On the Real Roots and Real Eigenvalues of the Generalized
Large Box Model for Random Polynomials and Random

Matrices
by
Isabelle Kraus
B.S., University of Central Florida, 2017

M.A., University of Colorado Boulder, 2021

A thesis submitted to the
Faculty of the Graduate School of the
University of Colorado in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
Department of Mathematics

2025

Committee Members:
Sean O’Rourke, Chair
Kyle Luh

Judith Packer

Sergei Kuznetsov

Dorin Dutkay



i
Kraus, Isabelle (Ph.D., Mathematics)

On the Real Roots and Real Eigenvalues of the Generalized Large Box Model for Random Polyno-

mials and Random Matrices

Thesis directed by Professor Sean O’Rourke

Let nand N bein N, and for 0 <i <n—1, let a; < 8; € R. Consider the monic polynomial
in a single complex variable of the form f,(z) = 2" + ap_12""! + -+ + a1z + ap whose coefficients
a; are uniformly distributed on [o; N, 8; N]|NZ for each 0 < i < n—1 and jointly independent. This
random polynomial model is referred to as the generalized large box model. When instead
aj; < Bi; for 1 < 4,7 < n and one considers the n-by-n random matrix whose entries are uniformly
distributed on [a;; N, B;;N] N Z for each 1 < 4,j < n and jointly independent, we say that the
matrix is drawn from the generalized large box model ensemble.

This thesis is organized into five chapters. Chapter [1| develops and presents the history of
the relevant random polynomial and random matrix models, related results, and notation.

Chapters [2| and [3| are concerned with finding the probability that random polynomials whose
coefficients obey the generalized large box model have all real roots, as N — oco. Specifically, in
Chapter [2] discriminant and root analysis methods are applied to low degree polynomials, obtaining
explicit answers. These methods further find an extremely dominant root, denoted by &,, for all
degrees; this is a root whose modulus is not tight as N — oo, while the moduli of the remaining
roots are tight as N — oo. This expands upon on a discovery made by Dubickas and Sha [Exp.
Math., 24(3):312-325, 2015]. As N — oo, we show that &, is real with probability tending to
1 and that |&, + an—1| converges in distribution to |X/Y|, where X is uniformly distributed on
[an—2, Bn—2], Y is uniformly distributed on [o,—1, Sn—1], and X and Y are independent.

In Chapter [3], we consider non-monic degree n—1 polynomials whose coefficients are uniformly
distributed on [ay, 5] for 0 < i < n — 1 and jointly independent, referred to as generalized

bounded height model polynomials. As N — oo, the probability that the degree n generalized



iii
large box model polynomial with coefficients uniformly distributed on [a; N, B;N]NZ for 0 < i <
n — 1 and jointly independent has all real roots converges to the probability that the degree n — 1
generalized bounded height model polynomial with coefficients uniformly distributed on [y, 5;] for
0 <i <n—1 and jointly independent has all real roots. The methods of Berték, Hajdu, and Petho
[J. Number Theory, 179:172-184, 2017] are used to express this probability in terms of an integral
formula. For the special case when a; =0 and 8; = 1 for 0 < i < n — 1, a relation to the Selberg
integral is explored and we show that the probability of such a polynomial having all real roots is
positive and monotonically decreasing in n.

In Chapters [4 and [ the analogous question of the probability that the random matrix
whose entries are drawn from the generalized large box model ensemble has all real eigenvalues is
considered. In Chapter |§| we begin by letting a;; < B;; for 1 < 4,5 < n and consider the n-by-
n random matrix whose entries are uniformly distributed on [a;j, B;;] for each 1 < i,5 < n and
jointly independent. This matrix ensemble is referred to as the generalized bounded height
ensemble. Using Edelman’s method [J. Multivariate Anal., 60(2):203-232, 1997], we factor these
matrices into their real Schur decomposition and present an integral formula for the probability
that generalized bounded height ensemble matrices have all real roots. In Chapter [5] we show that
if A is an n-by-n random matrix with entries that are uniformly distributed on [oy; N, B;; N| N Z
for 1 < 4,7 < n and jointly independent and B is an n-by-n random matrix with entries that are
uniformly distributed on [ayj, B;;] for 1 <, j < n and jointly independent, then for each 0 < k < n,
as N — o0, the probability that A has exactly k real eigenvalues converges to the probability that B
has exactly k real eigenvalues. Moreover, the empirical spectral measure of A/N converges weakly
in distribution to the empirical spectral measure of B and the joint distribution of the eigenvalues
of A/N converges in distribution to the joint distribution of the eigenvalues of B.

Finally, still in Chapter [5 we consider rank one perturbations of the random matrix A whose
entries are all independently and identically (iid) uniformly distributed on [-N, N|NZ. We say that
A is drawn from the large box model ensemble. Letting P be the matrix whose entries are all iy,

we consider the limiting spectral behavior of A+ P in the three cases where uy /N — oo, uny /N — 0,
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A+P

Ly converge almost surely to

and pun/N — ¢, for c € R. If limy_,o0 5 = 00, the eigenvalues of
the eigenvalues of P/uy, and the largest eigenvalue (in magnitude) is real with probability tending
to 1. Additionally, the centered and correctly normalized largest eigenvalue of A + P converges in
distribution to a Bates distribution with n? parameters. If limy_, o0 B =0, the empirical spectral
measures of A%P and % both converge weakly in distribution to the empirical spectral measure of
the matrix whose entries are iid and uniformly distributed on [—1, 1]; the joint distribution of the

eigenvalues of % and A*'TP both converge in distribution to the joint distribution of eigenvalues of

the same random matrix. If limy_, 5 = ¢ > 0, the empirical spectral measure of AJ“TP converges
weakly in distribution to the empirical spectral measure of the matrix whose entries are iid and

uniformly distributed on [—1 4+ ¢,1 + ¢|. In addition, if ¢ > 12, we show that as N — oo, A%P has

exactly one real outlier eigenvalue and provide a range for its location.
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Chapter 1

Introduction

In this thesis, we study random polynomials and random matrices whose entries are jointly
independent and uniformly distributed on specific sets of integers, as the cardinality of these sets
tend to infinity. In Chapter [} we present the history of various related random polynomial and
random matrix models, including relevant results, and notation. In Chapter 2] we consider the real
roots of generalized large box model polynomials. In Chapter [3] we consider instead generalized
bounded height model polynomials, allowing us to obtain integral formula answers about the prob-
ability that generalized large box model polynomials have all real roots. In Chapter 4] we answer
the analogous question for random matrices whose entries are chosen from the generalized bounded
height ensemble. In Chapter [5] we apply these results to random matrices whose entries are chosen
from the generalized large box model and also investigate rank one perturbations of these matrices.

We consider polynomials with independent and random coefficients. Formally, that is a

polynomial of the form
n

f(z) = ZQ&Z" (1.1)

1=0

where the ¢; € R are deterministic constants and the ; are jointly independent real random
variables. When ¢; = 1 for each 0 < i < n, these types of polynomials are referred to as a Kac
polynomials. We are primarily interested in answering questions about integral polynomials,
though polynomials with continuous coefficients need to be considered in some arguments. There
are generally two types of asymptotic questions that can be asked about Kac polynomials; one can

either restrict the coefficients and allow the degree of the polynomials to tend to infinity (known



as the restricted coefficient model), or one can fix the degree of the polynomial and allow the
support of the coefficients &, ..., &, to depend on a parameter N, which tends to infinity (known
as the large box model). We focus mainly on the second model. For n, N € N and letting

a; < B € R for each 0 < i <n — 1, we consider the polynomial in a single complex variable
flz)=2"+ an_12""1 4+ 4+ a1z + ag,

where each 0 <1i < mn—1, a; is uniformly distributed on [a; N, ; N]NZ and aq, . .., a,—1 are jointly
independent, and ask about that probability that f(z) has all real roots as N — oo.

We give now a history of the large box model and other results relating to Kac polynomials.
This history shows that for the large box model, authors were generally concerned with results
pertaining to the reducibility of the polynomials over Q. The following definitions can be found
in standard algebra textbooks, see for instance [47]. A polynomial of degree n > 1 with coeffi-
cients in Q is reducible over Q if it can be factored into two non-constant polynomials of strictly
smaller degree, each with coefficients still in Q. If a polynomial is not reducible, we say that it is
irreducible. The splitting field of a polynomial f is the smallest field containing Q that also
contains all of the roots of f. If F'is the splitting field of a polynomial f, let Gy be the group of
automorphisms of I which leave Q fixed. Then G is the Galois group of the polynomial f.

A few non-reducibility results are discussed as well. When the degree of the Kac polynomials
tends to infinity instead, there is a rich history of authors bounding the expected number of real
roots. Our results lie somewhere in the middle of these theoretical paradigms. While we are mostly
interested in the probability that (generalized) large box polynomials have all real roots, the degrees
of our polynomials remain fixed.

Asymptotic notation is used throughout the thesis, so we mention it now. Asymptotic no-
tation may be used under the assumption that N — oo or n — oo, and should be clear from the
context. For functions f(z) and g(z), we say that f(x) = O(g(x)) if there exists some positive con-
stant M such that |f(x)] < M|g(z)| for all = sufficiently large; f(z) = Q(g(x)) if there exists some

positive constant M such that |f(x)| > M|g(x)| for all = sufficiently large. Similarly, we say that



flz) < ga) if f(z) = O(g(2)), and g(z) < f(z) if f(z) = Q(g(x)). We say that f(z) = o(g(x))
if for all € > 0, |f(z)| < €|g(z)| for all x sufficiently large. To indicate that the constants M or
e depend on another constant, subscripts are used, e.g., f(z) = Opn(g(x)). The subscript may be
omitted if the context is clear. For example, f(N) = O(1/N) means that |f(N)| < M;/N for some
positive constant M; for all N sufficiently large and f(n) = O(y/n) means that |f(n)| < May/n for

some positive constant My for all n sufficiently large.

1.1 The large box model
In 1934, van der Waerden [164] considered integer polynomials of fixed degree
f(z) =anz" + 12"V 4+ a1z + ag

where the coefficients ayg, ..., a, lie inside the Schranke [—N, N]. He proved, without relying on
Hilbert’s irreducibility theorem, that if one forms all possible equations f(z) = 0, then the propor-
tion of these equations whose Galois group is the symmetric group of n elements, called S, tends
to 1 as N — oo. In 1936, van der Waerden [165] wanted to determine how quickly the proportion
of polynomials f(z) whose Galois group is not S,, (called polynomials mit Affekt) tends to zero as
N — oo, and proved that the ratio of polynomials mit Affekt to all polynomials with coefficients
in [—N, N| is no more than N 76(71*2)%. He went on to say that he “suspects that the frequency
of polynomials mit Affekt is essentially the same as the frequency of the reducible polynomials,
even for n > 2.” For non-monic polynomials, this conjecture is that the number of polynomials mit
Affekt is O(N™), or bounded above by CN" for some constant C' > 0 and all N sufficiently large.

Authors following van der Waerden considered the monic polynomial analog to his question.

This model of polynomials became known as the large box model or bounded degree model.

Definition 1.1.1 (Large Box Model). Let N € N and let ag,...,a,—1 be independently and

identically distributed on [—N, N]. Then the monic integral polynomial

f(2)=2"+ap, 12" '+ +aiz+ag



is a random polynomial coming from the large box model ensemble.

Advances towards van der Waerden’s conjecture were made by various authors [4,32}39,68,
96,97,139,175], and the case for degrees n < 4 was proven true by Chow and Dietmann in 2012 [33].
In 2023, the conjecture was finally proven to be true for all degrees n by Bhargava [19], who stated
that his method applies to both monic and non-monic polynomials.

Aside from just counting the number of polynomials mit Affekt, there are several papers that
pertain to the reducibility of polynomials whose coefficients are given by the large box model. We

now give a brief history.

1.1.1 Reduciblity large box model results

Many authors following van der Waerden were similarly interested in reducibility of polyno-
mials whose coefficients are described by the large box model. All reducibility of polynomials in
this section is considered to be over Q, unless stated otherwise. In 1963, Chela [31] showed that
for monic large box model polynomials of degree n, letting p(n, N) denote the total number of

reducible polynomials with n > 2,

i P N)
N—oo Nn—l

_on (g(n—1)—;+2’jﬁl>, (1.2)

where ((z) is the Riemann zeta function in the complex variable z and k,, = [ g dz1...dxn_1 Where

<1,

When n = 2, the limit above is not valid. Letting p(n, N) denote the number of monic large box

the region R is given by

n—1

S

R = {(xl,...,xn_l)e]Rnl |z;| <1for1<i<n-—1and
i=1

model polynomials whose coefficients ag, . .., a,_1 also satisfy Z?:_()l a? < N2, Chela shows that

p(2,N)

~1.
NS (2, N)

From here, by using an asymptotic formula established by Specht [148] for s(n, N), Chela concludes

that

i PN _
1m ———— =
N—oo 2N log N



as well.

In 1973, Gallagher [68] showed that the number of monic large box model polynomials of
degree n whose Galois group is not S, is asymptotically N*~1/2log! =" N, with v = ~,, > 0 and the
asymptotic constant depending only on the degree of the polynomial. In 1974, while investigating
Hilbert’s irreducibility theorem, Fried [66] shows that the number of reducible large box model
polynomials of degree n which have n — 1 fixed coefficients is O(N 1/ 2), where the asymptotic
constant does not depend on the fixed coefficients. In 1979, Cohen [34] considered a more general
restricted large box model, where n — s coefficients of the monic degree n polynomial f(z) are fixed.
Excluding the exceptional cases where the constant term is zero or where all of the polynomials
are members of Z[X"] for some r > 1, Cohen shows that when s > 2, the number of polynomials
whose Galois group is not S, is O(N*"1/2log N). When s = 1, Cohen shows that the number of
polynomials whose Galois group is not S, is O(N —1/210g N ), where the asymptotic constant does
depend on the fixed coefficient of the polynomial, though the justification of this case relies upon
the generalized Riemann hypothesis.

In 2009, Kuba [101] considered non-monic reducible large box model polynomials and gave
several asymptotic results as N — oo. Let p*(n, N) denote the total number of degree n non-
monic reducible large box model polynomials with height at most N. Kuba first demonstrated the
correct order of magnitude of p*(n, V), improving the result over those of Polya and Szegé [132]

and Dorge [43]. Kuba’s result is summarized in the next theorem.

Theorem 1.1.2 (Theorems 1 and 2 in [101]). As N — oo,
N?log N < p*(2,N) < N?log N.
For every n > 3, there is a constant Cy, > 0 such that
N" <p*(n,N) < C,N"  forall N > 1.

Moreover, letting p%(n, N) denote the total number of degree n polynomials f(z) = an2" +

-+ a1z + ag over Z with height H(f) := max{|a;| | ¢ =0,1,...,n} at most N that contribute to



p*(n, N) and split completely into linear factors over Z, Kuba shows next that splitting completely

is highly unlikely for the non-monic large box model.

Theorem 1.1.3 (Theorem 3 in [101]). For every fized n > 2,
N2 (log N)" ! <« p¥(n,N) < N? (log N)"*.
Kuba also shows the following.

Theorem 1.1.4 (Theorem 4 in [101]). For n/2 < k < n, let pj(n, N) denote the number of degree
n polynomials of height at most N in Z[X] that have an irreducible factor of degree k in Z[X].
Then for 1 <n/2 <k <n,

N1 <« pr(n, N) < NFL

This theorem shows that for n > 3, one has that N" < p¥_,(n, N) < N"; comparing with
Theorem we see that almost all elements that contribute to p*(n, N) are polynomials that
split into an irreducible degree n — 1 factor and a linear factor.

In 2018, Borst et al. [26] formulated a universality heuristic for integral polynomials, claiming
that certain reducibility properties of the polynomials do not depend on the exact distribution of

the coefficients. Their heuristic is the following.

Heuristic 1.1.5 (Universality, see [26]). Let f(z) be a random polynomial with sufficiently well-
behaved integer coefficients. Then the probability that f(z) is reducible over the rationals divided
by the probability that f has a linear (or lowest possible degree) factor approaches a constant C'
in the limit as the degree goes to infinity, or in the limit as the support of the random coefficients
goes to infinity, or both. Furthermore, in the limit as the degree goes to infinity, whether or not

the support goes to infinity, the constant C' should equal 1.

For the case of the large box model, by rescaling Chela’s result (1.2) and dividing by the

probability that the constant coefficient is zero, the authors are able make a connection to their



heuristic. They show that

(n.N)
. P(f(2) is reducible ) (<§N+1)n) _ p(n, N) 27 (((n—1) — 5 + 224)
lim = lim —~4% = lim =
N—voo P(ag = 0) N—oo 1/(2N +1)  N—oo (2N + 1)7-1 on—1

K

where we have added in the details of the application of ([1.2)).
Similarly, for non-monic large box model polynomials, the authors reinterpret Theorem [1.1.2

from Kuba, to get that for n > 3,

. . p*(n,N)
P(f(z) is reducible ) ((2N+1)n+1) < Cn
P(ag = 0)  1/(2N+1) — 2»

forall N > 1,
where C), is the constant appearing in Theorem [I.1.2]

For other fixed degree models, such as monic polynomials with iid coefficients uniform in
[0, N] or non-monic polynomials with binomial coefficients from the interval [0, N], the authors
show images from computer simulations that suggest that the heuristic holds. This is also the case
for the growing degree monic zero-one polynomials or Rademacher +1 polynomials.

In 2019, O’Rourke and Wood [126] were also interested in whether the irreducibility of inte-
gral polynomials is a universal phenomenon that occurs across different coefficient models. They
consider monic integral polynomials, and show that such a polynomial f has an irreducible factor
of degree k over Q if and only if f has a root that is an algebraic number of the same degree. Their

main theorem is the following bound on the probability of algebraic roots of degree at most k for

monic integral polynomials.

Theorem 1.1.6 (Theorem 1.7 in |126]). Let f be a degree n random monic polynomial with integer
coefficients. Let M > 0 and 2 < k < n. Take Q C {z € C | |z|] < M}, and suppose there exists
p € [0,1] such that

supP(f(z) = 0) <p.
z€S)

Then, the probability that f has an algebraic root of degree at most k in £ is at most

p(eM)* +P(|&(f)| > M for some 1),
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where E1(f), ..., &u(f) are the roots of f. If k = 1, the result holds if p(eM)k2 1s replaced wth

p(3M).
They also prove the following.

Theorem 1.1.7 (Theorem 2.1 in [126]). For eachn > 1, let f,(2) = 2" +ay,_12"" ' +---+ai1z+ao,

where ag, a1, ... are iid Rademacher random variables, which take the values +1 or —1 with equal

probability. Then the probability that f,(z) has an algebraic root of degree at most % s at most
1

0():

The authors claim that their approach also works for other distributions on the coefficients, as
long as they are still iid, integer valued, and satisfy certain additional (but unspecified) assumptions.

In 2021, Pham and Xu [131] were able to show that other polynomial models, such as ones
with coefficients supported in [—N, N| but not necessarily uniformly or independently, are also
irreducible with probability tending to 1 as N — oco. See Theorem 1.1 in [131] for complete details.

In 2023, Anderson et al. [4] give upper bounds for both monic and non-monic degree n
polynomials whose Galois groups are contained in the alternating group A,, the group of even
permutations of a set of n elements. These results are given in asymptotic terms depending on the
height of the polynomial.

In 2024, Bary-Soroker, Ben-Porath, and Matei |11] considered the probability that random
polynomials with coefficients coming from the large box model have Galois group A,,. Bhargava

[19,20] recently showed that that
P(Gy = An) = O(N7),
and the authors of this recent paper conjecture that for € > 0, the stronger bound
P(Gy = An) = O(N"/*Fe)
holds. They prove the following two main theorems.

Theorem 1.1.8 (Theorem 1.2 in [11]). Let n >4 and put k = 3| “tL|. Let f be monic polynomial

of degree n drawn from the large box model. Then P(Gy = Ay) = O(NF—™).



Theorem 1.1.9 (Theorem 1.3 in [11]). Let n > 6 be even and let f be monic polynomial of degree

n drawn from the large box model. Then the probability that the discriminant of f is a square is at

least Q) (N_nTH) .

Theorem is relevant to their question because the probability of the discriminant of a
separable polynomial being a square provides an upper bound for the probability that its Galois

group is A,,, which can be seen in the discussion on page 2 of [11].

1.1.2 Other large box model results

We now review results for large box model polynomials that are not concerned with the
reducibility of the polynomials. Instead, these results are more concerned with properties of the
roots of the polynomials and are more closely related to the results of this thesis.

In 2015, Dubickas and Sha [45] define a dominant polynomial as a polynomial having one
root whose modulus is greater than the moduli of all remaining roots. Letting A, (N) denote the

number of dominant monic integer polynomials of degree n and height at most IV, they show that

. An(N)
NI N

The authors state that they are surprised by this result, because they would expect a random
polynomial (at least with iid Gaussian coefficients) to have a large number of non-real roots, which
of course occur in complex pairs. In Chapter [2, we are able to explicitly find this dominant root for
generalized large box model polynomials. In fact, we call this root extremely dominant, we show
that its modulus is not tight as N — oo, while the moduli of all other roots of generalized large
box model polynomials are tight as N — oo. We also determine the fluctuations of the extremely
dominant root.

Letting A% (V) denote the number of dominant non-monic integral polynomials of degree n
and height at most N, Dubickas and Sha are only able to obtain an explicit formula for A%(N),
which is given by

41+ 6log2

lim A%(N)/(2N)3 = ——°% ~ 0.6262.
A 5(N)/(2N) = 0.626



10

They conjecture that the limit

lim A*(N)/(2N)"+!

N—oo

does not exist, but are able to provide upper and lower bounds which show that the proportion of

dominant polynomials is strictly in (0,1). They also prove the following.

Theorem 1.1.10 (Theorem 3.2 in [45]). Let H(f) = maxo<j<n |a;|. Let f(2) = anz"+an_12"" 1+

-4 ag € Cl2]. If lan_1] > n(n 4+ 1)Y4an|V2H(f)Y/?, then f is dominant.
From Theorem [1.1.10] setting a,, = 1, we see since as N — oo
|ap_1] > n(n + 1)YIN/2

with probability tending to 1, monic integer polynomials with coefficients iid on [N, N| have a
dominant root with probability tending to 1 as N — oco. The authors prove their results using
Sturm’s theorem and the Bistriz stability criterion, but we take a different approach and use
Rouché’s theorem on the extremely dominant root for quadratic polynomials to locate the extremely
dominant roots of higher degrees. In a related 2016 paper, Dubickas and Sha [46] show that the
proportion of non-monic large box model integer polynomials with exactly one or two dominant

roots tends to 1 as N — oo. Their result is the following.

Theorem 1.1.11 (Theorem 1.1 in [46]). Assume that the roots &1, . .., &, (listed with multiplicities)
of a polynomial f are labeled so that |£1] > |&a] > -+ > |€n]. In case |&1] = - = [&k| > |Ekr1], we
say that f has exactly k roots with mazimal modulus. Let A (k, N) denote the cardinality of the set
of integer polynomials of degree n and height at most N with exactly k roots of mazximal modulus.

For any integer n > 2,
i Ar(1,N)+ A% (2,N)
im =
N—o0 2N (2N + 1)»

They also prove the following, where D} (s, N) denotes the number of non-monic integral
polynomials f of degree n and height at most N such that f has exactly r real roots and 2s non-
real roots. We emphasize now that that these are no longer dominant integral polynomials, and

simply integral polynomials.
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Theorem 1.1.12 (Theorem 1.2 in [46]). For any integers n, N > 1 and any non-negative integers

r,s such that n =r + 2s, we have
N"tl <« D*(s,N) <« N,

The authors state their desire for an asymptotic formula in this case, which is answered by
Bertok, Hajdu, and Pethé in 2017 [18] with the following theorem. Denote by H,, (s, N) the set of
(n 4 1)-dimensional vectors (ag, ..., a,) satisfying |a;| < N for 0 < i < n,a, # 0, with exactly s

pairs of complex conjugate roots. Let \™ denote the n-th dimensional Lebesgue measure.

Theorem 1.1.13 (Theorem 2.1 in [18]). We have
D3 (5, N) = X' (Ho(s, )N + O(N™).

In addition, letting D, (s, N) denote the number of monic integral polynomials f of degree n
and height at most N such that f has exactly r real roots and 2s non-real roots, they are able to

provide the following bound.
Theorem 1.1.14 (Theorem 2.2 in [18]). We have

N" < Dy(s,B) < N"
where the implied constants depend on n only.

Unfortunately, Theorem [1.1.13| is incorrect for s = n/2, and is corrected by Dubickas in a

subsequent paper [44]. The correct statement in this case is the following.

Theorem 1.1.15 (Theorem 1.1 in [44]). Let n be an even integer. Then
N""Y2 « Dy(n/2,N) < N"71/2,

where the implied constants in < depend on n only.

Bertdk, Hajdu, and Pethé [18] also left open the question of whether the limit

. D, (s,N)
m ——-
N—00 N7
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exists. Dubickas responds, proving that the limit does exist and finding its value in terms of the

n-th dimensional Lebesgue measure of the set H,,—1(s, 1).

Theorem 1.1.16 (Theorem 1.2 in [44]). Let n > 1 and let s be two integers satisfying 0 < s < n/2.

Then

. Dyn(s,N)
1 Zn\> V)
Ngréo N7

= N"(Hn-1(s,1)).

The methods of Berték, Hajdu, and Pethé were very similar to techniques used by Akiyama
and Pethd [2], who considered bounded roots (rather than bounded coefficients) of the polynomials.
In Chapter we begin by showing that as N — oo, the probability that a monic degree n
generalized larged box model polynomial, with coefficients uniformly distributed on [o;; N, B;N]NZ
for 0 < j < n—1 and jointly independent, has all real roots converges to the probability that
the non-monic generalized bounded height polynomial of degree n — 1 with coefficients uniformly
distributed on [ay, 5;] for a; < (;,0 < j < n — 1 has all real roots. We then give integral
formulas for the latter probability, generalizing the work of Bertok, Hajdu, and Pethé by using the

same techniques. We give some additional results for nice cases of coefficients, such as when the

coefficients are all iid on [0, 1], or when every coefficient is allowed to take on the value zero.

1.2 Other independent coefficient polynomial models

Waring, in 1782, is credited [162,/167] as being the first mathematician to apply probabilistic
ideas to answer questions about the zeros of polynomials. He was followed by Sylvester [151] in
1864. Both of these investigations were in response to a proposition presented by Newton (without
proof) bounding the minimum number of complex pairs of roots of an algebraic equation, and can
be considered the earliest studies of random polynomials. An excellent account of this history is
provided by Holgate [78].

These days, there are several models of random polynomials to consider. The most com-
mon model involves assigning probability distributions to the coefficients of the polynomial, often

independently, and letting the degree n tend towards infinity. The most complete surveys of in-
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dependent coefficient random polynomial results we have found are provided by Thangaraj and
Sambandham [159] and Nguyen, Nguyen, and Vu [122]. We elaborate on some fundamental results
here.

The independent coefficient model was popularized in the 1930s by Bloch and Pdlya [25],

who considered polynomials of the form
f(z) =ap2" 4+ +arz+1

where each coefficient a; takes one of the values in the discrete set {—1,0,1}. They found that the
average number of real roots of such a polynomial is at most O(y/n). They then asked about the
maximum number of real zeros in the interval (0,1) that f(z) can take. Letting P, denote this

maximum, they prove that there exists a positive constant A, such that for n > 3,

1/4
! () < e ().

In the 1930s and 1940s, Littlewood and Offord [105,/106,/107] also ask about the expected
number of real roots of a polynomial with real coefficients. In 1939 [106], they show that for
polynomials with iid coefficients uniform on the interval (—1, 1), for n > 2000, the probability that
such a polynomial has more than 251og(n)? real roots is at most (12logn)/n and that the expected
number of real roots is at most 25log(n)? + (12logn)/n. Littlewood and Offord also show that
when the polynomial coefficients are iid on the discrete set {—1,0, 1}, the expected number of real
roots is bounded above by O(y/nlogn), markedly improving Bloch and Pélya’s earlier result; when
the polynomial coefficients are iid on {—1,1} instead, the upper bound O(y/n) is provided. Other
related Littlewood and Offord papers from this time period include [108}|109].

After these initial explorations, authors began considering polynomials of the form
enanz" + -+ €1a12 + ag,

where aq, ..., a, are fixed complex numbers and €1, ..., €, are the iid random variables which take

the values +1 with equal probability. Letting M = |ag| + ...+ |an|, Schur [145] first shows in 1933
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that such an equation can have at most

4 1 M
n 10 —_—
® \ Viaoan]

real roots.
Ten years later, Littlewood and Offord [107] show that except a set of size A(loglogn)/(logn),

where A is an absolute constant, the remaining equations have at most

101 <1 (M + 2(logn)®
ogn | log ogn
V |apa|

real roots.
Beginning in 1943, Kac [88,[89,90] also considers the real roots of random polynomials. He
begins by presenting a formula for the number of real roots of a continuous function in an interval,

now known as the Kac-Rice formula.

Theorem 1.2.1 (Lemma 1 in [89]). Let f(z) be a continuous function in (—oo,00) having a
continuous first derivative f'(x) and only a finite number of turning points (that is, a point where
f(x) changes between being increasing and decreasing) in each finite interval. Let v, be 1 if —e <

x < e and 0 otherwise. If neither a nor b is a zero of f(x), then for sufficiently small €’s,

1 b ,
5 | @I @) da

is equal to the number of zeros of f(x) inside the interval (a,b). (Multiple roots are counted only

once.)

Evaluating this formula in the case where the coefficients of f(z) = ap2" +---+ a1z + ag are

iid Gaussians, with mean zero and variance 1/2, Kac computes the average number of real roots as

1/2

4/1 (1-n? (@2 (12 / (1-2%))*)

I dx,

™

which is asymptotically
2logn

s
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and bounded above by
2logn + 14

)
7T

giving a sharp result. In that paper, Kac stated that the asymptotic bound and his proof
method were also valid for other iid random variables with variance 1 (not necessarily only standard
normals) via the central limit theorem, but this was not quite true. It took him six more years,
until 1949 [90], to be able to find a proof for uniformly distributed coefficients on (—1, 1); the proof
idea and result is the same as for the normally distributed coefficients, but the actual calculations
are much harder. The method also ends up not applying to the discrete {—1,1} case.

In 1950, Erdés and Turdn [58] give a bound on the number of roots of a polynomial in an

interval.
Theorem 1.2.2 (Theorem 1 in [58]). If the roots of the polynomial
f(2) =apz" 4+ -+ a1z + ag

are denoted by

2 =reV, v=1,2,...,n,

where ¥, € [0,27), then for every 0 < a < 8 < 2w, we have

B—a \/ |an| + -+ + lao]
1-— n| < 16, /nlog .
a<%:</3 27 V lanaol

In other words, this theorem implies an angular equidistribution of the roots of a polynomial

whenever the coefficients are sufficiently nice.
In 1956, Erdés and Offord [59] are finally able to tackle the case when the polynomial co-
efficients are iid on {—1,1}. They improve the earlier result of the second author by proving the

following theorem.

Theorem 1.2.3 (Theorem in [59]). Let €;,1 = 1,2,...,n be +1 or —1 with equal probability. The

number of real roots of most of the equations
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2logn

+ o((logn)*?loglogn),

where the exceptional set does mot exceed a proportion o ((log log n)_l/z) of the total number of

equations.

Their proof method is to essentially divide the interval (1/2,1) in a clever way and to count
the number of sign changes of the polynomial, which is then used to estimate the number of zeros.
In 1962, Samal [142] considers non-monic degree n polynomials with iid coefficients which
have mean zero, finite non-zero variance, and finite non-zero third absolute moment. He provides
both asymptotic upper and lower bounds on the number of real roots of such polynomials, along

with the sizes of the exceptional sets. His result is stated as follows.

Theorem 1.2.4 (Theorems 1 and 2 in [142]). Let f(z) = > i, &2" be a polynomial such that the
& are iid with mean zero, and finite and non-zero variance and third absolute moment. Then, there
exists ng sufficiently large such that for n > ng, the number of real rots of most of the equations
f(2) =0 is at most a(logn)?, where o > 0 is a constant; the measure of the exceptional set tends to
zero as n tends to infinity. Let {€,} be a sequence of numbers tending to zero but such that €, logn
tends to infinity. Then, for n > ng, the number of real roots of most of the equations f(z) =0 is

at least €, logn; the measure of the exceptional set tends to zero as n tends to infinity.

In 1965, Evans [60] considers the collection of random polynomials

flz,t) = hi(t)x’ = 0.
=0

The coefficients h;(t) (0 < i < n) are mutually independent and normally distributed random
variables with mean zero and unit variance defined on a common probability space and indexed
by the parameter ¢ € [0,1]. Evans finds both asymptotic upper and lower bounds on the number
of real roots, outside of some exceptional sets. Unlike previous similar results, the exceptional sets

found by Evans in this case do not depend the degree of the polynomial.
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Theorem 1.2.5 (Theorems 1 and 2 in [60]). Consider the collection of random polynomials
folx,t) =30 g hi(t)zt. The coefficients hi(t) (0 < i < n) are mutually independent and normally
distributed random variables with mean zero and unit variance defined on a common probability
space and indexed by the parameter t € [0,1]. There exists an integer ng and a set E of measure at

most

A
log ng — loglog log ng

such that, for each n > ng and all t not belonging to E, the equations fn(z,t) = 0 have at most
a(loglogn)?logn real roots, where o and A are constants. Moreover, there exists an integer ni

and a set F' of measure at most
Bloglogn,
log 11

such that, for each n > ny and all t not belonging to F, the equations fp(x,t) = 0 have at least

Blogn
loglogn

real roots, where 3 and B are constants.

In 1968, Ibragimov and Maslova [80] show that for non-monic iid real random variables
ai,...,ay with mean zero and non-zero variance, the expected value of the number of real roots of
f(z) =31 a2, given that f(z) is non-zero, is asymptotically %log(n) as n — oo.

In 1969, Stevens [150], also using the Kac-Rice formula, was able to generalize the previous

results of Kac to many more continuous random variables. This result is the following.

Theorem 1.2.6 (Theorem in [150]). If in f(z) = apz™ + -+ + a1z + ag, the a; are independent
random variables with
E(a) =0, E()=1, E(al)<B,

B d B

d
@P(ao <y) < 15 ir1/B’ @P(an <y) < 14y 1/B

for some finite B and for all y € R, then the average number of real zeros of f(z) is asymptotic to

(2/m)log(n+ 1) as n — oc.

For the next improvement by Ibragimov and Maslova, we need the following definition.
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Definition 1.2.7 (Domain of Attraction, [130]). Let {X,} be sequence of independent random
variables {X,,} all having the same cumulative distribution function F'(z). If there exist sequences

of constants {a,} and {b,} such that a,, > 0, and the cumulative distributions of the sums

1 n
Zn:4f§jxg—bn
n 13

converge weakly to some cumulative distribution function G(x), then we say that F'(x) is attracted
to G(z). The set of all cumulative distribution functions that are attracted to G(z) is said to make

up the domain of attraction of G(z).

In 1971, Ibragimov and Maslova [82] show that when the coefficients ay, . . . , a,, are iid random
variables belonging to the domain of attraction of the normal law, with E(a;) = 0, the expected
number of real zeros of f(z) = > I ja;x’ is asymptotically %log(n) as n — o0o. Under the same
assumptions, but now with E(a;) # 0 instead, the expected number of real zeros is asymptotically
%log(n) as n — 00, see [83]. The characteristic function of a random variable X is given by
ox(t) = E[e"X], and determines the cumulative distribution of the random variable, see Section
3.3 and Theorem 3.3.11 in [48]. In a third paper of the same year, Ibragimov and Maslova [81]
show that if all of the iid variables ao, ..., a,,with P(ag = 0) = 0, have cumulative distribution
function F', where F' belongs to the domain of attraction of a non-degenerate stable distribution

with characteristic function

olt) = e(itfc|t\“(1fi6‘t7|w(t,a)))
where d € R, ¢ > 0, a € (0,2], 8 € [-1,1], and

ma if a1,

w(t, o) =
21nlt], fa=1,
then the expected number of real zeros of f(z) is asymptotically Blogn, for some constant B
depending on the parameters of F'. The reader is referred to two additional related results due to

Maslova [116,117] in 1974.
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In 1972, Samal and Mishra [143] consider polynomials of the form > @  &2’, where the
characteristic function of the iid coefficients & are given by e Cl!® where @ > 1 and C' > 0 is
a constant. They note that when 1 < a < 2, the coefficients of such a polynomial have infinite
variance. Samal and Mishra establish that except for a set whose measure tends to zero as n — oo,
the number of real roots of most such polynomials is at least (ulogn)/(loglogn) whenever n is
sufficiently large and where p > 0. In a follow-up 1972 paper [144], under the same hypothesis as

before but now restricting o > 1, Samal and Mishra show that there exists ng > 0 such that the

/7

1%
log((log no)/(loglogno)))*—*’

exceptional set from their previous paper has measure at most 0 where 1/
is a positive constant.

In 1988, Wilkins [173] algebraically manipulated the Kac-Rice formula to show that the
expected number of real zeros of f(z) = ., a;z', where ag, . ..,a, are iid standard normals, is

given by

2 [e.e]
—1 1 A 1)°°
~log(n + >+; p(n+1)77,

where the rounded values are given by Ag = 0.625735818, A1 = 0, Ay = —0.24261274, A3 = 0, A4 =
—0.08794067, A5 = 0.

In 1995, Edelman and Kostlan [55] gave a geometrical derivation of the Kac-Rice formula,
by arguing that the expected number of real zeros for iid Gaussian coefficients is given by |vy|/m,

where

v= (1,2 /(L)

and || denotes the arclength of v and ||(1,¢,...,t")|| = />, [t'|? is the Euclidean norm. They
are easily able to recover the previous results of Kac and Wilkins, and also find that in the case of
iid standard Gaussians, the expected number of real zeros is given by 2logn + Cy + = + O(1/n?)
as n — 0o, where C7 = 0.6257358072.... Here, the authors state that the % and C; terms are
new improvements. Their proof uses the probability density function of the real zeros, which was
obtained with their rectifiable curve argument.

In 2002, Dembo, Poonen, Shao, and Zeitouni [38] prove the following.



20

Theorem 1.2.8 (Theorem 1.1 and Theorem 1.2 in [38]). Suppose that {a;} is a sequence of zero-
mean, unit variance, #id random variables possessing finite moments of all orders. Let fn(z) =
Z:‘L:_ol a;x' and for n odd,

P, =P(fp(x) >0 Vz € R).

Then

. logPony1
lim ——— = —p,

n—oo  logn
where b is a certain positive finite constant. Moreover, the probability that the random polynomial

fns1(x) of degree n has o(logn/loglogn) real zeros is n=*T°M) as n — oo. For any fized k, the

probability py, i, that fni1 has exactly k real zeros, all of which are simple, satisfies

1
lim O8Pontkk _
n—oo  logn

—b.

If instead E(a;) = p # 0, letting Py = P(fn(x) # 0 Vz € R), then

lim log P 2Mn+1

nsoo  logn —b/2.
To obtain this result, the authors first studied the Gaussian case, and used the approximation
techniques developed in [98] to extend to other distributions. This work was recently generalized by
Ghosal and Mukherjee [70], who provide a new result assuming only finite mean and finite variance
assumptions on the iid random variables.
In 2008, Erdélyi [57] proves the following theorem, improving upon the previously discussed

lower bound of Bloch and Podyla regarding the maximum number of real zeros that polynomials

with coefficients in {—1,0,1} can take.

Theorem 1.2.9 (Theorem 2.1 in [57]). There are absolute constants ¢; > 0 and ca > 0 such that
for every {ag,...,an} € [1, M] with 1 < M < 601”1/4, there are by, ...,b, € {—1,0,1} such that the
polynomial

bpanz" + -+ -+ brajz1 + boag

1/4

has at least con™/* distinct sign changes in (0,1).



21

In 2015, Do, Nguyen, and Vu [41] find bounds for the probability of double real roots of certain
Kac polynomials. They further find an asymptotic bound for the expected number of real roots,
as n — 0o, of many types of Kac polynomials. This result is contained in the following theorem,

and their main proof method uses Inverse Littlewood-Offord theory, see for instance [123].

Theorem 1.2.10 (Theorem 1.5 in [41]). For any positive integer N, we say that & has a uniform dis-
tribution with parameter N (or type 1) if P(§ = i) = 1/(2N) independently, i € {£1,£2,...,£N}.
Let ¢g > 0 and p > 1. We say that a random variable & of mean zero has type Il distribution with
parameter (p,€g) is it has a p-integrable density function and its (2 4 €y)-moment is bounded.
Let € be a random variable with either type I or type I fized parameters. Then the expected

number of real roots is %logn + C + 0(1), where C is an absolute constant depending on &.

In 2016, Nguyen, Nguyen, and Vu [122] show that the expected number of real roots of certain
Kac polynomials is given by the following theorem. Their new method uses universality from [41]

and the lack of double roots in intervals.

Theorem 1.2.11 (Theorem 1 in [122]). For any random variable & with mean 0 and variance 1
and bounded (2 + €)-moment, the expected number of real roots of » i &t (where the & are iid
copies of §) is given by

2
- logn 4 Oc¢(1).

Also in 2015, Tao and Vu [157] demonstrate a universality result for the zeros of many types
of random polynomials with independent coefficients, taking the form given in , including Kac
polynomials. Roughly, the authors show that for polynomials f and f of the same degree with iid
coefficients £ and 5 which have the same mean and variance, as the degree of the polynomials tend
to infinity, the correlation functions of the zeros of the polynomials are very similar to each other.
This implies that the zeros of the polynomials behave similarly, as n — oo, even though ¢ and € can
be quite different; this is known as the universality phenomenon. The authors prove this by using

the replacement principle, which is Theorem 2.1 in their paper. With universality established, the
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authors give the expected number of real zeros for different types of polynomials, such as flat and
elliptical.

