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ABSTRACT. Let f(z) € Z[z] be a monic, irreducible polynomial and 6 a root of f.
Further, we define the field extension K := Q(6) and denote its ring of integers by
Ok ; an essential task in Algebraic Number Theory is to compute the factorization
of ideals of Ok into prime ideals. We begin this thesis by reviewing some basic
properties of number fields. Then, we describe a classical result by Dedekind
which gives the factorization of the ideal pOg for all primes p not dividing the
index [Ok : Z[0]]. Finally, we discuss the Montes algorithm which builds off the
previous work of Ore in exploiting certain Newton polygons to encode the data
needed to create a general factorization algorithm.
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1. INTRODUCTION

In a paper published in 1844, Ernst Kummer discovered the failure of unique
factorization of elements in the rings of integers of cyclotomic extensions. Suppose
0 is a root of a monic irreducible polynomial f(x) € Z[x] and let p € Z be prime;
further take Ok to be the ring of integers of Q(f). Kummer realized that unique
factorization persisted in O in the form of “ideal numbers” which he constructed as
formal symbols containing the data of a lift of an irreducible factor of f(z) mod p.
However, Dedekind proved that Kummer’s construction was only consistent when
p1[Ok : Z[#]]. This led him to the introduce new arithmetic in O through the use
of ideals for which unique factorization held in general.

This thesis gives an exposition to the problem of factoring ideals in O and
specifically to the Montes algorithm—developed in Montes’ 1999 thesis [12] and
explored in [7], [8], and [6]—which solves the problem in general.
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2. BACKGROUND

We begin by defining the main structure of study for this thesis: the ring of
integers O of a number field K. Thus, first we define the idea of a number field:

Definition 1. A number field K is the extension of the field Q by a root 8 of an
irreducible polynomial f(z) with coefficients in Z denoted by f € Z[x]. We say K
equals Q adjoined 6 or symbolically K = Q(0).

The field K is also often referred to as an algebraic number field since, by defi-
nition, K is an extension of Q by an algebraic number. In this context, the verbs
“extend” and “adjoin” can be thought of as the process of beginning with the field
Q, adding the element 6 to the set Q (ie. taking Q U {6}), and closing this new set
under the field operations - and +. Thus we always have

QCcKcC

An example of a number field is K = Q(v/2) given by # = v/2 a root of the
irreducible polynomial f(z) = z? — 2; the underlying set of this number field is
characterized as

K={a+b/2|a,beQ}

(since the claim is that this forms a field, you must convince yourself that this set
obeys the field axioms; namely, it is non-obvious that for non-zero o € K, there is
some 3 € K such that - 8 = 1). This field extension may also be thought of as a



vector space over Q. Specifically, since for a, b, c,d € Q we have that
(a+bV2) + (c+dV2) = (a+c) + (b+d)V2,
cla+bV2) = ca + cbV/2,
(c+d)(a+bV2) = c(a+ bV2) + d(a + bV2),

then naturally this characterizes a vector space with entries in Q obeying addition
and scalar multiplication laws

(a,b) + (¢,d) = (a+ ¢, b+ d),
c(a,b) = (ca,cb),
(c+d)(a,b) = c(a,b) + d(a,b),

with extra multiplication structure given by
(a,b) - (¢,d) = (ac + 2bd, ad + bc)
since

(a+bV2)(c+ dV2) = ac+ adv/2 + bev/2 + 2bd.

Thus, Q(+/2) as a vector space has dimension 2. In this case, we say that the degree
of the extension is 2.
We can readily generalize this idea to the general irreducible polynomial

f(x) = apz"™ + an_12" ' + ...+ a1z + ap € Z[x]
by noting that if 0 is a root of f, then f(f) =0, so any a € K can be written as
a0 =bp 10"+ by 20" L+ 0160 + by

for some b; € Q. Therefore, we must have that the degree of the extension must
agree with the degree of the polynomial whose root gives the extension.

Now that we have defined what a number field is, we may define the analogue of
the ring Z in K called the ring of integers.

Definition 2. The ring of integers O of a number field K is the set of all elements
satisfying monic polynomials in K—that is, polynomials with integer coefficients
and leading coefficient 1.

So, as alluded to, this can be seen as a generalization of the idea that Z = Og
is the set of solutions to monic polynomials in Z[z]. As suggested in the name, Ok
has the structure of a commutative ring. More precisely, it is a Z—module which is
the generalization of a vector space over a field to the analogous structure over the
ring Z. So, akin to vector spaces, Ok admits a basis whose Z—linear combinations
generate all of O It is simple to see that Z is always a Z—submodule (subset with
Z—module structure) of Ok and thus for any basis B of Ok, we must have 1 € B.
Returning to our example of K = Q(v/2) we consider the ring Og(yz)- Then, for
a,b € Z we have

(:U—l—(a—l—b\/i)) (x—(a+b\f2)> = 2% — 2a2 + a* — 2V°
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so that a+bv/2 obeys a monic polynomial in Q(v/2) which implies a+bv/2 € OQ( v3)
and Z + Zv/2 = {a + bv2 | a,b € Z} is a subring of Og(yz)- In fact, it is true that
for a general field extension Q(6) for § a root of a general irreducible n-th degree
polynomial that

In our current example, one can show the reverse containment so that
Ogryzy = Z+ZV2 =Z[V?2]

by the following argument: suppose that ¢,r,s,t € Z are such that Z + %\/ﬁ satisfies
a monic polynomial in Q(v/2). Further, let ¢ and £ be reduced to lowest terms so
that ged(q,r) =1 = ged(s,t). Then
2 2 27
(o (2 23)) (o (T4 3)) = 2 2
rot root r r2 {2
) t2 2 92 2,2
r t2r2

so first we check the cases if ¢ = 0 or s = 0: if ¢ = 0 we see that @ must be an

2
. g _ s - . . e @ - :
integer so | = 0 and # is an integer. Similarly, if s = 0 we get 5 is an integer so

