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Wishnek, Samuel W. (Ph.D., Aerospace Engineering)
Optimal Information Theoretic Techniques for Electro-Optical Space Domain Awareness

Thesis directed by Prof. Marcus J. Holzinger

With high and growing public interest from key stake holders in exploring and using the space
domain. The tools and techniques of space domain awareness (SDA) have seen growing interest
and development. The field of space domain awareness covers the methods for detecting, tracking,
and characterizing the states of space objects. These tools include every step in the process for
building up estimates of these states and are essential for mission planning and actualization as
well as collision avoidance. This starts with the tools for data acquisition and continues on through
orbit determination and state estimation. While the field of SDA has seen incredible growth in
recent years, there remains significant room for improvement.

Information optimal approaches extend beyond just providing results. They take into the
account the volume of information in the ingested data and provide estimates and the corresponding
uncertainty. This allows information optimal approaches to build a result that uses all the available
information in the data without communicating a false level of certainty in the resulting estimate.

This research discusses new methods and algorithms for information-optimal space domain
awareness. The presented methods extend from data collection to state estimation. While some of
the methods are generally applicable to many different scenarios, there is a focus on electro-optical
data. These methods enable more and robust methods for understanding the space domain both

in and beyond the near-Earth environment.
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Chapter 1

Problems in the Observation to Estimation Pipeline

1.1 Space Domain Awareness

Over the past few decades, the near-Earth environment has become increasingly important
for supporting modern civilization through the novel application of technology to enhance com-
munication, science, and security among many other interests. Accordingly, over the years the
environment has seen greater use with more government and non-government entities placing satel-
lites into orbit. This has led to an increased demand for accurate and up-to-date knowledge of
the states of objects in the space environment [2]. This is both for tracking the state of opera-
tional spacecraft to inform future maneuvers as well as the states of other space objects to prevent
collisions that could disrupt missions.

Space domain awareness (SDA) is the identification, tracking, and orbit characterization of
space objects [3]. There are a wide variety of tools and techniques in SDA. There are radio and
optical frequency sensors, and these sensors can be based on ground stations or other spacecraft [4].
For the variety of different sensor types, there is an even broader spectrum of available computa-
tional tools for processing the resulting data. These are the filters and estimators that can extract
information regarding a spacecraft’s past, present, or likely future states. The techniques vary in
their effectiveness on different criteria. Collectively, the various algorithms form a repertoire of
tools that can be used to perform SDA operations. The optimal tools in a given scenario depend
on the available information and operation goals.

There are a variety of SDA algorithms for the corresponding variety of feasible scenarios.
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These tools span the full process of state estimation from extracting quantitative measurements
from raw data to combining these measurements to build initial characterizations of the target orbit
to narrowing in on the precise state estimate that can be propagated to find predictions of past
and future states. With no a-priori knowledge of a target object’s state, a single measurement of a
space object with optical sensors is insufficient to build a full state. These sensors tend to provide
two or four element measurements while a full translational state has six degrees of freedom. In
general, angles-only observations provide two element measurements while angle and angle rate
observations provide four element measurements. In either case, several measurements would be
required in order to build a full state estimate. When this minimum is barely met, the typical
approach is to apply an initial orbit determination (IOD) algorithm to estimate the state [5]. IOD
algorithms often rely on basic assumptions about the target object’s orbit and measurements such
as pure Keplerian motion or short time of flight between observations. Accordingly, IOD algorithms
tend to be less accurate than the alternative. Precise orbit determination (POD) algorithms are
used when there are more measurements to include in the estimate, and the state is significantly
overdetermined. Linearized, extended, and unscented Kalman filters fall into this category as well
as particle filters. POD algorithms can use the greater volume of available data to provide more
accurate estimates of the state. Some of these algorithms can also compensate for unmodeled
dynamics as more data is ingested into the algorithm.

Space domain awareness is an evolving field and there are a number of ways the existing
toolset can be improved and augmented with new approaches. With some sensors, the existing
methods for extracting quantitative measurements are not information-optimal in that the derived
measurements may not accurately reflect all available data in the observation and the measurement
covariance matrix may not accurately reflect the true uncertainty in the derived values. Further
down the process line, there is room for improvement in the available IOD methods to better apply
the information available in the collected data.

Thesis Statement: Electro-optical space domain awareness tools can benefit from a

novel set of optimal information theoretic techniques that can be used to extract state estimates
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from measurements while simultaneously handling ambiguity and rigorously quantize confidence
measures.

The contributions to the state of the art break down into four major categories. Each of these
corresponds to a step in the process of building a full state estimate from initial data collection to
orbit determination. The motivation and impact of the these topics are broken down in the next
few sections. Broadly speaking, each contribution helps add rigor and precision to the full process
of orbit determination. These advancements may individually provide small improvements to the
accuracy of estimates and reliability of methods. However, the described approaches can be used
together to enable orbit determination in broader realms with tools that bring powerful capabilities
to stake holders in the commercial, scientific, and military domains. This helps close in on a more

complete set of tools to reduce the set of infeasible problems in space domain awareness.

Figure 1.1: Diagram showing the four major contributions of this research and how they relate to
each other in optical data.

1.2 The Complications of Ultra-Wide Angle Lenses

For electro-optical data collection, there are a variety of tools available that each specialize in

accomplishing different tasks and enabling different objectives. Narrow field-of-view telescopes can
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provide highly accurate relative state measurements of target objects with minimal uncertainty.
Beyond this, some can be used for resolved imaging of space objects and this can support tasks
such as attitude determination and predictive modeling for non-gravitational forces on the target
object. However, these narrow field-of-view instruments can be limited by the same aspect that
gives them these capabilities. The narrow field-of-view limits their ability for a single instrument to
characterize and track multiple objects. This is particularly true when multiple objects of interest
are observable at the same time but not nearby to one another. These instruments also struggle at
uninformed detection tasks as they can only observe a small portion of the night sky at a time.

An alternative option more capable with these tasks are wide angle and particularly, ultra-
wide field-of-view telescopes. These are instruments with fields-of-view over sixty degrees [6]. While
some of these may fall behind in their ability to provide high accuracy state measurements and they
are largely restricted to unresolved data collection, they are highly capable at the tasks narrow-field
of view instruments fall short in. Their fields-of-view can capture a large portion of the night sky
and even fixed bore-sight cameras can be reliably used for SDA data collection. They excel at
uninformed detection and tracking tasks as well as multi-target tracking as it is much more likely
an observable target object will enter their view cone than for a narrow field-of-view counterpart
[7].

The benefits of wide and ultra-wide field-of-view instruments have already attracted interest
from a variety of sources. One of the most notable instruments is the Vera C. Rubin Observatory.
This observatory, also known as the Large Synoptic Survey Telescope (LSST), will gather several
types of data products for a variety of tasks including all-sky surveys, studies on survey cadence,
and transient detection [8]. Scheduled for first light in 2022, this observatory capability to survey
the whole night sky separate it from contemporary narrow field-of-view telescopes like the Giant
Magellan Telescope, Extremely Large Telescope, and Thirty Meter Telescope. There are also other
smaller telescope systems intended for sky surveys such as the Dragonfly Telephoto Array [9].

One of the major issues faced by observational systems with ultra-wide fields-of-view is dis-

tortion across the image plane induced by the optical system [10]. The light the sensor receives
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must be significantly bent to reach the imaging surface. Distortion can arrive as a simple conse-
quence of the required manipulation of the light to reach the sensor or it can be induced by small
imperfections in the optical system that lead to deviations from the expected distortion of the
optical system. These issues are some of the major barriers to the wider adoption of ultra-wide
angle sensors that would otherwise offer a relatively low-cost solution for passively monitoring a
large portion of the night sky [11].

Existing algorithms for image calibration to remove this distortion involve fitting the observed
images to a model and estimating the coefficients that define the distortion from a series of cali-
bration images. Popular methods for this include botht the Brown and division models for image
calibration [12] [13]. These approaches work best for cases with less severe distortion. However,
there is an opportunity to improve over these methods for the case of ultra-wide angle lenses that
observe the night sky. This is empirical calibration. Rather than fitting the data to a model to
estimate coefficients, stars can be used as reference points to gather information about the camera’s
distortion and then build a model by interpolating between points with known distortion.

This approach to image calibration offers several advantages over the function-fitting algo-
rithms. First, it does not require manual intervention to build the calibration map as it uses the
same type of data it collects to observe space objects as it uses to calibrate itself. Second, the
empirical approach can account for complex and irregular distortion that may violate the under-
lying symmetry assumptions of a function-based model. This allows it to better model irregular
errors from manufacturing defects. Lastly, this approach can allow a calibration to be automatically
updated or reacquired as more data is collected by the sensor.

This contribution enables the broader and more reliable use of ultra-wide field-of-view sensors.
These may have been previously considered too inaccurate with data products too difficult to extract
useful measurements from [11]. These kinds of lenses and sensors are available to the broader public
at a much lower cost than astronomy-focused alternatives. Implementation of this approach can
open up all-sky data collection to more budget constrained observers as well as making systems

with more sensors feasible.
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Contribution 1: An algorithm for empirically calibrating night sky images taken with
ultra-wide angle lenses in order to accurately report the observed relative position of imaged space

objects.

1.3 Light Curve Measurement and Uncertainty

When an electro-optical sensor images a non-tracked moving object, that object shows up as
a streak in the resulting image. The light from the source slides across the observing sensor and the
effect is integrated over the time the sensor is active. For a fixed-bore-sight camera it will almost
always be the case that an observed space object will show up as a streak in the image. The length
of this streak depends on the integration time and relative angular speed of the object. If the target
objects grows dimmer or brighter while it streaks across the frame, this can show up as a dimming
or brightening of the streak. Accordingly, the streak encodes information about the target object’s
photometry. That can provide additional insight into aspects of the target’s attitude or relative
position with respect to the observer, Sun, and Earth.

Pulling out the photometric information encoded in a streak produces a photometric light
curve. The observed changes in brightness as an object streaks across an imaging frame can reveal
other aspects of the target object’s state. For spacecraft, some parts will have different albedos
and reflective cross sections. As a satellite rotates with respect to the observer, the object may
reflect more or less light. For example, solar panels tend to be highly reflective [14]. This will
then be reflected in the observed light curve. In these cases, the photometric light curve can reveal
information about the target object’s attitude [15]. Alternatively, as the spacecraft passes into the
Earth’s penumbra, the Sun will be occluded and there will be less incident light on its surface.
The observed reflected light will fall off accordingly and this can be indicated in the observed light
curve.

The usual approach for estimating the light curve based on an observed streak is relatively
simple. The streak is located in the image and broken down into an arbitrary number of segments.

The pixels within each segment are added together to integrate the light to find the intensity of
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each segment. These segments are then plotted as a piecewise light curve to model the photometry
[16] [17].

This approach leaves several impactful choices as arbitrary guesses and lacks a meaningful
way to ensure the estimated streak optimally matches the observation. Assuming that the observed
object has any point spread function on the sensor, this approach fails to account for the geometry
of how the streak was produced. The point spread function slides across the sensor as the image
integrates the light. This means that later portions of the streak do represent later times, but there
is some overlap as the point spread function from a moment before and a moment after overlap on
the same pixel. Next there is the question of how to break down the streak into segments. If too
small a number of segments is chosen then there is usable information contained in the streak that
is not included in the estimate. On the other hand, if the number of segments is too large, the
resulting light curve will have values for unobservably small segments of time and indicate a false
level of certainty in the estimated light curve. Finally, this approach offers no method for describing
the uncertainty in the estimate. This makes it difficult to rigorously assess the conclusions derived
by a resulting estimate.

In this contribution, a rigorous, information theoretic approach is offered for estimating the
photometric light curve from an observed streak. The approach develops a method for breaking
down the streak into an optimal number of segments to maximize the information used in the
result. This is derived from a more complete model of how a streak is generated as the point
spread function slides across the imaging sensor. This approach also develops a method for finding
the covariance of the resulting estimate so the level of certainty in the results can be properly
understood. In addition, a simplified analytical approach for finding the optimal number of streak
segments is derived for cases that meet certain geometric assumptions.

This approach offers a reliable and robust method for estimating the photometric light curve
of observed streaking space objects. The developed method can be applied to extract all the
available information in the streak so the estimate can most closely reflect the available data. This

provides a clear and objective way to find photometric light curves from streaks and removes ad
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hoc and arbitrary choices in finding these values.
Contribution 2: A pair of methods for determining the information-optimal way to dis-
cretize an observed space object streak into segments in order to fully extract the available photo-

metric information in the streak and find the covariance of the time resolved light curve estimate.

1.4 Initial Orbit Determination from Streaks

Initial orbit determination is a method by which a minimal set of observations can be used
to generate a full dynamical state for an orbiting space object. Within the realm of initial or-
bit determination from optical data, angles-only methods generally use three observations while
methods with angles and angle rates use two. That is because the former includes two element
measurement vectors so there are six values that go into finding the full six-element dynamical
state. The latter uses four element states and a minimum of two observations are required for the
full dynamical state to be observable [18]. There are a variety of algorithms available for initial
orbit determination. Each has strengths and weaknesses depending on the specific use case and
orbit determination goals.

There are many different initial orbit determination algorithms. Most of these algorithms
intended for optical data work with angles-only data. For example, the popular Laplace, Gauss,
Gooding, and double-r algorithms are all intended for angles-only data. Even within angles-only
cases these methods differ in their capabilities and implementation requirements. Methods such as
Laplace and Gauss tend to struggle with targets in low-Earth orbit as these methods perform best
when the angle between observations is small. This narrows the feasible time windows between
observations that allow these methods to remain useful [19]. Other angles-only methods like P.R.
Escobal’s double-r method work well with large angles between measurements. However, the iter-
ative double-r algorithm has a relatively tight constraint on the initial guess for the target ranges
that allows the method to converge to the correct solution [20]. The popular Gooding method often
fails for space-based observers [19][21]. All these methods generally assume that the central body

acts as a gravitational point source and no other forces are influencing the dynamics. For target
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objects in the near-Earth environment, this is generally a safe assumption for finding a reasonably
accurate initial estimate. The results can then be fed into a precise orbit determination algorithm
to refine the estimate and generate a state covariance matrix.

Since most methods for precise orbit determination require an initial guess to start from,
initial orbit determination methods are an essential step in finding a full state estimate. They can
take measurements and generate a close initial guess that can then be used to seed the precise orbit
determination algorithm. More universal and robust approaches to initial orbit determination can
broaden the scope of problems with feasible solutions.

Since the various methods work better in different domains, an operator must typically have
some knowledge of the target in advance or implement multiple methods to make sure the most
relevant method is applied. Even then, some the algorithms fail by providing inaccurate results so
it may not be clear which method worked and which failed. There are also very few methods that
accept measurements with both angles and angle rates. If the intention is to build a state estimate
from two observations with angles and angle rates, some domains that are feasible for angles-only
data are infeasible due to a lack of algorithms that excel in that domain.

The proposed solution to this problem is an optimization-based approach to initial orbit
determination. The method formulates how well a solution fits the measurements as a cost function
and adjusts the unmeasured state components to minimize the error from the observations. It
accepts input measurements of both angles and angle rates to naturally work with measurements
derived from streaks. The approach also applies admissible regions as a penalty function in order
to restrict the search space and more efficiently converge to a solution. The algorithm can also
solve for the set of feasible solutions when there are multiple states that fit the observations such
as in the case of multiple orbits.

This contribution provides a robust method for initial orbit determination that works under
a wide variety of circumstances. This includes both orbiting and ground-based observers as well
as cases where the target object has an orbit closer to the Earth than the observer. This is a case

that failed for many other algorithms. The approach successfully converges for both long and short
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times of flight as well.
Contribution 3: A novel IOD method that accepts both angles and angle-rates to provide
a state estimate that remains accurate for a broad range of orbital regimes as well as long delays

between observations without an initial guess.

1.5 Initial Orbit Determination in Cislunar and Beyond

In the near-Earth environment, the dynamics of an orbiting object are dominated by the
gravitational influence of the Earth. The gravitational pull of the Earth is powerful enough that
modeling the dynamics as a simple two-body point source problem is sufficient for finding a near
estimate for the purpose of initial orbit determination. Accordingly, most existing methods for
initial orbit determination rely on the two-body assumption to efficiently find a state estimate [18].
Beyond the near-Earth environment, this assumption breaks down. The gravitational influence of
the Moon, other solar system bodies, and non-gravitational influences become more significant to
the dynamics as the dominance of the gravitational influence of the Earth falls off.

Initial orbit determination is largely restricted to cases well-approximated by the two-body
assumption. Under these simplified dynamics, there are a number of different approaches to ana-
lytically or computationally finding the full six-element dynamical state. The most common 10D
algorithms such as Laplace, Gauss, Gooding, and double-r are all derived from the assumptions of
two-body dynamics [18]. Under these assumptions, these algorithms can very efficiently converge to
close estimates of the full dynamical state. However, these methods will not work if the two-body
assumption breaks down as the assumptions they are based on no longer hold.

An approach for performing initial orbit determination outside of the near-Earth domain
would enable stake holders for space beyond the near-Earth environment a better understanding of
the environment and the objects within it. With NASA looking to revisit the Moon in the coming
years as well as new interest from commercial and military sectors in the cislunar domain, new and
improved approaches for better understanding and managing the environment could enable many

future missions [22]. With IOD an essential step in the process of space object characterization
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and tracking, an algorithm that extends this capability beyond the near-Earth environment could
significantly improve SDA capabilities in this new domain.

To solve this problem, an algorithm is developed that uses an optimization-based approach
similar to the previous contribution, but works with a differential equation integrator to estimate
the state subject to arbitrary dynamics. This is implemented with a high-fidelity orbit propagator
that includes a variety of forces on the target object so the approach will converge to an accurate
solution both inside and outside of the near-Earth environment. The cost function is based on the
Mahalanobis distance, so the resulting cost is a meaningful measure of how accurately the state
fits the observations it was derived from. This approach allows for the inclusion of process noise in
building an estimate so as not to exclude potential solutions due to over confidence in the accuracy
of the modeled dynamics. The approach comes with analytical necessary condition for convergence
that allows some potential solutions to be excluded as infeasible.

Contribution 4: A method for performing initial orbit determination under arbitrary dy-

namics and enabling orbit determination in the cislunar domain and beyond.

1.6 Optical Observations with OmniSSA

The VADeR lab at the University of Colorado at Boulder has constructed a multi-sensor
ultra-wide field-of-view optical system called the Omnidirectional Space Situational Awareness
(OmniSSA) system. The goal of this hardware project is to approach the problem of uninformed
object detection and state estimation using four ultra-wide angle sensors. These sensors are com-
posed of ZWO ASI1600MM cameras with Rokinon FE14M-E lenses in order to achieve 115 degree
field of view images of the night sky. The fields of view of the four sensor overlap entirely. The
output images can be used together in order to improve detection signal-to-noise ratio limits [23].
The system is designed for long term autonomous operation and remote access in order to passively
observe the night sky and perform state estimation on a large set of observable space objects.

OmniSSA has been shown to be able to detect objects as dim as magnitude 12 which allows

it to observe geostationary and geosynchronous space objects. The system is zenith pointing, so
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fast moving space objects such as those in low Earth orbit appear as streaks in the sensor frame
for longer integration times.

OmniSSA is used to provide real data to observationally verify the algorithms applied in every
step of this research. First, the space object streaks created by low Earth objects in OmniSSA’s
data provide a target for photometric light curve extraction. Next, the optical lens itself induces
distortion in the image relative to the expected projection of the sky. This provides a distorted
target to apply the ultra-wide angle lens calibration. The large datasets from leaving OmniSSA
to run for several hours while observing a significant portion of the sky provide ample targets for

testing the initial orbit determination approaches discussed in contribution three.
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Chapter 2

Ultra-Wide Angle Lens Calibration

2.1 Image Calibration

Generally defined as lenses with field-of-view over sixty degrees, ultra-wide field-of-view op-
tical sensors offer a number of advantages over their narrow field-of view counterparts in SDA [6].
Primarily, they allow fewer individual sensors to simultaneously monitor a large portion of the sky.
So long as the target objects are bright enough to be detected by the sensor, a single ultra-wide
field-of-view sensor can passively monitor a much larger portion of the sky than a narrow field-of-
view alternative. This makes these sensors particularly useful for uninformed object detection and
fixed zenith pointing applications [7].

One of the major issues for any optical system relying on ultra-wide angle sensors is the dis-
tortion induced by the optical system of large field-of-view sensors [10]. In particular, the standard
approach for removing distortion in images is often not sufficient for accurately determining the
inertial coordinates of an imaged object. Rather, these methods tend to be unable to account for all
of the distortion in the image and the estimated inertial angular position of an imaged object tend
to be less accurate accordingly. In-house testing has shown that many off-the-shelf methods for
image calibration for these types of sensors either do not well approximate the observed distortion
or fail to produce a solution at all.

FExisting methods for image calibration tend to be functional in that the distortion is modeled
as an analytical function of position in the image where the coefficients of the various terms in the

function determine the overall distortion of the image [25]. For example, popular methods for
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removing distortion from images such as the Brown model and division model are functional [12]
[13]. There are also methods specific to certain types of ultra-wide angle lenses such as fish-eye
lenses [24]. These methods often work well for lenses with less severe and more symmetric distortion.
However, the ultra-wide angle lenses in some low-cost systems can have fairly severe distortion that
may be asymmetric or irregular in a way the precludes these functions from accurately reproducing
the distortion for any choice of coefficients [27] [48].

The proposed solution for this problem is to use an empirical approach to mapping the
distortion across the imaged frame. The empirical approach is based on gathering a collection of
points with known distortion across the frame and interpolating between them. This method can
account for any geometry with any distribution of points and improves as more calibration points
are included. The observed to catalog star assignment problem is an example of the generalized
assignment problem and is NP-hard [49]. This research does not address the assignment problem
itself, but implements existing solutions to study the impact of empirical solutions on optical
calibration.

Specifically, this approach entails using the locations of stars in data images as reference
points for the calibration. As this method uses the observed and catalog coordinates of stars
in night-sky images, this empirical approach does not require the manual collection of specific
calibration images. Rather, the data used to calibrate the imaging system is the same type of data
that is used to detect and characterize the orbits of near-Earth objects. This both reduces the
amount of manual setup required for an optical system as well as allows calibration maps to be
easily regenerated in the event of a suspected or known change to the optical system that might
impact the accuracy of an existing map. For example, a lens replacement or focus adjust. The
proposed methods leverage the Delaunay triangulation as well as the Savitzky-Golay filter in order
to build the calibration map under different regimes [50] [51].

The proposed methods for ultra-wide field-of-sensor calibration offer several advantages over
traditional methods. These empirical approaches can can be applied without manual intervention

for sky-pointing cameras and can compensate for irregular or asymmetric distortions in the optical
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system. The two proposed methods function better in different scenarios, and each is compared in
their performance against data collected from an observation system. In addition, the Delaunay
approach, which does not work as well for the given scenario, is assessed with simulated data for a

case that better fits its capabilities.

2.2 Theory

2.2.1 State of the Art

Popular methods for image calibration are typically defined by vector-valued functions that
take the coordinates of a pixel and output the calibrated coordinates. The function depends on the
position of a point with respect to the image frame as well as a set of coefficients. These coefficients
are determined by taking calibration images of a pre-determined target such as a checkerboard
pattern with a known size and performing a least squares regression to find the set of coefficients
that most closely match the model with the observed distortion. For example, equations (2.1 and
(2.2 show the image frame horizontal and vertical coordinate calibration based on the Brown-
Conrady distortion model [12]. In this case, the variables labeled as P; where i is a positive integer
are the coefficients found via the least squares regression. These are the terms that depend on the
specific optical system. The remaining terms, z, y, and r are the horizontal, vertical, and radial
positions of a given point in the image frame respectively with respect to the image center. Note

that in these equations 7 is the magnitude of the (z,y) vector.

Az =[P (r? + 222) + 2Pyxy| [1+ Pyr? + Pyrt + . (2.1)
Ay = [2Pizy + Po(r® + 2y*)] [L + Pyr? + Pyt + ] (2.2)

These equations intrinsically assume a symmetry in the optical system about a boresight.
Should the sign of the x and y values flip, the result will be unchanged. This assumption, while
broadly near accurate for many optical systems, is not necessarily true. As an optical system is a

practical application of real objects, there can be asymmetries that a low-order functional expansion
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approach cannot account for.

