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High Pressure Isotropic Compression and Grain Crushing of Coarse Granular Materials 

Thesis directed by Professor Yida Zhang 

ABSTRACT 

The effect of grain crushing and grain size on the evolution of water retention curve is 

investigated based on the framework of Unsaturated Breakage Mechanics (UBM) (Buscarnera & 

Einav, 2012). The previous study by Gao et al. (2016) have been complemented by additional 

compression and soil water retention data on two types of granular soils with coarser and finer 

initial gradings than the ones presented in Gao et al. (2016). The model satisfactorily captures the 

co-evolution of suction air-entry value (sAEV) and the degree of grain breakage during 

compression. In addition, this study revealed that the effect of grain shape and pre-yielding void 

collapse are necessary components for future enhancement of the breakage mechanics model.   

The compressive and breakage response of coarse granular materials are further 

investigated using the High Pressure Isotropic Compression (HPIC) device (Mun & McCartney., 

2017). This thesis introduces several troubleshooting attempts of the HPIC device and the 

developed protocols to conduct high-pressure crushing tests. Coarse quartz sand and crushed 

shale sand are subjected to the high pressure isotropic compression test under dry and saturated 

states. Differences between the two materials in the compression curve are observed and the 

possible reasons are discussed. The compression tests are stopped at various stress levels to 

allow for inspections on the grain size distribution (GSD). Based on these measures, the degree 

of grain breakage is quantified via Einav’s breakage index (Einav, 2007). A clear increase on 
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grain breakage at elevated stress states and the evolution towards an ultimate fractal state is 

clearly observed. The obtained results are interpreted using a new 1D breakage model to serve as 

the basis of the next-generation breakage mechanics models.   
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CHAPTER 1: INTRODCUCTION 

1.1. Research Objectives 

This thesis presents the experimental preparation and theoretical investigation of the 

compressive response of coarse granular materials in high pressure regime. The goal of this 

project is to: a) investigate the evolution of soil water retention curves of granular soils during 

grain breakage; b) troubleshoot the High Pressure Isotropic Compression device (HPIC) in 

controlling suction and develop testing protocols for crushable granular materials; c) study the 

coupling between compression and grain breakage at various stress levels and saturation 

conditions for different types of sand. The specific objectives are summarized below. 

1.1.1. Objective 1 

Objective 1 is to review and validate a constitutive model named unsaturated breakage 

mechanics (UBM) to investigate the effect of grain crushing and grain size on the apparent soil 

water retention curves. The model is capable of capturing the coupled mechanical and hydraulic 

properties of brittle granular soils. The predictive performance of this model will be assessed 

using a previously produced experimental dataset.  

1.1.2. Objective 2 

Objective 2 is to study and summarize the experimental setup of with the High Pressure 

Isotropic Compression device. The detailed properties, functions and compositions of the device 

will be introduced. The existing problems of the device will be identified and documented. 

Troubleshooting will be attempted. 
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1.1.3. Objective 3 

Objective 3 aims to produce a series of compression, grain size distribution, and breakage 

evolution curves of the tested materials at the different saturation conditions. For this purpose, 

high pressure isotropic compression tests and sieve analysis will be conducted. The results will 

be interpreted using a new one-dimensional (1D) breakage mechanics model to serve as the basis 

of a new breakage mechanics theory.  

1.2. Motivation 

Granular soils are ubiquitous in civil engineering projects, e.g. foundations on sands or 

gravels, rockfills embankments and railway ballasts (Oldecop and Alonso 2001; Indraratna et al., 

2010; Yang et al., 2010). Continuous research effort has been made over the past century in 

characterizing and modeling their deformation behaviors to better engineer civil infrastructures. 

Recent research focuses on linking the macroscopic properties of granular soils, such as packing 

condition, critical state, failure, and deformability, with the microscale properties of their 

constituting grains, including their size, shape, mineralogy and crushability (Tapias et al., 2015; 

Ovalle et al., 2014; Cil and Alshibli, 2014; Hall et al., 2010; Andò et al., 2013; Zhang et al., 

2016).  

Under high pressures, grain crushing is the dominating micromechanism that controls the 

macroscopic mechanical response of granular soils. Such process alters the overall gradation and 

correspondingly changes the shear and volumetric behavior of the material (Lade et al., 1996; 

Nakata et al., 2001; Mcdowell, 2002). Grain breakage further changes the hydraulic properties of 

the soil matrix. As the gradation and porosity evolve during breakage-enhanced compaction, the 

soil water retention capacity of the soil skeleton is enhanced and its permeability is dramatically 

reduced (Gao et al., 2016; Esna Ashari et al., 2018). The coupling between the hydraulic-
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mechanical-breakage processes is of great relevance to a wide range of geotechnical and geo-

energy engineering problems involved in pile driving, railway construction, landslide, enhanced 

oil and gas recovery, and geothermal energy harvesting (Figure 1.1).  

 

Figure 1.1: Industry application in the research topic:(a) Pile installation on sand; (b) Enhanced 

oil recovery system; (c) Railway Ballast; (d) Landslide; (e) Extraction of shale gas and oil; (f) 

Enhanced Geothermal System  
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For example, the capacity of driven pile in sand is developed as the pile displaces into the 

soils, which is governed by the mobilization of interfacial friction, localization of shear strain 

near the side of the pile, and grain fragmentation near the tip of the pile. Model experiment on 

displacement pile installation in quartz sand confirmed that significant particle breakage takes 

place surrounding the pile due to extreme normal and shear stresses (Yang et al. (2010) (Figure 

1.2). The accumulation of grain crushing can fundamentally alter the pile axial capacity as well 

as its load-displacement behaviors. For instance, the resistance to penetration of well graded soils 

is higher than that of uniformly poorly graded soils due to its lower susceptibility to grain 

crushing, as observed from geotechnical centrifuge tests (McDowell and Bolton, 2000). Pile 

driving in highly crushable soils (e.g. carbonate sands) also requires much higher axial strain 

level to mobilize the same end bearing capacity compared to less crushable soils (e.g. silica 

Toyoura sand) (Kuwajima et al., 2009). 

 

Figure 1.2: Particle breakage during installation of displacement piles (figures modified from 

Yang et al., 2010) 

Particle breakage also occurs in the ballast layers of railway tracks. The layer consisted of 

large and angular particles is used to control stress distribution on subgrade, decrease vibration 

that causes the deterioration of track, and drain water during flooding. The wheel-load-developed 

cyclic vertical loading causes particle rearrangement, subsequent ballast degradation, and thus 
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track displacement (B. Indraratna et al., 2005; Lackenby et al., 2007). Additionally, the cyclic 

loading causes the accumulation of permanent volumetric strain which is highly affected by 

particle breakage. The induced track settlement and displacement have led to increasingly 

frequent maintenance cycle and this has been motivated to study particle breakage of ballast in 

the railway industry.  

Another important application of this study is to assess the change of hydraulic 

conductivity of fractured rock formations encountered in shale gas and geothermal energy 

extractions. During fracking, proppants are delivered and installed into cracks by fracking fluid 

to hold the fracture network open after withdrawal of fluid pressure (Figure 1.3). Crushing of 

proppants can cause fracture closure and clogging of the pore spaces from the generated fines, 

undermine the overall conductivity of the fracture network, and eventually deteriorate the 

productivity of the wells. For these reasons, the crushing resistance is one of the key factors in 

optimizing proppant performance. Many studies have been conducted to assess the crushability 

of proppants under room temperature and notionally ‘dry’ conditions (Gaurav et al., 2012; 

Ingraham et al., 2015) and some procedures have been standardized (ISO13503-2, 2006). 

However, in-situ condition of proppants often involves elevated temperatures (typically 250-

300 °F and can be as high as 550 °F, Raysoni and Weaver, 2013) and multiphase fluid flow (i.e. 

fluid mixtures of gas, water and oil). Many recent studies have highlighted the effect of 

diagenesis of proppant under such multiphysics perturbations (Raysoni and Weaver 2013; Ghosh 

et al. 2014.; Bremer et al. 2010). Similar applications can be also found in enhanced oil recovery 

projects, where the replacement of the in-situ fluid from oil to water may promote compaction 

and crushing of the granular rocks.    
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Figure 1.3: Schematics of the working mechanism of proppants 

Finally, grain breakage can facilitate the development of excess pore-pressure at slip 

surface of landslides and modify the traveling characteristics of the mobilized mass. For 

instance, high mobility of the mobilized mass is observed in the Heigasei Landslide that took 

place in 1998 in the Fukushima Prefecture, Japan. Wang et al. (2003) attributed such 

phenomenon to the excess pore-pressure generated by grain crushing during landslide motion, 

based on the observation that the grain size distribution of soil specimens taken from the 

deposited debris contains much finer grains compared to those from source area. Further 

experimental studies on undrained ring-shear tests replicating the stress path of sliding surface 

showed that sliding motion (under normal stresses as low as 40 kPa) can lead to grain crushing 

along the surface, followed by liquefaction along the surface and finally to rapid movement 

accompanied by long runout distance (Wang et al., 2003; Sadrekarimi and Olson, 2010). 

 

Figure 1.4: Schematics of the occurrence of sliding surface liquefaction [Wang et al., 2003] 
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1.3. Arrangement of the thesis 

The thesis is organized into eight chapters. Chapter 1 states goals of the study and 

explains the motivations and potential applications of this research. Chapter 2 presents the 

literature review where the latest theoretical and experimental ideas on this topic are 

summarized. Chapter 3 validates an unsaturated breakage model against a set of unpublished 

experimental data. Chapter 4 introduces the High Pressure Isotropic Compression (HPIC) device, 

which is the major tool used in this study. Chapter 5 describes the encountered experimental 

issues with the HPIC. It summarizes the attempts of troubleshooting and describes the developed 

protocols for crushing test on coarse-grained sand. Chapter 6 collects the experimental results 

produced in this study, including the compression curves, grain size distributions, and breakage 

evolution curves of two types of materials. Chapter 7 introduces a 1D breakage model based on a 

new breakage mechanics theory to interpret the breakage evolution. Chapter 8 summarizes the 

main findings of this study. 
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CHAPTER 2: BACKGROUND 

2.1.  Breakage Mechanics (Einav, 2007) 

Both strength and compressibility of granular soils are influenced by the process of grain 

crushing during uniform and deviatoric loading (Hardin, 1985). Many efforts have been devoted 

to quantifying the degree of particle breakage and link it with the stress-strain behaviors of 

granular soils (Lee and Farhoomand, 1967; Marsal, 1973; Hardin, 1985; Lade et al., 1996; Einav, 

2007). The breakage theory (Einav, 2007) introduces a concept of relative breakage to evaluate 

the degree of particle breakage during the course of loading. The relative breakage is obtained by 

evaluating relative proximity of the current cumulative distribution from (a) initial cumulative 

distribution and (b) an ultimate cumulative distribution as shown in the Figure 2.1 (a). 

Consequently, the relative breakage is defined by three cumulative grain size distributions (GSD) 

functions: the current GSD ‘F’, the initial GSD ‘F0’, and the ultimate GSD ‘Fu’.  

 

Figure 2.1: (a) Definition of Einav's breakage index B; (b) Integrate the area associated with 

𝐵𝑝, 𝐵𝑡, 𝑎𝑛𝑑 𝐵 

The relative breakage is defined as an area ratio, referred in Figure 2.1:  

𝐵 =
𝐵𝑡

𝐵𝑝
=

𝐹0(𝑥)−𝐹(𝑥)

𝐹0(𝑥)−𝐹𝑢(𝑥)
=

g0(𝑥)−g(𝑥)

g0(𝑥)−g𝑢(𝑥)
                        (2.1) 
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where g0, g𝑢, and g are initial, ultimate and current probability GSDs. F and g are related by: 

 𝐹(𝑑) ≡ 𝐹(∆< 𝑑) =  ∫ 𝑔(∆) d∆
𝑑

𝑑𝑚
                                         (2.2) 

where ∆ indicates the particles of size less than 𝑑; 𝑑𝑚 is the smallest particle size. Eq. (2.1) can 

be rewritten as: 

𝑔(𝐵, 𝑥) = (1 − 𝐵)𝑔0(𝑥) + 𝐵𝑔𝑢(𝑥)                (2.3) 

The relative breakage is limited by 0 ≤ 𝐵 ≤ 1, where 𝐵 = 0 indicates unbroken material and 

𝐵 = 1 represents complete breakage. 

