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Abstract

This paper considers several Born-type techniques for reconstructing the
permittivity and/or the conductivity profiles of a one-dimensionally inho-
mogeneous, lossy dielectric slab from reflected-field data. Traditionally, the
properties of such techniques have been found mainly by numerical experi-
mentation. In the present paper, a closed-form analysis is given that explains
these properties. It is argued that there exists only one version of the Born-
type scheme that leads to a fully detailed reconstruction of the unknown
profiles. All other versions suffer from an inherent band limitation. Our con-
clusions are confirmed numerically as well as by using alternative inversion
techniques.
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Chapter 1

Introduction

We consider solving the one-dimensional inverse-scattering problem for an
inhomogeneous, lossy slab of given thickness embedded in vacuum. In this
inverse-profiling problem, the reflected field caused by one or more plane,
electromagnetic waves normally incident from one or both sides of the slab
1s assumed to be known. The aim of the inverse-profiling computation is to
reconstruct the conductivity and/or the permittivity of the slab from these
reflected-field data. In particular, we consider whether this inverse-profiling
problem can be solved by using contrast-source integral representations for
these fields.

In order to put our approach into some perspective, we first review the
techniques that have been reported in the literature for the solution of the
problem specified above and the related one of the slab terminated by a per-
fectly conducting boundary. In view of the large number of papers on this
problem, we will only list related applications from acoustics and elastody-
namics when a suitable reference from electromagnetics is not ‘available. In
addition, we will disregard all situations where the source is localized.

The problem of a lossless slab was first theoretically treated by Kay [24].
Through a Liouville transformation, he reduced it to an equivalent, uniquely
solvable, quantum-mechanical scattering problem. This equivalence also al-
lows the reconstruction of the unknown susceptibility profile through one of
the many approaches developed for the quantum-mechanical problem (for
reviews, see [6], (7], [37] and [40]). The practical aspects of this approach
have, for instance, been discussed in [1], [11]. Numerical results were first
reported in [8], [42]. More recent results can be found in [13], [18]~[20] and



[28]. The main difficulty appears to be the Liouville transformation, which
involves a double space differentation of the unknown refractive index. Since,
for practical applications, we must allow this refractive index to be discontin-
uous at least at the slab’s interfaces, numerical difficulties can be expected
in reconstructing the equivalent quantum-mechanical scattering potential,
which involves recovering delta functions and their derivatives at a priori
unknown locations. A second disadvantage of the Liouville transformation
is that its typically one-dimensional character prevents, from the outset, any
generalization to more complicated geometries.

The generalization of the quantum-mechanical approach to the case of a
lossy slab was first tackled by Weston and Krueger [54]-[56]. Their approach,
which uses the time-domain reflected fields caused by a delta-function inci-
dent pulse, was elaborated by a number of authors. Recently, this has cul-
minated in a series of survey papers by Kristensson and Krueger [25]-[27].
The equivalent frequency-domain problem was analyzed from a theoretical
point of view by Jaulent [21], [22]. For this problem, numerical results have
not yet been reported. As in the lossless case, the main disadvantage Lies in
the necessary Liouville transformation. For the time-domain case, problems
may also arise in the determination of the delta-function responses, which, in
a practical situation, amounts to a deconvolution problem. As is well known
(see e.g. [41]), such deconvolution problems are numerically ill posed.

In the geophysical literature, one usually follows an entirely different ap-
proach and models the medium by a number of homogeneous layers, all of
which have a common one-way travel time [15]. The system is described
completely by the set of reflection coefficients at the interfaces between these’
layers. Surveys of methods for solving these reflection coefficients for lossles
media systems, which are the geophysical equivalent of lossless layered di-
electric systems, can be found in [5], [34]. An electromagnetic application to
an inhomogeneous, lossy medium was carried out by Lee [30]. The principal
disadvantage of the approach is that, in the piecewise-homogeneous model,
a large number of layers must be taken to arrive at an acceptable description
of the reflected fields. Since each layer is associated with one or two unknown
material parameters, stability problems are encountered when the scheme is
applied to process practical reflected fields caused by band-limited incident
pulses.

In the electromagnetic literature we can, in addition to the quantum-
‘mechanical approach, distinguish two trends in developing solution methods



for the one-dimensional inverse-scattering problem. In the first one, integral
relations pertaining to the corresponding direct-scattering problem are being
used as additional relations between the known reflected-field data and the
unknown fields and constitutive parameters inside the slab. In conjunction
with the corresponding direct-scattering integral or differential equations,
these relations are then used to resolve the inverse-scattering problem.

One way to achieve this objective is to accurately trace the wavefront in
the time-domain case (see (3], [4], [12] and [31]). This has the disadvantage
that the unknown value of the susceptibility or conductivity is obtained from
the numerically computed field at the wavefront, which is afflicted with a
large relative error. As a consequence, the method is restricted to pulses
with steep ramp-like fronts.

An alternative is the Born-type approximation of making some educated
guess about the unknown field inside the slab, and substituting this guess
in the additional relations involving the known reflection data. These rela-
tions can then be regarded as one or two integral equations of the first kind,
whose solution yields an approximation to the unknown permittivity and/or
conductivity profiles. The first application along these lines is due to Tab-
bara ([43], [44]), who used a single-step version to recomstruct the unknown
permittivity profile of an inhomogeneous, lossles half-space from frequency-
domain data. [terative procedures were subsequently applied by a number of
authors ([9], [16], [17], [39], [45], [49] and [53]). In such procedures, succes-
sive approximations for the unknown field inside the.slab and the unknown
constitutive parameters are obtained by alternately solving an approximate
direct-scattering problem and an approximate inverse-scattering problem.

The second trend in the solution of one-dimensional, electromagnetic
inverse-scattering problems is the use of nonlinear optimization techniques.
Such techniques are applied to minimize some cost function involving the
deviation between the known reflection data and their counterparts in some
trial medium characterized by a finite set of parameters. Succesful applica-
tions were described in [32], [33], [36] and [38]. The essential difference with
the Born-type iterative procedure is not the introduction of a cost function.
In fact, the solution of the Born-approximated integral equations for the un-
known profiles in each step also involves the minimization of a cost function.
Rather, the difference is that the nonlinear optimization techniques are guar-
anteed to converge, albeit at a considerably slower rate than the less reliable
Born-type iterative procedure.



Compared with the quantum-mechanical techniques listed above, both
the Born-type scheme and the optimization approach have the advantage
that, through the cost function, imperfections in the known reflected-field
data can be compensated for by taking into account known a priori infor-
mation about the configuration. Furthermore, they would appear to be gen-
eralizable to more complicated scattering geometries. On the other hand,
these schemes and their properties have, until now, mainly been determined
by numerical experimentation, and, hence, lack the theoretical foundation of
the quantum-mechanical approach.

In the present paper, an attempt is made to supply such a foundation
for the Born-type scheme. To this end, we formulate the problem in a more
rigorous manner, and we analyze the error made in enforcing the Born-type
approximation of replacing an unknown field inside the slab by a correspond-
ing known field in some reference configuration. For the case of small con-
trast, the analysis can be carried through rigorously in closed form. For
larger contrasts, we have to revert to WKB expressions for the frequency-
domain solutions to the direct-scattering problem of a plane wave incident
on an inhomogeneous slab configuration. This approximation seems justified
since we expect most of the difficulties with the Born-type scheme at high
frequencies, and since the WKB approximations are exact for homogeneous,
lossless slabs.

The consequences of our analysis for the numerical implementation of
a Born-type scheme coincide with the conclusions previously obtained from
numerical experiments. Moreover, a single version of the Born-type iterative
procedure can be selected that does not suffer from the inherent limitations
experienced in these experiments. This observation is verified numerically,
by reconstructing some of the same profiles that were previously recovered
by other versions of the iterative procedure. ‘

Finally, the application of optimization and Prony-type techniques to
the inverse-profiling problems handled by the improved Born-type iterative
scheme provides an independent validation of our analytical and numerical
results.



