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Mixing of a passive scalar in a fluid flow results from a two part process in which large
gradients are first created by advection and then smoothed by diffusion. We investigate methods
of designing efficient stirrers to optimize mixing of a passive scalar in a two-dimensional nonau-
tonomous, incompressible flow over a finite time interval. The flow is modeled by a sequence of
area-preserving maps whose parameters change in time, defining a mixing protocol. Stirring effi-
ciency is measured by the mix norm, a negative Sobolev seminorm; its decrease implies creation
of fine-scale structure. A Perron-Frobenius operator is used to numerically advect the scalar for
three examples: compositions of Chirikov standard maps, of Harper maps, and of blinking vortex
maps. In the case of the standard maps, we find that a protocol corresponding to a single vertical
shear composed with horizontal shearing at all other steps is nearly optimal. For the Harper maps,
we devise a predictive, one-step scheme to choose appropriate fixed point stabilities and to control
the Fourier spectrum evolution to obtain a near optimal protocol. For the blinking vortex model,
we devise two schemes: A one-step predictive scheme to determine a vortex location, which has
modest success in producing an efficient stirring protocol, and a scheme that finds the true optimal
choice of vortex positions and directions of rotation given four possible fixed vortex locations. The
results from the numerical experiments suggest that an effective stirring protocol must include not
only steps devoted to decreasing the mix norm, but also steps devoted to preparing the density

profile for future steps of mixing.
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Chapter 1

Introduction

The design of an efficient mixer for a passive scalar in an incompressible flow requires effective
mechanical “stirring” of the fluid that eventually will lead to homogenization through diffusion.
When stirring gives rise to fine-scale filaments, even a small diffusivity can be highly effective in

homogenization. As was noted by Spencer and Wiley [43]:

When the materials to be mixed are very viscous liquids. .. neither diffusion nor
turbulence can assist very much in mixing. Rather, mixing must be effected by
some complex, continuous deformation which serves to disperse the components to
the desired degree.

Thus, as a first step in designing a mixer one can ignore diffusion and study only advection by an
incompressible flow. The results are expected to be “transportable” to the diffusive case. Cortelezzi
conducted experiments to support to this claim by devising stirring schemes first by taking diffusion
into account and then by ignoring diffusion [10]. He found that, provided the Péclet number, or
the ratio of the rate of advection to diffusion, is sufficiently large, the stirring schemes produced by

the pure advection case closely resembled those of the full advection-diffusion problem.

1.1 Finite-Time Mixers

In this thesis we are interested in the finite-time case: How can one design the best mixer for
a given initial state and a given finite time? There have been previous investigations of finite-time
mixers in which fluid is injected at one end of a cylindrical pipe, flows past a finite number of

mixing elements, and is emitted at the other end. For example, the Kenics Static Mixer discussed



in Galaktionov et al. consists of a cylindrical pipe with twisted blades placed at fixed locations
along the pipe [22]. The twist directions and angles of the blades are the parameters that can
be modified to improve mixing efficiency. Examples of the mixer with different blade angles and
orientations are shown in Fig. [1.1[a). Another example is the rotated-arc mixer (RAM) discussed
in Speetjens et al., which consists of two cocentric cylinders: a stationary inner cylinder and a
rotating outer cylinder [42]. A window is cut into the inner cylinder, so that the fluid is mixed by
drag created by exposure to the outer cylinder. A picture of the RAM mixer is shown in Fig. b).
Other examples of this type of mixing include “making up rubber formulations on compounding
rolls, using an extruder as a mixer, kneading bread dough, and pulling taffy” [43]. Our goal is to

develop methods that can be used to optimize the geometry of the elements to maximize mixing.

Fig. 1. Exampies of different Kenics designs, A: a “standard” right-
left layout with 180° twist of the blades (RL-180); B: right-right layout
with blades of the same direction of twist (RR-180); C: (RL-120) right-
left layout with 120° blade twist rotating outer cylinder stationary inner cylinder

Figure 1.1: Examples of finite-time mixers in which discrete mechanisms are used to mix fluid flowing through
three-dimensional pipe. Plot (a) shows the Kenics Static Mixer [22]. Plot (b) shows the rotated-arc mixer (RAM)

2.

We view the stirring process as a finite sequence of steps; each corresponding to one element of
the mixer. The design corresponds mathematically to the selection of a finite sequence f; : D — D,

t=1,2,...,T, of maps on a domain D. Each map can be thought of as the result of a flow for



a time 73 of an incompressible fluid so that each f; is a volume-preserving diffeomorphism. Such
a blinking flow could be a reasonable model of a low Reynolds number fluid in a cavity where the
side walls are alternatively moved, or for flows with magnetohydrodynamic forcing [33] [10].

We will study compositions of time dependent transport maps, see and The mixer
acts on a passive scalar, represented by a density p : D — R. Our goal is to find a sequence
{f:} that takes a fixed “unmixed” initial state, p°, to one that is “optimally mixed” after flowing

through the full system, i.e., under the composition

Fr = frofr_io---ofso fi.

Ignoring diffusion, sources, and reactions, the evolution of the density is determined by the Perron-

Frobenius operator P,

o) = P (2) = o AN t=1,2 T (L1)

It is common to study mixing using autonomous dynamics, where the maps f; are either
identical or repeated in a periodic sequence. Mixing for this case can be measured using concepts
appropriate for the infinite-time limit, i.e., Lyapunov exponents or measure-theoretic entropy. Lya-
punov exponents indicate the presence of chaos, so they can be used as an indicator of effective
mixing. D’Alessandro, Dahleh, and Mezi¢ consider a two-dimensional piecewise flow and use a
control theory approach to maximize the entropy of the system [12]. They show that the entropy
can be found by computing the positive Lyapunov exponents of the flow. Entropy is an intuitive
measure of mixing because it describes the randomness of a system. They conclude that alternating
maps of vertical and horizontal shears maximizes the entropy.

