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Introduction

K-mer: A string of length k with symbols chosen from a reference
alphabet.
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Introduction

K-mer: A string of length k with symbols chosen from a reference
alphabet.

Examples:
@ Genetic sequences: A,C,T,G base pairs
@ Amino Acid sequences: 20 different amino acids
@ Phone numbers: digits

The Hamming distance between two k-mers, denoted d(-,-), is the
number of positions where they differ.

Example: d(ABBA, ACBC) = 2 since they differ at two positions.
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Introduction

Hamming graph

A Hamming graph H, , has a vertex set of all k-mers made from an
alphabet of size a. Two vertices vy, v» are neighbors if d(vi,v2) = 1. The
shortest path distance between any two vertices is their Hamming distance.
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Introduction

Hamming graph

A Hamming graph H, , has a vertex set of all k-mers made from an
alphabet of size a. Two vertices vy, v» are neighbors if d(vi,v2) = 1. The
shortest path distance between any two vertices is their Hamming distance.
Example:

Figure: Hamming graph Hy—4 ,—>
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Metric Dimension and Resolving Sets

Definition (Resolving Set [1, 2])

Let G = (V, E) be a connected simple graph and d(x,y) be the shortest
path distance between vertices x,y in G. A set R C V is resolving if for
every pair of distinct vertices v, vo € V there is an r € R such that

d(vl, r) 75 d(VQ, r).
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Metric Dimension and Resolving Sets

Definition (Resolving Set [1, 2])

Let G = (V, E) be a connected simple graph and d(x,y) be the shortest
path distance between vertices x,y in G. A set R C V is resolving if for
every pair of distinct vertices v, vo € V there is an r € R such that

d(vl, r) 75 d(VQ, r).

The metric dimension, 3(G), is the size of a smallest possible resolving
set.

Lucas Laird (CU-Boulder) Resolvability of Hamming Graphs July 1, 2020 4 /37



Resolving Set Embeddings

The vertices of a graph can be embedded by using a resolving set.
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Resolving Set Embeddings

The vertices of a graph can be embedded by using a resolving set.

Example:
(2,2)

(1.2) (2,0) (33)

Figure: R = {2,3} is a minimal resolving set
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Resolving Set Embeddings

The vertices of a graph can be embedded by using a resolving set.

Example:
(2,2)

(1.2) (2,0) (33)

Figure: R = {2,3} is a minimal resolving set

@ The size of the resolving set is the dimension of the embedding.
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Motivating Example

What if we wanted to check if any nodes in this resolving set on Hg 2o [3]
can be removed so that it stays resolving?

~

AAAAAAAA,  AAAAAAAR, AAAAAARA,  AAAAARAA,  AAAARAAA,  AAARAAAA, )
ARWAAAAA, CCCHHHHH, CCCHHHHI,  CCCHHHIA,  CCCHHIAA,  CCCHIAAA,
CCCIAAAA,  CNSAAAAA, DDDEEEEE, DDDEEEEG, DDDEEEGA, DDDEEGAA,
DDDEGAAA, DDDGAAAA, DHFAAAAA,  EAGAAAAA,  EEEFAAAA,  EEEMFAAA,
EEEMMFAA, EEEMMMFA, EEEMMMMF, EEEMMMMM, FFFAAAAA,  GGGPPPPP,
GGGPPPPS, GGGPPPSA, GGGPPSAA,  GGGPSAAA,  GGGSAAAA, HHHTTTTT,
HHHTTTTW, HHHTTTWA, HHHTTWAA, HHHTWAAA, HHHWAAAA, HPVAAAAA,
HHIVAAAA, IHYVAAA, HIYYVAA, HIYYYVA, HYYYYV,  HIYYYYY,
KKKAAAAA,  KLQAAAAA,  LLLAAAAA,  MKYAAAAA, MMMMAAAA, NNNCCCCC,
NNNCCCCQ, NNNCCCQA, NNNCCQAA, NNNCQAAA,  NNNQAAAA,  NSTAAAAA,
PPPAAAAA,  QPKAAAAA, QQQKAAAA,  QQQLKAAA,  QQQLLKAA,  QQQLLLKA,
QQQLLLLK, QQQLLLLL, QYEAAAAA, RRRDAAAA, RRRNDAAA, RRRNNDAA,
RRRNNNDA, RRRNNNND, RRRNNNNN,  SISAAAAA,  SVTAAAAA, TTCAAAAA,
VFRAAAAA, WMPAAAAA, WWDAAAAA,  YGLAAAAA ),
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Motivating Example

What if we wanted to check if any nodes in this resolving set on Hg 2o [3]
can be removed so that it stays resolving?

