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Harmon, Gage (B.A., Physics)
Mean-Field Floquet Theory for a Three-Level Cold-Atom Laser

Thesis directed by Prof. Murray Holland

My honors thesis provides a theoretical description for a lasing scheme of V-shaped three-level
atoms interacting with an optical cavity. Gain is achieved by pumping sufficiently many atoms into
the 3P, electronic excited state. The atom can then decay back to the ground state via emitting a
cavity photon, followed by absorbing a photon from a second driving laser. Where it completes it
cycle by decaying via spontaneous emission back to the ground state. Lasing is achieved if this gain
exceeds the losses due to dissipation of cavity photons into free space. We study this system using
mean-field equations for the coupled atom-cavity dynamics. With this, we determine the lasing
threshold and the emission frequencies using a stability analysis. Furthermore, we are able to
predict the lasing intensity and frequency using a mean-field Floquet method. This method shows
a U(1) symmetric lasing solution which is visible only in Fourier components while the total cavity
field does not possess this symmetry. The non-linear nature of this open system is highlighted by
its ability to form bistable lasing, non-lasing states, and a hysteresis when slowly ramping the pump
power above threshold and back. Lastly, we compare our mean-field results with a second-order

cumulant approach to verify our findings.
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Chapter 1

Introduction and Motivation

Since its conception by Einstein in 1917 [15], the use of lasers and masers [41, 69] has revolu-
tionized a myriad of aspects of physics and, in particular, set the foundation for the ever-growing
field of quantum optics. A laser is created when a gain medium establishes optical gain within a
cavity by way of population inversion between two atomic dressed states [47, 54]. Furthermore, the
laser is classified as operating in a continuous mode when the output power is constant over time.
To achieve continuous-wave lasing, a steady pump source is required to sustain the population
inversion of the gain medium. This can be achieved by lasing between dressed states of a two-level
atom [56], but population inversion between an internal excited and ground state can be difficult
to maintain. To overcome this, techniques have been developed to lase without inversion [58]; for
example, by driving a system where the lasing photon is emitted as part of multiphoton transition.

This allows for the study of cold-atom lasers based on more complicated level structures.
With this in mind, we present a theoretical study of a cold-atom laser comprised of a cloud of
cooled and trapped ytterbium-174 atoms. We start off by introducing the two fundamental light-
matter interactions, followed by analytical and numerical tools in Chapter 2. In this, we will
provide a physical and mathematical description of a two-level atom interacting with a classical
and quantized field. Then a brief explanation of cumulants and Liouville space, which allows us
to simulate large atom numbers while reducing our simulation times. In Chapter 3, we define our
model and explain the lasing mechanism. After, we analyze the onset of lasing by performing a

stability analysis on a non-lasing state against field fluctuations to determine the lasing threshold.



We subsequently introduce a Floquet method where we decompose the field and atomic density
operator into three primary frequency components and explore a hysteresis regime. Finally, we
compare our mean-field results with second-order cumulants and conclude with a summary of our

work.



Chapter 2

Atom-Laser Interaction Background

2.1 Atom Interacting with a Classical Field

In this section, I give a description and derivation of a two-level atom interacting with a
single monochromatic field along with the appropriate approximations. It follows similarly from
[71, Chapter 5]. To model the field due to a laser we look at the electric field operator for a

monochromatic field, with angular frequency w at the position of the atom

E(t) = £Ey cos(wt), (2.1)

where € is the polarization vector of the field. This removal of the field’s spatial dependency is
called the dipole approximation, which assumes the light field changes over length scales that are
orders of magnitude larger than the size of the atom. This is generally applicable because atomic
sizes are O(10~'°m) while optical wavelengths of light are O(10~"m). It is favorable to decompose

the field in terms of positive and negative rotating components

A E . . N A(—
E(t) = 570 (7™ + et = B (1) + B (1). (2.2)

We will approximate the atom to having only two states, where as a true atom has an infinite
set of states. We denote these two states as the ground |g) and excited state |e). Then the
energy difference between these states are AE = F, — F,, and it is standard to rewrite this energy
difference in terms of the reduced Planck’s constant % and angular frequency w. Using the de Broglie

wavelength and photon energy relations we see the transition frequency is AE = hw,. Defining the



zero-point energy to be halfway between the states, the atomic free-evolution Hamiltonian is

 hw,

Hy = —=(le) (el = l9) {4]), (2:3)

where the projection operators |e) (e|] and |g) (g| represent the corresponding energy of each state.

The atom-field interaction Hamiltonian under the dipole approximation becomes

Hap=—d- F, (2.4)

where d is the atomic dipole operator.

2.1.1 Dipole Operator and Parity

Let us consider the field interacts strongly with one electron of the atom, such that the dipole
operator can be expressed in terms of the electron charge ¢ = —e and the electron’s position in
space T as

d= —ef. (2.5)

We then use a parity argument in order to gain information about the structure of the dipole opera-

tor. The parity operator changes the sign of the position operator, thus the operator transformation
is

It = -, (2.6)

where I is unitary such that IT and IIt apply the same operation (i.e., I# = —f’ﬁ) We now turn

to the energy basis and look at the diagonal elements of the dipole operator. Projecting |a) and

the identity operator [ = ITITT onto both sides of the dipole operator we see

—e(a| 7 |a) = —e (a| ITITT7, ITITT |a)



This indicates the diagonal elements (a|d |a) = 0 for a € {g, ¢}, as long as the states have different

parity. Thus, the off-diagonal elements are non-vanishing and have the form

(gldle) = (e|dlg)". (2.8)

This means the dipole operator couples the ground and excited states without producing any first-
order energy shifts on the states. By applying the identity operator I = |e) (e| + |g) (g| onto both

sides of the dipole operator, we find

d = (gldle)|g) (e| + (el d|g) |e) (g]. (2.9)

We can choose the phase of the dipole matrix element to be real, which allows us to write the dipole

operator as

d={(g|dle) (6 + 5", (2.10)

where 6 = |g) (e| is the atomic lowering operator and 67 = |e) (g| is the atomic raising operator;
these operators correspond to the emission or absorption of a photon, respectively. The atom-field

interaction Hamiltonian then becomes

Hap =—(g|ldle) - E(6 +&T). (2.11)

2.1.2 Rotating-Wave Approximation

We now look to decompose the dipole operator into positive and negative rotating components

as done with the electric field in Eq. (2.2)

d=(g|dle) (G +6H)y=d" +d7, (2.12)

where d) ~ & and d) ~ &t. If one were to solve the equation of motion for the expectation

value of & they would see it has the time dependence e~*st. Therefore, the atom-field interaction



Hamiltonian changes to

Hap = _<d<+) +J(_)) ' (E(H +E(_)),

E(*)

()

= —d

A () 5(+)

Ko
Y g ( )

—d - E -

d7 . B (2.13)

- (efi(erwa)t + efi(wfwa)t + ei(wfwa)t + ei(w+wa)t).

We see that the first and last terms oscillate rapidly, while the middle two cross terms oscillate

slowly. We can then invoke the rotating-wave approximation (RWA) which states

lw — wa| € W+ wy. (2.14)

This allows us to substitute the rapidly oscillating terms with their zero average value, which
amounts to a coarse-graining on fs time scales [71]. This approximation is only valid for near
resonant interactions and breaks down when the detuning is extremely large (i.e., A = w—w, ~ wy)
and for strong coupling (i.c., |(g| & - d|e) Eo/h| ~ wy). Thus, the atom-field interaction Hamiltonian

in the RWA becomes

()

Hap = —d ;)

BT B (2.15)

By substituting Eq. (2.2) and Eq. (2.12) with the explicit time dependencies into Eq. (2.15) we can

write

ap =~ (g12-dle) (Ey 5! + By gle")

ro | (2.16)
— 5 (a_ezwt + &Tefzwt)’
where we have defined the Rabi frequency as
A 5 () A 3
Q:_Q(£J|5'C”€>Eo+ :_<9|5'd\€>E0, (2.17)

h h
and have assumed E(()H to be real. The Rabi frequency denotes the strength of the atom-field
coupling and is proportional to the square root of the laser’s intensity (i.e., {2 VI ). The total

Hamiltonian for a two-level atom interacting with a classical field is then

' ' '} hwa h§2 . w AT —iw
Hiot = Hao + Har = T(‘@ (el = lg) (g]) + 7(06 b glemivty, (2.18)



2.1.3 Interaction Picture

The goal of this subsection is to provide some information regarding the various pictures we
deal with when studying quantum mechanics. These pictures describe whether the time dependence
is carried by the state vectors |¢)) and or operators O and how they evolve. I then give an example
using Eq. (2.18). I refer the reader to [71, Chapter 4, §2] for a more detailed discussion about the
interaction picture.

