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Consider the random, complex polynomial p,(z) = H?:1(Z—X ), whose roots X1, ..., X, are
complex-valued random variables. It is known that for large n, when the roots are independently
and identically distributed (iid), the critical points and roots of p, are stochastically similar. In
particular, Pemantle and Rivin, Kabluchko, Reddy, and others showed that when X7, Xo, ... are iid
with distribution u, then the empirical measure constructed from the critical points of p, converges
to p in probability as the degree n tends to infinity.

Simulations show that, in fact, the roots and critical points of p,, “pair-up” with one another
in a nearly one-to-one fashion, a phenomenon which has been initially investigated by Hanin,
O’Rourke, Kabluchko and Seidel, the author, and others. This thesis seeks to quantify root-and-
critical-point pairing on several scales, including macroscopic comparisons between entire collections
of roots and critical points, microscopic examinations of individual critical points that lie near fixed
roots, and a “mesoscopic” local law to explain the situation at scales in between.

In Chapter |2, we show that for a deterministic point £ lying outside the support of u, almost
surely the polynomial g,(2) := pn(2)(z — &) has a critical point at distance O(1/n) from &. In
other words, conditioning the random polynomials p, to have a root at & almost surely forces
a critical point near £&. More generally, we prove an analogous result for the critical points of
an(2) == pn(2)(z — &) -+ - (2 — &), where &, ..., & are deterministic. In addition, when k& = o(n),
we show that the empirical distribution constructed from the critical points of ¢, converges to p in
probability as the degree tends to infinity, extending a result of Kabluchko.

In Chapter (3], under a regularity assumption, we show that if the roots of p, are iid, the
Wasserstein distance between the empirical distributions of roots and critical points of p,, is on the

order of 1/n, up to logarithmic corrections. The proof relies on a careful construction of disjoint



iv
random Jordan curves in the complex plane, which allow us to naturally pair roots and nearby
critical points. In addition, we establish asymptotic expansions to order 1/n? for the locations
of the nearest critical points to several fixed roots. This allows us to describe the joint limiting
fluctuations of the critical points as n tends to infinity, extending a recent result of Kabluchko and
Seidel. Finally, we present a local law that describes the behavior of the critical points when the

roots are neither independent nor identically distributed.
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Chapter 1

Introduction

Consider Figure which depicts the zeros (red dots) and critical points (zeros of the deriva-
tive, blue crosses) of a random, degree-100 polynomial whose roots have been chosen independently

and uniformly from the unit disk in the complex plane. At a glance, one perceives that dots and

Figure 1.1: The roots (red dots) and critical points (blue crosses) of a random degree-100 polyno-
mial, where all 100 roots have been chosen independently and uniformly from the unit disk.

crosses “pair-up,” and upon re-creating the picture with n roots instead of 100, one discovers that
the strength of the pairing increases with n (see Figure . Further investigations reveal that the
pairing phenomenon is not unique to the unit disk but occurs when the roots are chosen from a
wide range of distributions (see e.g. Figures and .

In the following thesis, we seek to quantitatively describe this behavior at several scales for

random polynomials of the form

pn(2) = [J(z = X;), (1.1)

J=1
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Figure 1.2: The roots (red dots) and critical points (blue crosses) of p,(z) =
., X50 have been chosen independently and uniformly from the unit disk.
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Figure 1.3: The roots (red dots) and critical points (blue crosses) of a random, degree 150 poly-
nomial, where all 150 roots are chosen independently according to a standard complex normal

distribution. See Example @
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Figure 1.4: The roots (red dots) and critical points (blue crosses) of a random, degree 150 poly-
nomial, where all 150 roots are chosen independently and uniformly from two disks. See Example

GRS

Figure 1.5: The roots (red circles) and critical points (blue crosses) of a random, degree 200
polynomial, where all 200 roots are chosen independently and uniformly from the union of the two
unit circles (black curves) centered at —5/2 and 5/2, respectively.



where X,..., X,, are complex-valued random variables (not necessarily independent or identically
distributed). Our results include macroscopic comparisons between entire collections of roots and
critical points, microscopic examinations of individual critical points that lie near fixed roots, and
a “mesoscopic” local law to explain the situation at scales in between. The content throughout is

joint work with Sean O’Rourke and has been adapted from the recent papers [40] and [39].

1.1 History

Understanding the critical points of polynomials with known roots has long been of interest,
and there are many results that pertain to the situation where the roots are deterministic (see
for example Marden’s book [34], which discusses the Gauss—Lucas theorem and Walsh’s two circle
theorem among other things). One of the most famous examples is the Gauss—Lucas theorem, which

offers a geometric connection between the roots of a polynomial and the roots of its derivative.

Theorem 1.1 (Gauss—Lucas; Theorem 6.1 from [34]). If p is a non-constant polynomial with

complex coefficients, then all zeros of p' belong to the convexr hull of the set of zeros of p.

An electrostatic interpretation of roots and critical points of complex polynomials illuminates
Theorem and its proof. Consider placing fixed electrical charges at the zeros of the polynomial
p that repel a movable test charge according to a force that is inversely proportional to distance.
The equilibrium points of the resulting electrical field (i.e. the places where a test charge would
experience a net force of zero) are the critical points of p. Intuitively, any test charge placed outside
the convex hull of the set of fixed charges is propelled to infinity, a heuristic that motivates the
proof of Theorem There are many refinements of Theorem and we refer the reader to
[2, 6, 11, 13, [14] 19, 27, 32 33, B85, 42l 45, 46, 48], 49, 51, 59] and references therein. See also
Steinerberger’s recent work [50] that discusses a stability version of the Gauss—Lucas Theorem and
pairing between roots and critical points of deterministic polynomials.

Motivated by discussions with Oded Schramm, Pemantle and Rivin initiated the probabilistic

study of such relationships between critical points and roots [43]. They posed the following question:



for the random polynomial p,, defined in , when are the zeros of p), stochastically similar to
the roots of p,? In order to compare these two collections of points in their answer, Pemantle and
Rivin used the language of weak convergence of random empirical measures. We introduce their
notation now.

For a degree-n polynomial p, define the empirical measure constructed from the roots of p to

be

z€C:p(z)=0

where each root in the sum is counted with multiplicity and J, is the unit point mass at z. For the

critical points of p, we introduce the notation

Hp = Hop! -

In other words, ,u; is the empirical measure constructed from the critical points of p. Note that
when p is a random polynomial, 11, becomes a random probability measure. One can asymptotically

compare random probability measures using the following probabilistic notion of weak convergence.

Definition 1.2 (Weak convergence of random probability measures). Let T be a topological space
(such as R or C), and let B be its Borel o-field. Let (i,)n>1 be a sequence of random probability
measures on (7, B), and let p be a probability measure on (T, B). We say ju, converges weakly
to p in probability as n — oo (and write p, — p in probability) if for all bounded continuous

¢:T — R and any € > 0,

li_)m ]P’<’/cpd,un—/<pd,u’ >z—:) = 0.

In other words, p, — p in probability as n — oo if and only if [ pdu, — [ ¢du in probability for
all bounded continuous ¢ : T' — R. Similarly, we say u, converges weakly to y almost surely

as n — oo (and write p,, — p almost surely) if for all bounded continuous ¢ : T — R,

n—oo

lim [ ody, = /g@du

almost surely.



Pemantle and Rivin conjectured that when Xi, Xs,... are chosen to be independent and
identically distributed (iid) with distribution p, then the empirical distribution constructed from
the critical points of p, converges weakly in probability to u as n tends to infinity. They proved
their conjecture in [43] for measures satisfying some technical assumptions, and Subramanian [52]
refined their work for X7, Xo,... on the unit circle. Kabluchko first proved the conjecture in full

generality in [28] to obtain the following result.

Theorem 1.3 (Kabluchko; [28]). Let p be an arbitrary probability measure on C, and let X1, Xo, . ..
be a sequence of tid random variables with distribution p. For each n > 1, let p, be the degree n

polynomial given in (L.1). Then u;)n converges weakly to p in probability as n — oo.

Naturally, one may ask whether the assumptions in Theorem (such as the roots X7, Xo, ...
being independent) can be relaxed. O’Rourke established several versions of Theorem for
random polynomials with dependent roots that satisfy some technical conditions [37]. For example,
the conclusion of Theorem [L.3] holds for characteristic polynomials of certain classes of matrices
from the classical compact matrix groups (the eigenvalues of such matrices are known to not be
independent). Similar results for characteristic polynomials of nearly Hermitian matrices were
studied in [41, Section 2.5].

In [47], Reddy considers polynomials whose zeros are chosen randomly from two deterministic
sequences of complex numbers in which the empirical measures for both sequences converge to the
same limit. It is shown that the limiting empirical measures of the zeros and critical points agree
for these polynomials, yielding a version of Theorem where the randomness can be reduced
and independence still remains. More recently, O’Rourke and the author [40] adapted Kabluchko’s
strategy to the situation where p,, is perturbed to have o(n) deterministic roots; these results
appear in Chapter [2| below. Byun, Lee, and Reddy [7] further generalized Kabluchko’s theorem,
showing that under some mild assumptions, the conclusion of Theorem[I.3]holds when p,, has mostly
deterministic roots and several (potentially dependent) random ones. However, as the following

example shows, the randomness in Theorem cannot be completely eliminated (i.e., the theorem



does not always hold for sequences of deterministic polynomials).

Example 1.4. Let p,(z) := 2" — 1. Then the roots of p,, are the n-th roots of unity, and so y,,,
converges weakly to the uniform measure on the unit circle as n tends to infinity. However, all

n — 1 critical points of p, are located at the origin. Hence, u;,n = g for all n.

We conclude this subsection by mentioning that in [7], Byun, Lee, and Reddy also proved
several other results including that the sequence of empirical measures constructed from the zeros
(k)

of py,” converges weakly in probability to the distribution u, for any fixed choice of k, as well as a

version of Theorem when the roots Xy, ..., X, are given by a 2D Coulomb gas density.

1.2 Local behavior

Theorem and most of the cited works above focus on the macroscopic, or global, behavior
of the critical points of p,,. For example, by combining Theorem [I.3|with the Law of Large Numbers,

one obtains that, for any bounded and continuous function ¢ : C — C,

n n—1
S o(x) =Y e@!™) +o(n) (1.2)
=1 i=1

with high probabilityH In contrast to Theorem this thesis primarily focuses on describing the
local behavior of the critical points.

One important aspect of the local critical point behavior is that the critical points and roots
of p, appear to pair with one another. Theorem and describe this phenomenon at the
macroscopic level by comparing the global behaviors of the critical points and roots. However, a
glance at Figures and suggests that a stronger pairing phenomenon exists. In particular,
one sees that nearly every critical point is paired closely with a root of p,, an indication that the
local behavior of the critical points should be extremely similar to the local behavior of the roots.

Hanin investigated the pairing phenomenon between roots and critical points for several

classes of random functions [21] 22] 23], including random polynomials with independent roots. He

! See Section for a complete description of the asymptotic notation used here and in the sequel.



proved that the distance between a fixed, deterministic root and its nearest critical point is roughly
1/n in the case where p has a bounded density supported on the Riemann sphere [23].

Recently, Kabluchko and Seidel determined the asymptotic fluctuations of the critical point
of p, that is nearest a given root [29]. Kabluchko and Seidel’s results are similar to some of
our conclusions below and appear to have been concurrently derived using different methods. We

present a detailed comparison between [29] and our work in Section below.

1.3 Overview of Chapters [2| and

In the remaining chapters of this thesis, we refine the results mentioned above to obtain a
more complete picture of the pairing that occurs between zeros and critical points of the polynomial
pp, defined via .

Chapter [2| concerns pairing between zeros and critical points of p,, where several roots
&1,...,& are fixed, non-random complex values, and the remaining X;, 1 < j < n — k, are iid
with a common distribution pg. We show that when k = 1 and &; lies outside the support of u, then
almost surely the polynomial

n—1

an(2) = (2 = &) [[ (= = X))

=1

has a critical point at distance O(1/n) from &;. In other words, conditioning the random polynomial
pn to have a root at & almost surely forces a critical point near £;. More generally, we prove an

analogous result for the critical points of

n—k
()= (z-8&) - (z-&) [](z— X)),
j=1
where &1, ..., & are deterministic. In addition, when k& = o(n), we show that the empirical distri-

bution constructed from the critical points of g, converges to p in probability as the degree tends
to infinity, extending Kabluchko’s Theorem

We begin Chapter [3| by exhibiting a bound on the Wasserstein, or “transport,” distance
between the collections of roots and critical points of p,. While this result explains the nearly one

to one pairing between roots and critical points in Figures [I.4] and it does not allow one to



describe the behavior near any particular root. We accomplish this feat in Section where we
discuss the joint fluctuations for a fixed number of critical points of p,,. We conclude our analysis by
establishing a local law that describes the mesoscopic behavior of the critical points of p,. Many of
our results focus on the cases where the roots X1,..., X, of p, are iid, but for some of our results,

we do not even require that the roots be independent (see Sections and for details).

1.4 Notation

Throughout the text, we use asymptotic notation, such as O and o, under the assumption
that n — co. We write X,, = O(Y,,) , Y, = Q(X,,), X,, < Yy, or ¥,, > X,, to denote the bound
|X,| < CY, for some constant C' > 0 and for all n > C. If the implicit constant depends on a
parameter k, e.g., C' = C}, we denote this with subscripts, e.g., X,, = Og(Y,,) or X,, < Y,,. By
Xpn = or(Yy), we mean that for any € > 0, there is a natural number N, ; depending on k and ¢
for which n > N, implies |X,,| < €Y;,. In general, C, ¢, K are constants which may change from
one occurrence to the next. We often use subscripts, such as Cp, p, .., to denote that the constant
depends on some parameters P, Ps, .. ..

We use the following set-theoretic conventions. For zg € C and r > 0, we define
B(zp,7):={2€C:|z—2| <1}

to be the open ball of radius r centered at zy, and B(zp,r) to be its closure. The notations #S and
|S| denote the cardinality of the finite set S. The natural numbers, N, do not include zero.

For a probability measure p, we use X ~ p to mean that the random variable X has distribu-
tion p and supp(u) to denote its support. We say that a probability measure p on C has density
f if p is absolutely continuous with respect to Lebesgue measure on C and the Radon-Nikodym
derivative of p with respect to Lebesgue measure is f. The random variable 1g is the indicator
supported on the event F, and we say an event E (which depends on n) holds with overwhelming
probability if for every a > 0, P(E) > 1 — On(n™%).

Finally, we use d?z to denote integration with respect to the Lebesgue measure on C to avoid
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confusion with complex line integrals, where we integrate against dz. We use v/ —1 to denote the

imaginary unit and reserve i as an index.



Chapter 2

Pairing between zeros and critical points of random polynomials with

independent roots

2.1 Introduction to the chapter

This chapter is an adaptation of the article [40], a recently published collaboration between
the author and Sean O’Rourke. There are several formatting differences between the content as it
appears in [40] and in the sections below. In particular, the introductory material from [40] was

assimilated into Chapter [1| above, and Appendix A from [40] appears in Section below.

2.2 Main results

To introduce our results, we first consider the special case of the polynomial p,, defined
in , when X7, Xo,... are iid with the common distribution p that is the uniform probability
measure on the unit circle centered at the origin. In this case, Theorem implies that ,u;)n
converges weakly in probability to u as m — co. A numerical simulation of this result is shown in
Figure as can be seen, all critical points of p/, lie very close to the unit circle. On the other
hand, if we consider the polynomial (z — &)p,(2z) for some deterministic point £ outside the unit
circle, we see in Figure that one of the critical points leaves the unit disk and lies very close to
&. However, the remaining critical points still lie close to the unit circle. The goal of this chapter
is to describe the pairing between the root £ and the nearby critical point. More generally, we
consider the case when several deterministic zeros are appended to the random polynomial p,, and

when g is an arbitrary measure in the complex plane with compact support (not just the uniform
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Figure 2.1: The roots (red circles) and critical points (blue crosses) of a random, degree 100
polynomial, where all 100 roots are chosen independently and uniformly from the unit circle (black

curve).

Figure 2.2: The roots (red circles) and critical points (blue crosses) of a random, degree 101
polynomial, where 100 roots are chosen independently and uniformly from the unit circle (black

curve), and one root takes the deterministic value £ = 1.5.
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distribution on the unit circle). See, for example, Figures and

Let us mention that this pairing phenomenon between roots and critical points has been
observed previously for random polynomials. Hanin [23] proves a similar pairing result when
a number of deterministic roots are appended to a random polynomial whose roots are chosen
independently from a probability measure p supported on the Riemann sphere. Hanin’s proof is
guided by an intuitive electrostatic interpretation of the zeros and critical points. In contrast to
many of our results, Hanin’s proof works both when p is supported on a compact subset and when
u is supported on the entire Riemann sphere. Unlike the results in [23] however, our results do
not require the measure p to have bounded density or require the deterministic roots to satisfy a
separation condition. In addition, our methods are significantly different than those used in [23]
and allow us to describe the exact number of critical points lying in a region outside the support
of p. In a separate paper [21], Hanin considers the joint distribution of roots and critical points
for a class of Gaussian random polynomials. However, the polynomials considered in [21] are quite
different than the model considered in this chapter. Finally, let us mention the work of Dennis and
Hannay [12] from the physics literature, which gives an electrostatic explanation for the pairing of

critical points and zeros of random polynomials and characteristic polynomials of random matrices.

2.2.1 Limiting distribution of the critical points

To begin, we first consider the analogue of Theorem when o(n) deterministic zeros are

appended to the random polynomial p,, in (1.1]).

Theorem 2.1 (Limiting distribution of the critical points). Let u be an arbitrary probability mea-
sure on C, and suppose X1, Xo, ... are iid random variables with distribution . For each n > 1,
let ky, be a deterministic non-negative integer no larger than n such that k, = o(n). In addition,

let é’ln), e ,(;2) be a deterministic triangular array of complex values, and let

kn

n—=kn
pu(z) = [ = X) Tz —&™).
j=1

=1

Then ,u;n converges weakly to p in probability as n — oo.
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Figure 2.3: The roots (red circles) and critical points (blue crosses) of a random, degree 203
polynomial, where 200 roots are chosen independently and uniformly from the unit circle (black
curve), and three roots take the deterministic values & =1+, & = 1.5, and &3 = 1.2 + 0.3:.

o e
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Figure 2.4: The roots (red circles) and critical points (blue crosses) of a random, degree n = 100
polynomial, where 99 roots are chosen independently and uniformly from the outlined region, and
one root takes the deterministic value £ = —0.8 — 0.8¢. The small green circle centered at & that
contains the critical point nearby has radius 4/n.
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Theorem is a generalization of Theorem Indeed, Theorem can be recovered from
Theorem by taking k, = 0. Unsurprisingly, we prove Theorem in Section by slightly
generalizing the methods developed by Kabluchko in [2§].

Let us discuss the intuition behind Theorem To do so, we must begin with Theorem
Roughly speaking, Theorem describes the phenomenon that if p, is a degree n random

polynomial, then
R p— (2.1)

in probability as n — oo. In other words, the limiting behavior of the critical points is the same as
the limiting behavior of the roots. While Theorem only applies to random polynomials with iid
roots, the same phenomenon has been observed for other ensembles of random polynomials [37, 41],
and numerical simulations show that it should be true for many other models. Stated another way,
the behavior in appears to be universal among random polynomials. Let us now consider the
polynomial p,, from Theorem @ It follows from the law of large numbers that pu,, — pu weakly
almost surely as n — oo since k, = o(n). Therefore, if the convergence in applies to the
polynomial p,,, the triangle inequality would immediately imply that ,u;n also converges weakly to
w in probability. This heuristic is the basis for our proof of Theorem

The above heuristic also hints that the condition &, = o(n) in Theorem [2.1is sharp. Indeed,
if [en] deterministic roots were to be appended, the limiting distribution is, in general, not u as

shown by the following example.

Example 2.2. Let 0 < ¢ < 1 and k,, := [en]. Define

n—kn
pa(2) = [] = Xy),
j=1
where X1, Xo, ... are iid random variables uniformly distributed on the unit circle centered at the

origin in the complex plane. Then, by Theorem u;n converges weakly to the uniform measure

on the unit circle in probability as n — co. However, the polynomial

qn(2) == anpn(z)
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has at least k,, — 1 critical points at the origin. In particular, uy, ({0}) > /2 for n sufficiently large.
Among other things, this implies that ,ugn does not converge weakly to the uniform probability

measure on the unit circle as n — oo.

While Theorem shows that the global behavior of the critical points is unchanged by the
addition of o(n) deterministic roots, the addition of one or more deterministic roots can create a
number of outlying critical points as illustrated in Figures and One way of viewing this
phenomenon is to view the deterministic roots as a small perturbation of the original polynomial.
This small perturbation is not enough to change the global distribution of the critical points; it
may, however, as observed in the figures above, create a small number of outlying critical points.

Our main results below describe these outliers.

2.2.2 No outlying critical points for the unperturbed model

Before we consider the perturbed model, we first consider the case when there are no de-
terministic roots. In this initial case, we want to determine exactly where the critical points of
the random polynomial p,,, defined in , are located. This way, when we do append the small
perturbation of deterministic roots, we will be able to tell exactly what effect the perturbation has
had.

Let p be a probability measure on C, and suppose Xi,...,X, are iid random variables
with distribution p. In view of the Gauss—Lucas theorem (Theorem [L.1]), the roots of p,(z) =
[Tj=i(# — Xj), must lie in Conv(supp(y)), the convex hull of the support of u. However, as we
discussed above in the case when p is supported on the unit circle (shown in Figure , nearly all
of the critical points appear near the support of p, which is only a small subset of the convex hull.
Thus, our goal is to determine the exact subset of Conv(supp(u)) where the critical points will lie,
with high probability. We do so in the theorem below. To define this set where the critical points

are located, we will first need to introduce the Cauchy—Stieltjes transform.

Let p be a probability measure on C, and let m, be the Cauchy-Stieltjes transform of p
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defined by

2= [P g ()

Z—X

Also, define
M, := {z € C\ supp(u) : mu(z) = 0}
to be the set of zeros of m,,. If ;1 has compact support, it turns out that M, C Conv(supp(u)); see

Proposition for details. For € > 0, we also define the set
Nu(e) := {z € C: dist(z,supp(p) U M) < €}

to be the e-neighborhood of supp(p) U M,,. Here, dist(z, D) := inf,,ep |z — w| is the distance from
zeCtoaset D CC.
The following theorem shows that all critical points of p, must lie inside N, (¢) with high

probability.

Theorem 2.3 (No outliers in the unperturbed model). Let p be a probability measure on C with
compact support, and suppose X1, ..., Xy are iid random variables with distribution u. Then, for
every € > 0, there exists C,c > 0 (depending only on pu and €) such that, with probability at least
1 — Ce™, the polynomial py(z) := [}, (2 — X;) has no critical points outside Ny,(e).
Remark 2.4. By the Gauss—Lucas theorem (Theorem , the critical points of p, must lie inside
Conv(supp(p)). Thus, Theorem actually reveals that, with high probability, p, has no critical
points outside N, (g) N Conv(supp(u)).

We now justify our choice of the set N, (¢) as the correct location of the critical points. First,
in the case that u is degenerate, p,(z) = (z — a)™ for some a € C, which has critical point z = a
with multiplicity n— 1. This example shows that clearly the critical points of p,, may lie in supp(u).

The next example shows that the critical points can also be in a neighborhood of the zero set M,,.

Example 2.5. Let pu := pd, + (1 — p)dp for some a,b € C with a # b and p € (0,1), and assume

X1, Xa, ... are iid random variables with distribution pu. Then

pu(2) =[]z = X)) = (z = 0)*(z = 1)

j=1
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for some non-negative integers «, 8 with o+ 8 = n. Almost surely, for n sufficiently large, o, 8 > 1,
and, in this case,

p(z) = (z—a)* Yz =)’ (nz —ab— Ba).

Thus, by the law of large numbers, p,, has a critical point at

b
z:af—F@:pb%-(l—p)cH—o(l)
n o n

almost surely. On the other hand,

has exactly one zero located at z = pb+ (1 — p)a.
By the Borel-Cantelli lemma, Theorem [2.3] immediately implies the following corollary.

Corollary 2.6. Let u be a probability measure on C with compact support, and suppose X1, Xo, ...
are 1d random variables with distribution p. Fix e > 0. Then, almost surely, for n sufficiently

large, the polynomial pn(z) := [[_1 (2 — X;) has no critical points outside Ny (e).
We conclude this subsection with two examples of Theorem and Corollary

Example 2.7. Let u be the uniform distribution on the unit circle centered at the origin. A simple

computation shows that

0, if |z| <1,
my(z) =
1

2, if 2] > 1,

and hence M, = {z € C : |z| < 1}. Since Conv(supp(p)) = {z € C : |z| < 1}, Theorem [2.3] does
not rule out the possibility of critical points in the disk D1_. := {z € C: |z|] < 1 —¢}. Thisis not a
limitation of Theorem and is consistent with the results in [43], which imply that, with positive
probability, Dj_. contains at least one critical point. More precisely, let p,(z) := H?zl(z - Xj),
where X1, X, ... are iid random variables with distribution . Then for any 0 < € < 1, there exists
7 > 0 (independent of n) such that p, has a critical point in the disk D;_. with probability at

least n for all sufficiently large n. This follows from the determinantal structure described in [43)],

Theorem 2.5]. A numerical simulation of this example is shown in Figure
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Example 2.8. Let p be the uniform distribution on the union of disjoint circles C; U Cy, where

(' is the unit circle centered at 5/2 and Cs is the unit circle centered at —5/2. Then

s, if|z—5/2| > 1and |z +5/2| > 1,

my(z) = if |z —5/2| <1,

345
s, if|2+5/2] <1,

and M, = {0}. Let ¢ > 0, and take py(2) := [[j_;(¢ — Xj), where X1, X5, ... are iid random
variables with distribution . Then Corollary guarantees that almost surely, for n sufficiently

large, all critical points of p,, lie in the set
AiUAU{ze€C: |z <e},
where A; and A9 are the annuli
A1:={z€eC:1—-e<|z2-5/2|<1+4¢e}, Ay:={z€C:1—-e<|245/2|<1+¢}.

A numerical simulation of this example is shown in Figure In particular, the simulation depicts
a single critical point near the origin, showing that critical points may lie in a neighborhood of the
zero set M,,. In fact, it follows from the law of large numbers and Walsh’s two circle theorem (see,
for example, [46, Theorem 4.1.1]) that, for any 0 < e < 1/4, almost surely, for n sufficiently large,
there is exactly one critical point of p,, in the disk {z € C: |z| < 1+ ¢}. Combined with Corollary
[2.6] we conclude that almost surely this critical point must converge to the origin as n tends to

infinity.

2.2.3 Locations of the outlying critical points in the perturbed model

We now consider the outlying critical points depicted in Figures [2.2] and To do so, we
will need the following notation. For a polynomial p of degree n, we let wi(p),...,w,—1(p) be the

critical points of p counted with multiplicity.

Theorem 2.9 (Locations of the outlying critical points). Let u be a probability measure on C with

compact support, and suppose X1, Xa,... are iid random variables with distribution p. Let k > 1,
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and assume &1, . .., & are deterministic complex numbers (which do not depend on n); in addition,
suppose there are s values &1, . ..,&s not in supp(p) U M. Then, there exists eg > 0 such that the
following holds for any fired 0 < € < 9. Almost surely, for n sufficiently large, there are exactly s

critical points (counted with multiplicity) of the polynomial

n—

k k
() =[] G- X)]]G-&)
j=1

=1

outside N,(¢), and after labeling these critical points correctly,

wy(pn) = & +o(1)
for each 1 <[ <s.

