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We study the focusing nonlinear Schrédinger equation,

iug + Au = —|uP~u,
u(z,0) = uo(),

as well as the focusing electromagnetic nonlinear Schrodinger equation

iDyu 4+ Aqu = —|ulP~tu,
U(JJ, 0) - U()(l'),

with

N 2
0<———x<«1
2 p—1 ’

i

(NLS)

(emNLS)

and for (emNLS) with certain potentials which decay at infinity. We obtain dichotomy results for

(emNLS) for initial data below the ground state, and new scattering and blow up results above the

ground state for (NLS). New methods include tools for studying the gradient of the modulus, V|u|,

of the complex valued solutions of (NLS) and (emNLS), nonlinear bounds for H'(R") functions

lying below the ground state, and the analysis of function spaces with nonradial symmetry.
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Chapter 1

Introduction

We study the focusing nonlinear Schrodinger equation,

iug + Au = —|ulP~u,
(NLS)
u(z,0) = uo(z),
as well as the focusing electromagnetic nonlinear Schrodinger equation
iDyu + Agu = —|ulP~u,
(emNLS)

u(z,0) = up(x).

In both cases we consider an unknown u(z,t) : RN x R — C, and initial data ug : RY — C.
In (emNLS), we replace the standard derivatives in (NLS) with covariant derivatives. A covariant

partial derivative D, is defined by
Dy = 0y + iAq, aef{0,...,N}
for some real valued function A, : RY — R, using the standard notation
D, = 0y + 1Ay.

Solutions of (NLS) satisfy a scaling property. For a fixed dimension N, and power p, if

u(z,t) : RV x R — C solves (NLS), then for any A > 0,

un (@, 1) = ATu(Az, A2)



also solves (NLS). This rescaling has the property that for fixed ¢y,

N4

lux(, to) || s my :)\S_< _%) Hu(m,)\2to)HHs RN 5 (1.0.1)
(RY) (RY)

where |[u|[ 7.y, can be defined using the Fourier transform by

[ell e vy = NEFTE N L2 ) -

We define

so that scaling preserves the I (R™) norm. In this case we say that (NLS) is H* (RN) critical.
We will always choose the dimension, N and power p, such that 0 < s. < 1.

Observe that for a solution w defined on a time interval (0,7), rescaling by 0 < A < 1
produces a solution defined on a larger time interval (0, %T) Furthermore, with N and p chosen

so that 0 < s, < 1, for 0 < A < 1 and fixed time t¢, using (1.0.1),

||u)\(x7t0)||L2(]RN) > HU(LE, )‘QtO)HLZ(RN) and Hu)\(l‘at())HHl(RN) < HU(.TJ, )‘QtO)HHl(RN) .

Because of this, for 0 < s. < 1, (NLS) is mass (or L*(RY)) supercritical, and energy (or H*(RY))
subcritical. This is often called the intercritical regime.

The equation (emNLS) also has a scaling property, though it is more delicate than that of

(NLS). If u(x,t) : RNV x R — C solves (emNLS), then for any \ > 0,
up(z,t) = /\%u()\x, A2t)
solves a different (emNLS) equation with the rescaled potentials

Ap(x) = N2 Ag(\z),
Ai(z) = AA;(0x)  jed{l,..., N}

In the study of (emNLS), some properties which arise from scaling in (NLS) also hold for (emNLS)

with fixed potentials, and so we place the same scaling assumption on dimension N and power p



for (emNLS) as we do for (NLS). That is, we consider N and p so that 0 < s. < 1 with s, still
_ N 2
defined by s, = 5 — o
For (NLS), we will consider initial data in the Sobolev space H'(RY), and for (emNLS) we

will consider initial data in analogous electromagnetic spaces, defined carefully in Chapter 2.

Solutions of (NLS) have conserved quantities including

mass:u(t) 2y = lolBagen,
L E[ul(t) = » V()| ! ey = E d
energy:  Blu](t) = 5 [[Vu(®)lz2@w) = o [ 1 gy = Eluol, an
angular momentum: MJu /73 u(z,t)] A xdr = Muy],

where

Plu] = 2Im [uVu],

and the operator A is a generalization of the cross product, to be described in Chapter 4.

Solutions of (emNLS) have conserved quantities including

mass: Hu(t)H%z(RN) and
energy:  Ea[u](t) H Aut)|[z2@ny — P [u()I 51 @y = Eluo].
The equation (NLS) has a standing wave solution ug, so that at each time, ug produces
equality in the Gagliardo-Nirenberg inequality, which is
Ne-1) o (N=2)(p=1)

1
HuHi—:H(RN) < Can HVUHLz RN) HUHLz RN)2 )

for u € HY(RY). We will call ug the ground state solution, and it will be significant for our general
study of existence and blow up.

The quantities

l—s¢

mass energy: Elu] ||UHL2EICRN) , and

1—sc¢

mass kinetic energy: || Vul%2 (RN) ||u||L2(RN)



are both invariant under the scaling for (NLS), and play a role in determining the global dynamics
of a given solution. For (emNLS), mass energy and mass kinetic energy are defined in the same

manner, using the covariant derivatives associated with the equation.

1.1 Brief context and history of the nonlinear Schrodinger equation

The nonlinear Schrédinger equation, (NLS), takes its name from the linear Schrédinger equa-
tion, which was introduced in 1926 to describe a wave function associated with a particle in the
context of quantum physics [6].

It has been shown rigorously that in certain cases, solutions to (NLS) can exhibit norm
concentration [44] and even blow up [29]. Blow up in this equation is a type of singularity formation.

The (NLS) equation arises in various physical phenomena. One influential context to the
early study of global dynamics and blow up is that of nonlinear optics. In certain media, high
intensity laser beams can cause changes in the medium which will have a focusing effect on the
laser. This effect is often called self-focusing or self-trapping, and can be modeled by (NLS) [11].

An attractive feature of the context of lasers is that the mathematical phenomenon of blow up
can be observed as a physically significant phenomenon. In particular, focusing from mathematical
blow up can cause damage to a laser [11]. A given medium will have an electric field breakdown
strength, past which the medium could be permanently damaged. It has been noted that self-
focusing can lead to increased local energy density, which can surpass the electric field breakdown
strength of a medium, causing damage to the medium (see [38] as well as the summary and review
section of the same journal).

Individual chapters contain further history and context relevant to particular results in this

thesis.

1.2 Chapter summaries and overview of results

This thesis consists of two papers completed during the author’s graduate student career, as

well as results which have not yet been released outside of this thesis.



Below we summarize each chapter, and present a representative theorem to illustrate the
nature of the main results in the given chapter. For full discussion of the main results, see the

containing chapters.

1.2.1 Chapter 2: Preliminaries

In Chapter 2, we discusses preliminary results and local theory for (NLS) and (emNLS).

1.2.2 Chapter 3: Global Dynamics of Electromagnetic Nonlinear Schrédinger

Equations Below the Ground State

Chapter 3 consists of the paper [15]. For certain (emNLS) equations, we demonstrate a
dichotomy classification for initial data with mass energy below that of the ground state.

A given magnetic potential has an associated trapping component B;. Results on Strichartz
estimates, such as those in [16], place a smallness condition on H|$‘QBTHLOO(RN)' We obtain a di-
chotomy result for purely magnetic (emNLS) in dimension N > 3. By purely magnetic, we mean
(emNLS) with Ay = 0. The norm dichotomy portion of the result holds for general potentials induc-
ing good local theory, and we obtain dichotomy with blow up when H |:c|QBTH Loo(RN) is sufficiently

small. The main result of Chapter 3 is the folowing theorem.

Theorem 1.2.1. There exists a constant C; so that if A € L} (R™;R™) is a potential inducing

satisfactory local theory, then we have the following dichotomy result: Suppose ug € H}X(RN) 18

such that
Ealuol™ [[uoll 7555 < Elugl™ llug 7% (1.2.1)
AlW 0 L2(RN) uQ L2(R?) L.
o If
IV w0l ol iy < IV 155 vy 525w (1.2.2)
then the solution u is global and
19 au(0) 55 g 5220y < V0 5 gy il i, (1.2.3)

for all time t € R.



c 1- 1—sc
IV avoll 3 v,y ol L5550, > 192035 vy Nl 500, (1.2.4)
then
|V au(t HL2 RN) HUOHL2(RN) > HVUQHL‘Z RN) HUQHB(RN)v (1.2.5)

on the full interval of existence, and if
2
[1]* Br || oo gy < Cr (1.2.6)
and ug has finite variance, the solution blows up in finite time.

In addition to this theorem, we obtain dichotomy results for equations with both electric and

magnetic potentials.

1.2.3 Chapter 4: Global Dynamics of Nonlinear Schrédinger Equations Above the

Ground State

Chapter 4 consists of the paper [45]. We study solutions of (NLS) above the ground state,
and obtain scattering and blow up results.

We consider finite variance initial data above the ground state, and show that large angular
momentum can be sufficient to obtain global existence and blow up results. Our results include

the following theorem regarding scattering in both time directions for large energy initial data.

Theorem 1.2.2. Consider ug € H*(RY), with |z|up € L2(RY) and

|2M[u0]|2 9 (d=sc) 9 (1—sc)
E — o < F fe 1.2.7
w0l = 33 Frapruoraz) ok [ual lug]l, (1.2.7)
If
2 2(1*Sc) 156)
IV]uoll3 lluoll, <HVUQH2HUQH2 ; (1.2.8)

then the solution u with initial data ug exists for all time and scatters in H' in both time directions.

We prove this theorem in a more general form which includes blow up results. We also obtain

results for global behavior in one time direction which improve on existing results.



1.2.4 Chapter 5: Momentum Based Modulations of Initial Data

In Chapter 5, we continue our study of solutions of (NLS) above the ground state. We
introduce countably many subspaces of H'(R?), and establish improved dichotomy results for these

spaces. The main theorem of Chapter 5 can be stated in the following way.

Theorem 1.2.3. Consider (NLS) with N = 2, and 0 < s.. There exists a sequence of subspaces
{Hi 332, € HY(R?), and a sequence {y} C (1,00) with v — oo as k — 0o, so that if ug € Hy,

and
l1—sc l—sc¢

2T QT
Eluq] HUOHLz(Rz) < N Elug) HUQ”Lz(Rz) )

the following statements hold.

o If
2 Qﬂ 2 Qﬂ
”VU0||L2(R2) HUOHLQEIE?) <Yk HVUQHIP([W) HUQHL2EE§2) y

then the corresponding solution u satisfies

a2 23520 Tu |2 2i5%e
| UHH(R?) HUHLQ(RQ) < || UQHL2(R2) HUQHLz(Rz)

for all time, and u exists globally in both time directions.

o If

1—s¢ 1—sc
2 Sc 2 Sc
HVUOHLQ(RQ) HUOHLZ(W) > Yk HVUQHB(R?) HUQHL2(R2) )

then the corresponding solution u satisfies

l—s¢ l—s¢

2 2 Se 2 Sc
HVUHLZ(R?) HUHL2(R2) > Vk ||VUQHL2(R2) ||UQHL2(R2)

on the full interval of existence. If we also have |x|ug € L*(R?), then u blows up in finite

time in both time directions.



Chapter 2

Preliminaries

We will now introduce background for our study of (NLS) and (emNLS). We will also provide

some preliminary results used in subsequent chapters.

2.1 Weak derivatives, and spaces for (NLS) and (emNLS)

This section collects definitions and results regarding weak differentiation and electromagnetic
Sobolev spaces. We review pointwise a.e. results for weak derivatives, and discuss electromagnetic
weak differentiation. In this section, and throughout this thesis, we will assume that all magnetic

potentials satisfy the condition A € L2 (RY;RY).

loc

2.1.1 Distributions and weak derivatives

The space of test functions, C2°(R”), is the space of compactly supported, infinitely differen-
tiable functions in RY equipped with the following topology: a sequence {¢;} C C>(R¥) converges
toa ¢ € CSO(RN) if there is some compact set K, so that ¢, ¢1, ¢, ... are supported in K, and so

that for each finite sequence {l;}72; C {1,..., N},

A distribution, v, is a continuous linear functional on C°(RY). If there is a measurable

function f, such that for each ¢ € C°(RY),

v(é) = [ 1



then we call f a distribution, and identify f with +. Hence, each L{ (R") function is a distribution.

loc

If f is a classically differentiable function with 9;f € Ll (RY), then 9;f is a distribution

loc

which acts on ¢ € C°(RY) by

More generally, for any distribution 1, and partial derivative d;, the map ¢ — —1 (9;¢) is a
distribution, and this property is used to define a distributional derivative of 1, 9;1, by action on

¢ € C(RY),

9 (¢) = =1 (9;9).

We let VV&;(RN ) denote the set of functions in Li (RY) with distributional derivatives

also in L (RY). In the case f € I/Vlf)cl (RN), we refer to distributional differentiation as weak

differentiation.
Special care must be taken in defining magnetic derivatives of distributions. In particular,

for a general distribution f € Li (RY), potential A € L2 (RY;RY), and index j € {1,..., N}, it

loc loc

may not be true that the function A;f defines a distribution. If we restrict to f € L? (RY), then

loc

the condition 4 € LZ (RM;R") implies that A;f will indeed be a distribution, and we can define

loc

the distributional magnetic derivative

Dj = 8j +iAj.
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We define the magnetic gradient by

- b, -
Va= ;

Dy

and the magnetic Laplacian by o
Ap=Vy- Vag,

when this operator produces a distribution.
The following theorem collects certain properties of weak differentiation used in this thesis.

Each of these properties is given in [42].

Theorem 2.1.1 (Properties of weak derivatives). Let A € L2 (RN;RY) be some potential.

loc

Derivative of the absolute value and Kato’s, or the diamagnetic, inequality: Sup-

pose u € W (RN). Then we have both

loc

Re Z(? Vu| u(z)#0
o= "

0 u(x) =0,

and

V]ul| < [Vl 2.1.1)

almost everywhere. The inequality (2.1.1) is Kato’s inequality.

Ifu e W (RN) N L2(RYN), then
[Vul| < [V aul

almost everywhere.
Gradients on level sets: If u € Wli’cl(RN), then Vu = 0 almost everywhere on any level

set of u. That is, given any c € C, and Lebesgue measure p,

p({u=c}nN{Vu#0})=0.
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2.1.2 Sobolev spaces and electromagnetic variants

The space H'(RY) is the space of functions f € L2(R") such that each first distributional

derivative is given by a function in L?(R™), and is a Hilbert space with norm

1/2
I sy = (171 22emy + IV B aey) -

The magnetic space, H}(RY) is the space of functions f € L2(RY) such that each first magnetic

distributional derivative is given by a function in L?(RY), and is a Hilbert space with norm

1/2
1 ey = (1712 + 1V A I )

having C2°(R”) as a dense subset.

Note that since we consider f € L?(R"), the magnetic distributional derivatives are indeed
well defined.

A useful consequence of the above statement in the context of (emNLS) is the fact that for
functions in H}‘ (R™), one can take two distributional magnetic derivatives, and hence the magnetic
Laplacian is well defined as a distribution.

This property is also useful for discussing the space Hgl(RN ), which is a representation of
the dual space H(RY).

We first recall H~1(R¥). Note that for each function u in L%(RY) = (L*(R"))*, the map
V= <U, U>L2(RN)

is a bounded linear functional on H'(R") (not arising from the Riesz representation theorem for
H'(RY)). This is exactly the inclusion (L2(RV))* < (H'(R"))*. Since the Hilbert space L?(R")
densely embeds into the Hilbert space H'(RY), we can express the full space (H'(R"))* as the
closure of the dense subset (L?(R™V))*. It can be shown that elements of this extension can be
represented by elements of the form u — Au with v € H*(RY).

The same discussion as above is used to construct a space H,'(R™) which is isometric
to (H'(RN))*, with elements which are represented by distributions of the form u — A u with

u € HY(RY), and satisfying the identity inclusion map L?(RY) = (L*(RM))* 1, H N RY).
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2.1.3 Time dependent spaces

Solutions of (NLS) and (emNLS) are functions u(t) : I — X where I C R is a time interval
and X is a suitable space. We now define the spaces solutions will live in. For an interval I C R,
and a Banach space X, we will consider spaces C(I; X), and C*(I; X), which are respectively the
spaces of continuous or once continuously differentiable maps from I to X. Given u € C*(I; X),

differentiation is defined in the standard way,

Opu(t) = lim w

5—0 s
If X is a separable space, as all those we consider will be, and I = [Ty, T1] is a closed interval,
then making use of Pettis’ theorem (e.g. [24]), a function, u € C([Ty, T1]; X), is integrable, with the
integral defined in the following manner. Integration of simple functions is defined as normal. So

a function ¢ : [Ty, T1] — X, of the form

M
o) = > e, (1),
k=1

where each ¢y € X is some fixed function, and each Ej C [Tp,T1] is some measurable set, has
integral

T M
S(t)dt = pp(Ey).
k=1

To

Moving on to integration in C'([Ty, T1]; X), given any u € C([Tp,T1]; X), there is some sequence of

simple functions, {¢;}, such that

T
lim [6(t) — ¢5(t)]  dt = 0.