We start off by considering a time-independent Hamiltonian that can be decomposed into
two separate parts

-Htot = ffo + ﬁmu (2.19)

where ﬁo is the free evolution term and ﬁmt is the interaction term. A state vector in the interaction
picture |t)(t)); is the transformed state vector of the Schrédinger picture [1)(t))g by the free part

of the Hamiltonian
e(0)); = M p(0))s (2.20)
while an operator transforms according to

O(t); = eHot/hOgeiHot/h (2.21)

where Og is an operator in the Schriédinger picture. The third picture in quantum mechanics
is referred to as the Heisenberg picture, where the state vectors are time-independent and the

operators are time-dependent; they are defined as

gy = ot () g (2.22)
and
O(t)yr = eiﬁot/hose—iﬁot/h. (2.23)
Let us now work through an example beginning with

A huwg, h? . e
Hior = 7(\6) (e| —19) (g]) + 7(06’” + gfemty. (2.24)



This Hamiltonian is defined in the Schrédinger picture and we wish to move this Hamiltonian into
the interaction picture. We do this by moving into a frame rotating with the laser frequency w,

iy =" 16} (el ~ ) (o). (225)

By applying Eq. (2.21) to Eq. (2.18) we write

~

Htot — €iH0t/h(I:It0t o Ho)e—iH()t/ﬁ

hA h{? iH ~ —iH iw
= "2 16) el — Ig) al) + B (@ et 4 ),

where we have defined the detuning A = w — w,. We now calculate the transformation of the

(2.26)

atomic lowering operator from the Schrodinger picture into the interaction picture,
G = etHot/hg—ilot/h, (2.27)

Taking the time derivative of Eq. 2.27 and using the fact that Hy commutes with itself we arrive at

dé S R p
dij _ %(elHot/ﬁ |:H0, a_:| elHot/fi)’ (228)
where [fl, B] = AB — BA is the commutator of two operators. After performing the necessary

algebra we arrive at the following differential equation

P - s (2:29)
Upon taking the limits of integration to be from 0 to t and solving the differential equation by
separation of variables we obtain

5 = Gemiet, (2.30)
where we have set the initial condition 6(t = 0) = 6. Applying the same process to the atomic
raising operator 67 we would get the Hermitian conjugate of Eq. (2.30). As we can see, the atomic
lowering operator in the interaction picture picks up an exponential with the frequency of the
rotating frame. Substituting these operators back into Eq. (2.18) we arrive at the interaction

picture Hamiltonian for a two-level atom interacting with a classical field under the RWA and

dipole approximation:

Fion = "2 (1e) el = lo) gl) + (6 + 7). (2.31)



2.1.4 Density Operator

The state vector |¢) describes the state of a quantum system, but is limited to only repre-
senting pure states. For example, one could not write down the state vector for a mixed ensemble
of atoms, where a fraction of the atoms are characterized by |a) and the other fraction by |3). This
calls for the need for a more general object to represent the state of a quantum system, especially for
quantum systems that interact with an external system whose evolution is unknown. The density

operator for a mixed ensemble is defined as [64]
p= Z wi [¢i) (il (2.32)

where |¢;) is the set of states a system can be in. The density operator describes the statistical
state of a quantum system and can represent both pure and mixed states. We do not explicitly
know what state the system is in but rather we assign a probability or population w; to the state
|1i) (1;]. When taking the trace of the density operator the fractional populations must satisfy the

normalization condition
Tr(p) = Y wi (Whilghi) = 1. (2.33)
i

It is also important to note the density operator is Hermitian and completely positive. We are
interested in how a quantum system evolves in time, strictly speaking how the density operator
changes as a function of time. By taking the time derivative of the density operator and utilizing
the Schrédinger equation ihidy [¢) = H |4), we can derive the equation of motion for the density

operator under unitary time evolution:
.1
Oup = = S| (B0 ) (Wil + (i) (01 (i)

B Zlhztl’%(ﬁ (i) (il — i) (il H) (2.34)

L

The expression above is the Schrodinger—von Neumann equation. However, Eq. (2.34) only encap-

sulates the coherent or reversible dynamics a system will undergo and does not take into account
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any dissipative processes. In this thesis we want to investigate the dynamics of open quantum
systems, that is when a quantum system couples to an external quantum system whose evolution
we do not directly track. In order to study the evolution of open quantum systems we choose to

use the Born—-Markov master equation
onp = Lp, (2.35)

where £ is the Liouvillian superoperator. The term superoperator comes from the fact that the
Liouvillian is a higher-dimensional object and operates from both sides of the density operator.

Eq. (2.35) is a compact form of the master equation, one can express the full master equation as

1. AV TPV I
Op = [H,p) + 3 (JepJf = 5L up = 51 0), (2.36)
k

where the first term is the Schrodinger—von Neumann equation and the second term is the sum of
Lindblad superoperators with corresponding jump operator Ji. The Lindblad superoperator is able
to encapsulate the dissipative dynamics of an open quantum system, such as spontaneous emission,
dephasing, inhomogeneous broadening, and more. These effects are represented by an operator and

decay rate, which we call jump operators.

2.2 Atom Interacting with a Quantized Field

In this section, I go over the quantization of a single-mode field and give an example of a
two-level atom interacting with a quantized field of a cavity known as the Jaynes—Cummings model.

I follow the methods prescribed in [21, Chapter 2] and [71, Chapter 8].

2.2.1 Field Quantization of a Single-Mode

Many systems we are interested in involve a quantized field interacting with atoms inside
a cavity. Often there is only one resonant mode within the cavity; here we show how to treat a
single-mode quantum mechanically. We start by introducing the canonically conjugate variables
q and p, where ¢ is the canonical position and p is the canonical momentum. Now, consider a

monochromatic field with frequency w inside a cavity with perfectly reflecting mirrors where the
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field is polarized along the z-direction:

q(t) sin(kz), (2.37)

where V is the effective mode volume (length of cavity x (beam waist)?), w is the oscillation
frequency of the field, k is the wave number, and ¢(t) is the dimensionless amplitude of the field.
The wave number can be related to the frequency by w = kc. The field must obey Maxwell’s

equations in a vacuum with no charge or current:

V x E = 8,B, (2.38)
I
VxB=—8E, (2.39)
C
V x E =0, (2.40)
V x B=0. (2.41)

Substituting Eq. (2.37) into Eq. (2.39), the magnetic field in the cavity is

- 7 | 2w?
B(z,t) = 27\ / V—qu(t) cos(kz), (2.42)

where ¢(t) = p(t). We can now write the total energy density as the sum of the electric and
magnetic energy density

1 1
U= -(e,E* + —B?), (2.43)
2 Lo

and then the classical Hamiltonian is just the energy density over the entire volume

1 1
H = / (eoE* + —B%)av. (2.44)
2 Jv Ho

After carrying out the integral it can be shown that

1
H =3 (5 + ), (2.45)

and this is equivalent to the Hamiltonian of a classical harmonic oscillator of unit mass. To make
the transition from classical variables to quantum operators we replace ¢ and p with their operator

equivalents ¢ and p. These operators must satisfy the canonical commutation relation

[4,p] = ih. (2.46)
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Then the electric and magnetic fields become the operators

. 2w
E(z,t) =1z G(t) sin(kz) (2.47)
Ve,
and
N 1/ 2w?
B ={(—u | —p 2.48
(z,t) U Vsop(t) cos(kz), (2.48)

respectively. The Hamiltonian becomes
A~ 1
=Lt v, (2.49)

We now introduce the non-Hermitian operators ¢, the annihilation operator which represents the
destruction of a photon, and éf, the creation operator which represents the creation of a photon.