~

AAAAAAAA,  AAAAAAAR, AAAAAARA,  AAAAARAA,  AAAARAAA,  AAARAAAA, )
ARWAAAAA, CCCHHHHH, CCCHHHHI,  CCCHHHIA,  CCCHHIAA,  CCCHIAAA,
CCCIAAAA,  CNSAAAAA, DDDEEEEE, DDDEEEEG, DDDEEEGA, DDDEEGAA,
DDDEGAAA, DDDGAAAA, DHFAAAAA,  EAGAAAAA,  EEEFAAAA,  EEEMFAAA,
EEEMMFAA, EEEMMMFA, EEEMMMMF, EEEMMMMM, FFFAAAAA,  GGGPPPPP,
GGGPPPPS, GGGPPPSA, GGGPPSAA,  GGGPSAAA,  GGGSAAAA, HHHTTTTT,
HHHTTTTW, HHHTTTWA, HHHTTWAA, HHHTWAAA, HHHWAAAA, HPVAAAAA,
HHIVAAAA, HIYVAAA, HIYYVAA, HIYYYVA, HYYYYV,  HIYYYYY,
KKKAAAAA,  KLQAAAAA,  LLLAAAAA,  MKYAAAAA, MMMMAAAA, NNNCCCCC,
NNNCCCCQ, NNNCCCQA, NNNCCQAA, NNNCQAAA,  NNNQAAAA,  NSTAAAAA,
PPPAAAAA,  QPKAAAAA, QQQKAAAA,  QQQLKAAA,  QQQLLKAA,  QQQLLLKA,
QQQLLLLK, QQQLLLLL, QYEAAAAA, RRRDAAAA, RRRNDAAA, RRRNNDAA,
RRRNNNDA, RRRNNNND, RRRNNNNN,  SISAAAAA,  SVTAAAAA, TTCAAAAA,
VFRAAAAA, WMPAAAAA, WWDAAAAA,  YGLAAAAA ),

@ For 25.6 billion vertices in Hg g, around 600 quintillion pairwise
checks per node would be required.
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One-Hot Encodings

Definition (One-Hot encoding)

The one-hot encoding of a vertex v in H ,, is an a X k binary matrix V
where Vj; =1 if j = v[i], otherwise V;; = 0.
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One-Hot Encodings

Definition (One-Hot encoding)

The one-hot encoding of a vertex v in H ,, is an a X k binary matrix V
where Vj; =1 if j = v[i], otherwise V;; = 0.

Example:
1 010
The one-hot encoding of 1213 in Hy 3 is the matrix ([0 1 0 O
0 001
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Computing Hamming distance with One-Hot encodings

Theorem (Laird, Tillquist, Lladser)

For any two vertices a and b in Hy ,, if A and B denote their one-hot
encodings, respectively, then:

d(a,b) = k— Tr(ATB)
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Theorem (Laird, Tillquist, Lladser)

For any two vertices a and b in Hy ,, if A and B denote their one-hot
encodings, respectively, then:

d(a,b) = k— Tr(ATB)

Example: vy = 1223, v, = 2123
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Computing Hamming distance with One-Hot encodings

Theorem (Laird, Tillquist, Lladser)

For any two vertices a and b in Hy ,, if A and B denote their one-hot
encodings, respectively, then:

d(a,b) = k— Tr(ATB)

Example: vy = 1223, v, = 2123
R N ) I
Tr(V)" Vo) = Tr( 1 01 0|)=Tr ) =2
0 10 000 1 1 010
0 0 1 0 0 01

8 /37
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Applying the Theorem to Resolvability

Let R be a subset of vertices in Hy 5, and V4,..., V, be the column
vectorized one-hot encodings of the vertices in R. Define:

