enables a down-

mixing to DC or RF frequencies that enable reconstruction or estimation of the unknown field

through conventional electronics.

Homodyne and heterodyne interferometry address this use case of a known local oscillator

𝐵(𝑡) and an unknown signal 𝐴(𝑡). There are a number of variations, but here I address standard

homodyne and heterodyne with a standard balanced detection setup in the large local oscillator
9 Excluding the spatial dependence for simplicity.
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Balanced interferometer

A(t)

B(t)

- DAQA(t) + B(t)
2

A(t) − B(t)
2

BPD

Figure 2.4: Layout for a balanced homodyne or heterodyne (’Dyne) measurement with a 50:50
beamsplitter. BPD is a balanced photodetector, and DAQ is data acquisition.

limit. The difference between homodyne and heterodyne conventionally lies in whether the carrier

frequencies are degenerate or not, and I will (classically) show how this leads to a factor of 2

difference in the SNRs of the two otherwise identical techniques. I will come back to this distinction

in Chapter 4 and show that there is another measurement interpretation that results in a distinction

between homodyne and heterodyne.

Consider now the other term for the other photodetector aside from that described in Equa-

tion 2.4:10

𝑖PD2(𝑡) ∝ ∣𝐴(𝑡) − 𝐵(𝑡)√
2

∣
2

= 1
2[|𝐴(𝑡)|2 + |𝐵(𝑡)|2 − 𝐴(𝑡)𝐵∗(𝑡) − 𝐴∗(𝑡)𝐵(𝑡)]. (2.32)

Balancing (subtraction of the currents) yields:

𝑖BPD(𝑡) = 𝑖PD1(𝑡) − 𝑖PD2(𝑡) ∝ 1
2[𝐴(𝑡)𝐵∗(𝑡) + 𝐴∗(𝑡)𝐵(𝑡)]−1

2[ − 𝐴(𝑡)𝐵∗(𝑡) − 𝐴∗(𝑡)𝐵(𝑡)]

= 𝐴(𝑡)𝐵∗(𝑡) + 𝐴∗(𝑡)𝐵(𝑡). (2.33)

One observes two advantages for balancing–one, the mean-field components of |𝐴(𝑡)|2 and |𝐵(𝑡)|2

are removed11 , and two, we used all the photons available to us.
10 Note that there are different beam splitter transfer matrices. Here I use the non-imaginary transfer matrix.
11 And in so doing, laser technical noise, or excess relative intensity noise (RIN) is also canceled in the large local

oscillator case. However, if both fields are of nearly equal strength, the so-called cross-RIN terms do not cancel. One
can derive this by noting that the excess RIN is purely classical, so it can be written as an additive noise term on
top of the field. For example, 𝐴RIN(𝑡) = 𝐴(𝑡) + 𝑁(𝑡). Recalculating the work above shows that only in the large LO
limit is excess RIN canceled, and other cross-RIN terms are assumed to be lower than the noise of the shot
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2.4.1.1 Homodyne

In the homodyne case the carriers cancel and the current is:

𝑖BPD(𝑡) ∝ 𝒜(𝑡)ℬ∗(𝑡) + 𝒜∗(𝑡)ℬ(𝑡). (2.34)

For a real envelope (such as the case of no chirp), this is

𝑖BPD(𝑡) ∝ 2𝒜(𝑡)ℬ(𝑡). (2.35)

and in the case of two CW lasers with average field stengths 𝒜0 and ℬ0, our electrical signal is

𝑖BPD = 2 𝜂𝑞
ℎ𝑣𝒜0ℬ0, (2.36)

where we have now included the detector responsivity. Recall that the shot noise is not correlated,

so we may add the variances. The total shot noise is then 𝑖2
SN, tot = 𝑖2

SN, A + 𝑖2
SN, B, which is

𝑖2
SN, tot = 2𝜂𝑞2 |𝒜|2Δ𝑓

ℎ𝑣 + 2𝜂𝑞2 |ℬ|2Δ𝑓
ℎ𝑣 = 2𝜂𝑞2Δ𝑓

ℎ𝑣 (|𝒜|2 + |ℬ|2).12 (2.37)

The homodyne power SNR is then:

SNR = 𝑖2
BPD

𝑖2
SN, tot

= 4 𝜂2𝑞2

ℎ2𝑣2 |𝒜|2|ℬ|2
2𝜂𝑞2Δ𝑓

ℎ𝑣 (|𝒜|2 + |ℬ|2)
= 2𝜂|𝒜|2|ℬ|2

ℎ𝑣Δ𝑓(|𝒜|2 + |ℬ|2) . (2.38)

For the large local oscillator limit, we assume that |ℬ|2 ≫ |𝒜|2:13

SNR = 2𝜂|𝒜|2
ℎ𝑣Δ𝑓 = 2𝜂𝑃𝐴

ℎ𝑣Δ𝑓 ≈ 2𝜂𝑁, (2.39)

where 𝑃𝐴 = |𝐴|2, which is the power of the signal A, and 𝑁 is the number of signal photons. This

is the typical expression for the homodyne SNR. In this limit, it is notable that the SNR no longer

scales with the size of the local oscillator; no increase in the LO strength will aid in enhanced

SNR. However, there may be technical reasons to increase the LO strength if one is limited by

classical noise, such as thermal noise or other electronic noise. One also may notice that in a 1 Hz

bandwidth (approximately 1 s measurement time), the SNR is nearly twice the number of photons
12 Note that we use the convention that field units are in square root power, or square root Watts.
13 It is interesting to explore how much larger the LO must be than the signal to maintain the typical properties

of homodyne. I discuss this in Chapter 4.
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detected–usually a very large number. This gives a sense of how sensitive homodyne in the large

LO limit can be.

One can also already see that the SNR equation may not be constant with respect to time

when dealing with non-CW states of light (i.e., 𝒜(𝑡) ≠ 𝒜0), and perhaps sometimes the large LO

limit is satisfied and sometimes it is not. In fact, this temporal dependence results in important

differences in the optimal signal processing of homodyne and heterodyne for optical frequency

combs that I address in Chapter 4.

2.4.1.2 Heterodyne

In the heterodyne case the carriers do not cancel and the current is:

𝑖BPD(𝑡) ∝ 𝒜(𝑡)ℬ∗(𝑡)𝑒−𝑖Δ𝜔𝑡 + 𝒜∗(𝑡)ℬ(𝑡)𝑒𝑖Δ𝜔𝑡. (2.40)

We make the same assumption as in homodyne, that for a real envelope (such as the case of no

chirp), the current is

𝑖BPD(𝑡) ∝ 𝒜(𝑡)ℬ(𝑡)𝑒−𝑖Δ𝜔𝑡 + 𝒜(𝑡)ℬ(𝑡)𝑒𝑖Δ𝜔𝑡. (2.41)

and in the case of two CW lasers with average field stengths 𝒜0 and ℬ0, this is

𝑖BPD(𝑡) ∝ 𝒜ℬ𝑒−𝑖Δ𝜔𝑡 + 𝒜ℬ𝑒𝑖Δ𝜔𝑡 = 2𝒜ℬ cos (Δ𝜔𝑡). (2.42)

We are interested in the average power of this signal:

𝑖BPD(𝑡) = 4 𝜂2𝑞2

ℎ2𝑣2 |𝒜|2|ℬ|2cos (Δ𝜔𝑡)2 = 2 𝜂2𝑞2

ℎ2𝑣2 |𝒜|2|ℬ|2 (2.43)

The power SNR for heterodyne is then:

SNR = 𝑖2
BPD

𝑖2
SN, tot

= 2 𝜂2𝑞2

ℎ2𝑣2 |𝒜|2|ℬ|2
2𝜂𝑞2Δ𝑓

ℎ𝑣 (|𝒜|2 + |ℬ|2)
= 𝜂|𝒜|2|ℬ|2

ℎ𝑣Δ𝑓(|𝒜|2 + |ℬ|2) . (2.44)

Again assuming the large local oscillator limit:

SNR = 𝜂|𝒜|2
ℎ𝑣Δ𝑓 = 𝜂𝑃𝐴

ℎ𝑣Δ𝑓 ≈ 𝜂𝑁. (2.45)
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One can observe that the SNR of heterodyne is the same as that of homodyne, but worse by a

factor of 2. This arose in the classical derivation above from averaging over a time-varying cosine.

In Chapter 4 I will discuss a couple additional ways to understand this, including measurement on

a different measurement basis or as additional vacuum states involved in the measurement.

I also note that there are a number of technical reasons to prefer heterodyne over homodyne.

First, one does not need to exactly match the carrier frequency of the LO with the signal, which is

technically demanding when the LO and the signal are generated by separate laser cavities. Second,

the electronic noise of the measurement equipment typically falls off beyond a MHz, meaning that

much quieter measurement can be made at higher RF frequencies. The impacts of shot noise-limited

heterodyne on fractional instability, i.e., Allan variance, are shown in App. C.



Chapter 3

Dual-Comb Correlation Spectroscopy of Thermal Light

Throughout history, the detection of thermal light across the electromagnetic (EM) spectrum

has been the principle means by which humans gather information about not only our world but

also the cosmos. Up until the laser [32], sunlight was often the only means to obtain a “bright

enough” light source. Early experiments by Isaac Newton (1643-1727) uncovering the ray optics of

light used sunlight as light source [33]. The beginnings of spectroscopy also began with sunlight, as

Joseph Fraunhofer (1787-1826) discovered spectral features on sunlight that he dispersed on optical

prisms, motivating future work developing higher power optical gratings [34].

3.1 Astronomical Spectroscopy and Synthetic Aperture Imaging

In astronomy, the direct detection of photons coupled with the resolution of their spectra

has been key to discoveries of the broadest scope and impact. Such measurements have led to

breakthroughs such as the discovery of the galactic redshift and the expanding universe [35], the

identification of quasars [36, 37], and the detection of Earth-like exoplanets and an abundance of

solar systems very different than our own [38]. However, such direct detection measurements do

not take advantage of the information held in the phase of the electromagnetic field of light.

In the past half century, radio astronomy instrumentation has provided a means to address

this shortcoming and take advantage of this phase [39, 40]. Most significantly, the heterodyne

detection of thermal EM fields relative to a common phase reference enables the reconstruction

of images with improved angular resolution from arrays of telescopes arranged over long base-
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lines. Such synthetic aperture telescopes have yielded astonishing results such as the resolution of

radiation emanating around the event horizon of a black hole [41].

In similar fashion, direct interferometry with light collected at distributed apertures, as origi-

nally demonstrated by Michelson [42], yields benefits in imaging resolution, with coverage extending

into the visible region of the EM spectrum. Today, baselines may cover hundreds of meters, includ-

ing Michelson stellar interferometer-based telescopes such as the Center for High Angular Resolu-

tion Astronomy (CHARA) array on Mt. Wilson [43] and the Navy Precision Optical Interferometer

(NPOI) at Lowell Observatory’s Anderson Mesa site [44].

3.1.1 Frequency Combs in Phase-Coherent Thermal Sensing

However, these powerful phase-coherent imaging techniques have largely been disconnected

from tremendous advances in the generation of, and measurement with, coherent laser light. For

example, the most stable optical oscillators and clocks now have sub-cycle attosecond coherence

over extended timescales [45]. Furthermore, this level of coherence and timing precision can be dis-

tributed over hundreds of kilometers in free space and thousands of kilometers in fiber [15, 46, 16].

And optical frequency combs allow one to coherently synthesize and broadcast this coherence from

the radio to the optical domain, encompassing hundreds of terahertz of the EM spectrum [47]. Crit-

ically, phase-coherent optical imaging requires reconstruction at the sub-optical wavelength level,

and these advancements could be foundational for phase-coherent optical imaging and spectroscopy

over baselines of kilometers or more and across many sites.

Stellar imaging based on optical-heterodyne (i.e., optical antennas) may enable high resolu-

tion imaging that existing telescopes cannot reach. For example, standard telescopes must increase

in size to resolve smaller objects in the sky; but as telescopes grow, mirrors must be kept at sub-

micron tolerances across many meters–which quickly increases costs to unmanageable levels. In

fact, estimates show that costs scale as the diameter to the 2.5 power [48]. Currently under con-

struction is the Extremely Large Telescope with a diameter of 39.3 meters, estimated to cost over

1 billion USD.
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As mentioned, Michelson stellar interferometer-based telescopes can reach longer baselines

up to hundreds, or perhaps thousands of meters. However, maintaining path lengths at this scale

becomes increasingly challenging. In addition, stellar interferometers must physically split the light,

imposing a penalty on the number of sites that compose the array [49, 50].

At optical wavelengths, phase sensitive measurement must occur through a laser heterodyne

process–analogous to a super-heterodyne radio receiver. In optical astronomy, this has occurred

through a technique called laser heterodyne radiometry (LHR), referring to a continuous-wave

(CW) laser that heterodynes with thermal light. However, since optical frequencies and bandwidths

are so much larger than their radio counterparts, the fraction of thermal light measured through

conventional LHR is very small compared to the bandwidths of interest. For example, a high

speed balanced detector may have a bandwidth of 5 GHz. This leads to a total measurement

bandwidth of 10 GHz of thermal light (Fig. 3.1a). In units of wavelength, this is less than 0.1

nm at 1550 nm. But there are many features of interest that may span hundreds of nanometers.

For example the Sun exhibits thousands of iron lines arising from the energetic transitions of

differing iron ions and angular momenta across its spectrum. Between 1 and 2 µm, neutral and

single ionized iron exhibit hundreds of lines [51, 52], with different susceptibilities to the complex

magneto-hydrodynamics around the surface of the sun that may prove crucial to disentangling solar

dynamics from exoplanet-induced red shifts.

Here, we aim to harness the aforementioned revolutionary attributes of laser light and un-

derstand their optimal application to the phase-coherent heterodyne detection of broad bandwidth

EM fields of thermal origin. Specifically, we demonstrate and analyze the implementation of a

frequency-comb local oscillator in the coherent detection of thermal light. Instead of a single local

oscillator, the frequency comb provides thousands of local oscillators for heterodyne detection (Fig.

3.1a). This provides the opportunity for a significant expansion of the detection bandwidth, Δ𝜈,

and the associated improvement in quantum-limited signal-to-noise ratio constrained by
√

Δ𝜈 [53].

There are several ways to use a frequency comb as an LO, which I discuss in later sections.

In this work, I explore dual-comb correlation spectroscopy (DCCS-Fig. 3.1b), which allows for the
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capture of thermal light across optical bandwidths on the order of 100 GHz with balanced photode-

tection having only 50 MHz of electrical bandwidth. This significant simplification is enabled by

the spectral compression and correlation of thermal heterodyne signals with two frequency combs

that have slightly different mode spacing.

3.2 Overview

In this chapter, I theoretically define the sensitivity scaling and experimentally verify our

model of DCCS on thermal light having power spectral density equivalent to a 5770 K black body

(“Solar Planck limit”). I then provide a first-of-its-kind synthesis and comparative analysis of

frequency comb-based spectroscopy of thermal light, and thereby evaluate the complex trade-space

of SNR, instrument complexity, and technological maturity between DCCS and more conventional

laser heterodyne radiometry (LHR) methods.

In providing the sensitivity limits and technical context for optical-frequency-comb-based

thermal spectroscopy with a single aperture, this work forms a crucial foundation for future work

analyzing long-baseline hyperspectral imaging at frequencies in the range of ∼20 to 300 THz. This

work may most directly impact astronomical imaging [50], but it could also impact more general

scenarios in the coherent detection of thermal radiation. These scenarios include remote sensing,

trace gas detection, and atmospheric science [54] (Fig. 3.1c), particularly leveraging the low size,

weight, power, and cost (SWaP-C) offered by emerging photonics and electronics platforms [55]

(Fig. 3.1d). In addition DCCS may be particularly useful for applications requiring high spectral

resolution but a compact footprint (e.g., low SWaP-C), since other techniques such as Michelson

interferometer-based Fourier transform spectrometers and grating monochromators must grow in

size and complexity in order to reach higher resolutions such as 100 MHz resolution.1

1 In contrast, increased resolution in DCCS relies solely on increasing the cavity length of the frequency comb
oscillator, which is straightforward for current fiber-based mode-locked (frequency comb) laser oscillators. This is the
same advantage as conventional dual-comb spectroscopy [17], but DCCS is passive instead of direct, meaning that
this technique senses ambient thermal light instead of requiring laser light to pass through the sample of interest.
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Figure 3.1: Dual-comb correlation spectroscopy and its applications and enabling technologies. a,
Compared to conventional laser heterodyne radiometry (LHR) with a continuous-wave local os-
cillator (LO), a frequency comb LO provides 1000× greater bandwidth–e.g., 10+ THz versus 10
GHz, capturing many features and photons across broad optical bandwidths b, In DCCS, thermal
light is split then separately interfered with two mutually coherent frequency combs with offset
repetition rates. The resulting photocurrents are mixed, and averaging the mixer output reveals
a correlation interferogram. A Fourier transform then reveals the spectrum of the thermal light.
c, Dual-comb correlation is fundamentally a means to measure correlations between broadband
optical fields. For example, it can measure spatial-temporal correlation functions and enable high
angular resolution hyperspectral synthesis imaging. d, Advances in integrated photonics may en-
able robust and portable comb-based high-resolution spectroscopy and optical synthesis imaging.
Key technologies include low SWaP-C chip-integrated combs, compact optical cavities, integrated
nonlinear photonics, telecom arrayed waveguide gratings, fast photodetector arrays, heterogenous
integration, high speed data processing, and femtosecond time transfer.
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3.3 Prior Work

Earlier work by teams at the University of Laval (Boudreau and Genest) [20], and NIST

(Giorgetta et al.) [19] first showed the feasibility of DCCS, showing that combs with offset repetition

rates could auto-correlate thermal light and produce a first order correlation interferogram, 𝑔(1),

and the corresponding power spectrum. These works found that at high thermal powers2 , the

single-shot time domain signal-to-noise ratio (SNR) approached 1. Boudreau and Genest examined

the necessary conditions for this high power, unity SNR regime, showing when the signal strength

would be much greater than shot and technical noise [20]. However, the fundamental scaling of

DCCS at realistically weak thermal powers (corresponding to realistic astrophysical black bodies)

remained unexplored.

3.4 Fundamentals of Thermal Light

What is thermal light? Although its name refers to a typical source of thermal light: a black

body at some finite temperature, thermal light as a term is often used to describe the more general

state of light called chaotic light, which arises in many additional scenarios from other kinds of

sources. In a sense, thermal or chaotic light is defined by its first- and second-order coherence,

which I will cover in the following sections.

However, in our case, we really are interested in light emitted by black bodies (thermal light

of thermal origin), and in order to understand the strength and wavelength dependence of this

thermal light, a brief review of the Planck distribution (governing relationship between temperature,

brightness, and wavelength) is required.

Heterodyne detection of thermal light also imposes limits on the amount of thermal light

available from any black body. This is described by the optical antenna theorem. The optical

antenna theorem coupled with the Planck distribution dictate the maximum power spectral density
2 Since these papers were initial demonstrations, they did not explicitly list the actual power spectral density

of the thermal light they used. However, in the case of [19], the SNR achieved corresponds to largely un-physical
blackbody temperatures of tens to hundreds of thousands of Kelvin and a PSD approximately 1000x higher than we
measure here. In the case of [20], the authors claim that the thermal light used was increased beyond a few uW,
which is also approximately 1000x higher than the demonstration here.



33

available for heterodyne measurements with a laser, which I derive here.

Lastly, I highlight the defining photon statistics of thermal light and discuss how the statistics

are also influenced by the interval over which the state is defined. In doing so, I seek to answer the

following question: What is the boundary between coherent and thermal light?

3.4.1 Origins of Thermal and Chaotic Light

Chaotic light3 arises from the uncorrelated addition of many electromagnetic fields. Such

a process, as I have mentioned, leads to Gaussian statistics through the Central Limit Theorem,

which we will see shortly. One way to illustrate this is by modeling an ensemble of of 𝑛 emitters of

equal strength, emitting the summed field:

𝐸(𝑡) = 𝐸1(𝑡) + 𝐸2(𝑡) + 𝐸3(𝑡) + ... + 𝐸𝑛(𝑡)

= 𝐸0𝑒−𝑖𝜔0𝑡[𝑒−𝑖𝜙1(𝑡) + 𝑒−𝑖𝜙2(𝑡) + .... + 𝑒−𝑖𝜙𝑛(𝑡)] = 𝐸0𝑒−𝑖𝜔0𝑡𝑎(𝑡)𝑒−𝑖𝜙(𝑡) (3.1)

where 𝑎(𝑡) and 𝜙(𝑡) are random amplitudes and phases. Each individual phase 𝜙𝑗 is random and

uncorrelated with the next. This process is illustrated in phase space in Figure 3.2, representing

100 examples (to give a sense for the statistical distribution) of fields or trajectories formed from

2000 emitters or randomly phased steps.

For 𝑛 ≫ 1, the probability of the strength of the field within a region of unit area at 𝑎(𝑡) and

𝜙(𝑡) turns out, through the central limit theorem, to be Gaussian distributed about zero:

𝑝[𝑎(𝑡)] = 1
𝜋𝑛𝑒 −𝑎(𝑡)2

𝑛 , (3.2)

and is independent of the phase 𝜙(𝑡). In fact, there is no defined phase for chaotic light. If we

were to continue adding more example trajectories to Figure 3.2, we would see the distribution of

the red Xs’ distances from the origin approach this Gaussian distribution. Note that the specific

line broadening mechanism (Gaussian or Lorentzian), or arbitrary shape of the spectrum, does not

influence the eventual Gaussian distribution of the field amplitude around zero that is characteristic
3 Discussion here of chaotic light borrows heavily from Rodney Loudon’s book, The Quantum Theory of Light

[56], chapter 3. This is an excellent reference.
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Figure 3.2: 100 example random walks/trajectories through complex phase space, where unit vec-
tors with random phases are added. Red Xs mark the end points of the walk after 2000 steps,
equivalent to 2000 emitters.
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of chaotic and thermal light. The spectral width does, however, define the temporal window over

which the light is chaotic–the light field must be defined at a scale longer than its coherence time,

as I discuss in the next section.

Note also that the amplitude distribution of a thermal state is not Gaussian distributed,

but Rayleigh distributed with a finite mean and higher order moments. This can be shown by

integrating over the Gaussian distribution in the complex plane over all angles.

3.4.2 Statistics of Chaotic Light and Coherence Functions

The bandwidth and coherence time of chaotic light with a Gaussian frequency distribution

(which again arises from the central limit theorem through the summation of random processes like

Doppler broadening) are related by:

𝜏𝑐 =
√𝜋
Δ , (3.3)

where 𝜏𝑐 is the coherence time and Δ is the full-width half maximum of the Gaussian spectral line.

Note that the coherence time is a measure of the first order coherence of light and is defined as the

time delay at which 1
𝑒 𝑔(1)(𝜏𝑐) = 𝑔(1)(0), which we define now.

The first-order coherence function is

𝑔(1)(𝜏) = ⟨𝐸∗(𝑡)𝐸(𝑡 + 𝜏)⟩
⟨𝐸∗(𝑡)𝐸(𝑡)⟩ (3.4)

Note that in practice we assume the ergodic hypothesis–that averages in time are equivalent to

ensemble averages. In this case, the expectation value symbols ⟨ ⟩ can refer to either an ensemble

average, or, for example in dual-comb spectroscopy [17] or Fourier transform spectroscopy[57], the

average as delays are swept in a periodic fashion. For coherent light,

𝑔(1)(𝜏)coh = 𝑒𝑖𝜔0𝑡. (3.5)

For Gaussian broadened chaotic light,

𝑔(1)(𝜏)cha = 𝑒𝑖𝜔0𝑡− 𝜋
2 ( 𝜏

𝜏𝑐 )2 . (3.6)
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Figure 3.3: Examples of |𝑔(1)(𝜏)| for coherent light and Gaussian broadened chaotic light.
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Figure 3.4: Examples of 𝑔(2)(𝜏) for coherent light, Gaussian broadened chaotic light, and sub-
Poissonian light from, for example, a single photon emitter.

Examples are shown in Figure 3.3.

The second order coherence function of light is defined as:

𝑔(2)(𝜏) = ⟨𝐼(𝑡)𝐼(𝑡 + 𝜏)⟩
⟨𝐼⟩2 = ⟨𝐼(𝑡)𝐼(𝑡 + 𝜏)⟩

⟨𝐼⟩2 = ⟨𝐸∗(𝑡)𝐸(𝑡)𝐸∗(𝑡 + 𝜏)𝐸(𝑡 + 𝜏)⟩
⟨𝐸∗(𝑡)𝐸(𝑡)⟩

2
, (3.7)

where 𝐼(𝑡) = |𝐸(𝑡)|2. For chaotic light,

𝑔(2)(𝜏) = 1 + |𝑔(1)(𝜏)|2. (3.8)

Later, I will show the consequences of this for the estimation of the first-order coherence function

of thermal light. Since 𝑔(2)(0) = 2, this is often called photon bunching or super-Poissonian. 𝑔(2)(0)

for coherent light is one, thus indicating uncorrelated intensities and Poissonian statistics. And

𝑔(2)(0) for light from single quantum emitters can be zero, indicating anticorrelated intensities and

sub-Poissonian statistics (see Figure 3.4).
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3.4.2.1 Coherent Light vs. Chaotic Light

A question I have often wondered about is this: What is the difference between a laser and

thermal or chaotic light. Brightness of light notwithstanding4 , can I make “synthetic laser light”

simply by spectrally filtering chaotic or thermal light? Illustrated in Figure 3.3, the transition

between the first-order coherence properties of coherent and chaotic light appears to make this

case–as the spectrum of chaotic light is narrowed and the coherence time increased, the chaotic

light will continue to approach the behavior of coherent light. However, the second-order coherence

seen in Fig. 3.4 exhibits a clear discontinuity between coherent and thermal light that does not

seem to be rectified simply by increasing the coherence time. No amount of spectral narrowing will

make the second-order coherence of chaotic light move to 1 at 𝜏 = 0.

However, this kind of thinking is misleading. A major definition that has been swept under

the rug here–but comes to the forefront in the definition of quantum states of light–is the time

over which the state is defined. In our definitions here, a coherent state is “defined” to be coherent

within the temporal window of interest. For a chaotic or thermal state, we have “defined” it to be

incoherent, and thus the temporal window over which it exists must extend much longer than its

coherence time. This essentially sets the samples over which the expectation values are assessed–

and indeed, these samples show bunching behavior because we are sampling over a long enough

time period for the bunching behavior to be exhibited. Another way of thinking about this is the

following: the canonical thermal state has no defined phase. Yet we know that all classical light

has a phase and that the phase can be defined within a coherence time. Thus, the thermal state

must be defined over a temporal window much longer than its coherence time to be phase-less.

3.4.3 Planck’s Law

The radiance of black body radiation is governed by the Planck distribution. The familiar

form derived in coursework is the spectral radiance in units of Watts per steradian per square meter
4 Laser light, in a single spatial and polarization mode, and in some narrow spectral bandwidth, is incredibly

bright compared to black body radiation.
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per Hertz:

𝐵(𝜈, 𝑇 ) = 2ℎ𝜈3

𝑐2
1

𝑒 ℎ𝜈
𝑘𝑇 − 1

. (3.9)

Ultimately we are interested in how much of this black body radiation we can heterodyne with

our laser local oscillator, so we need to manipulate this formula. The total power emitted into a

hemisphere across a bandwidth Δ𝜈 and from a small section of area Δ𝐴 on the black body is:

Δ𝑃(𝜈, 𝑇 ) = 𝜋𝐵(𝜈, 𝑇 )Δ𝜈Δ𝐴 = 2𝜋
𝜆2

ℎ𝜈Δ𝜈
𝑒ℎ𝜈/𝑘𝑇 − 1Δ𝐴, (3.10)

where 𝜋 is the projected solid angle onto a hemisphere. Given a receiving aperture of 𝐴𝑅 at a

distance 𝑅 from the black body, the solid angle subtended by this aperture is 𝐴𝑅/𝑅2. The power

per steradian emitted normal to the surface is a factor 1/𝜋 lower, and we consider only half of this

light for a single polarization. Incoherent addition means that the powers from different parts of

the black body add, and the section of the black body in the field of view of the receiver is 𝑅2Ω𝑅,

where Ω𝑅 is the angular field of view. The power from the black body imaged by the optical system

is then:

𝑃sig = 1
2

𝐴𝑅
𝜋𝑅2

2𝜋
𝜆2

ℎ𝜈Δ𝜈
𝑒ℎ𝜈/𝑘𝑇 − 1𝑅2Ω𝑅 = 𝐴𝑅Ω𝑅

𝜆2
ℎ𝜈Δ𝜈

𝑒ℎ𝜈/𝑘𝑇 − 1 (3.11)

3.4.4 Optical Antenna Theorem and Planck Law-limited Power Spectral Density

The optical antenna theorem, or more generally, the antenna aperture theorem for microwave

antennas, states that the angular field of view and the effective aperture are constrained by the

wavelength of the captured or transmitted radiation. This can be written as:

𝐴𝑅Ω𝑅 = 𝜆2. (3.12)

Substituting this into Equation 3.4.3, the power of the signal is:

𝑃sig = ℎ𝜈Δ𝜈
𝑒ℎ𝜈/𝑘𝑇 − 1. (3.13)
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We can rewrite this expression in terms of the photon occupancy ⟨𝑛⟩, or equivalently the number

spectral density in a single spatial and polarization mode from a resolved black body. This results

in:

⟨𝑛⟩ = (exp [ℎ𝜈/𝑘𝑇 ] − 1)−1, (3.14)

where the power spectral density in W/Hz is ℎ𝜈⟨𝑛⟩ = 𝑃sig/Δ𝜈. One sees that this expression is

merely a function of the frequency of light 𝜈 in Hz and the temperature of the black body 𝑇 in

K. One might think that the size of the black body should matter, since more photons should be

emitted by more atoms, or that if one had an infinite diameter lens one could always retrieve more

light. While these are both true in a sense, this derivation shows that there is a fundamental limit

on capturing light of a single mode from a black body, such that once the distant black body is

resolved, the power spectral density is solely constrained by the Bose-Einstein distribution factor

dependent on wavelength and temperature.

3.5 Fundamental Sensitivity Limits of Dual-Comb Correlation Spectroscopy

3.5.1 Principle of Operation: First-Order Correlation and Wiener-Khintchine

Theorem

DCCS, (as well as Fourier transform spectroscopy, and dual-comb spectroscopy) all rely on

the Wiener-Khintchine theorem described in the technical introduction. There, we observed that:

𝑆(𝜈) = ∫
∞

−∞
𝑅(𝜏)𝑒−𝑖2𝜋𝜈𝜏𝑑𝜏, (3.15)

where

𝑅(𝜏) = ⟨𝑥(𝑡)𝑥(𝑡 + 𝜏)⟩. (3.16)

These techniques seek to measure the first-order correlation function 𝑅(𝜏), then take the Fourier

transform to reach the power spectral density 𝑆(𝜈).
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3.5.2 Statistical Limit of Single-Shot Time Domain Signal-to-Noise Ratio

The time domain signal is the mean of the auto-correlation function of the electric field:

𝐴(𝜏𝑑) = 1
𝑡tot

∫
𝑡
𝑑𝑡𝐸∗(𝑡)𝐸(𝑡 − 𝜏𝑑), (3.17)

and the time domain noise is the variance of the auto-correlation function of the electric field:

𝑁(𝜏) = 1
𝑡tot

∫
𝑡
𝑑𝑡[𝐸∗(𝑡)𝐸(𝑡 − 𝜏𝑑) − 𝐴(𝜏𝑑)]2. (3.18)

Ultimately, we care about the power spectral density determined by the time-domain interferogram,

which can be expressed through the Wiener-Khinchin theorem:

𝑆(𝑓) = ∫
∞

−∞
𝑑𝜏𝑒−2𝜋𝑖𝑓𝜏𝑑𝑅(𝜏𝑑), (3.19)

where

𝑅(𝜏𝑑) = 𝐴(𝜏𝑑) ± √𝑁(𝜏𝑑)
𝒩 . (3.20)

𝑅(𝜏𝑑) is the captured interferogram, √𝑁(𝜏𝑑) is the standard deviation, and 𝒩 is the number of

trials. However, here we simply compute the time domain SNR. The frequency domain SNR is

computed in a following section. As 𝒩 → ∞, 𝑅(𝜏) → 𝐴(𝜏). We now analyze the case of SNR for

one trial. The single shot SNR is:

SNR𝑠(𝜏𝑑) = 𝐴(𝜏𝑑)
√𝑁(𝜏𝑑)

(3.21)

Note that:

𝐴(𝜏𝑑) = 𝑔(1)(𝜏𝑑) × ⟨|𝐸(𝑡)|2⟩ = 𝑔(1)(𝜏𝑑) × ⟨𝐼⟩. (3.22)

Here we define 𝑔(1)(𝜏𝑑) = ⟨𝐸∗(𝑡)𝐸(𝑡+𝜏𝑑)⟩
⟨|𝐸(𝑡)|2⟩ , 𝑔(2)(𝜏𝑑) = ⟨𝐼∗(𝑡)𝐼(𝑡+𝜏𝑑)⟩

⟨|𝐼(𝑡)|⟩2 , and 𝐼 ∝ |𝐸|2. The variance is the

expected value of the squared deviation from the mean:

𝑁(𝜏𝑑) = ⟨(𝐸∗(𝑡)𝐸(𝑡 − 𝜏𝑑) − 𝐴(𝜏𝑑))2⟩ = ⟨(𝐸∗(𝑡)𝐸(𝑡 − 𝜏𝑑))2⟩ − ⟨2(𝐸∗(𝑡)𝐸(𝑡 − 𝜏𝑑)𝐴(𝜏𝑑)⟩ + ⟨𝐴(𝜏𝑑)2⟩,

(3.23)

simplifying:

𝑁(𝜏𝑑) = ⟨(𝐼∗(𝑡)𝐼(𝑡 − 𝜏𝑑)⟩ − ⟨𝐴(𝜏𝑑))2⟩ = ⟨𝐼⟩2(𝑔(2)(𝜏𝑑) − 𝑔(1)(𝜏𝑑)2). (3.24)
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Thus,

SNR𝑠(𝜏𝑑) = 𝑔(1)(𝜏𝑑)
√𝑔(2)(𝜏𝑑) − 𝑔(1)(𝜏𝑑)2

(3.25)

For thermal light, we know that:

𝑔(2)(𝜏𝑑) = 1 + 𝑔(1)(𝜏𝑑)2 (3.26)

Thus,

SNR𝑠,𝑡ℎ(𝜏𝑑) = 𝑔(1)(𝜏𝑑)
√1 + 𝑔(1)(𝜏𝑑)2 − 𝑔(1)(𝜏𝑑)2

= 𝑔(1)(𝜏𝑑). (3.27)

At the zero delay point (𝜏𝑑 = 0), the single-shot SNR is 1 and falls off to 0 as a function of 𝑔(1) or

the spectral lineshape and width.

3.5.3 Derivation of Dual-Comb Correlation SNR vs. PSD

In order to derive the SNR of DCC on thermal light we first find the heterodyne powers

between a coherent LO (CW or comb) and thermal light. Note that we interchangeably use the

terms ASE, thermal light, and chaotic light.

3.5.3.1 CW Laser and Thermal Light Heterodyne

Before deriving the heterodyne power between a comb LO and thermal light, we first re-derive

the heterodyne power between a CW LO and thermal light. To our knowledge, this equation was

first derived by N.A. Olsson in 1989 [58] and A. Yariv in 1990 [59]. Both authors were motivated

by the presence of amplified spontaneous emission in optical communications.

Following Olsson, we first rederive the heterodyne level of a CW laser with ASE in our own

notation. We will maintain this notation as we derive the comb and ASE case as well as the dual-

comb correlation measurement of ASE. 𝑃𝑡 is the power of the CW laser or a single comb tooth.

𝑆 is the power spectral density of the ASE or quasi-thermal light source. 𝐵𝑜 is the total optical

bandwidth over which the comb tooth heterodynes with the ASE light, equivalent to twice the

detector bandwidth (see Fig. 3.5).
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Figure 3.5: Frequency domain picture of ASE and single comb tooth (CW).