Similarly, the division model developed by A.W. Fitzgibbon is shown in equations (2.3) and
(2.4) [13]. This form solves for the undistorted coordinates rather than the distortions. These
undistorted coordinates are labeled (%, eqr, Yrear). This model also has intrinsic symmetry about the
central point. In both cases, it is trivial to shift the location of this central point by modifying
what coordinates the input values are relative to. However, the symmetry cannot be removed, and

these models cannot compensate for deviations from this symmetry.

T
_ 2.3
real 1+ )\17‘2 + )\27“4 + )\3’/“6 + ... ( )
)
= 2.4
Yreal = TN+ Aard + Agr® + . (24)
2.2.2 Distortion Measurements

To approach this problem, an empirical approach is implemented. Rather than attempting
to find the coefficients to fit a predetermined model to the data, the model is built by measuring
distortion across the frame relative to fiducial features and interpolating between the measurement
locations. This yields a mapping between the distorted and calibrated frame that is free of any
symmetry assumptions. What does remain is an assumption of smoothness and continuity and
that linear interpolation is sufficiently accurate over short distances in the frame.

The first step in empirically calibrating an image is the collection of distortion estimates
across the image frame. There are several ways this can be performed. A popular method for
established formula-based methods involves taking images of a checkerboard pattern positioned
at a variety of distances and orientations with respect to the camera sensor. The vertices of the
checkerboard pattern can be automatically detected in the image frame and then used to estimate
the formula parameters [52]. The core requirement for any applied method is that imaged features
can be matched with expected positions so that the distortion from truth can be estimated [53].

The method applied here leverages the data being collected during night sky observations

to avoid requiring any sort of manual calibration. Rather, the stars in a given image act as the
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sampled points. Existing star catalogs such as the Hipparcos star catalog have the angular positions
of many of the brightest stars in the night sky to sub-arcsecond accuracy [54]. For an all-sky sensor
such as the one used to verify this work, this is sufficient to determine the distortion from truth of
an observed star to well below pixel resolution. This method for collecting calibration samples also
allows the camera to be focused at infinity. Adjusting the focus of an optical system can alter the
observed distortion, so by calibrating at the same setting used to collect data, the distortion map
can accurately reflect the observed distortion during practical use.

The process for collecting the distortion samples starts by taking a series of images of the
clear night sky. Any visible objects other than stars need to be masked out in order to avoid false
detections that can severely impact the accuracy of the final calibration map. Next, the location
of the stars within the frame are extracted. This can be done by taking a weighted centroid of
every cluster of pixels above some threshold defined by the sensor’s gain and exposure time. The
goal in selecting this threshold to prevent noise from resulting in false positive star detections while
keeping as many visible stars as possible.

The central region of an imaged frame tends to be the least distorted in the tested lenses. By
cropping to keep only this central region, the approximate inertial coordinates of the center of the
frame in right ascension and declination can be determined using a program such as Astrometry.net
[55]. Astrometry.net also provides information about the angular resolution of the image which can
be applied to build an initial guess for the inertial coordinates of every point in the frame. This
initial guess for each observed star can be compared with the catalog stars true coordinates.

If the observed and catalog stars are sufficiently close to one another, an association algorithm
such as a Hungarian algorithm can be applied to associate observed stars with their closest catalog
analogues [56]. Should the distortion be too severe to correctly associate the two sets of stars, the
image can be run through a functional calibration algorithm such as the Brown model to bring the
observed star coordinates closer to the truth defined by the catalog.

Once the observed stars are correctly associated to the catalog stars, the distortion in both the

horizontal and vertical image frame directions can be directly determined by the vector displacement
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between the observed and catalog coordinates.

The basic method for associating applies the Hungarian algorithm to associate catalog and
observed stars. First the images are pre-processed to subtract out the background and hot pixels.
If the distortion in the optical system is severe, the Brown-Conrady method can be applied to
remove much of the distortion. The images can then be processed though Astrometry.net to find
the boresight inertial coordinates. With an inertial reference point, the visible region of the catalog
can be projected onto the image. Next a cost function is built using the Euclidean distances in the
image frame between each observed and catalog star. The cost matrix is fed into the Hungarian
algorithm that then finds the optimal association between observed and catalog stars to minimize

the total cost of the associations [56].

Algorithm 1 Basic association between observed and known stars.

obsstars < Weighted centroid coordinates of observed stars in the image frame.
catstars < Coordinates of catalog stars in the image frame.
for i =0, i <length(obsstars) do

for j =0, i <length(catstars) do

costmatrizli, j| < norm(obsstarsli] — catstars[j])

[obsorder, catorder]| <+ Hungarian(costmatriz)
orderedobs < obsstars|obsorder]
orderedcat < catstars|catorder]

2.2.3 Delaunay Based Calibration

While a series of images of the night sky can place distortion samples across the frame, the
goal is to take an arbitrary point in the frame and determine the distortion from truth. To do this,
the distortion in regions between observed stars needs to be interpolated based on its proximity
to sampled points. This is done through the use of a Delaunay triangulation [50]. A Delaunay
triangulation divides a two dimensional region into an irregular triangular tessellation with vertices
defined by an arbitrary distribution of points.

There are many ways to divide a region into triangles. The Delaunay triangulation maxi-

mizes the minimum internal angle of all of the triangles [50]. This is done by ensuring that the
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circumscribing circle for each triangle does not have any sampled points in its interior. The effect
of this is to reduce the number of large obtuse triangles and ensure that the regions each triangle
encloses is not too close to points that do not define a vertex. The Delaunay Triangulation is the
straight line dual graph of the Voronoi Diagram which maps points on a plane to their nearest
vertex [57].

The classic problem for the Delaunay triangulation is the task of interpolating the terrain of
a map based on a discrete set of altitude measurements at arbitrary coordinates. The analogous
nature of building a distortion map based on a distribution of measured points is why the De-
launay triangulation was chosen for this case. In terms of implementation, popular programming
environment such as MATLAB and Python with SciPy have efficient native implementations of the
Delaunay triangulation algorithm.

The Delaunay triangulation can then be used to build a pair of piece-wise linear surfaces
where the x and y coordinates are defined by the locations of the sampled points in the image
frame and the z coordinate is a linear interpolation of the distortion of the vertices. In this way,
each triangle is effectively a plane segment describing the distortion in the region that it spans.
Figures 2.1 and 2.2 show a uniformly selected random distribution of one thousand points across
a frame and the corresponding Delaunay triangulation. To ensure that the full fame is covered by
the triangulation, each corner is added as a sampled point.

In practice, after collecting matched sets of observed and catalog stars a point is added to
each corner. The distortion associated with that point is set by the next closest point to the
corresponding corner. The Delaunay triangulation creates a convex hull for the point cloud, so
placing these four corner points ensures that the whole frame is tessellated. This tessellation and
corresponding vertex distortion values is stored for every image corresponding to the same optical
system. When a point is to be calibrated, the triangle that the point falls inside of is found for
each tessellation. The distortion in the x direction is treated as the third coordinate of a three-
dimensional space and the point is projected onto the plane defined by the triangle that contains

it. Mathematically, the = direction distortion is given by equation (2.5) where v; , are the vertices
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Figure 2.1: One thousand randomly selected  Figure 2.2: The Delaunay triangulation of the
points across an image frame. points in figure 2.1.
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of the triangle, py is the location of the point of interest set on the z — y plane, and i3 is the z
direction unit vector. The y direction distortion is calculated using a similar equation shown in

equation (2.6).

Ax — (171,96 - ﬁO) : [(172,:1: - 171,:1:) ( 3 — Ul :E)] (25)
(V2,0 — T14) X (V30 — V10)] - 1

Ay — (V1,y — Po) - [(V2y — Tiy) X (U35 — V1y)] (2.6)
[(Tay — U1,y) X (V3 — V1y)] - 13

The results of these individual distortion estimates across all the tessellations can then be
averaged together to provide a single estimate of the point’s distortion. The effect of this averaging
process is to smooth out the sharp edges at the borders of the triangles and dampen the impact of
inaccurate vertex distortion measurements.

The Delaunay triangulation performs well at matching regions to their closest corresponding
triplet of measured points. This approach does have its weaknesses. As shown in figure 2.2, the
vast majority of the region’s interior avoids long and narrow triangles. However, the region around
the frame’s edges are forced to consist of long and narrow triangles in order to fully cover the
frame. As a result, points toward the center of these long and narrow triangles will be distorted by
measurements relatively distant from them. Accordingly, distortion estimates from these regions
will be unreliable. The other major weakness of this approach is a relatively low tolerance for
errors. Incorrect associations between catalog and observed stars can have a large impact on the
accuracy of nearby distortion estimates. Outlier detection and limiting the maximum association
cost in the Hungarian algorithm can limit, but not completely negate the risk of accepting a false

association.

2.24 Savitzky-Golay Calibration

An alternative to the Delaunay triangulation approach to turning measurements into a cali-
bration map is the use of a two-dimensional Savitzky-Golay filter (SGF). The Savitzky-Golay filter

is a local least-squares approximation method that, for a function of two variables, fits a series of
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polynomials to local subsets of the data. Closely related to the Savitzky—Golay filter are variations
of the locally estimated scatterplot smoothing (LOESS) method that differ from one another in the
details of their implementation, but tend to produce similar results in practice [58].

So long as the underlying data is locally well-approximated by a low degree polynomial
function, a SGF or LOESS method can be applied to find an piecewise smooth and continuous
analytical function that estimates the observed data [58]. This resulting function can then be used
as the calibration map by passing coordinates to be calibrated through the function.

Similar to the Delaunay triangulation, advanced numerical tools such as MATLAB and SciPy
have Savitzky-Golay and LOESS tools to efficiently implement these functions into calibration algo-
rithms. Unlike the Delaunay triangulation method where each image was individually triangulated
and the piecewise maps were averaged together, it is more feasible to combine all of the calibration
points into a single dataset and process the whole set with the SGF. This is because the filter
handles the outlier discrimination itself, so it does not require an intermediary step to find and
remove outliers as the Delaunay triangulation based method does.

The main benefit for switching to the Savitzky-Golay filter is that the algorithm is better able
to detect and ignore outliers in the dataset and the endpoint behavior is less erratic. These are the
major downsides to the Delaunay triangulation method, so the Savitzky-Golay filter can help build
a better calibration map when there are a significant number of outliers in the data. The trade-off
when applying a Savitzky-Golay filter, is that the method is less reactive to real deviations in the
data, and the resulting map may smooth away small, but real, features that better describe the

underlying behavior.

2.3 Results

2.3.1 Optical Observations with OmniSSA

The Raytheon Intelligence & Space VADeR Lab at the University of Colorado at Boulder has

constructed a multi-sensor ultra-wide field-of-view optical system called the Omnidirectional Space
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Situational Awareness (OmniSSA) system. The goal of this hardware project is to approach the
problem of uninformed object detection and state estimation using four ultra-wide angle sensors.
These sensors are composed of ZWO ASI1600MM cameras with Rokinon FE14M-E lenses in order
to achieve 115 degree field-of-view images of the night sky. The fields of view of the four sensor
overlap entirely. The output images can be used together in order to improve detection signal-to-
noise ratio limits [23]. The system is designed for long term autonomous operation and remote
access in order to passively observe the night sky and perform state estimation on a large set of
observable space objects.

OmniSSA has been shown to be able to detect objects as dim as geostationary and geosyn-
chronous space objects. The system is zenith pointing, so fast moving space objects such as those
in low Earth orbit appear as streaks in the sensor frame for longer integration times.

OmniSSA is used to provide real data to observationally verify the calibration algorithm. The
optical lenses used in this system induce distortion in the image relative to the expected projection
of the sky. This provides a distorted target to apply the ultra-wide angle lens calibration. The
large datasets from leaving OmniSSA to run for several hours while observing a significant portion
of the sky provide ample targets for building the calibration maps using a well-distributed set of
sample points.

Two approaches were taken to investigate the performance of these algorithms. The imaging
system on OmniSSA has severe limb distortion and processing the observed data with Astrome-
try.net resulted in a very large number of false associations between observed and catalog stars.
Accordingly, the Savitzky-Golay filter approach would be expected to perform better. Both meth-
ods were analyzed using data collected from OmniSSA’s ultra-wide field-of-view imaging system.
To better capture a case where the Delaunay triangulation method performed well, a simulated

case that plays more to the Delaunay method’s strengths is demonstrated as well.



DocuSign Envelope ID: 41E21D37-88AD-44A3-95AA-387CE31E28C4

25

2.3.2 Simulated Case

The Delaunay triangulation based method for calibrating optical systems is first tested using
an artificially generated set of distortion samples. The purpose of this test is to measure the
method’s theoretical capabilities in the case of perfect assignment between observed and known
coordinates. These tests look at the capability of varying numbers of image frames to accurately
remove distortion. The tested images are set to have 2000 by 1500 pixels.

The tests are conducted by first choosing a distorting function to apply. The chosen function
is a sine function applied in the radial direction with a magnitude of 15 pixels. The function is
shown in equation (2.7) where dr is the change in radius with respect to the image center and r
is the original point’s radius from the image center. The true magnitude of the distortion in this
mapping is shown in figure 2.3. Different numbers of simulated images are combined to produce
estimated calibration maps each with 1000 virtual stars each. The resulting estimated distortion
maps for one, five and twenty simulated images are shown in figures 2.4 through 2.6. The vector
magnitude of the distortion is represented with the color of each point. To demonstrate how this
breaks down into x-axis and y-axis distortion, figures 2.7 and 2.8 show the component distortions
for the x-axis and y-axis respectively.

The single image calibration maps clearly show the underlying triangles from the Delaunay
triangulation. As more images are averaged together, the pattern disappears. The final remaining
difference between the twenty image result and the underlying truth is the edge distortion as
discussed in the theory section. The radial sinusoidal curve was chosen because it is a case that
would be a poor fit for the standard Brown and division models and it shows fairly dramatic shifts

between high and low distortion areas.

§r = 15sin (1%) (2.7)
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Figure 2.3: True distortion magnitude in pixels  Figure 2.4: Estimated distortion for a map
for the simulated case. made from a single simulated image.

Figure 2.5: Estimated distortion for a map  Figure 2.6: Estimated distortion for a map
made from 5 simulated images. made from 20 simulated images.
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Figure 2.7: Estimated x-axis distortion for a  Figure 2.8: Kstimated y-axis distortion for a
map made from a single simulated image. map made from a single simulated image.
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2.3.3 Empirical Verification

To empirically verify the methods, calibration maps were generated with sets of images and
another set of images taken with the same camera was used to extract the error residuals. Associ-
ations were made using the star identification feature of Astrometry.net. The larger set of several
thousand associations that went in to building the map were fed directly from the results of As-
trometry.net. For both cases, the Brown model calibration used by Astrometry.net was applied first
to pre-calibrate the image and help reduce the initial residuals before applying the empirical cali-
bration. The data used to measure the final residuals was checked to confirm that the associations

were correct so that the results could be appropriately compared to truth.

Figure 2.9: Stars detected (red) and expected (green) by the Astrometry.net software.
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Both calibration methods take an input of a series of images taken by OmniSSA. The two
cases are tested on distinct yet similar datasets using two of the cameras on OmniSSA. For the
Delaunay triangulation case, the distortion magnitude across the image frame for the average over
fifty triangulations is shown in figure 2.10. There were a large number of false associations in the
dataset. They were concentrated further away from the central region, and that is where the most
significant non-linearities appear to lie in the resulting calibration map. A more numerical analysis
of the method’s accuracy is found by finding the residuals between known pairs of catalog and
observed stars in images taken by this camera.

The residual distance between the expected and observed locations can be found for each case
both with and without the correction provided by the calibration map. The cumulative distribution
function of the residual between expected and observed star location before and after calibration
is shown in figure 2.11. Each pixel is 89 arcseconds across as designated by the tic marks along the
x-axis. To reduce the number of outliers in the data, associations that cost over 0.09 degrees were
removed as likely false associations. This represents a slight improvement in the residual lengths
for known star associations. The portion of stars within 1 pixel of their expected location rose from
27% to 51% while the portion within 2 pixels of their expected location rose from 87% to 96%.

A similar dataset was then processed using the Savitzky-Golay filter approach. As described
in the theory section, this used a combined dataset from all of the data images to build the resulting
map. This method does more to smooth the resulting data, and the resulting calibration map
shows this. Figure 2.12 shows the magnitude of distortions in the distortion map generated with
the Savitzky-Golay filter. Repeating the same technique as the Delaunay triangulation method to
find the residuals, the semi-log plot for the cumulative distribution function is shown in figure 2.13.
In this case, 81% of the calibrated residuals fell within one pixel of the expected value, and 93%
fell within 2 pixels of their expected value.

The Savitzky-Golay filter can be adjusted in terms of how large of an area the filter includes
in each local component. With the implemented algorithm, this is expressed in terms of the fraction

of the overall dataset that is included for each local fit. Several cases are run for different values.
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Figure 2.10: Estimated distortion on a fifty image OmniSSA dataset processed by the Delaunay
triangulation.

The results are provided in figures 2.14 and 2.15. As the datasets were very large with data from
105 images, smaller spans provided slightly better results. The best results were seen with one
percent of the data in each local fit with the accuracy of the results falling off as the size of the
span increased. For all cases between sixty and seventy percent of test points had residuals less
than one pixel. The one percent span performed the best with sixty nine percent of residuals less
than one pixel. The best performing span changed around those with residual of two pixels. Span
of twenty percent performed best at that point with eighty seven percent of residuals less than
two pixels. Smaller spans follow the underlying data more closely but are more sensitive to the

influence of outliers. The change in best performing spans illustrates this behavior.
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Figure 2.11: CDF for Delaunay triangulation calibration of the first OmniSSA sensor.

The one percent span performed much better than any other case for the period that it was
the best performing method. When it lagged behind, it did not lag behind by much. It swapped
back to best performing after a very short time. So for this dataset, the one percent span was the

appropriate setting for minimizing residuals.

2.4 Chapter Summary

An empirical approach to ultra-wide field-of-view optical system calibration was developed
and discussed. This method makes no assumptions regarding the underlying symmetry of the true
distortion. Rather, the only core assumptions is that the error at a point is consistent from image to

image and the error itself is smooth and continuous across the image area. With these assumptions,
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Figure 2.12: Estimated distortion on a fifty image OmniSSA dataset processed by the SGF.

the empirical approach was developed. The process relies on extracting calibration points based
on the expected and observed locations of stars in night-sky images taken by the optical system.
These are then used as reference points for building a continuous surface. Two different methods for
constructing this surface were discussed. The first involved building a piecewise continuous set of
triangular plane segments that spanned the image frame. The Delaunay triangulation was applied
to optimally assign regions to closest neighbor sample points. In order to overcome shortcomings
in some cases where there are high numbers of false associations, a second method was proposed
using a Savitzky-Golay filter to smooth the resulting surface best estimated from the calibration

points.
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Figure 2.13: Semi-log plot of the pre and post SGF calibration error residuals between estimated
and catalog star locations.

Figure 2.14: CDF of residuals for Savitzky-  Figure 2.15: Difference in the CDF plots for

Golay fits with spans from 0.01 to 0.7. each case with the w = 0.2 case. Larger values
indicate more of the sample points with lower
residuals.
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Chapter 3

Optimal Extraction of Photometric Light Curves

3.1 Streaking Objects and Light Curves

A moving space object can appear as a streak in an image from a non-tracking optical system.
Compared to a tracking optical system, the photometric signal-to-noise ratio (SNR) for a streak
will be lower as the observed signal is spread out over a larger region of the imaging frame and each
individual pixel will be closer to the background noise floor of the image [59]. While this loss of
SNR is undesirable in many applications, in others this may not pose a problem or not be possible
to counteract. In the first case, the signal of the resulting streak may already be sufficiently high
above the noise floor to remain clearly observable for the intended application [28]. In the second
case, the trajectory of the target object may not be known in advance, such as the case with target
acquisition applications and unexpected maneuvers [60]. If the target object remains observable
as a streak, there is additional information that an optical system can extract from relating to the
object’s photometry that are not observable for a perfectly tracked object.

As an object streaks across a frame while the sensor integrates the incident light, the intensity
of the light received by the sensor may change over the integration period [61]. This can reflect
changes in the albedo of the object as it rotates relative to the original light source and the observer,
or it could reflect the translational motion of the object as it passes through the Earth’s penumbra or
umbra [62]. In either case, the photometric information contained in the streak for objects moving
with respect to the imaging frame can provide additional insight into the transnational or attitude

state of the object [15]. Accordingly, extracting this information and determining the certainty
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regarding the extracted values are valuable tools for better understanding the target object and its
state.

Having identified the additional information available contained within the streak’s photom-
etry, there remains the question of how to go about extracting the information and determining
the correct amount of confidence to have in the corresponding estimate. Since the intensity of
the incident light can vary continuously, the true photometry is some continuous function of time
[63]. This light from the target object passes through the physical optical system of the observing
instrument as well as any atmosphere between the observer and target. Light from a point source
target will be distorted to a point spread function as it passes through this system until it reaches
the sensor. The image captured by the sensor will then reflect the integrated motion of this point
spread function as it is smeared across the sensor [64].

While estimating the continuous function that defines the observed object’s photometry, there
is a limit to the amount of meaningful information that can be extracted from a given streak due to
the combined impact of this point spread function with the inherent measurement uncertainty for
the value reported by each pixel in the sensor [65]. This measurement uncertainty is the result of the
combined impact of both the observed background light as well as the physical limitations of the real
sensor. Extracting the photometry of a streaking object requires first finding a model to represent
the underlying time-dependent photometry function and then finding an estimated function based
on the model that appropriately represents the available and observable information contained
in the imaged streak. Additionally, a complete estimate should be paired with an estimate of
the uncertainty in the reported values. Both the estimated model as well as the uncertainty are
necessary to fully report the results.

Current methods for extracting the photometry of streaking object largely ignore the problem
of finding the uncertainty in the resulting estimates [16][17]. Some approach the problem by man-
ually cutting the the image integration time so as to break what would have been a longer streak
into a series of separate images and a single estimate of the signal intensity is found for each image

in order to find the change with time [16]. Another existing approach is to partition the observed
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streak into a series of boxes and find the corresponding photometry of the streak within each of
these boxes. However, this approach does not offer any method for finding an appropriate number
of boxes. It also does nothing to account for the point spread function bleeding into multiple of
these boxes [17]. The current state of the art takes an ad hoc approach to choosing how to break
down the streak into parts and does not contend with the issue of finding the uncertainty of the
resulting light curve so as to provide some measure of the confidence in the provided estimates.

A novel method for extracting the photometry of straight-line space object streaks is in-
vestigated to determine an optimal approach and provide a method for estimating uncertainty in
the photometry. The proposed method models the photometry function as a stairstep function
where the streak is broken down into a series of streak segments that are each constant and evenly
spaced across the streak’s length. The photometric intensity and corresponding uncertainty are
found with a non-linear least squares regression. The core innovation offered with this method is
an approach for finding the optimal number of streak segments to break the full streak down into in
order to extract all observable information without attempting to estimate any unobservable states
by breaking the streak into too many segments.

Two methods for determining the appropriate number of streak segments are proposed. The
first is an analytically derived equation for measuring how information optimal a trial value for
the number of streak segments. This analytical formula is particularly computationally efficient to
implement, however, it is based on several core assumptions regarding the geometry of the streak
within the image plane. This means that the method is not universally applicable, as when these
key assumptions regarding the streak break down, the value that the formula produces may not
reflect the true optimal value for the number of streak segments. To overcome this, the second
method is a computational approach that is less efficient in terms of the computational resources
it requires, but it does not rely on any assumptions about the streak’s geometry and is therefore
universally applicable for any given straight-line streak. This includes streaks generated by slitless
spectroscopy where the photometric information encodes the frequency distribution of the received

light. An optimal breakdown of spectra from slitless spectroscopy will allow the maximum resolution
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spectrum to be extracted for an object.

