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In the endeavor to design and implement useful quantum computers, various platforms have

seen varying levels of success, and the route to the era of fully scalable quantum computing remains

shrouded in mystery. One such platform for quantum computation is superconducting circuits,

which are a fruitful environment for the observation of quantum physics on mesoscopic scales. In

any effort to characterize the quantum behavior of superconducting circuits, a classical theory of

circuits with a straightforward route to quantization is necessary. In this thesis, we approach the

problem of establishing a maximally general theory of circuits. First, we formalize a framework

wherein a classical Hamiltonian may be derived for an arbitrary nondissipative circuit, assuming

only that Kirchhoff’s laws admit a unique solution. We also provide an algorithm for deriving

such Hamiltonians, and prove that it may always be executed successfully for nonsingular circuits.

Secondly, we generalize the aforementioned framework in such a way that circuit duality is manifestly

a relabeling transformation while providing novel insight into the ill–behaved properties of nonplanar

circuit duals. Finally, we produce an even more general framework that captures the classical

behavior of even dissipative circuits, including a formal argument that Johnson–Nyquist noise applies

to all linear resistors and a derivation of Johnson–Nyquist noise for nonlinear resistors. We derive a

principle of least action from which one may derive Langevin and Fokker–Planck equations describing

the dynamics of circuits with linear and nonlinear dissipative elements alike.



Dedication

To my wife, April, and her bottomless affection.



iv

Acknowledgements

I am seldom afforded a chance to wax poetic from a position beyond reproach. As such, I plan

to take full advantage of this opportunity. I hope that my remarks here convey the depth of my

gratitude and admiration.

To my wife, April, whose contribution to my life and goals is peerless, to my mother, Anna,

who has urged me to hope for my improbable dreams earnestly, and to my father, Terry, who adoped

me and taught me to look for my own happiness; I can offer in return only my love and gratitude. I

will not outlive my profound debt to you three, who have given me myself.

To my advisor, Andrew Lucas, I owe another debt of gratitude. Your kindness to me is beyond

what is due. I appreciate in particular your willingness to speak frankly to me on matters both

personal and professional. I admire and respect you, and I hope to measure up to the quality of the

training you’ve given me.

I thank my coauthors, Chao Yin, Raymond Simmonds, and Trevyn Larson, Sarah Jones, and

in particular András Gyenis for teaching me almost all that I know about circuits and introducing

me to the subject matter of this thesis.

I want to acknowledge my mentors, from my time as an undergraduate and before, Daniel

Kennefick, Julia Kennefick, Juana Moreno, Salvador Barraza–Lopez, Tami Blair, Anne Formby, and

Denny Burdine. I have not forgotten your kindness.

Finally, I acknowledge my closest friends outside of academia; Sheldon, Brennon, Ben, and

Taylor. You are my found family. Despite the great physical distance between us, you are close to

my heart.



v

Contents

Chapter

1 Introduction 1

1.1 The structure of this thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Superconducting circuits, a platform for quantum computing . . . . . . . . . . . . . 1

1.3 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.3.1 Newtonian, Lagrangian, and Hamiltonian mechanics . . . . . . . . . . . . . . 10

1.3.2 Principle of least action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.3.3 Symplectic geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.3.4 Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.3.5 Quantization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.3.6 Stochastic differential equations . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2 Symplectic geometry and circuit quantization 24

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.1.1 The standard approach to circuit quantization . . . . . . . . . . . . . . . . . . 24

2.1.2 Our quantization method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.2 Classical formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.2.1 Circuit elements and degrees of freedom . . . . . . . . . . . . . . . . . . . . . 29

2.2.2 Circuits and graph theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.2.3 From Hamiltonian mechanics to symplectic geometry . . . . . . . . . . . . . . 37



vi

2.2.4 Symplectic geometry of a circuit . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.2.5 Choosing canonically conjugate variables . . . . . . . . . . . . . . . . . . . . . 45

2.3 Circuit quantization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

2.4 Examples and generalizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

2.4.1 Inductively and capacitively shunted islands . . . . . . . . . . . . . . . . . . . 49

2.4.2 The dualmon qubit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

2.4.3 Offset-charges and external voltages in the transmon . . . . . . . . . . . . . . 56

2.4.4 External flux in the fluxonium . . . . . . . . . . . . . . . . . . . . . . . . . . 58

2.4.5 Josephson junctions with quantum phase slips . . . . . . . . . . . . . . . . . . 59

2.4.6 Time-dependent external charges or fluxes . . . . . . . . . . . . . . . . . . . . 61

2.4.7 Singular circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

2.4.8 Connecting to the existing Lagrangian formalism . . . . . . . . . . . . . . . . 66

2.5 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3 Flux-Charge symmetric theory of superconducting circuits 69

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

3.2 Classical theory of circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3.2.1 Symplectic geometry approach to circuit quantization . . . . . . . . . . . . . 71

3.2.2 Topology of a graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

3.2.3 A symmetric circuit Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . . 81

3.2.4 A Hamiltonian theory from a Lagrangian theory . . . . . . . . . . . . . . . . 83

3.3 Equivalence to other formulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

3.3.1 Branch–node formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

3.3.2 Face–Edge formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

3.4 Circuit duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

3.4.1 Planar circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

3.4.2 Nonplanar circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94



vii

3.5 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

3.5.1 A planar circuit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

3.5.2 Transmon and Fluxonium qubits . . . . . . . . . . . . . . . . . . . . . . . . . 100

3.5.3 A self–dual circuit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

3.5.4 A circuit on K5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

3.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

4 Stochastic theory of nonlinear electrical circuits in thermal equilibrium 110

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4.2 Review of stochastic and dissipative mechanics . . . . . . . . . . . . . . . . . . . . . 112

4.2.1 The Martin-Siggia-Rose formalism . . . . . . . . . . . . . . . . . . . . . . . . 113

4.2.2 Fokker-Planck equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

4.3 Theory of circuit dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

4.3.1 Overview of circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

4.3.2 The dissipative Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

4.3.3 Removing constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

4.3.4 Johnson noise for linear resistors . . . . . . . . . . . . . . . . . . . . . . . . . 139

4.3.5 Circuit dualities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

4.3.6 Comparison to formalism based on Rayleigh dissipative function . . . . . . . 144

4.4 Nonlinear resistors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

4.5 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

4.5.1 An RLC circuit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

4.5.2 An unclean circuit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

4.5.3 A circuit with a nonlinear resistor . . . . . . . . . . . . . . . . . . . . . . . . 161

4.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

References 164



viii

Appendix

A Appendices of [90] 172

A.1 Mathematical formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

A.1.1 Graph theory for circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

A.1.2 Circuit quantization on general graphs . . . . . . . . . . . . . . . . . . . . . . 177

A.2 Solubility of energetic constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

A.3 Quantization without Noether charges . . . . . . . . . . . . . . . . . . . . . . . . . . 185

B Appendices of [91] 187

B.1 Graph theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

B.2 Formal approach to symmetric quantization . . . . . . . . . . . . . . . . . . . . . . . 195

B.2.1 Properties of circuits and the connection matrix . . . . . . . . . . . . . . . . . 195

B.2.2 Formal circuit Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200

B.3 Circuit duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201



ix

Figures

Figure

1.1 Pictured above are a pair of circuits that mare minimal examples of conservative

linear and nonlinear circuits respectively. The boxed and crossed circuit element is

meant to denote the Josephson junction, which is a nonlinear inductor. . . . . . . . . 3

1.2 A one–loop circuit consisting of a resistor and a capacitor. It is not possible to

construct a smaller circuit with nontrivial dynamics and dissipation, though one might

also consider a circuit with only an inductor and a resistor as another minimal example. 19

2.1 Examples of quantum circuits with Lagrangians using one or two types

of generalized coordinates. (a) An inductor shunted by two capacitors: the

Lagrangian of the circuit contains a single type of variable, the flux across the inductor,

such that L(φ, φ̇). The charge-flux conjugate pairs are defined at the Lagrangian level.

(b) A Josephson junction and a quantum phase slip junction forming a loop. This

quantum circuit can not be described by a Lagrangian using a single type of variable

but only with a Lagrangian that contains both charge and flux variables, L(φ, φ̇, q, q̇).

(c) A more complex circuit of multiple Josephson junctions and quantum phase slips,

where writing down a Hamiltonian requires geometrical arguments. . . . . . . . . . . 27



x

2.2 Graph theory and quantum circuits. (a) An arbitrary circuit containing all four

types of superconducting circuit elements: capacitors, inductors, Josephson junctions

and quantum phase slips. The node fluxes are φvi , while the branch charges across

the capacitive elements are qei . (b) The graph of the full circuit. The vertices of

the graph are label as vi, while the edges are denoted as ei. Inductive branches are

colored with blue lines, while capacitive ones are highlighted with red lines. The

incidence matrix of the graph of the full circuit is Aev. (c) The capacitive subgraph

of the circuit containing only capacitive edges. The capacitive incidence matrix is Ωev. 30

2.3 Circuit elements and their constitutive relations. The circuit elements that

we consider in this work connect two variables (flux, charge, and their derivatives).

Inductive elements relate flux φ and the current q̇, such as linear inductors (L) and

Josephson junctions (JJ). On the other hand, capacitive elements connect charge q

with voltage φ̇, such as linear capacitors (C) and quantum phase slip elements (QPS).

The memristor (M) [24] and resistor (R) connect directly charge with flux or their

derivatives. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.4 Symplectic geometry of a circuit. When describing a circuit with its capacitive

graph, we can define two types of geometrical objects that correspond to null vectors of

the capacitive incidence matrix of the circuit: inductively shunted islands (green-filled

rectangular), and capacitive loops (orange-filled rectangular). The variables associated

with these null vectors must be removed to be able to quantize the circuit. Additional

variables can be removed based on the Noether charges of the circuit. The edges that

are part of a (non-unique) spanning tree are highlighted with wide lines. . . . . . . . 42



xi

2.5 Inductively and capacitively shunted islands. (a) The inductively shunted

island at node flux φv2 corresponds to the right null vector of the incidence matrix

Ωev; thus, we need to remove such variable to be able to arrive to a self-consistent

Hamiltonian. (b) The capacitively shunted island at φv2 corresponds to a Noether

charge in the circuit. It is possible but not required to remove such a variable to be

able to define conjugate pairs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

2.6 Examples for quantum circuits in the framework of symplectic geometry.

The branches are colored based on the type of element they contain; red: capacitive

elements, blue: inductive elements. The circuits are (a) dualmon circuit, (b) offset-

charge-sensitive transmon[16], (c) external-flux-sensitive fluxonium. . . . . . . . . . . 55

2.7 Circuit in time-dependent external flux. A flux-tunable transmon with two

Josephson junctions shunted by two capacitors. The external flux in the loop enclosed

by the two junctions can be modeled as one or more additional batteries in a loop,

as long as the total flux provided by these batteries equals the external flux. The

batteries are modeled as capacitive elements. . . . . . . . . . . . . . . . . . . . . . . 62

2.8 Singular circuit. (a) Example for a one-mode circuit where a quantum phase

element has no series inductance attached to it. The circuit has a capacitive loop,

C = {{qe1 , qe2}} leading to a non-analytical constraint. (b) When a series inductance

is included in the circuit, the capacitive loop is broken, and the system has two degrees

of freedom and an analytical Hamiltonian. . . . . . . . . . . . . . . . . . . . . . . . . 64

3.1 Examples of faces and edges in a (a) planar and (b) non-planar graph. . . . . . . . . 74

3.2 A circuit with four faces (counting the external face), six edges, and four vertices. For

this circuit, I = {e1, e6, e2} and C = {e3, e4, e5}. To see that all faces are “oriented

alike", imagine the circuit embedded on the sphere: all faces are oriented into the

sphere. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79



xii

3.3 A number of examples showing how the transformation (3.52) effects various aspects

of a circuit. We emphasize that, from the perspective of this formalism, nonlinear

inductors may be treated simply as inductors on equal footing with linear inductors.

In particular, a Josephson junction would be dual to a quantum phase slip. . . . . . 92

3.4 The black circuits in (a) and (b) are simply redrawings of the same circuit. The duals

of the circuits (a) and (b) are drawn in grey. In both subfigures, labels correspond to

the circuit in black. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

3.5 A circuit on K5. The edges with alike labels are to be identified. The loops l6 and l7

are drawn in red and blue respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . 94

3.6 Pictured in (a) is the Transmon. In (b) is drawn the fluxonium qubit. . . . . . . . . 100

3.7 A heuristic drawing on an identified polygon representation of a torus. If a charge or

flux about some “topological" loop is to be dynamical, then it’s dual must also be

topological. A “topological current" is drawn and labeled in red. The naive dual to

the current q̇ would be a voltage drop across the corresponding cut. In the figure

above, the nonlocal “topological" voltage resulting from the naive duality map would

participate in all three dual edges with the label φdual. . . . . . . . . . . . . . . . . . 108

4.1 Pictured above are a pair of drawings. The drawing (a) is simply a graph, while (b)

is a full–fledged circuit. Since the boundary maps A and B depend only upon the

underlying graph structure of a circuit, A and B may be read just as easily off of the

drawing in (a) as off of the drawing (b). On the other hand, various projectors onto

edge sets may be read only off of the drawing in (b). . . . . . . . . . . . . . . . . . . 120

4.2 A circuit drawn with elements colored according to set inclusion. Its dual, constructed

by Algorithm 29, is drawn in grey, with labels omitted on both circuits. . . . . . . . 142



xiii

4.3 A part of a circuit which illustrates the subtleties with extracting the proper form of

Ohm’s law for nonlinear resistors. The box shaded in gray is meant to denote some

arbitrary configuration of circuit elements. Elements explicitly drawn are colored

according to set inclusion. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

4.4 A minimal one–loop RLC circuit. Edges are colored according to set inclusion as in

Fig. 4.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

4.5 A minimal example of a circuit that is not a clean circuit. Note that every circuit

consisting of one dissipative element and one nondissipative element is clean. Edges

are colored according to set inclusion. . . . . . . . . . . . . . . . . . . . . . . . . . . 158

4.6 A circuit consisting of three edges, colored according to set inclusion. Edge e2 contains

a Josephson junction with E = −EJ cosφe2 . . . . . . . . . . . . . . . . . . . . . . . . 161



Chapter 1

Introduction

1.1 The structure of this thesis

This thesis should be regarded as a compendium of the very closely related works [90, 91].

The content of Chapter 2 first appeared in [90], and likewise Chapters 3 and 4 appeared originally in

[91] and [osborne2024stochastic] respectively.

While the organization of chapters in this thesis is in correspondence with the chronological

order of the related papers, it is also the most pedagogically sensible reading order. Chapter 2 builds

a formalism1 which is extended by the discussion in Chapter 3 and relied upon very heavily in

Chapter 4. Chapter 2 begins with a gentle introduction to the theory of circuits, which is repeated

to some extent in Chapters 3 and 4.

This introduction aims to put the contents of this thesis into context by motivating the

problems addressed by the main body. We also provide what we hope is all of background necessary

to understand the technical details of Chapter 2 with the material prerequisite for Chapter 3 would

be provided by the first and so on.

1.2 Superconducting circuits, a platform for quantum computing

The study of quantum computers and quantum computation is a subject of great interest over

recent years. Motivated in part by the power of quantum computers to perform tasks for which no

1Formal discussion of the contents of Chapter 2 is relegated to Appendix A.
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efficient classical algorithm exists, many avenues toward quantum computation have been and are

being explored both by academic institutions and private entities.

In our quest to develop scalable quantum computers, we find ourselves in the era of noisy

intermediate scale quantum computation (NISQ) [61, 100]. Existing experimental implementations

of quantum computers rely on a variety of platforms, but all face the challenge of correcting or

preventing errors. Any kind of computation is subject to errors; for the task of classical computation,

existing physical platforms and error correction techniques are sufficient to enable the production

of even commercially available computers scaled to nearly arbitrary size. As a point of contrast,

existing quantum computers are not capable of irrefutably demonstrating superiority over existing

classical devices.

The greatest obstacle in demonstrating quantum supremacy is the problem of quantum error

correction. Any quantum computer is subject to a number of sources of error, some of which do not

have a classical analogue. Decoherence, gate infidelity, dephasing, and classical bit–flips all play a

role in the host of problems for which a quantum computer must produce an answer.

There are, in principle, many routes toward scalability. The first is so–called active error

correction where errors are detected by the measurement of some quantity, and then corrected by

applying some operation. Such schemes can make use of redundancy, or the structure of some set of

stabilizers. Various schemes of active error correction have enjoyed some practical success. Another

approach to protecting information from errors involves the encoding of information in some very

nonlocal or entangled state

Yet a third approach is to use physical ingredients that somehow incorporate error protection

in a way that is intrinsic to their hardware. This third approach is the primary motivation for the

study of superconducting circuits as a platform for quantum computation [43, 44, 48].

As is probably clear from the nomenclature itself, the physical principles that underpin the

physics of superconducting circuits is inseparable from the physics of superconductivity. Intuitively,

a superconducting circuit is simply an electrical circuit fabricated out of a material which, below

a critical temperature, exhibits superconductivity. Physically, the state of some superconducting
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CL

(a) A minimal one–loop conservative circuit. (b) A minimal one–loop conservative circuit with a
nonlinear element

Figure 1.1: Pictured above are a pair of circuits that mare minimal examples of conservative linear
and nonlinear circuits respectively. The boxed and crossed circuit element is meant to denote the
Josephson junction, which is a nonlinear inductor.

circuit can be understood as a wave function describing the configuration of a mesoscopic Cooper

pair condensate. Despite the fact that there are, in principle, a macroscopic number of degrees of

freedom to be specified by some such state, it happens to be the case that naively quantized classical

circuit Hamiltonians agree with the observed behavior of superconducting circuits.

As a minimal example, consider the circuit drawn in Figure 1.1(a). From first–year undergrad-

uate electricity and magnetism, we know well that

Vcapacitor =
Q

C
,

Vinductor = −Lİinductor.
(1.1)

Using Kirchhoff’s voltage law and the fact that İ = Q̈, we find that the dynamics of the circuit at

hand are characterized by the second order linear ordinary differential equation

Q̈+
Q

LC
= 0. (1.2)

Since we are interested in quantum mechanical behavior, it is desirable to write a Hamiltonian that

produces (1.2); intuition guides us to

H =
1

2L
Φ2 +

1

2C
Q2, (1.3)
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with

Φ = LQ̇. (1.4)

It is not entirely surprising that we would discover that the variable conjugate to a charge is a flux.

Happily, the superconducting circuit version of the circuit in Figure 1.1(a) is genuinely a quantum

simple harmonic oscillator with Hamiltonian

Ĥ =
1

2L
Φ̂2 +

1

2C
Q̂2 (1.5)

and

[Φ,Q] = i~. (1.6)

One might correctly suspect that using linear elements to build a superconducting circuit as in

(1.5) would produce most generally a system of coupled harmonic oscillators. However, in our pursuit

of a useful qubit, it is necessary to incorporate more general ingredients in the form of nonlinearity.

Nonlinear circuit elements are those for which the constitutive relations (1.1) is nonlinear. The most

prevalent such element is the Josephson junction [1, 8, 27, 38, 57, 67, 74, 82, 111], with energy

EJosephson = −E cos(Φ). (1.7)

The (classical) Hamiltonian of the circuit drawn in Figure 1.1(b) is

H =
1

2C
Q2 − E cos(Φ). (1.8)

Why are nonlinear superconducting circuits desirable from an error–protection perspective?

Heuristically, one can imagine constructing a potential of the form

V (Φ) =
1

2L
(Φ+ φ0)2 − E cos(Φ) (1.9)
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with φ0 a constant tuned so that V (Φ) has two distinct wells. In each of these wells, there is a

localized state, and parameters may be tuned such that these two states have small overlap. This is

the mechanism of the “intrinsic error protection" that is a central virtue of superconducting circuits

as a platform for qubits.

In effect, there is hope that superconducting circuits may be constructed that are safe from

at least some sources of error simply by virtue of their construction. Then, active error correction

may be used to correct errors from which the desired device is not safe. While the issue of error

correction is not central to this thesis in a technical capacity, it is an underlying motivation to the

study of superconducting circuits in general.

Superconducting circuits have been very successful experimentally [15, 17, 38, 62, 64, 78]. The

transmon [62] and fluxonium qubits [78] in particular have been used as a key ingredient in state of

the art quantum computers [5, 21, 83].There are circuit elements theorized but not yet implemented

such as the quantum phase slip [6, 9, 63], which is thought to be the electromagnetic dual of the

Josephson junction. The question of what might be accomplished with a broader suite nonlinear of

circuit elements remains open. As is the case in many other settings, the proposition of experiments

is intimately connected to the power of the theoretical predictions that can be made. In short, the

search for novel and useful superconducting circuits demands first a broadly applicable theory of

circuits.

The classical theory of conservative (i.e. without dissipation) circuits is very mature, and

often the subject of textbooks and course materials. Nonetheless, there remain open problems in

the theory of classical circuits, some of which are of importance to the theory of superconducting

circuits.

While it is the case that Kirchhoff’s laws fully determine the dynamics of a classical circuit, it is

not always clear how to derive a Hamiltonian (classical or quantum) that describing some circuit from

Kirchhoff’s laws alone. Indeed, this problem is conventionally addressed by instead writing down a

Lagrangian describing some circuit where Kirchhoff’s laws enter as Lagrange multipliers. Only after

resolving constraints and eliminating degrees of freedom, or intuitively writing a Lagrangian such
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that constraints are automatically satisfied can one derive a Hamiltonian via Legendre transform.

For a broad class of circuits, this procedure is satisfactory in the sense that it makes correct

predictions. In another sense, however, such a formalism leaves much to be desired. One expects

that conservative circuits generally admit a Hamiltonian description, but a rigorous demonstration

that this expectation holds is not possible without a more general framework. Additionally, there are

circuits that are not naively within the scope of ordinary Lagrangian mechanics; namely, dissipative

and doubly nonlinear circuits. In particular the dualmon [69] is a doubly nonlinear circuit that is

thought to have very desirable properties, with Hamiltonian

Hdualmon = −EC cos(q)− EJ cos(φ). (1.10)

The form of the dualmon Hamiltonian (1.10) could only be postulated rather than derived prior

to [90]. In particular, there is only one dynamical charge and one dynamical flux in the dualmon

system due to the fact that the dualmon is a one–loop circuit. As such, (1.10) is intuitively the only

Hamiltonian that could correctly describe it. However, a nontrivial network of dualmons, or simply

including linear elements in addition to those present in the dualmon complicates such intuitive

attempts at quantization prohibitively. This is not to say that there are no means by which one may

endeavor to derive a quantum or classical Hamiltonian for such circuits (See e.g. [23, 88, 103, 104,

106, 117, 118, 122]). The issue is that there is not a sufficiently general theory of circuit mechanics;

there exist circuits for whom the derivation of a Hamiltonian is not a rote problem of executing some

algorithm but a problem requiring innovation, ingenuity, and creativity. A central result of Chapter

2 is a formalism wherein a circuit Lagrangian may be algorithmically derived for an arbitrary circuit.

We also prove that every circuit that admits a unique solution to Kirchhoff’s laws also admits a

Hamiltonian description, and give an algorithm for deriving a Hamiltonian for circuits consistent

with Kirchhoff’s laws. Furthermore, we provide a number of examples of circuit Hamiltonians for

which a physical derivation was unknown prior to the publication of [90].

In the theory of classical circuits, it has long been known that planar circuits with only linear
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circuit elements have a number of so–called duals[105]. Circuit duality is a special case of duality in

classical electromagnetism. Conveniently, there exists a simple, algorithmic procedure whereby a

drawing of some circuit’s dual may be derived using only a drawing of the original circuit and a set

of rules. From an electrical engineering perspective, duality is a useful construction because a circuit

and its dual have similar properties; the voltage across an element is related straightforwardly to the

current across its dual element. When designing some device, it is generally possible to use either a

circuit or one of its duals, and it can be the case that the dual of some circuit is easier to build, or

requires less connectivity than the circuit itself.

Superconducting circuit qubits, however, use elements that are nonlinear. At the level of

a quantum Hamiltonian, a simple change of basis? What is the dual element to the Josephson

junction? At the level of a Hamiltonian, the transformation

p→ −x′

x→ p′
(1.11)

is canonical in the sense that

{x, p} = {x′, p′}. (1.12)

Hence, this transformation is unitary when applied to a quantum Hamiltonian. Quantum mechani-

cally, applying (1.11) leaves the eigenvalue spectrum of a Hamiltonian invariant. Is circuit duality

the same transformation as (1.11)? Is the historical graph–theoretic circuit duality transformation

applicable to circuits containing nonlinear elements? These questions were largely unanswered until

Ulrich and Hassler[117], made a connection between the duality map (1.11), and the graph–theoretic

circuit duality transformation. While the Hamiltonian transformation derived in [117] is precisely of

the form (1.11), the Lagrangian version of the circuit duality transformation in [117] relied upon

a nontrivial sequence of path integral operations. Furthermore, the validity of the transformation

demands a number of conventions be chosen in regard to how charges and fluxes in a circuit are

expressed.
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Intuitively, one would hope for a Lagrangian duality transformation every bit as transparent

as (1.11). Also, the circuit duality map on drawings does not require the specification of any

conventions for which variables are used to express the state of the circuit. In chapter 3[91], we derive

a Lagrangian theory where the duality transformation is manifestly a relabeling transformation.

Using inspiration from the theory of algebraic topology, we also provide new insight on the reasons

that nonplanar circuits need not have a well–defined dual.

The phenomenon of dissipation arises naturally when a system of interest is coupled to a

“bath" with many degrees of freedom. If the interactions between the system and the bath conserve

energy, keeping track of the bath degrees of freedom yields, in principle, a theory that is amenable to

Lagrangian or Hamiltonian mechanics. In practice, however, this is often too cumbersome a request

to fulfill. Especially when one is only interested in the dynamics of the smaller system, it is desirable

to produce a model that captures the behavior of the smaller system without being burdened by the

full complexity of the bath. Even when the system is coupled to the bath with only time reversal

symmetric interactions, what naively arises is the phenomenon of dissipation, where the energy

transfer from the system of interest to the bath is described as energy loss.

However, one expects that the bath would donate some energy to the system of interest at

least occasionally even when the bath is at a higher temperature than the system. Moreover, it is

conceptually appealing to derive an effective theory with the same symmetries as the microscopic

interactions. At the classical level, both of these problems may be resolved through the use of

stochastic differential equations in place of ordinary differential equations describing the dynamics

of some system. From the perspective of stochastic differential equations, there arises a natural

connection between the strength of dissipation and the variance of fluctuations. A so–called

fluctuation–dissipation theorem [66, 101] is a mathematical relationship that relates the strength of

dissipation to the variance of fluctuations.

In the context of circuit mechanics, there are various approaches to incorporating dissipation.

The first and simplest is the ordinary linear resistor, equipped with a constitutive relation on equal

footing with other circuit elements. Another approach is the Caldeira–Leggett model [18], where
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bath degrees of freedom are explicitly tracked. We will focus on the former approach. Because

ordinary Hamiltonian mechanics is intrinsically conservative, the dynamics of dissipative circuits

may not be described by a Hamiltonian without further trickery.

Though it is possible to contrive techniques toward a general description of dissipative circuits

(most often via Rayleigh dissipation function), such techniques are physically motivated only in the

sense that they can be tuned to satisfy Kirchhoff’s laws [79, 111]. Furthermore, such techniques

generally only incorporate dissipation without fluctuations. In fact, the problem of deriving a theory

wherein the Johnson–Nyquist [55, 89] fluctuation–dissipation theorem relating fluctuations in voltage

δV across a resistor with resistance R at temperature T

〈δV (t)δV (0)〉 = 2TRδ(t) (1.13)

can be shown to hold (even only in the case of linear resistors) in general has remained open.

Furthermore, the validity of (1.13) in the case of nonlinear resistors is a subject of some argument

[57, 111].

In Chapter 4, we construct a physically motivated classical Lagrangian formalism describing

arbitrary dissipative circuits that relies on the techniques of [90, 91]. Furthermore, we show that

(1.13) holds for arbitrary linear resistors, while also demonstrating that fluctuation–dissipation

theorems for nonlinear resistors may also be calculated within the scope of our formalism. We also

show that LRC circuit duality is a simple relabeling transformation, which is another novel property

of the Lagrangian we derive.

1.3 Preliminaries

In an effort to make this thesis a self–contained work, we will turn our attention toward a

brief discussion of various technical prerequisites of the main body of this thesis. The expert reader

would be forgiven for moving ahead to the start of chapter 2.
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1.3.1 Newtonian, Lagrangian, and Hamiltonian mechanics

A first year classical mechanics course typically begins with a presentation of Newton’s laws.

For a particle of mass m in a one–dimensional potential V (x), Newton’s second law says that

mẍ = −∂V
∂x

. (1.14)

A second attempt at understanding classical mechanics would have you write

L =
m

2
ẋ2 − V (x), (1.15)

and observing that Lagrange’s equations

0 =
∂

∂t

∂L

∂ẋ
− ∂L

∂x
(1.16)

encode (1.14). It is possible to derive Lagrange’s equations from Newton’s. There is yet a third

formulation of classical mechanics most often derived from Lagrangian mechanics by defining

p =
∂L

∂ẋ
, (1.17)

and writing

H = pẋ− L. (1.18)

Provided that L contains the standard expression for kinetic energy, one finds that the Hamiltonian,

H, is the total energy of the system. Hamilton’s equations, which may be derived from (1.16), take

the form

ṗ = −∂H
∂x

ẋ =
∂H

∂p
.

(1.19)



11

Instead of the second order equation (1.16), we produce a coupled set of first order equations. Finally,

we may define a bilinear, antisymmetric operation called a Poisson bracket by

{f, g} =
∂f

∂x

∂g

∂p
− ∂g

∂x

∂f

∂p
. (1.20)

In terms of the Poisson bracket, Hamilton’s equations take the form

ṗ = {p,H}

ẋ = {x,H}.
(1.21)

We say that x and p form a conjugate pair because

{x, p} = 1. (1.22)

In matters pertaining a conservative system of a single classical point particle with kinetic energy

T =
1

2
mẋ2, (1.23)

there is little more to say.

However, there are a great many systems of interest which fail to be conservative, or which

consist of greater than one particle, or which are described not by a position and a momentum

but by some other pair of observables. In preparation for the main body of this thesis, our aim in

this introduction is to provide a description of Lagrangian and Hamiltonian mechanics that is both

suitably self contained and sufficiently general that the main body is easily comprehensible.
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1.3.2 Principle of least action

The principle of least actions postulates that one may use a Lagrangian L to define an action

functional

S[x(t)] =

∫
dt L(x(t), ẋ(t), ẍ(t), . . . ), (1.24)

and that physical trajectories minimize S.

In order to find minima of S, we define δx(t) be perturbatively small deviation from x(t), and

define δS
δx to be the part of S[x+ δx] that is proportional to δx:

δS = S[x+ δx]− S[x] =

∫
dt
[
L(x+ δx, ẋ+ ˙δx, . . . )

]
−
∫

dtL(x, ẋ, . . . ). (1.25)

Expanding about small δx,

∫
dt L(x+ δx, ẋ+ ˙δx, . . . ) ≈

∫
dt

[
∂L

∂x
δx+

∂L

∂ẋ
˙δx+ . . .

]
=

∫
dt

[
∂L

∂x
δx− ∂t

∂L

∂ẋ
δx+ · · ·

]
.

(1.26)

Evidently a physical trajectory x(t) satisfies,

0 =
δS

δx
=

∞∑

i=0

(−1)i
∂i

∂ti
∂L

∂x(i)
. (1.27)

The textbook form of Lagrange’s equations is recovered from (1.27) by demanding that L depend

only upon x(t) and ẋ(t). Though the ordinary form of Lagrange’s equations will suffice for this

thesis, we remark that any departure from convention in defining or deriving some Lagrangian is on

equal footing with textbook Lagrangian mechanics so long as the principle of least action is used to

calculate equations of motion. We will shortly move on to some such departure from convention

that is particularly useful.
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1.3.3 Symplectic geometry

Hamiltonian mechanics, too, can be encoded by a principle of least action. Consider the action

functional

S =

∫
dt [pẋ−H(x, p)] . (1.28)

The equations of motion afforded by the principle of least action are

0 =
δS

δp
= ẋ− ∂H

∂p

0 =
δS

δx
= −ṗ− ∂H

∂x
.

(1.29)

At least in the case of the very simple (1.28), Hamilton’s equations are recovered. One may safely

regard (1.28) as an intrinsically Hamiltonian principle of least action. Nonetheless, we write

L = pẋ−H (1.30)

and refer to L as a Lagrangian simply because L is the argument of a principle of least action. The

observation that a Hamiltonian principle of least action exists is often accredited to [35, 52].

Taking inspiration from Lagrangians of the form (1.28), the focus of this thesis is (approxi-

mately) Lagrangians of the form

L =
∑

i,j

ξiMij ξ̇j − E(ξ). (1.31)

When can a Lagrangian of the form (1.31) be used to derive a Hamiltonian system? Equivalently,

when does (1.31) encode a Poisson bracket?

Since the equations of motion derived from (1.31) arise from a principle of least action, we are

free to suppose that Mᵀ = −Mᵀ, since

∫
dt ξiMij ξ̇j +Mjiξj ξ̇i =

1

2
(Mij −Mji)

∫
dt ξiξ̇j (1.32)

by integration by parts. That is to say that any symmetric component of M is simply a total
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derivative and does not effect equation of motion. Then,

0 =
δS

δξi
=
∑

j

Mij ξ̇j −
∂E

∂ξi
. (1.33)

While (1.33) has some cosmetic similarity to Hamilton’s equations, the difference between (1.33) and

(1.19) lies in the fact that ξ̇j is not isolated in (1.33). Evidently, one can only put (1.33) in the form

of Hamilton’s equations if M is invertible, in which case,

0 = ξ̇j −
∑

i

(M−1)ij
∂E

∂ξi
. (1.34)

Comparing (1.34) to (1.21) leads us to ascertain that the Poisson brackets determined by (1.31) may

be defined by

{f, g} =
∑

i,j

(M−1)ij
∂f

∂ξi

∂g

∂ξj
. (1.35)

Equivalently, one may define a so–called symplectic form

ω =
∑

i,j

Mijdξi ∧ dξj . (1.36)

It is straightforward to demonstrate that if M is both antisymmetric and invertible, then it

must be a 2n by 2n matrix for some positive integer n. Even further, there exists some unitary

matrix U and an n by n matrix Ω such that

U †MU =
1

2




0 Ω

−Ω 0



. (1.37)
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Without loss of generality, we will suppose U = I. With the notation

ξi =





pi 1 ≤ i ≤ n

xi n+ 1 ≤ i ≤ 2n,

(1.38)

we may rewrite

L =

n∑

i,j=1

piΩij ẋj − E(p, x)

{f, g} =

n∑

i,j=1

(Ω−1)ij

(
∂f

∂xi

∂g

∂pj
− ∂g

∂xi

∂f

∂pj

)
.

(1.39)

Now it is clear how the antisymmetry in M is encoded by the denomination of some variables as

momenta and others as positions. Additionally, a Hamiltonian system must have an equal number

of momenta and positions since the dimensions of an antisymmetric invertible matrix must be even.

This simple derivation is what underpins all Hamiltonian mechanics; classical and quantum.

The mathematical study of manifolds with antisymmetric, invertible, biliear forms is called symplectic

geometry. We discuss symplectic geometry in greater detail in Chapter 2.

1.3.4 Constraints

One of the virtues of Lagrangian formalisms is the particularly straightforward way that

constraints appear and are solved. That is to say that each constraint to be satisfied corresponds

to a term explicitly written in the Lagrangian, called a Lagrange multiplier. To impose some such

constraint is often as simple as using Lagrange’s equations to rewrite the Lagrangian itself. As a

point of contrast, constraints enter into Hamiltonian mechanics by way of Dirac brackets [32, 42].

The constrained quantity affects the Poisson brackets, rather than the Hamiltonian function itself.

In particular, the Hamiltonian function itself need not contain evidence of constraints to be satisfied.

As an example, suppose that the Lagrangian L describes the unconstrained dynamics of some
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system, and one is interested in the dynamics of that same system constrained to satisfy

f(x) = 0. (1.40)

The Lagrangian

L′ = L+ λf(x) (1.41)

has the equations of motion (via least action)

0 =
δS′

δλ
= f(x)

0 =
δS′

δx
=

δ

δx

∫
dtL+ λ

∂f

∂x
.

(1.42)

The second line of (1.42) may be used to solve for λ in terms of dynamical variables in such a way that

L′ is a function of only x variables and not λ. Then, L′ is precisely the sought after function: least

action provides the equations of motion for a system with identical dynamics to L but constrained

such that f = 0. Incorporating constraints in this manner is often simpler technically than imposing

constraints at the Hamiltonian level, provided that both techniques are possible at all. Indeed, it is

possible to impose constraints upon Lagrangians via Lagrange multipliers even for systems that do

not admit a Hamiltonian description (such as those where there are overdamped degrees of freedom).

Such constraints also take on a natural role in Lagrangians of the form (1.31). Instead of

supposing that Ω is a square, invertible matrix, suppose that ω is an n1 by n2 matrix of the form

Ω =




ω 0

0 0




(1.43)

where ω is an m by m invertible, symmetric matrix with m < min(n1, n2). Then,

L =

m∑

i,j=1

piωij ẋj − E(x, p). (1.44)
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For l > m, equations of motion become constraints:

0 =
δS

δxl
= −∂E

∂xl

0 =
δS

δpl
= −∂E

∂pl
.

(1.45)

While it is certainly possible to build some Lagrangian for which (1.45) cannot be used eliminate xl

and pl, we will ignore this possibility and suppose instead that there exist functions Fl and Pl from

(1.45) such that

xl = Fl(x1, x2, . . . , xm)

pl = Pl(p1, p2, . . . , pm).

(1.46)

Then, we may write

L =

m∑

i,j=1

piωij ẋj − E(x1, x2, . . . , xm, Fm+1, Fm+2, . . . , Fn1 , p1, p2, . . . , pm, Pm+1, Pm+2, . . . , Pn2).

(1.47)

Since ω is invertible and symmetric, there exists some unitary matrix U such that

UωU † = diag(w1, w2, . . . , wm). (1.48)

Finally, define

Xi =
√
wi
∑

j

Uijxj

Pi =
√
wi
∑

j

(U †)ijpj ,

(1.49)

and rewrite

L =
m∑

i=1

PiẊi − E. (1.50)

where, since ω is invertible, E may be regarded as a function of only X and P variables. After

a Legendre transform, (1.50) yields a Hamiltonian and Poisson bracket where Xi and Pi form a

conjugate pair.
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Our ability to identify canonically conjugate pairs was no accident; Darboux’s theorem [53,

72] guarantees that a one can always choose variables such that the Poisson brackets are locally of

the form

{Xi, Pj} = δij . (1.51)

The subject of the first two chapters of this thesis, approximately, is the means by which canonical

conjugate pairs may be derived for as broad a class of circuits as possible.

1.3.5 Quantization

Equipped with Poisson brackets,

{Xi, Pj} = δij , (1.52)

Dirac’s canonical quantization prescription [33, 87, 120] dictates that the correct quantum mechanical

analogue of a classical Hamiltonian system is given by the transformation

Xi → X̂i

Pi → P̂i

(1.53)

such that

[X̂i, P̂i] = i~{Xi, Pi}. (1.54)

There is, of course, much to be said about quantization in full generality (See e.g. [2, 7, 36, 46,

115]). For the purposes of this thesis, however, (1.53) and (1.54) will suffice unless explicitly stated

otherwise.

1.3.6 Stochastic differential equations

Up to this point, we have concerned ourselves only with the mechanics of energy conserving

systems. We now turn our attention toward systems that do not conserve energy. Prototypically,
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Figure 1.2: A one–loop circuit consisting of a resistor and a capacitor. It is not possible to construct
a smaller circuit with nontrivial dynamics and dissipation, though one might also consider a circuit
with only an inductor and a resistor as another minimal example.

dissipation enters into the theory of circuit mechanics in the form of a dissipative circuit element,

the resistor.

There are two differing philosophies on how one might model a resistor. Firstly, one might

model a resistor as a system with many degrees of freedom that interacts conservatively with the

rest of the circuit. By keeping track of all of the “bath" degrees of freedom, the status of the model

as energy preserving is kept intact. Ideally, we would simply proceed to solve Hamilton’s equations

in order to produce simple, compact formulas that nicely describe the dynamics of all degrees of

freedom. Unfortunately, this is too much to hope for in practice.

Happily, it is generally the case that bath degrees of freedom are not of particular interest

due to the fact that they, as microscopic constituents in a resistive circuit element, are not easily

manipulated. Thus, an alternative perspective naturally arises: how might one ignore the degrees of

freedom in the bath, while still capturing the dynamics of the degrees of freedom of interest? At the

level of first–year physics, the task at hand is most often accomplished by relying on Ohm’s law, the

constitutive relation for resistors

V = IR. (1.55)

Consider the circuit drawn in Figure 1.2. The equation of motion that governs the charge Q

accumulated on the capacitor is

0 = Q̇+
1

RC
Q. (1.56)

For many purposes, (1.56) is sufficient. However, (1.56) is only approximately satisfied. More careful



20

observation would reveal that even with initial condition Q(0) = 0, there exist times t for which

Q̇(t) 6= 0. (1.57)

Of course, considering the fact that Ohm’s law is an effective description of a much more complicated

bath, this is hardly surprising. Without specifying the initial condition of the bath, it is generally

possible that there is some energy transfer from the bath to the capacitor.