We represent the electric field (expressed in root power) of the ASE light as:

𝐸ASE(𝑡) =
𝐵𝑜/2𝛿𝜈
∑

𝑘=−𝐵𝑜/2𝛿𝜈

√
2𝑆𝛿𝜈 × cos((𝜔𝑜 + 2𝜋𝑘𝛿𝜈)𝑡 + Φ𝑘), (3.28)

where the average power in a chunk of ASE is 𝑆𝛿𝜈, and 𝛿𝜈 is a small frequency slice. 𝜔𝑜 is the

optical frequency of one comb tooth. Φ𝑘 is a random phase. 𝑡 is time. Note that the mean square

of the electric field of the ASE is the average power: 𝑆𝐵𝑜 = 𝑃avg, ASE. The electric field of the CW

laser or one tooth of the comb light is:

𝐸𝑡(𝑡) = √2𝑃𝑡 cos(𝜔𝑜𝑡 + Θ). (3.29)

Θ is the phase of this comb tooth. Note that the mean square of the comb tooth/CW field is also

the average power: 𝑃𝑡 = 𝑃avg, CW. The optical power incident on the detector is then the square of

the sum of the two fields:

𝑃(𝑡) = (
𝐵𝑜/2𝛿𝜈
∑

𝑘=−𝐵𝑜/2𝛿𝜈

√
2𝑆𝛿𝜈 × cos((𝜔𝑜 + 2𝜋𝑘𝛿𝜈)𝑡 + Φ𝑘) + √2𝑃𝑡 cos(𝜔𝑜𝑡 + Θ))2. (3.30)

We ignore the products between the laser with itself and the ASE with itself. Note the laser

self-heterodyne will result in a DC component and a very high optical frequency component, both

of which can be ignored. We will assume a large LO limit for the laser, so the self heterodyne of the

ASE will be negligible compared to the laser-ASE heterodyne. We then ignore the sum components
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of the heterodyne oscillating at frequencies around 2𝜔 far beyond our detector bandwidth. The

resulting optical power for the difference components is:

2√2𝑆𝛿𝜈2𝑃𝑡

𝐵𝑜/2𝛿𝜈
∑

𝑘=−𝐵𝑜/2𝛿𝜈

1
2 cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘 − Θ). (3.31)

The photocurrent is then:

𝑖(𝑡) = 𝜂𝑒
ℎ𝜈 √2𝑆𝛿𝜈2𝑃𝑡

𝐵𝑜/2𝛿𝜈
∑

𝑘=−𝐵𝑜/2𝛿𝜈
cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘 − Θ), (3.32)

where 𝜂 is the quantum efficiency of the detector, 𝑒 is the elementary charge, and ℎ𝜈 is the energy

per photon. We’re interested in the noise power of the photocurrent, and when multiplying the

cosine terms of the sum, we add each product in quadrature due to the random phases of Φ𝑘.

⟨𝑖(𝑡)2⟩ = ( 𝜂𝑒
ℎ𝜈 √2𝑆𝛿𝜈2𝑃𝑡)

2
× (√2 × 𝐵𝑜

2𝛿𝜈 )
2

× 1
2. (3.33)

The second product term is the square root (due to quadrature addition) of the number of products

between the different cosine functions. The third product term, 1
2 , is the average of the square of

cosine. We simplify further:

⟨𝑖(𝑡)2⟩ = 𝜂2𝑒2

(ℎ𝜈)2 × 4𝑆𝛿𝜈𝑃𝑡 × 2 × 𝐵𝑜
2𝛿𝜈 × 1

2. (3.34)

We then cancel terms terms:

⟨𝑖(𝑡)2⟩ = 2 𝜂2𝑒2

(ℎ𝜈)2 𝑆𝑃𝑡 × 𝐵𝑜. (3.35)

This current folds uniformly into a bandwidth of 𝐵𝑜/2, hence we divide by this bandwidth to

extract the power spectral density:

⟨𝑖(𝑡)2⟩PSD,CW = 4 𝜂2𝑒2

(ℎ𝜈)2 𝑆𝑃𝑡. (3.36)

3.5.3.2 Comb and Chaotic Light Heterodyne

For the case of the frequency comb heterodyning with ASE, we can simply multiply the single

tooth PSD by the number of comb teeth 𝑁 . The power spectral density is:

⟨𝑖(𝑡)2⟩PSD,Comb = 4 𝜂2𝑒2

(ℎ𝜈)2 𝑆𝑃𝑡𝑁 = 4 𝜂2𝑒2

(ℎ𝜈)2 𝑆𝑃𝑐. (3.37)
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Here 𝑃𝑐 is the total comb power. While this may make intuitive sense, we supply the following

step-by-step derivation.

To move to the power spectral density of the comb heterodyne, we define the field of the

comb as a sum over the 𝑁 comb teeth:

𝐸𝑐(𝑡) =
𝑁

∑
𝑛=1

√2𝑃𝑡 cos(𝜔𝑛𝑡 + Θ𝑛), (3.38)

where Θ𝑛 is an arbitrary phase. Each tooth is spaced 𝐵𝑜/2 away from the adjacent teeth, i.e.,

𝜔1 − 𝜔0 = 𝑓𝑟 = 𝐵𝑜/2 and follows the comb equation 𝜔𝑛 = 𝑛𝑐 × 𝜔𝑟 + 𝜔0. Across this bandwidth,

the ASE can be represented as:

𝐸ASE, tot(𝑡) =
𝑁

∑
𝑚=1

𝐵𝑜/4𝛿𝜈
∑

𝑘=−𝐵𝑜/4𝛿𝜈

√
2𝑆𝛿𝜈 × cos((𝜔𝑚 + 2𝜋𝑘𝛿𝜈)𝑡 + Φ𝑘,𝑚), (3.39)

where Φ𝑘,𝑚 is a random phase. Note that our ASE bins are defined from −𝐵𝑜/4 to 𝐵𝑜/4, or −𝑓𝑟/2

to 𝑓𝑟/2. This choice of bin size counts the ASE exactly once. The photodetected power is then:

𝑃comb, ASE(𝑡) = (
𝑁

∑
𝑛=1

√2𝑃𝑡 cos(𝜔𝑛𝑡 + Θ𝑛) +
𝑁

∑
𝑚=1

𝐵𝑜/4𝛿𝜈
∑

𝑘=−𝐵𝑜/4𝛿𝜈

√
2𝑆𝛿𝜈 × cos((𝜔𝑚 + 2𝜋𝑘𝛿𝜈)𝑡 + Φ𝑘,𝑚))

2

(3.40)

We expand this to:

𝑃comb, ASE(𝑡) = (
𝑁

∑
𝑛=1

√2𝑃𝑡 cos(𝜔𝑛𝑡 + Θ𝑛))
2

+ 2
𝑁

∑
𝑛=1

√2𝑃𝑡 cos(𝜔𝑛𝑡 + Θ𝑛) ×
𝑁

∑
𝑚=1

𝐵𝑜/4𝛿𝜈
∑

𝑘=−𝐵𝑜/4𝛿𝜈

√
2𝑆𝛿𝜈 × cos((𝜔𝑚 + 2𝜋𝑘𝛿𝜈)𝑡 + Φ𝑘,𝑚)

+ (
𝑁

∑
𝑚=1

𝐵𝑜/4𝛿𝜈
∑

𝑘=−𝐵𝑜/4𝛿𝜈

√
2𝑆𝛿𝜈 × cos((𝜔𝑚 + 2𝜋𝑘𝛿𝜈)𝑡 + Φ𝑘,𝑚)

2
. (3.41)

As before, only the heterodyne difference frequency terms remain after squaring:

𝑃comb, ASE, dif(𝑡) = 2√2𝑃𝑡2𝑆𝛿𝜈
𝑁

∑
𝑛=1

𝑁
∑
𝑚=1

𝐵𝑜/4𝛿𝜈
∑

𝑘=−𝐵𝑜/4𝛿𝜈

1
2 cos((𝜔𝑛 − 𝜔𝑚)𝑡 − 2𝜋𝑘𝛿𝜈𝑡 + Θ𝑛 − Φ𝑘,𝑚). (3.42)

Given a detector RF bandwidth of 𝐵𝑜/2 = 𝑓𝑟, we note that a single 𝑓𝑟-sized bin of ASE does not

heterodyne with all the comb teeth; instead, it heterodynes with the comb tooth that splits it and
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also the comb tooth at its upper edge and its lower edge. We can thus split the above power into

three components:

𝑃comb, ASE, dif, three(𝑡) = √2𝑃𝑡2𝑆𝛿𝜈(
𝑁

∑
𝑛=1,𝑚=𝑛

𝐵𝑜/4𝛿𝜈
∑

𝑘=−𝐵𝑜/4𝛿𝜈
cos((𝜔𝑛 − 𝜔𝑚)𝑡 − 2𝜋𝑘𝛿𝜈𝑡 + Θ𝑛 − Φ𝑘,𝑚)

+
𝑁−1
∑

𝑛=1,𝑚=𝑛+1

0
∑

𝑘=−𝐵𝑜/4𝛿𝜈
cos((𝜔𝑛 − 𝜔𝑚)𝑡 − 2𝜋𝑘𝛿𝜈𝑡 + Θ𝑛 − Φ𝑘,𝑚)

+
𝑁

∑
𝑛=2,𝑚=𝑛−1

𝐵𝑜/4𝛿𝜈
∑
𝑘=0

cos((𝜔𝑛 − 𝜔𝑚)𝑡 − 2𝜋𝑘𝛿𝜈𝑡 + Θ𝑛 − Φ𝑘,𝑚)). (3.43)

Next, we turn the power into a photocurrent:

𝑖comb,ASE(𝑡) = 𝜂𝑒
ℎ𝜈 √2𝑃𝑡2𝑆𝛿𝜈(

𝑁
∑

𝑛=1,𝑚=𝑛

𝐵𝑜/4𝛿𝜈
∑

𝑘=−𝐵𝑜/4𝛿𝜈
cos((𝜔𝑛 − 𝜔𝑚)𝑡 − 2𝜋𝑘𝛿𝜈𝑡 + Θ𝑛 − Φ𝑘,𝑚)

+
𝑁−1
∑

𝑛=1,𝑚=𝑛+1

0
∑

𝑘=−𝐵𝑜/4𝛿𝜈
cos((𝜔𝑛 − 𝜔𝑚)𝑡 − 2𝜋𝑘𝛿𝜈𝑡 + Θ𝑛 − Φ𝑘,𝑚)

+
𝑁

∑
𝑛=2,𝑚=𝑛−1

𝐵𝑜/4𝛿𝜈
∑
𝑘=0

cos((𝜔𝑛 − 𝜔𝑚)𝑡 − 2𝜋𝑘𝛿𝜈𝑡 + Θ𝑛 − Φ𝑘,𝑚)). (3.44)

Because there are no correlated phases here5 , we take the root mean square of cosine and sum in

quadrature:

√⟨𝑖comb, ASE(𝑡)2⟩ = 𝜂𝑒
ℎ𝜈 √2𝑃𝑡2𝑆𝛿𝜈 1√

2
(√𝑁 𝐵𝑜

2𝛿𝜈

2

+ √(𝑁 − 1) 𝐵𝑜
4𝛿𝜈

2

+ √(𝑁 − 1) 𝐵𝑜
4𝛿𝜈

2

)
1
2

. (3.45)

Note that the first term comes from the central tooth heterodyne and is distributed as white noise

from DC to 𝐵𝑜/4. The next two terms are from the outer tooth heterodynes and are distributed

from 𝐵𝑜/4 to 𝐵𝑜/2. In fact, these terms add to form a white noise floor from DC to 𝐵𝑜/2.

Simplifying the equation:

√⟨𝑖comb, ASE(𝑡)2⟩ = 𝜂𝑒
ℎ𝜈 √2𝑃𝑡2𝑆𝛿𝜈 1√

2
(𝑁 𝐵𝑜

2𝛿𝜈 + (𝑁 − 1) 𝐵𝑜
2𝛿𝜈 )

1
2

. (3.46)

Simplifying further:

√⟨𝑖comb, ASE(𝑡)2⟩ = 𝜂𝑒
ℎ𝜈 √2𝑃𝑡2𝑆𝛿𝜈 1√

2
√ 𝐵𝑜

2𝛿𝜈 (2𝑁 − 1)
1
2

. (3.47)

5 The phase contributions from the comb teeth are correlated, but the phase contributions from the thermal light
are uncorrelated, thus the total phases are uncorrelated.
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Further simplifying:

√⟨𝑖comb, ASE(𝑡)2⟩ = 𝜂𝑒
ℎ𝜈 √2𝑃𝑡2𝑆𝛿𝜈 1√

2
√ 𝐵𝑜

2𝛿𝜈
√

2𝑁 − 1. (3.48)

Canceling terms and simplifying:

√⟨𝑖comb, ASE(𝑡)2⟩ = 𝜂𝑒
ℎ𝜈 √𝑃𝑡𝑆𝐵𝑜

√
2𝑁 − 1. (3.49)

The power is then:

⟨𝑖comb, ASE(𝑡)2⟩ = ( 𝜂𝑒
ℎ𝜈 )

2
𝑃𝑡𝑆𝐵𝑜(2𝑁 − 1). (3.50)

We recover the PSD by dividing by the RF bandwidth 𝐵𝑜/2:

⟨𝑖comb, ASE(𝑡)2⟩PSD = 2( 𝜂𝑒
ℎ𝜈 )

2
𝑃𝑡𝑆(2𝑁 − 1). (3.51)

Now we make the assumption for large 𝑁 , i.e., that 2𝑁 − 1 → 2𝑁 :

⟨𝑖comb, ASE(𝑡)2⟩PSD = 4( 𝜂𝑒
ℎ𝜈 )

2
𝑃𝑡𝑆𝑁 = 4( 𝜂𝑒

ℎ𝜈 )
2
𝑆𝑃𝑐. (3.52)

This expression holds for both a single detector and balanced detector, assuming that the thermal

power and comb power are the same in total. Consider the case of balanced detection:

⟨𝑖D1(𝑡)2⟩PSD = ⟨𝑖D2(𝑡)2⟩PSD = 4( 𝜂𝑒
ℎ𝜈 )

2 𝑆
2

𝑃𝑐
2 = ( 𝜂𝑒

ℎ𝜈 )
2
𝑆𝑃𝑐, (3.53)

where these are the PSDs of the current outputs of the two detectors. Note that the thermal power

and comb power to each detector is one half the total. Also note that this “noise” is correlated

(identical), so the signal amplitudes add linearly, not in quadrature. I.e.:

⟨𝑖BPD(𝑡)2⟩PSD = (√( 𝜂𝑒
ℎ𝜈 )

2
𝑆𝑃𝑐 + √( 𝜂𝑒

ℎ𝜈 )
2
𝑆𝑃𝑐)

2

= 4( 𝜂𝑒
ℎ𝜈 )

2
𝑆𝑃𝑐, (3.54)

3.5.4 Simplified SNR Derivation

We just derived that the electrical power spectral density of the heterodyne between thermal

light and a frequency comb LO is the following, now rewritten with a subscript denoting thermal
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heterodyne and omitting the PSD subscript:

⟨𝑖2
𝑇 ⟩ = 4( 𝜂𝑒

ℎ𝜈 )
2
𝑆𝑃𝐿𝑂, (3.55)

where 𝑃𝐿𝑂 = 𝑃𝑐. The shot noise PSD is:

⟨𝑖2
𝑆𝑁⟩ = 2𝜂𝑒2

ℎ𝜈 𝑃𝐿𝑂. (3.56)

The total root-mean-square current from the first balanced detector is √⟨𝑖2
𝐵𝐷1

⟩ = √⟨𝑖2
𝑆𝑁1

⟩ + ⟨𝑖2
𝑇1

⟩,

and the total root-mean-square current from the other balanced detector is defined in the same

way. The mixer multiplies these two photocurrents, such that the RMS output of the mixer is:

√⟨𝑖2
𝑆𝑁1

⟩ + ⟨𝑖2
𝑇1

⟩ × √⟨𝑖2
𝑆𝑁2

⟩ + ⟨𝑖2
𝑇2

⟩. (3.57)

The resulting terms are:

√⟨𝑖2
𝑆𝑁1

⟩⟨𝑖2
𝑆𝑁2

⟩, √⟨𝑖2
𝑆𝑁1

⟩⟨𝑖2
𝑇2

⟩, √⟨𝑖2
𝑇1

⟩⟨𝑖2
𝑆𝑁2

⟩, and √⟨𝑖2
𝑇1

⟩⟨𝑖2
𝑇2

⟩.

The last term defines the signal, and all terms, including the last, comprise the noise. As-

suming the same levels of 𝑆 and 𝑃𝐿𝑂 at each detector, the signal-to-noise ratio (SNR) is:

SNR = ⟨𝑖2
𝑇 ⟩

√⟨𝑖2
𝑇 ⟩2 + ⟨𝑖2

𝑇 ⟩⟨𝑖2
𝑆𝑁⟩ + ⟨𝑖2

𝑇 ⟩⟨𝑖2
𝑆𝑁⟩ + ⟨𝑖2

𝑆𝑁⟩2
, (3.58)

where the mixer output terms are all added in quadrature since they are uncorrelated. Simplifying:

SNR = ⟨𝑖2
𝑇 ⟩

√⟨𝑖2
𝑇 ⟩2 + 2⟨𝑖2

𝑇 ⟩⟨𝑖2
𝑆𝑁⟩ + ⟨𝑖2

𝑆𝑁⟩2
= ⟨𝑖2

𝑇 ⟩
√[⟨𝑖2

𝑇 ⟩ + ⟨𝑖2
𝑆𝑁⟩]2

. (3.59)

Further simplifying:

SNR = ⟨𝑖2
𝑇 ⟩

⟨𝑖2
𝑇 ⟩ + ⟨𝑖2

𝑆𝑁⟩ , (3.60)

Plugging in the terms, where 𝑆𝑡𝑜𝑡 = 2𝑆, i.e., now looking at the total amount of thermal light on

both balanced detectors:

SNR =
2( 𝜂𝑒

ℎ𝜈 )
2
𝑃𝐿𝑂𝑆𝑡𝑜𝑡

2( 𝜂𝑒
ℎ𝜈 )

2
𝑃𝐿𝑂𝑆𝑡𝑜𝑡 + 2𝜂𝑒2

ℎ𝜈 𝑃𝐿𝑂

=
𝜂

ℎ𝜈 𝑆𝑡𝑜𝑡
𝜂

ℎ𝜈 𝑆𝑡𝑜𝑡 + 1 = 𝜂⟨𝑛⟩
𝜂⟨𝑛⟩ + 1, (3.61)
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where 𝑆𝑡𝑜𝑡 = ℎ𝜈⟨𝑛⟩.

While this is the shot noise limit, additional measurement noise can be considered as

SNRtech = 𝜂⟨𝑛⟩
𝜂⟨𝑛⟩ + 𝜒, (3.62)

where 𝜒 is a factor greater than 1 describing additional noise such as electronic noise, excess relative

intensity noise (RIN), or degradation of the signal strength.

Note that a full accounting for signal and noise is most rigorously done by tracking phasors

and bandwidths in the frequency domain. For the readability of the thesis, I have placed this

lengthy derivation in App. A.

3.6 Sensitivity Comparison With Other Modalities of Thermal Light Spec-
troscopy

To evaluate the utility of DCCS, we compare the frequency domain SNR of DCCS alongside

existing methods for thermal light spectroscopy. These methods include channelized direct detection

(echelle spectrographs–Fig. 3.6a), where all resolved frequency bins are channelized onto as many

photodetectors [53]; swept direct detection (grating monochromators–Fig. 3.6b), where thermal

light is separated on a grating and scanned across a single detector; shot noise-limited Fourier

transform spectroscopy (FTS–Fig. 3.6c) [20]; channelized laser heterodyne radiometry (Fig. 3.6d),

where all resolved frequency bins are channelized onto as many photodetectors [53]; swept laser

heterodyne radiometry (Fig. 3.6d), where laser local oscillator light is scanned in frequency using

a single detector; and DCCS (Fig. 3.6e). Note that we consider the detection of a single mode of

thermal light and thus do not treat the multiplex advantage possible in direct detection techniques.

However, the most precise spectral measurements in direct detection also image a single mode due

to dispersion-related uncertainty [60]. Thus we believe that a single spatial mode-based comparison

is fair and illustrative.

The SNR of all methods share the well-known square root scaling with averaging time and

frequency resolution, but differ in scaling with respect to photon occupation ⟨𝑛⟩ and number of
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resolved frequency bins 𝑁 (Fig. 3.6 Table). For swept techniques, FTS, and DCCS, 𝑁 is the

number of resolved frequency bins per detector. Channelized techniques, however, host one resolved

frequency bin per detector and thus do not scale with 𝑁 .

We graphically compare the SNR as a function of wavelength (𝜆), resolution (Δ𝜈), number

of resolved spectral bins (𝑁), and black body temperature (T) in Fig. 3.6. In each of the separate

plots, we scan one variable from standard conditions of 𝑁 = 30, Δ𝜈 = 1 GHz, T = 5770 K, 𝜏 = 1 s,

𝜆 = 1550 nm. Note the total bandwidth measured is 𝑁Δ𝜈 = 30 GHz. In Fig. 3.6f, we see that

all techniques suffer SNR degradation at shorter wavelengths, but direct detection techniques fare

better in the regime where ⟨𝑛⟩ < 1 . This is due to direct detection techniques scaling as √⟨𝑛⟩ vs

heterodyne techniques scaling as ⟨𝑛⟩. At longer wavelengths, all techniques exhibit SNR of greater

than 102, sufficient for many applications. Square root scaling with spectral resolution Δ𝜈 is shown

in Fig. 3.6g. In Fig. 3.6h we plot the SNR scaling with number of resolved spectral bins 𝑁 , showing

that all techniques are roughly equivalent when 𝑁 = 1, but DCCS shows a disadvantage at high 𝑁

due to 1/𝑁 scaling. One can think of this scaling as a temporal mode-mismatch penalty between

the two comb LOs and the thermal light, or as an optical to RF spectral compression penalty.

Fig. 3.6i shows scaling with temperature, illustrating that cooler objects are better measured with

direct detection methods due to √⟨𝑛⟩ scaling.

3.7 Comparison With Other Phase-Sensitive Techniques, i.e., Laser Hetero-
dyne Radiometry Methods

Heterodyne techniques such as LHR and DCCS, while not as sensitive as direct detection,

are essential for applications requiring phase sensitivity such as synthetic aperture imaging.

Here we compare implementations of LHR and DCCS to understand the complex trade-space

of sensitivity (SNR), technological maturity, and realistic technical practicalities. First, we compare

the quantum-limited frequency domain SNR for these techniques, listed in Table 3.1, where Δ𝜈 is

the spectral resolution in hertz, 𝜏 is the total averaging time in seconds, and 𝑁 is the number of

resolved frequency bins per detector. Note that 𝑁 is a measure of optical to electronic spectral
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η⟨n⟩
η⟨n⟩ + 1 Δν τ

η⟨n⟩
η⟨n⟩ + 1

1
N

Δν τ

η⟨n⟩/2
η⟨n⟩ + 1

1
N

Δν
τ
2
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η⟨n⟩ + 1 Δν τ
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1
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1
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Figure 3.6: Comparing SNR of thermal spectroscopy techniques (a) Echelle spectrograph diagram.
(b) Grating monochromator diagram. (c) Fourier transform spectrometer diagram. (d) Laser
heterodyne radiometry diagram. Channelized LHR would host many CW LOs and detectors.
Swept LHR would sweep the frequency of the CW LO using one detector. (e) Dual comb correlation
diagram. (f) Frequency domain SNR vs. wavelength (g) Frequency domain SNR vs. resolution
(h) Frequency domain SNR vs. 𝑁 , the number of resolved spectral bins (i) Frequency domain
SNR vs black-body temperature. Note, ⟨𝑛⟩ = (exp [ℎ𝜈/𝑘𝑇 ] − 1)−1.
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compression, which is crucial when measuring 10s of THz wide optical spectra.

In channelized LHR (Table 3.1 and Fig. 3.7a), each Δ𝜈-sized spectral section of thermal

light is dispersed onto a single detector; thus 𝑁 is always 1, and the SNR does not scale with 𝑁

by definition (Eqn. 3.62). In swept LHR (Fig. 3.7b), a single detector captures a wide band of

thermal spectra as the CW local oscillator is swept in frequency, but the SNR is lowered by 1
√

𝑁

versus channelized LHR due to spectral dead time (Eqn. 3.63). DCCS (Fig. 3.7c) captures the

full broadband thermal spectrum simultaneously on a single detection channel, coming at a cost of

1/
√

2𝑁 over channelized LHR (Eqn. 3.64).

In practice, due to the aforementioned 1/
√

𝑁 or 1/𝑁 penalty of spectral multiplexing on a

single detection channel, some degree of channelization is necessary for measurement across broad

optical bandwidths. For a realistic comparison of implementations, we compare the following three

cases: channelized LHR, hybrid swept and channelized LHR, and channelized DCCS.

Channelized LHR (Fig. 3.7a) is a compelling candidate for the most sensitive measure-

ments due to its high SNR [50]. As mentioned earlier, there is no SNR penalty for increasing the

number of resolved spectral bins (increasing optical bandwidth measured). However, this can only

be accomplished by matching one photodetection chain to each spectral bin. For high resolution

detection over broad optical bandwidths, this requirement presents significant technical challenges.

For example, consider a 10 THz (80 nm at 1550 nm) section of optical bandwidth over which one

desires 1 GHz resolution. A 𝑓𝑟 = 1 GHz frequency comb may span this bandwidth; however, this

measurement would also require a complex, low loss system for de-multiplexing 10,000 channels

built on a high resolving power (R = 200,000) spectrometer. In addition, this would require 10,000

balanced detectors, rectification circuits, and digitization channels.

Hybrid Swept and Channelized LHR is an attractive alternative both to pure channel-

ization (above) or sweeping a single CW laser across 10 THz of optical bandwidth and introducing

large amounts of dead time. As pictured in Fig. 3.7b, a hybrid LHR approach alleviates the number

of detectors and decreases the required resolving power of the spectrometer and de-multiplexing

complexity as compared to channelized LHR. For example, addressing the same measurement sit-
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Spectroscopy Type Frequency Domain SNR

Channelized Laser Heterodyne
Radiometry

𝜂⟨𝑛⟩
𝜂⟨𝑛⟩ + 1

√
Δ𝜈𝜏 (3.63)

Swept Laser Heterodyne
Radiometry

𝜂⟨𝑛⟩
𝜂⟨𝑛⟩ + 1

1√
𝑁

√
Δ𝜈𝜏 (3.64)

Dual-Comb Correlation
Spectroscopy

𝜂⟨𝑛⟩
𝜂⟨𝑛⟩ + 1

1
𝑁

√Δ𝜈𝜏
2 (3.65)

Table 3.1: Quantum-limited frequency domain SNR of channelized LHR, swept LHR, and channel-
ized DCCS. Δ𝜈 is the optical resolution in Hz, 𝜏 is the averaging time in s, and 𝑁 is the number
of resolved frequency bins per detector. Other variables defined in text.
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uation as before, this approach would consist of a 10 GHz resolution spectrometer separating 10

THz total bandwidth of light onto 1000 (vs. 10,000) photodetection and digitization channels,

coming at a cost of 1/
√

10 in SNR over the channelized approach. To match this grid, one might

utilize 1000 CW lasers or a 𝑓𝑟 = 10 GHz comb with 10 GHz tunability of the offset frequency.

Presently the operation and active calibration of 1000 simultaneously swept CW lasers appears

unrealistic. However, a frequency comb would reduce the number of lasers from 1000 to 1 and ease

instrument complexity. Such tunable, high 𝑓𝑟 frequency combs are in development in the context

of astronomical spectrograph calibration [61, 62].

Channelized DCCS (Fig. 3.7c) increases instrumental simplicity compared with the LHR

methods above. Channelized DCCS with 10 GHz channels measuring 10 THz of optical bandwidth

with 1 GHz resolution would offer a significant simplification over pure channelized LHR–requiring,

for example, 1000 instead of 10,000 digitization and detection channels. Moreover, compared to

hybrid swept and channelized LHR, a channelized DCCS approach could utilize more mature fre-

quency comb platforms with 1 GHz repetition rates, allow for static calibration (such as through

a conventional dual-comb measurement [17]), and host no dead time. See Fig. 3.7d for a compar-

ison of channelized LHR, hybrid LHR, and channelized DCCS across channel resolution, number

of detectors, dead time, frequency calibration, and SNR. Note that the SNR is calculated with

parameters 𝜂 = 1, 𝑇 = 5770 K, 𝜆 = 1550 nm, Δ𝜈 = 1 GHz, 𝑡 = 1 s, and 𝑁 = 10.

We highlight that in broad spectrum measurements of black-body radiation, much of the

spectrum does not convey desired information, i.e., much of the spectrum consists of a smooth

Planck law profile or absorption features not of interest. A spectrally tailored DCCS approach,

where the combs contain power solely in spectral regions matching the absorption lines of interest,

would grant even broader bandwidth measurements on a single detection channel while maintaining

high SNR, which would otherwise be degraded by high spectral multiplexing, 𝑁 , if continuously

measuring broad optical spectra.

Digitization requirements for LHR are low due to the analog rectification that converts the

broadband noise to a measure of DC power [63]. We note that the digitization requirements of
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Figure 3.7: (a) Channelized LHR. (b) Hybrid swept and channelized LHR. (c) Channelized DCCS.
Note that (a), (b), and (c) depict only 0.3% of the total example optical bandwidth. (d) Compar-
ison of techniques across channel resolution, number of detectors, dead time, frequency calibration,
and SNR–see main text for parameters used. Green, yellow, and red highlighting indicates best,
intermediate, and worst performance, respectively.
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hybrid DCCS are also relatively easy. As a dual-comb method that maps an optical spectrum to

an RF spectrum, the two combs can be tuned to map the optical spectrum to a low frequency and

narrowband RF spectrum. Ultimately, this compression is limited by the mutual stability of the

two combs which dictate the lowest possible Δ𝑓𝑟 and thus the timescale over which phase correction

is necessary. Note that spectral compression is set by the ratio Δ𝑓𝑟
𝑓𝑟

[17]. In practice, we have found

the two combs used in the present demonstration generate phase-stable interferograms for several

seconds (without requiring phase correction). With conservative parameters of 1 kHz Δ𝑓𝑟 (each

interferogram is 1 ms in duration), 10 GHz of optical bandwidth per channel, and 𝑓𝑟 = 1 GHz, the

size of the compressed RF spectrum is 10 kHz. Multiplexed across 1000 channels with 10 THz total

optical bandwidth, only a modest data collection rate of 10 MB/s is required at 4 bit digitization,

or 824 GB per day.

We note that an alternative heterodyne spectroscopy method would be to directly digitize

the heterodyne of a demultiplexed comb and thermal radiation, then to post-process this data (e.g.,

through auto-correlation or FFT such as in radio spectroscopy [64]) to achieve finer resolutions. A

sensitivity analysis of such a technique that also addresses image-band ambiguity would be very

valuable; however, the digitization requirements would likely pose significant technical challenges

at broad bandwidths. For example, digitization across 10 THz would require a sampling rate of

10+ TS/s. At a bit depth of 4, this translates to a technically challenging data acquisition rate of

5+ TB/s or 86.4+ PB per day.

3.8 How Does This SNR Constrain Line Center Estimation?

DCCS offers advantages in terms of instrumental simplicity versus both channelized and

hybrid LHR, but does not offer as high SNR as these methods (Fig. 3.7d). Despite lower SNR,

DCCS may still provide the needed sensitivity for precise astronomical spectroscopy. Consider an

example Gaussian absorption line with a width of 3 GHz and depth of 0.5 imparted on light from

a 5770 K black body, and a measurement efficiency of 𝜂 = 0.5. A channelized DCCS scenario such

as the one above, where 𝑁 = 10 and Δ𝜈 = 1 GHz, would reach a frequency domain SNR of 22,000
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after 40 minutes. This SNR and resolution limits the line-center measurement to an uncertainty of

8.9 cm/s, equalling the Doppler shift that the Earth imparts on Sunlight.

3.8.1 Calculating SNR-Limited Line Center Uncertainty

The uncertainty in the position of a spectral absorption line (𝜎𝜈) is related to the uncertainty

in the amplitude by the following relationship:

𝜎𝜈 = 𝜎𝑓/|𝑑𝑓/𝑑𝜈|, (3.66)

where 𝜈 is the optical frequency and 𝑓(𝜈) is the spectral line function. One can rewrite this in

terms of SNR and the line depth (𝐷) of the absorption line as:

𝜎𝜈 = 1
SNR × 𝐷 × 𝑑𝑠

𝑑𝜈
, (3.67)

where 𝑠(𝜈) is the normalized spectral line function. Consider the Gaussian function 𝑠(𝜈) = 𝑒− 1
2 ( 𝜈

𝒟𝜈 )2

, where 𝒟𝜈 is the line width. The derivative is:

𝑑𝑠
𝑑𝜈 = −𝜈

𝒟𝜈2 𝑒− 1
2 ( 𝜈

𝒟𝜈 )2 , (3.68)

and the uncertainty is then:

𝜎𝜈 = 1
SNR × 𝐷 × −𝜈

𝒟𝜈2 𝑒− 1
2 ( 𝜈

𝒟𝜈 )2 . (3.69)

We are interested in the total uncertainty over a measurement resolving the whole line. The

uncertainty of multiple measurements is:

𝜎𝑡𝑜𝑡 = 1
√∑𝑖 𝜎−2

𝜈,𝑖
= 1

√∑𝑖(SNR × 𝐷 × −𝜈𝑖
𝒟𝜈2 𝑒− 1

2 ( 𝜈𝑖
𝒟𝜈 )2)2

, (3.70)

Simplifying,

𝜎𝑡𝑜𝑡 = 1
SNR×𝐷

𝒟𝜈2 √∑𝑖(−𝜈𝑖𝑒− 1
2 ( 𝜈𝑖

𝒟𝜈 )2)2
= 1

SNR×𝐷
𝒟𝜈2 √∑𝑁⟩3𝒟𝜈/Δ𝜈

𝑛=1 (−2𝑛Δ𝜈𝑒− 1
2 ( 𝑛Δ𝜈

𝒟𝜈 )2)2
, (3.71)

where one is assuming the capture of the line at greater than 3 standard deviations. The Doppler

shift that can be resolved is 𝛿𝑉 = 𝜎𝑡𝑜𝑡 × 𝑐/𝜈0, where 𝑐 is the speed of light and 𝜈0 is the center

optical frequency.
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Figure 3.8: Experimental diagram

We consider an efficiency of 0.5, a line depth 𝐷 of 0.5, a line width 𝒟𝜈 of 3 GHz, a spectral

resolution Δ𝜈 of 1 GHz, and a center optical frequency 𝜈0 of 200 THz (near 1550 nm). A 8.9 cm/s

uncertainty occurs at approximately SNR = 22,000, which occurs at around 2 hours.

A similar analysis is carried out in [65]. Note that if one only cares about the line center,

there is no benefit to over-resolving the line with higher resolution. However, other phenomena

may be of interest, such as complex magnetohydrodynamics that reshape the line itself. In such

cases, over resolving the line may provide crucial information that disentangles line center shifts

from other phenomena.

3.9 Experimental Considerations for Dual-Comb Correlation Spectroscopy

In this section, I provide information on the experimental set-up (see Fig. 3.8) used in the

present demonstration as well as practical and technical suggestions for dual-comb correlation

spectroscopy in general.
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3.9.1 Local Oscillators

The frequency comb oscillators used are two figure-9 Menlo systems Er:fiber-based frequency

combs that are fully self-referenced (offset frequency and optical beat frequency locked). The two

combs have a repetition rate around 100 MHz, an output bandwidth around 10 nm at approximately

1550 nm, and a power of approximately 10 mW. For the experiment, the two combs were filtered

down to 1 nm and approximately 50 µW before mixing with the thermal light.

As mentioned in previous sections, the repetition rate sets the resolution of the measurement,

and coarser resolutions results in higher SNRs. In fact, if one is only interested in line center

information, over-resolving the line does not help, and one should choose a resolution close to the

linewidth of the line itself. Typical solar linewidths in the near infrared are in the single to few

GHz range.

As will be shown in Section 3.10, technical noise of the frequency combs should be minimized,

as this imposes additional penalties on top of the unavoidable shot noise. Care should be taken to

not amplify the LO light any more than necessary, as excess relative intensity noise from amplified

spontaneous emission can degrade SNR further.

3.9.1.1 Detector Saturation

Detector saturation is also a critical issue for DCCS, since the light is coming from a mode-

locked laser. To put some numbers to this, an estimate on the peak power per pulse for a 100 MHz

comb with 100 GHz bandwidth (a little less than 1 nm at 1550 nm) and 60 µW average power

is 60 mW–and the CW saturation power listed for the Thorlabs PDB410C (the detector used)

is listed at 72 µW. So we should expect to see saturation, which may arise from charge carrier

shielding and also in the saturation of the transimpedance amplifier built into the detector [66]. As

mentioned in Section 3.10, I believe this plays a role in the lower than expected signal strength. In

the experiment, variable attenuators were used on the comb local oscillators to not over saturate

the detectors. Increasing the power of the LO light increased the deviation of the expected signal



60

strength from that actually measured, indicating saturation. In practice, however, if the power of

the LO was too low, electronic noise would dominate and overall SNR would be lower. So there

was a “happy medium” of some saturation on the signal and some technical contributions to the

noise that offered the highest SNR.

One might imagine that chirping the optical pulses would assist in the saturation issue. Yet

fiber lengths for such chirping to widen pulses of only 1 nm in bandwidth are unrealistically long,

and free space optics add an additional layer of complexity. Naturally highly chirped frequency

combs such as electro-optic combs may be very helpful in reaching quantum limited performance–

allowing enough light to reach the shot noise limit while lowering peak power that saturates the

photodetector.

3.9.2 Experimental Thermal Light

The thermal light used in the above demonstration is amplified spontaneous emission from

a semiconductor optical amplifier. This light was then passed through a hydrogen cyanide (HCN)

gas cell (NIST Standard Reference Material 2519a) to impart absorption features. Although not

strictly from a black-body source, ASE exhibits the statistical and coherence properties of thermal

light that define the SNR limit.

Ultimately, solar and stellar light is desired, and techniques of telescope-to-fiber coupling that

are already in use can be used for DCCS [63, 60].

To calibrate the power of the thermal light, I tapped the thermal light and measured this

with an optical power meter while also reading the monitor ports of the balanced detectors. At

higher powers, the balanced detector monitors were used to calibrate the thermal tap, and at lower

powers, where the uncertainty on the balanced detector monitors was higher than the contribution

of the thermal light, the optical power meter on the thermal tap was used.
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3.9.3 Mutual Coherence, Locking, and Phase Correction

Mutual coherence of the two combs is a vital part of DCCS. Challenges and solutions are

similar to that in conventional dual-comb spectroscopy, with the additional requirement that the

two combs must scan over the same section of thermal light–so after the thermal light is split, both

paths of the thermal light must be stable (or at least mutually stable). In the experiment, comb and

thermal light passed through several meters of single mode fiber, and fiber sections after splitting

thermal light were kept to under half a meter. Of particular help was taping and weighting down

of optical fibers so that air currents and acoustic vibrations were damped.