The proposed methods are validated against both simulated and observed data. These cases
demonstrate how all of the available information is extracted by an appropriate number of streak
segments. Simulated cases are also used to verify that the different proposed methods converge
to the same results when the core assumptions for the methods are met. This demonstrates how
under appropriate conditions, an efficient method can be used to determine the optimal method

for breaking down a streak and estimating the photometry along its length.

3.2 Theory and Models

3.2.1 Constructing the Problem

An observed stationary object will appear in an image as a bivariate Lorentzian distribution
[66]. This can be locally approximated as a bivariate Gaussian distribution in order to take ad-
vantage of the Gaussian function’s superposition properties [67]. If the camera system has been
calibrated, the bivariate Gaussian should by radially symmetric and have a covariance matrix that
can be represented as equation (3.1) where o is the standard deviation based on the light wavelength

and optical system parameters, and Io«o is the two by two identity matrix.

C = 02Iro (3.1)

First, assume that the photometric intensity can be modeled as some continuous function
of time, B(t), over the duration of the image’s integration time. From the perspective of a single
pixel, a Gaussian curve slides over it, and the total intensity is integrated over the motion. For
a rectangular pixel with horizontal and vertical limits defined by zi, x2, y1, and yo, the total
intensity observed by the pixel is given by equation (3.2). In this equation, the p terms are the
time dependent coordinates of the point spread function (PSF) mean and the image integration

time goes from ty to t1.
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To visually demonstrate how the streak is broken down, figure 3.1a shows contours for the first
three standard deviations for a symmetric bivariate Gaussian superimposed on a grid to represent
the pixels of a sensor. This point spread function slides across the image frame as the source
moves through the field of view. The result is that the integrated light shows up as the point
spread function smeared across the plane. This is represented in figure 3.1b where the point spread
function from figure 3.1a was used to define the distribution of randomly generated virtual photons
as the point spread function slid across the frame. The image shows where each of these photons
struck the sensor. Figure 3.1c demonstrates what the camera would see as a result. Each pixel takes
a value corresponding to the number of photons to land within its borders. The sensor is effectively
a two-dimensional histogram of the incident light with bins defined by the pixel locations.

The only information about time available for this image is the shutter open and shutter
close time and the total integration time given by their difference. The intensity can be rewritten
independently of time by replacing the point spread function mean as a function of time with a
point spread function mean as a function of position along the streak, r. The intensity term, B(t)
can be exchanged for one dependent on the position along the streak B(r), and the time integral
that represents the time dependent motion of the point spread function can be replaced with an
integral that directly tracks the translational position of the mean. Rewriting equation (3.2) in
terms of position along the streak, r, yields equation (3.3). There the total length of the streak is

given by [.

- = (T _ T — HUg\T
fof fyyl2 2B7T(U) 71 Ha (1) 02159 Har (1) dydxdr (3.3)
Y — py(r) Y= hy(r)

The B(r) term only depends on r and can be pulled out of the position integrals yielding

equation (3.4).
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The B(r) function is the photometric intensity function that is to be estimated from the the
streak. The function can be approximated with a stair step function B*(r,n). This function is a
piece-wise constant function with n steps. Each step is the mean value of B(r) over the length of the
step. The step length is simply the total streak length divided by the value of n. As n approaches
infinity, B*(r,n) approaches B(r). This is shown mathematically in equation (3.6). Due to the
limits imposed by noise, there is some minimum value of n that allows B*(r,n) to model B(r) well

enough that the difference between a modeled streak based on B*(r,n) and the observed streak is
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Figure 3.1b: Simulated distribution of photons on a virtual sensor represented as a grid.

additive white Gaussian noise. At that point, all observable information has been extracted from

the image [68].

Ty < T <Tit1

1 Ti4+1
B*(r,n) = —/ B(r)dr (3.5)
riv1 —ti Jy,
1 r+dr/2
B (r,00) = - / B(r)dr = B(r) (3.6)
or r—8r/2

The input measurement for the streak photometry extraction scenario is a single picture
taken by a camera with some resolution. The extracted streak from the frame will only occupy a

fraction of the full frame. After identifying the streak, the subsection of the frame fully containing
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Figure 3.1c: Integrated result of the virtual photon distribution from figure 3.1b. Generated with
PSF standard deviation of 1 pixel and length 15.8 pixels

the streak can be isolated and modeled as some N x M array of pixels. Working with this subframe
alone reduces the amount of data that needs to be processed through the algorithm and reduces
the computational load of estimating the streak’s photometry. This frame reduction is important
for building an efficient implementation of the algorithm as the calculation speed scales with the
number of pixels in the frame.

The N x M subframe is built out of Np = N x M pixels. Each pixel value is a measurement
of the light incident on that portion of the sensor and is stored as an integer between zero and
the bit depth of the sensor minus one inclusive. Each pixel measurement can then be treated as a

single measurement in a set of Np simultaneous measurements. By reshaping the N x M matrix of
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pixel values into a single column of N,, values, the image data can be represented as a measurement
vector, 7.

Equation (3.4) is adjusted to replace the true photometry, B(r) with the estimated stair-step
photometry B*(r,n) as shown in equation (3.7). The outermost integral can then be separated into
the sum of n integrals with each one integrating over % of the total imaged streak. By separating
out the streak segments this way, the photometry B*(r,n) is constant within each integral. This
constant can be relabeled as B} for the i'h streak segment then pulled out of the integral entirely
resulting in a total pixel intensity equal to a linear combination of integrals. This is expressed in

equation (3.8). Each term in the summation corresponds to a segment of the total observed streak.

T
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The values for the streak segment intensities making up B; can be arranged into a n x 1
column vector, . Now there is a measurement vector, ¥, corresponding to every observed pixel
intensity as well as a state vector, . Equation 3.8 relates these two quantities for a single pixel.
As the values of B} do not change for different pixels, this function relates every pixel value in the
image to the state vector, Z. Since the measurements are linear combinations of the integral values
and the state elements, the two can be separated to form a single linear equation shown in equation
(3.9). H is the Np x n measurement matrix composed of all of the integral terms for each streak

segment’s impact on each pixel.

y=Hz¥ (3.9)

The terms in the H matrix only depend on the the geometry of the streak which can be

determined as soon as the steak is identified and localized. The first of these terms is the standard
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deviation of the point spread function, o, which should depend purely on the optical system for
observing point sources. Next are the point spread function means in each dimension, pu,(r) and
fy(r), which can be estimated based on the streak endpoints and applying some assumption regard-
ing the point spread function motion. Equation (3.9) can then be solved as a linear least squares
problem. The covariance matrix for the problem, P can be estimated based on the measurement
covariance for each pixel, an Np x Np matrix, R. The equation for the covariance matrix is given

in equation (3.10).

P=(H'R'H)™! (3.10)

It is assumed that the point spread function moves at a constant rate over the duration of
the image integration. However, if a more accurate model of the point spread function’s motion is
available, that can be applied after finding the photometry across the streak in order to find the time-
dependent photometry. Under the constant velocity assumption, translating from translational to
time-dependent photometry can be done by dividing the distance along the streak by the velocity
of the point spread function.

The remaining problem is to find the appropriate value of n that represents the minimum
number of states required to model all observable information in a given streak. To approach that
problem, first a method for determining what defines an optimal value for n must be articulated.
n sets the number of columns for the measurement matrix, H. Since this system uses only a single
measurement vector, the observability gramian for the system is simply HT H which is a n x n
matrix.

The determinant of this gramian quantifies the amount of information modeled by the matrix.
This is sometimes referred to as d-optimality and when the matrix is an observability gramian, the
d-optimality of the matrix is maximized when the observable information is maximized [69]. The
determinant of the observability gramian will increase as the number of states increase. However,

once the number of states is high enough such that the system is overdetermined, the H matrix
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will become linearly dependent and, theoretically, the observability gramian will approach zero. In
practice, the observability gramian does not perfectly approach zero due to the observed data not
perfectly matching the model, however, after exceeding the optimal value for n, the determinant
will decrease. The optimal value for n can then be found by finding the value that maximizes the
determinant of the observability gramian.

Two solutions for this problem are proposed. The first is an analytical approach to the
problem that applies a series of assumptions to manipulate the model until deriving an equation
that quickly finds the expected observability gramian determinant for a given value of n and the
length of the streak in pixels. Determining an optimal value for n is as simple as iterating up
through the possible values until reaching the streak length and taking the value of n that returns
the highest determinant. This method is very fast as it only requires the calculation of a single
function for each trial value of n. The second is a computational algorithm that finds the optimal
value of n for any given streak. Depending on the implementation, it either directly computes the
integrals of the streak for each pixel or it uses one of several suggested approximation methods.
This is effectively a brute-force approach to the problem and is far less computationally efficient.
However, the method does not make any assumptions about the streak beyond the basic model and
is applicable in many situations that the analytical approach fails such as short streaks or streaks

where the pixels are not small relative to the streaks.

3.2.2 Analytical Approach

Starting with no assumptions simplifying the approach, the point spread function is taken
as a bivariate Lorentzian distribution [66]. Replacing the simplified Gaussian assumption used in
equation (3.2) with the bivariate Lorentzian distribution yields equation (3.11). There the scale
parameter, v, determines the shape and size of the distribution as the Lorentzian distribution does
not have a defined mean or standard deviation [70]. A similar method as shown in the previous
section can be applied to rewrite equation (3.11) in terms of a stairstep function and remove the

time dependence. The result is expressed in equation (3.12).
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Equation (3.12) provides the intensity observed by a single pixel written as a sum of the
stairstep intensities. The elements of the summation can be broken out to form the rows of the
measurement matrix, H. Each pixel is a row and the columns correspond to the streak segment
contribution to the pixel’s total observed intensity. The observability gramian is HT H. The
elements are the element-wise products of the columns. Accordingly, the diagonal is the product
of a single streak segment’s contribution to all pixels squared and then summed. The off-diagonal
elements are the products of the contribution of different streak segments. An inefficient, but
accurate method for finding the optimal number of states is to use trial values of n and build
the observability gramian by calculating the integrals for each pixel. The determinant of the
observability gramian can then be used to compare the gramians to one another to find the value
of n that is d-optimal and therefore information optimal. Once again, this method is particularly
computationally inefficient. By applying several reasonable assumptions regarding the shape of the

streak, a much more fast and efficient approach is possible.

3.2.3 Simplified Analytical Approach

By applying several key assumptions, there is an analytical solution to the optimal number

of states problem. The key assumptions that enable the analytical solution are as follows.

(1) Pixels are small relative to both the streak length and width. zo — 21 < [,z — 11 <

20,2 — 1 L lyo —y1 < 20

(2) The streak is much longer than its point spread function. 20 < I
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(3) Any single pixel’s incident intensity can be well approximated as the sum of the influence

of at most two streak segments.

The measurement matrix, H, breaks the streak into n columns with each column representing
the impact of a single streak segment on the full image. The streak segment is itself associated
with a length of % within the full streak length of . The streak segment is generated only by the
integrated intensity of the observed object from some r; to 1,41 = r; + % Any region sufficiently
far from the center-line of the streak segment during the associated duration will receive a very
low exposure. A given pixel can receive a total intensity defined by one of three cases. Pixels far
from the full streak will receive a very low intensity of light and report a low value. Pixels that
lie towards the middle of streak segment will report a value dominated by the contribution of a
single streak segment. Pixels towards the edge between two streak segments will report an intensity
defined primarily by the contribution of two streak segments.

The elements of the observability gramian, H” H, can be defined based on these pixel cate-
gories. The diagonal values are the sum of the square values of all pixels associated with a single
streak segment. This can be found by generating a model streak segment, and adding up the square
of each pixel. The off-diagonal elements are the sum of the products of the value of each pixel at
two different times associated with different streak segments. By applying assumption three, it can
be approximated that of the off-diagonal elements only the matrix elements representing adjacent
streak segments are significantly above zero. All other elements correspond to the pixel-wise prod-
ucts of distant streak segments such that each result is the product of at least one very small value.
The sum of all these products would then be very small itself. The result is that the observability
gramian can be approximated as a tri-diagonal matrix.

As established in the previous section, the optimal value for n is the value that results in the
maximum determinant for this matrix. For a tri-diagonal matrix, the determinant can be found as
the result of the recursive function expressed in equation (3.13) [71]. There, the a terms are the

values of the diagonal elements while the b terms are the values of the off-diagonal elements. The
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subscript associated with each of these elements corresponds to the index along the diagonal. Since
the observability matrix is the result of a matrix multiplied by its own transpose, the resulting

matrix is symmetric.

fn = anfnfl - bq2z—1fn72 (3.13)

With the recursive form established, the values for the a and b terms are all that remain for
finding an equation for the determinant for a given value of n. The diagonal elements of the matrix
are the sum of the square pixel values. For small pixels as established in the first assumption, this
is effectively identical to the square of the time integral of the point spread function over the streak
segment duration. The value of a is the integral over the sensor of this squared function. The
expression for a is given in equation (3.14). Every term in the equation can be uniquely determined
from the streak geometry. For a streaking object moving through the frame at a constant rate,
the value of a is independent of the specific segment. Under the assumption of small pixels, the
orientation of the streak within the image does not change the value of a. The x and y axes in
equation (3.14) can then be selected to align x with the direction of motion of the streaking object
and y perpendicular to that in the frame. The expression can then be simplified to equation (3.16)

where [ is the length of the streak in the frame in the same distance units as = and y.

T 2
ai= [7 7 [ L exp %1 [x—,ux(r)] 0 2Ioxo [x—,ux(r)] dr| dydxz (3.14)

T 2702

0 = g [ exp (=0 2y?) dy [ { [T exp | b ()] dr}Q du (315)

1 0o Tit1 -1 9 2

The inner integral over time in equation (3.16) can be solved analytically to yield the difference

of two error functions, and this simplified form is shown in equation (3.17). Replacing the 711



DocuSign Envelope ID: 41E21D37-88AD-44A3-95AA-387CE31E28C4

48

term with r; + %, the expression can be simplified further. For any value of 7;, the integrand is
horizontally shifted. Since the integral goes from negative to positive infinity, the choice of r; is

arbitrary. 7; can be chosen as zero, and a; can be expressed as equation (3.18).

1 & Titl — T ri— X 2

0= Wl/%/_z [erf <7llf;f> ~erf <\;§;>rdx (3.18)

The off-diagonal non-zero elements, b, can be found in a similar manner. They are the sum

of the pixel-wise products of two adjacent streak segments. Once again, based on the assumed
smeared Gaussian shape for the streak, all values of b should be identical to one another as the
H matrix is independent of the individual streak segment intensities. Similar to the simplification
used for the diagonal elements, the expression for b is first expressed as shown in equation (3.19).
The innermost integrals can be solved with a similar approach as the one used for the diagonal
elements, and the result is the product of the difference of two sets of error functions as expressed
in equation 3.20. When these terms are multiplied out, this yields four error function products. Of
these four, three have two different inputs for each function while one has identical inputs. Applying
the assumption of long streak segments once again, the three unlike multiplied pairs sum together

to a constant function of one independent of the value of x. The full expression then reduces a

%

VL and

shown in equation (3.21). The x integral of this function over the full domain is simply

the full equation simplifies to equation (3.22).

bi = 1505 | ou {frii“ exp [% (z — 7“)2} dr} {fr:i:f exp [% (x — 7")2] dr} dr (3.19)
b= i I [erf (ﬁ) _erf (ng)] [erf (”;’g””) _erf (%)] dz (3.20)

1 > Tit1 — X 2
by = ——+— 1-— f—— d 3.21
8120 /_Oo [ (er V20 > ] v (3:21)
1

(3.22)
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With both of the terms a and b defined in terms of the streak’s geometry, the recursive
equation (3.13) can be simplified to the more computationally efficient summation form shown in
equation (3.23). An induction based proof for the equivalence of these two representations is given

below. To simplify the expressions, a is represented with ¢; and b? is represented with cs.

[n/2] n—k
fa= > (_1)k< L >c’;2’fc’5 (3.23)
k=0
By definition fo = f-1 =0
fi=ar fo=ci—c
Now consider the case where both n and n —1 cases are assumed true. The summation forms

for f, and f,—1 can then be substituted into the recursive form for the f,1 case.

fnt1 =c1fn —c2fn1 (3.24)
[n/2]
iy = k(R ek g
ntl = Z( ) Lo cy — ...
k=0
[(n—1)/2]
S (T g (3.25)
k=0
[n/2] -1 n—k—1
for1 =Tt = Y (—1)k< I )c?_zk_lcé”ﬂ - ..
k=0
L(n—1)/2]
k-1
Socn(M T g (3.26)
k=0
|(n—1)/2] if n is odd
[n/2] = (3.27)

|[(n—1)/2] +1 if nis even

For the even n case, the summations can be combined as below.

|n/2]—1
n—k—1 n—k—1 ol
fapr =it = (-1)’“(( a1 )+< L ))af k=1 okl (3.28)
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|n/2]—1 ok
n - n—2k—1 k
frp1 :Cl+1 - g (—1)k<k+1>cl ’ 1CzJr1 (3.29)
[n/2]
n—k+1\ ,_
o= 3 O (MT T g (3.30)
k=0
Since n is even, [(n+1)/2| = |n/2| (3.31)
[(n+1)/2]
n—k+1\ ,_
fn+1 = kZZ:O (_1)k< k >Cl 2k—HC]2C (3'32)
For the odd n case, the summations can be combined as below.
fn+1 :C711+1 - (_1)(n71)/2c§n+1)/2 - .
[n/2]-1
Z (_1)k n—k—1 Cn—2k—lck+1 -
2 b1 1 5
[n/2]-1
—k—-1
> * <” ’,j )c’f”“c’é“ (3.33)
k=0

Frr =eH 4 (1)

[n/2] -1
> (-DF <<” ;f_; 1) + <” - : - 1>) T (3.34)

k=0
I ln/2)—-1 _—
mn n n - n—2k—1 k
fo1 =T 4 (=1) (D2 - kz_o (_1)k<k+ 1)61 2h=1chtl (3.35)
[n/2]+1
n—k+1\ ,_
far1=Y (—1>’“( . >c1 2L (3.36)
k=0
Since n is odd, [(n+1)/2| = [n/2| +1 (3.37)
L(n+1)/2]
n—k+1\ ,_
foa= Y CR("T e (3.38)
k=0

In both cases, the result is the summation result for the n 4+ 1 case. By induction, the given
summation equation is the same as the recursive equation. With the formula, trial values of n can
be tested and the value that returns the highest corresponding determinant value is the optimal
number of states for fitting an observed streak to a stairstep model estimated streak.

Explicitly, the approach for finding the optimal value of n would be as follows. First, select
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an initial small trial value of n and find the values of a; and b; with equations (3.18) and (3.22)
respectively. This initial value can be one. Then compute the determinant with equation (3.23).
Increase n by one and repeat the process recording each value of f,, along the way. The equation
may not be unimodal, but there will be a point where the determinant approaches zero for larger
n. At this point, the value of n that returned the greatest determinant is taken as the optimal

value of n.

3.2.4 Computational Approach

The computational approach avoids the same assumptions required under the analytical
approach by directly computing the integrals for each pixel and each streak segment. The most
accurate and computationally costly approach to this method is to directly solve the integrals over
each pixel for each feasible value of n. These results can then be used to build the H matrix for each
trial value of n, and the determinant for each case can then be directly computed. A significant
amount of computational effort can be saved by reducing the number of pixels the integration is
performed for.

First, this can be done by only looking at the rectangular region of the image containing
the streak and performing no integration on any points outside of this. Next, as the streak only
occupies one of the image region’s diagonals much of the rest of the region will integrate to near
zero. Points beyond five point spread function standard deviations from the streak will have a
negligible impact on the resulting model and can be safely assumed as zero. The lower the signal
to noise ratio of the streak is, the tighter these bounds can be to reduce the number of integrated
pixels.

While the previous approach does not impact the effective accuracy of the computation
method, there are approaches that can significantly speed up the optimization that do have draw-
backs depending on the particular scenario. The computation cost can be reduced by approximating
the integration over each pixel. One approach is to approximate the incident intensity as locally

linear over the area of the pixel. Instead of integrating over two spatial dimensions and time, just
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integrating over time and finding the value at the center of each pixel allows linear regions to be
constructed by defining surfaces based on three adjacent pixel centers. For square pixels, the dis-
tance between the closest pixel in the x and y directions will be the same, so the choice of which
two neighbors to use to build the local linear model can be made arbitrarily with one on the z
direction and one in the y direction. However, the choice should remain consistent between pixels
so that no intensity values are over-weighted compared to the others. So long as the assumption
that the streak is locally linear over the dimensions of a pixel holds, this approximation can save
computational resources without losing significant precision. However, if the assumption does not
such as when the pixel size is not sufficiently small relative to the point spread function, this linear

approximation can fail to match the true geometry of the streak.

Algorithm 2 Algorithm for brute force calculation of the optimal number of streak segments.

[i0, jo] <= Coordinates of the streak start.
[i1, 71] <= Coordinates of the streak end.
o < Point spread function standard deviation
length < /(i1 —i0)? + (j1 — jo)?
maxl < Number of rows in the image.
maxJ < Number of columns in the image.
mazxObs < 0, Maximum observability matrix determinant.
optN < 0, The current best value for n
for n=1, n <length, n+ + do
for i =0, ¢ <mazxl, i+ + do
for j =0, j <mazJ, j++ do
for k=0, k<n, k++ do

. . T
H[i + j x mazl, k] « [ fjj—i—l f'z—i-l 1 exp <_21 [l’—ﬂwgt)] o2

— = =
[ vl

H
o

th i 2mo? Y — Hy t)

T T — pa(t)
2x2 [y — 1y (1) dydzxdt
14: obsMatriz < HTH

15: if det(obsMatrix) > maxrObs then
16: maxObs + det(obsMatrix)

17: optN < n
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3.2.5 Fitting the Data

Implementing either the analytical or computational method returns an estimated optimal
number of states n. This is the number of steps in the stairstep function to represent all observable
information in the streak without attempting to find estimates for more states than possible. With
n known, the measurement matrix, H can be constructed from a modeled streak with the observed
streak’s measured start and end points and the point spread function’s standard deviation. The full
streak length is then broken down into n streak segments, and the predicted image of each streak
segment is generated based on how a smeared Gaussian function would be seen on the image. Each
streak segment’s image is then rearranged into a column of the H matrix. The observed image is
similarly rearranged into a column vector that is referred to with .

The estimated photometry of the streak is represented with the state vector, ¥. FEach value
in this n element column vector is the intensity associated with its corresponding streak segment.
This becomes the height of each step in the stairstep function. The values for the elements of &
can be found via least squares by taking the pseudoinverse shown in equation (3.39). There the R
matrix is the measurement uncertainty with each diagonal element representing the variance of a
single pixel’s value. The uncertainty for each of the n states can also be found using equation (3.1).
This is the full covariance matrix for #. These bounds can be further tightened by limiting their
values such that no negative numbers are included in the feasible founds as pixel values cannot be

negative.

= (HT'R'H)"'HTRy (3.39)

3.2.6 Application to Slitless Spectroscopy

Slitless spectroscopy is a tool primarily used in astronomy where a prism or diffraction grating
and prism are placed in the optical system of a telescope to disperse the different frequencies of

the received light. This results in each imaged point source appearing on the sensor as a streak.
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The distribution of light along the streak depends on the frequency composition of the received
light. Therefore, by extracting the intensity of light along the streak, one can determine the
spectral composition of the light source. Current approaches for extracting this information do not
take the information optimal approach [72]. The direct application of the proposed method for
photometric light curve extraction to these streaks would provide an information-optimal approach

to determining the spectroscopy to the best feasible resolution.

3.2.7 Limitations of the Model

The model makes several assumptions regarding the behavior of the imaging system. These
assumptions are often true, but it is feasible that they may be violated under certain combinations
of observation conditions and optical setups. Namely, these assumptions regard the bit-depth and
saturation of pixels along the streak. The described method treats the value reported by each
pixel as an accurate measure of flux the incident light on the pixel over the duration of the image
integration. However, in real imaging sensors, the reported value is an integer between zero and
two raised to the camera’s bit depth minus one. This introduces a rounding error in the intensity
values reported by each pixel. If the bit depth and source brightness are high enough, the reported
intensity values will be high. The proportional deviation from the true intensity will be relatively
small and well approximated by a continuous value. However, as the reported incident intensity
decreases, the relative error imposed by this round off error grows.