Using this sequence, the integral of u is defined by the limit

T T
/ u(t)dt = lim ¢;(t)dt,

Ty g=oo J1y

which is independent of the approximating sequence.

2.2 Solutions of equations

We are now prepared to discuss our notion of solutions for (NLS) and (emNLS).
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2.2.1 Defining solutions of linear equations

We begin by considering linear evolution equations in a rather general context. This treatment
roughly follows [8] (see also [48]). In what follows, (, ) will always denote the L?(R") inner product,
and extensions of this inner product to duality pairings (e.g. the H'(RY), H~1(RY) pairing).
Suppose we have an operator B which maps D(B), a dense subset of L2(RY), to L?(R"), such
that B is nonpositive and self adjoint.

We begin by discussing solutions to the homogeneous equation
i0yu + Bu = 0. (2.2.1)

Stone’s Theorem guarantees the existence of a strongly continuous linear semigroup e*? so that
for ug € D(B), t + eBug solves (2.2.1) in L2(RV).
Define a norm
1/2

el vy = (el ey = (Buyw))
and let LL(RY)  L2(R¥) be the closure of D(B) with respect to this norm. The spectral theorem
implies that we can extend B to a self adjoint operator B : LL(RY) — (L4 (RY))*, and the linear
semigroup P is a strongly continuous collection of isometries on all of the spaces LQB (RN), L2(RN),
(LE(RM))*. Furthermore, for ug € L%(RY), the function t — eBug solves (2.2.1) in (L% (RY))*.

Consider the inhomogeneous equation
i0u+ Bu+ f =0. (2.2.2)

with f € C([0,T); (L4(RM))*). For u € C([0,T]; LL(RN)) n C([0, T]; (LE(RN))*), every term of
(2.2.2) is well defined in (L%4(RY))*, and if f and u are functions with these regularity conditions,
we will say that u solves (2.2.2) if u solves the equation in (L% (RY))*.

A more general notion of solution for (2.2.2) will be useful for constructing solutions to the

nonlinear problem. Suppose f € C([0,T]; (L%(RY))*), and

u € O([0,T]; L(RY)) N CH([0, TT; (L(R™))")
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solves (2.2.2). Then defining ug by ug = u(0) € L%(RY), u satisfies the integral equation
. t .
u(t) = ePug + / et=9)B 1 (s)ds, (2.2.3)
0
in C([0,T]; (L% (RY))*), and also in
C([0. T]; LERY)) n CH([0, T]; (LE(RY))),

since

¢"Pug € O([0, T]; L(R™Y)) N CH([0, T]; (LB(RY))").

This integral equation is Duhamel’s formula (see [48]).

More generally, given any ug € L%(RY), and f € C([0,T]; (L3(RY))*), the function u
defined by (2.2.3) is a well defined C([0,T]; (L%(RY))*) function. For up € L%(RY), and f €
C([0,T7; (LA (RN))*), we use (2.2.3) as the definition of solution for (2.2.2). If u solves (2.2.2) in
the integral sense, and u € C([0,T]; L(RN)) N C([0, T); (L%(RY))*), then u also solves (2.2.2) in
C([0,T7; (L%(RN))*), so there is no contradiction between our notions of solution.

In general, for a solution u arising from (2.2.3), establishing further regularity on u comes
down to establishing sufficient regularity on the term fot eilt=s)B f (s)ds. As an example, if we
consider the restriction on the inhomogeneous term, f € C([0,T]; L%(RY))), then for any ug, the
solution u will have C([0,T]; LL(RY)) N CY([0, T7; (L% (RY))*) regularity, though this condition on
f is quite restrictive.

For our nonlinear equations (NLS) and (emNLS), the integral formulation (2.2.3) is useful,
with the inhomogeneous term f replaced by the nonlinearity. Consider (emNLS) for example. If u €
C([0, T); HY(RN)NCH ([0, T); HH (RY)), we say that u is a C([0, T]; Hy(RN))NC ([0, T); H *(RY))
solution of (emNLS) if

t
u(t) = By + / elt=9)Ra(|y|P~1y)ds. (2.2.4)
0

Note that both sides of (2.2.4) are well defined since Sobolev embedding implies

[ul?~u € C([0, 1] H (RY)),
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and that the assumption
u € C(0,T]; HA(R™)) N CY([0, T); H ' (RY))

implies that u solves (emNLS) in the sense of distributions [48][Theorem 2.4].

One method for approaching the nonlinear equation involves using Duhamel’s formula (2.2.3)
to construct solutions of certain inhomogeneous equations. In this context, it is important to es-
tablish sufficient regularity of the resulting solutions. As noted above, this requires control on
the term fot et=9)B f(s)ds. In the case of (NLS), this control is established through the classi-
cal Strichartz estimates. For emNLS, for example, D’Ancona, Fanelli, Vega, and Visciglia [16]

established Strichartz estimates for a class of electromagnetic potentials.

2.3 A note about self adjointness for the electromagnetic Laplacian

In order to make use of the above linear theory for (emNLS) with nontrivial Ay, a single
operator B can be constructed by grouping the electric potential from the time derivative with the
Laplacian. That is, we can take

B = A4 — A.

The theory above requires self adjointness on the operator. This is often given as an abstract
condition on the potentials Ag, A. The following two theorems demonstrate existence of some
potentials generating such a self adjoint operator.

The first is the Leinfelder-Simader theorem [14,41].

Theorem 2.3.1. If A € L} (RY;RY) with divA € L? (RN;RY), and Ag € L2 _(RN) with Ag >0,

loc loc loc

then the operator

—A4+ Ap
1s essentially self adjoint.

One can obtain self adjoint operators with negative valued potentials Ay by introducing what

are known as Kato class functions. For NV > 3, we define the Kato class K to consist of real valued
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measurable functions V satisfying

v
lim sup / V@)l dy,
740 z0eRN YEBay (1) |y _-TO‘

where By, (r) is the ball of radius r centered at xo. This class can be used to produce self adjoint

operators, as the following theorem [14] demonstrates.

Theorem 2.3.2. If Ay € L? (RY), and (Ap)— € K, where (Ao)—(z) = |min{0, Ao}|, then —A+ Ay

1s essentially self adjoint.

2.4 Local theory of the nonlinear equations

We state a classical theorem regarding local wellposedness of (NLS) in our setting [50].

Theorem 2.4.1. Suppose 0 < s. < 1. For initial data uy € H'(RY), there exists a unique

u € O((Ty, T*); HY(RN)) with u(z,0) = ug(x), solving (NLS), such that if T* < oo,

lim [Vu(t) ey = .

and if Ty > —o0,

tlifzfi IVu(t)| L2 gy = o0
In addition, for T' < T*, there is some r > 0 so that if By, (r) denotes the set of vg € H'(RY)
satisfying [[uo — vol| g1 rry < 1, then the map vo = v, from Buyy(r) to C((0,7"); HY(RN)), taking
ingtial data to solutions of (NLS), is continuous.

Furthermore, the solution u satisfies the conservation laws

)1z @y = lluolZ2 ),

on the full time interval (Ty, T*). If |x|ug € L*(RYN), then on the full time interval (T,,T*), we

also have |zlu(t) € L*(RY), and the map t — V[ul(t) = [ |z|?|u(z,t)|* dz is twice differentiable,
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satisfying
W) =2 [ @ Plue.) do

4N(p—1)
0 ol e

Vielu](t) =8 HVU(t)H%?(RN) -

We will place an abstract assumption on electromagnetic potentials, that (emNLS) will have
this same satisfactory local theory. Explicitly, for dimension N > 3 and p such that 0 < s, < 1, we
will say that the electromagnetic potentials Ag, A generate satisfactory local theory if they satisfy
the following assumption
Assumption 2.4.1. We say the potentials Ag, A generate satisfactory local theory if the following
holds.

For initial data ug € H}(RY), there exists a unique u € C((Ty, T*); H{(RY)) with u(z,0) =
up(z), solving (emNLS), such that if T* < oo, lim¢rr+ [[Vau(t)|| 2gyy = 00, and if T, > —oo,
limg 7, [Vau(®)| 2@y = oo In addition, for 7" < T™, there is some 7 > 0 so that if By, (r)
denotes the set of vy € HY(RY) satisfying |Jug — U()HH}A(]RN) < r, then the map vy — v, from By, ()
to C((0,T"); H4(RY)), taking initial data to solutions of (emNLS), is continuous.

Furthermore, the solution u satisfies the conservation laws

Ealu(t)] = Ealug], and

()] 72y = luollZ2gny

on the full time interval (T, T*). If |x|ug € L?(RY), then |x|u(t) € L2(RY) on the full time interval,

and the map t — V[u](t) = [ |z|?|u(x,t)|* dz is twice differentiable, satisfying

Wlu =2 [ x- Plu(e 1) do.
Vielu] =4N(p — 1)Eafu] —2(N(p— 1) — 4) HVAUH%Q(RN) —2N(p—1) /A() lul? da:

4/|:U|8er|u]2 d:c+8/|x|1m(uBT'VAu) dx,
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where B is a vector, depending on A, defined in Chapter 3.

Solutions of (NLS) additionally satisfy the following conservation laws.

Theorem 2.4.2. Given initial data ug € H'(RN), and the corresponding solution w, for all t in

the interval of existence, u satisfies the conservation laws

Linear Momentum: Plul(t) == /P[u(x,t)] dx = Plug], and

Angular Momentum: Milu)(t) := /P[u(x,t)] A xdr = Mluo],

where

Plu) == 2 Im [aVu],

and A is a generalization of the cross product to any dimension, described in Chapter 4.



Chapter 3

Global Dynamics of Electromagnetic Nonlinear Schrodinger Equations Below

the Ground State

3.1 Introduction

We consider the electromagnetic nonlinear Schrodinger equation (emNLS) and investigate
global existence versus blow-up in finite time. Mathematically, emNLS is a natural generalization
of the NLS equation when one replaces regular derivatives by covariant derivatives. In physics,
the equation has connections to the quantum electrodynamics and Bose-Einstein condensates, e.g.,
see [22,43].

In this article, we are interested in the focusing equation and making progress in obtaining a
general understanding of the global theory similar to what is known for the standard NLS equation.
Here, “standard” refers to the case when all the potentials are zero.

In that case,

i+ Au + [ulPlu =0, (z,t) € R" xR, (3.1.1)

where u = wu(x,t) is complex-valued and p > 1. The solutions of this equation satisfy several
conservation laws. In particular, the L? norm, which is mass/charge, is conserved, and we also

have conservation of energy

1 1
Elu] = 9 ”VUH%Z(Rn) - P+ 1 \|U||I£ﬁ1(Rn) . (3.1.2)

2
The NLS equation has scaling: uy(x,t) = Ar—Tu(Az, \?t) is a solution if u(x,t) is as well.
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This scaling produces a scale-invariant Sobolev norm H*(R™) with
(3.1.3)

The NLS equation admits a soliton solution, which we call ug (see Section 3.2.1). This
solution acts as a threshold for when solutions exhibit a dichotomy between scattering and blow-

up in both time directions. For a precise statement of this fact, we consider the scale invariant

quantities
(1-sc
Eful* Jul g -
c 1 c
IVl oy ] ) -
The set of initial data satisfying Efu]® ||uol| L21Ri°)) < Elug]® |lugl| L21 Rff) has the following di-
chotomy.

Theorem 3.1.1. [19, 3/, 35] Let ug € H'(R") and let the critical exponent s. satisfy 0 < s, < 1.

Suppose
1 SC) Sc 1 Sc)
Eluo]* HUOHLz ®ny < Blug] ||UQ||L2(Rn : (3.1.4)
o If
||Vu0||L2 Rn) HUOHL2 (R™) < HVUQHB(Rn ||UQ||L2(RTL (3.1.5)

then the solution u is global in both time directions and

V)7 @y w0l 2 Giny < VUl @n) lual 2 gan) - (3.1.6)
for all time t € R. Moreover, the solution scatters in H(R™).
o If
V0l 7% @y w0l 2 Giny > IVUQI7E @n) 4@ f2gany - (3.1.7)

then

IVt 5% ey ol 2 (ny > IVQU 75 gy 1u@l 2oy » (3.1.8)
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and if |x|ug € L? or u is radial, then the solution blows up in finite time in both time

directions.

Remark 3.1.2. For further results regarding the blow up scenario, see e.g. [36].

In this chapter, we wish to establish a dichotomy result regarding global existence and blow-
up for the electromagnetic equation.

There is extensive literature on the existence of smoothing and Strichartz estimates for emNLS
(see for example [16,23,27]). Several authors have also studied wellposedness and scattering [9,17,
40]. Much less is known, however, about blow-up and formation of singularities. To our knowledge,
the only articles considering blow-up are the works of Goncalves Ribero [30], Garcia [26], Kieffer
and Loss [39], and Dinh [18]. The first two articles consider negative energy blow-up using the
virial identity argument. The work of Kieffer and Loss [39] develops a modification of the virial
identity argument, with a new conserved quantity related to the angular momentum. All articles
consider constant magnetic field with the exception of Garcia, who besides considering constant
magnetic field, considers potentials with a non-constant magnetic field, but having a zero trapping
component (see below). The articles [26,30,39] focus on blow-up results, while [18] considers both
global wellposedness and blow-up and obtains dichotomy results in the spirit of [34]. Among these
articles, most have focused on the case with no electric potential. However, Garcia [26] considers a
class of both magnetic and electric potentials.

The goal of the present chapter is to extend the results of [18,26,30,39] to potentials with
non-constant magnetic field and with nonzero trapping component. Moreover, the results address
both global wellposedness and blow-up in finite time for positive or negative energy, and are stated
as a dichotomy result.

We work in the Coulomb gauge. The proof of global existence can go through similar to the
standard NLS equation. The main obstacle comes while establishing the blow-up. This is due to
having extra terms in the virial identity (see (3.2.19)). In the case of the purely magnetic equation,

this can be handled by a careful analysis of the remaining error term.
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We also include results for the full electromagnetic equation. To obtain the dichotomy state-
ment, the result requires smallness of the potentials, and a smaller bound on the mass-energy, i.e.,
the bound (3.1.19). If we are only interested in a global wellposedness result, then no smallness
is required, and we can get as close as we want to an electromagnetic analog of the ground state

quantity. We state this as a corollary.

3.1.1 Main results
Let n > 3. Consider the focusing magnetic nonlinear Schrédinger equation, given by
iDuu+ Aqu=—ufftu, zeR", teR,

(3.1.9)
u(0,x) = up(z),

where

uw: R C,
Ay :R"— R, a=0,---,n,
Da:aa"i‘iAav a=0,---,n, Dt:D07

Ay =D?=D;D; = (0; +iA;)(9; +idj) = A+ 2iA-V +iV - A~ |A].

The Greek indices range from 0 to n, and Roman indices range from 1 to n. We sum over repeated

indices. We use V gqu to denote

(D1u, ..., Dyu)
and sometimes write (A, A) to mean (Ao, A1, ..., A,). The power p satisfies
4 4
1+ —-—<p<l4+——. (3.1.10)
n n— 2

The equation emNLS is scaling invariant (see Section 3.2.2 below) and (3.1.10) is equivalent to the

critical Sobolev exponent s, satisfying the intercritical range

0<s:.<1.



23

We note that this correspondence of the range of s. and p is the same as in the case of the standard

NLS equation.

We next define the spaces adapted to our magnetic NLS setting. Let
Hj(R") = {f € L*(R") : Vaf € L*(R")},

and

Sa(R") = {f € HA(R") : 2] f € L*(R"™)}.

The energy (or Hamiltonian) for emNLS is given by
1 2 1 w1 1 2
Balu] = 5 IV.aulfy = = lullg3} + 5 [ Aol da,

and is conserved when the equation has a satisfactory local theory for data in H}l.
In the case of 3 dimensions, for a magnetic potential A, the magnetic field can be identified

with curl A. It was observed in [25] that

B, = L curl A
||

is an obstruction to dispersion. The term B is called the trapping component of the magnetic
field.

In higher dimensions, the trapping component can be generalized to

T

BZ = H(F}k)v

where (Fji) is a matrix with the (j, k) entry given by Fj, = 0;A — 0iAj, so the k’th entry of By is

(B = 2 Fyp. (3.1.11)

]

Our main result is the following theorem.

Theorem 3.1.3. Letn > 3 and 0 < s. < 1. There exists a constant C; so that if A € L? (R";R")

loc
is a potential inducing satisfactory local theory, then we have the following dichotomy result: Sup-

pose ug € HY(R™) is such that

2(1-s¢)
L2(R™)

2(1—s¢)

Eafuo]* ol < Eluol™ Jual 75z (31.12)
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o If

1—sc
||VAUOHL2 R") ||UOHL2 R") < ||VUQ||L2 (Rm) HU’QHLZSRn)v (3.1.13)

then the solution u is global and

I 400 25 g Il 225y < 702 i (3.1.14)
for all time t € R.
M If
HVAUOHL2 Rn) ||UOHL2 Rn) > HVUQHL2 (Rn) HUQ”L2 (Rn) » (3.1.15)
then
|V au(t )HL2 Rn) ”“0HL2 R") > HVUQHL2 (Rn) HUQHL2 (Rn) » (3.1.16)

on the full interval of existence, and if
[ Br || oo ny < Cr (3.1.17)
and ug has finite variance, the solution blows up in finite time.