They can be expressed in terms of the Hermitian operators ¢ and p as

1
¢ = ——=(wq +1p), 2.50
\/%( q+ip) (2.50)
and
i (wg — ip). (2.51)
V2hw
The electric and magnetic field operators then become
E(zt) =& —(e+ M sin(kz2), (2.52)
and
A 3
B(z,t) = —zy% EOZ” (& — &) cos(kz). (2.53)

Since the operators ¢ and &' are non-Hermitian they have the following commutation relation
[é’ éw =1, (2.54)

and, as a result, the Hamiltonian operator takes the form

= m(éfé n %) (2.55)

As we can see this is the same Hamiltonian for a one-dimensional quantum harmonic oscillator, an

interesting correspondence nonetheless.
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2.2.2 Jaynes—Cummings Model

The Jaynes—Cummings model describes a two-level atom interacting with a quantized mode
of a cavity in the “good-cavity” limit. The “good-cavity” limit is when the cavity linewidth & is
much smaller than the collective atom-cavity coupling v Ng (i.e., vV Ng > k). We start with the

free evolution Hamiltonian for a two-level atom and a single mode field
. N N 1
Ho= Hu + Hp = hwa |e) <e|—|—hwc(éTé+§), (2.56)

where w, is the atomic transition frequency and w,. is the cavity resonance frequency of the field
mode. The atom-field interaction Hamiltonian is a modified version of Eq. (2.4), except now we
use Eq. (2.52) for the quantized field without sin(kz) because we assume homogeneous atom-cavity

coupling. The atom-field interaction Hamiltonian is then
Hap = hg(6 + 6" (& + &), (2.57)
In the rotating-wave approximation, we drop the nonconserving energy terms, so Eq (2.57) becomes
Hap = hg(éfe + ¢6), (2.58)
where the atom-cavity coupling constant g is defined as

N A / w

The Jaynes—Cummings Hamiltonian while ignoring the vacuum-field energy is

Hjo = Hy+ Hp + Hap = hwq |e) (e] + hweéTé + hg(é'e + éo). (2.60)
2.3 Analytical and Numerical Methods

In this section, I discuss an analytical and numerical method that allows for larger atom
numbers to be simulated, while reducing simulation times. For a more thorough explanation of

cumulants I direct the reader to [40] and for Liouville space [26].
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2.3.1 Cumulants

As the atom number N increases in our simulations, the scaling of the density matrix p makes
an exact numerical solution of the master equation Eq. (2.36) quickly intractable. The Monte Carlo
wave function method [57, 54] can be used to reach higher atom numbers, but the state vector
used here soon becomes intractable as well. This is because, as N increases, both the total atomic
Hilbert space and the maximum required truncated Fock space used in our simulations increase
rapidly. To simulate higher atom numbers above the experimentally observed lasing threshold in

[22], we now turn to the use of cumulant theory. Here, the joint cumulant (-). of n operators

c

is a general measure of correlations between operators. It is given by the generalized culumant

expansion method, in which cumulants can be explicitly represented by the lower moments [40]

N ki
m ) ! 1 Hn: X(bij)
s = (oo (M) |

Y =137 a=q, =1

(X{ . e

==

(2.61)
where Xi(j ) represents the operator X; for atom aj and o = k;b;;. Thus, each term decomposes
m = Z?:l a; objects into Eé:l k; subsets, and the total cumulant is a linear combination of

products of these subset moments. The first few cumulants can be calculated as [20]

(2.62)

_ [<X<J>> <X}§l>)z7(g>> n <X§{?)> <X§j)X,§”> N <X,ff)> <X,<,7>X§j>>} ‘
We now assume that operators are statistically independent of each other, such that (-), = 0 for

n > 1. We may therefore invert the expressions of Eq. (2.62) in order to derive an expansion of

n'™ order moment in terms of moments on the order of n — 1 or smaller. For the second and third
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order moments we obtain:

<(”X>< ") (&),

(KOK00) < (SR (0) (080 + (40 (502) a9
-2(X2) (%) (5.

We focus on the decomposition of second-order moments <Xz.(j)f(lgl)> = < X .(j)> <X,£l)>, which

corresponds to a mean-field treatment.

2.3.2 Liouville Space

Let us consider an atom with d states, these states are represented as unit vectors of dimension

(dx1):
1 0 0
0 1 0
z) = | lwd=| |, lwd =] |, (2.64)
0 0 1

and are elements of a d-dimensional Hilbert space, where they form an orthonormal basis. Operators

in this Hilbert space are represented as matrices of dimension (d x d)
o= : L. (2.65)

In Liouville space the density operator is transformed into a vectorized operator of dimension
(d* x 1) and is represented by a superket ||)), where the i-th column of the density matrix pe;

(counting from the left) is stacked onto the next column.

p=2_2 el @ Gl —18) = 32D pisli) @13) (2.66)
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Pel Pl
Pe2 P2i

1)) = , where pe; = . (2.67)
Ped Pdi

All other operators except for the Liouvillian become (d? x d?) superoperators by taking the tensor

product with the (d x d) identity operator I,

O=1,®0. (2.68)

It is important to note that Liouville space is also a Hilbert space, therefore the postulates of
quantum mechanics are preserved. In Liouville space we can now simulate the master equation
by performing matrix-vector multiplication instead of matrix-matrix multiplication, which greatly

reduces our simulation times.



Chapter 3

Mean-Field Floquet Theory for a Three-Level Cold-Atom Laser

3.1 Motivation

Lasing is realized when a pumped medium provides sufficient optical gain for a cavity or
resonator mode. This gain is often provided by stimulated emission which needs to overcome the
dissipation of cavity photons and the rate of photon reabsorption. Due to the symmetry between
stimulated emission and absorption this usually requires population inversion in conventional two-
level systems. However, advances in tailoring emission and absorption spectra e.g. by dynamically
driving multi-level systems [17] have led to the realization of lasing or amplification without inver-
sion [17, 68, 70, 1, 38, 58, 2], exciton-polariton condensates [3, 13, 67, 7], and photon Bose-Einstein
condensates [36, 37].

One main application of lasers relies on their ability to produce coherent and stable light
that can be used to probe materials in spectroscopy [27], but also as ultra-stable oscillators in
metrology [10, 45]. Often these oscillators are stabilized by using highly engineered cavities that
trap the light and shield the coherence against environmental noise [76]. Instead, only recently, it
was pointed out that ultra-coherent light can also be extracted directly from atoms with metastable
states that possess ultra-narrow linewidths [51]. In this case one requires sufficient control over the
atomic external degrees of freedom such that they are trapped or confined within the cavity and
sufficiently cooled. One example of such cold-atom lasers is the superradiant laser [51, 4, 59, 12,
42, 66] which uses population inversion on a ultra-narrow transition to achieve lasing in the optical

domain with a potential mHz linewidth. However, so far the continuous-wave operation regime of
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this laser is elusive because of radiative heating due to the driving and trapping lasers and the need
of finding efficient repump schemes. This is why guided atomic beams [8] are currently explored as
a potential alternative [72, 9, 18, 44, 33].

Another solution to this problem is the realization of a hybrid device which achieves lasing
and, at the same time, cooling and trapping of the atoms [65, 75, 34, 31, 32]. The experiment
described in Ref. [22] is a potential platform for such a device where lasing on a narrow line has
been realized while a magneto-optical-trap cools and traps the atoms. Moreover, in this setup las-
ing is achieved without obvious population inversion on the narrow transition, instead the emission
spectrum is modified due to a two-photon Raman resonance of a cavity mode and the trapping
lasers. Remarkably, one can then achieve lasing by applying a coherent drive to the narrow tran-
sition which obtains sufficient population in the excited state without inversion. The theoretical
description of such system is challenging because it requires the correct description of the internal
and external degrees of the atoms and the cavity field.