Aref noted that effective stirring can arise from chaotic dynamics [2]. He used a piecewise
constant blinking vortex model to stir particles in a two-dimensional circular domain. He inves-
tigated the emergence of chaos relative to the period of switching between activation of the two
vortices. He discovered that as the period approaches zero, the flow approaches an integrable sys-

tem, and therefore the regions of chaotic orbits shrink to zero, resulting in very poor mixing. He



concluded that a large enough period was required so that the dynamical instability created by
the vortex switching would increase the size of the chaotic regions. In we introduce a stirring
model very similar to Aref’s blinking vortices, and we present results for this model in Chapter 4.

The effect of regular islands in the phase space on mixing is discussed in [16] and [I7], where
it is observed that the emergence of islands in “a sea of chaos” greatly detracts from the mixing
efficiency. These works use symmetries of the stirring maps to identitiy elliptic points that will
indicate the emergence of an island, then use this knowledge to recursively rotate and manipulate
the symmetries to destroy the islands. The first work applies this method to a cavity flow, in which
two walls of a cavity containing a fluid are moved in opposite directions. The second work applies
the method to egg beater flows, which use piecewise alternating vertical and horizontal shearing
similar to the model discussed in D’Alessandro, Dahleh, and Mezié [12].

There are a number of works that investigate the relationship between chaos and mixing with
applications to the optimal design of a periodic sequence of obstacles in a channel or pipe. One is
the Kenics Static Mixer discussed above [22]. Others include Micro Total Analysis Systems, which
use twisting microchannels to mix miniscule quantities of fluid [29]. The Anisotropic Unstructured
Meshes Mapping Method attempts to mix microfluids by specifying a spatial pattern of bends in
a pipe to induce chaos [23]. A longitudinal vortex generators approach can be used to design a
T-shaped channel micromixer [28].

It is less clear what role chaos plays in the finite-time, nonautonomous case. The study
of aperiodic protocols was initiated by [33], using as a model, the “sine flow”, equivalent to the
Harper map in §2.3] The flow is modeled by a succession of horizontal or vertical shears with
fixed amplitudes. The mixing is optimized for a discrete set of possibilities: a choice to switch—or
not—from one shear to another with a fixed time step. This work is extended in [10], where short-
time horizons are used to determine an optimal scheme for switching, in which the algorithm only
looks a few steps in the future to reduce the number of protocols to choose from. These studies
found that even though a periodic switching protocol can have a large Lyapunov exponent (when

repeated for infinite time), it is typically not the optimal choice for mixing. Later studies allowed



continuous shifts in the phase of the shears [26] and its shape [25]. We will extend their results
below by considering more general protocols in which the shear amplitudes, or equivalently their
actuation times, can vary.

An alternative approach to finite-time optimization, based on control theory, was used in [19]
for the advection-diffusion problem; in this work the advective part is fixed and diffusion is allowed
to locally vary to enhance mixing. The authors describe a target equilibrium density profile that
is invariant under advection, and they seek to to minimize the L? distance from the target density
to the computed density after some finite time.

Another approach is to fix the diffusivity and use control theory to optimize a time-dependent
linear combination of two vortical flows [I1]. The problem becomes to minimize a function that
consists of the sum of the measure of mixedness with the cost of the energy of the flows. The
process is approximated by discrete operations, and then subjected to a control feedback loop to
determine the optimal advective scheme. The approach of optimizing mixing with limits on the
allowed energy of the advective action will be introduced in §2.3] and used for the results in Chapter
3.

More recently, Sturman and Thiffeault have investigated the bounding of Lyapunov exponents
for random products of two shear matrices [46]. These random products can be thought of as non
autonomous composition of shearing maps. The Lyapunov exponents can be a good indication of

mixing, so computing bounds for them is a way of predicting the decay of mixing.

1.2 A Measure of Mixing

In order to select an “optimal” mixing protocol, we must define the stirring effectiveness in
some way. Mixing, in a measure theoretic sense, is defined through an infinite time limit [31]. A
transformation f : D — D that preserves a measure u is mizing if for any two measurable sets A
and B, the measure of the overlap pu(A N f~4(B)) = u(A)u(B)/u(D) as t — oco. Equivalently, f is

mixing if for any initial density p’ € L}(D), pt(z), determined by (1.1, converges weakly as t — oo



to its mean
),
p) =17 | rdu, 1.2
0 =15/, (12)

where |D| = u(D) is the volume of D.

For our purposes, measure-theoretic mixing is not an appropriate yardstick for two reasons.
First, mixing implies that every L? initial state, not just those of physical interest, approaches a
uniform state. Moreover, even if the entropy is zero, a physical state may still develop fine-scale
structure [36]. Second, we are interested in a given state becoming “mixed-up” after a finite number
of different transformations, not in the limit ¢ — oo for a single map.