Optimal locking and phase correction are also essentially the same as for conventional dual-

comb spectroscopy. There is some debate in the field as to what degree of locking one requires for

dual-comb spectroscopy, such as whether the combs need to be fully self-referenced, what degree of

mutual coherence must exist, and what can be fixed in real-time or post phase correction. This is a

subject that deserves greater treatment in another document. In the experiment, locking conditions

were set in the most “conservative” fashion. Both frequency combs were locked and fully-self

referenced, clocked by the the NIST hydrogen maser. Since the spectrum being measured occurred

around 1547 nm, setting both optical beat frequencies between the two combs and the CW laser to

the same RF frequency effectively set Δ𝑓0 = 0. In other words, we defined the Δ𝑓0 of the measured

Nyquist zone with Δ𝑓𝑏 because the CW frequency 𝑓𝜈CW defined the beginning of this Nyquist zone.

This choice ensured that there would be no walking from interferogram to interferogram. Repetition

rates were set such that the maser-referenced counter read 100.000000 MHz and 100.000000 MHz

+ 2.083333 kHz up to the µHz level. This fulfills the repetitive sampling condition that 𝑓𝑟/Δ𝑓𝑟

is an integer, meaning that the same point of the interferogram is being sampled each cycle of

the interferogram. While this gave a good starting point, there was still some interferogram to

interferogram drift at longer timescales–slightly tuning 𝑓0 based on the interferogram drift shown

on the oscilloscope enabled even longer periods where no phase correction was required. Note that

the oscilloscope used was also clocked by the maser reference.
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Of course, interferogram-by-interferogram phase correction can adjust for any settings of 𝑓0

and 𝑓𝑏, but because each interferogram displayed an SNR much less than one, I required enough

phase-identical interferograms such that the average exhibited high enough SNR to phase correct.

This effectively set the sensitivity of the measurement, since the same SNR could be acquired for

weaker thermal light at longer averaging times.

Note that mutual stability conditions between the two frequency combs may be relaxed if

one is also monitoring a conventional dual-comb interferogram that has been tapped out from the

two combs. So long as this interferogram is effectively “in-loop” of the thermal heterodyne, the

thermal interferogram should require the same phase correction as the dual-comb interferogram.

3.9.4 Mode-Matching

Mode matching plays a critical role for optimal measurement, as any degree of mode mismatch

attenuates the signal but does not affect the shot or technical noise. Mode matching parameters

include transverse spatial modes, which were automatically matched in the experiment due to

the use of single mode fiber, as well as polarization and spectral modes. The ASE used in the

experiment was well polarized up to 99%; however, thermal light from a black body is unpolarized,

and it is essential that both frequency combs heterodyne with the same polarization mode.

3.9.5 Technical Noise

Because this experiment operates in the strong local oscillator limit, technical noise on the

comb LOs can be canceled by balanced detection, which relies on well balanced photodetectors as

well as even couplers. However, it is usually best to use the lowest noise LOs possible, since the

common mode rejection ratio of the photodetector is finite and there may be deviation from even

splitting in the 50:50 couplers used.

Another source of noise is the electronics. While many unamplified detectors are nearly

thermal noise-limited by their 50 ohm impedance, built-in transimpedance amplifiers may add a

few dB higher noise (i.e., have a noise figure of a few dB). Low noise amplifiers with 1-2 dB noise
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figures may be used to lower the threshold at which shot noise limits the measurement (i.e., lower

the required laser power to reach the strong LO limit).

The use of analog mixers with white noise-like signals also requires attention. In the experi-

ment, electronic amplifiers were added after the photodetectors to raise the input powers into the

mixer. At low electronic powers, mixer leakage current plays a larger role in the mixed output.

After testing several mixers from Mini-circuits, it appeared as though 50 MHz of white noise re-

quired an integrated RMS power level approximately 5 dB higher than the mixer optimal input

power specification to achieve optimal mixing.

3.10 Spectroscopy at the Solar Planck Limit and Experimental Verification
of SNR Scaling

We seek to validate the achievable SNR with two frequency combs (𝑓𝑟 = 100 MHz) that

are heterodyned with thermal light generated by amplified spontaneous emission (ASE) from an

unseeded optical amplifier. The overall spectral bandwidth is set by 1 nm bandpass filters, and a

hydrogen cyanide (HCN) cell is placed in the path of the thermal light to impart a sharp absorption

feature.

The power spectral density (PSD) of the Sun sets a benchmark for realistic sensitivity, shown

as a line labeled Solar Planck Limit (Fig. 3.9c), referring to the equivalent PSD of a 5770 K

blackbody at 1547 nm. We experimentally demonstrate spectroscopy at this PSD over the course of

1 hour, showing both zoomed-in interferograms and the PSD at the full 100 MHz comb resolution

obtained through a fast Fourier transform (Fig. 3.9a and 3.9b). At 1 hour, we clearly observe

the hydrogen cyanide (HCN) absorption line (Fig. 3.9b) with a measured and predicted SNR of

approximately 10. We emphasize that Fig. 3.9b displays the highest sensitivity measurement with

DCCS and the first at a PSD corresponding to a realistic astronomical source.

Our measurement exhibits a 𝜒 = 6.25 (see Sec. 3.5.4) that we attribute to an electronic noise

floor that is ∼ 3 dB greater than shot noise and a heterodyne power level that is 5 dB lower than

ideal. This second factor is likely due to a combination of spectral mode-matching and detector
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saturation. We show close agreement between measured SNR (circles) and the theoretical technical

limit (red curve) across three orders of magnitude of thermal PSD at 1547 nm (Fig. 3.9c). Note

that the theoretical technical limit does not rely on parameters fitted to the measured SNR. The

experimental SNR is estimated by dividing the peak value of the averaged interferogram envelope

by the root-mean-square value at time delays well beyond the center burst. Hence, at lower SNR,

the estimate on SNR has greater uncertainty as shown by the ±𝜎 standard deviation at 16,000

averages. Clearly, reaching the shot noise (quantum) limit would yield a substantive improvement

over the current technical limit (Fig. 3.9c), and we address reaching that regime in the discussion.

Note that given our technical noise and saturation issues, the frequency domain SNR at the

Solar Planck limit would be around 10. The SNR in the frequency domain is estimated at around

6 by taking the average value within the 1 nm spectral section (around 15 MHz Fourier frequency)

and dividing it by the average value in a nearby noise floor (around 20 MHz). Note that the noise

floor is not perfectly white, and that at higher Fourier frequencies the noise floor is slightly reduced.

Perhaps this is due to mixer or filter responses, or the presence of correlated noise at lower Fourier

frequencies.

3.10.1 Analysis of Signal and Noise Contributions to PSD

The PSDs of the signals and noise were measured on the Agilent MXA Signal Analyzer

N9020A, with an estimated absolute uncertainty of ±0.5 dBm/Hz, that was cross-calibrated with

a standard NIST noise source with Archita Hati’s help. I plot the measured levels alongside the

theoretically estimated levels of the PSD in dBm/Hz out of the Thorlabs PDB415C photodetectors

in Fig. 3.10.
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3.11 Future Outlook

3.11.1 Reaching Quantum-Limited Performance

Looking to the future, it is important to reach and thus unambiguously verify the shot

noise limit and reach the quantum-limited sensitivity. This entails not just raising the shot noise

above other sources of noise, but also not reaching the saturation regime through too much peak

pulse power. One possible solution is the use of electro-optic combs, whose outputs when purely

phase modulated are constant in power, or when both intensity and phase modulated, exhibit

highly chirped pulses on the order of half the pulse-to-pulse round trip time. This contrasts with

the experimental situation with the Menlo combs, where there was an approximate duty cycle of

1/1000th the round trip time.

3.11.2 Increasing Sensitivity and Bandwidth

As is evident by the 1/𝑁 scaling of the SNR, there is a trade-off in terms of optical to

RF spectral compression and sensitivity. The optimal balance between experimental simplicity

and sensitivity likely depends on the application. A sensible pathway is to make use of inexpen-

sive and low loss telecommunications components, such as dense wavelength division multiplexers

(DWDMs). Such components separate telecom wavelength light into 100 GHz bins, and, given a

5 GHz repetition rate, this amounts to a 𝑁 = 20. Alongside reaching the quantum noise limit,

compared to the SNR achieved in the demonstrated experiment, this would yield an increase in

SNR of 6.25 × 50 ×
√

50 ≈ 2000 due to 𝜒 decreasing from 6.25 to 1, 𝑁 decreasing from 1000 to 20,

and Δ𝜈 increasing by 50–see Table 3.1. The DWDM is not only a spectral filter, but also grants

broader band channelization as shown in hybrid DCCS (Figure 3.7c), and one could increase the

number of detectors to reach broader and broader bandwidths.
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3.11.3 Mid and Far-Infrared Thermal Light Spectroscopy

Our experimental work operated near 1550 nm due to the availability of inexpensive, high-

quality, telecommunications-compatible components such as high quantum efficiency balanced pho-

todetectors and low-loss fiber optics. However, many other regions of the optical spectrum are of

great interest, particularly further into the infrared. At longer wavelengths, the mean photon occu-

pancy ⟨𝑛⟩ increases, granting the ability to measure cooler objects.6 However, shot noise-limited

DCCS is challenging in the mid- and far IR due to a lack of high-power, low-excess RIN combs and

a lack of high-speed, low-noise, high-quantum-efficiency balanced detectors. A compelling alterna-

tive is through electro-optic sampling [67, 68, 69], where MIR/FIR light is up-converted to the NIR

for higher efficiency, low noise detection. Further analysis of the nonlinear conversion efficiency is

required to fairly assess the merits of nonlinear DCCS.

3.11.4 Broadband Optical Synthesis Imaging with Dual-Comb Correlation

Dual-comb correlation spectroscopy measures the coherence of thermal light as a function

of the temporal delay across the same spatial mode. This results in a 𝑔(1)-type measurement of

thermal light, and a Fourier transform yields the spectrum of this light. The thermal field can also

be sampled and correlated at different spatial “delays,” then Fourier transformed to produce an

image of the source. Such techniques are used for synthesis imaging in radio astronomy [70, 71], and

hyperspectral images are formed as image “cubes,”, which are generated through Fourier transforms

of complex visibility (coherence) as a function of the two spatial delays and the temporal delay.

Most generally, dual-comb correlation consists of the broadband phase-sensitive measurement

of thermal fields with two combs followed by correlation of these signals. It is a means to measure

the similarity of broadband optical fields at different points in time and space. This similarity is

described as coherence or as complex visibility, and the combination of many pairwise comparisons

fills out the complex visibility, which can be Fourier transformed in time and space to generate a
6 However, this also requires a larger aperture to capture the larger coherence radius of a single mode of thermal

light.
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hyperspectral image of a distant source. Here, we provide a brief description of how dual-comb

correlation synthesis imaging might be deployed and how the sensitivity bounds provided in this

work provide the fundamental limits for such a system.

First, we review the Fourier relationships between the complex visibility,

𝑉 (𝑢, 𝜏) = ⟨𝐸(𝜐, 𝑡)𝐸(𝜐 + 𝑢, 𝑡 + 𝜏)⟩ (3.72)

and a hyperspectral image (modified intensity)

𝐼(𝑙, 𝜔). (3.73)

For simplicity, only one spatial (transverse) dimension (𝑢 and 𝑙) and a temporal (longitudinal)

dimension (𝜏 and 𝜔) are specified. The complex visibility can first be Fourier transformed to reveal

the spectrum at each spatial frequency 𝑢:

𝑉 (𝑢, 𝜔) = ∫ 𝑉 (𝑢, 𝜏)𝑒2𝜋𝑖𝜏𝜔𝑑𝜏, (3.74)

and the hyperspectral image can be recovered by taking the visibility at each spatial frequency and

performing another Fourier transform:

𝐼(𝑙, 𝜔) = ∫ 𝑉 (𝑢, 𝜔)𝑒2𝜋𝑖𝑢𝑙𝑑𝑢, (3.75)

where 𝑢 = 𝜔
2𝜋𝑐Δ𝑥 is the distance between sites in terms of the number of wavelengths. These

transform pairs are described by the Wiener-Khinchin theorem and the van Cittert-Zernike theorem.

Dual-comb correlation can sample this complex visibility (and thus generate a high-resolution

hyperspectral image), and here we describe one possible implementation. The standard setup for

dual-comb correlation spectroscopy is arranged at many sites, in Figure 3.11 showing three sites.

The photocurrents between the thermal light and the frequency combs are recorded, and timing

synchronization is maintained by optical time transfer [16]. These photocurrents are then pairwise

correlated with others, noted as ⟨𝐼𝑥𝐼𝑦⟩, resulting in a plane-by-plane recording of the complex

visibility. Such a complex visibility can be transformed as described above to form a hyperspectral

image.
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Figure 3.11: Reconstructing the complex (spatial-temporal) visibility function with dual-comb
correlation. Here a minimal three sites are represented to correlate the thermal field across three
locations. Each pairwise correlation of photo-currents fills in a plane of the complex visibility. The
double Fourier transform over frequency and space results in a hyperspectral image of the source.
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We note that dual-comb correlation spectroscopy records the complex visibility in the zero

transverse spatial delay plane. The maximum single shot signal-to-noise ratio for dual-comb corre-

lation of ⟨𝑛⟩
⟨𝑛⟩+1 derived and verified in this work in fact sets the upper limit for sampling the complex

visibility in general. In this work, we showed how this sensitivity translates to the frequency do-

main for different thermal light powers given our spectral resolution; but this limit can also be

used to bound the spatial domain sensitivity limit, though this depends on the specific parameters

of the measurement apparatus (aperture size, filling factor, etc.) and source (brightness, distance,

wavelength, etc.) [71].

As with radio astronomy arrays, image synthesis of broadband light could provide much

higher angular resolution than is available with today’s large telescopes and Michelson stellar in-

terferometers. One important area this would address is planetary formation [72], as imaging the

Hill sphere in the closest star-forming regions would require baselines/diameters on the order of

kilometers, far larger than current optical telescopes. The cost of large-scale telescopes is estimated

to scale with a power greater than the square of the diameter [48] quickly reaching infeasible lev-

els, and prohibitive technical challenges occur when scaling up Michelson stellar interferometers

to longer distances and especially between many sites [43]. An array of smaller optical telescopes

connected and calibrated through optical time transfer may circumvent the need for larger optically

aligned single telescopes and provide more advantageous cost scaling as well as a larger area to

collect more photons.

3.11.4.1 Ultra-broadband Gray-scale Imaging

I note that higher SNR in the image can be achieved by throwing out the spectral information

at each point. This amounts to gray-scale imaging and could simply be achieved by adding all the

images at different optical frequencies to construct a brightness map. This can be thought of as

equivalent to post-apodization of a dual-comb interferogram to coarsen the spectral resolution.

This would grant an SNR improvement of √𝑁𝑡, that is, the square root of the total number of

resolved frequencies across all detectors.



Chapter 4

Quantum Optics of Frequency Comb Interferometry

Frequency comb interferometry has supported the most precise realizations and comparisons

of time and frequency [73, 74, 46]–and frequency comb interferometry is increasingly used for

broadband spectroscopy [17, 75] and broad bandwidth frequency synthesis generation[76, 77, 78].

The fundamental quantum limits of frequency comb measurements have not yet been the limiting

factor in measurement precision for these applications, as noise and uncertainty related to other

parts of the measurement outweigh the noise of frequency comb measurement.

Yet we may be approaching an era where the noise from the interferometry itself limits

measurement precision. In the scenarios highlighted above, often an excess of laser and frequency

comb power exists, and higher SNRs can be achieved simply by increasing signal power. Yet there

are applications in portable clocks and perhaps also future nuclear clocks in the vacuum ultraviolet

and beyond, where coherent laser and frequency comb light are not easy to come by, or there

are power limits in terms of photodetection. In these scenarios, one should optimally use the

photons available–and in this limit, it is usually the noise set by quantum mechanics that sets the

fundamental limit.1

In these scenarios, a quantum optical understanding of homodyne and heterodyne with optical

frequency combs (or any arbitrary coherent field) is extremely helpful in understanding where the

so-called “standard quantum limit” (SQL) lies, and necessary for moving beyond such an SQL with
1 Moreover, it is likely that future experiments utilizing light-matter interaction will rely on coherent and arbitrary

optical waveforms (based on optical frequency combs). These might be used, for example, to optimally drive natural
quantum systems [18], such as molecules in complex chemical reactions, or synthetic quantum systems such as physical
qubits [79].
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ometry.
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non-classical states of light.

In this chapter, I present work developed jointly with Noah Lordi and Josh Combes-deriving

the measurement operators for homodyne with an optical frequency comb–a scenario which (as

explained in the next section) was not describable through existing methods in quantum optics.

In general, the homodyne operators describe a scenario that relaxes the large local oscillator limit

and treats arbitrary mode overlap, which is a hallmark of frequency-comb measurements.

Although the measurement operators for homodyne measurements are derived here, and

most frequency comb measurements today rely on heterodyne, this work provides the necessary

foundation for future expansion to a quantum operator view of heterodyne. Moreover, a description

of the statistics for heterodyne can always be inferred from the application of repeated homodyne

measurements, followed by standard processing (such as a Fourier transform). For the special case

of coherent signals, the SNR equation corresponding to the heterodyne measurement SQL can be

inferred from the homodyne measurement operators.

This chapter is organized as follows. First, I provide a basic review of quantum optics theory,

covering quadrature representations of fields, coherent states, then moving into continuous mode

quantum optics.

Then I describe the derivation of the measurement operators, highlighting a temporal mode

decomposition technique that allows a convenient description of the measurement operator in two

parts.

I then describe several scenarios utilizing these new homodyne operators, identifying that

in the coherent signal case, the quantum-limited measurement does not correspond to the SQL

typically used in quantum optics measurements. This is due to an excess of signal photons not

contributing to the measurement due to mode mismatch, and the measurement operators provide a

useful way of understanding the total measurement as a combination of an intensity measurement

and a quadrature measurement.

Then I move to experimental predictions of the SQL for frequency comb measurements match-

ing the pure quadrature or coherent state-overlap measurement–matching the standard definition
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in quantum optics. I review prior work by Jerome Genest and JD Deschenes [21, 22] that utilized

a gating technique to move past conventional quantum limits. Lastly, I show efforts to reach the

predicted SQL, discussing experimental considerations and limitations in reaching this limit.

4.1 Fundamentals of Quantum Optics

4.1.1 Quantum Harmonic Oscillator and Quadrature Space

Light is governed by Maxwell’s equations, which dictate the oscillating wave nature of elec-

tromagnetic radiation. Oscillatory systems can be described through the harmonic oscillator, where

the energy of the state is parameterized in terms of “kinetic” and “potential” energy. The Hamil-

tonian for the quantum harmonic oscillator is:

𝐻̂ = ̂𝑝
2𝑀 + 1

2𝑀Ω2 ̂𝑥2, (4.1)

where ̂𝑝 and ̂𝑥 are hermitian operators corresponding to measurements of momentum and position,

respectively. 𝑀 is “mass,” and Ω is the natural frequency of the oscillator.2

The state of the particle or system can then be well described in phase space, where the

X axis is the position, and the Y axis is the momentum. This is pictured in Figure 4.2. On the

right-hand side of this figure, the particle would move from points A, B, C, D, and back to A,

trading kinetic energy for potential energy and back again. This corresponds to the phase space

picture on the left-hand side of the figure, where the state traces a circle around the origin. Note

that in a classical sense, the position and momentum could be, in principle, exactly defined at the

same time.3

In the quantum picture, the operators for position and momentum do not commute, which

imposes a fundamental limit on the exactness with which position and momentum can be defined

at the same time. This can be written as:

[ ̂𝑥, ̂𝑝] = ̂𝑥 ̂𝑝 − ̂𝑝 ̂𝑥 = 𝑖ℏ. (4.2)
2 The basics of quantum optics are covered in many different texts. I suggest Wolfgang Schleich’s Quantum Optics

in Phase Space [80] as an excellent resource, which I partly follow here.
3 However, this assertion even breaks down in some classical systems, such as in the time-bandwidth Fourier

relationship.



76

A A

B

B

C C

D
D

Phase Space Trajectory of a Classical Harmonic Oscillator

Corresponding Harmonic Potential

Figure 4.2: Phase space representation of the classical harmonic oscillator (left) and the harmonic
potential (right).
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I also note that the phase space representation is interesting as it depicts Fourier transform pairs

on each axis, and thus there is a sense of redundancy to the information displayed in phase space.

The same wave function represented in terms of position or momentum is related through a Fourier

transform:

𝜓(𝑥) = (2𝜋ℏ)−1/2 ∫
∞

∞
𝑑𝑝𝜓(𝑝)𝑒𝑖𝑥𝑝/ℏ. (4.3)

4.1.2 Number States

Number states (or Fock states, or energy eigenstates) are perhaps the most natural state to

describe given the Hamiltonian above. These are simply states that obey the eigenvalue equation:

𝐻̂ |𝑚⟩ = 𝐸𝑚 |𝑚⟩ (4.4)

These states can be created from vacuum through the creation operator ̂𝑎† = 1√
2( ̂𝑥 − 𝑖 ̂𝑝):

|𝑛⟩ = 1√
𝑛!

( ̂𝑎†)𝑛 |0⟩ . (4.5)

The number states also obey the following relationships with the creation 𝑎† and annihilation 𝑎

operators:

̂𝑎† |𝑛⟩ =
√

𝑛 + 1 |𝑛 + 1⟩ (4.6)

and

̂𝑎 |𝑛⟩ = √𝑛 |𝑛 − 1⟩ . (4.7)

Number states also form an orthonormal basis in the Hilbert space of states of the quantum har-

monic oscillator:4

⟨𝑛| |𝑚⟩ = 𝛿𝑛𝑚. (4.8)

4.1.3 Wigner Function

An exact quantum analogy to the classical phase space is not possible due to the commutation

relation of ̂𝑥 and ̂𝑝; it is not possible to define a single point corresponding to an exact value of
4 This is not the case for coherent states–which are not normal to each other and over-define the Hilbert space of

states.
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position and momentum. However, the Wigner function comes close to analogizing the classical

phase space picture, and it has some additional properties such as negative values corresponding

to the interference of probability amplitudes that prove very valuable for describing non-classical

states. The Wigner function is defined as:

𝑊(𝑥, 𝑝) = 1
2𝜋ℏ ∫

∞

−∞
𝑑𝜉𝑒− 𝑖

ℏ 𝑝𝜉 ⟨𝑥 + 𝜉/2| ̂𝜌 |𝑥 − 𝜉/2⟩ , (4.9)

where ̂𝜌 is the density operator corresponding to the (perhaps mixed) state being described. In

words, the Wigner function is the Fourier transform of the shifted position wave functions of

some state. This may sound a bit mysterious–and an extended discussion of the Wigner function is

beyond the scope of this dissertation–but the marginals of the Wigner distribution are much clearer

in their interpretation.

The marginal over momentum 𝑝 is:

∫
∞

−∞
𝑑𝑝𝑊(𝑥, 𝑝) = ⟨𝑥| ̂𝜌 |𝑥⟩ = 𝑊(𝑥), (4.10)

which is simply the probability distribution for the position 𝑊(𝑥). Likewise, the marginal over

position 𝑥 is:

∫
∞

−∞
𝑑𝑥𝑊(𝑥, 𝑝) = ⟨𝑝| ̂𝜌 |𝑝⟩ = 𝑊(𝑝), (4.11)

which is the probability distribution for the momentum 𝑊(𝑝).

4.1.4 Coherent States

Coherent states in quantum optics were first defined by Roy Glauber and E. C. George

Sudarshan [23, 81]. These are the states arising from an oscillating charge or dipole, and are

equivalent to coherent microwaves emitted through antennas. Perhaps it is surprising that coherent

states also describe laser light. In a semi-classical picture, however, the gain medium in an optical

resonator can also yield a picture of a classical dipole, as electron clouds move in a synchronized and

oscillatory fashion along with the coherent electromagnetic waves reflecting through the resonator.

Another picture of the coherent state is that of a sudden displacement of a harmonic oscillator

potential, such that the vacuum Gaussian state is located at, e.g., point A instead of point B/D
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Figure 4.3: Wigner function of a coherent state |𝛼⟩, where the displacement 𝛼 = 3 + 3𝑖. Note that
for a bright coherent state of light such as a laser, the mean number of photons is |𝛼|2, and for a
1 µW laser at 1550 nm over 1 µs, this amounts to a mean number of photons of around 8 million,
or a |𝛼| of around 3000. Since the width of the Wigner function of a coherent state is always the
same, the Wigner function of a coherent state starts to approach the classical definition of phase
space defined at a single point.
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in figure 4.2. The state then evolves/oscillates because it is not an eigenfunction of the harmonic

oscillator potential.

While there are many details about coherent states, here I provide a few significant properties

of the coherent state. In terms of number states,

|𝛼⟩ = 𝑒−|𝛼|2/2
∞

∑
𝑛=0

𝛼𝑛
√

𝑛!
|𝑛⟩ . (4.12)

In other words, the coherent state is Poisson distributed in terms of number states–and as we saw

in the technical background, at large displacements this yields a Gaussian distribution.

The variance for position and momentum of a coherent state is:

⟨𝛼| (Δ𝑥)2 |𝛼⟩ = ⟨𝛼| (Δ𝑝)2 |𝛼⟩ = 1/2 (4.13)

which is independent of the displacement 𝛼.

4.1.5 Positive Operator-Valued Measures

Positive operator-valued measures (POVMs) are a general description of measurements in

quantum mechanics, generalizing projective value measurements (that are typically used to describe

von Neumann measurements). POVMs are not necessarily orthogonal projectors like PVMs and

can therefore describe a wider variety of measurements.

What is a measurement in quantum mechanics? While introductory textbooks claim that it

is the projection into some measurement basis of some object or system–in reality, we never directly

measure the system that we are interested in. In fact, we couple this object to another system, often

termed an ancilla, and then make some kind of measurement on this ancilla. We assume that we

know the interaction between the primary system and the ancilla (which can be described by some

unitary operator 𝑈 acting on the joint system of the primary system and the ancilla). Then we ask

the following question: What measurement did the ancilla read? Most generally (and frequently)

the outcome of this measurement actually corresponds to many possible projective measurements

of the primary system. In fact, in full generality, this measurement on the ancilla does not tell us

about the final state of the primary system.
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POVMs describe this general model of measurement where an ancilla is measured that has

interacted with the primary quantum system. The POVM is defined as:

𝐸𝛼 = Tr𝐴(𝑈†𝑃𝛼𝑈𝜎), (4.14)

where 𝛼 is a measurement outcome on the ancilla, denoted as system A, 𝑃𝛼 is the sum of projective

measurements on the ancilla resulting in 𝛼, i.e., 𝑃𝛼 = ∑𝑗 |𝑓𝛼𝑗⟩ ⟨𝑓𝛼𝑗|, and 𝜎 is the density matrix of

the ancilla, i.e., 𝜎 = ∑𝑘 𝜆𝑘 |𝑒𝑘⟩ ⟨𝑒𝑘|–where |𝑒𝑘⟩ are the eigenstates of 𝜎. In fact, the POVM takes

into account the state of the ancilla and the possible interactions between the primary system and

ancilla that result in some measurement result 𝛼, then traces out the ancilla space such that the

matrix acts on the space of the primary system. The probability for a measurement outcome 𝛼 is

then:

𝑝𝛼 = Tr(𝜌𝐸𝛼), (4.15)

where 𝜌 is the initial state (density matrix) of the primary system. Indeed the POVM gives the

full probability distribution–whereas many techniques for gleaning probability in quantum optics

only give the first and second moments. While the technical background reviewed in this thesis

claimed that for most measurements in classical time and frequency metrology Gaussian statistics

are all that is needed, exotic quantum states such as cat states and number states (non-Gaussian

states) do display statistics that require higher order moments to describe. This generality makes

POVMs powerful.

4.1.6 Classical vs. Quantum Optical Homodyne and Heterodyne

Homodyne and heterodyne measurements are cornerstones of both classical and quantum

optical experiments. What are the differences between the classical and quantum cases? The

differences lie in the common assumptions made about homodyne and heterodyne as well as the

emphasis on what the measured quantity is.

In quantum optics, homodyne measurements typically assume that the local oscillator (LO)

is much larger than the signal, that the LO and signal are mode-matched, and, as is true in
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the classical case, that the carrier frequencies are the same between the LO and the signal. As

such, measurements are generally made at DC5 and are considered “phase sensitive,” since the

relative phase of the LO and the signal can be inferred by the value of the measurement result. In

quantum optics experiments, mode-matching is often the ideal case, and close to mode-matching

is possible, as the signal can be generated by splitting a portion of the LO and introducing various

non-linearities to create non-classical states. Given these conditions, homodyne measurements in

quantum optics are understood as measures of an arbitrary quadrature of the electromagnetic field,

e.g.,

𝑋̂𝜃 = 1√
2

( ̂𝑎𝑒−𝑖𝜃 + ̂𝑎†𝑒𝑖𝜃), (4.16)

where 𝜃 is an angle in phase space.

Heterodyne measurements in quantum optics also generally assume mode-matching and a

large LO. In line with the classical situation, the signal and local oscillator have different carrier

frequencies. The measurement apparatus is assumed to be able to detect this difference in carrier

frequencies, but any information regarding individual “homodyne” measurements composing these

data is marginalized when the Fourier transform is taken to analyze the amplitude of the beat

between the LO and signal fields. In classical optics, heterodyne can refer to the time trace as well

as the Fourier transform, but typically in quantum optics, heterodyne refers to the measurement

after the Fourier transform has been taken and is thus considered phase insensitive, since the

amplitude of this Fourier component does not depend on the initial phase offset between the signal

and LO. Heterodyne also carries a natural interpretation in the language of field quantization. It is

considered a simultaneous measurement of two orthogonal quadratures of the field, which simplifies

to being the annihilation operator:

𝑋̂ + 𝑖 ̂𝑃 = 1
2[( ̂𝑎 + ̂𝑎†) − 𝑖2( ̂𝑎 − ̂𝑎†)] = ̂𝑎. (4.17)

Since it is the quadrature state that is the eigenstate of the homodyne operator (of matching

phase), homodyne is considered to be an overlap of the signal with a quadrature eigenstate. Likewise
5 Although sometimes some form of modulation is added or mixed with the DC signal such that low frequency

technical noise can be bypassed.
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with heterodyne, it is the coherent state that is an eigenstate of the annihilation operator, and

heterodyne measurement can be considered overlap with a coherent state.

4.2 Continuous-Mode Quantum Optics and Mode Functions

The above formulations of quantum optics are all built on the assumption of a single mode,

which most often means that all states are defined in the same mode–be that frequency, spatial,

polarization, temporal, and perhaps others.

Yet in realistic scenarios, mode-matching is often not the case. In most cases we deal with

fields of varied spectra and shape, interacting with other fields and apparatuses with their own

complex mode function. Here we must employ the additional layer of continuous modes in quantum

optics.

Standard mode theory employs boundary conditions of some finite resonator defining the

allowed modes of the state. In continuous mode quantum optics, we take the limit to infinity of

the resonator length, which produces a continuum of modes.

In other words, in the previous definitions, we assumed that we were referring to a single

mode, perhaps a longitudinal mode of an optical resonator. To be more specific, the annihilation

and creation operators actually obey the commutation relation:

[ ̂𝑎𝑖, ̂𝑎†
𝑗] = 𝛿𝑖𝑗, (4.18)

where 𝑖 and 𝑗 label orthogonal modes, and for example, the modes of the resonator are spaced by

Δ𝜔 = 2𝜋𝑐/𝐿, where 𝐿 is the resonator length. We seek to take the continuum limit as 𝐿 approaches

infinity and Δ𝜔 approaches zero. See Blow et al. [82] for a detailed treatment. In this limit,

̂𝑎𝑖 →
√

Δ𝜔 ̂𝑎(𝜔), (4.19)

where the continuous creation and annihilation operators now have units of per square root band-

width. These continuous operators obey the Dirac delta commutation relations (vs. Kronecker

delta):

[ ̂𝑎(𝜔), ̂𝑎†(𝜔′))] = 𝛿(𝜔 − 𝜔′)). (4.20)
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We have defined the continuous frequency mode annihilation and creation operators, which now,

through a Fourier transform, allow us to define the instantaneous annihilation and creation opera-

tors in time:

̂𝑎†(𝑡) = 1
2𝜋 ∫ 𝑑𝜔 ̂𝑎†(𝜔)𝑒𝑖𝜔𝑡. (4.21)

These obey the commutation relation:

[ ̂𝑎(𝑡), ̂𝑎†(𝑡′))] = 𝛿(𝑡 − 𝑡′). (4.22)

From these instantaneous creation operators, we can now define the arbitrary mode of a field.

We define the mode creation operator ̂𝐴†(𝜉) in some temporal mode 𝜉(𝑡), also known as the field

envelope,

̂𝐴†(𝜉) = ∫
𝑇

0
𝑑𝑡 𝜉(𝑡) ̂𝑎†(𝑡) , (4.23)

where ̂𝑎†(𝑡) is the creation operator that creates a photon at time 𝑡. These mode operators carry the

usual commutation relations [ ̂𝐴(𝜉), ̂𝐴†(𝜉)] = 1 unlike the instantaneous creation operators which

have units of sec−1/2. This is the mode function that tells you the complex envelope of the electric

field, which allows full definition of any field.6

4.3 Past Quantum Optics Treatments of Homodyne

Homodyne measurements [83] are fundamental in both quantum optics and precision metrol-

ogy, allowing manipulation [84, 85] and characterization [86, 87, 88] of quantum states.

Now that we have covered some of the basic building blocks of continuous-mode quantum

optics, we review past treatments of homodyne detection from a quantum optics perspective. In

a single mode, homodyne is understood as a measurement of a quadrature of the electromagnetic

field [89, 90, 91, 92], e.g.,

|𝑥⟩ ⟨𝑥| . (4.24)
6 This is as long as 𝜔0 ≫ Δ𝜔, or that the bandwidth is small compared to the carrier frequency. It is a very

interesting question what arises beyond this slowly varying envelope approximation! And one that perhaps we are
close to experimentally probing with coherent single cycle laser pulses.
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Many multimode homodyne formulations assume that the signal and local oscillator (LO)

share the same temporal mode [93, 94, 95, 82, 96, 78] resulting in qualitatively similar quantum

descriptions and limits as in the single mode case. In experiment, this is often done by deriving the

signal and local oscillator from the same laser source, thus aiding in matching of the underlying

carrier frequency as well as the general shape of the pulses (though differential dispersion and

nonlinearity of course play a role in mode-mismatch).

The temporal mode mismatch between the signal and LO has been understood as an effective

loss [97, 86, 87, 98, 99], meaning that the information or signal gained from the measurement is

simply attenuated by the level of mode mismatch. However, these works operate in a regime where

the LO strength dominates the signal strength, which is often not realistic. In other words, these

works do not consider the effects of finite-strength LOs, high signal strength, and a high mode

mismatch evident in many experiments [21, 22, 100]. As will be shown later, these experiments

observe additional shot noise due to mode mismatch, which is unexplained by effective loss alone.

4.4 The Situation in Optical Frequency Comb Metrology

Over the past two decades, optical frequency combs [47] have emerged as a powerful tool for

characterization and dissemination of the most precise clocks [73, 74, 46], precision spectroscopy

[17, 75] and broad bandwidth frequency synthesis [76, 77, 78]. In these measurements, the frequency

comb LOs have very high peak power but relatively small average power; as a result, the finite-

strength LO effects are important, particularly when the signal has a similar average power to the

LO. This is the case in dual-comb spectroscopy as well as in the heterodyne between a frequency

comb and a CW laser, which is used to either lock the frequency comb or measure the frequency

of the CW laser against the frequency comb reference.

As comb-based measurements near putative shot-noise quantum limits [101, 21, 74, 102],

a quantum measurement description that addresses temporal mode mismatch and finite field

strengths is crucial to determine the fundamental limits of precision. A complete quantum theory

also forms the foundation of frequency comb metrology with non-classical light [103, 104, 105, 106].
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Figure 4.4: Temporally mismatched homodyne measurement with signal processing. The signal
and local oscillator (LO) have different temporal modes, resulting in a mismatch. The detectors
produce a photocurrent proportional to the intensity of the field and the instantaneous difference
is denoted by 𝑥(𝑡) ∝ 𝐼1(𝑡) − 𝐼2(𝑡). We compute the measurement operators for this setup and
consider filtering the photocurrent. This filtering removes the additional shot noise due to mode
mismatch. We describe the set of filters that do not affect the measured quadrature and achieve
SNRs considerably larger than the unfiltered SNR.

We expect this to be important for comb-based measurements aiming to exceed the standard quan-

tum limit [107, 108, 109, 110, 111].

4.5 Positive Operator Valued Measure-based Quantum Optics Theory

Now we show a quantum description of temporally mismatched homodyne measurement. A

conceptual overview of this description is shown in Fig. 4.4. Specifically, we derive the measurement

operators, that is, the positive operator-valued measures (POVMs), which enable the calculation of

measurement statistics for any signal state and coherent LO both with arbitrary time dependence.7

As an overview of the following sections, next, in Sec. 4.5.1 we use continuous mode quan-

tum optics and the Gram-Schmidt procedure to decompose the mode of an incoming signal into

the mode of the LO and an orthogonal mode. This temporal mode decomposition is used to derive

measurement operators for modal homodyne in Sec. 4.5.2, which is our main result. The measure-
7 POVMs are a generalization to projective measurements akin to the density operator vs. state wavefunction.

