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Cheng, Ze (Ph.D., Applied Mathematics)
Qualitative Analysis of Some Nonlinear PDE systems

Thesis directed by Prof. Congming Li

We mainly study an important and interesting class of nonlinear PDE systems, the Hardy-
Littlewood-Sobolev (HLS) type system. In addition, we qualitatively study 3-wave resonance inter-
action (3WRI). HLS system plays crucial roles in geometric analysis, dynamics analysis of vacuum
states, study of nonlinear Schrodinger equations, and many other research areas. 3WRI emerges
from nonlinear optics, plasma physics, water wave etc.

Our goal is to develop some new idea and method to qualitatively analyze those systems.
This involves many types of problems, e.g. existence and non-existence, asymptotic behavior near
singularity or at infinity, stability etc.

Our study shows that nonlinear systems have brought many new challenges to us, where
methods and tools in the past may be limited to some special cases or even not applicable. By

developing new ideas we can provide insight into these problems and solve some of the challenges.
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Chapter 1

Introduction

1.1 HLS type systems

The well known Hardy-Littlewood-Sobolev (HLS) inequality states (see e.g. [68]):

/n/nmdmyﬁc(nas,v)llfllrllgls (1.1)

WhereO<7<n,1<s,r<oo,%+%+"nﬁ:2,f€Lr(R”)andgELS(R”).

9(y)

md% ~v € (0,n), then the HLS in-
R |T —Y

Define an operator T such that Tg(z) := /

equality is sometimes also written as:

I Tg|| ze < C(n,5,7)lglls, or [|ITgllp < Cln,s,7)llgl] 22, (1.2)
Where%<p<oo, and 1 < s <n/y.
The best constant C' = C(n, s,7) is the maximum of:
f(@)g(y)
J = —————dxd 1.3
o= [ [ FEE ey (13)
with constraints || f]|» = ||g|ls = 1. This optimizing problem leads us to Euler-Lagrange equations

on f and g,

e =1 (p) — g(y)
17 e) /IR PR (1.4)

T B (N
29° () /R dy,

n|x— Yy
Yy



where ¢; and ¢y are constants. Let uw = ¢ f7™ 1, v = g1, p = %, q= ﬁ, and c9, we arrive at

the following system of integral equations:

_ vi(y)

(1.5)
P
v(z) = / — (y)_ dy,
re |2 — Y|
with u,0 >0, we LPH, v e L7 0 <p<oo, 0<q <00, o7+ 47 =57
For pq > 1, a solution of (|1.5]) is also a solution of:
(—A)V/Qu =% u >0, in R",
(1.6)

(=A)2p =uP, v >0, in R™.
The fractional Laplacian can be defined in several ways, e.g. via Fourier transform (see [46]). For
0 < p,g < oo, we call and Hardy-Littlewood-Sobolev (HLS) type systems and
short as HLS systems.
The Hardy-Littlewood-Sobolev type systems are related to abundant problems e.g. in geo-
metric analysis, dynamics analysis of vacuum states, study of nonlinear Schrodinger equations. For
n+2

instance, if p = ¢ = 755, and u(z) = v(z),

—Au =2/ =2) 50, in R, (1.7)

is closely related to Yamabe problem. In the elegant paper [23], Gidas, Ni and Nirenberg classified
all the solution to ([1.7)) by method of moving plane (MMP) as radial and decaying, and unique up

to scaling and translation

n—2

u(z) = <vn(n—2))\>2, A>0,

)\2 + |£E — 1‘0‘2

1
=2

with assumption that u(x) = O( ). R. Schoen pointed out that this result is equivalent to a
geometric result due to Obata [48]: A Riemannian metric on S™ which is conformal to the standard

metric and having constant scalar curvature, then up to a constant scalar factor, is the pullback

of the standard metric under a conformal map of S™ to itself. Later, Caffarelli, Gidas and Spruck



[6] removed the growth assumption u(z) = O( mn m=z). Chen and Li [§] simplified their proof with
Kelvin transform and MMP.

Now, consider a more general equation
—Au=uP, u>0, in R", (1.8)

Forl1<p< "+2 , Gidas and Spruck [24] proved that the above equation admits only zero solution.
People are seeking an analogy of this result in system of equation and call it Lane-Emden
conjecture. The conjecture says the “subcritical” (explained below) system admits only zero solu-
tion, and it is still open for spatial dimension n > 5. Such Liouville type results are very useful in

the study of potential singularities and a priori estimates via a blow up argument, cf. [34] [55] 61].

n+2

For p > , it is still open that if the above equation admits non-radial solution (See [18]).

Due to their difference, p = "—‘f% is called critical, 1 < p < "—H subcritical and p >

n+2

supercritical.

Then a more general example of HLS system is,
(A2 = N/ (=) gy 5 0, in R, (1.9)

which is critical in a similar sense. Chen, Li and Ou [I1] showed that equation (1.9) is equivalent

to:
U(y)m
u(x) = —*—dy, u>0inR", 1.10
(=) /R” |z —y|"7 (1.10)

and classified all the solution to take the form

n—vy

u(z) =C (A) N (1.11)

/\2 + ‘IL’ — x0|2

Therefore, in a similar fashion as the scalar case, we categorize the HLS type systems into

three cases: critical case ﬁ + qJ%l = 27 gsubcritical case

—, supercritical

+1+q+1> =2,

case - +1 + 3 1 < =2 Our goal is to study the different properties in each case, where various
analytic methods are applied.
The existence of solution for critical/supercritical HLS system (1.6 is established for

integer v via a shooting method with topological degree theory, cf. [30] [42]. Indeed, the existence



can be obtained for much more general systems via this method. All the study of shooting method
so far [63] [64], [69] requires a positivity condition on source term with which the solution has a nice
monotone decaying property. However, this positivity condition is not necessary for degree shooting
to be applicable. In Chapter 2, we present a theorem of existence of solution to systems that allow
sign-changing source terms. Note that without the the positivity condition, many estimates fail,
and thus we need to develop some new dynamic estimates to overcome these difficulties.

For the subcritical HLS type systems, in particular, v = 2, i.e., the Lane-Emden system, we
study the non-existence of solutions. The so-called Lane-Emden conjecture states that, for v = 2,

the subcritical HLS system (|1.6)), i.e. for 0 < p,q < oo, zﬁ + qjll > "772,

—Au(z) =v¥(z), u>0, in R",
(1.12)
—Av(z) =uP(x), v>0, in R",
has u = 0 and v = 0 as the unique locally bounded solution.

The conjecture naturally generalize to the systems or in the subcritical cases with
an additional condition, pg > 1. Notice that pg > 1 is a necessary condition for this conjecture
to hold in high order HLS type systems. For example if p = ¢ = 1 and v = 4 we have solution
u=uv=e""to for w € R" with |w| = 1.

The conjecture is confirmed in the case of n = 3,4, see [62, 53], 65]. For higher dimension,
only some subregion of subcritical region is confirmed, and the conjecture is still open. In Chapter
3, we present a necessary and sufficient condition to the Lane-Emden conjecture, a condition that
assumes the solution satisfies an energy estimate in certain form. We believe that this result may
point out a possible path to approach the long standing and interesting conjecture, i.e., to prove
the energy estimate mentioned above.

In Chapter 4, we consider discrete HLS inequality. Similar to continuous case, discrete HLS
inequality corresponds to discrete HLS system. In the classic paper [40], Lieb studied the optimizer
and the best constant of HLS inequality and obtained existence of both and symmetry property
of the optimizer. In particular, he gave explicit best constant and optimizer (which is essentially

unique) in the case of p = ¢’ or p = 2 or ¢ = 2 via stereographic projection to recast equations



on S™. Here, we study the best constant and the optimizer of an extended discrete HLS system
(setting v = 0, p = ¢ = 2 in discrete version of ((1.1)) and limiting the inequality on a finite domain),
and we prove the existence and uniqueness of the optimizer, and give a sharp estimate of the best

constant. Moreover, we obtain a symmetry and monotone decaying property of the optimizer.

1.2 Three-wave resonance interaction

Consider the 3-wave resonance interaction (3WRI) system,
07 A1 +c1 - VA = i1 A2 A3,
O; Ay + o - VAy = ipp A A, n 2, (1.13)

0; A3z + c3- VAs = iy3A1 Ao,

with periodic boundary condition, where €2 is a rectangle domain,
Q={z eR"| |zg| <ap,k=1,---,n}

and all A;s are are complex amplitude and periodic on €. ~; = £1, and ¢;’s are real non-zero
constant vectors.
3WRI generates from various background, for example water waves, nonlinear optics and

plasma physics. The system ((5.1) holds when a resonance condition is satisfied,
kit kotks=0, w £wytws=0,

where k;’s are wave vector (or wave number), w;’s are wave frequency and A;’s are complex am-

plitude. kj,w; and A; characterize a linearization of the solution of a nonlinear problem by

u(z,t) = Z Aj(x,t)expi(k; -z — wjt).
J
The derivation of (5.1)) is rather standard in e.g. nonlinear optics and can be found in e.g. Chap.
4 in [I] and [32].
3WRI with positive wave energy corresponds to the case that «;’s do not have the same sign,

which corresponds to

ki =ko+ ks, wi=ws+ ws.



3WRI with negative wave energy corresponds to the case that <;’s have the same sign, which

corresponds to

ki+ko+ks=0, wi +ws+w3=0.

The study of 3WRI has been focused on using inverse scattering transformation to construct
exact solution and thus providing a numerical scheme for solving the system. The 1D-3WRI was
approached by Zakharov and Manakov [71] (and independently by Kaup [29]), and the study
3D3WRI is developed along with the development of IST. We will discuss more detail in Chapter
5. However, IST only solves solution with fast decay at infinity and there is not so much study
about 3WRI with periodic boundary condition; also, there is not much qualitative information
that we can provide with the solution constructed by IST, e.g. can the solution to 3WRI develop
a singularity in finite time? If yes, does all solution blow up in finite time?

In Chapter 5, we first present a regularity theorem that guarantees no singularity can develop
in finite time for SWRI with positive wave energy. Then for 3WRI with negative wave energy we
classify all the blow-up solution for spatial uniform case. Last, we show a class of solution that

blows up in finite time with “overlapping” initial value.



Chapter 2

Existence for critical and supercritical HLS system and more general system

The critical and supercritical HLS systems have been known to admit solution. Whereas the
subcritical HLS systems in some important cases do not admit solution, which we call non-existence
for subcritical HLS systems and will be discussed in next chapter. Here, we consider some general
systems that include critical and supercritical HLS systems as special cases.

The method we use to obtain existence is called shooting method with topological degree
theory, which is introduced independently by Liu-Guo-Zhang [42] and Li [37]. The original shooting
method with degree theory applies to system with strictly positive source term f. By developing a
new dynamic estimate, we have replaced the positivity condition imposed on the f with some mild
conditions that allow sign-changing f.

In section 2.2, we prove the main result, an existence theorem 2.1 In section 2.3, we show the
existence of solution to the some example systems. In fact, we show the nonexistence of solution to
the Dirichlet problems corresponding to those systems. Then according to theorem [2.1] the original
systems admit solution.

This chapter contains the work done in [14].



2.1 Introduction

Inspired by the study of the existence of solution to critical and supercritical HLLS system,

(=A)fu =P in R,

(=AY =u? in R, (2.1)
u,v > 0,
with ﬁ + qJ%l < "_nzk (take integer k& = 3 in HLS system defined in chapter 1), we consider a

more general system,

o r TR
—Au; = fi(u) in R", 2.2)
u; >0 in R™,
where i = 1,2,--- ,L. Denote RY = {u € RF|uy; > 0, fori = 1,---,L}, and throughout this
chapter f = (f1, fo,- -+, fr) is assumed continuous in @ and locally Lipschitz continuous in R{T_.
Notice that can be reduced to .
When k£ = 1, HLS system is also called Lane-Emden system. An interesting phenomena

about Lane-Emden system is that, there exists a dividing curve of parameters (p,q) introduced

independently by Clément-De Figueiredo-Mitidieri [15] and Peletier-Van der Vorst [49] [70], namely,

= + Lo, 2 (2.3)
p+1l qg+1 n’ '

Below this curve, i.e. (p,q) satisfy ﬁ + > "T_Q, people conjecture that the system admits no

1
q+1
solution (this is still open for n > 5, and we will detail this in next chapter). On the other hand,
it is known that on or above this curve the Lane-Emden system admits solutions.

The critical case of Lane-Emden system, i.e., (p,q) on the curve , is known to admit
solution by concentration compactness. In [41] P.L. Lions has systematically developed the concept
of concentration compactness, and people find great application of it in calculus of variations and
nonlinear elliptic PDE, for example, to derive the existence of solution of the Lane-Emden system
in critical case. However, the argument no longer applies for supercritical case, i.e. (p,q) satisfying

ﬁ + qJ%l < =2 (that is above the curve (2.3)). Instead, Serrin and Zou [64] used shooting method

to get the existence of solutions of Lane-Emden system in the supercritical case.



A degree approach to shooting method is introduced by Liu, Guo and Zhang [42] and inde-
pendently by C. Li in [37]. The method can be used to obtain existence of radial positive solution
for a general system , which includes critical and supercritical cases of Lane-Emden systems
(thus we can obtain existence of solution to both cases in a uniform way). The idea of the method
is to relate the existence of solutions in whole (global) space to the non-existence to a correspond-
ing (local) Dirichlet problem. Such idea generates from the earlier work of Berestycki, Lions and
Peletier [4] who considered radial solution to a single equation, i.e. with L = 1. Now, with sys-
tem of equations, the degree theory will play a role in the shooting scheme. For more development
of degree approach to shooting method, see [39] 69].

Besides some non-degeneracy and growth control requirements, the conditions places on f
of system in previous mentioned works by Li [39], Liu-Guo-Zhang [42], Serrin-Zou [64, 63],
Villavert [69] all include that f needs to be positive (i.e. f; is positive for all ¢ = 1,---,L).
Although several important classes of systems such as critical and supercritical cases of and
etc. are covered by those works, there are cases of nonlinear Shrodinger type of systems that f
does not need to be always positive. Here, we consider even more general cases where each f; can
change sign by replacing the condition f being positive by > fi > 0 (see assumption ([2.6))).