Chapter 2

Formulation of the problem

We consider the scattering of electromagnetic waves by a one-dimensionally
inhomogeneous, lossy dielectric slab (Figure 2.1) of thickness d, embedded
in vacuum. A Cartesian coordinate system is introduced, with z as the
coordinate normal to the boundaries of the slab and z and y as coordinates
parallel to them. The configuration consists of three domains D,, (with n =
1,2,3), where regions D; and Ds contain vacuum, and region D, the dielectric
material.

For the incident field, we take one or both of the linearly polarized, elec-
tromagnetic pulses

Ei(rt) = E(nthy = Ft- /e, (21)

Hy(r,t) = Hi(z,t)i, = —YoF(t—z/co)ic, (2:2)

and
E(r,t) = Ei(z,t)i, = F(t—(d-2)/co)iy, (2:3)
H (r,t) = Hi(z,t)i, = YoF(t—(d - 2)/c)is, (2.4)

where Yo = \/€0/po, co = 1/, /€0 (co is the speed of electromagnetic waves
in vacuum). The incident pulse is chosen such that J(t) vanishes outside
the domain 0 < ¢ < T. The subscripts + and — refer to the direction of
propagation.

To each of these fields corresponds a total field, which, in line with the
notation used for the incident fields, is written as

Eu(r,t) = Eufz,t)i, (2.5)
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Figure 2.1: Pulsed plane waves normally incident from the left and from the
right on an inhomogeneous, lossy dielectric slab embedded in vacuum.

'qu(z,t) = Ha(zst)i_u (26)

where the label a stands for either of the labels + and — that occur as
subscripts in the definitions of the incident fields given above.

For a = + and a = —, the incident field originates from D; and D;,
respectively. These regions will also be referred to as the region of incidence
D;. The half-space on the opposite side of the slab will be called the region
of transmission D,. Using these definitions, we can identify the reflected and
transmitted fields corresponding to the incident fields specified in Equations
(2.1)—(2.4) as

E(z,t) = Eafz,t)— Ei(2,t) inD;, (2.7)
Ei(z,t) = Ea(z,t) in D,. (2.8)
For the reflected field, we have the relations
E(2,t) = E(zart— | 2~ 24 | [co) in D, (2.9)
with @ = +, where 2, is the coordinate of the interface of the slab with the
. region of incidence, i.e. z, = 0 and z_ = d. Similar relations hold for the

transmitted field.



In addition to the time-domain fields specified above, we will, in the
present discussion, also consider the Laplace transforms of these electromag-
netic field quantities, e.g.

Ea(z,5)¥ [ " exp(—st)En(z,t) dt. (2.10)

Since the incident field reaches the slab at t = 0, the time-domain signals are
causal, and the Laplace transforms are regular for Re(s) > 0. These Laplace
transforms are related to the conventional, unit-amplitude frequency-domain
solutions E,(z,s) (with a = +) via the equality

Eo(2,8) = F(5)Eq(z,s), : (2.11)
where r
F(s)= /0 F(t)exp(—st)dt (2.12)

denotes the Laplace transform of the incident field. Outside the slab, the
normalized solutions E,(z,s) can be written in the form

3 - éXP('_'SZ/(:(J) + rt(s)exp(sz/cy) in Dy,
E(2,8) = { t+(s)exp(—s(z — d)/co) in Dj, (2.13)
and
o (5 s) — t~(s)exp(sz/co) in D,
E_(z,s) { exp(s(z — d)/co) + r~(s)exp(—s(z — d)/co) in Ds, (2.14)

with r%(s) and t°(s) being the reflection and transmission coefficients, re-
spectively. These unit-amplitude plane waves are illustrated graphically in
Figure 2.2. The first line of Equation (2.13) and the second line of Equa-
tion (2.14) are the frequency-domain counterparts of the time-domain rela-
tion given in Equation (2.9).

In this paper, we consider solving the inverse-scattering problem for the
configuration defined above. In this so-called inverse-profiling problem, the
reflected field caused by one or more plane, electromagnetic waves incident
from one or both sides if the slab is assumed to be known. The aim of
the inverse-profiling computation is to reconstruct one or both of the mate-
nial parameters of the slab, i.e. the permittivity €(z) and the conductivity
'0(z), from these reflected-field data. In particular, we investigate whether
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the inverse-scattering problem can be resolved by utilizing integral relations
for these reflected fields. We will consider both the frequency-domain case,
where the reflection coefficient for plane-wave incidence, as introduced in
Equations (2.13), (2.14), is known for a specified range of real frequencies
(s = iw), and the time-domain case, where the known data consists of the
(sampled) reflected field caused by an incident pulse of finite duration T. As
can be observed from Equations (2.9), (2.13), (2.14), it suffices in both cases
to consider the reflected fields at the slab’s boundaries; field data recorded at
other observation points outside the slab can be reduced directly to equiva-
lent fields at these boundaries.

In explaining the algorithm, we will mainly consider the case of “ideal”
reflected-field data. This will allow us to demonstrate the analytical as well
as the numerical aspects of the algorithm in full detail. On the other hand,
we want our analysis to be as “realistic” as is possible for a one-dimensional
problem. Therefore, we will also devote attention to the case where the
reflected-field data suffer from high-frequency band limitations, and from
noise.

10






Chapter 3

Integral relations

Before we formulate the actual inversion procedure, we review, in this chap-
ter, the basic integral relations that we can utilize in such a procedure. To
simplify the notation, we introduce a set of dimensionless quantities that are
more natural to the problem at hand. First, we normalize all distances with
respect to the slab thickness d, and all times with respect to the vacuum
travel time across the slab, i.e. d/co; e.g.

¥=z/d, {=cot/d (3.1)
Second, we introduce the dimensionless quantities
s sdfco, (%) = Zoo(2)d, &(%) = e(2). (3.2)
Third, we introduce the normalized field quantities
E(3,3) = E(z,s), H(3,5) = ZoH(z, 5), (3.3)

where Z; = (/po/¢€o, and where €,(2) = €(z)/€o denotes the relative permit-
tivity. In further discussion, we will use these normalized quantities, omitting
the breves.

The transformed, normalized, source-free electromagnetic field equations
are then given by

0.H(z,5) = s(e(z)+ o(2)/s)E(z,s), (3.4)
0.E(z,s) = sH(z,s). (3.5)

11



Elimination of H leads to
(82 — s*(e.(2) + o(z)/s)|E(z,s) =0, (3.6)

which will be regarded as our fundamental differential equation.

In order to arrive at the desired contrast-source integral relations, we now
introduce a background medium with known constitutive coefficients &(2)
and 5(z), and E,(z,s) as the corresponding unit-amplitude solutions in the
background configuration, normalized according to Equations (2.13), (2.14).
Further, we introduce the Green’s function of the background medium as
being the solution of

(02 — 5%&.(2) — 56(2)]G(2,2";58) = —6(z — 2'), (3.7)

which satisfies the radiation condition as | z | — co. The solutions E,(z, s)
for @ = = are essentially the same as the Jost solutions used in quantum
scattering theory (see [7]). Accordingly, we can write the Green’s function
of the background medium as the product

G(z,2';s) = E+(z>,s)E_(z<,s)/VV(E_,EJ,), (3-8)

where W(E_, E. ) denotes the Wronskian

W(E_,E,) = E+(z,s)32E',(z,s)~E-(z,s)azE-’+(z,s)
= 2st™(s) = 2si*(s). (3.9)

Equation (3.9) provides us with an interesting side result: the transmis-
sion coefficients for incidence from both sides of the slab are identical. Hence,
each of these coefficients must contain the same information about the slab
configuration. As a consequence, it would be superfluous to measure more
than one of them. A numerical confirmation of this result can be obtained
from the transient fields shown in Figure 2.1, which have been computed by
applying the marching-on-in-time method as described in [45] and [46, Sec-
tion 3.3] to the scattering of sine-squared incident pulses by an asymmetric,
inhomogeneous, lossy slab. Clearly, the transmitted fields displayed in this
figure are identical. A similar result can be derived for the case where the
slab is embedded between two homogeneous dielectric half-spaces.