Remark 3.1.4. Observe that for potentials satisfying (3.1.17) this theorem is the magnetic analog

of the global well-posedness and blow-up portion of Theorem 3.1.1.

Remark 3.1.5. Under the assumption (3.1.12), the expressions (3.1.13) and (3.1.15) are the only

possibilities. This can be seen, for example, in the proof of Lemma 3.3.2.

Remark 3.1.6. We note that the theorem applies to both positive and negative energy. For negative

energy, the applicable scenario is only the blow-up scenario.
Remark 3.1.7. We can show that the theorem holds for the value

(n=2)(n(p—1)—4)  (n—2)(n(p—1)—4)

(1—s¢) ) 16 ’
16 Cpn |luglly ™ IVugll,

C; = min

where the constant C,,,, is obtained in Lemma 3.3.3. This value is not sharp.
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Remark 3.1.8. The Coulomb gauge and the norm in (3.1.17) is inspired by assumptions needed to
obtain Strichartz estimates. In general, smallness assumptions on B; are needed to obtain Strichartz
estimates and show local wellposedness. For example, in [16] to obtain Strichartz estimates in
dimensions greater than or equal to 4, a smallness condition on H |z|?B; Hoo is needed (possibly with
a different constant from (3.1.17)), while in 3 dimensions, this appears as a smallness condition on
|H$|3/QBTHL$L°°(ST)’ where
oo
sy = [ s L7, (3.118)

|z|=r

see further details on this in Appendix A.

If we include the electric potential, we obtain the following results.

Theorem 3.1.9. Let n >3, 0 < s. < 1, and ug € H}(R") such that

(1—s¢) (1—s¢)
Bafuo] lluoll ey < (1= a0) 500 Efug)] uq 32 5y — C(Ao, By): (3.1.19)
where
2a0 + a1 + 2bg 1580)
C (Ao, Br) = Wx* and .= (1— ag)éc(P ) HVUQ||2 ||uQH2 c, (3.1.20)

and ag, a1,by are constants appearing in (3.2.21), (3.2.22), and (3.2.23), respectively.

If A, Ay are potentials inducing satisfactory local theory, then we have the following dichotomy

result:
o If
19 00015 oy ol 2y < (1= 0) 7T [ Vi35 gy o535 (3.1.21)
then the solution u is global and
IV 4t (t) 155 gy ol 2 iny < (1 = ag)71 IVuQ 3% gy uel 2 (5 - (3.1.22)
for all time t € R.
o If

1—sc

1—sc
”vAu0HL2 Rn) ||UOHL2 Ry > (1 — aO)p ! ”VUQHL? Rn) ”UQHL2SRn (3.1.23)
)
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and if
n(p—1)ag+2a1 +4bg <n(p—1) —4 =s.(p— 1), (3.1.24)
then

—Sec

IV Au() 132 gy w0l 2 5m) > (1 - a0) 7T IV QI35 gny 1l 2 (En) (3.1.25)

on the full interval of existence, and if ug has finite variance the solution blows up in finite

time.

Remark 3.1.10. We can consider arbitrarily small C'(Ag, B;) by taking potentials with sufficiently

small constants ag, a1, by.
The proof of the above theorem implies the following corollary.

Corollary 3.1.11. Let n > 3,0 < s. < 1, and A, Ay be potentials inducing satisfactory local theory.
Suppose ug € H}l is such that

(1=s¢) (1=s¢)

2
Ealuo] [[uoll p2gny < (1 — ao) 50 Blug) luQll 2y - (3.1.26)

If

—Sc

19 at0l5 gy 015250y < (1= 0) 7T [Vt gy @255y (3.1.27)

then the solution w is global and

IV au(t )”LZ(Rn HUOHL2(Rn) (1- aU)p ! HVUQHL2(Rn HUQHL2(Rn (3.1.28)

for all time ¢ € R.

The paper is organized as follows. In Section 3.2 we discuss preliminaries regarding the stan-
dard NLS as well as emNLS. Then, in Section 3.3 we prove our main lemmas, including a remainder
identity for Kato’s inequality which provides control of the trapping term, as well as refined bounds
for the kinetic energy of solutions, and bounds regarding the proximity of a solution to the ground
state. In Section 3.4 we prove Theorem 3.1.3 by applying the remainder identity for Kato’s in-

equality to reduce the problem to the control of a nonlinear error term, which we then bound



27

using refined control of kinetic energy. In Section 3.5 we demonstrate a way to modify dichotomy
arguments for NLS to obtain results for emNLS, and prove Theorem 3.1.9. Finally, in Appendix A,
we provide a technique for constructing potentials which satisfy the abstract conditions appearing

in this article and other literature.

3.2 Preliminaries

3.2.1 Gagliardo-Nirenberg inequality

We start with recalling the Gagliardo-Nirenberg inequality [5, p.168], [8, Theorem 1.3.7],

p+1 "“’2_1) 2,%
Lr+1(R") < Con HVUHLQ(RR) HUHL2(Rn) > (3.2.1)

[l

which holds for 1 < p < Z—fg, which includes the case 0 < s, < 1.

From Kato’s diamagnetic inequality [42], we have the following estimate
|V |u|| < |Vaul. (3.2.2)

Combining (3.2.1) with (3.2.2), we obtain the following magnetic version

n(p—1

i1 npoh) o (=)
”uHLerl(Rn) < Cgn ||VAUHL2(Rn) HUHLz(Rn) . (3.2.3)

To simplify the notation, we write |[-[| »gny simply as [|||,. The following equivalent form of the

exponents in (3.2.3) will be useful
p+1 2 Se 1—s¢ p—1
lully 3 < Cen 1V auly (IV vl ully™>)" (3.2.4)

We are concerned with the case 0 < s. < 1, which we assume in the sequel. The Gagliardo-

Nirenberg inequality (3.2.1) admits a positive smooth H' minimizer, Q, unique up to scaling and



translation satisfying (via Pokhozhaev identities, e.g., see [34,49, 53])

HVQH2 = HQHz,
1 pt1 2
Il = =——lels,

p+1
Con = ———7-
2@l

A soliton solution to NLS can be written as

ug(x,t) = ei)‘tQ(ax),

where
-1 - 2)(p—1
o= n(}; ) and A=1-— (n )4(p ) =(1—s5c)
We have
1 +1
p+1 _ p+1 P 2
luqlzit = — llQIEE = 222 1@,
as well as
2
2 « 2
IVuqll2 = £ 1@I3.
and

1
Elug] = 5= (* = 1) |QI}.

Finally, for future reference we note

3.2.2 Scale invariant quantities and minimal energy function

If u solves (emNLS), then

uy(x,t) = )\P%lu()\:x, M2t)

solves (emNLS) with potentials

(Aga(z,t), Ax(2, 1)) = (N2 Ag( Az, \2t), ANA(Aw, A2t)).
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(3.2.5)

(3.2.6)

(3.2.7)

(3.2.8)

(3.2.9)

(3.2.10)

(3.2.11)



We consider the scale invariant quantities
2sc 2(1—sc) Sc 2(1-sc)
IV aull3™ Jlully and  Exfu]™ [lull; ;

and similarly to [34], we note that by (3.2.3) and (3.2.11)

2(1—Sc) 1 9 2(1—5c) 1 il (1 sc)
Baful fully = 5 IVaul el = — = Il fully ™
1 (1gs) CGN 9(1=sc) 1— p—1
> IVl lully ™ = S IVl 7 (I ™)
n(p—1)
(1 90) CGN (1 sea)\ T 4
= 2 IVl ully - —p+1<||wu||2||u||2 c )

This motivates the definition of the minimal energy function (cf. [34], [37])

P(z) = 1:zc - %xn(p;l).
2 p+1
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(3.2.12)

(3.2.13)

In particular, P is called the minimal energy function due to the bound that follows from (3.2.12)

p=sc) (1-s¢)

PV aul3llull; =) < Balul Jull;

Equality in (3.2.14) holds for the NLS soliton solution ug, namely, we have

(1 Sc) 2(1_3(:)

P(IVugl2 lluglly * ) = Elug] luql;

In addition, the function P is concave down on [0, 00) and attains the maximum of

(1 Sc)

Elug) ”“QH2

at
(1 Sc)

= ||Vugl2 llugl, °

Besides the magnetic energy F4[u], we introduce Kato energy,
1 2 1 p+1
Exlu] = 5 IVl — = Il
Note, due to the positivity of (), we have

Ekluq] = Elug)].

(3.2.14)

(3.2.15)

(3.2.16)

(3.2.17)
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Next, just like above, but using the Gagliardo—Nirenberg inequality (3.2.1) applied to |u| we can
show a similar bound to (3.2.14)

(I1—sc) (I1—-sc)

2
P(uvmw% = )SEK[u] fal? = (3.2.18)

3.2.3 Virial identity

The virial identity for the standard NLS is well-known [29,52,56]. For a general linear emNLS
it was derived first in [25]. Including nonlinearity is an easy extension (see e.g. [13]), and it can be
stated as follows

o2 / 22 [uf? dz = dn(p — 1) Ealu] — 2(n(p — 1) — 4) ||V aul]® — 2n(p — 1) /Ao (uf? do
(3.2.19)
- 4/]1&” |z| 8, Ao |u* dx + S/Rn |z| Im(uB; - Vau) dz.
If the electromagnetic potentials are all identically zero, then the third, fourth and fifth terms are
not present, and we recover the virial identity for the standard NLS.

We note that even in the purely magnetic equation, an extra term involving the trapping

term B; (the last term in (3.2.19)) remains. Therefore, besides being an obstruction to dispersion,

this term, in some sense, can also be an obstruction to virial blow-up arguments.

3.24 Magnetic Hardy’s inequality

We recall a magnetic Hardy’s inequality (see e.g. [25, A.1]). If u € H}(R") and n > 3, then

u

|z

2
<~ [Vaull,. (3.2.20)

2

3.2.5 Conditions on the potentials

If we include the electric potential, we can still work with the same norm for B, as before,

and then we also need bounds on the electric potential and its derivative. More specifically, in this



31

setting we consider potentials A, Ay so that, with notation f_ = max{—f,0}, the estimates

/AO, luf? dar < ag |V 4ul2, (3.2.21)
/ (0, 40)_ |2| [ul? dz < ay |V 4ul]?, (3.2.22)
Rn
/ 2| Zm(uB; - Vau) dz < by ||V aul3, (3.2.23)

hold for all u € H}K(RN) with constants 0 < ap < 1, and 0 < a1, by < oo.

As mentioned before, we are interested in the potentials considered in the article [16], as well
as the conditions on potentials in [25]. The conditions in [16,25] are imposed on the potentials in
order to obtain weak dispersion and Strichartz estimates. By [16, Lemma 2.3], we have 0 < ag < 1.

Next, using (3.2.20), we can take

2
by = Hm? B|| —. (3.2.24)
The condition on B, for n >4 in [16,25] is

2 o |12 3 2

H\xy B _+2 ny\ (BTA0)+‘ L <sn-Dn-3) (3.2.25)
Hence in that case,
4(n—1)(n—3)
I —
=73 n—2

This can be compared with bounds in (3.1.17). We discuss connections between these conditions
and those necessary for Strichartz estimates in 3D in Appendix A.

Finally, having nonzero (0, Ap)— is the place where we need to impose an additional condition
that does not appear in the work of [16,25]. There, a smallness condition on (9,A4p)+ is needed.
We use the condition (3.2.22) to establish a finite time blow-up. Therefore, if we are only after

global wellposedness, the condition (3.2.22) would not be needed (see Corollary 3.1.11).

3.3 Main lemmas

There are several technical lemmas we need to establish.
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3.3.1 Remainder identity for Kato’s inequality

Here we establish a remainder identity for Kato’s inequality on H}l.

Lemma 3.3.1 (Remainder identity for Kato’s inequality). For u € HY, the identity
2 2 u 2
IVaully = VI3 = [ |im[ 2V au]| da
u#0 ‘U|
1s satisfied.

Proof. Given u € HY, we have pointwise [42, Thm 6.17]

10jlul|* =

Furthermore by [42, Thm 6.19] we have that a.e.

leu

Jul

2
2

0 u=0.

It follows that a.e.

_ 2
) ) ‘Im[ﬁvAuH u#0
IV aul® — [V]ul|* =

0 u=0.

From here the result follows by integration, which completes the proof. O

3.3.2 Double Cut Lemma

We show that the set of the initial data strictly below the ground state is the union of two

disjoint open sets such that within each set we can also compare the size of ||V qul, to ||V |ul]|,.



Lemma 3.3.2 (Double Cut Lemma). For a potential A € L? (R™;R™), consider

loc

Se 2 ]_73C Sc 2 1753
R = {u € Hi(RY) : Balul* [u]3" > < Blug]* [[ugl5"*}.
There are two disjoint sets R1, Ro with R = R1 U Ro such that for each u € Ry,

1- 1— 1-
IV [ulll" [lully ™ < IVaully® [Jully™ < [IVuglly luqlly™™

and for each u € Ra,

1- 1- 1-
IVuQlly luglly™ < IVIulll5” lully™ < [IVaull3 lully™ -

Proof. Recall the minimal energy function from Section 3.2.2

1 C n(p—1)
P(w)zix_piﬁx 2l

i

where for u € H}l, the inequality

(1—sc) (1—sc)

gll=sc)
P([Vaully |[ully * ) < Balul [lull; *

holds by (3.2.12). Now, since for u € R we have

(I—sc) 2(1—50)

Ealu] flully ™ < Eluglllugly ™

and by (3.2.15)
(A=sc) (A=sc)

2 2 e
P([[Vugqlly luglly ) = Elug] |luglly :

it must be that if u € R, we either have

1—s¢

< Vuglly® luglly

1—
IV aully flully
or

1—sc

c 1— c c
IV aully ulla™ > [[Vuglly® luglly
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(3.3.1)

(3.3.2)

(3.3.3)

(3.3.4)

We now show that we can further describe the set R as a union of R and Rs. By Kato’s inequality,

to establish the full result it is sufficient to show that each w satisfying (3.3.4) also satisfies

1—sc

c 1_ c c
IVTlll3 flelly™ > 1 Vuglly® luell;

(3.3.5)
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Suppose we have u € H}‘ such that
2(1—s. . (1-s¢)
Eafu)™ lul3" ™ < Elug)™ lugll;"

and (3.3.4). Then
(A—=sc) (A=sc)

Ealulllully > < Elug] lluglly ™,

which with (3.3.4) implies

(1—s¢) - Sc)
1
a2 ully = > luqliyty luglly °

Applying the Gagliardo-Nirenberg inequality (3.2.1) on the left hand side and using that @
is the optimizer, and so is ug by scale invariance (i.e., applying equality in (3.2.1) to the right-hand
side above), we obtain

np-1) oy (21 g(=se) - o (=2 p(1=se)
Con [[VIullly = lully 2 ully >CGN||VUQH2 HUQHQ ’ ||UQH2

Then rewriting the exponents, as in (3.2.4), gives

(A=sc) - 6c)

2 1—s.\ P71 27 2 1-s.\P~
191l (19l Jl)" ully = > Vel (IVuqli luglls™)" uelly -

Manipulating the exponents further, we see the above is exactly

n+2 (r—1)+2
1—s¢ sc 1—sc sc
(Il a3 =>) "™ > (1wl ey ™) ,
which in turn implies (3.3.5) as claimed.
O
3.3.3 Proximity estimate for kinetic energy above the ground state

In this section, we establish the main estimate, which will be used in our blow-up argument.
For u € Rs, as defined in Lemma 3.3.2, we consider two non-negative quantities, which are
useful for measuring how far u is from being a ground state. The first quantity arises from the

remainder v in Kato’s inequality and is given by

(ls) 13)

Frc(w) = |Vaul3luly * ~ [Vull3ul; *
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The second quantity arises from the kinetic energy of u and is given by

(I—-sc)

2 2= 2 2=
Frp(u) = [|Vaullz [ull — IVugll; luglls

(1=sc)

The Double Cut Lemma 3.3.2 equation (3.3.2) implies the bound
Fri(u) < Frp(u), (3.3.6)

when u € Ro. In fact, what the lemma below shows is that the geometry of Ry additionally

provides a bound

Frx(w) < (Fxp(u)?,

which holds on Rs and is stronger than the linear bound (3.3.6) when Fxp is small.
Lemma 3.3.3 (Ground State Proximity Bound). There exists a constant Cp,,, > 0 such that
(IRK(U))UQ < Cp,n -FKE(U) (337)

for u € Ras.

Furthermore, the inequality holds for the following values of Cy,.

e Forn(p—1) <8,

n(p—1)—8

_ 16(p + 1) o 2205
Cy = =) (Il luel;

(CGNn(p — 1) (n(p

e Forn(p—1)>8,

n(p—1)—8
16(p+1) 8

—1/2 ) o (1=5¢)
" Cann(p—1)(n(p—1) — 4) IVugll3 uglly

Before we begin the proof of Lemma 3.3.3 we make some remarks. We also state a simple

Calculus lemma that is used in the proof.
The bound of Lemma 3.3.3 arises from the geometry of Rs. The minimal energy function

P introduced in Section 3.2.2 (3.2.13) provides a description of the relevant geometry. Prior to
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establishing the desired bound, we define a rigid transformation of the minimal energy function

into a form better suited to this context.

