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Pierson, M.C. (Ph.D., Mathematics)
Some Applications of a Duality in Cyclic Homology

Thesis directed by Prof. Alexander Gorokhovsky

In this thesis we define even and odd p-summable almost Fredholm modules, which may be
viewed as a generalization of even and odd p-summable Fredholm modules. To define a character
of an odd almost Fredholm module, we use a duality map, which was developed by A. Gorokhovsky
in his thesis. The duality map is defined by using the character of an almost representation which
was developed by A. Connes. To do something similar in the even case, we extend the duality map
to Z/2 graded algebras, and using this duality map we define a character for a pair of even almost
Fredholm modules, and for a subset of the even almost Fredholm modules. Using this character,
we are able to extend a result by J. Avron, R. Seiler, and B. Simon.

In particular, they show that if P is a projection and U is a unitary such that P —UPU ! is
in the (2n + 1)st Schatten Class, then Trace((P — UPU1)?"*1) € Z. One can recover this result
by using Connes’ character of an even almost Fredholm module. Our character allows us to give
an extension of their result to almost projections, which are self adjoint maps such that P — P? is

in the pth Schatten class.
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Chapter 1

Introduction

We will begin with a brief historical discussion of noncommutative geometry. For more
information on K-theory, one may find Weibel’s “The Development of Algebraic K-Theory before
1980” interesting, for more on the history of Fredholm modules and K-homology the introduction to
“Analytic K-Homology” by Higson and Roe [3] is nicely detailed, and for more information on the
history of cyclic cohomology and the Chern character of Fredholm modules, Connes discusses his
motivations in both his seminal paper “Noncommutative Differential Geometry” [3] and his book
“Noncommutative Geometry” [1]. We have taken some information from each of these sources for
this section.

Inspired by Grothendieck’s work on the Riemann-Roch theorem, Atiyah and Hirzebruch
defined the K-theory of a topological space M as equivalence classes of vector bundles over M.
When M is a compact manifold, Atiyah noticed that classes of linear elliptic operators can be
paired with the K-theory of M and the pairing is an integer. In particular if [V] € KY(M) then
([V],[D]) = Index Dy where the index on the right is the Fredholm index. This led Atiyah to
abstractly define elliptic operators, which are now known as Fredholm Modules. K-theory is a
(co)homology theory, and so it has a dual homology theory called K-homology. It has been shown
that K-homology is a group of equivalence classes of these Fredholm modules.

Now, one can also define the K-theory for C*-algebras, or more generally, rings. The K-
theory of a C*-algebra is a homology theory, which one may expect, as compact Hausdorff spaces

and commutative unital C*-algebras are contravariantly equivalent categories. If we let C(M)



denote the continuous functions on a compact manifold, then C'(M) is a commutative unital C*-
algebra.

Now, the topological K-theory of M is isomorphic to the K-theory of C(M), K*(M) =
K.(C(M)), and their K-homology is similarly isomorphic, so K.(M) = K*(C(M)). Further, there
are maps called Chern characters from ch : K"(C(M)) — Hp(M;R) and ch : K,(C(M)) —

H™(M;R) such that the following diagram commutes

Kn(C(M)) x K"(C(M)) ——

Z,
i(ch*,ch*) l

H"(M,R) x H,(M,R) —— R

where the bottom map is the usual pairing of de Rham cohomology with homology. Connes wanted
to find a similar statement for arbitrary algebras, as the first row of the above diagram makes sense
when A is any k-algebra. For this reason, Connes began looking for an appropriate homology theory
which would serve as the receptacle of the Chern character in the noncommutative case. This led
him to develop cyclic cohomology and periodic cyclic cohomology. To define a Chern character
analogous for the one on K-homology in the commutative case, Connes defined a subset of the
Fredholm modules over an algebra, the finitely summable Fredholm modules. For each homotopy
class of finitely summable Fredholm modules, he was able to define a class in the Cyclic cohomology
of the algebra. These classes are called the Chern characters of the Fredholm modules in cyclic
cohomology. Connes went on to define a pairing between the K-theory of an algebra and the cyclic
cohomology of an algebra, which is integral when paired with a Chern character.

An almost representation is a linear map that is multiplicative modulo the pth Schatten
classes, denoted LP, (sometimes called the Schatten ideals). In his development of the Chern char-
acter for an odd p summable Fredholm module, Connes found that for each almost representation
there is a class in cyclic cohomology associated to the almost representation. For an appropriate
almost representation, he showed that the character of the almost representation and the Chern
character of an odd Fredholm module agree.

In chapter 5 of his thesis, Gorokhovsky developed a duality map between the negative (pe-



riodic) cyclic homology of an algebra A and the (periodic) cyclic cohomology of another algebra
using Connes’ character for an almost representation mentioned above. When Connes defined his
character of even and odd Fredholm modules, he required that the operator F' square to the iden-
tity. While every K-homology class has a representative with such a Fredholm module, it is a more
strict condition than is commonly used, which is that p(a)(1 — F?) is compact. Using his duality
map, Gorokhovsky was able to define a character of a more general notion of a Fredholm module,
here requiring (1 — F?) € LP, which agrees with Connes’ character when restricting to the case that
F? = 1. While this result is not in this thesis, we find it interesting and worthwhile to mention
here.

The first result of this thesis is a second application of the the duality map, which is in chapter
4. We will define an odd almost Fredholm module, which can be thought of as a generalization
of an odd Fredholm module in the context of Connes, where the representation is replaced by an
almost representation. Using the duality map, we then define an appropriate character, which
agrees with Connes’ character of an odd Fredholm module in that case. To do this, we apply the
duality map to a specific cycle in the periodic cyclic homology of the degree 1 complex Clifford
algebra. We then define a pairing between the invertible elements of an algebra with an almost
odd Fredholm module. We do this by evaluating the character of the almost Fredholm module on
the Chern character of the invertible element. We show that this results in an integer, as it is the
index of a Fredholm operator.

To extend the duality map further, we define an appropriate character of an almost repre-
sentation for Z/2 graded algebras, which put simply, we applied the Kazoul sign convention to
Connes’ character of an almost representation. We check that this remains a cocycle in the Z/2
graded cyclic cohomology for the algebra, along with other desirable properties that the original
character has. After defining the duality map as Gorokhovsky did, we similarly apply it to a chain
in the periodic cyclic homology of the Z/2 graded degree 1 complex Clifford algebra, but this most
desirable chain is not a cycle. Regardless, we are able to define a character for a special subset of

(even) almost Fredholm modules, which we call weakly balanced almost Fredholm modules, and



of which even Fredholm modules are a subset. In this case the character we define agrees with
Connes. We also define a character of a pair of almost Fredholm modules.

In [2], Avron, Seiler, and Simon show that for certain projections P and ) and a unitary
U, that Tr((P — Q)?"*1) € Z and that Tr((P — UPU')?"*1) € Z. Using Connes’ character of
an even Fredholm module, one can easily come to this result. Using our character of weakly
balanced Fredholm modules, we obtain a generalization of this result for almost projections, which

are projections module LP.

1.1 Thesis Outline

An outline of the thesis is as follows. Chapter 2 is devoted to providing background material
for cyclic (co)homology. We have primarily followed “Cyclic Homology” by Loday [11] for sections
2.1 through 2.6, when other sources have been used for a section we will mention them at the
beginning of the section. Beyond the definitions of cyclic homology and its variations, information
about the shuffle product map and cyclic shuffle product map will be provided as they are necessary
to define the duality map. Lastly, we will discuss how the earlier sections of this chapter extend to
the Z/2 graded setting, for which we mainly follow the paper “A Kiinneth Formula for the Cyclic
Cohomology of Z/2-Graded Algebras” by C. Kassel [9].

Chapter 3 is devoted to (finitely summable) Fredholm modules, their characters, and the du-
ality map. We define (finitely summable) Fredholm modules in section 3.1, the characters of even
Fredholm modules in section 3.2, the characters of odd Fredholm modules and almost representa-
tions in 3.3, and the construction of the duality map in section 3.4. For sections 3.1 through 3.3 we
will mainly be following Connes’ seminal paper, “Noncommutative Differential Geometry” [3]. For
section 3.4 we will follow chapter 5 of Gorokhovsky’s thesis, “Explicit Formulae for Characteristic
Classes in Noncommutative Geometry” [7].

Chapter 4 is the first original material in the thesis. In this chapter, we define a character
for an (odd) almost Fredholm module using the duality map, and we compute the pairing of this

character with an invertible element.



In chapter 5 section 1 we extend Connes’ character of an almost representation to the Z/2
graded setting and show that it retains periodicity and independence up to L£P perturbations of the
almost representation. In section 5.2 we define the duality map in the Z/2 graded setting, which
follows from the material in sections 3.4 and 5.1. In section 5.3 we will define characters for (even)
weakly balanced almost Fredholm modules (defined on page 91), and the character of a pair of
almost Fredholm modules, of which the character of a weakly balanced almost Fredholm module is
a special case. We then compute the paring of these characters with an idempotent, which in turn
allows us to generalize a result in [2].

The appendices are devoted to proofs of results which are known, or likely known, for which
we did not find a reference, and for which we felt the proof did not fit in a specific section or

chapter.



Chapter -

Cyclic Homology

The purpose of this chapter is to define cyclic (co)homology and its variants, and to define all
of the tools needed to define the product first discussed in chapter 3 section 4. The definitions and
theorems from sections 1 through 6 are mostly taken from [!1], with some occasional alterations in
notation. If a second source had a major influence on a section, we will note it at the beginning of
the section. The definitions and conventions defined in section 7 are taken from [9].

Before we begin, we find it necessary to make the following remark about notation.

Remark 2.1. (About the letter B and Other Notational Choices). We have found that
the letter B is a convenient choice to indicate various mathematical maps, objects, ideas and more,
and so we will use it to denote various things which will be defined in chapter 2. Fortunately
latex has enough stylizations of the letter so that they all may look different. BC and B(A) will
either mean the (b, B)-bicomplex or the total complex of the (b, B)-bicomplex which we will try
to differential with a subscript. So, for example B, (A) is the total complex, while B(A) is the
the bicomplex. Hopefully this will not be confusing with context. B will be an algebra. If A is
an algebra, we thought B should be too. B will always be Connes’ differential and b will be the
Hochschild differential. If we have more than one complex, we might differentiate these with a
subscript, which will never be a number. If we have by where k& € N, then this will be an element
of the algebra B, and (bg, b1, ..., b,) will be an element of the k-module B® B ® ... @ B = BE"+1,

We will also write 3, = (bg, b1, ...,b,) and 5 =" S,.



2.1 Hochschild Homology

Let k be a field of characteristic 0, and A a unital associative k-algebra. Suppose that M is
an A-bimodule, that is M is a left and right A-module and (a1m)as = a1(maz). We note that this
is equivalent to M being a right (or left) module over the algebra A¢ = A ® A°P under the action

m - (a1 ® ag) = agmay. As a note, all tensor products are taken over k unless otherwise specified.
Definition 2.1. (Hochschild Homology). Define the & modules C,, (A, M) by

Ch(AM)=M@A®..QA=MeA®".

We define the Hochschild boundary map, b : Cy,(A, M) — C,—1(A, M), as b = Z(—l)idi where
=0

do(m,ay, ...,an) =(may,ag, ..., an)
di(m,aq, ...,an) =(M, a1, ..., G;Q;—1, Gix1, -, an) 1 <i<n—1

dp(m,ay,...;an) =(apm,ay, ..., an_1).

The Chain complex (C,, (A, M),b) is called the Hochschild complex. The homology of this
complex is called the Hochschild homology of A with coefficients in M, and is denoted H,, (A, M).
If M = A, the homology of this complex is called the Hochschild homology of A, and is denoted

HH,(A). As a note, we may write the elements of C,(A) as a, = (ag, a1, ...,an) = Qa1 ... ay,.

Proposition 2.1. Define A = A/k, and C,,(A, M) = M&A®". Then the canonical projection map
Cn(A, M) — C,(A, M) is a quasi-isomorphism. The complex C,,(A, M) is called the normalized

Hochschild complex.

Definition 2.2. (Bar Complex). Consider the complex

LY open Yy qen-t Yy E ges By g
n—1 ‘
where b’ = Z(—l)zdi. The complex above is called the bar complex, and under the augmentation
i=1
map p: A®A — A, (a,ad') — ad, it is called the bar resolution for the A¢ module A. We note

that s : A®" — A9 (aq,...,a,) — (1,a1,...,a,) is a contracting homotopy called the extra

degeneracy (referring to the simplical structure of this complex).



2.2 Cyclic Homology

2.2.1 Definitions

Definition 2.3. (The Cyclic Bicomplex). For each n € N we define an action of Z/(n + 1)Z

on Cn(‘A) = Cn(«A,A) =A ®A®n — A®n+1 by

tn - (CLO,al’ "'>an) = (_1)n(anva0>al7 "'7an71)a

where ¢, is the standard generator of Z/(n + 1)Z. We will omit the subscript n from ¢, when

confusion will not arise. Define N : C,(A) = Cp(A) by N = Zti. Now, (1 —t)N = N —tN =
i=0

N—-N =0, (1-t)b =b(1—t), and b’ N = Nb, so we have the following bicomplex, denoted CC(A),

called the cyclic bicomplex for A.

b v b v
®3 ®3 ®3 ®3
A 1-t A N A 1-t A N
b v b v
®2 ®2 ®2 ®2
A 1-t A N A 1-t A N
b v b v
A 1-t A N A 1-t A N

Definition 2.4. (Cyclic Homology).The cyclic homology groups of A, HC,,(A), are defined to

be the homology groups of the total complex Tot,.CC(A),
HC,(A) := Hy(Tot,.CC(A))

Definition 2.5. (Connes’ Complex). Denote by C2(A) := A®" /(1 —t) where A®"F1/(1 —t)

is the cokernel of the endomorphism (1 —t) of A" "1 Then

LW o LN Y

is a well defined complex called Connes’ Complex. Its nth homology group is denoted H(A).



Define p : Tot,CC(A) — C*(A) to be the quotient map A®™+! — A®"+1 /(1 —t) on the first
column and 0 on the others. Then p, : HC,(A) — H}(A) is an isomorphism.

We note that in the general case, this map is not an isomorphism, it is required that k is a
ring containing Q.

We also note that in the previous two definitions, it was not required that A be unital, and
so one can define cyclic homology for non-unital algebras if desired. In the following definition,

which is the definition we will mainly use, it is required that A is unital.

Definition 2.6. (Connes’ boundary map B and the (b, B)-bicomplex, B(A)).

Define B : A"+ — A®"+2 by B = (1 — t)sN. Explicitly we have that

n

Bl(ag, ...,an) = Z(—l)m(l, Uiy eeey Ay QO ey Aj—1)
i=0

+ (*1)ni(ai, 1, QigTyeeny Qpy AQy +eey ai,l)
Then bB + Bb =0 and B? = 0. Indeed,
bB+Bb=>b(1—t)sN+(1—t)sNb= (1—t)t'sN+(1—t)st/N = (1—t)(b's+sb')N = (1—t)N = 0,

and

B*=(1—1t)sN(1 —t)sN = (1 —1t)s(0)s(1 —t) = 0.

Then we can define a bicomplex B(A), called the (b, B)-bicomplex of the algebra A.

Then B(A)yq, = A®1PTLif ¢ > p and 0 otherwise. We will often write B,(A) in place of

Tot. (B(A)).
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Now, the inclusion map B,(A) = Tot,.B(A) — Tot.CC(A) is a quasi-isomorphism, and we

have H,(Tot.B(A)) = HC,(A).
We can define a normalized version of the B(A) complex by replacing the Hochschild com-

plexes with their normalizations. That is, replace A®"! with A ® A" where A = A /k. Then we

have the following bicomplex, denoted B(A),

A A% —— AQA —— A

b b
A@ﬁ?ﬂ
A

where B = (1 —t)sN = sN, since ts = 0. Explicitly,
Blag,...,an) = Z(—l)m(l, Wiy oeey Ay AQy oevy Q1)
=0
We will almost always work in the normalized setting, and so we will often omit the bar from

our notation. We will often denote elements of o € Tot,,B(A) = B,(A) differently depending on

context. These notations are

5]
a=ap+ap9+..= Z Q2%+ (n mod 2) where oy, € 6k(A)
k=0

or
o = (04§, Q2+45; g ) = {Q2k45}
where § = n mod 2.
Example 2.1. Let A = C® CF = C[F]/(F? — 1) be the complex Clifford algebra of degree 1.

Then

Ch(A) = AR A" = (C®CF) ® (CF)®" = C® (CF)®" @ (CF)®"H,
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Thus, the chains in Ba,(A) and Bs,—1(A) are of the form

n n
D (o 1+ e F) @ FS =y oy @ F2F o e FO2EH
k=0 k=0
n n
D (ea1+ b (F)@FF 1= ey @ FPF 1 4 ofy PO
k=1 k=1

respectively where cg, 05 € C. So to find the cycles of By, (A) we compute

b(FE2+1Y 1®F®2k1+z (FRF®.0F®1®..0F)+1® Fo*!
=1
:2®F®2k71
2% ' 2k
B(F®* ) =3 (-1)MeFe.. oF =) 1@ F%H
i=0 =0

=(2k + 1) @ F®2k+1

b(1 @ FO?F) F®2’“+Z M@F®.QFQ1®..QF)+ F%%*
:2C£F®2k
2k '

Bl F**) = (-1)®1eF®.Fe¢ ®..0F)=0
=0

(b+ B)(1) =0.

So a cycle in By, (A) is of the form

n
c-1+chJFE:cQF,CF®F®2’g

1)kl
where cb = %

T — 1) = CDM@RE
H a 4k k]

Now, every chain in Bs,_1(A) is a boundary. Indeed, for any odd chain of the form F®?* we have
that

(b—l—B) (; ®F®2k> — F®2k7

and for any odd chain of the form 1 ® F®?~1 we have that

(b+ B) 1F®2k+1 n Z 1)k 1 ﬁ 2i+1 FO%HL| _q g pe2k-l
2 2 2 B '
j=k+1 i—k
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So we have HC,41(A) =0 and HCy,(A) =C @ C

Theorem 2.1. (Connes’ Periodicity Exact Sequence). For an associative but not necessarily

unital k-algebra A there is a natural long exact sequence

oo = HHy(A) = HCh(A) S HCy_o(A) — HH,_1(A) — ...

The map S is called the periodicity map. For n =2m+4, § = 0,1, S is defined on Tot,, B(A)
by
m m—1
S (Z a2k+5> = Z Q2k+5
k=0 k=0

where o, € A® A% Note that S can be defined on C)(A) or CC,(A) if A is not unital.

2.2.2 Cohomology
If we wish to consider cohomology we construct the following cochain complexes. Let
CCPI(A) = CYA) = Homy,(CCpy(A), k) = Homy(Cy(A), k) = Homy (AP k).

Then the cyclic cohomology of A is H"(Tot CC**(A)) denoted by HC*(A). We note that since k
is a field we have HC*(A) = Homy(HC\(A), k).

We may also define cyclic cohomology as the homology of a subcomplex of the Hochschild
cocomplex. This is the way that Connes originally defined cyclic cohomology. We call f € C™(A)
cyclic if

flag,...,an) = (=1)" f(an,ag, ..., an-1).

Then the set of cyclic cochains, denoted C}(A), is a sub k-module of C™(A), and further (C(A), b)
is a sub-complex of (C*(A),b). As in the homological case, if Q C k, then the inclusion map
C5(A) = C*(A) induces an isomorphism H{(A) — HC™(A).

Lastly, if A is unital we may use B(A), or rather, B(A), to define the cyclic cohomology of A,
taking B (A) = Homy(B,(A), k) and HC™(A) = H"(B (A)). We will also consider the periodicity
map, S, defined on cyclic cohomology by S¢ = ¢ o S, where that latter .S is the periodicity map

on cyclic homology.
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2.2.2.1 Pairing
The evaluation map of cochains on chains
ev: B"(A) x By(A) — k
by definition satisfies
ev(bp, a) = bop(a) = ¢(ba)) = ev(p, ba) and ev(Be, a) = ev(¢p, Ba),

so there is a pairing

(-, ‘>HC = <‘, > : HC”(.A) X HCn(A) — k‘,

defined by

where ¢ and a are (co)cycle representatives of [¢] and [«]. Since k is a field, this product induces

an isomorphism HC"(A) — Homy(HCy(A), k).

2.2.3 Cyclic Modules

In this subsection, we will deviate from [11] slightly, as we wish to be a bit more general. We
will take some definitions from [15] which originated in [6].

Let t,, € Z/(n + 1)Z be the standard generator.

Definition 2.7. (Paracyclic k~-Modules). A paracyclic k-module C = ({Cy, }n>0,d;, si, tp) is a

simplicial k-module ({C}, }n>0, d;, si) with an automorphism for each n, t,, : C,, — C,,, satisfying

ditn :tn—ldi—l and Sitn = tn—‘,—lsi—l for 1 < ) < n,

dot, =d,, and sgt, = t,QhLlsn
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for d; : C,, — Cp—1 and s; : C, — Cp41. Each paracyclic module has maps

§=5_1=1tnt15n : Cn = Cht1

n

b= (~1)id; : Cpy = Cry
=0
T:tZJrl :C, = Cy
N=> (=1)"t,: Cp— Cy
1=0
B=(1+(-1)"tp41)sN : C, — C,
such that ¥ = B2=0and Bb+bB=1-"T.

Definition 2.8. A cyclic module is a paracyclic module such that 7' = 1.

A morphism of cyclic modules f : C — C’ is a morphism of simplicial modules such that

fntn — tnfrn for all n.

Definition 2.9. (The Extra Degeneracy). The operator s = s,11 = (=1)"", 115, : C,, —
Ch 1 satisfies all of the relations of the degeneracy operators except that in general dys,+1 # sndo.
Thus it is called the extra degeneracy. Note that in the b'-complex we have v's = sb’ = 1. In the

case of C' = C(A), s(ag,...,an) = (1, a9, ..., an).

Proposition 2.2. Let A be an associative and unital k-algebra. The simplicial module [n] —

A"+ equipped with the action of the cyclic group Z/(n + 1)Z given by
tn(ag, ...,an) = (an, ag, ..., Gp—1)
is a cyclic module denoted by C'(A).

To any cyclic module C there are associated cyclic bicomplexes C'C, BC, and BC and a
complex C*, which are all quasi-isomorphic and defined as for CC(A), BC(A), BC(A), and C*(A).
There is also a similarly defined periodicity map S which gives rise to a long exact sequence in

homology.
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Definition 2.10. ((Homology of a) Mixed Complex) A mixed complex (C, b, B) is a family of
k-modules C),, n > 0 and maps b: C,, - Cp_1, B : C), = Cj41 such that b2 = B2 = Bb+bB = 0.
As a note, any cyclic module induces a mixed complex. The ordinary homology of a mixed complex,
HH,(C) is the homology of the complex (C,b). The cyclic homology of a mixed complex, HC\(C) is

the homology of the complex (B.(C) = Tot.(BC), b+ B) where B,,(C) = Tot,(BC) = C,,&C\—26...