2 =0 and % is an integer; thus, ¢ and s must be non-zero. With this, we can see

‘ghat either »r = 1 or r = 2 for the coefficient of  to be an integer. If » = 1, then
again we must have that 2%22 is an integer, so £ = g and $ are both integers. If r = 2
our polynomial becomes
12¢2 — 852

4¢2
so that necessarily 4 | ¢?> so 2 | ¢. But this contradicts our assumption since we
assumed ? was reduced and r = 2. Therefore, in all cases  and § are integers so

we conclude OQ(ﬁ) =7+ 7Z\2.
Thus, we say that a basis for the ring of integers (’)Q( V) is {1,v/2} and denote

x2—qx+

this by OQ(ﬁ) = Z[v/2]. So in this case we say that OQ(ﬁ) admits a power integral

basis; more generally, Ox admits a power integral basis if O = Z[a] for some
a € K so that a basis for O is 1 and powers of «:

B ={l,a,0%...,a" 1}

for K a degree n extension.

However, the ring of integers is not always this simple; for 6 a root of the polyno-
mial 23 — 22 — 22 —8, Dedkind showed that the Oq(g) does not admit a power integral
basis and showed that Bgg) = {1,, 2(0 + 6%)} forms a basis. The classification of
rings of integers with a power integral basis consisting of 1 and powers of § is known
as Hasse’s problem.

A concept related to this that we now define is called the index denoted [Ok : Z[6]].
This idea gives a measure of “how far” the ring Ok is from the ring Z[f]. It is for-
mally given by the index of two rings:
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Definition 3. Let R be a ring with subring S: the indez [R : S] is the size of the
quotient R/S as additive groups.

Example 4.
o [Z:nZ]) =n forn € Z.

There are many other interesting properties of Ok that motivate study. One that
draws much attention is the question if unique factorization into primes persists from
Z. These are called unique factorization domains (UFDs). Related to this idea is
ramification of prime ideals in Ok which we will discuss later.

Now that we have defined the ring of integers, we can begin to reveal the properties
that we will study. Let R be a commutative ring; we recall the definition of an ideal

in R.

Definition 5. An ideal I of R is an additive subgroup such that if k € [ and r € R,
then kr = rk is in I.

The following are some basic examples of ideals:

Ezample 6 (ideals).
e {0} and R are trivially ideals in R.
e The even integers 27 form an ideal in Z.
e Multiples of fixed n € Z: nZ in Z is an ideal.
e For a ring R, we denote

R[z] = {The set of polynomials in the indeterminate = with coefficients in R}

(like Z[x] denotes polynomials in z with coefficients in Z) which forms a ring.
If I C R is an ideal, then I[x] C R[z] is an ideal.

® 27+ 2V27 = 20y, /5 in Oy /3)-

e For a ring R and elements r1,...,r, € R, the ideal generated by r1,...,7,
is

(r1,...,rn) ={riz1 + ... + 2y | 2 € R}

From this viewpoint, the last example could be given by (2, 2\/5)

e pOx = {pk | p prime, k € Ok} in Ok.

The last example is particularly relevant because it is the concern of the Montes

algorithm which we will explore in detail. Now we define the notion of prime ideals—
one of the major structures with which this thesis is concerned.

Definition 7. A non-trivial ideal I is called prime if, for k,r € R, then kr € I
implies k or r is in 1.

At first, this definition might seem to be a unintuitive notion of primeness given
the definition of primes in the integers. However, the relation becomes clear when
one notes that this is a generalization of the idea that for a,b € Z, a prime p divides
ab if and only if p | a or p | b.

Ezample 8 (prime ideals).
e As one might expect the ideals pZ for p prime are the prime ideals in Z.
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e A proper ideal M of a ring R is said to be mazimal if I is an ideal such that
M C I implies I = R. Thus, this definition implies that every proper ideal
of R is contained in some maximal ideal. Note that existence of maximal
ideals can be proved by considering a partial ordering on the set of ideals
of R given by inclusion and applying Zorn’s Lemma. Thus, we can see that
there is not necessarily a unique maximal ideal. Furthermore, it can be
shown that if R is a commutative ring, every maximal ideal is a prime ideal.

The suggestive name prime ideal should inform the reader that we aim to express
an ideal of R as a unique factorization of prime ideals. Thus we need define the
product of ideals.

Definition 9. The product of two ideals I; and Is is the ideal
LI, = {a1b1 + ...+ anby, | a; € I1,b; € Is,n € Z>0}.

It is not hard to show that this defines a new ideal. Now, we are able to state the
following theorem we have been working towards which provides motivation for our
study of the ideals of Ok

Theorem 10. FEvery non-trivial ideal of Ok is a product of prime ideals in Ok
which is unique up to reordering.

We choose to omit the proof of this theorem as it is in a different scope than this
thesis, but nevertheless, it motivates all of the ideas which will be discussed. For a
full treatment of this topic with proofs, the reader is directed to consult [1]. The
foundations of algebraic number theory were based in ideal theory because of this
theorem. This is because not all field extensions are UFDs as one might first hope,
but rather unique factorization persists in the ideals as the theorem states.

Now, we are able to move to the discussion of exactly how we find the factorization
of ideals in O.

3. A THEOREM OF DEDEKIND

It turns out that there’s a known method for finding the factorization the ideal
pOp for all but finitely many primes p. First, we need a quick definition:

Definition 11. A rational prime p is a prime element of Z.