As was noted by Danckwerts, in the presence of diffusion, the decrease of variance

Var(p) = (p*) — (p)?, (1.3)

is one measure of mixing [13]. Indeed, diffusion will cause Var(p) to decrease at a rate proportional
to ||Vp||?, the L? norm of the gradient (See [48]. Thus to be effective, a stirrer should increase
gradients so that diffusion is activated. This “intensity of segregation” has been used to optimize
mixing in diffusive flows [30, 22}, 23]. However, in the absence of diffusivity and sources, the variance,
and each LP-norm, of the density is constant.

One class of mixing measures include the mix-norm of Mathew, Mezi¢, and Petzold [36] and
equivalent Sobolev seminorms [48]. For functions that have zero mean, the squared H9-seminorm

is defined by

lollg = 1(=2)%pl*.

When ¢ is not a positive integer, the Laplacian A is to be interpreted by its Fourier symbol. A

more extensive discussion of the mix norm is given in

1.3 Two-Dimensional Maps

Our primary interest is the design of efficient, finite-time mixers in a three-dimensional do-

main. However, in this thesis, we treat a simpler problem: we assume that the axial velocity is



constant and that f corresponds to the map from a two-dimensional cross-section, through a mix-
ing element, to another such cross-section. Since the geometry of the mixing elements will vary,
subsequent maps will differ. Each of the f; will be chosen from a given family that satisfies some
geometric constraints. For example the RAM consists of an inner pipe surrounded by a spinning
outer pipe, and the mixing elements correspond to windows cut into the inner pipe [22]. Each map
represents the effect of the angularly sheared flow induced by the boundary drag. The maps, f;,
will depend on parameters that represent the window width, length, and rotation rate.

In this thesis, we study two families of shearing maps in a square domain, Chirikov and
Harper maps, see and Chapter 3, and a family of blinking vortex maps, see and Chapter
4, inspired by Aref’s blinking vortex model [2]. Each map depends on one or more parameters, say
a;. Optimization then corresponds to selecting the best sequence from a given family, that is, to
select a vector a = (a1, ag,...,ar) of parameters for maps in the family. Each family of maps will
have certain constraints on the parameter choices. In the case of the standard and Harper maps,
we assume that the total energy expended in the mixing process is bounded. The simple version
of this is to assume that some norm, |lal, is fixed. When the norm is small, any fixed map in
one of our families is only weakly chaotic on a small subset of phase space. However, varying the
parameters from step-to-step can nevertheless result in effective stirring. In the case of the blinking
vortex maps, there are more parameter choices, such as vortex location, strength, and rotation
direction. We consider different schemes in which we allow some parameters to vary and others to
be held fixed.

For the shear maps, the simplest method to find an optimal protocol is to exhaustively search
all possible cases. This corresponds to selecting an optimal parameter vector a that satisfies an
energy constraint. Thus, we can simulate the optimization process by a random optimization
method: simply select the best result from a large number of trials that are equidistributed on the
sphere ||a||? = E, corresponding to a fixed energy. For the blinking vortex maps, there are two many
parameters for a random optimal approach to be effective. One method used is to devise a one-step

predictive scheme. Another is to limit the parameter choices, so that the possible parameter vectors



become finite and can be explored through an exhaustive search.

Our investigation seeks to understand mixing by focusing only on advection created by a
sequence of stirring events, accounting for diffusion in the mixing measure itself. Through numerical
simulations using simple area-preserving maps, and through analytical considerations based on
Fourier analysis and key characteristics of the maps, we gain some understanding of how to design
efficient stirrers.

In Chapter 2 we describe the action of advection in terms of compositions of maps. We show
how the shearing and blinking vortex maps can be derived from flows, and we explain how we
carry out the application of the maps numerically. In Chapter 3 we present results from numerical
experiments with the Chirikov standard and Harper maps. In Chapter 4 we present results from
numerical experiments with the blinking vortex map. In Chapter 5 we summarize the results and

suggest courses for future study.



Chapter 2

Mathematical Formulation

In this section, we justify and explain the implementation of the mathematical and numerical
methods used in this thesis. In we justify the use of the negative Sobolev seminorm in the
place of tracking diffusion. In we show how a continuous flow described by the pure advection
equation can be represented by the composition of discrete maps. In and §2.4) we explain the
mathematics and numerics associated with applying the two mixing models: the shear maps and

the blinking vortex map.

2.1 The Mix Norm

In this section, we justify the use of negative Sobolev-seminorms as a measure of mixing for
a passive scalar subjected to an incompressible flow with small diffusion. For an understanding of
what is meant by “small diffusion”, see [10]. For simplicity, we assume p has zero mean, such that
(p) = 0, since if (p) = 0 we could redefine the function p = p— (p). The mean of the density profile
is irrelevant when measuring mixing, so we need not consider it when computing the mix norm.

Recall the general definition of the H? Sobolev norm:

q 1
ol = -8 = 7 /D (—L2A)2p[2 dp, (2.1)

where p(x,y,t) is a passive scalar defined over two-dimensional domain D at time ¢, and L is a
normalizing length scale. Recall from that |D| = (D). For the case ¢ < 0, the operator A is

interpreted by its Fourier symbol.
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Let’s consider the incompressible velocity field u(z,y,t) which represents the stirring mecha-
nism, and diffusion coefficient k. The evolution of p through time can be described by the advection-

diffusion equation with the incompressiblity constraint:

0
" +u-V,p=rAp. (2.2)

V-u=0 (2.3)
We apply a no-flux boundary condition, where if 9D describes the boundary of D, we require that
Vp-n=0 ondD

where 71 is the outward pointing unit normal of the surface 9D. In addition, we assume we always

either have a Dirichlet boundary condition
p=0 ondD,

or a Neumann boundary condition

Vp=0 ondD.