(I1—s¢)
Recall, P(z) is concave down on [0, 00), attaining its maximum of Efug] [|ugll, *° at z. =
1- Sc)
||VuQ||2 ||uQ||2 . We define a transformation, P*, which recenters the curve P to the ground

state.

P*(z) := P(xzs) — P (x + x)

(I=s¢)

a- Sc)
_ Elugl Jugll ™ P(%HVWMW@% )

This transformation is defined so that P* is concave up on [—x., c0) and increasing on [0, 00), and
such that P*(0) = (P*)'(0) = 0.

We now recall the bound (3.2.18), namely,

2(1*55) (1 sc)
Exul Jul = zPwamquc)-

Under the transformation of P to P*, this bound implies
2(1 sc) . (A—=sc)
P(z.) = Exlu] [[ully, > <P <HWUH|2 lull, = — x) ,

and applying the main energy assumption (3.1.12) to the left hand side, with the explicit value of

P(z,), results in the bound

2(1 s[‘) 9 9 (153(»)
sl = (190l = 191allE] < P (I0lali3 uly = ~a.). (333

which by (3.2.2) and the definition of Fri(u) and Frg(u) gives

%}"RK(u) < P*(Fren(u)). (3.3.9)

We now consider the inverse of P* on [0, o), denoted by (P*)~1. Since P* is strictly increasing

in [0, 00), the inverse (P*)~! is well defined and increasing. Applying (P*)™" to both sides of (3.3.9)
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results in
(P! (;]:RK(U)> < Frp(u). (3.3.10)

To establish the Lemma 3.3.3, we use a simple Calculus fact that we state without proof.

Lemma 3.3.4. Let b € (0,00], f:[0,b) — [0,00) be twice differentiable with well-defined inverse,
f=1, and such that f(0) = f'(0) = 0. If f"(z) < C for some C > 0 for all x € [0,b), then

f(z) < $a? for all z € [0,b), and f~(z) > \/%\/:f for all z € [0, f(b)).
We are now ready to start the proof.

Proof of Lemma 3.3.3. We consider three cases.
Case 1: n(p — 1) = 8. In this case, by completing the square, we can see P* : [0,00) — [0,00) is

simply a quadratic function

_CGN 2
= —0=x
p+1

)

P*(x)

(P a) = [ vz,

Can

and (3.3.10) implies

p+1
2CanN

(Frx(u)? < Frp(u),

which gives (3.3.7) as needed.

Case 2: n(p— 1) < 8. We begin by computing

(1—sc¢)
* 2 2 Se
0y P*(x) = 03P <$+ IVugllz [lugllz )

Con (n(p—1)Y (np-1) 2 2
— Jon (2, =D 1) (a4 1Vugl ol
n(p—1)—8
4

Con (np—1)\ (nlp—1) 2 205z
< — Sc
< Gox (. 1) (19ul ol ,

n(p—1)—8
4
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for x € [0,00). Then by Lemma 3.3.4

1/2
- 2(p+1)
0 1/2
(P7) " (z) > : == Y
n(p—1 n(p—1 e
CGN(( ) - >) (HVuQuzuuQ\z )
V2 16(p -+ 1) SR
= 2 VU U Sc x 7
<CGNn(p—1) (n(p—l)—4)> <|| ellz lluelly >

and (3.3.10) implies (3.3.7) in this case.
Case 3: n(p — 1) > 8. In this case, we consider Fxp(u) < 1 and Frg(u) > 1. If Fgg(u) > 1,
then (3.3.6) implies (3.3.7).

Next, if Fxg(u) < 1, we observe that in [0,1) we have

. 2(1;3c)
O2P* (a) = — 2P (x+|VuQ||§||uQH2 : )

n(p—1)—8
Con (n(p—1)\ (n(p—1) op 2t
< —1)(1
< con (2l ; +IVuql ol ,
and by Lemma 3.3.4 for all z € [0, P*(1))
n(p—1)—8 -1
_ 16(p+ 1) —1/2 9 9(=sc)\ 7 8§ 1
P z) > V2 1 sc /2,
P70 22 (oo —g ) (L Vel gl -

We now note that since Frp(u) < 1, by (3.3.9), 1 Fri(u) € [0, P*(1)), so by Lemma 3.3.4, we

obtain

(P~ <1]:RK(U)> >

n(p—1)—8 -1

-1/2 (ee) =
(Cczvn@ml(f(;(? 1)4)) (“”VUQHEHuQHi g ) (Fric(u)"2.
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Hence, using (3.3.10) as above, we obtain

(Fri(u)'/?

n(p—1)—8

—1/2 lsc) s
(e irea=t=g)  (1+IVuallual; =) Frep(w)

16(p+ 1) —-1/2 91— Sc) %
< [1+ + ||Vu U Frre(u),
< [+ (G- Tap—p=g) (+IVwellel ©) )

as claimed. O

3.34 Bound for the term involving trapping

The following lemma builds on the previous lemmas and is a key component of the proof of

the blow-up.

- is small enough, and u € Ro, then
o

(1=sc)

8 Hqu s Im/ |z|uB; - Vau dz < 2(n(p — 1) — 4) Fxp(u).

Proof. Let u € Ro, then Fxp(u) > 0. We can consider the integral over the union of the sets
where v = 0 and when u # 0. If the integral is taken over the set where uw = 0, then the inequality
holds since we are considering the intercritical case. Therefore, we can assume u # 0. We proceed

to bound the integral over that set. Since B, is real-valued we have

'Im/ |z|uBr - Vau dx

= ‘/x|BT-Im(uVAu) dz

i ()
i (177,

)

| IVaul,
o0




by Hardy’s inequality (3.2.20). Then by Lemma 3.3.1 and (3.3.6) we have

(A=sc)
lully

SIm/ |x|uB; - V qu dz

i
<l ™ ——=5 [llal’Br |, 1V aully [Fr ()2

—Sc (1—s¢)

16 = - >
= 25 el Il IVuel} + ul 19 Al

(1 sc)

ey I1Vuql] " Frsctw] 2

—Sc

16
< 20 NePB . [l Vgl | EFaact + 2 a5 | Ficet)

=I+1I.

To complete the proof we show

I<(nlp—1)—4)Frge(u),

and
IT<(n(p—1)—4)Frp(u).
By Lemma 3.3.3 there is a constant C), ,, such that
[Frrc(u)]'? < Cpp Frem(u).
It follows

luglly HwQHQ] Frac(w)]/2

16
I=
n

16 prn (1—sc)
(n—=2)(n(p—1) -4

So we obtain the desired bound if

n—2)(np—1)—4
llof2B, |, < —n=20E =D =4

16 Cpn [luglly * [IVuglly

] luglly > Vuqll, HIfCIQBrHOO} nlp = 1) = 4)Frp(u)].

40
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Next, if
fles |, < 202D =0
then
16 9
17 = 2 B Fice(0) < (nlp = 1) = ) s,
as needed. -

3.4 Proof of Theorem 3.1.3

We break the proof of the theorem into two main parts. We begin with the global exis-

tence.

3.4.1 Proof of Theorem 3.1.3: global existence

The reasoning for global existence is the same as in [34]. The details are as follows. The

conservation of mass and energy, (3.2.14), and (3.1.12) imply for all time

(1—=s¢) (A—sc) (A—sc)

PIVau(®) 3 u(®)lly ** ) < Eafu)] [ull; = < Elug] lluglly *

and hence,

(1—s¢) (1—sc)

2 2
IVau@)llz lu@®)ly *= # I Vugll; luglly > (3.4.1)

Then, if (3.1.13) holds, by continuity of ||V gu(t)||, in ¢, we must have (3.1.14). Then the standard
blow-up criterion implies that the solution must exist for all time.
3.4.2 Proof of Theorem 3.1.3: blow-up

Now, suppose (3.1.15) holds. Then (3.1.16) holds by (3.4.1) and the continuity of ||V au(t)]|,.

Next, from the virial identity (3.2.19) we get

2(1*50) 9 9 9 2(1*Sc) 9 2(1*50)
[ully > 0 /|CU |u[*dz = 4n(p — D) Ealu] lull, *¢ —2(n(p—1) = 4) [Vaullz [[ully *

(A—=s¢)

2{1=2e) -
+ [Jull, 81m/|x|uBT-VAudx.
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From (3.2.9) and (3.2.10) we have

(I=sc) (A—sc)

4n(p ~ DEug) lugl, = —2(n(p—1) —4) [Vugl2 Jugll, = =0, (3.4.2)

which allows us to rephrase the virial identity as

(I—sc)

9(l=sc) 5 9 (1 sc) 2(1;56)
[ully > 0; /|»”C\ |ul"dz = 4n(p — 1) (EA[ ) [l — Efuq] [luglly * >

9(1=sc)

(1 Sc)
on(p—1)— >(uvAmuuum = Vgl flugl )

(1 sc)

+8||u||2 s Im/]x|uBT~VAudx.

From (3.1.12) we have there exists € > 0 such that for all time

2(1*30) 2(1*Se>
M@—anb% Bl - [luglls = ﬂw0<—a

Then by definition of Fxg(u), it follows
(1—sc) (1 sc)
e 82/]35\ ul2de < 8 [Julls = Im/\x]uBT~VAuda:—2(n(p—l) 4) Fren(u) — e.
From Lemma 3.3.5 we have

(I1—=s¢)

2 .
8llull’ Im/!x|uBT-VAu < 2n(p—1) — 4) Frp(u),

so then the blow-up follows by the classical virial identity argument.

3.5 Proofs with the electric potential

In this section we prove Theorem 3.1.9. We consider the most interesting case, namely, when
Ap_ #0,and (0,Ap)— #0. If Ag— =0, and (0, Ap)— = 0, the statements of the theorems, and the
proofs would be essentially identical to the purely magnetic case. It will be clear from the proof
below why this is the case.

The main ideas are as follows. To obtain global existence, we bound the energy similarly as

n (3.2.12)
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n(p—1)
1

p+1

(1 SC)
— 5l / Ao_ uf? dx

2= 1 2= Oy (se)
Ealdluly = 2 5 19wl = — S (9l uly )

(3.5.1)
n(p—1)
1 (1*36) CGN (1530)
> 5 IVaulluly = - S (ol )
1-sc)
ao 2 sc
= 5 IVaullz [lull; :
by (3.2.21). Based on this, we modify the definition of the minimal energy function to be
1 C n(p—1)
Fl) = 5(1—ao)z - % =
2 9 (1—sc)
A computation shows that F' achieves the maximum at (1 —ag)*<®-D [|[Vug|; [lug|l, *° with the
- Sc)
value of (1 — ag) - se@=1) Elug] |lugl|ly *© (c.f. (3.2.17) and (3.2.16), respectively).

It follows that if (3.1.19) and (3.1.21) hold (or if (3.1.26) and (3.1.27) hold), then again by
the continuity of ||V au(t)||, in ¢, (3.1.22) (and (3.1.28)) holds for all time, and the solution exists
globally. This concludes the proof of global existence for Theorem 3.1.9 and the proof of Corollary

3.1.11.

3.5.1 Proof of blow-up in Theorem 3.1.9

On the other hand, if (3.1.23) holds, then again by continuity and (3.5.1), (3.1.25) follows.

To obtain blowup for finite variance, and given the smallness condition (3.1.24), the virial identity,



(3.2.19), gives us

(I—sc)

2(17$c)
fully = 38 [ el luPde = an(p — 1) Ealul Jul}

9 2(1755)
“an(p—1) / Ao ul? de Jullz >

9 2(1_36)
4 / 2] 0, Ao [uf? da [[ulls =
RTL

2(1735)
—1—8/ (| Tm(uB, - Vau) de |ul}

(1—s¢)

2
<dn(p —1)Ealu] [[ully *

9 2(17‘50)
L on(p— 1) / Ao ul? de Julls >

9 2(1fsc)
4l @ do)- ol dofuly
RTL

2(1_56)
—{—8/ |z| Zm(uB; - V gu) dx [Jully * .
Therefore, by (3.2.21), (3.2.22), (3.2.23)

(1—s¢)

2(1*56)
[l = 3?/IwIQIUI2dw <dn(p — 1) Ealu] [[ully

(1—s¢)

2
—2(n(p—1) = 4) [V auly ully *

gld—sc)
+ (2n(p — 1)ag + 4ay + 8bo) ||Vaull3 |Jully *

(I—sc)

21— "¢
—2(n(p = 1) = 4) |V aul ull; *

(1—s¢)

Qa-—2c)
—2(n(p— 1) = 4) [Vaul ully *

sc)

Y

and by (3.1.24), when collected, all the coefficients of ||V 4u|® above add up to be negative, and

9 2(1*Sc)
we can use that by (3.1.23), [|Vaull5 [Jully *°

2(1—s¢)

2
—2 2 se
> (1= ag) =1 [Vugll; lugll,

. This gives
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(1—sc)

2 ——c
lully  oF /le Jul2d < 4n(p — 1)Ealu] [ull; °

(1 gc)

(1 sc)

- <2(n(p— 1)~ 4)(1 — ag) =0 IVuqll; ||UQ||2 -

a- SC)
— (277,( — l)ao +4ay + 8bp)(1 — ao) @c(p 1) HVU,QH2 HUQH2 se )

Next, by (3.1.19), we have there exists € > 0 such that

(1=sc)

2
lully af/|$|2IU|2d$ < —& +dn(p— 1)(1 — ag)" = Elug) [lugll, °

a- S(‘)

— 4(2(10 + a1 + 2()0)1‘*

(1—sc)

2 2
—2(n(p — 1) = 4)(1 — ag) &1 [|Vugll3 [lug];

(A=sc)

+ (20(p — ap + dar + 8h0) (1 — ag) =07 |[Vugl2 [ugll, *

Then (3.4.2) allows us to make some cancellations and obtain

(1=sc)

2 —52
lully o7 / [2f2[ufdz < ~& — 2ap(n(p — 1) ~ 4)(1 — ap) =0 || Vug|2 luglly °

(1 Sc)

— 4(2a0 + a1 + 2b0)l‘*

(1 sc)

+(2n(p — L)ag + dar + 8b0) (1 — a0) =0 |[Vugll? uglly *

as needed.
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Chapter 4

Global Dynamics of Nonlinear Schrodinger Equations Above the Ground State

4.1 Introduction

We consider the intercritical, focusing, nonlinear Schrodinger equation,

(NLS)

with unknown u : RY x R — C. The equation has scaling invariance
w i NPy (g, N2, A >0,

and we consider N > 2 T and p such that this scaling is mass supercritical and energy subcritical.

That is, defining

the scaling is critical in H*(RY) with

0<s.<l1.

We refer to solutions of NLS simply as solutions, and explicitly state when we discuss solutions
of different equations.
Here, for initial data lying below a certain threshold, global dynamics are very well under-

stood. Above this threshold, it is known that global dynamics are more complex, but apart from

 We establish new control of solutions based on angular momentum. In the case N = 1, angular momentum is
degenerate.
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this fact, much remains unknown. We will elaborate on the difficulties and overview existing results
below, after we set up some necessary notation.

In this chapter, all function spaces will be spatial, over RY. We will omit the base space from
description of our function spaces, for example writing L9 for L(R"), and we simplify notation for
norms, writing |-, for [|-|| .4

We consider H'! initial data, for which there is extensive classical theory (e.g. [8,50]). For
initial data uy € H', the equation is locally well-posed. Given a solution u, the map t ||Vu\|§
is continuous. Given a maximal interval of existence, (7%, T™), for a solution u, T is finite if and
only if lim 47+ |Vu(t)||3 = oo, in which case we say u blows-up in finite positive time. Similarly,
Ty is finite if and only if lim, | 7, [[Vu(?) |3 = oo, in which case we say u blows-up in finite negative
time.

Furthermore, a solution u satisfies several conservation laws on the full interval of existence.

These include

2 2
Mass:  [Ju(t)]l3 = [luoll3,

1 1
Energy:  Elu](t) = 5 [Vu()]; - P lu()llhy = Eluo),

Linear Momentum: P[u](t) = /P[u(m,t)] dx = Plug],

Angular Momentum: M]u|(t) = /P[u(:z, t)] A xdx = MJug],

where

Plu] := 2Im [u Vu]

is the momentum density.

In our definition of angular momentum, the wedge of vectors

<U1,...,’UN>/\<U]1,.--,UJN>
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can be thought of as a vector with (];[ ) components, given by
VWL — VEW;
for j < k. In the case of 3 dimensions, the angular momentum is typically defined by the vector
M (t) = — /x « Plu(z, 1) da.

There is an equivalence between these definitions. In particular, the vector M*[u](¢) has the same
components as MJu|(t) up to a sign, and in 3 dimensions, our results can be formulated with either
definition with no change to the statement of the theorems.

Conservation of angular momentum in general dimension follows component-wise in the same
manner as for three dimensions.