This definition gives us a nice way to distinguish the prime numbers of Z from
say elements of a different domain we wish to call prime such as in a UFD. We also
recall the Chinese remainder theorem for rings.

Theorem 12 (Chinese Remainder Theorem). Let Iy, Is, ..., I} be ideals of a ring
R. Then, the map

R—>R/11XR/IQXXR/I]€
r (r+I,r+Io,...,r+ I)

is a ring homomorphism with kernel Iy N Io N -+~ N Ix. Further, if Iy, Is, ..., Iy are
pairwise comaximal, this map s surjective and

R/(11]21k) gR/Il X R/IQ X oo X R/Ik



Finally, we need the following lemma before we present the main theorem.

Lemma 13. Let I and J be ideals of a commutative ring R; if I and J are comaz-
imal, then I¥ and J* are comazimal for k, £ € Zq.

Proof. Suppose that I +.J = R, but I* 4+ J* # R for some k, ¢ € Z~o. Then I* + J*
is contained in some maximal ideal M of R and thus

IFJgtcr*+J'c M.

Since M is maximal and therefore prime, I k, JEC M implies I C M and J C M
which implies I + J C M—a contradiction. Thus, we must have I* + J = R. O

Now, we have the following theorem as a result of Dedekind from 1878 [2]:

Theorem 14. Take K = Q(0) to be a number field with 6 a root of a irreducible
polynomial f(x) € Z[z]. Let Ok be the ring of integers and p a rational prime
such that p t [Ok : Z[0]]. Then the prime ideal factorization of pOk is completely
determined by the factorization of f modulo p. That is, if

f(@) = ¢1(z) ga(z)* ... g () mod p
where the ¢; are irreducibles, e; € Z~q, then
pOK = pi'p5" - py!
where p; is the ideal (p, $;(0)).

Proof. We will prove this theorem for the case when O = ZI[#]; for a proof of the
general case, one may consult [1]. We will show that the rings Ok /pOx = Z[0]/pZ[0]
and F,[z]/(f(x)) are isomorphic, where F,, is the finite field of p elements and f(z)
is the reduction of f modulo p.

First, we wish to prove that Z[z|/(p, ¢;(x)) = Z[0]/(p, ¢;(8)) for ¢j(x) an ir-
reducible factor of f(z). Consider the homomorphism ¢ : Zz] — Z[6]/(p, ;(0))
which maps z to 6; then, clearly (p,¢;(x)) C kere, and @ is surjective because
Z10]/(p, #j(0)) is a field . Thus, it is sufficient to show ker ¢ C (p, ¢;(x)) to obtain our
desired isomorphism. Let k(x) € Z[z] be in the kernel of 4. Then, k(6) € (p, ¢;(0))
so, by definition, k(6) = a(#) -p+b(0) - ¢;(8) for some a(f),b(d) € Z[f]. Now, define

i(x) ==a(z) p+blz)- ¢j(x) — k(x) € Zlx]

so that i(#) = 0. Now, since f(x) is the minimal polynomial of #, we must have

that z( ) | f(z), and thus i(z) = f(z) - ¢(z) for some c(x) € Z[z]. Thus, since

f(z) E %(m;% we must have i(z) € (p,¢;(z)) = k(z) € (p,¢j(x)). Thus,
;

ker) = (x)) and we get the isomorphism

Zlz]/(p, ¢j(x)) = Z[0]/ (p, $;(0))-
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Now, we have that

Thus, since ¢;(z) is irreducible over F[z], Fplz]/(¢:(x)) = Ok /pi is a field which

implies p; is maximal and therefore a prime ideal.
Now, for i # j, ¢i(xz) and ¢;(z) are relatively prime in Fplz].

Applying the Chinese Remainder Theorem (12), we get

Thus, there
exists e(x),g(x) € Z[z] such that e(z) - ¢;(x) + g(x) - ¢j(x) = 1 which implies
1 € (p,¢i(x),¢;(x)). Thus, 1 € p; + p; which implies p; # p; and p; and p; are co-
maximal for ¢ # j. Thus, by Lemma 13, this implies that p;" and p;j are comaximal.

Fpla]/(F(x)) = Fplal/(d1(2) x Fyla]/($2(x))™ x - x Fplx]/(dx(x))

= Ok /p7' X Ok /p5” x - x O [p}
= Ok /] P ...yt

Ezample 15. Consider Q(v/5) with ring of integers Z[H‘Z‘/g]. V5 is a root of

flz)=2*-5

and
f(z)=2%—-2 mod 3,

— (3)=(3,V5 —2 mod3)=(3).

f(z) =2 mod 5,
= (5) = (5,v5 mod 5)(5,v/5 mod 5) = (5)2.

f(z)=2*-5 mod 7
— (1) =(7,vV/5 -5 mod7) = (7).

flz)=(zx—4)(z—7) mod 11
— (11) = (11,v/5—4 mod 11)(11,v/5—7 mod 11)
= (11,v5 - 4)(11,V/5 - 7).

Note, we are unable to factor (2) using this method since 2 divides |Z]|

1+v5

2

] Z[V5]|.
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Thus, through Theorem 14 we have shown that the factorization of pOg behaves
nicely for almost all primes p. It is the primes dividing the index [Of : Z[f]] which
elude this criteria for factorization. These primes have been the subject of much
study, and the work of Montes gives an algorithm to find these factorizations in
finite time.

4. CLASSICAL RESULTS FROM ORE

In the work of Ore from the 1920’s, he constructed Newton Polygons for each
irreducible factor of f to encode the data needed to factor pOg in some cases
where Dedekind’s criterion failed. He defined the polynomials for which this method
worked to be p-regular. In this section, we develop the theory of abstract Newton
polygons and present the three classical dissections given by Ore. We center the
discussion around definitions and examples; one can consult a full treatment in [7].