In order to proceed, we postulate that it is possible to correctly incorporate the dynamics of

the bath into equations of motion via some stochastic variable ξ(t). More precisely, we suppose that

the equation

0 = Q̇+
1

RC
Q+ ξ(t) (1.58)

correctly describes the time evolution of Q with

〈ξ(t)ξ(0)〉 = 2σδ(t− t′). (1.59)

From a phenomenological perspective, the (generally temperature dependent) value of σ may be

inferred from experiment. (1.58) is called a Langevin equation. One can take expectation values of

physical variables via the path integral

〈f(Q)〉 =

∫
Dξδ

(
Q̇+

1

RC
Q+ ξ(t)

)
f(Q)e−

1
4σ

∫
dtξ2 . (1.60)

Suppose that the dynamics encoded by (1.58) can also be encoded by a probability distribution

P(Q, t) such that expectation values may also be taken

〈f(Q)〉 =

∫
dPP(Q, t)f(Q). (1.61)



21

Apparently,

∂t〈f(Q)〉 =

∫
dP f(Q)∂tP(Q, t). (1.62)

On the other hand,

∂t〈f(Q)〉 ≈ 〈f(Q̃(t+ dt))〉 − 〈f(Q̃(t))〉 =

〈
f

(
Q̃(t) +

1

RC
Q̃(t)dt+ dξ

)
− f(Q̃(t))

〉
(1.63)

where Q̃ is a solution of (1.58). Further expanding (1.63) in small parameters, We find,

∂t〈f(Q)〉 ≈
〈
f ′
(
− 1

RC
Qdt− dξ

)
+

1

2
f
′′
(
− 1

RC
Qdt− dξ

)2

+ · · ·
〉
. (1.64)

Now, we neglect terms of quadratic order or higher in small parameters with the caveats that

〈dξ〉 = 0

〈dξ2〉 ≈ σdt

(1.65)

to acquire

∂t〈f(Q)〉 ≈
〈
− 1

RC
Qf ′ +

1

2
f ′′
〉

=

∫
dQf

(
∂Q

[
1

RC
QP +

σ

2
∂QP

])
. (1.66)

If (1.62) and (1.66) are to be equal for arbitrary function f of Q, it must then be the case that

∂tP = ∂Q

(
1

RC
QP +

σ

2
∂QP

)
. (1.67)

(1.67) is called a Fokker–Planck equation [37, 99].

The stationary state corresponding to (1.67) is a solution to

∂tP = 0. (1.68)
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One such solution is

Pss = e−
2
Rσ

E . (1.69)

with

E =
1

2C
Q2. (1.70)

Comparing Pss with the Gibbs distribution, we find

σ =
2T

R
. (1.71)

Interpreting ξ from (1.58) as fluctuations in current, we recover

〈ξ(t)ξ(0)〉 =
2T

R
δ(t), (1.72)

which is the famous Johnson–Nyquist noise formula [55, 89].

Evidently, we are faced with a choice; we can learn about the dynamics of the system of interest

by working with (1.58) or with (1.67). Of course, in the derivation above, many subtleties have been

neglected; greater care is necessary to produce a robust and complete theory of noisy systems. The

most notable omission from the discussion above is that the manipulations above ought to be done

in the framework of path integrals, where one may most naturally encounter and resolve issues that

come from multiplicative noise and relate to ambiguities in defining Fokker–Planck equations.

Happily, [51] introduced the Martin–Siggia–Rose (MSR) formalism wherein a Lagrangian may

be used as a “pneumonic” for the requesite path integral contingent upon the postulation of some

steady state distribution, which we generally take to be the Gibbs distribution. For the circuit drawn

in Figure 1.2, the corresponding MSR Lagrangian is

L = Ξ(Q̇+ iTΞ) +
1

RC
ΞQ. (1.73)

The Ξ variables should be thought of as purely imaginary, and they encode the role of noise. In
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order to recover noiseless equations of motion (1.56), one need only calculate

0 =
δ

δΞ

∫
dtL

∣∣∣∣
Ξ=0

. (1.74)

On the other hand, one may derive a Fokker–Planck equation via

∂tP = i
(
L−ΞQ̇

)∣∣∣
Ξ=−i∂Q

P. (1.75)

This formalism has a number of appealing properties. The first helpful property of MSR Lagrangians

is that, since the formalism is Lagrangian in nature, constraints are easily imposed and interpreted.

Perhaps most importantly for our purposes, however, since MSR Lagrangians are essentially a set of

instructions for the evaluation of a path integral, it is possible to carefully resolve ambiguities that

arise when noise is multiplicative.2 Lastly, FDTs may be derived from MSR Lagrangians themselves.

All of these points will be expounded upon in detail in Chapter 4.

In short, the MSR Lagrangian formalism is a principle of least action capable of producing

both noiseless classical equations of motion and stochastic equations of motion for a class of systems

with some generality. Indeed, MSR Lagrangians are related to their path integral counterparts in

much the same way that quantum Hamiltonians are related to Feynman path integrals. As a point

of contrast, techniques relying upon the Caldeira–Leggett [18] model or Rayleigh dissipation function

[112] either require the full machinery of path integration or fail to be a principle of least action.

In Chapter 4, we endeavor to use the MSR Lagrangian formalism to derive a theory of dissipative

circuits that applies to circuits with reciprocal linear and nonlinear elements both conservative and

dissipative alike.

2In the example at hand, noise being multiplicative if R is a nontrivial function of Q



Chapter 2

Symplectic geometry and circuit quantization

2.1 Introduction

The quantum mechanical description of superconducting circuits has paved the way for the

rapid evolution of superconductor-based quantum computers [13, 31, 61, 65], enabled the discovery

of the transmon [62], fluxonium [78], bosonic [44] and more complex circuits [48], facilitated the

advancements of coupling between qubits [110], opened new avenues towards quantum simulation [3],

and led to the theory of circuit quantum electrodynamics [10]. In this established formalism of

circuit quantization [23, 30, 63, 88, 102–104, 106, 117, 118, 123], generalized branch or node fluxes,

or charges, describe the energy of the elements. While these fluxes and charges are conjugates, in all

but the simplest circuits, there are inevitable constraints that arise between variables, complicating

a straightforward quantization prescription.

2.1.1 The standard approach to circuit quantization

The standard resolution in the literature is to begin by studying the classical Lagrangian

mechanics of the circuit. In the Lagrangian formalism, we efficiently remove non-dynamical degrees of

freedom by integrating them out; after this step, we perform a Legendre transformation to a classical

Hamiltonian for the genuinely dynamical degrees of freedom. Since the Legendre transformation

reveals the canonical momenta for each coordinate, we can quantize a Hamiltonian self-consistently.

As a simple example, consider an inductor, L, with two capacitors, C1 and C2, all in parallel

[see Fig. 2.1(a)]. There is one degree of freedom, which can be identified as the flux φ across the
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inductor. Since φ̇ is the voltage drop across the capacitor, one writes down a Lagrangian

L =
1

2
(C1 + C2)φ̇2 − 1

2L
φ2. (2.1)

This Lagrangian is interpreted as a “kinetic energy minus potential energy" term, and is mathe-

matically equivalent to a simple pendulum. Note that we are also able to elegantly handle the two

capacitors in parallel – the Lagrangian automatically adds them into a single effective capacitor for

us. With a Lagrangian at hand, we find the conjugate momentum

q =
∂L

∂φ̇
= (C1 + C2)φ̇, (2.2)

and finally the Hamiltonian reads

H =
1

2(C1 + C2)
q2 +

1

2L
φ2, (2.3)

where φ and q are conjugate variables, and their Poisson bracket is {φ, q} = 1. We can quantize the

circuit based on these conjugate pairs by imposing canonical commutation relations

[
φ̂, q̂
]

= i~, (2.4)

where ~ is the reduced Planck constant, φ̂ is the flux operator, and q̂ is the charge operator.

In the example above, we have linear capacitors and inductors. Circuits might also contain a

combination of nonlinear and noninvertible capacitive and inductive elements, for example, Josephson

junctions (JJs) [74, 75] and quantum phase slips (QPSs) [6, 58, 84, 108]. Treating both of these

nonlinear and noninvertible elements in the same circuit is still an open problem: because the energy

of the JJs depends on the flux φ as E ∼ cos(2πφ/φ0), while the energy of the QPSs on the charge q

across the element as E ∼ cos(2πq/2e), one can prove that no Lagrangian of the circuit with a single
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type of variable (flux or charge) exists in general.1 Here, φ0 = h/2e is the fundamental flux quantum,

h is the Planck constant, and e is the electron charge. Although for the minimal circuit of one JJ

and one QPS included in a loop [see Fig. 2.1(b)], one can immediately write down a Hamiltonian [69]

H = −EQ cos
(

2π
q

2e

)
− EJ cos

(
2π

φ

φ0

)
, (2.5)

circuits involving even a few of these elements can involve non-trivial constraints [see Fig. 2.1(c)].

For example, the number of degrees of freedom is not equal to the number of JJs or QPSs; worse,

the fluxes and charges across the different elements may not be conjugate pairs. Understanding how

to even identify the dynamical degrees of freedom, let alone quantize the circuit, is an open problem.

Moreover, modeling circuits that contain both JJs and QPSs is especially important for designing a

next-generation of qubits which can realize Gottesman-Kitaev-Preskill-like states with advantageous

error-correction properties [69].

2.1.2 Our quantization method

In this paper, we present an alternative approach to circuit quantization. Our approach is

inspired by earlier work [17] that links graph theory to circuit quantization. However, rather than

using Lagrangian mechanics as the starting point, we instead appeal to the mathematics of symplectic

geometry [4, 56, 109], which generalizes textbook Hamiltonian mechanics to more abstract/general

settings. We will show that this more abstract perspective elegantly resolves the puzzle of how to

choose canonical coordinates, without relying on any assumptions about the constitutive relations of

the inductive or capacitive elements in the circuit. Hence, our approach is universal for quantum

circuits made out of nonlinear inductive and capacitive elements and capable of resolving the puzzle

above.

The key insight of our theory is that the most natural quantization prescription involves

building conjugate degrees of freedom out of charge variables on branches (qe) and flux variables on

1A Lagrangian can be defined locally, but not globally, on configuration space. The obstruction to a global
Lagrangian is that the Legendre transform is not defined because ∂2L/∂φ̇2 (or ∂2L/∂q̇2) is not always positive definite.
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Figure 2.1: Examples of quantum circuits with Lagrangians using one or two types of
generalized coordinates. (a) An inductor shunted by two capacitors: the Lagrangian of the circuit
contains a single type of variable, the flux across the inductor, such that L(φ, φ̇). The charge-flux
conjugate pairs are defined at the Lagrangian level. (b) A Josephson junction and a quantum phase
slip junction forming a loop. This quantum circuit can not be described by a Lagrangian using a
single type of variable but only with a Lagrangian that contains both charge and flux variables,
L(φ, φ̇, q, q̇). (c) A more complex circuit of multiple Josephson junctions and quantum phase slips,
where writing down a Hamiltonian requires geometrical arguments.

nodes (φv) of the capacitive subgraph of the circuit (see Fig. 2.2). To understand our construction,

let us remind the reader how one usually models circuits. The degrees of freedom are voltages V

and currents I, which can be integrated in time to give flux φ and charge q. In circuits, φ and q

are canonically conjugate variables, similar to position and momentum: recall Eq. (2.4). Of course,

a typical circuit involves multiple elements and therefore multiple flux and charge variables. Due

to Kirchhoff’s voltage law (the sum of the voltage drops around a loop vanishes in the absence of

external magnetic fields), it is natural to define voltages on nodes (or vertices) v of the circuit. On

the other hand, currents I are naturally defined on branches (or edges) e in the circuit. In general,

there is not a one-to-one mapping between the branches v and nodes e of a circuit. How, therefore,

can we possibly find the conjugate pairs?

The mathematical puzzle above is not entirely semantic. In classical and quantum Hamiltonian

mechanics, there must be an equal number of position and momentum coordinates. As we described

above, the prior resolution in the literature has been to use Lagrangian mechanics to avoid tackling

this issue head-on. With the notable exception of Ref. [117, 123], the Lagrangian is written using only

one type of variable (for example, branch fluxes), and then the conjugate momenta is found at the

Lagrangian level. Any excess in degrees of freedom is dealt with by integrating out non-dynamical

variables. However, writing down a Lagrangian as a first step is not always possible. A simple
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example is the circuit that we discussed above, the dualmon qubit [69] shown in Fig. 2.1(b). The

Hamiltonian in Eq. (2.5) is only known because there is just one dynamical degree of freedom.

What this paper provides is a way of solving the constraints on φ and q variables, directly in

a Hamiltonian formulation, such that we can find suitable linear combinations of charge and flux

variables that are canonically conjugate (and equal in number). As stated above, the approach is

inspired by symplectic geometry, together with the simple observation that the equations of motion

for a circuit follow from the action

S =

∫
dt

[
−Etot(qe, φv) +

∑

e,v

qeΩevφ̇v

]
. (2.6)

Note that this action involves both branch charges qe and node fluxes φv. Such an action may appear

unusual from the point of view of textbook Lagrangian mechanics, where normally one writes a

Lagrangian in terms of coordinates and velocities, and which will contain more “velocity" terms than

the single linear-in-velocity term found in Eq. (2.6). However, as we will thoroughly explain in this

manuscript, the form of the Lagrangian in the integrand of the action above is fully analogous to

the Lagrangian L = pẋ−H(x, p), whose Euler-Lagrange equations reproduce Hamilton’s equations

directly. Indeed, the action in Eq. (2.6) manifestly encodes within it the Hamiltonian mechanics

of the circuit. One can therefore interpret Eq. (2.6) directly within the framework of Hamiltonian

mechanics: rather than defining conjugate momenta by differentiating a Lagrangian, we will explain

how to directly read off a Poisson bracket and Hamiltonian function directly from (2.6). In particular,

the function Etot (upon fixing all constrained variables, which we provide a prescription to do) is the

Hamiltonian itself, and equal to the sum of inductive and capacitive energies in the circuit. Critically,

the energy of elements are expressed in their native coordinates: inductive elements’ energies are

expressed in terms of fluxes φv, while capactive elements’ energies are expressed in terms of charges

qe. Furthermore, Ωev is the incidence matrix for the capacitive subgraph of the circuit (see Fig. 2.2).

qeΩevφ̇v is naturally interpreted using symplectic geometry, and implies both a classical Poisson

bracket, and a quantization prescription.
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The rest of the paper will derive Eq. (2.6) in Section 2.2, explain how to subsequently quantize

circuits in Section 2.3, and then show how to identify the physical degrees of freedom in numerous

example circuits in Section 2.4. We have written this paper in a pedagogical and self-contained

way; no prior knowledge is required in either circuit quantization or mathematical physics (beyond

textbook Lagrangian and Hamiltonian mechanics).

2.2 Classical formalism

We now begin a gentle introduction to the classical mechanics of quantum circuits. Our focus

will be to motivate the derivation of Eq. (2.6); however, we provide background knowledge both into

the experimental systems and also the mathematics of Hamiltonian mechanics, as is necessary to

appreciate Eq. (2.6).

2.2.1 Circuit elements and degrees of freedom

First, we review the definition of branch charges and node fluxes. When describing super-

conducting circuits, we assume that the circuit elements are connected by perfect superconducting

wires without inductive or resistive contributions. We call a part of the circuit that contains a

circuit element a branch, and an intersection of the superconducting wires a node. We will soon

mathematically describe the circuits as graphs, where branches will be associated to edges in the

graph, and nodes as vertices of the graph. We will use the former terminology throughout the paper

to conform with the tradition used in quantum circuits. As an homage to the mathematics, however,

we will use the letter e to denote a generic branch (edge), and v to denote a generic node (vertex).

Now, consider a two-terminal superconducting circuit element defined between two nodes of a

circuit. The node voltage Vv(t) is the voltage at a given node, and the branch current Ie(t) is the

current flowing through the circuit element. We assume that it is sufficient to use only the voltage at

nodes and the current across the element to describe the system and ignore the current and voltage

distribution inside the elements, i. e., we use a lumped element approximation for the circuit.2 Next,

2We will always separate out the inductive and capacitive elements, rather than working with circuit elements
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Figure 2.2: Graph theory and quantum circuits. (a) An arbitrary circuit containing all four
types of superconducting circuit elements: capacitors, inductors, Josephson junctions and quantum
phase slips. The node fluxes are φvi , while the branch charges across the capacitive elements are qei .
(b) The graph of the full circuit. The vertices of the graph are label as vi, while the edges are denoted
as ei. Inductive branches are colored with blue lines, while capacitive ones are highlighted with red
lines. The incidence matrix of the graph of the full circuit is Aev. (c) The capacitive subgraph of the
circuit containing only capacitive edges. The capacitive incidence matrix is Ωev.
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we define the generalized node flux φv and the branch charges qe as the time integral of the voltage

and the current

φv(t) =

t∫

−∞

dτVv(τ), (2.7a)

qe(t) =

t∫

−∞

dτIe(τ). (2.7b)

It is also common to define the generalized branch fluxes, as the difference between the fluxes of the

corresponding nodes; if branch e connects nodes vi and vj , the branch flux is

φe(t) = φvi(t)− φvj (t). (2.8)

The most standard variables in which one performs circuit quantization are φv or φe, starting

in the Lagrangian formalism. However, such coordinates cannot describe circuits with quantum

phase slip elements due to their non-invertible charge-voltage relationship. To address that challenge,

loop charges have been also used as an alternative approach to describe charge degrees of freedom in

the Lagrangian description, in the special case where the graph of the circuit is planar [117].

The various circuit elements establish different relations between the branch variables and

their derivatives [see Fig. 2.3]. For example, linear capacitors and inductors connect linearly two

variables

q̇e =
1

L
φe, (2.9a)

φ̇e =
1

C
qe, (2.9b)

where C is the capacitance, L is the inductance, and for simplicity, we dropped the explicit time-

dependence of the variables in the notations.

whose impedances are complicated functions of frequency. In principle, one sometimes does not wish to do this, but
lumping inductors and capacitors together will complicate the quantization prescription in this paper.
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Figure 2.3: Circuit elements and their constitutive relations. The circuit elements that we
consider in this work connect two variables (flux, charge, and their derivatives). Inductive elements
relate flux φ and the current q̇, such as linear inductors (L) and Josephson junctions (JJ). On the
other hand, capacitive elements connect charge q with voltage φ̇, such as linear capacitors (C) and
quantum phase slip elements (QPS). The memristor (M) [24] and resistor (R) connect directly
charge with flux or their derivatives.

The two most well-known nonlinear and nondissipative superconducting circuit elements are

the (multi-channel, low-transmission) Josephson junctions and the quantum phase slip junctions,

where the connection between the variables is sinusoidal instead of linear

q̇e = IC sin

(
2π
φe
φ0

)
, (2.10a)

φ̇e = VQ sin
(

2π
qe
2e

)
. (2.10b)

Here, IC is the critical current of the Josephson junction, and VQ is the voltage amplitude of the

quantum phase slip junction. There are other more complicated relations, e.g. for high-transmission

Josephson junctions, containing higher harmonics in the current-phase relationship [8].

In this work, we focus only on non-dissipative circuits; thus, the two types of elements that we

are concerned with are the capacitive and inductive elements. The energy stored in the elements can

be expressed as

E =

t∫

−∞

dτIe(τ)Ve(τ) =

t∫

−∞

dτ q̇e(τ)φ̇e(τ). (2.11)

We then see that the energy of the capacitive elements EC depends only on the branch charge qe such

that EC = EC(qe), while the energy of the inductive elements EI is a function of only the branch
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flux φe and EI = EI(φe). For example,

linear capacitor : EC(qe) =
q2
e

2C
, (2.12a)

quantum phase slip : EC(qe) = −EQ cos
(

2π
qe
2e

)
, (2.12b)

linear inductor : EI(φe) =
φ2
e

2L
, (2.12c)

Josephson junction : EI(φe) = −EJ cos

(
2π
φe
φ0

)
. (2.12d)

where EJ = φ0IC/(2π) and EQ = 2eVQ/(2π) are the Josephson and quantum phase slip energies.

The derivative of the energy with respect to the coordinates gives the voltage for capacitive elements,

and the current for inductive elements

Ve(t) =
∂EC(qe)

∂qe
, (2.13a)

Ie(t) =
∂EI(φe)

∂φe
. (2.13b)

2.2.2 Circuits and graph theory

Electrical network graph theory [97] has played an important role in the existing theory of

circuit quantization [11, 17, 30, 118]. Following this approach, a quantum circuit can be considered

as a directed graph, where the two-node circuit elements correspond to the edges of the graph, and

the vertices of the graph are the points of the circuit where the elements connect. We consider an a

particular example of a circuit (see Fig. 2.2) that has k nodes and K branches, and we denote the

set of nodes as V and the set of branches as E . We assume that we do not lump together inductive

and capacitive elements, so that we can classify each branch as one or the other. Suppose there are

N capacitive branches and K −N inductive branches. The set of capacitive branches is C ⊂ E , and

the set of inductive branches is I ⊂ E ; thus, |E| = K, |C| = N , and |I| = K −N .

A key object of the graph is the incidence matrix Aev that provides information on the

interconnection of the circuit elements. In particular, the rows/columns of the matrix correspond to
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the edges/vertices, and the value of a matrix element is +1 (−1) if an edge points toward (from) a

vertex, otherwise it is 0:

Aev =





1, if e→ v

−1, if e← v

0, otherwise.

(2.14)

By using Aev, we can write down equations of motion in a compact way, which will eventually lead

us to our quantization prescription.

To see this, we define the branch charges qe only on the capacitive edges of the graph, whereas

we assign node fluxes φv to all nodes. We consider circuits without time-dependent external fluxes

and gate voltages for now.

Let us first explain why, in fact, the flux variables should naturally live on vertices. Kirchhoff’s

voltage rule states that in the absence of external magnetic fields around any loop of branches

e1 → e2 → · · · → en → e1 of (any) length n:

n∑

j=1

φej = 0. (2.15)

Observe that if φe(t) = φv(t)− φu(t) whenever e = u→ v [see Eq. (2.8)], then this constraint would

automatically be obeyed. Mathematically, one can actually prove that all solutions to the constraints

in Eq. (2.15) are of this form.3 It thus makes sense to think of the dynamical variables as the φv,

which are much less constrained, rather than φes, which obey all of the constraints in Eq. (2.15).

Kirchhoff’s current law states that for any node v, the exiting and entering currents are equal

∑

e:e entering v

Ie(t) =
∑

e:e exiting v

Ie(t). (2.16)

3This uses homology theory, or the abstract form of Stokes’ Theorem [85].
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Using the incidence matrix Aev defined above, we can write Eq. (2.16) as

∑

e

AevIe(t) = 0. (2.17)

To obtain a more explicit version of Kirchhoff’s laws, we need to consider the energy of the

various elements. The total inductive energy of the system is

EI,tot =
∑

e=u→v∈I
EI,e(φe) =

∑

e=u→v∈I
EI,e(φv − φu), (2.18)

where we have defined EI,e to be the energy function for the inductor on edge e. Similarly, there is

energy stored in the capacitive branches:

EC,tot =
∑

e∈C
EC,e(qe), (2.19)

and the total energy of the system is

Etot = EC,tot + EI,tot. (2.20)

Here, we emphasize that the energies can be general functions of the charge branch variables or node

flux variables. Note also that Etot is not necessarily a Hamiltonian function, since the variables φv

and qe are not conjugate in any obvious way. We will explain how to obtain a Hamiltonian from

Etot by the end of the section.

Now, we describe the equations of motion, which provide the glue between the charge and flux

variables, and link time derivatives of φv and qe to the energies above. First, if e = u → v ∈ C is

a pair of nodes that are connected through a capacitive branch e, the voltage between the nodes

equals to the voltage drop across the connecting capacitors. Using (2.13a), we find

φ̇v − φ̇u −
∂EC,e(qe)

∂qe
= 0 for all e = u→ v ∈ C. (2.21)
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Second, at each node, we apply Kirchhoff’s current law. For a capacitive edge we have Ie = q̇e, while

for an inductive edge Eq. (2.13b) implies that

Ie −
∂EI,e(φv − φu)

∂φ
= 0 for all e = u→ v ∈ I. (2.22)

Hence we arrive at our second equations of motion upon plugging in to Eq. (2.17)

∑

e=u′→v′∈I
Aev

∂EI,e(φv′ − φu′)
∂φ

+
∑

e∈C
Aev q̇e = 0 for all v ∈ V. (2.23)

Observe that these equations of motion follow from the principle of least action applied to the

Lagrangian

L = −Etot(qe for e ∈ C, φv for v ∈ V) +
∑

e∈C,v∈V
qeΩevφ̇v, (2.24)

where Ωev is the incidence matrix whose rows correspond to capacitive edges only, and columns

correspond to all vertices. We will explain how to interpret such Lagrangians as encoding a

Hamiltonian dynamical system in Section 2.2.3. While entry-wise Ωev = Aev, we use the Ωev

notation to emphasize that now we only care about capacitive edges. Etot is simply the energy of all

circuit elements. Indeed, Eq. (2.21) comes from the Euler-Lagrange equation of motion of φv, while

Eq. (2.23) comes from the equation of motion of qe. This may seem like a miracle! But we hope

that by the end of this paper, the reader will walk away thinking that Eq. (2.24) is in fact the most

natural Lagrangian for a circuit. Firstly, it elegantly allows us to encode φv as degrees of freedom on

nodes, while qe are degrees of freedom on branches. Secondly, and much more importantly, it also

encodes within it the universal prescription for circuit quantization.

As we describe in the upcoming sections, it is possible to remove non-dynamical degrees of

freedom relying on the geometrical properties of the capacitive incidence matrix Ωev. After removing

those variables, we arrive at a set of qi and φj variables that are the linear combination of the original

charge branch and flux node variables, where, crucially, the number of charge and flux variables are
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equal. With these variables, the Lagrangian reads

L = −H(qi, φj) +
∑

i,j

qiΩ̃ijφ̇j , (2.25)

where the total energy term corresponds to the Hamiltonian function H(qi, φj) = Etot(qi, φj) and the

second term in the Lagrangian contains a square invertible matrix Ω̃ij that determines symplectic

matrix of the circuit. In fact, we will show in Section 2.2.5 how to choose variables wherein Ω̃ij is

the identity matrix.

2.2.3 From Hamiltonian mechanics to symplectic geometry

To understand how Eq. (2.25) leads us to circuit quantization, we need to take a step back and

comment on a crucial analogy. Consider for the moment the classical mechanics textbook problem

of an object with N degrees of freedom with coordinates (x1, . . . , xN ) and canonically conjugate

momenta (p1, . . . , pN ) that is described by a Hamiltonian H(xi, pi). In this section we will use raised

or lowered indices to emphasize the connections with mathematics: raised indices correspond to

vector fields on phase space, while lowered indices correspond to differential forms (this is historically

known as contravariant vs. covariant vectors). Observe that if we define the Lagrangian as

L = −H(xi, pi) +

N∑

i=1

piẋi, (2.26)

and the action as S =
∫

dt L, the Euler-Lagrange equations reproduce Hamilton’s equations:

0 =
δS

δpi
=
∂L

∂pi
− d

dt

∂L

∂ṗi
= ẋi − ∂H

∂pi
, (2.27a)

0 =
δS

δxi
=
∂L

∂xi
− d

dt

∂L

∂ẋi
= −ṗi − ∂H

∂xi
. (2.27b)
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Now, suppose that we have an invertible matrix Mij , and we define a “Lagrangian" such that

L = −H(xi, pi) +

N∑

i,j=1

piMij ẋ
j . (2.28)

Again we find a kind of Hamiltonian mechanics, but with a slightly modified form of Hamilton’s

equations. Denoting the elements of the matrix inverse M−1 with raised indices so that

N∑

j=1

M ijMjk =
N∑

j=1

MkjM
ji = δik, (2.29)

we find that

0 = ẋi −
N∑

j=1

M ij ∂H

∂pj
, (2.30a)

0 = −ṗi −
N∑

j=1

∂H

∂xj
M ji. (2.30b)

In simple terms, the M matrix tells us that the canonical conjugate variables are not pi and xi, but

rather pi and
∑

jMijx
j .

If we define the Poisson bracket for two functions f and g as

{f, g} =

N∑

i,j=1

M ij

(
∂f

∂xi
∂g

∂pj
− ∂g

∂xi
∂f

∂pj

)
, (2.31)

then Hamilton’s equations can be re-written for an arbitrary function f as

ḟ = {f,H}. (2.32)

As we highlight in Section 2.3, such theories can be quantized in a general way, subject to certain

physical assumptions4. Importantly, with a few caveats, our classical Lagrangian for a circuit, which

4In the case of circuits, one such assumption is the existence of a unique solution to Kirchhoff’s laws. It is further
simplifying to consider only phase spaces R2n for some n. Quantization can be possible in principle even without
these properties, but less straightforwardly.
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is L = −H(qi, φj) +
∑

i,j qiΩ̃ijφ̇j has precisely the form of Eq. (2.28).

It is helpful to re-formulate the previous paragraph in a more abstract language. Let us collect

the position and momentum coordinates into a single variable ξI = (x1, . . . , xN , p1, . . . , pN ), and

define the matrix

ωIJ =




0 Mij

−Mji 0



. (2.33)

Note that ωIJ = −ωJI is antisymmetric, invertible, in our special case a constant, and it is called

the symplectic form.5 Mathematicians define Hamiltonian mechanics in terms of a Hamiltonian

function H, which generates time evolution via the Poisson brackets in Eq. (2.32), and a symplectic

form ω. Defining the inverse of ωIJ as ωIJ as before:

2N∑

J=1

ωIJωJK =
2N∑

J=1

ωKJω
JI = δIK , (2.34)

we can re-write the Poisson bracket as

{f, g} =

2n∑

I,J=1

∂f

∂ξI
ωIJ

∂g

∂ξJ
. (2.35)

The pair of a manifold with coordinates ξI and symplectic form ω is called a symplectic

manifold. Such a symplectic manifold is required for a notion of Hamiltonian mechanics to exist

[4, 109]. Importantly however, any symplectic manifold gives rise to the structures of Hamiltonian

mechanics – even ones where there are no global canonical conjugate pairs of coordinates. The

mathematical theory of geometric quantization [121] shows that there is a way to quantize all such

systems.

5More formally, a symplectic form is required to be a closed, non-degenerate 2-form. To the geometer, our ωIJ
easily satisfies these criteria.



40

The key point is that “Lagrangians" of the form of Eq. (2.28),

L = −H(xi, pi) +

N∑

i,j=1

piMij ẋ
j , (2.36)

which are similar to our circuit Lagrangian in Eq. (2.24),

L = −H(qi, φj) +
∑

i,j

qiΩ̃ijφ̇j , (2.37)

are immediately understood in the language of Hamiltonian mechanics and symplectic geometry. In

particular, we simply read out the Hamiltonian function H(qi, φj) and a Poisson bracket {φi, qj} =

Ω̃−1
ji , which allows us to elegantly transition from classical to quantum mechanics.

2.2.4 Symplectic geometry of a circuit

After having reviewed the basics of symplectic geometry, we return to the question of how to

construct the Hamiltonian H(qi, φj) function of an arbitrary circuit from its total energy Etot(qe, φv)

and the connectivity of the elements Ωev. In this section, we focus on the general approach, while in

Sec. 2.4 we provide examples. A mathematically precise discussion, with proofs of all claims and

careful definitions is relegated to Appendix A.1.

To begin, it is important to notice that the incidence matrix Ωev appearing in the Lagrangian

of the circuit [see Eq. (2.24)] is not invertible. This is in contrast to the definition of the symplectic

matrix, which is constructed from an invertible matrix Mij [see Eq. (2.28)]. Thus, at this point, it is

not possible to carry out a Legendre transformation to arrive from the Lagrangian to a Hamiltonian

with conjugate flux and charge pairs. The root of the problem is that we overcounted the degrees

of freedom the way we constructed the Lagrangian. However, as we prove in Appendix A.1 and

summarize in Section 2.2.5, we can consistently and efficiently remove variables associated with

constraints to obtain an invertible matrix (and a symplectic form) from the incidence matrix.

Crucially, this procedure only depends on the geometrical structure of the capacitive subgraph of
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the circuit: the locations of inductively shunted islands and capacitive loops (see Fig. 2.4).

There are three general methods to reduce the number of variables in our approach, which we

highlight here (and give examples of in Sec. 2.4). Firstly, we may find a left null vector, le, of the

incidence matrix: a linear combination of the branches such that

∑

e

leΩev = 0. (2.38)

Geometrically, these null vectors correspond to loops in the circuit, where all branches in a loop have

capacitive elements on them (see proof in Appendix A.1). Physically, the Euler-Lagrange equations

for these null vectors lead to the physical constraint that the voltages in such a capacitive loop

vanishes
∑

e

le
∂EC
∂qe

= 0. (2.39)

This constraint fixes one of the charge variables in terms of the others in the loop. We denote the

set of such capacitive loops as ∆C . For a loop Z ∈ ∆C , the form of the null vectors is

le =





±1 e ∈ Z

0 e /∈ Z

. (2.40)

The ±1 sign is based on the orientation of the edges in the loop: all signs are +1 when the edges are

all oriented so they touch tip-to-tail: see the examples for more details in Sec. 2.4.

Secondly, the right null vectors rv of Ωev also imply constraints. These are the combinations

of nodes such that
∑

v

Ωevrv = 0. (2.41)

The geometrical meaning of these vectors is that they represent inductively shunted islands.

The constraint associated with these vectors is that the total current entering the island must equal
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Inductively shunted islands Capacitive loops

Noether chargeSpanning tree

v1 v2

v3

v4

e1

e2

v5

v6

qe1

qe5

qe4 qe3

qe2

φv1

φv5

φv3

φv2

φv6

φv4

e3

e4

e5

∆C = {{e4, e5}}ΓI = {{v1, v2, v3, v4, v5}, {v6}}

Figure 2.4: Symplectic geometry of a circuit. When describing a circuit with its capacitive
graph, we can define two types of geometrical objects that correspond to null vectors of the capacitive
incidence matrix of the circuit: inductively shunted islands (green-filled rectangular), and capacitive
loops (orange-filled rectangular). The variables associated with these null vectors must be removed
to be able to quantize the circuit. Additional variables can be removed based on the Noether charges
of the circuit. The edges that are part of a (non-unique) spanning tree are highlighted with wide
lines.
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the current exiting the island. In this case, the Euler-Lagrange equations read

∑

v

∂EI
∂φv

rv = 0. (2.42)

We denote the set of all subsets of vertices that correspond to such inductively shunted islands as

ΓI . Note that for any such island J ∈ ΓI , we have J ⊆ V. The explicit form of the null vector rv

becomes

rv =





1 v ∈ J

0 v /∈ J

. (2.43)

These left and right null vectors correspond to non-dynamical variables that can be removed

from the Lagrangian (see Appendix A.2). After removing the variables associated with the left and

right null vectors of Ωev, the Lagrangian will have fewer coordinates. The linear combinations of

coordinates which remain are the non-null vectors of Ωev, which becomes a non-degenerate matrix

Ω̃ij in the subspace of remaining modes. The total energy Etot, restricted to the corresponding

constrained subspace, is the Hamiltonian H for the circuit. Hence, we can find a symplectic form for

the remaining coordinates, and a Hamiltonian function to quantize.

Removal of the left and right null vectors of Ω does not in general compromise our ability

to quantize a circuit.6 One can explicitly show that an effective Hamiltonian persists after “inte-

grating out" the non-dynamical variables. In particular, because the non-dynamical variables (by

construction) do not enter qeΩevφ̇v, they do not affect the symplectic form on phase space, which

remains well-defined. As we explain in Appendix A.2, replacing the Hamiltonian with an effective

Hamiltonian where constrained variables are fixed by their equations of motion does not compromise

the Hamiltonian structure of the theory, so long as the constraints have a unique solution. If the

constraints do not have any solution, it may be the case that the circuit itself is unphysical: for

example, a loop of capacitive elements is placed into the circuit and Kirchoff’s voltage law cannot be

6This is because for physical circuits (at least that we are aware of) the classical phase space is always R2n or a
quotient thereof (cylinder, torus, etc.).
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satisfied by the constitutive relations along that loop..7 It the constraints have multiple solutions,

the circuit is singular; we discuss this case in Section 2.4.7.

Let us now detail a few simple ways to remove degrees of freedom. Suppose that, as in Fig. 2.4,

there is a vertex (or more generally, a set of vertices) that are only connected to the rest of the

circuit via capacitive edges. For simplicity here, let us focus on the case where, as in Fig. 2.4, it

is a single vertex v2. Then, the Lagrangian L in Eq. (2.24), and therefore the Hamiltonian H, is

invariant under constant shifts in φv2 :

H(φv2) = H(φv2 + c). (2.44)

Noether’s Theorem states that such continuous symmetry allows one to remove one dynamical

variable (i.e. one q and one φ) from the problem.8 Removal of such a degree of freedom is contingent

on the assumption that any external probes one couples to the circuit will not depend on this

“Noether charge", or couple it to the dynamical degrees of freedom.

We remark that every vertex is in some inductively shunted island, so

0 =
∑

J∈ΓI

∑

v∈J
rv
∂EI
∂φv

=
∑

v∈V

∂EI
∂φv

. (2.45)

This rather trivial expression has an important physical interpretation: for every circuit, there is

always at least one node degree of freedom that is nondynamical. In particular, we may fix

∑

v

φv = c (2.46)

to any desired value c without physical consequence. This is a gauge degree of freedom, which is

often leveraged by choosing a “ground node" that takes on a value of zero at all times.

7This could arise if each element is a battery, e.g.
8More formally, there exists a quotient of the classical phase space (intuitively amounting to ignoring the dynamics

of the conserved quantity and its conjugate) which remains a symplectic manifold. In the mathematical literature,
this is known as the Marsden-Weinstein-Meyer Theorem, and the method of symplectic reduction.
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2.2.5 Choosing canonically conjugate variables

At this point, we can formally attempt to quantize the theory, as we describe in Sec. 2.3, by

replacing Poisson brackets with quantum commutators. But, as we will see when quantizing the

theory, it is desirable to find n pairs of “canonical coordinates":

{xi, pj} = δij . (2.47)

This is because, in quantum mechanics, Poisson brackets become quantum mechanical commutators.

However, when calculating the Poisson brackets using Eq. (2.31) in our formalism, we find that the

Poisson brackets correspond to the element of the symplectic matrix

{φj , qi} = Ω̃−1
ij . (2.48)

This does not jeopardize our ability to quantize the circuit, but it is still desirable to find coordinates

where Eq. (2.47) holds. In this section, we show how to find charge and flux variables that achieve

this. For simplicity, we will focus on an example presented in Fig. 2.4, and relegate the general

argument to Appendix A.1.

Our argument is exclusively about the second term in the Lagrangian of the system in Eq. (2.6),

which reads as
∑

e,v qeΩevφ̇v. We aim to find a set of (Φi, Qi) variables for which this term takes

the form of
∑

iQiΦ̇i. As we discussed before in Sec. 2.2.4, in part this will mean removing all

left and right null vectors. Remarkably, in the construction that follows, these null vectors will be

automatically removed.

First, we choose a spanning tree T ⊆ C of the capacitive subgraph. Here a spanning tree

corresponds to a set of capacitive branches T ⊂ C so that every node adjacent to some branch in

C is adjacent to some branch in T , but without any cycles. Schematically, one can manufacture a

spanning tree by simply choosing an edge to delete from every cycle in ∆C . For example in Figure
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2.4, we can take the spanning tree to be

T = {e1, e2, e3}. (2.49)

An alternative choice is {e1, e2, e4}, and the choice made does not affect the spectrum or dynamics

of the resulting circuit (the resulting Hamiltonians differ by a canonical transformation). Recalling

the definition of branch flux in Eq. (2.8), we define branch fluxes Φf for f ∈ T as our fundamental

degrees of freedom. One can explicitly show that

∑

e∈C

∑

v∈V
qeΩevφ̇v =

∑

f∈T
Qf Φ̇f , (2.50)

where Qf is a linear combination of the original qe variables with integer coefficients 0,±1. In our

example, we find

∑

e∈C

∑

v∈V
qeΩevφ̇v = qe1Φ̇e1 + qe2Φ̇e2 + (qe3 + qe4)Φ̇e3 = Qe1Φ̇e1 +Qe2 φ̇e2 +Qe3Φ̇e3 . (2.51)

We will show how to use this procedure in the additional examples of Sec. 2.4.

Observe that in this construction, we have immediately removed one linear combination of

node fluxes on each disconnected subgraph of C. In Fig. 2.4, we can see the following right null

vectors are no longer dynamical degrees of freedom: φv6 , φv1 + φv2 + φv3 , φv4 + φv5 . The three

branch flux variables on the spanning tree are linearly independent to these non-dynamical modes.

Similarly, the linear combinations of charges that are removed are the unphysical ones corresponding

to charges flowing around capacitive loops. In our example, this combination of branch charges

qe3 − qe4 is orthogonal to the physical degree of freedom Qe3 = qe3 + qe4 that arose in Eq. (2.51).

Happily, all the needed left and right null vectors of Ωev are automatically removed by this “spanning

tree construction" of choosing good coordinates.
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2.3 Circuit quantization

With the understanding of how to use our formalism to describe arbitrary non-dissipative

circuits at the classical level, we now discuss how to carry out circuit quantization. Suppose that the

circuit is described by the Lagrangian

L = −H(qi, φj) +
∑

i,j

qiΩ̃ijφ̇j = −H(Qf , Φf ) +
∑

f∈T
Qf Φ̇f . (2.52)

Note that we have used the spanning tree construction of Sec. 2.2.5 to choose good variables to

quantize. The equations of motion for the non-dynamical coordinates are constraints that should

also be solved before quantization. Let us first suppose that, after such constraints have been

implemented, the dynamical variables Qf and Φf are real-valued, and the classical phase space is

R2n, if the number of conjugate pairs Qf and Φf is n.

Referring to the definition of the Poisson brackets in Eq. (2.31), we see that

{Φi, Qj} = δij . (2.53)

To quantize the circuit, we define commutation relations between the charge operator Q̂i and the

flux operator Φ̂j as

[Φ̂i, Q̂j ] = i~δij , (2.54)

as long as both Q̂i and Φ̂j are non-compact (i.e., not periodically identified) variables.

The quantum mechanical Hamiltonian is simply Ĥ(Q̂i, Φ̂i), where as in the classical setting,

we must first restrict to the constrained subspace by solving for left/right null vectors of Ωev. Since

in our theory, all circuit elements are purely capacitive or purely inductive, there is no ambiguity

about the operator ordering of non-commuting Q̂i and Φ̂i, so Ĥ is a uniquely specified operator.

This completes our formulation of circuit quantization for non-dissipative circuits.

Such a simple and intuitive solution to circuit quantization is possible because we are able to
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find a globally constant Poisson bracket on the classical phase space. There do exist Hamiltonian

systems outside of the scope of this paper where this task cannot be achieved.9 The most notable

property of our quantization procedure, and our formalism on the whole, is that Eq. (2.54) is agnostic

to the form of the Hamiltonian; it depends only on the capacitive subgraph of the circuit.

