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Let n and N be in N, and for 0 ≤ i ≤ n− 1, let αi < βi ∈ R. Consider the monic polynomial

in a single complex variable of the form fn(z) = zn + an−1z
n−1 + · · · + a1z + a0 whose coefficients

ai are uniformly distributed on [αiN, βiN ]∩Z for each 0 ≤ i ≤ n−1 and jointly independent. This

random polynomial model is referred to as the generalized large box model. When instead

αij < βij for 1 ≤ i, j ≤ n and one considers the n-by-n random matrix whose entries are uniformly

distributed on [αijN, βijN ] ∩ Z for each 1 ≤ i, j ≤ n and jointly independent, we say that the

matrix is drawn from the generalized large box model ensemble.

This thesis is organized into five chapters. Chapter 1 develops and presents the history of

the relevant random polynomial and random matrix models, related results, and notation.

Chapters 2 and 3 are concerned with finding the probability that random polynomials whose

coefficients obey the generalized large box model have all real roots, as N → ∞. Specifically, in

Chapter 2, discriminant and root analysis methods are applied to low degree polynomials, obtaining

explicit answers. These methods further find an extremely dominant root, denoted by ξn, for all

degrees; this is a root whose modulus is not tight as N → ∞, while the moduli of the remaining

roots are tight as N → ∞. This expands upon on a discovery made by Dubickas and Sha [Exp.

Math., 24(3):312–325, 2015]. As N → ∞, we show that ξn is real with probability tending to

1 and that |ξn + an−1| converges in distribution to |X/Y |, where X is uniformly distributed on

[αn−2, βn−2], Y is uniformly distributed on [αn−1, βn−1], and X and Y are independent.

In Chapter 3, we consider non-monic degree n−1 polynomials whose coefficients are uniformly

distributed on [αi, βi] for 0 ≤ i ≤ n − 1 and jointly independent, referred to as generalized

bounded height model polynomials. As N → ∞, the probability that the degree n generalized
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large box model polynomial with coefficients uniformly distributed on [αiN, βiN ] ∩ Z for 0 ≤ i ≤

n− 1 and jointly independent has all real roots converges to the probability that the degree n− 1

generalized bounded height model polynomial with coefficients uniformly distributed on [αi, βi] for

0 ≤ i ≤ n−1 and jointly independent has all real roots. The methods of Bertók, Hajdu, and Pethö

[J. Number Theory, 179:172–184, 2017] are used to express this probability in terms of an integral

formula. For the special case when αi = 0 and βi = 1 for 0 ≤ i ≤ n − 1, a relation to the Selberg

integral is explored and we show that the probability of such a polynomial having all real roots is

positive and monotonically decreasing in n.

In Chapters 4 and 5, the analogous question of the probability that the random matrix

whose entries are drawn from the generalized large box model ensemble has all real eigenvalues is

considered. In Chapter 4 we begin by letting αij < βij for 1 ≤ i, j ≤ n and consider the n-by-

n random matrix whose entries are uniformly distributed on [αij , βij ] for each 1 ≤ i, j ≤ n and

jointly independent. This matrix ensemble is referred to as the generalized bounded height

ensemble. Using Edelman’s method [J. Multivariate Anal., 60(2):203–232, 1997], we factor these

matrices into their real Schur decomposition and present an integral formula for the probability

that generalized bounded height ensemble matrices have all real roots. In Chapter 5, we show that

if A is an n-by-n random matrix with entries that are uniformly distributed on [αijN, βijN ] ∩ Z

for 1 ≤ i, j ≤ n and jointly independent and B is an n-by-n random matrix with entries that are

uniformly distributed on [αij , βij ] for 1 ≤ i, j ≤ n and jointly independent, then for each 0 ≤ k ≤ n,

as N → ∞, the probability that A has exactly k real eigenvalues converges to the probability that B

has exactly k real eigenvalues. Moreover, the empirical spectral measure of A/N converges weakly

in distribution to the empirical spectral measure of B and the joint distribution of the eigenvalues

of A/N converges in distribution to the joint distribution of the eigenvalues of B.

Finally, still in Chapter 5, we consider rank one perturbations of the random matrix A whose

entries are all independently and identically (iid) uniformly distributed on [−N,N ]∩Z. We say that

A is drawn from the large box model ensemble. Letting P be the matrix whose entries are all µN ,

we consider the limiting spectral behavior of A+P in the three cases where µN/N → ∞, µN/N → 0,
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and µN/N → c, for c ∈ R. If limN→∞
µN
N = ∞, the eigenvalues of A+P

µN
converge almost surely to

the eigenvalues of P/µN , and the largest eigenvalue (in magnitude) is real with probability tending

to 1. Additionally, the centered and correctly normalized largest eigenvalue of A+ P converges in

distribution to a Bates distribution with n2 parameters. If limN→∞
µN
N = 0, the empirical spectral

measures of A+P
N and A

N both converge weakly in distribution to the empirical spectral measure of

the matrix whose entries are iid and uniformly distributed on [−1, 1]; the joint distribution of the

eigenvalues of A
N and A+P

N both converge in distribution to the joint distribution of eigenvalues of

the same random matrix. If limN→∞
µN
N = c > 0, the empirical spectral measure of A+P

N converges

weakly in distribution to the empirical spectral measure of the matrix whose entries are iid and

uniformly distributed on [−1 + c, 1 + c]. In addition, if c > 12, we show that as N → ∞, A+P
N has

exactly one real outlier eigenvalue and provide a range for its location.
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Chapter 1

Introduction

In this thesis, we study random polynomials and random matrices whose entries are jointly

independent and uniformly distributed on specific sets of integers, as the cardinality of these sets

tend to infinity. In Chapter 1, we present the history of various related random polynomial and

random matrix models, including relevant results, and notation. In Chapter 2, we consider the real

roots of generalized large box model polynomials. In Chapter 3, we consider instead generalized

bounded height model polynomials, allowing us to obtain integral formula answers about the prob-

ability that generalized large box model polynomials have all real roots. In Chapter 4, we answer

the analogous question for random matrices whose entries are chosen from the generalized bounded

height ensemble. In Chapter 5, we apply these results to random matrices whose entries are chosen

from the generalized large box model and also investigate rank one perturbations of these matrices.

We consider polynomials with independent and random coefficients. Formally, that is a

polynomial of the form

f(z) =

n∑
i=0

ciξiz
n (1.1)

where the ci ∈ R are deterministic constants and the ξi are jointly independent real random

variables. When ci = 1 for each 0 ≤ i ≤ n, these types of polynomials are referred to as a Kac

polynomials. We are primarily interested in answering questions about integral polynomials,

though polynomials with continuous coefficients need to be considered in some arguments. There

are generally two types of asymptotic questions that can be asked about Kac polynomials; one can

either restrict the coefficients and allow the degree of the polynomials to tend to infinity (known
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as the restricted coefficient model), or one can fix the degree of the polynomial and allow the

support of the coefficients ξ0, . . . , ξn to depend on a parameter N , which tends to infinity (known

as the large box model). We focus mainly on the second model. For n,N ∈ N and letting

αi < βi ∈ R for each 0 ≤ i ≤ n− 1, we consider the polynomial in a single complex variable

f(z) = zn + an−1z
n−1 + · · · + a1z + a0,

where each 0 ≤ i ≤ n− 1, ai is uniformly distributed on [αiN, βiN ]∩Z and a0, . . . , an−1 are jointly

independent, and ask about that probability that f(z) has all real roots as N → ∞.

We give now a history of the large box model and other results relating to Kac polynomials.

This history shows that for the large box model, authors were generally concerned with results

pertaining to the reducibility of the polynomials over Q. The following definitions can be found

in standard algebra textbooks, see for instance [47]. A polynomial of degree n ≥ 1 with coeffi-

cients in Q is reducible over Q if it can be factored into two non-constant polynomials of strictly

smaller degree, each with coefficients still in Q. If a polynomial is not reducible, we say that it is

irreducible. The splitting field of a polynomial f is the smallest field containing Q that also

contains all of the roots of f . If F is the splitting field of a polynomial f , let Gf be the group of

automorphisms of F which leave Q fixed. Then Gf is the Galois group of the polynomial f .

A few non-reducibility results are discussed as well. When the degree of the Kac polynomials

tends to infinity instead, there is a rich history of authors bounding the expected number of real

roots. Our results lie somewhere in the middle of these theoretical paradigms. While we are mostly

interested in the probability that (generalized) large box polynomials have all real roots, the degrees

of our polynomials remain fixed.

Asymptotic notation is used throughout the thesis, so we mention it now. Asymptotic no-

tation may be used under the assumption that N → ∞ or n → ∞, and should be clear from the

context. For functions f(x) and g(x), we say that f(x) = O(g(x)) if there exists some positive con-

stant M such that |f(x)| ≤M |g(x)| for all x sufficiently large; f(x) = Ω(g(x)) if there exists some

positive constant M such that |f(x)| ≥ M |g(x)| for all x sufficiently large. Similarly, we say that
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f(x) ≪ g(x) if f(x) = O(g(x)), and g(x) ≪ f(x) if f(x) = Ω(g(x)). We say that f(x) = o(g(x))

if for all ϵ > 0, |f(x)| < ϵ|g(x)| for all x sufficiently large. To indicate that the constants M or

ϵ depend on another constant, subscripts are used, e.g., f(x) = On(g(x)). The subscript may be

omitted if the context is clear. For example, f(N) = O(1/N) means that |f(N)| ≤M1/N for some

positive constant M1 for all N sufficiently large and f(n) = O(
√
n) means that |f(n)| ≤M2

√
n for

some positive constant M2 for all n sufficiently large.

1.1 The large box model

In 1934, van der Waerden [164] considered integer polynomials of fixed degree

f(z) = anz
n + an−1z

n−1 + · · · + a1z + a0

where the coefficients a0, . . . , an lie inside the Schranke [−N,N ]. He proved, without relying on

Hilbert’s irreducibility theorem, that if one forms all possible equations f(z) = 0, then the propor-

tion of these equations whose Galois group is the symmetric group of n elements, called Sn, tends

to 1 as N → ∞. In 1936, van der Waerden [165] wanted to determine how quickly the proportion

of polynomials f(z) whose Galois group is not Sn (called polynomials mit Affekt) tends to zero as

N → ∞, and proved that the ratio of polynomials mit Affekt to all polynomials with coefficients

in [−N,N ] is no more than N
− 1

6(n−2) ln lnN . He went on to say that he “suspects that the frequency

of polynomials mit Affekt is essentially the same as the frequency of the reducible polynomials,

even for n ≥ 2.” For non-monic polynomials, this conjecture is that the number of polynomials mit

Affekt is O(Nn), or bounded above by CNn for some constant C > 0 and all N sufficiently large.

Authors following van der Waerden considered the monic polynomial analog to his question.

This model of polynomials became known as the large box model or bounded degree model.

Definition 1.1.1 (Large Box Model). Let N ∈ N and let a0, . . . , an−1 be independently and

identically distributed on [−N,N ]. Then the monic integral polynomial

f(z) = zn + an−1z
n−1 + · · · + a1z + a0
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is a random polynomial coming from the large box model ensemble.

Advances towards van der Waerden’s conjecture were made by various authors [4, 32, 39, 68,

96,97,139,175], and the case for degrees n ≤ 4 was proven true by Chow and Dietmann in 2012 [33].

In 2023, the conjecture was finally proven to be true for all degrees n by Bhargava [19], who stated

that his method applies to both monic and non-monic polynomials.

Aside from just counting the number of polynomials mit Affekt, there are several papers that

pertain to the reducibility of polynomials whose coefficients are given by the large box model. We

now give a brief history.

1.1.1 Reduciblity large box model results

Many authors following van der Waerden were similarly interested in reducibility of polyno-

mials whose coefficients are described by the large box model. All reducibility of polynomials in

this section is considered to be over Q, unless stated otherwise. In 1963, Chela [31] showed that

for monic large box model polynomials of degree n, letting ρ(n,N) denote the total number of

reducible polynomials with n > 2,

lim
N→∞

ρ(n,N)

Nn−1
= 2n

(
ζ(n− 1) − 1

2
+

kn
2n−1

)
, (1.2)

where ζ(z) is the Riemann zeta function in the complex variable z and kn =
∫
R dx1 . . . dxn−1 where

the region R is given by

R =

{
(x1, . . . , xn−1) ∈ Rn−1

∣∣∣ |xi| ≤ 1 for 1 ≤ i ≤ n− 1 and

∣∣∣∣∣
n−1∑
i=1

xi

∣∣∣∣∣ ≤ 1

}
.

When n = 2, the limit above is not valid. Letting ρ̃(n,N) denote the number of monic large box

model polynomials whose coefficients a0, . . . , an−1 also satisfy
∑n−1

i=0 a
2
i < N2, Chela shows that

lim
N→∞

ρ(2, N)

ρ̃(2, N)
= 1.

From here, by using an asymptotic formula established by Specht [148] for ρ̃(n,N), Chela concludes

that

lim
N→∞

ρ(2, N)

2N logN
= 1
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as well.

In 1973, Gallagher [68] showed that the number of monic large box model polynomials of

degree n whose Galois group is not Sn is asymptotically Nn−1/2 log1−γ N , with γ = γn > 0 and the

asymptotic constant depending only on the degree of the polynomial. In 1974, while investigating

Hilbert’s irreducibility theorem, Fried [66] shows that the number of reducible large box model

polynomials of degree n which have n − 1 fixed coefficients is O(N1/2), where the asymptotic

constant does not depend on the fixed coefficients. In 1979, Cohen [34] considered a more general

restricted large box model, where n−s coefficients of the monic degree n polynomial f(z) are fixed.

Excluding the exceptional cases where the constant term is zero or where all of the polynomials

are members of Z[Xr] for some r > 1, Cohen shows that when s ≥ 2, the number of polynomials

whose Galois group is not Sn is O(N s−1/2 logN). When s = 1, Cohen shows that the number of

polynomials whose Galois group is not Sn is O(N−1/2 logN), where the asymptotic constant does

depend on the fixed coefficient of the polynomial, though the justification of this case relies upon

the generalized Riemann hypothesis.

In 2009, Kuba [101] considered non-monic reducible large box model polynomials and gave

several asymptotic results as N → ∞. Let p∗(n,N) denote the total number of degree n non-

monic reducible large box model polynomials with height at most N . Kuba first demonstrated the

correct order of magnitude of p∗(n,N), improving the result over those of Polya and Szegö [132]

and Dörge [43]. Kuba’s result is summarized in the next theorem.

Theorem 1.1.2 (Theorems 1 and 2 in [101]). As N → ∞,

N2 logN ≪ p∗(2, N) ≪ N2 logN.

For every n ≥ 3, there is a constant Cn > 0 such that

Nn ≤ p∗(n,N) ≤ CnN
n for all N ≥ 1.

Moreover, letting p∗s(n,N) denote the total number of degree n polynomials f(z) = anz
n +

· · · + a1z + a0 over Z with height H(f) := max{|ai| | i = 0, 1, . . . , n} at most N that contribute to
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p∗(n,N) and split completely into linear factors over Z, Kuba shows next that splitting completely

is highly unlikely for the non-monic large box model.

Theorem 1.1.3 (Theorem 3 in [101]). For every fixed n ≥ 2,

N2 (logN)n−1 ≪ p∗s(n,N) ≪ N2 (logN)n−1 .

Kuba also shows the following.

Theorem 1.1.4 (Theorem 4 in [101]). For n/2 < k < n, let p∗k(n,N) denote the number of degree

n polynomials of height at most N in Z[X] that have an irreducible factor of degree k in Z[X].

Then for 1 < n/2 < k < n,

Nk+1 ≪ p∗k(n,N) ≪ Nk+1.

This theorem shows that for n ≥ 3, one has that Nn ≪ p∗n−1(n,N) ≪ Nn; comparing with

Theorem 1.1.2, we see that almost all elements that contribute to p∗(n,N) are polynomials that

split into an irreducible degree n− 1 factor and a linear factor.

In 2018, Borst et al. [26] formulated a universality heuristic for integral polynomials, claiming

that certain reducibility properties of the polynomials do not depend on the exact distribution of

the coefficients. Their heuristic is the following.

Heuristic 1.1.5 (Universality, see [26]). Let f(x) be a random polynomial with sufficiently well-

behaved integer coefficients. Then the probability that f(x) is reducible over the rationals divided

by the probability that f has a linear (or lowest possible degree) factor approaches a constant C

in the limit as the degree goes to infinity, or in the limit as the support of the random coefficients

goes to infinity, or both. Furthermore, in the limit as the degree goes to infinity, whether or not

the support goes to infinity, the constant C should equal 1.

For the case of the large box model, by rescaling Chela’s result (1.2) and dividing by the

probability that the constant coefficient is zero, the authors are able make a connection to their
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heuristic. They show that

lim
N→∞

P(f(z) is reducible )

P(a0 = 0)
= lim

N→∞

(
p(n,N)

(2N+1)n

)
1/(2N + 1)

= lim
N→∞

p(n,N)

(2N + 1)n−1
=

2n
(
ζ(n− 1) − 1

2 + kn
2n−1

)
2n−1

= 2ζ(n− 1) − 1 +
kn

2n−2
,

where we have added in the details of the application of (1.2).

Similarly, for non-monic large box model polynomials, the authors reinterpret Theorem 1.1.2

from Kuba, to get that for n ≥ 3,

P(f(z) is reducible )

P(a0 = 0)
=

(
p∗(n,N)

(2N+1)n+1

)
1/(2N + 1)

≤ Cn
2n

for all N ≥ 1,

where Cn is the constant appearing in Theorem 1.1.2.

For other fixed degree models, such as monic polynomials with iid coefficients uniform in

[0, N ] or non-monic polynomials with binomial coefficients from the interval [0, N ], the authors

show images from computer simulations that suggest that the heuristic holds. This is also the case

for the growing degree monic zero-one polynomials or Rademacher ±1 polynomials.

In 2019, O’Rourke and Wood [126] were also interested in whether the irreducibility of inte-

gral polynomials is a universal phenomenon that occurs across different coefficient models. They

consider monic integral polynomials, and show that such a polynomial f has an irreducible factor

of degree k over Q if and only if f has a root that is an algebraic number of the same degree. Their

main theorem is the following bound on the probability of algebraic roots of degree at most k for

monic integral polynomials.

Theorem 1.1.6 (Theorem 1.7 in [126]). Let f be a degree n random monic polynomial with integer

coefficients. Let M > 0 and 2 ≤ k ≤ n. Take Ω ⊆ {z ∈ C | |z| ≤ M}, and suppose there exists

p ∈ [0, 1] such that

sup
z∈Ω

P(f(z) = 0) ≤ p.

Then, the probability that f has an algebraic root of degree at most k in Ω is at most

p(eM)k
2

+ P(|ξi(f)| > M for some i),
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where ξ1(f), . . . , ξn(f) are the roots of f . If k = 1, the result holds if p(eM)k
2
is replaced wth

p(3M).

They also prove the following.

Theorem 1.1.7 (Theorem 2.1 in [126]). For each n ≥ 1, let fn(z) = zn+an−1z
n−1+ · · ·+a1z+a0,

where a0, a1, . . . are iid Rademacher random variables, which take the values +1 or −1 with equal

probability. Then the probability that fn(z) has an algebraic root of degree at most n1/3

log3(n)
is at most

O
(

1√
n

)
.

The authors claim that their approach also works for other distributions on the coefficients, as

long as they are still iid, integer valued, and satisfy certain additional (but unspecified) assumptions.

In 2021, Pham and Xu [131] were able to show that other polynomial models, such as ones

with coefficients supported in [−N,N ] but not necessarily uniformly or independently, are also

irreducible with probability tending to 1 as N → ∞. See Theorem 1.1 in [131] for complete details.

In 2023, Anderson et al. [4] give upper bounds for both monic and non-monic degree n

polynomials whose Galois groups are contained in the alternating group An, the group of even

permutations of a set of n elements. These results are given in asymptotic terms depending on the

height of the polynomial.

In 2024, Bary-Soroker, Ben-Porath, and Matei [11] considered the probability that random

polynomials with coefficients coming from the large box model have Galois group An. Bhargava

[19,20] recently showed that that

P(Gf = An) = O(N−1),

and the authors of this recent paper conjecture that for ϵ > 0, the stronger bound

P(Gf = An) = O(N−n/2+ϵ)

holds. They prove the following two main theorems.

Theorem 1.1.8 (Theorem 1.2 in [11]). Let n ≥ 4 and put k = 1
2⌊

n+1
2 ⌋. Let f be monic polynomial

of degree n drawn from the large box model. Then P(Gf = An) = O(Nk−n).
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Theorem 1.1.9 (Theorem 1.3 in [11]). Let n ≥ 6 be even and let f be monic polynomial of degree

n drawn from the large box model. Then the probability that the discriminant of f is a square is at

least Ω
(
N−n+1

2

)
.

Theorem 1.1.9 is relevant to their question because the probability of the discriminant of a

separable polynomial being a square provides an upper bound for the probability that its Galois

group is An, which can be seen in the discussion on page 2 of [11].

1.1.2 Other large box model results

We now review results for large box model polynomials that are not concerned with the

reducibility of the polynomials. Instead, these results are more concerned with properties of the

roots of the polynomials and are more closely related to the results of this thesis.

In 2015, Dubickas and Sha [45] define a dominant polynomial as a polynomial having one

root whose modulus is greater than the moduli of all remaining roots. Letting An(N) denote the

number of dominant monic integer polynomials of degree n and height at most N , they show that

lim
N→∞

An(N)

(2N)n
= 1.

The authors state that they are surprised by this result, because they would expect a random

polynomial (at least with iid Gaussian coefficients) to have a large number of non-real roots, which

of course occur in complex pairs. In Chapter 2, we are able to explicitly find this dominant root for

generalized large box model polynomials. In fact, we call this root extremely dominant, we show

that its modulus is not tight as N → ∞, while the moduli of all other roots of generalized large

box model polynomials are tight as N → ∞. We also determine the fluctuations of the extremely

dominant root.

Letting A∗
n(N) denote the number of dominant non-monic integral polynomials of degree n

and height at most N , Dubickas and Sha are only able to obtain an explicit formula for A∗
2(N),

which is given by

lim
N→∞

A∗
2(N)/(2N)3 =

41 + 6 log 2

72
≈ 0.6262.
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They conjecture that the limit

lim
N→∞

A∗
n(N)/(2N)n+1

does not exist, but are able to provide upper and lower bounds which show that the proportion of

dominant polynomials is strictly in (0, 1). They also prove the following.

Theorem 1.1.10 (Theorem 3.2 in [45]). Let H(f) = max0≤j≤n |aj |. Let f(z) = anz
n+an−1z

n−1+

· · · + a0 ∈ C[z]. If |an−1| > n(n+ 1)1/4|an|1/2H(f)1/2, then f is dominant.

From Theorem 1.1.10, setting an = 1, we see since as N → ∞

|an−1| ≥ n(n+ 1)1/4N1/2

with probability tending to 1, monic integer polynomials with coefficients iid on [−N,N ] have a

dominant root with probability tending to 1 as N → ∞. The authors prove their results using

Sturm’s theorem and the Bistriz stability criterion, but we take a different approach and use

Rouché’s theorem on the extremely dominant root for quadratic polynomials to locate the extremely

dominant roots of higher degrees. In a related 2016 paper, Dubickas and Sha [46] show that the

proportion of non-monic large box model integer polynomials with exactly one or two dominant

roots tends to 1 as N → ∞. Their result is the following.

Theorem 1.1.11 (Theorem 1.1 in [46]). Assume that the roots ξ1, . . . , ξn (listed with multiplicities)

of a polynomial f are labeled so that |ξ1| ≥ |ξ2| ≥ · · · ≥ |ξn|. In case |ξ1| = · · · = |ξk| > |ξk+1|, we

say that f has exactly k roots with maximal modulus. Let A∗
n(k,N) denote the cardinality of the set

of integer polynomials of degree n and height at most N with exactly k roots of maximal modulus.

For any integer n ≥ 2,

lim
N→∞

A∗
n(1, N) +A∗

n(2, N)

2N(2N + 1)n
= 1.

They also prove the following, where D∗
n(s,N) denotes the number of non-monic integral

polynomials f of degree n and height at most N such that f has exactly r real roots and 2s non-

real roots. We emphasize now that that these are no longer dominant integral polynomials, and

simply integral polynomials.
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Theorem 1.1.12 (Theorem 1.2 in [46]). For any integers n,N ≥ 1 and any non-negative integers

r, s such that n = r + 2s, we have

Nn+1 ≪ D∗
n(s,N) ≪ Nn+1.

The authors state their desire for an asymptotic formula in this case, which is answered by

Bertók, Hajdu, and Pethő in 2017 [18] with the following theorem. Denote by Hn(s,N) the set of

(n + 1)-dimensional vectors (a0, . . . , an) satisfying |ai| ≤ N for 0 ≤ i ≤ n, an ̸= 0, with exactly s

pairs of complex conjugate roots. Let λn denote the n-th dimensional Lebesgue measure.

Theorem 1.1.13 (Theorem 2.1 in [18]). We have

D∗
n(s,N) = λn+1(Hn(s, 1))Nn+1 +O(Nn).

In addition, letting Dn(s,N) denote the number of monic integral polynomials f of degree n

and height at most N such that f has exactly r real roots and 2s non-real roots, they are able to

provide the following bound.

Theorem 1.1.14 (Theorem 2.2 in [18]). We have

Nn ≪ Dn(s,B) ≪ Nn

where the implied constants depend on n only.

Unfortunately, Theorem 1.1.13 is incorrect for s = n/2, and is corrected by Dubickas in a

subsequent paper [44]. The correct statement in this case is the following.

Theorem 1.1.15 (Theorem 1.1 in [44]). Let n be an even integer. Then

Nn−1/2 ≪ Dn(n/2, N) ≪ Nn−1/2,

where the implied constants in ≪ depend on n only.

Bertók, Hajdu, and Pethő [18] also left open the question of whether the limit

lim
N→∞

Dn(s,N)

Nn
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exists. Dubickas responds, proving that the limit does exist and finding its value in terms of the

n-th dimensional Lebesgue measure of the set Hn−1(s, 1).

Theorem 1.1.16 (Theorem 1.2 in [44]). Let n ≥ 1 and let s be two integers satisfying 0 ≤ s < n/2.

Then

lim
N→∞

Dn(s,N)

Nn
= λn(Hn−1(s, 1)).

The methods of Bertók, Hajdu, and Pethő were very similar to techniques used by Akiyama

and Pethő [2], who considered bounded roots (rather than bounded coefficients) of the polynomials.

In Chapter 3, we begin by showing that as N → ∞, the probability that a monic degree n

generalized larged box model polynomial, with coefficients uniformly distributed on [αjN, βjN ]∩Z

for 0 ≤ j ≤ n − 1 and jointly independent, has all real roots converges to the probability that

the non-monic generalized bounded height polynomial of degree n − 1 with coefficients uniformly

distributed on [αj , βj ] for αj < βj , 0 ≤ j ≤ n − 1 has all real roots. We then give integral

formulas for the latter probability, generalizing the work of Bertók, Hajdu, and Pethő by using the

same techniques. We give some additional results for nice cases of coefficients, such as when the

coefficients are all iid on [0, 1], or when every coefficient is allowed to take on the value zero.

1.2 Other independent coefficient polynomial models

Waring, in 1782, is credited [162,167] as being the first mathematician to apply probabilistic

ideas to answer questions about the zeros of polynomials. He was followed by Sylvester [151] in

1864. Both of these investigations were in response to a proposition presented by Newton (without

proof) bounding the minimum number of complex pairs of roots of an algebraic equation, and can

be considered the earliest studies of random polynomials. An excellent account of this history is

provided by Holgate [78].

These days, there are several models of random polynomials to consider. The most com-

mon model involves assigning probability distributions to the coefficients of the polynomial, often

independently, and letting the degree n tend towards infinity. The most complete surveys of in-
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dependent coefficient random polynomial results we have found are provided by Thangaraj and

Sambandham [159] and Nguyen, Nguyen, and Vu [122]. We elaborate on some fundamental results

here.

The independent coefficient model was popularized in the 1930s by Bloch and Pólya [25],

who considered polynomials of the form

f(z) = anz
n + · · · + a1z + 1

where each coefficient ai takes one of the values in the discrete set {−1, 0, 1}. They found that the

average number of real roots of such a polynomial is at most O(
√
n). They then asked about the

maximum number of real zeros in the interval (0, 1) that f(z) can take. Letting Pn denote this

maximum, they prove that there exists a positive constant A, such that for n > 3,

1

A

(
n1/4

(log n)1/2

)
< Pn < A

(
n log logn

log n

)
.

In the 1930s and 1940s, Littlewood and Offord [105, 106, 107] also ask about the expected

number of real roots of a polynomial with real coefficients. In 1939 [106], they show that for

polynomials with iid coefficients uniform on the interval (−1, 1), for n > 2000, the probability that

such a polynomial has more than 25 log(n)2 real roots is at most (12 log n)/n and that the expected

number of real roots is at most 25 log(n)2 + (12 log n)/n. Littlewood and Offord also show that

when the polynomial coefficients are iid on the discrete set {−1, 0, 1}, the expected number of real

roots is bounded above by O(
√
n log n), markedly improving Bloch and Pólya’s earlier result; when

the polynomial coefficients are iid on {−1, 1} instead, the upper bound O(
√
n) is provided. Other

related Littlewood and Offord papers from this time period include [108,109].

After these initial explorations, authors began considering polynomials of the form

ϵnanz
n + · · · + ϵ1a1z + a0,

where a0, . . . , an are fixed complex numbers and ϵ1, . . . , ϵn are the iid random variables which take

the values ±1 with equal probability. Letting M = |a0|+ . . .+ |an|, Schur [145] first shows in 1933
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that such an equation can have at most

4

√√√√n log

(
M√
|a0an|

)

real roots.

Ten years later, Littlewood and Offord [107] show that except a set of size A(log log n)/(log n),

where A is an absolute constant, the remaining equations have at most

10 log n

(
log

(
M√
|a0an|

)
+ 2(log n)5

)

real roots.

Beginning in 1943, Kac [88, 89, 90] also considers the real roots of random polynomials. He

begins by presenting a formula for the number of real roots of a continuous function in an interval,

now known as the Kac-Rice formula.

Theorem 1.2.1 (Lemma 1 in [89]). Let f(x) be a continuous function in (−∞,∞) having a

continuous first derivative f ′(x) and only a finite number of turning points (that is, a point where

f(x) changes between being increasing and decreasing) in each finite interval. Let ψϵ be 1 if −ϵ <

x < ϵ and 0 otherwise. If neither a nor b is a zero of f(x), then for sufficiently small ϵ’s,

1

2ϵ

∫ b

a
ψϵ(f(x))|f ′(x)| dx

is equal to the number of zeros of f(x) inside the interval (a, b). (Multiple roots are counted only

once.)

Evaluating this formula in the case where the coefficients of f(z) = anz
n + · · ·+ a1z+ a0 are

iid Gaussians, with mean zero and variance 1/2, Kac computes the average number of real roots as

4

π

∫ 1

0

(
1 − n2

(
x2
(
1 − x2

)
/
(
1 − x2n

))2)1/2
1 − x2

dx,

which is asymptotically

2 log n

π
(1.3)
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and bounded above by

2 log n+ 14

π
,

giving a sharp result. In that paper, Kac stated that the asymptotic bound (1.3) and his proof

method were also valid for other iid random variables with variance 1 (not necessarily only standard

normals) via the central limit theorem, but this was not quite true. It took him six more years,

until 1949 [90], to be able to find a proof for uniformly distributed coefficients on (−1, 1); the proof

idea and result is the same as for the normally distributed coefficients, but the actual calculations

are much harder. The method also ends up not applying to the discrete {−1, 1} case.

In 1950, Erdös and Turán [58] give a bound on the number of roots of a polynomial in an

interval.

Theorem 1.2.2 (Theorem 1 in [58]). If the roots of the polynomial

f(z) = anz
n + · · · + a1z + a0

are denoted by

zν = rνe
iψν , ν = 1, 2, . . . , n,

where ψν ∈ [0, 2π), then for every 0 ≤ α < β ≤ 2π, we have∣∣∣∣∣∣
∑

α≤ψν≤β
1 − β − α

2π
n

∣∣∣∣∣∣ < 16

√
n log

|an| + · · · + |a0|√
|ana0|

.

In other words, this theorem implies an angular equidistribution of the roots of a polynomial

whenever the coefficients are sufficiently nice.

In 1956, Erdös and Offord [59] are finally able to tackle the case when the polynomial co-

efficients are iid on {−1, 1}. They improve the earlier result of the second author by proving the

following theorem.

Theorem 1.2.3 (Theorem in [59]). Let ϵi, i = 1, 2, . . . , n be +1 or −1 with equal probability. The

number of real roots of most of the equations

fn(x) =
n∑
i=0

ϵix
i = 0
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is

2 log n

π
+ o((log n)2/3 log logn),

where the exceptional set does not exceed a proportion o
(

(log log n)−1/2
)

of the total number of

equations.

Their proof method is to essentially divide the interval (1/2, 1) in a clever way and to count

the number of sign changes of the polynomial, which is then used to estimate the number of zeros.

In 1962, Samal [142] considers non-monic degree n polynomials with iid coefficients which

have mean zero, finite non-zero variance, and finite non-zero third absolute moment. He provides

both asymptotic upper and lower bounds on the number of real roots of such polynomials, along

with the sizes of the exceptional sets. His result is stated as follows.

Theorem 1.2.4 (Theorems 1 and 2 in [142]). Let f(z) =
∑n

i=0 ξiz
i be a polynomial such that the

ξi are iid with mean zero, and finite and non-zero variance and third absolute moment. Then, there

exists n0 sufficiently large such that for n ≥ n0, the number of real rots of most of the equations

f(z) = 0 is at most α(log n)2, where α > 0 is a constant; the measure of the exceptional set tends to

zero as n tends to infinity. Let {ϵn} be a sequence of numbers tending to zero but such that ϵn log n

tends to infinity. Then, for n ≥ n0, the number of real roots of most of the equations f(z) = 0 is

at least ϵn log n; the measure of the exceptional set tends to zero as n tends to infinity.

In 1965, Evans [60] considers the collection of random polynomials

fn(x, t) =
n∑
i=0

hi(t)x
i = 0.

The coefficients hi(t) (0 ≤ i ≤ n) are mutually independent and normally distributed random

variables with mean zero and unit variance defined on a common probability space and indexed

by the parameter t ∈ [0, 1]. Evans finds both asymptotic upper and lower bounds on the number

of real roots, outside of some exceptional sets. Unlike previous similar results, the exceptional sets

found by Evans in this case do not depend the degree of the polynomial.
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Theorem 1.2.5 (Theorems 1 and 2 in [60]). Consider the collection of random polynomials

fn(x, t) =
∑n

i=0 hi(t)x
i. The coefficients hi(t) (0 ≤ i ≤ n) are mutually independent and normally

distributed random variables with mean zero and unit variance defined on a common probability

space and indexed by the parameter t ∈ [0, 1]. There exists an integer n0 and a set E of measure at

most

A

log n0 − log log log n0

such that, for each n > n0 and all t not belonging to E, the equations fn(x, t) = 0 have at most

α(log log n)2 log n real roots, where α and A are constants. Moreover, there exists an integer n1

and a set F of measure at most

B log log n1
log n1

such that, for each n > n1 and all t not belonging to F , the equations fn(x, t) = 0 have at least

β logn
log logn real roots, where β and B are constants.

In 1968, Ibragimov and Maslova [80] show that for non-monic iid real random variables

a1, . . . , an with mean zero and non-zero variance, the expected value of the number of real roots of

f(z) =
∑n

i=1 ajz
j , given that f(z) is non-zero, is asymptotically 2

π log(n) as n→ ∞.

In 1969, Stevens [150], also using the Kac-Rice formula, was able to generalize the previous

results of Kac to many more continuous random variables. This result is the following.

Theorem 1.2.6 (Theorem in [150]). If in f(z) = anz
n + · · · + a1z + a0, the ai are independent

random variables with

E(ai) = 0, E(a2i ) = 1, E(a40) < B,

d

dy
P(a0 < y) <

B

1 + y1+1/B
,

d

dy
P(an < y) <

B

1 + y1+1/B

for some finite B and for all y ∈ R, then the average number of real zeros of f(z) is asymptotic to

(2/π) log(n+ 1) as n→ ∞.

For the next improvement by Ibragimov and Maslova, we need the following definition.
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Definition 1.2.7 (Domain of Attraction, [130]). Let {Xn} be sequence of independent random

variables {Xn} all having the same cumulative distribution function F (x). If there exist sequences

of constants {an} and {bn} such that an > 0, and the cumulative distributions of the sums

Zn =
1

an

n∑
k=1

Xk − bn

converge weakly to some cumulative distribution function G(x), then we say that F (x) is attracted

to G(x). The set of all cumulative distribution functions that are attracted to G(x) is said to make

up the domain of attraction of G(x).

In 1971, Ibragimov and Maslova [82] show that when the coefficients a0, . . . , an are iid random

variables belonging to the domain of attraction of the normal law, with E(aj) = 0, the expected

number of real zeros of f(z) =
∑n

i=0 aix
i is asymptotically 2

π log(n) as n → ∞. Under the same

assumptions, but now with E(aj) ̸= 0 instead, the expected number of real zeros is asymptotically

1
π log(n) as n → ∞, see [83]. The characteristic function of a random variable X is given by

φX(t) = E[eitX ], and determines the cumulative distribution of the random variable, see Section

3.3 and Theorem 3.3.11 in [48]. In a third paper of the same year, Ibragimov and Maslova [81]

show that if all of the iid variables a0, . . . , an,with P(a0 = 0) = 0, have cumulative distribution

function F , where F belongs to the domain of attraction of a non-degenerate stable distribution

with characteristic function

φ(t) = e

(
it−c|t|α

(
1−iβ t

|t|w(t,α)
))

where d ∈ R, c > 0, α ∈ (0, 2], β ∈ [−1, 1], and

w(t, α) =


πα
2 , if α ̸= 1,

2
π ln |t|, if α = 1,

then the expected number of real zeros of f(z) is asymptotically B log n, for some constant B

depending on the parameters of F . The reader is referred to two additional related results due to

Maslova [116,117] in 1974.
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In 1972, Samal and Mishra [143] consider polynomials of the form
∑n

i=0 ξiz
i, where the

characteristic function of the iid coefficients ξi are given by e−C|t|α , where α ≥ 1 and C > 0 is

a constant. They note that when 1 ≤ α < 2, the coefficients of such a polynomial have infinite

variance. Samal and Mishra establish that except for a set whose measure tends to zero as n→ ∞,

the number of real roots of most such polynomials is at least (µ log n)/(log log n) whenever n is

sufficiently large and where µ > 0. In a follow-up 1972 paper [144], under the same hypothesis as

before but now restricting α > 1, Samal and Mishra show that there exists n0 > 0 such that the

exceptional set from their previous paper has measure at most µ′

(log((logn0)/(log logn0)))α−1 , where µ′

is a positive constant.

In 1988, Wilkins [173] algebraically manipulated the Kac-Rice formula to show that the

expected number of real zeros of f(z) =
∑n

i=1 aiz
i, where a0, . . . , an are iid standard normals, is

given by

2

π
log(n+ 1) +

∞∑
p=0

Ap(n+ 1)−p,

where the rounded values are given by A0 = 0.625735818, A1 = 0, A2 = −0.24261274, A3 = 0, A4 =

−0.08794067, A5 = 0.

In 1995, Edelman and Kostlan [55] gave a geometrical derivation of the Kac-Rice formula,

by arguing that the expected number of real zeros for iid Gaussian coefficients is given by |γ|/π,

where

γ = (1, t, t2, . . . , tn)/∥(1, t, t2, . . . , tn)∥,

and |γ| denotes the arclength of γ and ∥(1, t, . . . , tn)∥ =
√∑n

i=1 |ti|2 is the Euclidean norm. They

are easily able to recover the previous results of Kac and Wilkins, and also find that in the case of

iid standard Gaussians, the expected number of real zeros is given by 2
π log n+C1 + 2

nπ +O(1/n2)

as n → ∞, where C1 = 0.6257358072.... Here, the authors state that the 2
πn and C1 terms are

new improvements. Their proof uses the probability density function of the real zeros, which was

obtained with their rectifiable curve argument.

In 2002, Dembo, Poonen, Shao, and Zeitouni [38] prove the following.
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Theorem 1.2.8 (Theorem 1.1 and Theorem 1.2 in [38]). Suppose that {ai} is a sequence of zero-

mean, unit variance, iid random variables possessing finite moments of all orders. Let fn(x) =∑n−1
i=0 aix

i and for n odd,

Pn = P(fn(x) > 0 ∀x ∈ R).

Then

lim
n→∞

logP2n+1

log n
= −b,

where b is a certain positive finite constant. Moreover, the probability that the random polynomial

fn+1(x) of degree n has o(log n/ log log n) real zeros is n−b+o(1) as n → ∞. For any fixed k, the

probability pn,k that fn+1 has exactly k real zeros, all of which are simple, satisfies

lim
n→∞

log p2n+k,k
log n

= −b.

If instead E(ai) = µ ̸= 0, letting Pµn = P(fn(x) ̸= 0 ∀x ∈ R), then

lim
n→∞

logPµ2n+1

log n
= −b/2.

To obtain this result, the authors first studied the Gaussian case, and used the approximation

techniques developed in [98] to extend to other distributions. This work was recently generalized by

Ghosal and Mukherjee [70], who provide a new result assuming only finite mean and finite variance

assumptions on the iid random variables.

In 2008, Erdélyi [57] proves the following theorem, improving upon the previously discussed

lower bound of Bloch and Póyla regarding the maximum number of real zeros that polynomials

with coefficients in {−1, 0, 1} can take.

Theorem 1.2.9 (Theorem 2.1 in [57]). There are absolute constants c1 > 0 and c2 > 0 such that

for every {a0, . . . , an} ∈ [1,M ] with 1 ≤M ≤ ec1n
1/4
, there are b0, . . . , bn ∈ {−1, 0, 1} such that the

polynomial

bnanz
n + · · · + b1a1z1 + b0a0

has at least c2n
1/4 distinct sign changes in (0, 1).
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In 2015, Do, Nguyen, and Vu [41] find bounds for the probability of double real roots of certain

Kac polynomials. They further find an asymptotic bound for the expected number of real roots,

as n → ∞, of many types of Kac polynomials. This result is contained in the following theorem,

and their main proof method uses Inverse Littlewood-Offord theory, see for instance [123].

Theorem 1.2.10 (Theorem 1.5 in [41]). For any positive integer N , we say that ξ has a uniform dis-

tribution with parameter N (or type I) if P(ξ = i) = 1/(2N) independently, i ∈ {±1,±2, . . . ,±N}.

Let ϵ0 > 0 and p > 1. We say that a random variable ξ of mean zero has type II distribution with

parameter (p, ϵ0) is it has a p-integrable density function and its (2 + ϵ0)-moment is bounded.

Let ξ be a random variable with either type I or type II fixed parameters. Then the expected

number of real roots is 2
π log n+ C + o(1), where C is an absolute constant depending on ξ.

In 2016, Nguyen, Nguyen, and Vu [122] show that the expected number of real roots of certain

Kac polynomials is given by the following theorem. Their new method uses universality from [41]

and the lack of double roots in intervals.

Theorem 1.2.11 (Theorem 1 in [122]). For any random variable ξ with mean 0 and variance 1

and bounded (2 + ϵ)-moment, the expected number of real roots of
∑n

i=0 ξix
i (where the ξi are iid

copies of ξ) is given by

2

π
log n+Oϵ,ξ(1).

Also in 2015, Tao and Vu [157] demonstrate a universality result for the zeros of many types

of random polynomials with independent coefficients, taking the form given in (1.1), including Kac

polynomials. Roughly, the authors show that for polynomials f and f̃ of the same degree with iid

coefficients ξ and ξ̃ which have the same mean and variance, as the degree of the polynomials tend

to infinity, the correlation functions of the zeros of the polynomials are very similar to each other.

This implies that the zeros of the polynomials behave similarly, as n→ ∞, even though ξ and ξ̃ can

be quite different; this is known as the universality phenomenon. The authors prove this by using

the replacement principle, which is Theorem 2.1 in their paper. With universality established, the
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authors give the expected number of real zeros for different types of polynomials, such as flat and

elliptical.

Many other polynomial models are possible, and the coefficients do not necessarily need to

be taken to be independent. We mention a few now, though this list is not exhaustive.

Letting the coefficients in (1.1) be given by ci =
√

1
i! corresponds to Flat or Weyl poly-

nomials, letting ci =
√(

n
i

)
corresponds to elliptical or binomial polynomials, and letting ci =√

L(L+1)···(L+i−1)
i! for some L > 0 corresponds to hyperbolic polynomials; Tao and Vu [157] provide

a good summary. For the behavior of the number of real roots non-Kac polynomial ensembles

when the degree tends to infinity, we refer the reader to Kostlan [99], Wang [166] Logan and

Shepp [110, 111], Shiffman and Zelditch [146], Reid and Sambandham [21] and Farahmand [61],

and Kabluchko and Zaporozhets [87].

One can also consider random polynomials in a single complex variable z of the form

f(z) =

n∏
i=1

(z − ξi),

where the roots ξ1, . . . , ξn are independent random variables. For more information on this topic,

see for instance [100,124] and references therein.

One can study the random trigonometric polynomials, which are of the form

n∑
k=1

ak cos(kt) + bk sin(kt), t ∈ [0, 2π]

where ak, bk are independent random variables; see for instance [5, 42]

1.3 Random matrix ensembles

Letting n,N ∈ N and αij < βij ∈ R for 1 ≤ i, j ≤ n, we say that n-by-n random matrices

whose entries are uniformly distributed on [αijN, βijN ] for 1 ≤ i, j ≤ n and jointly independent are

drawn from the generalized large box model ensemble. We wish to find the probability that

such random matrices have all real eigenvalues. As was the case with polynomials, many authors

first considered random matrices whose entries were iid real or complex Gaussians, and obtained
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asymptotic results as the dimension of the matrix tended to infinity. We begin with a history of

these ensembles and present interesting and pertinent results.

We refer the reader to a complete account of the history of random matrices given by Forrester,

Snaith, and Verbaarschot [63], which details the introduction of random matrix theory by Wishart

[174] in 1928 and the early pioneering work by Wigner [169,170,171], Dyson [49,50,51,52,53], Porter

and Rosenzweig [133], Gaudin [69], and Mehta [118] in the mid-20th century. Early symmetry

conditions, such as constraining the matrices to be Hermitian, were also common, see for instance

Wigner [172] and Füredi and J. Komlós [67].

One of the main motivations of the work in Chapters 4 and 5 of this thesis is the Ginibre

ensemble, which we define now.

Definition 1.3.1 (Ginibre Ensemble). Recall that a real standard Gaussian random variable is

a normal random variable which has mean zero and variance one. A complex standard Gaussian

random variable has real and imaginary parts that are independent normal random variables, each

with mean zero and variance 1/2. When the entries of an n-by-n random matrix A are iid real

standard Gaussian random variables, we say that A is drawn from the real Ginibre ensemble.

When the entries are complex standard Gaussian variables instead, we say that A is drawn from

the complex Ginibre ensemble.

In 1965, Ginibre [71] first inquired about the eigenvalue distributions of this matrix ensemble,

allowing both complex Gaussian and real Gaussian entries. He discovers the joint probability

density function of the eigenvalues for matrices drawn from the complex Ginibire ensemble. For

the real Ginibire ensemble, Ginibire is only able to calculate the joint probability density function

for the eigenvalues in the case where all are assumed to be real. Ginibre’s methods and results are

detailed in Mehta’s [118] book, and we outline them here.

Let P(A) dA denote the joint probability density function for a random matrix A on the space

of n-by-n real (or complex) matrices with respect to the Lebesgue measure on Rn2
(or R2n2

, respec-

tively). For the real Ginibre ensemble, this density is given by P(A) dA = 1

(2π)n
2/2
e− tr(ATA) dA,
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where AT denotes the transpose of the real matrix A and dA =
∏

1≤i,j≤n dAij . For the complex

Ginibre ensemble, this density is given by P(A) dA = 1

πn2 e
− tr(A∗A) dA, where A∗ denotes the con-

jugate transpose of the complex matrix A and dA =
∏

1≤i,j≤n dAijdA
∗
ij ; here dzdz∗ means 2dxdy

if z = x+ iy and z∗ denotes the complex conjugate of z.

For the complex Ginibre ensemble, Ginibre finds that the joint probability density function

for the eigenvalues is given by

Pn(z1, . . . , zn) =
1

πn
∏

1≤k≤n k!
e−
∑n

i=1 |zi|2
∏

1≤i<j≤n
|zi − zj |2.

Ginibre then determines the k-point correlation functions. Using Mehta’s notation, this is given by

Rk(z1, . . . , zk) =
1

πk
e−
∑k

i=1 |zi|2 det[Kn(zi, zj)]i,j=1,...,k

where

Kn(zi, zj) =

n−1∑
p=0

(ziz
∗
j )p

p!
.

Considering the one-point correlation function, corresponding to the eigenvalue density in the

complex plane, Ginibre and Mehta both show that

R1(z) =
1

π
e−|z|2

n−1∑
l=0

|z|2l

l!
.

Letting n → ∞, this density is 1
π whenever |z| <

√
n and 0 otherwise. Scaling by

√
n, this

establishes the circular law for the complex Ginibire ensemble.

For the real Ginibire ensemble, Ginibre is unable to proceed as in the complex case due to

difficulties in carrying out the necessary integrations. However, assuming that all eigenvalues are

real, he is able to show that the joint probability density of the real eigenvalues λ1, . . . , λn is given

by

Pn(λ1, . . . , λn) =
1

2n/2
∏n
i=1 Γ(i/2)

e−
∑n

i=1 |λi|2/2
∏

1≤i<j≤n
|λi − λj |,

where for Re(s) > 0, the gamma function is given by Γ(s) =
∫∞
0 e−tts−1 dt.

In 1997, Edelman [54] continues the investigation into the real Ginibre ensemble. He finds the

joint density of the eigenvalues of an n-by-n random matrix drawn from the real Ginibre ensemble
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and even obtains a non-asymptotic matrix result: computing the probability that a matrix from

this ensemble has exactly k real eigenvalues. Letting k = n, he finds that the probability that an

n-by-n real random matrix with entries that are iid standard Gaussians has all real eigenvalues,

which comes out to 2−n(n−1)/4. He also establishes a version of the circular law in this case, given

by the following theorem. A stronger version of the circular law is given by Girko [72], with an

additional proof given by Bai [7]. Mehta [119] again publishes the details in an updated book.

Theorem 1.3.2 (Theorem 6.3 in [54]). Let A be a real n-by-n matrix whose elements are indepen-

dent random variables with standard normal distributions. Let x̂ = x/
√
n and ŷ = y/

√
n, where

z = x + iy denotes an eigenvalue of A. Let p̂n(x̂, ŷ)/n denote the density of a randomly chosen

normalized eigenvalue in the upper half plane. Then as n→ ∞,

lim
n→∞

p̂n(x̂, ŷ)

n
=


π−1 if x̂2 + ŷ2 < 1

0 if x̂2 + ŷ2 > 1

.

Furthermore, a randomly chosen normalized eigenvalue of A converges in distribution to the uniform

distribution in the unit disk.

