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Relativistic nonthermal plasmas are ubiquitous in high-energy astrophysical systems featuring

turbulence such as pulsar wind nebulae and active galactic nuclei, as inferred from broadband

nonthermal emission spectra. The underlying turbulent nonthermal particle acceleration (NTPA)

processes have traditionally been modelled with a Fokker-Planck (FP) di�usion-advection equation

for the particle energy distribution. In this dissertation, I test FP-type NTPA theories by analysing

three-dimensional (3D) particle-in-cell (PIC) simulations of magnetised turbulence in collisionless

relativistic pair plasma. By tracking the energy histories of large numbers of particles in several

simulations with di�erent initial magnetisation σ0 and system size, I �rst test the energy-di�usion

assumption of the FP framework, �nding simple di�usion throughout the parameter space. I then

measure the FP energy di�usion and advection coe�cients (D and A, respectively) as functions of

particle energy γmc2, and compare their dependence on initial and instantaneous system parameters

to theoretical predictions. In the high-energy nonthermal tail, I �nd, robustly with respect to system

size and σ0, that D ∼ γ2, with a more complicated but generally shallower scaling at thermal and

subthermal energies which varies qualitatively depending on σ0. Hence, I �t D = D0γ
2 in the

nonthermal region and �nd that the scaling of D0 with the instantaneous magnetisation σ(t) is

consistent with D0 ∼ σ3/2, although this �attens somewhat at higher σ ∼ 1. I also measure the

evolution of the power-law index α(t) of the particle energy distribution and �nd that it is well-

described by an exponential convergence in time. I then build and test an analytic model connecting

the FP coe�cients and the observed power-law evolution, predicting that A(γ) ∼ γ log(γ/γ∗A). This

is consistent with my measurements of A(γ, t), and I furthermore �nd that the measured A(γ, t)

can acceptably predict α(t) through the model relations. These results suggest that the basic 2nd-
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order Fermi acceleration model, which predicts D0 ∼ σ, may not be a complete description of

NTPA in turbulent collisionless relativistic plasmas. My �ndings encourage further application of

tracked particle methods and FP coe�cient measurements as a diagnostic in kinetic simulations of

various physical situations including collisionless shocks and magnetic reconnection, with relevance

to astrophysical plasmas.
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Chapter 1

Introduction

1.1 Overview

Relativistic plasmas with nonthermal power-law energy distributions are ubiquitous in astro-

physical systems such as pulsar wind nebulae (PWN) (Meyer et al., 2010; Bühler and Blandford,

2014), jets from active galactic nuclei (AGN) (Begelman et al., 1984; Hartman et al., 1992) and

their radio lobes (Hardcastle et al., 2009), and black-hole accretion-disk coronae (Yuan et al., 2003).

A speci�c example is the Crab Nebula, which is a pulsar wind nebula: a supernova remnant with a

central pulsar emitting an energetic wind of charged particles. The Crab Nebula features a striking

nonthermal emission spectrum, with a power-law scaling segment spanning multiple decades in pho-

ton energies from visible to gamma-ray wavelengths (Meyer et al., 2010). This nonthermal emission

is widely believed to be synchrotron radiation from relativistic electrons, as originally suggested by

Shklovskii (1953), and implies a corresponding nonthermal distribution of particle energies. Meyer

et al. (2010) computes an electron spectrum f(γ) ≡ dN/dγ with spectral index α = −d log f/d log γ

slightly greater than 3, with ultra-relativistic Lorentz factors γ ≡ 1/
√
1− v2/c2 from about 105�109.

One of the most remarkable manifestations of relativistic particle populations in the universe

is cosmic rays: particles, mostly ultra-relativistic protons, with extremely high energy, existing

throughout the galaxy and with su�cient density as to constitute a substantial portion of energy.

While most of the relativistic nonthermal plasmas are associated with so-called relativistic compact

objects, namely, neutron stars and black holes, nonrelativistic systems can also produce ultra-

relativistic particles. The shockwaves of supernova explosions spend a few percent of the overall
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supernova energy budget on accelerating cosmic rays, meaning that they not only produce high

energy particles but do so very e�ciently. The majority of cosmic rays are produced by such

supernova explosions in our own galaxy. The resulting particle energy distribution has a power-law

spanning over six orders of magnitude in particle energy, from the proton rest-mass energy (1GeV)

to above PeV. From about 1GeV�3×106GeV, the spectral index is 2.6 (Zweibel, 2013). The cosmic-

ray power-law spectrum continues, albeit with a somewhat steeper slope, to even higher energies,

up to (the famous GZK cuto�) 1021eV. These very-high-energy and ultra-high-energy cosmic rays

are believed to be produced by relativistic jets from active galactic nuclei powered by supermassive

black holes and in gamma-ray bursts.

Substantial e�ort has been put towards explaining these types of observations. The underly-

ing relativistic nonthermal particle acceleration (NTPA) processes have been studied theoretically

for decades; proposed mechanisms include collisionless shocks (Blandford and Eichler, 1987), tur-

bulence (Kulsrud and Ferrari, 1971), and magnetic reconnection (Hoshino and Lyubarsky, 2012).

Dissipation of magnetised plasma turbulence is a particularly attractive mechanism for explaining

particle energy distributions with nonthermal power-law tails. This is because turbulence causes

vigorous multiscale plasma motion characterised by power-law scaling of �uctuation strength with

respect to the �uctuation length scale, as I will further discuss in Section 1.2. Particles could be

energised by interactions with turbulent �uctuations of similar size to the particle Larmor radius

(wave-particle interaction), giving rise to a power-law spectrum of particle energies. Furthermore,

many of the above-mentioned nonthermal astrophysical systems are known to be manifestly turbu-

lent through resolved high-resolution images (e.g., PWN, Hester 2008; and AGN jets, e.g., the M87

jets).

The most common turbulent NTPA models, which I will examine in Section 1.3, posit that

particles gain energy in a stochastic process that can be modelled using a Fokker-Planck (FP)

advection-di�usion equation in momentum space (Fermi, 1949; Kulsrud and Ferrari, 1971; Melrose,

1974; Skilling, 1975; Blandford and Eichler, 1987; Schlickeiser, 1989; Miller et al., 1990; Chandran,

2000; Cho and Lazarian, 2006). Stochastic particle acceleration models in relativistic plasma tur-
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bulence have been applied to astrophysical systems such as PWN (Bucciantini et al., 2011; Tanaka

and Asano, 2017), AGN accretion �ows (Dermer et al., 1996; Kimura et al., 2015), AGN jets (Rieger

et al., 2007; Asano et al., 2014), and gamma ray bursts (Dermer and Humi, 2001). This sustained

relevance makes it important to test these relativistic NTPA theories, and the most accessible and

direct method for doing so is by computational simulation and analysis.

Numerical tests of the FP framework for NTPA were originally performed by injecting test

particles into �uid, namely magnetohydrodynamic (MHD), simulations (Dmitruk et al., 2003, 2004;

Kowal et al., 2012; Lynn et al., 2014; Kimura et al., 2016; Isliker et al., 2017b) or arti�cially

prescribed complex electromagnetic �elds (Arzner et al., 2006; O'Sullivan et al., 2009). These test-

particle simulations are relatively inexpensive, but have physical limitations such as ad-hoc particle

injection and the absence of particle feedback on the �elds, which can only be resolved by considering

more physically complete simulations.

Recently, �rst-principles kinetic (and also hybrid, where ions are treated kinetically but elec-

trons as a �uid) particle-in-cell (PIC) simulations have con�rmed that turbulence (Kunz et al.,

2016; Makwana et al., 2017; Zhdankin et al., 2017, 2018b, 2019; Comisso and Sironi, 2018; Hankla

et al., 2022), shocks (Hoshino et al., 1992; Amato and Arons, 2006; Spitkovsky, 2008; Sironi and

Spitkovsky, 2011; Marcowith et al., 2016), and relativistic reconnection (Zenitani and Hoshino, 2001;

Jaroschek et al., 2004; Lyubarsky and Liverts, 2008; Sironi and Spitkovsky, 2014; Guo et al., 2014,

2016; Werner et al., 2016; Werner et al., 2018; Werner and Uzdensky, 2017; Werner and Uzdensky,

2021; French et al., 2023) can generate e�cient relativistic NTPA in collisionless plasma. PIC sim-

ulations contain complete microphysical information including the self-consistent trajectories and

energy histories of individual particles. However, this wealth of data has not yet been employed

directly to test stochastic acceleration models (e.g., FP) or to measure the energy di�usion and

advection coe�cients.

This dissertation investigates relativistic NTPA in PIC simulations of relativistic electron-

positron pair plasma turbulence. The physical regime and computational scheme are selected for

the following reasons:
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� Relativistic collisionless pair plasmas exist in natural astrophysical systems likely to have

nonthermal turbulent particle acceleration such as pulsar wind nebulae.

� Relativistic pair plasma is a particularly computationally feasible regime for PIC and such

simulations have been shown to produce nonthermal particle populations (see Section 1.4).

� Kinetic PIC simulations are required to be con�dent that all collisionless NTPA physics is

captured self consistently.

� PIC simulations produce particle trajectories which can be used to create novel tools for

analysing NTPA in PIC simulations and connecting with analytical theory to test FP-type

models.

The remainder of this Chapter describes the topics mentioned so far in more detail followed

by an outline of the rest of the dissertation.

1.2 Magnetised turbulence theory

This Section brie�y examines the plasma turbulence theory relevant to the collisionless rela-

tivistic pair plasma regime that was described in Section 1.1. The resulting turbulence properties

are necessary inputs to the turbulent NTPA theories, as I will review in Section 1.3. The theory

also informs the simulation setup (to be described in Section 1.4) in terms of, e.g., the method of

driving and necessary physical scales to resolve.

Turbulence is a �uid phenomenon characterised by irregular, unpredictable �ow with �uctu-

ations over a wide range of time and space scales (Matthaeus, 2021). This is true for both classical

hydrodynamic turbulence and for plasma turbulence. Turbulence is a broad and rich �eld, but I

will focus mainly on the concept of the turbulent energy cascade. This is the process by which ex-

cess energy inserted at large spatial scales causes �uctuations that transfer repeatedly to adjacently

smaller scales, until reaching the �nal dissipative scales: an inherently self-similar and spatially

multiscale phenomenon. As particle acceleration is essentially a type of dissipation, the turbulent

cascade is one of the most relevant turbulence concepts.
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Collisionless plasma turbulence partitions into two scale regimes delineated by the microscopic

plasma kinetic scales of the Larmor radius ρe ≡ γmc2/eB and plasma skin depth de =
√
γmc2/4πne2

(where n is the total charged particle density). Fluctuations much larger than the kinetic lengths

belong to the inertial range, which is well-described by MHD, while smaller �uctuations require

lower-level models such as the Vlasov-Maxwell equations. For orientation, and also to establish

the governing equations, I will present the MHD equations and Vlasov-Maxwell equations, before

proceeding with the discussion of turbulence theory.

As I will not be working in detail with MHD in this study, I show the simpler non-relativistic

MHD equations instead of the relativistic ones. The non-relativistic incompressible MHD equations

including viscosity and resistivity in Gaussian units are

ρm(∂t + v · ∇)v = J×B/c−∇P + ρmν∇2v, (1.1)

∂tB =
ηc2

4π
∇2B+∇× (v ×B). (1.2)

The variables are: �ow velocity v, current density J, magnetic �eld B, speed of light c, density ρm,

pressure P , viscosity ν, and resistivity η. The equation of state P (ρm) is in general determined

by thermodynamics (it may be adiabatic, isothermal, etc.). For the incompressible case, P is

determined to enforce the condition that ∇ · v = 0. Also, J = c∇ × B/4π in the non-relativistic

MHD case.

The Vlasov-Maxwell equations describe the time-evolution of the phase-space distribution

functions of charged particle species under self-consistent electromagnetic interactions with no col-

lisions (it can be augmented by adding a collision term and is then referred to as the Boltzmann

equation, but this is not necessary for my study). The Vlasov-Maxwell system of equations in
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Gaussian units is

∂tfs = −vs · ∇fs − Zse(E+ vs ×B/c) · (∂fs/∂p), (1.3)

∂tE = c∇×B− 4πJ, (1.4)

∂tB = −c∇×E, (1.5)

∇ ·E = 4πρ, (1.6)

∇ ·B = 0, (1.7)

ρ = e

∫
d3p

∑
s

Zsfs, (1.8)

J = e

∫
d3p

∑
s

vsZsfs, (1.9)

vs = pc/
√
p2 +m2

sc
2. (1.10)

The variables are: time t, position x, species velocity vs, momentum p, species distribution function

fs(x,p, t), species mass ms, elementary charge e, signed species charge number Zs, speed of light c,

electric �eld E(x, t), magnetic �eld B(x, t), charge density ρ(x, t), and current density J(x, t). The

�rst (kinetic) equation states that the distribution functions evolve according to spatial advection by

vs and momentum-space advection by the Lorentz force. The remainder are the Maxwell equations

along with the usual charge and current density equations and relativistic velocity momentum

relation. For pair plasmas, the species charge numbers are 1 and -1 and both species masses are the

electron mass m. External forcing can be e�ected by adding external charges and currents to the

right hand sides of (1.8) and (1.9).

I now return to the turbulence theory of the inertial range, governed by MHD. The phe-

nomenology begins with Goldreich and Sridhar (1995), a theory of strong incompressible non-

relativistic MHD turbulence. This model employs a turbulent cascade in wavevectors of �uctuations

in both the magnetic �eld and the �uid velocity, set against a dominant background magnetic �eld.

The energy transfer between adjacent scales occurs through the interaction of counter-propagating

Alfvén wave packets. An important aspect of the theory is that the turbulent �uctuations are

anisotropic depending on whether they are parallel or perpendicular to the background magnetic
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�eld. Due to a timescale matching argument called critical balance, the level of anisotropy is scale

dependent, with smaller scale �uctuations becoming progressively elongated along the parallel di-

rection relative to the perpendicular direction. This foundational theory of MHD turbulence has

subsequently been re�ned with concepts such as dynamic alignment (Boldyrev, 2006) and inter-

mittency, which I will not focus on. An extension to ultra-relativistic MHD was performed by

Thompson and Blaes (1998), �nding that the interactions are dominated by Alfvén waves. Reviews

of plasma turbulence include Schekochihin (2022) and Matthaeus (2021).

The kinetic regime theory is less developed but is less important to the study because the

inertial range is most relevant for explaining nonthermal particle distributions at high energies.

Studies such as Schekochihin et al. (2009) investigate how the turbulent energy cascade can proceed

in the kinetic range, which may involve a kinetic Alfvén wave cascade.

1.3 Nonthermal particle acceleration theories

Historically, the study of NTPA was originally motivated by the observation of cosmic rays.

The origin of cosmic rays was addressed by Fermi (1949), by a mechanism now called second-order

Fermi acceleration, which I describe here largely referencing the corresponding section in Longair

(2011).

Second-order Fermi acceleration envisions particles scattering o� randomly-moving magnetic

clouds, these clouds being e�ectively enormously massive rigid colliders. A head-on collision between

a particle and a cloud causes the particle to gain energy, while a receding collision causes the particle

to lose energy. Due to the greater relative velocity, a head-on collision is more probable than a

receding collision, and this results in an increase in energy on average. Importantly, the rate of

energy gain is proportional to the particle's energy, resulting in an e�cient and fast exponential

increase which helps to explain the high observed energies of cosmic rays. This energy increase

tendency is accompanied by random �uctuation in energy and hence Fermi acceleration is also

associated with the term stochastic acceleration. The second-order acceleration is so termed because

the particle's average fractional rate of energy gain is proportional to the magnetic cloud velocity
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squared.

Fermi acceleration was later modi�ed to the case of particle acceleration in shock waves,

termed �rst-order Fermi acceleration. It was found here that a mechanism could be formulated such

that particles only receive head-on collisions, obtaining an average fractional rate of particle energy

gain proportional to the shock speed to the �rst power. Both of these acceleration mechanisms are

highly general and apply to particle acceleration situations apart from cosmic rays and also outside

of plasma physics.

The original Fermi (1949) calculations focused on the average estimated rate of energy gain.

Subsequent, more detailed studies formally derive an energy di�usion-advection (FP) equation em-

bodying the stochastic acceleration process. The key signature for a second-order-Fermi-type pro-

cess is an energy di�usion coe�cient proportional to energy squared. This characteristic (which

is a major subject of my investigation) results in the required exponential rate of energy gain. In

general, FP equations can be formulated in full vector momentum-space, or reduced coordinates

such as cylindrical (parallel and perpendicular momentum), polar (momentum magnitude and pitch

angle), or energy-only, obtained through corresponding partial or full isotropy assumptions. This is

important for rigorous analytical studies such as Schlickeiser (1989), which calculates momentum-

space FP coe�cients using quasilinear theory, also obtaining a momentum-squared type di�usion

coe�cient upon integrating the directional component. These approaches can be combined with

quantities such as estimated turbulent spectra to produce concrete, astrophysically-relevant esti-

mates regarding particle acceleration (e.g., Jokipii, 1977). While the discussion here has centred

on cosmic ray literature, similar techniques apply to other particle acceleration settings (Demidem

et al., 2020).