We now revisit our assumption that the classical phase space was R2n. When considering

circuits, it may be the case that some of the flux coordinates are periodically identified:

Φi ∼ Φi + φ0, (2.55)

where φ0 is the flux quantum. For example, it is generally assumed that flux across a Josephson

junction shunted by a capacitor is periodic.10 It is well-known [19] that in such circuits, Φi is

not a well-defined operator; the well-defined operators become exp[2πiΦ/φ0 · n] for integer n. Our

quantization prescription does not change in this scenario: one simply avoids writing Eq. (2.54) and

instead writes

[e2πiΦ̂/φ0 , Q̂/2e] = −e2πiΦ̂/φ0 , (2.56)

which is now expressed in terms of globally-defined operators.

Let us remark on what has transpired from a mathematical perspective. For simplicity let us

assume a single dynamical Q and Φ variables; the argument immediately generalizes to the higher

dimensional case. The original classical phase space is M = R2. The periodic identification of Φ

corresponds to identifying points in phase space when the Φ coordinates are related as in Eq. (2.55).

At the classical level, this turns the phase space into R× S1, where Q ∈ R and Φ ∈ S1. Here Φ ∈ S1

lives on a circle, which is equivalent to the real line with all points shifted by φ0 identified. Because

the manifold R× S1 is a non-singular quotient of R2, there exists [70] a symplectic form ω on R× S1

which is equal to the inclusion of the original symplectic form on R2. In more physical terms, this

means that we can use the same commutation relations to quantize the reduced phase space, provided

9A simple example is a system whose classical phase space is the sphere. This system is quantizable and gives a
single spin-j Hilbert space of dimension 2j + 1 [121], when the volume of the sphere is 2π~(2j + 1).

10However, there are other approaches that assume no periodicity in this case [114].
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we only study well-defined functions as in Eq. (2.56). Note that in quantum mechanics, Φ becoming

periodic means that Q becomes integer-valued.

In this paper, we study classical phase spaces that are quotients of R2n by periodically

identifying Φ coordinates only. The framework of geometric quantization may prove important if

one can build circuits where both a Q and Φ degree of freedom should be periodically identified at

the classical level. We leave this intriguing possibility to future work. The mathematics of geometric

quantization for torus phase spaces can then become relevant [121].

2.4 Examples and generalizations

In this section, we provide examples of how to use our formalism to efficiently derive a

quantizable Hamiltonian for various circuits. We emphasize that many of these examples have

already been studied using other methods; the purpose of this section is to demonstrate that

the formalism we have developed, from a rather different starting point, can both reproduce and

ultimately extend the existing methods in the literature.

2.4.1 Inductively and capacitively shunted islands

As a first example to understand how we can eliminate variables associated with unphysical

degrees of freedom, we consider an inductively shunted island. An inductively shunted island contains

a set of nodes that lie on a path consisting of only capacitive branches or a single node that is

connected only to inductive elements. For formal definitions and other relevant discussions, see

Appendix A.1. As we discussed before, an inductively shunted island corresponds to a right null

vector of the incidence matrix Ωev. Figure 2.5(a) shows an example of a circuit that has two

inductively shunted islands: a node is connected to two inductors, L1 and L2, and a quantum phase

slip element with energy EQ is also shunted by the inductors. The circuit has three node variables

but using the constraints for right null vectors [see Eq. (2.42)], we can eliminate two flux variables.
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φv2

φv1

φv3

qe1
EQ
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L2

a) b)

EJ

φv1

φv3
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qe1

qe2
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Figure 2.5: Inductively and capacitively shunted islands. (a) The inductively shunted island
at node flux φv2 corresponds to the right null vector of the incidence matrix Ωev; thus, we need
to remove such variable to be able to arrive to a self-consistent Hamiltonian. (b) The capacitively
shunted island at φv2 corresponds to a Noether charge in the circuit. It is possible but not required
to remove such a variable to be able to define conjugate pairs.
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To start, we write down the incidence matrix of the capacitive subgraph

Ω =

(

−1 0 1

)
, (2.57)

where the single row corresponds to the qe1 branch charge, and the three columns refer to the three

flux node variables. The capacitive and the inductive energies are

EC = −EQ cos
(

2π
qe1
2e

)
, (2.58a)

EI =
1

2L1
(φv1 − φv2)2 +

1

2L2
(φv2 − φv3)2 . (2.58b)

Thus, based on Eq. (2.6) the Lagrangian is

L =
∑

e,v

qeΩevφ̇v − EI − EC

= qe1(φ̇v3 − φ̇v1) + EQ cos
(

2π
qe1
2e

)
− 1

2L1
(φv1 − φv2)2 − 1

2L2
(φv2 − φv3)2 .

(2.59)

We notice that there are two inductively shunted islands and hence two right null vectors

ΓI = {{v1, v3}, {v2}} ←→ rv =




1

0

1




,




0

1

0




, (2.60)

indicating that φv1 +φv3 and φv2 are non-dynamical variables. Furthermore, based on the constraints

imposed by the right null vectors11 [see Eq. (2.42)], we can write that

φv1 − φv2
L1

+
φv3 − φv2

L2
= 0. (2.61)

11The constraints provided by each of the two null vectors are the same in this example, but need not be in general.
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After some algebra, we can simplify the Lagrangian such as

L = QΦ̇+ EQ cos

(
2π

Q

2e

)
− 1

2(L1 + L2)
Φ2, (2.62)

where Φ = φv3 − φv1 , and Q = qe1 . We can see that this geometrical method reproduced the

well-known result of how to add inductors together. The system is left with one degree of freedom,

and the symplectic form (the first term in the Lagrangian) indicates that the conjugate variables are

{Φ,Q} = 1. Finally, the Hamiltonian is

H = −EQ cos

(
2π

Q

2e

)
+

1

2(L1 + L2)
Φ2. (2.63)

We remark that the conjugate pairs in this example were necessarily Q and Φ because there is only

one capacitive branch and thus it must have been included in any spanning tree.

As a second example, we consider a capacitively shunted island, for example, a node between

two capacitors [see Fig. 2.5(b)]. A capacitively shunted island is a set of vertices that can be

traversed by moving only along branches with inductive elements. As before, a node connected

only to capacitors constitutes its own island. In our formalism, the presence of such an island does

not lead to a null vector of the adjacency matrix. Thus, removing such variables is not necessary

to define a symplectic form and to carry out quantization (see Appendix A.3 for an example).

However, we can remove such degrees of freedom since capacitively shunted islands correspond to

Noether currents, which represent an additional constraint. Physically, this constraint corresponds

to Kirchhoff’s current law, i. e., the current through a network of capacitors is conserved.

In this example [see Fig. 2.5(b)], the circuit contains a Josephson junction and two capacitors

in a loop; the Lagrangian describing this circuit is given by Eq. (2.6)

L = qe1(φ̇v2 − φ̇v1) + qe2(φ̇v3 − φ̇v2) + EJ cos

(
2π
φv1 − φv3

φ0

)
− 1

2C1
q2
e1 −

1

2C2
q2
e2 . (2.64)
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Our spanning tree12 construction provides for us the fact that the variables

Qe1 = qe1 ,

Qe2 = qe2 ,

Φe1 = φv2 − φv1 ,

Φe2 = φv3 − φv2

(2.65)

form canonical conjugate pairs with

{Φe′ , Qe} = δee′ . (2.66)

Written in terms of these variables, the Lagrangian is

L = Qe1Φ̇e1 +Qe2Φ̇e2 + EJ cos

(
2π
Φe1 + Φe2

φ0

)
− 1

2C1
Q2
e1 −

1

2C2
Q2
e2 . (2.67)

At this point, the circuit can be quantized. However, we can remove one more variable by noticing

that the constraint due to the Noether current is

δS

δφv2
= q̇e1 − q̇e2 = Q̇e1 − Q̇e2 = 0. (2.68)

This is easy to understand as simply the conservation of charge on the two inner plates connecting

the capacitors. A nonzero constant of integration would only represent a time-independent charge

trapped between the plates therein. In this case, we can write

Qe1Φ̇e1 +Qe2Φ̇e2 = Q(Φ̇e1 + Φ̇e2), (2.69)

where we redefine Q = Qe1 = Qe2 and Φ = Φe1 +Φe2 with {Φ,Q} = 1. This choice is just a reflection

12We remark that, again, the choice of spanning tree on this circuit is unique.
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of the fact that a free particle is “integrated out" by using Eq. (2.68). Thus, the Hamiltonian reads

H =
1

2

(
1

C1
+

1

C2

)
Q2 − EJ cos

(
2π

Φ

φ0

)
. (2.70)

In this way, we see that Noether charges provide instructions on how to add capacitive circuit

elements in series.

2.4.2 The dualmon qubit

We continue the series of examples with the circuit that motivated our discussion, the dualmon

circuit [69]. In this device, a Josephson junction and a quantum phase slip element form a loop [see

Fig. 2.6(a)]. In the following, we analyze the circuit in the absence of offset charges and external

fluxes. Later, we show how these external parameters can be added to our formalism.

First, we define the flux variables at the two nodes, φv1 and φv2 , and the branch charge across

the capacitive element, qe1 . The incidence matrix of the capacitive subgraph is simply

Ω =

(

−1 1

)
. (2.71)

The circuit has one inductively shunted island, and no capacitive loop, thus the nullvectors

are

ΓI = {{v1, v2}} ←→ rv =




1

1




(2.72a)

∆C = {} ←→ le =

(

0

)
. (2.72b)

Based on Eq. (2.42), the constraint arising from the right null vector is trivial, and does not reduce

the number of variables in the circuit. However, the identification of the right null vector itself

formally removes a degree of freedom, which can also be seen in that the variable φv1 + φv2 never



55

φv1

φv2 φv2

φv1 φv1

φv2φv3

qe1

qe2

qe1 qe1qe3

EJ

IsVg

Cc

EQ EJ EJ LC

M

C

a) b) c)

Figure 2.6: Examples for quantum circuits in the framework of symplectic geometry.
The branches are colored based on the type of element they contain; red: capacitive elements, blue:
inductive elements. The circuits are (a) dualmon circuit, (b) offset-charge-sensitive transmon[16], (c)
external-flux-sensitive fluxonium.

appears in the Lagrangian. Formally, this null vector is appropriately removed by the spanning tree

construction.

From the spanning tree construction, we see that Q = qe1 is conjugate to Φ = φv2 − φv1 so

that {Φ,Q} = 1. Furthermore, if the Josephson energy is EJ and the quantum phase energy is EQ,

the capacitive and inductive energies in the circuit are

EC = −EQ cos

(
2π

Q

2e

)
, (2.73a)

EI = −EJ cos

(
2π

Φ

φ0

)
. (2.73b)

Using Eq. (2.6), we write the Lagrangian of the circuit as

L =
∑

e,v

qeΩevφ̇v − EI − EC

= QΦ̇+ EQ cos

(
2π

Q

2e

)
+ EJ cos

(
2π

Φ

φ0

)
.

(2.74)

Finally, the Hamiltonian function takes the form of

H = −EQ cos

(
2π

2e
Q

)
− EJ cos

(
2π

φ0
Φ

)
. (2.75)



56

2.4.3 Offset-charges and external voltages in the transmon

Now, we show how we can incorporate the offset charges in our description through the

example of the offset-charge sensitive transmon or Cooper pair box [see Fig. 2.6(b)]. The circuit

contains a single Josephson junction with Josephson energy of EJ shunted by a capacitor C, and

coupled with capacitance Cc to a classical gate voltage Vg that models the effects of offset charges.

A key observation is that in our formalism, we include voltage sources by treating them as additional

capacitive edges. While they do not end up leading to new degrees of freedom, this is how they are

straightforwardly handled in our framework.

In our example, the circuit has three nodes (vi, where i = 1, 2, 3), and three capacitive branches,

including the voltage source (ei, where i = 1, 2, 3). Thus, the capacitive incidence matrix is

Ω =




−1 1 0

0 −1 1

1 0 −1




, (2.76)

where the columns correspond to the three vertices and rows to the three branches. By inspection,

we note that the inductively shunted islands, capacitive loops, and the corresponding null vectors in

the circuit are

ΓI = {{v1, v2, v3}} ←→ rv =




1

1

1




, (2.77a)

∆C = {{e1, e2, e3}} ←→ le =

(

1 1 1

)
. (2.77b)
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The capacitive and inductive energies are

EC =
q2
e1

2C
+
q2
e2

2Cc
+ qe3Vg, (2.78a)

EI = −EJ cos

(
2π
φv2 − φv1

φ0

)
. (2.78b)

Thus, based on Eq. (2.6) the Lagrangian of the circuit reads

L =
∑

e,v

qeΩevφ̇v − EI − EC

= qe1(φ̇v2 − φ̇v1) + qe2(φ̇v3 − φ̇v2) + qe3(φ̇v1 − φ̇v3)− q2
e1

2C
− q2

e2

2Cc
− qe3V + EJ cos

[
2π

φ0
(φv2 − φv1)

]
.

(2.79)

In this example, the choice of spanning tree is not unique. We will choose

T = {e1, e2} (2.80)

as a spanning tree, and because the sum of the branch fluxes in the loop vanishes

φe3 = −φe1 − φe2 . (2.81)

Then we introduce the new variables

Qe1 = qe1 − qe3 ,

Qe2 = qe2 − qe3 ,

Φe1 = φe1 ,

Φe2 = φe2 .

(2.82)

We are free to rewrite

L = Qe1Φ̇e1 +Qe2Φ̇e2 −
(Qe1 + qe3)2

2C
− (Qe2 + qe3)2

2Cc
− qe3Vg + EJ cos

[
2π

φ0
Φe1

]
. (2.83)

Only the capacitive loop (left null vector) gives a nontrivial constraint based on Eq. (2.39)
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since
Qe1 + qe3

C
+
Qe2 + qe3

Cc
+ Vg = 0. (2.84)

which can be used to fix qe3 in terms of Qe1 and Qe2 . Further, there is a Noether current which

produces the constraint

0 =
δS

δφv3
= q̇e2 − q̇e3 = Q̇e2 = 0. (2.85)

Choosing the constant of integration to be zero, and defining Q = Qe1 and Φ = Φe1 with

{Φ,Q} = 1, we arrive at the Lagrangian in the form of

L = QΦ̇− (Q− CcVg)2

2(C + Cc)
+ EJ cos

(
2π

Φ

φ0

)
, (2.86)

after dropping a constant term. Thus, we can write the Hamiltonian function in the well-known form

H =
(q − CcVg)2

2(C + Cc)
− EJ cos

(
2π

Φ

φ0

)
(2.87)

From this point, it is straightforward to quantize H even with compact variable Φ [see Eq. (2.56)].

2.4.4 External flux in the fluxonium

Now, we turn our attention to the case of external fluxes. It is generally straightforward to

include external flux biases; here, we model it by coupling the circuit inductively to a loop with

current Is flowing [see Fig. 2.6(c)]. If the mutual induction is M , the relevant energy term is

E =
M

L
Is(φv1 − φv2). (2.88)

For the sake of brevity, we will simply write out the Lagrangian of the fluxonium following



59

similar procedures as in the first two examples:

L = qe1(φ̇v2 − φ̇v1) +
q2
e1

2C
+ EJ cos

(
2π
φv2 − φv1

φ0

)
− 1

2L
(φv2 − φv1)2 − M

L
Is(φv2 − φv1), (2.89)

which, after finding the spanning tree, can be further written as

L = QΦ̇+
Q2

2C
+ EJ cos

(
2π

Φ

φ0

)
− 1

2L
(Φ− φext)

2, (2.90)

where Φ = φv2−φv1 , Q = qe1 , and φext = −MIs. We have neglected an overall constant contribution

to L. Thus, the Hamiltonian of the circuit reads

H =
Q2

2C
− EJ cos

(
2π

Φ

φ0

)
+

1

2L
(Φ− φext)

2, (2.91)

where the sole conjugate pair consists of Q and Φ. We will examine the case of time-dependent

external biases φext in Sec. 2.4.6.

2.4.5 Josephson junctions with quantum phase slips

Let us now look at a more complicated example, which cannot be quantized using the existing

paradigm. Consider the circuit drawn in Figs. 2.2 and 2.4, which has both nonlinear capacitors

and nonlinear inductors. Despite this, it is not singular [106]. In order to build a well-defined

Lagrangian, one may expect to incorporate both node-flux and loop-charge [117, 123] variables.

Using our approach, we will show that such a construction is both algorithmic and transparent. We

will directly obtain a Hamiltonian operator for this quantum circuit.

We begin by writing down a Lagrangian using the incidence matrix discussed in Section 2.2.3:

L = qe1(φ̇v2 − φ̇v1) + qe2(φ̇v3 − φ̇v2) + qe3(φ̇v4 − φ̇v3) + (qe4 + qe5)(φ̇v5 − φ̇v4)

− 1

2C1
q2
e1 + EC cos

(
2π
qe2
2e

)
− 1

2C3
q2
e3 −

1

2C4
q2
e4 −

1

2C5
q2
e5

+ EJ cos

(
2π
φv4 − φv3

φ0

)
− 1

2L2
(φv6 − φv5)2 − 1

2L3
(φv1 − φv6)2.

(2.92)
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There is a single capacitive cycle and three capacitively shunted islands, which give rise to the

independent constraints

0 =
δS

δφv6
=
φv6 − φv5

L2
+
φv6 − φv1

L3
(2.93a)

0 =
δS

δqe4
− δS

δqe5
=
qe4
C4
− qe5
C5
. (2.93b)

The only further simplification is the presence of a Noether current that will simplify the capacitors

added in series. The relevant constraint is given by

0 =
δS

δφv2
= q̇e1 − q̇e2 , (2.94)

and we elect to set the constant of integration to zero. Taking advantage of all of the constraints in

Eqs. (2.93-2.94), we see

L = qe1(φ̇v3 − φ̇v1) + qe3(φ̇v4 − φ̇v3) + (qe4 + qe5)(φ̇v5 − φ̇v4)

− 1

2C1
q2
e1 + EC cos

(
2π
qe1
2e

)
+ EJ cos

(
2π
φv4 − φv3

φ0

)
− 1

2C3
q2
e3 −

1

2(C4 + C5)
(qe4 + qe5)2

− 1

2(L2 + L3)
(φv1 − φv5)2.

(2.95)

Now, we relabel variables according to the identification

Φei =





φv3 − φv1 e = e1

φv4 − φv3 e = e3

φv5 − φv4 e = e4

(2.96a)

Qe =





qe1 e = e1

qe3 e = e3

qe4 + qe5 e = e4

(2.96b)
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and our Lagrangian takes the form

L = Qe1Φ̇e1 +Qe3Φ̇e3 +Qe4Φ̇e4

− 1

2C1
Q2
e1 + EC cos

(
2π

2e
Qe1

)
− 1

2C3
Q2
e3 −

1

2(C4 + C5)
Q2
e4

+ EJ cos

(
2π

φ0
Φe3

)
− 1

2(L2 + L3)
(Φe1 + Φe3 + Φe4)2.

(2.97)

Finally, it is straightforward to write down the Hamiltonian

H =
1

2C1
Q2
e1 − EC cos

(
2π

2e
Qe1

)
+

1

2C3
Q2
e3 +

1

2(C4 + C5)
Q2
e4

−EJ cos

(
2π

φ0
Φe3

)
+

1

2(L2 + L3)
(Φe1 + Φe3 + Φe4)2

(2.98)

with

[Φei , Qej ] = i~δij . (2.99)

Since it is desirable to have a Hamiltonian which is quadratic in derivatives, we elect to write

Qei = −i~
∂

∂Φei
i = 3, 4 (2.100a)

Φei = i~
∂

∂Qei
i = 1 (2.100b)

which is of course allowed by Eq. (2.99). This choice ensures that no more than two derivatives

appear in H, which may make it easier to incorporate our algorithm into existing software packages

for circuit quantization.

2.4.6 Time-dependent external charges or fluxes

In the example above, we introduced the external flux by inductively coupling the circuit to an

external current source. There is an alternative way in our description to introduce external flux: we

can add one or more new branches with a voltage source to a loop. To understand this construction,

we recall that Faraday’s law states that in the presence of time-dependent magnetic fields, the sum



62
φv3

qe1 qe2

φv2φv1

C C

φv4

qe3

qe4
EJ1 EJ2

αφ̇e
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Figure 2.7: Circuit in time-dependent external flux. A flux-tunable transmon with two
Josephson junctions shunted by two capacitors. The external flux in the loop enclosed by the
two junctions can be modeled as one or more additional batteries in a loop, as long as the total
flux provided by these batteries equals the external flux. The batteries are modeled as capacitive
elements.

of voltages in a loop equals the rate of change of the magnetic field. Thus, if ei (i = 1, 2, . . . , n) are

the physical capacitive branches in a loop

n∑

i=1

φei + φext = 0, (2.101)

where φext is the external flux piercing the loop. This suggests that we can think of the external flux

as just another branch in the loop with an additional fixed flux φext. However, a natural question

arises at this point: where should one put this additional branch in the loop? As discussed in

Refs. [15, 122], the various Hamiltonians are linked by a gauge transformation.

Figure 2.7 shows an example of how one can place the “flux batteries” in a circuit to capture

the external flux. The circuit is flux-tunable transmon, where two Josephson junctions, EJ1 and EJ2,

are shunted by capacitors C. Notice that we have the freedom to place the external flux batteries in

various ways, for example, here we choose to put two batteries with fluxes of αφext and βφext in

the loop. The condition of α+ β = 1 ensures that the total external flux in the loop is φext. This

approach makes the circuit artificially a four-node circuit, but using the constraints outlined in this

paper, we can end up with a single degree of freedom.

To start, we recall that batteries are capacitive elements in our formalism, and using the
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variables in Fig. 2.7, we write down the Lagrangian

L = qe1(φ̇v4 − φ̇v1) + qe2(φ̇v2 − φ̇v3) + qe3(φ̇v3 − φ̇v4) + qe4(φ̇v1 − φ̇v2)+

+ EJ1 cos

(
2π
φv1 − φv4

φ0

)
+ EJ2 cos

(
2π
φv3 − φv2

φ0

)
− 1

2C

(
q2
e1 + q2

e2

)
+

− βφ̇extqe4 − αφ̇extqe3 ,

(2.102)

where the last two lines are the contribution of the voltage sources. Using the constraint arising

from the capacitive loop ∆C = {{e1, e4, e2, e3}}, and integrating out qe3 and qe4 , we arrive at the

Lagrangian

L = QΦ̇− 1

2
(α− β)Qφ̇ext + EJ1 cos

(
2π
Φ− αφext

φ0

)
+ EJ2 cos

(
2π
Φ+ βφext

φ0

)
− 1

4C
Q2, (2.103)

where Q = qe1 − qe2 and Φ = φv3 − φv1 . And finally, the Hamiltonian is

H =
1

4C
Q2 − EJ1 cos

(
2π
Φ− αφext

φ0

)
− EJ2 cos

(
2π
Φ+ βφext

φ0

)
+

1

2
(α− β)Qφ̇ext, (2.104)

with conjugate pairs {Φ,Q} = 1.

Notice that the last term in Eq. (2.104) depends on our choice of how to distribute the batteries

in the loop. For example, in the “irrotational gauge” [15, 122], when α = β = 1
2 , there is no term

linear in Q. We can transform between the different gauges at the classical level by a time-dependent

type-2 canonical transformation from (Q,Φ)→ (Q′, Φ′). For example, if we take α = 1 and β = 0,

the Hamiltonian is

H =
1

4C
Q2 − EJ1 cos

(
2π
Φ− φext

φ0

)
− EJ2 cos

(
2π

Φ

φ0

)
+

1

2
Qφ̇ext, (2.105)

while in the irrotational gauge

H̃ =
1

4C
Q̃2 − EJ1 cos

(
2π
Φ̃− 1

2φext

φ0

)
− EJ2 cos

(
2π
Φ̃+ 1

2φext

φ0

)
. (2.106)
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Figure 2.8: Singular circuit. (a) Example for a one-mode circuit where a quantum phase element
has no series inductance attached to it. The circuit has a capacitive loop, C = {{qe1 , qe2}} leading to
a non-analytical constraint. (b) When a series inductance is included in the circuit, the capacitive
loop is broken, and the system has two degrees of freedom and an analytical Hamiltonian.

In this particular example, the generating function is

G(Φ, Q̃, t) = Q̃ ·
(
Φ− φext

2

)
, (2.107)

which implies

Q =
∂G

∂Φ
= Q̃, (2.108a)

Φ̃ =
∂G

∂Q̃
= Φ− 1

2
φext, (2.108b)

H̃ = H +
∂G

∂t
= H − 1

2
Qφ̇ext. (2.108c)

2.4.7 Singular circuits

When a Josephson junction is not accompanied by a parallel capacitor, or a quantum phase

slip element has no series inductor attached to it, the resultant circuit can become singular [106].

In this section, we analyze an example for such a singular circuit, which leads to a non-analytical

Hamiltonian.

The circuit is presented in Fig. 2.8(a), and it has a quantum phase slip, a capacitor and an
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inductor all in parallel. Following our procedures, we arrive at a Lagrangian of

L = qe1(φ̇v2 − φ̇v1) + qe2(φ̇v1 − φ̇v2)− 1

2C
q2
e1 + EQ cos

(
2π
qe2
2e

)
− 1

2L
(φv1 − φv2)2 . (2.109)

By looking at the geometry of the circuit, we notice that there is one capacitive loop C = {{qe1 , qe2}},

which based on Eq. (2.39) gives rise to the constraint

VQ sin
(

2π
qe2
2e

)
+
qe1
C

= 0. (2.110)

When πVq/e > C, this constraint cannot be uniquely solved. More generally, the constraint cannot

be solved analytically in terms of simple functions, although it can be solved straightforwardly

numerically. A detailed discussion on this topic can be found in Ref. [106]. We denote

Q = qe1 − qe2 (2.111)

and write

VQ sin
(

2π
qe2
2e

)
+
Q+ qe2
C

= 0. (2.112)

By denoting a solution of Eq. (2.112) as qe2 (Q), and introducing Φ = φv2 − φv1 , the Hamiltonian

becomes

H =
1

2C
[Q+ qe2(Q)]2 − EQ cos

[
2π
qe2(Q)

2e

]
+

1

2L
Φ2 (2.113)

where the conjugate pairs are {Φ,Q} = 1.

In circuits which can be realized in current experiments, this singular behavior is not present

because quantum phase slip elements always have a series inductor component LS [see Fig. 2.8(b)].

This additional element transfers the singular one-mode circuit into a two-mode circuit. The key

observation is that the presence of the series inductance breaks the capacitive loop, and removes

the left null vector of the circuit, thus, the constraint of Eq. (2.110) is lifted. After a few steps, the
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Hamiltonian reads

H =
1

2C
Q2
e1 +

1

2L
Φ2
e1 +

1

2LS
(Φe1 + Φe2)2 − EQ cos

[
2π
Qe2
2e

]
(2.114)

where

Qe1 = qe1 ,

Qe2 = qe2 ,

Φe1 = φv2 − φv1 ,

Φe2 = φv1 − φv3 ,

(2.115)

and the conjugate pairs are {Φe1 , Qe1} = 1 and {Φe2 , Qe2} = 1.

As was explained in detail in [106], the quantum mechanical spectra of the singular vs.

non-singular Hamiltonians can drastically differ. The mechanism for this is analogous to the Born-

Oppenheimer approximation for molecules, in which the light electrons cannot be approximated as

sitting near the classical minima of the ion-electron potential: instead the wave function becomes

spread out in configuration space. In the example above, when LS → 0, any low-energy quantum

mechanical eigenstate ψ(Qe1 , Qe2) will become highly delocalized in the Qe1 +Qe2 direction, such

that the effective potential cannot be approximated by (2.113).

A similar argument can be made for the case of parallel capacitors for Josephson junctions.

2.4.8 Connecting to the existing Lagrangian formalism

Finally, let us briefly discuss how our formalism straightforwardly reproduces the existing

Lagrangian formalism in suitable limits. As one example, consider a circuit with only linear

capacitors, and inductive elements of any kind. The linear capacitor at the capacitive branch e ∈ C

has capacitance Ce, while the inductive element at an inductive branch e ∈ I is described by an

energy function ge. In our formalism, the Lagrangian is

L(qe, φv, φ̇v) =
∑

e∈C,v∈V
qeΩevφ̇v −

∑

e∈C

q2
e

2Ce
−
∑

e∈I
ge(φe), (2.116)
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where Ωev is the usual capacitive incidence matrix. Since L is a quadratic function of qe, but L

does not depend on the time derivatives of the charges q̇e, we can easily “integrate out" qe. (This

statement remains true in a quantum mechanical path integral). Solving the Euler-Lagrange equation

for qe, we find

Ωevφ̇v =
qe
Ce
. (2.117)

Then defining a capacitance matrix as

Cuv =
∑

e

CeΩeuΩev, (2.118)

we find a Lagrangian expressed only in terms of node flux variables, as is standard in the literature

[118]:

L(φv, φ̇v) =
∑

u,v∈V

1

2
Cuvφ̇uφ̇v −

∑

e∈I
ge(φe). (2.119)

2.5 Outlook

In this paper, we have developed a universal theory of circuit quantization for all LC circuits.

Our approach allows for the quantization of singular circuits, with arbitrary graph topology, and

with arbitrary time-dependent sources. The approach is inspired by symplectic geometry and graph

theory, and the quantization prescription depends only on the topology of the capacitive subgraph,

but not on which elements are linear or nonlinear. The “spanning tree construction" leads to a

straightforward quantization prescription using a set of canonically conjugate coordinates that could

be efficiently implemented in future software packages that perform generic circuit quantization.

Looking forward, this approach will provide an efficient algorithm for computing the numerical

spectra of complicated hybrid circuits simultaneously involving Josephson junctions, quantum

phase slips, and other arbitrary nonlinear elements that can be classified as inductive or capacitive.

Obtaining these spectra will be a critical step in identifying the behavior of quantum phase slip and

other nonlinear capacitive elements in a circuit quantum electrodynamics setup, opening new avenues
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to design and create novel superconducting devices beyond the current architectures. Further, this

formalism should extend naturally to nonlinear mechanical oscillators [59, 76, 98, 107, 113] and ideal

non-reciprocal elements [95], and may also be extensible to the quantization of transmission lines

[96].

Note added.— After our work became public, other authors [93] proposed another new

framework for circuit quantization.
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Chapter 3

Flux-Charge symmetric theory of superconducting circuits

3.1 Introduction

An ordinary non–dissipative circuit, when sufficiently cooled such that all wires become

superconducting, will exhibit macroscopic manifestations of quantum mechanics with a finite number

of degrees of freedom. Such circuits are referred to as superconducting circuits; they are of interest for

a variety of reasons, not least of which is the design and implementation of qubits for use in a future

quantum computer [13, 31, 60, 61, 65]. To that end, the theory of superconducting circuits has been

very successful in producing a number of qubits with desirable properties, including the transmon,

0–π and fluxonium qubits [43, 48, 62, 78]. On more fundamental grounds, superconducting circuits

are also of use for quantum simulation of exotic physics, such as particle motion on spaces with

negative curvature [64].

In the theory of superconducting circuits, charges and fluxes take the role of momenta and

positions in classical Hamiltonian mechanics [17]. More formally, they are canonically conjugate

degrees of freedom. For simple circuits, it is often straightforward to identify the conjugate pairs of

charges and fluxes, and then promote these variables to operators, as in textbook quantum mechanics.

This procedure is referred to as circuit quantization. However, for complicated circuits, namely

those containing both phase slips [84] and Josephson junctions [6, 9], the standard approach [26] to

circuit quantization relies on using a Lagrangian formulation of the problem that breaks the explicit

structure, such as the presence of canonical transformations that do not change the underlying

structure behind Hamiltonian mechanics. In fact, only very recently have some authors [90, 93,
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96] begun to develop an intrensically Hamiltonian [42] approach to describing the classical (and

quantum) mechanics of superconducting circuits. Still, these approaches have continued to treat

charge and flux on an arguably asymmetric footing.

This paper presents a theory of circuit quantization that is manifestly symmetric under the

exchange of charge and flux degrees of freedom, and treats capacitors and inductors on an equal

footing. An advantage of this approach is that it makes certain “mysterious" properties of the

algorithmic method of [90], such as the appearance of conserved quantities, more manifest. Moreover,

our approach provides an extremely transparent description of circuit dualities [58, 117] for planar

circuits, and – in some special cases – for non-planar circuits as well.

3.2 Classical theory of circuits

We consider circuits made out of elements that are either purely inductive or purely capacitive.

An inductive element has a constitutive relation of the form

I =
∂E

∂φ
, (3.1)

where E is the energy stored in the element, and φ is the magnetic flux through it. Likewise, a

circuit element with a constitutive relation

V =
∂E

∂q
(3.2)

is a capacitor: here q is the charge accumulated across the capacitor, while V is the voltage. Note

that these definitions include arbitrary nonlinear elements such as the Josephson junction and the

quantum phase slip junction. From the perspective of circuit quantization, these nonlinear elements

are no obstruction to any of the results that we present.

Loosely speaking, I = q̇ and V = φ̇ (here dots denote time derivatives). This suggests that

inductors and capacitors host conjugate degrees of freedom in a superconducting circuit.
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3.2.1 Symplectic geometry approach to circuit quantization

It is our goal to produce a quantization perscription for superconducting circuits that treats

capacitors and inductors (equivalently charges and fluxes) on equal footing. To ensure full generality

in our construction, we will begin with a short review of a recently developed [90] symplectic

approach to quantization of circuits, which is applicable to arbitrarily nonlinear circuits built out of

inductors and capacitors. Besides having the advantage of being more general (the new approach

can quantize circuits for which a standard Lagrangian does not exist), we will show in this paper

that the approach of [90] also beautifully encodes the mathematics of circuit duality, when re-written

in a flux-charge-symmetric manner.

In [90], it was found that a Hamiltonian dynamical system – namely, a Hamiltonian function

H and a symplectic form and/or Poisson bracket on a suitable phase space – is neatly encoded in a

simple Lagrangian that depends on the incidence matrix of a circuit. A circuit can be thought of

mathematically as a directed graph with vertices v and directed edges e, which have a start and end

vertex. On each edge e, we place either an inductive or capacitive element whose energy E depends

either on the flux difference φe across the circuit element, or the charge qe which has accumulated

due to current flow across the edge. The directedness of each edge is important to capture the

correct sign of φe and qe. For the remainder of this manuscript, we will use the symbol E to refer to

the set of edges in a circuit. Generally, the circuit to which E pertains will be clear from context.

We define the incidence matrix

Aev =





1 e arrives at v

−1 e leaves from v

0 otherwise

(3.3)

which encodes a convention for positive current and voltage across an edge. There is another closely

related matrix, Ω, called the reduced incidence matrix, which is a restriction of A to edges containing
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only capacitors. In terms of Ω, the action encoding the dynamics of G may be written

S =

∫
dt


∑

e∈C,v
qeΩevφ̇v −

∑

e∈C
ECe (qe)−

∑

e∈I
ELe (Aevφ

v)


 (3.4)

with capacitive branches in the set C and inductive branches in the set I. Note that E = C ∪ I.

Here, ECe (ELe ) is the energy of the capacitor (inductor) on branch e for a given configuration.

Quantization of a circuit is achieved by enumerating and removing the null vectors of Ω and

the corresponding variables. The resulting invertible matrix Ω can be related to a symplectic form

and Poisson bracket, which then formally lead to a canonical quantization prescription of the circuit

[90].

3.2.2 Topology of a graph

In this paper, we will need to review a little more graph theory than was presented above.

Indeed, in the language of mathematics, circuits are directed graphs where the edge set E = C ∪ I

has a decomposition into capacitors and inductors. We now briefly review some of the relevant graph

theory, and refer the reader to Appendix B.1 for a more formal discussion.

The most important aspect of a graph for us here will be the structure of cycles, or loops. For

an undirected graph, it is possible to define cycle addition [45, 50] as an additive operation on a

vector space over the field Z2. This operation imbues us with a natural notion of linear independence

between cycles. This notion of independence will remain relevant for circuits, which are directed

graphs, since the “arrow" on each edge is used to keep track of the direction of current flow, but not

whether an object is a loop or not.

For a circuit with |E| edges, and |V| vertices, there are |E| − |V|+ 1 linearly independent loops,

assuming that the circuit is connected. For reasons that will become clear, we will find it expedient

to find a basis for this space with one redundant loop: i.e., we choose |E| − |V|+ 2 loops and collect

them into set

L = {l1, l2, . . . , l|E|−|V|+2}. (3.5)
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To each loop assign an orientation, such that an edge in the loop l may either be oriented with l or

against l. Such assignments are encoded in an orientation matrix

Ble =





1 l and e are oriented alike

−1 l and e are oriented unalike

0 e does not lie on the boundary of l

. (3.6)

For an example, consider the graph drawn in Fig. 3.1(a). The orientation matrix for this graph is

given by

B =

e1 e2 e3 e4 e5 e6 e7 e8 e9 e10







1 0 1 0 0 0 −1 0 0 0 l1

0 −1 0 0 1 0 1 1 −1 −1 l2

0 0 −1 1 0 1 0 −1 0 0 l3

−1 1 0 −1 −1 −1 0 0 1 1 l4

(3.7)

Since we have defined L in such a way that it always contains |E| − |V|+ 2 elements, it is always the

case that

|L| − |E|+ |V| = 2. (3.8)

Euler’s formula should be called to mind by (3.8). As we will see, this is no accident.

Every graph (and thus every circuit) can be drawn (more formally, embedded) on some closed,

orientable surface1 with no crossing edges. One can always find such a surface, wherein this drawing

of a graph partitions the surface of embedding into some number of regions isomorphic to the unit

disk. We will call every such two dimensional disk a face of the circuit. For a particular drawing of

1The surfaces one should keep in mind are the Riemann surface of genus g, including the sphere (g = 0) and the
torus (g = 1). Such surfaces will always be sufficient since the topology of two dimensional orientable manifolds is
fully characterized by their genus.
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e2

e3

e4 e5

e1

e6

e7

e8

e9

e10

f1

f2

f3

f4

(a) An embedding of a graph with orientations chosen
for faces and branches. The outer face is labeled f4.
All faces are oriented alike if we consider this plane to
be a patch of a sphere (namely we identify points at
infinity as the same point).

e1

e2

e3

e4
e5 e6

e7 e8

e10

e9

f1

f2f3

f4

f
5

f 5

f 5

f
5

(b) An embedding of K5 on the torus. The vertical
border at the top of the drawing is to be identified
with the vertical border at the bottom of the drawing.
Likewise, the horizontal boundaries are to be identified.
Kn is the fully connected graph on n vertices, and for
n ≥ 5 , Kn is nonplanar. Nonplanar graphs cannot
be embedded on the sphere, but only on a torus with
a postive number of handles. A valid choice of
“topological loops"(See footnote 2) is given by the
blue and red edges.

Figure 3.1: Examples of faces and edges in a (a) planar and (b) non-planar graph.
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a circuit on a surface of genus g, we will write that the number of faces induced by the drawing is

|F|. Euler’s formula reads

|F| − |E|+ |V| = 2− 2g. (3.9)

Evidently, (3.9) together with (3.8) implies that

|L| = |F|+ 2g. (3.10)

Of course, one may have suspected from the outset that |L| was closely related to |F| since the

boundary of a unit disk is a circle, a one–dimensional object.

We emphasize that the distinction between loops and faces (at least for planar graphs) is

very minor. For planar graphs, there is a precise correspondence between faces and loops, since

there is a (contractible) loop at the boundary of each face. For nonplanar graphs such as K5 (See

Fig. 3.1(b)), there are necessarily some number of loops which are topological.2 As we will discuss in

later sections, the presence of such “topological" loops is of some import to the existence of a dual

circuit. More precisely, the set of loops at the boundary of some face in a drawing of a planar graph

on the sphere (or the plane) number |E| − |V|+ 2, and every edge exists in the common boundary

of exactly two faces. Moreover, it is possible to demand that all the loops chosen in this way are

“oriented alike" such that planar graphs satisfy3

∑

l∈L
Ble = 0. (3.11)

As we will see, choosing loops in correspondence with faces will be of great utility for us, even for

nonplanar graphs. It will always be our convention to choose |F| loops corresponding to the faces of

some embedding of a circuit, and we will also always choose them to be oriented alike.

2By refering to a loop as “topological" we mean to denote that the loop is not contractible on the surface of
embedding. For planar graphs, all loops are can be expressed as some combination of contractible loops.

3We emphasize that this particularly simple redundancy in |L| is a consequence of choosing loops in correspondence
to faces. In principle, it is possible to choose a spanning set of loops with a less trivial redundancy, but this complicates
calculations and provides no simplification. Any choice of loops for a planar graph can be shown to correspond to the
faces of some drawing, so this choice is also perfectly general.
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Another important matter of convention arises when considering the sign of Ble when it is

nonzero. Consider the figure in Fig. 3.1(a), and the loop consisting of edges e1, e3, and e7. Intuitively,

it should be the case that a suitable definition of B for this graph has the property that Bl1e is

nonzero only for e in {e1, e3, e7}. With this preference in mind, it remains to fix the sign of Bl1e

for such edges e. Our convention will be that an orientation should be chosen for l1 so that Bl1e

is equal to one if e is oriented like l1 and negative one otherwise. In this particular example (as

determined by the semicircular arrow surrounding the label f1), the matrix elements of B should be

Bl1e1 = Bl1e3 = −Bl1e7 = 1.

For nonplanar graphs, it is always possible to choose an embedding such that every edge

appears on the boundary of precisely two faces (and thus included in precisely two loops chosen in

correspondence with faces). However, it is not always possible to choose an embedding such that

every edge appears in precisely two loops in L. As an example, consider edge e9 in the circuit drawn

in Fig. 3.1b. e9 appears on the boundary of f5, and on the boundary of no other face. However, e9

appears on the boundary of f5 twice. When this occurs, we take the convention that Bl5e9 = 0,4

since “each side" of e9 is seen by the same face, and +1− 1 = 0.