POVMs describe all measurement statistics.
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ment operator consists of two parts: a quadrature measurement (corresponding to the LO mode)

and an intensity-like measurement (corresponding to the orthogonal mode). We then illustrate our

formalism in Sec. 4.6 with several examples. Specifically we use our analysis to develop a new

quantum limit for comb-based measurement and provide quantum theoretic grounds for experi-

mental results demonstrating better-than-shot noise-limited performance by Deschênes and Genest

[21] via temporal filtering. We also present measurement statistics for an example non-classical

signal that–to our knowledge–cannot be described by existing analyses. Finally, in Sec. 4.6.4 we

conclude with a discussion of the implications of our results for heterodyne, which is the standard

measurement with frequency combs.

4.5.1 Continuous Modes and Gram-Schmidt

In a balanced homodyne measurement, the signal and local oscillator (LO) are combined on a

beamsplitter and both output ports are detected. The resulting photocurrents are then subtracted

and the difference is recorded as the measurement result (see Fig. 4.4). Typically, the LO strength

dominates the signal strength and the LO is temporally mode-matched to the signal. Here we do

not assume that the signal and LO are mode-matched and allow for arbitrary mode overlap. For

this reason, we need to employ continuous mode quantum optics [82]–see Sec. 4.5.1.

To describe time-dependent homodyne measurements, we introduce independent and arbi-

trary complex temporal modes for the signal and LO, denoted by the mode functions 𝜉S(𝑡) and

𝜉LO(𝑡). These modes are normalized over the detection interval (0, 𝑇 ), that is, ∫ 𝑑𝑡′ |𝜉(𝑡′)|2 = 1.

To analyze this measurement we build an orthonormal basis of temporal modes around the LO

mode. This is physically motivated because the time dependence of 𝜉LO is known and controlled

in an experiment. Although there are perhaps competing definitions for what the LO is and what

the signal is—-typically it is the signal that we seek to measure and the LO that serves as a known

reference to measure the signal.

We construct this basis using the standard Gram-Schmidt process, beginning with 𝜉LO and
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𝜉S. We label this basis as {𝜉LO, 𝜉⟂, 𝜉3, … }8 , and define:

𝜉LO(𝑡) = 𝜉LO

𝜉⟂(𝑡) = 𝜉S − ⟨𝜉LO, 𝜉S⟩𝜉LO
√1 − |⟨𝜉LO, 𝜉S⟩|2

(4.25)

where ⟨𝑓, 𝑔⟩ = ∫𝑇
0 𝑑𝑡′𝑓∗(𝑡′)𝑔(𝑡′) is the inner product. For convenience we also define the mode

overlap, 𝛾 ≡ ⟨𝜉LO, 𝜉S⟩. The measurement can be completely understood in these two modes because

the signal can be decomposed into a linear combination of just 𝜉LO and 𝜉⟂.

To demonstrate how to decompose an example signal we can consider the case where the

signal is continuous wave (CW) and the LO is a Gaussian pulse, representing, e.g., a short temporal

section of a frequency comb. In the frame rotating at the carrier frequency we have,

𝜉S = 𝑒𝑖𝜙
√

𝑇
, and 𝜉LO = [𝑒−(𝑡−𝜇)2/(2𝜎2)

√
2𝜋𝜎2 ]

1/2

. (4.26)

Fig. 4.5 illustrates these modes with 𝜇 = 𝑇 /2, 𝜎 ≈ .1𝑇 , and 𝜙 = 0. Assuming the LO pulse is fully

contained in the detection interval the mode overlap is 𝛾 = (8𝜋𝜎2𝑇 −2)1/4 𝑒𝑖𝜙. The mode overlap is

maximized when the ratio of the pulse width to the detection interval is maximal. Intuitively this

is when the pulse is the most “CW like” on the detection interval. Further the appearance of the

phase 𝑒𝑖𝜙 demonstrates that the mode overlap is complex in general.

Using equation Eq. (4.25) we can also calculate the perpendicular mode

𝜉⟂ = 𝑒𝑖𝜙

√𝑇 − 𝜎
√

8𝜋
(1 − 2𝑒−(𝑡−𝜇)2/(4𝜎2)) , (4.27)

which is pictured in Fig. 4.5(b). This mode represents the piece of the signal that does not interact

with the local oscillator. We will see in Sec. 4.5.2 that the perpendicular mode will contribute

intensity like noise.

Returning to the general case where the modes 𝜉S and 𝜉LO are arbitrary, we define modal

coherent states as [82, 56, 98],

|𝛼𝜉S
⟩ = 𝐷(𝛼, 𝜉S)|0⟩ = exp [𝛼 ̂𝐴†(𝜉S) − 𝛼∗ ̂𝐴(𝜉S)] |0⟩. (4.28)

8 The numbered modes are necessary to complete the temporal mode basis, but will not contribute to the mea-
surement operators. Additionally the above basis is ill-defined if 𝜉LO ∝ 𝜉S, but this is the mode-matched limit where
theoretical treatments already exist.
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It is straightforward to show that 𝐴(𝜉S) = 𝛾∗𝐴(𝜉LO) + √1 − |𝛾|2𝐴(𝜉⟂). Using this along with an

application of the Baker–Campbell–Hausdorff, and [ ̂𝐴(𝜉1), ̂𝐴†(𝜉2)] = ⟨𝜉1, 𝜉2⟩ and we get the modal

decomposition,

𝐷(𝛼, 𝜉S) =𝐷(𝛾𝛼, 𝜉LO) ⊗ 𝐷(√1 − |𝛾|2𝛼, 𝜉⟂)

× exp {|𝛼|2 (Im(𝛾∗√1 − |𝛾|2⟨𝜉⟂, 𝜉LO⟩)} . (4.29)

Since we have defined our mode basis to be orthonormal we know that ⟨𝜉⟂, 𝜉LO⟩ = 0 and thus the

exponential term is 1. This allows us to decompose a coherent state signal into the LO and ⟂

modes

∣𝛼𝜉S
⟩ = ∣𝛾𝛼𝜉LO

⟩ ⊗ ∣√1 − |𝛾|2𝛼𝜉⟂
⟩. (4.30)

This will be useful in Sec. 4.6 when we consider the measurement of a coherent signal.

4.5.2 Modal Homodyne Measurements

The photodetectors in homodyne measurements respond to intensity. In the noiseless limit,

intensity detection is photon number resolving. Like previous work [92, 112] we use photon number

resolving detectors for our analysis, but the noisy detector limit can always be recovered by coarse

graining. However, in our analysis, we must consider photodetection in certain temporal modes.

That is, we model photodetection as projections onto Fock states in a given mode:

|𝑛𝜉⟩ =
̂𝐴†(𝜉)𝑛
√

𝑛!
|vac⟩ , (4.31)

which are eigenstates of the number operator ̂𝐴†(𝜉) ̂𝐴(𝜉). We use the notation where operators with

modes are written with parentheses, 𝑀𝑛,𝑚(𝜉), and states in modes are denoted with subscripts,

|𝑛𝜉⟩.

We assume the detector is unable to differentiate a LO-mode photon from an orthogonal-

mode photon. The detector acts as a projector onto a combination of all the possible modes in our

basis that could produce a click. For this reason, we construct the 𝑛 click measurement operator
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Figure 4.5: (a) The physical CW signal (orange) and Comb pulse LO (blue) modes incident on
the beamsplitter. (b) The Gram-Schmidt modes which correspond to quadrature measurement and
intensity-like measurement. (c) The signal and LO modes have some overlap, but we can decompose
them into the Gram-Schmidt basis. We can write the signal and LO as a linear combination of these
basis elements, here 𝛾 is the complex-valued mode overlap, 𝛾 = ⟨𝜉LO, 𝜉S⟩. This same decomposition
can be used on the operators 𝐵̂(𝜉LO) and ̂𝐴(𝜉S).
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by marginalizing over the mode degree of freedom

|vac⟩⟨𝑛|𝐷 =
𝑛

∑
𝑝=0

|vac⟩ (⟨𝑝𝜉LO
| ⊗ ⟨𝑛 − 𝑝𝜉⟂

|) , (4.32)

where we assume our detectors absorb photons, hence the projection onto vacuum. Now we fol-

low the analysis of Ref. [112] to arrive at the measurement (Kraus) operator that corresponds to

observing 𝑛 clicks on one detector and 𝑚 clicks on the other:

𝑀𝑛,𝑚 = ⟨𝑛|𝐷1⟨𝑚|𝐷2𝑈BS|𝜓LO⟩ . (4.33)

We choose the LO to be a coherent state in 𝜉LO, |𝜓LO⟩ = |𝛽(𝜉LO)⟩⊗ |0𝜉⟂
⟩. We assume our detectors

absorb photons so we have used ⟨𝑛|𝐷1
as shorthand for |vac⟩⟨𝑛|𝐷1

. Here the operator 𝑀𝑛,𝑚 is

not given a mode because it pertains to the total clicks over all modes. At the moment these

measurement operators are written in terms of 𝑛 and 𝑚, but ultimately we will express the POVM

in terms of the difference and sum photocurrent 𝑥 ∝ 𝑛 − 𝑚 and 𝑤 ∝ 𝑛 + 𝑚 respectively.

We use the definition in Eq. (4.32) and re-order the tensor product to write the measurement

operators in our preferred basis

𝑀𝑛,𝑚 = ∑
𝑝,𝑞

⟨𝑝𝜉LO
|⟨𝑞𝜉LO

|⏟⏟⏟⏟⏟
LO modes

⟨𝑛 − 𝑝𝜉⟂
|⟨𝑚 − 𝑞𝜉⟂

|⏟⏟⏟⏟⏟⏟⏟⏟⏟
⟂ modes

𝑈BS|𝜓LO⟩ ,

= ∑
𝑝,𝑞

𝑀𝑝,𝑞(𝜉LO) ⊗ 𝑀𝑛−𝑝,𝑚−𝑞(𝜉⟂) (4.34)

where we assume the beamsplitter behaves uniformly across modes (App. B.1), although this as-

sumption can be relaxed [113]. Equation (4.34) shows a decomposition of the measurement opera-

tors into two temporal modes

𝑀𝑝,𝑞(𝜉LO) = ⟨𝑝𝜉LO
|⟨𝑞𝜉LO

|𝑈BS|𝛽𝜉LO
⟩ (4.35a)

𝑀𝑟,𝑠(𝜉⟂) = ⟨𝑟𝜉⟂
|⟨𝑠𝜉⟂

|𝑈BS|vac⟩. (4.35b)

To obtain our final result for this operator we need to leverage the methods of Refs. [92, 112]

which involve four steps. Step 1. We need to perform a change of variables on our operators so
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they are written in terms of the sum and difference variables. For both modes now we change from

the 𝑛 and 𝑚 variables to sum and scaled difference variables

𝑥 = 𝑛 − 𝑚√
2|𝛽|𝑒𝑖𝜃 & 𝑤 = 𝑛 + 𝑚, (4.36)

where 𝜃 is the phase of the LO. We do this because we want our operators to describe the observed

quantities of the measurement, which is the difference photocurrent. In the large LO limit, we will

approximate 𝑥 as a continuous variable. Step 2. We construct the POVM from the measurement

operators in Eq. (4.34) as 𝐸 = 𝑀†𝑀 (App. B.2). After a number of approximations we arrive at

𝐸𝑥,𝑤 = ∑
𝑤′

∫ 𝑑𝑥′𝐸𝑥′,𝑤′(𝜉LO) ⊗ 𝐸𝑥−𝑥′,𝑤−𝑤′(𝜉⟂) , (4.37)

where 𝐸𝑥,𝑤(𝜉LO) and 𝐸𝑥,𝑤(𝜉⟂) are the POVMs for the measurement in each mode. The POVM

elements are the operators that gives rise to the statistics observed in an experiment. Step 3. For

the analysis of the LO mode we need to assume the LO is large so that we are in the homodyne

limit, this entails assuming that ⟨𝑛̂(𝜉LO)⟩S ≪ ⟨𝑛̂(𝜉LO)⟩LO, i.e., the LO dominates the signal in the

LO mode (App. B.3). Thus the difference variable 𝑥 is quasi-continuous. Step 4. We marginalize

over the sum variable as it is not typically observed in experiments. We can now state our main

result which is the total POVM for a time-dependent LO

𝐸𝑥 = ∑
𝑤

𝐸𝑥,𝑤 = ∫ 𝑑𝑥′𝐸𝑥′(𝜉LO) ⊗ 𝐸𝑥−𝑥′(𝜉⟂) , (4.38)

this is a convolution of a POVM in the LO and perp modes (App. B.4). We absorbed the Jacobian

from changing variables into the single mode POVMs so that both the total and single mode POVMs

sum to identity. In Eq. (4.38) 𝑥 on the LHS is the difference photocurrent while 𝑥′ and 𝑥 − 𝑥′ ≡ 𝑣

on the RHS are the difference variable contributions from the LO and ⟂ mode respectively, c.f.

Eq. (4.34).

A detailed calculation shows the LO mode POVM is a homodyne measurement of a time-

dependent quadrature (App. B.2.2)

𝐸𝑥′(𝜉LO) = |𝑥′
𝜉LO

⟩⟨𝑥′
𝜉LO

|, (4.39)
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here |𝑥′
𝜉LO

⟩ is an eigenstate of the modal quadrature operator 𝑄̂(𝜉LO) = ( ̂𝐴(𝜉LO) + ̂𝐴†(𝜉LO))/
√

2.

This quadrature operator is time-dependent in the sense that 𝜉LO may have different phases at

different times, see Fig. 4.6.

In the perpendicular mode, the LO is in vacuum, and the analysis yields a POVM that

follows a binomial distribution in 𝑛 and 𝑚. After switching to sum and difference variables we

have (App. B.2.1):

𝐸𝑣(𝜉⟂) = ∑
𝑤

|𝑤𝜉⟂
⟩⟨𝑤𝜉⟂

|Bin(|𝛽|𝑣√
2

∣𝑤, 1
2, 0) , (4.40)

where |𝑤𝜉⟂
⟩ is a Fock state and Bin(𝑥∣𝑛, 𝑝, 𝜇) is a binomial distribution characterised by 𝑛 and 𝑝

and shifted so that it has mean 𝜇 [114]. Here we have used the difference variable 𝑣 as if it were

discrete, but it must be approximated as continuous to be consistent with Eq. (4.38). In Eq. (4.40)

the difference variable distribution has mean 0 and variance 𝑤/(2|𝛽|2), and this is true regardless

of the signal state. Only the variance of the difference variable actually depends on the input

state. In other words, this is not a quadrature measurement and instead resembles an intensity

measurement, as evidenced by the projector onto Fock states.

We have derived the POVM starting from the slow detector limit. For detectors that can

resolve the time dependence of the signal and LO the Kraus operators would change. This time-

dependent photo-record must be treated carefully. So long as the additional time dependence is

averaged over, the measurement statistics predicted by the POVM presented here would remain

correct, meaning our POVM is valid in any detector bandwidth limit (App. B.5).

4.6 Examples

We now illustrate the use of these theoretical tools with three examples. First, we apply our

results to coherent signals and explore the limits of filtering. In the first two examples we apply

filtering to a signal with known and unknown temporal profiles. These examples explain a remark-

able demonstration by [21] of higher SNR than that set by shot noise of the total photocurrent,

achieved by filtering the measurement record. Finally, we utilize our measurement operators to
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Figure 4.6: The classical mode functions of a time dependant homodyne measurement. Here the
mode 𝜉LO(𝑡) is that of a comb, while the signal mode 𝜉S is half a period of a sinusoid. (a) the
LO phase is constant over the signal and thus the modal quadrature measurement is consistent
with a CW quadrature measurement. (b) the phase of the LO has an abrupt change so the
time-dependent quadrature is inconsistent with CW quadrature measurement. Our formalism
allows for such time-dependent quadratures. The orthogonal time-dependent quadrature ̂𝑃 (𝜉LO) =
−𝑖( ̂𝐴†(𝜉LO) − ̂𝐴(𝜉LO))/

√
2 is the dotted line.
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analyze the measurement of a single photon which cannot be calculated using semi-classical meth-

ods. Moreover, the filtering technique we explore could be of interest to weak field homodyne when

there is mismatch between the weak LO and the signal [115, 116, 117].

4.6.1 Coherent State Signal and SNR Bound

We take the signal to be a coherent state |𝜓⟩S = |𝛼𝜉S
⟩ and decompose the signal into the LO

mode and the perpendicular (⟂) mode as in Eq. (4.30).

We derive the distribution of the total measurement by taking the expectation of the POVM,

Eq. (4.38), which is 𝑃(𝑥) = ⟨𝛼𝜉S
|𝐸𝑥|𝛼𝜉S

⟩ (App. B.6). If the detector could differentiate photons in

the perpendicular and LO modes, then the joint distribution of clicks in the two modes would be

𝑃(𝑥LO, 𝑥⟂) = 𝒩 (𝑥LO|𝜇LO, 𝜎2
LO) 𝒩 (𝑥⟂|𝜇⟂, 𝜎2

⟂) , (4.41)

where 𝒩 denotes a normal distribution, 𝜇LO =
√

2Re(𝛼𝛾), 𝜎2
LO = 1/2, 𝜇⟂ = 0, and 𝜎2

⟂ = |𝛼|2(1 −

|𝛾|2)/2|𝛽|2. Here we have used the convention that 𝛽 is real, i.e., the phase of LO is the reference

phase. Because the signal is a coherent state, which is uncorrelated in time, the distributions of 𝑥⟂

and 𝑥LO are independent. This means if we marginalize, or filter, over the ⟂-mode we could obtain

an “ideal” homodyne measurement of the signal in the LO mode.

The real detectors cannot differentiate between the two modes so the distributions must be

convolved yielding,

𝑃(𝑥) = 𝒩 (𝜇 =
√

2Re(𝛾𝛼), 𝜎2 = 1
2 + |𝛼|2(1 − |𝛾|2)

2|𝛽|2 ) . (4.42)

From this, we find the power signal-to-noise ratio (SNR):

SNR = |𝜇|2
𝜎2 = 4|𝛽|2Re(𝛾𝛼)2

|𝛽|2 + (1 − |𝛾|2)|𝛼|2 . (4.43)

As the signal and LO become mode-matched, i.e., |𝛾|2 → 1, we recover the expected SNR for ideal

homodyne detection: SNR|𝛾|→1 = 4Re(𝛾𝛼)2.

When 𝛾 is small and |𝛽|2 ≫ |𝛾𝛼|2, i.e., large mode-mismatch, a Taylor expansion yields

SNRtotal
𝛾→0 ≈ 4|𝛽|2Re(𝛾𝛼)2

|𝛽|2 + |𝛼|2 . (4.44)
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Thus SNRtotal has its mean attenuated by the mode-mismatch Re(𝛾) as predicted by prior the-

ory [97, 86, 87, 99]. Additionally, there are shot noise contributions from both the signal and

LO since no assumption allows either noise term to dominate. The above SNR is conventionally

accepted as the quantum limit for frequency comb measurements [101].

This conventional SNR limit was first questioned in an experiment by Deschênes and Genest

[21], where they applied a filter matched to the LO intensity and achieved a sizeable SNR im-

provement over Eq. (4.44). We reconsider this technique specifically for the case where we want to

measure the time dependent quadrature operator 𝑄̂(𝜉LO) and the mode of the signal 𝜉S is unknown.

The optimal filter of the photocurrent is described by the time-dependent weighting function,

𝑓(𝑡) =
⎧{{
⎨{{⎩

1 if 𝜉LO(𝑡) ≠ 0

0 if 𝜉LO(𝑡) = 0
, (4.45)

which must be approximated in many cases. This function leaves the LO mode unchanged, so it

will preserve the mode of the measured quadrature and leave the mean, unchanged. This filter will

reduce the shot noise contribution from the perpendicular mode. The achievable filtered SNR is

SNR𝑓(𝑡) = 4|𝛽|2Re(𝛾𝛼)2

|𝛽|2 + 𝜂𝑓 |𝛼|2 , (4.46)

where 𝜂𝑓 is the filtering inefficiency given by 𝜂𝑓 = ∫ 𝑑𝑡|𝑓(𝑡)|2|𝜉⟂(𝑡)|2. When 𝜂𝑓 = 0 (perfect filtering)

we recover the ideal homodyne SNR and when 𝜂𝑓 = 1 (no filtering) we have the conventional SNR

limit; i.e.
4|𝛽|2Re(𝛾𝛼)2

|𝛽|2 + |𝛼|2⏟⏟⏟⏟⏟⏟⏟
Conventional

≤ 4|𝛽|2Re(𝛾𝛼)2

|𝛽|2 + 𝜂𝑓 |𝛼|2⏟⏟⏟⏟⏟⏟⏟
Achievable

≤ 4Re(𝛾𝛼)2
⏟⏟⏟⏟⏟

Ideal

. (4.47)

We plot these limits for parameter values typical in comb experiments in Fig. 4.7 and show a 13

dB improvement from perfect filtering. Note that in this derivation, the “comb” structure of the

LO is, by definition, included in the mode 𝜉LO (see Fig. 4.6), and its impact is described by the

overlap with the signal mode 𝜉S, i.e., the parameter 𝛾.

We caution that the SNR bounds in Eq. (4.47) can be beaten if there is prior information

about the shape of the signal mode. However, doing so will cause the measurement to no longer be
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Figure 4.7: SNR vs the mode overlap 𝛾 with an experimentally relevant set of parameters. The
dashed line is the total measurement SNR containing both LO mode and perpendicular mode clicks
(𝜂𝑓 = 1). The solid line is the SNR after an optimal filter is applied (𝜂𝑓 = 0). The dotted line
is the improvement obtainable using filtering. For this example we take the signal power to be 2
mW, the LO power is 100 𝜇W, and the measurement interval is 𝜏 = 10 ns = 1/𝑓𝑟𝑒𝑝. For a 10 ps
pulse and CW signal we would have typical 𝛾 of 10−2 and 𝜂𝑓 of 10−3; here the available SNR gain
is ≈ 13 dB.
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Figure 4.8: We show the modes used to demonstrate filtering performance that exceeds our bounds.
Here it is clear that the optimal gate would be the one that only count clicks from the overlapped
portion of the measurement and remove all additional shot noise from the LO and signal mode.

of 𝑄̂(𝜉LO). For example, if the signal mode is zero while the LO mode is nonzero, that portion of

the measurement record only contributes LO shot noise and does not change the mean and could

thus be ignored to increase SNR, as explained in Sec. 4.6.2.

4.6.2 A Known Signal Mode Can Violate SNR Bound

Now we consider an example where the SNR bounds we proposed can be violated by changing

the effective quadrature being measured. We take the signal and LO modes to both be top hat

functions,

𝜉S =
⎧{{
⎨{{⎩

1√𝑡1
if 𝑡 ∈ (0, 𝑡1)

0 else
𝜉LO =

⎧{{
⎨{{⎩

1√𝜏 if 𝑡 ∈ (𝑡0, 𝑇 )

0 else
, (4.48)

where 𝜏 = 𝑇 − 𝑡0, see Fig. 4.8. The LO defines the modal measurement. As the signal and LO

only overlap on the interval (𝑡0, 𝑡1) we are predominantly measuring vacuum signal.

As the signal mode function is known we may filter out the measurement of vacuum by only

considering detection in the interval (𝑡0, 𝑡1). This is achieved with the filter

𝑓(𝑡) =
⎧{{
⎨{{⎩

1 if 𝑡 ∈ (𝑡0, 𝑡1)

0 else
. (4.49)

This will change the quadrature measured from 𝑄̂(𝜉LO) to the top hat “LO mode” in the interval

𝑄̂(𝑓(𝑡)𝜉LO).
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Redoing the above analysis in this case for a coherent signal |𝛼𝜉S
⟩, the SNR is

SNR = 4Re(𝛾𝛼𝛽∗)2

𝜂LO|𝛽|2 + 𝜂S|𝛼|2 , (4.50)

where 𝜂LO = (𝑡1 − 𝑡0)/(𝑇 − 𝑡0), and 𝜂S = (𝑡1 − 𝑡0)/𝑡1. In the large LO regime after the filter is

applied we get the simplified expression

SNR = 4Re(𝛾𝛼)2

𝜂LO
, (4.51)

where we note that 𝜂LO is between 0 and 1, so this exceeds the bound we propose of SNR = 4Re(𝛾𝛼)2

by a factor of 𝜂−1
LO. Thus in this example, because we knew 𝜉S, we were able to violate the SNR

bound at the cost of altering the modal measurement.

4.6.3 Analysing Quantum Light: Single Photon Signal and Weak LO

Now consider the signal to be a single photon state with mode 𝜉𝑠. Decomposing this into our

basis gives

|1𝜉𝑠
⟩ = 𝛾|1𝜉LO

⟩|0𝜉⟂
⟩ + √1 − |𝛾|2|0𝜉LO

⟩|1𝜉⟂
⟩ . (4.52)

As the overlap between the signal and LO modes increases the photon is more likely to be found

in the LO mode.

To compute the measured quadrature distribution we take the expectation of the POVM in

Eq. (4.38) in the state Eq. (4.52) ie.

𝑃(𝑥) = ∫ 𝑑𝑥′⟨1𝜉𝑠
|𝐸LO

𝑥′ (𝜉LO) ⊗ 𝐸⟂
𝑥−𝑥′(𝜉⟂)|1𝜉𝑠

⟩ . (4.53)

After some manipulation done in App. B.8 we find

𝑃(𝑥) = 1
2√𝜋[4|𝛾|2𝑥2𝑒−𝑥2 + (1 − |𝛾|2)×

(𝑒−(𝑥−1/
√

2|𝛽|)2 + 𝑒−(𝑥+1/
√

2|𝛽|)2)] .
(4.54)

The first term is the quadrature distribution for a single photon which is attained in the mode-

matched limit (𝛾 = 1). For 𝛾 = 0 and |𝛽| ≫ 1 we have the quadrature distribution for vacuum.
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For 𝛾 between these extremes and large 𝛽 we have the quadrature distribution for a mixed state of

zero and one photons. This is the regime that is characterized by an effective loss and is analyzed

in detail in [97]. For small values of 𝛽, additional shot noise from the perpendicular mode splits

the Gaussian distribution of vacuum into two Gaussians. These features are plotted in figure

Fig. 4.9. The Filtered measurement is equivalent to the effective loss results from [97], showcasing

the difference the added perpendicular mode noise can make. This feature is not present if mode

mismatch is treated as just loss and is highly relevant to applications of homodyne with weak LOs

[115, 116, 117].

4.6.4 Summary of POVMs for Arbitrary Mode-Matched Homodyne

In summary, we have found the measurement operators for multimode homodyne detection

that are valid for arbitrary time dependence of both the LO and signal. In our construction, the

measurement decomposes naturally into two parts: a quadrature measurement in the temporal

mode of the LO and an intensity-like measurement on the other modes. We show that perfect

filtering of this intensity noise achieves a quadrature noise-limited measurement. In comb-based

measurements characterized by large mode-mismatch and strong signals, this establishes a signif-

icantly lower quantum limit than conventionally considered. This limit should be sought before

pursuing quantum advantage from non-classical states of light. Moreover, because we have de-

veloped a fully quantum theory, we can analyze the measurement of any signal state including

squeezed states, which are highly relevant to measurements aimed at increased precision. As an

example of our fully quantum theory, we analyzed the measurement of a single photon Fock state

with a finite strength LO and arbitrary mode overlap. This represents a scenario that existing

methods have not been able to fully describe. Our analysis complements related work on POVMs

for electro-optic sampling [118]

Many comb-based measurements are based on heterodyne rather than homodyne techniques.

Although there are many reasons to prefer homodyne over heterodyne for quantum metrology,

the technical limitations of frequency comb measurements make quantum-limited homodyne more
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Figure 4.9: Difference variable probability distribution for a single photon signal with varying
amounts of mode mismatch. In all figures 𝛽 = 1 is used, so that the single photon of shot noise
from the signal is not overshadowed. These figures are generated with 𝜂𝑓 = 0. Qualitatively
similar results can be observed for larger photon number signal states, but combinatorial expansion
complicates the analytical formulations equivalent to Eq. (4.54).
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difficult to achieve than heterodyne. We conjecture that the heterodyne SNR is simply half that of

homodyne due to sampling of both ̂𝑥 and ̂𝑝 quadratures, but a complete analysis of the heterodyne

measurement operators is left as future work.

4.7 Comparison of Proposed LO Mode Quadrature Projection Limit vs.
Prior Filtering Demonstrations

Here we compare our conjectured heterodyne quantum limit set by quadrature projection

noise in the LO mode with filtering demonstrations [21] and [22]. First we assume a Sech squared

temporal intensity profile. Omitting complex phase, since here we are only concerned with the

absolute mode overlap:

|𝜉S| = 1√
𝑇

, |𝜉LO| = 1√
2𝜏 sech ( 𝑡

𝜏 ) . (4.55)

Here 𝜏 is the temporal width of the Sech function. The squared mode overlap |⟨𝜉S, 𝜉LO⟩|2 is thus:

|𝛾|2 = 𝜋2𝜏
2𝑇 (4.56)

The fully general heterodyne SNR–which can be derived from a purely moment-based analysis and

makes no assumptions about the relative strength of signal and LO–is:

⟨𝑖2
𝑆⟩

⟨𝑖2
𝑁⟩ = 2(𝜂𝑞𝑒

ℎ𝜈 )2 𝑃LO
𝑛 𝑃𝑠

𝑒𝜂𝑞𝑒
ℎ𝜈 (𝑃LO + |𝛾|2𝑃s)𝐵

, (4.57)

where ⟨𝑖2
𝑆⟩ is the average signal power, ⟨𝑖2

𝑁⟩ is the quantum noise solely in the temporal mode of

the comb local oscillator, 𝜂𝑞 is the quantum efficiency of the detector, 𝑒 is the fundamental charge,

ℎ𝜈 is the energy per photon, 𝑃LO is the total comb power, 𝑛 is the number of comb teeth, 𝑃s is

the CW power, and 𝐵 is the resolution bandwidth. For transform-limited sech pulses 𝜏 = 0.315
1.76Δ𝜈 .

Note that this equation is actually equivalent to Eq. (4.47), but we have used 𝑛 to denote the mode

overlap.

In [21], 𝜈 = 193 THz, 𝑇 = 10 ns, Δ𝜈 = 32 GHz, 𝜂𝑞 = 0.76, 𝑃LO = 6 nW, 𝑃s = 2.8 mW,

𝑛 = 320, and 𝐵 = 170 kHz. Our predicted SQL SNR is 54.5 dB versus the experimentally realized

SNR of 36.9 dB. In [20], 𝜈 = 193 THz, 𝑇 = 10 ns, Δ𝜈 = 12 GHz, 𝜂𝑞 = 0.7, 𝑃LO = 1.74 𝜇W,
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𝑃s = 0.5 mW, 𝑛 = 120, and 𝐵 = 100 kHz. Our predicted SQL SNR is 78.6 dB versus the

experimentally realized SNR of 68.3 dB. Similar SNR figures arise when assuming a Gaussian

profile (54.2 dB and 78.5 dB for [21] and [22], respectively).

Similarly, we can calculate 𝜂𝑓 for this experiment using some assumptions. Given the 60 ps

pulse width we can approximate 𝑓(𝑡) by moving 5 standard deviations away from the pulse mean.

Since the signal was a CW laser the integral to calculate 𝜂𝑓 is simple and we get the following:

𝜂𝑓 ≈ 5𝜎
𝑇 . (4.58)

After correctly converting from pulse width to standard deviations of a Gaussian pulse we get 𝜂𝑓 =

1.3 × 10−2 for [21]. Along with the other experimental details, this would result in a potential 18.8

dB improvement, slightly less than the 20 dB they achieved. This difference can be explained simply

because they did not apply a filter that we consider. Additionally, if we choose to approximate

our cutoff after only 3 standard deviations we would have had an improvement of 20.8 dB, which

better matches their result.

4.8 Experimental Progress Toward the Comb-Mode Quadrature Estimation
Limit

To find a lower “standard quantum limit” of the CW and comb heterodyne measurement, we

derived measurement operators for homodyne detection with a comb local oscillator (LO), which

determine the statistically and metrologically relevant quantum properties of the measurement.

This in turn led to a calculation of the quantum limits of heterodyne detection, since heterodyne

detection can be understood as simply consisting of successive homodyne measurements at rotating

quadrature angle. Here, we reformulate the result to yield an expression that can be calculated

with experimental parameters.

Summarizing the prior theory section, the measurement operators for a homodyne setup with

a frequency comb LO is a quadrature measurement in the LO (comb) mode and an intensity-like

measurement in the orthogonal part of the signal mode defined through the Gram-Schmidt process
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(Fig. 1a). I.e., the comb pulse-overlapped portion of the signal contributes to a quadrature signal,

whereas the non-overlapping portion of the signal contributes noise but no quadrature information.

Typically both measurements are made thus adding unnecessary noise–though both measurements

yield uncertainty that shows up as shot noise.

However, gating shows that intensity-like measurements can be excluded [21, 22]. In fact, if

we follow the standard quantum limit established in quantum optics more generally, the SQL would

correspond to a measurement of the quadrature variable of the signal only in the comb LO mode.

This is the highest SNR measurement we can make given that we do not know the arbitrary mode

of the signal–and is perhaps also the highest SNR measurement for a stationary signal, where only

the quadrature, or rotating quadrature (heterodyne) information is desired. Thus, we now refer to

this limit as the standard quantum limit.

The overlap between the signal and the LO is ⟨𝜉𝐿𝑂, 𝜉𝑠⟩ = ∫ 𝜉∗
𝐿𝑂(𝑡)𝜉𝑠(𝑡)𝑑𝑡, and 𝜉𝐿𝑂 and 𝜉𝑠 are

the square-normalized LO and the signal amplitude modes. Here we consider a hyperbolic secant

as the time domain mode for the frequency comb LO and a stationary mode for the CW signal:

𝜉comb = 1√
2𝜏 Sech(𝑡/𝜏) and 𝜉CW = 1√

𝑇 . The amplitude overlap between these two modes is 𝜋√
2√ 𝜏

𝑇

where 𝜏 is the hyperbolic secant width and 𝑇 is the pulse-to-pulse time interval of the comb (i.e.,

1/𝑓rep). This sets the SQL SNR as:

⟨𝑖2
𝑆⟩

⟨𝑖2
𝑁⟩ = 2(𝜂𝑞𝑒

ℎ𝜈 )2 𝑃comb
𝑛 𝑃CW

𝑒𝜂𝑞𝑒
ℎ𝜈 (𝑃𝑐𝑜𝑚𝑏 + ⟨𝜉comb, 𝜉CW⟩2𝑃CW)𝐵 =

𝜂𝑞
ℎ𝜈

𝑃comb
𝑛 𝑃CW

(𝑃comb + 𝜋2𝜏
2𝑇 𝑃CW)𝐵

, (4.59)

where ⟨𝑖2
𝑆⟩ is the average signal power, ⟨𝑖2

𝑁⟩ is the quantum noise solely in the temporal mode

of the comb, 𝜂𝑞 is the quantum efficiency of the detector, 𝑒 is the fundamental charge, ℎ𝜈 is the

energy per photon, 𝑃comb is the total comb power, 𝑛 is the number of comb teeth, 𝑃CW is the CW

power, and 𝐵 is the detection bandwidth. In essence, the signal ⟨𝑖2
𝑆⟩ is a beat between a single

comb tooth and the CW laser, and the noise ⟨𝑖2
𝑁⟩ is the shot noise solely in the temporal mode of

the comb. We note that in the limit of 𝑛 = 1, the comb becomes CW, the overlap integral becomes

one, and the SNR reduces to the well-known single-mode heterodyne limit. We can also quantify
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Figure 4.10: Experimental Apparatus 1 for Pure Frequency Comb Coherent State-Overlap Hetero-
dyne Measurement

the improvement of the heterodyne noise limit over the total shot noise ⟨𝑖2
𝑁,tot⟩ limit as:

⟨𝑖2
𝑁,tot⟩
⟨𝑖2

𝑁⟩ = 𝑃comb + 𝑃CW

𝑃comb + 𝜋2𝜏
2𝑇 𝑃CW

(4.60)

If the CW power is much greater than the comb power, this ratio simplifies to 2𝑇
𝜋2𝜏 . We note that

𝜏 may not be limited by the optical pulse width of the comb, but by the detection process, so the

maximum improvement ratio given bandwidth-limited detection is approximately 2𝑇
𝜋2𝜏𝐷

, where 𝜏𝐷

is the inverse of the detection bandwidth.

4.8.1 Measurement Version 1: Bandwidth-limited

In our first attempt to approach the SQL, we employ a 2 GHz balanced photodetector, a

100 MHz repetition rate frequency comb filtered to an optical bandwidth of 100 GHz with an avg.

power of 6 µW, and a CW laser at 1550 nm and power 1.9 mW–see Fig. 4.10.