Theorem [2.9] describes exactly the phenomenon we observe in Figures 2.2] and 2.3] In partic-
ular, this theorem shows that each deterministic root outside supp(u) U M,, creates one outlying
critical point, which is asymptotically close to the deterministic root.

For comparison, we provide the following example which shows that the conclusion of Theo-

rem [2.9] fails for deterministic polynomials.

Example 2.10. Let p,(z) := 2" ! — 1 and ¢,(2) := pn(2)(z — 1/2). Then the roots of g, are
(n — 1)-th roots of unity with an outlier at z = 1/2. However, we will show that ¢, has no critical

points near z = 1/2. Indeed,

g (z) =nz""1 - n=2_1,
2
and so the critical points are the solutions of
1 / n—1 In—-1 n—2 1
—qu(2) =2z" " — ¢ 27 —=—==0.

For |z| < 3/4, we have

In—1 7 (3\"?
anl o §nn an2 S |Z|n71 + |Z‘n72 S Z (4) <

1
n
for n sufficiently large. This implies that ¢/,(z) # 0 for every z € C with |z| < 3/4. Hence,

for n sufficiently large, there are no critical points of ¢, in the disk {z € C : |z| < 3/4}. More
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generally, this argument shows that for a fixed n € (0, 1), there are no critical points of ¢, in the

disk {z € C: |z] <1 —n} for sufficiently large n.

We next state two generalizations of Theorem [2.9] Both results deal with the case when the
deterministic points &1, ...,&; (as well as the integer k) are allowed to depend on n. Because the
points can now depend on n, some additional technical assumptions are required. These technical
assumptions are trivially satisfied when &1,...,&; do not depend on n. As such, Theorem is

actually a corollary of the following more general result.

Theorem 2.11 (Locations of the outlying critical points: dependence on n). Let p be a probability

measure on C with compact support, and suppose X1, Xo, ... are iid random variables with distri-
bution p. For each n > 1, let én), . ,51(62) be a triangular array of deterministic complex numbers

with k, = O(1), and assume
max{[¢"],.... |67} = O(1). (2:2)

Fiz ¢ > 0, and suppose that for all sufficiently large n, there are no values of én)’ e ,E(n)
N.(3e) \ Nu(e) and there are s values én), . ,gﬁ”) outside N, (3g). Then, almost surely, for n

sufficiently large, there are exactly s critical points (counted with multiplicity) of the polynomial

kol

n

—kn
H x) [IGE-¢")

=1

outside N,,(2¢), and after labeling these critical points correctly,

wi(pn) = & + o(1)
for each 1 <[ <s.

The O(1)-magnitude assumption in (2.2)) is required for our proof. However, we conjecture
that this condition is not needed. In fact, in the case when s = 1, we can remove this assumption,

and we obtain the following stronger result.

Theorem 2.12 (Locations of the outlying critical points: s = 1 case). Let u be a probability measure

on C with compact support, and suppose X1, X, ... are itd random variables with distribution u. For
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eachn > 1, let £§n), . ,f,g:) be a triangular array of deterministic complex numbers with k, = O(1).
Fiz ¢ > 0, and suppose that for all sufficiently large n, there are no values of én)’ e ,E,g:) m

N.(3e) \ Ny(e) and there is one value f%n) outside N, (3¢). Then, almost surely, for n sufficiently

large, there is exactly one critical point of the polynomial

TL*kJn kn
pn(2) = [ = x)[]z-&™)
j=1 =1

outside N,,(2¢), and after labeling the critical points correctly,
wi(pn) = & (1+0 (1/n)) + O(1/n). (2.3)
Remark 2.13. If §§n) = 0O(1), then implies that, almost surely,
wi(pn) = " +0(1/n).
More generally, if 55") = o(n), Theorem yields that, almost surely,
wi(p) = &+ o(1).

In other words, the location of the outlying critical point wi(p,) is asymptotically close to the
outlying root én).
Remark 2.14. In the case where §§n) lies at least a fixed distance away from the convex hull of the

support of u, the conclusion in (2.3)) is a deterministic result (regardless of the asymptotic behavior

of k). This can be deduced from Walsh’s two-circle theorem (see [46, Theorem 4.1.1]).

We present a numerical simulation of Theorem in Figure [2.4

2.2.4 Outline

The rest of the chapter is devoted to the proof of our main results. In Section we develop
several tools we will need for the proofs. The proof of Theorem [2.1]is given in Section and the

proof of Theorem [2.3]is presented in Section We prove Theorems and in Section

2.0l
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2.3 Mathematical tools

We present here some tools we will need to prove our main results.

2.3.1 Tools from probability theory

We will need the following complex-valued version of Hoeffding’s inequality.

Lemma 2.15 (Hoeffding’s inequality for complex-valued random variables). Let Y1,...,Y, be iid
complex-valued random variables which satisfy |Y;| < K almost surely for some K > 0. Then there

exist absolute constants C,c > 0 such that
1< 1
Pl|-) V,——-E Y;||>t] <C —cnt? /K
n;JnZJ— _exp(cn/)
for every t > 0.

Proof. Let

If |S,| > t, then |Re(Sy,)| > t/v/2 or | Im(S,)| > t/v/2. So, we have
P(|Su| > t) < P(|Re(Sp)| = t/v2) +P(| Im(Sn)| > t/V2).
The claim now follows from the classic (real-valued) version of Hoeffding’s inequality (see [24]) since

|Re(Y;)| < K and |Im(Y})| < K. O

2.3.2 Nets
We introduce e-nets as a convenient way to discretize a compact set.

Definition 2.16. Let X be a subset of C, and € > 0. A subset N of X is called an e-net of X if

every point € X can be approximated within € by some point y € N, i.e. so that |z —y| < e.

For a finite set A/, we let |JN| denote the cardinality of . We will need the following estimate

for the size of an e-net.
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Lemma 2.17. Let D be a compact subset of {z € C: |z| < M} for some M > 0. Then, for every
e > 0, there is an e-net N of D such that
V| < <1 + 4M>2 :
€

Proof. Let N’ be a maximal ¢/2-separated subset of S := {z € C: |z| < M}. In other words, N’
is such that |z — y| > ¢/2 for all z,y € N’ with x # y, and no subset of S containing N has this
property. Such a set can always be constructed by starting with an arbitrary point in S and at
each step selecting a point that is at least £/2 distance away from those already selected. Since S
is compact, this procedure will terminate after a finite number of steps.

The maximality property implies that N is an £/2-net of S. Indeed, otherwise there would
exist z € S that is at least £/2-far from all points in . So N'U{z} would still be an &/2-separated
set, contradicting the maximality property above.

Moreover, the separation property implies that the balls of radii £/4 centered at the points
in A/ are disjoint. In addition, all such balls lie in the ball of radius M +¢/4 centered at the origin.

Comparing areas gives

wi(5) = ()"

2
V] < <1+4]8\4) .

We now use N’ to construct an e-net of D. Indeed, we construct A iteratively using the following

and hence

procedure. Let (x,)"_; be an enumeration of the points in A7, and set Ny := §. Given N, for

0 <n <N —1, we construct N1 as follows:
(1) If the ball of radius €/2 centered at x,+1 does not intersect D, then let N,11 := N,.

(2) If the ball of radius £/2 centered at z,11 does intersect D, let y,4+1 be an element of the

intersection and set Ny 41 := N, U {ynt1}-

Now take N := N. By the procedure above, it follows that |N| < |[N’|. It remains to show that

N is an e-net of D. Let z € D. Since D C S, there exists x € N’ such that |z — z| < /2. This
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means that the ball of radius /2 centered at x intersects D. Thus, from the procedure above, there

exists y € N such that |x — y| < /2. Therefore, by the triangle inequality, |z — y| < e. O

2.3.3 Tools from linear algebra

We will need the following companion matrix result, which describes a matrix whose eigen-
values are the critical points of a given polynomial. This result appears to have originally been
developed in [30] (see [30, Lemma 5.7]). However, the same result was later rediscovered and

significantly generalized by Cheung and Ng [10] [9].

Theorem 2.18 (Lemma 5.7 from [30]; Theorem 1.2 from [9]). Let p(z) := [[;_,(2 — 25) for some

complex numbers z1, ..., zn, and let D be the diagonal matriz D := diag(z1,...,2,). Then

(=) = det (d -D (I - iJ)) ,

where I is the n X n identity matriz and J is the n X n all-one matriz.

Theorem allows us to translate the problem of studying critical points to a problem
involving the eigenvalues of certain matrices. For studying the eigenvalues of such matrices, we will

need the following lemmata.

Lemma 2.19 (Block determinant). Suppose A, B,C, and D are matrices of dimension n X n,

nxXm, mXn and m X m, respectively. If A is invertible, then
A B
det = det(A)det(D — CA™B).

Proof. The conclusion follows immediately from the decomposition
A 0 I, A~lB
C D C I,) \0 D-CA™'B

where I, and I,,, are the identity matrices of dimension n x n and m x m, respectively. A similar

proof is given in [25 Section 0.8.5]. O
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Lemma 2.20 (Sherman—Morrison formula). Suppose A is an invertible matriz and u,v are column
vectors. If 1 +vT A~ £ 0, then

Aty T AL

Ty—1 _ 4—1 _
(A+uw )" =4 T oTA Ty

Lemma can be found in [3]; see also [25, Section 0.7.4] for a more general version of this
identity known as the Sherman—Morrison-Woodbury formula. We will also require the following
bound involving the difference of two determinants. For a matrix A, we let || A|| denote the spectral

norm of A, i.e., || Al is the largest singular value of A.

Lemma 2.21. Let A and B be k x k matrices. If ||A||, || B]| = O(1), then
|det(A) — det(B)| < ||A — BJ.
Proof. By the Leibniz formula for the determinant, it follows that

k k
Z sgn(o) (H Aa(i),i - H Ba(i),i)
o i=1

|det(A) — det(B)| =

i=1
k k
< Z HAU(i),i - HBO'(’L'),i ) (24)
o li=1 i=1
where the sums range over all permutations o of {1,...,k} and sgn(o) is the sign of the permutation

o. We now take advantage of the fact that the spectral norm of a matrix bounds the magnitude of

each entry. In particular,

sup (4] + [Bil) < [[A[l + Bl = O(1)

1<i,j<k
and

sup |Ajj — Bij| < ||[A— B.
1<ij<k

Thus, by multiple applications of the triangle inequality, we obtain

k k
H Ag(iyi — H Byiyi| <k [|[A— B
=1 i—1

uniformly in o. Combining this bound with (2.4)) completes the proof. O
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2.3.4 Other tools

We collect here some additional tools and facts we will need. First, we note that if u has
compact support, then the convex hull of the support of u is also a compact set; see [I, Corollary
5.33] for details.

The following proposition shows that the zero set of the Cauchy—Stieltjes transform of p must
lie inside the convex hull of the support of p. It is a generalization of the Gauss—Lucas Theorem
(Theorem in the sense that Proposition is precisely the Gauss—Lucas Theorem when p is

atomic.

Proposition 2.22. Let p be a probability measure on C with compact support. If m,(z) =0 for

some z & supp(p), then z € Conv(supp(u)).

Proof. Let S := Conv(supp(u)), and define
S:={z:2€S5}.

Suppose z € S. Then

/ Im (e (z — 7)) e
C

|z - z|?

m(2)] = ePmy(2)] > ‘Im (ewmu(z)ﬂ _

for any 6 € R. Since supp(p) is compact, it follows from [, Corollary 5.33] that .S is also compact.
Thus, by the hyperplane separation theorem, there exists a pair of parallel lines, separated by a
gap € > 0, separating S and Z. Let 6 be the angle these lines make with the real axis (if they do

not meet the real axis take ¢ = 0). Then Im (e?(z — 7)) is of the same sign for all z € S and
|Im(e?(z —T))| > &

for all x € S. Thus, we obtain

) ze [ A
supp(p) |z —

As supp(u) is compact, there exists M > 0 such that |z —z| < M for all x € S. Hence, we conclude

that

1
]mu(z)| Z EW > 0,



28

and the proof is complete. O

We will also need the following observation concerning the translation of roots and critical

points.

Proposition 2.23 (Translation of the critical points). Let p be a monic polynomial of degree n,
and suppose w1, . .., wp—1 are the critical points of p counted with multiplicity. Then, for any a € C,

the critical points of q(z) := p(z — a) are w1 + a, ..., Wp—1 + a.

Proof. Since p is a monic polynomial of degree n,

n—1
P =n]]G-w).
j=1
Thus,
n—1
¢(z)=p(z—a)=n H(z —a—wj),
j=1
and the claim follows. ]

2.4 Proof of Theorem [2.7]

The proof of Theorem presented here is modeled after Kabluchko’s proof of [28, Theorem
1.1]. We note that Theorem [2.1] does not follow from the results in [28], and the notable difference
between our proof and the one given in [28] is that we must control the additional contribution
coming from the deterministic triangular array. For convenience, we use p, and p/, to mean j,,

and . , respectively and define

o0

== {gl(") 1<i< kn} (2.5)

n=1
to be the collection of values present in the deterministic triangular array. We let A represent
Lebesgue measure on C, and we denote the positive and negative parts of the real logarithm by

logz|, 0<z<1, 0, 0<z<1,
log_z:= and log, x :=

0, x> 1, logz, x>1,
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for z € [0,00). We use the convention that log_(0) := oo so that log_(+) is a function taking values
in the extended real line.
We prove Theorem using the following result, which requires the deterministic array

satisfy an additional assumption.

Theorem 2.24. Under the same hypotheses as in Theorem[2.1] and with the additional assumption

that there is a set E of Lebesque measure zero for which z € C\ E implies

limsup — Zlog ‘z — fl(n)‘ =0, (2.6)

n—oo N

it follows that p., converges weakly to p in probability as n — oo.

Unfortunately, we cannot always guarantee that the deterministic array satisfies condition
(2.6). To get around this issue, we will work on subsequences where the condition does hold;

specifically, the proof of Theorem will require the following corollary of Theorem

Corollary 2.25. Assume the same hypotheses as in Theorem and, in addition, suppose [y, 1S
a subsequence of py, for which there is a set E C C of zero Lebesque measure such that z € C\ E

implies
1 o (nm)
lim sup — E log_ ‘ —§ ‘ = 0.

m—oo Nm

Then ,uilm converges weakly to p in probabz'lity as n — oo.

Proof. We show that p,,, is a subsequence of a new sequence of random measures (modified from

tn) for which condition (2.6 does hold. To this end, define the sequence kn by

kn, if n = n,, for some m € N,
ky =

0, otherwise,
and the random polynomial
kn

n—ky,
H xX) [T -
j=1 =1
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Also let fi,, and fi;, denote pi3, and p , respectively. By construction, i, and p;, = are subsequences
of fi,, and fi!,, respectively. Now, k, = o(n), and for z € C\ E,
o,

z— fl(n) = lim sup 1 Zlog_ ‘z — fl(nm)‘ =0.
=1

m—oo Tm T

k
1 n

lim sup — E log_
=1

n—oo T T

Thus, Theorem implies that i/, converges weakly to p in probability as n — oco. It follows

that the subsequence p/, ~also converges to p weakly in probability as m — oo. O
The following lemma will allow us to justify the use of Corollary

Lemma 2.26. Let p, be a sequence of random probability measures on C, and suppose i is a
deterministic probability measure on C. Then, p, converges weakly to p in probability if and only

if each subsequence of ., contains a further subsequence that converges weakly to p in probability.

Proof. Observe that, for each bounded and continuous function f : C — R, the sequence f(c fdyn
is a sequence of complex-valued random variables whose subsequences are of the form f(c fdun,,,
where 1, is a subsequence of p,. In addition, [ fdu is a constant. Thus, the claim follows by

applying Theorem 2.6 on page 20 of [4] to the random variables [ f dpir. O

We now prove Theorem [2.1] by way of Corollary and Lemma The proof of Theorem
is delayed until Section m Fix a subsequence p;, —of p;,. We will show that there exists
a further subsequence that converges weakly to p in probability, which, by Lemma [2.26] would
complete the proof of Theorem [2.1

Clearly, up,, is a subsequence of p,. If A\ denotes Lebesgue measure on C, then Markov’s
inequality implies that, for any € > 0,

k nm k nm

1 1 n
/ —Zlog_ ‘z—fl( m)‘ dA(z)
e Jecm i

>
N
m
a
|
T[]
R
~
o
g
v
IA

knp,
= 1nm S /(Clog ‘z _ gl(”m)‘ dA(2)
=1

kn
= = 1 dXA(z).
e [ log |2 aA(2)
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The last expression tends to zero as m — oo by the local integrability of the logarithm and the fact

that k, = o(n). Thus, the sequence of functions
k’ﬂm
zH—Zlog ‘ fl(nm)‘
converges to zero in measure as m — oo. Among other things, this implies that there exists a
subsequence of this sequence that converges to zero for almost every z € C (see, for instance,
Theorem 2.30 on page 61 of [I7] for details). Let fp,,; denote the corresponding subsequence of
random measures. By Corollary we have that u;lmj converges weakly to u in probability as

j — oo, completing the proof.

2.4.1 Proof of Theorem [2.24]

It remains to prove Theorem The proof presented here is modeled after the arguments
given in [28]. The case where p is degenerate is straightforward to establish by computing u!,
explicitly and directly verifying that ‘ fC fdu, — f(c f dun‘ — 0 almost surely as n — oo for any
bounded and continuous function f : C — R. We now consider the case that y is non-degenerate.

The proof of Theorem [2:24] will reduce to studying the logarithmic derivative L,, of p,, defined

by the formula

7 P(2) nz_kn
n - - +
(Z) pn(z) j=1 - =1 % Eln

Specifically, Theorem will follow from Lemma below. We also now state a related lemma
(Lemma [2.27)), which we will need later. Note that these two lemmas are very similar to [28|
Lemmas 2.1 and 2.2]; however, neither lemma follows directly from the results in [28] because of

the deterministic contribution to L,,.

Lemma 2.27. Under the assumptions of Theorem [2.24), there is a set F C C of Lebesgue measure
zero such that if z € C\ F, then

1
—log|L,(2)] — 0
n

in probability as n — 0.
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Lemma 2.28. Under the assumptions of Theorem [2.24, for any continuous, compactly supported

function ¢ : C - R, we have

1
- / log |L,(2)] ¢(2) dA\(z) — O (2.7)
C
in probability as n — 0o. (Recall that A\ denotes Lebesque measure on C.)

We now prove Theorem [2.24] assuming Lemma [2.28] The key idea is the following formula
(see, for instance, |26, Section 2.4.1]), which relates the integral in (2.7) to the measures p, and

b, For any polynomial f that is not identically zero,

1
ﬂAlogLﬂ: Z s

z€C: f(z)=0
in the distributional sense, where each root in the sum is counted with multiplicity. In other words,

for any compactly supported, smooth function ¢ : C — R, we have

1
%[Clogﬁ(z)\Ago(z)d)\(z): Yoo e

z€C: f(z)=0

From this relationship we obtain that, for any smooth, compactly supported function ¢ : C — R,

LY eemr X el = g [l A are).

z€C:pl, (2)=0 2€C:pn(z)=0
In view of Lemma the integral on the right tends to zero in probability as n — oco. In addition,

by the law of large numbers and the fact that k, = o(n),

k

1 1 1SN
LY e S e+ el — [ e duce)
j=1 =1

n
2€C:pp(2)=0
almost surely as n — oco. Hence, for any smooth, compactly supported function ¢ : C — R
, 1
p(2) dun(2) = — Yo em) = [ e(2)du(z)
c z€C:ph, (2)=0 c
in probability as n — oco. Since p is a probability measure, we conclude from a simple approximation

argument that u), converges weakly to p in probability. This completes the proof of Theorem
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2.4.2 Proof of Lemma [2.27]

We now turn our attention to proving Lemmas and We begin with Lemma
which we will need to prove Lemma [2.28] First, we construct the exceptional set F' described in
Lemma from several smaller subsets. The first of these, F}, contains points where p misbehaves,

while another, Fy, includes values too close to the deterministic array. Define the set F} by
Fy = {ZEC:/logQ_ |z — y| du(y) :oo}.
C
F1 has Lebesgue measure zero since

/(C(/Clogz\zyl du(y)> dA(Z)Z/@(
%

JRA dA<z>> au(y)
d

n(y) = 5 <0

m
2
by the Fubini—Tonelli theorem.

We now construct the subset F» by applying the Borel-Cantelli lemma. Recall that the set =,

defined in ([2.5)), is at most countable, and hence A(2) = 0. Thus, for a fixed n € Nand 1 <1 < k,,
1 n
A<zeC\E:|n)|zeﬁ> :A<26C\E:log_]z—§l( )yz\/ﬁ>
z2—=¢

1 6 (n)
< 3 /(C log” [z — & | dA(2)
C

n3
by Markov’s inequality, where C' > 0 is an absolute constant equal to the integral of log® |-| over

C. Thus, we obtain

~ k ~ k 00
" 1 _ " C Cka
n=1 =1 |z =& n=1 =1 n=1

since k(n) = o(n). It follows by the Borel-Cantelli lemma and the fact that = is countable that
there exists a set 5 D E of Lebesgue measure zero such that, for every z € C\ F3, |z—§l(n) |~ < ev?

for all but finitely many pairs (n,l). We conclude that, for z € C\ Fy,

kn 1
= |z — & ‘
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where the asymptotic notation O,(-) means the implicit constant is allowed to depend on z.

If we define F' to be F' := E U Fy U Fy, then F has Lebesgue measure zero and, as we shall
see, satisfies the requirements of Lemma (Recall the definition of E from the statement of
Theorem above.) Notice that F' contains the atoms of y and the values in the deterministic

triangular array.

Lemma 2.29. For every z € C\ F,

hmsupflog\L ()] <0

n—oo

almost surely.

Proof. Fix z € C\ F, and let € > 0 be given. By Markov’s inequality, for any n € N, we have

1
P (]z—Xn| > e€"> =P (log_ |z — X,| > en)

E [log® |z — X,,]
= e2n? -

1
= —— [ log? |z—y| d
€2n2/cog\z yl du(y)

Cy
g2n?’

for a non-negative constant Cy since z §é F1. Hence,

> 1

Pl ———>¢e") <
2 <|z—Xn|—e> -
n=1

so the Borel-Cantelli lemma applies. In particular, almost surely =x < e for all but finitely
many n. Furthermore, z is not an atom of yu, so we have almost surely that, for all n,
[Ln(2)| < W 4 (n— Ky 5”+Z
=1 |z — fl )
where W is an almost surely finite random variable. Now, since z € C \ F3, the bound in ({2.8)

implies that, for n sufficiently large,

|Lp(2)] < W + ne + Coe®V™ < 2
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for a positive constant Co (depending on z). It follows that

1
limsup —log | L, (z)| < 2¢
n

n—oo

almost surely. Since € > 0 was arbitrary, the proof is complete. ]

The reverse inequality in Lemma requires an anti-concentration result that can be found,
for example, in [44, Theorem 2.22 on page 76]. Before stating the lemma, we define the Lévy

concentration function of a complex-valued random variable.

Definition 2.30 (Lévy concentration function). Let Z be a complex-valued random variable. The

Lévy concentration function of Z is defined as

L(Z,t) :==supP(|Z —u|] <t)
ueC

for all t > 0.

The Lévy concentration function bounds the small ball probabilities for Z, which are the

probabilities that Z falls in a ball of radius t.

Lemma 2.31 (Anti-concentration estimate). Suppose that Z,...,Z, are iid, non-degenerate,
complex-valued random wvariables. Then, there is a positive constant C' (depending only on the

distribution of Z1), so that, for any t > 0,

1+t
< (O—— .
L(Z1+ -+ Zy,t)<C NG (2.9)

for all n > 1.

Proof. Theorem 2.22 on page 76 in [44] implies that equation holds when Z1,...,Z, are iid
real-valued random variables and the supremum in the concentration function is taken over real
numbers (see also [38, Corollary 6.8] for a more general version of this inequality). We extend this
to the complex case in the following way. By assumption, Z1,..., Z, are iid and non-degenerate,

so at least one of the real-valued random variables Re(Z;) or Im(Z;) is non-degenerate. Without
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loss of generality, assume Re(Z7) is non-degenerate. Then

L(Zy+ -+ Zp,t) =supP (|21 + -+ Z, —u| < 1)
ueC

< SEEP ([Re(Z1) + - - -+ Re(Zy) — Re(u)| < t)

=supP(|[Re(Z1) +---+Re(Z,) —u| < t).
u€R

The last expression is bounded by C' %, for some constant C' that depends only on the distribution
of Re(Z1) by the previously mentioned result in [44]. A nearly identical argument applies if Re(Z;)

is degenerate and Im(Z;) is non-degenerate. O
Lemma 2.32. For every z € C\ F and every € > 0,

1
lim P|—log|L,(2)] < —¢| =0.
n

n—oo

Proof. Since k, = o(n), we assume n is sufficiently large so that k, < n. Fix z € C\ F, and let
€ > 0 be given. Since p is non-degenerate and z is not an atom of p, it follows that ﬁ, ﬁ, e
are iid, non-degenerate, complex-valued random variables satisfying the hypotheses of Lemma [2.31

By absorbing the contribution of ngl(z - n))*1 into the complex number « in the definition of

the concentration function, we conclude from Lemma that

n—k
o1 1+ee"
IP) L < —En <£ —E&n < 07
(’ n(2)] <e )— }:Z_Xj’e = n— k,

i=1

for a positive constant C' depending only on the distribution of ZJXI. As n — oo, the right-hand

side goes to zero (since k, = o(n)), which completes the proof. O

Together, Lemmas and establish Lemma [2.27]

2.4.3 Proof of Lemma [2.28

In this section, we prove Lemma by way of the following dominated convergence result

due to Tau and Vu [55].
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Lemma 2.33 (Tao—Vu; Lemma 3.1 in [55]). Let (X, A,v) be a finite measure space, and let
f1, f2y ... : X = R be random functions which are defined over a probability space (2, B,P) and are

jointly measurable with respect to A® B. Assume that
(i) for v-a.e. x € X we have fn(x) — 0 in probability, as n — oo,
(i) for some § >0, the sequence [ | fo(@)|"70 du(z) is tight.
Then [y fn(x)dv(z) converges in probability to 0.

In order to prove Lemma we will apply Lemma to the random functions f,(z) :=
L(log|Ly,(2)])¢(2), where ¢ is a continuous function with compact support. Lemma establishes
the first condition, and the tightness condition (with § = 1) follows from the next lemma. For the
remainder of the paper, we let

Dr:={2z€C:|z| < R}

denote the open disk of radius R > 0 centered about the origin. Fix r > 0 such that the support of
¢ is contained in the open disk ID,. We will occasionally use 1p, to denote the indicator function

of the set D,..
Lemma 2.34. The sequence n% fDr log? |L,(2)| dA(2) is tight.

In view of Lemma the proof of Lemma reduces to establishing Lemma We
bound the integral in Lemma by employing the Poisson—Jensen formula as in [28]. In order to
do so, we will need a uniform bound on |L,(z)| for z of certain magnitudes, which is the content

of the following lemma.