In Chapter 4, we use Edelman’s method of considering the real Schur decomposition to

write the probability that an n-by-n random matrix drawn from the generalized bounded height

ensemble (that is, entries uniformly drawn from [αij , βij ] and jointly independent for 1 ≤ i, j ≤ n,

with αij < βij) has all real eigenvalues via an integral formula. In Chapter 5, we show how this

probability relates to the probability that a matrix drawn from the generalized large box model

ensemble has all real eigenvalues.

Around the same time, Edelman, Kostlan, and Shub [56] prove the following.

Theorem 1.3.3 (Corollary 5.2 in [56]). Let En denote the expected number of real eigenvalues of

an n-by-n random matrix whose elements are independent random variables from a real standard

normal distribution. Then

lim
n→∞

En√
n

=

√
2

π
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and

En =

√
2n

π

(
1 − 3

8n
− 3

128n2
+

27

1024n3
+

499

32768n4
+O

(
1

n5

))
+

1

2

as n→ ∞.

In 2010, Bourgain, Vu, and Matchett Wood [27] study complex random matrices with in-

dependently distributed discrete entries, as the matrix size n tends to infinity. For p ∈ (0, 1) and

r ∈ N, they establish the upper bound of (p1/r + o(1))n for the probability that such a matrix is

singular, given that its entries satisfy a property known as being p-bounded of exponents r. This

relates to eigenvalues because a matrix is singular if and only if it has zero as an eigenvalue; equiv-

alent criteria for the singularity of a matrix can be found on page 14 in [79]. As an example, when

the matrix entries are Bernoulli random variables with parameter 1/2, the authors show that their

upper bound equals (1/
√

2 + o(1))n, although they mention a long-standing conjecture which sug-

gests that the correct probability is (1/2 + o(1))n. Recently, in 2020, Tikhomirov [160] shows that

the probability that an n-by-n matrix whose entries are Bernoulli random variables with parameter

p ∈ (0, 1/2] is singular equals (1 − p + o(1))n; when p = 1/2, this confirms the conjecture. As a

corollary to their main theorem, Bourgain, Vu, and Matchett Wood provide the following upper

bound on the probability that an integer matrix has a rational eigenvalue.

Corollary 1.3.4 (Corollary 3.7 in [27]). Fix a positive integer N , and let Mn,N be an n-by-n

random integer matrix with independent entries, each of which takes values in the set [−N,N ]∩Z.

Let c be a constant such that for every matrix entry m, we have max−N≤x≤N P(m = x) ≤ c/N.

Then the probability that Mn,N has a rational eigenvalue is at most (c/N + o(1))n/2 , where the o(1)

term goes to zero as n→ ∞.

In 2010, Tao and Vu [156] make an exciting breakthrough by establishing universality and

proving that the circular law holds under only a finite variance assumption. The authors reference

several prior results on this topic, which prove the circular law under stronger hypothesis, such

as [8, 73,75,128,155,156].
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Theorem 1.3.5 (Theorem 1.10 (Circular law) in [156]). Given an n-by-n complex matrix Xn, let

µXn(x, y) :=
1

n
|{1 ≤ i ≤ n,Re(λi) ≤ x, Im(λi) ≤ y}|

be the empirical spectral distribution (ESD) of its eigenvalues λi ∈ C, i = 1, . . . , n. Let Xn be the

n-by-n random matrix whose entries are iid complex random variables with mean zero and variance

one. Then, the ESD of 1√
n
Xn converges (both in probability and in the almost sure sense) to the

uniform distribution on the unit disk.

In 2005, Akemann and Kanzieper [91] deliver a formula for the exact probability that an

n-by-n matrix with iid real entries from N (0, 1) has exactly k real eigenvalues, whenever n − k is

even, expanding on Edelman’s result.

Theorem 1.3.6 ((I) in [91]). Let A be an n-by-n random real matrix whose entries are statistically

independent random variables drawn from the normal distribution N (0, 1). For n − k = 2l even,

the probability pn,k of exactly k real eigenvalues occurring is

pn,k = pn,n−2l =
pn,n
l!
Z(1l)(p1, . . . , pl),

where pn,n = 2−n(n−1)/4 due to Edelman, Z(10) = 1 and

Z(1l)(p1, . . . , pl) = (l − 1)!

l−1∑
r=0

(−1)l−r−1

r!
pl−rZ(1r)(p1, . . . , pr).

The Z(1l) are called zonal polynomials.

In 2007, Akemann and Kanzieper [1] provide the details of their proof, which is primarily

based on a new Pfaffian integration technique. In 2016, Kazieper et. al [92] consider the real

Ginibre ensemble, and find the probability that a 2n-by-2n random matrix has exactly 2k real

eigenvalues, denoted p2n,2k, as n→ ∞. They show

lim
n→∞

1√
2n

log p2n,2k = − 1√
2π
ζ(3/2),

where ζ is the Riemann zeta-function.
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In 2015, Tao and Vu [158] obtain universality results for non-Hermitian random matrices.

They prove what is called a “Four Moment Theorem” for both real and complex matrices, essen-

tially showing that matrices which match the respective Ginibre ensemble to four moments have

correlation functions which are very similar to one another. As with their analogous universality

result for polynomials, as a corollary, they are able to obtain an asymptotic bound on the expected

number of real eigenvalues of such matrices. A precise statement is provided by the following

theorem.

Theorem 1.3.7 (Corollary 17 in [158]). Let Mn = (ξij)1≤i,j≤n, where the ξij are independent

and complex random variables, which match moments with N (0, 1) to the fourth order. Moreover,

assume that for all real t ≥ 0,

P(|ξij | ≥ t) ≤ Ce−t
c

for some fixed C, c > 0 (independent of n) and all i, j. Assume n is even. Then the expected number

of real eigenvalues is √
2n

π
+O(n1/2−c

′
)

for some fixed c′ > 0.

In 2018, Luh [112] provides an upper bound for certain complex random matrices having a

real eigenvalue.

Theorem 1.3.8 (Theorem 3.2 in [112]). Let ζ = ξ + iξ′ be a random variable, where ξ and ξ′ are

iid, mean zero, variance 1, and subgaussian with moment B. Let Mn be an n-by-n random matrix

populated with independent copies of ζ. Then there exists a c ∈ (0, 1) depending only on B such

that

P(Mn has a real eigenvalue ) < cn.

This bound is the best possible up to the constant c.
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1.3.1 Large box model ensemble

The following results are related specifically to the large box model ensemble, where entries

are uniformly iid on [−N,N ] ∩ Z.

In 2008, Rivin [138] considers large box model random matrices. Let SL(n,Z) denote the

special linear group of degree n over Z. Rivin shows the following.

Theorem 1.3.9 ( Theorem 5.2 in [138]). The probability that a matrix in SL(n,Z) with coefficients

bounded by B has a reducible characteristic polynomial goes to zero as B goes to infinity.

In 2021, Karingula and Lovett [93] find an upper bound for the probability that an n-by-n

random matrix with entries uniformly distributed in [−N,N ]∩Z is singular, when both n and N are

large. They show that for n,N ≥ 1, the probability of singularity of such a matrix is bounded above

by N−cn, where c > 0 is an absolute constant. They mention that Katznelson [94,95] considered a

similar problem with large N and constant n, obtaining the bound of cnN
−n, where cn is a constant

depending on the dimension of the matrix.

In 2007, Hetzel, Liew, and Morrison [77] show that the probability that a 2-by-2 random

matrix with entries uniformly iid on [−1, 1] has all real eigenvalues is 49/72, and pose a question

regarding the diagonalizability of integer matrices over Q. In 2008, Martin and Wong [114, 115]

show that for C = 7
√
2+4+3 log(

√
2+1)

3π2 , the probability as N → ∞ that a 2-by-2 random matrix with

entries uniformly iid on [−N,N ] ∩ Z has integer eigenvalues is asymptotically C logN/N . They

also answer the question of the previous authors, showing dimension n ≥ 2, it is highly unlikely for

integer matrices to have integer eigenvalues, as seen in the following theorem.

Theorem 1.3.10 (Theorem in [115]). Let Mn(N) denote the set of all n-by-n matrices whose

entries are uniformly chosen in [−N,N ] ∩ Z. Given any integer n ≥ 2 and any real number ϵ > 0,

the probability that a randomly chosen matrix inMn(N) has an integer eigenvalues is On,ϵ(1/N
1−ϵ).

In particular, the probability that a randomly chosen matrix in Mn(N) is diagonalizable over the

rational numbers is On,ϵ(1/N
1−ϵ).
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1.3.2 Finite rank perturbations of random matrices

In the second half of Chapter 5, we restrict ourselves to just the large box model ensemble

(where matrix entries are uniformly iid on [−N,N ] ∩ Z), and ask about what happens to the

eigenvalues of such matrices when perturbed by another matrix whose entries are all µN . The three

cases where limN→∞
µN
N tends to 0, ∞, or some real finite positive constant c are all considered.

We review some of the relevant literature on finite rank perturbations now. In the following

definition adapted from Tao [153], we emphasize that what Tao refers to as the empirical spectral

distribution, we call the empirical spectral measure.

Definition 1.3.11 (Definition 1.2 in [153]). Let An be an n-by-n complex matrix with eigenvalues

λN1 , . . . , λ
N
n ∈ C counted with algebraic multiplicity. The empirical spectral measure µAn of An

is defined to be the probability measure

µAN
:=

1

n

n∑
j=1

δλNj
.

Here, δx denotes the Dirac measure centered at a point x. If An is a random n-by-n complex matrix,

we say that µAN
converges weakly almost surely to another (Borel) probability measure µ on

the complex plane C if for every bounded and continuous function F : C → C,
∫
C F dµAN

converges

almost surely to
∫
C F dµ as n→ ∞.

In 2005, Baik, Ben Arous, and Péché [9] analyze the sample covariance matrix created by

considering m iid complex Gaussian sample vectors, each in n variables. Fixing all but r eigenvalues

of the covariance matrix, and letting n,m → ∞, they show that the largest eigenvalue of the

covariance matrix is described by a generalization of the Tracy-Widom distribution, and they

describe a phase transition that occurs. In 2006, Péché [129] also considers the distribution of the

largest eigenvalue of Hermitian random matrices with iid Gausian entries as the matrix size tends

to infinity.

In 2010, Tao and Vu [156] establish the circular law for additive perturbations, demonstrating

that the normalized empirical spectral measure of an iid complex random matrix with entries which
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have mean zero and unit variance, when additively perturbed by a deterministic matrix Mn of rank

o(n) and such that supn
1
n2 ( tr MnM

∗
n) <∞, converges (both in probability and in the almost sure

sense) to the uniform distribution on the unit disk.

In 2011, Benaych-Georges and Nadakuditi [16] extend the result of Baik, Ben Arous, and

Péché, as the authors investigate both additive and multiplicative perturbations of random matrices.

For symmetric or Hermitian random matrices, their main theorem for additive perturbations is the

following.

Theorem 1.3.12 (Eigenvalue phase transition, Theorem 2.1 in [16]). Let Xn be an n-by-n sym-

metric (or Hermitian) random matrix whose ordered eigenvalues are denoted by λ1(Xn) ≥ · · · ≥

λn(Xn). Suppose that the probability measure µXn = 1
n

∑n
j=1 δλj(Xn) converges almost surely weakly

as n → ∞ to a non-random compactly supported probability measure µX . Let a and b be, respec-

tively, the infimum and supremum of the support of µX . We suppose the smallest and largest

eigenvalue of Xn converge almost surely to a and b. For a given r ≥ 1, let θ1, . . . , θr be determin-

istic non-zero real numbers, chosen independently of n. For every n, let Pn be an n× n symmetric

(or Hermitian) random matrix having rank r with its r non-zero eigenvalues equal to θ1, . . . , θr.

Let the index s ∈ {0, . . . , r} be defined such that θ1 ≥ · · · ≥ θs > 0 > θs+1 ≥ · · · ≥ θr. We suppose

that Xn and Pn are independent and that either Xn or Pn is orthogonally (or unitarily) invariant.

Consider the rank r additive perturbation of the random matrix Xn given by X̃n = Xn + Pn.

The extreme eigenvalues of X̃n exhibit the following behavior as n → ∞. We have that for

each 1 ≤ i ≤ s,

λi(X̃n)
a.s.−−→


G−1
µX

(1/θi) if θi > 1/GµX (b+),

b otherwise,

while for each fixed i > s, λi(X̃n)
a.s.−−→ b.

Similarly, for the smallest eigenvalues, we have that for each 0 ≤ j < r − s,

λn−j(X̃n)
a.s.−−→


G−1
µX

(1/θr−j) if θj < 1/GµX (a−),

a otherwise,
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while for each fixed j ≥ r − s, λn−j(X̃n)
a.s.−−→ a.

Here,

GµX (z) =

∫
1

z − t
dµX(t) for z /∈ supp(µX),

is the Cauchy transform of µX , and G
−1
µX

(·) is its functional inverse.

The reader is referred to [14, 15, 17] for more papers by Benaych-Georges and co-authors

concerning eigenvalue fluctuations after low rank perturbations.

In 2013, Tao [152, 153] characterizes the limiting behavior of outlier eigenvalues created by

additively perturbing certain iid random matrices by deterministic matrices which have both rank

and operator norm O(1). As the matrix size tends to infinity, Tao shows that the number and

location of the resulting outlier eigenvalues depend on the number and location of the eigenvalues

of the perturbation matrix. We state Tao’s theorem now.

Theorem 1.3.13 (Theorem 1.7 in [153]). Let Xn be an n-by-n iid random matrix with complex

entries normalized to have mean zero, variance one, and finite fourth moment. For each n, let

Pn be a deterministic matrix with rank O(1) and operator norm O(1). Let ϵ > 0, and suppose

that for all sufficiently large n, there are no eigenvalues of Pn in the band {z ∈ C | 1 + ϵ <

|z| < 1 + 3ϵ}, and there are j eigenvalues λ1(Pn), . . . , λj(Pn) for some j = O(1) in the region

{z ∈ C | |z| ≥ 1+3ϵ}. Then, almost surely, for sufficiently large n, there are precisely j eigenvalues

λ1

(
1√
n
Xn + Pn

)
, . . . , λj

(
1√
n
Xn + Pn

)
of 1√

n
Xn+Pn in the region {z ∈ C | |z| ≥ 1+2ϵ}, and after

labeling these eigenvalues properly, λi

(
1√
n
Xn + Pn

)
= λi(Pn) + o(1) as n→ ∞ for each 1 ≤ i ≤ j.

In 2024, Banerjee, Mukherjee, and Pal [10] consider n-by-n symmetric random matrices Xn

with standard Gaussian entries. For any ϵ > 0, the decay condition sup(i,j)̸=(i′,j′)

∣∣E[XijXi′j′ ]
∣∣ =

O(n−(1+ϵ)) on the correlation between matrix entries is also imposed. Under these assumptions,

the authors are able to show that as the matrix size tends to infinity, the largest eigenvalue of the

normalized matrix converges to 2 almost surely. Let 1 be the n-dimensional column vector of all

ones. When the matrix Xn is additively perturbed by the matrix λ√
n
11

T and one takes ϵ ≥ 1 and
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λ ≫ n1/4, the authors show that as n → ∞, the fluctuations of the largest eigenvalue behave like

a standard Gaussian.

There are many more results regarding the outlier eigenvalues and the fluctuations which

result after additive perturbations. Coston [36], who studied both additive and multiplicative

perturbations of products of iid random matrices, provides a detailed review of the random matrix

literature in her thesis. O’Rourke and Renfrew [125], who studied perturbations of elliptic random

matrices, also include an informative history on the topic. Both works discuss several of the

sources also mentioned here. We additionally refer the reader to Belinschi, Bordenave, Capitaine,

and Cébron [13], Coston, O’Rourke, and Matchett Wood [35], Capitaine, Donati-Martin, Féral, and

Février [29,30], Ding and Hong, [40], and Féral and Péché [62], as well as the references mentioned

within.

1.4 Notation

We let n and N be in N. For x ∈ R, we let ⌊x⌋ denote the greatest integer less than or equal

to x and ⌈x⌉ the least integer greater than or equal to x. For z ∈ C and r > 0, we let B(z, r) be

the open disk of radius r centered at z in the complex plane, and we let Cz,r be the circle of radius

r centered at z in the complex plane. Let log(·) denote the natural logarithm. For a real number

x, let

sgn(x) =



−1 if x < 0

0 if x = 0

1 if x > 0

.

For a permutation σ, let sgn(σ) = 1 if the permutation is even, and sgn(σ) = −1 if the permutation

is odd. Let λ denote the 1-dimensional Lebesgue measure and λn denote the n dimensional Lebesgue

measure. For α < β ∈ R, let U(α, β) denote the continuous uniform distribution on the interval

[α, β]. All random variables in this thesis are real real, unless otherwise stated. For a real-valued

random variable X, we let fX denote the probability density function of X and FX denote the
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cumulative distribution function of X. For any probability distribution P , we say X ∼ P to

indicate that the random variable X has distribution P . For a sequence of real-valued distribution

functions Fn, let Fn
d
=⇒ F denote convergence in distribution to the limit F . For a sequence of real-

valued random variables Xn, let Xn
d
=⇒ X denote convergence in distribution of the distribution

functions of Xn to the limit X as n→ ∞. Let Xn
as−→ X denote convergence almost surely, and let

Xn
p−→ X denote convergence in probability.

Throughout the thesis, we let ai denote coefficients for random polynomials and aij denote

entries for random matrices. Each ai is contained in the interval [αi, βi] or [αiN, βiN ] depending

on the polynomial; each aij is contained in the interval [αij , βij ] or [αijN, βijN ] depending on the

random matrix model. We always assume αi < βi (resp. aij < bij), and do not consider degenerate

intervals. We denote the roots of the random polynomials by ξi and denote the eigenvalues of the

random matrices by λi. Sometimes extra subscripts or tildes are used to clarify to which polynomial

or matrix the roots or eigenvalues belong. Let x be a random variable and suppose that A is an

n-by-n random matrix with iid entries that each have distribution x. Then we say that A has atom

distribution x.

Denote the n-by-n identity matrix by In; I may also be used when the dimension is clear.

Denote the i-th row of a matrix A by Ai, and the i-th column by A,i. We let Mn(R) and Mn(C)

denote the sets of all n-by-n matrices over the fields R and C, respectively. A principal submatrix

of size k of an n-by-n matrix is formed by deleting n−k rows and the corresponding n−k columns.

The determinant of a principal submatrix is called a principal minor. For an n-by-n matrix A,

Ek(A) denotes the sum of the principal minors of A of size k. Sk(ξ1, . . . , ξn) denotes the k-th

elementary symmetric polynomials in the variables ξ1, . . . , ξn, i.e.,

Sk(ξ1, . . . , ξn) =
∑

1≤l1<l2<...<lk≤n

 k∏
j=1

ξlj

 , for 1 ≤ k ≤ n,

where

S0(ξ1, . . . , ξn) = 1.

Sk denotes the symmetric group of size k.
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For Re(α) > 0,Re(β) > 0,Re(γ) > −min{1/n,Re(α)/(n − 1),Re(β)/(n − 1)}, the n-

dimensional Selberg integral is given by

Sn(α, β, γ) =

∫ 1

0
· · ·
∫ 1

0

n∏
j=1

ξα−1
j (1 − ξj)

β−1
∏

1≤j<k≤n
|ξj − ξk|2γ dξ1 . . . dξn.

We let AT denote the transpose of A, and A∗ denotes the conjugate transpose. The trace of A

is given by trA, and the determinant by detA. The spectral radius of a matrix A is denoted by

ρ(A) and the set of all eigenvalues of A is denoted by σ(A). Jn is the n-by-n matrix of all ones.

The symbol 1A denotes the indicator function on a set A. For a vector v = (v1, . . . , vn) ∈ Cn,

the Euclidean norm of v is given by ∥v∥ =
√∑n

i=1 |vi|2. For a matrix A ∈ Mn(C), the maximum

column sum norm of A is given by ∥A∥1 = max1≤j≤n
∑n

i=1 |aij | and the spectral norm (or operator

norm) of A, denoted ∥A∥2, is the square root of the largest eigenvalue of A∗A. We let ∥ · ∥max

denote the maximum magnitude of the matrix entries.

Let δij denote the Kronecker delta, where

δij =


0, if i ̸= j

1, if i = j

.

Let X be a set and let M be any σ-algebra of subsets of X. Suppose that x ∈ X. For

A ∈ M, define the Dirac measure δx by

δx(A) =


0, x ̸∈ A

1, x ∈ A

.



Chapter 2

Monic generalized large box model polynomials

2.1 Introduction and main results

Let n and N be in N. Let αi < βi ∈ R for 0 ≤ i ≤ n − 1 and consider the polynomial in a

single complex variable

fn(z) = zn + an−1z
n−1 + · · · + a1z + a0,

where for each 0 ≤ i ≤ n − 1, ai is uniformly distributed on [αiN, βiN ] ∩ Z and a0, . . . , an−1 are

jointly independent. We wish to find the probability that fn(z) has all real roots as N → ∞. We

refer to this random polynomial model, with fixed degree and letting N → ∞, as the generalized

large box model; this contrasts with the usual large box model, where the coefficients are contained

in [−N,N ] ∩ Z as N → ∞.

Consider the following example.

Example 2.1.1. Let n = 2 and consider the case where α0, α1 = 0 and β0, β1 = 1 so that a0 and a1

are both identically, independently, and uniformly distributed on [0, N ] ∩ Z. Then the polynomial

f2(z) = z2 + a1z + a0 has two real roots with probability tending to 1 as N → ∞. To see this,

notice that f2(z) will have two real roots if and only if the discriminant a21 − 4a0 is non-negative.

Therefore, we compute

P
(
a21 − 4a0 ≥ 0

)
= P (2

√
a0 ≤ a1) ,

where the equality holds by the non-negativity of the coefficients. Then

1 ≥ P (2
√
a0 ≤ a1) ≥ P

(
2
√
N ≤ a1

)
=
N + 1 − ⌈2

√
N⌉

N + 1
.



37

By the squeeze theorem, limN→∞ P
(
2
√
a0 ≤ a1

)
= 1, so the probability that f2(z) has two real

roots as N → ∞ tends to 1.

For degree 2 and 3 polynomials whose coefficients obey the generalized large box model, we

are able to tackle the discriminants of the polynomials, allowing us to obtain precise results for the

probability of having all real roots; these probabilities are simply in terms of the distributions of

the coefficients of the polynomials. This results in the following two main theorems.

Theorem 2.1.2. Let α0 < β0 ∈ R and α1 < β1 ∈ R. Suppose that a0 is uniformly distributed on

[α0N, β0N ] and that a1 is uniformly distributed on [α1N, β1N ], with a0 and a1 independent. Then

the polynomial f2(z) = z2 + a1z + a0 has two real roots with probability tending to 1 as N → ∞.

In [45], Dubickas and Sha define a dominant polynomial as a polynomial having one root

whose modulus is greater than the moduli of all remaining roots. In terms of the notation of

this thesis, they consider monic large box model polynomials, where each coefficient is uniformly

distributed on [−N,N ]∩Z and jointly independent, and find that the probability that such a poly-

nomial is dominant tends to 1 as N → ∞. Since complex roots of polynomials with real coefficients

occur in pairs, this means that the root with the largest modulus of a dominant polynomial must

be real. For a quadratic polynomial, this means that the polynomial must have two real roots with

probability tending to 1 as N → ∞. Thus, Theorem 2.1.2 can be be interpreted as an extension

of Dubickas and Sha’s result about the dominance of quadratic polynomials. Dubickas and Sha

prove their result that a degree n large box model polynomial is dominant by counting the number

of polynomials that satisfy the hypothesis of Theorem 1.1.10. For the quadratic polynomial in

Theorem 2.1.2, we simply compute the probability that the discriminant is positive.

Theorem 2.1.3. For 0 ≤ i ≤ 2, let αi < βi ∈ R and let ai be uniformly distributed on [αiN, βiN ]∩

Z, with a0, a1, a2 jointly independent. As N → ∞, the probability that the cubic polynomial

f3(z) = z3 + a2z
2 + a1z + a0
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has three real roots converges to

P
(

1/4 >
XY

Z2

)
,

where X ∼ U(α0, β0), Y ∼ U(α2, β2), and Z ∼ U(α1, β1) are independent.

For n = 4, the discriminant method is already intractable, and for n ≥ 5, the discriminant no

longer provides complete information on the number of real roots of a polynomial, see for instance

Chapter 10 in [84]. Chapter 3 offers the solution to these problems.

We also establish that the limiting distribution of the distance between one of the roots of

the polynomial f2(z) = z2 + a1z + a0 and the negative of the coefficient a1 is simply the ratio

distribution between the coefficients a0 and a1. This result is contained in the following theorem.

Theorem 2.1.4. For 0 ≤ i ≤ 1, let αi < βi ∈ R. Let f2(z) = z2 + a1z + a0, where for each

0 ≤ i ≤ 1, ai is uniformly distributed on [αiN, βiN ]∩Z, with a0 and a1 independent. Consider the

root

ξ2 =


−a1−sgn(a1)

√
a21−4a0

2 if a1 ̸= 0

√
−a0 if a1 = 0

(2.1)

of f2(z), which may be real or imaginary. Let ZN be the Euclidean distance between −a1 and ξ2.

As N → ∞, ZN
d
=⇒ |X/Y |, where X ∼ U(α0, β0), Y ∼ U(α1, β1) and X and Y are independent.

Theorem 2.1.4 is illustrated in Figure 2.1

The root ξ2 defined in Theorem 2.1.4 is described as extremely dominant. This is because its

modulus is not tight as N → ∞, while the modulus of the other root of f2(z) is tight as N → ∞;

complete details are contained in Section 2.6.1.

Using Rouché’s theorem, we show in Section 2.6.2 that any monic polynomial fn(z) =

zn + an−1z
n−1 + · · · + a1z + a0 whose coefficients obey the generalized large box model also has

an extremely dominant root, which is well approximated by the extremely dominant root of the

corresponding quadratic polynomial f2(z) = z2 + an−1z + an−2. The limiting distribution of the

distance between this extremely dominant root and the negative of the coefficient an−1 is surpris-

ingly still only in terms of the ratio distribution between an−2 and an−1. These results are given in
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Figure 2.1: This figure illustrates Theorem 2.1.4. We generated 10000 random polynomials of the
form z2 + a1z + a0 for both images. In the left image, the coefficients a1 and a0 are independently
and uniformly distributed on [0, 1015] ∩ Z. In the right image, a1 is uniformly distributed on
[0, 1015]∩Z and a0 is independently and uniformly distributed on [−3 ·1015, 1015]∩Z. The distance
between the largest root (in magnitude) and the negative of the coefficient a1 for each polynomial
was calculated and plotted on the histogram. The red lines denote the density of |X/Y |, where
X ∼ U(0, 1) and Y ∼ U(0, 1) are independent for the left image and where X ∼ U(−3, 1) and
Y ∼ U(0, 1) are independent for the right image. Both plot windows were cropped.

Theorem 2.1.5 and Corollary 2.1.6. In [45], Dubickas and Sha test the dominance of a polynomial,

without finding its roots, by giving an algorithm based on Sturm’s theorem (see Theorem 1.4.3

in [134]), which gives the number of unique real roots of a polynomial in an interval by construct-

ing a sequence and counting the number of sign changes of the sequence at the end points of the

interval. For the case of the monic generalized large box model polynomials, the use of Rouché’s

theorem provides both the location of the dominant root and allows us to investigate its fluctua-

tions. However, no additional information is provided for non-monic generalized large box model

polynomials.

Theorem 2.1.5. For 0 ≤ i ≤ n − 1, let αi < βi ∈ R and let ai be uniformly distributed on
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[αiN, βiN ] ∩ Z, with a0, . . . , an−1 jointly independent. For n ≥ 2, define

fn(z) = zn + an−1z
n−1 + · · · + a1z + a0

and

f(z) = zn + an−1z
n−1 + an−2z

n−2.

Define

ξ =


−an−1−sgn (an−1)

√
a2n−1−4an−2

2 if an−1 ̸= 0

√
−an−2 if an−1 = 0

.

When n = 2, ξ is a root of both fn(z) and f(z), which is real with probability tending to 1 as

N → ∞.

Suppose n ≥ 3. If 0 ̸∈ [αn−1N, βn−1N ], let ϵ = Cα,β,n/N , where Cα,β,n is the positive finite

constant

Cα,β,n =

∑n−3
i=0 max{|αi|, |βi|}

(min{|αn−1|, |βn−1|})2
.

Then the polynomial fn(z) has exactly one root, denoted ξn, in B(ξ, ϵ) with probability tending to

1 as N → ∞. If 0 ∈ [αn−1N, βn−1N ], then for any fixed 0 < ϵ < 1, fn(z) has exactly one root,

denoted ξn, in B(ξ, ϵ) with probability tending to 1 as N → ∞. In both cases, ξn is a real root of

fn(z) with probability tending to 1 as N → ∞.

Corollary 2.1.6. For 0 ≤ i ≤ n − 1, let αi < βi ∈ R and let ai be uniformly distributed on

[αiN, βiN ] ∩ Z, with a0, . . . , an−1 jointly independent. Define

fn(z) = zn + an−1z
n−1 + · · · + a1z + a0.

Let ξn be defined as in Theorem 2.1.5. Let ZN be the Euclidean distance between −an−1 and ξn,

i.e.,

ZN = |ξn + an−1|.

As N → ∞,

ZN
d
=⇒
∣∣∣∣XY
∣∣∣∣ ,

where X ∼ U(αn−2, βn−2), Y ∼ U(αn−1, βn−1), and X and Y are independent.
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Corollary 2.1.6 is illustrated in Figure 2.2.

Figure 2.2: This figure illustrates Corollary 2.1.6. We generated 10000 random polynomials of
the form z4 + a3z

3 + a2z
2 + a1z + a0, where all coefficients are independent and a3 is uniformly

distributed on [−1015, 1015]∩Z, a2 is uniformly distributed on [−2 ·1015, 2 ·1015]∩Z, a1 is uniformly
distributed on [−3 · 1015, 3 · 1015] ∩ Z, and a0 is uniformly distributed on [−4 · 1015, 4 · 1015] ∩ Z.
The distance between the largest root (in magnitude) and the negative of the coefficient a3 for
each polynomial was calculated and plotted on the histogram. The red line denotes the density of
|X/Y |, where X ∼ U(−2, 2) and Y ∼ U(−1, 1) are independent. The plot window is cropped.

2.2 Tools and preliminary results

This section introduces several well-known probabilistic tools that will be necessary to obtain

convergence results. We also prove some simple lemmas that will need to be referred to multiple

times throughout the chapter.

Lemma 2.2.1. Let α < β ∈ R and let the random variable XN be uniformly distributed on

[αN, βN ] ∩ Z. Then XN/N converges in distribution to U(α, β) as N → ∞. If the random

variable XN is uniformly distributed on ([αN, βN ] ∩ Z) \ {0} instead, then XN/N still converges
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in distribution to U(α, β) as N → ∞.

Proof. The cumulative distribution function for U(α, β) is given by

FU(α,β)(x) =



0 for x < α

x−α
β−α for α ≤ x ≤ β

1 for x > β

,

which is continuous for all x ∈ R. Let y ∈ R. If y < α, then P(XN/N ≤ y) = 0 since XN/N ∈ [α, β].

Similarly, if y > β, then P(XN/N ≤ y) = 1. If y ∈ [α, β], then

lim
N→∞

P(XN/N ≤ y) = lim
N→∞

P(XN ≤ Ny) = lim
N→∞

⌊Ny⌋ − ⌈αN⌉ + 1

⌊βN⌋ − ⌈αN⌉ + 1
=
y − α

β − α
,

so XN/N
d
=⇒ U(α, β).

Suppose now that XN is uniformly distributed on ([αN, βN ] ∩ Z) \ {0}. If 0 /∈ [αN, βN ]∩Z,

then the statement and proof are the same as above. Therefore, suppose 0 ∈ [αN, βN ] ∩ Z. As

before, if y < α, then P(XN/N ≤ y) = 0 since XN/N ∈ [α, β] and if y > β, then P(XN/N ≤ y) = 1.

If y ∈ [α, 0), we now have

lim
N→∞

P(XN/N ≤ y) = lim
N→∞

P(XN ≤ Ny) = lim
N→∞

⌊Ny⌋ − ⌈αN⌉ + 1

⌊βN⌋ − ⌈αN⌉
=
y − α

β − α
.

If y ∈ [0, β], we now have

lim
N→∞

P(XN/N ≤ y) = lim
N→∞

P(XN ≤ Ny) = lim
N→∞

⌊Ny⌋ − ⌈αN⌉
⌊βN⌋ − ⌈αN⌉

=
y − α

β − α
,

so XN/N
d
=⇒ U(α, β). Altogether, we see that XN/N

d
=⇒ U(α, β).

Remark 2.2.2. Suppose that XN is uniformly distributed on [αN, βN ]∩Z. If 0 ∈ [αN, βN ], we will

occasionally condition on the event that XN ̸= 0. Observe that for any k ∈ ([αN, βN ] ∩ Z) \ {0},

we have that

P(XN = k | XN ̸= 0) =
P(XN = k)

P(XN ̸= 0)
=

(
1

⌊βN⌋−⌈αN⌉+1

)
(

⌊βN⌋−⌈αN⌉
⌊βN⌋−⌈αN⌉+1

) =
1

⌊βN⌋ − ⌈αN⌉
.
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Therefore, the conditional distribution of XN , given that XN ̸= 0, is uniform on ([αN, βN ] ∩ Z) \

{0}. Lemma 2.2.1 tells us that for any z ∈ R

lim
N→∞

P (XN/N ≤ z | XN ̸= 0) = P(U(α, β) ≤ z).

Theorem 2.2.3 (Continuous Mapping Theorem, Theorem 3.2.10 from [48]). Let g be a measurable

function and Dg = {x : g is discontinuous at x}. If Xn
d
=⇒ X as n→ ∞ and P(X ∈ Dg) = 0, then

g(Xn)
d
=⇒ g(X) as n→ ∞.

Lemma 2.2.4 (Example 3.2 from [23]). Suppose that Xn
d
=⇒ X and Yn

d
=⇒ Y as n→ ∞, with Xn

independent of Yn for all n ≥ 1 and X independent of Y . Then XnYn
d
=⇒ XY and Xn+Yn

d
=⇒ X+Y

as n→ ∞.

Theorem 2.2.5 (Slutsky’s Theorem, Theorem 11.4 in [76]). Let X1, X2, . . . and Y1, Y2, . . . be se-

quences of random variables. Suppose that Xn converges in distribution to X and Yn converges in

probability to a constant a as n→ ∞. Then

Xn + Yn
d
=⇒ X + a,

Xn − Yn
d
=⇒ X − a,

Xn · Yn
d
=⇒ X · a,

and

Xn

Yn

d
=⇒ X

a
, for a ̸= 0,

as n→ ∞.

Theorem 2.2.6 (Theorem 2.7, [163]). Let Xn, X and Yn be random vectors. Then

(1) Xn
as−→ X implies Xn

p−→ X;

(2) Xn
p−→ X implies Xn

d
=⇒ X;

(3) Xn
p−→ c for a constant c if and only if Xn

d
=⇒ c;
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(4) if Xn
d
=⇒ X and d(Xn, Yn)

p−→ 0, then Yn
d
=⇒ X, where d(x, y) is a distance function of Rk

that generates the usual topology;

(5) if Xn
d
=⇒ X and Yn

p−→ c for a constant c, then (Xn, Yn)
d
=⇒ (X, c);

(6) if Xn
p−→ X and Yn

p−→ Y , then (Xn, Yn)
p−→ (X,Y );

Remark 2.2.7 (Division by Zero). There are several places throughout the thesis where we are

dividing by a discrete random variable that may take the value zero. In all of these instances, the

probability of this happening tends to zero asN → ∞. Since we are only concerned with the limiting

distributions in these cases, and since the probability of the continuous limiting distributions taking

the value zero is zero, this will not be an issue. The problem is avoided by either conditioning on

the denominator of the discrete distribution being non-zero or using convergence theorems that

rely on the set of discontinuities of the limiting distribution having measure zero.

The following fact is needed several times throughout the thesis.

Lemma 2.2.8. Let α1 < β1 ∈ R and α2 < β2 ∈ R. Let a1 be uniformly distributed on [α1N, β1N ]∩Z

and let a2 be uniformly distributed on [α2N, β2N ] ∩ Z, with a1 and a2 independent. Then for any

ϵ > 0,

lim
N→∞

P
(
|a1| > ϵ|a22|

)
= 0.

Proof. If 0 ̸∈ [α2N, β2N ], we may consider the limit

lim
N→∞

P
(∣∣∣∣a1a22

∣∣∣∣ > ϵ

)
. (2.2)

By Lemma 2.2.1, a1/N
d
=⇒ U(α1, β1) and a2/N

d
=⇒ U(α2, β2). By Theorem 2.2.3, (a2/N)2

d
=⇒

(U(α2, β2))
2. By Theorem 2.2.5, since 1/N converges in probability to the constant 0, it follows

that (a1/N) (1/N) = a1/N
2 d

=⇒ 0. Therefore, by Theorem 2.2.3 and Lemma 2.2.4,∣∣∣∣a1a22
∣∣∣∣ =

∣∣∣∣ a1/N2

(a2/N)2

∣∣∣∣ d
=⇒ 0.

Since convergence in distribution to a constant implies convergence in probability to the same

constant, (2.2) tends to zero.
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If 0 ∈ [α2N, β2N ], we condition on the value of a2. By the law of total probability, we have

P(|a1| > ϵ|a22|) = P(|a1| > ϵ|a22| | a2 ̸= 0)P(a2 ̸= 0) + P(|a1| > ϵ|a22| | a2 = 0)P(a2 = 0)

= P(|a1| > ϵ|a22| | a2 ̸= 0)P(a2 ̸= 0) + P(|a1| > 0)P(a2 = 0)

= P
(∣∣∣∣a1a22

∣∣∣∣ > ϵ | a2 ̸= 0

)(
⌈β2N⌉ − ⌊α2N⌋

⌈β2N⌉ − ⌊α2N⌋ + 1

)
(2.3)

+ P (|a1| > 0)

(
1

⌈β2N⌉ − ⌊α2N⌋ + 1

)
.

Clearly 0 ≤ P (|a1| > 0) ≤ 1. By Remark 2.2.2, we see that the conditional distribution of a2, given

that a2 ̸= 0, is uniform on ([α2, β2] ∩ Z) \ {0} and that for any z ∈ R,

lim
N→∞

P (a2/N ≤ z | a2 ̸= 0) = P(U(α2, β2) ≤ z).

Arguing similarly to the previous case, we see that

lim
N→∞

P
(∣∣∣∣a1a22

∣∣∣∣ > ϵ | a2 ̸= 0

)
= 0.

Therefore, letting N → ∞ in (2.3),

lim
N→∞

P(|a1| > ϵ|a22|) = 0

as well.

2.3 Probability of all real roots for generalized large box model polynomials

of degree two

We now show that any monic degree two integral polynomial whose coefficients obey the

generalized large box model has all real roots with probability tending to 1 as N tends to infinity;

we have already seen this for a special case in Example 2.1.1.

Proof of Theorem 2.1.2. Notice that f2(z) will have two real roots if and only if the discriminant

a21 − 4a0 is non-negative. By Lemma 2.2.1, Theorem 2.2.3, and Theorem 2.2.5,

a21
N2

− 4a0
N2

d
=⇒ X2,



46

where X ∼ U(α1, β1), which has a cumulative distribution function that is continuous everywhere.

Therefore, as N → ∞, we have

lim
N→∞

P
(
a21 − 4a0 ≥ 0

)
= lim

N→∞
P
(
a21
N2

− 4a0
N2

≥ 0

)
= P

(
X2 ≥ 0

)
= 1.

2.4 Probability of all real roots for generalized large box model polynomials

of degree three

In this section, we compute the probability that a degree three random polynomial whose

coefficients obey the generalized large box model has all real roots; the result is given in terms

of the coefficients of the polynomial. We begin with a technical detail that allows us to omit the

possibility of such a polynomial having a repeated root.

Theorem 2.4.1 (See Pages 8 and 9 in [136]). Suppose an ̸= 0. For a polynomial fn(z) = anz
n +

an−1z
n−1 + · · ·+a1z+a0 with roots ξ1, . . . , ξn, counted with algebraic multiplicity, the discriminant

is

D(fn) = a2n−2
n

∏
1≤j<k≤n

(ξj − ξk)
2 .

The discriminant vanishes if and only if fn has a multiple zero.

For two polynomials

fn(z) =
n∑
i=0

aiz
i = an

n∏
i=1

(z − ξi) and gm(z) =

m∑
j=0

bjz
j = bm

m∏
j=1

(z − ξ̃j),

with an, bm ̸= 0, their resultant is defined by

R(fn, gm) := amn b
n
m

m∏
j=1

n∏
i=1

(ξi − ξ̃j).

The resultant is also given by the following determinant, which has m rows containing the coeffi-

cients of fn and n rows with those of gm, while empty positions indicate vanishing entries:
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R(fn, gm) = det



a0 a1 · · · an

a0 a1 · · · an

. . .
. . .

. . .

a0 a1 · · · an

b0 b1 · · · bm

b0 b1 · · · bm

. . .
. . .

. . .

b0 b1 · · · bm



. (2.4)

Finally, the resultant of fn and its derivative f ′n relates to the discriminant of fn as follows:

R(fn, f
′
n) = an(−1)n(n−1)/2D(fn). (2.5)

Lemma 2.4.2. For 0 ≤ i ≤ 2, let αi < βi ∈ R and let ai be uniformly distributed on [αiN, βiN ]∩Z,

with a0, a1, a2 jointly independent. For f3(z) = z3 + a2z
2 + a1z+ a0, the probability of f3(z) having

a repeated root as N → ∞ tends to 0.

Proof. Combining (2.4) and (2.5), one obtains the familiar formula which expresses the discriminant

of f3(z) in terms of its coefficients. This is1

D(f3) = a22a
2
1 − 4a31 − 4a32a0 − 27a20 + 18a2a1a0.

By Theorem 2.4.1, D(f3) is zero if and only if f3(z) has a repeated root. Suppose that a0 and a1

are fixed. If a0 and a1 are both zero, then D(f3) is the zero polynomial, but this only happens with

probability 1
(⌊β0N⌋−⌈α0N⌉+1)(⌊β1N⌋−⌈α1N⌉+1) , which tends to zero as N → ∞. Otherwise, D(f3) is a

degree one, two, or three polynomial in the variable a2 and has at most three roots in [α2N, β2N ]∩Z.

Therefore, as a0 varies over [α0N, β0N ] and a1 varies over [α1N, β1N ]∩Z, the total possibilities for

zeros of D(f3) is bounded above by

3(⌊β0N⌋ − ⌈α0N⌉ + 1)(⌊β1N⌋ − ⌈α1N⌉ + 1)

(⌊β0N⌋ − ⌈α0N⌉ + 1)(⌊β1N⌋ − ⌈α1N⌉ + 1)(⌊β2N⌋ − ⌈α2N⌉ + 1)
,

1 We obtained the formulas for the discriminants of cubic and quartic polynomials from Wikipedia:
https://en.wikipedia.org/wiki/Discriminant. These were verified using Mathematica.
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which tends to zero as N → ∞.

Remark 2.4.3. By an analogous argument, f4(z) = z4 + a3z
3 + a2z

2 + a1z + a0 also does not have

a repeated root with probability tending to 1 as N → ∞. Indeed, again combining (2.4) and (2.5),

we have

D(f4) = 256a30 − 192a20a1a3 − 128a20a
2
2 + 144a20a2a

2
3

− 27a20a
4
3 + 144a0a

2
1a2 − 6a0a

2
1a

2
3 − 80a0a1a

2
2a3

+ 18a0a1a2a
3
3 + 16a0a

4
2 − 4a0a

3
2a

2
3 − 27a41

+ 18a31a2a3 − 4a31a
3
3 − 4a21a

3
2 + a21a

2
2a

2
3,

so we see again that if a0 and a1 are both fixed to be zero, D(f4) is the zero polynomial; this

happens only with probability tending to zero as N → ∞. Otherwise, fixing a0, a1 and a2, we see

that D(f4) is a degree one, two, three, or four polynomial in the variable a3, so counting similarly

to Lemma 2.4.2 proves the result.

We are now ready to prove Theorem 2.1.3.

Proof of Theorem 2.1.3. The cubic polynomial z3 + a2z
2 + a1z + a0 has the discriminant

a22a
2
1 − 4a31 − 4a32a0 − 27a20 + 18a2a1a0 (2.6)

which can also be written in the form

(ξ1 − ξ2)
2(ξ1 − ξ3)

2(ξ2 − ξ3)
2,

where ξ1, ξ2, and ξ3 are the roots of the cubic polynomial f3(z). Since the coefficients of f3(z) are

all real numbers, the discriminant is positive if and only if f3(z) has three distinct real roots. To

see this, observe that the discriminant is zero if and only if a root is repeated. Assuming all roots

are real and distinct, clearly the expression is positive. On the other hand, if there is one real

root and two complex roots, without loss of generality, suppose that ξ1 = r is the real root and
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ξ2, ξ3 = a±bi are the complex roots, which occur in pairs because the coefficients of the polynomial

are real. Then

(ξ1 − ξ2)
2(ξ1 − ξ3)

2(ξ2 − ξ3)
2 = (r − a− bi)2(r − a+ bi)2(2bi)2

= −4b2(a2 + b2 − 2ar + r2)2,

which is negative. By Lemma 2.4.2, the probability of a repeated root tends to 0 as N → ∞, so it

suffices to calculate the probability of the discriminant being positive. Dividing (2.6) by N4, notice

that −4a31/N
4,−27a20/N

4, and 18a2a1a0/N
4 converge in probability to 0 as N → ∞. By Theorem

2.2.5,

(a2/N)2(a1/N)2 − 4a31/N
4 − 4(a2/N)3(a0/N) − 27a20/N

4 + 18a2a1a0/N
4

and

(a2/N)2(a1/N)2 − 4(a2/N)3(a0/N)

converge in distribution to the same limit.

If 0 /∈ [α1N, β1N ], we have that

P
(
(a2/N)2(a1/N)2 − 4(a2/N)3(a0/N) > 0

)
= P

(
1/4 >

(a2/N)(a0/N)

(a1/N)2

)
.

By the independence of a0, a1, and a2, and since a0/N
d
=⇒ U(α0, β0), a1/N

d
=⇒ U(α1, β1), and

a2/N
d
=⇒ U(α2, β2), by Theorem 2.2.3 and Lemma 2.2.4,

lim
N→∞

P
(

1/4 >
(a2/N)(a0/N)

(a1/N)2

)
= P

(
1/4 >

XY

Z2

)
,

where X ∼ U(α0, β0), Y ∼ U(α2, β2) and Z ∼ U(α1, β1) are independent.
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If 0 ∈ [α1N, β1N ], we condition on a1 and see that

P
(
(a2/N)2(a1/N)2 − 4(a2/N)3(a0/N) > 0

)
=P
(

1/4 >
(a2/N)(a0/N)

(a1/N)2
| a1 ̸= 0

)
P(a1 ̸= 0)

+ P
(
−4(a2/N)3(a0/N) > 0

)
P(a1 = 0)

=P
(

1/4 >
(a2/N)(a0/N)

(a1/N)2
| a1 ̸= 0

)(
⌊β1N⌋ − ⌈α1N⌉

⌊β1N⌋ − ⌈α1N⌉ + 1

)
(2.7)

+ P
(
−4(a2/N)3(a0/N) > 0

)( 1

⌊β1N⌋ − ⌈α1N⌉ + 1

)
.

Clearly 0 ≤ P
(
−4(a2/N)3(a0/N) > 0

)
≤ 1. Using Remark 2.2.2 and arguing similarly to previous

case, we see that

lim
N→∞

P
(

1/4 >
(a2/N)(a0/N)

(a1/N)2
| a1 ̸= 0

)
= P

(
1/4 >

XY

Z2

)
,

where X ∼ U(α0, β0), Y ∼ U(α2, β2) and Z ∼ U(α1, β1) are independent. Thus, letting N → ∞ in

(2.7) proves the theorem.

Our next example obtains a numerical value for P
(
1/4 > XY

Z2

)
, when X,Y, Z ∼ U(0, 1) are

jointly independent. This corresponds to precisely the probability that the polynomial z3 + a2z
2 +

a1z + a0, with a0, a1, a2 uniformly distributed on [0, N ] ∩ Z and jointly independent has all real

roots, as N → ∞.

Example 2.4.4. We now compute P
(
1/4 ≥ XY/Z2

)
in the case that X,Y, Z ∼ U(0, 1) are jointly

independent. Springer [149] shows how to compute both XY and X/Z in the special case that

X,Y, Z ∼ U(0, 1) are jointly independent; Curtiss [37] also finds the distribution of a quotient using

advanced techniques. We take a simple geometric approach.

We start by considering P (XY ≤ z). Observe that if z ≤ 0, P (XY ≤ z) = 0; if z ≥ 1,
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P (XY ≤ z) = 1. Otherwise, for z ∈ (0, 1), we have

P (XY ≤ z) = P (Y ≤ z/X)

=

∫ z

0
1 dx+

∫ 1

z

z

x
dx

= z − z log(z),

where we have used the visual aid in Figure 2.3 to identify the correct region of integration.

x

y

1

1

y = z
x

Figure 2.3: This image shows the area below the curve y = z/x for some z ∈ (0, 1) that is also
contained in the rectangle [0, 1] × [0, 1].

Differentiating yields the probability density function

fXY (z) =


− log(z), z ∈ (0, 1)

0, otherwise

.

Moreover, for Z ∼ U(0, 1), observe that if z ≤ 0, P
(
Z2 ≤ z

)
= 0; if z ≥ 1, P

(
Z2 ≤ z

)
= 1.

For z ∈ (0, 1), we have that

P(Z2 ≤ z) = P(Z ≤
√
z)

=
√
z.

Differentiating yields the probability density function

fZ2(z) =


1

2
√
z
, z ∈ (0, 1)

0, otherwise

.
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Finally, let S = XY and let T = Z2, and let f(s, t) be the joint probability density function of S

and T . Then

P
(

1/4 >
S

T

)
=

∫ 1

0

∫ 1/4t

0
f(s, t) ds dt

=

∫ 1

0

∫ 1/4t

0

− log s

2
√
t

ds dt

=
1

36
(5 + log(64))

≈ 0.254413.

This shows that the probability of f3(z) having three real roots as N → ∞ is a little more than a

fourth.

2.5 An example for degree n

The following theorem due to Kurtz [102] can be used to find some non-trivial examples of

integral polynomials of any degree that have positive probability of having all real roots.

Theorem 2.5.1 (Theorem 1 in [102]). Let fn(z) = anz
n+an−1z

n−1+ · · ·+a1z+a0 be a polynomial

of degree n ≥ 2 with positive coefficients. If

a2i − 4ai−1ai+1 > 0, i = 1, 2, . . . , n− 1 (2.8)

then all the roots of fn(z) are real and distinct.

We apply the above theorem with an = 1 to find examples that pertain to monic polynomials.

Example 2.5.2. Let the degree of our monic polynomial be n. Then rearranging (2.8), to create
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a polynomial with probability one of having all real roots, we need the system of inequalities

0 < an−1

0 < an−2 <
a2n−1

4

0 < an−3 <
a2n−2

4an−1

...