2.2. Unsaturated Breakage Mechanics (G. Buscarnera & I. Einav, 2012) 

The hydromechanical response of granular soils also depends on suction and saturation 

(Alonso et al., 1990; Fredlund and Rahardjo, 1993; Gens, 2010). Many constitutive theories have 

been developed for modeling such dependence in the field of unsaturated soil mechanics (Alonso 

et al., 1990; Wheeler and Sivakumar, 1995). Some constitutive models incorporate 

hydromechanical coupling by having stiffness, shearing resistance and volumetric 

compressibility linked with the soil water retention curves (Gallipoli et al., 2003; Wheeler et al., 

2003; Sun et al., 2007; Buscarnera and Nova, 2009). The unsaturated breakage mechanics 

(UBM) is a thermomechanical approach to explain the dependence of yielding on the degree of 

saturation in crushable granular assemblies. The model has been implemented by numerically 

implemented using different algorithms (Zhang and Buscarnera, 2015) to simulate the interplay 

between grain crushing and soil water retention curve (Gao et al., 2016; Zhang et al., 2017).  
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2.2.1. The Helmholtz free energy for unsaturated granular materials 

Clastic yielding of granular soils occurs once the accumulated energy potential reaches to 

its critical value (Buscarnera and Einav, 2012). Based on this hypothesis, the constitutive model 

is developed starting with the thermodynamics of elasticity in unsaturated soil. The work input in 

unsaturated soil is defined as  

𝑊 = σ𝑖𝑗
′ 𝜀�̇�𝑗 − 𝑛𝑠𝑆�̇�      (2.4) 

where 𝑛 is the porosity, 𝑠 = 𝑢𝑎 − 𝑢𝑤 is suction, 𝑆�̇� is the rate of degree of saturation,  𝜎𝑖𝑗
′  is a 

generalized effective stress and 𝜀�̇�𝑗 is rate of the total strain. It is shown that the work input is 

decomposed into mechanically developed work input in the grain skeleton and hydraulically 

evolved work input in the water interfaces. The first law of thermodynamics under isothermal 

condition can be stated as 

W = Ψ̇ + Φ           (2.5) 

where Ψ is the total Helmholtz free energy and Φ is the rate of energy dissipation (Φ ≥ 0). It is 

hypothesized that the total Helmholtz free energy is a function of three variables ε𝑖𝑗
e , 𝑆𝑟, and 𝐵 

and obeys the following additive decomposition: 

Ψ(𝜀𝑖𝑗
𝑒 , 𝑆𝑟 , 𝐵) = Ψ𝑀(𝜀𝑖𝑗

𝑒 , 𝐵) + Ψ𝐻(𝑆𝑟 , 𝐵)           (2.6) 

To further relate the Helmholtz free energy with grain size distribution (GSD), it was 

hypothesized that energy stored in a grain size fraction between 𝑥 and 𝑥 + 𝑑𝑥 is a function of the 

grain size, i.e. the mechanical and hydraulic energy stored in this fraction can be denoted by 

𝜓𝑀(𝜀𝑖𝑗
𝑒 , 𝑥)𝑑𝑥 and 𝜓𝐻(𝜀𝑖𝑗

𝑒 , 𝑥)𝑑𝑥, respectively, where 𝜓 is the specific grain size Helmholtz free 
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energy. Based on discrete element method (DEM) simulation results and capillary force 

considerations, 𝜓𝑀 and 𝜓𝐻 are proposed to scale with x in the following way: 

𝜓𝑀(𝜀𝑖𝑗
𝑒 , 𝑥) = 𝜓𝑟

𝑀(𝜀𝑖𝑗
𝑒 ) (

𝑥

𝐷𝑟𝑀
)
2

         (2.7a) 

𝜓𝐻(𝜀𝑖𝑗
𝑒 , 𝑥) = 𝜓𝑟

𝐻(𝜀𝑖𝑗
𝑒 ) (

𝑥

𝐷𝑟𝐻
)
−1

        (2.7b) 

where 𝐷𝑟𝑀 and 𝐷𝑟𝐻 are reference grain sizes; 𝜓𝑟
𝑀 and 𝜓𝑟

𝐻 are reference mechanical and 

hydraulic free energies. Integrating Eq. (2.7) by the current GSD g(𝐵, 𝑥), the total Helmholtz 

free energy can be derived as: 

 Ψ𝑀(𝜀𝑖𝑗
𝑒 , 𝐵) = ∫ g(𝐵, 𝑥)𝜓𝑟

𝑀(𝜀𝑖𝑗
𝑒 ) (

𝑥

𝐷𝑟𝑀
)
2

𝑑𝑥
𝐷𝑀

𝐷𝑚
         (2.8a) 

Ψ𝐻(𝜀𝑖𝑗
𝑒 , 𝐵) = ∫ g(𝐵, 𝑥)𝜓𝑟

𝐻(𝜀𝑖𝑗
𝑒 ) (

𝑥

𝐷𝑟𝐻
)
−1

𝑑𝑥
𝐷𝑀

𝐷𝑚
      (2.8b) 

where 𝐷𝑚 and 𝐷𝑀 are the minimum and maximum grain diameter respectively. Substituting Eqs. 

(2.3) and (2.8) into Eq. (2.6), one obtains: 

Ψ(𝜀𝑖𝑗
𝑒 , 𝑆𝑟 , 𝐵) = (1 − 𝜗𝑀𝐵)𝜓𝑟

𝑀(𝜀𝑖𝑗
𝑒 ) + (1 + 𝜗𝐻𝐵)𝜓𝑟

𝐻(𝑆𝑟)        (2.9) 

where 𝜗𝑀 and  𝜗𝐻 are grading indices with expressions:  

𝜗𝑀 = 1 −
∫ g𝑢(𝑥)𝑥2𝐷𝑀
𝐷𝑚

𝑑𝑥

∫ g0(𝑥)𝑥2𝐷𝑀
𝐷𝑚

𝑑𝑥
          (2.10a) 

𝜗𝐻 =
∫ g𝑢(𝑥)𝑥−1𝐷𝑀
𝐷𝑚

𝑑𝑥

∫ g0(𝑥)𝑥−1𝐷𝑀
𝐷𝑚

𝑑𝑥
− 1         (2.10b) 

They can be determined once the expressions of the initial and ultimate GSDs are specified. In 

this thesis, the following generic expression is used:  
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 g0(𝑥) =
(3−𝛽)𝑥2−𝛽

𝐷𝑀
3−𝛽

−𝐷𝑚
3−𝛽  and  gu(𝑥) =

(3−𝛼)𝑥2−𝛼

𝐷𝑀
3−𝛼−𝐷𝑚

3−𝛼     (2.11a) 

𝐹0(𝑥) =
𝑥3−𝛽−𝐷𝑚

3−𝛽

𝐷𝑀
3−𝛽

−𝐷𝑚
3−𝛽   and 𝐹𝑢(𝑥) =

𝑥3−𝛼−𝐷𝑚
3−𝛼

𝐷𝑀
3−𝛼−𝐷𝑚

3−𝛼                (2.11b) 

Where 𝛽 and 𝛼 determine uniformity of the initial GSD and ultimate GSD respectively. Inserting 

(2.11a) to (2.10), the grading indices can be calculated by: 

𝜗𝑀 = 1 − (
5−𝛽

3−𝛽
) (

3−𝛼

5−𝛼
)

(𝐷𝑀
5−𝛼−𝐷𝑚

5−𝛼 )

(𝐷𝑀
3−𝛼−𝐷𝑚

3−𝛼)

(𝐷𝑀
3−𝛽

−𝐷𝑚
3−𝛽 

)

(𝐷𝑀
5−𝛽

−𝐷𝑚
5−𝛽

)
   (2.12a) 

𝜗𝐻 = (
2−𝛽

3−𝛽
) (

3−𝛼

2−𝛼
)

(𝐷𝑀
2−𝛼−𝐷𝑚

2−𝛼 )

(𝐷𝑀
3−𝛼−𝐷𝑚

3−𝛼)

(𝐷𝑀
3−𝛽

−𝐷𝑚
3−𝛽 

)

(𝐷𝑀
2−𝛽

−𝐷𝑚
2−𝛽

)
− 1   (2.12b) 

Through hyperelastic relations, the elastic stress-strain relations can be defined: 

 σ′ =
𝜕Ψ

𝜕𝜀𝑒 = (1 − 𝜗𝑀𝐵)
𝜕𝜓𝑟

𝑀

𝜕𝜀𝑒                     (2.13) 

𝑛𝑠 =
𝜕Ψ

𝜕𝑆𝑟
= −(1 + 𝜗𝐻𝐵)

𝜕𝜓𝑟
𝐻

𝜕𝑆𝑟
          (2.14) 

𝐸𝐵 = −
𝜕Ψ

𝜕𝐵
= 𝜗𝑀𝜓𝑟

𝑀(𝜀𝑖𝑗
𝑒 ) − 𝜗𝐻𝜓𝑟

𝐻(𝑆𝑟)           (2.15) 

where EB is the breakage energy that defines the energy release rate upon an infinitesimal 

shifting of GSD. 

2.2.2. Dissipation rate function, yield surface and inelastic flow rules 

In triaxial stress space, the dissipation rate function is postulated as: 

Φ(�̇�, 𝜀�̇�
𝑝, 𝜀�̇�

𝑝) = √Φ𝐵(�̇�)
2
+ Φ𝑝

𝑣(𝜀�̇�
𝑝)

2
+ Φ𝑝

𝑠(𝜀�̇�
𝑝)

2
        (2.16) 

with  
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Φ𝐵 =
1

(1−𝐵)𝑐𝑜𝑠𝜔
√𝐸𝐵𝐸𝐶�̇�       (2.17a) 

Φ𝑝
𝑣 =

𝑝′

(1−𝐵)𝑠𝑖𝑛𝜔
√

𝐸𝑐

𝐸𝐵
𝜀�̇�

𝑝
       (2.17b) 

Φ𝑝
𝑠 = 𝑀𝑝′𝜀�̇�

𝑝
         (2.17c) 

𝜀�̇�
𝑝
 and 𝜀�̇�

𝑝
 are plastic volumetric and deviatoric strains; 𝐸𝑐 is the critical breakage energy 

controlling yielding strength; 𝜔 is ‘plastic-breakage coupling angle’ to distribute the energy 

dissipation by breakage and friction; and 𝑀 is the critical stress ratio between shear stress 𝑞 and 

pressure 𝑝. Following the standard hyperplasticity procedure (Houlsby and Puzrin, 2007), the 

yield function and flow rules can be derived: 

𝑦 =
𝐸𝐵

𝐸𝐶
(1 − 𝐵)2 + (

𝑞

𝑀𝑝′)
2

− 1 = 0            (2.18) 

and  

 �̇� = 𝜆
𝜕�̅�

𝜕�̅�𝐵
= 2𝜆

(1−𝐵)2 cos2 𝜔

𝐸𝑐
       (2.19a) 

ε̇𝑣
𝑝 = 𝜆

𝜕�̅�

𝜕�̅�′
= 2𝜆

(1−𝐵)2𝐸𝐵 sin2 𝜔

𝑝′𝐸𝑐
      (2.19b) 

ε̇𝑠
𝑝 = 𝜆

𝜕�̅�

𝜕�̅�
= 2𝜆

𝑞

𝑀2𝑝′2        (2.19c) 

2.2.3. Elastic and SWRC relations 

Substituting the following potential  

𝜓𝑟
𝑀(𝜀𝑣

𝑒 , 𝜀𝑠
𝑒) =

1

2
𝐾𝜀𝑣

𝑒2 +
3

2
𝐺𝜀𝑠

𝑒2
    (2.20) 

into the reversible constitutive relation (2.13), one obtains the classical linear elasticity 
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𝑝′ = (1 − 𝜗𝑀𝐵)𝐾𝜀𝑣
𝑒     (2.21a) 

𝑞 = 3(1 − 𝜗𝑀𝐵)𝐺𝜀𝑒
𝑠     (2.21b) 

where 𝐾 is the bulk modulus and 𝐺 is the shear modulus.  

The following pressure-dependent elasticity model (Einav and Puzrin, 2004) can provide 

better description of the compressive behavior of granular materials:  

Ψ𝑟
𝑀(𝜀𝑣

𝑒 , 𝜀𝑠
𝑒) =

𝑃𝑟

�̅�(2−𝑚)
𝐴

2−𝑚

1−𝑚 +
3

2
𝑃𝑟�̅�𝐴

𝑚

1−𝑚𝜀𝑠
𝑒2

           (2.22) 

where 𝐴 = K̅(1 − 𝑚)𝜀𝑣
𝑒 + 1, 𝑝𝑟 is a reference pressure, 𝑚 = 0.5 for typic granular material. �̅� 

and �̅� are non-nondimensional elastic constants. Based on the pressure-dependent model, the 

elastic relation is given by: 

𝑝′ = (1 − 𝜗𝑀𝐵)𝑝𝑟�̅�𝐴
1

𝑚−1 (
1

�̅�
+

3

2
𝑚�̅�𝐴−2𝜀𝑠

𝑒2)       (2.23a) 

𝑞 = (1 − ϑM𝐵)3𝑝𝑟�̅�𝐴
1

𝑚−1𝜀𝑠
𝑒      (2.23b) 

A variety of hydraulic potential 𝜓𝑟
𝐻(𝑆𝑟) can be specified to define the shapes of SWRC 

equations. In this thesis, we use   

(𝑛𝑠)𝐵=0 = −
𝜕𝜓𝑟

𝐻

𝜕𝑆𝑟
= 𝐾𝑤 (

1

𝑆𝑒
− 1)

𝑎

      (2.24) 

where ( ) / (1 )e r re reS S S S    is the effective degree of saturation, while Sre and a are two 

further constants controlling the residual degree of saturation and the slope of the SWRC, 

respectively. 
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2.2.4. The hydromechanics of breakage  

An index, so-called capillary toughness number, to estimate the intensity of 

hydromechanical coupling is proposed as:  

 𝜉𝐶𝑇 = 𝜗𝐻
𝐾𝑤

𝐸𝑐
 (2.25) 

This index appears in the expression of the yield stress by combining the SWRC equation with 

the breakage yield surface, and serves as the single factor determines the ratio between yield 

stress at Sr = 0 and Sr = 1. This dimensionless index combines the information of initial grading 

(viaM ), water retention capability (via wK ) and crushing resistance (via Ec). Parametric studies 

revealed that higher values of 𝜉
𝐶𝑇

 implies stronger hydromechanical coupling and thus stronger 

suction-hardening effect.   