Similar to [21], we post-process our time domain measurement by computationally “gating”

out temporal regions of the measurement that do not overlap with the comb pulse signal–see

Fig. 4.11. We achieve a 7.9 dB improvement in beat note SNR (52.8 dB) versus the total shot

noise-limited raw measurement (44.9 dB) at 500 kHz resolution bandwidth. This approaches the

expected level of improvement given the detection bandwidth 𝜏𝐷 and the comb rep. rate, i.e.,

10 log10[ 2𝑇
𝜋2𝜏𝐷

] = 9.6 dB, where 𝜏𝐷 = .22 ns and 𝑇 = 10 ns. While we show significant improvement
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over the total shot noise limit, we fall short of the true SQL SNR of 68 dB by approximately 15

dB. This gap is due to the inability of the detection electronics to fully capture the temporal mode

of the comb–i.e., the optical bandwidth is much larger than the electronic bandwidth.

4.8.2 Measurement Version 2: Digitization-limited

In our second attempt at reaching the SQL, we employed a 43 GHz balanced photodetector,

a 100 MHz repetition rate frequency comb filtered to an optical bandwidth of 10 GHz with a total

power of approximately 20 mW–with approximately 95 percent of the power in the CW signal. We

then used a 20 GHz oscilloscope to digitize these data.

The time domain trace of these data can be seen in Fig. 4.13, showing the oscillatory behavior

indicative of a linear relative phase evolution between the comb and the CW laser. On the right-

hand side of Fig. 4.13, each signal pulse appears to be above and below the 0 V line. This is not

because there is phase evolution in the comb pulse, but likely due to length mismatch between the

two ports of the balanced detector. I discuss this in greater detail in Sec. 4.8.3.6.

The squared magnitude of the fast Fourier transform of these data (corresponding to the

power spectral density) at 50 kHz RBW indicates that we are not shot noise limited in this mea-

surement. Instead, the dynamic range of the oscilloscope (Teledyne-Lecroy LabMaster 10-20Zi-A)

limits the measurement, where the effective number of bits (ENOB) is 5.72 leading to a maximum

dynamic range (time domain) of 36 dB. In fact, to reach the dynamic range that can encompass

the shot noise-limited SNR, an oscilloscope with an ENOB of nearly 16 is required.

The absolute electronic noise floor of the oscilloscope is also near the level of the shot noise

out of the fast detector and approximately 10 dB above the thermal noise set by a 50 ohm resistor

and measured by a 50 ohm terminated instrument.

This measurement teaches a valuable lesson: we pursued higher bandwidth detection to filter

out more of the intensity measurement-related noise that limited us in version 1. We also sought to

raise the total shot noise level above the thermal noise floor. This entailed having sizeable optical

powers in both the comb and the CW laser. This optical power sets the SNR to be very high,
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Figure 4.11: (left) Time domain trace over nine comb pulses. Green is the gate, blue is the raw
signal, and orange is the signal after gating. (right) Beat note comparison vs. total shot noise
and ”new” SQL. Blue is the raw beat note, orange is the beat note with gating. We show that the
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Figure 4.12: Experimental Apparatus 2 for Pure Frequency Comb Coherent State-Overlap Hetero-
dyne Measurement
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especially because the comb power is concentrated in a short section of time, resulting in a high-

voltage pulse. Moving to higher detection bandwidths allowed us to resolve the pulse more, which

further increased the height of this measured pulse. Furthermore, moving to higher detection

bandwidths also lowered the bit depth and ENOB, further lowering our dynamic range. So we

entered a regime where we not only increased the dynamic range required to capture our signal,

but the available oscilloscopes had an intrinsically lower dynamic range.

4.8.3 How to Make Shot Noise-Limited Measurements

Here I give a run-down of typical things that one needs to consider when making shot noise-

limited measurements.

4.8.3.1 Detector Noise

Typically un-amplified detectors are limited by the thermal noise of their equivalent resis-

tance, which is most often 50 ohms. Detectors typically specify a noise equivalent power (NEP)

given in units of watts per square root hertz. One can think of this figure as the equivalent optical

power needed to match the noise level in a 1 Hz bandwidth of the detector. The denominator is

in units of square root hertz because we typically represent noise floors in the spectral density of

electrical power, which requires a square of the NEP. We show how to use this in the proposed

experiment to reach the SQL of frequency comb and CW heterodyne.

4.8.3.2 Amplifier Noise

Amplifiers following the photo detectors are often needed to raise perhaps the signal but most

often the noise above the noise floor of measurement equipment such as a radio frequency spectrum

analyzer or an oscilloscope. Typically, they specify a noise figure (NF), which most often refers to

the reduction in power SNR if the amplifier receives a signal with 50-ohm thermal noise.

Thus, if the noise received by the amplifier is much larger than 50 ohm thermal noise, and

the NF is perhaps a few dB (1-3 dB is common for most low-noise amplifiers), the amplifier will
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not affect the SNR. Since an amplifier amplifies both signal and noise–with amplification of likely

greater than 20 dB–it is (generally speaking) only the first amplifier that is critical to have a low

noise figure.

4.8.3.3 Instrument Noise and Dynamic Range

Minimum instrument noise is often set by both instrument impedance that leads to a thermal

noise floor and an amplifier with a non-zero noise figure. For oscilloscopes, the bit depth and

perhaps more importantly the effective number of bits (ENOB) sets the possible dynamic range.

The relationship between ENOB and dynamic range (SNR) is the following, neglecting distortion

and in the high SNR limit:

ENOB = SNR − 1.76
6.02 (4.61)

Dynamic range limitations can be particularly challenging for multi-heterodyne measurements, such

as dual-comb spectroscopy as well the filtering measurements described. This is because the signal

arrives all at once in a spike of voltage–necessitating a large range over which the instrument must

capture the signal. If possible, an oscilloscope with the option to over-sample the waveform is best.

One can take the FFT of this data, low pass filter, reverse FFT, then resample back to Nyquist to

effectively gain ENOB and dynamic range.

4.8.3.4 Detector Saturation

Detector saturation can occur with the use of frequency comb pulses due to the high peak

power of the pulses. In a photodiode-based detector, a bias voltage sets a field across a p-n junction–

and when photons create electron-hole pairs, these particles create a current due to the applied field.

There are several possible reasons for detector saturation, including the accumulation of charge

carriers as a result of a higher electron-hole pair generation than recombination and collection.

Heating of the detector from an inefficient generation of electrons can also lead to reduced carrier

mobility. All of these effects lead to a decrease in the sensitivity of the photodetector beginning

with a roll-off at high frequencies (i.e., the photodetector loses bandwidth). One convenient way
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to test for this is to directly shine a comb on a detector and vary the power while observing the

harmonics of the repetition rate. As power increases, the higher harmonics will begin to drop off.

4.8.3.5 Amplifier Saturation

Amplifiers typically specify a maximum output power or voltage–as that power is approached,

the signal starts to be amplified less and less until it becomes clipped. Often, the supply voltage

limits the amplifier output voltage. Photodetectors are very frequently loaded with amplifiers

themselves, and careful testing of their saturation limits is important to ensure that the signals are

accurately recorded.

4.8.3.6 Balancing and Excess Relative Intensity Noise

Excess relative intensity noise refers to technical sources of intensity noise that ride on the

light being measured. This is in contrast to shot noise, which is sometimes also considered relative

intensity noise but which has to do with the statistical (Poissonian) properties of the coherent

state itself. Oftentimes, this distinction is not made, and when relative intensity noise (RIN) is

mentioned, it is the excess RIN that is being specified. In a classical picture, one can model excess

RIN as simply a part of the field:

𝐴(𝑡) = 𝐴0 cos [𝜔𝑡] + 𝑁(𝑡), (4.62)

where N(t) is some random process resulting in excess RIN. Very often excess RIN comes from

amplified spontaneous emission, and it is thus important not to amplify laser light more than is

necessary.

Excess RIN scales differently with optical power than shot noise, and this is an important

way to distinguish noise sources. Since excess RIN can be considered as part of the light field, it

scales the same as the signal. Thus, increasing optical power, while limited by excess RIN, does

not help raise the signal-to-noise ratio. In terms of measurement in electrical PSD, excess RIN

scales as the square of optical power versus shot noise scaling with optical power. See Fig. 4.15
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for an illustration of this scaling. Note that electronic noise does not depend on optical power.

One can see that in this situation, one would never be shot noise limited–even though there is a

region in the center of the plot where the total noise appears to scale linearly with power. This

is an important point, as the combination of electronic noise and excess RIN can make the total

noise scaling appear as though it is shot noise. Thus, it is important to try to measure the noise

across a wide range of optical powers to characterize the excess RIN. However, saturation can also

be an issue, especially with pulsed lasers. In this case, even excess RIN might appear to scale

linearly with optical power, as increased power also saturates the detector or amplifier. Thus, the

techniques mentioned previously to check for saturation are necessary to verify the origins of the

noise.

Although the situation in Fig. 4.15 is actually very common, balanced detection can remove

excess RIN in the case of a strong local oscillator (and relatively weak signal). Indeed balanced

detection has two benefits: 1) all of the light can be used, since a beamsplitter is required anyway to

overlap optical modes, and 2) in the strong LO limit, excess RIN can be canceled. As seen in the past

results, balancing is not always trivial, especially when detecting signals at higher electrical bands.

This is because the length matching and (and overall temporal response matching) becomes more

stringent. Balanced detectors specify a common mode rejection ratio (CMRR), which specifies the

maximum level of excess RIN suppression (given that one is able to perfectly control beamsplitter

ratios and path lengths after splitting).

4.8.4 Proposed Measurement Version 3: Quadrature Estimation Limit at Low

Powers

How do we reach the SNR set by the SQL? In the two previous measurements, we sought

to reach the shot noise limit first before gating/filtering. Yet, this is not necessary to reach the

predicted SQL set by the quadrature/coherent state-overlap measurement in the comb LO mode.

Ultimately, we want to make a measurement that is limited by the shot noise of the optical frequency

comb. So long as after filtering the noise is dominated by the shot noise of the frequency comb, we
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Figure 4.15: A view of noise scaling and how to differentiate noise sources. Electronic noise does
not scale with optical power, and shot noise and excess RIN scale with optical power and the square
of optical power, respectively. More discussion is included in the main text.
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Figure 4.16: Proposed Experimental Apparatus 3 for Pure Frequency Comb Coherent State-Overlap
Heterodyne Measurement

can approach the SQL.

In other words, there is a scenario where the non-pulse sections of the measurement are

limited by detector and/or electronic noise, but the pulse sections are limited by the comb shot

noise. However, in total, the noise is still dominated by electronic noise. Thus, a gating technique

that can remove this electronic noise can assist in reaching the SQL.

If we relax the requirement that we reach a shot noise-limited measurement before filtering,

we can also lower the optical power, which means that the required dynamic range of the digitization

equipment is lessened. We must just make sure that the frequency comb has enough power so that

the shot noise in and around the pulse envelope, or within the detector transfer function temporal

width, is greater than the technical noise.

To this end, here is a proposal for the next generation of this measurement. We begin

by considering a Thorlabs BDX3BA balanced InGaAs detector, with a 3 dB cutoff at 5 GHz, a

responsivity of 0.9 A/W, and a noise floor set by 50 ohm resistance. We will amplify the output

of the balanced detector with a 1.4 dB NF low-noise amplifier with 11 dBm P1dB (25 dBm IP3)

and a bandwidth from 10 MHz to 3 GHz. We will also use a 10 MHz repetition rate comb (which

grants for lower overall power usage since the average power can be lowered while maintaining pulse

power) optically filtered to a bandwidth of 10 GHz. We digitize the data on a 2.5 GHz oscilloscope.
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First, we need to calculate what power the comb needs to have in order to bring shot noise

above technical noise. To calculate the technical noise floor assumed set by the thermal noise and

the noise figure of 1.4 dB, we have:

𝑁tech = 𝑁tech + 1.4 = 10 log10 (𝑘𝑏𝑇 𝑅
𝑅 × 103) + 1.4 = −174 + 1.4 = −172.6 [dBm/Hz] (4.63)

Assuming that we want the shot noise to be over 10 dB above the technical noise, and recalling

that the shot noise mean square current is 2𝑞 × 𝑅𝑒 × 𝑃Δ𝑓 , we seek the power at which:

10 log10 (2𝑞 × 𝑅𝑒 × 𝑃 × 𝑅 × 103) = −172.6 + 10 ≈ −160 [dBm/Hz]. (4.64)

At 𝑃 = 7 mW, the shot noise would measure approximately -160 dBm/Hz.

The oscilloscope bandwidth sets the narrowest span of time over which we can gate the pulses,

which is conservatively 1/2.5 GHz or 400 ps. Thus we only need this 7 mW spread over 400 ps.

What does this mean in terms of average power and peak optical power of the comb? Given that

we are using a 10 MHz repetition rate laser, with 7 mW spread over 400 ps, we can recalculate

given that each pulse contains 7 × 10−3 × 400 × 10−12 J = 2.8 pJ of energy. The average power is

then merely 2.8 × 10−12 × 10 × 106 W = 28 µW.

In order to find the peak power we must first calculate the pulse width given a 10 GHz filter

and approximately Gaussian envelope. This is calculated using the time bandwidth product of 0.44

for a Gaussian pulse: FWHM = 0.44/10 GHz = 44 ps. The peak power is thus 2.8 pJ/44 ps =

64 mW.

Now assume a 1 µW CW laser–what is the peak signal over these 44 ps? In dBm, it is:

10 log10 (4𝑅𝑒2𝑃comb𝑃CW𝑅 × 103) = −19.8 dBm. (4.65)

Indeed, we must make sure that when we amplify the peak signal does not exceed the amplifier

max of typically 10 dBm, which limits the amount that we can amplify.

Next, what is the peak SNR (dynamic range) that our 2.5 GHz oscilloscope will need to

capture? The power SNR is approximately twice the number of signal photons captured.9 The
9 While one usually specifies SNR at a certain resolution bandwidth–the physical meaning of the resolution
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number of signal photons in this window is defined by the oscilloscope bandwidth of 2.5 GHz,

where the signal energy is 1 uW/2.5 GHz = 4 × 10−16 J. The number of signal photons captured

is 𝜂 × 4 × 10−16 J/ℎ𝜈 ≈ 2250, where 𝜂 is calculated to be 0.74, ℎ is the Planck constant, and 𝜈 is

200 THz. Thus, the power SNR is 4500, and the voltage SNR is the square root of this quantity:

67 (or 18 dB), which is easily covered by the dynamic range of most digitizers.

Since we are now in the standard quantum limit where the noise is limited by the comb local

oscillator, the full heterodyne power SNR is the standard equation:

SNR = 𝜂|𝛾|2𝑃CW
ℎ𝑣Δ𝑓 , (4.66)

where

|𝛾|2 = 𝜋2𝜏
2𝑇 = 𝜋2(44ps)

2(100ns) ≈ .002. (4.67)

At a resolution bandwidth of 100 kHz, the power SNR is 120,000 or 50.86 dB.

bandwidth is as approximately the inverse of the time over which the signal is captured. In this sense, this defines
a total number of signal photons captured, and each point plotted has a resolution bandwidth set by the scope
bandwidth.



Chapter 5

Conclusion

The optical frequency comb provides coherent connection and control across the electro-

magnetic spectrum, from optical to radio, encompassing more than fifteen orders of magnitude of

frequency. In providing this coherent link, it has revolutionized timekeeping and a host of other

applications that require coherent electromagnetic fields.

If the history of coherent control of radio fields is any indicator, there are powerful connections

to be made between coherent fields and non-coherent fields, such as thermal and quantum states of

electromagnetic radiation. A longer history of radio control has yielded the field of radio astronomy,

which has produced discoveries like the cosmic microwave background and powerful tools like the

Event Horizon Telescope. Facility in electronics and fabrication now allows for the exploration of

new physics in microwave quantum states, such as in circuit quantum electrodynamics–or used as

a computational primitive in quantum computation.

Just as linking coherent optical and radio fields has been tremendously fruitful, as has linking

coherent radio techniques with the measurement of thermal and quantum radio fields, I believe

that there are opportunities that await further connection between the full coherent control of the

electromagnetic spectrum (frequency comb) and the measurement of thermal and quantum light.

In this thesis, I have worked toward this connection by defining fundamental limits in the use of the

optical frequency comb for the measurement of thermal and quantum fields. This pursuit has also

refined a metrological understanding of the measurement of coherent fields with frequency combs.

I explored the measurement and correlation of thermal fields through a technique called
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dual-comb correlation spectroscopy. This process reveals the spectrum of thermal light at high

resolution and across broad bandwidths. New theoretical work uncovered previously unknown

fundamental limits on sensitivity when measuring realistically weak thermal light. Experimental

investigation verified this scaling. I also demonstrated spectroscopy with this technique at the

equivalent power spectral density of our Sun, realizing a greater than 1000x sensitivity increase

over past demonstrations of this technique. These insights pave the way for the expansion of this

technique to the comb-based spatial correlation of thermal fields. This advancement would allow

for extended baseline synthetic aperture hyperspectral imaging throughout the optical spectrum,

facilitating novel and profound observations of the universe.

The use of frequency combs for the measurement of quantum light was also investigated.

Optical frequency comb measurements break typical quantum optics assumptions, such as large

and mode-matched local oscillators, and necessitated new quantum measurement operators. Such

measurement operators were derived, which not only describe homodyne measurements on any

quantum state of light with a frequency comb local oscillator, but also indicate that the shot

noise limit generally reached in comb-based measurements of coherent light (such as in continuous-

wave laser heterodyne and dual-comb spectroscopy) does not correspond to the quadrature or

coherent state-overlap description standard in quantum optics. Efforts to experimentally reach

this “standard” quantum limit demonstrated a significant improvement in the signal-to-noise ratio

over the conventional comb-based shot noise limit, paving the way for lower-power portable optical

clocks and quantum-enhanced frequency-comb metrology. Just as optical frequency combs have

provided a coherent link between radio and optical coherent fields, perhaps they may play a role

in coherence-preserving transduction of quantum states between the optical and radio domains.

These efforts to define quantum measurement with optical frequency combs may provide part of

the foundation for this effort.
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Appendix A

Frequency Domain Derivation of Signal-to-Noise Ratio of Dual-Comb

Correlation Spectroscopy of Thermal Light

Here, a more detailed derivation of SNR in the frequency domain is described.

A.1 Photodetection

We begin by looking at the heterodyne beat photocurrent between a comb tooth and the

thermal light right before the electronic mixer. We represent it over a bandwidth 2𝐵𝑓 in terms of

uncorrelated cosines. This follows techniques in Appendix 3.5.3.1.

𝑖het, single tooth = 𝜂𝑒
ℎ𝜈 √4𝑆𝑑𝑒𝑡𝛿𝜈𝑃𝑡

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

√
2 cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘 − Θ). (A.1)

𝑆𝑑𝑒𝑡 is the power spectral density of the thermal light coming into each balanced detector. 𝐵𝑓 is

the bandwidth of the RF low-pass filters we place after balanced detection. Note that this is an

equivalent representation of the mean square value white noise of Equation 3.5.3.2.

Next we represent the current arising from heterodynes of all comb teeth. We choose to have

𝑁 + 1 comb teeth. In other words, we have 𝑁 + 1 sums from the full comb interfering with the

thermal light. This choice allows us to sum from 𝑛 = 0 to 𝑛 = 𝑁 . Thus our full expression before

the electronic mixer is:

𝑖het = 𝜂𝑒
ℎ𝜈

𝑛=𝑁
∑
𝑛=0

√4𝑆𝑑𝑒𝑡𝛿𝜈𝑃𝑡

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

√
2 cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛). (A.2)

We index the random phase (Φ𝑘,𝑛) by the comb number so that all cosine terms have random

relative phases with respect to each other. We also index the comb tooth phase Θ𝑛 by the comb132
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tooth number since we are including many comb teeth now. We note that these teeth are spaced

by 𝑓𝑟 in the frequency domain, where 𝑓𝑟 is the repetition rate. We assume that the total comb

power is distributed evenly among all teeth (rectangular spectral profile).

Next, we consider the other comb and thermal signal. This is similar to the equation above:

𝑖′
het = 𝜂𝑒

ℎ𝜈
𝑚=𝑁
∑
𝑚=0

√4𝑆𝑑𝑒𝑡𝛿𝜈𝑃 ′
𝑡

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈

√
2 cos(2𝜋𝑗𝛿𝜈𝑡 + Φ′

𝑗,𝑚 − Θ′
𝑚). (A.3)

We note two differences between this equation and the last equation. The second comb has a power

per tooth of 𝑃 ′
𝑡 , and the phases in the cosine argument are not the same, denoted by the prime

notation. However, Φ𝑘,𝑛 and Φ′
𝑗,𝑚 have a special relationship when 𝑛 = 𝑚; they are derived from

the same quasi-thermal light. We thus have the relation:

Φ𝑘,𝑛 = Φ′
𝑗′,𝑛 (A.4)

when 𝑗′ = 𝑘 + 𝑛Δ𝑓𝑟
𝛿𝜈 . Δ𝑓𝑟 = 𝑓𝑟 − 𝑓 ′

𝑟, where 𝑓 ′
𝑟 is the repetition rate of the second comb and is

assumed to be smaller than 𝑓𝑟.

At this point we should also take note of the shot noise of the first comb after balanced

detection:

𝑖𝑆𝑁,𝑅𝑀𝑆 = √2𝑒𝑖𝐿𝑂𝐵𝑓 = √2𝑒 𝜂𝑒
ℎ𝜈 (𝑁 + 1)𝑃𝑡𝐵𝑓 . (A.5)

Note that the total comb power is (𝑁 + 1)𝑃𝑡, i.e., the number of comb teeth multiplied by the

power per tooth. In order to evaluate how the shot noise propagates through the electronics, we

represent the shot noise current as a sum of cosines with uncorrelated phases.

𝑖𝑆𝑁 = √2𝑒 𝜂𝑒
ℎ𝜈 (𝑁 + 1)𝑃𝑡𝐵𝑓

2𝐵𝑓(𝑁 + 1)/𝛿𝜈
𝑁

∑
𝑛=0

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

√
2 cos(2𝜋𝑘𝛿𝜈𝑡 + 𝜙𝑘,𝑛)

= √2𝑒 𝜂𝑒
ℎ𝜈 𝑃𝑡𝛿𝜈

𝑁
∑
𝑛=0

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

√
2 cos(2𝜋𝑘𝛿𝜈𝑡 + 𝜙𝑘,𝑛). (A.6)

Note that quadrature summation of the RMS values of the cosines takes 𝑖𝑆𝑁 back to 𝑖𝑆𝑁,𝑅𝑀𝑆.

Similarly, the RMS shot noise of the second comb is:

𝑖𝑆𝑁,𝑅𝑀𝑆 = √2𝑒𝑖′
𝐿𝑂𝐵𝑓 = √2𝑒 𝜂𝑒

ℎ𝜈 (𝑁 + 1)𝑃 ′
𝑡 𝐵𝑓 . (A.7)
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And the shot noise photocurrent of the second comb can be written as:

𝑖′
𝑆𝑁 = √2𝑒 𝜂𝑒

ℎ𝜈 𝑃 ′
𝑡 𝛿𝜈

𝑁
∑
𝑚=0

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

√
2 cos(2𝜋𝑗𝛿𝜈𝑡 + 𝜙′

𝑗,𝑚). (A.8)

We may also have excess relative intensity noise (RIN) due to balancing that is not perfect. We

can represent the RMS intensity noise current of the first comb as:

𝑖𝑅𝐼𝑁,𝑅𝑀𝑆 = √(𝑁 + 1)𝐵𝑓𝑆𝐼𝑁 . (A.9)

𝑆𝐼𝑁 is the power spectral density of the intensity noise photocurrent per comb tooth, in units of

amps squared per root hertz. Likewise, for the other comb, the RMS intensity noise current is:

𝑖′
𝑅𝐼𝑁,𝑅𝑀𝑆 = √(𝑁 + 1)𝐵𝑓𝑆′

𝐼𝑁 . (A.10)

It is most convenient for us to treat all the noise from the photodetectors at once, so we combine

the shot noise and the intensity noise into a total photodetected noise term 𝑖𝑃𝐷𝑁,𝑅𝑀𝑆 for the first

comb:

𝑖𝑃𝐷𝑁,𝑅𝑀𝑆 = √𝑖2
𝑆𝑁,𝑅𝑀𝑆 + 𝑖2

𝑅𝐼𝑁,𝑅𝑀𝑆 = √√2𝑒 𝜂𝑒
ℎ𝜈 (𝑁 + 1)𝑃𝑡𝐵𝑓

2
+ √(𝑁 + 1)𝐵𝑓𝑆𝑅𝐼𝑁

2
(A.11)

As before, we define this total photodetected noise in terms of a sum over cosines:

𝑖𝑃𝐷𝑁 = 𝑖𝑃𝐷𝑁,𝑅𝑀𝑆√ 𝛿𝜈
2(𝑁 + 1)𝐵𝑓

√
2

𝑁
∑
𝑛=0

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + 𝜙′
𝑘,𝑛)

= 𝑖𝑃𝐷𝑁,𝑅𝑀𝑆√ 𝛿𝜈
(𝑁 + 1)𝐵𝑓

𝑁
∑
𝑛=0

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + 𝜙′
𝑘,𝑛). (A.12)

We define the total photodetected noise for the second comb similarly, such that:

𝑖′
𝑃𝐷𝑁,𝑅𝑀𝑆 = √𝑖′2

𝑆𝑁,𝑅𝑀𝑆 + 𝑖′2
𝐼𝑁,𝑅𝑀𝑆 = √√2𝑒 𝜂𝑒

ℎ𝜈 (𝑁 + 1)𝑃 ′
𝑡 𝐵𝑓

2
+ √(𝑁 + 1)𝐵𝑓𝑆′

𝑅𝐼𝑁
2
, (A.13)

and:

𝑖′
𝑃𝐷𝑁 = 𝑖′

𝑃𝐷𝑁,𝑅𝑀𝑆√ 𝛿𝜈
(𝑁 + 1)𝐵𝑓

𝑁
∑
𝑚=0

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈

cos(2𝜋𝑗𝛿𝜈𝑡 + 𝜙′
𝑗,𝑚). (A.14)

Thus, the total current of the first comb heterodyne signal before mixing is:

𝑖tot = 𝑖het + 𝑖𝑃𝐷𝑁 , (A.15)
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and the second is:

𝑖′
tot = 𝑖′

het + 𝑖′
𝑃𝐷𝑁 . (A.16)

If limited by light noise, these are the currents that result from the two detectors. Next we move

to the mixing stage.

A.2 Mixing of Heterodyne Signal with Heterodyne Signal

Mixing the two heterodyne signals results in:

𝑖mix = 𝑖tot×𝑖′
tot = (𝑖het+𝑖𝑃𝐷𝑁)×(𝑖′

het+𝑖′
𝑃𝐷𝑁) = 𝑖het𝑖′

het+𝑖het𝑖′
𝑃𝐷𝑁 +𝑖𝑃𝐷𝑁 𝑖′

het+𝑖𝑃𝐷𝑁 𝑖′
𝑃𝐷𝑁 . (A.17)

We will see that the first term that is the product of the two heterodyne currents contributes to

both noise and signal, while the three other terms contribute to noise. First we examine the thermal

heterodyne product term.

𝑖het𝑖′
het = 𝜂𝑒

ℎ𝜈
𝑛=𝑁
∑
𝑛=0

√4𝑆𝑑𝑒𝑡𝛿𝜈𝑃𝑡

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

√
2 cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛)

× 𝜂𝑒
ℎ𝜈

𝑚=𝑁
∑
𝑚=0

√4𝑆𝑑𝑒𝑡𝛿𝜈𝑃 ′
𝑡

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈

√
2 cos(2𝜋𝑗𝛿𝜈𝑡 + Φ′

𝑗,𝑚 − Θ′
𝑚) (A.18)

Simplifying, we have:

𝑖het𝑖′
het = ( 𝜂𝑒

ℎ𝜈 )28(𝑆𝑑𝑒𝑡𝛿𝜈)√𝑃𝑡𝑃 ′
𝑡

×
𝑛=𝑁
∑
𝑛=0

𝑚=𝑁
∑
𝑚=0

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛) cos(2𝜋𝑗𝛿𝜈𝑡 + Φ′
𝑗,𝑚 − Θ′

𝑚) (A.19)

At this point, we note that the quasi-thermal light is uncorrelated across its spectrum. Thus, when

𝑛 ≠ 𝑚, Φ𝑘,𝑛 and Φ′
𝑗,𝑚 are uncorrelated regardless of 𝑘 and 𝑗. However, when 𝑛 = 𝑚, Φ𝑘,𝑛 and

Φ′
𝑗,𝑚 are correlated (i.e., the same) under the condition that 𝑗 = 𝑘 + 𝑛Δ𝑓𝑟

𝛿𝜈 . We then split the above
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heterodyne product into two terms: when 𝑛 ≠ 𝑚 and when 𝑛 = 𝑚.

𝑖het𝑖′
het = ( 𝜂𝑒

ℎ𝜈 )28(𝑆𝑑𝑒𝑡𝛿𝜈)√𝑃𝑡𝑃 ′
𝑡

× (
𝑛=𝑁
∑
𝑛=0

𝑚=𝑁
∑

𝑚=0,𝑚≠𝑛

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛) cos(2𝜋𝑗𝛿𝜈𝑡 + Φ′
𝑗,𝑚 − Θ′

𝑚)

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛) cos(2𝜋𝑗𝛿𝜈𝑡 + Φ′
𝑗,𝑚 − Θ′

𝑚)) (A.20)

We must further break down the 𝑛 = 𝑚 product into those without correlated phases and those

with correlated phases (i.e., split the sum):

𝑖het𝑖′
het = ( 𝜂𝑒

ℎ𝜈 )28(𝑆𝑑𝑒𝑡𝛿𝜈)√𝑃𝑡𝑃 ′
𝑡

× (
𝑛=𝑁
∑
𝑛=0

𝑚=𝑁
∑

𝑚=0,𝑚≠𝑛

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛) cos(2𝜋𝑗𝛿𝜈𝑡 + Φ′
𝑗,𝑚 − Θ′

𝑚)

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈,𝑗≠𝑘+ 𝑛Δ𝑓𝑟

𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛) cos(2𝜋𝑗𝛿𝜈𝑡 + Φ′
𝑗,𝑚 − Θ′

𝑚)

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈,𝑗=𝑘+ 𝑛Δ𝑓𝑟

𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛) cos(2𝜋𝑗𝛿𝜈𝑡 + Φ′
𝑗,𝑚 − Θ′

𝑚)) (A.21)

However, even here in the last term there exist products that do not contain correlated phases.

These uncorrelated product terms are the ones residing at the outer edges of the bandwidth 𝐵𝑓 .

To fully capture this, we must split the last term into three more terms: one term from the middle



137

section and two terms from the edge of the bandwidth to 𝑛Δ𝑓𝑟 inside.

𝑖het𝑖′
het = ( 𝜂𝑒

ℎ𝜈 )28(𝑆𝑑𝑒𝑡𝛿𝜈)√𝑃𝑡𝑃 ′
𝑡

× (
𝑛=𝑁
∑
𝑛=0

𝑚=𝑁
∑

𝑚=0,𝑚≠𝑛

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛) cos(2𝜋𝑗𝛿𝜈𝑡 + Φ′
𝑗,𝑚 − Θ′

𝑚)

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈,𝑗≠𝑘+ 𝑛Δ𝑓𝑟

𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛) cos(2𝜋𝑗𝛿𝜈𝑡 + Φ′
𝑗,𝑚 − Θ′

𝑚)

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

−𝐵𝑓/𝛿𝜈+ 𝑛Δ𝑓𝑟
𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈,𝑗=𝑘+ 𝑛Δ𝑓𝑟

𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛) cos(2𝜋𝑗𝛿𝜈𝑡 + Φ′
𝑗,𝑚 − Θ′

𝑚)

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

𝐵𝑓/𝛿𝜈

∑
𝑗=𝐵𝑓/𝛿𝜈− 𝑛Δ𝑓𝑟

𝛿𝜈 ,𝑗=𝑘+ 𝑛Δ𝑓𝑟
𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛) cos(2𝜋𝑗𝛿𝜈𝑡 + Φ′
𝑗,𝑚 − Θ′

𝑚)

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

𝐵𝑓/𝛿𝜈− 𝑛Δ𝑓𝑟
𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈+ 𝑛Δ𝑓𝑟

𝛿𝜈 ,𝑗=𝑘+ 𝑛Δ𝑓𝑟
𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛) cos(2𝜋𝑗𝛿𝜈𝑡 + Φ′
𝑗,𝑚 − Θ′

𝑚)) (A.22)

Next, we simplify the cosine products, identical for each sum.

cos(2𝜋𝑘𝛿𝜈 + Φ𝑘,𝑛 − Θ𝑛) cos(2𝜋𝑗𝛿𝜈 + Φ′
𝑗,𝑚 − Θ′

𝑚)

= cos(2𝜋(𝑘 + 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 + Φ′
𝑗,𝑚 − Θ′

𝑚)
2 + cos(2𝜋(𝑘 − 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 − Φ′

𝑗,𝑚 + Θ′
𝑚)

2
(A.23)
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We substitute the cosine products into the mixed heterodyne signal equation:

𝑖het𝑖′
het = ( 𝜂𝑒

ℎ𝜈 )28(𝑆𝑑𝑒𝑡𝛿𝜈)√𝑃𝑡𝑃 ′
𝑡

× (
𝑛=𝑁
∑
𝑛=0

𝑚=𝑁
∑

𝑚=0,𝑚≠𝑛

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈

cos(2𝜋(𝑘 + 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 + Φ′
𝑗,𝑚 − Θ′

𝑚)
2 + cos(2𝜋(𝑘 − 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 − Φ′

𝑗,𝑚 + Θ′
𝑚)

2

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈,𝑗≠𝑘+ 𝑛Δ𝑓𝑟

𝛿𝜈

cos(2𝜋(𝑘 + 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 + Φ′
𝑗,𝑚 − Θ′

𝑚)
2 + cos(2𝜋(𝑘 − 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 − Φ′

𝑗,𝑚 + Θ′
𝑚)

2

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

−𝐵𝑓/𝛿𝜈+ 𝑛Δ𝑓𝑟
𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈,𝑗=𝑘+ 𝑛Δ𝑓𝑟

𝛿𝜈

cos(2𝜋(𝑘 + 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 + Φ′
𝑗,𝑚 − Θ′

𝑚)
2 + cos(2𝜋(𝑘 − 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 − Φ′

𝑗,𝑚 + Θ′
𝑚)

2

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

𝐵𝑓/𝛿𝜈

∑
𝑗=𝐵𝑓/𝛿𝜈− 𝑛Δ𝑓𝑟

𝛿𝜈 ,𝑗=𝑘+ 𝑛Δ𝑓𝑟
𝛿𝜈

cos(2𝜋(𝑘 + 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 + Φ′
𝑗,𝑚 − Θ′

𝑚)
2 + cos(2𝜋(𝑘 − 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 − Φ′

𝑗,𝑚 + Θ′
𝑚)

2

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

𝐵𝑓/𝛿𝜈− 𝑛Δ𝑓𝑟
𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈+ 𝑛Δ𝑓𝑟

𝛿𝜈 ,𝑗=𝑘+ 𝑛Δ𝑓𝑟
𝛿𝜈

cos(2𝜋(𝑘 + 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 + Φ′
𝑗,𝑚 − Θ′

𝑚)
2 + cos(2𝜋(𝑘 − 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 − Φ′

𝑗,𝑚 + Θ′
𝑚)

2 )

(A.24)

These correspond to the currents directly after the mixer. After the mixer, we now consider a

low-pass filter 𝐵𝑓,𝑚 to block the high frequency noise. In the simplest case, we choose a filter

where 𝐵𝑓,𝑚 = 𝐵𝑓 . After the mixer, the mixed heterodyne signals are the following, where only the

sum terms only cover |𝑘 + 𝑗| < 𝐵𝑓,𝑚/𝛿𝜈, and the difference terms only cover |𝑘 − 𝑗| < 𝐵𝑓,𝑚/𝛿𝜈 due
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to the low pass filter bandwidth of 𝐵𝑓,𝑚:

𝑖het𝑖′
het = ( 𝜂𝑒

ℎ𝜈 )28(𝑆𝑑𝑒𝑡𝛿𝜈)√𝑃𝑡𝑃 ′
𝑡

× (
𝑛=𝑁
∑
𝑛=0

𝑚=𝑁
∑

𝑚=0,𝑚≠𝑛

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈,|𝑘+𝑗|<𝐵𝑓,𝑚/𝛿𝜈

cos(2𝜋(𝑘 + 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 + Φ′
𝑗,𝑚 − Θ′

𝑚)
2

+
𝑛=𝑁
∑
𝑛=0

𝑚=𝑁
∑

𝑚=0,𝑚≠𝑛

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈,|𝑘−𝑗|<𝐵𝑓,𝑚/𝛿𝜈

cos(2𝜋(𝑘 − 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 − Φ′
𝑗,𝑚 + Θ′

𝑚)
2

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈,𝑗≠𝑘+ 𝑛Δ𝑓𝑟

𝛿𝜈 ,|𝑘+𝑗|<𝐵𝑓,𝑚/𝛿𝜈

cos(2𝜋(𝑘 + 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 + Φ′
𝑗,𝑚 − Θ′

𝑚)
2

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈,𝑗≠𝑘+ 𝑛Δ𝑓𝑟

𝛿𝜈 ,|𝑘−𝑗|<𝐵𝑓,𝑚/𝛿𝜈

cos(2𝜋(𝑘 − 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 − Φ′
𝑗,𝑚 + Θ′

𝑚)
2

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

−𝐵𝑓/𝛿𝜈+ 𝑛Δ𝑓𝑟
𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈,𝑗=𝑘+ 𝑛Δ𝑓𝑟

𝛿𝜈 ,|𝑘+𝑗|<𝐵𝑓,𝑚/𝛿𝜈

cos(2𝜋(𝑘 + 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 + Φ′
𝑗,𝑚 − Θ′

𝑚)
2

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

−𝐵𝑓/𝛿𝜈+ 𝑛Δ𝑓𝑟
𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈,𝑗=𝑘+ 𝑛Δ𝑓𝑟

𝛿𝜈 ,|𝑘−𝑗|<𝐵𝑓,𝑚/𝛿𝜈

cos(2𝜋(𝑘 − 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 − Φ′
𝑗,𝑚 + Θ′

𝑚)
2

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

𝐵𝑓/𝛿𝜈

∑
𝑗=𝐵𝑓/𝛿𝜈− 𝑛Δ𝑓𝑟

𝛿𝜈 ,𝑗=𝑘+ 𝑛Δ𝑓𝑟
𝛿𝜈 ,|𝑘+𝑗|<𝐵𝑓,𝑚/𝛿𝜈

cos(2𝜋(𝑘 + 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 + Φ′
𝑗,𝑚 − Θ′

𝑚)
2

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

𝐵𝑓/𝛿𝜈

∑
𝑗=𝐵𝑓/𝛿𝜈− 𝑛Δ𝑓𝑟

𝛿𝜈 ,𝑗=𝑘+ 𝑛Δ𝑓𝑟
𝛿𝜈 ,|𝑘−𝑗|<𝐵𝑓,𝑚/𝛿𝜈

cos(2𝜋(𝑘 − 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 − Φ′
𝑗,𝑚 + Θ′

𝑚)
2

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

𝐵𝑓/𝛿𝜈− 𝑛Δ𝑓𝑟
𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈+ 𝑛Δ𝑓𝑟

𝛿𝜈 ,𝑗=𝑘+ 𝑛Δ𝑓𝑟
𝛿𝜈 ,|𝑘+𝑗|<𝐵𝑓,𝑚/𝛿𝜈

cos(2𝜋(𝑘 + 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 + Φ′
𝑗,𝑚 − Θ′

𝑚)
2

+
𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

𝐵𝑓/𝛿𝜈− 𝑛Δ𝑓𝑟
𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈+ 𝑛Δ𝑓𝑟

𝛿𝜈 ,𝑗=𝑘+ 𝑛Δ𝑓𝑟
𝛿𝜈 ,|𝑘−𝑗|<𝐵𝑓,𝑚/𝛿𝜈

cos(2𝜋(𝑘 − 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 − Φ′
𝑗,𝑚 + Θ′

𝑚)
2 )

(A.25)

At this point, we will go through and describe each term again:

• The first term contains sum frequency terms from non-same bins (i.e., no spectral overlap

of the quasi-thermal light).
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• The second term contains the difference frequency terms of non-same bins.