To arrive at the integral relation, we now rewrite the second-order differ-
ential equation (3.6) as

[82 + s%(&(2) + o(2)/s)|E(z,s) = szé(z,s)E(z, s), (3.10)

12



where the contrast function C-‘(z, s) is defined as

Clz,8) ¥ €(2) - &(2) + [0(2) — 5(2)]/s. (3.11)

Interpreting the right-hand side of the rewritten equation as a contrast source,
and applying the superposition principle, we can then directly combine Equa-
tions (3.7) and (3.10) into

~

E.(z,s)= Ea(z, 5)—s? /w é(z,z';s)é(z',s)éa(z',s) dz'. (3.12)

It should be stressed that, in this integral relation, the background medium
inside the slab can, in principle, still be given by any arbitrary combination
of the constitutive parameters {&(2),(z)}. In this respect, Equation (3.12)
can be regarded as representing an infinite class of integral relations.

The integral relation (3.12) assumes a special form when we take z = Zas
with z, as defined in connection with Equation (2.9). Using the identities

E(1,5)=1*(s) , E_(0,8) =i (s), (3.13)
which follow directly from Equations (2.13), (2.14), we obtain
r%(8) = 7(s) = Eu(2ars) — Eu(za, s)
- -2 O(2,9)Bal2r8)Eul2y8) dzy (3.14)

with @ = £. The pair of equations given in (3.14) can also be envisaged as a
pair of reciprocity relations between the fields E.(z,5) and E,(z,s) (see [2]).
Of special interest in our analysis will be the case where the background
medium is a vacuum. In that case, we directly have E,(z,s) = Ei(z,s), with
Ei(z,s) being unit-amplitude incident fields normalized in accordance with
Equations (2.13), (2.14). These fields are given by
Ei(z,s) &f exp(—sz), (3.15)
Ei(z,5) ¥ exp(—s(1— 2)). (3.16)

Substituting the expressions given in (3.15), (3.16) into Equations (3.8),(3.9),
and (3.13) yields the conventional free-space Green’s function

Go(z,2'58) = (2s) Texp(—s |z — 2' ). (3.17)

13



Combining Equations (3.11), (3.12), and (3.17) then leads to the integral
relation

A .. 1 N
E.(2,8) = E.(z,5) — 32/ Go(z,2';5)Co(2', s)E,(2',5) d2", (3.18)
0

where
Co(z,5) = x(z) — a(z)/s (3.19)

denotes the contrast function with respect to free space. In (3.19), x(z) &

€-(z) — 1 denotes the dielectric susceptibility.

The main advantage of Equation (3.18) over the general form (3.12) is
that, in the former, the Green’s function is known in closed form. This
explains why this particular version is commonly used in integral-equation
approaches to solving the direct-scattering problem of determining one or
both of the fields E,(z, s).

Finally, combining Equations (2.13), (2.14), and (3.14)—(3.16) leads to
the integral relations for the reflected field

. B ) :
r%(s) = —%/ Co(z,8)E.(2,5)EL(z2,5)dz, (3.20)
0
which have a similar advantage over the general form (3.14).
With Equations (3.12), (3.14), (3.18) and (3.20), we are now in a position

to formulate and analyze the various versions of the Born-type inversion
procedure.

14



Chapter 4

Method of solution

The method by which we solve the inverse-scattering problem formulated in
Chapter 2 is based on the observation that, for known values of the mate-
rial parameters ¢,(z) and o(z), the electric fields E,(z, s) can either be solved
from the pair of equations (3.4), (3.5), or from any one of the equations (3.6),
(3.12), and (3.18). On the other hand, for known values of the reflection co-
efficients 7*(s) and the unit-amplitude fields E,(z, s), hoth Equations (3.14)
and (3.20), with a = +, can be envisaged as a pair of integral equations of
the first kind for the constitutive coeflicients €,(z) and o(z). This suggests
that it may be possible to determine both the unknown fields Ea(z,s) and
the unknown “profile(s)” €,(z) and/or o(2) by utilizing equations of either
type. In particular, we aim at an inversion procedure that generates a single
Or successive approximations to these unknown quantities.

4.1 The Born-type approximation

The fundamental step in our method of solution is the so-called Born-type ap-
prozimation. In this approximation, we introduce a known reference medium
with constitutive coefficients €,(z) and o(z). This reference medium should
be the best available guess for the actual configuration. Further, we define
the fields E,(z,s) as the unit-amplitude solutions in the reference configu-
ration. By considering the reference medium as one special choice of the
background medium as discussed in Chapter 3, we then directly have the

15



integral relation

~

—_ 1_ _ .
Eo(2,5) = Ea(2,5) — s / G(2, 25 5)C(2", 8)Eu(', 5) d2', (4.1)
0

where the Green’s function -C?(z,z';s) and the contrast function 6(:;,5) are
found by substituting &(2), 7(z), and E,(z, s)in (3.8) and (3.11).
Substituting this relation in the “additional” relation (3.14) yields

1 - —
r%(s) — #(s) = —§ C(2,8)Ea(z,5)Ea(z,8)dz + Ar(s),  (4.2)
0
where the Born error Arg(s) is given by
def 53 1 y- 1 ’ Yot r ]
Arg(s) = —2—/ C(z,s)Ea(z,s)/ G(z,2';5)C (2, s)EL(2,5)d2' dz. (4.3)
0 0

Now, the Born-type approzimation consists of neglecting the Born error
Arg(s) in Equation (4.2). Making this approximation reduces (4.2), with
a = %, to a system of approximate integral equations of the first kind for the
unknown profiles €.(z) (or, equivalently, x(z)), and o(z). Note that Equa-
tions (4.2) and (4.3) still hold rigorously for any choice of the background
medium {¢(z),5(z)}.

Obviously, we could also have obtained the Born-approximated integral
equations for the unknown profiles by directly replacing the unknown fields
E,(z,s) with the corresponding reference solutions E,(z,s). However, the
present approach offers the advantage that we end up with an expression for
the approximation error. Even though this expression contains the unknown
actual field inside the slab, its magnitude can be estimated. In fact, it is
this estimate which, in Chapter 6, will eventually decide which version of the
Born-type scheme produces the “best possible” reconstruction. ‘

4.2 Born-type inversion procedures

When the Born error Arg(s) is set.to zero in Equation (4.2), the equality
sign in that equation no longer holds exactly. Hence, we must determine the
unknown profile(s) ¢,(z) and/or ¢(z) by minimizing an integrated squared
error of the form

> L)

. 1 . _ . 2
ro(iw) + 2 / C(z,i0) Eu(2,iw)Bu(z, iw) dz| dw, (4.4)
0

16



where a runs over one or both of the labels + and —, and where w(w) is a
real-valued weighting function. This weighting function can, for example, be
identified as the magnitude of the Laplace-transformed incident-pulse shape
F(iw) (see also Equation (2.11)). In addition, it can be used to account for
possible band limitations in the measured reflected-field data. The approx-
imated profiles €.p(z) and 0p(z) found from minimizing (4.4) are usually
referred to as distorted-wave Born approzimations [10].