2.3. Grainsize dependence of clastic yielding (Zhang and Buscarnera, 2014) 

This paper explores how grain size characteristics influence the link of grain crushing to 

suction and degree of saturation based on the constitutive model of UBM. By calibrating model 

parameters for sand type material, the hydromechanical energy potential is specifically chosen to 

study the relation. The analysis predicted the dependence of yielding on the elastic characteristics 

and water retention properties and their grain size dependence. The suggested factor of capillary 

toughness number in the UBM model was employed to find the grain size effect on the intensity 

of hydromechanical coupling. The datasets of  𝐾𝑤 and 𝐸𝑐, which are model parameters 

representing water retention and yielding properties, are developed from existing literatures. The 

collected data have been plotted against a grain size descriptor D50 as shown in Figure 2.2.  The 

figure clearly shows that the both constants are inversely proportional to the average grainsize.  
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Figure 2.2: The grainsize dependence on the two model parameters: (a) The grainsize 

dependence on Kw; (b) The grainsize dependence on Ec  

The collected value of 𝐾𝑤 and 𝐸𝑐 along with 𝜗𝐻 are used to compute the capillary 

toughness number ξCT [Eq. (2.25)]. Two trendlines are obtained and plotted in Figure 2.3 

assuming (a) 𝐸𝑐 is constant (plotted as dotted line) (b) 𝐸𝑐 is dependent on grainsize (plotted as 

solid line). While the grainsize dependence on the coupling extent is controlled with only 

capillary effect in the first case, the two factors of water retention capability and yielding 

properties are engaged in quantifying the dependence in the second case. The first scenario 

 

Figure 2.3: Predicted dependence of capillary toughness number on mean grainsize 
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shows that finer gradings are predicted to have lower values of 𝜉𝐶𝑇, meaning less suction-

hardening and stronger hydromechanical coupling effect. However, having grain size dependent 

Ec gives a reversed trend. This implies that the breakage energy threshold 𝐸𝑐 decreases faster 

than the capillary effects for larger grading of granular materials.  

2.4. Evolution of the SWRC Subjected to Grain Crushing (Gao et al. 2016) 

The study explores the interplay between soil water retention curve and grain crushing. 

Specimens of sand and glass beads were subjected to oedometric compression test with different 

stress levels. SWRC tests are conducted for the crushed specimens. Sieve analysis is also carried 

out to obtain grain size distribution for evaluating the degree of breakage defined by Einav 

(2007). The produced data suggests water retention capability strongly depends on the level of 

grain breakage. The coevolution of soil water retention curve and grain crushing are interpreted 

by the Arya and Paris model (Arya and Paris, 1981), the Modified Kovacs model (Aubertin, 

Mbonimpa, Bussière, & Chapuis, 2003) and UBM. In the Arya Paris (AP) model, a selection of 

scaling parameter α plays an important role in determining suction air entry value, which is 

difficult to determine a priori given its dependency on the gradation of the specimen. The 

prediction of SWRC using the MK model for crushed soil has reasonable matches with the 

measured data, although it overpredicts the suction air entry value for uncrushed soils. In the 

case of UBM, model parameters are firstly calibrated to match the experimentally produced 

compression curve and the SWRC of the uncrushed specimen. The model then naturally predicts 

the coevolution of SWRC and grain crushing. Figure 2.4 presents comparison between UBM 

prediction and experimental data for sand and glass beads. 
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Figure 2.4: Comparison between experimental data and UBM prediction data for sand typed soil 

and glass beads: (a and b) compression curve; (d and e) GSD; (f and g) SWRC. After Gao et al. 

(2016) 
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2.5. Compression of Unsaturated Clay under High Stresses (Mun and McCartney, 2015) 

This study investigated the isotropic compression behavior of unsaturated clay under high 

pressure to 160 MPa and drainage condition. This work is conducted on the High Pressure 

Isotropic Compression device, which is also the primary experimental equipment used in this 

thesis. The study compares the compression behaviors of compacted clay in between undrained 

and drained conditions, and evaluates the difference of deformation properties between fully 

saturated and partially saturated clay in the both conditions.  

A series of undrained isotropic compression tests for clay specimen were performed 

under mean stress up to 160 MPa with several initial degrees of saturation (Sr = 1.0, 0.9, 0.8). 

The obtained results are shown in Figure 2.5. It is clearly shown that the curve moves 

downwards as the initial degree of saturation decreases. It represents that drier soil has lower 

initial undrained bulk modulus due to the high compressibility of air.  

 

Figure 2.5: Undrained compression curves of clay specimens with different initial degrees of 

saturation 

The isotropic compression tests in the drained condition were conducted for the saturated 

and unsaturated clay under high pressures up to 160 MPa. In the tests, more increase in amount 

of outflow water is found in higher initial degree of saturation with the same mean effective 
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stress (Figure 2.6). Water outflow is instantly increased from beginning of the compression in 

saturated clay, while a delay of water outflow is observed for partially saturated clay (Sr = 0.9 

and 0.8).   

 

Figure 2.6: Change of mean effective stress and water outflow in time of clay specimen with 

different initial degree of saturation during drained compression: (a) Sr = 1.0; (b) Sr = 0.9; (c) 

Sr = 0.8  

Furthermore, a difference between the total volume change and the outflow of water for 

the specimens with different initial degrees of saturation is observed in Figure 2.7. For the 

saturated specimen, the total volume of the specimen is identically changed as the amount of 

water flowed out, up to a specific stress level where the specimen becomes dense, as shown in 

Figure 2.7 (a). The difference between the volume of outflow and the void increases in specimen 

with higher initial degree of saturation. The volume trend of water outflow becomes close to the 

volume change of specimen after a certain stress around 4 MPa, as presented in Figure 2.7 (b) 

and (c). This means compression behavior of unsaturated clay become similar to the one of 

saturated clay, after approaching a certain stress making pressurized saturation.  

The phenomenon is emphasized in Figure 2.8 (a) where the drained 𝑒 − 𝑙𝑜𝑔 𝑝′ 

compression curves for the specimens are plotted. The compression lines of unsaturated clay 

become overlapped with the one for saturated clay at the virgin compression behavior, although 

they are differently started with higher pre-consolidation stress for lower initial degree of 

saturation. The results are coincided with the hypothesis that pressurized saturation is occurred in 
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unsaturated soil after effects of suction is marginalized. In Figure 2.8 (b) with the logarithmic 

scale for 𝑝′, suction hardening effect on the deformation behavior is clearly shown. The saturated 

clay deforms more than the unsaturated clay at the low mean effective stress. However, all the 

compression curves converge to one line after certain stress level has been reached. 

 

Figure 2.7: Comparison of changes between total volume of specimen and water outflow 

according to mean effective stress for the specimens with different initial degrees of saturation: 

(a) Sr = 1; (b) Sr = 0.9; (c) Sr = 0.8  

 

Figure 2.8: Compression curves of clay specimen: (a) 𝑒 − 𝑙𝑜𝑔 𝑝′; (b) 𝑒 − 𝑝′ 

2.6. Roles of Particle Breakage on the Isotropic Compression of Sand (Mun and McCartney, 

2017) 

This paper presents another study conducted on the HPIC device. Saturated and dried 

Mason sand were subjected to compression test under high pressure up to 160 MPa with drained 

and undrained condition. The results are compared to evaluate a role of drainage in compression 
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behavior of sand for the different saturated condition. The effects of drainage and saturation 

condition on the particle breakage are investigated by produced particle size distribution after 

compression tests with different stress level. Furthermore, this paper analyzes a dependence of 

initial relative density on compression behavior of sand and degree of particle breakage. 

2.6.1. Isotropic Compression Response of Dry and Saturated Sand 

The dry Mason sand was subjected to the compression test under both of drained and 

undrained condition but only drained condition is applied to the test for saturated Mason sand. A 

series of test results are presented in Figure 2.9. The deformation behavior of dry sand is 

accordance with an accepted response for the loading curves [Figure 2.9 (a)]. The compression 

curve for dry sand in undrained condition is plotted in Figure 2.9 (c) and (d). The figures present 

similar result to the behavior of dry sand in drained condition. This means that pore air does not 

have a significant role in the compressive deformation of dry sand due to its high 

compressibility. Compression curve of saturated sand in undrained condition is obtained in 

Figure 2.9 (e) and (f) and they show small deformation of the specimen. 

2.6.2. Particle Breakage during Isotropic Compression 

To quantify particle breakage of the specimens, particle size distributions were produced 

before and after the compression test (Figure 2.10). Comparing the particle breakage distribution 

for dry sand with the different drainage condition, undrained specimen have a just greater 

breakage than undrained specimen. Whereas particle breakage is gradually developed in 

undrained and drained dry sand as stress level increases, it is hardly occurred in undrained 

saturated sand and the breakage is marginally evolved between the stresses.  
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Figure 2.9: Isotropic compression curves of the sand specimen with different drainage 

condition: (a) 𝑒 − 𝑙𝑜𝑔 𝑝′ (Dry sand in drainage); (b) 𝑒 − 𝑝′ (Dry sand in drainage); (c) 𝑒 −
𝑙𝑜𝑔 𝑝′ (Dry sand in no drainage); (d) 𝑒 − 𝑝′ (Dry sand in no drainage); (e) 𝑒 − 𝑙𝑜𝑔 𝑝′ 
(Saturated sand in no drainage); (f) 𝑒 − 𝑝′ (Saturated sand in no drainage) 

 

Figure 2.10: Particle size distribution of Mason sand for all the stress levels: (a) drained dry 

sand; (b) undrained dry sand; (c) undrained saturated sand 
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To investigate a role of initial relative density in compression behavior and particle 

breakage of dry sand, the compression tests were conducted under 160 MPa and drained 

condition. The following compression curves and particle size distributions are shown in Figure 

2.11. In the compression curves, although the behavior is divergently developed as different 

initial relative density at the pre-consolidation state, however, they converged to a distinctive 

virgin compression line at approximately 20 MPa. In the comparison of the particle size 

distribution, it is found that the dependence of initial relative density is negligible for particle 

breakage in this paper, as shown that all the distribution curves are overlapped in Figure 2.11 (b).    

     

Figure 2.11: Dependence of initial relative density: (a) compression curves; (b) particle size 

distribution after isotropic drained compression test under 160 MPa 

2.7. Summary 

UBM seems to be a versatile tool to interpret the coevolution of grain breakage and 

SWRC in an integrated manner. The current results by Gao et al. (2016), however, is only 

limited to two granular samples with specific grain sizes. It is desirable to enrich the dataset by 

validating UBM against other types of granular materials characterized by coarser and finer 

initial GSD compared to those studied in previous investigations. This will allow us to 

investigate the grain size effect on the crushing resistance and water retention capacity, as well as 

estimate the intensity of hydromechanical coupling as a function of D50. 
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To test the performance of the HPIC device, high pressure isotropic compression test will be 

performed similar to the work of Mun and McCartney (2017). To amplify the breakage effect, it 

is desirable to use sand with more uniform gradings and larger grains than Mason sand. It is 

expected that such sand will exhibit higher crushability and more prominent GSD evolution 

during loading. While the two breakage theories by Marsal (1967) and Hardin (1985) were used 

by Mun and McCartney’s study for quantifying breakage degree, this study will rely on the 

breakage mechanics theory and consequently the breakage index defined by Einav (2007) to 

interpret the results.  
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CHAPTER 3: VALIDATION OF UBM USING ADDITIONAL DATA 

3.1. Experimental Program 

3.1.1. Testing materials 

To complement previous findings for Q-ROK#1 sand (D50=0.36 mm) and soda-lime 

glass beads (D50=0.55 mm) used by Gao et al. (2016), two more materials each for natural 

granular material (sand) and idealized granular material (glass beads) respectively are adopted, 

with drastic difference of their mean grain size. For natural sand, Q-ROK#4 sand with D50=1.1 

mm and CFS sand with D50=0.12 mm (Producer: U.S. Silica, Plant: Berkeley Springs, West 

Virginia) are used in this study. Both sands are made of >99% SiO2, characterized by highly 

angular geometries and are consistent with the Q-ROK#1 sand used in the previous study. For 

convenience, the CFS, Q-ROK#1 and ROK#4 sand will be hereafter referred to as fine sand, 

medium sand and coarse sand respectively. For idealized granular materials, two soda-lime glass 

bead assemblies with D50=0.12 mm and D50=1.2 mm are adopted, which will be referred to as 

small GB and large GB respectively. The glass bead samples used in the previous study 

(D50=0.55 mm) are thus re-named as medium GB for consistency. The initial grain size 

distributions (GSD) for the 4 new materials and the 2 previously tested materials are presented in 

Figure 3.1. 

 

Figure 3.1: GSD of the tested sand and glass bead specimens 
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The representative microscopic photos of their grains are shown in Figure 3.2. It is 

observed that Q-ROK sand particles are highly angular and contains many irregular asperities, 

whereas glass beads are almost perfect sphere with smooth surface texture.  

