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Collins, Megan (BA, Mathematics)

Distribution and Properties of the Critical Values of Random Polynomials with Non-Independent

and Non-Identically Distributed Roots

Thesis directed by Prof. Sean O’Rourke

This thesis considers the pairing between the distribution of the roots and the distribution
of the critical values of random polynomials. The primary model of random polynomial considered

in this thesis is a monic polynomial of degree n with a single complex variable given by

an Bn
pu(2) =z = X0) (z = X) [[ (= - V)
i=1 Jj=1

where 2, + 8, = n. In p,(2), both (X;)i", and (Y])]ﬁ ", are independent sequences of iid, complex
valued random variables. In addition, this thesis will describe the relationship between the roots

and critical values of similar models of random polynomials, specifically the model where 5, = 0.
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0.1 Introduction

This thesis discusses the relationship between the distribution of the roots and the distribution
of the critical values of monic random polynomials with a single complex variable. Critical values
are defined as being the zeros of the derivative of the polynomial and the roots are the zeros of the

polynomial. The particular model of random polynomial considered in this thesis is

an, Bn.
(@) =]]G-X)(z-X) ][ z-V)) (1)
i=1 j=1

where (X;); and (Y])JBZ1 are independent sequences of independent and identically distributed
(iid), complex valued random variables. A number of previous works have provided a background
for the results of this thesis. The relationship between the roots and critical values of a polynomial

whose roots are deterministic are explained in [13]. One of the most important results in the

deterministic case is the Gauss—Lucas Theorem.

Theorem 1 (Gauss—Lucas Theorem, Theorem 2.1.1 in [20]). For a non-constant polynomial, the

critical points lie in the convex hull of the roots.

Building on this case, Permantle and Rivin [19] showed under several assumptions that when
the roots of a random polynomial are iid, then the empirical distribution of the critical values of
the random polynomial converge weakly in probability to the distribution of the roots. This work

was later refined by Subramanian in [23] and Kabluchko [11].

Theorem 2 (Kabluchko [11]). Let X1, Xo,... be an infinite sequence of iid, complex valued random
variables and define p, : C — C as a monic degree n polynomial given by pp(z) = [, (z — X;).

Then for any bounded, continuous function f :C — C,

n—1

S fwf) S BIA(X)
=1

wn probability as n — oo where w§n), e ,wq(zn_)l

are the critical values of pp(z).

Kabluchko’s work proved that when X1,..., X, are independent and identically distributed,

complex valued random variables then the critical values behave like the roots since by the law



of large numbers, %Z?Zl f(X;) — E[f(X1)] in probability. Building on the work of Kabluchko,
O’Rourke [14] produced another version in which the distribution of the critical values converges to
the distribution of the roots for random polynomials with dependent roots under several assump-
tions. O’Rourke and Williams [17] expanded on this work and Kabluchko’s result to the case where
pn, has o(n) deterministic roots. Kabluchko’s result has also been verified when there are both
deterministic and random roots by Reddy in [21] and by Byun, Lee, and Reddy in [2]. The pairing
of roots and critical values of random polynomials has also been studied on a more localized level
by Hanin in [8], [9], and [10], O’Rourke and Williams in [17] and [16], O’Rourke and Wood in [18],
Dennis and Hannay in [4], Kabluchko and Seidel in [12], and by Steinerberger in [22]. This thesis
builds on results of Kabluchko [11], O’'Rourke [14], and O’Rourke and Williams [17] and considers
the case where the random polynomial p,(z) has roots that are not independent and identically
distributed. Specifically, this model considers a monic random polynomial (1) where (X;)7" and
(Yj)?ll are independent sequences of iid, complex valued random variables and 2a, + 8, = n. As
in previous results, this thesis will show that the distribution of the critical values of p,(z) con-
verges in probability to the distribution of the roots of p,(z) as n — oco. This model assumes that
the distributions of (X;)7" and (Yj)]ﬁl1 are not identical and considers only the case where the
dependence in the roots occurs by taking «,, of the roots of p,(z) to be the complex conjugates of

the random variables in the sequence (X;);". Kabluchko’s conclusion is supported by the pairing

of the roots and critical values of the random polynomial shown in Fig. 1.

0.2 Main Results

This section introduces the main results of this thesis, specifically, a similar version of The-
orem 2 for the model given by (1) as well as an analogous result when (3, = 0. Before providing
the main results of this thesis, we will provide several helpful definitions. First, we say a random
variable & is degenerate if £ is constant almost surely. Then a random variable £ is non-degenerate
if £ is not degenerate. Moreover, we define almost every or almost all z € C as being all points

z € C except for a set with Lebesgue measure zero. We will now provide the version of Kabluchko’s
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Figure 1: The roots (red dots) and critical values (blue crosses) of a random degree 100 polynomial,
where all 100 roots are chosen independently and uniformly on the square [0, 27| x [0, 27].

result for (1).

Theorem 3. Let X1,Y1, Xo,Ys,... be an infinite sequence of independent, complex valued random
variables with finite second moment such that X1, Xo, ... are identically distributed and Y1,Yo, . ..
are identically distributed. Further let oy, B, be sequences of non-negative integers such that 2, +

Bn=mn and > — a € [0, 1], %” — B €[0,1] as n — co. Assume one of the following:

(1) Bn — o0 and Y1 is non-degenerate

(2) Brn # oo and that for almost all z € C, z—le + z—l)Tl s non-degenerate.

For each n > 1, let p, : C — C be a degree n polynomial given by

pn(2) =TI (2 — Xi) (2 — Xi) Hf;l (z =Yj). Then, for any bounded, continuous function

f:C—C,
n—1
1 (n) <
P (™) = aB[f (X1)] + aE[f (X1)] + BELf (V1)) (2)
i probability as n — oo, where w§n), e ,wfln_)l are the critical values of pp(z).

The results of this theorem are corroborated by the pairing of the roots and critical values
shown in Fig. 2 below. Taking 3, = 0 in (1), the below corollary follows immediately from
Theorem 3. This result is supported by the pairing of the roots and critical values in Fig. 3, shown

below.
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Figure 2: The roots (red dots) and critical values (blue crosses) of a random degree 100 polynomial,
where 40 roots are chosen independently and uniformly on the square [0, 27] x [0, 27], another 40
are their complex conjugates, and the remaining 20 roots are chosen independently and uniformly
on the square [—4m, —27] x [—4m, —27].

Corollary 4. Let X1, Xo,... be an infinite sequence of iid, complex valued random variables which

have a finite second moment. Assume that for almost every z € C, Z_le + 1X— s non-degenerate
—Al

and let oy = [5]. For each n > 1, let p, : C — C be a degree n polynomial given by p,(z) =

[ (2 — X5) (z — Yl) Then, for any bounded, continuous function f:C — C,

n—1
1 (n) 1 1 —
n_lgf(wi ) = SELf (X)) + 5E [ (5)] (3)
in probability as n — oo, where wgn), . ,wén_)l are the critical values of pp(z).
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Figure 3: The roots (red dots) and critical values (blue crosses) of a random degree 100 polynomial,
where 50 roots are chosen independently and uniformly on the square [0,27] x [0,27] and the
remaining 50 roots are their complex conjugates.