Since we are looking for positive radial solution u(z) = u(|z|) of (2.2)), the problem is equiv-

alent to looking for global positive solution to the following ODE system,

7 n—1,

u; (r) + u(r) = — fi(u(r))
u;(0) = 0, u;(0) = a; fori =1,2,---, L.

where ao = (1, a9, -+ , ) is positive (i.e. each a; > 0) initial value for w.

By classical ODE theory, this initial value problem has a unique solution u(r, ) for r in
some maximum interval. Let ro := inf,>o{r € Rlu(r,a) € 9RY} (by ORL we mean the boundary
of Rf;, which sometimes we call “the wall”), so r = r, is where u(r, &) touches the wall for the
first time. There are two cases, case 1: r, = 0o, u never hits wall, then u(r, «) is a radial positive
solution to , and we are done; case 2: 1, < 00, u hits wall in finite time, and we will show

that the existence of solution of (2.2]) will be sufficiently determined by the non-existence



10

of radial solution to its corresponding Dirichlet problem ({2.5) in the below,

—Au; = fi(u) in Bg,
u; >0 in Bp, (2.5)
u; =0 on JBg,
where Br := Bgr(0) forany R >0and ¢ =1,2,---, L.

For the part of obtaining local non-existence, we follow Mitidieri’s work in [44] by implement-
ing Rellich-Pohozaev (see Pohozaev [53] and Rellich [60]) type of identities, and for completeness
we will give proof for some examples in section 3. See also the pioneering work of Pohozaev [54]
and Pucci and Serrin [56] about Pohozaev type of identities for general variational problem.

Here is our main result,

Theorem 2.1. Given the nonexistence of radial solution to system (2.5) for all R > 0, the
system ([2.2) admits a radially symmetric solution of class C>*(R") with 0 < a < 1, if f =

(fi(w), f2(u),---, fo(u)) : RE — R satisfies the following assumptions:

(1) f is continuous in @ and locally Lipschitz continuous in RY , and furthermore,

L
> filu) > 0 in RE; (2.6)
i=1
(2) If « € ORY and o # 0, i.e., for some permutation (i1, -+ ,ir), a;y = -+ = «a;,, = 0,
Qipirs 05, > 0 where m is an integer in (0, L), then 309 = do(a)) > 0 such that for
ﬂERi and |f — a| < dy,
L m
ST 5B <@y fi(8), (2.7)
Jj=m+1 Jj=1

where C' is a non-negative constant that depends only on a.

Remark 2.2. (a) Notice that under assumption (2.6), the components of f is allowed to be
sign-changing. It is known that if f;’s stay positive, there are many nice properties that we

can use to obtain existence results. For example, Serrin and Zou’s paper on Lane-Emden
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system [64] and on Hamiltonian type [63] and some recent work done by Li and Villavert
137,139, [69] and Liu, Guo and Zhang’s work in [{2], all these works require f to be positive.
If f; changes sign, good properties are lost, which leads to estimates failing. Our work here
1s to derive dynamic estimate and under assumptions above, such that the
degree theory approach to shooting method is applicable to show existence of solution with

sign-changing f.

(b) Assumption (2.7) guarantees the continuity of target map (see definition near “the
wall”. As we shall see in next section, the continuity of the target map plays a crucial role

i obtaining existence of solution and the most analysis lies in proving such continuity.

2.2 Proof of main result

In this section, we will first define a target map and prove its continuity. Then we apply

degree theory to prove theorem

2.2.1 Target map

For any real number a > 0, let ¥, = {a € @| Zle a; = a}, and B, = {o € ORY| 25:1 a; <
a}. Recall that for positive a (i.e. every a; > 0) we define r = inf,>0{r € Rlu(r,a) € ORY}. As
mentioned before, we can assume r, < oo since if r, = 0o we get a solution to (2.2)). Then we

define a target map on a initial data of (2.4) as following,

Definition 2.3. Let u(r,a) be a solution to (2.4) with initial value o € X, we define a map

Y, — 8Ri, such that

w(ra, o) aeRE,
pay = | ) e (238)

L
o a € ORY.

Here we sketch shooting method with topological degree theory as follows. Fix any real
number a > 0, and assume that for any initial value o € ¥, no global positive solution to ([2.4)

exists (i.e. 74 < 00), so we can define a target map. Hence, step 1, we show that, under some
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suitable assumptions on f, the target map v is continuous from ¥, to B,; step 2, by degree theory
we show that 1 is onto, therefore Jag € X, such that (ap) = u(ra,, @0) = 0; step 3, note that
by assumption rq, < 0o, u(r, ag) for r € [0,74,] is a solution to the Dirichlet problem with
R = rq,, which makes a contradiction if we assume that system ({2.5) admits no radial solution for
any R > 0.

In what follows, we assume admits no global positive solution, i.e. 7, < co. We first
show that under our assumptions and on f, the behavior of u is controlled in a good

way such that 1 is continuous.

Lemma 2.4. For any real number a > 0, let

L
Yo ={aeRl ]Zaz—a} and B, = {a € ORY ]Zal<a}
=1

The target map ¢ defined in definition is a continuous map from X, to B, if f satisfies as-
sumptions (2.6]) and (2.7)).

Proof. To see that ¢ maps ¥, to B,, we need to notice that by assumption (2.6) XX, f; > 0,

so we solve from the ODE system ([2.4) and get

Shau(ro) = Stoi =2k [ [ O ur)aras

L
< Zi:lai;

for r € [0,74]. Therefore, ¥(a) € B,.
Next, we will show that ¢ is continuous on ¥,. Fix any @ € ¥, then @ lies on the boundary
of RE or in RY (@ # 0 since a > 0), and we will prove for these two cases.
Case 1. @ € ORE.
Suppose @;, = -+ = a;,, =0, and @;,, ., - ,@;; > 0, for some integer m that 0 <m < L.
By the second assumption , 309 > 0, such that for a € Ri satisfying |a — @] < dp we

have

L

Y Ifi@)<C@ Zf“ (2.9)

j=m+1
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Notice that we can choose C' = C(@) > 1 in (2.9). First, we claim that > 1<j<m fi;(@) = 0. Indeed,
if C' =0, the term on the left of the inequality must be zero, and due to the first assumption
(2-6), di<jem fij(@) = 0. If C' >0, then >y ., fi;(@) > 0 obviously. Since >3, fi;(@) >0
we choose C' > 1.

For this dg and C, we claim that:

Fix any § < 2(3_170]4)0, and for a € ¥, such that |a —a| < J, then for r € [0,7,]

lu(r,a) — @] < 2(3+ L)Co < dp. (2.10)

As we will see in the following proof, (2.10) is a dynamic estimate, in the sense that if

lu(r, ) — @| < dg with r € [0,a1) C [0,r,] for some a; > 0, then by (2.7) we have

L
Yoolfura) <C@ Y filu (2.11)
j=m+1 1<j<m

and this control enables us to push the range of r in |u(r, o) — a| < dg further than a; and up to
T
Suppose the claim not true, then there exists ap € RY satisfying |ap—a| < 6 and a1 € (0,74,)

such that the equality of (2.10)) holds at r = ay for the first time, i.e.

23+ L)CY, ifr<ay,
lu(r, ap) — @l (2.12)

=234+ L)C¢, ifr=a;.

For r € (0,a1) we have,

lu(r, ap) — @| < |u(r,ap) — ap| + |ag — @ (2.13)
m L
Z ulj T, a() a()ij\ + Z |uij(r, ao) — aOij\ + ‘ao — Q. (2.14)
j=1 j=m+1
So, to estimate the second term of (2.14), we solve from (2.4)) and get
L

S Juy(ra0) —agyl = 3 | / Gt tutryars

j=m+1 j=m+1
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Notice that since C > 1, 2(3 + L)Cd < &y, therefore assumption ([2.7)) can be applied on u(r, ap)
for r € (0,a1),

Z ui, (r, ) — ag;| < Z //r ) (u(r)) |drds

Jj=m+1 Jj=m+1

<C// “Zf% ))drds

= CZ iy — i (1, @0)),

j=1
The first term of (2.14]) can be estimated by

m m m
Ui Ty Op) — Q| = QQ;; uz r, CVO aOz — U, T Qo
|ui, (r, ) | (cv0i; — wi Nt + Ui )~
j=1 j=1 J=1
m

Z Q0i; — u’] T a0)>+

To see the inequality above, one needs to notice that due to (2.7)), Z;nﬂ fi;(u) > 0,0 Z;n:l ug,; (1, o)

is monotone decreasing on [0,7,,]. So,

m m

m
Z(a% ug,; (1, o)) Z (avoi; — ui; (ryo0)) " — Z(oz()ij —ug; (r,0))” 2 0.
j=1

J=1

The last term of (2.14]) is bounded by §, and notice that w;(r,a0) > 0, ¢ = 1,---, L for

J=1

€ (0,7q,), SO we get

lu(r, o) — @l < 22(04013 — uj,; (r,a0))t + CZ(OZOij —u;, (r,0)) + 0

Jj=1 Jj=1

<(240)) ao; +6

=1

<(2+4+C)Llag —a| +

< (3+C)L,

where C is the same C' in (2.7). Then we get a contradiction with (2.12) by taking r = a1 in the
above. Hence the claim is proved.
Notice that the claim and estimate (2.10]) implies the continuity of ¢ at @, therefore, we have

proved case 1.
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Case 2. w € Rfﬁ.

As above we assume rz < 0o, and obviously rgz > 0. Let’s assume at r = rg, for some
integer m that 0 < m < L (m > 0 because ¢(@) = u(rg,@) € ORL, i.e. u touches the wall at
T = rg), SO suppose u;, (ra, @) = -+ = U5, (ra, @) = 0, and u;,,, (ra, @), -, ui, (ra, @) > 0. Let
w(r) = >0, u; (@), and we claim that @'(rg) < 0.

By the continuity of u(r, @) with respect to r, 30; > 0 such that for r € (rg — d1,74],
lu(r,@) — (a)| < do. (2.15)

If m < L, the assumption (2.7)) is taking effect, and therefore Z;nzl fi; > 0 for r € (rg — d1,7al;
if m = L then by the assumption (2.6, we also have Z;"zl fi; > 0 for r € (rqg — 01,75). So, in

(Ta — o1, 7“5]

— (T ) =) fiy >0 (2.16)
j=1

Also, since w(r) > 0 for r < rz and wW(rg) = 0, there must exist g € (rg — d1,7x), such that

w'(ro) < 0. So, for r € [rg, 7],

r

&) = (0 @) - [(E Y Gulr)ar <o (217)
0 j=1

This proves the claim @'(rz) < 0. Then there exists Iy € {1,---,m} such that uglo (ra,@) < 0.
Therefore, combining with the fact Uiy, (rag,a) = 0, we see Ujy, Crosses the wall with a non-zero
slope, i.e. there is a transversality at r = rg, and by classical ODE stability theory (the continuous

dependence on initial value) 1 is continuous at @. [

2.2.2 Application of degree theory

Now, we recall some results in degree theory (in particular, the treatment modified by P.Lax,
cf. [47]). Consider C*° oriented manifolds X¢,Y of dimension n (all manifolds are assumed to
be paracompact) and an open subset X C Xy with compact closure. For convenience, write

dy' A -+ Ady™ = dy. Then for a C' map ¢ : X — Y, the degree is defined as following:



16

Definition 2.5. Let p = f(y)dy be a C*° n-form with support contained in a coordinate patch €

of yo and lying in Y \ {¢p(0X)} such that fY w=1; set

deg(p, X, yp) = /Xu o ¢. (2.18)
Here are some properties of degree which we will refer to in our proof,
Proposition 2.6. For y; close to yo, deg(¢, X,y0) = deg(d, X, y1).

It follows that the degree of a mapping is constant on any connected component C' of Y \

{#(0X)}, and we can write degree as deg(¢, X, C).
Proposition 2.7. If yo ¢ ¢(X), then deg(¢, X,yo) = 0.

As a result, if deg(¢, X,40) # 0, then yo € ¢(X).

An important property of degree is that, the notion can be extended to maps ¢ which are
merely continuous, since we can approximate such ¢ by C! maps ¢, (see Property 1.5.3 in [47]).
Also, degree is homotopy invariant (see Proposition 1.4.3 in [47]), which enables us to define degree
for continuous map 7 : 90X — R™\ yp (see Property 1.5.4 in [47]). It leads to the following theorem

(see Property 1.5.5 in [47]),
Theorem 2.8. deg(n, X,yo) depends only on the homotopy class of n: 0X — Y =R"™.

The above theorem is also true if we change R" to a hyperplane 7" = {a € R"|X" ;o; = a},

ie.,
Theorem 2.9. deg(n, X,yo) depends only on the homotopy class of n: 0X —Y =T".

Now we are prepared to prove the existence of solution to ([2.2)).

Proof of theorem For any fixed real number a > 0, assume that (2.4)) admits no global

positive solution with any initial value a € ¥, so ro < 00, and then we can define a target map

by .
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Recall that ¥, = {a € @\ 25:1 a; = a} and B, = {a € 8Ri| Zizl,_“,L a; < a}, and by

lemma 1) is a continuous maps from ¥, — B,.

Let m(a) = a++(a— Z a;)(1,---,1): By — ¥, then 7 is continuous with a continuous
=1, L
inverse 7 !(a) = a — ( r{linLai)(l, 1)1 8, — B,
=1,

The map: ¢ = mot : ¥, — ¥, is continuous and ¢(a) = a on 9%,. Then let n = id
(the identity map) and for n = L — 1, X = ¥, \ 0%,, Y = T™ and then by theorem we have
deg(¢, X, ) = deg(n, X, o) = 1 for any o € X. By property [2.7] ¢ is onto, which implies that v is
also onto. this shows that there exists an ag € 3, such that ¥ (ag) = 0.

