
Stochastic Lanczos Likelihood Estimation of
Genomic Variance Components

by

Richard Border

Department of Applied Mathematics

A thesis submitted to the

Faculty of the Graduate School of the

University of Colorado in partial fulfillment

of the requirements for the degree of

Master of Science

Department of Applied Mathematics

2018



This thesis entitled:
Stochastic Lanczos Likelihood Estimation of Genomic Variance Components

written by Richard Border
has been approved for the Department of Applied Mathematics

Stephen Becker

Jem Corcoran

Matthew Keller

Date

The final copy of this thesis has been examined by the signatories, and we find that
both the content and the form meet acceptable presentation standards of scholarly work

in the above mentioned discipline.



iii

Border, Richard Schuster (M.S., Applied Mathematics)

Stochastic Lanczos Likelihood Estimation of Genomic Variance Components

Thesis directed by Assistant Professor Stephen Becker

Genomic variance components analysis seeks to estimate the extent to which interindividual

variation in a given trait can be attributed to genetic similarity. Likelihood estimation of such

models involves computationally expensive operations on large, dense, and unstructured matrices

of high rank. As a result, standard estimation procedures relying on direct matrix methods become

prohibitively expensive as sample sizes increase. We propose a novel estimation procedure that

uses the Lanczos process and stochastic Lanczos quadrature to approximate the likelihood for an

initial choice of parameter values. Then, by identifying the variance components parameter space

with a family of shifted linear systems, we are able to exploit the Krylov subspace shift-invariance

property to efficiently compute the likelihood for all additional parameter values of interest in linear

time. Numerical experiments using simulated data demonstrate increased performance relative to

conventional methods with little loss of accuracy.
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Chapter 1

Introduction

1.1 Motivation and problem overview

The decomposition of phenotypic variance into heritable and non-heritable components has

been of primary interest in quantitative genetics since the field’s inception [4, 19, 5]. Prior to the

previous decade, such analyses were restricted to pedigree-type data collected from sets of related

and unrelated individuals (e.g., fraternal and identical twin pairs). In recent years, the increasing

affordability of genotyping, as well as the increasing size of genotyped samples, has permitted the

extension of such methods to incorporate directly measured genotypes into the examination of

individual differences among unrelated individuals [28].

Estimating such models, which we refer to as genomic variance component models, typ-

ically involves computationally intensive matrix operations on large, dense, high rank matrices

with minimal structure which arise in the evaluation of a likelihood or its derivatives. Samples of

interest are already large enough (e.g., ≈500,000 [24] to ≈1,100,000 [14] participants) to render

direct methods for matrix operations (i.e., O(n3) methods for solving linear systems or evaluating

bilinear forms) infeasible and sample sizes will only continue to grow in the future. As a result,

computationally efficient estimation of genomic variance components models had attracted consid-

erable interest in recent years [15, 29, 18, 16], with efforts directed toward minimizing the number

of O(n3) operations, approximate inference, and/or the substitution of iterative matrix methods

for direct methods. In the present thesis, we extend previous efforts in the latter two directions by

incorporating recent advances in numerical linear algebra and by exploiting structure specific to

the problem at hand.

In the following introductory discussion, we consider our subject in the broader contexts

of quantitative genetics and general variance components analysis. We then emphasize the unique

difficulties encountered in genomic variance component estimation with respect to these canonical
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methods. Finally, we provide an outline of the rest of the thesis, wherein we motivate and propose

methods for addressing these difficulties.

1.2 Heritability analysis in complex traits genetics

Before discussing the notion of heritability, it is helpful to explain what is meant by the

phrase “complex traits.” The complexity of said traits does not lie in their definitions or measure-

ment; for example, height, which is among the easiest to define and measure of all human traits, is

genetically complex in that substantial interindividual variation cannot be explained by variation

at a small number of polymorphic loci. Instead, height is thought to be highly polygenic; that is,

its heritable component reflects variation at many hundreds or thousands of loci, each exerting ex-

tremely small, difficult-to-detect effects [28]. In fact, most common traits of interest to behavioral

and health researchers (i.e., excluding rare, monogenic disorders) appear to be highly polygenic.

1.3 Defining heritability

Heritability (h2) can be briefly defined as the fraction of variance of a given phenotype

attributable to additive genetic effects1. In general, we represent a phenotype by a random vector

y with marginal distribution of the form

y ∼MVN (µ, σ2kK + σ2rR) (1.3.1)

Here, the kinship matrix K ∈ Sn+2 is a correlation matrix describing genetic similarity between

individuals and R ∈ Sn++ (which is often simply the identity matrix) similarly reflects non-genetic

similarity or dissimilarity between individuals. The parameters σ2k, σ2r > 0, σ2k + σ2r = 1, comprise

the heritable and non-heritable variance components, respectively (we assume, without loss of

generality, that V ar(y) = 1).
1Technically, we might call this quantity “narrow sense heritability” as it does not include potential non-additive

genetic effects, including dominance or epistasis
2in the genomic case, we may assume K ∈ Sn

++
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1.3.1 Twin models

The classical twin model serves as an intuitive example of variance components models as

employed in quantitative genetics [4]. Represent a phenotype by the random vector y with marginal

distribution

y ∼MVN (µ, σ2aA+ σ2cC + σ2eI), (1.3.2)

where

A =



1
1

MZ
1 Sym

. . .
0

unrel
1

1/2
DZ

1


, C =



1
1
rel

1 Sym

. . .
0

unrel
1

1
rel

1


. (1.3.3)

The matrixA represents the expected covariance between individuals due to additive genetic factors:

identical, or monozygotic (MZ) twins are identical in genotype; on the other hand, fraternal, or

dizygotic (DZ) twins, are on average identical at only 50% of polymorphic loci; finally, we assume

individuals from different families are on average independent at polymorphic loci. These differences

determine the expected contributions of additive genetic effects to the similarity between individuals

with respect to y under random mating [5].

The matrix C accounts for the nesting of twin pairs within families: similarity among

related individuals (rel), in this case siblings, might reflect similarity in rearing environment or

other non-genetic factors that would not be as such for unrelated (unrel) individuals.

Finally, the identity matrix accounts for residual variation unique to each individual beyond

that attributable to additive genetic effects and common environment. The variance components

σ2a, σ
2
c , σ

2
e , which are to be estimated, reflect the decomposition of the total covariance of y into that

attributable to additive genetic variation, shared environmental variation, and residual variation,

respectively. To summarize,

Cov
i ̸=j

(yi, yj) =σ
2
a Ji, j form an MZ pairK + σ2a

2
Ji, j form an DZ pairK

+ σ2c Ji, j form a sibling pairK + σ2e . (1.3.4)
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An estimate of the heritability of y with unit variance derived from a fitted twin model is

simply the estimate of additive genetic variance component ĥ2twin = σ̂2a. In general, when V ar(y) ̸=

1, the heritability is estimated as the fraction of total variance comprised by the additive component:

ĥ2twin = σ̂2a/(σ̂
2
a + σ̂2c + σ̂2e).

1.3.2 Genomic variance components models

The genomic variance components model, in contrast to pedigree-based models such as the

classical twin model, utilizes measured genotypes to index genetic similarity, in samples of unrelated

individuals3. Let Z ∈ Rn×m, m ≫ n, be a standardized genotype rank n matrix consisting of n

individuals’ genotypes at m loci, where each column has zero mean and unit variance. The genomic

relatedness matrix (GRM) 1
mZZ

T plays a role analogous to that of the A matrix in the classical

twin model (1.3.2):

y ∼MVN (µ, σ2g︸︷︷︸
heritable

comp.

1

m
ZZT︸ ︷︷ ︸

GRM

+ σ2e︸︷︷︸
non-

heritable
comp.

In). (1.3.5)

Note that there is no common environment variance component σ2c as we presume the

individuals’ rearing environments were independent of one another. An estimate of the heritability

of y with unit variance derived from a genomic variance components is the estimate of additive

genetic variance component ĥ2SNP = σ̂2g . In general, the heritability is estimated as the fraction

of total variance comprised by the additive component: ĥ2SNP = σ̂2g/(σ̂
2
g + σ̂2e). The subscript

“SNP” reflects the fact that columns of Z are typically comprised of measured genotypes at single

nucleotide polymorphism (SNP) loci; further details of the underlying biology aren’t necessary for

the present thesis.

1.3.3 Applications of heritability analysis

To many researchers, estimating genetic variance components has merit in its own right.

Particular topics of interest might include examining changes in heritability over time and/or envi-

ronment or “partitioned” heritability analyses, wherein the heritable variance component is further

decomposed according to constructs of interest, such as risk allele frequency or other biological
3i.e., individuals sharing no recent common ancestors
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annotations. Alternatively, variance components are often estimated in the context of linear mixed

effects models in association studies. In these cases, the variance components and relatedness infor-

mation are used to account for the confounding effects of population stratification by using genetic

relatedness to specify the residual covariance between observations [27]. Though the present work

does not focus on any of these directions, the methods we propose are applicable or extensible to

such lines of inquiry.

1.3.4 What heritability is not

Though the present thesis is not concerned with the substantive interpretation of variance

components with respect to complex traits, these quantities are grossly misinterpreted with such

frequency as to warrant further comment [26]. Heritability is the fraction of variance in a phenotype

that can be explained by genetic factors. Thus, heritability is not constant across environments,

age, or physical location, as any changes in the variability of an external factor influencing a trait

will necessarily induce corresponding changes in the heritability of said trait. Likewise, heritability

is not an index of the immutability or malleability of a particular trait. A well-known hypothetical

example aids our intuition here: if all humans were to smoke several packs of cigarettes a day

throughout their lifespans but otherwise acted in the best interests of their physical health, there

would be little variability in environmental factors related to the development of lung cancer, and

the heritability of lung cancer would be nearly 100%. Of course, this says little of the malleability

of risk factors for lung cancer; indeed, public health campaigns aimed at smoking cessation would

likely greatly reduce lung cancer deaths in such a population. Thus, heritability is no more tied to

genetic liability than it is to the environment in which it is measured.

1.4 The difficulty of genomic variance components analysis

With necessary precautions out of the way, we focus on the unique difficulties posed by the

numerical estimation of genomic variance components models, again first considering the classical

twin model to aid in our exposition.

The log-likelihood of the variance parameters θ governing the distribution of random vector
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y ∼MVN (⃗0,Σ(θ)) is of the form

ℓ(θ|y) ∝ ln detΣ(θ) + yTΣ(θ)−1y. (1.4.1)

Here we assume Σ(θ) ∈ Sn++ for all θ ∈ Θ, that is, for all parameter values θ belonging to the param-

eter space of interest Θ. Simply evaluating the likelihood, let alone finding θ⋆ = arg maxθ ℓ(θ|y),

requires the expensive matrix operations involved in computing the log determinant ln detΣ(θ)

and in solving the linear system Σ(θ)z = y, both of which are O(n3) using direct methods. How-

ever, both the size and the structure typical in the classical twin model and the other problems

which motivated the development of variance components analysis (e.g., unbalanced, hierarchical,

and/or repeated-measures experimental design), rendered such operations feasible. For example,

whereas samples consisting of more than 2,000 twin pairs are uncommon [21], samples consisting

of hundreds of thousands of unrelated individuals are both common to and necessary for genomic

variance components estimation and available sample sizes will continue to grow. Hence, in the

case of genomic variance components models, estimation procedures with cubic time complexity

are becoming exceedingly infeasible.

Greatly compounding the computational difficulties engendered by the large samples en-

countered in genomic applications is the lack of exploitable structure or sparsity of covariance

matrices. Consider again the case of the classical twin model (1.3.2). Here, the covariance is of the

form

Σ(θ) = σ2aA+ σ2cC + σ2eI, (1.4.2)

{Σ(θ)}i,j = σ2a Ji, j form an MZ pairK + σ2a
2

Ji, j form an DZ pairK =
+ σ2c Ji, j form a sibling pairK + σ2e . (1.4.3)

Organizing siblings to be adjacent to one another then yields a block tridiagonal matrix with the



7

Figure 1.1: Density/sparsity of the genetic covariance structures in genomic variance components
versus the classical twin model

The absolute value of the (dense) genomic correlation matrix (left) versus the (sparse, tridiagonal)
A matrix in 1.3.2 (right). Grey indicates exactly zero cells.

following sparsity pattern: 

× ×
× ×

× ×
× ×

. . . . . .

