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Abstract 

This paper reviews recent progress on the 
topic of vertical wave coupling in the 
atmospheres of Earth and Mars with 
particular emphasis on (1) nonlinear 
interactions between planetary waves and 
solar thermal tides, and on (2) identifying the 
secondary waves produced by such 
interactions in satellite-based observations.  
The secondary waves produce temporal and 
longitudinal variability that would not 
otherwise exist in the absence of wave-wave 
interactions, and thus add to the complexity 
of atmospheric dynamics at both planets. At 
Earth, this has implications for re-entry 
predictions and ionospheric variability, 
which translates to loss of integrity in 
communications, navigation and tracking 
systems. At Mars, atmospheric density 
predictions in support of aerobraking 
operations are impacted. 

 

 

 

 

 

 

 

 

 

 

 

 

 

1.  Introduction 
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     1.1 Overview of Wave Coupling 

     In planetary atmospheres, propagating 
waves often constitute the primary 
mechanism by which energy and momentum 
are transferred from one region to another. 
The relevant wave types include gravity or 
buoyancy waves (GW); thermal tides with 
periods that are subharmonics of the 
planetary rotation period; and planetary 
waves (PW) with periods that are several 
times the planet’s rotation period. In 2002 a 
tutorial-level review of wave coupling in the 
atmospheres of Earth, Mars and Venus was 
provided [1] that covered all of these wave 
types.  At that time, the importance of 
interactions between these wave types was 
appreciated, but observational evidence, 
theory and modeling were not well 
developed. This continues to be true for the 
interactions between GW and larger-scale 
waves such as tides and PW. However, some 
progress has been made with respect to PW-
tide interactions in the atmospheres of Earth 
and Mars. It is the purpose of this paper to 
review recent advances on this topic. 

     The atmospheres of Earth and Mars are 
dynamically similar in many ways since they 
both receive strong forcing due to absorption 
of solar radiation, and their rotation rates are 
nearly the same: 2π	day-1 for Earth and 
2π	sol-1 for Mars, where 1 day = 24 h and 1 
sol = 23.5 h. While Earth’s planetary 
diameter is about 12,756 km, that of Mars is 
6794 km. Furthermore, their accelerations 
due to gravity are 9.8 ms-2 (3.73 ms-2) and 
surface pressures are 1000 mb (6 mb) for 
Earth (Mars). Despite these vastly different 
surface pressures, the temperature structures 
and gravitational accelerations of both 
planets are such that the densities and 
pressures of the atmospheres of Earth and 
Mars are about the same at an altitude of 
about 110 km. Up to this altitude, mixing by 
various dynamical processes including 
turbulence keeps relative chemical 

compositions constant with height: for Mars, 
roughly 95% CO2 and 3% N2, and 21% O2 
and 78% N2 for Earth. Above this altitude, 
densities become sufficiently low that 
molecular diffusion dominates and various 
chemical species vary with height according 
to their respective atomic and molecular 
weights. This, combined with the fact that 
ultraviolet and extreme ultraviolet solar 
radiation photo-dissociate O2 and CO2, 
results in O being the dominant species above 
about 160-200 km in both atmospheres until 
lighter species such as He and H take over. 
The altitude of 110 km is thus sometimes 
called the turbopause, or the separation 
between the homosphere (below) and 
heterosphere (above). It is also not too far 
above the 90-100 km altitude where Earth’s 
intrinsic magnetic field begins to exert 
influence on atmospheric dynamics. [Mars 
does not have an intrinsic global magnetic 
field, but it does have crustal magnetic 
anomalies whose effects are felt at high 
altitudes.] For this reason, and because there 
is no universally-accepted nomenclature, it is 
convenient for present purposes to separate 
the atmospheres of Earth and Mars into a 
lower atmosphere and upper atmosphere 
where the 110-km turbopause demarcates the 
two regimes.   
     The reader is now referred to Figure 1 for 
a broad overview of wave coupling and 
related processes in the atmospheres of Earth 
and Mars. At Earth, periodic absorption of 
solar radiation in local time (LT) and 
longitude by tropospheric H2O and 
stratospheric O3 as well as latent heat release 
in deep tropical clouds excites a spectrum of 
thermal tides. Surface topography and 
unstable shear flows excite planetary waves 
(PW) and gravity waves (GW). PW are either 
quasi-stationary (i.e., they do not propagate 
zonally or do so at very slow speeds) or are 
oscillations at periods primarily near 2, 5, 6.5, 
10, and 16 days, and occasionally at other 
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periods. They are often related to natural 
quasi-resonances in the atmosphere, but can 
sometimes arise through, or be amplified by, 
instabilities that are enabled by mean wind 
shears forced by solar inputs and momentum 
deposited by GWs. Other prominent waves 
that vertically couple Earth’s atmospheric 
regions are equatorially-trapped “ultra-fast 
Kelvin waves (UFKW)” with periods 
between about 2 and 5 days. UFKW are 
excited by latent heating associated with deep 
tropical convection in the troposphere, and 
along with some tides that are excited by 
latent heat release, essentially carry the 
imprint of tropical troposphere spatial-
temporal variability into the upper 
atmosphere. Vertically-propagating waves 