Definition 2.11. (Bi-paracyclic module). A bi-paracyclic module is a sequence of k-modules

{Crm} dl, sh th dv,sY t¥) where

’Z7Z7n7]7j7’m

h . h . h . h .
di : Cpm — Cpn—1m, Si i Cngtms ty 2 Coym — b VO<i<n

$Crmat, 10 Cpn — 1 VO<j<m

n,m?

v, v
dj . Cn,m — Cn,m—lv 3]'

such that for each ng,mg > 0, ({Chmg > d?, st th) and ({Crg.m}, d¥, sY,17,) are paracyclic k-modules

y Wi 1999 %n [t/ R R 1)

h gh 4h

sty commute with the operators d¥, s¥, 1,

and the operators d SRCHN

Definition 2.12. (Cylindrical Module). A cylindrical module is a bi-paracyclic module such

that (#)7 (5,7 = (15,7 () = 1

Remark 2.2. A bi-paracyclic module such that for each ng,mg > 0, ({Cpmg},d?, sk, 1) and

et A A A A 03

({Cngm},d3, s%,15,) are cyclic modules is a cylindrical module.

Remark 2.3. Let C' and C’ be cyclic modules. Then (C®C") = ({Cr,®@Cy, }nm, dis Siy tn, dj, 85, 17,)

is a cylindrical module. From this we may obtain a mixed complex in two ways.

We may take A(C' ® C') = C x C" where

(C % C")p =Cp @ C",
0 = d @ dy 5 = 55 @ ), 1 = (<1)"t, @1,

1) g

Then C' x C" is a cyclic module, and it induces a mixed complex (C' x C’, by, By).
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We may also take (Tot(C @ C’), bg, Bg) = (C ® C’, bg, Bg) where

CeCn= P Coc),

pF+q=n

be = b+ (—1)by, Be = Byl + (—1)7B,.
bpb=b®1, B,=B®1

by=10b0 B,=1% B’

The following two sections will provide theorems which show the cyclic homology of these mixed

complexes are quasi-isomorphic.

2.3 Shuffles and Shuffle Product

All of this section except for the remark at the end is taken from [l 1]. The remark at the

end is taken from a combination of [14] and [15].

Definition 2.13. ((p, q)-shuffles). Let S,, be the symmetric group acting on the set {1,2,...,n}.

A (p, g)-shuffle is an element o € Sy, such that
c(l)<o(2)<..<o(p)ando(p+1)<o(p+2)<..<o(p+q).

Example 2.2. Consider the set X = {1,2,3}. Then, using cycle notation, id, (23), (123) are the
(2,1)-shuffles in Soy;. (132) is not a (2, 1)-shuffle since 1 < 2 and (1) =3 > ¢(2) = 1. Similarly

(12) and (13) are not (2, 1)-shuffles.
For any k-algebra A, we let S, act on Cy,(A) on the left by
0 - (ag, a1, ...; an) = (A0, Ag=1(1); s Ao—1(n))-

Thus, if o is a (p, ¢)-shuffle, then {a1, .., ap} show up in the same order in o - (ag, a1, ..., an), as do

{apt1, ..., apt+q}. For example,

(x0, 21,2, 23, 24) = (a0, a1, az, b3, ba)
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under the (2,2)-shuffles o1 = (23) and 09 = (1243) is

(zo, Lot (1) Lot (2)) Lol (3)) .fCa_l—l(4)) = (zo, 21, T3, T2,24) = (ao,a1,bs,az,by)
and
(0, 5211y, Tt (2)0 Lo (3)) Tz 1 (1)) = (%0, 23, 21, T4, 22) = (ao, b3, ax, by, ag)
respectively. In each case we see that a; comes before as and b3 before by.
Definition 2.14. (Shuffle Product). Let A and B be two k-algebras. The shuffle product,
— X — = Shpg : Cp(A) ® Cy(B) = Cppq(A @ B)
is defined by

Shpq<(a0,a1, o ap), (bo, b1, ..., bq)) = Z(—l)oa . (a() ®bo,a1®1,..,a,@1,1®b1,...,1® bq)

where the sum is taken over all (p, ¢)-shuffles, and (—1)? = sgn(o).

We note that the Hochschild boundary, b, is a graded derivation for the shuffle product,

b(Sh‘PfI(xa y)) = Sh(p—l)q(b(x)v y) + (_1)|p‘8hp(q—1) (J?, b(y))
Definition 2.15. (Shuffle Product Map). We define the shuffle product map by

sh: (Cu(A) ® Cu(B))n = P Cp(A) ® Cy(B) = Cu(A® B),

p+q=n
sh = E Shypg-
ptq=n

Since we have assumed k is a field, the shuffle product map induces an isomorphism
shy : HH,(A) ® HH.(B) - HH. (A ® B).

Remark 2.4. Let C = (Cp 4, dl, sh, dy, s;’) be a bi-simplical module. If it is desirable (and it will
be), one can define a shuffle product map between the total complex of the bi-simplical module,

(Tot C, bg) and its diagonal (AC, by) in the following way, first we define
shpq : Cpg = Cnm, pHq=n

Shpqg = Z(—l)asg(n_n T Sg(p)sg(p—l) T 85(0)

g
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where the sum is taken over all (p, ¢)-shuffles of the set {0,....,p — 1,p,...,p+ ¢ — 1}, and we define

the shuffle product map by

sh: Totn C = Z Cp,q — Cn,n
ptg=n

sh = Z shypg.

ptg=n
Then the above map induces a quasi-isomorphism in homology, and we have shbg = by sh. This

extends to the discussion above by taking
Cpq = AZPT! @ BOIHL,
As we have A ® B = B ® A, we will have
(AC), = A®"H @ BETl = (4 @ B)O"H = O (A ® B),
and so via the composition of these isomorphisms we have
H,(C(A)® C(B)) = Hy(Tot(C(A) ® C(B)) = Hy(AC) = H,(C(A® B)).

This lens will be desirable when we work with Z/2-graded algebras.

2.4 Cyclic Shuffles and Cyclic Shuffle Product

Like the previous section, most of this section is taken from [I1]. The remark at the end is
taken from [15], as well as a minor wording correction to the definition of a cyclic shuffle.
We recall the notation from the remark at the end of section 2.3, Let C' and C’ be cyclic
modules, (C® C") = ({Cp, @ C, }nm, dis Siy tn, dj, 85, 17,) the associated cylindrical module, and let
(A(C®C")=Cx ' by,By), (TotC®C"=C®C',b°, B%)

the induced mixed complexes.

Definition 2.16. ((p, ¢)-cyclic shuffle). A (p, ¢)-cyclic shuffle is a permutation o € Sy, defined

in the following way: Let t; € Z, and t2 € Z; act on the sets {1,..,p} and {p +1,....,p + ¢}
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respectively, and let o be a (p, ¢)-shuffle acting on {t1(1),...,t1(p), t2(p + 1), ..,t2(p + q)}, and say

o(k) = o(ti(k)). We call ¢ a cyclic shuffle if o(1) < o(p + 1).

Example 2.3. Let p = 3 and ¢ = 2 then {1,4,2,3,5} and {3,5,1,4,2} are examples of cyclic
shuffles, as o(1) < o(4) in either case and 1,2,3 and 4,5 appear in cyclic order (in order up to a
cyclic permutation). {4,1,2,3,5} is not a cyclic shuffle since w(4) =3 < w(1) =4, and {1,4,3,5,2}

is not a cyclic shuffle since {1, 3,2} is not a cyclic permutation of {1, 2, 3}.

Definition 2.17. ((p, q)-Cyclic Shuffle Map). We define a map L: Cp(A) @ Cy(B) — Cpig(A®

B) given by

(@0, -y ap) L (b0, bg) = > (=1)70 - (a0 @ bo, a1 ® 1, .., 0, © 1,1 @ by, .., 1 @ by)

[

where the sum is extended over all (p,q)-cyclic shuffles. As will be discussed at the end of the
section, one can define the following map for any cylindrical module, and so for a product of cyclic
modules. As such, we will state the remainder of the section in this context. Let C' and C’ be

cyclic modules. Using 1 we define a map of homological degree 2, called the cyclic shuffle map,
— X' = =5hy, 1 Cp@Cy = Cpygra ®@Chy o, by z X'y = shy,(x,y) = s(z) L s(y)
where s : C;, = Cp41 is the extra degeneracy. Thus, for any x € C), and y € C(;
Bxx'y)=Bxx'y=x2x"By=0
since Bx x"y = s(Bx) L s(y) and sB = 0 in the normalized setting. In the other notation this is
written as
By shy,(z,y) = sh’(p+1)q(Bx, y) = sh;(qﬂ)(m, By) =0.

Proposition 2.3. For z € (), and y € C,’Z we have

Bxshpq - (Sh(p+1)th + (—1)pshp(q+1)B’U) - _b>< Sh/pq + Sh,( bh “I’ (_1)p8h/ (q_l)bv-

p—1)g P

Definition 2.18. (Cyclic Shuffle Map). The cyclic shuffle product, denoted by

s (CoC= D CreCy— (CxCnya,
ptg=n

is the sum of all (p, q)-cyclic shuffle maps sh;,, with p 4+ ¢ = n.
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Proposition 2.4. The maps b, B, sh, and sh’ satisfy the following equities in the normalized setting

[b, sh] =0,
(B, sh] + [b,sh'] =0,

(B, sh'] = 0.

Theorem 2.2. (Eilenberg - Zilber Theorem for Cyclic Homology). Let C and C' be two
cyclic modules and let C @ C" be the tensor product of their associated mized complexes. Then there

1$ a canonical isomorphism
Sh:HC.(C®C") = HC.(C x ()

induced by the shuffle product and cyclic shuffle product. It commutes with the morphisms B, I,

and S of the Connes’ exact sequence.

Remark 2.5. We can state something similar for any cylindrical module, which is more general
than the product of two cyclic modules. In particular, if (C') is a cylindrical module, then one can

define a generalized cyclic shuffle product, denoted

/ .
Shyg + Cpg = Cprgt2,pta+2s

by

i+q7 h h h h\i j
Sh;q = Z Z(—l)pz+qj+p+asa(n+1) T Sa(p+1)5—1(75p)z5§(p) T 53(0)3711@3)]
0<i<p o
0<j<q
where the latter sum is taken over all (p, ¢)-shuffles over {0, ...,p+ g — 1} such that o(i) < o(p+ 7).

The above maps induce the generalized cyclic shuffle map,

sh’ : Tot,, C — Ap(C)

r /
sh' = E shpq.
p+g=n

As with the product of cyclic modules,the map Sh = sh + sh’ is a quasi-isomorphism of the cyclic

homology of the total complex and its diagonal. To bring this back to our discussion of algebras,
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since A ® B = B ® A, we have
BuARB)=AQB)*" g A B)®" 1 a. 2 A @39l ¢ | = B,(A(C(A) @ C(B)))
and

B, (C(A) ® C(B)) = Bn(Tot C(A) @ C(B))

_ @ A@p—i—l Q B®q+1 ® @ A®p+1 ® B@‘H—l D ...
p+g=n p+g=n—2

the above says that
HC.(A®B) 2 HC.(C(A) ® C(B)).

2.5 Negative and Periodic Theories

Let C = (Cy)n>0 be a cyclic module with face maps d;, degeneracy maps s;, and cyclic
operator ¢, and s = ts,, b = Yo (—1)'d;, b = Z?:_(]l(—l)idi, N =Y (-1)", B = (1+
(=1)"tp41)sN the induced maps.

Definition 2.19. (Periodic and Negative Cyclic Bicomplexes). The following double com-

plex, indexed by Z x N is called the periodic cyclic bicomplex:

v b v
N Ca 1—t Co N Co 1—¢
—y b —v
N G e G N G145
v b v
N Co 1-t Co N Co 11—t
col num -1 0 1

By deleting all of the negatively numbered columns from this complex we obtain C'C, and by
deleting all of the columns with numbers > 2 we obtain the negative cyclic bicomplex that we

denote by C'C~.
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Definition 2.20. (Periodic and Negative Cyclic Homology).
Define ToT CCP¢" and ToT CC~ by
(ToTCCP), = [] C€Cr and (ToTCC™), = [] CCpy
ptg=n ptg=n
The periodic and and negative cyclic homology of C' is the homology of the above complexes,

HCP"(C) = Hp(ToT CCP*") and HC,, = H,(ToT CC™).

If no confusion will arise, we will denote HCE*" (C') as HCE®". We note that for any integer n,

HCS = HCY™ and HCY, | = HCT", and for any integer less than or equal to 1, HC,, = HCJ"".

Remark 2.6. We are using a direct product for the periodic and negative total complexes since
the homology of the direct sum is trivial. This follows as the rows of CCP?" and C'C~ have trivial

homology.
Proposition 2.5. For any cyclic module C' there is an exact sequence
0— yﬂlﬂcwm — HCR" — im HCpyar — 0
where lim, HC), 9, is the limit of
S
e — ch+27« — HCn+2(T—1) — ...

Remark 2.7. If S is surjective, or more generally if the above projective system satisfies the
Mittag-Leffler condition, then

HCP = li;n HCp 9.
By the definition of the above complexes there are maps
cc- 4 cerr B ce
which induce maps
I:HC, - HCK" and p: HCY" — HC.

As such, there are maps such that

HC;, EN HCP — @HC’HQT — ... —> HCy1o, 5 HCpior—2 — ...
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Definition 2.21. (Periodic and Negative (b, B)-Bicomplexes).
We can also define the periodic and negative cyclic homology using the (b, B)-bicomplex,

which is given below in the periodic case, and it is denoted BCP®".

1 Co
& Co
Cl — C(]
col num -2 -1 0 1

By deleting the positive numbered columns one obtains the negative (b, B)-complex, denoted BC'~.

Unless otherwise stated, we will be working with the normalized versions of these complexes. Then
HC, = H,(ToT BC™) and HCE*" = H,(ToT BCP*")

We will use the notation @ = > agirs = (ag,a24s,...) where agi1s € Coys for a €
ToTsBCP" and similarly for elements of ToT BC~. If C = C(A), We will write BY“"(A) in place

of ToT BP"(A) and B (A) in place of ToT. B~ (A).

Definition 2.22. (Periodic Cyclic Cohomology). We may similarly define a periodic and
negative cyclic cocomplex by reversing arrows. We will denote this complex as BCpe,, and we denote
the periodic cyclic cohomology as HC,, = H "(Tot«BCper). As with periodic cyclic homology, there
are only two groups up to isomorphism.

When using Connes’ definition of periodic cyclic cohomology for a unital algebra A, we will
denote the periodic groups as H{'(A) and H{%(A) in place of HCY, (A) and HC,,(A). Connes’

per per

original definition was as a limit, which is in the following proposition replacing HC"™ with HY.
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Proposition 2.6. The periodic cyclic cohomology of C' is
HCZ,,(C) = lim HC"

where th C™ is the limit of

. HC™ S HO™ 2 -

Example 2.4. Let A = C® CF = C[F]/(F? — 1) be the complex Clifford algebra of degree 1.
Then

Cr(A) =A® (A/C)%k = (Ca CF)® (CF)®* = C® (CF)%F @ (CF)®F+L,

we will find the elements in HC?"(A). Note that
By"(A) = [[ Cun(4) = [ C & (CF)** & (CF)**,
k>0 k>0

Eyl)er(ﬂ) _ H 62k+1(-/4) _ H C® ((CF)®2k+1 o ((CF)®2k+2
k>0 k>0

Thus, even and odd chains are of the following respective form, were (:,1€ and cg are constants

ek 1+ cfF)® FO* ="} @ FO% 4 [ pe2ht

k>0 k>0
D (ch -1+ cf F) @ FO*H-1 =3 "l @ FOH1 4 [ o2,
k>1 k>1

Even cycles are of the form

c(l) -1 +COFF+ZC£F®2k+1
k>1

D8 P gy qy — CD R

F_
Where ¢, = oF ]

j=1
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Indeed, consider that for & > 0

(b4 B)(ch-1) =0
2k '

b(ch@’““) =cf @ F¥*F 14N (“1)(fFOF®..0 F®1®..0 F) +¢f @ P!
=1

= 2cF @ Fe2%-1

ok 2%
B(ch@’““) =Y ()R FR..@FRGF®..®F =Y ¢ o F¥F!
=0 =0

= (2k + 1)¢f ® FOHH
ok ‘
b(c}C ® F®2k) =cf F" 4+ (1) (f ®F® .. 0 F®1® .0 F) + cf F¥*
=1

= 2¢f PO

2k
B(c,ﬁ ® F®2’“) = (-1)RFe .. F®c¢ ©..0 F)=0.
1=0

Hence,

b(chrlF@Q(kz-i-l)-i—l) I B<C£F®2k+1> —0,

and so the above chain is a cycle.

Now, every odd chain is a boundary. Indeed, for any odd chain of the form cf F®?k we have

that

F
(b+ B) <c§ ® F®2k> = PO,

and for any odd chain of the form ¢} ® F®?*~1 we have that

Ch @2t kG 2011 2j+1 1 2%—1
(b+ B) 5F® +1 4 Z (=1)7- E HT FEHL| = ol g pe2k-
j>k+1 i=k

Thus, every odd chain is a boundary, and so HCY“"(A) = 0.

Example 2.5. Let e € A be an idempotent. Then

ch(e) = Z(—l)mwe ® ¥ ¢ HCH (A)

m!
m>0
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is a cycle. We note that while we have only defined this for idempotents in A, one can extend
it to idempotents in M, (A). The cycle ch(e) is the appropriate representation of an element of
[e] € Ko(A) for the (b, B)-complex. A proof that ch(e) is a cycle, and the appropriate representation

of the element [e] € Ky(A) for the (b, B)-complex can be found in chapter 8 of [11].
Example 2.6. Let A = C® CF = C[F]/(F? — 1) be the complex Clifford algebra of degree 1, and

1+ F F ®2k+1
QZT+ZC]€F® +

E>1
k k
F_ (=D* - (D))
Where C = 2k=1 (2] — 1) = W
j=1
If we let e = #, then e is an idempotent, and as we are working in the normalized setting we
have
(2Fk)!
ch(e) = Z(—l)k T ® e®2k
k>0
(2k)!
—e 4+ Z(_l)k N €®2k+1
E>1
1+ F LR (1 F\
R D el TR
k>1
1+F R2E) (1 O
R S il G
E>1
14 F k(2R soria
- +Z(_1) 22k+1k!F
E>1
=q.

In chapter 4 we will need to choose a cycle in the periodic cyclic homology for A, and because of

the above equality we will use the cycle a.

Example 2.7. Let B = Clu,u!] = (1,u,u"!). We will show that

o0

ch(u) = 5 Z(—l)kil(k D' ® u)k

k=1
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is a periodic cyclic cycle. Indeed, consider that

b((—1)k—1(k )l e u)k> (=) (k= D)b(u! @ u)”
=) E-D(1e @ eur T 1o @uh )
B((—l)k_Q(k —9)l(u '@ u)’H) —(—1)* (k- 2)!B(u " @u)"
=12k =211k - 1) @ (v @u)!
k-1 ©uou ) )
=D PE-DIle@w ' ow ! 10 (uweu )T
b((—l)k_l(k )l le u_l))k) + B((—l)k_l(k —2)l(u '@ u)k_1> —0.

In chapter 8 of [I1], Loday shows that ch(u) is a cycle in B; (B), and goes on to show that it
is the appropriate receptacle of the K-theory class of u in K'(B). As we always have a map
HC, (B) — HCL(B) which is an isomorphism when n = 0,1 so it can be viewed similarly in
periodic cyclic. If there was a desire to differentiate these elements, one could write them as,
chi (u) and ch{" (u), but we will not, as we will only every consider this cycle in the periodic cyclic

homology.

2.6 Bivariant Cyclic Cohomology

Let A and B be unital k-algebras.

Definition 2.23. (Hom complex). Let (C,d) and (C’,d’) be chain complexes. The Hom

complex, Hom(C, D), is the chain complex, which in degree n is given by

H Hom(Cp, C;,H-n)a
p

and whose differential, 9, is given by
of)=df—(-1)Vlyd

for a homogeneous element f.
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Definition 2.24. (Bivariant Hochschild Cohomology). Let C(A), C(B) be the Hochschild

complex of A, B. The bivariant Hochschild cohomology of (A, B) is defined to be
HH"(A,B) := H_,( Hom(C(A),C(B)),0), n € Z.

Definition 2.25. (Bivariant Cyclic Cohomology). Since A and B are unital, one can use
the bicomplex B(—) or B(—) in the following definition. To simplify notation we will write B(A)
in place of Tot,B(A). This complex comes with a degree —2 endomorphism S : B(A) — B(A)
which is obtained by factoring out by the first column at the bicomplex level. In particular this
endomorphism is surjective and its kernel is C'(A).

Let Hom®(B(A), B(B)) denote the submodule of Hom(B(A), B(B)) of elements which com-

mute with S. The bivariant cyclic cohomology of (A, B) is defined by
HC™(A,B) := H_,( Hom® (B(A), B(B)),d).

This definition makes sense as 9( f) commutes with S if f does. Note that HC™(—, —) is contravari-
ant in the first variable and covariant in the second. Note that a map F € Hom®(B(A), B(B)) is

a cocycle if and only if it is a map of complexes.

Proposition 2.7. By letting B = k, one has
HC"(A,k) = HC"(A).

Further we have that

HC™(k, A) = HC=, (A).

To see the former, let F' be a representative of a cycle HC™(A, k). So F' is a degree —n chain
map which commutes with S, ie By(A) = Bi_n(k), F.S = SFyyo and Fi(b+ B) = (b+ B)Fy41.
Thus, F, : B,(A) — By(k) =k, F,(b+ B)g = (b+ B)rFn+1 = 0 since for all A € k the boundary
is trivial, (b + B)x(A\) = 0, so F' € Hom(B,(A), k). The condition F,,S = SF, o implies that

S(F,) = Fuyo € Hom(B,12(A), k). Now, if F,, € Hom(B,,(A), k) is a representative of a cocycle,
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let F € Hom®(B(A),B(k)) be defined by F; = 0 for j < nor if n —j = 1 mod 2, and define
Fpi2j = S/(F,). Then F is a representative of a cycle for H_,( Hom®(B(A), B(k))).
We will discuss one direction of the latter. In particular, if « = (0,...,0, a;, ajt2,...) €

HC; (A), then identify the cycle a as the element of F € Hom”(B(k), B(A)) defined by
Fyy 1 € Bop(k) — (0,...,0, a4y ..y tigon)
assuming ¢ > 1. If ¢ < 1, then we take
Fop 2 1 € Boy(k) = (as, vy 5 42(n—i)) € Bsrom—i)
where § = 0,1 depending on if i is even or odd respectively. Now,
(b+ B)a = (0, ..., bay, baiyo + Bay, baipg + Bajga,...) =0,
where bq; is in the ¢ — 1st position, so
(b+ B)(0,...,0, @iy oy atian) = (0, ..., 0, ba;, baviyo + B, ... bairon + Bayyom—1)) =0,
and we have F' is a chain map.
F((b+ B)gA) + (=1)"(b+ B)4aF(A) = F(0) + (=1)"(b+ B)aX(0, ...,0, o, ..., atjg2) = 0.

Further,

F(Slapi2) = F(lay) = (0,...,0, vy ooy tigan) = S(0, ..., 0, iy ooy Qipon, Qiront2) = SF(lapto),

where the above subscripts mean that 1o, € Bo(k). So F € Hom®(B(k), B(A)) is a degree i map

which is a representative of an element in HC~%(k, A). We will write F = a.