 

Figure 3.2: Images of the particles of the testing materials: (a)-(c) sand, (d)-(f) glass beads 

3.1.2. Testing Program 

All specimens for one-dimensional compression tests are prepared via a dry pluviation 

procedure to ensure the same input energy for packing. Then each specimen is subjected to 

strain-controlled (0.4%/min) 1D compression until the target vertical stress is achieved. For sand 

specimens, compressions are terminated at three stress levels to create specimens with different 

level of crushing. Only one stress level σv=110 MPa is inspected for glass beads due to the 

limited material available in the lab. After compression, the crushed specimens are reassembled 

in a Temp Cell (Soilmoisture Equipment, Goleta, California) for SWRC measurement. As 

observed in the previous study, it is not possible to re-constitute the crushed specimens to the 

same void ratio of the initial oedometer specimens due to the severe change in GSD and 
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production of fines. Thus, all specimens subjected to water retention testing have been 

reconstituted through the same procedure, which involved wet pluviation guaranteeing the same 

input energy for packing, as well as an initially saturated state. The SWRC curves have been 

measured by controlling the air pressure up to desired levels and monitoring the weight loss of 

the Tempe Cell at equilibrium conditions. After SWRC measurements, wet sieve analyses have 

been carried out to define the GSD curve for grain-size fractions greater than 0.075 mm. The 

portions of the GSD curves finer than 0.075 mm are characterized through image analysis as 

described in (Gao et al., 2016).  

3.1.3.  Testing results 

The compression curves for the four materials, together with the previous result of 

medium sand and medium GBs are presented in Figure 3.3. Despite the different initial void ratio 

prepared under same packing energy, a consistent trend is observed on the location of the 

limiting compression curve (LCC) (Pestana & Whittle, 1995). It is observed that for both 

materials, the smaller the mean grain size the higher range of pressure LCC locates.  

 

Figure 3.3: Compression curves for (a) sand and (b) glass beads 



29 
 

The GSDs of the crushed specimens are plotted together with that of the uncrushed ones 

in Figure 3.4. A common trend observed from these curves is that crushing under monotonic 

loading does not alter the maximum grain size while the amount of fines is rapidly accumulated. 

Such observation corroborates other findings from numerical simulations (Tsoungui et al., 1999; 

Ben-Nun and Einav, 2010), in that large particles get cushioned by surrounding smaller particles 

during fragmentation, thus prohibiting them from breakage. Another observation is that all the 

GSD curves appears to evolve, at different rates, towards a final self-similar distribution. Such 

evidence together with many others from lab tests (Coop, Sorensen, Bodas Freitas, & 

Georgoutsos, 2004) and geological fault gouges (Sammis et al., 1987) justifies the assumption of 

an ultimate fractal GSD that attracts all the GSD curves during comminution. This assumption 

enables the use of breakage index defined by Einav (2007) for continuum description of 

crushable granular materials.  

 
Figure 3.4: GSDs for (a) coarse sand; (b) fine sand; (c) large GB; (d) small GB 
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The SWRCs of the original and crushed specimens are shown in Figure 3.5. All materials 

display a significant increase in sAEV and a slight increase on the slope of the middle portion of 

the SWRCs as comminution progresses. Such result is expected considering that the increased 

percentage of fines (reflected by increase in D10) and the transition towards a well-graded soil 

(reflected by increase in Cu) will decrease the peak values of pore size and broaden up the overall 

pore size distribution curves.  

 
Figure 3.5: SWRCs for (a) coarse sand; (b) fine sand; (c) large GB; (d) small GB. The dashed 

line and open square in (a) and (c) indicate an extrapolation of the curve within a suction rage 

beyond the resolution of the equipment 

Table 3.1: Characteristic values of GSD and SWRC 

Material Extent of crushing 𝑒 
sAEV 

(kPa) 

D10 

(mm) 

D50 

(mm) 
Cu 

Coarse sand Uncrushed 1.12 0.08 0.882 1.132 1.23 

Crushed at 19 MPa 0.73 0.26 0.153 0.512 2.40 

Crushed at 47 MPa 0.64 0.68 0.089 0.393 1.83 

Crushed at 115 MPa 0.61 1.42 0.045 0.335 2.55 

      

Medium sand Uncrushed 0.8 0.78 0.227 0.364 1.77 

Crushed at 40 MPa 0.73 1.45 0.125 0.362 2.85 

Crushed at 70 MPa 0.75 2.35 0.058 0.274 5.50 
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Crushed at 110 MPa 0.65 3.18 0.04 0.234 7.18 

      

Fine sand Uncrushed 0.94 3.43 0.063 0.121 1.29 

Crushed at 31 MPa 0.86 6.45 0.045 0.111 1.48 

Crushed at 59 MPa 0.8 7.88 0.027 0.091 1.85 

Crushed at 112 MPa 0.82 8.43 0.023 0.078 2.00 

      

Large GB Uncrushed 0.63 0.08 0.930 1.210 1.22 

Crushed at 112 MPa 0.68 1.67 0.068 0.082 3.48 

      

Medium GB Uncrushed 0.62 0.32 0.425 0.551 1.38 

Crushed at 70 MPa 0.59 0.59 0.108 0.497 4.85 

Crushed at 105 MPa 0.57 0.57 0.059 0.444 8.07 

      

Small GB Uncrushed 0.66 3.89 0.093 0.124 1.34 

Crushed at 112 MPa 0.61 4.12 0.035 0.103 1.51 
 

3.2. UBM Interpretation 

For each type of material, model parameters are determined based on the following 

procedure.  

Step 1: determine the grading descriptors for the cumulative GSD Eqs. (2.11) based on initial 

GSD data. In the equation, the minimum grain size 𝐷𝑚 is adjusted here to best match the GSDs 

at lower ranges (i.e. d=0.01mm ~ 0.1mm). Based on the descriptors, the grading indices 
M

  and 

H
  can be computed using the Eqs. (2.10).  

Step 2: determine the mechanical parameters (Ec, M, ω, K , ν) using the compression data. 

Among them, Ec andK  controls the yielding and stiffness of the material under isotropic 

compression, while M and ν controls those subjected to shearing stress path. Since 1D 

compression responses are governed mainly by Ec andK , the value of M and ν are fixed as 1.3 

and 0.1 for all samples, respectively. The value of ω controls the compressibility in the post-

yielding regime.  

Step 3: determine the hydraulic parameters for the SWRC equation Eq. (2.24) based on initial 

SWRC data.  
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The determined parameters to make best-matched prediction are presented in the Table 3.2.  

Table 3.2: Parameters of UBM 

 Initial GSD Initial SWRC Mechanics 
Computed 

grading indices 

Materials 
𝐷𝑚 

(mm) 

𝐷𝑀 

(mm) 
𝛽 

𝐾𝑤 

(kPa) 
𝑎 𝑆𝑟

𝑟𝑒𝑠 �̅� 𝜈 𝜔 𝑀 
𝐸𝑐 

(MPa) 
H  M  

Coarse sand 

(Calibrated based on Compression) 
0.006 1.427 -1 0.2 0.5 0.05 1800 0.1 55 1.3 0.035 13.4463 0.7184 

Coarse sand 

(Calibrated based on GSD) 
0.006 1.427 -1 0.2 0.5 0.05 5000 0.1 45 1.3 0.7 13.4463 0.7184 

Fine sand 0.004 0.167 1.3 3.55 0.2 0.15 1400 0.1 20 1.3 2.8 2.4167 0.5396 

Large GB 0.005 1.427 -1 0.15 0.5 0.15 3500 0.1 72 1.3 0.64 15.39 0.7209 

Small GB 0.012 0.143 -1 2.2 0.2 0.12 3100 0.1 60 1.3 2.6 1.7198 0.6033 

 

Figure 3.6 compares the UBM simulations with the data measured for the four materials. 

The compression responses of all specimens are well captured since the mechanical parameters 

have been calibrated based on the compression data. The predicted breakage evolution curves are 

plotted together with the experimentally determined B values (using the area-based definition by 

Einav (2007)) in Figure 3.6. At each stress level, the predicted B values can be further used to 

locate the GSD and SWRC via Eqs. (2.3) and (2.14). It is observed that, except for coarse sand 

(the case of which will be discussed later), the predicted GSDs match reasonably well with the 

experimental data at all stress levels. Similarly, the predicted SWRCs using the same set of B 

values well captures the SWRCs of crushed specimens for fine sand, small GB and large GB. 

Note the slight change of the shape of the SWRCs as comminution progresses is not captured, 

since the current UBM model can only predict the shifting of sAEV via the term  1  H B  in the 

Eq. (2.14). This limitation results in an underestimation of the suction values of severely crushed 

samples at high suction regime. A more accurate model would have the baseline SWRC Eq. 

(2.24) depends on the breakage B, which will require substantial change of the total Helmholtz 

free energy Eq. (2.9) and demands further micromechanical and experimental justifications. 
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Figure 3.6: Comparison between measured data and UBM predictions for (a) coarse sand; (b) 

fine sand; (c) large GB; (d) small GB 
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For the coarse sand, it is found that the degree of comminution is severely overpredicted 

at all stress levels. Such over prediction is reflected in the breakage evolution, GSD and SWRC 

curves simultaneously. There are possibly two reasons for such result: 1) From microscopic 

images (Figure 3.2), it is observed that the coarse sand particles contain more asperities 

comparing to the medium and fine sands. Calculations of the circularity index (Ham et al., 2011) 

24 /C A P , where A is the particle area and P its perimeter , of all sand particles have indeed 

revealed that the coarse sand tested in this study has much rougher surface texture than the other 

two sands (Sohn et al., 2017). In other words, there is a lack of geometrical similarity among the 

particles of the three sands. The current version of UBM does not explicitly consider the effect of 

grain shape and thus cannot distinguish grain breakage due to dominantly asperity abrasion or 

particle crushing. Therefore, the model cannot predict the apparent yielding caused by breakage 

of the asperities where massive grain crushing has not occurred yet. Therefore, the mechanical 

parameters calibrated to match the apparently yielding can significantly underestimate the 

crushing resistance of the granular matrix and further accelerate the growth of breakage, as 

observed in Figure 3.6. 2) The aforementioned grain shape effect can be exacerbated by the fact 

that coarse sand specimens are all loosely packed (i.e. e0=1). Particularly, a slight change of the 

grain geometry (i.e. asperity breakage) can lead to large irreversible volume strains. Such 

mechanism may further promote an apparent yielding at macroscale without the occurrence of 

massive grain crushing. The current model contains only one yield surface which is associated 

with grain breakage. As a result, yielding caused by pore collapse or grain rearrangement without 

crushing may not be fully captured. To provide further evidence for the above-mentioned 

arguments, the critical breakage energy Ec and the nonlinear bulk modulus K  are increased to 

much higher values to match the breakage evolution data. The computation result is shown in 
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Figure 3.7. This time, the GSDs and SWRCs are well captured at all stress levels, while the yield 

stress is over predicted since the model cannot reflect the ‘apparent yielding’ caused by asperity 

breakage and void collapse.  

These results point out potential directions for future improvement of breakage 

mechanics models. Particularly, the effect of grain shape should be correctly reflected in the 

model via additional parameters or new internal variables. The recent work by Zhang et al. 

(2016) has taken the first step towards such direction by including various contact and failure 

models in calculating the critical breakage energy Ec. This micromechanical approach has 

successfully explained the effect of grain size on characteristic strength and fracture energy of 

individual particles and the yield stress of granular assemblies. The insight gained from such 

study, however, is only applicable to the onset of breakage on brittle granular materials. Hence, 

the effect of the grain shape on the evolution of the system after yielding demands further 

theoretical and experimental studies. In particular, enhanced breakage evolution laws accounting 

for the shape of the grain could be formulated in order to enable breakage mechanics models to 

capture more accurately the inelastic behavior of a wider range of granular soils.  

 

Figure 3.7: Performance of UBM after adjusting the mechanical parameters to match the GSD 

data of coarse sand 
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3.3. Grainsize effect on hydromechanical coupling 

The effect of grain size on the hydraulic and mechanical behaviors of unsaturated crushable soils 

can be readily visualized by plotting Kw and Ec, i.e. the two central parameters that reflect the 

water retention capability and the crushing resistance of the granular matrix, against the mean 

gran size D50. Figure 3.8 (a) presents the values of Kw obtained in this study. The trend is 

consistent with the previous dataset collected by Zhang and Buscarnera (2014), in that soils with 

larger mean grain size are characterized by lower values of Kw and hence lower suction air entry 

value. The slope of the power law trendline for the new data is approximately -1 which is 

consistent with the former trendline. Such slope can be explained by the capillary theory, by 

which the height of capillary rise is inversely proportional to the size of the capillary tube (or the 

mean pore size in this case). Figure 3.8 (b) plots the calibrated values of Ec for Q-ROK sand and 

glass beads. For coarse sand, the value of Ec that provides the best match of the GSD evolution 

curves from Figure 3.8 is shown here, in that it reflects more directly the energy threshold 

associated with major particle breakage and GSD alteration. It is observed that the grain size 

dependency for both materials display similar slope on the log Ec-log D50 plot, in consistent with 

the previous findings (Zhang and Buscarnera, 2014).  