• The third term contains sum frequency terms of matching bins, but between intermediate

frequencies that are not correlated.

• The fourth term contains difference frequency terms of matching bins, but between inter-

mediate frequencies that are not correlated.

• The fifth and seventh terms contain sum frequency terms of matching bins that are not

correlated due to the offset of the two teeth from separate combs–these sums correspond

to the lower and upper non-overlapped optical regions.

• Likewise, the sixth and eighth terms contain difference frequency terms of matching bins

that are not correlated due to the offset of the two teeth from separate combs–again, these

sums correspond to the lower and upper non-overlapped optical regions.

• The ninth (second to last) term contains sum frequency terms between correlated hetero-

dyne terms–however, there is no cancellation of phase due to sum frequency addition, so

these terms are, like all those preceding it, uncorrelated.

• The tenth and final term contains difference frequency terms between correlated heterodyne

terms; this contains our signal.

We separate this tenth term, our mixed heterodyne signal, into two parts, the noise and the

signal, where 𝑖het𝑖′
het = 𝑁het + 𝐴het such that:

𝐴het = ( 𝜂𝑒
ℎ𝜈 )28(𝑆𝑑𝑒𝑡𝛿𝜈)√𝑃𝑡𝑃 ′

𝑡

𝑛=𝑁
∑

𝑛=0,𝑛=𝑚

𝐵𝑓/𝛿𝜈− 𝑛Δ𝑓𝑟
𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈+ 𝑛Δ𝑓𝑟

𝛿𝜈 ,𝑗=𝑘+ 𝑛Δ𝑓𝑟
𝛿𝜈 ,|𝑘−𝑗|<𝐵𝑓,𝑚/𝛿𝜈

cos(2𝜋(𝑘 − 𝑗)𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 − Φ′
𝑗,𝑚 + Θ′

𝑚)
2 (A.26)

Because we examine interferograms in this method, we will look at the peak value of the signal in

the time domain. The maximal value occurs when we assume that both Θ𝑛 and Θ′
𝑚 are linear across

the optical frequencies spanned by 𝑁 comb teeth. This linearity ensures constructive addition at the
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center of the resulting interferogram. Note that we also consider the low pass filter of 𝐵𝑓,𝑚 = 𝐵𝑓 ,

which filters out 3/4 of the heterodyne tones. This is because the frequencies of this mixed term

follow a triangular distribution centered at 0 with a width of 4𝐵𝑓 ; filtering at ±𝐵𝑓 cuts out 1/4 of

these tones. The phases Φ𝑘,𝑛 and Φ′
𝑗,𝑚 cancel at the indicated indices. We also sum over the 𝑁

comb teeth, resulting in 𝑁 + 1 bins. Thus our peak signal is:

𝐴het,peak = ( 𝜂𝑒
ℎ𝜈 )28(𝑆𝑑𝑒𝑡𝛿𝜈)√𝑃𝑡𝑃 ′

𝑡 × (𝑁 + 1) × 3
4

2𝐵𝑓
𝛿𝜈

1
2 (A.27)

Simplifying,

𝐴het,peak = 8 × 3
4( 𝜂𝑒

ℎ𝜈 )2𝑆𝑑𝑒𝑡√𝑃𝑡𝑃 ′
𝑡 × (𝑁 + 1) × 𝐵𝑓 (A.28)

Next, we take the RMS of the heterodyne noise terms, i.e., all but the last term in Eqn. A.2

as follows.

𝑁het,rms = ( 𝜂𝑒
ℎ𝜈 )28(𝑆𝑑𝑒𝑡𝛿𝜈)√𝑃𝑡𝑃 ′

𝑡

× ((√𝑁(𝑁 + 1)√3
4

2𝐵𝑓
𝛿𝜈

3
4

2𝐵𝑓
𝛿𝜈

1
2
√

2
)2 + (√𝑁(𝑁 + 1)√3

4
2𝐵𝑓
𝛿𝜈

3
4

2𝐵𝑓
𝛿𝜈

1
2
√

2
)2

+ (
√

𝑁 + 1√3
4

2𝐵𝑓
𝛿𝜈

3
4(2𝐵𝑓

𝛿𝜈 − 1) 1
2
√

2
)2 + (

√
𝑁 + 1√3

4
2𝐵𝑓
𝛿𝜈

3
4(2𝐵𝑓

𝛿𝜈 − 1) 1
2
√

2
)2

+ (
√

𝑁 + 1√3
4

(2𝐵𝑓 − 𝑛Δ𝑓𝑟
𝛿𝜈 )

𝛿𝜈
1

2
√

2
)2 + (

√
𝑁 + 1√3

4
(2𝐵𝑓 − 𝑛Δ𝑓𝑟

𝛿𝜈 )
𝛿𝜈

1
2
√

2
)2

+ (
√

𝑁 + 1√3
4

(𝑛Δ𝑓𝑟
𝛿𝜈 )
𝛿𝜈

1
2
√

2
)2 + (

√
𝑁 + 1√3

4
(𝑛Δ𝑓𝑟

𝛿𝜈 )
𝛿𝜈

1
2
√

2
)2 + (

√
𝑁 + 1√3

4
2𝐵𝑓
𝛿𝜈

1
2
√

2
)2)

1
2

(A.29)

Interestingly, these terms all follow a nested structure. We could simplify further and find

that the nesting in fact makes the terms whole, but here we make size arguments to simplify. The

first two terms are much larger than the following two terms by a factor of N, and the following

two terms are a factor 𝐵𝑓
𝛿𝜈 much larger than the terms that follow those. We assume that 𝐵𝑓

𝛿𝜈 ≫ 1,
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thus for the first four terms we have:

𝑁het,𝑅𝑀𝑆 = ( 𝜂𝑒
ℎ𝜈 )28(𝑆𝑑𝑒𝑡𝛿𝜈)√𝑃𝑡𝑃 ′

𝑡
1

2
√

2

×(𝑁(𝑁 +1)3
4

2𝐵𝑓
𝛿𝜈

3
4

2𝐵𝑓
𝛿𝜈 +𝑁(𝑁 +1)3

4
2𝐵𝑓
𝛿𝜈

3
4

2𝐵𝑓
𝛿𝜈 +(𝑁 +1)3

4
2𝐵𝑓
𝛿𝜈

3
4

2𝐵𝑓
𝛿𝜈 +(𝑁 +1)3

4
2𝐵𝑓
𝛿𝜈

3
4

2𝐵𝑓
𝛿𝜈 )

1
2

(A.30)

We can further combine terms:

𝑁het,𝑅𝑀𝑆 = ( 𝜂𝑒
ℎ𝜈 )28(𝑆𝑑𝑒𝑡𝛿𝜈)√𝑃𝑡𝑃 ′

𝑡
1

2
√

2
× 3

√
2

4 ((𝑁 + 1)2 2𝐵𝑓
𝛿𝜈

2𝐵𝑓
𝛿𝜈 )

1
2

(A.31)

Taking the square root and simplifying, we have:

𝑁het,𝑅𝑀𝑆 = 8 × 3
4( 𝜂𝑒

ℎ𝜈 )2𝑆𝑑𝑒𝑡√𝑃𝑡𝑃 ′
𝑡 × (𝑁 + 1) × 𝐵𝑓 (A.32)

A.3 Mixing of Heterodyne Noise and Photodetected Noise

Now, we examine another source of noise: the mixing of the photocurrents from the optical

heterodyne and the photodetected noise.

𝑁𝑃𝐷𝑁,het = 𝜂𝑒
ℎ𝜈

𝑛=𝑁
∑
𝑛=0

√4𝑆𝑑𝑒𝑡𝛿𝜈𝑃𝑡

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛)

× 𝑖′
𝑃𝐷𝑁,𝑅𝑀𝑆√ 𝛿𝜈

(𝑁 + 1)𝐵𝑓

𝑁
∑
𝑚=0

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈

cos(2𝜋𝑗𝛿𝜈𝑡 + 𝜙′
𝑗,𝑚). (A.33)

We simplify and combine terms:

𝑁𝑃𝐷𝑁,het = 𝜂𝑒
ℎ𝜈 √4𝑆𝑑𝑒𝑡𝛿𝜈𝑃𝑡𝑖′

𝑃𝐷𝑁,𝑅𝑀𝑆√ 𝛿𝜈
(𝑁 + 1)𝐵𝑓

×
𝑛=𝑁
∑
𝑛=0

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝑁
∑
𝑚=0

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛) cos(2𝜋𝑗𝛿𝜈𝑡 + 𝜙′
𝑗,𝑚) (A.34)
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Like our treatment of the mixed optical heterodyne signals, we separate the cosine product into

sum and difference components. This noise also passes through the same 𝐵𝑓,𝑚 bandpass filter after

the mixer, thus constraining the number of included sum frequency components.

𝑁𝑃𝐷𝑁,het = 𝜂𝑒
ℎ𝜈 √4𝑆𝑑𝑒𝑡𝛿𝜈𝑃𝑡𝑖′

𝑃𝐷𝑁,𝑅𝑀𝑆√ 𝛿𝜈
(𝑁 + 1)𝐵𝑓

× (
𝑛=𝑁
∑
𝑛=0

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝑁
∑
𝑚=0

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 − (2𝜋𝑗𝛿𝜈𝑡 + 𝜙′
𝑗,𝑚))

+
𝑛=𝑁
∑
𝑛=0

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝑁
∑
𝑚=0

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈,|𝑗+𝑘|<𝐵𝑓,𝑚/𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + Φ𝑘,𝑛 − Θ𝑛 + 2𝜋𝑗𝛿𝜈𝑡 + 𝜙′
𝑗,𝑚)). (A.35)

Again, choosing 𝐵𝑓,𝑚 = 𝐵𝑓 , the number of terms is multiplied by 3/4. Taking the RMS of the

cosines and summing in quadrature, we have:

𝑁𝑃𝐷𝑁,het,𝑅𝑀𝑆 = 𝜂𝑒
ℎ𝜈 √4𝑆𝑑𝑒𝑡𝛿𝜈𝑃𝑡𝑖′

𝑃𝐷𝑁,𝑅𝑀𝑆√ 𝛿𝜈
(𝑁 + 1)𝐵𝑓

×
√√√
⎷

(3
4

√(𝑁 + 1)2(2𝐵𝑓
𝛿𝜈 )

2 1√
2

)
2

+ (3
4

√(𝑁 + 1)2(2𝐵𝑓
𝛿𝜈 )

2 1√
2

)
2
. (A.36)

Simplifying the square root:

𝑁𝑃𝐷𝑁,het,𝑅𝑀𝑆 = 𝜂𝑒
ℎ𝜈 √4𝑆𝑑𝑒𝑡𝛿𝜈𝑃𝑡𝑖′

𝑃𝐷𝑁,𝑅𝑀𝑆√ 𝛿𝜈
(𝑁 + 1)𝐵𝑓

× 1√
2

√(3
4)

2
(𝑁 + 1)2(2𝐵𝑓

𝛿𝜈 )
2

+ (3
4)

2
(𝑁 + 1)2(2𝐵𝑓

𝛿𝜈 )
2
. (A.37)

Further simplifying:

𝑁𝑃𝐷𝑁,het,𝑅𝑀𝑆 = 𝜂𝑒
ℎ𝜈 √4𝑆𝑑𝑒𝑡𝛿𝜈𝑃𝑡𝑖′

𝑃𝐷𝑁,𝑅𝑀𝑆√ 𝛿𝜈
(𝑁 + 1)𝐵𝑓

×
√

2√
2

3
4

√(𝑁 + 1)2(2𝐵𝑓
𝛿𝜈 )

2
. (A.38)

Simplifying the square root again:

𝑁𝑃𝐷𝑁,het,𝑅𝑀𝑆 = 𝜂𝑒
ℎ𝜈 √4𝑆𝑑𝑒𝑡𝛿𝜈𝑃𝑡𝑖′

𝑃𝐷𝑁,𝑅𝑀𝑆√ 𝛿𝜈
(𝑁 + 1)𝐵𝑓

× 3
4(𝑁 + 1)2𝐵𝑓

𝛿𝜈 . (A.39)
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Simplifying:

𝑁𝑃𝐷𝑁,het,𝑅𝑀𝑆 = 2 × 3
4

𝜂𝑒
ℎ𝜈 √4𝑆𝑑𝑒𝑡𝑃𝑡𝑖′

𝑃𝐷𝑁,𝑅𝑀𝑆√(𝑁 + 1)𝐵𝑓 . (A.40)

By the same argument, the noise from the other sum is:

𝑁 ′
𝑃𝐷𝑁,het,𝑅𝑀𝑆 = 2 × 3

4
𝜂𝑒
ℎ𝜈 √4𝑆𝑑𝑒𝑡𝑃 ′

𝑡 𝑖𝑃𝐷𝑁,𝑅𝑀𝑆√(𝑁 + 1)𝐵𝑓 . (A.41)

A.4 Mixing of Photodetected Noise and Photodetected Noise

Next, we look to the last noise term, when the photodetected noise from one comb mixes

with the photodetected noise from the other comb.

𝑁𝑃𝐷𝑁,𝑃𝐷𝑁 = 𝑖𝑃𝐷𝑁,𝑅𝑀𝑆√ 𝛿𝜈
(𝑁 + 1)𝐵𝑓

𝑁
∑
𝑛=0

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + 𝜙𝑘,𝑛)

× 𝑖′
𝑃𝐷𝑁,𝑅𝑀𝑆√ 𝛿𝜈

(𝑁 + 1)𝐵𝑓

𝑁
∑
𝑚=0

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈

cos(2𝜋𝑗𝛿𝜈𝑡 + 𝜙′
𝑗,𝑚). (A.42)

Rearranging:

𝑁𝑃𝐷𝑁,𝑃𝐷𝑁 = 𝑖𝑃𝐷𝑁,𝑅𝑀𝑆𝑖′
𝑃𝐷𝑁,𝑅𝑀𝑆

𝛿𝜈
(𝑁 + 1)𝐵𝑓

𝑁
∑
𝑛=0

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + 𝜙𝑘,𝑛)
𝑁

∑
𝑚=0

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈

cos(2𝜋𝑗𝛿𝜈𝑡 + 𝜙′
𝑗,𝑚). (A.43)

Rearranging the summations:

𝑁𝑃𝐷𝑁,𝑃𝐷𝑁 = 𝑖𝑃𝐷𝑁,𝑅𝑀𝑆𝑖′
𝑃𝐷𝑁,𝑅𝑀𝑆

𝛿𝜈
(𝑁 + 1)𝐵𝑓

𝑁
∑
𝑛=0

𝑁
∑
𝑚=0

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + 𝜙𝑘,𝑛) cos(2𝜋𝑗𝛿𝜈𝑡 + 𝜙′
𝑗,𝑚). (A.44)
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Next, we split this photocurrent into sum and difference terms, accounting for the low-pass filter

after the mixer with bandwidth 𝐵𝑓,𝑚:

𝑁𝑃𝐷𝑁,𝑃𝐷𝑁 = 𝑖𝑃𝐷𝑁,𝑅𝑀𝑆𝑖′
𝑃𝐷𝑁,𝑅𝑀𝑆

𝛿𝜈
(𝑁 + 1)𝐵𝑓

(
𝑁

∑
𝑛=0

𝑁
∑
𝑚=0

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + 𝜙𝑘,𝑛 + 2𝜋𝑗𝛿𝜈𝑡 + 𝜙′
𝑗,𝑚)

+
𝑁

∑
𝑛=0

𝑁
∑
𝑚=0

𝐵𝑓/𝛿𝜈

∑
𝑘=−𝐵𝑓/𝛿𝜈

𝐵𝑓/𝛿𝜈

∑
𝑗=−𝐵𝑓/𝛿𝜈,|𝑗+𝑘|<𝐵𝑓,𝑚/𝛿𝜈

cos(2𝜋𝑘𝛿𝜈𝑡 + 𝜙𝑘,𝑛 − (2𝜋𝑗𝛿𝜈𝑡 + 𝜙′
𝑗,𝑚))) (A.45)

Assuming that 𝐵𝑓,𝑚 = 𝐵𝑓 , there are 3/4 the terms. We now take the root-mean-square and sum

in quadrature.

𝑁𝑃𝐷𝑁,𝑃𝐷𝑁,𝑅𝑀𝑆 = 𝑖𝑃𝐷𝑁,𝑅𝑀𝑆𝑖′
𝑃𝐷𝑁,𝑅𝑀𝑆

𝛿𝜈
(𝑁 + 1)𝐵𝑓

√(3
4√(𝑁 + 1)2(2𝐵𝑓/𝛿𝜈)2 1√

2
)

2
+ (3

4√(𝑁 + 1)2(2𝐵𝑓/𝛿𝜈)2 1√
2

)
2

(A.46)

Simplifying:

𝑁𝑃𝐷𝑁,𝑃𝐷𝑁,𝑅𝑀𝑆 = 𝑖𝑃𝐷𝑁,𝑅𝑀𝑆𝑖′
𝑃𝐷𝑁,𝑅𝑀𝑆

𝛿𝜈
(𝑁 + 1)𝐵𝑓

1√
2

√(3
4)

2
(𝑁 + 1)2(2𝐵𝑓/𝛿𝜈)2 + (3

4)
2
(𝑁 + 1)2(2𝐵𝑓/𝛿𝜈)2 (A.47)

Further simplifying:

𝑁𝑃𝐷𝑁,𝑃𝐷𝑁,𝑅𝑀𝑆 = 𝑖𝑃𝐷𝑁,𝑅𝑀𝑆𝑖′
𝑃𝐷𝑁,𝑅𝑀𝑆

𝛿𝜈
(𝑁 + 1)𝐵𝑓

√
2√
2

3
4√(𝑁 + 1)2(2𝐵𝑓/𝛿𝜈)2 (A.48)

Evaluating the square root:

𝑁𝑃𝐷𝑁,𝑃𝐷𝑁,𝑅𝑀𝑆 = 𝑖𝑃𝐷𝑁,𝑅𝑀𝑆𝑖′
𝑃𝐷𝑁,𝑅𝑀𝑆

𝛿𝜈
(𝑁 + 1)𝐵𝑓

3
4(𝑁 + 1)(2𝐵𝑓/𝛿𝜈) (A.49)

Further simplifying:

𝑁𝑃𝐷𝑁,𝑃𝐷𝑁,𝑅𝑀𝑆 = 2 × 3
4𝑖𝑃𝐷𝑁,𝑅𝑀𝑆𝑖′

𝑃𝐷𝑁,𝑅𝑀𝑆 (A.50)
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A.5 Total Noise

Next, we consider all the noise together. The total noise is:

𝑁tot = √𝑁2
het,𝑅𝑀𝑆 + (𝑁𝑃𝐷𝑁,het,𝑅𝑀𝑆)2 + (𝑁 ′

𝑃𝐷𝑁,ℎ𝑒𝑡,𝑅𝑀𝑆)2 + 𝑁2
𝑃𝐷𝑁,𝑃𝐷𝑁,𝑅𝑀𝑆 (A.51)

Plugging in these terms, we have:

𝑁2
tot = (8× 3

4( 𝜂𝑒
ℎ𝜈 )2𝑆𝑑𝑒𝑡√𝑃𝑡𝑃 ′

𝑡 ×(𝑁 +1)×𝐵𝑓)
2
+(2× 3

4
𝜂𝑒
ℎ𝜈 √4𝑆𝑑𝑒𝑡𝑃𝑡𝑖′

𝑃𝐷𝑁,𝑅𝑀𝑆√(𝑁 + 1)𝐵𝑓)
2

+ (2 × 3
4

𝜂𝑒
ℎ𝜈 √4𝑆𝑑𝑒𝑡𝑃 ′

𝑡 𝑖𝑃𝐷𝑁,𝑅𝑀𝑆√(𝑁 + 1)𝐵𝑓)
2

+ (2 × 3
4𝑖𝑃𝐷𝑁,𝑅𝑀𝑆𝑖′

𝑃𝐷𝑁,𝑅𝑀𝑆)
2

(A.52)

To simplify, we assume that the photodetected noise on both combs is the same. We also assume

that the comb power is the same 𝑃𝑡 = 𝑃 ′
𝑡 .

𝑁2
tot = (2 × 3

4)
2
[(( 𝜂𝑒

ℎ𝜈 )24𝑆𝑑𝑒𝑡𝑃𝑡 × (𝑁 + 1) × 𝐵𝑓)
2

+ ( 𝜂𝑒
ℎ𝜈 √4𝑆𝑑𝑒𝑡𝑃𝑡𝑖𝑃𝐷𝑁,𝑅𝑀𝑆√(𝑁 + 1)𝐵𝑓)

2

+ ( 𝜂𝑒
ℎ𝜈 √4𝑆𝑑𝑒𝑡𝑃𝑡𝑖𝑃𝐷𝑁,𝑅𝑀𝑆√(𝑁 + 1)𝐵𝑓)

2
+ (𝑖𝑃𝐷𝑁,𝑅𝑀𝑆𝑖𝑃𝐷𝑁,𝑅𝑀𝑆)

2
] (A.53)

We recognize that this is a squared sum:

𝑁2
tot = (2 × 3

4)
2
[( 𝜂𝑒

ℎ𝜈 )24𝑆𝑑𝑒𝑡𝑃𝑡 × (𝑁 + 1) × 𝐵𝑓 + 𝑖2
𝑃𝐷𝑁,𝑅𝑀𝑆]

2

(A.54)

Expanding out the noise current term in terms of the noise power spectral density, we have:

𝑁tot = (2 × 3
4)[( 𝜂𝑒

ℎ𝜈 )24𝑆𝑑𝑒𝑡𝑃𝑡 × (𝑁 + 1) × 𝐵𝑓 + (𝑁 + 1)𝐵𝑓𝑆𝐼𝑁] (A.55)

If this is at the shot noise limit, then the total noise is:

𝑁tot,𝑆𝑁𝐿 = (2 × 3
4)[( 𝜂𝑒

ℎ𝜈 )24𝑆𝑑𝑒𝑡(𝑁 + 1)𝑃𝑡𝐵𝑓 + 2𝜂𝑒2

ℎ𝜈 (𝑁 + 1)𝑃𝑡𝐵𝑓] (A.56)

A.6 Calculating SNR at Shot Noise and Technical Limits

Recall that the signal is:

𝐴het, peak = 8 × 3
4( 𝜂𝑒

ℎ𝜈 )2𝑆𝑑𝑒𝑡√𝑃𝑡𝑃 ′
𝑡 × (𝑁 + 1) × 𝐵𝑓 (A.57)
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We’ll now make a change of variables of 𝑆𝑡𝑜𝑡 = 2𝑆𝑑𝑒𝑡, referring now to the total thermal PSD being

measured over both balanced detectors. We’ll also assume the same comb power, i.e., 𝑃𝑡 = 𝑃 ′
𝑡 .

Thus:

𝐴het, peak = 3
4( 𝜂𝑒

ℎ𝜈 )24𝑆𝑡𝑜𝑡𝑃𝑡 × (𝑁 + 1) × 𝐵𝑓 . (A.58)

The SNL noise can be written as:

𝑁tot,𝑆𝑁𝐿 = 3
4[( 𝜂𝑒

ℎ𝜈 )24𝑆𝑡𝑜𝑡(𝑁 + 1)𝑃𝑡𝐵𝑓 + 4𝜂𝑒2

ℎ𝜈 (𝑁 + 1)𝑃𝑡𝐵𝑓]. (A.59)

The SNL SNR is:

SNR𝑆𝑁𝐿 = 𝐴het, peak
𝑁tot,𝑆𝑁𝐿

=
3
4( 𝜂𝑒

ℎ𝜈 )24𝑆𝑡𝑜𝑡𝑃𝑡 × (𝑁 + 1) × 𝐵𝑓

3
4[( 𝜂𝑒

ℎ𝜈 )24𝑆𝑡𝑜𝑡(𝑁 + 1)𝑃𝑡𝐵𝑓 + 4𝜂𝑒2
ℎ𝜈 (𝑁 + 1)𝑃𝑡𝐵𝑓]

. (A.60)

Simplifying,

SNR𝑆𝑁𝐿 =
𝜂

ℎ𝜈 𝑆𝑡𝑜𝑡

[ 𝜂
ℎ𝜈 𝑆𝑡𝑜𝑡 + 1]

= 𝜂⟨𝑛⟩
𝜂⟨𝑛⟩ + 1. (A.61)

Note that one could also go through this process with RIN following the formalism in the last

section. In the main text we simply parameterize the RIN as part of the total noise, which is a

multiple of the shot noise, hence the equation:

SNRTech = 𝜂⟨𝑛⟩
𝜂⟨𝑛⟩ + 𝜒. (A.62)

Where 𝜒 is the multiple of the total noise including technical noise (such as RIN) over just the shot

noise.



Appendix B

Notes on the POVMs for Arbitrary Continuous Mode Homodyne with

Coherent Local Oscillators

B.1 Mode Decomposition of Beamsplitter

We show the the beamsplitter acts the same for every mode, under the assumption that

the transmission and reflection coefficients of the beamsplitter are constants over the relevant

frequencies of the signal and LO mode. From our assumption we have the the action of the

beamsplitter in every mode is described by the following input output relations,

𝑈†
BS(𝜉) ̂𝐴(𝜉)𝑈BS(𝜉) =

̂𝐴(𝜉) + 𝐵̂(𝜉)√
2

(B.1a)

𝑈†
BS(𝜉)𝐵̂(𝜉)𝑈BS(𝜉) =

̂𝐴(𝜉) − 𝐵̂(𝜉)√
2

. (B.1b)

We want to show that this implies a tensor product structure to the beamsplitter unitary, i.e we

can split the unitary into a beamsplitter for each mode independently. We can demonstrate this

by considering decomposing a single mode into a combination of modes and seeing how the unitary

must act. Consider a annihilation operator in some mode ̂𝐴(𝜉). Further allow 𝜉 to be decomposed

as 𝜉 = 𝑐1𝜉1 + 𝑐2𝜉2 + … . When we conjugate ̂𝐴(𝜉) by the beamsplitter we have,

𝑈†
BS

̂𝐴(𝜉)𝑈BS = 𝑈†
BS (∑

𝑛
𝑐𝑛 ̂𝐴(𝜉𝑛)) 𝑈BS . (B.2)

but from Eq. (B.1) we know this must produce a sum of operators in the 𝜉 mode.

𝑈†
BS (∑

𝑛
𝑐𝑛 ̂𝐴(𝜉𝑛)) 𝑈BS = 1√

2
∑

𝑛
𝑐𝑛( ̂𝐴(𝜉𝑛) + 𝐵̂(𝜉𝑛)) . (B.3)

148
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In order for this to hold we need the following to be true,

𝑈†
BS

̂𝐴(𝜉𝑛)𝑈BS =
̂𝐴(𝜉𝑛) + 𝐵̂(𝜉𝑛)√

2
. (B.4)

This equation allows us to write 𝑈BS(𝜉) by its action on every mode. Meaning we can decompose

the beamsplitter unitary into modes as

𝑈BS = 𝑈BS(𝜉1) ⊗ 𝑈BS(𝜉2) ⊗ … , (B.5)

as desired.

B.2 Deriving the Single Mode POVMs from Kraus Operators

B.2.1 Perpendicular Mode

First we address the perpendicular mode, which is significantly easier. We start with equation

Eq. (4.35b)

𝑀𝑟,𝑠(𝜉⟂) = ⟨𝑟𝜉⟂
|⟨𝑠𝜉⟂

|𝑈BS|vac⟩ , (B.6)

which represents 𝑟 and 𝑠 clicks in the perpendicular mode. Using the definition of photon number

states from Eq. (4.31) to expand the bras into operators acting of vacuum

𝑀𝑟,𝑠(𝜉⟂) = ⟨vac|⟨vac|
̂𝐴𝑟𝐵̂𝑠

√
𝑟!𝑠!

𝑈BS|vac⟩. (B.7)

We have omitted the mode label since every operator in this equation acts on the perpendicular

mode. We now insert identity, i.e. 𝑈†
BS𝑈BS = 𝐼 , after every operator so we can apply the input-

output relations of the beamsplitter, 𝑈†
BS

̂𝐴𝑈BS = ( ̂𝐴 + 𝐵̂)/
√

2 and 𝑈†
BS𝐵̂𝑈BS = ( ̂𝐴 − 𝐵̂)/

√
2. Doing

this and applying the remaining beamsplitter unitary to the vacuum modes on the left we get the

following equation

𝑀𝑟,𝑠(𝜉⟂) = ⟨vac|⟨vac|
( ̂𝐴 + 𝐵̂)

𝑟
( ̂𝐴 − 𝐵̂)

𝑠

√
𝑟!𝑠!2(𝑟+𝑠)/2 |vac⟩ (B.8)
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where the 𝐵̂ operator acts on the Hilbert space of the LO, which in this case is in vacuum. We can

apply this vacuum state effectively replacing each 𝐵̂ operator with a 0 and get,

𝑀𝑟,𝑠(𝜉⟂) = ⟨vac|
̂𝐴𝑟+𝑠

√
𝑟!𝑠!2(𝑟+𝑠)/2

= ⟨𝑟 + 𝑠| √(𝑟 + 𝑠)!√
𝑟!𝑠!2(𝑟+𝑠)/2

= ⟨𝑟 + 𝑠| 1
2(𝑟+𝑠)/2 √(𝑟 + 𝑠

𝑟 )

Now we move to the POVMs 𝐸𝑟,𝑠 = 𝑀†
𝑟,𝑠𝑀𝑟,𝑠

𝐸𝑟,𝑠 = |𝑟 + 𝑠⟩⟨𝑟 + 𝑠|
2(𝑟+𝑠) (𝑟 + 𝑠

𝑟 ) , (B.9)

and change to sum and difference variables as follows,

𝐸𝑥,𝑤 = |𝑤⟩⟨𝑤|
2𝑤 ( 𝑤

𝑥̃
2 + 𝑤

2
). (B.10)

This is a shifted binomial distribution in 𝑥 with mean 0 in the difference variable and variance 𝑤.

While we could further approximate this distribution in the limit where 𝑤 is large we choose not to

for two reasons. Firstly, we want the mode-matched limit 𝛾 = 1 to appear naturally from our results

and in that limit 𝑤 in the perpendicular mode goes to zero. Second, the binomial distribution has

some nice properties particularly when coupled with the Poisson distribution of a coherent input

state that make the marginalization integrals analytically solvable. For these reasons we will scale

the difference variable, but leave it discrete at the POVM level. Depending on the input state the

difference variable can be made continuous in a variety of ways, most commonly by approximating

the binomial distribution as normal. The resulting marginalization over w will be difficult under

this approximation but can easliy be solved numerically. After appropriately scaling variables we

get the following POVM:

𝐸𝑥,𝑤𝑑𝑥 = 𝑑𝑥|𝑤⟩⟨𝑤|Bin(|𝛽|𝑥√
2

∣𝑤, 1
2, 0) (B.11)

where Bin(𝑥∣𝑛, 𝑝, 𝜇) is a binomial distribution characterized by 𝑛 and 𝑝 and shifted so that it has

mean 𝜇

Bin(𝑥∣𝑛, 𝑝, 𝜇) = ( 𝑛
𝑥 + 𝑛

2 − 𝜇)𝑝𝑛/2+𝑥−𝜇(1 − 𝑝)𝑛/2−𝑥+𝜇. (B.12)
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B.2.2 LO Mode

The calculation in the LO mode is more involved, but has been described in detail in [112].

We start with Eq. (4.35a),

𝑀𝑝,𝑞(𝜉LO) = ⟨𝑝𝜉LO
|⟨𝑞𝜉LO

|𝑈BS|𝛽𝜉LO
⟩ . (B.13)

We apply the same steps as before up to Eq. (B.8), the only difference being the state of the LO is

no longer vacuum. Doing this yields

𝑀𝑝,𝑞 = ⟨vac|⟨vac|
( ̂𝐴 + 𝐵̂)

𝑝
( ̂𝐴 − 𝐵̂)

𝑞

√𝑝!𝑞!2(𝑝+𝑞)/2 |𝛽⟩ , (B.14)

where the mode designations are omitted because every operator and state is in the LO mode.

After acting operators on the LO coherent state we arrive at

𝑀𝑝,𝑞 = ⟨vac|
( ̂𝐴 + 𝛽)

𝑝
( ̂𝐴 − 𝛽)

𝑞

√𝑝!𝑞!2(𝑝+𝑞)/2 𝑒−|𝛽|2/2. (B.15)

Now this operator acts only on the signal Hilbert space.

From here we apply a series of algebraic manipulations to arrange the operator into a form

where we can apply the large local oscillator assumption. When we do this we will assume without

loss of generality that 𝑝 ≥ 𝑞, but the calculation goes much the same with the opposite assumption.

After manipulation we get

𝑀𝑝,𝑞 = ⟨vac|(−1)𝑞 (1 +
̂𝐴

𝛽 )
𝑝−𝑞

(1 −
̂𝐴2

𝛽2 )
𝑞

×

𝑒−|𝛽|2/4
√𝑝! ( 𝛽√

2
)

𝑝 𝑒−|𝛽|2/4
√𝑞! ( 𝛽√

2
)

𝑞
(B.16)

We have arranged these terms so that we see the appearance of two Poisson distributions in 𝑝 and

𝑞 as well as two terms that can be expanded in the large 𝛽 limit into exponentials. From here we

again move partially to the sum and difference variables of Eq. (4.36) and also replace 𝑚 with its

mean |𝛽|2/2. Applying the large LO limit allows us to approximate these Poisson distributions as

normal as well. Doing this will move us from discrete variables 𝑝 and 𝑞 to continuous variables 𝑝′
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and 𝑞′. Applying all of these leads us to

𝑀𝑝′,𝑞′ ≈⟨vac|(−1)𝑞′𝑒
√

2𝑒−𝑖𝜃𝑥 ̂𝐴𝑒−𝑒−2𝑖𝜃 ̂𝐴2/2×

(𝑒−(𝑝′−|𝛽|2/2)2/(2|𝛽|2)

(𝜋|𝛽|2)1/4 ) (𝑒−(𝑞′−|𝛽|2/2)2/(2|𝛽|2)

(𝜋|𝛽|2)1/4 ) (B.17)

where 𝑒𝑖𝜃 is the phase of 𝛽. Here we recognize the form of a quadrature eigenstate and we combine

the two normal distributions to get the much simpler form,

𝑀𝑝′,𝑞′ =⟨𝑥𝜃| (−1)𝑞𝑒𝑖𝜃(𝑝′+𝑞′)

|𝛽|(𝜋)1/4 𝑒−(𝑝′+𝑞′−|𝛽|2)2/(4|𝛽|2) (B.18)

Now we see that 𝑝′ and 𝑞′ only appear in terms of the sum and difference variable so we can

completely move to those variables, including the Jacobian terms we get

𝑀𝑥,𝑤
√

𝑑𝑥𝑑𝑤 = ⟨𝑥𝜃|𝑒𝑖𝑤𝜃(−1)𝑞′ 𝑒−(𝑤−|𝛽|2)2/(4|𝛽|2)

(2𝜋)1/4√|𝛽|
√

𝑑𝑥𝑑𝑤 (B.19)

Now we move to the POVMs where the phase terms will cancel yielding a very simple form

𝑑𝑥𝑑𝑤𝐸𝑥,𝑤 = 𝑒−(𝑤−|𝛽|2)2/(2|𝛽|2)

√(2𝜋)|𝛽|2
|𝑥𝜃⟩⟨𝑥𝜃|𝑑𝑥𝑑𝑤 (B.20)

where we can see that after marginalizing over 𝑤 we would get

𝐸𝑥 = |𝑥𝜃⟩⟨𝑥𝜃| (B.21)

as expected.