0 < a1 <
a22
4a3

0 < a0 <
a21
4a2

to be satisfied. Let us use the notation ak ∈ [αk, βk] for each 0 ≤ k ≤ n − 1, and assume that

each αk is positive. Then observe that to satisfy the above inequalities, we may use the recursive

formula

ak ∈

[
α2
k+1

8βk+2
,
α2
k+1

4βk+2

]
.

Starting with αn−1 = 1 and βn−1 = 2, this means that an−1 ∈ [1, 2], an−2 ∈ [1/8, 1/4], an−3 ∈

[1/1024, 1/512], and so forth. Notice that we may also multiply all of these coefficients by a large

constant C > 0. Then

0 < Can−1,

0 < Can−2 <
C2a2n−1

4

and for 0 < k < n− 2,

0 < Cak <
C2a2k+1

Cak+2
.

This is useful because multiplying by C allows us to create examples of integral polynomials with

probability one of having all real roots, without zero being contained in any of the intervals for

the coefficients. This contrasts with Theorem 3.5.18, that shows if zero is in all of the intervals,

we always have positive probability of having all real roots. For example, letting n = 4 and

C = 2097152, we see that the monic polynomial

z4 + a3z
3 + a2z

2 + a1z + a0
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with independent coefficients

a3 ∼ U([2097152, 4194304] ∩ Z), a2 ∼ U([262144, 524288] ∩ Z),

a1 ∼ U([2048, 4096] ∩ Z), a0 ∼ U([1, 2] ∩ Z),

has probability one of having all real roots.

2.6 Discovering an extremely dominant root

In this section, we show that as N → ∞, the random polynomial

fn(z) = zn + an−1z
n−1 + · · · + a1z + a0

whose coefficients obey the generalized large box model has an extremely dominant root, which we

will call ξn and define shortly. We first find this root for the quadratic polynomial, and then use

Rouché’s theorem to locate the root for higher degree polynomials. Rouché’s theorem is a common

approach for locating polynomial roots, see for instance [24, 35, 141, 153, 168]. We then describe

the distribution of the distance between the coefficient −an−1 and the root ξn, and compute the

probability density function of this distribution explicitly in certain cases. We note that the root

ξn is the dominant root of the integer polynomials discovered by Dubickas and Sha in [45], but the

location and fluctuations of ξn is a new discovery to the best of our knowledge.

2.6.1 Extremely dominant root for degree two generalized large box model poly-

nomials

For 0 ≤ i ≤ 1, let αi < βi ∈ R. Let f2(z) = z2 + a1z + a0, where for each 0 ≤ i ≤ 1, ai

is uniformly distributed on [αiN, βiN ] ∩ Z with a0 and a1 independent. From Theorem 2.1.2, we

know that this polynomial has two real roots with probability tending to 1 as N → ∞. Consider

the root

ξ2 :=


−a1−sgn(a1)

√
a21−4a0

2 if a1 ̸= 0

√
−a0 if a1 = 0

,
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which may be real or imaginary. We call a root of a random polynomial extremely dominant if

its modulus is not tight, while the moduli of all of the other roots are tight. Details are given in

Lemma 2.6.3 showing that ξ2 is the extremely dominant root of f2(z).

Let ZN be the distance between the coefficient −a1 and the root ξ2. We now have the tools

necessary to compute the distribution of ZN in the quadratic case. This is the content of Theorem

2.1.4, whose proof is given below.

Proof of Theorem 2.1.4. We wish to find the distribution of the Euclidean distance between ξ2 and

−a1, which is given by

ZN =


∣∣∣∣−a1−sgn(a1)

√
a21−4a0

2 + a1

∣∣∣∣ if a1 ̸= 0

√
|a0| if a1 = 0

.

To show a sequence of distribution functions Fn converge in distribution to the limiting distribution

function F , we must show that the convergence holds at all continuity points of F . In Appendix

A, we find the pdf of the random variable X/Y , which implies that its cumulative distribution

function (and also that of |X/Y |) is continuous.

If 0 ̸∈ [α1N, β1N ], we have that∣∣∣∣∣−a1 − sgn(a1)
√
a21 − 4a0

2
+ a1

∣∣∣∣∣
=

∣∣∣∣∣a1 − sgn(a1)
√
a21 − 4a0

2

∣∣∣∣∣
=

∣∣∣∣∣∣
(
a1 − sgn(a1)

√
a21 − 4a0

)
2

·

(
a1 + sgn(a1)

√
a21 − 4a0

)
(
a1 + sgn(a1)

√
a21 − 4a0

)
∣∣∣∣∣∣

=

∣∣∣∣∣∣ a21 − (a21 − 4a0)

2
(
a1 + sgn(a1)

√
a21 − 4a0

)
∣∣∣∣∣∣

=

∣∣∣∣∣ 2a0

a1 + sgn(a1)
√
a21 − 4a0

∣∣∣∣∣
=

∣∣∣∣∣∣ a0

a1

(
1/2

(
1 +

√
1 − 4a0/a21

))
∣∣∣∣∣∣ .
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Multiplying by N/N gives that

ZN =

∣∣∣∣∣∣ a0/N

(a1/N)
(

1/2
(

1 +
√

1 − 4a0/a21

))
∣∣∣∣∣∣ .

We want to show ZN
d
=⇒ |X/Y | , where X ∼ U(α0, β0), Y ∼ U(α1, β1) and X and Y are indepen-

dent. By Lemma 2.2.8, a0/a
2
1 converges in probability to 0, so by Theorem 2.2.3,

1

1/2
∣∣∣1 +

√
1 − 4a0/a21

∣∣∣ (2.9)

converges in probability to 1. By Lemma 2.2.1, a0/N
d
=⇒ U(α0, β0) and a1/N

d
=⇒ U(α1, β1). By

Theorem 2.2.3,
∣∣∣ 1
a1/N

∣∣∣ d
=⇒ |1/U(α1, β1)| . By Lemma 2.2.4 and the independence of a0 and a1,∣∣∣∣a0/Na1/N

∣∣∣∣ d
=⇒ |X/Y | , X ∼ U(α0, β0), Y ∼ U(α1, β1),

where X and Y are independent. Theorem 2.2.5 allows us to multiply by (2.9) and conclude that

ZN
d
=⇒ |X/Y |.

If 0 ∈ [α1N, β1N ], we condition on a1. For any z ∈ R, we have by the law of total probability

that

P(ZN ≤ z) = P(ZN ≤ z | a1 ̸= 0)P(a1 ̸= 0) + P(ZN ≤ z | a1 = 0)P(a1 = 0)

= P

(∣∣∣∣∣−a1 − sgn(a1)
√
a21 − 4a0

2
+ a1

∣∣∣∣∣ ≤ z | a1 ̸= 0

)(
⌈β1N⌉ − ⌊α1N⌋

⌈β1N⌉ − ⌊α1N⌋ + 1

)
(2.10)

+ P
(√

|a0| ≤ z
)( 1

⌈β1N⌉ − ⌊α1N⌋ + 1

)
.

For any z ∈ R, clearly 0 ≤ P
(√

|a0| ≤ z
)
≤ 1. Using Remark 2.2.2 and arguing similarly to

the previous case, we find that for any z ∈ R,

lim
N→∞

P

(∣∣∣∣∣−a1 − sgn(a1)
√
a21 − 4a0

2
+ a1

∣∣∣∣∣ ≤ z | a1 ̸= 0

)
= P

(∣∣∣∣XY
∣∣∣∣ ≤ z

)
,

where X ∼ U(α0, β0), Y ∼ U(α1, β1) and X and Y are independent. Taking the limit as N → ∞

in (2.10) proves the theorem.

We now define tightness and introduce Prohorov’s theorem, which will allow us to quickly

prove that the root ξ2 from Theorem 2.1.4 is extremely dominant.
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Definition 2.6.1 (Chapter 2 in [163]). A set of random vectors {Xα : α ∈ A} is called tight if for

every ϵ > 0, there exists a constant M such that

sup
α

P(∥Xa∥ > M) < ϵ.

Theorem 2.6.2 (Prohorov’s theorem, Theorem 2.4 in [163]). Let Xn be random vectors in Rk.

• If Xn
d
=⇒ X for some X, then {Xn : n ∈ N} is tight;

• If Xn is tight, then there exists a subsequence with Xnj

d
=⇒ X as j → ∞, for some X.

We now prove that the root ξ2 is extremely dominant.

Lemma 2.6.3. For 0 ≤ i ≤ 1, let αi < βi ∈ R. Let f2(z) = z2 +a1z+a0, where for each 0 ≤ i ≤ 1,

ai is uniformly distributed on [αiN, βiN ] ∩ Z, with a0 and a1 independent. Denoting the roots of

f2(z) by ξ2 as defined in Theorem 2.1.4 and ξ̃2 for the conjugate root, we have that the modulus of

ξ2 is not tight as N → ∞, whereas the modulus of ξ̃2 is tight as N → ∞.

Proof. Modifying the proof of Theorem 2.1.4 slightly, we see that the modulus of the conjugate

root

ξ̃2 =


−a1+sgn(a1)

√
a21−4a0

2 if a1 ̸= 0

−
√
−a0 if a1 = 0

converges in distribution to |X/Y | , where X ∼ U(α0, β0), Y ∼ U(α1, β1). Theorem 2.6.2 immedi-

ately implies that
{∣∣∣ξ̃2∣∣∣ : N ∈ N

}
is tight.

On the other hand, if a1 ̸= 0,

|ξ2| =

∣∣∣∣∣−a1 − sgn(a1)
√
a21 − 4a0

2

∣∣∣∣∣
= |a1|

∣∣∣∣∣∣
1 +

√
1 − 4a0

a21

2

∣∣∣∣∣∣
≥ |a1|

2
.
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Therefore, if 0 ̸∈ [α1N, β1N ], we have that for any positive M ∈ R,

lim
N→∞

P(|ξ2| > M) ≥ lim
N→∞

P
(
|a1|
2

> M

)
= 1.

If 0 ∈ [α1N, β1N ], we have that for any positive M ∈ R,

lim
N→∞

P (|ξ2| > M) ≥ lim
N→∞

P (|ξ2| > M | a1 ̸= 0)P(a1 ̸= 0)

≥ lim
N→∞

P
(
|a1|
2

> M

)(
⌈β1N⌉ − ⌊α1N⌋

⌈β1N⌉ − ⌊α1N⌋ + 1

)
= 1.

In either case, this shows that {|ξ2| : N ∈ N} is not tight.

2.6.2 Extremely dominant root for degree n polynomials

Interestingly, a degree n polynomial whose coefficients obey the generalized large box model

also has an extremely dominant root. This root is well approximated by the analogous dominant

root from the degree two generalized large box model polynomial. The distribution of this root is

the content of this section.

Lemma 2.6.4. Let ϵ > 0 and z0 ∈ C. Then for any z ∈ Cz0,ϵ,

|z0| − ϵ ≤ |z| ≤ |z0| + ϵ.

Proof. This follows from the triangle inequality. On one hand, we have that

|z| = |z − z0 + z0| ≤ |z − z0| + |z0| = ϵ+ |z0|.

On the other hand,

|z0| = |z0 − z + z| ≤ |z0 − z| + |z| = ϵ+ |z|

so

|z0| − ϵ ≤ |z|.
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Theorem 2.6.5 (Rouché’s Theorem, 3.42 in [161]). If f(z) and g(z) are analytic inside and on a

closed contour C and

|f(z) − g(z)| < |g(z)|, for all z ∈ C,

then f(z) and g(z) have the same number of zeros inside C.

Theorem 2.1.5 states that random polynomials whose coefficients obey the generalized large

box model have a real root very close to the extremely dominant root for f2(z) described in Section

2.6.1, as N → ∞. We will also refer to this root as extremely dominant, but the proof of this is

delayed until Chapter 3; the result is given in Theorem 3.3.4.

We now present the proof of Theorem 2.1.5.

Proof of Theorem 2.1.5. Let us begin with the case where 0 ̸∈ [αn−1N, βn−1N ] and let ϵ =
Cα,β,n

N ,

where

Cα,β,n =

∑n−3
i=0 max{|αi|, |βi|}

(min{|αn−1|, |βn−1|})2
.

By the quadratic formula, the two non-zero roots of f(z) can be written as

−an−1 ±
√
a2n−1 − 4an−2

2
.

From the statement of the theorem, since 0 ̸∈ [αn−1N, βn−1N ], we have that

ξ =
−an−1 − sgn(an−1)

√
a2n−1 − 4an−2

2
.

Therefore, let the second non-zero root of f(z) be given by

ζ =
−an−1 + sgn(an−1)

√
a2n−1 − 4an−2

2
.

Observe that the roots of f(z) are zero with multiplicity n− 2, ξ with multiplicity one, and ζ with

multiplicity one. We begin by showing that the ball B(ξ, ϵ) contains only the root ξ of f(z) with

probability tending to 1 as N → ∞. We have

|ξ − ζ| = |an−1|
∣∣∣∣√1 − 4an−2/a2n−1

∣∣∣∣ . (2.11)
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and therefore

|ξ − ζ|
N

− ϵ

N
=

|an−1|
N

∣∣∣∣√1 − 4an−2/a2n−1

∣∣∣∣− ϵ

N
.

By Lemma 2.2.1 and Theorem 2.2.3, |an−1|
N converges in distribution to |U(αn−1, βn−1)|. By Lemma

2.2.8, an−2/a
2
n−1 converges in probability to zero, and so by Theorem 2.2.3,

∣∣∣√1 − 4an−2/a2n−1

∣∣∣ con-

verges in probability to one. Finally, in both cases, ϵ
N converges to zero. Then, by two applications

of Theorem 2.2.5, we have that

|an−1|
N

∣∣∣∣√1 − 4an−2/a2n−1

∣∣∣∣− ϵ

N

d
=⇒ |U(αn−1, βn−1)| .

Altogether, this shows that

lim
N→∞

P (|ξ − ζ| > ϵ) = lim
N→∞

P
(
|ξ − ζ|
N

− ϵ

N
> 0

)
= P (|U(αn−1, βn−1)| > 0)

= 1,

since 0 is a continuity point of the cdf of |U(αn−1, βn−1)|. Thus, ζ ̸∈ B (ξ, ϵ) with probability

tending to 1 as N → ∞,

By a similar argument, we can show that

lim
N→∞

P (|ξ| > ϵ) = P (|U(αn−1, βn−1)| > 0) = 1, (2.12)

implying that 0 ̸∈ B (ξ, ϵ) with probability tending to 1 as N → ∞. We conclude that f(z) has

exactly one root in B (ξ, ϵ) with probability tending to 1 as N → ∞.

When n = 2, the polynomials f2(z) and f(z) are equal, so have the same roots. In particular,

Theorem 2.1.2 shows that both roots of these polynomials are real with probability tending to 1 as

N → ∞. Suppose now that n ≥ 3. We wish to show that the inequality

|fn(z) − f(z)| = |an−3z
n−3 + · · · + a1z + a0| < |z|n−2|z2 + an−1z + an−2| = |f(z)| (2.13)

holds for all z ∈ Cξ,ϵ with probability tending to 1 as N → ∞. If (2.13) holds, Rouché’s theorem

tells us that fn(z) and f(z) both have exactly one root in B(ξ, ϵ) with probability tending to 1
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as N → ∞. By Theorem 2.1.2, the root ξ is a real root of f(z) with probability tending to 1 as

N → ∞. In particular, this means the root ξn of fn(z) captured by B(ξ, ϵ) must be real with

probability tending to 1 as N → ∞ as well. To see this, recall that complex roots of polynomials

with real coefficients occur in complex conjugate pairs. Since the ball B(ξ, ϵ) is centered on the

real axis (with probability tending to 1 as N → ∞) and captures exactly one root ξn of fn(z), then

if ξn is complex, B(ξ, ϵ) would also capture the complex conjugate of ξn. This is a contradiction to

the number of roots of fn(z) in B(ξ, ϵ).

For z ̸= 0, we may divide both sides of (2.13) by |z|n−3 to obtain∣∣∣an−3 +
an−4

z
+ · · · +

a1
zn−2

+
a0
zn−3

∣∣∣ < |z||z2 + an−1z + an−2|. (2.14)

Since 0 ̸∈ Cξ,ϵ with probability tending to 1 as N → ∞, it suffices to show that (2.14) holds for all

z ∈ Cξ,ϵ with probability tending to 1 as N → ∞. Factoring the right-hand side of (2.14) gives

|z|

∣∣∣∣∣∣z −
−an−1 −

√
a2n−1 − 4an−2

2

∣∣∣∣∣∣
∣∣∣∣∣∣z −

−an−1 +
√
a2n−1 − 4an−2

2

∣∣∣∣∣∣ (2.15)

which is equal to

|z| |z − ξ| |z − ζ| .

We will bound each of the terms on the right-hand side of (2.15) from below. Let Ω be the event

that ξ is a real root of f(z). Let z ∈ Cξ,ϵ. By Lemma 2.6.4, on Ω,

|z| ≥ |ξ| − ϵ =
|an−1|

∣∣∣1 +
√

1 − 4an−2/a2n−1

∣∣∣
2

− ϵ.

We also have that

|z − ξ| = ϵ.

Finally, on Ω, the conjugate root ζ of f(z) is also real. By the reverse triangle inequality,

|z − ζ| = |(z − ξ) + (ξ − ζ)|

≥ ||z − ξ| − |ξ − ζ||

=

∣∣∣∣ϵ− |an−1|
∣∣∣∣√1 − 4an−2/a2n−1

∣∣∣∣∣∣∣∣ ,
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where we have used the computation of |ξ − ζ| given by (2.11). Hence, a lower bound for (2.15) is

given by  |an−1|
∣∣∣1 +

√
1 − 4an−2/a2n−1

∣∣∣
2

− ϵ

 ϵ

∣∣∣∣ϵ− |an−1|
∣∣∣∣√1 − 4an−2/a2n−1

∣∣∣∣∣∣∣∣
which we may factor into

a2n−1


∣∣∣1 +

√
1 − 4an−2/a2n−1

∣∣∣
2

− ϵ

|an−1|

 ϵ

∣∣∣∣ ϵ

|an−1|
−
∣∣∣∣√1 − 4an−2/a2n−1

∣∣∣∣∣∣∣∣ . (2.16)

Hence, in order to show that (2.14) holds, we wish to show that∣∣∣∣∣
n−3∑
i=0

ai
zn−3−i

∣∣∣∣∣ (2.17)

is strictly less than (2.16) for all z ∈ Cξ,ϵ with probability tending to 1 as N → ∞. Similarly to

(2.12), we can show that |z| ≥ 1 with probability tending to 1 as N → ∞, so an upper bound for

the left hand side of (2.17) on Ω is
∑n−3

i=0 |ai|. Then dividing by everything in (2.16) except for ϵ,

it suffices to show

lim
N→∞

P


∑n−3

i=0 |ai|

a2n−1


∣∣∣∣∣1+

√
1− 4an−2

a2n−1

∣∣∣∣∣
2 − ϵ

|an−1|

∣∣∣ ϵ
|an−1| −

∣∣∣√1 − 4an−2/a2n−1

∣∣∣∣∣∣
< ϵ


= 1. (2.18)

Multiplying both sides by N , we consider

P


N
∑n−3

i=0 |ai|

a2n−1


∣∣∣∣∣1+

√
1− 4an−2

a2n−1

∣∣∣∣∣
2 − ϵ

|an−1|

∣∣∣ ϵ
|an−1| −

∣∣∣√1 − 4an−2/a2n−1

∣∣∣∣∣∣
< Cα,β,n


. (2.19)

Clearly

ϵ

|an−1|
=

Cα,β,n
N |an−1|
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converges in probability to zero as N → ∞, so by Lemma 2.6 and Theorem 2.2.3,
∣∣∣1 +

√
1 − 4an−2

a2n−1

∣∣∣
2

− ϵ

|an−1|

∣∣∣∣ ϵ

|an−1|
−
∣∣∣∣√1 − 4an−2/a2n−1

∣∣∣∣∣∣∣∣
converges in probability to one as N → ∞.

Since a0, . . . , an−3, an−1 are independent, by Lemma 2.2.1, Theorem 2.2.3, and repeated

application of Lemma 2.2.4 (which is really just a multivariate version of the continuous mapping

theorem), we have that

N
∑n−3

i=0 |ai|
a2n−1

=
N2
∑n−3

i=0 |ai|
Na2n−1

d
=⇒

∑n−3
i=0 |Xi|
X2
n−1

,

where each Xi is independently and uniformly distributed on [αi, βi] for 0 ≤ i ≤ n−3 and i = n−1.

By Theorem 2.2.5, ∑n−3
i=0 |ai|

a2n−1


∣∣∣∣∣1+

√
1− 4an−2

a2n−1

∣∣∣∣∣
2 − ϵ

|an−1|

∣∣∣ ϵ
|an−1| −

∣∣∣√1 − 4an−2/a2n−1

∣∣∣∣∣∣
also converges in distribution to ∑n−3

i=0 |Xi|
X2
n−1

, (2.20)

so (2.19) tends to 1 as N → ∞, since Cα,β,n was chosen to be the maximum value of the limiting

distribution.

If 0 ∈ [αn−1N, βn−1N ], the proof is very similar. The key differences are that we fix 0 < ϵ < 1

since the limiting distribution given by (2.20) is no longer bounded and that we condition on the

value of an−1. We elaborate on a few steps of the proof now. As before, let us denote the non-zero

roots of f(z) by

ξ =


−an−1−sgn(an−1)

√
a2n−1−4an−2

2 if an−1 ̸= 0

√
−an−2 if an−1 = 0.

and

ζ =


−an−1+sgn(an−1)

√
a2n−1−4an−2

2 if an−1 ̸= 0

−
√
−an−2 if an−1 = 0.
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We have

|ξ − ζ| =


|an−1|

∣∣∣√1 − 4an−2/a2n−1

∣∣∣ if an−1 ̸= 0

2
√

|an−2| if an−1 = 0

. (2.21)

Fix 0 < ϵ < 1. Conditioning on an−1,

P (|ξ − ζ| > ϵ) = P
(
|ξ − ζ|
N

− ϵ

N
> 0

)
≥ P

(
|ξ − ζ|
N

− ϵ

N
> 0 | an−1 ̸= 0

)
P(an−1 ̸= 0)

= P
(
|ξ − ζ|
N

− ϵ

N
> 0 | an−1 ̸= 0

)(
⌊βn−1N⌋ − ⌈αn−1N⌉

⌊βn−1N⌋ − ⌈αn−1N⌉ + 1

)
. (2.22)

Using Remark 2.2.2 and arguing similarly to the previous case,

lim
N→∞

P
(
|ξ − ζ|
N

− ϵ

N
> 0 | an−1 ̸= 0

)
= P (|U(αn−1, βn−1)| > 0) = 1.

Letting N → ∞ in (2.22) shows that

lim
N→∞

P(|ξ − ζ| > ϵ) = 1,

so ζ ̸∈ B (ξ, ϵ) with probability tending to 1 as N → ∞. Similarly, and again conditioning on an−1,

we can show

lim
N→∞

P (|ξ| > ϵ) = P (|U(αn−1, βn−1)| > 0) = 1, (2.23)

implying that 0 ̸∈ B (ξ, ϵ) with probability tending to 1 as N → ∞. We conclude that f(z) has

exactly one root in B (ξ, ϵ) with probability tending to 1 as N → ∞.

Arguing as in the previous case, we wish to show that (2.14) holds for all z ∈ Cξ,ϵ with

probability tending to 1 as N → ∞. Conditioning on an−1, which holds with probability tending

to 1 as N → ∞, it suffices to show that

P


∑n−3

i=0 |ai|

a2n−1


∣∣∣∣∣1+

√
1− 4an−2

a2n−1

∣∣∣∣∣
2 − ϵ

|an−1|

∣∣∣ ϵ
|an−1| −

∣∣∣√1 − 4an−2/a2n−1

∣∣∣∣∣∣
< ϵ | an−1 ̸= 0


(2.24)
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tends to 1 as N → ∞.

Multiplying the inside of (2.24) by N2/N2, using Remark 2.2.2, and making a similar argu-

ment to the previous case, we now see that

N2
∑n−3

i=0 |ai|

N2a2n−1


∣∣∣∣∣1+

√
1− 4an−2

a2n−1

∣∣∣∣∣
2 − ϵ

|an−1|

∣∣∣ ϵ
|an−1| −

∣∣∣√1 − 4an−2/a2n−1

∣∣∣∣∣∣
d
=⇒ 0.

Since convergence in distribution to a constant implies convergence in probability to the same

constant, we see that (2.24) tends to 1 as N → ∞.

Next, we show that the extremely dominant root of degree n also deviates from −an−1 in

a manner that converges in distribution to the ratio of two continuous uniform random variables.

This is the content of Corollary 2.1.6, which we prove now.

Proof of Corollary 2.1.6. Let ξ be defined as in Theorem 2.1.5. Theorem 2.1.5 says that if 0 ∈

[αn−1N, βn−1N ], then for any ϵ > 0,

lim
N→∞

P (|ξ − ξn| > ϵ) = 0.

When 0 ̸∈ [αn−1N, βn−1N ], the proof of Theorem 2.6.5 considered only ϵ = O(1/N). Fixing 0 <

ϵ < 1 instead and carrying out the proof as in the other case, we see that for any 0 < ϵ < 1,

lim
N→∞

P (|ξ − ξn| > ϵ) = 0.

Therefore, in either case, for any ϵ > 0, we have that

lim
N→∞

P (|(ξ + an−1) − (ξn + an−1)| > ϵ) = lim
N→∞

P (|ξ − ξn| > ϵ)

= 0.

In other words, |(ξ + an−1) − (ξn + an−1)|
p−→ 0 as N → ∞. In Theorem 2.1.4 (with a relabeling

of the coefficients), we showed that |ξ + an−1|
d
=⇒ |X/Y |. Therefore, invoking part (4) of Theorem

2.2.6, we conclude that |ξn + an−1|
d
=⇒ |X/Y | as well.
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In Appendix A, we investigate the probability density function of the limiting distribution of

|ZN |.



Chapter 3

Generalized bounded height polynomials

3.1 Introduction and main results

In this chapter, we show that n−1 of the roots of monic integral polynomials whose coefficients

are uniformly distributed on [αiN, βiN ] ∩ Z for 0 ≤ i ≤ n − 1 and jointly independent can be

approximated by the roots of degree n − 1 random polynomials whose coefficients are uniformly

distributed on [αi, βi] for 0 ≤ i ≤ n− 1 and jointly independent. (The remaining root is described

by the extremely dominant root discovered in Chapter 2.) We will call this random polynomial

model the generalized bounded height model; the usual bounded height model considers all

coefficients in the intervals [−N,N ] for some fixed N > 0.

We begin by showing the equivalence of these cases, arguing that as N → ∞, for a fixed

degree, the probability that the generalized large box model polynomials has all real roots con-

verges to the probability that generalized bounded height polynomials have all real roots. This is

summarized by the following theorem.

Theorem 3.1.1. Let αj < βj ∈ R for each 0 ≤ j ≤ n − 1. Let N ∈ N and let aj be uniformly

distributed on [αjN, βjN ] ∩ Z for each 0 ≤ j ≤ n− 1 with a0, . . . , an−1 jointly independent. Let bj

be uniformly distributed on [αj , βj ] for each 0 ≤ j ≤ n − 1 with b0, . . . , bn−1 jointly independent.

Define

f(z) = zn + an−1z
n−1 + · · · + a1z + a0
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and

g(z) = bn−1z
n−1 + · · · + b1z + b0.

Then as N → ∞, the probability that f has all real roots converges to the probability that g has all

real roots.

Coupling the coefficients of f(z) and g(z) as in Lemma 3.3.2 and Remark 3.3.3, we refer

to the coupled polynomials as f ′(z) and g′(z). Order the roots ξ′1, . . . , ξ
′
n−1 of g′(z) by increasing

magnitude and then argument in [0, 2π). As N → ∞, when labeled properly, there exists a unique

root ξ̃′i of f
′(z) that converges almost surely to ξ′i, for each 1 ≤ i ≤ n − 1. The remaining root of

f ′(z) is the extremely dominant root described in Theorem 2.1.5.

To prove the above theorem, we use a technique called coupling, which is defined in Sec-

tion 3.3.1. Lemma 3.3.2 and Remark 3.3.3 describe the coupling used between the coefficients of

generalized large box model and generalized bounded height polynomials. After coupling the poly-

nomials, we use a Rouché’s theorem argument to pair up the roots of the coupled polynomials and

count how many are real. An advantage to our argument is that we are able to prove the almost

sure convergence of the polynomial roots under the coupling and argue that the extra root of the

integral polynomial must be the extremely dominant root discussed in Chapter 2.

Dubickas [44] already discovered this equivalence between the polynomial models when all of

the coefficients taking integral values in [−N,N ]. More precisely, he showed the following.

Theorem 3.1.2 (Theorem 1.2 in [44]). Let n ≥ 1 and let s be two integers satisfying 0 ≤ s < n/2.

Let Dn(s,N) denote the number of monic integral polynomials of degree n with coefficients in

[−N,N ]∩Z with exactly r real roots and 2s non-real roots. Let λn be the n-th dimensional Lebesgue

measure, and let Hn(s,N) denote the set of (n + 1)-dimensional vectors (a0, . . . , an) satisfying

|ai| ≤ N for 0 ≤ i ≤ n, an ̸= 0, such that the polynomial anz
n + · · · + a1z + a0 has exactly s pairs

of complex conjugate roots. Then

lim
N→∞

Dn(s,N)

Nn
= λn(Hn−1(s, 1)).
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Dubickas proves this by arguing that the polynomial zn + bn−1z
n−1 + · · · + b0 with coeffi-

cients |b0|, . . . , |bn−1| ≤ N has 2s non-real roots if and only if (b0/N, . . . , bn−1/N) ∈ Hn−1(s, 1/N).

Hence, when restricted to the integers in [−N,N ], the set of coefficients (b0, . . . , bn−1) satisfying

the polynomial and giving 2s non-real roots is asymptotic to Nnλn(Hn−1(s, 1/N)) as N → ∞.

From here, for any ϵ > 0, he bounds |Dn(s,N)/Nn − λn(Hn−1(s, 1))| < 2nϵ. To obtain the lower

bound, he considers the polynomials U(z) = an−1z
n−1 + · · · a1z + a0 where |aj | ≤ 1 for each

0 ≤ j ≤ n − 1 and U(z) has exactly 2s non-real roots and the polynomial V (z) = 1
N z

n + U(z).

Using the Taylor expansion of the polynomials, he is able to show with Rouché’s theorem that

each have exactly one real root in certain disjoint discs, showing that for any ϵ > 0 and N

sufficiently large, λn(Hn−1(s, 1/N)) > λn(Hn−1(s, 1)) − ϵ. The upper bound is obtained by

counting. An advantage to this proof is the additional knowledge granted by the inequality

λn(Hn−1(s, 1/N)) > λn(Hn−1(s, 1)) − ϵ.

Lemma 3.3.4 then shows that root ξn of f(z) is actually extremely dominant, fulfilling a

promise of Chapter 2.

The remainder of the chapter investigates properties of generalized bounded height polynomi-

als. In Section 3.4, we find integral formulas for the probability that a generalized bounded height

polynomial has all real roots. These are given by Theorem 3.4.1 for monic generalized bounded

height polynomials and by Theorem 3.4.3 for non-monic generalized bounded height polynomials.

The proofs of these theorems follow the same outline as those of the analogous results of Bertók,

Hadju, and Pethő in [18], who established them for the case where each coefficient is restricted to

the interval [−ℓ, ℓ] for some ℓ ∈ R. The only modifications to our proof arise from allowing the

coefficients to vary over different (and non-symmetric) intervals.

In Section 3.5, special cases of coefficients are considered. One such case is when all coefficients

of the generalized bounded height polynomial are iid on [0, 1]. Theorem 3.5.1 states that the

probability of a non-monic generalized bounded height having all real roots is positive, for every

degree n. By the equivalence between these polynomials and the generalized large box model

polynomials given in Theorem 3.1.1, this implies that for any n ∈ N, the probability that the
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polynomial

fn(z) = zn + an−1z
n−1 + · · · + a1z + a0

with an−1, . . . , a1, a0 uniformly distributed on [0, N ] ∩ Z and jointly independent has all real roots

is also positive, as N → ∞. Other exciting results include Lemma 3.5.6 and Proposition 3.5.11,

which state that the probability of a monic generalized bounded height polynomial of degree n with

coefficients iid on [0, 1] having all real roots is positive and monotonically decreasing in n.

Section 3.5 also considers when 0 ∈ [αi, βi] for each 1 ≤ i ≤ n. In this case, the probability

that the non-monic generalized bounded height polynomial has all real roots is also positive.

3.2 Tools and preliminary results for generalized bounded height model

The purpose of this section is to gather the tools that will be needed to prove results related

to the generalized bounded height model. One of our main goals is to prove the following key

lemma.

Lemma 3.2.1. Define the polynomial

fn(z) = anz
n + . . .+ a1z + a0,

where the 0 ≤ ai ≤ n are independent, continuously distributed real random variables that are

absolutely continuous with respect to the Lebesgue measure. The probability that fn(z) has a repeated

root is zero.

Showing that random polynomials with coefficients obeying the generalized bounded height

model have repeated roots with probability zero will let us make assumptions later that will greatly

simplify proofs related to this model in future sections. We must first prove an auxiliary result and

introduce Vieta’s formulas and related notation before we are able to prove the lemma. At the end

of the section, we also include other preparatory material.

Lemma 3.2.2. Let f(z1, . . . , zn) be a non-zero polynomial in n variables. If X1, . . . , Xn are inde-

pendent real random variables with probability distributions µ1, µ2, . . . , µn that are absolutely con-

tinuous with respect to the Lebesgue measure, then the probability that f(X1, . . . , Xn) = 0 is zero.
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Proof. 1 The polynomial f(z1, . . . , zn) is a continuous (and hence measurable) function, so the set

{(z1, . . . , zn) ∈ Rn | f(z1, . . . , zn) = 0} is measurable for every n ∈ N. Let 1A denote the indicator

function on a set A. We proceed by induction on n.

When n = 1, consider a non-constant degree k polynomial in a single variable z1, namely

f(z1). By the fundamental theorem of algebra, this polynomial has at most k zeros. Let M be

the set of zeros of f(z1). Then λ(M) = 0 since M is finite, and µ1(M) = 0 since µ1 is absolutely

continuous with respect to the Lebesgue measure. Then

P (f(X1) = 0) = P(X1 ∈M) = µ1(M) = 0

for the non-zero polynomial f(z1).

As our inductive hypothesis, suppose that the statement holds for non-zero polynomials in

n− 1 variables. In other words, letting

M = {(z1, . . . , zn−1) ∈ Rn | f(z1, . . . , zn−1) = 0},

suppose that

P (f(X1, . . . , Xn−1) = 0) = P((X1, . . . , Xn−1) ∈M)

: = (µ1 × µ2 × · · · × µn−1) (M)

= 0.

Now consider a non-zero polynomial f(z1, . . . , zn) in the variables z1, . . . , zn, and assume that

the largest power of zn appearing is k ≥ 1. (If zn does not appear in the non-zero polynomial,

simply relabel the variables so that it does.) Then we have

f(z1, . . . , zn) = fkzn
k + fk−1zn

k−1 + . . .+ f1zn + f0,

where each fi, 0 ≤ i ≤ m is a polynomial in the variables z1, . . . , zn−1. Since we assumed that the

power k of zn is at least one, this implies that fk must be non-zero.

1 An outline for this proof in the case of the Lebesgue measure is given by Nathaniel Eldredge here:
https://math.stackexchange.com/questions/1920302/the-lebesgue-measure-of-zero-set-of-a-polynomial-function-is
-zero. We followed this outline, but provided more details and used different measures.
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By our inductive hypothesis,

P (fk(X1, . . . , Xn−1) = 0) = 0.

Letting Mk denote the zero set of fk, this means that

(µ1 × µ2 × · · · × µn−1) (Mk) = 0.

Let

M = {(z1, . . . , zn) ∈ Rn | f(z1, . . . , zn) = 0}

By Tonelli’s theorem,

(µ1 × µ2 × · · · × µn) (M) =

∫
Rn

1M (z1, . . . , zn) d (µ1 × µ2 × · · · × µn) (z1, z2, . . . , zn)

=

∫
R

(∫
Rn−1

1M (z1, . . . , zn−1, zn) d (µ1 × µ2 × · · · × µn−1) (z1, . . . , zn−1)

)
dµn(zn)

=

∫
R

(∫
Mk

1M (z1, . . . , zn−1, zn) d (µ1 × µ2 × · · · × µn−1) (z1, . . . , zn−1)

)
dµn(zn)

+

∫
Rn−1\Mk

(∫
R
1M (z1, . . . , zn−1, zn) dµn(zn)

)
d (µ1 × µ2 × · · · × µn−1) (z1, . . . , zn−1)

= 0 + 0,

since the first integral in the summation is zero by the inductive hypothesis and the second integral

in the summation is zero because a non-zero polynomial in n variables with n−1 variables fixed has

only finitely many solutions, so this solution set has measure zero. Since µ1, . . . , µn are probability

measures, they are each σ-finite. Additionally, µ1 × · · · × µn−1 is also σ-finite, as it is a product of

σ-finite measures. This, along with the fact that the set M is measurable by the continuity of the

polynomial, and that the indicator function is non-negative justifies the use of Tonelli’s theorem.

The statement holds by the principle of mathematical induction.

Theorem 3.2.3 (Vieta’s formulas, see Page 6 in [136]). Suppose the polynomial

fn(z) = anz
n + an−1z

n−1 + · · · + a1z + a0, an ̸= 0
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has coefficients in R or C and roots given by ξ1, . . . , ξn. Then Vieta’s formulas give the relationship

between the roots and coefficients of f(z), which is

∑
1≤l1<l2<...<lk≤n

 k∏
j=1

ξlj

 = (−1)k
an−k
an

for 1 ≤ k ≤ n.

We get the elementary symmetric polynomials from the left-hand side of Vieta’s formulas.

Definition 3.2.4 (Elementary symmetric polynomials, see Page 6 in [136]). Let n ∈ N. The n

elementary symmetric polynomials in the variables ξ1, . . . , ξn are defined to be

Sk(ξ1, . . . , ξn) =
∑

1≤l1<l2<...<lk≤n

 k∏
j=1

ξlj

 , for 1 ≤ k ≤ n.

We also define

S0(ξ1, . . . , ξn) = 1.

We call Sk the kth elementary symmetric polynomial.

With these tools in hand, we may now prove Lemma 3.2.1.

Proof of Lemma 3.2.1. Let ξ1, . . . , ξn denote the roots of fn(z). Since an is non-zero with probabil-

ity one, we may assume that an is non-zero for the remainder of the proof. From Vieta’s formulas

in Theorem 3.2.3, the relationship between the roots and coefficients of fn(z) is given by

∑
1≤l1<l2<...<lk≤n

 k∏
j=1

ξlj

 = (−1)k
an−k
an

. (3.1)

Note that the left-hand sides of Vieta’s equations are precisely the n elementary symmetric poly-

nomials in the variables ξ1, . . . , ξn, while the right-hand sides contain only expressions in the coef-

ficients of fn(z).

Consider the product ∏
i ̸=j

(ξi − ξj),
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which is also a symmetric polynomial and evaluates to zero if and only if ξi = ξj for some i ̸= j.

The fundamental theorem of symmetric functions states that any symmetric polynomial q can be

uniquely represented as a polynomial in the elementary symmetric polynomials in the variables of

q; see Chapter 1, Section 2 in [113] for all of the details, with emphasis on (2.4) and the following

remark. In our case, this means that
∏
i ̸=j(ξi − ξj) can be expressed as a polynomial in the

elementary symmetric polynomials on ξ1, . . . , ξn, i.e.,

∏
i ̸=j

(ξi − ξj) = Q(S1(ξ1, . . . , ξn), . . . , Sn(ξ1, . . . , ξn)),

where Si(ξ1, . . . , ξn) denotes the i-th elementary symmetric polynomial in the variables ξ1, . . . , ξn,

and Q is a polynomial. Replacing the elementary symmetric polynomials in the polynomial Q by

the right-hand sides in (3.1), we have that

∏
i ̸=j

(ξi − ξj) = Q

(
−an−1

an
, . . . , (−1)n

a0
an

)
.

Since an is non-zero by assumption, we can multiply both sides of the above equation by the highest

power of an occurring in the denominator of Q, to get that

adeg(Q)
n

∏
i ̸=j

(ξi − ξj) = Q̃ (a0, . . . , an−1, an) ,

where Q̃ is the polynomial obtained after clearing denominators and making sign changes. By

Lemma 3.2.2, the probability that Q̃(a0, . . . , an) = 0 is zero, so the probability that
∏
i ̸=j(ξi−ξj) = 0

is also zero. Hence, the probability that fn(z) has a repeated root is zero.

The following two results will be needed to bound the roots of fn(z).

Theorem 3.2.5 (Laguerre’s inequality, see [86, 103]). Given that the real polynomial
∑n

k=0 akx
k

with an ̸= 0 has all real roots, the roots are located in the interval[
−an−1

nan
− n− 1

nan

√
a2n−1 −

2n

n− 1
anan−2,−

an−1

nan
+
n− 1

nan

√
a2n−1 −

2n

n− 1
anan−2

]
.

Theorem 3.2.6 (Landau’s inequality, see [120]). Let

fn(z) = anz
n + · · · + a0 = an

n∏
i=1

(z − ξi)
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with an ̸= 0 be a polynomial with complex coefficients. Then its Mahler measure M(fn) is given

by

M(fn) = |an|
n∏
i=1

max{1, |ξi|}.

Landau’s inequality is that

M(fn) ≤

(
n∑
i=0

|ai|2
)1/2

.

Using a polynomial’s Mahler measure is a common method to bound the roots of a polynomial,

see for instance [45].

3.3 Equivalence of generalized large box model and generalized bounded

height model

In this section, we use Rouché’s theorem to show that as N → ∞, the probability that a monic

degree n polynomial with coefficients uniformly distributed on [αjN, βjN ]∩Z for 0 ≤ j ≤ n−1 and

jointly independent has all real roots converges to the probability that a non-monic polynomial of

degree n− 1 with independent coefficients each uniformly distributed on [αj , βj ] for 0 ≤ j ≤ n− 1

has all real roots. This will allow us to work with the continuously distributed coefficients going

forward, which simplifies our problem.

We will need to couple the coefficients of these polynomials to obtain the result.

Definition 3.3.1 (Definition 4.1.1 in [140]). Let µ and ν be probability measures on the same

measurable space (S,S). A coupling of µ and ν is a probability measure γ on the product space

(S × S,S × S) such that the marginals of γ coincide with µ and ν, that is

γ(A× S) = µ(A) and γ(S ×A) = ν(A), ∀A ∈ S.

For two random variables X and Y taking values in (S,S), a coupling of X and Y is a joint

variable (X ′, Y ′) taking values in (S×S,S ×S) whose law as a probability measure is a coupling of

the laws of X and Y . Note that, under this definition, X and Y need not be defined on the same

probability space (but X ′ and Y ′ do need to). We also say that (X ′, Y ′) is a coupling of µ and ν

if the law of (X ′, Y ′) is a coupling of µ and ν.



76

Lemma 3.3.2. Let α < β ∈ R. Let N ∈ N and let a be uniformly distributed on [αN, βN ] ∩ Z.

Let b be uniformly distributed on [α, β]. Then a coupling of a and b is given by the joint variable

(a′, b′), where b′ ∼ b, and for each 1 ≤ i ≤ ⌊βN⌋ − ⌈αN⌉ + 1 and

a′ =


⌈αN⌉ + (i− 1), if b′ ∈

[
α+ (β−α)(i−1)

⌊βN⌋−⌈αN⌉+1 , α+ (β−α)i
⌊βN⌋−⌈αN⌉+1

)
⌊βN⌋ + 1, if b′ = β

(3.2)

so that a′ ∼ a.

Proof. We begin by describing some details of the coupling. Notice first that the interval [αN, βN ]∩

Z contains ⌊βN⌋ − ⌈αN⌉ + 1 integers. Dividing the interval [α, β) into ⌊βN⌋ − ⌈αN⌉ + 1 pieces of

length β−α
⌊βN⌋−⌈αN⌉+1 , one obtains the partition

[α, β) =

⌊βN⌋−⌈αN⌉+1⋃
i=1

[
α+

(β − α)(i− 1)

⌊βN⌋ − ⌈αN⌉ + 1
, α+

(β − α)i

⌊βN⌋ − ⌈αN⌉ + 1

)
. (3.3)

Thus, (3.2) simply tells us that a′ is the i-th integer in [αjN, βjN ] ∩ Z whenever b′ falls into the

i-th interval of (3.3), and that a′ = ⌊βN⌋ + 1 if b′ = β. This means that for each 0 ≤ j ≤ n − 1,

a′ is simply defined in terms of a piecewise function of b′, which we immediately see is measurable

because each component is a constant. Therefore, a′ and b′ share a probability space.

It is given that b′ ∼ b. Let us now verify the marginal distribution of a′. Observe that

for every integer k in [αN, βN ] ∩ Z, we have that P(a = k) = 1
⌊βN⌋−⌈αN⌉+1 since the probability

of b′ falling into the i-th interval is 1
⌊βN⌋−⌈αN⌉+1 . In other words, a′ is uniformly distributed on

[αN, βN ] ∩ Z, as expected. Therefore, (a′, b′) is indeed a coupling of a and b.

Remark 3.3.3. Suppose that X1, . . . , Xn are jointly independent and Y1, . . . , Yn are jointly inde-

pendent random variables. Suppose that (X ′
i, Y

′
i ) is a coupling of Xi and Yi for each 1 ≤ i ≤ n,

taking values in (Si × Si,Si × Si). Then one can obtain a coupling (X ′
1, Y

′
1 , X

′
2, Y

′
2 , . . . , X

′
n, Y

′
n) of

(X1, Y1), . . . , (Xn, Yn) by embedding (X ′
1, Y

′
1 , X

′
2, Y

′
2 , . . . , X

′
n, Y

′
n) into the product space.

We can now prove Theorem 3.1.1.
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Proof of Theorem 3.1.1. Since f and f/N have the same zeros, we will use Theorem 2.6.5 on f/N

and g to compare the zeros of f and g. Suppose that the coefficients aj and bj , 0 ≤ j ≤ n − 1, of

the random polynomials f and g have been coupled as in Lemma 3.3.2 and Remark 3.3.3. Refer

to the coupled coefficients as a′j and b′j and the coupled polynomials as f ′ and g′. Then

|f ′(z)/N − g′(z)| = |zn/N + (a′n−1/N − b′n−1)z
n−1 + · · · + (a′0/N − b′0)| (3.4)

≤ |zn/N | +
n−1∑
i=0

|a′i/N − b′i||z|i. (3.5)

We now obtain an upper bound for the term |a′j/N − b′j |, for each 0 ≤ j ≤ n− 1.

If b′j = βj , we have that

|a′j/N − b′j | =

∣∣∣∣⌊βjN⌋ + 1

N
− βj

∣∣∣∣ ≤ ∣∣∣∣βjN + 1

N
− βj

∣∣∣∣ ≤ 1

N
= O(1/N).

If b′j ̸= βj , we examine the distance of a′j/N from both endpoints of the interval containing

b′j . A similar computation shows that for any 1 ≤ l ≤ ⌊βjN⌋ − ⌈αjN⌉ + 1,∣∣∣∣⌈αjN⌉ + (l − 1)

N
−
(
αj +

(βj − αj)(l − 1)

⌊βjN⌋ − ⌈αjN⌉ + 1

)∣∣∣∣ = O(1/N)

and ∣∣∣∣⌈αjN⌉ + (l − 1)

N
−
(
αj +

(βj − αj)l

⌊βjN⌋ − ⌈αjN⌉ + 1

)∣∣∣∣ = O(1/N).

Altogether, for each 0 ≤ j ≤ n− 1,

|a′j/N − b′j | ≤
Cj
N

(3.6)

where the implicit constant Cj > 0 depends on αj and βj .

Combining (3.4) and (3.6), we have that

|f ′(z)/N − g′(z)| ≤ |zn/N | +

∣∣∣∣ 1

N

∣∣∣∣ n−1∑
i=0

Ci|z|i.

Next, fix the coefficients of the polynomial g′ so that g′ has a non-zero leading coefficient

(which happens with probability one since bn−1 ∼ U(αj , βj)) and so that g′ does not have any

repeated roots (which happens with probability one by Lemma 3.2.1). By fixing the coefficients of

the polynomial g′, the coefficients of the polynomial f ′ are also fixed due to the assumed coupling.
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Let ξ′1, . . . , ξ
′
n−1 denote the roots of g′, ordered by increasing magnitude and then by increasing

argument in [0, 2π). Let Cξ′j ,ϵ denote the circle of radius ϵ centered at ξ′j , for 1 ≤ j ≤ n− 1. Since

the fixed polynomial g′ does not have any repeated roots, we can choose ϵ > 0 to be sufficiently

small such that the circles Cξ′1,ϵ, . . . , Cξ′n−1,ϵ
are all disjoint.

We will show that for all N sufficiently large, |f ′(z)/N − g′(z)| < |g′(z)| for all z ∈ Cξ′j ,ϵ,

1 ≤ j ≤ n− 1.

For every 1 ≤ j ≤ n−1, |g′(z)| = |b′n−1z
n−1 + · · ·+ b′1z+ b′0| is a continuous function on Cξ′j ,ϵ.

Since these circles were chosen to not contain any zeros of g′, |g′| obtains a minimum on each Cξ′j ,ϵ

that is strictly positive.

For any z ∈ Cξ′j ,ϵ, we may take N sufficiently large so that

|f ′(z)/N − g′(z)| ≤ |zn/N | +

∣∣∣∣ 1

N

∣∣∣∣ n−1∑
i=0

Ci|z|i

≤

(
|ξ′j | + ϵ

)n
N

+

∑n−1
i=0 Ci

(
|ξ′j | + ϵ

)i
N

< min
z∈Cξ′

j
,ϵ

|g′(z)|

≤ |g′(z)|,

where the second line follows since |z| ≤ |ξ′j | + ϵ by Lemma 2.6.4, and the third line follows when

N is sufficiently large since the minimum of |g′(z)| for z ∈ Cξ′j ,ϵ is strictly positive because ϵ was

chosen sufficiently small so that Cξ′j ,ϵ avoids the zeros of g′.

By Theorem 2.6.5, f ′/N (and hence f ′) and g′ have the same number of zeros in each Cξ′j ,ϵ for

1 ≤ j ≤ n−1. This number must be one, because we assumed that the circles Cξ′j ,ϵ for 1 ≤ j ≤ n−1

were disjoint.

Moreover, for N sufficiently large, g′ has all real roots if and only if f ′ has all real roots. To

see this, observe that if ξ′j is a real root of g′, then since ξ′j is a single root by assumption, the circle

Cξ′j ,ϵ contains exactly one root of f ′. This root of f ′ must also be real, because otherwise Cξ′j ,ϵ,

whose center is on the real axis, would contain the root of f ′ and its complex conjugate. Since f ′

has one more root than g′, it must also be real because complex roots occur in pairs.
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On the other hand, suppose by contrapositive that not all roots of g′ are real. If ξ′j is a complex

root of g′ and ξ̄′j is its conjugate, by assumption ϵ is sufficiently small so that Cξ′j ,ϵ ∩ Cξ̄′j ,ϵ = ∅.