The remainder of this thesis will provide the proof for Theorem 3. This proof will be divided



into several sections, beginning with a section describing the notation used in the remaining sections
of the thesis, a tools section which provides helpful theorems and lemmas which will be used in
subsequent sections of the thesis, and several sections which provide smaller proofs that contribute

to the proof of Theorem 3.

0.3 Notation

Here, we will define several important concepts which will be referenced in later theorems and
proofs. First, the ones vector, denoted 1,, is an n X 1 vector given by [17 el 1] T. Similarly, the
n x n ones matriz is denoted J,, and is given by J,, = 1,1%. The n x n identity matriz is denoted
I,,. Furthermore, the set of n x n matrices with complex entries is denoted by M,,(C). We also let
||z|| denote the Fuclidean norm of x and S~ ! = {x € R" : ||z|| = 1} be the unit sphere in R".
We define the ball centered at w € C and with radius r > 0 by B(w,r) ={z € C: |z —w| < r} and
we define B(w,r)¢ to be the complement of B(w,r), meaning B(w,r)¢ = {z € C: |z —w| > r} be
the set of points z € C such that z ¢ B(w,r). Also, we let d?z indicate that an integral is over the
complex plane with respect to z. Furthermore, we define the empirical spectral measure of an n x n
matrix A by pua = %Z?:l 0y, where Aq,..., )\, are the eigenvalues of A and ¢, is a point mass at
z. In accordance with Definition 1.1.2 of [24], we write X = o(Y) if |X| < ¢(n)Y for some ¢(n)
that goes to zero as n — oo. Finally, we say that a sequence of random variables X, is bounded in

probability if for all € > 0, there exists C' > 0 such that P (| X,, |> C) < ¢ for all n > 1.

0.4 Tools

This section provides several lemmas and theorems that will be used in subsequent sections of
this thesis to prove Theorem 3. The first lemma of this section provides the statement of Sylvester’s

Determinant Identity.

Lemma 5 (Sylvester’s Determinant Identity [1]). Let A be an m x n matriz and let B be an n x m

matriz. Then det (I, + AB) = det (I, + BA) where Iy, is the identity matriz of order k.



The following theorem from [3] describes the relationship between p/ (z) and p,(z) and is

applicable to the model which will be considered in this thesis, Eq. (1).

Theorem 6. /3] Let A be an n x n matriz with characteristic polynomial p(z) = [y (z — )

and q(z) be a monic polynomial of degree n — 1 given by Zgg = Z?:l Zi—JZJ There exists a rank

one matriz H such that H> = H and the characteristic polynomial of the matriz A — AH is zq(z).

In particular, if A is the diagonal matriz D formed by z1,. .., zn, then H can be chosen to be the
Moo M

matriz AJ, = | : - |, where A is the diagonal matriz formed by A1, ..., A\, and J, is the
A e Ap

n X n all one matriz.

The below theorem from [25] provides conditions under which the empirical spectral measures
of the eigenvalues of specific types of random matrices converge in probability and will be used in

conjunction with the above theorem to make conclusions about Eq. (1).

Theorem 7 (Theorem 2.1 in [25]). Suppose, for each n, that A,, B, € M,(C) are ensembles of

random matrices. Assume that (i) the expression
1 A A 1 N
3 Trace (A, A,) + 3 Trace (B, B})
is bounded in probability (resp., almost surely); (ii) for almost all complex numbers z,
1 1
det (An — zI) ' — —log
n

- det (- 21 )

converges in probability (resp., almost surely) to zero and, in particular, for each fixed z, these

1
— log
n

determinants are nonzero with probability 1 — o(1) for all n (resp., almost surely nonzero for all
but finitely many n). Then, “%An — “%Bn converges in probability (resp., almost surely) to zero
An

where ,U,%An 1s the normalized empirical spectral measure of the eigenvalues of 7 and 'uﬁBn 18

the normalized empirical spectral measure of the eigenvalues of %.

The following lemmas, Lemmas 8-12, provide short proofs about functions of non-degenerate

random variables and will be referred to throughout the thesis.



Lemma 8. If ¢ is a non-degenerate, complex valued random variable, then Re (§) is non-degenerate

or Im (§) is non-degenerate.

Proof. Let & be a complex valued random variable. Assume that Re (£) and Im (&) are degenerate.
That is, assume that Re () = a with probability 1 and Im (£) = b with probability 1 for some
a,b € R. Then £ = Re(§) +iIm (&), so £ = a + ib with probability 1. Then & is degenerate
with probability 1. Thus, if £ is non-degenerate, then Re (§) is non-degenerate or Im (§;) is non-

degenerate. 0

Lemma 9. If £ is non-degenerate and z € C, then z — £ is non-degenerate.

Proof. Let z € C and suppose that z — £ is degenerate. Then z — § = k for some k € C. This
implies that £ = z — k where z — k € C. Then £ is degenerate. Thus, if z — £ is degenerate for some

z € C, then ¢ is degenerate. O

Lemma 10. If X is a non-degenerate, complex valued random variable, then % s non-degenerate

provided that X # 0 with probability 1.

Proof. Suppose that % is degenerate and X # 0 with probability 1. Then % =k, where k € C, k #
0. Since X # 0 with probability 1, we have that Xk = 1. Dividing both sides by k since k # 0,
we get X = % This implies that X is degenerate. Hence, if % is degenerate and X # 0 with

probability 1, then X is degenerate. O

Lemma 11. If X is a non-degenerate complex valued random variable, then ﬁ s non-degenerate

for almost every z € C.

Proof. Let X be a non-degenerate, complex valued random variable and let z € C. Then by
Lemma 9, z — X is non-degenerate. Notice that the set {z € C: P(X = z) > 1} contains at most 2
values of z, that the set {z € C: P (X = 2) > 1} contains at most 4 values of z, and so forth. Since
each of these sets must be finite and countable, then P (X = z) = 0 for almost all z € C. Then
for almost all z € C, z — X # 0 almost surely. Let z be one of the almost every z € C such that

P(z — X #0) = 1. Since z — X is non-degenerate, by Lemma 10, then ﬁ is non-degenerate. [J



Lemma 12. If X is a non-degenerate, complex valued random variable, then X is non-degenerate.

Proof. Suppose X is degenerate. Then X = k with probability 1 for some k € C where k is
constant. Observe that X = X. Then taking the complex conjugate we have that X = k with
probability 1. This implies that X = k with probability 1, so X is degenerate. Hence, if X is

non-degenerate, then X is non-degenerate. O
The following lemma from [6] will be used in the proof of the subsequent lemma, Lemma 14.