1.4 Numerical methods

Plasma simulations follow a hierarchy of computational detail parallel to the hierarchy of

plasma analytical descriptions (Birdsall and Langdon, 1991). The highest level of abstraction treats

the plasma as a �uid, solving the MHD equations numerically, while more detailed and compu-
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tationally expensive simulations operate at the kinetic or particle level. Intermediate complexity

levels are also available, such as hybrid approaches which treat di�erent components of the plasma

by di�erent �uid or kinetic methods. The choice of simulation type depends on the required level of

microphysical detail, which then trades o� against the scale and complexity of the simulation setup

in order to �t within a computational budget.

In this study, a kinetic treatment is essential on physical grounds, and in particular, a PIC

treatment is ideal for analysis capabilities. Firstly, in high-energy astrophysical turbulence, plasma

is likely to be collisionless and at relativistic temperatures. This makes it likely to develop small-

scale structures and phenomena such as current sheets and kinetic instabilities. These can in�uence

the turbulence properties, energy dissipation, and NTPA, hence calling for a kinetic simulation.

Secondly, PIC simulations necessarily generate self-consistent particle trajectories and energy his-

tories, which is vital to a rigorous computational analysis of NTPA. Approaches where the particles

and �elds are not self-consistent, such as injecting test particles into �uid simulations or arti�cially

prescribed �elds, inevitably raise questions regarding the absence of particle feedback on the �elds

and whether the test particle initialisation is statistically representative.

I now brie�y outline the PIC technique, drawing from Birdsall and Langdon (1991). The

PIC method is a numerically approximate solution of the Vlasov-Maxwell system of equations

(1.3�1.10), obtained by evolving a large population of particles over time through self-consistent

electromagnetic �elds. In PIC simulations, particles have continuous positions and momenta, while

electric and magnetic �elds are computed only on a discrete grid. The �elds are calculated by

solving the Maxwell equations on charge and current densities assigned to the grid points from the

particle con�guration. The �elds are interpolated to the individual particle positions to obtain the

Lorentz force on each particle, which is then integrated in time to advance the velocity and position.

This is followed by the calculation of new �elds based on the updated particle distribution, and the

cycle repeated iteratively to progress the simulation. This is only an approximate description. In

practice, techniques such as interleaving velocity and position time steps (the �leap-frog method�)

and interleaving electric and magnetic �eld grid points (the Yee mesh; Yee, 1966) are used to improve
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accuracy.

I now describe some typical aspects of PIC turbulence simulations. As mentioned in Sec-

tion 1.1, relativistic pair plasma is an astrophysically applicable regime. It is also a computation-

ally advantageous regime, as a mass ratio of one reduces the number of scales to separate, and

relativistic motion reduces the separation between wave and particle speeds. This has prompted

a large number of PIC simulation studies in this parameter space. Nevertheless, due to the com-

putational cost of PIC simulations, it is only feasible to simulate a small segment of plasma with

limited or no externally-imposed structure. Hence, the typical simulation is of a box with peri-

odic boundary conditions. A parameter that often varies between di�erent NTPA studies is the

type of large-scale turbulent driving. This dissertation considers driven turbulence, as in (Zhdankin

et al., 2017, 2018a,b). In these simulations, the turbulence is driven continuously on large scales,

comparable to the box size, much larger than kinetic scales. The driving is volumetric (i.e., not

at a boundary but everywhere in the volume), exciting several large-scale Alfvén wave modes elec-

tromagnetically. Some more speci�c details about the simulation setup are given in Section 3.3.

Other driving schemes include continuously driven imbalanced turbulence (Hankla et al., 2022),

and decaying turbulence (Comisso and Sironi, 2019). The explored parameter space also includes

radiative turbulence (Zhdankin et al., 2021) and electron-ion plasmas (Zhdankin et al., 2019).

Figure 1.1 shows 3D colour renderings of physical quantities at a snapshot in time on the

surface of the largest simulation cube analysed in this dissertation. The upper panel is the relative

particle number density and the lower panel is the electric current density component parallel to the

background guide magnetic �eld. The particle density structures tend to be large scale while the

current density ones tend to be small scale and thin, clearly showing current-sheet-like structures.

1.5 Outline

The remainder of this thesis is as follows. Chapter 2 is a study demonstrating, for the

�rst time through �rst-principles simulations, that an energy di�usion-advection model suitably

describes nonthermal particle acceleration. This is established primarily by statistically analysing
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Figure 1.1: 3D colour renderings of quantities on the surface of the simulation cube at a snapshot
in time. The upper image is the relative particle number density where red indicates over-density
and blue indicates under-density. The lower image is the electric current density component parallel
to the background guide magnetic �eld, with red indicating parallel and blue anti-parallel.
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particle trajectories and energy histories from one large simulation. Chapter 2 largely adapts Wong

et al. (2020), with the addition of small segments on spatial transport (Subsection 2.3.2) and the

e�ect of the turbulence driving scale (Subsection 2.3.1). Chapter 3 is a more extensive analysis

which considers many simulations with di�erent initial system parameters. It shows that the results

of Chapter 2 and Wong et al. (2020) hold for a large range of system parameters, and measures

the di�usion and advection coe�cients in each case, subsequently distilling them into summary

parameters that are then compared against analytical theory. This includes a novel �rst-principles

simulation measurement of the di�usion coe�cient scaling as a function of instantaneous magneti-

sation, and also reveals the functional form of the advection coe�cient. Furthermore, I measure the

nonthermal power-law index, showing that it evolves close to exponentially in time, and relate the

power law index to the di�usion and advection coe�cients by a simple analytical model. Finally,

Chapter 4 summarises the �ndings and presents a future outlook.



Chapter 2

First-principles demonstration of di�usive particle acceleration

2.1 Introduction

This Chapter is based on Wong et al. (2020). In this Chapter, I use tracked particles to

demonstrate stochastic acceleration and directly measure the Fokker-Planck (FP) coe�cients in

three-dimensional (3D) particle-in-cell (PIC) simulations of driven turbulence in collisionless rela-

tivistic plasma. I consider pair plasma both for theoretical and computational simplicity, and for its

relevance to high-energy astrophysical systems like pulsar wind nebulae (PWN) and active galactic

nuclei (AGN) jets. However, these methods also apply to future investigations of nonthermal par-

ticle acceleration (NTPA) in turbulent non-relativistic and electron-ion plasmas, as well as to other

processes, e.g., magnetic reconnection.

2.2 Method

I analyze 3D simulations [performed with the PIC code Zeltron (Cerutti et al., 2013)] of

externally driven turbulence in relativistic pair plasma (Zhdankin et al., 2018b). I focus on the

largest simulation with 15633 grid cells and 64 particles per cell (electrons and positrons combined),

totalling ∼2.4 × 1011 particles; smaller simulations give similar results. The simulation domain

is a periodic cube of size L, with an initially uniform magnetic guide �eld B0ẑ. The plasma is

initially uniform and isotropic, with total charged particle density n0, and a Maxwell-Jüttner thermal

distribution with a relativistically hot temperature of T0 = 100mc2, corresponding to the average

Lorentz factor γinit ≈ 3T0/mc2 = 300. The initial magnetization is σ0 = B2
0/16πn0T0 = 3/8. In
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the �ducial simulation, the normalized system size is L/2πρe0 = 163, where ρe0 ≡ γinitmc2/eB0 is

the initial characteristic Larmor radius. Turbulence is electromagnetically driven (TenBarge et al.,

2014) and becomes fully developed after several light crossing times (Zhdankin et al., 2018a), with

rms turbulent magnetic �uctuations δBrms ∼ B0. The turbulence is essentially Alfvénic (Zhdankin

et al., 2018a), with initial Alfvén velocity vA0/c ≡ [σ0/(σ0 + 1)]1/2 ≃ 0.52.

Previous studies (Zhdankin et al., 2017, 2018b) have shown that such turbulence reliably

produces nonthermal power-law particle spectra. In this section, I describe my procedure to inves-

tigate NTPA in relation to the FP framework. First, I examine gyro-scale oscillations in particle

energy and explain their physical origin. Then, I present my methodology for averaging out these

oscillations, which is critical for accurately measuring energy di�usion. Finally, I detail the tests

of di�usive NTPA in these turbulence simulations, and my procedure for measuring the energy

di�usion and advection coe�cients as functions of particle energy.

My analysis tracks the positions, momenta, and local electromagnetic �eld vectors for a sta-

tistical ensemble of 8× 105 randomly-chosen particles. I observe order-unity oscillations in particle

energy, γmc2, at the gyrofrequency, as shown for a representative particle in Fig. 2.1a. The energy

oscillates once per gyro-orbit (Fig. 2.1b) because of the large-scale electric �eld accelerating and

decelerating the particle as it gyrates. To describe this analytically, I consider a charged particle

moving in constant, uniform electromagnetic �elds. I use primed variables for the frame moving

with the E×B drift velocity, vD, given by cvD/(c
2 + v2D) = E×B/(E2 +B2).

In the primed frame, where B′ and E′ are parallel, the particle gyrates about B′ while being

accelerated along B′ by E′. Typically, E′ ≪ B′, and so γ′mc2 is slowly-varying on the oscillation

timescale. Then, the motion in the primed frame is approximately a simple gyration with E′ ≈ 0,

and, applying the inverse Lorentz transformation, the lab-frame energy can be found:

γ(t) = γDγ
′
(
1 + βD

v′⊥
c

cosω′t′
)
, (2.1)

with t = t0 + γD(t
′ + βDv

′
⊥ sinω′t′/ω′c). Here, t is the coordinate time, v′⊥ is the particle's primed-

frame velocity perpendicular to B′, βD = vD/c, γD = (1 − v2D/c
2)−1/2, ω′ = eB′/γ′mc is the
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cyclotron frequency with B′ = B/γD, and t0 is a phase. Since I am considering relativistic particles

(v′⊥ ∼ c) and relativistic turbulence (Erms ∼ B0 and βD ∼ 1), the predicted oscillation magnitude

is comparable to γ (see Fig. 2.1a), and cannot be ignored.

Without further processing, these energy oscillations are incompatible with a random-walk-

based energy-di�usion model. However, I aim to measure the statistical properties of NTPA on

the Alfvénic timescale ∼L/vA relevant to the formation of the nonthermal power law. Since this

is generally much longer than the gyroperiod, I analyze just the secular component of the energy

histories.

My oscillation removal procedure is informed by Eq. 2.1, which indicates that in the idealized

case of uniform constant �elds, the secular component of the lab-frame energy is γDγ
′. However, vD

�uctuates as the particle traverses small-scale �elds, so I average vD over the smoothed gyroperiod

2πγ′mc/eB, where γ′ = γDγ(1−vD ·v/c2) is obtained from boosting the lab-frame four-velocity γv

by vD. I denote by ⟨vD⟩ the average of vD over this smoothed period. I then de�ne the smoothed

particle energy to be ⟨γD⟩⟨γ′⟩, where ⟨γ′⟩ = ⟨γD⟩γ(1− ⟨vD⟩ ·v/c2) and ⟨γD⟩ ≡ (1− ⟨vD⟩2/c2)−1/2.

This transformed energy (Fig. 2.1a) has greatly reduced oscillations. Thus, this procedure extracts

the secular component of particle energy, allowing us to test the FP picture of NTPA. Hereafter,

γ and �energy� refer to ⟨γD⟩⟨γ′⟩, except in the case of the overall particle energy distributions

(Fig. 2.4a) and magnetic energy spectra (Fig. 2.4b).

I now describe my tests of di�usive acceleration using tracked particles. I use t0 = 10.0L/c as

a �ducial initial time for my measurements, by which point a power-law particle energy spectrum

has fully formed. I then bin tracked particles by their energy at t0 in logarithmic intervals spaced

by 10%. For each bin, I measure the standard deviation, δγrms, and the mean, γ, of the particle

energy distribution as a function of subsequent times ∆t ≡ t− t0. For a classical di�usion process,

one expects δγrms(∆t) ∝
√
∆t if the di�usion coe�cient D(γ, t) varies slowly compared with ∆t

and δγrms.

I then measure the di�usion and advection coe�cients, D(γ) and A(γ), respectively, for the
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Figure 2.1: (a) Partial energy history of a tracked particle (blue dashed line), showing oscillations
which are removed by my transformation (red solid line). (b) Trajectory of the same particle,
colored by the instantaneous ratio of the lab-frame energy to the smoothed energy. Markers show
time instances in (a) corresponding to particle positions in (b).
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simplest FP equation for the energy distribution f(γ, t), ignoring pitch angle (with respect to B):

∂tf = ∂γ(D∂γf)− ∂γ(Af). (2.2)

Limiting the measurements to times where ∆t ≲ L/vA, δγrms ≪ γ0, and ∆γ ≡ γ(t)−γ(t0) ≪

γ0, I approximate the bin distribution as narrow and the coe�cients as constant in time. Applying

Eq. 2.2, I �nd:

∆γ(γ0,∆t) = [∂γD|γ0 +A(γ0)]∆t ≡ M(γ0)∆t (2.3)

δγrms(γ0,∆t) =
√
2D(γ0)∆t. (2.4)

I �rst measure D(γ) and M(γ) by applying Eqs. 3.23 and 3.24 to each energy bin and then calculate

A(γ) ≡ M − ∂γD.

2.3 Results

I �rst describe the evolution of the overall lab-frame distribution, f(γ). Starting from a

thermal distribution, f(γ) acquires a power-law tail extending to the system-size limit, γmax ≡

LeB0/2mc2 ≃ 1.5× 105, and gradually hardening over time�its index converges to approximately

-3 by 12.3L/c. At the start of my measurements, t0 = 10.0L/c, the index is approximately −3.2,

the peak of f(γ) is at γpk ≃ 520, and the mean at γavg ≃ 1170. Because the system lacks an energy

sink, γpk and γavg increase at a rate of about 40c/L and 100c/L, respectively.

I now present tests of energy di�usion. These are extended with more comprehensive diag-

nostics in Section 3.6. For illustration, Fig. 2.2a shows the evolution of the energy distribution of

a single bin of particles with γ0 = 5 × 103, deep in the power-law section. I �nd that γ ∝ ∆t for

small ∆t (Fig. 2.2b), while δγrms(∆t) ∝
√
∆t (Fig. 2.2c), consistent with simple di�usion.

Fig. 2.3 shows δγrms(∆t) for several bins along with corresponding
√
∆t �ts. To avoid artifacts

of the smoothing procedure, each �t begins after one gyroperiod TL(γ0, Brms) ≡ 2πγ0mc/eBrms. To

ensure Eqs. 3.23 and 3.24 are valid, each �t ends when δγrms/γ0 reaches 0.3, ∆γ/γ0 reaches 0.1, or

∆t = 2L/c, whichever is earliest. Under these criteria, almost all �ts end before ∆t = 1L/c. The
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Figure 2.2: (a) Time evolution of the energy distribution for a bin of N∼2200 particles with
bin-center energy γ0 = 5 × 103. For this bin, (b) shows γ(t)/γ0 (solid) with standard error ranges
(γ(t) ± δγrms(t)/

√
N)/γ0 (dotted) and a linear ∆t �t (dashed), and (c) shows δγrms(t)/γ0 (solid)

with a
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gyroperiod corresponding to γ0.
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�ts generally agree well with the data over the �tted intervals. While some of the plotted δγrms(∆t)

have intervals of weakly anomalous energy di�usion these regimes are not my current focus, and

I refer to studies of anomalous energy di�usion in plasma turbulence (Isliker et al., 2017b,a). In

summary, Figs. 2.2 and 2.3 con�rm the expectations of a standard di�usive process, supporting the

FP model of turbulent NTPA.

I now report on my measurements of D(γ) and A(γ). Fig. 2.4c shows D(γ), extracted from

the �ts of δγrms(∆t) using Eq. 3.24. In the high-energy nonthermal tail (2× 103 ≲ γ ≲ 3× 104, see

Fig. 2.4a), D = 0.06(c/L)γ2 is an excellent �t, while for lower energies γ ≲ γpk, there is a much

shallower scaling roughly consistent with D ∝ γ2/3. I observe that D ∝ γ2 for particles gyroresonant

with �uctuations in the inertial range of the magnetic energy spectrum (Fig. 2.4b), while the lower-

energy scaling corresponds to the sub-inertial range of turbulence. In simulations with di�erent

magnetization, system size, and number of particles per cell (Section 3.7), the high-energy scaling

of D ∝ γ2 is maintained while the low-energy behavior varies slightly.