Many other polynomial models are possible, and the coefficients do not necessarily need to
be taken to be independent. We mention a few now, though this list is not exhaustive.

Letting the coefficients in be given by ¢; = ;1, corresponds to Flat or Weyl poly-

nomials, letting ¢; = ,/(?) corresponds to elliptical or binomial polynomials, and letting ¢; =

L(L+1)-(L+i—1)
- a

for some L > 0 corresponds to hyperbolic polynomials; Tao and Vu |157] provide
a good summary. For the behavior of the number of real roots non-Kac polynomial ensembles
when the degree tends to infinity, we refer the reader to Kostlan [99], Wang [166] Logan and
Shepp [110,/111], Shiffman and Zelditch |146], Reid and Sambandham [21] and Farahmand [61],
and Kabluchko and Zaporozhets [87].

One can also consider random polynomials in a single complex variable z of the form
n
fz) =116 -,
i=1
where the roots &1,..., &, are independent random variables. For more information on this topic,
see for instance |100,124] and references therein.
One can study the random trigonometric polynomials, which are of the form
n
Z ay cos(kt) + by sin(kt), t € [0, 27]
k=1

where ay, by, are independent random variables; see for instance [5,42]

1.3 Random matrix ensembles

Letting n, N € N and a;; < 8;; € R for 1 < 4,j < n, we say that n-by-n random matrices
whose entries are uniformly distributed on [a;; N, 8;; N] for 1 <4, j < n and jointly independent are
drawn from the generalized large box model ensemble. We wish to find the probability that
such random matrices have all real eigenvalues. As was the case with polynomials, many authors

first considered random matrices whose entries were iid real or complex Gaussians, and obtained
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asymptotic results as the dimension of the matrix tended to infinity. We begin with a history of
these ensembles and present interesting and pertinent results.

We refer the reader to a complete account of the history of random matrices given by Forrester,
Snaith, and Verbaarschot [63], which details the introduction of random matrix theory by Wishart
[174] in 1928 and the early pioneering work by Wigner [169}/170,171], Dyson [49,/50,5152./53], Porter
and Rosenzweig [133], Gaudin [69], and Mehta [118] in the mid-20th century. Early symmetry
conditions, such as constraining the matrices to be Hermitian, were also common, see for instance
Wigner [172] and Firedi and J. Komlés [67].

One of the main motivations of the work in Chapters [4] and [5] of this thesis is the Ginibre

ensemble, which we define now.

Definition 1.3.1 (Ginibre Ensemble). Recall that a real standard Gaussian random variable is
a normal random variable which has mean zero and variance one. A complex standard Gaussian
random variable has real and imaginary parts that are independent normal random variables, each
with mean zero and variance 1/2. When the entries of an n-by-n random matrix A are iid real
standard Gaussian random variables, we say that A is drawn from the real Ginibre ensemble.
When the entries are complex standard Gaussian variables instead, we say that A is drawn from

the complex Ginibre ensemble.

In 1965, Ginibre [71] first inquired about the eigenvalue distributions of this matrix ensemble,
allowing both complex Gaussian and real Gaussian entries. He discovers the joint probability
density function of the eigenvalues for matrices drawn from the complex Ginibire ensemble. For
the real Ginibire ensemble, Ginibire is only able to calculate the joint probability density function
for the eigenvalues in the case where all are assumed to be real. Ginibre’s methods and results are
detailed in Mehta’s [118] book, and we outline them here.

Let P(A) dA denote the joint probability density function for a random matrix A on the space

of n-by-n real (or complex) matrices with respect to the Lebesgue measure on R’ (or R2”2, respec-

tively). For the real Ginibre ensemble, this density is given by P(A) dA = (Zﬂ)lng e w(ATA) g4,



24

where AT denotes the transpose of the real matrix A and dA = ngz’,jgn dA;;. For the complex
Ginibre ensemble, this density is given by P(A) dA = %e‘ tr(A*4) g A, where A* denotes the con-

i here dzdz* means 2dzdy

jugate transpose of the complex matrix A and dA = H1<ij<n dA;;dA
if z = x 4+ iy and z* denotes the complex conjugate of z.
For the complex Ginibre ensemble, Ginibre finds that the joint probability density function

for the eigenvalues is given by

1 _ 5 2
Pn(zl,...7zn) = me Zz:l ‘Zl| H |ZZ_Z]|2
k2N 1<i<j<n

Ginibre then determines the k-point correlation functions. Using Mehta’s notation, this is given by

1 <« 12
Rk(zl, ... ,Zk) = e i il det[Kn(Zi, Zj)}i,jzl,...,k

T
where
n—1
(zi27)P
Kn(zi,2)) = ) —
p=0 P

Considering the one-point correlation function, corresponding to the eigenvalue density in the
complex plane, Ginibre and Mehta both show that
1 e ol
Ri(2) = —e 12l ; ‘l'
Letting n — oo, this density is 1 whenever |z| < \/n and 0 otherwise. Scaling by \/n, this
establishes the circular law for the complex Ginibire ensemble.
For the real Ginibire ensemble, Ginibre is unable to proceed as in the complex case due to

difficulties in carrying out the necessary integrations. However, assuming that all eigenvalues are

real, he is able to show that the joint probability density of the real eigenvalues A1, ..., A, is given
by
1 n 2
Py, ) = ST . e~ izt Ail?/2 H IAi — Al
2n/ Hi:l ['(i/2) 1<i<j<n

where for Re(s) > 0, the gamma function is given by I'(s) = fooo e tts71 dt.
In 1997, Edelman [54] continues the investigation into the real Ginibre ensemble. He finds the

joint density of the eigenvalues of an n-by-n random matrix drawn from the real Ginibre ensemble
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and even obtains a non-asymptotic matrix result: computing the probability that a matrix from
this ensemble has exactly k real eigenvalues. Letting k& = n, he finds that the probability that an
n-by-n real random matrix with entries that are iid standard Gaussians has all real eigenvalues,

which comes out to 2~™n—1)/4,

He also establishes a version of the circular law in this case, given
by the following theorem. A stronger version of the circular law is given by Girko [72|, with an

additional proof given by Bai [7]. Mehta |119] again publishes the details in an updated book.

Theorem 1.3.2 (Theorem 6.3 in [54]). Let A be a real n-by-n matriz whose elements are indepen-
dent random variables with standard normal distributions. Let & = x/v/n and § = y//n, where
z = x + iy denotes an eigenvalue of A. Let pp(Z,y)/n denote the density of a randomly chosen

normalized eigenvalue in the upper half plane. Then as n — oo,

) b ifat gt <1
0 if 22+ 92 > 1

Furthermore, a randomly chosen normalized eigenvalue of A converges in distribution to the uniform

distribution in the unit disk.

In Chapter we use Edelman’s method of considering the real Schur decomposition to
write the probability that an n-by-n random matrix drawn from the generalized bounded height
ensemble (that is, entries uniformly drawn from [c;, 5;;] and jointly independent for 1 <14, j < n,
with ay; < Bi;) has all real eigenvalues via an integral formula. In Chapter 5, we show how this
probability relates to the probability that a matrix drawn from the generalized large box model
ensemble has all real eigenvalues.

Around the same time, Edelman, Kostlan, and Shub [56] prove the following.

Theorem 1.3.3 (Corollary 5.2 in [|56]). Let E,, denote the expected number of real eigenvalues of
an n-by-n random matriz whose elements are independent random variables from a real standard

normal distribution. Then

oy Bn _ [2
A =V
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and

E, = n 1 3 3 + 27 + 499 +0 * + 1
[ T 8n  128n2  1024n3 = 32768nt nd 2
as n — oQ.

In 2010, Bourgain, Vu, and Matchett Wood [27] study complex random matrices with in-
dependently distributed discrete entries, as the matrix size n tends to infinity. For p € (0,1) and
r € N, they establish the upper bound of (p!/" 4 0(1))" for the probability that such a matrix is
singular, given that its entries satisfy a property known as being p-bounded of exponents r. This
relates to eigenvalues because a matrix is singular if and only if it has zero as an eigenvalue; equiv-
alent criteria for the singularity of a matrix can be found on page 14 in [79]. As an example, when
the matrix entries are Bernoulli random variables with parameter 1/2, the authors show that their
upper bound equals (1/v/2 + o(1))", although they mention a long-standing conjecture which sug-
gests that the correct probability is (1/2 + o(1))"™. Recently, in 2020, Tikhomirov [160] shows that
the probability that an n-by-n matrix whose entries are Bernoulli random variables with parameter
p € (0,1/2] is singular equals (1 — p + o(1))"; when p = 1/2, this confirms the conjecture. As a
corollary to their main theorem, Bourgain, Vu, and Matchett Wood provide the following upper

bound on the probability that an integer matrix has a rational eigenvalue.

Corollary 1.3.4 (Corollary 3.7 in [27]). Fiz a positive integer N, and let M, n be an n-by-n
random integer matriz with independent entries, each of which takes values in the set [—-N, N|NZ.
Let ¢ be a constant such that for every matriz entry m, we have max_y<z<nyP(m = x) < ¢/N.
Then the probability that My, n has a rational eigenvalue is at most (¢/N + o(1))™? | where the o(1)

term goes to zero as n — 00.

In 2010, Tao and Vu [156] make an exciting breakthrough by establishing universality and
proving that the circular law holds under only a finite variance assumption. The authors reference
several prior results on this topic, which prove the circular law under stronger hypothesis, such

as [8,73},75, /128,155 /156].
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Theorem 1.3.5 (Theorem 1.10 (Circular law) in [156]). Given an n-by-n complex matriz X,,, let
1 ,
o (,9) == {1 <0 < n,Re(A) < . Im(x) < v}

be the empirical spectral distribution (ESD) of its eigenvalues \; € C,i = 1,...,n. Let X,, be the
n-by-n random matriz whose entries are 1id complex random variables with mean zero and variance
one. Then, the ESD of ﬁXn converges (both in probability and in the almost sure sense) to the

uniform distribution on the unit disk.

In 2005, Akemann and Kanzieper [91] deliver a formula for the exact probability that an
n-by-n matrix with iid real entries from N(0, 1) has exactly k real eigenvalues, whenever n — k is

even, expanding on Edelman’s result.

Theorem 1.3.6 ((I) in [91]). Let A be an n-by-n random real matriz whose entries are statistically
independent random variables drawn from the normal distribution N'(0,1). For n — k = 2l even,

the probability p, 1. of exactly k real eigenvalues occurring is

Pn.n

Pnk = Pnn—21 = T Z(ll)(ph e ,pl),

where pp n, = 2-n(n=1/4 que to Edelman, Zqoy =1 and

-1 (—1)-r1
Zayp1s--yp) = (1= 1)! P Zan(py - pr)-

r

Il
=)

The Zy1y are called zonal polynomials.

In 2007, Akemann and Kanzieper [1] provide the details of their proof, which is primarily
based on a new Pfaffian integration technique. In 2016, Kazieper et. al [92] consider the real
Ginibre ensemble, and find the probability that a 2n-by-2n random matrix has exactly 2k real

eigenvalues, denoted poj, ok, as n — 0o. They show

1 1
lim lo =——=((3/2),
A g P2n 2k m(( /2)

where ( is the Riemann zeta-function.
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In 2015, Tao and Vu [158] obtain universality results for non-Hermitian random matrices.
They prove what is called a “Four Moment Theorem” for both real and complex matrices, essen-
tially showing that matrices which match the respective Ginibre ensemble to four moments have
correlation functions which are very similar to one another. As with their analogous universality
result for polynomials, as a corollary, they are able to obtain an asymptotic bound on the expected
number of real eigenvalues of such matrices. A precise statement is provided by the following

theorem.

Theorem 1.3.7 (Corollary 17 in [158]). Let M, = (&;j)i<ij<n, where the &; are independent
and complex random variables, which match moments with N'(0,1) to the fourth order. Moreover,

assume that for all real t > 0,

P(|&j| >t) < Ce™™

for some fized C,c > 0 (independent of n) and alli,j. Assume n is even. Then the expected number

2 /
JE2 4 oml2)
T

of real eigenvalues is

for some fized ¢ > 0.

In 2018, Luh [112] provides an upper bound for certain complex random matrices having a

real eigenvalue.

Theorem 1.3.8 (Theorem 3.2 in [112]). Let ( = £ + i&’ be a random variable, where & and &' are
1id, mean zero, variance 1, and subgaussian with moment B. Let M, be an n-by-n random matrix
populated with independent copies of (. Then there exists a ¢ € (0,1) depending only on B such
that

n

P(M,, has a real eigenvalue ) < c".

This bound is the best possible up to the constant c.
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1.3.1 Large box model ensemble

The following results are related specifically to the large box model ensemble, where entries
are uniformly iid on [-N, N] N Z.
In 2008, Rivin [138] considers large box model random matrices. Let SL(n,Z) denote the

special linear group of degree n over Z. Rivin shows the following.

Theorem 1.3.9 ( Theorem 5.2 in [138]). The probability that a matriz in SL(n,Z) with coefficients

bounded by B has a reducible characteristic polynomial goes to zero as B goes to infinity.

In 2021, Karingula and Lovett [93] find an upper bound for the probability that an n-by-n
random matrix with entries uniformly distributed in [— N, N|NZ is singular, when both n and N are
large. They show that for n, N > 1, the probability of singularity of such a matrix is bounded above
by N~ where ¢ > 0 is an absolute constant. They mention that Katznelson [94}95] considered a
similar problem with large N and constant n, obtaining the bound of ¢, N ™", where ¢, is a constant
depending on the dimension of the matrix.

In 2007, Hetzel, Liew, and Morrison |77] show that the probability that a 2-by-2 random
matrix with entries uniformly iid on [—1, 1] has all real eigenvalues is 49/72, and pose a question

regarding the diagonalizability of integer matrices over Q. In 2008, Martin and Wong [114}|115]

show that for C' = 7ﬁ+4+§;2g(‘/§+1), the probability as N — oo that a 2-by-2 random matrix with
entries uniformly iid on [N, N] N Z has integer eigenvalues is asymptotically C'log N/N. They

also answer the question of the previous authors, showing dimension n > 2, it is highly unlikely for

integer matrices to have integer eigenvalues, as seen in the following theorem.

Theorem 1.3.10 (Theorem in [115]). Let M,(N) denote the set of all n-by-n matrices whose
entries are uniformly chosen in [—N, N]NZ. Given any integer n > 2 and any real number € > 0,
the probability that a randomly chosen matriz in M, (N) has an integer eigenvalues is Oy, (1/N1€).
In particular, the probability that a randomly chosen matriz in M, (N) is diagonalizable over the

rational numbers is Oy (1/N'7€).
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1.3.2 Finite rank perturbations of random matrices

In the second half of Chapter |5l we restrict ourselves to just the large box model ensemble
(where matrix entries are uniformly iid on [—N, N] N Z), and ask about what happens to the
eigenvalues of such matrices when perturbed by another matrix whose entries are all uy. The three
cases where limy_ o “WN tends to 0, oo, or some real finite positive constant ¢ are all considered.

We review some of the relevant literature on finite rank perturbations now. In the following
definition adapted from Tao [153|, we emphasize that what Tao refers to as the empirical spectral

distribution, we call the empirical spectral measure.

Definition 1.3.11 (Definition 1.2 in [153]). Let A,, be an n-by-n complex matrix with eigenvalues
)\le ..., AN € C counted with algebraic multiplicity. The empirical spectral measure 4, of A,

is defined to be the probability measure

1 n
HAN = E E:l 5)\§\’
j:

Here, §, denotes the Dirac measure centered at a point x. If A, is a random n-by-n complex matrix,
we say that p14, converges weakly almost surely to another (Borel) probability measure p on
the complex plane C if for every bounded and continuous function ' : C — C, f(c F dpy,, converges

almost surely to [ F du as n — oc.

In 2005, Baik, Ben Arous, and Péché [9] analyze the sample covariance matrix created by
considering m iid complex Gaussian sample vectors, each in n variables. Fixing all but r eigenvalues
of the covariance matrix, and letting n,m — oo, they show that the largest eigenvalue of the
covariance matrix is described by a generalization of the Tracy-Widom distribution, and they
describe a phase transition that occurs. In 2006, Péché [129] also considers the distribution of the
largest eigenvalue of Hermitian random matrices with iid Gausian entries as the matrix size tends
to infinity.

In 2010, Tao and Vu [156] establish the circular law for additive perturbations, demonstrating

that the normalized empirical spectral measure of an iid complex random matrix with entries which
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have mean zero and unit variance, when additively perturbed by a deterministic matrix M,, of rank
o(n) and such that sup,, - ( tr M, M;;) < co, converges (both in probability and in the almost sure
sense) to the uniform distribution on the unit disk.

In 2011, Benaych-Georges and Nadakuditi |16] extend the result of Baik, Ben Arous, and
Péché, as the authors investigate both additive and multiplicative perturbations of random matrices.
For symmetric or Hermitian random matrices, their main theorem for additive perturbations is the

following.

Theorem 1.3.12 (Eigenvalue phase transition, Theorem 2.1 in [16]). Let X,, be an n-by-n sym-
metric (or Hermitian) random matriz whose ordered eigenvalues are denoted by A (X,) > -+ >
A (Xy). Suppose that the probability measure px, = % 2?21 Ox;(x,) converges almost surely weakly
as n — 0o to a non-random compactly supported probability measure px. Let a and b be, respec-
tively, the infimum and supremum of the support of ux. We suppose the smallest and largest
etgenvalue of X, converge almost surely to a and b. For a given r > 1, let 01,...,0, be determin-
istic non-zero real numbers, chosen independently of n. For every n, let P, be an n X n symmetric
(or Hermitian) random matriz having rank r with its v non-zero eigenvalues equal to 61,...,0,.
Let the index s € {0,...,r} be defined such that 61 > -+ > 05 > 0> 0541 > -+ > 0,. We suppose
that X,, and P, are independent and that either X,, or P, is orthogonally (or unitarily) invariant.

Consider the rank r additive perturbation of the random matriz X, given by X, = X, + P,.

The extreme eigenvalues of X,, exhibit the following behavior as n — co. We have that for
each 1 <i<s,

) G, L(1/6:) if0; > 1/G, (b"),
(X)) 22

b otherwise,

while for each fized i > s, \i(X,) =5 b.

Similarly, for the smallest eigenvalues, we have that for each 0 < j <71 — s,

} Gy (1/6,—5) if0; <1/Guy(a™),
A (X)) 225

a otherwise,
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while for each fixed j > r — s, )\nij(j(n) LN
Here,

G (2) = [ jdux(®) for = ¢ supmux).

is the Cauchy transform of ux, and G;}(() 1s its functional inverse.

The reader is referred to [14}[15,|17] for more papers by Benaych-Georges and co-authors
concerning eigenvalue fluctuations after low rank perturbations.

In 2013, Tao [152}/153] characterizes the limiting behavior of outlier eigenvalues created by
additively perturbing certain iid random matrices by deterministic matrices which have both rank
and operator norm O(1). As the matrix size tends to infinity, Tao shows that the number and
location of the resulting outlier eigenvalues depend on the number and location of the eigenvalues

of the perturbation matrix. We state Tao’s theorem now.

Theorem 1.3.13 (Theorem 1.7 in [153]). Let X,, be an n-by-n iid random matriz with complex
entries mormalized to have mean zero, variance one, and finite fourth moment. For each n, let
P, be a deterministic matriz with rank O(1) and operator norm O(1). Let € > 0, and suppose
that for all sufficiently large n, there are no eigenvalues of P, in the band {z € C | 1 + € <
|z| < 1+ 3¢}, and there are j eigenvalues M\ (Py), ..., j(Py) for some j = O(1) in the region
{z € C| |z| > 143€}. Then, almost surely, for sufficiently large n, there are precisely j eigenvalues
AL <an + Pn> DY (an + Pn) of ﬁXn—i—Pn in the region {z € C | |z| > 1+42¢}, and after

vn vn

labeling these eigenvalues properly, \; (ﬁXn + Pn> = Ni(Pn) +o(1) asn — oo for each 1 < i < j.

In 2024, Banerjee, Mukherjee, and Pal [10] consider n-by-n symmetric random matrices X,

with standard Gaussian entries. For any e > 0, the decay condition sup; ;). 1) [E[Xi; X ]
O(n~(+9) on the correlation between matrix entries is also imposed. Under these assumptions,
the authors are able to show that as the matrix size tends to infinity, the largest eigenvalue of the

normalized matrix converges to 2 almost surely. Let 1 be the n-dimensional column vector of all

ones. When the matrix X, is additively perturbed by the matrix %IHLT and one takes € > 1 and
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A > nl/% the authors show that as n — oo, the fluctuations of the largest eigenvalue behave like
a standard Gaussian.

There are many more results regarding the outlier eigenvalues and the fluctuations which
result after additive perturbations. Coston [36], who studied both additive and multiplicative
perturbations of products of iid random matrices, provides a detailed review of the random matrix
literature in her thesis. O’Rourke and Renfrew |125], who studied perturbations of elliptic random
matrices, also include an informative history on the topic. Both works discuss several of the
sources also mentioned here. We additionally refer the reader to Belinschi, Bordenave, Capitaine,
and Cébron [13], Coston, O’Rourke, and Matchett Wood [35], Capitaine, Donati-Martin, Féral, and
Février [29,30], Ding and Hong, [40], and Féral and Péché [62], as well as the references mentioned

within.

1.4 Notation

We let n and N be in N. For z € R, we let | 2] denote the greatest integer less than or equal
to « and [z] the least integer greater than or equal to z. For z € C and r > 0, we let B(z,r) be
the open disk of radius r centered at z in the complex plane, and we let C. , be the circle of radius

r centered at z in the complex plane. Let log(-) denote the natural logarithm. For a real number

z, let
-1 ifx<O
sgn(z) =90 ifz=0-
1 ifx>0
For a permutation o, let sgn(o) = 1 if the permutation is even, and sgn(o) = —1 if the permutation

is odd. Let X denote the 1-dimensional Lebesgue measure and A" denote the n dimensional Lebesgue
measure. For a < # € R, let U(a, 8) denote the continuous uniform distribution on the interval
[a, B]. All random variables in this thesis are real real, unless otherwise stated. For a real-valued

random variable X, we let fx denote the probability density function of X and Fx denote the
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cumulative distribution function of X. For any probability distribution P, we say X ~ P to
indicate that the random variable X has distribution P. For a sequence of real-valued distribution
functions F,, let F, 4. F denote convergence in distribution to the limit F. For a sequence of real-
valued random variables X, let X, 4. X denote convergence in distribution of the distribution
functions of X,, to the limit X as n — oo. Let X,, —» X denote convergence almost surely, and let
X, 2 X denote convergence in probability.

Throughout the thesis, we let a; denote coefficients for random polynomials and a;; denote
entries for random matrices. Each a; is contained in the interval [, 8;] or [a; N, 5;N]| depending
on the polynomial; each a;; is contained in the interval [a;j, 8;;] or [a;; N, 5;;N] depending on the
random matrix model. We always assume a; < f3; (resp. a;; < b;;), and do not consider degenerate
intervals. We denote the roots of the random polynomials by &; and denote the eigenvalues of the
random matrices by A;. Sometimes extra subscripts or tildes are used to clarify to which polynomial
or matrix the roots or eigenvalues belong. Let x be a random variable and suppose that A is an
n-by-n random matrix with iid entries that each have distribution z. Then we say that A has atom
distribution x.

Denote the n-by-n identity matrix by I,; I may also be used when the dimension is clear.
Denote the i-th row of a matrix A by A; and the i-th column by A;. We let M, (R) and M,(C)
denote the sets of all n-by-n matrices over the fields R and C, respectively. A principal submatrix
of size k of an n-by-n matrix is formed by deleting n — k rows and the corresponding n — k columns.
The determinant of a principal submatrix is called a principal minor. For an n-by-n matrix A,

Ei(A) denotes the sum of the principal minors of A of size k. Si(&1,...,&,) denotes the k-th

elementary symmetric polynomials in the variables &1,...,&,, i.e.,
k
Sk(€17-~-7§n>: Z glj I fOI'lSkSTL,
1<hi<lo<..<lxp<n \Jj=1

where
So(&1y---,&n) = 1.

Si. denotes the symmetric group of size k.
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For Re(a) > 0,Re(B) > 0,Re(y) > —min{l/n,Re(a)/(n — 1),Re(B)/(n — 1)}, the n-

dimensional Selberg integral is given by
1 1.
Suap) = [ [Tl 0= 1 I -aP ...,
0 0 j=1 1<j<k<n

We let AT denote the transpose of A, and A* denotes the conjugate transpose. The trace of A
is given by tr A, and the determinant by det A. The spectral radius of a matrix A is denoted by
p(A) and the set of all eigenvalues of A is denoted by o(A). J, is the n-by-n matrix of all ones.
The symbol 14 denotes the indicator function on a set A. For a vector v = (vq,...,v,) € C",
the Euclidean norm of v is given by |[v|| = /> [v;]%. For a matrix A € M,(C), the maximum
column sum norm of A is given by ||A||1 = maxi<j<, Y ;—; |aij| and the spectral norm (or operator
norm) of A, denoted [|A||2, is the square root of the largest eigenvalue of A*A. We let || - ||max
denote the maximum magnitude of the matrix entries.

Let 0;; denote the Kronecker delta, where

0, ifi#j
dij = .

1, ifi=j
Let X be a set and let M be any o-algebra of subsets of X. Suppose that x € X. For

A € M, define the Dirac measure d, by



Chapter 2

Monic generalized large box model polynomials

2.1 Introduction and main results

Let n and N be in N. Let o; < 8; € R for 0 < ¢ < n — 1 and consider the polynomial in a
single complex variable

fn(z) =z"+ an—lzni1 + -+ a1z + ao,

where for each 0 < i < n — 1, a; is uniformly distributed on [o; N, B;N] N Z and ay,...,a,—1 are
jointly independent. We wish to find the probability that f,(z) has all real roots as N — co. We
refer to this random polynomial model, with fixed degree and letting N — oo, as the generalized
large box model; this contrasts with the usual large box model, where the coefficients are contained
in [-N,N|NZ as N — .

Consider the following example.

Example 2.1.1. Let n = 2 and consider the case where g, @1 = 0 and 5y, 51 = 1 so that ag and a;
are both identically, independently, and uniformly distributed on [0, N] N Z. Then the polynomial
fa(z) = 2% 4+ a1z + ap has two real roots with probability tending to 1 as N — oo. To see this,
notice that fa(z) will have two real roots if and only if the discriminant a3 — 4ag is non-negative.

Therefore, we compute
P (af — 4ap > 0) = P (2y/ag < a1),
where the equality holds by the non-negativity of the coefficients. Then

N+1-[2VN]
N+1 '

12P@%%§aQZP@¢N§aQ:
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By the squeeze theorem, limy_,oo P (21/a0 < al) = 1, so the probability that fs(z) has two real

roots as N — oo tends to 1.

For degree 2 and 3 polynomials whose coefficients obey the generalized large box model, we
are able to tackle the discriminants of the polynomials, allowing us to obtain precise results for the
probability of having all real roots; these probabilities are simply in terms of the distributions of

the coefficients of the polynomials. This results in the following two main theorems.

Theorem 2.1.2. Let ag < fp € R and a1 < f1 € R. Suppose that ag is uniformly distributed on
[agN, BoN]| and that ay is uniformly distributed on [an N, f1N|, with ag and a; independent. Then

the polynomial fa(z) = 2° + a1z + ap has two real roots with probability tending to 1 as N — oo.

In [45], Dubickas and Sha define a dominant polynomial as a polynomial having one root
whose modulus is greater than the moduli of all remaining roots. In terms of the notation of
this thesis, they consider monic large box model polynomials, where each coefficient is uniformly
distributed on [N, N]NZ and jointly independent, and find that the probability that such a poly-
nomial is dominant tends to 1 as N — oo. Since complex roots of polynomials with real coefficients
occur in pairs, this means that the root with the largest modulus of a dominant polynomial must
be real. For a quadratic polynomial, this means that the polynomial must have two real roots with
probability tending to 1 as N — oco. Thus, Theorem can be be interpreted as an extension
of Dubickas and Sha’s result about the dominance of quadratic polynomials. Dubickas and Sha
prove their result that a degree n large box model polynomial is dominant by counting the number
of polynomials that satisfy the hypothesis of Theorem For the quadratic polynomial in

Theorem we simply compute the probability that the discriminant is positive.

Theorem 2.1.3. For 0 <1i <2, let a; < B; € R and let a; be uniformly distributed on [a; N, B; NN

Z, with ag, a1, ay jointly independent. As N — oo, the probability that the cubic polynomial

fa(z) = 224+ a9z’ + a1z + ag
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has three real Toots converges to
XY
P (1/4 > Z2) ,
where X ~ Ul(ag, Bo),Y ~ U(ag, B2), and Z ~ U(ay, B1) are independent.

For n = 4, the discriminant method is already intractable, and for n > 5, the discriminant no
longer provides complete information on the number of real roots of a polynomial, see for instance
Chapter 10 in [84]. Chapter |3| offers the solution to these problems.

We also establish that the limiting distribution of the distance between one of the roots of
the polynomial fo(2) = 2% + a1z + ag and the negative of the coefficient a; is simply the ratio

distribution between the coefficients ag and a;. This result is contained in the following theorem.

Theorem 2.1.4. For 0 < i < 1, let oy < ; € R. Let fo(z) = 2% + a1z + ag, where for each
0 <i <1, a; is uniformly distributed on [a; N, ; N|NZ, with ag and ay independent. Consider the

T00%
,alfsgn(a;)w/a%74a0 Zf a1 7& 0
§o = (2.1)
Vv —ap if ap =0

of fo(z), which may be real or imaginary. Let Zy be the Euclidean distance between —a; and &s.

As N — oo, Zn N | X/Y|, where X ~ U(ao, po), Y ~Ul(a1,B1) and X and Y are independent.

Theorem is illustrated in Figure [2.1

The root & defined in Theorem is described as extremely dominant. This is because its
modulus is not tight as N — oo, while the modulus of the other root of f(z) is tight as N — oo;
complete details are contained in Section [2.6.1

Using Rouché’s theorem, we show in Section that any monic polynomial f,(z) =
2"+ ap 12"V + - 4+ a1z + ag whose coefficients obey the generalized large box model also has
an extremely dominant root, which is well approximated by the extremely dominant root of the
corresponding quadratic polynomial fa(z) = 22 4+ an_12 + an_o. The limiting distribution of the
distance between this extremely dominant root and the negative of the coefficient a,,_1 is surpris-

ingly still only in terms of the ratio distribution between a,,_o and a,_1. These results are given in
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Figure 2.1: This figure illustrates Theorem We generated 10000 random polynomials of the
form 2% + a1z + ag for both images. In the left image, the coefficients a; and ag are independently
and uniformly distributed on [0,10'5] N Z. In the right image, a; is uniformly distributed on
[0,10'°]NZ and ag is independently and uniformly distributed on [-3-10?,10°]NZ. The distance
between the largest root (in magnitude) and the negative of the coefficient a; for each polynomial
was calculated and plotted on the histogram. The red lines denote the density of |X/Y|, where
X ~U(0,1) and Y ~ U(0,1) are independent for the left image and where X ~ U(—3,1) and
Y ~ U(0,1) are independent for the right image. Both plot windows were cropped.

Theorem and Corollary In [45], Dubickas and Sha test the dominance of a polynomial,
without finding its roots, by giving an algorithm based on Sturm’s theorem (see Theorem 1.4.3
in [134]), which gives the number of unique real roots of a polynomial in an interval by construct-
ing a sequence and counting the number of sign changes of the sequence at the end points of the
interval. For the case of the monic generalized large box model polynomials, the use of Rouché’s
theorem provides both the location of the dominant root and allows us to investigate its fluctua-
tions. However, no additional information is provided for non-monic generalized large box model

polynomials.

Theorem 2.1.5. For 0 < i < n—1, let o5 < B; € R and let a; be uniformly distributed on



40
[a;N, B; N] N Z, with ag,...,an—1 jointly independent. For n > 2, define
fu(z) =2"+ 12"+ -+ a1z + ag

and

f(z)=2"+ 12" 4 ay_92" 2.

Define

—ap—1—sgn (an—1) a2_1—4an_2 .
2 = Zf Apn—1 7é 0

vV —an—2 if ap—1 =0
When n = 2, £ is a root of both f,(z) and f(z), which is real with probability tending to 1 as

N — o0.
Suppose n > 3. If 0 & [apn—1 N, Bn_1N], let € = Co /N, where Cy gy, is the positive finite

constant

o= Dicy maxfledl, |8}
O (min{[an_1, |Ba-1]})2

Then the polynomial f,(z) has exactly one root, denoted &,, in B(,€) with probability tending to

1 as N = oo. If 0 € [ap—1N, Bn—1N], then for any fired 0 < € < 1, fn(2) has exactly one root,
denoted &, in B(§,€) with probability tending to 1 as N — oo. In both cases, &, is a real root of

fn(2) with probability tending to 1 as N — oo.
Corollary 2.1.6. For 0 < i < n—1, let oy < B; € R and let a; be uniformly distributed on
[a;N, B;iN| N Z, with ag,...,an—1 jointly independent. Define

1

fa(2) = 2" +ap_12""" 4 + a1z + ao.

Let &, be defined as in Theorem [2.1.5 Let Zn be the Euclidean distance between —an—1 and &y,

1.e.,
ZN: ‘§n+an—1‘-
As N — oo,
da | X
N = ? s

where X ~ U(ap—2,8p—2),Y ~U(an-1,Bn-1), and X and Y are independent.
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Corollary is illustrated in Figure

Density
0.15
|

0.05
|

0 5 10 15 20 25 30

Figure 2.2: This figure illustrates Corollary We generated 10000 random polynomials of
the form 2 + a32® 4+ a22® + a1z + ag, where all coefficients are independent and a3 is uniformly
distributed on [—-10%,10%]NZ, as is uniformly distributed on [~2-10'%,2-10'%]NZ, a; is uniformly
distributed on [—3 - 10,3 - 10'%] N Z, and aq is uniformly distributed on [—4 - 10'5 4 - 10'%] N Z.
The distance between the largest root (in magnitude) and the negative of the coefficient as for
each polynomial was calculated and plotted on the histogram. The red line denotes the density of
|X/Y|, where X ~ U(—2,2) and Y ~ U(—1,1) are independent. The plot window is cropped.

2.2 Tools and preliminary results

This section introduces several well-known probabilistic tools that will be necessary to obtain
convergence results. We also prove some simple lemmas that will need to be referred to multiple

times throughout the chapter.

Lemma 2.2.1. Let a« < S € R and let the random variable Xn be uniformly distributed on
[aN,BN|NZ. Then Xn/N converges in distribution to U(a,B) as N — oco. If the random

variable X is uniformly distributed on ([aN,BN]NZ) \ {0} instead, then Xy /N still converges
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in distribution to U(a, B) as N — oo.

Proof. The cumulative distribution function for U(«, 3) is given by

0 for z < «
FU(a,ﬁ)(fU): g:—g fora<z<p>
1 forx >

which is continuous for all z € R. Let y € R. If y < o, then P(X /N < y) = 0 since Xn /N € [a, 5].

Similarly, if y > 8, then P(Xy/N <y)=1.If y € [a, f], then

. . . |Ny]—TJaN]+1 y—«
l P(Xy/N <qy)= 1 P( Xy < Ny)= 1 =
pim PXn/N <) = lim P(Xy < Ny)= lim o 71~ -

so Xy /N 4, Ula, B).

Suppose now that X is uniformly distributed on ([N, BN]NZ)\ {0}. If 0 ¢ [N, BN|NZ,
then the statement and proof are the same as above. Therefore, suppose 0 € [aN,SN] NZ. As
before, if y < a, then P(Xx/N < y) = 0since Xy /N € [, 5] and if y > 3, then P(Xn/N < y) = 1.

If y € [a,0), we now have

| L . Ny —[aN]+1_y-a
i OO/ <) = i BOX < 9) = i S50 = =0

If y € [0, 8], we now have

. L ... INy]-TaN] y—-a
yim PXN/N s y) = lim P(Xy < Ny) = lim o N~ 5o

so Xny/N EN U(a, B). Altogether, we see that X /N EN U(a, B). O

Remark 2.2.2. Suppose that Xy is uniformly distributed on [aN, SN|NZ. If 0 € [aN, SN], we will
occasionally condition on the event that Xy # 0. Observe that for any k € ([aN,SN]NZ) \ {0},

we have that

P(Xy = k) (LﬁNJ—%a]\ﬂ—‘rl) 1
P(Xy=k| Xy #0)= = — = — .
PN 70) (i LiT ) ™ 19N] = Tal]
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Therefore, the conditional distribution of Xy, given that Xy # 0, is uniform on ([aV, BN]|NZ) \

{0}. Lemma tells us that for any z € R
A}im P(Xny/N <z | Xy #0)=PU(x,p) < 2).
— 00

Theorem 2.2.3 (Continuous Mapping Theorem, Theorem 3.2.10 from [48]). Let g be a measurable
function and Dy = {x : g is discontinuous at x}. If X, L X asn — oo and P(X € Dy) =0, then

9(Xy) LN g9(X) as n — cc.

Lemma 2.2.4 (Example 3.2 from [23]). Suppose that X, L X and Y, =Y asn — oo, with X,,
independent of Yy, for alln > 1 and X independent of Y. Then XY, L XY and XY, N X+Y

as n — o0.

Theorem 2.2.5 (Slutsky’s Theorem, Theorem 11.4 in [76]). Let X, Xa,... and Y1,Ya,... be se-
quences of random variables. Suppose that X, converges in distribution to X and Y, converges in

probability to a constant a as n — co. Then
X+ Y, % X +a,

X, — Y, % X —a,
Xn Y, = X -aq,

and
Xn

d
=

, fora # 0,

2 | >

n

as n — oo.

Theorem 2.2.6 (Theorem 2.7, [163]). Let X,,, X and Y, be random vectors. Then
(1) X 25 X implies X, > X ;
(2) X, B X implies X, % X;

(38) X, & ¢ for a constant c if and only if X, L, c;
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(4) if Xp 4 X and d(Xn,Yy) 20, then Y, LN X, where d(x,v) is a distance function of RF

that generates the usual topology;
(5) if Xn L X andY, B¢ for a constant c, then (X, Yy) 4, (X,0);
(6) if Xop B X and Y, B Y, then (X,,Yy) 2 (X,Y);

Remark 2.2.7 (Division by Zero). There are several places throughout the thesis where we are
dividing by a discrete random variable that may take the value zero. In all of these instances, the
probability of this happening tends to zero as N — co. Since we are only concerned with the limiting
distributions in these cases, and since the probability of the continuous limiting distributions taking
the value zero is zero, this will not be an issue. The problem is avoided by either conditioning on
the denominator of the discrete distribution being non-zero or using convergence theorems that

rely on the set of discontinuities of the limiting distribution having measure zero.

The following fact is needed several times throughout the thesis.
Lemma 2.2.8. Leta; < 1 € R and as < B2 € R. Let ay be uniformly distributed on [ay N, B1 N]NZ
and let ag be uniformly distributed on [caN, BoN| N Z, with a; and as independent. Then for any

€ >0,

: 2
A}gnOOIP’ (Ja1] > €laz]) = 0.
Proof. If 0 & [aa N, S2N], we may consider the limit

lim P <
N—o0

By Lemma [2.2.1, a1/N 4, U(ai, p1) and az/N 4, U(ag, B2). By Theorem [2.2.3] (az/N)? 4,

aj
2
as

> e> : (22)

(U(az,32))?. By Theorem since 1/N converges in probability to the constant 0, it follows

that (a1/N) (1/N) = a1/N? L 0. Therefore, by Theorem [2.2.3[ and Lemma [2.2.4]

al/N2

(az/N)?

ai

2
as

40

Since convergence in distribution to a constant implies convergence in probability to the same

constant, (2.2)) tends to zero.



45

If 0 € [aa N, 52N], we condition on the value of ag. By the law of total probability, we have

P(jas] > ela3]) = P(la1| > ela3| | az # 0)P(az # 0) + P(|la1| > €|a3| | az = 0)P(az = 0)

=P(|a1] > e|a3] | az # 0)P(az # 0) + P(la1| > 0)P(az = 0)

_ YUl [BaN| — [aaN |
‘P(a% > el 2#0><(52N1—L0<2NJ+1> 23)
1
+ Pl >0 (e TT)

Clearly 0 <P (Ja1| > 0) < 1. By Remark we see that the conditional distribution of ag, given

that ag # 0, is uniform on ([, f2] NZ) \ {0} and that for any z € R,
Jim B(ay/N <z [ ar £ 0) = B(U(a, Bo) < 2).
—00

Arguing similarly to the previous case, we see that

a

A}gnooP< >e]a27é0>:0.

Therefore, letting N — oo in ([2.3)),

2
as

lim P(|a;| > €|a3]) =0
N—oo
as well. O

2.3 Probability of all real roots for generalized large box model polynomials

of degree two

We now show that any monic degree two integral polynomial whose coefficients obey the
generalized large box model has all real roots with probability tending to 1 as N tends to infinity;

we have already seen this for a special case in Example

Proof of Theorem [2.1.3 Notice that f2(z) will have two real roots if and only if the discriminant

a? — 4agp is non-negative. By Lemma Theorem and Theorem m

2
NNz X
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where X ~ U(ayq, 81), which has a cumulative distribution function that is continuous everywhere.