The other major assumption is that the reported values do not saturate. The pixel cannot
report a value greater than or equal to two raised to the power of the bit depth. This will cap the
values reported by the sensor and the resulting streak will deviate in form from the true incident flux.
Since the methods presented here assume that the incident flux is accurately reported, saturation
can lead to an inaccurate estimation of the photometry. Specifically, the non-linear least squares
regression along the streak length will report streak segment intensities lower than the true values.
This is because the best fit curve for the streak with a saturated peak will fall below the best fit

curve for a sensor without saturation at the same exposure.
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3.3 Results

The proposed methods for estimating photometry are investigated in several ways to con-
firm they function as expected. First, simulated images are generated in order to verify that the
proposed methods optimally extract the streak photometry in several scenarios. These results are
also compared to non-optimal approaches to demonstrate what is missed when the approach is
not information optimal. Next, the analytical and computational approaches are compared against
one another to confirm that they provide similar results when the assumptions required for the
analytical method are valid. Finally, the method is applied to extract the photometry of a imaged

LEO.

3.3.1 Verifying Optimality

To confirm that the described method for extracting the photometry works as expected, the
observed and estimated streaks can be compared. If the difference between the two does not contain
any information about the streak, then the estimated streak represents all discernible information
in the observed streak. To assess this, the appropriate number of streak segments for a streak with
a known length and point spread function can be calculated using one of the methods discussed.
The weighted least squares method shown in equation (3.9) is applied and the product of the H
matrix and the calculated 7 is reshaped into an estimated streak. Then, a full estimate of the
streak photometry based on the calculated number of streak segments can be used to build an
artificial streak with the predicted photometry that shares the same endpoint coordinates and
point spread function as the original observed streak. As both of these values are used in the
calculation of the streak photometry, it is assumed that they are already known for the subject
streak of interest. The difference between the original image and the estimated streak image can
then be quantitatively assessed to insure that all information has been removed from the difference
image. If the difference image is purely white Gaussian noise in both the pixel and frequency

domains, no information remains in the image. This is because there is no information contained
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in white Gaussian noise.

While the aforementioned test can ensure that the chosen number is streak segments is not
too low to fully model the available information. It does not directly indicate if the chosen number
is larger than necessary. Selecting a value too large can negatively impact the confidence in the
values of the individual streak segment magnitudes as the method attempts to find estimates for
unobservable states. One check to confirm that the selected value for the number of streak segments
is not above the optimal value is to check the results for a model with one fewer streak segments.
If this model successfully pulls out all available information in the streak, then either this model is
more optimal than the larger value, or the streak segment magnitudes do not vary enough in the
given streak to show the unmodeled information. By testing the method with simulated streaks,
the photometry of the true streak can be controlled such that the second case is not a possibility.

This ensures that reducing the number of streak segments appropriately tests for optimality.

3.3.2 Simulated Scenarios

Testing the two algorithms to find the optimal number of streak segments can be conveniently
performed with simulated streaks. This involves choosing a point spread function that represents a
realistic distribution and generating a large number of random values with that distribution. The
number of photons generated at each time step is proportional to the intensity of the simulated
source at that time. These values are then taken as coordinates on a image and binned correspond-
ing to the pixel they would fall into. The mean of the distribution is then adjusted to model a
smearing point spread function as the source slides across the image. At each time step, a new
point spread function mean is found, and a new set of random photons are generated and added to
a growing sum for each pixel. Additionally, to model the background noise, additional simulated
photons can be generated with a uniform distribution across the image and count corresponding
to the chosen background noise level to achieve a desired signal to noise ratio. This does not need
to be performed at each time step, as identical results could be achieved by adding in the back-

ground noise at the end. Instead of generating many uniformly generated values, the result would
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be better modeled by a uniform sum distribution for all the time steps. Time is continuous, so the
resulting uniform sum distribution could be modeled most accurately by using normally distributed
background noise counts for each pixel. To summarize the method, the algorithm for generating a

simulated streak is given in algorithm 3.

Algorithm 3 Algorithm for generating simulated streaks.

ty < Duration of the simulated image integration time.
0t <— Time step size.0t <t
t + Current time step.
PSF(u(t)) < Source PSF with mean p(t).
P(t) < Source photometric intensity at a given time.
1image < 2D matrix values corresponds to a pixel count.
noiseLevel < The intensity of the background noise
t<+0
while t <1y do
for k=0, k <round(P(t)), k++ do
i) ~ PSF(u(t))
[in,jn] = Floor([s, j])
imagelin, jn] < imagelin,jn] + 1
t <« t+dt
: noise ~ N (0iMazxjMaz, diag(noiseLevel;nrazx jMaz))
: image < image + noiseLevel X noise

e e e e
IS AN A S e

When checking to see if the residuals between the original streak and the estimated streak
leave any information in the image, there are two main parameters to check. One is the spatial
distribution of residuals within the frame. Concentrated regions of either very high or very low
residuals show up as bright or dark spots respectively. These exist because the estimated streak
did not have enough states to model all the observable changes in the streak. The residuals for this
image can be arranged in a histogram according to their value. If the distribution is Gaussian, the
spatial residuals are distributed in a manner consistent with white noise. However, if information
remains in the difference image, not all of the information may be spatially correlated to clearly
show up in this plot. The information may instead be distributed periodically and this can be
detected by taking the two dimensional Fourier transform of the difference image. Similar to the
spatial residuals, both the real and imaginary parts of the Fourier transform should have a Gaussian

distribution for their residuals if there is no information remaining in the frequency domain [68].
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Figure 3.2a: High SNR artificial streak with si-  Figure 3.2b: Photometric light curve estimate
nusoidal photometry. of the high SNR simulated streak.

An artificial streak is generated using a known sinusoidal light curve and placed on a noisy
background. The mean of the noisy background is subtracted from the image to simulate back-
ground subtraction pre-processing, so some pixels will have negative values. An example simulated
streak with high signal to noise ratio is shown in figure 3.2a. For this streak, the optimal number
of states calculated with the generally applicable calculation-based approach is thirty. Simulating
a streak and using the weighted least squares method to find the photometric light curve yields
a result that closely approximates the truth as shown in figure 3.2b. The difference between the
original and estimated streak is shown in figure 3.2c. The frequency domain difference in both
real and imaginary axes is shown in figures 3.2d and 3.2e respectively. These frequency domain
plots are found by taking the fast Fourier transform of the difference image. The difference plots
appear to be white Gaussian noise, to show this more explicitly, figures 3.2f through 3.2h show the
histograms of values for the three difference plots. The histograms are fit with Gaussian curves,
which accurately follows the distribution indicting that the distribution is truly Gaussian.

To show what happens when the number of states is too small, the same streak is estimated
using an n value of five. Choosing such a low number allows the patterns that appear for a
suboptimal choice of n to be clearly visible in all of the plots. The same issues remain detectable

for closer to optimal values of n, but they require measures of the goodness of fit of the Gaussian to
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Figure 3.2c: Difference image between the high  Figure 3.2d: Real component of 2D Fourier

SNR simulated streak and the properly esti-  Transform of the high SNR difference image.
mated streak.
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Figure 3.2e: Imaginary component of 2D  Figure 3.2f: Histogram and Gaussian fit of the

Fourier Transform of the high SNR difference = high SNR difference image.
image.
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Figure 3.2g: Histogram and Gaussian fit of the  Figure 3.2h: Histogram and Gaussian fit of the
real component of the Fourier transform of the  imaginary component of the Fourier transform
high SNR difference image. of the high SNR difference image.
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Figure 3.3a: Real component of 2D Fourier  Figure 3.3b: Photometric light curve estimate
Transform of the suboptimal streak estimate  with a suboptimal number of substreaks.
and true streak difference.

determine that they left information in the image. Figure 3.3a shows the real part of the frequency
domain of the difference of the two streaks. There are clear structures in the corners of the image
and the histograms further confirm the non-optimality as figures 3.3c and 3.3d show that the
histograms of the differences are not well modeled by Gaussian curves.

A second streak similar to the first, but with lower signal to noise ratio ranging from two
to six is also tested. This second streak is shown in figure 3.4a and the corresponding estimated
photometric light curve and associated uncertainties are shown in figure 3.4b. The reduced signal
to noise ratio significantly impacted the uncertainty of the estimates, but the estimates still fell

within three standard deviations of the truth.

3.3.3 Method Comparison

The simplified analytical approach can be rapidly solved for a series of cases. Since the
method only depends on the value of the point spread function standard deviation and the streak
length, it is straight-forward to investigate the relationship between these two parameters as well as
their overall response as their inputs change. Figure 3.5 shows the result returned by the simplified

analytical approach for streaks of integer length between twenty and five-hundred and point spread
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Figure 3.3c: Histogram and Gaussian fit of the  Figure 3.3d: Histogram and Gaussian fit of the

suboptimal streak estimate and true streak dif-  real part of the Fourier transform of the poorly
ference. estimated streak.
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Figure 3.4a: Artificial streak with sinusoidal  Figure 3.4b: Photometric light curve estimate
photometry and peak pixel SNR from 2 to 6. of the 2 to 6 peak pixel SNR streak.
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function standard deviation every half integer between one half and two. The plots show a linear
relationship between the optimal number of streak segments and the length of the streak, and
an inversely proportional relationship between the optimal number of streak segments and the

standard deviation of the point spread function.

Figure 3.5: Simplified analytical results for the optimal number of states as a function of streak
length and point spread function standard deviation.

Performing a simple linear regression on these four lines, the slopes are 0.16458, 0.08125,
0.05417, and 0.04167 for 0 = 0.5, ¢ = 1.0, ¢ = 1.5, and o = 2.0 respectively. These values are
nearly inversely proportional to the standard deviations.

While the computational method applied in the previous section works for any case inde-

pendent of the streak geometry, the analytical method that avoids the brute force approach does
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Figure 3.6a: Computational and simplified an-  Figure 3.6b: Computational and simplified an-
alytical methods for simulated streaks with 0.5  alytical methods for simulated streaks with 1.0
pixel standard deviation point spread functions. pixel standard deviation point spread functions.

not work for all cases. The analytical method makes heavy use of a set of assumptions outlined
in the corresponding theory section. The simplified analytical approach requires that the streak
is long and thin while remaining larger than the pixels themselves in both dimensions. However,
it is not intuitively obvious where these assumptions break down in terms of streak geometry. To
investigate this, simulated streaks are generated for a series of different lengths to check where the
analytical approach diverges from the computational approach.

Figures 3.6a and 3.6b show the optimal number of streak segments found via the computa-
tional approach and the simplified analytical approach at a series of points. The standard deviation
of the point spread function for all of these cases is set to 0.5 pixels in figure 3.6a and 1.0 pixel in
figure 3.6b. The two methods provide similar results. However, in the case of the 1 pixel standard
deviation point spread function, the optimal number of segments is under-counted by the simplified
analytical approach until the streak length is sufficiently large. This matches the predictions for
where the methods are effective. The simplified analytical approach assumes infinitesimal pixels
and a long streak relative to the point spread function standard deviation. Accordingly, a larger
difference between full computational results and the approximated results can be expected for

streaks with larger point spread functions and shorter lengths.
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Figure 3.7a: Yaogan 3 as seen in Boulder, Col-  Figure 3.7b: Difference image of the original
orado on November 8, 2019. image and the estimated streak.

3.3.4 Results for Observed Streak

Finally, to confirm that the methods derived in this contribution can be applied in realistic
situations, they are used on a real observed streaking object. The Chinese Yaogan 3 satellite, a
low-Earth orbiting satellite in a nearly-polar orbit, was observed on the night of November 8, 2019
at 18:03 in Boulder, Colorado. The image was collected with a ZWO ASI 1800MM sensor with a
Rokinon FE14M-E ultra-wide angle lens. The image integrated for ten seconds, and the resulting
cropped streak left by the object is shown in figure 3.7a. The streak is 291 pixels long with a
standard deviation of 0.1 pixels. The calculated optimal number of streak segments based on the
simplified analytical approach is 89.

With the number of states known, the photometry of the streak can be extracted with a least
squares regression. The extracted photometry and corresponding uncertainty are shown in figure
3.7d. The difference image of the observed and estimated streak is shown in figure 3.7b. Almost all
of the original streak is removed in the difference image, and all that remains is some latent bloom
in the surrounding pixels that is not accounted for by the implemented approach. The estimated
streak itself is shown in figure 3.7c, and the intensity for all of these streak segments with their

corresponding uncertainty bounds are shown in figure 3.7d.
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Figure 3.7c: Estimated Streak for Yaogan 3. Figure 3.7d: Estimated photometry and 3 o
bounds for the light curve of the Yaogan 3
streak in figure 3.7a.
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Figure 3.7e: Estimated apparent magnitude and 3 ¢ bounds for the light curve of the Yaogan 3
streak in figure. 3.7a.

3.4 Chapter Summary

An approach has been developed for optimally extracting the photometric information in
a space object’s imaged streak or a streak generated by slitless spectroscopy. Both a universally
applicable computational approach as well as a computationally efficient, but simplified analytical
approach have been developed. These methods can be used to find the information optimal number
of segments to divide an observed streak into segments such that all available photometric infor-
mation is accounted for, but the number of streak segments is not so high such that it attempts
to estimate unobservable values. Performing a least squares regression on the model estimates

the photometric light curve and provides values of the state uncertainty for each streak segment’s
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estimated intensity.

The two methods have been compared in order to determine the effective regimes for the
simplified analytical approach as well as the behavior of the results as the length of the streak and
standard deviation of the point spread function change. The simplified model accurately predicted
the results of the fully computational model for long streaks. The simplified analytical approach
was found to return values for the optimal number of streak segments directly proportional to
the length of the streak and inversely proportional to the standard deviation of the point spread
function.

After developing an understanding of the behavior of these methods, they were both applied
to an observed streak produced by a low-Earth orbiting spacecraft. Both approaches were used
to find an estimate of the optimal number of streak segments, and the results of the estimated

photometry based on these subdivisions was reported and discussed.
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Chapter 4

Novel I0D Approach with Admissible Regions

4.1 Initial Orbit Determination

There are a variety of initial orbit determination methods available. In terms of methods
available for state estimation from optical data, there are two main types of algorithms. There are
methods that accept only relative angle measurements between the observer and the target, and
there are methods that accept the first time derivative of the heading as well. These are angles-only
methods and angle and angle rates methods respectively [18]. In addition, many of these methods
are more likely to converge in specific scenarios. Methods such as Laplace and Gauss tend to struggle
with targets in low-Earth orbit as these methods perform best when the angle between observations
is small. This narrows the feasible time windows between observations that allow these methods
to remain useful [19]. Other angles-only methods like P.R. Escobal’s double-r method work well
with large angles between measurements. However, the iterative double-r algorithm has a relatively
tight constraint on the initial guess for the target ranges that allows the method to converge to the
correct solution [20]. The popular Gooding method often fails for space-based observers [19][21].

The variety in effective and ineffective regimes for these different approaches poses problems
in itself. When little is known about a target object, it is not always clear which methods should
be applied in order to find an accurate estimate of the true state. In addition, there are cases
that do not perform particularly well under any initial orbit determination approach. One major
case of this is for space-based observers measuring targets with large angles of separation between

observations and little to no a-priori knowledge for generating initial guesses for the observation
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ranges.

Most of the previously mentioned IOD algorithms are angles-only methods. These algorithms
require a minimum of three observations to generate a state estimate as each measurement only
provides two constraints while the system has six degrees of freedom. There are cases where a single
optical observation of a space object can provide two additional constraints in the form of angle
rate measurements. If the optical system translational and rotational rates of motion are known,
the angle rates can be extracted from a single image. In this case, a minimum of two observations
are required to estimate a full six degree of freedom state [73].

One promising approach for orbit determination is the L,, and similar J, approaches devel-
oped by Rema Raymond Karimi and Daniele Mortari [30]. They showed in their 2011 paper how
these angles-only algorithms could perform well in a variety of scenarios with only the zero vector
as the initial range estimate.

The proposed method starts as an adaption of L,, rederived to accept angle rates and angles
instead of only angles [30]. The L,, method uses a least squares optimization to find a solution
that satisfies an equality based on the universal variable formulation of two body dynamics. The
solution space contours of a cost function based on this approach show that the solution space has
several local minima that can divert the algorithm from the correct solution for geometries where
the target orbit lies inside the observer orbit. This cost function can then be searched with a global
optimizing algorithm to find the solution corresponding to the true state.

The new proposed cost function has a unique non-trivial zero at the correct orbit solution.
Because the system is overdetermined with the minimum two measurements, the global minimum
will not approach zero if the two observations do not correspond to the same orbiting object.
Applying a particle swarm descent method to the problem allows the system to converge to the
correct state for any orbital regime. In its most natural implementation, this problem is a four-
dimensional search. However, by projecting one measurement into the space of the other, it can
be solved with a pair of two-dimensional searches which is much more computationally efficient

and parallelizable. Applying admissible regions to both observations allows the state space to be
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further constrained with a corresponding improvement to the computational efficiency. In addition,
the particle swarm approach can report all of the feasible states in the multi-revolution case.
The proposed method overcomes the shortcomings of many traditional initial orbit determination
methods and has been empirically verified to find solutions to cases well-approximated by two-body
dynamics. In addition, a Nelder-Mead optimization applied over the same cost function can show
how the different optimization methods can impact computation time.

In section 4.2.2, the novel cost function is derived for measurements including both angles
and angle rates. This cost function is modified with a penalty function to account for admissible
regions. This penalty function is developed in section 4.2.3. Section 3.6 refines the cost function to
modify the general underlying geometry of the surface and improve the performance of optimizers
applied to the cost function. In terms of results, sections 4.3.1, 4.3.2, and 4.3.3 discuss the simulated
performance of the algorithm for the single orbit case, multi-orbit case, and in response to mea-
surement error respectively. Section 4.3.4 compares the results to other initial orbit determination
algorithms. Finally, section 4.3.5 provides results for the algorithm’s performance on observational

data.

4.2 Theory

4.2.1 Initial Orbit Determination with Lagrangian Coefficients

Much of the work covered in this contribution is inspired by extending the work of Reza
Raymond Karimi and Daniele Mortari in their 2010 paper [30]. Their approach to angles only initial
orbit determination started with the Lagrange coefficients from the universal variable formulation
of the two-body Kepler’s problem. The approach applied the Lagrange coefficients to express the
position state of the target spacecraft as a linear combination of the position state vectors at the
previous and subsequent times. The position states then are broken down into their angular and
range components. The full system can be expressed as a linear equation by pulling the ranges

out as the independent vector. This is shown in equation 4.1. The ¢; and d; terms represent
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the coefficients used to express the " position vector in terms of its previous and subsequent
position states respectively. The p; vectors are the unit vector headings from the observer position
to the target position. The p; terms are the ranges. Finally, 5_; =R, — c;Ri_1 — diﬁi+1 where R;

corresponds to the observer position at the i*" measurement [30].

—

copi —pa daps OO 0 p1 &
0 csps —ps dspa O ] P2 &2
0 0 c3p3 —pa daps 0 p3| = | & (4.1)
0 0 0 0 0 ... deipe] loa] &)

4.2.2 Extension to Include Angle Rates

As the initial orbit determination method as presented by Karimi and Mortari accepts only
relative angle of the target object as seen by the observer, the algorithm requires a minimum of
three observations of the target object in order to provide an estimate of the target’s orbit. The
three observations each represent two degrees of freedom and the six total matches the full six
degree-of-freedom translational state. However, some methods for observing space objects can
readily yield angles and angle rates in a single measurement. For example, a non-tracking optical
image taken with a relatively long integration time can show a streak instead of a point source for
the target object’s location. The direction and length of the streak can be used to estimate the
target’s angular rate with a single image. A measurement of both the target’s angles and angle
rates provides four degrees of freedom in a single measurement. In this case, only two measurements
are required to establish an overdetermined estimate of the target’s full six degree-of-freedom state.
This both allows for a more efficient use of the collected data and reduces the minimum number of
observations required to determine a state.

The angles-only method acts as a starting point for the derivation of a similar method that
integrates angle rates as well. Both approaches start with two expressions for the position of the
target object. One is defined with equation (4.2), while the other definition comes from equation

(4.4). Instead of combining these equations for three different measurement times, two additional
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equations for velocity are added in with the two position equations. These are an equation for
velocity based on heading, heading rate, range, and range rate values as shown in equation (4.3).
The other is the Lagrange coefficient equation for velocity as shown in equation (4.5). Equations
(4.2) and (4.3) can be substituted into equations (4.4) and (4.5) for every instance of a target
position or state vector. This will yield equations (4.6) and (4.7) which are only in terms of three
types of parameters. These are the known parameters, R and fi', the measured parameters, p and
;5’, the range and range rate and the Lagrange coeflicients that depend on the other parameters.
The Lagrange coefficients come from the universal variable formulation of the two-body
Kepler problem. The variables f, g, f , and g are derived directly from the dynamics of the physical
system, and the formulaic definitions of these four terms are provided in equations (4.10) through
(4.13) [74]. These four values are defined in terms of the translational inertial state vectors 771, 7%,
7%’1, and 7. These can be found from the known observer state, measured heading to the target and

rate, and estimated range and range rate with equations (4.2) and (4.3).

7. = Ry + prik (4.2)
7, = Ri + pebk + prli (4.3)
Fri1 = fuFk + GrT (4.4)
Frr1l = frfe + e (4.5)
Rpsr1 + 1Bt = fr (ﬁk + pkﬁk) + 9k (ﬁk + PrPx + pkﬁk) (4.6)
Rpi1 + Prs1Phes + proaDerr = fr (Rk + pkﬁk) + gk (ﬁk + prDk + Pkﬁk) (4.7)
— 512
T X7
DPsr = llul‘ (48)

—

dv = arccos <‘T_,1 '7;2 > (4.9)

172
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_ ’ﬁ”j%“” (4.10)
f=1- ]MILFQC’()SM (4.11)
g=1- ;%S(rllosdy) (4.12)
f= fo9=1 (4.13)

9

The terms containing either p or p can be collected onto one side of each of these equations

as shown in equations (4.14) and (4.15).

Prs1Pes1 — FrprBk — GkPkDk — GkprDk = fuBk + guRi — Resa (4.14)

Prt1Pb+1 + Pr1Dhs1 — frokPk — GrpkDr — GkpkPk = frBy + grRr — Riy (4.15)

The range and range rate terms can then be pulled out to reform these two equations into a
single system of equations in a matrix form. This system of equations for the two observation case
with both angles and angle rates is shown in equation (4.16). Note that the zero in the upper right

corner of the matrix is represented as a vector since it represents a column of three zeros.

Pl
—fip— gy —gipr P2 0| |p| | AR+ giR— R (4.16)
—fib1 — 11 —¢1p1 P2 P2 |p2 fiR1+ ¢1B1 — Ry

p2

Just as the original least squares algorithm by Karimi and Mortari could be adapted to
accept additional measurements beyond the three required, this angles and angle rates approach
can be adapted to accepts more than two measurements. The relationship between the first and
second measurement as shown in equation (4.16) defines the relationship between any pair of
measurements. The same calculation can be performed with multiple observations beyond the initial
two by extending the matrices in equation (4.16) with shifted forms identical to the relationship
between the first and second measurements. The general form for a case with n measurements is

shown in equation (4.17).
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Variables can be used to stand in for the matrix and vectors and the full system can be
rewritten as a single linear equation of the form shown in equation (4.17) where M is the matrix,
Z is the vector of ranges and range rates, and { is the remaining vector. For a given series of
measurements of the same space object, the least-squares solution for # can be found by taking
the Moore-Penrose inverse of M and post-multiplying it by E These range and range rate values
can be plugged back in to recalculate the Lagrange coefficients and therefore the elements of M
and 5 In the results section of this chapter, it is shown that for an initial choice of zero for all
ranges and range rates, this iterative least-squares converges to the correct solution in most cases.
It is essential to remember that the initial assumption of zero only goes into finding the Lagrange
coefficients for constructing the terms of M and E The first value of & is calculated from these
terms and not initially assumed to be the zero vector.