B.3 Photon Number Considerations

When discussing the large-LO limit we can break the signal photons into the two modes

and compare the number of signal photons that fall into the LO mode to the total number of

photons from the LO. There is a subtlety here because we effectively saying that ⟨𝜓S|𝑛̂(𝜉S)|𝜓S⟩ =

⟨𝜓𝜉LO
|𝑛̂(𝜉LO)|𝜓𝜉LO

⟩+⟨𝜓𝜉⟂
|𝑛̂(𝜉⟂)|𝜓𝜉⟂

⟩, which is surprisingly nontrivial, because as an operator equa-

tion 𝑛̂(𝜉S) ≠ 𝑛̂(𝜉LO) + 𝑛̂(𝜉⟂). We know that the first equation must be true because it says that

the total number of photons in the signal is equal to the number of photons from the signal in the
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LO mode plus the number of photons from the signal in the perpendicular mode. Since the signal

mode is described by a linear superposition of just those two modes we know that no photons could

fall in any other mode in our decomposition.

We can also provide evidence that it is true by taking an example of a coherent state signal.

We use the decomposition of Eq. (4.30) before taking the expectation value,

⟨𝛼𝜉S
|𝑛̂(𝜉𝑠)|𝛼𝜉S

⟩ =⟨𝛾𝛼𝜉LO
|𝑛̂(𝜉LO)|𝛾𝛼𝜉LO

⟩+

⟨√1 − |𝛾|2𝛼𝜉⟂
|𝑛̂(𝜉⟂)|√1 − |𝛾|2𝛼𝜉⟂

⟩ (B.22)

and

|𝛼|2 = |𝛾|2|𝛼|2 + (1 − |𝛾|2)|𝛼|2. (B.23)

A proof of this fact for any signal state is more subtle, but it begins by introducing an auxiliary

mode with no photons in it so that we can treat the change of mode basis thoroughly. This is

always allowed since we are extending our single mode basis to include other modes which have no

weight.

We write the signal as |𝜋S⟩ = |𝜓𝜉S
⟩ ⊗ |0(𝜉aux)⟩. We can now decompose our mode operators

in the normal way where ̂𝐴(𝜉S) → 𝛾 ̂𝐴(𝜉LO) + √1 − |𝛾|2 ̂𝐴(𝜉S), only now we add in the auxiliary

mode so we can write the change of basis as the action of a unitary,

⎡⎢⎢
⎣

𝐴(𝜉S)

𝐴(𝜉aux)

⎤⎥⎥
⎦

= ⎡⎢⎢
⎣

𝛾 √1 − |𝛾|2

√1 − |𝛾|2 −𝛾∗

⎤⎥⎥
⎦

⎡⎢⎢
⎣

𝐴(𝜉LO)

𝐴(𝜉⟂)

⎤⎥⎥
⎦

(B.24)

where we have filled in the bottom row by requiring the matrix to be unitary. Now we can calculate

̂𝐴†(𝜉S) ̂𝐴(𝜉S) and see that there are terms present that depend on both modes,

̂𝐴†(𝜉S) ̂𝐴(𝜉S) = |𝛾|2 ̂𝐴†(𝜉LO) ̂𝐴(𝜉LO) + (1 − |𝛾|2) ̂𝐴†(𝜉⟂) ̂𝐴(𝜉⟂)

+ 𝛾√1 − |𝛾|2 ̂𝐴†(𝜉LO) ̂𝐴(𝜉⟂) + 𝛾∗√1 − |𝛾|2 ̂𝐴†(𝜉⟂) ̂𝐴(𝜉LO).

Similarly we carry out the same calculation for the auxiliary mode

̂𝐴†(𝜉aux)𝑟 ̂𝐴(𝜉aux) = |𝛾|2 ̂𝐴†(𝜉⟂) ̂𝐴(𝜉⟂) + (1 − |𝛾|2) ̂𝐴†(𝜉LO) ̂𝐴(𝜉LO)

− 𝛾√1 − |𝛾|2 ̂𝐴†(𝜉LO) ̂𝐴(𝜉⟂) − 𝛾∗√1 − |𝛾|2 ̂𝐴†(𝜉⟂) ̂𝐴(𝜉LO).
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We now take expectations of the auxiliary mode ⟨ ̂𝐴†(𝜉aux) ̂𝐴(𝜉aux)⟩ = 0 and we get the following

condition,

⟨|𝛾|2 ̂𝐴†(𝜉⟂) ̂𝐴(𝜉⟂) + (1 − |𝛾|2) ̂𝐴†(𝜉LO) ̂𝐴(𝜉LO)⟩

= ⟨𝛾√1 − |𝛾|2 ̂𝐴†(𝜉LO) ̂𝐴(𝜉⟂) + 𝛾∗√1 − |𝛾|2 ̂𝐴†(𝜉⟂) ̂𝐴(𝜉LO)⟩.
(B.25)

Now take expectation in the signal mode,

⟨ ̂𝐴†(𝜉S) ̂𝐴(𝜉S)⟩ = ⟨|𝛾|2 ̂𝐴†(𝜉LO) ̂𝐴(𝜉LO) + (1 − |𝛾|2) ̂𝐴†(𝜉⟂) ̂𝐴(𝜉⟂)⟩

+ ⟨𝛾√1 − |𝛾|2 ̂𝐴†(𝜉LO) ̂𝐴(𝜉⟂) + 𝛾∗√1 − |𝛾|2 ̂𝐴†(𝜉⟂) ̂𝐴(𝜉LO)⟩.
(B.26)

Finally just plug in the condition we derived above to get

⟨ ̂𝐴†(𝜉S) ̂𝐴(𝜉S)⟩ = ⟨ ̂𝐴†(𝜉⟂) ̂𝐴(𝜉⟂)⟩ + ⟨ ̂𝐴†(𝜉LO) ̂𝐴(𝜉LO)⟩, (B.27)

as desired.

B.4 Combination Rule for POVM

Starting from the total Kraus operator in 𝑛 and 𝑚 variables Eq. (4.34),

𝑀𝑛,𝑚 = ∑
𝑝,𝑞

𝑀𝑝,𝑞(𝜉LO) ⊗ 𝑀𝑛−𝑝,𝑚−𝑞(𝜉⟂) . (B.28)

We can rewrite the order of this sum in terms of discrete sum and difference variables,

𝑀𝑛,𝑚 =
𝑛+𝑚
∑

𝑝+𝑞=0

𝑥max

∑
𝑝−𝑞=𝑥min

𝑀𝑝,𝑞(𝜉LO) ⊗ 𝑀𝑛−𝑝,𝑚−𝑞(𝜉⟂), (B.29)

where 𝑥min = max(−𝑤, −𝑛, −𝑚) and 𝑥max = −𝑥min. This sum can be approximated quite well in

the limit where the difference variable is much less than the sum variable, i.e. 𝑥 ≪ 𝑤, which is

almost always the case for quadrature detection,

𝑀𝑛,𝑚 =
𝑛+𝑚
∑

𝑝+𝑞=0

𝑝+𝑞
∑

𝑝−𝑞=−𝑝+𝑞
𝑀𝑝,𝑞(𝜉LO) ⊗ 𝑀𝑛−𝑝,𝑚−𝑞(𝜉⟂) . (B.30)

Now move to the sum and difference variables, 𝑥 = (𝑝 − 𝑞)/
√

2|𝛽|, 𝑤 = 𝑝 + 𝑞. Since we have

scaled the difference variable so that it is small, we can approximate the sum over it as an integral.

Applying all this in the large LO limit gives

𝑀𝑥,𝑤 = ∑
𝑤′

∫
∞

−∞

|𝛽|𝑑𝑥′
√

2
𝑀𝑥′,𝑤′(𝜉LO) ⊗ 𝑀𝑥−𝑥′,𝑤−𝑤′(𝜉⟂) . (B.31)
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This demonstrates that the total Kraus operator is a convolution of the two constituent Kraus

operators. We now need to determine how this convolution changes when we move to the POVMs.

This can be done by direct computation but the necessary orthogonality relations are more clear

before we move to the sum and difference variables so we will start again from Eq. (4.34)

𝐸𝑛,𝑚 = 𝑀†
𝑛,𝑚𝑀𝑛,𝑚 = ∑

𝑝,𝑞
𝑀†

𝑝,𝑞(𝜉LO)𝑀†
𝑛−𝑝,𝑚−𝑞(𝜉⟂) ∑

𝑝′,𝑞′
𝑀†

𝑝′,𝑞′(𝜉LO)𝑀†
𝑛−𝑝′,𝑚−𝑞′(𝜉⟂) .

= ∑
𝑝,𝑞

∑
𝑝′,𝑞′

𝑀†
𝑝,𝑞(𝜉LO)(𝜉⟂)𝑀𝑝′,𝑞′(𝜉LO)𝑀†

𝑛−𝑝,𝑚−𝑞𝑀𝑛−𝑝′,𝑚−𝑞′(𝜉⟂) .
(B.32)

Now we need to remember the form of the single mode Kraus operators using Eq. (4.38),

𝑀†
𝑝,𝑞(𝜉LO)(𝜉⟂)𝑀𝑝′,𝑞′(𝜉LO) = ⟨𝛽|𝑈†

BS|𝑝⟩|𝑞⟩⟨𝑝|⟨𝑞||𝑞′⟩|𝑝′⟩⟨𝑞′|⟨𝑝′|𝑈BS|𝛽⟩

= ⟨𝛽|𝑈†
BS|𝑝⟩|𝑞⟩⟨𝑞|⟨𝑝|𝑈BS|𝛽⟩𝛿𝑝,𝑝′𝛿𝑞,𝑞′ ,

(B.33)

where we have applied the orthogonality of Fock states. A similar identity holds for the

perpendicular mode. Applying this to the POVM reduces the four sums to a sum over just two

variables so we get

𝐸𝑛,𝑚 = ∑
𝑝,𝑞

𝑀†
𝑝,𝑞(𝜉LO)𝑀𝑝,𝑞(𝜉LO)𝑀†

𝑛−𝑝,𝑚−𝑞𝑀𝑛−𝑝,𝑚−𝑞(𝜉⟂)

= ∑
𝑝,𝑞

𝐸𝑝,𝑞(𝜉LO)𝐸𝑛−𝑝,𝑚−𝑞(𝜉⟂) .
(B.34)

From here we notice that this matches the form of what we started with in Eq. (B.28) so we can

assert the combination rule for the POVMs in terms of the sum and difference variable is

𝐸𝑥,𝑤 = ∑
𝑤′

∫
∞

−∞

|𝛽|𝑑𝑥′
√

2
𝐸𝑥′,𝑤′(𝜉LO) ⊗ 𝐸𝑥−𝑥′,𝑤−𝑤′(𝜉⟂) . (B.35)

B.5 Time-Dependent Photo Record

If we now assume that our detector does produce timing information then we can still get

the same answer but our measurement operators must change. We still want to average the time-

dependent photo-record which will be accomplished by coarse-graining over time. First we must

make some assumptions about our detector. We will model the detector time dependence by saying
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each detection even is contained in a time bin (𝑡𝑖, 𝑡𝑖 + Δ𝑡). We will also assume that Δ𝑡 is small

with respect to the total detection time 𝑇 .

With these assumptions, we can write a corrected form of our detector.

|𝑛⟩𝐷(𝑡𝑖) = |0⟩ ⊗ … |0⟩ ⊗ |𝑛⟩ ⊗ |0⟩ ⊗ … |0⟩

≡ |𝑛𝑖⟩
(B.36)

This represents getting 𝑛 clicks in the 𝑖th time bucket. With these, we can write the most general

measurement operator for our apparatus as

𝑀𝑛,𝑚(𝑡𝑖, 𝑡𝑗) = ⟨𝑛𝑖|⟨𝑚𝑗|𝑈BS. (B.37)

which corresponds to 𝑛 clicks on one detector in the 𝑖th and 𝑚 clicks in the other in the 𝑗th bucket.

Up to this point, our measurement operators are fully time-dependent and indeed this analysis could

be continued without coarse-graining, but the resulting theory is difficult to parse analytically and

seems more suited for numerics. For this reason, we will consider the case of the averaged photo

current which requires coarse-graining over time.

Once we have the measurement operators we can assemble the POVMs. The fully time-

dependent POVMs would be

𝐸𝑛,𝑚(𝑡𝑖, 𝑡𝑗) = 𝑀†
𝑛,𝑚(𝑡𝑖, 𝑡𝑗)𝑀𝑛,𝑚(𝑡𝑖, 𝑡𝑗) (B.38)

and the naively coarse-grained POVMs should be

𝐸𝑛,𝑚 = ∑
𝑖,𝑗

𝑀†
𝑛,𝑚(𝑡𝑖, 𝑡𝑗)𝑀𝑛,𝑚(𝑡𝑖, 𝑡𝑗)

= ∑
𝑖,𝑗

𝑈†
BS|𝑛𝑖⟩|𝑚𝑗⟩⟨𝑛𝑖|⟨𝑚𝑗|𝑈BS

(B.39)

but this only accounts for the cases were all 𝑛 and 𝑚 clicks were in a single time bin. It

should also be possible to get say 𝑛/2 clicks in the first bin and 𝑛/2 in the second bin for a total

of 𝑛 clicks. So we need to add in these terms.

𝐸𝑛,𝑚 =
𝑛

∑
𝑛𝑖

𝑚
∑
𝑚𝑗

𝑈†
BS|𝑛𝑖⟩|𝑚𝑗⟩⟨𝑛𝑖|⟨𝑚𝑗|𝑈BS (B.40)
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where ∑𝑛
𝑛𝑖

indicates a sum over all possible values of 𝑛1, 𝑛2, … such that ∑𝑖 𝑛𝑖 = 𝑛. An illustrative

special case is when there are only two detection windows, (𝑡1, 𝑡2) and we get:

𝐸𝑛,𝑚 = ∑
𝑝

∑
𝑞

𝑈†
BS (|𝑝⟩1 ⊗ |𝑛 − 𝑝⟩2) (|𝑞⟩1 ⊗ |𝑚 − 𝑞⟩2) (⟨𝑝|1 ⊗ ⟨𝑛 − 𝑝|2) (⟨𝑞|1 ⊗ ⟨𝑚 − 𝑞|2) 𝑈BS

(B.41)

Now we note that POVMs are basis independent i.e the measurement statistics are the same

regardless of any change of bases we make on the POVMs. So we can conjugate our POVM by

some unitary 𝑈 so that we move to the Gram-Schmidt basis defined in Eq. (4.25). This is where we

will assume that Δ𝑡 ≪ 𝑇 so that our bin basis spans the same set of functions as our Gram-Schmidt

basis. Now we have

𝑉 †𝐸𝑛,𝑚𝑉 = ∑
𝑝

∑
𝑞

𝑈†
BS (|𝑝𝜉LO

⟩ ⊗ |𝑛 − 𝑝𝜉⟂
⟩) (|𝑞𝜉LO

⟩ ⊗ |𝑚 − 𝑞𝜉⟂
⟩) (B.42)

(⟨𝑝𝜉LO
| ⊗ ⟨𝑛 − 𝑝𝜉⟂

|) (⟨𝑞𝜉LO
| ⊗ ⟨𝑚 − 𝑞𝜉⟂

|) 𝑈BS , (B.43)

where 𝑉 denotes a change of basis from the numbered modes to the Gram-Schmidt basis. The

final expression is equivalent to what we had before. Note that here we are able to limit ourselves

to the special case of just two modes because we are omitting the trivial modes that complete our

basis, but carry 0 photons.

B.6 Coherent State Difference Variable Distribution Calculations

Using the total POVM from Eq. (4.38) we can derive the distribution of the total measurement

by taking the expectation of the POVM in the signal state,

𝑃(𝑥) = ⟨𝛼𝜉S
|𝐸𝑥|𝛼𝜉S

⟩

= ∫ 𝑑𝑥′⟨𝛾𝛼|𝐸𝑥′(𝜉LO)|𝛾𝛼⟩×

⟨√1 − |𝛾|2𝛼|𝐸𝑥−𝑥′(𝜉⟂)|√1 − |𝛾|2𝛼⟩ .

This distribution can naturally be decomposed into two parts, and then combined by a convolution.
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First, let’s consider the component in the local oscillator mode. The probability distribution

is given by 𝑃(𝑥) = ⟨𝛾𝛼𝜉LO
|𝐸𝛽

𝑥,𝜉LO
|𝛾𝛼𝜉LO

⟩ i.e.

𝑃(𝑥) = |⟨𝑥|𝛾𝛼⟩|2 = 𝑒−𝑥2

√𝜋 |⟨0|𝑒
√

2𝑥𝑎̂𝑒−𝑎̂2/2|𝛾𝛼⟩|2

= 𝑒−𝑥2

√𝜋 |𝑒−|𝛾𝛼|2/2𝑒
√

2𝛾𝛼𝑒−𝛾2𝛼2/2|2

= 𝑒−|𝛾𝛼|2 𝑒−𝑥2

√𝜋 𝑒2
√

2Re(𝛾𝛼)𝑒−Re(𝛾2𝛼2) .

(B.44)

Here we should recall our convention that 𝛼 is real and that the phase is completely contained in

the modes and thus in 𝛾. We can introduce shorthand 𝛾 = 𝛾𝑅 + 𝑖𝛾𝐼 .

Now we can complete the square to obtain a Gaussian distribution in 𝑥 that is not mean 0

−(𝑥2 − 2
√

2𝑥𝛼𝛾𝑅) = −(𝑥 −
√

2𝛼𝛾𝑅)2 + 2𝛼2𝛾2
𝑅. (B.45)

With this we can rewrite the distribution

𝑃(𝑥) = 𝑒−(𝑥−
√

2𝛼𝛾𝑅)2

√𝜋 exp [ − 𝛼2(|𝛾|2 + 𝛾2
𝑅 − 𝛾2

𝐼 − 2𝛾2
𝑅)] (B.46)

where we have used the fact that Re(𝛾2) = 𝛾2
𝑅 − 𝛾2

𝐼 . It can be shown in a couple lines of algebra

that |𝛾|2 + 𝛾2
𝑅 − 𝛾2

𝐼 − 2𝛾2
𝑅 = 0 and so we end up with just a normal distribution in 𝑥.

𝑃(𝑥) = 𝑒−(𝑥−
√

2𝛼𝛾𝑅)2

√𝜋 (B.47)

For the perpendicular mode we start with Eq. (4.35)

𝑃(𝑥, 𝑤)⟂ = ⟨√1 − |𝛾|2𝛼| ∑
𝑤

|𝑤𝜉⟂
⟩⟨𝑤𝜉⟂

|Bin(|𝛽|𝑥√
2

∣𝑤, 1
2, 0)|√1 − |𝛾|2𝛼⟩ (B.48)

where we can apply the explicit formula for the shifted binomial distribution. At this point both 𝑥

and 𝑤 are discrete so we will need to move to continuous variables after we simplify the expression.

After taking expectation in the coherent state we have,

𝑃(𝑥, 𝑤)⟂ = 𝑤!
( |𝛽|𝑥√

2 + 𝑤
2 )! (𝑤

2 − |𝛽|𝑥√
2 )!

1
2𝑤

((1 − |𝛾|2)|𝛼|2)𝑤𝑒−(1−|𝛾|2)|𝛼|2

𝑤! (B.49)
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which is the product of the shifted binomial and the Poisson distribution. We can simplify this into

the product of two Poisson distributions as

𝑃(𝑥, 𝑤)⟂ = ((1 − |𝛾|2)|𝛼|2
2 )

𝑤/2−|𝛽|𝑥/
√

2 𝑒−(1−|𝛾|2)|𝛼|2/2

(𝑤
2 − |𝛽|𝑥√

2 )!
((1 − |𝛾|2)|𝛼|2

2 )
𝑤/2+|𝛽|𝑥/

√
2 𝑒−(1−|𝛾|2)|𝛼|2/2

(𝑤
2 + |𝛽|𝑥√

2 )!
.

(B.50)

No we move to continuous variables by approximating both Poisson distributions as normal,

this is valid so long as (1 − |𝛾|2)|𝛼|2 is large enough for the central limit theorem to apply. Doing

this an applying some algebraic simplification yields,

𝑃(𝑥, 𝑤)⟂𝑑𝑥𝑑𝑤 = |𝛽|𝑑𝑥𝑑𝑤√
2𝜋(1 − |𝛾|2)|𝛼|2

exp [− |𝛽|2𝑥2

(1 − |𝛾|2)|𝛼|2 ] exp [−(𝑤 − (1 − |𝛾|2)|𝛼|2)2

2(1 − |𝛾|2)|𝛼|2 ] , (B.51)

which we can marginalize over 𝑤 to get the difference variable distribution

𝑃 (𝑥)⟂ = |𝛽|
√𝜋(1 − |𝛾|2)|𝛼|2

exp [− |𝛽|2𝑥2

(1 − |𝛾|2)|𝛼|2 ]

= 𝒩 (𝑥, 𝜇 = 0, 𝜎2 = |𝛼|2(1 − |𝛾|2)
2|𝛽|2 ) .

(B.52)

B.7 Filtering Theory

In single mode homodyne we know that the measurement reduces to a measurement of a

quadrature defined by the phase of the LO. As long as the LO is large enough for the LO shot noise

to dominate the signal shot noise we can reduce the effective quadrature noise to that of vacuum

fluctuations. For the multimode case we show in Eq. (4.37), that the measurement is a quadrature

measurement convolved with additional intensity noise from the measurement of the mismatched

portion of the signal. The goal of filtering in this context is to reduce the intensity like noise present

in our time-averaged outcome, while not affecting the quadrature measurement at all.

We will first imagine that we have very fast detectors that collect photons in a very small

time bin 𝑑𝜏 for each data point. Over the entire detection interval, 𝑇 we will assume we have many

data points i.e 𝑑𝜏 ≪ 𝑇 . We will consider the filtering operation as applying some time-dependent

set of weights 𝑓(𝑡) to the photocurrent, and then averaging over the filtered data. This means that
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any outcome of our measurement 𝑥 is given by

𝑥 = ∫
𝑇

0
𝑓(𝑡)𝑥(𝑡)𝑑𝑡, (B.53)

where we can easily replace this integral with a sum if the detector window 𝑑𝜏 is not infinitesimal.

In order to ensure that the operator being measured is 𝑄̂(𝜉LO) any filter we apply must

be constant over the LO mode. If this is not the case then the measurement will have reduced

sensitivity to the portions of the LO mode when 𝑓(𝑡) is small. The extreme example of this is when

𝑓(𝑡) = 0 on some interval (𝑡0, 𝑡1), clearly since these data points are completely removed from the

final measurement outcome our measurement has no sensitivity to the part of the LO mode. So we

conclude that the filter must leave the LO mode unchanged so the measurement is maintained , i.e

𝑓(𝑡)𝜉LO(𝑡) ∝ 𝜉LO(𝑡)

The set of all possible filters 𝑓(𝑡) under these restrictions becomes

𝑓(𝑡) =
⎧{{
⎨{{⎩

𝑐 if 𝜉LO(𝑡) ≠ 0

𝑔(𝑡) if 𝜉LO(𝑡) = 0
. (B.54)

where 𝑐 is some constant. Without loss of generality we will assume that 𝑐 = 1 because any

other choice of constant would merely scale the value of all outcomes, leaving the SNR unchanged.

The problem is now to find 𝑔(𝑡) so that we have the minimum perpendicular mode noise in our

measurement.

At this point we should note that in many cases 𝜉LO(𝑡) is never zero. While ultimately this

means that there is no filter that will leave the LO mode unchanged, it may still be desirable to find

an approximate filter which greatly increases SNR at the cost of a small change in the measurement.

For example if the LO is a Gaussian pulse then 5 standard deviations away from the mean might

be sufficient to approximate 𝜉LO(𝑡) ≈ 0. If we want to ensure that some small fraction 𝑝 of the

total LO mode photons are excluded by our gate then we have the condition

|𝜉LO(𝑡)|2 < 𝑝
𝑑𝜏 . (B.55)
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Lets now consider the case where the signal is a coherent state |𝛼𝜉S
⟩. Here semiclassical

analysis tells us how the mean and variance will change under the proposed filter,

𝜇 → 2Re(𝛼𝛽∗)Re(∫
𝑇

0
𝑓(𝑡)𝜉∗

LO(𝑡)𝜉𝑠(𝑡)𝑑𝑡)

𝜎2 → |𝛽|2 ∫
𝑇

0
|𝑓(𝑡)|2|𝜉LO(𝑡)|2𝑑𝑡 + |𝛼|2 ∫

𝑇

0
|𝑓(𝑡)|2|𝜉S(𝑡)|2𝑑𝑡.

(B.56)

Now we apply the fact that 𝑓(𝑡)𝜉LO(𝑡) = 𝜉LO(𝑡) and the convention that 𝛽 is real to get the

simplified mean

𝜇 = 2|𝛽|Re(𝛾𝛼), (B.57)

and the variance

𝜎2 = |𝛽|2 + |𝛼|2 ∫
𝑇

0
|𝑓(𝑡)|2|𝜉S(𝑡)|2

= |𝛽|2 + |𝛼|2 ∫
𝑇

0
|𝑓(𝑡)|2|𝛾𝜉LO + √1 − |𝛾|2𝜉⟂|2. (B.58)

We can expand the second term (the one proportional to |𝛼|2 to ∫𝑇
0 |𝑓(𝑡)|2[|𝛾𝜉LO|2 +(1−|𝛾|2)|𝜉⟂|2 +

𝛾√1 − |𝛾|2(𝜉∗
LO𝜉⟂ + 𝜉LO𝜉∗

⟂)] which eventually gives

𝜎2 = |𝛽|2 + |𝛼|2 [|𝛾|2 + (1 − |𝛾|2) ∫
𝑇

0
|𝑓(𝑡)|2|𝜉⟂|2] , (B.59)

where we have again used that fact that 𝑓𝜉LO = 𝜉LO and that ⟨𝜉LO, 𝜉⟂⟩ = 0. Finally we can apply

the assumption that |𝛽|2 ≫ |𝛾𝛼|2 to get

SNR = 𝜇2

𝜎2 = 4|𝛽|2Re(𝛾𝛼)
|𝛽|2 + 𝜂𝑓 |𝛼|2 (B.60)

where 𝜂𝑓 = ∫𝑇
0 |𝑓(𝑡)|2|𝜉⟂|2

B.8 Single Photon Distribution

We start the calculation from the input state in Eq. (4.52),

|𝜓⟩𝑠 = 𝛾|1𝜉LO
⟩|0𝜉⟂

⟩ + √1 − |𝛾|2|0𝜉LO
⟩|1𝜉⟂

⟩ . (B.61)

Taking expectation of the POVM would produce four terms because the input state is written as

two terms.
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𝑃(𝑥) = 𝑑𝑥 ∫ 𝑑𝑥′⟨𝜓𝑠|𝐸LO
𝑥′ (𝜉LO) ⊗ 𝐸⟂

𝑥−𝑥′(𝜉⟂)|𝜓𝑠⟩ ,

= ∫ 𝑑𝑥′ (𝛾∗⟨1|⟨0| + √1 − |𝛾|2⟨0|⟨1|) 𝐸LO
𝑥′ ⊗ 𝐸⟂

𝑥−𝑥′ | (𝛾|1⟩|0⟩ + √1 − |𝛾|2|0⟩|1⟩) ,
(B.62)

where we have simplified the mode labels for conciseness. Now we just note that ⟨𝑚𝜉⟂
|𝐸⟂|𝑛𝜉⟂

⟩ ∝

𝛿𝑚,𝑛 because it is a projection onto Fock states, and so only two terms survive,

𝑃(𝑥) = ∫ 𝑑𝑥′|𝛾|2⟨1|𝐸LO
𝑥′ |1⟩⟨0|𝐸⟂

𝑥−𝑥′ |0⟩ + (1 − |𝛾|2)⟨0|𝐸LO
𝑥′ |0⟩⟨1|𝐸⟂

𝑥−𝑥′ |1⟩

= ∫ 𝑑𝑥′ |𝛾|2
2√𝜋𝑒−𝑥′2𝐻2

1 (𝑥′)Bin(|𝛽|(𝑥 − 𝑥′)√
2

∣0, 1
2, 0) + (1 − |𝛾|2)√𝜋 𝑒−𝑥′2Bin(|𝛽|(𝑥 − 𝑥′)√

2
∣1, 1

2, 0)
(B.63)

Now we are in a regime of very weak signal where we can not approximate these binomial distri-

butions as normal, instead we will mimic the discrete distribution by restricting the distribution of

(𝑥 − 𝑥′) to only discrete values. In this case that can best be done by approximating the binomial

as a sum of delta functions,

𝑃(𝑥) = ∫ 𝑑𝑥′ |𝛾|2
2√𝜋𝑒−𝑥′2𝐻2

1 (𝑥′)𝛿(𝑥 − 𝑥′)

+ (1 − |𝛾|2)√𝜋 𝑒−𝑥′2 (1
2𝛿 (𝑥 − 𝑥′ − 1√

2|𝛽|
) + 1

2𝛿 (𝑥 − 𝑥′ + 1√
2|𝛽|

))

= |𝛾|2
2√𝜋𝑒−𝑥2𝐻2

1 (𝑥) + (1 − |𝛾|2)
2√𝜋 (𝑒−(𝑥−1/

√
2|𝛽|)2 + 𝑒−(𝑥+1/

√
2|𝛽|)2)

= 1
2√𝜋 [4|𝛾|2𝑒−𝑥2𝑥2 + (1 − |𝛾|2) (𝑒−(𝑥−1/

√
2|𝛽|)2 + 𝑒−(𝑥+1/

√
2|𝛽|)2)] .

(B.64)

This matches with the results in Eq. (4.54)



Appendix C

Instability and Allan Variance

In the technical background, I covered the basics of statistical distributions and how one

characterizes typical Gaussian distributions by the ratio of mean squared and variance, or SNR. I

have also shown what SNR one would expect in ideal homodyne and heterodyne measurements.

It is important to understand how this impacts measurements of frequency instability–a

critical measurement in precision spectroscopy and timekeeping.

The standard method to characterize time and frequency instability is the Allan variance

[119, 120], which was formulated to avoid issues with the standard variance diverging over long

time scales due to correlated noise (1/f). Consider the classical variance of:

𝜎2
𝑓 = ⟨( ̄𝑓 − 𝑓𝑛)2⟩, (C.1)

where ̄𝑓 is the average frequency measured. If the process being measured contains correlations in

time the noise is no longer white and has a frequency dependence of 𝑓−𝛼, where 𝛼 = 1, 2,..., such

as flicker noise (𝛼 = 1). This translates to a change of ̄𝑓 depending on the timescale over which it

is defined and a lack of convergence of 𝜎2
𝑓 . In order to characterize the instability of processes with

temporal correlations, the Allen variance was adopted, formulated as:

𝜎2
𝑦(𝜏) = 1

2⟨( ̄𝑦𝑛+1 − ̄𝑦𝑛)2⟩, (C.2)

where

̄𝑦𝑖 = 𝑥(𝑖𝜏 + 𝜏) − 𝑥(𝑖𝜏)
𝜏 , (C.3)

163



164

𝑖 = 1, 2,..., 𝑥(𝑡) is the reading of the clock under test, and 𝑡 is the time on a reference clock. Thus,

̄𝑦𝑛 is the 𝑛th fractional frequency (or time) average over 𝜏 . Note that the Allan deviation follows

the standard relationship with variance: ADEV = 𝜎𝑦(𝜏).

The Allan variance yields a measure of how the frequency stability changes as the averaging

period changes. As a consequence, the Allan variance is used not only to characterize instability

but also to differentiate between different noise types (see [120]).

The role of quantum noise in measurement uncertainty is central to this thesis work. While

ironically the Allan variance is most useful for non-white noise, here I show how shot noise impacts

fractional instability or the Allan variance.

The Allan variance can be reconstructed from the phase-noise power spectral density. Shot

noise results in white phase noise, and for shot noise derived from slowly (i.e., CW) modulated

lasers1 , the single sideband phase noise (see [121]) in a 1 Hz bandwidth is:

ℒ(𝑓) = 2𝑞
𝐼avg

. (C.4)

The Allan variance (see [120]) is:

𝜎2
𝑦(𝜏) = 3𝑓𝐻

4𝜋2
4𝑞

𝜈2
0𝐼avg𝜏2 , (C.5)

where 𝑓𝐻 is the high frequency RF cutoff, 𝜈0 is the optical frequency of the carrier, and 𝐼avg =

𝑞𝜂𝑃opt/ℎ𝑣0 is the average current. At 1 second, 𝑓𝐻 = 100 MHz, 𝜈0 = 200 THz, 𝜂 = 2/3, 𝑃opt = 1

µW, the Allan deviation 𝜎𝑦 (fractional instability) is 1.2 × 10−17, a figure close to that set by the

technical noise of the best optical oscillators today [122].

1 Phase noise is actually lower for signals derived from the direct detection of pulses, arising from the uneven
distribution of amplitude and phase noise due to the cyclostationary nature of the signal [102].



Appendix D

Monostable Dissipative Kerr Solitons

In this chapter, I detail work [123] done before joining Scott Diddams’ group. This work seeks

to address the intrinsic difficulty for reliable Kerr comb generation, due to both the Kerr nonlin-

earity and higher temperatures shifting the cavity resonance in the same direction. Intriguingly, a

synthetic Kerr nonlinearity with the opposite sign (opposite resonance shift) yields an apparently

robust means to reliably access the single soliton state.

As the use of periodically poled chi-2 active materials with engineered dispersion increases,

this may be an interesting area to explore. Of particular interest to me in this work was that

the interaction of fast (Kerr) and slow (thermal) processes seemed to change the convexity of the

problem, moving from a situation where many local minima could be found corresponding to a

different number of solitons to a convex solution of a single soliton. Perhaps the nature of optics

is amenable to such investigations, since optical nonlinearities occur at timescales incredibly fast

compared to electronic control scales (GHz), and thermal scales (MHz-KHz), and this separation

could yield unforeseen capabilities for control.

D.1 Introduction

The optical frequency comb has revolutionized timekeeping and optical frequency metrology,

providing a simple and powerful means of coherently linking radio frequency electronics with optical

frequency atomic transitions [47]. Whereas these original frequency combs are formed in tabletop

optical cavities, since then, frequency combs have also been found to form in continuous-wave (CW)
165
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pumped, high quality factor (Q) nonlinear microresonators [124], a finding that has established the

basis for a new kind of frequency comb. These so-called Kerr microcombs rely on a double balance

of nonlinearity and dispersion, and (nonlinear) gain and (linear) loss to stably host dissipative

Kerr solitons (DKS), the time-domain waveform of this frequency comb. Unique from traditional

table-top frequency combs due to high GHz-to-THz repetition rates and low µm-to-mm sizes,

Kerr microcombs open new applications for frequency combs, such as highly multiplexed coherent

optical communication [125, 126], astrocombs [127, 128], ranging [129], dual-comb spectroscopy

[130], integrated frequency synthesizers [131, 132], and optical flywheels [133], all with the hope of

chip integration [134].

Despite compelling advantages and promising applications, a significant barrier to the wide-

spread use of Kerr microcombs is unreliable access of the single DKS, which is the preferred time-

domain waveform for a smooth frequency comb spectrum. Broadly, efforts to render single DKS

generation reliable lie in two categories: deterministic access and self-starting behavior.

The first and primary effort is to engineer the deterministic access of the single DKS. This

entails breaking the degeneracy or multistability of the single DKS and multiple DKS, i.e., guar-

anteeing single soliton generation as opposed to multiple soliton generation. This multistability

breaking is necessary because the soliton number is effectively stochastic due to the modulation

instability-seeded chaotic generation behavior [135]. Past approaches to isolate the single DKS

have relied on delicate mode interactions or cascaded quadratic processes [136, 137, 138, 139, 140].

To make matters worse, typical thermal effects inhibit access to the single DKS through adiabatic

pump modulation altogether. Because DKSs exist on the thermally unstable, red-detuned side of

the cavity resonance, the relatively low-average power single soliton state is ordinarily thermally

inaccessible when adiabatically detuning the pump laser across the resonance–the conventional

means of accessing DKS states. At the cost of complexity, several methods have been developed to

overcome this thermal issue including pump power modulation [141, 142, 143], abrupt power kick-

ing [144, 145], and auxiliary laser assisted pumping [146]. However, these techniques do not break

DKS multistability and address deterministic access. The second and more recent effort toward
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“turn-key” Kerr microcombs is to engineer self-starting behavior of solitons [147, 148]. These exper-

iments seek to simplify the complicated, path dependent pump modulation schemes that generate

solitons, so that successful DKS generation merely requires a CW pump laser at a static power

and detuning. While these separate efforts represent significant steps towards scalable and robust

Kerr microcombs, until now, deterministic access and self-starting behavior have not been satisfied

simultaneously.
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Figure D.1: Cavity resonance profile, illustrating the MS-DKS existence window shaded in green.
The initial Kerr-only resonance profile and DKS states (lines marked 1 or 2 sol.) are plotted in
blue, while the steady-state counterparts are plotted in orange. The unstable branches are marked
by red dashed lines, and the instability onsets are marked by pink squares.