Lemma 2.35. There is an exceptional set G C (0,00) of Lebesgue measure zero such that, for any
R € (0,00) \ G, we have

1
limsup — log sup |L,(z)| <0 (2.10)

n—oo N |z|=R

almost surely.
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Proof. The proof is similar in spirit to that of Lemma We first claim that

1
> K <= ||X|—-R| <

sup 172 (2.11)

el=r |2 = X|
forany X € C, R € (0,00)\ {|X|}, and K > 0. This equivalence will allow us to employ the method
of Lemma and control the behavior of log_ || X,,| — R|. To establish the forward direction of
, observe that
0 <[IX] = B[ = ||X] = [2]]| <[X — 7]
for any 2 satisfying [2| = R. Hence, sup|,|_g X — 27! > K implies || X| — R| < K~!. On the
other hand, if || X| — R| < K~!, write X = pe'? in polar coordinates, and note that z* := Re' has

modulus R # p and satisfies

1
*_X|=|R—p|=||X|-R| < =.
0< |2 = X| = [R—pl = |IX| - Rl <

The fact that sup|,_p |X — 27! > K follows.

We are ready to construct GG from two exceptional sets G; and Gs. Define

Gri={Re (0.00) ¢ [ 1og? bl ~ Bl duty) = |

It follows from the Fubini—Tonelli theorem that G; has Lebesgue measure zero since

//logzl\y!—R! du(y)dR=//log2_Hy\—R\ deu(y):/2du(y)=2<OO-
RJC CJR C

We now construct GGo. Let Ag denote Lebesgue measure on the real line, and let

o0

== {|§§”)|;1g5gkn}.

n=1

Clearly, Ag(Zgr) = 0. Equivalence (2.11)) and Markov’s inequality imply that for a fixed n € N and
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1
AR (RE (0,00) \ Er : sup — 2 e\/ﬁ>
l2|=R |z = &|

= e (R € (0,00)\ Za s log_ ||| - R| > v/n)
1 n

<5 [ 1o gl - RldR
17 J10,00)

1
§3/1og‘i |R| dR
n° Jr
C

n3’

where C' > 0 is an absolute constant. It follows that

ZZ)\R Re (0,00)\Er: sup ———— >e SZ 3 <00,
n=1

n—=1 =1 |2I=R |z — é}(n)’ a

so the Borel-Cantelli lemma and the countability of Zr show that outside of a set Go D =g of

Lebesgue measure zero,
1
sup ﬁ < e\/ﬁ
|z|=R |Z - 51 ‘
for all but finitely many pairs (n,1). Hence, for R € (0,00) \ Go,
kn,

1
sup e < Cg + kneV™ = Op(e2V™), (2.12)

=1 I#I=R |z — fl
where CF is a positive constant depending on R. (Note that since Eg C G, SUP|;|=R |z—§l(")\_1 < 00
for each pair (n,l)). If we define G = G U Ga, then, G C (0,00) has Lebesgue measure zero, and

for R € (0,00) \ G, we have that, for any n € N and any £ > 0,

1
P sup ———>¢€" | =P(log_||Xn| — R| > en
<le |2 = Xl ) ( ' )

1
2202
!
n2’

< E[log? || X,| — R||

where we used (2.11)) in the first step and Markov’s inequality in the second. Here, C}, is a positive

constant depending only on R and u. By the Borel-Cantelli lemma, it follows that almost surely,
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SUp|.|=R ‘Z_ian' < €®" for all but finitely many n. This guarantees that for R € (0,00) \ G, there is

an almost surely bounded, real-valued random variable Wg for which

kn

1
sup |Ln(2)| < W+ (n— ky)e™ + Sup ———- <
|z|=R =1 |zI=R |z — 3 |

2en

almost surely. (Note that P(|X,,| = R) =0 for all R € (0,00) \ G by the definition of the set G.)
The last inequality holds for all sufficiently large n by (2.12). As e > 0 was arbitrary, (2.10) now

follows. O

We now use the Poisson—Jensen formula to re-write log|Ly(2)|. For any R > r and n € N,
let
(n) (n)

and  wy ... wy

g™y

be the roots and critical points, respectively, of p, that are located in the open disk Dgr. The
Poisson—Jensen formula (see, for example, [36, Chapter IL.8]) implies that for any z € Dg which is

not a zero or pole of L,

W |R <z _ w§n>) s |R (z - yﬁ"))
log |Ly(2)| = I(z; R) + ) log|————+| — log | —————41, 2.13
g1 (2) = I R 3o | — ) 3 | (2.13)
= t S= ys z
where
1 2w )
I,(z;R) := 2/ log Ln(Rew)‘ Pg(|z|,0 — arg z) db,
T Jo
and Pgr denotes the Poisson kernel
R2 _ p2
P = 27]. 2.14
R(p,Oé) R2+p2*2RPCOSOé’ pE[O,R], aE[O, ﬂ-] ( )
Lemma 2.36. There exists an R > max {1,3r} such that
. 1
limsup — sup I,,(z2; R) <0 (2.15)
n—oo M zeD,
almost surely.
Proof. Fix z € D,. Then, for any « € [0,27] and R > 3r, we have
2 1.2 _

 R24 2P —2R|z[cosa T R2+|z|*—2R|z| R—|z| ~
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The last inequality follows from the fact that |z| < r and from the equivalence

R
+r§2 < R >3
R—r

which holds for all R > r > 0. Consequently, for any z € D, and R > 3r,

Lr)y <2 1 ‘L (R ie)‘ 2d0
p EAY =50 0o n 08 | Ln e
1 /%1
< - —log sup |L,(w)| do
T™Jo N |lw|=R

2
= 210g sup [La(w)].
n |lw|=R

Therefore, we obtain

1 2
limsup — sup I,(z; R) < limsup — log sup |L,(w)]|. (2.17)

n—oo T zeD, n—oo T |lw|=R
The desired result now follows by applying Lemma to (2.17)). In particular, since the excep-
tional set G C (0,00) of Lemma has measure zero, we can choose R > max{1,3r} so that

(2.15)) holds almost surely. O

Next, we show that I,,(z; R) is bounded below uniformly for z € D,.. We assume that 0 ¢ F,
and we first consider the case when z = 0. There is no loss of generality in assuming 0 ¢ F', for
if 0 € F, we can choose a different point ¢ ¢ F' and prove Theorem for the random variables
X j = Xj — c and the deterministic array §~l(n) = §l(n) — c¢. This follows since the translation of the

roots of p, by ¢ simply translates the critical points by ¢ (see Proposition [2.23)).

Lemma 2.37. Suppose 0 ¢ F. Let R > max{1,3r} be the value from Lemma[2.56 Then there

erists a non-negative constant A such that

n—oo

lim P <1In(0;R) < —A) =0.
n

Proof. Since 0 ¢ F, we have p,(0) # 0 almost surely; in other words, 0 is almost surely not a pole

of L,,. Furthermore, by Lemma it follows that 0 is not a zero of L,, with probability 1 —o(1).
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Consequently, on the same event, the Poisson—Jensen formula (2.13]) applies to z = 0 € D, and we

obtain

(n)

1
1(0; R) = —log| Ln(0)] - *Zlog

Zlo

(2.18)

1 1 ys
> “log|L, -3
>~ log]| (O)HRSZ:;og

The inequality comes from eliminating

(n)

We bound the remaining two terms in probability. A bound for the first term follows from Lemma

It remains to find a lower bound (in probability) for the last term in (2.18]). Let

x§"),...,x$}} and dn),..., 1():)

be the random and deterministic roots, respectively, of p, that are contained in Dg. (Note that

Up + vp = Sp.) The law of large numbers implies that

almost surely as n — oco. The expectation on the right-hand side is finite since Elog_ | X;| < oo

X
ILDR (X;) — —Elog_ ’Rl

due to the assumption 0 ¢ F and by the bounds
X X
5 } =-E [log_ ]Rl —log_ | X;| +log_ |X1|]

> _F [log < )] —E [log_ | X1]]

—log(R) — E [log_ | X1]],

—E [log_

==

which follow from the fact that R > 1. Since k,, = o(n), it follows that

— log

X
R [1og_ ‘RlH > —log(R) — Elog_| X

u=1
almost surely as n — oo, and as a consequence, we have almost surely

Un

1
hnm 1oréf — Z log | —

2™

> — Ay, (2.19)
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for some non-negative constant A; (depending on R). Similarly, as R > 1, we have

Un n) kn n)
0> %Zlog C;E = %Zlog glR Ip, <fln)>
v=1 =1
1NN, |8
— a2l Ty

= 0. (2.20)

(Recall that 0 ¢ F, and hence 0 ¢ E.) Together, (2.19)) and (2.20)) imply the desired conclusion. [

Lemma 2.38. Suppose 0 ¢ F. Let R > max{1,3r} be the constant from Lemma . Then there

exists a non-negative constant B such that

1
le P < inf I,(#;R) < —B) = 0.

n zebD,

Proof. The proof presented here closely follows the arguments in [28]. For simplicity, define

Ln(Rew)‘ and ¢, (0) := %log_

1 .
0t (0) = —log, Lu(Re")|

for 6 € [0,2x]. By the definition of the Poisson kernel (2.14) and reasoning similar to that used to

derive the bounds in ([2.16[), we have

< Pr(|z],0) <2

DN | =

for all z € D, and 0 € [0, 27]. Notice that Pr(0,0) =1 for all § € [0, 27], so we have

I 27 2
2 (0:R) = / Gt (0) do - / gz (0) db.
n 0 0
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It follows that, for any n € N and any z € D,,

2) 27 27
iR = [ afOPa(el 0 - agz)dd ~ [ g (6)Pa(l2] 6~ arg2) o
0 0

1 27 27
> [areas—z2 [ g
2 0 0

-(3-2) /O%q:w)dem(/O%q;w)de—/o%qn(e)de)

27
——5 [ at@ s+ T R)
0

In the case where ¢, (6) = 0 for all § € [0, 27|, we obtain the bound

2 4
”(¢m>%h@m.

Otherwise,

1
dy (0) < —log sup [Ly(2)]
n |z|=R

for all 6 € [0, 2], and continuing from above,

27 47 3 [?"1
Tr(=R) > T (:R) -2 =1 Ln(2)| do
Tl ) 2 O R) — 5 [ o sup [L(2)

4
= L, (0; R) - “Zlog sup [Ln(2)] .
n |z|=R

In either case, taking the infimum over all z € D, and applying the results of Lemmas [2.35 and

gives the desired conclusion. ]

We complete the proof of Lemma by applying Lemma and Lemma to (2.13).
Let R > max{1,3r} be as in Lemma From ([2.13]), we apply the Cauchy—-Schwarz inequality

twice to obtain
tn R(z— w(n)
1 2 3 3tn 2 ( t >
_ < = . on N 7/
210" ILn()| < LR + g ) log? | ————
t=1 R —w; 7 2

38n Zl 0g? R (z _y§")>

(2.21)
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for z € Dg that is not a zero or pole of L,,. Since there are finitely many zeros and poles of L,, for

a fixed n and a fixed realization of L,, (2.21]) implies

n2

)
R{z—w

1 2 3 120, 3ty 2 ( ! )
n?/m log? |La(2)] dA(2) g/@( PR+ 0 Y los? |

almost surely. Lemmas and establish that

lim P (
n—oo

for some constant C' > 0, and hence the sequence % fDT I2(z; R) d)\(2) is tight.

3 / I2(z; R) d\(2)

n2

T

>c) =0

The remaining two terms of (2.22)) are bounded almost surely. Indeed, for z € D, and

yé”) € Dp, we have
2 — ") )

_ ") _
< R(z—ys ') < |2 — ys 7
2R j ygn) 5 R—r
and hence
_ _,,m) ()
10g2 R(Z Ys ) S 10g2 |Z Ys | +10g2 |Z Ys |
R _ ygn) . 2R R—7r

By a simple change of variables, we obtain

_ )
/ log? lz=ys 7] d\(z) < / log? Il d\(z),
D, 2R Dor

and similarly

(n)
ot =5 < [ e Lo,
/T 0g" d\(z) < - og R—rd/\(z)

Thus, by the local integrability of the squared logarithm,

(n)
Sn R{z—ys 2
738271 / ZlogQ ( ) d\(z) < —382" C' <3¢
n=Jo, 5 R2 — ygn) 5 n

almost surely for all n € N, where C’ > 0 is a constant that depends only on R and r, and, in the
last inequality, we used the fact that s, < n. A similar argument applies to the integral of the sum
in (2.22)) involving the critical points wﬁ"); we omit the details.

We conclude that the sequence # fJD)T log? |Ly,(2)| dA(z) is tight, and the proof of Lemma

is complete.
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2.5 Proof of Theorem [2.3]

This section is devoted to the proof of Theorem For € > 0, define

Su(e) := {z € C: dist(z,supp(p)) < €}
to be the e-neighborhood of the support of . We begin with the following concentration inequality.

Lemma 2.39. Let p be a probability measure on C with compact support, and suppose X1, ..., X,

are iid random variables with distribution p. Then, for every M,e,t > 0,

n

1 1 40M
P sup —my(2)| >t] <C (1 + ) exp (—ent?e?
2€C:|2| <M, =S, (€) ”ZZ—XJ‘ g e’t ( )

for some absolute constants C,c > 0.

Proof. Let M,e,t > 0, and define
D:={ze€C:|z| <M,z¢8S,()}.

We assume D is nonempty as the conclusion is trivial otherwise. Let A be an €2t/10-net of D. By

Lemma N can be chosen so that

2
402M > (2.23)

V| < <1+

We observe that X; € supp(p) almost surely for every 1 < j < n. Thus, almost surely, for

z€e€D,

(2.24)

Hence, for z,w € D,

1 1 \z—w\
;g A ;E =

In other words, the function m,(z) := %E?:l L - is almost surely Lipschitz continuous on D

z—X
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with Lipschitz constant e~2. Similarly, for z,w € D,

1 1
/Sum)(#) <Z - w- az) W)

< / &du(fn)
supp(u) ’Z - 'wa - I”

|z — w|
<

= 62 .

Imy(z) — my(w)| =

Suppose sup,¢cp |mn(z) — mu(z)| > t. As m, and m, are both continuous on the compact
set D, there exists z € D such that |m,(z) —m,(z)] > t. Since N is an €2¢/10-net of D, there
exists w € N such that |z — w| < 51—20’5. So, by the reverse triangle inequality and the fact that the

m,, and m,, are Lipschitz continuous, we have

[mn(w) = my(w)| = [mn(2) = mu(2)| = [ma(2) = ma(w) = (m(z) = mg(w))|

2t_2|z—w|

2
4t

> —.

-5

Therefore, by the union bound, we conclude that

P (sup m(2) — )] 2 £) < B (s () — )] = F )

5
< 3 P (Imaw) - mu(w)| = 7 ) (2.25)

weN

As Em,,(2) = my(2) for z € D, Hoeffding’s inequality (Lemma|2.15) and the bound in ([2.24) imply
that

sup P (|mn(w) —my(w)| > 45t> < Cexp(—cnt?e?) (2.26)
weN

for some absolute constants C, ¢ > 0. Thus, combining (2.23)), (2.25), and (2.26) yields

P <sup |mp(2) —mu(z)| > t) <C (1 + ijf) exp(—cnt?e?),

zeD

as desired. ]

We now prove Theorem
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Proof of Theorem[2.3 Let ¢ > 0. With probability one, X; € supp(u) for each 1 < j < n. Thus,

the zeros of
Cdpe) 1~ 1

mp(z) :

 npn(2) njzlz—Xj
outside of N, (¢) are exactly the critical points of p, outside of N,(g). We will show that my,(z)
has no zeros in D := Conv(supp(x)) \ Ny(¢). The claim then follows immediately since, by the
Gauss—Lucas theorem (Theorem [1.1), all the critical points of pj, lie in Conv(supp(y)).

Since p has compact support, Conv(supp(p)) is also a compact set (see [I, Corollary 5.33]),
and hence D is compact. As m,, is a continuous function on D, |m,,| achieves its minimum on D,
which, by definition of N, (¢) cannot be zero (since N, (&) contains the zero set M,). Thus, there
exists ¢ > 0 such that

Imy(2)| > ¢ forall z € D.

Since D is compact, there exists M > 0 (depending only on supp(u)) such that |z| < M for

all z € D. Thus, by Lemma (taking ¢t = ¢//2), we obtain

/ S80M
P { sup [mn,(2) — mu(2)] > < <C(1+ exp(—cnde?)
zeD 2 526/

for some absolute constants C, c > 0. Hence, on the complementary event, we have

[ (2)] 2 [myu(2)| = |ma(2) = my(2)] = 2

for all z € D. Since the constants C (1 + 8821(\3 ) and cc’e? only depend on p and e, the proof is

complete. ]

2.6 Proof of Theorems [2.9], 2.11], and

This section is devoted to the proof of Theorems [2.9] 2.11] and 2.12]

2.6.1 Proof of Theorem [2.9]

We now prove Theorem [2.9| using Theorem Indeed, let &1, .. ., & satisfy the assumptions
of Theorem Since £1,...,&; do not depend on n, there exists g > 0 such that, for any

0 < e <ep,
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o {1,..., & are outside N, (3e),

® o1, & are in Ny(e).

In addition, condition (2.2)) trivially holds because &1, ..., &, do not depend on n. Thus, Theorem

[2.11] is applicable for any 0 < € < €y, and hence Theorem [2.9] follows.

2.6.2 Proof of Theorems 2.11] and 2.12]
We will prove Theorem [2.11] via the following result.

Theorem 2.40. Let p be a probability measure on C with compact support, and suppose 0 €
supp(p). Let X1, Xo, ... be iid random variables with distribution . For eachn > 1, let §§n), e ,f,gz)

be a triangular array of deterministic complex numbers with k, = O(1), and assume

max{|&"],.... €]} = O(1).

Fix ¢ > 0, and suppose that for all sufficiently large n, there are no wvalues of f%n), e ,f,(gz) m
N.(3e) \ Nu(e) and there are s values {%n), . ,gé’” outside N, (3¢). Then, almost surely, for n

sufficiently large, there are exactly s critical points (counted with multiplicity) of the polynomial

TL—kn kn
pa(z) =[] == X [z — &™)
j=1 =1

outside N, (2¢), and after labeling these critical points correctly,

wi(pn) = €™ + 0(1)
for each 1 <[ <s.

The only difference between this theorem and Theorem [2.11] is that Theorem [2.40] assumes

0 € supp(u). Using Theorem we prove Theorem by applying Proposition

Proof of Theorem[2.11]. Let p have compact support. Since supp(p) is nonempty, choose a €

supp(u). We now consider the polynomial

kn

n—kn
pz+a)= [ =X —a [z =& —a) = [] ¢-Y) ][ - (& - a).
|

=1
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where Y; := X; —a. Let v be the distribution of Y;. Then v has compact support and 0 € supp(v).
In addition, the sets M,, and supp(v) are translates by —a of the sets M,, and supp(u), respectively.
Thus, by assumption, there are no values of f%n) —a,... ,5,2:) —ain N, (3¢) \ N, (¢) and there are s
values fgn) —a,... ,§§n) — a outside N, (3¢). Therefore, by Theorem and Proposition we
conclude that almost surely, for n sufficiently large, there are exactly s critical points of p,, outside

N, (2¢) and after labeling correctly,
wi(pn) —a=§" —a+o(1)
for 1 <1 < s. Adding a to both sides completes the proof. O
Similarly, Theorem [2.12| can be proven using the following.

Theorem 2.41. Let p be a probability measure on C with compact support, and suppose 0 €
supp(p). Let X1, Xo, ... be iid random variables with distribution p. For eachn > 1, let f%n), . ,f,(c:)
be a triangular array of deterministic complex numbers with k, = O(1). Fiz € > 0, and suppose
that for all sufficiently large n, there are no values of f%n), e ,f,(g:) in N,(3e) \ Np(e) and there is
one value §§n) outside N, (3¢). Then, almost surely, for n sufficiently large, there is exactly one

critical point of the polynomial

n—kn kn
pa(z) =[] == X [z — &™)
j=1 =1

outside N,,(2¢), and after labeling the critical points correctly,
wi(pa) = &" (140 (1/n)).
The proof of Theorem using Theorem [2.41] is nearly identical to the proof of Theorem
above; we omit the details. It remains to prove Theorems [2.40] and [2.41]
2.6.3 Proof of Theorems [2.40] and [2.41]

We prove Theorems and simultaneously. Indeed, for the first part of the proof, we

continue to use the notation of Theorem [2.40] However, the same argument applies to Theorem
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by simply taking s = 1. The conclusion of the proof will require us to consider the conditions
of both theorems separately. In fact, the conclusion of the proof is the only place where we require
condition . For notational convenience, throughout the proof we allow the implicit constants
and rates of convergence in our asymptotic notation (such as O, 0) to depend on the parameter ¢
without notating this dependence.

For n sufficiently large, we decompose

n—kn s kn
p(x) =[] G- xp[T—&") II -4,
j=1 =1 I=s+1
where, by assumption, §§n), . ,§£") are outside N, (3¢) and fgrfr)l, e ,5,5:) are in N, (). In addition,

Xi,..., Xy, are in supp(p) C Ny (e) with probability 1.

Let D be the diagonal matrix

Dy 0
D = ,
0 Dout
where
in - lag( 1y n—knvgerlw-'aEkn)
and

Doyt := diag(f%n), cee 7§§n))

Here, the subscripts “in” and “out” refer to the roots inside and outside N,(e), respectively. Of
course, D, Dj,, and Doy all depend on n, but we do not denote this dependence in our notation.

By Theorem it follows that

1 1
—2pl,(z) = det <zI - D+ DJn> (2.27)
n n
200 Dm0 1 (Dw 0
= det — + — Inl
O ZI 0 Dout n 0 Dout

where [ is the identity matrix and J, is the n x n all-one matrix. We decompose,

Jn—s Jnfs,s
Jn = )

Js,nfs Js
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where J; ,,, denotes the [ X m all-one matrix. Thus, we conclude that

. 1p ip.
L0 (2) = det = Pt DinJnes nDinn=s.s . (2.28)

n
%Douth,nfs 2l — Doyt + %Doutjs

We will eventually apply Lemma to compute this determinant, but first we will need to consider
the upper-left block

1
2l — Din + ﬁDianfs-

Let 1,, denote the all-one n-vector; we will often drop the subscript (and just write 1) when its size

can be deduced from context. We will make use of the following lemma.

Lemma 2.42. Under the assumptions of Theorem (alternatively, Theorem (2.41), almost

surely, for n sufficiently large, the matriz
1
zI — Dy, + EDian_S (2.29)
is invertible for every z ¢ N, (2e) and the function
~1
1.p 1
z— —1 (ZI — Din + Dians> D1 (2.30)
n n
is analytic outside N, (2¢). In addition, almost surely

sup
z€C\N, (28)

-1
(z[ Din + 1DmJn ) Dul| = 0(1).

Proof. Recall that the entries of the diagonal matrix Dj, are contained in N, (¢). Thus, for z ¢
N, (2¢), the matrix 2] — Dy, is invertible. In addition, since (21 — Di,) ™! is a diagonal matrix, we

obtain
I 7 -1 1 -1
—1 (ZI — Din) D1 = *‘CI‘[(ZI — Din) Dm]
n n
—kn k
Sy Ay
n j=1 l s+

Among other things, this implies that the function %IT(ZI — Din) "' Diy1 is analytic outside N, (2¢);

(n)
17— fl

(2.31)

we will use this fact later to show that the function in (2.30]) is analytic on the same set. Since
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supp(u) is compact, it follows from Proposition that N, (e) is bounded. Let x > 0 be such

that |z| <k for all z € N,(e). Let M := 10x. Then for |z| > M, we have
I Xi| <k, |z—X;|>M—-—Kk=09k

for 1 < j <n —k, and similarly
€M <m e 2 M —k=9r

for each s +1 <1 < k,. Thus,

1 1 1 K 1
—1" (21 — Din)” Dipl| < — = —. 2.32
-1 (z ) 9% = 9 (2.32)

sup
|z|>M

In particular, this bound implies that 1 + %1T(ZI — Din) ' Diy1 # 0 for all |z| > M. Thus, we can
apply Lemma to conclude that the matrix in (2.29) is invertible for every |z| > M. Indeed,
since %Dian,S = %DinllT is at most rank on , it follows from Lemma (taking u = Djy1

and v = 11) that

n
1 1 !
*1T <ZI - -Din + Dian—s> Din]-
n n

(17 (21 — Dyy) "L Din1)”

. 2.33
1+ 11721 — Dyy)'Dinl (2:33)

1
= —1T(2I — Dy) ' Dyl —
n

Hence, by the bound in (2.32]), we have, with probability one,

sup

1 o 1 -1
2] -1 2zl — Din + EDian—s D1
z|>M

n

In addition, the right-hand side of is analytic in the region |z| > M, which implies that the
function on the left-hand side is also analytic in the same region.

Let ©Q be the compact set {z € C: |z2| < M} \N,(2¢). It remains to show that, almost surely,
for n sufficiently large, the matrix in is invertible for every z € €1, the function in is

analytic in €2, and

= 0(1).

sup

1 1 !
—1" <ZI — Dy, + Dians> Din1
z€eQ) n

n

! Here, we have used the fact that J,_, is rank one, and so the product Dj,J,_s is either rank one or rank zero.
In fact, a simple computation reveals that the product is rank zero if and only if Di, is the zero matrix.



54

To establish these results we will again apply Lemma [2.20, However, in this case, we will need

more precise estimates than those established above.

Indeed, returning to (2.31f), we find that

—k
1 ¢ 1 n—s 2z
—1°(zI — Dy,) "Dyl = — — — 2.34
17 (21 — Di) D Z e (2.34)
j=1 M=
Since fgi)l, e ,fli:) are contained in N, (¢), it follows from the triangle inequality that
k M
sup |— Z | < = =0(1). (2.35)
Q| 2 2 — 51 "o

In addition, by Lemma [2:39 and the Borel-Cantelli lemma, we have, almost surely

n—kn

z
sup |—
zeQ2 | M =1 Z_Xj

—zmy(z)| = o(1). (2.36)

As Q) is compact and m,, cannot vanish on § (since M, C N,(¢)), there exists C,c > 0 such that

c < |mu(z)| < C for all z € Q. Specifically, by the assumption that 0 € supp(u), it follows that

ec <|zmy(z)] < MC, forall z € Q. (2.37)

Therefore, by (2.35), , and (2.37)), we conclude from ([2.34) that, almost surely, for n

sufficiently large,

1
—1T(2I — Dy) ™' Dy

sup <24+ MC
zeQ |

and
inf |14 217(2] — Dy) "Dl | > 2.
2€Q n m =9

Hence, by Lemma we obtain (2.33) for z € Q which, combined with the bounds above, yields

(2+ MC)?

1 -1
sup |—=1T (z] — Diy + Dian_s> Din1| <24+ MC + =0(1)
zeQ | n

2
almost surely. As before, (2.33)) also implies that the function in (2.30]) is analytic on 2. The proof

of the lemma, is complete. ]
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Let us dispatch the simplest case of Theorem [2.40f when s = 0. Indeed, if s = 0, then
D = Dj,. In this case, and the invertibility of imply that p, has no critical points
outside N, (2¢), completing the proof. Thus, for the remainder of the proof, we assume s > 1.