In order to define an orientation matrix for a nonplanar graph, one needs to choose apropriate

topological loops and repeat the procedure. For the graph drawn in Fig. 3.1(b), one topological loop

4Here, l5 is used to denote the loop on the boundary of the face f5.
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is drawn in blue, while the other is drawn in red. The orientation matrix for this graph is given by

B =

e1 e2 e3 e4 e5 e6 e7 e8 e9 e10







0 1 −1 0 0 0 1 0 0 0 l1

1 0 0 −1 0 1 0 0 0 0 l2

0 −1 0 1 −1 0 0 0 0 0 l3

−1 0 1 0 0 0 0 −1 0 0 l4

0 0 0 0 1 −1 −1 1 0 0 l5

1 −1 0 0 0 0 0 0 0 1 l6

0 0 1 −1 0 0 0 0 1 0 l7

(3.12)

It turns out that B (for any drawing of G) has the property that

∑

e

BleAev = 0. (3.13)

In the case of (circuits that can be embedded as) planar graphs, this is an elementary result from

algebraic topology [50]: B and A are the discrete differential acting on 0-forms (defined on vertices)

and 1-forms (defined on edges) respectively (see Appendix B.1). For non-planar graphs, the matrix

B includes the discrete differential acting on 1-forms, and the non-trivial elements of the first

cohomology group. While we aren’t aware of any elegant geometric interpretation of this combined

object, (3.13) continues to hold. Note, however that for nonplanar graphs, the condition (3.11)

cannot hold. However, there is some analogous expression corresponding to the set of “face–like"
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loops in L. In the case of the circuit drawn in Fig. 3.1(b), (3.12) admits

5∑

i=1

Blie = 0. (3.14)

It is always possible to incorporate some such condition into a choice of loops in L.

We now introduce our third and final matrix. First, note that it follows from (3.13) that, for a

set P ⊂ E ,
∑

e∈P
BleAev = −

∑

e 6∈P
BleAev. (3.15)

This fact will be of great use to us. In particular, there will be a natural partition P for a circuit:

simply count only the capacitive, or only the inductive, edges! Hence for any circuit, we define the

connection matrix

Mlv =
1

2

∑

e∈C
BleAev −

1

2

∑

e∈I
BleAev. (3.16)

Consider the circuit drawn in Fig. 3.2, which we will call G. In the following discussion, we

will repeatedly return to G as an example for the sake of concreteness. As we will see, the connection
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e1

e2

e3

e4

e5

e6

v1

v2

v3

v4

f1 f2

f3

f
4

Figure 3.2: A circuit with four faces (counting the external face), six edges, and four vertices. For
this circuit, I = {e1, e6, e2} and C = {e3, e4, e5}. To see that all faces are “oriented alike", imagine
the circuit embedded on the sphere: all faces are oriented into the sphere.
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matrix of a circuit has a number of remarkable properties. For the circuit G in Fig. 3.2,

A =

v1 v2 v3 v4







−1 1 0 0 e1

0 −1 1 0 e2

1 0 −1 0 e3

−1 0 0 1 e4

0 0 1 −1 e5

0 −1 0 1 e6

(3.17)

B =

e1 e2 e3 e4 e5 e6







1 0 0 −1 0 1 l1

0 1 0 0 −1 −1 l2

0 0 1 1 1 0 l3

−1 −1 −1 0 0 0 l4

(3.18)
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and

M =

v1 v2 v3 v4







1 0 0 −1 l1

0 0 −1 1 l2

0 0 0 0 l3

−1 0 1 0 l4

(3.19)

It is possible to build a robust theory of circuit quantization using B in place of the incidence matrix

of a circuit A or, indeed, in conjunction with B. While this point is conceptually appealing on its

own, it also turns out to be necessary to understand circuit duality in full generality. The main result

of this paper is that the matrix M , containing information inherited from both A and B, encodes the

symplectic form of the classical phase space, which may be used to quantize a Hamiltonian without

requiring the user to proclaim that charges are more fundamental than fluxes or vice–versa.

3.2.3 A symmetric circuit Lagrangian

The charge accumulated on a particular capacitive branch is given by qe =
∑

l qlBle, which

may be used to connect to the formalism of [90], as we will see later. Moreover, these loop charge

variables are precisely the ones described in [117], with the exception of the fact that we “count"

the external loop. Of course, this is only a matter of convenience since one is always free to fix one

loop charge to vanish as a gauge degree of freedom, in direct analogy with one’s freedom to choose a

ground. Now, for any circuit,

1

2

∑

e∈C
qlBleAevφ̇v −

1

2

∑

e∈I
qlBleAevφ̇v =

∑

e∈C
qlBleAevφ̇v = −

∑

e∈I
qlBleAevφ̇v, (3.20)
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according to (3.15). While (3.20) contains only trivial mathematical information, we notice that

the first expression in (3.20) is not preferential toward inductive or capacitive branches, while the

second two expressions are.

For the remainder of this manuscript, we will write ELe (ECe ) to denote the energy of an

inductive (capacitive) branch e in some circuit. We assume that such energies may only depend

on the flux across (the charge on) some branch.5 Explicitly, we require that, for e = (v1, v2), EIe

depends only on φv1 − φv2 . Analogously, for a branch adjacent to the loops l1 and l2, we require

that ECe may depend only on ql1 − ql2 . As we will show shortly, this demand is equivalent to the

imposition of Kirchoff’s rules. We claim that the Lagrangian

L =
∑

l,v

qlMlvφ̇v −
∑

e∈C
ECe

(∑

l

qlBle

)
−
∑

e∈I
ELe

(∑

v

Aevφv

)
(3.21)

is a general Lagrangian which can be used to describe arbitrary LC circuits, and which contains a

Hamiltonian which is easily quantizable.

Let us examine the equations of motion implied by the principle of least action applied to

S =
∫

dt L:

0 =
δS

δql
=
∑

v

Mlvφ̇v −
∑

e∈C

∂ECe
∂ql

0 =
δS

δφv
= −

∑

l

q̇lMlv −
∑

e∈I

∂ELe
∂φv

.

(3.22)

We rewrite the first line using the definition of M , to see that

0 = −
∑

e∈I,v
BleAevφ̇v −

∑

e∈C

∂ECe
∂ql

. (3.23)

Another way of writing (3.23) is

0 =
∑

e∈C,v
BleAevφ̇v −

∑

e∈C

∂ECe
∂ql

. (3.24)

5There do exist ideal non-reciprocal circuit elements such as gyrators that are not of this form []. We leave any
possible generalization of our results to such circuits to future work.
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Further, since we have demanded that ECe may only depend on
∑

lBleql, we can see that (3.24)

implies

0 =
∑

e∈C
Ble

[∑

v

Aevφ̇v −
∂ECe (q)

∂q

]
. (3.25)

Given that
∑

v Aevφ̇v can be interpreted as a voltage difference across branch e, we see that (3.25)

is compatible with the constitutive relation for capacitors:

∑

v

Aevφ̇v =
∂ECe (q)

∂q
. (3.26)

In fact, we will show in Corollary 80 that (up to a certain exception to be discussed later), the only

solution to (3.25) is (3.26). Substituting

∑

e∈C

∂ECe
∂ql

=
∑

e∈C,v
BleAevφ̇v, (3.27)

we can see that (3.23) becomes
∑

e,v

BleAevφ̇v = 0. (3.28)

In other words, (3.23) is also consistent with Kirchoff’s voltage rule around a particular loop l.

Likewise, we rewrite the second line of (4.37) as

0 = −
∑

l,e∈C
q̇lBleAev −

∑

e∈I

∂ELe
∂φv

=
∑

l,e∈I
q̇lBleAev −

∑

e∈I

∂ELe
∂φv

. (3.29)

A similar manipulation to the one in (3.23) and (3.24) can be used to show that (3.29) correctly

incorporates the constitutive relation for inductors, as well as Kirchoff’s current law on a particular

node v.

3.2.4 A Hamiltonian theory from a Lagrangian theory

Classically, the dynamics of a circuit are entirely determined by the Lagrangian in (3.21). In

order to quantize, however, we must produce a symplectic form, which will in turn imply quantum
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commutation relations between charge and flux operators. Practically, this is a matter of enumerating

the null vectors of M and integrating out related non–dynamical variables as was done in [90]. One

of the notable properties of the formalism at hand is that the null vectors of M do not depend

asymmetrically on inductors and capacitors.

In lieu of a formal discussion, we will focus on a particular example to demonstrate the

simplicity of our results. For a formal discussion, see Appendix B.2. For the time being, we will

consider the circuit drawn in Fig. 3.2, which we will call G. We will suppose that all circuit

elements are linear and equal, though we emphasize that this is purely a matter of convenience. The

Lagrangian for G is

L = (ql3 − ql4)(φ̇v1 − φ̇v3) + (ql3 − ql1)(φ̇v4 − φ̇v1) + (ql3 − ql2)(φ̇v3 − φ̇v4)

− 1

2C
(ql3 − ql4)2 − 1

2C
(ql3 − ql1)2 − 1

2C
(ql3 − ql2)2

− 1

2L
(φv2 − φv1)2 − 1

2L
(φv3 − φv2)− 1

2L
(φv4 − φv2)2.

(3.30)

Left null vectors of M , namely those vectors γl such that
∑

l γlMlv = 0 for all v, correspond

to cycles either made entirely of capacitors or entirely of inductors. In G, there is only a single such

cycle, namely the cycle bounding the loop l3. Constraints of this kind may involve the resolution of

some constraint as is the case now:

0 =
δS

δql3
=

1

C
(ql3 − ql4) +

1

C
(ql3 − ql1) +

1

C
(ql3 − ql2). (3.31)

The constraint in (3.31) corresponds to the demand that voltage must vanish about a loop, and

further that ql3 must be determined by the other loop charges. In other words, ql3 is not dynamical.

If, instead of capacitors, there were a cycle of inductors, so that there was no voltage constraint,

the relevant q variable would simply be cancelled in L. This corresponds to a row of M which is

identically zero in every entry.

On the other hand, right null vectors ofM correspond to cuts of G which are entirely inductive

or entirely capacitive. A cut of G is a set of edges that connect a subset of V to its complement. In
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G, there is a single such example, namely the cut consisting of the branches incident upon v2. Notice

that φ̇v2 does not appear in (3.30) at all, so φv2 plays the role of a Lagrange multiplier. Recognizing

that

0 =
δS

δφv2
(3.32)

gives rise to another constraint. This constraint may be interpreted as a demand that current must

be conserved at the node v2, and that φv2 must therefore be fixed in terms of other fluxes.

There is another pair of null vectors which are omnipresent in the theory of circuits. Namely,

energies may only depend upon differences of loop current (node flux), so the sums
∑

v φv and
∑

l∈F ql are fixed by a so–called “gauge freedom".6 Explicitly,

0 =
∑

v

δS

δφv
=
∑

l

δS

δql
. (3.33)

Since both of these functional derivatives vanish identically, a constraint can never be imposed by

these particular null vectors.

After resolving the constraints in (3.31) and (3.32), we are left with

L = Q1Φ̇1 +Q2Φ̇2 −
1

3C

(
Q2

1 −Q1Q2 +Q2
2

)
− 1

3L

(
Φ2

1 − Φ1Φ2 + Φ2
2

)
(3.34)

with

Q1 = ql2 − ql4

Q2 = ql2 − ql1

Φ1 = φv1 − φv3

Φ2 = φv4 − φv1

, (3.35)

and

{Φj , Qi} = δij . (3.36)

6We remark that
∑
l∈L ql is not necessarily nondynamical. This leads to subtleties when discussing circuit dualities,

which we will discuss in Section 3.4.
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Therefore, we are free to write

H =
1

3C

(
Q2

1 −Q1Q2 +Q2
2

)
+

1

3L

(
Φ2

1 − Φ1Φ2 + Φ2
2

)
, (3.37)

with quantum commutation relations

[Φj , Qi] = i~δij . (3.38)

The process of “integrating out" degrees of freedom associated to null vectors that arise during

this process is conceptually straightforward. Still, as was the case in [90], nonlinear constraint

equations may arise in the presence of nonlinear circuit elements without accompanying parasitic

elements; these nonlinear equations may not have unique solutions, implying ambiguities in the

correct phase space to quantize. Since it was argued in [106] that the addition of parasitic elements

(which are present in any real experiment) qualitatively changes the spectrum, we do not focus on

the technical question of picking the correct phase space in the presence of nonlinear constraints

further in this manuscript.

There is another subtlety that arises in an attempt to formalize a generic quantization algorithm.

In some circuits, there are conjugate pairs corresponding to a two–dimensional subspace of phase

space that is not isomorphic to R2. The most readily available example is the transmon qubit (See

Sec. 3.5.2), where the flux across the Josephson junction is thought to be compact, which implies

that the charge across the capacitor is integer–valued. Physically, this implication can be understood

by the fact that the energy on the capacitor is a function of the number of Cooper pairs in the

condensate on the plates of the capacitor. Mathematically, the consequence of this fact that the

operator Φ is not Hermitan. The problem of quantizing a Hamiltonian on a phase space of arbitrary

topology is beyond the scope of this paper. However, we remark that the particular (and most

experimentally relevant) example of a phase space isomorphic to R× S1 is understood [29], and the
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resolution is that the operator algebra (3.38) is replaced by

[eiΦ, Q] = i~eiΦ. (3.39)

We will remark on the implications of this fact on circuit duality in Sec 3.4.

3.3 Equivalence to other formulations

Formally, it is true that the circuit Lagrangian (3.21) encodes all of the necessary physics:

Kirchoff’s rules are either manifestly obeyed, or correspond to the Euler-Lagrange equations of

(3.21). It must then be true that the predictions of (3.21) are equivalent to previous theories in the

literature. This equivalence is formally demonstrable, as we now summarize; see Appendix B.2 for

details and/or justifications of the claims made in this section.

3.3.1 Branch–node formalism

The most common approach to circuit quantization involves writing a Lagrangian in terms of

fluxes that live on vertices alone: φv. If we have linear capacitors, then one can directly integrate

out ql in (3.21) to obtain a Lagrangian for φv alone with quadratic terms in φ̇.

However, it was recently pointed out in [90] that more general circuits could be quantized by

instead starting with a Lagrangian that depends on both qe∈C (charges on capacitive edges) and φv.

Comparing the flux-charge symmetric formulation to this one is slightly more subtle. Recall that we

may write

Mlv =
∑

e∈C
BleAev. (3.40)

Introduce a set of Lagrange multipliers λe on capacitive edges, and write:

L′ =
∑

e∈C
qlBleAevφ̇v −

∑

e∈C
ECe (Qe)−

∑

e∈I
ELe

(∑

v

Aevφv

)
+
∑

e∈C
λe

(
Qe −

∑

l

qlBle

)
. (3.41)
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The functional derivative

0 =
δS

δql
=
∑

e∈C
Ble

[∑

v

Aevφ̇v − λe
]

(3.42)

implies that the quantity

γe =
∑

v

Aevφ̇v − λe (3.43)

forms a right null vector of the matrix B restricted to the set of capacitive edges. Corollary 80 shows

that there is one such null vector for each capacitive cut of G. As a consequence, there exists m

vectors |ni〉 =
∑

e∈C σe,i|e〉 with σe,i ∈ {−1, 0, 1} with i = 1, 2, 3, . . . ,m such that

|γ〉 =
m∑

i=1

µi|ni〉 (3.44)

and thus

λe =
∑

v

Aevφ̇v −
m∑

i=1

µiσe,i (3.45)

for some parameter µ. Thus, it follows that L′ may be rewritten

L′ =
∑

e∈C
QeAevφ̇v −

∑

e∈C
ECe (Qe)−

∑

e∈I

(∑

v

Aevφv

)
−

m∑

i=1

µi
∑

e

σe,iQe. (3.46)

A functional derivative

0 =
δS

δµi
=
∑

e

σe,iQe (3.47)

is easily understood as a consequence of

∑

l,e

qlBleσe,i = 0 (3.48)

and can be recognized as a constraint that would follow from a Noether current in [90]. Borrowing

the terminology used in [90], the right null vectors of B restricted to edges in C corresponded to a

“capacitively shunted island". In the end, after using the Lagrange multiplier µi to fix the charges

across capacitive cuts, we see that (3.46) reproduces [90].
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3.3.2 Face–Edge formalism

A possibly undesirable feature of the Lagrangian in (3.46) is that capacitors are treated

differently than inductors. With the flux-charge symmetric framework, however, we can produce a

similarly universal theory of circuits that treats inductors as preferential. We write

Mlv = −
∑

e∈I
BleAev (3.49)

In direct analogy with the discussion in Sec. 3.3.1, we again introduce Lagrange multipliers λe, but

this time they exist only on inductive edges:

L′ = −
∑

e∈I
qlBleAevφ̇v−

∑

e∈C
ECe

(∑

l

qlBle

)
−
∑

e∈I
ELe

(∑

v

ψe

)
+
∑

e∈I
λe

(
ψe −

∑

v

Aevφv

)
. (3.50)

By taking functional derivatives and exploiting the properties of A, it is possible to perform a

calulation very closely mirroring the one in Sec 3.3.1 to produce

L′ = −
∑

e∈I,l
qlBleψ̇e −

∑

e∈C
ECe (Qe)−

∑

e∈I
ELe (ψe) . (3.51)

Of note, the role of matrix A in (3.46) is filled by −B in (3.51). From a formal perspective,

the matrix B is less well–behaved than A since, for nonplanar graphs, B may have less trivial null

vectors than A, and there is no corresponding subtlety for the structure of A, even for nonplanar

graphs. (3.51) is a so–called loop–branch7 Lagrangian.

In the special case when the circuit corresponds to a planar graph, it was noted in [117] that

Lagrangians of the form (3.51) are dual to Lagrangians of the form (3.46), as we discuss in Section 3.4.

This fact is intimately related to the appearance of B in (3.51) instead of A. Using the flux-charge

symmetric Lagrangian (3.21), we will see a more straightforward derivation of such duality.

7In the literature, it is sometimes said that any Lagrangian involving charges defined on a loop is called a
“loop–charge Lagrangian".
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3.4 Circuit duality

The fact that we are able to describe a circuit in either a framework that “prefers" capacitors

or inductors is reminiscent of classical discussions of circuit duality [25, 58, 68, 77, 119]; see [117]

for a discussion of such circuit dualities in the context of Lagrangian mechanics of superconducting

circuits. We now show that these dualities are especially transparent in our framework. A formal

discussion of the results that follow is found in Appendix B.3.

First we make a few general comments. Any sensible notion of duality should be an involution

(operation which is the identity when applied twice) on classical phase space (or quantum Hilbert

space) of a circuit. A circuit is said to be self-dual if its Hamiltonian is invariant under this

transformation.

One kind of duality arises by a mere “relabeling transformation" on (3.21). With the Lagrangian

(3.21) in mind, consider the transformation given by

φv → φ∗v = q′v

ql → q∗l = φ′l

A→ A∗ = BT

B → B∗ = AT

C → C∗ ' I

I → I∗ ' C

V → V∗ ' L

F → L∗ ' V.

(3.52)

The table in Fig.3.3 illustrates the transformation (3.52). Informally, (3.52) swaps fluxes with

charges, capacitors with inductors, and nodes with faces. Under (3.52), the connection matrix of G
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transforms as8

M →M∗ = −MT. (3.53)

Therefore, the Lagrangian in (3.21) transforms as

L→ L∗ =
∑

l,v

q∗lM
∗
fvφ̇
∗
v −

∑

e∈C∗
ECe

(∑

l

q∗l B
∗
fe

)
−
∑

e∈I∗
ELe

(∑

v

A∗evφ
∗
v

)
(3.54)

or

L∗ =
∑

l,v

q′vMvlφ̇
′
l −
∑

e∈I
ECe

(∑

l∈V∗
Aelφ

′
l

)
−
∑

e∈C
ELe

(∑

v∈F∗
q′vBve

)
(3.55)

where we have integrated the first term by parts after carrying out the substitutions in (3.52).

It appears from (3.52) that duality is an involution (operation that squares to the identity) on

phase space. However, we emphasize that this interpretation can be subtle when the phase space

is not equivalent to R2n. The most common scenario relevant for superconducting circuits is, as

discussed before, the case where some of the coordinates are periodic. In particular, if the classical

phase space where a conjugate pair (Q,Φ) lives is R× S1, then the phase space associated with the

dual conjugate pair (Φ∗, Q∗) is S1 × R. Physically, this means that a quantum Hamiltonian with a

compact flux variable Φ and integer valued conjugate Q has a dual with a compact charge variable

Φ∗ and an integer valued flux Q∗. We conclude that in this example, duality maps one phase space

to another.

The non-trivial question is whether L∗ can be interpreted as the Lagrangian for an actual

circuit, where q∗l represent physical loop charges and φ∗v represent physical node fluxes. We address

this for the remainder of the section.

3.4.1 Planar circuits

One way to understand the subtlety of this duality transformation is to ask whether it behaves

“nicely" on the drawings of a circuit. In other words, does L∗ describe a physical circuit that we can

8We remark that X∗ is the dual of some object X under the transformation (3.52) and not, for example, complex
conjugation.



92

object dual object

e
v1 v2

l1

l2 e∗

l∗1

l∗2

v∗1 v∗2

e
v1 v2

l1

l2
e∗

l∗1

l∗2

v∗1 v∗2

Aev1 = −1 B∗v∗1e∗
= −1

Bl1e = 1 A∗e∗l∗1
= 1

Ml1v1 −Mv∗1 ,l
∗
1

φv1 qv∗1

ql1 φl∗1

Figure 3.3: A number of examples showing how the transformation (3.52) effects various aspects
of a circuit. We emphasize that, from the perspective of this formalism, nonlinear inductors may
be treated simply as inductors on equal footing with linear inductors. In particular, a Josephson
junction would be dual to a quantum phase slip.

e5

e1

e6

e2

e3

e8

e4

e7

v1 v2

v3v4

v5 v6l1 l2 l3l4

(a)

e5

e1

e6

e2

e3

e8

e4

e7

v1 v2

v3v4

v5 v6l1 l2 l3

l4

(b)

Figure 3.4: The black circuits in (a) and (b) are simply redrawings of the same circuit. The duals of
the circuits (a) and (b) are drawn in grey. In both subfigures, labels correspond to the circuit in
black.



93

easily draw? In what follows, we will assume that capacitances and inductances have the same units,

or equivalently that charges and fluxes have the same units. This is a matter of convenience that

can be adapted to a physical system by making suitable variable redefinitions. The discussion in

this section only applies to planar circuits, and in the next section we will discuss the problems that

may arise for nonplanar circuits.

The procedure for constructing the dual of a given circuit G is as follows [45, 117]:

(1) Draw G on a plane (or equivalently a sphere, by identifying points at infinite distance on

the plane with a single point).

(2) For every face9 l in G, draw a node inside the l labeled l∗

(3) Every branch e in G lies on the boundary of exactly two faces, say l1 and l2. If e is capacitive

(inductive), draw an inductive (capacitive) branch labeled e∗ connecting l∗1 and l∗2.

An example of this drawing procedure is given in Fig.3.4.

We remark that B, the orientation matrix of G, depends upon how G is drawn. Since the

incidence matrix of the dual of G is the transpose of B, it follows that a single circuit can have

multiple dual circuits. Since G’s incidence matrix is uniquely defined, all duals of G have the same

orientation matrix, and the number of duals of G with distinct incidence matrices is exactly the

number of drawings of G with different orientation matrices. For example, in Fig.3.4(b), the dual of

G has a node of degree six, which the dual of G in (a) has no such vertex. In this way, we can see

that circuits need not have a unique dual. A detailed discussion of this circuit is in Section 3.5.1.

The manner in which incidence and orientation matrices are “exchanged" under duality can

be interpreted in the following way: the combinatorial information of a graph is encoded in the

topological information of its dual, and the topological information of a graph determines the

combinatorial information in its dual. In this way, it is sensible to say that, for graphs (and thus

circuits), topology is dual to combinatorics.

9Recall that there are no loops that cannot be drawn as faces for a planar graph.
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e1

e2

e3

e4 e5 e6

e4 e5 e6

e1

e2

e3

e7

e8

e9

e10

v1 v2 v3 v1

v4

v5

v1v3v2v1

v5

v4

l1

l2 l3

l4 l5

Figure 3.5: A circuit on K5. The edges with alike labels are to be identified. The loops l6 and l7 are
drawn in red and blue respectively.

3.4.2 Nonplanar circuits

The transformation (3.52) is the most natural candidate for a duality transformation at the

Lagrangian level. Unfortunately, as we now discuss, for nonplanar circuits it is not general clear how

to construct a physical circuit for which L∗ is its Lagrangian. The difficulty in constructing the dual

to a nonplanar circuit arises when attempting to draw the dual circuit, rather than when trying to

produce the dual Lagrangian.

For planar graphs, it is possible to choose a suitable set of loops L by drawing the circuit in

question on a surface (namely the plane), and such circuits can be made to have the property that

∑

l

Ble = 0. (3.56)

The importance of this property is that every edge in the circuit participates in precisely two loops

within L. On the other hand, for all circuits, including nonplanar ones, we demand

∑

v

Aev = 0. (3.57)



95

The duality transformation (3.52) sends

B → B∗ = AT

A→ A∗ = BT.

(3.58)

If
∑

l∈L
Ble 6= 0, (3.59)

then A∗ = BT is not a valid incidence matrix. The reason for this is the 2g “topological loops" that

must be included in L in order to fully specify all of the currents in the nonplanar circuit of interest.

See Fig 3.5 for a drawing of a circuit with topological loops chosen and emphasized with color coding.

Consider some edge e that participates in a topological loop lt. e also lies on the boundary of a pair

of faces, say l1 and l2. Then,

∑

l

Ble = Blte +Bl1e +Bl2e = Blte 6= 0. (3.60)

Thus, if one attempted to interpret BT as an incidence matrix, the edge e would “connect" three

vertices, rather than two, but then the resulting construction is not an edge. From a mathematical

perspective, it is no issue to acknowledge that an edge in a graph participates in many cycles, but

there is no sensible notion of an edge that connects many vertices.

Moreover, any notion of graph duality must conserve g, the genus of the surface of embedding.

We see, however that

B → B∗ = AT (3.61)

gives rise to B∗ that does have the property that

∑

l

B∗le = 0, (3.62)

which is a hallmark property of planar graphs in the sense that (3.62) holds for and only for planar
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graphs.

Hence, there exist nonplanar circuits with no physical dual. We remark that (3.52) is still

perfectly well–defined for nonplanar circuits, but that it may not be possible to draw a circuit that

gives rise to the resulting Hamiltonian. It may be possible that one can always introduce auxiliary

degrees of freedom and integrate them out, such that L∗ is the reduced description of a circuit with

(nonlinear) capacitive loops or inductive cuts, but we have not found an elegant and fully general

construction which allows us to construct an honest circuit dual for a general nonplanar circuit.

Resolving this question seems to us to be an important open problem.

While the problem of constructing nonplanar circuits is not a central subject in this paper,

we would be remiss not to remark briefly on challenges therein. Nonplanar graphs all contain some

number of copies of K5 or K3,3 as subgraphs or minors.10 A notable property of these graphs, which

are necessary ingredients in nonplanarity, is that removing any edge from either K5 or K3,3 gives

rise to a planar graph. Thus, for example, a circuit on K5 could be constructed by placing all but

one circuit element on a single layer, and the remaining circuit element could be placed on a second

layer connected to the first. That is to say that the construction of at least some nonplanar circuits

seems reasonable in principle, provided that multilayer fabrication is possible.

3.5 Examples

In what follows, we will solve a number of examples that are either particularly pedagogical or

of particular interest.

3.5.1 A planar circuit

Consider the black circuit drawn in Fig.3.4(a), which we will call G. The face in the dual of G

(drawn in grey) corresponding to the vertex vi in G will be labeled v∗i . We will refer to the grey

circuit as G∗. The capacitance (inductance) of the circuit on element on ei will be denoted as Ci

(Li). We suppose for the sake of simplicity in the presentation that all circuit elements are linear,

10K5 is the fully connected graph on 5 vertices, and K3,3 is the complete bipartite graph on 6 vertices.
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but we emphasize that this is unnecessary. We will begin by analyzing G.

To start,

A =

v1 v2 v3 v4 v5 v6







0 −1 1 0 0 0 e1

1 0 0 −1 0 0 e2

−1 0 0 0 1 0 e3

0 −1 0 0 0 1 e4

−1 1 0 0 0 0 e5

0 0 −1 1 0 0 e6

0 0 1 0 0 −1 e7

0 0 0 1 −1 0 e8

(3.63)

and

B =

e1 e2 e3 e4 e5 e6 e7 e8







0 −1 −1 0 0 0 0 −1 l1

−1 0 1 0 −1 −1 0 1 l2

1 0 0 −1 0 0 −1 0 l3

0 1 0 1 1 1 1 0 l4

(3.64)
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and thus

M =

v1 v2 v3 v4 v5 v6







0 0 0 −1 1 0 l1

1 −1 1 0 −1 0 l2

0 0 −1 0 0 1 l3

−1 1 0 1 0 −1 l4

, (3.65)

Now, the Lagrangian for G is given by

L = (q4 − q2)(φ̇v2 − φ̇v1) + (q2 − q1)(φ̇v4 − φ̇v5) + (q4 − q3)(φ̇v3 − φ̇v6) + (q4 − q2)(φ̇v4 − φ̇v3)

− 1

2L1
(φv3 − φv2)2 − 1

2L2
(φv1 − φv4)2 − 1

2L3
(φv5 − φv1)2 − 1

2L4
(φv6 − φv2)2

− 1

2C5
(q4 − q2)2 − 1

2C6
(q4 − q2)2 − 1

2C7
(q4 − q3)2 − 1

2C8
(q2 − q1)2.

(3.66)

There are two right null vectors of M . The first corresponds to

0 =
δS

δφv2
+

δS

δφv3
+

δS

δφv6
(3.67)

which contains no nontrivial constraint. The other nontrivial null vector corresponds to

0 =
δS

δφv1
+

δS

δφv2
=

1

L1
(φv2 − φv3) +

1

L2
(φv1 − φv4) +

1

L4
(φv1 − φv5) +

1

L4
(φv2 − φv6). (3.68)
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Resolving this constraint and defining

Q1 = q4 − q2

Q2 = q2 − q1

Q3 = q4 − q3

Φ1 = φv2 + φv4 − φv1 − φv3

Φ2 = φv4 − φv5

Φ3 = φv3 − φv6 ,

(3.69)

we find immediately

L = Q1Φ̇1 +Q2Φ̇2 +Q3Φ̇3 −
1

2

(
1

C5
+

1

C6

)
Q2

1 −
1

2C7
Q2

3 −
1

2C8
Q2

2

− LΣ
2

(
1

L1L2
Φ2

1 +
1

L1L3
(Φ1 − Φ2) 2 +

1

L1L4
Φ2

3 +
1

L2L3
Φ2

2 +
1

L2L4
(Φ1 + Φ3)2 +

1

L3L4
(Φ1 − Φ2 + Φ3)2

)

(3.70)

with
1

LΣ
=

1

L1
+

1

L2
+

1

L3
+

1

L4
. (3.71)

By taking the transformation

Qi → Q∗i = −Φi

Φi → Φ∗i = Qi,

(3.72)

we can acquire the Lagrangian (and Hamiltonian) of the grey circuit drawn in Fig 3.4 (a).

We remark that the black circuit drawn in Fig 3.4 (b) is simply a different drawing of the

black circuit drawn in Fig 3.4(a), but the grey circuit in Fig 3.4 (b) is not even graph isomorphic to

the grey circuit drawn in Fig 3.4 (a). A similarly simple analysis of the black circuit drawn in Fig

3.4 (b) would provide an canonically related Hamiltonian to the one governing G (of course, since

the two circuits are identical). It then follows that the Hamiltonian governing the grey circuits must

also be canonically related.
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e2

e1 v2

v1

l1

l2

(a)

e2

e1

e3

v2

v1

l1l2

l3

(b)

Figure 3.6: Pictured in (a) is the Transmon. In (b) is drawn the fluxonium qubit.

3.5.2 Transmon and Fluxonium qubits

We now turn our attention to a pair of (formally) very similar circuits of practical interest.

This pair of examples is useful in that it illustrates the “automatic" solution of a voltage constraint.

We will start by considering the fluxonium qubit pictured in Fig. 3.6(b). The A, B, and M matrices
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may be read off of the drawing:

A =

v1 v2







−1 1 e1

1 −1 e2

1 −1 e3

,

B =

e1 e2 e3







0 −1 1 l1

−1 0 −1 l2

1 1 0 l3

M =

v1 v2







0 0 l1

1 −1 l2

−1 1 l3

.

(3.73)

Thus, the Lagrangian describing the fluxonium qubit is

Lfluxonium = (ql2 − ql3)(φ̇v1 − φ̇v2)− 1

2C
(ql2 − ql3)2 − 1

2L
(φv1 − φv2)2 + EJ cos(φv1 − φv2). (3.74)



102

After making the definitions

Φ = φv1 − φv2

Q = ql2 − ql3 ,
(3.75)

we see that the (classical) Hamiltonian for the fluxonium qubit is

Hfluxonium =
1

2C
Q2 +

1

2L
Φ2 − EJ cos(Φ). (3.76)

Now, for the transmon qubit,

Mtransmon =

v1 v2







1 −1 l1

−1 1 l2

. (3.77)

Notice that Mtransmon appears as a submatrix of M in (3.73). This can be understood as a

consequence of the fact that Kirchhoff’s voltage rule demands that the flux across the linear inductor

and Josephson junction in fluxonium must be equal (up to a constant of integration that we set to

zero). It is straightforward to produce

Htransmon =
1

2C
Q2 − EJ cos(Φ). (3.78)

There is a subtlety regarding the process of quantizing (3.76) and (3.78) after arriving at a

classical Hamiltonian. Namely, Hfluxonium is not invariant under translation of Φ by any nonzero

constant. In other words, Hfluxonium is inconsistent with a periodically identified “compact" Φ

variable. To contrast this observation, it is thought that Φ as it appears in Htransmon is a compact

variable.

While it is true that the question of how the topology of phase space affects quantization
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is not the subject of this paper, we remark that phase space in the fluxonium case is isomorphic

(equivalent) to R2, while it may be the case that the classical phase space in the transmon case

is R × S1. The dual of the fluxonium qubit likewise must have classical phase space R2, and the

dual of the transmon has an equivalent phase space to that of the original transmon (albeit the

periodically-identified variable changes physical interpretation from flux to charge).

3.5.3 A self–dual circuit

Consider the circuit drawn in Fig.3.2. The Hamiltonian produced is given by

H(Q,Φ) =
1

3C
(Q2

1 −Q1Q2 +Q2
2) +

1

3L
(Φ2

1 − Φ1Φ2 + Φ2
2). (3.79)

It is obvious that H(−Φ,Q) = H(Q,Φ) provided that we choose units where C = L, which is to say

that the circuit drawn in Fig.3.2 is, or at least has a self–dual drawing.

3.5.4 A circuit on K5

For the purposes of this example, we will focus on the circuit drawn in Fig. 3.5, which will

again be called G. The drawing at hand is slightly unconventional since it is drawn on a polygon

with boundaries identified (which is typical in mathematical descriptions of a torus, for example).

For the sake of simplicity, we will suppose that all inductances take on a value L and all capacitances

take on a value C.
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First, we must compute the relevant A, B, and M matrices:

A =

v1 v2 v3 v4 v5







−1 0 0 1 0 e1

0 0 0 −1 1 e2

1 0 0 0 −1 e3

−1 1 0 0 0 e4

0 −1 1 0 0 e5

1 0 −1 0 0 e6

0 0 −1 0 1 e7

0 1 0 0 −1 e8

0 −1 0 1 0 e9

0 0 1 −1 0 e10

,

B =

e1 e2 e3 e4 e5 e6 e7 e8 e9 e10







0 0 0 0 0 0 −1 −1 −1 −1 l1

1 1 0 −1 0 0 0 1 0 0 l2

−1 0 0 0 −1 −1 0 0 1 0 l3

0 0 1 1 1 0 1 0 0 0 l4

0 −1 −1 0 0 1 0 0 0 1 l5

1 1 1 0 0 0 0 0 0 0 l6

0 0 0 1 1 1 0 0 0 0 l7

M =

v1 v2 v3 v4 v5







0 0 0 0 0 l1

0 −1 0 0 1 l2

0 1 0 −1 0 l3

0 0 1 0 −1 l4

0 0 −1 1 0 l5

0 0 0 0 0 l6

0 0 0 0 0 l7

(3.80)
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Thus,

L = (ql3 − ql2) (φ̇v2 − φ̇v5) + (ql4 − ql5) (φ̇v3 − φ̇v5) + (ql5 − ql3) (φ̇v4 − φ̇v5)

− 1

2C

(
(ql2 − ql3 + ql6)2 + (ql2 − ql5 + ql6)2 + (ql4 − ql5 + ql6)2

)

− 1

2C

(
(ql4 − ql2 + ql7)2 + (ql4 − ql3 + ql7)2 + (ql5 − ql3 + ql7)2

)

− 1

2L

(
(φv5 − φv3)2 + (φv2 − φv5)2 + (φv4 − φv2)2 + (φv4 − φv3)2

)
.

(3.81)

Choosing the variables

Q1 = ql3 − ql2

Q2 = ql4 − ql5

Q3 = ql5 − ql3

Φ1 = φv2 − φv5

Φ2 = φv3 − φv5

Φ3 = φv4 − φv5

(3.82)

we can rewrite

L =
3∑

i=1

QiΦ̇i −
1

2C

(
(ql6 −Q1)2 + (ql6 −Q1 −Q3)2 + (Q2 + ql6)2

)

− 1

2C

(
(ql7 +Q1 +Q2 +Q3)2 + (ql7 +Q2 +Q3)2 + (ql7 +Q3)2

)

− 1

2L

(
Φ2

2 + Φ2
1 + (Φ3 − Φ1)2 + (Φ2 − Φ3)2

)
.

(3.83)

From (3.83) it is clear to see that ql6 and ql7 are constrained in terms of Q variables as a result of

0 =
δS

δql6
=

δS

δql7
. (3.84)

After using (3.84), we find

ql6 =
1

3
(2Q1 −Q2 +Q3)

ql7 =
1

3
(−Q1 − 2Q2 − 3Q3).

(3.85)

Then, the Hamiltonian describing G is given by H(Q1, Q2, Q3, Φ1, Φ2, Φ3) =
∑3

i=1QiΦ̇i − L. The
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Poisson brackets of the system at hand are

{Φi, Qj} = δij . (3.86)

One may find it peculiar that the “topological loops" ql6 and ql7 are nondynamical in the sense

that they are not independent of loops on the surface of the torus. This is no accident. Indeed, for

circuits on the fully connected graph on V vertices, KV , there are
(
V
2

)
edges, and there must be at

least 2g loops made of only capacitors or only inductors. To see how this is true, observe that the

number of independent loops in a circuit G with E edges and V vertices is at least

number of loops ≥ n(E, V ) = max (E − V + 1, 0) . (3.87)

We emphasize that this bound on n(E, V ) holds even for graphs that are not connected. Now,

suppose the number of capacitors in a circuit is NC , while the number of inductors is NI . There

exists a pair of graphs GC and GI that consist of all vertices from G and only the capacitive edges

or inductive edges respectively. The number of inductive (capacitive) loops in GI (GC) is then

at least n(NI , V ) (n(NC , V )). Since GC and GI are subgraphs of G, it follows that the number

of homogenous loops in G is at least n(NI , V ) + n(NC , V ). Moreover, it must be the case that

NI +NC = E. Thus, we have that the number of homogenous loops in G is bounded below by

Nl = n(NI , V ) + n(NC , V ) = n(E −NC , V ) + n(NC , V ). (3.88)

Now, for fully connected graphs KV , E =
(
V
2

)
, so a circuit on KV with NC capacitors has

Nl = n

((
V

2

)
−NC , V

)
+ n(NC , V ) ≥ 2g (3.89)

since

min
x

[
max

((
V

2

)
− x− V + 1, 0

)
+ max (x− V + 1, 0)

]
≥ 2g. (3.90)



107

In a few words, a fully connected graph on V vertices can always be drawn on a g–holed torus in

such a way that all 2g topological loops are null vectors of M . It is, in principle, always possible to

synthesize some planar circuit with the same dynamics as a given circuit on K5.

While it is generally impossible to construct a dual circuit for a nonplanar circuit, it is

nonetheless sometimes possible to do something similar. In particular, it is sometimes possible to

reduce a nonplanar circuit to an effectively planar circuit by using constraints that follow from

Kirchoff’s rules (e.g. by adding inductors or capacitors in series or parallel or by using the delta–wye

transform [73]) . One way to accomplish this goal is to arrange circuit elements such that the edges

lying on a given topological loop contain either all capacitors or all inductors (so that the relevant

loop degree of freedom is nondynamical). Then, one can produce a simplified equivalent circuit with

fewer edges (by using Kirchoff’s rules) than the original. If the simplified circuit is then planar, and

has a well–defined dual. In some sense, the resulting dual serves as what would be the dual of the

nonplanar circuit. Whether or not this planarization may be carried out apparently depends on

whether or not there exist at least 2g homogenous loops in a circuit. We mention in passing that

no similar result holds for circuits on, say K3,3. From this we suspect that the most interesting

nonplanar circuits are likely to be those that are most sparsely connected.

3.6 Conclusions

In this paper, we have derived a new Lagrangian description of circuits that treats fluxes and

charges on an equal footing, extending our previous work [90] towards a more general theory of circuit

quantization. Existing methods can be shown to be equivalent to our formalism. A key feature

of this “flux-charge symmetric" formulation of circuit mechanics is that circuit duality becomes a

simple relabeling transformation, for planar circuits.

For non-planar circuits, it is not always obvious if a dual circuit is physical. An interesting

future research direction is to understand whether it is possible to add additional circuit elements

such that the dual of a general non-planar circuit is well-defined.
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q̇

φdual

φdual

φdual

Figure 3.7: A heuristic drawing on an identified polygon representation of a torus. If a charge or
flux about some “topological" loop is to be dynamical, then it’s dual must also be topological. A
“topological current" is drawn and labeled in red. The naive dual to the current q̇ would be a voltage
drop across the corresponding cut. In the figure above, the nonlocal “topological" voltage resulting
from the naive duality map would participate in all three dual edges with the label φdual.
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Chapter 4

Stochastic theory of nonlinear electrical circuits in thermal equilibrium

4.1 Introduction

Qubits made out of superconducting circuits [10, 48, 61, 62, 65, 78] represent a promising

candidate qubit for building a scalable fault-tolerant quantum computer. Some schemes even exist

to use dissipation to assist in error correction [34, 86]. As with all quantum technologies, one of

the important challenges in building robust qubits is protecting them against decoherence with a

thermal environment.