Since we assume that system admits no solution, rq, corresponding to this ag cannot

be finite, a contradiction. This completes the proof of Theorem O

2.3 Examples

One of the simplest systems is that f = 0 in , then u = C' for some constant vector C'
is a solution. Let us point out that since f is not positive, this trivial system is not included in
results of Li and Villavert [37, B9, [69], but it is included in our cases. In this section, we will show
the existence of solution to some non-trivial systems. In the view of theorem [2.1] we only need to
show their corresponding Dirichlet problems admit no radial solution, and verify its source term
satisfy our assumptions in theorem

The main tool of showing non-existence of solution (hence no radial solution) to Dirichlet
problem is Rellich-Pohozaev type of identities. Mitidieri did the pioneering work in [44], and here we
present a brief proof for completeness (see also Quittner-Souplet [58]). Here the Rellich-Pohozaev

identities we need are the following,
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Lemma 2.10. For the following system,

—Au = f(u,v) in B,

—Av = g(u,v) in B,

in R", (2.19)
u,v >0 in B,
u,v =0 on 0B,
we have
(i) for 8 € [0,1],
/ Vu - Vudr = —/ OvAu + (1 — O)ulAvdz, (2.20)
B B
(it)
Ou v
Au(z - Vv) + Av(z - Vu) — (n — 2)Vu - Vudz = (x-v)(z—%—)do >0, (2.21)
B OB ov Ov
where v is the outward normal,
(iii)
Au(z-Vu)dr = | ——|Vu|*dx + = x - v|Vu|*do > 0. (2.22)
B B 2 2 Jon

Proof. Suppose there exists a positive solution (u,v) to (2.19).

(i) Since

—/ vAudx:/ Vu‘Vfud:c:—/ uAvdzx,
B B B

for 6 € [0,1] we have

/ Vu - Vudr = —/ fvAu + (1 — O)uAvdz.
B B
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(i)

/ Au(z - Vv) + Av(z - Vu)dz
B

B ou ov 9.0,92 902
= s a(x -Vo) + a(x -Vu)do /B(2Vu - Vv + 2;0;u0;;v + x;0;v0;;u)dx
= au(mVu)—i—&)(x-Vu)da—/(2Vu-Vv+x-V(Vu-Vv))da;
OB ov ov B
ou ov
= —(x-Vv) + —(x - Vu)do — / 2Vu - Vodzx — / x-v(Vu-Vo))do + n/ Vu - Vudz.
oB OV ov B dB B

Notice the fact that z = |z|v, and Vu = %1/ and Vv = g—:ju due to u,v = 0 on 9B, and after

rearrangement we have the identity (2.21]). Also, g—z < 0 and % < 0 on 9B, so we have RHS of
£21) > o.

(iii) If we let w = v, then (ii) gives

-2 1
/ Au(x - Vu)dr = / n |Vul|?dz + / x - v|Vul’de > 0.
B B 2 2 Jop

2.3.1 Sign-changing source terms

First we give a simple example that can be easily generated to some non-trivial sign-changing

source terms systems. Consider the following system,

—Au =P —uP,
“Av =, in R, (2.23)
u,v > 0,

and its corresponding Dirichlet problem,

(

—Auy=vP —uP in B,
—Av =uP in B,
(2.24)
u,v >0 in B,
u,v =10 on 0B,

where B = Br(0) C R” for any R > 0. We have
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Theorem 2.11. Ifp > Z“'%, then (2.23|) admits radial positive solution.
Again the proof relies on the non-existence of solution to (2.24]).
Lemma 2.12. Ifp > Tg, then system (2.24) admits no solution for any R > 0.

Proof. By Lemma we merge the source terms into (2.21) (we replace —u? in the first

source term by Awv, i.e. —Au =P + Av and —Av = uP), and by ([2.20) we have

LHS of = / —(vP 4+ Av)(z - Vv) —uP(x - Vu) — (n — 2)Vu - Vodx
B

:/B—a: v (”p“ + “pH) — Av(z - Vo) + (n — 2) (BuAu+ (1 — O)ulo) dz

p+1 p+1
_ / B v/ (UP'H N wPt1 > B Av(x VU) " (n _ 2) (_G(UP—H + UAU) . (1 i 0)up+1) dx
s p+1 p+1

_ /B { (pj_l —(n— 2)9) WPy <pj—1 —(n—2)(1 - 9)) UPH} dz

— / Av(z - Vv) + (n — 2)0vAvdz
B
So, by , becomes

/B {(pil —(n— 2)6) WP <pZ1 —(n—-2)(1— 9)> up“} dz

Ou Qv
= [ Aot Vo) 4 0 - 2peed + [ @) (G o

n 1 2 2 / Ou Ov
= —_ . — _2 .
/B 2/3333 V| Vuldo /Be(n IVolde+ | (@)oo
—2 1
:/(1—29)n|Vv|2dm+/ x-u|Vu|2da+/ (x- u)(auav)d
B 2 2 Jon OB v v

Take 6 = %, and we have

n n—2 1 Ou Ov
e — p+1 p+1 _ = . 2 ) >
/B (p+1 5 ) (P + wPT) da 5 /833: v|Vul da—i—/aB(x V)(ay 8V)da 0. (2.25)

So, by assumption p > Z—fg the LHS of the above identity < 0, a contradiction.

O

Proof of Theorem [2.11] Directly we see that (2.23)) satisfies our first main assumption (2.6).
To see (2.7) is satisfied, just notice that if u = 0 then [fo] = 0 < f; = vP, and if v = 0 then

|f1] = uP < fa. Then for a neighborhood of such (u,v) (i.e. wv = 0), (2.7]) holds.
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So, combined with Lemma Theorem follows from Theorem

O

Remark 2.13. We thank the referees for pointing out that, actually system (2.23) can be solved
as follows. Suppose —Aw = wP, let u = A\w and v = vw, then we can find suitable \,v such that
(u,v) is a solution.

However, consider a similar system,

—Au =vP + 07 —uP,
CAv =P, in R, (2.26)
u,v >0,
where p # q and p,q > Z—fg This system cannot be solved trivially as above, but we can show
the existence of solution to it by Theorem [2.1. We only need to show the nonexistence of solution
to corresponding Dirichlet problem (to show source terms satisfying assumptions and

s stmilar to the proof in Theorem . By Lemma we merge —Au = vP +v? + Av and

—Av = uP into (2.21)), and take 0 = % then we have an identity similar to (2.25)),

—2 1 1 —2 1
I (3t = 132) (0t ) (Gl = g2 ot

= %faBaf V|VulPdo + [yp(x - I/)(%%)da > 0.

(2.27)

Then for p,q > X2 and p # q, the above equation cannot hold and therefore the nonezistence of

n—2

solution to the Dirichlet problem follows.

2.3.2 Conservative source terms

In this section, we consider a system that f has a potential function F', i.e. f = VI, and
F(0)=0.

Type I. Consider the following system,s

—Au; = 98
f%u R, (2.28)

u; > 0,
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where ¢ = 1,..., L. The corresponding Dirichlet problem is

—Au; = g—i_ in B,
u; >0 in B, (2.29)
u; =0 on 0B,

where i = 1,..., L, and B = Bg(0) C R” for any R > 0.

In [56], Pucci and Serrin have showed that for a general variational problem,

/ F(z,u, Du)dx = 0,
Q

there exists Pohozaev type of identity that can give a sufficient condition on the nonexistence of
solution to Dirichlet problem on a bounded star-shaped domain. In this case, the system ([2.28))

corresponds to a vector-valued extremal of the variational problem with

L
1 |2
k=1
where p¥ = Duy. So, theorem 6 in Pucci-Serrin [56] leads to the following result.

Lemma 2.14. Foru € Rﬁ, F is a C! function of u and satisfies F(0) =0 and

n—2 ,0F
ui_
2 Ouk

nF(u) >0, foru#0, (2.30)
then system (2.29) admits no nontrivial solution.

Proof. Suppose there exists a solution v = (ug,- -+ ,ur) to system (2.29). By Lemma

fori=1,---,L,

—2 1
/Aui(x-Vui)daz—/ n |Vui|2dx:/ z - v|Vu;[2de > 0.
B B 2 2 Jon

Sum the LHS of the above identities up and get

F -2
0< / — 0 (x - Vu;) + LuiAuidx
g O 2

U

n—2 OF
— —r-VF i
/ x - VF(u(x)) 5 U » dx

-2 F
:/ nk — i uia—daz,
B 2 8ul
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which contradicts to (2.30)). O

Therefore, it follows from Theorem and Lemma that

Theorem 2.15. For system (2.28)), if f satisfies the assumptions (2.6) and , and additionally
if f =VUF, where F(0) =0, and F satisfies (2.30) for u # 0, then system (2.28)) admits a radially
symmetric solution of class C?(R™).

Here is an example system of Type I (2.28): Let the potential function be

n+ 2

F(u,v) = —(u — v)? + vPu + uv, with p, ¢ > ot (2.31)
n —
and then
~Au=F, = —2(u—v) +vP + qui~tv,
~Av=F,=2(u—v)+pP lu4ud, In R™. (2.32)

u,v > 0,
We can verify that F' satisfies the condition of Theorem m F(0,0) =0, and F,, + F, > 0 ((2.6)
is satisfied). Let u = 0 then F,, = 2v 4+ vP > |F,| = 2v, similarly if v = 0, then F, = 2u + u >
|Fy| = 2u, so we can see that is satisfied in a neighborhood. Last, direct computation shows

that

-2 -2
n2 (uFu—i-vFv)—nF:n

(—=2(u —v)? + (p+ Duv? + (g + Dulv) — n(—(u — v)* + vPu + ulv)

> 2(u—v)? + (nT—Q(p +1) — n)uv? + (nT_2(q +1) — n)vu?

> 0, for (u,v) # (0,0),

so (2.30) is satisfied. Also, notice that F, and F, are sign-changing functions, for example, let
v =0, then F, < 0 and let ©u = 0 then F, > 0.
Type II. In the following example, we give another class of systems with potential type of

source terms.
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Consider the following system, in R",

—AU = fl - %757
—Av=f, =9 (2.33)
u,v > 0,

and corresponding Dirichlet problem

—Au = %—f, in B

—Av = %—5, in B
(2.34)

u,v > 0, in B

u,v =0, ondB

\

where B = Br(0) C R™ for any R > 0. Similarly we have the following local-nonexistence lemma

obtained by Mitidieri in [44],
Lemma 2.16. Let F be a C' function of u,v and satisfies F(0) = 0. In addition, if for (u,v) #

(0,0), there exists 0 € [0,1] such that

v

oF oF
n=2)({0u—+ (1—-0)v— | —nF(u,v) >0, (2.35)
ou 0
then system (2.34) admits no nontrivial solution.
Then it follows from Theorem 2.1l and Lemma [2.16] that

Theorem 2.17. For system (2.33)), if fi = F, and fo = F, satisfies the assumptions (2.6) and

(2.7), and additionally if F(0) = 0, and F satisfies (2.35)) for (u,v) # (0,0), then system (12.33))

admits a radially symmetric solution of class C*(R™).

Proof of Lemma Suppose there exists a solution (u,v). By Lemma we merge
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the source terms to and get,
0< /BAu(x V) + Av(z - V) — (n— 2)Vu - Vode
_ /B _Fy(z- Vo) — Fu(z - V) + (n — 2)(0vAu + (1 — O)ulv)dz
- /B 2 VF — (n—2)(00F, + (1 — 0)uF,)da
_ /BnF (0~ 2)(6vF, + (1 — O)uF,)dx,

which contradicts to (2.35). O

Here is an example system of Type II (2.33)): Let the potential function be

u—v|t Tt ettt gptl n+2
,with p,q, 7 > ——, 2.36
r+1 +q—i—1+p+1W1 POT = ( )

F(u,v) = |

and
—Au=F, = —|u—v|""Y(u—v)+P,
—Av=F, = |u—v"Yu—v)+u?, nR" (2.37)
u,v >0,
We verify that F satisfies conditions in Theorem[2.17} F(0) = 0, and F,,+F, > 0 ((2.6)) is satisfied).
Let w = 0 then F,, = v" + P > |F,| = v", similarly if v = 0, then F,, = u" +u?P > |F,| = u", so

we can see that ([2.7)) is satisfied in a neighborhood. Last, direct computation shows that by taking

_ 1
0=3,
TL—2( P F) P n_2(| ’T+1+ q+1+ p+1) (’U—'U‘r_‘—l uq+1+vp+1)
U v —nb = uU—v U v -n
2 “ ! 2 r+1 g+1 p+1
-2 -2 -2
= (= = Dl = (S = T (P -
2 r—+1 2 g+1 2 p+1

> 0, for (u,v) # (0,0),

so ([2.35) is satisfied. Also, notice that F, and F, are sign-changing functions, for example, let

v =0, then F, <0 for u # 0, and let v = 0 then F}, > 0 for v # 0.



Chapter 3

Non-existence for a subcritical HLS system: Lane-Emden conjecture

In this chapter, we consider a special case, v = 2, of subcritical HLS system, i.e. the Lane-
Emden system . The so-called Lane-Emden conjecture states that the Lane-Emden system
admits only zero as non-negative solution. Should the conjecture be true, it has great application
in singular analysis and a priori estimates for a large class of nonlinear systems.

The full conjecture is still open. Here we present a necessary and sufficient condition to
the Lane-Emden conjecture. This condition is an energy type of integral estimate on solutions
to subcritical Lane-Emden system. To approach the long standing and interesting conjecture, we
believe that one plausible path is to refocus on establishing this energy type estimate.

This chapter contains the work in [12].

3.1 Introduction

Consider the subcritical Lane-Emden system,

—Au = 0P,
in R, (3.1)
—Av =ul,
where u,v > 0, and
1 1 -2
+ >T=2 (3.2)
p+1 qg+1 n
For critical and supercritical cases, ﬁ + qJ%l < "7_2, see chapter 2. People guess that the following

statement holds and call it the Lane-Emden conjecture:
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Conjecture. u = v = 0 is the unique nonnegative solution for system (3.1)).

In [43],[45] Mitidieri has proved the nonexistence for radial solution in subcritical case, which
settles the radial case. The full Lane-Emden conjecture is still open and only partial results are
known. Many researchers have made contribution in pushing the progress forward, and we shall
briefly present some important recent developments of the Lane-Emden conjecture.