. . . . . .
× ×
× ×


(1.4.4)

Here, both the log determinant and the linear system have linear time complexity and evaluating

the log likelihood would thus be inexpensive even for extremely large samples [9].

The GRM 1
mZZ

T , on the other hand, is not only large (n ⩾ 100, 000) but dense, with

all off-diagonal entries close to, but not equal to zero. Further, there is no natural ordering of

the rows/columns, and, beyond that implied by positive definiteness, the matrix is unstructured.

Figure 1.1 compares the structure of the GRM to the A matrix of the classical twin model.

Despite these difficulties, the overall covariance is the sum of a positive definite matrix and
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Figure 1.2: Condition number of covariance matrix for varying h2

1

10

100100

0.00 0.25 0.50 0.75 1.00
h²

𝑙𝑜
𝑔
₁₀

 κ
(1

/m
 Z

Zᵀ
 +

 𝜏
I)

The (spectral) condition number of 1
mZZ

T + τI where Σ(θ) in (1.4.5) is such that Σ(θ) =
σ2g
(
1
mZZ

T + τI
)
, τ = σ2e/σ

2
g . This choice of parameterization will be justified in 6.

a scalar multiple of the identity:

Σ(θ) = σ2g
1

m
ZZT︸ ︷︷ ︸

potentially
ill-cond.

+ σ2e︸︷︷︸
>0

In︸︷︷︸
well

cond.

, (1.4.5)

Thus, Σ(θ) is generally well conditioned (assuming the phenotype of interest isn’t ≈ 100% heritable,

which we can easily assume) and therefore amenable to iterative methods for matrix operations

(Figure 1.2).

1.5 Previous work and our contributions

Previous approaches to mitigating the computational burden associated with genomic vari-

ance components likelihood estimation have generally taken one of two approaches:

1. limiting the number of O(n3) computations to the greatest extent possible;

2. substituting iterative and/or stochastic methods to avoid O(n3) computations all together.

For an example of the first approach, [15] and [29] compute the eigendecomposition of 1
mZZ

T

once and, after completing a few matrix-vector operations, employ a series of clever algebraic
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manipulations to repeatedly evaluate the likelihood and its derivatives only using vector operations.

For the second, [16] solve the necessary linear systems via the method of conjugate gradients and

employ a Monte Carlo procedure to enable a series of computations that avoids evaluation of the

log determinant and other trace computations.

The present thesis proposes methods in line with the second approach. However, in com-

parison with previous methods, we propose to exploit additional structure inherent to the problem

of interest. As a result, the proposed algorithms will require only a single O(n2η) step, where η

depends on κ̃ = maxθ∈Θ κ (Σ(θ)).

1.6 Outline of thesis

In the second chapter, we provide a brief introduction to variance component models and

likelihood estimation, focusing on Newton-type estimation procedures. In the third chapter, we

further discuss previous approaches to reducing the computational burden of genomic variance

components estimation. The fourth and fifth chapters develop the theory of Krylov subspace

methods and stochastic trace estimators, both of which are central to our proposed method. The

sixth chapter describes the method in detail and includes the results of numerical experiments

to support their effectiveness. The final chapter summarizes the present work in terms of its

contributions and limitations and suggests directions for future research.
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Chapter 2

Likelihood estimation of variance components

2.1 Introduction

In this chapter we develop a simple variance components model. We then derive the max-

imum likelihood (ML) objective function and its derivatives, as well as the best unbiased linear

predictors (BLUPs) of the latent variables. Finally, we introduce Newton-type methods for ML

and discuss several widely used Newton-type algorithms for solving the resulting optimization

problems. We only consider simple models with no covariates and hence avoid discussion of maxi-

mum likelihood versus “restricted” or “residual” maximum likelihood estimators. Our presentation

borrows heavily from [11] and [23].

2.2 Notation and general model

We are interested in models of the general form

(y|u, θ) ∼MVN
(
Zu, σ2eR

)
u ∼MVN

(
0⃗, σ2gG

)

where the notation is as follows:

• y ∈ Rn, the outcome vector, is an observed vector standardized to unit variance and zero
mean.

• Z ∈ Rn×m, the genotype matrix, is an observed rank min(n,m) matrix of standardized
genotypes assumed to have random effects. In our applications, each jth column contains the
standardized genotypes of n individuals at the jth of m loci, with m≫ n.

• u ∈ Rm, the random effects, are latent Gaussian random vectors with zero expectation.

• G ∈ Sm++ and R ∈ Sn++, the random effect covariance structure and the residual
covariance structure matrices, respectively, are symmetric positive definite. In the cases
considered later, these will simply be identity matrices.
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• θ =
(
σ2e , σ

2
g

)T , the variance components, is an unknown vector comprised of the heritable
variance component σ2g and the non-heritable or residual variance component σ2e .

For the sake of generality, however, we will often instead avoid explicit references to the variance

components and instead move their influence into the matrices as Gθ, Rθ (or sometimes as G(θ),

R(θ)). For example, we might instead write the above model as

y|u ∼MVN (Zu,Rθ)

u ∼MVN
(
0⃗, Gθ

)
,

or, equivalently, in terms of the marginal distribution of y, as

y ∼MVN
(
0⃗, Rθ + ZGθZ

T
)
.

Alternatively, we may choose to represent the non-heritable variable component as a latent random

variable e ∼MVN (Zu,Rθ), in which case we write the model in generative form as

y = Zu+ e, u ∼MVN
(
0⃗, Gθ

)
, e ∼MVN

(
0⃗, Rθ

)

In the models considered in the present thesis, we usually assume Rθ = σ2eIn and Rg = σ2gIm.

2.3 ML estimation of variance components

We are generally concerned with determining the values of the variance components θ that

maximize the marginal log likelihood via Newton-type methods. To do so, we derive expressions

for the value, gradient, and Hessian of the likelihood objective. Our derivations make repeated use

of the facts presented in Appendix B.

Again consider the simple model

y = Zu+ e, u ∼MVN
(
0⃗, Gθ

)
, e ∼MVN

(
0⃗, Rθ

)
,
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which we write as y ∼MVN (⃗0,H), where H = Rθ + ZGθZ
T . The marginal log likelihood is

ℓML (θ|y) ∝− 1

2

(
ln {det (H)}+ yTH−1y

)
.

Letting Ḣj denote ∂H
∂θj

, we derive the components of the score function VML(θ) = ∇ℓML (θ|y) as:

∂ℓML

∂σ2j
= −1

2

(
Tr
(
H−1Ḣj

)
− yTH−1ḢjH

−1y
)

=⇒ ∂ℓML

∂σ2e
= −1

2

(
Tr
(
H−1Rθ

)
− yTH−1RθH

−1y
)
,

∂ℓML

∂σ2g
= −1

2

(
Tr
(
H−1ZGθZ

T
)
− yTH−1ZGθZ

TH−1y
)

The components of the observed information matrix, Iobs
ML(θ) = −∇2ℓML, which is the negative

Hessian matrix of the log likelihood, are then derived

∂2ℓML

∂σ2i ∂σ
2
j

=− 1

2

(
Tr
(
−H−1ḢiH

−1Ḣj

)
+ 2yT

(
H−1ḢiH

−1ḢjH
−1
)
y
)

=⇒ ∂2ℓML

∂σ4e
=− 1

2

(
Tr
(
−H−1RθH

−1Rθ

)
+ 2yT

(
H−1RθH

−1RθH
−1
)
y
)
,

∂2ℓML

∂σ2g∂σ
2
e

=− 1

2

(
Tr
(
−H−1ZGθZ

TH−1Rθ

)
+ 2yT

(
H−1ZGθZ

TH−1RθH
−1
)
y
)
,

∂2ℓML

∂σ4g
=− 1

2

(
Tr
(
−H−1ZGθZ

TH−1ZGθZ
T
)
+ 2yT

(
H−1ZGθZ

TH−1ZGθZ
TH−1

)
y
)
.

2.4 Prediction of latent variables

We briefly discuss equations for computing the Best Unbiased Linear Predictions (BLUPs)

of the latent random variables for a given estimate of the unknown variable components, following

the presentation of [23]. The distributions of the observed y, the latent u, and the residuals e can

be characterized as

(y|θ) ∼MVN
(
0⃗,H

)
where H = ZGθZ

T +Rθ,

(y|u, θ) ∼MVN (Zu,Rθ) ,

(u|θ) ∼MVN
(
0⃗, Gθ

)
,
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The joint log likelihood is factored as

ℓ(y, u) =ℓ(y|u) + ℓ(u)

∝−
(
(y − Zu)TR−1

θ (y − Zu) + uTG−1
θ u+ ln{det{Rθ}}+ ln{det{Gθ}}

)
=−

(
yTR−1

θ y − 2yTR−1
θ Zu+ uT (G−1

θ + ZR−1
θ ZT )u+ ln{det{Rθ}}+ ln{det{Gθ}}

)
The joint conditional log likelihood is maximized in u at the stationary point ũ that solves

the linear system:

(G−1
θ + ZTR−1

θ Z)ũ = ZTR−1
θ y

The above corresponds to a simple case of what are commonly referred to as “Henderson’s

mixed model equations”, and its solution, ũ = GθZ
TH−1

θ y provides the BLUPs for the latent genetic

effects. If we represent the residual variation in y by the latent variable e (such that y = Zu + e,

e ∼MVN (⃗0, Rθ)), we can immediately derive the BLUPs for e given θ as

ẽ = y − Zũ

=
(
Hθ − ZGθZ

T
)
H−1

θ y

= RθH
−1
θ y.

2.5 Newton-type algorithms for ML estimation

We consider Newton-type methods for likelihood estimation of variance components; that

is, determining the values of the variance components θ that maximize the marginal log likelihood.

The procedures introduced only differ in their choices of the negative Hessian-like information

matrix employed in the Newton iteration. A general template for Newton-type algorithms for ML

estimation is presented in Algorithm 2.1. We denote the genomic relatedness matrix as K = 1
mZZ

T .

We define three Newton-type methods based on the Hessian-type matrix used:

The Newton Raphson algorithm uses the observed information matrices derived in the

previous sections:

{
Iobs
ML(θ)

}
ij
=

1

2

{
Tr
(
−H−1ḢiH

−1Ḣj

)
+ 2yT

(
H−1ḢiH

−1ḢjH
−1
)
y
}
ij
,
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Algorithm 2.1 General Newton-type algorithm
input: starting value θ0 ∈ Θ, score function V, information function I, convergence criterion cvrg
initialize: j = 0, θ−1 =∞

1: while not cvrg(θj , θj−1, j) do
2: θj+1 = θj + I−1(θj)V(θj)
3: j ← j + 1
4: end while
5: return estimated variance components θj

An alternative approach known as Fisher Scoring substitutes the expected value (with

respect to the outcome variable) of the Hessian of the log likelihood for the observed Hessian. The

negative expected Hessian is the so called Fisher Information Matrix, which is given by

{
IEML(θ)

}
ij
=
1

2

{
Ey|θ

[
Tr
(
−H−1ḢiH

−1Ḣj

)
+ 2yT

(
H−1ḢiH

−1ḢjH
−1
)
y
]}

ij

=
1

2

{
Tr
(
−H−1ḢiH

−1Ḣj

)}
ij
+ 2Tr

(
H−1ḢiH

−1ḢjH
−1H

)
+ 0

=
1

2

{
Tr
(
H−1ḢiH

−1Ḣj

)}
ij

as Ey|θ [y] = 0. Finally, the popular Average Information algorithm uses the average of the

observed and expected information matrices. It has been shown that this procedure is optimal in

the sense that the information matrix can be split into two components, one of which is a random

matrix with zero-expectation; the average information excludes this uninformative random matrix

[30]. The average information matrix is given by

{
IAI
ML(θ)

}
ij
=
1

2

({
Iobs
ML(θ)

}
ij
+
{
IEML(θ)

}
ij

)
= 2yT

(
H−1ḢiH

−1ḢjH
−1
)
y.