A=
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Applying the Theorem to Resolvability

Let R be a subset of vertices in Hy 5, and V4,..., V, be the column
vectorized one-hot encodings of the vertices in R. Define:
T
Vi
A= :
v

For x,y € Hy , with X, Y column vectorized one-hot encodings:

d(rlvy) - d(rlax)
AX = Y) = ;
d(rn,y) — d(ra, x)

Therefore, x, y are resolved by R iff A(X — Y) # 0.
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Main Result

Theorem (Laird, Tillquist, Lladser)

Let R ={r,...,rn} be a subset of vertices in Hy 5 of cardinality n. If for
each 1 < i < n, V; denotes the column vectorized one-hot encoding of r;,
and we define the matrix

then R is resolving iff there exists no non-trivial solution z to the
system Az = 0 satisfying the following constraints: if z is decomposed
into k blocks of length a as follows:

T
((Zla o 728)7 (Za+17 o 5223)5 ceey (Z(k—l)a-i-lv o >Zka)) )

then each block is identically zero, or it has exactly one 1 and one —1
entry and all other entries are 0.

v
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Example of Theorem

Consider the resolving set R = {100, 101,001} on Hz .
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Example of Theorem

Consider the resolving set R = {100, 101,001} on Hz .
011010 10100 1

A=10 1 1 0 0 1|,so:rrefA)=1(0 1 1 0 0 1
101001 00001 —1
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Example of Theorem

Consider the resolving set R = {100, 101,001} on Hz .

011010 10100 1
A=10 1 1 0 0 1|,so:rrefA)=1(0 1 1 0 0 1

101001 00001 —1
With z = ((z1, 22), (23, z4), (25, 26)) , rref(A) gives:

21 = —23 — 26, 22 = —2Z3 — Zp, Z5 = Z6.
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Example of Theorem

Consider the resolving set R = {100, 101,001} on Hz .

011010 10100 1
A=10 1 1 0 0 1|,so:rrefA)=1(0 1 1 0 0 1

101001 00001 —1
With z = ((z1, 22), (23, z4), (25, 26)) , rref(A) gives:

21 = —23 — 26, 22 = —2Z3 — Zp, Z5 = Z6.

Going through constraints on z3, z4, z5 will give the values for zj, zo, zs.
Q@ Zz5 = z5 implies zg = z5 = 0 since zs, zg are in the same block.
Q@ z1 =2z = —2z350 z1 = zo = 0 since z1, z» are in the same block.

© z3 =0 implies z; = 0 since z3, z4 are in the same block.

Therefore only the trivial solution z = 0 exists and R is resolving on Hs3.
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Automatically Handling Constraints

21(21 — 1)(21 + 1) =0

Zak(Zak - 1)(Zak + 1) =0
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Automatically Handling Constraints

21(21 — 1)(21 + 1) =0

Zak(Zak - 1)(Zak + 1) =0
a
>z =0
i=1

P = ka
2

(k—1)a+1

zz =0
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Automatically Handling Constraints

21(21 — 1)(21 + 1) =0
Zak(Zak - 1)(Zak + 1) =0
a
Yz =0
i=1
_ ka
= > z =0
(k—1)a+1
a E]
(X z)2-X2) =0
i=1 i=1
ka ka
( X 20— X z) =0
[ i=(k—1)a+1 i=(k—1)a+1

Lucas Laird (CU-Boulder) Resolvability of Hamming Graphs July 1, 2020 12 / 37



Automatically Handling Constraints

21(21 — 1)(21 + 1) =0
Zak(Zak - 1)(Zak + 1) =0
a
Yz =0
i=1
_ ka
= > z =0
(k—1)a+1
a E]
(X z)2-X2) =0
i=1 i=1
ka ka
(5 BDe- 5 ) =0
[ i=(k—1)a+1 i=(k—1)a+1

Resolvability is equivalent to showing {P = 0} N ker(A) is only the
trivial solution z = 0.
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Solving the Polynomial System

Definition ([4, 5])

For a set of polynomials in the variable z = (z1, ..., z),

P = {pi(z),...,pn(2)}, the associated polynomial ideal, denoted /(P),
is defined as the set of all polynomials of the form fip; + ...+ f,pn, where
fi(z) are arbitrary polynomials.
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Solving the Polynomial System

Definition ([4, 5])

For a set of polynomials in the variable z = (z1, ..., z),

P = {pi(z),...,pn(2)}, the associated polynomial ideal, denoted /(P),
is defined as the set of all polynomials of the form fip; + ...+ f,pn, where
fi(z) are arbitrary polynomials.