Therefore, as N — oo, we have

2 4a0
> = —_— >
]\}gnooﬂ” ( —4dag > O) hm P <N2 Nz = 0)
=P (X*>0)
=1
O
2.4 Probability of all real roots for generalized large box model polynomials

of degree three

In this section, we compute the probability that a degree three random polynomial whose
coefficients obey the generalized large box model has all real roots; the result is given in terms
of the coefficients of the polynomial. We begin with a technical detail that allows us to omit the

possibility of such a polynomial having a repeated root.

Theorem 2.4.1 (See Pages 8 and 9 in [136]). Suppose a,, # 0. For a polynomial f,(z) = anz" +
Un_12" V-4 a1z 4 ag with roots &1, . .., &,, counted with algebraic multiplicity, the discriminant
18

D(fo)=a [ &-&)°

1<j<k<n

The discriminant vanishes if and only if f, has a multiple zero.

For two polynomaials

ZG’Z —anH z2—&) and gm(z :Z H(z—gj),
=1

with ay, by, # 0, their resultant is defined by

R(fn, gm) = al'bl, HH(&
Jj=1li=1

The resultant is also given by the following determinant, which has m rows containing the coeffi-

cients of fn, and n rows with those of g, while empty positions indicate vanishing entries:
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ag aq e anp,
ao (1/1 o« e an
ao al e Qn,
R(frn, gm) = det . (2.4)
bo by - b
bO bl bm
bo b - b

Finally, the resultant of f, and its derivative f) relates to the discriminant of f, as follows:

R(fn: f}) = an(=1)"""D2D(f,,). (2.5)

Lemma 2.4.2. For 0 <i <2, let a; < ; € R and let a; be uniformly distributed on [o; N, ; N|NZ,
with ag, ay,as jointly independent. For f3(z) = 2%+ a22% + a1z + ag, the probability of f3(z) having

a repeated root as N — oo tends to 0.

Proof. Combining ([2.4]) and (2.5)), one obtains the familiar formula which expresses the discriminant

of f3(z) in terms of its coefficients. This isﬂ
D(f3) = a3a} — 4a} — 4ajag — 27a2 + 18azayap.

By Theorem D(f3) is zero if and only if f3(z) has a repeated root. Suppose that ap and a;

are fixed. If ap and a1 are both zero, then D(f3) is the zero polynomial, but this only happens with

probability (L,BoNJ—[ozoN1+1)1(LB1NJ—foc1N1+1)’ which tends to zero as N — oco. Otherwise, D(f3) is a
degree one, two, or three polynomial in the variable as and has at most three roots in [aa N, f2 N|NZ.
Therefore, as ag varies over [agN, foN] and a; varies over [ay N, f1 N|NZ, the total possibilities for
zeros of D(f3) is bounded above by

3(LBoN] — [N + D)([B1N] — [aa N + 1)
(LBoN| = TaoNT+ 1)([f1N] — [aa NT+ 1)([f2N] — [aaNT] + 1)’

! We obtained the formulas for the discriminants of cubic and quartic polynomials from Wikipedia:
https://en.wikipedia.org/wiki/Discriminant. These were verified using Mathematica.
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which tends to zero as N — oo. O

Remark 2.4.3. By an analogous argument, f4(z) = z* + a3z3 + a22% + a1z + ag also does not have
a repeated root with probability tending to 1 as N — oco. Indeed, again combining (2.4) and ({2.5)),

we have

D(f4) = 256a3 — 192a3a1a3 — 128a3a3 + 144adazal
— 27aga§ + 144a0a%a2 — 6a0a%a§ — 80a0a1a§a3
+ 18a0a1a2a§ + 16a0a§1 — 4a0a§a§ — 27a‘11

+ 18a3asas — 4a3a3 — 4ala3 + a2aa3,

so we see again that if ap and a; are both fixed to be zero, D(fy) is the zero polynomial; this
happens only with probability tending to zero as N — oco. Otherwise, fixing ag,a; and ao, we see
that D(f4) is a degree one, two, three, or four polynomial in the variable ag, so counting similarly

to Lemma [2.4.2] proves the result.

We are now ready to prove Theorem [2.1.3

Proof of Theorem [2.1.3. The cubic polynomial 23 + a22% + a1z + ag has the discriminant

a3a? — 4a3 — 4adag — 27al + 18azayag (2.6)

which can also be written in the form

(& — &)*(& - &) (&L - &),

where &1, &2, and &3 are the roots of the cubic polynomial f3(z). Since the coefficients of f3(z) are
all real numbers, the discriminant is positive if and only if f3(z) has three distinct real roots. To
see this, observe that the discriminant is zero if and only if a root is repeated. Assuming all roots
are real and distinct, clearly the expression is positive. On the other hand, if there is one real

root and two complex roots, without loss of generality, suppose that £ = r is the real root and
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&9, &3 = a=Lbi are the complex roots, which occur in pairs because the coefficients of the polynomial

are real. Then

(61— &)% (& — &) (& — &) = (r—a —bi)*(r — a + bi)*(2bi)?

= —41)2(a2 +b% — 2ar + 7“2)2,

which is negative. By Lemma [2.4.2] the probability of a repeated root tends to 0 as N — oo, so it
suffices to calculate the probability of the discriminant being positive. Dividing ([2.6) by N4, notice

that —4a3/N*, —27a3 /N4, and 18azaiag/N* converge in probability to 0 as N — co. By Theorem

2.2.5,
(az/N)2(a1/N)? — 4a3 /N* — 4(az/N)3(ao/N) — 273 /N* + 18azayao/N*

and
(a2/N)?*(a1/N)? — 4(az/N)*(ao/N)
converge in distribution to the same limit.

If 0 ¢ [a1 N, 81 N], we have that

P (faa/N (a1 /N2  Aaa/ NP (aof ) > 0) = P (1/2 > (200N,

By the independence of ag,a;, and az, and since ag/N LN U(ao, Bo),a1/N 4 U(aq, p1), and

as/N < U(ag, B2), by Theorem [2.2.3| and Lemma [2.2.4

amr (s> ) =7 (v 7).

where X ~ U(a, o), Y ~ U(ag, 52) and Z ~ U(aq, 1) are independent.
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If 0 € [a1 N, 81 N], we condition on a; and see that

P ((a2/N)*(a1/N)? = 4(az/N)*(ao/N) > 0)

=P <1/4 > W | ay #0) ]P’(al 750)
+ P (—4(az/N)*(ao/N) > 0) P(ay = 0)

_ (a2/N)(ao/N) [B1N] = [aqN]

= (a> R L@ #0) (B i 1) &7
P (-l 02 > O) (a1

Clearly 0 < P (—4(a2/N)3(ao/N) > 0) < 1. Using Remark and arguing similarly to previous

case, we see that

(a2/N)(ag/N) XY
zvlﬂnmp<1/4>2@ﬂv(;2 | a17é0> —IP’(l/4> ZQ>

where X ~ U(ag, 5p),Y ~ U(ag,B2) and Z ~ U(ay, f1) are independent. Thus, letting N — oo in

(2.7) proves the theorem. O

Our next example obtains a numerical value for P (1 /4> %), when XY, Z ~ U(0,1) are
jointly independent. This corresponds to precisely the probability that the polynomial 23 4 agz? +
a1z + ag, with ag, a1, az uniformly distributed on [0, N] N Z and jointly independent has all real

roots, as N — oo.

Example 2.4.4. We now compute P (1/4 > XY/Z2) in the case that X, Y, Z ~ U(0,1) are jointly
independent. Springer [149] shows how to compute both XY and X/Z in the special case that
X,Y,Z ~U(0,1) are jointly independent; Curtiss [37] also finds the distribution of a quotient using
advanced techniques. We take a simple geometric approach.

We start by considering P (XY < z). Observe that if z < 0, P(XY <z) = 0; if z > 1,
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P (XY < z)=1. Otherwise, for z € (0,1), we have
P(XY <2)=P(Y < 2/X)
z 1
:/ ldx—l—/ % da
0 z T
=z — zlog(z),

where we have used the visual aid in Figure to identify the correct region of integration.

Figure 2.3: This image shows the area below the curve y = z/z for some z € (0,1) that is also
contained in the rectangle [0, 1] x [0, 1].

Differentiating yields the probability density function

—log(z), z€(0,1)
Ixy(z) =

0, otherwise
Moreover, for Z ~ U(0,1), observe that if 2 < 0,P(Z2 < z2) =0;if 2 > 1, P (22 < 2) = 1.

For z € (0,1), we have that

P(Z° < z)=P(Z < V2)

Differentiating yields the probability density function

7= 2€(0,1)
fz2(2) = 22

0, otherwise
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Finally, let S = XY and let T = Z2, and let f(s,t) be the joint probability density function of S

and T. Then

S 1 pl/4t
P<1/4>T> —/0 /0 f(s,t) ds dt

B /1 /1/415 —10g8 ds dt
o Jo 24/t

= %(5 + log(64))

~ 0.254413.

This shows that the probability of f3(z) having three real roots as N — oo is a little more than a

fourth.

2.5 An example for degree n

The following theorem due to Kurtz [102] can be used to find some non-trivial examples of

integral polynomials of any degree that have positive probability of having all real roots.

Theorem 2.5.1 (Theorem 1 in [102]). Let fn(2) = anz™+an_12"" 1+ -+ai1z+ag be a polynomial

of degree n > 2 with positive coefficients. If
2 L
aj —4a;—1a;41 >0, i=1,2,...,n—1 (2.8)
then all the roots of fn(2) are real and distinct.

We apply the above theorem with a,, = 1 to find examples that pertain to monic polynomials.

Example 2.5.2. Let the degree of our monic polynomial be n. Then rearranging (2.8)), to create
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a polynomial with probability one of having all real roots, we need the system of inequalities

0< an_1

0< ap-o< 1

0< an_3< o2

4an—1
2
a3
0< a1 < Tas
2
ay
0< ag < Tas

to be satisfied. Let us use the notation ap € [ag, O] for each 0 < k < n — 1, and assume that
each «y, is positive. Then observe that to satisfy the above inequalities, we may use the recursive

formula

8Bk+2 4Bkto

Starting with a,—1 = 1 and (,-1 = 2, this means that a,—1 € [1,2], an—2 € [1/8,1/4],a,_3 €

2 2

o o

k+1 k+1
ak€[ + +].

[1/1024,1/512], and so forth. Notice that we may also multiply all of these coefficients by a large
constant C' > 0. Then
0<Cap_1,

C2a? 1

0< Caps < 4”‘
and for 0 < k <n — 2,

0<Cay <

This is useful because multiplying by C allows us to create examples of integral polynomials with
probability one of having all real roots, without zero being contained in any of the intervals for
the coefficients. This contrasts with Theorem that shows if zero is in all of the intervals,
we always have positive probability of having all real roots. For example, letting n = 4 and

C = 2097152, we see that the monic polynomial

2 + (1323 + a2z2 + a1z + ag
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with independent coefficients

ag ~ U([2097152,4194304] N Z), ay ~ U([262144, 524288] N Z),

ap ~ U([2048,4096] N Z), ao~U([1,2]NZ),
has probability one of having all real roots.

2.6 Discovering an extremely dominant root
In this section, we show that as N — oo, the random polynomial
f(2) = 2" + an12"" 1 4+ a1z + ag

whose coeflicients obey the generalized large box model has an extremely dominant root, which we
will call &, and define shortly. We first find this root for the quadratic polynomial, and then use
Rouché’s theorem to locate the root for higher degree polynomials. Rouché’s theorem is a common
approach for locating polynomial roots, see for instance [24,35,/141,/153,/168]. We then describe
the distribution of the distance between the coefficient —a,_1 and the root &,, and compute the
probability density function of this distribution explicitly in certain cases. We note that the root
&y 1s the dominant root of the integer polynomials discovered by Dubickas and Sha in [45], but the

location and fluctuations of &, is a new discovery to the best of our knowledge.

2.6.1 Extremely dominant root for degree two generalized large box model poly-

nomials

For 0 <i <1, let oy < B; € R. Let fo(z) = 22 + a1z + ag, where for each 0 < i < 1, a;
is uniformly distributed on [o; N, 8;N]| N Z with ap and a; independent. From Theorem we
know that this polynomial has two real roots with probability tending to 1 as N — co. Consider

the root
_al—sgn(a;)\/a%—élao if ay 7& 0
52 = )
Vv —ag if a; = 0
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which may be real or imaginary. We call a root of a random polynomial extremely dominant if
its modulus is not tight, while the moduli of all of the other roots are tight. Details are given in
Lemma showing that &3 is the extremely dominant root of fo(z).

Let Zx be the distance between the coefficient —a; and the root £&. We now have the tools

necessary to compute the distribution of Zy in the quadratic case. This is the content of Theorem

whose proof is given below.

Proof of Theorem [2.1.7) We wish to find the distribution of the Euclidean distance between &2 and

—a1, which is given by

—aj—sgn v/ a2— .
a1—sg (a;) ay—4ap Ty if a1 7& 0
N = .

\/W ifap =0
To show a sequence of distribution functions Fj, converge in distribution to the limiting distribution
function F', we must show that the convergence holds at all continuity points of F. In Appendix
we find the pdf of the random variable X/Y, which implies that its cumulative distribution
function (and also that of | X/Y) is continuous.

If 0 & [a1 N, 51 N], we have that

—ay —sgn(ay)/a? — 4ag
2

+ a1

a1 —sgn(ay)y/a? — 4ag

2
(a1 —sgn(a1)/ad — 4ag> (al +sgn(ay)y/af — 4a0)
2 (al + sgn(ay)y/a? — 4a0)
a? — (a2 — 4ap)
2 (al + sgn(ay)y/a3 — 4a0)
2a¢
a1+ sgn(ar)y/ad — 4ag

ao

ar (1/2 (1 + \/m)) '
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Multiplying by N/N gives that

ap/N

(a1/N) <1/2 (1 + /1o 4a0/a§>) '
We want to show Zy <> |X/Y|, where X ~ U(ag, Bo), Y ~ U(ai,p1) and X and Y are indepen-

dent. By Lemma ap/a? converges in probability to 0, so by Theorem

Iy =

(2.9)

|
1/2 ‘1 +/1 —4a0/a§‘

converges in probability to 1. By Lemma [2.2.1} ag/N 4 U(ao, fo) and a1 /N 4 U(ai,p1). By

Theorem [2.2.3]

ﬁ‘ 4 |1/U (a1, 51)|. By Lemma [2.2.4 and the independence of ag and ay,

ap/N

d
X/Y X ~ Y ~
CL1/N = ‘ / ‘ ) U(a()aﬂ())’ U(alaﬂl)7

where X and Y are independent. Theorem m allows us to multiply by (2.9) and conclude that
In XY
If 0 € [an N, B1N], we condition on a;. For any z € R, we have by the law of total probability

that

PZn <z)=PZn<z|a1#0)P(a; #0)+P(Zny <z | a1 = 0)P(a; =0)

:P<_a1_sgn<a1>¢m §z|a1750>< BNV] — [on V] ) (2.10)

2 [BiN] — [aaN| +1
HP(\/WS Z) <{51N1 - EanJ +1> '

For any z € R, clearly 0 < P (\/\aol < z) < 1. Using Remark [2.2.2f and arguing similarly to

§z|a1#0>:P<';{’§z>,

where X ~ U(ao, o), Y ~ U(ay, 1) and X and Y are independent. Taking the limit as N — oo

in (2.10) proves the theorem. O

+ a1

the previous case, we find that for any z € R,

lim P <| —aj — sgn(a;)\/a% — 4day

N—oo

+ aq

We now define tightness and introduce Prohorov’s theorem, which will allow us to quickly

prove that the root & from Theorem is extremely dominant.
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Definition 2.6.1 (Chapter 2 in [163]). A set of random vectors { X, : a € A} is called tight if for

every € > 0, there exists a constant M such that
sup P(|| X,|| > M) < e.
o
Theorem 2.6.2 (Prohorov’s theorem, Theorem 2.4 in [163]). Let X,, be random vectors in R¥.
o If X, LND'S for some X, then {X,, : n € N} is tight;
o If Xy, is tight, then there exists a subsequence with X, 4 x as j — oo, for some X.
We now prove that the root & is extremely dominant.

Lemma 2.6.3. For0<i<1,leta; < f; €R. Let fo(z) = 2’ +a12+ag, where for each 0 < i < 1,
a; is uniformly distributed on [oa; N, ;N N Z, with ag and a; independent. Denoting the roots of
fa(z) by & as defined in Theorem and 52 for the conjugate root, we have that the modulus of

&9 is not tight as N — oo, whereas the modulus of 52 1s tight as N — oo.

Proof. Modifying the proof of Theorem slightly, we see that the modulus of the conjugate
root

—ai+sgn(ai)y/ai—4dag .
_ 2 ifap #0

& =
—v/—ag ifa; =0
converges in distribution to |X/Y|, where X ~ U(a, fo), Y ~ U(ai, f1). Theorem immedi-

ately implies that {‘52‘ N e N} is tight.

On the other hand, if a; # 0,

—ay —sgn(a1)/a? — 4dag
S| = 5
14 ,/1— a0
= || T
5 o]
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Therefore, if 0 € [a1 N, 1 N], we have that for any positive M € R,
lim P(|&] > M) > lim P <a1| > M)
N—oo N—o00 2
=1.
If 0 € [a1 N, 51 N], we have that for any positive M € R,

Jim P (6] > M) > I P(lgs| > M | o £0)Plar £0)

> lim P <‘a21 > M) QA%WI@EO;\IJVJL 1)

= 1.
In either case, this shows that {|¢2] : N € N} is not tight. O
2.6.2 Extremely dominant root for degree n polynomials

Interestingly, a degree n polynomial whose coefficients obey the generalized large box model
also has an extremely dominant root. This root is well approximated by the analogous dominant
root from the degree two generalized large box model polynomial. The distribution of this root is

the content of this section.
Lemma 2.6.4. Let € > 0 and 29 € C. Then for any z € Cy ,
20| — € < |2 < [z0] + €.
Proof. This follows from the triangle inequality. On one hand, we have that
|z| = |z — 20 + 20| < |z — 20| + |20] = € + |20

On the other hand,
|20] = |20 — 2 4+ 2| < [z0 — 2| + [2] = € + |2

SO

|20] — € < |z].
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Theorem 2.6.5 (Rouché’s Theorem, 3.42 in [161]). If f(z) and g(z) are analytic inside and on a

closed contour C and

[£(2) —9(2)| <lg(2)|, forall z € C,

then f(z) and g(z) have the same number of zeros inside C'.

Theorem [2.1.5] states that random polynomials whose coefficients obey the generalized large
box model have a real root very close to the extremely dominant root for fs(z) described in Section
2.6.1, as N — oco. We will also refer to this root as extremely dominant, but the proof of this is
delayed until Chapter [3} the result is given in Theorem

We now present the proof of Theorem [2.1.5

Proof of Theorem [2.1.5. Let us begin with the case where 0 & [a,,—1 N, 8,—1N] and let € = C“j\?’”,

where

>ico max{lagl, |51}

min{|04n—1|7 |Bn—1|})2 ‘

By the quadratic formula, the two non-zero roots of f(z) can be written as

—Qp_1 T 4 /a%f1 —4da,_9
5 .

From the statement of the theorem, since 0 & [a,—1 N, B,—1N], we have that

Ca,ﬁ,n = (

—Aan—-1 — Sgn(anfl) CL%,1 —4dap—2

£= 2

Therefore, let the second non-zero root of f(z) be given by

2
—ap—1 +sgn(an—1)y/a;_; —4an_o

¢= 2

Observe that the roots of f(z) are zero with multiplicity n — 2, £ with multiplicity one, and ¢ with
multiplicity one. We begin by showing that the ball B(,€) contains only the root £ of f(z) with

probability tending to 1 as N — co. We have

€ = ¢l = lan-] - (2.11)

\/1 —4day_o/a?_,
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and therefore

€—¢l e

N N

€

N

A
| ?\fl‘ \/1—4(1”,2/0%_1

By Lemma and Theorem % converges in distribution to |U(ap—1, fpn—1)|. By Lemma

2.2.8] an_g/aTQF1 converges in probability to zero, and so by Theorem [2.2.3] ‘\/1 — 4an_2/ai_1 con-

verges in probability to one. Finally, in both cases, & converges to zero. Then, by two applications

of Theorem we have that

€

— = L \U(om-1, Brr)] -

\/1 — 4an_2/a721_1 N

|n—1]
N

Altogether, this shows that

Jim Pe=c1> 9= im PS5 - £ >0)

=P (|U(an-1,Bn-1)] > 0)

=1,

since 0 is a continuity point of the cdf of |U(an—1,0n-1)]. Thus, ¢ ¢ B (,€) with probability
tending to 1 as N — o0,

By a similar argument, we can show that
Jim P (¢ > ) = P(U(n1,Bu1)] > 0) = 1, (2.12)

implying that 0 ¢ B (&, €) with probability tending to 1 as N — oco. We conclude that f(z) has
exactly one root in B (&, €) with probability tending to 1 as N — oc.

When n = 2, the polynomials f2(z) and f(z) are equal, so have the same roots. In particular,
Theorem [2.1.2] shows that both roots of these polynomials are real with probability tending to 1 as

N — 00. Suppose now that n > 3. We wish to show that the inequality
|fu(2) = F(2)] = lan_32""3 + -+ a12 + ag| < |2|"72|2% + an_12 + an_2| = |f(2)] (2.13)

holds for all z € C¢ with probability tending to 1 as N — oo. If (2.13) holds, Rouché’s theorem

tells us that f,(z) and f(z) both have exactly one root in B(§,€) with probability tending to 1
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as N — oo. By Theorem the root £ is a real root of f(z) with probability tending to 1 as
N — oo. In particular, this means the root &, of f,(z) captured by B({,€) must be real with
probability tending to 1 as N — oo as well. To see this, recall that complex roots of polynomials
with real coefficients occur in complex conjugate pairs. Since the ball B(,¢€) is centered on the
real axis (with probability tending to 1 as N — oo) and captures exactly one root &, of f,(z), then
if &, is complex, B(§, €) would also capture the complex conjugate of &,. This is a contradiction to
the number of roots of f,(z) in B(&,€).

For z # 0, we may divide both sides of (2.13)) by |z|" 3 to obtain

Ap—4 ay ag

+'”+Zn72+zn73

ap—3 + ‘ <|2||2% + an_12 + an_s|. (2.14)

Since 0 ¢ C¢ . with probability tending to 1 as N — oo, it suffices to show that (2.14) holds for all

z € C¢ ¢ with probability tending to 1 as N — oo. Factoring the right-hand side of ([2.14) gives

—Qn—-1 — a%,l ) —Gp—1 14/ a%,I )
— 5 (2.15)

|z| |z — 5 z

which is equal to
2|z — €] |z = <]
We will bound each of the terms on the right-hand side of (2.15) from below. Let Q be the event

that £ is a real root of f(z). Let z € C¢ . By Lemma 2.6.4} on ,

|an—1] ’1 + \/1 — 4an_2/a%_1’
> [¢] — e = : e

We also have that
2—¢l =

Finally, on 2, the conjugate root ¢ of f(z) is also real. By the reverse triangle inequality,

|z = (==& + (-9l
> [z =& = 1§ =<l
\/1 —4day_2/d?_,

= |€ — |an,1| )
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where we have used the computation of |£ — (| given by (2.11). Hence, a lower bound for (2.15)) is

given by

|an—1] ’1 + \/1 — 4an_2/ai_1‘

\/1 —4dap_9/d?_,

5 —e|ele—|an-1]
which we may factor into
1+ \/1 - 4an_2/a271‘
2 ‘ n € € \/ 2
as_ — — 1—4a,_9/az_ 2.16
n—1 9 ’an—1’ |an—1| ‘ n / n—1 ( )
Hence, in order to show that (2.14) holds, we wish to show that
n—3 @
(]
S 217
i=0

is strictly less than (2.16) for all z € C¢ with probability tending to 1 as N — oo. Similarly to
(2.12]), we can show that |z| > 1 with probability tending to 1 as N — oo, so an upper bound for
the left hand side of (2.17) on Q is Z?:_O?’ |a;|. Then dividing by everything in (2.16]) except for e,

it suffices to show

-3
Z:‘L:O |ai

lim P <el| =1 (2.18)
N—o0 4ay, _o
4 =
In—1
al_, 2 - ‘anil‘ Ianill — ‘\/1 — 4an—2/a72171H
Multiplying both sides by IV, we consider
NY "3 a,
P iz | < Casn |- (2.19)
N
Pn—1 € €
a2 5 sl l eyl ‘\/1 - 4an,2/a%71H

Clearly
€ Ca,ﬁ,n

lan—1] B Nlap-1]
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converges in probability to zero as N — oo, so by Lemma 2.6 and Theorem [2.2.3

4a,_2
e

2  an—1]

€ €

lan—1] -

’\/1 —4day_2/d?_,

converges in probability to one as N — oc.
Since ao,...,an—3,a,—1 are independent, by Lemma [2.2.I] Theorem [2.2.3] and repeated
application of Lemma (which is really just a multivariate version of the continuous mapping

theorem), we have that

-3 -3 -3
NYiolail _ N2 aal . 205 1]
a? Na?lf1 X2 ’

n—1 n—1

where each X is independently and uniformly distributed on [oy, §;] for 0 <i <n—3 and i = n—1.

By Theorem
-3
>ico |ail

e — [V - dan-a/ad_|

_ €
n—1 2 ‘an—l‘

also converges in distribution to

n—3
Zz:g ’ 2| ’ (220)

n—1
SO tends to 1 as N — oo, since Cy g, Was chosen to be the maximum value of the limiting
distribution.
If 0 € [ap—1 N, B—1N], the proof is very similar. The key differences are that we fix 0 < e < 1
since the limiting distribution given by is no longer bounded and that we condition on the

value of a,_1. We elaborate on a few steps of the proof now. As before, let us denote the non-zero

roots of f(z) by

2
—ap—1—sgn(an—1 aZ s —4an_o .
S VS L
v/ —Qp—2 if Ap—1 = 0.
and
p
—an_1+sgn(an_1)r/a2_, —4an_2 .
- (”2) n_l T ifa, 1 #0
—4/—An—2 if Ap—1 = 0.
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We have

|an—1] ‘\/1 —dap—s/a? || ifan_1#0
2\/ |an,2\ if Ap—1 = 0

Fix 0 < € < 1. Conditioning on ay,_1,

Pls—> 9= (B30 -5 >0)

€ =¢l= (2.21)

N N

zP(‘g_NC'—;7>oyan_17é0>lp>(an_17éo)

(5ot (B RET) e

Using Remark 2.2.2] and arguing similarly to the previous case,

lim P (K_]VC' - % >0 an_1 # 0) =P (|U(an1, Bn_1)| > 0) = 1.

Letting N — oo in ([2.22)) shows that
lim P(€—¢[> ) =1,
N—o0

so ¢ € B (&, €) with probability tending to 1 as N — oco. Similarly, and again conditioning on a,_1,
we can show

dim P(l¢[ > €) = P(U(an-1,80-1)] > 0) = 1, (2.23)

implying that 0 ¢ B (&, €) with probability tending to 1 as N — oo. We conclude that f(z) has
exactly one root in B (£, €) with probability tending to 1 as N — oc.

Arguing as in the previous case, we wish to show that holds for all z € C¢, with
probability tending to 1 as N — oo. Conditioning on a,_1, which holds with probability tending

to 1 as N — oo, it suffices to show that

-3
P Z?:o |ai

<e€l|an—1#0 (2.24)

‘an_l‘ — ‘\/1 — 4G/n_2/a,,2.b_1H

_ €
n—1 2 |an—1|
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tends to 1 as N — oo.
Multiplying the inside of (2.24) by N2/N2, using Remark and making a similar argu-

ment to the previous case, we now see that

-3
N? Z?:o |a] % 0

14, [1-20n=2
N2a2 Pn—1
1

n— 2 B |an—1|

|an6_1| — ‘\/1 — 40,71_2/@%_1“

Since convergence in distribution to a constant implies convergence in probability to the same

constant, we see that ([2.24]) tends to 1 as N — oo. O

Next, we show that the extremely dominant root of degree n also deviates from —a,_1 in
a manner that converges in distribution to the ratio of two continuous uniform random variables.

This is the content of Corollary which we prove now.

Proof of Corollary[2.1.6. Let & be defined as in Theorem [2.1.5] Theorem [2.1.5 says that if 0 €

[an—1N, Bn—1N], then for any € > 0,

Jim P (€~ & > ) = 0.

When 0 ¢ [a,—1 N, Br—1N], the proof of Theorem considered only e = O(1/N). Fixing 0 <

€ < 1 instead and carrying out the proof as in the other case, we see that for any 0 < e < 1,

lim P (| —&,| >¢€) =0.
N—o0
Therefore, in either case, for any € > 0, we have that

lim P(|(§+an—1) = (&n + an-1)| > €) = ngnoop(lf —&nl >€)

N—oo

=0.

In other words, |(§ + an_1) — (én + an_1)| 2 0 as N — oo. In Theorem (with a relabeling

of the coefficients), we showed that | + a,—1]| EN |X/Y|. Therefore, invoking part (4) of Theorem

2.2.6, we conclude that |&, + ap—1| EN | X/Y| as well. O
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In Appendix [A] we investigate the probability density function of the limiting distribution of

|ZN|.



Chapter 3

Generalized bounded height polynomials

3.1 Introduction and main results

In this chapter, we show that n—1 of the roots of monic integral polynomials whose coeflicients
are uniformly distributed on [o; N, 5;N] NZ for 0 < ¢ < n — 1 and jointly independent can be
approximated by the roots of degree n — 1 random polynomials whose coefficients are uniformly
distributed on [, 3;] for 0 < i < n — 1 and jointly independent. (The remaining root is described
by the extremely dominant root discovered in Chapter ) We will call this random polynomial
model the generalized bounded height model; the usual bounded height model considers all
coefficients in the intervals [N, N] for some fixed N > 0.

We begin by showing the equivalence of these cases, arguing that as N — oo, for a fixed
degree, the probability that the generalized large box model polynomials has all real roots con-
verges to the probability that generalized bounded height polynomials have all real roots. This is

summarized by the following theorem.

Theorem 3.1.1. Let aj < Bj € R for each 0 < j < n —1. Let N € N and let aj be uniformly
distributed on [o;N, B;N]NZ for each 0 < j < n —1 with ag, . ..,an—1 jointly independent. Let b;
be uniformly distributed on [ay, B;] for each 0 < j < n —1 with by, ..., by,—1 jointly independent.
Define

1

fR)=2"+ap12"""+---+a1z+ap
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and

9(2) = bp_12" 1+ + bz + b.

Then as N — oo, the probability that f has all real roots converges to the probability that g has all
real Toots.

Coupling the coefficients of f(z) and g(z) as in Lemma and Remark we refer
to the coupled polynomials as f'(z) and ¢'(z). Order the roots &, ...,&, 1 of ¢'(z) by increasing
magnitude and then argument in [0,27). As N — oo, when labeled properly, there exists a unique

root fz of f'(z) that converges almost surely to &, for each 1 < i < n — 1. The remaining root of

f(z) is the extremely dominant root described in Theorem .

To prove the above theorem, we use a technique called coupling, which is defined in Sec-
tion Lemma and Remark describe the coupling used between the coefficients of
generalized large box model and generalized bounded height polynomials. After coupling the poly-
nomials, we use a Rouché’s theorem argument to pair up the roots of the coupled polynomials and
count how many are real. An advantage to our argument is that we are able to prove the almost
sure convergence of the polynomial roots under the coupling and argue that the extra root of the
integral polynomial must be the extremely dominant root discussed in Chapter

Dubickas |44] already discovered this equivalence between the polynomial models when all of

the coefficients taking integral values in [—N, N]. More precisely, he showed the following.

Theorem 3.1.2 (Theorem 1.2 in [44]). Let n > 1 and let s be two integers satisfying 0 < s < n/2.
Let D, (s,N) denote the number of monic integral polynomials of degree m with coefficients in
[—N, N|NZ with exactly r real roots and 2s non-real roots. Let A" be the n-th dimensional Lebesgue
measure, and let Hy(s,N) denote the set of (n + 1)-dimensional vectors (ao,...,ay) satisfying
la;] < N for 0 <i<mn, a, #0, such that the polynomial a,z" + -+ + a1z + ag has exactly s pairs

of complex conjugate roots. Then

Dy(s, N
lim 2n(s:N)

—_— \n
dim S — A (M (s, 1),
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Dubickas proves this by arguing that the polynomial 2" + b,_12""! + - - 4 by with coeffi-
cients |bg|, ..., |bp—1] < N has 2s non-real roots if and only if (bg/N,...,bp—1/N) € Hp_1(s,1/N).
Hence, when restricted to the integers in [—N, N]|, the set of coefficients (bg,...,b,—1) satisfying
the polynomial and giving 2s non-real roots is asymptotic to N"A\"(H,—1(s,1/N)) as N — oo.
From here, for any € > 0, he bounds |D,,(s, N)/N™ — X" (Hn—1(s,1))| < 2ne. To obtain the lower
bound, he considers the polynomials U(z) = ap—12"" ' + a1z + ap where |a;| < 1 for each
0 < j <n—1and U(z) has exactly 2s non-real roots and the polynomial V(z) = 2" + U(2).
Using the Taylor expansion of the polynomials, he is able to show with Rouché’s theorem that
each have exactly one real root in certain disjoint discs, showing that for any ¢ > 0 and N
sufficiently large, A"(Hn—1(s,1/N)) > A" (Hp-1(s,1)) — e. The upper bound is obtained by
counting. An advantage to this proof is the additional knowledge granted by the inequality
A" (Hp=1(s,1/N)) > A" (Hp-1(s,1)) — €.

Lemma then shows that root &, of f(z) is actually extremely dominant, fulfilling a
promise of Chapter [2]

The remainder of the chapter investigates properties of generalized bounded height polynomi-
als. In Section [3:4] we find integral formulas for the probability that a generalized bounded height
polynomial has all real roots. These are given by Theorem [3.4.1] for monic generalized bounded
height polynomials and by Theorem [3.4.3] for non-monic generalized bounded height polynomials.
The proofs of these theorems follow the same outline as those of the analogous results of Bertok,
Hadju, and Pethé in [18], who established them for the case where each coefficient is restricted to
the interval [—¢, /] for some ¢ € R. The only modifications to our proof arise from allowing the
coefficients to vary over different (and non-symmetric) intervals.

In Section[3.5] special cases of coefficients are considered. One such case is when all coefficients
of the generalized bounded height polynomial are iid on [0,1]. Theorem states that the
probability of a non-monic generalized bounded height having all real roots is positive, for every
degree n. By the equivalence between these polynomials and the generalized large box model

polynomials given in Theorem this implies that for any n € N, the probability that the
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polynomial

1

fn(z) =2"+ap—12"" " + - +arz+ag

with ap—1,...,a1,ap uniformly distributed on [0, N] N Z and jointly independent has all real roots
is also positive, as N — oco. Other exciting results include Lemma [3.5.6] and Proposition
which state that the probability of a monic generalized bounded height polynomial of degree n with
coefficients iid on [0, 1] having all real roots is positive and monotonically decreasing in n.

Section also considers when 0 € [, 8;] for each 1 < i < n. In this case, the probability

that the non-monic generalized bounded height polynomial has all real roots is also positive.

3.2 Tools and preliminary results for generalized bounded height model

The purpose of this section is to gather the tools that will be needed to prove results related
to the generalized bounded height model. One of our main goals is to prove the following key

lemma.

Lemma 3.2.1. Define the polynomial
fu(z) =anz" + ...+ a1z + ao,

where the 0 < a; < n are independent, continuously distributed real random variables that are
absolutely continuous with respect to the Lebesque measure. The probability that f,(z) has a repeated

root s zero.

Showing that random polynomials with coefficients obeying the generalized bounded height
model have repeated roots with probability zero will let us make assumptions later that will greatly
simplify proofs related to this model in future sections. We must first prove an auxiliary result and
introduce Vieta’s formulas and related notation before we are able to prove the lemma. At the end

of the section, we also include other preparatory material.

Lemma 3.2.2. Let f(z1,...,2,) be a non-zero polynomial in n variables. If Xq,...,X,, are inde-
pendent real random variables with probability distributions i, o, ..., iy that are absolutely con-

tinuous with respect to the Lebesque measure, then the probability that f(Xy,...,X,) =0 is zero.



71

Proof. E| The polynomial f(z1,...,z,) is a continuous (and hence measurable) function, so the set
{(z1,-+.,2n) €R™| f(z1,...,2,) = 0} is measurable for every n € N. Let 1 4 denote the indicator
function on a set A. We proceed by induction on n.

When n = 1, consider a non-constant degree k polynomial in a single variable z;, namely
f(z1). By the fundamental theorem of algebra, this polynomial has at most k zeros. Let M be
the set of zeros of f(z1). Then A\(M) = 0 since M is finite, and p1(M) = 0 since p; is absolutely

continuous with respect to the Lebesgue measure. Then
P (£(X1) = 0) = P(X; € M) = uy (M) = 0

for the non-zero polynomial f(z1).
As our inductive hypothesis, suppose that the statement holds for non-zero polynomials in

n — 1 variables. In other words, letting
M:{(zly-..,Zn—l) e R" ‘ f(Zl,...,Zn_l) :0}7
suppose that

]P)(f(Xl,...,anl) = 0) = P((Xl,...,anl) € M)

p= (1 X p2 X o X 1) (M)

Now consider a non-zero polynomial f(z1, ..., z,) in the variables z1, ..., z,, and assume that
the largest power of z, appearing is k& > 1. (If z, does not appear in the non-zero polynomial,

simply relabel the variables so that it does.) Then we have

Fz1, s 2n) = fozn® + foc12a" L4 4 frzn + fo,

where each f;, 0 < ¢ < m is a polynomial in the variables z1, ..., z,_1. Since we assumed that the

power k of z, is at least one, this implies that f; must be non-zero.

1" An outline for this proof in the case of the Lebesgue measure is given by Nathaniel Eldredge here:
https://math.stackexchange.com/questions/1920302/the-lebesgue-measure-of-zero-set-of-a-polynomial-function-is
-zero. We followed this outline, but provided more details and used different measures.
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By our inductive hypothesis,
P(fu(X1,...,Xp-1)=0)=0.
Letting M} denote the zero set of fj, this means that

(1 X prg X - X pp1) (M) = 0.

Let

M ={(z1,...,2n) €ER" | f(21,...,20) =0}

By Tonelli’s theorem,

(:ul X g X« -+ X,un)(M):/ ]lM(Zl""?ZTL) d(:ul X g X - X:un)(zbz%-“vzn)

n

:/ </ 11M(Z1""’Z"*17Zn)d(:ulX,U2><"~><,un71) (Zla---,zn1)> d'un(zn)

R Rn—

:/ </ Lar(z1s ooy Zn1,20) d(pa X pi2 X oo+ X fin—1) (zl,...,zn_l)) dpin (2n)
R M,

+/ (/ ﬂM(zl""’Zn—lazn) du71<zn)) d(/’Ll X g Xov-- XMn—l) (Zlv"-vzn—l)
Rn—l\Mk R

— 040,

since the first integral in the summation is zero by the inductive hypothesis and the second integral
in the summation is zero because a non-zero polynomial in n variables with n — 1 variables fixed has
only finitely many solutions, so this solution set has measure zero. Since p1, ..., u, are probability
measures, they are each o-finite. Additionally, g1 X -+ X p,—1 is also o-finite, as it is a product of
o-finite measures. This, along with the fact that the set M is measurable by the continuity of the
polynomial, and that the indicator function is non-negative justifies the use of Tonelli’s theorem.

The statement holds by the principle of mathematical induction. O

Theorem 3.2.3 (Vieta’s formulas, see Page 6 in [136]). Suppose the polynomial

1

fn(2) =an2" +an_12" "+ +arz+ag, an #0
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has coefficients in R or C and roots given by &1, ...,&,. Then Vieta’s formulas give the relationship
between the roots and coefficients of f(z), which is
i a
—k
> 6, | = (-t
1

5 Qn
1<hi<lo<..<lp<n \J=

for1 <k <n.
We get the elementary symmetric polynomials from the left-hand side of Vieta’s formulas.

Definition 3.2.4 (Elementary symmetric polynomials, see Page 6 in [136]). Let n € N. The n

elementary symmetric polynomials in the variables &1, ..., &, are defined to be
k
Sk(fl?"‘agn): Z fl]' ) fOI'lSkSn
1<hi<lo<..<lp<n \Jj=1

We also define

50(517 o én) =1

We call S, the k" elementary symmetric polynomial.
With these tools in hand, we may now prove Lemma [3.2.1]

Proof of Lemma[3.2.1. Let &1, ..., &, denote the roots of f,(z). Since a,, is non-zero with probabil-
ity one, we may assume that a,, is non-zero for the remainder of the proof. From Vieta’s formulas
in Theorem the relationship between the roots and coefficients of f,,(z) is given by

b a

—k
> &, | = (=1)F==. (3.1)
’ an
1<h<la<..<lg<n \Jj=1

Note that the left-hand sides of Vieta’s equations are precisely the n elementary symmetric poly-
nomials in the variables &1, ..., &,, while the right-hand sides contain only expressions in the coef-

ficients of f,,(2).