As remarked in the introduction, we can basically distinguish two ways of
incorporating the Born-type approximation formulated above in an inversion
procedure. In the first place, we can perform the inversion in a single step.
This procedure is particularly appropriate when it is known from a priori
information that the contrast in material parameters with the surrounding
vacuum is small. This case will be discussed in more detail in Chapter 5.
For larger contrasts, the results obtained must be subjected to a suitable
correction procedure. Examples of such correction procedures can be found
n [19], [43], [44] and [46, Subsection 5.4.2]. A brief discussion of the last
example will also be given in Section 7.1.

In the second place, we can incorporate the Born-type approximation in
an iteralive scheme that leads to successive approximations for the unknown
total field(s) as well as for the unknown constitutive parameter(s). In that
case, we start from some initial guess, and we take, in each iteration step,
the reference medium identical to the approximation obtained previously.
Different versions of this scheme will be discussed in Chapter 6.

4.3 Implicit assumptions

In the above formulation of Born-type inversion procedures, we have made
three implicit assumptions that need to be justified for each particular version
of the scheme.

The first two pertain to the equations obtained by neglecting the Born
error Arg(s) in Equation (4.2). The first one is that these equations suffice
for the unique determination of an approximate configuration, at least within
some limitations. The second assumption is that the Born error is small
enough for this approximation to be a better estimate than the reference
medium. Only by justifying both assumptions can we show that a Born-type
approach is feasible. In the upcoming two chapters, we will analyze these
assumptions and their consequences for the numerical implementation for

17



various versions of the procedure.

In doing so, we will run up against the problem of selecting the most
suitable background medium. At first glance, there seems to be some ad-
vantage in selecting a vacuum. Free-space Green’s functions are known in
closed form in both the time domain and the frequency domain in both one-
and multi-dimensional problems. Hence, selecting a vacuum keeps open the
possibility of generalizing the method to more complicated inverse-scattering
problems. In addition, we have the practical advantage that the discretiza-
tion of the relevant integral equation may be available from the solution of
the corresponding direct-scattering problem. On the other hand, it is by no
. means clear whether the selection of a vacuum background medium produces
the most accurate approximation of the unknown slab configuration. In fact,
it will be shown in Chapter 6 that this third implicit assumption is generally
not justified.
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Chapter 5

The case of small contrast

The most simple example of an application of the method of solution dis-
cussed in Chapter 4 is the reconstruction of a small susceptibility x(z) and a
small conductivity o(2) from the known real-frequency behavior of the reflec-
tion coefficient for both directions of incidence. For this particular problem,
is seems natural to choose both the reference medium and the background
medium to be a vacuum, and to perform the inversion in a single step. In
fact, this is the “classical” Born approximation.

This small-contrast problem can also be regarded as the most simple
example of a step in the iterative scheme. Hence, it constitutes an ideal
starting point for gaining insight into the type of results and difficulties that
we can expect in analyzing and implementing a Born-type procedure.

5.1 The Born approximation

As remarked above, the Born approximation can be phrased as neglecting the
difference between the actual reflection coefficients r*(s) and their appropri-
ate counterparts obtained by replacing, in (3. 20), the unknown plane-wave
responses E,(z,s) by the known incident fields E *(2,5). This approximate
reflection coefficient can be expressed as

e ~—/ Co(z,5)E.(2,5)* dz. (5.1)

With the definitions of the unit-amplitude fields E';(z,s) given in (3.15),
(8.16), the right-hand side of Equation (5.1) can be recognized as a Laplace
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transform. This allows us to derive closed-form expressions for the unknown
profiles x(z) and o(z). Let the spatial Fourier transforms of these profiles be
given by

x(k) & [ exp(-ika)x(z) dz, (5.2)
o(k) &f /:exp(-—ikz)a(z)dz. (5.3)

Then, with the definition of Co(z, s) given in (3.19), we directly obtain

X)) = Trp) - exp(-ikrz(~ ), (5.4)
ok) = —rj(3) - exp(-ikjri(~ ) (55)

Although Equations (5.4), (5.5) hold rigorously for known values of the Born-
approximated reflection coeficients r3(s), they only lead to an approximate
solution of the inverse-scattering problem, where the actual reflection coeffi-
cients r%(s) are known instead. Hence, we must replace former by the latter
in (5.4), (5.5). This results in the Born-approximated Fourier coefficients

%(k) = T3 - exp(-ik)r(— ), (56)
op(k) = —rﬂ%%—exp(—ik)r'(—%), (5.7)

where the subscript B has been appended in line with the notation used
for the reflection coefficients. Obviously, the approximate susceptibility and
conductivity profiles are then defined via the inverse Fourier transformations

xs(z) = (2r)" /_:exp(ikz),gg(k)dk, (5.8)
os(z) = (27) /:exp(ikz)&B(k)dk. (5.9)

As remarked in Section 4.1, the error in the results obtained with the aid
of these formulas is generated by the deviation between the exact reflection
coefficients 7%(s) and their Born approximations r%(s). This error can be
_estimated by substituting the relevant free-space expressions in the right-
hand side of (4.3), and by approximating the unknown total fields Ea(z’,s)
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by the corresponding incident fields E;(z' ,8). This results in

3 1 1
Arg(s) ~ %/0 Co(z,s)E’;(z,s)/ Go(z,z';s)Co(z',s)E;(z',s) dz' dz.
’ (5.10)
From Equations (5.4)-(5.9), it is observed that we only need to estimate the
right-hand side of (5.10) for s = iw, with w being a conventional, real-valued
~ frequency. In that case, the right-hand side can readily be identified as a
sum of single and double Fourier integrals, whose magnitude follows from
standard Fourier theory (see e.g. [51]).
Assuming that the unknown contrasts x(z) and o(z) are of the same order
of magnitude, and that x(z) exhibits at least one discontinuity in the interval
—00 < 2 < 00, we find

2 (i) = O(x*) for |w|=0(1),
Arg(iw) {wo(xz) as | w | oo, (5.11)

With the aid of this estimate, we can now determine the size of the error
in the approximate Fourier coefficients (k) and 65(k). For xg(k), this is
achieved by substracting (5.6) from (5.4), and substituting (5.11) and the
identity s = iw = +ik/2, which we encountered in all of the equations (5.4)-
(5.9). For 6p(k), we follow the same procedure, starting from (5.5) and (5.7).
We end up with

x(k) - xs(k) = O, (5.12)
(k) — (k) = kOGA), (5.13)

for —oo < k < o0.

From the results listed in Equations (5.6)-(5.9) and (5.12), (5.13), some
preliminary conclusions can already be drawn about the validity of the im-
plicit assumptions listed in Section 4.3. In the first place, it is observed from
(5.6)-(5.9) that, for a complete determination of xp(z) and op(z), we need
to know the real-frequency behavior of both reflection coefficients over the
entire interval —oo < w < 0o. By a similar argument, it can be shown that
a single unknown profile can be reconstructed from the frequency behavior
of one of these coeflicients, provided that the remaining profile is known. In
both cases, any band limitation in the known reflected-field data will corre-
spond with a band limitation in the spectral representation of the unknown

" profile(s).
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In the second place, as (5.12), (5.13) show, the error in xp(k) remains
approximately constant in magnitude over the entire range of k. The error
in 6p(k), on the other hand, increases linearly in magnitude with increasing
| k |. Now, the actual Fourier coefficients x(k) and (k) as defined in (5.2),
(5.3), are of O(k™!) as | k | > oo. Consequently, the approximate inversion
formulas (5.6)-(5.9) can at best produce a band-limited reconstruction of
the unknown profiles x(z) and o(z), even when wide-band reflected-field
information is available. In particular, the short-range variation of o(z) will
be recovered poorly. Since the small-contrast problem can be regarded as
one example of a Born-type iteration step, similar results should be expected
for the general, iterative procedure.