Denote the scaling exponents of system (3.1]) by

2 1 2 1
a = 7(29—1— ), B:7(q+ ), for pg > 1. (3.3)
pqg—1 pq—1

Then subcritical condition (3.2)) is equivalent to
a+B>n—-2, forpg>1. (3.4)
For p, g in the following region

pqg <1, or pg >1 and max{a,} >n—2, (3.5)

(3.1) admits no positive entire supersolution, cf. Serrin and Zou [62]. This implies the conjecture

for n = 1,2. Also, the conjecture is true for

n—2 n—2
2 7 2

min{a, 3} > ”T_Q with (a, 8) # ( ) (3.6)

cf. Busca and Mandsevich [5]. Note that covers the case that both (p,q) are subcritical, i.e.
max{p, q} < Z—‘fg, with (p,q) # (Z—‘fg, Z—f%), which is treated earlier, cf. de Figueiredo and Felmer
[19] and Reichel and Zou [59]. Also, Mitidieri [45] has proved that the system admits no radial
positive solution. Chen and Li [10] have proved that any solution with finite energy must be radial,
therefore combined with Mitidieri [45], no finite-energy non-trivial solution exists.

For n = 3, the conjecture is solved by two papers. First, Serrin and Zou [62] proved that there
is no positive solution with polynomial growth at infinity. Then Poldcik, Quittner and Souplet [55]

removed the growth condition. In fact, they proved that no bounded positive solution implies no

positive solution. To sum up, the result of Polac¢ik et al. has two important consequences: one is
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that combining with Serrin and Zou’s result, one can prove the conjecture for n = 3; the other is
that proving the Lane-Emden conjecture is equivalent to proving nonexistence of bounded positive
solution. Thus, we always assume that (u,v) are bounded in this chapter.

For n = 4, the conjecture is recently solved by Souplet [65]. In [62], Serrin and Zou used
the integral estimates to derive the nonexistence results. Souplet further developed the approach
of integral estimates and solved the conjecture for n = 4 along with the case n = 3. In higher
dimensions, this approach provides a new subregion where the conjecture holds, but the problem

of full range in high dimensional space still seems stubborn. Souplet has proved that if
max{a, f} >n — 3, (3.7)

then with (p, q) satisfying has no positive solution. Notice that covers only
when n < 4, and when n > 5 covers a subregion of .

The approach developed by Souplet in [65] is also effective on non-existence of positive solution
to Hardy-Hénon type equations and systems (cf. [20, 211 [51), [52]):

—Au = |z|%P,
in R".

—Av = |z|Puf,
This approach can also be applied to more general elliptic systems, for further details, we refer
to [66] and [57]. Moreover, a natural extension and application of this tool is the high order
Lane-Emden system which was done by Arthur, Yan and Zhao [3].

In this chapter, we point out that the key to the Lane-Emden conjecture is obtaining a
certain type of energy estimate. This estimate is in fact a necessary and sufficient condition to the
conjecture. Connecting the estimate and the conjecture is a laborious work and needs to combine
many types of estimates. We believe that with the result here people can refocus on proving the

crucial estimate and thus solve the conjecture.

Theorem 3.1. Let n > 3 and (u,v) be a non-negative bounded solution to (3.1). Assume there
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exists an s > 0 satisfying n — sB8 < 1 such that

/ v® < CR"P, (3.8)
Br

1

then u,v = 0 provided 0 < p,q < +00 and )

1 2
+m>1—ﬁ.

Remark 3.2. (a) Energy estimate (3.8) is a necessary condition to the Lane-Emden conjec-

ture. One just needs to notice that when u,v =0, (3.8) is obviously satisfied. The key to

the proof of Theorem is to show (3.8)) is sufficient.

(b) If p > q, the assumption on v is weaker than the corresponding assumption on u due to a

comparison principle between w and v (i.e. Lemma @

In other words, if p > q, and we assume for some r > 0, such thatn —ra <1,
/ < CRVT, (3.9)
Br

Then (3.9) implies ([3.8) by Lemma[3.8.
(¢) By taking s = p Theorem recovers the result in [6]].

(d) A technical issue is that the standard W*P-estimate used in [65] is not enough to establish
Theorem (see the footnote of Proposition . To overcome this difficulty, a mized

type WP -estimate is introduced in Lemma[3.3,

Remark 3.3. (a) It is worthy to point out an interesting role that the coefficient “1”7 of the

nonlinear source term plays in the Lane-Emden system. Consider the following system

—Au = ¢y (x)vP,
in R, (3.10)

—Av = co(x)ud,

where 0 < a < c¢1(x),c2(z) < b < 00 and x - Vei(z),x - Vea(z) > 0 for some positive

constants a,b > 0. We can also have the following Rellich-PohoZaev type identity for some
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constants dy,ds such that dy +do =n — 2,

ney z-Vei(x) 1 nea x - Vea(x) 1
—dicg + —— WP 4 (—= —dyey + ——=)uttd
/BR(pH e e T I
+1 +1
:Rn/ Cl(R>Up (R) CQ(R)UQ (R)da (3.11)
Sn—1

p+1 q+1

+ R ! / div'u + dou'vdo + R" / (v'v' — R™*Vgu - Vgv)do.
Sn—1 S

n—1

By the constrains on ci(x), co(x), we can have the left terms (LT) in (3.11)) as
LT > 50/ P uTdx,  for some 5 > 0. (3.12)
Br

The argument in [65] is also valid for this case, and we still can prove nonexistence for

n <4 and for max(«a, ) >n—3,n > 5.

On the other hand, for c¢i(x),ca(x) such that x-Vei(x),x-Vea(x) < 0, there exist non-zero

solutions of (3.10)) in some subcritical cases (see Lei and Li [35] for detail).

(b) Theorem [3.1] is still true if we consider (3.10) with 0 < a < ¢1(z),c2(z) < b < oo and
x-Vey(z),z - Vea(x) > 0. And the proof is very similar to the case ¢; = co = 1. So here,

we only prove for ¢ = co = 1.

The complete solution of the Lane-Emden conjecture may be a longstanding work. Hence,
it will be interesting to consider the Lane-Emden conjecture under some conditions weaker than
(3-8)-

Open problem 1. Can we prove the Lane-Emden conjecture under the following pointwise asymp-
totic:

lv(z)| < Clz|™7, for some 0 <~y <p.

Open problem 2. Can we prove the Lane-Emden conjecture under the following integral asymp-
totic:

/US§CR6, for some s>0, 0<d<l1.
Br

Clearly, if problem 2 is solved, problem 1 directly follows by choosing sufficiently large s.
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In Section 3.2, we provide a few preliminary results. Some simplified proofs are given for the
completeness and convenience of readers. One of the difficulty in the proof of Theorem was to
control the embedding index, and we derived a varied form of W?2P-estimate (see Lemma to
solve this problem. In Section 3.3, we give the proof of Theorem Our proof by classifying the
argument into two cases hopefully can deliver the idea and the structure of the proof to readers in

a clearer way.

3.2 Preliminaries

Throughout this chapter, the standard Sobolev embedding on S*~! is frequently used. Here
we make some conventions about the notations. Let D denote the gradient with respect to standard
metric on manifold. Let n > 2, j > 1 be integers and 1 < z; < A < 400, 29 # (n —1)/j. For

u = u(f) € Wi (S*1), we have

lullzes sy < € (1DJull s gy + Il nny) (3.13)
where
=11 ifn<(n-1)/j
29 = 00, if z1 > (n—1)/j4,
and C' = C(j,z1,n) > 0. Although C' may be different from line to line, we always denote the

universal constant by C. For simplicity, in what follows, for a function f(r,#), we define

1f1lp(r) = [1f (ry M e sn-1y, (3.14)

if no risk of confusion arises. Also let s, p, ¢ be defined as in Theorem and

1 1
l=s/p, l{::]i, m:&.
p q

By Remark (b) and Lemma throughout the chapter, we always assume p > ¢q. At last, we

set

F(R) = / uldz.
Br
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3.2.1 Basic Inequalities

Let us start with a basic yet important fact. Considering L!-norm on Byr, we can write

2R
Wy = [ 00 i,

then by a standard measurement argument (cf. [62], [65]) one can prove that:

Lemma 3.4. Let f; € LY (R"), andi = 1,...,N, then for any R > 0, there exists R € [R,2R]

loc

such that
||fz‘||Lpi(Sn71)(R) < (N + 1)R_‘Ti||fi||Lpi(B2R), for eachi=1,...,N.

The following lemma is a varied W?P-estimate which seems not to appear in any literature,

so we give a simple proof.

Lemma 3.5. Let 1 < < +o00 and R > 0. For u € W?7(Bag), we have
102l 8 < © (1Al 2By + Bl 11(50m))
where C' = C(v,n) > 0.

Proof. First we deal with functions in C?(Bg) N CY(By). By standard elliptic W?P-estimate,

we have
1Dl (5, < C(IIAUHm(B%) + ||u||L7(B%))- (3.15)

By Lemma 3R € [%,2] such that on Bp, u can be written as v = w; + wo, where

respectively w; and wy are solutions to
Aw; = Au, in By,
wy = 0, on OB,
and
Aws =0, in By,

Wy = U, on 0B,
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and additionally,

/a udo < Cllul|p1(,)- (3.16)

R

By standard W?P-estimate with homogeneous boundary condition, we have

||w1||m(3%) < ||w1||W2w(B%) < CllAws|[Lv(s,)-

Since wy can be solved explicitly by Poisson formula on By, we see that by (3.16) for any x € Bs C
2

Bp, wa(z) can be bounded pointwisely by

wa(a)| < C / ] < Cllullza sy
0B,
So,

HwQHL“/(B%) < Cllullpr(y)-

Hence,

HUHL"Y(B%) < leHLV(B%) + ||w2||Lv(B%)

< C(|Aullprvsg) + llullLr(s,))-
Therefore, becomes
ID*ull 1781y < CUIAU 1 (By) + lullLi(By))-
Then the lemma follows from a dilation and approximation argument. [

Lemma 3.6 (Interpolation inequality on Bg). Let 1 < v < 400 and R > 0. For u € W?7(Bg),

we have
n(l1-2 -
IDstllza ey < C (R D20l gy + B ull sy )

where C = C(v,n) > 0.
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3.2.2 Pohozaev Identity, Comparison Principle and Energy Estimates

For system (3.1)) we have a Rellich-Pohozaev identity, which is the starting point of the proof
of Theorem

Lemma 3.7. Let di,do > 0 and di + dy = n — 2, then

[, G e
Br

N
sn-1 p+1 qg+1

n—1

do+ R™ ! / div'u + dou'vdo + R”/ (v'u' — R ?Vyu - Vov)do.
sn—1 S

The following comparison principle is somewhat well known. An alternative proof can be

found in [65].

Lemma 3.8 (Comparison Principle). Let p > q > 0,pq > 1 and (u,v) be a positive bounded

solution of (3.1)). Then we have the following comparison principle,

p+1
P (z) < Y—=witl(z), z e R™
(@) < P (o)

1

Proof. Let | = (zi—i)ﬁ, o= %. So IP*lg =1, and ¢ < 1. Denote

w=1v—lu°’.

We will show that w < 0.

Aw = Av — IV - (ou’ ' Vu)
= Av —lo(o —1)|Vul* —lou’ ' Au
> —ul + lou® TP
_ uafl((g)p _ yat1-o)

=5

P =),
So, Aw > 0 if w > 0. Now, suppose w > 0 for some x € R”, and there are two cases:

Case 1: dxg € R", such that w(zg) = nﬂlg%xw(m) > 0, and Aw(zo) < 0. However, when w > 0,

Aw > 0, a contradiction.
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Case 2: There exists a sequence {x,, } with |z,,| — +00, such that liIJrrl w(xm) = Hﬁaxw(az) >
m—r—+0Q n

co > 0 for some constant cg.

Let wr(z) = ¢(F)w(x), where ¢(z) € C5°(B1) is a cutoff function and ¢(x) = 1 in B:. Since

1.
2

wgr(xz) = 0 on OBR, there exists an xp € Bpr such that wr(zgr) = maxwg(z) and lim w(zg) =
BR R—>+OO

r%z}lxw(x) > 0. Also,

TR

0 = Vwr(zr) = ¢( I

)Ww(zg) + %Vgﬂ)(%)w(u’c}g).

As ¢(%E) > ¢1 > 0 for some constant ¢; (in fact, (%) — 1) and w(zg) is bounded since u, v are
bounded in R™, we see that Vw(zg) — 0 as R — 400. So,

AR (o) + V() Vlzn) +0(°E) Aw(er)
1

R2)

0> Awg(zr) =
= 0> Aw(zr) + O(

Since w(zgr) > cp/2 for sufficiently large R, Aw(xzg) > ¢z > 0 for some constant ¢z, a contradiction.

O
Remark 3.9. For general Lane-Emden type system (3.10), we can choose

w=uv—Clu’, where CPT'= sup C2(x).
z€Rn C1 (x)

By the same arguments, we can also get the desired comparison principle.

Next we prove a group of energy estimates which are crucial to the entire argument. As
Theorem points out, better energy estimates are the key to the Lane-Emden conjecture. Un-
fortunately, efforts have been made so far only provide the following inequalities, which are first
obtained by Serrin and Zou [62] (1996). Here we give a simpler proof than the original one for the

convenience of readers.
Lemma 3.10. Let p,q > 0 with pg > 1. For any positive solution (u,v) of (3.1

/ u< CR"™%, and v < C’R”_ﬂ, (3.17)
BR BR

/ u? < CR™%, and / vP < CR"VPP. (3.18)
Br Br
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Proof. Without loss of generality, we can assume that p > q.