4.1. Constructing polygons. First we give a simple definition needed for the rest
of the paper.

Definition 16. A semigroup is a set S with
x:9x 85— 8

such that (sxt)xr = sx(txr) for all s,¢,7 € S. Thus, a semigroup can be seen as the
algebraic structure obtained by eliminating the requirement that a group have an
identity and inverses leaving associativity as the only structure left. If a semigroup
contains an identity element it is said to be a monoid.

Ezample 17 (Semigroups).

o Z>o forms a monoid with * the usual multiplication or addition and identities
1 or 0 respectively.

e A ring R is a semigroup under the ring multiplication.

e M, (R)—the set of n x n matrices with entries in a ring R—is a semigroup
with matrix multiplication. If R has identity, then M, (R) is a monoid with
identity given by the diagonal matrix of all entries equal to the identity in
R.

e From the same terminology as in groups, a semigroup S is said to be abelian
if

axb=bxa

for all a,b € S.

Definition 18. Let (5, *) and (7 -) be semigroups; A semigroup homomorphism is
a function

¢p:S—=>1T
such that

bl +b) = 6(a) - H(b)

for all a,b € S. If S and T" are monoids with identities 1g and 17 respectively, then
¢ is a monoid homomorphism if additionally

#(1g) = 17.
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Now, denote Q~ = {g € Q| ¢ < 0} and let A € Q~; we define S(A) to be the set of
line segments with slope A in the positive quadrant of the plane (]RZO)2 =R>oxR>g
having endpoints with integer coordinates. We call the elements of S(\) sides. Let
A = —h/w for h,w positive coprime integers; then, for S € S(\) we define the length
of S, ¢(5), and the height of S, H(S), to be the length of the projections onto the
horizontal and vertical axis respectively. Further, we define the degree of S to be
d(S) :=¢(S)/w = H(S)/h and denote d = d(S), ¢ = ¢(S), H = H(S) when S is
clear from context. Thus, a side of S(\) is completely determined by its initial point
in (Z>0)? := Z>o X Z>p and degree. In this context, the initial point of a side in
S(A) is the top-left point, and the side is constructed by tracing a line of slope A
until it reaches the d(S)-th integer coordinate.

We also let a point € (Z>0)? be in S(\) and define ¢(z) = H(z) = d(z) = 0.

FIGURE 1. The sides of S(—1) with initial points near the origin

1 2

Shown are ten distinct sides of S(—1): six of degree 0, three of degree
1, and one of degree 2.

Let S,T € S(\) with initial points (sg,sy) and (t,t,) respectively. Then, we
define S+T to be the side of degree d(S)+d(T") with initial point (s;+15, sy+1,) (see

Figure 2 for geometric representation). We note that this gives S(\) the structure
of an abelian monoid with identity (0, 0).

FIGURE 2. A visual representation of the sum of S,7 € S(—1) with

initial points Pr = (0,1), Ps = (1,1) respectively

Pr+ Ps

Pr  Ps\_ S+ T

T S
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As we will see, it is necessary that we also allow A\ = —o0. The geometric represen-
tation of such a side is with initial point (0, 00) and endpoint somewhere in (Zxg)?.
The sum of sides of slope —oo is defined to be the sum of the integer representatives.
In this case, we define the set

S(—=00) := Z>o

so that a side S =1 € S(—o0) is given by the data ¢(S) := [, H(S) := oo, and
d(S) := 1. With this definition, we define the sets of sides of negative slope as

S:=8(—o0)U | JSM
A€Q

Now, using the notion of the sets of sides of negative slope, we wish to construct
an open convex polygon from a sum of sides. Let

N =25 +8+-+5k

be a finite sum of sides in . Further, let I’ be the sum of the S;’s with slope
—oo and Py = (P, P,) the sum of the initial points of the sides of finite slope
(define " = 0 and Py = (0,0) when the respective sums are empty). Then, N is the
principle polygon with initial finite point P := (I, Py) := (I' + Py, P,), constructed
by connecting the sides by increasing order of slope (see Figure 3).

FIGURE 3. Geometric representation of a principle polygon.

P

UN)

Definition 19. The monoid P is defined to be the set of all principle polygons with
addition of polygons defined by the addition of their sides. That is, for N, N’ € P
with

N =81+ -+5,
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N =8 +--+85,
then
N+N =8+ +85+8++85.
We may also extend the definition of length to principle polygons by defining
U(N) :=0(S1) 4+ -+ L(Sh).

4.2. Polygons from polynomials. We give a series of definitions which gives the
following association:

f(z) € Z]z] and a lift of one of its irreducible factors modulo a rational prime p

1
a polygon of P.

Definition 20. Let p be a rational prime; the p-adic valuation on Z is the function
Up 1 Z — Z>o U {oo} given by

max{z € Zxo|p® divides z} z #0

vp(2) == = o

00 z=0.

We extend this definition to
f(x)=ap+ a1z + -+ apz"™ € Z[z]

by defining v, : Z[x] = Z>o U {oo} as

vp(f(2)) = min {vy(a;)}.

0<i<n

Definition 21. Let f(x), ¢(x) be irreducible polynomials in Z[z] with deg(f(x)) >
deg(¢(x)). Then, the ¢-adic development of f is

f(@) = bo(z) + by (2)B(x) + - - - + bp(z)p()" (4.1)
with b;(z) € Z[x] such that deg(b;(x)) < deg(¢(x)). We are particularly interested

in the case where f has irreducible factor ¢(z) modulo p and ¢(z) is a lift of ¢(x)
to Zlz].