Proposition 2.8. Let A and B be as above and let € be another k-algebra. Then there is a map

®e: HO™(A,B) — HC"(A® C,B® €),

FI—>F(3.
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where Fp is a map which makes the following diagram commute and is induced by the quasi

isomorphism, Sh,
B(A) =25 B(C(A) @ C(€)) —2" BA @ e)

lF iF@S id ch

B(B) =25 B(C(B) ® C(€)) -2 B(B ® )
where F ®7 id is the map making

0 —— B(C(A) ® C(€)) —— B(A) ® B(C) —— (B(A) ® BC))[2] —— 0

lpe@s id lF@id lF@id

0 —— B(C(B) ® C(€)) —— B(B) ® B(€) —— (B(B) ® B(®))[2] —— 0

commute.

Example 2.8. To be consistent with when we use this in Chapter 3, we will change notation from
the above proposition, and we will let k = C. We wish to make explicit,
®gp : HC; (A) = HC™(C,A) — HC'(B,A® B).

Let a € HC; (A), and identify it in HC~(C, A) as in the discussion after proposition 2.7. Then
the above diagram is as follows

B(C) =25 B(C(C) ® C(B)) = B(B) £"=4 B(C @ B) = B(B)

o |owsia |shiamsia

BA) —=L 5 B(C(A) ® C(B)) — 31— B(A® B).

So we have,
®gp : HO; (A) — HC™Y(B,A® B)
o Sh(a ®@%id) : By(B) = Bepi(A® B),
B+ Shia® B)
where if a € B; (A) and 8 € B,(B), then

Shia® B) = {sh(a® B) + sh'(a® B)}

and in degree j

sh(a®B) +sh'(a®@B) = Y shpglap,B) + D shiylap, 5y

p+qg=j p+q=j—2
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noting that o, = 0 if p < 7 or if ¢ and p have different parity. As a more specific example, let

o= (0,0ZQ,OZ4, ) S B;(ﬂ) and g = (ﬂl,ﬁg) S 83(3) Then
Sh(a ® B) = (0, sha1 (a2, 1), shyy (a2, B1) + shai(aa, B1) + shaz(az, B3)).

Definition 2.26. (Composition Product). Since the elements of bivariant Hochschild and
Cyclic Homology are represented by maps of simplical and cyclic modules, one can compose them.
These compositions pass to to the homology, and so for unital k-algebras, the composition of maps

gives rise to functorial products, called composition products,

HHP(A,B) ® HHY(B,C) — HHPTI(A,C)

HCP(A,B)® HCY(B,C) — HCPTI(A, Q)
which satisfy the obvious associative condition.

2.7 Cyclic Homology of Z/2 Graded Algebras

Definition 2.27. (Z/2-Graded Vector Spaces). A Z/2 graded vector space is a k-vector space
V with a decomposition V = V* @ V. Elements of V¥ are called homogeneous of degree |v| = 0
if v € VT and |v| = 1 if v € V. There exists an involution v : V* — V* such that y(v) = v
for homogeneous elements v € V. We may take a Z/2 graded vector space to be a k[Z/2] module
where the generator of Z/2 acts on V by ~. In this case, we might as well denote the generator of
72 to be 7.

A Z/2 graded vector space is said to be trivially graded if V™ =V and V~ = 0.

The Z/2 grading on the tensor product of two Z/2 graded vector spaces is given by
VeoW)y*=VteWwWHae (V- W),

the involution is given by vy ® yw .
We have that V@ W = W @ V as k[Z/2] modules under the map v ® w + (—1)I*I*ly @ v,

which can be extended to the tensor product of n k[Z/2] modules.
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We note that if V and W are Z/2 graded, then Homy(V, W) has a Z/2 grading. In particular,
if f € Homy(V,W), then f can be written as f = f* + f~ where f*yy = yw fT is called even
and f~yy = —ypf~ is called odd. We will say even maps have degree zero and write |f*| = 0, and
odd maps have degree one and write |f~| = 1. We will write Hom; (V, W) for the even elements
and Hom, (V,W) for the odd, and we will have Homy(V,W) = Hom, (V,W) & Hom, (V,W).
As a further remark, elements of Hom(V, W) can be viewed as 2x2 matrices, even elements will be
diagonal matrices, and odd elements will be anti-diagonal matrices. If f: V — V' and g : W — W’

then we obtain a map,f ® g, from V@ W — V' @ W' by (f ® g)(v®w) = (=1)9*l f(v) @ g(w)

Definition 2.28. (Z/2-Graded Complex). A positively graded complex of vector spaces, Cy =
(Vi,d) is a Z/2 graded complex if all vector spaces, V;,, are Z/2 graded and the differentials,
d:Vy, — V,_1 are even. We may take this to be a complex of k[Z/2] modules. We note that the
degree of an element v € V), can be a confusing term as it has a chain complex degree and a Z/2
graded degree. If refer to the degree of an element in this section, we will always mean the Z/2
graded degree. The tensor product of two Z/2 graded complexes C = (Vi,d) and C, = (W,,d) is
given by

(Colh= P mew,
p+g=n
with the Z/2 grading given as above and with differential

d(v® w) = d(v) ® w + (~1)v @ d(w)

for v € V,,. As a note, we do not obtain a copy of |v| in the exponent as d is even with respect to

the Z/2 grading.

Definition 2.29. (Z/2-Graded Algebra). A Z/2 graded algebra, A, is an associative unital k-
algebra such that the multiplication is a map A®A — A of Z/2 graded vector spaces. Equivalently,
7 is a homomorphism of algebras with v(aa’) = vy(a)y(a’) for all a,a’ € A, or AT - AT C At and
A*.AF c A~. The tensor product of Z/2 graded algebras A and B, A®B has an algebra structure
given by

(a@b)- (' V) = (1)l a-a' @b-V),
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where a,a’ € A and b,/ € B. If we are keeping score, I broke my rule as b,b’ are used here as
algebra elements, not differentials. This was entirely unnecessary as we could have used by and by
in their place, but the temptation in this moment was too great. We hope the reader has found

this minor digression humorous.

Definition 2.30. (k[Z/2]-cyclic module structure and the induced homology). Let A be
a 7Z/2 graded algebra. Then (C(A),d;, s;,t,,) where

Ch(A) =ARA® .0 A=A A%"

di(a0, A1y ey Qr) = (A0 coey Qi 1y Qi1 B2y oy A )y T < T

dp(ag, a1, ...,an) = (—1)'“"'““0""“""‘“"*1D(anao, A1y eeey Ap—1)

$i(ag, .oy an) = (ag, ey @iy 1, @jg1, vy ap)

s(agy ..., an) = (1,a0, ..., an)

ty = (=1)lenl(aolttlan-1l(q a0 an_q)

is a k[Z/2] cyclic module, were we have denoted the extra degeneracy above by s. Recall

n
N =) (-1,
=0

In the normalized setting, the induced differentials are then given by

=0
n—1
= (=1)"(ag, ..., Gi—1, QjQi+1, Qiy2, .., Op)
i=0
+ (—1)"““"'““0H“‘H“"*l‘)(anao, A1y ey A1)
n—1
Bl(ag,...,an) = sN(ag, ...,an) = Z(—l)m"'(‘ai|+'”+‘“"D(‘“OH”HW”‘)(1, Wiy oeey Qryy AQy vevy 1)

i=0

As such we obtain the Hochschild homology, cyclic homology, periodic cyclic homology, and negative

cyclic homology in the Z/2 graded setting in this way.
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Definition 2.31. (The Cyclic Cohomology of a Z/2-Graded Algebra). Let A be a Z/2

graded algebra, (Cy(A),b, B) the normalized mixed complex for A. Define
C"(A) = Homy(C,(A), k),

and for f € C"(A) define bf = foband Bf = fo B. The cyclic cohomology of A is the cohomology
groups of (C*(A),b, B). Since k is a field, we have HC"(A) = Homy(HC,(A), k), and when A is

trivially graded, we have HC*(A) = H;(A).

Theorem 2.3. Suppose A and B are Z/2-graded algebras. Then
Sh: HC,(A® B) 2 HC,(Ci(A) ® Cu(B))

where HC (A @ B) is the homology of cyclic module Cy (A ® B).

Remark 2.8. This follows from theorem 2.2. We note that in [9], the cyclic shuffle product was not
immediately used, but one can obtain a proof with the cyclic shuffle product by replacing Kassel’s
map G with Sh. To dig a bit deeper, the above follows as A® B = B® A as k[Z/2]-modules, which
will induce a quasi-isomorphism of the k[Z/2] cyclic modules A(C(A)® C(B)) and C(A® B). The
shuffle product map and the cyclic shuffle product map in the Z/2 graded setting obtain signs of
the form (—1)“”"'”’6| from when a; ® 1 passes through 1 ® by, which are induced by the repeated
application of the above isomorphism. We note that the cyclic shuffle product will also have a sign
induced by the cyclic actions applied to the elements of A®PT!1 and B®4*!. As a final note, all of

the formulas from sections 2.3 and 2.4 will apply to this setting, which brings us much joy.

Example 2.9. Let A =C® CF = C[F]/(F? — 1) be the Clifford algebra viewed as a Z/2-graded
algebra with grading given by AT = C and A~ = CF. We will compute the cycles for the periodic

Z/2-graded cyclic homology of A. Consider that even and odd chains are of the form

oo o0
D (en+cEF) @ FE = "¢, @ PO 4 PO

n=0 n=0
o0

0o
Z(cn + CSF) ® o2+l Z Cn @ F2ntl + 05F®2n+27
n=0 n=0



where c,,, cl’ € C. Now, applying the differential’s to even chains we have

2n—1

b(l ® F®2n) — ®2n + Z (_1)i1 ® o1 R1® F®2n—1—i + (_1)2n+\F\-(2n71)\F|F®2n -0
=0

2n
B(l ® F®2n) _ Z(_l)Qni—i—(Qn—i—l)il Q FO2n—itl R1® Foi-1 0
=0

b(F ® F®2n) -1 ® F®2n—1 + 0 + (_1)2n+2n1 ® F®2n—1 —9 ® F®2n—1

2n
B(F ® F®2n) _ Z(_l)Qm‘—i—@n—i—l)il Q o2+l _ (2n + 1) ® ®2n+l1
=0

and applying to odd chains we have

b(l ® F®2n+1) — F®2n+l L0+ (_1)2n+1+2nF®2n+1 -0
B(1® F®" 1) =0

b(F ® F®2n+1) -1® F®2n L0+ (_1)2n+1+2n+11 ® F®2n —92® F®2n

2n+1
B(F ® F®2n+1) — Z (_1)(2n+1)i+(2n7i)i1 ® F®2n+2 _ (2’0 + 2) ® F®2n+2
=0

So we have even cycles of the form

G F+) ey F @ FO%*
k>1
k
(—1)kcl _ (—1)k(2k)!ef
where Cgk = TO H(Z] — 1) = TO
j=1 '

We note that this differs from the non-graded case as 1 is now a boundary. Indeed we have

2
k=1

(b+ B) (1 i(—n’f—l(k ~DIF® F®2k_1> = 1.

The chain whose boundary is 1 will be of particular interest in chapter 5.
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Chapter s

p-Summable Fredholm Modules and the Duality Map

From this point onward, A is a unital associative algebra over C.

We will follow [3] for sections 1, 2, and 3. We note that Connes uses HY as his definition
for cyclic cohomology. In Section 4, we will follow [7], which primarily uses the normalized (b, B)-
bicomplex B(A) (with total complex B*(A)) for its definition of cyclic cohomology. Since A will
always be unital algebra over C, the inclusion mappings C}(A) — Tot,CC(A) — B*(A) induce
quasi-isomorphisms in cyclic cohomology.

In section 3.1, we will define (p-summable) Fredholm modules. In sections 3.2 and 3.3 we
will define the Chern character for a Fredholm module, Ch', which will be an element of HY(A).
In 3.3 we will define a character map, Chy, for any almost representation p. Using Chj one can
obtain Ch' for an odd Fredholm module, and so we find the use of this notation appropriate.

Now if Ch} is either ChY or Chy, we will have Ch{(ag,...,an) = 0 if a; = 1 for some i,
so under the inclusion mapping Ch? is an element of B*(A)). Lastly, there will be a change of

normalization, as we would like for what we call Ch? to be periodic, ie S[Ch?] = [ChZ2] in

HC™2(A), and the necessarily coefficients for this to occur are different in the two complexes.

3.1 p-summable Fredholm Modules

Definition 3.1. (Even p-summable Fredholm Module). Let A be a unital Z/2 graded algebra

over C. An (even) p-summable Fredholm Module over A is a triple (p, H, F') where,

(1) H = HT & H™ is a Z/2 graded Hilbert space with a self adjoint grading operator 7,
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vh = (—1)38"h for all h € HT,

(2) HisaZ/2 graded left A-module, i.e. one has a graded homomorphism p of A in the algebra

L(H) of bounded operators in H,
(3) Fe L(H), F?=1, F = F*, Fy = —F and for any a € A one has
Fa — (—1)%8%F = [F,a] € LP(H),
where LP(H) is the pth Schatten ideal. That is LP(H) = {T" € L(H) : Trace (|T|P) < oo}.

Here we are using the notation a in place of p(a), and we will do this when the notation is

unlikely to be confused.

Definition 3.2. (Odd p-summable Fredholm Module). An odd p-summable Fredholm Mod-

ule over A is a triple (p, H, F') where,
(1) H is a left A-module
(2) FeL(H), F?=1, F = F*, and [F,a] € LP(H).

We note that in both of these definitions one can relax the condition that F? =1to1—F? ¢
LP(H), in [3] Connes shows that every Fredholm Module with that latter condition induces a
Fredholm module with the former condition, and they represent the same K-homology class.

The following definition is taken from [3].

Definition 3.3. An even Fredholm module (p,H, F) is called balanced if Ht = H~ = H' so

H=H ®H, H is graded by this direct sum decomposition, and p* = p~.

In chapter 5 we will define a weakly balanced almost Fredholm module. Yes, balanced

Fredholm modules will be weakly balanced almost Fredholm modules.

3.2 Characters of Even p-Summable Fredholm Modules

As we are following [3], we will begin this section by defining cycles of dimension n and

their characters over a graded algebra, we will define the universal differential graded algebra,
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provide Connes’ proposition which shows that cycles of dimension n induce a cocycle in HY(A),
and finally define a cycle of dimension n for each even (n 4 1)-summable Fredholm module and
give its character. We note that much of the material in this section is only used in this section,

we have included it for the completeness of the exposition.

Definition 3.4. (Cycle of Dimension n). A cycle of dimension n is a triple (Q,d, f) where
Q= @?:0 Q; is a graded algebra, d is a graded derivation of degree 1 with d> =0, and [ : Q" — C

is a closed graded trace. That is
(1) @ xQ; C Qqjforalli,je{0,1,...,n},i+j5<mn;
(2) d C Qig, d(wiwz) = d(wi)wy — (—1)l1Hw2le; d(wy)
(3) [dw =0 for all w € Q"5 [wiwe = (—1)lenllez] J wawn
where |w| is the degree of w.

Definition 3.5. (Character of a cycle). Given an n-dimensional cycle (€2, d, [) and a homo-

morphism p : A — Q0 we define the character of the cycle by

r(an,sn) = [ plan)d(p(ar) - d(p(an))

Definition 3.6. (Universal DGA associated to A). Let A be an algebra. The universal

differential graded algebra (DGA) associated to A, denoted Q(A), is given by
V(A) =A@ A%
where A is the unitalization of A, (and we do this even though A is unital), and
d(ap+ M) ®a1®..0a) =(1®a®a @ ... ® aj).

Proposition 3.1. Let A be an algebra, and Q(A) the universal DGA associated to A. Then, for

an (n + 1)-linear functional 7 on A, the following are equivalent
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(1) There exists an n-dimensional cycle (Q, d, [ ) and a homomorphism p : A — Q° such that

(a0, ey ) = / plao)d(p(ar)) -~ d(p(an))
for all ag, .., a, € A.

(2) There exists a closed graded trace T' of dimension n on Q(A) such that

T(ag, -y an) = T(apd(ar) - - - d(ay))
for all ag, ...,a, € A.

(3) One has 7(ay,...,an,ap) = (—=1)"7(ag, ..., a,) for all ag,...,a, € A and

n
Z(—l)jT(ao, ey BG4 ey an+1) + (—1)"+1T(an+1a0, ai, ..., an) =0
=0

for all ao, ..., ant1 € A. Alternatively stated, 7 € Z7(A)

Definition 3.7. (DGA induced by a Fredholm Module). Let (p,#, F) be an even n + 1-
summable Fredholm module over A. Let A be obtained from A by adjoining a unit which acts
by the identity operator in H. For any T' € L(H) we let dT = i[F,T] where the commutator is a
graded commutator. For each j € N we let £/ be the linear span in £(#) of the operators of the
form
a®dat - - -daj,ak €A
n .
Then ) = @ ( is a differential graded algebra, with d? = 0.
j=1
Proposition 3.2. For T € £(H) such that [F,T] € L1(H) let
1

Tre(T) = iTrace('yF[F, T)).

Then,

(1) If T is homogeneous of odd degree, then Try(T') = 0.

(2) If T € LY(H), then Trg(T) = Trace(yT).
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(3) One has [F, Q"] c £L(H) and the restriction of Tr, to Q" defines a closed graded trace on

the DGA Q.

Definition 3.8. (Cycle of dimension 2m associated to an even (2m + 1)-summable Fred-
holm Module). Let n = 2m, and (p, H, F') be an even (2m+ 1)-summable Fredholm Module over
A. The cycle of dimension 2m over A associated to (p, H, F') is given by the DGA induced by the

Fredholm Module, the closed graded trace
/w = m!Trg(w) for all w € Q"
and the representation of A in £(H).

Definition 3.9. (Character of an even (2m + 1)-summable Fredholm Module, Chern
character). The Chern character is the character of the cycle of dimension 2m associated to the

(2m + 1)-summable Fredholm Module (p, H, F') over A, and it is
m!
Ch%"(ay, .., agm) = m!Try(agday - - - dagy,) = (—1)m?Trace(7F[F, apl -+ - [F, agm))

By proposition 3.1, given above, we have that C h%m € Zy}(A). We note that if the Fredholm module

is 2m summable, then we also have
Ch¥™(ag, .., agm) = (—1)™m!Trace(yao|[F, a1] - - - [F, agm))-

Example 3.1. As a short example, if n+1=2m + 1 =1, we have n = 2m = 0, and
ChY%(a) = Trace(yF[F,a]). As [F,a] is trace class and F? = 1, one sees that
0 1
Chy(apar) :§Trace('yF[F, apai))
1
:§Trace(7(a0a1 — Faga 1 F)
1
:§Trace(7(a0F2a1 —apFa1F + agFa1 F — Faga, F)
1
:§Trace(*y(a0F[F, a1] — [F,aplar F)

:%Trace(’y(aoF[F, a1] + a1 F[F, ap)) (3.1)

:C'hOF(alao) (3-2)
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(3.1) follows as [F, ap] is trace class and a; Fy = —ya1 F. (3.2) follows by symmetry.

Proposition 3.3. The Chern character is periodic. That is, SCh% = Chlit? in HY1?(A). Thus,

it defines an element in H§"(A) = HC,,.(A).
Proposition 3.4. There is a pairing (-,-) : Ko(A) x HY — C, with
([el, [¢]) = (m!) " (¢#Tr)(ese. ... €)
where if we identify My (A) with A ® My (C) then
(¢p#Tr)(ap ® my, ..., an @ my) = ¢(ag, ..., an) Trace(mg - - - my,).

Further, if (p,H, F') is a (2m + 1)-summable Fredholm Module over A, then (e, [Ch}]) € Z, and

(e, [Ch'E]) = Index F where Ff = eF |3+ : eHT — eH ™.

Example 3.2. Let Hi = H ®H where H is a Hilbert Space, let P and @) be orthogonal projections
on H such that P — Q € L2+ (H), and A = Cle]/(e? — ) = (14, ¢€) be an algebra generated by a

multiplicative identity 14 and idempotent e. Let 1 € L(H) be the identity operator on H.

0 1 1 0
Define F = Y= so F,yv € L(Hy), F? =1, F = F*, and Fy = —F. Define
10 0 —1
p:A— L(H) by
P 0
p(la) = 13, and p(e) = e = ,
0 @
SO
0 Q-P

[Fae]:
P—-Q 0

Since P — Q € L>™*1(H), we have [F,e] € L2 (1) as

9

‘p P —-QP 0
0 P —QfF

and so

2m+1 9 1
Trace(‘[F, e] > = 2Trace(]P — QP ) < 0.
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Thus, (p, H, F)is a (2m + 1)-summable Fredholm module over A.
Now,

|
Ch%m(e,e, ...,6) = (_1)mm7Trace(*yF[F, €]2m+1)’

and
YF[F, e = (-1)™ ( )
0 (P _ Q)2n+1
Thus,
|
Chi(e,e,....e) = (—1)m%Trace<'yF[F, e]QmH) = (m!)Trace<(P _ Q)2m+1>7
and

([e], [CRE™])) = (m))"'ChE (e e, ...,e) = Trace((P - Q)2m+1> = Index(QP)
where QP : P(H) — Q(H).

Corollary 3.1. If P,Q € L(H) are projections such that P — @Q € £L2™1 then

Trace((P - Q)2m+1) €Z.

Corollary 3.2. If P € L(H) is a projection, U € L(H) is a unitary such that [U, P] € £>™*1 and

if we let Py = UPU™!, then
Tmce((P - PU)2m+1) - Tmce((P - UPU—1)2m+1) A
As anote, P—UPU~! = [P,UJU! € £2m+1,

Remark 3.1. The result in the above example and subsequent corollaries appears in [2] where

they use other methods to prove the result. In section 5.3.3 we will generalize this result.

3.3 Character of Odd p-Summable Fredholm Modules

Similarly to the previous section, much of the material is presented here as it is necessary to
construct the Chern character for an odd n summable Fredholm module, but it will not be used in

the later sections of this thesis.
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Let € = C @ aC = C[a]/(a® — 1) be the following Z/2 graded Clifford algebra over C,
€] = {\,)\ € C}, 1 the unit of C;

e ={ ,\eC},a? =1
Let H; be the following Z/2 graded Hilbert Space H{ = C, H; = C, and let C; act on H; by

A p
A+ poc— € L(Hq).
woA
We note that our notation is slightly inconsistent with the rest of the thesis, as in the other sections
we have A = C[F]/(F?—1) as our Clifford algebra, but A and F are already taken, and we currently

have no other use for the symbol «. This notation will only be used in this section, and briefly at

that. We will abandon it after the following two lemmas.

Lemma 3.1. Let A be a trivially 7./2 graded algebra, and (p,H,F) an odd p-summable Fredholm
module over A.

Then let H = H @ Hy be the obvious A ® €, module, whose representation we call w, and

R 0 F o
put F =1 . Then (w,H, F) is an even p-summable Fredholm module over the Z/2 graded

—F 0
algebra A ® C;.

