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Abstract

This dissertation studies nonparametric estimation with deep neural networks (DNNs) under
dependent data. The first chapter introduces my work, describes its contribution to the literature,
and defines the mathematical notation used throughout.

The second chapter establishes statistical properties of deep neural network (DNN) estimators
under dependent data. Two general results for nonparametric sieve estimators directly applicable
to DNN estimators are given. The first establishes rates for convergence in probability under
nonstationary data. The second provides non-asymptotic probability bounds on £2-errors under
stationary S-mixing data. I apply these results to DNN estimators in both regression and classifi-
cation contexts imposing only a standard Holder smoothness assumption. The DNN architectures
considered are common in applications, featuring fully connected feedforward networks with any
continuous piecewise linear activation function, unbounded weights, and a width and depth that
grows with sample size. The framework provided also offers potential for research into other DNN
architectures and time-series applications.

The third chapter demonstrates the practical implications of these results in a partially linear
regression model under stationary S-mixing data. In this setting, I obtain \/n-asymptotic normal-
ity of the finite dimensional parameter after first-stage DNN estimation of infinite dimensional

parameters.
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Chapter 1

Introduction and Mathematical Notation

1.1 Introduction

Deep neural networks (DNNs) have proven useful in the analysis of time series in economics
and finance (e.g., Gu et al., 2020; Bucci, 2020; Criado-Ramén et al., 2022; Lazcano et al., 2024)
and have become increasingly popular in empirical modeling (e.g., Sadhwani et al., 2021; Maliar
et al., 2021; Leippold et al., 2022; Murray et al., 2024). However, the statistical properties of DNN
estimators with dependent data are largely unknown, and existing results for general nonparametric
estimators are often inapplicable to DNN estimators. As a result, empirical applications with DNN
estimators often lack a theoretical foundation.

Chapter 2 aims to address this deficiency by first providing general results for nonparamet-
ric sieve estimators that offer a framework that is flexible enough for studying DNN estimators
under dependent data. These results are then applied to both nonparametric regression and clas-
sification contexts, yielding theoretical properties for a class of DNN architectures commonly used
in applications. Chapter 3 demonstrates the practical implications of these results in a partially
linear regression model with dependent data by obtaining y/n-asymptotic normality of the estima-
tor for the finite dimensional parameter after first-stage DNN estimation of infinite dimensional
parameters.

DNN estimators can be viewed as adaptive linear sieve estimators, where inputs are passed



through hidden layers that ‘learn’ basis functions from the data by optimizing over compositions
of simpler functions.! Some general conditions that are sufficient to obtain statistical properties of
certain nonparametric estimators have been studied under independent and identically distributed
data (i.i.d.) (e.g., Shen and Wong, 1994; Chen, 2007), and dependent data (Wooldridge and White,
1991; Chen and Shen, 1998; Chen and Christensen, 2015). Different from the extant literature,
I provide two results for general sieve estimators that apply to DNN estimators in settings with
dependent data that take values on unbounded sets. Theorem 2.1.1 provides rates of convergence
in probability in a setting similar to that of Wooldridge and White (1991), which differs from
previous results, such as those in Chen and Shen (1998) and Chen and Christensen (2015), by not
requiring stationarity. Theorem 2.1.2 extends Farrell et al. (2021, Theorem 2) beyond DNNs and
i.i.d. settings, to provide non-asymptotic probability bounds on both the theoretical and empirical
L2-errors of general sieve estimators under stationary S-mixing data. These results are well suited to
the study of DNN estimators for two key reasons. First, they accommodate general sieve extremum
estimation and are not restricted to series methods treated by Chen and Christensen (2015), as
verifying basis function properties is impractical with DNNs’ adaptive structure. Second, they
avoid conditions on the sieve spaces, relying on entropy with bracketing or interpolation between
£> and £2 norms (e.g., Chen and Shen, 1998, Conditions A.3 and A.4), which are not feasible for
DNNs when network depth diverges with sample size.

Using these general results, I derive statistical properties for DNN estimators with architec-
tures that reflect modern applications: (i) fully connected feedforward networks with continuous
piece-wise linear activation functions; (ii) no parameter constraints; and (iii) depth and width that
grow with sample size.? While early research focused on shallow, often single-layer networks with

smooth activation functions (e.g., White and Gallant, 1992; Makovoz, 1998; Anthony and Bartlett,

'See Subsection 2.2.1 for a description of DNN architectures. See Chen (2007) for a treatment of sieve estimators,
and Farrell et al. (2021) for more discussion on framing DNN estimators in the context of more familiar nonparametric

estimation procedures.

2Fully connected feedforward neural networks with more than three hidden layers are often referred to as multilayer

perceptrons in the DNN literature.



1999), modern applications favor deep networks with many hidden layers (Szegedy et al., 2016;
Schmidt-Hieber, 2020). To mitigate the increased computational demands of deep networks, mod-
ern implementations do not impose parameter constraints and often use non-smooth activation
functions (e.g., Glorot et al., 2011). Among DNN architectures, fully connected feedforward DNNs
are standard in practice (Almeida, 2020; Criado-Ramén et al., 2022), and are frequently applied in
time-series settings (e.g., Dudek, 2016; Borghi et al., 2021; AlShafeey and Cséki, 2021). Recently,
the most popular activation function has been the rectified linear unit (ReLU), ¢(z) = max{0,z}
(LeCun et al., 2015), which will be the main focus of this chapter’s DNN results.®> However, Sub-
section 2.2.4 shows that my results apply to DNNs with any continuous piecewise-linear activation
function, and discusses how similar results could be obtained for alternative DNN architectures,
including those with sigmoid activation functions.*

Two results are obtained for these DNN estimators in nonparametric regression settings
with mixing processes and unbounded regressors. Theorem 2.2.1 applies Theorem 2.1.1, to obtain
convergence rates for the £2-error with nonstationary a-mixing data, and Theorem 2.2.2 applies
Theorem 2.1.2 to obtain error bounds with stationary S-mixing data. When the regressors are
bounded, Theorem 2.2.2 implies a convergence rate differing from the rate of that obtained by
Farrell et al. (2021, Theorem 1) under i.i.d. data by only a poly-logarithmic factor, making this
result useful for inference in some semiparametric settings, as discussed below.

A third DNN result pertains to classification, one of the most common applications for neural
networks. I apply Theorem 2.1.1 to obtain convergence rates in logistic binomial autoregression
models with covariates. A similar approach could also yield results for multinomial or non-logistic
models using the ideas from Farrell et al. (2021, Lemma 9). Previous studies on DNN estimators in
classification contexts have considered their empirical performance with dependent data (see Fawaz

et al., 2019 for a review) or their statistical properties in i.i.d. settings (e.g., Kim et al., 2021; Yara

3Compared to smooth activation functions, ReLU activation functions have also been shown to offer improved

properties both empirically (e.g., Sadhwani et al., 2021) and theoretically (e.g., Glorot et al., 2011).

4Recurrent neural networks are also an important class of DNNs for time series settings not considered here. See

Subsection 2.3 for a brief discussion of these architectures.



and Terada, 2024; and citations therein). To the best of my knowledge, this work is the first to
derive their statistical properties with dependent data.

Much of the recent theoretical work for DNN estimators focuses on estimating regression
functions with additive or hierarchical structures under i.i.d. data (see, Kohler and Krzyzak, 2017;
Bauer and Kohler, 2019; Schmidt-Hieber, 2020; Kohler and Langer, 2021) and under dependent
data (see, Kohler and Langer, 2021; Kurisu et al., 2024). The compositional functional form of
neural networks makes them well-suited for estimating these restricted function classes. These
studies use these restrictions to obtain fast, near minimax convergence rates, in some cases sur-
passing traditional nonparametric estimators (Schmidt-Hieber, 2020). While this literature offers
possible theoretical insights into why DNNs have outperformed traditional estimators in some em-
pirical work (e.g., Gu et al., 2020; Bucci, 2020), my approach differs by establishing a more flexible
framework for studying various DNN estimators in more general settings under time series data. I
provide statistical properties for a common class of DNN architectures, considering both nonpara-
metric regression and classification, under a Holder smoothness condition, which allows for greater
generality relative to these restricted classes. My work also adds generality by not placing bounds
on the parameters, which can be critical for feasible implementation (see Farrell et al., 2021 for
discussion).

Recently, Kurisu et al. (2024) provided closely related general results for DNN estimators
and sparse-penalized adaptive DNN estimators for nonparametric regression under nonstationary
B-mixing data. My work adds generality since they impose parameter constraints, focus only on
regression settings, and impose structural assumptions on the regression function when applying
their findings, although their general results do not explicitly require this restriction. While I
do not address adaptive network architectures, empirical gains from sparsity penalties or other
regularization techniques are often unclear (Zhang et al., 2017), and in many cases my general results
could apply to similar adaptive DNNs in contexts beyond nonparametric regression, following the
ideas discussed in Subsection 2.2.4. Theorem 2.2.1 of this work also offers some added generality

by allowing nonstationary c-mixing data, rather than S-mixing. One advantage of Kurisu et al.



(2024) is that they offer some consideration of S-mixing coefficients with polynomial decay, whereas
my DNN results require exponential decay.

Finally, Chapter 3 demonstrates how my results enable valid large-sample inference in par-
tially linear regression models with dependent data (see Robinson, 1988). I establish /n asymp-
totic normality of the finite-dimensional parameter following first-stage DNN estimation of infinite-
dimensional components. Using an approach similar to Chen et al. (2022), I do this without
sample-splitting which is often impractical with dependent data. This exercise demonstrates the
practical implications of the DNN results from Chapter 2 and suggests potential applications to
more complex econometric models. In addition, it contributes to two growing bodies of literature.
First, the literature on inference after machine learning (e.g., Chernozhukov et al., 2018; Farrell
et al., 2021; Chernozhukov et al., 2022) by considering inference after DNN estimation in dependent
data settings. Second, the work that studies partially linear time series models (see Gao, 2007; and

Hérdle et al., 2000; for a review) by incorporating DNNs to estimate nonparametric components.



1.2 Notation

MISC:

—-
~) T

cl(A):

AQ B:

1a:

SETS:

For two sequences of non-negative real numbers {z;}:cn and {y; }1en, the notation x; < yy
means there exists a constant 0 < C' < oo such that z; < Cy; for all ¢ sufficiently large.
We write xy <y if x4 <y and x4 2 vy

For a set A in a topological space, let cl(A) denote the closure of A; i.e. the intersection of
all closed sets containing A. If A C R"™, then cl(A) is with respect to the standard topology
on R".

For two og-algebras A, B the product o-algebra is A ® B = 0({a xb:aeAbe B})

For some set X, and A C X the indicator function is denoted as 14 : X — {0,1}, where

La(z)=1ifr e Aand 1a(z) =0if z € X\ A.

: The natural numbers are denoted as N = {1,2,...}.

: The extended real line is denoted as R := R U {—o00, 00}.

o ({X¢}}): For arandom sequence { X }ien let o ({X}}) denote the o-algebra generated by {X}7,.
B(X): For a topological space (X, Ox), let B(X) := 0(Ox) denote the Borel o-algebra associated
with X.
MEASURES:
Px: For a measurable space (X, B(X)), and X : Q — X, measurable-A/B(X), define the measure
Px(B) = P(X~Y(B)) for any B € B(X).
P*: Given a probability space (£2,.A, P), define outer probability, P*, as in van der Vaart and

Wellner (1996) §1.2., i.e., P*(B) = inf {P(A) : ADB, Ac .A}, for an arbitrary set

B cC Q.



1 1/r
(G2mr)  remoo

max |z r = 00.

| fll or: Let L£7(€2, A, P) denote the space of functions f : @ — R that are measurable-A/B(R),

such that [|f||zr g 4 py < 00, for the (pseudo-) norms

1/r
</’f‘rdp> ) for 1 <7 < oo,
Q

inf{CZO:P({weQ:]f(w)|26’}):0}, for 7 = oo,

1l zr,a,p) =

We write L"(P) or || f[|zrpy when no confusion may arise.

| fll: For a function f:X — R define || f||., = supgex |f(z)] € R.

COMPLEXITY MEASUREMENTS:
N(6,G, ||||): See Definition 2.1.2 for the definition of covering number.
Pdim(S): See Definition 2.1.4 for the definition of pseudo-dimension.
D(4,G, ||]l): See Definition A.2.1 for the definition of packing number.

R,S: See Definition A.3.1 for the definition of Rademacher complexity.

MIXING COEFFICIENTS
B(j),a(j): See Definitions 2.1.3 and 2.2.1 for  and « mixing, respectively (also see Dehling and
Philipp, 2002, Definition 3.1). For a random sequence {Z;}:cny we write the mixing coeffi-

cients as 8z(j),az(j), or simply 3(j), a(j) when no confusion may arise.



Chapter 2

Statistical Properties of Deep Neural Networks with Dependent Data

This chapter provides my general results for nonparametric sieve estimators that offer a
framework that is flexible enough for studying DNN estimators under dependent data. These results
are then applied to both nonparametric regression and classification contexts, yielding theoretical
properties for a class of DNN architectures commonly used in applications. This work can also be
found in Brown (2024b).

Section 2.1 considers a general nonparametric estimation setting and gives the main results
for general sieve estimators. Section 2.2 describes the class of DNN architectures considered in
this dissertation and applies the results of Section 2.1 to derive properties of DNN estimators
in nonparametric regression and classification contexts. A discussion of extensions to alternative
architectures is also provided. Section 2.3 concludes and discusses avenues for future research.
Appendix A provides general measurability results for sieve estimation settings and technical proofs

for all results in this chapter.

2.1 General sieve estimators

Let (2,A, P) be a complete probability space, and {Z;};cny be a stochastic sequence on
(Q, A, P), with coordinates given by random vectors Z; : Q — Z C R% for some dz € N and
each t. The parameter space, F, is a space of functions with elements f : Z — R measurable-

B(Z)/B(R). Let ¢ : Z x R — R be the single observation criterion function which is assumed to



be measurable-(B(Z) ® B(R))/B(R), and q(Z:(:), f(Z(-))) € L} (2, A, P), for each t and f € F.!
The empirical criterion function is
Q) = QUZNL ) = - > a(Z0 f(Z),  for neN, feF.

t=1

The true parameter fy € F is defined by E[Q,(fo)] < E[Q.(f)], for all f € F.

This setting covers a wide range of non/semi-parametric models. I give two examples that
illustrate it’s breadth. Example 2.1.1 is the regression model from Kurisu et al. (2024), and Example
2.1.2 considers a classification problem in a logistic binomial autoregression model. Generalizations
of these examples will be considered in Section 2.2 as applications of this section’s results. To
consider these examples with the notation used above, note that when Z; = (Y}, X;) any mapping

X — f(X;) can trivially be defined on Z using the coordinate projection mx(Z;) = X;.

Example 2.1.1 (Nonparametric time-series regression). For all t € N, let Z; = (Y}, X;) € Z C

R x R? for some d € N, such that Y; € £2(Q2, A, P) and

Y: = fo(X) +n(Xt)ve (2.1)

where 1 € EQ(P{Xt}tEN), vy € L2(Q, A, P), and E[vy|X] = 0. Then, F = EQ(P{Xt}teN), fo =
E[Y;| X, and ¢(Zy, f) = (Yt — f(Xt))Q. This nonparametric location-scale model includes many
popular models, such as a nonlinear AR(p)-ARCH(r) model by letting 1 < p,r < d and X; =
(Yi_1,...,Y;_4)7, given initial conditions Yp,...,Y;_4. See Kurisu et al. (2024) for other special

cases of (2.1).

Example 2.1.2 (Logistic autoregression). For all t € N, let Z; := (Y}, X;) such that Y; € {0,1}
and X; = (Vy—1,Yi—1,...Y;—,) for some random vector of covariates V; € R for d > r. Suppose

for any y € {0,1},t € N,

P(Yi =y [ {Vi}Z0. Vi1, Yioa, ) = P(Yi=y | X)),

'Requiring that ¢ be defined on Z x R instead of the subset Z x F(Z), where F(Z) = Uzez{f(z) :f e ]-'} CR,

is only for notational convenience later on and is without loss of generality by Stinchcombe and White (1992, Lemma

2.14).
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and E[Y;| X = e/o[1 + efo]_l where |fo()| < oo for all z € R?. Then,

E[Y:] X ]

fo=log <1 CEYX]

> , and  q(Zy, f(Zy)) = =Y f(Xy) +log (1 + ef(Xt)) :

Note that V;_s,...V;_, can trivially be included by replacing V1 with V}_; == (V_1,... V).

2.1.1 Sieve extremum estimation and measurability

The target function fy can be estimated using the method of sieves (Grenander, 1981; Chen,
2007). This approach covers a wide variety of nonparametric estimation methods.

Let {Fn}nen be a sequence of sieve spaces such that 7, C F, and supjez, || fllo < co. If
0, : Q — [0,00) is a random variable, such that 6, = op(1), then fn € Fn is an approzimate sieve

estimator if

Qn(fn) < inf Qu(f) + On. (2.2)
fE€Fn
0,, is often referred to as the “plug-in” error, and whenever feasible 6,, := 0. In this case fn is

referred to as an ezxact sieve estimator.

In general, the infimum over F,, in (2.2), and the mapping w — fn from Q to F,, may
not be measurable when F,, is uncountable. Definition 2.1.1, and Propositions 2.1.1 and 2.1.2,
provide easily verifiable conditions that assure measurability in many sieve estimation settings (see
Section 2.2 and Remark 2.2.1 for example). Appendix A.1 includes the proofs and a discussion of
similar results. The definition of pointwise-separability that follows has many similar forms, see

e.g., van der Vaart and Wellner (1996, Example 2.3.4).

Definition 2.1.1 (Pointwise-separable). Let G be a set of functions with elements g : Z — R
that are measurable-B(Z2)/B(R). The set G is pointwise-separable if there is a countable subset

{9;}jen C G where for every g € G, z € Z, and § > 0, there exists j = j(z,0,g) € N such that
|95(2) — g(2)| < 6.
The next result uses Definition 2.1.1, to provide conditions that ensure the measurability of

infimum over F,,. Clearly, Proposition 2.1.1 will similarly apply to suprema, such as those in the

proofs of this work’s results.
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Proposition 2.1.1. Let G be a pointwise-separable class of functions. Then, for any n € N and

U, : Q@ x R" = R that is measurable-(A @ B(R™))/B(R), the mappings
i -
W inf Uy w(w g Z)}r,), YHCG HA,
from Q to R, are measurable-A/B(R).

With some abuse of notation, if F,, is pointwise-separable, then sup ;e Qn(f) is measurable,

for any H C F,,. This follows by letting

it U, (2O = int S a(Z0). f(Z) 0~ R

feH N P

in Proposition 2.1.1, since ¢ is measurable-(B(Z) ® B(R))/B(R).? However, for fn as in (2.2),
this does not ensure that the mapping w +— fn is measurable. This will be dealt with using
outer integrals/probability in Subsection 2.1.2 (defined therein). Everywhere else in this work, the
following proposition will be used which adds structure to F and F,, to ensure the existence of a

measurable mapping for fn

Proposition 2.1.2. Let 1 <r < oo and n € N. Suppose G C ET(P{Zt}?zl) 18 a pointwise-separable
class of functions such that {g(z) : g € G} C R is compact for each z € Z. Let U, : @ x R" - R
be such that for each * € R™ the function Uy(-,x) : Q@ — R is measurable-A/B(R), and for each
w € Q the function Up(w,-) : R™ — R is continuous. Then, there exists a function s : Q — G such

that for each w € 2

s(w)G{gEQ:U( A9(Zy(w)) } 1):;2£U( A9(Ziw)}_ 1)}

and s is measurable-A/B(G), where B(G) uses the topology on G generated by ||'HU(P{Z o)
trt=1

2To see this, note that, for any ¢, the mapping (w,z) — (Z:(w),z), from Q x R to Z x R, is measurable-
(A® BR))/(B(Z) @ B(R)) (Aliprantis and Border, 2006, Lemma 4.49). Consequently, the function (w,z)
q(Z¢(w),z), from Q x R to R, is measurable-(A ® B(R))/B(R) since g is measurable-(B(Z) ® B(R))/B(R). Then, by
Aliprantis and Border (2006, Lemma 4.52), the mapping (w, 1, . .., xn) > Un(w,21,...,2n) == = > ¢(Z(w), ),

from Q x R™ to R, is measurable-(A ® B(R"))/B(R), and Proposition 2.1.1 can be applied.
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The conditions on U, in Proposition 2.1.2 are somewhat stronger than those used in Proposi-
tion 2.1.1 since they imply that U, is measurable-(A® B(R"™))/B(R) by using Aliprantis and Border
(2006, Lemma 4.51). Notably, @,, will satisfy this stronger condition for many common choices of
q, such as least squares or logistic loss.

Proposition 2.1.2 implies that a mapping w fn from Q — F, exists and is measurable
whenever ¢(Z(w),-) : R — R is continuous for all w € 2, and F C L"(P(z,;» ) is a pointwise-
separable class of functions such that {f(z) : f € F,,} C R is compact for each z € Z. Proposition
2.1.2 is closely related to Wooldridge and White (1991, Theorem 2.2), which is commonly used to
ensure the existence and measurability of sieve estimators (e.g., Chen, 2007). Although Wooldridge
and White (1991, Theorem 2.2) is applicable to metric spaces (F,, p) where p may not be induced
by an £"-norm, they require that (F,, p) be a compact metric space. Therefore, Proposition 2.1.2
adds generality by only requiring 7, C L"(P(z,j»_ ) such that {f(z): f € F,} C R is compact for
all z € Z, which does not imply that (F,, ||'HU(P{Z”;L:I)) is a compact metric space. This will be
crucial when the sieve spaces are constructed using DNNs with unbounded weights as in Section

2.2.

2.1.2 Convergence rates without stationarity

This subsection gives a convergence rate result for sieve estimators applicable to very general
estimation settings where {Z;}cn is possibly non-stationary. The complexity of F,, will be con-
trolled using a covering number as defined below. (M, ||-||) denotes a semi-metric space, induced

by the norm |-||.

Definition 2.1.2 (Covering number). Let 6 > 0, and let (M, ||-||) be a semi-metric space.
(i) For G C M, the d-covering number of G, denoted as N(6,G,|||), is the smallest J € N

such that there exists a collection {m; }‘]1:1 C M, where

C~

G < Ufoeg:llg—myl<a}.

=1

and if no such J € N exists let N(4, G, ||-||) = oo.
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(i) When M is a space of functions with elements f : Z — R, then, for any a € N, define
Mlizye , = {(f(Z1), [(Z2),...,f(Za)) : f € M}. For any r > 1 let N{™(6,M,a) =

sup {N(67M|{Zt(w)}§:17 [HIFPREAES Q}
For G C F and a sample {Z;}{ ;, note that N((S,g|{zt}?:1, H||m) depends on w € £, but
N{(6,G,a) does not. T adopt the usual convention, if G = ) then N(6,G, ||-||) = 1, for any & > 0.
Theorem 2.1.1 is the first main result of this section. It provides a rate of convergence in
probability using an approach similar to the consistency results in Wooldridge and White (1991).
For generality, the following will not impose the conditions of Proposition 2.1.2 to ensure the

measurability of fn. Instead, I will use outer probability, P*, as defined in van der Vaart and

Wellner (1996, §1.2), i.e., for an arbitrary set B C Q
P(B)=inf{P(4): ADB, Ae A}.