The assertion of the word “the” in Definition 21 depends upon the following
theorem:

Theorem 22. The ¢-adic development in Definition 21 is unique.

Proof. Since Z[x] is a Euclidean domain, the division algorithm guarantees that

f(x) = ¢(x) - q(x) +r(x)

for unique ¢(z),r(x) € Z[z] with deg(r(z)) < deg(¢(z)). With notation as in
Definition 21, set byg(xz) = r(x); now we may apply the division algorithm again to
q(x) to get

q(x) = ¢(x) - c(z) + bi(x)
with again ¢(x), by (x) € Z[z] unique and deg(b;(x)) < deg(¢p(z)). Thus, substitution
gives

f(x) = ¢(x) - (¢(x) - c(x) + b1 (2)) + bo ().
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Now, note that in repeated application of this process, since deg(¢(x)) > 0 we must
have

deg(f()) > deg(q(x)) > deg(c(z)) > ...

so that this process must terminate since the degree of f(z) is finite. Thus, since
in each level the coefficients determined are unique, we must have that the ¢-adic
development is unique. O

Ezample 23. We obtain the (z? + z + 1)-adic development of
g(x) = 25 — 323 + 102® — 16
from the following computations:

2% =323 +102% =16 = (2® + 2z + 1)(z* — 2° — 22 + 12) + (—10z — 28)
gt - -2+ 12= (2 +x+ 1) (2 — 22 +1)+ (11 — )
22 -2 +1= (2> +2+41)+ (—3x)

which implies

2% — 323 + 1022 — 16 =
(@ +z+1)((2*+ 24+ D)((2®+2+1) —3z) + (11 — z)) 4+ (—10z — 28)
=@ +x+1)° -3z +r + 12+ (11 —2)(2® + .+ 1) + (—10z — 28)

is the (22 + 2 + 1)-adic development of g(z).

Definition 24. Let f be as in (4.1); then the ¢-Newton polygon of f, denoted
Ny(f), is the lower convex hull in (R>()? of the points P; = (i,v,(bi(2))) for i €
{0,1,...,k} such that v,(b;(x)) < cc.

Definition 25. The principle ¢-polygon of f(x) is Ny (f) € P constructed from
the sides of negative slope of Ny(f).

Ezxample 26. The shape of a generic ¢-Newton polygon is given by Figure 4.
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FIGURE 4

Example 27. Let p =5 and

f(z) =327 4+ 1025 + 2* — 523 4 152 — 25;
then

f(z) =32z + 3)(2? + 22 +4) mod 5,

so choosing ¢(z) = = + 3 as our irreducible factor, then ¢(z) = = + 3 is the lift of ¢.
So, the (x + 3)-adic development of f is

f(x) =3(x+3)" — 53(x + 3)% + 387(x + 3)° — 1484(z + 3)*
+ 3088(x + 3)% — 3060(x + 3)% + 501(z + 3) + 875.

Thus, the points of the x + 3-Newton polygon of f are

(0305(875)) = (0,3), (13'05(501)) = (LO)v (2,’05(3060)) = (23 1)’
(3,05(3088)) = (3,0), (4.vs(1484)) = (4,0), (5.v(387)) = (5,0).
(63'05(53)) = 670)7 (73'05(3)) = (77 O)a

so we obtain the Newton polygon in Figure 5.
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FIGURE 5. (z+3)-Newton polygon of f(x) = 327 +102%+ 2% — 523 +
15z — 25 forp=5

~@
@20 )
= )
-0

Ezample 28. Consider p = 2 and
f(x) = 2° + da* + 22° + 112% + 22 + 16;
then
f(z)=2%z*+1) mod 2,

so choosing irreducible factor ¢(z) = x, then the lift is ¢(z) = = and the x-adic
development of f is simply f. Thus, the points of the xz-Newton polygon of f are

(0,v2(16)) = (0,4), (1,v2(2)) = (1,1
(3,02(2)) = (3,1),  (4,02(4)) = (

This gives the polygon in Figure 6:
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FIGURE 6. z-Newton polygon of f(z) = 2®+4x*+223+112%4+22+16
for p=2

Remark 29. We note the a Newton polygon Ny (f) contains a side of slope —oo if
and only if v, (b, (x)) = oo for some m in which case vy, (b;(z)) = oo forall 0 <i <m
and ¢(z)™ | f(x). If such m is maximal for the i € Z~q such that ¢(x)* | f(z), then
the finite part of Ny(f) begins at (m + 1, v,(by+1(x))) which is the endpoint of the
side of slope —oo.

Now that we have constructed the principle ¢-polygon, we will show how to
extract the data we need to a certain residual polynomial.

Definition 30. First, we define the residual coefficients encoded by N, (f) = N.
For 0 <i < /{(N) we define ¢; € F,[z]/¢(z) to be

{0 if (4, vp(bi(x))) lies strictly above N
C; 1=

bi(x . . .
W if (4, vp(bi(x))) lies on N.

It is clear the from the definition of N that these coefficients are well-defined. Also,
¢; is always non-zero in the latter case because the deg(b;(z)) < deg(¢(x)).

Now, let S be a side of N of slope A = —h/w € Q~, h and w coprime, with initial
point (u, s). We define the residual polynomial attached to S to be

RA(f)(y) = s+ Cspwy T+ Corais) 0wt 7+ corarsrny ™ € (Fplz]/o(2)) [y)-

Thus, we can see by our definition of the ¢;’s that the only non-zero terms of R (f)(y)
come from points (4, v,(b;(x)) that lie on S. By construction, cs and ¢, 4(g) lie on the
ends of S, so they are always non-zero. In particular, this implies that y 1 Rx(f)(y)
since bs(x) is irreducible and therefore has a non-zero constant term, and Ry(f)(y)
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is always a polynomial of degree d(S)—showing the relevance of our definition for
the degree d(95).