A common way that dissipation with environmental degrees of freedom is modeled in the

literature is via the Caldeira-Leggett model [18], in which a dissipative bath is modeled by a large

number of dissipationless degrees of freedom. This approach is frequently used in the literature on

circuit quantization [1, 10, 20, 82, 92, 118]. Yet in a quantum setting, it is rather undesirable to

include a very large number of degrees of freedom (which causes enormous computational overhead)

simply to account for the existence of dissipation. In principle, it would be more desirable to simply

model the dissipative dynamics with a Lindblad master equation, describing the open quantum

dynamics of only the relevant circuit degrees of freedom.

Before such a task can be achieved, it is desirable to first develop a thorough understanding of

the classical dynamics of electrical circuits interacting with a thermal bath, within a framework that

is amenable to quantization. For dissipationless LC circuits, this has recently been achieved in an

intriniscally Hamiltonian formulation of circuit mechanics [90, 93], building on earlier work [14, 68,

119]. This Hamiltonian formulation contrasts with the more conventional Lagrangian approach used
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in much of the superconducting circuit literature [10, 13, 26, 31, 61, 62, 65, 88, 104, 114, 117, 118,

122]. For dissipative circuits with linear resistors, [80, 93, 94] have also incorporated the resistors

within a classical Hamiltonian formalism via Rayleigh dissipative functions.

This paper provides an alternative route towards systematically incorporating dissipation into

the mechanical theory of electrical circuits. Following the recent literature on effective theories

for thermal systems [28, 40, 41, 49, 54], we write down a dissipative Lagrangian for the dynamics

of an RLC circuit with Gaussian white noise. The approach is closely related to the much older

Martin-Siggia-Rose (MSR) Lagrangian [81] for stochastic dynamics. Indeed, a crucial aspect of our

construction is that it necessarily incorporates both dissipation along with stochastic fluctuations,

which are mandated by the fluctuation-dissipation theorem. Indeed, it is not consistent with

statistical mechanics to neglect the presence of noise when modeling a dissipative system. Hence, we

must develop a description of circuit dynamics for circuits in thermal equilibrium at temperature

T , ensuring our description is compatible with the laws of statistical physics. We can accomplish

this without needing to worry about the microscopic details of the environment and its coupling to

the relevant circuit degrees of freedom. In our view, this makes our starting point more physically

natural than a Rayleigh dissipative function, although we will ultimately see how to reproduce (and

generalize) the physics of Rayleigh dissipative functions within our framework.

As our formalism necessarily incorporates both dissipative and stochastic physics, it allows us to

reproduce the physics of Johnson noise [55, 89, 116], which was an important historical benchmark for

testing the fluctuation-dissipation theorem itself (or, more precisely, testing that physical systems are

in thermal equilibrium). When resistors are linear, we will explain how the MSR theory reproduces

the textbook predictions for Johnson noise in complete generality. However, at least in principle, it

is also transparent in our framework how to model nonlinear resistors, which imply multiplicative

Johnson noise. There have been inconsistent predictions in the literature [57, 111] on the correct

form of multiplicative Johnson noise; our formalism gives unambiguous predictions which can be

derived transparently. In particular, for circuits where resistors have suitable “parasitic" capacitors or

inductors alongside them, we are able to give simple analytic expressions for multiplicative Johnson
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noise, regardless of the global circuit topology. In the appropriate limiting case, our results agree

with [111].

This paper focuses on classical circuits, as the problem is already somewhat involved. Never-

theless, we do expect that our methods could be a starting point for building intrinsically dissipative

descriptions of quantum RLC circuits, in future work.

4.2 Review of stochastic and dissipative mechanics

In a physical setting, the fluctuation-dissipation theorem requires both dissipation and stochas-

tic noise, so it is sensible to demand that any systematic formalism for modeling dissipative circuit

dynamics can account for both. In this paper, we will focus on modeling circuits that are in thermal

equilibrium at finite temperature T , such that the probability of finding the circuit in configuration

ξ in equilibrium is

P (ξ) = Z−1e−βE(ξ). (4.1)

Here E is the combined energy of the capacitive and inductive elements, while β is inverse temperature.

Z is a normalization constant which, as we will see, is not important.

Our interest is in first–order stochastic differential equations (a.k.a. Langevin equations) with

Gaussian white noise:

ẋα = fα(x) +Mαµξµ(t) (4.2)

where ξµ(t) are independent and identically distributed Gaussian random white noise:

〈ξµ(t)ξν(s)〉 = 2δµνδ(t− s). (4.3)

We use µν indices to denote the noise variables vs. αβ indices to represent the physical degrees

of freedom, because we may have a smaller number of noise variables than coordinates xα. Here

and below we invoke the Einstein summation convention on repeated indices, unless otherwise

stated. If Mαµ is a constant matrix independent of x, then this Langevin equation is well-defined;
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otherwise, more care is required [51] to regulate the stochastic equation. We will explain later how

to correctly regularize the problem for systems in thermal equilibrium. Because we will find it useful

to distinguish between constant and non-constant noise, we introduce the following terminology:

Definition 1 (Multiplicative noise). Stochastic equation (4.2) has multiplicative noise if Mαµ(x)

is not constant.

An important question is what constraints should be placed on (4.2) to ensure that thermal

equilibrium (4.1) describes a statistical steady state to which the stochastic dynamics relaxes. We

now describe a few related ways to achieve this goal.

4.2.1 The Martin-Siggia-Rose formalism

The first approach we will use to study (4.2) is based on generalizing Lagrangian mechanics to

dissipative and stochastic systems. This approach is inspired by the desire to calculate the transition

probability P (xα(t) = aα|xα(0) = bα) – namely, the probability to go from microstate b to microstate

a in time t. One popular way of trying to evaluate this transition probability (density function) is

by using the Martin-Siggia-Rose (MSR) path integral: [81]

P (xα(t) = aα|xα(0) = bα) =

∫

x(t)=a,x(0)=b

DxDξ δ(ẋα − fα(x)−Mαµξµ) exp

[
−1

4

∫
dt ξµξµ

]
. (4.4)

The path integral over ξ corresponds to averaging over the random noise, and is subject to appropriate

boundary conditions. If we interpret (4.2) in the Ito formulation (see e.g. [51] for details), then we

can perform standard path integral manipulations to write

P (xα(t) = aα|xα(0) = bα) =

∫

x(t)=a,x(0)=b

DxDξDπ exp

[
i

∫
dt

(
πα(ẋα − fα(x)−Mαµξµ) +

i

4
ξµξµ

)]
,

(4.5)
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where π is a Lagrange multiplier enforcing the equation of motion. In the presence of Gaussian noise,

we can then integrate out Gaussian variable ξµ, and we obtain

P (xα(t) = aα|xα(0) = bα) =

∫

x(t)=a,x(0)=b

DxDπ exp

[
i

∫
dt (πα(ẋα − fα(x)) + iMαµMβµπαπβ)

]
.

(4.6)

This transition probability looks exactly like Feynman’s path integral, weighted by exp
[
i
∫

dt L
]
.

The resulting Lagrangian is given a name:

Definition 2 (MSR Lagrangian). An MSR Lagrangian L(πα, xα) is a complex valued function

of the form

L = παẋα −H(πα, xα) (4.7)

such that H(0, xα) = 0 and Im(H) ≤ 0.

In this paper, as in (4.6), H will be at most quadratic in πα, because the noise in the stochastic

process is Gaussian. While the MSR Lagrangian is what appears in the admittedly nonrigorous path

integral, in many useful cases, we will see that it can be a “mnemonic" for a Fokker-Planck equation

that is unambiguously defined. We also note that the requirement H(0, xα) = 0 is motivated by

our path integral derivation of the MSR Lagrangian, while the condition Im(H) ≤ 0 will ensure the

physical requirement that the noise variance is positive.

The utility of the MSR Lagrangian comes from its ability to very beautifully incorporate the

assumption that the system approaches a known steady-state [51], which manifests as a simple

symmetry of the MSR Lagrangian. In this paper, we are interested in systems where this steady

state is thermal equilibrium (4.1) [28, 40, 41, 49, 54] where, in many relevant settings, the MSR

Lagrangian can be shown to be time-reversal symmetric:1

Definition 3 (Time-reversal symmetry). Given a desired thermal steady state (4.1), MSR Lagrangian

1While one could envision an even more general definition of time-reversal symmetry, the one below will suffice for
the present paper.
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L is time-reversal symmetric if H, defined in (4.7), obeys

H(πα(t), xα(t)) = H(−ηα(πα(−t)− iβ∂αE), ηαxα(−t)). (4.8)

for some ηα ∈ {±1} (there is no sum on repeated α index here).

At the (not rigorous) level of path integrals, it is simple [51] to show that time-reversal

symmetry implies the microscopic detailed balance condition

P (xα(t) = aα|xα(0) = bα)e−βE(bα) = P (xα(t) = ηαbα|xα(0) = ηαaα)e−βE(ηαaα), (4.9)

as long as E(ηa) = E(a).

In general, (4.6) will certainly not be invariant under (4.8). Indeed, so long as the xα are all

defined on the real line (so that the phase space of the dynamics is topologically trivial), the most

general theory we can consider, whose MSR Lagrangian is quadratic in π and is invariant under

(4.8), is [51]

L = παẋα + iKβα(x)πβ(πα − iβ∂αE). (4.10)

This is time-reversal symmetric so long as (no sum on repeated indices):

Kβα = Kαβηαηβ. (4.11)

The MSR Lagrangians above are very useful for both direct comparison to a Langevin equation,

as well as to the Fokker-Planck equation, as we will discuss shortly. However, we will also find it

useful when building MSR Lagrangians for circuits, to put them in a slightly different form, which

we will call “dissipative Lagrangians" to remind the reader of a few technical differences spelled out

below. Suppose for simplicity that the matrix K is invertible:

KαβQβγ = Tδαγ , (4.12)
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where

T =
1

β
(4.13)

denotes temperature. By making the change of variable

πα = QαβΠβ, (4.14)

we can write (4.10) as

L = iTQβαΠα(Πβ − iβẋβ) +Πα∂αE. (4.15)

With these new variables, we can modify our previous definitions as follows:

Definition 4 (Dissipative Lagrangian/time-reversal). A dissipative Lagrangian L(Πα, xα) obeys

L(0, xα) = 0, Im(L) ≥ 0, and (no sum on α):

L(−ηα(Πα(−t)− iβẋα(−t)), ηαxα(−t)) = L̃(Πα, xα) + iβ
dE

dt
. (4.16)

L̃ must also obey L̃(0, xα) = 0 and Im(L̃) ≥ 0. If L̃ = L, the Lagrangian is time-reversal symmetric.

If (4.10) is time-reversal symmetric by Definition 3, then (4.15) is time-reversal symmetric

by Definition 4. Also, Definition 4 can be interpreted as Kubo-Martin-Schwinger symmetry in the

Schwinger-Keldysh path integral for dissipative systems [41].

4.2.2 Fokker-Planck equation

We will also find it useful to interpret the stochastic equation (4.2) in an alternative way,

wherein we solve a partial differential equation called the Fokker-Planck equation (FPE) for the

probability density P (x, t) of finding the system at microstate x at time t. In the setting where Mαµ

is constant in (4.2), the derivation of such a Fokker-Planck equation is unambiguous and can be

found in textbooks [39]:
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Proposition 5 (Fokker-Planck equation). Given stochastic equation (4.2) with constant Mαµ, the

probability density P (x, t) obeys the Fokker-Planck equation:

∂tP = −∂α(fαP ) +
1

2
MαµMβµ∂α∂βP. (4.17)

P (x(t) = a|x(0) = b) is the Green’s function to the Fokker-Planck equation (4.17).

Now, following [51], we will define the following procedure for converting an MSR Lagrangian

into a FPE, when noise is multiplicative:

Definition 6 (Fokker-Planck equation for MSR Lagrangian with multiplicative noise). Consider a

system with thermal steady state (4.1) and MSR Lagrangian (4.10). If Kβα is positive definite and

invertible, then the Fokker-Planck equation defining the stochastic process is

∂tP = ∂β (Kβα(x) (∂αP + βP∂αE)) . (4.18)

A solution to this differential equation is the thermal steady state: P (x, t) = exp[−βE(x)].

The reason we define the FPE first via (4.18) is that we are guaranteed to have a thermal

steady state. That is not trivial to achieve for general multiplicative noise, starting from (4.2). In

particular, using the Ito regularization of stochastic equations, which is most commonly employed,

one wishes to write

∂tP = ∂α∂β

(
1

2
DαβP

)
− ∂α (fαP ) . (4.19)

Comparing (4.18) and (4.19), we notice that

Dαβ = Kαβ +Kβα, (4.20a)

fα = −βKαβ∂βE + ∂β
Kαβ +Kβα

2
. (4.20b)

The MSR path integral is “formally" defined assuming regularization (4.19), whereas we want (4.18).

In practice, we will always use Definition 6 in the presence of multiplicative noise before carrying out
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any physical calculation, although we will see that the language of dissipative and MSR Lagrangians

makes obtaining this eventual FPE much more transparent for electrical circuit mechanics.

4.3 Theory of circuit dynamics

Having reviewed a general formalism for dissipative and stochastic dynamics, we now apply

these methods to the analysis of classical RLC circuits. In this section, we focus on the simplifying

problem of linear resistors, which we will see corresponds to constant (not multiplicative) noise.

In this setting we can perform exact manipulations with dissipative Lagrangians, which cleanly

connect to standard expectations about Johnson noise in the literature. The more subtle problem of

nonlinear resistors, which implies multiplicative noise, is the subject of Section 4.4.

4.3.1 Overview of circuits

We begin by reviewing a mathematical formalism for describing circuits [91]. Firstly, given

any set X, let

D(X) = span (|x〉 : x ∈ X) . (4.21)

With this notation in mind, it is natural to view a circuit as a directed graph.

Definition 7 (Graphs). Let V denote a set of vertices associated to some graph G. The edge set

E ⊂ V × V is an ordered pair of vertices corresponding to the start and end point of the directed

edge.

Definition 8 (Loop). A loop l of length n is a special subset of edges of the form

l = {(v1, v2), (v2, v3), . . . , (vn, v1)} ⊆ E . (4.22)

It is also acceptable for some edges in the loop to be backwards, e.g. l = {(v1, v2), (v3, v2), . . .}.

We associate a loop set L to graph G, such that for arbitrary loop l, there exist p ≥ 1 loops

m1, . . . ,mp ∈ L such that l ⊆ m1 ∪ · · · ∪mp.
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Definition 9 (Cut). c ⊆ E is a cut of graph G if and only if there exists a partition of the vertex

set V = V1 ∪ V2 (with V1 ∩ V2 = ∅) such that

c = {(u, v) ∈ E : {u, v} 6⊂ V1 and {u, v} 6⊂ V2}. (4.23)

In other words, a cut corresponds to the set of edges that cross between the partition V1 and V2.

Definition 10 (Boundary maps). The boundary maps of a graph are the following matrices

A : D(V)→ D(E) and B : D(E)→ D(L):

Aev = 〈e|A|v〉 =





1 ∃u such that e = (u, v)

−1 ∃u such that e = (v, u)

0 otherwise

(4.24a)

Ble = 〈l|B|e〉 =





1 e and l are oriented alike

−1 e and l are oriented unalike

0 e and l do not intersect.

(4.24b)

Notice that the definition of the loop set L in Definition 8 is chosen to ensure that the matrix

Ble defined above provides a map from arbitrary loops to edges. Definition 10, among other upcoming

definitions, is illustrated in a simple example in Figure 4.1. We state without proof the following

well known fact from graph theory, which amounts to the statement that a loop has no boundary:

Proposition 11. D(V)
A−→ D(E)

B−→ D(L) is a short exact sequence over vector spaces, and

Ker(B) = Im(A). (4.25)

We are now ready to define a circuit as a graph with edges of different “flavors". Obviously,

the definition below is not meant to capture everything that could reasonably called an electrical

circuit; instead, it is serves to clearly delineate the scope of what we will study in this paper.
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e1

e2e3

e4

e5

e6

e7

e8

e9

e10

e11

e12

v1 v2 v3

v4

v5 v6

v7

l1

l2l3
l4

l5

l6

l7

(a) A directed graph with V =
{v1, v2, v3, v4, v5, v6, v7}, E =
{e1, e2, e3, e4, e5, e6, e7, e8, e9, e10, e11, e12}, and
L = {l1, l2, l3, l4, l5, l6, l7}.

e1

e2

e3

e4

e5

e6

e7

e8

e9

e10

e11

e12

v1 v2 v3

v4

v5 v6

v7

l1

l2l3
l4

l5

l6

l7

(b) For the circuit at hand, the edges are colored
according to set inclusion. The sets of interest for this
diagram are C = {e1, e6, e12, e9}, I = {e3, e4, e8, e10},
R = E \ (C ∪I), S = {e2, e7}, and P = {e5, e11}. The
sets S and P are chosen to be consistent with the
algorithm given in Section 4.3.3.1, but any choice of S
and P such that S ∪ P = R is physically acceptable.

A =

v1 v2 v3 v4 v5 v6 v7





-1 1 0 0 0 0 0 e1
0 -1 0 0 1 0 0 e2
1 0 0 0 -1 0 0 e3
-1 0 0 1 0 0 0 e4
0 0 0 -1 1 0 0 e5
0 -1 0 1 0 0 0 e6
0 -1 1 0 0 0 0 e7
0 0 -1 0 0 0 1 e8
0 0 0 0 0 1 -1 e9
0 0 0 0 1 -1 0 e10
0 0 0 0 -1 0 1 e11
0 -1 0 0 0 0 1 e12

B =

e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12





-1 0 0 1 0 -1 0 0 0 0 0 0 l1
0 -1 0 0 1 1 0 0 0 0 0 0 l2
0 0 -1 -1 -1 0 0 0 0 0 0 0 l3
0 1 0 0 0 0 0 0 0 0 1 -1 l4
0 0 0 0 0 0 -1 -1 0 0 0 1 l5
0 0 0 0 0 0 0 0 -1 -1 -1 0 l6
1 0 1 0 0 0 1 1 1 1 0 0 l7

(c) The matrices A and B for the graph and circuit drawn in (a)
and (b).

Capacitor

Inductor Element of P

Element of S

(d) Depicted above is the color scheme that
will be employed in all diagrams in this
paper.

Figure 4.1: Pictured above are a pair of drawings. The drawing (a) is simply a graph, while (b) is
a full–fledged circuit. Since the boundary maps A and B depend only upon the underlying graph
structure of a circuit, A and B may be read just as easily off of the drawing in (a) as off of the
drawing (b). On the other hand, various projectors onto edge sets may be read only off of the
drawing in (b).
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Definition 12 (Circuit). In this paper, we define a circuit to be a graph G with a partition of the

edge set E = C ∪ I ∪ R, where these three sets are all disjoint. Physically, this partition of edges

into sets R, C, and I will correspond to resistive, capacitive, and inductive elements of the circuit,

respectively. We define projectors on D(E) which restrict to one of the three types of edges:

PI =
∑

e∈I
|e〉〈e|, (4.26a)

PC =
∑

e∈C
|e〉〈e|, (4.26b)

PR =
∑

e∈R
|e〉〈e|. (4.26c)

For reasons that will be clear as we develop the formalism, we will further partition the set

R into the disjoint sets S and P: R = S ∪ P with S ∩ P = ∅. The sets S and P will, roughly,

correspond to resistors that are in series with a desired element and resistors that are in parallel

with a desired element. These “desired" elements will be specific, useful parasitic elements when

we discuss nonlinear circuits in Section 4.4. The choice of S and P is not unique, and we defer a

detailed discussion of good choices to Algorithm 18. Nevertheless, we define PR = PS + PP where

PS =
∑

e∈S
|e〉〈e|, (4.27a)

PP =
∑

e∈P
|e〉〈e|. (4.27b)

The dynamical degrees of freedom of a circuit are a subset of flux variables φv defined at each

vertex of a graph, and charge variables ql defined on each loop in a graph. More abstractly we could

think of |φ〉 ∈ D(V) and |q〉 ∈ D(L). For each edge e ∈ I or e ∈ C, we define an energy

Ee =





EIe

(∑

v

Aevφv

)
e ∈ I

ECe

(∑

l

qlBle

)
e ∈ C

. (4.28)
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R =
∑

e∈R
Re|e〉〈e|. (4.29)

As a slight abuse of notation, we will write

R−1 =
∑

e∈R

1

Re
|e〉〈e|. (4.30)

While R−1 is not precisely the inverse of R, it satisfies RR−1 = R−1R = PR, and in our formalism

R will never appear without PR. To build our formalism for dissipative circuits, we need to make

one further assumption:

Assumption 13 (Thermal equilibrium). (4.1) describes the statistical steady state of the circuit,

where

E =
∑

e∈I∪C
Ee. (4.31)

The circuit is in thermal equilibrium, with energy stored in inductors and capacitors.

4.3.2 The dissipative Lagrangian

We are now ready to write down a locally valid dissipative Lagrangian (Definition 4) for

general RLC circuits, as defined in the previous subsection. As has been discussed previously [90,

93, 106], it is possible that there are global singularities which require care to resolve, and we do not

focus on resolving all such possible singularities in the present paper. We now introduce a summary

of the notation we will use in what follows:

Definition 14 (Dissipative Lagrangian for RLC circuit). The physical degrees of freedom in a

circuit are

|X〉 =




∑
v φv|v〉

∑
l ql|l〉〉




=




|φ〉

|q〉



, (4.32)
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and we define “noise variables"

|Π〉 =




∑
v πv|v〉

∑
l σl|l〉〉




=




|π〉

|q〉




(4.33)

for each. The following matrices will also appear frequently:

Λ =




A 0

0 Bᵀ




(4.34a)

Γ =




PPR
−1 PS + PC

PP + PI PSR




(4.34b)

K = ΛᵀΓΛ (4.34c)

K± =
1

2
(K ±Kᵀ). (4.34d)

Intuitively: Λ plays the role of a boundary map on the phase space (whose coordinates are captured

by |X〉). With this notation, the dissipative Lagrangian for an RLC circuit is

L = 〈Π|K|Ẋ〉+ iT 〈Π|K+|Π〉+ 〈Π|h〉, (4.35)

where we have defined |h〉 to be the gradients of the nondissipative energy:

|h〉 =




∑

v

∂E

∂φv
|v〉

∑

l

∂E

∂ql
|l〉.




(4.36)

The definiton above serves as one of the main results of the paper. It is, in a very precise
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sense, the correct Lagrangian for a dissipative circuit. As we will see, it encodes the correct

fluctuation-dissipation theorem (i.e. Johnson noise) for resistors, as well as incorporating the physical

assumptions of Kirchoff’s current and voltage laws. In Section 4.3.6, we will see that our results

reduce to those based on Rayleigh dissipative functions when stochastic fluctuations are neglected.

We now explain that:

Observation 15. The Euler-Lagrange equations for φ̇v and q̇l associated with (4.35) are only

satisfied if Kirchoff’s current and voltage laws for a circuit are obeyed, with each element of the

circuit obeying the correct constitutive relations.

To justify Observation 15, first notice that the equations of motion for φ̇v and q̇l are:

0 =
δS

δπv
=

(

〈v| 0

)[
K|Ẋ〉+ 2iTK+|Π〉+ |h〉

]

= 〈v|AᵀPPR
−1A|φ̇〉+ 〈v|AᵀPSB

ᵀ|q̇〉+ 〈v|AᵀPCB
ᵀ|q̇〉+

∂E

∂φv
+ 2iT 〈v|AᵀPPR

−1A|π〉

=
∑

e

Aev

[
I[e ∈ P ]

1

Re

(
φ̇e + 2iTπe

)
+ I[e ∈ S]q̇e + I[e ∈ C]q̇e + I[e ∈ I]

∂Ee
∂φe

]
(4.37a)

0 =
δS

δσl
=

(

0 〈l|

)[
K|Ẋ〉+ 2iTK+|Π〉+ |h〉

]

= 〈l|B(PP + PI)A|φ̇〉+ 〈l|BPSRBᵀ|q̇〉+
∂E

∂ql
+ 2iT 〈l|BPSBᵀ|σ〉

=
∑

e

Ble

[
I[e ∈ P ]φ̇e + I[e ∈ I]φ̇e + I[e ∈ S]Re (q̇e + 2iTσe) + I[e ∈ C]∂Ee

∂qe

]
(4.37b)

While these equations are not in the “standard form" of a Langevin equation presented in (4.2),

they are actually in a highly amenable form to explain how they encode stochastic Kirchoff’s laws.

Indeed, recall that

PP + PS + PC + PI = I, (4.38a)

BA = 0. (4.38b)
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As these two facts imply, e.g.,

B(PP + PI)A = −B(PS + PC)A, (4.39)

we then write

0 =
δS

δπv
=
∑

e∈P
Aev

[
1

Re
(φ̇e + 2iTπe)− q̇e

]
+
∑

e∈I
Aev

[
∂E

∂φe
− q̇e

]
(4.40a)

0 =
δS

δσl
=
∑

e∈S
Ble

[
Re(q̇e + 2iTσe)− φ̇e

]
+
∑

e∈C
Ble

[
∂E

∂qe
− φ̇e

]
. (4.40b)

Since we have demanded that the deterministic, energetic part of the Lagrangian depends on ql only

as
∑

l qlBle and φv only as
∑

v Aevφv, we have written

∂E

∂φv
=
∑

e∈I
Aev

∂E

∂φe
. (4.41)

We have made a similar observation for the derivative of E with respect to ql. Notice that if each

term in brackets in (4.40) vanished separately, then Kirchoff’s current and voltage laws would all be

obeyed. To see that this is indeed the case, we prove:

Proposition 16 (Gauge symmetry). The equations of motion (4.40), and the dissipative Lagrangian

(4.35), are both invariant under the following gauge symmetries (redundancies in coordinate

descriptions):

• Given any |l〉 ∈ D(L) such that (PP + PI)B
T|l〉 = BT|l〉, for arbitrary function f(t), L is

invariant under

|q〉 → |q〉+ f(t)|l〉. (4.42)

In other words, each loop in P ∪ I removes one ql degree of freedom.
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• Given any |u〉 ∈ D(V) such that (PS + PC)A|u〉 = A|u〉, L is invariant under

|φ〉 → |φ〉+ f(t)|u〉. (4.43)

In other words, each cut in S ∪ C removes one φv degree of freedom.

Therefore, the constitutive relations in (4.40) hold on each edge of the circuit.

Proof. The first line of (4.40) may be read as

0 =
∑

e

Aᵀ(PI + PP )|γ〉 (4.44)

with |γ〉 =
∑

e γe|e〉 taking on the values

γe =





1

Re
(φ̇e − 2iTπe)− q̇e e ∈ P

∂E

∂φe
− q̇e e ∈ I

. (4.45)

We now invoke the following useful fact, stated without proof:

Proposition 17 ([91], Corollary B.5). If |γ〉 6= 0 satisfies (4.44), there exists some vector |ψ〉 such

that

(PI + PP )|γ〉 = Bᵀ|ψ〉. (4.46)

Likewise, if |γ′〉 6= 0 satisfies

0 = B(PI + PP )|γ′〉 (4.47)

then there exists some vector |ϕ〉 such that

(PI + PP )|γ′〉 = A|ϕ〉. (4.48)

For the case (4.44), we can now use (4.46) to conclude that |γ〉 6= 0 only if (4.42) is obeyed
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for some loop contained in P ∪ I, as stated in the proposition. Such a loop modifies (4.40a) to

δS

δπv
=
∑

e∈P
Aev

[
1

Re
(φ̇e + 2iTπe)− q̇e

]
+
∑

e∈I
Aev

[
∂E

∂φe
− q̇e

]
−
∑

e∈P∪I
ḟ(t)ψlBleAev (4.49)

for some coefficients ψl ∈ {0,±1} that encode the particular loop in P ∪ I. Since the loop by

construction has edges entirely within P ∪ I, we can use BA = 0 to show that the last term above

vanishes. Therefore, we are free to take the solution where γe = 0, and the constitutive relations

hold.

The result that the constitutive relation for resistors in S and capacitors holds is acquired

very similarly, and we do not present it explicitly.

Lastly we confirm that (4.35) is invariant. By construction of K in (4.34), notice that the

two gauge transformations (when packaged into |X〉) are right null vectors of K. The gauge

transformation (4.42) cannot change the q variables on any element of C, since the loop is contained

entirely in P ∪ I; hence, |h〉 is independent of (4.42).2 A similar argument holds for flux gauge

transformations.

Since the constitutive relations for circuit elements are always obeyed, it follows that circuits

are physically equivalent to their simplified (via ordinary addition of circuit elements in series and

parallel) versions. While the simplification of networks via constitutive relations is certainly well

understood, it it not necessarily transparent from the dissipative Lagrangian alone how this arises.

We will see how to achieve this in Section 4.3.3.3.

4.3.3 Removing constraints

In many approaches to dissipative circuit mechanics [14, 68, 93, 119], Kirchhoff’s laws are

incorporated into a theory in the form of constraints, generalized forces, etc. Indeed, as will describe

in detail, the dissipative Lagrangian (4.35) itself is generically subject to constraints – not all degrees

2This is easy to see by picking |l〉 in (4.42) as a basis vector in L, which implies that EeC must all be independent
of ql = 〈q|l〉.
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of freedom are independent. A systematic removal of constrained degrees of freedom played a crucial

role in finding an efficient algorithm for finding the Hamiltonian formulation of circuit mechanics, and

ultimately circuit quantization of an equal number of charges and flux degrees of freedom. Clearly

in general, (4.35) need not have an equal number of φv and ql degrees of freedom. We therefore

endeavor to find a complete classification, and systematic prescription to remove, all constrained

variables in a transparent way.

In our framework, which will closely follow [90, 91], one motivation for the importance of

removing constraints can be more concretely seen as follows. Lagrangians of the form (4.35) are not

in the MSR form (4.10). In order to study fully nonlinear stochastic circuit dynamics, it is essential

to obtain a theory of the form (4.10) so that we may invoke Definition 6. Naively, all that is required

to massage a quadratic (in noise variables) dissipative Lagrangian into a quadratic MSR Lagrangian

is the ability to invert K. However, K is singular. Nonetheless, if K were of the form

K =




K̃ 0

0 0




(4.50)

in some basis with K̃ invertible, we have hope of obtaining (4.10) by treating the lower block of |Π〉

and |X〉 as Lagrange multipliers that enforce constraints on this set of degrees of freedom, rendering

them not independent. By enforcing such constraints, we could then reduce the degrees of freedom

to those in the block where K̃ is invertible. Happily, this task may be accomplished in some level of

generality.

4.3.3.1 A good choice of S and P

In our endeavor to remove constraints, it turns out that our freedom to choose S and P

according to convenience is surprisingly powerful. While it is generally true that constraints arising

from (4.35) may be solved equivalently with any choice of S and P , the problem of formally resolving

all possible constraints with a generic choice is nontrivial. As such, we will leverage our freedom of
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choice and specify an algorithm for choosing S and P that is amenable to both formal discussion

and practical calculation. While eventually we will give an explicit enumeration of all constraints

present in a generic disspative Lagrangian, and prove that they are all solvable, we first present our

particular choice of S and P in the form of an algorithm:

Algorithm 18. Order the edges in R such that R = {e1, e2, . . . , e|R|}. Define the set S(0) to include

every edge in R, and define P(0) to be empty. For i = 1 to i = |R|, perform the following recursive

operation:

• If ei is in a loop involving only edges in S(i−1) and C, then define

S(i) = S(i−1) \ {ei} (4.51a)

P(i) = P(i−1) ∪ {ei} (4.51b)

• Otherwise, define

S(i) = S(i−1) (4.52a)

P(i) = P(i−1) (4.52b)

Let S = S(|R|) and P = P(|R|).

The following results will make clear the utility of the choice of S and P espoused above.

Proposition 19. Let C ⊂ E be a cut of some graph G, and let L ⊂ E be a loop of the same graph.

There exists some natural number n ∈ N such that

|C ∩ L| = 2n. (4.53)

In other words, a loop and a cut cannot have an odd number of edges in common.

Proof. A cut C induced a partition of V into the sets V1 and V2. Define a function f : V → Z2 such
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that

f(v) =





0 v ∈ V1

1 v ∈ V2

. (4.54)

Let the vertices v1, v2, . . . , vk be the vertices traversed by the loop L. If an edge e = (u, v) is in C,

then

f(u)− f(v) = 1 mod 2 (4.55)

since e is an edge that connects V1 to V2. The sum, with v−1 = vk,

k∑

i=1

(f(vi)− f(vi−1)) = 0 mod 2 (4.56)

since it is a telescoping sum. However, (4.56) also counts the number of edges in common between

L and C mod 2. Hence, the number of shared edges must be even if (4.56) holds; this implies

(4.53).

Corollary 20. If S and P are chosen according to Algorithm 18, then:

(1) If there is a loop of edges l ⊂ E such that l ∩ (I ∪ P) = ∅, then l ⊆ C.

(2) If there is a cut of edges c ⊂ E such that c ∩ (C ∪ S) = ∅, then c ⊆ I.

Proof. Point 1 is satisfied by construction; it is only point 2 which must be demonstrated. Choose a

cut c satisfying the hypothesis of point 2 and suppose |c ∩ P| = n > 0. Every edge in P is in some

loop l otherwise consisting only of edges in C ∪ S. By Prop. 19, |c ∪ l| = 0 mod 2. However, there

is only one edge in l outside of C ∪ S, so c must also contain some edge in S ∪ C. The assumption

that |C ∩ P| > 0 was a contradiction, hence C ⊆ I.

For the remainder of the paper, we take for granted that we can find such a good partition of

R into S and P, which satisfies the criteria of Corollary 20.
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4.3.3.2 Spanning tree coordinates

We now analyze K. Firstly, it is very straightforward to show that K is positive semidefinite.

The symmetric part of K is given by

K+ = Λᵀ




PPR
−1 1

2 I

1
2 I PSR



Λ. (4.57)

Since

Λᵀ




0 I

I 0



Λ = 0, (4.58)

we may write

K+ =




AᵀR−1PPA 0

0 BPSRB
ᵀ



, (4.59)

which is clearly positive semidefinite provided that R is positive definite (which follows from Re ≥ 0).

Definition 21 (Connection matrix). The antisymmetric part of K is related to the connection

matrix

M =
1

2
B(PC + PS − PP − PI)A. (4.60)

In particular,

K− =




0 M

−Mᵀ 0



. (4.61)

Using this new definition, we see that Proposition 17 shows the left (right) null vectors of M

are cycles or cuts of G that lie entirely within the sets C ∪ S or P ∪ I. This leads us to quote the

following important result from [90]:
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Theorem 22 (Spanning tree coordinates). Consider circuit G with decomposition S and P obeying

Corollary 20. Let G′ be the (possibly disconnected) subcircuit of G consisting only of the edges in

C ∪ S. Let T = {e1, e2, . . . , ek} be a spanning tree of G′. Define for each e ∈ T

Φe =
∑

v

Aevφv. (4.62)

There exists a matrix ρ such that

F =
1

2

∑

l,v

( ∑

e∈C∪S
−
∑

e∈I∪S

)
qlBleAevφv =

∑

e∈T
QeΦe (4.63)

with

Qe =
∑

l

ρelql. (4.64)

Proof. Using the fact that

1

2
B(PC + PS − PI − PP )A = B(PC + PS)A, (4.65)

we rewrite

F =
∑

l,v

∑

e∈C∪S
qlBleAevφv. (4.66)

With our choice of T in hand, we further rewrite

F =
∑

l,v

∑

e∈T
qlBleΦe +

∑

l,v

∑

e6∈T
qlBleAevφv. (4.67)

Since the path between any pair of nodes in a tree is unique, it follows that for each e ∈ (S ∪ C) \ T ,

there exist some coefficients λee′ such that

∑

v

Aevφv =
∑

e′∈T
λee′Φe′ (4.68)
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and thus

F =
∑

l,v

∑

e∈T


qlBle +

∑

e′∈(C∪S)\T

qlBle′λe′e


Φe. (4.69)

The object in parentheses defines Qe along with ρ.

Definition 23 (Spanning tree variable). Let G be an RLC circuit with dissipative Lagrangian L.

Further suppose that S and P adhere to Corollary 20. The variable definitions Q and Φ furnished

by Theorem 22 will be referred to as spanning tree variables.

The choice of spanning tree variables for a given circuit need not be unique. Different choices

of spanning tree variables are physically equivalent, and in the discussion that follows we simply

choose one set to work with. Notice that we could have alternatively chosen a spanning tree in

P ∪ I, but we have chosen the convention that is most similar to [90]. For details of these points, we

refer the reader to the relevant discussion in [90].

4.3.3.3 Reducing degrees of freedom in the dissipative Lagrangian

Qualitatively, spanning tree variables are a formally and practically convenient choice of

variables because of the algorithmic nature of their definition. One can always define spanning tree

variables for some circuit in a way that does not demand any creativity, and the Lagrangian for some

circuit is always significantly simplified by such a choice. As a passing remark, the manipulations

above are very amenable to automation and could easily be used as a subroutine in some software,

such as [23]. Variables which are not expressible as a linear combination of spanning tree variables

may be integrated out of any circuit Lagrangian provided that null vector constraints are soluble.

Unlike the statements above, the proof that constraints are always soluble provided in earlier works

are not applicable to (4.35), and must be revisited. It is this task to which we now turn our attention.

Proposition 24. Given dissipative Lagrangian (4.35) of some nonsingular circuit that abides by

Corollary 20, if |γ〉 6= 0 is a vector such that

K−|γ〉 = 0, (4.70)
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then the equation

0 =
∑

l

〈l|γ〉 δS
δσl

+
∑

v

〈v|γ〉 δS
δπv

(4.71)

may be used to eliminate one linear combination of physical variables from L by algebraic solution.

Proof. Proposition 16 shows that null vectors of K− which are cuts of edges in C ∪ S, and loops of

edges in I ∪ P , are trivial and can be removed. Since Corollary 20 forbids from appearing any loop

involving both edges in C and S, or a cut involving edges from I and P , the remaining null vectors

of K− are a loop of edges contained entirely in C, or a cut of edges contained entirely in I. Notice

that these latter possibilities are also null vectors of K+.

For a loop l of capacitors, the charge on one capacitor must be determined in terms of the

others as is required to satisfy Kirchhoff’s voltage law. The assumption of nonsingularity is equivalent

to the demand that such loop constraints always have a unique solution. More precisely, notice that

in (4.40), the πv equation would not depend on ql = 〈q|l〉, meaning that

0 =
∑

e∈l
Ble

[
∂E

∂qe
− φ̇e

]
=
∂E

∂ql
. (4.72)

The sum over φ̇e vanishes due to BA = 0 (voltages around a loop vanish), while the second equality

above follows from the relation between ql and qe in (4.40).

The analysis of a cut involving only inductors follows analogously; if the cut partitions V into

V1 ∪ V2, we find that

0 =
∑

v∈V1

∂E

∂φv
=
∑

v∈V2

∂E

∂φv
. (4.73)

In either case, (4.72) or (4.73) lead to the fixing of one constrained degree of freedom for each

independent such loop or cut. Although naively there are two constraints in (4.73), upon choosing

the first such cut to be V1 = V (which implies the freedom to pick a grounded node), each additional

identified cut only removes one further degree of freedom [90].

Corollary 25. Suppose L is a dissipative Lagrangian with S and P chosen according to Algorithm
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18. Choose a spanning tree T ⊂ C ∪ S. L can be written in terms of only spanning tree variables,

Φe =
∑

v

Aevφv (4.74a)

Ξe =
∑

v

Aevπv (4.74b)

Qe =
∑

l

ρelql (4.74c)

Σe =
∑

l

ρelσl (4.74d)

where ρ is the matrix implicitly defined in Theorem 22 and the variables Ξe and Σe are the spanning

tree noise variables. Further, there exist functions h̄, h̃, and E(Q,Φ) such that

〈Π|h〉 =
∑

e∈T
Σeh̄e(Qe1 , Qe2 , . . . ) +

∑

e∈T
Ξeh̃e(Φe1 , Φe2 , . . . ) (4.75a)

h̄e =
∂E

∂Qe
(4.75b)

h̃e =
∂E

∂Φe
. (4.75c)

In terms of these variables, there exists a matrix Y : D(E)→ D(P) such that

L =
∑

e∈T

[
Ξe

(
Q̇e +

∂E

∂Φe

)
−Σe

(
Φ̇e −

∂E

∂Qe

)]

+
∑

e,e′∈T ,ε∈P

[
ΞeYεeR

−1
ε Yεe′(Φ̇e′ + iTΞe′)

]
+
∑

e∈S

[
ΣeRe(Q̇e + iTΣe)

]
. (4.76)

Proof. Algorithm 18 implies that any loops in C ∪ S are subsets of C alone. Hence, we can always

choose a spanning tree T so that S ⊂ T . By Proposition 24, after eliminating the nonsingular
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constrained variables,

L = 〈Π|K|Ẋ〉+ iT 〈Π|K+|Π〉+ 〈Π|h〉

=
∑

e,e′∈T

(

Ξe Σe

)



∑
ε∈P YεeR

−1
ε Yεe′ δee′

−δee′ ReI[e ∈ S]δee′







Φ̇e + iTΞe

Q̇e + iTΣe




+
∑

e∈T
Ξe

∂E

∂Φe
+Σe

∂E

∂Qe
,

(4.77)

where the matrix

Yεe = Bl(ε)eI[e ∈ S ∪ C] (4.78)

is defined by the fact that for each edge ε in P , there is a unique loop l(ε) such that l(ε) \ (C ∪ S) =

{ε}.

As we will see, (4.76) will be a powerful tool in what follows. As was the case in [90], such

spanning tree variables may be treated as independent, yet it could be possible to further reduce the

number of degrees of freedom. As one example, in the absence of resistors, if E is independent of Φe,

then the Euler-Lagrange equations above imply that Q̇e = 0, so Qe is constant. In this Hamiltonian

setting [90], it is always possible to further remove Φe as a degree of freedom via the method of

symplectic reduction. In the dissipative setting, it is slightly more involved: the second line of

(4.76) becomes relevant as well. Regardless, we will not stress this possibility of further reducing the

number of degrees of freedom in the discussion that follows, until Section 4.5.1 and 4.5.2. Doing so

is a matter of convenience.

Recall from the discussion of the relationship between the MSR path integral and the Fokker-

Planck equation that to write the latter, we need to calculate the inverse of the matrix

K̃ =




Y ᵀPPR
−1Y I

−I PSR




(4.79)
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which appears in (4.76). This is always possible:

Proposition 26. The matrix K̃ defined in (4.79) is invertible.