The variance (|1.3)) seems to be an intuitive way of measuring mixing because it measures
deviations from the mean, so small variance indicates that the concentration is mostly uniform
throughout the domain. To understand how the variance Var(p) decays in time, we recall the

definitions ((1.2)) and (|1.3]) from Chapter 1. First, we can show that the mean of the concentration

remains constant, by substituting (2.2)) into (|1.2)) to get

(1) (2)

d 1 ap 1 1
—(p)= — | dp = — kAp —u-Vp)du = — H/Apdu—/u'vpdu
i =1o1 ), D] /! =150/, ,

The integral (1) becomes zero by applying the divergence theorem and the boundary conditions:

(1) _ / V. vde Dvghm vp . hdS Bnd:Cnd 0.
D oD

The integral (2) becomes zero by applying product rule, the incompressibility condition (2.3)), the

divergence theorem, and the boundary conditions:

Prd RI (12.3) Dv Thm . Bnd Cnd
@ P [ (@)= (V) [ V(I [pusas Pt



Therefore,
(p) = 0.
A similar calculation, which uses Green’s Theorem, will show that %H plI? = —2k||Vpl||?, since
9 1 1
|| 17 = dt |D‘ prdp = 2@ (kpAp — p(u-Vp))du

Prd R

©-3) 1

2/(ﬂpAp—V'(pU))du
D[ Jp

Brdcrd o1
n T
= 2K pApdp
D] Jp
Grn Thm 1 o
=" 2K (V,o -n)dS — 2/<;/ Vp-Vpdu
[D] Jo D]
Bnd Cnd
= —2H||VP||2-

Combining the results gives the decay rate of the variance:

d d, 9 9
Zllpl? = -2 .
(0 + = loll* = ~2x]| V]

d
—Var(p) = 7

dt

11

For x near zero, as in the types of problems we are concerned with, the calculation of the rate

of change of the variance will become more difficult, as it will depending on the computation of

gradients on small scales. Moreover, if kK = 0, then the variance is conserved, so we require a

different measure of mixing. To understand why the H ! norm in particular accomplishes this, we

consider the time evolution of the H' norm, defined as

1
ol = I(=A)zpl = [|Vol],

so that the time derivative of the square norm is

d . 1
g 1Pl D[ Jp dt| ol = 2|D|/ P dt( p)dp = |D|/ <at>

PdRl,, 1 op A Op
2 (V(atv) Ap8t>d“

Bnd Chd
1 n
A
1| / ot at

0
<A”af>
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Substituting (2.2)) gives

1d dp
g loln == (2050 ) =~ [ Aptep — - Voha
= x| Ap|? + ‘D|/Apu Vp)d

Prd Rl

—s|Ap)* + = [ [V ((u-Vp)Vp) = Vp-V(u-Vp)ldpu

ID\

.
S Al — 5 [ - Vol

—(Vp-V(u-Vp)) - x| Ap|%

Therefore, as gradients on fine scales get large, as would be the case with effective mixing, the
H' norm will diverge. Applying the Cauchy-Schwartz inequality gives the following relationship

between the H! and H~! norms:

ol = (Vp-V'p) < lpll llpll g-1-

If we consider the pure advective case with k = 0, the quantity ||p|> will remain constant. We
know that good mixing requires the H' norm to diverge. If the norm H~! were to converge to
zero, the H' would diverge to satisfy the inequality above. Therefore the convergence of the H~!
norm to zero implies good mixing [4§].

For the purposes of this thesis, we use the H~! norm, abbreviated as ||-||_1, though any
negative Sobolev seminorm can be used as a measure of mixing. The following theorem, presented
and proved in [32], states that convergence of any negative Sobolev norm to zero implies weak

convergence to the mean.

Theorem 1 A time-dependent function p(z,t), where p(-,t) € L?(D) has mean zero and is

bounded in L? uniformly in time, is weakly convergent to zero if and only if
lim |[p(-,t)||ga =0, for any ¢ <O0.
t—o00

There are numerical implications for different choices of negative ¢ values. Define p’ to be the

density profile p with length scales half the size. Thiffeault notes in [48] that

16 e = 2ol o



13

Halving the length scales will cause the norm to decay at a rate of 29. For ¢ closer to zero, this
will require the use of finer scales to get an accurate measure of mixing. For large negative g, the
norm decays dramatically with decreasing length scales. Figure shows the time evolution of H?
norms for different values of ¢ for a particular stirring protocol. As g becomes a larger negative

number, the high order mode terms of (2.1) decay more rapidly, and stirring applied to density

with fine scale structure will have no significant impact. While the norms for ¢ = —%, —1 continue
to decay for steps t = §,...,12, the norms for ¢ = —%, —3 stay almost the same. Using a norm

with ¢ as too large a negative number is not advisable, since this simulates high diffusion, which is

not within the scope of the problems we are interested in.

0.3

0.25

02F
") gl

0.1F

0.05

Figure 2.1: Decay of H? norms for ¢ = —
t=1,...,12.