Ezample 31 (residual polynomials).

e Although long, Definition 30 simply states that we need only read off the
coefficients of the residual polynomial from the points on the principle ¢-
polygon, and divide by the greatest power of p that we can. From Example
27, using Figure 5 we see that the principle (z+ 3)-polygon is one-sided with
slope —3 and degree equal to 1. Then, the residual polynomial has degree
one:

875 501
R_5(f)(y) = T Y
=7+501y € (Fs[z]/(x +3)) [y] = Fs[y]
=24y

e From Example 28, in Figure 6 we see that the two residual polynomials
attached to the principle z-polygon are
Roa(F)) = o1 + a1
=14y
2 11
~ ot T g0?
=1+1ly=1+y

R(f)(y)

lying in (Fa[z]/z) [y] = Fa[y].

4.3. The results of Ore. We showcase the results of Ore regarding the three
classical dissections without proof. For a full treatment, one may consult [7]. We
begin by noting that the construction of the ¢-Newton polygon can be interpreted
as a map

Ny - Z[z]\ {0} —» P
f(xz) = Ny (f)
and likewise the construction of the residual polynomial for A € Q is the map
Ry : Z[x] \ {0} — (Fplz]/¢(x)) [y]
f(@) = RA(f)(y)-

Now, we can state the Theorem of the product.

Theorem 32 (Theorem of the product). For any non-zero f(x),g(x) € Z[x] and
AeQ

Ny (fg) = Ny (f) + N, (9)
Rx(f9)(y) = RA(f)(y)Rx(9)(y)-

In particular, Nd)_ and Ry are semigroup homomorphisms.
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Notation 1. Let F be a field and f(x), g(x) € F[z]; then we denote

f(z) ~g(x)
if there exists ¢ € F*—the group of units of F—such that
f(x) = cg(x).
Corollary 33. Let f(x) € Z[x] be a monic polynomial such that
f(x) = p1(x)" pa(x)" -+ Pp(z)" mod p

is a factorization into distinct monic irreducibles ¢1(x), ..., ¢r(x) € Z[x]. Then, we
define the first dissection of f using Hensel’s Lemma to be

f(z) = Fi(z) - - Fr(x) € Zp[a]

for the Fi(x)’s monic polynomials satisfying F;(x) = ¢;(x)™ mod p. Z, denotes
the p-adic integers which is the commutative ring with the underlying set

o
{Zakpk|ak’s are in {0,1,...,p—1}}.

k=0
The field of fractions of Z, called the field of p-adic numbers is Q, which is a
completion of Q with respect to the metric

dp(@,y) = & —ylp
where for a,b € Z coprime with p" dividing § for some mazimal |n|, n € Z, has
15lp=p7"
We also have

N3 (f) = N (Fy) = Ny, (F)
RA(F3)(y) ~ RA(f)(y)
forallie {1,2,...;r} and A € Q™.

Now, with Corollary 33 and our theory of Newton polygons, we aim to further
factorize each factor found from Hensel’s lemma. Thanks to the previous lemma, we
may read this information directly off of the principle polygon asssociated to f since
Ny, (f) = Ny, (F;) and Rx(Fi)(y) ~ Ra(f)(y); we call this the second dissection of
f which is given by the following theorem.

Theorem 34 (Theorem of the polygon). Let f(z) € Z[z] be a monic polynomial
with irreducible factor ¢(x) modulo a prime p. Further let f(x) = fu(x)g(x) with
fo(@) = ¢(x)™ mod p the factorization of f given by Hensel lifting. Suppose that
N, (f) = S1+ -+ Sk has k sides with pairwise different slopes A1, ..., \g; then

®
fe(x) admits a factorization in Zlx] into k monic polynomials

folx) = Fi(z) - Fi.(z)
such that for all1 <1<k
(1) Ny(F;) = S; up to translation.
(2) i finite implies Ry, (F3)(y) ~ R, (f)(y)-
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(3) any root o in Q,—the algebraic closure of Q,—of Fy(x), we have vy(ar) =
[Adl.

Theorem 35 (Theorem of the residual polynomial). Let f and ¢ be as in the
theorem of the polygon and let S be a side of N(; (f) of slope A € Q~. Further let

RA(f) () ~ ¥1(y) - - - i (y)*

be the factorization of the residual polynomial into pairwise different monic irre-
ducibles of (Fy[z]/¢(z)) [y]. Then, the third dissection for each factor Fy(z) of f(x),
attatched to ¢, A by the theorem of the polygon, is given by the factorization

Fip(x) = Gi(z) - Gi(x)

into a product of monic polynomials such that N4(G;) is one sided with slope X\ and

RA(Gi)(y) ~ i(y)™
forall1 <1 < t.

Unfortunately, the three dissections of f given by Hensel’s Lemma, the theorem of
the polygon, and the theorem of the residual polynomial are not enough to guarantee
that the final set of factors obtained are irreducible. Ore defined a polynomial to be
p-regular if these three dissections gave a factorization into irreducibles. He also gave
a non-constructive proof of the existence of a p-regular defining equation for every
number field. He also suggested that higher Newton polygons could be introduced
to continue the factorization into irreducibles. The next section does just this.

5. THE MONTES ALGORITHM

From the viewpoint of the Montes algorithm, the work of Ore represents level
1 of the algorithm. We proceed by induction as if the algorithm is true in levels
1,...,n — 1 and develop the theorem of the product, the theorem of the polygon,
and the theorem of the residual polynomial in level n. We introduce an invariant in
the form of higher order indices which indicate when the algorithm terminates.