Lemma 13 (Proposition 2.20 in [6]). If f : C — C is measurable and fB(O ) |f (2)|d?z < oo for

each M > 0, then |f(z)| < oo for almost all z € C.
This lemma and the following lemma, Lemma 15, show that two useful expectations are finite
for almost all z € C.

1
z—X1

Lemma 14. If X is a complex valued random variable, then E H H is finite for almost every

z e C.

Proof. Let X7 be a complex valued random variable. In order to show that E H ﬁ H is finite for

z—X1

almost every z € C, we will use Lemma 13. To do so, we will let f(z) = E { L H, M > 10, and

|

] d’z.

consider fB(o any [F(2) d?z. Then

[ wrene= [ \E[

B(0,M) B(0,M)
_ / E[
B(0,M)

1
Z—Xl
1
Z—Xl

d’z

By the Fubini-Tonelli theorem and since ‘Z_le ’ > 0, then



fB(o,M) f(2)|d*z =E [IB(O’M) ﬁ‘ dzz}. Then

1 1
/ iz — / 1 ey /
B(0,M) BOM)NB(X1,1) 12 — X1 BOM)NB(X1,1) 12 — X1

1 1
< / —d%z +/ — %z
B(X1,1) |z — X B(0,M)NB(X1,1 ’Z—Xl\

1
< j[ dzz—+h/ﬁ 1d%z
B(X1,1) |z — X1 B(0,M)

< / S N Ve
B(X1,1) |z — X1

— = d’z

Z—X1

We will now consider [ B(X1,1) pjixﬂd%' We will use a change of variables and let w = z — X;.
Then the region of integration becomes B(0,1). Then fB(Xl’l) \zfileld% = fB(0,1) ﬁde. Now, we
will switch to polar coordinates to integrate. Observe that since w € C, then |w| is the distance

from the origin to w, which is r in polar coordinates. Then

2 1 r 2 1 27
/ fw:/ /mw:/ /1@%:/ 1d6 = 2.
B(0,1) w| 0 o T 0 0 0

Hence, fB = Xl‘d2z+fB (OM)NB(X11)e T X Id 2z < 2w +7M? and since 2w+ M? is a constant,

[fB(O M)

fB(o,M) E [

z— X

z—X1 H

d?z } < 27 4+ wM?. This implies that fB(o M) E [

|

ﬁu d?z < 2w + wM?. Then

z—lxl H ‘ < oo for almost every z € C.

O]

z—X

Lemma 15. If X is a complex valued random variable, then [ z—lX + H is finite for almost

every z € C.

Proof. Let X be a complex valued random variable. Notice that X is also a complex valued random

variable. Then by Lemma 14, E {

2_1 < H is finite for almost every z € C. Similarly, by Lemma 14,

E Hﬁ” is finite for almost every z € C. Let z € C be one of the almost every z € C such that

E [ z—lX ] < oo and E { —YH < 00. We will now consider E { Z_lX = ] Observe that by the
triangle inequality, | 2% + zfi‘ < |25 ij" Then E { - Y ] { _ 1)(‘ +] 2 }
By the linearity of expectation, E { Z_1X’ + ’ﬁ” =E [ z—lX ] +E [ H Since E [ —x ] < 00

and E [ ﬁu < 00, then E { ﬁu +E [ ﬁu is finite. Hence, E || —% 1 H is finite. O

z—

>
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Lemma 16 (see Theorem 11.1 in [7] and Exercise 3.2.13 in [5]). Let &, and 1, be sequences of
random variables. If &, — a in probability and 1, — b in probability where a,b € C are constants,

then &, + ¥, — a + b in probability.

Lemma 17 (see Theorem 11.4 in [7] and Exercise 3.2.14 in [5]). Let &, be a sequence of random
variables and b, be a sequence of complexr numbers. If &, — a in probability and b, — b where

a,b € C are constants, then b,&, — ba in probability.
We will use the following version of the law of large numbers.

Lemma 18. Let X1, Xo,... be an infinite sequence of iid, complexr valued random variables and
let o, be a sequence of mon-negative integers such that <= — «, let f : C — C be continuous, and

E[|f(X1)]] < oo. Then 130" f(X;) — aE[f(X1)] in probability.

n

Proof. Let X1, Xo,... be an infinite sequence of iid, complex valued random variables and let a,
be a sequence of non-negative integers such that <= — «. Further let f : C — C be continuous and
E[|f(X1)|] be finite. We will now consider two cases for the value of .

Case 1. Suppose that o = 0. Since °* — «, then 2 — 0. Let € > 0 and consider

P (‘% Yo (XZ)‘ > ¢) . Since ’% Yo (Xz)‘ is non-negative, then by Markov’s Inequality,
P 1il:f()()> <1E 1§:f(X)
— ; € “E||- Il -
i NT) e i Z

Then by the properties of absolute value,

1 1 1 1] | 1|1
E [ n;ﬂxi) ] =-E [ - ;f(xn ] <-E [n; |f<Xi>|] :
By the linearity of expectation,
Y| LS r] = L S E (s
e |n& ! en & P

Since X1, ..., X,, are identically distributed,

B < 2R (1700
=1
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Since <% — 0, this implies that

Qp
—E X 0
“LE (X))
Hence,
1 &
lim P [ |— Xi)| > =0.
Jim, (n;ﬂ >—E> 0
Thus,
1 &
—> f(Xi) =0
ni:l

in probability.

Case 2. Suppose that a > 0. Since °* — «, a;, — oo. We will now consider %Z?:“'l f(X5).
Multiplying by Z—Z, we get o8 - i oo f(XG). Since X, ..., Xq, are iid, then by the law of large
numbers (see Theorem 2.4.1 in [5]), i Yoim f(X;) — E[f(X1)] in probability. Since 42 — « and

i oo f(Xi) = E[f(X1)] in probability, then by Lemma 17,

Ly ) = 2 LS () aB (X))
=1 "

n ;
=1

in probability. O
0.5 Proofs

This section provides the proof of Theorem 3. It is divided into several subsections that
provide helper lemmas with accompanying proofs that will be used in the final proof of Theorem 3.
0.5.1 Lévy Concentration Lemma

This subsection provides necessary definitions, lemmas, and theorems involving the Lévy
Concentration Lemma from [15] that will be used in the following subsection. The final two lemmas

in this subsection focus on the properties of the real and imaginary components of random variables.

Proposition 19 (See Assumption 2.3 and Proposition 2.4 in [15]). If £ is a non-degenerate random

variable, then there exist constants €y, pg, Ko > 0 such that £ satisfies

P(l¢—¢|<co) <1-po PBlel2Ko) < 4)
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where £ is an independent copy of &.