@ z is a solution of P = 0 iff, for each g € I(P), g(z) = 0.

@ It is often more convenient to characterize the roots of /(P) instead
of P itself.
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Solving the Polynomial System

Definition ([4, 5])

For a set of polynomials in the variable z = (z1, ..., z),

P = {pi(z),...,pn(2)}, the associated polynomial ideal, denoted /(P),
is defined as the set of all polynomials of the form fip; + ...+ f,pn, where
fi(z) are arbitrary polynomials.

@ z is a solution of P = 0 iff, for each g € I(P), g(z) = 0.
@ It is often more convenient to characterize the roots of /(P) instead
of P itself.

Grobner bases can be intuitively understood as orthonormal bases for
polynomial ideals of the form /(P).
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Important Definitions for Grobner Bases

Definition ([4, 5])

A monomial in z is defined as any product of the form z® - - - z*, with
non-negative integers a1, ..., ax. This product is often written as z4, with
a=(a,...,ak).
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Important Definitions for Grobner Bases

Definition ([4, 5])

A monomial in z is defined as any product of the form z® - - - z*, with
non-negative integers a1, ..., ax. This product is often written as z4, with
a=(a,...,ak).

For what follows, we must define an ordering on monomials.
Lexicographic Ordering: 22 > z if

@ There is an index i such that a; > b; and a; = b; for all j </
Example:

2122 > 22232

25’24 > 2222
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Important Definitions for Grobner Bases

Order the terms of a polynomial p in descending monomial order,
p=az?+ BzP+ .. in particular, z2 > zb.
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Important Definitions for Grobner Bases

Order the terms of a polynomial p in descending monomial order,
p=az?+ BzP+ .. in particular, z2 > zb.

e Leading Term: LT(p ) az?
o Leading Monomial: LM(p) :=
e Leading Coefficient: LC(p)
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Important Definitions for Grobner Bases

Order the terms of a polynomial p in descending monomial order,
p=az?+ BzP+ .. in particular, z2 > zb.

e Leading Term: LT(p) := az?
e Leading Monomial: LM(p) := z?
o Leading Coefficient: LC(p) := «

Definition ([4, 5])

The S-Polynomial of two polynomials p;, p2, denoted spoly(p1, p2), is

LCM(LM(py), LM(p2)  LCM(LM(py), LM(p2))
LT (p1) P LT (p,)

spoly(p1, p2) :=
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Polynomial Reduction

Definition ([4, 5])

For a set of polynomials P = {ps,...,p,} and a monomial ordering >,
any polynomial f can be written:

f=qp1+...+qnpn+r,

where r is such that no monomial in r is divisible by any LM(p;).

This is called reducing f by P, denoted f L g; are called quotients
and r is called the remainder or reduction.
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Polynomial Reduction

Definition ([4, 5])

For a set of polynomials P = {ps,...,p,} and a monomial ordering >,
any polynomial f can be written:

f=qp1+...+qnpn+r,

where r is such that no monomial in r is divisible by any LM(p;).

This is called reducing f by P, denoted f L g; are called quotients
and r is called the remainder or reduction.

. P . . . . : :
The reduction f — r is not unique in general since the order in which the
polynomials in P are processed matters.
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Buchberger's Criterion

Definition

(Buchberger's Criterion.) A set of polynomials G = {g1,...,gn} is a
Grobner basis for a polynomial ideal / if and only if /(G) =/ and for all
pairs gi, gj € G:
G
Spoly(gi, gj) = 0.

A Grobner basis G is called reduced if for all distinct g;, gj € G,
LC(gi) =1, and no monomial of gj is divisible by LT (g;).
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Buchberger's Criterion

Definition

(Buchberger's Criterion.) A set of polynomials G = {g1,...,gn} is a
Grobner basis for a polynomial ideal / if and only if /(G) =/ and for all
pairs gi, gj € G:
G
Spoly(gi, gj) = 0.