grow exponentially with height into the more 
rarified atmosphere, ultimately achieving 
large amplitudes, mainly in the dissipative 
region between about 100 and 150 km. Some 
fraction of the waves penetrates all the way 
to the base of the exosphere (ca. 500-600 km, 
Earth; 300 km, Mars).  Along the way, 
nonlinear interactions between different 
wave types occur, modifying the interacting 
waves and giving rise to secondary waves 
which add to the spatial-temporal complexity 
of the dynamics.   

      The situation is not too different at Mars. 
GW and stationary PW are generated by flow 
over orography. Traveling PW with periods 
between about 5 and 20 days exist at Mars, 

 

           
Figure 1. Schematic of wave generation, vertical coupling and related processes in the atmospheres 
of Earth and Mars. Also shown are the trajectories of reentering (Earth) and orbiting (Mars) 
objects, the latter in aerobraking mode using drag to contract the orbit from elliptical to circular. 
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although we are less certain about their 
origins and predominant periods as we are for 
Earth. H2O and O3 are rare in Mars 
atmosphere, but heating due to solar infrared 
radiation absorption by dust and water ice, 
and visible radiation absorption by dust play 
similar roles in heating Mars’ atmosphere as 
H2O and O3 at Earth. Visible radiation also 
heats Mars’ surface, which radiates in the 
infrared, and through exchange with the CO2 
atmosphere, this diurnally-varying heat 
source also excites thermal tides. At both 
Earth and Mars, surface topography and land-
sea differences (at Earth) modulate tidal 
heating and give rise to longitudinally-
varying tidal heat sources and responses.  

     Vertically-propagating tides reach their 
maximum amplitudes between about 100-
140 km due to molecular dissipation. The 
associated tidal density perturbations have 
practical consequences at both planets. For 
instance, at Earth the surface impact locations 
of uncontrolled re-entering objects (i.e., 
debris) vary significantly depending on the 
specific latitude, longitude and local time of 
reentry [2] due to the ambient tidal density 
variations. At Mars, satellite missions are 
initially “captured” into highly elliptical 
orbits around the planet. However, science 
missions often call for relatively low-altitude 
circular orbits. Aerobraking is a fuel-saving 
maneuver used to contract satellite orbits 
after initial insertion into a planetary 
atmosphere. It consists of dipping into 
atmospheric altitudes where atmospheric 
drag is sufficiently large to modify and 
eventually “circularize” the orbit, which can 
take several months to accomplish. The 
rapidity and confidence with which this can 
be done largely depends on knowledge of the 
orbit-to-orbit density variability due to 
vertically-propagating tides [3]. 

     The main objective of this paper is to 
convey how PW nonlinearly interact with (or 
modulate) vertically-propagating tides, and 
generate secondary waves that add to the 
complexity of the dynamics from 
observational, theoretical and modeling 
perspectives. Before doing this, in the 
following sections tidal and PW 
nomenclatures, and mathematical 
formulations regarding PW-tide interactions, 
are introduced.  