We return to the block determinant in . By Lemma almost surely, for n sufficiently
large, the upper-left block is invertible for all z ¢ N,(2¢). Thus, by Lemma we conclude that

almost surely

1 1
—zp;(z) = det <2I — D + Dian_s>
n n

1 1 1
x det <ZI — Doyt + ﬁDouth - nDouth,n—sG<z)nDian—s,s>

for all z ¢ N, (2¢), where

1 -1
G(z) := (zl — Dy + Dians> .
n

In other words, the zeros of p;, outside of N,(2¢) (counted with multiplicity) are precisely the zeros
of

1 1 1
det <ZI — Doyt + EDouth - nDouth,nsG(Z)nDians,s> (238)

outside of N, (2¢) (counted with multiplicity). Notice that this is the determinant of an s x s matrix,
and s < k, = O(1). We have thus reduced the problem of studying an n X n matrix to an s x s
matrix. This reduction greatly simplifies the forthcoming analysis. Before we conclude the proof,

T

S _ _ T
we make one final observation: since Js,—s = 1,1,_, and J,_ss = 1,41

s
determinant in (2.38)) as

we can rewrite the

1 1
det (ZI — Dout + ;Douth — ﬁ (]-Est(Z)Dinln—s) DOutJS) . (239)
We now conclude the proof of Theorems and separately. Let us begin with Theorem

Indeed, under the assumptions of Theorem [2.40
| Dout | = max{[&i™..., | ]} = O(1).

(Recall that |[Doyt|| denotes the spectral norm of the matrix Doyt.) Thus, by Lemma and
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Lemma we have, almost surely

1
sup - n2DoutJS,n—sG(z)Dian—s,s> - det(ZI - Dout)

2z¢N,,(2¢)

1
det <ZI — Dout + *Douth
n

1 1
< — [ Dout [ 1S || + | Dout [I[|Js]|  sup 212 sG(2)Dinly—s
n 2N, (2¢) | T

1
< —
n

because ||Js]| = s < k, = O(1). Notice that the zeros of det(zI — Dgyt) are precisely the values
fln), . ,gg"). In view of Rouché’s theorem (since both determinants are analytic outside N, (2¢)
due to Lemma [2.42)), we conclude that, almost surely, for n sufficiently large, p, has exactly s

critical points outside N,(2¢), and after correctly labeling the critical points,

wi(pn) = €™ + o(1) (2.40)

for each 1 <[ < s. This completes the proof of Theorem [2.40

Remark 2.43. With a more careful application of Rouché’s theorem, the error in (2.40) can be

improved to
wi(pn) = & +0(n7)

for each 1 <[ < s, where 7 > 0 depends on s. In addition, if the deterministic roots £l(n), 1<i<s
satisfy some kind of separation criteria, this error term can be further improved. We do not pursue

these matters here.

We now turn to the proof of Theorem [2.41} Recall that, in this case, s = 1. Thus, the
matrix in (2.39) is just a 1 x 1 matrix, and hence the zeros of p), outside of N, (2¢) are precisely
the solutions of

n)l

<”)+ 51 — e S17G(2) Dyl = 0 (2.41)

outside N, (2¢). By Lemma we have, almost surely,

sup
2z¢N,,(2¢)

n 1 n n 1 n C n
(-4 2 - e 176EDn ) - (- 7)< S o
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for some constant C' > 0. Since both these terms are analytic outside N,(2¢) due to Lemma
we can again apply Rouché’s theorem. However, since %|§§n)| does not necessarily converge to zero,
we have to be slightly more careful. Let I',, be any simple closed contour outside N, (2¢) which
satisfies |z — £§H)| > %|€§n)| for all z € T',,. Then, by the estimate in , Rouché’s theorem
implies that the number of solutions to inside I';, is the same as the number of zeros of
z— f%n) inside I';,. Hence, we conclude that almost surely, for n sufficiently large, there is exactly
one critical point of p, outside N, (2¢) and that critical point takes the value éln)(l +0(1/n)). The

proof of Theorem is complete.



Chapter 3

On the local pairing behavior of critical points and roots of random polynomials

3.1 Introduction to the chapter

This chapter is an adaption of the paper [39], a recent collaboration with Sean O’Rourke.
For clarity, much of the introductory material from [39] appears in Chapter [I} and the content of
Appendix A from [39], which consisted of many supporting calculations, is included in the relevant
sections below. Note that some of the results in Section [3.2.3] are similar to those in Kabluchko

and Seidel’s recent paper [29]. We compare the work in detail in Section m

3.2 Main results

We begin by introducing the Wasserstein metric in order to discuss the pairing between the

roots and critical points of
n
pn(2) = [ [z = X)),
j=1

that one sees in Figures and (Note: Here, p,, is defined as in (1.1)).)

3.2.1 Wasserstein distance

For probability measures u and v on C, let Wi(u,v) denote the L;i-Wasserstein distance
between p and v defined by
Wiv) i=int [ [~ yldn(a,y),
where the infimum is over all probability measures 7 on C x C with marginals p and v (see e.g.

[61], Chapter 6).
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Theorem |3.3| below gives a bound on the Wasserstein distance between the empirical measures
constructed from the roots and the critical points of the polynomial p,, defined in (|1.1). Before we
state the theorem, we mention some notation and assumptions. For any probability measure p on

C, let m,, denote the Cauchy—Stieltjes transform of p, given by

my(2) ::[Cdﬂ(v’ﬂ) (3.1)

z—x’
and defined for those values of z € C for which the integral exists. To denote the empirical measure

constructed from the roots of p,, we use

1 n
JTINRES 525)(]., (3.2)
j=1
and our notation for the empirical measure constructed from the critical points, wgn), e ,wff_)l, of
Pn 18
1 n—1
I
Hp = Zléwﬁ")' (3.3)
]:

The following assumptions describe some regularity conditions that p must satisfy in the hypothesis

of Theorem B3]

Assumption 3.1. Suppose there are positive constants, C,Co, so that the following conditions

hold when X, ..., X, are iid complex-valued random variables with common distribution u:

(i) for any € > 0,

P(lmu(X1)| <) < Cre?;
(ii) the random variable 7, := maxi<;<y | X;| satisfies
P (nn > nCQ) =o(1).
Assumption 3.2 (Alternative to Assumption for radially symmetric distributions). Suppose

1 has two finite absolute moments and a continuous density, f, that is radially symmetric about

z = zp and that satisfies f(zg) > 0.
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We can now state the main result of this subsection.

Theorem 3.3. Let Xi,...,X, be iid, complex random wvariables whose distribution, u, has a
bounded density and satisfies either Assumption or Assumption (3.2, Then, there is a posi-

tive constant C, depending on p, so that with probability 1 — o(1),

Cn,,(logn)?
Wi (s i) < 77(ng>, (3.4)

where 1, := maxi<j<n |X;|, and pn,p, (defined in (3.2) and (3.3)) are the empirical measures

constructed from the roots and critical points of

pn(2) = H(z - Xj).
j=1

In the case where p has sub-exponential tails, one can show that with probability tending to

1, 7, = O(logn). Consequently, Theorem immediately implies the following corollary.

Corollary 3.4. Let Xy,...,X, be iid, complex random variables whose distribution, u, satisfies

Assumption part in addition to the following condition:
(ii’) there exist C,c > 0 such that if X ~ p, then, P(|X| >t) < Ce™ for every t > 0.

Then, there is a positive constant C,,, depending only on i, so that with probability 1 — o(1),

C,,(logn)10
Wi (fins ) < “(ng)j

where i, 1, (defined in (3.2) and (3.3))) are the empirical measures constructed from the roots and

critical points of
n
pa(2) = [ [ (= = X))
j=1

Theorem and Corollary show that the roots and critical points can be paired in
such a way that the typical spacing between a critical point and its paired root is O(n™!), up to
logarithmic corrections. This precisely describes the phenomenon observed in Figures and
and O’Rourke and the author believe that these bounds are optimal (up to logarithmic factors)

based on the theorems of Section below and the results in [29].
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A couple of remarks concerning Theorem and its corollary are in order. Due to the
heuristic that motivates our proof of Theorem (see Figure , O’Rourke and the author
conjecture that Assumption part can be weakened to require that for some fixed § > 0,
P(jm,(X1)| < €) < C1e119. At present, we require § = 1 to obtain some technical bounds in the
proof. An examination of the proof reveals exactly where this condition is needed. The second
remark concerns the appearance of 7, on the right-hand side of . The authors believe this term
is at least partially necessary. Indeed, based on numerical experiments, the Wasserstein distance
W1 (pen, 11,) appears larger for distributions p with extremely heavy tails. In this way, 1, can be

viewed as quantifying how heavy-tailed the distribution u is.

3.2.2 Examples of Theorem and Corollary

The assumptions of Theorem [3.3] and Corollary [3.4] are rather technical, so this subsection is
devoted to several specific examples worked out in detail.

The following lemma is useful for computing the Cauchy—Stieltjes transforms of radially
symmetric distributions, which can expedite the verification of Assumptions[3.1]and [3.2]in a variety

of situations. We note that Lemma also appears as Proposition 3.1 in [29].

Lemma 3.5 (Computation of m,,(§) for radially symmetric distributions). Suppose p has a density
f(r,0) = f(r) that is radially symmetric about the origin. Then, m,(0) =0, and for { # 0,

or [l
& o

o

rf(r) dr = ;P<|X| )

where X ~ p.
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Proof. For £ # 0, we can use polar coordinates and Laurent series to obtain

2T
/ / Z@ -rdrdf
—7“6
€] 27 oo or € _—if
/ / lr dodr — 1 f(r)/ 1 dhar
f 0 1- g 5 0 1—%6_20
€|
_2/ rf / < ew> 40 dr
0
N
— = flr Z / _“9< _’9> do dr.

The only nonzero integral occurs when the power on the exponential is 0, so we obtain

€]
rf(r)dr

my(

T €

as is desired. Finally, observe that

:/000/0%_7;’;5;“).rdedr:—/owf(r)/o%eW:o.

O]

Example 3.6 (u is uniform on a disk). If x4 has a uniform distribution on the disk of radius R
centered at zg, then, u has density

1
f(z) = TR21|H0|§R

and Cauchy—Stieltjes transform

ﬁ(z—zo) if |z — 20| <R,
myu(z) =

e if [z — 20| > R.

(Lemma facilitates the computation of m,(z) when p is radially symmetric. For this example,
apply Lemma when z = 0, R = 1, and apply a linear transformation.) It follows that if X ~ p,
then for any € < 1,

P(Imu(X)| <e) <P (|X — 20| < R%) = R*?,

so p satisfies Assumption and by Theorem with probability 1 — o(1), Wi (pn, i) =

O((logn)?/n). (Note that almost surely, 7, < |zo| + R).
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Example 3.7 (u is supported on all of C). Assumption is easy to verify for a large class of
measures that do not necessarily have compact support. For example, suppose i has a standard

complex normal distribution with density

£z) = ~e P,

™

Clearly, p is radially symmetric about the origin, and f(z) is continuous with f(0) = == >

0. Furthermore, p has sub-exponential tails, so by Corollary with probability tending to 1,

W1 (pn, 11t,) < O((logn)19/n). Figure illustrates this example.

Example 3.8 (u is not radially symmetric). In this last example, we consider a situation where
w does not exhibit radial symmetry. Suppose p is uniform on the two disks B(—2,1) and B(2,1)

with density

1

f(z) = o (]1|z+2\<1(2) + ]1|z—2|<1(2)) )

which is depicted in Figure By separately considering the cases |z + 2| < 1, |z — 2| < 1, and

|z £ 2| > 1, we can use the calculations from Example[3.6]to obtain the Cauchy—Stieltjes transform:

%(z+2+2£2) if [z 42| < 1,

mu(z) =4 2 if 242 > 1, (3.5)

%(erz—iQ) if |2 — 2] < 1.
Since p has compact support, Assumption part holds trivially.

Next, we establish that p satisfies part of Assumption Setting each of the three
branches in to zero shows that the only zeros of m,(2) are when z = 0, £v/3. We claim that

there is a C' > 0 such that if X ~ g, and € > 0 is small, then, P(|m,(X)| < €) < Ce?. To start,
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consider that for |z + 2| < 1,

()] = gy |~ 2ETD) 1

= _2|‘(z+\f V3 - )(W—\/g-i-z)—Fl)

2 1—2| ‘”ﬂ \/§>(Z+f3)—<2+\/§)(z+¢§)’
Bl

Since |z 4 2| < 1, it follows that |z — 2| < 6 and also, by the triangle inequality,
’z+\/§‘ < |z+2|+‘\/§—2‘ <1+4+2-V3=3-V3.

Hence, the reverse triangle inequality transforms our previous calculation into

|mu<z>\z‘”f‘(<z+f>z+f : +\f‘_‘2_\f‘>
> EE S (04 vB) - 5- VB - - vB)
Z\/§4_1}z+\/§,

for |z + 2| < 1. Similarly, |z — 2| < 1 implies that

EUCIER <=Ly}

Since the random variable X can only take values z for which |z £ 2| < 1, it follows that

262

P (jmu(X)| <e) <P (]X+ \/3’ < ca) 4P (‘X _ \/§] < ce) <

where ¢ = 4/(v/3 — 1) and £ > 0 is small enough that B(v/3,cs) C B(2,1).

We have verified Assumption so by Theorem with probability at least 1 — o(1),
Wi (ptn, ) = O((logn)? /n).
3.2.3 Fluctuations of the critical points

While Theorem describes the typical distance between a root and its paired critical point,

it does not allow one to study any particular root or critical point. Toward this end, we now fix
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several of the roots and treat them as deterministic: consider the polynomial

s n+l—s
pa(z) =[-8 IT (- Xy,
=1 j=1
where Xi,...,Xn4+1-s are iid complex-valued random variables with distribution p, and E =
(&1,...,&) is a deterministic vector in C°. Our goal is to simultaneously study the behavior of

the critical points closest to &, 1 <1 < s.
Our first result, Theorem covers the situation where &1,...,&s are inside the support of
w. In particular, for each 1 <[ < s, equation (3.7)) locates the critical point, wl(n), that is near & to

within O(n=2) (up to logarithmic corrections). This bound indicates that each wl(n) is centered at

. (n) 1 n
Wy =8 1 nfl-s 1 7 (3.6)
Y mes TN ey
rather than at &, and we use this to show that the vector (wgn),...,wgn)) fluctuates around

(Agn) ) §”)) according to a law that converges in distribution to a multivariate normal dis-
tribution. See Figure 3.1

In order to state Theorem we need the following definitions. Let
M, :={z € C:my(z) = 0}

denote the set of zeros of m,. We say that a measure u has a density in a neighborhood of zy if
there exists a p > 0 so that the restriction of y to the open ball B(zg, p) is absolutely continuous

with respect to the Lebesgue measure on B(zg, p).

Theorem 3.9 (Locations and fluctuations of critical points when p, has several deterministic
roots). Let X1, Xs,... be iid complex-valued random variables with distribution p, fix s and the
distinct, deterministic values &1,...,& ¢ M, and suppose that in a neighborhood of each &, 1 <

[ < s, p has a bounded density, f. Then, with probability 1 — o(1), the polynomial

s n+l—s

p(2) =[[G-&) [] (z—x))

1=1 j=1
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n=>50 n =100

Figure 3.1: Simulation to illustrate Theorem The roots (red dots) and critical points (blue
crosses) of p,(z) = (2 — &) [[j=, (2 — Xj) for increasing values of n, where the roots, X1, ..., X100,
are chosen independently and uniformly from the outlined region. The green circle centered at &;

—1
is of radius nZ—fl (Zyzl ﬁ) and the gray circle has radius % and center ﬁ)&n) (see (3.6)).
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has s critical points, w( ), e ,wﬁ”), such that for 1 <1 <s, wl(n) is the unique critical point of p,

that is within a distance of @ (Ez)ln of &, and

1 n logn 2
&+ T 1 =0 g(( )) (3.7)
n+l Z#l &g T Z §—X; " "
In addition, if f is continuous at &1, .. .,&s, then we have
n3/2 " 11 ’

_— . — &+ — (N1,..., N; 3.8
(@ o (e ) ) e e
in distribution as n — oo, where (Ni,...,Ns) is a vector of complex random variables whose
real and imaginary components (Re(N1),Im(Ny),...,Re(Ns),Im(Ny)) have a multivariate normal

distribution with mean zero and covariance structure characterized by
Wféfj) ifl =,
Cov(Re(N;),Re(V))) =

0 else
Cov(Im(N;),Im(N;)) =
0 else

Cov(Re(Nj),Im(N;)) = 0.

Remark 3.10. Theorem can also be extended to the case where &1,...,&s are independent
random variables (rather than deterministic values). This can be seen by conditioning on &1, ..., &s

and applying Theorem a similar argument was used in [29].

Compare Theorem to Theorem 2.2 of [29], which describes the same phenomenon when

(n)

s = 1. Both theorems identify the same fluctuations of w;

(n)

locate the critical point w; * on different scales. While Theorem 2.2 from [29] shows that w§”) is the

about &1, however, the two results

unique critical point of p,, within a distance of order o(1/y/n) of &1, Theorem refines the location
of wgn) to within order O(n~2) up to logarithmic corrections. In fact, since % D =1 X X converges

almost surely to m,(&1), the results of the two theorems can be combined to give a stronger picture
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of the local behavior of wln). Note that in contrast to the method of proof used by Kabluchko and
Seidel in [29], our approach is based on a deterministic argument (see Theorem .

For values of &1, ..., &, outside the support of y, (3.8) and demonstrate that the scaling
factor n3/2 /v/logn is too small to achieve a meaningful result. (Indeed, f may be chosen to be
identically zero outside supp(u), so the random vector (Nq, ... N;) is almost surely the zero vector.)

The following result refines the analysis in this situation and is depicted in Figure [3.2)

Theorem 3.11 (Locations and Fluctuations of critical points when p,, has several roots outside
supp(p)). Let X1, Xo, ... be iid complez-valued random variables with common distribution p, fix
s € N, and suppose &1, ..., & ¢ supp(p) UM, are distinct, fived deterministic values. Then, there

exist constants C,c 7 C £> 0, so that with probability at least 1 — Cexp(—cu gn), the polynomial

g T
s n+l—s
pa(2) =[[G-&) [[ -5
I=1 j=1
has s critical points, wgn), . ,wgn), such that for 1 <[ < s, wl(n) is the unique critical point of p,

that is within a distance of m of &, and

1 n C,¢
w -G 1Y aes TN e :2’6. o
In addition, we have
<n3/2 (&) <w§”) P 1))5 — (Vy,...,Ny) (3.11)
n+1myu(&)) ) -,
in distribution as n — oo, where (N1,..., Ny) is a vector of complex random variables whose whose
real and imaginary components (Re(N1),Im(Ny),...,Re(Ns),Im(Ny)) have a multivariate normal

distribution with mean zero and covariance structure

o ) = o (e () e () )

Cov(Im(N;), Im(MV;)) = Cov (Im ( c 1 Xl) Tm ( 1X1>> (3.12)

Cov(Re(N;), Im(MV;)) = Cov (Re (@ _1X1> Im ( ! )) .
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3
I
0o
3
Il
©

&1 &1

BA +H

n=15 n=25 n =50

Figure 3.2: Simulation to illustrate Theorem The roots (red circles) and critical points
(blue crosses) of p,(z) = H?zl(z - &) H?:_ll(z — Xj) for increasing values of n, where the roots,
X1,...,X49, are chosen independently and uniformly from the unit circle. The gray circles are of

radius % and are centered at uﬁgn), u?én) defined in ({3.6]).
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Remark 3.12. After an application of the Borel-Cantelli lemma, Theorem [3.11| can be combined
with Theorem [2.9 above to establish the following: when p has compact support, almost surely, for
n sufficiently large, wgn), . ,wﬁ”), characterized by ([3.10]), are the only critical points of p,, outside

an e-neighborhood of supp(u) U M,,.

In Section we provide a generalization of Theorem to a situation where p, has a
number of deterministic roots that may depend on n (see Theorem below). The proofs of
Theorems and are based on a technical, deterministic argument that applies to cases where
X1,...,X, are random variables that are not independent (see Theorem . To illustrate this
point, we conclude the subsection with a result that demonstrates pairing between individual roots

and critical points of p, when p, is the characteristic polynomial of a random matrix.

Theorem 3.13. Fiz e >0 and A € C with |\| > 1+ 3¢. Let M be an n x n random matriz whose
entries are iid copies of a random variable with mean zero, unit variance, and finite fourth moment.
Let A be an nxn deterministic matriz with operator norm O(1), rank O(1), and whose only nonzero

etgenvalue is . Then almost surely, for n sufficiently large, the characteristic polynomiaﬂ

n—1
pn(2) = det (zI — \/15M — A) =(z=¢) H(z - X3)

i=1
of ﬁM + A satisfies the following properties:
(i) The roots X1,...,X,_1 lie inside the disk B(0,1+ 2¢).
(ii) The root & lies outside the disk B(0,1 + 2¢) and satisfies £ = A+ o(1).

(n—1)

(iii) pn contains a unique critical point, we , which satisfies
(n—1) 1 1 < 1 >

w &+ - =0\el|l—=]- (3.13)

13 1 -1_1 € 2

n n—1 Z?:l E—X; n

and hence
w" Y =\ 4 o(1) (3.14)
¢ = .

! Here, I denotes the identity matrix.
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Remark 3.14. The conclusion in (3.14)) can be deduced from properties (fil) and and Walsh’s two
circle theorem (see, for example, [46, Theorem 4.1.1]). However, the conclusion in (3.13]) cannot
be deduced from Walsh’s two circle theorem and instead follows from Theorem We prove

Theorem [3.13] in Section 3.3l

3.2.4 A local law for the critical points

In this subsection, we consider a local law that describes the behavior of the critical points

of
n
pn(z) = H(z - X;)
i=1
We begin with the case where Xi,...,X,, are arbitrary random variables (not assumed to be

independent nor identically distributed) and then specialize our main result to several applications

and examples.

Theorem 3.15 (Local law). Fiz C > 0, and let Xy,..., X, be complex-valued random variables

(not necessarily independent nor identically distributed) which satisfy the following axioms.

(i) (Upper bound) With overwhelming probability,

max |X;| < e’
1<i<n

(i1) (Anti-concentration) For every a > 0, there exists b > 0 such that

-~ 1
;Z—Xi

with probability 1 — Oq(n™%), where Z is uniformly distributed on B(0,n%), independent of

>nt (3.15)

X1, Xn.

Let ¢ : C — R be a twice continuously differentiable function (possibly depending on n) which is

supported on B(0,nY) and which satisfies the pointwise bound

| Ap(z)| < n® (3.16)



72

for all z € C. Then, for every fized ¢ > 0 and every o > 0,

n—1 n
S o) = 37 ¢(X:) + Oalll Aglli 1ogn) + Oa(n™)
Jj=1 i=1
with probability 1 — Oq(n™%), where wgn), - ,wgi)l are the critical points of the polynomial

n

and || Ap||1 is the Li-norm of Ap. Here, the implicit constants in our asymptotic notation depend

on C,c, and «.

Remark 3.16. Condition on the random variables X1, ..., X, from Theorem is implied by

the following:

(ii’) for every a > 0, there exists b > 0 such that, for almost every z € B(0,n%),

with probability 1 — Og(n™%).

Indeed, the implication follows by simply conditioning on the random variable Z (which avoids a

set of Lebesgue measure zero with probability 1).

The assumptions of Theorem are fairly technical, and we derive some simpler conditions
that guarantee when the hypotheses of Theorem [3.15| are met in Section We now specialize

Theorem to the case where X7, ..., X,, are independent random variables.

Theorem 3.17 (Local law for independent roots). Fixz C > 0, and let Xy,..., X, be independent

complex-valued random variables which satisfy

max E|X;| < n®.
1<i<n

In addition, assume X1 is absolutely continuous (with respect to Lebesgue measure on C) and has

density bounded by n®. Let ¢ : C — R be a twice continuously differentiable function (possibly
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depending on n) which is supported on B(0,nY) and which satisfies the pointwise bound given in

(3.16)) for all z € C. Then, for every fized ¢ > 0 and every a > 0,

n—1
S p(wl™ Zs@ ol Al logn) + Oa(n™°)
j=1
with probability 1 — O (n™%), where wgn), e ,wgi)l are the critical points of the polynomial

n

and || Ap||1 is the Li-norm of Ap. Here, the implicit constants in our asymptotic notation depend

on C,c, and «.

Theorem can be viewed as a local version of Theorem and . Indeed, since the
functions in the theorem above can depend on n, one can approximate an indicator function of
Borel sets which changes with n. In addition, the error bound in Theorem is significantly
better then the error term from .

Interestingly, Theorem only requires a single root (X7) to actually be random; the rest
may be deterministic. In particular, since the density of X; is bounded by n®, X can itself be
quite close to deterministic. Obviously, though, the result fails for deterministic polynomials. For
example, consider g, (z) := 2" —1. The conclusion of Theorem fails for this polynomial since all
of the critical points are located at the origin while the roots are the n-th roots of unity, located on
the unit circle. However, Theorem does apply to p,(2) := ¢n(2)(z — X), where X is uniformly
distributed on B(zp,n~¢/?) for any fixed zy € C. Theorem strengthens Theorem 1.6 of [7] for
the empirical distribution associated with the zeros of p), by providing a rate of convergence. As a

consequence of Theorem we have the following central limit theorem (CLT).

Theorem 3.18 (Central limit theorem for linear statistics). Let X1, Xo, ... be iid random variables
which are absolutely continuous (with respect to Lebesgue measure on C) and have a bounded density.
In addition, assume E|X;| < co. Let ¢ : C — R be a twice continuously differentiable function with

compact support which does not depend on n. Then,

1 Z( Ep(u”)) — N(0,2?)

n
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(n) (n)

in distribution as n — oo, where wy ', ..., w,, are the critical points of the polynomial

and v? is the variance of p(X1).

We now state a version of Theorem that applies when the function ¢ is analytic. While
analyticity is a much more rigid assumption, the next result does not contain the extra factor of

logn present in the error term from Theorem [3.17]

Theorem 3.19 (Local law for analytic test functions). Fiz C,c,e > 0. Let p be a probability

measure on C supported on B(0,C), and assume
Imu(2)] > ¢ (3.17)

for all z € ', where I is the boundary of B(0,C +¢). Then for any function ¢ (possibly depending

on n), analytic in a neighborhood containing the closure of B(0,C + €), one has

§w<w§”)> - g«p(&-) +0(flela )

(n) (n)

where wy 7, ..., w, ", are the critical points of the polynomial

pn(2) == H(z - X;)

=1
and X1,...,X, are itd random variables with distribution . Here, the implicit constants in our
asymptotic notation depend on C,c, and €.
3.2.5 Guaranteeing the assumptions in the local law

In this section, we provide some criteria for assuring the assumptions in Theorem [3.15| are

met.

Lemma 3.20 (Simple criterion for an upper bound). Fiz C,e > 0, and suppose Xi,..., X, are

complez-valued random variables (not necessarily independent nor identically distributed). If

max E|X;|° < n®,
1<i<n
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then

max | X;| < e’
1<i<n

with overwhelming probability.

Proof. As

n

nc ’fLC
. < .
P <1I£1%>$L]XZ\ >e ) < ;P(]XJ > e,

i
the claim follows from a simple application of Markov’s inequality. O
Lemma 3.21 (Criterion for anti-concentration). Fiz C > 0, and let X1,..., X, be complez-valued
random variables such that X is independent of Xo, ..., X,. In addition, assume X1 is absolutely

continuous (with respect to Lebesque measure on C) with density bounded by n%, and suppose that

E|X1| <n®. Then for every a > 0, there exists b > 0 such that

- 1
Z:Z—X,;
=1

with probability 1 — Ou(n™?), where Z is uniformly distributed on B(0,n%) and independent of

>n?