Definition 20 (Small ball probabilities, Definition 6.1 in [15]). Let Z be a random vector in C".

The Lévy concentration function of Z is defined as

Z(Z,t) = sup B(IZ — ul| < 1)
ueCn

for all t > 0.

Definition 21 (LCD, Definition 6.4 in [15]). Let L > 1. We define the least common denominator

(LCD) of z € S" ! as
Dy, (z) := inf {0 > 0 : dist(0x,Z") < L4/log, (Q/L)} ,
where dist (v, T') := inf,e7 |[v — u|| is the distance from a vector v € R" to a set 7' C R™.

Lemma 22 (Simple lower bound for LCD, Lemma 6.5 in [15]). For every x € S™! and every

L > 1, one has

where ||x||,, is the £>°-norm of the vector x.

Theorem 23 (Corollary 6.8 in [15]). Let &1, ..., &, be non-degenerate, iid copies of a real random
variable €. By Proposition 19, there exist comstants €y, po, Ko > 0 such that &1,...,&, satisfy

(4). Then there exists C > 0 (depending only on g, po, and Ky) such that the following holds. Let
/2

r = (21,...,2,) € 8" and consider the sum S := > keq ©k&k. Then, for every L > pal and
t >0, one has
1
ZL(S,1) < CL t+>.
S0 <011+ 50
Lemma 24. If &, ..., &, are complex valued random variables, then
LY gt <mind.Z (Y Re(§),t|,£ D Im(g),t (5)
j=1 j=1 j=1

for allt > 0.



13

Proof. Let &; be a complex valued random variable for j = 1,2,...,n and let ¢ > 0. We will now
consider .¥ (Z?Zl &, t). Notice that by Definition 20,

< <Z§L:1 &, t) = sup,cc P (‘Z?Zl & — u) < t). Let u € C and observe that

& — ul = [Re (&) — Re (u)] and |¢; — u| > [Tm (&) — Tm (u)|. Then

‘Z] 153_“‘>‘Z —1 Re (&) — Re (u ‘and ‘Z] 1§J_U‘>‘Zg y Im (&) — Im (u)|. This
implies that P (‘ijl & — u‘ < t) <P (‘ijl Re () — Re (u)‘ < t) and that

P (\Z}Ll £ — u‘ < t) <P (‘2;;1 Im (&) — Im (u)‘ < t). Then

sup,ec P (‘Z?Zl & — u‘ < t) < supyec P (‘Z;;l Re (&) — Re(u)‘ < t). Observe that the
supremum is over all u € C but since we are considering Re(u) in the probability, this is equivalent
to considering the supremum over u € R with u in the probability. Since the supremum will occur
when u € R and R C C, we can consider the supremum over u € C with u in the probability because
the supremum will occur when uw € R, meaning that the imaginary portion of u is equal to zero. This
implies that sup,cc P (‘Z?:l Re (&) — Re(u)) < t) = sup,ec P (‘Z?Zl Re (&) — u‘ < t). Hence,
sup,ec P (‘Z?Zl & — u‘ < t) < sup,ec P (‘Z?Zl Re (&) — u‘ < t). Using a similar argument, we

see that sup,cc P (‘Z?:l & — u‘ < t) < sup,ec P (‘Z?Zl Im (&) — u‘ < t). This proves (5). O

0.5.2 Lower Bound

This subsection provides a lower bound on the ratio of p/ (2) to p,(2).

Lemma 25. Assume the same set-up as in Theorem 3. Then for almost every z € C,

lim P O‘E” ! + ! + ’BE" L <1 0
im — =0.
n—00 z—Xi z—X; z=Y;| =

i=1 j=1 J

Proof. Assume the same set-up as in Theorem 3. We will now consider each assumption separately.

Case 1. Assume that 8, — oo and Y] is non-degenerate. Then by Lemma 14, E [

zYH<OO

=] <

oo and such that z —Y; # 0 with probability 1 for j = 1,...,8,, 2 — X; # 0 with prob-

for almost every z € C. Let z € C be one of the almost every z € C such that E [

ability 1 for i = 1,...,a,, and 2 — X; # 0 for ¢ = 1,...,0,. Since E[Z v

}<ooand
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z —Y; # 0 with probability 1 for j = 1,...,03,, then Z*IY1"'.7Z*1YVﬁ are finite with prob-
ability 1. Then by Lemma 11, ijl sy Z*%/gn are non-degenerate. Since ZJYI,...,Z;/B” are

non-degenerate, then by Lemma 8, Re (ﬁ) is non-degenerate or Im (ﬁ) is non-degenerate
J J

for j = 1,...,8,. Without loss of generality, assume that Re (z Y) ,Re <Z Y; ) are non-

degenerate. Also, since Y7,...,Yp, are iid, Re (z v ) . Re( %,ﬁn> are iid. We will now con-

sider P ()Zf‘:"l <z—1Xi ) ZJ 15 Y ) < 1) We can now condition on ) 7" - lX + z—IXT-

since it is finite and absorb its contribution into u € C in the Lévy Concentration function defined

in Definition 20. We now want to bound . (Zj 13- Y , ) Then by Lemma 24,

Bn Bn Bn
1 . 1 1
A g z—Y~’1 < min{ .Z E Re(z—Y)’l , L g Im(z—Y)’l
]:1 J ]:1 J ]:1 J

Since Re (Z_l

Y1> is non-degenerate, then

Bn 1 Bn 1
— 1) <Z R
Rescaling by ﬁ, we have that

e ()] - (3 Are( ) L
=\ T\ = VE Y VB

Then by Theorem 23, there exists a constant C; > 0 which depends on the distribution of Re (Z v )

such that

e () ) <o (v

> Then by Lemma 22, Dy (z) > r Hence,

_ (.
where z = <\/67, \/[37

Letting C' = 3C, we have that
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This implies that

1 C
A —1] < .
;Z_YJ Vﬁn

Since this bound applies to the supremum over all v € C, this bound applies to the uw which

absorbed the contribution of » 7" — X + 17 This implies that

z—

Qn 5n
1 1 1 C
P + — | + <1] < .
Z<Z—X1‘ Z_Xi> ;Z_Y}' — ) T Vb

i=1

Taking the limit as n — oo, we get

lim P i 1 + 1 + §n: 1 <1]| < I ¢
11m — .
n—00 P z — ){vZ 2 — Xz o z — Y} - - nl—{go Bn

Observe that since 5, — oo and C is a constant, then lim,, s % = 0. Thus,

e 1 N
lim P + — | + <1]=0.

+ —L_ is non-degenerate. Let

Case 2. Assume that 3, /4 oo and for almost every z € C, = X1 e
—Al

z € C be one of the almost every z € C such that the above holds and such that z — X; # 0,

2z — X; # 0 with probability 1 for i =1,..., o, and z — Y; # 0 with probability 1 for j =1,...,3,.