Let ¢ € C*°(Br(0)) be the first eigenfunction of —A in Br and A be the eigenvalue. By
definition and rescaling, it is easy to see that ¢ |pp,= 0 and A\ ~ % By normalizing, one gets
¢ > co > 0 on Bg/, for some constant ¢y independent of R, #(0) = [|¢[|oc = 1. So, multiplying

(3.1) by ¢ then integrating by parts on Br we have,

0
oul = — oAV = / v—qbdo + A Pv.
Br Br oBp On Br
By Hopf’s Lemma we know that % < 0 on 0Bg, so
/ pu? <\ ov. (3.19)
Br Br
Similarly, we have
PP < A Pu. (3.20)

Bgr Br

Applying Lemma to (3.19), we have

1 / ov>C 5 q(p;rll)
— v > v el |
R? g, Br

Notice that % > 1 as pq > 1, so by Holder inequality

(p+1) (p+1) (p+1)
o' 2 ([ o0 ([ g
Br Br Br

ap+1) . gp—1
>C(| o¢v) ofT R "aFT,
Br

So,

q(p+1) ap—1

sozc(f o0 E R
Br

R2
R? /g,

= [ ¢v<CR"P.
Br

Therefore, by (3.19)

dud < CR"P=2 = R4~
Br
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Now, Case 1: If ¢ > 1, then by Holder inequality

1 L n_,.n _ 1
su< (| ¢uni(| ¢)7 <CRi RV =CR™c, -+
Br Bgr q g

Q

Bgr

Mean while, by ((3.20))

oP < CR"V "2 = CR" PP,
Br B

This finishes the proof for Case 1.
Case 2: Assume that ¢ < 1. To prove this trickier case, we begin with a lemma of energy-type

estimate,

Lemma 3.11. If Au <0, then for v € (0,1), n € C°(R"™),

4
/R ﬁ‘D(u%)\QUQ = /n2|Duy%n2 < C/|Dn|2m. (3.21)

Proof. Multiply n?u?~! to Au < 0 then integrate over the whole space. [

We rewrite (3.21)) as

|Du?u7 =2 < & u? (3.22)
B R2 B
R 2R

where C, — 400 as v — 1. From Poincaré’s Inequality, we have

Fl22 0 < Cn,0,Q) (IDSlagy + 1B |forl) (3.23)

n—a’

where
1
fan = f=— f, Qr={Rzx|zr € Q}.
an 19Qr| Jag
Next we prove a variation of embedding inequality,

Lemma 3.12. For anyl > 1,

] 0 < Cna, ) (ID()

n—a’

00+ 1B | o) (3.24)
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Proof. By (j3.23)),

n—a
a

) 22 0q < €0, Q) (IDUDlasn + IRIZ ()

< C(n,a,9Q) (‘D(fl)\a,QR + !R\n“a_n/ﬂ fldx)

_ n—a

n—a an n—a 1
< Clna ) {10 o+ 1RIZ ([ gan ([, S0 ] 0=
Qr Qr ~ na

na

QR + C(n,a,Q)|R| e

n

< C(n,a, Q)D(fY) | far!"

Ly
a,Qp + §‘f ‘
In getting the last inequality, we have used the Young’s inequality. So we get (3.24)). O

Leti>1,0<2¢<2,v=10<1, f=u>,a=2 Then

n—2
[/ 20 g, <C (IDfllz,BR + RTlfBRV)

[
2

< O (ID@) oy + R7|(u) 5, ') (3.25)

1 l
§C</ u”’>2+R"52<][ u§>.
R Bar Br

The last term on the right can be estimate by Holder and the fact that JCBR u? < CR™9% since

g < q. This yields that

n n # n
/ wis? < o[ s (/ um) | Rrasla ) (3.26)
Bgr Baor

_n_

This means if JCBR ul? < CR71 we have JCBR w2 < OR~weslt provided 16 < 1. By fBR wd <

CR™9% one gets

n

][ u® < C(s)R™%¢, for s< (3.27)
Br

n—2
where C(s) — 400 as s = 5

n
n—2"°

By taking s = 1, the above inequality immediately leads to

/ w< CR™.
Bpr

Since pg > 1 and we assume that p > ¢, ¢ must be greater than 1, then by Hélder and (3.20) we

get

/ WP < CR™ PP,
Br

This finishes the proof of Lemma [3.10] [J
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3.2.3 Key Estimates on S"~!

Now that we have energy inequalities (3.18]), in our assumption (3.8]) we can always assume

s > p. Since [ = %, we have [ > 1. The following estimates for quantities on sphere S"~! are

necessary to the proof.

Proposition 3.13. For R > 1, there exists R € [R,2R] such that forl = 2 > 1, k = Pl ond

»
l[ull1 (R )<CR“’ [vo]l1(R) < CR™P,
| D2ul(R) < CR™%5, | D2vl|14e(R) < CR™ 155,
IDsulli(R) < CR'™TE, | Dol i (R) < CR T2
ID2ullx(R) < C(R™F(2R))*, [|D?v]|m(R) < C(R*”F(zR))%_

In view of Lemma [3-4] to prove Proposition [3.13] we shall give the corresponding estimates

on Bap first. We use the varied W?2P-estimate (i.e. Lemma [3.5)) to achieve this.

Proposition 3.14. For R > 1, we have

lullp(pr < CR™P,

(3.28)
lvllpy By < CR™,
I D2ulE 5,y < CRM, with 1= 2 > 1,
(3.29)
D20l g < CRI
IDzullprpr) < CR"H*%?’ 50
Dol < CRM22,
and let k = 2XL g = L
p q
ID2ull% . < CF(2R),
e (3.31)

| D207 ) < CF(2R).

Br)



40

Proof. Some frequently used facts include, gqa = 8+ 2, p8 = a + 2 and hence n — kpB8 < 0
(due to (3.4])) and therefore [ < k (since n — Ipg > 0).

Estimates (3.28) directly follow from (3.17)) in Lemma
For the first estimate of (3.29)), after applying Lemma the mixed type Wzvp—estimateﬂ ,

we get

ID2ullE. 5, < C (180l g, ) + B D ) ).

Then we use the assumed estimate (3.8]) and Lemma to get

DRl iy <€ ([ e g rmasaon psato)
Baor

<C (Rn—plﬂ + Rn—(l+6)(2+a)>
< CRP7,

where the last inequality is due to o + 2 = p3. For the second estimate of (3.29)),

ID20 5 5y < € (IAVITEE. (5, + R OFIOH D o1, )

L1+e B )
<C (/ w1 dy + Rn(1+5)(n+2)R(1+E)(nﬁ))
Baogr

<c (R"—qa + R”‘(1+6)(B+2))

< CR"1%,
For the first estimate of (3.30]), by Lemma

1 _
| Dzull By < C (Rn(l 1+E)+1HD32CUHL1+E(BR) + R 1HUHL1(BR)>

S C (Rn(l—liis)'i‘lR% + R—IR'I‘L—CY)

+2
< CR™HTTE

The second estimate in (3.30)) can be obtained by a similar process. Last, the fact that n—(p+1)8 <

! Notice that with the standard W?P-estimate, we end up with a term of ||u|;+. which cannot be estimated by

any energy bound.
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0 gives

1D2ul sc( Aufd 4 ([ i)
Bar

| /\

( Up+1dl'+Rn k(n+2)Rk(n a))
Baor
( (2R) + R~ (P8 >

2R),

| /\

and hence the first estimate in (3.31)) follows, and similarly we get the second estimate. [
Proof of Proposition By Lemma 3R € [R,2R], Proposition follows from

Proposition |3.14] immediately. [J

Lemma 3.15. There exists M > 0 such that H{R;} — +o0,
F(4R;) < MF(R;).

Proof. Suppose not, then for any M > 0 and any {R;} — +00, we have

F(4R;) > MF(R;).

Take M > 5" and Rj;1 = 4R; with Ry > 1. Therefore,
F(R;) > M?F(Ry),

which leads to a contradiction with F(R;) < CR} < C(4Ry)™. O

3.3 Proof of Liouville Theorem

P+1

From now on, without loss of generality, we may assume p > ¢. By Lemmai Hv | o1 (Br) <

HquLﬂl Br)" By the Rellich-Pohozaev type identity in Lemma we can denote

F(R) = /B Wt < CGL(R) + CGa(R), (3.32)
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where
Gi1(R) = R" / u?(R)do, (3.33)
Sn—l
Ga(R) = R /S (Deu(B)] + R u(R)(Dav(R)] + R o(R))do. (3.34)

Heuristically, we are aiming for estimate as

Gi(R) < CR™“F'7%(4R), i=1,2. (3.35)
Then by Lemma there exists a sequence {R;} — 400 such that

Gi(R;) < CR™%F™%(Ry), i=1,2.

Suppose there are infinitely many R;’s such that G1(R;) > G2(R;), then take that subsequence of
{R;} and still denote as {R;}. We do the same if there are infinitely many R;’s such that G1(R;) <
G2(Rj). So, there are only two cases we shall deal with: there exists a sequence {R;} — 400 such

that
Case 1: G1(R;) > G2(R;). Then we prove a; > 0, d; > 0. So, FO'(R;) < CR; " — 0,
Case 2: G1(Rj) < G2(Rj). Then we prove az > 0, d2 > 0. So, F52(Rj) < C’Rj_a2 — 0.

Then we conclude that FI(R) = 0.

Surprisingly, for both cases a; ~ (o + 8 + 2 — n)J;. Indeed, we have

Theorem 3.16. For F(R) defined as (3.32) and o, defined as (3.3)), there exists a sequence

{R;} — +o00 such that
F(Rj) < ORj—(oH—ﬂ—&ﬁ—n)-l—o(l)'

Hence, Theorem is a direct consequence of Theorem [3.16] and we only need to prove

Theorem [3.16] for case 1 and 2.
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3.3.1 Case 1: Estimate for G(R)

According to previous discussion in the introduction, we assume that

p>q>0, pg>1, B<a<n—-2, n>3,

hence in particular

n
p >

— (3.36)

Remark 3.17. For systems (3.10) with double bounded coefficients, (3.36)) is a necessary condition

for existence of positive solution, see [33].

In addition to our assumption that n — s < 1, since we have energy inequalities (3.18)), we
can assume s > p. Also, if n — s < 0, (3.8) implies v = 0 and hence u = 0. So, we assume

n—spf>0. Letlz%,then

1
I>1, and 2~ <1< X

7 5 (3.37)

It is worthy to point out that, what the proof of Lane-Emden conjecture really needs is a
“breakthrough” on the energy estimate (3.18]). s in (3.8)) needs not be very large but enough to

satisfy n — s < 1. In other words, s can be very close to "771, and it is sufficient to prove Theorem

B.1

The strategies of attacking G; and Go are the same. Basically, first by Holder inequality
we split the quantities on sphere S"~! into two parts. One has a lower (than original) index after
embedding, and the other has a higher one. Then we estimate the latter part by F(R), and thus
we get a feedback estimate as .

Let

Since pf=a+2,n—(p+1)f=n—-2—(a+ ) <0 by (3.4). Thus, n —kpB <0asn—Ip3 >0,

it follows that [ < k.
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Subcase 1.1 % > % + q%.

Note that in this subcase, since [ > 1, we must have n > 4 (i.e., n # 3). By (3.36]) we see

thatk:1+%<1+”7_2:2(n—l)§”7_l. Take

n

11 2
w k n-—1
So, W2k(Sn=1) < LH(SP1).
Take
11 2 1
A n—17"qg+1

Then W2IFe(Sn71) — LA(S").

Direct verification shows that % = % — % < q% which is due to (3.2), so we have
1 1 1
- < < <.
woog+1 7 A

Then by Hélder inequality and Sobolev embedding (3.13)), we have (with notation ((3.14))
[ullgr1(R) < [lull{ [l (R) (3.38)
< U142 ull1 2|k ull1 - .
< C(R?|| D3ulli<(R) + ||ull1(R))’ (R*| Diullx(R) + ||ull (R))' (3.39)
where 6 € [0,1] and
+—. (3.40)

Since [ can be 1 (then W2P-estimate fails for || D2u||1(R)), we add an € to [ for later use of
W2P_estimate. € can be any real positive number and later will be chosen sufficiently small.

To get desired estimate, we have requirements in form of inequalities involving parameters,
such as «, 8,¢ and etc. To verify those requirements very often we just verify strict inequalities

with e = 0 because such inequalities continuously depend on .

So, by (3.33) and (3.39))

Gr(R) < OR" (R D2ulse(R) + lull (R) (R D2ulle(R) + [l (R)') " (3.a1)



Then by Proposition there exists R € [R, 2R] such that

G1(R) < CR" ((R2R_l% + R (RYR"F(4R))* + R’O‘)l’e)

n(l— q+1
< CR" (R*’fff—“k G)Flkg(4R))
< RTUF'TOU4R),
where the last inequality is due to R % >R *2and

o1 = af = (q+1>(lpﬁ9 N np(l—0)

I+¢ p+1 C1+gq

(1-0plg+1)

1-6 =
1 1

Since for sufficiently small €, aj > 0 and 6; > 0 are just a perturbation of

a(l) >0, and 61 > 0,

we only need to prove (3.44)) is true.

Since lp=s, pf=a+ 2 and qao = 3 + 2,

a(l):pBQ(q—i-l)—i-(l—51)n—2(q+1)—n

= (¢ +1)(pB0 —2) — d1n

= (g +D@BO —1)+pB—2)—din
=(g+1)(—a(l—6)+a)—dn
=d1((g+1a—n)

:(a+ﬁ—f—2—n)51.

q+1

45

(3.42)

(3.43)

(3.44)
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So we just need to prove §; > 0. By (3.42)) and (3.40) we have

(1-0)plg+1)<p+1
2

<:>l Ti—ll 1+Q(q+1)<k
17 %
1 2 k
- H—-1<-—1
(- ——la+D-1<7
ergt1-1-D <« 2 (g1 1)
q p 1‘]
pg—1 2(q+1)
S n—1
on—1< s,

and the last inequality is included in our assumption. So, we have proved subcase 1.1.

Subcase 1.2 % < % + qul.

As discussed in the beginning of subcase 1.1, k < ”T_l if n > 3. Since | < k, % > % for
n > 3. When n =3, since [ > 1 by ,%gl: 2

Therefore, for n > 3, take

and for n = 3, take

so we have

W2,I+E(Snfl) SN L)\(Snfl)7 n > 3.

So,

lullg+1(R) < Cllulla(R) < C(R?||Diullie(R) + ul1(R)).



Therefore, by Proposition there exists R € [R,2R] such that

G1(R) < CR"(R?|| D2ulliz=(R) + |Jul[1(R))*
< CRMR?R™1% 4 R-o)i+!