Proof. Since K is positive semidefinite, so too must be K̃. More pointedly, the diagonal blocks of K̃

must be positive semidefinite, and because the lower two blocks of (4.79) commute, we find that

det K̃ = det
(
Y ᵀPPR

−1Y PRR+ I
)
≥ 1. (4.80)

So, indeed K̃ is invertible.

Proposition 26 shows that the problem posed in the discussion around (4.50) always has a

solution. With a firm grasp on the nonsingular submatrix of K we can, in principle, derive the

correct nonlinear fluctuation-dissipation theorem for any dissipative circuit (within the definitions of

this paper) of interest. Still, it would be very desirable to discern a compact and convenient formula

for K̃−1 in general. Unfortunately, the problem of inverting K̃ in general is nontrivial because

the block Y ᵀPPR
−1Y can be complicated. We do not expect that a general expression for the

inverse of K̃ is a simple problem because of the following example. Consider a single loop RC circuit

consisting of one resistor and one capacitor in parallel between the vertices u and v. Then attach an

arbitrary resistor network across the vertices u and v. The problem of inverting K̃ amounts to the

simplification of the arbitrary resistor network which is a problem that is known to be difficult [71].

In the case of linear resistors, this problem will not prevent us from deriving the consequences of the

fluctuation-dissipation theorem in Section 4.3.4, but this problem is an obstruction in deriving a

result of such generality in the case of nonlinear resistors in Section 4.4, without further restrictions

on the circuit.

4.3.3.4 Time-reversal symmetry

Now, we show by direct calculation that the dissipative time–reversal transformation (Definition

4) leaves the dissipative circuit Lagrangian invariant provided that all inductive and capacitive
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energies are time–reversal invariant. The relevant time–reversal transformation T is given by

t→ −t, (4.81a)

Qe → Qe, (4.81b)

Φe → −Φe, (4.81c)

Ξe → −Ξe +
i

T
Φ̇e, (4.81d)

Σe → Σe −
i

T
Q̇e. (4.81e)

This transformation acts on the Lagrangian (4.76) as

L→ L′ = TL =
∑

e∈T

[(
−Ξe +

i

T
Φ̇e

)(
−Q̇e + T

∂E

∂Φe

)
−
(
Σe −

i

T
Q̇e

)(
Φ̇e − T

∂E

∂Qe

)]

+
∑

e,e′∈T ,ε∈P

[(
−Ξe +

i

T
Φ̇e

)
YεeR

−1
ε Yεe′

(
Φ̇e′ + iT

(
−Ξe′ +

i

T
Φ̇e

))]

+
∑

e∈S

[(
Σe −

i

T
Q̇e

)
Re

(
−Q̇e + iT

(
Σe −

i

T
Q̇e

))]

=
∑

e∈T

[
Ξe

(
Q̇e − T

∂E

∂Φe

)
−Σe

(
Φ̇e − T

∂E

∂Qe

)]

+
∑

e,e′∈T ,ε∈P

[(
iTΞe + Φ̇e

)
YεeR

−1
ε Yεe′Ξe′

]
+
∑

e∈S

[(
iTΣe + Q̇e

)
ReΣe

]

+
∑

e∈T

[
i

T
Φ̇e

(
−Q̇e + T

∂E

∂Φe

)
+

i

T
Q̇e

(
Φ̇e − T

∂E

∂Qe

)]
.

(4.82)

The last term in (4.82) is a total time derivative of exactly the form required by Definiton 4. If

TE = E, (4.83)

then we simply recover (4.16). Note that (4.83) holds if and only if E is invariant under the

transformation that takes each Φe to −Φe at once. We remark that many circuits of practical interest

are time–reversal symmetric. Any circuit made of linear inductors, linear capacitors, Josephson

junctions, quantum phase slips, and resistors is time–reversal symmetric.
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4.3.4 Johnson noise for linear resistors

Let us now show that the MSR path integral reproduces the standard formulas for Johnson

noise through linear resistors [116]; nonlinear resistors are discussed in Section 4.4. For each edge

e ∈ R, define a variable ζe, and

V =
∑

e∈S,l

√
ReσlBleζe +

∑

e∈P,v

1√
Re
ζeAevπv +

∑

e∈R

i

4T
ζ2
e . (4.84)

The Lagrangian

L = 〈Π|K|Ẋ〉+ 〈Π|h〉+ V (4.85)

has a number of useful properties that follow from the definitions above. The first property to note is

that, since ζe appears at only quadratic order, it can be integrated out. The ζ equation of motion is

0 =
δS

δζe
=





i
2T ζe +

√
Re
∑

l σlBle e ∈ S

i
2T ζe + 1√

Re

∑
v Aevφv e ∈ P

(4.86)

After integrating out all ζ variables, we find (4.35).

However, if we refrain from integrating out the ζ variables, it is then possible to derive Langevin

equations in a more transparent form. Define

DΠ =
∏

v∈V
Dπvi

∏

l∈L
Dσl (4.87a)

DX =
∏

v∈V
Dφv

∏

l∈L
Dql (4.87b)

Dζ =
∏

e∈R
Dζe (4.87c)

δ

(
∂L

∂Π

)
=
∏

v∈V

∏

l∈L
δ

(
∂L

∂πv

)
δ

(
∂L

∂σl

)
. (4.87d)

With these definitions in hand, we can use the standard δ function identity to evaluate the integral
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with respect to Π variables, yielding a transition probability (as in (4.4)):

P (X(t)|X(0)) =

∫
DΠDXDζexp

[
i

∫
dtL

]
=

∫
DXDζδ

(
∂L

∂Π

)
e−

1
4T

∑
e∈R

∫
ζ2e . (4.88)

The manipulation above implies that we interpret the resulting stochastic equations in the Ito

formalism [51]. The system of stochastic differential equations is determined by the argument of the

δ function:

0 = K|Ẋ〉+ |h〉+
∑

l

∂V

∂σl
|l〉+

∑

v

∂V

∂πv
|v〉. (4.89)

The Langevin equation (4.89) is sufficient to recover a fluctuation–dissipation theorem for

RLC circuits with linear resistors in general. To show this concretely, notice that (4.89) contains

only additive noise, since we have assumed for this section that each resistance is a constant. In this

setting, the Langevin equation (4.89) is unambiguously defined and we do not need to worry about

operator ordering in the FPE. Rescale

ζ̄e =
√
ρeζe (4.90)

with

ρe =





Re e ∈ S

1
Re

e ∈ P,
(4.91)

such that ζ̄e has units of current if e is in P and units of voltage if e is in S. Using this rescaling, we

may rewrite (4.89) as

0 =
δS

δπv
= Aev

[∑

e∈P

(
1

Re
φ̇e + ζ̄e

)
+
∑

e∈S∪C
q̇e +

∑

e∈I

∂E

∂φe

]
, (4.92a)

0 =
δS

δσl
= Ble

[∑

e∈S
(Req̇e + ζ̄e) +

∑

e∈I∪P
φ̇e +

∑

e∈C

∂E

∂qe

]
. (4.92b)

where we have again used the notation in (4.41). Upon using (4.88) to calculate expectation values,
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we find

〈ζ̄e(t)ζ̄e′(0)〉 = 2Tρeδee′δ(t). (4.93)

Thus, we can interpret (4.93) as an expression that encodes the variance of both voltage and current

fluctuations across all resistors in a generic LRC circuit (with linear resistors only). It is possible

to recover textbook formulas describing the fluctuations in voltage measured over a small range by

performing a Fourier transform and integrating over some range of frequencies: the power spectrum

of voltage fluctuations in a small range of frequencies [−f0, f0] of a resistor on edge e in S is given by

Se =

f0∫

−f0

df

∣∣∣∣∣∣

∞∫

−∞

dt ei2πf0t〈ζ̄e(t)ζ̄e′(0)〉

∣∣∣∣∣∣

2

= 4ReT∆f0. (4.94)

4.3.5 Circuit dualities

Circuit duality is a map defined on drawings of circuits such that the physical observables of

one circuit are a relabeling of the observables of its dual. In classical Hamiltonian systems, duality is

a canonical transformation. In our dissipative formalism, circuit duality will be similarly transparent

in the setting of planar graphs (nonplanar circuit dualities appear to be not fully understood [91]).

Note the following definition of a planar circuit:

Definition 27 (Planar circuits and faces). A circuit (graph) is planar if it can be embedded (drawn)

on the surface of a two-dimensional sphere without any two edges intersecting (except at a vertex).

Given such an embedding, a face corresponds to a loop which encloses no vertices. We define the

loop set L for a planar graph to consist of the set of all faces, when drawn on a sphere.

We now quote the following simple result from graph theory (see e.g. [91]):

Proposition 28. The matrix B has one left null vector, and the matrix A has one right null vector.

The simplest representation of circuit duality is graphical. To take the dual of a planar

dissipative circuit, execute the following algorithm:

Algorithm 29. Suppose G is a planar dissipative circuit. To construct G∗, the dual of G,
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Figure 4.2: A circuit drawn with elements colored according to set inclusion. Its dual, constructed
by Algorithm 29, is drawn in grey, with labels omitted on both circuits.

(1) Draw G on the plane with all points at infinity identified such that each l in L is on the

boundary of some face of the drawing of G. For planar circuits, this is always possible [91].

(2) In every interior face and on the lone exterior face, draw a vertex. If the loop at the boundary

of a face is labeled l, label the vertex l∗.

(3) Every edge e is on the boundary of exactly two faces. If e is in the loops l and l′, draw an

edge between l∗ and (l′)∗ and label it e∗.

(4) If e is an inductor (capacitor), make e∗ a capacitor (inductor). If e is a resistor with resistance

Re in S (P), make e∗ a resistor with resistance Re∗ = R−1
e in P (S).

(5) Each face in the drawing of G∗ encloses exactly one vertex v in G. Label the loop in G∗ as

v∗.

An example of a dual circuit constructed by using Algorithm 29 is provided in Figure 4.2.

Definition 30 (Dual circuit). Let G be a dissipative circuit. The dual circuit G∗ has properties
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defined via

φv → (φv)
∗ = q′v∗ , (4.95a)

ql → (ql)
∗ = φ′l∗ , (4.95b)

πv → (πv)
∗ = σ′v∗ , (4.95c)

σl → (σl)
∗ = π′l∗ , (4.95d)

A→ A∗ = (B′)ᵀ, (4.95e)

B → B∗ = (A′)ᵀ, (4.95f)

V → V∗ = L′, (4.95g)

E → E∗ = E ′, (4.95h)

L → L∗ = V ′, (4.95i)

C → C∗ = I ′, (4.95j)

I → I∗ = C′, (4.95k)

S → S∗ = P ′, (4.95l)

P → P∗ = S ′, (4.95m)

Re → (Re)
∗ =

1

R′e
. (4.95n)

The Lagrangian of the dual circuit is (4.35) expressed in the dual coordinates.

The transformation given in Definition 30 is a relabeling transformation. In this sense, it is

clear that L∗ is equivalent to L. Moreover, L∗ is a dissipative Lagrangian that describes the circuit

G∗ constructed by means of Algorithm 29. Hence, there is a very transparent generalization of

circuit duality in our formalism. In particular, we notice that the dual of the dual circuit is the

original one: G = (G∗)∗, and that the dual circuit obeys all of the nice properties of the original

circuit (such as the existence of spanning tree coordinates), because:

Proposition 31. Corollary 20, and therefore Theorem 22, hold for the dual circuit G∗.
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Proof. This result follows immediately from the identification of sets in (4.95), together with (1 )

Proposition 28 which guarantees that A∗ and B∗ are valid boundary maps, and (2 ) the fact that a

loop and cut are mapped on to each other under the duality transformation [91].

4.3.6 Comparison to formalism based on Rayleigh dissipative function

The Rayleigh dissipative function is a construction that may be used to incorporate dissipative

terms into Lagrangian and Hamiltonian mechanics [79, 80, 93, 112]. We now explain that one can

“interpret" our approach, at least for linear resistors, in terms of such a Rayleigh dissipative function.

As the discussion below does not rely on any specific details of circuit mechanics, we will discuss

a general Hamiltonian dynamical system with canonical Poisson brackets; the relation between a

Rayleigh system of the form below, and circuit mechanics, can be found in [79, 80, 93, 112].

Definition 32 (Rayleigh system). Consider a Lagrangian

L(pα, xα) =
∑

α

ẋαpα − E (4.96)

with E a generic function of xα and pα. Given positive semidefinite matrices M and N , define

R =
∑

α,β

[Mαβẋαẋβ +Nαβ ṗαṗβ] . (4.97)

The pair (L,R) together with the equations of motion

0 =
∂R

∂ẋα
+ ṗα +

∂E

∂xα
(4.98a)

0 = − ∂R
∂ṗα

+ ẋ− ∂E

∂pα
(4.98b)

is called a Rayleigh system.

Observation 33. Let (L,R) be a Rayleigh system with R defined in (4.97). The dissipative
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Lagrangian

L′ =
∑

α,β

(

πα σα

)



Mαβ δαβ

−δαβ Nαβ







ẋβ + iTπβ

ṗβ + iTσβ




+
∑

α

[
πα

∂E

∂xα
+ σα

∂E

∂pα

]
(4.99)

has the property that

0 =
∂L′

∂πα

∣∣∣∣
π=σ=0

=
∂R

∂ẋα
+ ṗα +

∂E

∂xα
(4.100a)

0 =
∂L′

∂σα

∣∣∣∣
π=σ=0

= − ∂R
∂ṗα

+ ẋ− ∂E

∂pα
. (4.100b)

The constraints on M and N in (4.97), together with the relative signs in front of R in (4.98), are

imposed in dissipative Lagrangian L′ transparently, since Im(L′) ≥ 0.

In short, the framework of dissipative Lagrangians is a more physically transparent way of

implementing the same methodology of a Rayleigh dissipation function in Hamiltonian mechanics. We

strongly prefer the presentation we have done above, which emphasizes the deep physical connection

betewen the dissipative Lagrangian and statistical mechanics via the fluctuation-dissipation theorem.

We remind the reader that due to the existence of the spanning tree coordinates, we can systematically

map dissipationless circuit mechanics onto the form (4.96).

4.4 Nonlinear resistors

We now return to a discussion of nonlinear resistors. A fully general discussion of nonlinear

resistors is challenging without introducing additional degrees of freedom and constraints. As we

now explain, for circuits with suitable parasitic inductors or capacitors, it is possible to exhaustively

analyze the dynamics.

Our first task is to make precise statements about what kinds of dissipative circuit elements

may be described by our formalism. In general, resistors are described by a so–called current–voltage
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curve. For a generic resistor, there exists some function f(φ̇, q̇) such that the relationship between

current and voltage is specified by

f(φ̇, q̇) = 0. (4.101)

However, some resistors have current–voltage relationships that are poorly behaved. For this reason, it

will be useful for us to restrict our attention to circuits made of elements with special current–voltage

relationships.

Definition 34 (Current fixed). A dissipative circuit element is called current fixed if there exists

some function I(φ̇) such that the current across the element satisfies

q̇ = I(φ̇). (4.102)

Definition 35 (Voltage fixed). A dissipative circuit element is called voltage fixed if there exists

some function V (q̇) such that the voltage across the element satisfies

φ̇ = V (q̇). (4.103)

Of course, a resistor may be both voltage fixed and current fixed. An example of some such

circuit element is the linear resistor, which admits

I(φ̇) =
1

R
φ̇ (4.104a)

V (q̇) = Rq̇. (4.104b)

Definition 36 (Doubly fixed). A dissipative circuit element that is both voltage fixed and current

fixed is called doubly fixed.

For a dissipative circuit element that is either voltage fixed or current fixed, it is possible to
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define a function R such that a version of Ohm’s law is made to hold:

R :=





φ̇

I(φ̇)
e is current fixed

V (q̇)

q̇
e is voltage fixed.

(4.105)

When we refer to nonlinear resistances, this is tentatively the quantity to which we refer, although

we will ultimately see some subtleties related to the fluctuation-dissipation theorem. For circuit

elements which are doubly fixed, one is free to choose to represent R either as a pure function of φ̇

or as a pure function of q̇.

We aim to identify a restricted class of circuit where the matrix K̃ from (4.79) is easy to invert.

In order to proceed, we need to make some additional restrictions on the circuits we study. First, we

introduce a few more relevant definitions.

Definition 37 (Parallel/series circuit elements). We say that circuit elements in a circuit G on

edges e and e′ are in parallel (series) if every cut (loop) containing e also contains e′ and vice versa.

Note that this definition precludes us from talking about series/parallel lumped elements, but

for the discussion that follows this restriction is unimportant. With this definition in mind, we

observe that:

Proposition 38. In a circuit with more than two edges, if e and e′ are in parallel, then neither edge

is in series with any edge. Likewise, if e and e′ are in series, then neither edge is in parallel with

any edge.

Proof. Suppose e = (u, v) and e′ are in parallel. Then 〈e′|A|v〉 and 〈e′|A|u〉 must be nonzero lest

there be some cut involving e but not e′. Thus, either e′ = (u, v) or e′ = (v, u). It follows that the

only edge that can be in series with e is e′, and only if u and v are the only vertices in G. The

remainder of the theorem follows analogously.

Corollary 39. If e and e′ are edges in series (parallel) then there is a cut (loop) involving only e

and e′.
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Definition 40. A dissipative circuit is called a clean circuit if:

(1) Every resistor is current fixed, voltage fixed, or doubly fixed.

(2) Every resistor that is current fixed but not voltage fixed is in parallel with a linear capacitor.

(3) Every resistor that is voltage fixed but not current fixed is in series with a linear inductor.

(4) Every resistor that is doubly fixed is in parallel with a linear capacitor or in series with a

linear inductor. By Corollary 39 only one of these possibilities can be realized.

From a physical perspective, we regard our restriction to clean circuits as mild in the sense

that it is common practice to incorporate parasitic inductances and capacitances for resistors, such

that they have an effective frequency-dependent impedance: see e.g. [1, 20, 82, 86, 93, 118]. We also

remark that our requirement that parasitic elements be linear is not wholly a matter of convenience.

If parasitic capacitances are allowed to be nonlinear, singularity may arise if ∂E/∂q or ∂E/∂φ is not

invertible. But for the sake of simplicity in the notation (namely to make this inverse simple), we

just stick to parasitic linear elements.

Let G be a clean circuit with S and P chosen according to Algorithm 18. The resistive edges

in S are all in series with an inductor, and the resistive edges in P are all in parallel with a capacitor.

Furthermore, all edges in S are voltage fixed, while all edges in P are current fixed. We may build

the dissipative Lagrangian for G according to

L = 〈Π|K|Ẋ〉+ iT 〈Π|K|Π〉+ T 〈Π|µ〉. (4.106)

For every edge e in S, there is some vertex v such that

0 =
δS

δπv
= q̇e + Thv. (4.107)

Moreover, since e ∈ S, it is voltage fixed, and thus has a resistance Re(q̇). Thus, it is possible to use

(4.107) to write Re(−Thv). In other words, the dependence upon the current of the resistance on
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edge e may be expressed in terms on only φ variables, rather than the naively expected dependence

on q̇. Furthermore, in any valid choice of spanning tree variables, hv is expressible as a function of

only spanning tree variables. A similar argument may be used to show that the resistance of an

edge in P may be expressed in terms of only charge spanning tree variables.

Choose a spanning tree T in S ∪ C. Every edge e in P is in parallel with some edge in C. We

will use a ˆ symbol to denote the fact that ê ∈ C is in parallel with e ∈ P. This notation is helpful

because spanning tree variables are indexed by edges in C ∪S, but we need a compact way to express

a sum that runs over P. With this notation and our chosen spanning tree in mind, the dissipative

Lagrangian for a clean circuit may be expressed as

L =
∑

e∈T

[
Ξe

(
Q̇e +

∂E

∂Φe

)
−Σe

(
Φ̇e −

∂E

∂Qe

)]
+
∑

e∈P

1

Re(Q)
Ξê(Φ̇ê+2iTΞê)+

∑

e∈S
ΣeRe(Φ)(Q̇e+2iTΣe).

(4.108)

With the definitions

|Q〉 =
∑

e∈T
|e〉Qe (4.109a)

|Φ〉 =
∑

e∈T
|e〉Φe (4.109b)

|Ξ〉 =
∑

e∈T
|e〉Ξe (4.109c)

|Σ〉 =
∑

e∈T
|e〉Σe (4.109d)

M1 =
∑

e∈P

1

Re
|ê〉〈ê| (4.109e)

M2 =
∑

e∈S
Re|e〉〈e|, (4.109f)
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we may rewrite (4.108) as a matrix equation in the form

L =

(

〈Ξ| 〈Σ|

)



M1 −I

I M2







|Φ̇〉+ iT |Ξ〉

|Q̇〉+ iT |Σ〉




+
∑

i

Ξi
∂E

∂Φi
+Σi

∂E

∂Qi
(4.110)

Since we have demonstrated that the matrix

K̃ =




M1 −I

I M2




(4.111)

is generally invertible, we may take advantage of the fact that M1M2 = 0, to write

K̃−1 =




M2 I

−I M1



. (4.112)

Now, by a linear transformation of noise variables by K̃−1,

L =

(

〈Ξ ′| 〈Σ′|

)



|Φ̇〉

|Q̇〉




+ iT

(

〈Ξ ′| 〈Σ′|

)



M2 I

−I M1







|Ξ ′〉 − i|h̃〉

|Σ′〉 − i|h̄〉




(4.113)

By inspection, (4.113) is of the standard MSR form (4.10). From this point, a FPE may be derived

from (4.113) according to the prescription given in Sec 4.2. For e ∈ S, the argument of Re is some

linear combination of fluxes divided by an inductance.

It is not generally the case that Re is a function of only Φe. However, Re must depend upon

Φe since Φe is a spanning tree variable, and the inductor in series with e must only depend upon

differences of flux across nodes in spanning tree. Likewise, for e ∈ P, the argument of Re is a
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linear combination of spanning tree charges divided by a capacitance. An example where this linear

combination can be nontrivial (i.e. more than one spanning tree variable in the argument) is given

in Section 4.5.1. Still, if Re3 is a voltage fixed nonlinear resistor, then Re3 may be expressed as a

function only of he2 .

∂tP =
∑

e∈T

(
∂P

∂Φe

∂E

∂Qe
− ∂P

∂Qe

∂E

∂Φe

)
+
∑

e∈S

∂

∂Φe

[
Re(h̃e)

(
T
∂P

∂Φe
+
∂E

∂Φe
P

)]

+
∑

e∈P

∂

∂Qê

[
1

Re(h̄ê)

(
T
∂P

∂Qê
+

∂E

∂Qê
P

)]
(4.114)

In order to read off noise correlations from this FPE, it is necessary to rearrange (4.114) in the form

∂tP =
∑

e∈T

(
∂P

∂Φe

∂E

∂Qe
− ∂P

∂Qe

∂E

∂Φe

)
+
∑

e∈S

(
∂

∂Φe

[(
Re

∂E

∂Φe
− T ∂Re

∂Φe

)
P

]
+ T

∂2

∂Φ2
e

(ReP )

)

+
∑

e∈P

(
∂

∂Qê

[(
R−1
e

∂E

∂Qê
− T ∂R

−1
e

∂Qê

)
P

]
+ T

∂2

∂Q2
ê

(R−1
e P )

)
.

(4.115)

With the FPE in the form (4.115), we can read off the experimentally observable form of Ohm’s

Law. For example, let us consider a resistor in S, such that the current through the resistor is fixed

by its series linear inductor. From (4.115) we can calculate

∂t〈Φe〉 =

∫ (∏

e

dΦedQe

)
Φe

[
∂

∂Φe

((
∂E

∂Qe
+Re

∂E

∂Φe
− T ∂Re

∂Φe

)
P

)
+ · · ·

]
= −

〈
Re

∂E

∂Φe
− T ∂Re

∂Φe

〉

(4.116)

where · · · denote terms in the FPE which will not affect the answer because their derivative motif

annihilates Φe upon integration by parts over all coordinates, and where 〈· · · 〉 denotes the average

over the noise (e.g. averaging over P ). To see that (4.116) is an effective Ohm’s law, note that the

current across e is − ∂E
∂Φe

. Rearranging terms for clarity,

∂t〈Φe〉 =

〈(
Re − T

(
∂E

∂Φe

)−1 ∂Re
∂Φe

)(
− ∂E
∂Φe

)〉
. (4.117)
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ê

e

e′

u v

Figure 4.3: A part of a circuit which illustrates the subtleties with extracting the proper form
of Ohm’s law for nonlinear resistors. The box shaded in gray is meant to denote some arbitrary
configuration of circuit elements. Elements explicitly drawn are colored according to set inclusion.

In the case that Re is constant, this reduces to

∂t〈Φe〉 = Re

〈
− ∂E
∂Φe

〉
(4.118)

which is the textbook form of Ohm’s law.

On the other hand, for edges e in P , the Ohm’s law takes on a superficially different form due

to the asymmetrical way that our spanning tree construction treats edges in S and P. Explicitly,

Ie =

〈(
R−1
e − T

(
∂E

∂Qê

)−1 ∂Re
∂Qê

)
∂E

∂Qê

〉
(4.119)

where (4.119) has been derived in exactly the same manner as (4.116). The left hand side of (4.119)

is given by

Ie =

〈
∂E

∂Φê

〉
− ∂t〈Qê〉 (4.120)

and may be interpreted as the current through edge e. To understand the difference between (4.119)

and (4.116), consider the colored subcircuit drawn in Figure 4.3. Since e is an edge in P , and we have

restricted our attention to clean circuits, ê is in our chosen spanning tree, while e is not. Further,

since there is a linear capacitor on ê,
∂E

∂Qê
=
Qê
C
, (4.121)

which is the voltage across ê. Since e and ê are in parallel, ∂E
∂Qê

is also the voltage across e. Hence,
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the quantity ∂E
∂Φê

may be interpreted as the total current flowing from u to v. As a point of contrast,

since e′ is in S, Qe′ is a spanning tree variable, but no terms in E may depend upon Qe′ since e′ is a

resistor. Thus,
∂E

∂Qe′
= 0. (4.122)

Lastly, let us discuss the implications of the positivity condition on Re, again focusing for

simplicity on resistors e ∈ S. It is clear that the positivity condition which ensures that systems are

dissipative is that

Re ≥ 0, (4.123)

so that the FPE (4.115) is well-defined and has positive noise variance. In contrast, we can use the

chain rule to write the effective I − V curve measured for the resistor is

Φ̇e = − ∂E
∂Φe

Re + T
∂Re
∂Φe

= Q̇e

(
Re − T

∂Re
∂E

)
. (4.124)

To see that the second equality holds, note that

∂E

∂Φe
= he =

1

Le

∑

e′

Φe′ (4.125)

and Re is a function of only he. Further,

1

he

∂

∂Φe
Re(he) =

∂

∂E
Re(
√

2Ee/Le)

∣∣∣∣
Ee=Leh2e/2

. (4.126)

The “ohmic resistance" (i.e. the one that appears in an experimentally measured Ohm’s law) is given

by

R̃e =

(
Re − T

∂Re
∂Ee

)∣∣∣∣
Ee=Leh2e/2

. (4.127)

Notice that while Re ≥ 0 is required by positivity of fluctuations, in contrast we do not require that

R̃e ≥ 0.
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4.5 Examples

We now give a few simple examples of how to apply our formalism to small circuits, to provide

concrete illustrations of the abstract ideas in the sections above.

4.5.1 An RLC circuit

Consider the circuit drawn in Figure 4.4. We will begin by constructing a Lagrangian and

producing its equations of motion by direct simplification and identification of unnecessary degrees

of freedom. Our convention for choosing S and P dictates that S = {e3} and P = ∅. From this

choice it is straightforward to produce

K =




0 0 0 0 0

0 0 0 1 −1

0 0 0 −1 1

0 −1 1 R −R

0 1 −1 −R R




(4.128)

and thus

L = (πv2 − πv3)(q̇l1 − q̇l2)− (φ̇v2 − φ̇v3)(σl1 − σl2) +R(σl1 − σl2)(q̇l1 − q̇l2 + iT (σl1 − σl2))

+
1

L
(πv3 − πv2)(φv3 − φv2) +

1

C
(σl1 − σl2)(ql1 − ql2)

= (πv2 − πv3)

[
q̇l1 − q̇l2 +

1

L
(φv2 − φv3)

]
+ (σl1 − σl2)

[
−(φ̇v2 − φ̇v3) +R(q̇l1 − q̇l2) + iTR(σl1 − σl2) +

1

C
(ql1 − ql2)

]

= Ξ

(
Q̇+

1

L
Φ

)
−Σ

(
Φ̇− 1

C
Q

)
+ΣR(Q̇+ iTΣ)

(4.129)
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e1

e2

e3

v1 v2

v3

Figure 4.4: A minimal one–loop RLC circuit. Edges are colored according to set inclusion as in Fig.
4.1.

with the definitions

Q = ql1 − ql2 (4.130a)

Φ = φv2 − φv3 (4.130b)

Ξ = πv2 − πv3 (4.130c)

Σ = σl1 − σl2 . (4.130d)

On the other hand, if we use spanning tree variables from the outset, we find

L′ = Ξe1

(
Q̇e1 +

1

L
(Φe1 + Φe3)

)
+Ξe3

(
Q̇e3 +

1

L
(Φe1 + Φe3)

)
−Σe1

(
Φ̇e1 −

1

C
Qe1

)
−Σe3Φ̇e3

+Σe3R(Q̇e3 + iTΣe3).

(4.131)

While (4.129) and (4.131) encode the same physics, there is a notable difference between them. In

(4.131), Qe1 and Qe3 are apparently independent, but physically they must be the same since the

circuit in Figure 4.4 has only one loop. In (4.131), this fact is encoded by the fact that

0 =
δS

δΞe1
− δS

δΞe3
= Q̇e1 − Q̇e3 . (4.132)
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A similar manipulation shows that Σe1 = Σe3 , which allows us to rewrite L′ as

L′ = (Ξe1 +Ξe3)

(
Q̇e1 +

1

L
(Φe1 + Φe3)

)
+Σe1

(
Φ̇e1 + Φ̇e3 −

1

C
Qe1

)
+Σe1R(Q̇e1 +iTΣe1) (4.133)

which recovers (4.129) with the identification

Q = Qe1 (4.134a)

Σ = Σe1 (4.134b)

Φ = Φe1 + Φe3 (4.134c)

Ξ = Ξe1 +Ξe3 . (4.134d)

Hence, for a given problem, there are two routes to a maximally simplified Lagrangian. The

first is to write down L according to the definition (4.35) and make variable definitions based on its

simplified form after cancelling like terms. The second is to start with (4.76) and identify any Noether

current constraints that are present and redefine variables after integrating out the constrained

degrees of freedom. We emphasize that if one starts from (4.76) as was done in producing (4.131), one

need not integrate out Noether current constraints in order to produce an FPE and any applicable

FDTs. Noether current constraints are exactly analogous to those that arise in [90], and there is one

for each cut consisting only of edges in C ∪ S.

The manipulations of Section 4.4 applied to (4.131) lead to an FPE

∂tP =
Qe1
C

∂P

∂Φe1
− Φe1 + Φe3

L

∂P

∂Qe1
− Φe1 + Φe3

L

∂P

∂Qe3
+R

[
Φe1 + Φe3

L

∂P

∂Φe3
+ TR

∂2P

∂Φ2
e3

]
. (4.135)

This is superficially different from the FPE determined by (4.129)

∂tP =
Q

C

∂P

∂Φ
− Φ

L

∂P

∂Q
+R

[
Φ

L

∂P

∂Φ
+ TR

∂2P

∂Φ2

]
. (4.136)

Nevertheless, (4.135) encodes the same physics as (4.136), while it also keeps track of a pair of
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“redundant" degrees of freedom. To see that this is the case, change variables so that (4.135) is

written in terms of

Φ± = Φe1 ± Φe3 . (4.137)

(4.135) may be rewritten as

∂tP =
Qe1
C

(
∂P

∂Φ+
+

∂P

∂Φ−

)
− Φ+

L

∂P

∂Qe1
− Φ+

L

∂P

∂Qe3

+R

[
Φ+

L

(
∂P

∂Φ+
− ∂P

∂Φ−

)
+ TR

(
∂2P

∂Φ2
+

+
∂2P

∂Φ2
−
− 2

∂2P

∂Φ+∂Φ−

)]
. (4.138)

Given any solution P of (4.138), define

P ′ =

∫
dΦ−dQe3P. (4.139)

Direct calculation shows that

∂tP
′ =

Qe1
C

∂P ′

∂Φ+
− Φ+

L

∂P ′

∂Qe1
+R

[
Φ+

L

∂P ′

∂Φ+
+ TR

∂2P ′

∂Φ2
+

]
, (4.140)

namely P ′ is a solution of (4.136). In subsequent examples, we will not belabor the various routes

toward simplification that exist with the understanding that such techniques all lead to the same

place.

4.5.2 An unclean circuit

Consider the circuit drawn in Figure 4.5. We will show that, although the cleanliness of a

circuit guarantees that the inversion of K̃ in (4.79) is simple, it is nonetheless possible to perform
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e1

R
e
2

e2

R e
3

e3

v1 v2

v3

Figure 4.5: A minimal example of a circuit that is not a clean circuit. Note that every circuit
consisting of one dissipative element and one nondissipative element is clean. Edges are colored
according to set inclusion.

matrix inversion by hand for a circuit that is not clean. For this circuit

C = {e1} (4.141a)

P = {e2} (4.141b)

S = {e3} (4.141c)

We could have equivalently chosen

S = {e2} (4.142a)

P = {e3}. (4.142b)
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Our convention does not specify which of these choices is preferable, even in the case that the

resistors at hand are nonlinear. Our spanning tree construction yields

K̃ =

e1 e3 e1 e3







1
Re2

1
Re2

1 0 e1

1
Re2

1
Re2

0 1 e3

−1 0 0 0 e1

0 −1 0 Re3 e3

(4.143)

which is invertible. Explicitly,

L =

(

Ξe1 Ξe3 Σe1 Σe3

)




1
Re2

1
Re2

1 0

1
Re2

1
Re2

0 1

−1 0 0 0

0 −1 0 Re3







Φ̇e1 + iTΞe1

Φ̇e3 + iTΞe3

Q̇e1 + iTΣe1

Q̇e3 + iTΣe3




+Σe1
Qe1
C
. (4.144)

Once again

0 =
δS

δΞe1
− δS

δΞe3
= Q̇e1 − Q̇e3 , (4.145)
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and Σe1 = Σe2 follows analogously. Further defining

Φ = Φe1 + Φe3 (4.146a)

Ξ = Ξe1 +Ξe3 (4.146b)

Q = Qe1 = Qe3 (4.146c)

Σ = Σe1 = Σe3 (4.146d)

we write

L =

(

Ξ Σ

)



1
Re2

1

−1 Re3







Φ̇+ iTΞ

Q̇+ iTΣ




+
1

C
ΣQ. (4.147)

Now, the path integral manipulation

∫
DΦDΞDΣexp

[
i

∫
dt

(
1

Re2
Ξ −Σ

)
Φ̇+

1

Re2
iTΞ2 +ΞQ̇

]
=

∫
DΣexp

[
i

∫
dtΣRe2(Q̇+ iTΣ)

]
,

(4.148)

corresponding to integrating out Ξ, allows us to simplify the dissipative Lagrangian to

L = Σ(Re2 +Re3)(Q̇+ iTΣ) +
1

C
ΣQ. (4.149)

Finally, the resulting FPE is given by

∂tP =
∂

∂Q

1

Re2 +Re3

[
Q

C
P + T

∂P

∂Q

]
. (4.150)

Alternatively, we could forgone the simplification afforded by (4.148) and proceeded to write an

FPE directly from (4.147). Simplifications at the Lagrangian level are generally less difficult than

simplifications in the FPE directly.

If one elects to add the resistors on edge e2 and e3 together using constitutive relations, then
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e1 e2 e3

v1

v2

Figure 4.6: A circuit consisting of three edges, colored according to set inclusion. Edge e2 contains a
Josephson junction with E = −EJ cosφe2 .

the resulting simplified circuit is clean. Hence (4.114) may be invoked to yield

∂tP
′ =

Q

C

∂P ′

∂Φ
+

∂

∂Q

1

Re2 +Re3

[
Q

C
P ′ + T

∂P ′

∂Q

]
. (4.151)

To see that (4.150) and (4.151) are equivalent, we can integrate out Φ, analogously to (4.140).

4.5.3 A circuit with a nonlinear resistor

Consider the circuit depicted in Figure 4.6, which we will refer to as G. We suppose that R is

current fixed so that

R = R(φ̇e3). (4.152)

Since G is a clean circuit, it follows that φ̇e3 is expressible in terms of some derivative of E. In terms

of spanning tree variables, we have that

φ̇e3 = Φ̇ =
Q

C
. (4.153)

Thus, we may write

R = R

(
Q

C

)
. (4.154)

We will suppress the dependence of R upon Q henceforth.
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One may express the Lagrangian of G in the form (4.108) to produce

L =

(

Ξ Σ

)



1
Re

1

−1 0







Φ̇+ iTΞ

Q̇+ iTΣ



−ΞEJ sin(Φ) +

1

C
ΣQ. (4.155)

Invoking (4.114) immediately yields

∂tP =
Q

C

∂P

∂Φ
+ EJ sin(Φ)

∂P

∂Q
+

∂

∂Q

[
1

R

Q

C
P − T ∂R

−1

∂Q
P + T

∂

∂Q

(
1

R
P

)]
(4.156)

which agrees with [111], after a suitable change of variables from R to R̃ as in Section 4.4. Moreover,

it is possible to read the variance of fluctuations in the Ito formalism

〈ξ(t)ξ(t′)〉 =
2T

R
δ(t− t′) (4.157)

where we emphasize once again that R depends upon Q.

4.6 Conclusion

We have revisited the Lagrangian mechanics of dissipative RLC circuits. This subject has an

old history [14, 68, 119] which has recently been revisited in the context of superconducting circuit

quantization [93]. In this prior literature, the deep relationship between dissipative Lagrangians and

Johnson noise is not transparent, and first and foremost the purpose of this paper is to remedy this

issue. Along the way, we hope that our algorithmic methods for building dissipative Lagrangians

and removing constrained degrees of freedom could be practical.

Our work is rather suggestive of a fruitful path forward for systematically modeling supercon-

ducting circuits with decoherence as open quantum systems, using the KMS-invariant Schwinger-

Keldysh path integrals which represent the natural quantum mechanical analogues [28, 40, 41, 49,

54] of the dissipative Lagrangians discussed in this paper. However, as pointed out in [51], in the
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presence of multiplicative noise there appear to be subtleties in path integral regularization. These

subtleties are directly related to the two notions of resistance, Re and R̃e, highlighted in Section 4.4,

and we hope that a careful resolution of such subtleties can enable precision experimental tests of

the quantum fluctuation-dissipation theorem in a superconducting circuit.

Given the issues raised above with the path integral formulation of the quantum problem, a

desirable alternative could be to construct the Lindbladians which manifestly drive the quantum

system to thermal equilibrium. For nonlinear circuits, unfortunately, the challenge of exactly

diagonalizing the Hamiltonian renders it difficult to systematically identify local Lindbladian dynamics

that exactly protect a thermal steady state [47]. If it is possible to nevertheless identify the specific

jump operators that generalize (4.115) to an open quantum system, then one may find a powerful

new technique for accurately accounting for the effects of decoherence in superconducting circuit,

without the need for a microscopic model of the environment. Exciting recent progress [22] along

these lines suggests that at least numerically it may be possible to efficiently model dissipative

circuits with a thermal steady state, although a clearer analytical understanding, and physical

interpretation, of the appropriate jump operators would be highly desirable.

Acknowledgements

This work was supported by a Research Fellowship from the Alfred P. Sloan Foundation

under Grant FG-2020-13795 (AL), and by the Air Force Office of Scientific Research under Grant

FA9550-24-1-0120 (AO, AL).



References

[1] B. Abdo, A. Kamal, and M. Devoret, “Nondegenerate three-wave mixing with the josephson
ring modulator”, Physical Review B 87, 10.1103/physrevb.87.014508 (2013) (Cited on
pp. 4, 110, 148).

[2] S. T. ALI and M. ENGLIS, “Quantization methods: a guide for physicists and analysts”,
Reviews in Mathematical Physics 17, 391 (2005) (Cited on p. 18).

[3] E. Altman, K. R. Brown, G. Carleo, L. D. Carr, E. Demler, C. Chin, B. DeMarco, S. E.
Economou, M. A. Eriksson, K.-M. C. Fu, M. Greiner, K. R. Hazzard, R. G. Hulet, A. J. Kollár,
B. L. Lev, M. D. Lukin, R. Ma, X. Mi, S. Misra, C. Monroe, K. Murch, Z. Nazario, K.-K. Ni,
A. C. Potter, P. Roushan, M. Saffman, M. Schleier-Smith, I. Siddiqi, R. Simmonds, M. Singh,
I. Spielman, K. Temme, D. S. Weiss, J. Vu čkovi ć, V. Vuleti ć, J. Ye, and M. Zwierlein,
“Quantum simulators: architectures and opportunities”, PRX Quantum 2, 017003 (2021)
(Cited on p. 24).

[4] V. I. Arnold, Mathematical methods of classical mechanics (Springer, 1978) (Cited on pp. 26,
39).

[5] F. Arute, K. Arya, R. Babbush, D. Bacon, J. C. Bardin, R. Barends, R. Biswas, S. Boixo,
F. G. S. L. Brandão, D. A. Buell, B. Burkett, Y. Chen, Z. Chen, B. Chiaro, R. Collins, W.
Courtney, A. Dunsworth, E. Farhi, B. Foxen, A. G. Fowler, C. Gidney, M. Giustina, R. Graff,
K. Guerin, S. Habegger, M. P. Harrigan, M. J. Hartmann, A. K. Ho, M. Hoffmann, T. Huang,
T. Humble, S. V. Isakov, E. Jeffrey, Z. Jiang, D. Kafri, K. Kechedzhi, J. Kelly, P. V. Klimov,
S. Knysh, A. N. Korotkov, F. Kostritsa, D. Landhuis, M. Lindmark, E. Lucero, D. I. Lyakh,
S. Mandrà, J. R. McClean, M. J. McEwen, A. Megrant, X. Mi, K. Michielsen, M. Mohseni,
J. Y. Mutus, O. Naaman, M. Neeley, C. J. Neill, M. Y. Niu, E. P. Ostby, A. Petukhov,
J. C. Platt, C. Quintana, E. G. Rieffel, P. Roushan, N. C. Rubin, D. T. Sank, K. J. Satzinger,
V. N. Smelyanskiy, K. J. Sung, M. D. Trevithick, A. Vainsencher, B. Villalonga, T. White,
Z. Yao, P. Yeh, A. Zalcman, H. Neven, and J. M. Martinis, “Quantum supremacy using a
programmable superconducting processor”, Nature 574, 505 (2019) (Cited on p. 5).