Lemma 3.2. Let 7, be the n-dimensional character of (7:1, F) forn >p—1. Then,
a) if n is even one has T, = 0;
b) if n is odd, one has T, = 7, ® 7y, where 7y is the graded trace on Ci, y(A + pa) = p for all

A+ pa € Cq, and where
7' (ag, ..., ) = (—1)nT_1cn Trace(F[F,ao[F,a1]---[F,ay]), for all a; € A;
_ 1 3V (L
Com—-1 = | M 5 B B
¢) One has 7}, € Z}(A)

As it must be the case that n is odd, we take n = 2m — 1 for the remainder of the section.
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Definition 3.10. (Chern Character for an odd (2m—1)-summable Fredholm module). Let

(p,H, F) be an odd (2m — 1)-summable Fredholm module. Then the Chern character of (p, H, F)

. 2m—1 __
is Chiy = Tom_1-

As we have defined the Chern character, one might be inclined to call it a day for the odd

case, however, we can form a more general formula.

Theorem 3.1. Let X be an algebra, J C ¥ a two sided ideal, m € N, and 7 a linear functional on

J™ such that

7(ab) = 7(ba) forac J*, be J k+q>m.
Let p: A — % be a linear map which is multiplicative modulo J.
(1) Let ¢ be the 2m-linear functional on A given by
d)(ao, ey a2m*1) = 7(woe2* ** wWom—2) — T(WiW3 * * * Won—1)
where wj = p(a?a?™t) — p(a?)p(a?t1). Then ¢ € Zim_l(f[).

(2) Let p' : A — X satisfy the same conditions as p, with p(a) — p'(a) € J for a € A; then one

has ¢/ — ¢ € BY"H(A).

(8) Let A and (p,H,F) be as above. Let Ey = # € L(H), E = Ey(H), pla) = EpaEy
for alla € A, ¥ = p(A) + LP(E), and J = LP(E) for m > p. Then the corresponding

o)S Zimﬂ(fl) satisfies

¢ = _(2_(2m+1)65n11—1)75m—1 = —(2_(2m+1)027n11—1)0h%m71

Theorem 3.2. Let H be a Hilbert Space, p a linear map of A in L(H) which is multiplicative

modulo LP(H).
(a) The following functional, denoted Chj; where n =2m — 1 and m > p, belongs to Z}(A) :
C’hg(ag, ey Q) = —ont2e, Trace((wows « + - Wp—1) — (Wpw1 * -+ Wp—2))

where w; = p(a?a? ™) — p(a?)p(a?t).
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(b) The class of Chyy in HY(A) depends only on the quotient homomorphism

A — L(H)/LP2(H).

(¢c) One has S[Ch}] = [Chg+2] in H;\H?(A). Thus, it defines an element in H(A)
3.4 Construction of the Duality Map

For this section we follow chapter 5 of [7]. As the duality map is the primary focus of Chapters
4 and 5, and as this specific work has yet to be published in a journal, this section will be done
in significantly more detail than the presented background material to this point. Some additional
proofs that do not appear in chapter 5 of [7] are in the appendix.

We note again that in this section, we will use the normalized (b, B)-bicomplex. A notational

note, from here on we will use Tr = Trace.

3.4.1 The General Framework of the Duality Map

The purpose of this subsection is to give the general background for the following definition

Definition 3.11. (The Duality Map). Let A and B be unital algebras and H a Hilbert space
such that A acts on H, let p : B — L(H) be a unital linear map which is multiplicative modulo
LP(H), [a,p(b)] € LP(H), and s : A® B — L(H) by s(a®b) = ap(b). Let n be an odd integer such
that n > 2p — 1. The duality maps

ULy s HC7 (A) — HC"'(B)

POy HCP'(A) — HC,'(B)

per

are given by
W (0)(8) =Ch (sh(a ® B))
PU () (8) =Ch (sh(a @ B))

where

shia® B) = Z shi (g, Br)-

k+l=n
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Note that oy = 0 if k and 7 have different parity, and «y = 0 if k¥ < ¢ in the negative case.

We will from now on maintain the assumptions from the previous definition. We note that p

being multiplicative modulo £P(H) means,

w(bo, br) = p(bob1) — p(bo)p(b1) € LP(H).

w is called the curvature of p.

Proposition 3.5. The linear map s : A ® B — L(H), s(a ® b) = ap(b) is multiplicative modulo

LP. We will denote the curvature of s by e.

Indeed,

e(ag ® by, a1 @ b1) =s((ao ® bo)(a1 ® b1)) — s(ao @ bo)s(ar @ by)
=s(apa; ® bpby) — s(ap @ by)s(a; @ by)
=apa1p(bob1) — aop(bo)aip(b1)
=aga1p(bob1) — aga1p(bo)p(b1) + aparp(bo)p(br) — aop(bo)aip(br)

=apa1w(bo, b1) + aola1, p(bo)]p(b1)
and w(bg,b1), [a1, p(bo)] € LP.

Proposition 3.6. The Chern Character, Ch?, defined by

Ch?(l‘o, ,:Cn) =

Cn, (Tr(a(a:o, x1)e(xg,x3) - - e(Tp—1, xn)) - Tr(s(acn, xo)e(x1,x2) - - £(Tp—2, xn_l)))
L EDF
(=)

is a cocycle in the cyclic cohomology of A ® B using the normalized (b, B)-complex.
Remark 3.2. Theorem 3.1 from section 3.3, guarantees that this map is a cocycle in H} (A ® B).

Since Ch?(xg,...,on) = 0 if any z; = 1, it is a cocycle in the the normalized (b, B)-bicomplex.

We are using the notation from theorem 3.2 as this is the corresponding map in the normalized



47

(b, B)-bicomplex, the change in the coefficients is due to the change in the complex. The above
coefficient is necessary for periodicity to hold in the normalized (b, B)-bicomplex, and so it is our
choice, but it should be noted that we can scale this coefficient as desired. A discussion of why the
properties of theorem 3.2 hold for this cocycle is in the appendix.

The requirement that n > 2p — 1 is needed so that e(xg,x1) - - e(xp—1,Ty) is trace class.

In general, one can construct the following products using bivariant cyclic cohomology

HC; (A) @4 HC"(A® B) — HC" (B)
HC; (B) @ HC"(A® B) — HC"'(A)
HCP"(A) @4 HCJL.(A® B) — HCJ ' (B)

HCP(B) @3 HCJL,. (A ® B) — HCJ'(A).

per

The products can be constructed by composing the natural map
HC; (A) = HC™/(C,A) &Y HC™/(B,A & B)
and the composition product
HCYB,A®B)® HC"(A® B,C) - HC" (B,C) = HC" " (B).

These products are discussed in chapter 2 section 5. As a reminder, the map ®3 takes a =
(0,...,0,04,...) € HC; (A) to the map <Sh(a ®id) : B — Sh(a® 5)) € Hom®(B(B), B(A @ B)),
where

Sh(a® B) = {sh(a® ) + sh'(a ® B)}

and in degree 2r 4+ 1 (which we consider since n is odd)

sha®@B)+ sk (@@ B) = > shulowB)+ D shiy(arB)

k+1=2r+1 k+1=2r—1

noting that ap = 0 if k < ¢ or if 4 and %k have different parity. We note that this notation can be
confusing since sh + sh’ doesn’t have any indication of which chains it is being applied to. That

said, we will from here on only consider when it is applied to degree n chains, since we will be
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evaluation chains under ChY, which is zero if the chain has degree other than n, and so from here
on it should be less vague.

Now, using the above maps and fixing Ch? € HC"(A® B, C), we can define the duality maps

i HOT (A) — HC"(B)

)

Wit HC; (B) — HC™'(A)

y (2

and
Pyt HCP(A) — HCy'(B)
PUY", - HCY (B) — HCL (A).
where

Vo (@)(8) =Ch (Sh(a ® B))

)

=Ch? (sha ® B) + sh'(a ® B))

=Ch" (sh(a® f)).

The middle equality holds because Ch? is zero on chains of degree different from n, and the last
equality is due to the fact that sh/(a ® ) always begin with 1 ® 1, and Ch” vanishes on such
elements. The maps in the periodic case are the maps in the negative case letting ¢ = 0,1 under

the mapping B"~4(B) — B H(B), ¢ — ¢.

per

Proposition 3.7. The duality maps are periodic, and if p’ is another almost representation of B
in £(H), then the maps induced by Ch% and Ch”, are chain homotopic. That is, S \Ilfgl% = \Ifitng 2

and \Ilzﬂng 2 is independent of the choice of p up to LP perturbations.

We note that the periodicity of the maps C'h} will imply periodicity of the duality maps, and
that Ch and C'hl, are representatives of the same class in HC"(A®B) will imply the independence

of \IIZ"B on p. A more detailed argument is given in the appendix.
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3.4.2 An Explicit Formula for the Duality Map
The goal of this subsection is to prove the following theorem

Theorem 3.3. The duality map is

Vs (0)(8) = O (sh(a ® B)) = CI ( > shmm,ﬂz)) = D M (shualew. 1))

k+l=n k+l=n

where for k=0
Ch?(shon(ao, ,Bn)) :Cn70 (Tr(aow(bg, bl)w(bg, bg) e w(bn_l, bn)>

- Tr((aow(bn, bo) + [ao, p(bn)]p(bg))w(bl, bo) - w(bp_s, bn_1)>>

and for k >0
Ch(shii(ow, B)) = Cn,k< > Tr(ao[ah p(bo)Jw (b1, b2)...[az, p(b2ip—1)]w(b2iy, b2is41).-.
0<iy <ig<...<ip <25t
+ agw(bo, br)-..[a1, p(bai, Vw(bai, 41, b2i1+2)...)
NESILEDY Tr((aow(bn, bo) + [a0, p(bn)]p(bo) )0 (b1, ) -
0<ir <..<ip<2rt
[a1, p(ba2i;)]w(b2i; +1, b2z'1+2)-~-[aj7P(b2z‘j—j+1)]~--)>
and
(_ )RT_IJ'_IC(]CJU
Cnk n—
(7!

To achieve this goal, we must understand

Chi(zg, ..., Tn) = Cn <Tr (s(xo, x1) - e(Tp—1, a:n)> — Tr(s(xn, xg) - e(Tp—2a, xn1)>>

in this framework, so we first consider computations of the maps

(ap ® by, a1 ® by) = agaiw(bo,b1) + aglar, p(bo)]p(b1)
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for the following cases.

e(1®bg, a1 @ by) = arw(bo, b1) + [a1, p(bo)]p(b1)
e(ap ®1,a1 ® b1) = aparw(1,b1) + aplar, p(1)]p(b1) =0
(ag ® by, 1 ® b1) = agw(bo, b1) + ao[1, p(bo)]p(b1) = agw(bo, b1)

6(@0 ® by, a1 ® 1) = aoalw(bo, 1) + ao[al, p(bo)]p(l) = ao[al, p(bo)].

Next, we will compute

Ch% (shi(ag, B1)) = cn (Tr(e(:z:o, x1) - e(zp_1, xn)> —Tr <e($n, xg) -+ e(Tp_2, xn_l))>

where a = ag®...Qay, B =by®...Qb, and z, = 1®b; or a; ® 1. To do this, we will first compute
Tr (E(aco, x1)e(xg,x3) - - e(Tp—1, xn)> using cases, and then we will compute
Tr (E(xn, xo)e(x1,x2) - - e(Tp—2, xn_l)) using cases.

We first consider the case where k = 0, as a reminder n is odd such that n > 2p — 1. Then

I =mn, shon(ao, Bn) = (ap ® b, 1 ® b1,...,1 @ by,), and
TI‘(&(CLQ@[)(), 1®b1)€(1®b2, 1®b3) s 8(1®bn,1, 1®bn)> = Tl"(aow(bo, bl)w(bQ, bg) .- -w(bnfl, bn))

We now consider the case where k > 0. We note that x¢g = ag ® bg, x; is of the form a ® 1 or

1®b, and if x9; = a ® 1, then e(xa;,x2j41) = 0, so
Tr(s(a:o, x1)e(zo,x3) - - e(Xp—1, xn)) =0.

Thus, for k& > ”TH, Tr(s(:co,ml)s(xg,xg) . --5(1“”,1,1:”)) = 0 since we must have x2; = a; ® 1 for
some j. Therefore, we consider the case for which k£ < "TH

Now, we will show that all of the (k,[)-shuffles that result in a possible non-zero value have

the same sign. Suppose that we have a shuffle such that for some m,

Tom+1 =1 @ b;
Tom+2 =1 @ bit1

Tom+3 =a; @ 1.
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Then if we apply the even permutation (2m+1 2m +2 2m+ 3) to this shuffle, we obtain another

shuffle that is equal to the first at all places except at

/

Tomi1 =T2m+3 = a; @ 1
/

Tom42 =Lo2m+1 = 1® bz

/
w2m+3 =Tom+2 = 1 (=) bi+1.

These shuffles have the same sign since they differ by an even permutation. Thus, if we can get
from one shuffle to another via even permutations, we will obtain shuffles of the same sign. Thus,
for a fixed k, every permutation such that ¢ ® 1 appear only in the odd places have the same sign.

Thus, the sign of the shuffle
(ap @by, a1 ®1,1®b1,a0 @ 1,1 @by, ...,ap 1,1 @bk, 1 @ bgt1,..., 1 ®by)

is the same as that for all shuffles with (¢ ® 1) in odd places, and it is

k(k—1)
(=1) 2
An argument for this is in the appendix.

Next we consider the case where x1 = a1 ® 1. Let a; ® 1 be in position 2i; + 1, so i1 = 0, and

i; <y if j < j', and note that i; < "Tfl Then the contribution of such shuffles is

Cnk > TY(GO [a1, p(bo)Jw (b1, b2)... [z, p(b2ir—1)]w(bais ;s b2i11) - - - [a, P(bzz'j—j+1)]---)

0=i <ig<...<ip <25t

where

(—1)5H

(=50

Now consider if 1 = 1 ® by. Similarly as before, let a; ® 1 be in position 2i; + 1, noting that now

Cnk =

0 < 71. The contribution of such shuffles is

ka Z Tr (a0w<b1, bg)...[al, p(bQil)]W(bQi1+1, bgi1+2)... [aj, p(bgij —j+1)]~-->

0<iy <ig<...<ip <25t
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Then adding the above expressions, we obtain a formula for the first term:

Cn ke Z Tr(aola1, p(bo)]w(bo, b1 )...[az, p(b2is—1)]w(b2iy, b2igt1).-.

0<iy <ip<...<ip <5t

+ apw(bo, b1)...[a1, p(bai, )Jw(b2is 11, b2iy +2)---)

We now compute the second term of C'hY,

Tr(s(a:n, xo)e(x1,x2) - e(Tp—2, xn_l)).
As before, we first consider the case where k = 0. So we compute

Tr(s(l ® by, a9 ® b0)€(1 ®Rb1,1® b2) - '6(1 Rbp_9,1® bnfl))

= Tr(<a0w(bn7 bo) + [CLO’p(bn)]p(bO))w(bl; ba) -+ w(bn-2, bn—l))
We now let k£ > 0. Note that if x9;11 = a ® 1, then e(x2j41,22j42) =0, so
Tr(g(xn, xo)g('xlu SUQ) e €($N—27 $n—1)) = 07

and so it must be the case that k < "T_l Similarly as before, all of the shuffles that satisfy the

condition that x2;+1 # a ® 1 have the same sign for a fixed k, and in particular that sign is

(=1)

we have

k(k—1)

5 (=1)%(—=1)"2 . As before, let i; be such that z3;, = a; ® 1. So for the second term

(Ve 3 15 (0wl bo) + oo sl (bt

0<ir <..<ip< 2yt

[a1, p(b2iy )Jw(b2iy +1, b2y 42) - - - [ag, p(bai;—j1)] - - )

Thus we have the following formulas. In the case that &k =0

Ch (shon (o, Br)) =cn (Tr(e(:no, x1) - e(Tp—1, :Un)) — Tr(s(:rn, xg) - - e(Tp—2, :Enfl))>
:Cn,o (Tr(aow(bg, bl)w(bg, bg) e w(bn_l, bn))

— Tr((aow(bn, bo) + [a0, p(bn)]p(bo) )by, ba) - - w(bn 2, bn,l)))
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and in the case that k£ > 0 we have
Ch%(shg(ag, B1)) = cn (Tr(&?(xg, x1) - e(Tp_1, xn)) — Tr(e(xn, xg) - e(Tp—2, xn_l))>

= Cn,k ( Z Tr(ag[al, p(bg)]w(bl, bg)...[ag, p(bgiz_l)]w(bgiz, b2i2+1)...

0<iy <ip<.. <ip <25t
+ aow(bo, bl)...[al, p(bzil )]w(bgiﬁ_l, bgiﬁ_g)...)

—(=1F >0 Te((aow (b, bo) + lao, p(ba)lp(bo))w (b1, ba) -

0<ir <..<ip<2rt
[a1, p(b2i )Jw(b2iy 41, b2iy +2) - [ay, P(b2z‘j—j+1)]---)>

where

n—1_ k(k—1)
1)T+(T

Cnk =

3.4.3 Another Formula for the Duality Map

Note that in this section we will often be dealing with the differentials of various complexes.
As such, we have decided to use a subscript to indicate which complex the differenital is for. Outside
of this section we will not do this, but it is useful to see it this way once.

The purpose of this section is to prove the following theorem.

Theorem 3.4. The duality map

U (a)(B) =Ch (sh(a ® B))

)

=CI ! (sh(B a @ B)) + (—1)'C7H (sh(a @ B B))
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where for k < "7“

Chy (shp(ax, B1) =

(—Dentok ( > (-1 TT(P(bo)W(bla ba) -+ lax(0)s P(b2ig—1)]w(b2ig, b2ig+1) - - -

1<ip<ip <...<ip<2HL
A—cyclic permutation

[a/\(j)7 p(b%j—j—l)]w(b?z‘j—ja bzij—jﬂ) . )

+(—1)k+1 Z (—I)JTT(aow(ba(O)a ba(l)) - lag, p(ba(2i’172))]w(ba(2i’lfl)a ba(2i/1)) T

1<if <..<if <L
o—cyclic permutation

[ajp(bcr(%;.—j—l))}w(bo(%;—j), bcr(2ig.—j+1)) T ))

noting that the first sum is zero if k = ”T‘H, and

(—1) "+

Cn+2.k = — 731Ny
("5)!
and C’h?(shkl(ak,ﬁl)) =0 lfk > TLT-H

We begin by noting that we have Ch” = BygsC"! where

C?H(?CO; L1, ey Ty Tt 1) :Cn+2T1“(3($0)5<331, z2) - -+ €(Tn, 33n+1))

n+1
2

1

Note that C7*! is the chain homotopy showing [SCh?~2] = [Ch?] (see the appendix). The chains
C?7 satisty

bagsCl ™ + BagaClth = Ch — ChZ = 0.
Further, we have the following identities for shuffles in the normalized (b, B)-cyclic complex:
Bags sh(z ®y) — sh(Bax @ y) — (—1)"®*sh(z @ Byy) =

— (bags sh'(z ®y) — sk (baz @ y) — (—1)*87sh/(z @ byy))

Bugs sh'(x ® y) = sh'(Bax @ y) = sh'(x ® Bgy) = 0.



Then for o € B; (A) we have that:

Ch(Sh(a® B)) =BagsCl 't (Sh(a ® B)) = BagsCr (sh(a® B) + sh'(a ® B))
=C""Y(Bygs sh(a ® B) + Bags sh/(a @ 8)) = C" ™ (Bygs sh(a @ B))
=CI"! (sh(Baa® B) + (—1)'sh(a ® Bg B)
— bags sh'(a ® B) + sh'(baa® B) + (—1)"'sh'(a ® bg B3))
=C (sh(Baa® B) + (—1)'sh(a @ Bg 3)
+ sl (ba @ ® B) + (=1)'sh (a @ b B)) — bagsC" (sh' (@ ® B))
=CI"(sh(Bya® B) + (—1)'sh(a ® Bs )
+sh'(baa @ B) + (~1)'sh(a @ bs ) — BagnC™(sh'(a ® B))
=0 (sh(Baa® B) + (~1)'sh(a ® By B)
+ 5B ((b+B)aa®B) + (~1)'sh'(a® (b+ B)g §))
=C" Y (sh(Bga ® B)) + (=1)'C7 (sh(a @ By B))
+ O (sh (b+ B)aa® B)) + (—1)'Cet (sh'(a ® (b+ B)s B)).
So if we define
¥(@)(B) = CH (sh(Ba® B)) + (—1)'Cy* (sh(a @ B B))
and
(a)(B) = CF (sh (0 ® )
then
U (@)(8) = (@)(B) = d((b+ B)aa)(B) + (1) (b + B)sd(a)(8)

and so U»" and 1) are equivalent chain maps.

Further,

CI (sh(Ba® B)) + (—1)'Cit (sh(a ® B )

= Y CT N (shgpyan(Ba o, B1) + (—1)'CIH (shye) (o, Bz B1))
k+l=n

95
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As before, we will compute these for a fixed k.
Suppose that ap = ag® a1 ® ... ® ar and §; = by ® ... ® b;. Then in the reduced complex, we

note that

BOék = Z (—1))\1@)&)\(0) ®...®a>\(k)

A-cyclic permutation

so we will first compute C7*1 <5h((1 ®ag) ® Bl)>.

Recall that
CI (@0, 21, vy Ty 1) = enTr(s(zo)e(z1, 22) -+ &(@n, Tny1))-

First note that o = 1®bg. As before, if z9;+1 = a®1, then C! <3hkl((1®ak), 51)) =0.So

we consider the shuffles with Toi; = a; @1, and k < ”T‘H Now the sign of a shuffle is independent
k(k—1)

of the values of i;, and is equal to (—1) - (=1)" 2 . So we have

cptt <Shkl((1 ® ), /Bl)) =

(=1) - ensok > Tf(ﬂ(bo)w(bl, ba) - - [ao, p(b2ig—1)]w(b2i b2ig41) - - -

1<ig<iy <..<ip< 2L

(a7, p(b2i;—j—1)]w(b2i;—, bai;—jv1) - )

where
_1)%“+k(k2_1)
Cot2 e = " Ty
(=)
Hence,
CI (shyy(Bow ® By)) =
(=1) - cnk > (—1)Mr (P(bo)W(bla ba) -+ lax(0)» P(b2ig—1)]w(b2ig, b2ig+1) - - -

1<ip<i <...<ip < nT-H
A—cyclic permutation

[axc)s p(b2i;—j—1)]w(bai;—j, b2i;—j41) -+ )
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Similarly, the second term can be computed as

C (shyi (o, BBy)) =

Cn+2,k Z (‘UUTY((IOW(Z%—(O)’ ba(l)) - aa, p(ba(Qi’le))]w(ba(Zi’lfl)7 bo‘(?ill)) e

1<i)<..<if <L
o—cyclic permutation

[@p(bo(2i1—j—1))1w (bo(2i1 ) Vo201 —j41)) -~ )

Noting that this sum is possibly non-zero if k = ”TH Thus, we have that

Chy (shy(ax, 1) =

(=1)- Cn+2,k< > (—1)AT1"<P(50)W(51, ba) - -+ [ax(o), P(b2ig—1)]w (b2ig, b2ig+1) - -+

1<ip<in <...<ip< 2L
A—cyclic permutation

[a/\(j% p(b%rjfl)]w(b%rj, bzz‘j—jﬂ) - )

+ (-1 > (—=1)7Tr (a()w(bo([))a bo1y) ++ [a1, p(bo (a1, —2))lw(bo 20, —1), bor(2ir)) -

1<ij<..<if <L
o—cyclic permutation

[ajp(ba(%;.—j—1))]w(ba(2z’;—j), ba(2i;.—j+1)) T ))

= Cn+2,k< Z (=17 Ty (aow(bo(O)v bo(1)) -+ a1, p(bo(2ir —2)) 1w (bo 2, — 1) bo(2ir)) -

1<i) <..<ip <ndL
o—cyclic permutation

[@jp(ba(zz‘;—j—1))]w(ba(2i;—j)a ba(m‘;—jﬂ)) e )
+ > (=) x (P(bo)W(bb ba) -+ - [ax(o), P(b2ig—1)]w (b2ig, b2ig+1) - - -

1<io<iy <...<ip< 2L
A—cyclic permutation

[a)\(j)7p(b%j_j—l)]w(b%j_j’ b2ij_j+1) o )>

for k < ”T‘H and it is zero otherwise.