Theorem 2.1.1. For each n € N let (F,p,) be a (semi-) metric space. Let F,, be a pointwise-
separable class. Suppose there exist {fn}neN satisfying (2.2), and {e, }nen such that 0, = Op(e2).
Then, pn(fn, fo) = Op«(en), if the following conditions hold:
(a.1) There exists a non-stochastic sequence {fn}neN such that f, € F,, and pn(fn, fo) < en, for
all n.

(a.2) There exist constants C1,Cy > 0 such that, for any n € N and f € F,,

C1pn(f, f0)* < E[Qu(f)] —E[Qn(f0)] < Capulf, fo)*.

(a.3) There exist my, : Z — [0,00), measurable-B(Z)/B([0,00)), and a positive, non-decreasing
sequence { My, }nen, such that, for eachn € N,

(i) for any f,f' € F, and z € Z

a(z, f(2)) —a(z. f'(2))| < ma(2)|f(2) — f'(2)];

(il) limy, oo P (maxte{lw,’n} mn(Zy) > My) = 0; and

(iii) for some C3 > 0 not depending on n,

sup {E[\q(zt, FZ0) [ Lmzozi] + £ € Fast € {1, n}} <Cyel,
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(a.4) There exists AW (0,00) — (0,00) such that,

(i) for any é >0, and f € Fy,

1
p<
n

(ii) and, for any fived 6 > 0 sufficiently large,?

> (4(20, 1(Z0) Vmaizo <y — Ela(Z, f(zt>)1{mn<zt><Mn}])‘ > a) SAP6);

t=1

nh_)rlgo {)\,(f)(é ei) : Ngoo)(é €2 /My, Fy, n)} =0.

Condition (a.2) is a curvature condition on ¢ near fy that is standard in nonparametric
estimation (see e.g., Chen and Shen, 1998; Chen, 2007; Farrell et al., 2021). Condition (a.3)(i) is
a Lipschitz condition on ¢q. In many estimation settings, these requirements are met by common
choices of ¢, such as least squares or logistic regression (Farrell et al., 2021). Conditions (a.3)(ii)
and (a.3)(ili) are requirements on the tail behavior of m,, and ¢, which are often satisfied when
the extrema of {Z,;}}" |, and F,,, grow sufficiently slowly with n. In many cases (a.3)(ii) will imply
(a.3)(iii). This will be demonstrated in Subsection 2.2.2, with the use of Lemma 2.2.1.

The regularity conditions imposed by (a.3) are more general than those typically used in the
nonparametric sieve estimation literature. For instance, Farrell et al. (2021) requires that Z be
compact, and ¢ satisfy a Lipschitz condition like (a.3)(i), except m,, must be a constant. Condition
A4 of Chen and Shen (1998) requires that there exist s € (0,2), v > 4, and C > 0 such that, for
any & > 0, SUP{rer,.pn(f.9)<5} la(z, f(2)) — q(2, h(2))| < 6* my(Z;), and sup, E[m,(Z;)] < C. In
either case, these conditions imply (a.3).

Letting p,, vary with n is often necessary in settings where {Z;}cn is non-stationary. For
instance, when p, is the metric induced by ||| z2( Pizgn) condition (a.2) is easily verified in many
estimation settings (see Appendix A.5.1). Note that condition (a.2) will often not hold for fixed

Pn = P, such as Pn=p= ||||,C2(P{* , ) for all n, when {Zt}tEN is non-stationary.
232

(@)

Condition (a.4)(i) can often be met by using an exponential inequality to obtain \;"’, such

as Wooldridge and White (1991, Theorem 3.4), or Merlevede et al. (2009, Theorem 1). These

3F, in the covering number may be replaced with {f € Fn: €n \/(62 + C2 +4C3)/C1 < pa(f, fo)} C Fa.
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inequalities can be applied without requiring ¢ to be bounded, due to (a.3)(i) and the inclu-

sion of 1y, (z,)<m,} in (a.4)(i), provided that J;, satisfies a boundedness condition, such as

supser, oo S Mn-

2.1.3 Nonasymptotic error bounds with stationarity and f-mixing

This subsection gives finite sample error bounds for sieve estimators in a setting where
{Z\}ten is strictly stationary and [-mixing. When {Z;}cn is stationary I write Pz = Py, for
all t € N. The following definition for the S-mixing coefficient is from Dehling and Philipp (2002,

Definition 3.1, p.19), and is equivalent to many standard definitions.
Definition 2.1.3 (S-mixing). The S-mixing coefficient is defined as,

B(j) =E for j € N.

sup{[P(Blo((204) - P(8)|: B o ((Z0),). ke )

{Z}ien is f-mixing (or absolutely regular) if lim;_, 8(j) = 0.

Conditions that ensure S-mixing properties of stochastic sequences have been heavily studied
(e.g., Doukhan, 1994; Bradley, 2005), and there are many examples of interesting processes that
are S-mixing with exponentially decreasing coefficients, also referred to as geometric S-mixing. For
instance, conditions to ensure stationarity and geometric S-mixing for ARMA processes are given
by Mokkadem (1988), and for GARCH processes by Chen and Chen (2000), and Carrasco and Chen
(2002). The following corollary provides one such example, using Chen and Chen (2000, Theorem

1) with the discussion from Dinh Tuan (1986, pp. 292,293).

Corollary 2.1.1 (Chen and Chen (2000)). Consider model (2.1) with X; = (Yi_1,...,Y:_q)".
Given an initial condition Xo = (Yp,...,Y1_q)" € RY, if
(i) {v} is id.d. with a strictly positive and continuous density, such that Elv] = 0 and vy is
independent of X_; for all j € N;

(ii) the function sg is uniformly bounded;
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(iii) there exists a constant ¢ such that for all 6 > 0,

O<c< inf  pl@)<  sup  p(x) < oo
zeR®: ||z ||y 4 <0 zeR: |zl 4 <o

(iv) there exist constants C' > 0, CE»S) >0, and cgn) >0, forj=0,...,d such that

d d
so(@)] < e + 3 lasl, n(@) <’ + 3 dPlayl, Ve eRY: |z, , < O,
j=1 j=1

and Z?Zl {c§~s) + c§~n)|v]-|} <1
then, {Z}1en is strictly stationary and B-mizing such that there exist constants Cé, Cpg > 0 where

B(j) < Che=sd.

This section’s main result will use the pseudo-dimension to control the complexity of the

sieve spaces N,,. The following definition is from Bartlett et al. (2019, Definition 2).

Definition 2.1.4 (Pseudo-dimension). Let S be a class of functions from X — R. The pseudo-
dimension of S, denoted as Pdim(S), is the largest p € N for which there exists (z1,...,Zp, Y1, ., Yp)
€ XP xRP such that for any (b1, ...,b,) € {0,1}? there exists s € S such that 1{s(z;) —y; > 0} = b;,

foralli=1,...,p.

Pseudo-dimension, along with related complexity measures like Vapnik—Chervonenkis dimen-
sion, (see e.g. Bartlett et al., 2019, Definition 1) is often described as ‘scale insensitive’ because,
unlike the covering number, it does not depend on a specific threshold § > 0. Scale-insensitive com-
plexity measures are particularly well-suited for function classes constructed with DNNs that have
unbounded parameters, for which Bartlett et al. (2019) provides nearly tight pseudo-dimension
bounds. Pseudo-dimension can also be used to bound the covering number with Anthony and
Bartlett (1999, Theorem 12.2) (also see Lemma A.3.4 herein).

Theorem 2.1.2 extends Farrell et al. (2021, Theorem 2) to general nonparametric sieve esti-
mators in settings with dependent data that may take values in unbounded sets. This extension
relies on stationarity and S-mixing to apply a standard independent blocking technique, and an

exponential inequality from Merlevede et al. (2009). Following Farrell et al. (2021), the proof
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of Theorem 2.1.2 differs from classic sieve analysis (e.g., Wooldridge and White, 1991; van der
Vaart and Wellner, 1996, §3.4; Chen and Shen, 1998) by using a localization approach with scale-
insensitive measures of complexity to offer straightforward applicability to DNN estimators that

have unbounded parameters (see Farrell et al., 2021 for more discussion).

Theorem 2.1.2. Let {Zi}ien be strictly stationary, (F,|[lz2(p,)) be a (semi-) metric space,
¢(Zi(w),:) : R = R be continuous for all w € Q, and F,, be a pointwise-separable class such
that {f(z) : f € Fn} C R is compact for each z € Z and n € N. Suppose || follcc < 1, and the
following conditions hold:
(b.1) {Z:}ien is B-mizing with B(j) < C'de_cﬁj for some Csg, 023 > 0.
(b.2) For each n € N, there exists a non-stochastic f, € Fn where &, = ||fn — follso is such that
lim,, o0 €, (logn)(loglogn) = 0.

(b.3) There exist constants C1,Cs > 0 such that, C; < 1, and for any n, f € F,,

Cl”f—fo”%?(pz) < E[Qu(f)] —E[Qn(fo)] < CQHf_fO”%Q(PZ)'

(b.4) F, is such that Pdim(F,) > 1 for all n, and for some non-decreasing sequence { By }nen

such that By > 2, supser, |flloo < Bn < 00 for each n, and

n—oo

lim B—:L [\/Pdim(]-"n) log(n) + v/log log(n)] = 0.

(b.5) There ezists my, : Z — [0,00), measurable-B(Z)/B([0,00)), such that, for each n,

(i) for any f,f' € Fn, z€ Z

a(z, f(2)) —a(z, ['(2))| < ma(2)|f(2) = f'(2)];

and

(i) there exists a constant Cy > 1 and a strictly positive sequence { iy }nen such that

min {BnE[mn(ztﬂ{mn(zt»cwn}]7 sup E[!G(Ztvf(Zt>)!1{mn(zt)zc4Bn}}} < fins
FEFOU)

and limy, o i, = 0.
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Then, there exists a constant C' > 0, depending only on Cy, Ca, Cy, Cg, and C’ﬁ, such that for
any n > max {5, 2Pdim(F,), 16B2/log(n)}, measurable mapping w > fn satisfying (2.2), and

constants a € N, § > 0 where

én(logn)(loglogn) €n/1n
2 <n/2 d o>
max{ ’ B, <a<n/2, and Vé2z Bpa — é,(logn)(loglogn)’

the following holds

np) + 2P( max mp(Z;) > CyB,y, )] and
a te{l,...,n}

P(In = llere) < Cenls.0)) 2 1= e 210g(o) |

P (an — follzm < Cen(s, a)) >1—4e~0 — 6log(n) [”i@ + 2P( max  mn(Z;) > C4Bn)]

te{lv"'vn}

for e,(d,a) == By, f[\/Pdlm ) log(n) + /log log( )—1—5} + /€ + pn + .

The existence of a measurable mapping w — fn is not an extra assumption, as it will follow
from Proposition 2.1.2 and the assumptions in the statement of Theorem 2.1.2. Therefore it is not
necessary to use outer probabilities/integrals when dealing with fn

én(logn)(loglogn)
By

The requirement that a > < will not be binding for large n. This follows because

(b.2) and (b.4) imply lim, 0 %}?gbg") = 0.

Note that n > 16 B2 /log(n) and n > 2Pdim(F,) for all n sufficiently large is implied by (b.4).
Requiring that Cy > 1 and C; < 1 is also without loss of generality. To see this, if (b.5)(ii), or
(b.3) hold with Cy < 1 or Cy > 1, respectively, then they will also hold with the constant replaced
by one. However, this requirement can be dropped if n is large enough or (4 -288)Cy/C1 > V38
(see first paragraph of Appendix A.3.5.4 for more detials).

Conditions (b.3) and (b.5)(i) are analogous to Conditions (a.2) (a.3)(i), and the discussion
following Theorem 2.1.1 still applies. Condition (b.5)(ii) is related to (a.3)(iii), but Condition
(b.5)(ii) is somewhat more general since the uniform integrability type requirement on ¢ can be
replaced with lim,, Bnmn(zt)ﬂ{mn(zt)>c43n} =0.
= 0, like Condition (a.3)(iii), this will be necessary for the error bounds to hold with probability

approaching one. In light of this, the requirement that ¢(Z¢(w),-) : R — R be continuous for
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all w € Q, imposes very little additional structure, since Condition (b.5)(i) will imply this with
probability approaching one whenever lim,, P( maX;e1,..n} Mn(Zt) > C’4Bn) =0.
Theorem 2.1.2 may also imply a rate of convergence by choosing § = J, and a = a, such
that J,, and a, go to infinity with n at an appropriate rate. For this, note that for any {a,}nen
nB(an)

such that lim,, o ay/log(n) = oo then 10g(n)% = 0. To see this, choose b, = a,Cp log_l(n),

so by Condition (b.1)

anCB
log(n)n S(ay) < log(n)ne~Csan _ log(n)n!=bn _ log(n)nl_log“l)

~

an an an an,

2.2 DNN estimators

This section applies the results of Section 2.1 to obtain theoretical properties for a class of
DNN estimators commonly used in applications. All proofs are included in Appendix A.5. As
before, the setting from Section 2.1 can be applied with the understanding that, for any z = (y, ),
and mapping * — f(x), one can define f(z) = f(nx(z)) = f(x) for the coordinate projection
Tx(z) =x.

Throughout this section, {Z; = (Y;, X[ )T },en will be a stochastic sequence on the complete
probability space (9, A, P), such that, ¥; € R and X; € [0,1]¢ for each t. The object to be

estimated is fo : [0,1]¢ — [~1,1], which satisfies the following Holder smoothness assumption.

Assumption 2.2.1. (Smoothness) For a smoothness parameter p € N, and each multi-index
k€ {N U {0}}d with 2?21 k; <p—1, the regression function fo : [0,1]¢ — R is such that D* fy is

continuous, and || DF fo|oo < 1.

This type of smoothness assumption is standard in the nonparametric estimation literature
(e.g. Stone, 1982; Chen and Shen, 1998; Chen, 2007; Chen and Christensen, 2015; Farrell et al.,
2021), and Yarotsky (2017) shows that DNNs approximate these functions well. Note that this
assumption is weaker than the structural assumptions imposed in much of the DNN literature

(e.g., Kohler and Krzyzak, 2017; Schmidt-Hieber, 2020; Kohler and Langer, 2021).
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For most of the results in this section, S-mixing will be stronger than necessary. In these

cases, | use a-mixing, as defined by Dehling and Philipp, 2002, Definition 3.1.

Definition 2.2.1 (a-mixing). The a-mixing coefficient is defined as,
a(j) = sup {‘P(A NB) - P(A)P(B)‘ cAco({Z), Beo ({Z)5,) k€ N} for j € N.
{Z}ien is a-mixing (or strong mixing) if lim;_, o(j) = 0.

Sufficient conditions for a process to be a-mixing have been heavily studied (e.g. Doukhan,
1994, §2.4; or Bradley, 2005), and an example is included in Corollary 2.2.1 of Subsection 2.2.3. It
is well known that «(j) < £(j), so any S-mixing process is also a-mixing with a rate at least as

fast. Consequently, Corollary 2.1.1 can also be used to imply a-mixing.

2.2.1 DNN sieve spaces (N,,)

The sieve spaces used here, N,,, will be constructed using fully connected feedforward DNNs.
For concreteness, I focus on DNNs equipped with the ReLU activation function ¢(x) = max{0,z}.
However, Corollary 2.2.2 shows that all results in the following subsections apply for any contin-
uous piecewise-linear activation function. Considerations for other feedforward architectures and
activation functions are also discussed in Subsection 2.2.4.

For n € N the graph structure of the architecture N,, is characterized by its depth L, € N,
and width vector H,, = [Hpo,Hp1,...,Hp1,] € NLntl where H,o = d for all n. Each hidden
layer, [ € {1,..., L}, is comprised of H,,; “hidden” computational units, referred to as nodes, and
denoted as u; ;. The d inputs & = [21,...,24) € [0,1]¢ are fed into each node in the first hidden
layer [ = 1. Then each node in layer [ = 1 feeds into each node of the next layer [ = 2. This process
repeats with each node in layer [ — 1 passing its output into each node in layer [ up to the last
hidden layer [ = L,,. Finally, each node in the last hidden layer, [ = L,,, feeds into the output layer
of the network, [ = L,, + 1, which consists of only one computation unit. Note that nodes in layer
[ receive inputs only from nodes in layer [ — 1, and none from layers [ — 2 or earlier. See Figure 2.1

for an example of the architecture N,,.
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Figure 2.1: Example of N, architecture graph structure where L, = 2, H,1 = 3, Hp2 = 2,
W, =20, and d = 2.

Each node is a function taking values in R which depends on a real-valued vector of parameters
v1,1» and takes as arguments the outputs of all nodes in the previous layer, which ultimately depend
on the original input @. The parameters for each node consist of a scalar intercept term w,h’g,‘l and

weights v, p.1, .-, Y.h,H, ,_, such that

_ T Hypgo1+1
Yin = D0h0s Vh1s -+ > Vi Hoyq] € REMIZITE

The parameters for the entire network are collected together as

Fw., = {Vnktvinge € RV

where W), is the total number of parameters in the network. For a set of parameters, the output
of node h, in layer [, is denoted as u; ,(x | 7y, ) and the single node in the last layer (I = L, + 1)
is denoted as ur,,11,1(x | Fy, ) where the dependence on 7y, will often be suppressed. Then each

node can be written as

;

¢>< Yi,hi - Ti+ 71,h7o>, =1,
i=1
Hn,lfl
up (2 | w,) = ¢( Vihi - Ur—1,i(x) + ’Yl,h,()), 2<1< Ly, (2.3)
=1
Hn,Ln
YLn+1,1 " UL i(T) + VL4110, | = Lo+ 1.
=1

4The machine learning literature often refers to ~i,h,0 as the bias, or threshold. To avoid confusion with similarly

named objects in the econometrics literature I refer to this as the intercept term.
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With this notation, ur,, 111 : [0, 1]d x RW» — R. Then, define the architecture N,, as

Nn :N(Ln,HmBn> = {f = U‘Ln+1,1( . ‘WWn) : WWn € ]RW", SUDge[0,1)d |uLn+171(w | ﬁWn>| < Bn} (24)

A particular network f € N, is determined by 7y, and can be written as f(-) = ur,+1.1 (- | Fw,,)

[0,1]¢ — [~ By, By).

Remark 2.2.1. N, as in (2.4) has the following useful properties:

(4)

The functions ug, +11 : [0,1]7 x RW» — R are continuous. This follows because for each
led{l,...,L,+ 1}, h € {1,...,Hy,;} the function u;; is composed of compositions of
the ReLU activation function (¢) and linear combinations of =, and {ul,lvh}hH;“llfl (or

x € [0,1]¢ when [ = 1).

(i) Ny is a pointwise separable class. To see this, let Q denote the rationals and define NQ? =

(iid)

{f € N : 7y, € Q"W»}. Then, NV}Y is a countable dense subset of N,,, since ur,41,1(| - ) :
RWY» — R is continuous for each x € [0,1]%, and Q is a countable dense subset of R (for
the standard topology on R).

Note that for each n and x € Z

{f($) : f € Nn} = [_B?%Bn])

which is compact. To see this, consider the subset of N,, where all parameters are equal to

zero except for the intercept term in the output node, i.e.
N;Lk = {f S Nn " YLa+1,1,0 € [_BnaBn]7 and Y,hk = 0 V{l,h,k‘} 7£ {Ln +1, 170}}

Clearly f*(x) = vy,+110 for any f* € N, € [0,1]9. Thus, {f*(x) : f* € NJ} =
[~ B, By] for each € [0,1]%. Then the result follows since ¥ C N, and sup rens, | flloo =

B, by (2.4).

In what follows, the mappings w — fn from € to A, will be considered measurable. This

will follow using Remark 2.2.1 since Proposition 2.1.2 will be applicable in the estimation settings

considered throughout this section.
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2.2.2 DNNs for nonparametric regression

I consider a general nonparametric regression estimation setting, that includes Example 2.1.1
as a special case. Theorem 2.2.1 will apply Theorem 2.1.1 to show the convergence of DNN esti-
mators in a very general setting without assuming stationarity. Theorem 2.2.2 will apply Theorem
2.1.2 to obtain non-asymptotic probability bounds on the empirical and theoretical error of DNN
estimators with stationary S-mixing data.

The goal is to estimate the function fy = E[Y;|X], with a DNN sieve estimator f, as in

(2.2), using the least squares criterion

a(Zy, f) = (Vi — f(X1))?,

and the DNN sieve spaces F,, = { f(7x(-)) : f € N, }. The regressands {Y; };en will be assumed to

satisfy the following conditions.

Assumption 2.2.2. For allt € N, suppose Y; € L2(Q, A, P) such that there exists a non-decreasing

sequence { By }nen with By > 2, where

lim P( max |Y;| > Bn> =0.
te

n—=00 {L,...n}

This assumption will be the key to ensuring Conditions (a.3)(ii)(iii) and (b.5)(ii) hold in
this setting. The two main results of this section will also specify some additional conditions to
control the dependence of {Z;};cy and ensure B,, grows sufficiently slowly. In both cases, these
requirements will be quite general for nonparametric estimation as they will hold without Y; taking
values on a compact set (Farrell et al., 2021, Assumption 1), and without E[Y,2|{ X, Y;_1}",] being
uniformly bounded or E[Y;?*?] < oo for some § > 0 (Chen and Christensen, 2015, Assumption 2).

Assumption 2.2.2 can be verified using results from extreme value theory for a wide variety
of {Y;}ien that are not uniformly bounded almost surely. The following proposition gives two
examples that use Leadbetter et al. (1983, Theorem 3.4.1), and Leadbetter et al. (1983, Theorem

6.3.4).

Proposition 2.2.1. Suppose {Y;}ien is a-mizing and one of the following holds:
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(i) {Yi}en is stationary, and lim, . nP(|Y1| > B,) = 0;° or
(ii) {Yi}ien is (possibly nonstationary) such that for each n € N the joint distribution of
{Y;}, is an n-dimensional normal distribution; a(j) < (36v/2)~! for any j € N;

limj 00 @(5) log?(j) = 0; lim, 00 Y1y P(|Y:| > By) = 0; and

lim min min Bn —E(-Y)  Bn —E(¥) o0
i ) =
n—oo te{l,...,n} v/ Var(Y}) v/ Var(Yy)

Then, in either case, limy_,o0 P( maxeqq,. n} | Vel > Bn) =0.

The following lemma shows that Assumption 2.2.2 implies a form of uniform integrability

that will be used to verify (b.5)(ii) and (a.3)(iii) for this subsection’s main results.
Lemma 2.2.1. If Assumption 2.2.2 holds then lim,, { MaX¢e(1,....n} ]E[Yt2 ]l\YtIZBn]} = 0.

The first main result of this section is Theorem 2.2.1, which applies Theorem 2.1.1, to obtain a
rate of convergence in probability for DNN estimators in general nonparametric regression settings

with nonstationary a-mixing data.