[6] O. V. Astafiev, L. B. Ioffe, S. Kafanov, Y. A. Pashkin, K. Y. Arutyunov, D. Shahar, O. Cohen,
and J. S. Tsai, “Coherent quantum phase slip”, Nature 484, 355 (2012) (Cited on pp. 5, 25,
69).

[7] S. E. Axelrod, “Geometric quantization of chern-simons gauge theory”, UMI Order No.
GAX91-24878, PhD thesis (USA, 1991) (Cited on p. 18).

[8] C. W. J. Beenakker, “Universal limit of critical-current fluctuations in mesoscopic josephson
junctions”, Phys. Rev. Lett. 67, 3836 (1991) (Cited on pp. 4, 32).

https://doi.org/10.1103/physrevb.87.014508
https://doi.org/10.1103/physrevb.87.014508
https://doi.org/10.1142/s0129055x05002376
https://doi.org/10.1103/PRXQuantum.2.017003
https://api.semanticscholar.org/CorpusID:204836822
https://doi.org/10.1038/nature10930
https://doi.org/10.1103/PhysRevLett.67.3836


165

[9] A. Belkin, M. Belkin, V. Vakaryuk, S. Khlebnikov, and A. Bezryadin, “Formation of quantum
phase slip pairs in superconducting nanowires”, Phys. Rev. X 5, 021023 (2015) (Cited on
pp. 5, 69).

[10] A. Blais, A. L. Grimsmo, S. M. Girvin, and A. Wallraff, “Circuit quantum electrodynamics”,
Rev. Mod. Phys. 93, 025005 (2021) (Cited on pp. 24, 110, 111).

[11] I. Boettcher, P. Bienias, R. Belyansky, A. J. Kollár, and A. V. Gorshkov, “Quantum simulation
of hyperbolic space with circuit quantum electrodynamics: from graphs to geometry”, Phys.
Rev. A 102, 032208 (2020) (Cited on p. 33).

[12] S. Bravyi, O. Dial, J. M. Gambetta, D. Gil, and Z. Nazario, “The future of quantum computing
with superconducting qubits”, Journal of Applied Physics 132, 160902 (2022).

[13] S. Bravyi, O. Dial, J. M. Gambetta, D. Gil, and Z. Nazario, “The future of quantum computing
with superconducting qubits”, Journal of Applied Physics 132, 160902 (2022) (Cited on pp. 24,
69, 111).

[14] R. K. Brayton and J. K. Moser, “A theory of nonlinear networks. I”, Quart. Appl. Math. 22,
1 (1964) (Cited on pp. 110, 127, 162).

[15] J. Bryon, D. Weiss, X. You, S. Sussman, X. Croot, Z. Huang, J. Koch, and A. A. Houck,
“Time-dependent magnetic flux in devices for circuit quantum electrodynamics”, Phys. Rev.
Appl. 19, 034031 (2023) (Cited on pp. 5, 62, 63).

[16] G. Burkard, “Circuit theory for decoherence in superconducting charge qubits”, Phys. Rev. B
71, 144511 (2005) (Cited on p. 55).

[17] G. Burkard, R. H. Koch, and D. P. DiVincenzo, “Multilevel quantum description of decoherence
in superconducting qubits”, Physical Review B 69, 064503 (2004) (Cited on pp. 5, 26, 33, 69).

[18] A. Caldeira and A. Leggett, “Path integral approach to quantum brownian motion”, Physica
A: Statistical Mechanics and its Applications 121, 587 (1983) (Cited on pp. 8, 23, 110).

[19] P. Carruthers and M. M. Nieto, “Phase and angle variables in quantum mechanics”, Rev.
Mod. Phys. 40, 411 (1968) (Cited on p. 48).

[20] M. Cattaneo and G. S. Paraoanu, “Engineering dissipation with resistive elements in circuit
quantum electrodynamics”, Advanced Quantum Technologies 4, 2100054 (2021) (Cited on
pp. 110, 148).

[21] C. Chamberland, K. Noh, P. Arrangoiz-Arriola, E. T. Campbell, C. T. Hann, J. Iverson,
H. Putterman, T. C. Bohdanowicz, S. T. Flammia, A. Keller, G. Refael, J. Preskill, L. Jiang,
A. H. Safavi-Naeini, O. Painter, and F. G. Brandão, “Building a fault-tolerant quantum
computer using concatenated cat codes”, PRX Quantum 3, 10.1103/prxquantum.3.010329
(2022) (Cited on p. 5).

[22] C.-F. Chen, M. J. Kastoryano, and A. Gilyén, “An efficient and exact noncommutative
quantum Gibbs sampler”, (2023) (Cited on p. 163).

[23] S. P. Chitta, T. Zhao, Z. Huang, I. Mondragon-Shem, and J. Koch, Computer-aided quantiza-
tion and numerical analysis of superconducting circuits, arXiv:2206.08320 [quant-ph], 2022
(Cited on pp. 6, 24, 133).

[24] L. Chua, “Memristor-the missing circuit element”, IEEE Transactions on Circuit Theory 18,
507 (1971) (Cited on p. 32).

https://doi.org/10.1103/PhysRevX.5.021023
https://doi.org/10.1103/RevModPhys.93.025005
https://doi.org/10.1103/PhysRevA.102.032208
https://doi.org/10.1103/PhysRevA.102.032208
https://doi.org/10.1063/5.0082975
https://doi.org/10.1063/5.0082975
https://doi.org/10.1103/PhysRevApplied.19.034031
https://doi.org/10.1103/PhysRevApplied.19.034031
https://doi.org/10.1103/PhysRevB.71.144511
https://doi.org/10.1103/PhysRevB.71.144511
https://doi.org/10.1103/PhysRevB.69.064503
https://doi.org/https://doi.org/10.1016/0378-4371(83)90013-4
https://doi.org/https://doi.org/10.1016/0378-4371(83)90013-4
https://doi.org/10.1103/RevModPhys.40.411
https://doi.org/10.1103/RevModPhys.40.411
https://doi.org/https://doi.org/10.1002/qute.202100054
https://doi.org/10.1103/prxquantum.3.010329
https://doi.org/10.1103/prxquantum.3.010329
https://doi.org/10.1103/prxquantum.3.010329
https://doi.org/10.1109/TCT.1971.1083337
https://doi.org/10.1109/TCT.1971.1083337


166

[25] L. O. Chua and J. McPherson, “Explicit topological formulation of lagrangian and hamiltonian
equations for nonlinear networks”, IEEE Transactions on Circuits and Systems 21, 277 (1974)
(Cited on p. 90).

[26] A. Ciani, D. P. DiVincenzo, and B. M. Terhal, “Lecture Notes on Quantum Electrical Circuits”,
(2023) (Cited on pp. 69, 111).

[27] N. Crescini, S. Cailleaux, W. Guichard, C. Naud, O. Buisson, K. W. Murch, and N. Roch,
“Evidence of dual shapiro steps in a josephson junction array”, Nature Physics, 10.1038/
s41567-023-01961-4 (2023) (Cited on p. 4).

[28] M. Crossley, P. Glorioso, and H. Liu, “Effective field theory of dissipative fluids”, JHEP 2017,
10.1007/jhep09(2017)095 (2017) (Cited on pp. 111, 114, 162).

[29] A. Z. D.V. Avering and K. K. Likharev, “Block oscillations in small josephson junctions”, Sov.
Phys. JETP 61, 407 (1985) (Cited on p. 86).

[30] M. Devoret, Quantum fluctuations in electrical circuits, Session LXIII (Elsevier: Amsterdam,
1997) (Cited on pp. 24, 33).

[31] M. H. Devoret and R. J. Schoelkopf, “Superconducting circuits for quantum information: an
outlook”, Science 339, 1169 (2013) (Cited on pp. 24, 69, 111).

[32] P. A. M. Dirac, “Generalized hamiltonian dynamics”, Canadian Journal of Mathematics 2,
129 (1950) (Cited on p. 15).

[33] P. Dirac, The principles of quantum mechanics, Comparative Pathobiology - Studies in the
Postmodern Theory of Education (Clarendon Press, 1981) (Cited on p. 18).

[34] X. M. et al, “Stable quantum-correlated many-body states through engineered dissipation”,
Science 383, 1332 (2024) (Cited on p. 110).

[35] L. Faddeev and R. Jackiw, “Hamiltonian reduction of unconstrained and constrained systems”,
Phys. Rev. Lett. 60, 1692 (1988) (Cited on p. 13).

[36] L. Faddeev and O. IAkubovski, Lectures on quantum mechanics for mathematics students,
Student mathematical library (American Mathematical Society, 2009) (Cited on p. 18).

[37] A. D. Fokker, “Die mittlere energie rotierender elektrischer dipole im strahlungsfeld”, Annalen
der Physik 348, 810 (1914) (Cited on p. 21).

[38] J. M. Gambetta, J. M. Chow, and M. Steffen, “Building logical qubits in a superconducting
quantum computing system”, npj Quantum Information 3, 10.1038/s41534-016-0004-0
(2017) (Cited on pp. 4, 5).

[39] C. Gardiner, Stochastic methods (Springer, 2009) (Cited on p. 116).

[40] P. Glorioso, M. Crossley, and H. Liu, “Effective field theory of dissipative fluids (II): classical
limit, dynamical KMS symmetry, and entropy current”, JHEP 2017, 10.1007/jhep09(2017)
096 (2017) (Cited on pp. 111, 114, 162).

[41] P. Glorioso and H. Liu, Lectures on nonequilibrium effective field theories and fluctuating
hydrodynamics, 2018 (Cited on pp. 111, 114, 116, 162).

[42] H. Goldstein, Classical mechanics, Addison-Wesley series in physics (Addison-Wesley Publish-
ing Company, 1980) (Cited on pp. 15, 70).

[43] D. Gottesman, A. Kitaev, and J. Preskill, “Encoding a qubit in an oscillator”, Phys. Rev. A
64, 012310 (2001) (Cited on pp. 2, 69).

https://api.semanticscholar.org/CorpusID:122723361
https://doi.org/10.1038/s41567-023-01961-4
https://doi.org/10.1038/s41567-023-01961-4
https://doi.org/10.1038/s41567-023-01961-4
https://doi.org/10.1038/s41567-023-01961-4
https://doi.org/10.1007/jhep09(2017)095
https://doi.org/10.1007/jhep09(2017)095
https://doi.org/10.1007/jhep09(2017)095
http://www.jetp.ras.ru/cgi-bin/e/index/e/61/2/p407?a=list
http://www.jetp.ras.ru/cgi-bin/e/index/e/61/2/p407?a=list
https://doi.org/10.1126/science.1231930
https://doi.org/10.4153/CJM-1950-012-1
https://doi.org/10.4153/CJM-1950-012-1
https://doi.org/10.1126/science.adh9932
https://doi.org/10.1103/PhysRevLett.60.1692
https://doi.org/https://doi.org/10.1002/andp.19143480507
https://doi.org/https://doi.org/10.1002/andp.19143480507
https://doi.org/10.1038/s41534-016-0004-0
https://doi.org/10.1038/s41534-016-0004-0
https://doi.org/10.1038/s41534-016-0004-0
https://doi.org/10.1007/jhep09(2017)096
https://doi.org/10.1007/jhep09(2017)096
https://doi.org/10.1007/jhep09(2017)096
https://doi.org/10.1007/jhep09(2017)096
https://doi.org/10.1103/PhysRevA.64.012310
https://doi.org/10.1103/PhysRevA.64.012310


167

[44] A. L. Grimsmo and S. Puri, “Quantum Error Correction with the Gottesman-Kitaev-Preskill
Code”, PRX Quantum 2, 020101 (2021) (Cited on pp. 2, 24).

[45] J. L. Gross and T. W. Tucker, Topological graph theory (Wiley-Interscience, USA, 1987)
(Cited on pp. 72, 93).

[46] S. Gukov and E. Witten, “Branes and quantization”, Advances in Theoretical and Mathematical
Physics 13, 1445 (2009) (Cited on p. 18).

[47] J. Guo, O. Hart, C.-F. Chen, A. J. Friedman, and A. Lucas, “Designing open quantum systems
with known steady states: Davies generators and beyond”, (2024) (Cited on p. 163).

[48] A. Gyenis, A. Di Paolo, J. Koch, A. Blais, A. A. Houck, and D. I. Schuster, “Moving beyond
the transmon: noise-protected superconducting quantum circuits”, PRX Quantum 2, 030101
(2021) (Cited on pp. 2, 24, 69, 110).

[49] F. M. Haehl, R. Loganayagam, and M. Rangamani, “The fluid manifesto: emergent symmetries,
hydrodynamics, and black holes”, JHEP 01, 184 (2016) (Cited on pp. 111, 114, 162).

[50] A. Hatcher, Algebraic topology (Cambridge University Press, Cambridge, 2002) (Cited on
pp. 72, 77).

[51] X. Huang, J. H. Farrell, A. J. Friedman, I. Zane, P. Glorioso, and A. Lucas, “Generalized
time-reversal symmetry and effective theories for nonequilibrium matter”, (2023) (Cited on
pp. 22, 113–115, 117, 140, 162).

[52] R. Jackiw, (constrained) quantization without tears, 1993 (Cited on p. 13).

[53] M. Janet, “Sur le problème de Pfaff”, French, J. Math. Pures Appl. (9) 19, 307 (1940) (Cited
on p. 18).

[54] K. Jensen, N. Pinzani-Fokeeva, and A. Yarom, “Dissipative hydrodynamics in superspace”,
JHEP 09, 127 (2018) (Cited on pp. 111, 114, 162).

[55] J. B. Johnson, “Thermal agitation of electricity in conductors”, Phys. Rev. 32, 97 (1928)
(Cited on pp. 9, 22, 111).

[56] J. V. José and E. J. Saletan, Classical dynamics: a contemporary approach (Cambridge
University Press, 1998) (Cited on p. 26).

[57] R. L. Kautz and J. M. Martinis, “Noise-affected i-v curves in small hysteretic josephson
junctions”, Phys. Rev. B 42, 9903 (1990) (Cited on pp. 4, 9, 111).

[58] A. J. Kerman, “Flux–charge duality and topological quantum phase fluctuations in quasi-one-
dimensional superconductors”, New Journal of Physics 15, 105017 (2013) (Cited on pp. 25,
70, 90).

[59] S. Khorasani and A. Koottandavida, “Nonlinear graphene quantum capacitors for electro-
optics”, npj 2D Materials and Applications 1, 7 (2017) (Cited on p. 68).

[60] A. Kitaev, Protected qubit based on a superconducting current mirror, 2006 (Cited on p. 69).

[61] M. Kjaergaard, M. E. Schwartz, J. Braumüller, P. Krantz, J. I.-J. Wang, S. Gustavsson, and
W. D. Oliver, “Superconducting Qubits: Current State of Play”, Annual Review of Condensed
Matter Physics 11, 369 (2020) (Cited on pp. 2, 24, 69, 110, 111).

[62] J. Koch, T. M. Yu, J. Gambetta, A. A. Houck, D. I. Schuster, J. Majer, A. Blais, M. H.
Devoret, S. M. Girvin, and R. J. Schoelkopf, “Charge-insensitive qubit design derived from
the cooper pair box”, Phys. Rev. A 76, 042319 (2007) (Cited on pp. 5, 24, 69, 110, 111).

https://doi.org/10.1103/PRXQuantum.2.020101
https://doi.org/10.4310/atmp.2009.v13.n5.a5
https://doi.org/10.4310/atmp.2009.v13.n5.a5
https://doi.org/10.1103/PRXQuantum.2.030101
https://doi.org/10.1103/PRXQuantum.2.030101
https://doi.org/10.1007/JHEP01(2016)184
https://doi.org/10.1007/JHEP09(2018)127
https://doi.org/10.1103/PhysRev.32.97
https://doi.org/10.1103/PhysRevB.42.9903
https://doi.org/10.1088/1367-2630/15/10/105017
https://doi.org/10.1038/s41699-017-0011-9
https://doi.org/10.1146/annurev-conmatphys-031119-050605
https://doi.org/10.1146/annurev-conmatphys-031119-050605
https://doi.org/10.1103/PhysRevA.76.042319


168

[63] C. Koliofoti and R.-P. Riwar, “Compact description of quantum phase slip junctions”,
arXiv:2204.13633 [quant-ph] (2022) (Cited on pp. 5, 24).

[64] A. J. Kollár, M. Fitzpatrick, and A. A. Houck, “Hyperbolic lattices in circuit quantum
electrodynamics”, Nature 571, 45 (2019) (Cited on pp. 5, 69).

[65] P. Krantz, M. Kjaergaard, F. Yan, T. P. Orlando, S. Gustavsson, and W. D. Oliver, “A
quantum engineer’s guide to superconducting qubits”, Applied Physics Reviews 6, 021318
(2019) (Cited on pp. 24, 69, 110, 111).

[66] R. Kubo, “The fluctuation-dissipation theorem”, Reports on Progress in Physics 29, 255
(1966) (Cited on p. 8).

[67] L. Kuzmin, Y. A. Pashkin, and T. Claeson, “Bloch oscillations in a double josephson junction
biased via high-ohmic resistors”, Superconductor Science and Technology 7, 324 (1994) (Cited
on p. 4).

[68] H. Kwatny, F. Massimo, and L. Bahar, “The generalized lagrange formulation for nonlinear
rlc networks”, IEEE Transactions on Circuits and Systems 29, 220 (1982) (Cited on pp. 90,
110, 127, 162).

[69] D. T. Le, A. Grimsmo, C. Müller, and T. M. Stace, “Doubly nonlinear superconducting qubit”,
Physical Review A 100, 062321 (2019) (Cited on pp. 6, 26, 28, 54).

[70] J. Lee, Introduction to smooth manifolds, Graduate Texts in Mathematics (Springer New
York, 2013) (Cited on pp. 48, 181).

[71] D. A. Levin and Y. Peres, Markov Chains and Mixing Times: Second Edition (American
Mathematical Society, 2017) (Cited on p. 137).

[72] S. Lie, On an improvement of the integration method of Jacobi and Mayer. German, Forh. af.
Christ. 1873. 282-288 (1873). 1873 (Cited on p. 18).

[73] M. van Lier and R. Otten, “Planarization by transformation”, IEEE Transactions on Circuit
Theory 20, 169 (1973) (Cited on p. 107).

[74] K. K. Likharev, Dynamics of josephson junctions and circuits (Gordon and Breach: New
York, 1986) (Cited on pp. 4, 25).

[75] K. K. Likharev and A. B. Zorin, “Theory of the bloch-wave oscillations in small josephson
junctions”, Journal of Low Temperature Physics 59, 347 (1985) (Cited on p. 25).

[76] X. Ma, J. J. Viennot, S. Kotler, J. D. Teufel, and K. W. Lehnert, “Non-classical energy
squeezing of a macroscopic mechanical oscillator”, Nature Physics 17, 322 (2021) (Cited on
p. 68).

[77] A. G. J. MacFarlane, “Dual-system methods in dynamical analysis. part 1: variational
principles and their application to nonlinear-network theory”, in (1969) (Cited on p. 90).

[78] V. E. Manucharyan, J. Koch, L. I. Glazman, and M. H. Devoret, “Fluxonium: Single Cooper-
Pair Circuit Free of Charge Offsets”, Science 326, 113 (2009) (Cited on pp. 5, 24, 69, 110).

[79] M. Mariantoni, The energy of an arbitrary electrical circuit, classical and quantum, 2021
(Cited on pp. 9, 144).

[80] M. Mariantoni and N. Gorgichuk, Quantum synchronization in nonconservative electrical
circuits with kirchhoff-heisenberg equations, 2024 (Cited on pp. 111, 144).

[81] P. C. Martin, E. D. Siggia, and H. A. Rose, “Statistical dynamics of classical systems”, Phys.
Rev. A 8, 423 (1973) (Cited on pp. 111, 113).

https://arxiv.org/abs/2204.13633v3
https://doi.org/10.1038/s41586-019-1348-3
https://doi.org/10.1063/1.5089550
https://doi.org/10.1063/1.5089550
https://doi.org/10.1088/0034-4885/29/1/306
https://doi.org/10.1088/0034-4885/29/1/306
https://doi.org/10.1088/0953-2048/7/5/025
https://doi.org/10.1109/TCS.1982.1085140
https://doi.org/10.1103/PhysRevA.100.062321
https://doi.org/10.1109/TCT.1973.1083633
https://doi.org/10.1109/TCT.1973.1083633
https://doi.org/10.1007/BF00683782
https://doi.org/10.1038/s41567-020-01102-1
https://api.semanticscholar.org/CorpusID:120151962
https://doi.org/10.1126/science.1175552
https://doi.org/10.1103/PhysRevA.8.423
https://doi.org/10.1103/PhysRevA.8.423


169

[82] Z. K. Minev, Z. Leghtas, S. O. Mundhada, L. Christakis, I. M. Pop, and M. H. Devoret,
Energy-participation quantization of josephson circuits, 2021 (Cited on pp. 4, 110, 148).

[83] M. Mirhosseini, A. Sipahigil, M. Kalaee, and O. Painter, “Superconducting qubit to optical
photon transduction”, Nature (2020) (Cited on p. 5).

[84] J. E. Mooij and Y. V. Nazarov, “Superconducting nanowires as quantum phase-slip junctions”,
Nature Physics 2, 169 (2006) (Cited on pp. 25, 69).

[85] M. Nakahara, Geometry, topology and physics, 2nd (CRC Press, 2003) (Cited on p. 34).

[86] F. Nathan, L. O’Brien, K. Noh, M. H. Matheny, A. L. Grimsmo, L. Jiang, and G. Refael,
Self-correcting gkp qubit and gates in a driven-dissipative circuit, 2024 (Cited on pp. 110, 148).

[87] J. von Neumann and R. T. Beyer, Mathematical Foundations of Quantum Mechanics: New
Edition (Princeton University Press, 2018) (Cited on p. 18).

[88] S. E. Nigg, H. Paik, B. Vlastakis, G. Kirchmair, S. Shankar, L. Frunzio, M. H. Devoret, R. J.
Schoelkopf, and S. M. Girvin, “Black-Box Superconducting Circuit Quantization”, Physical
Review Letters 108, 240502 (2012) (Cited on pp. 6, 24, 111).

[89] H. Nyquist, “Thermal agitation of electric charge in conductors”, Phys. Rev. 32, 110 (1928)
(Cited on pp. 9, 22, 111).

[90] A. Osborne, T. Larson, S. Jones, R. W. Simmonds, A. Gyenis, and A. Lucas, Symplectic
geometry and circuit quantization, 2023 (Cited on pp. 1, 6, 9, 69–72, 81, 84, 86–88, 107, 110,
122, 128, 131, 133, 134, 136, 156, 172, 187, 200, 201).

[91] A. Osborne and A. Lucas, “Flux-charge symmetric theory of superconducting circuits”, Phys.
Rev. B 109, 174524 (2024) (Cited on pp. 1, 8, 9, 118, 126, 128, 141, 142, 144, 187).

[92] A. Parra-Rodriguez and I. L. Egusquiza, “Quantum fluctuations in electrical multiport linear
systems”, Phys. Rev. B 106, 054504 (2022) (Cited on p. 110).

[93] A. Parra-Rodriguez and I. L. Egusquiza, “Geometrical description and Faddeev-Jackiw
quantization of electrical networks”, (2023) (Cited on pp. 68, 69, 110, 111, 122, 127, 144, 148,
162).

[94] A. Parra-Rodriguez and I. L. Egusquiza, “Faddeev-Jackiw quantisation of nonreciprocal
quasi-lumped electrical networks”, (2024) (Cited on p. 111).

[95] A. Parra-Rodriguez, I. L. Egusquiza, D. P. DiVincenzo, and E. Solano, “Canonical circuit
quantization with linear nonreciprocal devices”, Phys. Rev. B 99, 014514 (2019) (Cited on
p. 68).

[96] A. Parra-Rodriguez and I. L. Egusquiza, “Canonical quantisation of telegrapher’s equations
coupled by ideal nonreciprocal elements”, Quantum 6, 681 (2022) (Cited on pp. 68, 69).

[97] B. Peikari, Fundamentals of network analysis and synthesis (Solid State Physical Electronics
Series Prentice-Hall, Englewood Cliffs, New Jersey, 1974) (Cited on p. 33).

[98] F. Pistolesi, A. N. Cleland, and A. Bachtold, “Proposal for a nanomechanical qubit”, Phys.
Rev. X 11, 031027 (2021) (Cited on p. 68).

[99] M. Planck, Über einen satz der statistischen dynamik und seine erweiterung in der quanten-
theorie, Sitzungsberichte der Königlich-Preussischen Akademie der Wissenschaften zu Berlin
(Reimer, 1917) (Cited on p. 21).

[100] J. Preskill, “Quantum computing in the nisq era and beyond”, Quantum 2, 79 (2018) (Cited
on p. 2).

https://www.amazon.science/publications/superconducting-qubit-to-optical-photon-transduction
https://doi.org/10.1038/nphys234
https://doi.org/10.1103/PhysRevLett.108.240502
https://doi.org/10.1103/PhysRevLett.108.240502
https://doi.org/10.1103/PhysRev.32.110
https://doi.org/10.1103/PhysRevB.109.174524
https://doi.org/10.1103/PhysRevB.109.174524
https://doi.org/10.1103/PhysRevB.106.054504
https://doi.org/10.1103/PhysRevB.99.014514
https://doi.org/10.22331/q-2022-04-04-681
https://doi.org/10.1103/PhysRevX.11.031027
https://doi.org/10.1103/PhysRevX.11.031027
https://doi.org/10.22331/q-2018-08-06-79


170

[101] J. Prost, J.-F. Joanny, and J. M. R. Parrondo, “Generalized fluctuation-dissipation theorem
for steady-state systems”, Phys. Rev. Lett. 103, 090601 (2009) (Cited on p. 8).

[102] T. Rajabzadeh, Z. Wang, N. Lee, T. Makihara, Y. Guo, and A. H. Safavi-Naeini, Analysis of
arbitrary superconducting quantum circuits accompanied by a python package: sqcircuit, 2022
(Cited on p. 24).

[103] S. Rasmussen, K. Christensen, S. Pedersen, L. Kristensen, T. Bækkegaard, N. Loft, and
N. Zinner, “Superconducting circuit companion—an introduction with worked examples”,
PRX Quantum 2, 040204 (2021) (Cited on pp. 6, 24).

[104] R.-P. Riwar and D. P. DiVincenzo, “Circuit quantization with time-dependent magnetic fields
for realistic geometries”, npj Quantum Information 8 (2022) (Cited on pp. 6, 24, 111).

[105] A. Russell, A treatise on the theory of alternating currents, A Treatise on the Theory of
Alternating Currents v. 1 (University Press, 1904) (Cited on p. 7).

[106] M. Rymarz and D. P. DiVincenzo, Consistent Quantization of Nearly Singular Superconducting
Circuits, arXiv:2208.11767 [quant-ph], 2022 (Cited on pp. 6, 24, 59, 64–66, 86, 122).

[107] C. Samanta, S. L. De Bonis, C. B. Møller, R. Tormo-Queralt, W. Yang, C. Urgell, B.
Stamenic, B. Thibeault, Y. Jin, D. A. Czaplewski, F. Pistolesi, and A. Bachtold, Nonlinear
nanomechanical resonators approaching the quantum ground state, 2022 (Cited on p. 68).

[108] R. S. Shaikhaidarov, K. H. Kim, J. W. Dunstan, I. V. Antonov, S. Linzen, M. Ziegler, D. S.
Golubev, V. N. Antonov, E. V. Il’ichev, and O. V. Astafiev, “Quantized current steps due to
the a.c. coherent quantum phase-slip effect”, Nature 608, 45 (2022) (Cited on p. 25).

[109] A. C. da Silva, “Lectures on symplectic geometry”, Lect. Notes in Math. 1764, 1 (2001) (Cited
on pp. 26, 39).

[110] J. Stehlik, D. M. Zajac, D. L. Underwood, T. Phung, J. Blair, S. Carnevale, D. Klaus, G. A.
Keefe, A. Carniol, M. Kumph, M. Steffen, and O. E. Dial, “Tunable coupling architecture
for fixed-frequency transmon superconducting qubits”, Phys. Rev. Lett. 127, 080505 (2021)
(Cited on p. 24).

[111] J. F. Steiner, L. Melischek, M. Trahms, K. J. Franke, and F. von Oppen, “Diode effects in
current-biased josephson junctions”, Phys. Rev. Lett. 130, 177002 (2023) (Cited on pp. 4, 9,
111, 112, 162).

[112] J. W. Strutt, “Some general theorems relating to vibrations”, Proceedings of the London
Mathematical Society s1-4, 357 (1871) (Cited on pp. 23, 144).

[113] J. D. Teufel, T. Donner, D. Li, J. W. Harlow, M. S. Allman, K. Cicak, A. J. Sirois, J. D.
Whittaker, K. W. Lehnert, and R. W. Simmonds, “Sideband cooling of micromechanical
motion to the quantum ground state”, Nature 475, 359 (2011) (Cited on p. 68).

[114] D. Thanh Le, J. H. Cole, and T. M. Stace, “Building a bigger Hilbert space for superconducting
devices, one Bloch state at a time”, Physical Review Research 2, 013245 (2020) (Cited on
pp. 48, 111).

[115] I. Todorov, "quantization is a mystery", 2012 (Cited on p. 18).

[116] R. Q. Twiss, “Nyquist’s and Thevenin’s Theorems Generalized for Nonreciprocal Linear
Networks”, Journal of Applied Physics 26, 599 (1955) (Cited on pp. 111, 139).

[117] J. Ulrich and F. Hassler, “Dual approach to circuit quantization using loop charges”, Physical
Review B 94, 094505 (2016) (Cited on pp. 6, 7, 24, 27, 31, 59, 70, 81, 89, 90, 93, 111).

https://doi.org/10.1103/PhysRevLett.103.090601
https://doi.org/10.1103/PRXQuantum.2.040204
https://www.nature.com/articles/s41534-022-00539-x
https://doi.org/10.1038/s41586-022-04947-z
https://doi.org/10.1103/PhysRevLett.127.080505
https://doi.org/10.1103/PhysRevLett.130.177002
https://doi.org/https://doi.org/10.1112/plms/s1-4.1.357
https://doi.org/https://doi.org/10.1112/plms/s1-4.1.357
https://doi.org/10.1038/nature10261
https://doi.org/10.1103/PhysRevResearch.2.013245
https://doi.org/10.1063/1.1722048
https://doi.org/10.1103/PhysRevB.94.094505
https://doi.org/10.1103/PhysRevB.94.094505


171

[118] U. Vool and M. Devoret, “Introduction to quantum electromagnetic circuits”, International
Journal of Circuit Theory and Applications 45, 897 (2017) (Cited on pp. 6, 24, 33, 67, 110,
111, 148).

[119] L. Weiss and W. Mathis, “A Hamiltonian formulation for complete nonlinear RLC-networks”,
IEEE Transactions on Circuits and Systems I: Fundamental Theory and Applications 44, 843
(1997) (Cited on pp. 90, 110, 127, 162).

[120] H. Weyl, The theory of groups and quantum mechanics, Dover Books on Mathematics (Dover
Publications, 1950) (Cited on p. 18).

[121] N. M. J. Woodhouse, Geometric quantization (Clarendon Press, 1991) (Cited on pp. 39, 48,
49).

[122] X. You, J. A. Sauls, and J. Koch, “Circuit quantization in the presence of time-dependent
external flux”, Phys. Rev. B 99, 174512 (2019) (Cited on pp. 6, 62, 63, 111).

[123] B. Yurke and J. S. Denker, “Quantum network theory”, Physical Review A 29, 1419 (1984)
(Cited on pp. 24, 27, 59).

https://doi.org/10.1002/cta.2359
https://doi.org/10.1002/cta.2359
https://doi.org/10.1109/81.622990
https://doi.org/10.1109/81.622990
https://doi.org/10.1103/PhysRevB.99.174512
https://doi.org/10.1103/PhysRevA.29.1419


Appendix A

Appendices of [90]

A.1 Mathematical formalism

In this appendix, we provide a mathematically precise discussion of the results highlighted

in the main text. First, we prove the necessary graph theoretic properties of Ωev. Second, we

prove facts about circuit quantization, including the existence of the “spanning tree construction"

of canonical coordinates for arbitrary circuits, and identifying the number of Noether conserved

charges.

A.1.1 Graph theory for circuits

In previous discussions, we have elected to use terminology familiar in the superconducting

circuit community. We will continue to do so here. For the mathematically inclined, we refer to

graph–theoretical edges as branches and we refer to vertices as nodes.

Definition 41. Let V and E be discrete node and branch sets. Chains on V are elements of

D(V) =

{∑

v∈V
mv|v〉

∣∣∣∣∣mv ∈ Z

}
(A.1)

where |v〉 is a vector in a vector space of dimension |V|. Chains on E are elements of a set D(E)

defined analogously.

Definition 42. Define the incidence map A : E → V × V, such that if A(e) = (u, v), branch e is

oriented from u to v. We’ll really be using the incidence matrix A : D(V)→ D(E), defined (using
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bra-ket notation) as

〈e|A|v〉 =





1 A(e) = (u, v) for some u

−1 A(e) = (v, u) for some u

0 otherwise

. (A.2)

In the framework of homology, the incidence matrix A can be thought of as the boundary map ∂.

Let Aev = 〈e|A|v〉. Less formally, Aev = 1 if edge e ends on v, while Aev = −1 if e starts on v. We

say that (V, E , A) is a directed graph.

Definition 43. Let G = (V, E , A) be a directed and connected graph. Partition E so that E = C ∪ I

and C ∩ I = ∅. We define (V, E , A, C) as a circuit. Intuitively, we will put a capacitive element on

all branches in C, and an inductive element on all branches in I.

We note that the choice to require G to be connected is without loss of generality since a

circuit with multiple connected components would lead to a separable problem in later discussion.

The object which we define to be a circuit consists of a directed graph and a determination of which

branches contain capacitors.

Definition 44. The reduced incidence matrix Ω : D(V)→ D(C) obeys 〈e|Ω|v〉 = 〈e|A|v〉. The

dimensions of Ω are distinct, and in what follows Ωev = 〈e|Ω|v〉 will appear frequently.

It is possible that multiple branches begin and end at the same place: i.e. we could have

A(e1) = A(e2) for some e1 6= e2. We could also have e1 ∈ I and e2 ∈ C.

The following definitions will prove useful in what follows:

Definition 45. An (unoriented) cycle of length l, δ = (e1, . . . , el), is an ordered list of l branches

in C, with the property that there exist nodes v1, . . . , vl such that A(e1) = {v1, v2}, A(e2) = {v2, v3},

. . ., A(el) = {vl, v1}. Here the notation means we do not care about the ordering: {u, v} = {v, u}.

Indeed, we do not care about the orientation of edges on a cycle for this discussion. Intuitively, δ

is a loop made out of only capacitors in the circuit. Let ∆C denote the set of cycles in C. For the
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length l cycle defined above, we write

|δ〉 = |(e1, . . . , el)〉 =

l∑

j=1

σj |ej〉 ∈ D(C), (A.3)

where

σj =





1 A(ej) = (vj , vj+1).

−1 A(ej) = (vj+1, vj).

. (A.4)

We remark that the choice of σi implies that, for δ in∆C , 〈δ|A|v〉 = 0 for all |v〉 in D(V). Qualitatively,

one could say that σi is chosen so that the chain corresponding to a given cycle is in some manner

“oriented" even if the cycle itself is not.

Definition 46. An inductively shunted island in circuit (V, E , A, C) is a subset U ⊆ V with the

following property: u1 ∈ U and u2 ∈ U both hold if and only if there exists a path from u1 to

u2 along branches in C. Note that a node only connected to inductors forms its own island. Let

ΓI(V, E , A, C) (denoted as ΓI for shorthand hereafter) be the set of all such islands. For island i ∈ ΓI ,

write

|i〉 =
∑

v∈i
|v〉 ∈ D(V ). (A.5)

We make an analogous definition for inductors, which will be useful in future discussion.

Definition 47. Let (E ,V, C, A) be a circuit. Consider the undirected graph GL = (V, I) formed

out of only the inductive branches. We say that an capacitively shunted island j is a connected

subgraph of GL, which is not a proper subgraph of any other connected subgraph of GL. If the set

of all such capacitively shunted islands is ΓC , then

GL =
⋃

j∈ΓC

(j ∩ V, j ∩ I). (A.6)

We remark that GL contains all nodes that are in G and in particular even those connected

to no inductors. Such nodes constitute their own capacitively shunted island in the same manner
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that nodes connected only to capacitors make up their own capacative island. The set of inductive

islands derived from some circuit is unique.

Combining all of the definitions above, the following theorem summarizes the critical properties

of Ω.

Theorem 48. The generically non-square matrix Ω has the following properties:

(1) 〈α|Ω = 0 (i.e. 〈α| is a left null vector of Ω) if and only if

|α〉 =
∑

δ∈∆C

αδ|δ〉, αδ ∈ Z. (A.7)

Note that the right hand side in general contains linearly dependent vectors.

(2) Ω|β〉 = 0 (i.e. |β〉 is a right null vector of Ω) if and only if

|β〉 =
∑

i∈ΓI

βi|i〉, βi ∈ Z. (A.8)

(3) Ω contains a non-degenerate submatrix Ω̄, which is a n× n square matrix where

n = |V| − |ΓI |. (A.9)

Proof. We prove the three parts in turn:

(1) It is straightforward to see that (A.7) is a null vector of Ω, using linearity and the fact that

for any cycle δ of length l,

〈δ|Ω = (〈v1| − 〈v2|) + (〈v2| − 〈v3|) + · · ·+ (〈vl| − 〈v1|) = 0. (A.10)

The converse is implied by the homology of the undirected graph (V, C), but we prove it

explicitly. It will prove convenient to (without loss of generality) choose the orientations
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of edges |e〉 such that for all e, 〈α|e〉 ≥ 0.1 Pick an edge e such that 〈α|e〉 > 0. If

〈e|Ω = 〈v| − 〈u|, then there must exist an edge e′, with 〈α|e′〉 6= 0 and 〈e′|Ω|v〉 = −1, since

〈e|Ω|v〉 = 1 but 〈α|Ω|v〉 = 0. Build the bra 〈ψ| = 〈e|+ 〈e′|, and observe that

〈ψ|Ω = 〈v′| − 〈u|. (A.11)

If 〈v′| 6= 〈u|, then we keep going: look for another edge in 〈α| of the form 〈e′′|Ω = 〈v′′| − 〈v′|

– such an edge must exist since 〈α| is a null vector, etc. Then update |ψ〉 → |ψ〉+ |e′′〉. Since

in each step of this process,
∑

e

〈e|ψ〉 → 1 +
∑

e

〈e|ψ〉, (A.12)

eventually, this process must terminate because we will (if it does not) run out of edges in 〈α|

to include. When the process does terminate and we find a left null vector 〈ψ| with 〈ψ|Ω = 0.

If 〈α| − 〈ψ| = 0, then 〈α| simply corresponds to a chain associated with a cycle δ ∈ ∆C .

Otherwise, 〈α| − 〈ψ| is a non-trivial vector where we can simply repeat the argument. Since

the sum of coefficients of 〈α| − 〈ψ| is smaller than the sum in 〈α|, the process will terminate.

By construction, each 〈ψ| that we find in this process formed a cycle δ ∈ ∆C , meaning our

null vector can be expressed as a chain of the form (A.7).

(2) Pick some e ∈ C. We know that 〈e|Ω|β〉 = 0, which means that if A(e) = (u, v), then

〈u|β〉βu = βv = 〈v|β. For any two vertices in island i ∈ ΓI , we can find a path between

them (call its length l): (e1, . . . , el). Applying this argument to all edges along the path, we

conclude that if v1,2 ∈ i, βv1 = βv2 . Thus, the most generic null vector is of the form (A.8).

It is also straightforward to check that (A.8) is always a right null vector.

(3) This follows from the rank-nullity theorem, the fact that D(V) is a |V|-dimensional vector

space, and the fact that the number of linearly independent null vectors in (A.8) is |ΓI |.

Thus we prove all three claims.

1This can be done by simply defining | − e〉 = −|e〉 as an edge oriented in the opposite direction.
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The substance of Theorem 48 is that it is possible to define a symplectic form (and thus to

quantize) immediately after enumerating the null vectors of Ω, which are counted exhaustively by

the theorem above. Later results will provide simplifications to circuits in general, but none of the

following results are strictly necessary to generically quantize non–dissipative circuits. Point 3 of the

theorem above immediately implies the following corollaries:

Corollary 49. Consider the circuit (V, E , A, C). Define

g = |C| − |V|+ 1. (A.13)

g is the graph–theoretic equivalent of a topological genus, and it counts the number of loops in a

graph.

g − 1 = |∆C | − |ΓI |. (A.14)

Proof. The rank nullity theorem guarantees that the row–rank and the column–rank of Ω are equal,

and |V| − |ΓI | counts the row–rank of Ω while |E| − |∆C | counts the column–rank therein.

A.1.2 Circuit quantization on general graphs

The discussion in Appendix A.1.1 was entirely self–contained. At this point, we shift our focus

to the relation of graph theory to the dynamical systems of interest. What follows will depend on

discussion that can be found broadly in Section 2.2.