The high-energy scaling of D ∝ γ2 is commonly predicted by NTPA theories (Kulsrud and

Ferrari, 1971; Skilling, 1975; Blandford and Eichler, 1987; Schlickeiser, 1989; Chandran, 2000; Cho

and Lazarian, 2006). I compare my high-energy �t, D/γ2 = 0.06c/L, to the theoretical prediction

from 2nd-order Fermi acceleration, D/γ2 = u2A/3cλmfp, for ultra-relativistic particles interacting

with isotropic scatterers moving at the Alfvén velocity, where uA = vA/(1 − v2A/c
2)1/2 and λmfp

is the mean free path between scattering events (Blandford and Eichler, 1987; Longair, 2011). At

t0 = 10.0L/c, vA = 0.51c, giving a theoretical scaling of D/γ2 = 0.12c/λmfp, which agrees with my

�t if λmfp ∼ 2L. I also �nd, from simulations with reduced driving wavelength (Subsection 2.3.1),

that the turbulence driving scale, and not the box size, setsD/γ2 (and hence λmfp). It is also possible

to directly probe λmfp; I show a preliminary investigation in Subsection 2.3.2. While the value of

D/γ2 is consistent with 2nd-order Fermi acceleration from gyroresonant scattering of particles by

Alfvén modes, further work is needed to test this view. This includes studying the e�ect of varying

magnetization (Subsection 3.7.1), as well as more comprehensive analysis of the spatial transport

characteristics.
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Figure 2.4: (a) The overall particle energy distribution f(γ) at the start of the measuring interval
(t = 10.0L/c, solid line), and a short time later (t = 12.3L/c, dashed line). (b) The magnetic energy
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5/3
⊥ vs. eBrms/k⊥mc2, the Lorentz factor corresponding to a

perpendicular gyroradius equal to the inverse of the perpendicular (to B0) wavenumber k⊥. (c) The
di�usion coe�cient D(γ) (dots), with power-law �ts of index 2 (solid line) in the nonthermal region,
and index 2/3 (dashed line) in the low-energy region. (d) The acceleration rate M(γ) (crosses) and
the contribution to M(γ) by ∂γD (dots). For reference, the overall average rate of energy gain
γ̇avg ≃ 100c/L is shown as a dotted line. (e) The advection coe�cient A(γ) ≡ M −∂γD (dots) with
logarithmic �t (solid line).
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To compare the e�ects of the �rst- and second-order derivative terms in Eq. 2.2, I separate

the contributions of A and ∂γD to the average acceleration rate M(γ) = ∂tγ. I extract M(γ) from

linear �ts of γ(∆t) [see Eq. 3.23], using the same time intervals as those used for �tting δγrms(∆t) to

measure D(γ). As shown in Fig. 2.4d, M(γ) is positive, as expected with external energy injection,

and has a minimum near γavg ≈ 1200.

I then compute the contribution of energy di�usion to acceleration, ∂γD, (Fig. 2.4d) and

subsequently the advection coe�cient A(γ) ≡ M − ∂γD (Fig. 2.4e). In the high-energy power-law

section (γ > γpk), A is negative, while for low energies (γ < γpk), A is positive. Overall, A tends to

pull particle energies towards γpk, narrowing f(γ). I �nd that A is reasonably approximated by a

logarithmic scaling with energy. For a momentum-space FP equation containing only di�usion [see,

e.g., Ramaty (1979)], the expected energy-space advection coe�cient for Eq. 2.2 is A = 2D/γ. The

measured negative logarithmic scaling thus implies that the momentum-space FP equation contains

a signi�cant advection term. In the nonthermal section, the magnitude of A is generally smaller

than, but still comparable to that of ∂γD. Hence, the evolution of the nonthermal population in

this simulation cannot be interpreted as being due to D alone. This also complicates estimates

of the acceleration time based on D/γ2. The rate of overall energy increase from advection is∫
dγAf ≈ −23c/L while that from di�usion is

∫
dγ(∂γD)f ≈ 140c/L. The general e�ects of

systematic and stochastic acceleration (due to A and D respectively) are discussed in, e.g., Pisokas

et al. (2018) and Vlahos and Isliker (2019). I note that my measurement of A has considerable

scatter outside of the central range, 102 ≲ γ ≲ 104, as it depends on the di�erence between two

noisy quantities.

Finally, I test whether the FP equation with coe�cients measured by my methodology can

reproduce the overall evolution of f(γ, t) from the PIC simulations. I �rst repeat the measurements

of D and A at almost 200 di�erent t0 evenly spaced over the entire simulation, thus obtaining

time-dependent coe�cients. I then insert the measured coe�cients into the FP equation [Eq. 2.2]

and solve it numerically using a �nite-volume method. I use linear interpolation in γ and nearest-

neighbor interpolation in t. The FP coe�cients are extrapolated as constant in γ for energies without
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Figure 2.5: (a) Particle distributions f(γ) from the PIC simulation at ct/L ∈ {4.5, 8.9, 13.4} (black
solid, dashed, and dotted lines, respectively), and the FP solution (initialized at ct/L = 4.5) at
ct/L ∈ {8.9, 13.4} (red and blue solid lines, respectively). (b) Similar to (a) but for an FP solution
initialized at ct/L = 0. (c) Similar to (a) but with the advection coe�cient arti�cially set to zero.
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enough particles to measure them. Comparing with the particle energy distributions obtained from

the PIC simulation, I �nd that the FP equation gives excellent agreement at all subsequent times

when initialized with the corresponding PIC distribution as early as t = 4.5L/c (Fig. 2.5a), with

moderate errors if initialized at t = 0 (Fig. 2.5b). This may be due to the turbulence not being

fully developed at early times. Finally, evolving from t = 4.5L/c with A set to zero shows a clear

mismatch with the PIC distributions (Fig. 2.5c), giving us con�dence that the measurements of

A are reasonably accurate and that A signi�cantly a�ects the evolution of f(γ, t). Thus, in this

regime of fully-developed turbulence, I �nd that the FP equation with my coe�cient measurement

methodology is appropriate for modeling NTPA. I leave further investigation of the early-time

behavior to future work.

2.3.1 Driving scale dependence

This Subsection present results from simulations with the driving wavelength Ld = 2π/kd

reduced relative to the box size L. I de�ne the prefactor of the di�usion coe�cient γ2 scaling in

the nonthermal range to be D0 ≡ D/γ2. Second-order Fermi acceleration theory predicts D0 to

be inversely proportional to the mean free path between scattering events, λmfp. The two natural

length scales with which λmfp could possibly be identi�ed are L and Ld. Thus, this simulation series

tests the relationship of λmfp to L and Ld.

Figure 2.6 plots D0 against instantaneous system magnetisation σ(t) for four simulations

corresponding to the four combinations of L/ρe0 ∈ {256, 512} with either full or halved driving

scale Ld ∈ {L,L/2}. When D0 is plotted in units of c/L, the full and half driving scale points form

separate bands, whereas when D0 is plotted in units of c/Ld, the scatter is reduced and all of the

points fall within one band. This indicates that the main determiner of the e�ective scattering mean

free path is the driving scale Ld, and not the box size L. This is consistent with an interpretation of

the scattering length being the length scale for which the �uctuations in the magnetic �eld become

comparable to the magnitude of the �eld itself.
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Figure 2.6: Driving scale dependence of D0 ≡ D/γ2 in the high-energy tail. The left panel has D0

in units of c/L whereas the right panel has D0 in units of c/Ld. kf1 and kf2 indicate Ld = L and
Ld = L/2 respectively.
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2.3.2 Spatial transport

This Subsection studies λmfp by inspecting the spatial trajectories of tracked particles. The

quantity of interest here is δrrms(∆t), the vector root mean square displacement of tracked particles

between times t0 and t0+∆t. Figure 2.7 shows δrrms(∆t) for all tracked particles in the N = 1536,

σ0 = 3/8 simulation, beginning at t0 = 9L/c and t0 = 10L/c. At both of these times, turbulence

should be fully developed. The spatial transport is anisotropic, with signi�cantly di�erent behaviour

in the direction parallel to the guide �eld. I observe nearly ballistic transport (rms spread ∝ ∆t) in

all directions up to ∆t ∼ 0.3L/c. This elapsed time is signi�cantly larger than the gyro-period for

the average particle energy, which is around 0.01L/c. The overall speed in this phase is roughly 0.32c

in each direction, corresponding to an overall magnitude of
√
3 · 0.322 ∼ 0.55c, which is close to the

Alfvén speed, suggesting an interpretation as the ballistic motion of bulk �ows or guiding centres.

Motion in the z-direction remains essentially ballistic through to ∆t ∼ 4L/c. This is consistent

with a very large mean free path in the parallel direction. For the x- and y-directions, the rms

spread transitions from ballistic, through a possibly di�usive region, before plateauing at a value

somewhat smaller than the system size. The con�nement of particles to displacements signi�cantly

smaller than the simulation size could be caused by large scale circularisation of bulk �ows by the

background �eld.

To obtain further insight, I examine in Figure 2.8 the spatial rms spread for a bin of particles

with 3000 ≤ γ < 3300, roughly in the middle of the nonthermal range. In comparison to Figure 2.7,

I observe an additional ballistic phase. This �rst phase corresponds to isotropic ballistic motion at

the speed of light (
√
3 · 0.582 ∼ 1), i.e., of the particles themselves, which terminates at the average

gyroradius of that bin. The second ballistic phase corresponds to Alfvénic ballistic motion of the

guiding centres. The third stage is where the z component deviates from the xy components. The

xy components pass through a possible di�usive stage before becoming subdi�usive and plateauing.

Meanwhile, the z component remains closer to ballistic than di�usive for the remainder of the

plotted duration.



27

Figure 2.7: Spread of spatial displacements for all tracked particles in the N = 1536, σ0 = 3/8
simulation. The y-axis units are 1cm = ∆x = L/N .
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Figure 2.8: Spatial root-mean-displacement for tracked particles with 3000 ≤ γ < 3300 in the
N = 1536, σ0 = 3/8 simulation. The pink vertical line is drawn at the average gyroradius of this
bin of particles. The top panel has linear scales to show the early behaviour while the bottom panel
has logarithmic scales to show the di�erent stages of spatial transport as explained in the main text.
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Figure 2.9: Velocity autocorrelations for tracked particles with 3000 ≤ γ < 3300 in the N = 1536,
σ0 = 3/8 simulation. The dashed line is placed at c∆t/L equal to the bin average gyroperiod.
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The perpendicular rms displacement spread transitions from ballistic to essentially constant

over a small window such that it is di�cult to identify a signi�cant period where it scales with

the square root of time (i.e. di�usively). Therefore it is hard to identify a characteristic scattering

length or mean free path. In the direction along the background �eld, the particles are essentially

uncon�ned, and all that can be said is that the scattering length in z is at least as large as the

system size. This would be consistent with the implication by the Section 2.3 results that the free

path is on the order of the system size or larger.

Supposing that the perpendicular components undergo a di�usive phase, I estimate the mean

free path based on the square-root �t in Figure 2.8, using the relation ∆xrms =
√
λxvxt (and similar

for y). I assume that the secular speed is that of the guiding centres in the second ballistic phase:

vx = vy = 0.34c. This gives λx = λy = 0.16L. The parallel mean free path λz is di�cult to estimate

using ∆zrms, because it shows no signs of a di�usive regime in the viewed timeline. It is possible

that λz is under-resolved for simulations with Ld = L/2π, possibly requiring Ld = L/4π or better.

Another possible method for obtaining λz is through velocity autocorrelations, which are

shown in Figure 2.9 for all three velocity components. Each autocorrelation series displays oscilla-

tions at the gyro period due to gyromotion, overlaid on a longer-term damping. Using exponential

�ts starting from after these oscillations, I �nd that the decorrelation times for the perpendicular and

parallel velocity components are respectively ∼ 0.2L/c and ∼ 0.7L/c. Combining with the secular

velocity of the guiding centres, this suggests decorrelation lengths λx = λy ∼ 0.34c · 0.2L/c = 0.07L

and λz ∼ 0.34c · 0.7L/c = 0.24L. The mean free path suggested by the D/γ2 measurements in

Section 2.3 is roughly 2L. This is within an order of magnitude to the dominant λz.

2.4 Conclusions

In this study I rigorously demonstrate, for the �rst time, di�usive nonthermal particle ac-

celeration (NTPA) in �rst-principles particle-in-cell (PIC) simulations of driven relativistic plasma

turbulence, through direct statistical measurements using large numbers of tracked particles. I in-

troduce a procedure to suppress large-amplitude gyro-oscillations of particle energy, which is critical
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for revealing the di�usive nature of NTPA and measuring the Fokker-Planck (FP) coe�cients. I

�nd that the energy di�usion coe�cient D scales with particle energy γmc2 as D ≃ 0.06(c/L)γ2

in the high-energy nonthermal power-law region, in line with theoretical expectations (Kulsrud and

Ferrari, 1971; Skilling, 1975; Blandford and Eichler, 1987; Schlickeiser, 1989; Chandran, 2000; Cho

and Lazarian, 2006), while there is a much shallower scaling at energies below the peak of the energy

distribution. I also measure the energy advection coe�cient A(γ), though with more uncertainty. I

�nd that A is not negligible, and tends to narrow the distribution by accelerating low-energy parti-

cles and decelerating high-energy particles. Furthermore, a numerical solution of the FP equation

with the measured coe�cients reproduces the evolution of the particle energy spectrum from the

PIC simulation over a signi�cantly longer time interval than was used for measuring the coe�-

cients. This suggests that this simple FP model can fully account for NTPA in these simulations.

These results thus lend strong �rst-principles numerical support to a broad class of turbulent NTPA

theories.

My new methodology can also be applied to future tracked-particle studies of NTPA in other

contexts such as shocks or magnetic reconnection, and over broader ranges of physical regimes.

Future work may investigate the e�ects of system parameters such as magnetization, plasma beta,

and guide �eld strength; radiative cooling; relativistic vs non-relativistic regimes; and plasma com-

position (e.g., pair vs electron-ion plasma). In addition, the analysis can be extended to include

pitch-angle dependence and scattering. Characterizing stochastic NTPA in various regimes has

important implications in a broad range of contexts such as solar �ares, the solar wind, pulsar

wind nebulae, active galactic nuclei, gamma ray bursts, and cosmic ray acceleration in supernova

remnants. Thus, this study will facilitate more detailed tests of NTPA theories against PIC simu-

lations exploring various physical situations, thereby advancing our understanding of space, solar,

and high-energy astrophysical phenomena.



Chapter 3

Energy di�usion and advection coe�cients and their relation to the nonthermal

power-law tail

3.1 Introduction

This Chapter is adapted from my paper in progress. Proposed NTPA mechanisms include

shocks, magnetic reconnection, and turbulence, and in all of these cases the predominant theoretical

picture is one in which a particle's interactions with scattering structures such as shock fronts and

turbulent eddies cause its energy to accumulate in a biased random walk. The resulting energisation

is captured through the Fokker-Planck (FP) di�usion-advection equation in momentum space:

∂F

∂t
=

∂

∂p
·
(
Dpp ·

∂F

∂p

)
− ∂

∂p
· (ApF ), (3.1)

where F (p, t) is the (spatially averaged) particle momentum distribution, andDpp(p, t) andAp(p, t)

are respectively the momentum-space di�usion coe�cient tensor and advection coe�cient vector.

Di�erences between nonthermal particle acceleration (NTPA) theories are encapsulated in their

predictions for the FP coe�cients. These FP models of particle acceleration are used widely in

space physics and astrophysics (e.g., Miller et al., 1990; Nayakshin and Melia, 1998; Blasi, 2000;

Summers and Ma, 2000; Becker et al., 2006; Liu et al., 2009; Mertsch and Sarkar, 2011; Asano et al.,

2014; Kimura et al., 2015; Bian et al., 2014; Kundu et al., 2021). Numerical simulations o�er the

opportunity to �rst test the di�usive nature of particle energisation, and to then measure the FP

coe�cients to constitute a test of the underlying theory. However, such computational analysis has

not yet been conducted extensively, with just a handful of preliminary pioneering studies published
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recently (as described below).