 

Figure 3.8: Grain size effect on the value of (a) air-entry parameter Kw and (b) critical 

breakage energy Ec. 
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The capillary toughness number CT  [Eq. (2.25)] is computed with the determined parameters Ec 

and K for Q-ROK sand and glass beads in Figure 3.9. Both materials are predicted to have 

stronger hydromechanical coupling effect at larger grain sizes. This result, as discussed in Zhang 

and Buscarnera (2014), is a consequence of the competition between the deterioration of 

crushing resistance and water retention capacity as D50 increases. For the present case, the 

decrease of breakage threshold dominates such competition and thus the coupling is predicted 

stronger in soils with larger grains. It should be noted that such prediction is made for soils with 

grain size between 0.1 – 2 mm. For finer soils (D50 < 0.075mm), this conclusion is no longer 

valid since grain breakage plays a less important role in dissipating energy and other 

intergranular forces become important (e.g. electrical force). Similarly, this prediction cannot be 

extrapolated for gravels and boulders (D50 > 10mm) where interparticle capillary forces reduces 

to a negligible level. Lastly, it should be noted that regardless of the increasing trend of CT , the 

magnitude of CT  for all the six materials is very low, thus confirming that sands are 

characterized by weak values of water sensitivity compared to other geomaterials such as clays 

and rockfill. 

 

Figure 3.9: Grain size effect on the intensity of hydromechanical coupling. 
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CHAPTER 4: EXPERIMENTAL SETUP AND TESTING APPROACH 

4.1. High Pressure Isotropic Compression Device 

The High Pressure Isotropic Compression Device was designed to hold confining 

pressure up to 160MPa and thus is able to crush different types of granular soils. Figures 4.1 and 

4.2 show the picture and the schematic of the device, respectively. The experimental setup 

consists of four major components: high-pressure syringe pump, pressure control panel, data 

acquisition system (DAQ) and high pressure isotropic cell.  The high-pressure syringe pressure 

pump (Figure 4.3), manufactured by Teledyne Isco, is capable of applying 0.07 - 165 MPa 

pressure to the isotropic cell at injection rate of 0.00001 - 25 mL/min and tracking the volume 

change of the specimen. Details of the syringe pump are presented in Table 4.1. The pressure 

control panel (Figure 4.4) controls suction, tracks the change of degree of saturation during the 

tests for partially saturated soil specimen, and controls the cell pressure at low pressure ranges. 

The panel consists of three tubes and two pressure gauges. Two tubes control pore air pressure 

(ua) and pore water pressure (uw) of the specimen, respectively. The other tube is used to provide 

pressure fluid to the cell before the high-pressure test and collect the pressure fluid after the test. 

The maximum pressure that can be provided by the three tubes is 850kPa. A differential pressure 

transducer (DPT), which is connected to water burette, monitors the volume of water outflow 

from the specimen. The DPT used for the test is a Model P300D produced by Validyne and has a 

capacity of 55 kPa with a 3-34 diaphragm. The pressure difference signal is amplified and 

modulated through DAQ system in an electric unit (mV) and then visualized in the desktop with 

using a NI-DAQmx program. This data can be converted to volume change through calibration, 

from which the change of degree of saturation can be computed. In the dry specimen, a package 

of Labview tool kit (Figure 4.5) provided by Teledyne Isco is used to measure the change of soil 
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volume and export the data. The data acquisition system along with the DPT and the Labview 

tool kit enables a compact control and DAQ environment for the experiment.  

 

Figure 4.1: Picture view of HPIC 

 

 

Figure 4.2: Schematic view of HPIC 
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     Figure 4.3: Picture view of syringe pump            Figure 4.4: Picture of pressure control panel 

 

 

Figure 4.5: Toolkit 
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 The isotropic cell is made of a 254mm tall, 180.34mm OD and 112.78mm ID stainless-

steel cylinder sandwiched by two 50.8mm-thick plates. A bottom plate with a thickness of 

38.1mm and a diameter of 71.1mm for placing specimen is integrated with the bottom part of the 

cell. Figure 4.6 shows inside and outside view of the isotropic cell. A load frame with 76.2mm 

thickness of stainless steel plate and six steel alloy rods was installed to resist high pressure 

within the cell. A torque of 2,983 N‧m is applied to the rods of the load frame to avoid leakage 

by high pressure. In the top plate, a flush valve is connected to allow air to be evacuated when 

pressurizing fluid is being filled. The cell has four ports in use of inlet and outlet for both 

drainage of water and air. A fifth port is used to supply the pressurizing fluid into the cell.         

 

Figure 4.6: (a) Inside view of isotropic cell; (b) Outside view of isotropic cell 

Table 4.1: Details of the syringe pump 

Pressure range 0.07 ~ 165 MPa 

Cylinder capacity 68 mL 

Flow rate 0.00001 ~ 25 mL/min 

Flow accuracy ± 0.3% of set point 

Dimensions 103 × 27 × 45 (cm) 
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Figure 4.7 (a) shows the bottom platen of the cell. The specimen exchanges air and water 

with the external burette via a porous sintered stainless ring at the center and edge of the plate. 

There are 4 holes with diameter of 1.59mm hidden beneath the ring [Figure 4.7 (b)]. At the 

center of the bottom plate, either a ceramic disk or a sintered porous disk can be placed, to make 

this part drains water only or both water and air. Cell pressure is applied on the pressure fluid 

through a hole near the bottom plate.     

 

Figure 4.7: (a) View of the bottom plate; (b) Inside view of the bottom plate 

4.2. System Calibration 

To measure volumetric strain of the specimen during compression through the syringe 

pump reading, the machine compliance was measured using an aluminum specimen with 

Young’s modulus of 69 GPa and Poisson’s ratio of 0.334 as shown in Figure 4.8. The aluminum 

specimen was machined to diameter of 70mm and height of 71.4mm, which matches with the 

dimensions of the soil specimens. To replicate the exact testing conditions, the cylindrical 

aluminum was wrapped with all the sealing materials in the same way at the actual testing. The 

prepared aluminum specimen was subjected to an isotropic loading and unloading cycle from 0 

to 160 MPa under flow rate of 5mL/min. Three times of machine compliance test were 

conducted and their average has been adopted for calculating the volumetric change due to 
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machine compliance. The averaged curve is plotted in Figure 4.9. The real volumetric strain of a 

soil specimen can be computed by subtracting the measured volume change by the machine 

compliance curve.  

 

Figure 4.8: Aluminum specimen 

 

Figure 4.9: Machine compliance curve 
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CHAPTER 5: TROUBLESHOOTING AND PROTOCOL DEVELOPMENT 

5.1. Attempts for coupled HPIC and SWRC tests 

5.1.1. Original plan of the experimental study 

The original goal of this study is to analyze the hydromechanical properties of granular 

soils by obtaining their water retention curves and compression response simultaneously using 

the HPIC. This was motivated by the fact that the HPIC device has the potential to fragment the 

soil specimen and impose suction control at the same time. If successful, this is a significant step 

forward compared to the study by Gao et al. (2016), where the compression and SWRC 

experiments have been conducted in separate devices. During this process, the samples has been 

reconstituted, thus the in-situ fabric structures of loaded specimens are invariably lost during the 

measurements of SWRC. Moreover, since the soil water retention test were performed after the 

1-D compression, the impact of desaturation or re-saturation on the possible collapse behavior of 

soils cannot be studied.  In this study, attempts have been made to address the issues in Gao’s 

study using the HPIC device.     

5.1.2. Limitations of SWRC test using HPIC 

To check the feasibility of HPIC for measuring the SWRC of stressed soil specimen, a 

trial test was conducted. Low isotropic pressure was applied by pressure panel and suction is 

applied by pressurizing the air through the porous ring. Water in the specimen was allowed to be 

drained through the porous ceramic disk with air entry value of 300kPa. Figure 5.1 presents the 

setting of the trial test. At the same time, independent SWRC tests were conducted using the 

Tempe cell setup (Soilmoisture, Goleta, CA) which is widely used for studying the retention 

properties of coarse granular materials (Figure 5.2). Two tests were carried out using uniform 

quartz sand and the degree of saturation was measured every 4 hours to allow for equilibrium.  
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Figure 5.1: Experimental setup for SWRC test with HPIC: (a) Sketch of the test; (b) picture of 

the bottom plate 

 

Figure 5.2: (a) View of Tempe cell; (b) Operation of Tempe cell test 

As shown in the plot with Tempe cell test [Figure 5.3 (a)], the tested sand has extremely 

low water retaining capability which approaches to the lower limitation of the measurement 

range of the Tempe cell system. The SWRC measured by the HPIC [Figure 5.3 (b)], however, is 

located at much higher suction ranges. Even with such a high pressure of 100kPa, just 

approximately 20% amount of water was drained out. This massive disagreement indicates that 
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the HPIC device is not suitable for SWRC measurements and further implies its inefficiency in 

controlling suction during the mechanical test.  

 

Figure 5.3: SWRC test results by (a) Tempe cell; (b) HPIC 

The reason for such mismatch of the SWRC obtained from HPIC and Tempe cell is that 

the HPIC does not have an optimal drainage flow configuration for equilibrium. The air pressure 

is applied upward through bottom of the cell but the HPIC let water drain out downward [Figure 

5.4 (a)]. This pressure applying and drainage flow direction is not the same as the Tempe cell, 

where water is drained from the bottom and air pressure comes from the top of the cell [Figure 

5.4 (b)]. Another reason is in the time duration between each measurement. Since the sample 

volume for the HPIC test is greater than that for the Tempe cell, equilibrium time for the HPIC 

specimen need much longer time than 4 hours which is considered enough for the Tempe cell 

test. The last reason for the inapplicability of HPIC for SWRC measurement is that, after each 

high-pressure compression test, the porous ceramic is severely compacted and indented by the 

soil particles. This can cause void closure, damaging, and cracking of the ceramic and make it 

lose functionality. 
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Figure 5.4: A schematic view of flow direction of air pressure and water drainage: (a) HPIC; (b) 

Tempe cell 

There are several possible solutions to reconfigure the HPIC device suitable for the 

SWRC test: 1) Design air pressure line that goes through the top of the HPIC and replace the 

porous steel with the ceramic can establish similar air pressure and water drainage system as the 

Tempe cell; 2) Use porous ceramics that are characterized by low suction air entry values to 

enhance the water flow rate and reduce the time required for equilibrium; 3) To prevent damage 

and contamination of the porous ceramic disc, it is possible to place a porous steel disc on top of 

the ceramic disc, which is supported by the surrounding walls rather than the ceramic directly. In 

this way, the ceramic does not contact with the soil nor take the confining pressure from the soil 

specimen. Thus, both indentation and compaction can be prevented.  

5.2. New plan of the study 

Knowing the above experimental limitations, the direction of this study has been 

modified to focus more on the mechanical properties of coarse granular materials. Since the 

HPIC is still fully adequate in supplying high pressures and causing particle breakage, a study of 

the co-evolution of compressibility and gradation can be carried out using the device. This study 

will compare the compressive curve, grain size distribution and breakage evolution curve for 
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four different crushing stress level at 20, 40, 80, and 160MPa, to explore how particle breakage 

is developed through the course of isotropic compression. The extent of breakage at each 

crushing stress will be evaluated based on the Einav’s breakage index. Furthermore, the effect of 

saturation on compressive behavior in quartz sands will be investigated. 

The HPIC device has to be adapted for the new purpose. The porous ceramic disk, used 

for suction control in the previous plan, is replaced with porous metal to guarantee more 

effective drainage during compression and better mechanical support to the soil specimen. The 

modified system allows the measurement of the compressive deformation immediately by 

getting rid of the equilibrium time imposed by the ceramic disk. The modified porous system is 

presented in Figure 5.5. 

 

Figure 5.5: (a) Initial setting of bottom plate; (b) Current setting of bottom plate 

During the HPIC test on quartz sands, difficulty raises in sealing to prevent leakage of the 

pressure fluid into soil specimen. There has been a lot of trials and troubleshooting for finding a 

way of sample preparation without leakage. In the early trials, samples were prepared using one 

piece of latex membrane (thickness: 0.635mm) for confinement of the specimen, two o-rings on 

grooved bottom plate and top cap for fixing the membrane, and vacuum grease on top cap and 

bottom plate to provide extra sealing. To make the initial sample perfectly cylindrical for precise 
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measurement of initial void ratio, a vacuum is applied after the membrane is wrapped inside of a 

cylindrical PVC mold. A picture view of the sample of the first setting is presented in Figure 5.6.   

This setting, however, does not provide a sealing strong enough to endure the high pressure 

during the test. The first problem was that pressure fluid seep into the specimen through the 

small gap between membrane and top cap or bottom plate. The second problem was that the 

latex membrane is easily punctured by asperities of the quartz sand, permitting fluid exchange 

between the cell and inside the specimen. To settle these issues, the latex membrane was 

replaced by the neoprene membrane (thickness: 0.635mm), customized by Geotac in Houston, 

TX to provide higher rupture resistance. Besides, o-rings with smaller diameter were used to 

provide stronger sealing at the top and bottom as shown in Figure 5.7.  

    

Figure 5.6: Initial sample setting  Figure 5.7: Setting with neoprene membrane 

The new configuration still did not completely prevent the leakage. Even though smaller 

o-rings can keep the pressure fluid from seeping into the specimen, the neoprene membrane was 

penetrated again at pressure higher than 50 MPa. Some brief literature review soon revealed that 

similar failure has occurred in other experimental studies with high confining pressures (Vesic 

and Clough, 1968; J. Colliat-Dangus et al., 1988; Yamamuro and Lade, 1996). Yamamuro and 

Lade (1996) used five pieces of latex membrane with 0.64mm thickness for avoiding 
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penetration, Vesic and Clough (1968) employed plasticized polyvinyl chloride membrane of 

1.3mm thickness for testing sand typed soil at high pressure up to 63 MPa, and Colliat-Dangus et 

al. (1988) used two pieces of neoprene membrane having 0.5mm thickness for higher than 

pressure of 5 MPa.  