Theorem 2.2.1. Suppose Assumptions 2.2.1 and 2.2.2 hold with B, < n®B for some Kp €
[0,1/4). Let {Zi}ien be an a-mizing process with a(j) < Che=%J for some Cy,C!, > 0. Let
Nn = N(Ln,H,, By) be defined as in (2.4) where the sequences {Ly}nen, {Hn}nen for each

l € N, are non-decreasing, H, ; < Hy,, and
(557 ) /4=Kn) | 2
L, <log(n), H, < n\rtd/? log“(n). (2.5)

Suppose {fnlnen satisfies (2.2) and there exists {en}nen such that 6, = Op(e2), and for some

v >0,

€n 2 Max {n_(p+€i/2)(1/4_KB) log®*"(n), E) E[Y 1y, 25, } '
te{l,...,n -

meﬁ—mmﬁ&&J:mﬂﬁ

5Note that a-mixing is stronger than necessary and could be replaced with Leadbetter et al. (1983, Condition

D(un), p.53) which is implied by a-mixing (see discussion on p.54 therein).
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Theorem 2.2.1 shows that DNN estimators are consistent in very general settings, however

1/4 The next result uses Theorem 2.1.2 to ob-

the convergence rate is strictly slower than n~
tain nonasymptotic error bounds which can imply faster rates of convergence in probability when

{Z\}ten is stationary and S-mixing.

Theorem 2.2.2. Suppose Assumptions 2.2.1 and 2.2.2 hold with B, =< n®B for some Kp €
[0,1/2). Let {Zi}ien be a strictly stationary [-mizing process with B(j) < C”ﬁe_cﬁj for some
Cs,Cy > 0. Let Ny = N(Ly, Hp, By) be defined as in (2.4) where the sequences {Ln}nen,

{Hy,}nen for each | € N, are non-decreasing, H,,; < H,, and
(34)0/2-Kg), o
L,, < log(n), H, =< n\r log“(n).

Then, for { fn}nen satisfying (2.2), and

e, = n~(F2)0/2=Ke) 60,y VE[Y? Lgvizp,)] + 60

there exists a constant C' > 0 independent of n, such that for all n sufficiently large

2 V1/2-Kp) 20" nlng log(n)
—nl#ta) e 4log(n)P( max |Y| > Bn),
log(n) te{l,...n}

P(If (s2a)a/2-Kp)  12Cn1=Cales()
( n n<C n) >1—4e™ _
|| fn — foll2, € . -

p (||fn — follzz < Cen> >1—e

—24 log(n)P( te{n&x |Yi| > Bn).

e}

This result can imply convergence rates as fast as n7<%> log®(n) when Y is almost surely
bounded and 6,, converges sufficiently quickly. In this case, the rate only differs by a factor of log?(n)
from the rate implied by Farrell et al. (2021, Theorem 1) for settings where {Z; };en forms an i.i.d.
sequence and Y; takes values in a compact set. Chapter 3 demonstrates that the rates implied by
Theorem 2.2.2 can be sufficiently fast to obtain y/n-asymptotic normality of a finite-dimensional
parameter following first stage nonparametric estimation of conditional expectations with DNN
estimators in a partially linear regression under stationary [-mixing data with unbounded regres-
sands.

The convergence rates from Theorem 2.2.1 and the rate implied by Theorem 2.2.2 will not
depend on «a(j) and S(j) respectively, provided they are geometrically mixing. Although, the

probability bound from Theorem 2.2.2 will depend on Cjg, C,,B'
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2.2.3 DNNs for binomial autoregressions with covariates

This section considers logistic binomial autoregression models, building upon Example 2.1.2.
The main result of this section is Theorem 2.2.3, which demonstrates the applicability of Theorem
2.1.1 for DNN estimators in categorical autoregressive settings. Such settings are of particular
interest for DNNs since they are frequently employed for classification problems. Although this
binomial logistic setting is a simple case of the classification problem, similar results for multinomial
and non-logistic settings could be attained with the methods employed here. Also, see Farrell
et al. (2021, Lemma 9) for an example of how the criterion functions for Poisson, Gamma, and
multinomial logistic models can be shown to satisfy the requirements of Theorem 2.1.1.

The setting will be a special case of the models considered in Truquet (2021). For all t € N,
let Z; := (Y%, X;) such that ¥; € {0,1} and X; = (V4_1,Y;_1,...Yip) € [0,1]97" x {0,1}" C [0,1]¢

for some random vector of covariates V; € [0, 1]d*”, where d > r. Suppose
}/t:S(Vt—lv}/t—la”'aYVl—rvvt) = S(Xt,’l}t), VtGN, (26)

where v; € R is some random noise, and the function s : [0,1]%" x {0,1}" x R — {0,1} is
measurable. The estimation target will be a scaled version of the function log (%) under

the following logistic regression assumption.

Assumption 2.2.3. For all t € N, let E[Y;|X,] = eBlo[1 + erO]_l for some B > 2, and fy :

[0,1]¢ — [-1,1].

It will be convenient to write the assumption this way since || fo||,, < 1 under Assumption
2.2.1. Indeed, Assumption 2.2.3 is equivalent to the usual assumption E[Y;|X] = e*[1 + 650]_1
where it is also assumed that ||so|, < B, by setting fo = so/B. In what follows, the particular
value of B will play no role in the convergence rate of the estimator. Also note that Assumption
2.2.1 will require fo to be defined on [0,1]%, which imposes some additional structure on fy since
X, €10,1]%7 x {0,1}" c [0,1]%

The goal is to estimate fo = B~!log ( E¥: | X] }> , using a DNN sieve estimator f, as in (2.2)

TRV, X]
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where the criterion is
A2, f) = —ViBF(X,) +log (1+ /X0,
and the DNN sieve spaces are Fn, = {f(7x(:)) : f € Ny}
Theorem 2.2.3. Suppose Assumptions 2.2.1 and 2.2.3 hold. Let {Z;}tcn be an a-mizing process
with a(j) < Che %I for some Cq,C!, > 0. Let Ny, = N (Ly, H,,,2) be defined as in (2.4) where
the sequences {Ly }nen, {Hp}nen for each I € N, are non-decreasing, Hy; =< Hy, and

(742) 10g2(n). 2.7)

NI

L, =<log(n), H,=n
For { fu}nen satisfying (2.2) if there exists {en nen such that 6, = Op(e2), and
o 20 H7) log (),

then |’fn — f0”£2(P{Xt}?:1) = Op(en).

To the best of my knowledge, this is the first result providing a convergence rate for DNN
estimators in classification settings with dependent data. Theorem 2.2.3 provides a convergence
rate in settings with nonstationary a-mixing data that is identical, up to a logarithmic factor, to
the rate implied by Farrell et al. (2021, Theorem 1) under i.i.d. data. In addition, this convergence
rate is unaffected by the rate of decay of the a-mixing coefficient, provided it is geometric mixing.

Theorem 2.2.3 allows for very general forms of dependence, and includes many interesting
examples. The following corollary provides two examples of settings in which Theorem 2.2.3 can be
applied without directly assuming the mixing condition for {Z;};cn. Corollary 2.2.1(i) follows from
Truquet (2021, Theorem 1) and point 2 of the discussion following their result, since Assumption
2.2.3 implies P(Y; = 1|Xy) € [e B/(1+ e B), P /(1 + €P)]. Corollary 2.2.1(ii) follows from Tru-
quet (2021, Theorem 3, Proposition 1).% Using these results, one can also obtain similar sufficient
conditions for mixing properties of {Z;}icn in the multinomial case, Y; € {0,1,..., N}. Let the

mixing coefficient for {V;};°, and {Z;}+cn be denoted as ay and az respectively.

5To apply Truquet (2021, Proposition 1) note that ergodicity of {V} is implied by stationarity and a-mixing

(see e.g. Bradley, 2005).
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Corollary 2.2.1 (Truquet (2021)). Consider the model from (2.6). Suppose {V}32, is strictly
stationary and one of the following holds:
(i) {V1}{2, is a-mizing such that oy (j) = O(e~%) for some C > 0, and {v;}sen is an i.i.d.

sequence, independent of {V}i2,, such that for any y € {0,1}

P(Yi =y [{Vi}Zo Vit Yoo ) = P(Yi =y | Vier,Yirr, o Yiy ) = P(Yi = y | X0 ):
or

(i1) {V+}2, is a-mizing such that ay (j) = O (e_cj2> for some C > 0, and {v:}72, is uniformly
distributed on (0, 1) such that, for each t € N, v is independent ofo({Vt_j, Ut_j}é-:l) and

for any y € {0,1}

P(Yi=y| Vit Yior,Yia,. ) = P(Ye =y | Viey,Yir, o Yoy ) = P(Yi =y | X0

and the model (2.6) satisfies

S(Xt,Ut) =0 <~ 0<'Ut§E[}/t|Xt]
Then, {Z}1en is strictly stationary and a-mizing with az(j) = O(e_Caj), for some C, > 0.

Corollary 2.2.1(i) allows general distributions for v; but imposes a strict exogeneity assump-
tion with respect to {V}22,. Corollary 2.2.1(ii) requires {v:}°, to be i.i.d. with a uniform dis-
tribution, and {V;} to be mixing at a faster rate, but allows for some endogeneity, since V; can
depend on v, provided V; is independent of v;_j, for j = 1,...,¢. These results are somewhat
stronger than needed for Theorem 2.2.3, since the stationarity of {Z;}en, or {V}52, is not re-
quired. Truquet (2021) suggests these results could generalize to the non-stationary case, but

further work is needed to verify this.

2.2.4 Extensions to alternative DNN architectures

While the networks considered in the previous sections are standard, similar results can be
obtained for other architectures. The key to this will be obtaining results for the complexity—

either covering number or pseudo-dimension—and approximation power of the DNN sieve spaces
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under consideration. This section demonstrates that this is possible and provides extensions of this

chapter’s results to alternative feedforward DNN architectures.

Remark 2.2.2. In this section, and in the proofs for Section 2.2’s results, I will use bounds on
the the Vapnik Chervonenkis dimension (see Bartlett et al., 2019, Definition 1) of DNNs that take
values in {0, 1} from Anthony and Bartlett (1999) and Bartlett et al. (2019). This is without loss of
generality since these results can be directly applied to the pseudo-dimension of real valued DNNs
using Anthony and Bartlett (1999, Theorem 14.1) (also see discussion following Bartlett et al.,

2019, Definition 2).

The first result uses Yarotsky (2017, Proposition 1) to show that Theorems 2.2.1, 2.2.2, and
2.2.3 are directly applicable to fully connected feedforward networks with any continuous piecewise-
linear activation function, ¢, that has a fixed number of breakpoints, b € N. One important example

of this is the ‘leaky’ ReLU (LReLU) activation function

QOLRGLU ( IL‘)
for some small constant ¢ > 0 (often set to ¢ = 0.01) that is predetermined before optimizing over
the parameters 7y, . The LReLU is often used in practice to address the vanishing gradient problem

that arises with the ReLU where certain computation units may never have non-zero outputs.

Corollary 2.2.2. Let b € N be a constant and ¢ : R — R be any continuous piece-wise linear
function with b breakpoints. Let N, , be defined as in (2.4) except with the ReLU activation function

replaced by p. Then, Theorems 2.2.1, 2.2.2, and 2.2.3 also apply to Ny, .

The proofs of Theorems 2.2.1, 2.2.2, and 2.2.3 follow similarly when N, is replaced with N, .
To see this, note that with Yarotsky (2017, Proposition 1) the approximation result of Lemma A.5.1
can be extended to DNNs with a continuous piecewise-linear activation function by only increasing
H,, by a constant factor; and the complexity results of Lemmas A.5.4 and A.5.5 are applications of

Bartlett et al. (2019) and Anthony and Bartlett (1999, Theorem 12.2) which also apply to Ny, .



30

HiddenlLayers

Inputs Output
U1,1
1 U2,1
U1,2 U3,
Ug,2
Uu1,3

Figure 2.2: Example of ./\/',f E,N architecture graph structure where L,, =2, W,, =17, and d = 2.

The next result provides a framework to obtain theoretical properties of DNN estimators
with a wide variety of activation functions and any feedforward graph structure, provided an ap-
proximation result like Lemma A.5.1 exists for the DNN under consideration. These DNNs will
be denoted as NS EN, which allow for any graph structure where units in layer [ € {1,..., L, + 1}

takes inputs from any of the units in layers I’ € {0,...,l — 1}. See Figure 2.2 for an example of

N',f EN ’s graph structure.

Corollary 2.2.3. Let ./\/’,EEN be any feedforward neural network with L, layers, Wy parame-
ters, U, computation units and some continuous activation function ¢ : R — R, such that
SupfeN};“,I;NHfHOO < By,,. Define the complexity bound Z, , for the following three classes of ac-
tivation functions:
(1) if ¢ is piecewise-linear with b € N breakpoints let =, , == Wy Ly, log(Wy,);
(ii) if ¢ is piecewise-polynomial with b € N breakpoints where each piece is a polynomial with
degree < p € N, let =, , = W,Up,log ((p + l)b);

(iii) if ¢ is the sigmoid function, p(x) = let

1
Tter’
S = (W +2)Up)° + (W, + 2)Uy, log, (18(W,, + 2)U2).

Suppose p is described by one of the three above classes, then there exists C > 1 such that, for any

neN, N&(5, N, a) < (?}M)CE%%

Zn,p

Pdim(/\/f’gN) < CEpnyp, and N(()ZO)(& N, n) < <
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for all 6 > 0, and a > C'=,, ,. Consequently, Theorems 2.1.1 or 2.1.2 can be applied with F,, =
{f(TrX(-)) : f € /\/’,EEN , whenever the conditions of these theorems hold using the complexity bounds

in the previous display.

The pseudo-dimension bounds follow from Bartlett et al. (2019, pp. 5,6) for the piecewise-
linear case, Bartlett et al. (2019, Theorem 10) for the piecewise-polynomial case, and Anthony and
Bartlett (1999, Theorem 8.13) for the sigmoid case. The covering number bound uses Anthony
and Bartlett (1999, Theorem 12.2). To apply Theorems 2.1.1 or 2.1.2 with Corollary 2.2.3, an
approximation result, like Lemma A.5.1, will be needed for J\/E EN to verify Conditions (a.l) or

(b.2) respectively.

2.3 Summary and extensions

This chapter addresses the lack of statistical foundation for empirical work using deep neural
network (DNN) estimators under dependent data. By establishing general results for sieve esti-
mators, I provide a flexible framework that applies to various DNN estimators in a wide range of
dependent data settings. These results extend existing work to more complex and realistic sce-
narios, allowing for non-i.i.d. data with very general forms of dependence and taking values in
unbounded sets. I apply this framework to derive properties for DNN estimators in both non-
parametric regression and classification contexts, focusing on architectures that reflect modern
applications—featuring ReLLU activation functions, unbounded parameters, fully connected feedfor-
ward structures, and depth and width that grow with sample size. Notably, Corollary 2.2.2 shows
that these results also apply when the ReLU activation function is replaced with any continuous
piecewise-linear activation function, such as the leaky ReLU.

While this work only considers standard DNN architectures, Subsection 2.2.4 demonstrates
how the general sieve estimator results presented here offer a pathway for extending the analysis
to more complex architectures. Perhaps the most important avenue for future research on DNN

estimators under dependent data is recurrent neural networks (RNNs). RNNs are a class of DNN
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architectures that are specifically designed for time series settings, due to a recursive feedback loop
that gives the network a form of ‘memory’ for past events. While the empirical results from Lazcano
et al. (2024) indicate that the DNN architectures studied here outperform RNNs in simpler time-
series models, RNNs have demonstrated superior empirical performance in more complex settings,
such as in the work by Bucci (2020) on forecasting stock market volatility. Thus far, very little work
has been done on the theoretical properties of RNNs. While Kohler and Krzyzak (2020) provides
an initial study of a specific recurrent architecture in time-series nonparametric regression, much
remains to be understood, particularly for more general recurrent architectures, and dependence
settings. Following the ideas of Subsection 2.2.4, the sieve estimator framework introduced in this
chapter could facilitate future research for RNNs once their approximation power and complexity
are better understood.

Many other important aspects of DNNs are also not considered here, such as computational
efficiency or potential gains from alternative architectures and regularization techniques. Another
important class of DNNs not considered here are convolutional neural networks, which are standard
in many important DNN applications, such as image recognition. The results given here could
also be adapted for classes of functions beyond the standard Holder smoothness condition, using
approximation results such as Imaizumi and Fukumizu (2019). These considerations are left for

future research.



Chapter 3

Inference in Partially Linear Models under Dependent Data with Deep Neural

Networks

This chapter applies the results of Chapter 2 in a partially linear regression model, to obtain
valid asymptotic inference on finite-dimensional parameters following first-stage DNN estimation
of infinite-dimensional components. The proofs for this chapter are included in Appendix B. This
work can also be found in Brown (2024a).

Partially linear models were first considered by Engle et al. (1986) and Robinson (1988).
Since then, these models have been widely used for empirical work in time series settings (see
e.g., Gao, 2007; and Hérdle et al., 2000; for a review). For instance, partially linear models have
been employed by Engle et al. (1986) to study electricity sales, since the impact of temperature on
electricity consumption is nonlinear, as both high and low temperatures lead to increased electricity
demand; Li et al. (2024) to study the forward premium anomaly; and Gao and Yee (2000) to study
the number of lynx trapped in the MacKenzie River district in the Canadian North-West Territories.

In particular, consider the partially linear model,

Y: = Do + no(Xy) + ue, where  E[us|Dy, X¢] = 0. (3.1)

Let {Z; = (Y1, D¢, X1) }+en be a stochastic sequence on the probability space (2,.4, P). The data
is {Z:}}-,, where Y} is the outcome, Dy is the policy or treatment variable, and X are additional
covariates which affect Y; through an unknown nuisance function 7y that is measurable. Note

that this model can apply to nonlinear auto-regressive settings by letting X; include past values
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Y;_j,j=1,...,r for r € N. For notational simplicity, we consider the case where D; is a scalar
treatment, although the results obtained here could easily generalize to the vector-valued case. The
goal is to estimate and perform inference on the parameter {y € R.

Using a procedure due to Robinson (1988), the estimator for {y will be constructed using
DNN-estimated nuisance components. With the DNN results from Chapter 2, I show that this
estimator will obtain /n-consistency and asymptotic normality in settings with stationary S-mixing
data under mild regularity conditions. By employing the ideas of Chen et al. (2022, Theorem 1), I
do this without sample splitting, which is particularly important in dependent data settings, where

it can be difficult to construct independent validation sets.

3.1 Estimation procedure and results
I estimate (y following a procedure due to Robinson (1988). Note that
E[Y:| X ] = E[D¢| X ¢]Co + no(Xt) + Efue| X+].

Let so == E[Y;|X:] and wy = E[D;|X]. Then, taking the difference of (3.1) and the previous
display,
Y: — so(X¢) = (Dt — wo(Xt))Co + v, where  E[v| Dy, X¢] = 0.
This provides the moment condition IEW(Z +; Co, Wo, so)] = 0, for the linear moment function
T/J(Zt; ¢ w, S) = (Dt - ’w(Xt)) [(Dt - w(Xt))C -Y - S(Xt)}
= A(Zt;w) ¢ — v(Zt; w, s),

where

A(Zt;w) = (Dt — w(Xt))Q, and v(Zt;w, s) = (Dt — w(Xt)) (Yt — S(Xt)).

Now, I construct a two-stage method of moments estimator for (y. In the first stage, I estimate

the conditional expectations sy and wg with DNN estimators §,, and w, constructed using the
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framework of Section 2.2. Then, I have the estimator

tZ;A(Zt; wn)] R [Zn:v(Zt;ﬁ)n, gn)] ,

t=1

¢ =

whenever Y ;' | A(Zt; wn) # 0. The following assumption will ensure that é exists with probability
approaching one and that Theorem 2.2.2 can be used to obtain DNN estimators of wg, sg that

converge faster than n~4,

Assumption 3.1.1. (i) {Z; = (Y1, Dy, X1) }en is a strictly stationary B-mizing process on
the complete probability space (2, A, P) with B(j) < Cﬁe_cﬁj for some Cg, C;J’ > 0.
(ii) Dy € [0,1], X; € [0,1]%, E[A(Zy;wo)] = E[(Dy — wo(Xt))Q] > 0, and X is continuously
distributed.
(iii) There exists P e N and p® € N such that wy, so satisfy Assumption 2.2.1 with smooth-

ness p), p®) respectively, and

1 |1 p(@) p(®)
1 <mm{2 <p<w>+d> ’ <p<s> ) 2 Ke)

1 (p™=a) 1 ([ p®
for some constant 0 < Kp < mm{4 (pi(“’)—&-d) ) 4 (p7<s)+d/2 .

(iv) E[|Y;]?>*0] < oo for some § > 0, and there exists a non-decreasing sequence { By }nen with

By > 2, and B, < n®B such that

nli_}n;oP <t6?11?}fn} |Y:| > Bn) =0, and tel{rrll’z.z.%n}E[Yf ly,>5,] = o(n™1).

The following corollary will use Assumption 3.1.1 and Theorem 2.2.2 to obtain a rate ¢,
such that |[@, — wollz2(py) and |3, — sollz2(py) are Op(e,). The smoothness requirement in
Assumption 3.1.1(iii) is the key to obtaining €, that converges to zero fast enough to obtain the
desired asymptotic properties of é . The upper bound on Kp is equivalent to requiring B,¢e, =
o(n=1/%), for €, defined in Corollary 3.1.1. The feasibility of the bounds on K is not an additional
assumption since the first part of Assumption 3.1.1(iii) implies p® > d. Note that Assumption

3.1.1(iv) is stronger than necessary for Corollary 3.1.1, but will be needed for Thereom 3.1.1 below.
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Corollary 3.1.1 (Theorem 2.2.2). For the DNN architecture defined as in (2.4), let N =
N(L%w),ng),Q) and /\/',SJS) = N(L&S),H,Ss),Bn) for the non-decreasing sequences L%w) = Lgf) =

log(n), and

HY = . (f,(w‘iﬁ) og(n),  H®) = n(p@‘gd)(l/z—KB)

n n,l

log?(n), VIe€N.

Let w, € ./\/;Ew), and §, € N,ﬁs) be DNN sieve estimators defined as in Section 2.2 that both satisfy

(2.2) with 0,, = op(n=/2). If Assumption 3.1.1 holds, then for
1™ () -
en = log®(n) - max {n : (p(w)”) , n (P(S)+d)(1/2 KB)}

it follows that |[Wy, — wol|z2(py) = Op(€n), and |3, — sollz2(py) = Op(€n).

The following theorem will use the properties of w,, and 3, from Corollary 3.1.1 to obtain

v/n-convergence and asymptotic normality of f .

Theorem 3.1.1. Suppose Assumption 3.1.1 holds, and w,, §, are constructed as in Corollary
3.1.1. Then, we have the following:
(i) I€ = ol = Op(n=1/2);

(ii) there exists a constant o > 0 such that

lim Var
n—oo

\}ﬁ tz:;wt(CO)U)OvSO)] = 02 < 00,
and if ¢ > 0, then V(= o) 5 N (0, E[A(Zisw0)] *0?) !