Chapter 4

An Application of the Duality Map

Definition 4.1. (Almost Representation). By an almost representation of a unital algebra B
in a Hilbert space ‘H, we mean a unital linear map, p, such that w(bi, b2) = p(b1b2) — p(b1)p(b2) €

LP(H).

Definition 4.2. (An (Odd) (p-Summable) Almost Fredholm Module). By an (odd) (p-
summable) almost Fredholm module over a unital algebra B, we mean that we have a triple (p, H, F')
where p : B — L(H) is an almost representation, F* = F, F? = 1, and [F, p(b)] € LP(H) for all

be B.

Definition 4.3. (The Character of an (Odd) (p-Summable) Almost Fredholm Module,

Xr) We define the character of an (odd) (p-summable) almost Fredholm module, denoted Xp, by
X F = P \I/ZT’LB (a)

where P\Ifi’LnB(a) is defined in the previous chapter, A = (1, F) C L(H), and « is the following cycle

1+F Z F®F®2k:2a2k

E>1 k>0

(—1)*(2k)!

2k: - 22k+1k!

where ¢l =

A proof that a is a cycle is given in example 2.4 near the end of section 2.5. As a note, if we let

_ 1+F

= 45, then e is an idempotent, and o = ch(e) which is shown in example 2.6.
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We remind the reader that the Chern character of an invertible element v € B, ch(u) €

HCY"(B), is defined by

Note, as in this section we will always be requiring p-summability and that we have an odd
almost Fredholm module, so we simply say an almost Fredholm module over a unital algebra B.
Also, since we are always working over a fixed Hilbert space, we will often write LP in place of
LP(H).

The standing assumptions for this chapter are as follows, n is an odd integer such that
n > 2p—1, (p,H,F) is an almost Fredholm module over the unital algebra B, and A is the

subalgebra of £(H) generated by 1 and F.

4.1 Character of an (Odd) Almost Fredholm Module

Our goal in this section is to state following theorem, which gives an explicit form of the
character of an almost Fredholm module (defined above), Xp, we will show that this character
agrees with Connes’ character when the almost Fredholm module is a Fredholm module, and as an

example, we prove directly that we obtain a cocycle in the specific case n = 1.

Theorem 4.1. Let n > 2p — 1, and (p, H, F) an almost Fredholm module over B. Then,

Xp(B) = Chi(sh(a®B)) = > Chi(shorair1) (o, Bat1))
2k+2l+1=n

Ch2 (sh(ar) 1) 02k, Bar1)) = chy, - Ch <5h(2k)(2l+1)(F F* b ®..® bzz+1)



where if 2k = 0

1
§Ch?(8h0(2l+1) (1 + F, b() &...Q b2[+1) =
Cn
770 (Tr(w(bo, b1)w (b2, b3) - - w(bp—1,by))
— T?"( (w(bn, bo)w(bl, bg) tee w(bn_Q, bn—l)))

+ %7’0 (TT(FW(bO’ br)w(bz, b3) - - - w(bp—1, b”))

— Tr((Fw(bn, bo) + [F, p(bn)]p(bo) )w (b1, b2) - - - w(bn—_2, bn_l)))
and if 2k > 0

CgkCh?(Sh(gk)(gH_l) (F X F2k, b() ®..Q b2l+1) =

e i ( S Tr(F[F,p(bo)}w(bl,62)...[F,p(bgiz_l)]w(b%,b2i2+1)...

0<iy <ig<...<igp <25t

+ Fw(br, ba)...[F, p(bai, )|w(b2iy 11, b2i1+2)---)

= > m((Febabo) + [F pbu)]p(b0) (b, ba) -

0<i <. <igp <25t

[RM@MM@ﬁL@ﬁwwﬂmwrﬁmmD

(=) (2k)!
(k2 T Qo (L) gl

60
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Alternatively, we may take

b Ch2 (shiapy 11y (F @ F2 by @ ... @ by41) =

= — chpcat2on ( > (-1 TT’(P(bo)w(bla ba) -+ [F, p(baig—1)]w(b2ig, b2ig+1) - - -

1<ip<i <...<igp< 2L
A—cyclic permutation

[E p(bai;—j—1)]w(bai;—j, b2i;—j41) -+ )
- Z (_1)0 Tr(Fw(ba(O)a ba(l)) U [Fv p(bo(2i1—2))]w(ba(2i1—l)7 b0(2i1)) e

1<ip<in <...<igp < H
o—cyclic permutation

[E, p(bo(2i,— j—1) w(bs (26, ) bo(2i;—j41)) - >>
= — ChCnya,2k - ( > (2k +1) T?"(P(bo)W(bl, b2) -+ [F\ p(baig—1)]w(b2ig, b2ig+1) - -
1<io<in <...<igp <H
[F, p(b2i;—j—1)]w(b2i;—j, b2is—j41) - - )
- Z (=1)° T7’<Fw(ba(o)a bo‘(l)) T [F, P(ba(zild))]w(ba@irl), bo(2i1)) T

1<ip<i <...<igp< 2L
o—cyclic permutation

|7, p(ba(%j—j—l))]w(ba(%]-—j)v bo’(2ij_j+1)) T ))

n+1
CoCr2.0k = 4(2;2 2n+(12 k,)!,'
22K+ () k!

Further, X is independent of the choice of n > 2p—1, and if (p', H, F) is a second almost Fredholm

module so that p' — p € LP| then their characters are the same.

This theorem follows near immediately from theorems 3.1, 3.3, and 3.4 of subsections 3.3,
3.4.2, and 3.4.3 respectively. For the first sum, we have (—1)* =1 as \ is a cyclic permutation of
the set {0, ..., 2k}, and as A only permutes the letter F', with respect to A each term of the first sum

is the same.

Proposition 4.1. Let n =2m +1 > 2p — 1, so "_22k_1 =m — k, let w € B an invertible element,
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and (p,H, F') an almost Fredholm module over B. Then,
125 )

Xp(ch(u)) = Ch(sh(a® ch(u))) = ) Chi(sh(ak)m—ar)(Qzk, ch(u)n—2t))
k=0

Ch(shok) (n—ak) (Q2k, ch(W)n_2k)) = ChyChi_op - ChY <3h(2k)(n2k) (F Q@ F* (v 1w u)m’”l))

where if 2k =0

Sl - Ol (shon (14 F, (u™ @u)™ ) =
% (Tr (w(ul, u)m+1 . w(% ul)m+1>
+Tr (Fw(ul,u)m“ - (Fw(u,ufl) + [F,p(U)]p(ul))W(u,ul)mD
:% (Tr((l + F) (w(ufl,u)erl . w(ujufl)erl) o [F, p(u)]p(ul)w(u,ul)m>>
and if 2k > 0

ChiCl_ ok ChY (shiak) (n—ok) (F @ F2F, (u™! @ )™ F 1) =

= — o _oCya,2k - ( Z (2k +1)Tr (P(Ul)w(ua u”HPLF, p(u)] -
(

2(jo+j1+-..+j2k)
=n—2k—1

.. [F7p(u)]w(u_l7u)j2k)
— Z (m—Fk+1) (Tr <Fw(u1, W' [F, p(u™")] - [F, p(w)]w(u, U)m>

2(j1+-.-+j2x)
=n—2k

- ﬂ(Fw<u, uTE, p(u)] - [F, plu u-lw) ))

o DFFL2K)! (=211 (—1)F(2k)! (n — k)!
—CokCn—2kCn+2,2k = 22k+1k|(n ) - 22k+1EIm)!

If one desires to expand the w(u,u~!) terms, the formulas become a bit unruly due to the
many parenthesis. For this reason we will rewrite the above proposition with some notational
changes.

We let U = p(u), V = p(u™?), so w(u,u™t) = 1—UV. We further let Cy, o = ch.c%_op.Cni2.9k,

and we will define terms (2, ;. and Q;L,Qk‘ in the proposition.
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n—2k—1
2

Proposition 4.2. Let n =2m +1 > 2p — 1, so =m — k, let v € B an invertible element,
and (p,H, F') an almost Fredholm module over B. Then,
25

Xp(ch(w) = Qo+ Y Con(Qng — U, )
k=1

where
Qo = ;Tr<(1 + F)((l VU™ (1 UV)m“) R UV - UV)m>

Q= Y. (m—k+1) (Tr(F(l ~ VU)P[E V] [FUJ(1 - VU )

2(jo+...+j2k)
=n—2k+1

_ Tr(F(l — Uv)jl [F,U]---[F,V](1 - UV)Jék))

k= > (2k +1)Tr (V(1 ~ UV [F,U|(1-VU)* - [F,V](1 - UV)J’%H)
2(jo+i1+---+i2k+1)
=n—2k—1
T4
o CDERN (5 (ZDFER) (m — k).
I = TR B e A

Example 4.1. We will show that the character of an almost odd Fredholm module agrees with the
character of an odd Fredholm module up to a constant, and that evaluating Xz on ch(u) results in
the same value as Connes’ pairing for an element [u] € K;(B) with u € B.

Fix m = 2l 4+ 1. From the above formula, we see that in the instance p is a representation,

then we only obtain a possible nonzero term if 2k = ”7“ =m+1or 2k = ”T_l =m — 1 as every
other term contains a copy of w(b;, bi+1) = 0. Assuming m + 1 = 2k = "T‘H, then n =2m + 1, and

> (17T (I, bogo)) - [ o))

g

:Tr(F[F, bo) - - [F, bm]) - Tr(F[F, by [F, b0]> TR Tr(F[F, b] - - [F, bm_l])
=17 (FIF,bo] -+ [, byn] ) + Te (FE,bo - [F b)) + -+ Te (FIE, bo] -+ [F by

=(m+ 1) Te(FIF, bo] - [F, by
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since F'[F,b;| = —[F,b;]F and using the trace class property. Also,

(m+1)!

2m+2(m 4+ 1)! (21!

—(m + 1)C,€l+162m+3,m+1 :(m + 1)
1

g (7))

Now,ifm—1:2k::”T_l,thenn:2m—l,and

Tﬂqmmmywﬂ%g:%ﬁ«%+ﬁ%mwﬂmwwd)

=T ((bo — FboF)[F,ba] -+ [F, b))
m
=2 Te(FIF, bl [F,bi] - [F b))
and
m p m (m—1)!
9 Cm—1C2m+1m = 2 omml (mT_l)'
_ 1
"7 ()
Thus, the above formulas agree regardless if m = "Tfl or m= ”TH, and result in
1
Xp(B) = 2m+1(m2_1)!TT<F[F7 bol[F, ba] - - - [F, bm]>-

We note that the above formula is exactly the character of an odd Fredholm module in definition
3.10 (section 3.3) up to a change in constant. We note that this change in constant is due to our
use of the normalized (b, B) complex.

Evaluating Xz on ch(u), we obtain
m—1

Xp(eh(u)) = ehON (sh oy (F & F%,ch(w) = U Te(F IR [P [P = (], Oh).

where ([u], Ch}) is Connes’ pairing of a unitary element, [u] € K;(A), with the Chern character of

an odd Fredholm module.

Example 4.2. We will show as an example that Xg is a cocycle in the case that n = 1 by direct
calculation. Note that in this case [F, p(b)] and w(b1, by) are trace class (since n =1 and n > 2p—1,

1 > p.) Consider
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We will do the computation without the constant by multiplying Xp by —2. This will not change
whether or not Xg is a cocycle as b and B are linear, and it will save the writer a lot of time by

fixing a careless sign error. We have,

—2Xp(bo, by) = — Chl(sh((1+ F) ® (by © by)))
=—Chi((1+ F)®by,1 ®by)
—c10Tr(e(1 @by, 1@ by) — (1 @by, 1 ® b))
+eroTr(e(F @by, 1@ b1) —e(1® b1, F @ b))
=c1,0Tr(p(bo)[1, p(b1)] — w(bo, b1) + w (b1, bo))
+ e Tr(p(bo)[F, p(b1)] = Fuw(bo, b1) + Fuw(bi, bo))
—c1,0Tr(w(bi, bo) — w(bo, b))

+ 0170T1“(p(b0)[F, p(bl)] — Fw(bo, bl) + Fw(b1, bg))

We will show that

Y1(bo, b1) = c1,0Tr(w (b1, bo) — w(bo, b1))
T,ZJF(bo, bl) = 0170Tl‘(p(b0)[F, p(bl)] — Fw(bo, bl) + Fw(bl, bo))
are each individually cocycles, and so their sum will be too. Since 1 has all of the necessary

properties that F' has for ¥r to be a cocycle, we only really need to show that ¥ (by,b1) is a

cocycle, as 11 is exactly ¥p with 1 in place of F.
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Then

Bypr(bo) =¢r(1,bo)
=c1,0Tr(p(1)[F, p(bo)] — Fw(bo, 1) + Fw(l, b))
=c1,0Te([F, p(bo)]) —0+0
=c10Tr(F?[F, p(bo)]) (since F2 =1)
—c10Te(F[F, p(bo)] F) (Trace class property)
=c1,0Te(F(Fp(bo) — p(bo) F)F)
=c1,0Te(F?p(bo) F — Fp(bo) F?)
=c1,0Tr(p(bo) ' — Fp(bo))
= — c1,0Te(Fp(bo) — p(bo) F)

= — C17oTl°([F;P(bO)])

Thus,
Bypr(bo) = ¢r(1,bo) = c1,0Tr([F, p(bo)]) = —c1,0Tr([F, p(bo)]),
so it must be the case that

Byr(bo) = ¥r(1,b9) =0

Now,

bpr(bo, b1, b2) = (bob1, b2) — Y (bo, b1b2) + Y r(babo, b1)
—c1 0Tt (p(bobl)[F, p(b2)] — Fu(bobi, bs) + Fe(bs, boby)
— p(bo)[F, p(blbg)] + Fw(bo, blbg) — Fw(b1b2, bo)

+ p(b2bo)[F, p(b1)] — Fu(babo, b1) + Fu(br, bgbo))



The following equalities are alternate forms of the terms in the last equality above.

p(bob1)[F, p(b2)] = w(bo, b1) F'p(b2) + p(bo) p(b1)[F, p(b2)] — w(bo, b1)p(b2)
= p(bo)[F, p(b1b2)] = —p(bo) Few(by, ba) + p(bo)w(b1, bo) F

— p(bo)[F', p(b1)p(b2) — p(bo) p(b1)[F, p(b2)]
p(b2bo)[F’ p(b1)] = w(ba, bo) F'p(b1) — w(b2, bo)p(b1) ' + p(ba)p(bo)[F, p(b1)]
Fu(bo, bibz) — Fw(boby, ba) = Fuw(bo, b1)p(ba) — Fp(bo)w (b, ba)
Fu(ba, bob1) — Fuw(babo, br) = Fuw(ba, bo)p(bi) — Fp(ba)w(bo, br)

Fw(bl, beo) — Fw(blbg, bo) = Fw(bl, bg)p(bo) — Fp(bl)w(bQ, bo).

For a sample computation we will show () and ().

Proof of (x)

p(bob1)[F, p(b2)] =p(bob1) Fp(b2) — p(bob1)p(b2) F

=p(bob1) F'p(b2) — p(bo)p(b1)Fp(b2) + p(bo)p(b1) Fp(b2)

— p(b0)p(b1)p(b2) F' + p(bo) p(b1)p(b2) F — p(bobr) p(ba) I

=w(bo, b1)Fp(b2) + p(bo) p(b1) [, p(b2)] — w(bo, b1)p(b2) I

Proof of (xx)
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(%)

Fw(bo, blbg) — Fw(bobl, b2) = Fp(boblbg) — F,O(b())p(blbg) — Fp(boblbg) + Fp(bobl)p(bz)

= Fp(bob1)p(b2) — Fp(bo)p(b1b2)
= Fp(bob1)p(b2) — Fp(bo)p(b1)p(b2)
+ Fp(bo)p(b1)p(b2) — Fp(bo)p(b1b2)

= Fw(bo, b1)p(b2) — Fp(bo)w(br, b2)

Inserting these alternate forms into the previous equation, and using the fact that w(b;,b;) and
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[F, p(b;)] are trace class, we have

biér(bo, by, b2) =e10Te (w(bo,b1)Fp(bo) + pl(bo)p(b1) [, p(b2)] — (b, br)p(bo) F
~ p(b) Feo(b ba) + plbo)eo(b, o) F
— p(00)[F p(b1)]p(b2) = p(bo)p(b1)[F. pi(b2)]
+ w(b2, bo) Fp(br) — w(ba, b)p(b1)F + p(b2)p(bo) [P p(b1)]
+ Fuo(bo, b1)p(ba) — Fp(bo)w(br, bo)
+ Fuo(ba, bo)p(br) — Fp(b)e(bo, br)
+ Fuo(br, ba)p(bo) = Fp(br)w(bz, bo))
=e10Te (Fp(b2)w(bo, br) + pl(bo)p(b1) [F. p(b2)] — Feolbo, br)p(b2)
— Fuo(br, b2)plbo) + Fp(bo)eo(by, bo)
= p(B2)p(bo) [F. p(b1)] = plbo)p(b1) [F. pi(b2)]
+ Fp(ba)eo(ba, bo) — F(ba, bo)plbr) + p(b2)p(bo) [P, p(b1)]
+ Fuo(bo, br)p(ba) — Fp(bo)w(br, bo)
+ Fuo(ba, bo)o(br) — Fp(b)e(bo, br)
+ Feo(br, b2)p(bo) = Fp(b1)w(ba, bo))

=0

Thus, (b+ B)yp =0, and so Xp = —3 (41 + 1p) is indeed a cocycle in HCp,,.(B).

4.2 Pairing with an Invertible Element

Our goal is to prove the following theorem.

Theorem 4.2. Let (p,H,F) be an almost (odd) (p-summable) Fredholm module over the unital
algebra B, u € B an invertible element, ch(u) the periodic cyclic cycle associated to u in HCY" (B),

and P = #, then

(ch(u),Xp) = Xp(ch(u)) =Index py Pp(u)P.
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Remark 4.1. Considering only the symbols, this is exactly the value of Connes’ pairing of a
Fredholm module with a unitary. This differs from his pairing as in his case p(u) is a unitary, and
in this case p(u) is a Fredholm operator. Thus, the above formula immediately agrees with Connes’

pairing when p is a representation.

To begin, we will define a second almost representation, p’ such that p’ — p € LP and
[F, p/(b)] = 0 for all b € B. Define p' : B — L(H) by p/(b) = p(b) + 3 F[p(b), F].

Then p/(b) — p(b) = $F[p(b), F] € LP, and

Fol(6) =F (p(0) + 3Flo(b), F])

=Fp(b) + 3 F[p(b), F]

=p'(b)F

Let s'(a ® b) = ap/(b). Then s(a ® b) — s'(a ® b) = a(p(b) — p/(b)) € LP, so Ch} — ChY, induce the
same element in the cyclic cohomology of A ® B by theorem 3.1 in section 3.3, and so they both

induce Xp.
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Let 6, = by ® ... ® b;. Consider that if £ > 0, then

Chly(shi(ak, B1)) = cn (Tr(a'(xo, 7)€ (Tno1, $n)) — Tr(e’(xn, 20) -+ €' (Tn_2, xn_l)))

= Cgkcn,k < Z TI"(F[F, p/(bo)]w'(bl, bQ)[F, p/(b2i2_1)]w/(b2i2, b2i2+1)...

0<i <ip <. <ip <5t
+ le(bl, bQ)...[F, P/(bQil)]wl(bQil-i-l, bgiﬁ_g)...)

—DF Y (P (baybo) + [ (b)) (b)) (b bo) -

0<ir <. <ip<nyt
[F, 0 (baiy )]w' (D2iy 41, b2iy +2) - [} o (bas, —j+1)]--~>>
=0
since each term contains a copy of [F, p/(b)] and [F, p/(b)] = 0. Thus,
Xr(ch(u)) = Chg(sh(a ® ch(u)))
= Chl ( Z shkl(ak,ch(u)l)>

k+l=n

= Chy (shon(ap, ch(u)y)).

So we compute
1 F
Ch% (shon (o, ch(u)y,)) = Chl (sh()n (2,ch(u)n>> + Chl (sh(m <2,ch(u)n>) .
Let m be such that n = 2m — 1, then

Com_1C =(=1)""Ym — 1)'£ =1
2m—1 2m—1,0 - . (m . 1)' -
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cn (sh(m @,ch(u)n)) = (T ) ) = T () ()

Ch, <shgn (g ch(u)n>>

% <Tr (Fw’(u_l7 w) - (uh u))
_ Tr((Fw'(u, ™)+ [F o (w)]p () (uyu ) W (u u1)>>
:% (Tr (Fw/(uﬂ7 u)---w'(u u)) —Tr (Fw’(u, u bW u1)>>

We will compute each individually. Note that since n > 2p — 1, we have m > p. Now,

Ch <Sh0n (;,ch(u)n)» =Chy™! <8h0<2m1> <;’Ch(u) 2’”_1»
:% (Tr (w’(u‘l, u)m> — Tr <w'(u, u_l)m)>
:% <Tr<(1 = p(ul)p(U)>m> - Tr<<1 - p(ul)p(u)>m>>

1
:§IndeX7.[ o (u)
1
:§IndeX7.[ p(u)
with the last equality as p’ — p € LP and the Fredholm index is invariant under compact perturba-

tions.

Now, for the second term we have

F
Chy (5h0n <§,Ch(u)n>> =Cch <5h0(2m—1) <27Ch(u)2m1)>

1
:%Tr (Fw’(uil, u)m> - iTr (Fw’(u, uil)m)

—im(r(1- )" - (o))

For now, we will do our computations without the % and return it at the end.

Lemma 4.1. (J)F:#_¥

(2 % and # are orthogonal projections with % 1 #

(3) For any b € B, p'(b) commutes with 35 and £
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A proof of this lemma is in appendix B.

Let P = #, then (1 — P) = #, and F' = 2P — 1. From the above lemma we have

o' (u)|py = Pp'(u)P = p'(u)P = Pp/(u) and also for u~!.

Lemma 4.2. Assume P is an orthogonal projection and A is a trace class operator such that

PA = AP. Then Tr(PA) = Tr(A|py)

A proof of this lemma, is in appendix B. Thus,

(P (1) ") = (P (1 o))

(1= )" - (1= s

=2Indexpy, p'(u)|py — Indexy; p'(u)

=2Indexpy p'(u)|py — Indexy p(u).