Theorem 50. Let G = (E ,V, A, C) be a circuit. It is always possible to define |C| − |∆C | variables

Qi = Aieq
e and Φi = Bivφ

v so that

∑

e,v

qeΩevφ̇v =

|C|−|∆C |∑

i=1

QiΦ̇i =

|C|−|∆C |∑

i=1

∑

e,v

AieBivqeφ̇v. (A.15)

Aie and Biv can be obtained by picking a spanning tree T ⊆ C. The transformations between the

variables corresponding to different spanning trees are canonical.
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Proof. Choose a spanning tree T of C and write

C \ T = {a1, a2, . . . , a|∆C |}. (A.16)

The spanning tree has the property that every node adjacent to some branch in C is adjacent to some

branch in T , and T contains no cycles. Succinctly, if v1 and v2 are connected by capacitors, there is

a unique shortest path from v1 to v2 traversing only on branches in T . The choice of T is necessarily

non–unique and we will later show that the choice of T cannot have physical implications. By the

uniqueness in T of a path between two vertices, every branch flux from C \ T can be expressed as an

linear combination of branch fluxes from T with integer coefficients. (Recall the definition of branch

flux φe in (2.8).) Namely, there exists some (generally rectangular) matrix K ∈ R|T |×|C\T | satisfying

φe =
∑

f∈T
Kefφf (A.17)

for e ∈ C \ T . By construction, Kef ∈ {−1, 0, 1}.

We recognize that

∑

e,v

qeΩevφ̇v =
∑

f∈T
qf φ̇f +

∑

e6∈T

∑

f∈T
qeKef φ̇f . (A.18)

Define

M =

(

I|T | K

)T

(A.19)

and rewrite

Qf =
∑

e

qeMef . (A.20)

Since M has rank |T |, the Qf variables are independent, and they span a vector space of dimension

|T | = |C| − |∆C |, so we see that all left null vectors of Ωev have been removed by this definiton. A

similar argument shows that the φf variables are also independent, and thus all right null vectors

have been removed.
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Now suppose another spanning tree, T ′, is chosen .2 Suppose further that T and T ′ differ by

a single edge, so that

T = {f0} ∪ A (A.21)

and

T ′ = {f1} ∪ A (A.22)

with both f0 and f1 absent from A ⊂ C. Further demand that f0 and f1 are in the same cycle.

Since T and T ′ are both spanning trees, there exists some matrix Σ whose entries are elements of

{1,−1, 0} so that

φf =
∑

f ′

Σff ′φf ′ (A.23)

for f ′ in T ′ and f in T . Moreover, necessarily |T | = |T ′| so Σ is square. Moreover, Σ is the identity

on edges common to T and T ′. Since f1 is an element of T ′ \ T ,

φf1 =
∑

f∈T
Kf1f (T )φf , (A.24)

where K(T ) denotes the K-matrix constructed in (A.17) for T . Since f0 is the unique element of

T \ T ′ and f0 is in the same cycle as f ′, necessarily the element Kf1f0(T ) 6= 0, as otherwise there

would be a cycle in T . So

φf1 =
∑

f 6=f0∈T
Kf ′f (T )φf +Kf1f0(T )φf0 (A.25)

and thus

Kf1f0(T )φf0 = φf1 −
∑

f 6=f0∈T
Kf1f (T )φf . (A.26)

2There are M ≤
∏
δ∈∆C

|δ| possible choices of spanning tree in a circuit.
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Evidently,

Σff ′ =




I|T ∩T ′| 0

0 Kf1f0(T )







I|T ∩T ′| 0

Kf1f (T ) 1



. (A.27)

Schematically, Σ = D(I + N) with N2 = 0 and D2 = I. Immediately, Σ−1 = (I−N)D.

Now, clearly,
∑

f∈T
Qf φ̇f =

∑

f∈T

∑

f ′∈T ′
QfΣff ′φf ′ = Q′f ′ φ̇f ′ (A.28)

with

Q′f ′ =
∑

f∈T
QfΣ

f
f ′ . (A.29)

Now the transformation

Q→ Q′ = QΣ

φ→ φ′ = Σ−1φ

(A.30)

is clearly canonical.

Lastly, for general T and T ′, we can find a sequence T → T1 → · · · → T ′ where at each step,

Tj and Tj+1 differ by a single edge. The composition of canonical transformations corresponding to

each step is still canonical.

In the proof of Theorem 50, the Qf variables are independent and always number |C| − |∆C |.

Moreover, the transformation between different choices of spanning tree is canonical. Together, these

two facts imply that the same non-dynamical degrees of freedom are removed by every choice of

spanning tree. By theorem 48 these are necessarily those corresponding to the current about each

loop of capacitors. Similarly, the null vectors associated to inductively shunted islands are always

the same.

Theorem 50 depends only upon Theorem 48 and previous graph–theoretic constructions. In

practice, it is often the case that one naturally identifies conjugate variables by applying Theorem

53 instead, without the need to apply the above result. Further, it may pose a technical challenge to
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write the Hamiltonian associated with some circuit in terms of only Qe variables as defined above

(see Section 2.4.7), but as a matter of principle the Hamiltonian will always exist.

One utility of Theorem 50 arises in the circumstance where one wishes to periodically identify

some subset of variables on a finite interval. Upon doing so, it is required that the conjugate of the

periodic variable be integer–valued and theorem 50 guarantees that this is the case. We state the

following two observations to emphasize this point:

Observation 51. Consider the phase space

M = R|V| × R|C|. (A.31)

Given the reduced incidence matrix Ω, define the 2-form on M

ω =
∑

e∈C

∑

v∈V
Ωevdqe ∧ dφv. (A.32)

Then there exists a submanifold M̄ of M , which is symplectic, diffeomorphic to (equivalent to) the

cotangent bundle T∗Rn = R2n, with ω a globally constant symplectic form. On M̄ ,

ω =
∑

f∈T
dQf ∧ dφf (A.33)

as guaranteed by Theorem 50.

Observation 52. Let G = (E ,V, A, C) be a circuit, and let ω be the symplectic form ω on T ∗Rn

provided by Cor. 51 through Thm. 48. If some number of variables are identified as periodic, the

symplectic form on the resulting quotient manifold, ω′ is given by the quotient map.

This result follows immediately from the quotient manifold theorem [70]. We remark that the

symplectic form produced by the quotient map is not exact, in the physically relevant case where we

quotient by a free group action of Zk, so that Rk/Zk = Tk becomes a torus.

Now, we count the number of degrees that can be removed by Noether’s Theorem for a general
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circuit.

Theorem 53. Let (E ,V, A, C) be a circuit. Consider the symplectic form and Hamiltonian provided

by (2.24). If ΓC is the set of capacitively shunted islands, there exist |ΓC | − 1 Noether charges.

Proof. Enumerate the (unique) elements of ΓC = {J1, J2, . . . , J|ΓC |}. Without loss of generality, take

J1 = {u1, . . . , ul}. If any inductive edge couples to a ui ∈ J1, the edge also connects to another

vertex in J1 (by definition of a capacitively shunted island). Therefore, since H only depends on φvs

via inductive edges,

H(qe, φv) = H(qe, φv + cv) (A.34)

where

cv =





1 v ∈ J1

0 v /∈ J1

. (A.35)

From Lagrangian (2.24), evaluate the Euler-Lagrange equation

0 =
∑

v∈V
cv
δS

δφv
= −

∑

v∈V
cv

[∑

e∈C
q̇eΩev −

∂H

∂φv

]
= − d

dt

∑

v∈J1

∑

e∈C
qeΩev. (A.36)

We conclude that

QJi =
∑

v∈Ji

∑

e∈C
qeΩev (A.37)

is a constant of motion.

Since we can do this for all |ΓC | islands, we may naively conclude that there are |ΓC | independent

Noether charges. However, notice that

∑

Ji∈ΓC

QJi =
∑

v∈V

∑

e∈C
qeΩev = 0, (A.38)

since every edge enters one vertex and exits one vertex. Therefore, there is a constraint that not

all QJis can be independent. Since we assume that the circuit is connected, there will be no other
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constraints on any QJi , since any subset of the capacitively shunted islands (that is not the entire

circuit) must be connected to another part of the circuit by at least one capacitive edge, meaning

that the generalization of (A.38) does not vanish for any other subset of ΓC .

A.2 Solubility of energetic constraints

Theorem 50 implies that for a generic circuit, the term
∑

e∈C,v qeΩevφ̇v can be rewritten as

∑

e∈C,v
qeΩevφ̇v =

∑

α,β

ξαω
αβ ξ̇β. (A.39)

Here α, β run only over the degrees of freedom formed in, e.g., the spanning tree construction of Sec.

2.2.4, and ωαβ is the canonical symplectic form, which is antisymmetric and invertible. Notice that

ξα can contain both charge and flux degrees of freedom within it. In other words, the action for a

circuit can generically be written as

S =

∫
dt


∑

α,β

ξαω
αβ ξ̇β −H(ξ1, ξ2, . . . , ξN , η1, η2, . . . , ηM )


 (A.40)

with ηM corresponding to the left and right null vectors of Ωev, which correspond to non-dynamical

variables, i.e. constraints.Functional derivatives of S yield

δS

δξα
=
∑

β

ωαβ ξ̇β −
∂H

∂ξα
,

δS

δηα
= − ∂H

∂ηα
.

(A.41)

If the principle of least action is to be obeyed, it follows that there must exist some η̄ = (η̄1, η̄2, . . . , η̄M )

such that
∂H

∂ηα

∣∣∣∣
η=η̄

= 0 (A.42)

Suppose for the moment that a unique solution η̄ exists that satisfies (A.42) for each α =
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1, 2, . . . ,M , such that ∂η̄a/∂ξα is finite. Let us define the effective Hamiltonian

Heff(ξ) = H(ξ, η̄(ξ)). (A.43)

We claim that the action

S =

∫
dt


∑

α,β

ξαω
αβ ξ̇β −Heff(ξ1, ξ2, . . . , ξN )


 , (A.44)

which explicitly now encodes a Hamiltonian dynamical system due to the invertibility of ωαβ, is

equivalent to the one which we wrote down above. To see this, notice that the equations of motion

for this action simply become

δS

δξα
=
∑

β

ωαβ ξ̇β−
∂Heff

∂ξα
=
∑

β

ωαβ ξ̇β−
∂H

∂ξα

∣∣∣∣
η=η̄

−
M∑

a=1

∂H

∂ηa

∂ηa
∂ξα

∣∣∣∣
η=η̄

=
∑

β

ωαβ ξ̇β−
∂H

∂ξα

∣∣∣∣
η=η̄

, (A.45)

where we have used (A.42) in the last step. We conclude that the theory in (A.40) describes

Hamiltonian dynamics on a symplectic manifold RN (or quotient thereof, if some of the coordinates

are periodically identified).

It remains to discuss what happens if our assumption of a unique solution η̄ is not satisfied.

The first possibility is that there infinitely many solutions due to a “gauge freedom" – for example,

this arises when considering the “gauge" freedom to shift φv → φv + c for some constant c. In this

case, we simply define our symplectic manifold by fixing a gauge (e.g. φu = 0 at one vertex u)

and continue. The second possibility is that there are no solutions to a constraint (A.42). Because

the constraint variables η are always sums of either flux or charge like variables only, the only way

this can arise is due to an inductive island at which the inductive constitutive relations are not

compatible with Kirchoff’s current Law, or a capacitive loop at which the capacitive constitutive

relations are not compatible with Kirchoff’s voltage law. Therefore, we regard this second possibility

as unphysical, and do not proceed to analyze the dynamics or quantize the circuit.

The final, and most subtle, possibility, is that there are multiple solutions to the equation.
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This is what happens for the singular circuit of Sec. 2.4.7. The analysis of how to quantize such

singular circuits necessarily goes beyond the framework of the present paper. Perhaps the simplest

strategy would be to simply follow by fiat one branch of solutions η̄, and quantize the model for

the corresponding choice of Heff ; we do not guarantee however that this is the physically correct

prescription, and in general this is a challenging problem. However, as we noted in the main text, in

physical superconducting circuits, parasitic elements always remove such ambiguities, and after this

point our framework can be applied straightforwardly.

A.3 Quantization without Noether charges

We have remarked that Theorem 48 is necessary to carry out the quantization procedure

but that Theorem 53 is not. We will provide an example that makes this distinction clear. The

Lagrangian corresponding to the circuit drawn in Figure 2.5(b) is given by

L = qe1(φ̇v2 − φ̇v1) + qe2(φ̇v3 − φ̇v2)− 1

2C1
q2
e1 −

1

2C2
q2
e2 −

1

2L
(φv3 − φv1)2. (A.46)

To be explicit, the matrix Ω is given by

Ω =




−1 1 0

0 1 −1




(A.47)

and we see readily that Ω has the right null vector corresponding to a uniform sum over nodes,

which informs us that the time evolution of φv1 + φv2 + φv3 is not fixed by L. In the spanning tree

construction, we choose dynamical variables Φe1 and Φe2 to be branch fluxes on the unique spanning

tree; the standard branch charges Qe1 = qe1 and Qe2 = qe2 are the canonical conjugate variables.

The Lagrangian becomes

L = Qe1Φ̇e1 +Qe2Φ̇e2 −
1

2C1
Q2
e1 −

1

2C2
Q2
e2 −

1

2L
(Φe1 + Φe2)2. (A.48)
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The quantum Hamiltonian is

H = − ~2

2C1

∂2

∂Φ2
e1

− ~2

2C2

∂2

∂Φ2
e2

+
1

2L
(Φe1 + Φe2)2. (A.49)

We recognize (A.49) as a harmonic oscillator coupled to a free particle, after a suitable coordinate

charge. The free particle degree of freedom could have been removed from the start by using Theorem

53: the Noether charge is associated with charge conservation on the subcircuit trapped between the

two capacitors. Neglecting the Noether charge when performing quantization implicitly assumes

that the decoupled degree of freedom does not couple to an external probe of interest.



Appendix B

Appendices of [91]

B.1 Graph theory

Where possible, the demonstrations in this appendix will follow [90] as closely as possible.

Definition 54 (Graph). Take a set V and let E be the set of ordered pairs of elements of V. We

say that G = (V, E) is a (directed) graph.

In all of what follows, we will assume that graphs and structures built upon graphs are

connected. This assumption will not henceforth be stated, but we remark that it is not required by

every result we prove.

Definition 55 (Embedding). Let G = (V, E) be a graph. Choose a two dimensional orientable

surface S, and associate one (distinct) point in S for every element of V: crudely we can think of

V ⊂ S. Every edge e = (u, v) ∈ E corresponds to a smooth map e : [0, 1]→ S such that e(0) = u and

e(1) = v. Assuming that for x, x′ ∈ (0, 1), e(x) 6= e(x′) (i.e. no two lines ever cross), S is partitioned

into a set of surfaces. If such a drawing exists, we call it an embedding of G on S, or simply an

embedding of G.

A single graph can have many embeddings. The combinatorial information in G is independent

of the manner in which it is embedded. If a graph G can be embedded upon a surface S at all, it is

always possible to draw some embedding of G on S such that the surface S is partitioned into regions

isomorphic to the unit disk, though we remark that Definition 55 does not require this property.

Nonetheless, these “nice" embeddings will be the subject of our discussion.
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Definition 56 (Face). In an embedding of G on S, each “patch" topologically equivalent to the

unit disk is a face. For two faces f1 and f2 and edge e of G embedded on S, we write f1
e←→ f2

to mean that e is an edge on the common boundary of the disk corresponding to f1 and the disk

corresponding to f2.

A graph G is a purely combinatorial object. We emphasize that while there is a universal

notion of topology in the one-dimensional setting, the topology of the embedding is non-universal.

Perhaps surprisingly at first glance, even the subsets of edges in E which correspond to the boundaries

of faces in an embedding is not unique, and can depend on the choice of embedding. As we will

see in later discussion, these ambiguities certainly will have no physical consequences in circuit

quantization, although they can lead to different looking Lagrangians or Hamiltonians at first glance!

Definition 57 (Loop). Let G = (V, E) be a graph. For the purposes of this definition, we regard

e = (u, v) and e′ = (v, u) as equivalent. A loop γ is a subset γ ⊂ E , so that (properly orienting each

edge)

γ = {(v0, v1), (v1, v2), . . . , (vn−1, vn), (vn, v0)}. (B.1)

We say that γ is of length n if |γ| = n.

Every face’s boundary is a loop, so there is a natural injection from the set of faces to the set

of loops.

Definition 58 (Linearly independent loops). Let G = (V, E) be a graph. Let Γ = {γ1, γ2, . . . , γn}

be a set of n loops in G. We say that the set Γ is linearly dependent if there exists m ∈ {1, . . . , n}

and set ι = {i1, i2, . . . , ip} ⊂ {1, 2, 3, . . . , n} \ {m}, such that

γm = γi1∆γi2∆ . . .∆γip (B.2)

where

A∆B = (A ∪B) \ (A ∩B). (B.3)
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Otherwise, we say that the loops in Γ are linearly independent. We say that the rank of a set of

loops Γ is the number of linearly independent loops in Γ .

Definition 59 (Cut). Let G = (V, E) be a graph. Partition V into m sets Vi with i = 1, 2, 3 . . . ,m

so that

V =

m⋃

i=1

Vi (B.4)

and

∅ = Vi ∩ Vj . (B.5)

for i 6= j. Such a partition (V1,V2,V3, . . . ,Vm) of V is called a cut of G.

Definition 60 (Edge–cut). Let G = (V, E) be a graph. Let (V1,V2, . . . ,Vm) be a cut of G. Define

the set K ⊂ E such that

K = {(u, v) ∈ E s.t. ∃i s.t. {u, v} ⊂ Vi}. (B.6)

The set E \ K is called the edge–cut of G induced by (V1,V2, . . . ,Vm).

The notions of a cut and an edge–cut are formally equivalent and every result of this manuscript

may be stated and proven favoring one notion over the other. Nonetheless, it is useful to posses an

understanding of both conventions since some ideas are easier to understand in terms of cuts and

others are easier to understand in terms of edge–cuts.

Definition 61 (Genus). Let G = (V, E) be a graph. We say that G has genus g if there exists no

embedding of G on any surface S of topological genus g′ < g. This is not the same definition as the

usual graph genus from graph theory.

Definition 62 (Embedded graph). Let G be a graph, and S an orientable surface. Suppose that

there exists some embedding of G on S, i.e. on a sphere with g holes. Under this embedding, denote

the set of faces of G embedded in S as F . We write GS = (V, E ,F) to be the embedded graph G

on S.
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In much of what follows, we will suppress some of the above defined terminology when either

the embedding of G on S is of no consequence, or when the embedding of G on S is clear from

context. In such cases, we will write G = (V, E ,F) and we will refer to G simply as a graph.

Theorem 63. Let G = (V, E ,F) be an embedded graph. Denote the loop on the boundary of the face

fi as γi. If G is connected, the set

Γ = {γ1, γ2, . . . , γ|F|} (B.7)

is linearly dependent and the set Γ \ {γ1} is linearly independent.

Proof. Every edge in G appears on the boundary of precisely two faces, so γ1 = γ2∆γ3∆ . . .∆γ|F|.

For any γj obeying γ1 ∩ γj 6= ∅, γj is linearly independent of the rest, since every edge appears in no

other face. Removing such γj , we can inductively deduce the linear independence of the remaining

γs, since the graph is connected.

The following two important, and classic, results, are stated without proof:

Theorem 64 (Euler’s formula). Let G = (V, E), and suppose that G has genus g. Let S be a

compact, orientable discretization of a Riemann surface of genus g. For any embedding of G on S,

we have

|V| − |E|+ |F| = 2− 2g. (B.8)

Corollary 65. Let G = (V, E) be a graph and let Γ be a linearly independent set of loops in G.

Then

|Γ | ≤ gG = |E| − |V|+ 1. (B.9)

In effect, Cor. 65 serves to indicate that, for nonplanar graphs, it is possible to construct a

linearly independent set of loops that is greater in size than the set of faces of a graph. As we will

see, this fact is crucial to our discussion of circuit dualities for nonplanar graphs.
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Theorem 66. Let G = (V, E ,F) be an embedded, nonplanar graph with genus g > 0. There exist 2g

loops that are independent of all of the loops bounding faces f in F .

Proof. By Theorem 64,

|F|+ 2g = gG + 1. (B.10)

As we have seen in Theorem 63, the set of loops bounding faces in F is |F| − 1, and Corollary 65

tells us that it is possible to construct a set of loops of rank gG.

Definition 67 (Loop set). Let G = (V, E ,F) be an embedded graph of genus g. Choose 2g loops

independent of all loops at the boundary of some face in F , say l1, . . . , l2g. Denote the loop at the

boundary of fi in F as l2g+i. The set

L = {l1, l2, . . . , l2g+|F|} (B.11)

is called the loop set of G.

Definition 68 (Extended embedded graph). Let G = (V, E ,F) be an embedded graph, and let L

be the loop set of G. The object G′ = (V, E ,L) is called an extended embedded graph.

Definition 69 (Planar graph). A graph G is planar if it has genus g = 0.

We remark that, for planar graphs, F = L.

Planar graph theory is well–studied. In the circuit literature, many formal results are limited

to planar graphs in consideration because such circuits are both simpler to draw and analyze, let

alone build in experiment. Note that according to Definition 55, a plane is not a suitable surface

on which to embed a graph because the “external face" cannot be isomorphic to a unit disk. This

problem is resolved by considering the embedding of a planar graph on a sphere or equivalently by

identifying the points at infinity to be equivalent. Of course in practice, we will draw planar graphs

in the plane, since the plane is equivalent to the sphere if we identify all points at spatial infinity

with the same point. So henceforth, we will consider planar graphs to be embedded on the unit

sphere.
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Nonplanar graphs have genus g > 0, by definition. They do have much in common with planar

graphs, once we find the right perspective. To talk about graph duality, it is necessary to specify

surfaces on which we consider embedding the graph. Generally, for a graph of genus g, we elect to

embed upon a “sphere with g handles", or equivalently a “torus with g holes".

Definition 70 (Chains). Let X be a finite set. For every x ∈ X, define a real vector |x〉 and define

D(X) = span ({|x〉 : x ∈ X}) . (B.12)

We say that D(X) is the set of chains over X, and we say that |x〉 is a chain.

Definition 71 (Incidence matrix). Let G = (V, E) be a directed graph. Define the linear map

A : D(V)→ D(E) so that

〈e|A|v〉 =





1 e is incident upon v

−1 e leaves v

0 otherwise

. (B.13)

We say that A is the incidence matrix of G and we often write 〈e|A|v〉 = Aev.

Definition 72 (Orientation matrix). Let G = (V, E ,L) be an extended embedded graph. Orient

all faces of G alike.1 Choose some orientation for the 2g loops in L that do not bound a face of G.

Define the linear map B : D(E)→ D(L) so that

〈l|B|e〉 =





1 e borders l and e is oriented with l

−1 e borders l and e is oriented against l

0 otherwise

. (B.14)

We say that B is the orientation matrix of G.

1Our convention is that loops bounding faces ought to be oriented such that the right hand rule points out of the
surface.
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An abstract graph G has a unique incidence matrix A, but not necessarily a unique orientation

matrix B. On the other hand, an extended embedded graph on a surface S, GS has both a unique

A and a unique B.

Theorem 73. Let G be an extended embedded graph with incidence matrix A and orientation matrix

B. The rank of A is |V| − 1 and the rank of B is |L| − 1.

Proof. Suppose
∑

v

Aevcv = 0. (B.15)

with cv in R|V| \ {0}. Then, there exists at least v such that cv is nonzero, and if Aev is nonzero

then there exists u so that e = (u, v) or e = (v, u). In either case, Aev = −Aeu and thus cu = cv.

Continue in this way to discover that cv = 1 for all v ∈ V . The proof that the only left null vector of

B is given by cf = 1 for all f ∈ F is exactly analogous. We remark that F 6= L in general; hence

the left null vector of B corresponds to a sum over loops bounding faces only (see Theorem 63).

Theorem 74. If G be an extended embedded graph with incidence matrix A and orientation matrix

B,
∑

e∈E
BleAev = 0. (B.16)

Proof. This fact is an elementary result in the theory of CW–complices.2 Nonetheless, we provide

an explicit demonstration. Choose a loop l and a vertex v. If v is not connected to any edges in l,

the result is trivial so suppose that there exist edges e and e′ in3 l and vertices u1 and u2 so that

one of the following possibilities holds:

(1) e = (u1, v) and e′ = (v, u2)

(2) e = (v, u1) and e′ = (v, u2)

(3) e = (u1, v) and e′ = (u2, v)

2Explicitly, this is a discrete version of the statement that exterior derivatives are nilpotent.
3Each vertex along a loop must be hit an even number of times, or the loop would not be closed. If a vertex is hit

2m times, then there will always exist m pairs of e and e′ for which this argument holds.
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(4) e = (v, u1) and e′ = (u2, v).

Now, in cases 1. and 4., Ble = Ble′ and Aev = −Ae′v. In cases 2. and 3., the opposite is true. In any

case,

BleAev +Ble′Ae′v = 0 (B.17)

This concludes the proof.

Theorem 75. Let G be an extended embedded graph with incidence matrix A and orientation matrix

B. Then,

Ker(B) = Im(A). (B.18)

Proof. From Theorem 74, it is clear that

Im(A) ⊆ Ker(B). (B.19)

For the other direction, note that

Rank(A) = |V| − 1, (B.20a)

Rank(B) = |L| − 1. (B.20b)

Since extended embedded graphs satisfy

|V| − |E|+ |L| = 2, (B.21)

we see that

dim(Ker(B)) = |E| − Rank(B) = |E| − |L|+ 1 = |V| − 1 = Rank(A) = dim(Im(A)). (B.22)

It follows from (B.18) and (B.22) that Ker(B) is spanned by elements of Im(A).
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Another way to state Theorem 75 is that for any vector γ in R|E| satisfying

∑

e

Bleγe = 0, (B.23)

there exists some other vector δ in R|V| such that

γe =
∑

v

Aevδv. (B.24)

Likewise any left null vector γ of A is of the form γ = δTB.

Informally, A maps vertices (or integer linear combinations of vertices) to edge–cuts of a graph

G, and such edge–cuts are precisely the null vectors of B. More precisely, if (V1,V2) is a cut of

G, then 〈e|A∑v∈V1 |v〉 is nonzero if and only if e is in the edge–cut induced by (V1,V2). The sign

may either be positive or negative and is determined by the relative orientation of edges leaving or

entering V1. Likewise, the matrix B maps cycles of G to linear combinations of faces of G. As a

remark, we note that, by cutting every edge in a graph, V is partitioned into singlet sets, and since

the graphs of interest are also circuits, there is some sense in which the cycle consisting of all edges

is indeed a loop. However, the vector
∑

e∈E |e〉 is not in the range of A.

B.2 Formal approach to symmetric quantization

In this appendix, we discuss more formally the flux-charge symmetric theory of circuit

quantization.

B.2.1 Properties of circuits and the connection matrix

In this section, we describe the full formalism for symmetric quantization on arbitrary graphs.

In what follows, we consider a circuit on a planar graph with a fixed but arbitrary embedding.

In analogy to graphs as combinatorial objects, we regard circuits as graphs with “colored" edges.

That is to say that we demand that edges contain precisely a single circuit element and that circuit

elements are either inductive or capacitive.
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Definition 76 (Circuit). Let G = (V, E ,L) be an extended embedded graph with incidence matrix

A and orientation matrix B. Partition the set E into the sets C and I such that edges housing

inductors (capacitors) go into the set I (C). The tuple (V, C, I,L, A,B) is called a circuit.

Definition 77 (Connection matrix). Let G = (V, C, I,L, A,B) be a circuit. Define the matrix

M : D(V)→ D(L) so that

Mlv := 〈l|M |v〉 =
1

2

∑

e∈C
BleAev −

1

2

∑

e∈I
BleAev. (B.25)

We say that M is the connection matrix of G.

Unlike A and B, M has no intuitive interpretation which can be easily read off of a circuit

(at least that we have found). Still, in practice, it is straightforward to simply calculate it. Since

C ∪ I = E , it follows that

M =
∑

e∈C
BleAev = −

∑

e∈I
BleAev. (B.26)

It will often useful to rewrite M using (B.26). Furthermore, for planar circuits,

∑

l∈L
Mlv =

∑

v∈V
Mlv = 0 (B.27)

since
∑

v Aev = 0 and
∑

lBle = 0. For nonplanar circuits, the set of faces F ⊂ L has the property

that
∑

l∈F
Ble = 0. (B.28)

Our first goal is to prove the following result:

Corollary 78. Let G = (V, C, I,L, A,B) be a circuit. We say that a loop is homogenous if the

edges are all capacitors or all inductors. Similarly a cut is called homogenous if its induced edge–cut

consists only of inductors or only of capacitors. The following conditions hold.

• M |ϕ〉 = 0 if and only if (V1,V2) is a homogeneous cut of G and |ϕ〉 =
∑

v∈V1 |v〉
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• 〈ψ|M = 0 if and only if γ is a homogeneous loop and 〈ψ| = ∑e∈γ〈e|.

This result is the corollary of a more abstract mathematical result:

Theorem 79. Let V1, V2, and V3 be vector spaces and let A : V1 → V2 and B : V2 → V3 be linear

maps satisfying4

ker(B) = im(A) (B.29)

The matrix M = BPA : V1 → V3 has the following properties:

(1) M |ϕ〉 = 0 if and only if there exist vectors |+〉 and |−〉 such that |ϕ〉 = |+〉 + |−〉 and

PA|±〉 = ±A|±〉; moreover, |±〉 are separately also right null vectors of M .

(2) 〈ψ|M = 0 if and only if there exist vectors |+〉 and |−〉 such that |ψ〉 = |+〉 + |−〉 and

〈±|BP = ±〈±|B; moreover, 〈±| are separately also left null vectors of M .

Proof. We prove point 1 of the list, as point 2 is proven analogously. Suppose

M |ϕ〉 = BPA|ϕ〉 = 0. (B.30)

Define the projectors

K± =
1

2
(I± P ) (B.31)

which have the property that PK± = ±K±, K2
± = K±, and K+ +K− = I. It follows that

0 = BPA|ϕ〉 = BP (K+ +K−)A|ϕ〉 = B(K+ −K−)A|ϕ〉. (B.32)

Of course, we also know that

0 = BA|ϕ〉 = B(K+ +K−)A|ϕ〉, (B.33)

4In other words, B|ϕ〉 = 0 for |ϕ〉 ∈ V2 if and only if for some |ϕ′〉 ∈ V1, |ϕ〉 = A|ϕ′〉.
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meaning that

BK+A|ϕ〉 = BK−A|ϕ〉 = 0. (B.34)

By (B.29) we conclude that there exist |±〉 for which

A|±〉 = K±A|ϕ〉. (B.35)

Evidently,

A(|+〉+ |−〉) = (K+ +K−)A|ϕ〉 = A|ϕ〉. (B.36)

Since any right null vector of A, |n〉, satisfies

PA|n〉 = ±A|n〉 = 0, (B.37)

we see that |+〉 and |−〉 are only determined up to the addition of right null vectors of A, should any

exist. Therefore, A(|+〉+ |−〉) = (K+ +K−)A|ϕ〉 = A|ϕ〉, which implies that |ϕ〉 = |+〉+ |−〉 (for

appropriate definitions of |+〉 and |−〉 corresponding to the freedom to add right null vectors of A to

either). Left multiply (B.35) by P to conclude that PA|±〉 = ±A|±〉. Since PA|±〉 is proportional

to A|±〉 and BA = 0, it follows that M |±〉 = 0, which proves the desired statements.

A straightforward, but useful, consequence of this result is:

Corollary 80. Adopt the definitions made in the proof of Theorem 79. Consider the matrix

W = BK+. (B.38)

If |ϕ〉 satisfies

W |ϕ〉 = 0, (B.39)
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then there exist vectors |θ〉 and |ψ〉 such that

|ϕ〉 = A|θ〉+K−|ψ〉 (B.40)

with K+A|θ〉 = A|θ〉.

As a passing remark, the hypothesis of Theorem 79 is satisfied by the vector spaces and

boundary maps in any short exact sequence of vector spaces together with some partition of the

intermediate vector space. For our purposes, Theorem 79 serves to enumerate all of the null vectors

of M . To see how Theorem 79 applies to M , define P : D(E)→ D(E) such that

Pee′ = (−2I[e ∈ I] + 1)δee′ (B.41)

where I is an indicator function that vanishes if its argument is untrue and is otherwise equal to one.

Then,

M =
1

2
BPA. (B.42)

To make more clear our enumeration of null vectors of M , we make the following definitions:

Definition 81 (Homogeneous cut). Let G = (V, C, I,L, A,B) be a circuit. Let C = (V1,V2) be a

cut of G. C is a homogeneous cut if the set

C = {e ⊂ E : ∃v1 ∈ V1 and v2 ∈ V2 s.t. e ∈ {(v1, v2), (v2, v1)}} (B.43)

has the property that

C ⊂ C (B.44)

or

C ⊂ I. (B.45)

In the former case we say that C is capacitive and in the latter case we say that C is inductive.
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Definition 82 (Homogeneous loop). Let γ be a loop in the sense of Definition 57. If γ ⊂ C or

γ ⊂ I, we say that γ is a homogeneous loop.

Corollary 83. Let G = (V, C, I,L, A,B) be a circuit. Let ∆I (∆C) be the set of homogeneous

inductive (capacitive) loops of G, and let ΓI (ΓC) be the set of homogenous inductive (capacitive)

loops in G. Then,

|F| − |∆I | − |∆C | = |V| − |ΓI | − |ΓC | (B.46)

Proof. This is an immediate consequence of Thm. 79 together with the Rank–Nullity theorem.

Corollary 83 was a result nearly achieved in [90], but the relevant discussion relied upon the

enumeration of null vectors and a number of Noether currents. One of the merits of this approach is

that Noether currents in the formalism of [90] are promoted to null vectors.

Thus, the number of degrees of freedom in a circuit is equal to the number of loops in a circuit

which are neither purely inductive nor purely capacitive.

B.2.2 Formal circuit Lagrangian

Here, we restrict our attention to planar graphs. These results can be made to hold for

nonplanar graphs with some minor modifications, which will be made explicit in appendix B.3.

Definition 84 (Symmetric circuit Lagrangian). Let G = (V, C, I,L, A,B) be a circuit. Let M be

the connection matrix of M and define |C ∪ I| functions labeled Ee which describe the energy of the

circuit element on branch e. The function

L =
∑

l∈L,v∈V
qlMfvφ̇v −

∑

e∈C
Ee

(∑

l

qlBle

)
−
∑

e∈I
Ee

(∑

v

Aevφv

)
(B.47)

is called the symmetric circuit Lagrangian for G, or “the Lagrangian for G" for short.

We see that, from (B.47), S =
∫

dtL is symmetric in C and V. As we will discuss later, this

choice of variables leads to a very straightforward circuit duality transformation.
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For the following result, we will need to rely upon the results of Section 3.3.1 as well as a

number of definitions originally made in [90].

Theorem 85. Let G = (V, C, I,L, A,B) be a circuit. Let L be the symmetric circuit Lagrangian of

G. Define ΓC (ΓI) to be the set of capacitive (inductive) cuts of G, and let ∆C (∆I) to be the set

of capacitive (inductive) cycles of G. It is always possible to define |V| − |ΓI | − |ΓC | − 1 variables

Qi =
∑

lDilql and Φi =
∑

v Sivφv so that

∑

l,v

qlMlvφ̇v =

|V|−|ΓI |−|ΓC |−1∑

i=1

QiΦ̇i. (B.48)

All possible choices of S and D are related by canonical transformations.

Proof. Define qe =
∑

l qlBle for e ∈ C, and define Ωev = Aev for e ∈ C and then apply Theorems 10

and 13 from [] directly.

B.3 Circuit duality

The contents of this appendix depend broadly on the results of Appendix B.2 and serve to

formalize the claims in Section 3.4. Duality as a map can be sensibly defined on Lagrangians, graphs,

and structures from the theory of topological algebra. While we take a minimal perspective here,

the results of this section are very simply expressed as a property of chain–complex isomorphisms.

Definition 86 (Hamiltonian duality transformation). Suppose H is a Hamiltonian function of

variables Φi and Qi for i = 1, 2, . . . , N , equipped with Poisson brackets

{Φi, Qj} = δij . (B.49)

The transformation

Qi → Q′i = −Φi

Φi → Φ′i = Qi

(B.50)

is called a Hamiltonian duality transformation. We will write H(Q′, Φ′) = H∗.
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Clearly, Hamiltonian duality transformations are canonical since {Q′i, Φ′j} = {Qi, Φj}. Cer-

tainly, at the level of Hamiltonian mechanics, it is straightforward to take the dual of any Hamiltonian

arising from a circuit Lagrangian in the spirit of the formalism of this work. However, the challenge

of constructing the circuit (or circuits) that produce H∗ is the subject of this appendix. Moreover,

it is not always possible to produce a (physically sensible) circuit that accomplishes this task – at

least using any known algorithm for constructing a dual circuit.

Definition 87 (Dual Circuit). Let G = (V, C, I,L, A,B) be a circuit. Define

V∗ = L

I∗ = C

C∗ = I

L∗ = V

A∗ = BT

B∗ = AT

(B.51)

and finally

G∗ = (V∗, C∗, I∗,L∗, A∗, B∗). (B.52)

We say that G∗ is the dual circuit of G. For an element v of V , we write the corresponding element

of L∗ as v∗. For an element l of L, we write the corresponding element of V∗ as l∗.

Our reason for using this terminology will become clear shortly. Both a combinatorial object

and a topological object are encoded in G∗. That is to say that the combinatorial properties of G∗

are encoded in the structure of A∗. While it is straightforward to recover the combinatorial structure

of G∗ by looking at the matrix A∗, it is less obvious how one might recover a particular embedding

of G∗ by using B∗. Though we will not belabour this point presently, we remark that a particular

embedding of G∗ is recoverable by a gluing procedure where every element of F is represented by a

patch isomorphic to the unit disk, and then patches are glued together by identifying segments on
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the boundary of different patches, in a way that is consistent with the content of A∗. This is always

possible. For planar graphs, this procedure always accomplished by the following procedure:

Definition 88 (Embedding of dual circuit). Let G = (V, C, I,L, A,B) be a circuit. Further suppose

G is embedded upon a sphere. We construct the embedded dual circuit of G, G∗ as follows:

(1) For every loop l in L, draw a vertex labeled l∗ (inside of the face whose boundary is l).

(2) For every pair of loops l0 and l1 in L, draw an inductive (capacitive) edge between l∗0 and l∗1

for every capacitive (inductive) edge in both l0 and l1. For such an edge e of G, label the

corresponding edge in G∗ as e∗.

(3) For every edge e∗ in G∗, give e∗ an orientation so that when the surface is drawn (locally)

on the plane, the cross product between e and e∗ is always positive.

Definitions 88 and 87 are equivalent for planar graphs. We emphasize that the construction of

a dual graph is intrinsically dependent upon the embedding of G chosen. We will make this point

explicit with the next observation.

Observation 89. Let G be a planar graph. Choose two embeddings of G on S, GS and G′S. G
∗
S

and (GS′)
∗ need not be graph isomorphic.

Proof. We provide a proof by example in Figure 3.4(a)–(b). In order to view a circuit as a graph,

one only needs to ignore all of the circuit elements in the circuit so that every branch becomes simply

a graph theoretic edge.

Observation 90. Let G = (V, C, I,L, A,B) be a circuit. Let G∗ = (V∗, C∗, I∗,L∗, A∗, B∗) be the

dual circuit of G. Define the matrix M∗ : V∗ → L∗ with matrix elements

M∗v∗,l∗ =
1

2

∑

e∗∈C∗
B∗v∗e∗A

∗
e∗l∗ −

1

2

∑

e∗∈I∗
B∗v∗e∗A

∗
e∗l∗ . (B.53)

Then, M∗ = −MT.



204

Proof. By relabeling,

〈v∗|M∗|l∗〉 =
1

2

∑

e∗∈C∗
B∗v∗e∗A

∗
e∗l∗−

1

2
B∗v∗e∗A

∗
e∗l∗ =

1

2

∑

e∈I
AveBel−

1

2

∑

e∈C
AveBel = −〈v|MT|l〉. (B.54)

Since 〈v∗|M∗|l∗〉 = 〈v|MT|l〉, we say simply −MT = M∗.

Theorem 91. Let G = (V, C, I,L, A,B) be a circuit. Let G∗ be the dual circuit of G. For each edge

e in I ∪ C, suppose that the energy associated with edge e is a function Ee : R→ R. For each edge e∗

in I∗ ∪ C∗, fix Ee∗ : R→ R so that

Ee∗(x) = Ee(x). (B.55)

The Lagrangian for G is related to the Lagrangian for G∗ are related by a relabeling transformation.

Proof. The Lagrangian for G is given by

L =
∑

l∈L

∑

v∈V
QlMlvφ̇v −

∑

e∈I
Ee

(∑

v

Aevφv

)
−
∑

e∈C
Ee

(∑

l

qlBle

)
. (B.56)

On the other hand, the Lagrangian for G∗ is given by

L∗ =
∑

v∗∈L∗

∑

l∗∈V∗
qv∗M

∗
v∗l∗ φ̇l∗ −

∑

e∗∈I∗
Ee

(∑

l∗∈V∗
A∗e∗l∗φl∗

)
−
∑

e∗∈V∗
Ee

( ∑

v∗∈L∗
Kv∗B

∗
v∗e∗

)
. (B.57)

The transformation

qv∗ → φv

φl∗ → ql

M∗v∗l∗ → −Mlv

C∗ → I

I∗ → C

(B.58)

can easily be seen to relate L∗ to L after integrating the first term by parts.

Corollary 92. Let G be an embedded circuit with Lagrangian L and G∗ be the dual circuit of G.
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By theorem 91 and 85, it is always possible to find N = |V| − |ΓI | − |ΓC | − 1 variables so that the

Lagrangian for G may be written

L =
N∑

i=1

QiΦ̇i −H(Q,Φ). (B.59)

It is always possible to write the Lagrangian for G∗ as

L∗ = −
N∑

i=1

ΦiQ̇i −H(−Φ,Q). (B.60)

Proof. Since
N∑

i=1

QiΦ̇i =
∑

v,l

qlMlvφ̇i, (B.61)

it follows that, under the transformation (B.58),

QiΦ̇i → −ΦiQ̇i. (B.62)

We remark that, for nonplanar graphs, the Lagrangian transformations given in Cor. 92 is

perfectly well–defined. It is also true that the transformation (B.58) is also perfectly well–behaved.

The issue is simply that, for nonplanar graphs, there is no systematic analogue of Defninition 88

that applies to nonplanar graphs in any meaningful sense. The reason for this is that edges in

so–called topological loops would, in the dual of a nonplanar graph, can have an odd number of

endpoints, which contradicts our definition of what an edge is. Nonetheless, it is sometimes possible

to “planarize" a nonplanar circuit and then take the dual after planarization, as we saw for K5 in

the main text.
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