4.1.1 The soliton solution

As shown in [53] (see also [34]), NLS admits a soliton solution
ug(z,t) = eMQ(ax)

where @ : RN — R>¢ is the ground state solution for the equation

N1, (1_ <N—2i<p—1>)Q+Qp:0,

4
Q= M7 and A =1— W. The Gagliardo—Nirenberg inequality,
i1 Nph) o (NRrol)
lullpry < Con [[Vully * - Jully : (4.1.1)

which holds for u € H', is optimized by @, and has sharp constant

p+1

CoNn = ————.
2(1QI

Furthermore, @) decays exponentially (see [4,51]). By construction, @) satisfies

Ivels = el
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and this together with Pohozaev’s identity implies
2 2 p+1
IVQI = —< QI

The soliton ug also optimizes the Gagliardo-Nirenberg inequality, so that

ol Ny 9 N=2)p-1)
lueliyis = Con [IVuglly * lluell )

and by computation using the identities of (), we obtain identities

N@—D
E =" 4.1.2
2(p+1
Cen = b+ 1) T (4.1.3)
Sc
Np—1) (IVuglly luglly ™)
4.1.2 Variance and other important quantities

At a given time t, solutions have spatial variance

) :/]a:2]u(a:,t)\2d:c.

If V[uo] is finite, then V[u](¢) is finite for the full interval of existence and satisfies the well-known

identities [50]

Vilul(t) = 2 / x P lu(, 1) dr,

4N(p—1)

Vaelul(t) = 8[| Vu(t)|l3 — P ()l

where the identity for Vi [u|(t) is the classical virial identity.
By either direct computation using properties of ug stated above, or else the stationary

properties of the soliton,
AN(p—1)

p+l _ 4.1.4
] lugl| (4.1.4)

2
8[[Vugll; - pHl

In what follows, given initial data ug € H', expressions such as V;[ug] will refer to V;[u](0)

where u is the solution with initial data wug.
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The quantity ||Vu(t)||3 will be referred to as kinetic energy. We also consider the quantity
|V |u|(t)||3, which will be referred to as Kato kinetic energy. An identity first noted in [15] and
presented in Lemma 4.2.2 demonstrates an aspect of the connection between Kato kinetic energy
and momentum. This connection has been exploited to obtain blow-up results for electromagnetic
nonlinear Schrodinger equations [15], and will be used in our main result. Also significant will be

the Kato energy of a solution, which is defined by

1 1
Exul(®) = 3 IV @] 5 = =7 @)l

and is not a conserved quantity.

Kato kinetic energy and Kato energy are introduced in [15] for the electromagnetic nonlinear
Schrédinger equation, and we do not know of its presence in prior literature for NLS. However, as
we demonstrate in this chapter, Kato kinetic energy reveals important structure regarding the mass
profile, |ug|, of initial data, and we will contextualize many previous results in terms of Kato energy
and Kato kinetic energy. For existing results, this contextualization is a natural alternative to the
originally presented context, and does not modify the results, as is discussed further in Remark

4.1.5.

4.1.3 At and below the ground state

Questions of global existence and blow-up at and below the ground state have been extensively
studied (e.g. [7,10,19, 20, 28, 31, 32, 34-36]). We review certain results which are relevant to our
work and are established, in their current generality, in [32] and [7].

With respect to the scale invariant quantities

(I=sc)

Mass-Energy :  Efu(t)] [|u(t)|, ™

(1—sc)

2
Mass-Kinetic Energy : || Vu(t)||3 [Ju(t)], =

the soliton ug provides a threshold for global existence and blow-up. We say that initial data ug
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is below the ground state if up has smaller mass-energy than the soliton ug, so

(1—s¢) 2(1—5(3)

Eluo] [Juolly ** < Elug][luglly *

The study of initial data at and below the ground state has yielded very satisfactory results.
Global for mass and energy critical equations in works such as [37,53] influenced the work on the
intercritical equation which we describe below. Holmer and Roudenko obtained a dichotomy result
in [34] which, in a sense, interpolated between the results of [37] and [53] for the mass and energy
critical equations. The full resolution for the case of finite variance,! achieved in theorems of

Duyckaerts, Holmer, and Roudenko [19], Guevara [32], and Campos, Farah, and Roudenko [7].

Theorem 4.1.1 (Below the Ground State [32]). Assume, 0 < s. < 1, and ug € H' with |z|ug € L?

such that
(1—=sc) (1—s¢)

Elug] [Juolly ** < Elug][luglly *

o If
(1—sc) (1—sc)

2
IVuolz lluolly > < [Vugll lluglly >

then the solution u exists globally and scatters in both time directions.

o If

(1—s¢) (1—s¢)

2 2 2 220
[Vuoll3 [[uolly ™ > [[Vugll; lluglly ™

then the solution u blows-up in finite time in both time directions.

Remark 4.1.2. The energy assumption implies that ug can not satisfy

9 (1—s¢) 9 2(1*56)
[Vuollz [[uolly = = [[Vugqlls lluglly *

The above theorem shows that for finite variance initial data below the ground state, there

is a true dichotomy with global and blow-up solutions classified by mass-kinetic energy.

T The case of infinite variance, while having well developed theory, is to some extent not fully resolved. This is
due to remaining questions regarding an a priori infinite time blow-up scenario (see [36]).
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Theorem 4.1.3 (‘Threshold Solutions’: At the Ground State [7]). Assume 0 < s. < 1. The theory

of solutions at the ground state can be presented in two parts.

Part 1:

There exist radial solutions ug and ug to NLS in H' satisfying the following properties

o [ug|], = [wal; = el Bluglt) = Blgl) = Fluc)

VugO)[] < 17uql < ||vugo)||

o In positive time, ug, converges to the soliton ug in the sense that there are C,a > 0 such

that
R

and in negative time g exists globally and scatters.

e In positive time, ug converges to the soliton ug in the sense that there are C,a > 0 such
that

o -val, <
and ug blows-up in finite negative time.

Part 2:

Suppose ug € H' with |z|ug € L? satisfies

(1—sc) 2(1*512)

Eluo] [Juolly ** = Elug][luglly *

. If
(I=sc) (1=sc)
2 2= 2 27
[Vuoll3 [luolly < [Vugllz lugll, ;

then either

* the solution satisfies u = ug up to symmetry, or

* the solution exists globally and scatters in both time directions.
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o If
9 (1—s¢) 9 2(1_36)
Vuolly luolly * = Vuglly lluglly *

then the solution satisfies u = ug up to symmetries.

o If
(I—sc) (1-sc)

2 2 2 2=
[Vuollz luolly > > Vuglls [luglly >

then etther

* the solution satisfies u = ua up to symmetry, or

* the solution blows-up in finite time in both time directions.

This theorem shows that once the threshold is reached, the dichotomy seen under the ground
state begins to break down, where in addition to the soliton, there is a single special solution as
an exception to scattering and a single special solution as an exception to blow-up. In all, there
are five possibilities for behavior of solutions at the ground state. Later, we will see that above
the ground state the classification property initial data below the ground state enjoys breaks down

even further.

4.1.4 Above the ground state

Note that at and below the ground state, for the case of finite variance, the theorems of
Guevara [32], and of Campos, Farah, and Roudenko [7], completed the classification of initial data
based on general global behavior of solutions.

Above the ground state, there is considerably less known. Here we will review relevant

results.t

T Some of these results are proved for specific NLS equations, commonly the 3 dimensional cubic equation. At times
these restrictions seem to be for convenience, with arguments generalizing to more general intercritical equations,
though there are times when these restrictions are important for arguments. Here we wish to review what has been
done for any case of intercritical equation, so for discussion of background results we will avoid mention of such
restrictions.
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We begin with a remark concerning linear momentum. Given v € RV, the Galilean transfor-
mation

u(x,t) = uy(z, t) = eiz'”e_it|”‘2u(x — 2ut,t)
allows us to transform between inertial reference frames, with u, being a solution if u is, and with
Plu,] = Plu] + 2v.

For nontrivial u, the Galilean transformation preserves ||u(t) Hg, and by choosing v with large
enough magnitude, E[u,](t) can be taken to be arbitrarily large. This allows for classification of
global behavior for certain solutions arbitrarily far above the ground state by taking initial data
below the ground state and performing an appropriate Galilean transformation. In this chapter, we
only consider results which are not vacuous under the assumption on linear momentum, P[ug] = 0.

As stated above, there are existing results which indicate that the problem above the ground
state is more delicate than below the ground state. Nakanishi and Schlag [46] identify at least nine
different possibilities for global dynamics, each attained by infinitely many initial data, including
scattering in one time direction and blow-up in the other (see also [10,21], for explicit examples).

It is natural to separately consider results for initial data which is close to the ground state,
and results where initial data is allowed to be far from the ground state.

There are two results we know of imposing some restriction on distance of initial data from
the ground state. Nakanishi and Schlag [46] obtain results for initial data which is close to the
ground state in mass-energy. Beceanu [2] obtains obtains results for certain initial data which is
close to the ground state in norm.

We now review what is known for initial data permitted to be arbitrarily far from the ground
state. Given initial data ug € H' with |zlug € L?, a rewriting of the standard virial identity

blow-up argument for positive energy implies that if

Wil 205

E e < 4.1.
)~ gy | Il <0 (4.1.5)

and

%[UO] < 07
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then the solution w with initial data ug blows-up in finite positive time (see [53, Theorem 4.2], [50]).
Duyckaerts and Roudenko [21] improve on this by establishing results after raising the right hand
side of the inequality (4.1.5) from 0 to the ground state. These results include the establishment
of both solutions which are global in positive time, and solutions which blow-up in finite positive

time. We now recount this result in the intercritical case [21].

Theorem 4.1.4. Suppose 0 < s. < 1, and consider ug € H' with |z|ug € L%. Furthermore, assume

|Vt[U0] ’2 9(d=sc) 2(1 90)

Bluo] — gy | ol = < Blug) luglly (4.1.6)

e (Existence and Scattering) If

(1*56) 1 Sc)
2 2
IV [uol [I3 [luoll < |[Vugll; HUQ”2 , (4.1.7)
and
V:(0) >0,

then the solution u with initial data ug exists globally forward in time and scatters forward
m time.
e (Blow-Up) If

(1 sc) (1 -55)

IV ol 13 llwolly > [Vugll2llugl * (4.1.8)

and

Vi(0) <0,
then the solution u with initial data ug blows-up in finite positive time.

Remark 4.1.5. This result is formulated somewhat differently, but equivalently, in its original paper.
In conditions (4.1.7) and (4.1.8), the original paper considers the quantity HHgﬂ where we consider
Kato kinetic energy. By a computation (see [15, ‘Double Cut Lemma’] as well as the proofs of Corol-

(1=s¢) 2(=sc)

2U=se)
lary 4.2.8 or Theorem 4.1.10 in this chapter), if w € H! with Ex[w][[w|, ** < Elug]|luglly *
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then
ot 155c) pt1 a- 50) (1550) 1‘555)
lwllpi olly, = < luqlly gl .+ and [Vl [Z[wll; = < [Vugl?lugls ™
(4.1.9)

are equivalent, and

ot 1—sc) 1 2(1—50) (1 sc) 9 2(1—50)
lwllpy lwlly e > Nlugllyiy lluglly o, and [V ]w] 1B llwlly = > [1Vugl? llull;
(4.1.10)
(A—sc) 2(1 sc)
are equivalent. In fact, if E[w] ||w|l, *¢ < Elug]|lugl|ly *¢ , then all of
1 (I1-sc) 1 o (1= Sc)
lwlipiy lwlly = <lluglipis lugl, *

(A=sc) (1 96)

2 sc
IV w2 [[wll < [Vugll? lugll; °

(A—=sc) (1 gc)

2 2=
Vw3 [[wlly < ||Vugll; ||UQH2 :

are equivalent, and likewise for the reverse inequalities.

The energy assumption, (4.1.6) implies, using Lemma 4.2.5 in this chapter, that

(1 sec) (1 sc)

Exluo) lluoll; = < Elug)llugly *

and hence the equivalences (4.1.9) and (4.1.10) apply. This also relates to the connection between

quantities used for below ground state and above ground state results as noted in [21].

Remark 4.1.6. The improvement that Theorem 4.1.4 makes on the positive energy virial identity
result, improving (4.1.5) to (4.1.6), has a parallel structure to the improvement that Theorems

4.1.1 and 4.1.3 jointly make by raising the negative energy blow-up condition

(A—=sc¢)
Eluo] [luolly > <0

to

(I1—sc) (1—sc)

g(l=sc) 2
Eluo] fJuolly " < Efug] [luglly *
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Theorem 4.1.4 provides the most important context for the main global existence and blow-
up results of this chapter. For our result in one time direction, Theorem 4.1.10 below, we extend

Theorem 4.1.4 by obtaining results after further weakening (4.1.6) to

~ [Viluo] | + [2Mug] |* 9 =sc) S (=se)

E Sc < E Sc

Incorporation of the term

2M{ug]? | - 265
— se 4.1.11

causes this inequality to provide a weaker condition, which allows us to establish results for initial
data which is, in a sense, further from the ground state.
In fact, we find that the term (4.1.11) provides a control of solutions which is less time

dependent than
Viluol? | 25

Sc

W{uo] [[woll )
especially for the case of global existence. In Theorem 4.1.7, consideration of the term (4.1.11) on
its own produces a global existence result which is a direct extension of global existence below the
ground state, weakening the energy assumption from

(I1—sc) (1—s¢)

Eluo] luolly ™ < Elug]lluglly ™

to

(1—sc¢) (1—s¢)

2°— 25
luolly, > < Elug] [lugll, : (4.1.12)

12Mue]?
32V[UO]

Elug]
with no further restrictions. In particular, this is a global result which has no dependence on time
direction, and hence attains one of the goals of this chapter. In addition, this global result places
no restriction on Vi[up]. We also use the energy condition (4.1.12) to obtain a new result concerning
blow-up in two time directions.

For initial data far from the ground state, in addition to the results of [21] discussed above,

there have been a few other results for blow-up, as well as one other result concerning global exis-

tence. Both [21] and [33] present new criteria for blow-up. In [33], Holmer, Platte, and Roudenko
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also construct new blow-up solutions for the 3d cubic equation using numerical computations.
This shows that there is initial data with mass-Kato kinetic energy below the ground state which
blows-up in at least one time direction. The only other result, not discussed above, for initial data
above the ground state regards global existence, and can be found in [10], where Cazenave and
Weissler demonstrate a phase modulation which allows for construction of solutions of arbitrarily
large mass-energy (and arbitrarily large mass-Kato kinetic energy) which exist globally in at least
one time direction.

The result of [10] demonstrates that there is initial data of any mass-Kato kinetic energy
which exists and even scatters forward in time. One can ask if there is a similar result regarding
blow-up. Surprisingly, even though reversing the phase modulation from [10] produces attractive
candidates for finite time blow-up, there has only been a partial result in this direction, which is

the construction of blow-up solutions found in [33].

4.1.5 Main results

We are now prepared to state our main theorems. We begin with our result regarding global

existence and blow-up in both time directions.

Theorem 4.1.7. Suppose N > 2, and 0 < s. < 1, and consider initial data uvg € H' with

|z|ug € L?, such that

(I1—sc) (1—sc)

Eluo] uoll, * > Elug] lluglly . (4.1.13)
and
Blua) — LT o 5 < Blug) ol (@110
e (Existence) If
9ol 2 uollz = < Vgl uglle = (4.1.15)

then the solution u with initial data ug exists for all time and scatters in H' in both time

directions.
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e (Blow-Up) If
(1—=sc¢) (I1—=s¢)

2 2 sc 2 2 Sc
IV]uol I [[uoll > [[Vugll; lluglly : (4.1.16)

and either,

* Viug] =0 and

|2 M[uo] |* 2l
W ”U0H2

N 8 2<1*Sc) 2(1*Sc)
> P (W (E[UO] [uolly ™ — Elug] uglly ™ >>

2(1_50) (1 sc)
+<E[uo]uuo||2 = Blug) Juglls ) (41.17)

where P*(x) is defined in Lemma 4.2.6, or

* for some A > 1 small enough so that

M) | 2t —
Bt - ol ol = < Elualluolly

ug satisfies the nonlinear condition

|2 M[uo]|* pli52e)
W ”UOHQ

2(1256) 20;%6) "/%[0”2 2(1;56)
> G (Bluallull, = Elugl gl =« 5o ol ) (4.119)

where

G(x,y) = P* <2N(p—11)—8 (16 + y)> +z,

then the solution u blows-up in finite time in both time directions.

(1—s¢)
Remark 4.1.8. There exist infinitely many initial data with Eug] [|ugl], °¢ arbitrarily large and
2 (1 sc)
with ‘231;/{/?5(])‘] [luo H e also sufficiently large for ug to satisfy the hypotheses of Theorem 4.1.7.

Remark 4.1.9. There exists scattering theory for initial data which is small in the critical norm.
One can construct data which is small in critical norm and has large mass-energy and mass-kinetic
energy by choosing suitable ug. Our result and previous work above the ground state (e.g. [21]) do
not require smallness of critical norm and the bound on mass-Kato kinetic energy does not impose

a bound on the critical norm.
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For discussion of the function P* and conditions (4.1.17) and (4.1.18), see Remark 4.1.13 and
Lemma 4.2.6.