The existence of ¢ > 0 is not a new result and follows from Bosq (1998, Theorem 1.5). In
most settings with E[vZ| Xy, Dy] > 0 the requirement that ¢ > 0 is fairly mild. To see this, note

that o > 0 whenever the covariances of {v/(Dy — w(X¢)) don’t sum to zero, since by the

Fien

! As usual, for a sequence of real valued random variables {W, }nen, we write W, 2 N(u, 0®) if W, converges in

distribution to a normally distributed random variable that has expected value p and variance o2 as n — co.
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definition of 9, and Bienaymé’s identity

n n 2
1 1 Ut
Var \/ﬁtz:;’l/]t(g()’wo,(so)] = E (ﬁ;wm) ] 5 and
Ver \/15 Z%(Co,wo,so)] . Z Cov [ (Co, wo, 50)15 (Co, wo, s0) .-
t=1

n <
i,j=1

3.2 Summary and extensions

This chapter shows how the results from Chapter 2 can be applied to a partially linear
regression model with dependent data. Using the DNN results from Section 2.2.2, I show that
the estimator for the finite-dimensional parameter, constructed using DNN-estimated nuisance
components, achieves y/n-consistency and asymptotic normality. By avoiding sample splitting, I
address one of the key challenges in applying machine learning techniques to econometric models
with dependent data.

These results not only demonstrate the practical implications of Chapter 2, but also provide
techniques that could be extended to address more complex econometric models, such as instru-
mental variable models, or more efficient estimation procedures (see e.g., Newey, 1990). This offers
many promising avenues for future research that I plan to incorporate in a later version of this

work.
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Appendix A

Appendix for Chapter 2

A.1 Measurability of Extrema of Random Functions

This section provides proofs for the measurability results in Subsection 2.1.1. The findings
presented here build upon previous work that has addressed similar problems (e.g. Stinchcombe and
White, 1992; and van der Vaart and Wellner, 1996) by providing general results that offer straight-
forward applicability to sieve extremum estimation. Define a metrizable space as in Aliprantis and
Border (2006, Example 2.2-3), i.e., for a topological space (X, Ox) the space X is metrizable if there

exists a metric p on X that generates the topology Ox.

Lemma A.1.1. Let (2, A, P) be a complete probability space, and let M be a complete and separable
metrizable space. For H C M, suppose the function U : Q x H — R is measurable-(A® B(H))/B(R),

and the correspondence ¥ : Q) = H s such that
graph(¥) == {(w,h) e A xH: h € ¥(w)} € A® B(H).
Let v(w) = suppey(y) U(w, h), then v: Q — R is measurable-A/B(R).
Proof. Measurability of U and the assumptions on graph(¥) imply, for any ¢ € R,
Be={(w,h) : Uw,h) >c, weQheV(w)} e A B(H).
Then, as in Davidson (2022, p.472) equation (22.4), the projection of B, onto £ is

v ((e,00]) = {w: U(w,h) > ¢, h€ ¥(w)} = {w:v(w) > c}.
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If A(A) denotes the collection of all A-analytic sets (see Corbae et al., 2009, Definition 7.9.11,
p.433), then v~! ((c, oo]) € A(A) by definition, because H is a subset of a complete and separable
metrizable space. Since (2,4, P) is complete (w.r.t. P), Corbae et al. (2009, Theorem 7.9.12)

implies A(A) = A. Hence, v™'((c,0]) € A, which gives the measurability v. ®

Lemma A.1.1 is a generalization of Stinchcombe and White (1992, Theorem 2.17-a) (also see
Corbae et al., 2009, Theorem 7.9.19-1), since the measurable space (H, B(H)) is not required to be
Souslin.! Note that requiring H C M, instead of H = M, allows for cases where H may not be
complete.

To apply Lemma A.1.1 in nonparametric sieve estimation settings, the correspondence ¥ is
often defined by the sieve spaces, e.g. VU(w) = {(f(Z1(w)),...,f(Z,(w))) : f € Fn}. In such
a setting, Proposition 2.1.1 shows that if F, is pointwise-separable, then Lemma A.1.1 can be
applied.

Proof of Proposition 2.1.1. First, we show the result holds when the supremum is over
G. Let ¥, : Q@ = R" be the correspondence ¥y, (w) = {(g(Z1(w)),...,9(Zn(w))) : g € G}. By
assumption, G is a pointwise-separable class, so there exists {g;}jen C G, such that {g(z) : g €
G} = cl({g;(2)}jen) C R, for each z € Z (see Aliprantis and Border, 2006, §2.3, p.28). Thus, for

each w € Q,
Uy (w) = cl({(9;(Z1(w)), - ., 9(Zn(w))) : j € N}).

This has two implications: first, for all w € Q the correspondence ¥, (w) is closed and consequently
equal to its closure; and second by Aliprantis and Border (2006, Corollary 18.14, p.601), ¥,, is a
weakly measurable correspondence. With this, Aliprantis and Border (2006, Theorem 18.6, p.596)
implies that graph(cl(¥,)) € A ® B(R™). Hence, graph(¥,) € A ® B(R™), since graph(¥,,) =

graph(cl(¥,)). Then the result follows from Lemma A.1.1.

! At the expense of additional notation, Lemma A.1.1 can easily be generalized to a ‘measure-free’ version using
Corbae et al. (2009, Theorem 7.9.12). Additionally, requiring H to be a subset of a metric space, rather than
measurably isomorphic to one, is without loss of generality; see the discussion following Stinchcombe and White

(1992, Fact 2.6) for details.
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Now, we show the result holds when the supremum is over H C G, with H # (. Let
: 2 = R" be the correspondence ¥}, (w) = {(9(Z1(w)),...,9(Zn(w))) : g € H}. Since {g;},en
is a countable dense subset of G, and H C G, then {g;};en N H is a countable dense subset of H.

Hence, for all w € ,

W) = A({(5(Z1@). - 95(Za(@)) g5 € {aikienn#}}).

With this, the result follows using the same argument as before. m

Proof of Proposition 2.1.2. Throughout the proof consider arbitrary n € N. Let ¥, : Q = R"

be the correspondence ¥y, (w) = {g(Z1(w)),...,9(Zn(w)) : g € G}. Define the function vy, : @ — R

vnlw) i= i Un(w,) = inf Un (. {g(Zi@)}L, ).

which exists because for each w € €2, the function Uy (w, -) : R" — R is continuous and ¥, (w) C R"
is compact, since {g(z) : g € G} is compact for each z € Z. Note that ¥, is a weakly measurable
correspondence by the argument from the proof of Proposition 2.1.1 since G is pointwise-separable
and U, is measurable-(A® B(R™))/B(R) by Aliprantis and Border (2006, Lemma 4.51). With this,

and Aliprantis and Border (2006, Theorem 18.19),
0+ {a: eV, (w):Up(w,x) = Un(w)}
{{th }t 119€G, U( {th }t 1>:Unw}, (A.1)
and there exists a function h,, : Q — R"™, measurable-A/B(R"), such that for all w € Q
B (w {{g (Z(w }t 119€G, Uy ( A9(Zy(w }t 1)_Un( )}CR”. (A.2)

Note that (57(373(3)713{%}?:1)7 ”'”E’"(P{zt}?:l)) is a complete and separable metric space,
i.e., a Polish space. This follows because 1 < r < o0, S0 ET(Z,B(Z),P{Zt}?ﬂ) is complete by
the Riez-Fisher Theorem, and is separable by Cohn (2013, Proposition 3.4.5) since Z C R%z

implies B(Z) is countably generated.? Then, (G, ||| £r(Pyg,yn )) is also a separable metric space
tri=1

2From Cohn (2013, p.102), B(R) is countably generated, where we say a o-algebra A is countably generated if

there exists a countable subcollection C of A such that o(C) = A.
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since § C L7(Z,B(Z), Piz,)» ). Hence, there exists a countable subset {g;}jen C G such that

G = cl({gj}jen). Then the correspondence ®,, : @ = G such that

On(w) = {9 € G: {g(Zuw)}, = ha(w) } = ({9 € {g}jen : {9(Zu@))}i, = hal@)}),
is closed since it is equal to the closure of a set, and ®,(w) # 0 by (A.1) and (A.2). Thus, by
Aliprantis and Border (2006, Corollary 18.14-1, p.601), ®,, is a weakly measurable correspondence.
Note that ®,, takes values in a Polish space since G C L"(Z,B(Z2), Prz,n ). Then, by Aliprantis
and Border (2006, Theorem 18.13) the correspondence ®,,(w) admits a measurable selector, i.e.,
there exists a function s, :  — G that is measurable-A/B(G), such that s,(w) € ®,(w) for all

w € . This implies the desired result since for all w € Q

sn(w) € Bp(w) C {g €G:U, (w, {g(zt(w))}jzl) - Un(w)}

by the definition of h,. =

A.2 Proof of Theorem 2.1.1

For brevity, we write g.(f) = q(Zt, f (Zt)), and my; = my(Z;). First, we present an ancillary

lemma for the proof of Theorem 2.1.1.

Lemma A.2.1. For some ¢ > 2, let H,, C F, be such that ce, < pp(f, fn) for each n € N and all

f € Hn. Suppose (a.1), (a.2), and (a.3)(iii) hold. Then, for any § > 0 and n € N,

sup {1 S () — ()] ﬂnt}

fern (M4

< sup L Z { [a(fa) — ()] Lt — E[(Qt(fn) - Qt(f))]lnt] } — (C1?/4— Cy — 2C3) ez,

fern M

where Lnt = 1, (2,) < Mo} -
Proof. Recall f, € F, by (a.1). Then, for any f € F, by (a.2)

S 02 pn(fna f0)2 - Cl pn(fa f0)2'
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By (a.1), pn(fn, fo) < €n < ce€n/2, since ¢ > 2 by assumption. With this, and the triangle inequality,
for any f € F,, such that ce, < p,(f, fn)

pul(fs f0) = pul(fs fn) — pu(fns fo) > cen —cenf2 > cen/2 > 0.

Combining the previous two displays

fS%E’ E[Qn(fn) — Qu(f)] < Caé2 — C1c?e2 /4 = (Co — C1 % /4) €2
Ern

(A.3)
Next, let 18, = L, () > M)+ 50 we have
~E[Qu(F) - @ulf)] = ; { —E[(a(f) = a(5)15] —E|(@(f) = a(£) Lu }
< Z; {E[\qtum — (|| ~ B[ (@(Fa) — ae()) L }
By (a.3)(iii),
sup o Z_:EU% fa) —a(f \Ilm] < swp Z_:E[ lge(fo)| + lae(f )!)ﬂfn]
<fs€u]13nZEth } < 20362,
Combining the previous two displays, for any f € Han,
“E[Qu(F) ~ @ulf)] <2056 —© ZE [(@e(F) = @) L] (A4)

With (A.3) and (A.4),
fSEU?_I[)n { £ —aq(f ]lnt}
—ap LY { [ae(F) — 46D Lt + E[Qu(F) — Qu(F)] — E[Qu() — @ul)] }
feHa i

1 ~ -
< fSeL;-E)n " ; { [Qt(fn) - Qt(f)] Lt — E[(Qt(fn) - Qt(f)) ]lnt:| } + (C2 - C102/4)631 +2C3 e

S|

For the proof of Theorem 2.1.1 it will be convenient to use the packing number, as defined
below.
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Definition A.2.1. (Packing Number) Let § > 0, and let (M, ||-||) be a semi-metric space.
(i) A set G C M is §-separated if ||g — ¢'|| > 0 for any g, ¢’ € G with g # ¢’. The §-packing
number, is the maximum number of §-separated points in M.
(ii) When M is a space of functions, f : Z — R, for any r > 1, and a € N define D$°°)(5,M, a) =

“Hp {D(&M“Zt(w)}‘;:la I-ll,.0) s w € Q}

For a metric space (M, [|-]|) the following will be used to create a J-cover of M using a J-
separated subset of maximum size. Note that this also implies N(d, M, ||-||) < D(6, M, ||-||) for any

d > 0 and metric space (M, [|-|]).

Lemma A.2.2. For a semi-metric space (M, ||-||), and any § > 0, if {f; 3]:1 C M is §-separated

and J =D(6,M, ||-||) € N, then

J
Mc U {sem: | -gl<d}
j=1

Proof. See Kosorok (2008, §8.1, p.132). m

Lemma A.2.3. For any nonstochastic f* € F and H, C Fp, we have

P(fselg)n {; Z [a:(f*) — a:(f)] ]l{mn(Zt)zMn}} > 0) < P( max My > Mn)

P te{l,...,n}
Proof. Define 1§, : @ — {0,1} where 1% (w) = L, (Z(w) > M,}- Note that 7 [q(f*) —

q:(f)] 1, > 0 implies [g¢(f*) — q:(f)] 1S, > O for at least one t € {1,...,n}. Thus,

{w : sup i [q(Zt(w),f*(Zt(w)) — q(Zt(w),f(Zt(w))} 15, (w) > O}

feHn =1

c {os o {swp [1(Z00) F(200) - (20 12100 15200} > 0},

te{l,...,n} L ren,

) — > 0, d 1¢, > 0.
max [a:(f*) = a:(f)] and | max L
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Hence,

{w: max { sup [q(zt<w>,f*<zt<w>)q(zt<w>,f<zt<w>)}1;t<w>}>o}

te{l,..‘,’n} fEHR

C {w: maxn}{ sup [q(Zt(w),f*(Zt(w)) —q(Zt(w),f(Zt(w))}} >o} N {w: max 1S, (w) >o}

te{1,..., fEHN tef{l,...,n}

C {w : max 1),(w) > 0}.
te{l,...,n}

By definition, 1, = 1 if my(Z;) > M,, otherwise 1, = 0. Therefore,

{w: max 19,(w) > o} = {w: max _mp(Zi(w)) > Mn.}

te{l,...,n} te{l,...,n}

Combining the previous three displays implies the desired result. m

Proof of Theorem 2.1.1. Let ¢ be a constant such that ¢ > max{2, VA(Co + 203)/01}. By

the triangle inequality
pP* (Pn(fm fO) > 206n) < P* (Pn(fnvfn) > C€n> + P(pn(fna fO) > Cﬁn)
= P*(pulfus Ja) = cen). (A.5)

since ¢ > 1 and pp(fn, fo) < €n by (a.1). Define

Hn(cey) = {f € Fn: cen < pulf, fn)}
By (2.2),

fo€Haleer) = inf  Qu(F) < Qulfa) < inf Qu(F) +6u.

Using f, € Fp, and — inf feFn Qn(f) = supser, —Qn(f), the previous display implies

T f€Hn(cen)

:P< Sup {Qn(fn)_Qn(f)}+9n >0>-
feHn(cen)
Let 1,,¢ == ]]'{mn(zt)<Mn}7 and 17, == ﬂ{mn(zt)EMn}' With this

n

P*(pulfus fa) = cen) SP< sup IZ{Mt(fn)—qt(f)]ﬂm[qt<fn>—qt<f>]ﬂzt}+enzo)

fEHM(cen) T t=1

§P< sup {1Z[Qt(fn)_Qt(f)]]lnt}+0nZO>

feHn(cen) LT i—

+ P( sup {Tll Z [Qt(fn) - Qt(f)]]l%t} > 0)- (A-G)

feHnlcen) LM
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By Lemma A.2.3 and (a.3)(ii), for any v > 0 there exists IV, € N, such that for all n > N,

P( sup {:LZ [Qt(fn) —a(f)] ]l%t} > 0) < P(teﬁf}fn}m"t > Mn) <w.

feHn(cen) UMV 1

Henceforth let n > N,,. Then, combining the previous display, (A.6), and (A.5),

P* (pn(fnafo) > 2cen) < P( sup { Z at(fn) — @ (f ]l{mn(Zt)<Mn}} +6, > 0) +v. (A7)

feHn (C €7L)

Let

U9 (f) = @ () Lpmn(z0) < oty — Elae(f) L, (z0) < M,y )»  and

Cc = \/(0162/4 —Cy — 203)/2,

where ¢ > 0 since ¢ > 1/4(Cy + 2C3)/Cy. Then, by Lemma A.2.1, and (A.7),

n

P*(pulfus fo) = 20€) < P( sup S LU () - U ()} + 00 2 2<cen>2> o

feHn(cen) T =1

< P( IR S CUTARIT <cen>2) +P(0n> (cen)?) +v
=1

< P< sup {US(f) - U ()}
feEH(cen)

t=1
where the last inequality follows because 6, = Op(€2) by assumption, and ¢ increases with ¢, so

> (cen)2> + 20, (A.8)

3\*—‘

P(Gn > C4(c en)Q) < wv for any v > 0, when n, and ¢ are sufficiently large.

For k,, == (Ce,)?/(12M,,), define
Dy (w) =D (kn, Hnlcen)liz, @y -l10)
and let {fnj}?:"l(w) be a ry,-separated set in Hy(ce,) with respect to |||, ,,. Define
G = {f € Haleen)  If = faglhn <rafs 5 =1...,Dafw),

and by Lemma A.2.2 we have H,(ce,) C U?;Ll(w) G With this,

1
P sup — > (Cey)?
feHn(CEn)

> U ) = U )
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By (a3)(),
RSB
T n

> {(qtcf) — 6 fn)) Lt + 06 o)t = E[ge(Fn) Lnt] + | (@0(Fns) = 06(F)) L] }'
t=1

1
n

n

< Mn”f - fnj”lm + "rll Z {Qt(fnj)ﬂnt - E[Qt(fnj)ﬂnt]}‘ + MnE[Hf - fnj”l,n] .

t=1

Then, for any f € grju

1 1
E Z U?S(t])(f)‘ < 2Mn"’€n + E Ur(g)( n])
t=1 t=1
Therefore,
1 n 1 n n
sup| - [0 - U] | < |- 0G|+ suw |23 0)
feghl’ t=1 t=1 Fegh 1" =1

From this, we obtain

n

Dp(w) Dy (w)
P( U {pi U () = U2 (1) z<cen>2}> gp( E) (A.10)
j=1 (fegh|l™” t=1 j=1
where
Enj = {2Mn/fn + %Z nt fn ‘ ZU(q (fnj) (Cﬁn)2}
—1 t=1

To make E,; defined for j > n, we append the sequence { fnj}?:"l(w) by setting fn; = f,, for all

j > Dp(w). Let Dy, == Dgoo) (K:n, Hn(cen), n) Since D,, is non-stochastic we have

Dn(w) 577, 51’1,
P Ey|=<P{UEw| < ZP(Enj> <D, max P(Ey). (A.11)
j=1 j=1 j=1 7€{1,....Dn}
Recall, k,, := (Ce,)?/(12M,), so
(Cen)?  (Cen)?
2Mpkin = )
T T3

which, together with (a.4)(i), implies that for any n,j € N,

1
n
t=1
- 2
< 22\® <(C€") > . (A.12)
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Combining (A.8), (A.9), (A.10), (A.11), and (A.12),

P*(pulfar fo) = 2c€0) S Dy ALY <(C;”)2> +2v. (A.13)

Note that

D, < ng)(ﬁmfmn) < N§OO) (Hn/2a]:mn)a

where the first inequality uses H,(ce,) C Fy, and the second inequality uses D(loo) ((5, Fns n) <

Ngoo) (5/2, Fns n) for any 0 > 0 (van der Vaart and Wellner, 1996, p.98). With this, and (A.13)

N = 2 — 2
P* (pn(fnvf()) > 26671) 5 Ngoo) ((2646;\4) s fn, n) . )\glq) ((Cegn) > + 21}7

for any v > 0 and n, ¢ sufficiently large. Thus, (a.4)(ii) completes the proof by setting n = 3¢2 =

3(C1c? — Cy — 4C3) /2 therein, and choosing c sufficiently large. m

A.3 Proof of Theorem 2.1.2

The following proof applies a localization analysis technique to obtain a nonasymptotic bound
on the £2 error of sieve estimators. The steps used here follow those used by Farrell et al. (2021),
and are named similarly. However, the results obtained here apply to a wider variety of estimators
in more general estimation settings.

Appendix A.3.7 lists the ancillary lemmas used in this section. As before, we write g(f) =

4(Zy, f(Zy)), and mpg = my(Zy).
A.3.1 Main Decomposition
Let 1,4 == 1{m,(Z;) < C4B,}, and 1%, := 1{m,(Z;) > C4B,}, then define

91(Z1) = [a:(f) — a:(fo) | Tns,  and  g$(Z4) = [@:(f) — @:(fo)] L5

By (2.2),
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With this, and (b.3),

Cill fn = foll22(py) < ElQn(fa)] — E[Qn(fo)]
< E[Qn(fn)] — E[Qn(f0)] — Qul(fn) + Qu(fn) + 6y
= E[(Qn(fn) - Qn(fo))} - [Qn(fn) - Qn(fO)] + Qn(fn) - Qn(fo) + en

n

y Z [Elo;,(20) ~ 9,20} + [@u(F) — Quiio)] + + S {Els5 (20] — 5, (20} + 6.

Bias Term =1
Empirical Process Term Truncation Term
(A.14)
A.3.2 Truncation Term
By stationarity, and the triangle inequality
1 n
C (&)
w2 Bl (20) = 6, (20} = Blg;, (20)] - ngn (2)
First, by Lemma A.2.3
P lzn:‘gc (Z)| >0] <P[ sup lZn:‘g‘:(Z)‘ >0
i 2 a feFa e
= sup — @(f) — a(fo) |1 >0
(s 3l - il
< P( max  mn(Z:) > C4Bn>. (A.16)
te{l,...,n}

Next, note that E“g; (Zy)|] < 2up for p, defined as in (b.5)(ii). To see this, by the triangle
inequality
EUQ; (Zy)]] < E[‘Qt(fn) - %(f(])‘]l%t} <2 sup E“Qt(f)‘ﬂ%t];
" fe{FaL{fo}t}

also, using (b.5)(i), supsez, || fllo < Bn and By, > 2 by (b.4), with || fol|, <1

E“g;n(zt)ﬂ < an - fOHOOE[mntﬂth] < (B + 1)E[mntﬂ%t] <2B,E [mnt]l%t]-
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Hence, E[|g; (Z4)]] < 3pn, since 3py > 2py > g;} (Z4) becuase {jip nen is strictly positive. With

this, (A.15) and (A.16),

P(i > {Elss (20)] - g5 (Z0)} = 3un> < P\E[lg (Z0)]] + % AL 3%)
t=1

t=1

(A.17)

A.3.3 Bias Term

By (A.16), for any A > 0,

P(Qn(fn)_Qn(fO) ZA) P <1 Z{gfn (Zy) ~|—9§c (Z) } )

t=1

P(izn:gfn(zt) 2A> +P<lez 95(Z4) >0>

IN

|/\

/\
JS
S
\%

.
N———
+
e
/—\
93
><
3

3
S
Vv
Q
tU
v

.....

v (b.5)(1) and (b.2),

E[gfn(zt)]‘ < ||ganoo < C4Bann - fOHoo < C4Bpé,. Hence,

loz,(Z0) — Elgg, (2] _ < lloz, Il + [Elgy, (Z0)]] < 2CiBun.