Magnetised turbulence has been studied both with magnetohydrodynamic (MHD) simula-

tions, and more recent kinetic simulations. To study particle acceleration in MHD simulations, test

particles are inserted and their trajectories are followed through the simulated �elds (e.g., Dmitruk

et al., 2003, 2004; Kowal et al., 2012; Lynn et al., 2013, 2014; Kimura et al., 2016, 2019; Medina-

Torrejón et al., 2021; Sun and Bai, 2021; Zhang and Xiang, 2021; Bresci et al., 2022). This method

is also applied to cases where the �elds are prescribed and not simulated (e.g., Vlahos et al., 2004; Is-

liker et al., 2017a). While less computationally expensive than particle-in-cell (PIC) simulations, this

approach su�ers from serious drawbacks such as arbitrary particle injection and non-self-consistent

particle motion. Kinetic e�ects could change the acceleration process qualitatively, by in�uencing

the injection of particles into the acceleration process, and backreaction of energetic particles onto

the electromagnetic �elds. In contrast to MHD, �rst-principles PIC simulations naturally provide a

unique capability for detailed diagnostics through the complete self-consistent history of a particle's

trajectory in phase space. However, such simulations are still relatively recent, and initial analysis

has been focused on demonstrating the presence of NTPA through largely global diagnostics such

as the existence of a nonthermal power-law particle energy distribution (e.g., Zhdankin et al., 2017,

2018b; Comisso and Sironi, 2018; Hankla et al., 2022; Vega et al., 2022; Nättilä and Beloborodov,

2022; Meringolo et al., 2023). Hence there is an opportunity for more detailed tests of NTPA theories

through direct inspection of tracked particles.

My previous paper, Wong et al. (2020), described in Chapter 2 of this thesis, is a numerical

analysis of an ensemble of tracked particles in a large three-dimensional (3D) PIC simulation which

established for the �rst time that the FP framework was indeed suitable for modelling NTPA in a

kinetic simulation of driven relativistic pair-plasma turbulence. I found that the simple di�usion-

advection model works even in fully-kinetic simulations of strong turbulence, providing �rm �rst-

principles computational evidence of the validity of FP-type particle acceleration models. Recent

work by Comisso and Sironi (2019) provided further evidence for di�usive acceleration in PIC

simulations (of decaying relativistic turbulence) and found that the di�usion coe�cient scales with
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magnetization in a way that is consistent with a second-order Fermi acceleration process.

In this Chapter, I further test the FP model and conduct a detailed study of time-dependent

FP energy di�usion and advection coe�cients in PIC simulations of turbulent relativistic pair

plasma, while varying the physical system parameters of the initial plasma magnetisation and the

simulation box size relative to the initial average Larmor radius. Since the plasma magnetization

and the average Larmor radius (and hence the scale separation between the macroscopic driving

scale and the plasma kinetic microscales) evolve in time in these nonradiative simulations due to

continuous turbulent heating, I can investigate the dependence of the FP coe�cients not only on the

initial values of these physical parameters, but also on their time-dependent instantaneous values.

In addition, I measure the power-law index of the nonthermal part of the particle energy distribu-

tion as a function of time, and relate it to the FP coe�cients with an analytical model. I thereby

uncover how the power-law index depends on both initial and instantaneous parameters, which

results in a more complete understanding of how nonthermal distributions come about in these

simulations. These insights, in turn, inform FP-based models of NTPA in space and astrophysical

systems, including those used in conjunction with global MHD simulations, and thus have impor-

tant observational implications. In particular, they provide a solid, �rst-principles physics basis for

formulating concrete usable prescriptions for spectral modelling of relativistic plasma environments

around neutron stars and black holes, such as pulsar wind nebulae and black-hole jets and coronae.

The remaining Sections are as follows. Section 3.2 outlines previous analytical research on

turbulent NTPA, and presents an analytical model relating the FP coe�cients to the evolution of the

power-law index of the particle energy distribution. Section 3.3 describes the PIC simulation setup

and parameter scans. Section 3.4 discusses general features of the turbulent particle energisation

and their time evolution in these simulations. Section 3.5 presents my measurements of the power-

law index of the particle energy distribution as a function of time and the scalings of the key

parameters describing this evolution with the dimensionless system parameters. Section 3.6 tests

whether particle energies can be modelled as di�usive, and whether the measured FP coe�cients

reproduce the evolution of the particle energy distribution from the PIC simulations. Section 3.7
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presents �ndings on the energy di�usion coe�cient as a function of time and system parameters.

Section 3.8 shows measurements of the energy advection coe�cient as a function of time and system

parameters, and examines how it relates to the theoretical model described in Section 3.2. Finally,

Section 3.9 summarises the results.

3.2 Theory

3.2.1 Fokker-Planck theories of nonthermal particle acceleration

The full momentum-space FP equation is given in (3.1). There, the di�usion and advection

coe�cients are, respectively, a tensor (Dpp) and a vector (Ap), and encapsulate all possibilities

of di�usion and advection of the particle distribution between di�erent components of momentum

(including, e.g., pitch-angle scattering). In this paper, I will now assume the form Ap = App̂ and

Dpp = DppI, where Ap and Dpp are the scalar advection and di�usion coe�cients, respectively, with

p̂ being the unit vector along p and I the identity matrix.

Furthermore, I will limit the analysis to a reduced description of the FP equation for the

global particle distribution f(γ, t) in energy only, neglecting the pitch angle dependence:

∂tf = ∂γ(D∂γf −Af), (3.2)

where the particle density is dn = f(γ)dγ, and the energy di�usion and advection coe�cients D and

A are scalar functions of particle energy γmc2. However, as it is common to state the FP coe�cients

in momentum space, it is useful to convert between the energy-space and momentum-space forms.

Beginning with (3.1), where the particle density dn = F (p)d3p, and assuming for simplicity that F ,

Dpp, and Ap are isotropic (i.e., depend only on p ≡ |p|, thus neglecting any pitch angle dependence)

results in

∂F (p)

∂t
=

1

p2
∂

∂p

(
p2Dpp

∂F (p)

∂p

)
− 1

p2
∂

∂p
[p2ApF (p)], (3.3)

where dn simpli�es to 4πp2F (p). This is the form used in, e.g., Schlickeiser (1985, 1989). Finally, in

the ultrarelativistic limit γ ≫ 1 that I will focus on in this paper, the particle energy γmc2 is just
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directly proportional to its momentum p, i.e., γ = p/mc; I can then substitute f(γ) = 4πp2F (p)

and thus write

∂f(γ)

∂t
=

∂

∂γ

[
Dpp

(
∂f(γ)

∂γ
− 2

f(γ)

γ

)]
− ∂

∂γ
(Apf(γ)). (3.4)

Comparing this to (3.2), I see that the momentum-space coe�cients Dpp and Ap are related to the

energy-space coe�cients (without subscript) by D = Dpp and A = Ap + 2Dpp/γ.

3.2.2 Analytical model of the nonthermal power-law tail

Previous numerical simulation (PIC) studies have shown the formation and gradual evolution

of a relativistic nonthermal power-law section in the particle energy distribution in driven collision-

less plasma turbulence (e.g., Zhdankin et al., 2017, 2018b; Wong et al., 2020). That is, there is a

signi�cant time interval where a segment of f(γ) is well approximated by a power law. I wish to

understand the relationship between the FP coe�cients and the time evolution of the power-law

index of the nonthermal section of f(γ). Hence, I consider the FP equation (3.2), where f , D, and

A are functions of γ and t. I will focus here only on the nonthermal region, and only for the times

when this power law is well-formed and distinct, so that the high-energy part of f(γ) can be said

to be an evolving power law

f(γ, t) = K(t)γ−α(t). (3.5)

Here, K should not be viewed as a normalisation factor, since the number of particles in the power

law does not have to be conserved. Instead, I imagine reservoirs of particles at low and high energies.

At low energies, this is naturally interpreted as the thermal bulk. At high energies, this could be

a form of escape; in simulation terms, this may be a high-energy pileup as described in Zhdankin

et al. (2017, 2018b). Particles moving in and out of these reservoirs can change the total number of

particles in the nonthermal tail.

Theoretical models commonly predict D(γ, t) ∝ γ2 in the nonthermal range (e.g., Kulsrud

and Ferrari, 1971; Melrose, 1974; Skilling, 1975; Blandford and Eichler, 1987; Chandran, 2000; Cho
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and Lazarian, 2006; Demidem et al., 2020; Lemoine, 2021). Hence, for this model, I assume

D(γ, t) = D0(t)γ
2. (3.6)

In the absence of an advection coe�cient, this di�usion coe�cient causes the mean energy γ of a

collection of particles to increase at the instantaneous rate of γ̇ ≡ ∂tγ = 2D0γ: an exponential pace,

in accordance with the Fermi acceleration theory. Hence, D0 may be interpreted as the inverse

di�usive acceleration time, and the scaling D ∝ γ2 implies that this characteristic acceleration time

is independent of the particle energy (γ̇/γ = const).

While I could also assume a functional form for A(γ, t), specifying independent forms for all of

f , D and A will almost certainly be inconsistent due to overconstraining the problem. Instead, since

A is by far the most uncertain theoretically, I use (3.2) with the above adopted functional forms

(3.5) and (3.6) for f(γ, t) and D(γ, t) respectively to solve for A(γ, t) analytically, and then later

compare it to my numerical measurements of A in Section 3.8. That is, I infer A from consistency

conditions on the existence of a power-law range in the energy distribution.

First, I integrate the FP equation (3.2) from γ′ to ∞. Keeping in mind (3.5) and (3.6), I

assume α > 1 and Af → 0 as γ → ∞ so that all the upper integral limits can be discarded, and

then replace γ′ with γ. The non-advection terms evaluate to:

D∂γf = D0γ
2(−α/γ)f = −D0αγf,∫

∂tfdγ = ∂t

(
K

γ1−α

1− α

)
=

γf

1− α

(
−α̇ log γ +

K̇

K
+

α̇

1− α

)
.

(3.7)

I collect into (3.2) and eliminate the common factors of f to get

A = − γ

1− α

(
−α̇ log γ +

K̇

K
+

α̇

1− α
+D0(α− α2)

)
. (3.8)

This can be recast in a convenient, compact form as

A(γ, t) = A0(t) γ log[γ/γ∗A(t)], (3.9)



38

with:

A0(t) =
α̇

1− α
, (3.10)

γ∗A(t) = exp

[
K̇/K +D0(α− α2)

α̇
+

1

1− α

]
, (3.11)

where all right-hand-side variables in (3.10) and (3.11) are functions of t only. The result (3.9) is

the prediction for the functional form of A(γ, t) required to maintain a power-law distribution. The

γ-dependence is remarkably simple and contained only in (3.9), with (3.10) and (3.11) functions of

t alone. As a consequence of the assumed quadratic di�usion coe�cient D ∝ γ2, only one term in

the large parentheses of (3.8) has γ-dependence, and this directly leads to a generic γ log γ energy

dependence of the advection coe�cient A, as long as α̇ ̸= 0. If instead α̇ = 0, then A is simply

proportional to γ by (3.8). Since α̇ is usually negative in the PIC turbulence simulations, with the

power law tending to harden over time, A0 is positive. Hence, (3.9) predicts that A is negative at

low energies and positive at high energies, with the sign change occurring at γ∗A. Furthermore, A

has a minimum at γ = γ∗A/e, with value Amin = −A0γ
∗
A/e. I note that at high energies, A is faster

than �rst-order Fermi acceleration (where A ∝ γ) by a factor of log γ. This is a surprising property

that appears to be generic for maintaining a time-evolving power-law particle energy distribution

given D ∝ γ2.

Up to this point, I have introduced �xed γ-dependencies for the particle energy distribution f

and FP coe�cients D and A, parameterised by �ve functions of time K, α, D0, A0, and γ∗A, which

are associated to the former three quantities as follows:

f : K,α; D : D0; A : A0, γ
∗
A.

While all of these ultimately source from the PIC simulation, the particle energy distribution group

of variables and the FP coe�cient group are measured in two substantially di�erent ways: the former

use the overall particle energy distribution and the latter, tracked particles (see Subsection 3.3.2 for

some details on tracked particles).

I later �nd in Section 3.8 that A0 and γ∗A both �uctuate substantially in time (or at least,

their measurements do), whereas their e�ect on the power law is cumulative over time, innately
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smoothing out the �uctuations, and hence an integral comparison can be less noisy and more

illuminating. The tradeo� for this smoothing is that I will have to select the integration constants

(somewhat arbitrarily). To enable this, I rearrange the A-variables equations (3.10) and (3.11) into

time integrals for the power-law variables K(t) and α(t). From (3.10),

α(t)− 1

α(t0)− 1
= exp

[
−
∫ t

t0

A0(t
′)dt′

]
, (3.12)

where t0 is an arbitrary reference time and α(t0) is an integration constant. Similarly, (3.11)

rearranged for K̇/K integrates to

K(t)

K(t0)
= exp

{∫ t

t0

[
D0(α

2 − α) + α̇

(
log γ∗A +

1

α− 1

)]
dt′
}
. (3.13)

Here, t0 is again a reference time, K(t0) is an integration constant and D0, α, α̇, and γ∗A are all

functions of time t′. One may optionally then trade α̇ for A0 using (3.10). While theoretically

equivalent, α̇ and A0 are obtained from di�erent data (f and A, respectively) and one or the other

may be preferable for noise or other technical considerations. I also note that the exponential form

of (3.12) has a suggestive (although not quite fully compatible) similarity to the exponential �t to

α(t) introduced in Section 3.5.

To compute the advection coe�cient A(γ, t) in these PIC simulations, I will �rst measure the

energy-dependent average rate of particle energy gain M ≡ A+ ∂γD (see Subsection 3.6.1). Later,

I will �nd it convenient to compare directly between theoretical and measured M rather than A

because M does not depend on D and its associated measurement noise. Hence I derive analogues

of (3.9�3.11) for M using ∂γD = 2D0γ which comes from (3.6):

M(γ, t) = M0γ log(γ/γ
∗
M ), (3.14)

where M0 = A0 is the same as in (3.10) (it is convenient to have a di�erent symbol for this prefactor

as later �ts to A and M will not necessarily result in the same value) and

γ∗M (t) = exp

[
K̇/K +D0(−α2 + 3α− 2)

α̇
+

1

1− α

]
, (3.15)
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di�ering from γ∗A only by the factor multiplying D0. An equivalent relation is log γ∗A − log γ∗M =

2D0/A0. The corresponding integral forms are:

α(t)− 1

α(t0)− 1
= exp

[
−
∫ t

t0

M0(t
′)dt′

]
, (3.16)

K(t)

K(t0)
= exp

{∫ t

t0

[
D0(α

2 − 3α+ 2) + α̇

(
log γ∗A +

1

α− 1

)]
dt′
}
. (3.17)

In summary, from assuming that the particle energy distribution is a time-dependent power-

law f(γ, t) = K(t)γ−α(t) (3.5) and that the energy di�usion coe�cient D(γ, t) = D0(t)γ
2 (3.6), I

obtain a prediction for the energy advection coe�cient of A(γ, t) = A0(t) γ log[γ/γ∗A(t)] (3.9), where

A0 is a function of α and α̇ (3.10); and γ∗A is a function of K̇/K, D0, α, and α̇ (3.11).

My analytical model does not explain why a power-law distribution arises, but this might be

expected on general grounds from the underlying scale invariance of turbulence at MHD scales. The

assumption of a power-law distribution is also supported by recent maximum-entropy models of par-

ticle acceleration that derive such distributions, with the index being connected to the characteristic

momentum scale of irreversible dissipation (e.g., Zhdankin, 2022, and references therein).

3.3 Simulations

I analyse 3D PIC simulations of externally driven turbulence in collisionless relativistic pair

plasma performed with the code Zeltron (Cerutti et al., 2013). The system is a periodic cube

of side length L and a guide magnetic �eld B0ẑ. The plasma, with total (electrons and positrons

combined) charged particle density n0, is initialised from a uniform isotropic Maxwell-Jüttner rel-

ativistic thermal distribution. I �x the initial temperature to T0 ≡ θ0mc2 = 100mc2 (where m is

the electron rest mass), corresponding to an average Lorentz factor of γavg0 ≈ 3θ0 = 300.

I de�ne the (time-dependent) characteristic Larmor radius ρe(t) ≡ γavgmc2/eBrms and skin

depth de(t) ≡ (γavgmc2/4πn0e
2)1/2, where γavg(t) is the instantaneous average Lorentz factor and

Brms(t) is the rms magnetic �eld strength. The corresponding initial values are denoted ρe0 and de0.

The system then has three dimensionless physical parameters (with any choice of two indepen-

dent) which are ratios of the length scales ρe, de, and L. These are the (�hot�) magnetisation
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σ ≡ 3B2
rms/16πn0γavgmc2 = (3/4)(de/ρe)

2, which is the ratio of the magnetic enthalpy B2
rms/4π to

the plasma enthalpy (4/3)n0γavgmc2; the system length relative to the Larmor radius L/ρe; and the

system length relative to the skin depth L/de. For the initial ultra-relativistic Maxwell-Jüttner dis-

tribution, the initial magnetisation σ0 = B2
0/16πn0T0 corresponds to an initial plasma-to-magnetic

pressure ratio of β0 = 8πn0T0/B
2
0 = 1/2σ0.