Then _— X1 + 7 is finite with probability 1 and - v, is finite with probability 1. Then by
Lemma 8, Re (Z 1X1 + Z}X—J is non-degenerate or Im <275(1 4+ 1

2—X1

) is non-degenerate. Without

loss of generality, suppose that Re (Z < T Z}X—l) is non-degenerate. Observe that since X1, Xo, ...

are iid, then X7, Xo, ... are also iid which implies that Re | —— + ,Re +-—L),
z—X1 z— X Z— X2 z—Xo

are iid. Since 3, 4 oo, then «,, — oo. Consider P (}Zj‘gl (z—IXi ) + Z —‘ < 1)

We will now condition on Z 17 ly, since it is finite and absorb its contribution into the vector
J

u € C in the Lévy Concentration function defined in Definition 20. We now want to bound

< (Zf‘:"l zlei + z%fi’ 1). Then by Lemma 24,
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Since Re (z—lxl + z—IXT) is non-degenerate, then

o1 1 il 1 1
&z 1|l <> R — ) .1].

=1

Rescaling by J%T’ we have that

Qn 1 1 an 1 1 1 1
£ R —].1| =2 R ), .
<§ e<Z‘Xi+Z—Xi) ) (2\/07 e<z—Xi+z—Xi> \/07>

Then by Theorem 23, there exists a constant C; > 0 which depends on the distribution of

1 1
Re (z—Xl + z—X71> such that

f(ix/%f{e(z—lxi*z—l&)’\/%) =0 <\/10‘7+DL1($)>

where z = (\/%7, . \/1Tn) Then by Lemma 22, Dy (x) > \/ST" Thus,

2nooq 1 1 1 1 2 30,
2(Sbre( A ), ) ()
<i1 o, z—Xi z—2X; oy, Vo, o an NS

Now, letting C' = 3C', we have

o1 1 1 1 C
2L v (). ) <2
<i1 oy, z—Xi z—X; oy, oy,

A
Q

Hence,

o 1 1 C
— < .
g<zz—Xi+z—Xi’1) = Jan

=1

Since this bound applies to the supremum over all u € C, this bound applies to the u which

absorbed the contribution of 2521 z_ly, This implies that
J

on 1 1 O
P NRL I <1 .
() S ) -

Q

IN

i=1
Taking the limit as n — oo, we have

&3 Bn

- 1 1 1 C
lim P — <1| <1 .
Jim ;(Z_Xﬁz_xi%;z_yj 1)<t oo

Observe that since «,, — oo and C' is a constant, then lim,, .o \/% = 0. Therefore,

lim P Oén ! + ! + 55" ! <1 0
im =0.
n—00 z—X; z—X; z—=Y;| ~

i=1 j=1 J




17

0.5.3 Upper Bound
This subsection provides an upper bound on the ratio of p/,(z) to p,(z).

Lemma 26. Assume the same set-up as in Theorem 8. Then for almost every z € C and any

¢ > 1, there exists a constant C' > 0 such that
[e% (e Bn
- 1 - 1 1 C
— >nl < .
DD PR Db D Dl o i e

i=1 i=1 toj=1
1
=) B

H are finite for almost all z € C. Let z € C be one of the almost every z € C such that

_171 }, and

Proof. Assume the same set-up as in Theorem 3. Then by Lemma 14, E [
|
E|

2z — X; # 0 with probability 1 for i = 1,...,a, and j = 1,...,3,. Since E Hﬁu < oo and

1
z—Y1

z—lYlu < o0, E Hﬁ” < oo, E [ z—lXiu < 00, and such that z —Y; # 0, 2 — X; # 0, and

z —Y; # 0 with probability 1 for j =1,..., 3, then z—1Y1 Y Z_%,ﬂ are finite with probability 1.
Using similar arguments, z—lxl ey Z_;< are finite with probability 1 and 17, ey T )1(% are
finite with probability 1. We now want to bound P (‘Zl 17=x; T P ] e Y = )

from above, for some ¢ > 1. To do so, we will use Markov’s Inequality, which is valid since

‘Zz 1 mx T i — X + Z] 1= YJ‘ is non-negative. Then by Markov’s Inequality,

i 1 +§: 1 +§: 1| HZZU + 2 Zjlzy}
- — — n .
z— X; = z-X; z—=Y;| ™ nc

i=1 j=1 J

(7)

We now want to show that E HZZ Lmx T i o X Z] = Y H is bounded by nC where C

is a constant. Observe that by the triangle inequality,

Qn 1 Qn 1 671 1 Qn 1 Qn Bn 1
— <E —
D D D A D | Rl ) Dy R D o P D
i=1 i=1 j=1 1=1 i=1 j=1
Then by the linearity of expectation, we have that
Qn Qn Bn
1 1 1

O R Dl ) SEE B
i:lZ_Xi‘ o X j:lZ_YJ

Qn 1 Qn Bn 1

E +E —|| +E 8
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Applying the triangle inequality to each sum, we have that

Bn

(0773

1 1 1
E +E —|| +E <
= =1 7j=1
Qn 1 Qn ,Bn 1
E E — E 9
Zz—Xi * Zz—Xi * ZZ—YJ ©)
=1 =1 j=1
Then by the linearity of expectation,
[e7%% 1 (6 77) 5n 1
E +E —|| + E =
el =Bl 2 s
=1 =1 7j=1
Qn 1 (677} 1 B'IL 1
E n E[ ]+ E[ }.10
el e el e el

Observe that since X1,. .., X4, are identically distributed, X71,. .., X,, are identically distributed,

and Yi,...,Y}p, are identically distributed, then

e [« Sl e - Sl -
Y[ T e[ e

Notice that since [E H Z_1X1 H is finite, E H z—le H is bounded, meaning there exists a constant C; > 0

such that E H Z_1X1 H < (. Similarly, there exists a constant Cy > 0 such that E H z—lXiH < (Y

and there exists a constant C'3 > 0 such that E Hﬁu < (5. This implies that

1

Z— Al

1

Z—Xl

1
z="

aplE |: < 0 Cr + 0, Co + (,C3.

| +au |

RS

—_

Observe that since 2ay, + 8, = n, then a,Ci + a,Co + $,C3 < max{C1,Cs,Cs}n. Let C =

max{C4,Cs,Cs}. Then o, E Hﬁu + o, E H LH + BLE

z—lY1 H < Cn. Thus,

z—X1
Qn 1 Qn 1 ﬂn 1
E — < Cn.
=1 =1 ]:1
Using (7) and simplifying, we have
— >nf | < = .
ZZ—XZ'—FZZ*Xi—FZZ—}/j =" - n¢ ne—1
=1 =1 j:l
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0.5.4 Convergence of Roots and Critical Values

This subsection proves two lemmas, concerning the two assumptions which are required to

prove Theorem 29.