      1.2 Tidal and PW Nomenclatures 

      A particular notation has been widely 
adopted to describe the different components 
of the tidal spectrum.  The mathematical form 
𝐴$,& = cos 𝑛Ω𝑡 + 𝑠𝜆 − 𝜑$,&   represents a 
tidal oscillation in any atmospheric variable, 
where 𝐴$,& is the amplitude; n = 1, 2, 3 refers 
to diurnal, semidiurnal and terdiurnal 
(periods of 24h, 12h, 8h, respectively); Ω =
2𝜋/24ℎ; 𝑠 is the zonal wavenumber; 𝜆	is 
longitude; and 𝜑$,& is the phase (time of 
amplitude maximum at 𝜆 = 0).  A tide that 
migrates with the westward motion of the 
Sun to a ground-based observer corresponds 
to 𝑠 = 𝑛 and appears the same at all 
longitudes.  Longitudinal variability projects 
onto a range of wavenumbers 𝑠 ≠ 𝑛 at each 
frequency.  Furthermore, converting the 
above expression for 𝐴$,& to the local time 
frame, 𝐴$,& = cos 𝑛Ω𝑡:; + 𝑠 − 𝑛 𝜆 −
𝜑$,& , we see that from a quasi-Sun-
synchronous (𝑡:; ≈ 𝑐𝑜𝑛𝑠𝑡) perspective (i.e., 
a high-inclination satellite orbit) that a tide 
with zonal wavenumber 𝑠 and period  𝑛Ω 
appears as an 𝑠 − 𝑛  longitudinal variation. 
Traveling PW are expressed as 𝐴$,& =
cos 𝛿Ω𝑡 + 𝑚𝜆 − 𝜑$,&  where	𝛿 < 1 and m 
is an integer zonal wavenumber.  
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     In this context we utilize the notation DWs 
or DEs to denote a westward or eastward-
propagating diurnal tide, respectively, with 
zonal wavenumber = 𝑠. For semidiurnal and 
terdiurnal oscillations ‘S’ and ‘T’ 
respectively replaces ‘D’.  The zonally-
symmetric oscillations are denoted D0, S0, 

T0. At Earth, the most prominent vertically-
propagating tidal components known to 
penetrate well above about 100 km are D0, 
DE2, DE3, D0, SW2, SE1, SE2, SE3, TW3 
[4-6]; at Mars, D0, DE1, DE2, DE3, S0, 
SW2, SE1, SE2, SE3 [e.g., 7,8].  

 

 

 

 

Figure 2. Hierarchy of perturbation equations (left) and representation of first-order source term 
(right).  
 

2.  PW-Tide Interactions and Secondary    
Waves 

     Nonlinear interaction between a tide and a 
PW is conventionally viewed in terms of the 
longer-period wave (PW) modulating the 
shorter-period wave (tide). It is thought to 
occur through a nonlinear interaction that 
results in the generation of “sum” and 
“difference” secondary waves [9-11]. In fact, 
the interaction between a PW with frequency 
𝛿Ω	and zonal wavenumber m, cos 𝛿Ω𝑡 +
𝑚𝜆 , and a tide with frequency 𝑛Ω	and zonal 
wavenumber s, cos 𝑛Ω𝑡 + 𝑠𝜆 , thus yields 
sum and difference waves with frequencies 
𝑛Ω ± 𝛿Ω and zonal wavenumbers 𝑠 ± 𝑚, 
respectively.  In the spectrum of a time series, 
long-period PW (𝛿 ≪ 1) appear as two 
sideband peaks on either side of the main 
tidal peak at frequency 𝑛Ω. To understand the 
origin of the above rather simple concept, 
consider that the large-scale dynamics of the 
atmosphere is represented by the horizontal 

momentum, continuity and thermal energy 
equations, the hydrostatic law, and the 
equation of state. The equations contain 
nonlinear terms, and as one representative 
example, consider the first nonlinear terms in 
the zonal (east-west) momentum equation 
where u = eastward velocity, a = radius of the 
earth, 𝜃 = latitude and 𝜆 = longitude; see (i) 
in Figure 2.  Now consider a perturbation 
expansion solution 𝑢 = 𝑢G + 𝜀𝑢I + 𝜀J𝑢II +
	⋯⋯ where the system of equations is forced 
by some source term 𝑆 = 	𝑆G + 𝜀𝑆I +
𝜀J𝑆II +	⋯⋯. Introducing these expressions 
into the system of equations and gathering 
like powers of 𝜀, we have a “zeroth order” set 
of equations ((ii) in Figure 2) that can be 
solved for the zonal- and diurnal-mean 
atmospheric state, i.e., 𝑢G, 𝑇G, 𝜌G, 𝑒𝑡𝑐.,	all a 
function of height 𝑧 	and latitude (𝜃) 
provided the 𝑧 − 𝜃	distribution of 𝑆G is 
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known. Knowing the sources 𝑆I (i.e., tidal 
and planetary wave forcing as expressed in 
Figure 2) and the zonal mean state, the 
equations in the form (iii) in Figure 2 can be 
solved for the perturbation fields 
𝑢I, 𝑇I, 𝜌I, 𝑒𝑡𝑐., in complex form, each 
unknown corresponding to an individual, 
linearly independent tide or PW depending 
on the forcing that is chosen. This step is 
exactly what is done in global linearized 
models of atmospheric tides and PW such as 
the Global-Scale Wave Model (GSWM; 12-
17), except that the zonal mean state is 
specified through available empirical models 
and/or observational data, rather than solving 
the zeroth-order system of equations.  