Turbulence is continuously electromagnetically driven (TenBarge et al., 2014) at wavenumbers

kd = 2π/L and becomes fully developed after several light-crossing times; the turbulence-driving

implementation and other technical simulation details are described in Zhdankin et al. (2018a).

The driving strength is chosen so that the rms level of the turbulent magnetic �uctuations δBrms is

comparable to the magnitude of the guide �eld B0. The turbulence is essentially Alfvénic (Zhdankin

et al., 2018a), with characteristic Alfvén velocity vA/c ≡ [σ/(σ + 1)]1/2.

The simulation is performed on a uniform grid of N3 cells. The grid spacing ∆x ≡ L/N is

chosen to resolve the smaller of ρe0 and de0, as well as the initial Debye length λD0 =
√
T0/4πn0e2

(for an ultra-relativistic Maxwell-Jüttner distribution, de/λD =
√
3). More precisely, I choose

∆x = min(ρe0,
√
2de0)/1.5. Except where otherwise stated, the combined number of electron and

positron macroparticles per cell is Nppc = 64. The simulation durations tf range from about 10 to

100 light-crossing times L/c depending primarily on σ0 (lower σ0 require longer runs, due to the

longer principal dynamical timescale set by L/vA), with tf ∼ 20L/c being most common.

3.3.1 Parameter scans and simulation list

One of the primary aims of this study is to extend the work of Wong et al. (2020) by analysing

and comparing the results of numerous simulations with a range of initial system parameters; these

simulations are summarised in Table 3.1. They are grouped as follows:

(1) A system-size scan at �xed σ0 = 3/8 (where ρe0 =
√
2de0) with L/ρe0 ranging from 171�1024

corresponding to N values 256�1536. This group contains the largest simulation where

L/ρe0 = 1024, with N3 = 15363 grid cells.
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Table 3.1: List of simulations and their parameters.

N σ0
L

ρe0

ρe0
∆x

L

de0

de0
∆x

ctf
L

Nppc

σ0 scan 384 3/2 256 1.5 181 2.1 7.8 64
N = 384 384 3/8 256 1.5 362 1.1 22.3 64

384 3/32 128 3.0 362 1.1 64.9 64
384 3/128 64 6.0 362 1.1 122.3 64

σ0 scan 768 3/2 512 1.5 362 2.1 22.3 64
N = 768 768 3/4 512 1.5 512 1.5 22.3 64

768 3/8 512 1.5 724 1.1 22.3 64
768 3/16 362 2.1 724 1.1 20.9 64
768 3/32 256 3.0 724 1.1 55.2 64
768 3/64 181 4.2 724 1.1 59.7 64
768 3/128 128 6.0 724 1.1 117.8 64

Nppc scan 384 3/8 256 1.5 362 1.1 22.3 8
384 3/8 256 1.5 362 1.1 22.3 16
384 3/8 256 1.5 362 1.1 22.3 32
384 3/8 256 1.5 362 1.1 22.3 128
384 3/8 256 1.5 362 1.1 22.3 256

system-size 256 3/8 171 1.5 241 1.1 16.7 64
scan 384 3/8 256 1.5 362 1.1 22.3 64

512 3/8 341 1.5 483 1.1 22.3 64
768 3/8 512 1.5 724 1.1 16.7 64

1024 3/8 683 1.5 965 1.1 16.7 64
1536 3/8 1024 1.5 1448 1.1 14.2 64



43

(2) Sets of smaller simulations with varying σ0: one withN = 768 and σ0 ∈ {3/2, 3/4, ..., 3/128},

and another with N = 384 and σ0 ∈ {3/2, 3/8, 3/32, 3/128}. As mentioned above, I set

∆x = min(ρe0,
√
2de0)/1.5 to resolve the smaller of the two kinetic scales while maximising

the inertial range for given grid size (which is closely related to computational cost), leading

to L/ρe0 and L/de0 varying as shown in the table.

(3) A scan to investigate the convergence of the results with the number of particles per cell,

Nppc, for a representative case with σ0 = 3/8 and L/ρe0 = 256 (N = 384).

I discuss brie�y some complications caused by having three initial dimensionless ratios: L/ρe0,

L/de0, and de0/ρe0 ∝ √
σ0. A parameter scan must select at least two of these ratios to change

with at most one held �xed (as �xing two ratios would �x all three). When aiming to isolate one

variable, the handling of the other two parameters can still be consequential. For the system-size

scan, the choice is obvious: as L is the privileged (always largest) scale, I �x de0/ρe0. However, the

σ0 scan is more complicated: as ρe0 and de0 have no particular ordering, it is unclear how best to set

L/ρe0 and L/de0. For example, increasing σ0 with �xed L/ρe0 will decrease L/de0, and, supposing

de0 > ρe0, also decrease the separation between the driving scale and largest microscale (i.e., the

inertial range). Then, even though the change in L/de0 is mathematically predetermined due to

�xed L/ρe0, it is still important to consider carefully whether some change in the results would be

best attributed to the higher magnetisation or to the shorter inertial range.

A full two-dimensional parameter scan is unfortunately impractical. However, many of the

results related to the inertial range are expected to become insensitive to L/ρe0 and L/de0 in the

limit of L/ρe0 ≫ 1 and L/de0 ≫ 1. Thus, the system-size scan results can provide some assurance

that the simulations are in this regime and hence the e�ect of the varying scale hierarchies in the

σ0 scans is minor. Nevertheless, one should keep in mind this limitation of this study with respect

to the σ0 scans. Accordingly, I refrain from declaring primacy to one or the other of L/ρe0 or L/de0

and refer to the σ0 scans by their �xed N , which, although not a fully-�edged physical parameter,

is (by the ∆x choice) almost equal to the initial ratio of L to the smallest microscale.
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3.3.2 Tracked particles and energy oscillation removal

My analysis uses large numbers of tracked particles, for which the position, momentum, and

local electromagnetic �eld vectors are recorded at �ne enough time intervals to resolve details such

as particle orbits. While memory and storage constraints prevent recording these data for all the

∼1011 particles in the simulations, the ∼106 randomly selected tracked particles are su�cient to

form a high-quality statistical ensemble representative of the overall particle distribution.

There are large (order unity) oscillations in particle energy due to E × B drift, particularly

signi�cant in relativistic turbulence with Erms ∼ B0. These, along with a removal procedure which

is necessary to facilitate FP-type analysis, are described in Wong et al. (2020) and Section 2.2. I

perform that procedure on this data, extracting the secular component of particle energy, greatly

reducing oscillations and enabling tests of the FP picture of NTPA. Hereafter, γ and �energy� refer

to the smoothed energy, except for in global particle energy distributions, where the di�erence is

minor anyway.

3.4 System overview

Before beginning the main analysis, I �rst provide a qualitative overview of how the driven

turbulent system evolves. I brie�y present the time evolution of the overall particle energy spectrum

and average energy, and then examine a particle acceleration event superimposed on the turbulent

�elds.

Figure 3.1 shows the evolution of the overall particle energy spectrum f(γ, t) for simulations

with σ0 ∈ {3/2, 3/8, 3/32, 3/128} and N = 768, which have the following common behaviour.

Beginning at a relativistic thermal distribution, each spectrum develops a power-law nonthermal

tail after a few Alfvén crossing times. This nonthermal segment begins near the average particle

energy and extends to roughly the system-size limit γmax ≡ LeB0/2mc2 = Lγavg/2ρe0, where

the gyroradius reaches the system size. For example, the typical runs with L/ρe0 = 512 have

γmax ≃ 7.7 × 104, while the largest simulation has L/ρe0 = 1024 and γmax ≃ 1.5 × 105. As the
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Figure 3.1: Evolution of particle energy distribution for multipleN = 768 simulations with di�erent
σ0 ∈ {3/2, 3/8, 3/32, 3/128}. Lines fade in from the start to the end of each simulation.
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system receives continuous energy input from turbulent driving and there is no radiative cooling,

the plasma heats over time and so the extent of the nonthermal power-law segment shrinks as the

simulation progresses. As particles are accelerated to the system-size limit, they form a pileup

population near γmax, appearing as a bump at the end of the distribution (Zhdankin et al., 2018b).

Figure 3.2 shows the plasma heating history, � i.e., the time evolution of the rate of change

of the global average particle energy γ̇avg, after applying a central moving time-averaging of width

L/vA0 (based on the initial Alfvén velocity vA0), for the N = 768 series of simulations with

σ0 ∈ {3/2, 3/4, ..., 3/128}. While there are signi�cant �uctuations in time, an overall statistical

steady state is reached after a few Alfven-crossing times. This indicates that γavg predominantly

increases linearly with time. There is an initial segment of several Alfvén crossing times with a

slower rate of increase, corresponding to the period when some of the energy injected by driving

goes towards establishing turbulent electromagnetic �elds. Once turbulence is fully established,

these �elds become statistically quasi-steady, and thereafter the supplied energy is predominantly

converted into the plasma internal energy (heat and nonthermal particle acceleration), correspond-

ing to a long-term linear increase in γavg with time. The roughly even separation of the γ̇avg lines

in Figure 3.2 corresponding to simulations spaced by �xed multiples in σ0 imply that the rate of

energy gain is roughly proportional to σ0. To aid visual comparison, lines with constant γ̇avg ∝ σ0

are overlaid on Figure 3.2.

Figure 3.3 shows the particle trajectory before, during, and after an acceleration event, for a

single particle in the simulation with N = 1536 (L/ρe0 = 1024) and σ0 = 3/8 (selected arbitrarily

from the tracked particle sample). The local magnetic �eld is also shown (blue arrows), taken at the

time of the primary acceleration event (red dot). Before this energisation event, the particle enters

the acceleration region while gyrating around a magnetic �eld line. It then encounters a shear in

the magnetic �eld, which causes the gyro-centre motion to re�ect, in a manner akin to the Fermi

process (Fermi, 1949), as considered in recent models such as Lemoine (2021, 2022). The particle

then leaves the region with a signi�cantly larger Larmor radius than it began with, indicating an

increase in the momentum component perpendicular to the magnetic �eld. While this is only a
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single example, I expect acceleration events such as this one to be generic within relativistic plasma

turbulence.

3.5 Particle energy spectra

Connecting the evolution of the particle energy distribution with the measured Fokker-Planck

coe�cients is important to better our understanding of turbulent particle acceleration. If the system

were steady-state, this would be simpli�ed by the left-hand-side of (3.2) being zero. However, the

time-dependence of f(γ) described in Section 3.4 complicates the interpretation of the Fokker-

Planck coe�cients in the context of a steady-state energy spectrum. Nevertheless, I still wish to

understand the slowly evolving, quasi-steady state achieved at late times in these non-radiative

turbulence simulations. Understanding, even empirically, the key characteristics of f(γ, t), and in

particular, the nonthermal tail, will help connect the time-dependent behaviour of the distribution

function with that of the FP coe�cients measured in later sections.

A fundamental result of kinetic simulations of turbulent NTPA is the generation of particle

energy distributions with extended nonthermal ranges (see Figure 3.4a). For a particle energy

distribution at some time t, the local power-law index can be de�ned as αloc(γ, t) ≡ −∂ log f/∂ log γ

(and hence a pure power-law segment is characterised by ∂αloc/∂γ = 0). At a given instant, the

local indices αloc(γ) can be summarised into a representative single value, α(t), characterising the

predominant value of αloc(γ, t) in the high-energy nonthermal tail. Moreover, a special value of α(t),

which I denote as α�n, is often chosen to represent the late-time asymptotic (or ��nal�) value of α(t).

These values α(t) and α�n are main quantities of interest and have observational implications and

theoretical signi�cance. For example, the system-size dependence of α�n is critical to understand

because it a�ects our ability to extrapolate the �ndings of these PIC simulations to astrophysical

systems (Zhdankin et al., 2018b). Therefore, in this Section, I investigate the time dependence of

α, develop a prescription for measuring α�n, and explore their dependence on system parameters

such as the system size and initial magnetisation.
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Figure 3.3: Particle trajectory in the vicinity of an acceleration event, overlaid with magnetic �eld
(blue vectors) at the time when the particle was located at the red dot. The latest time in the
trajectory is marked by the black dot.
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3.5.1 Fitting the power law index

The process of obtaining α(t) from αloc(γ, t) at a given time t is complicated by the necessity

to select the section of αloc(γ) to �t a straight line to. This section must exclude, on the left, the

thermal particles, and on the right, the high-energy pileup due to �nite simulation size, all the while

being as long as possible to maximise the accuracy of the �t. Furthermore, one must then decide

how to obtain the late-time asymptotic value α�n. For example, past studies have selected α�n

based on �the time with the longest �tted power-law segment� (Zhdankin et al., 2017) or a �time

that is logarithmic with system size� (Zhdankin et al., 2018b). These decisions limit the precision

with which the evolution of di�erent particle energy distributions can be compared, and thus a more

systematic scheme is desirable.

Here, I describe a procedure to distill a unique value of α(t) for a given distribution f(γ, t),

which would be well-suited to the particle energy distributions produced by these simulations and

reasonably insensitive to �tting choices. This scheme yields values that are similar to those obtained

by the method developed by Werner et al. (2018), but is more robust against the maximum-energy

pileup at late times.

At intermediate and late times, when the nonthermal tail has fully developed and a high-

energy pileup has appeared, there is a local minimum in the local power-law index αloc(γ) (Fig-

ure 3.4b). Even as the thermal peak continues to move to the right and the maximum-energy pileup

increases in size, the energy γ at which this local minimum is attained remains very stable. Further-

more, precisely because this minimum is a local stationary point, the function αloc(γ) varies very

little in its vicinity. That is, even if the minimum is not located exactly, the resulting di�erence

in the selected value of the local index α is small. This stability suggests considering the local

minimum value of αloc(γ, t) as the overall (time-dependent) power-law index α(t) characterising the

nonthermal part of the spectrum. I therefore construct an automatic procedure to extract the local

minimum of αloc(γ, t). I expect this procedure to be broadly applicable to other simulation studies

which produce relatively clean and smooth particle distributions with similar structure, exhibiting
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a thermal bulk followed by a nonthermal power-law tail and �nally a pileup and cuto� at highest

energies.

The procedure works as follows. I locate the local minimum by �tting a cubic, in log γ space,

(Figure 3.4b, dashed lines) to the γ-range within a factor of �ve of the geometric mean of the

average energy γavg and the system-size limited energy γmax (Figure 3.4b, crosses). The Lorentz

factor corresponding to the desired local minimum (Figure 3.4b, circles) is then the �rst turning

point of the cubic, or the in�ection point if there are no turning points. The cubed term is forced

to be negative so that the �rst turning point is a local minimum (if it exists), and points where the

corresponding energy spectrum density f(γ) are less than 10−9 times the peak value at that time

are excluded due to noise. I expect that other methods for �nding local minima or in�ection points

would produce very similar results. When the �t does not have a signi�cant �at or inverted section,

α is uncertain, but this simply re�ects the fact that the power-law tail is not yet well developed at

that time (e.g., Figure 3.4, blue line).

This procedure does not have any physical or theoretical justi�cation, and has so far only

been applied to smooth spectra from simulations. However, it has some favourable properties. As

can be seen in Figure 3.4a, it very closely �ts the centre of the power-law range, and tends to trim

o� the late-time pileup at γmax. Also, as it �ts a turning point in αloc ≡ −∂ log f/∂ log γ, it can be

said to �t the straightest location of the power-law section of f(γ). The main idea of this procedure

is to adopt the �rst local minimum value of αloc as the preferred single-value α for a given energy

spectrum; the exact method for locating this local minimum is secondary.

3.5.2 Application to the system size scan and statistical samples

I apply my procedure for identifying the single-value power-law index α on f(γ, t) snapshots

from the system-size scan simulations, which have �xed σ0 = 3/8 and varying L/ρe0 ∈ {1024,

683, 512, 341, 256, 171}. I ignore data points before t = 2L/vA0, when turbulence has not yet fully

developed. Figure 3.5 shows the resulting α(t). The vertical line segments on each plotted point

are obtained as follows: expand a symmetric αloc-range around α until it covers a surrounding
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times for a representative simulation with σ0 = 3/8 and L/ρe0 = 512 from the N=768 σ0-scan. In
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Figure 3.5: Time evolution of power-law indices α for simulations with varying system size L/ρe0
and the same σ0 = 3/8, with exponential �ts. Each simulation is slightly time-shifted for visibility.
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contiguous γ-range of at least half a decade; the vertical lines then indicate the actual αloc-range

included in this γ-range (neither of which must be symmetric). These �error bars� indicate the range

of surrounding αloc values and should not be overly interpreted in a statistical sense. A strongly

single-sided �error bar� indicates that α lies in a local minimum of αloc(γ). I discard any data point

with �error bar� range greater than 40% of α as this indicates an insu�ciently converged power-law

segment.