2.6 Looking ahead

With suitable chosen starting values, the above algorithms are effective for small to mod-

erately sized problems (i.e., n ⪅ 50, 000). However, naive implementations using direct methods

for matrix operations quickly become infeasible as n grows large. In the next chapter, we review

a selection of previously proposed approaches to computationally efficient estimation of genomic

variance components.
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Chapter 3

Optimizing performance of estimation algorithms

3.1 Overview

Variance components estimation algorithms, including those presented in the previous chap-

ter, work well for moderately sized data sets, particularly when sparsity or other structure in the

variance/covariance matrix can be exploited. As we argued in the introductory chapter, the es-

timation of genomic variance component models enjoys neither moderate sample sizes nor simple

covariance structures. Many software packages aiming to address these difficulties have been de-

veloped over the previous eight years. Here we present two quintessential approaches. The first

approach, which involves a single O(n3) operation, is extremely effective in certain scenarios, but

is fundamentally limited in other respects. The second approach, which employs stochastic and

iterative procedures, forms a foundation for the novel algorithms we later propose.

3.2 Spectral decomposition based Newton Raphson

The Newton-type methods described in the previous section involve multiple O(n3) matrix

operations. For a limited class of genomic variance components models, clever algebraic manipu-

lations can accomplish ML/REML variance component estimation performing only a single O(n3)

operation: computing the spectral decomposition of the GRM 1
mZZ

T . Below we present such a

version of Average Information Newton Raphson based on those of [15, 29] for the model parame-

terized

y ∼MVN
(
Xβ, τ−1(γK + In)

)
.

HereK is the GRMK = 1
mZZ

T and the variance components have been parameterized as τ = 1/σ2e ,

and γ = σ2g/σ
2
e . For simplicity of presentation, we assume no fixed effects (i.e., Xβ = 0), though

this is not an inherent limitation of the method.
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We seek to efficiently compute Newton updates of the form

(τ, γ)T ← (τ, γ)T + I−1
AI (τ, γ)V(τ, γ)

Recall that the Average Information matrix, for which we must solve the above linear system

at each Newton iteration, is given by

IAI(τ, γ) =
1

4

[
2nτ−2 −τ−1Tr

(
V −1K

)
− yTV −1KV −1y

−τ−1Tr
(
V −1K

)
− yTV −1KV −1y 2τyTV −1KV −1KV −1y

]
,

and the score function and likelihood are

V(τ, γ) = −1

2

[
−Nτ−1 + yTV −1y

Tr
(
V −1K

)
− τyTV −1KV −1y

]
,

ℓ (τ, γ|y) = −1

2

(
−n ln (τ) + ln (detV ) + τyTV −1y + n ln(2π)

)
,

where V = γK + In. Denote the eigendecomposition of K as

K = UΛUT .

Evaluation of the objective function, its gradient, and its inverse Hessian require computing

the following expressions:

Tr
(
V −1K

)
, detV,

yTV −1y, yTV −1KV −1y, yTV −1KV −1KV −1y.

The trace term can be obtained in O(n) by

Tr
(
V −1K

)
= Tr

((
γUΛUT + UUT

)−1
UΛUT

)
= Tr

(
U (γΛ + In)

−1 UTUΛUT
)

= Tr
(
(γΛ + In)

−1 Λ
)

= Tr
(

diag
(

1

γλi + 1

)
Λ

)
=
∑
i

(
λi

γλi + 1

)
,
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where λ1, . . . , λn denote the diagonal entries of Λ (i.e., the eigenvalues of K). Similarly, the deter-

minant can be obtained by

detV = det
(
U (γΛ + In)U

T
)
= det (γΛ + In) =

∏
i

(γλi + 1) .

The inner-product terms are obtained:

yTV −1y = yTU (γΛ + In)
−1 UT y,

yTV −1KV −1y = yTU (γΛ + In)
−1 UTKU (γΛ + In)

−1 UT y

= yTU (γΛ + In)
−1 UTUΛUTU (γΛ + In)

−1 UT y

= yTU (γΛ + In)
−1 Λ (γΛ + In)

−1 UT y,

yTV −1KV −1KV −1y = yTU (γΛ + In)
−1 Λ (γΛ + In)

−1 Λ (γΛ + In)
−1 UT y.

As all terms in between the matrix-vector products ψT = yTU are products of diagonal

matrices, these computations are all O(n):

yTV −1y =
∑
i

ψ2
i

γλi + 1
,

yTV −1KV −1y =
∑
i

ψ2
i λi

(γλi + 1)2
,

yTV −1KV −1KV −1y =
∑
i

ψ2
i λ

2
i

(γλi + 1)3
.

Thus, provided we are willing to compute the eigendecomposition of the GRM, after com-

puting the inner products of the phenotype vector with the eigenvectors of the GRM, the entire

average information Newton Raphson algorithm can be implemented using only vector operations.

This may be particularly advantageous when variance component estimation is desired for multi-

ple phenotypes y1, . . . , yL measured in the same group of n individuals. The eigendecomposition

UΛUT may then be reused, and NR can again be performed in O(n) after computing L matrix

vector products of the form UT yℓ. We implement this method in Appendix C.2.

There are, however, two fundamental limitations to this technique. First, though it may be
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extended to variance structures of the form

V = γK +R, R ∈ Sn++,

by solving the generalized eigenvalue problem for the matrix pencil (K,R), it is not in general

possible to accommodate three or more matrices

V = γ1K2 + γ2K2 +R,

as arise in partitioned heritability analysis1. Further, even for the simpler case presented above,

any O(n3) computations will become prohibitively expensive for large n.

3.3 Monte Carlo Newton Raphson

An alternative approach, due to [7], is the Monte Carlo Newton Raphson (MCNR) method.

Here we present the implementation of [18, 16] that pairs MCNR with iterative matrix methods

to avoid all O(n3) computations. Compared to the standard NR methods of the previous chapter,

MCNR avoids explicit evaluation of the likelihood or its gradients. Again, we consider a simplified

model for clarity, albeit with a slightly different parameterization, which we present in marginal
1For matrices A1, A2, A3 ∈ Sn

++, suppose there exists unitary U that simultaneously diagonalize all three matrices:

UA1U
T = Λ1, UA2U

T = Λ2, UA3U
T = Λ3.

For the first two matrices, this is equivalent to the eigenvalue problem for A′ ≡ A2A
−1
1 as we have

U = A−1
1 UΛ1

=⇒ A−1
1 UΛ1 = A−1

2 UΛ2

=⇒ UTA2A
−1
1︸ ︷︷ ︸

≡A′

U = Λ1Λ
−1
2︸ ︷︷ ︸

≡Λ′

.

For all three matrices, however, the same argument yields

UTA2A
−1
1 U = Λ1Λ

−1
2

UTA3A
−1
1 U = Λ1Λ

−1
3

UTA3A
−1
2 U = Λ2Λ

−1
3

and thus

UTA3A
−1
2 A3A

−1
2 U = Λ1Λ

−1
3 = UTA3A

−1
1 U

=⇒ A3A
−1
2 A3A

−1
2 = A3A

−1
1

=⇒ A−1
2 A3A

−1
2 = A−1

1 ,

which is, in general, an untenable assumption.
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and generative form:

y ∼MVN (⃗0,H−1y), H = σ2eIn + σ2g
1

m
ZZT ,

y = m−1/2Zu+ e, u ∼MVN (⃗0, σ2gIm), e ∼MVN (⃗0, σ2eIn).

Our presentation borrows from that of [20], [23], and [16].

Recall the first order conditions on the score function (i.e., setting the gradient of the

likelihood to zero) presented in Section 2.3, which for the present model can be expressed as

Tr
(
H−1K

)
= yTH−1KH−1y,

Tr
(
H−1

)
= yTH−1H−1y,

where we have denoted the GRM K = 1
mZZ

T . For fixed estimates of the unknown variance

components σ̂2e , σ̂2g , the BLUPs for the random u and e can be obtained by solving Henderson’s

MMEs and are given by ũ = σ̂−2
g m−1/2ZTH−1y, ẽ = σ̂−2

e H−1y. Thus we have that σ̂−4
g ũT ũ =

yTH−1KH−1y, and σ̂−4
e ẽT ẽ = yTH−1H−1y. Further, we compute the expectations

σ̂−4
g E

[
uTu|y

]
= Tr

(
H−1KH−1E

[
yyT

])
= Tr

(
H−1KH−1H

)
= Tr

(
H−1K

)
, (3.3.1)

σ̂−4
e E

[
eT e|y

]
= Tr

(
H−1H−1E

[
yyT

])
= Tr

(
H−1

)
. (3.3.2)

Thus, the first order condition ∇ℓ(σ2e , σ2g |y) = 0⃗ can be represented by the equations

E
[
uTu|y

]
= ũT ũ,

E
[
eT e|y

]
= ẽT ẽ.

A necessary condition for the above is given by

E
[
uTu|y

]
E [eT e|y]

=
ũT ũ

ẽT ẽ
. (3.3.3)

Loh et al. [18, 16] demonstrate that, in practice, choosing σ2e , σ2g satisfying (3.3.3) is enough to



20

satisfy the first order conditions, which they achieve via finding the zero of the criterion function

fcrit(σ
2
e , σ

2
g) = ln

(
ũT ũ

ẽT ẽ
·
E
[
eT e|y

]
E [uTu|y]

)
,

where the expectations are approximated via a stochastic estimator. Specifically, making the change

of variables τ = σ2
e

σ2
g
, γ = σ2g , such that H = γH̃ with H̃ = τIn+

1
mZZ

T , we proceed as follows. For

a given estimate of the variance components τ̂ , γ̂, we compute BLUPs

ũ = m−1/2ZT H̃−1y, ẽ = τ̂ H̃−1y.

We then draw L random samples

ǔℓ ∼MVN (0, Im), ěℓ ∼MVN (0, In), for ℓ = 1, . . . , L,

and construct random phenotype vectors implied by the estimated variance components:

y̌ℓ = m−1/2Zǔℓ + τ̂−1/2ěℓ, for ℓ = 1, . . . , L.

BLUPs are then computed for each of the random samples

˜̌uℓ = m−1/2ZT H̃−1y̌ℓ, ˜̌eℓ = τ̂ H̃−1y̌ℓ,

and expectations are approximated by:

E
[
uTu|y

]
≈ EMC

[
uTu|y

]
=

1

L

L∑
ℓ=1

∥∥˜̌uℓ∥∥2 ,
E
[
eT e|y

]
≈ EMC

[
eT e|y

]
=

1

L

L∑
ℓ=1

∥∥˜̌eℓ∥∥2 .
The variance components are then updated via

τ ← zeroτfMC(τ), fMC(τ) = ln
(
∥ẽℓ∥
∥ũℓ∥

·
EMC

[
eT e|y

]
EMC [uTu|y]

)
, (3.3.4)



21

until convergence, with the same random vectors ǔℓ, ěℓ, ℓ = 1, . . . , L, reused at each iteration. We

provide an implementation of this procedure in Section C.3, which, mirroring that of [16], uses the

method of Conjugate Gradients to compute BLUPs and the secant method to find the roots of fMC

in 3.3.4.

3.4 Improving existing methods

The implementation of MCNR in [18] is, to our knowledge, the fastest widely-used software

for estimating the simple two-component model:

y ∼MVN (⃗0,H−1y), H = σ2eIn + σ2g
1

m
ZZT .

The speed of the method is largely due to two factors: 1, using the iterative Conjugate Gradients

method to solve dense linear systems, and 2, the introduction of a stochastic procedure for what is

essentially the trace of a function of a matrix, as can be seen in equations (3.3.1)-(3.3.2).