     Finally, knowing any two tide and/or PW 
solutions (i.e. primary waves), as well as the 
zonal mean atmospheric state, the sources 𝑆II 
for the sum and difference secondary waves 
can be formulated, and as expressed in (iv) of 
Figure 2, a second-order perturbation set of 
equations can be solved, one for each 
secondary wave that results from nonlinear 
interaction between the two primary waves. 

Self-interactions for each primary wave are 
neglected [10, 18]. Note that the source term 
𝑆′′ for the linear set of equations in 𝑢II 
represented in Figure 2 consists of terms that 
arise as products of first-order wave 
quantities, e.g., 𝑢′. In the present context, one 
of the first-order (“primary”) waves is a PW 
expressed in the form cos 𝛿Ω𝑡 + 𝑚𝜆 , and 
the other primary wave is a tide, expressed in 
the form cos 𝑛Ω𝑡 + 𝑠𝜆 . This leads to two 
source terms and two sets of equations in 𝑢II, 
one for each secondary wave produced by 
nonlinear interaction between the primary 
waves [9-11]. The secondary waves have 
frequencies and zonal wavenumbers that are 
the “sum” and “differences” of the primary 
waves, i.e., 𝑆𝑊U ∝ cos 𝑛 + 𝛿 Ω𝑡 + 𝑠 +
𝑚 𝜆  and 𝑆𝑊W ∝ cos 𝑛 − 𝛿 Ω𝑡 + 𝑠 −
𝑚 𝜆 . As described below, we can also use 
this kind of framework to identify nonlinear 
wave-wave interactions in observations, and 
the secondary waves resulting from such 
interactions.  

 

 
Figure 3. Power spectrum of daily semidiurnal meridional wind amplitudes measured over 
Obninsk, Russia (54ºN) during January-February, 1979, illustrating quasi-6-day, 10-day and 21-
day modulations of the semidiurnal tide. The 10-day semidiurnal modulation amounted to a 
roughly ±30% variation about the mean amplitude [19]. 



Quarterly Physics Review, Vol. x, Issue x, July 2017 
Wave Coupling and Nonlinear Interactions in the Atmospheres of Earth and Mars 

	

Copyright 2017 KEI Journals. All rights Reserved. Page | 7 

3.  Evidence for PW-Tide Interactions    
     from Observations at Earth’s Surface  

     For Earth, there is ground-based 
observational evidence that PW modulate 
atmospheric tides and that the interactions 
between planetary waves and tides may be a 
major source of tidal variability in the upper 
atmosphere.  One example is shown in Figure 
3, which provides evidence for quasi-6-day, 
10-day and 21-day modulations of 
semidiurnal tidal winds measured by the 
meteor radar method near 95 km altitude over 
Obninsk, Russia (54ºN). The 10-day 
semidiurnal modulation amounted to about 
±30% variation about the mean amplitude 
[19]. An example illustrating ~ ±20% quasi-
2-day wave (QTDW) modulation of the 
semidiurnal tide using the meteor radar at 
Sheffield, UK (53ºN), is provided in Figure 4 
[20]. Spectral analysis of the time series (not 
shown) yields peaks at periods of 9.6h and 
16.0h in addition to 12.0h, which leads one to 
conclude that these are likely secondary 
waves due to interaction between the QTDW 
with m = 3 and SW2 (n = 2, s = 2): that is, 
SW+ is a 9.6-hour wave (n = 2.5) with s = +5 
(westward-propagating) and SW- is a 16-hour 
wave (n = 1.5) with s = -1 (eastward-

propagating).  Such a conclusion has been 
drawn before under similar circumstances 
[21-25]; however, none of the zonal 
wavenumbers are determinable from 
observations at a single geographic location.  