Figure 3.5 shows that α(t) decays with time in every simulation. Consequently, I �t each α(t)

with a three-parameter exponential decay:

α(t) = α∞ +∆α exp(−t/τ), (3.18)

and �nd that the �ts are excellent. Although having just warned against statistical interpretation

of the �error bars�, I nevertheless inversely weigh the data points by their extent, as one would for

true statistical standard deviations.

The exponential �t clearly suggests α∞ as a natural candidate for the late-time �convergent�

value of α, i.e., for α�n, with few arbitrary parameters. The parameters ∆α and τ should be

considered with respect to the convergence of the power-law tail, separately from its initial formation.

Thus, ∆α is the degree to which α evolves over the convergence timescale τ . By far the most robust

parameter is α∞, which is essentially unchanged for any reasonable variant of the �tting parameters,

whereas ∆α and τ are somewhat sensitive to the �t starting time. The �ts are reasonably insensitive

to the maximum �tted time as long as the total duration is longer than about 8L/vA0. Hence,

it is reasonable to expect that the trends �tted to the entire simulation as-is would continue if

the simulation were somewhat longer. However, one would not expect it to hold inde�nitely, as

the nonthermal power-law range would eventually be squeezed from both sides until it disappears

entirely.

I use the �tted exponential parameters to quantify and compare the per-simulation time-

evolution characteristics versus the relative system size L/ρe0. Figure 3.6 shows that as L/ρe0

increases through a factor of six, α∞ increases modestly, while ∆α and τ have no particular trend.
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Table 3.2: Statistical variation in α(t) exponential �t parameters for sets of repeated simulations
with the same physical parameters, listed as mean±standard deviation. Both sets had σ0 = 3/8
and Nppc = 32.

L/ρe0 count α∞ ∆α vA0τ/L

512 7 3.00± 0.06 8.9± 4 1.3± 0.2
256 16 2.68± 0.05 7.6± 4 1.4± 0.4

This matches the basic observation in Figure 3.5 that α(t) tends to shift upwards in magnitude with

increasing L/ρe0, but otherwise behaves similarly between simulations. The convergence timescale

τ being a few Alfvén times matches the natural expectation for the system to evolve on Alfvénic

timescales. The α∞ data suggests that the simulations are not converged at the lower L/ρe0 values,

but there is not enough information to decide either way for the higher explored L/ρe0. A reasonable

�t for α∞ as a function of L/ρe0 is

α∞ = 0.73 log10(L/ρe0) + 0.72, (3.19)

and this is displayed in Figure 3.6. The tendency for larger system size to result in steeper power

laws may be attributed to the longer time (in terms of large-scale crossing times) required for

particles to reach the system-size-limited energy (Zhdankin et al., 2018b).

To get an idea of the statistical variability of the results, I analyse two sets of computationally

cheaper simulations where the same system parameters were used multiple times with di�erent

random seeds. One set used 7 simulations with σ0 = 3/8, Nppc = 32, and N = 768 (L/ρe0 = 512);

the other, consisting of 16 simulations, di�ers by using N = 384 (L/ρe0 = 256). The results are

presented in Table 3.2. The scatter in α∞ is only a few percent, whereas the variation levels of ∆α

and τ are both substantial. Therefore, it is plausible that the α∞-trend observed in Figure 3.6 is

real, but the variations in ∆α and τ are noise.

3.5.3 Application to the σ0 scan

I repeat the above analysis on the N=768 σ0-scan and the N=384 σ0-scan and combine the

results. Figure 3.7 shows the α(t) with exponential �ts while Figure 3.8 shows the exponential �t
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parameters versus σ0, grouped by L/ρe0. As before, the exponential �ts are good in all cases. As

σ0 increases, α∞ and ∆α decrease; while τ forms a roughly constant cluster around 3, but gains a

large scatter for σ0 ≥ 3/4. These high-σ0 values of τ should not be given too much credence. One

can observe in Figure 3.7 that (N = 384, σ0 = 3/2) has few points, while (N = 768, σ0 = 3/2) has

a narrow range of α-values leading to a curve too shallow to reliably characterise the exponential.

Furthermore, Table 3.2 shows that τ already varies substantially for σ0 = 3/8 and one expects even

more relative variation for a shallower curve. Overall, the illustrated trends in the �t parameters

re�ect the harder power-law distributions and faster system dynamics (with respect to L/c) obtained

at higher σ0, as previously noted by Zhdankin et al. (2017).

Even after combining the two σ0 scans, there is not enough parameter variation �orthogonal�

to σ0 to properly characterise the e�ect of L/ρe0 with this data set. However, I note that for the

four σ0 values where there are both N = 768 and N = 384 simulations, α∞ is slightly lower in the

N = 384 case, which is consistent with the Subsection 3.5.2 �ndings. Figure 3.7 also shows this

relationship clearly, with α(t) tending to be lower in magnitude for N = 384 simulations compared

to their N = 768 counterparts.

To quantify the dependencies of α∞ and ∆α on the system parameters observed in these

simulations, I o�er the following simple and practical empirical �ts for these functions. Firstly,

a test-�t to α∞ of a log-bilinear function of σ0 and L/ρe0 indicated that the addition of L/ρe0

was statistically insigni�cant. This is due to multicollinearity in the parameter space, not lack of

e�ect, as Subsection 3.5.2 shows a signi�cant trend for α∞ against L/ρe0. Consequently, I proceed

with �ts against just σ0, noting also that partitioning the data by L/ρe0 or L/de0 would not give

substantially di�erent results.

The best log-linear �t of α∞ as a function of σ0 is:

α∞ ≈ 1.9− 1.2 log10 σ0 . (3.20)

Alternatively, the o�set power-law

α∞ ≈ 1 + σ
−1/3
0 (3.21)
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is also a good �t (the motivation for the constant term being that it is a physical lower limit for α).

These �ts are displayed in Figure 3.8a.

I also �nd that

∆α = 1.5σ
−3/4
0 (3.22)

is a good �t for ∆α, and this is plotted in Figure 3.8b.

I stress that more simulations would be needed to fully map out the dependence of the

�t parameters over the 2D (σ0, L/ρe0) parameter space, and also to further quantify the random

variation of repeated simulation runs with the same initial system parameters. I leave these further

simulations required for more comprehensive results to future work.

3.6 Tests of di�usive particle acceleration

3.6.1 Test procedure

This Section details my procedure to measure the FP coe�cients and their subsequent use in

testing if an energy di�usion-advection equation (3.2) is appropriate to model particle acceleration

in these turbulence simulations. This was found to be true for a single simulation in my previous

study Wong et al. (2020), and I improve on it here with more comprehensive tests on a larger

parameter space.

The tracked particles described in Subsection 3.3.2 are integral to this analysis. First, I

remove the large E×B-drift-induced particle energy oscillations � which are incompatible with an

energy di�usion model � by transforming to the particle's E×B-drift frame. This is also described

in Subsection 3.3.2. Then, for each simulation, I select approximately 100 evenly-distributed time

instants, and at each instant, divide particles into energy bins with edges at 10% intervals, at

γ = 10(1.10, 1.11, 1.12, ...). I refer to each bin by its originating time instant t0 and its arithmetic

bin centre energy γ0. For the population of particles in each bin, I compute the following quantities as

functions of elapsed time ∆t ≡ t− t0: the energy standard deviation δγrms, energy variance δγ2 ≡

δγ2rms, mean energy γ, and change in the mean energy ∆γ ≡ γ(t) − γ(t0) (where γ(t0) ≈ γ0).
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Examining the evolution of the bin particle population and these moments is a standard technique

for analysing systems for FP-type behaviour and subsequently measuring the FP coe�cients (Siegert

et al. 1998, Friedrich et al. 2000). It is these procedures that require tracked particles and that cannot

be done by just using summary statistics such as the overall particle energy distribution.

For the classical Brownian-type di�usion of the FP equation, the bin energy variance increases

linearly with time in the limit of in�nitesimal elapsed time: lim∆t→0 δγ2 ∝ ∆t. Accordingly, a

primary contraindication to an FP model would be if the energy trajectories exhibit anomalous

di�usion instead, where the energy histories are dominated by rare but large jumps such that the

energy variance intrinsically scales nonlinearly with elapsed time. This has been suggested to be

the case in plasma turbulence, for instance, in Isliker et al. (2017b) and Isliker et al. (2017a).

Distinguishing de�nitively between conventional and anomalous di�usion can, however, be di�cult

in practice, especially if anomalous e�ects are marginal, or only manifest rarely, in isolated or

intermittent situations. There are several reasons for this, but the most relevant one here is that

if the FP coe�cients vary with energy, this can cause nonlinear variance scaling at �nite (but

arbitrarily short) elapsed time while retaining a classical Brownian di�usion-advection equation

(this can happen with relevant and non-pathological scalings; I will give some concrete examples

shortly, see also Friedrich et al. 2002). Therefore, I take the approach of a consistency check: I

measure the FP coe�cients assuming standard Brownian di�usion, and then see if a numerical

solution using the measured coe�cients reproduces the PIC simulation particle energy distribution

evolution both globally and for individual bins (Subsection 3.6.3). If the agreement is good, one

can be con�dent that if anomalous di�usion is present, it does not substantially a�ect the particle

acceleration process, at least from the point of view of overall distribution characteristics like power

law tails (keeping in mind that this is the astrophysical observable).

To measure the FP coe�cients from the bin moments, I use the following idealised equations

for the latter's time evolution, which are obtained from the FP equation (3.2) with a δ(γ − γ0)
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initial condition and in the in�nitesimal elapsed time approximation:

∆γ(γ0,∆t) = [∂γD|γ0 +A(γ0)]∆t ≡ M(γ0)∆t (3.23)

δγ2(γ0,∆t) = 2D(γ0)∆t. (3.24)

However, the smallest elapsed time for which the moments are reliable is on the order of a gyroperiod.

This is because, although the E × B-based procedure mentioned above removes the bulk of the

oscillation, some residual small amplitude oscillation remains, possibly due to other types of drifts.

I also use linear �ts to the moments to reduce noise, rather than measuring at a single point, and

so, for the reason just mentioned, I begin these �ts after one gyroperiod 2πγ0mc/eBrms (with Brms

sampled at t0). The �t end times need further consideration, because longer �ts better suppress

noise, but also amplify the �nite time e�ects which lead to nonlinear time dependence of the bin

moments (Gottschall and Peinke, 2008).

To limit the impact of the nonlinear moments evolution from �nite-time e�ects, I terminate

the �t once δγrms/γ0 = 0.3 (such that δγ2/γ20 ≈ 0.1) or |∆γ|/γ0 = 0.1. This uses γ0 as an intuitive

reference for the bin being relatively thin and close to its original position, or equivalently, as a

heuristic for how rapidly the FP coe�cients vary in energy space. These limits work for Fermi

acceleration, where D ∝ γ2 (temporarily ignoring A for simplicity). Here, the strong D(γ) scaling

produces e�ective superdi�usion that indeed begins when δγrms ∼ γ0 (one may verify this by

referring to the analytical solutions for the equivalent geometric Brownian motion). On the other

hand, consider the Ornstein�Uhlenbeck process, where D is constant with respect to γ while A

has a negative slope and arbitary intercept (I show in Subsection 3.6.3 that this is a reasonable

conceptual model in certain energy ranges). In this process, the variance becomes subdi�usive after

an elapsed time inversely proportional to the advection coe�cient slope and hence at no particular

value of δγrms/γ0 or ∆γ/γ0. However, there is little one can do about this without turning to a

complicated iterative procedure, and so, since D ∝ γ2 is the most important case for this study, I

keep the �t limits referenced to γ0 as described above. The consistency check should also help to

indicate whether this �tting range is reasonable.
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One must also consider the FP coe�cients' time dependence because these simulations are

not true steady states. This is due to overall system heating, which is described in Section 3.4. This

heating occurs on the Alfvén timescale, so I cap the �t time to ∆t < L/vA0. Finally, I enforce a

minimum duration of 0.1L/c, for the rare cases where the above limits result in a zero or negligible

length �t.

I use the above �t range prescription to �t ∆γ and δγ2 to linear functions of elapsed time,

then read o� D and M from the �tted slopes using (3.23) and (3.24). I repeat for all bins to obtain

D and M for every point in the grid of (γ0, t0) values, and elide the subscripts to consider them

plainly functions of energy and time: D(γ, t) and M(γ, t). Finally, I obtain the advection coe�cient

using A = M − ∂γD, according to (3.23).

The rest of this Section examines the bin energy moments (Subsection 3.6.2) and the consis-

tency check results (Subsection 3.6.3), leaving detailed analysis of the FP coe�cients to Section 3.7

and Section 3.8.

3.6.2 Bin energy moments

Figure 3.9 shows the bin energy variance as a function of elapsed time, δγ2(∆t), compensated

by c∆t/L, for a selection of simulations from the N=768 σ0-scan. The bins shown are initialised at

vA0t0/L = 6 and range from thermal (γ0/γpk ≈ 1) to nonthermal (γ0/γpk ≫ 1) energies. The plots

show the linear �ts that will be used to obtain D via (3.24), which seem reasonable considering the

heavy late-time bias inherent in a logarithmic scale. They also show contours of constant δγrms/γ0

and ∆γ/γ0 (see caption for details), which give a sense of the relative evolution timescales as a

function of initial bin energy.

Generally, while δγrms/γ0 ≪ 1, δγ2 increases roughly linearly with ∆t, suggestive of classical

di�usion. For low initial magnetisations σ0 ≲ 3/32, there is substantial energy subdi�usion at

thermal energies γ0 ≲ γpk, with power law indices ∼0.7�0.9 depending on σ0, and which tends to

become pronounced after intermediate times when δγrms/γ0 > 0.3. Subsection 3.6.3 shows that

FP evolution reproduces this. There is also superdi�usion at late times, once δγrms ∼ γ0, which is
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particularly apparent at nonthermal energies and at higher σ0. As mentioned in Subsection 3.6.1,

this would be consistent with (but not exclusive to) D ∝ γ2. It is possible to read o� the rough

di�usion coe�cient energy scaling from the contours of constant δγrms/γ0. A vertical contour

implies, through (3.24), that D ∝ γ2; there are such near-vertical segments at high energies in all

simulations. Similarly, a contour slanting from lower left to upper right, or lower right to upper left,

mean respectively a shallower or steeper scaling than γ2.

Figure 3.10 shows the change in mean bin energy as a function of elapsed time, ∆γ(∆t).

The traces are generally linear. The particle bin with minimum ∆γ(∆t) slope for each simulation

(including negative slope as in the case of σ0 = 3/128) tends to occur at central energies γ0/γpk ≈ 2�4

rather than the lowest energies. For the lowest σ0 = 3/128 simulation, the γ0/γpk ≤ 1/2 bins have

�attening curves. This occurs at long times and is likely due to coe�cient energy dependence; I will

check in detail for the γ0/γpk = 1/2 bin in the next Subsection.

3.6.3 Consistency checks

In this Subsection, I test if numerical FP evolution with the measured coe�cients reproduces

the PIC tracked particle distribution evolution, �rst for a single bin, and then for the entire particle

energy distribution.

I choose a bin which shows subdi�usion, corresponding to the γ0/γpk ≈ 1/2 line in the

σ0 = 3/128 panel of Figure 3.9, and set the initial condition to a matching narrow rectangular

distribution. Figure 3.11 shows the subsequent energy distribution evolution along with the nearby

FP coe�cient values while Figure 3.12 shows the bin energy moments as a function of time. The

excellent match suggests that any e�ective departure from classical di�usion is due to the FP

coe�cients' energy dependence e�ected over �nite elapsed time, and not anomalous di�usion. I

note that the coe�cients are remarkably stable over this time period, as is consistent with the slow

dynamics of low magnetisation simulations, and so coe�cient time dependence is likely unimportant.

To get a better idea of what aspect of the FP coe�cients' energy dependence results in

this subdi�usion, I compare to the Ornstein�Uhlenbeck process mentioned in Subsection 3.6.1.
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This should be a reasonable model because in the vicinity of this bin, the di�usion coe�cient has

only a weak scaling of roughly γ−0.3 while the advection coe�cient has a negative slope. For an

advection coe�cient slope of −θ (i.e., A = const − θγ), the Ornstein�Uhlenbeck process elicits

substantial variance subdi�usion after roughly ∆t ∼ |2θ|−1. At the chosen bin centre energy, θ ≈

−0.3c/L, giving a nonlinear timescale of ∼2L/c, which is a reasonable match to when the variance

in Figure 3.12 becomes signi�cantly nonlinear, considering that this estimate heavily simpli�es the

FP coe�cients' energy dependence. Furthermore, Figure 3.9 shows that, up to at least γ0/γpk = 2,

the subdi�usive departure becomes later as initial bin energy increases, which is consistent with

Figure 3.11 showing that the magnitude of θ decreases with increasing energy. These observations

suggest that the observed subdi�usion is caused mainly by the negative slope in A.