In the next two chapters, we further develop the theory of Krylov subspace methods such

as Conjugate Gradients and stochastic estimation of Tr f(A) for f : Rn×n → Rn×n. In the process,

we demonstrate that properties of these techniques are particularly well suited to the problem

structure of genetics variance components estimation, forming the foundation for the algorithms

we propose in Chapter 6.
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Chapter 4

Krylov subspace methods

4.1 Overview

With the exception of the spectral decomposition based Newton Raphson algorithm (Section

3.2), which is inherently O(n3), all the algorithms considered thus far involve solving a linear system

of the form

Ax = b, A ∈ Sn++, (4.1.1)

where, in the simplest case, A is a conic combination of a dense, high rank, genomic relatedness

matrix and a diagonal matrix. Throughout the remainder of the thesis, we will consider this case,

further simplified by assuming no fixed effects, parameterized as

γA = γ

(
τI +

1

m
ZZT

)
, (4.1.2)

where τ = σ2e/σ
2
g is the ratio of the non-heritable and heritable variance components and γ = σ2g is

the heritable variance component. A comprises the covariance matrix of the random vector y = b1

with marginal distribution

b ∼MVN
(
0⃗, γA

)
.

As demonstrated in Chapter 2, the solution of a linear system involving A is necessary for evaluating

the log likelihood and its derivatives or performing best unbiased linear prediction of the latent

random effects.

Noting that τ is strictly positive, A is in general well-conditioned, with conditioning im-

proving as the non-heritable component σ2e (and hence τ) increases. This, combined with the fact

that A is necessarily positive definite2, makes the linear system Ax = b amenable to iterative meth-
1We substitute “b” for “y” for the sake of congruence with the numerical linear algebra literature.
2To see this, note that even if we drop the assumption that Z is of full row rank, ZZT is a correlation matrix and

hence ZZT ∈ ST
+. Denoting the spectral decomposition ZZT = UDUT , we can write A = U(D + τI)UT = UΛUT

with eigenvalues Λi,i = di,j + τ ≥ 0 + τ > 0. Hence, A ∈ Sn
++.
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ods, particularly Krylov subspace methods (Figure 4.1). [16] use Conjugate Gradients to compute

BLUPs for the latent genetic effects and residuals, which, combined with MC Newton Raphson

(3.3), leads to an efficient genomic variance components estimation procedure.

The present chapter introduces the basic theory underlying Krylov subspace methods, then

describes two extensions to standard Conjugate Gradients that are particularly well suited to the

genomics variance components estimation problem. Finally, we present the results of numerical

experiments illustrating the utility of these extensions.

Figure 4.1: Spectrum of covariance matrix and convergence of conjugate gradients for varying h2
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Top: the spectrum of A = 1
mZZ

T + τI for varying h2 where τ = (1−h2)/h2. Bottom: the decrease
in the residual error norm, as a fraction of ∥b∥A when solving Ax = b via Conjugate Gradients.
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4.2 The Lanczos process

Here we briefly introduce Krylov subspace theory and the Lanczos process. We assume

familiarity with the method of Conjugate Gradients (CG; (4.1)). Our objective is to demonstrate

that the Lanczos process can be used to compute the CG successive approximations to the solution

of Ax = b for A ∈ Sn++ For simplicity, we discuss the general problem of finding x such that Ax = b.

Much of our presentation follows that of [3] and omitted proofs can be found in [3] §4.2 - 4.3.

Algorithm 4.1 Conjugate Gradients (CG)
input: a matrix A ∈ Sn++, RHS b ∈ Rn

̸=0, and error tolerance ϵ > 0
initialize: x0 = 0, p0 = r0 = b, i = 0

1: repeat
2: αi =

⟨ri,ri⟩I
⟨pi,pi⟩A

3: xi+1 = xi + αipi
4: ri+1 = ri − αiApi

5: βi =
⟨ri+1,ri+1⟩I

⟨ri,ri⟩I
6: pi+1 = ri+1 + βipi
7: i← i+ 1
8: until ∥ri∥ ⩽ ϵ
9: return xi

Definition 4.1. Given an initial approximation x0 to the solution of Ax = b, define the initial

residual r0 = b−Ax0. For m = 1, . . . , n define the mth Krylov subspace by

Km(A, r0) = span{r0, Ar0, A2r0, . . . , A
m−1r0}.

Note that Krylov subspaces are nested by construction. That is,

K0 ⊂ K1 ⊂ · · · ⊂ Km−1 ⊂ Km, . . .m = 1, . . . , n,

where n is the rank of the (square) matrix A. For A ∈ Sn++ and r0 ̸= 0, the Lanczos process (4.2),

defines a method for the sequential construction of an orthonormal basis {u1, . . . , um} for Km(A, r0)

such that span{u1, . . . , uj} = Kj(A, r0), j = 1, . . . ,m. Further details can be found in [3] §4.3.1.
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Algorithm 4.2 The Lanczos process
input: A ∈ Sm++, s0 ∈ Rm

̸=0

initialize: u0 = s0/∥s0∥, u−1 = 0
1: for j = 1, . . . ,m do
2: define T ∈ Rj×j by

ti,j =

⟨ui, uj⟩A if i ≤ j,∥∥∥Auj −∑j
k=j−2 uktk,j

∥∥∥
2

if i = j + 1.

3: β̃j = t−1
j+1,j

4: uj+1 = β̃j

(
Auj −

∑j
k=j−2 uktk,j

)
5: end for
6: return orthogonal U , tridiagonal T such that AU = UT , col U = Km(A, r0)

Though the Lanczos process is typically thought of in relation to the eigenvalue problem,

Lanczos demonstrated that the process can be used to solve symmetric positive definite systems

[13, 3]. Its equivalence to CG is demonstrated as follows.

The Lanczos process constructs the unique orthonormal basis Uj = (u1, . . . , uj) for Kj(A, b),

where u1 = b/∥b∥, and a tridiagonal matrix Tj whose entries we denote

Tj =


α̃1 β̃2

β̃2
. . . . . .
. . . . . . β̃j

β̃j α̃j

 ,

such that AUj = UjTj . We can write the jth conjugate gradients approximation xj ∈ Kj(A, b) =

col Uj in terms of the basis expansion xj = Ujy. By the optimality of CG,

xj = min
x∈Kj(A,b)

xTAx− xT b,

where the right hand side simplifies as

xTAx− xT b =yTj UT
j AUjyj − yTj UT

j b

=yTj Tjyj − ∥b∥yTj e1.

The above quadratic form is minimized at yj = T−1
j ∥b∥e1, thus providing the link between CG and
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the Lanczos process. Explicit formulae for deriving the classical CG coefficients from the Lanczos

procedure, which only requires vector operations, are given in [6, 3]. We present Frommer et al.’s

algorithm, which we term Lanczos Conjugate Gradients (LCG), in 4.3.

Algorithm 4.3 Lanczos Conjugate Gradients (LCG; [6])
input: a matrix A ∈ Sm++, RHS b ∈ Rm

̸=0, error tolerance ϵ > 0
initialize: x0 = 0, p0 = r0 = b, ω−1 = 0, γ−1 = 1, u−1 = 0, u0 = r0/β0, i = 0

1: repeat
2: compute next orthonormal Krylov basis vector uj+1 ⊥ uℓ<j+1 :
3: δi = ⟨uiui⟩A
4: ũj+1 = Aui − δiui,−βiui
5: βi+1 = ∥ũj+1∥
6: uj+1 = ũj+1/βj+1

7: update approximate solution, search direction, and residual as in CG:
8: γi = (δi − ωi−1/γi−1)

−1

9: ωi = (βi+1γi)
2

10: ρi+1 = −βi+1ρi
11: xi+1 = xi + γipi
12: ri+1 = ρj+1uj+1

13: pi+1 = ri+1 + ωipi
14: i← i+ 1
15: until ∥ri∥ ⩽ ϵ
16: return xi

4.3 Block Lanczos Conjugate Gradients (BLCG)

Here we introduce a straightforward extension of Krylov subspace methods for solving linear

systems with multiple right hand sides:

Axi = bi, i = 1, . . . , t, A ∈ Sn++ (4.3.1)

An equivalent problem, using matrix notation, is that of finding X = [x1, . . . , xt] such that AX =

B where B = [b1, . . . , bt]. We can use the Block Lanczos procedure, following [2], to construct

orthonormal bases for the mth block Krylov subspace, defined by

Km(A,B) = span{b1, . . . , bt, Ab1, . . . , Abt, A2b1, . . . A
m−1b1, . . . , A

m−1rt}

= col
[
B,AB,A2B, . . . , Am−1B

]
.
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For each column bi of B, this process yields the familiar Lanczos decomposition components U ,

T , orthonormal and tridiagonal, respectively, such that AT = TU and col U = Km(A, bi). Again,

CG iterates can be computed with O(n2) operations for each of the linear systems in (4.3.1).

We present a simple procedure, which we term Block Lanczos Conjugate Gradients (BLCG), in

Algorithm 4.4 and provide an implementation in Appendix C.4. We note that, in comparison to

performing LCG on each of the systems, Ax1 = b1, . . . , Axt = bt, which only involves matrix-vector

multiplication, BLCG involves BLAS 3 operations and can better take advantage of parallelized

BLAS implementations.

Algorithm 4.4 Block Lanczos CG
input: a matrix A ∈ Sm++, RHS B ∈ Rn×t

̸=0 with rank B = t≪ n, error tolerance ϵ > 0

initialize: X0 = 0, R−1 = [It, 0n−t]
T , R0 = B, k = −1

1: repeat
2: k ← k + 1
3: Sk−1 =

(
RT

k−2Rk−2

)−1
RT

k−1Rk−1

4: Pk = Rk−1 + Pk−1Sk−1

5: Tk =
(
P T
k APk

)−1
RT

k−1Rk−1

6: Xk = Xk−1 + PkTkMC
7: Rk = Rk−1 −APkTk
8: until maxi=1,...,t ∥r(k)i ∥ ⩽ ϵ
9: return Xk

4.4 Shifted systems and BLCG

Of particular relevance to the algorithms we later propose is the shift-invariance property

of Krylov subspaces:

Lemma 4.2. Krylov subspaces generated by symmetric matrices are shift-invariant in that, provided

A = AT , we have

Km(A, r0) = Km(A+ σI, r0), ∀σ ∈ R. (4.4.1)

Proof. We proceed via induction. Let u ∈ K1(A + σI, r0). Then, u = β0 (A+ σI)0 r0 = β0r0 so

K1(A, r0) = K1(A + σI, r0). Now, suppose Km−1(A, r0) = Km−1(A + σI, r0). Let v ∈ Km−1(A +
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σI, r0) and decompose the vector u ∈ Km(A+ σI, r0) as

u = βm(A+ σI)v +
m−1∑
k=1

βkA
k−1r0 (4.4.2)

= βmAv +
m−1∑
k=1

β̃kA
k−1r0 (4.4.3)

Thus, u ∈ Km(A, r0) and Km(A, r0) = Km(A+ σI, r0).

With the shift invariance property in mind, we turn our attention to the simultaneous

solution of shifted linear systems via Lanczos Conjugate Gradients. These results are due to [6]

and were initially motivated by Tikhonov regularization.

Definition 4.3. Given A ∈ Sn++ and nonzero vector b define the seed system

Ax = b (4.4.4)

and the corresponding family of shifted linear systems

FA,b = {(A+ σI)xσ = b : σ such that κ(A+ σI) < κ(A)} (4.4.5)

and denote a particular shifted system

Aσxσ = (A+ σI)xσ = b. (4.4.6)

Because of the shift invariance property, if we use the Lanczos procedure to construct an

orthonormal basis r1, . . . , rm for Km := Km(A, r0), it will also span Kσ
m := Km(Aσ, r0). Remarkably,

having performed LCG on the seed system Ax = b, we can update the LCG coefficents in Algorithm

4.3 using only scalar operations. Having stored intermediate quantities, we are thus able to compute

CG iterates for the shifted system using only vector operations. This allows for the rapid solution

of all members of FA,b.

Birk and Frommer [2] extend this method to accommodate multiple right hand sides. In
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this case, the block seed system is of the form AX = B, and we seek to solve all shifted systems

FA,B = {(A+ σI)Xσ = B : σ such that κ(A+ σI) < κ(A)} .