5.1. Types and representatives. First, we introduce a data structure that parametrizes
the list of factors found in the three dissections of the previous section.

Definition 36. A type of order zero, t, is a monic irreducible polynomial
t =vo(y) € Fly]
with attached semigroup homomorphism
wo : Z[z] = Z>o
P(z) — K(NJO(P)).
The intuition behind this definition is that we think of the factors of our original
polynomial provided by Hensel’s Lemma as the residual polynomials in the zero-th

order. As we have seen, if this factorization of f is not irreducible, each of the
factors splits according to the Theorem of the polygon.

Definition 37. A type of order one is a triplet t = (¢(z); A, ¥ (y)) where
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(1) ¢(x) € Zx] is irreducible modulo p.
(2) A e Q™.
(3) ¥(y) € (Fplz]/¢p(x)) [y] is a monic irreducible polynomial with ¥(y) # y.

We denote to(f) to be the set of all monic irreducible factors of f(x) modulo p and
denote t1(f) to be the set of all types of order one obtained from the three classical
dissections. Now, we are ready to recursively define types of arbitrary degree; in
this definition, we implicitly assume we have access to the relevant data computed
in the types of lower orders.

Definition 38. A type of order n — 1 is a sequence of data
t = (¢1(2); A1, 02(2); - - 5 A2y Pn—1(2); An—1, Yn—1(y)) (5.1)

where the ¢;(x) are monic polynomials in Z[z], A; € Q~, and ¥,,—1(y) is a polynomial
over a finite field such that t obeys the following properties:

(1) ¢1(x) € Z[z] is irreducible modulo p and 1y(y) is the reduction of ¢1(y)
modulo p in Fly]. Define Fy := F[y]/(¢0(y)).

(2) For all 1 < ¢ < n — 1 the Newton polygon of i-th order, N;(¢i+1), is
one-sided with slope \; (we will define the Newton polygon of i-th order
later).

(3) For all 1 <14 < n—1 the residual polynomial of i-th order (to be defined
later), Ri(¢i+1)(y), is irreducible over IF;[y]. For v;(y) € F; the monic
polynomial given by R;(¢i+1)(y) ~ ¥i(y); then we define

Fiy1 := Fily]/ (i(y))-

We continue with this notation for the rest of the paper so that F, no
longer refers to the field with n elements.

(4) ¢i+1 has minimal degree among polynomials satisfying (2) and (3) for
all1 <i<n-—1.

(5) Yn-1(y) # y € Fp_1]y] is a monic irreducible polynomial. We define
Fo i= Fo1ly)/ (b1 (1)).

Remark 39. A type of order n — 1 determines a tower of finite fields
FCF C---CF,.
Note that we may obtain a type of order i, 0 < i < n — 1, by the truncation

Trunc;(t) := (¢1(x); A1, @2(2); -5 Ai—1, @i(T); Ai, ¥i(y))
where
Trunco(t) = vo(y).

With this definition, we have semigroup homomorphisms N;(-), S;(-), and R;(-)(y)
such that for P(z) € Z[z], N;(P) is the i-th order Newton polygon with respect
to the type Trunc;(t), S;(P) is the X\;-side of N, (P), and R;(P)(y) is the residual
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polynomial of i-th order with respect to A;. There is also the semigroup homomor-
phism

wj : L] = Z>o
P(z) = ((N; (P)).
For monic, separable f(x) € Z[z], we say that a type t of order n — 1 is f-complete

if w, = 1. In this case, the Newton polygon N,,_1(f) is necessarily one-sided with
degree one, so the R,,_1(f)(y) is separable.

Notation 2. We also introduce notation for the other data attached to a type of
order n — 1; for all 1 <i <n we have

o \; = —h;/w; for hj,w; € Z~q coprime.
o fi:=deg(¢i(y)).
o m; := deg(¢;(x)). Note mir1 = m;w;f;.
o ;U €7 are fized integers such that {;h; — Cw; = 1.
o zi:=y mod Y;(y) € Fj . Note Fiy1 = F(2).
We also define fo = deg(vo(y)) = deg(¢p1(x)), 20 := y mod ¢o(y) € Fi, and

My 1= Mp_1Wn—1fr—1.

Definition 40. Let t be as in (5.1); then a monic polynomial ¢, (x) € Z[x] (sug-
gestively notated) is said to be a representative of t if

e ¢n(x) = ¢1(x)% mod p for some ag € Zy.

e For all 1 <i < n—1 the Newton polygon N;(¢,) is one-sided with slope

Ai and Ri(én)(y) ~ ¥i(y)* € Fi[y] for some a; € Z~o.

The polynomial ¢, (z) in order n—1 plays the analogous role of an irreducible factor
modulo p in order one. In [7], an explicit non-canonical representative of the type
t is constructed recursively. We skip the construction in this thesis, but note the
¢n can be constructed with the following properties in terms of quantities from
Notation 2:

deg(¢n) = Mnp, wn(¢n) =1, Un(¢n) = wn—lfn—lvn(¢n—1)
where v,, is the valuation constructed in the next section. With this we may define

t,(f) to be all types of order n constructed from t € t,,_1(f) that are not f-complete.

5.2. Valuations, Newton polygon, and residual polynomials in order n.
Before we define Newton polygons of higher order, we must construct an essential
invariant of types of order n—1 in the form of a discrete valuation. We may generalize
the idea of Definition 20 in the following way:

Definition 41. A discrete valuation on a field K is a map
v: K — ZsoU{oo}
such that for a,b € K

(1) v(a) = oo if and only if a = 0.
(2) v(ab) = v(a) + v(b).
(3) v(a+b) = min{v(a),v(b)}.
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We extend this as in Definition 20 to
flz)=ay+az+ -+ apz" € K(x)
by defining v : K(x) — Z>o U {oo} as
v(f(x)) = min {v(a;)}.