The above examples bring to light the 
difficulty of gaining a global perspective of 
PW-tide interactions. The observations really 
required to unambiguously quantify PW-tide 
interactions in the time domain can only 
originate in ground-based measurements, but 
the existing distribution of ground-based sites 
is inadequate to provide a global perspective. 
The temporal sampling provided by satellite 
measurements, on the other hand, is 
inadequate to derive tides over time scales 
short compared with PW periods; therefore, 
it would seem impossible to provide evidence 
for PW-tide interactions from space. 
However, a method has been developed to 
infer and quantify PW-tide interactions from 
space, and thus provide a global perspective, 
albeit involving multiple possible 
mathematical solutions in terms identifying 
the tidal primary waves. The following 
section describes this methodology, and 
provides examples from both Earth and Mars. 

 
Figure 4. Meteor radar wind observations near 95 km altitude over Sheffield, UK, 16-29 July, 1993 
[20]. The dashed line illustrates the quasi-two-day oscillation in low-pass filtered winds. The solid 
line illustrates the ~ ±20% quasi-two-day modulation of the semidiurnal tidal winds.
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4.  Satellite-Based Observations of PW- 
     Tide Interactions 

     4.1 PW, Tides and Secondary Waves 
     as Observed from Space 

     A method has been developed that 
provides evidence for the existence of PW-
tide interactions, and that can be used to 
quantify the longitudinal variability added by 
the presence of secondary waves. This 
methodology was originally derived to 
explain density variability in the lower 
thermosphere of Mars [25-28], but later 
applied to the quasi-two-day wave at Earth 
[29-31]. The methodology consists of 
ordering data in pseudo-longitude, the 
traditional longitude incremented by 360o 
times the number of Earth revolutions since a 
given time. This arrangement eliminates the 
fictitious discontinuity at 0/360° longitude. 
The mathematical description of tides and 
PW remains unchanged. The time-longitude 
dependence of a tide thus remains cos 𝑛Ω𝑡 +
𝑠𝜆X 	where 𝜆X is now the pseudo longitude.  
The same notation applies to a PW: 
cos 𝛿Ω𝑡 + 𝑚𝜆X  describes a single PW 
having a frequency d (per day) and a zonal 
wavenumber m; e.g., in the case of a 2-day 
wave, d = 0.5. The interaction of a tide and 
PW in the above forms yields secondary 
waves with frequencies equal to 𝑛 ± 𝛿 Ω 
and zonal wavenumbers equal to s ± m.  
When sampled at a nearly constant local time 
(i.e., quasi-sun-synchronous satellite like 
TIMED), a tide appears as a wave in the form 
cos 𝑛Ω𝑡:; + 𝑠 − 𝑛 𝜆X , a PW as 
cos 𝛿Ω𝑡:; + 𝑚 − 𝛿 𝜆X , and secondary 
waves as cos 𝑛 ± 𝛿 Ω𝑡:; + 𝑠 ± 𝑚 − 𝑛 ∓
𝜆X . These various spaced-based zonal 
wavenumbers (ks = s − n, m − d and s ± m − 
n ∓ d) for different existing tides, PWs and 
their secondary waves each contribute to the 
zonal variability in any atmospheric field.  

     4.2 Evidence for PW-tide Interactions 
     from Earth-Orbiting Satellites 

     Spectral analysis of a given time series of 
space-based measurements as described 
above, can reveal the dominant values of 
𝑘& = 𝑠 − 𝑛, 𝑚 − 𝛿 and 𝑠 ± 𝑚 − 𝑛 ∓ 𝛿, and 
subsequently the dominant tides, PWs and 
any PW-tide modulations. Note that tides 
appear as integers, and one cannot 
differentiate between a PW and the PW 
modulation of a migrating tide (𝑠	– 	𝑛	 = 	0). 
In Figure 5 we show an example [32], which 
illustrates a pseudo-longitude spectrum of 
temperatures containing DE3, a 3.5-day 
UFKW, and the 2 secondary waves resulting 
from their interaction: SW+ has a period of 
0.77 days and zonal wavenumber s = -4, and 
SW- has a period of 1.43 days and zonal 
wavenumber of s = -2. Although these 
secondary waves are not retrievable from 
normal time series analyses, they are 
identifiable in the pseudo-longitude spectrum 
due to the specificity of their space-based 
wavenumbers (𝑘&).  