Thus, having having employed the block Lanczos procedure to construct bases for K(A,B), we can

then compute CG approximate solutions Xσ such that AσXσ = B for any value of σ using O(t)

operations, where t is the number of columns of B.

We present the following implementations of this procedure, which we term block Lanczos

conjugate gradients (BLCG): Appendix C.4 uses the block Lanczos procedure to construct an

orthonormal basis for for K(A,B). Appendix C.5 solves (A + σI)Xσ = B ∈ Rn×t for any σ in

O(nt) operations using the output of BLCG-seed. Figures 4.2 and 4.3 demonstrate timings for

solving the seed system and shifted systems of the form:

seed: ( 1
m
ZZT + σ0In)x = b, updates: ( 1

m
ZZT + σjIn)x = b, σj > σ0

with σ0 = .01, for varying n. Each “LCG-update (Mx)” computation represents the solution of M

additional shifted systems after completing BLCG-seed, with each update costing O(n) operations.
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Chapter 5

Approximating the log determinant

5.1 Overview

The algorithms we propose in Chapter 6, unlike those presented in Chapters 2-3, directly

compute the log likelihood, rather than evaluating its gradients or computing BLUPs. We again

consider the simple genetic variance components model

y ∼MVN
(
0⃗, γH

)
, H = τI +

1

m
ZZT ,

where τ = σ2e/σ
2
g and γ = σ2g . The log-likelihood is then

ℓ(τ, γ|y) ∝ −1

2

(
ln det {γH}+ γ−1yTH−1y

)
∝ n log(γ−1)︸ ︷︷ ︸

(1)

− ln det{H}︸ ︷︷ ︸
(2)

− γ−1yTH−1y︸ ︷︷ ︸
(3)

.

We seek to compute the above likelihood efficiently. Term (1) is trivial and we can efficiently

compute term (3) using CG followed by an O(n) multiplication. The present section considers the

evaluation of term (2), the log determinant. We propose to use Stochastic Lanczos quadrature

(SLQ) [8] to approximate this quantity as described by [25]. The theory underlying SLQ has

connections to the Spectral and Monte Carlo Newton Raphson methods described in Chapter 3

and the Krylov subspace theory developed in Chapter 4.
The method proceeds as follows. First, we rewrite ln det{H} = Tr log{H}, the trace of the

matrix logarithm of H, which is unique as H ∈ Sn++. We then apply a stochastic trace estimator

of the form

Tr {log(H)} ≈ n

nv̌

nv̌∑
i=1

v̌Ti log(H)v̌i =
n

nv̌

nv̌∑
i=1

v̌Ti Q log(Λ)QT v̌i

where nv̌ ≪ n, v̌1, . . . , v̌nv̌ are randomly generated vectors, and H is written in terms of its spectral

decomposition as H = Q log(Λ)QT . For each i = 1, . . . , nv̌, we can recast the summand as the



32

Riemann-Stieltjes integral

v̌Ti Q log(Λ)QT v̌i =

∫ λn

λ1

ln(t)dµ(t)

with respect to the measure µ(t) =
∑ℓ

j=1 ∥eTj QT v̌i∥2 Jλℓ ≤ tK where the eigenvalues of H are ordered

from smallest to largest ρ(H−1) = λ1 ≤ · · · ≤ λm = ρ(H). Finally this integral is approximated

via the Gaussian quadrature ∫ λn

λ1

ln(t)dµ(t) ≈
m∑
ℓ=1

ωℓ ln(xℓ)

with nodes and weights obtained by applying the Lanczos process to construct a basis for Km(H, v̌i).

Our presentation borrows heavily from that of [25], to which we refer the reader for further details.

Here, we highlight key elements of the underlying theory.

5.2 Stochastic trace estimation

There exist a variety of Monte Carlo methods for efficient approximation of Tr H using only

matrix-vector multiplications, the first of which is attributed to [12]. These methods, recognizing

the trace can be written as the sum

Tr H =

n∑
i=1

eTi Hei,

generate random probing vectors v̌1, . . . , v̌nv̌ with unit norm and zero expectation such that E[v̌Ti Hv̌i] =
1
nv̌

Tr H for each i. An unbiased stochastic estimator is thus given by

Tr H ≈ n

nv̌

nv̌∑
i=1

v̌Ti Hv̌i.

[1] and [22] provide bounds on several such estimators. Following [25], we generate probing vectors

v̌i = v̌′i/∥v̌′i∥, where each v̌′i ∈ {−1, 1}n is a Rademacher random vector. As the matrix logarithm

agrees with the scalar logarithm at the diagonal entries of QΛQT = H ∈ Sn++, an unbiased estimator

is given by

Tr log{H} ≈ n

nv̌

nv̌∑
i=1

v̌Ti Q log(Λ)QT v̌i,



33

where {log(Λ)}i,j = δi,j lnλj for λj ∈ σ(H). We later demonstrate via numerical experiment that a

relatively small number (nv̌ ≈ 10− 40) of probing vectors is needed to achieve reasonable accuracy

in the context of the problem of interest. Of course, computing the spectral decomposition of H

takes O(n3) operations, and if we had access to σ(H), we could compute Tr log{H} exactly in O(n)

operations. Remarkably, v̌Ti Q log(Λ)QT v̌i can be efficiently approximated with any such expensive

operations via Gaussian quadrature, which we describe in the following section.

5.3 Lanczos polynomials and Lanczos Quadrature

Recall that, given b ̸= 0, A ∈ Sn++, the Lanczos process yields unitary Um ∈ Rn×m, tridiago-

nal Tm = T T
m ∈ Rm×m such that AUm = UmTm and col Um = Km(A, b). m≪ n is chosen such that

the corresponding mth step CG approximation xm is such that ∥Axm − b∥ ≤ ϵ for some tolerance

ϵ > 0. Denoting the first column of U by u1 = b/∥b∥, subsequent columns can be expressed in

terms of a sequence of orthogonal polynomials in A as

uk = pk−1(A)u1

for k = 2, . . . ,m. The kth Lanczos polynomial pk is the characteristic polynomial of the correspond-

ing Jacobi matrix Tk consisting of the first k rows and columns of Tm. [8] demonstrate that these

polynomials are orthogonal with respect to the spectral measure

µb(t) =
ℓ∑

j=1

∥eTj QT b∥2 Jλℓ ≤ tK , ℓ = 1, . . . , n,

where A = QΛQT is the spectral decomposition.

Thus, casting expressions of the form vTQ log(Λ)QT v as Riemann-Stieltjes integrals

vTQ log(Λ)QT v =

∫ λn

λ1

ln(t)dµv(t),

the Lanczos decomposition provides us with an efficient means of approximation via Gaussian

quadrature. The roots of the mth orthogonal polynomial are those of characteristic polynomial

of the Jacobi matrix Tm. Thus, as in the Golub-Welsch algorithm, the eigendecomposition of
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Tm can be used to compute the quadrature weights ωℓ and nodes xℓ, ℓ = 1, . . . ,m [10]. The

eigendecomposition is easily computed as Tm is symmetric tridiagonal and m≪ n is small.

5.4 Stochastic Lanczos Quadrature to approximate log detA

Stochastic Lanczos Quadrature (SLQ) consists of employing Lanczos quadrature to compute

the summands of the stochastic trace estimator for spectral functions of matrices. Our estimator

for log det{A} will be

Tr {log(H)} ≈ n

nv̌

nv̌∑
i=1

v̌Ti Q log(Λ)QT v̌i

=
n

nv̌

nv̌∑
i=1

∫ λn

λ1

ln(t)dµv̌i(t)

≈ n

nv̌

nv̌∑
i=1

m∑
ℓ=1

ωi,ℓ ln(θi,ℓ),

where θi,ℓ = {Di}ℓ,ℓ, ωi,ℓ = {eT1 Pi}ℓ and PiDiP
T
i = Ti is the spectral decomposition of the Jacobi

matrix generated by applying the Lanczos decomposition to system Axi = v̌i for each random vector

v̌i. Collecting each random vector into the matrix V̌ = (v̌1, . . . , v̌nv̌), we can simultaneously generate

the Jacobi matrices T1, . . . , Tnv̌ via our previously described BLCG-seed algorithm (Appendix C.4).

We describe such a procedure, based on that of [25], in Section 5.1. Additionally, we implement a

function to approximate Tr f(A) which operates on the output of BLCG-seed applied to AX = V̌

in Appendix C.6.
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Algorithm 5.1 Approximate log determinant via Stochastic Lanczos Quadrature (SLQ)
input: a matrix A ∈ Sn++, number of probing vectors nv̌, error tolerance ϵ > 0
initialize: n× nv̌ array V̌ , Γ = 0

1: for k = 1 to nv̌ do
2: generate Rademacher random n-vector v̌
3: V̌.,k ← v̌/∥v̌∥
4: end for
5: compute Jacobi matrix Tk such that AUk = UkTk with col Uk = Km(A, V̌.,k) for k = 1, . . . , nv̌

by applying BLCG-seed to AX = V̌ at tolerance ϵ
6: for k = 1 to K do
7: d, P ← eigen_symmetric_tridiagonal(Tk)
8: p← [p2 : p ∈ P1,.]
9: θ ← [log(t) : t ∈ d]

10: Γ← Γ + θT p
11: end for
12: return log det A ≈ n

nv̌
· Γ

In Figure 5.1 we present results from numerical experiments examining the performance

of the SLQ trace estimator as a function of problem dimension, the number of random probing

vectors, and the spectral conditioning of the covariance matrix. Experiments compared the true

log determinant (computed using direct methods) to SLQ approximations for 100 Monte Carlo

replicates of the matrix H = 1
mZZ

T +
1−σ2

g

σ2
g
I (randomly simulating genotypes). The top panel

corresponds to a moderate heritable variance component value of σ2g = .25 whereas the bottom

panel corresponds to a moderate heritable variance component value of σ2g = .40. Results suggest

that, in addition to decreasing with the number of probing vectors, error decreases with problem

dimension. Additionally, error appears to depend on the conditioning of the covariance matrix such

that accuracy decreases as the heritable variance component increases.
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Chapter 6

Proposed algorithm

6.1 Putting everything together

Consider again the simple genetic variance components model

y ∼MVN
(
0⃗, γH

)
, H = τIn +

1

m
ZZT , (6.1.1)

where τ = σ2e/σ
2
g , γ = σ2g , and the log-likelihood is

ℓ(τ, γ|y) ∝ n log(γ−1)− ln det{H} − γ−1yTH−1y.

We have established efficient methods for approximating ln det{H} and γ−1yTH−1y, both of which

would be prohibitively expensive for large n using direct methods. Here we demonstrate that these

methods are particularly well-suited to estimation of the model (6.1.1) due to the shift invariance

property of Krylov subspaces. In particular, the parameter space Θ over which we seek to optimize

(6.1.1) defines a family of shifted linear systems. Thus, after evaluating the likelihood at some

point (τ, γ), we can rapidly evaluate the likelihood for other (τ ′, γ′) ∈ Θ. In what follows, we

propose a novel algorithm for the genetics variance components problem based on this observation

and present the results of numerical experiments. Additionally, we suggest alternative procedures

that would also take advantage of this shift-invariance property. Finally, we discuss the limitations

of our proposed methods and suggest directions for future work.

6.2 A Lanczos method for genomics variance components estimation

The covariance γH in (6.1.1) comprises a convex combination of the relatedness matrix
1
mZZ

T and the identity. As a consequence of these constraints (i.e., σ2e + σ2g = 1, σ2e , σ2g > 0) we
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have that

γ (τ + 1) = 1 =⇒ γ =
1

τ + 1
.