1,-1,-2,-2,—2 -3 for a particular stirring protocol applied for

Mathew, Mezi¢ and Petzold define their mix norm to be the H ~3 norm, by defining the

following functions on an n-dimensional torus T":

ﬂ%%@%=ﬁwﬁfm, M%QF:(A#f@J&W%f, H@%=(Aigwmﬂﬁf,

where B,(z) is the closed ball of radius ¢ centered around the point z € T™ [36]. The function
d(p, z, 0) is the mean value of p in the ball B,(2), (p, o) is the L? norm of d(p, z, o) for a fixed ball
size o, and II(p), the mix norm, is the L? norm of 7(p, o). Mathew et al. explain, “The basic idea

behind the mix norm is to parametrize all sub-intervals of [T™] and to take the root mean square
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of the average values of [p] over these sub-intervals” [36]. In other words, the norm computes local
averages throughout the domain for different length scales, then measures the total impact of all
these averages. They refer to the application of ® on the function p — (p) as the mix variance. The
mix norm and the mix variance are equivalent for the case (p) = 0. Since p — (p) has zero mean,
the quantity II(p — (p)) will give a measure of the total difference between local means and the
global mean (p). By rewriting the above equations with inner products, and providing a spectral

form of a mix-norm operator, Mathew et al. show that II(p) is equivalent to the H =3 norm 136].

2.2 Advection by Two-Dimensional Maps
Consider the pure advection equation defined by

0
ap—l—u'Vp:O, (2.4)

over a two-dimensional domain D, where p(z,y,t) = p'(x,y) is the concentration of a passive scalar,
and u(z,y,t) = (uy(z,y), uy(x,y)) is an incompressible velocity field. We now ignore diffusion when
evolving p in time, recall Given the initial condition p(z,y,0) = p°(x,y), the velocity field u

produces the flow ¢ such that (xy, y¢) = @i(x0,yo). The general solution of (2.4)) is

P, y) = p°(o—i(z,y)).

We define a map f: D — D to carry out the discrete action of the flow for a unit time interval:

(xt, yt) = fxe—1,Y—1) = @1(xt—1, Yt—1)-

We allow the velocity field u to change at each time step, so we consider the sequence of
velocity fields (ug,ue,...,ur) and the corresponding sequence of maps (fi, f2,..., fr). To find

p'(x,y) we apply the Perron-Frobenius operator P which takes compositions of the sequence of
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inverse maps in reverse order:
p(a,y) =Pl (2, y)]

= Ptil(ft_l(xa y))

=" (fit oo [ ().
2.3 Compositions of Shears

As a simple model, we study a family of two-dimensional maps given by the composition
of a pair of shears on a periodic domain. Taking the domain to be the torus with unit period,

D =T?=10,1)%, and z = (x,y) € T?, the vertical and horizontal shears have the forms

Sy((l},y) = (ZIZ,y —|—X(.’L‘)),

(2.5)
sx(x,y) = (l‘ + Y(y) 7y)a
where X, Y : S — S are circle maps. Composing the shears ([2.5]) gives the one-element map
f(xy) = saosy(z,y) = (@ +Y(y+ X(2), y + X()). (2.6)

When the shears are smooth, (2.6|) is an area-preserving diffeomorphism with the inverse

fla.y) =(@-Y @),y — X(=-Y(y))).

The map ([2.6)) is the solution of the advection problem

(#,9) = v(z,y,t) = - : (2.7)

where X (2) = 7yg(x) and Y (y) = 7,h(y). Thus, the amplitudes of the functions X and Y represent
both the elapsed times, 7, and 7., and the strengths of the components of the velocity field v.
The family ([2.6]) includes many well-studied cases, including Arnold’s cat map [3] with X (z) =

x and Y (y) = y, Chirikov’s standard map [9, [37], depicted in Fig. for which
X(z) = —asin(2rz),

Y(y) =y,
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and the Sine-flow or Harper map [33], [4, 39, [6], depicted in Fig. for which
X(x) = —asin(2rz),

Y (y) = bsin(27y).

M{W/ﬂ h =
Al

Figure 2.2: Depiction of the shearing maps (2.5) for the Chirikov standard map (2.8)) with a = 0.75.
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Figure 2.3: Depiction of the shearing maps (2.5)) for the Harper map (2.9) with a = b = 0.75.

i

A

The design of a mixer consists of the choice of a mixing protocol, that is, to a sequence of T’
maps fro fr_jo---o fyo fi. Formally, T" may be infinite, but we will typically take 7' = O(10).
The goal is to optimize the mixing for some maximal total “energy” of the flow. As a measure of

this energy we take a squared norm of the shear:

B, = sup||s(z.y) — (z,)]> (2.10)
D
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For example, for the Harper maps, E,, = b?, E;, = a®. Since s, corresponds to the velocity 1 ,

Y

the energy is proportional to the kinetic energy of the fluid. The parameters (a, by) of the Harper

maps are constrained by
T
> (af +b7) = Ep, (2.11)
t=1

where Fy is some given maximum energy. The energy for a sequence of Chirikov maps includes
that required to create the horizontal shear s,, thus for (2.8])
T
> 4} +T=Ec. (2.12)
t=1

2.3.1 Computing the Perron-Frobenius Operator and the Mix Norm

To compute the image p!(x,y) and the seminorm (2.1) numerically, one must represent the
density in some finite basis set. One possible technique is the “mapping” [43] or “Ulam” method
[49] 18], 20, [15]: choose a grid of N x N points (z;,y;) = (ﬁ, %) on the torus, with p;; = p(x;,y;)

and approximate the operator P ((1.1) by an N2 x N? stochastic matrix P,
¢ t—1
Pij = Dijirs Pirj -

Here P;j ;o is the fraction of the i'j" cell that is mapped onto the ij cell by f. This can be
estimated—for a fixed map f—Dby a one step iteration of a large number of trial points in each cell.
Such a discretization introduces an effective diffusion that will decrease the variance [30], and
explicit diffusion can also be included in the process [24]. However, this method is not practical for
our purposes, since the stochastic matrix would need to be recomputed for each new map in the
sequence fi,..., fr.