X1, X

Proof. Fix a > 0, and let b > 0 be a large constant (depending on C' and a) to be chosen later.

Since Z is independent of X7, ..., X, it follows that, with probability 1, Z ¢ {X1,..., X,,}. Hence

the sum
>
— 7 — X;
=1
is well-defined and finite. By conditioning on the values of Xo,..., X, and Z, it suffices to prove
that
1 _ —b —a
sup sup P wl <n <K n
weC 2eB(0,n°) z—Xi

The claim now follows from Lemma below by taking e := n~? and choosing b sufficiently large

in terms of C' and a. OJ
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Lemma 3.22. Fiz C > 0, and let X be a complez-valued random wvariable that is absolutely
continuous (with respect to Lebesgue measure on C) and which has density bounded by nC. If

E|X| < nC, then for everya >0 and 0 < e < 1,

sup  sup P(
weC 2eB(0,n%)

- w‘ < 5) < 4y/en® + 4men®Ct2e 4o pe,
Y

Proof. Fix w € C and z € B(0,n¢). We consider two cases. If |w| < /2, then

1 1
P —w|<e) <P <2
(7= vl =) =r (==l =)

1
< (=412 5)
< 24/ (E|X| +n®)

< 4\/gnc

by Markov’s inequality.

We now consider the case where |w| > y/z. Define the event
£ = {|X| < nPta},

By Markov’s inequality, it follows that

Thus, we obtain

(|5 - G- < vais-x1)
g]P’(l—(z—X) g\/az—X]‘S)]P’(S)Jr]P’(SC)
(

——(z=-X) < Zﬁn(’ura) +n?

Combining the bounds above yields

"

1
z—X

— w‘ < a) < 4/en® + 4men®Ct2e 4 pe
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for any w € C and z € B(0,n°). The proof of the lemma is complete. O

3.2.6 Overview and outline

The remainder of the chapter is devoted to proving our main results. In Section we

establish Theorems and of Subsection by way of Theorem for deterministic

polynomials, which we also use to prove a generalization to Theorem Section [3.4] contains

the proofs of the local laws from Subsection including those for Theorems [3.15] [3.17] [3.18]

and We conclude the paper with a proof of Theorem [3.3]in Section Note that Appendix
[A] contains some classical arguments that establish a Lindeberg CLT that we use to prove part of

Theorem [3.9]

3.3 Proof of results in Section [3.2.3

The proofs of Theorems and rely on the following theorem for deterministic

polynomials.

Theorem 3.23. Suppose & is a complex number, X = (X1, Xo,...,X,) is a vector of complex

numbers, and C1,Ca, kr;p are positive values for which the following three conditions hold:
(i) C1 < %2?21 ﬁ < Cy;

(i) The function z — %Z?Zl ﬁ is Lipschitz continuous with constant kr;, on the set

2
=& < =— s
{ZG(C |z —¢| < Cln}’

Ly 3
- T

Then, if C >0 and n € N satisfy

8(1+2C2)

c
> 3

and n > 4Cy max {Cl’ Clkrip + 1)} , (3.18)
1

the polynomial

pa(2) = (== I (= - X))

J=1
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(n)

has exactly one critical point, w; ', that is within a distance of ﬁ of &, and

1 1 < C(k‘LZ‘p—f—l).

1 n 1 2
n+152j:1§_7xj n

wi — €+ (3.19)

We remark that criteria (jil) and appear relevant in view of the equality

=Tl %) (-0, 3 =g+ 1]

j=1 j=1 "
which suggests that if %2?21 ﬁ is finite and bounded away from zero near &, then p/,(z) ~ 0
for some z satisfying |z — &| = O(1/n). Assumption helps to guarantee that p,(z) has only
one critical point that is within order O(1/n) of £, but with respect to establishing equation ((3.19)),
is likely an artificial constraint related to the use of Rouché’s theorem in the proof. We prove

Theorem [3.23] in the next subsection.

3.3.1 Proof of Theorem [3.23

Our strategy is to compare p,(z) to the simpler polynomial
p(z) = (z =)z —Ya)",

where
1

1 n 1

is chosen so that near £, the logarithmic derivatives

Y, =&—

1 "1 ~ 1 n
L = d L =
n(2) z—§+j§_:1z—Xj an n(2) z—§+z—Yn

of p, and p,, respectively, are close to each other. In particular, we will use Rouché’s theorem to

show that L, and En both have exactly one zero in each of the nested open balls

C(krip +1) 3
D™ .= B B S L De.—pB(¢
n (CTM nQ and n Ev 20171 )
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where

1 1

o 1 1
nt+ladinex

cp =&

can be easily verified to be a root of L. By “clearing the denominators” we will conclude that p,
has exactly one critical point in each of the two balls. The lemma below establishes a few key facts

that we frequently reference throughout the proof.
Lemma 3.24. Under the assumptions of Theorem [3.23;

(i) For |z —cy| < 7C(kzi§+1) :

C(kLip‘i_ 1) 5 l
T < ‘Z—€| < m, SO.D;mCDng,
C(k‘Lz‘p—l— 1) 2
— < |z = Y,| < ok
C(kﬁL' + 1) 1 .
:72 <Cln<\z—Xj| for1<j<n.
.. 3 .
(it) For |z —&| < 5
3 5
<|z—=Y,| < =—;
20171 |Z n| 201
3 .
5Cin <|z—=Xj| for1<j<m
1 , 3
Proof. To prove , suppose |z — ¢,| < % By the triangle inequality, we have
1 C(k‘Lip + 1) 1 C(k’Lip + 1)
_ > Y o [ PV > — > —
‘Z ’5‘ = ’Cn §| ‘Z Cn’ = (n+ 1)02 n2 - 2n02 n2 ’

and by the hypothesis that n > 4CoC(krip + 1), it follows that

1 1 1 C(kpip + 1)

z =&l > 2nCy  4nCy - 4nCy = n? '

On the other hand, we have

kr; 1 1
(Lp+)+

C
— < |z = —¢l <
’Z 5’ — "Z C’”«’ + ’C’n« §| —= TL2 (TL + 1)01’
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and the assumption n > 4CoC(krip + 1) guarantees that

1 n 1 < 5
nC;  (n+1)Cy  4Cin

|z —¢] <

(note: C7 < C3). This establishes the first inequality. The second follows from nearly identical
reasoning; we omit the details. To achieve the inequalities ﬁ < |z = Xj|, we use |z —¢| < ﬁ,
which we just proved, and the assumption that mini<;<y | — X;| > % Indeed, for 1 < j < n,

the triangle inequality yields

3 5 1 C (k?Lip +1)
—Xi| > =Xl —|z—=¢&| > — > > .
|Z ]‘ - |£ ]| |Z §| Cln 401n CQTL TL2
This completes the proof of part . Part follows from nearly identical reasoning. Note that the

assumption n > 4Cs/C' is useful for achieving the lower bound on |z — Y,,|. We omit the remaining

details. O

The lower bounds in Lemma imply that under the assumptions of Theorem L,(z)
and Ly, (z) are holomorphic on the domain D¥™ and that (2 — &)Ly (z) and (2 — &) Ln(z) are holomor-

Lu(2)|

phic on the domain D}, We will show that under the same assumptions, | Ly (z) — En(z)‘ <
for z in the boundaries of D™ and Dkg in order to justify Rouché’s theorem. To that end, assume

the hypotheses of Theorem and let z € D™ U 6D§. Then, the triangle inequality implies

~ 1 n
L) -] = [ 2 -
j=1 J "
n n n
1 1 1 1
< - + —
n
1 1
< nkrip |z —&| + — ;
p ;g_Xj %(z—f)—i—%
j=1¢-X

where we have used hypothesis of Theorem to bound the first term on the left. By factoring

‘Z?Zl ﬁ‘ from both terms in the right summand, we obtain

1
(2—5)%2?:1%)97% 7

- e 1
Ln(2) = En(e)| < mhusp |2 =€ - |37 omer | |1 -
=1 !
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and then, combining the fractions, factoring out another ‘Z , and applying hypothesis ()

n 1
i=1 =X,

of Theorem twice yields

(- O Tr x;
(2 —5)%2?:1 ﬁ +1
2~ ¢l |

|- 035 e +1

Ln(2) = Ln(2)| < nkpip |2 — €] + nCy -

S nkLip ’Z —§| +7‘LCQZ

Finally, we can use the reverse triangle inequality and hypothesis (i) of Theorem to show
1
1 1
1— ‘(Z -8y Z;’L:I —X;

02
<nlz—¢| (kLip+2>-

La(2) = La(2)| < nkvip |2 = €] +nC |z — ¢

(3.20)

1—|z—¢&|Cs

% and |z — ¢| = ﬁ In the

At this point, we split the argument into two cases: |z — ¢,| =
first case, Lemma guarantees that |z — {| < nLCﬂ and the hypotheses of Theorem require

that % > 202 o4 we obtain

nCh’
7 2 2 2 2
Ly(2) — Lp(2)| < o (kLip + 2C3) < ?(kmp +1)(1 + 2C3). (3.21)
1 1
On the other hand,
~ 1 n
L"(Z)) o lz—¢ + z—Y,
B z—Yn—Fn(z—f)’
(z=&)(z—Ya)

:(n+1)"Z_§|_1"Z_Yn’_1"z_cn’

nCq g ‘ C(k}_,ip +1)
2 2 n?2 ’

>n-

where the last inequality follows from Lemma One of the assumptions in Theorem [3.23] is

8(142C32)

that C > 3

, SO

ot
4

8(1+2C2 2
(ki + 1)(032) = & (huip + 1)(1 269, (3.22)
1

En(z)‘ >

Ln(z)‘ for z in the boundary of D{™. In

Combining (3.21)) and (3.22) yields

Ln(z) — En(z)) <

addition, recall (Lemma part (i) that L,(z) and L(z) are holomorphic on the domain DS™,
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so Rouché’s theorem guarantees that Ly (z) and L,(z) have the same number of zeros inside D™,

Since ¢, is the unique zero of Ly, (z) in D™ we conclude that L, (z) has exactly one zero, w(n), in

D3™. Furthermore,

(which is analytic for z € DJ™ by (i) of Lemma [3.24]), so the zeros of L, (z) in D;™ are the same as
the critical points of p,(z) in D™. We conclude that p,(z) has exactly one critical point in D;™.
Lemma shows that D;™ C D}#, so it remains to establish that pn(z) also has exactly one

critical point in Dhg, for then, the critical point in both domains must be the same one. Continuing

from ({3.20)), in the case where |z — &| = ﬁ, we obtain

L,(z) Ln(z)‘ < 20, (k:Llp +2C3%) 950, (kLlp + 1)(1+20C3), (3.23)

where we have once again used the assumption that % > % Similarly to above, we also have

En(z) - sz—i_zfnYn
_ z—Yn—i-n(z—g)’
(z=&)(z—Ya)

=(n+1) |z =€ e = Yol |zl

ZCln 201 1
"T85 T 20m
720177,
15

where the inequality follows from Lemma . From the assumptions on n and C in Theorem

it follows that

2(1 4 203) (krip + 1 2(1 4 202) (kLip + 1
n>4CQC(k3Lip+1)>3( +205)(kuip +1) Ca  32(1 +2C5) (kuip +1)

012 1 — 012
(recall C1 < (%), so in the case when |z — | = ﬁ,
~ 64 )
Ly (z)| > —=(krip + 1)(1 + 2C%). (3.24)
15C4

Combining (3.23)) and (3.24]) yields

Lo(z) — En(z)‘ <

En(z)‘ for z in the boundary of D). Con-

sequently, for z € (9D}1g,

(2= OLu(z) = (= = OLu(2)| < | = OLa(2)

i
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and since (z — &)Ly (2), (z— &)Ly (2) are holomorphic in Di by Lemma (i), Rouché’s theorem
guarantees that (z—&) Ly (2), (2—&)Ln(z) have the same numbers of zeros in Dif. In fact, (z—&) Ly (2)

. 1
has exactly one zero in D,?, namely c¢,, so

B O 1)
S | (A EES )

has exactly one zero in Di¥, too. (Note: by Lemma @, D™ c D)) Hence, pl,(z) has exactly

. lg . . . sm .

one root in D), and as we showed above, this root lies in DJ™. The proof of Theorem is
complete.

In the remainder of this section, we use Theorem to prove Theorems and

We also include a subsection where we sketch how the arguments could be modified to

prove Theorem [3.25] which generalizes part of Theorem to situations where p, has many

n 1

deterministic roots. When & € supp(u), it is difficult to control % > j=17=x; SO We start with the

proof of Theorem which is more straightforward than the justification of Theorem

3.3.2 Proof of Theorem [3.11]

We begin by establishing equation (3.10) via Theorem To that end, we consider {£}]_,,
one at a time, letting each in turn play the role of £ in the statement of Theorem [3.23] Fix &,

1 <1 <s. We will show that for large n, on the complement of the “bad” event

_ 1 [my(&)]
e e D A R v

the hypotheses of Theorem [3.23] are satisfied with & = ¢,

X = (€17 s 7€lflvfl+17 e 7£S7X17 e 7Xn+1—8)7

and the positive constants

— S‘mu(fl)’ 9

Chy:= , kLip1 = — - )
b ML dist (&, supp(p) U (€ § # 1))

702l

[m(&)]
“T 'E 5 (3.25)

(Here, dist(z, D) := inf,ep |z — w| is the distance from z € C to a set D C C.)
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For large n, on the complement of Efl

n+1l—s

Ziz & Z 51
J#l

L ntlos 1 ME (3.26)
Z& fg n n+1l—s Z & —
J#l
n+l—s
<o(l)+ n+1_s Z gl —mu(&)] + [mu(&)] < Cay

(The last inequality holds for large n.) Similarly, for large n, on the event (E,ll)c,

s n+l—s
1
- > C1y, 3.27
J?él

and condition (i) of Theorem follows from equations (3.26|) and (3.27)). If n is chosen large

enough that

e = dist(&, supp(p) U L& 7 # 1) > 5=

then condition of Theorem holds, and for |z — &| < 01 ot

. . €l
— X > o I POy . B
lﬁjrﬁrill—ri-ll—s ‘z ]‘ - lﬁjrﬁrill—ri-ll—s ‘gl ]‘ ‘Z fl‘ =€l C’Lm
inlz —&§l>min|§ — &l — [z - &l >« .
min |z —&| >min|§ —&| — |z =&l > e — —.
i =T ’ Cyn 3

-1

In particular, this shows that for positive integers n > 3(C1g;)”" and complex numbers z,w €

{z e =€ < Cfln},

1 1 < 1 1 1 < 1
n Zz—§j+ Z z—X; n Zz—§j+ Z w—X
J=1 J=1 j=1 j=1
J#l j#l
1| w—z nls w—z
== +
n ]; (z_gj)(w_fj) ; (Z_XJ)(w_X])
J#l
9
< w— 2]+ = = kuipg - |w— 2|,
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which implies condition of Theorem

8(1+2C3 )

Now, fix any C' > maxj<;<s 3 . If n is a natural number large enough to guarantee
- 1,1

inequalities (3.26) and (3.27) for 1 <[ < s and that satisfies

40y, 3
n > max {074027lc(kLip7l + ].)7 @ 01 < l < S} s (328)

N}
Theorem guarantees that on the complement of UleEfl, the polynomial p, has s critical
points, wgn), .. ,wﬁ”), such that for 1 <1 < s, wl(n) is the unique critical point of p, that is within

: 3
a distance of ERAID of &, and

1 Cl(krips +1
wl(n) -&a+ ntl 1 < s 1| ( L;Sél ) (329)
s E—g T 2Xjm EoxX;
(Note that for large n, w%n), . ,wﬁ”) are distinct because &1, ..., & are distinct and (3.29)) implies

wl(n) — & for 1 <1< s.) We complete our justification of (3.10]) from Theorem|3.11|by choosing Cuf

larger than max; C'(krip,; + 1) and applying Hoeffding’s inequality to the bounded random variables
(& — X;)7! to achieve the desired control over P(U,EL). More specifically, since & ¢ supp(u)
for 1 <[ < s, the random variables Y;»l = (& — Xj)_l are almost surely uniformly bounded by
K, := dist(&, supp(p)) !, and Lemma applies with ¢; := w By Lemma we can find
C, C.E£> 0 such that UlEfl occurs with probability at least 1 — C exp(—cufn) as is desired.

We have established, with overwhelming probability, the existence of the critical points
w%n), e ,wﬁ”) characterized by . It remains to show that they satisfy the convergence in

(3.11)). To that end, apply the Borel-Cantelli Lemma to the events UZE,Z to see that almost surely,

for large enough n, wl(n) satisfies (3.10) for 1 < I < m. It follows that with probability 1, for
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sufficiently large n and any [, 1 <[ < s,

(n) L1
Vn(n+1)-mu(&)?*- <wl &+ n—i—lmp(fl))

= 2. LN " O (n-1/?
mu(gl) \/ﬁ (m,u,(él) Zj?él T +Zn+1 s l_lXj> + “’g(n )

) ) (3.30)

I +0, An"?)
mu (&) ;ijlglf)g+0u,g<1/n>> ne

= mu(&l)Q : \/ﬁ (

_ m,u,(é'l) l " 1 B =y
ety T0,d1/n) v n;&—Xj mu(&) | + 0, #n"1?).

In the case s > 1, we have used that

Z & =0, #1).

j=n+2—s

max Z
1<i<s |4 §k
J#

Now, we will use the Cramér—Wold device (see e.g. Theorem 29.4 in [5]) to show the convergence

(3.11). To start, let t1,...,ts,71,...,7rs be arbitrary real numbers and define the random variables

n 1 1
Yo o= 0% m,(&)?- (w} ) g+ ) ,

n+1mu(&§)
1
Zl,j :=Re (5[ X]) )

1
Wi :=1Im ,
b <§l —Xj>

for 1 <1 < s. By (3.30]), we have, with probability tending to 1,

Lo me iy i
Yn’l_”+1IZ] 16-X; X +o(1) vn njz;&—X u(&) +O(\/ﬁ>
1 & 1 1
= (ol 13 e - mute) +0<ﬁ> (3:31)

1 — 1
j=1

where all of the implied constants depend on &;,...,& and u, and we have made ample use of
Slutsky’s theorem (see e.g. Theorem 11.4 from [20]). To obtain the last line, we also used the

classical CLT (see e.g. Theorem 29.5 from [5]) in conjunction with Slutsky’s theorem. If we take
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linear combinations of the real and imaginary parts of Y,, ;, we obtain that with probability at least

1- 0(1)7

S S
> tRe(Voy) + > rIm(Yyy)
=1 =1

=+/n %Z Z [tiZ1; +riW; —tiRe (m,(§)) — tiIm (m(&))] | + o(1),

j=11=1
which converges by the classical CLT (and Slutsky’s theorem) in distribution to a normally dis-
tributed random variable with mean 0 and variance

Var (Z [tlZl,l + erl,1]> .

=1
This limiting distribution is also the distribution of the random variable

S

> [ Re(N) + 1 Tm(Ny))]
=1

with covariance structure given by (3.12), so by the Cramér—Wold strategy, the proof of Theorem
[3.17] is complete.
The next subsection illustrates how to modify the argument above to prove a generalization

of Theorem to the case where p, has a number of deterministic roots that may grow with n.

3.3.3 Generalization of Theorem [3.11]

The following result shows how Theorem |3.23| could be used to locate the critical points near
a number of outlying deterministic roots that is allowed to depend on n. Compare the following
theorem to Theorem 2 in [23]. Both theorems discuss the pairing between s, roots and critical
points of p,, where s, = o(n) is allowed to depend on n. Theorem describes the locations
of the critical points with higher precision than Theorem 2 of [23], however our theorem requires
that the deterministic roots &1, . ..,&s, be outside the support of i, while Theorem 2 in [23] doesn’t

make this restriction.

Theorem 3.25 (Locations of critical points when p,, has many deterministic roots.). Suppose

X1, Xa, ... are iid complez-valued random variables with distribution p, let &1,&o, ... be fived deter-
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ministic values, let sy, ln,an be positive integers less than n, and fix €, L > 0, so that all of these
together satisfy:
(i) 1 <s, <l, =o0(n), ayl, = o(n), a, = o(y/n);

(ii) min {|m,(&)]: 1 <1< sp} > € and max {|m, (&) : 1 <1 <s,} < Ly

(1i1) min{!fl—x! 11 <1< sy, o €supp(p) U {4} j= 13;&1} > can

Then, there exist constants C,c,c 1, Cpe,r > 0 so that with probability at least 1—C'-s,, exp(—cpe,r-

n/a2), the polynomial

In n+1-—I,
() =]]-&) ][] z-X5)
=1 j=1
has sy, critical points, wgn),. wgn), such that for 1 <1 < s,, wl(n) s the unique critical point of
D, within % of & and
2
(n) 1 n CM787L i a'n
max |w,  —§ + = ln —| < 5 (3.32)
1sissn nt LS e e T g X "

Theorem follows from an argument quite similar to the one provided in the previous
subsection. We outline the main differences in the following proof sketch.

Argue as in Subsection for each [, 1 <1 < s,, separately but in place of the definitions

in equation (3.25)) choose

€ 3L e2a?
Cl = 5, 02 = ?, and kLip = 4’)’0
Also, modify the events E! into the events
LN (&)
El = |— - < EES 1 << sy,
n n+1—1, ; a-x, & 01 (7 = =m

Notice that condition (fi) from Theorem now holds for n sufficiently large (depending on the

rate of convergence of a,l,/n — 0) on the complement of E!, because

Eanln_
Z & — fk 61 =ol),

LSy
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and this limit is uniform with respect to 1 <1 < s,,. The requirements (3.28)) on n now become

4 2.2
n > max{gf,4020 <6jn + 1) ,an},

which hold uniformly for 1 < [ < s, by assumption in the statement of Theorem By

Hoeffding’s inequality (Lemma [2.15)), with le = glej’ K; = g%, and t; := W > 5, there are

constants C, ¢, . > 0, independent of [, , and s,, so that for large n
P ((Efl)c> < Cexp (—cpue(n+1— ln)/ai) .

Taking a union over [, 1 <[ < s,, establishes the desired result.

3.34 Proof of Theorem [3.9]

: 1 1
We now proceed to prove Theorem In order to control the behavior of - Z;”:l =x; We
will rely on the Law of Large Numbers. Lemma below justifies this approach by establishing
some regularity properties for E(¢ — X1)™! = m,(€) that we will continue to use throughout the

remainder of the paper. We note that Lemma is similar to Lemma 5.7 in [29].

Lemma 3.26 (Regularity properties of the Cauchy—Stieltjes transform). Suppose that on B(§, p) C

C, p has a density with respect to the Lebesgue measure that is bounded by C\, ¢ ,. Then,

(i) for any z € B(¢,p/2),

1 .
() € [ o () < 25 min (/2 1} + max {2/, 1}

(it) if p = oo so that p has a density bounded by C,, on all of C, then there exist constants

Kus € > 0, depending on , so that the following holds. If x,y € C with |x — y| < ey, then

() = ()] < 2 — yl1og (o — /") .
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Proof. To prove the first inequality, observe that for any z € B(, p/2),

1 1
]mu(z)| < Awlzw|<min{p/2,l} dlu'(w) / |Z — |]]-\z w|>min{p/2,1} d/"( )

min{p/2,1} 1
< 27TCM7£’p/ . rdr + max {2/p, 1}
0

< 2nCepmin{p/2,1} + max {2/p, 1},

where we have used polar coordinates in the integral. To prove , let Z ~ p and fix x,y € C with

|z —y| < 1. We will compute the difference

(o) = mul)l = [ [ 25| - 2[5 ]

by considering the expectations at right on each of the events

A= {lz = Z| > |z —y| and |y - 2] > |z —yl},
B:={lz - 2| = |z —y| and [y — Z| <[z -y},
C:={lz—2Z| <[z -yl and |y = Z| > |z —y[},

D:={lz - Z| <l|z—y| and [y — Z| < |z —yl},
whose union has probability 1. By the triangle inequality, we have

() = my(y)]

. (3.33)

1 1
<|lz—vy IE[ILA] +IE[ILAC] —HE[ILAC}
R =z =2 T=2] -2

We will bound each term separately as follows. Via Cauchy—Schwarz, we have

1
yE[}
v =l 2y~ 7]

1
b A P SR
\/ Lo z|>[a—y| |y—Z\2 ly—Z|>|z—yl
1
< |z — vyl (2%0#/ TQ?"d?"—I—E[l})
|lz—yl

1
<|z—y| (277(7“ log | ——
T —
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Next, observe that

E[|11A% SIE[113]4—E[

1
z—Z| z— Z| CUD]

1
|z — Z|
1 1
SEV =zt 2i<ien | B g ezt

lz—yl 1
< 47rC'M/ —rdr
0 T

=47nC, |z —yl.

For similar reasons,
1
E ]lAci| <ArnC, |z —vyl,
7 S

and we can combine the last few inequalities to obtain

m(z) — mu(y)| < |z —y| (zﬂcu log

1
‘+1+8wcﬂ>.
Y

xr —

The proof of Lemma [3.26] is complete. O

We proceed to prove Theorem |3.9] starting with a justification of in the case s =1 and
& = &. Choose pg > 0 so that in the disk B(&,3p¢), i has a density f that is bounded by Cy. Our
plan of attack will be to show that the hypotheses of Theorem [3.23] are satisfied on the complement
of a “bad” event whose probability tends to 0 as n grows. To optimize our control over this event,
we allow it to depend on the parameter &, = o(1) that we will choose appropriately to achieve the
asymptotic bound in .

To that end, suppose &, € (0, 1), let d,, :== [log(y/n)], and for each n > 1 define the annuli

Ag::{ze(C:]z—§]<p€},

k—1 k
Af;::{ze@:pfe <\z—§\<p£€},1<k:§dn,
n

and the binomial random variables

N,’f::#{lgjgn:XjeAfL}, 0<k<dp.
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Consider the “bad” events

Gn

Il
—N—
—
NE
AE
e
|
Caal
A
H,_/

We will demonstrate that if

Cpuel
0y o= O gy o BN g gy, = e (3:34)
En

for &, := (logn)~2/3 and C¢ defined in Lemma below, then the conditions in Theorem
hold on the complement of E,, UG, U|J, FF for large enough n. Furthermore, we will show that
the union of these events occurs with probability tending to 0. Notice that events F,, F,’f , and Gy,
are related to conditions , , and of Theorem respectively.

It is clear that condition ({) holds on the complement of E,, because m, (&) # 0. For n > %,
is true, on the complement of G,,, because in this case, \/% > % The following lemma

establishes condition .

Lemma 3.27. There exists a constant C,, ¢ > 0, depending only on p and &, so that if e, € (0,1),

mmw(wﬂzwéf 8
Clé‘n ’ Clpg 701p5 ’

then, on the complement of UZT;O F,If U Gy, any complex numbers

and

satisfy
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Proof. Fix z,w € B (f , %) and 1 < j < n. By applying the triangle inequality several times, we
obtain
2= X1 Jw = X1 2 [ (16 = X1 = 2 = &) (16 = X1 — w = €]
> 1€ = X7 = 1€ = X1 (]2 = €| + |w — €])
> e X2 — 6~ Xyl o
= J J I

Consequently, on the complement of UZ’;U Fkua,,

Z]zfX| |lw — X

Zr& X, - \5 Xl o
< Y a-ET

en _ 4
1<j<n s.t. n n Cin
oy P
\/E;? S|Xj—§\<7%

dn 1
+ Z Z p2e2h—2

3\“ -
2

: peef 4
k=11<j<n s.t. — = Cin
XjEAﬁ " v Cin
DS 1
2 4 -
1<j<n s.t. 1€ = X" — 1€ — X Cin
| X —€1>pe

2
We have split the sum over 1 < 5 < n into d,, + 2 pieces. Notice that for n > (gffn) ,

2
2
and for n > <C1p§) ,

1 < 2n
= 2 — 9
pgek 4 pg er 2

for 1 <k <d,.