Then,
[El97,(Z0)] | = [Elae(fa) - a(fo)] — E[g5, (20)]

[—

< [E[a(f) - a(f0)]| + [Elg5, (20

=E[a:(fn) — a(f0)] ’E 95, (Z,)]
< Gyl fn - f0HL2(PZ) + E[’Q;ﬂ(zt)’]

< Co @ +2py,
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where the first line uses E[qt(fn) — q(fo)] = E[gfn(Zt)] + E[g% (Z4)]; the second line uses the
triangle inequality; the third line uses stationarity with E[Q,(fo)] < E[Qn(fn)] by the definition of
fo and f,, € F,, C F; the fourth line uses (b.3); and the last line uses (b.2) and E[\g; (Zy)|] < 2un

which was shown in the last section. Then, by Lemma A.3.2, for C5 = 2C4/min{Cs, 1}, and any

5 >0,
Y 1 o _ | d'(logn)(loglogn) 5
5 ] _Ela- o
e >P (n ;gfn(zt) Elg;,(Z1)] > CsBnén - +1/ -
1< §'(1 log 1 5
> P (ng (Z0) > Cy & + 2y + Cs By, | 081N l0glogm) D .

n — " n n

Therefore,

675I+P( max mn(Zt)>C4Bn>
te{l,...,n}

> P (Qn(fn) - Qn(fO) > 02 6721 + 2Hn + C5Bn€n

' (logn)(loglogn) i 5/] ) (A.18)

n n
A.3.4 Independent Blocks

This step constructs independent ‘blocks’ commonly used when dealing with S-mixing pro-
cesses (e.g. Chen and Shen, 1998). By assumption, 1 < a < n/2, so b= |n/(2a)] is well defined.
Then, we can divide {Z;}}"; into 2b blocks of length a, and the remainder into a block of length

n — 2ba, using the index sets

Ty, = {teN: 20— Na+1<t< (2j—1)a}, j=1,....b;

Ty, = {teN: (2j — Da+1 §t§2ja}, i=1,....b;

Tg = {tEN: 2ba+1§t§n}.
As described in Appendix A.4, we use Berbee’s Lemma to redefine {Z;}} ; on a richer probability
space where there exists a random sequence {7,5}?:1 with the following two properties: let T, T" €
{T11,T51,T1 2, ..., T2, Tr}, then (i) the block {Z}ier is independent from the blocks {Z;}ic7,

{Z}ter for any T" # T; and (ii) {Z;}ser has the same distribution as {Z;}ier, i.e. P{Z}teT =

3We will continue to refer to the richer probability space as (Q, A, P) since the extension preserves the distribution

of random variables defined on the original space. See Appendix A.4 for details.
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P(z,},cr- By stationarity, all blocks of length a are identically distributed so the sequence of blocks

{Zt}tGTLl, {Zt}tETQ’la {Zt}tEleza ey {Zt}tGTng is i.i.d.,4 and we have

P{ft: teU?leLj} = P{Zt}teTLl X P{ft}teTl’Q Ko X P{Zt}tEleb (A.19)

= Pzier,, X PiZiyier,, X X PZider, -
Next, the usual S-mixing coefficient (e.g. Dehling and Philipp, 2002, Definition 3.1, p.19) can be

equivalently written as (see Eberlein, 1984)

o) — wp IP(A x B) ~ P(A)P(B)|.
AxBEU({Zt}le) ®U({Zt}?ik+m+1)

Hence, for j € {1,....,.b— 1}
/B(Q) Z Sup {‘P{Zi tEU?leLj}(A x B) - P{Zz: tEU;?:lTl’j}(A) P{Zti teul}:k+1T1’j}(B)‘ :
(A.20)
AxBeo({Z:teUT,})@o({Z:te Ui T} )}.
By (A.20) the conditions for Eberlein (1984) Lemma 2 are satisfied. So we apply this result, and

use (A.19), to obtain, for any measurable set F,

‘P({Zt te ugleu} c E) - P({Z e uglel,j} e E)‘ < (b—1)8(a).

Then, by the triangle inequality and b := |n/(2a)| < n/(2a) + 1,

P({Zt te U?:1T1,j} e E) < P({Z te u?leM} e E) 4 nbla) (A.21)

A.3.5 Localization Analysis

We begin with some definitions that will be used throughout the rest of this proof. Define

the following norms,

1 L2
HfHTl,j = (a Z ’f(Zt)’ > , for je{l,...,b},

tETLj

12 1/2 12 N2
e, = (3300018,,) = (X X lrzop)
j=1

j=1tel

(A.22)

“All blocks except {Z: }+ery, are of length a, and therefore i.i.d. However, {Z;}7—; is not an independent sequence

since elements within a single block, {Z:}:cr, may be correlated. For more details see Appendix A.4.
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The following definition for the Rademacher complexity of a function class is from Bartlett et al.

(2005).

Definition A.3.1. (Rademacher Complexity) For n € N, let {W}}"; be random variables on
(92, A, P) taking values in R%W for dy € N. The Rademacher random variables, {&}7;, are i.i.d.
random variables that are independent of {W,}}" ;, and & € {—1,1} where P(§& = 1) = P(& =
—1) = 1/2. For a pointwise-separable class of functions S with elements s : RW — R that are

measurable-B(RW ) /B(R), define

1 n
R,S = sup — Z & s(Wy).

ses =1
The Rademacher complexity is E[R,S], and the empirical Rademacher complexity is E¢[R,S] =

E[R.S {W},].5

We will write RS = sup,cs Z?:l doter R s(Wy), since the double sum is of length a - b.

A.3.5.1 Step I: Quadratic Process Bound
Given some radius r > 0, to be specified later, let
fe{feFaillf = follapy <7}

throughout this section. This step will show that this implies ||f — foll7, < 27 with probability
greater than 1 — e~% for & > 0 when r satisfies certain conditions.

First note that, E[Hf — fo||271 —|f - fOH%Q(PZ)} = 0, since by stationarity and (A.19)
1
I = folfs, =1 = follzea) = 3 {1F = o2, —E[IF=fol2, 1} (a23)
t—
For all j € {1,...,b}, we have

If = foll7, , < Bn + DI = follz, , < 2Ballf — follz, , < 4B;,

®Note that E[RR,S] is well defined by letting {& 1}, be defined on (92, A, P) whenever (2, A, P) is rich enough,

otherwise we can define {{;}{—; on an auxiliary probability space (Q@ ,AE) P(é)), and take the expectation over the

product probability space (€2, .4, P) x (Q(Q,A(f), P(E)) = (Q xS, ARS, P x P(5>).
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by (b.4), with Assumptions 2.2.2(iii), 2.2.1; and

Var|[1f = folls, | < E[If = follh, | < @B?IF = follzagp, < 4B2r*,
since

[f - fn] = EP{Zt}teTLj [f - fn] = IEPZ [f - fn]

P,—=
{Zihier

Recall from the previous section that {Z}ier, ,{Zt}iers s - - -+ {Z1}iery, is an ii.d. sequence, and

b

consequently so is {||f — follz, j} :

e Then, by the symmetrization inequality Bartlett et al. (2005,

Theorem 2.1) (with aw = 1/2 therein) for any ¢’ > 0

b
e > P( sup 521 = ol ~Els = £l )}

{seFullf=follgapyy<r} =1

> 3E [ {11 = foll2, 5 f € Fas IS = follgaeyy < 7} +2Bary/ 5= +

20" 28B2¢
b 3b

(A.24)
By a? — b? = (a + b)(a — b) and the reverse triangle inequality
(F = 1) = (f' = fo* = ((F = fo) + (' = f0)) - ((F = fo) = (/' = o))

< 4B,|(f — fo) — (f'—fo)‘~

Then, by Lemma A.3.3

[ {17 - ol 7 € Faulls = fllesepy <7}
1 ° 1
=" {SHP{;@” <a

b
<WE sup 4 Y- Y &lf(20) ~ fo(20) : f € Fullf = follgaryy < v

7j=1 tElej

_ 4Bm@1a[mab {5~ o £ € Fullf ~ Follgmy < r}}

> (F(2) - fo<zt>)2) [ € Fusllf = Foll gy < H

Applying this Rademacher complexity bound, (A.23), and b := |n/(2a)| > n/(4a), to (A.24) we

obtain

e > P( sup {15 = 1ol2, =17 = Fol2a(p, }

{fe-}—n:Hf*fOHL%pz)ST}

16aB2y  112aB2¢
> 1an¢%E{mab{f—fo:fefm|f—fo|lgz<pz) ST}} oy )
(A.25)
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Next suppose

Tz > 12Bn\/ﬁE [%ab {f - fO : f € Fn? Hf - fO”EQ(PZ) < T}:| ’ (A26)
and
25/
n

Note that if (A.27) holds then 2r2 > ry/ 2 af%é’ + 112(5536/. Therefore, (A.25) implies that for all

r such that (A.26) and (A.27) hold

e % > P( sup {Hf — follz, = 1If - fOH%ZQ(PZ)} 2 37"2>
{fefn:”f*fO”gQ(pZ)S’"}
2 2
ZP< sup If = foll7, = 4r )

{fefn:”f*f()”[ﬂ(]vz)gr}

- P( sup 1f = follz, > 2r>- (A.28)

{fe}-n:llf_f0||£2(pz)§r}

A.3.5.2 Step II: Radius One Step Tightening

Given some initial radius ro > || f, — follz2(p,) and &’ > 1 such that (A.26) and (A.27) hold,
this step will show that we may use rg to obtain a tighter bound on an — follz2(p,) With high
probability, whenever the radius r( is sufficiently loose. The notion of ‘sufficiently loose’ will be
specified at the end of this step.

For m € {1,2}, and j € {1, ..., b}, define

G == 3 (2. and G = gs(Z0).

teTm’j tGTm,j

With this, the empirical process term from (A.14) can be written as

ab\ 1 ¢ (1) (1) 2) 2) 1
- () > {E[Gj,fn] -G TEIG ] - Gj,fn} P {E[gfn(ztﬂ - gfn(zt)} '

j=1 teTh
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Then, by stationarity, for A1, Ao > 0 to be specified later,

P (711 > {E[gfn(zt)] - gfn(Zt)} > 241 + Az)

(@) e -2 (L5 b ) > o)

teTr

(A.29)

Consider P,. By (b.5)(i), (b.4), and || fol,, <1

197, lloo < CaBallfa = folloo < CaBu(By +1) < 2C4By,

hence HE[gfn(Zt)] - gfn(Zt)Hoo < 4C,B2. Denote the cardinality of T as (#Tg) = n — 2ab, and

note (#TR) < 2a, since b := |n/(2a)| implies b > n/(2a) — 1. With this,

8C4 B2
- Z { gf Zt — 95, (Zt)} < — HE[gfn Zt)] _gfn(Zt)Hoo < 4Ta~
tGTR
Thus,
2
P2 = 0, for A2 = 96'4% (A3O)
To bound P; we first apply (A.21) with
_ ) (ab)\ 1L W7 _ o
E= {(n) b;{E[ijfn] G]:fn} ZAI ’
to obtain
b
ab 1 =) (1) n B(a)
sk (<n> b Z; {E[Ga,fn] Ga,fn} = Al) T
‘7:
LS (e A nf(a)
<P|; z; {E[G)1]-G} } =241 | + 252, (A.31)
j=

since b < n/(2a). We bound the first term on the right side with Bartlett et al. (2005, Theorem
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2.1). For any f € F,, recall ||gf||oo < 2C4B2, and note that

2
Var[ég}}] <E (clz Z gf(Zt)>

<E {<i Y CiB.|f(Zy) - fo(Zt)}>2]

tGTl,]'

<E |1 S (GBIE) - fo(Z0)f

t€Th,j

— (C4B)? If = folliapyy < (CaBo)?r

=E {i Z (CuBn)*|f(2Zy) - fO(Zt)‘Z

te€Th,j

where the third inequality uses
J J o\ 1/2 1/2 J 1/2
3oyl = ([Zum] ) ([Z d {ZWD (J[Dxﬂ) L (as
j=1 j=1 j=1 J=1
by the Cauchy-Schwarz inequality, the first equality uses P{Et}teTLj = Piz,, ery, for any j €
{1,...,b}, and the second equality uses stationarity. With this, since {Z;}rer,,, {Zi}er .
+{Zi}er,, is an ii.d. sequence, we can apply Bartlett et al. (2005, Theorem 2.1) (with a = 1/2

therein) to obtain,

—

1—e? (22{ jfn (’1;”}<6E5[9%b{G feFulf - foUcz(pZ)Sro}]

=

+ C4BnTO

24 N 64C4B2o’
b 3b

< P(ll)zb: {B[C) ] - G0 b <6Be[R{CL) 1 € Fous IF = follg, < 2ro}]
J

28  64C,B%¢'
+ CyByro Sy + 4§b n ) + P( sup IIf— fOHTl > 27’0>.
{fE-Fn:“fffO“[;Q(pZ)STO}

Thus by (A.28), since r¢ satisfies (A.26) and (A.27),

b
Y 1 1 1
265213(5;{ @] -G ) > ke[ G 7 € Pl — foli, < 210)]
‘7:
20" 64C4B2¢§
+ CyByro b +T>

(A.33)

Now we address the Rademacher complexity term above. Note that for any f, f* € F,, by (b.5)



63
and M, = 4B,
lgf(Zt) - gf’(Zt)‘ = ‘(J(Zt,f) - Q(an/)‘ < C4Bn‘f(7t) - f/(it)‘

= CuBn|(f(Z:) — fo(Zy) — (f'(Zy) — fo(Zy))],

so we can apply Lemma A.3.3 to obtain

61@5{%{@ L f e Fu, llf = ol <27“0H

CyBy, —
<? ‘gfng sup Z Y & (F(Z0) — fo(Z0) : f € Fullf = follz, < 2r0
j= ltele

= 6C4 B, V2a e [mab{f — fo: f€Fnllf = follg, < 27“0}]-
(A.34)
Let D,, == min{2B,, 21y}, so {f € Fn: |f = follF, < QTO} = {f € Fn:llf = follp, < Dn}, since

supsez, | f — folloo < Bn + 1 < 2B,. With this, and Lemma A.3.5

Be[Ran{f — fo: £ € FasIf = follr, < 2no})]
= Be[Ru{f — fo: f € FsIf ~ follz, < Dal]

Dy,
< nf, Qs wongfn,H Iz,) dv
8 [P (o)
< inf {4 ° log N - n/2)d
_0<}1n<Dn{ oz+8\/;/a \/Og 5 (U, Fn,n/2) v}

n

since |||z, is a sum of ab terms and ;7 < b < g. By assumption n/2 > Pdim(F,) so D, <

) Pdim(F,)

€2 Byn/Pdim(F,). Then, Ny*(v, Fo, n/2) < (55

TPdim(Fn) by Lemma A.3.4, and

log (ﬁ’z”)) > 0 for 0 < v < D,,. With this, and the Cauchy-Schwarz inequality,® the previous

SFor any f: R — R and a,b € R such that a < b and f(x) > 0 for all = € [a, b], by the Cauchy-Schwarz inequality

V@ o< (f f@) de)* (J21de)? = vB=a( f! f(a) da).
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display implies,

Be[Ran{f —fo: § € Fuullf = ollz, < 2r0 )]

D
n eB,n
< f 4 Pdi n) 1 d
0<g1< Dy, { ot 8\/7/ \/ m(Fn)log <UPd1H1(]: )> U}
, D, Pdim(F,) [Pn eBnn
< f 4 _— 1 —— | d
= 0<a<D, { ot 8\/ n /a o8 <UPdim(]:n)> v }

Dy,
, D,, Pdim(F,) e2Byn
= f 4 et LV PP | - —n
0<a<D, { a+s n [U 8 <UPdim(]-"n)> ] }

V=

3 2
W) g DnPdlm(]-"n)[ -log( e2Byn

Dn
n n vPdim(F,) > ] v=Dy /P

Pdim(F,) Pdim(F,) e?Byn
4D )y o [ O [ C BT
no 0 \/ n &\ D, Pdim(F,)

where the third inequality chooses a = D,\/Pdim(F,)/n € (0,D,). Note that D, > 2B, /n.

To see this, recall D,, := min{2B,, 2r¢}, then, by assumption, n > 4 > ¢2?/2 which implies
e?B,,/n < 2B,,, and (A.27) implies 2r¢ > 2./38aB2d' /n > ¢*B,,/n, since a € N and ¢’ > 1. Hence,
log (#%) < log(n), since Pdim(F,) > 1 by definition. With this, the previous display

becomes

2Pdim(F,)

Eé [%ab{f - f() : f S fn, Hf - f()HT1 S 27“0}] S 247“0\/ log (n) (A.35)

Combining (A.34) and (A.35),

Ee [mb{ W fe Fallf = follz, SQT‘Q}] <10 (624 -2)Cy By \/Cm:(fn) log (1),

With this and (A.33), then using b > -,

/ 1 — aPdim(F, 26’ 64C4 B2
- (1) () 4By,
2e >P<b§ :{IE[G |-G, fn > 79 288C4 By, \/ log n) +r0CaBn\| -+ — )

b
1 o ]-a\ \/ aPdim(7, \/W 2560, B2ad’
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Applying this to (A.31)

1 1) 1) n B(a) _s  nB(a)
P <P Z{ o] ijn}>2A + oo <2 IO
J=1 (A.36)

Pdi n / 2 BZ !
for 24; = r(288CyB, \/ad“;l(f)log(n) + 1o CuB. \/? | 256C3B2as’

3n
Now, we can update (A.29) with the bounds on P» and P; from (A.30) and (A.36),

P(iz {Eloj,(20)] - 95, (Z0)} =

Pdi n / B2 /
ro 288C4 B, \/a dns(}— ) log(n) + 70 C4 By f 825 + 95C1B,a0 )

n (A.37)
<2P + P
<4e + M
a
since &' > 1 implies 2560;5721“5/ + 9045’2” < 95045 HL Returning to the main decomposition (A.14),

and applying (A.18), (A.17), and (A.37) yields

5¢70 + nfla )—1—2P< max my,(Z;) > CyB, )
te{l,...,n}
R 9288C, B, 9504 B2ad’
zP(Cﬂrfn—foH%z(pZ) = (M> |V/Pdim(Flogln) + V& + =2
&' (logn)( loglogn o

+ CQ gi + CSBngn + —

n

Sy + 0n> .

Therefore, if 7o > || fo — f()Hf:2 (P2) is given, and rq is sufficiently larger than

, .
max{(Bn\/a> [\/Pdlm o) log(n) + V6|, Brad , &, B:;n ; ,Un}

vn
then (A.38) implies that there exists 1 < ro such that || f,, — ng%Q( py) < 71 with probability greater

(A.38)

than 1—5¢9 —n Ba)/a— 2P( maxe(1,.. n} Mn(Zt) > C4Bn). This can be done repeatedly as long

as the new bound satisfies the conditions on ry given at the beginning of this step.
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A.3.5.3 Step III: Radius Tightening Lower Bound

This step obtains a critical radius, 7, that is a reasonably tight lower-bound for radii such

that the tightening of the last step can be applied. Let x V y = max{x,y}. Define

o= <;”38¢1B?;11mg(n) v inf{r>0:Vs > 7, 5% > 12B,V2aE[Rep {f — fo: f € Fu|f — foll o2 < s}]})

The definition of 7 implies
38 aB2log(n)

- )

n

so 27 satisfies (A.27) for 0’ = log(n), and by construction 27 satisfies (A.26). Hence, for the event

E:= { sup If = follz, < 47"} cQ,

{fernzllf_f0||£2(pz)§2?}
we can apply (A.28) to obtain P(E) >1—1/n.

Now, consider the case where

1 /38aB21
2“a7;log(n) < inf{r >0:Vs>r 2> 123n\/ﬁE[%ab{f—fo cfeFn,llf = follpz < s}]},

or equivalently
7 = inf {r >0:Vs>r, s2>12B,v2aE [%ab {f —fo:feFulf— fO”CQ(PZ) < SH }
In this case, note that”

7 <12B,V2aE R { [~ fo i £ € Fasllf = foll ooy <7} -

In addition, recall supscz, ||f — folloo < 2Bn, which implies Ry {f — fo: f € Fn} < 2B,. Then,

"To see this, suppose 7> > 12B,v/2aE [%ab {f —forfe€Fn, f = folle2pyy < ?}] . Then there exists v > 0
such that
(7= v)* > 12B,V2aE [Ras {f = fo : [ € Fa, If = foll 2y <7} -
However, {f € F, : If = folle2pyy <7 — v} C {f e Fu: If = follz2(pyy < 7}, so we have (T —v)® >

12B,v2aE [%ab {f —Jo: f€Fn, f = follgzpyy ST — v}] , which is a contradiction.
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using these two facts with P(E) > 1 — 1/n, we obtain

7 <12B,V2aE R {f — fo i £ € Fasllf = foll oy <7}
< 12B,V2aE |R [

{7 = o8 € Fusllf = foll e,y < 7))

< 1anmE[Epg w{F—fot f € Fullf = folly, <47} |15+ 28,00 - nm]
24B2
< 12Bn¢%E[Eps R { = Jo: /€ Fasllf = follg, < 4@}1,;] e

Clearly 27 > 4/ w implies 7 > €?/n, and it follows from the same reasoning used at the
beginning of Step II that 7 < e2B,n/(2Pdim(F,)). Therefore, we can apply (A.35) to the above,

to obtain

Pdim(F, 24 B2
< oF- 384Bn\/a11;1(.7-") log(n) + —*

n
Pdi n
< 97 - 408B,, \/adlm(f) log(n),
n

n

since 7 > 38 aB; log(n) Thus, 7 < 8163,1\/%(5) log(n).