A second discrete method is to use a Fourier basis. This seems natural since the Sobolev

norm that we seek to minimize is most easily evaluated in Fourier space. On the two-dimensional

periodic domain T? = [0,1)?, the H~! norm which we use as the mix norm becomes

|pm?
lpll-r =] > == : (2.13)
[ml£0
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where p,, are the Fourier coefficients of p defined by

P = /ﬂa p(z)e Tmzq2, (2.14)
so that

p2) = Y pme™™m?, (2.15)
meZ?
and m = (mq,mg) is a two-dimensional vector containing horizontal wave numbers m; and vertical

wave number ma. We exclude the (0,0) term, since this represents the mean of p and does not

impact the mixing measure. Each shear (2.5) has a relatively simple representation in Fourier

space. Using (2.14]), we obtain

~

Puloln= [ ooy = X@)e27 2 = 3 s P ol X1
neZ

(Ps.[p)m = /’JP ple =Y (y),y)e ™3 dz = Z P nFn—ma,mi [Y],
neZ

(2.16)

where for each (j, k) € Z?, we define a functional F; : C%(S) — C that gives a Fourier coefficient

of the exponential of a function:

1
]:j,k[g] E/O eZWZ(jI—kg(x))dx'

For a linear shear id(z) = x this gives
Fiklid) = 6k, (2.17)
the Kronecker-delta, while for a sinusoidal shear such as X (x) in and we have
Fikl—asin(2rx)] = J;(—2nka) = J_j(2nka), (2.18)

using the standard identity ¢*s"¢ = djez J;j(2)e¥? for the Bessel function. In general, Fjo[g] =
d;0, which implies, in particular, that the (0,0)-Fourier mode is preserved—as expected for any
volume-preserving map.

Composing the two results gives the general formula for updating Fourier coefficients

for the map (12.6):

Pl =Pa, 0 Pe [0 = B P o[ X) P [V, (2.19)

nez?
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since f~ = Sy Lo s, For example, for the Chirikov map, |D becomes, using 1 )

Z pt 1Jm1 —ni 27Tn2a) ngz—maz,mi Zﬁiy}zlerQ mi— k(QW(ml"i'm?) ) (2'20)
nez? kEZ

For the Harper map, (2.19)) becomes

Z 5 Ty —ny (2120) Ty — iy (211 D). (2.21)
nez?

To implement this method numerically, one must truncate the Fourier basis, keeping say, the
N2 = (2M +1)? modes with m; € [-M, M]. Since the sums in naturally generate modes that
are not in the basis set, these must be discarded. Conversely, modes that are not in the truncated
basis also may contribute to those in the truncation, and these give errors in the numerical scheme.
A final technique for implementing is to simply evaluate an analytically defined function

p® at a point f~1(z,y). Given a grid of points (z;,y;) we can define

phg=p(@iny) = p°(fit o fyt oo [ (i yy)) (2.22)

whenever the initial state p° is known everywhere. Numerically, this is efficient if one is interested
only in the final mixed state, p”, but less so if one would also like intermediate states ¢ < T, since
pgj cannot be used to compute the next image. Nevertheless, to the extent that one can accurately
compute the composition of the maps—subject to the growth of errors due to sensitive dependence
on initial conditions—the resulting values of p' are accurate when p is Lipchitz, though of course
we only know the values on the selected grid. This is the method used subsequently in this thesis.

We choose a regular grid of N? points, so that the mix norm can be easily evaluated
using a fast Fourier transform. Using a discrete lattice with N? points, we have z, = % for

k €[0,N)?, and py = p(2x), with

m-k 1 . i Mk
Z pre TN pp = N2 Z pme*™ N (2.23)

ke[0,N)2 me[o,N)2

24 Blinking Vortices

Another map considered is based on Aref’s blinking vortex model [2]. For convenience we

describe the map in the complex plane, since it is equivalent to the two-dimensional real plane. We
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place a rotating point vortex at position v € C, defined in polar coordinates as

v=veY, v=|v|, 0=arg(v).

Assuming a counterclockwise rotation, the motion of z can be described by the single vortex

equation,

7

z= (2.24)

Y

v—2z

where the time-derivative of z is denoted 2. The solution of this simple ODE is that the particle z
traces the path of the circle

|v — 2| = p,

where p is the distance between v and the initial point z(0). This can be verified by noting that

when ([2.24)) is satisfied,
d

2
—|v—2z|"=0.
prLEEd
Therefore, z can be written in the form z = v + pe’® for some angle ¢. Differentiating and
substituting into (2.24]) gives
. i . e . 1
—ipe T h= —— e g = = —.
pe ¢ o= (wrped) P ¢ P ¢ e

Integrating and applying the initial position angle ¢(0) gives

The angular speed qﬁ of particles varies inversely with the square distance from the vortex, and
there is a singularity at the vortex itself. If z = x + iy and v = u + v, we can use the equations

above to derive the following equations for the time evolution of the real and imaginary parts of z:

z(t) =u+ (z —u) cos(pé) —(y —v) sin(th)
y(t) =v+ (z —u) sin(pé) +(y—v) cos(pg).