In this thesis, as a first step towards such a description, we will provide a simple mean-field
approach which allows us to determine the lasing threshold, intensity, and emission frequency.
While we do not describe atomic motion in this thesis, we want this theory to be a first benchmark
for future theories that describe atomic motion, internal, and cavity degrees of freedom on equal
footing. We develop general methods to predict the lasing threshold and emission frequency. More-
over we use a Floquet method to predict the lasing intensity and frequency at steady-state and
compare these results to previously used second-order cumulant approaches [32, 62]. Furthermore
we highlight the non-linear aspect of this system by showing the existence of bistable lasing and
non-lasing solutions, which was also evident in the experiment [23].

This chapter is organized as follows. We begin in Sec. 3.2 by introducing a fully quantum
description of the system and then applying the c-number and mean-field approximations. We then
analyze the onset of lasing in Sec. 3.3. Here, we preform a stability analysis on a non-lasing state
against field fluctuations in Sec. 3.3.1 in order to derive an apparent lasing threshold. We then, in

Sec. 3.3.2, introduce a Floquet method to study the lasing intensity and frequency. In Sec. 3.3.3, we
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also study the bistability in this setup by analyzing a hysteresis behavior. In Sec. 3.4.1 we compare
our mean-field results to a second-order cumulant approximation and we conclude the thesis in

Sec. 3.4.2.

3.2 Theoretical Model

3.2.1 System Dynamics

Our theoretical model basically follows the setup and level scheme that has been used in
the experiment of Ref. [22], depicted in Fig. 3.1(a), and explained as follows. A cloud of N non-
interacting three level atoms composed of two excited states |e) and |a) and one ground state |g),
creating a V-level structure [see Fig. 3.1(b)], are cooled and trapped in an optical cavity. We
consider the scenario where two external lasers drive the atoms homogeneously. The |g) <> |a)
transition with frequency w, and lifetime ~, is driven by an off-resonant laser with Rabi frequency
2, and frequency wy,. The transition |g) <> |e) with frequency w, and lifetime =, is driven by a
second laser with Rabi frequency (2, and frequency w,. In addition, the |g) <> |e) also couples to
a cavity mode with resonance frequency we, linewidth x, and a vacuum coupling g.. The dynamics
of the system is described by a Born—-Markov master equation. This describes the time evolution

of the density operator of both the atomic and cavity degrees of freedom p4r and takes the form

R 17 . 4.
Opar == [H,pAF} + Lapar, (3.1)

h
where we have used 9; = 9/(9t). The coherent dynamics of the atom-cavity system is given by the

Hamiltonian

N
i =nadte+ 3 { - ha 6D — nA6l) + =2 (65 +6) + 2 (65 + o)) -
j=1 3.2

+ fige (éT 6) + é&gﬂg?) }
where ¢ (é) is the annihilation (creation) operator of the cavity mode and 6',(3 ) = k), (1], is

the transition matrix element of an atom indexed by j between the states k,l € {g,e,a}. The

Hamiltonian is reported in the frame where the cavity and |e) state rotates with frequency w,
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Figure 3.1: (a) Sketch of an ensemble of N three-level atoms coupling to a high-finesse optical
cavity and driven by two external lasers. (b) V-shaped atomic level diagram of atom j. The
lg) <> |e) transition is driven by the coherent pump laser and is coupled to the cavity mode while
the |g) <> |a) transition is driven by a MOT laser.

20
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and the |a) state rotates with frequency wy,. In this rotating frame we introduce the detunings
Al =A— Ay, Ar = we — We, Ap = wp — we, and Ay, = wyy, — w,. The dissipative dynamics of the

atom-cavity system are encapsulated by the Lindblad superoperator L4 given by
A~ A N A . ~ .
Lo=rD[E+Y {%D [&éﬂe)] 4D [&é{}] } (3.3)
j=1
with D [j] PAF = jﬁAFﬁ — (ﬁj[)AF + ;’)Apﬁj) /2 for a jump operator J.

3.2.2 Parameter Regime and Lasing Mechanism

Following the experimental setup of Ref. [22], we consider the parameters associated with
the states |g) = 'Sp, |e) = 3Py, and |a) = 'P; in ™ Yb. We mention here that similar parameter
regimes can also be realized with other elements such as *°Ca and ®3Sr. Here, the |g) ¢ |a)
transition is dipole-allowed resulting in a much broader linewidth compared to the narrow dipole-
forbidden |g) <+ |e) transition (i.e., 7. < 74). In Ref. [22], the laser that is driving the |g) <> |a)
transition is also used to cool and trap the atoms in a magneto-optical trap (MOT) which is why
we denote this driving laser as the MOT laser (see also the subscript m in 2, wm,, Ay,) and is red-
detuned from resonance A, < 0. A second laser denoted as the pump laser (see also the subscript
p in £2,,w,, A,) drives the |g) <> |e) transition. This will usually be operated close to resonance
A, ~ 0 with a high power {2, > 7. such that sufficiently many atoms can be pumped into the |e)
state and undergo the resonant Raman transition. The cavity resonance is chosen such that the
decay from |e) to |g) via emitting a cavity photon is far-off resonant, |AL| > &, 7.

However, the two-photon transition, |e) to |g) by emitting a cavity photon and then |g) to
|a) by absorbing a photon from the MOT laser is resonant, A, &~ A,, [see Fig. 3.1(b)]. This process
allows the |e) state to decay back to |g) via emitting a cavity photon, absorbing a MOT laser
photon and then subsequent spontaneous emission inducing a transition from |a) to |g). This rate,
for A’ ~ A, can be estimated as Yo ~ g2£22, /(7,42). It provides an additional broadening on the
le) <> |g) transition which one can usually neglect at the single-particle level veg < .. However, it

provides a gain G for emission into the cavity mode which is proportional to the number of atoms
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in the |e) state times g, thus G = N7eg (Fee)-

Lasing is realized in this model if this gain exceeds the losses L of the cavity given by L = &,
which leads to a qualitative inequality to achieve lasing ¢. While this inequality is oversimplified,
since it excludes various light-shifts and additional broadening effects, it captures the main idea
behind the lasing mechanism, that is the balance of gain and losses. We emphasize there is no
population inversion needed between the states |e) and |g), instead one simply requires enough
atoms in the |e) state such that the mean number of atoms in the |e) state satisfies (Gee) > K/ (N Vet )-
A central purpose of this work is to develop a simple theoretical model that can predict the laser
threshold and intensity while including the appearing light shifts and broadening mechanisms that
are introduced by the two driving lasers. Such a description is needed because the simplified picture
given above does completely ignore that |g) <> |e) and ¢ must have various frequency components
including the frequency of the pump but also the frequency of the laser light in the cavity. To

provide such a description we use a mean-field method that we introduce in the next section.

3.2.3 Mean-Field Theory

While the master equation Eq. (3.1) fully encapsulates the dynamics we wish to evaluate, it
is not convenient to use for numerical simulations other than for extremely small atom numbers
N ~ O(1). This is not only because the atomic Liouville space scales as 9V, but also because the
cavity field in the lasing regime is assumed to be extremely large <6Té> > 1 and therefore requires
a substantial number of Fock states to model quantum mechanically.