Consider the product

H(Ez - §]>7

i#]
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which is also a symmetric polynomial and evaluates to zero if and only if & = &; for some i # j.
The fundamental theorem of symmetric functions states that any symmetric polynomial ¢ can be
uniquely represented as a polynomial in the elementary symmetric polynomials in the variables of
q; see Chapter 1, Section 2 in [113] for all of the details, with emphasis on (2.4) and the following
remark. In our case, this means that H#J(gz — &) can be expressed as a polynomial in the
elementary symmetric polynomials on &1,...,&,, i.e.,

[[E-6)=QS ..., &), Sulér,. ., &),

i#]
where S;(&1,...,&,) denotes the i-th elementary symmetric polynomial in the variables &1, ..., &y,
and @ is a polynomial. Replacing the elementary symmetric polynomials in the polynomial @ by

the right-hand sides in (3.1]), we have that

[T -¢) =@ <—“”—1,...,<_1>n“0> |

o Gnp an
i#j

Since a,, is non-zero by assumption, we can multiply both sides of the above equation by the highest

power of a, occurring in the denominator of (), to get that

ap SO T](6 = &) = Qao, - an-1,an).
i#]

where @ is the polynomial obtained after clearing denominators and making sign changes. By

Lemma the probability that Q(ao, . . ., an) = 0 s zero, so the probability that Hi# (&—¢)=0

is also zero. Hence, the probability that f,(z) has a repeated root is zero. O

The following two results will be needed to bound the roots of f,(z).

Theorem 3.2.5 (Laguerre’s inequality, see [86,/103]). Given that the real polynomial ) ) _, ark

with a, # 0 has all real Toots, the roots are located in the interval

an-1 n-—1 9 2n anpn—1 n-—1 9 2n
— — ay_ | — ——Qaplp_2, — + a;_ | — ——apanp_2| .
nay, Nay, n—1 nay, nay, n—1

Theorem 3.2.6 (Landau’s inequality, see [120]). Let

n

fu(z) =apz" +---+ag :anH(z—fi)

i=1
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with a, # 0 be a polynomial with complex coefficients. Then its Mahler measure M(f,) is given
by

n

M(fn) = |an| [ [ max{1, |&[}.

i=1

Landau’s inequality is that
n 1/2
i=0
Using a polynomial’s Mahler measure is a common method to bound the roots of a polynomial,

see for instance [45].

3.3 Equivalence of generalized large box model and generalized bounded

height model

In this section, we use Rouché’s theorem to show that as N — oo, the probability that a monic
degree n polynomial with coefficients uniformly distributed on [o; N, B;N]NZ for 0 < j <n—1 and
jointly independent has all real roots converges to the probability that a non-monic polynomial of
degree n — 1 with independent coefficients each uniformly distributed on [a;, 3;] for 0 < j <n —1
has all real roots. This will allow us to work with the continuously distributed coefficients going
forward, which simplifies our problem.

We will need to couple the coeflicients of these polynomials to obtain the result.

Definition 3.3.1 (Definition 4.1.1 in [140]). Let x and v be probability measures on the same
measurable space (5,S). A coupling of 1 and v is a probability measure « on the product space

(S x 8,8 x 8) such that the marginals of v coincide with p and v, that is
YA xS)=pu(A) and ~(SxA)=v(A), VAeS.

For two random variables X and Y taking values in (S,S), a coupling of X and Y is a joint
variable (X', Y”) taking values in (S x S, S x S) whose law as a probability measure is a coupling of
the laws of X and Y. Note that, under this definition, X and Y need not be defined on the same
probability space (but X’ and Y’/ do need to). We also say that (X', Y”) is a coupling of p and v

if the law of (X’,Y”) is a coupling of u and v.
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Lemma 3.3.2. Let a < B € R. Let N € N and let a be uniformly distributed on [aN,BN] N Z.
Let b be uniformly distributed on [a, B]. Then a coupling of a and b is given by the joint variable

(@', V'), where b/ ~ b, and for each 1 <i < |BN]| — [aN]+1 and

. . B—a)(i—1 B—a)i
[aNT+(i—1), ifb e [a + L,B(NJ—%le]zH’ajL LBNS—[ag\/H-l)
[BN] +1, ift) =p

so that @’ ~ a.

Proof. We begin by describing some details of the coupling. Notice first that the interval [N, BN|N
Z contains |BN | — [aN] + 1 integers. Dividing the interval [a, §) into |BN]| — [N + 1 pieces of
length m, one obtains the partition

[BN]—=[aNT+1

) (8- a)i—1) (6 - )i
em= U o AT TN T N SN (33)

Thus, simply tells us that o’ is the i-th integer in [ N, 5;N] N Z whenever b’ falls into the
i-th interval of (3.3)), and that ' = |[BN|+ 1 if ¥ = 3. This means that for each 0 < j <n —1,
a’ is simply defined in terms of a piecewise function of ¢/, which we immediately see is measurable
because each component is a constant. Therefore, a’ and o’ share a probability space.

It is given that b ~ b. Let us now verify the marginal distribution of a’. Observe that

for every integer k in [aN, BN] N Z, we have that P(a = k) = since the probability

1
[BN]—[aN]+1

of v/ falling into the i-th interval is [ In other words, @' is uniformly distributed on

1
[BNT-aNT+1"

[aN, BN]NZ, as expected. Therefore, (a’,b’) is indeed a coupling of a and b. O

Remark 3.3.3. Suppose that Xi,..., X, are jointly independent and Y7,...,Y, are jointly inde-
pendent random variables. Suppose that (X/,Y/) is a coupling of X; and Y; for each 1 < i < n,
taking values in (S; x S;,S; X S;). Then one can obtain a coupling (X1,Y{, X%, Yy,..., X],Y,) of

n’-n

(X1, Y1),...,(X,,Y,) by embedding (X],Y{, X}, Y5,..., X],Y;) into the product space.

n’-n

We can now prove Theorem |3.1.1
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Proof of Theorem[3.1.1] Since f and f/N have the same zeros, we will use Theorem on f/N
and g to compare the zeros of f and g. Suppose that the coefficients a; and b;, 0 < 7 <n —1, of

the random polynomials f and g have been coupled as in Lemma and Remark Refer

/

to the coupled coeflicients as a;

and b; and the coupled polynomials as f’ and ¢g’. Then

[f'(2)/N = g'(2)| = [2" /N + (a1 /N = b,_1)2" "+ + (ap/N — bp)| (3-4)
n—1

< [2"/N+ S Jal/N = B|2". (3.5)
=0

We now obtain an upper bound for the term |a;-/N - b;-|, foreach 0 < j<n-—1.

If b, = B;, we have that

18N +

1 BiN + 1
N — B N

N

<

|a}/N —bj| = ' < < — =O0(1/N).

1
N

Bi

If b, # fj, we examine the distance of a’;/N from both endpoints of the interval containing

b. A similar computation shows that for any 1 <1 < [B;N] — [a;N] + 1,

[a;NT+(1—1) L (B—ay—1) -
N - <% " 1BiN] — [a; N + 1)‘ = OW/N)

and

[a; N1+ (1) . (Bj — )l _
(e BN ] — Ty N1+ 1)‘ = O/N).

Altogether, for each 0 < 5 <n —1,

C.
|a; /N —b| < WJ (3.6)

where the implicit constant C; > 0 depends on «; and ;.

Combining (3.4) and (3.6), we have that

1f'(2)/N — g'(2)] < |2"/N| + ‘le

n—1
> Cilal”
i=0
Next, fix the coefficients of the polynomial ¢’ so that ¢’ has a non-zero leading coefficient
which happens with probability one since b,_1 ~ U(a;,3;)) and so that ¢’ does not have any
3s Pj

repeated roots (which happens with probability one by Lemma [3.2.1)). By fixing the coefficients of

the polynomial ¢, the coefficients of the polynomial f’ are also fixed due to the assumed coupling.



78

Let &1, ..., &, denote the roots of ¢, ordered by increasing magnitude and then by increasing
argument in [0, 27). Let C’g}e denote the circle of radius € centered at 5;, for 1 < j <n—1. Since
the fixed polynomial ¢’ does not have any repeated roots, we can choose € > 0 to be sufficiently
small such that the circles 05/176, ceey C’%_hg are all disjoint.

We will show that for all N sufficiently large, |f'(z)/N — ¢'(2)| < |¢'(2)| for all z € Cet e
1<j<n-—1.

For every 1 <j <n—1,|¢(2)] = |b,_12" L+ -+ bz +b}]| is a continuous function on C’%E.
Since these circles were chosen to not contain any zeros of ¢’, |¢’| obtains a minimum on each 055_76
that is strictly positive.

For any z € C’%,E, we may take N sufficiently large so that
n—1
>_Cilal
i=0

) (g1+9)"  Zima(lgl+o)
N N

F'(2)/N —¢'(2)] < |2/N| + ‘zlv

%

< min [g'(2)|
26059’6

<lg'(2)l;

where the second line follows since [2] < |€}] + € by Lemma and the third line follows when
N is sufficiently large since the minimum of |¢’(z)| for 2z € 05;76 is strictly positive because € was
chosen sufficiently small so that C’gé,ﬁ avoids the zeros of ¢'.

By Theorem f'/N (and hence f') and ¢’ have the same number of zeros in each C’g;,,ﬁ for
1 < 57 <n—1. This number must be one, because we assumed that the circles Cg;,’e forl1 <j<n-—1
were disjoint.

Moreover, for N sufficiently large, ¢’ has all real roots if and only if f’ has all real roots. To
see this, observe that if 5;- is a real root of ¢/, then since 5} is a single root by assumption, the circle
05;76 contains exactly one root of f’. This root of f/ must also be real, because otherwise 05;76,
whose center is on the real axis, would contain the root of f’ and its complex conjugate. Since f’

has one more root than ¢, it must also be real because complex roots occur in pairs.
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On the other hand, suppose by contrapositive that not all roots of ¢’ are real. If 53 is a complex
root of ¢’ and E_’j is its conjugate, by assumption ¢ is sufficiently small so that Cg;_,e N C{’j,e = 0.
This means that the circles cannot intersect the real axis, so the corresponding roots of f’ in each
circle must also be complex.

Recall that the coefficients of ¢’ were fixed so that ¢’ has a non-zero leading coefficient and so
that ¢’ does not have any repeated roots. Since these events occur with probability one, the result
holds for almost every realization of ¢’. Since f ~ f’ and since g ~ ¢/, this implies that as N — oo,
the probability that f has all real roots converges to the probability that ¢ has all real roots.

Next, we show the almost sure convergence of n — 1 roots of f’ to those of ¢’. Recall that
we have shown that for every fixed realization of ¢’ and coupled polynomial f’, and for each € > 0
sufficiently small, the disjoint circles 05375 contain exactly one root of ¢’ and one root of f’ when N
is sufficiently large. For each 1 < j < mn — 1, order the roots of f’ by letting f’;v be the root in the
circle ng,g. Since f’ has one more root than ¢, label the remaining root f/iv This implies that for

every fixed realization of ¢’, coupled polynomial f’, and any ¢ > 0,

, N
éj - 5/] ‘ <€
for each 1 < j < mn — 1 and for all N sufficiently large. Now, stop fixing the polynomial ¢’, but
continue to suppose that ¢’ does not have any repeated roots, and continue to couple the polynomial
" with ¢’. We wish to show that

P 0

1<j<n—1

g;-éﬂ:o} —1.

Let € = 1/k for k € N and define the events

Ejr= {limsup f; —é’;-v‘ < 1/k}
N—o00

From the discussion above, we know that P(E;;) =1 for each 1 < j <n —1 and each 1 <k < oo.

Define

o0
Ej=()Ejr forl<j<n
k=1



Observe that E;; 2 Ej2 2 ... is a nested and decreasing sequence of events.

continuity from above of the probability measure,

P(E;) =P (ﬂ Ej,k>
k=1
= lim P(E;
o FEi)

= inf P(Ejx)

Let
Then clearly

as well. This shows that

g;—éfﬂ:o} =1

P m {lim sup

1<j<n—1 & Vo0

On the other hand, clearly

~ N
P iminf |} — '.‘> =1
N Qe e >0} ) =1
1<j<n—1
Hence, the limit exists, and

P 0

1<j<n—1

ﬁg—é'j-v\—()} =1,

~N 3
so¢; — 5} almost surely, for each 1 < j <n — 1.

80

Therefore, by

~ N
Finally, we argue that &’,, is the extremely dominant root of f’ found in Section m In

Section we see that &, tends +o00 as N — oo, depending on the sign of the coefficients of f.

By Theorem we have that the product of all roots that have magnitude greater than 1 of ¢/

must be bounded, since the coefficients of ¢’ are all bounded. This means that the extra root of f’,

which we called &N , that is not contained in any of the circles we constructed around the roots of

¢’ must be the extremely dominant root found in Section

O
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The following lemma proves that the root &, is extremely dominant, as promised in Chapter

2

Lemma 3.3.4. For 0 <i<n-—1,let a; < B; € R. Let fp(2) = 2"+ an—12+ -+ + a1z + ao,
where for each 0 < i < n—1, a; is uniformly distributed on [a; N, B; N|NZ, with ag, . .., an—1 jointly
independent. Denoting the roots of fn(z) by &, as defined in Theorem and &1,...,&,—1 for
the remaining roots, we have that the modulus of &, is not tight as N — oo, whereas the moduli of

&1,...,&n—1 are tight as N — oo.

Proof. Let b; be uniformly distributed on [a;, 5;] for each 0 < j < n — 1 with by, ..., b,—1 jointly
independent. Define
g(z) = bn_lznil R b1Z + bo.

Now couple the polynomials f and ¢ as in Theorem [3.1.1] using the same notation for the coupled

~ N
polynomials and roots therein. By Theorem [3.1.1, we know that 55. — f;- almost surely, for each

1 < j <n-—1. By Theorem [3.2.6] we have that the product of all roots that have magnitude
greater than 1 of ¢’ must be bounded, since the coefficients of ¢’ are all bounded. Hence, for each

1<j<n-—1, and M sufficiently large,

lim IED(

N—oo

"< m) =p(g| < M) =1,

implying the uniform tightness for {

{}N‘ :N € N} for each 1 < j <m—1. Since f ~ f’, the roots
&1,...,&,—1 of f must be each be tight as well.

On the other hand, let ¢ and &, be defined as in the statement of Theorem [2.1.5] From
Theorem we know that for any fixed ¢ > 0, &, € B({,€) with probability tending to 1 as
N — oco. Moreover, for a,_1 # 0,

—ap—1 —sgn(an—1)y/as_; — 4an 2

2

€l =

14 /1— 5=
n—1
2

= |an—1|
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If 0 & [ap—1N, 5,1 N], for every positive M € R and for every 0 < e < 1,

lim P (|, > M) > lim P(|{] > M +e¢)
N—o00 N—o0

> lim P(’an2_1| >M—|—e>

=1.
If 0 € [an—1 N, Br—1N], for every positive M € R and for every 0 < € < 1,

lim P (|, > M) > lim P(|(| > M +¢)
N—o0 N—00

> A}iinooﬁ”(!ﬂ >M+el|an1#0)P(ay_1 #0)
> lim P <\an_1 >M+el|ap1# O> < [Bn2N| — [an—2V] >

N—oo 2 L,Bn,QNJ — (Odn,QN} +1
=1
In either case, this shows that {|¢,|: N € N} is not tight. O
3.4 Integral formulas for generalized bounded height model polynomials and

the probability of all real roots
For 0 < j <, let a;, B € R, with a; < 3;. Consider the polynomial
fn(z) = anz" + anflzn_l + -+ a1z +ao,

with a; uniformly distributed on [ay, 5;] for 0 < j <n and ay,...,ay jointly independent. Denote
the zeros of f,(2) by &1,. .., &n.

The main goal of this section is to find the probability that f,,(z) has all real roots, which
we will do by calculating the n-th dimensional Lebesgue measure of the zero set of the polynomial

fn(z) and scaling by the appropriate constant. Results for finding the Lebesgue measures of the

appropriate sets are given by Theorems [3.4.1| and [3.4.3] An integral formula for the probability

that a generalized bounded height model polynomial has all real roots is given in Corollary

We also include a few hands on examples to show how to apply the theorems that are derived.



83

The notation and proof ideas come from [18|, where for N > 1, the problem was tackled
when [aj, 3] = [-N,N], 0 < j < n —1. Some proof methods come from [2], which considered
roots (rather than coefficients) in [—N, N]| instead.

We identify the vector (ag,...,an) € [ag,Bo] X -+ X [an, Ba] € R™ with the polynomial
fn(z) = anz"+ An-12""14+---4+ajz+ag. Let {3, ?] denote the Cartesian product of the intervals

for each coefficient, which is

[a&?] — [0, Bo] X [ar, B1] X -+ X [ms Bul.

When dividing all points in an interval [o, 8] where @ < 8 by ¢ < 0, one obtains the interval
[a/c, B/c]. This resulting interval is now improperly ordered, since a/c > (/c. Therefore, when

¢ < 0 € R, we use the following convention.

%

[a’?}:[ﬁo,ao}x[m,m]x [
c ¢’ c c’ ¢ c’ c

7.9
When ¢ > 0, an improper interval is not obtained, so we let

%

] e ] [ ] fon )
c c’ c c’ c c’ ¢

Recalling that the j-th elementary symmetric polynomial in n variables is given by Definition

define the sets
Hn ([37F]> = {(ag,a1,...,a,) € R"™ | a; € [o},3j],0 < j < n, fn(2) has all real roots},

i ([@.7]) = {0000 € B | a0, 1) € 0 ([, ]}

and

Hn <[a>aﬁ:|) = {(glvagn) eRn | aj S (_1)’”_]5%7](5177571) S 6]7 0 S] S n— 1}a

where we have tried to keep the notation consistent with [1§].
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The following theorem calculates the Lebesgue measure of ([E), BD Using this re-

sult and varying the leading coefficient allows us to then calculate the Lebesgue measure of
([ 7]).

Theorem 3.4.1. We have

v (1 ([@.7])) = ;/anﬁ]) T 6 -&lda. de.

& 1<j<k<n

Proof. The statement of this theorem is similar to Theorem 2.3 in [18], where for fixed N > 1, the
authors state the result for o, 5;] = [-N,N], 0 < j < n —1. Our case corresponds to s = 0,
where s is the number of complex pairs of roots of f,,(z), but without placing any restrictions on
a; and ;. Their proof relies on Theorem 2.1 in [2], so we proceed as in that proof. The main idea
there is to use the change of variables between the coefficients and roots of the polynomial given

by Vieta’s formulas in Theorem Explicitly, this change of variables is given by

a; = (=1)"98,_;(&,...,&), i=0,...,n—1, (3.7)

where a; is the j-th coefficient of the polynomial, a, = 1, and &;,...,&, are the roots of the
polynomial. The only difference now between our proof and the one given in [2] is our region
of integration. Since a,, = 1 and the remaining coefficients of our polynomials are in [«;, 3;] for

0 <j<n-—1, Vieta’s formulas must satisfy

The vectors (&1, ...,&,) that satisfy the above inequality become our region of integration, which

we have called H, ([a), ?D . Then we have

M (H ([ﬁﬁ])) - /H;;([@,?]) 1dag. ..dan1

1

:n!/anw}) [T 16 -¢lde .. de,

1<j<k<n

where the determinant of the Jacobian of this transformation is

T & -,

1<j<k<n
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which is computed in Remark 2.1 in [2] (using that s = 0), and the % is due to the n possible

orderings of the rows of the Jacobian. O

The following is an example of a random monic polynomial that has zero probability of having

all real roots.

Example 3.4.2. Consider fo(2) = 2% + ajz + ap, with a; uniformly distributed on [0,1] and

independent of ag, which is uniformly distributed on [1,2]. Then

i, ([@,B]) = Ha(l0.1] x [1,2] x {1})

={(61,6) R | a; < (-1)* 7Sy j(&1,6) < Bj, 0<j <1},
which is the set satisfying the equations
0<-&—-6<1

1<66 <2

By inspection, we can see that no points (&1, &) satisfy both of these equations, so
A2(H5([0,1] x [1,2] x {1})) = 0.

This makes sense because the discriminant a? — 4ag < 12 —4 -1 = —3 of fa(2) is always negative,

so this polynomial will never have all real roots.

Now define

and

Theorem 3.4.3. We have

1 @ /7]
. . gt 020 UPAT <H;§ <[5nu )) du Bn >0
A+ (%:([a,ﬁb): {o.52}

0 otherwise
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and

1 ?3]
. . Jon " [ g0y AT (7{;; (Lu )) du ay <0
o (s (7)) = e

0 otherwise

In addition,

([ 7)) =00 (s (7)) o (6 ([2.7) .

Proof. First, notice that if 3, < 0, then the interval [ay,, 3,] from [3, ?} is contained in (—o0, 0],
so the leading coefficient of the polynomial f,(z) must be non-positive. In other words, a,, < 0, so
H ([5), FD is the empty set, and has Lebesgue measure zero.

Similarly, if «,, > 0, then [ay, 8,] C [0,00), so a, > 0. In this case, H, ([E),FD is the
empty set, and has Lebesgue measure zero.

So suppose 3, > 0 for the computation of H, ([3, 3]) and that «,, < 0 for the computation
of Ho: ([ﬁﬁ])

Now we proceed similarly to the proof of Theorem 2.3 given in [18], where for N > 1, the
result is stated for [o;, B;] = [N, N], 0 < j <n—1. There are a few main differences between our
proof and the proof of Theorem 2.3. First, we must consider the possibility that our coefficients
come from different intervals. We must also consider the cases for H, ( [5}, ?} ) and H,, ( [E), ?] )
separately since the intervals for our coefficients are not necessarily symmetric about the origin.
We must modify the constants in the change of variables to «, and 3, from the fixed height of
the polynomials, and we must integrate over a slightly different region. The computation of the
integral is then very similar, but we provide some details for completeness.

To compute

\nt <’H:§ ([aﬁ?b) — /w([aﬁ]) 1 dag ... dan,

we make the following changes to the proof of Theorem 2.3 given in [18§]:

e For the polynomial

fn(2) = an2" + -+ + a1z + ao,



use the change of variables

an = Bngn, a; :/BnQany 0<ij<n—1,

where f3,, has replaced the fixed height of the polynomials from [1§].

We can see that

Oqy ’
0 0<k<n-1
and for 0 < j <n-—1,
Bran k=j
9a; _
aiqk_ Bng; k=mn
0 O0<k#j<n-1
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Therefore, the Jacobian of this change of variables is given by the (n 4+ 1) x (n + 1) upper

triangular matrix

Bnan 0 el 0 Bnqo
0
900 oag Bnan Bnq1
dq0 " Ogn
das . Bnqn 0 BnanQ
0qo0 qn
0 L. . 0 BnQn Bnanl
0 0 B

which has determinant 371¢"”. After applying this change of variables, the polynomial

becomes

fn(2) = a2 + -+ a1z + ag

Q(Z) = QTLﬂnzn + QHanlﬁnzn_l + -+ gnfnqo-
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e Since the leading coefficient a,, must be positive in H," ([3, ?] >, we have that

(0, Br] if a, <0
ap € .

[an, Bn]  ifap, >0

Therefore, when integrating over the region H, ([E}, F] >, we must satisfy

n
(67% Qnp, .
— < = —<1 if o, > 0.
B =T By T "

However, since the boundary of the above set has Lebesgue measure zero, we may combine

these cases into

max {O,gn} <qn < 1.

n
Furthermore,
G g Y B
Bnan — ! BrnGn ~ Bnan

, 0<j<n-1
must also be satisfied when integrating over the region H, ([E}, FD .
e Note that
Q(2) = gnBn" + Gnln-16n2""" + - + @uBndo
= quBn (2" + @n12" "+ @z + @)

so Q(z) and the polynomial 2" + g, 12"~ + --- 4+ q12 + qo have the same roots. There-

fore, we are interested in integrating over the region (qo,...,qn_1,¢,) € R such that

Gn € [maX{O, %—Z}, 1}, (qos- -y qn-1) € [ﬁi‘gn, Bfgn] X oo X [%Zq‘i, gz;i}, and such that the

polynomial 2" + g,—12" "' + --- 4+ q12 + qo has all real roots. Recall that

23 [23]

H [7 =<(qo,...,qn-1) €R" | (qo,...,Gn-1,1) € H

a4
and (qo,-..,qn-1,1) € Hp,, <[§nqn]> precisely when 2" + g,_12" "' + -+ 4+ q12 + qo has all
real roots and the coefficients qq, ..., q, fall into the intervals described in the previous

paragraph.
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Therefore, we have

\nt (H,’; ([aﬁ?})) - /H;([ﬁ?]) 1 dag .. .da,

1
= ,37’;‘*1 / / +7 q, dqo - .. dgn—1dg,
max {0,%—:} x ( [ﬁn,Qn] >
2.7]

1 [
= g—H / qun H:L dgn.-
max {0,%—2 571(]71

To calculate A"*+1 (7—[; <[3, BD), we will use the change of variables

an = Qn(Qn, a; = Qpfdngj, 0<j<n-1

The Jacobian of this transformation looks similar to (3.9) but with «,, replacing all instances of
Br. Thus, the determinant of the Jacobian of this transformation is a2 *1g".
Since the leading coefficient a,, must be negative in H, ([3, ;] >, we have that

[, 0) if 3,>0
an €

[an, B if B <0

If 5, > 0, then g—z < 0 since oy, < 0, and if 5, < 0, then g—z > (. Since the boundary has Lebesgue

measure zero, the equations

a
maX{O,ﬂn}<qn:n§1
Qn Qn
and
. .
i <g <—2, 0<j<n-1

must be satisfied when integrating over the region H,; ([3, FD . Altogether, we are interested in

integrating over the region (qo, ..., gn_1,¢,) € R™"! such that

B
Gn € [maX{O, a—n}, 1} ,

Bo o } . x [5111 an1:|

(QOw--,(Infl)e |: ’ ’
Qndn CQndn Andn Qndn

and such that the polynomial 2" + ¢,_12" "' + - - + q12 + qo has all real roots.
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Integrating like before, we get

v o ([ 7)) <o [ aon [ (127

Lr 4 d )
max{O,g—Z} Ondn n

where |a;,| comes from taking the absolute value of the determinant of the Jacobian. Now define

19 ([@,7]) = {(wor--ran) € o ([@. 3] T an =0}

Then
0 <X+ (m0 ([ FD) < A ({Jag, Bo] X -+ X [an_1, Bn1] X {0}}) = 0.

Finally, since

o ([@7]) =2 ([ 3]) v ([2.7]) + 20 ([ 7])

is a decomposition into disjoint sets,

et (v ([ 8])) = o (o ([ 3])) o (e ([ 8)) e (o (7 7))

O

Note that the difficult part of the integration comes from finding the region H, ([3, F] )
An immediate corollary to Theorem [3.4.3| gives us the probability that a random polynomial

whose coefficients obey the generalized bounded height model has all real roots.

Corollary 3.4.4. For 0 < j < n, let aj,3; € R, with aj < ;. Then the probability that the

polynomial

fa(2) = an2" +an_12" "+ + a1z + ag
with a; uniformly distributed on [aj, B;] for 0 < j < n and ao,...,ay jointly independent is given
by

s (i ([2.7])
v ([@ )

which may be evaluated using Theorem |5.4.5
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The following two examples show that there exist random non-monic polynomials with zero
probability of having all real roots. This is in contrast to Theorem [3.5.18| which shows that if zero
is in all of the intervals, we always have positive probability of having all real roots. Observe that

the coefficients staying away from zero is crucial for these examples to work.

Example 3.4.5. Consider the polynomial fa(2) = a2z + a1z + ag, where ag,a1,as € [2,3] are

independently and uniformly distributed. Combining Theorems [3.4.1] and [3.4.3] we see that since

182:3>07

et (10 ([ 9])) = (1 ([7.7))

1
— n+1 n)\n H* d
on /max{o,;;} B )

[ﬂf]> H & — &] d&y ... d&, | du.

Then

25\ (EECLELE)

3u
Qi . B
— R? | L < (=1)277S,_; < p<j<1
{(51,52)6 | 3u_( )77 52-(&1,62) < 5y 0sJisle,
which is the set satisfying the equations

2
<6 -6 <
3u

—_
SR

2

- S&b < —.

3u u
Since max{0,aa/fP2} = 2/3, we see that 2/3 < u < 1. By inspection, we can see that no points

(&1, &) satisfy the above equations when u € [2/3,1]. This implies that Ao(H5 (W) =0
for u € [2/3,1], so

x? (Hn ([2,3] x [2,3] x [2,3])) =0

as well. This makes sense because the discriminant of this polynomial is a? —4agas < 32—4-2.2 = —7

is always negative, so the probability that fa(z) has all real roots is zero.
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Example 3.4.6. Consider the polynomial fo(2) = asz?+a12+ag, where ag € [1,2],a; € [0,1], a2 €
[1,2] are independently and uniformly distributed. Proceeding as in the previous example, we now

consider

@ 7] (21001 02

H|——|=H
2 Bru 2u

o . ﬁ
= R2| 2 < (=1)2798y . <2 0<i<i1
{(&@) R | D < (C1P8 j(6,6) < S 0< <),
which is the set satisfying the equations
1
0< -6 -6 < —

- 2u

1

— < <
90 <66 <

S

Since max{0,as/P2} = 1/2, we see that 1/2 < u < 1. By inspection, we can see that no points
(&1,&2) satisty the above equations when w € [1/2,1]. This implies that Ao(3 (%) =0
for u € [1/2,1], so

x? (Hn ([1,2] x [0,1] x [1,2])) =0

as well. This makes sense because the discriminant of this polynomial is a%—4a0a2 <12-4.111=-3

is always negative, so the probability that f2(z) has all real roots is zero.

3.5 Corollaries to Theorems |3.4.1] and [3.4.3| for specific choices of coefficients

We now focus on some results where the coefficients are chosen to satisfy certain proper-
ties. When all coefficients are chosen independently from the same interval [a, 5], we can sim-
ply write «, 3 instead of [3, ?} for [, B]" 1. Main results of this section include showing that
A"(H;(0,1)) is positive for every n € N and monotonically decreasing in n, obtaining lower bounds
for A" (H}(0,1)), and finding a computationally simpler integral formula for A" (#7 (0, 1). We inves-
tigate a conjectured relationship between A" (#7(0,1)) and the Selberg integral. Finally, we show

that A\"*1 (Hn ([cﬁ})) > 0 when zero is contained in [a;, 3;] for each 0 < j < n.
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3.5.1 Coefficients restricted to the unit interval

Let ag, a1, ..., = a and By, 1,..., B, = B for the remainder of this section. Of particular
interest is the case when a = 0 and § = 1, which we will consider now. The main result of this

section is the following.
Theorem 3.5.1. The probability that the polynomial
fu(z) =apn2"+ ...+ a1z + ag
with iid coefficients that are uniformly distributed on [0,1] has all real roots is positive.

Additional results include corollaries establishing positive lower bounds for this probability.

These lower bounds are given in terms of the Selberg integral, which we introduce now.

Definition 3.5.2. For Re(s) > 0, define the gamma function by

I'(s) :/ et dt.
0

The following theorem is used for obtaining a lower bound for A"*! (%,(0,1)).

Theorem 3.5.3 (Selberg’s Integral Formula, (1.1) in [64]). The Selberg integral formula shows that
the n-dimensional integral

1 1n
S p)i= [ [ Hg0-97 T l6- o dod

1<j<k<n

1:[ (a+ (B + )T+ (G +1)v)

Dla+B+(n+j—1)y)I(1+7)

as long as Re(a) > O,Re(ﬁ) > 0,Re(y) > —min{1/n,Re(a)/(n —1),Re(B)/(n —1)}.

Conjecture 3.5.4. There exists an integer constant C,, > 0 depending on n such that

Sn(1,1,1/2)

N0, 1)) = S

where S, denotes the n-dimensional Selberg integral and

S,(1,1,1/2) = / /O —&| dey ... dg,.

1<7,<]<TL
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When Akiyama and Pethé [2] considered bounded roots, rather than bounded coefficients,
they were able to give exact answers to their questions in terms of Selberg integrals. Bertok, Hajdu,
and Peth6 [18] commented on this, stating that their own answers looked similar to the formulas
obtained by the previous authors, but that they were unable to prove a relationship to the Selberg
integral. They provided exact answers only for degrees 2 and 3, giving numerical approximations
otherwise.

With Mathematica, we were able to verify the Conjecture[3.5.4 for the cases n = 2, n = 3, and
n = 4 by integrating the function given in Theorem In those cases, Mathematica computes
that

82(17 1, 1/2) = 1/35 )‘2(7{3(07 1)) = 1/127 Cy = 22
S3(1,1,1/2) =1/30, A3(H5(0,1)) = 1/2880, C3=2°-3
S4(1,1,1/2) = 1/1050, XY(H;(0,1)) = 1/19353600, C4 =2 .32,

Mathematica was unable to evaluate A3(Hz(0,1)) from the formula given in Theorem
After finding a new way to express the integral, which is given later in Theorem [3.5.14] Mathematica

computes that
S5(1,1,1/2) = 1/132300, A3(HZ(0,1)) = 1/4649508864000, C5=2'.3.5.11-13.

For the case n = 2, we can prove the result geometrically, which we show in the following proposi-

tion.

Proposition 3.5.5. We have that

So(1,1,1/2)

N2 (H3(0,1)) = TR

where

1 1
S»(1,1,1/2) = /0 /0 6 -6l dede.
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Proof. When n = 2, we have that

1 1
S>(1,1,1/2) = /O /O & — & deadey

1 r=&+1
= 2/0 /0 §1 — &2| d€adéy

—1/3

because the line 75 = —x1 + 1 divides [0, 1]? into two right triangles, which are reflections of each
other. By the symmetry of |21 — 2|, the integrals over both of the triangles are equal.

On the other hand, applying Theorem [3.4.1]

1
5 /H oy el e

/ /& 1|§1 §o| déadéy
/ / e - &l deaey

Sy(1,1,1/2)
T2

N2 (H5(0,1)) =

where the third equality holds from reflecting the region of integration of the second integral into

the first quadrant. O

Lemma 3.5.6. We have that

A" (H,(0,1)) >0
for all n € N.

Proof. From Theorem [3.4.1],

1
AM(HE(0,1)) = n'/H<01> IT & - &l dé. .. dg

1<j<k<n

where

Hy(0,1) = {(&1,...,&) €ER" |0 < (=1)"98S,_j(&,...,&) <1,0< 5 <n—1}.
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Since we are integrating a non-negative function, we will show that A" (H,,(0, 1)) > 0 by showing that
n-dimensional box [—1/n,0]" C H,(0,1). Suppose ({1, ...,&,) € [-1/n,0]". Then for 0 < j <n-—1,
Sn—j(gl)--'ygn) = Z gll ”'gln_j

1<l <le<-<lp—j<n

is the sum of (nﬁj) summands. For each summand, we have that

1

n—j
, ifn—j even
n

0<g, -6, <(- )“J(
1\
(—1)"d () <€ &, <0, ifn—jodd

Hence,

0

IN

(=1)" Sy, - ,én)
)6
< (n— )it ) <1>

nn—1)---(n—j+1)
nn=Jjl

IN

<1

This shows that [—1/n,0]" C H,(0,1), and this box clearly has positive Lebesgue measure. Since
the integrand H1<j<k<n |£; — &k is positive unless & = &, j # k, which happens only on a set of

measure zero, we see that A" (#(0,1)) must be positive. O

Corollary 3.5.7. If 5 > 1,

A (H(0,8)) > 0.

Proof. If B > 1, then #*(0,1) C #}(0, ) since any vector (ag,...,an—1) € [0,1]" such that the
polynomial 2™ + a, 12" "1 4 --- + a1z + ap has all real roots also satisfies (ag,...,a, 1) € [0, B]".

Then the result follows immediately from Lemma [3.5.6 O

We are now able to prove the main result for this section.
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Proof of Theorem |3.5.1, By Theorem [3.4.3
1
NEREO,1) = [N (,0.1/) du
0

Note that 1/u € (1,00) as u ranges from 0 to 1. We have seen from Lemma and Corollary
that A" (H:(0,8)) > 0 for 8 > 1, so A" L (#H,1(0,1) > 0 as well. Since the volume of the
(n + 1)-dimensional box [0, 1] is 1, the value of A"*1(#,5(0,1) is precisely the probability that

the polynomial with iid coefficients uniformly distributed on [0, 1] has all real roots. O

The following two results are both corollaries to Theorem [3.4.3

Corollary 3.5.8. We have that

A"(#5,(0, 1)

1
n+1 + > nyn * >
A (’Hn(O,l))_/O U\ (HE(0,1)) du > g

Proof. By Theorem [3.4.3

N T(0,1)) = /01 u™ A" <7—tn (0, i)) du.

The first lower bound follows from observing that H}(0,1) C H*(0,3) for 8 > 1, and clearly

1/u > 1 for u € (0,1]. The second lower bound follows since fol u" du=1/(n+1). O

Using the values A2(H5(0,1)) = 1/6, A3(H5(0,1)) = 1/2880, A\*(H;(0,1)) = 1/19353600 and
N5(HZE(0,1)) = 1/4649508864000 computed by Mathematica, Corollary [3.5.8| gives us the following

lower bounds:
A3 (HF(0,1) > 1/18 ~ 0.0555556
AM(HF(0,1) > 1/11520 ~ 0.0000868056
AS(HF(0,1) > 1/77414400 ~ 0.0000000129175

AS(HF(0,1) > 1/464950886400 ~ 0.000000000000358461.

Corollary 3.5.9. We have that

1/n 1/n
A"(H2<0,1)>>/0 /O [T 16—l dé - de

1<j<k<n
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Sn(l, 1, 1/2)
n(n2+n)/2

Proof. The first line follows from the fact that [—1/n,0]™ C H,(0, 1), which was seen in the proof

of Lemma and symmetry. For the second line, consider the change of variables

(51 (75}
51 = 77"'a£n: .
n
The determinant of the Jacobian of this transformation is —;. Then we have
1
II s-s= 1] — luj —
1<j<k<n 1<j<k<n
1
= NE) H |uj — gl
N\ 1<jck<n
1
e 7’”27” H |u] — Uk|
n< 2 ) 1<j<k<n

Altogether, we have

/ol/n /1/" H €5 — &kl d€1 -~ déy,

1<j<k<n
1
<n>< e )/ / |uj — ug| duy - - duy,
n 0 1<j<k<n
_Sa(1,1,1/2)
T2
O
Corollary 3.5.10. We have that
Sn(1,1,1/2)
n+1 + ()
OO, 2 e
Proof. This is simply combining the lower bounds obtained in Corollaries [3.5.8 and [3.5.9 O

3.5.2 Monotonicity of \"(#}(0,1))

We say that a sequence of real numbers {a,} is monotonically decreasing if a; > a;

whenever ¢ < j. The goal of this subsection is to prove the following.
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Proposition 3.5.11. The sequence A"(H}(0,1)) is monotonically decreasing in n.

We will need the following two lemmas that let us see the region H,(0,1) in a new way
to accomplish this. Lemma [3.5.12|is not a new result, but we were unable to locate a published

reference Pl

Lemma 3.5.12. We may write the elementary symmetric polynomials in the following recursive

manner. Let 1 <k <n. Then

Sk(&i, -, &n) = &aSk—1(&1y -+, &n—1) + &n—1Sk—1(&15 - - -, €n—2)

+ o+ ESk-1(61, -+, §k-1),
where for the case k = 1, we just let Sk—1(&1,...,&k—1) = So(&1) = 1 by convention.

Proof. Recall that Sy(&m,...,&) = 1 for any counting numbers 0 < m < [, including the case

So(&1) = 1. Now let kK = 1. Then we have that

S1(&1,.- &) =&+ + ...+
=650(&15 -+, &n—1) +&n—150(&1, -, 6n—2)

+ -+ &S0(&1) + £150(&1),

so the result holds.
In general, recall that for 1 < k <1,
Selér, &)= > &by,
1<l <lp<- <13 <l
The idea behind the proof is to start with the expression for Sk (&1, ...,&), and then to factor out
&, from all the terms that have an &,. Then we write the terms that were multiplied by &, as
elementary symmetric polynomials of degree k — 1. Then, considering only the terms that did not

contain an &,, repeat the process for &,_1, and so forth, until £ has been factored out. The last

2 The result is documented on the ProofWiki: https://proofwiki.org/wiki/Recursion_Property_of_Elementary_Sy
mmetric_Function
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term will always be {g€k—1 -+ - &1 = EpSk—1(&1, - - -, Ep—1) because this is the last possible combination
of k variables for Si(&1,...,&).

Now let 2 < k < n. Performing the process above, we see that

Sk, &n) = o a4,

1<li<la<-<lp<n

=& > &6, &y

1<h <log<<lp—1<n—1

+&n > &t iy

1<hi<la<-<lp_1<n—2

++§k Z Slll’lg"‘flk_l

1<hi<lo<<lp—1<k—1

=&6Sk(€1s - &n1) F&a15k(&ay - 6n—2) + o+ EeSk(&aL - Gi—1)-

O
Lemma 3.5.13. Forn € N and &1, ...,&, € R, consider the set of equations
b= 6 <6 <0
by =6 <6 <0
(3.10)

_1_£n§£n71§0

-1<& <0.

\

Then the region
Hp(0,1) = {(&1,---,&n) €R™ [0 < (=1)" 780 (&1, &) €1, 0<j < — 1}
and the region defined by
H,(0,1) = {(&1,...,&) € R™ | equations are satisfied}

are the same.
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Proof. Writing each S,,—;(&1, ..., &) from H,(0,1) in summation notation for 0 < j < n —1 and

multiplying by —1, we want to show that the set of equations

1< > 4,50

1<l <n
_1 S - Z €11§12 S O
1<li<l2<n
(3.11)
—1< (-1)" > &y &,y <0
1<h<lo<-<lp—1<n
—1 < (=) 6, <0
and the set of equations (3.10|) are equivalent.
First, we will show that if a point (&1,...,&,) € R™ satisfies either set of equations, then we

must also have that (&1,...,&,) € [-1,0]™.