The single vortex model ([2.24) pertains to the whole complex plane. We wish to consider

a vortex model confined to the unit disc centered at the origin. We place an imaging vortex at
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the position %, where v is the complex conjugate of v. The image vortex % rotates in the opposite

direction of v. Activating v and its image simultaneously creates an invariant boundary at the unit

circle. The new stirring mechanism is described by the equation

. (1 1 o v—3
zZ=1s - — | =is
z—v  z—z (z—v)(z—

(2.25)

Q=
~

The value s indicates the direction of rotation of v such that

1 counterclockwise

—1 clockwise
Figure illustrates the action of a counterclockwise spinning vortex at 0.4 + 40.5 and its image
vortex activated for four time units, along with the trajectories of a few different initial particle
positions. The speed of trajectories slows as the distance between the particle positions and vortex

increases.

ST

2| =

Figure 2.4: Diagram of (2.25) with v = 0.4 +i0.5, s = 1, and ¢t = 4. The black curve indicates the invariant
boundary at the unit circle |z| = 1. The blue points mark the vortex and its image. The red curves show the rotation
direction of the vortices. The green curves show resulting trajectories for different initial particle positions. The green

points mark the initial positions of the particles and the green arrowheads show the final positions at time ¢ = 4.
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The particle z traces the path of a circle of the form

zZ—v
1

zZ— =
v

=\ (2.26)

where A is found by applying the initial position z(0). Similar to the single vortex case, this is

i)

is satisfied by (2.25)). Recalling that |v| = v and arg(v) = 6, the circle C described by (2.26) has

verified by noting that

Z—U

1
7%

radius
A(G-9)
p 1 _ )\2 M
and center z.
)\2
_vT%
IO
such that
z = 2, + pe'®. (2.27)

To see this, we use the identities v — z, = p)\ew and % — Ze = Xew to show that

2 . 2 . 4
z-v| _ Ze + pet® — v _ e e — et 2:)\2 1 —2cos(¢p — 0) + \? e
z—1 ze + peid — 1 Aeid — it A2 —2cos(p—0)+1 '
Substituting (2.27) into (2.25) gives
1
. ) v — =
e—ub — _g v
op (z—v)(z — 1)
d')efm (ezqﬁ o )\eia)(eze 1619) B _i
p(v — 3)et P
L ello—0) _ (% +A) + et0—9) s
T -3

A
. 2\ s 1—)\2
¢ (1 T e s 9>> RS

Integrating, and applying the initial position angle ¢(0) gives the following implicit formula for
updating ¢:

2\ 2\ s 1—)\2

o(t) — Y sin(¢(t) — 0) = ¢(0) — Y] sin(¢(0) — 0) — tﬁm (2.28)
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Taking the derivative of the term on the left with respect to ¢(t) gives

2\

1—-— =
14+ A2

cos((t) — 0),

which is nonnegative, so the left hand side of (2.28)) is monotonic and has a unique solution ¢(t) for
any ¢(0) € R that can be found through an iterative solver, such as Newton’s method. Therefore,

there exists a one-to-one map of the form

¢(t) = Fv,t,s(¢(0)>'

Considering that we will be updating an array of vortices in succession, we rewrite this as a
map from ¢;_1 to ¢, where we activate vortex v; at time step ¢ for time 7 and rotation direction

s¢. The map then becomes:
¢t = va't,st (@Z)tfl)'

To recover the point z;, we define the map G, : [0,27) — C,, such that
2= Gy(d) = 2 +pei¢’ o= qul(z) = arg(z — 2¢),

and C, is the corresponding circle in the complex plane. The inverse function G ! can be computed
by means of the atan2 function. We can combine the maps F, G, and G~! to get the map

H,rs:Cy — C,, which carries out the action of ([2.25):
Rt = Hvt,TmSt (thl) = (th © FUmTt,St © G;tl)(ztfl)‘ (229)
The inverse of H is

a1 = Hy o () = ([GL T o F o 0 Gu) () = (G, 0 FL L, 0 G (1),

Vt,Tt,St Vt,Tt,St vt

where F~! is defined by reversing the sign of the last term of the update formula (2.28)) such that

2\ 2\ s 1—\2

5 sin(p(t) —6) = ¢(0) — 5 sin(¢(0) — ) + tﬁﬁ?

o) = 1% T+

or in other words, the inverse map is the forward map with the sign of s switched:

-1
H = Huy7p,—s:-

Vt,Tt,St
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2.4.1 Computing the Perron-Frobenius Operator and the Mix Norm
In the case of the blinking vortex problem, the domain is the unit disk centered at the origin,

so our passive scalar p is defined in terms of polar coordinates (r,6). To evaluate the mix norm

(2.1) of p(r,0) on the disk, we should consider solutions to the Helmoltz equation:
Ap+k*p =0,

because it is equivalent to diagonalizing the Laplacian operator into its complete set of eigenfunc-
tions, which will make (2.1)) a straightforward calculation. Expanding the Helmoltz equation in
polar coordinates gives
2 1 1 2
Ap+kp=prr+ —pr+ —5p00 +k°p=0. (2.30)
We impose the periodicity constraint: p(r,8) = p(r,6 + 27) to ensure continuity, and we assume

the Dirichlet boundary condition

p(1,0) =0.

Our only constraint is that the boundary r = 1 is invariant, so we choose the Dirichlet condition

out of convenience. The results below are easily generalized to a Neumann boundary condition,
pr(1,0) = 0.