We also obtain the following result for behavior in one time direction.

Theorem 4.1.10. Suppose N > 2, and 0 < s, < 1, and consider initial data uvg € H' with

|z|ug € L?, such that

(1—s¢) (1—s¢)

Eluo] uoll, * > Elug] lluglly . (4.1.19)
and
Blug) - [LlE BT 35 < Blugl gy = - (4120)
e (Existence) If
9ol 2 ol = < Vgl uglle = (4.1.21)
and
Vi[uo] = 0, (4.1.22)

then the solution u with initial data ug exists for all positive time and scatters in H' forward

n time.

e (Blow-Up) If

9 2(1*56) 9 2(1*50)
[Vluolll3 fuolly = > [[Vuglly [[uglly " (4.1.23)
and
ViJuo] < 0, (4.1.24)

then if ug satisfies the nonlinear condition

|2 M[uo]|? 215 |Vi[uo]|? 2152 plizse)
W ||U0”2 > F Elug) — W HU0||2 - E[UQ] HUQ||2

(4.1.25)

where
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and P*(x) is defined in Lemma 4.2.6, then the solution u with initial data ug blows-up in

finite positive time.

Remark 4.1.11. Note that if (4.1.20) and (4.1.21), we know that the solution exists globally and
scatters in at least one time direction. On the other hand, in the case of blow up, strict inequality in
the assumption Vi[ug] < 0 is technical, and with a slight modification of the nonlinear assumption
(4.1.25), in the spirit of Theorem 4.1.7, one can obtain a theorem which guarantees blow up in at

least one time direction.

Remark 4.1.12. When (4.1.13) in Theorem 4.1.7 or (4.1.19) in Theorem 4.1.10 do not hold, the initial
data is at or below the ground state and, as noted above, global dynamics have been previously

resolved.

Remark 4.1.13. In the case

"4[“@”2 2(1*SC> (A—sc)
E - — e < F se 4.1.2
Bt - | ool < Blugllugll, (4.1.26)

the energy assumption, (4.1.19) implies that (4.1.25) holds trivially, and Theorem 4.1.10 reduces

exactly to Theorem 4.1.4. Hence Theorem 4.1.10 presents a new result in the case

‘W[UO]P 9 (1=sc) 9(1=sc)
Elug) — 220l © _E EEN)
Bl - i ol ual Juglly >

The nonlinear condition (4.1.25) asserts that when the failure to satisfy (4.1.26) is large, in

the sense that

‘W[UO]‘Z 9(1=sc) 9(1=sc)
E - 7= - Sc _E sc
]~ SR fue) Juqll

is large, then in order to obtain blow-up, the angular momentum must also be large, in the sense

that

‘QI‘I[UO]P H ||2(1;;C)
— ||UW
32Vug] M2

must be large.
The nonlinear condition (4.1.17) is simply (4.1.25) with Vi[ug] = 0. The condition (4.1.18)

serves a similar function to (4.1.25), but is adapted to a somewhat more delicate setting. In
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particular, while the definite sign on V;[ug] contributes to blow-up for results in one time direction.
The loss of definite sign in the two directional case makes Vi[ug] an obstruction. This obstruction

accounts for the changes in the nonlinear condition.

The global existence and blow-up results, Theorems 4.1.7 and 4.1.10, are obtained by us-
ing bootstrap methods. The key property allowing us to overcome the breakdown of standard
dichotomy arguments is that while the mass-energy of the solutions that we consider is above the
ground state, the mass-Kato energy remains below the ground state. The mass-Kato energy can be
thought of as mass-energy with a modification by momentum, and can be analyzed with methods
analogous to the case of mass-energy.

Compared to the prior work for large mass-energy, the main theorem of Duyckaerts and
Roudenko in [21], our main theorems take a different perspective. In particular, Duyckaerts and
Roudenko are able to reduce control of (4.1.6) and other key time dependent properties of the
solution to the control of certain functions defined by a solution. In our results, we control such
properties of solutions directly. Since initial data considered by Duyckaerts and Roudenko satisfies
the hypothesis of Theorem 4.1.10, our proof offers a somewhat alternate perspective for this prior
result.

We also establish the following result of independent interest regarding the quantity ||V|ul||3.
Theorem 4.1.14. The map from H*(RN;C) into R > 0 given by u — ||V|ul||3 is continuous.

A major difficulty in establishing Theorem 4.1.14 is that in general, for small v, one can
control

|V|u+v| — V|ul| (4.1.27)

by |Vu|, but not by smallness of v. More so, one has worse control of (4.1.27) when |u| is small.
To obtain this continuity result, we in essence analyze specific properties of functions ﬁ for
u € H'(RY) by constructing a decomposition of the measure space R" based on interacting dyadic

decompositions of functions.
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4.2 Kato kinetic energy and the continuity result

We begin with the proof of Theorem 4.1.14, and follow with general discussion of Kato kinetic
energy.
4.2.1 Proof of Theorem 4.1.14

We consider u € H'. From Kato’s inequality, we have that Kato kinetic energy is bounded
by kinetic energy. That is,

2 2
IV]ulllz < [Vl -

Theorem 4.1.14 will allow us to upgrade from boundedness to continuity.

An elementary lemma will be useful for establishing this result.

Lemma 4.2.1. If z,w € C with z # 0, and w # 0 then

< 2min{1,|10|}.
2]

This lemma follows from rearrangement and the triangle inequality.

zrw z
|z +w| 2|

We are now prepared to prove Theorem 4.1.14.

Proof. Consider v € H' and {v,} C H! with v, 50, The result will follow if we show that
[ 19t ol = 9l = o

Step I: Initial Bounds.

Note that, using Kato’s inequality (see Theorem 2.1.1),

\/W\uwnu?— 9 Jul?

< [T futval + 9 ) (- enf = ¥ fu))

o 1/2
< @IVl + 190 ) ([ [Tl vl = w1l )
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To complete the proof it is sufficient to show that
L2
Vi|u+ v,| — V]u| = 0.

We split the problem into problems of establishing sufficient bounds with restriction to the
sets

Ef={z¢c RY :u(x) =0, or u(z) + vu(z) =0, or v,(x) = 0},

and

Ey ={z¢c RY - u(z) # 0, and u(z) + va(z) # 0, and v, () # 0}.

Step II: Bounds on ET'.

First consider the case with uw = 0. Note that, by Theorem 2.1.1, d;u = 0 a.e. on the set

where v = 0. Then, using Kato’s inequality we have the a.e. pointwise estimate
[Vl + vn| = Vlul| < [Vo].

Now we consider the case with 4 # 0 and v + v, = 0. On this set, Vu = —Vu,, a.e. and so

we also have that pointwise a.e.

IV |+ vn| = Vul] < [Vu|

= |Vouy,|.

Finally, if u # 0, u + v, # 0 and v, = 0, then, using 2.1.1,

V(u+ vn)] —Re wvu]

U+ Up,
|u + vy

Vw4 vp| = Vi|ul| = ‘Re [

< |Vuy|.

1
Since vy, a, 0, to complete the proof it is now sufficient to establish bounds on E3.
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Step III: Setting Up for Convergence on E3.

From here on, we consider z € RY satisfying the conditions of E} with no further comment,

and establish bounds for each partial derivative.

Making using of Lemma 4.2.1, we have the a.e. pointwise estimate

o5+l = 05| = e [ 2 0500+ )| - e [ 0

|u 4 vy

+ [0jvn]

e
lu+ v, ul

< 2min{ ‘| ""}|8 ul + |50, .

1
Since v, m, 0, the problem is reduced to showing that

min{ ||n|’}|8] |—>O

Step IV: Decomposition Sets.

We now decompose Ey C RY into sets defined using level sets of u and vy,.

Consider M € Z and define the following sets and functions which are independent of v,,.

Qu ={z € Ey: oM < |u(z)| < 2M+1},

I i R>0 = Rxo, () == sup aca,, HajU”iqA)»
p(A)<A



where p is standard Lebesgue measure.
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Now we define sets which depend on both u and v,. Given M € Z, consider L € Z with

L < M, and define
(

{z € Qu 27 <Jup(2)] <28}, L <M,

Un —
QM,L =

{z € Qu: 2871 <up(2)|}, L=M.

Step V Convergence on Decomposition Sets.

The definition of 3} ; provides the bound

_ N 2
>3 2 () < a3,
MEeZ LezZ
L<M
and hence

w(925.0) <272 (40vall3) -

Now,

2

Hmin{ ‘}](9] |
| 12(EY)

Z Z 22(L M) Ha u”Lz(Qvn )

MeZ LeZ
L<M

<3N 92 [fM( (u JGZMQMJ)) —fu (“ (U <7 Qﬁ"))]

MeZ LEZ L+1<J<M

=Y > 2y u(%%) —fu| > “(Qqﬁ‘f)

MEZ LeZ L<J<M LH1<J<M
LM

For fixed M, the dominated convergence theorem implies that

Z 22(L_M) fM Z w (Q}J\ZJ) - fM Z 2 (QKZJ) —0

LEZ L<J<M L+1<J<M
L<M



67

as n — 00. Another application of the dominated convergence theorem implies that

Z Z 22(L_M) iYs Z H (QUJ\ZJ) —fm Z K (Qlﬁj) —0

MEZ LEZ L<J<M L+1<J<M
L<M

2
as n — oo. Hence there exist sufficient bounds on Hmin {1, %} |8ju|HL2(En) to imply desired
2

convergence restricted to £

As noted above, this is sufficient to establish the convergence,
L2
Vi|u+ v,| — V]u| = 0,

completing the proof.

4.2.2 Kato kinetic energy in NLS

We will now discuss some properties of Kato kinetic energy quantity as they relate to so-
lutions of NLS. We begin by demonstrating an identity for H' functions which has connections
to momentum in NLS. This identity is presented in [15] in the more general setting of covariant
derivatives, and is there used to establish dichotomy below the ground state for magnetic nonlinear
Schrodinger equations. Here we include the proof for the more specialized case of the standard

gradient.

Lemma 4.2.2 (Remainder Identity for Kato’s Inequality). For u € H', the identity
2 T 2
/ ‘P[U]’ d:l::/ ‘Im[EVu” dx
u#0 2’”‘ u#0 ‘u|
2 2
= [[Vully = [[V]ulll;

is satisfied.
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Proof. Given u € H', we have pointwise, using Theorem 2.1.1,

0jul|* = el o] | w0

0 u = 0.

Furthermore, again using Theorem 2.1.1 we have that a.e.

_ 2
)a > | |How] wrto
o -
0 u = 0.
It follows that a.e.
_ 2
‘Im[rx'VU} ’ u#0
Vul? = |V]u|* =
0 u = 0.
From here the result follows by integration. O
Remark 4.2.3. Pointwise, for u # 0, we have
'Im [uVu] < gVu
u U
= |Vul,

and so it is natural to interpret Im [%Vu] as

= (4.2.1)

- Im [@Vu] u# 0 and Vu # 0
Im [ ]
0 Vu = 0.

0 u =0,

if we take (4.2.1) as a definition, it is clear from the proof that the identity
2 2 u 2
IVul? - |V|u||? = ’Im[HVU} ‘
u

holds a.e. without need for integration.
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This identity provides us with a property relating to our energy assumption which will be
very useful for the proofs of Theorems 4.1.10 and 4.1.7.
Theorem 4.2.4. For ug € H' with |x|ug € L?,

[Viluo]|” + [2MTuo]
16V[UO]

2 2
< [[Vuolly = [[V]uolllz ,

and each of the energy conditions (4.1.6), (4.1.14), or (4.1.20) implies

(I—sc) 2(1*56)

Exluol [luolly ™ < Elug][uglly

The main ingredient used to prove Theorem 4.2.4 is the following lemma.

Lemma 4.2.5. For u € H' with |z|u € L?,

(fie- P} o (M) < ([ i) (190l - 19113).
Proof. First,
(1o Pt = (f e (555 =)

2
< (/ |ZL‘|2|U|2dZE> / z Pl dz | .
[ 2[ul
Similarly,
/!x/\ Pl /|ac] lu|?dz M de
2 " 3ful '
By a direct computation,
@ Pl |o, Pl _|P|’
[ 2[ul [ 2lu| 2|ul
and the inequality follows by Lemma 4.2.2. O

With Lemma 4.2.5 established, Theorem 4.2.4 follows immediately.
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4.2.3 A nonlinear inequality below the ground state

Our main results for NLS will require a nonlinear inequality which holds when |u| is below
the ground state.
For this we will introduce the minimal energy function, P : R>g — R by

1 C n(p—
P(ZE) = 5[1:‘ — ij\; (p4 1)7
p

so that the Gagliardo—Nirenberg (4.1.1) inequality implies

2(1756) (A—=sc)
Blul a2 >P<uwu2\uu2 z )

Kenig and Merle [37] used a similar function to establish results for energy critical NLS, and
Holmer and Roudenko [34] use such a function in establishing results for intercritical NLS below the
ground state. By the Gagliardo—Nirenberg inequality and Kato’s inequality, the minimal energy

function also satisfies

2(1755 (A—sc)
Exlu] [Jully * <HV|U! 12 ully >, (4.2.2)

and this property was used in [15] to obtain results for electromagnetic NLS.
The function P is concave down on [0, 00), and a computation with (4.1.2) and (4.1.3) shows

that P attainins its maximum of

2(1*5c)
Eluq] [luglly
at
a- SC)
IVuglZllugly °
(1 Sc)
Using (4.1.2), the concavity of P implies that on |0, HVUQH2 HuQH2 ,
Np-1)—4
Plx) > ————
(@) 2 2N(p—1)
So if
9 (1=s¢) 9 (A—=s¢)
IV L 13l = < IVugl luglly = .
then

2(1250) 2(1;-312) N(p _ 1) 2(1851‘)
Exlallull, = 2P (19l Bluly = ) > S0 D vl By . @23
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(I1—sc)

Q"¢
Lemma 4.2.6. Define P*: | — ||VuQH§ luglly ™ ,oo) — R by

(I=s¢)

* s 2(1;86)
P*(2) = Blug] Jul’ ™ —P<$+’VUQ||3||UQ”2 : )

Then we have

1-sc) (1—sc) (1=sc) (1=sc)

(-=sc) 2 2 2
Sc Sc 2 Sc 2 sc
- el luly <P (I Bl - [Vuolflugly © ). (24

2
Elug] [luglly

This lemma follows immediately by (4.2.2) and construction of P*.

Remark 4.2.7. For the function P* defined in Lemma 4.2.6, in application for blow up we will only

be concerned with the restriction P* : R>g — R. Here P* is increasing, and satisfies

d
P*(0) = —P*(0) = 0.
(0) = =-P"(0)
Furthermore, for this restriction of P*, near 0, P* grows like 22, and at infinity P* grows like

N(p—1)
x4

Note for intuition, that in the case s, < &, we have < 2, and a computation using the

N Np-1)
4 4
second derivative of P*(x) shows that for P* restricted to R>g, the inequality (4.2.4) holds (but is

weaker) if we replace P*(x) by a function F(z), defined by

p

Making use of Lemma 4.2.6 and [21, Theorem 3.7], we obtain the following sufficient condition

for scattering.

Corollary 4.2.8. Given ug € H' with

(1—sc) (I—sc)

2 2 2 27
IV [uol (15 [uoll < |[[Vugliz lluglla ; (4.2.5)

and corresponding solution u satisfying u(0) = ug, defined on [0,T*) with T* being mazimal, if

(I1—sc) 2(1*5c)

2
sup  Ex[u@®)]|lu()ll, * < Elug]luglly * (4.2.6)
te[0,7*)

then T* = oo and w scatters forward in time in H'.
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Remark 4.2.9. We do not need the full power of Lemma 4.2.6. It will be apparent that control such
as that which appears in [37, Lemma 3.4] for the energy critical case is sufficient. As such, this is

essentially just a rephrasing of [21, Theorem 3.7] suited to our problem.

Proof. If ug satisfies the hypothesis of Corollary 4.2.8, then (4.2.5) and (4.2.6) imply that (4.2.5)

holds for the full positive interval of existence, and T* = co. With Lemma 4.2.6, this implies

(1=sc)

. 2 (1 sC)
sup P (||V [ug! [ llugll2 — IV [u(®)] 13 @)l ° ) >0,

te[0,00)

and by continuity of P*,

9 2(1*56) a- sc)
sup ||V |u(t)| [|3 [[u@)lly * <||V|UQ|||2||UQH2
t€[0,00)
Using
(1— sC)
sup | [[ul/21) lully *
[07M>
r = Sc)
Ll llugll Ne-n o (N=2p-b o glose
< sup £ — [ IVully * ull; 2 lully
t€[0,00) N(p 1) (N= 2%(@ l)HuQ” sc
IVuglly = lluglly~
(9l a7 s
Vull, ully 2 ully Sc
= su u u
tel000) N e | [P lualf7y | all:
IVully = lluglly
I e e =20
ullp ullp ullg * p+1 -
= su u u
rel00) T | all
Vuglly > ”“QH2
1 (1 Sc)
< luglly: lugly =
we can directly apply [21, Theorem 3.7], and u scatters forward in time in H*. O

4.3 Global existence and blow-up

In this section we prove the main results regarding global existence and blow-up for solutions

to NLS. We begin with a lemma which collects properties which are classical or follow directly from
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above arguments, and which we will use freely in this section.
Lemma 4.3.1. Given a solution u, of (NLS), the following properties hold.

