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This document provides supplementary information to “Ultra-low-noise monolithic mode-locked solid-state 
laser,” http://dx.doi.org/10.1364/optica.3.000995. To motivate the design strategy of the monolithic mode-
locked laser, it is helpful to understand how the system parameters influence the fundamental noise in mode-
locked lasers. The summary below is applicable to any optical mode-locked oscillator.    © 2016 Optical Society 
of America
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Fig. S2. Projected timing jitter phase noise spectral power density of the 1 GHz optical pulse train from the free-running monolithic laser. fluctuations that couple through the gain to the laser light). This leads to a timing jitter that is typically referred to as the quantum-limited timing jitter. This noise dominates most of the noise spectrum in low-loss bulk lasers. For a sech2-shaped pulse envelope (based on the solition model) one can calculate the resulting single-sided phase noise spectral density for 1 Hz bandwidth at a frequency f away from the extracted microwave carrier fosc: ࡱࡿ࡭ࡸሺࢌሻ ≈ ૙. ૛૟ࢍࣂ ࡼ࣏ࢎ ቀࢌ࢖࣎ࢉ࢙࢕ࢌ࢖ࢋ࢘ࢌ ቁ૛, (S1) where frep denotes the repetition rate, P the average intracavity power, and θ the excess noise factor of the laser gain (θ ≥ 2 in Er-doped fiber due to the quasi three-level nature of that laser material). g stands for the round-trip intensity gain and is equal to the round-trip loss, hν is the photon energy of the laser light, and τp is the FWHM pulse duration.   
B. Phase noise PSD due to Gordon-Haus jitter Besides the ASE-induced timing jitter discussed above, ASE also leads to fluctuations in the center frequency of the optical spectrum. Such optical frequency fluctuations couple to timing error as a second-order effect. This noise term usually dominates the timing jitter spectral density in soliton fiber lasers with large values of round-trip dispersion. For sech2-shaped pulses (again assuming a soliton model) the resulting phase noise spectral density can be summarized as: ࡴࡳࡸሺࢌሻ ≈ ૙. ૛૞ࢍࣂ ࡼࣇࢎ ቀࢌ࢖࣎ࢉ࢙࢕ࢌ࢖ࢋ࢘ࢌ ቁ૛ ࢌ૛ାૢ.૛૟൫ࢍ૝ࢍࢣ૛ࡰ ⁄࢖ࢋ࢘ࢌ ൯૛ࢍࢣ૝  ૝,  (S2) where D denotes the intracavity group delay dispersion and࢖࣎
Γg is the HWHM gain bandwidth or the cavity spectral bandwidth, whichever is smaller, in units of rad/s. The other parameters are the same as above. Gigahertz-jitter is often the dominant noise term in mode-locked fiber lasers. 

C. Phase noise PSD due to self-steepening Amplitude-to-phase coupling inside the oscillator occurs predominantly through the self-steepening effect [6]. This noise term usually dominates the noise spectrum at low Fourier frequencies: ࢙࢙ࡸሺࢌሻ = ૚૛ ቀࣇࢌ࣊ࡸࡺ࣐ࢉ࢙࢕ࢌ࢖ࢋ࢘ࢌ ቁ૛ ,ሻࢌሺࡺࡵࡾࡿ (S3)where ϕNL is the total nonlinear phase shift per round-trip, which is a sum of ϕNL due to Kerr-nonlinearities and slow saturable absorber response, if present. SRIN(f) is the intensity noise power spectral density of the laser.      It should be noted that all these noise spectra scale with the repetition rate squared. Therefore, a fair comparison of laser performance should consider this fact. The choice of repetition rate will likely be a compromise between noise performance and desired repetition rate. As demonstrated in this letter, one can achieve ultra-low noise performance even at 1 GHz repetition rate if the cavity round-trip loss is low (here < 1% including SESAM and output coupler), the average power inside the cavity is high (here, 24 W) and the pulses are short (currently < 110 fs). Large modes are beneficial to reduce the coupling between the amplitude and phase quadratures of the noise spectrum, which is usually important in OFD applications.      Based on these noise processes, the total estimated free-running phase noise PSD of the 1 GHz optical pulse train is shown in Fig. S2. This estimated noise floor is far below the detection limit of even the best commercial microwave phase noise analyzers. However, the theoretical model used in Fig. S2 is supported by the sub-attosecond timing-jitter measurements published by Hou et al. [7]. 
2. FREE-RUNNING fceo LINEWIDTH ESTIMATEA worst case estimate can be calculated by looking at the -91 dBc/Hz servo-bump at 98 kHz offset in Fig. 5, red trace. A FWHM Lorentzian line shape with 48 Hz is required to get single-sided noise spectral power at that level, and the free-running noise PSD is certainly significantly below the peak of that servo bump. 
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