We can thus represent the likelihood as a function of a single parameter:

ℓ(τ |y) ∝ n log(τ + 1)− ln det{H(τ)} − (τ + 1)yTH−1(τ)y, (6.2.1)

where the notation H(τ) is intended to emphasize the dependence of the covariance on the unknown

variance component: H(τ) = τIn + 1
mZZ

T . Suppose we’ve computed ℓ(τ0|y) for some τ0 ∈ Θ :={
τ : 1

τ+1 ,
τ

τ+1 > 0
}

by using Lanczos Conjugate Gradients to compute H−1(τ0)y and Stochastic

Lanczos Quadrature to approximate ln det{H(τ0)} with probing vectors v̌1, . . . , v̌K . We thus have

constructed orthonormal bases U0, . . . , UK with corresponding Jacobi matrices T0, . . . , Tk for the

block Krylov subspace K(H(τ0), B), where B = (y, v̌1, . . . , v̌K). Evaluating the likelihood at an

alternative value τ ′ = τ0 + σ,

ℓ(τ ′|y) ∝ n log(τ ′)− ln det{H(τ0) + σI} − (τ ′)yT (H(τ0) + σI)−1 y,

amounts to applying the Lanczos methods to the shifted system H(τ0) + σI. As a consequence of

the shift invariance property, we can reuse the bases U0, . . . , UK . The updated Jacobi matrices are

simply Ti ← Ti + σI.

For an observed phenotype y, let s2max indicate the maximal value of σ2g that we would con-

sider plausible based on previous knowledge. Reparameterizing as τ0 = (1−s2max)/s
2
max, our effective

parameter space becomes Θ′ =
{
τ ≥ τ0 : 1

τ+1 ,
τ

τ+1 > 0
}

1. Together with B = (y, v̌1, . . . , v̌nv̌), this

defines nv̌ + 1 families of shifted linear systems

FH(τ0),B.,j
=
{
(H(τ0) + σI)Xσ = B.,j : σ such that (τ0 + σ) ∈ Θ′} , j = 0, . . . ,K.

After computing ℓ(τ0|y), we can compute ℓ(τ |y) for any τ ∈ Θ′ using vector operations as in
1We choose τ0 = (1− s2max)/s

2
max such that all shifted covariance matrices will be of the form Hσ = H(τ0)+σI for

positive σ. As a result, we then have κ(Hσ) < κ(H(τ0)). Denoting CG approximate solutions to the seed system and
a shifted system x0 ≈ H(τ0)

−1y, xσ ≈ H−1
σ y, we then expect that that

∥∥H−1
σ y − xσ

∥∥ <
∥∥H(τ0)

−1y − x0

∥∥. That is,
we start with the value τ0 ∈ Θ′ that results in the most ill-conditioned linear system among those under consideration
to ensure convergence of the Lanczos process when applied to the shifted systems.
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Appendix C.5. We thus arrive at the following procedure, consisting of two steps. The first step

consists of using the block Lanczos process to generate orthonormal bases/Jacobi matrices:

1. Given a range Θ = [s2min, s
2
max] of possible values for the heritable variance component σ2g ,

GRM 1
mZZ

T , and observed phenotype vector y, set τ0 = (1 − s2max)/s
2
max and define H0 =

1
mZZ

T + τ0I

2. Generate nv̌ normed Rademacher random vectors v̌1, . . . v̌nv̌

3. Use BLCG-seed (Appendix C.4) to compute Lanczos decompositions AUk = UkTk for the

nv̌ + 1 seed systems

H0x0 = y, H0x1 = v̌1, . . . , H0xk = v̌nv̌

4. For k = 1, . . . , nv̌, compute the eigendecomposition Tk = PkΛkP
−1
k

Second, we perform a bisection-type maximization procedure on ℓ(τ |y) for τ ∈ Θ′ =
{
(1− s2)/s2 ∈ Θ

}
,

evaluating the likelihood as follows:

1. Defining σ = τ − τ0, update T σ
0 = T0 + σI and, for k > 0, update Λσ

k = Λk + σI

2. Use U0, T
σ
0 to compute the CG approximate solution xσ to Hσxσ = y as in (Appendix C.5)

3. Estimate the log determinant via SLQ as

log (det(A)) ≈ Γσ =
n

nv̌

nv̌∑
k=1

(
[logλ : λ ∈ diagΛ]T (eT1 Pk) ◦ (eT1 Pk)

)

4. Compute objective function as

ℓ(τ |y) = n log(τ + 1)− Γσ − (τ + 1)yTxσ

We provide pseudo-code for this procedure, which we term Stochastic Block Lanczos Likelihood

Estimation (SBLLE), in Appendix 6.1. A Python 3 implementation is provided in Appendix C.7.
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Algorithm 6.1 Stochastic Block Lanczos Likelihood Estimation (SBLLE)
input: genomic relatedness matrix K ∈ Sm+ ,

phenotype y ∈ Rn,
bounds s2min, s

2
max ∈ (0, 1) of search interval for σ2g ,

number of probing vectors nv̌,
number of subintervals k for line search

initialize: ℓ = zeros(k), τ̂ = 0, τupper = +∞, τlower = −∞
1: S2 =

{
(s2max − j · (s2max − s2min)/(k − 1) : for j = 0, . . . , k − 1

}
2: V̌ ′ = {rademacher(n) for j = 1, . . . , nv̌}
3: V̌ =

{
v̌′/∥v̌′∥ for v̌′ ∈ V̌ ′}

4: τ0 = (1− s2max)/s
2
max

5: {(Ti, Ui)}nv̌
i=0 = BLCG_seed (K + τ0In, (y, v̌1, . . . , v̌nv̌))

6: Γ← 0
7: for i = 1, . . . , nv̌ do
8: Λi, Pi ← eigen_symmetric_tridiagonal(Ti)
9: end for

10: while |τupper − τlower| > ε do
11: Γ← 0
12: Σ←

{
(1− s2)/s2 for s2 ∈ S2 : s2

}
13: for i = 0, . . . , k − 1 do
14: yTHy ← BLCG_update(T0, U0,Σ[i])
15: for j = 1, . . . , nv̌ do
16: p← [p2 : p ∈ Pie1]
17: w ← {log(λ) : λ ∈ Λj +Σ[j]I}
18: Γ← Γ + wT p
19: end for
20: ℓ[i]← n ln(τ0 +Σ[i] + 1)− n

nv̌
Γ− (τ0 +Σ[i] + 1)yTHy

21: end for
22: jopt ← arg maxj(ℓ[j])
23: jupper ← arg maxj:ℓ[j]<ℓ[jopt] {ℓ[i]}
24: jlower ← arg maxj:ℓ[j]<ℓ[jupper] {ℓ[i]}
25: τlower ← τ0 +Σ[jlower]
26: τupper ← τ0 +Σ[jupper]
27: τ̂ ← τ0 +Σ[jopt]
28: end while
29: return τ̂

6.3 Performance and numerical experiments

There are a number of desirable properties of our proposed algorithm. Assuming nv̌ probing

vectors, block Lanczos applied to the block system HX = B = (y, v̌1, . . . , v̌nv̌) requires the O(n2nv̌)

operations per iteration (assuming the condition number of the GRM is fixed). As the termination

criterion for the Lanczos process is identical to that of classical Conjugate Gradients, the number of

required iterations to achieve accuracy at a specified tolerance is a function of the spectral condition
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number of A [3]. In our experiments, it typically required ≈ 20 iterations of the Lanczos process

to achieve accuracy to the ninth decimal place (when solving linear systems). Additionally, unlike

Newton-methods, choice of starting values does not present a challenge as, after the initial Lanczos

step, we can cheaply perform a grid search over the entire parameter space.
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Figure 6.1: Timings of complete SBLLE versus single eigendecomposition (log scale)
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Figure 6.2: Timings of complete SBLLE versus single eigendecomposition

Figures 6.1-6.2 compare timings for a single eigendecomposition (as is required for the
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spectral NR algorithm of Section 3.2) to the complete execution of the SBLLE algorithm using

40 probing vectors and enforcing precision to the fifth decimal place (with respect to the variance

component estimates). These experiments were conducted on an Intel(R) Xeon(R) Gold 6130 CPU

@ 2.10GHz with 32 physical cores and 1 terabyte of RAM, assuming a maximal heritable variance

component value of 0.30. The code we used to generate data is presented in Appendix C.8.

Figure 6.3 compares the estimates of three stochastic likelihood estimation procedures to

those obtained from standard Newton Raphson (as implemented in Appendix C.2). Monte Carlo

Newton Raphson (MCNR) is as described in Section 3.3 and as implemented in Appendix C.3.

SBLLE is as described in Section 6.2 and as implemented in Appendix C.7. SBLLE-rand differs from

SBLLE only in the grid search method: uniformly distributed nodes, rather than equispaced nodes,

are considered in each L-section iteration (including the endpoints in each case). Experiments were

conducted using 1000 simulated data sets, each consisting of 8,000 individuals and 9,600 markers,

considering a maximal heritable variance component value of s2max = .25. The total number of

probing vectors was set to 30 for all methods. Results suggest little difference between the two

proposed Lanczos methods but increased accuracy of the Lanczos methods compared to the MCNR

method.
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Chapter 7

Conclusion

7.1 Summary

The present thesis examined algorithms for likelihood estimation of the simplified genomic

variance components model

(y|u) ∼MVN (m−1/2Zu, σ2eIn),

ui
iid∼ N (0, σ2g), i = 1, . . . ,m,

where y is a measured phenotype, Z is a matrix of measured genotypes, u is a vector of latent genetic

effects, and we seek to estimate the variance components θ = (σ2g , σ
2
e)

T . Though the parameter

space Θ = (0, 1)2 is low dimensional, the marginal covariance matrix Σθ = σ2gm
−1ZZT + σ2eIn

is large, dense, and unstructured. As a result, likelihood estimation of the variance components

poses a challenging computational problem, with the order of the covariance matrix Σθ already

surpassing n = 1, 000, 000 in data sets of interest [14].

After introducing the problem, we discussed two previous approaches to efficient genomic

variance component estimation. The Spectral Newton Raphson (Spectral NR) algorithm (Section

3.2, Appendix C.2) uses clever algebraic manipulations to avoid all but one O(n3) computation.

However, for large n, even a single O(n3) operation becomes prohibitively expensive (see Figures

6.1-6.2). The Monte Carlo Newton Raphson (MCNR) algorithm (Section 3.3, Appendix C.3)

avoids all O(n3) operations by using a stochastic procedure to implicitly approximate the trace of

matrix function and, as implemented by [17], by using the method of Conjugate Gradients to solve

linear systems. Our proposed method takes a similar approach, but takes advantage of additional

structure in the problem formulation and recent advances in trace approximation.

Chapter 4 introduced the Lanczos process, emphasizing its relationship to the method of

Conjugate Gradients and how the shift-invariance property of Krylov subspaces allows for the si-



44

multaneous solution of shifted families of linear systems. Chapter 5 introduced stochastic trace

estimation and stochastic Lanczos quadrature for approximating the log determinant of the covari-

ance matrix. Here, we emphasized how the Lanczos method of the previous chapter could be used

to efficiently compute nodes and weights for the Gaussian quadratures approximating each of the

summands of the trace estimator.

Finally, in Chapter 6, we proposed the Stochastic Block Lanczos Likelihood Estimation

(SBLLE) procedure. In contrast to Newton-type methods, our method repeatedly evaluates the

log likelihood function (rather than its derivatives). This is accomplished by using the Lanczos

process to obtain approximations to the log determinant and linear system terms of the likelihood

objective

ℓ(θ|y) ∝ −
(
ln det{Σθ}+ yTΣ−1

θ y
)
.

By suitably reparameterizing the variance components, we are able to identify the parameter space

of interest with families of shifted linear systems, and, again exploiting shift-invariance, are then

able to reevaluate the likelihood for new values of the variance components using vector operations.

In this respect, our method combines ideas present in both the Spectral NR and MCNR

algorithms. As in Spectral NR, we perform a single set of expensive computations, the output

of which we then use to repeatedly evaluate all remaining necessary terms until convergence is

achieved. As in MCNR, we substitute stochastic and iterative procedures for direct matrix oper-

ations, reducing the total computational cost to O(n2η), where η depends on κ̃ = maxθ∈Θ κ(Σθ).

However, in contrast to MCNR, we avoid the additional O(n2η) computations involved in comput-

ing the BLUPs of the latent variables at each iteration (see Section 3.3), and, by taking advantage

of shift-invariance, require only a single O(n2η) step. Numerical experiments demonstrated that

this increased computational efficiency does not come at the cost of decreased accuracy (Figure

6.3).