Now, returning to the general case, note that

B21 Pdi n
38 aB?2log(n) < 816Bn\/a dim(F,) log(n),
n n

since Pdim(F,,) > 1 by definition, and B,, > 1 by (b.4). Therefore, in either case, we have

7 < 816Bn\/anlm(fn) log(n). (A.39)
n

A.3.5.4 Step I'V: Localization

Now we obtain a final bound on ||f,, — fo||z2. Define

A +Cl< vn

/2 B2ad' (1 log1 1o/
+ 6 M_FC?gi_"Cf)Bngn (5(0gn)(og Ogn)+ 5) +5ﬂn+0
1

n n
Choose

1 28804”) [\/Pdlm ) log(n) + Vo'

s (A40)

)

&' =46 +log(5J), where J:= {logQ (W)J .
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To apply (A.38) the requirements of Step II must be met. Clearly, r. > 7 so (A.26) is met. From
(A.40), if (4-288)Cy/C1 > /38 then (A.27) is met, which is the case since C; < 1 and Cy > 1
by assumption. Note that J > 2 so ¢’ > ¢ + log(10) > 1 for any § > 0. Hence, if it is given
that ||fn — follzz < 27, for some j € {1,...,J}, then by (A.38), with probability greater than

1-5e% —npa)/a— 2P(maxyeq1,. n} mn(Z1) > C4By),

1 fn = follZ2(py
corn L (28804Bn \/a)

V/Pdim(F,)log(n) + V4

1 vn
1 B2ad’ §'(1 log1 5
1| BB o2 1 0By, ( logn)(loglogn) \/> + 51t + O
C1 n n n
j 2, (2j7“*)2 (er*)2 i—1..\2
<2/ * - - J *)
<2r < S ) + g 1 (277 ry)

where the second inequality follows because, for any j € {1,...,J}, (A.40) implies

J
V/Pdim(F,)log(n) + Vé| < D < 2 T*, and

1 (288C4B, Va
4 8

O N

n

C% [1460§S%a5’ + Oy g% 1 CsB,é, <6’(logn)(loglogn) + \/g) 1 Bty + O

In other words, for this choice of r,, if P(an — foll%2 < 27r,) > 0, then

nf(a)

p(ufn — follgz > 27 e |1 fn = folle2 < 2%) <Be ¥ 4t zp(

max mp(Z;) > C4Bn>,

a te{l,....,n}

and consequently

P(an — follg2 > 2j_1n>
< P({llfa = follz > 27} 0 {l1fo = follez < 27} ) + P({llfu = follg2 > 27r.})

<5e? 4 ”a@ +2P ( max  mn(Zy) > C’4Bn> + P(||fn ~ follgz > m*). (A.41)

te{l,...,n}

Note that r, > y/log(n)/n, and

7= oo (Vi) = o () 1) 2o ()
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which implies

2B,+\/n .
oTr, > (2B ) S 9B > sup 1 = follee = 1o — foll oo,
log(n) feFn

by (b.4) and | fo||, < 1. Hence, P(||fn — follz> < 27r.) = 1, and with (A.41)

P(IIfn — follz> > 2“7“*) <5 4 @ op < max mp(Z;) > C’4Bn> :
a te{l,...,n}

Then, it follows via induction that P(|| fr — foH%2 < r*) > 0 for all 7, and

r _ < . —d M
P(an follgz > 7”*) <J (56 S +2P(te?11?)fn}mn(zt) > 043")
<e " +21log(n) {n/@@) +2p< max my(Z;) > C4Bn>] , (A.42)
a te{l,...,n}

where the first term used 5Je~% = e=97108(/) = ¢~ and the second term follows since by assump-
tion n > 16B2/log(n), which implies
J = {108;2 (%)J < log, (%) < logy(n) < 2log(n).
With (A.42), the proof will be complete by showing r, < C€,(d,a), for a suitable constant
C > 0, and ¢, defined as in the statement of Theorem 2.1.2. Note that aB,,—€,(logn)(loglogn) > 0

by the assumption on a in the statement of the theorem, with this

B2ad'
n

(1 logl !
¥(logn)(loglogn) + 6] —  BpaV¥ > é,(logn)(loglog n)Vd + énv/n

n n

€nv/10
o' >
= V= Bpa — é,(logn)(loglogn)’

which holds by the assumption on ¢ in the statement of the theorem, since ¢’ > 6. Therefore,

! ! 2 s/
8’ (logn)(loglogn) N |8 < 96Cs (Bnaé ) 7
n n

n

B2ad'

95, ( > + Cs B

since Cy < C5 = 2C;/min{Cg, 1}. Next note that

Vo < \/Iog (10log(n)) + 6 < V9loglog(n) + 6 < 3y/loglog(n) + 6
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since n > 4 by assumption, and J < 2log(n) was shown previously. Using the previous two displays,

we obtain

re = ?—1—04 (288O4B f) \/Pdlm ) log(n )—I—\f}
1
!/ /
n /2[9504 (Ba 5(logn)(loglogn)+\/57
C n n
< o 200 (28804 ( \/>> /Pdim(F,) log(n )+ﬁ}
192C5 Bn\/E Vo + M\/€%+un+9n
Cl n Cl

SC( \/7[\/Pd1m ) log(n +\/loglogn)+5}+\/62+un+9>

1/2

=: Cey(d,a), (A.43)

where

B 4(3)(288C}) 192C; 2(Cy V 5)
C = (816+ o\ |V T

Recall from Section A.3.3, C5 = 2C;/min{Cs, 1}, and Cs from Lemma A.3.2 only depends on Cp
and C’é. Therefore, C' only depends on Cy, Ca, Cy, Cg, and Cé. This proves the first result of
Theorem 2.1.2.

A.3.6 Empirical Error Bound

Note that

b b
| fo = foll3, = (iz [/n(Z0) fo<zt>}2) + (}12 [/a(Z2) fo(znf)
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Then, by (A.43) and stationarity,
P(If = follzn > V3Cen(6,0)) < P(Ifu = fol > 3r2)
b
<2P (; Z Z [fn(zt) - fo(Zt)]Q > 27“3) +P (:L Z [fn(zt) - fo(zt)]2 > Tf)
j=1teT teTr

=2P3+ Py
(A.44)

To bound P; we first apply (A.21) with
1< ) ,
E=3 30> [nZ)— foZ0]" 20
j=1 telej

and then b < n/(2a), to obtain

n B(a)
2a

( ab/n) Hf” fOH%1 > 27"3) + nf(a)
(

< P(|lfn— oll2, >41")+

n B(a)
2a

IN

P({IFn = 5ol = 42} 0 {1 = folle2 < r*}) + P(Ifa = follez > ) +

n B(a)
2a

IN
g

{feFu:llf- f0||L2(p )<T*}

IA

P sup 1f = fol2. > 47«3)

{fe]:’ﬂ ”f f0||£2(PZ)§T*}

( sup If = follF, = 4r3> + P(||fn — follz2 > r*) +
_|_

np(a)

e 0+ 2log(n) [ + 2P< max my(Z;) > C4Bn)} + nﬂ(a))

te{l,...,n} 2a
by (A.42). In Section A.3.5.4 it was shown r, and ¢ satisfy (A.26) and (A.27). They are clearly
still met by 0 (although ¢ > 1 may not hold). Hence, by applying (A.28) with ¢ in place of §’, the

previous display becomes

nf(a)

Py < 279 + 3log(n) [ ( max  mn(Z;) > C’4Bn)] , (A.45)

te{l,...,n}
Consider Py. Recall (#Tg) = n — 2ab < 2a, from Section A.3.5.2. Then, by (b.4) and

[ folloo <

~ . 2
LS [0 = 5o(20)* < 22— ol < 3222 <12

n
teTr
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where the last inequality has used the definition of r, from (A.40), and Cy > 1 by (b.5)(ii).

Therefore,

=P % S 520 — folZ0) > 12| =0, (A.46)

tETR
Applying (A.45) and (A.46) to (A.44),

nf(a)

P(||fn — follz.n > V3 C en(9, a)) < 4e7% 4 6log(n) [ + 2P( max my(Z;) > C’4Bn)] .

te{l,...,n}

This completes the proof of Theorem 2.1.2.

A.3.7 Supporting Lemmas

This section provides the ancillary lemmas used in Section A.3. These are simple modifica-
tions of existing results for more direct application to the setting used here.
Lemma A.3.1 is a simplified version of Davidson (2022, Theorem 15.1). For any random

sequence {X;}en let ax and Sx be the mixing coefficients associated with {X; }en.

Lemma A.3.1. Let U : Z — R be measurable-A/B(R) and define Wy == U(Z;). Then aw(j) <

az(j) and Pw(j) < Bz(j) for any j € N.

Proof. Note that Y; is measurable-o(Z;)/B(R) for each t € N. Consequently, o ({Y;}}) C o({Z}})
and o <{Yt}23rj> Co ({Zt}iij) , for any k, j € N. With this, the desired follows immediately from

Definitions 2.1.3 and 2.2.1. =

Lemma A.3.2 follows from the exponential inequality for a-mixing processes in Merlevede
et al. (2009, Theorem 1). Note that stationarity is not required. See Definition 2.2.1 for the

definition of a-mixing. This result is also applicable to S-mixing processes since 3(j) > «(j).

Lemma A.3.2. Let {Z;}ien be an a-mizing process with a(j) < C'e=%J for some Cy,C", > 0.
Let f : Z — R be measurable-B(Z)/B(R), such that E[f(Z;)] = 0 for each t and || f|| 0 < B.
Then, there exists Cg > 0 depending only on Cy,C? , such that for any a > 3, and n,d > 0

d

< 6_6.

1< 6B(loga)(logloga) Bvéa
n;f(Zt)‘z Con +mn>
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Proof. By Lemma A.3.1, {f(Z;)}{_, has an a-mixing coefficient that is less than or equal to a(j)
from the statement of this lemma. Then, by Merlevede et al. (2009, Theorem 1),® there exists

Cs > 0 depending only on C,, C/, such that for any v > 0

P13 2] 2] <o Coy'n’
L I aB? + ynB(log a)(loglog a)

Setting § = Cgy*n?[aB? + ynB(log a)(logloga)] ! implies
0 = Csv*n? — 6ynB(loga)(loglog a) — daB>.

Hence, by the quadratic formula,’

dnB(loga)(logloga) + \/[5nB(log a)(logloga)] ? 4 4C4n25aB?
"}/ g

206712
< 20nB(log a)(loglog a) N 2nB\/Cgoa  6B(loga)(logloga) N BVéa
- 2Cn? 2Cen? N Cgn 2V Cﬁn’

since oz +y < /x4 /y for any z,y > 0. =

Lemma A.3.3 is a contraction inequality for Rademacher complexities of sums that follows

from Maurer (2016, Theorem 3).

Lemma A.3.3. For a,b € N, and let {Tj}?:1 form a partition of {1,...,ab} such that #T; = a
for each j. Let S be a pointwise separable space. Fort € {1,...,ab}, letg: S - R andh;: S — R
be such that there exists a constant L > 0, where g:(f) — g:(f") < Llhe(f) — he(f')| for each t and
f.f'€8. Then,
b 1 b
Be s>+ (2 S an)| < VEaLE |30 S 6hu(h)|
fesio teT; T€8 j=1 ety

where {éj}?zl and {&}8, are sequences of i.i.d. Rademacher random variables.

$Note that Merlevede et al. (2009, Theorem 1) is for a(j) < e, However, this can be generalized to a(j) <

Cle %I for C, > 0, by adjusting the constants in their results. See (4.13), Lemma 8, and Corollary 11 therein.

9Note that we are only interested in v > 0 and

onB(loga)(loglog a)—\/[dnB(log a)(loglog a)}2 +4Csn25aB? < dnB(loga)(logloga) — \/[6nB(log a)(loglog a)]2 = 0.
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Proof. For z € R® let ||z| ; denote the Euclidean norm on R?. By Maurer (2016, Theorem 3)°

for countable set # and functions ¢; : H = R, ¢; : H — R?, j € {1,...,b} such that

bi(F) =i (f) < || @5(F) = ()l g VI f €H, jef1,..., b},

E'7

we have, for ¢] = {qbt}tGij

b b

Ee [sup Y &u5(f) | < V2Ee [sup Y D & ()
Fer o FEM =1 ey
By assumption S is pointwise separable so choose H to be the countable dense subset of S. Let
1
7/1j(f) = a Z 9:(f), and ¢j(f) = {Lht(f)/\/a}teT]»

tET]’

With this,

Ui(F) —05(F) = = S A0l — ol £} < - 3 Elhalf) — hulf)

teT; teT);
. 1/2
< (LTl - o) =l - )l
teT;
Hence, Maurer (2016, Theorem 3) implies
b 1 b
e [sup 36 (2 X)) | < VLB [sup DS Y g5
S R € j=1 ey

This completes the proof because the supremum is unchanged when H is replaced by S. m

Lemma A.3.4. Let G be a set of real-valued functions such that sup;eg||fllo, < B. Then, for any
€ [1,00], 6 € (0,2B], and n € N such that n > Pdim(G),

2eBn )Pdim(g)

(c0) S Pdim(G)
N8, G, n) < (5 - Pdim(G)

Proof. By Anthony and Bartlett (1999, Theorem 12.2)

2eBn Pdim(G)
)

(00) < (===
N0, G, m) < <(5 - Pdim

0There appears to be a typo in the statement of Theorem 3 in Maurer (2016), the term v (s}) in the contraction

condition should be v;(s’), as in Lemma 7 therein.
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For any r € [1,00], n € N, and & € R", we have [|z[],,, < [z|,,; so any d-cover with respect to

is also a cover for [|-[|,.,,. Thus, N{> (6 G, n) < N (6,G,n). m

[P

Lemma A.3.5. Let G be a pointwise separable set of functions with elements f : Z — R such that

| flloo < o0 for each f € G. Then, for any n € N we have
Eg[mn{f:feg £l <7‘H < inf 4a+8\/§/r V1og N(v, G, ||-]|) dv
’ - ~ 0<a<r n J, T '

where || f| = (2 X0, £(Z)2)'?.

Proof. Consider the case where {Z;}}"; = {z:}}_, is an arbitrary fixed element of Z". Then
{ﬁ S &if(ze): feg, |If] < r} is a zero mean sub-Gaussian empirical process; since Hoeffd-

ing’s inequality for Rademacher random variables implies,'!

P2 anﬁf(z)> <2e [ —v'n ]<2e [_Ug]
—= tJ(2t) 2V | S2€XP | g=n oo | S48XP | oz |
Vi 2 2T, f=) e
for any f € {f e aglfll < r} and v > 0. Hence, Dudley’s entropy integral can be applied'? to

obtain, for each « € (0,7)

{fEQS,I\TJI‘)HQ} \/_ ;ﬁtf(zt)

+8v3 / " /logN(5,G, ||-||>dv>

Ee|Ra{ /i f € Glizap,. Il <7}] = %Es
swp S [f(z0) - 7z

1
< — 2E§
ﬁ( (reg.fl<2a} VN
<2 s {Z\fzt zt>}+8\f/ Viog N(w, G, ) do
(<G| fl<2a}

< da+ 8\/;/ VIogN(v, G, ||-]]) dv

The desired result follows since this holds for any {z;}}; € Z" and a € (0,7). =

"This result is a simple modification of Hoeffding (1963, Theorem 2), and can be found in van der Vaart and

Wellner (1996, Lemma 2.2.7).
2This is a well-known result with many formulations. This version, and it’s proof can be found in Bartlett (2013,

p. 11), or in the proof of van der Vaart and Wellner (1996, Theorem 2.2.4). This result is sometimes referred to as

Dudley’s chaining (e.g. Farrell et al., 2021, Lemma 3).
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A.4 Independent Block Construction

This section more rigorously describes the process used to construct the sequence {Z;}
from Appendix A.3.4. Define Y1 = {Zi}ter, ,, and X1 = {Z1}ieqq1,. np\11,}- Clearly, X and
Y'; are random variables on (€2, A, P) taking values in X := Z"" % and ) := Z¢, respectively. Now,

let A be the Lebesgue measure, and consider the product probability space

(Ql?A/7P/) = (QaA7P) X ([071]7[3[0,1]7>‘) = (QX [071]7A®B[0,1]7PX)‘)'

Bor:Q — Q, where 7 denotes

We can extend (€2, A, P) to this richer space with the extension
coordinate projection onto €2, i.e. w(wy,ws) = wy € Q for any (w1, ws) € Q. Thus, X7 and Y1 on
(Q, A, P) can be redefined as X1om and Yo7 on (Q, A’, P'), without changing their distribution.
We may refer to X1 and Y'; as random variables on (', A’, P') with the understanding that this
means X1 o and Y1 oxw. Then, by Berbee’s Lemma'* there exists a random variable Y1 on
(Y, A, P’) that has the same distribution as Y'; and is independent of X.

Set {Zi}ier,, =Y 1, then let Yo :={Z; }iem,,, and Xo = {Z: }reqq1,. np\1o1} Y{Z1}ier -
Then, using the same process as before, we can construct {Zt}tGTQJ =Y 5 independent of X5 and

distributed as Yo. This process can be repeated until the sequence {Zt}?zl is constructed with

the desired properties.

A.5 Proofs for Section 2.2

First, we provide proofs for Lemma 2.2.1 and Proposition 2.2.1, followed by the proofs for
the main theorems of Section 2.2. Appendix A.5.4 lists the additional ancillary lemmas used in

this section. As before, we write ¢.(f) = q(Zt, f(Zt)), and My == my(Zy).

3Here extension of (22, A, P) to (', A’, P') refers to a measurable map 7 : Q' — Q such that P'(771A) = P(A)
for any A € A. It is easy to show that coordinate projections are extensions for product probability spaces (e.g. see

Davidson (2022) discussion in first paragraph of §3.5 pp.70,71).
1 This refers to Berbee (1979) Corollary 4.2.5 with proof on pages 91-95 therein. Similar results can also be found

in the following: Bosq (1998) §1.2 Lemma 1.1; Doukhan (1994) §1.2.1 Theorem 1; Bryc (1982) Theorem 3.1; or

Merlevede and Peligrad (2002).
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Proof of Lemma 2.2.1. Note that sup,cy Y;? is measurable-A/B(R). Then,

E[Y?1 <IE[ v2y . 1
ey Yy Ly >8] < te?fﬁ?fn}{ v ) tei??’fn}{ Vi[>Bn }

IN

/ sup Y2 dP. (A.47)
{wmax;<;<p |Ye(w)|>Bn} teN

For any § > 0, there exists a simple function,'® s5 : Q — R, such that 0 < s5 < sup,y Y;?, and

/ sup Y2 dP — / ssdP < §/2. (A.48)
Q teN Q

We may choose C5 > 0 such that sup,,cq ss(w) < Cs, since a simple function takes on finitely many
values. By Assumption 2.2.2 for any constants §, Cs > 0 there exists N5 € N such that, for all
n > N,

P< max |Vy] > Bn) < 5/(2C5). (A.49)
te{l,...,n}

By construction, ss < sup,cy Y,? so

/ (Sup Y2 - 55) dP < / (Squt2 - 85) dP.
{wmax; <;<p |Y2(w)|>Bn} ™ teN Q “teN

Hence, for all n > Ny,

/ squfdpg/ 35dP+/squt2dP—/s(gdP
{wmax; <<y [ Ve (w)|>Bn} teN {wmax; <y<p | Vi (w)|> B} Q teN Q

< C(;P( max |Y;| > Bn> +/ squtzdP—/s(;dP
te{l,...,n} Q teN Q

§5/2+/Yt2dP—/35dP
Q Q

<5

)

by (A.49) and (A.48). Applying this to (A.47) completes the proof since § is arbitrary, N5 depends

only on §, Cs and sg,Cs are independent of n. m

Proof of Proposition 2.2.1. For condition (i), note that {|Y;|}1en is stationary and a-mixing

by Lemma A.3.1. Then, {|Y;|}ien satisfies Leadbetter et al. (1983, Condition D(uy,), p.53) (see

1% As usual, a simple function is a function that can be represented as s(w) = 57

=1 ¢jla;, for some J € N, and

Aj€EA c;eERforj=1,...,J.
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discussion on p.54 therein). With this, the desired result follows from the proof of Leadbetter et al.
(1983, Theorem 3.4.1) (also see discussion on p.58 therein).

For condition (ii), we first verify that the conditions of Leadbetter et al. (1983, Theorem
6.3.4, p.132) are met. Let {Y;}sen be the standardized version of {Y;}ien, ie., Y i= %.
Note that JE[??] = 3 for all ¢t € N, by Papoulis (1991, p.110). By Lemma A.3.1, ay(j) < a(j)

since Y; — Y is measurable-A/B(R). With this, and since Y; has a standard normal distribution,

we apply Bosq (1998, Corollary 1.1) to obtain for any i,k € N, i # k,

|Cor(Y;, Y1) = |Cov(Y;, Yi)| < 42 afli — k|) H?iHﬁH?’ﬂHc‘l <36/ 2a(]i — k|) = vji_g,
and |Cor(—Y;, —Y%)| < v};_p by a similar argument. Then, by the assumptions on a(j) we have
vj < 1for all j € N and lim;_,o v;log(j) = 0. Next

PlY,> —(—F | = (Y: > By,) (|Y:| > Bp) — 0, and
Z ( e Var(Yt)> tZ t Z (1%

=1 t=1

Pl-Y,>—" — "~ P
Z ( = V Var Yt > =) t=1 (
as n — oo by assumption. Thus, Leadbetter et al. (1983, Theorem 6.3.4, p.132) can be applied to

{?t}teN and {_?t}teN to obtain

(2 )= (A=) =

N . B —EM)
y,>—2 Y 0, and
Q{ Var(¥;) })%
B N v o Ba—E(-Y)
Crend) (O Sm )

as n — oco. Which gives the desired result since

D:

P( max —Y, > Bn) —p
te{l,...,n} =1

P( max |Yt|an) :P<{ max i > B, }u
te{1,...,n} te{1,...n

te{l,...,n

max —Y}>B })

te{l,...,n te{l,...,n

P

Ll
p({ s iz BY0{~ _Ytg_Bn})
P({ o vz B} 0
( o

IN

max Y}>B>

max —Y} > Bn> — 0,
te{l,..n

te{l,...,n

asn —oo. Nl
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A.5.1 Proof of Theorem 2.2.1

Theorem 2.2.1 will follow by showing the conditions of Theorem 2.1.1 are met with the
following setting:
2
o o(f) =q4(Zy, f(Zy) = (nv(Zy) — f(mx(Z4))" = (Y — f(X0))%;
) 9 1/2
b pn(f, ) Hf f H£2 P{X ¥y (f[o,l]d [f(m) - f (w)] dP{Xt}le) )
e M, :=4B,; and

o my,(Z,) = 28upsep, ‘Yt — f(Xt)‘

Verification of (a.1). By Lemma A.5.1, and (2.5), there exists f, € N,, such that || f, — folleo <

~ (5757 ) (1/4-K») (1/4-Kp)

p
n . By assumption €, = n<P+d/ 2> . Thus, there exist constants C,C" > 0
; (355573 ) (1/4-Kg) ) : , .
such that ||fn, — folleo < Cn\pFd/2 < C'ey, (a.1) is met by C’e,. The result follows since
pn(fn,fo) = Op(€,) is equivalent to pn(fn,fo) = Op(C’¢,) so scaling €, by a constant has no

impact on the final rate. =

Verification of (a.2). For any n € N, and f € £? (P{Xt}?:l)’ by iterated expectations,
E[Qn(f)] — E[Qu(fo)] ZE F(X0)? = fo(X0)? = 20 (X0)Y; + 2fo(X0)Yi]

- LS B[H(X)? - (X0 - 20 (X fol(X0) + 2fo(X0)?]
t=1

= S UE[((X0) - o(X0)]
t=1

= [ 23 [rxiw) — AaXiw))] ap
t=1
— /[;)71]d [f(m) — fo(m)]zdP{Xt}?zl = ||fn - fO||%2(P{Xt}?=1)'

The desired result follows because N, C £? (P{ X} 1) for any n, since supsep, | flloo = Bn- ®

Verification of (a.3). Let m,(Z;) = 2sup ey, YVi—f(X4)|,

-B(Z)/B((0, 0))
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because N,, is pointwise-separable. Consider (a.3)(i). For any f,g € N,, we have

la(z, f) —a(z.9)| = ‘ (f(z) +g(®)) (f(x) — g(z)) — 2y(f(z) - g(w))‘
= |(f@) + (@) - 29) (f (@) - 9(a)|
< (2 s v~ f@)]) /(@) - g(@)

= mn(2)|f(x) — g()|. (A-50)

Consider (a.3)(ii). Recall mn(Z;) = 2sup ey, ‘Yt —f(Xt)’, and sup e, || flloo < Bn. Then,
for any z = (y,z) € R x [0,1]¢, we have m,(z) < 2(ly| + Br), by the triangle inequality. Hence,

foranywe Q,neNandte{l,...,n},
since Z;(w) == (Yi(w), X¢(w)) € R x [0,1]%. Thus, for any w € Q, n € N,

iy e 2] < s 2] + B

which implies

{or o ma(Ze@) 2 Mp € {w: max 2Vl + B) > M

= {w : te?ll?}fn} |Yi(w)| > M, /2 — Bn}

{w s [¥i()] 2 Bn}, (A.51)

since M,, := 4B,,. With this, and Assumption 2.2.2

P( max mn(Zt)zMn) SP( max |V} ZBn) — 0, asn— oo.
te{l,...,n} te{l,...,n}

Consider (a.3)(iii). Note that (A.51) implies 1y, (z,)>m,} < L{jv;|>B,}, for all n € N and
t€{1,...,n}. Hence, for any f € N,
E[(Qt(f)m{mn(zt)zm}} < E[\Yf +f(X0)? ~ Qf(Xt)Yt\ﬂﬂszn}}
<SE[Y Lvzpg] + B (XD Lgyizsa] + 2B ([ f(X0)Yi| 1y 5.