Considering equations , define

k
anp=(-1F > &,
1<li<la<..<lp<n \j=1

for 1 < k < n. Then equations imply that each a; is contained in [0,1] for 0 < j < n—1, with
some restrictions to ensure that (§1,...,&,) € R". Examining Vieta’s formulas given in Theorem
we see that the &i,...,&, may be interpreted as being the roots of the polynomial f,(z) =
2"+ ap_12""' + -+ a1z + ag. For any positive z € R, f,,(z) > 2™ > 0, so 2 cannot be a root

of fn(z). Therefore, all roots of f,,(z) must be in (—o0,0]. Now, consider the left endpoint of the

interval from Theorem [3.2.5] given by

apn—1 n-—1 9 2n
- - ay,_1 — AnQnp—2,
nay, Ny, n—1

where a,, = 1 since f,(z) is monic. Since we have assumed that f,(z) has all real roots, the

2 2n

discriminant a;, | — ;%7 anan—2 is non-negative. Recalling that a,—1,an—2 € [0, 1], we have that

2n

n —

0<a? ,—

o1 1anan_2 <12-0=1.
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Therefore,
an-1 n-—1 9 2n an-1 n-—1
na, nay, -1 n n
1 n-1
n n
=—1.

Therefore, the roots of f,(z) are in [—1,0].
For equations (3.10)), we can see that &i,...,&, € [—1,0] by working backward. In the last

equation from the set (3.10), it is given that —1 < §, < 0. Examining the previous equation in

(3.10), we have that

-1 _gn S gnfl S 0.

Since &, € [—1,0], this implies that

-1 < gnfl < 0.

Notice that for 1 < k < n,

“1=&G - &1 <& <0

is given, so if it has been shown that &,,&,—1,...,&+1 € [—1,0], then & € [—1,0] also. Therefore,
by induction, equations imply that &,...,&, € [-1,0]

Next, we will show that equations imply equations . Suppose that the point
(&1,&2,...,&,) satisfies equations , which implies that each &;,...,&, € [-1,0]. Then, com-

bining that & € [—1,0] with the rearranged the first inequality in , we have that
“1-&H— =6 <=0,

so the first inequality in holds. Suppose now as our inductive hypothesis that
G =G <& <0

holds for some k£ € N. Adding £x11, we have that

1 & = =& <&+ &1 &1 <0
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since &, &pa1 € [—1,0]. Hence, equations (3.10) hold by the principle of mathematical induction.
Now, we will show that equations (3.10) imply equations (3.11)). Suppose that the point
(&1,&2,...,&,) satisfies equations (3.10)), which implies that &1,...,&, € [—1,0]. From rearranging

the first inequality in (3.10) and bounding above, we see that
“1<&+ -+ <&+ -+ 86 <0

since &2, ...,&, € [—1,0], so the first equation in (3.11)) holds.

Lemma [3.5.12] tells us that for 1 < k < n,

Sk(€1y -5 &n) = EnSk—1(&15 -+ &n1) + En1Sk—1(&15 - -+, €n2)

+ oo+ EpSk—1(81s - - -5 Ep—1)-
As our inductive hypothesis, suppose that when equations (3.10) hold, it has been shown that
0<=S1(61,0,60) £1,0< (61,0, &) <1, 0 < (=D)MIS, (6,000, 60) <1,

i.e., that the first £ — 1 equations of equation (3.11)) hold, where k > 2.
If k is odd, observe that Sk(&1,...,&,) < 0 since &1,...,&, € [—1,0]. Moreover, for any

1 <1 < n, we have that

0< Sp—1(&1s---,&) < Sp—1(&ay-- -, 6n) <1,

since &1,...,&, € [—1,0]. From this, we see that

Sk(£1> s 7571) = fn‘s’k—l(gla cee 7£n71) + gnflsk’—l(flv s 7€n72) et fk’Sk—l(glv cee 751@'—1)

> &t
an“" +§1
>—1

Combining, we have shown that 0 < (=1)kS,(&1,...,&,) < 1.
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Similarly, if & is even, observe that 0 < Si(1,...,&,) since &1, ..., &, € [—1,0]. Moreover, for

any 1 <1 <n, we have that

0> Sk—l(gla cee 75[) > Sk—l(§17 cee 7£n) > -1

and so

Sk(€1s -, 6n) = &nSk—1(&1, - &nm1) + &n—15k—1(&1, - &n2) + -+ ESk—1(&15 - -, Ek—1)

< —En— =&

R

<1
Combining, we have shown that 0 < (=1)¥Si(&1,...,&) < 1. In either case, we can see that
equations (3.11]) hold. O

We are now able to prove that the sequence \"*(#} (0, 1)) is monotonically decreasing in n.
Proof of Proposition|3.5.11. We want to show that
N (R (0,1)) < A" (H3(0,1))

for all n € N.

From Theorem we have that

w00 = [ oo T -gdaa e

n!
1<j<k<n

so simplifying the factorials, we wish to show that

/Hn+1(0,1) H |§J - fk‘ dép...dépv1 < (n + 1)/ H |€] _ fk‘ déy ... dé,,.

1<j<k<n+1 Hn(01) 1<jck<n

By Lemma [3.5.13] for every n € N, the region H,11(0,1) is given by the equations
—1<&4+1 <0

_1_£n+1§£n§0
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_1_£n+1 _gn < é'nfl < 0

1= — <& <0.

From the proof of Lemma 3.5.13 we see that —1 < ¢; <0 for each 1 < j < n+ 1. Therefore,

|61 —&j| <1 for each 2 < j <n+ 1. Hence, we may bound

I ls-al= TI - I G-&l< I I&-¢
1<j<k<n+1 2<j<n+1 2<j<k<n+1 2<j<k<n+1

over the region H,,11(0,1). Since H2§j<k§n+1 |£5 —&k| does not include &, it is now straightforward

to integrate with respect to £&1. This gives

&) der .. de,
/Hn+1(0,1) H |£] &kl d& En+1

1<j<k<n+1
0 0
:/.“/ II l&-&lda. denn
-1 b1 cicp<ntl
0 0
g/ / I 14—l dé. . dé
~1 “l=Ent1— =82 9 ck<ntl
0 0
S/ / m+1) I 1& &l dée.. g,
-1 —1—&ny1——E3 2<j<k<n+1

where in the last line we used the fact that

0
/ I 16-aldn<m+n [ 1&-&l

—1—§n+1_"'_§2 2<j<k<n 2<j<k<n
since
1= —-— &> —(n+1).
Then
0 0
/ / (n+1) H & — &kl d€a ... dnta
-1 —1-&ny1——&3 2<j<k<n+1
0 0
- 1) I 16 - &l dea...ds,
-1 —1-{pn——62 1<j<k<n

by relabeling the variables. O



106

3.5.3 An (n — 1)-dimensional integral formula for \"*(#(0,1))

The following theorem allows us to rewrite the integral formula for A"(#}(0,1)) given by
Theorem The resulting integral is symmetric and only of dimension n — 1. It was using this
result that Mathematica was able to obtain the precise value for A\° (H%(0,1)), which was presented

following Conjecture [3.5.4

Theorem 3.5.14. For n > 3, we have

* [l Gl T -
AM(H;(0,1)) = 2)!n/0 - [icjchcna & — &I T 11— &l

- - — — d§1 N dfn—l-
(n+1 (€14t o+ )T

Proof. From Theorem [3.4.1] and Lemma [3.5.13] we know that

N (M (0,1)) = I 16— &l der .. de,

n!
n: Hn([0,1]) 1<j<k<n

1 0 0 0
:n!/ / / H & — &| de1---de,, .-
-1 _1_§n _l_fn_"'_SQ 1<i<j<n

First, perform the change of variables wi = —&1, ..., w, = —&, to transform the region of integra-
tion into the first orthant. This gives
1 1 pr—wp+l1 —Wp—-—wa2+1
)\”(H;‘L(O,l)):/ / / ] lwi—wl dwn - du,.
n! Jo Jo 0 i
1<i<j<n
Next, perform the change of variables z = wi, 2zto = wao,...,2t, = w,. The determinant of the

1

Jacobian of this transformation is 2"*~". This trick, similar to the one used in Selberg’s original

proof of the Selberg integral given in Mehta’s book [119] gives

H lw; — wj| dws ... dw, = |z|" H |z — 2t H |zt; — 2tj| dzdty ... dty,

1<i<j<n 2<j<n 2<i<j<n
=[PV T =t [ It dzdta .. dty
2<j<n 2<i<j<n

=[R2 TT =] [ |t —ty] dedta .. dtn.
2<j<n 2<i<j<n
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Rewriting the bounds on the integrands in terms of the new variables, this gives the set of equations

0<z2< —ztg—ztg —...—zt, +1

0<zto < —z2tg —... —ztp, + 1

0<ztp_1 < —zt,+1
0<zt, <1.

Rewriting the first equation gives

1
0<2z<
to+--+t,+1
and rewriting all other equations while taking the first into consideration gives
0<tj<oo, 2<j<n.
Thus, we have that

A" (H;,(0,1))

/ / /t1+ +tn 1+1 (n +n—2)/2 H 1_t] H ‘tz_tj‘ dZdthtn

2<j<n 2<i<j<n

H2<]<n | =1 | H2<Z<]<n | i =t ‘
_ Gt dto - - - dty,.
(”+1) 0 (ty+ - +tn+1)
A final relabeling of the variables gives the result. O

The integral formula obtained in Theorem seems closely related to the Selberg integral
S(1,1,1/2). In [2]|, which considered the volume of the set of random polynomials whose roots were
bounded within a ball of a certain height centered at the origin, the authors were able to compute
this volume of their sets in terms of Selberg integrals. In [18], which considered random polynomials
whose coefficients had bounded height instead, the authors conjectured a relation between Selberg

integrals and the volumes of their sets, but were unable to prove this relation.
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3.5.4 Coefficients restricted to [0, j]

We are interested in which results from the previous three subsections hold when all coeffi-
cients are restricted to [0, 8] rather than [0,1]. When g8 € (0,1), using the technique presented in
the proof of Lemma [3.5.6] one can show that n-dimensional box [—3/n,0]" C Hy(0, ). The proof
of this relies on the fact that 8% < § for all k > 1, and the statement does not hold in general
when 5 > 1. Thus, results from the previous three subsections which rely on this fact will work for

B < 1, and are not necessarily true for 3 > 1. Hence, when 5 < 1, one can also show
A (H7(0,8)) >0

by showing that the n-dimensional box [—8/n,0]" C H,(0, 5); the proof is otherwise analogous to
the proof of Lemma,

Moreover, by the proof of Theorem and applying Theorem [3.4.3] we see that for any
B > 0, the probability that the polynomial f,, = a,z" + - - -+ a1z + ap with iid coeflicients that are

uniformly distributed on [0, 5] has all real roots is positive. To see this, observe that

N30, B)) = B /0 LA (0.1 /) du,
which is positive by the proof of Theorem m Dividing by B"*! gives the desired probability.
An analogous lower bound to Corollary may be obtained for any 8 > 0, however an analogous
lower bound given in Corollary and hence also Corollary only applies when 5 < 1; the
problem is again whether or not [—3/n,0]" C H,(0, ).

We also have the following.

Lemma 3.5.15. Let > 0. Forn € N and &1,...,&, € R, consider the set of equations

(

—B=&n——<&a <0
—B=&n == <& <0

(3.12)
B =& <&-1<0
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When B € (0,1], the region
Hy(0,8) = {(&1, -, &) €R™ [0 < (=1)"IS, (&1, 6n) < B, 0<j<n—1}

and the region defined by

H,(0,8) ={(&,..-,&) € R" | equations (3.12)) are satisfied}

are the same.

When 8 > 1, H,(0,3) C H,(0,3).

Proof. The proof is very similar to the proof of Lemma [3.5.13] Writing each S,,—;(&1,...,&,) from

H, (0, ) in summation notation and multiplying by —1, we may consider the set of equations

—B< Y & <0
1<l1<n
_/B S - Z €l1£l2 S 0
1<li<la<n

(3.13)

—B < (=" > & &, <0

1<li<la<-<lp—1<n

—B< ()& 6 <0

One can show that for any g > 0, if the point (&1,...,&,) € R™ satisfies either equations or
equations , then (&1,...,&,) € [—05,0]"; the proof is the same as when = 1. From there, it is
straightforward to show if a point (&1, ...,&,) satisfies equations , equations also hold;
again, the proof is the same. Now suppose that ({1, ...,&,) satisfies equations (3.12]). Examining

the proof of Lemma |3.5.13| and using the analagous inductive hypothesis, we see that for k£ odd,

Sp(éry.- &) = &Sk—1(&1, - 1) +&n—15k—1(&1, - En—2) + -+ &Sk (& -, Elm1)

2 &+ 4 G,

and since &1,...,&, € [—0,0], this only shows that Sk(&1,...,&,) > —8 when § < 1. The proof for

when k is even follows similarly. O
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With Lemma [3.5.15] we can show that A" (#} (0, )) is monotonically decreasing in n when
B < 1 with a very small adaptation of the proof of Proposition [3.5.11] When 5 > 1, we present the

following counterexample.

Example 3.5.16. Evaluating the integral given in Theorem [3.4.1}in Mathematica for o = 0, § = 20

and then approximating, we have that
AZ(13(0,20)) ~ 280.743

and
N3 (H3(0,20)) ~ 732.056.

However, we make the following conjecture.

Conjecture 3.5.17. For any 8> 1 andn > 1,

A (0, 0.8) _ X (40.0)
ﬁnJrl - B ’

In other words, the probability that the polynomial
fu(2) =anz" 4+ -+ a1z + ag

with id coefficients that are uniformly distributed on [0, 8] has all real roots is monotonically de-

creasing in mn.

If Conjecture [3.5.17] is true, applying it together with Theorem [3.4.3] one would be able to

e () o
e (i (o))

= A" (M, ([0.1])) -

show that

A, ([0,1])

IA

This would mean that the probability that a degree n non-monic generalized bounded height

model polynomial with iid coefficients on [0, 1] has all real roots is monotonically decreasing in n.
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By the equivalence between these polynomials and the generalized large box model polynomials

given in Theorem this implies that as N — oo, the probability that the polynomial
fa(z) = 2"+ an_12" 7+ a1z + ag

with coefficients aq, ..., a,—1 uniformly distributed on [0, N] N Z and jointly independent has all

real roots is also monotonically decreasing in n.

3.5.5 Positivity of A"+! (Hn ([m} )> when every coefficient is allowed to be zero

The main result of this section is the following theorem.

Theorem 3.5.18. For 0 < j < n, let oj, 5; € R, with oj < B;. Suppose further that 0 € [a;, B;]

for each 0 < j < n. Then \"*! (Hn ([OT,ED) > 0.
We begin with two necessary lemmas.

Lemma 3.5.19. Define the recursive sequence where k1 = 1, and k; = ki1 +1, 2 <1 < n. Let

¢ € R and suppose that ¢ # 0. Let

k1’ nk2 nkn

Then for n > 2, the equations

jer] > Y

2<l1<n

]xla?Q] > Z \arzmj\

1<li<la<n
(l1,12)#(1,2)

T1Ty - Tpo1| > Z ETE T
1<li<-<lp_1<n
(I15eiln—1)#(1,2,...,n—1)

are satisfied.
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Proof. First, observe that dividing both sides of the equation

]aclxg--.xk| > Z |1‘51$52 C T,
1<hi<-<lp<n
(l17"'7l1€)#(1727"'7k)

by |c|* preserves the inequality, so it suffices to show that the equations above hold with the choices

1 1 1
1 Wﬂ? k2 ©y Ip = nkn
Let x1,...,z, be these values for the remainder of the proof. Next, notice that |zi| > |za| > -+ >

|z, | since k; is increasing for 1 <1 < n, so it suffices to show that

n
11> (1) oo

n
|.Z'1332| > <2) ’1‘1.%‘3’

n
T1Ty "+ Tp—1| > <n B 1> |x129 - - Tp—oTp].

In general, this is

n

l) ’901:192 s $l72$l+1‘~

|x1xg - ay| > <

Cancelling the |z - - - 2;_1| from both sides, it suffices to show that

n
i > ()bl

’a}l‘ I 1 1

— - _ _
() nhn(mn—=1)---(n—=1+1) " phnltl pltl) |Z141]

Finally, for 1 <[ < n, we have

where the inequality follows since I! > 1 and n(n —1)---(n — 1+ 1) < n! < nl+L O

Lemma 3.5.20. The coefficients described in the statement of Lemma are k; = i(igl) for

1< <n.
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Proof. We claim that k; = 22:1 j. The statement clearly holds for [ = 1. Suppose that the
statement is true for the first ¢ integers. Then
i i+1
kipn=ki+(+1) =Y j|+Gi+1)=>_j
j=1 J=1
so the claim holds by the principle of mathematical induction. Since the sum of the first ¢ integers

is given by

the proof of the lemma is complete. ]
We can now prove that \"*! (’Hn ({mb) > 0 when 0 € [ , 8;] for each 0 < j < n.

Proof of Theorem [3.5.18 Let ¢ be the minimum of the set {|aol, |Bol-- -, |anl,|5n]} \ {0}. Then
clearly ¢ > 0. If ¢ > 1, we can restrict ourselves to a subset of [, So] X -+ X [ap, Bn] so that ¢ < 1,

for instance by taking
(@, 8] n(=1/2,1/2] = (a0, Bo] N[=1/2,1/2) x -+ x [, 8] (1 [=1/2,1/2).

Then showing
At (Hn (m n[-1/2, 1/2])) >0
implies that

v (i ([3) o

This will simplify the proof, so suppose that ¢ < 1.
We begin by showing that A" <7—[;§ ([a‘,ﬁ})) > 0. To do this, we will argue that the set

H, <[07,%D has positive measure. Recall that

H ([@,7]) =46 &) €R™ [0y < (1" T80 (60, 6) < B, 0<j<n—1}

For every 0 < j < mn — 1, notice that either [0,c] C [« , §;] or [—¢,0] C [aj, B;] (or both) by

the definition of ¢ and since all intervals were assumed to contain 0. For each 0 < 7 < n — 1, define



the set

[07 C] if [076] - [O‘j’ﬂj]
[Caj,Cﬁj] = .

[—c,0]  otherwise

Notice that

[Caovcﬁo] X X [Cozn71ac,5n_1] g [a()aBO] X X [an—:[)IBn—l}'

We will begin by showing that
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Hy ([Car ) = {(61, - 6n) €R™ | oy < (1) 7S5 j(61, -, 6n) < gy, 0<j<n—1}

has positive measure. Consider the point (&1, ...,&,) where
c c c
S=——, &= PEERERE énziﬁ (314)
n n n(i;l )
Let n > 2. Then since © = |£1] > €2 > - -+ > |§,[, we have that
|Sk(€, - &n)| = oo g, (3.15)
1<h <la<--<lp<n
< oo &l (3.16)
1<h <l <-<Ip<n
n
< <k) 31 (3.17)
ny\ /c\k
= = 3.18
nn—1)--(n—k+1)ck
= o (3.19)
ny (n—1 n—k+1\ ,
< (= =T .
() () @20
<c (3.21)
since ¢ < 1 so ¢® < ¢. Therefore,
—e< (=1)"IS, (&, ) <, 0<j<n-—1, (3.22)
and it remains to show that each (—1)"77S,_;(&1,...,&,) is actually contained in either (—c,0)

r (0,¢), depending on [ca;,cp,] for 0 < j < n — 1. For this purpose, consider instead the set of

equations
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Conr <= D Y < B, (3.23)
1<li<n

Can_y < Z Y Y, < B,y (3.24)
1<hi<la<n

Cap < (=1)"y1y2 -+ yn < cg,- (3.25)

We show that changing only the signs of &1,...,&, given in (3.14)) will let us find a point

(y1,---,Yn) such that the above equations are satisfied.
If ca,., =0and cg, , =c, let y1 =& = —7, and ya,...,yn be chosen in any way such that
ly2| = [&2l, -, [yn| = [&n]- Then —y1 = [y1[, and
n n
0<_Z/1_Z|yj| < _yl_y2_"'_yn§_y1+2|yj| <¢
j=2 j=2

where the first inequality follows from Lemma[3.5.19 and the last inequality follows from the bound

on the absolute value of the terms of S1(1,...,&,) given by (3.16) and (3.21)).

If ¢, = —c and cg, , = 0, we proceed similarly by letting y; = —&§ = -, and letting
Y2, ..., Yn be chosen in any way such that |ys| = |&2], ..., |yn] = |&n|. Then now —y; = —|y1|, and
n n
—e< =y = gl S~y = —ya < —m Iyl <0,
j=2 j=2

where this time the first inequality follows from negating (3.16)) and (3.21]) and the last inequality

follows from Lemma [3.5.19

Suppose by induction that the first k£ variables yi,...,yr have been fixed such that the
first k equations of c,, , < (—=1)"*Sk(y1,...,yn) < cs,_, have been satisfied by letting y; =
+£4, ...,y = £& in the appropriate manner and letting yx+1,...,yn be chosen in any way such

that |yry1] = [Ekt1ls- - |un] = [&nl-

We want to show

Copy_ o1 < (—l)n_k_lsk+1(y1, ey yn) < CBy o1~
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We consider four possibilities:

If ca, .y =Ca,_, =0, then let yxy1 = —[&k+1|. Then
0<(=1)"Fyr-- -y
implies that

0<(=1)" " g1 gy

also since the extra factor of —1 and the negative coefficient of yz41 cancel.

If ca, , , =Ca,_, = —¢C, then let ypy1 = —|&k41]. Then

(—1)" g1y <0
implies that
(=1)" gy <0

also since the extra factor of —1 and the negative coefficient of y;,1 cancel.

If ¢, , , =0and ¢y, , = —c, then let yp11 = [€k41|. Then
(—1)" Py -y <0
implies that

0< (=)™ 1y ypyppn

since the single factor of —1 negates the negative sign.

If co, , , =0and ¢y, , = —c, then let yi11 = [x41|. Then

k
0< (=1)"Fyy -y

implies that

(=) gy <0

since the single factor of —1 negates the negative sign. By the principle of mathematical induc-

tion, we have shown that either (—1)"7S,_;(y1,...,yn) is negative when [cq,,c5,] = [—¢,0] or
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(—=1)"9S,_;(y1,-..,yn) is positive when [cajscp;] = [0,¢]. To see that (—=1)"77S,_;(y1,...,yn) is

actually contained in [ca;, cg,], observe that, as in equations (3.15) through (3.21)),
n .
Sucsneceml < (" Yml T <

Thus, the point (yi,...,yy) satisfies (3.23)), (3.24]), and (3.25]); this means that the intersection of

the open sets defined by equations (3.23)), (3.24)), and (3.25) is a non-empty subset of R"; call this

set Ho. In particular, since the intersection of open sets is also open, there exists a small ball around

(y1,...,Yyn) contained in Hc. Examining the definitions of both sets, we see that Ho C H,, (ca, c3),
so this small ball around (yi,...,y,) is also contained in H, (cq, ¢3), showing that H,, (cq,c3) and

hence H,, ([3, FD has positive measure. By Theorem (3.4.1, we have that

% (H,’;([ﬁ,?}))Z;/Hn(PFD [T & —&lde ... ds.

@, 1<j<k<n

so since [ ;< p<p 1§ — &kl > 0 except for on a set of measure zero, we see that
(4 ([ 7])) >0

as well.

Finally, we wish to show that A"+! (Hn ([m} )) > 0. Let us break this into the calculations

of A1 (H,J{ ([m})) and A\"t! (H; ([oﬁ})) . Recall that we assumed that 0 € [y, 8], so

either o, < 0, B, > 0, or both.

For \7t1 (”H:{ ([m])), if B, > 0, we have from Theorem [3.4.3| that

o ) - oo o (G

max{O,z—Z} Bnu

du.

In the calculation of the integral above, since 3, > 0, u > 0 (since we do not need to consider

the endpoints of the bounds of integration), and the interval [oy, 5] was assumed to contain 0

Bnu’ Bnu
A (”H; <[§n§]>> > 0 for all u € (0,1), so A1 (7—[:{ ([(ﬁ})) > 0 as well.

If o, < 0, we can see that A"+ (7—[7 ([07,}})) > (0 by an analogous argument.

n

for each 0 < j < n, we see that the sets [ﬁ 'B—]} also contain 0 for each 0 < j < n. Hence,
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Since at least one of \"*1 (H:{ ([cﬁ])) or A"t (’H; ([oﬁD) must be positive, by
o () >

as desired. ]



Chapter 4

Probability of all real eigenvalues for generalized bounded height model

random matrices

4.1 Introduction and main results

We now turn our attention to random matrices whose entries are given by the generalized
bounded height model. In particular, let o;; < B;; € R for 1 < 4,5 < n and consider the n-by-n
random matrices whose entries a;; are independently and uniformly distributed on [}, Bi;]. We
wish to find the probability that all eigenvalues of a random matrix from this ensemble are real. In
the case of the random matrix ensemble whose elements are real iid standard Gaussians, this was
accomplished by Edelman in [54].

In Chapter [5, Theorem shows that as N — oo, the probability that a random matrix
with entries independently and uniformly distributed on [ N, 8;; N] N Z for each 1 <i,j < n has
all real eigenvalues converges to the probability that a random matrix with entries independently
and uniformly distributed on [oyj, 8;;] for each 1 <4, j < n has all real eigenvalues. Therefore, the
results of this chapter will allow us to calculate the probability that, as N — oo, a generalized large
box model random matrix has all real eigenvalues.

For a 2-by-2 random matrix from the bounded height model ensemble, we have the following

main result; the proof is the content of Section

Theorem 4.1.1. Let oy; < Bij € R for 1 < i,5 < 2 and consider the 2-by-2 random matriz A

whose entries a;j are independently and uniformly distributed on [ayj, Bij]. For any real Ai, A2,
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define

Axipo ={(r,q) [ ¢€(0,1),
(A1 — A2)@® + X2 +7gV/1 — ¢ € (a1, Bu1),
(M1 — A2)aV/1 — ¢ + ¢*r € (—Bra, —a12) U (12, Br2),
(M = XA)aV1— @+ 71— ¢*r € (—Ba1, —az1) U (a1, Ba1),

— (M =A@+ M — g1 — g% € (an, B22)}

The probability that all eigenvalues of A are real is given by

1 [e.e] (e}
I —— / / / A1 — Ao| drdgdAidXs.
(ﬁij - aij) —oo JA2 JAN

1<i<j<2

To obtain an analogous result for an n-by-n random matrix from the bounded height model
ensemble, we consider such matrices A with all real eigenvalues, and let A = QRQ” be decomposed
into its real Schur decomposition (discussed in detail in Section . Proposition m shows that
when all eigenvalues of A are real and distinct, this decomposition can be made unique by specifying

that @ is an n-by-n orthogonal matrix where the first non-zero entry in each column is positive

and
A1 T2 o T
R= ;
n—1,n
An
where Aq,..., A\, are the real eigenvalues of A listed in decreasing order, ria,...,7—1, € R, and

the entries below the main diagonal are all zero.

Let
p = {T12, 713, .-+ T1In, 723, -+ -T2,y . - - ,Tnfl,n}~

The algorithm given by Raffenetti and Ruedenberg in [135] (and discussed in detail in Section

allows us to see that @ is specified by %n(n — 1) independent angular parameters

© = {012,013,...,01n,003, ... 00p,. .., Op_1n},
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where each angle in © is contained in a subset of [0, 27). Furthermore, letting (dR) denote the wedge
product over the independent strictly upper triangular elements of R and letting (Q7dQ) denote
the wedge product over the independent elements of the antisymmetric matrix Q7 dQ (discussed in

detail in Section [4.2]), we arrive at the following main result, whose proof is the content of Section

5!

Theorem 4.1.2. Let o < Bi; € R for 1 <1, j < n and consider the n-by-n random matriz A whose

entries a;; are independently and uniformly distributed on [ouj, Bij]. For any real Ai, Ao, ..., Ay,

define
Ao =1(0,0) | Quj >0 for 1 <5 <n,
QTQ = Ina
aij < (QRQT)i; < Bij for 1 <i,j <n},

where Q) is an n-by-n orthogonal matrix parameterized by the Raffenetti and Ruedenberg algorithm

(discussed in Section[4.7) in the variables
© = {612,013,...,01n,023,.. .02, ..., 0h_1 0},

where each angle is contained in a subset of [0,2m), Q.; is the first non-zero entry in the j-th

column of Q, R is the upper triangular matriz with oll real entries

A1 T2 o T
R - )

Tn—1,n

An
and
p = {T].Q) 713, .-+ T1In, 723,120,y . - - )T’n—l,n}'
The probability that all eigenvalues of A are real is given by
) A A A A o
I ——— [Ai = Ajl (dR)(Q7dQ)dAs ... dAn.
1<i<j<n (/87/.7 - al]) —o0 JAp_1 A2 Akl AAAAA An 1<i<j<n
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We begin by introducing the notation used by Edelman before delving into his method to

prove the theorems.

4.2 The wedge product

In this section, we define the wedge product, used by Edelman to compute the Jacobian
which arises when performing a change of variables on a matrix. Complete details regarding the
construction of the wedge product in general can be found in algebra or differential geometry texts,
such as [47,{104]. Theorem below is a compilation of the requisite terminology and results
needed to define the wedge product for differential forms on R™. All statements therein are taken

directly from those provided by Shifrin in [147].

Theorem 4.2.1 (The wedge product, see Chapters 7 and 8 in [147]). A function ¢ : (R™)™ — R

1s called multilinear if for each 1 <1 < m, we have

/!
O(V1y -« oy Vi1, COFHC UV}, Vig 1y - vy Umn)

=co(V1y .. Vs Om) + (1, U U)

for all v;,v; € R" and ¢, € R. In addition, ¢ is called alternating if ¢ changes sign whenever

any pair of vectors vi,...,v, € R™ are exchanged, i.e., for any 1 <1 < j < m,

OV, ey Uiy ooy Uy ey U) = —P(U15 oo, Vjy e ey Uy v, Upn).

In particular, this implies that p(vi,va, ..., vy) = 0 whenever v; = vi11 for some 1 <i<m — 1.

Define the n linear maps dx; : R — R,i = 1,...,n, by assigning to each vector v =
(v1,v2,...,v,)T € R™ the i-th component of v, i.e., dx;(v) = v;. The set of linear maps from R™ to
R is an n-dimensional vector space, denoted (R™)*, with basis {dx1,...,dz,}. Let {e1,...,e,} be
the standard basis for R™. If I = (i1, ...,i) is an ordered k-tuple, define dxy : (R™)* = R by

dwi (v1) -+ dwg (vk)

dzxy(vi,...,vg) = det

dzy (v1) -+ dog (vk)
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As is the case with the determinant, dx; defines an alternating, multilinear function of k vectors

in R™. If we write

Vi1
Vi,2
vl - b Z = 17 7k7
Vin
then
Vi1 Ukgy
dl‘[(vl, - ,Uk) = det
Ul 0 Uk,
When i1 < iy < --- < iy, this the determinant of the k x k matrix obtained by taking rows iy, ..., i
of the matrix which has column vectors vi,va, ..., vp. When iy < io < --- < ig, we say that the
ordered k-tuple I = (iy,...,ix) is strictly increasing. If I is a k-tuple with no repeated inde,

we denote by I< the associated strictly increasing k-tuple. The set of dxy with I strictly increasing
forms a basis for the vector space of alternating multilinear functions from (R™)* to R, denoted
AF(R™*. If I and J are ordered k- and I-tuples respectively, we define dry A dxy = dx(y, y), where
by (I,J) we mean the ordered (k+1)-tuple obtained by concatenating I and J. If w =" ardxy and
n = Y bydx;, then we extend by linearity and set w An =  (arby)dr; ANdxy = Y (arbs)dz s 5.
This is called the wedge product of w and 7.

A differential 0-form on R™ is a smooth function, i.e., a function whose partial derivatives

of all orders exist. A differential n-form on R™ is an expression of the form
w= f(x)dxy A --- Ndzy,
for some smooth function f. A differential k-form on R™ is an expression

W= Z fr(x)der = Z frdxzi, A - Ndxg,

strictly increasing k-tuples I 1 < <ig
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for some smooth functions fr. The set of differential k-forms on R™ is a vector space and denoted
by A¥(R™). Let U C R™ be an open set. Let w € A¥(U),n € AYU), and ¢ € A™(U), with

k,l,m € NU{0}. Let ¢ be a smooth function. The following algebraic properties hold.
(1) Whenk=1l=m,w+n=n+w and (w+n)+d=w+ (n+ o).
(2) Antisymmetry: w An = (—1)knAw.
(8) Associativty: (wAn) Ao =wA (nA o).
(4) Bilinearity: c(w An) = (cw) An, and when k =1, (w+n) AP = (wA @)+ (nAP).

Given an n-form w = f(x)dzy A --- Adx, on a region  C R™, we define wi = fQ fdV, where dV

denotes the volume element on R™. In other words,

/f:cl,..., Ydxy A - /\dxn—/fxl, Ty) dxy...dz,.

For our purposes, we need the following result, which shows the connection between the
wedge product and the Jacobian for the change of variables that arises when performing matrix
decompositions. The following theorem is the combination of three definitions by Forrester [65],

though proofs of results stated therein can be found in Section 4.1 of [85] or Chapter 2 of [121].

Theorem 4.2.2 (See Definitions 1.2.1, 1.2.2, 1.2.3 in [65]). Denote the wedge product by

n
dug A -+ Nduy, = /\duj. (4.1)
j=1
Consider the integral of an n-form f(uy,...,up)duy A -« A du, over a region Q@ C R™,
/ful,..., ) dug A< A duy,.
When changing variables from {uy,...,up} to {vi,...,v,}, the fundamental formula




125

applies. Substituting this in (4.1) and simplifying by using the associativity, bilinearity, and anti-

symmetry of the wedge product, it follows that

The determinant in (4.2)) is precisely the Jacobian for the change of variables.

For any n-by-n matriz X, the matriz of differentials is defined as

dri1 driz -+ dry,

dror dway -+ dwo,
dX =

drn1 drpz - drp,

For an arbitrary n-by-n matriz X , the symbol (dX) denotes the wedge product of the n? independent
elements of dX. If X is an n-by-n symmetric matriz, the symbol (dX) denotes the wedge product
of the %n(n + 1) distinct elements of dX. If X is an n-by-n antisymmetric matriz (meaning that
X = —X7), then (dX) denotes the wedge product of the $n(n — 1) distinct elements of dX. If X

is upper triangular, then (dX) denotes the wedge over all upper triangular elements.

4.3 Real Schur decomposition

The real Schur decomposition is a matrix factorization that expresses a matrix as an orthog-
onal conjugation of a block upper triangular matrix; when all eigenvalues of the original matrix are
real, the block upper triangular matrix is simply upper triangular, and the diagonal entries of the

upper triangular matrix are conveniently the eigenvalues of the original matrix.

Definition 4.3.1 (Real Schur Decomposition, see equations 15.200-15.202 in [65] or Theorem 7.4.1
in [74]). Let A be an n-by-n matrix with real entries and exactly k real eigenvalues (where n and

k have the same parity). Then the real Schur decomposition of A is given by

A= QRQT,
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where @ is an n-by-n orthogonal matrix and

Ao Rigp Rigr 0 Rim
Me  Rppe1 - Rpm
R=
Zi+1 - Rpgam
Zm

where all elements not explicitly shown are zero, m = (n + k)/2, and R;; is of size p x ¢ with

;

Ix1if i<k j<k,

1x2 if i<k, j>F,

pxq=

2x1 if i>k, j <k,

2x2 if i>k, j>k.
Furthermore, A1,..., A; are the real eigenvalues of A, while the 2 x 2 matrices Zx1,..., Z, have
the structure

x;j b

Zj = ! ! s bj, cj > 0,

—C¢j T

such that the complex eigenvalues of A are x; & iy;, where y; = \/bjc;.

4.4 Edelman’s method

In Edelman’s paper [54], Edelman considers an n-by-n random matrix A whose entries are
given by iid standard Gaussian random variables. He obtains the probability that A has exactly
k real eigenvalues. His method involves first writing the matrix A in terms of its real Schur
decomposition, and then computing the Jacobian of the associated change of variables. This result
is summarized by the following proposition, which does not assume a specific distribution for the

entries of A.
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Proposition 4.4.1 (Proposition 15.10.1 from [65] or Theorem 5.1 from [54]). Let A be an n-by-n
matriz with real entries written in real Schur form A = QRQ™, as in Definition . Let k denote
the number of real eigenvalues of A. Interpreting this decomposition as a change of variables, the

Jacobian of the change of variables is given by

(d4) = 2O [T IMRyp) — MRj)| (dR)(QTdQ)
J<p
(n+k)/2
< JI Ibo—al dy...dx.(d2),
l=k+1

where AN(Ry) = A are the real eigenvalues of A for | < k, while \(Ry) = x; + iy, are the complex
eigenvalues of A for 1 >k, R denotes the strictly upper triangular part of R,

(QTdQ) = A\ o dg;,

1>7

and
(n+k)/2

(@dz)= [ dz;dbde;,
j=k+1

where all variables are defined as in Definition |4.3.1).

Let P(A) dA denote the joint probability density function for the random matrix A on the
space of n-by-n real matrices with respect to the Lebesgue measure on R"Q; when all entries are
independent, P(A) is simply the product of the pdf of each entry of A. By integrating P(A) dA
over all variables except for the eigenvalues and normalizing, Edelman obtains the joint pdf of the
eigenvalues of A, given that k eigenvalues are real. Continuing to integrate the eigenvalues over the
real line, Edelman obtains the probability that exactly k eigenvalues of A are real, leading to the

following main theorem.

Theorem 4.4.2 (Theorem 6.1 in [54]). Let A be an n-by-n random matriz whose elements are in-
dependent random variables with standard normal distributions. Let Ay denote that set of matrices
A with exactly k real eigenvalues. Let py, denote the probability that A € Ay. The ordered real

eigenvalues of A are denoted N\;,i = 1,...,k, while the | = (n — k)/2 ordered complex eigenvalue
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pairs are denoted v; £y;/—1,i=k+1,...,m. Let
22l—n(n+1)/4

kT T T(/2)

The joint distribution of the real and complex eigenvalues given that A has k real eigenvalues is
poxeni | [T Ra) = MRy)) o(Eilis (07 —2)) =311 47/2) 11 (yz erfc(yz'\@)> ,
1<j<i<n k+1<i<m
where A(Ry) are the real eigenvalues of A for | < k, while N\(Ry) = x; & iy; are the complex eigen-
values of A forl > k, and where erfc is the complementary error function erfc(z) = % f;o et dt.
The probability that A € Ay, is
Pn.k :% /xieR [T M@Ra) = ARy | eEEunli—ah-EiX/2)
b y)i\_egﬂg 1<j<i<n

X H (yZ erfc(yiﬂ)> dA\1 -+ -d\pdxy - - - dxydyy - - - dy;.
k+1<i<m

We now restrict ourselves to finding the probability that a random matrix whose entries are
iid standard Gaussians has all real eigenvalues and take a close look at the steps involved. Let A
be the set of n-by-n matrices with real entries which have exactly n real and distinct eigenvalues.

When all entries of A are iid standard Gaussians, we have that

2
—21<ij<n %
2

P(A) = (2r) " /2e

Edelman states that the probability that a random matrix with iid Gaussian entries has repeated
eigenvalues is zero. Therefore, the probability that A has all real eigenvalues is given by [ A P(A) dA,

which equals

_n2jp [ Zl<igsn o?;
(2m) e 2 dA. (4.3)
A

Edelman also states that the real Schur decomposition of an n-by-n real matrix A with iid
Gaussian entries can be made unique with probability one if some restrictions are imposed on R
and @, namely that the elements on the diagonal of R are ordered Ay > -+ > g, Tp41 > -+ > Ty

and that the first row of Q is chosen to be positive. For A € A, letting A = QRQ”T be decomposed
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into a real Schur decomposition with these constraints satisfied, this change of variables gives

2
(27r)7n2/26w _ (27.‘_)*712/267 tr(AAT)/2

= (21) " /2~ ((QRQT)(QRTQT))/2
(2m) " /2e~ ((QRRTQ))/2

ey iem 2
_m2 S,JsSn g
2 A T E—

2/ _ 2 _ 2
— (27-‘-)—” /26 Zl§i<j§nrij/2e ?:1 >‘j/2,

where the r;; are the strictly upper triangular entries of R and the A; are the eigenvalues of A.

Proposition |4.4.1| shows that the Jacobian of this change of variables is given by

I = XNIAR)(QTdQ)dA; ... dA,.

1<i<j<n
Therefore, (4.3)) equals
/~(2w)—”2/26—2¢<ﬂ?j/26— j=1%3/2 I = XIAR)(QTdQ)dA; ... dA,, (4.4)
A 1<i<j<n

where A is the image of the region A under the map which changes variables according to the
real Schur decomposition. By the above restrictions on the variables in R,Q and \i, ..., \, which
ensure a generically unique real Schur decomposition, Edelman shows that the correct region of
integration in this case is over the orthogonal matrices with positive first row, real Ay > --- > A\,
and 7;; € R for 1 < ¢ < j < n. Integrating over these constraints gives the exact probability that
A has all real eigenvalues, which is W

The integrand in has an extremely nice form; the eigenvalues A, ..., A\, completely
separate from the other variables of integration and integrating r;; over the real line is the same
as integration over a standard Gaussian random variable. This allows Edelman to easily integrate
over (dR)(QTdQ) to obtain the joint density of the eigenvalues. Unfortunately, this separation
of the eigenvalues is only possible because of the structure of the joint probability density for A
when the entries are all independent Gaussians. Indeed, it was the property that for any a,b € R,

a+b

e = e%" that allowed the separation of the eigenvalues from the other variables to occur. For
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uniformly distributed entries, it is not as clear how to proceed. It does not seem likely that we will
be able to simply separate out the eigenvalues as in the Gaussian case. Instead, we will carefully

consider the region of integration.