5.2 Verification of the conclusions

Independent confirmation of the conclusions stated above can be obtained
in two ways. In the first place, the Born-approximated reflection coefficients
r%(s) and the estimated Born error Arg(s), as given in (5.1), (5.10), can
be interpreted in the context of a Neumann-series approach to solving the
unit-amplitude fields Ea(z,s) from the integral equation that results from
(3.18), when 2z is confined to the interval 0 < z < 1.

In this approach, we formally write the unknown fields I:Ja(z,s) as a
perturbation series of the form

Ea(z,5) = Ei(2,5)+ Y E{(z,5), (5.14)

n=1

where E&")(z,s) is assumed to be “n-th order small” (see [23], [52]). Sub-
stituting (5.14) in (3.18), and enforcing the equality sign for each order of
magnitude separately result in the hierarchy of equations

. 1 N
E'((x")(z,s) = —52/ Go(z,2';5)Co(2',s)EPI(2', 5) d2', (5.15)
0

with n = 1,2,..., 00, and with E’c(zo)(z,s &f E;(z,s). Note that the imple-
mentation of this approach involves nothing but a repeated evaluation of the
Fourier-type integral on the right-hand side of Equation (5.15).

In the context of this approach, r§(s) and the estimate of Arg(s) as given
in (5.1), (5.10) are exactly the first- and second-order contributions to the,
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now unknown, reflection coefficients r*(s). The band limitation inherent
in the Born approximation can then be attributed to the feature that the
Neumann-series approach converges only for a small enough | s | (see [52]).

A second confirmation of the conclusions stated above can be obtained
by numerically implementing the approximate inversion procedure as speci-
fied in (5.6)~(5.9). In our numerical experiments, we evaluated the integrals
in (5.8), (5.9) over some finite interval —kpma, < k < k. by applying a
(2K + 1) times repeated four-point Gauss-Legendre quadrature rule. De-
tails can be found in {46, Subsection 5.3.3]. In particular, we considered the
reconstruction of the susceptibility and the conductivity of a homogeneous,
lossy dielectric slab. For this configuration, the reflection coefficients r=(s)
are available in closed form (see [46, Section 2.2], [47]). Hence, their values
are available up to machine precision, and any errors in the reconstructions
obtained can be attributed to the Born errors listed in (5.12), (5.13), and
to the truncation of the spectral integrals. Some representative results are
shown in Figures 5.1 and 5.2. From left to right, Figure 5.1 shows results for
kmaz = 30,60,90, and K = 6,12,18, respectively. In the upper half of the
figure, the reconstructed susceptibility profile is compared with the actual
one. Apparently, the reconstruction is accurate, apart from a local oscilla-
tion near the discontinuities, which is simply caused by Gibbs’ phenomenon.
In the lower half of Figure 5.1, the comparison is repeated for the conduc-
tivity profile. Now, the amplitude of the unwanted oscillation increases with
increasing kng.. Clearly, this increase is caused by the increase in error in
(k) for large k, as predicted in (5.13).

An even more definite confirmation of the error estimates in (5.12), (5.13)
is obtained in Figure 5.2, which compares the sampled values of xB(k) and
op(k) that were used in the numerical evaluation of the truncated spectral
integrals for k.., = 30 and K = 6 with the corresponding actual Fourier
coeflicients x(k) and &(k) as defined in (5.2), (5.3). Clearly the results are
in agreement with (5.12), (5.13).

Similar numerical experiments were performed for larger contrasts, for
inhomogeneous slab configurations, and for oblique incidence. It turns out
that the Born approximation provides a reliable reconstruction for contrasts
up to x = 0.2 and o = 0.1, and at least a global impression of the config-
uration for contrasts up to x = 2 and 0 = 1. This is in agreement with a
similar observation by Ge [12], who considered the Born reconstruction of

' 0(z) from single-sided time-domain data in the case where x(z) = 0. For in-
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Figure 5.1: Results of the simultaneous Born reconmstruction of both
x(z) = o(z) = 0.01 from the reflection coefficients at normal incidence.
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homogeneous slab configurations, the values of the reflection coefficients were
computed by numerically integrating the system of equations (3.4), (3.5) with
the aid of a fifth- and sixth-order Runge-Kutta-Verner method, as outlined
in [46, Subsection 2.4.2], [48], and [49]. A result will be encountered in the
next section. For a discussion of the case of oblique incidence, the reader is
referred to [46, Section 5.3).

5.3 A numerical inversion procedure

The most annoying disadvantage of the estimation procedure described in the
previous two sections is that the agreement between the reconstructed and
the actual profiles is confined to a limited range of the spatial wave number k.
One way to remedy this situation is to supply additional a prioriinformation
about the short-range behavior of the unknown profiles. When these profiles
are continuous within the slab, this can be achieved by representing them by
piecewise-linear expansions of the type

x(z) = mecbm(z), (5.16)
";I—O
o(z) = ) omdm(z), (5.17)

m=0

with the {¢,.(z)} being triangular expansion functions, given by

0 for ~co<z2<(m-1)/M,
$m(z) L 1-M|z—m/M| for (m—1)/M < z <(m+1)/M,
0 for (m + 1)/M < z < oo,

(5.18)
for 0 < m < M, and by versions truncated at the slab’s interfaces for m =
0,M. In (5.16), (5.17) the expansion coefficients {Xm} and {0} can be
interpreted as being approximations to values of the corresponding profiles
x(z) and ¢(z) at z = m/M. Compared with global representations such
as a truncated power or Fourier series, (5.16), (5.17) have the advantage
that the expansion coefficients are all of the same order of magnitude, and,
hence, will all be determined up to the same order of accuracy. Moreover,
the maximum permissible variation in the unknown profiles can be adjusted
'via the parameter M.
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Taking into account the information that the unknown profiles can be
represented by (5.16), (5.17) requires a different inversion procedure than
the Fourier inversion used in (5.8), (5.9). While keeping the identification of
xB(k) and 6p(k) as specified in (5.6), (5.7), we now obtain the coefficients
{x=} and {o,,} from minimizing the cost functions

kmae | M . 2
L7 NS xnd®) — s20(k)|
m=0
M-1
+5 E (Xm—l - 2Xm + Xm.-}—l)2 (519)
m=1

+8(2x0 — 3x1+ x3)* + 6(2xm — 3xm-1 + xM-3)%,

and |
kmaz kg M ) 2
k) —op(k k
J {k2+k3 2, onnlk) — 58] ¢ d
M-1
+6Y (Om-1— 20m + Omp1)? - (5.20)
m=1

+6(200 — 301 + 03)* + 6(204 — 3oM_y + op_3),

where @¢,,(k) denotes the spatial Fourier transform of a triangular expan-
sion function ¢,(2) as defined in Equation (5.18). Computationally, this
minimization involves nothing but the least-squares inversion of an overde-
termined system of properly normalized linear equations for (M +1) unknown
coeflicients.

In the cost functions defined above, three aspects require further expla-
nation. In the first place, the weighting function w(w) introduced in (4.4)
has been chosen in conformity with the error estimations (5.12), (5.13). In
(5.20), the parameter ko allows adjusting the change-over between a “low-
frequency* range, where w(w) = O(1), and a “high-frequency” range, where
w(w) = O(k™!). In the second place, the number of subintervals in" the
piecewise-linear expansions (5.16), (5.17) should be chosen such that the ad-
ditional information about the short-range variation of x(z) and o(z) links up
with the information about the longer-range variation available from ¥ p(k)
and dp(k). From that point of view, it seems sensible to take the length
“of the subintervals approximately equal to half of the wavelength associated
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with the maximum value of k for which xB(k) and 6p(k) are available, i.e.
M = kyoo/m. For an M in that range, however, the local oscillations in
the Born-approximation results as observed in F igure 5.1 may pass into an
unwanted alternating behavior in the coefficients {x,,} and {om}. This ex-
plains the third new aspect of the cost functions specified in (5.19), (5.20),
1.e. the inclusion of the terms proportional to §. These so-called regulariza-
tion terms can be envisaged as favoring the “most linear” solution in case
of ambiguity, with § being a small nonnegative regularization parameter (see
also [46, Subsection 5.3.4], [50]).