The iterative least-squares method for estimating a full orbit state from angle and angle rate
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measurements correctly finds the solution in many cases. However, convergence is not guaranteed,
and there are cases where it fails such as those where the observer and target are both in or nearly
in geostationary orbits. In order to approach the problem more rigorously, the least-squares method
can be reformulated into a cost function. This will allow for new strategies for finding the target’s

state in addition to the iterative least-squares approach discussed previously.

4.2.3 Admissible Regions

Before discussing approaches to minimizing this cost function, there are additional factors
that can be incorporated into the cost function to better constrain the feasible state space. Admissi-
ble regions allow the cost function to reflect a set of baseline restrictions on the derived orbit. These
can be general restrictions for preventing non-physically realizable scenarios from being considered
feasible states or they can be tighter bounds set by any a-priori knowledge about a target object’s
state. An example of the former would be a restriction on the periapse of the target object’s orbit
such that the target does not impact the Earth, while an example of the latter would a limit on
the maximum observer to target range at the time of observation to reflect expected limits on the
feasible detection distance between the two objects. A non-exhaustive list of potential admissible
regions restrictions includes the orbit eccentricity, orbit energy, relative range, relative range rate,
orbit periapse, and relative positioning of the target and observer such that illumination by the Sun
would allow detection. Any or all of these restrictions can be calculated and applied as a penalty
function to raise the cost of the associated states and reduce the size of the state space to search.

To prevent discontinuities in the solution space, the penalty function can be applied as an
exponential to those states that violate one or more of the imposed restrictions. One practical way
of implementing this is to find the amount by which a state violates a condition, 7, and plug this
into an exponential of the form shown in equation (4.18) with some multiplicative constant, ¢, and
add this to the cost function. This multiplicative constant can be chosen for each admissible region

restriction such that the costs for violating each restriction are balanced.
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exp (cn) — 1 (4.18)

4.2.4 Particle Swarm Optimization

First, rather than making an assumption about the ranges and range rates to inform the
elements of M and { and then finding & from this, the values for the ranges and range rates at each
measurement are set to be the same in all of the terms. Equation (4.17) can be rewritten as a cost
function by placing all of the terms on one side of the equation and recognizing that the difference
of MZ and E will only be the zero vector when a valid set of ranges and range rates are used to
build all three variables. Accordingly, the difference of these terms will be non-zero for any solution
that does not meet the constraints of the dynamical system. A single cost can be derived from this
by taking the 2-norm of the difference. To balance the impact of inaccurate position and velocity
states, a weighting matrix can be used to pre-multiply the difference vector before taking the norm.
This weighting matrix is chosen to balance the impact of each component on the total cost. In
Earth canonical units, the identity matrix is sufficient as the position and velocity components are
similar in scale. In metric, choosing velocity weights of one thousand and positional weights of one
can balance out the one thousand to one ratio between the scale of typical orbital radii and orbital
velocities. The odd rows of the difference vector correspond to position errors while the even rows
correspond to velocity errors. Weights can be chosen based on any prior knowledge of the target
object’s state. Alternatively, working in canonical units can account for much of the difference with
unity weightings. The cost function with some diagonal weight matrix W is provided in equation

(4.19). Independent of the choice for W, the cost is still zero if the solution is exact.

—

f =Wz - &) (4.19)

With the problem rewritten as a cost function, a number of new approaches open up. One of
the approaches is to perform a particle swarm optimization over the space of possible ranges and

range rates. A particle swarm optimization starts with some number of randomly or strategically
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placed particles spread out through the solution space of a cost function. Each step of the algorithm
has the particles move in a random direction with probabilities weighted by both the minimum value
the particle has encountered on the cost function as well as the minimum value found by any particle
in the swarm. As the algorithm continues, particles are drawn to the global minimum so long as at
least one particle has begun to explore the region around the global minimum. As more particles
are pulled into this well, they are able to explore it more thoroughly with each iteration. There
are a number of tunable parameters that define both how quickly the algorithm converges and how
likely it is to fail and miss the global minimum.

The most direct implementation would be to perform a particle swarm optimization over a
space with dimension equal to the number of elements in Z in order to have a term for the range
and range rate for each measurement. In its most basic form, the bounds on the particle swarm
could be set to safe feasible limits with a maximum range of perhaps twice the Earth’s Hill sphere
and range rate of several kilometers per second to match.

However, admissible regions can be applied to give much tighter constraints on both of these
limits. Applying admissible regions requires some basic assumptions about the target object’s
state, but they significantly reduce the feasible solution space. For tracking expected Earth-orbiting
satellites, the target can be assumed to be in an elliptical orbit that does not impact the Earth. This

provides constraints in the object’s semi-major axis, orbital eccentricity, and radius of periapse.

Another tool for significantly constraining the solution space is to only find the range and
range rate for a single observation and project this state to the other observation times to find
their corresponding ranges and range rates from this assumption. This reduces the dimension of
the solution space to two with one dimension corresponding to range and the other range rate
for the first observation. This is possible since the measured heading and heading rate with a
selected range and range rate fully defines the state at a time, and future states can be estimated
by propagating the orbit forward in time by solving Kepler’s equation. While there is no analytical

solution to Kepler’s equation (4.20), applying a root-finding algorithm due to Laguerre can find
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the solution to machine precision with only a few iterations [75].

M =F —esinE (4.20)

When an erroneous estimated state is projected to future times, the expected measurement
of the projected state may not match the measured heading and heading rate. The simplest
implementation of the cost function can ignore this error since erroneous states will be penalized in
equation (4.19). However, it is also reasonable to find the angular distance between the observed
and expected measurement and incorporate this difference into a new cost function that penalizes
both error in equation (4.19) and error in the expected measurement. The contours of the solution
space can be manipulated by choosing weights for each of these terms. An alternative cost function
of this form is provided in equation (4.21). Errors for both the forward and backward projection of
a chosen range and range rate are included for each measurement and the user-defined weightings

are labeled as w;. The predicted headings are denoted as p;.

f= Zwi arccos (p; - p;) + |W(MZ — §)| (4.21)
i=2

Implementing a particle swarm optimization over the higher dimensional solution space would
have been prohibitively costly in terms of computational resources. The number of particles required
to search the solution space grows exponentially with the number of dimensions in the solution space
[76]. With this reduced two-dimensional solution space, a particle swarm optimization can be run
with much greater efficiency. Furthermore, the admissible region constraints can provide fairly tight
bounds on this two-dimensional solution space depending on how much information the designer
is able to assume. By using a universal variable formulation for both the Kepler’s problem solver
and in the derivation of the cost function itself, the approach does not need to assume a closed
elliptical orbit. Rather, this method can be used to perform initial orbit determination on orbits

corresponding to any conic section.
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4.2.5 Nelder-Mead Optimization

With the cost function approach to initial orbit determination discussed in the previous
section, any derivative-free optimization method can be applied to solve the problem. One partic-
ularly attractive alternative to the particle swarm optimization is the Nelder-Mead simplex-based
approach [77]. In the case of a two-dimensional state space, the Nelder-Mead algorithm tracks the
values reported by three points as they explore the cost function space. The simplex formed by
these three points is manipulated by repositioning the three vertices through a method that brings
the simplex as close as possible to the a minimum.

The method stats with the initial placement of the three vertices in the state space. A-
priori knowledge regarding the likely state of the target can be used to choose an intelligent start
point. In this case, the vertices should surround the minimum to maximize the likelihood that the
optimizer will converge [78]. With no a-priori knowledge, the vertices can be chosen randomly. The
implemented method assumes nothing and selects random states for each vertex. The cost for each
vertex is checked, and vertices outside of the bounds of the penalty function are re-selected until a
point inside the bounds of the penalty function is found.

In each iteration of the algorithm, the costs at each of the vertices and a point projected
outside of the simplex and inside the simplex are compared. The vertex with the highest cost is
moved to one of these new points, and the process is repeated until the simplex converges down to
a minimum [79]. In order to ensure that the algorithm converges to the correct minimum, the full
process is repeated several times. This is performed a maximum of one hundred times or when the
algorithm exits when it finds a point with sufficiently low cost or after it hits a maximum number of
iterations and returns the state with the lowest cost on any iteration. Repeating the full algorithm
allows for multiple opportunities to generate an appropriate set of initial conditions so that the
encountered minimum is the unique global minimum that corresponds to the solution. The choice
of one hundred as a maximum is adjustable depending on the goals and computational limitations

of the implementation.
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4.2.6 Solution Space

Restructuring the initial orbit determination algorithm as a cost function opens the question
of what form the solution space takes. This includes the number of minima that an optimization
method might find in addition to the true solution. These additional convex regions of the cost
function could serve to draw away an optimization algorithm from the true solution and have it
report erroneous results. Similarly, there is the question of how deep these minima go. The cost
function is designed to return zero for a solution that perfectly matches the observed measurements
and dynamics. If the other minima are significantly above zero, this could be integrated into the
optimization algorithm so that it can leave these regions if the local minimum does not approach a
sufficiently small value. Beyond these two quantifiable measures of the solution space, the contours
of the cost function can show if in some cases the minimum is not unique in the case of degenerate
observations.

Figures 4.1 through 4.6 show the contours generated by the the two cost functions for a
variety of scenarios. The first cost function is referred to as the projection cost function. This
cost is based on taking the first measurement and an a range and range rate guess. This forms
a full state estimate that is projected forward in time to the time of the second measurement.
The cost is then taken as the angular error between the angle measurement at this second time
and the expected measurement based on the range and range rate guess. The process is repeated
with the second measurement projected back in time to the first measurement. These errors are
added together to give the estimate’s cost. The second cost function is the L,,+Rates cost function
developed in the Theory section. A penalty function based on admissible regions is added to both
of these cost functions. The admissible regions penalty function takes in the state estimate and
checks that the range, range rate, radius of periapse, semi-major axis, and eccentricity are valid
based on what is known about the system. For these figures, the bounds are set to require that
the target is orbiting the Earth without impacting it and the eccentricity is below 0.2. To ensure a

smooth transition between penalized regions and non-penalized regions, the penalty function takes
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an exponential form.

When a state estimate falls outside the bounds defined by the penalty function, the difference
between the state and the bound is multiplied by a weight to increase the penalty associated with
erroneous eccentricities and velocities and balance them with the penalty for out of bounds ranges
and semi-major axes. For Earth-orbiting satellites in metric units, distances tend to be about three
orders of magnitude larger than velocities and velocities tend to be at least an order of magnitude
greater than eccentricity. This acts as a guide for choosing weights so as not to allow errors of one
type dominate the others. For example, if calculations are performed in units of kilometers and
kilometers per second, a position in the inadmissable region by one kilometer is a minor infraction
compared to a velocity penalty of one kilometer per second. Given that position values tend to
be three orders of magnitudes greater than velocity values in low Earth-orbiting cases, it would be
reasonable to weight the velocity error in these units by a factor one thousand and the position
error by one. If the targets are expected to be in geosynchronous orbits, a ten-thousand to one ratio
would be more fitting as that follows the relative ratio of the expected values. The penalty is then
taken as the exponential of the sum of these weighted errors. One is then subtracted from the result
so that the penalty is zero when all terms are within their respective bounds. The exponential form

ensures that estimates that are far out of bounds are appropriately penalized.

4.2.6.1 Non-Coplanar Case

The four investigated cases correspond to all combinations of geosynchronous and low-Earth
orbiting observers and targets in the single-revolution case. A red dot is placed on the image where
the true solution is located. The LEO orbit for both the target and the observer is based on a
nearly circular orbit near-equatorial orbit. Specifically, the orbit is at an altitude of 400 kilometers
and the inclination is zero for the observer and 10 degrees for target. The geosynchronous orbit is
defined as one with a semi-major axis of 42164 kilometers and a identical approach of zero degrees
for the observer and 10 degrees for the target object. This prevents the case from being coplanar.

The coplanar case is developed in the following section.
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The penalty bounds determine the overall shape of the investigated region. In the case where
both the observer and target are in a low-Earth orbit, the feasible states are confined to a crescent
in range and range-rate space. A valley of low cost runs through this crescent. However, for the
non-coplanar case, the cost only reaches zero for a unique non-trivial point that corresponds to the
correct range and range-rate. The responses for both cost functions are similar, however, the exact
line traced out by this valley is shifted for each case. In the projection error case, there are two
distinct curves that form the cost valleys. In the L,+rates function, there is a single valley that
winds through the feasible region.

For the case where both the observer and target are confined to geosynchronous orbits, the
crescent shape remains, but a small circular region with negative range-rate opens up with no
penalty. However, this local minimum remains well above the global minimum still confined to the
crescent region. Once again, this structure is similar for both cost functions. One detail that differs
is the cost function response near the trivial solution. This is zero in both cases. However, in the
projection case, this point around rise faster than in the L, +Rates case.

The two remaining cases are for observers and targets in different orbits. In both of these
cases, three distinct local minima show up. One is about the trivial solution, while the other two
are non-trivial. Similar to the double geosynchronous case, one of these is a local minimum that
does not fall to the global minimum found only at the correct solution and the trivial solution.
Figures 4.5 and 4.6 show the LEO to GEO scenario. The GEO to LEO scenario is not shown.
However, it is structurally similar to the LEO to GEO scenario. The main differences are small
changes in the shape to the penalty function bounds and the location of the solution within the

solution space.

4.2.6.2 Coplanar Case

The inclination of the second object is zeroed out for the LEO observer and LEO target
case. While this does not significantly shift the over-all shape of the permissible region as defined

by the admissible region penalty function, this does change the geometry of the contours inside
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Figure 4.1: LEO observer to LEO target mea-
surement error log(cost) contours.

Figure 4.3: GEO observer to GEO target mea-
surement error log(cost) contours.
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Figure 4.2: LEO observer to LEO target
L,+Rates log(cost) contours.

Figure 4.4: GEO observer to GEO target
L, +Rates log(cost) contours.
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Figure 4.5: LEO observer to GEO target mea-  Figure 4.6: LEO observer to GEO target
surement error log(cost) contours. L,+Rates log(cost) contours.
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the permissible region. The projection-based cost function shows two curves of zeroes in the cost
function, and as a result, the global minimum is no longer the unique solution. However, the
L,+Rates cost function does not face this same issue. In the coplanar case, the L,+Rates cost
crescent contains a unique global minimum and two additional non-trivial local minima. Since
both cost functions correctly return zero for the correct solution, they can be combined together
to generate a new cost function with the benefits of both geometries. The result for this combined
cost function for the same LEO to LEO case is shown in figure 4.9. This function keeps the unique
global minimum in the coplanar case from the L,+Rates cost function and the favorable geometry
around the trivial zero from the projection cost function. This favorable geometry keeps the cost
around the trivial solution higher to help push the optimization function away. The trivial solution
can be manually excluded using the admissible regions limits. However, the projection cost function
helps keep this bound less attractive for the optimization algorithm.

The geometry for this combined cost function is favorable in many cases, but it is not guaran-
teed as the relative positions of the projection and L,+rates cost function minima shift for different
orbit scenarios. In some cases, the combined cost function contours remains more similar to that
of the target measurement error alone contours. In these cases, while there may still remain an
objective minimum, the long and shallow valley that contains it may also have other local minima
that confound both the particle swarm and Nelder-Mead approaches as they descend. For one
thousand Monte-Carlo simulated cases of coplanar LEO to LEO observations, 58.4 percent of the
cases converged to the correct state. These were generated with the values in table 4.1.

Similar to the LEO observer and LEO target case, the Geostationary observer and target case
does not have a unique solution for either the measurement projection or L,-+rates cost function.
The curves are similar in structure to those for the LEO case. However, the L,+rates case has
shifted from several discrete minima to a continuous curve of minima as shown in figure 4.11. When
the two cost functions are summed, the unique non-trivial intersection of these curves of minima
align with the true solution to the problem. In the geostationary case as well, the combined

cost function can provide the unique correct answer to the orbit determination problem. This
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Figure 4.7: Coplanar LEO observer to LEO tar-
get measurement error log(cost) contours.
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Figure 4.8: Coplanar LEO observer to LEO tar-
get L,+Rates log(cost) contours.
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Figure 4.9: Coplanar LEO observer to LEO target log sum of the two cost functions.

occasionally suffers from the same issue of poor cost function geometry. For one-thousand Monte-
Carlo simulated cases with the cases based on the values from table 4.1, 84.7 percent converged to

the correct solution.

4.3 Results

4.3.1 Simulated Test Cases

A Monte Carlo method is applied to test the developed initial orbit determination methods
under a variety of scenarios. Both the particle swarm approach as well as the Nelder-Mead algorithm
are tested. Each one is run with the same set of one thousand observer and target pairs by generating
the cases with a seeded random number generator. The same four scenarios as investigated in the
cost function contour study are used again. That is each possible combination of low-Earth and

geosynchronous orbits to see how each domain responds to both algorithms.
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Figure 4.10: Coplanar GEO to GEO measure-  Figure 4.11: Coplanar GEO to GEO L,+Rates
ment error log(cost) contours. log(cost) contours.
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Figure 4.12: Coplanar GEO observer to GEO target log sum of the two cost functions.

The Monte-Carlo randomly generated observer and target orbits using the values from the
table below. The values with means and standard deviations are generated from a normal distribu-
tion. The terms with a minimum and maximum are generated using a uniform distribution. The
results of all the cases are plotted in a series of scatter plots. Figure 4.13 shows the results for the
particle swarm applied to the LEO observer and LEO target and figure 4.14 for the Nelder-Mead
algorithm.

The x-axis for the scatter plots is the time in Earth canonical time units (TU) between the
first and second observation. One TU is equivalent to 806.8042 seconds. This comes from the mean
motion of a theoretical orbit at the surface of the Earth. The y-axis results on each scatter plot
is the time in seconds required to find the solution for each case. In both algorithms, this value
is highly dependent on chosen parameters that balance the algorithm’s ability to converge to the
correct solution with the time required to compute the result. Finally, the color and shape of the

point on the scatter plot corresponds to whether the estimated state matched the true state to
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[ Type | a Mean [ a STD [ eMax [ i Mean | ¢ STD | Q/w/v Min | Q/w/v Max | At Min | At Max |
[ LEO [ 8413 kilometers | 100 kilometers | 0.001 [ 0° [ 45° [ o° [ 360° [ 0s [ 3600 s |
| GEO | 42164 kilometers | 100 kilometers | 0.001 | 0° | 7° | o° | 360° [ 0s [ 3600s |

Table 4.1: Monte-Carlo parameters for randomly generating orbits.

within one percent in all six translational state components. The gray squares had at least one
state component that did not match the true state to within one percent. The blue circles represent
estimated states that correctly match the true state on all components to one percent.

Both the particle swarm and Nelder-Mead methods converge toward a solution as they iterate.
However, in a practical implementation there will be measurement error in the angle and angle rate
data that the algorithm ingests as well as potential correlated error. Assuming the measurement
error is well-approximated by a Gaussian, this can all be represented in a four by four measurement
covariance matrix. This makes it impractical to define a convergence criterion based on some
minimum value for the cost function. Due to this, the global minimum of the solution space may
never reach a hard-coded stopping point and the algorithm would not be able to adjust to different
levels of certainty in the input measurements. To account for this, the convergence criteria can
be defined with the Mahalanobis distance. Either algorithm can accept a measurement covariance
matrix input. The Mahalanobis distance is found by using the current estimate of the range and
range rate states to find a full state. This is then projected to the times of the two measurements
and an expected measurement is generated. The expected measurement, ¢, can then be compared
with the input measurement, i, and the error between these two states can be applied to the
Mahalanobis distance equation shown in equation (4.22) where S is the measurement covariance

matrix.

m=\/(§ =TSy —9) (4.22)
Four scenarios are investigated and the results are summarized in figures 4.15 through 4.16.

Figure 4.15 shows the ratio of correct results, defined as all state components with less than one

percent error. The Nelder-Mead algorithm more consistently converges to the true state in all
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Figure 4.13: LEO observer to LEO target  Figure 4.14: LEO observer to LEO target
Monte Carlo particle swarm Results. Monte Carlo Nelder-Mead Results.
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cases. It’s performance is worst with the LEO-LEO scenario. As shown in figure 4.14, this is due to
the high error rate as the time between observations increases to the point that both objects have
moved a significant fraction of an orbit. Figure 4.16 shows the calculation time distribution for all
scenarios for the two algorithms. The box and whisker plots show that the Nelder-Mead algorithm
is much more consistent in the time required to find a solution. The average computation time is

lower for the Nelder-Mead algorithm.

Figure 4.15: Ratio of correct solutions for both the particle swarm and Nelder-Mead approaches.

For the previous test cases with the Nelder-Mead algorithm, the maximum number of initial-
izations per case is set to fifty. However, there is a trade-off between computation time and accuracy
where the more times the algorithm is reinitialized with new randomly generated initial conditions,
the more opportunities there are for the algorithm to converge to a global minimum and the more
time there is potentially spent on each case. This trade-off is investigated by running the same set
of one-thousand cases with several different values for the maximum number of runs. The results

for both the accuracy of the solutions and the average time per case are shown in figures 4.17 and
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Figure 4.16: Particle swarm (PS) and Nelder-Mead (NM) computation time by scenario. The
whiskers show the maximum and minimum while the box shows the twenty-fifth percentile, mean,
and seventy-fifth percentile [1].

4.18 respectively. The accuracy shows a steep rise as the maximum number of runs increases up to
fifteen followed by a sharp leveling off. After this point, more runs gradually increase the method’s
accuracy, but the change is under a percent between fifteen up to fifty. The time cost shows a much
more linear result. The computation time increases steadily as the maximum number of iterations
increases. The linear least squares fit for this line has a slope of 0.007844 seconds per run, and the

coefficient of determination for the fit is 0.9902.

4.3.2 Multi-Orbit Scenario

All of the previous simulations for the developed initial orbit determination algorithms have
assumed that the time between observations was less than a full period of either the observer or
target object’s orbit. However, if the time between observations is sufficiently large, it becomes

feasible that the target or observer has completed more than a full revolution around the Earth.
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Figure 4.17: LEO observer to LEO target per-  Figure 4.18: LEO observer to LEO target aver-
cent correct as a function of the number of  age computation time as a function of the num-
Nelder-Mead runs. ber of Nelder-Mead runs.
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The developed algorithms remain functional even in this case. There is no longer a unique solution
for the case of two observations. Figure 4.19 shows the summed cost function contours for a LEO
observer and LEO target case with a thirty-thousand second delay between the two angles and
angle rates observations. The penalty function retains its shape, but the interior is divided into a
series of curves. Each of these curves represents a feasible solution given the available data. The
plot has several distinct non-trivial global minima, and only the correct solution is marked with a
red dot. Accordingly, a single solution is not sufficient to characterize the set of global minima of
this cost function.

By removing the ability to exit early when a sufficiently low Mahalanobis distance solution is
found, the Nelder-Mead approach can be altered to report all identified minima, and the accuracy
of the method can be measured by checking if the true state is in the set of reported solutions.
With this modification, figure 4.20 shows the scatter plot results for a LEO observer and LEO
target object with time delay between observations up to thirty-thousand seconds. The accuracy

of the algorithm falls as the time delay increases.

4.3.3 Response to Measurement Error

One of the key metrics for determining the utility of an orbit determination algorithm is the
accuracy of the estimated state as the measurement error increases. For an initial orbit determina-
tion method, the limited number of measurements fed into the algorithm prevent the error compen-
sation and data smoothing that may be implemented in a precise orbit determination method such
as a non-linear Kalman filter. The final state estimates will almost certainly deviate from truth
with the inclusion of any measurement error. However, the distribution of these state estimates
can be investigated to demonstrate the reliability of an IOD algorithm in response to the inclusion
of measurement error.

In order to measure the reliability of the proposed 10D algorithm, a series of Monte-Carlo tests
are performed for several states. These Monte-Carlo tests begin with a pair of exact measurements

corresponding to a simulated orbit scenario. Gaussian-distributed noise is then added to these
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Figure 4.19: LEO observer to LEO target Multi-Revolution cost function contours.

measurements to model measurement error. The errors for each angle are treated as independent of
each other, so the only cross covariance terms are between the angles and their respective angle rates.
These erroneous measurements are then fed through the initial orbit determination algorithm and
a prediction is found for the range and range rate between the observer and target. Repeating this
process, the distribution of estimates represent the algorithm’s response to measurement error with
a set distribution. This process can be repeated for different observation scenarios and measurement
error distributions in order to build up a holistic understanding of the algorithm’s response to
measurement error.