<E[Y? Lyyi=5,] + BaP (Vi = Ba) + 2BaE[[Yil Ly, =5,)], (A.52)
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where the last line has used supsc ., [ flloo < Bn by (2.4). Note that, with B, > 0 and Markov’s

inequality,

B; P([Yi| > B,) = B: P(|Yillyjy, 25,1 = Bn) = Bi P(Y2 LyyvizB,} = Bi) <E[Y? 1yvi=5,})

and,
BhE[|Yy| 1yi>8,3] <ENY? Lvi=5.3);

since B, |Yy| Ly |>Ba} < Y? when |Y;| > B, and B, |Y;| 1{v,/>B,} = 0 when |Yi| < By,. Using the

previous two displays with (A.52),

e B[ Lwzs]) S (A53)

maxn} {fseuj\%E[‘q(Ztv f(Z,)) ’]]-{mn(zt)ZMn}} } < 4(

by the assumptions on €,. Then, lim,,_, €, = 0 under Assumption 2.2.2 by Lemma 2.2.1 and the

assumptions on €, and Kg. ®
Verification of (a.4). First, m,(Z:) = 2supsep, |Y; — f(X¢)|, implies

‘qt(f)ﬂ{mnKMn}‘ = (Yt - f(Xt>)2]l{mm<Mn} < (mn(Zt)/Q)Zﬂ{mm<Mn} < Mz/ll = Bg

For each n € N, by Lemma A.3.1 {qt(f)]l{mnKMn}}?:l has an a-mixing coefficient that is bounded
above by the a-mixing coefficient for {Z;}} ;. Then, using the same reasoning as the proof of
Lemma A.3.2, by Merlevede et al. (2009, Theorem 1) there exists a constant C’ > 0 depending

only on C,, C! such that such that for § > 0 and all n > 4,

p(l
n

n _C/ 62 n2
1 —E 1 > <
tzl (qt(f) {mne <M} (/) {m”t<M"}]>‘ 20| s exp {SnBé + 26nB2(log n)(log log n)]

—Cé%n ]

<
= P [n‘*KB + dn2Ks (logn)(loglogn)

for some constant C' > 0 not depending on n or § since B,, < n8 by assumption.

Consider (a.4)(ii). Note that

~C6%etn
n4Ks + §2¢2 n2K5 (log n)(log log n)

)\,(1‘1)((5 €r) = exp
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With this, and €, 2 n_(p+€i/2>(1/4_KB) logZ™(n) by assumption,
ern
n4Ks + n2Ks(logn)(loglogn)

-1
= [n*(1*4KB)e;4 +n~172K8) =2 (1og n) (log log n)

> n(1_4KB)6;11

1=ty ) (/4= Kz) log!®***)(n) — 00, as n — oo,

>l

since 1 — > 0 and Kp < 1/4 by assumption. Then, Lemma A.5.2 can be applied, with

p
p+d/2

4M,, = B,, and the definition of ASE), to obtain the following sufficient condition for (a.4)(ii),

n—00

lim Hnu—mmﬁﬂ_l - log N§°°>(45 €2 /By, Ny, n)} =0,
(A.54)

— i {ND(0) NP0 /My, Ny ) | =0,

n—oo

Henceforth, let n be large enough such that €, < 1. By (2.5) and Lemma A.5.4, we have

_d__ —
Pdim(N,,) = n2(p+d/2>(1/4 KB)log7(n), which implies lim,_,{n/Pdim(N,)} = oco. Then, we

can apply Lemma A.5.5, with n = ( d ) (1/4 — Kp) therein, to obtain

2
log Ngoo)<4gen, . n) < n2<P+i/2>(1/47KB) log7(n) [log (n) + log (Bn/e%)]

/
< 2 (777 010 1og () — iy (55072) 0452 1o )

4

With this, and again using —z— KBE(TiO”g oaToe > p(1-4Kp) 4
4 -1 2
€n M (c0) [ 40 €5
-logN
[n4KB + 0 n?Ks(logn)(log log n)] %8 < B, ’ Al n>

< {n—(1—4KB)€;4} n(%>(174[(3) log®(n)

/2
=n_ (I_W)(1_4KB)GT_L4 log®(n)

=n (ﬁ)(174KB)5;4 logs(n)

<log'(n) =0, asn— oo,

—(—2 _ —_
where the last line used €, = n (p+d/2>(1/4 Kg) log?™(n), and v > 0 by assumption. m

A.5.2 Proof of Theorem 2.2.2

Theorem 2.2.2 will be a consequence of the following proposition.
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Proposition A.5.1. Suppose Assumptions 2.2.1 and 2.2.2 hold with B, =< n®B for some Kg €
[0,1/2). Let {Z}ien be a strictly stationary [-mizing process with 5(j) < C’/’Be_cﬂj for some
Cp,Cy > 0. Let Ny, = N(Ly, Hp,By) be defined as in (2.4) where the sequences {Ln}nen,

{Hy 1 }nen for each | € N, are non-decreasing, and H, ; < Hy,. For anyv € [0, 1/2 — Kp) if

1/2—Kp—v)

d
Lo =log(n),  Hy,=nl#) log?(n), (A.55)

then for { fnlnen satisfying (2.2), and

e =0~ () KD 10060) 1\ SBIY2 L i1,] + B

there exists a constant C > 0 independent of n, such that for all n sufficiently large

P Vaj2-Kp-v) 20! nlfCanv log(n)—2v
~nl3%2) p— — 410g(n)P( max |V > Bn),
log(n) te{1,...,n}

(320)0/2-Kp—v)  12C%nt=Con* log(n) =2

P (an = Jollez < Cen) >1-e

—24log(n)P( max |Yj| an).

P (Hf" — follan < CE") z1-—6e™ log(n) te{l,...n}

Note that Theorem 2.2.2 follows directly from Proposition A.5.1 by choosing v = 0. Propo-

sition A.5.1 will follow by applying Theorem 2.1.2. We begin by verifying conditions (b.1)-(b.5)

hold.
Verification of (b.1). This is assumed directly in Proposition A.5.1. =

Verification of (b.2). By Lemma A.5.1, and (A.55), there exists f,, € N, such that || f,, — folleo <

n7<ﬁ>(1/27Kva). The desired result follows since 1/2 — K —v > 0. =

Verification of (b.3). For any n € N, and f € £? (P{Xt};;l)a by iterated expectations,

E[Qu(£)) ~ EIQu(fo)) = E|F(X)* = fo(X0)* = 2 (X0)Ys +2fo(X1)Ye]

= E[£(X1)* = fo(X0)? =2/ (X0)fo(X0) +2/o(X0)’]

—E[(/(X2) - fo(X2))?]

= an - fOH%%PX)'

The desired result follows because A, C £? (P{ X t}?zl) for any n, since supsen;, [|flloo = Bn. ®
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Verification of (b.4). First, by (2.4) supsez, || fllo < Bn < oo for each n. Next, by (A.55) and

d

Lemma A.5.4, Pdim(N,,) =< n2(P+d)(1/2_KB_U) log”(n). Hence, Pdim(N,,) = loglog(n), and

Bn
NG

since Kp < 1/4, v>0and d/(p+d) € (0,1). =m

d
[\/Pdim(}'n) log(n) 4 /log log(n)] < n<PTd)(U27KB*U)*(1/27KB) logt(n) =0, as n— oo,

Verification of (b.5).  Choose m,(Z) = 2supsep, |Y; — f(X¢)|. Then (b.5)(i) follows from

(A.50). For (b.5)(ii) first choose

Mn = max {4E [Yf ]l{|Yt\ZBn}] y Tl_l}.

Then by Assumption 2.2.2 and Lemma 2.2.1, we have lim, o t, = 0. By (A.53) and stationarity,

E[|g: (f)|]l{mn(Zt)24Bn}] < A4E[Y? Il{m|23n}] < pyp. Hence, (b.5)(ii) holds for Cy = 4. =

Final Steps for Proposition A.5.1. Now, we verify the remaining requirements for Theorem
2.1.2. By Remark 2.2.1(ii) and (iii), N, is pointwise-separable, and {f(x) : f € N,} = [~ Bn, Bn] C
R is compact for each = € [0,1]¢. Under Assumption 2.2.1, || folleo < 1.

Choose

d
§ = Cs n2(m)(1/2_KB_U) log®(n), and a:= [n*"log*(n)].

N

for some Cs > 0. To apply Theorem 2.1.2 all that remains is to verify v/ > Bra—a(logn)(loglogn)

Note that by (b.2) lim,_ é,(logn)(loglogn) = 0 and by (b.4) Bha > 3 for all n, so we have
Bpa—é€,(logn)(loglogn) 2 Bya. Using this with €, < Tf(ﬁ)(l/%Kva) from the proof for (b.2),
and B,, < n~ %8 by assumption, we have

én/n < n1/2_(1;-;d)(1/2_KB_U) - n1/2_(ﬁ)(1/2—1{3—v)
Bra — &,(logn)(loglogn) ~ Bna = B,n?

= (2K =)~ (E3)(1/2-Kp—v) _ (54a)Q/2-Kp—v)

Therefore,

d p -
- (ﬂ)(l/Q*KB*v)l 4 (W>(1/2*KB*“) > €n/n
Vo=t 0g(n) > ni» ~ Bpa — éy(logn)(loglogn)’
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and the desired result follows by choosing Cj sufficiently large.
Thus, Theorem 2.1.2 can be applied. To obtain the rate from Proposition A.5.1 note that

d
Pdim(N,) log(n) < nQ(m)(l/z_KB_v) log®(n) < 6, by (A.55) and Lemma A.5.4. Hence,

en(d,a) = Bn\/g[\/Pdim(]—'n) log(n) 4+ v/loglog(n) + 5] + /2 + iy + 0,

4 - —v =
Bn\/g n (552) 02K 10080 S i+ 00

o (75a) 1/2-Kp—v)

A

log” (n) + v/ pin + O

A

P

n_<m>(1/2_KB_U) log”(n) + \/E Y2 Lz m.)] + bns

N

where the third line has used €, < n_<p%d)(1/2_KB_U); and the last line follows from p, =

(1/2=Kp—v)

max {IE[Yt2 ﬂ{\Ytlan}]v n_l} with vn—1 < n_(ﬁ) . Then, by Theorem 2.1.2, there

exists a constant C' > 0 independent of n such that for all n sufficiently large

172 = folles < € |nFE2) 02K 0g3) 4\ [BVP Tipgo] + 00

with probability greater than

1 —Czn2log?(n
(ﬁ)(1/27KBfu) nCBe B (n)

l—e™ — 2log(n)

—|—2P< max |Y; ZB)
n2vlog?(n) tE{l,...,n}| t| "

_ 2v
n(p?ﬁ)(l/szva) nC’én Cp n*" log(n)

=1—e" — 2log(n)

+2P( max |Y;| > B )
n?vlog?(n) te{1,..n [Yi| = Bn
2 Vaje-kp-v)  20%ni=Csn®log(n)—2v
=1-— e_n(p+d) B _ B — 4log(n)P< max |V > Bn)_
log(n) te{lom}

The result, for || f, — foll2.n follows via the same reasoning. m

A.5.3 Proof of Theorem 2.2.3

Theorem 2.2.3 will follow by showing the conditions for Theorem 2.1.1 hold with the following

setting:

o at(f) =a(Z, f(Zy)) = Y, Bf(X;) +log (1 + eB/(X0) |
1/2

b pn(f, f/) = Hf - f/HL2(P{Xt}IL:1) = (\[[071]:1 [f(m) - f/<x)]2dP{Xt}?:1) )

[} Cl = % (m) and CQ = 1/4,
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e M, =3B for all n € N; and

o my(z)=2B,forallneN, z € Z.

Verification of (a.1). This follows by the same reasoning used in the proof for (a.1) in Appendix

A51. =

Verification of (a.2). For any f € N, by iterated expectations

ofo(X) 1+ e/t
_E mB(det)—f(Xt)) tlog | T mnea ) |

Let go(b) = — (b —a) + log 1+eb , for arbitrary a,b € [—B?, B?]. With this, g,(a) =0,
1+e

E[Qn(f)] = E[@n(fo)]

1+4e@
d eb e d? eb 1
- Ya b - - 5 d -5 Ya b = = .
2% =175 Tra @ g (I4eh)? edebr2

By Taylor’s Theorem, with the Lagrange form of the remainder for some A € (0,1)

d (b—a)? [ &2
0a(8) = gala) + (b — a) [ ga<x>] n [ 0al)
dx z=a 2 dz? r=Xa+(1-N)b
_ (b—a)? { 1 }
2 eT+e T 42 w:/\a+(17)\)b'

Note that %(é) < 1 [ 1

BT, B73) S 2 < 1/4 for any A\ € (0,1). Clearly for all

€”+€‘“°+2L=Aa+(1—x)b -
€ [0,1)¢, Bf(x) € [-B2,B?] and Bfy(z) € [-B, B] C [-B?, B?]. Thus, (a.2) holds with C; =

3 (M) and Cy == 1/4, since a,b € [-B?, B are arbitrary. =

Verification of (a.3). For any f, f' € N,

| (f) — a(f)] =

Bf(X+)
YtB(f/(Xt) - f(Xt)) + log ( Lt er (Xt)) '

< |viB(#/(X0) ~ £(X0) |+

1 4 eBIX0)
10g< B (X1) §2B|f Xt f(Xt)‘7

since V; € {0,1} and
14 Bf(X1) 1 4+ eBf(X4) 1+er (X1)
log | Tmre | | =108 | 1o eary | ixosroxo Tlog | T sy | Lioxo<rx

o (2N | pppixn - rix
0g BI(X:) ‘ |f t) = S t)-
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Thus (a.2)(i) holds for m,, := 2B. Then, (a.2)(ii) and (iii) hold trivially by setting M,, = 3B for all

neN. m

Verification of (a.4). Note that, 14, ,<a,) = 1 for all n € N, since m,, = 2 and M,, = 3. For

any f € Ny,

0(Z0, £(Z0)] < BIYif (X0)| + [log (1 -+ B/X0) | < BIf(X0)| + |210g (¢7°) | < 3B

since Y; € {0,1}, | fll,, < B, and B > 2. Hence,

a(f) — E[Qt(f)” < 6B2
By Lemma A.3.1 {¢:(f)} inherits the mixing properties of {Z;}}_ ;. Then, by Merlevede
et al. (2009, Theorem 1) there exists a constant C’ > 0 depending only on C, C?, such that for any

0 >0 and all n > 4,

P (le i {Qt(f) ~Ela()] }' = 5) < exp [GBQn + 6Bg;/(f§;;)(log log n)}

t=1
—Cén ]
for some constant C' > 0 not depending on n or § since (logn)(loglogn) > 0 for n > 4.

=: \9(5),

n

<
= %P {BQ (logn)(loglogn)

Consider (a.4)(ii). Note that

~Cée2n
AD(5e2) = n
i (0 en) = exp [Bz(log n)(loglog n)}
With this, and €, > nié(ﬁ) log®(n)
en nké(ﬁ) log®(n)
0, as n— oo.
(logn)(loglogn) ~ (logn)(loglogn)

Then, Lemma A.5.2 can be applied, to obtain the following sufficient condition for (a.4)(ii),

2 -1

n—oo | | (logn)(loglogn (A.56)

— lim {AD(02) NP0 2 /My, Ny )} =0

n—oo

since M,, = 3 for all n. Henceforth, let n be large enough such that ¢, < 1. By (2.7) and Lemma

d_
A.5.4, we have Pdim(N,,) < n<P+d> log”(n), which implies lim,, o {n/Pdim(N;,)} = co. Then, we

can apply Lemma A.5.5. with n = % (ﬁ), therein, to obtain

log N§°°)(5 6%/3, Ny, n) < n(p%d> 1og7(n) [log (n) + log (652) } < n(pid) 1og8(n)-

~
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With this,
€2n 711 N( ) (5 9 N < (%),1 21 9 1 1
n o P+ -
(logn)(loglogn) 0g Ny (d€,/3, N m) S €, log”(n) (loglogn)

_d_

< n(ﬁd)_H(ﬁ) log~t(n) (loglogn)

=log '(n) (loglogn) =0, as n — ooc.

Thus, the desired result follows from (A.56). m

A.5.4 Supporting Lemmas

Lemma A.5.1. Suppose Assumption 2.2.1 holds and let N, = N (Ln, H,, By,) be defined as in
(2.4). There exists a constant Cy > 0 depending only on d and p, such that for any n € (0,1) and
n >3, if

> i > " og?
Ly > [C7log(n)],  and eqllin,  Hop 2 [C7nlog?(n)]

then there exists f, € Ny, where || fr — follso < n M,
Proof. By Yarotsky (2017, Theorem 1), for any 6 € (0,1), there exists a feed-forward ReLU DNN
architecture, denoted as G, such that: there exists g € G with ||g — fol|co < 0; and G has L* hidden

layers, U* hidden nodes, and W* parameters, where
L*(6) < Cg log(e/d), and W*(0),U*(d) < Cs 5 log(e/d), (A.57)
for a constant Cg independent of 0, depending only on d and p. By Farrell et al. (2021, Lemma 1),

Ly > L*(0) and {111211nL }Hm > L*8) - W*(8)+U*(6), = 3Ifn €N, 9= fn (A58)
e€1,2,...,Ln

Note that g = f,, € N, is feasible with (2.4) since ||g||,. < || follo, +6 < B follows from | fol ., < 1,
B, > 2, and ||g — folloe <8 < 1. For 5 € (0,1) set § = n~"4. With this, it follows from (A.57) and

(A.58) that if

2
L, > =Cg log(en) and Himm) > 2<1 v pdCS> n"log%(en),

ISHES]

then there exists f, € N, such that an — folloo < n"d. w



89

Lemma A.5.2. Let {ap}nen and {by}nen be strictly positive sequences. If limy, o b, = 00. and

lim,, 00 {log(an) /by } = 0, then lim, oo {an/e} = 0.

Proof. Note that

Then, by assumption,

which implies

However, b, > 0 for all n, and b,, — oo, then lim,,_,o, 1/b, = 0, so it must be the case that!6

. an
lim {log <T)} = —00,
n—o00 ebn

hence, lim,, ;oo {a,/e’*} =0. =

Lemma A.5.3. Let N;, = N(L,,H,, B,) be defined as in (2.4) where the sequences {Ly}nen,

{Hy,1}nen for each | € N, are non-decreasing, and H,,; < Hy, for alll € N. Then W,, < HfLLn.

Proof. First, consider an MLP architecture with W parameters and L hidden layers that each
have H nodes, then

W=H*L-1)+H(d+L+1)+1.

Therefore, for the architecture N, where the number of nodes may vary between layers, since

L, > 1, it follows that

W, < (HSN)(L, — 1) + H{™ (d + L, + 1) + 1,

16To see this, let {fn}tnen, {gn}nen be real-valued sequences such that lim,—eo fngn = —1, lim, o fn = 0 and
fn > 0 for all n. Then, for any § € (0,1) there exists N € N such that |fmgm + 1| < d and 0 < fr, < 0(1 — ), for all
m > N. With this, gm < (6 = 1)/fm <0, and (6 — 1)/ fm < (6 — 1)/[6(1 — 8)] = —1/6. This implies, gm < —1/6.

Since 60 € (0, 1) is arbitrary, this implies lim, o0 gn = —00.
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HT(Lmax)

where HT(LmM) ‘= maxje(12,..,L,} Hn- By assumption H,, < , SO we have

W, =< H L, —1)+Hy(d+ L, +1)+1 < HL, + H,L, < H>L,.

Recall the definition of pseudo-dimension from Definition 2.1.4.

Lemma A.5.4. Let N;, = N (L, H,, B,,) be defined as in (2.4) where the sequences {Ly}nen,

{Hp, 1}nen for each | € N, are non-decreasing, Hy,; < Hy for alll € N, and
L, =<log(n), H, =n"log*(n), for some n > 0.
Then, Pdim(N,,) < n®log’ (n).

Proof. By Bartlett et al. (2019, Theorems 3 and 7),'7 there exist constants ¢, C' > 0 such that, for
all n € N,

c Wy Lplog(W,,/L,) < Pdim(N,,) < C W, L, log(W,).

Using this, with W,, =< H2L,, by Lemma A.5.3, and L, = log(n), H, = n"log?(n) by assumption,
we obtain
Pdim(N,,) = W, L,log(W,,/L,) = H2L?log(H,) = n?"log®(n)log (n" IogQ(n))

S logG(n)(log(n) +log10g(n)) = n*"log’ (n),

and
Pdim(N,) < Wy,Lylog(W,) =< H2L2log(H?L,) = n*"log®(n)log <n2"10g5(n))
= n2 logﬁ(n)(log(n)+loglog(n)) = n?log’(n).
]

These bounds are written explicitly in display (2) of Bartlett et al. (2019). Display (2) uses the Vapnik-
Chervonenkis dimension instead of Pseudo-Dimension, however, these are equivalent for function classes generated
by a neural network with fixed architecture and fixed activation functions. For details see the discussion following

Bartlett et al. (2019, Definition 2), and Anthony and Bartlett (1999, Theorem 14.1).
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Lemma A.5.5. Let N, = N (L, H,,, B,,) be defined as in (2.4), where { By, }nen is non decreasing,
B1 > 2 and B, < nfB for some Kg > 0. and the sequences {Ly}nen, {Hy 1 }nen for each | € N,

are non-decreasing, H, ; < H, for alll € N, and
L, =<log(n), H, =n"log*(n), for some n > 0.

Let {6, }nen be a positive sequence such that 6, < 1 for all n sufficiently large. Let {an }nen be such

that a, € N for all n, and a, > Pdim(N,,) for all n sufficiently large. Then, for any r € [1, 0]
log N (8., N, an) S n?log” (n) | log (n) + og (az) + log (5" |

Proof. By assumption, a, > Pdim(N,,) for all n sufficiently large. Hence, Lemma A.3.4 can be

applied to obtain, for some C' > 0,

2B Pdim(Ny,) 2B Cn?"log” (n)
eBnay, )> < ( eBnan, ) (A59)

S an) S dp - Pdim (N, bn - Cn211og’ (n)

where the last bound follows from Pdim(A;,) < n?7log”(n) by Lemma A.5.4, with
2eB,a, S N 3 2eBnan \* _ (i 2eB,a, _q 2eBnan \* >0
On - T c ox On - T % On - T On - T ’

2eB,an
op - PAim(N;,)

and

> e, Vn sufficiently large,

since B, is non-decreasing, 6, < 1 for all n sufficiently large, and lim,,_, a,/Pdim(N,,) = co. By

(A.59)

2eB
log Nt(;)O) (5717 Nna an) S n277 10g7(n) . ]Og ( €EDnGn )

Sn - n211og’ (n)
< n*"log (n) [bg (Bn) + log (az) +1og (6, ') — (2nd/p) log (n)

< n2log" (n) log (n) + log () + log (5,1) .

since B,, < nfB by assumption. m



Appendix B

Appendix for Chapter 3

This appendix provides the proof of Theorem 3.1.1. First, Appendix B.1 presents three
preliminary lemmas that are analogous to the conditions from Chen et al. (2022, Theorem 1) and
are labeled accordingly. Then, Appendix B.2 uses these to prove Theorem 3.1.1.