Equation (2.30) can be solved by separation of variables by assuming p(r,0) = R(r)©(6) and

substituting to get

H@+%H@+%MY+WR@:O

1 2 pll / 21.2 @H 2
E(T’R +'I"R —l—?"/{R):—@:n,

where n is a constant. The angular part becomes
0" = -n*0
Applying the periodicity constraint, the solution is

0,(0) = Ape™, (2.31)
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where n € Z and A,, € C. The radial part becomes Bessel’s equation
rR"4+rR + (r*k* —n*)R =0,

which has the (bounded) solution

R, (r) = BpJp(kr), (2.32)

where B, € R and J,, is the nth-order Bessel function of the first kind. Applying the Dirichlet
boundary condition gives

0= Rn(1) = BpJu(k).

This is satisfied for k = wy, »,, where wy, ,, is the mth (positive) root of .J,. Combining these results

with (2.31)) and (2.32]), we get the general solution

Z pm n; um nr) zn6" (233)
meN,neZ

To compute the coefficients py, ,,, we use the orthogonality relation [1]:

[Jn—i-l(um,n)]Z. (234)

1

1

/ In (U 7) I (g 1) rdrdf = 5m,k§
0

Applying (2.34) to (2.33) gives

/ / 7, 0)Jy (U nt)e “0rdrdf = Z pkl/ lfll—n d9/ Ji (w1 1) I (o7 )rdr

keN,leZ

= Z Pk n27r/ (W) In (U 7)rdr = ﬁm,nﬂ[JnH(um,n)]Q.
keN

By rearranging the above result, we obtain the following formula for finding the coefficients of
(12.33)):

1 Tl .
Pmpn = W/ /0 (7, 0) T (U ) e~ 0rdrdf. (2.35)

For the unit disk domain, the squared H?-seminorm ([2.1) can be expanded as

™ 1
pll7re = / / (=1)2LIAZ p|*rdrdf = (— 1)qL2q/ / |AZ p|2rdrds.
- —mJO
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Recall that pp, ,(r,0) satisfies App,n = —(um’n)zpmyn. Defining L = 1 and substituting (2.33)),

(2.35)), and the orthogonality (2.34) gives

2

™ 1
IIPH%qZ(—l)quq//O > (1) () pan(r,0)| rdrdd

meN,neZ

s 1
:/ / Z uﬂn’nﬁm,n!]n(um’nr)em@ Z U%Jﬁzjll]l(uk,lr)e_zw rdrdf
—m JO

meN,neZ keN,IeZ

s 1
P i0(n—1
- E U%m,nuz,zpm,npz,z/ cif(n )dH/ I (W 1) Iy (w7 ) rdr
meN,neZ i 0
kENIEZ

1
~ Ak
=27 E u‘}nvnuz’npm’npk,n/ In (U 1) I (g 1) rdr
meN,nEZ 0
keN

= Z Ugg’n[JnH(um,n)]Qmmm
meNnezZ

2

Therefore, the H~! norm defined on the radius-one disk is

NI

1 R
lolv={m > o nea(tmn)Pomal® | - (2.36)

meN,nez "

The norm must be applied to a function with zero mean. In the case of a function
with nonzero mean, we define the mix norm as ||p — (p)||—1. To compute numerically, we
define the grid sizes N, to be the number of radial points, and Ny to be the number of angular
points, so that the total number of grid points will be N, x Ng. We choose the radial points such
that they are equally spaced. The use of polar coordinates means that the grid will be distorted,
in that points will be closer together near the origin and farther apart near the edge of the disc.
Figure shows the polar grids for different values of IV, and Np.

To evaluate numerically, first we arrange the integral so that we evaluate the angular

part first and the radial part second:

. 1 /1 ( /W ind >
Pmpn = 75 p(r,0)e™"7dl | Jp(wmpnr)rdr.
TGP Jo 20 (i )

The inner integral is simply a one-dimensional Fourier coefficent that can be evaluated by a fast
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Figure 2.5: Grids of polar coordinates for N, = Ny = 32,64, 128, 256.

Fourier transform as in (2.23) to get

~ 1 1 k —i2rmk

Pmmn = 2/ 2m Z p(r, ——)e No | T (U ) rdr
B 2 —i2m 1 mk
e P VG L AR

k€[0,Np)
The distortion of the grid created by using polar coordinates makes it necessary to use a higher
order integration method to evaluate the radial integral. For the radial component, we apply a
trapezoid method for improved accuracy in the approximated integral. This gives the following

formula for numerically evaluating (2.35):

, 2 X ppmpl X Ik N I+1 k I+1.1+1
P Ry L Py )T (o~ )~ + Py~ ) Tt )
[Tnta(umn)l* | o ns) 2oy NN N,." N: N, ’ No N, ' N,
(2.37)
1 X ioeme 1k N I+1 k I4+1,041
= T 7 N5 N ar JIn\Umn 77 ) 7 7 ar JIn Umn 2.
[Jn+l(um,n)]2 © ! p(Nr7 NG)J (u ’ Nr)Nr +p( N'r NB)J (u ’ N’r ) N’r ( 38)
ke[0,Ng)
1€]0,N;.)
Figure 2.6 displays the results of applying the Bessel Fourier transform to the Gaussian
P’(z) =exp —ellz—2|* , 2o =(0.5,0.5), =25, (2.39)

with grid size N, = Ny = 128. Figure 2.6(a) shows the Gaussian profile p°. Figure 2.6(b) shows 5°, which is
found by applying (2.33) to the coefficents found by evaluating (2.38). Figure 2.6(c) shows the radial error p. =

p°(r,0) — p°(r,0). Note that

po(rv 9) - ﬁo(rv 0) = po(rv 0) - ﬁo(rv 0) for all 0 € [07 27T)a

















































































































































