4.5 Uniqueness of the real Schur decomposition

We now specify restrictions which make the real Schur decomposition completely unique
when a matrix has all real eigenvalues. Edelman states (without proof) in [54] that if the n-by-n
matrix A has entries that are iid standard Gaussians, the real Schur decomposition of A can be
made unique with probability one by ordering the diagonal entries of the upper triangular matrix
R and by assuming that the first row of the orthogonal matrix @ is positive.

We note now that that such a decomposition is not completely unique. For instance, consider

1 2 3 1 00 1 2 3 1 00
04 5]=1010 0 4 5 010
0 0 6 0 01 0 0 6 0 01

1 0 0 1 -2 3 1 0 O

=10 -1 0 0 4 -5 0 -1 0

0 0 1 0 0 6 0 0 1

The problem here is that the first row of the orthogonal matrix is not strictly positive, and
cannot be made strictly positive (try!). We address the issue of uniqueness by showing that for
matrices with real and distinct eigenvalues, the real Schur decomposition can be made completely
unique if one requires that the first non-zero entry in each column of the orthogonal matrix @ be
positive.

Let n € N and let M,,(R) denote the set of all n-by-n matrices over the field R and let M, (C)
denote the set of all n-by-n matrices over the field C. We begin with the following lemma, whose

purpose is to help prove the uniqueness of our real Schur decomposition.

Lemma 4.5.1. Suppose that R, R € M, (R) are upper triangular with identical diagonal entries
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r11 > Tog > -+ > rpy. Let S € M, (R) be orthogonal. If SR = ]:ZS, then S has the form

+1 0 -~ 0

0 +1 --- 0
S =

0 o --- =+£1

Proof. Let Ay and A} denote the k-th row and k-th column of a matrix A, respectively. Suppose
that SR = RS. Multiplying the n-th row of the left-hand matrices by the first column of the

right-hand matrices on both sides of the preceding equation, we have that

Sn,R,l = Sp1T11 = TnnSnl = 2,5 1.

[ )

Since r11 > Ty, this implies that s,; = 0. Now multiplying the n-th row of the left-hand matrices

by the second column of the right-hand matrices, and using the fact that s,; = 0, we have that
SnR2 = Snara2 = Tunsn2 = RS2,

implying that s,2 = 0 as well. One can proceed in this manner to see that the first n — 1 entries of
the n-th row of S must be zero. Finally, multiplying the n-th row of the left-hand matrices by the
n-th column of the right-hand matrices and assuming that s,; = sp2 = -+ = s,_1,, = 0, we have
that

Sn,R,n = SnnTnn = TnnSnn = Rn,S,n-

Since S is orthogonal, we see that s, = £1.

Let our inductive hypothesis be that for some 1 < k£ < n—1, the k rows S, , Sn—1,, ..., Sn—k+1,
of S have been shown to have 1 in the diagonal entry, and are zero otherwise. Consider the (n—k)-
th row of S. By orthogonality requirements, and from taking the dot product of the (n — k)-th row
of S with every row below it, we see that all entries after the (n — k)-th position must be zero. For

the first entry in S, , we have

Sp—k,R1 = Sp—£1T11 = Tn—kn—kSn—k,1 = Rn—x,51,
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since all entries below s,,_j 1 in the first column of S have been shown to be zero. Since 711 > ryp,
this implies that s,_;1 = 0. Continue in this manner to show that the first n — £ — 1 entries
(n — k)-th row of S are zero. Then the remaining entry must be +1 by orthogonality requirements.

This proves that S has the specified form. O
The following theorem is necessary to prove the existence of our real Schur decomposition.

Theorem 4.5.2 (Schur triangularization, Theorem 2.3.1 in [79]). Let A € M,,(R) have eigenvalues
AL, - -+, An in any prescribed order and let x € C™ be a unit vector such that Ax = \z. If A has only
real eigenvalues, then x may be chosen to be real and there is a real orthogonal Q = [z g2 ... qn] €

M, (R) such that QT AQ = R is upper triangular with diagonal entries ry; = \j,i=1,...,n.

We are now ready to provide a completely unique real Schur decomposition for all matrices

with real and distinct eigenvalues.

Proposition 4.5.3. Suppose that A € M, (R) has all real and distinct eigenvalues \y > Xg > ... >
M. Then A admits exactly one real Schur decomposition A = QRQT, such that the first non-zero

entry in every column of Q) is positive and such that the diagonal entries ri; = A\; for 1 < i < n.

Proof. Let us first show that such a decomposition exists. Theorem tells us that when the
eigenvalues of A are all real, there exists a real orthogonal matrix ) and an upper triangular matrix
R with diagonal entries 7;; = A; for each 1 < i < n such that A = QRQT. Since Q is orthogonal,
every column of ) has at least one non-zero entry. Denote the first non-zero entry in the i-th

column of Q by gy; for each 1 < i < n. Let D be the diagonal matrix where

diy; =1, if g >0

dyz = =1, if g <0
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Letting Q@ = QD and R = DRD, we have

A= QRQT
= QDDRDDQT
— GRG".
Observe that the orthogonal matrix @ corresponds to negating the i-th column of @ whenever
di; = —1, and leaving all other entries of ) unchanged. Therefore,
Gxi = Qxidi; = ;
80 Gx; > 0 for each 1 < i < n. The matrix R corresponds to negating the i-th row and then also
negating i-th column of R whenever d;; = —1; the diagonal entry is therefore negated twice, leaving
the eigenvalues on the diagonal of R unchanged. This proves existence.

For uniqueness, suppose now that A = QRQT and A = QRQT are two different real Schur
decompositions of A, such that the upper triangular matrices R and R have equal diagonals given
by 74 = T4 = A; for 1 < ¢ < n, and such that the first non-zero entry in each column of ) and Q
is positive. Then

QRQ" = QRQ"
implies that

Q"QR = RQ"Q.
Let M = QTQ. Since M is an orthogonal matrix, Lemma says that M must be a diagonal
matrix where each entry is 1. From the equality

Q=0QM,

we see that if m;; = 1, the i-th column of @ equals the i-th column of @, and if m;; = —1, the
i-th column of Q is the negative of the i-th column of Q. In particular, this implies that Q and Q

have zero entries in exactly the same positions. Moreover, we see that the coordinates of the first
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non-zero entry in a given column of Q are the same as the coordinates of the first non-zero entry
in the corresponding column of (). For the i-th column, these entries are called ¢.; and ¢ ;, and
by hypothesis, both are positive. Since g; = Q*,Mﬂ- = («,iMyi, this implies that m;; = 1 for every

1 <4¢<mn,so M is the identity matrix and uniqueness holds. O

The proof of the uniqueness of the real Schur decomposition provided by Proposition
relies on the assumption that the eigenvalues of the matrix A are distinct. The purpose of the
following definition and lemma is to show that this assumption holds with probability one for a

random matrix whose entries are absolutely continuous with respect to the Lebesgue measure.

Definition 4.5.4. Define the power sum symmetric polynomials in the n variables x1,...,x,

as
n .
pi(z1, ..., xn) = Zazf

i=1

for 7 > 0.

Lemma 4.5.5. Let A be an n-by-n random matriz whose entries are independent and absolutely
continuous with respect to the Lebesque measure. The probability that A has repeated eigenvalues

18 zero.

Proof. Let the eigenvalues of A be given by A1, ..., Ay, which are complex-valued random variables.

Then the product

[T =2 (4.5)
i#]
is a symmetric polynomial in terms of the eigenvalues of A, which equals zero if and only if A\; = A;

for some i # j. By the discussion in Chapter 1, Section 1.2 in |136], we see that the symmetric
polynomial given by can be expressed as a polynomial with rational coefficients in the power
sum symmetric polynomials p1(A1,..., ), ..., Pn(A1, ..., Ay) via Newton’s identities (see page 8
of [136]). Since

tr(AR) = A .. AF

n
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is precisely the k-th power sum symmetric polynomial in the variables A1, ..., Ay, we may write
[T = A))? = Q(tx(A), tr(4%), ..., tr(A™))
i#]
for some polynomial (), which is not identically zero. To see that () is not identically zero, note
that the equality must hold for all matrices A and consider a diagonal matrix where all entries are
unique.
From the trace identity

k
tr(A ) = E iy o Qigig « - Qipiq s

1<it, g <n
we see that the polynomial ) can be written as a polynomial in the entries of A. Thus,
TTOw = 2)? = Qaw, axa, - ., amn),
i#]
where @ is a polynomial that is also not identically zero, because

Q(a11,a12, . .., anp) = Q(tr(A), tr(A%), ... tr(A™)).

Since the entries of A are independent, by Lemma the probability that Q(an, @12, ...,0pp) =0
is zero, so the probability that H# j(>‘i - )\j)2 = 0 is also zero. Hence, the probability that A has

a repeated eigenvalue is zero. O

4.6 Probability of all real eigenvalues for 2-by-2 generalized bounded height

model ensemble random matrices

We now apply Edelman’s method to 2-by-2 matrices from the generalized bounded height
model ensemble, giving a proof of Theorem The small matrix size allows us to explicitly

work out the algebra.
Proof of Theorem[{.1.1l Let a;; < Bi; € R for each 1 <i,j < n. Let

ail a2
A=

a1 Q22
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with jointly independent entries a;; ~ U(ayj, Bij), for 1 < i,j < n. Let A be the set of 2-by-2
matrices with entries a;; in [, B;] for each 1 <4, j < 2 which have exactly two real and distinct
eigenvalues. By Lemma the probability that A has repeated eigenvalues is zero. Therefore,
the probability that A has all real eigenvalues is given by the probability that A € A.

Let P(A) dA denote the joint probability density function for the random matrix A on the
space of 2-by-2 real matrices with respect to the Lebesgue measure on R*. When all entries of A
are independent, P(A) is simply the product of the pdf of each entry of A. In our case,

P(A) dA = H (52_105) H ]l{aijﬁaijéﬂz’j}(aij) dA
1<i,j<2 VY t 1<4,j<2
and the probability that A has all real and distinct eigenvalues is given by
/ | T & O P Y (4.6)
AcA \ Gy B —aig) |\ (G, 0T

For A € A, letting A = QRQT be decomposed into its unique real Schur decomposition given

by Proposition this change of variables gives

H l{aijﬁaijﬁﬂij}(aij): H ]l{aijS(QRQT)ijg/Bij}(<QRQT)ij)'

1<i,j<2 1<i,j<2

This decomposition should be interpreted as a change of variables from the entries a11, a2, a1, ase
of A to the four new variables A1, A2, 7, and ¢ of R and @, as defined in Definition Here, \;
and Ao are the real eigenvalues of A, r € R is the strictly upper triangular entry of R, and ¢ € R
is the single parameter which specifies the 2-by-2 orthogonal matrix Q. (We will see momentarily
that only one parameter is needed to specify a 2-by-2 orthogonal matrix with a given determinant.
Alternatively, one may immediately read this fact off of the chart provided on page 217 of [56|.)
This decomposition is made unique by specifying that the first non-zero entry in every column of
Q is positive and that the eigenvalues of A are listed in decreasing order on the diagonal of R, as
according to Proposition [£.5.3]

Proposition shows that the Jacobian of this change of variables is given by

|)\1 — )\2| deqd)\ld)\Q.
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Therefore , and hence also the probability that A has exactly two real eigenvalues, equals
1
/~ H YT WY H 1o, <(@RrQT), <y} (RQRQT)ig) | | A — Aa| drdgdhidds, (4.7)
A\ << (Bij — aij) 1<ij<2
where A is the image of the region A under the map which changes variables according to the real
Schur decomposition. In order to find the region .,Zl, we must find the restrictions on the variables
q,7,\1, and Ao which ensure a unique Schur decomposition and which count each matrix in A
exactly once.
We now investigate the restrictions required by Proposition which make the Schur

factorization unique for the 2-by-2 case. Any 2-by-2 orthogonal matrix
a1 q12
Q=

q21 422

must satisfy the equations QQT = I and QTQ =1, i.e.,

i+ =1

G+ @3 =1 ' (4.8)

q11921 + qi2q22 =0
A quick analysis shows that there are two possible types of matrices which satisfy equations (4.8)).

Solving the equations and relabeling, we obtain

q 1—q?
Q:
—J/1-¢ q
or
q 1—q?
Q:

Vi-¢*  —q
Restricting 0 < ¢ < 1 guarantees that the first row of ) is non-negative. If ¢ = 0, we include only

0 1
the matrix due to the positivity requirements on the first non-zero entry of every column

10

of . Similarly, if ¢ = 1, we include only the matrix
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Thus, whenever A € A has two real and distinct eigenvalues A\; > A2, Proposition [4.5.3] says

the Schur decomposition of A is uniquely specified by

and exactly one of the matrices () described above.
Now, assume that A € A has real eigenvalues \; > A\ and let A = QRQ” be decomposed

into its unique real Schur decomposition. If

q 1—¢?
Q=
—/1— ¢ q
for some 0 < ¢ < 1, equating coefficients, we obtain the relation

ail a2 q 1—¢? AT q —/1—¢?
az a2 —y/1—¢? q 0 A 1—¢? q

which implies that
al] = (/\1 — )\2)(]2 4+ Ao +7g/1 — q2
a12 = —(A1 — M)gy/1 — > + ¢*r

ag1 = —(A1 — X)g/1— > —r + ¢°r

(4.9)

ase = —(A1 — X2)@® + A1 — rqy/1 — ¢2

Similarly, if

ail a2 q 1—¢? AT q 1—¢?
a1 a2 1—g¢q

which implies that
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ain = (A1 — A2)@® + A2 +rg/1 — ¢?

a2 = (M — X2)g\/1 — ¢? — ¢*r
(4.10)

azt = (M = X2)gy/1 —¢* + 7 —¢*r

azg = —(A1 — M)@® + A —rqy/1 — ¢?
Notice the symmetry between the cases: the diagonal entries are equal, and the off-diagonal
entries are negatives of each other. This allows us to combine the conditions.

If ¢ = 0, we obtain the relation

alr  a12 0 1 AT 01

as1 a2 1 0 0 )\2 1 0

which implies that

a11 = A2,a12 = 0,a21 = 1,022 = A1.

Since P(a12 = 0) = 0, such a decomposition will not contribute to an integral over A € A, so
we exclude the possibility that ¢ = 0.

When g = 1, we obtain the relation

ailr ai2 1 0 Al T 1 0

a1 G22 0 1 0 X 01

which implies that

a1l = A1,a12 = r,a21 = 0,a22 = Aa.

Similarly, since P(ag; = 0) = 0, we exclude the possibility that ¢ = 1.
Therefore, the above discussion tells us that when A € A has two real eigenvalues \; > Ao
(and a2 # 0,a91 # 0, with happens with probability one), there exists a unique point (r, q), with

r € R and g € (0,1), such that the entries a11, a2, a1, age and the variables A1, Ao, 7 and ¢ satisfy
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exactly one set of the equations (4.9) or (4.10]). Define the subset of R*

B={(\,A2,7,q) | A1 > Ag,
q € (0,1),
(A1 = A2)@® + Az +rqV/1 — ¢% € (a1, Bur),
(A1 = A2)gV/1— ¢ + ¢*r € (=Pi2, —a12) U (ar2, B12),
(A1 = A2)gV/1— 2+ 1 — ¢°r € (—Bar, —az1) U (@21, Ba),
— (A =)@+ M — g1 — % € (aa, 22)}.
Consider the map which sends a matrix A € A (with a;2 # 0 and ag; # 0) to its unique
Schur decomposition, where the eigenvalues on the diagonal of R are listed in decreasing order and

the first non-zero entry in each column of @ is positive. Proposition shows that this map is

injective. To see that this map is surjective onto B, suppose that (A1, A2, 7, q) € B. Then letting

an = (A — ) + A +r¢y/1— @2
a1z = (A — A2)gV/1— @ — ¢°r

azn = (M = A)gV/1— @ +7—¢’r
agy = —(A = A2)@” + M —rqV/1 — ¢

gives us a matrix A € A which maps to that point. Thus, B is the image of A under this map, and

therefore (4.7)) equals

1
/B H (Bij — aij) H ]l{aijS(QRQT)ijSﬁij}((QRQT)U) [A1 = Ao| drdgdAidAs.
1<i,j<2 VU t 1<i,5<2

This integral can be written as

dan ) L L

Liocge1} (@ L pasrny A 22) | [T Vay<@ror), <1 (QRQT i) | 1A = Xo| drdgdAds.
1<4,5<2

1<i,j<2

(4.11)
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Recalling now that

Axipe ={(r,9) ¢ € (0,1),
(A1 = A2)@® + A2 +7qV/1 — g2 € (au1, Bun),
(M = XA2)qV1— @ + ¢*r € (= P12, —a12) U (a2, Br2),
(M = X)qV1— ¢ +7— ¢ € (—Bar, —am) U (a1, Bar),

— (M = M)+ M —rg/1 — % € (ag, Ba2)},

we may rewrite (4.11]) succinctly as

1 oo o0
H B —a) / / / (A1 = Ag| drdgdAidAs, (4.12)
— 00 )\2 A>\1’A2

1<ig<e (P ~ @id)
proving Theorem O

Let the quantity in (4.12]) be denoted by ps. If po # 0, the joint density of the eigenvalues
for the 2-by-2 generalized bounded height model random matrices, given that both eigenvalues are

real, is given by

1 1
p(A1,A2) = — / A1 — Ao| drdg,
2p2 1Sgﬁ2 (Bij — i) | Jay, s,

where py is the normalization constant and the factor of 1/2 removes the ordering of the eigenvalues.
The probability given by (4.12) is very hard to calculate, even in so-called nice cases like
when a1 = a2 = ag1 = az = 0 and B11 = Bi2 = P21 = P22 = 1, which will be explored in

Chapter 5.

4.7 Probability of all real eigenvalues for n-by-n generalized bounded height

model random matrices

Again letting o;; < B;; for all 1 <4,5 < n, we now apply Edelman’s method to the n-by-n

matrices from the generalized bounded height model ensemble, giving a proof of Theorem [4.1.2
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Proof of Theorem[4.1.9. Let A be the set of n-by-n matrices with entries a;; in [ayj, 5;5] for each
1 < 4,7 < n which have exactly n real and distinct eigenvalues. By Lemma the probability
that A has repeated eigenvalues is zero. Therefore, the probability that A has all real eigenvalues
is given by the probability that A € A.

Let P(A) dA denote joint probability density function for the random matrix A on the space
of n-by-n real matrices with respect to the Lebesgue measure on R"™. Since the entries of the
matrix A are independent, we have

payda=| ] (6—1a) T oy <a<sy(a) | dA
1<ij<n N7 W 1<ij<n
and the probability that A has all real and distinct eigenvalues is given by
/ I || T teyce,<py(ay) | da. (4.13)
Aca \ iiey Big —aig) |\ o, T

For A € A, letting QRQ™T be decomposed into its unique real Schur decomposition given by

Proposition this change of variables gives

H ]l{az‘j <a;;<Bij} (aij) = ]l{OéijS(QRQT)ij <Bij} ((QRQT)U)

1<i,j<n

This decomposition, as defined in Definition [£.3.1], should be interpreted as a change of
variables from the n? entries ai1, . . ., ann of A to the n? new variables given by the n real eigenvalues
AL, ..., A of A, the n(n — 1)/2 real strictly upper triangular entries r12,...,r,—1, of R, and the
n(n — 1)/2 angular parameters 619, ...,6,_1 5, each contained in [0, 27), of the orthogonal matrix
Q. (We will see momentarily that this provides a correct count and characterization of the new
variables. Alternatively, one may immediately read this fact off of the chart provided on page 217
of [56].) This decomposition is made unique by specifying that the first non-zero entry in every
column of ) is positive and that the eigenvalues of A are listed in decreasing order on the diagonal
of R, as according to Proposition [4.5.3

Proposition shows that the Jacobian of this change of variables is given by

[T =Nl @R)(QTdQ)d: ...,

1<i<j<n
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where we recall that (dR) is the wedge product over the strictly upper triangular elements of R and
(Q7dQ) denotes the wedge product over the 2n(n — 1) independent elements of the antisymmetric
matrix Q7dQ, and Ai,...,\, are the real eigenvalues of A. Therefore (4.13), and hence also the

probability that A has all real eigenvalues, equals

X

1

/A 1<£.I<n (Bij — i)
I Yey<©rom)<s (QRQD)) | T 1N — Nl @R)(QTdQ)dA ... dN,,  (4.14)

1<i,j<n 1<i<j<n
where A is the image of the region A under the map which changes variables according to the real
Schur decomposition. In order to find the region A, we must find restrictions on the variables in R,
Q, and \q,...,\,, which ensure a unique real Schur decomposition and which count each matrix

in A exactly once.

We now investigate the restrictions required by Proposition which make the real Schur
factorization unique for the the n-by-n case. We begin by considering any n-by-n orthogonal matrix

Q given by

For each 1 < j < n, let ¢,; denote the first non-zero entry in the j-th column of (). Due to positivity

and orthogonality requirements, the entries of ) must satisfy the equations

q*j>0 I1<j<n
Zyzlqgjzl 1<i<n

Zlgkgn Gikqik =0 1<i#j<n.
In [135], Raffenetti and Ruedenberg give a recurrence relation which constructs a general n-by-n
orthogonal matrix, which we will refer to as the Raffenetti and Ruedenberg algorithm. For

1 <i# j < n, they define the matrix A;; as the matrix with cos(6;;) as the diagonal entries in the



144

ith and jth columns, with sin(f;;) as the ij entry and with —sin(6;;) as the ji entry. Here, each
0;; is an angular parameter contained in [0, 27). All other diagonal entries of the matrix are 1, and

all other off-diagonal entries of the matrix are 0. They then give the sequence

Q=Q"

Q(i) =AD s =923 .. n

t(i) —

A = Ay Ag Ay, i=2,3,...n
QW =+1
where letting QM) = 1 gives n-by-n orthogonal matrix with determinant 1 and letting Q) = —1

gives n-by-n orthogonal matrix with determinant —1. We read off that this orthogonal matrix is

given by the %n(n — 1) independent angular parameters, each contained in [0, 27),
O = {012,013,...,01n,023,...02,...,0n 10}

This construction gives only an orthogonal matrix with the specified size and determinant, and
does not make specific entries positive; we will address this by specifying the appropriate region of

integration.

Let @ be parameterized as according to the algorithm, and let

Al T2 T

T'n—1n

An
Let

O = {912, 913, . ,Gln, 923, ce 92m ey Gn_lm},

where each angular parameter in © is contained in [0, 27), and let

pP = {7“12,7“13, ce s TIn, 7235 -+ - T2ny - - - 77ﬂn71,n}~
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Therefore, for any A € A with real and distinct eigenvalues Ay > --- > \,, the uniqueness of
the real Schur decomposition given in Proposition tells us that there exists exactly one
point (712,713, -+, F1ns 7235 - - - T2ns - - - > Tn—1m, 012, 013, . ., 01, 023, .. . O2p, ..., On_1) € (p,O) sat-
isfying the equations Q,; > 0 for 1 < j < n, QTQ = I, and a;; = (QRQT)ij for 1 <4, <n.

Define the subset of R™

B={(\, A0, ©) [ AL >+ > Ay
Q+j >0 for 1 < j <n,
Q=1 (4.15)

ai; < (QRQT)i; < Bij for 1 < i,j < n}.

Consider the map which sends a matrix A € A to its unique Schur decomposition, where
the eigenvalues on the diagonal of R are listed in decreasing order and the first non-zero entry in
each column of () is positive. Proposition shows that this map is injective. To see that this
map is surjective onto B, suppose that (A1,...,\n,p,0) € B. Letting a;; = (QRQT);; for each
1 <4,5 < n gives us a matrix A € A which maps to that point. Thus, B is the image of A under
this map, and therefore equals

1
S\ e )

1<ij<n

I Yeu<@ramy<s (QRRQTG) | T 1N — Xl (AR)(@QTdQ)dA, ... dA,.

1<i,5<n 1<i<j<n

This integral can be written as

1 [oe) o0
Bl / II Yo,s000 - On1n)ligromr, (12, - On1n)
1<i,5< (ﬁ” a”) — 0 1<<
SL)SN <i1<n
X Loy sesng (Moo An) H 1oy, <(QRQT), <} (QRQT i) (4.16)
1<i,j<2

< T 1IN =Xl (dR)(QTdQ)dA ... dX,.

1<i,j<n
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For any real Ay,..., A\, recalling now that

Axionn ={(p,0) [ Qs > 0 for 1 < j <,
QTQ = Ina

ai; < (QRQT)i; < Bij for 1 < i,j < n},

we may rewrite (4.16) as

| /_Z/Am/m/ [T 1h =Nl @RQTdQ)dN ...,

1<i<j<n (61.7 - al]) A2 A)\l ,,,,, An 1<i<j<n

proving Theorem |4.1.2 O



Chapter 5

Eigenvalues and fluctuations of perturbations of large box model random

matrices

5.1 Introduction and main results

This chapter begins with a section which presents an example showing that, under mild
assumptions on the iid matrix entries, the expected characteristic polynomial of a matrix A has
all real roots. Does this mean that we should expect A to have all real eigenvalues with high
probability? Unfortunately not. In fact, Figure |5.1] provides an illustration of the eigenvalues of
integer matrices. We can see that most of the eigenvalues appear to not be real.

After introducing some preliminary results and tools in Section the rest of the chapter
investigates the eigenvalues of generalized large box model random matrices.

In Section we let aj; < B35 € R for each 1 <4,j < n and consider the random matrices
whose entries are uniformly distributed on [a;; N, 8;; N|NZ and jointly independent, as N — oo. We
will see that when scaled appropriately, the empirical spectral measure of these matrices converges
weakly in distribution to the empirical spectral measure of the random matrices whose entries are
uniformly distributed on the continuous interval [aj, 8;5] for 1 <, < n and jointly independent.
This gives a kind of equivalence between these types of matrices, allowing us to work with the
continuously distributed entries when necessary. This result is contained in the following main

theorem.

Theorem 5.1.1. For each 1 <1i,j < n, let oj; < B;; € R. Let A be an n-by-n random matriz with

entries that are uniformly distributed on [oj N, Bi; N NZ for 1 <i,j < n and jointly independent.
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Figure 5.1: The top left figure shows the eigenvalues of 1000 3-by-3 random matrices with entries
uniformly distributed on [0, 10'°]NZ and scaled by 10'®. The top right figure shows the eigenvalues
of 1000 6-by-6 random matrices with entries uniformly distributed on [0, 10'®] N Z, scaled by 10%°.
The bottom left figure shows the eigenvalues of 1000 3-by-3 random matrices with entries uniformly
distributed on [-10?,10'%] N Z and scaled by 10'°. The bottom right figure shows the eigenvalues
of 1000 6-by-6 random matrices with entries uniformly distributed on [—10%,10'%] N Z, scaled by
101°.

Let B be an n-by-n random matriz with entries that are uniformly distributed on [auj, Bi;] for
1 <i4,5 <n and jointly independent. As N — oo, for 0 < k < n, the probability that A has exactly
k real eigenvalues converges to the probability that B has exactly k real eigenvalues. Moreover,
the empirical spectral measure of A/N converges weakly in distribution to the empirical spectral
measure of B. Finally, the joint distribution of the eigenvalues of A/N converges in distribution to

the joint distribution of the eigenvalues of B.

Theorem is illustrated in Figure [5.2
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Figure 5.2: These images demonstrate Theorem The left image shows the eigenvalues of 5000
6-by-6 random matrices with entries independently and uniformly distributed on [0,10%] N Z and
scaled by 101, The right image shows the eigenvalues of 5000 6-by-6 random matrices with entries
independently and uniformly distributed on (0, 1).

In Section [5.5] we consider what happens to the eigenvalues of an n-by-n random matrix
A with entries independently and uniformly distributed on the integers [—N, N] when perturbed
by another matrix P whose entries are all uy, as N — oo. We consider the three cases where
un/N — oo, uny/N — 0, and un/N — ¢, for ¢ € R. In general, we will see that if we add very
large perturbations, the eigenvalues of “LJF—NP converge almost surely to the eigenvalues of the n-by-n
all ones matrix J,. If we add very small perturbations, the empirical spectral measure of A%P
converges weakly almost surely to the empirical spectral measure the n-by-n matrix whose entries
are iid and uniformly distributed on [—1,1]. If we add a perturbation of just the right size, we

see that the resulting spectral measure has exactly one outlier. We have the following three main

results.

Theorem 5.1.2. Let A be an n-by-n random matrix whose entries are independently and uniformly
distributed on [—-N, N]NZ. Let P be the perturbation matriz whose entries are all py € R, with
limpy 00 “WN = 00. Normalizing the eigenvalues of A4+ P by un, we have that as N — oo, the largest
eigenvalue (in magnitude) of (A + P)/un is real with probability tending to one and converges to

n almost surely. As N — oo, all other eigenvalues of (A + P)/un converge to 0 almost surely.
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Theorem 5.1.3. Let A be an n-by-n random matriz whose entries are independently and uni-
formly distributed on [—N, N|NZ. Let P be the perturbation matriz whose entries are all uy, with
limpy 00 5 = 0. Then the empirical spectral measures of A/N and (A+P)/N both converge weakly
in distribution to the empirical spectral measure of the matriz whose entries are iid and uniformly
distributed on [—1,1]. Moreover, the joint distribution of eigenvalues of A/N and (A+ P)/N both
converge in distribution to the joint distribution of eigenvalues of the matriz whose entries are iid

and uniformly distributed on [—1,1].

Theorem [5.1.3|is illustrated in Figure [5.3

- +* + * 2 4
- + N .
27 C N B, e o . S
+ #’F ++¢+ ﬁ@ 4 « ® . .'0. . * .
w | + i *£¢+ . - .- oo, .. .
° ”# + * + s 4 o * ., *
+4 o . h .
+ ++ . ++++ .. .
3 WWWW%M* S | mes o assmnnnnss :——-0- sonmonmsmne soms o
+ +# S +++++ .- L .. .. .
2 A +:+ i++¢t+ + 4 o > g .
<+ . .e (14 .
+ # +#'+‘ ¢'¢ # + . . - . ,..’ .
@ R SR E SR
' LR .. .
@ | +y + + @
—' T T T T T T T T T T T T T T
1.5 1.0 0.5 0.0 0.5 1.0 15 1.5 1.0 0.5 0.0 0.5 1.0 15

Figure 5.3: The image on the left illustrates Theorem The blue dots represent the eigen-
values of fifty 4-by-4 random matrices with entries independently and uniformly distributed on
[~10'5,10%] N Z, and scaled by 10'5. The red crosses represent the eigenvalues of the same fifty
matrices, but with every entry perturbed by v/ 10 and also scaled by 10'5 For reference, the blue
dots in the image on the right represent the eigenvalues of fifty 4-by-4 random matrices with entries
independently and uniformly distributed on [—1,1].

Theorem 5.1.4. Let A be an n-by-n random matrix whose entries are independently and uniformly
distributed on [-N,N|NZ. Let ¢ > 0, and let B be the n-by-n random matriz whose entries are

independently and uniformly distributed on [—1+ ¢,1+ ¢]. Let P be the perturbation matriz whose
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entries are all py, with imy_, 5§ = ¢. Then as N — oo, the empirical spectral measure of

(A+ P)/N converges weakly in distribution to the empirical spectral measure of B.

Remark 5.1.5. When limy_,o 5 = —00 or when limy_,o ¥ = ¢ with ¢ < 0, the theorems above

hold with minor adjustments.

In each of Theorems [5.1.2, [5.1.3] and [5.1.4] the matrix P whose entries are all py can be

expressed as P = puy117, where 17 = (1,1,..., 1) is a row vector of length n. Letting .J,, be the
n-by-n matrix of all ones, we can also express this as P = uyJ,. Observe that the rank, or number
of independent rows, of P is one. Adding P to the matrix A (which has iid entries uniformly
distributed on [-N, N] N Z and jointly independent) is therefore an example of an additive rank
one perturbation of A.

In 2013, Tao [153] studies outlier eigenvalues created by low rank additive perturbations
to certain iid matrices. Tao reminds the readers of the circular law, which he uses along with a
finite fourth moment assumption on the matrix entries and a truncation argument to quickly prove
asymptotic results regarding the spectral radius and operator norm of the normalized (unperturbed)
iid matrix. Essentially, these results show that as the matrix size tends to infinity, the iid random
matrices considered by Tao do not have eigenvalues outside of the unit circle with high probability.

This is stated precisely in the following theorem.

Theorem 5.1.6 (Theorems 1.3 and 1.4 in [153]). Let X,, be an n-by-n iid random matriz, with
complex entries that are normalized to have mean zero and variance one. Then as n — oo, “ﬁXn
converges almost surely to the circular measure ., where dy. = %l‘zgldz. Additionally, if the
entries of X, have finite fourth moment, then as n — oo, p (ﬁX,J converges to 1 almost surely

and for any finite m > 1, H(ﬁXn)mHOp converges to m + 1 almost surely.

Now, let X,, be an n-by-n iid random matrix, with complex entries that have mean zero,
variance one, and finite fourth moment. With the asymptotic behavior of the eigenvalues of ﬁXn
established, Tao considers an n-by-n deterministic perturbation matrix P,, which has both rank

and operator norm O(1). He shows that if P, has eigenvalues which are sufficiently far enough
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away from the unit disk, then as the matrix size tends to infinity, the matrix ﬁXn + P,, has the
same number of outlier eigenvalues as P,, and they are within distance o(1) of the corresponding
eigenvalues of P,,. The exact statement of this theorem was given earlier, as Theorem

Theorem shows that when limy_, 55 = o0, the largest eigenvalue of (A + P)/un =
A/pun + Jy, tends to n, which is the largest eigenvalue of the matrix of J,,, almost surely as N — co.
Observe that the eigenvalues of J,, are n (with multiplicity one) and 0 (with multiplicity n — 1),
and that J, has rank one and operator norm n. The hypothesis of our theorem is quite different
from Tao’s; our atom distribution is very specific and is not normalized to have unit variance, and
the dimension n of our matrices stay fixed while Tao takes n to infinity. But interestingly, although
Tao’s theorem is not directly applicable to our situation, it still accurately predicts the asymptotic
location of the outlier eigenvalue of A/un + Jp.

While Tao’s result is much more general in the sense that it holds for perturbations of higher
rank and for broader classes of atom distributions, our result is useful because it holds for every
matrix dimension n. Theorem [5.1.2| is proven by applying Rouché’s theorem to appropriately
chosen circles around the roots of the characteristic polynomial of (A+ P)/uy and the roots of the
characteristic polynomial of the all ones matrix. Tao proves Theorem 1.7 by using the following

eigenvalue criterion.

Theorem 5.1.7 (Eigenvalue criterion, Lemma 2.1 in [153]). Let z be a complex number that is not

an eigenvalue of ﬁXn. Then z is an eigenvalue of ﬁXn + P, if and only if
1 -1
det (I + Bn <\/ﬁXn — Z) CTL> = O,
where P, = C, B,,.
After applying the eigenvalue criterion, he applies Rouché’s theorem to the functions

F(z) = det (1 + B, <\/15Xn - z> - cn>

and

g(z) = det <I + By (—2)7" C’n>
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to conclude the proof.

While this machinery was not necessary for the proof of Theorem [5.1.2], it was precisely these
techniques that made it possible for us to investigate the fluctuations of the largest eigenvalues of
rank one perturbations of large box model random matrices, discussed in Section and lead to

a proof of the following theorem.

Theorem 5.1.8. Let A be an n-by-n random matriz with entries independently and uniformly
distributed on [-N,N]| N Z. Let P be the perturbation matriz whose entries are all uy, with
im0 “WN = 00. Let Amax denote the largest, in magnitude, eigenvalue of A + P. Then as

N — o0,

n n
Amax — MUN d Zj:l Zi:l Xij
2 )
niN n

where X;; are independently and uniformly distributed on (—1,1) for 1 <i,j <n.
Here, when a < € Rand X; ~ U(a, 8) for 1 < i < n are jointly independent, the continuous
probability distribution defined by
1o
X=- z; X;
is known as the Bates distribution [12]. In other words, Theorem shows that when
limpy o0 5 = 00, the centered and scaled largest eigenvalue (in magnitude) of A+ P converges in
distribution to the Bates distribution with n? parameters.

Rajagopalan [137] expanded on Tao’s work in [153] by examining the fluctuations of the
outlier eigenvalues that result from additive perturbations. Under assumptions similar to Tao’s,
Rajagopalan let X,, be an n-by-n iid complex random matrix whose entries have mean zero and
variance one. Let P, be a perturbation matrix with rank and operator norm bounded by O(1). For
a fixed € > 0, Rajagopalan also assumes between 4 + ¢ and 8 + ¢ bounded moments for the atom
distribution of X,,, depending on the eigenvectors of the perturbation matrix. Let A\p.x denote the
largest (in magnitude) eigenvalue of X,,/\/n + P,.

In the special case where the perturbation matrix is given by

et () ()
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where |un/N| > 1 and 4 + € bounded moments for X, are assumed, Rajagopalan shows as a

discussion to his main theorem that as n — oo, the normalized fluctuation /n(Amax — pn/N)

i /NPEXS o

converges in distribution to a complex Gaussian ¢ with mean zero, Eg? = Tin /NP—EXT» &
- 11

2 _ _|lun/NP?
Elgl” = v /et

As before with our comparison to Tao, the entries of our matrix X, do not have variance
one, and we are not considering the limit as the matrix dimension tends to infinity. On the
contrary, our result for finite dimension n in this case looks quite different than Rajagopalan’s for
limiting n: Theorem says when the random matrix A is drawn from the large box model
and P = uN]lILT with Impy_ys0 “WN = oo, the fluctuation of the largest eigenvalue Apax of A+ P

W, where each X;; ~ U(—1,1)

given by L (Amax/N — nun/N) converges in distribution

is iid and jointly independent, as N — oco. Of course, we note that as n — oo, the central limit

theorem (see for instance Theorem 3.4.1 in [48]) says that when the iid random variables X;; are

uniformly distributed on [—+/3,v/3] (so that they are normalized to have variance one) and jointly

2t Z?:l Xi
n

independent, then I converges in distribution to a standard Gaussian.

Of course, Rajagopalan’s main theorem is much more general than ours, able to handle
perturbations of rank O(1), rather than just rank one. However, his theorem only applies as
n — 00, and it is interesting to see that for large box model random matrices and for finite n, the
limiting distribution is in terms a Bates distribution, rather than a Gaussian distribution.

In another special case of his main theorem, Rajagopalan provides another example for
rank one perturbations. Let |#| > 1 and let P, be the perturbation matrix whose (1,1) entry
is 6 and all other entries are zero. Assume 8 + € bounded moments for the atom distribution
X11. Observe that 6 is the only non-zero eigenvalue of P,. Let Anax be the largest eigenvalue of
X,/v/n + P,. Rajagopalan finds that as n — oo, the centered and properly normalized outlier
fluctuations converge in distribution to Xi; + g, where ¢ is a complex Gaussian with E(g) =
0,E(g%) = 0, and where E(|g|?) has the distribution of complex Gaussian random variable with

mean zero and variance |0|21_1. While we did not consider perturbations of this kind, we suspect

it would be possible to apply the proof methods of this thesis to this case as well, yielding more



155

information about eigenvalue fluctuations for finite n.

The proof of Rajagopalan’s main result relies on the Lidskii- Vishik-Lyusternik theorem, which
he states in Appendix A. This theorem provides an algorithm for finding the spectrum and fluc-
tuations of the eigenvalues of an n-by-n deterministic matrix when perturbed by a sequence of
perturbation matrices whose entries are all bounded by o(1).

Another very recent finding regarding eigenvalue fluctuations is one by Banerjee, Mukherjee,
and Pal [10], who considered the largest eigenvalue of symmetric random matrices X,, where the

= O(n=(1%9), for any

entries are standard Gaussians which also satisfy sup; j).qr j»y |E[Xij Xij]
e > 0. As the matrix size tends to infinity, they prove that the largest eigenvalue of X, /\/n
converges to 2 almost surely by considering the formula

B 1
tr[(n 1/2Xn)k] _ W Z Xiyig - ..Xik,il,

11,8250 0k

and giving a combinatorial argument which counts these powers. They then use Wick’s formula
which calculates E(X; X5 --- Xj) to bound E(tr[n~/2X,,)¥]), and then apply Markov’s inequality
to bound the probability that the largest eigenvalue of X,,/y/n is greater than 2+ v, for some v > 0.
Summing over the contribution from the trace powers, they complete the proof by an application
of the Borel-Cantelli lemma.

= O(n=U49), when e > 1, Banerjee, Mukherjee,

Recalling that sup; jy( E[Xi; X ]

i'.5")
and Pal also consider perturbations of the form P, = ﬁ]l]lT, where A > n!/4. In this case, they
find that the properly normalized largest eigenvalue fluctuation converges in distribution to v/2Z,
where Z ~ N(0,1). They accomplish this by first finding another representation of the largest
eigenvalue, and then by showing that as n — oo, %Zlgi, j<n Xij has a Gaussian distribution with
variance 2. Although we did not consider symmetric matrices with Gaussian entries or let our
matrix dimension n tend to infinity, it is interesting to us that in yet another case, the normalized

largest eigenvalue converges to an integer almost surely as n — oo, and that the properly normalized

fluctuations tend to a Gaussian random variable, as in the result of Rajagopalan.
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5.2 Expectation of characteristic polynomial for matrix with iid entries

We begin with an example that suggests it may be reasonable to assume that a random
matrix with particularly nice entries has a high probability, or even probability one, of having all
real eigenvalues.

Let I, denote the n-by-n identity matrix. Recall that the characteristic polynomial of a
matrix A € M, (C) is given by

pa(t) = det(tl, — A).

Consider a random matrix A € M, (R) with independent and identically distributed entries.
We show that the deterministic polynomial whose coefficients are given by the expected value of
the coefficients of the characteristic polynomial of A has all real roots.