Throughout this section, we write

vt(w,s) = V(Zt;w,s), and At(w) = A(Zt;w).

B.1 Preliminary Lemmas
Lemma B.1.1. (Stable Estimator)
1 P —1/2
~ > tt(C i, 5n) = op(n1/?)
t=1

Proof. Using the definition of ¢, whenever St A(Zy; ) #0,

1 < . 1 < N
=D (Gt 8n) = — Y A(Zystbn) ¢ = — D v(Zes i, 5n)
t=1 t=1 t=1
1< 1< R 1<
= [nZA(Zt;wn)] [nZA(Zt;@n)] nZV(Zﬁwmén)] =5 2 V(Zeidn 5n)
t=1 t=1 t=1 t=1
1 & 1 &
= E V(Zt;ﬁ)n,§n) — EZV(Ztﬂbnvgn) =0.

t=1 t=1

This completes the proof since > ;' ; A(Zt; wn) # 0 with probability approaching one under As-

sumption 3.1.1(ii). m
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Lemma B.1.2. (Stochastic Equicontinuity)

V| [A (i) — A (o) - ii {A (i) — A (wo)}' = op(1)

1

vn E[vt(wn, én) - vt(wo, so)} - i {vt(dzn, §n) - vt(wo, 30)}' =op(1)

Proof. This result will follow using the ideas from Appendix A.3. Note that v depends on Y; and
s € NT(LS) which are not uniformly bounded. Therefore, we will show the result for v, and the result
for A will follow via a similar, but somewhat simpler argument.

Let 1, == 1{|Y}| < B,}, and 1%, := 1{|Y;| > B}, then define

Gw,s(Z¢) = [vt(w,s) — Vi (wo,s())]ﬂm, and gy, ((Z¢) = [vt(w,s) — Vi (wg,so)]ﬂ;t
With this, and the triangle inequality,

VL2 S {8 () — v 50)] = [l ) — s s0)]

n
t=1

< ‘\/15 ti} (B (90050 (Z0)] = [960.5, () }’ + ‘\}ﬁ ti; {Elg6,,.5.(20] = [65,.5.(20)] }‘ (B.1)

Consider the second term of (B.1). By stationarity, for any § > 0

P('\/lﬁ tz:; {E[gfbn,én(zt)] — [95.5.(Z1)] }‘ > 5)

< P(VAE[|g5,5,(20)]] 2 6) + P ftz 65.+(20)] )
First, note that |D; — w,(X)| <3, |D; —wo(X)| < » Isllae < Bn, and [[sollo <1< By,.
Hence,
E[ |95,.5,(Z0)]] < 3E[|Yi = 8u(X 0|15, + Y2 — s0(X0)|15,]
< 6E | (|Yil + Ba) 15| < 12E[|¥3]15,] = o(v/7),
where the third inequality uses (|Y;| + By)1S, < 2|Yy| if [Y3| > By, and (V3| + By) 1S, = 0 else;
and the last equality follows from Assumption 3.1.1(iv) with Jensen’s inequality. Second, for any

we N, s e N

1 &y e B
P(\/ﬁ;|gws(zt)\>o>_P<\Fzyvt ) — ve(wo, s0) | 1% >0>
§P<ﬁ;12t>0> :P(teglax}\Yt\>Bn>—>0, as n — 00,

yeeey T
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by Assumption 3.1.1(iv). Combining the previous three displays

P(]jﬁg{m[gf@mgn(z»] 060, sn<zt>}}] > 5) =o(1). (B.2)

Thus, all that remains is to address the first term of (B.1). We do this using similar techniques
as Appendix A.3.5.2. Choose a := [2log(n)], so 1 < a < n/2, and b := |n/(2a)| is well defined.
Then, construct the random sequence {Z;}?_; with the procedure described in Appendix A.3.4 by
dividing {Z;}}" ; into 2b blocks of length a, and the remainder into a block of length n — 2ba, using
the index sets Tr, T1j, Toj, for j = 1,...,b, defined therein. For m € {1,2}, and j € {1,...,b},

define

st:: ZgwsZt and ijs.—fZgws

teTm i teT, J

With this, the first term of (B.1) can be written as
1 n
7 2 (Bl (20)] 900 (20}

ab\ 1 b
:<ﬁ)bz{ma;};mgn RYCSUNN (¢l N Ici R fZ{E (060,50 (Z0)] — i 5, (Z0)} -

J= teTr

> 36)
<2P ('( ) Z{E G . 1-G6% o za) +P (‘;ﬁ > {Elgo,.5.(20)] — 90,.5.(Z0)} zé)

teTr
= 2P, + Py, (B.3)

Then, by stationarity, for any é > 0

P (’\}ﬁ Z {E[gin.50(Z1)] = Gun,5.(Ze) }

Consider P,. First, for any (w,s) € Néw X Nés) and all Z;

(9,6(20)| < 3|V = 5(X0) Lt + [Yi = 50(X0) [ Lt | < 6(¥i] + By) Lot < 12B,,

where the first inequality used |D;—w(X)| < 3 and |D;—wp(X)| < 2 < 3; then the second inequality
used [|s|o, < B, and |[so||o, < 1 < By,. With this ||E[gg, s, (Z¢)] — gwmgn(Zt)Hoo < 24B,, The

cardinality of Tp is (#1r) = n — 2ab < 2a, since b := |n/(2a)] implies b > n/(2a) — 1. Hence,

\f > AE[900.5.(Z0)] = 9in,5.(Z0)}| < 45; =o(1),

teTr
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as n grows since a := [2log(n)]. Thus, for any § > 0

P=P \/lﬁ 5™ {Egan 5. (Z0)] = g (Z0}] > 5| = o(1). (B.4)

teTr

Now, we address Py. For €, as in Corollary 3.1.1, and [|||7, as in (A.22) define
NT(Lw,S)(en) = {(w,s) € NT(LU’) X ,/\/;(Ls) s w — onCQ(Px) < Cep, ||s— 80H£2(PX) < Cep,
lw = wollg, < Cen, lls = soll, < Cen}

for some C' > 0 sufficiently large such that P((dy, 3,) ¢ N (€n)) = o(1).! Recall b < n/(2a),

which implies (\‘}—%) < (4) . Then, apply (A.21) with

v\ 1
E= < 2") 0y {BlG, -Gt =00

7j=1
to obtain
b
1
P <P sup SE {E[G@U J-c } >0 | + P((wn, 8n) & N (o) (en))
(w,s) 2 b - J,w, 7w,
(w,8)ENR"" (€n) j=1
b
=P sup ) {B[G)0.] ~ Clas}| 2 0] + nB@ o)
(w,s) 2 b . 75w, J,w, 2a
(w,s)ENR (en) 7j=1
b
1 — _
<P sw (“f) S {E[G] — Gl 20 | +o(1),
(w,s) -
(’LU,S)E,/\/:,,{ (EH) j:1

(B.5)

by Assumption 3.1.1(i) and a = [2log(n)] imply ngéa) = 0o(1).2 We bound the first term on the

right side with Bartlett et al. (2005, Theorem 2.1). Recall ‘gw,s(Zt)‘ < 12B,, so we have

VI lprAM 1 A0
max <2 ’]E[G ] — Gj7w75

Ge{1,..b} 3w

'The existence of such a C sufficiently large follows from Corollary 3.1.1 and the discussion preceding (A.45) in
Appendix A.3.6. To see that the reasoning used in Appendix A.3.6 applies here note that the conditions for (A.28)

are met, since €, 2 7. for . defined as in (A.40) and some appropriate choice of § therein such that § — oo as

n — oQ.

2To see this holds for any a > log(n) let 6 := a/log(n), so a = §log(n). Then, by Assumption 3.1.1(i),

npa) _ nChe 9"

_ (C[/a eCﬁ) n 67610g(n) _ (Clﬁ eCﬁ) nlfts _ (CIB eCﬁ) nlfa/log(n)

a a a a a
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Recall from Appendix A.3.4 that Pz yer, . = Piz3,00 » Vi, so for any (w,s) € N}L’“”S)(en),
N teTy 4

Var[({) G%s} < (?)21& <i > gw,s(Zt))2 < <*/25>2E % > gus(Zh)?

teT ; teT ;

_ (9I> E H(Dt S w(X)) (Y — s(X0) — (D — wo(X0) (Yi - so(Xt))fnm}
= (?) E [[(Dt —w(X4)) (Y — s(X1)) — (Dr — w(X4)) (Vi — s0(X+))
+ (D — w(X¢)) (Ve — s0(Xy)) — (Dy — wo(Xe)) (Ve — so(Xt))]Q]lnt]
= (?) E [[(Dt —w(Xy)) (s0(X1) = 5(X1)) + (wo(X) — w(Xy)) (Vi — so(Xt))r]lm]

< (%f) E [[3\50(@ = s(X0)| +2Bn|wo(Xe) - w(XO\]Q],

where the second inequality used the Cauchy-Schwarz inequality, the first equality used stationarity,

and the last inequality used |D; — w(X})| < 3, and |Y; — s0(X¢)|1n < B, + 1 < 2B,,. Note that

3 < 2B, so we have

v (37 4] < 0830 2| [potx) 0] 0 - w0 |

= (9B2n) E[\so(xt) — (X wo(X0) — w(Xa)[? + 2]s0(X0) — 5(X1)||wo(Xy) — w(Xt)”

= (9BZn) [Hso — 8]\ Z2(py) + w0 — w[|Z2pyy + 2| (w0 — w) (0 — S)HU(Px)]

< (9B2n) [[150 = sl22(pyg) + w0 = Wl Ea gy + 2wo = wll 2oy llso = sll 2oy |

<36B2né,

by Holder’s inequality. With this, since {Z;}iery ,, {Zi}ieri o - -2 {Z1t}ier,, is an ii.d. sequence,

we can apply Bartlett et al. (2005, Theorem 2.1) (with a = 1/2, and = = log(n) therein) to obtain,

e~logm) > pf (Y2 Vi 1 b Er o (l,jjn i (> vn 6 pee) | Ry G_gu))s t(w, s) € NI (en)
b Z Js J 2

Jj=1

onl 128/nB, 1
6B nobgm)+ wﬁb og(n))_

(B.6)

Now we show each of the terms in the probability bound converge to zero as n grows. First,
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b>n/(4a) = n/(4log(n)) for n sufficiently large, so we have

2nlog(n)  128y/nBylog(n) < B, log?(n)
n+-n — ]. . B'7
b + 2 < Bpeplog(n) + — o(1) (B.7)

Now we bound the Rademacher complexity term. For any (w,s) € NI % N and (w',s") €

N N,

6B,,¢n,

e = C N |- w(X0) (¥ - s(X0) — (D~ (X0) (¥ o/ (0) L
@ er
< 2 Z ’(Dt —w(Xy)) (Y — s(Xy) — (D —w(Xy)) (Ve — ¢'(Xy))
tElej

+ (D — w(X ) (Y — 8'(Xy)) — (D — w0/ (X)) (Vi — 8'(X 1)) | L

- > ‘(Dt —w(X1)) (s(X0)" = s(X) + (w'(X0) = w(X) (Y2 = 5" (X)) | Lnt
teTy ;
1 / /
< > {3\ (X)) — s(Xy)| + 2By |0 (Xy) —w(Xt)\}
teTy
§2Bné {‘S(Xt)/—sXt)‘+|w’(Xt)—w(Xt)‘}
telh
<25, 3 (i0r0 - ot i
SIEW
= 2| 3 {leox = sox0) - (6060 —sox)
€T,;

) 1/2
+ | (w(Xe) — wo(Xy)) — (w(Xy) —wo(Xy))] }} ,

where the fourth inequality used |D; — w(X;)| < 3, and |Y; — so(X¢)| 1t < By +1 < 2By,; then the

fifth inequality used 2B,, > 3; and the last inequality follows from the Cauchy-Schwarz inequality
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as in (A.32). Now we can apply Maurer (2016, Theorem 3) (as in the proof of Lemma A.3.3)

Epe [%b{ s 1 (w,8) € NI (e )H :EP(@[ sup Z@ Ell)us]
(w,s)ENTY S)(e) —

< ?/BgleP(@ [ sup {Z Z &(w —wo(Xy))

(w,) NS (en) © j=1t€Ty,

zb: > Gw(Xy) - wa(Xt))H

j=1t€Ty ;
< 2B, f( P [ ab{w —wp:w € N,gw’s)(en)}] +Epe [i)‘iab{s —50:8€ Nrgw’s)(en)”)

Then, using the same reasoning as (A.35),

Epe [%b{GE 13) s (w,s) € Néw’s)(en)H < (24BpvVa Cey) A/ QIOg <\/Pdnn \/Pdnn o)y >

Now, by Lemma (A.5.4) for some C’ > 0,

Epio [ R {Giln.o i(w,5) € N (en) }| < €' (Baviaen) log® (n) <n<<w>+> +n(ﬁ>“/ 2 Kn) )

n

=C’ (Bn\/aen) 10g4 (n) (n_; <p(p$:>rd> + n_% <p(i(;id)_KB (p(SSler) )

<2C'- (Bpvaey,)logh(n )(n i)

=o0 (n_l/Q) ,

. . (w) (s) .
where the second inequality uses 1/4 < % (p(lz")er) and 1/4 < <p(];)+d) by Assumption 3.1.1(iii),

(B.8)

and the last line uses Be, = 0 (n_1/4) , by Assumption 3.1.1(iii),(iv) and the definition of ¢, in

Corollary 3.1.1. Thus, combining (B.6), (B.7), and (B.8),

e log(n) > P( (g) Z {Erj men] - J%msn} > 0(1)).

With (B.5) this implies P; = o(1). Combining this with (B.1), (B.2), (B.3), and (B.4), implies
1

E[vt(wn, §n) — Vt(’LU(), so)} - En: {vt(wn, §n) — vt(wo, 30)}' =op(1).

t=1

vn

The proof is complete since \/ﬁ’E [At (wn) —A (lU()):| — % i {/—\t (wn) —A; (wo) H = op(1), follows

by a similar argument. m
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Lemma B.1.3. (Neyman Orthogonality and Smoothness) For any w, s € L(Px) such that

[w]loo <2, [Islloc < Bn

E [ (Go, w0, 50)| — E[12(Co, 0, 50) | = 0 (n71?).

Proof. For arbitrary w, s € £L>(Px) such that ||w|/c < 2, ||$]|cc < B, and A € R define
F(X) = (w0, 50)" + A[(w, )T — (w0, 50)].
With this, we write

E[¢(Go, F(0)| =E[6(Go,wo,50) |, and B [6(Go, F(1)] = E[w(Go,w,5)]

Applying Taylor’s Theorem to E[q/} (Co, F()\))} centered at A =0
d 1 [t d?
E [ (o w,s)| = E|w(Co, FO)| + [CMEW(CO, F(A))H L *a /0 [WE[w(co, F(A))HdA
For the first-order derivatives of v

;;\A(Zt; wo + AMw — wp)) = 2(w(X,) — wo(X,)) (Dt — wo(X1) + A(w(X;) — wg(Xt)))7
)

SV Z5 ) = (w(X) = wo(X,)) (Y; — s0(X¢) + A(s(X,) — so(Xt)))
+ (s(Xy) — s0(Xy)) (Dt —wo(X 1) + Mw(Xy) — wg(Xt))).

For the second-order derivatives of v

02 2
WA(Zt; wo + Mw — wp)) = 2(w(Xy) — wo(Xy))",
2
%v(zt; F(N) =2(w(Xy) — wo(Xy)) (s(X¢) — s0(X4)),
Hence
S0 (260 FO)| = 2((X0) = up(X0) (D1~ wo(X0)

— (w(Xy) — wo (X)) (Ve — s0(X¢)) — (s(X4) — s0(X1)) (D — wo(Xy)).

Note that for any 6 > 0, and any A € (—4§,1 + §) the function E[ﬂ) (CO,F()\))} is continuously

differentiable infinitely many times and its derivatives are elements of £2(Pz) since w, s, wg, so are
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bounded and Y; € £2. Therefore, a measure-theoreic version of Leibniz’s Rule (e.g. Corbae et al.,

2009, Theorem 7.5.19, p.405) can be applied to show v satisfies a Neyman Orthogonality condition,

|
&=
—~
VA
—~
>
N
|
Vel
=)
—
P
<
~—
—~
o
|
S
o
—~
>
i*_/
~—
1

by iterated expectations and the definitions of wq, so. Applying this to the Taylor series expansion
from before, and by similar arguments we can apply Leibnez’s rule again and Fubini’s theorem to

the remainder term to obtain
- - 1 2
B[00 w,3)] = E[vlco FO)] + 5 [ | 755 [0(@F0)] |0
= E[4(o, F(0)) | +E[ (w(X1) = wo(X1))” = (w(Xe) = wo(Xe)) (s(X:) = s50(X)) |

<E|¢(Co, F(0))| + lw = wollZ2(pyy + 1w = woll z2px) |5 = s0ll22(px)

—E|¢(¢o, F(0))| + Op(ed).

The desired result follows because E[w(CO,F(O))} = ]E[zp(co,wo,so)} by definition, and €, =

o(n‘1/4) by Assumption 3.1.1(iii). m
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B.2 Proof of Theorem 3.1.1

Proof. This proof is similar to Chen et al. (2022, Theorem 1), but specifically tailored to settings

with dependent data. First,

E|(At(ibn) — Ai(w0)) | = E[(Di = #(X1))* = (D1 = wo( X))

—F :wn(xtf — wo(X )2 + 2Dy (wo(X) — ﬁ)n(Xt))}

—E :(’U)O(Xt) — W (X)) (wo(X¢) 4 wn(Xy) + 2Dt)}
< 5E[Jun(X0) — t(X1)[] <5 lin — wollg2(py) = Op(en).

With this,

E[A:(dn)] (€~ o) = E[A¢(w0)] (€ — o) +E[A¢(n) — At (wo)] (¢ — Go)
= E[A(w0)] (¢ = ¢o) + Op(en)O(IC — Col)
= E[A¢(wo)] (¢ — ) +o0p(IC — Col).- (B.9)

Define the following notation
(Cw,s) =E[A(w)]~Elu(w,s)],  Wa(Cws) = iﬁ;{AAw)c—w(w,s)},
and Uy (¢, w,s) =¥ (¢, w,s) — Uy (¢, w,s).
Then,

E[A¢(n)] (€ = Go) = U (C, b, 8n) — U (Co, thn, 1)

Un (C, 0, 8n) — ¥(Costn, 8n) + Wy (C, 1, 30

Un (¢, 1, 3) + ¥ (Co, w0, 50) — W (o, s 8n) + Wi (C, 1, 3)

Un(&ywmgn) + OP(n_l/Q)a (B.l())

where the third equality uses ‘I/(C07 wo, so) = E[At (w)Co — Vv (w, s)] = 0, and the last equality uses

Lemma B.1.1 and Lemma B.1.3. Combining (B.9) and (B.10)

E[A(w0)] (¢ = o) +0p(I¢ = Col) = Un(C,tim, 5n) + op(n=1/2). (B.11)
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Now we decompose U, (QC , Wy .§n) into an asymptotically normal component and components that

converge to zero in probability at a suitable rate,

Un (C, 100, 8n
(€ 50) (B.12)

= Un (Cos100,0) + [Un (&80, 80) = Un(Gos s n) | + [Un(Gor s 50) = Un (Go, w0, 50) |-

For the middle term of (B.12)
U (C, 0, 80) — Un (Cos s 3n) = O(C,t0m, 8n) — W (C, 0, 30) — W (Cos tny 30) + Wi (Coy s 8 )

= (¢- Co)( _*ZAt )

Then, by the triangle inequality

‘E[At(u?n)] - % i:lAt (w
ElA)] - 23

e[ = )] = 3= (o) - )|

t=1

IN

=op (n_1/2 logs(n) log(n)) +op(n~Y?),
where the last line follows by applying Lemma B.1.2 to the second term, and Bosq (1998, Theorem
1.6, p.35) to the first term, which can be applied since |At(w0)] = ‘Dt — 'lU()(Xt)‘Z < 4, and
Ay (wo) inherits the mixing properties of {Z;}}"; by Davidson (2022, Theorem 15.1). Combining

the previous two displays,

Un(évwn; §n) - Un(<07wna§n) = OP(‘QA - CO‘)

For the last term of (B.12),

Un(Co,wn, §n) — Un(COJUO,SO) < ‘E[At(ﬁ)n) — A (wo)} - %Z{

t=1

>

t(wn) - At(wo)} Co

1 n
+ ‘E[Vt(ﬁ)n7§n) — Vi w0750)] ;Z {Vt wnasn - Vt(w0730)}‘

t=

—_

— Op(n_l/Q),

by Lemma B.1.2. Applying the previous two displays to (B.12) and plugging this into (B.11)

E[A:(wo)] (é — o) + OP(|§ — ¢ol) = Un(Co, wo, s0) + op(n~1?). (B.13)
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Note that U, (Co, wo, so) is a zero-mean process, and U, (Co, wo, so) = —% iy Uy (Co, wo, 80).

Then, by Bosq (1998, Theorem 1.5, p.34), for some constant o2 > 0

Var

\}ﬁg%@o,wo, s0) | = Var [\/ﬁUn(go,wg, 50)} =E {(\/ﬁUn(Co, w0, 80)>2]

2
= H\/ﬁUn(COJUOa 50) H£2 — 027

as n — oco. By Markov’s inequality, and Holder’s inequality, for any ¢ > 0,

IN

P(‘\/ﬁUn(CO,wo,So)‘ > C> %H\/ﬁUn(meo,So)Hﬁl < % H\/ﬁUn(CO,Uio,So)HE2

g

= % \/Var[\/ﬁUn(Co,meo)} - —,

c
as n — 00. Thus, Un(<07w0750) = Op(n~1/?). Applying this to (B.13), since E[At(wo)] > 0is a

constant,

E[A;(w0)] (¢ = o) +0r(I{ = Gol) = Op(n™'?) = ((—G) = Op(n~'7?),

which proves result (i).

With this, we can write (B.13) as

V(¢ = Go) = \/EE[At(wo)}_l Un (o, wo, 50) + op(1).

Result (ii) follows by applying a central limit theorem to the first term. If o > 0, then the conditions
for Bosq (1998, Theorem 1.7) are met by Assumption 3.1.1(i)(ii), since U, (Co,wo, so) inherits the

mixing properties of {Z;}}" ; by Davidson (2022, Theorem 15.1). Then, this result implies

\/ﬁUn (CO7 wo, 80) i}
g

N(0,1).
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