In this paper, we theoretically and numerically establish a means by which both deterministic

access and self-starting of the single DKS are granted for the first time. We do this by exploit-

ing the opposing interactions of a slow thermal response, and a fast, negative, Kerr nonlinearity.

More specifically, under the conditions of thermal effects, normal dispersion, and a negative Kerr

nonlinearity from the cascaded quadratic process [149], we graphically (Fig. D.1) find a regime in

which multistability is broken and deterministic single DKS access is guaranteed, and the under-

lying CW-only solution is unstable. Here, the single DKS is the only stable behavior. We term

this novel operating regime monostable-DKS (MS-DKS). We discuss design principles to access
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the MS-DKS state in periodically poled lithium niobate (PPLN) microresonators. We numerically

demonstrate MS-DKS by solving the Lugiato-Lefever equation [150] alongside a cavity thermal

dynamics equation [151]. We observe cycling through behaviors such as chaos, soliton states, and

CW-only that settles into stable single soliton behavior, indicating self-starting and deterministic

operation. Finally, we demonstrate the resilience of MS-DKS by rapidly perturbing the pump

detuning and observing the reemergence of the single DKS.

D.2 MS-DKS Criteria

The three essential criteria that define MS-DKS are 1) to break the multistability of solitons,

2) to open up a monostable window, and 3) to position the single soliton existence range within

the monostable window. Here, we define these criteria graphically, describing an example case.

In [135], Li et al. introduced a graphical method of determining soliton stability in order to

predict whether the single soliton is adiabatically accessible in the presence of thermal effects. We

build on this model in Fig. D.1, plotting the analytically determined average power of the CW-only

solution and DKS solutions as a function of pump detuning. To visualize the dynamics of cavity

behavior, we plot the initial resonance profile affected only by the instantaneous Kerr nonlinearity

(blue, 𝑡1) and the steady-state resonance profile that also takes into account the delayed thermal

response (orange, 𝑡2). Details about the resonance profile construction, additional examples, and

the cavity thermal dynamics are given in the Supplement Sections 1, 2, and 3.

To satisfy the first aforementioned criterion for MS-DKS, breaking multistability, the fast

Kerr-induced resonance shift must oppose the slow thermally-induced resonance shift. Such a

condition has not been satisfied in conventional Kerr combs until now. In our proposed PPLN

platform (Supplement Sections 3 and 4), the necessary negative Kerr nonlinearity is achieved from

the cascaded quadratic process [149]. DKS existence is guaranteed by normal dispersion waveguide

design and the negative Kerr nonlinearity. We see in Fig. D.1 that the opposing Kerr and thermal

effects separate the single- and two-soliton existence ranges in the steady-state resonance profile

(𝑡2), breaking multistability.
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While opposing Kerr and thermal effects break the multistability between the single- and

multi-soliton states, a stable CW-only solution can still co-exist at the same pump detuning. To

satisfy the second criterion, opening up a monostable window, there must be a pump detuning range

where stable CW-only solutions are forbidden. It is well known that the Kerr nonlinearity leads to

an unstable branch of the cavity resonance profile (red dotted lines in Fig. D.1), and thus the design

goal here is to ensure that the unstable branch extends over a portion of the stable branch at steady

state (green shaded area in Fig. D.1 called the monostable window). This is made possible by the

opposing fast Kerr and slow thermal effects, but the exact monostable window characteristics are

determined by a variety of parameters as described later in Fig. D.2.

To satisfy the third criterion, placing the single soliton existence range within the monostable

window, the single DKS average power must be higher than the onset power of the CW instability

(pink squares in Fig. D.1). This arrangement allows the 𝑡1 single soliton existence region to

thermally shift into a 𝑡2 position within the monostable window.

D.3 Design Principles

The most direct way to separate the single soliton from the double (and higher number)

soliton existence regions is through a large thermal effect. However, discussed shortly, the strength

of the thermal shift and the strength of the effective Kerr nonlinearity are co-constrained, and the

thermal shift is not the most readily adjustable parameter because the effective Kerr nonlinearity

must be generated though stringent cascaded 𝜒(2) processes (see Supplement Section 4). Instead,

it is better to decrease the max detuning of the soliton state (Eq. S7), minimizing the soliton

existence range, and thus lowering the thermal shift needed to separate the one and two soliton

existence ranges. The simplest way to lower the maximum detuning is by lowering the pump power

(as long as one is above threshold). Notably, this does not influence soliton characteristics. We

also consider that there is an additional relationship between thermal shifts and the effective Kerr

nonlinearity because changes in temperature affect the phase-matching conditions at the heart of

the cascaded-quadratic nonlinearity; we discuss this in Supplement Section 5 and find that the
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effect is negligible.

We investigate the effects of various resonator parameters on the width of the monostable

window (Fig. D.2), varying one parameter individually from the example MS-DKS case (see Supple-

ment Section 2). We find the monostable window by determining the minimum intra-cavity power

at which CW-instability occurs, where the unstable central branch of the CW-solution meets the

stable underlying branch. Once the location of this point is found, as shown by the pink squares

in Fig. D.1, the monostable window can be calculated as detailed in Supplement Section 7.

In Fig. D.2a, we see that increasing the coupling coefficient, 𝑇𝑐, increases the monostable

window. However, increasing sources of dissipation comes at a trade-off between increasing the

monostable window and placing the single soliton inside the window discussed in the next subsec-

tion. 𝑙, the linear absorption loss, is shown for comparison. In Fig. D.2b, as we increase 𝑙, the

monostable window decreases until vanishing. In Fig. D.2c, we find that the monostable window

increases with pump power. However, as mentioned, increasing pump power comes with the trade-

off of decreasing the separation between the single soliton and double soliton existence ranges. In

Fig. D.2d, we vary the accumulated Kerr nonlinearity 𝛾Σ = 𝛾𝐿, where 𝛾 is the effective nonlinear

coefficient, and 𝐿 is the resonator circumference. When |𝛾Σ| is greater than |𝑑𝑡ℎ|, the effective ther-

mal shift parameter, monostability cannot occur. While it may appear that increasing |𝛾Σ| closer

to 𝑑𝑡ℎ would be beneficial in increasing the monostable window, much like increasing the pump

power, increasing |𝛾Σ| counter-productively increases overlap between the single soliton and two

soliton states. In practice, we find that MS-DKS operation is ideal when 𝑑𝑡ℎ is several times |𝛾Σ|.

In Fig. D.2e we vary the effective thermal shift parameter, 𝑑𝑡ℎ. At lower strengths, the monostable

window briefly increases with 𝑑𝑡ℎ. After, the monostable window shrinks and eventually closes.

In order to position the single soliton in the monostable window, the average power of the

single soliton must be greater than the power at which CW-instability begins. To achieve this

inequality, one must increase DKS average power and/or decrease the CW-instability threshold.

Increasing the DKS average power can be accomplished by increasing second order dispersion,

which is governed by the device design. Lowering the Kerr inflection point can be accomplished by
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decreasing resonator losses–i.e. increasing loaded Q as shown in Fig. D.2f.

Given resonator parameters (based on Z-cut LN) listed in Supplement Section 2, notably

limited by a GVD of 400 fs2/mm, we believe that quality factors of 30 million or higher are required

to enter the regime of MS-DKS. Increasing the GVD of the cavity would, however, lower this

requirement. We note that, presently, LN microresonators have not yet reached the material limit

of LN which would push the quality factor well past 30 million (see Supplement Section 8).

D.4 Numerical Demonstration and Dynamics

We generate numerical simulations by solving the Lugiato-Lefever equation [150] simultane-

ously with a thermal rate equation through a split-step Fourier method (see Supplement Section 9).

In Fig. D.3, at 𝑡 = 0 the pump is switched on and the pump detuning is held constant, as displayed

in the central panel of Fig. D.3. We observe that the pump shifts the cavity resonance and thus

the effective detuning, which drives the cavity through a cycle of chaos and CW-only behavior

(seen in upper and lower panels depicting heat map temporal evolution, and average-intracavity

power evolution, respectively). Eventually, the cavity generates a single soliton, after which the

cavity enters steady-state (longer and shorter-term views are in Supplement Section 10). A stable

single soliton was always realized over hundreds of separate iterations beginning from randomized

quantum noise.

We note that in the first chaotic cycle shown, a single soliton is not generated and the cavity

reenters CW-only behavior, before resuming the chaotic behavior that precedes the single soliton.

This cyclical behavior is a product of the instability of CW-only behavior which can be understood

through Fig. D.1. If a single soliton is not generated and the CW-only solution is accessed instead,

the cavity undergoes repeating cycles in which the instantaneous profile shifts over to the long-term

profile, reseeding soliton behavior until the single soliton is accessed.

Reliable Kerr comb operation requires resiliency against perturbation. In Fig. D.4 we set the

pump parameters to operate in the MS-DKS regime, observing the formation of the single soliton.

After this formation, a sharp detuning step of 50 mrad lasting 3.3 ms destroys the soliton. But
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after the detuning has returned to within the MS-DKS regime, the single soliton is formed again

(non-MS example in Supplement Section 10a for comparison).

D.5 Conclusion

In closing, we propose a new operating regime for DKS where multistability is broken, and

the underlying CW solution is rendered unstable through the competing effects of a Kerr nonlin-

earity and a counteracting, slow, power-dependent resonance shift such as a thermal shift. Hence,

in MS-DKS, the single soliton is self-starting and deterministic with a CW pump. We provide a

graphical means of finding and analyzing this behavior through instantaneous and long-term reso-

nance profiles. We give guidelines for how to access MS-DKS behavior beyond simply a negative

Kerr nonlinearity and positive dispersion. This includes a high quality factor, relatively low pump

powers, and a thermal effect several times stronger than the Kerr shift.

We emphasize that this regime in general is made possible through the interaction of a fast

Kerr nonlinearity and a much slower, counteracting, average power-dependent shift. This is similar

to recent experiments where the interaction of a Kerr effect and a slow photorefractive effect in

lithium niobate grants bi-directional switching and deterministic access [147, 152]. One difference
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is that thermal effects are average power-dependent, whereas the photorefractive effect is intensity-

dependent like the Kerr nonlinearity. Fundamentally, this difference leads to less coupling between

the thermal shift and the Kerr shift, which widens the parameter space to access the MS-DKS

regime.

The MS-DKS mechanism points to fundamentally enhanced reliability of Kerr microcombs

[148]. This mechanism may also aid in the reliable generation of other interesting behaviors such

as soliton breathers and soliton crystals. Our analysis suggests fruitful opportunities in exploring

nonlinear optical behavior subject to counteracting shifts at very different timescales [147].

D.6 Analytic Resonance Profile Construction

A simple and effective way to view soliton stability is by analyzing the resonance profile.

We construct an analytical model of the resonance profile by directly solving for the CW behavior

under a Kerr shift and a thermal shift, while also plotting the analytically well-approximated

soliton stability zones. This analytic graphical model allows for the rapid analysis of soliton and

CW stability, as well as the direct incorporation of the thermal trajectory of the cavity. Moreover,

due to the orders of magnitude difference in timescales between the Kerr effect and thermal shift, the

ability to examine the Kerr-only resonance profile and the Kerr and thermally-shifted resonance

profiles allows us to effectively examine instantaneous and long term (in)stability. It should be

noted that this graphical model ignores non-CW and non-soliton behavior such as chaos and Turing

patterns, which are not directly relevant to soliton stability.

First, we begin with the unshifted resonance profile, 𝑃𝐶𝑊 [Δ𝑝] [153]:

𝑃𝐶𝑊 [Δ𝑝] = 𝑃𝑖𝑛 × 𝑅𝑐[Δ𝑝] (D.1)

where

𝑅𝑐[Δ] = ∣√𝑇𝑐∣2

∣1 − 𝑒−𝑖Δ𝑒−𝑙√1 − 𝑇𝑐∣2
(D.2)

Δ𝑝 = 𝑡𝑅(𝜔0 − 𝜔𝑝) is the pump detuning from the unshifted (cold) cavity resonance, 𝑡𝑅 is the round

trip time, 𝜔0 is the cold cavity resonance frequency, and 𝜔𝑝 is the pump frequency. 𝑃𝑖𝑛 is the
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pump power, 𝑅𝑐 is the cavity optical response, Δ is the effective detuning from the shifted cavity

resonance, 𝑇𝑐 is the fractional coupling loss per round trip, and 𝑙 is the fractional linear propagation

loss per round trip.

We calculate the instantaneous, Kerr-only-shifted resonance profile by solving for the average

intra-cavity power as a function of pump detuning in the presence of a Kerr-shift:

𝑃𝐶𝑊,𝐾[Δ𝑝] = 𝑃𝑖𝑛 × 𝑅𝑐 [Δ𝑝 − 𝛾𝐿𝑃𝐶𝑊 [Δ𝑝]] (D.3)

𝛾 is the effective Kerr coefficient i.e. 𝛾 = (2𝜋𝑛2)/(𝜆𝐴𝑒𝑓𝑓), 𝑛2 is the Kerr nonlinear coefficient, 𝜆 is

the pump wavelength, 𝐴𝑒𝑓𝑓 is the effective modal area, and 𝐿 is the resonator circumference.

We find the long-term, Kerr and thermally-shifted resonance profile similarly, but also incor-

porating the thermal shift:

𝑃𝐶𝑊,𝐾𝑇 [Δ𝑝] = 𝑃𝑖𝑛 × 𝑅𝑐[Δ𝑝 − 𝛾𝐿𝑃𝐶𝑊 [Δ𝑝] − 𝑑𝑡ℎ𝑃𝐶𝑊 [Δ𝑝]] (D.4)

Here, the thermal effect is incorporated through the parameter 𝑑𝑡ℎ, which relates the average

intracavity power to a shift of the resonance. This parameter is described further in the discussion

of Eq. D.8.

The 𝑛th order dissipative Kerr soliton (DKS) contribution to average intra-cavity power is

[154, 155]:

𝑃𝐷𝐾𝑆[Δ, 𝑛] =
𝑛 ∫𝑡𝑅/2

−𝑡𝑅/2(√2|Δ|𝑙
|𝛾|𝐿 𝑆𝑒𝑐ℎ (𝜏√ 2|Δ|𝑙

|𝛽2|𝐿))2𝑑𝜏
𝑡𝑅

+ 𝑃𝐶𝑊 [Δ] (D.5)

where 𝛽2 is the group velocity dispersion, and 𝑛 is the soliton order (number). The instantaneous

i.e. Kerr-only maximum stable detuning for solitons away from the cavity resonance is [155]:

Δ𝑒𝑑𝑔𝑒 = 𝜋2𝛾𝑇𝑐𝐿𝑃𝑖𝑛
8𝑙3 (D.6)

The long term, Kerr and thermally-shifted, maximum stable detuning for solitons away from the

cavity resonance is therefore:

Δ𝑒𝑑𝑔𝑒,𝑇 [𝑛] = 𝜋2𝛾𝑇𝑐𝐿𝑃𝑖𝑛
8𝑙3 + 𝑑𝑡ℎ𝑃𝐷𝐾𝑆[Δ𝑒𝑑𝑔𝑒, 𝑛] (D.7)
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With these expressions, we then analytically construct resonance profiles granting graphical

exploration of resonator parameter space, as shown in the main text and in the following section.

D.7 Resonance Profile Examples

First, we describe conventional DKS, which form in the presence of a positive Kerr nonlin-

earity and anomalous dispersion, in Fig. D.1a. Depicted in blue is the resonance profile associated

with the Kerr effect only, which is the instantaneous response of the resonator. The dashed profile

corresponds to the intermediate response of the resonator, before the resonator has reached full

thermal equilibrium. The orange profile corresponds to the long-term cavity response, when both

Kerr and thermal effects are considered, i.e. at times much greater than the inverse of the thermal

relaxation rate 𝛾𝑡ℎ. We emphasize that both the Kerr shift of the resonance and the thermal shift

of the resonance occur in the same direction. Typically, solitons are formed by scanning from blue

(left) to red (right) through resonance. This formation protocol allows the cavity behavior to pass

through chaos, which is necessary to seed the soliton waveform. Chaos occurs near the apex of

the resonance profile, where there is large intra-cavity power. In the adiabatic limit (denoted by

the orange tilted profile and orange soliton stability regions), thermal shifts are typically strong

enough that the single soliton is no longer a stable structure at this maximum detuning, as shown

by the dashed black line labeled ”example detuning 1.” The stable behaviors at this detuning are

circled, and in this case correspond to the CW-only solution, or three DKS solution. This dilemma

necessitates additional techniques to access the single soliton, as mentioned in the introduction.

Furthermore, on the blue (left) side of the soliton existence range, demarcated by ”example detun-

ing 2,” while the single DKS is stable and multiple DKS are not, the higher power CW, Turing, or

chaotic behavior is also stable, and typically the single DKS is dominated by such behavior in this

regime.

In the general case of a negative Kerr nonlinearity and normal dispersion (Fig. D.1b), the

soliton existence range flips to the blue side of the cavity resonance. A red-shifting thermal effect

shifts the soliton stability regions, breaking multistability (degeneracy) on the blue (left) side
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of the cavity resonance as depicted in Fig. D.1b with the translucent blue lines indicating the

instantaneous DKS existence range and orange lines indicating the long-term DKS existence range.

As can be seen by the dotted vertical line labeled ”example detuning,” there exists a detuning

range in which only the low power CW-only solution and the single soliton solution are stable,

indicated by black circles. This breaking of multistability with higher number solitons and other

higher power behavior is a direct consequence of the opposing shifts of the negative Kerr effect

and the thermal effect and leads to the ability to deterministically access the single soliton, i.e.,

eliminating the possibility of accidentally accessing other soliton numbers.

Another key feature described by the resonance profile of Fig. D.1b is the dynamics due to

the relatively slow thermal effect. For example, turning the pump laser on at the example detuning

initially produces optical cavity behavior obeying the blue, instantaneous Kerr-only profile. As the

cavity transitions into thermal equilibrium, the resonance profile tilts to the right, moving through

the intermediate dotted profile and eventually settling into the long-term orange profile. This

transient behavior has the effect of detuning the pump laser through chaos, which seeds soliton

behavior. This process is shown in Fig. D.6. We note that a jump in power (turning on the pump

laser as in Fig. D.6) is not the only way to excite this beneficial transient behavior; discrete steps

in detuning can also trigger this same process. In Fig. D.1b, we also mark the branch of the

resonance profile that is subject to CW-instability with a dashed red line, and the onset of this

instability with pink squares. While not relevant to the case pictured in Fig. D.1b, the onset of

CW-instability is crucial for the following monostable case, which we describe next.

Below, we list the parameters used for the resonance profiles in Fig. D.5 and in the main

text, as well as corresponding simulations. These are the intrinsic loss 𝑙, the coupling loss 𝑇𝑐,

the resonator length 𝐿, the intrinsic quality factor 𝑄𝑖𝑛𝑡, pump power 𝑃𝑖𝑛, pump wavelength 𝜆𝑝,

group velocity dispersion 𝛽2, accumulated Kerr nonlinearity 𝛾Σ = ∫𝑥=𝐿
𝑥=0 𝛾𝑑𝑥 = 𝛾𝐿, thermal shift

coefficient 𝑑𝑡ℎ, and the ratio of the accumulated Kerr nonlinearity to the thermal shift, 𝛾Σ
𝑑𝑡ℎ

.
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Figure D.5: (a) Example resonance profile of conventional Kerr comb. Note that the single soliton
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Type 𝑙 𝑇𝑐 𝐿 [mm] 𝑄𝑖𝑛𝑡 [×106] 𝑃𝑖𝑛 [W]

Conventional 0.0025 0.0025 0.5 1.7 0.1

General proposed 0.0025 0.0025 0.5 2.6 0.1

MS-DKS .000113 .0000226 0.22 26.5 .007

Type 𝜆𝑝 [µm] 𝛽2 [fs2/mm] 𝛾Σ [rad/W] 𝑑𝑡ℎ [rad/W] 𝛾Σ
𝑑𝑡ℎ

Conventional 1.6 −130 .0013 .00033 0.48

General proposed 1.6 130 −.0013 .025 −0.05

MS-DKS 1 400 −.00064 .004 −0.11

D.8 Additional Examples of Dynamics

We describe the dynamics of the general negative Kerr nonlinearity and anomalous dispersion

case with the resonance profile of Fig. D.5b and dynamics shown in Fig. D.6. In Fig. D.6a, at

𝑡 = 0 we turn the pump laser on at a fixed detuning, marked by the black dashed line in the

central panel. In the bottom panel, we observe an initial spike in intra-cavity power, followed by

a stable power at longer 𝑡. In the central panel, we find that this power spike is linked with the

effective detuning shifting to larger negative detuning (as the resonance shifts red), shown by the

blue line. In the upper panel, we monitor the heat map of the intensity evolution of the cavity.

We see that indeed a single soliton is stably accessed. In Fig. D.6b we take a detailed view of

the formation dynamics of the single soliton, where the time window is demarcated by the dashed

red box. We observe that the effective detuning shift corresponds to a transition from CW-only

behavior, through chaos, into the single soliton state. This behavior is in direct agreement with

the resonance profile picture of Fig. D.5b; upon turning the pump laser on, the cavity behavior is

CW-only and exists on the instantaneous, blue resonance profile. As the cavity equilibrates, it is

driven through intermediate resonance profiles, exemplified by the dashed profile (𝑡2) which passes

the cavity through the chaotic regime. Finally, the long-term, orange resonance profile is accessed,

at which (at this detuning) the single soliton is stable.

Notably, both the CW-only solution and the single soliton solution are stable, so over the
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Figure D.6: (a) Top panel: heat map of soliton formation for general proposed case of Fig. D.5b.
At 𝑡 = 0 the pump is turned on and then held constant in power and detuning. Middle panel:
pump detuning protocol (dotted line) and effective detuning (blue line). Lower panel: intra-cavity
power dynamics. (b) Close-up view of initial dynamics. Top panel: heat map of soliton formation.
The time interval is indicated by the dashed red lines. Middle panel: pump detuning protocol
and effective detuning. Lower panel: initial average intra-cavity power dynamics. (c) Histogram of
stabilized behavior over 100 trajectories, of which (a) and (b) display one example. Note that only
CW-only behavior or single soliton behavior are accessed.
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accessed. (c) Histogram of stabilized behavior over 100 trajectories, of which (a) and (b) display
one example. For the MS-DKS case, only the single soliton is accessed.
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course of many trajectories, the cavity frequently reenters the CW-only solution as shown by the

histogram in Fig. D.6c which displays the statistics of final cavity behavior after 100 trajectories,

initialized from random quantum noise.

D.9 Derivation of the Thermal Differential Equation

In our treatment of thermal dynamics, we show how cavity parameters such as thermal

conductivity 𝐾𝑐, specific heat 𝐶𝑝, thermal expansion 𝜖, thermo-refractive effect 𝛿𝑛
𝛿𝑇 , and linear

absorption 𝜅𝑙𝑖𝑛 define the dynamic resonance shift, described by the simple rate equation in the

main text:
𝑑Δ𝑡ℎ

𝑑𝑡 = −𝛾𝑡ℎ (Δ𝑡ℎ − 𝑑𝑡ℎ𝑃𝑎𝑣𝑔) (D.8)

Δ𝑡ℎ is the detuning shift [rad] due to thermo-optics effects, 𝑡 is time, 𝛾𝑡ℎ is the thermal decay rate,

𝑑𝑡ℎ is a constant that relates the average intra-cavity power to a shift in detuning, and 𝑃𝑎𝑣𝑔 is the

average intra-cavity power.

We derive Eq. D.8 beginning with results from Carmon et al. [151]:

̇Δ𝑇 (𝑡) = −𝐾𝑐
𝐶𝑝

(Δ𝑇 (𝑡) − ̇𝑞𝑖𝑛
𝐾𝑐

) (D.9)

𝜆𝑟 (Δ𝑇 ) − 𝜆0 = 𝜆0𝑎Δ𝑇 (D.10)

𝑎 ≈ 𝜖 +
𝑑𝑛
𝑑𝑇
𝑛0

(D.11)

where Δ𝑇 (𝑡) is the change in temperature, 𝐾𝑐 is the thermal conductance, 𝐶𝑝 is the specific heat,

̇𝑞𝑖𝑛 is the absorbed intra-cavity power, 𝜆𝑟 is the hot cavity resonance wavelength, 𝜆0 is the cold

cavity resonance wavelength, and 𝑎 is a constant that combines both a thermal expansion coefficient

𝜖 and thermo-refractive effect 𝛿𝑛
𝛿𝑇 . Translating this change in resonance wavelength to a change in

detuning, defined as:

Δ𝑡ℎ = 𝑡𝑅 × 𝛿𝑡ℎ = 𝑡𝑅 (𝜔0 − 𝜔0,𝑡ℎ) (D.12)

where 𝛿𝑡ℎ = 𝜔0 − 𝜔0,𝑡ℎ, we then rearrange the left-hand side of (D.10) such that

𝜆𝑟 (Δ𝑇 ) − 𝜆0 = 2𝜋𝑐 ( 1
𝜔0,𝑡ℎ

− 1
𝜔0

) = 2𝜋𝑐𝜔0 − 𝜔0,𝑡ℎ
𝜔0,𝑡ℎ𝜔0

= 2𝜋𝑐 𝛿𝑡ℎ
(𝜔0 − 𝛿𝑡ℎ)𝜔0

(D.13)
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where 𝛿𝑡ℎ = 𝜔0 − 𝜔0,𝑡ℎ, 𝜔0 is the cold cavity resonance frequency and 𝜔0,𝑡ℎ is the thermally shifted

resonance frequency. In general, thermal shifts are on the order of megahertz, whereas the carrier

frequency is on the order of hundreds of terahertz, hence 𝛿𝑡ℎ ≪ 𝜔0, and thus the 𝛿𝑡ℎ term in the

denominator of (D.13) can be neglected. We then extract the linear relation between Δ𝑇 and Δ𝑡ℎ:

2𝜋𝑐 𝛿𝑡ℎ
𝑎𝜆0𝜔2

0
= Δ𝑡ℎ

𝑡𝑅𝑎𝜔0
= Δ𝑇 (D.14)

Substituting (D.14) into (D.9) yields:

1
𝑡𝑅𝑎𝜔0

𝑑Δ𝑡ℎ
𝑑𝑡 = −𝐾𝑐

𝐶𝑝
( 1

𝑡𝑅𝑎𝜔0
Δ𝑡ℎ − ̇𝑞𝑖𝑛

𝐾𝑐
) (D.15)

We then define the absorbed power as the product of linear absorption and the average intracavity

power ̇𝑞𝑖𝑛 = 𝜅𝑙𝑖𝑛 × 𝑃𝑎𝑣𝑔, where 𝑃𝑎𝑣𝑔 = ∫𝑡𝑅/2
−𝑡𝑅/2 |𝐴|2𝑑𝑡

𝑡𝑅
and 𝜅𝑙𝑖𝑛 = 𝑄/𝑄𝑎𝑏𝑠 i.e. the ratio of the total Q

to the Q due only to absorption. Thus (D.15) becomes:

𝑑Δ𝑡ℎ
𝑑𝑡 = −𝐾𝑐

𝐶𝑝
(Δ𝑡ℎ − 𝑡𝑅𝑎𝜔0𝜅𝑙𝑖𝑛

𝐾𝑐
× 𝑃avg) (D.16)

where 𝑡𝑅 is the cavity round trip time. Defining 𝑑𝑡ℎ = 𝑡𝑅𝑎𝜔0𝜅𝑙𝑖𝑛
𝐾𝑐

and 𝛾𝑡ℎ = 𝐾𝑐
𝐶𝑝

, we then substitute

into (D.16) to form the simplified thermal differential equation (D.8).

Importantly, the effective detuning Δ (which is input into the Lugiato-Lefever equation) is

then defined as:

Δeff = Δ𝑐 − Δ𝑡ℎ = 𝑡𝑅 ((𝜔0 − 𝜔𝑝) − (𝜔0 − 𝜔0,𝑡ℎ)) = 𝑡𝑅 (𝜔0,𝑡ℎ − 𝜔𝑝) (D.17)

D.10 Simulation Details

We generate numerical simulations by solving the Lugiato-Lefever equation (LLE) (D.18)

[156, 150] simultaneously with a thermal rate equation (D.8) through a split-step Fourier method,

updating both the thermal effect and the LLE once per round-trip.

𝑡𝑅
𝑑𝐴
𝑑𝑡 = [−(𝑇𝑐 + 𝑙)/2 − 𝑖Δeff − 𝑖𝐿𝛽2

2
𝛿2

𝛿𝜏2 + 𝑖𝛾𝐿 |𝐴|2] 𝐴 + √𝑇𝑐𝐴in (D.18)

𝐴 is the intra-cavity field, in units of
√

W. 𝑡 is slow time, 𝜏 is fast time, and 𝐴𝑖𝑛 is the pump field.
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D.11 Estimating the Thermal Shift Coefficient in LN

As a best estimate for the 𝑑𝑡ℎ parameter of a PPLN microring resonator, we draw on param-

eters from [157, 158] as well as a parameter sheet from NanoLN. We find that 𝐶𝑝 = 0.15 cal/gK,

𝜖 = 1.44×10−5 K, 𝑑𝑛
𝑑𝑇 /𝑛0 = 1.9×10−5 K, 𝑎 = 3.31×10−5 K, 𝑡𝑅 = 1.7 ps, and 𝜅𝑙𝑖𝑛 = 5×10−3. From

Wang et al. [157], we extract the device dependent thermal conductance, choosing the thermal

conductance from the substrate to the environment, as their geometry is a microdisk rather than a

ring resonator, 𝐾𝑐 = 5.9 × 10−3 J/sK. This results in 𝑑𝑡ℎ ≈ 0.09 rad/W. While this is larger than

the example MS-DKS 𝑑𝑡ℎ value, implementation of external temperature control, cladding, and

co-design of the effective nonlinear refractive index 𝑛2 can be adjusted to engineer this parameter.

The parameter 𝛾𝑡ℎ does not need to itself be engineered, because it does not change the

overall mechanism of MS-DKS so long as its timescale (typically sub-MHz) is far removed from the

Kerr timescale (PHz).

D.12 Device design for effective Kerr nonlinearity

Typically, the Kerr effect in microresonators is limited by the intrinsic, third-order, material

nonlinearity 𝑛2,Kerr, and has positive sign. We can, however, break this limitation, generating very

strong, as well as negative Kerr nonlinearities. We can do so by employing a cascaded second-order

(quadratic) nonlinear (CQN) process, which results in an intensity dependent change in refractive

index, i.e. a virtual Kerr effect denoted as 𝑛2,𝐶𝑄𝑁 [149]. Specifically, we can exploit a phase

mismatch between the fundamental frequency and its second harmonic to generate 𝑛2,𝐶𝑄𝑁 , where

the coupled equations are:
𝛿
𝛿𝑧 𝐴𝐹𝐹 = −𝑗𝜔0𝑑eff

𝑛𝐹𝐹 𝑐 𝐴∗
𝐹𝐹 𝐴𝑆𝐻𝑒−𝑗Δ𝑘𝑧 (D.19)

𝛿
𝛿𝑧𝐴𝑆𝐻 = −𝑗𝜔0𝑑eff

𝑛𝑆𝐻𝑐 𝐴2
𝐹𝐹 𝑒𝑗Δ𝑘𝑧 (D.20)

where 𝜔0 is the fundamental carrier frequency, 𝑑eff is the effective second-order nonlinear coefficient,

𝑛 is the index of refraction, 𝑐 is the speed of light, 𝑛𝐹𝐹 is the effective refractive index at the

fundamental frequency, 𝑛𝑆𝐻 is the effective refractive index at the second harmonic, 𝐴𝐹𝐹 is the
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fundamental field, 𝐴𝑆𝐻 is the second harmonic field, and Δ𝑘 is the total phase-mismatch. In the

small conversion efficiency limit (where |Δ𝑘| ≫ 𝜔0𝑑eff|𝐸0|
𝑐√𝑛𝑆𝐻𝑛𝐹𝐹

, and 𝐸0 is the field strength in V/m),

these coupled equations lead to an effective nonlinear refractive index:

𝑛2,𝐶𝑄𝑁 = −
4𝜋𝑑2

eff
𝜆𝐹𝐹 𝜖0𝑐𝑛𝑆𝐻𝑛2

𝐹𝐹 Δ𝑘, (D.21)

where 𝜆𝐹𝐹 is the fundamental wavelength.

We can then calculate the device parameters for the example MS-DKS. We set the modal

cross-section to 𝐴𝑒𝑓𝑓 = 0.1 µm2, the desired effective Kerr coefficient 𝛾 = −2.9, and operate at

a fundamental wavelength 𝜆𝐹𝐹 = 1.05 µm. The resonator length 𝐿 = 0.22 mm, group velocity

𝐺𝑉 = 7564 ps/m, vacuum permittivity 𝜖0 = 8.854 pF/m, speed of light 𝑐 = 0.3 m/ns, 𝑛𝑆𝐻 =

2.2605, 𝑛𝐹𝐹 = 2.1676, 𝑑𝑒𝑓𝑓 = 33 pm/V, and an intrinsic Kerr nonlinearity 𝑛2 = 8.33×10−19 m2/W

[159]. Index and dispersion data calculated in COMSOL.

We subtract the intrinsic Kerr nonlinearity from the desired total effective Kerr nonlinearity,

finding:

𝑛2,𝐶𝑄𝑁 = 𝑛2,𝑡𝑜𝑡 − 𝑛2,𝑖𝑛𝑡 = −5.7 × 10−18 m2/W (D.22)

We simply rearrange (D.21) to find the desired phase-mismatch:

Δ𝑘 =
−4𝜋𝑑2

eff
𝑛2,𝐶𝑄𝑁𝜆𝐹𝐹 𝜖0𝑐𝑛𝑆𝐻𝑛2

𝐹𝐹
= 80 521 m (D.23)

We can then calculate the poling period as,

Γ = 2𝜋
Δ𝑘𝑖𝑛𝑡 − Δ𝑘 = 6.09 µm (D.24)

where Δ𝑘int is the intrinsic phase-mismatch. Furthermore, we calculate the efficiency parameter

with a maximal intra-cavity field 𝐸0 corresponding to 20 W average intra-cavity power:

𝜔0𝑑eff|𝐸0|
𝑐√𝑛𝑆𝐻𝑛𝐹𝐹

= 3444 m (D.25)

which is indeed much smaller than Δ𝑘 and thus confirms operation with small conversion efficiency.
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D.13 CW-Instability and Monostable Calculation

In order to find the monostable window, we first find the points at which the CW-only

solution becomes unstable. To do so, we first analyze the gain dispersion for the typical damped,

driven nonlinear Schrödinger equation [160, 161, 156]:

𝑔 = −1 + √4𝑌 (Δ𝑛 − 𝜂Ω2) − (Δ𝑛 − 𝜂Ω2)2 − 3𝑌 2 (D.26)

where 𝑔 is the gain parameter, 𝑌 = |𝐴|2|𝛾|𝐿
𝛼𝑡𝑜𝑡

and is the normalized stationary intracavity power,

Δ𝑛 = Δ/𝛼𝑡𝑜𝑡 is the normalized detuning, 𝛼𝑡𝑜𝑡 is the total round trip loss including intrinsic and

external coupling, 𝜂 is the sign of the dispersion, Ω is the modulation frequency difference from the

carrier, and the plane wave Ansatz has the form 𝑒𝑔𝑡±𝑖Ω𝜏 . In the case of pure CW instability, we

examine only the DC perturbation, i.e. Ω = 0. The gain is then described as:

𝑔 = −1 + √4𝑌 Δ𝑛 − Δ2𝑛 − 3𝑌 2 (D.27)

We then confine our analysis to the set of non-oscillating and stable solutions, setting 𝑔 = 0. Solving

for the stationary intracavity power 𝑌 , we find that:

𝑌 = 2Δ𝑛 ± √Δ2𝑛 − 3
3 (D.28)

This is, in fact, the same condition for the two inflection points between the three CW-only

solutions of the Lugiato-Lefever equation [156, 162]. Indeed, the instability points occur at these

inflection points, which can also be confirmed by virtue of the real part of 𝑔 being negative for the

overlying and underlying CW-only solutions, but positive (unstable) for the central solution.

Thus, we calculate the monostable window by finding the power at which the inflection point

occurs on the Kerr-only curve, then mark this point on the Kerr and thermal curve as illustrated

in the resonance profiles of Fig. 2 in the main text.

D.14 Linear Absorption Loss in LN

There has been substantial progress recently in increasing the quality factor of LN microring

resonators. For example, Desiatov et al. fabricated resonators with intrinsic quality factors up to 11
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million [163]. However, this quality factor is still far less than the material absorption limit, and loss

in LN resonators is likely still dominated by scattering. As a point of reference, in bulk, undoped,

congruent LN, absorption loss at 1 µm has been demonstrated to be as low as 6.8 × 10−4 cm [164].

A resonator of the same dimensions and operating wavelength as the proposed MS-DKS design

would, if limited by this linear absorption loss, have an intrinsic quality factor of ∼ 200 million.

Additional studies on the limit of the intrinsic quality factor in LN indicate a quality factor of 380

million for stoichiometric LN and a quality factor of 200 million for congruent LN at 1550 nm [165].

Therefore, we believe that the requirement for MS-DKS of a Q beyond 30 million may well be in

reach as LN microfabrication capabilities are improved.
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