We begin by introducing principal minors, the sums of which will comprise the coefficients

of the characteristic polynomials. The following definition is due to Horn [79].

Definition 5.2.1 (See Section 0.7.1 in [79]). Let A € M, (R). For index sets o C {1,...,n} and
B C{1,...,n} we denote by Aa, 3] the submatrix of entries that lie in the rows of A indexed by «
and the columns indexed by 5. If & = 3, A|e, o] is a principal submatrix of A. The determinant

of a principal submatrix of A is a principal minor of A.

Let Ei(A) denote the sum of the principal minors of A of size k. Since a principal submatrix
of size k is formed by keeping the same k rows and k columns of the original matrix A, and there are
exactly (Z) possible ways to choose the rows (and hence also the columns), there are (Z) principal
minors of A of size k.

The characteristic polynomial of A can be written as
pat) =t" — B (A" 4 4 (=D IE, (At 4 (—1)"E,(A), (5.1)
for instance, see (1.2.13) in [79].

Theorem 5.2.2. Suppose that for 1 < i,j < n, the entries a;; of A € My(R) are independently

and identically distributed with E|aq1| < co. Suppose further that the mean of each entry is p € R.
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Then

E(pa(t)) : = E(det(tI — A))
=" —E(B (A" 4o (1) E(Bp-a (A)E + (-1)"E(En(A))

=" — nut" L.
In particular, the deterministic polynomial E(pa(t)) has all real roots.

Proof. Observe that E1(A) is the sum of all principal minors of size one of A. This is the sum of
all entries that lie in the k-th row and k-th column of A, for each 1 < k < n. This is simply the

trace of A. We have

by the linearity of expectation and since each entry of A has mean pu.

Now consider the expected value of Ey(A), for each 1 < k < n. For k = 2, we know that
E5(A) is the sum of the (g) determinants of the 2-by-2 principal submatrices of A. The determinant
of each 2-by-2 submatrix of A (and hence also the principal minors of A of size 2) can be written
as

Ai5 Ak
det = aijaik — A5k,

apj ok

for some 1 <i <l <nand1l<j<k<n. By linearity of expectation, the independence of the
entries of A, and the fact that the identically distributed entries satisfy E|aq1| < oo, we compute

by Theorem 2.1.13 in [48] that
E (asjan — ajaix) = E(aij)E(ak) — E(ar;)E(ax)
— 22

=0.
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This shows that the expected value of the determinant of each 2-by-2 submatrix of A is zero. In
particular, the expected value of each of the (g) principal minors in the sum of Fy(A) is zero. From
this and the linearity of expectation, we conclude that E(E2(A)) = 0 as well.

We now proceed by induction to show that the remaining coefficients of E(pa(t)) are zero.
Assume k > 2, and let our inductive hypothesis be that the expected value of the determinant of
every k-by-k submatrix of A is zero. In particular, this means that the (Z) summands that comprise
Ei(A) have expectation zero, implying that E(E;(A)) = 0 for k. Now consider E(Ex41(A)). Every
principal minor in the sum of Ej1(A) is a determinant of a (k4 1)-by-(k + 1) submatrix of A. For
the determinant of any (k+ 1)-by-(k + 1) submatrix of A, consider the cofactor expansion along its
first row. Each cofactor in this determinant is multiplied by the determinant of a k-by-k submatrix
of A, which has an expectation of zero by our inductive hypothesis. By Theorem 2.1.13 in [48],
the expectation of the product of the cofactor and the k-by-k determinant also has an expected
value of zero. Since this is true for every cofactor appearing in the first row, the expectation of
this summand is zero. Hence, by the principle of mathematical induction, the expected value of
the determinant of every (k + 1)-by-(k + 1) submatrix of A if zero. In particular, the expectation
of Ex41(A) is also zero.

This shows that

E(pa(t)) = t" — nut™ 1.

Factoring this polynomial into

tnil (t - nu)a

we see that it has a root at ny with multiplicity one, and a root at 0 with multiplicity n — 1. These

roots, and hence the eigenvalues of A, are clearly all real. O

Consider now the special case where each entry of the n-by-n matrix A is independently and

uniformly distributed on [—N, N] N Z. Then for every fixed N,

E(pa(t)) =",
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so therefore
lim E(pa(t)) =t"
N—00
as well, perhaps suggesting a high number of real eigenvalues. Unfortunately, we will see in our

investigation that it is highly unusual for a matrix, even with iid integral entries, to have all real

eigenvalues.

5.3 Definitions and preliminary results

This section contains all definitions, tools, and lemmas needed to prove the main theorems.

Definition 5.3.1 (Chapter 5, Section 5.6 in [79]). A function ||-|| : M, (C) — R is a matrix norm

if, for all A, B € M,,(C), it satisfies the following five axioms:
(1) Al =0
(2) ||A|l =0 if and only if A=0
(3) ||cA|l = ||||A]| for all ¢ € C
(4) A+ Bl < [|All +B]
(5) [IAB|l < [|[A[IB] -

Not all authors require a matrix norm to satisfy the submultiplicativity condition above,
but we have decided to adopt Horn’s convention. We will need the following two definitions, both

from [79], for bounds in our proofs.

Definition 5.3.2. The maximum magnitude of matrix entries || - ||max is defined on M, (C)
by
[Allmax = max |ai;|.
1<ij<n

We do not consider it a matrix norm because it is not submultiplicative.
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Definition 5.3.3. The maximum column sum matrix norm | - ||; is defined on M, (C) by
n
1Al = gj&sxnzg |aijl-
=

Example 5.6.4 in [79] shows that this is indeed submultiplicative, and therefore also a matrix norm.

The following lemma is used to bound the differences of the coefficients of the characteristic
polynomials of two matrices of the same size. It is similar to Lemma 12 in [127], which establishes

a slightly different bound for |det(R) — det(S)|, where R an S are n-by-n matrices.
Lemma 5.3.4. Let R and S be n-by-n matrices. Then for any 1 < k <mn,

|Ex(R) — Ex(S)| < R — 5 lmax (| Rllmax + 1S lmax)“ "

(n—k)!
Proof. We will proceed by induction. For k = 1, we have that

El(R) = tr(R) =R+ -+ R

and

El(S) = tI‘(S) =S 1+ 4+ Spn.

From the triangle inequality, it follows that

|E1(R) — E1(S)| = |Ri1 — S+ + Run — Shal
<> |Rii — Siil
i=1
< nHR_SHmax-

We will also show all of the details for the k& = 2 case. This will help the reader understand
the origin of the formula in the general case. Observe that Fy(R) is the sum of (g) principal minors

of size two. Each one of these principal minors has the form

(thl Rizjz - Riljz Ri2j1 )
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for some 1 < i1 < 49 < mand 1 < j; < jo < n. From here, we see that every summand of

|E2(R) — E5(S)| has the form
|(Riyjy Rigjy = Sijs Singa) + (SinjaSings = Rirja Ringy )|
which we may bound above with the triangle inequality by
|Ri\jy Riojo — Si1jiSisja| + |Si1jaSiajy — RivjaRisji| - (5.2)
Consider the first summand in (5.2). We add and subtract the same term to obtain the bound
| Rivji Ringo = Sivja Singo|
= [Riyji Rinjy = Riyjy Singo + RivjiSiajo — Sinji Sinjo |

< |Ri1j1 (Rizjz - Si2j2)| + |(Rilj1 - Siljl) Si2j2|

IN

[ Bllmax || 2 = Sllmax + R = Sllmax | Sllmax-
By symmetry, this shows that an upper bound for (5.2)) is
2[|R = Sllmax ([[Bllmax + [[5]lmax) -

Since there are (%) total terms in [E(R) — Eo(S)]| that have the form of (5.2)), altogether we have
the bound

[E2(R) — Ex(5)] < [R = Sllmax (1 Rllmax + [[Sllmax) -

n!
-2

Now consider |Ey(R) — Ei(S)| for 2 < k < n. We know that each principal minor of size k
of R is a determinant of a k-by-k submatrix of R. Using sigma notation where S, is the symmetric
group of k elements and ¢ is a permutation in Si, and relabeling the rows and columns that appear
in the principal submatrix to go from 1 to k, we can express each of the (}) terms of |Ej,(R) — Ey(9)|
as

> sen(o)Rioy - Rioe) — Y, 880(0)S151) * * Skoh)

ocESK oc€SE

< Z |Rio(1) - Rio(r) — S1o(1) - Sko() | -

o€Sk
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Now consider only a single permutation, which we call o, of the above expansion. Let our inductive

hypothesis be that for ¢ € S;_; with the appropriate relabeling,

|Rio() R 1o(e-1) = S10(1) " St—toe-1)| < IR = Sllmax (| Rllmax + [|S]lmax)* 2.

which trivially holds when k£ = 2 and has been shown to hold for the base case when k = 3. Then

for o € Sk, by adding and subtracting the same term and applying the triangle inequality, we have

that

|Rio(1) -+ Rotr) — S101) -~ Sko(h)|
< |Rio(1y +* Rrotk) — Rio() - Re—10(k—1)Sko (k)|
+ | Rio) - Bem1o(k—1)Sko(k) — S1o(1) - - Sko(h)]
=[(Rio(1) " Br-10(k-1)) (Riotk) = Sko(r) |
+ |(Rio(1)** Ri—1o(b-1) — S10(1) " * Sk—10(k—1)) Sko()|
< || Rllfrax |1 B = Slimax + [[Sllmaxl| R = S lmas([| Rllmax + 15 lmax)* >
= IR = Slhmax (IRt + 15 max (1Rllma + 1S Thmes)*~2)

< HR - SHmaX (HRHmaX + HSHmaX)k_l

where we used the inductive hypothesis to bound the differences of the products of £ — 1 terms and
the binomial theorem to obtain the last line. Since there are k! permutations in S, and (Z) such

terms to consider for |Ek(R) — Ex(S)|, we obtain the final bound

|Ek(R) - Ek(5)| < 1 ||R - SHmaX (HRHmax + ||S||maX)k71 .

n!
(n— k)
O

Lemma 5.3.5. Let a;; < B;j € R for each 1 < 4,5 < n. Let B be an n-by-n random matriz with
entries b; that are independently and uniformly distributed on [cvj, Bij] for each 1 <i,j < mn. Let

A be the random matriz where for each 1 <i,5 <n and 1 <1< |B;; N| — [ay; N|+ 1,

: (Bij—aij)(1=1) (Bij—aiz)l
. [ayNT+ (1), if bij € aij+WW,aij+Wai;Nm)
iy —

(5.3)
|Bij N | + 1, if bij = Bij
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Then

|Ex(A/N) — Ex(B)| = O(1/N)
almost surely for each 1 < k <n.

Proof. We will apply Lemma with R = A/N and S = B. For the coupled entries a;; and b;;,
we begin by bounding |a;j/N — b;;|.
If b;; = fi;, we have that

1

1B N] +1 _
== <5 O(1/N).

N

Bii N +1

|aij /N — bij| = ' By = |7 P

If b;; # Bij, we examine the distance of a;;/N from both endpoints of the interval containing

bij. A similar computation shows that for any 1 <1 < [8;;N| — [a;;N] + 1,

[O‘ij]\q*‘(l—l)_ s (Bij — i) (1 = 1) _
N <”+ww N] = [ay N 1+1)‘ OQ/N)

and

[aij]\ﬂ +({—-1) N (ﬁz] az]) _
N < 9 1B,N] — [ag N +1)’ = OW/N).

Altogether, we have

|aij/N — bij| = O(1/N)
as well. Since all of the entries of A/N and B have been coupled in this manner, it follows that
|A/N = Bl|lmax = O(1/N) (5.4)
almost surely, where the implicit constant depends on «;j, 8;;, for 1 <4, j < n. Furthermore,
A/ o < max (e 1831

and

Bl < | max e 1851
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Finally, applying Lemma gives the bound

|Ek(A/N) — Ex(B)| <

n: _
— mHA/N - BHmaX(HA/NHmaX + HBHmax)k !

n k—1
< _ . |
< A = Bl (2 mas (s 1531 )
— O(1/N)
almost surely. O

Theorem 5.3.6 (Continuity Theorem, Theorem 1.3.1 in [136]). Let

n k
1) =3 me =[5 (mttm=n)
i=0 j=1
be a monic polynomial of degree n with distinct zeros z1, ..., zr of multiplicities m1, ..., my. Then,

given a positive € < mini<;<j<i |2 — 2j|/2, there exists a 6 > 0 so that any monic polynomial
g(z) = Y bzt whose coefficients satisfy |b; — a;| < 6, fori=1,...,n— 1, has exactly m; zeros

in the disc of radius € centered at z; for each 1 < j < k.

Theorem 5.3.7 (Theorem 29.4 in [22]). For random vectors X, = (Xn1,...,Xpk) and Y =
(Y1,...,Y%), a necessary and sufficient condition for X, LY is that ZIZZI tuXnu N Zﬁzl tuYu

for each (t1,...,t) in R,

Definition 5.3.8 (Definition 1.2.9 in [79]). Let A € M,,(C). The spectral radius of A is p(A) =

max{|A| : A € 6(A)}, where o(A) denotes the set of all eigenvalues of A.

Definition 5.3.9 (Definition 5.6.6 in [79]). Recall that the singular values of A € M, (C) are the
square roots of the eigenvalues of A*A, indexed in decreasing order, o1(A) > 02(A) > -+ > 0,(A).

The spectral norm || - [|2 is defined on My, (C) by
|A|l2 = 01(A), the largest singular value of A.

Theorem 5.3.10 (Theorem 8.1.22 in [79]). Let A € M, (C) be nonnegative, i.e., a;; > 0 for every

1<4,5,<n. Then
n n
min A < p(A) < max A
19@21 i S p(A) < 1<i<n £~ K
J= J=
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and
n n

min Ajj < p(A) < max Ajj
1<j<n < ] 1<j<n < 1
1= 1=

We will need the following theorem to show that the eigenvalues of our coupled matrices can

be made arbitrarily close.

Theorem 5.3.11 (Gelfand’s formula, Corollary 5.6.14 in [79]). Let || - || be a matriz norm on

M, (C) and let A € M,(C). Then p(A) = limy_,o || A*| /5.

The following lemma shows that a matrix whose entries are independently and uniformly
distributed on [N, N] N Z and scaled by N has all of its eigenvalues contained in the circle

centered at the origin of radius n. In this case, we say that the matrix has no outlier eigenvalues.

Lemma 5.3.12. Let A € M,(R), with every entry independently and uniformly distributed on
[-N,N|NZ. Then

p(A/N) <n
with probability one.

Proof. Let A be the matrix where every entry is independently and uniformly distributed on

[-N, N]NZ. Consider the maximum column sum matrix norm on A/N,
n
IA/N|lx = lrgjagn; |aij| /N,
1=

From the submultiplicativity of this matrix norm, it follows that |[(A/N)¥|; < |A/N|% for every
ke N.

Well,

n

IA/N| = max || /N

1<5<n
SI=En

n
11%22( n Zl N/N
1=

IN
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Therefore, by Theorem [5.3.11
. k
p(4) = lim [[(4/N)]/
—00
< lim (|| A/N]|7)"*
k—o0
< [[A/N|1

<n.

O]

The following theorem from Brailovskaya and van Handel [28] and the fact that Theorem
5.3.11implies that the spectral radius is bounded above by the spectral norm gives us a bound on
the probability of outlier eigenvalues for matrices whose entries are iid and uniformly distributed

n [—1,1].

Theorem 5.3.13 (Theorem 1.4 in [28]). Let X be an n-by-m matriz with X;; = b;;&;;, where bjj > 0
are arbitrary scalars and &;; are independent symmetrically distributed real random variables with

E(gfj’) < E(g*) for all i,j, and p € N (here g ~ N(0,1)). Define

2 2 _ 2
e gréax bw’ max E bzy? V, = max bi;-
i<n i<m j<m

Suppose that 11 < v9. Then

nv. 2 —Ct3/2

Xl > */ 1/3><
P(I1X1> > 01+ v+ 0, e

/3
for all0 <t < 4/52 , where C' is a universal constant.

Let us apply this theorem to the matrices with iid entries that are uniformly distributed on

[—1,1]. In this case, we have that v? = v3 = n and v = 1. Then Theorem [5.3.13[says that

_(43/2
e Ct

P (1] > 2vm + tn /) < C

for all 0 < t < n?/3. In particular, letting t = n?/3, this yields

—Cn

P ([|X]]2 > 3v/n) <
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While we do not know the precise value of the universal constant C, we see that outlier
eigenvalues should be unlikely, at least for n sufficiently large. Since we are working with finite n,
we will use the spectral radius bound of n given by Lemma which holds with probability
one. When the dimension n of an iid random matrix X,, with entries that have mean zero, variance
one, and bounded fourth moment tends to infinity, Theorem 1.4 in [153] shows that the spectral
radius of X,,//n tends to 1 almost surely. From simulations, it seems like the spectral radius of
our matrices should be closer to y/n with high probability, though we were unable to prove this. A

bound of this order would allow us to make more precise statements about outlier eigenvalues.

5.4 Equivalence of generalized large box model and generalized bounded

height model random matrices

We are ready to prove Theorem [5.1.1 which shows that the eigenvalues of the generalized
large box model random matrices and the generalized bounded height model random matrices
behave similarly, allowing us to work with the simplified continuously distributed matrix entries.

As with the polynomial model, Rouché’s theorem is the key ingredient of our proof.

Proof of Theorem|5.1.1. Begin by coupling the entries of the random matrices A and B with the
coupling described in Lemma Lemma and Remark show that this is indeed a
coupling of the entries of A and B. We refer to the coupled matrices as A’ and B’.

If x is an eigenvector of A with eigenvalue A, then

(;3) T = %(Ax) = %x,
showing that A/N is an eigenvalue of A/N. This shows that the eigenvalues of A/N are precisely
the eigenvalues of A scaled by a factor of N. In particular, A and A/N have the same number of
real eigenvalues. Therefore, it suffices to prove the first part of the theorem for A/N and B. Our
approach will be to use Theorem [2.6.5| on the characteristic polynomials of the coupled matrices

A'/N and B’, and then use that A ~ A" and B ~ B’ to deduce the desired result.
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Suppose that the entries of the matrix B’ are fixed so that B’ does not have any repeated
eigenvalues, which happens with probability one by Lemmam Fixing the entries of B’ also fixes
the entries of A" due to the assumed coupling. Let Aj,..., A, denote the eigenvalues of B’; order
the eigenvalues first by increasing magnitude and then by increasing argument in [0, 27). Note that
these eigenvalues are exactly the roots of the characteristic polynomial of B’. For any € > 0 and
1<j<n,let C N e denote the circle of radius € centered at )\;. Since the eigenvalues of B’ are all
distinct, there exists an r > 0 sufficiently small so that the circles C’,\fl -+ Ox poare all disjoint.
Since the entries of B’ are all real, the coefficients of the characteristic polynomial of B’ are also all
real, implying that any complex eigenvalues of B’ must occur in pairs. Therefore, if )\;- is a complex
eigenvalue of B’, the circle C’\er is contained entirely in the upper or lower half-plane; otherwise,
C’)\;Jﬂ would intersect the circle of radius r centered at the complex conjugate of )\;-, a contradiction
to the circles being disjoint.

Let 0 < € < r/2 be the radius of the circles centered at the eigenvalues of B’. Let f be
the characteristic polynomial of A’/N and let g be the characteristic polynomial of B’. For every

1<j<nandevery z € C’,\;76
9()] = 2= N[+ 2 = X, > @1 > € (5:5)

by the construction of the circles.

By (5.1]), the triangle inequality, and Lemma and Lemma [5.3.12] for every 1 < j < n

and every z € Cy ., we may bound
]7

() = g(2)| < |2 = 2" + ) |2["* [En(A'/N) — En(B))|
k=1

< D (N + " |Ex(A/N) — En(B)|
k=1
= O(1/N)

almost surely. This means that we can choose N sufficiently large so that

£ (2) = g9(2)] < € <lg(2)];
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for all z € C’)\;_,e. By Theorem A’/N and B’ (and hence A’ and B’) have the same number of
eigenvalues in C)\;-,e for every 1 < j < n.

This implies that the coupled matrices A’ and B’ have exactly the same number of real
eigenvalues. Indeed, for every real eigenvalue )\;- of B’, we know from Rouché’s theorem that the
circle C)\;-,e contains exactly one eigenvalue of A’. This eigenvalue must be real; otherwise CA;@
whose center is on the real axis, would capture the eigenvalue of A’ and its complex conjugate, a
contradiction to the number of eigenvalues in C N e On the other hand, if )\; is a complex eigenvalue
of B" and X is its complex conjugate, by assumption e is sufficiently small so that C N e nc Nie = 0.
This means that the circles cannot intersect the real axis, so the corresponding eigenvalue of A’ in
each circle must also be complex. Hence, for N sufficiently large, A’ has the same number of real
eigenvalues as B’. Since the entries of B’ were fixed to have no repeated eigenvalues, which happens
with probability one, this result holds for almost every realization of B’. Hence, as N — oo, the
probability that A’ has exactly k real eigenvalues converges to the probability that B’ has exactly
k real eigenvalues. Since A ~ A’ and B ~ B’, this implies that as N — oo, the probability that A
has exactly k real eigenvalues converges to the probability that B has exactly k real eigenvalues.

Next, we show that the empirical spectral measure of A’/N converges weakly almost surely
to the empirical spectral measure of B’. Recall that the eigenvalues of B’, denoted A}, ..., X, have
been ordered first by increasing magnitude and then by increasing argument in [0,27). For any
fixed realization of B’ and coupled matrix A’/N, and for every 0 < € < r/2, we have seen that each
circle C’,\;7E contains precisely one eigenvalue of B’ and precisely one eigenvalue of A’/N for all N
sufficiently large. For each 1 < j < n, label the eigenvalue of A’/N in the circle C’,\;_’6 by /\;-N /N.

This implies that for the fixed matrix B’, coupled matrix A’/N, and for any € > 0,
NN =Nl < e

for each 1 < j < n and for all NV sufficiently large.
Next, stop fixing the entries of B’, but continue to condition on B’ not having any repeated

eigenvalues (which happens with probability one) and continue to couple the matrix A’/N with B’.
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We wish to show that

N
Alj /N - A,]

P ' = =1
JRE o) -1
1<j<n

Let € = 1/k for k € N and define the events

N
)\Ij /N_)\/j

< 1/k.}

Ej, = {lim sup
N—o0
From the discussion above, we know that P(Ejvk) =1foreach 1 <j<mandeachl <k < o

whenever N is sufficiently large. Define
o
Ej:ﬂEjjk, for 1 <j <n.
k=1

Observe that Ej; 2 FEj2 O ... is a nested and decreasing sequence of events. Therefore, by

continuity from above of the probability measure,

Let

1<j<n
Then clearly
P(E)=1

as well. This shows that

Pl {limsup NN =X :0} =1.

1<j<n N—o0

On the other hand, clearly

Pl ) {1}&@ NTJN =Xy > 0} =1

1<j<n
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Hence, the limit exists, and

SUARR

1<j<n

N
NN =N

—of| -1

so N ;V /N — X almost surely, for each 1 < j <n. Let f: C — C be a bounded and continuous

function. By the continuous mapping theorem,

n n
L1 duae = ;];f (¥ ) — ;;ﬂm = [ 1dus.

almost surely as well, proving the weak convergence of the empirical spectral measure of A’/N to

the empirical spectral measure of B’ almost surely. Since A’ ~ A and B’ ~ B, this means that

par/n ~ pa/n and ppr ~ pp, so it follows that u 4,y converges weakly in distribution to pp.

We now show that the joint distribution of the eigenvalues of A’/N given by
VYN, NN

converges in probability to the joint distribution of the eigenvalues of B’ given by (N1,...,Np).
Since X;V /N — X almost surely for each 1 < j < n, we know that X;V /N — X in probability

for each 1 < j < n as well. Let € > 0. Then

: IN IN / / : - IN /
— < : -\
]\}%P(H(AI/N, AL IN) = (N, A ) >6)—]\}1_I>I}DOP El NG IN=XNj| >e€
]:
. - IN /.
Sz\}ﬂo;_lp()‘ﬂ'/]v_)” >e/n)

=0.
In particular, by Theorem this implies that
VYN, NN NS (VL ).
Since A ~ A’ and B ~ B’, we conclude that
MNIN, AN N S (A

as well. 0
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5.5 Rank one perturbations of large box model matrices

Let A be an n-by-n random matrix with entries independently and uniformly distributed on
[-N,N]NZ. Let P be the n-by-n rank one perturbation matrix whose entries are all uy. We now
describe the limiting empirical spectral measure of (A + P)/N in the cases where puy/N — oo,

un/N — 0, or uy/N — ¢, for c € R, as N — oc.

5.5.1 Rank one perturbations of large box model matrices when limy_,o, iy /N = 00

We begin with the easiest case, where the perturbation matrix dominates the original random

matrix. The following lemma will be needed to find the eigenvalues of the large perturbation matrix.

Lemma 5.5.1. The eigenvalues of the n-by-n matriz of all ones

are n with multiplicity 1 and 0 with multiplicity n — 1. The characteristic polynomial of J,, is given

by

py, (t) =" —nt" L

Proof. Observe that the rank of J, is 1, so the nullity of J, must be n — 1. By inspection, we
see that n is an eigenvalue of J,, with corresponding eigenvector (1,...,1). From the fundamental
theorem of linear maps (see Theorem 3.22 in [6]), we see that the remaining n — 1 eigenvalues must
all be zero. Once the eigenvalues are known, the characteristic polynomial of J, can be constructed
as

pg, () =t" 1t —n) =" —nt" L.

We are now ready to prove the main result of this subsection.
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Proof of Theorem [5.1.3. First, consider the n-by-n matrix of all ones

By Lemma the characteristic polynomial of J, is given by
py, (t) =t" —nt" L,

The characteristic polynomial % can be written in terms of the principal minors of A+ P as in

(5.1)), which is given by

A+ P A+ P
pA-I—J(t) =" — El ( + > tn—l 4t (_1)n_1En—1 < + ) . (—1)”En <A +P> '
MN HN KN

We will apply Theorem to the characteristic polynomials of % and J, as N — oo. This
will show that as N — oo, the eigenvalues of % converge almost surely to those of J,. We begin
with some bounds on the coefficients of the difference of the characteristic polynomials of A;“—NP and

Jn, i.e.,

pate(t) —pg, (t)‘

N

:‘(—El <A+P> +n> t"1+E2<A+P>t”2+---+(—1)"En (A+P>'.

UN HN uN

k
For each 1 < k < n, we see that Ej, (“L*—NP) = (ﬁ) Ei(A + P) by recalling that each Ej is

the sum of determinants, which satisfy the property that for a scalar ¢ and n-by-n matrix M,
det(cM) = " det(M).

For k = 1, we have that |E1(A + P)| = |tr(A) + nuy| and therefore

A+ P tr(A tr(A N
‘_E1< + )M‘:r()wv_n‘: r( >‘§n. (5.6)
UN UN UN UN
Since limy_,o0 5 = 00, we see that
A+ P N
lim ‘E1< + >—n < lim '” = (5.7)
N—o0 UN N—oo | UN
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almost surely. Now consider |Ex(A+ P)| for k > 2. We know that each principal minor of size k of
A+ P is a determinant of a k-by-k submatrix of A+ P, and that there are (Z) such principal minors.
Using sigma notation where S is the symmetric group of k£ elements and o is a permutation in Sk,
and relabeling the rows and columns that appear in the principal submatrix to go from 1 to k, we
have that each of the (}) terms in the sum for |E;(A + P)| can be written as

Z sgn(0)(A+ P)iyy (A4 Py

€Sk

= > sgn(o) (Ao + i) - (Apo() + )| -
ocESk

The symmetric group Sy has k! permutations. This number is even for & > 2, and exactly half
of the permutations are even and half are odd. This means that sgn(c) = 1 for half of the
permutations and sgn(o) = —1 for the other half. Consider the expansion of the product (A;,(1) +
pn) - (Ako@) + ). Each permutation with sgn(o) = 1 contributes pk. and each permutation
with sgn(c) = —1 contributes —u%; to the leading term in py. Since there are the same number of

even and odd permutations, these cancel out, and each term of |Ey(A + P)| is at most

> (\(Amu) + 1) - (Ao + )| — |MN|k) :

oES

Altogether, we can bound
n
B+ P < () (13 -+ nl® = ).

By the binomial expansion, we have

k
k _
V< O+ ) = 3 ()
=0

Subtracting | ,u,N]k, multiplying by the k! permutations in Si, and accounting for the (Z) principal

minors, we have the overall bound
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Therefore, for k > 2,

[Ex(A+P)| __ n! = <k> ( N )’H 58)
P DI =AY AN A ‘
Hence,
lim |, <A:P >‘ ~0 (5.9)
—00 N

almost surely, since limy_, o MAN =0.
Let 0 < € < 1/4 and let C,, ¢ be the circle of radius € around the eigenvalue n of J,,. Note
that this circle has been chosen in a way that avoids all of the eigenvalues of .J,,, which are 0 (with

multiplicity n — 1) and n (with multiplicity 1).

Our goal is to show that

P (limsup paye(t) —pJn(t)’ < |pJ,(t)], for all t € Cme) =1. (5.10)
N—oco KN
Applying the triangle inequality to the difference of the characteristic polynomials of ‘?—NP

and J,, and using (5.6 and (5.8)), we have

A+ P 1= me A+ P
pmw—mw'S|t”—t“|+\E1( )—n N Ek< )\
BN N 2 N

n —1 k—1
niN n! k N
— t”—1+§ [k § ( > <> . 5.11
pN ‘ | k:Z‘ | (n —F)! 1) \lpn] o

=0

<

We also have that

s, ()] = [t" =t = [t |t = nl. (5.12)

For every t € C,, ¢, we can bound ({5.11)) above by

n k—1 k—1
In4¢" ! 4 Z In + e["* n Z M (A (5.13)
o= #9125 \1) Ul

k=2

niN
N

and we can bound ([5.12)) below by

[t =] > fn— e"e]

> |n — 2€[" el (5.14)
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By (5.7)) and (5.9 , we can choose N sufficiently large so that, for allt € C), , - is smaller

than (5.14)), i.e., for all t € Cy, . and N sufficiently large,

pate(t) —pg, ()| <|ps, (D)l

KN
with probability one, showing that ([5.10) also holds.

Let )\{V JuN, -, AN /un denote the eigenvalues o , which are ordered first by increasing

f A+P
BN
magnitude and then by increasing argument in [0, 27).

By Theorem [2.6.5] we conclude that as N — oo, the characteristic polynomial of the scaled
matrix AMLNP has exactly one root in Cy, , for each 0 < € < 1/4. We will see shortly that the other
eigenvalues of AMLNP converge almost surely to zero, so this eigenvalue must be A\ /uy. Hence, for
any € > 0,

P (hmsup AN /N —n| < e) =1,
N—o0

showing that as N — oo, the eigenvalue A /un of A+P

converges to n almost surely.
A similar argument also shows that the other eigenvalues of (A+ P)/un converge to 0 almost
surely as N — oo. Let 0 < € < 1/4, and consider t € Cy.. Note again that this circle has been

chosen to avoid the n — 1 eigenvalues of J,, at the origin and the eigenvalue at n.

For every t € Cp,, we can bound (5.11)) above by

Z]]X‘kw 1+Z| " k a 'll<’;’> (|MN|) )
k—1
<l 2 'l:0< ) () w

and we can bound ([5.12)) below by

[t Mt = n] > [e["n — ¢
> |e|" " n — 2¢|. (5.16)
Since we can again choose N sufficiently large so that (5.15)) is smaller than (5.16|) for all

t € Cp,e, this shows that

P <1im sup

N—oo

pﬂ(t) —pjn(t) < |pJn(t)|, for all t € C’o,e> =1.

KN
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By Theorem [2.6.5] we conclude that as N — oo, the characteristic polynomial of the scaled per-

turbed matrix 42 has exactly n — 1 roots in Cp., for each 0 < € < 1/4. Hence, for any € > 0, and
KN ’

eigenvalues )\év/,uN for1<j<n-1,
P ﬂ {limsup |)\§V/MN| < e} =1,

1<j<n—1 + N7

A+P

Ly converge to 0 almost surely. O

showing that the remaining n — 1 eigenvalues of

The rate of the convergence of the eigenvalues in Theorem is discussed in Section [5.6

5.5.2 Rank one perturbations of large box model matrices when limy_, uny/N =0

Next, we show that if the matrix is perturbed by adding a matrix with sufficiently small
entries, the normalized empirical spectral measure of the perturbed matrix converges weakly in
distribution to the same limiting measure as that of the normalized unperturbed matrix. We are

ready to prove the main result.

Proof of Theorem[5.1.3 Let B be the matrix whose entries are iid and uniformly distributed on
[—1,1]. By Theorem it is clear that the empirical spectral measure of A/N converges weakly
in distribution to the empirical spectral measure of B. We now show that the empirical spectral
measure of (A + P)/N has the same limiting behavior.

We will perform Rouché’s theorem on the characteristic polynomials of the matrices

CLH/N aln/N
AN =
anl/N ann/N
and
(a1 +pun)/N ... (ain+pnN)/N
A4 P
N =

(an1 +pnN)/N ... (apn + pn)/N
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We have that

pa(t) =t"—E (;3) el (—) B, <]1\4[> Ft (C1)E, <]<1[>

and

A+P\ ,_ _ A+ P n A+P
pA;r,p(t):t”—El( N >t”1+...+(—1)” 1En1<N>t+(—1) En< N >

We begin by bounding |Ek (MTP) — E (%)‘ for 1 < k < n by applying Lemmawith R= AJFTP

and S = %. Observe that

A+ P
157 =
Al oy
N max_
and
A+P A
- - < N.
e
By Lemma [5.3.4]
A+ P A n! ||[A+P A A+ P A k=l
E —E =] < — — .
‘ k( N > k<N>‘_(n_k)' N Nmax(‘ N ‘max+"N‘max>
o lun |\ (1] 1 ko
~ (n—k)! N N ’
This leads to the bound
paie(t) —pa(t) <|tn—t”|+§n:|t|”—k (el (lesd o (5.17)
~ I — (n—k)!'\ N N

Let A\ (A),..., A\ (A) denote the eigenvalues of A; then A\ (A)/N,...,A\y(A)/N denote the
eigenvalues of A/N by the previous discussion of the scaling of eigenvalues. Similarly, let A;(A +
P)/N,..., \y(A+ P)/N denote the eigenvalues of (A + P)/N. These will be the labels of our

eigenvalues, though we will reorder them momentarily. Consider the factorization

pa (1)) = It = A(A)/N]- |t = Aa(A) /N, (5.18)
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As N — oo, we wish to show that is strictly less than for all ¢ in appropriately chosen
circles with probability one.
Recall that B is the n-by-n random matrix whose entries are iid and uniformly distributed
n [—1,1]. Let the entries of the matrix A be coupled with the entries of the matrix B as in the
statement of Lemma and couple the random matrices A and B as in Remark Refer to
the coupled matrices as A" and B’. Let A1(B’),..., \,(B’) denote the eigenvalues of B’, ordered
first by increasing magnitude and then by increasing argument in [0,27). Fix a realization of B’
that does not have any repeated eigenvalues, which we can do with probability one by Lemma
Note that for every N € N, this coupling also fixes A’/N and (A’ 4+ P)/N. For this fixed
realization of B’, note that all eigenvalues are at least some small positive distance apart; call
this distance §. Since the characteristic polynomials of A’/N and B’ are both monic, and since
|Ex(A'/N) — Ex(B')| = O(1/N) by Lemma5.3.5] Theorem implies that we can take N large
enough so that for 1 < j < n, each circle of radius 0 < ¢ < §/4 around the eigenvalue \;(B’)
contains exactly one eigenvalue of A’/N; denote this eigenvalue of A'/N by A;j(A’)/N. Then for

every 1 < j < n, the eigenvalues of A’/N and B’ satisfy the inequalities

)\j(B/) _ Aj](\";l/)

< d/4

for all N sufficiently large. From this, for each j # k and N sufficiently large, we can see that the

difference between two eigenvalues of A’/N is at least

Aj](\z;l’) B Ak](\;l’) _ '(Aj(B,) (B + ()\ > N (Ak Ak](\?,))’

'!A (B') — ‘( B’)+<)\k M(A/))H

> |\ (B) - ’(*J](v/ >+ () - 2 )>’
12| i 8

>05—6/4—6/4

— /2,
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where the second line follows from the reverse triangle inequality, the third line follows from the
definition of absolute value, and the fourth line follows from the triangle inequality.
Now, for some 1 < j < n, consider the eigenvalue \;(A’)/N of A’/N. Let 0 < ¢ < 6/8 and

consider t € Cy,(4ry/n,.. We have the following lower bound for (5.18).

par (B)] = [t = M(A)/N] - [t = M(A)/N]
>elo/2 —6/8" !

> e|6/4" ! (5.19)

for all t € Cy,(a1y/n,e- By Lemma [5.3.12} the eigenvalues A1(A’)/N, ..., A\, (A")/N are all contained
in Cy,,, almost surely. Hence for all t € Cy (ar)/n e, We can bound [¢] < INj(A)/N|+e<n+4/8,

so an upper bound for (5.17) is

Zn: (nn!k)!|n +6/8" " (’F]LVN|> <|“]1VV| + 1> o (5.20)

k=1
Since limy o0 4 = 0 and n is fixed, we have that (5.20) is less than (5.19)) for N sufficiently

large for the fixed realization B’. By for each 1 < j < n, A//N and (A" + P)/N both have
exactly one eigenvalue in Cy (a1)/N,c, whenever N is sufficiently large. Label this corresponding
eigenvalue of (A" + P)/N by X\;(A’ + P)/N, for 1 < j < n. This implies that for the fixed matrix

B’ coupled matrices A’/N and (A’ + P)/N, and for any € > 0,
(AN = N (A + P)/N| < e

for all N sufficiently large. Next, we stop fixing the matrix B’, but continue to condition that
B’ does not have any repeated eigenvalues (which happens with probability one) and continue to
couple the matrix A’/N (and hence (A’ + P)/N) with B’. From the discussion at the end of the
proof of Theorem [5.1.1] we see that

P IQ@ {A}iinoo IA\(A)/N = X\j(A + P)/N| = 0} =1,
and so we conclude that the empirical spectral measure of (A" + P)/N converges weakly almost

surely to the same limit as the empirical spectral measure of A’/N. Since A’ ~ A and B’ ~ B, we
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conclude that the empirical spectral measures of A/N and (A + P)/N must both converge weakly
in distribution to that of B. Continuing to proceed as in the proof of Theorem [5.1.1] we see that
the joint distribution of eigenvalues of A/N and (A + P)/N both converge in distribution to the

joint distribution of eigenvalues of B. O

5.5.3 Rank one perturbations of large box model matrices when limy_, . un/N = ¢

We now consider the case when limy_,o iy /N = ¢, for some ¢ > 0 € R.

Proof of Theorem [5.1.7) Similarly to Lemma [5.3.5] consider the coupling of matrix entries where

for each 1 < k < 2N + 1, we let

SN (=), by e [~14e+ T 1ot 52
0y — . (5.21)

N, if bij =1+c¢
For the coupled entries a;; and b;;, we begin by bounding |(ai; + un)/N — byj|. If bij = 1+ ¢, we

have that

N +pun

- —(1+c)‘<)’j<,v—c]=o(1)

|(aij + pn)/N — bij| =

since limy o0 B¢ = ¢ with an unspecified rate of convergence. If bj; # 1+ ¢, we examine the
distance of (a;j + pn)/N from both endpoints of the interval containing b;;. A similar computation

shows that in both cases, for 1 <[ < 2N +1,
|(aij + pn) /N = bij| = o(1)
as well. Since all entries of A and B have been coupled in this way, it follows that
(A + pn)/N = Bllmax = o(1)

almost surely, where the implicit constant depends on the rate of convergence of pn/N. Further-
more,

I(A+ pn)/Nmax < |pn|/N +1
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and

| Bllmax < c+ 1.

Applying Lemma, gives the bound

n!

(n—k)!

< A )N = Bl (il + e+ 2

=o0(1)

|Ex((A+ pn)/N) = Ep(B)| < 1(A + pe8) /N = Bllmax(I1(A + pv) /N [max + 1B max)*

almost surely.

Refer to the coupled matrices as A’ + P and B’. Now fix the matrix B’ so that B’ does not
have any repeated eigenvalues, which happens with probability one by Lemma This also fixes
the entries of A’ + P due to the assumed coupling. Let § > 0 be the minimum distance between
the eigenvalues of B’. Now proceed exactly as in the proof of Theorem but replacing A’
with A’ + P and using the o(1) bound obtained above when bounding |E)((A + un)/N) — Ex(B)].
Then we see that for every 0 < € < §/4, we can find N large enough so that the circles of radius e
centered at the eigenvalues of B’ all contain exactly one eigenvalue of (A’ + P)/N. Continuing as in
the proof of Theorem as N — oo, we see that the empirical spectral measure of (4’ + P)/N
converges weakly almost surely to the empirical spectral measure B’. Moreover, since A ~ A’
and B ~ B’, the empirical spectral measure of (A + P)/N converges weakly in distribution to the

empirical spectral measure of B. ]

The above result shows that as N — oo, the outlier eigenvalues of (A+ P)/N behave the same
as the outlier eigenvalues of B. The following theorem briefly shows that for certain values of ¢,
the matrices with entries independently and uniformly distributed on [—1+ ¢, 1+ ¢| are guaranteed
to have outliers. In Section we will investigate the outliers of (A + P)/N more thoroughly (see
for instance Theorem , and show that under certain conditions, exactly one outlier eigenvalue

exists.
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Theorem 5.5.2. Let ¢ > 2. Then every n-by-n random matriz A with entries independently and
uniformly distributed on (—1+c¢,1+c¢) has at least one eigenvalue outside of B(0,n) with probability

one.