     These authors [32] also demonstrate the 
existence of these waves near 260 km in 
densities measured by the GOCE satellite, 
and that the secondary waves contribute 
significantly to the total spatial-temporal 
variability of temperatures at 100 km and 
densities at 260 km.  An example is provided 
in Figure 6, which illustrates latitude-
longitude reconstructions of temperatures at 
100 km based on the spectral peaks shown in 
Figure 5. The observed structure, averaged 
over 10 days and centered on DOY 160, is at 
the top. Also shown are the UFKW; sum of 
SW+ and SW-; longitudinal waves 1-4 (i.e., 
tides); waves 1-4 + UFKW; and the total 
reconstructed structure at the bottom, which 
replications the observed structure very well. 
This figure demonstrates how secondary 
waves add to the complexity of the dynamical 
system. 
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Figure 5. Pseudo-longitude spectrum of temperatures at 100 km measured by the SABER 
instrument on the TIMED (Thermosphere Ionosphere Mesosphere energetics and Dynamics) 
satellite during days 150-170 of 2011, illustrating DE3, the UFKW with period of 3.5 days and s 
= -1, and the secondary waves resulting from their interaction: SW+ (ks = 2.7) has a period of 0.77 
days and s = -4, and SW- (ks = 5.3 ) has a period of 1.43 days and s = -2.  

 
Figure 6. Latitude-longitude temperature reconstructions based on the spectral peaks in Figure 5. 
The observed structure, averaged over 10 days centered on DOY 160, is at the top. Also shown 
are the UFKW; SW+ + SW-; longitudinal waves 1-4 (i.e., tides); waves 1-4 + UFKW; and the total 
reconstructed structure at the bottom, which replications the observed structure very well [32]. 
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Figure 7. Pseudo-longitude spectrum of SABER temperatures at 110 km and -50o latitude during 
October 2004, illustrating the 6.25-day wave (ks = 0.84) and various peaks corresponding to 
nonlinear interactions between the 6.25-day PW and various tides [33].  Note that for a given ks 
value, there are multiple possible tidal primary waves. 

     An additional example that underscores 
the scope of the problem is provided in Figure 
7 [33]. Figure 7 shows a pseudo-longitude 
spectrum for SABER temperatures at 110 km 
during October 2004, illustrating interactions 
between a 6.25-day wave and various tidal 
components, and the secondary wave peaks 
corresponding to the interactions between 
various tides and the 6.25-day wave. It is 
important to note that a given spectral peak 
can arise as a result of the 6.25-day wave and 
several tidal components; as an example, the 
ks = 1.16 peak can arise from interaction of 
the 6.25-day wave and DE1, SW4, S0 or any 
tide that possesses a longitudinal 
wavenumber = 2 from a quasi-Sun-
synchronous orbit. These authors 
demonstrate that the seasonal-latitudinal 
amplitude structure of the ks = 1.16 amplitude 
is well-defined, and that amplitudes are 
comparable to the individual 60-day mean 
amplitudes of DE1, SW4, and S0 in the 
SABER data, and thus is of significant 
importance to the dynamics. 

4.3 Evidence for PW-Tide Interactions  
     from Mars-Orbiting Satellites 

Evidence for wave coupling into the upper 
atmosphere of Mars mainly originates from 
accelerometers that measure atmospheric 
density in the 100-150 km region [34-37]; 
other in-situ observations [38, 39]; and 
numerical modeling [e.g., 7, 8, 37]. All of 
these studies focus on longitudinal variability 
attributable to non-migrating tides, and suffer 
from similar difficulties in terms of local time 
coverage as many Earth-orbiting satellites; 
that is, tides are poorly determined, and often 
over longer time scales than PW periods, and 
therefore present difficulties in terms of 
providing evidence for PW-tide modulation. 
However, there has been some success 
applying the methods described in Section 
4.2 to Mars, which are now described. 

     PW-tide interactions at Mars were first 
detected in Mars Global Surveyor (MGS) and 
Mars Reconnaissance Orbiter (MRO) 
aerobraking density data [26]. The example 
to be shown here corresponds to MGS 
measurements. MGS aerobraking occurred in 
two phases. Phase I lasted for about 200 
orbits, and periapsis (the closest the 
spacecraft comes to the planet) was located 
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between about 40°N–60°N and local solar 
time (LT) gradually increased from 1100h to 
1600h. During Phase II spanning orbits 600-
1200, periapsis moved from about 60ºN to 
the vicinity of the South Pole, while LT 
remained nearly constant at 1500 h. Since the 
pseudo longitude method described 
previously was designed for near-Sun-
synchronous application, the search for PW-
interactions was confined to Phase II. 