Lemma 27. Assume the same set-up as in Theorem 8. Further let C,, D, € M,(C) where
Cn = Dy (I — L Jy), Dy = diag (X1,..., Xan, X1, Xan, Y1,---,Y3,), and J, = 1,11, Then

L Trace (C,,C};) + L Trace (D, Dy;) is bounded in probability.

Proof. Assume the same set-up as in Theorem 3. Let C,, = D, (In — %Jn) and
D, = diag (X1, ..., Xan: X1, Xan, Y1,.--,Y3,). Then
D}, = diag (X1,..., Xa,, X1, ., Xap, Y1,...,Y3,) and C} = (I, — 2 J,) D,,. Then

Trace (DnDj) = 307 [ Xif* + 30, [ Xf* + 3257, V5[ and hence,

1 1 1o 1
— Trace (DpD}) = = Y | Xil* + =) |IXil> + =) |y;[°.
=1 =1 7j=1
We now want to show that 2 Trace (D,D}) converges. Observe that the function f(z) = |2|?

is continuous. Furthermore, since X1, X7, and Y; have finite second moment, then E [\Xﬂg] =
E [‘Eﬂ is finite, and E [\Ylﬂ is finite. Since Xj,...,X,, are iid, complex valued random
variables, = — «, f is continuous, and E [\Xl\z] is finite, then by Lemma 18 1 3% X —
aolE [|X 1|2} in probability. Similarly, since X1, ..., X, are iid, complex valued random variables,
o — a, f is continuous, and [E [‘Eﬂ is finite, then by Lemma 18, %2?21 ‘Zf — alE [‘71‘2]
in probability. Also, since Yi,...,Ys, are iid, complex valued random variables, ’%" — B, fis
continuous, and E [|Y1|2} is finite, then by Lemma 18, %25;1 ]Y]|2 — BE [\Yﬂﬂ in probability.
Since %Ef‘:”l |XZ-\2 — oE [|X1|2} in probability, %2?2”1 ‘71‘2 — o [‘Eﬂ in probability, and
1 2521 |Y]\2 — BE [|Y1|2} in probability, then by applying Lemma 16 twice, we get = >0 X +
%Z?:”l 1 X:* + %Zézl |YJ|2 — o [|X1|2} +aE [!71‘2] + SE [|Y1|2} in probability. This implies
that

%ﬂace (DyD}) — aE [|X1|2} +aE [\Ylﬂ + BE [mﬁ] (12)
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in probability. We will now consider X Trace (C,,C};). Observe that

1 1 1 1 —
— Trace (C,C};) = — Trace <Dn <In — Jn> (In — Jn> Dn> i
n n n

n

Expanding the inner terms, we have that

1 2 1 — 1 1 —
— Trace <Dn (In ——Jn + Jn) Dn) = — Trace <Dn <In — Jn) Dn> .
n n n n n

Then by cyclic rotation and the linearity of trace, we get

1 1 —

— Trace (Dn (In — Jn> Dn> =

n n
1 S R — 1 1 1 —
— Trace | D, D,, — —D,; D, J, | = — Trace (D D ) + = Trace —;JnDnDn . (13)
n n n

Expanding D,, and D,,, we have that

1 — 1 —
— Trace (D, Dy,) = — Trace (diag <|X1|2 | X 2 Xl}2
n

n

g e eey

~ 12
X P Y5, P))

and

l Trace < lJnDnﬁn
n

n

l

2 2
—Trace J, diag \Xl\ | X P | X ,|Y112,...,yyﬁn|2)). (14)

Simplifying, we have

1
— Trace (C,C}) =
n

I o T TN o 1IN L& e 1N
S S E P - S YR - S X - 5 Y P (s)
i=1 i=1 j=1 i=1 J=1

=1

Further simplifying, we see that

1 Trace (C,,C) = o
n

1= = =
n—1[12~ 120 5 1

= | ol X Yl
=1 =1 7=1

n—1 1 .
= -ETrace(DnDn).
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By (12) and since =1 — 1 then by Lemma 17,

n—1

1 *
i Trace (D, D)) —

1(aE [1X:2] + o [[X5]"] + 6B [ P] ) = o [|X:P] + o [|X1]"] + BB [va?]  (16)
in probability. Thus,
%Trace (CLCr) — aE [[Xlﬂ + aoE [‘Eﬂ + OE [\Yﬂﬂ (17)

in probability. Finally, we will consider & Trace (C,,C};) + £ Trace (D,,D;;). Observe that (17) and

(12), then by Lemma 16,
1 1 _
=~ Trace (C,,C%) + — Trace (Dp D7) — 20 [|X1|2} +2qE [\Xlﬂ + 20K [\Yﬂ
n n

in probability. Notice that since o € [0,1], 8 € [0,1], and X7, X1, and Y7 have finite second mo-
ment, then 2aE [|X1|2} +2aRE [‘Ylﬂ +20E [|Y1|2} is finite. Observe that since £ Trace (C,,C};) +
% Trace (D, D}) converges in probability then every subsequence of this sequence has a subsequence
that converges and hence by Theorem 3.2.7 of [5], 2 Trace (C,,C};) + £ Trace (D,,Dy;) is tight, mean-

ing it is bounded in probability. O

Lemma 28. Under the assumptions of Theorem 3, let Cy,, Dy, € M,,(C) where C,, = D, (In — %Jn)
and D,, = diag (Xl, s Xay X1y Xa, Y10 - ,an). Then for almost all complex numbers z,
Llog|det (Cy, — 2I,)|— 2 log |det (D, — zI,,)| converges in probability to zero and for almost all fized

z, these determinants are nonzero with probability 1 — o(1).

Proof. Assume the same set-up as in Theorem 3. Then by Lemma 14, E[

1 . .
z—X1H is finite,

1
Z—Yl

E H z—l)Tl } is finite, and E [

H is finite for almost every z € C. Let z € C be one of the almost
every z € C such that the aforementioned condition holds and such that z # 0. Further let C,,, D), €
M, (C) where D,, = diag (Xl, oy Xon, X1yoo 3 X, Y1, 00 ,an) and C, = D, (In — %Jn) Later
in the proof, we will show that det (D,, — z1,,) is nonzero with probability 1 and since the difference

converges to 0, det (C,, — zI;,) is nonzero with probability 1 —o(1). Observe that by the properties
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of logarithms,

det (C,, — zI,,)

1 1 — = *1
1 det (C, — 21 ——1 det (D I 1 det (D.. — 2I.)
—n og | e ( n z n)’ n og | € ( n z n)| n 08 det (Dn ZITL)

Using the properties of determinants, we have that

1 det (Cy, — z1I,,)
n

1 -1
Ctl&n = 20m) ) _ 1 ‘dt _ 21,)det (D, — I, ’
det (D — 20|~ n 8 ot (Cn = 21 det ( aln)

and notice that D,, — zI,, is invertible because

(D — 21In) 1ag<X1—z’ 7Xan—ZvX1—Z’ 7Xvozn_?fifl_z7 ’Y/Bn_z>

and E [ z71X1 H is finite, E HZ—lXiH is finite, and E [ ijl H is finite which implies that ﬁ ,
‘ﬁ , and ijl ) are finite and hence, the terms of (D, — zI,,)"" are finite. Since (D, — zI,,) "

-1

is a diagonal matrix with finite terms, then det (D,, — zI,)” " is nonzero. Expanding C,,, we have

that

1 1
~log ‘det (C, — 2I,,) det (Dyy — zjn)_l} Ly

1
det <Dn — ~DyJy zIn> det (D,, — zI,)7*|.