Now,
¢/ () =p(u) + 5 Flo(u). F]
() (57) (5o (557)
=Pp(u)P + (1 — P)p(u)(1 — P)
Thus,

p'(u)|py = p'(u) P = Pp(u)P.
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So we have that
F 1
Ch?’ <3h0n (27 Ch(u)n>> 25 <21HdeXP’H p'(u)|7.[1 — IndexH p(u)>
1
=Indexpy Pp(u)P — iIndeXH p(u)

Putting this all together, we have our result,

1 F
Xp(ch(u)) =ChY <sh0n (2, ch(u)n)> + Chl, <3h0n <2, ch(u)n)>
1 1
:§IndeX7.[ p(u) + Indexpy Pp(u)P — §IndexH p(u)
=Indexpy Pp(u)P.
Remark 4.2. The choice of @ was so that it agreed with the Chern character of an idempotent.

If we apply the duality map to

S (=1)*(2k)1C” ©2k
G=C'+CIF+) o F o P,
k>1

and pair that with ch(u), then we will have
P\I/(jf%(d, ch(u)) = 20  Indexpy Pp(u)P + (C' — CF)Indexy p(u).

Example 4.3. Since Xp(ch(u)) = Indexpy Pp(u)P, we must have that Xp(ch(u)) = 0 if H is finite
dimensional. We will check this with direct computation when n =1 and n = 3. We choose to use
the notation of proposition 4.2, so p(u) = U and p(U~!) = V.
We note that every operator is trace class for finite dimensional H.
Now for n =1, L%J =0, so we only need to consider k =0, m = 0, so
1
Xp(ch(u)) = Q10 = 2Tr<(1 +F)(1-VU)-(1+F)(1-UV)—[F, U]V>
1
:2Tr<(1 +F) =1+ F)VU - (14 F)+ (1+F)UV — (FU — UF)V)
1
—2Tr<(1 +F)UV —U(1+ F)V + UFV — FUV)

:;Tr<UV+FUV—UV—UFV+UFV—FUV>

=0
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For n = 3, so m = 1, we have L%J =1, so we consider £ =1 and £ = 0. We have

Xp(ch(u)) =31+ C31(Q31 + Q3 1)

SO

&
=
|
|
e

— Ty ((1 + R ((1 VU? - (1 UV)2) UV - UV))

T&"(((l _VU?R—(1- UV)2) v F((l VU —(1- UV)Q) _[FUV( - UV))

l\')\H N~ N~

Tr (O—I- —2FVU 4+ FVUVU 4 2FUV — FUVUV
—FUV+FUVUV+UFV—UFVUV>
1
Q3 =Tr (F[F, V][F, U]) - Tr<F[F, UJ[F, V]>
—Ty <F[F, V][F, U]) +Tr <[F, UF[F, V]>
=2Tr

FFVFU>

=2Tr( FU -UF — FVU+FVFUF>

)

=2Tr

N 7N N

Qéi :0

Xe(ehlu) = 3T (FIUVI) - § <2Tr (o) + 0) o

Note, in the case n = 3, Connes’ pairing for odd Fredholm modules with a unitary will say that

5Tr <F[U, V]> = 0 which follows as in this case V = U1

We next do an example with a non zero index.

Example 4.4. Let H = (?(N), {e;}3°, the standard basis, and E; projection onto Span{e;}, U

the right shift operator, V the left shift operator, and Fe; = 1 for ¢ # 1 and Fe; = —1. Then
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P = # =1— Fy, and [F,U|,[F,V],1 = VU,1 — UV are finite rank. Thus, Xp is defined and

Xp(ch(u)) = Indexpy PUP = —1. In particular

VU =1 [F,U] = 2U(E, — Ey)

UV =1-E [F, V] =2V (Ey — E3).
So For n = 1 we must compute

Xp(ch(u)) = Q19 = ;Tr((l +F)(1-VU) (14 F)(1-UV) - [F, U]v>
- Tr<(1 FR)0) - S0 Uv) - IR, U]V)
- Tr< (1= E)(Eo) — %2U(E1 - EO)V>

:TI“<—EQ —UE1V+UEOV)

and
Tr< By UEV + UEOV) =N ((~Eo— UE\V + UEV )es, e;)
=0
= — Z(Eoei, €i> — Z<UE1V€¢, €i> + Z<UEOV61'7 €i>
i=0 i=0 i=0

= —<E060, 60> — <UE1V€2, €2> + <UE0V€1, €1>

=-1



Chapter s

Duality Map for Z/2 Graded Algebras

5.1 Chy, for Z/2 Graded Algebras

In this section we let A be a Z/2 graded algebra, p : A — L(H) an almost representation
where H is a Z/2-graded Hilbert space, and p respects the grading on £(H). Note that we will
always take a € A to be homogeneous since we may always reduce to this case by linearity. We let
~ be the grading map

v :H — H by y(h) = (=1)p.
Our goal in this section is to prove the following theorem

Theorem 5.1. Let n be an odd integer such that n > 2p — 1. Then,

(1) the following map is a cocycle in the cyclic cohomology for A,

Chg(ao, iy p) = Cp <Tr(’y€(a0, ay)---elan—1, an)) — (=1 Tr(’ys(al, az) - - - (ay, ao)))

where
(-1)*F
(=

n
ro = |ag| Z lai|, and ¢, =
i=1

n
In particular, ZfZ |a;| is odd, then
=0

Chy(ag, .., an) = 0,

n
and zfz la;| is even, then
i=0

C’hg(ao, ey Qp) = Cp, (Tr(’ye(ao, ay) - -elap—1, an)> — (—1)|“°| Tr(va(al, az) - - (ay, ag))).
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(2) If p' is another almost representation such that p' — p € LP, then Chy and C’hZ, differ by

a coboundary.

(3) SChy and C’hg+2 differ by a coboundary.

We will label and prove each of the above parts as separate propositions. We note that the

proofs are all essentially the same as in the ungraded case, in that regard, the proofs of (1) and (2)

can be found in [3] at the beginning of page 73.

n
Proposition 5.1. If Z la;| is odd, then
=0

O (ag, .., an) = 0,

n
and if E la;| is even then
i=0

Chy(ao, .., an) = ¢y <Tr(’ys(a0, ap)--- E(an,l,an)> — (—1)‘“0‘Tr<75(a1, az)-- -z—:(an,ao))>

is a cocycle in HC™(A).

We note that the differentials for the cyclic homology of a Z/2-graded algebra A are the

following in the normalized setting

n—1

bag, .., an) = Z(—l)i(ao, A1y ooy QiQig 15 ey Gg) + (=1)"T™ (apao, ay, .., an—1)

1=0

Where Tn = |an‘ Z?;Ol |ai’a and

Blag, ...,an) = Z(—l)””ﬁi(l,ai, ceey Ay A0y weey Qi—1)

where 7; = (|a;| + ... + |an|)(lao] + ... + |ai-1]).

Note that for homogeneous T' € £(H) we have vT = (—1)/TI1T. So if w € L(H) is trace class

with odd degree, then

Tr(yw) = Tr(wy) = —Tr(w),

and thus Tr(yw) = 0.
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Also note that |T'S| = |T'| + |S|, so |e(ag,a1)| = |p(apai) — p(ap)p(ar)| = |ag| + |ai], and thus
(a0, a1) -~ e(an-1,an)| = Y |ail
=0

with the above sum taken mod 2.

To make our differential calculations easier, we let n — 1 be odd, and we do our analysis on

C’h;}_l(ao, 1) = Cn_1 <Tr<75(ao, ai)---elan_o, anfl)) —(=1)"°Tr (ve(al, ag) -+ -elap—1, ao))>

n—1
From above, if Z |a;| is odd, then
i=0
C’h;l_l(ao, vy lp—1) = 0.
n—1
So we let Z |a;] = 0 mod 2, which will imply
i=0

n—1
ro = lao| Y lai| = lao - |ao| = |aol.
=1
Thus,

C’h;“l(ag, iy Q1) = Cp—1 (Tr(’ye(ao, ay) - -e(an—2a, an_l)) — (—1)|a°|Tr(7€(a1, az) -+ -e(ap_1, ao))>.
Let
¢+(a07 "7an71) = Tr(Fyg(GOa al) e 'E(anflyan71)>
and
¢ (ag,..,an—1) = (—1)‘“0‘Tr<'ys(a1, ag) - - -f—:(an,l,ao))

so Ch=t = ¢, 1 (¢t — ¢7).
Claim: bC’h;‘_1 =0.

First note that

£(@i@it1, aip2) — €(@i, aip10i42) = p(a;)e(@it1, aipa) — (@i, aiy1)p(ait2)-



Indeed,

£(ai@it1, aiv2) — (@i, Aip1ai42) =p(aiaiv10i42) — p(aiair1)p(ais2)

— p(@iai1ai42) + p(ai)p(air1air2)
=p(ai)p(ait1ait2) — plaiait1)p(ait2)
=p(ai)p(ai+1ai+2) — plai)p(ait1)p(aiv2)

+ plai)p(air1)p(aiv2) — plaiaiv)p(aivz)

=p(ai)e(ait1, aive) — €(ai, aip1)p(ait2).

Then we have

n—1
b¢" (a0, an) = Y _(=1)'¢"(ag, a1, ..., tiais1, oo an) + (1) 1¢T (anao, ar, .., an-1)
=0
n/2—1 n/2—1
= Z ¢+(a0,a1,...,agia2i+1,a2i+2,...,an)— Z ¢+(a0,a1,...,agi,azl-_i_la%_,_g,...,an)
=0 =0

+ (_1)|an|¢+(ana0, A1y ey anfl)
n/2—1

= Z Tf<’>’€(ao, a) - (5(a2ia2i+1>a2i+2) - 5(a2i7a2i+1a2i+2)> relan—1, an))
i=0

+ (—1)'“”'Tr(’y€(anao, ay) - -e(an—a, an_1)>
n/2—1
= Z Tr(’Yé?(ao,al) T (P(a2i)5(a2i+laa2i+2) - 6(021,a21+1)l)(a2i+2)) "'6(%71,%))

i=0
+ (—1)'“"'Tr<’y€(anao, ay) - -e(an—a2, an_1)>
:TI"(W(GO)€(G1, az) - e(an—1, an72)> - ﬂ(vs(ao, a) - e(an_s, an,l)p(an)>

+ (—1)'“"'Tr<*y€(anao, ay)---e(an—2, an_1>,
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and
bo~ (aog, ..., an)
n—1 ‘
= ¢ (agat, ..., an) + (=)o~ (anag, ar, .., an_1) + Z(—l)zqﬁ_(ao, A1y eeey QiQig 1 oeny O
=1

=(— )|a°‘+|“1|Tr<fy£(a2 as) - --€(an, a0a1)>
n/2
- Z |a0|TT(7€ (a1,a2) - ( (azi—1a2i, a2i+1) — 5(a2i—1aa2ia2i+1)) '“6(%,@0))

=(— )|ao\+|a1|Tr <75(a2 as) - -e(an, a0a1)>

-(-1ﬂaobrr<7p(al)e(a2,ag)..-g(an,ao)) +-(-1yaohrr(5(a1,a2).--s(an,l,an)p(ao))

We note that the last term of the sum has degree (—1)lenl*laolt+lanl — (_1)laol and in the sum we
take an4+1 = ap.

Now,

(—1)|a”‘Tr(75(ana0, ay)---e(an—2, an,l)) (— )‘aolﬂal‘Tr('ys(ag, as) -+ -e(ap, aoal))
= (—1)'“"|Tr<’y€(anao, ai) - -e(an—2, an_1)> - (—1)|a”|Tr <7€(an, apay) -« - e(an_2a, an_1)>

= (—1)'“"|Tr<’yp(an)5(ao, ay) - -e(ap—a, an,1)> — (—1)'“”|Tr (’ys(an, ap)p(ay) - e(an—2a, an,l))

Thus,

BOR™ (g, vy an) = bt (a0, ..y n) — bd™ (g, orry an)
=Tr(yp(an)e(ar, az) -+ e(an1,an-2)) — (~1)*/Te(7e(ar, a2) - e(an—1. an)p(ao))
(1) T (yplan)e(as, ar) - (an—, an-1)) — Tr(ve(a, a1) -~ e(an—2, an—1)p(an))
+ (~1) ! Te(yp(ar )e(az, az) -~ e(an. an)) — (~1) " Tr(e(an, ao)plar) -~ e(an—2, an1))
=Tr(yp(an)e(ar, az) -+ e(an1,an—2)) — (~1)2* Tx(yp(a)e(ar, az) - £(an—1,az))
- (~1) " Tr(yp(an)e(ar, ar) -~ e(an—2, an-1)) — (~1) Tr(yp(an)e(an, ar) - - £(an—2, an-1))
+ (~1)/ 1 Tx (yp(ar)e(az, a) -+~ <(an, ap)) — (~1)/® 2 Te(yp(ar)e(az, as) -+ <(an, ap))

=0
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Further, BCh}(ao, -, as) = 0 since £(1,a) = 0.

Thus, Chy is a cocycle in the cyclic cohomology of the Z /2 graded algebra A.
Proposition 5.2. If py — p1 € LP then Chj, — Chy, is a coboundary.

Let L(a) = po(a)—pi(a), pt(a) = po(a)+tL(a), and e:(a1, az2) = pt(araz) —pe(ar)pe(az). Then
we will have that fol % (C’hgt) dt = Chy, — Chy . So we will find a map ¢, so that (b + B)y: =
d n
dt (Chpt) :

We will suppress the subscript ¢ notation as it will be desirable to allow the subscripts to
have a different meaning. So we write p = py, € = &, &; = (a4, a;+1) taken mod n and mod (n+1)

as necessary, and (Ch") = % (Chgt) . Then,
(Ch™)(ag, ..., an) = Tr(v(A; — (—1)!%lAy))
where Ay =e\eaEn_1+E0h  En—1+ ... + 082 E_1
Ay =¢les-en+e1eh - en+...+e183- €,
and e = L(ajaj1) — plaj)L(aj11) — L(aj)plaj).

Recall that we must have > |a;| = 0 mod 2 or the result follows trivially.

Define

Yok (ao, -y an—1) =Tr(veo - - - eap—2L(a2k)e2k41 " En—2)
Yo—1(a0, .., an—1) =(—1)!"/Tr(vey -+ eop_3L(azk—1)€2k  + En—1)
=(—D)ln=1ITr(ye, 161 - - eop_3L(ar—1)ean - - En—3)-
We will show that
1
iy =0+ 5) (S,
=0

First note that L(1) = ¢(1,a) = £(a, 1) = 0, so By; = 0.

Then using

e(aiait1, aite) — €(ai, aiy1aiv2) = pai)e(aiti, aiv2) — €(ai, air1)p(aiv2),
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we have for £ > 0

biax(ao, ..., an) =Tr (70(%)6153 - egp—1L(agky1)e2mkt2 En1
— g0 - €ak—2p(azk) L(agk41)e2k42 " En1
+ve0 - - - ear—2L(aonaoki1)eok 42 En—1
— €0 - - €ak—aL(azk)p(agkt1)€2kt2 €1
+ €0 - - - on—2L(aok )2k 11 - - - En—2p(an)
— (=D)*lye(anag, ar)es - - - eap—aL(an)eps1 - 5n72)
:Tl"<’YP(ao)€163 - eop—1L(a2kt1)E2k 12 En—1
+ V€0 -+ Eok—2E0kE42 " En—1
+ve0 -+ - eak—2L(azk)eok+1 - - En—20(an)

— (=D)l*lye(anag, a1)ez - - ean_o L{agk)eops1 - - - En—2)
and

bipak—1(ao, ..., an) Z(*l)m”lTr (’75(%, apay)es - - eap—aL(agk)eok41 - - - 5n72)
- (—1)‘a°|T1"(’YP(G1)€2 - eop—al(agk)eok41 -+ €n)
_|_ f}/gl PR €/2k—1€2k+1 P ETL

+yer -+ eop—3L(agk_1)e2k - - 'Enflp(a0)>
noting that

(=1)1anlpoy. 1 (anag, ar, ., an—1) =(=1)lel(=1)leolHlanlDr(ney o eop s L(agp_1)eon - - - €(an_1, anao))

=(—1)l%ITr(ye; - - 03 L(agk—1)eak - - £(an—1, anao)).



So, for k > 0,

b(var, + Yax—1)(ao, ..., an) =Tr<7p(a0)€163 - eop—1L(agky1)e2k42 - En—1
+YE0 -+ Eok—2E0REUA2 * *  En—1
_ (_1)|a0|,y€1 . €I2k—1€2k+1 < e Ep

—vplao)er - - - ear—3L(asg—1)eam - - '5n71>

Now as

bipo(ag, ..., an) = Tr(vp(ao)L(al)@ e Ep—1 F YEQE2 " En—1

—(=D)lwolye; - el — yp(ap)eres - '5n—2L(an))

we have that

n—1 n—1 n—1
(CP™ = "bpj =Y (b+ By =(b+B) | Dty
j=0 j=0 j=0

Proposition 5.3. SCh}; — Ch*? is a coboundary.

This will follow similarly as in the ungraded case (proven in appendix A).

Let
Gn(a0, ... an) = Tr(yeg -+ en—1) — (—1)1*ITr(yener -+ n)
and

Unt1(ag, ..y ant1) = Tr(yplag)er - - - &n).

83
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Then,

Bénii(ao, ..., an) :Z(_l)i¢n+l(1aai7 ey @i—1)

— (—1) k2t [Ty (yeg g - ooy -+ e2jo1)

25—

m
— Z(_l)zk:ol a5y ok Ty (e - - - £y 1)

— (—1)lan+ R ek R e ok Ty (e, ey )

_ (n—;— 1> <Tr(7€0 cep1) = (=) Ty (e, - .57%2))

- (” i 1> S(én)(ag, ..., an).

2

and after doing the same reduction as in the ungraded case, we have

bn—1(ao, - 0n) =Tr(yp(an)er - en—2p(an)) — Te(yp(ao)plar)ez - en1)
+ Tr(yplapar)ea - enr) — (~1)*I Tr(yp(anao)er -~ en2)
=(~ )" Tr(yp(an)p(ao)e1 -~ n—z) — Tr(vplas)plar)ez - enm1)
+ Te(yp(agar)ez - en-1) — (~1)/ " Tr(yp(anag)er - ens)
=Tr(yp(anar)er - en1) — Tr(yplan)plar)en -~ enc1)
— (-1 (Tr(yp(anao)es - en—z) — Tr(vp(an)plac)er -~ en-z))
—Tr(ye0- - en1) — (= 1) Te(vener - ns)

:ﬂ}n(ao, ceey an).
Hence, the proposition follows.
5.2 Duality Map in the Z/2 Graded Setting

This sections will follow from section 5.1, section 2.7, and the construction of the duality map

in the ungraded case.
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We will begin this section by assuming that A and B are graded algebras, but we will very
quickly change our assumption to B is trivially graded. We continue to assume that n > 2p — 1 is
an odd integer.

In the Z/2 graded setting we may define the duality maps as in section 3.4,

wir  HO (A) — HC"™(B)

)

PUYy « HCP (A) — HC)'(B)

per

where

W3 () (8) =ChZ (Sh(a ® B))
=Ch? (sha ® B) + sh'(a ® B))

=Ch" (sh(a® f)).
These are still maps on homology. Indeed, for o € B; (A) and 8 € B,,_;(B) we have
(b4 B)Sh(a® B) = Sh((b+ B)a® B) + (—1)'Sh(a ® (b+ B)p),
SO

(b+ B)3 W} (a)(8) =ChZ (Sh(a® (b+ B)5))
=(~1)'ChZ (Sh((b+ B)aa ® B))
— (b+ B)agnCh? (Sh(a @ §))

=(=1)"W5 (b + B)aa)(B).

Hence, \IIZLB sends cycles to cocycles and boundaries to coboundaries.

We now let A be a Z/2 graded algebra such that 7= : A — L(#H) is a unital representation,
for which we will write 7(a) = a if no confusion may occur. We let B be a trivially graded algebra
such that p : B — L(H) is an almost representation, and [a, p(b)] € LP for all « € A and b € B.
Note that in this setting we are using the graded shuffle product, however in this case the shuffle

product does not induce a sign as B is trivially graded. To see this let 0,4 be a (p, ¢)-shuffle. Then
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for a, = (ag, -+ ,ap), By = (bo,- -+ ,by), opq does not change the relative ordering of the a; with
aj or b; with b;. If it changes the relative order of a; with b;, then we obtain (—1) to a power of
la;| - |bj| = 0. The cyclic shuffle product will induce a sign, but as before, Ch}} (sh/(a ® 8)) = 0.

Since sh does not induce an additional sign, ¥ » can be written exactly as it is in section 3.4.2,

Theorem 5.2. The duality map s

W5 (@)(8) = ChY (shla ® B)) = ChY ( > shio, ﬁz>> = D CR3 (shu(en, A1)

k+l=n k+l=n

where for k=0

Ch} (shon(ao, Bn)) =cn,0 <Tf‘(aow(bm bi)w(ba, b3) - - - w(bp—_1, bn))

= 75 (a0l )+ e, )] p00) 1 )+, 8, 1))

and for k >0
Chi (shii (o, Br)) —Cn,k( > Tr<a0[a17p(b0)]w(blv b2)...[az, p(baiy—1)]w(b2iy, b2ir+1).-.
0<iy <ig<...<ip <
+ aow(bo, bl)...[al, p(b%l )]w(b2i1+1, b211+2)...)
—(=1)* Z Tr((aow(bn, bo) + [ao, p(bn)]p(bo))w (b1, ba) - - -
0<ip <. <ip< 2L
-+ [a1, p(b2iy )Jw(b2iy +1, b2iy +2)---[ag, ﬂ(bzz'jj+1)]-~->)
and
Cnk = —
(254!

Now, similarly as in section 3.4.3, we have that
1
Ch? = BC™™*

where

Cl (2, ooy Tnt1) = o Tr(vp(20)e1 - - €0), €1 = (@i, Tig1),
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and so as before, we will have

Ch2(Sh(a® B)) =CT (sh(Baa ® B)) + (—1)'CH (sh(a ® Bs B))

n C';H_l (Sh/((b +Blaa® 5)) + (_1)iC?+1 (sh'(a ®(b+ B)s ﬁ))

and so we have the following, noting the additional sign induced by the permutations A\, and noting

that there is no additional sign induced by the permutations o since B is trivially graded.

Theorem 5.3.

U (@)(8) =Ch2 (sh(a ® B))

)

=CI (sh(Ba® B)) + (—1)'C7 (sh(a ® B B))
where

Ch2(shy(ay, By)) =Cl T (sh(Ba® B)) + (—1)'Cl ! (sh(a® B B)) =

= (_1)Cn+2,k< > (—DMHMew)l TT(p(bo)W(bh b2) - - - [axo), p(b2ig—1)]w(b2ig, b2ig+1) -+ -

1<ip<ig <...<ip<2EL
A—cyclic permutation

[a)‘(j)’p(b%j_j—l)]w(b%j—j7 boi;—j+1) + - )

1<) <..<if <L
o—cyclic permutation

[ajp(bo(%;fjfl))]w(bo(%;fj)7 ba(zz’;—jﬂ)) e ))

noting that the first sum is zero if k = "TH,
ntl  k(k=1)
(_1)T+ 2
Mow)l = D lail - lagl, enponr = TE)r
i<j 2
AG)<A@)

and Ch?(shkl(ak,ﬁl)) =0if k> TLTH

Remark 5.1. In the following sections, we will be interested in applying the duality map to a chain

a such that (b+B)4a = 1, but since « is not a cycle, we can not guarantee that P\IITB (a) € BgeT(B)
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is a cocycle. We will have,

(b+ B)s PV (a)(8) =P} ((b+ B)aa)(5)
=PV (1)(5)
=—Chl (sh(1® p))
=—Ch*(1®bg,1®@by,...,1@by,).