I now test whether the numerical solution of the FP equation with these tracked-particle-based

coe�cients can reproduce the actual evolution of the full particle energy distribution observed in

the PIC simulations. Figure 3.13 shows the numerical FP evolution results for the simulations with

σ0 ∈ {3/2, 3/8, 3/32, 3/128} from the N=768 σ0-scan. The initial condition is the initial thermal

distribution. I �nd that the FP equation with the measured time-dependent coe�cients accurately

reproduces the evolution of f(γ) from the PIC simulations over the entire σ0-range of simulations.

This provides solid evidence that the particle acceleration resulting in the nonthermal distribution

can be completely modelled by the FP equation (3.2).

It is worth noting that, without the advection coe�cient, the FP-based distributions have a

substantially altered shape, with excessive heating and generally slightly harder power laws com-

pared to the PIC results. As was stated in Wong et al. (2020), but here shown for a range of σ0,

the advection coe�cient plays an important role in maintaining the shape of the particle energy

distribution.

3.7 Di�usion coe�cient

My previous study, Wong et al. (2020), measured the energy di�usion coe�cient D in a

single large simulation with moderate initial magnetisation, �nding that D scales as γ2 in the
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nonthermal region and somewhat more shallowly at lower energies. This Section characterises

D(γ, t) in simulations with di�erent parameters; I examine the time and energy dependence of D,

and to what extent the aforementioned scaling characteristics persist. Finding universal γ2 scaling

in the nonthermal range, I extract the γ2 prefactor D0 and compare it to NTPA theory predictions.

To investigate the e�ects of σ0 and L/ρe0, I employ the simulations from the N=768 σ0-scan

and the system-size scan. I also use a smaller N=384 Nppc-scan to test convergence. Please refer

to Table 3.1 and surrounding text for the complete parameter sets.

It is only possible to measure D for energy bins with enough tracked particles, which is

dictated by the hardness and extent of the particle energy distribution at the measurement time.

To limit statistical noise, results from bins with less than 10 particles are discarded. Nevertheless, the

results are primarily established by measurements at energies for which there are ample statistics,

with thousands of tracked particles per bin.

3.7.1 Magnetisation dependence

This Subsection uses the N=768 σ0-scan to analyse the dependence of D(γ, t) on both the

initial magnetisation σ0 and the instantaneous magnetisation σ(t). Figure 3.14 shows f(γ, t) and

D(γ, t) for the simulations with σ0 ∈ {3/2, 3/8, 3/32, 3/128} at times t0 ≈ {3, 6, 9}L/vA0. These

plots have several types of markers indicating di�erent physical length scales. Each length is con-

verted to the particle energy that would result in a gyroradius equal to that length by multiplying

by eBrms/mc2. The length scales are:

(1) The grid resolution ∆x. At energies near and below the grid resolution energy, data are

likely to be a�ected by numerical noise.

(2) The system-size gyroradius limit L/2, corresponding to the system-size energy limit γmax(t) ≡

LeBrms/2mc2. This is close to the driving wavelength (Ld = L for the simulations in this

Subsection) and so in the vicinity of γmax(t) one may see both �nite system size and �nite

driving scale e�ects.
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Figure 3.14: The di�usion coe�cient D (lower subpanels) and particle energy distribution f (upper
subpanels) as a function of energy and time across the N=768 σ0-scan, displaying the relevant
plasma and simulation length scales (converted to particle energies via the Larmor radius) as well
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average particle energy (small vertical bars); and the skin-depth (open circles). The simulation
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strips cover the 10th to 90th percentile values for the respective quantity recorded between the times
corresponding to the �rst and last plotted t0 instance in each plot.
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(3) The skin depth de(t) ≡ (γavgmc2/4πn0e
2)1/2.

(4) The characteristic gyroradius ρe(t) ≡ γavgmc2/eBrms (corresponding to γavg by de�nition).

I observe that D(γ) can be divided into two segments by the beginning of the f(γ) nonthermal

power law. In the nonthermal power-law, D ∝ γ2 for all σ0 (�attening slightly at highest energies,

perhaps due to encroaching on γmax). The low-energy behaviour depends on σ0. For higher σ0 ≳ 3/8,

the low-energy scaling is consistent with a power law shallower than γ2. For lower σ0 ≲ 3/32,

there is an intermediate energy region with �atter scaling (see σ0 = 3/32) or inverted scaling (see

σ0 = 3/128), and then a steeper section at lowest energies.

A natural explanation for the existence of the intermediate energy region in lower-σ0 sim-

ulations is that certain length-energy scales are substantially separated only in those simulations.

However, near each end of the intermediate region there are multiple physical energy scales, making

it di�cult to unambiguously identify which of them are relevant. For instance, some plausible delin-

eators of the intermediate region are: de and ρe, the grid scale and the larger of de and ρe, and the

grid scale and the beginning of the nonthermal power law. A more thorough analysis with a targeted

series of simulations would be needed to disentangle the e�ects of the di�erent length-energy scales

on D(γ). I leave such work to future studies.

Putting aside the low-energy behaviour, I now focus on the prefactor of the nonthermal scaling

D0 ≡ D(γ)/γ2, its time evolution, and dependence on σ0 and σ(t). The value of D0 and its relation

to other system parameters is important for testing particle acceleration theories, including the ones

described previously in Subsection 3.2.2. Handily, D0 is the inverse of the di�usive acceleration time

for a particle in the nonthermal energy range; its energy doubles in a time of order D−1
0 , absent

other e�ects (which can be seen by inserting D = D0γ
2 into Equation 3.23).

I now study the relationship between D0(t) and the instantaneous magnetisation σ(t). This

is of interest because analytical NTPA theories predict the scaling of D0 with parameters such as

the instantaneous magnetisation, or equivalently, the Alfvén velocity. For example, simple standard

second-order Fermi acceleration theories (see Subsection 3.2.1) yield D0 ∝ u2A where uA ≡ vA(1 −
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v2A/c
2)−1/2, whereas more sophisticated modern analyses predict D0 ∝ u3A (Demidem et al., 2020).

I measure D0 as a �ne-grained function of time by �tting D = D0γ
2 to the high-energy

region in each sample of D(γ, t). Figure 3.15 presents D0(t) and σ(t) for the N=768 σ0-scan. The

resemblance between the two panels suggests a direct relationship between D0 and σ, in accordance

with theoretical predictions. Nevertheless, let us �rst examine them separately.

The σ(t) trajectories show a characteristic pattern of an initial increase to roughly twice σ0

followed by decay. The initial increase is caused by δB going from zero to roughly B0 as the turbu-

lence is established, thus doubling the total magnetic energy density (as described in Section 3.3,

δB ∼ B0 is by choice). Thereafter, as the plasma heats over time in these simulations, the rela-

tivistic enthalpy density increases, and this causes the magnetisation (being inversely proportional

to the enthalpy) to decline. I refer to section 4.2 of Zhdankin et al. (2018a) for further details

about σ(t) time dynamics. The initial decay in σ is much more rapid for higher-σ0 simulations; this

is because the ratio of dissipated magnetic energy (per dynamical time) to initial thermal energy

increases in proportion to σ, as described quantitatively in section 4.2 of Zhdankin et al. (2018a).

As a consequence, simulations beginning at σ0 ≥ 3/8 have similar σ at late vA0t/L. Moreover, in

absolute time units ct/L, the highest σ0 simulations (e.g., σ0 = 3/2) arrive at lower σ(t) values

faster than slightly lower σ0 simulations (e.g., σ0 = 3/4).

As alluded to earlier, the time evolution of D0 is similar to that of σ: initially, D0 increases

brie�y, and thereafter it tends to decline. This initial increase lasts for around one to three Alfvén

crossing times. The subsequent decline re�ects the overall heating trend with both D(γ) and f(γ)

moving to the right as the simulation progresses. However, there are signi�cant and sustained

(∼L/vA0 duration) �uctuations in D0, up to the level of about a factor of two, such that this D(γ)

movement is not entirely monotonic. Overall, the values of D0 are higher for higher-σ0 simulations.

However, after about �ve Alfvén crossing times, theD0(t) lines for σ0 ≥ 3/8 simulations signi�cantly

overlap. Meanwhile, those for σ0 ≤ 3/32 are more distinctly separated.

Cross referencing the values of D0(t) and σ(t), I obtain D0(σ), and plot this in Figure 3.16.

I exclude points earlier than two Alfvén crossing times, before which turbulence has not fully
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Figure 3.15: (a) The di�usion coe�cient γ2 prefactor D0(t), and (b) the instantaneous magnetisa-
tion σ(t), for the N=768 σ0-scan. The D0(t) and σ(t) curves are qualitatively similar. Both show
an initial increase followed by decay, with higher σ also corresponding to higher D0.
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developed. I also exclude points after the normalised system size L/2πρe(t) drops below 15, the size

needed to start to see the inertial range and obtain converged particle distributions in the previous

radiative turbulence study Zhdankin et al. (2020) (while that study states that L/2πρe should be

greater than 25, slightly lower values are acceptable for practical purposes).

Here, I take advantage of the time dependence resulting from the simulation setup. As the

time evolution of σ(t) from simulations with di�erent σ0 overlap, I ask whether D0 also coincides

at these times. Indeed, I �nd that D0 mainly depends on instantaneous σ(t) rather than σ0. This

is primarily supported by the points at σ ≳ 0.1 from simulations with σ0 ≥ 3/16, but some overlap

is also seen for points with σ0 ≥ 3/64. For this range of simulations, the points with coinciding σ(t)

overlap even though they come from simulations with di�erent σ0. At the lowest σ, however, there

is no overlap between di�erent simulations. This is because the σ(t) time evolution is much slower

for lower σ0. Future work may bene�t from more tightly spaced simulations in the low-σ0 range.

I �nd that D0 = 0.4(vA/c)
3 c/L = 0.4[σ/(1 + σ)]3/2 c/L (solid line in Figure 3.16) is a

reasonably good �t over the entire σ range. I also present a power law �t with index 3/2, which also

�ts well. The standard Fermi acceleration theory predicts only D0 ∝ σ. However, these numerical

results provide a clear evidence against a linear σ scaling for σ ≲ 0.5, although it may be applicable

for σ ≳ 0.5. The preferred scaling D0 ∝ v3A, which becomes D0 ∝ σ3/2 in the small-σ limit, was

predicted by Demidem et al. (2020) for Alfvénic turbulence. There, the extra power of vA compared

to the standard Fermi acceleration theory was attributed to resonance broadening. Thus, these

results provide direct numerical support for this theory.

3.7.2 System-size dependence

Figure 3.17 shows the di�usion coe�cient at a single point of time t0 = 10L/c for the system-

size scan simulations, which have the same σ0 = 3/8 and varying L/ρe0 ∈ {1024, 683, 512, 341,

256, 171}. One could also choose time points with a logarithmic dependence on system size, in

accordance with the convergence time in Zhdankin et al. (2018b), but the di�erence is minor. The

agreement in the nonthermal range between the simulations of di�erent L/ρe0 is excellent. At this
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79

σ0 = 3/8, D(γ) follows a broken power law, where the low-energy part is shallower, and varies

somewhat between simulations.

Figure 3.18 shows D0(t) and σ(t) for the system-size scan. The upper panel shows that for

simulations with the same σ0 but di�erent system sizes L/ρe0, the time-histories of D0(t) are largely

overlapping, consistent with being statistically the same. The lower panel shows that system size

has only a weak e�ect on σ(t) when σ0 is held constant. Repeated runs of simulations with the

same initial system parameters but di�erent random seed would be required to test if there is any

statistically signi�cant di�erence in D0(t) for simulations between which only the system size varies.

I leave such an investigation for future work. The convergence of D in the nonthermal range with

increasing system size L/ρe0 is good, which gives con�dence in the rest of the results.

3.7.3 Particles-per-cell convergence

Figure 3.19 shows the dependence of D(γ) at �xed t0 = 10L/c on the number of particles

per cell Nppc for simulations with σ0 = 3/8 and L/ρe0 = 256 (N = 384). The convergence in the

high-energy, D ∝ γ2, range is excellent. The extent of this range shortens slightly as Nppc decreases,

with the beginning occurring at slightly higher γ. Lower energies also have a power-law scaling,

which, however, becomes shallower with decreasing Nppc. Importantly, however, even this lower-

energy segment shows very good convergence with increased Nppc, with essentially full convergence

achieved for Nppc ≳ 64 for the entire range of particle energies. Note that the e�ect of decreasing

Nppc in Figure 3.19 resembles the trend of increasing system size from Figure 3.17; this resemblance

may be explained by PIC noise having a stronger e�ect on small scales (low energy di�usion) in

simulations with a larger inertial range.

The high quality ofD measurements in the nonthermal range in simulations with both reduced

L/ρe0 and Nppc is somewhat surprising. With reduced system size, the extent of the inertial range

should be reduced. However, the dynamic range for which there are good D measurements with

D ∼ γ2 scaling is almost unchanged. This suggests that the highest energy for which D can be

measured reliably in these simulations is limited by particle statistics due to the f ∝ γ−α fallo�
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rather than by the extent of the inertial range or by γmax.

3.8 Advection coe�cient

In Wong et al. (2020), I observed that A was positive at γ < γpk and negative at γ > γpk.

However, the data at highest nonthermal energies seemed too noisy to analyse in detail. Now, my

model in Subsection 3.2.2 suggests a concrete energy-dependence A = A0γ log
(
γ/γ∗A

)
(3.9) in the

nonthermal range, and also predicts relationships between the FP coe�cient model parameters and

the power law index. This Section will examine the advection coe�cient in the context of that

model.

First, I reduce the noise in A by time-averaging it over intervals of 0.5L/vA0 and also by

merging consecutive pairs of bins above γ0 = 104. Figure 3.20 shows the resulting A(γ, t) at times

t0 ≈ {3, 6, 9}L/vA0 for the simulations with σ0 ∈ {3/2, 3/8, 3/32, 3/128} from the N=768 σ0-scan.

Although still considerably noisy in the nonthermal range, the qualitative behaviour is clear and

is also similar throughout the depicted simulations and time instants: A is positive at highest and

lowest energies, and negative in an intermediate interval. The highest-energy behaviour is not visible

if the power law is too steep to have enough high-energy tracked particles to measure A there; this

occurs for the σ0 = 3/128 simulation and early times in the σ0 = 3/8 and σ0 = 3/32 simulations.

However, in these cases the lower-energy data still agrees with the aforementioned pattern. The

�rst zero crossing, from positive to negative near γpk, was the initial observation of Wong et al.

(2020): that the advection coe�cient tends to gather particles together in energy space. This is at

thermal energies and so out of the Subsection 3.2.2 model's validity range. The second zero crossing,

from negative to positive, is a key feature of the Subsection 3.2.2 model that is borne out in these

simulation results. This sign change is unlikely to be an artefact of the particle pileup at the system

size limit γmax because it occurs roughly an order of magnitude in energy lower than γmax (which is

depicted as the rightmost grey bar in Figure 3.20). Figure 3.20 also shows �ts of A to (3.9), limited

to the nonthermal range. As long as there is adequate high-energy data, the �ts are consistent with

the measurements inside the model validity range of the power-law tail; deviations occur near γpk
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and γmax, which is expected.

While the FP equation is in terms of A, it is more convenient to work with M because

A = M − ∂γD (from Equation 3.23) is contaminated by noise in ∂γD (with the γ-derivative in par-

ticular amplifying the noise), whereasM comes only from∆γ measurements (also by Equation 3.23).

Hence, I switch to analysing M from here on. I rewrite (3.14) into

M/γ = M0 log γ −M0 log γ
∗
M . (3.25)

This now simply states that M/γ is linear in log γ. This form is convenient for visual inspection

and also favourable for �tting because linear regression is robust and well understood.

Figure 3.21 showsM/γ vs γ on linear-log scales so that a linear equation in log γ such as (3.25)

appears as a straight line. I show this for a selection of simulations from the N=768 σ0-scan at

measurement times t0 ≈ {3, 6, 9}L/vA0. Generally, at the earliest shown instance t0 ≈ 3L/vA0, the

power-law is in a not quite fully formed intermediate state, whereas at the later measurement times,

the power-law is fully established. I also restrict the plot view to the high-energy region above γpk.