A Grobner basis G is called reduced if for all distinct g;, gj € G,
LC(gi) =1, and no monomial of gj is divisible by LT (g;).

@ Under a given monomial ordering, the reduced Grobner basis is
unique.

@ For a Grobner basis G and polynomial f, f S0iff f ¢ 1(G).
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What were we doing again?
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What were we doing again?

A= : Az=0
VT
21(21 - 1)(21 + 1) =0
Zak(Zak — 1)(zak +1) =0
Yz =0
Y 1)1z =0
(>, Ziz)(2 — > ,2) 0
ka ka 2. -0
(Zi:(k at+1%i z7)(2 Zi:(k—l)a+1 z¥) =

\
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Hilbert's Weak Nullstellensatz

Theorem (Hilbert's Weak Nullstellensatz [4, 6])

Let P = {p1,..., px} be a set of polynomials with reduced Grobner basis
G. The solution set {P =0} = if and only if G = {1}.
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Hilbert's Weak Nullstellensatz

Theorem (Hilbert's Weak Nullstellensatz [4, 6])

Let P = {p1,..., px} be a set of polynomials with reduced Grobner basis
G. The solution set {P =0} = if and only if G = {1}.

@ We need to check if the system P U Az = 0 has any non-trivial
solutions to show whether R is resolving on H ;.
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Hilbert's Weak Nullstellensatz

Theorem (Hilbert's Weak Nullstellensatz [4, 6])

Let P = {p1,..., px} be a set of polynomials with reduced Grobner basis
G. The solution set {P =0} = if and only if G = {1}.

@ We need to check if the system P U Az = 0 has any non-trivial
solutions to show whether R is resolving on H ;.

ak
° Definef;:szz—2i:0, and P,=PUfifori=1,... k.

Jj=1
P; U Az = 0 will have only non-trivial solutions.
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Hilbert's Weak Nullstellensatz

Theorem (Hilbert's Weak Nullstellensatz [4, 6])

Let P = {p1,..., px} be a set of polynomials with reduced Grobner basis
G. The solution set {P =0} = if and only if G = {1}.

@ We need to check if the system P U Az = 0 has any non-trivial
solutions to show whether R is resolving on H ;.

Jj=1
P; U Az = 0 will have only non-trivial solutions.

ak
° Definef;:szz—2i:0, and P,=PUfifori=1,... k.

o Let G; be the reduced Grobner basis of P; U Az. R is resolving iff
Gi={1} foralli=1,... k.
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Leveraging the Structure of P

We can partition P into disjoint sets (which we call blocks) as follows.
For each i =0,...,(k — 1), define:

Zia11(Zia+1 — 1)(Zia41 + 1)

z(i+1)a(z(i+1)a — 1)(Z(i+1)a + 1)
7
Jj=ia+1
(i+1)a ) (i+1)a )
(> 7)2- X Z)

j=ia+1 Jj=ia+1

Then P=PyU...U Py_1.
Let z be the variables for the block P;; in particular, z; N zj = () for i # j.
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Leveraging the Structure of P

Since the variables of different blocks are disjoint, we can use the following:

Consider two polynomial sets Py and P, with disjoint variables x and y,
and reduced Grébner bases Gy # {1} and G, # {1}, respectively. Then
(G1 U Gp) is a reduced Grébner basis of (P1 U P).

This extends via induction to any finite unions of polynomial sets that do
not share variables.
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Leveraging the Structure of P

Since the variables of different blocks are disjoint, we can use the following:

Consider two polynomial sets Py and P, with disjoint variables x and y,
and reduced Grébner bases Gy # {1} and G, # {1}, respectively. Then
(G1 U Gp) is a reduced Grébner basis of (P1 U P).

This extends via induction to any finite unions of polynomial sets that do
not share variables.