Some representative numerical results are given in Figure 5.3, which shows
results of reconstructing a quadratic susceptibility profile and a quadratic
conductivity profile in the Born approximation as well as by the numerical
method. Figures 5.3a,b pertain to the case where the regularization terms
have been dropped from the cost functions, i.e. § = 0 in (5.19), (5.20).
Clearly, the results obtained by minimizing these cost functions are no better
than the Born results. Figures 5.3c,d present the results of repeating the
computation with § = 0.001. Now the results obtained by minimizing (5.19),
(5.20) are considerably better. This numerical experiment confirms both the
effectiveness of the modified method and the ambiguity in the representations
(5.16), (5.17) for M = kpo. /.

Finally, it should be remarked that, since the modified method does not
affect the low-frequency spectral components of the reconstructed profiles, its
range in contrast is the same as that of the closed-form inversion procedure.

5.4 Perturbation approach

The Neumann-series approach described at the beginning of Section 5.2 sug-
gests that it should also be possible to cast the Born inversion procedure
proposed in Section 5.1 into the framework of a perturbation approach. Nu-
merical results of such a perturbation approach have not yet been obtained.
Nevertheless, its close resemblance to the Born-type iterative approaches that
will be discussed in Chapter 6 seems to warrant its inclusion in the present
paper.

To arrive at the relevant equations, we augment the series representation
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Figure 5.3: Results of the simultaneous Born-type reconstruction of both
x(z) and o(z) = 0.02 — 0.04(z — 0.5)? from the reflection coefficients at
normal incidence by the methods outlined in Sections 5.1 and 5.3.
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(5.14) by similar representations for the unknown profiles, i.e.

x(z) = i x(")(z), o(z) = i a(")(z), (5.21)
or, equivalently,
Co(z,s) = 3 C{(z, ). (5.22)

n=1
Substituting the expressions (5.14), (5.22) into Equations (3.18), (3.20), and
enforcing the equality signs in both equations for each order of magnitude
separately then again yield a hierarchy of equations. For the first-order terms
x™)(z) and a'(l)(z) we end up with the same equations that we found in
Section 5.1, i.e. (5.1) with r§(s) replaced by r°(s). The higher-order terms
can be obta.ined from

. 1 n-1 .
EN(zs)=-s2 [ G, z,2";s ci ™2, s)E™) 2, s)dz', 5.23
a o 0 a
m=0

and

/ CMN(z,8)Ei(z,5)dz = —/ Ei(z,s) Z C8 ™z, 5)EL (2, 5) de,

(5.24)
which hold for n = 1,2,...,00 and for n = 2,3,..., 00, respectively. As
remarked in Section 5.2, Equation (5.23) can be resolved by simply evaluating
the Fourier-type integral on the right-hand side. Equation (5.24) is of the
same form as Equation (5.1), and, hence, can be resolved by either the closed-
form procedure described in Section 5.1 or the numerical alternative proposed
in Section 5.3.

As in the case of the Neumann-series solution of the direct-scattering
problem, it is to be expected that the perturbation approach will suffer from
an inherent band limitation. However, the numerical results displayed in
Figure 5.3 suggest that this problem can possibly be overcome by taking into
account a prior:information about the short-range variation of the unknown
profiles.
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Chapter 6

Iterative procedure for larger
contrasts

For larger contrasts, we need to invoke the full Born-type iterative scheme
proposed in Section 4.2. In that scheme, we start from some initial guess,
which should be available from a priori information, or be procured from
some characteristic features of the known reflected fields. In each iteration
step, we then take the reference medium identical to the approximate recon-
struction found in the previous step. The essential difference with the pertur-
bation approach proposed in Section 5.4 is that, in the field-computation part
of each iteration step, we now compute ezact solutions to an approzimated
integral equation of the type (3.18) instead of an n-th order approzimate
solution to the ezact equation.

6.1 The implicit assumptions

As in the case of small contrast, we need to investigate the implicit assump-
tions formulated in Section 4.3. For a complete justification, we would need
closed-form expressions for the unit-amplitude fields E,(z,s) and Equ(z,s)
and for the Green’s function G(z,2';s) for background and reference me-
dia of arbitrary inhomogeneity. However, such expressions are not available.
Hence, we have to content ourselves with approximate expressions.
For this purpose, we use first-order WKB expressions for the fields E.(z, s)
and E,(z,s) as derived and analyzed in [46, Sections 2.3, 2.4], [48]. For the
" Green’s function G(z, 2;5), a similar expression can be derived, either by di-
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rectly applying the asymptotic solution method described in these references
to Equation (3.7), or by substituting the asymptotic expressions obtained for
E.(z,s)in (3.8), (3.9) and (3.13). Both procedures lead to the same result.

Numerical experimentation showed that the first-order WKB expressions
remain accurate down to surprisingly low frequencies. Consequently, they
will at least provide us with a good qualitative description. Moreover, for a
homogeneous, lossless slab, the WKB expressions are identical to the actual
solutions. Hence, there exists at least one class of reference configurations
for which any conclusion from the approximate theory holds rigorously. In
particular, this applies to possible ambiguities in the determination of the
subsequent approximations to the unknown profile(s). Finally, the WKB
expressions are by nature accurate in the high-frequency range, where, ac-
cording to the analysis given in Chapter 5, most of the difficulties associated
with the application of a Born-type approach must be expected.

After a tedious but straightforward calculation, details of which can be
found in [46, Subsection 5.2], we find the following approximate correspon-
dence:

57 (s) - 7 (s)]

To:Toe { 74 vt 0 &(2) = &(2)
- {Da (2)D, (Z)W (6.1)

2=z (t) ’

+ [ DDl - 5(=) &)
0
for 0 <t < 7+7. In (6.1), we have introduced the following quantities:

N(z) = \/e(2), 7 ‘?-f‘/ol N(z)dz, Tg, = 2/[N(0) + 1),

D} (2) & \/N(0)/N(2) exp [— / “o(2')/2N(') dz’J , (6.2)

with the tildes and the bars referring to the background medium and the
reference medium, respectively. In (6.2), N(z) denotes the local index of
refraction, 7 the one-way travel time across the slab, T the asymptotic
transmission factor through the slab interface at z = 0 for propagation in
the positive z-direction, and D} (z) the attenuation factor for propagation
‘inside the slab from 2’ = 0 to z' = 2. The point of observation z*(t) in (6.1)
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is the solution of the travel-time equation

/0 YN + W) de = 1 (6.3)

The correspondence in Equation (6.1) indicates that its right-hand side
can be interpreted as an approximation of the difference between the re-
sponses of the actual and the background configuration to a step-function
pulse incident from D;. The difference between the impulse responses of
these configurations is then approximately equal to the time-derivative of
the right-hand side of (6.1), and, hence, is just a linear combination of a
distorted version of d.[e.(z) — € (z)] and a distorted version of [o(z) — 5(z)).
The travel-time equation (6.3) indicates that the time it takes for information
about the constitutive parameters at a point inside the slab to show up at
z = z4 = 0 is the sum of the travel times in the actual medium from z = 0
up to that point, and in the background medium back to z = 0.

Fort > 7 +7, we find terms that are considerably smaller in magnitude.
For incidence from Dj, a similar, independent linear combination can be
obtained.