I �nd, in all cases, a remarkably good linear segment spanning about a decade of energies. This is

followed by a decline in M/γ at energies near the system-size limit (or near the end of the particle

energy distribution at the time), adulterated by varying amounts of noise: less for high σ0 and more

for low σ0. Even the lowest σ0 = 3/128 simulation plot shows a high-quality straight-line region

despite the lack of high-energy particles which caused the high-energy region in the corresponding

A(γ, t) panel (Figure 3.20d) to be noisy. The linearM/γ region also appears clearly before the power

law has fully formed. The high-quality linear segment over a wide range of initial magnetisation

values gives strong qualitative support to the Subsection 3.2.2 model.

I repeatedly �t M with functions of the form (3.25), obtaining M0 and γ∗M . Figure 3.22

shows M0(t) and γ∗M (t) for the N=768 σ0-scan. Since γ∗M is noisy, I apply a geometric Gaussian

smoothing with standard deviation of 0.5L/vA0. I �nd that M0 is higher for higher σ0 simulations,

and it tends to decrease over time. There is no clear trend in γ∗M , although the values are around

γ = 1000 which is typically within the lower part of the nonthermal section.
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Figure 3.21: M/γ for simulations with σ0 = 3/2, 3/16, 3/128, from left to right. M/γ is linear in
log γ for a substantial part of the power-law tail. Lower panel solid lines are linear �ts in log γ.
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Figure 3.23: M0 vs instantaneous σ, with a dashed line proportional to σ.
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Subsection 3.2.2 does not give any predictions for M0 and γ∗M as functions of system param-

eters in the way that analytical models predict the scaling of (the di�usion coe�cient γ2 prefactor)

D0 with instantaneous σ (see Subsection 3.7.1). Nevertheless, by analogy to the di�usion coe�cient,

I plot M0 against σ in Figure 3.23. The scaling is consistent with a power law index of about 1.

3.8.1 Comparison to analytical model of power law evolution

Subsection 3.2.2 derived relationships between the FP coe�cient parameters D0, M0, and γ∗M

and the power-law parametersK and α. These variables are related by (3.10, 3.15) and their integral

forms (3.16, 3.17). In this Subsection, I test the consistency of these formulae with the acquired

data.

The FP coe�cient parameters come from �ts of the FP coe�cients to (3.6) and (3.9). Sec-

tion 3.7 describes the D0 �t. Section 3.5 described how to measure α(t). The normalisation

coe�cient K is found by extending the process used for �nding α, as follows: The γ-value selected

for α obtained from the cubic �t to −∂ log f/∂ log γ (as described in Section 3.5) also gives a point

[f(γ), γ] which, when substituted into f(γ) = Kγ−α, yields K = f(γ)γα.

I �rst examine the di�erential relationships. Figure 3.22a shows the �tted M0(t) values, along

with the prediction from the nonthermal power-law evolution, −α̇/(α− 1), Equation 3.10. For this

equation, I use the exponential �ts described in Section 3.5 instead of the individual power law index

measurements. This is because α evolves slowly at late times, and so small measurement noise in α

can cause α̇ to �uctuate above and below zero misleadingly, whereas the exponential is an excellent

�t and is guaranteed to be smooth and monotonic. The analytical expression for M0 obtained by

substituting the empirical �t α(t) = α∞ +∆α exp(−t/τ) (Equation 3.18) into Equation 3.10 is

M0(t) =
1

τ

1

1 + α0−1
∆α

et/τ
. (3.26)

The predictions from the α integrals are generally lower than the M0 values obtained from �tting

to M . This is investigated further below.

I note that M0 and γ∗M can both �uctuate in time signi�cantly while still producing relatively
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smooth α(t) and K(t) because the latter two quantities are obtained through the cumulative e�ect

of the FP coe�cients acting on the particle energy distribution. This is, the above di�erential

equation comparisons may be misleading in terms of how much the FP coe�cient �uctuations

a�ect the power law index. This idea is embodied by rearranging the di�erential equations (3.10,

3.11, 3.15) into integral equations for α(t) and K(t): (3.12, 3.13, 3.16, 3.17).

Figure 3.24 compares α and K measured from the particle energy distribution with those

obtained through the time integrals (3.12, 3.13) from the FP coe�cient model parameters D0, A0,

and γ∗A. I choose the integration constants so that the integral lines and α measurement lines

intersect where the α �error bar� is smallest. This corresponds roughly to where the power law

is �attest, just before the high-energy pileup appears (see Section 3.5), which is essentially the

�in�ection time" discussed by Zhdankin et al. (2018b). The two agree reasonably well, especially at

late times. The integral result for α undershoots the measurement after the constructed intersection

point. A possible explanation is if the FP coe�cients are partially sensitive to the high-energy pileup.

The pileup contributes to the uncertainty in α and would tend to push α to smaller values.

These comparisons between the α and FP measurements stretch the quality of the data with

substantial uncertainty on both sides; for α, due to the limited extent of the power law, and for

the FP coe�cients, due to the limited number of high-energy tracked particles. Nevertheless, this

consistency result is signi�cant because the FP coe�cients come from tracked particles while the

power-law parameters come from the global particle energy distribution, two substantially di�erent

data acquisition methods. Hence, their qualitative agreement provides reasonable con�dence in the

basic validity of the Subsection 3.2.2 model. Furthermore, the remarkable quality of the linear

segment in M/γ versus log γ in Figure 3.21, and the fact that the assumptions underlying the

Subsection 3.2.2 model are simple, are both encouraging.

3.8.2 Momentum space advection coe�cient

As stated in Subsection 3.2.1, the FP model is often formulated in momentum space. For an

isotropic model where the di�erential number of particles is dn = 4πp2f(p), the di�usion and advec-
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Figure 3.24: α and K measurements vs integral prediction. Points are measurements coming from
the particle energy distribution and dashed lines are from the integral formulas as described in the
main text. �Error bars� are the same as described in Section 3.5.
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Figure 3.25: Momentum space advection coe�cient Ap = A− 2D/γ.
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tion coe�cients Dpp and Ap correspond to energy-space coe�cients (without subscript) D = Dpp

and A = Ap + 2Dpp/γ. There is a common result or assumption that Ap = 0 and consequently

A = 2D/γ for the case of balanced turbulence (see, e.g. Schlickeiser, 1989, for a quasilinear deriva-

tion that retains an advection coe�cient).

Figure 3.25 shows the momentum space advection coe�cient for the N = 1536, σ0 = 3/8

simulation at t0 = 10L/c. It is consistent with being everywhere negative and having a power-law

scaling with index around 0.8. A single power-law �t is adequate for both the low-energy and

nonthermal ranges. While this requires further investigation, the preliminary �nding is that the

results are statistically inconsistent with the common belief that Ap = 0.

3.9 Conclusions

In this Chapter, I investigated the evolution of nonthermal particle populations in �rst prin-

ciples particle-in-cell (PIC) simulations of collisionless, magnetised, driven relativistic pair plasma

turbulence through the lens of the Fokker-Planck (FP) energy di�usion-advection model. Mea-

surements of the particle energy distribution nonthermal power-law index �nd behaviour consistent

with an exponentially decaying time evolution. I then examine the behaviour of particle energies

by tracking large numbers of particles. Particle energies behave di�usively with respect to time

across broad system parameter ranges. I measure the energy di�usion and advection coe�cients D

and A as a function of particle energy and time using the tracked particle data. When fed back

in to the FP equation, these coe�cients successfully reproduce the evolution of the overall particle

energy distribution obtained from the PIC simulations. This suggests that the FP model is an

adequate description of turbulent particle acceleration for the entire investigated system parameter

space. I �nd that the di�usion coe�cient generally scales with energy squared in the nonthermal

range. The coe�cient of this scaling, D0, depends primarily on the instantaneous magnetisation σ

rather than the initial magnetisation, and this relationship is consistent with D0 ∝ v3A. The inter-

pretation of the advection coe�cient measurements is guided by an analytical model relating the

nonthermal power-law index to the FP coe�cients in the nonthermal range. This predicts a scaling
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of A = A0γ log
(
γ/γ∗A

)
, which is borne out by the measurements. In addition, quantitative relation-

ships between parameters �tted to the FP coe�cient variables and the index and normalisation of

the power law tail are ful�lled reasonably well.

This work opens various avenues for further investigation. The di�usion coe�cient scaling is

somewhat di�erent from the expected scaling of D0 ∝ σ. This could be further tested through simu-

lation and experiment, as well as investigated analytically. The novel scaling of A = A0γ log
(
γ/γ∗A

)
has signi�cant e�ects on the evolution of the nonthermal energy spectrum. This may be of interest

as nonthermal particle acceleration models commonly assume that the momentum-space advec-

tion coe�cient is zero (leading to A = 2D/γ). While I have focused on the behaviour of the FP

coe�cients in the nonthermal region, I also measured D and A at thermal and subthermal ener-

gies, �nding qualitatively di�erent behaviour. These may in�uence nonthermal particle acceleration

(NTPA) by providing intermediate energy particles for stochastic acceleration, but regardless, fur-

ther investigation may shed light on other physical phenomena relevant at those energies and scales.

Apart from turbulence, other mechanisms such as magnetic reconnection and shocks also produce

NTPA. My methods may be adapted to simulations of these di�erent types of systems in order to

test theories of particle acceleration in those respective environments. Future work may investigate

the asymptotic particle distribution function by analysing simulations that include cooling, in which

a true statistical steady state is achieved (Zhdankin et al., 2020, 2021), which is an ideal starting

point for studying the steady-state particle distribution in relation to the FP model.

This study of magnetised turbulent nonthermal particle acceleration over a wide range of

system parameters enhances our understanding of widespread and long-studied plasma physical

processes, and has implications for space, solar, and astrophysical systems.



Chapter 4

Summary and outlook

This dissertation investigated energy di�usion-advection models of relativistic nonthermal

particle acceleration (NTPA) in particle-in-cell (PIC) simulations of relativistic collisionless mag-

netised pair plasma turbulence by statistically analysing large numbers of self-consistent particle

trajectories and energy histories. I analysed simulations over a wide parameter space, with the main

system parameters being the initial magnetisation, which controls how relativistic the turbulent bulk

motions are, and the system size, which sets the separation between the driving and kinetic scales

and hence the extent of the inertial range. The outcomes of this project divide into two main areas:

physical �ndings regarding the relativistic NTPA process, and the development and demonstration

of new tools for analysing NTPA in PIC simulations.

The major physical �ndings are as follows:

� In these turbulence simulations, relativistic particle energies evolve in a manner consistent

with an energy di�usion-advection model where the di�usion is of the classical Brownian

type. The measured energy di�usion and advection coe�cients, D(γ, t) and A(γ, t) �

functions of particle Lorentz factor γ and time t � reproduce the evolution of the overall

particle energy distribution when evolved numerically in the Fokker-Planck (FP) equation.

� In the nonthermal range, the energy di�usion coe�cient is proportional to particle energy

squared: D = D0γ
2 (de�ning D0 as the proportionality factor), in agreement with second-

order Fermi acceleration. This is true for the whole explored simulation parameter space

which covers a wide range of di�erent initial magnetisation and system size values.
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� The prefactor D0 is roughly proportional to σ3/2 (where σ is the instantaneous magnetisa-

tion), independent of the initial magnetisation σ0. This is slightly but noticeably steeper

than most Fermi-type models which predict a linear scaling with magnetisation, but is con-

sistent with the recent theoretical prediction of Demidem et al. (2020), which attributes the

steeper scaling to resonance broadening of Alfvénic modes in critically balanced magneto-

hydrodynamic (MHD) turbulence.

� In the nonthermal range, the energy advection coe�cient scaling is A ∝ γ log(γ/γ∗A), with

γ∗A a constant, or equivalently, A/γ is linear in log γ (with intercept). This scaling is entirely

novel and was initially suggested by my analytical model connecting the nonthermal power-

law index of the particle energy distribution with the FP coe�cients in the inertial range.

� The power-law index of the relativistic particle spectrum evolves close to exponentially in

time over a wide range of initial magnetisation and system size values, and the asymptotic

value tends to be lower (i.e., harder) for higher initial magnetisation. This implies that

relativistic turbulence is a particularly e�ective particle accelerator, especially in producing

hard power-law spectra of high-energy particles.

This dissertation uses the relativistic pair plasma regime as it is the simplest, most basic model

that still has the critical, key physics for relativistic NTPA. The long-term impact of this study is

not, however, limited to just relativistic pair plasma astrophysical systems as these foundational

methods can now be extended to other plasma-physical processes such as magnetic reconnection,

shocks, and plasma instabilities, as well as di�erent plasma regimes including:

� Radiative turbulence. In particular, to investigate whether the di�usion coe�cient retains

its energy-squared scaling, and how the radiative losses (e.g., synchrotron and/or inverse-

Compton) a�ect the FP coe�cients, for instance, in the advection coe�cient. This is partic-

ularly intriguing because the radiative turbulence studies of Zhdankin et al. (2020) indicate

that the particle energy distribution may lose a power-law shape and become quasi-thermal

in the strong-cooling regime. This is therefore an attractive opportunity to take advantage
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of particle tracking as it goes beyond using only the overall particle energy distribution.

This would allow it to reveal whether a second-order Fermi acceleration is operating even if

the formation of a nonthermal power law of particle energies is being quenched by vigorous,

energy-dependent cooling.

� Electron-ion plasma, which has applications in the relativistic or semi-relativistic regime to

black-hole radiatively-ine�cient accretion �ows and jets; and in the nonrelativistic regime,

to, e.g., the solar wind. There are also possible basic plasma-physics motivations such

as understanding how electron and ion NTPA interact in the absence of binary collisions,

via turbulent electromagnetic �elds. The electron-ion case brings in additional complexity,

both computational � having to deal with an additional separation of electron and ion

microscales � and for the analysis: having to investigate two sets (e and i) of particle

energy distribution power-law indices and two sets of FP coe�cients.

Apart from di�erent physical setups and regimes, the tracked particle analysis methods can

be extended to improve the capability to investigate NTPA. Some possible such steps are:

� Inclusion of particle pitch angle in addition to the current 1-dimensional model in energy

only. This is important because pitch-angle scattering is a vital part of FP-type NTPA the-

ories, and studies such as Schlickeiser (1989) compute tensor di�usion coe�cients including

pitch angle coordinates. Thus, measuring the pitch-angle scattering through quantities like

the momentum-space (rather than energy-space) di�usion and advection coe�cients would

give another, complementary way to test NTPA theories.

� Particle trajectories can also be used to study spatial transport, which I only examined

preliminarily in Subsection 2.3.2. This can be used to investigate, e.g., spatial di�usion

of energetic particles, an important topic in cosmic-ray physics. This is likely to bene�t

from smoothing or averaging the spatial gyration, just as removing energy oscillations was

necessary for the energy-di�usion-advection analysis.
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These results and ones generated through subsequent studies such as those described above

will help develop more realistic, physics-based FP models of NTPA in relativistic turbulent plasma

environments like PWN, AGN jets and radio-lobes, and black-hole accretion �ows, including, in

particular, the Event Horizon Telescope targets: the supermassive black holes at the centre of our

galaxy (Sgr A*) and M87. In particular, the incorporation of �rst-principles PIC-based FP-model

prescriptions into the existing and future 3D global relativistic MHD (including general-relativistic

MHD [GRMHD] in the case of black holes) numerical models of these enigmatic astrophysical

systems will enable us to more rigorously treat nonthermal populations of both electrons and ions,

putting on a �rmer footing the connection between those sophisticated dynamical models with the

actual observations. Speci�cally, calculating relativistic electron NTPA using these methods in

GRMHD simulations of black holes and their coronae and jets will allow us to predict (and then

compare with observations) the observable broad-band (from radio to gamma-rays) electromagnetic

radiation signatures from these systems. Calculating ion NTPA is particularly exciting in light of

the ongoing multi-messenger revolution in astrophysics, because it will help us con�dently assess

the potential of various astrophysical systems as possible cosmic-ray accelerators and as sources of

very-high-energy neutrinos (e.g., detected by the IceCube neutrino observatory at the South Pole)

produced by accelerated ultra-relativistic protons via hadronic processes.

In summary, in this dissertation I showed the presence of FP-type energy di�usion leading

to NTPA in PIC simulations of relativistic collisionless turbulence, and measured the FP energy

di�usion and advection coe�cients using self-consistent tracked particles, both for the �rst time. In

doing so, I also demonstrated the viability of an emerging suite of simulation diagnostics exploiting

the wealth of microphysical information generated by PIC simulations that heretofore has been

underutilised. Inevitably, these types of tracked particle techniques will join the standard analytical

palette, which will help obtain plasma- and astrophysical insights, rigorously test analytical NTPA

models, and thus advance our understanding of high-energy astrophysical phenomena.
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