Applying this lemma to P = Py U... U Py_1 gives:

Corollary (Laird, Tillquist, Lladser)

Let G; be the reduced Grébner basis of P;. Then G = (GoU...U Gk_1) is
the reduced Grobner basis of P.
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Leveraging the Structure of P

Every block P; is equivalent to block Py under the variable change:

Ziatj = Zj
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Leveraging the Structure of P

Every block P; is equivalent to block Py under the variable change:

Ziatj = Zj

Zia41(Zia+1 — 1)(Zia41 + 1) z1(z1 — 1)(z1 + 1)
Z(i+1)a(2(i+1)a - 1)(Z(i+1)a +1) za(za — 1.)(23 +1)

(i+1)a N a

2 7 2.7
Jj=ia+1 Jj=1
(i+1)a (i+1)a a a
(2 He- % 2) (X292~ % 7)
j=iat1 j=ia+1 =1 j=1
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Leveraging the Structure of P

Every block P; is equivalent to block Py under the variable change:

Ziatj = Zj

Zia11(Ziat1 — 1)(Zia+1 + 1)

Z(i+1)a(Z(i41)a — 1)(Z(i41)a 1)

(i+1)a

2 7

Jj=ia+1
(i+1)a ) (i+1)a )
(> 2)2- > Z)
j=ia+1 Jj=ia+1

—

So it is only necessary to compute Gg since reversing the variable change

on Gy yields G;.
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Explicit Pattern Representation of Gy

Py only changes with the alphabet size a, and increasing k simply adds

another block to P. Studying how Gp changes with a will give insight into
all of G.
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Explicit Pattern Representation of Gy

Py only changes with the alphabet size a, and increasing k simply adds
another block to P. Studying how Gp changes with a will give insight into
all of G.

@ Used Python computer
algebra package
SymPy [7] to compute
Grobner bases.

@ Studying the computed
Grobner bases for small
values of a illuminated
an explicit pattern.
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Explicit Pattern Representation of Gy

Py only changes with the alphabet size a, and increasing k simply adds
another block to P. Studying how Gp changes with a will give insight into
all of G.

@ Used Python computer > i1z
algebra package (22— 1)(22+1)
SymPy [7] to compute :
Grobner bases. Zo(za — 1)(za 4+ 1)

@ Studying the computed 273(z2 + z3)
Grobner bases for small Go = :

values of a illuminated

. Za—lza(za—l + Za)
an explicit pattern.

207324

Z3—2Z3—-124

Lucas Laird (CU-Boulder) Resolvability of Hamming Graphs July 1, 2020



Simplifying the System for Hypercubes

The general approach on Hy , can be simplified for hypercubes, Hj .
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Simplifying the System for Hypercubes

The general approach on Hy , can be simplified for hypercubes, Hj .

Consider the first block of a polynomial system for H >:

21(21 — ].)(Zl + ].) =0

22(22 - 1)(22 + 1) =0
z14+2 =0
(#+2)2-(d+2)) =0

Py =

@ Because of the block structure of P, any simplifications we perform
on Py will be valid for every other block.

July 1, 2020 24 / 37

Lucas Laird (CU-Boulder) Resolvability of Hamming Graphs



Simplifying the System for Hypercubes

21(21 — 1)(21 + 1) =0

22(22 — 1)(22 + 1) =0
z1+2 =0

(2f +7)2— (£ +2)) =0

Py =
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Simplifying the System for Hypercubes

21(21 — 1)(21 + 1) =0
22(22 — 1)(22 + 1) =0

Po = z1+z2 =0
(7 +2)2— (4 +2) =0
The third polynomial gives z; = —z and z? = z3.

Substitution into the first and fourth polynomials gives:

za(z—1)(z+1) = (2 - 2)
(2 +2)(2~ (7 + 2)) = —42(5 — )
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Simplifying the System for Hypercubes

21(21 — 1)(21 + 1) =0
22(22 — 1)(22 + 1) =0

Po = z1+z2 =0
(7 +2)2— (4 +2) =0
The third polynomial gives z; = —z and z? = z3.

Substitution into the first and fourth polynomials gives:

za(z—1)(z+1) = (2 - 2)
(2 +2)(2~ (7 + 2)) = —42(5 — )

These redundancies lead to a simplified but equivalent polynomial system:

Py — 22(22—1)(22+1) =0
0 znn+2z =0
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Simplifying the System for Hypercubes

We can apply the same simplification to every block of P. Additionally,

since z;_1 + z; = 0 are linear equations, they can be removed from the
polynomial system and transferred to the linear system.
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Simplifying the System for Hypercubes

We can apply the same simplification to every block of P. Additionally,

since z;_1 + z; = 0 are linear equations, they can be removed from the
polynomial system and transferred to the linear system.