Using the properties of determinants, we have that

1
— log
n

1
det <Dn — —DpJ, — zIn> det (D, — zI,,)) "
n

1
—log
n

1

det ((Dn — 2I,) ! <(Dn — 2l,) — Dan>) ‘ . (18)
n

Distributing and simplifying, we get

1
— log
n

1 1
det ((Dn - ZITL)_l ((Dn - ZIn) - Dan>> ‘ = - IOg
n n

1
det (In — (D — 2I,) 7t nDan> ‘ .

Since J,, = 117 and by Lemma 5, we have that

1 1
det (In — (D — 2I,)7" nDan> ‘ = ~log

1 1
~log det <11 -17(D,, — 2I1,,)7" Dn]l) ‘ :
n n

Distributing and applying the determinant, we have that

1 1
— log 1 — — Trace ((Dn — zIn)fl Dn> .
n n

1 1
det (Il — ]].T (_Dn — an)il Dn]l> ‘ = — ]Og
n mn
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Expanding the trace, we get

1 1 1 1 [ X; o X, &Y,

Adding and subtracting z from the numerator of each fraction, we have

Qn An ~7 Bn

1 1 Xi+z—=z Xi+z—=z Yi+z—2

Splitting the fractions, we have that

1 1 [ X, —2 z X — 2 z Y, — 2z z
—log |1 — — d i — J
nOg n ;Xi—z+Xi—z+;Xi—z+Xi—z+§:1Yj—z+Y}—z

Simplifying, we have

1 ap 2 1 o, Z 1 Bn  z 1
—log|l— — —— - —= = -—— = .
n & n nilei—z n nZXi—z n nZYj—z

Combining like terms, we see that the above expression is equivalent to

n n B"L
1 200 + Bn 2z [ w 1 c 1 1
Zlogll =t 2
n 08 n n ;Xi—z—'_;)(i—z—i_;}/j—z

Since 2ay, + B, = n, % = 1. Also, since there is an absolute value around all the sums, we

can pull a negative out of each of the denominators and cancel it with the negative in front of the
£ to get the equivalent expression
Qn Bn

1 2 1 21 1
Zloe |2
e e

Using the properties of logarithms, we have that the above expression is equivalent to

(e79) 1 Qn Bn 1
1 —1 —_—
We now want to show that
[e7%% Qn Bn 1

1 1 1
Elog ZZ—Xi+Zz—7i+ZZ—1/}

i=1 i=1 j=1
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converges in probability to zero. Observe that > =" ( szXi + z—lf) =y 0 z—IXi +>0 z—IY and

will hence be used interchangeably. Notice that by Lemma 25 and Lemma 26, on the complements

of the events defined in those lemmas, we have that

on 1 1 O
1< _ < ne 19
< Z(z—XﬂLz_Xi)Jrzz—Yj <n (19)

i=1 j=1
for some ¢ > 1. This implies that
Bn
1 1 il 1 1 1 1
—log|l| < =1 — < 1 ‘.
~log|[1] < —log ;(z—Xi+z—Xi>+j;z—lfj < ~log|n‘|

Simplifying, we have

1 -~ 1 1 oo clog |n|
0< -1 — < .
_nog;<z—Xi+z—Xi>+Z_:Z—Yj Soon

Then

1 - 1 1 oo clog |n|
i < lim — — < lim ————.
Jim 0 Jim Zlog ) <Z_Xi+z_xi>+]2_lz_xg <%

clog|n|
n

Since ¢ > 1 is a constant, then lim,, = 0. Then by the Squeeze Theorem,

1 | 1 1 b
lim —1 __ —0.
Jim - log Z;(z_xﬁz_xi)*;z_yj

We now want to show that the event in (19) holds with probability 1 — o(1). To do so, we will

consider

an g 1 o
Pl1< — < nf
<X (Zxr )t oy =

i=1

Equivalently, we can consider the probability of

St s )
z—Xi z-X; z2=Y;| ~

i=1 j=1

o 1 1 b )
Z(z—Xi+ X>+ZZ—Y' snt |- (20)

j=1 /



Here we will consider its complement, the probability of

IR A TY
z2—Xi z-X; z—=Y;| ~

i=1 j=1 J

Qn /Bn
1 1 1
+ — | + >nf
S (e ) Sy

=1 j=1

Applying the union bound, we have that this probability is less than or equal to

[677% 1 1 ﬂn 1
P — <1
N s JAp ST BRI B

i=1 j=1 J

Observe that by Lemma 25,

lim P i 1 + ! +§t 1 <1 0
1m — =
n—oo . Z—Xi z— X Z—Y} -

and by Lemma 26,

« @ Bn
- 1 - 1 1 C
> C
Z. Z—Xi+Z. z—XZ-+Z z =Y == e
=1 =1 ]:1

where C' > 0 is a constant and ¢ > 1. Taking the limit as n — oo, we have that

N c
i — >nfl < I .
AP D A T AP Dl R W

Notice that since C' > 0 is a constant and ¢ > 1, then lim,,_ .o nc% = 0. This implies that

lim P in: ! + ! +§": ! <1]+
1m —
n—00 =1 z—X; z—X; = Z—Y}‘ B

On 1 1 Bn 1
i >n¢ | =0.
lim P Z(Z—Xi—i_z—)(i)—i_zz—y >n 0

Therefore,

Im P|1< i 1 + 1 —l—% 1 < nf 1
11m — n =
N—00 |4 z—X; z—X; Z*Yj -

which completes the proof.

25

(21)

(22)

(23)
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0.5.5 Main Result

This subsection uses the results of the previous subsections to prove Theorem 3 with the help

of an additional theorem, Theorem 29.