< CRMH D),

So,

F(R) < CR”'F(?—%)(Q-FU

< O R @=pB) @+ )+ FE (a+1)

< R (atB+2-n)+ F(g+1)
Since € can be arbitrarily small,
F(R) < OR~(tft2=n)to(l),

Thus, we have proved Case 1.

3.3.2 Case 2: Estimate for G2(R).

Let

q+1

Subcase 2.1 m <n — 1.

With z,2’ > 0 and % + % =1, (3.34) becomes,

G2(R) < CR"||Dyu| + R ||| Dyv| + R™1| . (R)
< CR™|| Dyul|:(R) + R™Hull-(R)) (|1 Davll (R) + R~ v]|=(R))

< CR(|| Dyul|-(R) + R™Hul1 (R)) ([ Davll (R) + R™Hvl[1(R),

where the last inequality is due to

[ull-(R) < C(R|Dzull-(R) + [ull1(R)), and [jvo][:(R) < C(R|[Dyvl| (R) + [v[l1(R))-
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(3.45)
(3.46)

(3.47)

(3.48)
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Assume there exists z (we shall check the existence later) such that by Sobolev Embedding (3.13]),

[Daull=(R) < [[Daull7; (R)[| Doull3 ™ (R)

(3.49)
< C(R||D3ullie(R) + | Doull1 (R))™ (R|| D3ullx(R) + | Deull1 (R)) T,
D0l (R) < [|Dgv]| 72 (R)|| Davll, ™ (R)
o e (3.50)
< C(R||D3v[l14¢(R) + [ Dyvll1 (R)? (R D3|l m(R) + || Dol (R)' ™,
where 71,79 € [0, 1] and
1 1-—
S, t0n (3.51)
z P1 4!
1 1-—
=, (3.52)
z P2 V2
and since [ < k < m < n — 1, define
1 1 1 1 1
11 _1_ 3.53
pm I n—-1 v k n-1 (3.53)
1 1 1 1 1
—=1- —=—— (3.54)
02 n—1 v m n-1
So, we have
Wl,l+s(Sn—1) s [P (Sn—l)’ Wl’k(Sn_l) oy IM (Sn_l),
W1,1+5(Sn71) SN Lpg(Snfl)’ Wl,m(Snfl) SN L'yQ(Snfl).
To verify the existence of such z, by (3.51))-(3.54), we expect that
1 1 1 < 1 < mi 1 1 1 n 1 (3.55)
max<{ - — ——, —— — <min< - — ) )
Ek n—-1"n—-1) " 2z~ I n-1q¢g+1 n-1
Thus, we need to verify, (i) 1 — -5 < 7 — =7, (i) -1 < 7 — -1, (i) 15 < qul + L (iv)
1 1
s e
Since [ < k, (i) is true. (ii) holds for n > 3 as discussed at the beginning of subcase 1.2
% > % > %; for n = 3, take s = p and then | = 1, so (ii) still holds. (iii) is obvious. (iv) is

equivalent to >1- , which is guaranteed by .

p+1 + q+1 =
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So, we put (3.49) and (3.50) in (3.48) and get

Go(R) < CR™2(||Diullise(R) + R Dyull1 (R) + R72|ul1 (R)™
(| DZulle(R) + R™H| Daull1 (R) + R [Jufl1 ()~ (3.56)
(| D3vl1+2(R) + B[ Dol (R) + R72||v[1(R))™
x(1D30llm(R) + B[ Dav[|1(R) + R72[|v]l1 (B)) ™.
Then by Proposition there exists R € [R, 2R] such that
Go(R) < CR™2 R4 ((RFOAR)E + R + R—H)Hl
x RN (R F(AR))w + R R—ﬂ—2>1_”
< CR™“F'™%2(4R),

where the last inequality is due to R %>R “2and R~m > R A2 Meanwhile,

pBT e %p) 1—7n 1—m
=a5=-n—2+ + + + 3.57
2=% " 1+e/l  1+4¢/l "k T (3:57)

1—7']_+1—7'2

1—-6y=

(3.58)

k m

Similar to subcase 1.1, we only need to prove
0
as >0, 69 > 0.

Surprisingly, similar to a1 = (o + 8+ 2 — n)d;, we have ay =~ (o + 8+ 2 — n)dy since we can prove
a9 = (a+ B+ 2 —n)dy. Indeed,
ay =-n—2+pB(r1 — 1) +pB + qa(rs — 1) + ga + n(1 — &)
:—n—2—pﬁk%—qaml_Tm+a+ﬂ+4+n(l—62)
=a+pB+2-—n—(a+B+2)(1—3d)+n(l—-25)

= (a+f+2—n)ds,

where the third equality above is due to pSk = (p+1)5 = (¢+1)a = qam and (p+1)5 = a+S+2.

So, we only need to prove dy > 0 or equivalently by (3.51)), (3.52)) and (3.58)),

I e G | () E

— (m—1)>0, (3.59)
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To achieve this, we take the upper bound of % in (3.55)) and see whether (3.59)) holds.

Case 2.1.1 If 7= ﬁ > q+1 + ﬁ, then let = qil + ﬁ, and (3.59) becomes,

1 p+1 1 qg+1, 1 1 1-¢q 1
— - =+ + + —=>0
Pq p(q+1))l q G q+1) (n=1)q ¢
1 p+1 .1 p
< (—— -+ >0
(pq plg+ 1))l q(n—1)
242 50
Bs n-—1
&S sf>n—1.
Case212If ﬁ<qjll+ﬁ,thenlet%:%—ﬁ, and (3.59) becomes,
k. 1 1 k 1 m-2
(m =G~ L) et = D= 1)+ T (1) > 0
k k k 1 m-—2
=z . D1+ (m—1
& l2+(m+ _1+n_1+(m )(k ))l — (m—1)>0
k p 1 2 .k p
@_7 p— — p—
l2+( +1 ¢ n—l)l>n—1+q
k 2 1.1 2 1
14k N2 — 2
& l2+(+(n_ +q))l (n_1+q)>0
k 1 2 1
PG Z) <0
(G -DG - g+ )<
sl 2 1
kIl n—-1 g

Notice that % < % + % holds under the assumption of case 2.1.2, and % < % since [ < k. In all,
(3.59)) always holds under our assumption n — sg < 1.
Subcase 2.2 m >n — 1.

First, we have for any v € [1, 00),

Whm (") — LY(S" 7).
1 1 1 1

Then we claim 7 > ——. Suppose ; < ﬁ, then k > [ > n — 1, hence p < =5, which is not

possible due to (3.36). Take % % — ﬁ then

Wl,l—i—a (Sn—l) N (Sn—l).



Therefore, by Sobolev embedding and ((3.48))

G2(R) < CR™(||Doull-(R) + R~ ull1(R) (| Davllr (R) + R™|v][1(R))
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< CR"™*(|DZullie + R Daulls + R [lull) (|1 D30]I + B[ Dol + R |jv]1).

Similarly to previous work, there exists a R € [R,2R] such that

~ _—pB_
Ga(R) < CRM™2RTH (R F(4R) ™ + R 4 RF72)

< CR™“F'=%2(4R),

where
pB
= 6:— —2
az = Qg n +1—|—5/l
1
1—0y=—.
m

Direct verification shows that
ay = (a+ B +2—n)da,

and obviously 2 > 0 so af > 0.

Thus, we have proved Case 2.

+7>
m

(3.60)

(3.61)



Chapter 4

Discrete HLS system

In this chapter, we consider discrete version of HLS system. Actually, there are two ways of
considering discrete HLS system. One way is to discretise critical and supercritical HLS inequality
and consider its optimization problem. As in continuous case, discrete HLS system is the Euler-
Lagrange equation of the optimization problem of the discrete HLS inequality. People find that
the discrete system shares some similar properties with continuous system, e.g. symmetry and
decaying property of solution; however, whether the best constant corresponding to discrete HLS
inequality in critical case can be attained by its optimizer is still open [27].

Another way of considering discrete HLS system is to push the HLS inequality into an extreme
case: i = n, where original HLS inequality fails. However, discrete HLS inequality can survive
if we limit the inequality on a finite domain. Here we study such a finite form of HLS inequality
with 4 = n and p = ¢q. We give estimate for the best constant with logarithm correction and
study its corresponding optimizer. For the optimizer, we prove the uniqueness and a symmetry
property. Also, by using a discrete version of maximum principle, we prove certain monotonicity
of this optimizer.

This chapter contains the work in [13].

4.1 Introduction

Recall the Hardy-Littlewood-Sobolev (HLS) inequality [68],

f(@)g(y)
dedy < Cpunll fllpllg 11
/n R ‘.I'—y‘ punll Fllpllgllq (4.1)
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for any f € LP(R"™) and g € L4(R™) provided that

1 1
0<,u<n,1<p,q<oowithf+f+ﬁz2.

p qg n

Cp,pun 1s the best constant for , and proved by Lieb [40] that, such C), ,, , and correspond-
ing maximizing pair (f, g) exists. In particular, Lieb also gave the explicit f abd Cj, , , in the case
p = q. The method Lieb used was to examine the Euler-Lagrange equation of the maximizing pair
(f,g) with stereographic projection to exploit the symmetry of f. This idea is inherited in [38] and
here to find the sharp estimate of best constant of a finite form of HLS in a critical case: p = ¢ = 2,
and hence pu = n.

Following the idea that the maximizer of HLS satisfies corresponding E-L equations (see
chapter 1), the study of the HLS inequality and weighted inequality later generalized by Stein and
Weiss [67] is naturally related to the studies of various of integral equations. For recent results,
see [8, 11, 9] and a brief summary can be found in [7]. These works have studied regularity and
radial symmetry of solutions of such integral systems, and introduced a method of moving plane
in an integral form which is proved to be a powerful tool. In [26], the result of integral system
corresponding to HLS is improved to all cases, i.e. the condition p,q > 1 is removed. Here
we do not use the method of moving plane directly, but borrowing its idea, we use a maximum
principle to deal with a discrete problem and prove the symmetry of the solution.

First, let’s have a look at the discrete and 1-dimensional version of HLS inequality , the

Hardy-Littlewood-Pélya (HLP) inequality [22]: if a € [P(Z) and b € [9(Z) and
. 1 1
O<pu<l,1<p,q< oo with E—l—g—i—,u:Q,

then

arb
Y < Clalplblly (4.2)
|r — s|#
r#s
where 7, s € Z and the constant C' depends on p and ¢ only.
For this HLP inequality (4.2]), let’s consider the critical case: p =q=2and p = 2— % —% =1,

for which the original HLP fails, but we can compromise and get a finite form of HLP. In [3§], the
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inequality is extended to the critical case as: If a,b € IP(Z), then

arb
S < awlalalbl (43)
r#s,1<r,s<N

where Ay is the best constant for (4.3)), and Ay =2In N + O(1).

Remark 4.1. One of the reasons that we consider discrete version of HLS instead of the original
inequality is, when pu = 1 the integrand on the left side of HLS (4.1) is not always integrable on
a finite domain for LP functions. So we can extend (4.2) to (4.3)), but we cannot extend HLS

inequality (4.1)) to the critical case unless we discretise it.

Consider the discrete HLS, if a,b € [P(Z™), and

1 1
0<pu<nl<pq<oowith - +- 42 =2
p qg n
then
arb
> == < Cllall,|lbll, (4.4)
|r — s|#
r#s

where 7, s € Z™ and the constant C' depends on p and g only. We can extend (4.4) to a finite form

in the corresponding critical case: p = ¢ =2 and p = n, in the following way:

Theorem 4.2. If r,s € Z" and 1 < r;,s; < N where r;,; are integers and 1 < ¢ < n, then

ar, by € RY, where L = N™. let

arbs
N = max (4.5)
lall2=[bll2=1 ; r—s|"

So, we have an extension of HLS inequality

arbs
> — < Awllarll2]lbs]l2 (4.6)
—yl |r — s|

where the two statements below holds
(i) [S" Y InN —o(InN) < Ay <|S"!|InN + o(In N).

(i) eV =bN and ||aV||2 = 1 such that the equality in ([@.6) holds, and a¥ € RE where L = N
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Let’s call the triplet (aTV = bN, Ay) the optimizer of (4.6) since it is unique, and there are
some properties of the optimizer. First, as a consequence of the uniqueness, we have symmetry

property of the optimizer in the following sense,

Theorem 4.3. Let (aw, AN) be the optimizer. ® : S — S is an isometric map, where S = {r €

771 <ri < N}. Then ag(r) =al.

T

Second, the optimizer has certain monotone decaying property. For convenience of writing,
let’s change the range of r; from [1, N] to [N, N], which makes no essential change to the results

above, and we have the monotone decaying property for this special case,

Theorem 4.4. If (aW, AN ) is the optimizer and r € Z"", —N < r; < N for1 <i < n, then a € RY,

where L = (2N + 1)", and aN has a monotone decaying property from its central element: For

1<1<n,
N N
Urirt) S Upmryp LS TES N n
N N .
A, 1) > Api—1,07)) —-N+1<r<0

To prove Theorem (|4.4)), we use the following maximum principle,

Theorem 4.5 (Maximum Principle). Let R_iL_ be the positive cone in RY, i.e., ifa € Ri then every

element of a is positive. Suppose a linear equation:
u=Au+f (4.8)

where A : @ — @ with |All2 < 1, and f € @, then u satisfies (4.8) and u € @ In other

words, (I —A)~t € RE*L.

This Maximum Principle follows directly from standard contracting mapping iteration. It is
a discrete version of maximum principle analogous to the usual versions in PDE. To see this, let’s
look at a typical maximum principle: let 2 C R be an open bounded and connected domain with

smooth boundary 9. Let u € C?(2) N C(Q) be a solution of following equation,

—Au=f>0in Q
(4.9)

u =0 on 0f)
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Then by maximum principle v > 0 in €. Actually, by strong maximum principle, © > 0 or © = 0
in Q.

So, Theorem is indeed saying that if (I — A)u = f € RL then u € RL Corresponding to

strong maximum principle, in Theorem if every entry of A is strictly positive, it is easy to see

that u € ]Ri. For more general symmetric linear operators, there is also maximum principle, and

one can check [33] for details.