To overcome this obstacle, we now invoke approximative methods. The first approximation
is a mean-field approximation. Here, we assume the atomic density operator is achieved by tracing
over the cavity degrees of freedom p4 = Trr(par) factorizes into mean-field density matrices p;
such that pg = @ j pj, where the tensor product runs over all particles indexed by j. In addition,
we assume that all of these density operators are identical, p = p;, which is motivated by the
permutation symmetry of the master equation Eq. (3.1). To be able to simulate the cavity field,

we assume it is always in a coherent field pp = Tra(par) = |@)(«|, when we partially trace out the
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atoms. In this simplified assumption, we completely throw away fluctuations in the field. Instead
of evolving the cavity degrees of freedom, we simply simulate the complex field «, by the following

equation 8ta = Trp(66t|a> <O£D, which results in
o) = — 'AI + E — 1 5(1) 3.4
(10 (Z c 2) (6 ZNgc <Oge > s ( )

where <(}é£)> =Tr (&é? ﬁl) . The evolution of p; can now be derived using Eq. (3.1) and tracing
out the cavity degrees of freedom and all atoms except for one. This results in the mean-field

master equation
Oipr = Lapr + Lplalpr. (3.5)
Here, the atomic Liouvillian superoperator is given by

1

Lapr = . [ﬁA,m] + (%75 [&é?} + 74D {&ﬁ)} )/31, (3.6)

with the atomic Hamiltonian defined as

Hp = —hAy6

. he2, /. . hS 2, .. .
U —na,el + Tp (0!(]? + Ué?) + ?m (aé}) + 0((119)> , (3.7)
while the Liouvillian describing the coupling with the coherent field becomes

Lrlolpr = [Ar (@), ], (33)

with the field Hamiltonian given by
Hr (o) = hg, (a*&éy + a&é?) : (3.9)

The system of coupled differential equations for p; and « is at the basis of our theoretical
mean-field analysis. We first mention by employing this mean-field analysis, we can now simulate
only a single atom that couples to a coherent field which sees N identical atoms. By doing this
we have simplified the simulation of the full master equation Eq. (3.1) to the simulation of one
complex variable o and a 3 x 3 density matrix p1. As a consequence, however, we have found a
non-linear term L p [a], which introduces a mean-field coupling between the atoms mediated by the

cavity field.
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3.3 Lasing Analysis

Having established the setup and a simple mean-field model of the system, we now study the
lasing regime. We do this using two different analytical methods that reveal the lasing threshold,

lasing frequency, and field amplitudes in various parameter regimes.

3.3.1 Stability Analysis

To begin, we find a set of solutions to the atom-cavity system, (pg,ag)’ , in the non-lasing
regime after it has reached steady-state, 0;ap = 0 and O;pg = 0 . We solve these equations self-

consistently with the result
. (1)
—iNg.Tr (O’ée) p())
1AL+ 5

ap = , (3.10)
where we have used Eq. (3.5) to find the steady-state of the atom py. The mean-field component
«g in the non-lasing regime is often considered to be zero. This is not true in our case because the
pump laser drives the |g) <> |e) transition and therefore induces a non-vanishing dipole moment
Tr (6&) ﬁ[)). This is the pump laser field that is scattered by the atoms into the cavity and is small
due to the choice of our parameters in which A, is a large frequency but not negligible.

In order to find the transition from a non-lasing to a lasing state, we have to analyze fluctua-
tions around the solution (pg, ). Those fluctuations are denoted by da = a— g and 0p = p1 — po

and are physically always present, e.g. due to external noise but also due to quantum fluctuations.

The linearized equations of motion for the fluctuations are given by

O6p = (ﬁA + EAF[OZO}) 8p + Lr[dalpo, (3.11)

and
O = — (ZAZ: + g) da —iN g, Tr(&é?é[)), (3.12)

where we have neglected terms that are second-order in fluctuations and used the steady-state

! Variables with subscript 0 are in steady-state.
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relation in Eq. (3.10). We now use the Laplace transformation,

LI ®))(s) = /0 " f(e -t dr, (3.13)

to find the linear and coupled equations of L[d«], L[0p], and L[da*]. After eliminating L[dp] from

those equations, we get two linearly coupled equations for L[da| and L[da*]| given by

C(s)b(s) = X(s), (3.14)
where we have introduced
. Lido da(0) —iNg.Z(s
b = (6a] , X= ©) (#) , (3.15)
L[éa*] 0a*(0) +iNg.Z*(s)

and the 2 x 2 coupling matrix C with entries Cgy, [a,b € {1,2}] given by

Cii(s) = s +iAL + g + Ng?Y (s) = Ciy(s), (3.16)
and
Cia(s) = Ng2X(s) = Ch,(s). (3.17)

Here, we have used the definitions

Y(s) = Tr (&<1>W*1(s)[&<1>, ,30]), (3.18)

and
W(s) =s—La— Lrla). (3.19)

Details of this derivation have been shifted to Appendix A. Equation (3.14) can now be solved by
inverting C(s) for every value of s.

The stability of the non-lasing solution (pg, a) is determined by whether da(t) is exponen-
tially damping (stable) or exponentially growing (unstable). Stability for the fields thus require

—

that all poles s, of the Laplace transformed fields b(s) have a negative real part. This is true since
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such a pole s, results in a field da o e*»!. To determine the stability, it is then sufficient to find
the primary solution sy with the largest real component. Before finding sg, we first mention that
an instability cannot occur from a pole of Z(s). This is true since all values of s for which W
Eq. (3.19) is not invertible are negative which is equivalent to the statement that the spectrum of
La+L rlag] consists of numbers with negative real part. Then, the only way to find an instability
is by a pole coming from inverting C(s). These poles can be found as the roots of the determinant

of C(s) which is called the dispersion relation

D(s) = det [C(s)]. (3.20)

Using this result, we can now numerically find sqg by calculating the zero with the largest real part
of Eq. (3.20). We plot the real and imaginary parts of this primary root in Fig. 3.2. The special case
of when Re (s9) = 0 is the threshold value of the lasing transition, which we calculate numerically
and display as a red dashed line in Fig. 3.2. When Re (s9) < 0, the non-lasing solution is stable
and Re (sg) determines the decay rate of the fluctuations. Meanwhile, the imaginary part Im (sq)
determines the frequency of the light emission as da < exp(iIm (sp)t). If Re(sp) > 0, we expect
an exponential increase in the field fluctuations, indicating that the initial state of a non-lasing
solution was unstable. Dynamically we would expect that this results on longer timescales in a
large cavity light field or lasing.

It might be interesting to compare the mean-field results in Fig. 3.2 with our simplified
threshold (Gec) = x/(N7eg) ~ 3 x 103/N that we introduced in Sec. 3.2.2. For large pump power
we expect (Gee) =~ 0.5 resulting in a threshold at N & 6000. This is in fact close to the lower
bound of the threshold (red dashed line) visible in Figs. 3.2(a) and (b). The curvature of the red
line is likely due to (dee) = 0.5 being violated if the pump laser becomes off-resonant. It might
seem surprising that the lowest critical value of N is not found at A, = 0. However, this can
be partially explained by the existence of an AC-Stark shift that is induced by the MOT laser.

Since the MOT laser is red detuned from the |g) <+ |a) transition, it shifts the resonance of the |g)
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Figure 3.2: (a) The real component Re(sp) and (b) imaginary component Im(sg) of the primary
zero Sp, which possesses the largest real component of D(s) in Eq. (3.20), as a function of the pump
detuning and atom number. (c¢)—(d) The real and imaginary part of the zero sg, respectively, as
a function of the pump Rabi frequency and the pump detuning A,. The red dashed line is the
lasing threshold in which Re(sp) = 0. The common parameters for all plots are A, = —192~,,
Ay = —1927, gc = 0.33%, Yo = 159, 2 = 7Va/2, and k = 0.397.. Meanwhile, (a)—(b) has
2, = V1407, and (c)—(d) has N = 20000.



28
transition relative to the |e) transition down by an amount of

2,
Ascpor ® =, (3.21)

which is Aac mor = 8.237, for our parameters. We can then compensate this shift by using a blue
detuned pump laser.