This process has been performed for the proposed 10D algorithm. The results for example
scenarios are provided in figures 4.21 through 4.28. Two different measurement error standard
deviations are explored. One case for angular standard deviations of 5 arcminute and angle rate
standard deviations based on the error propagation of measuring the endpoints of a streak for

a ten second integration. The other case for angular standard deviations of 1 arcminute and a
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Figure 4.20: LEO observer to LEO target Multi-Revolution Monte Carlo method.

similarly derived angle rate standard deviation. Assuming no covariance between the two endpoint
measurements, the propagated error for the angle rates is given in equation (4.23) where ¢ is
the image integration time. Using the streak start position as the angle measurement, the cross
covariance terms between the angle measurement and the corresponding angle rate measurement
is the negation of the angle variance divided by the integration time.
2 _ 5 + 9,

0'¢ t2

(4.23)

For the case of a LEO observing a LEQO, the results for the tested case are shown in figures
4.21 and 4.22. The resulting distribution of state estimates is well-approximated by a Gaussian
curve in the solution space. For the first case with a 5 arcminute angular standard deviation, the
estimate distribution has a standard deviation of 480 meters along the range axis and 0.31 meters

per second along the range rate axis. This drops to 20.5 meters and 18 millimeters per second when

the measurement error is reduced to 1 arcminute.
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Figure 4.21: LEO observer to LEO target dis-  Figure 4.22: LEO observer to LEO target dis-
tribution of first position state estimates with 5  tribution of first position state estimates with 1
arcminute measurement error. arcminute measurement error.
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Figure 4.23: LEO observer to GEO target dis-  Figure 4.24: Figure 4.23 zoomed in to the region
tribution of first position state estimates with ~ around the true state.

5 arcminute measurement error. Inadmissible

regions are in gray.

Moving to orbital regimes with at least one of the observer or target in a much more distant
geosynchronous orbit, new features begin to appear in distribution of solutions. Figures 4.23 and
4.24 show the total distribution of one thousand estimated solutions to a case with a LEO observer
and GEO target. The true solution is marked in red. While the general shape of the distribution
is that of a two-dimensional Gaussian. Part of it is cut off by the admissible region boundaries.
Points are instead pressed up against the border of the admissible region and the spread of the
distribution is cut accordingly. This restriction provides the benefit more tightly containing the
distribution of estimates around the truth rather than allowing them to spread out as they would
otherwise without the admissible region restrictions. Restricting the angle measurement error to
one arcminute for the same scenario as shown in figures 4.25 and 4.26, significantly reduces the size
of the distribution. It shrinks enough such that the admissible region bounds no longer impact the
shape of the distribution. The admissible regions also help contain the distribution to the region
around its true solution. With the admissible region restriction turned off, local minima residing in
the inadmissible space can attract estimates at higher measurement uncertainties. Scenarios with
a geostationary observer and low-Earth target showed a similar response to measurement error as

these cases.
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Figure 4.25: LEO observer to GEO target dis-  Figure 4.26: Figure 4.25 zoomed in to the region
tribution of first position state estimates with  around the true state.

1 arcminute measurement error. Inadmissible

regions are in gray.
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The state estimate error grows as the range between the observer and target increases and
the relative velocity decreases. This is most evident in the results of a geosynchronous observer and
target. While the majority of solutions still cluster around the truth, these cases report a larger
number of false states with the same input error. Figures 4.27 and 4.28 show the distributions for
the GEO-GEO case for angle standard deviations of 1 arcminute and 6 arcseconds respectively.
These cases again show the fall off in state error as measurement error drops. A new feature is
visible in this distribution as well. The region around the true solution has a long tail in the solution
space. This is a result of the underlying contours having a long valley that curves through the state
space. For GEO-GEO cases, this valley has a small derivative as one moves along the contour
away from the solution. This makes other positions along the contour new likely minima as the
measurements include more error. Notably, in all the presented cases, the true solution remains the
most attractive point in the solution space, and the majority of all cases still fall into the region
around the true solution. For the six arcsecond case, the estimates are the most dense around the
true solution. This is most visible when focusing in on this region. Figure 4.29 shows this region
and the relatively densely packed estimates along the minimal curve and around the truth. Most of
the estimates that make up the tail visible in figure 4.28 are much less dense than this region. The
six arcsecond case was used for the GEO to GEO case to show that the estimates do converge to
the truth when the error is sufficiently small, as the one arcminute case has a wide distribution of
range estimates not seen in the other scenarios. This is due to the large range between the observer

and target that magnifies any angle measurement errors.

4.3.4 Comparison to Other IOD Methods

It has been established that the proposed IOD method differs from existing IOD methods
in the types of inputs it accepts, its wide range of usable domains, and its approach to the IOD
problem. What remains is a comparison between the proposed method and existing methods in
terms of their accuracy when subjected to measurement error. To that end, several methods were

compared using the methodology employed in the previous section to demonstrate the differences
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Figure 4.27: GEO observer to GEO target dis-  Figure 4.28: GEO observer to GEO target dis-
tribution and underlying contour of first posi-  tribution and underlying contour of first posi-
tion state estimates with 1 arcminute measure- tion state estimates with 6 arcsecond measure-
ment error. ment error.
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Figure 4.29: Magnified view of figure 4.28 around the true solution.

in results between the approaches.

Since the vast majority of existing methods are angles only, the comparison between the
methods cannot perfectly match input data. Instead, the angles-only cases use two closely spaced
measurements to simulate the endpoints of a streak and a third measurement from the start of the
second streak. Since the practical implementation of the proposed method uses the endpoints of a
streak to measure the angle rates, this implementation most closely approximates the input data

to the proposed 10D algorithm.

4.3.4.1 L, Method

The L, method that is most similar to the developed method has limitations in its useful
domain of observer and target orbits. The method does not work if the target’s orbit is similar to or
below the observer’s orbit. Accordingly, in terms of the tested domains, the LEO-GEO case is the

only scenario that provides a useful comparison to the proposed method. The two methods were
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Figure 4.30: LEO observer to GEO target dis-  Figure 4.31: LEO observer to GEO target dis-
tribution for the L, 10D algorithm. tribution for the proposed L,+rates IOD algo-
rithm.

compared with one arcminute measurement standard deviations, and the orbits were defined as two
circular orbits. The observer was given an initial Earth-centered inertial position of [6000,2000,-
200] kilometers and a rotation axis aligned with the vector [0.2,0.1,2]. The target has was given an
initial Earth-centered inertial position of [42164,0,1000] kilometers and a rotation axis aligned with
the vector [0.1,0.3,3]. The admissible regions applied in the proposed method restricted ranges to
those below 6 x 10* kilometers and range rates with magnitude below 15 kilometers/s. In this case,
the resulting distributions for one-thousand test cases are shown for L, and the proposed method
in figures 4.30 and 4.31 respectively. These proposed method has significantly tighter error margins
for the state estimates in this case. For the L,, case, the range standard deviation is 102 kilometers
and the range rate standard deviation is 11 meters per second. For the proposed algorithm, the
range standard deviation is 39 kilometers and the range rate standard deviation is 0.8 m/s. It
should be noted, that opening up the admissible region limits on the range allows several of the
test cases to fall into local minima at much larger ranges than the true solution. These regions
can feasibly be ruled out by observable magnitude constraints in many cases, and only a few of the

one-thousand samples fell into these local minima.
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4.3.4.2 Double-R

Escobal’s Double-R IOD algorithm is more restricted then L,+rates in terms of the domains
in which it successfully finds solutions [80]. The algorithm requires a relatively accurate initial
guess for the target’s orbital radius at two of the measurement times as well. In order to compare
Double-R with the proposed L,+rates method, the two methods were tested for a LEO observing a
satellite in medium-Earth orbit (MEO). For this test case, the observer was given an initial Earth-
centered inertial position of [6000,2000,-200] kilometers and a rotation axis aligned with the vector
[0.2,0.1,2], identical to the previous case. The target was given an initial Earth-centered inertial
position of [12200,0,1000] kilometers and a rotation axis aligned with the vector [0.1,0.2,2]. Both
of these were given velocities to form circular orbits. The initial guess for the Double R range of
the first two measurements was provided as 12750 kilometers. The distribution of state estimates
for both algorithms are provided in figures 4.32 and 4.33.

For the Double-R method, the range standard deviation is 2.45 kilometers and the range rate
standard deviation is 4 meters per second. For the same physical scenario, the proposed method
has a range standard deviation of 7130 meters and a range rate standard deviation of 1.27 meters
per second. The proposed L,-+rates method has tighter bounds on its response to measurement

error.

4.3.4.3 Gauss

Gauss’s IOD method is tested against these algorithms as well under the same LEO to MEO
scenario as the Double-R method. Similar to the other angle-only methods, Gauss’s method does
not work well unless the observer is inside the orbit of the target. Its use cases are accordingly
limited for orbiting observers. The distribution of state estimates, shown in figure 4.35 is similar
to that of the L, method for the same scenario as shown in figure 4.34. Both perform worse than
Double-R and the proposed L,-+rates method in terms of the breadth of the distribution of their

state estimates. For Guass’s method, the range standard deviation is 6.87 kilometers while the
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Figure 4.32: LEO observer to MEO target dis-  Figure 4.33: LEO observer to MEO target dis-
tribution for the Double-R 10D algorithm. tribution for the proposed L,+rates IOD algo-
rithm.

range rate standard deviation is 13.2 meters per second. Compared to the results for the L, +rates
method, the distribution for Gauss is wider. The results for all tested IOD algorithms are provided
in the table below and figure 4.36. The proposed approach is much more capable of consistently
providing accurate state estimates than the other algorithms. However, this comes at the tradeoff

of a much slower computation time as shown in figure 4.36.

4.3.4.4 Comparison Across Domains

The four methods were compared in terms of their ability to successfully find state estimates
in the four combinations of GEO and LEO observers and targets. Each method was compared
with the same set of randomly generated observer and target orbits. The Gauss method did not
perform well, but this is partially due to the algorithm working best for short times of flight and
with the observer inside the orbit of the target. The time of flight was randomly selected between
100 seconds and one hour. Many of the failures in the Gauss set are due to too long times of flight.
Reducing the time of flight limits to 50 seconds to 500 seconds for the LEO-GEO case increases
the Gauss success ratio to 43.6%.

For comparing the algorithms in all domains, the Double-R method was given the initial
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Figure 4.34: LEO observer to MEO target dis-  Figure 4.35: LEO observer to MEO target dis-
tribution for the L, 10D algorithm. tribution for the proposed Gauss 10D algo-
rithm.
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[ Orbital Domain [ Gauss | Double-R [ L, | L,+rates | 109
LEO-LEO 0% 77.6% 0% 99.6%
LEO-GEO 6.6% | 0.3% 98.7% | 100%
GEO-LEO 0% 37.7% 0% 100%
GEO-GEO 0.1% | 81% 0% 99.7%
Ground-LEO 0% 70.8% 11.3% | 99.9%
Ground-GEO 6.9% | 25.2% 66.3% | 100%

Table 4.2: Success ratio for each IOD algorithm and orbital domain for a 1000 sample Monte-Carlo
test.

guesses recommended by David Vallado’s Fundamentals of Astrodynamics and Applications of r| =
2756.274 km and ro = 12820.05537 km [18]. Accordingly, the algorithm fares much better in
domains closer to the initial estimate. The algorithm performed best with LEO observer and
target follow be GEO observer and LEO target. The two domains with GEO targets performed
poorly.

L,, performs very well when the observer is well inside the orbit of the target as in the LEO-
GEOQO case. However, the algorithm does not work well when the observer and target are in similar
orbits or the observer is in a higher orbit than the target.

The computation time for all of the existing algorithms is much faster than the proposed
L, +rates algorithm. This is one of the major drawbacks of the proposed method if the computa-
tional resources are extremely limited or a large amount of data must be processed in a short time

span.

4.3.5 Empirical Verification

To verify that the Nelder-Mead algorithm could accurately estimate the translational state
of actual spacecraft. The algorithm is empirically verified on a series of images taken of actual
Earth-orbiting space objects. The images are taken with the Omnidirectional Space Situational
Awareness Telescope (OmniSSA) at the University of Colorado at Boulder. This imaging system is
composed of four all-sky cameras with overlapping fields of view to improve the effective signal to
noise ratio. The boresights of the cameras are fixed with respect to the ground, so non-geostationary

space objects appear to streak through the frame for longer integration times. Two observation
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Figure 4.36: figure

Distribution of computation times for correctly estimated states for each IOD algorithm.
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runs are included in the results. The first took place in the evening of October fourth, 2018, and
the second was on November eighth, 2019. In the first of these sessions, the integration time was
set to seven seconds. In the latter, the integration time was ten seconds.

To determine the true orbits of the imaged objects, the two-line element (TLE) catalogs for
all unclassified objects are collected for the period around each observation date. This data set
is then narrowed down by removing multiple listings for the same object taken at different times.
The retained TLE is the listing with the closest epoch to the actual observation time. The catalog
data is obtained from Space-Track [81]. In order to determine which TLE’s the objects correspond
to, the TLE data is passed into the open source night sky visualizer Stellarium, that uses an SGP4
integrator to show the motion of the input objects as the simulated time changes [82]. The motion
of the simulated satellites is compared to the observed objects. Associations are made by comparing
the simulated and observed predicted positions at the time of the observation as well as the type of
object the TLE represents in order to ensure the TLE object is bright enough to reasonably create
the observed streak.

The right ascension and declination of the target object at the start and end of each streak
are then found by determining their respective precise locations in the image frame and passing
that through a custom MATLAB function. This function uses the boresight angles determined
by the Astrometry.net software image calibrator [55]. The lens distortion is accounted for with a
LOESS-based calibration algorithm. Combined together, these tools allow a user to determine the
right ascension and declination from the observed pixel coordinates in an imaged frame.

The right ascension and declination is translated into a heading vector through equation
(4.24). The angle rates are determined by finding the heading for both the start and end of the
streak and assuming straight line motion on the surface of the celestial sphere to determine the
heading rate through numerical differentiation. The observer position is found by converting the
latitude, longitude, and altitude of the observer to Earth-centered, Earth-fixed coordinates and
pre-multiplying this vector by a rotation matrix that is based on the observation time to translate

these coordinates to the Earth-centered inertial frame. The observer velocity in the inertial frame
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can then be found via numerical differentiation through equation (4.25).
7 = [cos & cos a, cos & sin av, sin ] (4.24)
- [NR(t)][RN(t+ dt)] — I

ot

A table of the observed and expected results for a series of identified objects is provided. The
expected and estimated ECI state vectors are compared. The expected values are based on SGP4
propagation of the TLE’s while the estimated values are derived via the proposed IOD method.
The data was collected with an ultra-wide angle lens with a diagonal field of view of 115 degrees.
This significantly limited the accuracy of the measurements. This is combined with very short
arcs between the measurements that limit the state observability. However, this does demonstrate
how a lower cost sensor setup can be used with the proposed method to perform initial orbit
determination. The inherit error in the TLE, propagated error for the time difference between
the TLE and observation, and the measurement error in OmniSSA all contribute to the error
between the true state and the estimated state. While these errors vary on a case by case basis,
the inaccuracies of the TLE are expected to contribute about at least a kilometer and potentially
an order of magnitude more after propagating to the time of observation [83]. The error between
the propagated and estimated states depend on the distance to the target. The geostationary
target, Kondor-E 1, has a position error of 2493 kilometers and the four LEO’s have position errors
between ten and thirty kilometers. The high error in the Kondor-E 1 estimate is likely a reflection
of both the TLE’s age and the large distance between the target and observer that magnifies any
measurement error. This along with a much shorter subtended arc for a GEO object that magnifies

angle-rate errors.
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Figure 4.37: Streak generated by the Yaogan 3 satellite over a 10 second integration. Color-inverted
and photometrically corrected image.



DocuSign Envelope ID: 41E21D37-88AD-44A3-95AA-387CE31E28C4

arget osition stimate: osition os. Error elocity stimate: elocity el. Error . Dist. ge rbit Fraction
Kondor-E 1 30561,-29053,-96] km 32473,-30632,-355] km 2493 km 2.119,2.228,-0.00371] km/s 1.917,.0902,0.00557] km/s 0.244 km/s 0.613 1.003 days 0.0136
Yaogan 3 3977,-3741,4382] km 3992,-3757,4397] km 26.967 km -4.308,2.217,5.787] km/s -4.357,2.039,6.224] km /s 0.475 km /s 7.944 0.210 days 0.00802
CZ-4C DEB 4115,-3926,4136] km 4132,-3944, 4140] km 25.308 km -4.045,2.092,5.994] km /s -3.671,1.525,6.399] km /s 0.791 km /s 1.868 0.741 days 0.00797
OAO 1 2348,-5378,4092] km 2350,-5397,4093] km 18.630 km 6.753,3.170,0.284] km /s 7.287,2.660,0.0926] km /s 0.763 km/s 7.935 0.053 days 0.0133
SL-3 R/B 2839,-5187, 3557] km 2845,-5196,3551] km 11.599 km -0.649,4.055,6.408] km /s -0.374,4.347,6.667] km /s 0.478 km /s 7.925 0.127 days 0.0140

Table 4.3: TLE and estimated values for observational verification with OmniSSA data.

148!
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4.4 Chapter Summary

A number of related developments on initial orbit determination have been formulated and
discussed. First, a new method for initial orbit determination from angles and angle rates has
been derived based on the L, method developed by Reza Raymond Karimi and Daniele Mortari.
This method was investigated by itself then abstracted into a cost function to allow traditional
derivative-free optimization to find an estimate for the true state based on a pair of angle and angle
rate measurements. Variations on this cost function that included admissible regions and the error
in projecting the state into future times were investigated as well.

The capabilities of these methods as tools for initial orbit determination were then assessed
under a variety of scenarios. These included different observer and target orbital regimes for
every combination of Low-Earth orbiting satellites and near-geosynchronous satellites. This was
investigated both by generating contours for the cost function of single scenarios as well as Monte-
Carlo tests to quantify the algorithms’ capabilities for randomly generated scenarios of each type. It
was shown that the Nelder-Mead optimizer improves over the particle swarm in both computation
time and its ability to converge to the correct solution. Furthermore, it was shown that by adding
the two cost functions together, the resulting cost function developed a favorable geometry for
efficiently converging to the correct solution for near coplanar scenarios. Finally, the Nelder-Mead
optimizer over the novel cost function was shown to be capable of converging to the correct solution
for multi-orbit scenarios. The proposed algorithm improves over existing methods in terms of orbit
domain versatility and ability to reliably converge to close estimates of the truth. In over ninety-
nine percent of tested single orbit scenarios, the proposed method yields an accurate solution.
This comes at the cost of computation time where on the same hardware, the proposed method
can take several deciseconds to yield a solution while other methods can return a result in several
milliseconds or less.

Extending this work, the algorithm was modified and adapted to remove the assumption of

two-body dynamics. This change was initially performed in order to adapt the algorithm for the
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cislunar domain. However, the changes to the algorithm allow it to accept dynamics as an input
and function as an 10D algorithm for N-body dynamics. These changes inspired a number of
other advancements. Many of which could be pulled back into this original formulation to improve

accuracy or better assess results.
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Chapter 5

Initial Orbit Determination in Cislunar and Beyond

5.1 10D Beyond Near Earth

In order to perform initial orbit determination beyond the reasonable limits of the two point-
mass approximation, here a proposed method applies an optimization-based approach to find the
state or set of states that can feasibly match the observations. Similar to the previous chapter,
the approach leverages admissible regions to constrain the search space and improve convergence
characteristics. An angles-only method is implemented, but the theory behind an angles and angle
rates implementation is discussed as well. The optimization for the angles-only case is run over the
four unobserved dimensions while the angles and angle rates case is run over the two unobserved
dimensions. These are range and three velocity components for angles-only and range and range
rate for angles with angle rates. The optimized cost function is the average of Mahalanobis distances
between predicted and observed measurements based on a trial solution.

The approach implements JPL’s SPICE Toolkit to accurately predict the relative positions
of the Solar System bodies [84]. The gravitational influence of the Earth, Moon and Sun dominates
the dynamics of orbits in cislunar space and beyond. The influence of the Sun is essential for
identifying if a target object is in a cislunar, geocentric, or heliocentric orbit as targets sufficiently
far from the observer can be difficult to differentiate in terms of orbit domains. The geopotential
models of the Earth and Moon are also included up to fourth order using data from the EGM2008
and GRGM1200A respectively [85][86]. These include both the zonal and tesseral components.

The angles-only case uses three observations while the angles with angle rates case uses two
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observations. The angles-only case is more applicable for larger range observations as the angular
velocity of a target in cislunar orbit typically has a much slower inertial velocity than an object in
a near-Earth orbit and the significant increase in separation distance between target and observer
makes the observed angle rates much smaller. The relative drop in angle rate observability com-
pared to the near-Earth orbits significantly restricts the types of measurements that can accurately
capture angle rates. Accordingly, angles-only measurements are far more applicable for more dis-
tant domains. The cost function itself is the average of six Mahalanobis distances for angles-only
observations and two Mahalanobis distances for angles with angle rates. Process noise is included
in calculating the Mahalanobis distance so that the values accurately reflect the statistical like-
lihood of associating the measurements with a given state. From a single trial value, these are
the distances between the predicted and observed measurements for the orbit propagated to each
measurement time. The measurement treated as truth is then changed and the process repeated
until each measurement is given equal weighting in the estimate. For perfect measurements and an
accurate state guess, the cost function returns zero. We find that small measurement errors can
still yield accurate estimated states.

The Mahalanobis-based cost function alone tends to form long curves through the solution
space that some optimization methods may struggle with [45]. In order to improve the geometry of
the underlying contours for optimization, modifications to the solution space and cost function are
investigated. A method used to improve convergence for the cislunar domain is the modification of
the admissible regions from the two-body implementation. The admissible regions for cislunar space
differ substantially from the near-Earth orbits, and these limits are shifted accordingly to penalize
the cost function in a way that improves convergence and limits the search domain. Investigated
penalty function parameters include geocentric periapse and apoapse limits, heliocentric periapse
and apoapse, obstruction of line of sight due to the Moon and Earth, occultation of the Sun on the
target due to the Moon and Earth, and absolute limits on maximum and minimum velocities and
ranges. Well targeted application of these admissible regions can significantly restrict the search

space and improve the convergence properties of the optimization [87].
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The geometry of the cost function is explored by generating contour plots over the solution
space. The results of this initial orbit determination method are investigated in terms of convergence
accuracy with respect to measurement error and the relative orbit geometry of the observer and
target using a series of Monte Carlo simulations.

The proposed method is an approach for performing initial orbit determination beyond near-
Earth space and the algorithm itself is neutral to the dynamics included in the propagator. The
proposed method is a new approach that optimizes over a cost function to find feasible states
that match observations. Implementations for the angles-only are investigated for relative accuracy
along with the implementation theory for the angles and angle rates case. The necessary conditions
to determine convergence is derived and implemented to exclude non-global minima from returning
false solutions. The efficacy of these methods are demonstrated through a series of Monte Carlo
simulations investigating the response of the algorithm across cislunar space and in response to

measurement error.

5.2 Theory

5.2.1 Cost Function

At the core of the optimization-based approach is a cost function that models how well a trial
solution fits the collected measurements. The cost function is a metric that should rigorously return
a value that represents how well a state estimate fits the data considering the known measurement
uncertainty. For this reason, the cost function is chosen as an average of Mahalanobis distances.
The Mahalanobis distance is expressed in its most general form in equation 5.1 where 4 is the
measurement vector, ¢ is a predicted measurement vector based on the state estimate, and S is the
measurement covariance matrix and is assumed known based on the particulars of the measurement
system. For states propagated away from the reference state, the covariance matrix in the distance
calculation includes uncertainty due to the propagation and process noise. The details of this

implementation are developed in section 5.2.5. The Mahalanobis distance is computed in the
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measurement space which depends on the observer’s state. The observer’s state is assumed known

and any uncertainty folded into the measurement covariance matrix.