Additionally, if n > %p& and |X; — | > pe, then,

1 1 2
0< D) i = O\ S
€= X" = 1€ = Xjl g |€—Xj|<p£—m) P
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It follows that if

n > max <8'05 )2 (862 )2 i
01&?” ’ Clpg ’Clpg ’

on the complement of Uilo FFUG,, for all z,w € B (.f, %),

2 X))
d
2n - 2n 2n
0 k
SN D NG st
nog=1 Pe Pe
(TrCfpg +1) 92y & ( ek 2n 2n
< 4 ﬂ0p262k+>+
Ven En ; P VEn pge%_2 pg
dn,
n n nlogn
=Oue| 353 | T 0@():0,5 35 |
which completes the proof. ]

It remains to find an upper bound on the probability of E, U ngl Fff U G, which we

accomplish in the next lemma.

Lemma 3.28.

dn
P (En U U ij U Gn> = 0u7§(1) + O (10gn . 531 + sn) =o0,¢(1)
k=0

Proof. To control P(E,,), apply the Weak Law of Large Numbers to the random variables ﬁ,
J

which have finite expectation by Lemma Next, consider that for large n,

P(Gn)gn.P(\X1—§|§ﬁ> Sn‘ﬂ'Cf-%:ﬂ'CfEn,

which establishes P(G,,) = O, ¢(en)-
We now turn our attention to the events Fﬁ For 0 < k <d, and 1 < j < n, define the

random variables

Xik = Lex eary
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which, for a fixed k, are independent and identically distributed according to a Bernoulli distribution
with parameter pp < wapge%/n. Since N} = Z?’:l Xjk has expectation at most TrCfpgeZk

Markov’s inequality yields

e2E | (V5 — E[NE]) |
oAk

P <ij > nCrpze + < (3.35)

e
=)
In order to control the fourth central moment of N*, recall that for two independent, real-valued

random variables X and Y,

E|(X +Y - E[X] - E[Y])']

=E |(X —E[X])'] + E [(v —E[Y])"] + 6 Var(X) Var(Y).

Since x;; are iid, it follows by inductively applying the previous identity that

E [(N,’j _ E[N,’;]ﬂ — nE [(Xl,k _ E[Xl,k])“] n ﬁw Var(y1.p)2

< n (B[t o] + 6 Var(xi ) (Elxax])?) + 3n% Var(x1,4)?

IN

n (Ebasl + 6 Blx14)?) + 302 (Eb ))?
C 262k 202 4 4k CQ 4 4k
<n (F LG ) SRR Kl L S

n n2

= O (e4k) .

n2

Consequently, (3.35)) becomes

k
P <Nk > wCypze® + 66 ) = 0,¢(e2),
VeEn

and by the union bound
<UF> Oe logn 52)
The proof of Lemma [3.2§] is complete. O

We have established that C, Ca, and ki, defined in (3.34]) satisfy conditions , , and

of Theorem for large n, on the complement of E, U UZlo F,’f U Gy, a “bad” event whose
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probability tends to zero. Consequently, the conclusion of Theorem [3.23| guarantees that with
probability at least 1 — o0, ¢(1), the polynomial p, has a unique critical point wén) that fulfills .

We now consider the case s > 1. The argument in this more general situation is much the
same as the one just presented for s = 1, so we sketch the proof and point out the major differences.
Consider each of the roots &, 1 <1 < s separately and modify the argument above in the obvious
ways. In particular, we replace the annuli A* with

NLD

k—1 § k

5
<ﬁn:{z€C:im gp-@p:é},1gkgdm1g5§g

where § > 0 is any real number such that f is a density for p in the balls B(&,0) and so that

)
Agn:—{zeC:\z—fl\<}, 1<1<s;

26 < minj<j<i<s |§5 — &|. Define the random variables len accordingly, in addition to the modified

“bad” events

JOOD § B S o S DO L1 G
hn ntl-s & g-x; " 201 (7~ =7

5 k
FE =Nk >nCp02 + 2t 0<k<d, 1<1<s;
’ \E

n

. En
= m X; — — <[ <s:
Gl,n {1<j1£n| J €l| < \/Z} lsiss

and the modified constants

o Imu(&) o 3mu(&)l | 0 logn
Cl = T, CQ = f’ and kLip = CM,E' gzﬁ, 1 S l S S.

(Note that CL & 1 <1 < s will be defined via lemmata similar to Lemma|3.27) On the complement

of the union of the modified “bad” events, for each [, 1 <[ < s, conditions , , and of
Theorem hold for reasons similar to those given in the argument for s = 1 above. (Notice that

for1 <1<s,

1 < 1
n Z & — &k =o(b),

k=1,kl
so computations similar to (3.26)) and (3.27)) establish condition ({il) of Theorem ) The fact that

the union of the modified “bad” events occurs with probability at most o(1) follows by an updated

version of Lemma and the union bound (recall s is fixed and finite).
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We now turn our attention to which describes the joint fluctuations of wl(n), 1< <s.
This is considerably more difficult than our consideration of because in the current situation,
(&—X j)_l, are heavy-tailed random variables. In Appendix we appeal to the Lindeberg exchange
method with an appropriate truncation to establish Theorem a CLT that we use to prove (3.8])
in a similar manner to our justification of .

To start, consider that with probability 1 — o(1), wl(n), 1 <1 < s satisfy (3.7), so with

inspiration from (3.30)) and (3.31), we obtain with probability at least 1 — o(1) that for 1 <[ <'s,

3/2 n 1 1
n .mAQV-Q%)—fF*n+1nm@o>

I~ 1
=Vl L2l g @) | o),
j=1

where all of the implied constants depend on &1, ...,&s and u, and we have used Slutsky’s theorem
several times. (We also used the heavy-tailed CLT, Theorem once.) For the arbitrary constants

ti,...,ts € C, we have with probability at least 1 — o(1),

" s . TL3/2 5 (n) 1 1
e ; Yoz -mu (&) '(wz _§l+n+1mu(§l))

n [ 1 1
e (o (£ [ - ] | | o

j=11=1

which converges in distribution by Slutsky’s theorem and Theorem to a normal distribution

2
with with mean zero and variance >, M This is exactly the same distribution as the
sum Re (3], t;V;), where N; are defined as in (3.8) with covariance structure (3.9). Recall that
studying the real parts of the linear combinations over C of a s-complex dimensional random vector

is the same as analyzing the linear combinations over R of a 2s-real dimensional random vector.

Thus, we can apply the Cramér—Wold technique to conclude our justification of Theorem

3.3.5 Proof of Theorem [B.13

We conclude this section by using Theorem to prove Theorem [3.13
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Proof. Conclusions (f) and ({i) follow from [54, Theorem 1.7]. We now use Theorem [3.23]to establish
(3.13). In particular, we will verify the three conditions of Theorem hold for some constants
C1, Ca, krip > 0 which depend only on € and A. In view of parts (i) and , it suffices to work on

the event where

max | X;| <1+ 2e, 1<mln 1€ — Xi| >

11
I+ —e <[ < 1. .
1<i<n—1 + 1€ €] < |A]+ (3.36)

[\D\m

In fact, this event automatically guarantees the third condition from Theorem for all values
of n sufficiently large. The second condition also follows for large n since, for z,w € C with

|z|, Jw| > 14 5/2¢, we have

19 1 1 1 2 — wl 1
— _ = < _
n;z—Xi n;w—Xi - on ;\Z—Xi|w—Xi|<<sz vl

on the same event. The upper bound in the first condition of Theorem [3.23] follows from a similar

argument. The lower bound, however, is slightly more involved. Indeed, for any 6 € R, we have

SIS

n :

Choose 0 € R so that §eﬁ9 is real-valued and positive. This gives

i

Thus, on the event (3.36)), we conclude that

1 1

n Z §—Xi
=1

which completes the proof of the lower bound. Hence, the three conditions of Theorem [3.23| are

satisfied. Applying Theorem we obtain (3.13]). Lastly, (3.14) follows from (3.13]) after applying

conclusion and (3.37)). O

n—1

1 Z 1 z:l Re(£eV™19) — Re(X,eV 1)
§er9 X; erg '

€ — Xil?

n—1

o eV Re(X;eV 1)

Z —
n = € — Xif?

HERY
< (g +1X3)*

v

™

1
n

S

el (3.37)

3.4 Proof of results in Section [3.2.4]

3.4.1 Proof of Theorem [3.15]

This section is devoted to the proof of Theorem We will need the following lemmata.
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Lemma 3.29 (Monte Carlo sampling; Lemma 36 from [58]). Let (X, u) be a probability space, and
let F': X — C be a square-integrable function. Let m > 1, let x1,...,xy be drawn independently

at random from X with distribution pu, and let S be the empirical average

S = %(F(zl) bt Flam)).

Then S has mean [y Fdpu and variance = [\ |F — [ Fdu|?dp. In particular, by Chebysheuv’s

(ol

for any t > 0, or equivalently, for any § > 0 one has with probability at least 1 — § that

s [l < e ([ e [ )

Lemma 3.30. Fiz C > 0, and let X1, ..., X, be complex-valued random variables (not necessarily

inequality, one has

du

independent nor identically distributed) such that, with overwhelming probability,

max |X;| <e" . (3.38)
1<i<n

Let ¢ : C — R be a twice continuously differentiable function (possibly depending on m) which

satisfies the pointwise bound in (3.16]) for all z € C. Then, with overwhelming probability,

/B o | Ap(2)|? log? |pn(2)|d?z < n?EnCW), (3.39)
/ oy | BECI 08 ) <200, (3.40)

and
/B IO nic. (3.41)

Proof. The bound in (3.41) follows immediately from the pointwise bound in (3.16). In order
to prove ([3.39)) it suffices, by the pointwise bound in (3.16]), to prove that with overwhelming

probability

/ log? |pn(2)]d%z < n®W.
B(0,n%)



100

By supposition, we now work on the event where X1, ..., X,, € B(0, e"c). As
n
log? [pn(2)| < nZlog2 |z — X5,
i=1
it suffices to prove that

max / log? |z — X;|d?z < n®W,
1<i<n Jp

where B := B(0,n°). Since X1, ..., X, € B(0, e”C), it follows that

max / log? |z — X;|d*z < n*°|B| < n®W),
l=isn Jp\B(X;,1)

where |B| is the Lebesgue measure of B, and |B| = O(n2“). Near each root, we have

max / log? |z — X;|d*z < max / log? |z — X;|d*z < 1
lsisn JBnB(X;,1) lsisn JB(Xx;,1)

since log | - | is locally square-integrable. This completes the proof of (3.39)).

For (3.40)), we observe that on the event where ([3.38]) holds, the Gauss-Lucas theorem implies

that

1 sl < e,
where wgn), ey wgi)l are the critical points of p,. Working on this event, the proof follows from
the same procedure as we used to prove ; we omit the details. O

Lemma 3.31 (Crude upper bound). Fiz C > 0, and let X1, ..., X,, be complex-valued random vari-
ables (not necessarily independent nor identically distributed). Assume Z is uniformly distributed

on B(0,n%), independent of X1,...,X,. Then for every a > 0, there exits b > 0 such that

with probability 1 — Og(n~%).

Proof. Conditioning on X, ..., X, we find that

n 2
IP’(min \Z — X §g> <Y P(Z € B(X;¢) <n

€
1<i<n , n2¢
=1
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for all ¢ > 0. In addition, on the event where mini<;<,, |Z — X;| > ¢, we have

" 1 n
PR
L~ 7 — X; €
=1
In order to prove the claim, it suffices to assume a > 2C'. In this case, by taking ¢ := :%fl, the
result follows from the estimates above. O

We now prove Theorem [3.15

Proof of Theorem [3.13. Let B := B(0,n%), and let | B| denote its Lebesgue measure. Fix a > 0,
and let 8 € N be a large constant (depending on C, ¢, ) to be chosen later.
Using the log-transform of the empirical measures constructed from the roots and critical

points of p, we obtain

;‘P(Xi) = 217T/BA<p(z) log |pn(2)|d%z,

n—1
> wtw) = - [ Avt)log ) ()l
j=1

(These identities can also be found in a more general form in |26, Section 2.4.1].) Instead of working
with the integrals on the right-hand sides, we will work with large empirical averages by applying
Lemma Indeed, let m :=n?, and let Z1, ..., Z,, be iid random variables uniformly distributed
on B, independent of Xi, ..., X,. Taking 8 sufficiently large and applying Lemmas [3.29] and [3.30]

we conclude that

TPl = 30 Ap(Z) g Ipa(Z0)] + O ), (3.42)
i=1 =1
n—1 m
TS lg) = 30 AplZ) g I, (Z0)] + O(n™~), (3.4
j=1 =1
’; / | Ap(2)|d2z = %Z | Ap(Z))| + O(n—c-26-1) (3.44)
B =1

with probability 1 — O(n~%). In addition, by (3.15)), Lemma and the union bound it follows

that there exists b > 0 such that

n

1
z;zl—xi

1=

n

1
ZZI—Xi

i=1

<nb

n=? < min
1<I<m

< max
1<Ii<m
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with probability 1 — O(n~%). Thus, since

3

n(2) - — z— X;’
we obtain
S |log |pn(Z1)| — log |p),(Z1)]| = O(log n) (3.45)
with probability 1 — O(n™%).
From (3.42)) and (3.43), we find
27 p "
B ;w( i)~ ‘B,;w(wg)

with probability 1 — O(n~%). Applying (3.44]) and (3.45) yields
rB| Z*” |B| Z*” v
1
1 - Ao(Z —c—2C
<<(0gn)mlz;| p(Z1)| +n

1
< (log n)‘B’/B | Ap(2)|d*z +n—2¢

with probability 1 — O(n~?). Since |B| = ©(n?"), we rearrange to obtain

n n—1
D e(Xi) =D p(w;)| < (logn)|| Apll +n~ (3.46)
i=1 j=1
with probability 1 — O(n~%). The proof of the theorem is complete. O

3.4.2 Proof of Theorems and [3.18]

In order to prove Theorem it suffices to show that X1, ..., X, satisfy the two axioms of
Theorem B.I5l This follows from Lemmas [3.20] and B.211

We now turn to the proof of Theorem By Theorem

Zcp Z(p ) + O(log n)
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with probability 1 — O(n~1%9). Since ¢ is bounded, we obtain

ZE@ (n) ZE«,@ ) + O(logn).

Therefore, we conclude that

=3 (elwf) - Eewf”)) = IZ P(X3)) + o(1)

with probability 1 — O(n~1%°). By the classical CLT,

\/17; D (p(Xi) — Ee(Xi)) — N(0,07)
i=1

in distribution as n — oo, where v? is the variance of ¢(X1), and the claim follows.

3.4.3 Proof of Theorem [3.19]

Our proof of Theorem [3.19| involves the companion matrix result, Theorem and the
Sherman—Morrison formula, Lemma that we used Chapter [2| above. We also require the

following consequence of Lemma [2.39

Lemma 3.32. Under the assumptions of Theorem there exists a constant ¢ > 0 (depending

only on C,c, and €) such that

inf >
zel

zzn: 1
E',1Z_Xi

i=

with overwhelming probability.

Proof. Clearly |z| = C + ¢ for all z € I'. Thus, it suffices to prove that

n

1 1
TLZ;Z—Xi

1=

>

inf
zel

with overwhelming probability. The claim now follows from the uniform bound in Lemma and

the assumption on m, given in (3.17). O

With Lemma in hand, we are now prepared to present the proof of Theorem [3.19
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Proof of Theorem[3.19. Let D be the diagonal matrix D := diag(Xy, ..., X,). Using the notation
from Theorem we observe that zI — D is invertible for all z € T" since X;,..., X,, € B(0,C) by
supposition. In addition, by the Gauss—Lucas theorem and Theorem [2.18] it must be the case that
the eigenvalues of D (I — %J) are also contained in B(0,C'). This implies that zI — D (I - %J) is

also invertible for every z € I'. In view of these observations, we define the resolvents

G(z) := (2] — D)1, R(z) := <zI—D(1_ij>>—1

for z €.

Thus, by Cauchy’s integral formula

n

> oK) = = § ol) rGla)d

=1

and
n—1

> )+ 9(0) = 5= § () e Rl

j=1

We now take the difference of these two equalities. Since |¢(0)| < [i|¢(2)||dz|, it suffices by the

triangle inequality to show

sup [tr G(z) — tr R(z)| = O(1) (3.47)

zel

with overwhelming probability.
Since J = 11T, where 1 is the all-ones vector, the Sherman—Morrison formula (Lemma [2.20))

implies that
LG(:)DJIG(z)
1+ 11TG(2)D1

provided 1 + %1TG(Z)D1 # 0. In view of Lemma there exists a constant ¢’ > 0 (depending

R(z) =G(z) — (3.48)

only on C, ¢, and ¢) such that

n

z 1
n;z—X

inf |1+ — lTG( )D ‘: inf

> ¢ .
zel zel =¢ (3 49)

7

with overwhelming probability. Here, we have exploited the fact that D and G(z) are diagonal

matrices, which implies that
n

X.
11G(2)D1 = S
G(2) z; pyy-a
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Using (3.48)) and ([3.49)), we conclude that with overwhelming probability

sup |t G(2) — tr R(2)| < — sup [tr[G(2) DIG(2)]].

zel nc ser
To bound this last remaining term, we again exploit the fact that J = 117, Indeed, from the cyclic

property of the trace, we have the deterministic bound

Ta2( _ - | Xi| ¢
#G(=)DIG())| = TG )Dl’_izd Z|Z_X|2_ 2
for all z € I'. Combining the bounds above, we obtain (3.47)), and the proof is complete. O

3.5 Proof of Theorem [3.3]

This section is devoted to proving Theorem Our first lemma shows that Assumption

implies Assumption

Lemma 3.33 (Sufficiency of Assumption . If 1 satisfies Assumptz’on then p also satisfies

Assumption [3]]

Proof. Without loss of generality, suppose p is radially symmetric about z = 0, and let X ~ u. By

Lemma we can write
POX| < z)
]

Imu(2)| =

)

so the hypotheses guarantee that |m,(z)| is continuous on C\ {0}. (Indeed, P(|X| < 7) is the
cumulative distribution function associated to the radial part of u, which has a continuous density.)

Since f(0) > 0, there are §,c > 0 so that |z| < ¢ implies |f(z)| > ¢ > 0. In particular, for |z| <4,

|| 2] |
dr = —. 3.50
m(2) |z|/ |z|/ rdr == (3:50)

Let /o be any value for which P(|X| < r/3) = 1/2. By the extreme value theorem, |m,(z)]

achieves its minimum, My, on the closed, bounded annulus

A={z€C:6<|z| <ry}.
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We know that mpyiy is non-zero by (3.50) and the fact that P(|X| < r) is non-decreasing in r. This

second fact additionally implies that for [z| > 71 s,

P(X| < |2]) 1
()] = > L
g |2 22|
We conclude that for any € € (0, myyin),
c|X]| 1 2

for some C' > 0. (We have used the fact that x4 has two finite absolute moments to bound the last
probability.) It follows that u satisfies Assumption part .
To see that u satisfies Assumption part , let X1,...,X, beiid complex-valued random

variables with distribution u, and observe that

n
P <max]Xj| > \/nlogn> =1-P <|X1| < \/nlogn>
j

By Markov’s inequality,

nlogn

n
E X,
P(\Xl\ < \/nlogn>n2 <1— X4 > noo 1,

which completes the argument. O

3.5.1 Introduction to and motivation for the proof of Theorem

The following proof of Theorem [3.3]is motivated by the illustration in Figure[3.3]that depicts
the roots (red dots) and critical points (blue crosses) of p,(z) when the roots, Xi,..., X150 are
chosen independently and uniformly in the unit disk centered at the origin. The observer will

notice two things:
1) since the X; are chosen uniformly at random, they tend to “clump together,” and

2) the roots further from the origin tend to “pair” more closely with nearby critical points than

the roots near the origin.
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The first of these makes it difficult to use our strategy from Theorems and
where it was a simple matter to “zoom in” on a fixed root and ensure that no other roots were
nearby. We address this concern by grouping the critical points that lie near each “clump” of roots
and simultaneously considering all of the critical points that lie in the same group. We will show
that each “clump” of roots (and its corresponding group of critical points) is far away from other
“clumps,” for large n.

The second observation can be explained by Theorem which suggests that the closest

(n)

critical point, wj" , to a given root X, is at a distance Il from X;. For example, in the

1
nlmu(X;
case where p is uniform on the unit disk, |m,(z)| = |z| for |z| < 1, so near the origin, it makes
sense that the “pairing” phenomenon gets worse. We tackle this problem by counting the “clumps”
of roots and critical points in exponentially widening, nested regions that avoid the zeros of m,,.
(In Figure these are the annuli delimited by concentric dashed circles.) Using this method,
we can take advantage of the fact that the number of “clumps” that are a given distance from
the zero set of m,, is roughly proportional to the strength of the “pairing” within those “clumps.”
The “pairing” phenomenon is quite unreliable near the zeros of m,,, so for any “clumps” that are
sufficiently close to the zeros of m,, we bound the distances between the roots and critical points
using the Gauss—Lucas theorem. (In fact, this is where we expect to find the “extra,” un-paired
root that results because p, has a higher degree than p),).

In order to synthesize these two ideas, we will form random, disjoint, simple closed curves
to encircle each “clump” of roots and critical points. We will build the curves from the arcs of
circles centered at the roots of p,, and will use smaller circles for roots that are farther away from
the zeros of m,. See, for example, the boundaries of the gray domains depicted in Figure
We will conclude with an argument involving Rouché’s theorem to count the number of critical
points interior to each curve by comparing p/, to a simpler polynomial whose critical points can be
located with Walsh’s two circle theorem. Near the zeros of m,, our method breaks down, and we
use the Gauss—Lucas theorem for a bound on the distances between the critical points and roots

of p,. Luckily, there are few critical points near the zeros of m,, a fact which follows in part from
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Assumptions [3.1] and

3.5.2 Definitions

In view of Lemma we prove Theorem under Assumption Let C,, > 0 be larger
than each of the constants in Assumption [3.1] and larger than the constant bounding the density
associated to u. For each n € N, define the following sets which partition C into regions based on
the size of |m,(2)[:

k

Aﬁ = {z € C:|myu(2)] < \e/ﬁ} , k= |4log(logn)|,

k-1 k
Ak = {z eC: T < |mu(2)] < }, |4log(logn)] + 1 < k < |log (vn) |,

Additionally, define the random variables

NF .= #{1 <j<n:X;¢€ Aﬁ}, [41log(logn)] < k < |log (vn) ],

1
1 X, (logn)2 > ’mM(XZ)’ # 0
USRS e 1<ig<n, j4i,

0, otherwise

and let \V,, be a n~1/2-net of the closed disk B(0,nC#) that satisfies:
(i) B(0,n%) C U,en, B(z,n~1/?),
(ii) if 2,y € Ny, and = # y, then |z — y| > ﬁ,

(iif) #N, = O, (n!+2C%k).

Such a collection of points exists by e.g. Lemma Let 6 > 0 be a fixed real parameter to be

chosen later. We will show that the conclusion of Theorem holds on the complement of the
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Figure 3.3: An illustration motivating the strategy we use to prove Theorem . The red circles
and blue crosses represent the locations of the roots and critical points, respectively, of pi50(z),
where p is the uniform distribution on the unit disk. Roughly speaking, the gray disks around the
X; are of radius max {1/(n|m,(X;)|),1/y/n}. The dashed concentric circles are meant to divide
the unit disk into exponentially widening annuli.
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union of the following “bad” events:

EF .= {fo > 20,¢* log(log n)}, [41log(logn)] < k < [log (vn) | ;

i logn 4 1 - n n UMNCS
Fpy o= q [mu(X3)| > ( \/ﬁ) ) n—1Z<C§7j)_EK@‘(J)’Xi]) S ‘M(2)‘ ’
=1
J#

for 1 <i<mn;
1
Gfl = {Hl‘GNnU{XZ'}?:l s.t.#{lﬁjgn:]Xj—x]<f}22+5logn};
n

H, = {nn > nc“} .

For convenience, we use £22d to denote the union of all of the “bad” events:

log(on®)]  n
ghad .— U EfU|JFiuG) UH,.
k=|4log(logn)| i=1

3.5.3 The “bad” events are unlikely

In this subsection, we establish that
P (gfgad) = o(1). (3.52)
By assumption, P(H,) = o(1), so it remains to bound the probabilities of the remaining events.
Lemma 3.34.

[log(v/n) |

P U Ey| < g = o(1).
k=|41log(logn)] Cpllog(logn)]

Proof. Observe that for a fixed n and k, [4log(logn)| < k < |log (v/n)|, NF is a binomial random
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variable with parameters n and p; < C'uemC /n. By Markov’s inequality, we have,

P (N,’f > 20,2 log(log n)) <P (‘ij —E [N,’f}
< Var (fo)
~ C2et*log(log n)]?
_ npr(1—py)
C2et*[log(logn)]?
1
< .
~ C,e**[log(log n)|?

> C,e** log(log n))

If we take the union over k, we obtain

[log(v/n) ] o0 . 1
P U B <Y M .
k=|4log(logn)] — Cpe [log(log n)] C,(e? — 1)[log(logn)]
which implies the desired result. 0
Lemma 3.35.

Proof. We will use the method of moments to control the probability of each F!, 1 < i < n. Since
El C {|mu(X;)] > n_1/2}, we will often assume that |m,(X;)| > n~'/2 in our calculations. Recall
from Lemma part (i) that |m,(X;)| is almost surely bounded above by an absolute constant
(that depends only on p).

First, we argue that for complex-valued random variables X, Y, where Y has a finite fourth

absolute moment,

E[ly -ElY | X]I* | X]
(3.53)

<E [\Yﬁ ’ X} +6 (E [\Y\Q ’ XD2 +4E [\Y\?’ ’ X} E[Y|| X].
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Indeed, we have

EDY—E[Y|X}|4‘X}

E [(Y—E[Y | X])2 (Y—W)Q ’ X]
—E[[v4]] X] +4E [1Y|2 ‘ X] JE[Y | X2 + 2 Re ((E[Y | X])2-E [?2 ‘ XD
— 4Re (E[Y | X] - E [|Y\2? ) XD ~3[E[Y | X][*
<E [\Yﬁ ‘ X} +4 (E [m? ( XD2 +2 (E [|Y|2 ’ XDZ 4 AR [|Y|3 ) X} EY],
from which the desired result follows. Now, for X = X; and Y = ( ™) where 1 < i,j < n with

i:j )
J# 1,
Xi]

1
4]]' (log n)? <|X-—X-|<1
| Xi = X517 gy =it Als

.

E [|Y|4 ‘ Xl} <E

e
1

r
S 27TCN (log m)? 7‘7 dT’ + 1
n|mM(Xl)|

_ wCun? [my(Xy)
N (logn)*

-0, +1,

and similarly,

27 C X;
]E[|Y|3‘Xz} < 2mCunlmu X)L o

- (logn)?

n|m,(X;
E[IYP | Xi] < 27Cylog <(’10g(n)2)’> 1

E[Y]| Xi] < 27C, + 1.