A similar shift is also found in Figs. 3.2(c) and (d). Here, the threshold line seems to be
nearly symmetric with respect to its minimum. Such a behavior is expected, according to our
considerations in Sec. 3.2.2. In fact the critical pump power in this picture is solely meant to pump
enough atoms in the |e) state. The population of this state approaches 0.5 for a diverging value

of 22/((4Ap — APPY2 + I'%/4). Here I is the effective linewidth of |e) and Ap”" accounts for all

frequency shifts. Thus we would expect the critical value of {2, to scale with \/ (4, — Af,pt)2 + 12,
which is symmetric in A, around Agpt and also explains the linear slope of the red line in Figs. 3.2(c)
and (d) for large detuning |A,|. The asymmetry of the transition line in Figs. 3.2(a) and (b) is
likely due to a dependence of Agpt and I" on N.

Finally we want to discuss the results of Im(sg) that are visible in false colors in Figs. 3.2(b)
and (d). We find that close to the lasing threshold the frequency of the amplified light field is
Im(sg) ~ —A/. This means that, since all equations are reported in a reference frame where
a rotates with —w,, the light is emitted approximately in resonance with w.. Nevertheless, we
find a non-negligible shift of the light emitted into the cavity, which can be far detuned from the
cavity resonance with respect to the cavity linewidth, especially for the case of a off-resonant pump

laser.

3.3.2 Floquet Method

While the stability analysis offers insight about the onset of the lasing dynamics, it inherently
assumes an underlying non-lasing solution. This stability analysis can be used to calculate the lasing
threshold. However, it cannot be used to calculate the intensity and frequency at steady state of

the actual lasing solution.
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To find a description for the lasing solution, we now employ a Floquet method. We assume
the field and atomic density operator can be decomposed in components corresponding to multiples
of the frequency w. The frequency w has to be found self-consistently. We first make a Fourier
decomposition of the field and atomic density operator into 2m + 1 components for some cutoff

frequency weyy = mw. The decomposition of a and p is a sum of time-independent amplitudes

given by
o= Z Oéneuunt7 p= Z Ianewmt‘ (322)
n=—m n=—m
Substituting this into Egs. (3.11) and (3.12) results in
m
iwn[)n = £Aﬁn + Z (gu[anfn/] + gd[a:ﬂfn]> ﬁn’a (323)
n'=—m
and
Wnoy, = — (ZAIC + g) oy — iNge Tr(Ggepn), (3.24)
where we introduced Gy [a]p = —igea[dey, p] and Ga[a*]p = —igea*[64e, p], such that we decompose

the coupling of the atomic density operator with the field as Lr[a] = Gula] + Ga[o*].

The non-lasing solution, whose stability we have analyzed in the previous Sec. 3.3.1, can be
understood as a limiting case of Eq. (3.24) where we impose p,, = ay, = 0 for m # 0. This is the
case when there is, to good approximation, no additional field in the cavity except for the scattered
laser light given by ag Eq. (3.10). Since this non-lasing solution becomes unstable we expect to
observe a component in the sideband oy, where the frequency w is close to —A’. This is by far
the largest component and all other components are suppressed due to the cavity linewidth being
much smaller than the emission frequency k < w.

Consequently, to a good approximation we can only consider three frequency components
which is equivalent to performing a cut-off at m = 1. Imposing this cutoff onto Eq. (3.24) and

therefore disregarding higher and lower frequency terms, let us rewrite Eq. (3.24) into £(&,w)p = 0,
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where ﬁ = (ﬁ*hﬁOaﬁl)T’ a= (0471,0(0,0(1)T, and

~

—iw — QO —S_l 0

£(a,w) = —21 —20 —2_1 : (3.25)

The elements of £(a&,w) are given by

£.1=Gula1] + Galoi], (3.26)
Lo = L+ Gulag) + Galag), (3.27)

and
€1 = Gylai] + Gala™ ). (3.28)

We can now find the steady-state p(a,w) by calculating the kernel of £(a,w) and imposing the
normalization condition. This steady-state depends on the choice of the field & and frequency w

which has to be updated self-consistently. To do this we calculate

(@, w) = (a_1(6,w), do(&,w), a1 (a&,w))7, (3.29)

with

_iNgcTr((}gepAn(o_@ w))
i(AL+wn) + 5

dn(&v w) =

, (3.30)

and where p,(a,w) is the n component of the steady-state vector p(a,w). Then we define a

function
F(a,w)= Y |on— dn(d,w), (3.31)

such that F(&,w) = 0 results in the realization of a steady-state for the field &, the state of the
atom p and the frequency w. We emphasize that one special case of this steady-state solution is the

non-lasing state that is imposing p,, = a;, = 0 for m # 0. Finding a solution & and w of Eq. (3.31)
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Figure 3.3: (a) The function F defined in Eq. (3.31) in arbitrary units for N = 20000, A, = 107,
and (2, = 279., , ap = —3.3 — 2.6i, oy ~ 0+ 0i, and w = undefined. (b) for 2, = 157, ag ~
—5.6 — 1.37, a1 = 0+ 07, and w = 205.57.
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is achieved numerically and we show F(a_1,ap,a1,w) in the non-lasing (a) and lasing regime (b)
in Fig. 3.3 for a fixed choice of ag, @1 and w [see caption of Fig. 3.3]. In the non-lasing case we find
there is only one zero when a1 = 0, as seen Fig. 3.3(a). This indicates that the only light field in
the cavity is the scattered laser light by the atoms given by ag. In the lasing regime Fig. 3.3(b) we
find a U(1) symmetric set of solutions indicating a non-vanishing lasing field amplitude |a_1|? with
an arbitrary phase. The found U(1) symmetry is a direct consequence of the underlying equations

that are invariant under a transformation

a1 — a7, p_1+> e_i‘p&“ﬁ_lew&“’, (3.32)

with arbitrary phase . This transformation is defined in the Fourier components. Notice that the
total field o and atomic density p is not invariant under this transformation. The appearance of a
U(1) symmetric solution is a common feature of laser systems and highlights that the phase of the
laser is spontaneously broken. In fact this directly implies that the field «_; is not locked to the
phase of an external driving laser.

Using Eq. (3.31) we now find the solution & and w and calculate the total, time-averaged

field

. 1 tav
a2, = lim / la(®)|? dt = |a1]? + |aol2 + | |2 (3.33)
0

tav—oo av

We are now in a position to reexamine the lasing threshold by studying the intensity of the field
for different parameters using our three-component Floquet method. We do this in Fig. 3.4 where
we examine the same parameter regimes as in Fig. 3.2 and display the threshold found using the
stability analysis as a red dashed line in each plot. The intensities are visible in Fig. 3.4(a) and (c).
We find the red dashed line is in good agreement with the onset of a large cavity field for negative
and small values of A,. Instead, interestingly, we find there exists a region for large A, in which
the stability analysis suggests that the non-lasing solution is stable and yet our Floquet method
predicts a large intensity. This implies there exists a bistability, where a lasing and non-lasing

solution are both stable.
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Figure 3.4: Floquet method calculations of the intensity [(a) and (c)] and emission frequency [(b)
and (d)] of the lasing field. The first row (a)—(b) shows values as a function of atom number and
pump detuning while the second row (c)—(d) plots the values as a function pump Rabi frequency
and pump detuning. The red dashed lines were calculated using Eq. (3.20). All parameters are the
same as in Fig. 3.2.
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In Fig. 3.4(b) and (d) we show the emission frequency w for the same parameters. In the
case where we found a_; = 0 this frequency is not defined which we indicate in these plots by
the “No Lasing” regime. In the lasing regime we find the frequency w to be close but detuned
from the cavity resonance —A’. This shows there are non-trivial light-shifts that modify the lasing
frequency. As seen in Fig. 3.4(d) this frequency seems to be almost independent of 2, and A,,
while we see a major dependence of the frequency w on the atom number N [see Fig. 3.4(d)]. Here,

we see an increase of the detuning w + A!, with the number of atoms N.