     The left panel of Figure 8 illustrates raw 
periapsis density measurements from MGS 
during the course of Phase II aerobraking in 
terms of percent density residuals from the 
longitude-mean at any given latitude, which 
amount to about ±40%. The right panel 
illustrates the reconstructed densities based 

on fits to longitudinal wavenumbers 1, 2 and 
3. The reconstruction captures the salient 
features of the raw data very well, and 
exhibits a dominant wave-2 pattern which is 
mainly attributed to the presence of the DE1 
tide in Mars atmosphere (i.e., a space based 
zonal wavenumber ks = |s-n| = 2, where s = -
1 and n = 1). However, this interpretation is 
somewhat misleading. Examination of the 
latitude vs. longitude structures of individual 
wavenumbers s = 1, 2, and 3 (not shown) all 
exhibit significant amplitudes in the range 
±20%. We note the oscillations in density 
with time (or latitude), which represent the 
signature of PW modulation. These 
oscillations are present in all 3 wavenumbers 
to a significant degree, although some with 
different periods than others.

 
Figure 8. Left: Measured densities from MGS aerobraking in terms of percent differences from the 
longitude-mean at any given latitude. The dots indicate the location of periapsis and the density 
measurement. The existence of measurements at various longitudes at a given latitude are 
indicative of the planet rotating beneath the Sun-synchronous orbit. The y-axis on the left is in 
term of aerocentric longitude (Ls) with respect to the Sun, while the corresponding latitudes 
indicating the precession of periapsis from high latitudes in the Northern Hemisphere to high 
latitudes in the Southern Hemisphere are shown on the right-hand y-axis. Right: Reconstruction of 
the density pattern based on zonal wavenumber s = 1, 2 and 3 fits to the raw densities. 
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     The temporal periodicities in the MGS 
densities were quantified using the method 
described in Section 4.2 [26], and the results 
are shown in Figure 9. At 25ºN, we see that 
the dominant PW period is 9 sols, that the 
largest PW variability is imposed on wave-3, 
and that statistically significant variability is 
imposed on waves 1 and 2. At 36ºS wave-1 is 
modulated by periods of 9, 18 and 27 sols, 
while wave-3 is modulated by 9-sol period. 
At 70ºS, wave-1 is modulated at 8-sol period. 
The complicating factor in all of this, of 
course, is that the most like tidal components 

associated with these wavenumbers are not 
unique:  D0, SW1 for wave-1, DE1, S0 for 
wave-2, and DE2, SE1 for wave-3 [26]. 
Nevertheless, the evidence for PW-tide 
nonlinear interaction is present in the data, 
and is likely to account for much of the 
variability of tides in Mars’ atmosphere. In 
other similar work, PW-tide interactions 
were quantified in temperature 
measurements between 15 and 80 km from 
Mars Climate Sounder (MCS) measurements 
on MRO [27]. 

 
Figure 9. Pseudo-longitude spectra of MGS density measurements at 115 km at (a) 25ºN, (b) 36ºS, 
and (c) 70ºS. The dominant planetary wave frequency in each spectrum is represented by 𝛿, or 
period 1/	𝛿 in sols [26]. 
 
5.  PW-Tide Interactions in Numerical 
    Models 

     There are a few notable examples of 
numerical simulations that focus on PW-tide 
interactions in Earth’s atmosphere, mostly 
using “whole atmosphere” general 
circulation models (GCMs).  One landmark 
study [41] simulated the interaction between 
the QTDW and SW2 discussed in Section 3, 
and demonstrated that the two 9.6h and 16h 
secondary waves propagated as independent 
oscillations and penetrated well into the 
upper atmosphere. The same problem was 

more recently diagnosed with a quasi-
nonlinear version of the GSWM [42].  
Another GCM study [43] simulated the 
modulations of DE3 and DW1 by the 6.5-day 
wave, which produces secondary waves with 
respective periods and zonal wavenumbers of 
(20h, s = -2; 28h, s = -4) and (20h, s = 2; 28h 
s = 0).  Tide-tide interactions conform to the 
same basic theory as outlined in this paper; 
for instance, simulations [44] show that DE3 
and DW1 can interact to produce SE2 and 
SPW4 in Earth’s upper atmosphere. Insofar 
as Mars is concerned, the only study [28] to 
address PW-tide interactions in a Mars 
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General Circulation Model demonstrated that 
tidal interactions with PW at periods of 2.2, 
5, 9 and 19 sols produced a whole host of 
secondary waves with amplitudes of 
importance in the upper atmosphere. 