4.2 Best Constant Estimate in High Dimension Space

In this section, we shall present proof of part (i) of Theorem

Proof. Step 1. Ay > |S" ![{InN — o(In N).
Let a = b, and

a,=N"2,1<r; <N,1<i<n (4.10)

So, |lalj2 = 1.

By the definition of Ay, we have
arQs _ 1
AN > =N"
V2 T Y

N-1
=N Y Z _“’“1 (NZ‘””") — o(N"InN)}

.r2)2
rn=1 r1=1 xn)Q

o _Tcowl) o Ldrdg -+ d — ol V)

= (%)”\Sn—l 27" N™In N — o(In N)

= 5" InN — o(In N)

Step 2. Ay < |S" !/ In N + o(In N)

Let J(a,b) =3, 4, |7?TST"' Hence, Ay = max|q||,—|p|o=1 J(a,b), i.e. we will maximize J(a,b) under

the constraints [lalls = [|bll2 = 1 (in fact, we use 3[lal|l3 = 3|63 = 1). Therefore, we conduct

Euler-Lagrange equations and by compactness: 3|[a’V|s = ||bV]]2 = 1 such that Ay = J(aV,bV)
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and, _
pN
N __ S
)‘1017“ - g |S _,r|n
SFET
— (4.11)
a
AoblN = L
|r — s|™
r#s
where r,s € Z" and 1 < 71,5, < N.
For convenience, write (4.11)) in matrix form,
AaN = AbN
(4.12)
)\2be = ACLN

Left multiply the first equation of ([@.12)) by a’, the second equation by b”, and by the fact that A
is symmetric and || ||y = [|b¥]|2 = 1, one sees that

A=A fa¥ |2 = oV ADN = J(@N,oN)

— DN ATGN = |V 2 = A

and since \y = J(aw, bw), we have A\; = A2 = An.

Now, let by, = max{|aN|, [bN|} > 0, so, b CAN =Dz %, which leads to

A=) 5 <>
so\T—80|” \7“—80\"

r#80 r#80
< Y
- |r — mo|?

E . N) mo
(503
\FN

// 1 r"drdo

1
< 18" Y|(In(v2N)) = |S" H(In N + 7 n2)
= |S" Y InN + o(In N)
Part (ii) will be shown later in section 3. O

Lemma 4.6. If (a,b,\N) satisfies |lall2 = ||bll2 = 1 and makes the equality of (4.6) hold, then

a,be@U@.
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Notice that if there is a sign change among the elements of a and b, (a,b) must not be an
optimizer since | Y a;b;| < > |a;||b;|. So the Lemma holds, and it means that we can assume the
triplet (aw, BN, An) above to satisfy aN,bN e @

Now, let’s introduce a notation,
Definition 4.7. (a,b, \N) such that
o [lallz2 = [lbl2 =1
e a,be @
e The equality of holds
s called an optimizer or solution of optimization of .

Obviously, (aw, by, AN) is an optimizer. Next, we are going to prove part (ii) of Theorem

i.e., the optimizer is unique in positive cone and aN = bV,
4.3 Uniqueness of The Optimizer

From previous discussion we see that, an optimizer of (4.6)), (aw, bw, An), satisfies Euler-
Lagrange equations(4.11)). We are going to show the optimizer is unique in positive cone by showing
the solution of the Euler-Lagrange equations in the positive cone Ri where L = N" is unique.

Considering the following equations,

bs
)\lar - Z ‘S—T’n
S#ET

28
DD [
r#s

(4.13)

where ||allz = [|b]2 =1, 7= (r;) € Z",and 1 <7; < N, 1 <i <n. a,b € R, where L = N". By
Lemma we only need to study solution of (4.13)) in the positive cone @

In the proof, we will use the following simple map,

Definition 4.8. Let T : RE — @ such that (T'a); = |a;| for 1 <i < L.
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Theorem 4.9. If (a,b,\1,\2) is a solution of (4.13), where a,b € @, then A1 = Ao = Ay, and

a—bER+ 1S unique.

Proof. Step 1. A1 = \o.
This is similar to step 2 of Theorem So, let A = A\ = \a.
Step 2. a,b € Ri.

Since

bs
Aar:Z’S—ﬂn
ST G

1
=3 Z C(r,t)ay
t

we have A\2a = Ca, where C = AT A and A is a symmetric matrix. So C is non-negative definite.

Since C(r,t) > 0, a € @ and a # 0 for ||a|| = 1, the last term above is strictly positive. Therefore,
a,be ]Ri.

Let 0 < iy < pg--- < pr, be the eigenvalues of C. Then 3¢, € RE, s.t. C&p = prér, and
€Ll = 1, and & ¢ RL. We can assume the last property because eigenvectors appear in pairs
with opposite signs. Also, by theory of adjoint operators, pr, = supj¢=1 < &, C§ >=< &1, C§L >.

Step 3. 3¢, € RY ||&L] = 1, and pp 1 < pur.

First, 3¢, € @ If not, then &7, ¢ @ URL.

Then we have

up =& C& (4.14)
< (Tep)To(T€r) (4.15)
< max rCe =y, (4.16)

where T is defined in Definition A contradiction. So, 3¢ € RT, and since C¢&r, = prér,

&L e RE.
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The argument above also shows that ur_1 < pr. If not, pur_1 = pur, then by a similar
argument as above 3¢;_1 € Ri, s.t. C&r_1 = prér—1, and moreover &7, 1 L &; which is impossible.
Step 4. a = bZE,)\ = )\N =/ HUL-

Considering A\2a = Ca,
(1) If A2 # pp, then a L€y, Since a € Ri by step 2, this is impossible. So, A\? = ur,.

(2) Since Ca = pra, C&, = préy, and by the fact that uy 1 < pg and |ja| = ||€0)| = 1, a = &L
Similarly, b = &f,.

(3) If (aV,bN, Ay) is an optimizer of (£.6) in the positive cone, it is a solution of (#.13). So,

a=aN =b=0bN, Ay =A2=pp,and \, Ay >0, 50 A = Ay.
O

Hence we can prove part (ii) of Theorem The same as the 3rd argument of step 4 above,

since an optimizer (aw, N, A ~) is a solution of (4.13]), part (ii) follows from Theorem

Remark 4.10. At the time of this writing, thanks to Professor Dongsheng Li of Jiaotong University
in Xi’an, we find that uniqueness follows directly from Perron’s Theorem [50]. So the proof above

can be much simplified.
Corollary 4.11. X is increasing as N increases.

Proof. Let Ay and Ax be a solution and coefficient matrix of (4.13). So,

7T -
AN = ”f?“a}l T ANE = €N AnEn

= (67]\71 O)TAN-‘rl (67]\77 0)

< II%IIIa—XI fTANHf = AN+1

where (€x,0) means (£y,0) € RY and L = (N 4 1)", and arranging £y to take the first N entries

and stuffing the rest with zeros. Then calculate in blocks of matrices. O
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4.4 Symmetry of The Optimizer

From section 2 we see the uniqueness of the optimizer of (4.6 in positive cone. So, from this
point, we use (a = b, \) instead of (¥, bV, Ax) when referring the optimizer of (4.6) for simplicity,

and next we prove Theorem

Proof. From (4.13)) we have

as
)\CLT - Z ‘S _ T"”
S#ET

then

Ayt
A“@“‘):S;ﬂw <I>r ;; ( Zu r[n

So, @ = (a)g(r) is also a solution to (4.13). Then, by uniqueness of the solution, @ = a. So,

(I@(T) = Ap. O

Example 4.1. If a is an optimizer, then a,, .y = a(N_p,41,1) for 1 <i < N.
4.5 Monotone Property of The Optimizer

For convenience of writing, we change the range of r;’s from 1 < r; < N to =N <r; < N

which makes no change to the results above essentially. The following is the proof of Theorem [1.4]

Proof. We are only going to show inequalities (4.7 are true for ¢ = 1 for simplicity. Consider

(n—1)

A" = 4y, 1,00 = Ay, ), Where 1 <71 < N and =N <7y < N, 2 < < n. So d() € RVCN+D)
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1 a a
dV =-( Y 5 -y
r _ — 1.7"|n _ " |n
A s#(r1—1,7") ’8 (Tl a )’ s#(r1,r") ‘S (7’1,T )|
1 At —1,¢/) A(sy ")
= —( N S St b SR _ \T7
A t=(t1 t/)Z#(Tl ) ’t - (Th r,)‘n 576(7‘217") |S - (7'1, T/)’n
CNH1<t <NAT ’
1 1
— l( 3 L 3 —d;"
A t— ol —t + 1,t) — R
t=(t1,t")#(r1,r"), ’ (7“1,?" )‘ t=(—t1+1,t")£(r1,r"), ‘( 14 ) (7"1,’/“ )|
1<t1<N 1<t1<N
o OGN
AU SIS e ) RND DS vy oy 1)
t=(N+1,t")#£(r1,r") t=(=N,t")#(r1,r")
1)
1 1 1 1) —d
=3 2 (\(tl,t’) —rn (=t + 1,1) —ryn) ¢ ot fr))

(tl,t')7£7"
1<t1 <N

Also by Theorem AQ(N) = G(—N )

So,for1<ri <N

1

easily one sees that f(r) > 0.

1 1

(A =Y

T on

Write the above equations in matrix form,

(b, 8) ="
.

0
Ly I

A = AdY - E (4.17)
where (F)r = mf(r), and
r—
1 1 1
1 ( N _ n - — N n)’ T?ét
At = 1 OF gt (B8] — vl It + 1) =7l
0, .

It is easy to see that entries of A and F are non-negative. So, A : @ — @, where

L=NQ@2N+1)" Y and F € @ Therefore, provided ||A|| < 1, then by Theorem (Maximum

Principle) we get d(V) € @, hence (4.7)) is proved. So, the only thing left to prove is ||A| < 1.
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Notice that if C, D are symmetric matrices such that C, D : Rfﬁ — Ri, for some positive

integer L, then ||C|| < ||C + D||, because

IC] = max £7C¢ = £TCE < £7(C + D)E < e ¢'(C+ D) =|C+D|

ll€ll=1
Let
1 1
1 N n? r#£t
(1) = § At ) [, ) = 7
0, .
and
1 1
! - N — pn’ T#t
D(r,t) = A+ o) [(Fl + 1,8) =7
0, o
So,
1
< A
< 3o 1AVl

where Ay is the matrix of (4.13)) of the case that —N < r; < N and 1 <1i < n, so ||[An|| = A. So,

|All < 1. O



Chapter 5

Qualitative analysis of three-wave resonance interaction

In this chapter, we qualitatively analyze three-wave resonance interaction (3WRI) with pe-
riodic boundary condition. First, for 3WRI with positive wave energy, we present a regularity
theorem for all spatial dimension. Second, for 3WRI with negative wave energy, we present a class
of solution in general spatial dimension that will blow up in finite time. Moreover, a complete

classification of spatial uniform solution is given for this particular system.

5.1 Introduction

Consider the 3-wave resonance interaction (3WRI) system,

0,A1 +c1- VA = i’)/lAQAg,
0rAg + co - VAy = iyp A1 A3, 1n €L, (5.1)
Or Az + c3- VAz = iy3A1 4z,

with periodic boundary condition, where €2 is a rectangle domain,
Q={xeR"| |zg| < ar,k=1,---,n}

and all A;-s are are complex amplitude and periodic on . ~; = £1, and ¢;’s are real non-zero
constant vectors. The derivation of is rather standard in e.g. nonlinear optics and can be
found in e.g. Chap. 4 in [I] and [32].

Here we are interested in the qualitative property of solution to . Namely, we are

interested in determining if a solution possesses either finite blow up or global existence. Depending
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on whether «;’s have the same sign, the system can be classified into two cases, and each case
models different physical phenomena.

7;’s not having the same sign corresponds to 3WRI with positive wave energy, which
generates from various physical backgrounds e.g. nonlinear optics and water waves. In fact most
3WRI studies in the past focused on this case, and an important tool is inverse scattering trans-
formation (IST), with which people construct solution and solve the system numerically for some
special initial value, e.g. “separable” initial value [30], or more general initial value [31]. The
1D-3WRI was approached by Zakharov and Manakov [71] (and independently by Kaup [29]) with
inverse scattering transformation, but the boundary condition they considered is that the solution
decays sufficiently fast as |x| — oco. A detailed review of the 1-D problem can be found e.g. in [32].
For 3-D problem, Ablowitz and Haberman’s work [2] leads Cornille [17] to reformulate the problem
into integral equations and Kaup gave explicitly general inverse-scattering solution in a series of
papers |30, BI]. See also some recent developments in [25].

However, it seems there has not been any regularity analysis of 3SWRI in the case of 7;’s not
having the same sign. Here, we prove that the system cannot develop singularity in finite

time given that the coefficients ¢;, j = 1,2, 3, are the same.

Theorem 5.1. For all space dimension, if initial data is continuously differentiable in space, v;’s
do not have the same sign and c;’s j = 1,2,3 are the same, then the solution to system (5.1) exists

globally in time.

The case that ;s have the same sign corresponds to 3WRI with negative wave energy, and
becomes . One interesting phenomena about such 3WRI system is that the solution can
blow up in finite time. Coppi et al. [16] first found such instability of 3WRI with negative wave
energy in plasma physics, which they called “explosively unstable”.

Heuristically, the transportation wave equation is non-dispersive, and the nonlinear term
should enhance the amplitude in a superlinear way. One can compare this to a different system,

the 3-D wave equation, where the positive feedback from the nonlinear term needs to race with
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the dispersive tendency (See a classic paper of F. John [28]). So, finite-time blow up should not be
a surprise in system (5.1) when 7;’s have the same sign. However, note that complex amplitude
means phase interaction and ¢;’s can be different, and both cause difficulty in analysis. This chapter
is dedicated to determining if a solution will blow up in finite time given any initial value.
Besides finite-in-time blow-up solution, system (}5.2]) obviously admits global-in-time existing
solution, e.g., two of A;’s are zero and the third is a constant. A natural question is whether
admits other non-trivial globally existing solutions. In this chapter, we show that the system
admits globally existing and decaying solution. Moreover, we see that the spatial uniform solution
of can be completely classified in terms of blowup or not. The spatial uniform case of
reduces to an ODE system which has been well studied for decades. Here we state a classification
result which may be known to other researchers through various analysis approach. Nevertheless,

in Section 5.3.1 we give a analytic proof for convenience of the reader.