To exercise similar methods, we have used 3 pieces of latex membrane (thickness: 

0.635mm) and one piece of neoprene membrane (thickness: 0.635mm) to prepare the specimen. 

Directly attaching the membranes to the mold can make it difficult to have a cylindrical sample, 

which is important to measure the initial void ratio. The multiple layered membranes were hardly 

attached to the wall of mold when subjected to vacuum suction. To solve the problem, the 

aluminum specimen, which had been used for work of machine compliance, was used as a guide 

of pushing the membrane to the wall. After piling the metal specimen with all the membranes, 

the aluminum cylinder is pushed into the mold and the membranes are left at the end of two sides 

to the mold. Then the vacuum suction is applied and the aluminum cylinder is gently removed. 

Finally, an ideal cylindrical inner wall is formed. Figure 5.8 describes the procedure. After the  

 

Figure 5.8: Procedure of sample preparation in order from left to right 

sample is filled, three and two o-rings (O.D.: 61.91mm and I.D.: 57.15mm) are installed on the 

top and bottom cap, respectively (Figure 5.9). The three latex membranes have the role in 
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cushioning the sharp sand grains and prevent the penetration of neoprene membrane during high 

pressure tests. Finally, this sealing method is successful in preventing leakage and all the 

experimental results presented in this thesis are obtained using this method.  

 

Figure 5.9: Determined setting for sample preparation: (a) View from side; (b) View from above 

5.3. Troubleshooting on DPT and DAQ system for measuring water outflow  

As referred in the introduction of HPIC, a differential pressure transducer (DPT) attached 

to the water burette is responsible for tracking the volume of water outflow from the specimen. 

However, it is found that although pore water comes out to the water burette, electrical output is 

constant as almost zero in the DAQmx program. A troubleshooting for DPT has been conducted 

using DC power supply (PS 280 produced by Tektronix) device, which is able to check if an 

electrical device has malfunctions. In a properly working device, output voltage should be almost 

consistent with the input voltage but have a tiny electrical current. The DPT shows a consistent 

value between output and input as shown in the Figure 5.10. Therefore, it is concluded the DPT 

is working properly. 
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The DAQ system is consisted of four electrical modules, SCXI 1001, SCXI 1600, SCXI 

1121, and SCXI 1320 (Figure 5.11). The SCXI 1001 is the chassis where multiple modules can 

be installed. The SCXI-1600 is a module featuring data acquisition and providing sub-SCXI 

(SCXI 1121 in the system) analog input, analog output, digital I/O. The SCXI-1121 can control 

and separate signal input for each channel, which requires different input signals in a variety of 

use. The SCXI 1320 receives signal input from the DPT.  

    

       Figure 5.10: DPT debugging             Figure 5.11: Composition of DAQ system  

Troubleshooting was performed for the two modules with or without the involvement of 

the DPT using a multimeter. All the parts, except for SCXI 1121, has reasonable value of electric 

voltage output. In the case of SCXI 1121, negligible voltage output is observed when the DPT is 

connected, whereas it has an acceptable voltage output without the DPT (Figure 5.12). Based on 

this observation, it is suspected that the module is unable to send a required voltage to operate 

DPT, and the SCXI 1121 contains malfunctions in supplying sufficient input voltage to the DPT.  
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Figure 5.12: Data acquisition system troubleshooting: (a) connected with DPT; (b) disconnected 

with DPT 

5.4. Failure of the bolts connecting the isotropic cell and its top plate 

Disassembly after test and assembly before test of the HPIC cell requires an action of 

uplifting the cell with a pulley. The uplifted parts are hereafter referred to as HPIC cover for 

convenience. The HPIC cover consists of the load frame, the isotropic cell, and the top plate, 

which has a role in connecting the other parts of the HPIC cover (Figure 5.13). The parts are 

connected by a socket head screws in each section. The socket head screws for connecting 

between the top plate and the load frame are larger and made with alloy, while the screws 

between the cell and the top plate are smaller and made with stainless steels. Figure 5.14 shows 

view of each socket head screws.  

  

Figure 5.13: Composition of the HPIC cover: (a) Load Frame; (b) Top plate; (c) Isotropic cell 
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Figure 5.14: Socket head screws for load frame (above) and for isotropic cell (below) 

A problem encountered in many HPIC tests is the failure of the stainless socket head 

screws and consequently the disconnection between the cell and the top plate. The main 

mechanism that causes such failure is that the cell-top plate connection is one of the weakest 

links of this cell design. A schematic view of the HPIC cover is shown in Figure 5.15. It can be 

seen that during a HPIC test, pressures transmitted to the top plate is balanced by the tensile 

stress carried by these three small bolts as well as the six outer rods. After the test, lifting up the 

entire cover also counts on the tensile stress in the bolts to carry the weight of the isotropic cell. 

Therefore, fatigue tensile failure of theses screws is promoted during the numerous high-pressure 

tests and uplifting/release of the cover. It is well known that mechanical properties of alloy are 

better than stainless steel in terms of shear strength and tensile strength [Machine Design, 

(http://www.machinedesign.com/materials/comparing-stainless-steel-and-other-metals)]. The 

specification of the alloy and stainless steel are detailed in Table 5.1. These screws are changed 

to those made with alloy steel, which has demonstrated a decreased probability of failure.   

Table 5.1: Mechanical properties of the screws by composition 

Material  18-8 Stainless steel Alloy steel 

Tensile strength (psi) 70,000 170,000 

Shear strength (ksi) N/A 11,000 

http://www.machinedesign.com/materials/comparing-stainless-steel-and-other-metals)
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Figure 5.15: Schematic view of load transition for screw failure 

 

 

 

 

 

 

 

 

 

 

 

 



56 
 

CHAPTER 6: EXPERIMENTAL RESULTS 

6.1. Details of specimens and experimental works 

In this study, quartz sand and shale sand are crushed using the HPIC device. The quartz 

sand is pool filter sand produced by the Quikrete. The sand is uniformly graded and has a grain 

size ranging from 0.118mm to 2.00mm. Shale obtained from Boulder, Colorado has been used to 

produce the shale sand. To minimize grain size effect on particle breakage, the shale rock is 

milled and sieved to have the similar gradation with the quartz sand. The produced shale sand is 

also uniformly graded and most of them has a grain size ranging from 0.85mm to 2.00mm. The 

quartz sand is sub-rounded while the shale sand is angular. Figure 6.1 (a) and (b) present the 

microscopic view of their particles. Figure 6.2 (a) and (b) shows pictures of the two sands.  

 

Figure 6.1: Microscopic view of the (a) quartz sand; (b) shale sand 

 

Figure 6.2: Pictures of the (a) quartz sand; (b) shale sand 
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Before each test, the specimens are oven dried to remove the residual moisture. The 

volume of soil used for each test are made identical to ensure the same initial void ratio. For test 

on saturated specimen of the quartz sand, the samples are prepared through wet pluviation. De-

aired water is applied through the bottom of the cell driven by vacuum applied at the top of the 

sample using a saturation cap. For tests on saturated shale sand, the grains were submerged in 

water for 3 days before the wet pluviation procedure since more saturating time is needed for 

shale sand. Specific gravity tests are conducted to accurately calculate initial void ratio. The 

obtained initial void ratio is 0.63 – 0.64 for quartz sand and 0.71 for shale sand. The volume of 

the test sample (D: 72.8mm H: 66.05mm) is same as the aluminum specimen used for machine 

compliance measurement. The index properties of the specimens are detailed in Table 6.1.     

Table 6.1: Index properties of specimens 

Property Quartz sand Shale sand 

D10 (mm) 1.07 0.9 

D30 (mm) 1.32 1.2 

D60 (mm) 1.61 1.7 

Percent fines (%) 0.15 0.7 

Coefficient of uniformity, Cu 1.55 1.89 

Coefficient of curvature, Cc 0.99 1.06 

Specific gravity, Gs 2.67 2.29 

Liquid limit (LL) - 24 

Plastic limit (PL) - 26 

Plasticity index (PI) - Non-Plastic (NP) 

Minimum void ratio, emin 0.59 0.67 

Maximum void ratio, emax 0.68 0.73 

Compression tests are performed on dry quartz sand terminated at four different pressure 

levels at 20, 40, 80 and 160 MPa. For the purpose of finding difference in compression behaviors 

between wet and dry state of crushable granular materials, 160 MPa compression tests are 
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conducted for fully-saturated and oven-dried quartz sand and shale sand. The dry and saturated 

specimens are pressurized by a constant flow rate of 5ml/min and 1ml/min (to minimize pore 

water build-up), respectively. Brake fluid is used as the pressurizing fluid for its high bulk 

modulus (2.068 GPa). The quartz sand specimens after compression tests are subjected to 

particle size analysis. Wet sieve analysis with No. #200 (0.075mm) sieve was performed to 

collect and detach fine particles stuck to the body of larger particles. Hydrometer analysis are 

conducted for the fines collected after the wet sieve analysis. The remaining particles on the No. 

200 sieve are subjected to regular sieve analysis with No.10 (2mm), No.16 (0.118mm), No.20 

(0.85mm), No.40 (0.425mm), No.50 (0.3mm), No.60 (0.25mm), No.80 (0.18mm), No.100 

(0.15mm), and No.200 (0.075mm) sieves. The grain size distributions for all the quartz sand 

specimen under the different compressive stress are plotted. However, the sieve size analysis is 

not available for shale sand due to solidification of the specimen after the compression.   

6.2. Compression curve 

6.2.1. Compression curve for dry quartz sand under the different stress 

The results of isotropic compression curve for dry quartz sand under 20, 80 and 160 MPa 

stress levels are plotted in the Figure 6.3. In each figure, except for 20 MPa, the curves have two 

or three of discontinuous points due to the refilling process. Since the pump has a maximum 

volume storage of 68mL, it needs to be refilled frequently for high-pressure tests and for highly 

deformable soil specimens. During refilling, it is difficult to avoid slight pressure relaxation due 

to material creep effect and fluid loss during valve opening/closing. Such minor unloading event 

does not affect the observation of the overall compression response at the post-crushing regime. 

The compression curve for all the stress have a similar result, justifying the repeatability of the 

sample preparation and loading procedure. The yielding point of the 20 MPa curve is slightly 



59 
 

earlier than the others, possibly due to the initial variation of the sample. The compression curves 

in log-linear plot exhibits two distinct slopes before and after yielding, which corresponds to the 

linear elastic response and the clastic hardening response. This is typical for crushable granular 

soils and the yielding is uniquely corresponding to the onset of grain breakage.  

 

 

Figure 6.3: Compression curve for dry quartz sand at the different stress levels: (a) 20 MPa; (b) 

80 MPa; (c) 160 MPa; (d) Integrated plot of the curves 

Hereafter, the compression behavior of the quartz sand will be analyzed with reference to 

the 160 MPa compression curve in Figure 6.3 (c). It is observed that yielding occurs at the 

pressure of 16 MPa, which is higher than the yielding stress of Mason sand (Mun and 

McCartney, 2017). This means the crushing resistance of the quartz sand is higher than the 

Mason sand. High compressibility in the post-yielding is observed with the steep slope of the 
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normal compression line. Void closure was observed for the Mason sand, indicated by the flatten 

out of the compression curve at high pressures. Such phenomenon was not observed for the 

quartz sand tested in this study, meaning active voids still exist at 160 MPa.  

6.2.2. Comparison between quartz sand and shale under dry and saturated condition 

The compression curves of quartz sand and shale sand with dry and saturated condition 

are presented in Figure 6.4. In the Figure 6.4 (a), different initial void ratio causes slightly 

misalignment of the compression curves in the elastic regime. However, these curves converge 

to a single limiting compression curve (LCC) after yielding and it is consistent with the previous 

studies (Hendron, 1963; Lee and Seed, 1967; Golightly, 1989; Pestana and Whittle, 1995; Mun 

and McCartney, 2017). The quartz sand shows identical post-yielding compression behavior 

despite the different saturation condition and initial void ratio. Thus, it is concluded that the 

water saturation does not significantly change the compression behavior of the quartz sand.  

On the other hand, it is observed that water has a significant impact to the compression 

behavior of shale sand. The saturated specimen is more compressible and thus void collapse and 

yielding occurs at much lower stress levels than the dry one. This finding is consistent with other 

studies that shale sand and rockfills with higher moisture content is more compressible and 

crushable (Oldecop and Alonso, 2001; Ovalle et al., 2013). This phenomenon can be also 

emphasized in terms of relative humidity. Increased relative humidity corresponds to decreased 

suction at the micro-fissure in particles, which further promotes the dissemination of cracks and 

degradation of particle strength (Oldecop and Alonso, 2007). Such water sensitivity of shale can 

be also attributed to the high content of clay minerals which can exhibit slaking, swelling and 

softening upon water saturation (Botts, 1998; Claybourn 2007). On the contrary, the quartz sand 
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is mainly consisted of quartz which has much less interaction with water molecules. Therefore, 

the water weakening effect is more pronounced on the shale sand than the quartz sand. 

Further inspection of Figure 6.4 (a) shows that the compression curve of the quartz sand 

shows a sharp and clear transition at the yielding point, while such transition is much more 

gradual for shale sand. This difference can be explained in terms of the brittleness of their 

constituting grains. The quartz sand particles are very brittle. Once they are stressed beyond the 

breakage threshold, catastrophic fracturing and comminution occurs macroscopically as the 

sharp yielding point. On the other hand, the failure of the shale particles is gradual and involves 

local plastic deformations at the grain-to-grain contacts. Particle breakage does not occur 

immediately after yielding but rather happens after sufficient plastic strains developed. This 

prolongs the elastic-plastic transition as many particles undergoes different phases of failure at 

microscopic level in this regime. 