Recall the matrix A from our main result, and let A; be its i-th column:

| o |

Applying the linear functions z;_1 + z; = 0 results in a simplified system:
| | 22
(A2 — Al) e (Agk — A2k—1) =0

‘ ‘ 22k
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Simplifying the System for Hypercubes

The simplifications, after renaming variables z; — z;, give the following:

Corollary (Laird, Tillquist, Lladser)

Let R = {vi,...,Vvn} be a set of nodes in Hy >, and V; denote the logical
negation (flip) of v;. Consider the matrix of dimensions (n X k) defined as:

V1—\71
B =
Vn — Vn

Then, R resolves Hy » iff the equation Bz = 0, with z € {—1,0, 1}%, has
only a trivial solution.

@ The corollary reproduces the system developed by A. F. Beardon [1]
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Preliminary Runtime Analysis

We created 4,359 example sets on small Hamming graphs to test the
theory. Approximately 200 sets were generated for k =1,...,10 and
a=2,...,5, with ak < 25 to limit overall complexity.

Average runtime of Groebner approch for resolving sets

0.20 4 . =2
L] a=
|-
— 01514 ) |__BFE
g
g .
f"g‘ 0.10 1
O L ]
E
=
o 1 [ ] L]
E 005 . -
.
- : [ ] . L 4
0001 =
T T T T T
2 4 & 8 10

k

Figure: Runtime for Grobner basis approach on resolving sets
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Runtime Comparison

Runtime Comparison: Groebner vs. Brute Force

+ Groebner Approach
+  Brute Force Approach

e
=3

ot

Average time taken in seconds

10 .
5 .
0] mee oot 3 . . .

T T T T T T T
o 1000 2000 3000 4000 5000 6000
Size of Hamming graph

Figure: Runtime comparison on only
resolving sets
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Runtime Comparison

Runtime Comparison: Groebner vs. Brute Force

+ Groebner Approach
+  Brute Force Approach
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Figure: Runtime comparison on only
resolving sets

Runtime Comparison: Groebner vs. Brute Force

+ Groebner Approach
+  Brute Force Approach .

=1

=
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Figure: Runtime comparison on resolving
and non-resolving sets
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Runtime Comparison

Runtime Comparison: Groebner vs. Brute Force Runtime Comparison: Groebner vs. Brute Force
+  Groebner Approach . +  Groebner Approach
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Figure: Runtime comparison on only Figure: Runtime comparison on resolving
resolving sets and non-resolving sets

@ Grobner basis algorithm performance on non-resolving sets is on
average longer than on resolving sets.

@ Slow performance could be caused by the sets’ associated linear
systems or due to known, unresolved issues with SymPy.
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Current and Future Work

@ Study the block structure of the polynomial system to further
optimize Grobner basis computations.

@ Study structure of the Grobner bases G; and try to derive a linear
system which reduces them to {1}.
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Current and Future Work

@ Study the block structure of the polynomial system to further
optimize Grobner basis computations.

@ Study structure of the Grobner bases G; and try to derive a linear
system which reduces them to {1}.

@ Explore if simplifications similar to the hypercubes exist on other
alphabet sizes.
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Current and Future Work

@ Study the block structure of the polynomial system to further
optimize Grobner basis computations.

@ Study structure of the Grobner bases G; and try to derive a linear
system which reduces them to {1}.

@ Explore if simplifications similar to the hypercubes exist on other
alphabet sizes.

@ Implement algorithms on Hg 2g.

@ Further computational complexity analysis.
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Current and Future Work

@ Study the block structure of the polynomial system to further
optimize Grobner basis computations.

@ Study structure of the Grobner bases G; and try to derive a linear
system which reduces them to {1}.

@ Explore if simplifications similar to the hypercubes exist on other
alphabet sizes.

@ Implement algorithms on Hg 2g.
@ Further computational complexity analysis.

@ Check how reducing the size of resolving sets impacts quality of
embeddings for machine learning algorithms.
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