Theorem 29. Assume the same set-up as in Theorem 3. Notice that X1,..., Xa,, X1, - Xan,

Y1,...,Ys, are the roots of pn(z) and that wgn), . .,wr(ln_)1 are the critical values of py(z) and let
f: C — C be a bounded and continuous function. Then, for each n, let Cy, D, € M, (C) where
Cn = Dy, (I, — tJ,,) and D,, = diag (X1,...,Xap, X1, Xan, Y1,-..,Yg,). Assume that (i) the

exPTession

1 1
— Trace (C,,C};) + — Trace (D, Dy,)
n n

is bounded in probability and (ii) for almost all complex numbers z,
1 1
—log |det (Cy, — 2I,)| — — log |det (Dy, — z1I,,)|
n n

converges in probability to zero and, in particular, for almost all fived z, these determinants are

nonzero with probability 1 —o (1). Then, = S} (wgn))

o 1 converges in probability to oE [f(X1)] +
o [f(X1)] + BE[f(¥1)]-

Proof. Assume the same set-up as in Theorem 3. Notice that X1,..., Xa,, X1, -+, Xan, Y1,---, Y3

are the roots of p,,(z) and let wgn), .. ,w(n) be the critical values of p,,(z). For each n, let C,,, D,, €

n

M, (C) where D,, = diag (Xl, o X, X100 X, Y1, ,an) and C,, = D, (In — %Jn) Sup-
pose that < Trace (C,Cy) + L Trace (D,,D};) is bounded in probability and for almost all complex
numbers z, + log|det (Cy, — zI,,)| — 2 log |det (D,, — 21,,)| converges in probability to zero and, in

particular, for almost all fixed z, these determinants are nonzero with probability 1 —o(1). Observe

that the characteristic polynomial of D,, is (1) and that 5”8 =2 = X +2250 P X Z] 12
Further notice that %pg(z) is a monic polynomial of degree n — 1. Then by Theorem 6, there exists
a rank one matrix %Jn where J,, = 171 such that (%Jn)2 = %Jn and the characteristic polynomial

of C,, = D,, — %Dan is %p;(z) Observe that since C,, is an n X n matrix, it must have n eigen-

values. From the characteristic polynomial given by Theorem 6, we see that the eigenvalues of C),
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M,

are given by the critical values of p,(2), wy ’,...,w, ", and 0. Let pc, be the empirical spectral

measure of C, and let up, be the empirical spectral measure of D,. Then

n—1
[ tne, = i;f (™) + L 5(0)
and
1 & 1&, 1 &
[ s, = 23 p XD+ 1Y)+ 1Y),
i=1 i=1 j=1

Then by Theorem 7, uc, — pp, converges in probability to zero. This implies that

n—1 an an Bn
S WCHEENOE DIFEIRD SFe RS SEtol B!
i=1 i=1 i=1 j=1

in probability. We will now show that % f(0) converges to zero. Since f is a bounded, continuous

function, there exists a constant M € R, M > 0 such that
[f(2) <M (24)
for all z € C. Then 2 |f(0)] < % This implies that

1 M
lim —|f(0)] < lim —.

n—oo N n—oo

Since M is a constant, lim, . % = 0. Then by the Squeeze Theorem, lim,, . % |f(0)] = 0.

Hence, L [f(0)| converges to 0 which implies that < f(0) converges to 0. Since = f(0) — 0 and

1 1 n—1 . 1 Qn Qn o Bn
SIORS EDSFTOEEE DIFCIRD SCORDBF AN I L
=1 =1 =1 7j=1
in probability, then by Lemma 16
n—1 . 1 Qn Qn L Bn
ST R - [ fx Y ST+ Y 1) | =0 (25)
i=1 i=1 i=1 j=1

in probability. Observe that by (24), |f(X;1)| < M with probability 1, ’ f (71)’ < M with prob-
ability 1, and |f(Y1)] < M with probability 1. Then E[|f(X1)|]] < E[M] = M so E[|f(X1)|]
is finite. Hence, E[f(X;)] is finite. Using similar arguments, we get that E [f(X1)] is finite

and E[f(Y1)] is finite. Since Xi,...,X,, are iid, complex valued random variables, < — «, f
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is continuous, and E[f(X7)] is finite, then by Lemma 18, 239" f(X;) — aE[f(X1)] in prob-
ability. Similarly, since X7i,...,X,, are iid, complex valued random variables, o= o, fis
continuous, and E [f(X7)] is finite, then by Lemma 18, 2 3% f(X;) — aE [f(X7)] in proba-
bility. Furthermore, since Yi,...,Ys, are iid, complex valued random variables, %" — B, fis
continuous, and E[f(Y1)] is finite, then by Lemma 18, %Z?’il f(Y;) — BE[f(Y1)] in probabil-
ity. Since 132" f(X;) — oE[f(X1)] in probability, L 3% f(X;) — oE [f(X1)] in probabil-
ity, and %2@1 f(Y;) — BE[f(Y1)] in probability, then by applying Lemma 16 twice, we get
130 F(XG) + L0 F(X) + £ 208 F(Y;) = @B [f(X0)] + oE [f(X1)] + BE [f(Y1)] in proba-
bility. Thus,

[07°% [07°% Bn
% DX+ FX)+ YY) | = aB[f(X0)] +aE [f(X0)] + BE[f(V1)]  (26)
i=1 i=1 j=1
in probability. By (25) and (26), then by Lemma 16
n—1
U3 F@) = aB[F(X0)] + o [f(X)] + BE[F(¥1)]
=1

in probability. We will now consider —- Z?:_ll (wgn)). Observe that

1 (n n
n—lZ:f(wi -1 an

Further notice that "5 converges to 1 and

n—1
LS F@l™) = aB[£(X1)] + o [£(X0)] + BE[f(¥1)]

n
i=1

in probability. Then by Lemma 17,

n—1
3" Fw™) = aE [f(X1)] + oF [£(X1)] + BE [f(Y)]

n—14%
1=

in probability. O

Proof of Theorem 3. Let X1,Y1, Xo,Yo,... be an infinite sequence of independent, complex valued
random variables with finite second moment such that X7, Xs,... are identically distributed and
Y1,Ys, ... are identically distributed. Further let oy, 8,, be sequences of non-negative integers such

that 2ay, + 8, = n and 22 — q, B" — . Assume one of the following;:
n
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(1) By — o0 and Y7,...,Yp, are non-degenerate

(2) Bn # oo and that for almost all z € C, z—le + zflxil is non-degenerate.

For each n > 1, let p, : C — C be a degree n polynomial given by (1). We will also let
f : C — C be a bounded and continuous function and for each n > 1, we define D,,,C,, € M, (C)
as D, = diag (X1,..., Xan, X1,---, Xan, Y1,...,Ys,) and C, = D, (I, — 2J,). Notice that
by Lemma 27, 1 Trace (C,C;;) + 1 Trace (D, Dj) is bounded in probability and by Lemma 28,
Llog|det (Cy, — zI,)|— 1 log |det (D, — zI,,)| converges in probability to zero for almost every z € C.

Applying Theorem 29 completes this proof. ]
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