D= \/(i— )75 (il - ) (5.1)

Several measurements are required for the state to be observable. For angles-only measure-
ments, three measurements are required for the state to be observable and for measurements with
both angles and angle-rates, two measurements are required. Accordingly, the cost function is
taken as the average of Mahalanobis distances relating each pair of measurements to each other
both forward and backward in time. This process starts with a trial solution state at one of the
measurement times. The choice of measurement time is arbitrary and it will be assumed that the

first measurement time, 1, is selected.

5.2.1.1 Angles and Angle Rates Measurements

With only two measurement times, the case with measurements containing both the relative
angle from the observer to the target and the observed angle rates is covered first. In this case, the
measurement vector contains four linearly-independent elements, two for the angles, and two for the
angle rates. The solution space is two-dimensional. For this case, the cost function is the average of
two Mahalanobis distances. The trial solution, a vector with range from observer to target and the
range rate, is combined with the measurement vector for the ¢; measurement. This yields a full six-
element state. This state is propagated to the time of the second measurement under the simulated
cislunar dynamics to return an expected full state at the time of the second measurement. This can
be combined with the known observer state to extract a predicted measurement at the time of the
second measurement. The first Mahalanobis distance in the angles and angle-rates cost function
is equation 5.1 with this propagated predicted measurement as @ and the actual measurement for
the second time as @.

The second Mahalanobis distance is based on the first measurement. Since the state is built

from the measurement at the initial time, directly calculating this distance would return zero and
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there would be no compensation for the measurement error at t;. To ensure this information
is included in the cost function, the initial full state is propagated to the time of the second
measurement. Then the unobserved parameters of the state at this time are extracted from the
predicted state with the known observer state. This range and range-rate are then combined
with the second measurement to build a full state estimate. This state can then be propagated
back in time to the first measurement. At this point the approach becomes similar to that of the
first Mahalanobis distance. The expected measurement is extracted and the Mahalanobis distance
is built for the initial measurement using equation 4.22. These distances are added together to
construct the cost function. This cost function is effectively the reciprocal of a likelihood function

and the optimization process is equivalent to maximum likelihood estimation [88].

5.2.1.2 Angles Only Measurements

For more measurements, the required number of terms in the cost function sum is 2-permutations
of n where n is the number of measurements. Accordingly, for the three angles-only measurements
required to observe a full state, six Mahalanobis distances are included in the cost function. These
are constructed similarly to those of the angles and angle-rates case. However, for angles-only data
the measurement state has two linearly independent values and the solution space is four dimen-
sional. The first two Mahalanobis distances take the estimated initial state and propagate it to the
time of the second and third measurements. The expected measurements at these two times are
compared to the observed measurements for the first two Mahalanobis distances.

The other four are generated in a similar manner as the second case in the angles and angle
rates case. The initial state estimate is propagated to the second or third measurement time.
Then the expected unobserved state is pulled from the propagated state and combined with the
measurement at that time. This state is then propagated to one of the other measurement times
to find an expected measurement to compare to the observation. Take Z; to represent the full six-
element target state at measurement time ¢; and ﬁl the six-element observer state at measurement

time t;. Let the function &; = p(&;, t;,t;), represent the propagation of the state at measurement
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time ¢; to measurement time ¢;. Let the function @ = 1 (Z, ﬁ) extract the expected measurement
from state & and let the function v = g(&, ﬁ) extract the unobserved states from state Z. Finally,
let the function ¥ = l_i(z_}', @) build a state Z from a measurement, @, and an unobserved state .
With this, first two Mahalanobis distances are D12 and D1 3 and expressed by equation 5.2 while
the latter four Mahalanobis distances are Dg 1, D23, D31, and D32 where D; ; is given in equation

5.3.

Dy = \/<a’j - f(*(fl,tl,tj),PZj))T st (@ - T (p(@ 1, 4), K ) (5.2)

il

Dij = \/(ﬁg - f(ﬁ(ﬁ(§(ﬁ(f1,t1»ti)7ﬁz‘)vﬁi)vtivtj)v j))TSJI (ﬂj - f(ﬁ(ﬁ(ﬁ(ﬁ(flyt17ti)yﬁi)ﬁi)?tutj)? g)) (5.3)

5.2.2 Extension to Other Measurements

Angles-only and angles with angle rates measurements are possible types of observations
with electro-optical systems. The approach can also be extended to radar measurements which
return high accuracy values for range and range rate with lower accuracy estimates for the relative
angles. Due to the higher uncertainty angle measurements, it would be reasonable to collect three
observations or more to generate a state. However, only two measurements are required to generate
a state. The method is similar to the angles-only case. There are 2-permutations of n projections
where n is the number of measurements. The solution space spans over the angle rates or velocity
components orthogonal to the displacement vector between the target and observer. Other than the
methods needed to project the state space into the measurement or solution space, the fundamental

approach to performing the algorithm with different types of measurements in unchanged.

5.2.2.1 Admissible Region

With only the cost function as described in the previous section, any optimization would be
unconstrained and suffer from the associated penalties to computational efficiency as the optimizer
attempts to search an unconstrained solution space. By applying known limits to the feasible

solution states as a penalty function, the search space can be constrained and the algorithm can
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receive the corresponding benefits of a smaller search space. The most basic limits that can be
implemented are restrictions directly on the feasible values of the solution space. For measurements
of angles and angle-rates these would be limits on the feasible range and range-rate between the
observer and target. The range can be constrained by a combination of the known capabilities
of the observing instrument and the maximum observable cross section of the target as a target
sufficiently small and far away eventually becomes undetectable. The range-rate can be constrained
by assuming physical limits on the velocity of the object depending on the types of objects intended
to be characterized. For example, if the target is assumed to be bound to the Earth-Moon system,
range-rate can be limited by the Earth escape velocity. If the measurements are angles-only, then
the entire velocity component of the state is a part of the search space, and a similar limit can be
applied.

The next type of constraint that can be applied as a penalty function are those that would
have prevented detection in the first place. This includes line-of-sight constraints where detection
would have been impossible due to the Earth or Moon occluding the target’s position from the
observer. The line-of-sight constraint can be implemented directly from the geometry of the system
bodies and positions of the observer and estimated target position. Similarly, for visible-spectrum
optical data, in most cases it can be assumed that the light coming from a target object that enables
detection is light reflected from the Sun. Accordingly, a target object in the Earth or Moon’s umbra
would not be visible. Another geometric constraint can be applied for this case to remove solutions
that would place the target object in the Earth or Moon’s umbra.

Constraints regarding the orbit of the shape of the orbit itself can also be applied, but
there is a cost-benefit to consider in their implementation for the cislunar domain. Under the
two-body assumption, the orbits of a target object can be assumed to be conic sections and for
non-escaping objects, the orbits can be assumed periodic. This is not necessarily the case for
cislunar objects and other target objects acted upon by significant forces other than the Earth’s
gravity. Without the two-body assumption, constraining a target object’s orbit based on future

and past states requires a full propagation of the orbit to some user-selected time in the past and
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future to detect violation of orbital constraints. Under the two-body assumption, cases such as
Earth-impacting orbits, highly eccentric orbits, or escaping orbits can be detected directly from the
the orbital elements that can be derived from a single full state estimate. These penalties can still
be applied to objects under additional forces, but the implementation must balance the time-cost
of an expensive propagation into the past and future to catch violation of these limits and the
benefit of a more tightly constrained search space. An optimal solution will depend on assumptions
regarding the target object and goals for the implementations speed of convergence.

Turning these various constraints into penalty functions first requires representing violation
of these constraints as continuous values rather than Boolean. For search space limits, the violation
can be simply implemented as the amount that the estimate violates the condition. For a line-of-
sight penalty, the cost can be implemented as equation 5.4 where 7 is the estimated position state
of the target, rp is the position state of the occluding body, p is the pointing vector from the
observer to the target, and Rp is the radius of the occluding body. For an umbra penalty, if the
angle between the body-relative position state vector of the target and the target-relative position
state vector of the Sun is less than ninety degrees, the penalty expressed in equation 5.5 can be
applied. Otherwise, the target object is necessarily not in the umbra and the body. The 7 is the

relative position vector of the Sun to the Earth.

f=max [0, — (F—g) - p — \/(F—FB)Q—R%} (5.4)
f = Rg*max[0, Rp — || (7 — 7o) x (7 — 7ar) || (5.5)

Each of these penalties may be then be weighted by a multiplicative factor to account for
the different scales of the units involved. For example, an angle penalty of one radian is far more
severe than a position penalty of one kilometer and the weights can account for these differences.
After the penalties are balanced, they can be added together and the penalty can be applied as

exp (penalty) — 1 and added to the cost function.
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5.2.3 Nelder-Mead Optimization

The optimization is performed with a Nelder-Mead algorithm. This is a gradient-free algo-
rithm that moves the vertices of a simplex each iteration to find a minimum of the cost function [77].
For measurements of angles and angle-rates, the search space is two-dimensional so the simplex is a
triangle. For angles-only measurements, the search space if four-dimensional, so the simplex is the
4-simplex. The Nelder-Mead optimizer is chosen because, it has been shown that for angles and
angle-rates measurements applied to two-body dynamics, the Nelder-Mead algorithm outperforms
a particle swarm in both speed and accuracy [45]. The Nelder-Mead algorithm also works well for
low-dimension problems which applies for these two and four-dimensional searches [89)].

There is no guarantee of uniqueness for the initial orbit determination solution under the
additional dynamics of the cislunar domain. Accordingly, rather than searching for a single minimal
solution, the goal of the optimization is to find the full set of feasible solutions for the given set
of measurements. A set of solutions can then be further narrowed down by collecting additional
measurements and eliminating incompatible states. In order to do this, the algorithm is run multiple
times for a given set of measurements and the set of distinct feasible minima are reported. Two
methods for initializing the Nelder-Mead algorithm are compared in terms of their effectiveness at
providing a set of solutions that contain a close estimate to the true state. One is random sampling
of the admissible region for generating initial simplex vertices. The other is dividing the admissible
region into separate regions and initializing the simplex in each region once.

By constraining the initial simplex vertices to lie within the admissible region, it is known
that the algorithm starts with a set of unpenalized hypotheses. This guarantees that the algorithm
can converge to a state within the admissible region. The admissible region is defined by the
physical limits of the system, so as long as the user-defined limits are valid, the solution will exist

within the admissible region.
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5.2.4 Orbit Instability

With the addition of the influence of the Moon’s gravity, the dynamics in some orbital regimes
become chaotic. Small differences in the real and measured initial state grow with time to that point
that the propagated predicted state no longer well-approximates the truth. As a consequence, for
these chaotic orbits, there exists a time horizon beyond which a an initially accurate state estimate
cannot predict the actual physical state. This time horizon can be characterized by a Lyapunov
exponent [90]. The Lyapunov exponent for a given orbit can be approximated with equation 5.6.
Where ty and ¢; are an initial and final time, ®(¢1, %) is the state transition matrix from ¢y to t1,
and the matrix norm is the spectral norm [91]. An in-depth discussion of this approach is available

in Ren, Li, and Zheng’s 2020 paper.

A=
t —to

In | ®(t1, to)]| (5.6)

5.2.5 Accounting for Process Noise

Process noise is the result of unmodeled dynamics influencing the motion of the an observed
object. Since they are unmodeled, their influence cannot be accounted for directly. Instead, the
uncertainty of states increases as the state evolves. In a Kalman filter, this can be accounted for
by adding uncertainty to the covariance at the end of the prediction step. This would be expressed
by adding T'(tp41, tx)QrI'T (tig1,tr) to the covariance as shown in equation (5.7). There P is the
state covariance matrix, ®(txy1,tx) is the state transition matrix from time ¢ to tx11, @ is the
process noise covariance matrix, and I'(¢x41, tx) is the integrated influence of the process noise on

the state.

Prir = (o1, t) Pe®” (tiy1, t) + D1, te) Qi (b, t) (5.7)

For propagating a state forward in time and measuring its Mahalanobis distance between

observed and expected, process noise can be included by expressing the covariance matrix as shown
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in equation (5.8). Ry is the measurement covariance matrix at time t;, H is the measurement
matrix the projects the state into the measurement space, and C projects the measurement into
the state space. For an angles-only measurement, C' is expressed as shown in equation (5.9). There
r is the trial range value, « is the right ascension measurement at t;, and J is the declination
measurement at ;. The full expression brings the uncertainty of the first measurement and the
process noise forward in time to combine it with the measurement noise and build a more accurate

model of the uncertainty of the next measurement.

S = H(®(tpp1,tr) CRCTOT (g, ) + T(trgt1s tr) QuLT (thg1s ti)) HY + Riyr) (5.8)

[—rsinacosd —rcosasind]
rcosacosd —rsinasind
o_ 0 7 CoS d (5.9)
0 0
0 0
L 0 0 .

A different approach is required to account for process noise backwards in time. A smoothing
algorithm is adapted for this purpose. The expression for the state covariance in the smoothing
algorithm with process noise is given in equation 5.10 [73]. There the subscript index on the
covariance matrices are the time index the covariance corresponds to, and the superscript index is

the highest time index that is included in the smoothing.

P. = Pf+ Sp(Pl, — PE)SE (5.10)
—1

Sy = PPOT (111, 1) (P,fH) (5.11)

P]§+1 = ‘I)(thrl, tk)P]f(I)T(tk+1, tk) + F(tk+1, tk)QkFT(thrl, tk) (5.12)

To adapt this for the three measurement angles-only case with the second measurement as the

reference, [ = k+1. Only two measurements need to be included in any case for three measurements.
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Backwards projections are either from the third to second measurement or from the second to first.

In this case P,i 1= P,fj:ll which is the just the covariance of the later measurement. For the IOD

scenario, this is just based on the measurement error at that time so P,fill = CRp41CT. and
P,f = CR,CT. With this, the backwards state covariance, P,erl is as expressed in equation (5.13).

The Mahalanobis distance is then expressed as shown in equation (5.16).

Pi = CRLCT + Si(CRy1 CT — PELy)SE (5.13)
kT o\ 7!

S = PFOT (11, 1) (PM) (5.14)

Plf—&-l = (I)(tk-i-h tk)CRkCTq)T(tk_;,_l, tk) + F(tk—f—la tk)QkFT(tk_H, tk) (5.15)

d= /(@ — @) T (HPFHT + Ry, — i) (5.16)

It is worth noting that, depending on the types of process noise included, this may involving
taking the Moore-Penrose inverse for singular matrices. This happens if the sum in equation (5.15)

does not make an invertible matrix.

5.2.6 Determining Convergence

For a single initialization of the Nelder-Mead algorithm, it will either exit when the maximum
number of iterations is exceeded or it converges to a minimum and sequential best vertices on the
simplex change by less than some tolerance. For a solution to be feasible, it should be close to
zero since a state that perfectly predicts the observed measurements will have a zero cost. Since
the cost function is the average of Mahalanobis distances, it accounts for measurement error so
long as the measurement covariance matrix accurately reflects the actual measurement error. It
also includes the process noise in the measurements propagated away from the reference state that
is being estimated. If the returned solution is large, it can be immediately rejected as a local
minimum but not global minimum. The question then becomes, what is close enough to accept as

a feasible solution. The simplest approach would be to consider the cost purely as the average of



DocuSign Envelope ID: 41E21D37-88AD-44A3-95AA-387CE31E28C4

129

Mahalanobis distances and set a threshold based on hypothesis testing and a target false-positive
rate. However, this does not account for the impact of the propagation of uncertainty. To include
that, the propagator can be modified to find the state transition matrix by computing the Jacobian
of the dynamics at each step in the integration. The resulting state transition matrix can be applied
to a vector of the error from the propagated state at the propagation start time to find the error
from the dynamics at the propagation end time. This can be used to analytically express the cost
function as a function of the initial state estimate and the measurements.

Let z* be the true dynamical state for the set of measurements, and let k be the vector
of measurements with some covariance matrix, Py ;. The calculated cost function can then be
written as J, a scalar function of £* and the mean of the measurement vector #. Then one can
find the Hessian of the cost function with respect to the six measurements for angles-only data or
eight measurements for angles and angle-rates. With the Hessian of the cost function, it becomes
feasible to take a second order Taylor expansion of the cost function. That second order expansion
is expressed in equation 5.17. Start with the Taylor expansion of the cost function J around the

solution. Since the cost function is assumed to be at the solution, J and %

4+02 should be zero.
Then just looking at the expansion with respect to the measurement states simplifies to equation
5.18. Assuming that the k is normally distributed about 0, the mean of J with respect to k will be
the expectation value of the second term [92].

The variance of J can be found similarly. Starting with the expectation value representation
in equation 5.21, the result can be simplified to 5.23. The simplification is derived in Holzinger,

Scheeres, and Alfriend’s 2012 paper.

- oJ aJ -
J(Z* 4+ 0%%, fig, + O0k) =J (2%, fix) + ==| 0"+ —| Ok+
OF |3 Ok |z,
1 2 1 —~._0? - 2 -
+ féfc*Ta—J 0" + fék*Ta—L] ok + 6z* ? Jﬁ ok + ... (5.17)
27" 972, 27" ok2 |, 0L 0k |3+,
o - 1 -2 S O S
J(Z*, [ + 0k) :8—{ ok + —5k*Ta—ﬂJ 0k =V Jok + Z0k™TJ}, 1.0k (5.18)

1 - S
wy =E |:2(5/€*Tjk7k5k:| (5.19)
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o :% Tr (Ji P k) (5.20)
Py =E | (760 - )| (5.21)

1 1
Py =p3 — pu; Tt (Je o Proge) + 7 (T Poge)” + o T (P e plug)  (5.22)

1
Pij=5Tr (i Prc e T ke P k) (5.23)

With the mean and variance of the cost about the solution found, the necessary condition for
convergence is that the proposed solution has a cost that belongs to this distribution. A low-cost,
but imprecise test for this is to decide in advance on a maximum number of standard deviations
from expected to accept and only accept a result if the cost falls within that limit as defined by
the derived mean and standard deviation. This would only require a single cost estimate, and the
algorithm could exit immediately when an acceptable solution is found. A more precise test would
involve running the optimizer multiple times and collecting those returned solutions that cluster
about a value. A statistical hypothesis test could then determine if these solutions fit the expected

distribution.

5.3 Results

5.3.1 Implementation

In order to assess the capabilities and limitations of the proposed algorithm, the approach is
verified against a set of simulated scenarios. These scenarios model both an observer and target
with a high fidelity orbital model that includes the gravitational influence of the non-dwarf planets,
the Sun, and the Moon. As well as the geopotential model of the Earth up to order 360 based on
the EGM2008 model [85] and the geopotential model of the Moon up to order 165 based on the
GRGM1200A model [86]. Next, the simulated orbits included the influence of the solid tides of both
the Earth and Moon. There are also non-gravitational forces included, these are the atmospheric

drag and solar radiation pressure on the satellites.
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The dynamics of the system used in the IOD algorithm itself were simplified beyond this
model with various forces toggle-able to measure the costs and benefits of simplifying the model in
various ways. The results of this investigation are discussed in section 5.3.3. The forces included
in the IOD algorithm propagator are the point-mass influence of the non-dwarf planets, Sun and
Moon and the geopotential model of the Earth and Moon up to order four.

The test cases were randomly generated along specific orbital regimes. Each observer regime
and target regime pair was generated with two hundred cases. The observer regimes are equatorial
geosynchronous orbit (GEO), equatorial medium Earth orbit (MEQO), equatorial low Earth orbit
(LEO), and L1 halo orbits both in and out of plane. The target regimes are a lunar near rectilinear
halo orbit (NRHO) based on the planned lunar gateway, L1 halo orbits both in and out of plane,
L2 halo orbits both in and out of plane, Molniya orbits, and highly eccentric Earth orbits (HEO).
Not every pair of observer and target is considered. Rather interesting cases are chosen from the
set of generated test cases.

For each scenario, simulated observations are generated for different time steps between
observations and with different levels of measurement noise added in. The measurement noise is
Gaussian and symmetric on the unit sphere. Trial cases can be selected by choosing a regime

scenario, time interval between measurements, and measurement error.

5.3.2 Cost Function Structure

First, the structure of the solution space passed through the proposed cost function is ex-
plored. Previous work has shown that a similarly derived cost function applied solely to the
near-Earth domain under two-body dynamics can yield a smooth and continuous contour within
the admissible region when the measurements include both angles and angle rates [45]. In cislunar
space, the more complex dynamics of the additional forces create additional opportunities for issues
to arise with the search space. This could potentially result in multiple global minima for a given
scenario or an unfavorable geometry for optimization. In order to determine if these issues occur,

contours are generated in the search space for several orbit scenarios. These contours show the
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behavior of the cost function as a function of the trial state.

Cases for the angles-only scenarios are generated. This has a four-dimensionsonal solution
space, and contours can only clearly show the response to changes in two dimensions. As a result,
angles-only contours are generated as a series of slices through the solution space in order to show

the behavior of the cost function along all four search dimensions.

5.3.2.1 L4

The contours for the a target object in a stable orbit around the L4 Lagrange point have a
relatively simple structure. The contours for angles-only measurements with the correct velocities
orthogonal to the line-of-sight direction are shown in figure (5.1a). The structure of the contour
shows a long valley of low cost for increasing range. This appears due to the ambiguity in the range
state as three angles-only measurements taken in relatively quick succession for a distant object
have a limited ability to discern the range. Near to the observer, several local minima appear.
These represent nearby orbits that could approximate the observed measurements, though they do
not perfectly mach as the costs do not fall to zero.

Deviations to the line-of-sight orthogonal velocities result in the contours shown in figures
(5.1b) through (5.1c). As the orthogonal velocities move away from truth, the cost minima do not
fall as deep and the main valley containing the true solution shifts. This indicates that the contour
should be optimizable, though there remains the potential for an optimizer to return local minima

if initialized to close to another minimum.

5.3.2.2 Low Lunar Orbit

Figure (5.2a) shows the range and range rate dimensions of the angles-only contour for a
target object in low Lunar orbit as seen by an observer in GEO. The other two states are set to
the true values. The red dot indicates the location of the true solution. The contours shown are
the logarithm of the cost.

Figures (5.2b) through (5.2c) show the contour angles-only contours with the non-plotted
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Figure 5.1a: Angles-only GEO observer to L4 target log(cost) contours with correct line-of-sight
perpendicular velocities.

dimensions shifted slightly. This exposes the behavior of the solution space along the velocity
axes perpendicular to the line of sight. The region of high cost near the solution reflects Moon-
impacting orbits that trigger additional penalties on the cost function. There are also additional
local minima in the nearby region such as the region at a higher range on the opposite side of the
Moon-impacting lobe. This indicates that there is a significant potential for an optimizer to return
minima that are not the solution. These minima also have a relatively low cost, so a relatively
low amount of measurement error could make the minima indistinguishable in terms of detecting
which is the global minimum and true solution. Comparing figure (5.2a) to figures (5.2b) through
(5.2¢) shows how these contours shift in the non-plotted dimensions. The nearby states are similar

with slight shifts to the shapes of the contours and an increased cost around the solution minimum.
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Figure 5.1b: Angles-only GEO observer to L4  Figure 5.1c: Angles-only GEO observer to L4
target log(cost) contours with out of plane ve-  target log(cost) contours with in plane velocity
locity increased by 0.03 km/s. increased by 0.03 km/s.

This indicates that an optimization algorithm should be expected to fall into the solution if in the

correct region rather than a set of solutions curving through the solution space.

5.3.3 Impact of Propagator Fidelity

The orbital propagator used to compare measurements to predictions at different times sig-
nificantly impacts both the algorithm’s computational efficiency and its accuracy. The optimal
balance between these parameters will vary based on the goals of the implementation, but under-
standing the trade-offs with the propagator capabilities is valuable for appropriately choosing the
implementation. The propagator is tested by initializing it with the first state in each orbit scenario
and measuring the position error and required calculation time after one solar day of motion. Each
regime is tested independently to isolate the influence of different propagator elements on different
orbital regimes. The final position errors for the full fourth order geopotential model with the
inclusion of all major Solar System bodies is shown in figure (5.3a). The distribution of calculation
times is shown in figure (5.3b). Most orbits are modeled with less than a single kilometer error

after a day of propagation. The halo orbits in particular perform well with the Lagrange point
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Figure 5.2a: Angles-only GEO observer to low lunar orbit target log(cost) contours with correct
line-of-sight perpendicular velocities.