For the Born error Arg(s) defined in (4.3), we find two different estimates.
When the reference medium is different from the background medium, we
can generalize (5.11) to

Arg(w) = wO(e, — €)0(e, — &), (6.4)

for real-valued w, with | w |— oco. For the case where both media are
identical, a slightly more intricate analysis results in

Arg(iw) = Ar§(iw) + Arg(iw), (6.5)
with |

Arf(iw) = wO|(e — &), (6.6)

ArS(iw) = wO(e —2)O(x) (6.7)

as | w |— oo. In the time signals corresponding to the Born error, the first
term takes effect from ¢ = 0, and the second one from t = 27. The factor of
O(x) originates from an asymptotic reflection coefficient at one of the slab’s
interfaces, and has been included to retain compatibility with the estimate
(5.11) as x — O.
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These results lead to the following conclusions for the validity of the
implicit assumptions, and, hence, for the feasibility of the Born-type iterative
scheme:

e Irrespective of the choice of the background medium, the error Arg(iw)
is of the same order of magnitude as the improvements &(z) — &(2)
and o(z) — 5(z) that one would like to obtain. As | w |— oo, this
error dominates over r*(iw) — 7*(iw), which is of O(e, — € ). Hence,
a computation neglecting this error can at best yield a band-limited
approximation of these improvements.

. ® In view of this inherent band limitation, it seems best to base the recon-
struction procedure only on the terms dominating the reflected fields,
ie. the one approximated in (6.1), and its counterpart for incidence
from D;. As a consequence, we can at best reconstruct a single un-
known profile from one-sided reflection data. In that case the other
constitutive parameter must be known. For a unique reconstruction of
both profiles, at least two-sided reflection data must be available.

e In the calculations leading to the estimates (6.4)-(6.7), it was found
that the operator producing Arg(iw) from e-(2)~&(z) and o(2)—5(2)
becomes more and more independent of €(z) and 7(z) as these ap-
proach the actual profiles. Consequently, if the iterative scheme con-
verges, the band limitation in the recovered profiles as well as the rate
of convergence will, in general, become constant in the finite stages
of the procedure. In particular, this applies to any frequency-domain.
version of the procedure, as well as to time-domain versions where the
background medium differs from the reference medium.

¢ The only possible way to free the final result of an iterative reconstruc-
tion from the band-limiting effects inherent in the Born-type approx-
imation, therefore, is to avoid the error Ar¢(iw) in (6.5)—(6.7) com-
pletely. To this end, we must, in each iteration step, take the back-
ground medium identical to the reference medium, and consider the
time-domain signals corresponding to 7*(s) —#*(s) in the time interval
0 <t < 27 only. In that case, the factor of O](e, — € )?] may remove
the band limitation in the reconstructed profiles as the iterative scheme
progresses, provided that we can keep the high-frequency errors within
bounds in the initial steps.
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e The optimum choice for a weighting function w(w) in a frequency-
domain error of the type (4.4) is governed by the frequency behavior
of the error Arg(iw) as well as by the distribution of the profile infor-
mation over the frequency range. The error w(w) | Ar§(iw) | must be
of the same order of magnitude over the entire frequency range. More-
over, (6.1) indicates that, for high frequencies, 7*(sw) mainly depends
on a few select properties of the slab. The remaining properties of the
slab, which are of interest in the inverse-scattering problem, only in-
fluence correction terms of O(w™'). Both these observations indicate
that w(w) must be of O(w™!) as | w | — .

o In order to obtain convergence, we must, at Jeast in the initial itera-
tion steps, supplement the band-limited profile information available
through the Born-type approximation with a priori information about
the short-range variation. Furthermore, the correspondence (6.1) pre-
scribes that any band limitation in the available reflected-field data will
give rise to an additional band limitation in the spectral content of the
reconstructed profiles that must be compensated for by supplying such
a priori information throughout the procedure.

Summarizing, only a single version of the Born-type iterative scheme
seems capable of reconstructing the unknown slab configuration in full de-
tail. All other versions suffer from an inherent band limitation. From a
physical point of view, this seems satisfactory since, according to the travel-
time equation (6.3), the version selected is the only one that directly relates
the material properties inside the slab to the transient fields at those instants
when the relevant reflected waves actually arrive at the slab’s interfaces. In
this scheme, the configuration is eventually determined from time-domain
reflected fields for 0 < ¢ < 27.

6.2 Numerical implementation

For the case of a vacuum background medium, the Born-type iterative scheme
and most of its properties were first found from numerical experimentation.
The time-domain case is discussed in [45], and the frequency-domain case
in [49]. Both these papers consider the case of a single unknown profile.
- The simultaneous reconstruction of both profiles from two-sided time-domain
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data is described in [46, Section 6.2]. These references contain a detailed
account of the implementation, and a series of representative results. In
the present discussion, therefore, we restrict ourselves to the implementation
and application of the time-domain version with the background medium
being identical to the reference medium. To facilitate the comparison with
previous applications, we consider the susceptibility x(z) rather than the
relative permittivity e,.(z).

In our numerical experiments, the known reflected-field data were gener-
ated by applying the marching-on-in-time method as described in [45) and
[46, Section 3.3] to compute the response to sine-squared incident pulses of
duration T'. In some experiments, multiplicative or additive noise was su-
perimposed on the sampled reflected fields thus obtained. In all cases, a
high-frequency band limitation was simulated by subjecting the resulting
time signals to a low-pass filtering with the cut-off at the first zero in the
spectrum of the sine-squared pulse, i.e. at | w | = wper = 47/T.

The iteration procedure as such runs along the same lines as the numerical
inversion procedure discussed in Section 5.3. Let us consider the general
case where both profiles are unknown. These unknown profiles are again
approximated by the piecewise-linear expansions specified in (5.16)~(5.18).
Substituting these expressions and (2.11) in (4.2) results in the approximate
linear equations

E(z2a,iw) — F(iw)E, (24,10) =

_% {iw Y AxmEZ(iw)+ Y AamE;(iw)} ; (6-8)

m=0 m=0

with @ = 4, where

B3 (i) ¥ Pliw) [ Y bn(2)Eu(z, i) dz, (6.9)

- f _ .
and where Ay, def Xm — Xm and Ao, X om — T In our computations,

the unit-amplitude reference fields E,(z,s) were determined by applying
the Runge-Kutta-Verner integration procedure discussed in [46, Subsection
2.4.2], (48] and [49] to the system of first-order differential equations (3.4),
(3.5). The integrals in (6.9) were then evaluated with the aid of a repeated
- trapezoidal rule.
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Applying a fast Fourier algorithm to the discretized equations (6.8) results
in a low-pass filtered version of their time-domain counterparts

£ozast) = E,(2a5t) = D) Z Axm:En (1) — % z Aom&o(t),  (6.10)
m=0

m=0

where £(z,t) denotes a time-domain reflected field that would be excited
by the sine-squared pulse in the reference medium.

Having obtained these approximate time-domain equations, we determine
the profile updates Ax(z) and Ao(z) by determining those sets of coefficients
{Axm} and {Ao,,} that minimize the squared error

274+T/2 —_ 1 M .
‘Lt;/ {gt:(zu’t) - ga(zaat) + 5 Z AXmatgm(t)

T/2 m—o

1M :
+- Y Aame,‘;(t)} dt
2 m=0
M-1
+6 Z [Axm-1— 2Axm + Axm41)? (6.11)

m=1
M-1
+6 Z [AOm_1— 2A0, + Ao )2

m=1

As in the case of the cost functions (5.19), (5.20), this minimization amounts
to the least-squares inversion of an overdetermined system of properly nor-
malized linear equations, now for (2M + 2) unknown coefficients.