 

Figure 6.4: The compression curves of shale sand and quartz sand with the different saturated 

condition: (a) quartz sand; (b) shale sand 

During testing shale sands, it is noted that there is a significant amount of stress 

relaxation developed during refilling of the syringe pump. To analyze an effect of saturate 

condition on the relaxation, the developed stress drops in each refill time for saturated shale sand 
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and dry shale sand are compared. Since more stress drop is developed at a refill with higher 

pressure, using the actual amount of stress drop does not facilitate a direct comparison for the 

ability of the material to relax. Thus, the relaxation stress is normalized by the stress level at 

which such relaxation is conducted as 𝑁𝑟 =
𝑑𝑃 (𝑠𝑡𝑟𝑒𝑠𝑠 𝑑𝑟𝑜𝑝)

𝑃 (𝑠𝑡𝑟𝑒𝑠𝑠 𝑎𝑡 𝑡ℎ𝑒 𝑟𝑒𝑓𝑖𝑙𝑙)
. The normalized relaxation 

curves of the shale sand, quartz sand and the machine compliance are compared in Figure 6.5.  

 

 

Figure 6.5: Comparison of normalized relaxation on the saturated shale sand and dry shale 

sand: (a) at the 1st refill time along with the one of dry quartz sand and machine compliance test; 

(b) at the 2nd refill time; (c) at the 3rd refill time  

It is evident that more relaxation is evolved in the saturated shale sand. This can be 

explained by the amplified time-dependent behavior of the shale sand at high water content. 

Ovalle et al. (2013) conducted a series of triaxial tests were conducted to evaluate the wetting 
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condition effect on relaxation and creep. They have reported greater deviatoric stress dropped in 

the relaxation test and creep straining in the creep test for wet specimen as compared to dry 

specimens (Ovalle et al., 2014). These results are consistent with the finding. Moreover, it is 

observed that shale sands are overall more time-dependent than the quartz sand due to the rich 

clay content as discussed previously. Relaxation curve from the machine compliance tests is also 

plotted in Figure 6.5 (a) to indicate the relaxation contribution due to possible leakage at 

connections and valves.   

In summary, comparing the compression curves between the dry sand fully saturated 

sand, it is found that: 1) saturated shale sand has higher compressibility before and after yielding; 

2) saturated shale sand has lower yielding stress; 3) saturated shale sand exhibit void-closure 

effect at high pressure levels; 4) saturated shale sand has more stress relaxation than dry shale 

sand.  

6.3. The grain size distribution of crushed specimens 

The grain size distributions for quartz sand specimens after compression tests under 20, 

40, 80, and 160 MPa are presented in Figure 6.6 (a). Table 6.2 summarizes the indices of each 

grain size distribution. As expected, the percentage of fine grains and the coefficient of 

uniformity increase as the stress level increases. Figure 6.6 (b) presents the GSD of dry and 

saturated quartz sand after crushing at 160MPa. The degree of grain breakage is slightly higher 

in dried quartz sand. This is likely due to the difference in the initial void ratio of the two 

specimens.     

Based on the grain size distribution data, the Einav’s breakage index for each stress can 

be evaluated using its definition [Eq. (2.3)]. This requires knowing the initial and ultimate grain 

size distribution and the Eq. (2.11) is used for the purpose. The value of fractal dimension is 
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fixed as 2.6 for ultimate grain size distribution and 1.2 for initial grain size distribution. With the 

specified ultimate and initial grain size distribution, the current grain size distribution (𝐹(𝑥)) can 

be found by adjusting B to best fit the current grain size distribution using Eq. (2.3). Figure 6.7 

shows the calibrated grain size distribution and the calculated initial and ultimate grain size 

distribution for each crushing stress level. Figure 6.8 compiles the evolution of the GSD during 

isotropic compression process and the corresponding values of breakage B.  

 

Figure 6.6: Grain size distribution of the quartz sand specimens after compression test under the 

different stress: (a) Dried quartz sand under 20, 40, 80, and 160 MPa; (b) Dried and saturated 

quartz sand under 160 MPa 

Table 6.2: Parameters of grain size distribution 

 Uncrushed 
Dry  

20 MPa 

Dry  

40 MPa 

Dry 

80 MPa 

Dry 

160 MPa 

Saturated 

160 MPa 

D10 1.07 0.92 0.33 0.11 0.03 0.07 

D30 1.32 1.22 0.93 0.5 0.3 0.34 

D60 1.61 1.56 1.38 1.17 1.15 1.08 

Percent Fines (%) 0.15 0.91 2.79 7.86 12.88 10.88 

Cu 1.50 1.7 4.18 10.64 38.33 15.43 

Cc 0.99 0.96 0.53 0.51 0.38 0.65 
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Figure 6.7: Initial, ultimate, and current grain size distribution for the specimens under different 

crushing stress: (a) 20 MPa; (b) 40 MPa; (c) 80 MPa; (d) 160 MPa 

 

Figure 6.8: (a) GSD by calibration; (b) Breakage evolution curve by experiment 

0.001 0.01 0.1 1
0

10

20

30

40

50

60

70

80

90

100

20 MPa 
%

 p
a

s
s

 b
y

 m
a

s
s

Grain size, d (mm)

 Initial distribution, F0

 Ultimate distribution, Fu

 Current distribution, F

 Experimental data 

(a) 

0.001 0.01 0.1 1
0

10

20

30

40

50

60

70

80

90

100

%
 p

a
s

s
 b

y
 m

a
s

s

Grain size, d (mm)

 Initial distribution, F0

 Ultimate distribution, Fu

 Current distribution, F

 Experimental data

(b) 40 MPa 
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(c) 80 MPa 
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(d) 160 MPa 
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On the other hand, the shale sand specimens after compression are solidified as the finer 

grains generated by comminutions are adhered to the coarser grains. Such phenomenon is found 

for both saturated and dried shale sands as shown in Figure 6.9. For this reason, sieve analysis is 

not available for the shale sands. 

 

Figure 6.9: Picture of shale sand specimen after high pressure compression under 160 MPa: (a) 

Dried specimen; (b) Saturated specimen 
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CHAPTER 7: 1D BREAKAGE MODEL USING THE NEW BREAKAGE 

EVOLUTION LAW 

A new breakage evolution law and the associated derivations are presented in this 

chapter. This breakage evolution law leads to two compression models by assuming either linear 

elasticity or pressure dependent elasticity model. These models are strictly developed for 

isotropic compression conditions where effect of deviatoric stress and shear strain on breakage 

are not considered. The efficiency of the models is tested against the data obtained from the 

previous chapter. 

7.1. The modified breakage evolution law 

The breakage evolution law for the original breakage mechanics is defined based on the 

breakage energy and B. It is expressed as    

𝐸𝐵 =
𝐸𝑐 

(1−𝐵)2
      (7.1) 

for isotropic compression. Recalling 𝐸𝐵 = −
𝜕Ψ

𝜕B
  which can be uniquely expressed in terms of p, 

this equation dictates a unique p-B relation for all granular materials, with 𝐸𝑐 controlling the 

onset of breakage growth. The only parameter 𝐸𝑐 apparently cannot account for the various 

shapes of such curve observed in different experiments (MIURA & O-HARA, 1979; Ovalle et 

al., 2013). To add additional flexibility of the breakage evolution law, we propose the following 

phenomenological curve, inspired by the well-known Van Genuchten SWRC equation.  

𝐸𝐵 =
𝐸𝑐

(1−𝐵
(1−

1
𝑛

)
)

𝑛     (7.2) 

where 𝑛 is a shape factor. In the following, this equation will be subjected to parametric studies 

to demonstrate its features.  
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7.2. Parametric study 

To convert Eq. (7.2) into a p-B relation, it is necessary to specify the Helmholtz free 

energy and hence the elastic model first. For a first-order assessment, let us consider linear 

elasticity in isotropic state: 

Ψ =
1

2
(1 − 𝜗𝑀𝐵)𝐾𝜀𝑣

𝑒2
    (7.3) 

one can obtain 

𝑝 =
𝜕Ψ

𝜕𝜀𝑣
𝑒 = (1 − 𝜗𝑀𝐵)𝐾𝜀𝑣

𝑒      (cf. 2.21a) 

𝐸𝐵 = −
𝜕Ψ

𝜕B
=

1

2
𝜗𝑀𝐾𝜀𝑣

𝑒2
     (7.4) 

Substituting (2.21a) into (7.4), the breakage energy can be further expressed in terms of p as:  

𝐸𝐵 =
1

2
𝜗𝑀

𝑝2

(1−𝜗𝑀𝐵)2𝐾
          (7.5) 

Substituting Eq. (7.2) into (7.5) gives 

𝑝2 =
𝐾𝐸𝑐

𝜗𝑀

2(1−𝜗𝑀𝐵)2

(1−𝐵
(1−

1
𝑛)

)

𝑛        (7.6) 

This is a p-B relation and can be plotted using MATLAB. Its performance is shown in Figure 7.1 

using fixed values of 𝜗𝑀 = 0.52 and K = 700. As expected, the parameter n controls the slope of 

the breakage curve and 𝐸𝑐 controls the onset of breakage growth. The experimental data is also 

plotted for comparison.  
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Figure 7.1: Parametric study: (a) shape factor 𝑛; (b) critical breakage energy 𝐸𝑐 

7.3. A linear elastic 1D compression model based on the new breakage law 

We propose the following yield criteria in true and dissipative stress space for 1D 

breakage models: 

 𝑦 =
𝐸𝐵

𝐸𝑐
∗ − 1 = 0     (7.7a) 

�̅� = (
�̅�𝐵

√𝐸𝐵𝐸𝑐
∗

𝑐𝑜𝑠𝜔

)

2

+ (
�̅�

𝑝

𝑠𝑖𝑛𝜔
√

𝐸𝑐
∗

𝐸𝐵

)

2

− 1 = 0   (7.7b) 

By specifying  

𝐸𝑐
∗ =

𝐸𝑐

(1−𝐵)2
             (7.8) 

one recovers the original breakage model and  

𝐸𝑐
∗ =

𝐸𝑐

(1−𝐵
(1−

1
𝑛)

)

𝑛           (7.9) 

give the new breakage evolution Eq. (7.2). Now the focus is on deriving the incremental 

constitutive equation for stress-strain curves. The consistency condition can be expressed as: 
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𝑑𝑦 =
𝜕𝑦

𝜕𝑝
𝑑𝑝 +

𝜕𝑦

𝜕𝐵
𝑑𝐵     (7.10) 

Applying chain rule: 

𝑑𝑝 =
𝜕𝑝

𝜕𝜀𝑒 𝑑𝜀𝑣
𝑒 +

𝜕𝑝

𝜕𝐵
𝑑𝐵 =

𝜕𝑝

𝜕𝜀𝑣
𝑒 (𝑑𝜀𝑣 − 𝑑𝜀𝑣

𝑝) +
𝜕𝑝

𝜕𝐵
𝑑𝐵  (7.11) 

and substituting the flow rules 

 𝑑𝜀𝑣
𝑝 = 𝜆

𝜕�̅�

𝜕𝑝
 ; 𝑑𝐵 = 𝜆

𝜕�̅�

𝜕𝐸𝐵
    (7.12) 

, the expression of 𝜆 can be found: 

𝜆 =

𝜕𝑦

𝜕𝑝

𝜕𝑝

𝜕𝜀𝑣
𝑒𝑑𝜀𝑣 

𝜕𝑦

𝜕𝑝

𝜕𝑝

𝜕𝜀𝑣
𝑒
𝜕�̅�

𝜕𝑝
−(

𝜕𝑦

𝜕𝑝

𝜕𝑝

𝜕𝐵
+

𝜕𝑦

𝜕𝐵
)

𝜕�̅�

𝜕𝐸𝐵

    (7.13) 

For linear elasticity and the newly proposed breakage law, the following expressions of the 

derivatives can be obtained: 

𝜕𝑝

𝜕𝜀𝑣
𝑒 = (1 − 𝜗𝑀𝐵)𝐾;  

𝜕𝑝

𝜕𝐵
= −𝜗𝑀𝐾𝜀𝑣

𝑒     (7.14a) 

𝜕𝑦

𝜕𝑝
=

1

𝐸𝑐∗

𝜕𝐸𝐵

𝜕𝑝
 ; 

𝜕𝑦

𝜕𝐵
=

1

𝐸𝑐
∗

𝜕𝐸𝐵

𝜕𝐵
−

𝐸𝐵

𝐸𝑐
∗2

𝜕𝐸𝑐
∗

𝜕𝐵
    (7.14b) 

𝜕�̅�

𝜕𝑝
= 2

𝐸𝐵 𝑠𝑖𝑛2 𝜔

𝑝𝐸𝑐
∗ ; 

𝜕�̅�

𝜕𝐸𝐵
= 2

cos2 𝜔

𝐸𝑐
∗     (7.14c) 

𝐸𝐵 =
1

2

𝜗𝑀𝑝2

(1−𝜗𝑀𝐵)2𝐾
; 

𝜕𝐸𝐵

𝜕𝑝
=

𝜗𝑀𝑝

(1−𝜗𝑀𝐵)2𝐾
; 