This means that the circles cannot intersect the real axis, so the corresponding roots of f ′ in each

circle must also be complex.

Recall that the coefficients of g′ were fixed so that g′ has a non-zero leading coefficient and so

that g′ does not have any repeated roots. Since these events occur with probability one, the result

holds for almost every realization of g′. Since f ∼ f ′ and since g ∼ g′, this implies that as N → ∞,

the probability that f has all real roots converges to the probability that g has all real roots.

Next, we show the almost sure convergence of n − 1 roots of f ′ to those of g′. Recall that

we have shown that for every fixed realization of g′ and coupled polynomial f ′, and for each ϵ > 0

sufficiently small, the disjoint circles Cξ′j ,ϵ contain exactly one root of g′ and one root of f ′ when N

is sufficiently large. For each 1 ≤ j ≤ n− 1, order the roots of f ′ by letting ξ̃′
N
j be the root in the

circle Cξ′j ,ϵ. Since f ′ has one more root than g′, label the remaining root ξ̃′
N
n . This implies that for

every fixed realization of g′, coupled polynomial f ′, and any ϵ > 0,

∣∣∣ξ′j − ξ̃′
N
j

∣∣∣ < ϵ

for each 1 ≤ j ≤ n − 1 and for all N sufficiently large. Now, stop fixing the polynomial g′, but

continue to suppose that g′ does not have any repeated roots, and continue to couple the polynomial

f ′ with g′. We wish to show that

P

 ⋂
1≤j≤n−1

{
lim
N→∞

∣∣∣ξ′j − ξ̃′
N
j

∣∣∣ = 0

} = 1.

Let ϵ = 1/k for k ∈ N and define the events

Ej,k =

{
lim sup
N→∞

∣∣∣ξ′j − ξ̃′
N
j

∣∣∣ < 1/k.

}
From the discussion above, we know that P(Ej,k) = 1 for each 1 ≤ j ≤ n− 1 and each 1 ≤ k <∞.

Define

Ej =
∞⋂
k=1

Ej,k, for 1 ≤ j ≤ n.
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Observe that Ej,1 ⊇ Ej,2 ⊇ . . . is a nested and decreasing sequence of events. Therefore, by

continuity from above of the probability measure,

P(Ej) = P

( ∞⋂
k=1

Ej,k

)

= lim
k→∞

P(Ej,k)

= inf
k≥1

P(Ej,k)

= 1.

Let

E =
⋂

1≤j≤n
Ej .

Then clearly

P(E) = 1

as well. This shows that

P

 ⋂
1≤j≤n−1

{
lim sup
N→∞

∣∣∣ξ′j − ξ̃′
N
j

∣∣∣ = 0

} = 1.

On the other hand, clearly

P

 ⋂
1≤j≤n−1

{
lim inf
N→∞

∣∣∣ξ′j − ξ̃′
N
j

∣∣∣ ≥ 0

} = 1.

Hence, the limit exists, and

P

 ⋂
1≤j≤n−1

{
lim
N→∞

∣∣∣ξ′j − ξ̃′
N
j

∣∣∣ = 0

} = 1,

so ξ̃′
N
j −→ ξ′j almost surely, for each 1 ≤ j ≤ n− 1.

Finally, we argue that ξ̃′
N
n is the extremely dominant root of f ′ found in Section 2.6. In

Section 2.6, we see that ξ′n tends ±∞ as N → ∞, depending on the sign of the coefficients of f ′.

By Theorem 3.2.6, we have that the product of all roots that have magnitude greater than 1 of g′

must be bounded, since the coefficients of g′ are all bounded. This means that the extra root of f ′,

which we called ξ̃′Nn , that is not contained in any of the circles we constructed around the roots of

g′ must be the extremely dominant root found in Section 2.6.
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The following lemma proves that the root ξn is extremely dominant, as promised in Chapter

2.

Lemma 3.3.4. For 0 ≤ i ≤ n − 1, let αi < βi ∈ R. Let fn(z) = zn + an−1z + · · · + a1z + a0,

where for each 0 ≤ i ≤ n−1, ai is uniformly distributed on [αiN, βiN ]∩Z, with a0, . . . , an−1 jointly

independent. Denoting the roots of fn(z) by ξn as defined in Theorem 2.1.5 and ξ1, . . . , ξn−1 for

the remaining roots, we have that the modulus of ξn is not tight as N → ∞, whereas the moduli of

ξ1, . . . , ξn−1 are tight as N → ∞.

Proof. Let bj be uniformly distributed on [αj , βj ] for each 0 ≤ j ≤ n − 1 with b0, . . . , bn−1 jointly

independent. Define

g(z) = bn−1z
n−1 + · · · + b1z + b0.

Now couple the polynomials f and g as in Theorem 3.1.1, using the same notation for the coupled

polynomials and roots therein. By Theorem 3.1.1, we know that ξ̃′j
N

−→ ξ′j almost surely, for each

1 ≤ j ≤ n − 1. By Theorem 3.2.6, we have that the product of all roots that have magnitude

greater than 1 of g′ must be bounded, since the coefficients of g′ are all bounded. Hence, for each

1 ≤ j ≤ n− 1, and M sufficiently large,

lim
N→∞

P
(∣∣∣ξ̃′jN ∣∣∣ < M

)
= P

(∣∣ξ′j∣∣ < M
)

= 1,

implying the uniform tightness for
{∣∣∣ξ̃′jN ∣∣∣ : N ∈ N

}
for each 1 ≤ j ≤ n− 1. Since f ∼ f ′, the roots

ξ1, . . . , ξn−1 of f must be each be tight as well.

On the other hand, let ξ and ξn be defined as in the statement of Theorem 2.1.5. From

Theorem 2.1.5, we know that for any fixed ϵ > 0, ξn ∈ B(ξ, ϵ) with probability tending to 1 as

N → ∞. Moreover, for an−1 ̸= 0,

|ξ| =

∣∣∣∣∣∣
−an−1 − sgn(an−1)

√
a2n−1 − 4an−2

2

∣∣∣∣∣∣
= |an−1|

∣∣∣∣∣∣
1 +

√
1 − 4an−2

a2n−1

2

∣∣∣∣∣∣
≥ |an−1|

2
.
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If 0 ̸∈ [αn−1N, βn−1N ], for every positive M ∈ R and for every 0 < ϵ < 1,

lim
N→∞

P (|ξn| > M) ≥ lim
N→∞

P (|ξ| > M + ϵ)

≥ lim
N→∞

P
(
|an−1|

2
> M + ϵ

)
= 1.

If 0 ∈ [αn−1N, βn−1N ], for every positive M ∈ R and for every 0 < ϵ < 1,

lim
N→∞

P (|ξn| > M) ≥ lim
N→∞

P (|ξ| > M + ϵ)

≥ lim
N→∞

P (|ξ| > M + ϵ | an−1 ̸= 0)P (an−1 ̸= 0)

≥ lim
N→∞

P
(
|an−1|

2
> M + ϵ | an−1 ̸= 0

)(
⌊βn−2N⌋ − ⌈αn−2N⌉

⌊βn−2N⌋ − ⌈αn−2N⌉ + 1

)
= 1.

In either case, this shows that {|ξn| : N ∈ N} is not tight.

3.4 Integral formulas for generalized bounded height model polynomials and

the probability of all real roots

For 0 ≤ j ≤ n, let αj , βj ∈ R, with αj < βj . Consider the polynomial

fn(z) = anz
n + an−1z

n−1 + · · · + a1z + a0,

with aj uniformly distributed on [αj , βj ] for 0 ≤ j ≤ n and a0, . . . , an jointly independent. Denote

the zeros of fn(z) by ξ1, . . . , ξn.

The main goal of this section is to find the probability that fn(z) has all real roots, which

we will do by calculating the n-th dimensional Lebesgue measure of the zero set of the polynomial

fn(z) and scaling by the appropriate constant. Results for finding the Lebesgue measures of the

appropriate sets are given by Theorems 3.4.1 and 3.4.3. An integral formula for the probability

that a generalized bounded height model polynomial has all real roots is given in Corollary 3.4.4.

We also include a few hands on examples to show how to apply the theorems that are derived.
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The notation and proof ideas come from [18], where for N ≥ 1, the problem was tackled

when [αj , βj ] = [−N,N ], 0 ≤ j ≤ n − 1. Some proof methods come from [2], which considered

roots (rather than coefficients) in [−N,N ] instead.

We identify the vector (a0, . . . , an) ∈ [α0, β0] × · · · × [αn, βn] ⊂ Rn+1 with the polynomial

fn(z) = anz
n+an−1z

n−1 + · · ·+a1z+a0. Let
[−→α ,−→β ] denote the Cartesian product of the intervals

for each coefficient, which is

[−→α ,−→β ] := [α0, β0] × [α1, β1] × · · · × [αn, βn].

When dividing all points in an interval [α, β] where α < β by c < 0, one obtains the interval

[α/c, β/c]. This resulting interval is now improperly ordered, since α/c > β/c. Therefore, when

c < 0 ∈ R, we use the following convention.[−→α ,−→β ]
c

=

[
β0
c
,
α0

c

]
×
[
β1
c
,
α1

c

]
× · · · ×

[
βn
c
,
αn
c

]

=

[−→
β ,−→α

]
c

.

When c > 0, an improper interval is not obtained, so we let[−→α ,−→β ]
c

=

[
α0

c
,
β0
c

]
×
[
α1

c
,
β1
c

]
× · · · ×

[
αn
c
,
βn
c

]
.

Recalling that the j-th elementary symmetric polynomial in n variables is given by Definition

3.2.4, define the sets

Hn

([−→α ,−→β ]) = {(a0, a1, . . . , an) ∈ Rn+1 | aj ∈ [αj , βj ], 0 ≤ j ≤ n, fn(z) has all real roots},

H∗
n

([−→α ,−→β ]) =
{

(a0, . . . , an−1) ∈ Rn | (a0, . . . , an−1, 1) ∈ Hn

([−→α ,−→β ])}
and

Hn

([−→α ,−→β ]) = {(ξ1, . . . , ξn) ∈ Rn | αj ≤ (−1)n−jSn−j(ξ1, . . . , ξn) ≤ βj , 0 ≤ j ≤ n− 1},

where we have tried to keep the notation consistent with [18].
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The following theorem calculates the Lebesgue measure of H∗
n

([−→α ,−→β ]). Using this re-

sult and varying the leading coefficient allows us to then calculate the Lebesgue measure of

Hn

([−→α ,−→β ]).

Theorem 3.4.1. We have

λn
(
H∗
n

([−→α ,−→β ])) =
1

n!

∫
Hn

([−→α ,−→β ])
∏

1≤j<k≤n
|ξj − ξk| dξ1 . . . dξn.

Proof. The statement of this theorem is similar to Theorem 2.3 in [18], where for fixed N ≥ 1, the

authors state the result for [αj , βj ] = [−N,N ], 0 ≤ j ≤ n − 1. Our case corresponds to s = 0,

where s is the number of complex pairs of roots of fn(z), but without placing any restrictions on

αj and βj . Their proof relies on Theorem 2.1 in [2], so we proceed as in that proof. The main idea

there is to use the change of variables between the coefficients and roots of the polynomial given

by Vieta’s formulas in Theorem 3.2.3. Explicitly, this change of variables is given by

aj = (−1)n−jSn−j(ξ1, . . . , ξn), j = 0, . . . , n− 1, (3.7)

where aj is the j-th coefficient of the polynomial, an = 1, and ξ1, . . . , ξn are the roots of the

polynomial. The only difference now between our proof and the one given in [2] is our region

of integration. Since an = 1 and the remaining coefficients of our polynomials are in [αj , βj ] for

0 ≤ j ≤ n− 1, Vieta’s formulas must satisfy

αj ≤ (−1)n−jSn−j(ξ1, . . . , ξn) ≤ βj , 0 ≤ j ≤ n− 1.

The vectors (ξ1, . . . , ξn) that satisfy the above inequality become our region of integration, which

we have called Hn

([−→α ,−→β ]) . Then we have

λn

(
H∗
n

([−→α ,−→β ])) =

∫
H∗

n

([−→α ,−→β ]) 1 da0 . . . dan−1

=
1

n!

∫
Hn

([−→α ,−→β ])
∏

1≤j<k≤n
|ξj − ξk| dξ1 . . . dξn

where the determinant of the Jacobian of this transformation is

∏
1≤j<k≤n

(ξj − ξk),
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which is computed in Remark 2.1 in [2] (using that s = 0), and the 1
n! is due to the n possible

orderings of the rows of the Jacobian.

The following is an example of a random monic polynomial that has zero probability of having

all real roots.

Example 3.4.2. Consider f2(z) = z2 + a1z + a0, with a1 uniformly distributed on [0, 1] and

independent of a0, which is uniformly distributed on [1, 2]. Then

H2

([−→α ,−→β ]) = H2([0, 1] × [1, 2] × {1})

= {(ξ1, ξ2) ∈ R2 | αj ≤ (−1)2−jS2−j(ξ1, ξ2) ≤ βj , 0 ≤ j ≤ 1},

which is the set satisfying the equations

0 ≤ −ξ1 − ξ2 ≤ 1

1 ≤ ξ1ξ2 ≤ 2.

By inspection, we can see that no points (ξ1, ξ2) satisfy both of these equations, so

λ2(H∗
2([0, 1] × [1, 2] × {1})) = 0.

This makes sense because the discriminant a21 − 4a0 ≤ 12 − 4 · 1 = −3 of f2(z) is always negative,

so this polynomial will never have all real roots.

Now define

H+
n

([−→α ,−→β ]) =
{

(a0, . . . , an) ∈ Hn

([−→α ,−→β ]) | an > 0
}

and

H−
n

([−→α ,−→β ]) =
{

(a0, . . . , an) ∈ Hn

([−→α ,−→β ]) | an < 0
}
.

Theorem 3.4.3. We have

λn+1
(
H+
n

([−→α ,−→β ])) =


βn+1
n

∫ 1

max
{
0,αn

βn

} unλn
(
H∗
n

([−→α ,−→β ]
βnu

))
du βn > 0

0 otherwise
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and

λn+1
(
H−
n

([−→α ,−→β ])) =


|αn|n+1

∫ 1

max
{
0, βn

αn

} unλn
(
H∗
n

([−→
β ,−→α

]
αnu

))
du αn < 0

0 otherwise

.

In addition,

λn+1
(
Hn

([−→α ,−→β ])) = λn+1
(
H+
n

([−→α ,−→β ]))+ λn+1
(
H−
n

([−→α ,−→β ])) . (3.8)

Proof. First, notice that if βn ≤ 0, then the interval [αn, βn] from
[−→α ,−→β ] is contained in (−∞, 0],

so the leading coefficient of the polynomial fn(z) must be non-positive. In other words, an < 0, so

H+
n

([−→α ,−→β ]) is the empty set, and has Lebesgue measure zero.

Similarly, if αn ≥ 0, then [αn, βn] ⊆ [0,∞), so an > 0. In this case, H−
n

([−→α ,−→β ]) is the

empty set, and has Lebesgue measure zero.

So suppose βn > 0 for the computation of H+
n

([−→α ,−→β ]) and that αn < 0 for the computation

of H−
n

([−→α ,−→β ]).

Now we proceed similarly to the proof of Theorem 2.3 given in [18], where for N ≥ 1, the

result is stated for [αj , βj ] = [−N,N ], 0 ≤ j ≤ n− 1. There are a few main differences between our

proof and the proof of Theorem 2.3. First, we must consider the possibility that our coefficients

come from different intervals. We must also consider the cases for H+
n

([−→α ,−→β ]) and H−
n

([−→α ,−→β ])
separately since the intervals for our coefficients are not necessarily symmetric about the origin.

We must modify the constants in the change of variables to αn and βn from the fixed height of

the polynomials, and we must integrate over a slightly different region. The computation of the

integral is then very similar, but we provide some details for completeness.

To compute

λn+1
(
H+
n

([−→α ,−→β ])) =

∫
H+

n

([−→α ,−→β ]) 1 da0 . . . dan,

we make the following changes to the proof of Theorem 2.3 given in [18]:

• For the polynomial

fn(z) = anz
n + · · · + a1z + a0,
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use the change of variables

an = βnqn, aj = βnqnqj , 0 ≤ j ≤ n− 1,

where βn has replaced the fixed height of the polynomials from [18].

We can see that

∂an
∂qk

=


βn k = n

0 0 ≤ k ≤ n− 1

,

and for 0 ≤ j ≤ n− 1,

∂aj
∂qk

=



βnqn k = j

βnqj k = n

0 0 ≤ k ̸= j ≤ n− 1

.

Therefore, the Jacobian of this change of variables is given by the (n+ 1) × (n+ 1) upper

triangular matrix


∂a0
∂q0

. . . ∂a0
∂qn

...
. . .

...

∂an
∂q0

. . . ∂an
∂qn

 =



βnqn 0 . . . . . . 0 βnq0

0 βnqn
. . .

... βnq1

...
. . .

. . .
. . .

...
...

...
. . . βnqn 0 βnqn−2

0 . . . . . . 0 βnqn βnqn−1

0 . . . . . . . . . 0 βn


, (3.9)

which has determinant βn+1
n qnn. After applying this change of variables, the polynomial

fn(z) = anz
n + · · · + a1z + a0

becomes

Q(z) = qnβnz
n + qnqn−1βnz

n−1 + · · · + qnβnq0.
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• Since the leading coefficient an must be positive in H+
n

([−→α ,−→β ]), we have that

an ∈


(0, βn] if αn ≤ 0

[αn, βn] if αn > 0

.

Therefore, when integrating over the region H+
n

([−→α ,−→β ]), we must satisfy
0 < qn =

an
βn

≤ 1 if αn ≤ 0

αn
βn

≤ qn =
an
βn

≤ 1 if αn > 0.

However, since the boundary of the above set has Lebesgue measure zero, we may combine

these cases into

max

{
0,
αn
βn

}
< qn ≤ 1.

Furthermore,

αj
βnqn

≤ qj =
aj
βnqn

≤ βj
βnqn

, 0 ≤ j ≤ n− 1

must also be satisfied when integrating over the region H+
n

([−→α ,−→β ]) .
• Note that

Q(z) = qnβnz
n + qnqn−1βnz

n−1 + · · · + qnβnq0

= qnβn
(
zn + qn−1z

n−1 + · · · + q1z + q0
)
,

so Q(z) and the polynomial zn + qn−1z
n−1 + · · · + q1z + q0 have the same roots. There-

fore, we are interested in integrating over the region (q0, . . . , qn−1, qn) ⊆ Rn+1 such that

qn ∈
[
max{0, αn

βn
}, 1
]
, (q0, . . . , qn−1) ∈

[
α0
βnqn

, β0
βnqn

]
× · · · ×

[
αn−1

βnqn
, βn−1

βnqn

]
, and such that the

polynomial zn + qn−1z
n−1 + · · · + q1z + q0 has all real roots. Recall that

H∗
n


[−→α ,−→β ]
βnqn

 =

(q0, . . . , qn−1) ∈ Rn | (q0, . . . , qn−1, 1) ∈ Hn


[−→α ,−→β ]
βnqn


and (q0, . . . , qn−1, 1) ∈ Hn

([−→α ,−→β ]
βnqn

)
precisely when zn + qn−1z

n−1 + · · · + q1z + q0 has all

real roots and the coefficients q0, . . . , qn fall into the intervals described in the previous

paragraph.



89

Therefore, we have

λn+1
(
H+
n

([−→α ,−→β ])) =

∫
H+

n

([−→α ,−→β ]) 1 da0 . . . dan

= βn+1
n

∫ 1

max
{
0,αn

βn

}
∫
H∗

n

(
[−→α ,

−→
β ]

βnqn

) qnn dq0 . . . dqn−1dqn

= βn+1
n

∫ 1

max
{
0,αn

βn

} qnnλn
H∗

n


[−→α ,−→β ]
βnqn

 dqn.

To calculate λn+1
(
H−
n

([−→α ,−→β ])), we will use the change of variables

an = αnqn, aj = αnqnqj , 0 ≤ j ≤ n− 1.

The Jacobian of this transformation looks similar to (3.9) but with αn replacing all instances of

βn. Thus, the determinant of the Jacobian of this transformation is αn+1
n qnn.

Since the leading coefficient an must be negative in H−
n

([−→α ,−→β ]), we have that

an ∈


[αn, 0) if βn ≥ 0

[αn, βn] if βn < 0

.

If βn ≥ 0, then βn
αn

≤ 0 since αn < 0, and if βn < 0, then βn
αn

> 0. Since the boundary has Lebesgue

measure zero, the equations

max

{
0,
βn
αn

}
< qn =

an
αn

≤ 1

and

βj
αnqn

≤ qj ≤
αj
αnqn

, 0 ≤ j ≤ n− 1

must be satisfied when integrating over the region H−
n

([−→α ,−→β ]) . Altogether, we are interested in

integrating over the region (q0, . . . , qn−1, qn) ⊆ Rn+1 such that

qn ∈
[
max{0,

βn
αn

}, 1
]
,

(q0, . . . , qn−1) ∈
[
β0
αnqn

,
α0

αnqn

]
× · · · ×

[
βn−1

αnqn
,
αn−1

αnqn

]
,

and such that the polynomial zn + qn−1z
n−1 + · · · + q1z + q0 has all real roots.
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Integrating like before, we get

λn+1
(
H−
n

([−→α ,−→β ])) = |αn|n+1

∫ 1

max
{
0, βn

αn

} qnnλn
H∗

n


[−→
β ,−→α

]
αnqn

 dqn,

where |αn| comes from taking the absolute value of the determinant of the Jacobian. Now define

the set

H0
n

([−→α ,−→β ]) =
{

(a0, . . . , an) ∈ Hn

([−→α ,−→β ]) | an = 0
}
.

Then

0 ≤ λn+1
(
H0
n

([−→α ,−→β ])) ≤ λn+1 ({[α0, β0] × · · · × [αn−1, βn−1] × {0}}) = 0.

Finally, since

Hn

([−→α ,−→β ]) = H+
n

([−→α ,−→β ]) ∪H−
n

([−→α ,−→β ])+ H0
n

([−→α ,−→β ])
is a decomposition into disjoint sets,

λn+1
(
Hn

([−→α ,−→β ])) = λn+1
(
H+
n

([−→α ,−→β ]))+ λn+1
(
H−
n

([−→α ,−→β ]))+ λn+1
(
H0
n

([−→α ,−→β ]))
= λn+1

(
H+
n

([−→α ,−→β ]))+ λn+1
(
H−
n

([−→α ,−→β ]))+ 0.

Note that the difficult part of the integration comes from finding the region Hn

([−→α ,−→β ]).

An immediate corollary to Theorem 3.4.3 gives us the probability that a random polynomial

whose coefficients obey the generalized bounded height model has all real roots.

Corollary 3.4.4. For 0 ≤ j ≤ n, let αj , βj ∈ R, with αj < βj. Then the probability that the

polynomial

fn(z) = anz
n + an−1z

n−1 + · · · + a1z + a0

with aj uniformly distributed on [αj , βj ] for 0 ≤ j ≤ n and a0, . . . , an jointly independent is given

by

λn+1
(
Hn

([−→α ,−→β ]))
λn+1

([−→α ,−→β ]) ,

which may be evaluated using Theorem 3.4.3.
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The following two examples show that there exist random non-monic polynomials with zero

probability of having all real roots. This is in contrast to Theorem 3.5.18, which shows that if zero

is in all of the intervals, we always have positive probability of having all real roots. Observe that

the coefficients staying away from zero is crucial for these examples to work.

Example 3.4.5. Consider the polynomial f2(z) = a2z
2 + a1z + a0, where a0, a1, a2 ∈ [2, 3] are

independently and uniformly distributed. Combining Theorems 3.4.1 and 3.4.3, we see that since

β2 = 3 > 0,

λn+1
(
Hn

([−→α ,−→β ])) = λn+1
(
H+
n

([−→α ,−→β ]))
= βn+1

n

∫ 1

max
{
0,αn

βn

} unλn
H∗

n


[−→α ,−→β ]
βnu

 du

= βn+1
n

∫ 1

max
{
0,αn

βn

} un
 1

n!

∫
Hn

(
[−→α ,

−→
β ]

βnu

) ∏
1≤j<k≤n

|ξj − ξk| dξ1 . . . dξn

 du.

Then

H2


[−→α ,−→β ]
βnu

 = H2

(
[2, 3] × [2, 3] × [2, 3]

3u

)

=

{
(ξ1, ξ2) ∈ R2 | αj

3u
≤ (−1)2−jS2−j(ξ1, ξ2) ≤

βj
3u
, 0 ≤ j ≤ 1

}
,

which is the set satisfying the equations

2

3u
≤ −ξ1 − ξ2 ≤

1

u

2

3u
≤ ξ1ξ2 ≤

1

u
.

Since max{0, α2/β2} = 2/3, we see that 2/3 ≤ u ≤ 1. By inspection, we can see that no points

(ξ1, ξ2) satisfy the above equations when u ∈ [2/3, 1]. This implies that λ2(H∗
2

(
[2,3]×[2,3]×[2,3]

3u

)
= 0

for u ∈ [2/3, 1], so

λ3 (Hn ([2, 3] × [2, 3] × [2, 3])) = 0

as well. This makes sense because the discriminant of this polynomial is a21−4a0a2 ≤ 32−4·2·2 = −7

is always negative, so the probability that f2(z) has all real roots is zero.
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Example 3.4.6. Consider the polynomial f2(z) = a2z
2+a1z+a0, where a0 ∈ [1, 2], a1 ∈ [0, 1], a2 ∈

[1, 2] are independently and uniformly distributed. Proceeding as in the previous example, we now

consider

H2


[−→α ,−→β ]
βnu

 = H2

(
[1, 2] × [0, 1] × [1, 2]

2u

)

=

{
(ξ1, ξ2) ∈ R2 | αj

2u
≤ (−1)2−jS2−j(ξ1, ξ2) ≤

βj
2u
, 0 ≤ j ≤ 1

}
,

which is the set satisfying the equations

0 ≤ −ξ1 − ξ2 ≤
1

2u

1

2u
≤ ξ1ξ2 ≤

1

u
.

Since max{0, α2/β2} = 1/2, we see that 1/2 ≤ u ≤ 1. By inspection, we can see that no points

(ξ1, ξ2) satisfy the above equations when u ∈ [1/2, 1]. This implies that λ2(H∗
2

(
[1,2]×[0,1]×[1,2]

2u

)
= 0

for u ∈ [1/2, 1], so

λ3 (Hn ([1, 2] × [0, 1] × [1, 2])) = 0

as well. This makes sense because the discriminant of this polynomial is a21−4a0a2 ≤ 12−4·1·1 = −3

is always negative, so the probability that f2(z) has all real roots is zero.

3.5 Corollaries to Theorems 3.4.1 and 3.4.3 for specific choices of coefficients

We now focus on some results where the coefficients are chosen to satisfy certain proper-

ties. When all coefficients are chosen independently from the same interval [α, β], we can sim-

ply write α, β instead of
[−→α ,−→β ] for [α, β]n+1. Main results of this section include showing that

λn(H∗
n(0, 1)) is positive for every n ∈ N and monotonically decreasing in n, obtaining lower bounds

for λn(H∗
n(0, 1)), and finding a computationally simpler integral formula for λn(H∗

n(0, 1). We inves-

tigate a conjectured relationship between λn(H∗
n(0, 1)) and the Selberg integral. Finally, we show

that λn+1
(
Hn

([−−→
α, β

]))
> 0 when zero is contained in [αj , βj ] for each 0 ≤ j ≤ n.
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3.5.1 Coefficients restricted to the unit interval

Let α0, α1, . . . , αn = α and β0, β1, . . . , βn = β for the remainder of this section. Of particular

interest is the case when α = 0 and β = 1, which we will consider now. The main result of this

section is the following.

Theorem 3.5.1. The probability that the polynomial

fn(z) = anz
n + . . .+ a1z + a0

with iid coefficients that are uniformly distributed on [0, 1] has all real roots is positive.

Additional results include corollaries establishing positive lower bounds for this probability.

These lower bounds are given in terms of the Selberg integral, which we introduce now.

Definition 3.5.2. For Re(s) > 0, define the gamma function by

Γ(s) =

∫ ∞

0
e−tts−1 dt.

The following theorem is used for obtaining a lower bound for λn+1 (Hn(0, 1)) .

Theorem 3.5.3 (Selberg’s Integral Formula, (1.1) in [64]). The Selberg integral formula shows that

the n-dimensional integral

Sn(α, β, γ) :=

∫ 1

0
· · ·
∫ 1

0

n∏
j=1

ξα−1
j (1 − ξj)

β−1
∏

1≤j<k≤n
|ξj − ξk|2γ dξ1 . . . dξn

=
n−1∏
j=0

Γ(α+ jγ)Γ(β + jγ)Γ(1 + (j + 1)γ)

Γ(α+ β + (n+ j − 1)γ)Γ(1 + γ)

as long as Re(α) > 0,Re(β) > 0,Re(γ) > −min{1/n,Re(α)/(n− 1),Re(β)/(n− 1)}.

Conjecture 3.5.4. There exists an integer constant Cn > 0 depending on n such that

λn(H∗
n(0, 1)) =

Sn(1, 1, 1/2)

Cn
,

where Sn denotes the n-dimensional Selberg integral and

Sn(1, 1, 1/2) =

∫ 1

0
· · ·
∫ 1

0

∏
1≤i<j≤n

|ξi − ξj | dξ1 . . . dξn.
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When Akiyama and Pethő [2] considered bounded roots, rather than bounded coefficients,

they were able to give exact answers to their questions in terms of Selberg integrals. Bertók, Hajdu,

and Pethő [18] commented on this, stating that their own answers looked similar to the formulas

obtained by the previous authors, but that they were unable to prove a relationship to the Selberg

integral. They provided exact answers only for degrees 2 and 3, giving numerical approximations

otherwise.

With Mathematica, we were able to verify the Conjecture 3.5.4 for the cases n = 2, n = 3, and

n = 4 by integrating the function given in Theorem 3.4.1. In those cases, Mathematica computes

that

S2(1, 1, 1/2) = 1/3, λ2(H∗
2(0, 1)) = 1/12, C2 = 22

S3(1, 1, 1/2) = 1/30, λ3(H∗
3(0, 1)) = 1/2880, C3 = 25 · 3

S4(1, 1, 1/2) = 1/1050, λ4(H∗
4(0, 1)) = 1/19353600, C4 = 211 · 32.

Mathematica was unable to evaluate λ5(H∗
5(0, 1)) from the formula given in Theorem 3.4.1.

After finding a new way to express the integral, which is given later in Theorem 3.5.14, Mathematica

computes that

S5(1, 1, 1/2) = 1/132300, λ5(H∗
5(0, 1)) = 1/4649508864000, C5 = 214 · 3 · 5 · 11 · 13.

For the case n = 2, we can prove the result geometrically, which we show in the following proposi-

tion.

Proposition 3.5.5. We have that

λ2(H∗
2(0, 1)) =

S2(1, 1, 1/2)

4
,

where

S2(1, 1, 1/2) =

∫ 1

0

∫ 1

0
|ξ1 − ξ2| dξ1dξ2.
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Proof. When n = 2, we have that

S2(1, 1, 1/2) =

∫ 1

0

∫ 1

0
|ξ1 − ξ2| dξ2dξ1

= 2

∫ 1

0

∫ −ξ1+1

0
|ξ1 − ξ2| dξ2dξ1

= 1/3

because the line x2 = −x1 + 1 divides [0, 1]2 into two right triangles, which are reflections of each

other. By the symmetry of |x1 − x2|, the integrals over both of the triangles are equal.

On the other hand, applying Theorem 3.4.1,

λ2(H∗
2(0, 1)) =

1

2

∫
H2(0,1)

|ξ1 − ξ2| dξ2dξ1

=
1

2

∫ 0

−1

∫ 0

−ξ1−1
|ξ1 − ξ2| dξ2dξ1

=
1

2

∫ 1

0

∫ −ξ1+1

0
|ξ1 − ξ2| dξ2dξ1

=
S2(1, 1, 1/2)

22
,

where the third equality holds from reflecting the region of integration of the second integral into

the first quadrant.

Lemma 3.5.6. We have that

λn(H∗
n(0, 1)) > 0

for all n ∈ N.

Proof. From Theorem 3.4.1,

λn(H∗
n(0, 1)) =

1

n!

∫
Hn(0,1)

∏
1≤j<k≤n

|ξj − ξk| dξ1 . . . dξn

where

Hn(0, 1) = {(ξ1, . . . , ξn) ∈ Rn | 0 ≤ (−1)n−jSn−j(ξ1, . . . , ξn) ≤ 1, 0 ≤ j ≤ n− 1}.
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Since we are integrating a non-negative function, we will show that λn(Hn(0, 1)) > 0 by showing that

n-dimensional box [−1/n, 0]n ⊆ Hn(0, 1). Suppose (ξ1, . . . , ξn) ∈ [−1/n, 0]n. Then for 0 ≤ j ≤ n−1,

Sn−j(ξ1, . . . , ξn) =
∑

1≤l1<l2<···<ln−j≤n
ξl1 · · · ξln−j

is the sum of
(
n
n−j
)

summands. For each summand, we have that
0 ≤ ξl1 · · · ξln−j

≤ (−1)n−j
(

1

n

)n−j
, if n− j even

(−1)n−j
(

1

n

)n−j
≤ ξl1 · · · ξln−j

≤ 0, if n− j odd

.

Hence,

0 ≤ (−1)n−jSn−j(ξ1, . . . , ξn)

≤
(

n

n− j

)(
1

n

)n−j
=

(
n!

(n− j)!j!

)(
1

n

)n−j
=
n(n− 1) · · · (n− j + 1)

nn−jj!

≤ 1.

This shows that [−1/n, 0]n ⊆ Hn(0, 1), and this box clearly has positive Lebesgue measure. Since

the integrand
∏

1≤j<k≤n |ξj − ξk| is positive unless ξj = ξk, j ̸= k, which happens only on a set of

measure zero, we see that λn(H∗
n(0, 1)) must be positive.

Corollary 3.5.7. If β ≥ 1,

λn(H∗
n(0, β)) > 0.

Proof. If β ≥ 1, then H∗
n(0, 1) ⊆ H∗

n(0, β) since any vector (a0, . . . , an−1) ∈ [0, 1]n such that the

polynomial zn + an−1z
n−1 + · · · + a1z + a0 has all real roots also satisfies (a0, . . . , an−1) ∈ [0, β]n.

Then the result follows immediately from Lemma 3.5.6.

We are now able to prove the main result for this section.
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Proof of Theorem 3.5.1. By Theorem 3.4.3,

λn+1(H+
n (0, 1)) =

∫ 1

0
unλn (H∗

n(0, 1/u)) du.

Note that 1/u ∈ (1,∞) as u ranges from 0 to 1. We have seen from Lemma 3.5.6 and Corollary

3.5.7 that λn (H∗
n(0, β)) > 0 for β ≥ 1, so λn+1(H+

n (0, 1) > 0 as well. Since the volume of the

(n + 1)-dimensional box [0, 1]n+1 is 1, the value of λn+1(H+
n (0, 1) is precisely the probability that

the polynomial with iid coefficients uniformly distributed on [0, 1] has all real roots.

The following two results are both corollaries to Theorem 3.4.3.

Corollary 3.5.8. We have that

λn+1(H+
n (0, 1)) ≥

∫ 1

0
unλn (H∗

n(0, 1)) du ≥ λn(H∗
n(0, 1)

n+ 1
.

Proof. By Theorem 3.4.3,

λn+1(H+
n (0, 1)) =

∫ 1

0
unλn

(
H∗
n

(
0,

1

u

))
du.

The first lower bound follows from observing that H∗
n(0, 1) ⊆ H∗

n(0, β) for β ≥ 1, and clearly

1/u > 1 for u ∈ (0, 1]. The second lower bound follows since
∫ 1
0 u

n du = 1/(n+ 1).

Using the values λ2(H∗
2(0, 1)) = 1/6, λ3(H∗

3(0, 1)) = 1/2880, λ4(H∗
4(0, 1)) = 1/19353600 and

λ5(H∗
5(0, 1)) = 1/4649508864000 computed by Mathematica, Corollary 3.5.8 gives us the following

lower bounds:

λ3(H+
2 (0, 1) ≥ 1/18 ≈ 0.0555556

λ4(H+
3 (0, 1) ≥ 1/11520 ≈ 0.0000868056

λ5(H+
4 (0, 1) ≥ 1/77414400 ≈ 0.0000000129175

λ6(H+
5 (0, 1) ≥ 1/464950886400 ≈ 0.000000000000358461.

Corollary 3.5.9. We have that

λn (H∗
n(0, 1)) ≥

∫ 1/n

0
· · ·
∫ 1/n

0

∏
1≤j<k≤n

|ξj − ξk| dξ1 · · · dξn.
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=
Sn(1, 1, 1/2)

n(n2+n)/2
.

Proof. The first line follows from the fact that [−1/n, 0]n ⊆ Hn(0, 1), which was seen in the proof

of Lemma 3.5.6, and symmetry. For the second line, consider the change of variables

ξ1 =
u1
n
, . . . , ξn =

u1
n
.

The determinant of the Jacobian of this transformation is 1
nn . Then we have

∏
1≤j<k≤n

|ξj − ξk| =
∏

1≤j<k≤n

1

n
|uj − uk|

=
1

n(n2)

∏
1≤j<k≤n

|uj − uk|

=
1

n

(
n2−n

2

) ∏
1≤j<k≤n

|uj − uk|.

Altogether, we have ∫ 1/n

0
· · ·
∫ 1/n

0

∏
1≤j<k≤n

|ξj − ξk| dξ1 · · · dξn

=

(
1

nn

)(
1

n

(
n2−n

2

)
)∫ 1

0
· · ·
∫ 1

0

∏
1≤j<k≤n

|uj − uk| du1 · · · dun

=
Sn(1, 1, 1/2)

n(n2+n)/2

Corollary 3.5.10. We have that

λn+1(H+
n (0, 1) ≥ Sn(1, 1, 1/2)

n(n2+2)/2(n+ 1)
.

Proof. This is simply combining the lower bounds obtained in Corollaries 3.5.8 and 3.5.9.

3.5.2 Monotonicity of λn(H∗
n(0, 1))

We say that a sequence of real numbers {an} is monotonically decreasing if ai ≥ aj

whenever i < j. The goal of this subsection is to prove the following.
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Proposition 3.5.11. The sequence λn(H∗
n(0, 1)) is monotonically decreasing in n.

We will need the following two lemmas that let us see the region Hn(0, 1) in a new way

to accomplish this. Lemma 3.5.12 is not a new result, but we were unable to locate a published

reference.2

Lemma 3.5.12. We may write the elementary symmetric polynomials in the following recursive

manner. Let 1 ≤ k ≤ n. Then

Sk(ξ1, . . . , ξn) = ξnSk−1(ξ1, . . . , ξn−1) + ξn−1Sk−1(ξ1, . . . , ξn−2)

+ · · · + ξkSk−1(ξ1, . . . , ξk−1),

where for the case k = 1, we just let Sk−1(ξ1, . . . , ξk−1) = S0(ξ1) = 1 by convention.

Proof. Recall that S0(ξm, . . . , ξl) = 1 for any counting numbers 0 ≤ m ≤ l, including the case

S0(ξ1) = 1. Now let k = 1. Then we have that

S1(ξ1, . . . , ξn) = ξ1 + ξ2 + . . .+ ξn

= ξnS0(ξ1, . . . , ξn−1) + ξn−1S0(ξ1, . . . , ξn−2)

+ · · · + ξ2S0(ξ1) + ξ1S0(ξ1),

so the result holds.

In general, recall that for 1 ≤ k ≤ l,

Sk(ξ1, . . . , ξl) =
∑

1≤l1<l2<···<lk≤l
ξl1ξl2 · · · ξlk .

The idea behind the proof is to start with the expression for Sk(ξ1, . . . , ξl), and then to factor out

ξn from all the terms that have an ξn. Then we write the terms that were multiplied by ξn as

elementary symmetric polynomials of degree k − 1. Then, considering only the terms that did not

contain an ξn, repeat the process for ξn−1, and so forth, until ξk has been factored out. The last

2 The result is documented on the ProofWiki: https://proofwiki.org/wiki/Recursion Property of Elementary Sy
mmetric Function
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term will always be ξkξk−1 · · · ξ1 = ξkSk−1(ξ1, . . . , ξk−1) because this is the last possible combination

of k variables for Sk(ξ1, . . . , ξn).

Now let 2 ≤ k ≤ n. Performing the process above, we see that

Sk(ξ1, . . . , ξn) =
∑

1≤l1<l2<···<lk≤n
ξl1ξl2 · · · ξlk

= ξn

 ∑
1≤l1<l2<···<lk−1≤n−1

ξl1ξl2 · · · ξlk−1


+ ξn−1

 ∑
1≤l1<l2<···<lk−1≤n−2

ξl1ξl2 · · · ξlk−1


+ · · · + ξk

 ∑
1≤l1<l2<···<lk−1≤k−1

ξl1xl2 · · · ξlk−1


= ξnSk(ξ1, . . . , ξn−1) + ξn−1Sk(ξ1, . . . , ξn−2) + · · · + ξkSk(ξ1, . . . ξk−1).

Lemma 3.5.13. For n ∈ N and ξ1, . . . , ξn ∈ R, consider the set of equations



−1 − ξn − · · · − ξ2 ≤ ξ1 ≤ 0

−1 − ξn − · · · − ξ3 ≤ ξ2 ≤ 0

...

−1 − ξn ≤ ξn−1 ≤ 0

−1 ≤ ξn ≤ 0.

(3.10)

Then the region

Hn(0, 1) = {(ξ1, . . . , ξn) ∈ Rn | 0 ≤ (−1)n−jSn−j(ξ1, . . . , ξn) ≤ 1, 0 ≤ j ≤ n− 1}

and the region defined by

H̃n(0, 1) = {(ξ1, . . . , ξn) ∈ Rn | equations (3.10) are satisfied}

are the same.
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Proof. Writing each Sn−j(ξ1, . . . , ξn) from Hn(0, 1) in summation notation for 0 ≤ j ≤ n − 1 and

multiplying by −1, we want to show that the set of equations

−1 ≤
∑

1≤l1≤n
ξl1 ≤ 0

−1 ≤ −
∑

1≤l1<l2≤n
ξl1ξl2 ≤ 0

...

−1 ≤ (−1)n
∑

1≤l1<l2<···<ln−1≤n
ξl1 · · · ξln−1 ≤ 0

−1 ≤ (−1)n+1ξ1ξ2 · · · ξn ≤ 0

(3.11)

and the set of equations (3.10) are equivalent.

First, we will show that if a point (ξ1, . . . , ξn) ∈ Rn satisfies either set of equations, then we

must also have that (ξ1, . . . , ξn) ∈ [−1, 0]n.

Considering equations (3.11), define

an−k = (−1)k
∑

1≤l1<l2<...<lk≤n

 k∏
j=1

ξlj


for 1 ≤ k ≤ n. Then equations (3.11) imply that each aj is contained in [0, 1] for 0 ≤ j ≤ n−1, with

some restrictions to ensure that (ξ1, . . . , ξn) ∈ Rn. Examining Vieta’s formulas given in Theorem

3.2.3, we see that the ξ1, . . . , ξn may be interpreted as being the roots of the polynomial fn(z) =

zn + an−1z
n−1 + · · · + a1z + a0. For any positive x ∈ R, fn(x) ≥ xn > 0, so x cannot be a root

of fn(z). Therefore, all roots of fn(z) must be in (−∞, 0]. Now, consider the left endpoint of the

interval from Theorem 3.2.5, given by

−an−1

nan
− n− 1

nan

√
a2n−1 −

2n

n− 1
anan−2,

where an = 1 since fn(z) is monic. Since we have assumed that fn(z) has all real roots, the

discriminant a2n−1 − 2n
n−1anan−2 is non-negative. Recalling that an−1, an−2 ∈ [0, 1], we have that

0 ≤ a2n−1 −
2n

n− 1
anan−2 ≤ 12 − 0 = 1.
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Therefore,

−an−1

nan
− n− 1

nan

√
a2n−1 −

2n

n− 1
anan−2 ≥ −an−1

n
− n− 1

n

≥ − 1

n
− n− 1

n

= −1.

Therefore, the roots of fn(z) are in [−1, 0].

For equations (3.10), we can see that ξ1, . . . , ξn ∈ [−1, 0] by working backward. In the last

equation from the set (3.10), it is given that −1 ≤ ξn ≤ 0. Examining the previous equation in

(3.10), we have that

−1 − ξn ≤ ξn−1 ≤ 0.

Since ξn ∈ [−1, 0], this implies that

−1 ≤ ξn−1 ≤ 0.

Notice that for 1 ≤ k ≤ n,

−1 − ξn − · · · − ξk+1 ≤ ξk ≤ 0

is given, so if it has been shown that ξn, ξn−1, . . . , ξk+1 ∈ [−1, 0], then ξk ∈ [−1, 0] also. Therefore,

by induction, equations (3.10) imply that ξ1, . . . , ξn ∈ [−1, 0]

Next, we will show that equations (3.11) imply equations (3.10). Suppose that the point

(ξ1, ξ2, . . . , ξn) satisfies equations (3.11), which implies that each ξ1, . . . , ξn ∈ [−1, 0]. Then, com-

bining that ξ1 ∈ [−1, 0] with the rearranged the first inequality in (3.11), we have that

−1 − ξ2 − · · · − ξn ≤ ξ1 ≤ 0,

so the first inequality in (3.10) holds. Suppose now as our inductive hypothesis that

−1 − ξn − · · · − ξk+1 ≤ ξk ≤ 0

holds for some k ∈ N. Adding ξk+1, we have that

−1 − ξn − · · · − ξk+2 ≤ ξk + ξk+1 ≤ ξk+1 ≤ 0



103

since ξk, ξk+1 ∈ [−1, 0]. Hence, equations (3.10) hold by the principle of mathematical induction.

Now, we will show that equations (3.10) imply equations (3.11). Suppose that the point

(ξ1, ξ2, . . . , ξn) satisfies equations (3.10), which implies that ξ1, . . . , ξn ∈ [−1, 0]. From rearranging

the first inequality in (3.10) and bounding above, we see that

−1 ≤ ξ1 + · · · + ξn ≤ ξ2 + · · · + ξn ≤ 0

since ξ2, . . . , ξn ∈ [−1, 0], so the first equation in (3.11) holds.

Lemma 3.5.12 tells us that for 1 ≤ k ≤ n,

Sk(ξ1, . . . , ξn) = ξnSk−1(ξ1, . . . , ξn−1) + ξn−1Sk−1(ξ1, . . . , ξn−2)

+ · · · + ξkSk−1(ξ1, . . . , ξk−1).

As our inductive hypothesis, suppose that when equations (3.10) hold, it has been shown that

0 ≤ −S1(ξ1, . . . , ξn) ≤ 1, 0 ≤ S2(ξ1, . . . , ξn) ≤ 1, . . . , 0 ≤ (−1)k−1Sk−1(ξ1, . . . , ξn) ≤ 1,

i.e., that the first k − 1 equations of equation (3.11) hold, where k ≥ 2.

If k is odd, observe that Sk(ξ1, . . . , ξn) ≤ 0 since ξ1, . . . , ξn ∈ [−1, 0]. Moreover, for any

1 ≤ l ≤ n, we have that

0 ≤ Sk−1(ξ1, . . . , ξl) ≤ Sk−1(ξ1, . . . , ξn) ≤ 1,

since ξ1, . . . , ξn ∈ [−1, 0]. From this, we see that

Sk(ξ1, . . . , ξn) = ξnSk−1(ξ1, . . . , ξn−1) + ξn−1Sk−1(ξ1, . . . , ξn−2) + · · · + ξkSk−1(ξ1, . . . , ξk−1)

≥ ξn + · · · + ξk

≥ ξn + · · · + ξ1

≥ −1.

Combining, we have shown that 0 ≤ (−1)kSk(ξ1, . . . , ξn) ≤ 1.
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Similarly, if k is even, observe that 0 ≤ Sk(ξ1, . . . , ξn) since ξ1, . . . , ξn ∈ [−1, 0]. Moreover, for

any 1 ≤ l ≤ n, we have that

0 ≥ Sk−1(ξ1, . . . , ξl) ≥ Sk−1(ξ1, . . . , ξn) ≥ −1

and so

Sk(ξ1, . . . , ξn) = ξnSk−1(ξ1, . . . , ξn−1) + ξn−1Sk−1(ξ1, . . . , ξn−2) + · · · + ξkSk−1(ξ1, . . . , ξk−1)

≤ −ξn − · · · − ξk

≤ −ξn − · · · − ξ1

≤ 1.

Combining, we have shown that 0 ≤ (−1)kSk(ξ1, . . . , ξn) ≤ 1. In either case, we can see that

equations (3.11) hold.

We are now able to prove that the sequence λn(H∗
n(0, 1)) is monotonically decreasing in n.

Proof of Proposition 3.5.11. We want to show that

λn+1
(
H∗
n+1(0, 1)

)
≤ λn (H∗

n(0, 1))

for all n ∈ N.

From Theorem 3.4.1, we have that

λn(H∗
n(0, 1)) =

1

n!

∫
Hn(0,1)

∏
1≤j<k≤n

|ξj − ξk| dξ1 . . . dξn,

so simplifying the factorials, we wish to show that∫
Hn+1(0,1)

∏
1≤j<k≤n+1

|ξj − ξk| dξ1 . . . dξn+1 ≤ (n+ 1)

∫
Hn(0,1)

∏
1≤j<k≤n

|ξj − ξk| dξ1 . . . dξn.

By Lemma 3.5.13, for every n ∈ N, the region Hn+1(0, 1) is given by the equations

−1 ≤ ξn+1 ≤ 0

−1 − ξn+1 ≤ ξn ≤ 0
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−1 − ξn+1 − ξn ≤ ξn−1 ≤ 0

...

−1 − ξn+1 − · · · − ξ2 ≤ ξ1 ≤ 0.

From the proof of Lemma 3.5.13, we see that −1 ≤ ξj ≤ 0 for each 1 ≤ j ≤ n+ 1. Therefore,

|ξ1 − ξj | ≤ 1 for each 2 ≤ j ≤ n+ 1. Hence, we may bound

∏
1≤j<k≤n+1

|ξj − ξk| =
∏

2≤j≤n+1

|ξ1 − ξj |
∏

2≤j<k≤n+1

|ξj − ξk| ≤
∏

2≤j<k≤n+1

|ξj − ξk|

over the region Hn+1(0, 1). Since
∏

2≤j<k≤n+1 |ξj−ξk| does not include ξ1, it is now straightforward

to integrate with respect to ξ1. This gives∫
Hn+1(0,1)

∏
1≤j<k≤n+1

|ξj − ξk| dξ1 . . . dξn+1

=

∫ 0

−1
· · ·
∫ 0

−1−ξn+1−···−ξ2

∏
1≤j<k≤n+1

|ξj − ξk| dξ1 . . . dξn+1

≤
∫ 0

−1
· · ·
∫ 0

−1−ξn+1−···−ξ2

∏
2≤j<k≤n+1

|ξj − ξk| dξ1 . . . dξn+1

≤
∫ 0

−1
· · ·
∫ 0

−1−ξn+1−···−ξ3
(n+ 1)

∏
2≤j<k≤n+1

|ξj − ξk| dξ2 . . . dξn+1,

where in the last line we used the fact that∫ 0

−1−ξn+1−···−ξ2

∏
2≤j<k≤n

|ξj − ξk| dx1 ≤ (n+ 1)
∏

2≤j<k≤n
|ξj − ξk|

since

−1 − ξn+1 − · · · − ξ2 ≥ −(n+ 1).