Now, if p=pT ®p~ : B — L(H), then
Chy(1®bo,1® b1, ..., 10by,) =
enTr(ve(1®@bo, 1®@b1) -+ e(1®by1,1®by))
— chr(fys(l ®b1,1®0b2) - (1 @by, 1 ® bO))
:chr<’y(w(b0, b1) - w(bp_1bp) — w(br, b2) - - w(bp, bo)))
=cp (Tr(w+(b0, b) - wh (bn—1,bn)) — Tr(w™ (b, b1) -+ w™ (b1, bn))>
—cp <Tr(w+(b1, ba) -+ w™ (bn, bo) — Tr(wf(bl, by) - w (bn, bo))>
=c, <Tr(w+(b0, b)) wt(bp_1, bn)) — Tr(w*(bl, bo) - - wt (bp, bo))>
—cp (Tr(w_(bo, b1) -+ w (bp—1,bn)) — Tr(w™ (b1, b2) - - w™ (bn, bo))>
=Chyy (bo, ..., bp) — Chy-(bo, ..., bn).
So if Ch;ﬂr = Ch;‘,, then P\Ifi’ffg (c) is a cocycle. For example, we see that in the instance p* = p~,

then PU4"; (a) is a cocycle. We also note that the boundary of P¥%"; () does not depend on the

representation of A in H, which leads us to our next discussion and theorem.

Let 71,72 be two representations of A in L(H) and let s1, s3 be the corresponding maps for

A @ B. We note that s1(1®b) = sa(1®0b) for all b € B. Let PU} : BY"(A) — B2, (B), k=1,2 be

per

the corresponding chain maps. Then for a such that (b+ B)(«) = 1, we will have
(b+ B)gP¥5(a) — (b+ B)sPYT () =0,

as both chains have the same boundary as mentioned above, and so PV () — P¥7(«) is a cocycle.
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Theorem 5.4. Let 7ty : A — L(H), k = 1,2 be unital representations, and p : B — L(H) an almost
representation such that [mi(a), p(b)] € LP. Let s, : A QB — L(H) be sip(a ® b) = mr(a)p(b), and
let PU? be the corresponding duality maps, viewed as maps on chains. Let oo € By (A) such that

(b+ B)(a) =1. Then
(1) X{o = P¥3(a) — PUT(a) is a cocycle.
(2) XI‘E2 = SXT 5 in cohomology.

(3) If p' is another almost representation of B with corresponding map (X} )", then X{, =

(X12)™ in cohomology.

Proof. We have
(b+ B)sPUE(@)(8) = — (CHZ. (bo, . bu) — CHE- (b, .. b)) (5.1)

and Chy (1 ® B) = Chi,(1 ® B). The negative appears in (5.1) because of the shuffle products.
Thus we have (b+ B)gX{ 9 = 0.

We note that by proposition 5.3 from the previous section, and mentioned above, we have
ChZ? — SChY = (b+ B)agsCri.
Now,
(b+ B)awsCa (Sh(a ® B)) =CLH (Sh((b+ B)aa ® ) — Ci P (Sh(a @ (b + B)s))
=CyF (1@ B)) — CiF ' (Sh(a ® (b+ B)sp))
and CTM(1® B)) = C (1 ® B)). Thus,

X142 — SXT, =Cot (1 ® B)) — Cot (Sh(a ® (b+ B)sf))
—CM (1@ B) + CIH(Sh(a® (b+ B)sp))
=CI(Sh(e® (b+ B)sB)) — Cit (Sh(a @ (b+ B)sf))

—~(b+ B)s (Ci (Shla ® 8)) - CLT (Sh(a @ 8))).
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The 3rd part follows from proposition 5.2. In particular, let 1, be such that
Chg, — Chy = (b+ Blagsr(Sh(a ® (b + B)sf)).
Then

(b+ B)agstr(Shia ® B)) = Yr(1® B) — Yr(Sh(a ® (b+ B)sp))

and we will similarly have ¢ (1 ® ) = ¥2(1 ® ), and so
X 2(B) — (X12)"(8) = PY3(a)(B) — PYY(e)(B) — (PP')5(a)(B8) + (PY)T (a)(B)
=Chi,(Sh(a ®@ B)) — Chy, (Sh(a @ B)) — Chiy (Sh(a @ B)) + Chy (Sh(a @ B))
=2(1® B) — P2(Sh(a @ (b+ B)3f)) — 1(1 @ B) + ¢1(Sh(a ® (b + B)sf))

=(b+ B)s(¢1(Sh(a ® §)) — ¥2(Sh(a ® B)))

Finally, we will be able to compute these cycles using similar methods as above.

Theorem 5.5. We have

X7 5(8) =CL (sh(Ba® B)) — Cit™ (sh(a ® B )

— I (sh(Ba® B)) + Cit (sh(a @ B B)).
5.3 Applications of the Duality Map for Z/2-Graded Algebras.

5.3.1 The Character of a Weakly Balanced Almost Fredholm Module

Definition 5.1. (An (Even) (p-Summable) Almost Fredholm Module). By an (even) (p-
summable) almost Fredholm module over a unital algebra B, we mean a triple (p, 1, F) such that
H=H"PH is Z/2 graded Hilbert space, p : B — L(H) is a unital almost representation by even
operators, so p = p* @ p~ where p* : HT — HT and w(bg,b1) = p(bob1) — p(bo)p(b1) € LP, and F

is an odd operator such that F' = F*, F2 =1, yF = —F, and [F, p(b)] € LP for all b € B.
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We will always be assuming p-summability and that the Hilbert space is graded in this section,

so we will drop the words even and p-summable, and simply say an almost Fredholm module.

Definition 5.2. (A Weakly Balanced Almost Representation/ A Weakly Balanced Al-
most Fredholm Module). By a weakly balanced almost representation of B, we mean an almost

representation such that

Chl%y (bo, -, bn) — Ch%_ (bo, ..., by) = 0.

If (p,H, F) is an almost Fredholm module over B such that p is a weakly balanced almost repre-

sentation, then we call (p, H, F') a weakly balanced almost Fredholm module over B.

Example 5.1. Suppose p: B — H = HT®H ™ is an almost representation and (p, H, F') an almost

Fredholm module.
(1) If p is a representation, then p is a weakly balanced almost representation.

(2) If (p,H, F) is a balanced Fredholm module, then it is a weakly balanced almost Fredholm

module.

(3) If Ht = H~ and p is an almost representation such that p* = p~, then p is a weakly
balanced almost representation. In this instance, it makes sense to call (p, H, F') a balanced

almost Fredholm module.

Definition 5.3. (The Chain «a). Let A = C[F]/(F? —1). Then

1 1l
a=g kzl(—l)kl(k — DIF @ F1 = B ; Chpe— 102k 1,

is a chain such that, (b+ B)4a = 1 as was shown in example 2.9 at the end of section 2.7. From

now on, if we refer to «, we mean this chain.

Definition 5.4. (Character of a Weakly Balanced Almost Fredholm Module).
Let (p,H, F) be a weakly balanced almost Fredholm module over B and A = (1, F) C L(H) the

subalgebra generated by 1 and F'. Then we call

Xp = PU,'(a)
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the character of the weakly balanced almost Fredholm module. We note that this will be a cocycle

in the cyclic cohomology of B by the weakly balanced property of p.

Before the next example, we remind the reader of the following cycle. Let e € B. Then

ch(e) = i(—l)m(%nm!)!e ® e*™ € HOB (B).

m=1

Example 5.2. If p is a representation, then we recover Connes’ character of a Fredholm module up
to a difference in constant due to the difference in complex, and so we view Xp as an appropriate
generalization.

To see this, consider that w(bg, b1) = 0 and so we have

Chy (shpi(agg—1,Pom)) =0

unless 2k —1 =2t or 2k — 1 =21 If 2k — 1 = 2 then n =4k — 3, and as n = 2k — 1 + 2m
2 2 2 ’

we have k =m + 1 and n = 4m + 1. Then we will have

n—1, (2k—1)(2k—2)
I L R

E et~y - 1! (~1) -
= (- (_1)2(222>T1)m
:2(;:7!1)'
and we have
X1 (8) = 5 TP o] [P b

Which is Connes’ character of a Fredholm module in the (b, B)-complex. We check the paring for

fun, Let e € B be an idempotent, then we have

(eh(e), Xp) = Xp(eh(e)) = (~1)" S Tr(FIE, ple) ™) = ([e], Ch3) = Indiex

where the pairing, Ch3", and F,;'Ee) = p(e)F|peyu+ : ple)HT — p(e)H™ are as in section 3.1
(definition 3.9 and proposition 3.4).

If2k—-1= "T_l, then we will obtain the alternate variation of Connes’ cocycle.
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5.3.2 The Character of a Pair of Almost Fredholm Modules

We now turn our attention to general almost Fredholm modules.

If (p,H, Fy), k = 1,2 are almost Fredholm modules over an algebra B, then we will have two
representations for A = C[F]/(F? — 1) in H which we will differentiate via a subscript of k = 1,2.
In the previous subsection we defined Xz, = (P\I/i{’j%)k(a), but in this general case, (P\Ilil”%)k(a)
is not necessarily a cocycle, but it is close. Thus, we will use the notation Xp = (P‘I/if,%) k() as
similarly X is not necessarily a X, but it is close. If we have a weakly balanced almost Fredholm
module, then Xp = Xp, and we will use the former notation.

As we will often have two almost representations of B we will indicate which almost repre-
sentation we are using via a superscript, so for example if p and p’ are almost representations for
B we write X7, and ng'

We define the following character as the map Xj, defined in theorem 5.4 of the previous

section.

Definition 5.5. Let (p, H, F)), k = 1,2 be almost Fredholm modules over an algebra B. We call
XFLFQ = XTll,Q = XF2 - XFl

the character of the pair of almost Fredholm Modules. Note that by theorem 5.4, X 5 is a cocycle

in the cyclic cohomology of B.

Example 5.3. Suppose that p is a representation, so that (p, H, F}), k = 1,2 are even p-summable

Fredholm Modules. Then we have that

(ch(e), Xry, k) = Xpy, Ry (ch(e)) = Xpy(ch(e)) — Xp, (ch(e)) = Index (F2) [, — Index (F1) .

5.3.3 Pairing With Idempotents

In this subsection, we will continue our investigation of the previously defined characters.

We will do this by evaluating them on the cyclic cycle associated to an idempotent e € B. The
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material of this section will follow from theorems 5.2, 5.3, and 5.4, and the following two lemmas,

whose proofs appear in Appendix C.

Lemma 5.1. Let m: L(H) — C(H) = L(H)/K(H). Suppose T € L(H), such that T —T? € LP(H)

and suppose T = T*. Then there exists P € L(H) such that P = P2 = P* and P — T € LP(H).

Lemma 5.2. If (p,H, F) is an almost Fredholm module and p' is an (even) almost representation

such that p — p" € LP, then (p',H, F) is an almost Fredholm module.

Corollary 5.1. (1) Suppose that (p,H,Fy), k = 1,2 are even p-summable Fredholm Mod-
ules over B, and that p' is another representation of B such that p — p' € LP. Then

(o', H, Fy), k = 1,2 are even p-summable Fredholm Modules over B,
[Ch%%p - Ch%hp] = [ChTFLv27p/ - Ch?—’hp/],

and

Index (Fy") ye) — Index (F{Y) ) = Index (Fy") y(e) — Index (F{7) (e

(2) Suppose (p,H,F) is a balanced Fredholm module, and that p' is another representation of
B such that p— p' € LP, then

[Chipl = [ChE ]

and

Index (F7) ) = Index (F) (e

Remark 5.2. We suspect that this was known, however we have not found it referenced anywhere.

On a different note, in general Index F;Ee) # Index F;,r(e) for p — p' € LP. We will provide an

example below.

Proof. That (p',H, Fy), k = 1,2 are Fredholm modules follows from lemma 5.1, the rest follows

from part (3) of theorem 5.4 and example 5.3. O
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Example 5.4. Suppose we have the Fredholm module of example 3.2 of section 3.2 , and for ease of

P 0
computation assume p = 1. Then p/(e) = is another representation such that p —p’ € L.
0 P
Then
Index Fp‘?e) = Trace(P — Q) # Index Fp‘t(e) = Trace(P — P) = 0.

We now change our focus back to almost Fredholm modules. Since the pairing of idempotents
and the character of a Fredholm module are integers, we will consider cases where p(e) is an almost
idempotent and E is an (even) idempotent such that p(e) — E € LP, this will give us a nice avenue
to study almost idempotents.

If p(e) is a self adjoint almost idempotent, we will call it an almost projection. In this case,
lemma 5.2 guarantees there is a projection P so that p(e) — P € LP. Further, the projection can
be chosen to be an even operator since each of p*(e) are almost projections which have associated
nearby projections P*, so we may take P = Pt @ P~.

We suspect that lemma 5.2 can be extended to the almost idempotent case, but we do not

currently have a proof for this, though admittedly we have not put much effort into finding one.

Theorem 5.6. If (p,H, Fy), k = 1,2 are almost Fredholm modules, e € B is an idempotent such
that p(e) is an almost idempotent, and E € L(H) is an even idempotent such that p(e) — E € LP,
then

(ch(e),XF, m) = Xp 1, (ch(e)) = Index (F;)E — Index (Ffr)E,
where (F")p : EHT — EH ™.

Proof. If B' = (1,e), then (p|g/,H,Fk), k = 1,2 are almost Fredholm modules over B’ and
X%EFQ (ch(e)) = X%’FQ(Ch(e)), so we may take B = (1, ¢e) for our proof.

Define p/ : B — L(H) by p/(1) = 1 and p'(e) = E. Then extending by linearity, p’ is a
representation of B in L(H) such that p' — p € LP, and by lemma 5.1, (p/,H, Fy), k = 1,2 are

Fredholm modules. Thus, by theorem 5.4 and example 5.3, we have

X%h&(ch(e)) = X%hFQ(ch(e)) = Index (Fy") /(e — Index (Ffr)p/(e) = Index (Fy ) g — Index (F}")g.

p
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O

We will use the following notation, and work in the specific setting that H™ = H~ = H. We

assume p(e) is an almost projection, and p/(e) is a projection. We will write

pt(e) 0 P 0 . P 0 L
ple) = = =PaQ, ple)= =P &P
0 p (e 0 @ 0o P
and _
01 0 Ut
Fy = , Fy =
1 0 U o0

Now, as p(e) is an almost projection, P and @ will be as well. We we will assume P — @Q € LP, and

that U € H is a unitary such that [U, P| € £P, from which it will follow that
(U, P, IU,QLIUT, Q] € £,
We will assume P’ a projection such that P — P’ € LP, and it will follow that Q — P’ € LP.

Corollary 5.2. Let (p, H®H, F1), (p, H ®H, Fiy) be almost Fredholm modules over B. Then for

an idempotent e € B with p(e), p'(e) defined as above, we have
Xpy,Fy (ch(e)) = Index (F)) ) — Index (F}7) ey = Index (FY}) (o) = Index P'UP": P"H — P'H.
If p* = p~, then

Xpy Fy, (ch(e)) = Xg, (ch(e)) = Index PPUP' : P'"H — P'H.

We note that in this second case, (p, H ®H, Fyr) is a weakly balanced almost Fredholm module, and

XF,

v 18 1ts character.

Proof. Since (p')*(e) = (')~ (e) = P’, we have [F}, p'(e)] = 0. Now, each term of X'}’;l (ch(e)) will
have a copy of [F1, p'(e)] (see theorem 5.3), and so X%’l (ch(e)) = 0, and so the first equality follows.

If p* = p~, then we will similarly have X7, (ch(e)) = 0, and the second equality will follow. [



Proposition 5.4. Using the notation from above, if p(e) = F and * = 1,U

XFl,FU(Ch(e)) = XFU —Xr

X (ch(e)) = " Cop((n =+ 1)Qu + O+ 1), )
k=2m+1
k<ndd

Qup= (-1 Y TR - B[R, EI(E - B[R, B)(E - B2))
2(jo+---+7x)
=n—2k-+1

Q= (-0 Y T(E(E - B)H[E., E|(E - B - [, E)(E - E)n)

2(]0+-~~+j]lc+1)
=n—2k—1
Q, nt1l — 0
2
_ () - k)
Ck = () (555

Further, we may reduce to the following

(1) If pt(e) = P, p~(e) = Q, * = U, and letting G = U~1QU then

Tr(vFy(E — E*)°[Fy, E)(E — E?Y* - [Fy, E|(E — E*)*) =

k+1

(=1)F T((G = G*(G = P)(P = P?)"(G = P) -+ (G = P)(P — P*)’%)

k+1

+(=1) " Tr((P = P2 (G~ P)(G = G*Y*(G ~ P)-- (G~ P)(G — G*)¥)
Tr(yE(E — B*Yb[Fy, B|(E — E*)' - [Fy, E|(E — E*)ka) =
(1) Te((G — P)(G — G*Y8(G = P)(P — P2/ .- (G — P)(P — P?)k+)
(2) If pT(e) = P, p~(e) = @, and * = 1 then

Tr(vF\(E — E*)°[Fy, E|(E — E?)* .. |[Fy, E|(E — E*)/¥) =

(—1)% Tr((Q — Q*Y°(Q — P)(P — P (Q — P)---(Q — P)(P — P?)¥)
+H(=1) T T (P - P2(Q — P)(Q — Q2 (Q — P)---(Q — P)(Q — Q%))
Te(vFi(E — E*)6[Fy, E)(E — E2)i - [Fy, E)(E — E?)k+1) =

k41

(—1)"7 Te((Q — P)(Q — Q¥)(Q — P)(P — P2t ... (Q — P)(P — P?)ii+1)

97
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Proof. We obtain this by plugging into theorem 5.3/ 5.4. We let k+ [ = n, noting k is odd and [ is

even. Let ¢l = (—1)%% (%)' be the constant for ay, and ¢f = (—1)é§ the constant term for

ch(e);. We will write p(e) = E and wg = w(e,e) = E — E? to save space. We let sgn(\) = (—1)*.

We are computing

Chy (shi(ak, Br) = CoH (sh(Ba ® B)) — Ci (sh(a ® B f))

- (—1)cn+2,kc£cﬁ< 3 (—1))‘(—1)‘)‘(ak)|Tr<EwE . [F, Elwg - - )

1<ip<if <..<if <L
A—cyclic permutation

n 3 (—1)UTr(FwE---[F,E]wE--~))

1<ip<in <...<ip< 2L
o—cyclic permutation

— (—1)cn+2ykckFcF< Z (_1))\(_1)‘)\(ak)|Tr<Ew§) F, E]iji .- [F, E]wgﬂ-l)
2(jo+- iy )=n—2k—1
A—cyclic permutation

Y o (FOBE B F E]wif))
2(j0+...+jk)=n72k+l
o—cyclic permutation

As k is odd, we will have A € Sgy; are possibly odd or even. We let A = (0 1 ... £+ 1). Then

(—1)N = (=1)" ™42, Now,

i—1 k
IN(ar)| = S"IFID [F| =ik =1imod 2,

j=0  j=i
so (=) (=1)M @)l = 1. As 2m is even, o € Symy1 is even, and so (—1)7 = 1. Thus, the above

sums reduce further to

(—1)cn+2,kc£cf“< 3 (k + 1)Tr<Ew . [F, Elwg - - )

1<ip<i) <..<ifp <L

A—cyclic permutation

+ 3 (l+1)Tr(FwE---[F,E]wE~-)>

1<io<iy <...<ip< 2L
o—cyclic permutation



99

Finally, we compute (—1)cpq2xck cF(k + 1), (—1)entakct cE(1+ 1) in terms of n and k. We have

I =n— k. Thus,

(—Densoner cf (k+1) =(=1)cnranch e

ntl | k(k=1 1 =11 (k—1 1
D ey (7 ik
ntl , k(k=1) | k-1 E—1Yy) n-k (n — k)!
( )1+ +( )+ 5 2((712_2"_1))'(1) 5 ((n2k)3
—(— 1+@(% l(n —k)!
2(mEL)I(25E))
E=V(n — k)
=~ (2(312)1')(' n;)): (5.2)
=(-1)"F Cp

with (5.2) holding as k is odd.

Now, let x = U. As we are to compute
Te(yFiy (B — B [Fyr, B)(E — B2 -+ [Fy, B)(E — E)™),
we will write the above in matrix notation, and find the products
VFy(E — E*)°[Fy, E)(E — E*)"

and

[Fy, E|(E — E*)7 [Fy, E|(E — E?)7r+1,



Recall, we let G = U'QU. We have

2\ J
E - E2)j _ P 0 B P 0
0 Q@ 0 @
_(P — P2)j 0
0 (Q-@Q
-0 U1t P 0 P 0 0
[FUvE} - -
_U 0 0 Q 0 Q| |U
| 0 U-lQ - pU—!
_UP — QU 0
B 0 (G-P)U!
~U(G-P) 0

UQ-QYU=U""Q-Q)(Q-Q% - (Q-Q)U
=UH(Q-Q)HUUHQ-@)UU -
=(U~lQUu —u~tQuu—tQU)

=(G - G?)’
So,

YFy(E — E?)°[Fy, E|(E — E?)7t =

(P — P?)o 0 0 (G—-P)U L |(P— P%Hn 0
vFu ‘ .
0 (Q—-@*"| |-U(G~P) 0 0 (Q - Q*”
- [0 o ~U~HQ — Q*)U(G — P)(P — P2)i 0
-U 0 0 U(P— P%)0(G - P)UHQ — Q*)7"
B -—(G — G?)(G — P)(P — P?)i 0
0 ~U(P = P?YP(G - PUHQ ~ @)

U—l

0

UUTHQ - QYU

100
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and

[Fy, E)(E — B [Fy, E|(E — E?)Pr+ =

_(G _ P)(G _ G2>j2r (G _ p)(p _ P2)j2r+1 0

0 ~U(G = P)(P — PA)i(G — P)U(Q - Q¥+

Now, there are % terms of the above form, so we have

Tr(vFu(E — E*)°[Fy, E|(E — E*)7 - [Fy, E)(E — EQ)jk> =

G G2 jo G P P PQ) (G_P)(P_PQ)jk)
i U(P — P2)o(G — PYUHQ - Q*)"'U --- (G — PYU(Q — QQ)j’“)
)T (G — G2)(G — P)(P — P27t ... (G — P)(P — P2))

G — G2)(G — P)(P — P*) ~~(G—P)(P—P2)j’€)

Tr

e
T
(
r(P P20 (G — P)(G — G2t ---(G—P)U—l(Q—Q2)J'kU)
I
e

(P — P2)Yio(G — P)(G — G*) ---(G—P)(G—GQ)jk)
That

Te(yE(E — E*)0[Fy, E|(E — E*)i ... [Fy, E)(E — E?Yk+1) =
(—1)% Tr(G(G — G2 (G — P)(P — P2A(G — P)--- (G — P)(P — P?)k+)

~(-1)"

—~(~)'F (G — P)(G ~ GH(G — P)(P = P+ (G = P)(P = P*ho)

Te(P(P — P2 (G — P)(G — G*){(G = P) -+ (G — P)(G — G*)Pk+1)

follows similarly.