3.3.3 Hysteresis Regime

Now, we want to study the regime where we expect to have bistable lasing and non-lasing
solutions. We do this by dynamically ramping the pump power up and down again. We initialize
the system with <6}“§,},) (t= 0)> =1 and |a(t = 0)]* ~ 0, as well as the pump laser being switched
off £2,(t = 0) = 0. This is the non-lasing regime when the cavity field is basically empty. Using this
initial state we simulate the dynamics of the field and the mean-field atomic density operator whose
evolution is governed by Eq. (3.4) and Eq. (3.5), respectively. While integrating those equations, we
sweep the pump Rabi frequency with a linear profile £2,(t) = At with a slow rate A until {2, = 207,
at time T'. This value is chosen such that for all parameters visible in Fig. 3.4 we end up with only
the lasing solution. After ramping up the power we ramp the power back down with the same but
negative linear slope —A such that (2,(t) = 20y, — A(t—T') and §2,(27") = 0. We show the ramping
scheme as an inset in Fig. 3.5(a).

We perform these simulations for two different detunings representing the parameters where
we do not expect to find bistability A, = 107, [see Fig. 3.5(a)] and where we expect to find
bistability A, = 257, [see Fig. 3.5(b)]. In Fig. 3.5(a) and (b) we plot the dynamics of the field
intensity |a(t)|? for ramping up the power as gray dotted lines and for ramping down the power as
a black solid line. As visible in Fig. 3.5(a) the black line completely overlaps with the gray data

point therefore indicating that the lasing solution is the same when ramping up or down the pump

power. We also compare the dynamically simulated laser intensity with |a|2, obtained from the
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Figure 3.5: Intensity |a|? as a function of 2, o t for 20000 atoms. The evolution uses (a) A, = 10,
which should does not possess a hysteresis regime and (b) A, = 257, which has a hysteresis regime
for 4y, S £2, S 107.. In both plots, the gray curve represents the “forward” evolution as 2,
increases linearly, while the black curve represents the “backwards” evolution with (2, decreasing
linearly, with ramping rate A ~ 3.1 x 107*4?2 and integration time 7" = 64000/7.. Meanwhile,
the red dashed curves are the lasing thresholds calculated from the stability analysis, i.e., when
Re(s0) = 0. The orange dotted curves display the value of |o|* calculated from the Floquet method
for a particular pump power. The inset displays the forward and backwards ramping of (2,,.
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mean-field Floquet method displayed as orange dots. We find excellent agreement showing that we
adiabatically move along the lasing solution.

In Fig. 3.5(b) we see a different behavior due to the existence of bistability. When ramping
up the pump power, the atomic system starts lasing for a pump power that is even beyond the one
predicted by the stability analysis (vertical dashed line). We expect this is due to the fact that
although our ramp speed A is slow it can never be adiabatic when crossing a transition. When
ramping the power down we find that in the regime where we previously found only a very small
cavity field, we are now in a lasing regime. The light intensity then suddenly jumps to zero for
sufficiently weak pumping (2, < 47.. This is in agreement with the mean-field Floquet method
(orange dots). Our findings show a clear indication of hysteresis in this atom-cavity system which

is highlighting the non-linear nature of the atom-light coupling.

3.4 Discussion and Conclusion

3.4.1 Discussion of the Mean-Field Results

Our analysis treats both atom-atom and atom-cavity interactions at a mean-field level. In
addition it is assumed that the field is in a “classical” coherent state which is often a good ap-
proximation in laser theory. However, the disregard of fluctuations and correlations only allows
us to derive certain properties such as the laser intensity and frequency of the cavity field. In the
following we want to benchmark our results with a second-order cumulant approximation which

includes fluctuations in the atomic and cavity degrees of freedom to a certain extent.

3.4.2 Second-Order Cumulants vs. Mean-Field Results

The second-order cumulant description is derived by calculating the time derivative of all
mean-field values (A) and second moments (AB) where A, B are arbitrary single atom operators
or the cavity field operator ¢. Using permutation symmetry and factorizing third-order moments

one can then find a closed set of equations for all first (A) and second-order moments (AB). The
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exact derivation is described in Ref. [61] and also applied to a similar system in Ref. [32]. Since
the cumulants also include the dynamics of second moments they are considered to go beyond the
mean-field description that is presented in this thesis.

We now want to compare the second-order cumulant approximation with our mean-field
results. In a first comparison we analyze the dynamics for parameters above and below the lasing
threshold. In Fig. 3.6(a) we show the dynamics of |a|? calculated from the mean-field results,
shown as the black solid line. The dynamics are shown for (2, = V140, A, =0, and N = 10000
which is slightly below the lasing transition visible in Fig. 3.2. We compare the dynamics of this
mean-field trajectory with the ones of the second-order cumulants results for [(¢)|? and (¢f¢). The
mean-field predicts a very similar trajectory compared to |(¢)|? while (¢¢) is significantly higher.
The reason for this is that the mean-field result « is mostly dominated by the coherently scattered
laser field [see Eq. (3.10)]. This is also described as a coherent field in the second-order cumulants
as (¢). However, the second-order cumulants also describe the incoherent field (¢f¢) — |(¢)|> which
is significant below the lasing threshold. Above the lasing threshold for N = 20000 and same
pump power 2, = /1407, and detuning A, = 0 we show the dynamics of the mean-field and
second-order cumulant description in Fig. 3.6(b). Now we observe that the mean-field trajectory «
oscillates around the mean intensity (¢7¢) of the second-order cumulant description. The coherent
field amplitude [{¢)|? of the second-order cumulant description is instead very small. Here, the
scattered laser field is just a minor part of the total light field which explains the small value of
|(¢)|?. Instead the lasing field that oscillates approximately at the cavity resonance is much more
intense. This lasing field is described completely differently by the mean-field and the second-order
cumulant descriptions. In mean-field this lasing field is purely coherent and achieved by breaking an
underlying U(1) symmetry. Our mean-field approach assumes a vanishing linewidth of this lasing
field, which is an artifact of our approach coming from ignoring noise. The second-order cumulant
description includes noise to a certain extent therefore the lasing field has a finite linewidth. The
latter results in the fact that this lasing field is described as a incoherent component. Notice that

the lasing component in mean-field |o_1|? ~ (¢7¢) —|(¢)|? is approximately the incoherent light field
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Figure 3.6: Dynamical comparison of the intensity |a|* for mean-field (MF, black curves) and (éte)
for second-order cumulants (SOC, dark gray curves). Also shown is the coherent component of the
field |(c)|? from the second-order code (light gray curves). The evolution uses the same parameters
as Fig. 3.2 expect: (a) N = 10000, 2, = v/1407,, 4, = 0; (b) N = 20000, 2, = /1407, A, = 0;
Steady-state intensities of MF (circles), SOC (pluses), and SOC coherent field (x’s) as a function
of 2,. The parameters are the same as in Fig. 3.2 with N = 20000 and A, = 0.
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in the second-order cumulant theory. This analysis shows the power and also the limitations of
the discussed mean-field theory. Mean-field theory can describe the lasing intensity and dynamics,
however, it completely fails to describe the coherence time of this lasing field and instead assumes
it is completely coherent.

To compare the second-order cumulant results of the intensity to that of a mean-field descrip-
tion, we show different thresholds as function of {2, and N in Fig. 3.6(c) and (d). We find good
agreement of the time-averaged mean-field intensity |o|2, and the second-order cumulant results
for <6Té> across the non-lasing to lasing transitions. Moreover, we observe that both mean-field and
second-order cumulants predict a lasing transition at sufficiently large atom number N and again
a transition to non-lasing for even larger atom number N [see Fig. 3.6(d)]. The second transition
is explained by a increasing frequency shift for increasing atom number N as it was also noticed
in the emission frequency of Fig. 3.4(b). We expect that this shift eventually becomes too large to
achieve enough population in |e) state and therefore leads again to a non-lasing configuration. The
fact that this is described by both mean-field and second-order cumulant descriptions, is a strong

indicator for mean-field being reliable to describe the correct frequency shifts.