Consequently, via (3.53)), there are positive constants C},, K, that depend only on x so that if

n > K, on the event |m,(X;)| > n~'/2,

?|

Next, we show that there are constants CZ, KZL > 0 that depend only on y, so that for n > K;L and

Gy lmu(X3)|* n?
(logn)*

(n) (n)
& -E |

)

! ‘ Xi] < (3.54)



113

any fixed ¢, 1 <1 <mn,

4
L, ()2 % E ji;(@(ﬁ) E[c1x])] | X < G ’2&‘;31’2”3. (3.55)
J#i
Write 4 _
E Zl(c(”) E[¢1x])| | X
i#i I 2
2| S sl | S sl ||

and observe that if we distribute the factors inside the expectation, the independence of {X; }?:1

implies that the only terms which contribute to a nonzero expectation are bounded by expectations

E{ x|

where 1 < j,k <n and j, k # i. By a routine counting argument and the fact that Ci(g), j # i are

of the form
2

e~ B[ | x| X]

Cz(] o [gz(?

identically distributed, it follows that

4
|| (6 -2 [ | x])| | x
j=1
i
<(n-1E [ Ci(,7) —E [Ci(,?) XZ} 4 ‘ Xi]

(")) ] ][ x])"

where [ # i is any fixed index. From (3.54)) and the bounds on E[|Y?| | X;] and E[|Y| | X;] above, we

& -E [

can find Cj, K, > 0 large enough so that n > K7, implies (3.55)). (For the asymptotics, we are using
that n=/2 < |m,(X;)| = O,(1), where the implied constant depends only on 4.) Via Markov’s

inequality, it follows that for n > K/, and a fixed 4, 1 <i < n, on the event |m,(X;)| > n=1/2,

1 () (n) M (X)) c

Pll—> (¢ -El¢Wxi])| > P20 | X | < (3.56)

"—1j:1< 7 ) 2 n|m,(X;)|? (logn)*’
J#i
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We conclude the proof by demonstrating that P(Uf_, F}\) = o(1). Indeed, for n > K],

P (U Fﬁ) <nP(F})
i=1
[10a(v/7) |
=nP@) +n Y P({Xl eA’;}mFg) +n P ({X1 € AN EY)
k=|4log(logn)|+1
()|
=n > E(lgeay POFLI X)) +0-E(xea, PPy | X))
k=|4log(logn)]|+1

log(v/n )
n L%)J E( G Mxiear) >+n.E< Ci- Lixiean )
k=|4log(logn)|+1  \"* [myu(X1)[* (log n)* n [myu(X1)[? (log n)*

[log(vn) ]

<y

k=|4log(logn)]|+1

where we used (3.56)) to bound P(F! | X1). Assumption guarantees that

IN

Cr-n?-P(Xy€Af) Cll-n? P(X1 € Ay)
n(logn)*e2k—2 n(log n)4€2“0g(\/ﬁ)J ’

P(X) € 4%) < G, . [4log(logn)] < & < [log (v/7)].

We also have

62\_10g(\/ﬁ)J > e2log(\/ﬁ)—2 — ne 2.

Hence, for large n, our calculation from above yields

n Llog(\/ﬁ)J 1" 2 "2
) cl'Ce Cle
3 < H H M . — .
F U En) = Z (logn)4 + (logn)* L=o(l)
=1 k=1

Lemma 3.36. For a fived § € (0, ﬁ»

5 n2+2Cu
P(Gn) = ON (1 + 510gn)(2+610gn) = 05(1)'

Proof. This is a straight-forward application of the Chernoff bound for binomial random variables.

In particular, for each z € N,,, define the random variable

n
Noi= 3 Ux; ot
i=1
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which has a binomial distribution with parameters n and p < 7C,/n. The moment generating
function for N, is

E[etN"] — (1 _|_p(€t _ 1))71 < enp(et—l) < eﬂ'cu(et_l)‘

Choosing t = log(1 + 1/(wC},) logn) establishes
E[(1+41/(7C,)logn)N*] < n,

and by Markov’s inequality, we obtain

E[(1+1/(xCy)logn)N] n

P(N, >2+61 < < .
( > 2+ Ogn) > (1+ 1/(77_0#) 1Ogn)(2+510gn) — (1_|_ 1/(71.0#) logn)(2+5logn)

Note that the bound is independent of x, and that the argument can be easily modified (by condi-
tioning on X;) to show that for a fixed 1 <1i < n,

n
> < .
P ZMXJ—XASﬁ 2 2H008N | S 026, log ) 2F0 o)

7j=1
J#i

Hence, we can apply the the union bound over all z € N, and X1,..., X, to obtain the desired

result. O

Combining Lemmas [3.34] |3.35 and [3.36] from this subsection establishes (3.52]), so for the

remainder of the proof, we work on the complements of the “bad” events.

3.5.4 Constructing disjoint domains that partition the roots

We will create disjoint domains which contain clusters of roots of p,(z) that are close to one
another and show that inside each domain, the numbers of roots and critical points of p,(z) are
the same. The domains will be disjoint to ensure that no roots or critical points are counted more
than once (see Figure for reference). For technical reasons involving Rouché’s theorem, we will
require that the boundaries of the regions be simple, closed curves.

Our strategy will be to make an open ball around each X;, 1 < ¢ < n and to consider the

path-connected components of the union of these balls. Some of the resulting regions may not be
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simply connected, so we need to “fill in the holes.” To start, define the random collection of open

balls
1 3
Cn:=1 B |z, (logn) — rr € {XGH 0
n - max { m,, ()], 52"}
and define on {1,2,...,n} the equivalence relation given by the following rule: ¢ ~ j if and only if
there is a collection
{Bo, B1,...,B;} CCp,
with
1 3
By=B | X; (logn) — .
n - max { Jm, ()], 527 )
and
1 3
B =B|X; (log ) .
n - max { m,, (X;)], 2}
A5

such that By N Bgy1 # 0 for 0 < k <1 — 1. Let P, be the set of equivalence classes induced by ~.

The idea is that for a fixed P € P,

- (logn)?
Unp =B | X; o
i€P n-max{\mu(Xi)LT}

n
forms a connected component of Ugec, B. Each light gray region in Figure is one connected
component, U, p for some P € P,; a “zoomed-in” version is presented in Figure Notice that
some of the U, p, P € P, may not have simple, closed boundaries, and some could be “nested”
inside “holes” formed by others. We address these concerns in the following discussion, where we
demonstrate how to select a simple, closed component of the boundary of each U,, p, P € P, whose
interior contains U, p.

More specifically, for each equivalence class P € P,,, we will create a simple closed curve,
Yn,p C OUy, p, such that each X;, j € P is contained interior to the bounded component of
C \ yn,p. Furthermore, we will show that the interiors of the bounded regions defined by the

curves {V,,p}pcp are partially ordered with respect to set inclusion. This will allow us to combine

“nested” regions.
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To that end, fix an equivalence class P € Py, and recall the definition of the open set U, p

from above. For simplicity, write

l
Unp = U B;,
i=1
where Bj, ..., B; are distinct open balls (in the definition of U, p, some of the open balls could

coincide if, for example X; = X for i,j € P, i # j). We use V,, p to denote the unique unbounded,
path-connected component of the complement of U, p. (The complement of U, p has a unique
unbounded, path-connected component because U, p, a union of finitely many closed disks, is
compact.) By construction, the boundaries 0Uy, p 2 0V, p consist of arcs of the finitely many

circles 0B, ...,0D;.

Lemma 3.37. The curve v, p := 0V, p is a simple, closed curve (i.e. a Jordan curve), and Uy, p

is contained in the bounded component of C\ vy p.

Proof. There are several ways that one could proceed. One method is to construct a simple path
starting on the boundary 0V, p that follows circle arcs until it returns to the start. A second
approach is to consider the genus of the region i, p, find generators for its fundamental group, and
“close-oftf” any “holes.” We present, in detail, a third method that relies on the following converse
of the Jordan curve theorem due to Schonflies (see [I5] [60], and the discussion on pp. 13 and 67 of
[62]). The theorem statement requires two definitions.

A region of the closed set F' C C is defined as a path-connected component of C\ F'. A point
x in F' is accessible from a region R if there is a point ¥ € R and a simple path from y to x, whose

intersection with F'is {z}.

Theorem 3.38 (Theorem 1 in [60]; see also Theorem II 5.38 on p. 67 of [62]). If F' is a compact set
in C with precisely two regions such that every point of F is accessible from each of those regions,

then F' is a stmple closed curve.

Our goal is to show that the compact set v, p = 0V, p has precisely two regions from which

Yn,p is accessible at every point. Define Z/{,’LVP := C\ V,,p. Observe that C\ v, p = V,, p U Z/IAP,
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where the union is disjoint. It is clear that V), p is a region of 7, p; next, we argue that Z/IA p is also
a region of v, p.

Since U,’h p C Cis open, it suffices to show that L{;W is connected. Suppose, for a contradiction,
that this is not the case. Then, there are disjoint, non-empty open sets 5,7 C C such that
SUT = U;L7P. By construction, the open set U, p C Z/[T’%P is path-connected, and hence connected,
so U, p must be completely contained in either S or 7. Suppose, without loss of generality, that
U, p C S. Since T is non-empty, there is some x € T'. We will demonstrate that a path whose image
is contained entirely in L{;L p connects x to a point of U, p C S, which results in a contradiction.
We may assume that = ¢ 0U,, p because otherwise x lies on a one of the circles 0B;, 1 <1i <, and
there is a path in U], p between z and a point of Uy, p C S.

Since the (finitely many) circles 9By, ..., 0B are distinct, there are only finitely many points
of C that are contained in more than one circle. Consequently, we can choose a point v € V,, p
such that the line segment v does not contain any points of C that lie in the intersection of two
or more distinct B;, 1 < ¢ < [. (Indeed, choose a circle €, C V, p, centered at =, whose interior
contains the compact set m. Then, the collection {Zz : z € €.} of line segments connecting = to
points of €, is infinite in number. Also, z ¢ OU,, p by assumption.) Define the path ¢:[0,1] — C
via t — tz + (1 — t)v, whose image is the line segment Zv. Since Zv is connected, it cannot be the
case that 70 € C\ vy, p (indeed, U;, p UV p = C \ Yy, p is a disjoint union of non-empty open sets).
Consequently, v contains a point of v, p. Let ¢t* := min{t : {(t) € v, p} and set y := £(t*). Note
that t* > 0 since « ¢ Uy, p.

By construction, y lies on precisely one of the circles {8Bi}§:1; suppose, without loss of
generality, that y € 0B;j. Hence, we can choose an open ball B, > y small enough that B, \ 0B
consists of exactly two disjoint, path-connected open regions (See Figure. One of these regions
must be a subset of By C U, p, and the other must be a subset of V,, p. (The second region
is connected and open, contains no points of dV, p, and must contain a point of V, p because
y €0V, p.)

Choose 77 > 0 small enough so that t* —n > 0 and 4(t* —n) € B,. It follows that the line



119

(A) Case 1: y is on precisely one circle (B) Case 2: y is on more than one of the
among {0Bi}é:1. circles {8Bi}i:1.

Figure 3.4: The geometry near y € v, p.

segment

L:={(t):0<t<t"—n}

is connected and disjoint from 7, p. We conclude that L is contained entirely in 7', for it contains
x € T. This means L does not contain any points of V, p, so {(t* —n) € B,NB1 CUp,p C S. We
have reached a contradiction since S and T are disjoint, so L{T’l’ p must be connected.

We have shown that -, p has precisely two regions, V, p and Z/l{% p- It remains to show that
every point of v, p is accessible from both of these regions. Suppose y € 7, p. There are two cases:
y is contained in precisely one of 0B;, 1 <1 <[, or y is contained in more than one of these circles.
(See Figures and respectively.)

If the first case is true, just as we did above, we can choose an open ball By > y small enough
that B, \ 0B; consists of the two disjoint, path-connected open regions By NU,, p and B, NV, p. It
is now clear that y is accessible from both V,, p and Z/lf% p O Unp.

On the other hand, suppose, without loss of generality, that y is contained in the circles
0B1,0Bs,...,0Bj. Then, we can choose an open ball B, > y small enough that B, \ ngl 0B;
consists of 2j disjoint path-connected, open regions that do not contain points from -, p (see
Figure . Consequently, each of these regions must be entirely contained in one of the disjoint
open sets Z/{;“P or V, p. Since y € (%l,’%P = 0V, p, at least one of the 2j regions must be contained
in L{A p and at least one must be contained in V, p. It follows that y is accessible from both V,, p

!
and umP'
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We conclude via Theorem that 7, p is a simple closed curve whose interior contains U, p

because U,, p is the bounded component of C\ vy, p, and Uy, p C U, p. O

We have shown that there are simple, closed curves {y, p} pep, SO that for each P € P,,
Yn,p € OUy, p and U, p is contained in the interior of the bounded region defined by v, p. Further-
more, the path-connected, open regions {U,, p} pep, are disjoint by the definition of the equivalence
relation ~. This means that no curve 7, p can pass through the interior of any region U, p, and

as a result, we can identify “maximal” curves which we will use in the remainder of the proof.

Definition 3.39. We say that a simple, closed curve 7, p» among {7, p} pep, 18 mazimal if when-
ever Uy, p- is in the bounded component of C \ v, p for some P € P,, we have P = P*. We use
M, to denote the collection of maximal curves. For each I' € M,,, let Op denote the bounded

component of C\T', so that 0O0r =T.

Notice that the domains Or, I' € M,, are disjoint by construction and that each X;, 1 < j <
n, is contained in precisely one Or. We conclude this subsection with two important lemmas that

restrict the sizes of the equivalence classes P, P € P,, and domains Or, I' € M,,.

Lemma 3.40. Suppose 0 < § < 1/3. There exists Cs > 0 so that for n > Cs, the following holds
on the complement of G: for each P € Py, |P| < dlogn + 2, and if x,y € Uy, p, then,

36
|z —y| < —.

vn

Proof. Assume, for a contradiction, that there is a P € P,, for which |P| > 6 logn+2, and suppose,
without loss of generality, that 1 € P. By the definition of P,, for each i € P\ {1}, there are

elements B, Bi, ... Blii € Cy, where

. 1 3
Bé = B Xl, ( Ogn) (10 n)4 )
n-max{\mM(X1)|, \g/ﬁ }
. 1 3

n - max 4 |m, (X;)[, desn) 7
{Im(x3)], g}
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BiNBj,, #0for0<k<I—1,and B,... ,Bl’; are balls with radius at most (logn)~'n=1/2.
Notice that the distance between X; and any X;, i € P\ {1} is bounded by 2+ 2(l; — 1) times this
maximum radius (recall that X; and X;, i € P\ {1} are the centers of B} and BZ, respectively).

We consider two cases:
(i) for every i € P\ {1}, l; < dlogn +2
(ii) there is an i* € P\ {1} for which ;+ > dlogn + 2.

If case (i) is true, then, for n large enough to guarantee dlogn > 3,

2+2(; —1 2+2(01 1 ) 1
max | X7 — X;| < max + X ) < +2(0logn+1) §3—<—,
i€P\{1} ieP\{1} logny/n log ny/n vn n

so every X;, i € P is in the ball of radius n=1/2

centered at X;, which is impossible on the
complement of Gi. On the other hand, if case is true, then, for large n,

[dlog n+2]

x 1
U Bi CB(X1,>.
k=0 vn
Indeed, {B,’C ]Lilggn+ﬂ are overlapping balls with radius at most (log n)—ln—l/ 2 so if n is large

enough that dlogn > 7 and y € U,Eilggmm B};, then,

1+2[dlogn+2] 20logn+7 _ 30 1
- X1 < < <— < —.
lv = logny/n logny/n  — /n  /n

This is impossible on the complement of G9 because it would imply too many roots among {X j };‘:1

1/2

in the ball of radius n~/“ centered at X;.

Now, suppose x,y € U, p and n is large enough to guarantee that, on the complement of

G?,|P| < dlogn+2 and dlogn > 4. Since the path-connected set Uy, p consists of |P| overlapping

1,—1/2

closed disks of radius at most (logn)~'n~"/% we have

2(6logn+2) 30

2
—y| <|P < < .
o=yl < |P] lognyn = logny/n Vn
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Corollary 3.41. Suppose 0 < § < 1/3. There exists Cs5 > 0 such that for n > Cs, on the
complement of Gfl, each ' € M,, satisfies the following. There exist z*,y* € ' so that if ,y € Or,

then

|z —y| <[z* —y*| < —=.

Proof. In view of Lemma, [3.40] it suffices to show that there exist z*,y* € I so that

sup |z —y| < [z" -y (3.57)
z,yeOp

(Recall that there exists P* € P, so that I' C U, p+.) Since Or is compact and (z,y) — |z — y|
is continuous, the extreme value theorem guarantees the existence of z*,y* € Or so that the
supremum in is achieved when x = z* and y = y*. Suppose, for a contradiction, that =* ¢ T.
Then, z* is in the open set Or, and there is a p > 0 so that z* € B(z*,p) C Op. Consequently,
the line segment z*y* can be extended along the line connecting z* and y* by length p/2 without
leaving Op. This contradicts the assumption that the supremum in is achieved for x = z*,

y = y*. We conclude that z* € T. A similar argument shows that y* € T'.

3.5.5 Pairing of roots and critical points inside each domain

We now show that on the complement of the “bad” events, the roots and critical points
within most of the domains Orp, I' € M,, are “paired.” The only domains for which this does not
occur are those that contain roots of p,(z) that are “too close” to the zeros of m,. (See Figure
for reference; recall that m,(z) = 0 precisely when z = 0 in the case where y is the uniform

measure on the unit disk.) To make “too close” rigorous, we define the random collection of roots

Rgair — {X] 1<j<n and Xj c C\ (A1Ll4log(logn)J U A7LL4log(logn)J+1)}

1 4
- {Xj:lgjgnand Imu(X;)] >((y\g/g)}‘

The following lemma is the main result of this subsection.



123

Lemma 3.42. For a fized § > 0 chosen sufficiently small, there is a constant Cs5 > 0 so that for
n > Cs, on the complement of U?:lFfL U GfL U H,, the following conclusion holds. For each Or,
I' € M, such that Or N Rber # (), the number of critical points of p,(z) that lie inside Or is
equal to the number of roots of py(z) that lie inside Op (where both counts include multiplicity).

Furthermore, if X € Op N RE™" and w € Or is a critical point of pn(2), then,

(logn)*

X —w| < ——2"
n|my, (X))

Proof. The proof of this lemma is similar in flavor to the proofs of Theorems [3.9]and although
the argument presented here is much more technical. Fix n € N, suppose Or, I' € M,, is such that
Or N RY™ =£ (), and choose an X € Or N RE™" to be a distinguished root that will be a reference
point in our calculations. We classify the roots {X; } _, into three groups based on their proximity

to X (see Figure . To that end, define

. . (logn)?
R = 1< <,X—X < ——==
= {515 50 1= X<

1
Rmed::{ 1<]<n |X - X <}\Rnear
| NG

Rfar::{j:1§ <n, |X; -X|>
f

and let

ax(z) == H(z —Xj) and rx(z):= H(z - Xj),

j%Rnear jERncar

so that p,(z) = ¢x(2)rx(2). Note that |Rmed| and |Rpear| are of size at most dlogn + 2 on the

complement of G®. We will compare the zeros of p/,(n) inside Or to the zeros of the function

Z—YX

() = ax(2) (5(2) + () ]

that are inside Or, where Yx is defined by

n— ‘Rnear|
1

YX =X —
ngRnear X— j

X
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The idea is that

fX(Z) o TS((Z) + n— |Rnear|
pn(z)  rx(2) z—Yx

is similar to the logarithmic derivative of p,(z) for z near X. Furthermore, the number of roots of

the equation

n— ’Rnear‘

0=r(2) +rx(2) e

that are inside Or will be easy to calculate since these are the same as the critical points of
ﬁX(Z) = TX(Z) . (Z — YX)n_|Rnear‘

that lie inside Op (we will show that Yx ¢ Or), and these can be located with Walsh’s two circle
theorem.
The following lemma contains a few facts that we will frequently reference for the remainder

of the proof of Lemma, |3.42

Lemma 3.43. Suppose 0 < 1/3. There is a constant K, s € N, depending only on p and 6 (and
not on X, P,T, etc...), so that n > K, 5 implies the following. On the complement of Ui N uG?,

if X € OrnN R and 2 € Or, then

, 46(logn)* (logn
(’L) |Z—X’§W, and|Z—X| n|mg())( ZfZEF
L mu (X)) 1 1
iy Il | S A < 2man
near ]% near
) . , . o
(iii) T, ()] ( s <lz-Yx| < (X T (X)) so in particular, fx(z) is analytic in Or.

Proof. Much of this proof relies on the fact that m,(-) is nearly Lipschitz (see Lemma part
(i)). To establish , we first observe that for large n, on the complement of Gg, if ¢ € Or, then

3mu(X)] (3.58)

Indeed, via Corollary [3.41} |¢ — X| < \% < ﬁ for large n, on the complement of G°, so as long as

we also have ﬁ < min {6#, eil}, Lemma guarantees that

(€)= mp(X >r<nuflog(ﬁ).
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(We have used the fact that on the interval [0, e™!], the function —x log z is increasing.) It follows

that for n > 5 and larger than some constant depending on x and d, on the complement of G,

(logn)* _ (logn)* _ |my(X)|
NG o/n = 2

which implies equation (3.58). (The last inequality follows since X € RE*™.) We will use this

‘mu(@ _m,u(X)| < <

inequality to compute |2 — X|, for z € Or, in a way that references the balls that we started with
when we constructed I'.

Let n be large enough to establish and the conclusion of Corollary on the com-
plement of Gg. Since, z, X € Or, Corollary guarantees the existence of wi,ws € I' for which

|z — X| < |wy —wz|. Recall that I" C U, p~ for some P* € Py, so there are i,ia € P* C Op, for

which
wy € 0B | X; (log n)S
' w nmax{]mu(Xilﬂ ) (lo%)4 }
and
we € 0B | X; (log n)3
2 2 ] (logn)*
nmax { m, (X,)], 22r

Furthermore, since i1 and i9 are related by the equivalence that defines P, there are open balls

By, By, ... B; € Cy, of the form

(logn)? : #
B | X; oz , j€ P COr,
- max { [, (X;)], L2520}
where
(logn)?
Bo=B | X, o |

- mae{ my (X, (252"}
(logn)*

B, =B| X, oy

n - max { (X)), 2520 |

n’

and By N Bj41 # 0 for 0 < k < I — 1. Notice that on the complement of G, equation (13-58))

guarantees that the radii of these balls are bounded by 3‘%5(2; (recall that X € R™"), and if
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n is large enough to guarantee the conclusion of Lemma the number of balls, [, is less than

|P*| < dlogn + 2. It follows that for n larger than a constant depending on §, on the complement

of G,

2(logn)? < 4(6logn + 2)(logn)3 < 46(logn)*
nmy(X)| ~ n [my (X)] ~ nfmu (X))

2= X| < Jwy —wo| < [P*] -2
We have established the first half of . To see the second inequality, simply recall that I' does not
pass through U, p for any P € Py, so if z € I, then

(logn)?

ogn)*
n - max { Jm,, (X;)], 52 )

|z — X;| >

for any root X;, 1 < j < n. In particular, this is true for X € RE™™, which satisfies |m,(X)| >

4
(logn) , so we obtain the second part of ().
Vi P

Inequality holds for large n on the complement of LJ?ZIF,’;UG;‘1 after several interpolations.
For each 7, 1 < i < n, the random variables IE[CZ»(?) | Xi], 1 <j <mn,j#iareidentically distributed,

SO

n

IR 1 (n) (n)
M < N N .
n — 1 Z Cza] - n — 1 Z <C27.7 E[gzuj ’ XZ])
i=1 i=1 (3.59)
J#i J#i

+ B¢ | X0 - mu(Xs)

+ ’mM(Xl)’ ’

where [ is any index different from ¢. Since the X; are iid, we have

1
BIGY | Xi] = my(X)| = |2 XX, Xl mesy ‘XZ]
nimpu (X
(log n)? 1
n|my (X;
SQWCu/ 0| ~.rdr
0 T
(log n)?
=2nC,———————,
o fmy (X))

so equation (3.59) implies that for any i, 1 <i < n,

1 " (n) 1 - (n) (n) 27C,,(log n)2
75 (n <7§ SR X)) 2 X;)|.
n—1 =1 G| = n—14 (CZ’J 6| Z]) n |my, (X)) ()

= 7j=1
J#i J#i
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Now, X = X, for some ix, 1 <ix <n,and X € Rﬁm, so on the complement of U?_; F!,

1 1 n—1 I & )
e — = Cl .
n — ’Rnear’ j%Rnear X —_ X] n — ’Rnear’ n — 1 JZ:; X»J
e 3.60)
oL (3 (Ko )| + 2W0u<1ogn>2) (3.
T n— |Ruear| \2 e nmu(Xiy )|

n—1 3 2mC
- - (= X SR )
S R (2 (X1 + ﬁaogm?)

On the complement of G2, |Ryear| is at most dlogn 4 2, so for large n, on the complement of
ur,Fiu G? inequality (3.60) establishes the upper bound in . (We have used that X € RPAI
to bound \/52#2"71)2 above by, say, 1/4|m,(X)| for large n.) The lower bound in is achieved

similarly by using the reverse triangle inequality to obtain

1
n—1

= n 1 = n n
> = Imu(x) | = | —= 3 (¢ Bl | X))
i=! i=1
J#i J#i

— [BI | X0 = ma(X3)]

in place of ([3.59).
We conclude by establishing as a consequence of and . Indeed, via the triangle

inequality, we have for large n, on the complement of U?:lF,"L U GfL, that

n — | Ruear| 46(logn)* 4 5
< + < ,
2 ¢ Roar n|mu (X)) [mu(X)] — [mu(X)]

X=X

|z —Yx| <|z— X|+

where the rightmost inequality holds for large n. The lower bound in follows for similar reasons,

and fx is analytic because |m,(X)| is almost surely bounded above by an constant that depends

only on x (apply Lemma part (i) with £ =0 and p = +00). O

The next Lemma justifies our choice of fx(z) as an intermediate comparison between p,(z)
and p/,(z) because it establishes that under the right conditions, fx(z) and p,(z) have the same

number of roots in the domain Or. Consider Figure|3.5| which provides a visual aid to the argument.

n

Lemma 3.44. Suppose § < 1/3. For large n, on the complement of U?_; F! U wa the polynomial

Px(2) = rx(2)(z — Yy )"~ Fnearl
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Ry,

- Rmed >~

Figure 3.5: A diagram to illustrate Lemma and its proof. The red dots and blue crosses are
meant to represent roots and critical points, respectively, of p,, that lie in a region near X, which
is denoted by a green star. The large dashed circle is intended to be on the order of n=/2. Note
that indices 1 < j < n in Ryear correspond to roots X; that lie interior to €;. This figure is neither
to scale nor the result of a simulation.
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5(log n)?
7 mfmy, (X))

has |Ryear| critical points inside B (X ) C Or, and none of these is Yx ¢ Or. In particu-

lar, under these conditions, fx(z) has the same number of roots inside Or as p,(z) does.

Proof. This follows from Walsh’s two circle theorem (see e.g. Theorem 4.1.1 in [46].) First, we will
show that rx(z) and P’y (z) have the same number of roots, |Rnear|, inside Op by using Walsh’s two
circle theorem, and then, we will use this fact to compare the roots of p,(z) and fx(z) inside Or.