Then ∫ 0

−1
· · ·
∫ 0

−1−ξn+1−···−ξ3
(n+ 1)

∏
2≤j<k≤n+1

|ξj − ξk| dξ2 . . . dξn+1

=

∫ 0

−1
· · ·
∫ 0

−1−ξn−···−ξ2
(n+ 1)

∏
1≤j<k≤n

|ξj − ξk| dξ1 . . . dξn

by relabeling the variables.
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3.5.3 An (n− 1)-dimensional integral formula for λn(H∗
n(0, 1))

The following theorem allows us to rewrite the integral formula for λn(H∗
n(0, 1)) given by

Theorem 3.4.1. The resulting integral is symmetric and only of dimension n− 1. It was using this

result that Mathematica was able to obtain the precise value for λ5(H∗
5(0, 1)), which was presented

following Conjecture 3.5.4.

Theorem 3.5.14. For n ≥ 3, we have

λn(H∗
n(0, 1)) =

2

(n+ 1)!n

∫ ∞

0
· · ·
∫ ∞

0

∏
1≤j<k≤n−1 |ξj − ξk|

∏n−1
j=1 |1 − ξj |

(ξ1 + · · · + ξn−1 + 1)
(n+1)n

2

dξ1 · · · dξn−1.

Proof. From Theorem 3.4.1 and Lemma 3.5.13, we know that

λn (H∗
n (0, 1)) =

1

n!

∫
Hn([0,1])

∏
1≤j<k≤n

|ξj − ξk| dξ1 . . . dξn

=
1

n!

∫ 0

−1

∫ 0

−1−ξn
· · ·
∫ 0

−1−ξn−···−ξ2

∏
1≤i<j≤n

|ξi − ξj | dξ1 · · · dξn .

First, perform the change of variables w1 = −ξ1, . . . , wn = −ξn to transform the region of integra-

tion into the first orthant. This gives

λn (H∗
n (0, 1)) =

1

n!

∫ 1

0

∫ −wn+1

0
· · ·
∫ −wn−···−w2+1

0

∏
1≤i<j≤n

|wi − wj | dw1 · · · dwn.

Next, perform the change of variables z = w1, zt2 = w2, . . . , ztn = wn. The determinant of the

Jacobian of this transformation is zn−1. This trick, similar to the one used in Selberg’s original

proof of the Selberg integral given in Mehta’s book [119] gives

∏
1≤i<j≤n

|wi − wj | dw1 . . . dwn = |z|n−1
∏

2≤j≤n
|z − zti|

∏
2≤i<j≤n

|zti − ztj | dzdt2 . . . dtn

= |z|n(n−1)/2 · |z|n−1
∏

2≤j≤n
|1 − tj |

∏
2≤i<j≤n

|ti − tj | dzdt2 . . . dtn

= |z|(n2+n−2)/2
∏

2≤j≤n
|1 − tj |

∏
2≤i<j≤n

|ti − tj | dzdt2 . . . dtn.
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Rewriting the bounds on the integrands in terms of the new variables, this gives the set of equations

0 ≤ z ≤ −zt2 − zt3 − . . .− ztn + 1

0 ≤ zt2 ≤ −zt3 − . . .− ztn + 1

...

0 ≤ ztn−1 ≤ −ztn + 1

0 ≤ ztn ≤ 1.

Rewriting the first equation gives

0 ≤ z ≤ 1

t2 + · · · + tn + 1

and rewriting all other equations while taking the first into consideration gives

0 ≤ tj <∞, 2 ≤ j ≤ n.

Thus, we have that

λn (H∗
n (0, 1))

=
1

n!

∫ ∞

0
· · ·
∫ ∞

0

∫ 1
t1+···+tn−1+1

0
z(n

2+n−2)/2
∏

2≤j≤n
|1 − tj |

∏
2≤i<j≤n

|ti − tj | dzdt2 · · · dtn

=
2

n!(n+ 1)n

∫ ∞

0
· · ·
∫ ∞

0

∏
2≤j≤n |1 − tj |

∏
2≤i<j≤n |ti − tj |

(t2 + · · · + tn + 1)
(n+1)n

2

dt2 · · · dtn.

A final relabeling of the variables gives the result.

The integral formula obtained in Theorem 3.5.14 seems closely related to the Selberg integral

S(1, 1, 1/2). In [2], which considered the volume of the set of random polynomials whose roots were

bounded within a ball of a certain height centered at the origin, the authors were able to compute

this volume of their sets in terms of Selberg integrals. In [18], which considered random polynomials

whose coefficients had bounded height instead, the authors conjectured a relation between Selberg

integrals and the volumes of their sets, but were unable to prove this relation.
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3.5.4 Coefficients restricted to [0, β]

We are interested in which results from the previous three subsections hold when all coeffi-

cients are restricted to [0, β] rather than [0, 1]. When β ∈ (0, 1), using the technique presented in

the proof of Lemma 3.5.6, one can show that n-dimensional box [−β/n, 0]n ⊆ Hn(0, β). The proof

of this relies on the fact that βk ≤ β for all k ≥ 1, and the statement does not hold in general

when β > 1. Thus, results from the previous three subsections which rely on this fact will work for

β < 1, and are not necessarily true for β > 1. Hence, when β < 1, one can also show

λn(H∗
n(0, β)) > 0

by showing that the n-dimensional box [−β/n, 0]n ⊆ Hn(0, β); the proof is otherwise analogous to

the proof of Lemma 3.5.6.

Moreover, by the proof of Theorem 3.5.1 and applying Theorem 3.4.3, we see that for any

β > 0, the probability that the polynomial fn = anz
n + · · ·+ a1z + a0 with iid coefficients that are

uniformly distributed on [0, β] has all real roots is positive. To see this, observe that

λn+1(H+
n (0, β)) = βn

∫ 1

0
unλn(H∗

n(0, 1/u)) du,

which is positive by the proof of Theorem 3.5.1. Dividing by βn+1 gives the desired probability.

An analogous lower bound to Corollary 3.5.8 may be obtained for any β > 0, however an analogous

lower bound given in Corollary 3.5.9, and hence also Corollary 3.5.10 only applies when β < 1; the

problem is again whether or not [−β/n, 0]n ⊆ Hn(0, β).

We also have the following.

Lemma 3.5.15. Let β > 0. For n ∈ N and ξ1, . . . , ξn ∈ R, consider the set of equations



−β − ξn − · · · − ξ2 ≤ ξ1 ≤ 0

−β − ξn − · · · − ξ3 ≤ ξ2 ≤ 0

...

−β − ξn ≤ ξn−1 ≤ 0

−β ≤ ξn ≤ 0

. (3.12)
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When β ∈ (0, 1], the region

Hn(0, β) = {(ξ1, . . . , ξn) ∈ Rn | 0 ≤ (−1)n−jSn−j(ξ1, . . . , ξn) ≤ β, 0 ≤ j ≤ n− 1}

and the region defined by

H̃n(0, β) = {(ξ1, . . . , ξn) ∈ Rn | equations (3.12) are satisfied}

are the same.

When β > 1, Hn(0, β) ⊆ H̃n(0, β).

Proof. The proof is very similar to the proof of Lemma 3.5.13. Writing each Sn−j(ξ1, . . . , ξn) from

Hn(0, β) in summation notation and multiplying by −1, we may consider the set of equations

−β ≤
∑

1≤l1≤n
ξl1 ≤ 0

−β ≤ −
∑

1≤l1<l2≤n
ξl1ξl2 ≤ 0

...

−β ≤ (−1)n
∑

1≤l1<l2<···<ln−1≤n
ξl1 · · · ξln−1 ≤ 0

−β ≤ (−1)n+1ξ1ξ2 · · · ξn ≤ 0

(3.13)

One can show that for any β > 0, if the point (ξ1, . . . , ξn) ∈ Rn satisfies either equations (3.12) or

equations (3.13), then (ξ1, . . . , ξn) ∈ [−β, 0]n; the proof is the same as when β = 1. From there, it is

straightforward to show if a point (ξ1, . . . , ξn) satisfies equations (3.13), equations (3.12) also hold;

again, the proof is the same. Now suppose that (ξ1, . . . , ξn) satisfies equations (3.12). Examining

the proof of Lemma 3.5.13 and using the analagous inductive hypothesis, we see that for k odd,

Sk(ξ1, . . . , ξn) = ξnSk−1(ξ1, . . . , ξn−1) + ξn−1Sk−1(ξ1, . . . , ξn−2) + · · · + ξkSk−1(ξ1, . . . , ξk−1)

≥ ξnβ + · · · + ξkβ,

and since ξ1, . . . , ξn ∈ [−β, 0], this only shows that Sk(ξ1, . . . , ξn) ≥ −β when β ≤ 1. The proof for

when k is even follows similarly.
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With Lemma 3.5.15, we can show that λn(H∗
n(0, β)) is monotonically decreasing in n when

β ≤ 1 with a very small adaptation of the proof of Proposition 3.5.11. When β > 1, we present the

following counterexample.

Example 3.5.16. Evaluating the integral given in Theorem 3.4.1 in Mathematica for α = 0, β = 20

and then approximating, we have that

λ2(H∗
2(0, 20)) ≈ 280.743

and

λ3(H∗
3(0, 20)) ≈ 732.056.

However, we make the following conjecture.

Conjecture 3.5.17. For any β > 1 and n ≥ 1,

λn+1
(
H∗
n+1(0, β)

)
βn+1

≤ λn (H∗
n(0, β))

βn
.

In other words, the probability that the polynomial

fn(z) = anz
n + · · · + a1z + a0

with iid coefficients that are uniformly distributed on [0, β] has all real roots is monotonically de-

creasing in n.

If Conjecture 3.5.17 is true, applying it together with Theorem 3.4.3, one would be able to

show that

λn+1
(
H+
n ([0, 1])

)
=

∫ 1

0
unλn

(
H∗
n

([
0,

1

u

]))
du

≤
∫ 1

0
un−1λn−1

(
H∗
n−1

([
0,

1

u

]))
du

= λn
(
H+
n−1 ([0, 1])

)
.

This would mean that the probability that a degree n non-monic generalized bounded height

model polynomial with iid coefficients on [0, 1] has all real roots is monotonically decreasing in n.
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By the equivalence between these polynomials and the generalized large box model polynomials

given in Theorem 3.1.1, this implies that as N → ∞, the probability that the polynomial

fn(z) = zn + an−1z
n−1 + · · · + a1z + a0

with coefficients a0, . . . , an−1 uniformly distributed on [0, N ] ∩ Z and jointly independent has all

real roots is also monotonically decreasing in n.

3.5.5 Positivity of λn+1
(
Hn

([−−→
α, β

]))
when every coefficient is allowed to be zero

The main result of this section is the following theorem.

Theorem 3.5.18. For 0 ≤ j ≤ n, let αj , βj ∈ R, with αj < βj. Suppose further that 0 ∈ [αj , βj ]

for each 0 ≤ j ≤ n. Then λn+1
(
Hn

([−−→
α, β

]))
> 0.

We begin with two necessary lemmas.

Lemma 3.5.19. Define the recursive sequence where k1 = 1, and kl = kl−1 + l, 2 ≤ l ≤ n. Let

c ∈ R and suppose that c ̸= 0. Let

x1 =
c

nk1
, x2 =

c

nk2
, . . . , xn =

c

nkn
.

Then for n ≥ 2, the equations

|x1| >
∑

2≤l1≤n
|xl1 |

|x1x2| >
∑

1≤l1<l2≤n
(l1,l2) ̸=(1,2)

|xixj |

...

|x1x2 · · ·xn−1| >
∑

1≤l1<···<ln−1≤n
(l1,...,ln−1 )̸=(1,2,...,n−1)

|xl1xl2 · · ·xln−1 |

are satisfied.
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Proof. First, observe that dividing both sides of the equation

|x1x2 · · ·xk| >
∑

1≤l1<···<lk≤n
(l1,...,lk )̸=(1,2,...,k)

|xl1xl2 · · ·xlk |

by |c|k preserves the inequality, so it suffices to show that the equations above hold with the choices

x1 =
1

nk1
, x2 =

1

nk2
, . . . , xn =

1

nkn
.

Let x1, . . . , xn be these values for the remainder of the proof. Next, notice that |x1| > |x2| > · · · >

|xn| since kl is increasing for 1 ≤ l ≤ n, so it suffices to show that

|x1| >
(
n

1

)
|x2|

|x1x2| >
(
n

2

)
|x1x3|

...

|x1x2 · · ·xn−1| >
(

n

n− 1

)
|x1x2 · · ·xn−2xn|.

In general, this is

|x1x2 · · ·xl| >
(
n

l

)
|x1x2 · · ·xl−2xl+1|.

Cancelling the |x1 · · ·xl−1| from both sides, it suffices to show that

|xl| >
(
n

l

)
|xl+1|.

Finally, for 1 ≤ l ≤ n, we have

|xl|(
n
l

) =
l!

nkln(n− 1) · · · (n− l + 1)
>

1

nklnl+1
=

1

nkl+(l+1)
= |xl+1|

where the inequality follows since l! ≥ 1 and n(n− 1) · · · (n− l + 1) ≤ nl < nl+1.

Lemma 3.5.20. The coefficients described in the statement of Lemma 3.5.19 are ki = i(i+1)
2 for

1 ≤ i ≤ n.
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Proof. We claim that kl =
∑l

j=1 j. The statement clearly holds for l = 1. Suppose that the

statement is true for the first i integers. Then

ki+1 = ki + (i+ 1) =

 i∑
j=1

j

+ (i+ 1) =

i+1∑
j=1

j,

so the claim holds by the principle of mathematical induction. Since the sum of the first i integers

is given by
i∑

j=0

j =
i(i+ 1)

2
,

the proof of the lemma is complete.

We can now prove that λn+1
(
Hn

([−−→
α, β

]))
> 0 when 0 ∈ [αj , βj ] for each 0 ≤ j ≤ n.

Proof of Theorem 3.5.18. Let c be the minimum of the set {|α0|, |β0|, . . . , |αn|, |βn|} \ {0}. Then

clearly c > 0. If c ≥ 1, we can restrict ourselves to a subset of [α0, β0]× · · · × [αn, βn] so that c < 1,

for instance by taking

[−→α ,−→β ] ∩ [−1/2, 1/2] = [α0, β0] ∩ [−1/2, 1/2] × · · · × [αn, βn] ∩ [−1/2, 1/2].

Then showing

λn+1
(
Hn

(−−−→
[α, β] ∩ [−1/2, 1/2]

))
> 0

implies that

λn+1
(
Hn

([−−→
α, β

]))
> 0.

This will simplify the proof, so suppose that c < 1.

We begin by showing that λn
(
H∗
n

([−−→
α, β

]))
> 0. To do this, we will argue that the set

Hn

([−−→
α, β

])
has positive measure. Recall that

Hn

([−→α ,−→β ]) = {(ξ1, . . . , ξn) ∈ Rn | αj ≤ (−1)n−jSn−j(ξ1, . . . , ξn) ≤ βj , 0 ≤ j ≤ n− 1}.

For every 0 ≤ j ≤ n − 1, notice that either [0, c] ⊆ [αj , βj ] or [−c, 0] ⊆ [αj , βj ] (or both) by

the definition of c and since all intervals were assumed to contain 0. For each 0 ≤ j ≤ n− 1, define
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the set

[cαj , cβj ] =


[0, c] if [0, c] ⊆ [αj , βj ]

[−c, 0] otherwise

.

Notice that

[cα0 , cβ0 ] × · · · × [cαn−1 , cβn−1 ] ⊆ [α0, β0] × · · · × [αn−1, βn−1].

We will begin by showing that

Hn ([−−−→cα, cβ]) = {(ξ1, . . . , ξn) ∈ Rn | cαj ≤ (−1)n−jSn−j(ξ1, . . . , ξn) ≤ cβj , 0 ≤ j ≤ n− 1}

has positive measure. Consider the point (ξ1, . . . , ξn) where

ξ1 = − c

n
, ξ2 = − c

n3
, . . . , ξn = − c

n

(
n(n+1)

2

) . (3.14)

Let n ≥ 2. Then since c
n = |ξ1| > |ξ2| > · · · > |ξn|, we have that

|Sk(ξ1, . . . , ξn)| =

∣∣∣∣∣∣
∑

1≤l1<l2<···<lk≤n
ξl1 · · · ξlk

∣∣∣∣∣∣ (3.15)

≤
∑

1≤l1<l2<···<lk≤n
|ξl1 · · · ξlk | (3.16)

<

(
n

k

)
|ξ1|k (3.17)

=

(
n

k

)( c
n

)k
(3.18)

=
n(n− 1) · · · (n− k + 1)ck

k!nk
(3.19)

≤
(n
n

)(n− 1

n

)
· · ·
(
n− k + 1

n

)
ck (3.20)

< c (3.21)

since c < 1 so ck < c. Therefore,

−c < (−1)n−jSn−j(ξ1, . . . , ξn) < c, 0 ≤ j ≤ n− 1, (3.22)

and it remains to show that each (−1)n−jSn−j(ξ1, . . . , ξn) is actually contained in either (−c, 0)

or (0, c), depending on [cαj , cβj ] for 0 ≤ j ≤ n − 1. For this purpose, consider instead the set of

equations
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cαn−1 < −
∑

1≤l1≤n
yl1 < cβn−1 (3.23)

cαn−2 <
∑

1≤l1<l2≤n
yl1yl2 < cβn−2 (3.24)

...

cα0 < (−1)ny1y2 · · · yn < cβ0 . (3.25)

We show that changing only the signs of ξ1, . . . , ξn given in (3.14) will let us find a point

(y1, . . . , yn) such that the above equations are satisfied.

If cαn−1 = 0 and cβn−1 = c, let y1 = ξ1 = − c
n , and y2, . . . , yn be chosen in any way such that

|y2| = |ξ2|, . . . , |yn| = |ξn|. Then −y1 = |y1|, and

0 < −y1 −
n∑
j=2

|yj | ≤ −y1 − y2 − · · · − yn ≤ −y1 +
n∑
j=2

|yj | < c,

where the first inequality follows from Lemma 3.5.19 and the last inequality follows from the bound

on the absolute value of the terms of S1(ξ1, . . . , ξn) given by (3.16) and (3.21).

If cαn−1 = −c and cβn−1 = 0, we proceed similarly by letting y1 = −ξ1 = c
n , and letting

y2, . . . , yn be chosen in any way such that |y2| = |ξ2|, . . . , |yn| = |ξn|. Then now −y1 = −|y1|, and

−c < −y1 −
n∑
j=2

|yj | ≤ −y1 − y2 − · · · − yn ≤ −y1 +
n∑
j=2

|yj | < 0,

where this time the first inequality follows from negating (3.16) and (3.21) and the last inequality

follows from Lemma 3.5.19.

Suppose by induction that the first k variables y1, . . . , yk have been fixed such that the

first k equations of cαn−k
< (−1)n−kSk(y1, . . . , yn) < cβn−k

have been satisfied by letting y1 =

±ξ1, . . . , yk = ±ξk in the appropriate manner and letting yk+1, . . . , yn be chosen in any way such

that |yk+1| = |ξk+1|, . . . , |yn| = |ξn|.

We want to show

cαn−k−1
< (−1)n−k−1Sk+1(y1, . . . , yn) < cβn−k−1

.
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We consider four possibilities:

If cαn−k−1
= cαn−k

= 0, then let yk+1 = −|ξk+1|. Then

0 < (−1)n−ky1 · · · yk

implies that

0 < (−1)n−k−1y1 · · · ykyk+1

also since the extra factor of −1 and the negative coefficient of yk+1 cancel.

If cαn−k−1
= cαn−k

= −c, then let yk+1 = −|ξk+1|. Then

(−1)n−ky1 · · · yk < 0

implies that

(−1)n−k−1y1 · · · ykyk+1 < 0

also since the extra factor of −1 and the negative coefficient of yk+1 cancel.

If cαn−k−1
= 0 and cαn−k

= −c, then let yk+1 = |ξk+1|. Then

(−1)n−ky1 · · · yk < 0

implies that

0 < (−1)n−k−1y1 · · · ykyk+1

since the single factor of −1 negates the negative sign.

If cαn−k−1
= 0 and cαn−k

= −c, then let yk+1 = |ξk+1|. Then

0 < (−1)n−ky1 · · · yk

implies that

(−1)n−k−1y1 · · · ykyk+1 < 0

since the single factor of −1 negates the negative sign. By the principle of mathematical induc-

tion, we have shown that either (−1)n−jSn−j(y1, . . . , yn) is negative when [cαj , cβj ] = [−c, 0] or
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(−1)n−jSn−j(y1, . . . , yn) is positive when [cαj , cβj ] = [0, c]. To see that (−1)n−jSn−j(y1, . . . , yn) is

actually contained in [cαj , cβj ], observe that, as in equations (3.15) through (3.21),

|Sn−j(y1, . . . , yn)| <
(

n

n− j

)
|y1|n−j < c.

Thus, the point (y1, . . . , yn) satisfies (3.23), (3.24), and (3.25); this means that the intersection of

the open sets defined by equations (3.23), (3.24), and (3.25) is a non-empty subset of Rn; call this

set HC . In particular, since the intersection of open sets is also open, there exists a small ball around

(y1, . . . , yn) contained in HC . Examining the definitions of both sets, we see that HC ⊆ Hn (−−−→cα, cβ),

so this small ball around (y1, . . . , yn) is also contained in Hn (−−−→cα, cβ), showing that Hn (−−−→cα, cβ) and

hence Hn

([−→α ,−→β ]) has positive measure. By Theorem 3.4.1, we have that

λn
(
H∗
n

([−→α ,−→β ])) =
1

n!

∫
Hn

([−→α ,−→β ])
∏

1≤j<k≤n
|ξj − ξk| dξ1 . . . dξn,

so since
∏

1≤j<k≤n |ξj − ξk| > 0 except for on a set of measure zero, we see that

λn
(
H∗
n

([−→α ,−→β ])) > 0

as well.

Finally, we wish to show that λn+1
(
Hn

([−−→
α, β

]))
> 0. Let us break this into the calculations

of λn+1
(
H+
n

([−−→
α, β

]))
and λn+1

(
H−
n

([−−→
α, β

]))
. Recall that we assumed that 0 ∈ [αn, βn], so

either αn < 0, βn > 0, or both.

For λn+1
(
H+
n

([−−→
α, β

]))
, if βn > 0, we have from Theorem 3.4.3 that

λn+1
(
H+
n

([−−→
α, β

]))
= βn+1

n

∫ 1

max
{
0,αn

βn

} unλn
H∗

n


[−→α ,−→β ]
βnu

 du.

In the calculation of the integral above, since βn > 0, u > 0 (since we do not need to consider

the endpoints of the bounds of integration), and the interval [αj , βj ] was assumed to contain 0

for each 0 ≤ j ≤ n, we see that the sets
[
αj

βnu
,
βj
βnu

]
also contain 0 for each 0 ≤ j ≤ n. Hence,

λn

(
H∗
n

([−→α ,−→β ]
βnu

))
> 0 for all u ∈ (0, 1), so λn+1

(
H+
n

([−−→
α, β

]))
> 0 as well.

If αn < 0, we can see that λn+1
(
H−
n

([−−→
α, β

]))
> 0 by an analogous argument.
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Since at least one of λn+1
(
H+
n

([−−→
α, β

]))
or λn+1

(
H−
n

([−−→
α, β

]))
must be positive, by (3.8)

λn+1
(
Hn

([−−→
α, β

]))
> 0

as desired.



Chapter 4

Probability of all real eigenvalues for generalized bounded height model

random matrices

4.1 Introduction and main results

We now turn our attention to random matrices whose entries are given by the generalized

bounded height model. In particular, let αij < βij ∈ R for 1 ≤ i, j ≤ n and consider the n-by-n

random matrices whose entries aij are independently and uniformly distributed on [αij , βij ]. We

wish to find the probability that all eigenvalues of a random matrix from this ensemble are real. In

the case of the random matrix ensemble whose elements are real iid standard Gaussians, this was

accomplished by Edelman in [54].

In Chapter 5, Theorem 5.1.1 shows that as N → ∞, the probability that a random matrix

with entries independently and uniformly distributed on [αijN, βijN ] ∩ Z for each 1 ≤ i, j ≤ n has

all real eigenvalues converges to the probability that a random matrix with entries independently

and uniformly distributed on [αij , βij ] for each 1 ≤ i, j ≤ n has all real eigenvalues. Therefore, the

results of this chapter will allow us to calculate the probability that, as N → ∞, a generalized large

box model random matrix has all real eigenvalues.

For a 2-by-2 random matrix from the bounded height model ensemble, we have the following

main result; the proof is the content of Section 4.6.

Theorem 4.1.1. Let αij < βij ∈ R for 1 ≤ i, j ≤ 2 and consider the 2-by-2 random matrix A

whose entries aij are independently and uniformly distributed on [αij , βij ]. For any real λ1, λ2,
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define

Aλ1,λ2 = {(r, q) | q ∈ (0, 1),

(λ1 − λ2)q
2 + λ2 + rq

√
1 − q2 ∈ (α11, β11),

(λ1 − λ2)q
√

1 − q2 + q2r ∈ (−β12,−α12) ∪ (α12, β12),

(λ1 − λ2)q
√

1 − q2 + r − q2r ∈ (−β21,−α21) ∪ (α21, β21),

− (λ1 − λ2)q
2 + λ1 − rq

√
1 − q2 ∈ (α22, β22)}.

The probability that all eigenvalues of A are real is given by ∏
1≤i≤j≤2

1

(βij − αij)

∫ ∞

−∞

∫ ∞

λ2

∫
Aλ1,λ2

|λ1 − λ2| drdqdλ1dλ2.

To obtain an analogous result for an n-by-n random matrix from the bounded height model

ensemble, we consider such matrices A with all real eigenvalues, and let A = QRQT be decomposed

into its real Schur decomposition (discussed in detail in Section 4.3). Proposition 4.5.3 shows that

when all eigenvalues of A are real and distinct, this decomposition can be made unique by specifying

that Q is an n-by-n orthogonal matrix where the first non-zero entry in each column is positive

and

R =



λ1 r12 · · · r1n

. . .
. . .

...

. . . rn−1,n

λn


,

where λ1, . . . , λn are the real eigenvalues of A listed in decreasing order, r12, . . . , rn−1,n ∈ R, and

the entries below the main diagonal are all zero.

Let

ρ = {r12, r13, . . . , r1n, r23, . . . r2n, . . . , rn−1,n}.

The algorithm given by Raffenetti and Ruedenberg in [135] (and discussed in detail in Section 4.7)

allows us to see that Q is specified by 1
2n(n− 1) independent angular parameters

Θ = {θ12, θ13, . . . , θ1n, θ23, . . . θ2n, . . . , θn−1,n},
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where each angle in Θ is contained in a subset of [0, 2π). Furthermore, letting (dR̃) denote the wedge

product over the independent strictly upper triangular elements of R and letting (QTdQ) denote

the wedge product over the independent elements of the antisymmetric matrix QTdQ (discussed in

detail in Section 4.2), we arrive at the following main result, whose proof is the content of Section

4.7.

Theorem 4.1.2. Let αij < βij ∈ R for 1 ≤ i, j ≤ n and consider the n-by-n random matrix A whose

entries aij are independently and uniformly distributed on [αij , βij ]. For any real λ1, λ2, . . . , λn,

define

Aλ1,...,λn = {(ρ,Θ) | Q∗j > 0 for 1 ≤ j ≤ n,

QTQ = In,

αij < (QRQT )ij < βij for 1 ≤ i, j ≤ n},

where Q is an n-by-n orthogonal matrix parameterized by the Raffenetti and Ruedenberg algorithm

(discussed in Section 4.7) in the variables

Θ = {θ12, θ13, . . . , θ1n, θ23, . . . θ2n, . . . , θn−1,n},

where each angle is contained in a subset of [0, 2π), Q∗j is the first non-zero entry in the j-th

column of Q, R is the upper triangular matrix with all real entries

R =



λ1 r12 · · · r1n

. . .
. . .

...

. . . rn−1,n

λn


,

and

ρ = {r12, r13, . . . , r1n, r23, . . . r2n, . . . , rn−1,n}.

The probability that all eigenvalues of A are real is given by ∏
1≤i≤j≤n

1

(βij − αij)

∫ ∞

−∞

∫ ∞

λn−1

· · ·
∫ ∞

λ2

∫
Aλ1,...,λn

∏
1≤i<j≤n

|λi − λj | (dR̃)(QTdQ)dλ1 . . . dλn.
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We begin by introducing the notation used by Edelman before delving into his method to

prove the theorems.

4.2 The wedge product

In this section, we define the wedge product, used by Edelman to compute the Jacobian

which arises when performing a change of variables on a matrix. Complete details regarding the

construction of the wedge product in general can be found in algebra or differential geometry texts,

such as [47, 104]. Theorem 4.2.1 below is a compilation of the requisite terminology and results

needed to define the wedge product for differential forms on Rn. All statements therein are taken

directly from those provided by Shifrin in [147].

Theorem 4.2.1 (The wedge product, see Chapters 7 and 8 in [147]). A function φ : (Rn)m → R

is called multilinear if for each 1 ≤ i ≤ m, we have

φ(v1, . . . , vi−1, cvi+c
′v′i, vi+1, . . . , vm)

= cφ(v1, . . . , vi, . . . , vm) + c′φ(v1, . . . , v
′
i, . . . , vm)

for all vi, v
′
i ∈ Rn and c, c′ ∈ R. In addition, φ is called alternating if φ changes sign whenever

any pair of vectors v1, . . . , vm ∈ Rn are exchanged, i.e., for any 1 ≤ i < j ≤ m,

φ(v1, . . . , vi, . . . , vj , . . . , vm) = −φ(v1, . . . , vj , . . . , vi, . . . , vm).

In particular, this implies that φ(v1, v2, . . . , vm) = 0 whenever vi = vi+1 for some 1 ≤ i ≤ m− 1.

Define the n linear maps dxi : Rn → R, i = 1, . . . , n, by assigning to each vector v =

(v1, v2, . . . , vn)T ∈ Rn the i-th component of v, i.e., dxi(v) = vi. The set of linear maps from Rn to

R is an n-dimensional vector space, denoted (Rn)∗, with basis {dx1, . . . , dxn}. Let {e1, . . . , en} be

the standard basis for Rn. If I = (i1, . . . , ik) is an ordered k-tuple, define dxI : (Rn)k → R by

dxI(v1, . . . , vk) = det


dxi1(v1) · · · dxi1(vk)

...
. . .

...

dxik(v1) · · · dxik(vk)

 .
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As is the case with the determinant, dxI defines an alternating, multilinear function of k vectors

in Rn. If we write

vi =



vi,1

vi,2

...

vi,n


, i = 1, . . . , k,

then

dxI(v1, . . . , vk) = det


v1,i1 · · · vk,i1
...

. . .
...

v1,ik · · · vk,ik

 .

When i1 < i2 < · · · < ik, this the determinant of the k× k matrix obtained by taking rows i1, . . . , ik

of the matrix which has column vectors v1, v2, . . . , vk. When i1 < i2 < · · · < ik, we say that the

ordered k-tuple I = (i1, . . . , ik) is strictly increasing. If I is a k-tuple with no repeated index,

we denote by I< the associated strictly increasing k-tuple. The set of dxI with I strictly increasing

forms a basis for the vector space of alternating multilinear functions from (Rn)k to R, denoted

Λk(Rn)∗. If I and J are ordered k- and l-tuples respectively, we define dxI ∧ dxJ = dx(I,J), where

by (I, J) we mean the ordered (k+ l)-tuple obtained by concatenating I and J . If ω =
∑
aIdxI and

η =
∑
bJdxJ , then we extend by linearity and set ω ∧ η =

∑
(aIbJ)dxI ∧ dxJ =

∑
(aIbJ)dx(I,J).

This is called the wedge product of ω and η.

A differential 0-form on Rn is a smooth function, i.e., a function whose partial derivatives

of all orders exist. A differential n-form on Rn is an expression of the form

ω = f(x)dx1 ∧ · · · ∧ dxn

for some smooth function f . A differential k-form on Rn is an expression

ω =
∑

strictly increasing k-tuples I

fI(x)dxI =
∑

i1<···<ik

fIdxi1 ∧ · · · ∧ dxik
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for some smooth functions fI . The set of differential k-forms on Rn is a vector space and denoted

by Ak(Rn). Let U ⊆ Rn be an open set. Let ω ∈ Ak(U), η ∈ Al(U), and ϕ ∈ Am(U), with

k, l,m ∈ N ∪ {0}. Let c be a smooth function. The following algebraic properties hold.

(1) When k = l = m, ω + η = η + ω and (ω + η) + ϕ = ω + (η + ϕ).

(2) Antisymmetry: ω ∧ η = (−1)klη ∧ ω.

(3) Associativty: (ω ∧ η) ∧ ϕ = ω ∧ (η ∧ ϕ).

(4) Bilinearity: c(ω ∧ η) = (cω) ∧ η, and when k = l, (ω + η) ∧ ϕ = (ω ∧ ϕ) + (η ∧ ϕ).

Given an n-form ω = f(x)dx1 ∧ · · · ∧ dxn on a region Ω ⊆ Rn, we define
∫
Ω ω =

∫
Ω fdV, where dV

denotes the volume element on Rn. In other words,∫
Ω
f(x1, . . . , xn)dx1 ∧ · · · ∧ dxn =

∫
Ω
f(x1, . . . , xn) dx1 . . . dxn.

For our purposes, we need the following result, which shows the connection between the

wedge product and the Jacobian for the change of variables that arises when performing matrix

decompositions. The following theorem is the combination of three definitions by Forrester [65],

though proofs of results stated therein can be found in Section 4.1 of [85] or Chapter 2 of [121].

Theorem 4.2.2 (See Definitions 1.2.1, 1.2.2, 1.2.3 in [65]). Denote the wedge product by

du1 ∧ · · · ∧ dun =

n∧
j=1

duj . (4.1)

Consider the integral of an n-form f(u1, . . . , un)du1 ∧ · · · ∧ dun over a region Ω ⊆ Rn,∫
Ω
f(u1, . . . , un) du1 ∧ · · · ∧ dun.

When changing variables from {u1, . . . , un} to {v1, . . . , vn}, the fundamental formula

dui =
n∑
l=1

∂ui
∂vl

dvl
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applies. Substituting this in (4.1) and simplifying by using the associativity, bilinearity, and anti-

symmetry of the wedge product, it follows that

n∧
j=1

duj = det

(
∂ui
∂vj

)
i,j=1,...,n

n∧
j=1

dvj . (4.2)

The determinant in (4.2) is precisely the Jacobian for the change of variables.

For any n-by-n matrix X, the matrix of differentials is defined as

dX =



dx11 dx12 · · · dx1n

dx21 dx22 · · · dx2n

...
...

. . .
...

dxn1 dxn2 · · · dxnn


.

For an arbitrary n-by-n matrix X, the symbol (dX) denotes the wedge product of the n2 independent

elements of dX. If X is an n-by-n symmetric matrix, the symbol (dX) denotes the wedge product

of the 1
2n(n + 1) distinct elements of dX. If X is an n-by-n antisymmetric matrix (meaning that

X = −XT ), then (dX) denotes the wedge product of the 1
2n(n − 1) distinct elements of dX. If X

is upper triangular, then (dX) denotes the wedge over all upper triangular elements.

4.3 Real Schur decomposition

The real Schur decomposition is a matrix factorization that expresses a matrix as an orthog-

onal conjugation of a block upper triangular matrix; when all eigenvalues of the original matrix are

real, the block upper triangular matrix is simply upper triangular, and the diagonal entries of the

upper triangular matrix are conveniently the eigenvalues of the original matrix.

Definition 4.3.1 (Real Schur Decomposition, see equations 15.200-15.202 in [65] or Theorem 7.4.1

in [74]). Let A be an n-by-n matrix with real entries and exactly k real eigenvalues (where n and

k have the same parity). Then the real Schur decomposition of A is given by

A = QRQT ,
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where Q is an n-by-n orthogonal matrix and

R =



λ1 · · · R1,k R1,k+1 · · · R1,m

. . .
...

... · · ·
...

λk Rk,k+1 · · · Rk,m

Zk+1 · · · Rk+1,m

. . .
...

Zm


where all elements not explicitly shown are zero, m = (n+ k)/2, and Rij is of size p× q with

p× q =



1 × 1 if i ≤ k, j ≤ k,

1 × 2 if i ≤ k, j > k,

2 × 1 if i > k, j ≤ k,

2 × 2 if i > k, j > k.

Furthermore, λ1, . . . , λk are the real eigenvalues of A, while the 2 × 2 matrices Zk+1, . . . , Zm have

the structure

Zj =

 xj bj

−cj xj

 , bj , cj > 0,

such that the complex eigenvalues of A are xj ± iyj , where yj =
√
bjcj .

4.4 Edelman’s method

In Edelman’s paper [54], Edelman considers an n-by-n random matrix A whose entries are

given by iid standard Gaussian random variables. He obtains the probability that A has exactly

k real eigenvalues. His method involves first writing the matrix A in terms of its real Schur

decomposition, and then computing the Jacobian of the associated change of variables. This result

is summarized by the following proposition, which does not assume a specific distribution for the

entries of A.
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Proposition 4.4.1 (Proposition 15.10.1 from [65] or Theorem 5.1 from [54]). Let A be an n-by-n

matrix with real entries written in real Schur form A = QRQT , as in Definition 4.3.1. Let k denote

the number of real eigenvalues of A. Interpreting this decomposition as a change of variables, the

Jacobian of the change of variables is given by

(dA) = 2(n−k)/2
∏
j<p

|λ(Rpp) − λ(Rjj)| (dR̃)(QTdQ)

×
(n+k)/2∏
l=k+1

|bl − cl| dλ1 . . . dλk(dZ),

where λ(Rll) = λl are the real eigenvalues of A for l ≤ k, while λ(Rll) = xl ± iyl are the complex

eigenvalues of A for l > k, R̃ denotes the strictly upper triangular part of R,

(QTdQ) =
∧
i>j

qTi dqj ,

and

(dZ) =

(n+k)/2∏
j=k+1

dxjdbjdcj ,

where all variables are defined as in Definition 4.3.1.

Let P(A) dA denote the joint probability density function for the random matrix A on the

space of n-by-n real matrices with respect to the Lebesgue measure on Rn2
; when all entries are

independent, P(A) is simply the product of the pdf of each entry of A. By integrating P(A) dA

over all variables except for the eigenvalues and normalizing, Edelman obtains the joint pdf of the

eigenvalues of A, given that k eigenvalues are real. Continuing to integrate the eigenvalues over the

real line, Edelman obtains the probability that exactly k eigenvalues of A are real, leading to the

following main theorem.

Theorem 4.4.2 (Theorem 6.1 in [54]). Let A be an n-by-n random matrix whose elements are in-

dependent random variables with standard normal distributions. Let Ak denote that set of matrices

A with exactly k real eigenvalues. Let pn,k denote the probability that A ∈ Ak. The ordered real

eigenvalues of A are denoted λi, i = 1, . . . , k, while the l = (n − k)/2 ordered complex eigenvalue
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pairs are denoted xi ± yi
√
−1, i = k + 1, . . . ,m. Let

cn,k =
22l−n(n+1)/4∏n
i=1 Γ(i/2)

.

The joint distribution of the real and complex eigenvalues given that A has k real eigenvalues is

p−1
n,kcn,k

 ∏
1≤j<i≤n

|λ(Rii) − λ(Rjj)|

 e(
∑m

i=k+1(y
2
i −x2i )−

∑k
i=1 λ

2
i /2)

∏
k+1≤i≤m

(
yi erfc(yi

√
2)
)
,

where λ(Rll) are the real eigenvalues of A for l ≤ k, while λ(Rll) = xl ± iyl are the complex eigen-

values of A for l > k, and where erfc is the complementary error function erfc(z) = 2√
π

∫∞
z e−t

2
dt.

The probability that A ∈ Ak is

pn,k =
cn,k
k!l!

∫
xi∈R
yi∈R+

λi∈R

 ∏
1≤j<i≤n

|λ(Rii) − λ(Rjj)|

 e(
∑m

i=k+1(y
2
i −x2i )−

∑k
i=1 λ

2
i /2)

×
∏

k+1≤i≤m

(
yi erfc(yi

√
2)
)
dλ1 · · · dλkdx1 · · · dxldy1 · · · dyl.

We now restrict ourselves to finding the probability that a random matrix whose entries are

iid standard Gaussians has all real eigenvalues and take a close look at the steps involved. Let A

be the set of n-by-n matrices with real entries which have exactly n real and distinct eigenvalues.

When all entries of A are iid standard Gaussians, we have that

P(A) = (2π)−n
2/2e

−
∑

1≤i,j≤n a2ij
2 .

Edelman states that the probability that a random matrix with iid Gaussian entries has repeated

eigenvalues is zero. Therefore, the probability that A has all real eigenvalues is given by
∫
A P(A) dA,

which equals ∫
A

(2π)−n
2/2e

−
∑

1≤i,j≤n a2ij
2 dA. (4.3)

Edelman also states that the real Schur decomposition of an n-by-n real matrix A with iid

Gaussian entries can be made unique with probability one if some restrictions are imposed on R

and Q, namely that the elements on the diagonal of R are ordered λ1 > · · · > λk, xk+1 > · · · > xm

and that the first row of Q is chosen to be positive. For A ∈ A, letting A = QRQT be decomposed
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into a real Schur decomposition with these constraints satisfied, this change of variables gives

(2π)−n
2/2e

−
∑

1≤i,j≤n a2ij
2 = (2π)−n

2/2e− tr(AAT )/2

= (2π)−n
2/2e− tr((QRQT )(QRTQT ))/2

= (2π)−n
2/2e− tr((QRRTQ))/2

= (2π)−n
2/2e

−
∑

1≤i,j≤n r2ij
2

= (2π)−n
2/2e−

∑
1≤i<j≤n r

2
ij/2e−

∑n
j=1 λ

2
j/2,

where the rij are the strictly upper triangular entries of R and the λj are the eigenvalues of A.

Proposition 4.4.1 shows that the Jacobian of this change of variables is given by

∏
1≤i<j≤n

|λi − λj |(dR̃)(QTdQ)dλ1 . . . dλn.

Therefore, (4.3) equals∫
Ã

(2π)−n
2/2e−

∑
i<j r

2
ij/2e−

∑n
j=1 λ

2
j/2

∏
1≤i<j≤n

|λi − λj |(dR̃)(QTdQ)dλ1 . . . dλn, (4.4)

where Ã is the image of the region A under the map which changes variables according to the

real Schur decomposition. By the above restrictions on the variables in R̃,Q and λ1, . . . , λn which

ensure a generically unique real Schur decomposition, Edelman shows that the correct region of

integration in this case is over the orthogonal matrices with positive first row, real λ1 > · · · > λn

and rij ∈ R for 1 ≤ i < j ≤ n. Integrating over these constraints gives the exact probability that

A has all real eigenvalues, which is 1
2n(n−1)/4 .

The integrand in (4.4) has an extremely nice form; the eigenvalues λ1, . . . , λn completely

separate from the other variables of integration and integrating rij over the real line is the same

as integration over a standard Gaussian random variable. This allows Edelman to easily integrate

over (dR̃)(QTdQ) to obtain the joint density of the eigenvalues. Unfortunately, this separation

of the eigenvalues is only possible because of the structure of the joint probability density for A

when the entries are all independent Gaussians. Indeed, it was the property that for any a, b ∈ R,

ea+b = eaeb that allowed the separation of the eigenvalues from the other variables to occur. For
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uniformly distributed entries, it is not as clear how to proceed. It does not seem likely that we will

be able to simply separate out the eigenvalues as in the Gaussian case. Instead, we will carefully

consider the region of integration.

4.5 Uniqueness of the real Schur decomposition

We now specify restrictions which make the real Schur decomposition completely unique

when a matrix has all real eigenvalues. Edelman states (without proof) in [54] that if the n-by-n

matrix A has entries that are iid standard Gaussians, the real Schur decomposition of A can be

made unique with probability one by ordering the diagonal entries of the upper triangular matrix

R and by assuming that the first row of the orthogonal matrix Q is positive.

We note now that that such a decomposition is not completely unique. For instance, consider
1 2 3

0 4 5

0 0 6

 =


1 0 0

0 1 0

0 0 1




1 2 3

0 4 5

0 0 6




1 0 0

0 1 0

0 0 1



=


1 0 0

0 −1 0

0 0 1




1 −2 3

0 4 −5

0 0 6




1 0 0

0 −1 0

0 0 1

 .

The problem here is that the first row of the orthogonal matrix is not strictly positive, and

cannot be made strictly positive (try!). We address the issue of uniqueness by showing that for

matrices with real and distinct eigenvalues, the real Schur decomposition can be made completely

unique if one requires that the first non-zero entry in each column of the orthogonal matrix Q be

positive.

Let n ∈ N and let Mn(R) denote the set of all n-by-n matrices over the field R and let Mn(C)

denote the set of all n-by-n matrices over the field C. We begin with the following lemma, whose

purpose is to help prove the uniqueness of our real Schur decomposition.

Lemma 4.5.1. Suppose that R, R̃ ∈ Mn(R) are upper triangular with identical diagonal entries
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r11 > r22 > · · · > rnn. Let S ∈Mn(R) be orthogonal. If SR = R̃S, then S has the form

S =



±1 0 · · · 0

0 ±1 · · · 0

...
...

. . .
...

0 0 · · · ±1


.

Proof. Let Ak, and A,k denote the k-th row and k-th column of a matrix A, respectively. Suppose

that SR = R̃S. Multiplying the n-th row of the left-hand matrices by the first column of the

right-hand matrices on both sides of the preceding equation, we have that

Sn,R,1 = sn1r11 = rnnsn1 = R̃n,S,1.

Since r11 > rnn, this implies that sn1 = 0. Now multiplying the n-th row of the left-hand matrices

by the second column of the right-hand matrices, and using the fact that sn1 = 0, we have that

Sn,R,2 = sn2r22 = rnnsn2 = R̃n,S,2,

implying that sn2 = 0 as well. One can proceed in this manner to see that the first n− 1 entries of

the n-th row of S must be zero. Finally, multiplying the n-th row of the left-hand matrices by the

n-th column of the right-hand matrices and assuming that sn1 = sn2 = · · · = sn−1,n = 0, we have

that

Sn,R,n = snnrnn = rnnsnn = R̃n,S,n.

Since S is orthogonal, we see that snn = ±1.

Let our inductive hypothesis be that for some 1 ≤ k ≤ n−1, the k rows Sn,, Sn−1,, . . . , Sn−k+1,

of S have been shown to have ±1 in the diagonal entry, and are zero otherwise. Consider the (n−k)-

th row of S. By orthogonality requirements, and from taking the dot product of the (n−k)-th row

of S with every row below it, we see that all entries after the (n− k)-th position must be zero. For

the first entry in Sn−k,, we have

Sn−k,R,1 = sn−k,1r11 = rn−k,n−ksn−k,1 = R̃n−k,S,1,
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since all entries below sn−k,1 in the first column of S have been shown to be zero. Since r11 > rnn,

this implies that sn−k,1 = 0. Continue in this manner to show that the first n − k − 1 entries

(n−k)-th row of S are zero. Then the remaining entry must be ±1 by orthogonality requirements.

This proves that S has the specified form.

The following theorem is necessary to prove the existence of our real Schur decomposition.

Theorem 4.5.2 (Schur triangularization, Theorem 2.3.1 in [79]). Let A ∈Mn(R) have eigenvalues

λ1, . . . , λn in any prescribed order and let x ∈ Cn be a unit vector such that Ax = λ1x. If A has only

real eigenvalues, then x may be chosen to be real and there is a real orthogonal Q = [x q2 . . . qn] ∈

Mn(R) such that QTAQ = R is upper triangular with diagonal entries rii = λi, i = 1, . . . , n.

We are now ready to provide a completely unique real Schur decomposition for all matrices

with real and distinct eigenvalues.

Proposition 4.5.3. Suppose that A ∈Mn(R) has all real and distinct eigenvalues λ1 > λ2 > . . . >

λn. Then A admits exactly one real Schur decomposition A = QRQT , such that the first non-zero

entry in every column of Q is positive and such that the diagonal entries rii = λi for 1 ≤ i ≤ n.

Proof. Let us first show that such a decomposition exists. Theorem 4.5.2 tells us that when the

eigenvalues of A are all real, there exists a real orthogonal matrix Q and an upper triangular matrix

R with diagonal entries rii = λi for each 1 ≤ i ≤ n such that A = QRQT . Since Q is orthogonal,

every column of Q has at least one non-zero entry. Denote the first non-zero entry in the i-th

column of Q by q∗i for each 1 ≤ i ≤ n. Let D be the diagonal matrix where
dii = 1, if q∗i > 0

dii = −1, if q∗i < 0

.
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Letting Q̃ = QD and R̃ = DRD, we have

A = QRQT

= QDDRDDQT

= Q̃R̃Q̃T .

Observe that the orthogonal matrix Q̃ corresponds to negating the i-th column of Q whenever

dii = −1, and leaving all other entries of Q unchanged. Therefore,

q̃∗i = q∗idii =


q∗i, if q∗i > 0

−q∗i, if q∗i < 0

,

so q̃∗i > 0 for each 1 ≤ i ≤ n. The matrix R̃ corresponds to negating the i-th row and then also

negating i-th column of R whenever dii = −1; the diagonal entry is therefore negated twice, leaving

the eigenvalues on the diagonal of R unchanged. This proves existence.

For uniqueness, suppose now that A = QRQT and A = Q̃R̃Q̃T are two different real Schur

decompositions of A, such that the upper triangular matrices R and R̃ have equal diagonals given

by rii = r̃ii = λi for 1 ≤ i ≤ n, and such that the first non-zero entry in each column of Q and Q̃

is positive. Then

QRQT = Q̃R̃Q̃T

implies that

Q̃TQR = R̃Q̃TQ.

Let M = Q̃TQ. Since M is an orthogonal matrix, Lemma 4.5.1 says that M must be a diagonal

matrix where each entry is ±1. From the equality

Q = Q̃M,

we see that if mii = 1, the i-th column of Q equals the i-th column of Q̃, and if mii = −1, the

i-th column of Q is the negative of the i-th column of Q̃. In particular, this implies that Q and Q̃

have zero entries in exactly the same positions. Moreover, we see that the coordinates of the first
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non-zero entry in a given column of Q̃ are the same as the coordinates of the first non-zero entry

in the corresponding column of Q. For the i-th column, these entries are called q∗,i and q̃∗,i, and

by hypothesis, both are positive. Since q∗,i = Q̃∗,M,i = q̃∗,imii, this implies that mii = 1 for every

1 ≤ i ≤ n, so M is the identity matrix and uniqueness holds.

The proof of the uniqueness of the real Schur decomposition provided by Proposition 4.5.3

relies on the assumption that the eigenvalues of the matrix A are distinct. The purpose of the

following definition and lemma is to show that this assumption holds with probability one for a

random matrix whose entries are absolutely continuous with respect to the Lebesgue measure.