3.4.3 Conclusion

In this thesis, we developed a theoretical model to study a lasing scheme of V-level atoms
trapped in an optical cavity. Our model employed a mean-field approximation of the cavity field
and for the atomic operators which allowed us to simulate the large atom and intracavity photon
numbers required to study the lasing transition. We performed a stability analysis of a non-lasing
solution which allowed us to find the threshold for lasing and the initial emission frequency. We
have analyzed these quantities in terms of changing the pump laser power and frequency as well as
the total number of atoms. In addition, we were able to predict the intensity and emission frequency
of the lasing solution using a Floquet analysis on the mean-field master equation and cavity field.
This Floquet solution shows a U(1) symmetry in one of the frequency components while the total

atomic density operator and cavity field does not possess a U(1) symmetry. Furthermore, within
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this analysis we were also able to predict a bistable region that we tested by observing a hysteresis
within our mean-field approach. Finally we benchmarked our mean-field descriptions with results
from a second-order cumulant theory and discussed its validity.

We expect that the methods presented here can be extended in several ways. One possibility
is to add noise in the cavity and atomic variables such that we can predict a finite, non-vanishing
linewidth of the laser field. In addition it might be interesting to study motion in this model.
Motion can result in additional inhomogeneous broadening due to the Doppler shift of emitted
photons which might alter the lasing threshold and emission frequency. On the other hand, it
might be possible to control the motion of the atom in the lasing regime leading to cooling and
trapping in coexistence with lasing [75, 34, 32]. The realization of the latter would be an example
of a self-sustainable quantum device which produces coherent light, cools, and traps the atoms at

the same time.
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Appendix A

Laplace Transformation of Field Fluctuations

In this appendix we will show how to calculate the dispersion relation given in Eq. (3.20).

Using Eqgs. (3.11) and (3.12), the dynamics of d« is then governed by
O = — (zA’C + g) da — iNg. Tr(6466p). (A.1)
The Laplace transformation of Eq. (A.1) leads to
sL[ba] = da(0) — (A + g)L[éa] — iNg. Tr(64eL[5). (A.2)
We look to solve for L[da] and need the Laplace transform of Eq. (3.11) which is
L[3p] = W (s)3p(0) — igeL[6a*IW ™" ()8 ge, po] — igeL[6a]W ' (5)[6egs po],  (A:3)

where W (s)~! is the inverse of the operator given in Eq. (3.19). Then after substituting Eq. (A.3)

into Eq. (A.2), we arrive at

Lsa] =571 [504(0) - (m; + g) L[sa] — iNgeZ(s) — Ng2L[5a*] X (s)

(A4)
- NggL[(sa]Y(s)} .
Eq.(A.4) can be expressed in terms of a matrix-vector product
b = D(s) 'adj(C(s))%, (A.5)

where adj (C) is the adjugate of matrix C. The elements of C are given in Eq. (3.16) and vectors
b and X are defined as
Lléa] da(0) —iNg.Z(s)

Llda*] da*(0) + iNg.Z*(s)
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the dispersion relation is then
D(s) = det [C(s)] . (A7)

The dynamics of d« are determined by the value largest real part of s for which D(s) is not invertible

(i.e., when D(s) = 0).



Appendix B

U(1) Transformation Derivation

This appendix is to verify that Eq.(3.30) possesses a component that is U(1) symmetric. We

look to see whether the field «_; is invariant under the transformation

a1 a_1e ¥ Py e W qetPlee, (B.1)

with arbitrary phase . This transformation indicates we are moving into the interaction picture
defined by H = hée., which means we are changing the relative phase between the |g) « |e)
transition and field. By applying Eq. (B.1) to Eq. (3.30) we get

—ip _ —iNge Tr(&gee_w&ee[)_lewffee) )
a_1€ = i(A/C—I—wn)—i—% . )

We first calculate the exponential terms containing an operator by performing a Taylor expansion

e—iga&ee _ i <_i906—8€)k
- 9y

k!
k=0
0 k
~ —1 " R N
:H+Z ( 1:'0) Oce + Oce — Oeces
peri (B.3)
o0 k
A —1 R R
:H+Z ( ];‘0) Oce — Oece,
k=0 ’

A o .
=1+e 6o — e,
where we have added a zero to obtain a more convenient form of the exponential term. Then

substituting Eq. (B.3) into the trace we get

Tr<6gee_w&ee ﬁ,lew"ee) —Tr (&ge(ﬂ e %6 — o) p1(l + €96, — aee)). (B4)
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Next, using the fact that the trace is invariant under cyclic permutations (i.e., Tr(ABC) =
Tr(BCA) = Tr(CAB)) Eq. (B.4) simplies to
Tr(gee % p-1) = € Tr(Ggep—1), (B.5)
where we have also used the property Tr(cA) = ¢Tr(A). Eq. (B.2) then becomes

—ip _iNgc Tr(a-ge,[)fl)
i(A,+wn)+ %

) (B.6)

a1 =¢

and is clear that Eq. (3.30) is invariant under this U(1) transformation. As previously stated this

indicates the field a1 is not locked to the phase of an external driving laser.



Appendix C

Additional Mean-Field Results

This appendix shows an extension of the mean-field formalism where we simulate our mean-
field equations with a noisy classical field. We derive our equations of motion by using the many-

body master equation Eq. (2.36), then for a general time-independent operator O, we write

.(0) = [0] =1t | L (0115~ 09 + 5= (gL - S0 - ;Oﬁj,ijkﬂ
k
1 /.~ A A 1. N 1 205 A
(h (0f - f10) + zk:(JTOJ e = 3070~ 2J,1Jko>> P (C.1)
<1h 0. gk: (j;@jk _ 2{j;jk,o}>> — (£401).

where we have used the cyclic property of the trace and {fl, B } = AB+ BA is the anti-commutator.
This is the quantum Heisenberg-Langevin equation with zero average noise, given by the dual of
the Liouvillian superoperator operating on 0. We now choose to treat the field as a noisy complex
number with mean value a(t) = (o, — i) /2 and small fluctuations da(t). The complex field ()
can be separated into real and imaginary components, otherwise referred to as quadratures and are

defined as
ozx:<é+éT>, ay:i<é—éT>, (C.2)
according to symmetric ordering. Substituting «(t) into the mean-field master equation Eq. (3.5)

and averaging over the field quadratures we get

A (S RSTCA [ I MR

Y
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where p1 = Trp [par| is the reduced atomic density operator, Trx|[:] is the partial trace over the

subspace X, (+)y denotes an average over Y, and

= o +op). ofi=i(o) —o). olk=op o, (C.4)

-~ (4)
g y,ik

x,ik

are the x,y, z Pauli operators for the |i) <> |k) transition of spin j with Ej > E;. We can now write

the equation of motion for the field as

Bra(t) = —iAla(t) — iNg, <&§})> - ga(t), (C.5)
such that
B (t) = — ALy (t) + Nge <&;}36> - gaw(t), (C.6)
and
Oy (t) = Apog(t) + Nge <&§§;e> - gay(t). (C.7)

We randomize the noise in our simulations by choosing random numbers r, and r, after a full RK4

step from a normal distribution centered at zero and then updating the field quadratures by
ag(t +dt) = Oy (t) + T VEdE, ay(t + dt) = Opoy(t) + ry VKdt, (C.8)

where dt is the time step and k is the cavity decay rate. We then estimate the field intensity by

2 4 2
+a2) -2
<éTé> ~ |a]* ~ W. (C.9)

In Fig. C.1 we look to compare the steady-state intensity of the noisy mean-field and second-order
cumulant results. As we can see, the steady-state values are in good agreement. However, the
noisy mean-field simulations are much more computationally intensive and yield the same averaged
value as the mean-field without noise results. For this reason we chose to perform our simulations

without noise to have faster simulation times, yet still obtaining the same averaged results.
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Figure C.1: Dynamical comparison of the intensity \04|2 for mean-field with noise averaged over 100
simulations (MF, black curve) and (é'¢) for second-order cumulants (SOC, dark gray curve). The
parameters are the same as in Fig. 3.2 with N = 20000 and A, = 0.