(1) The map

2
t= [V ul [l
18 continuous on the full interval of existence.

(2) The solution u blows up at positive time T™* if and only if

lim |V |u] |2 = co.
tlergll ul [|5 = o0

(3) If, on the positive interval of existence, the bound Vu|(t) < G(t) holds, where G is a
function so that for some positive T, and the limit limyr+ G(t) = 0 holds, then u blows up

i positive time, at or before the time T™.

Proof. Property (1) follows from continuity of the map ¢ ~ ||Vul|3, and the continuity result,
Theorem 4.1.14.

Property (2) follows from Kato’s inequality in one direction, and the Gagliardo-Nirenberg
inequality and conservation of energy in the other direction..

Property (3) is classical. O

We will also make frequent use of Theorem 4.2.4, at times without comment.

4.3.1 Proof of Theorem 4.1.10

Here we prove Theorem 4.1.10, which establishes results in one time direction.

Proof. In this proof we will assume (4.1.19) without further comment.
For initial data satisfying conditions for global existence or blow up in Theorem 4.1.4, the
arguments in this proof will apply and some steps will not be needed. Hence, our proof provides a

different perspective on Theorem 4.1.4.
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To simplify the steps involving the nonlinear condition (4.1.25), on first reading it is useful

to consider only the case

B “/’t[uO”Q 2(1*56) 2(1*50)

E e —F se . 4.3.1
]~ ey | Il ugl lugll; = >0 (13.)

This is in fact sufficient to establish the result, as when (4.3.1) fails, Theorem 4.1.4 can be applied.

As noted in Theorem 4.2.4, if u satisfies (4.1.20), then u also satisfies

(1—sc) (1—sc)

2 —=c 2
Exlu]lluly ™ < Eluglllugly > (4.3.2)

and that if (4.1.20) is strict, then (4.3.2) is strict as well.

We begin with the case of global existence and scattering. The goal will be to show that the
hypothesis of Corollary 4.2.8 hold. In order to do this, we will use a bootstrap argument to show
that a stronger set of conditions hold on a maximal forward interval of existence.

We now introduce assumptions we will use for our bootstrap argument, which are stronger

than what appears in the hypothesis of Theorem 4.1.10.

Assumption 4.3.3. We say w € H' satisfies Assumption 4.3.3 if w satisfies (with u or ug replaced

with w where necessary):

 Vi[w]]* + [2M[w]|? g(=se) S 1=se)

| B - P el < Blugl lugll; T . (434)
— (4.1.21), and
— Vu]>o. (4.3.5)

We will establish the following with u as the solution with initial data wg.

(1) If up satisfies (4.1.20), (4.1.21) and (4.1.22), then there is some € > 0 so that on the open

interval (0,¢), u satisfies Assumption 4.3.3.
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(2) If u(T') satisfies Assumption 4.3.3, then there is some ¢ > 0 so that on the interval [T, T+¢),

u satisfies Assumption 4.3.3.

(3) If u satisfies Assumption 4.3.3 on an open interval (71,75), then u can be extended to

(T1,Ty], and u(T>) satisfies Assumption 4.3.3.

If (1), (2), and (3) hold, then global existence follows immediately by a bootstrap argument.

It is sufficient to prove (1) and (3).

Proof of (1): Assume ug satisfies (4.1.20), (4.1.21), and (4.1.22). Using the virial identity,

(4.1.4), and (4.2.3), since ug satisfies (4.1.19), (4.1.20), and (4.1.21),

4N(P— 1) 1
Vi =8 P A Pt
i[uol = 8([Vuoll3 P [[wollp1

> (1700l - IVluall3) + 4N~ 1) ( Exlu] - kD02 1V 1ul )

> 8 (|[Vuoll3 = 1V uoll3) (4.3.6)

> 0, (4.3.7)

where the final inequality, (4.3.7), follows from (4.1.19) and (4.1.20). In the sequel, we will make
use of the intermediate inequality 4.3.6 as well as the final inequality (4.3.7).

We compute, using the notation from Section 4.1.2 and conservation of angular momentum,

|Vi[uo]|” + [2Muo] |

O Vul

(4.3.8)

Vi [uo]
Vo]

2V [uo) - (th[uO] V+[U\§]M[uo]\ )] .

Using (4.3.7) and Theorem 4.2.4,

2Vi¢uo] — <M[“0”2VH;M[“0”2>] > 0. (4.3.9)
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Now, we can choose sufficiently small € so that on (0, ¢), using (4.1.22) and (4.3.7), u satisfies
(4.3.5). Using strict inequality in (4.1.21), with € chosen sufficiently small, u also satisfies (4.1.21).

Using strict inequality in both (4.3.9) and (4.3.7), for ¢ sufficiently small, v further satisfies

) (4.3.10)

|Vilu)|” + |2M[u]|”
s

Together with (4.1.20), we have that u satisfies (4.3.4). Hence, u satisfies Assumption 4.3.3 on

(0,¢) and the proof of (1) is complete.

Proof of (3): Assume that u satisfies assumption 4.3.3 on (73,73). Using (4.1.21) and blow
up criterion, we can extend u to (71,T5]. As in the proof of (1), on (71,7T%) u satisfies (4.3.7) and
(4.3.10). Since u satisfies these as well as (4.3.4) and (4.3.5) on (T}, T5), u(T?) also satisfies (4.3.4)
and (4.3.5). Since u satisfies (4.1.21) on (11, T%), u(T>) satisfies

(1—s¢) (I1—sc)

2 2= 2 27
IV [u(T2)| 5 [[w(T2) ] < |[Vuqll; lugll,

(1=sc) (1—sc)

2
Furthermore, since (4.3.4) implies the strict inequality Ex [u(T2)] ||[u(T2)|l; *© < Elug]||uglly, * ,

u(Ty) satisfies (4.1.21). Hence u(T5) satisfies Assumption 4.3.3 and the proof of (3) is complete.

We are now prepared to apply Corollary 4.2.8. We note that the preceding bootstrap argu-
ment would be sufficient to establish global existence. While the hypothesis of Corollary does not
hold for the solution u on all of [0,00), by (4.3.4) at u(e), (4.3.10) on [g,00), Theorem 4.2.4, the
hypothesis does hold for u on [e,00) with initial data u(e). This implies that the solution with
initial data u(e) scatters. Scattering for the solution with initial data wug is immediate.

We now move on to the case of blow-up. We begin by restating the hypothesis of the theorem

for blow-up in context of a general function w € H'.

Assumption 4.3.11. We say w € H' satisfies Assumption 4.3.11 if w satisfies all of (4.1.20), (4.1.23),

(4.1.24), and (4.1.25), where for each condition u or ug is replaced with w as necessary. In particular,
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(4.1.25) becomes

2M[w]?, 2052 Vilw]PY 205 202c)
vy vle T > F (Bl g ) lele © — Bluglluel, T ). (43.12)

By another bootstrap argument, to establish the blow-up result it is sufficient to show the

following.

(1) If u(T) satisfies Assumption 4.3.11, then there is some € > 0 so that on the interval [T', T+¢),

u satisfies Assumption 4.3.11.

(2) If u is defined on an interval (77, T»], and u satisfies Assumption 4.3.11 on the open interval

(T1,T»), then u(Ty) satisfies Assumption 4.3.11.

(3) If there is some T such that for any ¢ in the interval of existence of u with ¢t > T, u(t)

satisfies Assumption 4.3.11, then u blows-up in finite positive time.

To complete the theorem we must establish (1), (2), and (3). Note that if (1) and (2) both

hold, then the hypothesis of (3) is satisfied.

Before we establish (1), (2), and (3), we perform some computations. Suppose some fixed w

satisfies Assumption 4.3.11. Then

and using (4.1.2), (4.1.4), (4.1.23), and Remark 4.1.5,

w 2 w 2 (1—s¢)
(zvtt[w]— (W I P )) Jully

Vilull? + [2ME)? SN =1 =4) i) 205
i L

= (32E[w]

205 B(Np—1) —4) | prr 20
< 82B[ugl fuglly * — =— 5 llwlii vl

< 0.
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Together with (4.3.8), we have

Vi[w]|* + [2M[w]|*
> 0. 4.3.13
% 32V [w] ( )
We continue by computing
Vifw]*] |, 285
0| oy | I
Vifw) | Vilw]? 8N =1)=4) | pyr] 205
_ 28 _ — fe
(1—sc) (1=s¢)

2
Note that we once again have Ex(w]|lw|, ** < Elug]|lugll, *° . Using Lemma 4.2.5 and

Lemma 4.2.6, and in the last step, (4.1.25), we have

p+1 “ s:C) _ p+1 & SC)
Jwllpi1 ||w||2 luglly IIqulz

p+1 (lgcsc) (1 Sc)
22 (ki el = - IVugl lucl;

2<1*lsc) 2(1*‘5c>
1) (E[uQJ lugll? = — Exclul Jwl2 )

p+]_ (1 Sv) (1 Sc)
5 <HV\ w3 olly, =~ Vugl? luglly °

wl? (A—sc) (1—sc)

Hence,

Viw]]>  8(N(p—1)—4 ad=se)
s2pfu] - S - =D )kuii}] Jull; ™

Vilw 2 2(1230) 2(1;8c)
_ (32E[w] _ ;[[w]]' ) lwls ™ —32Eug] Jugls

8(N(p—1)—4) 2 1 252
- P lwlpy llwlly — llualyi lually °

<0,



79

and so

> 0. (4.3.14)

Finally, note that

Oy {\/W} = Vilul

2/V]w]

Proof of (1): Application of (4.3.13), along with strict inequalities implies that (1) holds.

Proof of (2): Assume u is defined on some interval (77, T3], and that Assumption 4.3.11 holds
on (T1,Ty). We immediately have that u(7%) satisfies (4.1.20). In fact, by (4.3.13), we have that
on (T1,T5], u(t) satisfies (4.1.20) with strict inequality. This strict inequality implies that u(7%)
satisfies (4.1.23). Now, note that since u exists at T, V[u] is bounded below by some positive value

on [T1,T5], and using (4.3.14), we have that

lim | V;[w]|* > 0,
1o

and u(T5) satisfies (4.1.24). To see that u(T%) satisfies (4.1.25), note that F'is an increasing function,

and (4.1.24) implies

while (4.3.14) implies

(1=sc) (=sc)

Bl a0z s
o [(E[w] - 32V[w]> lwlly ™ = Elug] lluglly <0.

Hence u(T») satisfies (4.1.25), and (2) holds.
Proof of (3): Without loss of generality, assume u is defined at ¢ = 0, and satisfies Assumption

4.3.11 for all positive time in its interval of existence. Since

rvt[u]u)r?] 0

O 32V [u(t)

and
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we have
N vt[um)]d,
V(D)
Vild(t) _ Vilul(0)
VVII®)  VVT0)
and
Vi[u] (0)
8t u
VYR < iy

< 0.

The nonnegativity of \/V[u](t) implies that u blows-up in finite positive time by a contradiction

argument (or by the uncertainty principle). This completes the proof of blow-up. O

4.3.2 Proof of Theorem 4.1.7

We will now prove Theorem 4.1.7, establishing global existence and blow-up in both time

directions.

Proof. We establish the result forward in time under conditions which are invariant under time
reversal. Results in both time directions follow from time reversal. Throughout the proof we will
assume (4.1.19) without further comment.

We begin by showing global existence. Assume ug is initial data satisfying (4.1.14) and
(4.1.15).

If V;[u](0) > 0, then the result follows by Theorem 4.1.10.

If Vi[u](0) < 0, then by strict inequality, there is a sufficiently small interval [0,T") so that on
[0,T), u satisfies V;[u](t) < 0, and hence (4.1.14), and also satisfies (4.1.15). Now suppose [0, .5) is
any interval on which a solution satisfies (4.1.14) and (4.1.15). By (4.1.15), u can be extended to

[0,5]. Either there is some ¢ € [0, 5] such that V;[u](t) > 0, and we can apply Theorem 4.1.10, or
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else Vi[u](t) < 0 on all of [0, S] and

2M[uo][* _ [2M]ug]|*
32V [u](S) ~ 32V[u](0)’

(4.3.15)

so (4.1.14) holds with strict inequality. This implies that (4.1.15) also holds for u(.S), and global
existence follows by bootstrap.

Consider u on [g,00), where (4.1.14) holds with strict inequality for u(¢). An application of
(4.3.15) implies that for ¢ > ¢,

(1—s¢) 2(1_50)

Exlu®]lu®)lly * < Exlu(e)]|ul@)ly *

which, applying Corollary 4.2.8, shows that u scatters forward in time.

We now prove the blow-up result.

We assume ug satisfies (4.1.14), and (4.1.16), and we will take A > 1 to be fixed for the
remainder of the proof. If Vi[up] < 0 and wg satisfies (4.1.18), then the proof is complete by
application of Theorem 4.1.10. If Vi[up] = 0 and wg satisfies (4.1.17), then (4.1.17) implies that
Vit[up] < 0, and by strict inequalities of the conditions there is some small time where u(t) satisfies
the blow-up conditions of Theorem 4.1.10. Finally, assume that V;[ug] > 0 and that wug satisfies
(4.1.18). For the remainder of the proof, we will always assume w is a solution such that ug satisfies
(4.1.14), (4.1.16), and (4.1.18) with V;[ug] > 0.

We consider the following time dependent assumption.

Assumption 4.3.16. Given u(t) for some ¢ € [0, (A —1) “2[[7;%}} ), we say that u(t) satisfies Assumption
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4.3.16 if u(t) satisfies

—  (4.1.16)

= V[(t) < Vuo] + tVi[uo], (4.3.17)

|Viluol

- Vi[u](t) < Vi[uo] — tm7

(4.3.18)

Vuo]
Vi[uo]

This assumption holds trivially for ug. Notice that if u (()\ -1) ) satisfies Assumption

4.3.16, then u ((/\ - 1)&[[22]]) satisfies (4.1.14), (4.1.16), (4.1.17), and V; [u <()\ - 1)‘2[@3]]” =0,

which we have already demonstrated imply blow-up. So in order to establish blow-up for w, it is

sufficient to show that the following hold.

(1) If, for some 0 < T < (A — 1)“2[&%}], u(T) satisfies Assumption 4.3.16, then there is some

e > 0 so that wu(t) satisfies 4.3.16 on [T, T + ¢).

(2) If, for some 0 < § < (XA — 1)%, u is defined on [0, S] and satisfies Assumption 4.3.16

on [0,5), then u(S) satisfies Assumption 4.3.16.

We begin by establishing (2). The only property which needs to be shown is (4.1.16), which

follows from (4.3.17) and the strict inequality

(1—sc) (I—sc)

2 = 2 =
[[uoll < Elug] [[uglly

_ [2M[ug]?

Elo] = ool

Now we move on to the proof of (1). Assume u(7T) satisfies Assumption 4.3.16 at some

0<T < (A— 1)“2[[2(;]] Then Vu|(T) < AV]ug], which, with (4.1.18), implies

|2M [uo]” 2052k [2M[ug]? 2(5e)
2 lugl, ¢ - luolly
32V [u] () 2 = 32\Vug) 2

2(1230) 2(1;%) |‘/t[0]|2 2(1;90)
> 6 (Blulluly © - Bluglluoly o ol ).
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and hence, the virial identity and use of Lemma 4.2.6 as in the proof of Theorem 4.1.10,

|Viluo] |

Vit < = TV gl

This is sufficient to imply we can choose € > 0 so that u satisfies Assumption 4.3.16 on [T, T + ¢).

Hence (1) holds and u blows-up in finite time. O



Chapter 5

Momentum Based Modulations of Initial Data

In this chapter we define generalizations of radial and axisymmetric functions, and construct
subspaces of H'(R") defined by certain modulations of these functions. We construct these spaces
in general dimension for future study of excited states. We then consider these spaces in the special

case of N = 2, and establish improved dichotomy results for (NLS) on these spaces.

5.1 Introduction

Cazenave and Weissler [10] identify that rotational properties of a solution have an impact on
wellposedness and blow up. Given initial data u(z) = '@ |u(x)|, rotational properties are given by
¢, and for sufficiently smooth data, more specifically by V¢. Initial data satisfying ug(z) = |ug(z)]
has momentum which is uniformly zero, and the momentum of a solution with a given mass profile
is determined by the function ¢. Here we consider modulations of ¢. These modulations inherently
preserve the mass profile.

For complex valued u, the radial quadratic modulation
ei‘xpu(x)

has seen a fair amount of study, and direct applications to wellposedness and blow-up have been

obtained [10,21,33]. We are primarily concerned with the angular modulation
eiszU( :E)

for k € Z, where 6 = arctan (“) We retain this notation for # throughout this section.

1
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The modulation ey (x) has a connection to (emNLS), as a gauge transformation taking
(NLS) to (emNLS) with certain Aharonov-Bohm potentials. There are close connections between
results and spaces described in this chapter, and the vortez solitons, as described in works such as [3],
as well as [1] and references therein. Additionally, vortex solutions and the results in this chapter
have close connections to construction of radial standing waves for (emNLS) with Aharonov-Bohm

potential, by Clapp and Szulkin in [12].