𝜕𝐸𝐵

𝜕𝐵
=

𝜗𝑀
2 𝑝2

𝐾(1−𝜗𝑀𝐵)3
     (7.14d) 

𝜕𝐸𝑐
∗

𝜕𝐵
=

𝐸𝑐(𝑛−1)(1−𝐵
1−

1
𝑛)

−𝑛

𝐵1/𝑛−𝐵
         (7.14e) 
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Combining (7.14) to (7.13) and substituting (7.11) to (7.12), the plastic strain increment 𝑑𝜀𝑣
𝑝
 and 

the breakage increment 𝑑𝐵 can be expressed in terms of the total strain increment as:  

𝑑𝜀𝑣
𝑝 =

2𝜗𝑀𝐸𝐵 sin2 𝜔

𝐸𝑐
∗2

(1−𝜗𝑀𝐵)

2𝜗𝑀𝐸𝐵 sin2 𝜔

𝐸𝑐
∗(1−𝜗𝑀𝐵)

−
2cos2 𝜔

𝐸𝑐
∗2

(

  
 𝜗𝑀

2  𝑝

𝐾(1−𝜗𝑀𝐵)
3−

𝜗𝑀
2 𝑝𝜀𝑣

𝑒

(1−𝜗𝑀𝐵)
2−

𝐸𝐵
𝐸𝑐

∗

(

 
 

𝐸𝑐(𝑛−1)(1−𝐵
1−

1
𝑛)

−𝑛

𝐵
1
𝑛−𝐵

)

 
 

)

  
 

𝑑𝜀𝑣        (7.15a) 

𝑑𝐵 =

2𝜗𝑀𝑝 cos2 𝜔

𝐸𝑐
∗(1−𝜗𝑀)𝐵

2𝜗𝑀𝐸𝐵 sin2 𝜔

𝐸𝑐
∗(1−𝜗𝑀𝐵)

−
2cos2 𝜔

𝐸𝑐
∗2

(

  
 𝜗𝑀𝑝

𝐾(1−𝜗𝑀𝐵)
3−

𝜗𝑀
2 𝑝𝜀𝑣

𝑒

(1−𝜗𝑀𝐵)
2−

𝐸𝐵
𝐸𝑐

∗

(

 
 

𝐸𝑐(𝑛−1)(1−𝐵
1−

1
𝑛)

−𝑛

𝐵
1
𝑛−𝐵

)

 
 

)

  
 

𝑑𝜀𝑣        (7.15b) 

The above relations have been implemented and integrated numerically to obtain the 𝑝 −

𝜀𝑣 − 𝐵 curves during an isotropic compression test. The new model is calibrated against the 

HPIC data of quartz sand. The determined parameters are presented in Table 7.1 and the results 

are presented in Figure 7.2. As shown in the figure, even though the breakage evolution curve is 

well captured based on calibration, the simple linear elastic model cannot represent well the pre-

yielding behavior of granular soil. This is due to the pressure-dependent nature of their elastic 

responses. Linear elasticity model cannot reflect such dependency and thus drastically simplified 

the compressive behavior. The evolution of breakage with respect to total strain and the 

accumulation of elastic and plastic strains during loading shows qualitatively reasonable trends. 

As expected, for this coupled plastic-breakage model, plastic strain starts to develop after the 

point of clastic yielding.  

For further investigation of the model performance, a parametric study is conducted as 

shown in the Figure 7.3. The compression curves with three different values of 𝐸𝑐 and 𝐾 are 

plotted, keeping all the other parameter fixed. It is observed that 𝐸𝑐 controls the yielding stress 
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[Figure 7.3 (a)] and the increasing stiffness 𝐾 enhances both yielding stress and the elastic 

stiffness. However, the adjustment of these parameters cannot fix the poor performance of the 

model at the pre-yielding regime. Thus, the linear elasticity is not suitable for describing granular 

materials. 

Table 7.1 Parameters for best-matched prediction with linear elasticity model  

Parameters for grading indices 𝜗𝑀 Mechanical parameters Shape factor 

𝛽 𝛼 𝐷𝑚 𝐷𝑀 𝜗𝑀 𝐾 𝐸𝑐 (MPa) 𝜔 𝑛 

1.18 2.6 0.075 2.0 0.5229 320 0.15 70 4.5 

 

 

Figure 7.2: Prediction by linear elasticity model: (a) Compression curve; (b) Breakage evolution 

curve; (c) Total strain – Breakage degree; (d) Stress – strain (Total, Elastic and plastic strain) 
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Figure 7.3: Parametric study of linear elasticity model:(a) for critical breakage energy; (b) for 

stiffness 

7.4. Breakage evolution law in pressure-dependent (PD) elasticity 

For more apparent description of the compressive behavior of granular materials, another 

breakage model based on pressure dependent elasticity (Einav and Puzrin, 2004) is developed. 

The model is, hereafter, called as PD model. Recalling [Eq. 2.23 (a)] 𝑝 = (1 −

𝜗𝑀𝐵)𝑝𝑟�̅�𝐴
1

𝑚−1 (
1

�̅�
+

3

2
𝑚�̅�𝐴−2𝜀𝑠

𝑒2) and considering only isotropic case, it can be expressed as: 

𝑝 = (1 − 𝜗𝑀𝐵)𝑝𝑟𝐴
1

𝑚−1    (7.16) 

recalling 𝐴 = �̅�(1 − 𝑚)𝜀𝑣
𝑒 + 1, 𝑝𝑟 is a reference pressure, 𝑚 = 0.5 for typic granular material, 

�̅� is a dimensionless elastic constant. The associated derivatives can be expressed as: 

∂𝑝

𝜕𝜀𝑣
𝑒 = (1 − 𝜗𝑀𝐵)𝑝𝑟𝐴

𝑚

1−𝑚�̅�     (7.17a) 

𝜕𝑝

𝜕𝐵
= −𝜗𝑀𝑝𝑟𝐴

1

1−𝑚     (7.17b) 

The breakage energy and its derivatives for PD elasticity can be derived as: 

𝐸𝐵 = 𝜗𝑀
𝑝𝑟

�̅�(2−𝑚)
𝐴

2−𝑚

1−𝑚     (7.18a) 
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𝜕𝐸𝐵

𝜕𝑝
= 𝜗𝑀

𝑝𝑟

�̅�
(

1

𝑝𝑟(1−𝜗𝑀𝐵)
)
2−𝑚

𝑝1−𝑚    (7.18b) 

𝜕𝐸𝐵

𝜕𝐵
= 𝜗𝑀

2 𝑝𝑟

�̅�
(

𝑝

𝑝𝑟
)
2−𝑚

(
1

1−𝜗𝑀𝐵
)
3−𝑚

    (7.18c) 

Substituting these new terms in the expression of  𝜆, one can derive the incremental flow rules in 

the case of PD elasticity:   

𝑑𝜀𝑣
𝑝

=
2

𝜗𝑀
2

𝐸𝑐
∗2

𝑝𝑟
2

�̅�

𝐸𝐵 sin2 𝜔

𝑝
𝐴

1
1−𝑚

𝜗𝑀
2

𝐸𝑐
∗2

𝑝𝑟
�̅�

𝐸𝐵𝑠𝑖𝑛2𝜔

𝑝
𝐴

1
1−𝑚(

𝑝′

𝑝𝑟(1−𝜗𝑀𝐵)
)+

2cos2 𝜔

𝐸𝑐
∗

[
 
 
 
 
𝜗𝑀

2

𝐸𝑐
∗

𝑝𝑟
�̅�

(
𝑝

𝑝𝑟
)
2−𝑚

(
1

1−𝜗𝑀𝐵
)
3−𝑚

−
𝜗𝑀𝐾𝜀𝑣

𝑒

𝐸𝑐
∗

𝑝𝑟
�̅�

(
𝑝

𝑝𝑟
)
2−𝑚

(
1

1−𝜗𝑀𝐵
)
3−𝑚

−
𝐸𝐵

𝐸𝑐
∗2

(

 
 

𝐸𝑐(𝑛−1)(1−𝐵
1−

1
𝑛)

−𝑛

𝐵
1
𝑛−𝐵

)

 
 

]
 
 
 
 
𝑑𝜀𝑣  

 (7.19a) 

𝑑𝜀𝑣
𝑝

=
2

𝜗𝑀
2

𝐸𝑐
∗2

𝑝𝑟
2

�̅�
 
cos2 𝜔

𝐸𝑐
∗ 𝐴

1
1−𝑚

𝜗𝑀
2

𝐸𝑐
∗2

𝑝𝑟
�̅�

𝐸𝐵𝑠𝑖𝑛2𝜔

𝑝
𝐴

1
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𝑝
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2cos2 𝜔
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∗

[
 
 
 
 
𝜗𝑀

2

𝐸𝑐
∗

𝑝𝑟
�̅�

(
𝑝′

𝑝𝑟
)
2−𝑚

(
1

1−𝜗𝑀𝐵
)
3−𝑚

−
𝜗𝑀𝐾𝜀𝑣

𝑒

𝐸𝑐
∗

𝑝𝑟
�̅�

(
𝑝

𝑝𝑟
)
2−𝑚

(
1

1−𝜗𝑀𝐵
)
3−𝑚

−
𝐸𝐵

𝐸𝑐
∗2

(

 
 

𝐸𝑐(𝑛−1)(1−𝐵
1−

1
𝑛)

−𝑛

𝐵
1
𝑛−𝐵

)

 
 

]
 
 
 
 
𝑑𝜀𝑣  

(7.19b) 

The model is again implemented in MATLAB and calibrated against the quartz sand 

data. The determined parameters are shown in Table 7.2 and the results are presented in Figure 

7.4. The prediction satisfactorily captures the experimental data. The yielding and hardening are 

well-captured and the pre-yielding response is much better represented than the linear elastic 

model. It is also noted that the model cannot capture the reduced compressibility at elevated 

stress levels due to void closure effect. Such effect can in principle be incorporated by 

introducing pressure-dependent coupling angle 𝜔. This non-trivial task will be pursued in the 

future studies. Figures 7.4 (b), (c) and (d) show similar traits as the ones for linear elasticity. The 

breakage data is again well represented by the newly proposed breakage law.  
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Table 7.2: Parameters for best-matched prediction with PD model 

Parameters for grading indices 𝜗𝑀 Mechanical parameters Shape factor 

𝛽 𝛼 𝐷𝑚 𝐷𝑀 𝜗𝑀 �̅� 𝐸𝑐 (MPa) 𝜔 𝑝𝑟 (MPa) 𝑚 𝑛 

2.6 1.18 0.075 2.0 0.5229 3500 0.15 70 0.001 0.5 4.5 

 

 

Figure 7.4: Prediction results by PD model: (a) compression curve; (b) Breakage evolution 

curve; (c) Total strain – Breakage degree; (d) Stress – strain (Total, Elastic and plastic strain) 
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CHAPTER 8: CONCLUSION 

The alternation of hydromechanical properties of granular materials during grain crushing 

is studied in the framework of Unsaturated Breakage Mechanics. The model performance is 

examined by experimental data from four granular materials distinguished by initial grain size 

and shapes. The predicted results by the UBM largely agrees with experimental data, which is 

consistent with the previous findings. It is predicted that the hydromechanical coupling effect is 

not significant on the tested granular materials due to their low water retention capability and 

high crushing resistance. One limitation of the UBM model is identified: it cannot capture the 

apparent yielding caused by particle rearrangement and asperity breakage prior to the massive 

bulk crushing.  

The High Pressure Isotropic Compression device is used in this study with an initial 

motivation to capture the co-evolution of grain crushing, soil water retention and compression 

simultaneously. After fully examining the device configuration, benchmarking the test results 

with other devices, and troubleshooting the data acquisition system, it is concluded that the HPIC 

device is not suitable for suction controlled experiments. For this reason, the device is re-

configured for mechanical testing only. Protocols for sample preparation for high pressure grain 

crushing tests are developed.  

The compression tests are conducted in drainage condition for dried and saturated quartz 

sand under 20, 40, 80, and 160 MPa and shale sand under 160 MPa. It is found that the 

difference on the compression response is negligible for dry and saturated quartz sands, while 

significant for shale sands. Specifically, saturated shale sand exhibits higher compressibility, 

lower yielding stress and earlier void closure as compared to the dry one. Significant stress 

relaxation is observed in the saturated shale sand test due to the same water weakening effect. In 
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conclusion, the interplay between hydraulic and mechanical properties of the granular assemblies 

is strongly affected by the mineralogy of the constituting grains.   

The particle size analysis is conducted for quartz sand specimens after compression to 

different stress levels. The produced grain size distributions show a monotonic increasing trend 

between stress and degree of crushing. The effect of saturation is negligible for quartz sand in 

terms of the grain size distributions. A new breakage law is developed to capture the observed 

GSDs. This law is used in combination with linear elasticity and pressure dependent elasticity to 

formulate new 1D compression models. Both models well capture the evolution of GSD during 

isotropic loading. The linear elasticity model oversimplifies the elastic response of granular soils 

while the pressure dependent elasticity well captures the entire compression curve.  

Future works will be focusing on testing a variety of granular soils with varying initial 

GSDs and angularities to document a database for the development of constitutive models for 

crushable geomaterials. The potential for the HPIC device for suction-controlled testing will be 

further explored. The proposed 1D breakage law will be generalized to triaxial space as part of a 

critical-state breakage-mechanics theory. 
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