Figure 5.2b: Angles-only GEO observer to low  Figure 5.2c: Angles-only GEO observer to low
lunar orbit target log(cost) contours with out of ~ lunar orbit target log(cost) contours with in
plane velocity increased by 0.03 km/s. plane velocity increased by 0.03 km/s.

halo orbit position error ending up at around twenty-five meters. The highly elliptical and Molniya

orbits have the cases with the largest error. This is due to the unmodeled, higher orders of the
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geopotential model, solid tides, and atmospheric drag.

Figure 5.3a: Final position error logarithmic  Figure 5.3b: Computation time logarithmic
swarm chart for a series of orbital regimes after =~ swarm chart for a series of orbital regimes for
orbit propagation over a solar day using ODE  orbit propagation over a solar day using ODE
113. 113

The previous case used MATLAB’s ODE113, a nonstiff differential equation solver. This is
compared against ODE45. The position error and time cost for this differential equation solver
is provided in figures (5.3c) and (5.3d) respectively. While the accuracy of the two methods are
similar, the ODE113 case performed significantly better in terms of the time cost of the propagation.
This performance improvement is visible in all tested cases.

Figures (5.3¢) and (5.3f) show the results after removing the influence of all bodies save for the
Earth, Moon, and Sun. The time cost of the algorithm improved slightly, but there was a significant
penalty to the final position state accuracy. Near-Earth MEQO orbits were largely unaffected, but
near rectilinear, L1, and L2 halo orbits saw over an order of magnitude loss of final state position
accuracy to just under single kilometer level error for the Lagrange points and slightly more for the
NRHO.

Reducing the order of both the Earth’s and Moon’s geopotential models to two yields the
results shown in figures (5.3g) and (5.3h). The change increased the position error in the orbits
closest to Earth by a small amount and had little observable impact on the more distant orbits. The

impact was less severe than the loss in accuracy when the influence of other planets was removed. In
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Figure 5.3c: Final position error logarithmic
swarm chart for a series of orbital regimes after
orbit propagation over a solar day using ODE
45

Figure 5.3e: Final position error logarithmic
swarm chart for a series of orbital regimes af-
ter orbit propagation over a solar day. Propa-
gated without the influence of planets outside
the Earth system.
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Figure 5.3d: Computation time logarithmic
swarm chart for a series of orbital regimes for
orbit propagation over a solar day using ODE
45.

Figure 5.3f: Computation time logarithmic
swarm chart for a series of orbital regimes for
orbit propagation over a solar day. Propa-
gated without the influence of planets outside
the Earth system.

terms of the computation time, the time cost fell slightly across the board, though not by as much

as removing the influence of the planets. Cutting the third and fourth order components of the

geopotential model could be a reasonable method for saving computation time in the propagation

step without significantly impacting the algorithm’s accuracy.
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Figure 5.3g: Final position error logarithmic  Figure 5.3h: Computation time logarithmic

swarm chart for a series of orbital regimes af-  swarm chart for a series of orbital regimes for
ter orbit propagation over a solar day. Propa-  orbit propagation over a solar day. Propagated
gated with second order geopotential models of  with second order geopotential models of the
the Earth and Moon. Earth and Moon.

Figures (5.31) and (5.3j) show the propagation results when only the first order gravitational
influence of the Sun, Earth, and Moon is included. While the computation time falls significantly
for all cases, so does the position accuracy. All modeled GEO’s and most modeled MEOS have
final position errors over ten kilometers with some MEQ’s approaching just under 100 kilometers
of error. The Lagrange point halo orbits are the only orbits with error consistently below one
kilometer, but still perform far worse than the twenty-five meter error shown in the fourth order

model.

5.3.4 Inclusion of Process Noise

The inclusion of process noise in the Mahalanobis distance shifts the calculated values and can
be compared to approaches that do not include the process noise by the impact on the resulting
metric. Since noise is added into the calculation, it would be expected that the Mahalanobis
distance would decrease with the inclusion of process noise. How the distance changes in response
to measurement noise is investigated for several different scenarios.

The process noise is set up to model solar radiation pressure as that is included in the



DocuSign Envelope ID: 41E21D37-88AD-44A3-95AA-387CE31E28C4

139

Figure 5.3i: Final position error logarithmic  Figure 5.3j: Computation time logarithmic
swarm chart for a series of orbital regimes after =~ swarm chart for a series of orbital regimes for
orbit propagation over a solar day. Propagated  orbit propagation over a solar day. Propagated
with only the point source influence of the Sun,  with only the point source influence of the Sun,
Moon, and Earth. Moon, and Earth.

simulated truth but not modeled in the optimizer’s propagator. This is only one type of unmodeled
dynamcis in the process noise. There are other forces such as higher order geopotential model terms
that are not modeled in either the dynamics or process noise. () is the scalar variance of the solar
radiation pressure. I' is defined as equation (5.24) [73]. For short time of flight, ® and B can
be treated as constant and the equation simplifies to equation (5.25). B is expressed in equation
(5.26). xs, ys, and zs are the relative ECI coordinates of the Sun from the target. r; is the distance

between the target and Sun.

te+1
r :/ O(tyt1,7)B(T)dT (5.24)
i
T = & B(t) (tg+1 — tr) (5.25)
T
B=[0o 0 0 52 cm == (5.26)

Fifty cases were randomly generated for several orbital scenarios and times. These are Geo-
stationary observer to L1 halo in-plane target, L1 halo out-of-plane target, and NRHO. As well
as low Earth orbit to Geostationary. For each of these scenarios, the original cost without process

noise and the adjusted cost with process noise were found. The ratio of original cost over adjusted
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cost was recorded and plotted in figure 5.4. Each scenario was investigated at four different times

between observations. The results are plotted in a swarm charts for both the ratios and costs.

Figure 5.4: Ratio of cost with process noise over cost without process noise for four orbit scenarios
at several times between observations.

The average cost ratio for all cases tended to hover around 1.4. Many of the results hovered
around this value for short times of flight in the L1 halo target cases. When testing different
amounts of process noise to apply, this value changes. The consistent multiplicative impact of
including process noise is likely a result of the the way that the process noise is added. The
additional term added to the measurement covariance can be fairly consistent for short times of

flight. Larger times of flight spread out further with a much larger distribution when the time of
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Figure 5.5a: Geostationary to L1 halo in plane  Figure 5.5b: Geostationary to L1 halo out of
cost before and after process noise correction. plane cost before and after process noise correc-
tion.
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Figure 5.5¢: Geostationary to NRHO cost be-  Figure 5.5d: Low Earth orbit to Geostationary
fore and after process noise correction. cost before and after process noise correction.

flight between measurements increased to an hour. The impact of the process noise grows with
time, and the linearization assumptions began to break down as well. At an hour, the results no
longer clustered around 1.4 and spread out much further. The distribution was much larger for
the LEO to GEO cases. However, the majority of costs shifted less than the cislunar cases. The
geostationary target case has a high cost due to lower observability for the short time of flight cases.

The costs don’t indicate an observable results until the time of flight increased to an hour.
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5.3.5 Response to Measurement Error

Any measurement of the relative angle between an observer and target will have some amount
of measurement error. In order to perform orbit determination on a series of measurements of an
object hundreds of thousands of kilometers away, the algorithm applied must be capable of handling
some level of measurement error. The response of the proposed algorithm to measurement error
is an important metric for assessing its capabilities under realistic conditions. Simulated scenarios
are generated with a high-fidelity orbit propagator for several orbital regimes.

Each regime has two hundred cases randomly generated within the defining bounds of the
regime. Due to the large distances involved in orbit determination for cislunar space, the scenarios
are generated with two different amounts of measurement error standard deviations, 0.1 arcseconds
and 1 arcsecond. The errors are Gaussian distributed about the truth, and the error ellipse is a
circle projected onto the unit sphere. The time delay between each simulated observation is six
hours. The Nelder-Mead algorithm is set to converge to a tolerance between the minimum vertex
cost and the maximum vertex cost of 0.01, and the Nelder-Mead algorithm is set to reinitialize up
to 10 times or until a result has a minimal cost below 1. This is a much tighter constraint than
the developed necessary condition for convergence to a potential solution, and considering that the
cost is a average of Mahalanobis distances, a cost below 1 is indistinguishable from the truth. This
is because if the average of Mahalanobis distances is less than one, then the projections are well
within the expected range for an accurate estimate. An error of only one standard deviation could
reasonably be expected for an accurate estimate. This constraint allows the algorithm to exit early
when a likely solution is found. If no run of the Nelder-Mead algorithm yields a result with cost
below one, the lowest cost solution is returned.

The cumulative distribution functions for the estimate errors are shown in figures (5.6)
through (5.9). Figures (5.6) and (5.7) show the 0.1 arcsecond measurement error case for both
position and velocity initial state estimate errors respectively while figures (5.8) and (5.9) show the

position and velocity errors for the 1 arcsecond case. The five plotted regimes are for a geostation-
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ary observer to a L1 halo in and out of plane orbit and a Lunar Gateway inspired near rectilinear
halo orbit. As well as L1 halo in plane to L2 halo out of plane and L1 halo out of plane to L2 halo

in plane.

Figure 5.6: Cumulative distribution function of  Figure 5.7: Cumulative distribution function of

the position errors under 0.1 arcsecond mea-  the velocity errors under 0.1 arcsecond measure-
surement error, 10 max reinitializations, and a  ment error, 10 max reinitializations, and a con-
convergence tolerance of 0.01. vergence tolerance of 0.01.

With a measurement error of 0.1 arcseconds, 52% of GEO to L1 halo in plane, 63% of GEO
to L1 halo out of plane, and 70% of GEO to NRHO cases returned estimates within 100 kilometers
of truth and after this point there is a clear point of inflection where the results transition from near
estimates of the truth and cases where it never approached the truth. The two regimes observing L2
points performed poorly with only one near estimate to the truth. These results are mirrored nearly
exactly before the point of inflection in the velocity distribution. This is because these accurate
position estimates tended to also have accurate velocity estimates as the full state is estimated.

For the case with measurement angle standard deviation of 1 arc second, figures 5.8 and 5.9
show a reduced capability to reliably converge to the solution. The GEO to L1 in plane case has
29% below 100 kilometers while GEO to L1 out of plane and GEO to NRHO are at 36% and 39%
respectively. The L2 cases remain inaccurate, and the general behavior follows the same overall
trends. The algorithm shows an expected response to measurement error where measurement error

is inversely correlated with estimate accuracy.
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Figure 5.8: Cumulative distribution function of  Figure 5.9: Cumulative distribution function of

the position errors under 1 arcsecond measure-  the velocity errors under 1 arcsecond measure-
ment error, 10 max reinitializations, and a con- ment error, 10 max reinitializations, and a con-
vergence tolerance of 0.01. vergence tolerance of 0.01.

5.3.6 Impact of Optimizer Parameters

The Nelder-Mead optimizer has several customizable parameters that impact the algorithm’s
performance in both speed and accuracy. Since multiple minima are expected in the cost function,
the algorithm is also run multiple times for each case so more of the cost function can be explored
in case early runs fall into local minima. Both the number of reinitialization and the convergence
tolerance for determining when to exit a run are explored for their impact on the algorithm’s
accuracy. From the contour plot study, it is known that in some orbital scenarios the main cost
valley is long and narrow, so a convergence tolerance that is too high can lead to exiting a run too
early while a tolerance too low can waste time when a solution is already found. The investigated
parameters are the convergence tolerance and the number of reinitializations. Since the appropriate
balance between time cost and accuracy depends on the implementation goals, these results are
intended to show the trade-offs in choosing these values rather than provide a single, universal
solution.

Figures (5.10) and (5.11) show cumulative distribution functions for the position errors for

cases with five and twenty reinitializations respectively. Contrast these with figure (5.6) which
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shows the results for ten reinitializations. The case with five reinitializations shows a sharp drop-
off in the algorithm’s accuracy. The GEO to L1 halo in plane regime has 31% of solutions within
one hundred kilometers. The GEO to L1 halo out of plane and GEO to NRHO have 42% and 58%
respectively. By contrast, the case with twenty reinitializations shows an improvement in accuracy
and a convergence of the three cases observed from GEO. The percent of results under one hundred
kilometers from the true initial position for GEO to L1 halo in plane, GEO to L1 halo out of plane,
and GEO to NRHO are 73%, 78%, and 75% respectively. The cases observing L2 orbits from L1

orbits remain inaccurate.

Figure 5.10: Cumulative distribution function  Figure 5.11: Cumulative distribution function

of the position errors under 0.1 arcsecond mea-  of the position errors under 0.1 arcsecond mea-
surement error, 5 max reinitializations, and a  surement error, 20 max reinitializations, and a
convergence tolerance of 0.01. convergence tolerance of 0.01.

The other investigated optimizer parameter is the convergence tolerance. This is implemented
as a difference between the maximal and minimal cost of a simplex’s vertices. When this falls below
the given tolerance, the Nelder-Mead optimzer exits the run and keeps the minimal vertex as the
solution. Tolerances of 0.1, 0.01, and 0.001 are investigated. The results for the case with a
tolerance of 0.01 are shown in figure (5.6) while the results for tolerances of 0.1 and 0.001 are
shown in figures (5.12) and (5.13) respectively. A smaller tolerance will require more iterations to
converge, but may converge to a value closer to the truth. This is shown in these results. When the

tolerance is 0.1, the point of inflection in the plot moves toward higher position error states. This is
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due to a subset of Nelder-Mead runs falling into the appropriate cost well, but exiting before they
reach the bottom due to the looser constraint. Similarly, with the tighter constraint of 0.001, the
point of inflection moves toward smaller position errors. It becomes just above ten kilometers in
error rather than a bit above one hundred kilometers as in the case with a tolerance of 0.01. The
portion of near-truth results also increases for the tighter cost case and decreases for the looser cost

case.

Figure 5.12: Cumulative distribution function  Figure 5.13: Cumulative distribution function

of the position errors under 0.1 arcsecond mea-  of the position errors under 0.1 arcsecond mea-
surement error, 10 max reinitializations, and a  surement error, 10 max reinitializations, and a
convergence tolerance of 0.1. convergence tolerance of 0.001.

In all assessed cases, the scenarios with observers in L1 orbits and targets in L2 orbits fail
to converge to accurate state estimates. This issue persists even if the number of reinitializations
is increased to fifty and the full set of solutions is saved. Figure (5.14) shows the results for such
a case with the closest to truth solution from the returned set of fifty kept as the case’s solution.
However, despite the failure to return a set of solutions containing the truth, when the algorithm
is manually initialized near the truth it converges to it. The dynamics of this regime complicate
the search. Orbits about Lagrange points one and two are unstable, and small differences in the
dynamics for the truth and estimate can lead to divergent results as time increases. In addition,
the solution space has several minima deep enough to appear indistinguishable from the truth, and

the region around the true state in the solution space is small enough that even with fifty runs, the
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algorithm is more likely to miss the true state than to capture it. Since the other solutions that
are discovered have sufficiently low cost, these states correspond to other orbits that could feasibly
produce similar measurements. Accordingly, eliminating these solutions would require ruling out
the corresponding states, despite being otherwise feasible. Without a priori knowledge that can
restrict the search space further, these other solutions keep the results of a search in this regime

ambiguous.

Figure 5.14: CDF of the best solution over 50 reinitializations for 200 cases of L1 halo in plane
observers to L2 halo out of plane targets.

5.4 Chapter Summary

An optimization-based algorithm for performing initial orbit determination under arbitrary
dynamics has been developed and it’s accuracy assessed under simulated scenarios. In addition,
an analytical method for determining if a proposed solution satisfies necessary but not sufficient

conditions to be a solution for a given set of measurements with consideration for process noise



DocuSign Envelope ID: 41E21D37-88AD-44A3-95AA-387CE31E28C4

148

has been developed. To explore the cost-benefit ratio of several parameters in the dynamics, the
time-cost and propagated state accuracy were assessed. This was done by propagated the orbits of
randomly generated objects in various regimes under several simplifications to the dynamics. The
results were compared against a high-fidelity propagation and it was discovered that a second order
geopotential model for the Earth and Moon with the dynamics of all major Solar System bodies
included represented a good balance between propagation accuracy and computational cost.
Contours of the cost function of the algorithm were then developed for a few interesting
cases, and their geometry was explored for the impact that they may have on the optimization.
It was discovered that the contour had several local minima which needed to be accounted for
the algorithm implementation. The algorithm was then run over randomly generated scenarios
within a set list of orbital regimes. The behavior of the algorithm in response to adjustments to
optimizer parameters as well as measurement error was explored yielding a series of plots showing
the relative success of the algorithm subject to these adjusted scenarios. With low measurement
error and sufficiently generous optimizer parameters, the proposed 10D algorithm can return a

close estimate to the truth as the best fit over 70% of the time.
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Conclusions and Future Work

6.1 Conclusion

In the previous few chapters four major contributions were discussed for advancements in
optical space domain awareness in the measurement to state estimate pipeline. This started with
improvements to astrometric measurement in ultra-wide angle images. Then it moved into methods
for extracting photometric light curves from streaks. Finally methods for initial orbit determination
in several domains were developed and discussed. These methods can be used separately or together
in order to extract states from observations with a focus on information optimality and a robust
response to a variety of scenarios. Improvements from earlier stages in the process can feed into
later steps so that the final estimate is more accurate thanks to each contribution should each step
be applicable and applied.

In the first contribution, empirical methods for calibrating ultra-wide angle lenses were de-
veloped. These methods were capable of estimating and compensating for distortion in images
that would not be well-modeled by existing function-based methods. These approaches were tested
against both simulated and observed data from the OmniSSA system. The calibration residuals
across the frame were collected to compare errors both before and after calibration.

Image calibration is an essential step for extracting meaningful data from electro-optical
observations of space objects. It allows for the accurate measurement of the relative position of
observed phenomena. The relative angles and angle rates to an object can be used to build a full

dynamical state estimate. In addition to the astrometric measurement of an object, the photometric
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information can be used to build a picture of the rotational state or build a deeper understanding
of the translational state [15]. To extract as much useful information from an observed streaking
object as possible, both the calibrated position measurements as well as the photometric light curve
of the object should be measured. With the astrometic measurements improved from the image
calibration, the photometric information in an observed object can be more reliably extracted in
order to find the object’s light curve.

Streaking objects such as those discussed in the second contribution encode information
about their rotational and translational state. Photometric information can be used to determine
if an object is entering the Earth’s penumbra, and finding the precise length of the streak can
reveal the object’s relative angular velocity. With two images containing both angle and angle rate
information, a full state solution can potentially be formed.

A pair of methods for photometric light curve extraction were developed in the this chapter.
These approaches offered a way to determine the optimal number of streak segments to break a
streak into in order to extract all available information without attempting to estimate an un-
observable quantity of streak segments. The photometric light curve could be used to estimate
a target object’s attitude state or if it had potentially passed into the Earth’s penumbra. These
methods were assessed against simulated and observed data to show that the two methods provided
consistent results and that they extracted all available photometric information in the streak. In
the next chapter, an initial orbit determination method is developed to take this kind of information
and build a full state solution.

The robust method for near-Earth IOD followed. A more robust approach to initial orbit
determination allows an operator to apply a single method to incoming data without requiring
any a priori knowledge of the target’s state. This simplifies the process of finding state estimates
and reduces the potential for confusion when multiple algorithms produce different results with
the same input data. The IOD algorithm described in chapter four trades some computational
efficiency for reliability under a variety of scenarios. This makes the algorithm broadly applicable

for observations with measurements composed of both angles and angle rates.
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This optimization-based method was shown to work well in a variety of orbital scenarios
without requiring an initial guess. It was verified against both simulated and observed data and
compared against other popular methods for IOD. One of its advantages is that it works with
both angles and angle rates so data derived from streaking objects can be easily applied as input.
The final major contribution gave up the two-body assumption and some of its advantages in
computation time and accuracy to extend this method to beyond the near-Earth environment.

The work of the previous chapter was then adapted with significant changes to work beyond
the near-Earth environment. Considering the lack of reliable methods for initial orbit determination
beyond the near-Earth environment, an approach that could work without the two body assumption
could enable more reliable orbit determination in a domain currently seeing rapidly growing interest.
As orbits move away from the Earth, the influence of other factors become more prominent and
the assumptions of traditional IOD fall apart. The optimization based approach of the previous
chapter was then adjusted to propagate between orbits using a full dynamics simulation so that it
could accept arbitrary dynamics to model the increasingly complex space.

Extending the algorithm to orbits beyond the near-Earth domain required significant changes
to the definition of the cost function in both the way it was derived and a transition to a more
meaningful cost value. Some of these changes improved results without individually requiring the
transition away from the two-body formulation. These could then be back ported into the two
body algorithm to provide more meaningful values there. This includes the inclusion of process
noise in the cost so that the Mahalanobis distance closer represented the actual uncertainty of the

estimate.

6.1.1 Impact on the Literature

Prior to the work presented here, the state of the art as described by the literature lacked
formal information-optimal methods for extracting photometric light curves from streaks as well as
approaches for initial orbit determination beyond the near-Earth save for implementations of the

batch least squares filter which struggled to converge when there were multiple potential solutions.
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The work relating to light curve extraction here provides a new formal process for optimally ex-
tracting this information from images and reliably conveying the uncertainty in the resulting light
curve estimate. Similarly, the final contribution provides a process to explore the solution space of
the cislunar and beyond 10D problem. This allows the set of potential solutions to be found for
these problems which is an important step in building accurate estimates of the dynamical state
of objects in these domains. In addition, the resulting cost characterizes how well the estimate fits
the measurements in a Mahalanobis distance that relates the error to the expected error based on
the measurement covariance and process noise.

There exist methods for calibrating images to compensate for distortion. However, these
use the function-based approach that necessarily assume some symmetry in the distortion. The
empirical approach described in this research provides a method for calibrating images without
assuming any symmetry. This provides new utility that is otherwise nonexistent in the current
literature. Similar to the image calibration research, there are many existing methods for near-
Earth initial orbit determination. However, the method presented here is much more robust to
many different scenario parameters including the relative orbits of both the observer and target as
well as the time between observations. In addition, most existing methods are intended for three
angles-only observations. This approach offers a solution for cases with data derived from streaks

that contain both angles and angle rate data.

6.1.2 Impact on Society

These contributions build an observation to estimate pipeline for optical data with improve-
ments over the state of the art at every step. Together these methods can enable approaches to
space domain awareness not previously viable in environments with new focus from the major stake
holders in the space domain. The information optimal approaches implemented here can yield more
rigorous results for generating estimates of a space object’s states. Together this allows observers
to build a better understanding of the state of the space environment and can reduce the potential

for collisions and failed missions from poor data and estimates.
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6.2 Future Work

In the calibration method, there remains room for improvement particularly in the method
by which observed and catalog stars were associated with one another. The applied method only
captures a small fraction of the visible stars in an image and was prone to misassociating stars in
regions with larger residuals. The Hungarian algorithm was not robust enough to reliably correctly
associate the calibrating stars. Potential more robust approaches include Lagrangian relaxation,
Monte-Carlo tree search, machine learning, and approaches based on associating geometries of
combinations of stars rather than minimizing distance residuals [93] [94]. If this approach for
empirical calibration were combined with a robust method for star association, accuracy could
approach that of the simulated cases.

For the photometric light curve extraction work, the method would theoretically also work
as a useful tool for measuring spectra from slitless spectroscopy images. The proposed methods
would be able to find a spectrum to the appropriate wavelength resolution for the information
contained in the spectrum streak. This would need to be developed further to find what kinds of
complications may arise with this type of data. Aside from the photometric information, an imaged
streak provides measurements for both angles and angle rates in a single observation. T'wo of these
would be required to perform initial orbit determination from observed streaks.

In the cislunar IOD approach, the algorithm may be able to be adjusted in order to produce
a covariance matrix for the state estimate. This would include process noise which is not possible
with a batch least squares approach. If I can figure out a way to compute the state covariance, the
result could then be tested against a batch least squares filter. If the results are similar, and they
properly optimize the same value, that would indicate that this algorithm could be used in place of
batch least squares when process noise is needed in the resulting estimate. As the results of initial
orbit determination are typically passed through a batch least squares filter to refine their value
and find the state uncertainty, this would allow both steps to be combined into one without giving

up on including process noise.
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