Lastly, (2) is a special case of (1) where U = 1. O

Corollary 5.3. If p™(e) = p~(e) = P, G = U"*PU, and P’ is a projection such that P — P' € LP,
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then we have
Xpy my (ch(e)) =Xg, (ch(e)) = Index PPUP': P'H — P'H

> Cur((n—k+ D+ (k+ 1))

k=2m+1
k<ndl
Q= > (Tr((G — G*(G — P)(P—P%’...(G - P)(P — p?)ﬂ'k)
2(jo+-+jk)
=n—2k+1
+ Tr((P = P)°(G = P)(G = G*)* - (G = P)(G — GQ)jk)>
= 2. TG = PG = GG = PP = P2 (G = P)(P = P*)ka)
256+ +p 1)
=n—2k—1
’ 2
(53)!(n
Cn k= SL 1

o2 () (an)'
Remark 5.3. (About Notation). We will compare the above result to a result in [2]. They use
the notation Py = UPU !, whereas we have used G = U~ PU and so G = Py -1 in their notation.
As it is undesirable to rewrite all of the preceding proofs and statements, we will simply write the

previous corollary in their notation, and make the change from Py-1 to Py.

Corollary 5.4. If p™(e) = p~(e) = P, Py = UPU!, and P’ is a projection such that P— P’ € LP,
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then we have
Xpy my, (ch(€)) = Xg, (ch(e)) = Index PPUP': P"H — P'"H

= E Chk ((n —k+1)Qr+ (E+1) %,k)
k=2m+1
kSnTJrl

D= Y (Tr((P — P2)(P = Py)(Py = P}) -+ (P = Py)(Py — P})™)
2(jo+---+Jx)
=n—2k+1

+ TT‘((PU — PG)°(P — Py)(P — P?)" - (P — Py)(P — P2)J'k~)>

= 2 T((P=Po)(P = PSP = Py)(Py = PR - (P = Py)(Py — P}

We may restate the above as follows,

Corollary 5.5. If P is an almost projection, U is a unitary such that [U, P] € LP, P’ is a projection
such that P — P" € LP| and n is odd so that n > 2p — 1, then we define Index (P,U) as
Index (P,U)= Y Cn,k((n ket D)+ (1) ;’k) — Index PUP': P'H — P'H.
k=2m+1
k<ol

Corollary 5.6. If P is an almost projection, U is a unitary such that [U, P] € LP, P’ is a projection

such that P — P' € LP, and n is odd so that n > 2p — 1, then

> Cuk((0— b+ 1)+ (b + 1))

k=2m+1
k<ntl
— 2
15 an integer.
Remark 5.4. This as a generalization of theorem 5.3 in [2], and so we have taken their notation.

Part of their theorem states that if P is a projection and U is a unitary such that [P, U] € £2m+1,
then

Trace((P — UPUY)?™+1) = _Index PUP : PH — PH.
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We will show that we recover this result under these assumptions, ie P is a projection and U is a

unitary such that [P, U] € £?m+1,

Indeed, suppose first that "T'H is odd. Then Q/ , =Q,;, =0if k < ”TH as each term will

contain a copy of P — P? =0 or Py — Pg = 0. Thus we consider k = ”T'H =2m + 1, and we will

haveQ;LLH:(),andasjoz...:jn 1 =0,
E) 2

Qni1 = 2Tr((P — Py)*) = 2Tx((P — Py)*™ ™).

2

Now,

As we are taking P’ = P, we obtain the desired result,

~Tr((P — Py)*™ ") = Index PUP.

If ”Tfl is odd, then similarly we will have 0 , = Q,, = 0if k < anl contain a copy of

P—P2=0or Py — P(% = (. In this case, Qanl = 0 as it too must have a copy of P — P? or

Py — Pg. Now, letting 2m — 1 = an we have

Q. =Tr((P — Py)*™) = Te(P(P — Py)*™ — Te(Py(P — Py)®™)

2

(k‘-‘r I)ka = (n;_ 1) CnTA = —1.

If in addition we have ”T_l > p, then Q' _, is the map 7, in [2]. To see this more explicitly,

2
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we recreate their proof,

Te(P(P — Py)™™ = Te(Py(P — Py)™) =Te(P(P = UPU™'*™) = T{(UPU~"(P = UPU™')*")
=Tr(P(P — UPU~)*™) — Te(P(U"'PU — P)*™)
=Tr(P™(P - PUPU ' —=UPU'P+UPU")™)

—Te(P™(P—PU'PU-U'PUP+ U 'PU)™)
=Tr((P— PUPU™' - PUPU'P + PUPU~H™)

—Te((P—-PU'PU - PU'PUP + PU'PU)™)
=Tr((P — PUPU™'P)™) — Tx((P — PU"'PUP)™).

We will now do a few explicit examples to serve as sanity check, and for the fun of compu-

tation.

Example 5.5. If we are working over a finite dimensional Hilbert space, then every operator is
almost the identity. Hence, it must be that Index (P,U) = 0 for all matrices P and unitaries U.

We will check our formula for n =1 and n = 3.

If n =1, then we only must consider £ = 1, and so we compute
C11Q11 +2C1 19 ;.
As % =1, Q’Ll =0,C11 = —% and
Q11 =2Tr(P — Py) =Tr(P - UPU ') = Tr(P — P) = 0,

and so we obtain the expected result.

Now for n = 3, we similarly need only consider £ = 1, and so we compute

303719371 + 203’29&1 .
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We have

Q= S (P PP Ry)(Py— PRYY) 4 Tx(Py — FRYO(P — Py)(P— P*P)
2(jo+j1)=2

=Tr((P — P*)(P — Py)) + Tr((Py — P3)(P — Py))
+Tr((P — Py)(Py — P§)) + Te((P — Py)(P — P?))
—2Tr((P — Py)(P — P?)) + 2Tx((P — Py)(Py — P2))

3
51 =Tr((P — Py)°)
Keeping in mind that everything is trace class, we have,

3C5103.1 + 2C32Q% , = — Tr(3(P — Py)(P — P?) + 3(P — Py)(Py — P3) + (P — Py)?)
= —Tr((P — Py)(3P — 3P> + 3Py — 3P} + P> — PPy — PyP + P}))
= — Tv((P — Py)(3P + 3Py — 2P? — 2P} — PPy — PyP))
= — Tr(3P? + 3PPy — 2P% — 2PP% — P*P; — PP, P
— 3PyP — 3P} +2PyP? + 2P} + PyPPy + P} P)
= — Tr(3P% + 3PPy — 2P® — 2PP% — PPy — PPy
— 3PPy — 3P% +2P?Py + 2P} + PP% + PP?)
= —Tr(3P% — 3P + 2P} — 2P?)
=—Tr(3P* - 3UP*U ' +2U0P°U " —2P?)
— — Tr(3P% — 3P% + 2P% — 2P%)

=0
Next we will consider a case with a non-zero index.

Example 5.6. Let H = ¢?*(Z), U the right shift Py the projection onto ¢?(N), Py the projection
onto the zeroth component and P = Py — %PO. Then P — Py = %Po € L', and according to our

theorem Index (P,U) = Index PyU Py = —1. We will check this for n = 1 and n = 3.
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For n =1 we only must consider k£ = 1, and so we compute
C11Q11 +2C119 4.

As Bl =101, =0,C11 = 3 and Q1 = 2Tx(P — Py). Now

0, <0 0, i<l
P(ei) = q Ley, i=0 and Py(e:) =UPU™ (er) = Loy, i=1
& i>0 & 1>1
SO
~Tr(P - Py) = — i((P — Py)(ei), i)
= — (P — Py)(eo), e0) — ((P — Py)(e1), er)
__ % - %)
=—1.
as desired.

For n = 3, we will similarly have
3031031 + 2C320% | = — Tr(3P* + 3PPy — 2P* — 2PP; — P*Py — PPy P
—3PyP — 3P% +2PyP? + 2P} + PyPPy + PAP)
We note that Py P = PPy = Py which leaves us with
3051031 + 2C320% | = — Tr(3P* — 2P° — 3P; + 2Pp)

o0

=—) ((3P% —2P% —3P3 +2P})(e;), e)
—00

= — ((3P% —2P% — 3P% +2P3)(ep), eo)

—((3P%* —2P3 — 3P7 +2P)(e1), 1)

(ot

=—1
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As a final example, we will do a similar computation as above but with an £3 perturbation

that is not £2.

Example 5.7. Let H = (%(Z), U the right shift Py the projection onto £2(N), define D by D(e;) =

1
Vi

our theorem Index (P,U) = Index PyU Py = —1. We will check this for n = 3. As before we have

e; for i > 1 and zero otherwise, and P = Py — D. Then P — Py = —D € £3, and according to

3031031 + 2C320% | = — Tr(3P* + 3PPy — 2P* — 2PPj — PPy — PPy P
— 3Py P — 3P% +2PyP? + 2P} + PyPPy + PAP)

= — Tr(3P* — 2P® - 3P} +2P}).

as PyP = PPy. Now, P and Py are diagonal operators, so their squares and cubes are as well,

and they are the following for ¢ > 0, noting they are zero for i < 0

1 2
3P%(ep) = 3ep, 3P%(e; :3(1—) e
(0) 0 () \ﬂ

1 3
2P3(eq) = 2eq, 2P3(e;) = 2 (1 - > e;

Vi
1 2
3(1— = ) €;
1 —1

3P5(€0) = 360, 3P5(€1) = 361 3P5(€i)
1 2
2P%(e) = 3eg, 2P2(e1) = 2¢1 2P2(e;) = 2 (1 S > e

So we have

. 1\? 1\°
> ((3P% —2P* — 3P} + 2P} )ei,ei) = 3 (1 - > 9 <1 _ > m=go 4
=0

Hence,

~Tr(3P? — 2P% — 3P 4+ 2P}) = —1

as desired.
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Appendix a

Additional Proofs for Section 3.4

Proposition A.1. Let A be unital C algebra, H a Hilbert space, and p : A — £(H) a unital linear
map which is multiplicative modulo LP(H), €(a1, a2) = p(aia2) — p(a1)p(az),and let n > 2p — 1 be
odd. We use the notation &; = €(a;, a;+1) modulo the appropriate index. Then,

(1) én(ag,...,an) = Tr(eg---ep—1) — Tr(epe1 -+ -€p—2) is a cocycle in in the total normalized

5% 211

(b, B) cyclic bicomplex, Tot, (B (A)) = B (A).

(2) If p' is another linear map with the same properties and p — p’ € LP(H), then it induces
the same element in cohomology.
+1
(3) Let ¢nt1(a0, s ant1) = Tr(p(ag)er -+ en). Then iy € B" (A), and

iz = (1) (52 ) $(6) = (04 B

Proof. (1) and (2) follow from theorem 3.1 from section 3.2 and the fact that
CY(A) — Tot,(CC*(A)) — B*(A)

are quasi isomorphisms, and ¢ — ¢ under this composition. ¢ € En(fl) since if a; = 1 for some ¢,
then ¢; = ¢;,_1 =0, so ¢, (ag, ..., a,) = 0.

For (3), we note that 1,41 € Enﬂ(fl) since if a; = 1 for some i > 1, then

¢n+1((10, ceey an+1) = 0



Let n =2m + 1. Now,

Now,

B(bn-l-l(aOa"'aan) = (_1)i¢n+1(1’aiamvai—1)

v

I
o

(—1)iT1"(€Z' s 5i72)

o

@
Il
=)

M-

Tr(e2; - e9(j-1)) — Tr(e2j41 - - - €25-1)

<.
Il
o

M-

Tr(eg - en_1) — Tr(en - €n_2)

)
)

.
s L
_|_
—_

Tr(eg---ep—1) — Tr(en - en—2)

/N 7 N
N
+ o
—_

S(pn)(ao, ..., an).

\V)
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e(ai, ait1ai+2) — €(a;ait1, aiv2) = €(ai, ait1)p(aite) — plai)e(ait, aive) = €ip(aiva) — p(ai)giti.



For convenience of indices, we will do the following computation for n — 1 rather than n + 1.

n—1

b¢n—1(a07 ey an) = Z(_l)i¢n—1(a07 cony Q415 oeey an)

=1

+ ¢n_1(a0a1, ag, ..., an) — ¢n_1(ana0, ceey an_l)

m

= Z dn—1(a0, ..., 250211, ..., an) — Pp—1(a0, ..., A2j—1a2j, ..., Ap)
i=1

+ ¢pn—1(aoai, az, ..., an) — dp—1(anao, ..., an_1)
m
=) (Tr(ﬂ(ao)El -+ e(agj—1,a2ja2j+1)€2j+2  * * En—1)
j:

—_

— Tr(p(ag)er - - - e(azj—1a25, a2j41)e2j42 - - - 5n71)>

+ Tr(p(apar)ez - - - en—1) — Tr(p(anap)er - - - €n—2)

m
=> (Tr(ﬂ(ao)€1 -+ €95-1p(A2j41)€2542  * * En—1)
j=1

~ Tr(p(ao)er -+ plaz1)eaeasia- - 2n1) )

+Tr(p(agar)ea -+ en1) = Tr(p(anao)er -+~ e )
=Tx(p(ao)er -+ en-2p(an)) — Tr(plao)p(ar)es - ~en1)

+ Tr(p(agai)es - - en1) — Tr(p(anao)er - - - €n_2)
=Tr(p(an)p(ao)er - - - en—2) — Tr(p(ao)p(ar)ez - - - €n—1)

+ Tr(p(aoa)es - - - en_1) — Tr(p(anag)er - - - en—s)
=Tx(p(aoar)ez - en1) — Tr(p(a)p(ar)es - en 1)

— (Tr(p(anag)er -+ en-2) — Tr(p(an)plag)er -+ en-2))
=Tr(eg- - en—1) — Tr(eney - En_2)

:¢n(a07 ey an)

Thus,

bOn+1 = Ynt2

112
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and so we have

n+1
nia = (1) (") 800 = 0+ B)ors
O]
Corollary A.1. If C”p”rl = Cpio0ni1, then
2 1
S(Chly) — Chi™ = (B + b))+,
Proof. This follows as
n+1 B n+1\ (D" (=)'
e R e e ==
2 ' 2 '
L]

This homotopy also works in the Z/2 graded case.
In the following proposition we will use the notation {a}; to represent « € HC; (A). We are
doing this since we will be dealing with multiple negative cyclic homology degrees. We will also

use the notation

sh:B; (A) ® Bn—i(B) = Zn:(é(ﬂ) ® C(B))r — Bu(A®B) = ; Cr(A® B), sh= z”: shF
k=1 k=1 k=1
k
CA)CBNr= Y, CijA)&Cry
j=% mod 2
shF : (C(A) ® C(B))r, — Cr(A @ B), shF = Y shy,
ptq=k

noting that if {a}; = >, o, then aj = 0if j < or is of different parity than i. Thus, for

oo oo
{a}i =) agjsi, {atiz = S{a}i = asjis
j=0 Jj=0

r+1 r

{BYotri1yrs = D Bantss {BYarss—2 = S{BYarts = > Pakss

k=0 k=0
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and k <n+2=(i+2r+9J)+ 2, we have

sh*({a}; @ S{BYa(ri1)4s) =sh"({a}i ® {B}ar+s)

= Z shpq(ap, By)

pta=k

=sh*({a}; ® {B}o(r+1)+5)

asp>1s0q<2(r+1)+4.

Further
sh*(S{a}i ® {BYagr1)+s) = sh*({a}i ® {BYagrs1)+s)
holds trivially as
{a}i = S{a}:.

Thus,

n+2
S(sh({a}i @ {Bloprr1)4s)) =9 (Z sh*({a}i ® {ﬂ}z(r+1)+6)>

k=1

= Z sh*({a}; ® {BYar+1)+9)
k=1

— Z sh*({a}; ® {B}or+s)
k=1

=) shF({a}i ® S{B}ag1)+6)
k=1

=sh({a}; ® S{B}a(r+1)+s)

Similarly,

S(sh({ati @ {B}agr+1)+s)) = sh(S{a}i ® {Bla(r41)+6)-

Proposition A.2. Let {a}; € HC; (A). Then

ST (fak) = U (foh) = W 3" (S{ad).



Indeed, consider \Ifi’&;({a}i) € HC™"(B), S\Ili’l%({a}i) € HC"™2%(B), so

ST ({a}) ({Bhn-iv2) =0 ({a}i) (S{B}n-i+2)
=Ch" (sh({a}i ® S{B}n-i12))
=Ch"(S(sh({a}i ® {B}n-it2)))
=SCh" ((sh({a}; ® {B}n-i+2)))
=Ch"*2(sh({a}i ® {Bln—it2))

=V ({a}) ({BYn-it2)
Further, say S{a}; = {a}i—2
Ch" (sh(S{a}i @ {B}n—it2)) =Ch"(sh({a}i—2 @ {B}n—it2))

=0 3" ({o}ioa) ({Bn-it2)

:\pi{”%’"(S{a}i)({ﬂ}nfiH)

SO

SUYy = U ({adi) = U 2" (S{a}i).
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Remark A.1l. Because the chain map respects S we can extend the definition to periodic cyclic

homology.

Proposition A.3. If f and g differ by a boundary in HC™(A ® B), then the chain maps induced

on HC; (A) — HC™ %(B) are equivalent in homology.

Proof. Let F and G be the induced chain maps, so

F(a)(B) = f(Sh(a® b))
G(a)(B) = g(Sh(a® B)).
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Let h be the chain such that f — g = (b+ B)agsh. Then,

F(a)(8) — G(a)(B) =f(Sh(a ® B)) — g(Sh(a ® B))
=(b+ B)agsh(Sh(a ® j))
=h(Sh((b+ B)aa ® B)) + (=1)*'h(Sh(a @ (b+ B)3p))

=H((b+ B)aa)(8) + (1)) H(a)((b + B)s )
where H(a)(8) = h(Sh(a ® B)). Thus, F = G : HC; (A) — HC"(B) O
Proposition A.4. The sign of the (n,n)-shuffle taking the ordered set

(a17 "'7an7 bl? ) bn) _> (a17 b17a27 b27 ceey arm bn)

n(n—1)
is (—1)"F

Proof. The inverse of this permutation in cycle notation is

(an b1) -+ (an by—2)(an bp—1) - -~ (as by)(as bz)(as b3)(as b1)(az b2)(az b1)

n—1
which is g 1 transpositions. O
i=1



Appendix B

Additional Proofs for Section 4.2

F —F
Lemma B.1. (1) F=4E - 12F
(2 % and # are orthogonal projections with % 1 #

(3) For any b € B, p'(b) commutes with 55 and HE

Proof. (1) is obvious.

(2) (%)2 = 172IZ+F2 = 228 = 12F and (%)* = 5 = 5E The proof for H5E is
similar.
Now
1-F\ (1+F\ 1-—F? 0
2 2 ) 4
(3) Indeed,
1-F  J®)1-gOF 1)~ FJ/() 1-F
/ b _ — / b
0 . . LA0)
The proof for # is similar. O

Lemma B.2. Assume P is an orthogonal projection and A is a trace class operator such that

PA = AP. Then Tr(PA) = Tr(A|p(y))

Let {e}} be an orthonormal basis for P(#) and {3} an orthonormal basis for (1 — P)H. So



P(e

1
k

) = et and P(e2) = 0. Then

Try(PA) = Y (PAcj,ej)
{elhufed}

= Z (Ael, Pel)
{epyufei}

= Z <Ae,1€, 61%:)
{ert

= Z <AP(7'[) 61%;7 el{;)
{en}

=Trpe) (Alpe))
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Appendix c

Additional Proofs for Chapter 5

Proposition C.1. If p : B — L(H) is a unital map such that p = p™ @ p~, then p is an almost

representation if and only if p* : B — L£(H*) are almost representations.

Proof. We extend pT to H by taking pt(b) = 0 for all b € 0@ HT. Then p = p* + p~, pTp~ =
p~pt =0, and w(by,by) = wh(by,b1) + w (bo,b1). Now, w(by,b2)* = wh(bg,b1)* + w™ (by, b1)*,
where w®(bg,by)* are the extensions of the adjoints as operators on H* to H (this follows as
whw™ =w wt =0 and w*(bg, b1)hT = 0 for T € HF.) Then,
|w(bo, b1)|* =w(bo, b1)*w(bo, b1)

=w ™ (bo, b1)*w ™ (b, b1) + w™ (bo, b1)*w ™ (bo, b1)

=|w* (bo, b1)|? + ™ (bo, b1)?

=lw (bo, b1)|* + | (bo, b1)] - [w™ (bo, b1)] + [w™ (b, br)] - |w (bo, b1)| + |w™ (b, b1)[?

=(Jw* (b, br)| + |w™ (b0, b1)])*.
and so |w(bo, b1)| = [w* (bo, b1)| + |w™ (bo, b1)|, and more generally,
|w(bo, b1) [P = [w™ (bo, b1) [P + |w™ (b, br)[P.
Thus, Trace|w(bo, by)|P if and only if Trace|w™ (by, by)|P < 0. O

Proposition C.2. Let 7 : L(H) — C(H) = L(H)/K(H). Suppose T' € L(H), such that T —
T? € LP(H) and suppose T = T*. Then there exists P € L£(#H) such that P = P? = P* and

P —T e LP(H).
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Proof. To begin, we will follow a proof from [1] which shows the existence of P so that P—T € K(H).
We first note that since T —T2 € K(H), the spectrum of T, o = o(T), accumulates at 0 and 1. Let [
be a closed interval containing 1 in its interior and 0 ¢ I, and f : R — R a continuous function such
that f(z) =1on I and f(xz) = 0 on o(T)NR\I, noting that o(7T’) is countable. Let P = f(T'),so P is
a self adjoint projection, and P—T € K(H) by construction. Let g(z) = z—2? and h(z) = f(z)—=z.
By the spectral mapping theorem, we have g(o(T")) = o(g(T)) and h(o(T')) = o(h(T)), and since
all of the operators considered are self adjoint, the singular values of each operator are the absolute
values of the eigenvalues. Then by assumption, we have that

Yoo g = D0 Pl =P < oo

9(An)eg(e(T)) An€o(T)

We wish to show that

Yoo WP = D0 1) = AafP < o0

h(hn)Eh(o(T)) An€a(T)

Now, let 7 € (0,1) such that r < inf I, let U = o(T) N (—00, ] and V = o(T") N (r,00). Then

Si= 3" 15O =Ml = 3T AP

An€U An€U
Sp= Y 1fn) = AP = D 1= AP
A€V An€V
Now,
Si-[l=rP=>" Pall=rP <> Ml = AP < o0
An€U An€U
Sp-|rfP =" eIl = AP < ) A1 = AP < 0.
An €V An €V
Thus,
D 1) = AP =81 + S5 < oo,
An€c(T)
and so P — T € LP(H). O

Proposition C.3. If (p,H, F') is an almost Fredholm module and p’ is an (even) almost represen-

tation such that p — p’ € LP, then (p',H, F) is an almost Fredholm module.

This follows as [F, p(b)] = [F, p'(b)] — [F’, p(b)] + [F, p(b)] = [F’ p'(b) — p(b)] + [F, p(b)].
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