Proof. This follows immediately from Theorem [5.3.10] We have

n

min E A < ) < max Al
1Sin 4 ij < p(A 1<i<n £ K
]:

When ¢ > 2, we have that A;; > 1 with probability one, and so

n

n= 1 < min A <
z; 1<z<n2 i < (A
J:

with probability one. O

5.6 Eigenvalue fluctuations for rank one perturbations

In this section, we discuss the fluctuations of the largest eigenvalue of rank one perturbations
of large box model random matrices. In particular, for the n-by-n random matrix A with iid entries
uniformly distributed on [—N, N] N Z, we show that the centered and scaled largest eigenvalue (in
magnitude) of A+ P converges in distribution to # Z:il X; where each Xj; is uniformly distributed
on (—1,1) and jointly independent; this is a Bates distribution with n? parameters.

We begin now with the 2-by-2 case, which demonstrates how we first noticed this phenomenon.
The 2-by-2 case is also particularly nice because we are able to find the joint fluctuations of the

eigenvalues.

Theorem 5.6.1. Let A be a 2-by-2 random matrixz with entries independently and uniformly
distributed on [—N,N| N Z. Let P be the perturbation matriz whose entries are all py, with
o

limy o0 5F = 00. Let Ay denote the largest, in magnitude, eigenvalue of A+ P; let A\_ denote the

smallest, in magnitude, eigenvalue of A+ P. Then as N — oo,

<)\+—2HN A_>%<W+X+Y+Z (W—i—Z)—(X—i—Y)).

2N 2N 4 ’ 4

where W, XY, Z are independently and uniformly distributed on (—1,1).
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Figure 5.4: These images demonstrate Theorem [5.6.1} The left image shows a histogram of the
centered and scaled largest eigenvalues of 50000 2-by-2 random matrices with entries independently
and uniformly distributed on [~10'°,10'°] N Z and perturbed by (10'°)(1%). The eigenvalues were
centered by —2 x 10'0 and scaled by 2 x 10'°. The right image shows a histogram of the scaled
smallest eigenvalues of the same matrices; these eigenvalues were scaled by 2 x 10'°. The red lines in

e
both histograms show the pdf of #, where each X; is independently and uniformly distributed
on (—1,1).

Theorem is illustrated in Figure
Proof. We want to find the joint fluctuations of the eigenvalues of the matrix

A +pun A+ pun
A+ P=

Aot +un  Ago + N

The characteristic polynomial of A 4+ P is given by

t2 — (Ayy + Agg + 2un)t + (A1 + pn)(Age + pn) — (Arz + pn) (Aor + py).

From the quadratic formula, we know that the eigenvalues Ay and A_ of A+ P are given by

(A1 + A +2un) + \/(An — Ag)? + 4(A124A21 + Ay + Asipn + 1)

AL =
+ 2

and

\ (A1 + Az +2upn) — \/(All — A92)? 4+ 4(A124A21 + Aoy + Aoipn + 1)
p— = 2 °
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Centering Ay by —2un and normalizing by 2N, we have

Ay —2uN _ (Aj1 + Ag9)
2N AN

LN \/(An — Ag)? + 4(A12A421 + Aroun + Asipn + 1)
4| -EN

2N AN

Multiplying and dividing the second term of the above summation by its conjugate and simplifying,
we have that

A —2un (A1 + Az)

2N 4N
L - ((A11 — A22)?* + 4(A12491 + Aoy + Ao1pn)) /(16N?)
<_MN _ \/(Au—A22)2+4(A12A21+A12MN+A21#N+M?V)) '

2N 4N

Now multiplying and dividing the second term by %, we get

)\+ — 2NN _ (All + A22)
2N 4N

LT (A1 — Ag2)? + 4(A12421 + Aoy + A21pun)) /(16N p)

\/(An —A22)2+4(A12A01 +F A2 uN+ A1 N +3,)
(/1) (-8 - A

N iN
(A1 + Ag9)
AN

LT (A1 — A22)* + 4(A12A91 + Aropn + As1pn)) /(16N )

<_1 . \/(An—A22)2+4(A12A21+A12MN+A21MN+M?\,)>
2

16#?\,



A similar process shows that for the smallest eigenvalue A_, we have that

Ao (A + Ag)

2N AN
(o \/(All — Ag)? + 4(A12A21 + Aroun + Asipn + 1)
2N 4N
_ (A11 + Ag)
AN

— ((A11 — Ax)? 4+ 4(A12421 + Arapun + Asipy)) /(16N?)

pn 4 V/(A11—A22)2+4(A12 Ao+ Arapin + Ao iy +10%))
2N 4N

(Aq1 + Ag)
4N
LT (A1 — A22)? + 4(A12A91 + Aoy + Ag1pn)) /(16N py)

(N/HN) <‘L2L]1¥/v + \/(AllA22)2+4(A12A21+A12MN+A21NN+,U%V)>

AN

(A11 + Ag2)
4N
— ((A11 — Ag2)? + 4(A12421 + Aoy + A21un)) /(16N p)

1. (A11—A22)?2+4(A12A21 +AropN+ A1 pn+13y)
2 1643,

Now consider the random vector (AJ’; ]\2,“ . ;—&) and let (s,t) € R2.

By Theorem [5.3.6] and Theorem we see that

)\+—2/LN A
’ (mv )” (QN)

. (A1 + Ag9)
AN
N (A1 — Ag2)? + 4(A12421 + Aoy + A21pn)) /(16N p)
1 (A11—A22)%+4(A12 A1 +A1aun + A1 N +13;)
2 163,
(A11 + Ag)
+t ( e
el = (A1 — Ag2)? + 4(A12421 + Arapun + A21pun)) /(16N py)

1 + (A11—A22)2+4(A12A21 + AN+ A1 v +13)
2 163,

converges in distribution to

8<W+X2—Y+Z> +t<(W+Z)4—(X+Y))7

186
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where W, X, Y, Z are independently and uniformly distributed on (—1,1). Theorem [5.3.7) allows us

to conclude that as N — oo,

<A+2;LN A> a, <W+X+Y+Z (W+Z)(X+Y)>‘

2N 2N 4 ’ 4

O]

We wish to prove a similar theorem for a matrix of any size. We will need to adapt our method,
because explicit formulas for eigenvalues of higher dimensional matrices are either unmanageable
or do not exist.

We will need the following two theorems.

Theorem 5.6.2 (Sylvester’s Determinant Theorem, see |3,/153]). Let A be an n-by-k matriz and
B be a k-by-n matriz. Then

det(I, + AB) = det(I; + BA). (5.22)

When k£ = 1 in the above theorem, the right-hand side is simply the determinant of a number.
This will be extremely useful when we are considering rank one perturbations. This identity was

used by Tao [153] when considering small rank perturbations.

Theorem 5.6.3 (Exercise 5.6.P26 in [79]). If A € M, (C) and p(A) < 1, then Y 2, A' = (I—-A)~!,

where Y22 A is called the Neumann series of A.

Making use of the Neumann series to analyze small rank perturbations was another technique

used by Tao in [153].

Lemma 5.6.4. Let A be an n-by-n random matriz with entries independently and uniformly dis-
tributed on [-N, N|NZ. Let Afj denote the ij entry of A*. Then for any k > 1,
n n
33 Al < bt
j=1i=1

almost surely.
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Proof. Consider the n-by-n all ones matrix J,. We will first show by induction that

When k& = 1, the claim is clearly true and the base case is established. Let k£ > 1, and let our

inductive hypothesis be that

nk—Q . nk—2
k—1
gy =
nk—Q . nk—2
Then
k k—1
gk = =17,
nk—? nk:—2 1 1
’I’lk_2 nk—? 1 1

so the statement holds by the principle of mathematical induction. Then

n n
Z Z (Jrlf)z] — n2nk71 — nk+1.

j=11i=1
Finally, it follows that
n o on n o n n on
)DDINTED 9) DEIRTES 9 SEUEANEILL
j=11i=1 j=11=1 j=11i=1

almost surely. O
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We are now ready to prove the main results of this section. Our proofs are an application of

the methods used by Tao in [153], described in Section [I| and above.

Proof of Theorem[5.1.8. Suppose that z is an eigenvector of (A+ P) with corresponding eigenvalue

(57) = (5)

so it suffices to consider the distribution of largest eigenvalue, in magnitude, of (A + P)/N. In

A. We see that

terms of the characteristic polynomial, we wish to find the largest z such that
A+ P
det { 2 — ——— ) =0.
e ( i >

From Theorem we know that (A -+ P)/un has one outlier eigenvalue, which converges almost

surely to n as N — oo. Hence, for all N sufficiently large, and any eigenvalue A of iiNP with

<A+P>z:)\x
UN

<A+P> HUNA
r="—-z.

eigenvector x, we have that

implies that

N N
Since ”%)‘ > 2 for all NV sufficiently large whenever A # 0, we see that (%) has at least one
eigenvalue outside of the disk of radius n centered at the origin as N — oo. On the other hand,
from Lemma5.3.12] we know that all of the eigenvalues of A/N are located inside the disk of radius
n centered at the origin. Therefore, in order to locate the eigenvalue of (%) that is outside of the
disk of radius n centered at the origin, we may consider only |z| > n and analyze the factorization

(originally used by Tao in [153] to apply the eigenvalue criterion)

A+ P A A\t P
det (zI—N> = det <ZI—N) det (I— <zI—N) N)'

Since the first factor on the right hand side is non-zero for |z| > n, it suffices to find |z| > n such

ANt P
det (I—<zI—N> N) =0.

that
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Letting 17 = (1,1,...,1), we may write

P pNn_ o7
— = —11".
N N

(o 2)')

We have

Il
o,
D
-t
Ve
~
|
VN
N
~
|
==
N—
|
=
=1
=
=
N
N———

where we have used Theorem to go from the first line to the second line and evaluated the
determinant of the 1-by-1 resultant matrix to go from the second line to the third line. The fourth
line follows by inspection. Next, observe that
AN7! AN 1 AN
I—— = I—— =—(I—-— .
(r=5) -(0-)) =0-%)

Since |z| > n and p (%) < n, it is easy to see with the maximum column sum matrix norm that

p (Niz) < 1, allowing us to apply Theorem m This gives

det (I— (2]—}37)_1]1;) - —%ii(ﬁ—]‘é)il
)

n n 0o A k
‘?ZZZ(NZ).
7=11=1 k=0 ]

B MN [e'e} n n A k
RN (),

. -1, . . . .
where we have rewritten (I — %)Zj in terms of its Neumann series to go from line two to line
three.

Let
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and

WO Z?=1 2 im1 Aij

-1
9() Nz N2z2

Observe that f(z) and g(z) are both meromorphic functions, and that the zeros of f(z) are eigen-

values of (A + P)/N. We will quickly find the zeros of g(z). Suppose that z # 0. Then

2 NUN KUN Z?:l Z:‘L:l Aij

2 —
z2°g9(z) = N 2 e (5.23)
By the quadratic formula, we can see that the zeros of 22g(2), for z # 0, are given by
ONE= \/H?vnz AN 325 i Aij
2N '
Whenever N is sufficiently large, the distance between these two roots is
\/,u%vnQ iy Y S Ay § \/u?vrﬂ —an2uxN| | N o
N = N | N Coun|’ (5.24)

This tends to infinity as N — oo since limy_ o “WN = oo. In particular, this means that any circle

. . pN ey ety 30T S A .
C of finite radius € > 0 centered around the root — \/ Y 3 Zi,v = of g(2) contains

only that root, whenever N is sufficiently large.

, ) O RV 1IN DR DUty
Now, let 0 < € < 1 and let C be the circle of radius € centered at o \/ o 2]5 =t S

We will show that as N — oo,
1f(2) —g9(2)] <lg(2)]

for all z € C with probability tending to 1.

Observe that
o noon k
2 B — |2 BN A
) — ol = 1 23 D (),

and

|2*[g(2)]

N+ \/ pAn? 4 dun YTy Yoy Aij [N, — \/ PR AN Y5 o A
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We will bound these quantities. Observe first that whenever N is sufficiently large,

n n
M?\ﬂﬂ +4'UNZZAU > \/Iu?vnQ —An2un N

j=1i=1
4N
= UNT 1-— )
UN

which is real with probability tending to 1 as N — oo since limy_ oo % = 0. For z € C, we have

) \/ PR+ AN D5 DT A
[2[71g(2)| = |e 7 —€

c \/u%vnz —4unn?N

>§ N — €
> UNT _ﬂ_e
N UN
> | ‘LV_’
—12112N
> |5 11—¢

for N sufficiently large, since limy_,o 4 = oo.

By Lemma Dot i A’fj < nFTINF For k > 2, we have

k
’2‘2 Mlzn:zn: i < |Z|2|IUN| nFHINE
Nz Nzl =\ Nl Nk|z|k

j=1i=1

_ |

N’z’k_l

1
n* |
< k—1
uNn+\/u?\,n2+4uN 21 i Aij
N — €
2N
nk—i—l
<
- 2 02 n n h
N ;LNTH-\/HNH FAuN 3071 i A
] 2N ‘
which equals
k—1
) n
n T—1/(k—1)) (1/2—-1/(k—1))
uﬁv / Nty VENTZHAYTT T Ay _ (N 1/(k=1)
ON(=T/(k=1)) BN
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Since —n2N < Z?’:l S Ay <nPN and limyeo B = oo, we see that the term in the absolute
value of the denominator in the expression above tends to infinity. Therefore, k > 2,

n
lim =0
N o0 ( ug\}—1/(k—1))n+u§\}/2—1/(’€—1))\/HNn2+42;l:1 S A . <N>1/(k1)>
UN

aN(1-1/(k—1))
Thus, we can choose N sufficiently large so that the value inside the limit is less than any 0 < § < 1.

Then

o n n
LRI - ga) = 1P A S Y (A)k
Nz — £ Nz /..
k=2 j=11i=1 1)
S Zn26k71
k=2
)
1—6

Choosing § small enough so that %2‘35 < |e/2]|1 — €| shows that as N — oo,

|22 f(2) = 9(2)] < |2?lg(2)|

for all z € C with probability tending to 1, which proves by Theorem that f(z) and g(z) both
have exactly one root in C' with probability tending to 1 as N — o0; in particular, this root is
within e of an eigenvalue of (A + P)/N.

Let us now argue that the eigenvalue we have found is Apax. From the discussion at the
beginning of the proof, we see that for any eigenvalue \ of %, we have that “LN)‘ is an eigenvalue
of 222 From Theorem we know that all but one eigenvalue of (A + P)/un converge almost
surely to zero as N — oco. We may assume for that sufficiently large N, all of these non-outlier
eigenvalues of (A + P)/un are located in the circle of radius n/4 centered at the origin, since they
converge to zero almost surely. This implies that for sufficiently large N, the eigenvalues of A*'TP are
all located in the circle of radius #57, except for one. The eigenvalue that we found from Rouché’s

theorem is located within € of

T+ \/ PR+ Ay 37 3T A
2N '
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Hence,
‘NN” + \/M?vnz +dun D05 Do Aij ‘MN” (1 +4/1— %) ‘
>
2N - 2N
< BN
- 2N
UNT
> -
4N
for N sufficiently large, showing that this eigenvalue has magnitude larger than 537, so this eigen-
value must be the outlier Ay ax.
Since € was arbitrary, we have shown that
lim P Amax N + \/ﬂ?VnQ +4un 2?21 2?21 Aij 0
_ > =0.
N N 2N ‘

In particular, this implies that

lim P Amax  NUN BN+ \/N%VRQ +4pN Z?:l Z?:l Aij NUN
e N N ) IN TN

N—oo

as well. Next, observe that as N — oo,

UN + \/M%VTLQ AN YT D Ay NN
2N N
—npy + \/ pn? + AN 300 ST Ay

IN
—Apn DT i Ay

2N (—mw - \/ T R TN SR S Az’j)
=437 i Ay
2N (—n — e T T Ay
a, D1 2 Xz‘j’
n

by Lemma Theorem [2.2.3] and Theorem [2.2.5

By part (4) of Theorem we conclude that

Amax — MUN d Z?:l Z?:l Xij
— .
N n
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Applying the Theorem [2.2.3] we obtain the proper scaling for the Bates distribution, i.e.,

n n
Amax — NUN d Zj:l Zi:l Xij
= 5 .
nN n

O]

Theorem 5.6.5. Let A be an n-by-n random matriz with entries independently and uniformly

distributed on [-N,N|] N Z. Let limy_.o 5 > 12 and let P be the perturbation matriz whose

entries are all uy. Then as N — oo, ALNP contains exactly one real outlier eigenvalue in the
HNT “N"(H"/i)

interval [2]\[7 2]\,} with probability tending to one and the remaining eigenvalues of AJFTP

are contained in B(0,4n) with probability tending to one.

Theorem is illustrated in Figure Figure[5.6/shows what happens when limy_, o 5 =

3. We conjecture that Theorem holds whenever limy o 5 > 1.

24 -
S+
S +
S+
24 0+
T T T T T
0 20 40 60 80

Figure 5.5: This figure illustrates Theorem [5.6.5, The blue circles denote the eigenvalues of a
6-by-6 random matrix with entries uniformly distributed on [—10%,10'%] N Z, scaled by 10'®. The

red crosses denote the eigenvalues of the same random matrix where every entry is perturbed by
15 x 10'®, and also scaled by 10

Proof. We proceed similarly to the proof of Theorem [5.1.8 Suppose that x is an eigenvector of
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1.0

. +

0.0
!
+

0.5

-1.0

Figure 5.6: This figure illustrates an example not covered by Theorem The blue circles denote
the eigenvalues of a 6-by-6 random matrix with entries uniformly distributed on [—10'%, 10 N Z,
scaled by 10'5. The red crosses denote the eigenvalues of the same random matrix where every
entry is perturbed by 3 x 10'®, and also scaled by 10'°.

(A + P) with corresponding eigenvalue . We see that

(7)== ()

so it suffices to consider the distribution of largest eigenvalue, in magnitude, of (A + P)/N. In

terms of the characteristic polynomial, we wish to find the largest z such that

A+ P
det | 21 — =0.
e(z N ) 0

Our first goal is to show that (A4 P)/N has only one outlier eigenvalue. Again, consider the

A+ P A AN P
det(z[— N >—det<zI—N>det<I—<zI—N> N)'

From Lemma|5.3.12] we know that all of the eigenvalues of A/N (and hence zeros of det (21 — %))

factorization

are located inside the disk of radius n centered at the origin. Therefore, any z such that |z| > n
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that is an eigenvalue of A‘*'TP (and hence a zero of det (z[ — ALNP)) must also be a solution to

-1
det (I— (z[— ]f\lf) ]f[) =0.

We will first find the correct z that satisfies this equation, and then show that |z| > &7 as N — oo.

We will then show that the remaining eigenvalues of are located in B(0,4n) whenever N is

A4+P
N
sufficiently large, implying that the z found is the unique outlier eigenvalue. Now, supposing that
|z| > n and proceeding exactly as in the proof of Theorem we can write this determinant in

terms of its Neumann series to get

det (I <z1§>_1§> =1@iii<i>

k=0 j=1 i=1

k
ij

Let

and
WO KUN Z;‘L:1 Z?:l Aij
Nz N2z2 '

9(z) =1—

Observe that f(z) and g(z) are both meromorphic functions and when |z| > n, the zeros of f(z)

are eigenvalues of (A + P)/N.

) ) nuN+y/uR AN 3T Yy Aij
Let e = n and let C be the circle of radius € centered at the root ad \/ d 2]5 =1 LY

of g(z), which we found in the proof of Theorem We will show that as N — oo

1£(2) = 9(2) <lg(2)]

for all z € C' with probability tending to one. We will see momentarily that g has one root in C
with probability tending to one as N — oco. Then Theorem allows us to conclude that f(z)
and ¢(z) both have precisely one zero in C, with probability tending to one as N — oo. Let us
now investigate the roots of g(z). As before, we have that

© non A k
S0 = 9(2)] = [+ [EE ST S <N>

k=2 j=1 i=1
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and

|2*[g(2)]

nuN + \/M%VnQ +dun DTy Do Ay NN — \/M?VTIQ +dun DTy Do Ay
=z — z— :

2N 2N

We begin by bounding the location of the roots of z2¢(z), which are

nuy + ik + a1 S Ay
2N

Ay =

and

e VR S T Ay
- 2N

by the quadratic formula.

Since limy_,o0 5¥ > 12, for N sufficiently large, we may bound

/ 4N / 4N 2
,uNn<'uNn(1+ —W><)\+<,u]\m<1+ 1+MN><'UN”(1+\/§>

2N ~ 2N 2N - 2N
and
uNn(l— 1+M) m\m(l— 1—M>
KN <A< UN
2N - 2N
This leads to
4N 4N
. <uNn<1— 1- 483 (14 1—“N)< 6n
o 2N (1+,/1- ) T 34+V6
UN
and
,uNn<1— 1+ﬂ>(1+ 1+ﬂ> N
A > BN BN > 2n > n
2N (14 /1+4Y) (1+/1+)
UN UN
As N — oo, this shows that
6
A< <op<bn <A,

3+6

Hence, whenever N is sufficiently large, a circle of radius n around the root A; of g(z) contains
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only the root Ay of g(z). For z € C, we have

|2lg(2)] = |2 = Atllz = A-]

\/ pn? 4 dun D5 Dy Aij

> |n| —n

N
4N
N /1 —
>n|—V AN

- N

Since ¢ > 12, whenever N is sufficiently large, we have that

2 2
HUNT \/j
1221g(2)] > —— —

~ —n”.
By a similar calculation, we see that for z € C', whenever N is sufficiently large,
UNT 2 UNT
>—11 - - —_— -
|Z|_2N<+\/;> T
On the other hand, by Lemma D1 i Afj < nFtINE so for k > 2, whenever N is

sufficiently large, we may bound

o2 | £ s Xn: < 2?|un | (nFTINF
Nz — U N|z| Nk|z|k

7j=11i=1
_ nk+1|MN|
N’z|k*1
k+1|MN‘
<|HN|71 >
—1
< 2\//4\!! n
n—n
2
< \MN!
-1

Summing from 2 < k < oo, whenever N is sufficiently large, we have

2P1£(2) - 9(2)] = |42 “NZZZ<NZ>

k=2 j=1 i=1

k-1
n?|pn| o 1
N lenl 4
k=2 2N
_ n?lpw| 2
v \Ba)

IN
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We see that

2 2 2./2/3
lim i "UN‘< >< lim w—rﬂ

N—ooo N % -3 N—o00 N

>>(6+3v%+w/90+12V5)
4

whenever n > 0 and lim y_,o “WN =c ~ 6.0688. Since we assumed limn_, “WN >

12, we have that as N — oo,
221f(2) = 9(2)] < [2[*|9(2)]

for all z € C' with probability tending to one. By Theorem this proves that as N — oo, f(z)
and g(z) both have exactly one root in C' with probability tending to one and this root is within n
of an eigenvalue of (A + P)/N,

We note that at this point that we could have chosen the circle of radius n/3 around A4,
rather than the circle of radius n, and the inequalities would have still worked out in the end.
However, for a circle of radius smaller than n/4, we would have had to increase c¢. For instance, the
circle of radius n/4 requires that ¢ > 12.4526 and the circle of radius n/100 requires that ¢ > 204.02.

We will now locate the other eigenvalues of (A+ P)/N. We will use the earlier bounds for A}

and A_ given by [A| > EF* and|A_| < 34(3:1/6 < 2n whenver N is sufficiently large, while keeping

in mind that Ay and A_ are both real with probability tending to 1 as N — oo. As before, let

f<z>=1—§‘giii(];‘iz)z

k=0 j=1 i=1

and
NEN unN 2?:1 Z?:l Aij

-1
9(2) Nz N2z2

and consider the functions |z|2|f(z) — g(2)| and |z|?|g(2)|. Similarly to before, since |z| > n, we
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may bound

212 £( 2 _ 2MN ~
SPI7) )] = 2 |2 S (N)

k:2]

|

N’Z|k 1
k=2

Hence, we must find the values for z so that whenever N is sufficiently large,

n’uy |
Nllz| —n|

z— M| |z = Ag]. (5.25)

Let R be the rectangle of height 4n centered on the real axis with a lower bound for its real
coordinates given by &%+ — 2n and upper bound for its real coordinates given by M + 2n.
Let R denote all points enclosed by R. First, consider any z € C such that |z| > 4n and z is outside

of the interior of R, i.e., z € C\ (RU (B(0,4n)).

Since |z| > 4n for all z € C\ (R U (B(0,4n)) whenever N sufficiently large, we have that

n?’MN ngﬂN _ MN”2
N||z| =n| = N||4n| —n| 3N

Let z = z + iy be the decomposition of z into its real and imaginary parts. Whenever A,

and A_ are real, which happens with probability tending to 1 as N — oo, we see that
2= A= V(@ = A +y? = |z — Ay
and similarly
lz = A_| > V(e =A)2+y2 > |z — 2|
We now consider four different locations for z € C\ (R U B(0,4n)).

Observe that whenever N is sufficiently large, &% — 2n > 4n, since limy_c 5* = ¢ > 12.

If |z] > 4n and 4n < z < B — 2n, then since A_ < 2n and A > B whenever N is sufficiently
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large, we wish to minimize
2 Az = Al > 2= A_| |z — A
— (@ = A )(\ —2)

Z(x—?n)(%—x).

From elementary calculus, it is clear that the concave down parabola in the variable x from
the third line above is minimized at one of the endpoints for z € [4n, B — Qn] . In this case, both

endpoints yield the same value, and we obtain the bound

UNT
2= A_||z = ALl > (2n) (W - 4n) ,

whenever N is sufficiently large.
If |z] > 4n and —oco < x < 4n, then we see that the distances are minimized when z = 4n,

and we have

2= Af ]2 = Ayl > o — A]a — A]

whenever N is sufficiently large.

If|z[24nand%—2n<a}§%§”/§)+2nand ly| > 2n, we have

2= Af ]2 = Ag] > o= A_ly — A+l

> (% — 4n) (2n)

whenever N is sufficiently large.

Finally, if |z| > 4n and %&r@ +2n <z < o0,

2 = Az = As[ = o = Ao = A4

S (MN”(1+\/§)> (HN” (\/5_2/\@))

- 2N 2N

> (% - 4n) (2n)
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whenever N is sufficiently large.

In all four cases, we arrive at

UNT
2= A[]z = Ay| > (% —4n) (2n)

whenever N is sufficiently large.

Observe that

2
pNn (MNH )
ENT ) (2
sy < Loy ) (2n)

whenever 5 > 12, which occurs whenever N is sufficiently large.

Let T by any circle in the complex plane contained in C\ (RUB(0,4n)). We have shown that

|22 f(2) = 9(2)] < |2?lg(2)|

for all z € I' as N — oo with probability tending to 1. By Theorem [2.6.5] we conclude that as
N — oo, 22f(2) and 22g(z) have the same number of roots in I' with probability tending to one;
this must be exactly zero roots, since we have avoided the roots of z2¢(z). By varying the circle
I, we can include every point in C\ (RU (B(0,4n)). This implies that 2z2f(z), and hence f(z),
cannot have any zeros in these regions, with probability tending to 1 as N — oo. Therefore, all of
the zeros of f(z) must be in B(0,4n) or R.

Next, we show that the zeros of f(z) cannot be in R. Let ¢ > 0 be small. Let W be the
rectangle of height 4n 4 2¢ centered on the real axis whose real coordinates have lower bound

UNT

. 1+v2
55 — 2n — € and whose real coordinates have upper bound %

+ 2n + €. Note that every

side of W is at least length € away from the corresponding side of R; clearly R C W. For z € W,

9

2

and so

n’uy < n?uy < n® N
Nzl =n| = N||5F —2n—¢| —n| = N (8¢ —3n—¢)

whenever N is sufficiently large. On the other hand, W was chosen in such a way so that |z — ;| >

M >2n+eand |z — A_| > EfF —4n — € for all z € R whenever N is sufficiently large.
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Therefore, we wish to show

3
HUNTL HUNT
< (2 (——4 _ )
N (G —gn—q ~ 2t gy e

with probability tending to 1 as N — oco. Letting € — 0, the inequality holds whenever &Y > 12,

which happens when N is sufficiently large. By Theorem we conclude that 22 f(2) and 2%g(z)
both contain exactly one root in W with probability tending to one as N — o0; these roots must be
the real roots already found on the real line. Putting everything together, we see that the remaining
roots of 22f(z), and hence f(z), must be contained in B(0,4n), with probability tending to 1 as

N — . O

Lemma 5.6.6. Suppose that the n-by-n random matrices A and B with all entries having modulus
at most one have been coupled in such a way that |A;; — B;j| < % forall1 < 4,5 <n, where C >0

is a constant. Then for any k € N,

knkC
< .
- N

k k

Proof. Consider the matrix factorization for the difference of powers

k—1
Ak - Bk _ ZAZ(A . B)kalfi’
=0

which can be proven by expanding the sum and noticing that it is a telescoping series. Furthermore,
observe that the ij entry of any matrix is bounded above by the maximum column sum norm.

Applying the (submultiplicative) maximum column sum norm, we have that

k—1
1A% = BHlL < Y 1A' 1A = BJlal|B¥ .
=0

We may bound

1A < Al < n'y 1B < IBIFTT < nf
since all matrix entries of A and B have modulus at most one. Moreover,

nC
4Bl <2
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by the assumed coupling. Thus,

A% — B¥||; < Z (]\?) 1

_ (nC) - k-1
-0

B knkC
=
Since
‘Af} - Bj| = ‘(Ak — BY);;| < ||A* = B,
the result follows. O

Theorem 5.6.7. Let A be an n-by-n random matriz with entries independently and uniformly
distributed on [-N,N]NZ. Let imy_,oc 5 = ¢ > 12 and let P be the perturbation matriz whose
entries are all uy. Let B be an n-by-n random matriz with entries independently and uniformly
distributed on (—1,1). Let Amax denote the largest eigenvalue, in magnitude, of #. Let Z be the

random variable that is the unique solution to the equation

n n
Sy my =
j=1i=1
outside of B(0,4n). Then
Amax = Z.

Proof. Let A and B be coupled as in Lemma [5.3.5) Lemma [3.3.2] and Remark [3.3.3] show that

this is indeed a coupling of the matrices A and B. Refer to the coupled matrices as A’ and B’'.

In Theorem m it was shown that A‘*'TP (and hence A/]‘\,FP ) has a unique real outlier eigenvalue

14+v/2 . . .
contained in the interval [ B ‘W} with probability tending to one as N — oo, and that

all other eigenvalues of A+P (and hence A/%P) are contained in B(0,4n) with probability tending

to one as N — oo; call the outlier eigenvalue M. Let C be the perturbation matrix whose entries

f A/%P and the eigenvalues of B’ + C via the

A+ P A’ AN p
det (zl N ) = det <zI— N) det (I — <z[ — N> N)

are all c. We will now compare the eigenvalues o

factorizations




and

det (zI — (B’ + C)) = det (zI — B') det (I —

(:1-B)"'C).
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Since we are interested in eigenvalues near Apax, consider |z| > 4n. Expanding in terms of a

Neumann series as in the proof of Theorem let

and

£ (2) = 9(2)]

IN

IN

IN

<

k 0j5=11i=1
© n n I\ k o non N\ k I\ k
c  UN A c B A
zm@zzz@g+g: (@):@J
k=0 j=1 i=1 ij k=0 j=1 i=1 ij ij
o n on I\ k co n n N\ k
_/LN>1 A ¢ B\ _
WIS () e (7)),
k=0 j=1 i=1 ij k=0 j=1 i=1 ij
[e’e} n n / k [e’e] n n k
_/LV)l A ¢ kn” M
SIS () [HEE Yy
k=0 j=1 i=1 v k=0 j=1 i=1
I 1 o= o= e [ A k chook n\ k+1
-3 (W) e k()
k=0 j=1 i=1 v k=0
oo n n / k 3
_LN)l A cn” M
(-8 XX (), v o)
k=0 j=1 i=1 ij

f@_@(ﬁ(d_g)l

S (e

k:Oj 1i=1
g() = det (I - (21 - B') "' C)
c o non N\ k
~1-5 30 (F)
k=0 j=1 i=1 ij
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where we have applied Lemma to go from line three to line four; here, M > 0 is the constant

satisfying |A};/N — Bj;| < M/N for each 1 <,j < n, which exists due to Lemma We also

have that

n
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z

D

n
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f (=) =
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where the second line follows by the reverse triangle inequality. By arguments similar to Lemma

we can bound the sum

S35

k=1 j=1 i=1

since |z| > 4n. Hence, a lower bound for (5.27)) is given by

‘NN
Nz

Now let € > 0 and consider z € C),

max,€*

AN\
Nz>4-

[

L = n/3) =

2npn
3Nz

k+1 nrk
n* TN n
< — < —
_; NFEz|F = 3

and |z| > 4n, using Lemma and the geometric series, we have

pny 1 © n n Al k |1 0 nF+1I Nk
(-F) XX (5:) =l Tl X T
k=0 j=1 i=1 ij =0
o i |[1]]nz
- Nl|z||z—n
_ M)
< N
Since |z| > 4n, we can bound
en®M cenM
N(n — z)? 3N |’
Combining these pieces, since
. UN cnM
i 4= )+ ] o
N o ‘3 ‘TN ’ Y

we see that

P (limsup |f(2) —g(2)] < |f(2)|, forall z € Cy,,

N—o0

)-1

Let us compare ([5.26) and (5.27). Since limy_o0 5 = ¢

By Theorem we see that both f(z) and g(z) have the same number of zeros in C) . with

probability tending to one, as N — oo. To see that this zero is unique, observe first that Apax
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must be a zero of f(z). On the other hand, any zero of f(z) is also an eigenvalue of (A’ + P)/N,
and we know from Theorem that the remaining eigenvalues are contained in B(0,4n) with
probability tending to one as N — oo. Since
O S (BN Sy )
let Z be the random variable that is the unique solution to the equation
n n

Y3 (:1-B), = %

j=1i=1
outside of B(0,4n). To see that this solution actually exists and is unique, one can repeat the proof
of Theorem [5.6.5] but applied to the matrix B+ C rather than (A+ P)/N, and replacing 1y /N by
c. Since limpy o0 “WN = ¢, the bounds and algebra involved are very similar. Then we have showed
that

]\}iﬁI\nOOIP(\)\maX —Z| <26 =0,

which implies that

Ao = 7.

In particular, since A ~ A’ and B ~ B’, the result holds. O
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Appendix A

Pdf of the ratio distribution for continuous uniform random variables

We now investigate the probability density function of the limiting distribution of Zy, as
defined in Corollary[2.1.6] Springer [149] obtains the probability density functions of various random
variables in Chapter 4 of his book via the Mellin convolution and the residue theorem. We present
here a straightforward geometrical approach for the ratio distribution of two independent uniform

random variables.

Lemma A.0.1. Let 0 < a < f and 0 <~y < § and suppose that X ~ U(a,3) andY ~ U(v,0) are

independent. If% < I, then | X/Y| has density

§222_a2

Zea EE[55)
+4 ‘ o B]
- ifze |5 5]
Sixyv)(2) = -
§2=z2? : 5 8
o Y€ (57

0, otherwise

Otherwise, zf% > 1 then | X/Y| has density

52222 . [ 5'
B2 W€ |55
+8 ~ (8 o]
2(?—7)22’ if 2 € 37%
f|X/Y\(Z) = ) )
2_42,2 ) 8
ZEae 255

0, otherwise
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Proof. Since P(X/Y <z)=1-P(Y < %), we will begin by computing P(Y < %) for all z € R.
Consider the rectangle R in the complex plane defined by [a, 5] x [y, d]. Since X and Y are

independently distributed with a joint density that is uniform over R, for any z € R, the probability

that Y < % is equal to the area below the line y = 7 and enclosed by the rectangle, divided by the

total area of the rectangle. The four corners of the rectangle are given by («,7), (8,7), (a, ), and

(8,6). A visual aid is provided in Figure

Yy
y= g
St
S
o y=73"
1 1 :1:
o B

Figure A.1: This is the rectangle given by [«, 5] X [y,0], when 0 < o < 8 and 0 < v < 4. The figure
depicts the lines that go through all four corners of the rectangle. This serves as a visual aid for
computing P (Y < %) in the case where % < %

Observe that the lower right corner of the rectangle is given by the point (3, 7). Therefore, the
line through the origin with slope % will only intersect the rectangle at one point. We conclude that
for any z € [g, oo) P (Y < %) = 0. Similarly, observing that the upper left corner of the rectangle
is given by the point («,d), for any z € [O, %] P (Y < %) = 1. Finally, since the support of the

rectangle is contained in the first quadrant, for any z € (—o0,0),P (Y < %) = 0. Differentiating

1-P (Y < %) and combining these statements yields

fxpv(2) =0, ze (—oo, 5] U [oo) .

As the slope of the line through the origin increases, after intersecting the lower right corner

(8,7), the line will intersect either the point («, ) or (53, d) next, depending on whether the quantity
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% or 1 is greater. This is why we must consider two cases.

Suppose first that

Then for z € [%, g],

P(v <) - [ S

Differentiating 1 — P (Y < %) yields

2 2.2 ) B 5
@)= gy 1€ |55

Then for z € [

SLiss

il
P<Y<)z(> - T ></jf”d“/:5”$>
1 2(

(7

«a
;a

0—7)(8 -«
00— -«
Differentiating 1 — P (Y < %) yields

. a B
f|X/Y‘(Z):m7 if z € |:’y’6:|

o)

Finally, for z € [%, 7},

) <(6z—a)(a2; 2vz 4+ 6z) +(5—7)(5—52’)>-

Differentiating 1 — P (Y < %) yields

5222 — a2

@)= sy F2€ (55

When 2 < % instead, one can proceed analogously to obtain

fixv)(2) = %?—JFV/B)ZQ? if z € [g, 3]
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Remark A.0.2. f a < f<0and vy < <0 (instead of 0 < o < f and 0 < < 0) in the hypothesis

of Lemma it is not hard to see that if I < %, then |X/Y| has density

f|X/Y| (2) =

and if 1 > %, then |X/Y| has density

f|X/Y|(Z) =

¢
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Lemma A.0.3. Let « < 0 < 8 and v < 0 < §. Suppose that X ~ U(a,B) and Y ~ U(~,d) are

independent. If ad > py and 6 > ary, then X/Y has density

== S G Y [

T, if 2 € [,0)ufo,2]
fxyy(z) = %, if z € %,g}

wirae U2€ [55]

0, otherwise
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Proof. Consider the rectangle R defined by [a, 8] x [v,0], and begin with the simple observation
that for z € [0,00), the region that satisfies the inequality X/Y < z is given by the intersection
of R with the second quadrant, the fourth quadrant, the area above the line y = 7 in the first

quadrant, and the area below the line y = 7

Figure

in the third quadrant. A visual aid is provided in

%

/|

| N

Figure A.2: This is the rectangle given by [a, 8] X [v, d]. The figure on the left depicts, in blue, the
points in the rectangle that satisfy % < z for z positive. The figure on the right depicts, in blue,
the points in the rectangle that satisfy % < z for z negative.

When z € (—00,0), the region that satisfies the inequality X/Y < z is the intersection of R
with the area below the line y = 7 in the second quadrant and the area above the line y = 7 in
the fourth quadrant. To obtain the probability of these events, we divide the area of these regions
by the total area of the rectangle.

We begin by considering positive values for z. Similarly to the proof of Lemma as the
slope of the line through the origin increases from 0 towards oo, the line will intersect either the

point (a,7y) or (8,9) first, depending on whether the quantity % or 1 is greater. This leads to two

cases. Consider now the case where ad > 7.
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When 2z € [O, %},

X 1 0 oz x 0, 8

P<Y§Z>:(5—7)(B—a) (/ odrt ) 5zd“/yzz”d“/o ’“lx)
S S SR TR i e - >
_(5—7)(5—04)( bat gty o)

Differentiating gives

_ 72 + 62 . o
fX/Y<2)72(5—7)(6—a)’ 1fz€[0,7]

P(iigz):(é—y)l(ﬁ—a) </o[06d1:+/0ﬂ5Zdaz+/aoz'yd:1:+/oﬂ7dx)
1
(

2 042

Differentiating gives

T 222(0-7)(B—a)

Next, we consider negative values for z. As the slope of the line through the origin decreases

Fay(e) = g ot ize Do),

from 0 towards —oo, the line will intersect either the point (8,v) or («,d) first, depending on

whether the quantity % or g is greater. This leads to two cases. Consider now the case where

B0 > ay.

When z € (—oo, g} ,
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Differentiating gives

a? A2 )
- e (5T )
Differentiating gives
a? +~222 <B a>
z) = , ifze—=,=].
B &) = -5 a V'8

When z € [%,0) ,

5z 0, 7z g B
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B—O&) a 6z # 0 z vz
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1
(
1 2z %z
(

2, . 02 7Z 2,
—(5—7)5—06) <6z da 5 5 + vz 7/3’).

Differentiating gives

_ 72+52 . «a
Ixy(z) = 26— B —a) if z € [5,0)

O

In the proof of Lemma we saw that different cases for the density of X/Y must be
considered based on whether ad > Sy or ad < By and whether 50 > ary or 8J < ary. This gives
rise to a total of four cases; we computed the probability density of X/Y for just one. The density
of X/Y for the other cases can be computed analogously. One may also consider when o < 0 <

and 0 <y < d or when 0 < o < f and v < 0 < § in the statement of Lemma [A.0.3] to fully derive

the probability density function of X/Y.

Remark A.0.4. To find the pdf of |3

X X

= FX/Y(Z) - FX/Y(_Z)

, we simply observe that for any z € R,
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Differentiating shows that

f|X/Y\(2) = Ixv(2) — fx)v(=2).
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