7.2 Limitations and future directions

There are three primary limitations to the present thesis, each of which presents future

directions for research. First, our proposed method does not address the pertinent issue of the high

memory cost (O(n2)) involved in working with large relatedness matrices. As a result, expensive



45

compute nodes with multiple terabytes of random access memory are necessary to work with large

samples, with intractable amounts of memory required to work with the largest data sets. This

shortcoming is shared by all of the commonly used software implementations of the algorithms

we reviewed. Extending our proposed method to operate in parallel across multiple nodes would

help mitigate the need for single high-memory nodes. Second, our proposed method does not

allow for covariates, in which case unbiased estimators for the variance components are obtained

by maximizing the residual maximum likelihood (REML) criterion. This involves, for r linearly

independent covariates X = (x1, . . . , xr), optimizing the likelihood corresponding to the random

vector KT y with marginal distribution

KT y ∼MVN
(
0⃗,KTΣθK

)
,

where KT projects to the (n−r)-dimensional orthogonal complement of X in Rn. We are currently

working on extending SBLLE to the REML case. Finally, the implementations presented in Ap-

pendix C serve only as proof-of-concept and would be difficult to employ in the context of primary

research in genetics. As such, we aim to incorporate our proposed methods into existing software

packages that have mature routines for handling and analyzing genomic data.
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Appendix A

Notation and glossary

Throughout this thesis, we assume we are working with real numbers unless explicitly stated oth-

erwise.

A.1 Symbols

θ̂ estimated valued of parameter theta

ũ BLUP of latent random variable u

v̌ computer generated (pseudo-)random vector

∝ “depends on only ...” (i.e., f(x) ∝ z implies that f(x) is an order-preserving
affine function of z, and in the context of optimization can be regarded as
“proportional to”)

Ai,., A.,j vectors comprising the ith row and jth column of a matrix A, respectively.

JpK the Iverson bracket, mapping a proposition p to {0, 1} and equal to one iff
p is true

δij the Kronecker delta: δij = Ji = jK
det determinant of a matrix

ej the jth canonical basis vector, the ith element of which is δi,j

E[y] the expectation of y, where y might be a random variable

◦ Hadamard/Schur/element-wise product between vectors: u ◦ v =
(u1v1, . . . , unvn)

T

I(θ|y) or I(θ) information at θ (negative Hessian or approximate Hessian of log likelihood)

κ(A) the (spectral) condition number of the matrix A; i.e., ρ(A)/ρ(A−1)

Km(A, b) or
K(A, b)

the mth Krylov subspace; span {b, Ab,A2b, . . . , Am−1b}. When m isn’t pro-
vided, assume it is such that the process generating the basis has terminated

ℓ(θ|y) or ℓ(θ) log-likelihood evaluated θ having observed y
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ln (scalar) natural logarithm

log principal matrix logarithm

≻, ⪰ a matrix A ≻ 0 is positive definite, A ≻ 0 is positive-semidefinite

MVN (µ,Σ) multivariate normal distribution with mean µ, variance/covariance Σ

N (µ, σ2) univariate normal distribution with mean µ, variance σ

∥·∥ the Euclidean norm

∥·∥A the norm associated with the inner product induced by A ∈ Sn++

Pm the space of polynomials with degree at most m

supp y the support of the random variable y

Sm++ the space of matrices A ∈ Rm×m such that A = AT ≻ 0. Analogously,
A ∈ Sm+ implies that A = AT ⪰ 0

σ(A) the spectrum of the matrix A

ρ(A) the spectral radius of the matrix A

Tr matrix trace

V(θ|y) or V(θ) score function at θ (gradient of the log likelihood)

A.2 Abbreviations

AI Average Information

BLAS Basic Linear Algebra Subprograms

BLCG Block Lanczos Conjugate Gradients

BLUP Best Linear Unbiased Predictor

CG Conjugate Gradients

GRM Genomic Relatedness Matrix; the scaled correlation matrix 1
mZZ

T , where
the columns of Z ∈ Rn×m are the genotypes of n individuals at one of m
markers, scaled to zero mean and unit variance

LCG Lanczos Conjugate Gradients

MC Monte Carlo

ML Maximum Likelihood

NR Newton Raphson
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REML Restricted/Residual Maximum Likelihood

SBLLE Stochastic Block Lanczos Likelihood Estimation
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Appendix B

Identities in multivariate statistics and matrix algebra

The following facts are used throughout the present thesis.

Fact B.1. det(λA) = λNdet(A) for A ∈ FN×N , λ ∈ F.

Fact B.2. Let V be a non-singular matrix-valued function of a scalar x. Then

∂

∂γ
ln(detV ) = Tr

(
V −1∂V

∂γ

)
.

Fact B.3. Let V be a non-singular matrix-valued function of a scalar γ. Then

∂

∂γ
V −1 = −V −1∂V

∂γ
V −1.

Fact B.4. Let y ∼ N (µ,Σ), supp y = RN . Then the log likelihood of the parameters given the

data is

ℓ(µ,Σ|y) = −1

2

(
ln(detΣ) + (x− µ)TΣ−1(x− µ) +N ln(2π)

)
.

Fact B.5. Let Y , Z be multivariate random vectors with joint distribution

[
y
z

]
∼ N

([
µy
µz

]
,

[
Σyy Σyz

Σzy Σzz

])
.

Note that Y and Z need not take values in spaces of equal dimension. The conditional distribution

of Z|Y is given by

(Z|Y = y) ∼ N
(
µz|y,Σz|y

)
where

µz|y = µz +ΣyzΣ
†
yy(y − µy)

Σz|y = Σzz − ΣyzΣ
†
yyΣzy.
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Fact B.6. Let A be a symmetric matrix and let y be a random variable such that

E[y] = µ V ar(y) = Σ.

Then the expectation of the quadratic form yTAy is given by

E[yTAy] = Tr (AΣ) + µTAµ.

Fact B.7. The derivative with respect to x of a quadratic form (y −Ax)T S (y −Ax), where S is

symmetric, is given by

∂

∂x
(y −Ax)T S (y −Ax) = −2ATS(y −Ax).

Fact B.8. The trace operator and derivative operator are exchangeable.

Fact B.9 (Blockwise inversion via Schur complement). Let C be a nonsingular symmetric matrix

defined block-wise by

C =

[
C11 C12

C21 C22

]
,

and denote the Schur complements

C/C22 = C11 − C12C
−1
22 C21,

C/C11 = C22 − C21C
−1
11 C12.

Provided C11 is nonsingular, C−1 can be expressed as

C−1 =

[
C−1
11 + C−1

11 C21 (C/C11)
−1C12C

−1
11 −C−1

11 C21 (C/C11)
−1

− (C/C11)
−1C12C

−1
11 (C/C11)

−1

]
,

or, equivalently, if C22 is non singular, C−1 can be expressed as

C−1 =

[
(C/C22)

−1 − (C/C22)
−1C21C

−1
22

−C−1
22 C12 (C/C22)

−1 C−1
22 + C−1

22 C12 (C/C22)
−1C21C

−1
22

]
.

C−1 =

[
Q−1 −Q−1C21C

−1
22

−C−1
22 C12Q

−1 C−1
22 + C−1

22 C12Q
−1C21C

−1
22

]
.



54

Appendix C

Software implementations

C.1 Libraries

The code provided assumes the following libraries:

imported libraries
from numpy import *
from numpy import linalg as npla
from scipy import linalg as la
from scipy import sparse
from scipy import special as sp

C.2 Spectral Newton Raphson

imported libraries
####### Spectral Newton Raphson ########
def ml_nr_spectral(

start, ## starting value for heritable component
K, ## relatedness matrix
y, ## phenotype vector
ɛ = 1e-5, ## tolerance
maxIter = 10, verbose = False):

Hess = zeros([2,2])
Score = zeros(2)
n = shape(K)[0]
I = eye(n)
j = 1
printRate = maxIter // 5
s2g = start

## perform spectral decomposition of K:
D,Q = la.eigh(K)
## precompute matvecs:
Qy = Q.T@y

## Newton iteration
while j < maxIter:

s2g0 = s2g
s2e = 1 - s2g

## change of variables:
τ = 1/s2e
λ = s2g/s2e

## gradient in O(n)
Score[0] = -.5*(-n/τ + (Qy**2).T @ (1/(λ*D+1)))
Score[1] = -.5*(sum(D/(λ*D+1))-τ*(Qy**2).T @ (D/(λ*D+1)**2))

## Hessian in O(n)
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Hess[0,0] = n*τ**-2
Hess[1,0] = Hess[0,1] = -(Qy**2).T @ (D/(λ*D+1)**2)
Hess[1,1] = -sum(D**2 /(λ*D+1)**2) + 2*τ*(Qy**2).T @ (D**2 / (λ*D+1)**3)

## Newton update
τ,λ = array([τ,λ]) + .5*la.solve(Hess,Score)

## change of variables:
s2e = 1/τ
s2g = 1-s2e

## check convergence:
delta_s2g = abs(s2g - s2g0)
if verbose and (j % printRate)==1:## starting value for heritable component

print("step {}: s2g = {}, change = {}".format(j,round(s2g,5),round(delta_s2g,5)))
if delta_s2g < ɛ:

break
else:

j += 1

return s2g

C.3 Monte Carlo Newton Raphson

MC Newton Raphson
####### Monte Carlo Newton Raphson ########
# follows https://doi.org/10.1038/ng.3190 #
def MCNR(

GRM, ## relatedness matrix
Z, ## genotype matrix
y, ## phenotype vector
ɛ = 1e-5, ## tolerance
nMCtrials = 15, ## number of probes/trace apprx
maxit = 100, verbose = True, maxSecant = 15):

f = zeros(maxSecant)
logTau = zeros(maxSecant)
n = Z.shape[0]
m = Z.shape[1]

## random latent u:
u_rand = random.randn(m, nMCtrials)
## random latent e:
e_rand_unsc = random.randn(n,nMCtrials)

## precompute matvec
Zu_rand = Z @ u_rand

## starting value for secant iteration:
h2 = sqrt(.25)
τ = (1-h2)/h2
logTau[0] = log(τ)

## construct objective function:
def evalfMC(logTau):

delta = exp(logTau)
H = GRM + delta*eye(n)
y_rand= Zu_rand + sqrt(delta) * e_rand_unsc
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## solve linear systems to compute BLUPs
HinvY_randT = array([spla.cg(H, y_rand[:,j])[0] for j in arange(nMCtrials)])
blup_u_randT = array([Z.T @ HinvY_randT[j,:] for j in arange(nMCtrials)])
blup_e_randT = array([delta* HinvY_randT[j,:] for j in arange(nMCtrials)])

HinvY_data = spla.cg(H, y)[0]
blup_u_data = Z.T @ HinvY_data
blup_e_data = delta * HinvY_data

## criterion for root finding:
fMC = log(sum(blup_u_data**2)*sum(blup_e_randT**2)/(

sum(blup_e_data**2)*sum(blup_u_randT**2)))

return fMC

## initial iteration
f[0] = evalfMC(logTau=logTau[0])
if f[0] < 0:

h2 = sqrt(.125)
else:

h2 = sqrt(.5)
τ = (1-h2)/h2
logTau[1] = log(τ)
f[1] = evalfMC(logTau=logTau[1])

## additional secant iterations:
J=2
for j in arange(2,maxSecant):

print("working on ",j)
logTau[j] = (logTau[j-2]*f[j-1] - logTau[j-1]*f[j-2])/(f[j-1]-f[j-2])
if abs(1/(1+exp(logTau[j]))-1/(1+exp(logTau[j-1]))) < ɛ:

break
else:

f[j] = evalfMC(logTau=logTau[j])
J+=1

## additional secant iterations:
H = GRM + (exp(logTau[min(J,maxSecant-1)]))*eye(n)
return y.T @spla.cg(H, y)[0] / n

C.4 Block Lanczos Conjugate Gradient update for seed systems (BLCG-seed)