Definition 4.5.4. Define the power sum symmetric polynomials in the n variables x1, . . . , xn

as

pj(x1, . . . , xn) =

n∑
i=1

xji

for j ≥ 0.

Lemma 4.5.5. Let A be an n-by-n random matrix whose entries are independent and absolutely

continuous with respect to the Lebesgue measure. The probability that A has repeated eigenvalues

is zero.

Proof. Let the eigenvalues of A be given by λ1, . . . , λn, which are complex-valued random variables.

Then the product ∏
i ̸=j

(λi − λj)
2 (4.5)

is a symmetric polynomial in terms of the eigenvalues of A, which equals zero if and only if λi = λj

for some i ̸= j. By the discussion in Chapter 1, Section 1.2 in [136], we see that the symmetric

polynomial given by (4.5) can be expressed as a polynomial with rational coefficients in the power

sum symmetric polynomials p1(λ1, . . . , λn), . . . , pn(λ1, . . . , λn) via Newton’s identities (see page 8

of [136]). Since

tr(Ak) = λk1 + · · · + λkn
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is precisely the k-th power sum symmetric polynomial in the variables λ1, . . . , λn, we may write

∏
i ̸=j

(λi − λj)
2 = Q(tr(A), tr(A2), . . . , tr(An))

for some polynomial Q, which is not identically zero. To see that Q is not identically zero, note

that the equality must hold for all matrices A and consider a diagonal matrix where all entries are

unique.

From the trace identity

tr(Ak) =
∑

1≤i1,...,ik≤n
ai1i2ai2i3 . . . aiki1 ,

we see that the polynomial Q can be written as a polynomial in the entries of A. Thus,

∏
i ̸=j

(λi − λj)
2 = Q̃(a11, a12, . . . , ann),

where Q̃ is a polynomial that is also not identically zero, because

Q̃(a11, a12, . . . , ann) = Q(tr(A), tr(A2), . . . , tr(An)).

Since the entries ofA are independent, by Lemma 3.2.2, the probability that Q̃(a11, a12, . . . , ann) = 0

is zero, so the probability that
∏
i ̸=j(λi − λj)

2 = 0 is also zero. Hence, the probability that A has

a repeated eigenvalue is zero.

4.6 Probability of all real eigenvalues for 2-by-2 generalized bounded height

model ensemble random matrices

We now apply Edelman’s method to 2-by-2 matrices from the generalized bounded height

model ensemble, giving a proof of Theorem 4.1.1. The small matrix size allows us to explicitly

work out the algebra.

Proof of Theorem 4.1.1. Let αij < βij ∈ R for each 1 ≤ i, j ≤ n. Let

A =

a11 a12

a21 a22


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with jointly independent entries aij ∼ U(αij , βij), for 1 ≤ i, j ≤ n. Let A be the set of 2-by-2

matrices with entries aij in [αij , βij ] for each 1 ≤ i, j ≤ 2 which have exactly two real and distinct

eigenvalues. By Lemma 4.5.5, the probability that A has repeated eigenvalues is zero. Therefore,

the probability that A has all real eigenvalues is given by the probability that A ∈ A.

Let P(A) dA denote the joint probability density function for the random matrix A on the

space of 2-by-2 real matrices with respect to the Lebesgue measure on R4. When all entries of A

are independent, P(A) is simply the product of the pdf of each entry of A. In our case,

P(A) dA =

 ∏
1≤i,j≤2

1

(βij − αij)

 ∏
1≤i,j≤2

1{αij≤aij≤βij}(aij)

 dA

and the probability that A has all real and distinct eigenvalues is given by∫
A∈A

 ∏
1≤i,j≤2

1

(βij − αij)

 ∏
1≤i,j≤2

1{αij≤aij≤βij}(aij)

 dA. (4.6)

For A ∈ A, letting A = QRQT be decomposed into its unique real Schur decomposition given

by Proposition 4.5.3, this change of variables gives

∏
1≤i,j≤2

1{αij≤aij≤βij}(aij) =
∏

1≤i,j≤2

1{αij≤(QRQT )ij≤βij}((QRQ
T )ij).

This decomposition should be interpreted as a change of variables from the entries a11, a12, a21, a22

of A to the four new variables λ1, λ2, r, and q of R and Q, as defined in Definition 4.3.1. Here, λ1

and λ2 are the real eigenvalues of A, r ∈ R is the strictly upper triangular entry of R, and q ∈ R

is the single parameter which specifies the 2-by-2 orthogonal matrix Q. (We will see momentarily

that only one parameter is needed to specify a 2-by-2 orthogonal matrix with a given determinant.

Alternatively, one may immediately read this fact off of the chart provided on page 217 of [56].)

This decomposition is made unique by specifying that the first non-zero entry in every column of

Q is positive and that the eigenvalues of A are listed in decreasing order on the diagonal of R, as

according to Proposition 4.5.3.

Proposition 4.4.1 shows that the Jacobian of this change of variables is given by

|λ1 − λ2| drdqdλ1dλ2.



137

Therefore (4.6), and hence also the probability that A has exactly two real eigenvalues, equals∫
Ã

 ∏
1≤i,j≤2

1

(βij − αij)

 ∏
1≤i,j≤2

1{αij≤(QRQT )ij≤βij}((QRQ
T )ij)

 |λ1 − λ2| drdqdλ1dλ2, (4.7)

where Ã is the image of the region A under the map which changes variables according to the real

Schur decomposition. In order to find the region Ã, we must find the restrictions on the variables

q, r, λ1, and λ2 which ensure a unique Schur decomposition and which count each matrix in A

exactly once.

We now investigate the restrictions required by Proposition 4.5.3 which make the Schur

factorization unique for the 2-by-2 case. Any 2-by-2 orthogonal matrix

Q =

q11 q12

q21 q22


must satisfy the equations QQT = I and QTQ = I, i.e.,

q211 + q212 = 1

q221 + q222 = 1

q11q21 + q12q22 = 0

. (4.8)

A quick analysis shows that there are two possible types of matrices which satisfy equations (4.8).

Solving the equations and relabeling, we obtain

Q =

 q
√

1 − q2

−
√

1 − q2 q


or

Q =

 q
√

1 − q2√
1 − q2 −q

 .

Restricting 0 ≤ q ≤ 1 guarantees that the first row of Q is non-negative. If q = 0, we include only

the matrix

0 1

1 0

 due to the positivity requirements on the first non-zero entry of every column

of Q. Similarly, if q = 1, we include only the matrix

1 0

0 1

 .
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Thus, whenever A ∈ A has two real and distinct eigenvalues λ1 > λ2, Proposition 4.5.3 says

the Schur decomposition of A is uniquely specified by

R =

λ1 r

0 λ2


and exactly one of the matrices Q described above.

Now, assume that A ∈ A has real eigenvalues λ1 > λ2 and let A = QRQT be decomposed

into its unique real Schur decomposition. If

Q =

 q
√

1 − q2

−
√

1 − q2 q


for some 0 < q < 1, equating coefficients, we obtain the relationa11 a12

a21 a22

 =

 q
√

1 − q2

−
√

1 − q2 q


λ1 r

0 λ2


 q −

√
1 − q2√

1 − q2 q


which implies that 

a11 = (λ1 − λ2)q
2 + λ2 + rq

√
1 − q2

a12 = −(λ1 − λ2)q
√

1 − q2 + q2r

a21 = −(λ1 − λ2)q
√

1 − q2 − r + q2r

a22 = −(λ1 − λ2)q
2 + λ1 − rq

√
1 − q2

. (4.9)

Similarly, if

Q =

 q
√

1 − q2√
1 − q2 −q


for some 0 < q < 1, equating coefficients, we obtain the relationa11 a12

a21 a22

 =

 q
√

1 − q2√
1 − q2 −q


λ1 r

0 λ2


 q

√
1 − q2√

1 − q2 −q


which implies that
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

a11 = (λ1 − λ2)q
2 + λ2 + rq

√
1 − q2

a12 = (λ1 − λ2)q
√

1 − q2 − q2r

a21 = (λ1 − λ2)q
√

1 − q2 + r − q2r

a22 = −(λ1 − λ2)q
2 + λ1 − rq

√
1 − q2

. (4.10)

Notice the symmetry between the cases: the diagonal entries are equal, and the off-diagonal

entries are negatives of each other. This allows us to combine the conditions.

If q = 0, we obtain the relationa11 a12

a21 a22

 =

0 1

1 0


λ1 r

0 λ2


0 1

1 0


which implies that

a11 = λ2, a12 = 0, a21 = r, a22 = λ1.

Since P(a12 = 0) = 0, such a decomposition will not contribute to an integral over A ∈ A, so

we exclude the possibility that q = 0.

When q = 1, we obtain the relationa11 a12

a21 a22

 =

1 0

0 1


λ1 r

0 λ2


1 0

0 1


which implies that

a11 = λ1, a12 = r, a21 = 0, a22 = λ2.

Similarly, since P(a21 = 0) = 0, we exclude the possibility that q = 1.

Therefore, the above discussion tells us that when A ∈ A has two real eigenvalues λ1 > λ2

(and a12 ̸= 0, a21 ̸= 0, with happens with probability one), there exists a unique point (r, q), with

r ∈ R and q ∈ (0, 1), such that the entries a11, a12, a21, a22 and the variables λ1, λ2, r and q satisfy
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exactly one set of the equations (4.9) or (4.10). Define the subset of R4

B = {(λ1, λ2, r, q) | λ1 > λ2,

q ∈ (0, 1),

(λ1 − λ2)q
2 + λ2 + rq

√
1 − q2 ∈ (α11, β11),

(λ1 − λ2)q
√

1 − q2 + q2r ∈ (−β12,−α12) ∪ (α12, β12),

(λ1 − λ2)q
√

1 − q2 + r − q2r ∈ (−β21,−α21) ∪ (α21, β21),

− (λ1 − λ2)q
2 + λ1 − rq

√
1 − q2 ∈ (α22, β22)}.

Consider the map which sends a matrix A ∈ A (with a12 ̸= 0 and a21 ̸= 0) to its unique

Schur decomposition, where the eigenvalues on the diagonal of R are listed in decreasing order and

the first non-zero entry in each column of Q is positive. Proposition 4.5.3 shows that this map is

injective. To see that this map is surjective onto B, suppose that (λ1, λ2, r, q) ∈ B. Then letting

a11 = (λ1 − λ2)q
2 + λ2 + rq

√
1 − q2

a12 = (λ1 − λ2)q
√

1 − q2 − q2r

a21 = (λ1 − λ2)q
√

1 − q2 + r − q2r

a22 = −(λ1 − λ2)q
2 + λ1 − rq

√
1 − q2

gives us a matrix A ∈ A which maps to that point. Thus, B is the image of A under this map, and

therefore (4.7) equals∫
B

 ∏
1≤i,j≤2

1

(βij − αij)

 ∏
1≤i,j≤2

1{αij≤(QRQT )ij≤βij}((QRQ
T )ij)

 |λ1 − λ2| drdqdλ1dλ2.

This integral can be written as ∏
1≤i,j≤2

1

(βij − αij)

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
×

1{0<q<1}(q)1{λ1>λ2}(λ1, λ2)

 ∏
1≤i,j≤2

1{αij≤(QRQT )ij≤βij}((QRQ
T )ij)

 |λ1 − λ2| drdqdλ1dλ2.

(4.11)
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Recalling now that

Aλ1,λ2 = {(r, q) | q ∈ (0, 1),

(λ1 − λ2)q
2 + λ2 + rq

√
1 − q2 ∈ (α11, β11),

(λ1 − λ2)q
√

1 − q2 + q2r ∈ (−β12,−α12) ∪ (α12, β12),

(λ1 − λ2)q
√

1 − q2 + r − q2r ∈ (−β21,−α21) ∪ (α21, β21),

− (λ1 − λ2)q
2 + λ1 − rq

√
1 − q2 ∈ (α22, β22)},

we may rewrite (4.11) succinctly as ∏
1≤i≤j≤2

1

(βij − αij)

∫ ∞

−∞

∫ ∞

λ2

∫
Aλ1,λ2

|λ1 − λ2| drdqdλ1dλ2, (4.12)

proving Theorem 4.1.1.

Let the quantity in (4.12) be denoted by ρ2. If ρ2 ̸= 0, the joint density of the eigenvalues

for the 2-by-2 generalized bounded height model random matrices, given that both eigenvalues are

real, is given by

ρ(λ1, λ2) =
1

2ρ2

 ∏
1≤i≤j≤2

1

(βij − αij)

∫
Aλ1,λ2

|λ1 − λ2| drdq,

where ρ2 is the normalization constant and the factor of 1/2 removes the ordering of the eigenvalues.

The probability given by (4.12) is very hard to calculate, even in so-called nice cases like

when α11 = α12 = α21 = α22 = 0 and β11 = β12 = β21 = β22 = 1, which will be explored in

Chapter 5.

4.7 Probability of all real eigenvalues for n-by-n generalized bounded height

model random matrices

Again letting αij < βij for all 1 ≤ i, j ≤ n, we now apply Edelman’s method to the n-by-n

matrices from the generalized bounded height model ensemble, giving a proof of Theorem 4.1.2.
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Proof of Theorem 4.1.2. Let A be the set of n-by-n matrices with entries aij in [αij , βij ] for each

1 ≤ i, j ≤ n which have exactly n real and distinct eigenvalues. By Lemma 4.5.5, the probability

that A has repeated eigenvalues is zero. Therefore, the probability that A has all real eigenvalues

is given by the probability that A ∈ A.

Let P(A) dA denote joint probability density function for the random matrix A on the space

of n-by-n real matrices with respect to the Lebesgue measure on Rn2
. Since the entries of the

matrix A are independent, we have

P(A) dA =

 ∏
1≤i,j≤n

1

(βij − αij)

 ∏
1≤i,j≤n

1{αij≤aij≤βij}(aij)

 dA

and the probability that A has all real and distinct eigenvalues is given by∫
A∈A

 ∏
1≤i,j≤n

1

(βij − αij)

 ∏
1≤i,j≤n

1{αij≤aij≤βij}(aij)

 dA. (4.13)

For A ∈ A, letting QRQT be decomposed into its unique real Schur decomposition given by

Proposition 4.5.3, this change of variables gives ∏
1≤i,j≤n

1{αij≤aij≤βij}(aij)

 = 1{αij≤(QRQT )ij≤βij}((QRQ
T )ij).

This decomposition, as defined in Definition 4.3.1, should be interpreted as a change of

variables from the n2 entries a11, . . . , ann of A to the n2 new variables given by the n real eigenvalues

λ1, . . . , λn of A, the n(n − 1)/2 real strictly upper triangular entries r12, . . . , rn−1,n of R, and the

n(n − 1)/2 angular parameters θ12, . . . , θn−1,n, each contained in [0, 2π), of the orthogonal matrix

Q. (We will see momentarily that this provides a correct count and characterization of the new

variables. Alternatively, one may immediately read this fact off of the chart provided on page 217

of [56].) This decomposition is made unique by specifying that the first non-zero entry in every

column of Q is positive and that the eigenvalues of A are listed in decreasing order on the diagonal

of R, as according to Proposition 4.5.3.

Proposition 4.4.1 shows that the Jacobian of this change of variables is given by

∏
1≤i<j≤n

|λi − λj | (dR̃)(QTdQ)dλ1 . . . dλn,
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where we recall that (dR̃) is the wedge product over the strictly upper triangular elements of R and

(QTdQ) denotes the wedge product over the 1
2n(n− 1) independent elements of the antisymmetric

matrix QTdQ, and λ1, . . . , λn are the real eigenvalues of A. Therefore (4.13), and hence also the

probability that A has all real eigenvalues, equals

∫
Ã

 ∏
1≤i,j≤n

1

(βij − αij)

×

 ∏
1≤i,j≤n

1{αij≤(QRQT )ij≤βij}((QRQ
T )ij)

 ∏
1≤i<j≤n

|λi − λj | (dR̃)(QTdQ)dλ1 . . . dλn, (4.14)

where Ã is the image of the region A under the map which changes variables according to the real

Schur decomposition. In order to find the region Ã, we must find restrictions on the variables in R̃,

Q, and λ1, . . . , λn, which ensure a unique real Schur decomposition and which count each matrix

in A exactly once.

We now investigate the restrictions required by Proposition 4.5.3 which make the real Schur

factorization unique for the the n-by-n case. We begin by considering any n-by-n orthogonal matrix

Q given by

Q =


q11 · · · q1n

...
. . .

...

qn1 · · · qnn

 .

For each 1 ≤ j ≤ n, let q∗j denote the first non-zero entry in the j-th column of Q. Due to positivity

and orthogonality requirements, the entries of Q must satisfy the equations

q∗j > 0 1 ≤ j ≤ n

∑n
j=1 q

2
ij = 1 1 ≤ i ≤ n

∑
1≤k≤n qikqjk = 0 1 ≤ i ̸= j ≤ n.

In [135], Raffenetti and Ruedenberg give a recurrence relation which constructs a general n-by-n

orthogonal matrix, which we will refer to as the Raffenetti and Ruedenberg algorithm. For

1 ≤ i ̸= j ≤ n, they define the matrix Aij as the matrix with cos(θij) as the diagonal entries in the
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ith and jth columns, with sin(θij) as the ij entry and with − sin(θij) as the ji entry. Here, each

θij is an angular parameter contained in [0, 2π). All other diagonal entries of the matrix are 1, and

all other off-diagonal entries of the matrix are 0. They then give the sequence

Q = Q(n)

Q(i) = A(i)t(i), i = 2, 3, . . . , n

t(i) =

 Q(i−1) 0

0 1

 , i = 2, 3, . . . , n

A(i) = Ai−1,i · · ·A2,iA1,i, i = 2, 3, . . . , n

Q(1) = ±1

where letting Q(1) = 1 gives n-by-n orthogonal matrix with determinant 1 and letting Q(1) = −1

gives n-by-n orthogonal matrix with determinant −1. We read off that this orthogonal matrix is

given by the 1
2n(n− 1) independent angular parameters, each contained in [0, 2π),

Θ = {θ12, θ13, . . . , θ1n, θ23, . . . θ2n, . . . , θn−1,n}.

This construction gives only an orthogonal matrix with the specified size and determinant, and

does not make specific entries positive; we will address this by specifying the appropriate region of

integration.

Let Q be parameterized as according to the algorithm, and let

R =



λ1 r12 · · · r1n

. . .
. . .

...

. . . rn−1,n

λn


.

Let

Θ = {θ12, θ13, . . . , θ1n, θ23, . . . θ2n, . . . , θn−1,n},

where each angular parameter in Θ is contained in [0, 2π), and let

ρ = {r12, r13, . . . , r1n, r23, . . . r2n, . . . , rn−1,n}.
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Therefore, for any A ∈ A with real and distinct eigenvalues λ1 > · · · > λn, the uniqueness of

the real Schur decomposition given in Proposition 4.5.3 tells us that there exists exactly one

point (r12, r13, . . . , r1n, r23, . . . r2n, . . . , rn−1,n, θ12, θ13, . . . , θ1n, θ23, . . . θ2n, . . . , θn−1,n) ∈ (ρ,Θ) sat-

isfying the equations Q∗j > 0 for 1 ≤ j ≤ n, QTQ = In, and aij = (QRQT )ij for 1 ≤ i, j ≤ n.

Define the subset of Rn2

B = {(λ1, . . . , λn, ρ,Θ) | λ1 > · · · > λn

Q∗j > 0 for 1 ≤ j ≤ n,

QTQ = In, (4.15)

αij < (QRQT )ij < βij for 1 ≤ i, j ≤ n}.

Consider the map which sends a matrix A ∈ A to its unique Schur decomposition, where

the eigenvalues on the diagonal of R are listed in decreasing order and the first non-zero entry in

each column of Q is positive. Proposition 4.5.3 shows that this map is injective. To see that this

map is surjective onto B, suppose that (λ1, . . . , λn, ρ,Θ) ∈ B. Letting aij = (QRQT )ij for each

1 ≤ i, j ≤ n gives us a matrix A ∈ A which maps to that point. Thus, B is the image of A under

this map, and therefore (4.14) equals

∫
B

 ∏
1≤i,j≤n

1

(βij − αij)

×

 ∏
1≤i,j≤n

1{αij≤(QRQT )ij≤βij}((QRQ
T )ij)

 ∏
1≤i<j≤n

|λi − λj | (dR̃)(QTdQ)dλ1 . . . dλn.

This integral can be written as ∏
1≤i,j≤n

1

(βij − αij)

∫ ∞

−∞
· · ·
∫ ∞

−∞

∏
1≤j≤n

1{Q∗j>0}(θ12, . . . , θn−1,n)1{QTQ=In}(θ12, . . . , θn−1,n)

× 1{λ1>···>λn}(λ1, . . . , λn)

 ∏
1≤i,j≤2

1{αij≤(QRQT )ij≤βij}((QRQ
T )ij)

 (4.16)

×
∏

1≤i,j≤n
|λi − λj | (dR̃)(QTdQ)dλ1 . . . dλn.
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For any real λ1, . . . , λn, recalling now that

Aλ1,...,λn = {(ρ,Θ) | Q∗j > 0 for 1 ≤ j ≤ n,

QTQ = In,

αij < (QRQT )ij < βij for 1 ≤ i, j ≤ n},

we may rewrite (4.16) as

 ∏
1≤i≤j≤n

1

(βij − αij)

∫ ∞

−∞

∫ ∞

λn−1

· · ·
∫ ∞

λ2

∫
Aλ1,...,λn

∏
1≤i<j≤n

|λi − λj | (dR̃)(QTdQ)dλ1 . . . dλn,

proving Theorem 4.1.2.



Chapter 5

Eigenvalues and fluctuations of perturbations of large box model random

matrices

5.1 Introduction and main results

This chapter begins with a section which presents an example showing that, under mild

assumptions on the iid matrix entries, the expected characteristic polynomial of a matrix A has

all real roots. Does this mean that we should expect A to have all real eigenvalues with high

probability? Unfortunately not. In fact, Figure 5.1 provides an illustration of the eigenvalues of

integer matrices. We can see that most of the eigenvalues appear to not be real.

After introducing some preliminary results and tools in Section 5.3, the rest of the chapter

investigates the eigenvalues of generalized large box model random matrices.

In Section 5.4, we let αij < βij ∈ R for each 1 ≤ i, j ≤ n and consider the random matrices

whose entries are uniformly distributed on [αijN, βijN ]∩Z and jointly independent, as N → ∞. We

will see that when scaled appropriately, the empirical spectral measure of these matrices converges

weakly in distribution to the empirical spectral measure of the random matrices whose entries are

uniformly distributed on the continuous interval [αij , βij ] for 1 ≤ i, j ≤ n and jointly independent.

This gives a kind of equivalence between these types of matrices, allowing us to work with the

continuously distributed entries when necessary. This result is contained in the following main

theorem.

Theorem 5.1.1. For each 1 ≤ i, j ≤ n, let αij < βij ∈ R. Let A be an n-by-n random matrix with

entries that are uniformly distributed on [αijN, βijN ] ∩ Z for 1 ≤ i, j ≤ n and jointly independent.
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Figure 5.1: The top left figure shows the eigenvalues of 1000 3-by-3 random matrices with entries
uniformly distributed on [0, 1015]∩Z and scaled by 1015. The top right figure shows the eigenvalues
of 1000 6-by-6 random matrices with entries uniformly distributed on [0, 1015] ∩ Z, scaled by 1015.
The bottom left figure shows the eigenvalues of 1000 3-by-3 random matrices with entries uniformly
distributed on [−1015, 1015] ∩Z and scaled by 1015. The bottom right figure shows the eigenvalues
of 1000 6-by-6 random matrices with entries uniformly distributed on [−1015, 1015] ∩ Z, scaled by
1015.

Let B be an n-by-n random matrix with entries that are uniformly distributed on [αij , βij ] for

1 ≤ i, j ≤ n and jointly independent. As N → ∞, for 0 ≤ k ≤ n, the probability that A has exactly

k real eigenvalues converges to the probability that B has exactly k real eigenvalues. Moreover,

the empirical spectral measure of A/N converges weakly in distribution to the empirical spectral

measure of B. Finally, the joint distribution of the eigenvalues of A/N converges in distribution to

the joint distribution of the eigenvalues of B.

Theorem 5.1.1 is illustrated in Figure 5.2.
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Figure 5.2: These images demonstrate Theorem 5.1.1. The left image shows the eigenvalues of 5000
6-by-6 random matrices with entries independently and uniformly distributed on [0, 1015] ∩ Z and
scaled by 1015. The right image shows the eigenvalues of 5000 6-by-6 random matrices with entries
independently and uniformly distributed on (0, 1).

In Section 5.5, we consider what happens to the eigenvalues of an n-by-n random matrix

A with entries independently and uniformly distributed on the integers [−N,N ] when perturbed

by another matrix P whose entries are all µN , as N → ∞. We consider the three cases where

µN/N → ∞, µN/N → 0, and µN/N → c, for c ∈ R. In general, we will see that if we add very

large perturbations, the eigenvalues of A+P
µN

converge almost surely to the eigenvalues of the n-by-n

all ones matrix Jn. If we add very small perturbations, the empirical spectral measure of A+P
N

converges weakly almost surely to the empirical spectral measure the n-by-n matrix whose entries

are iid and uniformly distributed on [−1, 1]. If we add a perturbation of just the right size, we

see that the resulting spectral measure has exactly one outlier. We have the following three main

results.

Theorem 5.1.2. Let A be an n-by-n random matrix whose entries are independently and uniformly

distributed on [−N,N ] ∩ Z. Let P be the perturbation matrix whose entries are all µN ∈ R, with

limN→∞
µN
N = ∞. Normalizing the eigenvalues of A+P by µN , we have that as N → ∞, the largest

eigenvalue (in magnitude) of (A + P )/µN is real with probability tending to one and converges to

n almost surely. As N → ∞, all other eigenvalues of (A+ P )/µN converge to 0 almost surely.
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Theorem 5.1.3. Let A be an n-by-n random matrix whose entries are independently and uni-

formly distributed on [−N,N ]∩Z. Let P be the perturbation matrix whose entries are all µN , with

limN→∞
µN
N = 0. Then the empirical spectral measures of A/N and (A+P )/N both converge weakly

in distribution to the empirical spectral measure of the matrix whose entries are iid and uniformly

distributed on [−1, 1]. Moreover, the joint distribution of eigenvalues of A/N and (A+ P )/N both

converge in distribution to the joint distribution of eigenvalues of the matrix whose entries are iid

and uniformly distributed on [−1, 1].

Theorem 5.1.3 is illustrated in Figure 5.3.

Figure 5.3: The image on the left illustrates Theorem 5.1.3. The blue dots represent the eigen-
values of fifty 4-by-4 random matrices with entries independently and uniformly distributed on
[−1015, 1015] ∩ Z, and scaled by 1015. The red crosses represent the eigenvalues of the same fifty

matrices, but with every entry perturbed by
√

1015 and also scaled by 1015 For reference, the blue
dots in the image on the right represent the eigenvalues of fifty 4-by-4 random matrices with entries
independently and uniformly distributed on [−1, 1].

Theorem 5.1.4. Let A be an n-by-n random matrix whose entries are independently and uniformly

distributed on [−N,N ] ∩ Z. Let c > 0, and let B be the n-by-n random matrix whose entries are

independently and uniformly distributed on [−1 + c, 1 + c]. Let P be the perturbation matrix whose
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entries are all µN , with limN→∞
µN
N = c. Then as N → ∞, the empirical spectral measure of

(A+ P )/N converges weakly in distribution to the empirical spectral measure of B.

Remark 5.1.5. When limN→∞
µN
N = −∞ or when limN→∞

µN
N = c with c < 0, the theorems above

hold with minor adjustments.

In each of Theorems 5.1.2, 5.1.3, and 5.1.4, the matrix P whose entries are all µN can be

expressed as P = µN11
T , where 1T = (1, 1, . . . , 1) is a row vector of length n. Letting Jn be the

n-by-n matrix of all ones, we can also express this as P = µNJn. Observe that the rank, or number

of independent rows, of P is one. Adding P to the matrix A (which has iid entries uniformly

distributed on [−N,N ] ∩ Z and jointly independent) is therefore an example of an additive rank

one perturbation of A.

In 2013, Tao [153] studies outlier eigenvalues created by low rank additive perturbations

to certain iid matrices. Tao reminds the readers of the circular law, which he uses along with a

finite fourth moment assumption on the matrix entries and a truncation argument to quickly prove

asymptotic results regarding the spectral radius and operator norm of the normalized (unperturbed)

iid matrix. Essentially, these results show that as the matrix size tends to infinity, the iid random

matrices considered by Tao do not have eigenvalues outside of the unit circle with high probability.

This is stated precisely in the following theorem.

Theorem 5.1.6 (Theorems 1.3 and 1.4 in [153]). Let Xn be an n-by-n iid random matrix, with

complex entries that are normalized to have mean zero and variance one. Then as n→ ∞, µ 1√
n
Xn

converges almost surely to the circular measure µc, where dµc = 1
π1|z|≤1dz. Additionally, if the

entries of Xn have finite fourth moment, then as n → ∞, ρ
(

1√
n
Xn

)
converges to 1 almost surely

and for any finite m ≥ 1, ∥( 1√
n
Xn)m∥op converges to m+ 1 almost surely.

Now, let Xn be an n-by-n iid random matrix, with complex entries that have mean zero,

variance one, and finite fourth moment. With the asymptotic behavior of the eigenvalues of 1√
n
Xn

established, Tao considers an n-by-n deterministic perturbation matrix Pn, which has both rank

and operator norm O(1). He shows that if Pn has eigenvalues which are sufficiently far enough
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away from the unit disk, then as the matrix size tends to infinity, the matrix 1√
n
Xn + Pn has the

same number of outlier eigenvalues as Pn, and they are within distance o(1) of the corresponding

eigenvalues of Pn. The exact statement of this theorem was given earlier, as Theorem 1.3.13.

Theorem 5.1.2 shows that when limN→∞
µN
N = ∞, the largest eigenvalue of (A + P )/µN =

A/µN +Jn tends to n, which is the largest eigenvalue of the matrix of Jn, almost surely as N → ∞.

Observe that the eigenvalues of Jn are n (with multiplicity one) and 0 (with multiplicity n − 1),

and that Jn has rank one and operator norm n. The hypothesis of our theorem is quite different

from Tao’s; our atom distribution is very specific and is not normalized to have unit variance, and

the dimension n of our matrices stay fixed while Tao takes n to infinity. But interestingly, although

Tao’s theorem is not directly applicable to our situation, it still accurately predicts the asymptotic

location of the outlier eigenvalue of A/µN + Jn.

While Tao’s result is much more general in the sense that it holds for perturbations of higher

rank and for broader classes of atom distributions, our result is useful because it holds for every

matrix dimension n. Theorem 5.1.2 is proven by applying Rouché’s theorem to appropriately

chosen circles around the roots of the characteristic polynomial of (A+P )/µN and the roots of the

characteristic polynomial of the all ones matrix. Tao proves Theorem 1.7 by using the following

eigenvalue criterion.

Theorem 5.1.7 (Eigenvalue criterion, Lemma 2.1 in [153]). Let z be a complex number that is not

an eigenvalue of 1√
n
Xn. Then z is an eigenvalue of 1√

n
Xn + Pn if and only if

det

(
I +Bn

(
1√
n
Xn − z

)−1

Cn

)
= 0,

where Pn = CnBn.

After applying the eigenvalue criterion, he applies Rouché’s theorem to the functions

f(z) = det

(
I +Bn

(
1√
n
Xn − z

)−1

Cn

)

and

g(z) = det
(
I +Bn (−z)−1Cn

)
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to conclude the proof.

While this machinery was not necessary for the proof of Theorem 5.1.2, it was precisely these

techniques that made it possible for us to investigate the fluctuations of the largest eigenvalues of

rank one perturbations of large box model random matrices, discussed in Section 5.6, and lead to

a proof of the following theorem.

Theorem 5.1.8. Let A be an n-by-n random matrix with entries independently and uniformly

distributed on [−N,N ] ∩ Z. Let P be the perturbation matrix whose entries are all µN , with

limN→∞
µN
N = ∞. Let λmax denote the largest, in magnitude, eigenvalue of A + P . Then as

N → ∞,

λmax − nµN
nN

d
=⇒
∑n

j=1

∑n
i=1Xij

n2
,

where Xij are independently and uniformly distributed on (−1, 1) for 1 ≤ i, j ≤ n.

Here, when α < β ∈ R and Xi ∼ U(α, β) for 1 ≤ i ≤ n are jointly independent, the continuous

probability distribution defined by

X =
1

n

n∑
i=1

Xi

is known as the Bates distribution [12]. In other words, Theorem 5.1.8 shows that when

limN→∞
µN
N = ∞, the centered and scaled largest eigenvalue (in magnitude) of A+P converges in

distribution to the Bates distribution with n2 parameters.

Rajagopalan [137] expanded on Tao’s work in [153] by examining the fluctuations of the

outlier eigenvalues that result from additive perturbations. Under assumptions similar to Tao’s,

Rajagopalan let Xn be an n-by-n iid complex random matrix whose entries have mean zero and

variance one. Let Pn be a perturbation matrix with rank and operator norm bounded by O(1). For

a fixed ϵ > 0, Rajagopalan also assumes between 4 + ϵ and 8 + ϵ bounded moments for the atom

distribution of Xn, depending on the eigenvectors of the perturbation matrix. Let λmax denote the

largest (in magnitude) eigenvalue of Xn/
√
n+ Pn.

In the special case where the perturbation matrix is given by

PN =
µN
N

(
1√
n
1

)(
1√
n
1

)T
,
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where |µN/N | > 1 and 4 + ϵ bounded moments for X11 are assumed, Rajagopalan shows as a

discussion to his main theorem that as n → ∞, the normalized fluctuation
√
n(λmax − µN/N)

converges in distribution to a complex Gaussian g with mean zero, Eg2 =
|µN/N |2EX2

11

|µN/N |2−EX2
11

, and

E|g|2 = |µN/N |2
|µN/N |2−1

.

As before with our comparison to Tao, the entries of our matrix Xn do not have variance

one, and we are not considering the limit as the matrix dimension tends to infinity. On the

contrary, our result for finite dimension n in this case looks quite different than Rajagopalan’s for

limiting n: Theorem 5.1.8 says when the random matrix A is drawn from the large box model

and P = µN11
T with limN→∞

µN
N = ∞, the fluctuation of the largest eigenvalue λmax of A + P

given by 1
n (λmax/N − nµN/N) converges in distribution

∑n
j=1

∑n
i=1Xij

n2 , where each Xij ∼ U(−1, 1)

is iid and jointly independent, as N → ∞. Of course, we note that as n → ∞, the central limit

theorem (see for instance Theorem 3.4.1 in [48]) says that when the iid random variables Xij are

uniformly distributed on [−
√

3,
√

3] (so that they are normalized to have variance one) and jointly

independent, then
∑n

i=1

∑n
j=1Xij

n converges in distribution to a standard Gaussian.

Of course, Rajagopalan’s main theorem is much more general than ours, able to handle

perturbations of rank O(1), rather than just rank one. However, his theorem only applies as

n→ ∞, and it is interesting to see that for large box model random matrices and for finite n, the

limiting distribution is in terms a Bates distribution, rather than a Gaussian distribution.

In another special case of his main theorem, Rajagopalan provides another example for

rank one perturbations. Let |θ| > 1 and let Pn be the perturbation matrix whose (1, 1) entry

is θ and all other entries are zero. Assume 8 + ϵ bounded moments for the atom distribution

X11. Observe that θ is the only non-zero eigenvalue of Pn. Let λmax be the largest eigenvalue of

Xn/
√
n + Pn. Rajagopalan finds that as n → ∞, the centered and properly normalized outlier

fluctuations converge in distribution to X11 + g, where g is a complex Gaussian with E(g) =

0,E(g2) = 0, and where E(|g|2) has the distribution of complex Gaussian random variable with

mean zero and variance 1
|θ|2−1

. While we did not consider perturbations of this kind, we suspect

it would be possible to apply the proof methods of this thesis to this case as well, yielding more
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information about eigenvalue fluctuations for finite n.

The proof of Rajagopalan’s main result relies on the Lidskii-Vishik-Lyusternik theorem, which

he states in Appendix A. This theorem provides an algorithm for finding the spectrum and fluc-

tuations of the eigenvalues of an n-by-n deterministic matrix when perturbed by a sequence of

perturbation matrices whose entries are all bounded by o(1).

Another very recent finding regarding eigenvalue fluctuations is one by Banerjee, Mukherjee,

and Pal [10], who considered the largest eigenvalue of symmetric random matrices Xn where the

entries are standard Gaussians which also satisfy sup(i,j) ̸=(i′,j′)

∣∣E[XijXi′j′ ]
∣∣ = O(n−(1+ϵ)), for any

ϵ > 0. As the matrix size tends to infinity, they prove that the largest eigenvalue of Xn/
√
n

converges to 2 almost surely by considering the formula

tr[(n−1/2Xn)k] =
1

nk/2

∑
i1,i2,...,ik

Xi1i2 . . . Xik,i1 ,

and giving a combinatorial argument which counts these powers. They then use Wick’s formula

which calculates E(X1X2 · · ·Xk) to bound E(tr[n−1/2Xn)k]), and then apply Markov’s inequality

to bound the probability that the largest eigenvalue of Xn/
√
n is greater than 2+ν, for some ν > 0.

Summing over the contribution from the trace powers, they complete the proof by an application

of the Borel-Cantelli lemma.

Recalling that sup(i,j)̸=(i′,j′)

∣∣E[XijXi′j′ ]
∣∣ = O(n−(1+ϵ)), when ϵ ≥ 1, Banerjee, Mukherjee,

and Pal also consider perturbations of the form Pn = λ√
n
11

T , where λ ≫ n1/4. In this case, they

find that the properly normalized largest eigenvalue fluctuation converges in distribution to
√

2Z,

where Z ∼ N(0, 1). They accomplish this by first finding another representation of the largest

eigenvalue, and then by showing that as n→ ∞, 1
n

∑
1≤i,j≤nXij has a Gaussian distribution with

variance 2. Although we did not consider symmetric matrices with Gaussian entries or let our

matrix dimension n tend to infinity, it is interesting to us that in yet another case, the normalized

largest eigenvalue converges to an integer almost surely as n→ ∞, and that the properly normalized

fluctuations tend to a Gaussian random variable, as in the result of Rajagopalan.
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5.2 Expectation of characteristic polynomial for matrix with iid entries

We begin with an example that suggests it may be reasonable to assume that a random

matrix with particularly nice entries has a high probability, or even probability one, of having all

real eigenvalues.

Let In denote the n-by-n identity matrix. Recall that the characteristic polynomial of a

matrix A ∈Mn(C) is given by

pA(t) = det(tIn −A).

Consider a random matrix A ∈Mn(R) with independent and identically distributed entries.

We show that the deterministic polynomial whose coefficients are given by the expected value of

the coefficients of the characteristic polynomial of A has all real roots.

We begin by introducing principal minors, the sums of which will comprise the coefficients

of the characteristic polynomials. The following definition is due to Horn [79].

Definition 5.2.1 (See Section 0.7.1 in [79]). Let A ∈ Mn(R). For index sets α ⊆ {1, . . . , n} and

β ⊆ {1, . . . , n} we denote by A[α, β] the submatrix of entries that lie in the rows of A indexed by α

and the columns indexed by β. If α = β, A[α, α] is a principal submatrix of A. The determinant

of a principal submatrix of A is a principal minor of A.

Let Ek(A) denote the sum of the principal minors of A of size k. Since a principal submatrix

of size k is formed by keeping the same k rows and k columns of the original matrix A, and there are

exactly
(
n
k

)
possible ways to choose the rows (and hence also the columns), there are

(
n
k

)
principal

minors of A of size k.

The characteristic polynomial of A can be written as

pA(t) = tn − E1(A)tn−1 + · · · + (−1)n−1En−1(A)t+ (−1)nEn(A), (5.1)

for instance, see (1.2.13) in [79].

Theorem 5.2.2. Suppose that for 1 ≤ i, j ≤ n, the entries aij of A ∈ Mn(R) are independently

and identically distributed with E|a11| <∞. Suppose further that the mean of each entry is µ ∈ R.
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Then

E(pA(t)) : = E(det(tI −A))

= tn − E(E1(A))tn−1 + · · · + (−1)n−1E(En−1(A))t+ (−1)nE(En(A))

= tn − nµtn−1.

In particular, the deterministic polynomial E(pA(t)) has all real roots.

Proof. Observe that E1(A) is the sum of all principal minors of size one of A. This is the sum of

all entries that lie in the k-th row and k-th column of A, for each 1 ≤ k ≤ n. This is simply the

trace of A. We have

E(tr(A)) = E

(
n∑
i=1

aii

)

=

n∑
i=1

E(aii)

= nµ

by the linearity of expectation and since each entry of A has mean µ.

Now consider the expected value of Ek(A), for each 1 < k ≤ n. For k = 2, we know that

E2(A) is the sum of the
(
n
2

)
determinants of the 2-by-2 principal submatrices of A. The determinant

of each 2-by-2 submatrix of A (and hence also the principal minors of A of size 2) can be written

as

det

aij aik

alj alk

 = aijalk − aljaik,

for some 1 ≤ i < l ≤ n and 1 ≤ j < k ≤ n. By linearity of expectation, the independence of the

entries of A, and the fact that the identically distributed entries satisfy E|a11| < ∞, we compute

by Theorem 2.1.13 in [48] that

E (aijalk − aljaik) = E(aij)E(alk) − E(alj)E(aik)

= µ2 − µ2

= 0.
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This shows that the expected value of the determinant of each 2-by-2 submatrix of A is zero. In

particular, the expected value of each of the
(
n
2

)
principal minors in the sum of E2(A) is zero. From

this and the linearity of expectation, we conclude that E(E2(A)) = 0 as well.

We now proceed by induction to show that the remaining coefficients of E(pA(t)) are zero.

Assume k ≥ 2, and let our inductive hypothesis be that the expected value of the determinant of

every k-by-k submatrix of A is zero. In particular, this means that the
(
n
k

)
summands that comprise

Ek(A) have expectation zero, implying that E(Ek(A)) = 0 for k. Now consider E(Ek+1(A)). Every

principal minor in the sum of Ek+1(A) is a determinant of a (k+ 1)-by-(k+ 1) submatrix of A. For

the determinant of any (k+ 1)-by-(k+ 1) submatrix of A, consider the cofactor expansion along its

first row. Each cofactor in this determinant is multiplied by the determinant of a k-by-k submatrix

of A, which has an expectation of zero by our inductive hypothesis. By Theorem 2.1.13 in [48],

the expectation of the product of the cofactor and the k-by-k determinant also has an expected

value of zero. Since this is true for every cofactor appearing in the first row, the expectation of

this summand is zero. Hence, by the principle of mathematical induction, the expected value of

the determinant of every (k + 1)-by-(k + 1) submatrix of A if zero. In particular, the expectation

of Ek+1(A) is also zero.

This shows that

E(pA(t)) = tn − nµtn−1.

Factoring this polynomial into

tn−1(t− nµ),

we see that it has a root at nµ with multiplicity one, and a root at 0 with multiplicity n−1. These

roots, and hence the eigenvalues of A, are clearly all real.

Consider now the special case where each entry of the n-by-n matrix A is independently and

uniformly distributed on [−N,N ] ∩ Z. Then for every fixed N ,

E(pA(t)) = tn,
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so therefore

lim
N→∞

E(pA(t)) = tn

as well, perhaps suggesting a high number of real eigenvalues. Unfortunately, we will see in our

investigation that it is highly unusual for a matrix, even with iid integral entries, to have all real

eigenvalues.

5.3 Definitions and preliminary results

This section contains all definitions, tools, and lemmas needed to prove the main theorems.

Definition 5.3.1 (Chapter 5, Section 5.6 in [79]). A function ∥·∥ : Mn(C) → R is a matrix norm

if, for all A,B ∈Mn(C), it satisfies the following five axioms:

(1) ∥A∥ ≥ 0

(2) ∥A∥ = 0 if and only if A = 0

(3) ∥cA∥ = |c|∥A∥ for all c ∈ C

(4) ∥A+B∥ ≤ ∥A∥ + ∥B∥

(5) ∥AB∥ ≤ ∥A∥∥B∥ .

Not all authors require a matrix norm to satisfy the submultiplicativity condition above,

but we have decided to adopt Horn’s convention. We will need the following two definitions, both

from [79], for bounds in our proofs.

Definition 5.3.2. The maximum magnitude of matrix entries ∥ · ∥max is defined on Mn(C)

by

∥A∥max = max
1≤i,j≤n

|aij |.

We do not consider it a matrix norm because it is not submultiplicative.
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Definition 5.3.3. The maximum column sum matrix norm ∥ · ∥1 is defined on Mn(C) by

∥A∥1 = max
1≤j≤n

n∑
i=1

|aij |.

Example 5.6.4 in [79] shows that this is indeed submultiplicative, and therefore also a matrix norm.

The following lemma is used to bound the differences of the coefficients of the characteristic

polynomials of two matrices of the same size. It is similar to Lemma 12 in [127], which establishes

a slightly different bound for | det(R) − det(S)|, where R an S are n-by-n matrices.

Lemma 5.3.4. Let R and S be n-by-n matrices. Then for any 1 ≤ k ≤ n,

|Ek(R) − Ek(S)| ≤ n!

(n− k)!
∥R− S∥max (∥R∥max + ∥S∥max)k−1 .

Proof. We will proceed by induction. For k = 1, we have that

E1(R) = tr(R) = R11 + · · · +Rnn

and

E1(S) = tr(S) = S11 + · · · + Snn.

From the triangle inequality, it follows that

|E1(R) − E1(S)| = |R11 − S11 + · · · +Rnn − Snn|

≤
n∑
i=1

|Rii − Sii|

≤ n∥R− S∥max.

We will also show all of the details for the k = 2 case. This will help the reader understand

the origin of the formula in the general case. Observe that E2(R) is the sum of
(
n
2

)
principal minors

of size two. Each one of these principal minors has the form

(Ri1j1Ri2j2 −Ri1j2Ri2j1)
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for some 1 ≤ i1 < i2 ≤ n and 1 ≤ j1 < j2 ≤ n. From here, we see that every summand of

|E2(R) − E2(S)| has the form

|(Ri1j1Ri2j2 − Si1j1Si2j2) + (Si1j2Si2j1 −Ri1j2Ri2j1)|

which we may bound above with the triangle inequality by

|Ri1j1Ri2j2 − Si1j1Si2j2 | + |Si1j2Si2j1 −Ri1j2Ri2j1 | . (5.2)

Consider the first summand in (5.2). We add and subtract the same term to obtain the bound

|Ri1j1Ri2j2 − Si1j1Si2j2 |

= |Ri1j1Ri2j2 −Ri1j1Si2j2 +Ri1j1Si2j2 − Si1j1Si2j2 |

≤ |Ri1j1 (Ri2j2 − Si2j2)| + |(Ri1j1 − Si1j1)Si2j2 |

≤ ∥R∥max∥R− S∥max + ∥R− S∥max∥S∥max.

By symmetry, this shows that an upper bound for (5.2) is

2∥R− S∥max (∥R∥max + ∥S∥max) .

Since there are
(
n
2

)
total terms in |E2(R) −E2(S)| that have the form of (5.2), altogether we have

the bound

|E2(R) − E2(S)| ≤ n!

(n− 2)!
∥R− S∥max (∥R∥max + ∥S∥max) .

Now consider |Ek(R) − Ek(S)| for 2 ≤ k < n. We know that each principal minor of size k

of R is a determinant of a k-by-k submatrix of R. Using sigma notation where Sk is the symmetric

group of k elements and σ is a permutation in Sk, and relabeling the rows and columns that appear

in the principal submatrix to go from 1 to k, we can express each of the
(
n
k

)
terms of |Ek(R)−Ek(S)|

as ∣∣∣∣∣∣
∑
σ∈Sk

sgn(σ)R1σ(1) · · ·Rkσ(k) −
∑
σ∈Sk

sgn(σ)S1σ(1) · · ·Skσ(k)

∣∣∣∣∣∣
≤
∑
σ∈Sk

∣∣R1σ(1) · · ·Rkσ(k) − S1σ(1) · · ·Skσ(k)
∣∣ .
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Now consider only a single permutation, which we call σ, of the above expansion. Let our inductive

hypothesis be that for σ ∈ Sk−1 with the appropriate relabeling,∣∣R1σ(1) · · ·Rk−1σ(k−1) − S1σ(1) · · ·Sk−1σ(k−1)

∣∣ ≤ ∥R− S∥max (∥R∥max + ∥S∥max)k−2 ,

which trivially holds when k = 2 and has been shown to hold for the base case when k = 3. Then

for σ ∈ Sk, by adding and subtracting the same term and applying the triangle inequality, we have

that ∣∣R1σ(1) · · ·Rkσ(k) − S1σ(1) · · ·Skσ(k)
∣∣

≤
∣∣R1σ(1) · · ·Rkσ(k) −R1σ(1) · · ·Rk−1σ(k−1)Skσ(k)

∣∣
+
∣∣R1σ(1) · · ·Rk−1σ(k−1)Skσ(k) − S1σ(1) · · ·Skσ(k)

∣∣
=
∣∣(R1σ(1) · · ·Rk−1σ(k−1)

) (
Rkσ(k) − Skσ(k)

)∣∣
+
∣∣(R1σ(1) · · ·Rk−1σ(k−1) − S1σ(1) · · ·Sk−1σ(k−1)

)
Skσ(k)

∣∣
≤ ∥R∥k−1

max∥R− S∥max + ∥S∥max∥R− S∥max(∥R∥max + ∥S∥max)k−2

= ∥R− S∥max

(
∥R∥k−1

max + ∥S∥max(∥R∥max + ∥S∥max)k−2
)

≤ ∥R− S∥max (∥R∥max + ∥S∥max)k−1

where we used the inductive hypothesis to bound the differences of the products of k−1 terms and

the binomial theorem to obtain the last line. Since there are k! permutations in Sk and
(
n
k

)
such

terms to consider for |Ek(R) − Ek(S)|, we obtain the final bound

|Ek(R) − Ek(S)| ≤ n!

(n− k)!
∥R− S∥max (∥R∥max + ∥S∥max)k−1 .

Lemma 5.3.5. Let αij < βij ∈ R for each 1 ≤ i, j ≤ n. Let B be an n-by-n random matrix with

entries bij that are independently and uniformly distributed on [αij , βij ] for each 1 ≤ i, j ≤ n. Let

A be the random matrix where for each 1 ≤ i, j ≤ n and 1 ≤ l ≤ ⌊βijN⌋ − ⌈αijN⌉ + 1,

aij =


⌈αijN⌉ + (l − 1), if bij ∈

[
αij +

(βij−αij)(l−1)
⌊βijN⌋−⌈αijN⌉+1 , αij +

(βij−αij)l
⌊βijN⌋−⌈αijN⌉+1

)
⌊βijN⌋ + 1, if bij = βij

. (5.3)
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Then

|Ek(A/N) − Ek(B)| = O(1/N)

almost surely for each 1 ≤ k ≤ n.

Proof. We will apply Lemma 5.3.4 with R = A/N and S = B. For the coupled entries aij and bij ,

we begin by bounding |aij/N − bij |.