Theorem 5.2. A necessary and sufficient condition of finite-in-time blow-up solution to (5.4) is

that the initial condition satisfies one of the following,
(1) Only one of A;(0)’s is zero, i.e., |A3(0)| > |A1(0)| > [A2(0)| = 0;

(2) (01 + 62+ 03)(0) = 2, one of A;(0)’s is strictly less than the other two and none is zero,

i.e., [A3(0)] = [A1(0)| > [A2(0)| > 0;
(3) (01 + 02+ 03)(0) # 3F (implicitly none of A;(0)’s is zero),
where the indexes {1,2,3} allow any permutation and 0;’s are from A; = rjewf, 7=1,23.

Remark 5.3. We think an interesting question is, whether all globally existing solution to (5.2)) is

spatially uniform, and this is so far open.
We also describe a new class of solutions that blow up in finite time (Theorem [5.4)),

Theorem 5.4. Suppose 0;(x,0) = 6;(0), j = 1,2,3, and (01+02+403)(0) = T, and then the solution

of (5.2) blows up in finite time.



67

The mathematical technique used here is elementary, and the results are based on the method
of characteristics. We believe that a natural step after this is to implement perturbation theory.

This chapter is organized this way. In section 5.2, we focus on 3WRI with positive wave
energy and prove Theorem In section 5.3, we study 3WRI with negative wave energy. In
section 5.3.1, we focus on space-independent case and prove Theorem In section 5.3.2, we

consider the general case, and after briefly discussing the well-posedness of (5.1]) we prove Theorem
b4l

5.2 3WRI with positive wave energy

Consider system (j5.1) with v; =1, 72,73 = —1, and ¢; = co = ¢35 = c.
Proof of Theorem Multiply (5.1)) by A; and take conjugate of the system then multiply

by Aj, we have

8T|A1|2 +c- V|A1’2 = i(AlAgAg + A1A2A3),
8T‘A2|2 +c- V|A2’2 = —i(AlAQAg + A1A2A3),

87‘A3|2 +c- V|A3’2 = —i(AlAQAg + A1A2A3).
Hence, we have

- (|AL2 4 |A2?) + ¢~ V|A > 4+ ¢- V|42 =0,

O-(|A1]2 + |A3]2) 4+ ¢- V|A1|> + ¢- V]A43)? = 0.
These lead to

|A1(z + e, 7)? + |As(z + e7, 7) [ = K1 (),

|A1(z + e, T)]2 + |As(x + cr, T)\2 = Ks(x).

Since the initial data of A;’s are smooth, we know that Ki(z) and K>(x) must be smooth and

bounded. Hence, |A4;|, j = 1,2,3, must be bounded for all time. [

Remark 5.5. The proof above is obviously valid for general domain and boundary condition.
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5.3 3WRI with negative wave energy

Now, if ~;’s have the same sign, becomes
;A1 +c¢1 - VAL = Ay A3,
8y Ay + ¢ - VAy = iA1 Az, InQ, (5-2)
0-As + c3 - VAg = iA1 Ay,
with periodic boundary condition. The constants of motion are,

Ki= [ A [Afde, K= [ 140 s, 5:3)
Q Q

where K1, K5 are constants.

5.3.1 Spatially uniform case

There are many classical studies (for reference, see section I. D. of [32]) of space-independent
3WRI which is an ODE system. Here we give a complete classification of space independent

solutions of the negative wave energy case of 3WRI,

67'141 = Z.142143)
0, Ay — i A1 A3, (5.4)
0. Ay = iA; Ay,

The system (5.4)) admits three constants of the motion:

Ky =|A1]* — |4, Ky = |A1]* — |43, 5.9
5.5

H = A1A2A3 + A1 Ax A3,
where K7, Ko and H are constants. The first two constants are also called Manley-Rowe relations.

By direct calculation we rewrite (5.4]) as
87—7"]2- = 2rirorgsin(fy + 02 + 03), for j =1,2,3, (5.6)

r10:01 = rorscos(01 + 02 + 03),
190,05 = 113 cos(61 + 0 + 63), (5.7)

r30;03 = 11719 COS(@l + 05 + 93),
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and ([5.5)) becomes

Ki=72-r3 Ky=r?—r}
(5.8)

H = 2ryrors cos(by + 02 + 63).

Remark 5.6. — holds only when none of r;’s is zero. This is because 0; is not defined when
rj = 0. Actually, we should pay special attention to the situation when A;’s touch zero since (5.4))
does not satisfy Lipchitz condition there. However, we can take advantage of . For instance Ay
touches zero at T = 1y and Az(10), A3(19) # 0, then 0-A;(19) # 0, i.e., |A1| will increase and hence
| A, |As| will increase since K1, Ko are constant. By (5.6]), we must have sin(6y + 62 +63) > 0 and
this implies (01 4 02 +03)(10+) € (0, 7). Moreover, we know H =0 and hence (61 +602+03)(1) = §
for T € (19,00). With a little extra effort we can show that the solution must blow up in finite time.

If two of A;’s, say Ay, Az, are zero at T = 79, the solution of has to be an equilibrium,

see the proof of Theorem 5.8,
Proposition 5.7. If (61 + 05 + 05)(0) # T or 3T, then none of A;’s will touch zero.
Proof. Since H #0, A; # 0. O

Theorem 5.8. A necessary and sufficient condition for the solution of (5.4) to exist globally in

time is that, the initial data satisfya either of the following,

(1) [As(0)] = [A1(0)] = |A2(0)] = 0;

(i) |A3(0)] = |A1(0)| = |A2(0)] > 0 and (61 + 62 + 63)(0) = F;
where the indezes {1,2,3} allow any permutation.

Proof. We first prove the sufficiency.

For (ii) by H,K; =0and Ky <0. So, r; = rs.

Notice that our choice of initial value ensures that all r;, j = 1,2, 3 decay until one of them
touches zero. Let’s define 79 to be the first time that one of r;’s touches zero. If 79 = oo then we

have a global decaying solution. So, we assume 7y < oo and to sum up:
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(1) rj, j = 1,2,3 decays in [0, 7o)
(2) (61 + 02+ 03)(r) = % in [0,70);

Let dy :=|A3(0)| —|A1(0)] > 0. Case 1: If dy = 0, we can solve the system ({5.6)) on interval [0, )

by

r;(0)
P = . 5.9
U T (07 (5.9)
Thus r;(79) # 0, which contradicts with the assumption on r4. So, (5.9)) can extend to [0, 00).

Case 2: If dy > 0, by and the facts 1 = ro, r3(7) < r3(0) on [0, 79) we have
0rr1 > —r3(0)ry.
Hence by Gronwall’s inequality,
ry =19 > Tl(O)e_T3(0)T. (5.10)

Similar to case 1, rj(79) # 0 contradicts the assumption on 79, so can extend to [0, 00).

For (i), the initial data obviously admits an equilibrium solution, and we claim that this is the
only solution (this is not obvious since we lose Lipchitz condition of if some A;’s are zero).
Suppose a non-constant solution A;(7), Aa2(7), As(7) with initial condition |A3(0)| > |A1(0)] =
|A2(0)] =0 (so H = 0) and |As| > |A1| = |A2| > 0 at 7 = 1p (since K1 = 0, 1 = r2). Then if we
change the time direction of by letting 7 = 79 —n and B;(n) = A;(170 —n) (and corresponding

new r; and 6;), j = 1,2, 3, then we get a new system,

0,B) = —iBy B3,
8,,Bg = —iB; B3, (5.11)
8,Bs = —iB 1By,

with initial value |B3(0)| > |B2(0)| = |B1(0)| > 0 at n = 0. From H = 0 (H, K, K3 do not change)
and rj,j = 1,2,3, decaying for some interval, we see that ¢y + 62 + 03 = 7 for that interval. So,

similar to the proof for (ii), it has a unique solution that decays to a limit (0,0, As(7 = 0)) as
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n — oo and never touches zero in finite time. This contradicts with (Bj(719), B2(m0), B3(70)) =

(Al(o)a AZ (0)7 A3 (0)) = (O’ 0, A3(0))

Now we turn to the necessity. If the initial data does not satisfy either condition in Theorem

(.8 we have the following cases,
(1) Only one of A;(0)’s is zero, i.e., |[A3(0)| > |A1(0)] > |A2(0)| = 0;

(2) (61 + 62+ 65)(0) = 2%, one of A;(0)’s is strictly less than the other two and none is zero,

Le., [A3(0)] = [A1(0)] > [A2(0)] > 0;
(3) (61 + 02+ 03)(0) # 23X (implicitly none of A;(0)’s is zero).

Again, the above indexes {1,2,3} allow any permutation. We are going to show that solutions to
the above initial conditions will blow up in finite time.

For case 1, by Remark we know (6 + 02 + 63)(7) = 5 for 7 € (0,00), and by and
we have,

877’% = 27’1\/7'% — Kl\/rf — Ko,
where K1, K5 < 0. Hence it is easy to see 1 blows up in finite time.
For case 2, by we know that Ay will touch zero first in finite time, call this time as 9.
Then 0;As(79) # 0 and by Remark we know (01 + 62 4 03)(7) = T for 7 > 719. This implies a
finite-in-time blow up.
For case 3, let © = 0; + 05 + 05. If ©(0) € (—%, 3] (we change 2T to —Z for convenience),
step 1. we show that © increases and approaches 5. By we have

rors3 rirs rirs
0.0 = ( + + ) cos ©.
1 T2 3

By we have |rirors| > @ Suppose r; > 11, j = 1,2,3 for some 17 > 0, then there exists some

constant 79 > 0 such that (% + % + %) > 1. Now without loss of generality suppose ;1 — 0,

TorT!
T1

then 7213 — 00, hence 2™ — oco. In both cases, we see that cos © is positive since © € (-7, 5],

and hence © will approach 7.
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Step 2. There exists 71 > 0 such that © > 7 for 7 > 7. Then by (5.6) for 7 > 7

0,11 > Crors

> Cyfr2 — Ky Jr - Ko,

where the second inequality is due to (5.8]). So a finite blow up in r; can be easily derived.
Similarly we have a finite blow up for ©(0) € (Z,2r). O

Hence Theorem [5.2] directly follows from Theorem [5.8]

5.3.2 General case

First we briefly discuss the well-posedness of (5.1)). The local existence and uniqueness is
guaranteed by method of characteristics. Also, the spatially periodic boundary condition is directly
satisfied if initial data are periodic, since all ¢;’s are constant vectors.

Now we consider (5.2)), and by direct calculation we rewrite the system as

0715 + ¢j - Vrd = 2rirargsin(y + 02 + 05), for j =1,2,3, (5.12)

r1(0:01 + c1 - VO1) = rarzcos(0; + 02 + 03),
r9(0r02 + c2 - VO3) = rirs3cos(0; + 02 + 03), (5.13)
r3(0:03 + c3 - VO3) = rirgcos(01 + 02 + 03),
To outline the proof, if initially A; is lined up in the same direction at each point, and the summation
of 0;’s equal 7, then all 0;’s preserve at all time. Hence is moved out of the equations. Then
we are left to analyze .
Proof of Theorem Step 1. We show that (01 + 62 +03)(z,7) = 5.
Note that implicitly, the initial condition guarantees that A;(z,0)’s are nowhere zero and
bounded. So, the short time existence and uniqueness of solution to is provided by method

of characteristics. Hence, 0;(x,7) = 0;(0) and (01 + 02 + 03)(x,7) = 5.
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Step 2. (5.12) becomes

O.r1+c1-Vri = ror3,
Orra + c2 - Vrg = i3, L
87-1"3 +c3- V’r’g =Tr1ro,

By method of characteristics, the corresponding characteristic equation for ry is

dri _

ar rars,
" (5.14)
% = Cq,

with initial data z(0) = & and 71(£,0) = ¢1(£). Since rg,r3 > 0, for fixed &, r1(&,7) is monotone
increasing as T increases. We say r1 is “monotone increasing” along characteristics. Similarly, ro, 73
are monotone increasing along their characteristics * = co7 + € and © = c37 + &.

Since 7;(0)’s are strictly positive in €, the characteristic equations also imply that r;(z,7) > 0
on  for all 7 > 0. This eliminates the possible zero at the boundary of 2. Hence after any

7 =15 > 0, r;’s must have a positive infimum in Q. Suppose

f(7) = min {ri(z, 1), r2(z, 7), r3(2, 7)},

then f(7) > 0 for 7 > 79 > 0. We claim that f(7) is Lipschitz, and hence from ({5.14)) we see

df 2
—>f
- )

hold in weak sense. This implies that f blows up in finite time, since for any positive test function

v € C}(R) and if g is the solution of

dg_2
%_ga

g(To) = C(), and 0 < C() < f(T()),

then w = f — g satisfies

-/ " wvds > / " Bshu(s)o(s)ds,

0 0
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where ((7) is non-negative (since f,g are positive) and suppose |79, 7] is the support of v. By

choosing suitable v we see that

T
wT) =€ [ Boyuls)s

where v(s) on the right is absolved in 5(s). Hence by Gronwall’s inequality w > 0. Then g blowing
up in finite time implies that f blows up in finite time.
We finish the proof by proving the claim. Let 71(7) = mingeq r1(x,7) = r1(x«, 7),. Note that

r1 is monotone increasing along characteristics, then 71 (7) must be monotone increasing. Hence,

(T + A1) — 71(7) < (T, T+ AT) — r1(24, T)
AT - AT

OS §|T‘1|Cl.

So 71(7) is Lipschitz. Similarly 79,73 are Lipschitz. Finally, f = min{7y, 73,73} is Lipschitz. O

Remark 5.9. Although 0;’s are constant, r;’s vary in space. So, for the future perturbation work,

one only needs to perturb 0;’s.
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