5.2 Statement of higher dichotomy

In this chapter we will let H'(R?) denote the space of radial H'(R?) functions. For a mea-
surable function f, and a set of measurable functions, B, let fB be the set of measurable functions
defined by

fB={fu:ue B}
We are now prepared to state our higher dichotomy theorem.

Theorem 5.2.1. Consider (NLS) with N = 2, and 0 < s.. For k > 1 let Hy, be the subspace of
H'(R?) defined by

Hy, = M HYR?) N HY(R?).

There exists a sequence {y} with v, — 0o as k — oo, so that if uy € Hy, and

1—sc 1—sc¢

2756S 2 e
Bluol ol 3275, < wElu] luglraige,
the following statements hold.

o If
1—s 1—sc¢

2 2. 2 2=
”VU0||L2(R2) HUOHL2(R2) <Yk HVUQHL2(R2) HUQHL2(R2) )
then the corresponding solution u satisfies

—Sc 1-sc

2 2132 2 255,
HVUHLQ(RQ) HUHL2(R2) <Yk HV“QHLz(Rz) |’UQHL2(R2)

for all time, and u exists globally in both time directions.
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o If
1—sc 1—sc

2 Sc 2 Sc
”VUOHLQ(R?) HUOHL2(R2) > Yk ”VUQHL2(R2) HUQHL2(R2) )

then the corresponding solution u satisfies

l—s¢ l—s¢

2 Sc 2 Sc
HVUHL2(R2) HUHL2(R2) > Yk ||VUQHL2(R2) ||UQHL2(R2)

on the full interval of existence. If we also have |x|ug € L*(R?), then u blows up in finite

time in both time directions.

Remark 5.2.2. Recall that s, = % — 1%’ and so in the case of N = 2, given any 1 < p < oo, we
automatically have

2
=1—-——<1.
Se p—]_

5.3 Definitions and initial results

Here we define classes of initial data related to the angular modulation
eikQU(x)
in general dimension. In particular, these spaces are generalizations of e*? H!(R2) n H(R?). We
demonstrate weighted Sobolev type embeddings for these spaces.
5.3.1 Definition of semiradial Sobolev spaces as well as modulated semiradial
Sobolev spaces

Let o = {au,...,an} be a partition of {1,..., N}, and notate o; = {ey1,...,jm}. We

define
Ta; = (Tajqs- > Tajm)-

For a function u : RN — C, for {aj}é-vzl C R, we will use the notation

u(z:l =al,r2 =0a2,..., TN = aN) = u(al, e ,CLN) (5.3.1)



87
irrespective of the order of inputs on the left hand side of (5.3.1), so that e.g.
u(xg = 2,23 = 3,21 = 1) = u(1,2,3).

We now generalize radial functions and axisymmetric functions. For a partition «, we consider

functions which are symmetric in each «;.

Definition 5.3.1. Given a partition, a, of RY, for each z € RY, define a point z* € R corre-
sponding to x by a7, | = [zq,|, and a7, =0 for j € {1,...,|al}, and k > 2. We say a function u

on RY is semiradial in o if, for any x € RV,

In this case, using the notation RY = {(z1,...,za) € RM 1 21,... 25 > 0}, we identify u = upn :

RY — C with a function

u(r) = ugjal = U(r1, .-, 7)a) : R‘f' — C,
defined by
uglal (1) = ugn (1),
with 7* € RV defined by o, =Tj>and rg = 0for j €{l,...,]al}, and k > 2. We remark that

for a; satisfying |a;| = 1, it is reasonable to remove the domain restriction r; > 0. In the sequel
we will use this identification of ugn and up|a freely, sometimes without a subscript to indicate

domain.

To consider some examples, a function on R® is semiradial in {{1,2},{3,4,5}} if the function

only depends on the two values

1/2
way] = (@1, 20)| = (27 +22)"

and

1/2
wsas] = (x5, 24, 75)| = (23 + 22 +22) /2.
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A function on R¥ is radial if and only if it is semiradial in {{1,..., N}}, and a function on R3 is
axisymmetric about the 3 axis if and only if it is semiradial in {{z1,z2}, {z3}}.

We define the spaces HL(RY) and L5(RY) as the spaces consisting of functions which are
semiradial in o, and which are also in H*(R") or LP(R"), respectively.

For a partition a with o3 = {1,2}, and k € Z, we define the space Hcly’k(RN) to be the

functions

eikﬁu(x)

which are in H'(R"Y), such that u is semiradial in a.. For the special case of H{l{m}}’k(RQ), we will
use notation Hy = H{l{m}}’k(RQ).

In general, for u € H Cly k(RN ), we will define u* to be the function, semiradial in «, such that
u(z) = e*u*(z). Note that for u € ]'1’016,16(]1@[)7 Velk? | vu*, u* € HY(RY), and pointwise a.e.

2

F | (5.3.2)

u*
’33{1,2}’

Vul?> = |[Vu*|? +

For u,v € Holévk(]RN), we have
<U7U>L2(]RN) = <U*7U*>L2(]RN)'

We also have, using identified points, the a.e. pointwise identity

’vxlw-wfvzvuil\’(m)‘ = ’vrl7~-~r|a\u;§|a|(r)|'

5.3.2 Weighted Sobolev inequalities for semiradial data

An estimate of Strauss implies a weighted L>(R”) bound on radial H'(R") functions,
_N-1
lu(@)| S 1zl 2 Jlull greny -

We generalize this to weighted Sobolev estimates on the semiradial spaces H.(RY) and the mod-

ulated semiradial spaces Hé k(RN ). In particular, we prove the following result.



Theorem 5.3.2. Consider k > 1, and a partition « such that oy = {1,2}, and

min__|a;| > 3,

aj€a,j>2
and define
Pla = j"f’?
If |a| > 3, then the inequality
oy |1 [ -1
[Zay| 1T - @y, “ S ”UHHl(RN)

LMl ()

holds for u € Hé,k(RN)' For |a| =2, given any 2 < q < oo, the inequality

(loal-1)(3-4) ,,

|

w4

S lull g gy
La(RN)

holds for all u € Héjk(]RN).

If o is instead some partition with

N
min eyl 23,

89

(5.3.3)

(5.3.4)

then if |a| > 3, the estimate (5.3.3) holds on HL(RYN), or if |a| = 2, the estimate (5.3.4) holds on

H(RN).

We establish these estimates by passing to lower dimensional weighted spaces and applying

Sobolev inequalities.

Proof. We begin with the case || > 3. If u € HL(RY) satisfies the hypothesis of the theorem,

including

s
Bkl 23
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we have
lag|-1 [ |1 Jag =1 | -1
RN P Y R 0 R
ai Q| RN 1 Y Rlel )
LPlad (RN Lllel (Rl
Jog -1 |jag [ -1
5 8] 2 T\a| UR|ol (535)
ARl
= HURN||H1(RN) ) (5.3.6)

where Sobolev embedding for dimension |a| is used in line (5.3.5), and the application of Hardy’s

inequality
1 1
- | —=—y
2oyl Npamy | Heasl g gies N oyl
J (N )
N Hv&jvl|ng(R|“j)’ N o]
NP )

= HVO‘J'UHL2(RN)’

valid for |aj| > 3, is used in line (5.3.6) after application of the product rule.
For u € H?2,(R") satisfying the hypothesis of the theorem, a modification of the above

argument using (5.3.2) demonstrates

) |“|‘a\|!*1
T «
’x{1,2}| ol [Ty | 1ol -+ ‘xam\‘ URN S

LPlal (RN)

1 lag|—1 ‘O‘\od‘_l
2 la] 2
1

lag|—1 N
To Ty Ugjal

Rl

| >
L2(RN)

*
URN

< (Il + iy

S ||U]RNHH1(RN) :

The proof of the theorem for |o| = 2 with « satisfying either given hypothesis follows by the
above arguments, replacing the Sobolev embedding H'(Rl*l) — L” Tal(R'”") with the embedding

H'(R?) — LI(R?). O
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5.4 Ground states, and proof of Theorem 5.2.1

In this section, we prove Theorem 5.2.1. Recall our previous notation Hy = H%{l 21} k(RQ).
We begin by establishing preliminary results regarding Weinstein functionals acting on . Though
we work with N = 2, we reference standard objects which are typically defined in general dimension.

For ease of reading, we will at times still use N to refer to dimension.

5.4.1 Existence and properties of minimizers

Consider the following Weinstein functional

M (N=2)(p=1)
1Vl el

p+1 ’
Let+1(RN)

(5.4.1)

[l

defined in general dimension on H'(R")\ {0}. The Gagliardo-Nirenberg inequality,

i1 Np-1) =21
HuHLp+1 ®RN) < Cgn HVUHLz RN) HUHLz (RN) )

implies that W is bounded from below, and if Cgy is a sharp constant, then

1
— = inf  W(u).
Can uef}rll(]RN) (u)

Note that, restricted to the set Hj, C H'(R?), the Gagliardo-Nirenberg inequality holds with
some sharp constant Cgy i, possibly distinct from the sharp constant for the full set H 1(R?), so
that

1 1

= inf, w > —
Cank eIV (1) Con’

The following lemma asserts that W restricted to Hj attains a minimum.

Lemma 5.4.1. There exists some ¢ € Hy, so that

1
Cong

Wi(gx) =

In general, we will use ¢y, to denote an H;, function satisfying W (¢x) = ﬁ, with scaling or
other restrictions stated when necessary. We will establish Lemma 5.4.1 with only a slight variation

to construction of minimizers in [53].
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Proof. Let {1} be a minimizing sequence of the functional W in Hj. By scaling and Kato’s

inequality, we can take this sequence so that for each n,

[¥nll L2 ey = IVYnll 2@y = 1, Yal(@) = "0 () = 0|y (2)].

Note that by the compact embedding H,}'(R?) < LPT1(R?) [53], the sequence {1} is precom-
pact in LPT1(R?), and in particular, after passing to a subsequence, {¢}} is Cauchy in LP*T!(R?).

Further, note that for any n,m € Z,,
|¢n . ¢m| — 6ik0¢; . Giw?/);kn

= [vn — ¥l -

This implies that {1} is in fact also Cauchy in LP*'(R?). Hence we can pass to a subsequence
of {1} which is weakly convergent in H!(R?), and strongly convergent in LPT1(R?). It is readily

verified that there is a single function ¢ € Hj so that
L2y 722 71 2 Tl 2
Yy, — ¢ weakly in H* (R*), L*(R*) and H"(R*), and strongly in LP"™"(R*).
This weak convergence implies [|¢[[;2gz) < 1, and [|[V@||;2ge) < 1. Note that
Conyg = lim W(yy)
n— o0

1

= = 1
limy, 00 ||1/’n”1£p+1(11§2)

1

= #.
-
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So

N(p—1) 2)(1) 1)

2 oyl ) e
W () 1911751 ey

> CanNk H¢||1£—;i1(R2)

=1.
Hence HV¢HL2(R2) = H¢”L2(R2) =1, and

W(¢) = Can
completing the proof. O
The following lemma establishes convergence of Cgy i to zero as k — oo.
Lemma 5.4.2. The constants Cgn j satisfy
Caon > Can1 > Cang > Cang > ..,

and

Cangi — 0 as k — oo.

Proof. First note that the existence of minimizers and (5.3.2) implies
Can > CGN,l > CG’N,2 > CGN,S > ...

Let {¢x} be minimizers of W over {Hy} with [|¢p[2r2) = [V r2re) = 1. It is sufficient
to show that

hm ||¢k||Lp+1 (R2) = = 0.

The a.e. pointwise inequality

k‘m < [Venl,
T
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following from (5.3.2), implies that for any r > 0,

ST
Hence
Sup (1l gz <y = 0- (5.4.2)

Note that each ¢f € H!(R?), and so if z¢ is some point with |zo| sufficiently large, we have

the bound
< 1

10kl 2B,y (1)) S ol =1 1681l 22 (f1wo)—1- 1 <[] <[ +1})

1
~ Jzol -1

This, together with (5.4.2), implies that

li = 0.
A, sup, 10kl 223, 1))

By a theorem of Lions [54][Lemma 1.21], this implies

hm ||¢k||Lp+1 RZ) 0

and the proof is complete. O

5.4.2 Proof of Theorem 5.2.1

We now prove the main theorem of this chapter.

Proof of Theorem 5.2.1. For uy € Hy, by symmetry, the corresponding solution u of (NLS) is
in Hj for all time. Hence, given Hj initial data, on the full interval of existence, the improved
Gagliardo—Nirenberg inequality

- (N—2)(p—1)
HUHLIH'l (R2) < CGNk HVUHLZ (R2) HUHL2 (R2)




holds.

Now,

N(p—1)

2452 252 COgng 2 T
Blul Fulaen = 5 IVl [l iy — S22 (90l 5

Recalling that

attains a maximum value of
1—sc

2T
o e

at
1—sc

2 Tse
2 = | Vugla g luglsaigs)

a computation shows that

1 CGN,k N(Tl)
r— ——=x

2 p+1

attains a maximum value of

4
CGN N(p-1)—4 2%
(G20)™ lual uallges

at

4
Con \ &0 e
o= (G2 el Il

We will show that the theorem holds with

< Can >N(p_41>_4
M= :
Cank

Given ug € Hj with

4
s ( Oy \ T s
Eluo] [[uoll 122y < (CGM) Elug] lugll 2 ke »

this implies that if

4
HVUOHLZ(RZ) HUOHLQ(RQ) < (CGN,k> HVUQHL2(R2) ||UQHL2(R2) )

95
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then

1—sc

21-sc Can ) r-D—4 9 2
Vul|? ull ;5 < Vu U s
|| HL2(R2) || HL?(R?) CGNk: H Q||L2(]R2) H QHLz(Rz)

)

on the full interval of existence (and wu exists for all time), and if

1—s¢

NG-D=1 ) 2l
IVuQllz2(me) 1uQll 2 (Re) -

) 2o o (Lo
||VUOHL2(R2) ”UOHLQ(RQ) = (CGN,k

then
1—sc

4
9 21zte Can \ Ne-D—1 9 2%
IVl oy > (o)™ e ges ol

)

on the full interval of existence.

If we also have both

1—sc¢

9 21?56 Can (p—1)—4 9 2337
197201132 g2y lluoll 2 ey > ( CGM) IVuQl32 e 1wl 2fhe)

and |z|ug € L?(R?), then we can apply the virial identity to obtain

1—sc 1—s¢ 1—s¢

2 2 2
lully 255, Vislal = 4N (0 — D E[u] [l 255, — 20N (p — 1) — 4) [Vl al 275

1—s¢ 21—50

4
2T CGN N(p—1)—4 e
< 4N = DBl ey~ 480 = 1) (520 ) ™ Blugl Il

<0,

and u blows up in finite time in both time directions. This completes the proof of the main theorem

for fixed k. Note that since s. > 0, we have N(p — 1) > 4, and so the divergence of

< Can )zwpfn_4
Tk =
Cank

as k — oo follows from Lemma 5.4.2. O]
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Appendix A

On Potentials in 3 Dimensions

The results in Chapter 3 hold for potentials providing sufficient local theory and smallness
condition on H|x|QBTHOO.

We have interest in the potentials considered by D’Ancona, Fanelli, Vega, and Visciglia [16],
for which they have developed Strichartz estimates. In dimensions 4 and greater, they consider
potentials with a smallness condition on H |z|? B, Hoo, similar to our assumption. In dimension 3, this
is replaced with a smallness condition on H\$|3/ 2B [205(5))" where the L2L>°(S,) norm is given
by (3.1.18). Due to the differing assumptions, we discuss construction of potentials in dimension
3, which imply existence of potentials having nonzero trapping component, for which Strichartz
estimates hold, and for which our results hold. We also note that these constructions have several
straightforward generalizations.

Consider a function f : Rt — R such that f(|z|?) € CL (RN \{0}). We construct a potential
A= f(|2*) (=22,21,0) .

For x # 0, we have

V-A=0.

If we also assume |z| f(|z|?) € L} (RY), then the Leinfelder-Simander Theorem implies that A4 is

essentially self adjoint on C§°(RY). The potential A has trapping component

2 (f(ll) + =2 f' (=)

]

BT = (—xg,xl,O) .
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In particular, for « € R, and f(r) = r%, we have

2(1 — «)
BT = W(—$2,$1,0).

By gluing, given any 8 # 1, and v # 1, we can construct a potential A such that £ is minimal
satisfying
H ]x\ﬁAH < 00,
Leo(B(1))

B + 1 is minimal satisfying

HmﬁHBT

< 00,
Leo(B(1))

~ is minimal satisfying

2" All oo g\ B(1Y) < 00

and v 4+ 1 is minimal satisfying

H|x’7+1BTHL°°(RN\B(1)) < 00.

It is straightforward that there exist similar constructions respecting the norm ||[z[*Br ;2 (s,
rather than ||[z[*Br|| e« (p(1))- In other words, we can construct potentials with relative freedom
over the strength of singularity at 0 as well as decay rate, and for N > 3 the main theorem holds

for a nontrivial class of magnetic potentials.
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