If bij = βij , we have that

|aij/N − bij | =

∣∣∣∣⌊βijN⌋ + 1

N
− βij

∣∣∣∣ ≤ ∣∣∣∣βijN + 1

N
− βij

∣∣∣∣ ≤ 1

N
= O(1/N).

If bij ̸= βij , we examine the distance of aij/N from both endpoints of the interval containing

bij . A similar computation shows that for any 1 ≤ l ≤ ⌊βijN⌋ − ⌈αijN⌉ + 1,∣∣∣∣⌈αijN⌉ + (l − 1)

N
−
(
αij +

(βij − αij)(l − 1)

⌊βijN⌋ − ⌈αijN⌉ + 1

)∣∣∣∣ = O(1/N)

and ∣∣∣∣⌈αijN⌉ + (l − 1)

N
−
(
αij +

(βij − αij)l

⌊βijN⌋ − ⌈αijN⌉ + 1

)∣∣∣∣ = O(1/N).

Altogether, we have

|aij/N − bij | = O(1/N)

as well. Since all of the entries of A/N and B have been coupled in this manner, it follows that

∥A/N −B∥max = O(1/N) (5.4)

almost surely, where the implicit constant depends on αij , βij , for 1 ≤ i, j ≤ n. Furthermore,

∥A/N∥max ≤ max
1≤i,j≤n

{|αij |, |βij |}

and

∥B∥max ≤ max
1≤i,j≤n

{|αij |, |βij |}.
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Finally, applying Lemma 5.3.4 gives the bound

|Ek(A/N) − Ek(B)| ≤ n!

(n− k)!
∥A/N −B∥max(||A/N ||max + ||B||max)k−1

≤ n!

(n− k)!
∥A/N −B∥max

(
2 max
1≤i,j≤n

{|αij |, |βij |}
)k−1

= O(1/N)

almost surely.

Theorem 5.3.6 (Continuity Theorem, Theorem 1.3.1 in [136]). Let

f(z) =

n∑
i=0

aiz
i =

k∏
j=1

(z − zj)
mj (m1 + · · · +mk = n)

be a monic polynomial of degree n with distinct zeros z1, . . . , zk of multiplicities m1, . . . ,mk. Then,

given a positive ϵ < min1≤i<j≤k |zi − zj |/2, there exists a δ > 0 so that any monic polynomial

g(z) =
∑n

i=0 biz
i whose coefficients satisfy |bi − ai| < δ, for i = 1, . . . , n − 1, has exactly mj zeros

in the disc of radius ϵ centered at zj for each 1 ≤ j ≤ k.

Theorem 5.3.7 (Theorem 29.4 in [22]). For random vectors Xn = (Xn1, . . . , Xnk) and Y =

(Y1, . . . , Yk), a necessary and sufficient condition for Xn
d
=⇒ Y is that

∑k
u=1 tuXnu

d
=⇒
∑k

u=1 tuYu

for each (t1, . . . , tk) in Rk.

Definition 5.3.8 (Definition 1.2.9 in [79]). Let A ∈Mn(C). The spectral radius of A is ρ(A) =

max{|λ| : λ ∈ σ(A)}, where σ(A) denotes the set of all eigenvalues of A.

Definition 5.3.9 (Definition 5.6.6 in [79]). Recall that the singular values of A ∈ Mn(C) are the

square roots of the eigenvalues of A∗A, indexed in decreasing order, σ1(A) ≥ σ2(A) ≥ · · · ≥ σn(A).

The spectral norm ∥ · ∥2 is defined on Mn(C) by

∥A∥2 = σ1(A), the largest singular value of A.

Theorem 5.3.10 (Theorem 8.1.22 in [79]). Let A ∈Mn(C) be nonnegative, i.e., aij ≥ 0 for every

1 ≤ i, j,≤ n. Then

min
1≤i≤n

n∑
j=1

Aij ≤ ρ(A) ≤ max
1≤i≤n

n∑
j=1

Aij
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and

min
1≤j≤n

n∑
i=1

Aij ≤ ρ(A) ≤ max
1≤j≤n

n∑
i=1

Aij

We will need the following theorem to show that the eigenvalues of our coupled matrices can

be made arbitrarily close.

Theorem 5.3.11 (Gelfand’s formula, Corollary 5.6.14 in [79]). Let || · || be a matrix norm on

Mn(C) and let A ∈Mn(C). Then ρ(A) = limk→∞ ∥Ak∥1/k.

The following lemma shows that a matrix whose entries are independently and uniformly

distributed on [−N,N ] ∩ Z and scaled by N has all of its eigenvalues contained in the circle

centered at the origin of radius n. In this case, we say that the matrix has no outlier eigenvalues.

Lemma 5.3.12. Let A ∈ Mn(R), with every entry independently and uniformly distributed on

[−N,N ] ∩ Z. Then

ρ (A/N) ≤ n

with probability one.

Proof. Let A be the matrix where every entry is independently and uniformly distributed on

[−N,N ] ∩ Z. Consider the maximum column sum matrix norm on A/N ,

∥A/N∥1 = max
1≤j≤n

n∑
i=1

|aij |/N,

From the submultiplicativity of this matrix norm, it follows that ∥(A/N)k∥1 ≤ ∥A/N∥k1 for every

k ∈ N.

Well,

∥A/N∥1 = max
1≤j≤n

n∑
i=1

|aij |/N

≤ max
1≤j≤n

n∑
i=1

N/N

= n.
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Therefore, by Theorem 5.3.11,

ρ(A) = lim
k→∞

∥(A/N)k∥1/k1

≤ lim
k→∞

(∥A/N∥k1)1/k

≤ ∥A/N∥1

≤ n.

The following theorem from Brailovskaya and van Handel [28] and the fact that Theorem

5.3.11 implies that the spectral radius is bounded above by the spectral norm gives us a bound on

the probability of outlier eigenvalues for matrices whose entries are iid and uniformly distributed

on [−1, 1].

Theorem 5.3.13 (Theorem 1.4 in [28]). Let X be an n-by-m matrix with Xij = bijξij, where bij ≥ 0

are arbitrary scalars and ξij are independent symmetrically distributed real random variables with

E(ξ2pij ) ≤ E(g2p) for all i, j, and p ∈ N (here g ∼ N(0, 1)). Define

ν21 = max
j≤m

∑
i≤n

b2ij , ν22 = max
i≤n

∑
j≤m

b2ij , ν2∗ = max
i≤n
j≤m

b2ij .

Suppose that ν1 ≤ ν2. Then

P
(
∥X∥2 > ν1 + ν2 + ν

4/3
∗ ν

−1/3
1 t

)
≤ nν2∗
Cν21

e−Ct
3/2

for all 0 ≤ t ≤ ν
1/3
1 ν2

ν
4/3
∗

, where C is a universal constant.

Let us apply this theorem to the matrices with iid entries that are uniformly distributed on

[−1, 1]. In this case, we have that ν21 = ν22 = n and ν2∗ = 1. Then Theorem 5.3.13 says that

P
(
∥X∥2 > 2

√
n+ tn−1/6

)
≤ e−Ct

3/2

C

for all 0 ≤ t ≤ n2/3. In particular, letting t = n2/3, this yields

P
(
∥X∥2 > 3

√
n
)
≤ e−Cn

C
.
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While we do not know the precise value of the universal constant C, we see that outlier

eigenvalues should be unlikely, at least for n sufficiently large. Since we are working with finite n,

we will use the spectral radius bound of n given by Lemma 5.3.12, which holds with probability

one. When the dimension n of an iid random matrix Xn with entries that have mean zero, variance

one, and bounded fourth moment tends to infinity, Theorem 1.4 in [153] shows that the spectral

radius of Xn/
√
n tends to 1 almost surely. From simulations, it seems like the spectral radius of

our matrices should be closer to
√
n with high probability, though we were unable to prove this. A

bound of this order would allow us to make more precise statements about outlier eigenvalues.

5.4 Equivalence of generalized large box model and generalized bounded

height model random matrices

We are ready to prove Theorem 5.1.1, which shows that the eigenvalues of the generalized

large box model random matrices and the generalized bounded height model random matrices

behave similarly, allowing us to work with the simplified continuously distributed matrix entries.

As with the polynomial model, Rouché’s theorem is the key ingredient of our proof.

Proof of Theorem 5.1.1. Begin by coupling the entries of the random matrices A and B with the

coupling described in Lemma 5.3.5; Lemma 3.3.2 and Remark 3.3.3 show that this is indeed a

coupling of the entries of A and B. We refer to the coupled matrices as A′ and B′.

If x is an eigenvector of A with eigenvalue λ, then(
A

N

)
x =

1

N
(Ax) =

λ

N
x,

showing that λ/N is an eigenvalue of A/N . This shows that the eigenvalues of A/N are precisely

the eigenvalues of A scaled by a factor of N . In particular, A and A/N have the same number of

real eigenvalues. Therefore, it suffices to prove the first part of the theorem for A/N and B. Our

approach will be to use Theorem 2.6.5 on the characteristic polynomials of the coupled matrices

A′/N and B′, and then use that A ∼ A′ and B ∼ B′ to deduce the desired result.
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Suppose that the entries of the matrix B′ are fixed so that B′ does not have any repeated

eigenvalues, which happens with probability one by Lemma 4.5.5. Fixing the entries of B′ also fixes

the entries of A′ due to the assumed coupling. Let λ′1, . . . , λ
′
n denote the eigenvalues of B′; order

the eigenvalues first by increasing magnitude and then by increasing argument in [0, 2π). Note that

these eigenvalues are exactly the roots of the characteristic polynomial of B′. For any ϵ > 0 and

1 ≤ j ≤ n, let Cλ′j ,ϵ denote the circle of radius ϵ centered at λ′j . Since the eigenvalues of B′ are all

distinct, there exists an r > 0 sufficiently small so that the circles Cλ′1,r, . . . , Cλ′n,r are all disjoint.

Since the entries of B′ are all real, the coefficients of the characteristic polynomial of B′ are also all

real, implying that any complex eigenvalues of B′ must occur in pairs. Therefore, if λ′j is a complex

eigenvalue of B′, the circle Cλ′j ,r is contained entirely in the upper or lower half-plane; otherwise,

Cλ′j ,r would intersect the circle of radius r centered at the complex conjugate of λ′j , a contradiction

to the circles being disjoint.

Let 0 < ϵ < r/2 be the radius of the circles centered at the eigenvalues of B′. Let f be

the characteristic polynomial of A′/N and let g be the characteristic polynomial of B′. For every

1 ≤ j ≤ n and every z ∈ Cλ′j ,ϵ

|g(z)| = |z − λ′1| · · · |z − λ′n| ≥ ϵrn−1 > ϵn (5.5)

by the construction of the circles.

By (5.1), the triangle inequality, and Lemma 5.3.5, and Lemma 5.3.12, for every 1 ≤ j ≤ n

and every z ∈ Cλ′j ,ϵ, we may bound

|f(z) − g(z)| ≤ |zn − zn| +
n∑
k=1

|z|n−k
∣∣Ek(A′/N) − Ek(B

′)
∣∣

≤
n∑
k=1

(|λ′j | + ϵ)n−k
∣∣Ek(A′/N) − Ek(B

′)
∣∣

= O(1/N)

almost surely. This means that we can choose N sufficiently large so that

|f(z) − g(z)| < ϵn < |g(z)|,
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for all z ∈ Cλ′j ,ϵ. By Theorem 2.6.5, A′/N and B′ (and hence A′ and B′) have the same number of

eigenvalues in Cλ′j ,ϵ for every 1 ≤ j ≤ n.

This implies that the coupled matrices A′ and B′ have exactly the same number of real

eigenvalues. Indeed, for every real eigenvalue λ′j of B′, we know from Rouché’s theorem that the

circle Cλ′j ,ϵ contains exactly one eigenvalue of A′. This eigenvalue must be real; otherwise Cλ′j ,ϵ,

whose center is on the real axis, would capture the eigenvalue of A′ and its complex conjugate, a

contradiction to the number of eigenvalues in Cλ′j ,ϵ. On the other hand, if λ′j is a complex eigenvalue

of B′ and λ̄′j is its complex conjugate, by assumption ϵ is sufficiently small so that Cλ′j ,ϵ∩Cλ̄′j ,ϵ = ∅.

This means that the circles cannot intersect the real axis, so the corresponding eigenvalue of A′ in

each circle must also be complex. Hence, for N sufficiently large, A′ has the same number of real

eigenvalues as B′. Since the entries of B′ were fixed to have no repeated eigenvalues, which happens

with probability one, this result holds for almost every realization of B′. Hence, as N → ∞, the

probability that A′ has exactly k real eigenvalues converges to the probability that B′ has exactly

k real eigenvalues. Since A ∼ A′ and B ∼ B′, this implies that as N → ∞, the probability that A

has exactly k real eigenvalues converges to the probability that B has exactly k real eigenvalues.

Next, we show that the empirical spectral measure of A′/N converges weakly almost surely

to the empirical spectral measure of B′. Recall that the eigenvalues of B′, denoted λ′1, . . . , λ
′
n have

been ordered first by increasing magnitude and then by increasing argument in [0, 2π). For any

fixed realization of B′ and coupled matrix A′/N , and for every 0 < ϵ < r/2, we have seen that each

circle Cλ′j ,ϵ contains precisely one eigenvalue of B′ and precisely one eigenvalue of A′/N for all N

sufficiently large. For each 1 ≤ j ≤ n, label the eigenvalue of A′/N in the circle Cλ′j ,ϵ by λ′Nj /N .

This implies that for the fixed matrix B′, coupled matrix A′/N , and for any ϵ > 0,

∣∣∣λ′Nj /N − λ′j

∣∣∣ < ϵ

for each 1 ≤ j ≤ n and for all N sufficiently large.

Next, stop fixing the entries of B′, but continue to condition on B′ not having any repeated

eigenvalues (which happens with probability one) and continue to couple the matrix A′/N with B′.
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We wish to show that

P

 ⋂
1≤j≤n

{
lim
N→∞

∣∣∣λ′Nj /N − λ′j

∣∣∣ = 0

} = 1.

Let ϵ = 1/k for k ∈ N and define the events

Ej,k =

{
lim sup
N→∞

∣∣∣λ′Nj /N − λ′j

∣∣∣ < 1/k.

}
From the discussion above, we know that P(Ej,k) = 1 for each 1 ≤ j ≤ n and each 1 ≤ k < ∞

whenever N is sufficiently large. Define

Ej =
∞⋂
k=1

Ej,k, for 1 ≤ j ≤ n.

Observe that Ej,1 ⊇ Ej,2 ⊇ . . . is a nested and decreasing sequence of events. Therefore, by

continuity from above of the probability measure,

P(Ej) = P

( ∞⋂
k=1

Ej,k

)

= lim
k→∞

P(Ej,k)

= inf
k≥1

P(Ej,k)

= 1.

Let

E =
⋂

1≤j≤n
Ej .

Then clearly

P(E) = 1

as well. This shows that

P

 ⋂
1≤j≤n

{
lim sup
N→∞

∣∣∣λ′Nj /N − λ′j

∣∣∣ = 0

} = 1.

On the other hand, clearly

P

 ⋂
1≤j≤n

{
lim inf
N→∞

∣∣∣λ′Nj /N − λ′j

∣∣∣ ≥ 0

} = 1.
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Hence, the limit exists, and

P

 ⋂
1≤j≤n

{
lim
N→∞

∣∣∣λ′Nj /N − λ′j

∣∣∣ = 0

} = 1,

so λ′Nj /N −→ λ′j almost surely, for each 1 ≤ j ≤ n. Let f : C → C be a bounded and continuous

function. By the continuous mapping theorem,∫
C
f dµA′/N =

1

n

n∑
j=1

f
(
λ′
N
j /N

)
−→ 1

n

n∑
j=1

f(λ′j) =

∫
C
f dµB′ ,

almost surely as well, proving the weak convergence of the empirical spectral measure of A′/N to

the empirical spectral measure of B′ almost surely. Since A′ ∼ A and B′ ∼ B, this means that

µA′/N ∼ µA/N and µB′ ∼ µB, so it follows that µA/N converges weakly in distribution to µB.

We now show that the joint distribution of the eigenvalues of A′/N given by

(λ′
N
1 /N, . . . , λ

′N
n /N)

converges in probability to the joint distribution of the eigenvalues of B′ given by (λ′1, . . . , λ
′
n).

Since λ′Nj /N −→ λ′j almost surely for each 1 ≤ j ≤ n, we know that λ′Nj /N −→ λ′j in probability

for each 1 ≤ j ≤ n as well. Let ϵ > 0. Then

lim
N→∞

P
(∥∥∥(λ′

N
1 /N, . . . , λ

′N
n /N) − (λ′1, . . . , λ

′
n)
∥∥∥ > ϵ

)
≤ lim

N→∞
P

 n∑
j=1

∣∣∣λ′Nj /N − λ′j

∣∣∣ > ϵ


≤ lim

N→∞

n∑
j=1

P
(∣∣∣λ′Nj /N − λ′j

∣∣∣ > ϵ/n
)

= 0.

In particular, by Theorem 2.2.6, this implies that

(λ′
N
1 /N, . . . , λ

′N
n /N)

d
=⇒ (λ′1, . . . , λ

′
n).

Since A ∼ A′ and B ∼ B′, we conclude that

(λ1
N/N, . . . , λn

N/N)
d
=⇒ (λ1, . . . , λn)

as well.
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5.5 Rank one perturbations of large box model matrices

Let A be an n-by-n random matrix with entries independently and uniformly distributed on

[−N,N ]∩Z. Let P be the n-by-n rank one perturbation matrix whose entries are all µN . We now

describe the limiting empirical spectral measure of (A + P )/N in the cases where µN/N → ∞,

µN/N → 0, or µN/N → c, for c ∈ R, as N → ∞.

5.5.1 Rank one perturbations of large box model matrices when limN→∞ µN/N = ∞

We begin with the easiest case, where the perturbation matrix dominates the original random

matrix. The following lemma will be needed to find the eigenvalues of the large perturbation matrix.

Lemma 5.5.1. The eigenvalues of the n-by-n matrix of all ones

Jn =


1 · · · 1

...
. . .

...

1 · · · 1

 .

are n with multiplicity 1 and 0 with multiplicity n− 1. The characteristic polynomial of Jn is given

by

pJn(t) = tn − ntn−1.

Proof. Observe that the rank of Jn is 1, so the nullity of Jn must be n − 1. By inspection, we

see that n is an eigenvalue of Jn with corresponding eigenvector (1, . . . , 1). From the fundamental

theorem of linear maps (see Theorem 3.22 in [6]), we see that the remaining n− 1 eigenvalues must

all be zero. Once the eigenvalues are known, the characteristic polynomial of Jn can be constructed

as

pJn(t) = tn−1(t− n) = tn − ntn−1.

We are now ready to prove the main result of this subsection.
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Proof of Theorem 5.1.2. First, consider the n-by-n matrix of all ones

Jn =


1 · · · 1

...
. . .

...

1 · · · 1

 .

By Lemma 5.5.1, the characteristic polynomial of Jn is given by

pJn(t) = tn − ntn−1.

The characteristic polynomial A+P
µN

can be written in terms of the principal minors of A+ P as in

(5.1), which is given by

pA+P
µN

(t) = tn − E1

(
A+ P

µN

)
tn−1 + · · · + (−1)n−1En−1

(
A+ P

µN

)
t+ (−1)nEn

(
A+ P

µN

)
.

We will apply Theorem 2.6.5 to the characteristic polynomials of A+P
µN

and Jn as N → ∞. This

will show that as N → ∞, the eigenvalues of A+P
µN

converge almost surely to those of Jn. We begin

with some bounds on the coefficients of the difference of the characteristic polynomials of A+P
µN

and

Jn, i.e., ∣∣∣∣pA+P
µN

(t) − pJn(t)

∣∣∣∣
=

∣∣∣∣(−E1

(
A+ P

µN

)
+ n

)
tn−1 + E2

(
A+ P

µN

)
tn−2 + · · · + (−1)nEn

(
A+ P

µN

)∣∣∣∣ .
For each 1 ≤ k ≤ n, we see that Ek

(
A+P
µN

)
=
(

1
µN

)k
Ek(A + P ) by recalling that each Ek is

the sum of determinants, which satisfy the property that for a scalar c and n-by-n matrix M ,

det(cM) = cn det(M).

For k = 1, we have that |E1(A+ P )| = |tr(A) + nµN | and therefore∣∣∣∣−E1

(
A+ P

µN

)
+ n

∣∣∣∣ =

∣∣∣∣tr(A) + nµN
µN

− n

∣∣∣∣ =

∣∣∣∣tr(A)

µN

∣∣∣∣ ≤ ∣∣∣∣nNµN
∣∣∣∣ . (5.6)

Since limN→∞
µN
N = ∞, we see that

lim
N→∞

∣∣∣∣E1

(
A+ P

µN

)
− n

∣∣∣∣ ≤ lim
N→∞

∣∣∣∣nNµN
∣∣∣∣ = 0 (5.7)
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almost surely. Now consider |Ek(A+P )| for k ≥ 2. We know that each principal minor of size k of

A+P is a determinant of a k-by-k submatrix of A+P , and that there are
(
n
k

)
such principal minors.

Using sigma notation where Sk is the symmetric group of k elements and σ is a permutation in Sk,

and relabeling the rows and columns that appear in the principal submatrix to go from 1 to k, we

have that each of the
(
n
k

)
terms in the sum for |Ek(A+ P )| can be written as∣∣∣∣∣∣
∑
σ∈Sk

sgn(σ)(A+ P )1σ(1) · · · (A+ P )kσ(k)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑
σ∈Sk

sgn(σ)(A1σ(1) + µN ) · · · (Akσ(k) + µN )

∣∣∣∣∣∣ .
The symmetric group Sk has k! permutations. This number is even for k ≥ 2, and exactly half

of the permutations are even and half are odd. This means that sgn(σ) = 1 for half of the

permutations and sgn(σ) = −1 for the other half. Consider the expansion of the product (A1σ(1) +

µN ) · · · (Akσ(k) + µN ). Each permutation with sgn(σ) = 1 contributes µkN and each permutation

with sgn(σ) = −1 contributes −µkN to the leading term in µN . Since there are the same number of

even and odd permutations, these cancel out, and each term of |Ek(A+ P )| is at most

∑
σ∈Sk

(∣∣(A1σ(1) + µN ) · · · (Akσ(k) + µN )
∣∣− |µN |k

)
.

Altogether, we can bound

|Ek(A+ P )| ≤
(
n

k

)
k!
(
|N + µN |k − |µN |k

)
.

By the binomial expansion, we have

|N + µN |k ≤ (N + |µN |)k =
k∑
l=0

(
k

l

)
Nk−l |µN |l .

Subtracting |µN |k, multiplying by the k! permutations in Sk, and accounting for the
(
n
k

)
principal

minors, we have the overall bound

|Ek(A+ P )| ≤
(
n

k

)
k!

((
k∑
l=0

(
k

l

)
Nk−l |µN |l

)
− |µN |k

)

=
n!

(n− k)!

k−1∑
l=0

(
k

l

)
Nk−l |µN |l .
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Therefore, for k ≥ 2,

|Ek(A+ P )|
|µN |k

≤ n!

(n− k)!

k−1∑
l=0

(
k

l

)(
N

|µN |

)k−l
. (5.8)

Hence,

lim
N→∞

∣∣∣∣Ek (A+ P

µN

)∣∣∣∣ = 0 (5.9)

almost surely, since limN→∞
N
µN

= 0.

Let 0 < ϵ < 1/4 and let Cn,ϵ be the circle of radius ϵ around the eigenvalue n of Jn. Note

that this circle has been chosen in a way that avoids all of the eigenvalues of Jn, which are 0 (with

multiplicity n− 1) and n (with multiplicity 1).

Our goal is to show that

P
(

lim sup
N→∞

∣∣∣∣pA+P
µN

(t) − pJn(t)

∣∣∣∣ < |pJn(t)|, for all t ∈ Cn,ϵ

)
= 1. (5.10)

Applying the triangle inequality to the difference of the characteristic polynomials of A+P
µN

and Jn, and using (5.6) and (5.8), we have∣∣∣∣pA+P
µN

(t) − pJn(t)

∣∣∣∣ ≤ |tn − tn| +

∣∣∣∣E1

(
A+ P

µN

)
− n

∣∣∣∣ |t|n−1 +
n∑
k=2

|t|n−k
∣∣∣∣Ek (A+ P

µN

)∣∣∣∣
≤
∣∣∣∣nNµN

∣∣∣∣ |t|n−1 +
n∑
k=2

|t|n−k n!

(n− k)!

k−1∑
l=0

(
k

l

)(
N

|µN |

)k−l
. (5.11)

We also have that

|pJn(t)| = |tn − ntn−1| = |t|n−1|t− n|. (5.12)

For every t ∈ Cn,ϵ, we can bound (5.11) above by∣∣∣∣nNµN
∣∣∣∣ |n+ ϵ|n−1 +

n∑
k=2

|n+ ϵ|n−k n!

(n− k)!

k−1∑
l=0

(
k

l

)(
N

|µN |

)k−l
(5.13)

and we can bound (5.12) below by

|t|n−1|t− n| ≥ |n− ϵ|n−1|ϵ|

> |n− 2ϵ|n−1|ϵ|. (5.14)
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By (5.7) and (5.9), we can choose N sufficiently large so that, for all t ∈ Cn,ϵ, (5.13) is smaller

than (5.14), i.e., for all t ∈ Cn,ϵ and N sufficiently large,∣∣∣∣pA+P
µN

(t) − pJn(t)

∣∣∣∣ < |pJn(t)|,

with probability one, showing that (5.10) also holds.

Let λN1 /µN , . . . , λ
N
n /µN denote the eigenvalues of A+P

µN
, which are ordered first by increasing

magnitude and then by increasing argument in [0, 2π).

By Theorem 2.6.5, we conclude that as N → ∞, the characteristic polynomial of the scaled

matrix A+P
µN

has exactly one root in Cn,ϵ, for each 0 < ϵ < 1/4. We will see shortly that the other

eigenvalues of A+P
µN

converge almost surely to zero, so this eigenvalue must be λNn /µN . Hence, for

any ϵ > 0,

P
(

lim sup
N→∞

∣∣λNn /µN − n
∣∣ < ϵ

)
= 1,

showing that as N → ∞, the eigenvalue λNn /µN of A+P
µN

converges to n almost surely.

A similar argument also shows that the other eigenvalues of (A+P )/µN converge to 0 almost

surely as N → ∞. Let 0 < ϵ < 1/4, and consider t ∈ C0,ϵ. Note again that this circle has been

chosen to avoid the n− 1 eigenvalues of Jn at the origin and the eigenvalue at n.

For every t ∈ C0,ϵ, we can bound (5.11) above by∣∣∣∣nNµN
∣∣∣∣ |ϵ|n−1 +

n∑
k=2

|ϵ|n−k n!

(n− k)!

k−1∑
l=0

(
k

l

)(
N

|µN |

)k−l

≤ nN

|µN |
+

n∑
k=2

n!

(n− k)!

k−1∑
l=0

(
k

l

)(
N

|µN |

)k−l
(5.15)

and we can bound (5.12) below by

|t|n−1|t− n| ≥ |ϵ|n−1|n− ϵ|

> |ϵ|n−1|n− 2ϵ|. (5.16)

Since we can again choose N sufficiently large so that (5.15) is smaller than (5.16) for all

t ∈ C0,ϵ, this shows that

P
(

lim sup
N→∞

∣∣∣∣pA+P
µN

(t) − pJn(t)

∣∣∣∣ < |pJn(t)|, for all t ∈ C0,ϵ

)
= 1.
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By Theorem 2.6.5, we conclude that as N → ∞, the characteristic polynomial of the scaled per-

turbed matrix A+P
µN

has exactly n− 1 roots in C0,ϵ, for each 0 < ϵ < 1/4. Hence, for any ϵ > 0, and

eigenvalues λNj /µN for 1 ≤ j ≤ n− 1,

P

 ⋂
1≤j≤n−1

{
lim sup
N→∞

|λNj /µN | < ϵ

} = 1,

showing that the remaining n− 1 eigenvalues of A+P
µN

converge to 0 almost surely.

The rate of the convergence of the eigenvalues in Theorem 5.1.2 is discussed in Section 5.6.

5.5.2 Rank one perturbations of large box model matrices when limN→∞ µN/N = 0

Next, we show that if the matrix is perturbed by adding a matrix with sufficiently small

entries, the normalized empirical spectral measure of the perturbed matrix converges weakly in

distribution to the same limiting measure as that of the normalized unperturbed matrix. We are

ready to prove the main result.

Proof of Theorem 5.1.3. Let B be the matrix whose entries are iid and uniformly distributed on

[−1, 1]. By Theorem 5.1.1, it is clear that the empirical spectral measure of A/N converges weakly

in distribution to the empirical spectral measure of B. We now show that the empirical spectral

measure of (A+ P )/N has the same limiting behavior.

We will perform Rouché’s theorem on the characteristic polynomials of the matrices

A/N =


a11/N . . . a1n/N

...
. . .

...

an1/N . . . ann/N


and

A+ P

N
=


(a11 + µN )/N . . . (a1n + µN )/N

...
. . .

...

(an1 + µN )/N . . . (ann + µN )/N

 .
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We have that

pA
N

(t) = tn − E1

(
A

N

)
tn−1 + · · · + (−1)n−1En−1

(
A

N

)
t+ (−1)nEn

(
A

N

)
and

pA+P
N

(t) = tn − E1

(
A+ P

N

)
tn−1 + · · · + (−1)n−1En−1

(
A+ P

N

)
t+ (−1)nEn

(
A+ P

N

)
.

We begin by bounding
∣∣Ek (A+PN )

− Ek
(
A
N

)∣∣ for 1 ≤ k ≤ n by applying Lemma 5.3.4 with R = A+P
N

and S = A
N . Observe that ∥∥∥∥A+ P

N

∥∥∥∥
max

≤ 1 + |µN |/N∥∥∥∥AN
∥∥∥∥
max

≤ 1

and ∥∥∥∥A+ P

N
− A

N

∥∥∥∥
max

≤ |µN |/N.

By Lemma 5.3.4,∣∣∣∣Ek (A+ P

N

)
− Ek

(
A

N

)∣∣∣∣ ≤ n!

(n− k)!

∥∥∥∥A+ P

N
− A

N

∥∥∥∥
max

(∥∥∥∥A+ P

N

∥∥∥∥
max

+

∥∥∥∥AN
∥∥∥∥
max

)k−1

.

≤ n!

(n− k)!

(
|µN |
N

)(
|µN |
N

+ 1

)k−1

.

This leads to the bound

∣∣∣pA+P
N

(t) − pA
N

(t)
∣∣∣ ≤ |tn − tn| +

n∑
k=1

|t|n−k n!

(n− k)!

(
|µN |
N

)(
|µN |
N

+ 1

)k−1

. (5.17)

Let λ1(A), . . . , λn(A) denote the eigenvalues of A; then λ1(A)/N, . . . , λn(A)/N denote the

eigenvalues of A/N by the previous discussion of the scaling of eigenvalues. Similarly, let λ1(A +

P )/N, . . . , λn(A + P )/N denote the eigenvalues of (A + P )/N . These will be the labels of our

eigenvalues, though we will reorder them momentarily. Consider the factorization

∣∣∣pA
N

(t)
∣∣∣ = |t− λ1(A)/N | · · · |t− λn(A)/N |. (5.18)
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As N → ∞, we wish to show that (5.17) is strictly less than (5.18) for all t in appropriately chosen

circles with probability one.

Recall that B is the n-by-n random matrix whose entries are iid and uniformly distributed

on [−1, 1]. Let the entries of the matrix A be coupled with the entries of the matrix B as in the

statement of Lemma 5.3.5 and couple the random matrices A and B as in Remark 3.3.3. Refer to

the coupled matrices as A′ and B′. Let λ1(B
′), . . . , λn(B′) denote the eigenvalues of B′, ordered

first by increasing magnitude and then by increasing argument in [0, 2π). Fix a realization of B′

that does not have any repeated eigenvalues, which we can do with probability one by Lemma

4.5.5. Note that for every N ∈ N, this coupling also fixes A′/N and (A′ + P )/N . For this fixed

realization of B′, note that all eigenvalues are at least some small positive distance apart; call

this distance δ. Since the characteristic polynomials of A′/N and B′ are both monic, and since

|Ek(A′/N) − Ek(B
′)| = O(1/N) by Lemma 5.3.5, Theorem 5.3.6 implies that we can take N large

enough so that for 1 ≤ j ≤ n, each circle of radius 0 < ϵ < δ/4 around the eigenvalue λj(B
′)

contains exactly one eigenvalue of A′/N ; denote this eigenvalue of A′/N by λj(A
′)/N . Then for

every 1 ≤ j ≤ n, the eigenvalues of A′/N and B′ satisfy the inequalities∣∣∣∣λj(B′) − λj(A
′)

N

∣∣∣∣ < δ/4

for all N sufficiently large. From this, for each j ̸= k and N sufficiently large, we can see that the

difference between two eigenvalues of A′/N is at least∣∣∣∣λj(A′)

N
− λk(A

′)

N

∣∣∣∣ =

∣∣∣∣(λj(B′) − λk(B
′)
)

+

(
λj(A

′)

N
− λj(B

′)

)
+

(
λk(B

′) − λk(A
′)

N

)∣∣∣∣
≥
∣∣∣∣∣∣λj(B′) − λk(B

′)
∣∣− ∣∣∣∣(λj(A′)

N
− λj(B

′)

)
+

(
λk(B

′) − λk(A
′)

N

)∣∣∣∣∣∣∣∣
≥
∣∣λj(B′) − λk(B

′)
∣∣− ∣∣∣∣(λj(A′)

N
− λj(B

′)

)
+

(
λk(B

′) − λk(A
′)

N

)∣∣∣∣
≥
∣∣λj(B′) − λk(B

′)
∣∣− ∣∣∣∣λj(A′)

N
− λj(B

′)

∣∣∣∣− ∣∣∣∣λk(B′) − λk(A
′)

N

∣∣∣∣
> δ − δ/4 − δ/4

= δ/2,
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where the second line follows from the reverse triangle inequality, the third line follows from the

definition of absolute value, and the fourth line follows from the triangle inequality.

Now, for some 1 ≤ j ≤ n, consider the eigenvalue λj(A
′)/N of A′/N . Let 0 < ϵ < δ/8 and

consider t ∈ Cλj(A′)/N,ϵ. We have the following lower bound for (5.18).∣∣∣pA′
N

(t)
∣∣∣ = |t− λ1(A

′)/N | · · · |t− λn(A′)/N |

≥ ϵ|δ/2 − δ/8|n−1

> ϵ|δ/4|n−1 (5.19)

for all t ∈ Cλj(A′)/N,ϵ. By Lemma 5.3.12, the eigenvalues λ1(A
′)/N, . . . , λn(A′)/N are all contained

in C0,n almost surely. Hence for all t ∈ Cλj(A′)/N,ϵ, we can bound |t| ≤ |λj(A′)/N | + ϵ ≤ n + δ/8,

so an upper bound for (5.17) is

n∑
k=1

n!

(n− k)!
|n+ δ/8|n−k

(
|µN |
N

)(
|µN |
N

+ 1

)k−1

. (5.20)

Since limN→∞
µN
N = 0 and n is fixed, we have that (5.20) is less than (5.19) for N sufficiently

large for the fixed realization B′. By 2.6.5, for each 1 ≤ j ≤ n, A′/N and (A′ + P )/N both have

exactly one eigenvalue in Cλj(A′)/N,ϵ, whenever N is sufficiently large. Label this corresponding

eigenvalue of (A′ + P )/N by λj(A
′ + P )/N, for 1 ≤ j ≤ n. This implies that for the fixed matrix

B′, coupled matrices A′/N and (A′ + P )/N , and for any ϵ > 0,

∣∣λj(A′)/N − λj(A
′ + P )/N

∣∣ < ϵ

for all N sufficiently large. Next, we stop fixing the matrix B′, but continue to condition that

B′ does not have any repeated eigenvalues (which happens with probability one) and continue to

couple the matrix A′/N (and hence (A′ + P )/N) with B′. From the discussion at the end of the

proof of Theorem 5.1.1, we see that

P

 ⋂
1≤j≤n

{
lim
N→∞

∣∣λj(A′)/N − λj(A
′ + P )/N

∣∣ = 0

} = 1,

and so we conclude that the empirical spectral measure of (A′ + P )/N converges weakly almost

surely to the same limit as the empirical spectral measure of A′/N . Since A′ ∼ A and B′ ∼ B, we
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conclude that the empirical spectral measures of A/N and (A+ P )/N must both converge weakly

in distribution to that of B. Continuing to proceed as in the proof of Theorem 5.1.1, we see that

the joint distribution of eigenvalues of A/N and (A + P )/N both converge in distribution to the

joint distribution of eigenvalues of B.

5.5.3 Rank one perturbations of large box model matrices when limN→∞ µN/N = c

We now consider the case when limN→∞ µN/N = c, for some c > 0 ∈ R.

Proof of Theorem 5.1.4. Similarly to Lemma 5.3.5, consider the coupling of matrix entries where

for each 1 ≤ k ≤ 2N + 1, we let

aij =


−N + (k − 1), if bij ∈

[
−1 + c+ 2(k−1)

2N+1 ,−1 + c+ 2k
2N+1

)
N, if bij = 1 + c

. (5.21)

For the coupled entries aij and bij , we begin by bounding |(aij + µN )/N − bij |. If bij = 1 + c, we

have that

|(aij + µN )/N − bij | =

∣∣∣∣N + µN
N

− (1 + c)

∣∣∣∣ ≤ ∣∣∣µNN − c
∣∣∣ = o(1)

since limN→∞
µN
N = c with an unspecified rate of convergence. If bij ̸= 1 + c, we examine the

distance of (aij +µN )/N from both endpoints of the interval containing bij . A similar computation

shows that in both cases, for 1 ≤ l ≤ 2N + 1,

|(aij + µN )/N − bij | = o(1)

as well. Since all entries of A and B have been coupled in this way, it follows that

∥(A+ µN )/N −B∥max = o(1)

almost surely, where the implicit constant depends on the rate of convergence of µN/N . Further-

more,

∥(A+ µN )/N∥max ≤ |µN |/N + 1
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and

∥B∥max ≤ c+ 1.

Applying Lemma 5.3.4 gives the bound

|Ek((A+ µN )/N) − Ek(B)| ≤ n!

(n− k)!
∥(A+ µN )/N −B∥max(||(A+ µN )/N ||max + ||B||max)k−1

≤ n!

(n− k)!
∥(A+ µN )/N −B∥max (|µN |/N + c+ 2)k−1

= o(1)

almost surely.

Refer to the coupled matrices as A′ + P and B′. Now fix the matrix B′ so that B′ does not

have any repeated eigenvalues, which happens with probability one by Lemma 4.5.5. This also fixes

the entries of A′ + P due to the assumed coupling. Let δ > 0 be the minimum distance between

the eigenvalues of B′. Now proceed exactly as in the proof of Theorem 5.1.1, but replacing A′

with A′ +P and using the o(1) bound obtained above when bounding |Ek((A+ µN )/N)−Ek(B)|.

Then we see that for every 0 < ϵ < δ/4, we can find N large enough so that the circles of radius ϵ

centered at the eigenvalues of B′ all contain exactly one eigenvalue of (A′ +P )/N . Continuing as in

the proof of Theorem 5.1.1, as N → ∞, we see that the empirical spectral measure of (A′ + P )/N

converges weakly almost surely to the empirical spectral measure B′. Moreover, since A ∼ A′

and B ∼ B′, the empirical spectral measure of (A+ P )/N converges weakly in distribution to the

empirical spectral measure of B.

The above result shows that as N → ∞, the outlier eigenvalues of (A+P )/N behave the same

as the outlier eigenvalues of B. The following theorem briefly shows that for certain values of c,

the matrices with entries independently and uniformly distributed on [−1 + c, 1 + c] are guaranteed

to have outliers. In Section 5.6, we will investigate the outliers of (A+P )/N more thoroughly (see

for instance Theorem 5.6.5), and show that under certain conditions, exactly one outlier eigenvalue

exists.
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Theorem 5.5.2. Let c ≥ 2. Then every n-by-n random matrix A with entries independently and

uniformly distributed on (−1+c, 1+c) has at least one eigenvalue outside of B(0, n) with probability

one.

Proof. This follows immediately from Theorem 5.3.10. We have

min
1≤i≤n

n∑
j=1

Aij ≤ ρ(A) ≤ max
1≤i≤n

n∑
j=1

Aij .

When c ≥ 2, we have that Aij > 1 with probability one, and so

n =

n∑
j=1

1 < min
1≤i≤n

n∑
j=1

Aij ≤ ρ(A)

with probability one.

5.6 Eigenvalue fluctuations for rank one perturbations

In this section, we discuss the fluctuations of the largest eigenvalue of rank one perturbations

of large box model random matrices. In particular, for the n-by-n random matrix A with iid entries

uniformly distributed on [−N,N ] ∩ Z, we show that the centered and scaled largest eigenvalue (in

magnitude) of A+P converges in distribution to 1
n2

∑n2

i=1Xi where each Xi is uniformly distributed

on (−1, 1) and jointly independent; this is a Bates distribution with n2 parameters.

We begin now with the 2-by-2 case, which demonstrates how we first noticed this phenomenon.

The 2-by-2 case is also particularly nice because we are able to find the joint fluctuations of the

eigenvalues.

Theorem 5.6.1. Let A be a 2-by-2 random matrix with entries independently and uniformly

distributed on [−N,N ] ∩ Z. Let P be the perturbation matrix whose entries are all µN , with

limN→∞
µN
N = ∞. Let λ+ denote the largest, in magnitude, eigenvalue of A+P ; let λ− denote the

smallest, in magnitude, eigenvalue of A+ P . Then as N → ∞,(
λ+ − 2µN

2N
,
λ−
2N

)
d
=⇒
(
W +X + Y + Z

4
,

(W + Z) − (X + Y )

4

)
.

where W,X, Y, Z are independently and uniformly distributed on (−1, 1).
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Figure 5.4: These images demonstrate Theorem 5.6.1. The left image shows a histogram of the
centered and scaled largest eigenvalues of 50000 2-by-2 random matrices with entries independently
and uniformly distributed on [−1010, 1010] ∩ Z and perturbed by (1010)(1.5). The eigenvalues were
centered by −2 × 1010 and scaled by 2 × 1010. The right image shows a histogram of the scaled
smallest eigenvalues of the same matrices; these eigenvalues were scaled by 2×1010. The red lines in

both histograms show the pdf of
∑4

i=1Xi

4 , where each Xi is independently and uniformly distributed
on (−1, 1).

Theorem 5.6.1 is illustrated in Figure 5.4.

Proof. We want to find the joint fluctuations of the eigenvalues of the matrix

A+ P =

A11 + µN A12 + µN

A21 + µN A22 + µN

 .

The characteristic polynomial of A+ P is given by

t2 − (A11 +A22 + 2µN )t+ (A11 + µN )(A22 + µN ) − (A12 + µN )(A21 + µN ).

From the quadratic formula, we know that the eigenvalues λ+ and λ− of A+P are given by

λ+ =
(A11 +A22 + 2µN ) +

√
(A11 −A22)2 + 4(A12A21 +A12µN +A21µN + µ2N )

2

and

λ− =
(A11 +A22 + 2µN ) −

√
(A11 −A22)2 + 4(A12A21 +A12µN +A21µN + µ2N )

2
.
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Centering λ+ by −2µN and normalizing by 2N , we have

λ+ − 2µN
2N

=
(A11 +A22)

4N

+

−µN
2N

+

√
(A11 −A22)2 + 4(A12A21 +A12µN +A21µN + µ2N )

4N

 .

Multiplying and dividing the second term of the above summation by its conjugate and simplifying,

we have that

λ+ − 2µN
2N

=
(A11 +A22)

4N

+
−
(
(A11 −A22)

2 + 4(A12A21 +A12µN +A21µN )
)
/(16N2)(

−µN
2N −

√
(A11−A22)2+4(A12A21+A12µN+A21µN+µ2N )

4N

) .

Now multiplying and dividing the second term by N
µN

, we get

λ+ − 2µN
2N

=
(A11 +A22)

4N

+
−
(
(A11 −A22)

2 + 4(A12A21 +A12µN +A21µN )
)
/(16NµN )

(N/µN )

(
−µN

2N −
√

(A11−A22)2+4(A12A21+A12µN+A21µN+µ2N )

4N

)
=

(A11 +A22)

4N

+
−
(
(A11 −A22)

2 + 4(A12A21 +A12µN +A21µN )
)
/(16NµN )(

−1
2 −

√
(A11−A22)2+4(A12A21+A12µN+A21µN+µ2N )

16µ2N

) .
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A similar process shows that for the smallest eigenvalue λ−, we have that

λ−
2N

=
(A11 +A22)

4N

+

µN
2N

−

√
(A11 −A22)2 + 4(A12A21 +A12µN +A21µN + µ2N )

4N


=

(A11 +A22)

4N

+
−
(
(A11 −A22)

2 + 4(A12A21 +A12µN +A21µN )
)
/(16N2)(

µN
2N +

√
(A11−A22)2+4(A12A21+A12µN+A21µN+µ2N )

4N

)
=

(A11 +A22)

4N

+
−
(
(A11 −A22)

2 + 4(A12A21 +A12µN +A21µN )
)
/(16NµN )

(N/µN )

(
µN
2N +

√
(A11−A22)2+4(A12A21+A12µN+A21µN+µ2N )

4N

)
=

(A11 +A22)

4N

+
−
(
(A11 −A22)

2 + 4(A12A21 +A12µN +A21µN )
)
/(16NµN )(

1
2 +

√
(A11−A22)2+4(A12A21+A12µN+A21µN+µ2N )

16µ2N

) .

Now consider the random vector
(
λ+−2µN

2N , λ−2N

)
and let (s, t) ∈ R2.

By Theorem 5.3.6 and Theorem 2.2.5, we see that

s

(
λ+ − 2µN

2N

)
+ t

(
λ−
2N

)
= s

(
(A11 +A22)

4N

)

+ s

−
(
(A11 −A22)

2 + 4(A12A21 +A12µN +A21µN )
)
/(16NµN )(

−1
2 −

√
(A11−A22)2+4(A12A21+A12µN+A21µN+µ2N )

16µ2N

)


+ t

(
(A11 +A22)

4N

)

+ t

−
(
(A11 −A22)

2 + 4(A12A21 +A12µN +A21µN )
)
/(16NµN )(

1
2 +

√
(A11−A22)2+4(A12A21+A12µN+A21µN+µ2N )

16µ2N

)


converges in distribution to

s

(
W +X + Y + Z

4

)
+ t

(
(W + Z) − (X + Y )

4

)
,
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where W,X, Y, Z are independently and uniformly distributed on (−1, 1). Theorem 5.3.7 allows us

to conclude that as N → ∞,(
λ+ − 2µN

2N
,
λ−
2N

)
d
=⇒
(
W +X + Y + Z

4
,

(W + Z) − (X + Y )

4

)
.

We wish to prove a similar theorem for a matrix of any size. We will need to adapt our method,

because explicit formulas for eigenvalues of higher dimensional matrices are either unmanageable

or do not exist.

We will need the following two theorems.

Theorem 5.6.2 (Sylvester’s Determinant Theorem, see [3, 153]). Let A be an n-by-k matrix and

B be a k-by-n matrix. Then

det(In +AB) = det(Ik +BA). (5.22)

When k = 1 in the above theorem, the right-hand side is simply the determinant of a number.

This will be extremely useful when we are considering rank one perturbations. This identity was

used by Tao [153] when considering small rank perturbations.

Theorem 5.6.3 (Exercise 5.6.P26 in [79]). If A ∈Mn(C) and ρ(A) < 1, then
∑∞

i=0A
i = (I−A)−1,

where
∑∞

i=0A
i is called the Neumann series of A.

Making use of the Neumann series to analyze small rank perturbations was another technique

used by Tao in [153].

Lemma 5.6.4. Let A be an n-by-n random matrix with entries independently and uniformly dis-

tributed on [−N,N ] ∩ Z. Let Akij denote the ij entry of Ak. Then for any k ≥ 1,

n∑
j=1

n∑
i=1

Akij ≤ nk+1Nk

almost surely.
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Proof. Consider the n-by-n all ones matrix Jn. We will first show by induction that

Jkn =


nk−1 · · · nk−1

...
. . .

...

nk−1 · · · nk−1

 .

When k = 1, the claim is clearly true and the base case is established. Let k ≥ 1, and let our

inductive hypothesis be that

Jk−1
n =


nk−2 · · · nk−2

...
. . .

...

nk−2 · · · nk−2

 .

Then

Jkn = Jk−1
n Jn

=


nk−2 · · · nk−2

...
. . .

...

nk−2 · · · nk−2




1 · · · 1

...
. . .

...

1 · · · 1



=


∑n

i=1 n
k−2 · · ·

∑n
i=1 n

k−2

...
. . .

...∑n
i=1 n

k−2 · · ·
∑n

i=1 n
k−2



=


nk−1 · · · nk−1

...
. . .

...

nk−1 · · · nk−1

 ,

so the statement holds by the principle of mathematical induction. Then

n∑
j=1

n∑
i=1

(Jkn)ij = n2nk−1 = nk+1.

Finally, it follows that

n∑
j=1

n∑
i=1

Akij ≤
n∑
j=1

n∑
i=1

(NJn)kij ≤
n∑
j=1

n∑
i=1

Nk(Jkn)ij ≤ nk+1Nk

almost surely.
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We are now ready to prove the main results of this section. Our proofs are an application of

the methods used by Tao in [153], described in Section 1 and above.

Proof of Theorem 5.1.8. Suppose that x is an eigenvector of (A+P ) with corresponding eigenvalue

λ. We see that (
A+ P

N

)
x =

(
λ

N

)
x,

so it suffices to consider the distribution of largest eigenvalue, in magnitude, of (A + P )/N . In

terms of the characteristic polynomial, we wish to find the largest z such that

det

(
zI − A+ P

N

)
= 0.

From Theorem 5.1.2, we know that (A+P )/µN has one outlier eigenvalue, which converges almost

surely to n as N → ∞. Hence, for all N sufficiently large, and any eigenvalue λ of A+P
µN

with

eigenvector x, we have that (
A+ P

µN

)
x = λx

implies that (
A+ P

N

)
x =

µNλ

N
x.

Since µNλ
N > 2λ for all N sufficiently large whenever λ ̸= 0, we see that

(
A+P
N

)
has at least one

eigenvalue outside of the disk of radius n centered at the origin as N → ∞. On the other hand,

from Lemma 5.3.12, we know that all of the eigenvalues of A/N are located inside the disk of radius

n centered at the origin. Therefore, in order to locate the eigenvalue of
(
A+P
N

)
that is outside of the

disk of radius n centered at the origin, we may consider only |z| > n and analyze the factorization

(originally used by Tao in [153] to apply the eigenvalue criterion)

det

(
zI − A+ P

N

)
= det

(
zI − A

N

)
det

(
I −

(
zI − A

N

)−1 P

N

)
.