BLCG for seed system
## constructs bases for krylov subspaces B, AB, AAB, ...##
def lanczos_cg_block(A, B, ε = 1e-9, p_freq = 5,

maxit = 100, verbose = True,
norm = lambda x: la.norm(x, 2)):

n = A.shape[0]
t = B.shape[1]

X = zeros((n,t,maxit))
R = zeros((n,t,maxit))
U = zeros((n,t,maxit))

## coefficients
ρ = zeros((t,maxit))
β = zeros((t,maxit))
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ω = zeros((t,maxit))
γ = ones((t,maxit))
δ = zeros((t,maxit))

## initial values
ρ[:,0] = apply_along_axis(norm,0,B)
β[:,0] = ρ[:,0]
R[:,:,0] = U[:,:,0] = B
U[:,:,0] = R[:,:,0]/β[:,0]

j = 0
cnvg = False

while j < maxit-1:

## Lanczos iteration
δ[:,j] = diag(U[:,:,j].T @ A @ U[:,:,j])
tmp = A @ U[:,:,j] - U[:,:,j]*δ[:,j] - β[:,j]*U[:,:,j-1]
β[:,j+1] = apply_along_axis(norm,0,tmp)
U[:,:,j+1] = tmp / β[:,j+1]

## CG coefficents update
γ[:,j] = (δ[:,j] - ω[:,j-1]/γ[:,j-1])**-1
ω[:,j] = (β[:,j+1]*γ[:,j])**2
ρ[:,j+1] = -β[:,j+1]*γ[:,j]*ρ[:,j]

## CG vectors update
R[:,:,j+1] = ρ[:,j+1]*U[:,:,j+1]

j += 1

res_norm = norm(R[:,:,j])

if verbose and j % p_freq ==0 : print("Error at step ",j,
" is ", res_norm)

if res_norm <= ε:
cnvg = True
break

if verbose and cnvg: print("Converged after ",j," iterations.")
elif verbose: print("Failed to converge after ",j," iterations.")

return {
"B":B,
"U":U[:,:,0:j],
"γ":γ[:,0:j],
"β":β[:,0:j],
"δ":δ[:,0:j],
"ρ":ρ[:,0:j]
}

C.5 Block Lanczos Conjugate Gradient update for shifted systems (BLCG-
update)

BLCG update for shift
## solves (A + sigma I)X = B using results from lanczos_cg_block) ##
def lanczos_cg_update_block_real(seedSystem, σ, verbose= False,

ε = 1e-9, p_freq = 5,
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norm = lambda x: la.norm(x, 2)):

B = seedSystem["B"]
U = seedSystem["U"]
δ = seedSystem["δ"] + σ
β = seedSystem["β"]
ρ = seedSystem["ρ"]
n = U.shape[0]
t = U.shape[1]
maxit = U.shape[2]

X = zeros((n,t,maxit)) ## approximate soln
P = zeros((n,t,maxit)) ## search directions
R = zeros((n,t,maxit)) ## residual

## coefficients
ω = zeros((t,maxit))
γ = ones((t,maxit))

## initial values
R[:,:,0] = P[:,:,0] = B

j = 0
cnvg = False

while j < maxit-1:

γ[:,j] = (δ[:,j] - ω[:,j-1]/γ[:,j-1])**-1
ω[:,j] = (β[:,j+1]*γ[:,j])**2
ρ[:,j+1] = -β[:,j+1]*γ[:,j]*ρ[:,j]L

## CG vectors update
X[:,:,j+1] = X[:,:,j] + γ[:,j]*P[:,:,j]
R[:,:,j+1] = ρ[:,j+1]*U[:,:,j+1]
P[:,:,j+1] = R[:,:,j+1] + ω[:,j]*P[:,:,j]

j += 1

res_norm = norm(R[:,:,j])

if verbose and j % p_freq ==0 : print("Error at step ",j,
" is ", res_norm)

if res_norm<=ε:
cnvg = True
break

if verbose and cnvg: print("Converged after ",j," iterations.")
elif verbose: print("Failed to converge after ",j," iterations.")

return {
"soln":X[:,:,j],
"U":U[:,:,0:j],
"γ":γ[:,0:j],
"ω":ω[:,0:j],
"ρ":ρ[:,0:j]
}
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C.6 Stochastic Lanczos quadrature (SLQ) to approximate log det from BLCG-
seed output

SLQ to approximate log det from BLCG
##### Stochastic Lanczos Quadrature ######
### https://doi.org/10.1137/16M1104974 ###
def log_det_from_seed_SLQ(seeds, σ = 0, trueSoln = False, f = log):

n_V = seeds['δ'].shape[0]
Γ = 0

for l in arange(0, n_V):
θ, Y = la.eigh_tridiagonal(seeds["δ"][l,:] + σ,seeds["β"][l,1:])
τ = Y[0,:]
Γ += (τ**2) @ f(θ)

trEst = n/n_V * Γ

## will give relative error if true soln is provided ##
if trueSoln:

return abs(trEst - trueSoln) /abs(trueSoln)
else: return trEst

C.7 Stochastic Block Lanczos Likelihood Estimation (SBLLE)

SBLLE and auxilliary functions
def estimate_varcomp_BLCG_SLQ(

A, ## GRM
y, ## phenotype
s2min=.01, s2max=.3, ## bounds of heriatible component parameter space
nShift =10, ## number of nodes per "bi"-section iteration
K=10, ## number of probe vectors for SLQ
ɛ = 1e-4, ## desired precision of VC estimate
verbose=True):

n = A.shape[0] ## problem dimsion
h2 = linspace(s2max,s2min, nShift) ## possible values of sigma**2
τ = array([(1-s2)/s2 for s2 in h2])## reparameterized
τ0 = τ[0] ## seed value
Σ = [t - τ0 for t in τ] ## shifts

## generate K normed Rademacher random vectors
probes = array([(random.binomial(1,.5,size=n)*2 - 1) for k in arange(0,K)]).T
probes = apply_along_axis(lambda x: x/la.norm(x),0,probes)

## construct Krylov bases for seed systems
seeds = lanczos_cg_block_seed(A+τ0*I, hstack([y,probes]),verbose = verbose)

## initialize storage for eigendecompositions of Jacobi matrices
Λ = zeros([K,seeds['δ'].shape[1]]) ## eigenvalues
P = zeros([K,seeds['δ'].shape[1]]) ## first elements of eigenvectors

## initialize storage for solutions of linear systems and log det
yAinvy = zeros(nShift)
logDet = zeros(nShift)3741529

## compute eigendecompositions of Jacobi matrices
for l in arange(0,K):

Λ[l,:], tmpP = la.eigh_tridiagonal(seeds["δ"][l+1,:], seeds["β"][l+1,1:])



60

P[l,:] = tmpP[0,:]

j = 1 # counter
if verbose:

print("starting {}-section iteration {} over interval [{} -
{}]".format(nShift,j,round(s2max,3), round(s2min,3)))↪→

## compute expensive parts of the log likelihood
for j in arange(0,nShift):
σ = Σ[j]
## linear system:
yAinvy[j] = y.T @ lanczos_cg_update_single_real(seeds, σ)
## log det:
logDet[j] = log_det_from_eigen_SLQ(Λ, P, K, σ)

## compute log likelihoods
log_like = -1 * (-n*log(τ+1) + logDet + (τ+1)*yAinvy)

## begin nShift-section optimization ##
s2min, s2max = h2[flip(log_like.argsort())[1:3]] ## new search interval
while abs(s2min-s2max) > ɛ:

h2 = linspace(s2max,s2min, nShift) ## new search nodes
τ = array([(1-s2)/s2 for s2 in h2])
Σ = [t - τ0 for t in τ] ## reparameterized as shifts
j += 1
if verbose:

print("starting {}-section iteration {} over interval [{} -
{}]".format(nShift,j,round(s2max,3),round(s2min,3)))↪→

## compute expensive parts of the log likelihood
for j in arange(0,nShift):
σ = Σ[j]
## linear system:
yAinvy[j] = y.T @ lanczos_cg_update_single_real(seeds, σ)
## log det:
logDet[j] = log_det_from_eigen_SLQ(Λ, P, K, σ)
## compute log likelihoods:
log_like = -1 * (-n*log(τ+1) + logDet + (τ+1)*yAinvy)
## choose new bounds for search interval:
s2min, s2max = h2[flip(log_like.argsort())[1:3]]

## compute final estimate
h2_estimate = h2[flip(log_like.argsort())[0]]
log_like = flip(sort(log_like))[0]
if verbose:
print("Converged to h2 ≈ {}".format(h2_estimate))

return h2_estimate, log_like

### update SLQ trace estimate for shift from ###
### eigendecomposition of Jacobi matrix ###
def log_det_from_eigen_SLQ(

Λ, P, ## eigenvalues/vectors,
n_V, ## number of probing vectors
σ = 0, ## shift
trueSoln = False, ## for checking accuracy
f = log): ## function of matrix

Γ = 0 ## storage for approximate trace
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for l in arange(0, n_V): ## perform SLQ
τ = P[l,:]
theta = Λ[l,:] + σ
Γ += (τ**2) @ f(theta)

trEst = n/n_V * Γ ## estimate of Tr f(A)

## will give relative error if true soln is provided ##
if trueSoln:

return abs(trEst - trueSoln) /abs(trueSoln)
else: return trEst

### solves only (A + sigma I)x = y using results ###
### using results from lanczos_cg_block_seed ###
def lanczos_cg_update_single_real(

seedSystem, ## lanczos_cg_block_seed output
σ, ## shift
verbose= False, ## detailed output
ɛ = 1e-9, ## tolerance
p_freq = 5, ## printing frequency
norm = lambda x: la.norm(x, 2)):

B = seedSystem["B"]
n = B.shape[0]
B = B[:,0]
U = seedSystem["U"][:,0,:]
δ = seedSystem["δ"][0,:] + σ
ρ = seedSystem["ρ"][0,:]
β = seedSystem["β"][0,:]
n = U.shape[0]
maxit = β.shape[0]

X = zeros((n,maxit)) ## approximate soln
P = zeros((n,maxit)) ## search directions
R = zeros((n,maxit)) ## residual

## coefficients
ω = zeros((maxit))
γ = ones((maxit))

## initial values
R[:,0] = P[:,0] = B

j = 0
cnvg = False

while j < maxit-1:

γ[j] = (δ[j] - ω[j-1]/γ[j-1])**-1
ω[j] = (β[j+1]*γ[j])**2
ρ[j+1] = -β[j+1]*γ[j]*ρ[j]

## CG vectors update
X[:,j+1] = X[:,j] + γ[j]*P[:,j]
R[:,j+1] = ρ[j+1]*U[:,j+1]
P[:,j+1] = R[:,j+1] + ω[j]*P[:,j]

j += 1
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res_norm = norm(R[:,j])

if verbose and j % p_freq ==0 : print("Error at step ",j,
" is ", res_norm)

if res_norm<=ɛ:
cnvg = True
break

if verbose and cnvg: print("Converged after ",j," iterations.")
elif verbose: print("Failed to converge after ",j," iterations.")

return X[:,j].reshape(n,1)

C.8 Data simulation

Data Simulation
## simulate data
def simdata(

n, ## number of individuals
m, ## number of loci,
h2=.1, ## true value of hertiable variance component
verbose = False):

## variance component values:
s0 = h2
s1 = 1-s0

## allele frequencies and standardized genotypes:
q = random.uniform(.1,.5,m)
Z = array([random.binomial(1, p, n) for p in q]).T
Z = apply_along_axis(lambda x: (x-mean(x))/(sqrt(m)*std(x)),1,Z)

## generate phenotype:
I = eye(n)
y = zeros([n,1])
u = random.normal(0,1,m)
y[:,0] = sqrt(s0) * Z@u + sqrt(s1)* random.normal(0,1,n)
y[:,0] = (y[:,0] - mean(y[:,0]))/std(y[:,0])

if verbose: print("var(Z@u) = {}, var(y) = ".format(std(Z@u)**2), std(y)**2)

return Z @ Z.T,I,y,Z