To that end, choose n large enough so that the statements in Lemma hold on the

complement of U?ZlFﬁ U wa and define the circular domains

(logn)?

¢ =B (X, —_
' n[my, (X))

) and €y :—B(YX, (logn)® )

n[my, (X))
Note that €; and €5 are disjoint for large n on the complement of U™ F: U G? by inequality

of Lemma B.43k
1 - (logn)?
Imu (X)) ™ nimu(X)|

]X—YX\Z4

In fact, for n large enough,

1 N 46(logn)* (logn)?
4mu (X1 nlmu(X)] - nfm (X

so on the complement of U?:lFf; U Gfl, Lemma part ({i) guarantees that €, is disjoint from Or.
Next, observe that all of the roots of px(z) lie in €; U €,, so by Walsh’s two circle theorem,

the critical points of px lie in €; U €y U €, where € is the open ball

n — |Rnear| |Rnear’ (lOg n)2

By Lemma for large n, on the complement of U?ZIF,Z'L U G‘Ti, x € € implies

- near near 1 2
‘.T}—X’S n |Rea|X+‘Rea|YX_X+ (Ogn)
n n n|my,(X)]
_ |Rnear| n— ‘Rnear‘ (log n)2
n Zj¢Rnear XEXj n’mH(X”

| Rnear|] 4 (logn)?
no mu(X)] 0 nfm (X))
< 4(81logn + 2) + (logn)?
B n [y, (X))
5(logn)?
n |my, (X[
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where the last inequality holds for large n. It follows that for large n, on the complement of
ur L FLUG?,
5(logn)? (logn)?

S T v — B X’
) - ma {m, ()], 252

CQB(X

(recall X € RE™), so in particular, € U €; is contained in Or, and this union is disjoint from
¢y. Consequently, by the Supplement Theorem 4.1.1 in [46], for large n, on the complement of
U FL UGS, Ply(2) has |Rpear| Toots inside Or, just like 7x(z) does. Under these conditions,
fx (%) has the same roots as gx (z)p'y(z) inside Or because Yx ¢ Or, so it follows that fx(z) and

Pn(2) = ¢x(2)rx(2) have the same number of roots inside Or. O

We conclude this subsection with two lemmas and an application of Rouché’s theorem to
establish that fx(z) and p/,(z) have the same numbers of zeros in Op. This will imply via Lemma

that p,(z) and p/,(2) have the same numbers of zeros in Or.

Lemma 3.45. Suppose § < 1/8. There exist positive constants 5/“ dependent only on p, and C\, s,
dependent only on p and 6 (and not on X, T, etc...), so that forn > C,, 5, on the complement of

U FEUGS UH,, ifz€T,
195, (2) = Fx(2)] < pn(2)] Cud®n |myu(X)] (3.61)

here, C, is independent of §).
o



131

Proof. For large n, on the complement of U, F' U Gfl, Lemma guarantees that if z € I, then,

0, (2) — fx(2)]

n

_ 1 TfX'(Z) n— |Rnear|
= lpn(2)1- Zz—Xj rx(z) z—Yx

Jj=1

1 n — |Ryear|
=l | X o - e
j

j¢Rnear
1 1 1 n— ‘Rnear‘
< : _ B
SO R [Py oD DI s i R DI oy ol -
J %Rnear J ¢Rnear J ¢Rnear
1
= pn(2)] - |2 = X]|
! j¢;nw (z = X5)(X = Xj)
1 1
)| 3 L 1 1
¢ Rucar X=X (2 = X) ] 22 Ruear XX, T 1

< [pa(2)] |2z — X|

2
1 1 - near
n— near| . - j — — [ S —
]¢Rnear J 1 ‘Z X| TL—|Rnear| Z]’anear X*X]
46(logn)* 2 n
< pn(2)| =557 | Fn + 4 |mu(X)] 15(og )
n[my. (X)) 1 — 22008l |, (X))
46(logn)* 4
< ()] (7B + 05 (o) m, (X)) ).
n |my (X)) ( au)
where
kn, := sup !
" er i, (B XX - X5) '

What remains is to show that there exist positive constants 5;” C;L 5 so that n > CL s implies

kn = C),8(log(n)) ~*n? jm,.(X)[*. (3.62)

First observe that for any z € T',

1
2 (z = X;)(X = Xj)

j ¢ Ryear J

1 1
=2 X -x) T X X)Xy

J €Rmed J J ERfar

(3.63)
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We will bound each term on the right separately. By construction of the sets {OF}FEan recall
that the curves I' € M,, do not intersect the interiors of the open balls forming i, p, P € P,.
Hence, for z € I' and j € Rpyeq,

(logn)3

ogn)t )’
n - max { my, (X;)], 42" }

By Lemma it follows that for large n, |m,(X;)| < 2|m,u(X)| (Recall that for j € Rped,

X - X;| < % and X € R?Lair). Consequently, for large n, on the complement of U, F U Gfl,

(log n)? . (logn)®
n- max{2 Imy, (X)], (1053)4} ~ 20 |my (X))

n

|z — Xj| >

2 .
In addition, for j € Ryed, | X — Xj| > _ogn)”_ Hence, for n large, on the complement of U}, F}, U

nfmy. (X)]
GO, if z €T,
1 2n2 |my, (X)) 2n2 |m,(X)|?
< | Rpped| ——E2— < (61 N .64
2 eI x| < Ml g = Cleen )50 (364
med

We now turn our attention to the second term on the right side of (3.63]). We will split the

sum into pieces based on how far away from X each X is. In particular, define for 1 <k < \/n—1,

the annuli

k k+1

_D n = (C7< —X <

. {Ze vn Sk Xl= \/ﬁ}
k—1 k+2

D) = C: <|lz—X| <

kn {Ze Jn Sk Xis ﬁ}
k—2 k+3

o= C: <lz-X| <

o= {rec < k-x<E 2

and the random variables

#Hin =F#{j:1<j<n, X; €Dy}

(Note that Dy ,,DY,,, Dy, are disks.) Now, on the complement of H,, each X;, 1 < j < n is

1,n

within n~2 of some xj € Ny, and on the complement of G?, there are at most 2 + & logn roots

X;, 1 <1< n within n=/2 of 2;. Tt follows that

#em < [NuN Dyl - (Slogn +2). (3.65)
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We will argue that due to the fact that any distinct z,y € N, are separated by at least the

2f’
size of N, N Dy, is bounded by 162k. Indeed, for any distinct =,y € A, the balls B(z,n~/2/4)

and B(y,n~/2/4) are disjoint, and if z € Dy, n» then,
B(:c,nil/2/4) C ng

The area of D), for k > 2 is 7(10k +5), so at most 16(10k + 5) disjoint balls of radius n=1/2/4
can fit in Dy . Similarly, at most 16> balls of radius n~1/2/4 can fit in D{,,. Combining this with
equation establishes that #p, < 16%k(5logn + 2).

We can now bound the second term on the right of as follows. For 6 < 1/8 and n
large enough to guarantee the conclusions of Lemma | on the complement of U?_; F U G® UH,,
J € Ry implies

80 _ 8d(logn)* n)4

1
X —Xj|> = > 2 > > 92z — X|
TV T VT nlm (X))

for z € ' (note that |m,(X)| > (1Ogn)4). Consequently, for n large and z € I', on the complement

of UM | FL UGS UH,,

1
Z |z — XX — X}

JERsar
<> > 1 D e
- . |z — X;|1X — X |z — X

, z
JX=X;>1

1
<
Sl 2 XXX

1
f & XXX

JX=X;[>1

Ve 2 2

< — —
; X =X 2 X — X
Vn—

Vil (16%k(dlogn +2)) n

2 +2n

= O (én(log n)? + 2n)



134

where the implied constant is independent of §. The asymptotic comes from approximating
XZ_ k=1 with 1+ fl‘/ﬁ_l x~1dz. Together with (3.64)), this establishes equation (3.62) since

O n4
[y ()] = LR 0

The last lemma in this subsection establishes a lower bound on |fx(z)| that will combine

with (3.61)) to fulfill the hypotheses of Rouché’s theorem on the boundary I' of the domain Or.

Lemma 3.46. For fivzed § > 0, there is a constant CV’W; depending only on p and § so that when

n > CV’W;, on the complement of U F U G, ifz€eT,

n’

[fx(2)] = ()] 70 [my, (X)] - €77 (3.66)

Proof. We have

(log n)g | Rnear|
)| )

rxl= T 1o Xl < (o= X1+ 250

Xj ERnear

and

1

fX(Z) — ‘(Z
|z — Yx|

ax(2) = Yx)r () +7x(2) (0 = [Rucar])| -

By Lemma for large n, on the complement of U;”ZIF,Z'L U G‘TSL, the polynomial expression

Py (2)
(Z — YX)n_|Rnear|_1

(z — YX)TIX(Z) +rx(2) (n — [Ruear|) =

has degree |Rpear|, leading coefficient n, and |Rpear| roots in B (X , i&f&?» C Or. It follows that

under these conditions,

fx(Z) n
= |z — w]
ax(2)| |z = Yx]| wl;[gr
Py (w)=0
2 |Rnear|
5 " <|Z—X| _ 5(logn) ) ’
|z — Yx| n|my, (X))

where the critical points of px(z) that index the product are considered with multiplicity.
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If additionally, 6 < 1 and n is large enough to guarantee the bounds on |z — X| in Lemma
we have that on the complement of U F UG? and for z € T,

(logn)? < |z — X|
n|myu(X)| — dlogn’

Hence, if n is large enough, on the complement of U F}! U G?, for z €T,

| fx(2)
Irx(2)] [ax(2)

[fx(2)| = [pa(2)] -

’ X‘ (1 |Rnear|
n = 6logn>
> |pn(2)] - :
LU v N (1 )
5 0log n+2
>‘ ( )|n‘mll«(X)’ 1_ dlogn
Z |PniZ 5 1t 511
ogn

> [pn(2)] 1 [my (X)] - e

We have used Lemma to bound |z — Yx/|, and the last inequality holds for large n and comes

T 6 logn+2
1+ LSNPS
dlogn

(Note that the rate of convergence possibly depends on d.) We have achieved (3.66) as was desired.

from the fact that

O

We have now established both (3.61) and (3.66)), where the inequalities are independent
of X, I, and z € T'. Since 5# is independent of 0, we can choose 6 € (0,1/8) small enough
that 6”62 < e79. For such a 6§, by Lemmas and for large n, on the complement of

Ul FP UGS U H,, any z € T satisfies

pn(2) = fx(2)] < [fx(2)]-

It follows by Rouché’s theorem that for large n, on the complement of U | F U Gfl U Hy, p(2)
and fx(z) have the same number of zeros inside Or, and by Lemma we conclude that p),(z2)
and pp(z) have the same number of zeros inside Op. The inequality in the conclusion of Lemma

follows directly from this and Lemma part ({if) (note 6 < 1/4).
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In the argument above, the particular curve I' € M, and the root X € Op N RPAT were
arbitrary, and all of the constants involved were independent of I', so we have proved Lemma

13.42) O

3.5.6 Bounding the Wasserstein distance

In this subsection, we use Lemma to prove Theorem Let wgn), e ,wgi)l denote
the (not necessarily distinct) critical points of p,(z), and recall the definitions of the empirical
measures, p, and u, (see and ) Since the numbers of roots and critical points of a
polynomial differ by one, we first compare the measure p, to the intermediate measure

1 (S — I
i, = - ox + Z5w§n) , where X = H;Xj.

The following lemma justifies our choice of fi],.

Lemma 3.47. Let p;,, fi;,, and 1y, := maxi<j<n | X;| be defined as above. Then, with probability 1,

_ 2
n
Proof. Let T be the measure on C x C given by
1 n—1 1 n—1
— o n — 0, (n) 5
nz w{™) n(n—l)z (wi™.X)
7=1 7j=1

whose marginal distributions are easily seen to be u!, and fi},. It follows from the definition of the

L1-Wasserstein metric that, almost surely,

1 n—1 ( ) 1 n—1 ) 1
n n ~
where the last inequality follows from the Gauss—Lucas theorem. O

The next result is an L;-Wasserstein comparison between pu,, and f), that we will use in

conjunction with Lemma [3.47] and the triangle inequality to prove Theorem [3.3]
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Lemma 3.48. Let Xi,...,X, be id, complex random wvariables with distribution p that has a
bounded density and satisfies Assumption [3.1. Then, there is a constant C, depending only on L,

so that with probability 1 — o(1),

- Cny,(logn)®
Wl(iu’nnu’il) S 77n(n)7
where i, i, and 0, are defined as above.
Proof. Suppose wgn), ... ,wfln_)l are critical points of p,(z) defined above, and define w%n) = X.
Then, for any permutation o, of {1,2,...,n}, the measure

- Z ()
(X505

has marginal distributions u, and [, so
Wi (pin, i) < /|x —y| dry, (z,y) = ‘X — :(72)(3‘)"
J_
We will now make a judicious choice of g, in order to take advantage of the “clumping” behavior
of the roots and critical points of p,(z) proclaimed in the conclusion of Lemma

To start, define the index sets Sy, I' € M,, by
SF::{lgjﬁn:XjEOF}.

For large n, on the complement of E,E’ad, Lemma guarantees that each Op, I' € M,, satisfying
Or N RE™" # () contains the same numbers of critical points and roots of p,(z). Consequently, we

can choose o, so that for each I' € M satisfying Or N REAIr # (), we have
U(SF):{1<j<n—1 w( )EOF}

(recall that Or, I' € M,, are pairwise disjoint). For the remaining indices whose images under o,
we haven’t specified, arbitrarily assign them from among the remaining choices. (There is at least
one index 1 < i < n for which o0,() is still undefined because the number of roots and critical

points of p,(z) differs by 1. Recall that we have added w{™ =X to account for this fact.)
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Based on our construction of o, Lemma[3.42]also implies that for large n, on the complement

of S,E’ad,

(log n)*

(n)
X — < e
- | < S

for each j, 1 < j < n, such that X; € RYAr, (Indeed, X; € RRAr implies that X; € Or for some

I' € M,,.) By the Gauss-Lucas theorem, each critical point (and each root) of p,(z) is in the

pair

convex hull of the set {X; } _, of roots of p,(z). Consequently, for any X; ¢ R, , we have the

trivial bound

‘X fw ‘<277n

It follows, for large n, on the complement of £P2d, that

n- Wl (,U’na [L’II’L)
< Z ‘X . w(n) ‘ } + Z (10gn)4
= 2 Kiven 1m0
j:X;‘%R},)lmr j:XjER},)lalr
< (N£4log(logn)J + N%4log(logn)]+1> 2
[log(v/n)] 4 4
1 1
EN e e
k=|4log(logn)]+2 j:X;€ Ak A ne
< (2C’H62L4 log(log )] 1og(log n) + 2C’M62L4 log(logm) |42 19¢(log n)) 20,
“"gz(fﬁ” i dogm) Vi (logn)!v/n

" nek—1 ellog(v/n)]

+
k=|4log(logn)|+2

[log(v/m)] log )t/
<2C,log(logn) | SEOEN (14 e?) 2m, + Y T2

k=|4log(logn)]|+2

(logn)*\/n
eUOg(\f)J

[log(v/n)]
log n)* logn)*
< 20” log(log n) 46277n<10g n)S 4 e(o\/gﬁn) 2 ek + W
<y (logn)*ny, + (logn)°.

To complete the proof of Lemma recall that P(£P2d) = o(1), and observe that with probability

1—o0(1), nylogn > 1. O
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We conclude this subsection by remarking that Theorem [3.3] follows from Lemmas

and and the triangle inequality for the L;-Wasserstein metric.
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Appendix A

A heavy-tailed CLT

In this subsection, we prove Theorem a CLT for “heavy-tailed” random variables that
have the same distribution as Y := 5_%, where X ~ p and p has a continuous density f in a neigh-
borhood of €. Notice that E|Y[P < oo for p € [0,2), but E|Y|* = co. Many results demonstrate
that Y is in the domain of attraction of a normal random variable (see e.g. Section XVIL5 in [16],
Theorem 11 in Section 6.4 of [18], and Theorem 3.10 in [44]), however, our implementation of The-
orem requires specific information about the parameters of the limiting normal distribution;

we include an explicit statement and proof for clarity.

Theorem A.1. Let X1, Xs,... be iid, complex-valued random variables with common distribution
u, fir s,k € N, and suppose &1, ...,&s,t1,...,tx € C are deterministic values with &1, . .., &s distinct.
In addition, assume that p has a bounded density f in a neighborhood of each &, 1 <1 < s, that is

continuous at these points. Then,

VT 2; g o] —

in distribution as n — oo, where N is a complexr random variable with mean zero whose real and

imaginary parts have a joint Gaussian distribution that has covariance matriz

P Z el F(&) (A1)

2
k=1
(Here, I denotes the 2 x 2 identity matriz.)

Proof. We proceed by Lindeberg’s exchange method [31]. (See also [§]. Similar methods have been

applied to problems in random matrix theory; see e.g. [50], [57].) To that end, let N, N1, No, ... be
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a sequence of iid complex random variables independent of {X}, whose components have a joint
Gaussian distribution with mean zero and covariance matrix X, defined in (A.1)), andlet g : C — R

be a smooth test function with compact support. We will show that

1 n
ngmﬁZZ { &4mm Eg\m;M -0, (A.2)

as n — 0o, which implies convergence of the corresponding measures in the vague topology. Con-
vergence in distribution follows because for each n, n=1/2 Z?’:l N; has the same distribution as the

random variable N. (See e.g. Exercise 1.1.25 of [53], pages 23-33.)

Since the random variables > ;_; 5 are heavy-tailed, we initially need to truncate them.

Let € € (0,1) be fixed, and define
Z@_ Liley—x;1 <evmogmy

G =G — B[l
(Be aware that this notation suppresses the dependence of ¢; and ZJ on ¢ and n.)

Lemma A.2. There is a constant C st> 0, depending only on i, s, and ty,...,tx, and there is

a natural number K, 4. so that n > K, 4. implies

1 =~ 1 <
Elg|———S"C||-Elg|=S"N|]||<cC
g \/nlognjzzzlc] g \/ﬁ; J s A

Proof. By Taylor’s theorem applied to the Taylor series for g centered at

1 A
Ay = —— 2
L vnlogn ;CJ
we have

1 =\ gz (Arn) o (7N 9y (Ain) o (%
7\ Vs 254 ) =9+ g e @)+ mgn ™ (4)

# o) g (@) Sl ()

ga:y (Al,n) e - i
* nlogn Re (C1> Im +R3( /nlogn gn;CJ J



146

where

1 8- Cy
_— . <—
3 \/nlognjz:;@ ~ 2! (nlogn)3/2

and Cy is any constant that is an upper bound for the mixed partial derivatives of g up to and

4"

including order three (which are compactly supported and thus bounded). Taking the expectation

of both sides yields (by independence and the fact that Ej are centered)

()

= E[g(Arn)] + WE [Re (31)2] 4 Elowy (vl g {Im (Zlﬂ

N wﬂ«j [Re (Zl) Im (Zl)] +E

nlogn

Similarly, we have

N 1 LIS
o (i )

= Efg(Ay )] + 22 Aol [ (Nﬂ + 2w il [, (v,)7]

+ Pl Bl g (30 1 ()] + B

where

Ny .
R < —2- N
3(\f \/nlognzgj) _2!-n3/2| !
The difference between these two equations is bounded by
1 " Ny 1 ~
E .
|:g (\/nlogn Zgj) g (\f Vnlogn C)]

o ] - e

—E

iG] - im ]

Re(C1) Im(Cr) } —E[Re(Ni)Im (Nl)]‘

(nlogCn 3/2IE “Cl‘ ] 3C/'2 [|N1’ } '
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If we continue, for 2 < k < n, the process of computing the second order Taylor polynomials of g

centered at
1 k—1 1 n _
Appni=—7=>) Nj+ ——— ;

and evaluating them at both

1 k—1 1 no_ 1 k 1 no_
— » N;+ and — » N;+ ;
nis 7 nlogn — “ n; 70 nlogn Zk;rlC]

we find that

< o |og® [Rel@er?] —E[Re (]
% 1o;;n [Im(c’“ﬂ _E[Im(N’“)Q}
# S0 B [Re(@) n(@)] ~ B Re (40) T ()
e [\Zkf] 2 ]

Now, repeatedly applying the triangle inequality and using the fact that the CNJ and IV; are iid gives

<Cg
- 2

+Cy | oy [Re(&) Im(a)} —E[Re(N)Im (N)]‘

4C, ~ 3] = 4C, 3
+—— 2K |G| |+ =2E[INF]

log ny/nlogn [Cl ] * NLD al
In order to establish Lemma[A.2] we need to show that each of the terms on the right side of (A.3))

is dominated by € as n — oo. It is in these computations that we use the fact that f is continuous at
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&1, .., &. To take advantage of this hypothesis, fix n > 0, and note that there isa § = 6(n) > 0 such

that § < 3 minj<x<<s|& — & and for which |z — &| < & implies |f(z) — f(&)] <nfor 1 <k < s.

We have

E [Re2((1)] = E [Re2(¢1)] — (E[Re(G1)])? < E [Re?((1)]

) S tk; S

e <; £ — X1> kl_[l]lfk—X125]

+ZE [Re (Z & — X1> 1/(ev/nlogn<|&r— X1|<5Hﬂ|§l X1>5]

k=1 14k

k]
= <Z +ZE Re” ék—Xl Ly (e ynTogm<ier—Xi|<o

=1
!tz! tk Iti]
+2k21; - +Z (; )

where the last inequality follows from the fact that

Re?(z 4+ w) = Re?(2) 4+ 2Re(2) Re(w) + Re?(w) < Re?(2) + 22| |w]| + |w|? .

Since IE‘ Ek-—l X1‘ is bounded by a constant that depends only on p (see Lemma |3.26)),

constant U, ;s depending on s, t1,...,%s and ¢ so that, continuing from above,

((& — X1)/tk)
[R'e (Cl } s,0.8 + kz |: Ek —le)/ltk| u Il1/(5\/n10gn)<|§k—X1|<§
1

o 8/t 12 cos? 0
t5+z (&) +n) |tk’/ / " rdrdf

1/(ltlevnTogn)

mZ F(&) + 1) |62 log (81 /nlog n).

Dividing both sides by logn yields

B[R (@) < 3t VLD 4 o)

logn

there is a
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On the other hand, similar to above,
E [Rez(zl)}
= E [Re*(¢1)] — (E [Re(G1)])

>

Mm

8 (Z & — X1> 1/(ev/nTog n<|¢— X1|<5H1\£z x5 | — o(logn)
14k

T

1

: { ‘e(f(lc(g—k Xl)/lt)k/|4k) Hl/(g\/m)<|§Xl<6:| — o(logn)

o1 16/|tkl 29
( ) |tel? / / r ©2 rdrdo — oflogn)
(ItelevnTogn) 7

NE

k=1

v
w || Mm

v

m(f(&) — ) |tx]* log(6ev/nlog n) — o(logn),

ol
—_

and dividing by logn yields

BRG] r(rie) )l

logn — 2

—o(1). (A.5)

If we combine inequalities (A.4)) and (A.5) and first take limsup,,_,. (respectively liminf, ) of

both sides and then take n — 0, we see that

lim
n—oo logn

B[R @)] = 3 LOIE _ greivy (A6)

k=1

(Note here that f is bounded, and by Lemma the expectation of |{ — X1|71 is uniformly

bounded, so the limit in n is uniform in £.) Nearly identical arguments to the one just made show

that

. 1 s () It

Jim o E [1m2<<1>}—k12 = E[lm?(N)] (A7)
and

Jim [Re(ﬁ) Im(Zl)] = 0 = E[Re(N) Im(NN))], (A.8)

with the only modification being that to achieve upper and lower bounds for E Re(&) Im(gl)} , one
needs to consider separately the cases where the integrand is positive and negative.

In our quest to prove Lemma we next show that

1
lim sup

~ 13
log ny/n log n <0 : A9
n—00 lOg HW |:’Cl‘ :| — u,sf(g) ( )
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Note that

E U&ﬂ <2-E [wg] +6-E [!Cﬂﬂ E|G] < 8€\/nlognzs:\tk]E [\glﬂ ,
k=1

where the last inequality comes from using the fact that, almost surely, |(i| < ev/nlognd ;_; |tk
Choose 61 > 0 so that §; < %minlgkdgs |€x — & | and that for |z — &| < d1, 1 < k < s, we have

|f(z) — f(&)] < 1. Then, it follows that for n large enough to ensure

1
ev/nlogn < 51’

UQ( ] Z 8¢ [tr] [IQIQ}

log nv/nlogn logn

8¢ |tk : t 2 s
E : k k
< E T
logn (k:zl & — Xl) kl_Il €k —X1[>61

2
S S
4]
+ ZE <Z & — X1) Ly (evmTogneien—xu|<o H Lig—xi>4:

k=1 =1 l;ﬁk
S S
oyl (Z \gﬂ)
k=1 ogn =1 1
S S 2
+; 10gn Z gl - X3 ]11/(8\/7Tgn<|61—X1|<61
s 2
8e [t ] 1451 [t;1
2E + ’
S (St Ty (2

where we have used the fact that
1z 4 w|?® < |2 + 22| jw| + |w|*.

Continuing from above, where the second sum is the only one of non-negligible order, we have

e

86‘tk’ 2
Z logn Z U ]11/(5\/W<|51—X1|<51 +o(1)
27 o
Z 8€’tk| &) + 1) ] / / 2rdrd0+o( )
kl 1 IOg SW)
_ Z 16me(f(&) + 1) |tr| |t:|* log(61e/nTog n) +ofl)

logn
k=1 &
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and taking limsup,,_,. establishes (A.9). We conclude the proof of Lemma by combining

equations (A.3), (A.6), (A.7), (A.8), and (A.9) in view of the facts that |N| has a finite third

moment and f(z) and e are bounded. O

In order to establish ([A.2]), we still need to remove the truncation, which we will accomplish

through a series of interpolations. We have

sz (o i)

=1 k=1

s

_ 1 ¥ Y I R b
N \/nlogn; (; & — X Cj) + \/nlognjz_:gj
1 n S
+ Togn ; (E[Cj] - ;tkmu(fk)> :

For n large enough to guarantee that the density, f, is well-defined and bounded by a constant,

Cy, on

it follows that

1 n S tk 1 n s
| & (ésk—xj‘@) wd | Togn & <E[<ﬂ ‘;fkmu@))

are both less than

S
n 1
Vnlogn DIl E [Mﬂ|§k—X1|_IZEW:|
k=1

nsmaxi<i<s |tx| - Cf /27r /l/(E o) —rdrdH
vnlogn

nsmaxi<p<s [ti| - Cy

- vnlogn a/nlogn

Consequently,
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We can take advantage of the fact that g is Lipshitz (indeed, g is smooth with compact support,
so it has bounded partial derivatives), to obtain
1 n S 1 1 n .
E —_— tk| —— —m — —_— || = o(1).
g \/nlogn;; k(é—Xj “(5)> g \/nlognjz:;@ ()
Lemma now implies that for n larger than a constant depending on u, g, €, s, and t1,...,ts,

1 v\ 1 -
sl \/mjzztk [f—Xj_m“(g)] —~E|g 72]\7].

=1k=1 j=1

IN

1 L 1 —
E 75 ; —E —E N 1
9 nlognjzlgj g n J +o(1)

= 0,15,14(8);

so taking £ — 0 yields equation (A.2)). The conclusion of Theorem follows since our choice of

g was arbitrary. O