     The present paper has concentrated on 
tidal interactions with traveling planetary 
waves, i.e., those with non-zero frequency 
(𝛿 = 0 in prior equations). However, 
numerical simulations [e.g., 45-48] show that 
tidal interactions with stationary planetary 
waves (SPW) also produce secondary waves, 
both at the same frequency as the primary tide 
but with the sum and difference zonal 
wavenumbers determined by the SPW zonal 
wavenumber. Such interactions mainly occur 
within the 10-60 km altitude region at middle 
to high latitudes during local winter when the 
SPW are most prominent. For instance, 
consider the interaction between a SPW with 
zonal wavenumber s = 1 (SPW1) and the 
semidiurnal migrating tide (SW2). 
Mathematically, the SPW1-SW2 interaction 
gives rise to the “sum” and “difference” 
semidiurnal non-migrating tides SW1 and 
SW3: 

  
which propagate globally and into the upper 
atmosphere above 100 km.  Similarly, 
interaction between SPW1 and DW1 give 
rise to DW2 and D0, and migrating tide 
interactions with SPW2 give rise to S0, SW4 
and DE1, DW3. Experimental evidence 
exists for some of these interactions [e.g., 49-
52].  In Mars’ atmosphere, SPW-tide 
interactions have been invoked to explain the 
presence of certain nonmigrating tides in 
GCM simulations [40]. 

     A common feature among numerical 
simulations of PW-tide interactions so far is 
that the secondary waves propagate away 

from their sources as independent 
oscillations. Each secondary wave is affected 
differently by the background wind field 
depending on its zonal wavenumber and 
Doppler-shifted frequency. Therefore, at 
some distance from the source one of the 
sideband waves could be significantly larger 
than the other. Further, the two secondary 
waves do not seem to be excited with equal 
efficiency in these interactions, and the 
underlying reason is unknown.  

6.  Concluding Remarks 

     For Earth and Mars, we have a reasonable 
idea about the thermal tidal components and 
planetary waves that exert their influence on 
the upper atmosphere of these planets, at least 
in a climatological sense. An area of research 
where progress has been lacking is the short-
term (days to weeks) variability of 
atmospheric tides, which is known to be 
significant based on ground-based 
observations.  However, we are practically 
absent any idea about how tides vary globally 
on day-to-day or even weekly time scales. To 
be sure, significant variability likely arises in 
terms of the tidal sources, but also in terms of 
the propagation environment which includes 
global-scale waves. The main purpose of this 
review has been to document evidence for 
PW-tide interactions as a source for such 
variability, and to note the impacts of 
secondary waves resulting from these 
interactions on the upper atmospheres of 
Earth and Mars. The point to be made here is, 
modulation of tides by a PW introduces 
temporal and spatial complexity by virtue of 
the secondary waves, which have different 
periods and zonal wavenumbers than the 
primary waves. Since a given planetary wave 
can modulate several components of the tidal 
spectrum, each with a different period and 
zonal wavenumber, one can easily see how 
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complex the resultant tidal spectrum can 
become.  

At Earth, much of the complexity noted 
above is expected to translate to the 
ionosphere through the electric fields 
generated by dynamo action of the wave 
wind fields enabled by presence of Earth’s 
main magnetic field. However, since such a 
mechanism does not exist at Mars, the 
present review has largely omitted discussion 
of recent observational and modeling efforts 
that focus on the influence of PW-tide 
interactions on the ionospheres of Earth and 
Mars. 

Lastly, this review was not meant to be a 
comprehensive survey of work and 
references relating to wave coupling at Earth 
and Mars. Rather, the reader is pointed to a 
few of the most relevant papers pertinent to 
the point at hand, with a view towards 
balance between the literatures of these two 
planets. Apologies are extended to those 
authors whose excellent works were not 
cited. 
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