0<i<n

The Montes algorithm constructs a discrete valuation in each order which has
some nice properties.

Definition 42. Let P(z) € Z[z]; the p-adic valuation of n-th order, denoted vy,
attached to the type t in (5.1) is given by the geometric construction in Figure 7.

FIGURE 7

This discrete valuation was introduced by MacLane in [10] and [11]. Formally,
we may define

H, 1: S()\nfl) — ZZO

which maps a side S € S(\,—1) to the intersection with the y-axis of the side S
extended to a line. More precisely, if (s, x) is the initial point of S, then

Hp1(S) = p+ [An—als
so that H,_1(-) is a semigroup homomorphism. Now
Un(P) = wn—lHn—1<Sn—1(P)>

which is a semigroup homomorphism because it is the composition of three semi-
group homomorphisms.
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Definition 43. Let t be as in (5.1) with representative ¢,, and f(z) € Z[x] with
¢dn-adic development

fla) = 3 aila)én(a)’

With our new discrete valuations in each order, we are able to define the Newton
Polygon in order n, Ny,(f), as the lower convex envelope of the points

(i, vn(ai(x) P (x)") = (i, us).
The principle part N, (f) is the principle polygon constructed from the sides of
negative slope.

Now that we have finally defined Newton polygons of higher order, we may update
our general picture from order one in Figure 4 to the corresponding generic picture
in level n (see Figure 8).

FIGURE 8. A generic Newton polygon in order n.

Before we can extract the coefficients of the residual polynomial in order n
from N, (-), we must define the integer ¢,_1(i, f) for f(z) € Z[z]. We denote
(sn—1(9), pn—1(5)) for the initial point of a side S; then

b (i f) o St Snm1lF)) = bnvi

Wn—1

Definition 44. Now, the residual coefficients encoded by the finite part of N, (f) :=
N for 0 < i < w, are ¢; € F,, defined by

{0 if (i,u;) lies strictly above N
C; 1=

zZTll(i’f)Rn_l(ai)(zn_l) if (i, u;) lies on N.
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As in order one, to the side S,,—1(f) := S of N with initial point s,_1(S5) := s we
attach a residual polynomial R, (f)(y) := Ry, (f)(y) defined by

d(s)—1

R)\n (f)(y) =Cs F CopwlyY + o+ Cs+(d(S)-1)wY + Cs+d(5)wyd(s) € Fn[y]

cs and ¢y 4(g), are non-zero by construction so in particular y { Ry, (f)(y)-

Theorem 45 (Theorem of the product in order n). For any non-zero f(x),g(x) €
Zlz] and Ny, € Q™
Ny (fg9) = Ny (f) + Ny, (9)
Ry, (f9)(y) = Ba,. (/) (y) R, (9)(y)-

In particular, N,; and Ry, are semigroup homomorphisms.

Theorem 46 (Theorem of the polygon in order n). Let f(x) € Z[x] be a monic
polynomial such that wy,(f) > 0. Further, suppose N, (f) = S1+...4+ Sy has g sides
with slopes Ap1 < -+ < Ang; then the sides of N, (f) determine a factorization of
ft(x) into monic polynomials

filx) = Fi(x) - Fy(x) € Zy[a]
such that
(1) N,(F;) = S; up to translation.
(2) Mg finite implics Ry, (F)(y) ~ R, (/) ).
(3) any root o € Q, of F(x), we have vy(p()) = (vn(@Pn) + [Anjil) /wi- - wp—1.
Theorem 47 (Theorem of the residual polynomial in order n). Let f(z) € Z[z] be

a monic polynomial with wy,(f) > 0 and S be a side of N, (f) of slope A\, € Q.
Further let

R, (f)(y) ~ ¥na(y) - Y t(y)

be the factorization of the residual polynomial into pairwise different monic irre-
ducibles of Fyly]. Then, the factor fi,(x) of fi(x) attached to the side S by the
theorem of the polygon, is given by the factorization

Tt n () = Gi(x) - Gi(x)

into a product of monic polynomials such that Ny (G;) is one sided with slope \,, and

R>\n (Gl)(y) ~ ¢n,i(y)ei €, [y]
forall1 <1< t.

5.3. Indices. We introduce an integer invariant in the form of higher order indices
which regulate the Montes algorithm at each level along with the theorem of the
index which guarantees the algorithm terminates in at most ind(f) steps. We can
again interpret this invariant geometrically as combinatorial data associated to the
principle polygon.
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Definition 48. To a principle polygon, N, (f), in level n — 1 associated to the type
t in (5.1), we define ind(NV,; (f)) to be the number of integer lattice points in N, (f)
with y-coordinate greater than or equal to v, (f) and less than or equal to maximum
y coordinate on the finite part of the principle polygon (see Figure 9).

FIGURE 9. ind(NV,, (f)) is computed by counting the number of inte-
ger lattice points lying in (including the boundary) the demarcated
region.

Un(f)

Then, we associate to the type t

ind¢(f) == fo... fu—1ind(N, (f)),

and define the index in level n for any n € Z>q to be

ind,(f) ;= Y inde(f).
tetn_1(f)

This controls the Montes algorithm at each level, and the following theorem shows
its important property.

Theorem 49 (Theorem of the index). Let f(z) € Z[x] be a monic, separable poly-
nomial; then

ind(f) > indy (f) + - + inda(f)
where ind(f) is the standard p-adic valuation of [Ok : Z[0]]. Equality holds if and
and only if ind,1(f) = 0, and thus we see that as a by product, v, ([Ok : Z[0]]) is
computed when the algorithm terminates.
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