Since the first factor on the right hand side is non-zero for |z| > n, it suffices to find |z| > n such

that

det

(
I −

(
zI − A

N

)−1 P

N

)
= 0.
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Letting 1
T = (1, 1, . . . , 1), we may write

P

N
=
µN
N

11
T .

We have

det

(
I −

(
zI − A

N

)−1 P

N

)
= det

(
I −

(
zI − A

N

)−1 µN
N

11
T

)

= det

(
I − 1

T

(
zI − A

N

)−1 µN
N

1

)

= 1 −

(
1
T

(
zI − A

N

)−1 µN
N

1

)
11

= 1 − µN
N

n∑
j=1

n∑
i=1

(
zI − A

N

)−1

ij

where we have used Theorem 5.6.2 to go from the first line to the second line and evaluated the

determinant of the 1-by-1 resultant matrix to go from the second line to the third line. The fourth

line follows by inspection. Next, observe that(
zI − A

N

)−1

=

(
z

(
I − A

Nz

))−1

=
1

z

(
I − A

Nz

)−1

.

Since |z| > n and ρ
(
A
N

)
≤ n, it is easy to see with the maximum column sum matrix norm that

ρ
(
A
Nz

)
< 1, allowing us to apply Theorem 5.6.3. This gives

det

(
I −

(
zI − A

N

)−1 P

N

)
= 1 − µN

N

n∑
j=1

n∑
i=1

(
zI − A

N

)−1

ij

= 1 − µN
Nz

n∑
j=1

n∑
i=1

(
I − A

Nz

)−1

ij

= 1 − µN
Nz

n∑
j=1

n∑
i=1

∞∑
k=0

(
A

Nz

)k
ij

= 1 − µN
Nz

∞∑
k=0

n∑
j=1

n∑
i=1

(
A

Nz

)k
ij

,

where we have rewritten
(
I − A

Nz

)−1

ij
in terms of its Neumann series to go from line two to line

three.

Let

f(z) = 1 − µN
Nz

∞∑
k=0

n∑
j=1

n∑
i=1

(
A

Nz

)k
ij
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and

g(z) = 1 − nµN
Nz

−
µN
∑n

j=1

∑n
i=1Aij

N2z2
.

Observe that f(z) and g(z) are both meromorphic functions, and that the zeros of f(z) are eigen-

values of (A+ P )/N . We will quickly find the zeros of g(z). Suppose that z ̸= 0. Then

z2g(z) = z2 − nµN
N

z −
µN
∑n

j=1

∑n
i=1Aij

N2
. (5.23)

By the quadratic formula, we can see that the zeros of z2g(z), for z ̸= 0, are given by

µNn±
√
µ2Nn

2 + 4µN
∑n

j=1

∑n
i=1Aij

2N
.

Whenever N is sufficiently large, the distance between these two roots is∣∣∣∣∣∣
√
µ2Nn

2 + 4µN
∑n

j=1

∑n
i=1Aij

N

∣∣∣∣∣∣ ≥
∣∣∣∣∣∣
√
µ2Nn

2 − 4n2µNN

N

∣∣∣∣∣∣ =

∣∣∣∣∣µNnN
√

1 − 4N

µN

∣∣∣∣∣ . (5.24)

This tends to infinity as N → ∞ since limN→∞
µN
N = ∞. In particular, this means that any circle

C of finite radius ϵ > 0 centered around the root
µNn+

√
µ2Nn

2+4µN
∑n

j=1

∑n
i=1 Aij

2N of g(z) contains

only that root, whenever N is sufficiently large.

Now, let 0 < ϵ < 1 and let C be the circle of radius ϵ centered at
µNn+

√
µ2Nn

2+4µN
∑n

j=1

∑n
i=1 Aij

2N .

We will show that as N → ∞,

|f(z) − g(z)| < |g(z)|

for all z ∈ C with probability tending to 1.

Observe that

|z|2|f(z) − g(z)| = |z|2
∣∣∣∣∣∣µNNz

∞∑
k=2

n∑
j=1

n∑
i=1

(
A

Nz

)k
ij

∣∣∣∣∣∣
and

|z|2|g(z)|

=

∣∣∣∣∣∣z −
µNn+

√
µ2Nn

2 + 4µN
∑n

j=1

∑n
i=1Aij

2N

∣∣∣∣∣∣
∣∣∣∣∣∣z −

µNn−
√
µ2Nn

2 + 4µN
∑n

j=1

∑n
i=1Aij

2N

∣∣∣∣∣∣ .
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We will bound these quantities. Observe first that whenever N is sufficiently large,√√√√µ2Nn
2 + 4µN

n∑
j=1

n∑
i=1

Aij ≥
√
µ2Nn

2 − 4n2µNN

= µNn

√
1 − 4N

µN
,

which is real with probability tending to 1 as N → ∞ since limN→∞
N
µN

= 0. For z ∈ C, we have

|z|2|g(z)| ≥ |ϵ|

∣∣∣∣∣∣
√
µ2Nn

2 + 4µN
∑n

j=1

∑n
i=1Aij

N
− ϵ

∣∣∣∣∣∣
>
∣∣∣ ϵ
2

∣∣∣
∣∣∣∣∣∣
√
µ2Nn

2 − 4µNn2N

N
− ϵ

∣∣∣∣∣∣
≥
∣∣∣ ϵ
2

∣∣∣ ∣∣∣∣∣µNnN
√

1 − 4N

µN
− ϵ

∣∣∣∣∣
≥
∣∣∣ ϵ
2

∣∣∣ ∣∣∣µN
2N

− ϵ
∣∣∣

≥
∣∣∣ ϵ
2

∣∣∣ |1 − ϵ|

for N sufficiently large, since limN→∞
µN
N = ∞.

By Lemma 5.6.4,
∑n

j=1

∑n
i=1A

k
ij ≤ nk+1Nk. For k ≥ 2, we have

|z|2
∣∣∣∣∣∣µNNz

n∑
j=1

n∑
i=1

(
A

Nz

)k
ij

∣∣∣∣∣∣ ≤
(
|z|2|µN |
N |z|

)(
nk+1Nk

Nk|z|k

)

=
nk+1|µN |
N |z|k−1

≤ nk+1|µN |

N

(∣∣∣∣∣µNn+
√
µ2Nn

2+4µN
∑n

j=1

∑n
i=1 Aij

2N

∣∣∣∣∣− ϵ

)k−1

≤ nk+1

N
|µN |

(∣∣∣∣∣µNn+
√
µ2Nn

2+4µN
∑n

j=1

∑n
i=1 Aij

2N

∣∣∣∣∣− ϵ

)k−1

which equals

n2

 n(∣∣∣∣µ(1−1/(k−1))
N n+µ

(1/2−1/(k−1))
N

√
µNn2+4

∑n
j=1

∑n
i=1 Aij

2N(1−1/(k−1))

∣∣∣∣− ϵ
(
N
µN

)1/(k−1)
)

k−1

.
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Since −n2N ≤
∑n

j=1

∑n
i=1Aij ≤ n2N and limN→∞

µN
N = ∞, we see that the term in the absolute

value of the denominator in the expression above tends to infinity. Therefore, k ≥ 2,

lim
N→∞

n(∣∣∣∣µ(1−1/(k−1))
N n+µ

(1/2−1/(k−1))
N

√
µNn2+4

∑n
j=1

∑n
i=1 Aij

2N(1−1/(k−1))

∣∣∣∣− ϵ
(
N
µN

)1/(k−1)
) = 0.

Thus, we can choose N sufficiently large so that the value inside the limit is less than any 0 < δ < 1.

Then

|z|2|f(z) − g(z)| = |z|2
∣∣∣∣∣∣µNNz

∞∑
k=2

n∑
j=1

n∑
i=1

(
A

Nz

)k
ij

∣∣∣∣∣∣
≤

∞∑
k=2

n2δk−1

=
n2δ

1 − δ
.

Choosing δ small enough so that n2δ
1−δ < |ϵ/2||1 − ϵ| shows that as N → ∞,

|z|2|f(z) − g(z)| < |z|2|g(z)|

for all z ∈ C with probability tending to 1, which proves by Theorem 2.6.5 that f(z) and g(z) both

have exactly one root in C with probability tending to 1 as N → ∞; in particular, this root is

within ϵ of an eigenvalue of (A+ P )/N .

Let us now argue that the eigenvalue we have found is λmax. From the discussion at the

beginning of the proof, we see that for any eigenvalue λ of A+P
µN

, we have that µNλ
N is an eigenvalue

of A+P
N . From Theorem 5.1.2, we know that all but one eigenvalue of (A+P )/µN converge almost

surely to zero as N → ∞. We may assume for that sufficiently large N , all of these non-outlier

eigenvalues of (A+ P )/µN are located in the circle of radius n/4 centered at the origin, since they

converge to zero almost surely. This implies that for sufficiently large N , the eigenvalues of A+PN are

all located in the circle of radius µNn
4N , except for one. The eigenvalue that we found from Rouché’s

theorem is located within ϵ of

µNn+
√
µ2Nn

2 + 4µN
∑n

j=1

∑n
i=1Aij

2N
.
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Hence, ∣∣∣µNn+
√
µ2Nn

2 + 4µN
∑n

j=1

∑n
i=1Aij

∣∣∣
2N

≥

∣∣∣µNn(1 +
√

1 − 4N
µN

)∣∣∣
2N

≥ µNn

2N

>
µNn

4N

for N sufficiently large, showing that this eigenvalue has magnitude larger than µNn
4N , so this eigen-

value must be the outlier λmax.

Since ϵ was arbitrary, we have shown that

lim
N→∞

P

∣∣∣∣∣∣λmax

N
−
µN +

√
µ2Nn

2 + 4µN
∑n

j=1

∑n
i=1Aij

2N

∣∣∣∣∣∣ > ϵ

 = 0.

In particular, this implies that

lim
N→∞

P

∣∣∣∣∣∣
(
λmax

N
− nµN

N

)
−

µN +
√
µ2Nn

2 + 4µN
∑n

j=1

∑n
i=1Aij

2N
− nµN

N

∣∣∣∣∣∣ > ϵ

 = 0

as well. Next, observe that as N → ∞,

µN +
√
µ2Nn

2 + 4µN
∑n

j=1

∑n
i=1Aij

2N
− nµN

N

=
−nµN +

√
µ2Nn

2 + 4µN
∑n

j=1

∑n
i=1Aij

2N

=
−4µN

∑n
j=1

∑n
i=1Aij

2N
(
−nµN −

√
µ2Nn

2 + 4µN
∑n

j=1

∑n
i=1Aij

)
=

−4
∑n

j=1

∑n
i=1Aij

2N
(
−n−

√
n2 + 4

µN

∑n
j=1

∑n
i=1Aij

)
d
=⇒

∑n
j=1

∑n
i=1Xij

n
,

by Lemma 2.2.1, Theorem 2.2.3, and Theorem 2.2.5.

By part (4) of Theorem 2.2.6, we conclude that

λmax − nµN
N

d
=⇒

∑n
j=1

∑n
i=1Xij

n
.



195

Applying the Theorem 2.2.3, we obtain the proper scaling for the Bates distribution, i.e.,

λmax − nµN
nN

d
=⇒

∑n
j=1

∑n
i=1Xij

n2
.

Theorem 5.6.5. Let A be an n-by-n random matrix with entries independently and uniformly

distributed on [−N,N ] ∩ Z. Let limN→∞
µN
N > 12 and let P be the perturbation matrix whose

entries are all µN . Then as N → ∞, A+P
N contains exactly one real outlier eigenvalue in the

interval

[
µNn
2N ,

µNn(1+
√
2)

2N

]
with probability tending to one and the remaining eigenvalues of A+P

N

are contained in B(0, 4n) with probability tending to one.

Theorem 5.6.5 is illustrated in Figure 5.5. Figure 5.6 shows what happens when limN→∞
µN
N =

3. We conjecture that Theorem 5.6.5 holds whenever limN→∞
µN
N > 1.

Figure 5.5: This figure illustrates Theorem 5.6.5. The blue circles denote the eigenvalues of a
6-by-6 random matrix with entries uniformly distributed on [−1015, 1015] ∩ Z, scaled by 1015. The
red crosses denote the eigenvalues of the same random matrix where every entry is perturbed by
15 × 1015, and also scaled by 1015

Proof. We proceed similarly to the proof of Theorem 5.1.8. Suppose that x is an eigenvector of
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Figure 5.6: This figure illustrates an example not covered by Theorem 5.6.5. The blue circles denote
the eigenvalues of a 6-by-6 random matrix with entries uniformly distributed on [−1015, 1015] ∩ Z,
scaled by 1015. The red crosses denote the eigenvalues of the same random matrix where every
entry is perturbed by 3 × 1015, and also scaled by 1015.

(A+ P ) with corresponding eigenvalue λ. We see that(
A+ P

N

)
x =

(
λ

N

)
x,

so it suffices to consider the distribution of largest eigenvalue, in magnitude, of (A + P )/N . In

terms of the characteristic polynomial, we wish to find the largest z such that

det

(
zI − A+ P

N

)
= 0.

Our first goal is to show that (A+P )/N has only one outlier eigenvalue. Again, consider the

factorization

det

(
zI − A+ P

N

)
= det

(
zI − A

N

)
det

(
I −

(
zI − A

N

)−1 P

N

)
.

From Lemma 5.3.12, we know that all of the eigenvalues of A/N (and hence zeros of det
(
zI − A

N

)
)

are located inside the disk of radius n centered at the origin. Therefore, any z such that |z| > n
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that is an eigenvalue of A+P
N (and hence a zero of det

(
zI − A+P

N

)
) must also be a solution to

det

(
I −

(
zI − A

N

)−1 P

N

)
= 0.

We will first find the correct z that satisfies this equation, and then show that |z| > µNn
2N as N → ∞.

We will then show that the remaining eigenvalues of A+P
N are located in B(0, 4n) whenever N is

sufficiently large, implying that the z found is the unique outlier eigenvalue. Now, supposing that

|z| > n and proceeding exactly as in the proof of Theorem 5.1.8, we can write this determinant in

terms of its Neumann series to get

det

(
I −

(
zI − A

N

)−1 P

N

)
= 1 − µN

Nz

∞∑
k=0

n∑
j=1

n∑
i=1

(
A

Nz

)k
ij

.

Let

f(z) = 1 − µN
Nz

∞∑
k=0

n∑
j=1

n∑
i=1

(
A

Nz

)k
ij

and

g(z) = 1 − nµN
Nz

−
µN
∑n

j=1

∑n
i=1Aij

N2z2
.

Observe that f(z) and g(z) are both meromorphic functions and when |z| > n, the zeros of f(z)

are eigenvalues of (A+ P )/N .

Let ϵ = n and let C be the circle of radius ϵ centered at the root
nµN+

√
µ2Nn

2+4µN
∑n

j=1

∑n
i=1 Aij

2N

of g(z), which we found in the proof of Theorem 5.1.8. We will show that as N → ∞

|f(z) − g(z)| < |g(z)|

for all z ∈ C with probability tending to one. We will see momentarily that g has one root in C

with probability tending to one as N → ∞. Then Theorem 2.6.5 allows us to conclude that f(z)

and g(z) both have precisely one zero in C, with probability tending to one as N → ∞. Let us

now investigate the roots of g(z). As before, we have that

|z|2|f(z) − g(z)| = |z|2
∣∣∣∣∣∣µNNz

∞∑
k=2

n∑
j=1

n∑
i=1

(
A

Nz

)k
ij

∣∣∣∣∣∣
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and

|z|2|g(z)|

=

∣∣∣∣∣∣z −
nµN +

√
µ2Nn

2 + 4µN
∑n

j=1

∑n
i=1Aij

2N

∣∣∣∣∣∣
∣∣∣∣∣∣z −

nµN −
√
µ2Nn

2 + 4µN
∑n

j=1

∑n
i=1Aij

2N

∣∣∣∣∣∣ .
We begin by bounding the location of the roots of z2g(z), which are

λ+ =
nµN +

√
µ2Nn

2 + 4µN
∑n

j=1

∑n
i=1Aij

2N

and

λ− =
nµN −

√
µ2Nn

2 + 4µN
∑n

j=1

∑n
i=1Aij

2N

by the quadratic formula.

Since limN→∞
µN
N > 12, for N sufficiently large, we may bound

µNn

2N
≤
µNn

(
1 +

√
1 − 4N

µN

)
2N

≤ λ+ ≤
µNn

(
1 +

√
1 + 4N

µN

)
2N

≤
µNn

(
1 + 2√

3

)
2N

and

µNn
(

1 −
√

1 + 4N
µN

)
2N

≤ λ− ≤
µNn

(
1 −

√
1 − 4N

µN

)
2N

.

This leads to

λ− ≤
µNn

(
1 −

√
1 − 4N

µN

)(
1 +

√
1 − 4N

µN

)
2N
(

1 +
√

1 − 4N
µN

) ≤ 6n

3 +
√

6
.

and

λ− ≥
µNn

(
1 −

√
1 + 4N

µN

)(
1 +

√
1 + 4N

µN

)
2N
(

1 +
√

1 + 4N
µN

) ≥ −2n(
1 +

√
1 + 4N

µN

) ≥ −n.

As N → ∞, this shows that

λ− ≤ 6n

3 +
√

6
≤ 2n < 6n ≤ λ+.

Hence, whenever N is sufficiently large, a circle of radius n around the root λ+ of g(z) contains
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only the root λ+ of g(z). For z ∈ C, we have

|z|2|g(z)| = |z − λ+||z − λ−|

≥ |n|

∣∣∣∣∣∣
√
µ2Nn

2 + 4µN
∑n

j=1

∑n
i=1Aij

N
− n

∣∣∣∣∣∣
≥ n

∣∣∣∣∣∣
µNn

√
1 − 4N

µN

N
− n

∣∣∣∣∣∣ .
Since c > 12, whenever N is sufficiently large, we have that

|z|2|g(z)| >
µNn

2
√

2
3

N
− n2.

By a similar calculation, we see that for z ∈ C, whenever N is sufficiently large,

|z| ≥ µNn

2N

(
1 +

√
2

3

)
− n ≥ µNn

2N
− n.

On the other hand, by Lemma 5.6.4,
∑n

j=1

∑n
i=1A

k
ij ≤ nk+1Nk, so for k ≥ 2, whenever N is

sufficiently large, we may bound

|z|2
∣∣∣∣∣∣µNNz

n∑
j=1

n∑
i=1

(
A

Nz

)k
ij

∣∣∣∣∣∣ ≤
(
|z|2|µN |
N |z|

)(
nk+1Nk

Nk|z|k

)

=
nk+1|µN |
N |z|k−1

≤ nk+1|µN |

N
(
|µN |n
2N − n

)k−1

≤ n2|µN |
N

(
n

|µN |n
2N − n

)k−1

≤ n2|µN |
N

(
1

|µN |
2N − 1

)k−1

.

Summing from 2 ≤ k <∞, whenever N is sufficiently large, we have

|z|2|f(z) − g(z)| = |z|2
∣∣∣∣∣∣µNNz

∞∑
k=2

n∑
j=1

n∑
i=1

(
A

Nz

)k
ij

∣∣∣∣∣∣
≤ n2|µN |

N

∞∑
k=2

(
1

|µN |
2N − 1

)k−1

=
n2|µN |
N

(
2

|µN |
N − 3

)
.
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We see that

lim
N→∞

n2|µN |
N

(
2

|µN |
N − 3

)
< lim

N→∞

µNn
2
√

2/3

N
− n2

whenever n > 0 and limN→∞
µN
N = c > (6+3

√
6+
√

90+12
√
6)

4 ≈ 6.0688. Since we assumed limN→∞
µN
N >

12, we have that as N → ∞,

|z|2|f(z) − g(z)| < |z|2|g(z)|

for all z ∈ C with probability tending to one. By Theorem 2.6.5, this proves that as N → ∞, f(z)

and g(z) both have exactly one root in C with probability tending to one and this root is within n

of an eigenvalue of (A+ P )/N ,

We note that at this point that we could have chosen the circle of radius n/3 around λ+,

rather than the circle of radius n, and the inequalities would have still worked out in the end.

However, for a circle of radius smaller than n/4, we would have had to increase c. For instance, the

circle of radius n/4 requires that c > 12.4526 and the circle of radius n/100 requires that c > 204.02.

We will now locate the other eigenvalues of (A+P )/N . We will use the earlier bounds for λ+

and λ− given by |λ+| ≥ µNn
2N and|λ−| ≤ 6n

3+
√
6
< 2n whenver N is sufficiently large, while keeping

in mind that λ+ and λ− are both real with probability tending to 1 as N → ∞. As before, let

f(z) = 1 − µN
Nz

∞∑
k=0

n∑
j=1

n∑
i=1

(
A

Nz

)k
ij

and

g(z) = 1 − nµN
Nz

−
µN
∑n

j=1

∑n
i=1Aij

N2z2

and consider the functions |z|2|f(z) − g(z)| and |z|2|g(z)|. Similarly to before, since |z| > n, we
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may bound

|z|2|f(z) − g(z)| = |z|2
∣∣∣∣∣∣µNNz

∞∑
k=2

n∑
j=1

n∑
i=1

(
A

Nz

)k
ij

∣∣∣∣∣∣
≤

∞∑
k=2

nk+1|µN |
N |z|k−1

≤ n2|µN |
N

∞∑
k=2

(
n

|z|

)k−1

≤ n3|µN |
N ||z| − n|

.

Hence, we must find the values for z so that whenever N is sufficiently large,

n3µN
N ||z| − n|

< |z − λ−| |z − λ+| . (5.25)

Let R be the rectangle of height 4n centered on the real axis with a lower bound for its real

coordinates given by µNn
2N − 2n and upper bound for its real coordinates given by µNn(1+

√
2)

2N + 2n.

Let R̊ denote all points enclosed by R. First, consider any z ∈ C such that |z| ≥ 4n and z is outside

of the interior of R, i.e., z ∈ C \ (R̊ ∪ (B(0, 4n)).

Since |z| ≥ 4n for all z ∈ C \ (R̊ ∪ (B(0, 4n)) whenever N sufficiently large, we have that

n3µN
N ||z| − n|

≤ n3µN
N ||4n| − n|

=
µNn

2

3N
.

Let z = x + iy be the decomposition of z into its real and imaginary parts. Whenever λ+

and λ− are real, which happens with probability tending to 1 as N → ∞, we see that

|z − λ+| =
√

(x− λ+)2 + y2 ≥ |x− λ+|

and similarly

|z − λ−| ≥
√

(x− λ−)2 + y2 ≥ |x− λ−|.

We now consider four different locations for z ∈ C \ (R̊ ∪B(0, 4n)).

Observe that whenever N is sufficiently large, µNn
2N − 2n > 4n, since limN→∞

µN
N = c > 12.

If |z| ≥ 4n and 4n ≤ x ≤ µNn
2N − 2n, then since λ− ≤ 2n and λ+ ≥ µNn

2N whenever N is sufficiently
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large, we wish to minimize

|z − λ−| |z − λ+| ≥ |x− λ−| |x− λ+|

= (x− λ−)(λ+ − x)

≥ (x− 2n)
(µNn

2N
− x
)
.

From elementary calculus, it is clear that the concave down parabola in the variable x from

the third line above is minimized at one of the endpoints for x ∈
[
4n, µNn2N − 2n

]
. In this case, both

endpoints yield the same value, and we obtain the bound

|z − λ−| |z − λ+| ≥ (2n)
(µNn

2N
− 4n

)
,

whenever N is sufficiently large.

If |z| ≥ 4n and −∞ < x < 4n, then we see that the distances are minimized when z = 4n,

and we have

|z − λ−| |z − λ+| ≥ |x− λ−| |x− λ+|

≥ (2n)
(µNn

2N
− 4n

)
whenever N is sufficiently large.

If |z| ≥ 4n and µNn
2N − 2n < x ≤ µNn(1+

√
2)

2N + 2n and |y| ≥ 2n, we have

|z − λ−| |z − λ+| ≥ |x− λ−||y − λ+|

≥
(µNn

2N
− 4n

)
(2n)

whenever N is sufficiently large.

Finally, if |z| ≥ 4n and µNn(1+
√
2)

2N + 2n < x <∞,

|z − λ−| |z − λ+| ≥ |x− λ−| |x− λ+|

≥

(
µNn(1 +

√
2)

2N

)(µNn
2N

(√
2 − 2/

√
3
))

≥

(
µNn(1 +

√
2)

2N

)
(2n)

≥
(µNn

2N
− 4n

)
(2n)
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whenever N is sufficiently large.

In all four cases, we arrive at

|z − λ−||z − λ+| ≥
(µNn

2N
− 4n

)
(2n)

whenever N is sufficiently large.

Observe that

µNn
2

3N
<
(µNn

2N
− 4n

)
(2n)

whenever µN
N > 12, which occurs whenever N is sufficiently large.

Let Γ by any circle in the complex plane contained in C\ (R̊∪B(0, 4n)). We have shown that

|z|2|f(z) − g(z)| < |z|2|g(z)|

for all z ∈ Γ as N → ∞ with probability tending to 1. By Theorem 2.6.5, we conclude that as

N → ∞, z2f(z) and z2g(z) have the same number of roots in Γ with probability tending to one;

this must be exactly zero roots, since we have avoided the roots of z2g(z). By varying the circle

Γ, we can include every point in C \ (R̊ ∪ (B(0, 4n)). This implies that z2f(z), and hence f(z),

cannot have any zeros in these regions, with probability tending to 1 as N → ∞. Therefore, all of

the zeros of f(z) must be in B(0, 4n) or R.

Next, we show that the zeros of f(z) cannot be in R. Let ϵ > 0 be small. Let W be the

rectangle of height 4n + 2ϵ centered on the real axis whose real coordinates have lower bound

µNn
2N − 2n − ϵ and whose real coordinates have upper bound

µNn(1+
√
2)

2N + 2n + ϵ. Note that every

side of W is at least length ϵ away from the corresponding side of R; clearly R̄ ⊂ W̄ . For z ∈W ,

|z| ≥
∣∣∣µNn

2N
− 2n− ϵ

∣∣∣ ,
and so

n3µN
N ||z| − n|

≤ n3µN

N
∣∣∣∣µNn

2N − 2n− ϵ
∣∣− n

∣∣ ≤ n3µN

N
(µNn

2N − 3n− ϵ
)

whenever N is sufficiently large. On the other hand, W was chosen in such a way so that |z−λ+| ≥
µNn(

√
2−2/

√
3)

2N ≥ 2n+ ϵ and |z − λ−| ≥ µNn
2N − 4n− ϵ for all z ∈ R whenever N is sufficiently large.
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Therefore, we wish to show

µNn
3

N
(µNn

2N − 3n− ϵ
) < (2n+ ϵ)

(µNn
2N

− 4n− ϵ
)
,

with probability tending to 1 as N → ∞. Letting ϵ → 0, the inequality holds whenever µN
N > 12,

which happens when N is sufficiently large. By Theorem 2.6.5, we conclude that z2f(z) and z2g(z)

both contain exactly one root in W with probability tending to one as N → ∞; these roots must be

the real roots already found on the real line. Putting everything together, we see that the remaining

roots of z2f(z), and hence f(z), must be contained in B(0, 4n), with probability tending to 1 as

N → ∞.

Lemma 5.6.6. Suppose that the n-by-n random matrices A and B with all entries having modulus

at most one have been coupled in such a way that |Aij −Bij | < C
N for all 1 ≤ i, j ≤ n, where C > 0

is a constant. Then for any k ∈ N,

∣∣∣Akij −Bk
ij

∣∣∣ ≤ knkC

N
.

Proof. Consider the matrix factorization for the difference of powers

Ak −Bk =
k−1∑
i=0

Ai(A−B)Bk−1−i,

which can be proven by expanding the sum and noticing that it is a telescoping series. Furthermore,

observe that the ij entry of any matrix is bounded above by the maximum column sum norm.

Applying the (submultiplicative) maximum column sum norm, we have that

∥Ak −Bk∥1 ≤
k−1∑
i=0

∥Ai∥1∥A−B∥1∥Bk−1−i∥1.

We may bound

∥Ai∥1 ≤ ∥A∥i1 ≤ ni, ∥Bk−1−i∥1 ≤ ∥B∥k−1−i
1 ≤ nk−1−i,

since all matrix entries of A and B have modulus at most one. Moreover,

∥A−B∥1 ≤
nC

N



205

by the assumed coupling. Thus,

∥Ak −Bk∥1 ≤
k−1∑
i=0

ni
(
nC

N

)
nk−1−i

=

(
nC

N

) k−1∑
i=0

nk−1

=
knkC

N
.

Since ∣∣∣Akij −Bk
ij

∣∣∣ =
∣∣∣(Ak −Bk)ij

∣∣∣ ≤ ∥Ak −Bk∥1,

the result follows.

Theorem 5.6.7. Let A be an n-by-n random matrix with entries independently and uniformly

distributed on [−N,N ] ∩ Z. Let limN→∞
µN
N = c > 12 and let P be the perturbation matrix whose

entries are all µN . Let B be an n-by-n random matrix with entries independently and uniformly

distributed on (−1, 1). Let λmax denote the largest eigenvalue, in magnitude, of A+P
N . Let Z be the

random variable that is the unique solution to the equation

n∑
j=1

n∑
i=1

(zI −B)−1
ij =

1

c
.

outside of B(0, 4n). Then

λmax
d
=⇒ Z.

Proof. Let A and B be coupled as in Lemma 5.3.5; Lemma 3.3.2 and Remark 3.3.3 show that

this is indeed a coupling of the matrices A and B. Refer to the coupled matrices as A′ and B′.

In Theorem 5.6.5, it was shown that A+P
N (and hence A′+P

N ) has a unique real outlier eigenvalue

contained in the interval

[
µNn
2N ,

µNn(1+
√
2)

2N

]
with probability tending to one as N → ∞, and that

all other eigenvalues of A+P
N (and hence A′+P

N ) are contained in B(0, 4n) with probability tending

to one as N → ∞; call the outlier eigenvalue λmax. Let C be the perturbation matrix whose entries

are all c. We will now compare the eigenvalues of A′+P
N and the eigenvalues of B′ + C via the

factorizations

det

(
zI − A′ + P

N

)
= det

(
zI − A′

N

)
det

(
I −

(
zI − A′

N

)−1 P

N

)
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and

det
(
zI −

(
B′ + C

))
= det

(
zI −B′) det

(
I −

(
zI −B′)−1

C
)
.

Since we are interested in eigenvalues near λmax, consider |z| > 4n. Expanding in terms of a

Neumann series as in the proof of Theorem 5.1.8, let

f(z) = det

(
I −

(
zI − A′

N

)−1 P

N

)

= 1 − µN
Nz

∞∑
k=0

n∑
j=1

n∑
i=1

(
A′

Nz

)k
ij

and

g(z) = det
(
I −

(
zI −B′)−1

C
)

= 1 − c

z

∞∑
k=0

n∑
j=1

n∑
i=1

(
B′

z

)k
ij

.

Then for |z| > 4n and N sufficiently large, we have

|f(z) − g(z)| =

∣∣∣∣∣∣
1 − µN

Nz

∞∑
k=0

n∑
j=1

n∑
i=1

(
A′

Nz

)k
ij

−

1 − c

z

∞∑
k=0

n∑
j=1

n∑
i=1

(
B′

z

)k
ij

∣∣∣∣∣∣
=

∣∣∣∣∣∣
( c
z
− µN
Nz

) ∞∑
k=0

n∑
j=1

n∑
i=1

(
A′

Nz

)k
ij

+
c

z

∞∑
k=0

n∑
j=1

n∑
i=1

((
B′

z

)k
ij

−
(
A′

Nz

)k
ij

)∣∣∣∣∣∣
≤

∣∣∣∣∣∣
(
c− µN

N

) 1

z

∞∑
k=0

n∑
j=1

n∑
i=1

(
A′

Nz

)k
ij

∣∣∣∣∣∣+

∣∣∣∣∣∣ cz
∞∑
k=0

n∑
j=1

n∑
i=1

((
B′

z

)k
ij

−
(
A′

Nz

)k
ij

)∣∣∣∣∣∣
≤

∣∣∣∣∣∣
(
c− µN

N

) 1

z

∞∑
k=0

n∑
j=1

n∑
i=1

(
A′

Nz

)k
ij

∣∣∣∣∣∣+

∣∣∣∣∣∣ cz
∞∑
k=0

n∑
j=1

n∑
i=1

knkM

zkN

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
(
c− µN

N

) 1

z

∞∑
k=0

n∑
j=1

n∑
i=1

(
A′

Nz

)k
ij

∣∣∣∣∣∣+

∣∣∣∣∣cnMN
∞∑
k=0

k
(n
z

)k+1
∣∣∣∣∣

≤

∣∣∣∣∣∣
(
c− µN

N

) 1

z

∞∑
k=0

n∑
j=1

n∑
i=1

(
A′

Nz

)k
ij

∣∣∣∣∣∣+

∣∣∣∣ cn3M

N(n− z)2

∣∣∣∣ , (5.26)

where we have applied Lemma 5.6.6 to go from line three to line four; here, M > 0 is the constant

satisfying |A′
ij/N − B′

ij | < M/N for each 1 ≤ i, j ≤ n, which exists due to Lemma 5.3.5. We also

have that

|f(z)| =

∣∣∣∣∣∣µNNz
∞∑
k=0

n∑
j=1

n∑
i=1

(
A′

Nz

)k
ij

∣∣∣∣∣∣ . (5.27)
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Since A0 = I, ∣∣∣∣∣∣µNNz
∞∑
k=0

n∑
j=1

n∑
i=1

(
A′

Nz

)k
ij

∣∣∣∣∣∣ =

∣∣∣∣∣∣
(µN
Nz

)n+

∞∑
k=1

n∑
j=1

n∑
i=1

(
A′

Nz

)k
ij

∣∣∣∣∣∣
≥
∣∣∣µN
Nz

∣∣∣
∣∣∣∣∣∣n−

∣∣∣∣∣∣
∞∑
k=1

n∑
j=1

n∑
i=1

(
A′

Nz

)k
ij

∣∣∣∣∣∣
∣∣∣∣∣∣ ,

where the second line follows by the reverse triangle inequality. By arguments similar to Lemma

5.6.4, we can bound the sum∣∣∣∣∣∣
∞∑
k=1

n∑
j=1

n∑
i=1

(
A′

Nz

)k
ij

∣∣∣∣∣∣ ≤
∞∑
k=1

nk+1Nk

Nk|z|k
≤ n

3

since |z| > 4n. Hence, a lower bound for (5.27) is given by∣∣∣µN
Nz

∣∣∣ (n− n/3) ≥
∣∣∣∣2nµN3Nz

∣∣∣∣ .
Now let ϵ > 0 and consider z ∈ Cλmax,ϵ. Let us compare (5.26) and (5.27). Since limN→∞

µN
N = c

and |z| > 4n, using Lemma 5.6.4 and the geometric series, we have∣∣∣∣∣∣
(
c− µN

N

) 1

z

∞∑
k=0

n∑
j=1

n∑
i=1

(
A′

Nz

)k
ij

∣∣∣∣∣∣ ≤
∣∣∣c− µN

N

∣∣∣ ∣∣∣∣1z
∣∣∣∣
∣∣∣∣∣
∞∑
k=0

nk+1Nk

Nkzk

∣∣∣∣∣
≤
∣∣∣c− µN

N

∣∣∣ ∣∣∣∣1z
∣∣∣∣ ∣∣∣∣ nz

z − n

∣∣∣∣
<

∣∣∣∣13 (c− µN
N

)∣∣∣∣ .
Since |z| > 4n, we can bound ∣∣∣∣ cn3M

N(n− z)2

∣∣∣∣ < ∣∣∣∣cnM3N

∣∣∣∣ .
Combining these pieces, since

lim
N→∞

∣∣∣∣13 (c− µN
N

)∣∣∣∣+

∣∣∣∣cnM3N

∣∣∣∣ = 0,

we see that

P
(

lim sup
N→∞

|f(z) − g(z)| < |f(z)|, for all z ∈ Cλmax,ϵ

)
= 1.

By Theorem 2.6.5, we see that both f(z) and g(z) have the same number of zeros in Cλmax,ϵ with

probability tending to one, as N → ∞. To see that this zero is unique, observe first that λmax
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must be a zero of f(z). On the other hand, any zero of f(z) is also an eigenvalue of (A′ + P )/N ,

and we know from Theorem 5.6.5 that the remaining eigenvalues are contained in B(0, 4n) with

probability tending to one as N → ∞. Since

1 − c

z

∞∑
k=0

n∑
j=1

n∑
i=1

(
B′

z

)k
ij

= 1 − c

n∑
j=1

n∑
i=1

(
zI −B′)−1

ij
,

let Z be the random variable that is the unique solution to the equation

n∑
j=1

n∑
i=1

(
zI −B′)−1

ij
=

1

c

outside of B(0, 4n). To see that this solution actually exists and is unique, one can repeat the proof

of Theorem 5.6.5, but applied to the matrix B+C rather than (A+P )/N , and replacing µN/N by

c. Since limN→∞
µN
N = c, the bounds and algebra involved are very similar. Then we have showed

that

lim
N→∞

P (|λmax − Z| < 2ϵ) = 0,

which implies that

λmax
d
=⇒ Z.

In particular, since A ∼ A′ and B ∼ B′, the result holds.
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[2] Shigeki Akiyama and Attila Pethő. On the distribution of polynomials with bounded roots,
I. Polynomials with real coefficients. J. Math. Soc. Japan, 66(3):927–949, 2014.

[3] Alkiviadis G. Akritas, Evgenia K. Akritas, and Genadii I. Malaschonok. Various proofs of
Sylvester’s (determinant) identity. Mathematics and Computers in Simulation, 42(4):585–593,
1996. Sybolic Computation, New Trends and Developments.

[4] Theresa C. Anderson, Ayla Gafni, Robert J. Lemke Oliver, David Lowry-Duda, George
Shakan, and Ruixiang Zhang. Quantitative Hilbert irreducibility and almost prime values
of polynomial discriminants. Int. Math. Res. Not. IMRN, 2023(3):2188–2214, 2021.

[5] Jürgen Angst, Thibault Pautrel, and Guillaume Poly. Real zeros of random trigonometric
polynomials with dependent coefficients. Trans. Amer. Math. Soc., 375(10):7209–7260, 2022.

[6] Sheldon Axler. Linear algebra done right. Undergraduate Texts in Mathematics. Springer,
Cham, third edition, 2015.

[7] Z. D. Bai. Circular law. Ann. Probab., 25(1):494–529, 1997.

[8] Zhidong Bai and Jack W. Silverstein. Spectral analysis of large dimensional random matrices.
Springer Series in Statistics. Springer, New York, second edition, 2010.

[9] Jinho Baik, Gérard Ben Arous, and Sandrine Péché. Phase transition of the largest eigenvalue
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Appendix A

Pdf of the ratio distribution for continuous uniform random variables

We now investigate the probability density function of the limiting distribution of ZN , as

defined in Corollary 2.1.6. Springer [149] obtains the probability density functions of various random

variables in Chapter 4 of his book via the Mellin convolution and the residue theorem. We present

here a straightforward geometrical approach for the ratio distribution of two independent uniform

random variables.

Lemma A.0.1. Let 0 ≤ α < β and 0 ≤ γ < δ and suppose that X ∼ U(α, β) and Y ∼ U(γ, δ) are

independent. If δ
β <

γ
α , then |X/Y | has density

f|X/Y |(z) =



δ2z2−α2

2z2(δ−γ)(β−α) , if z ∈
[
α
δ ,

α
γ

]
γ+δ

2(β−α) , if z ∈
[
α
γ ,

β
δ

]
β2−z2γ2

2z2(δ−γ)(β−α) , if z ∈
[
β
δ ,

β
γ

]
0, otherwise

.

Otherwise, if δ
β ≥ γ

α , then |X/Y | has density

f|X/Y |(z) =



δ2z2−α2

2(β−α)(δ−γ)z2 , if z ∈
[
α
δ ,

β
δ

]
α+β

2(δ−γ)z2 , if z ∈
[
β
δ ,

α
γ

]
β2−γ2z2

2z2(β−α)(δ−γ) , if z ∈
[
α
γ ,

β
γ

]
0, otherwise

.
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Proof. Since P(X/Y ≤ z) = 1 − P(Y < X
z ), we will begin by computing P(Y < X

z ) for all z ∈ R.

Consider the rectangle R in the complex plane defined by [α, β] × [γ, δ]. Since X and Y are

independently distributed with a joint density that is uniform over R, for any z ∈ R, the probability

that Y < X
z is equal to the area below the line y = x

z and enclosed by the rectangle, divided by the

total area of the rectangle. The four corners of the rectangle are given by (α, γ), (β, γ), (α, δ), and

(β, δ). A visual aid is provided in Figure A.1.

x

y

α β

γ

δ

y = γ
βx

y = γ
αxy = δ

αx

y = δ
βx

Figure A.1: This is the rectangle given by [α, β]× [γ, δ], when 0 ≤ α < β and 0 ≤ γ < δ. The figure
depicts the lines that go through all four corners of the rectangle. This serves as a visual aid for
computing P

(
Y < X

z

)
in the case where δ

β <
γ
α .

Observe that the lower right corner of the rectangle is given by the point (β, γ). Therefore, the

line through the origin with slope γ
β will only intersect the rectangle at one point. We conclude that

for any z ∈
[
β
γ ,∞

)
,P
(
Y < X

z

)
= 0. Similarly, observing that the upper left corner of the rectangle

is given by the point (α, δ), for any z ∈
[
0, αδ

]
,P
(
Y < X

z

)
= 1. Finally, since the support of the

rectangle is contained in the first quadrant, for any z ∈ (−∞, 0),P
(
Y < X

z

)
= 0. Differentiating

1 − P
(
Y < X

z

)
and combining these statements yields

f|X/Y |(z) = 0, z ∈
(
−∞,

α

δ

]
∪
[
β

γ
,∞
)
.

As the slope of the line through the origin increases, after intersecting the lower right corner

(β, γ), the line will intersect either the point (α, γ) or (β, δ) next, depending on whether the quantity
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δ
β or γ

α is greater. This is why we must consider two cases.

Suppose first that

δ

β
<
γ

α
.

Then for z ∈
[
β
δ ,

β
γ

]
,

P
(
Y <

X

z

)
=

1

(δ − γ)(β − α)

∫ β

γz

x

z
− γ dx

=
(β − γz)2

2z(δ − γ)(β − α)
.

Differentiating 1 − P
(
Y < X

z

)
yields

f|X/Y |(z) =
β2 − z2γ2

2z2(δ − γ)(β − α)
, if z ∈

[
β

δ
,
β

γ

]
.

Then for z ∈
[
α
γ ,

β
δ ,
]
,

P
(
Y <

X

z

)
=

1

(δ − γ)(β − α)

(∫ δz

γz

x

z
− γ dx+

∫ β

δz
δ − γ dx

)
=

1

(δ − γ)(β − α)

(
z(γ − δ)2

2
+ (δ − γ)(β − δz)

)
.

Differentiating 1 − P
(
Y < X

z

)
yields

f|X/Y |(z) =
γ + δ

2(β − α)
, if z ∈

[
α

γ
,
β

δ

]
.

Finally, for z ∈
[
α
δ ,

α
γ

]
,

P
(
Y <

X

z

)
=

1

(δ − γ)(β − α)

(∫ δz

α

x

z
− γ dx+

∫ β

δz
δ − γ dx

)
=

1

(δ − γ)(β − α)

(
(δz − α)(α− 2γz + δz)

2z
+ (δ − γ)(β − δz)

)
.

Differentiating 1 − P
(
Y < X

z

)
yields

f|X/Y |(z) =
δ2z2 − α2

2z2(δ − γ)(β − α)
, if z ∈

[
α

δ
,
α

γ

]
.

When γ
α ≤ δ

β instead, one can proceed analogously to obtain

f|X/Y |(z) =
α+ β

2(δ − γ)z2
, if z ∈

[
β

δ
,
α

γ

]
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f|X/Y |(z) =
β2 − γ2z2

2z2(β − α)(δ − γ)
, if z ∈

[
α

γ
,
β

γ

]
.

f|X/Y |(z) =
δ2z2 − α2

2(β − α)(δ − γ)z2
, if z ∈

[
α

δ
,
β

δ

]
.

Remark A.0.2. If α < β ≤ 0 and γ < δ ≤ 0 (instead of 0 ≤ α < β and 0 ≤ γ < δ) in the hypothesis

of Lemma A.0.1, it is not hard to see that if γ
α <

δ
β , then |X/Y | has density

f|X/Y |(z) =



γ2z2−β2

2z2(γ−δ)(α−β) , if z ∈
[
β
γ ,

β
δ

]
γ+δ

2(α−β) , if z ∈
[
β
δ ,

α
γ

]
α2−z2δ2

2z2(γ−δ)(α−β) , if z ∈
[
α
γ ,

α
δ

]
0, otherwise

.

and if γ
α ≥ δ

β , then |X/Y | has density

f|X/Y |(z) =



γ2z2−β2

2(α−β)(γ−δ)z2 , if z ∈
[
β
γ ,

α
γ

]
α+β

2(γ−δ)z2 , if z ∈
[
α
γ ,

β
δ

]
α2−δ2z2

2z2(α−β)(γ−δ) , if z ∈
[
β
δ ,

α
δ

]
0, otherwise

.

Lemma A.0.3. Let α < 0 < β and γ < 0 < δ. Suppose that X ∼ U(α, β) and Y ∼ U(γ, δ) are

independent. If αδ ≥ βγ and βδ ≥ αγ, then X/Y has density

fX/Y (z) =



α2+β2

2z2(β−α)(δ−γ) , if z ∈
(
−∞, βγ

]
∪
[
β
δ ,∞

)
γ2+δ2

2(β−α)(δ−γ) , if z ∈
[
α
δ , 0
)
∪
[
0, αγ

]
α2+δ2z2

2z2(β−α)(δ−γ) , if z ∈
[
α
γ ,

β
δ

]
α2+γ2z2

2z2(β−α)(δ−γ) , if z ∈
[
β
γ ,

α
δ

]
0, otherwise

.
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Proof. Consider the rectangle R defined by [α, β] × [γ, δ], and begin with the simple observation

that for z ∈ [0,∞), the region that satisfies the inequality X/Y ≤ z is given by the intersection

of R with the second quadrant, the fourth quadrant, the area above the line y = x
z in the first

quadrant, and the area below the line y = x
z in the third quadrant. A visual aid is provided in

Figure A.2.

x

y

x

y

Figure A.2: This is the rectangle given by [α, β]× [γ, δ]. The figure on the left depicts, in blue, the
points in the rectangle that satisfy x

y ≤ z for z positive. The figure on the right depicts, in blue,
the points in the rectangle that satisfy x

y ≤ z for z negative.

When z ∈ (−∞, 0), the region that satisfies the inequality X/Y ≤ z is the intersection of R

with the area below the line y = x
z in the second quadrant and the area above the line y = x

z in

the fourth quadrant. To obtain the probability of these events, we divide the area of these regions

by the total area of the rectangle.

We begin by considering positive values for z. Similarly to the proof of Lemma A.0.1, as the

slope of the line through the origin increases from 0 towards ∞, the line will intersect either the

point (α, γ) or (β, δ) first, depending on whether the quantity δ
β or γ

α is greater. This leads to two

cases. Consider now the case where αδ ≥ βγ.
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When z ∈
[
0, αγ

]
,

P
(
X

Y
≤ z

)
=

1

(δ − γ)(β − α)

(∫ 0

α
δ dx+

∫ δz

0
δ − x

z
dx+

∫ 0

γz

x

z
− γ dx+

∫ β

0
−γ dx

)
=

1

(δ − γ)(β − α)

(
−δα+

δ2z

2
+
γ2z

2
− βγ

)
.

Differentiating gives

fX/Y (z) =
γ2 + δ2

2(δ − γ)(β − α)
, if z ∈

[
0,
α

γ

]
.

When z ∈
(
α
γ ,

β
δ

)
,

P
(
X

Y
≤ z

)
=

1

(δ − γ)(β − α)

(∫ 0

α
δ dx+

∫ δz

0
δ − x

z
dx+

∫ 0

α

x

z
− γ dx+

∫ β

0
−γ dx

)
=

1

(δ − γ)(β − α)

(
−δα+

δ2z

2
+ αγ − α2

2z
− βγ

)
.

Differentiating gives

fX/Y (z) =
α2 + δ2z2

2z2(δ − γ)(β − α)
, if z ∈

(
α

γ
,
β

δ

)
.

When z ∈
[
β
δ ,∞

)
,

P
(
X

Y
≤ z

)
=

1

(δ − γ)(β − α)

(∫ 0

α
δ dx+

∫ β

0
δ − x

z
dx+

∫ 0

α

x

z
− γ dx+

∫ β

0
−γ dx

)
=

1

(δ − γ)(β − α)

(
−δα+ βδ − β2

2z
+ αγ − α2

2z
− βγ

)
.

Differentiating gives

fX/Y (z) =
α2 + β2

2z2(δ − γ)(β − α)
, if z ∈

[
β

δ
,∞
)
.

Next, we consider negative values for z. As the slope of the line through the origin decreases

from 0 towards −∞, the line will intersect either the point (β, γ) or (α, δ) first, depending on

whether the quantity γ
β or δ

α is greater. This leads to two cases. Consider now the case where

βδ ≥ αγ.

When z ∈
(
−∞, βγ

]
,

P
(
X

Y
≤ z

)
=

1

(δ − γ)(β − α)

(∫ 0

α

x

z
dx+

∫ β

0
−x
z
dx

)
=

1

(δ − γ)(β − α)

(
−α

2 + β2

2z

)
.



226

Differentiating gives

fX/Y (z) =
α2 + β2

2z2(δ − γ)(β − α)
, if z ∈

(
−∞,

β

γ

]
.

When z ∈
(
β
γ ,

α
δ

)
,

P
(
X

Y
≤ z

)
=

1

(δ − γ)(β − α)

(∫ 0

α

x

z
dx+

∫ γz

0
−x
z
dx+

∫ β

γz
−γ dx

)
=

1

(δ − γ)(β − α)

(
−α

2

2z
− γ2z

2
+ γ2z − γβ

)
.

Differentiating gives

fX/Y (z) =
α2 + γ2z2

2z2(δ − γ)(β − α)
, if z ∈

(
β

γ
,
α

δ

)
.

When z ∈
[
α
δ , 0
)
,

P
(
X

Y
≤ z

)
=

1

(δ − γ)(β − α)

(∫ δz

α
δ dx+

∫ 0

δz

x

z
dx+

∫ γz

0
−x
z
dx+

∫ β

γz
−γ dx

)
=

1

(δ − γ)(β − α)

(
δ2z − δα− δ2z

2
− γ2z

2
+ γ2z − γβ

)
.

Differentiating gives

fX/Y (z) =
γ2 + δ2

2(δ − γ)(β − α)
, if z ∈

[α
δ
, 0
)
.

In the proof of Lemma A.0.3, we saw that different cases for the density of X/Y must be

considered based on whether αδ ≥ βγ or αδ < βγ and whether βδ ≥ αγ or βδ < αγ. This gives

rise to a total of four cases; we computed the probability density of X/Y for just one. The density

of X/Y for the other cases can be computed analogously. One may also consider when α < 0 < β

and 0 < γ < δ or when 0 < α < β and γ < 0 < δ in the statement of Lemma A.0.3 to fully derive

the probability density function of X/Y .

Remark A.0.4. To find the pdf of
∣∣X
Y

∣∣, we simply observe that for any z ∈ R,

P
(∣∣∣∣XY

∣∣∣∣ < z

)
= P

(
−z < X

Y
< z

)
= FX/Y (z) − FX/Y (−z)
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Differentiating shows that

f|X/Y |(z) = fX/Y (z) − fX/Y (−z).
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