In choosing the integration interval in (6.11), the finite duration T of the
sine-squared pulse was taken into account. The parameter M, which rep-
resents the number of cells in the piecewise-linear expansions (5.16), (5.17),
should be adjusted to the cut-off frequency in the low-pass filtering as well
as to the two-way travel time 27. When the permittivity is discontinuous
at at least one end of the slab, this travel time can be estimated from the
arrival times of the waves directly reflected at that interface. According to
Shannon’s theorem, the shortest sampling period for which samples of the
band-limited time signals are independent is At = 7 [Wmez = T/4. Hence, we
can at most recover M = 87/T independent parameters for each unknown
profile. In view of the distortion effects observed in Equations (6.1) and
(6.3), we choose M at least a factor of 2 larger to ensure that the maximum
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amount of profile information is drawn from the reflected fields. As argued
in Section 5.3, we can rely on the regularization terms to eliminate any am-
biguity due to this oversampling, and, in the first few iteration steps, due
to the band limitations inherent in the Born-type approach. Compared with
the cost functions specified in (5.19), (5.20), the “boundary terms” appearing
on the last lines of (5.19), (5.20) have been left out. This leads to a better
reconstruction, without affecting the convergence.

For the case of a single unknown contrast, we follow the same approach as
outlined above, with the exceptions that the summation in (6.11) now runs
over & = + only, and that one of the sets of coefficients {Ax,,} and {Aon}
vanishes in Equations (6.8)-(6.11). )

Finally, it should be remarked that the implementation above is not the
fastest one that can be imagined. In particular, the application of the Runge-
Kutta-Verner integration may be overly time consuming. However, by choos-
ing different algorithms for generating the “known” and the “reference” fields,
we have automatically avoided the possibility of the solution of the inverse-
scattering problem being biased by numerical errors made in solving the
underlying direct-scattering problem.

6.3 Numerical results

In order to obtain insight into the potentialities of the computational scheme -
described in Sections 6.1, 6.2, we carried out a number of numerical exper-
iments. In particular, we attempted to reconstruct some profiles that were
previously considered elsewhere in the literature.

Figures 6.1-6.3 present results of reconstructing the unknown suscep-
tibility profiles of lossless slabs that were previously analyzed in [45].  In
Figures 6.1 and 6.2, results are given for the same sine-squared susceptibil-
ity profile as in Figure 5 of [45]. Clearly the present approach leads to a
better reconstruction, even for a considerably longer incident-pulse duration
(T = 0.7 instead of T = 0.15). Further, it is observed from Figure 6.2 that
an evaluation of the root-mean-quare error in the reflected field provides a
good indication of the progress of the iterative procedure.

In Figure 6.3, we consider two discontinuous slab profiles. For such pro-
files, we obviously miss some of the high-frequency information needed to
_reconstruct them in full detail. In [46], this necessitated the use of a short
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Figure 6.1: Actual profile x(z) = sin®(2.572) x U(0.8 — z) obtained after six
iteration steps of the Born-type iterative procedure for o(z) =0, M = 30,
T=0.7,6§ = 5 x 107 and initial estimate X(z) = 0.5.
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Figure 6.2: Root-mean-square errors in £, (0,¢) and ¥(z) as a function of the
number of iteration steps for the computation leading to Figure 6.1.
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Figure 6.3: Actual susceptibility profiles x(z) = 1.5 - U(z — 0.5) and
x(z) = 0.5+ U(z — 0.5) compared with the reconstructions obtained af-
ter ten iteration steps of the improved Born-type procedure for o(z) =0,
M =20,T =1, 6§ =103 and initial estimate X(z) = 1.0.

pulse (T = 0.3), as well as the application of a discontinuity correction.
In Figure 6.3, we have found a “filtered” version of the unknown profiles
by directly applying our modified Born-type procedure to the reflected field
caused by a pulse of duration 7" = 1. The root-mean-square field errors listed
in this figure indicate that, from the band-limited field information available,
we can hardly expect to obtain a more detailed reconstruction.

The ultimate test of our improved Born-type scheme was the reconstruc-
tion of a piecewise-homogeneous, lossy three layer medium as considered in
[9]. Figure 6.4 shows the results obtained in every second iteration step. For
the unknown susceptibility profile, we obtain a reconstruction of at least the
same quality as we obtained in Figure 6.3. Apparently, the imperfections
in the recovered susceptibility profile do degrade the reconstruction of the
conductivity profile. This was confirmed by repeating the computation of
Figure 6.4 for the same conductivity profile and a continuous susceptibility
profile. Nevertheless, we do obtain the correct trend for the conductivity
profile as well. Moreover, the size of the root-mean-square field errors listed
in Figure 6.4 indicates that the reflection coefficients r*{ix) of the exact
. configuration and those of its reconstruction given in Figures 6.4e.f may be
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almost indistinguishable over the frequency range excited by the incident
pulse. This would mean that a better reconstruction may be obtained from
the reflected fields corresponding to a shorter pulse. We will come back to
this in Section 7.3.

From the results displayed in Figure 6.4, it is also observed that, in the
first few iteration steps, mainly the average behavior of the unknown pro-
files is recovered. In subsequent steps, we obtain a more detailed impression
of their local behavior. This detail, in particular, appears to be missing
from the frequency-domain reconstructions presented in [9]. This observa-
tion agrees well with the conclusion reached in Section 6.1 that, only in the
present scheme, the band limitation inherent in the Born-type approximation
is gradually removed as the iterative procedure progresses.

For the reconstruction of a lossless slab with the same susceptibility pro-
file as considered in Figure 6.4 from a comparable amount of reflected-field
information, the result a frequency domain Born-type reconstruction with
a vacuum background medium was presented in Figure 5 of [49]. Both the
result given in Figure 6.4e and one obtained for the corresponding lossless
case turn out to be considerably better.

Similar numerical experiments were also performed for cases where mul-
tiplicative or additive noise was superimposed on the known reflected-field
data. We found that superimposing up to 10% multiplicative noise or up to
1% additive noise hardly affects the reconstructions obtained. Possibly, this
can be explained from the fact that a significant part of this noise is removed
in the low-pass filtering.
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Figure 6.4: Actual three-layer profiles and reconstructions obtained with the
improved Born-type procedure with M = 30, 6 = 1074, and initial estimates

X(z) =1 and 5(z) = 0.
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Chapter 7

Validation of the results

Although the numerical results presented in Section 6.3 seem fairly conclu-
sive, the use of the WKB expressions in Section 6.1 still leaves room for some
doubt. Hence, it seems appropriate to obtain an independent confirmation of
the validity of our analysis. In this chapter, we review three ways to achieve

this.

7.1 Approximate inversion procedure for lossless slabs

For the case of a lossless slab, additional confidence in the WKB results (6.1)
and (6.6) can be gained by using them to generate an approximate inversion
procedure. Taking in (6.1) the background medium identical to the reference
medium, we can interpret its right-hand side as the first-order term in a
Taylor expansion of the unit-step response £7(0,¢) around the corresponding
reference solution £, (0,) in terms of the susceptibility difference x(z*(t)) -
x(2*(t)). The coefficient of x(z*(t)) — x(z*(t)) can then be identified as a
“profile derivative” of the reflected field £(0,t). A closed-form integration
of this derivative from x = x(0) to x = x(z*(t)) leads to a closed-form
relation between £7(0,¢) and x(2*(¢)), which, in turn, can be inverted in
closed form. We then end up with level and position corrections for the Born
results discussed in Section 5.1. These corrections are similar to those found
in [19], [43] and [44]. Since we start the x-integration from a homogeneous,
lossless half-space with x(z) = x(0), this procedure will be most accurate for
a small variation in the value of x(z).

For the precise expressions, the reader is referred to [46, Subsection 5.4.2].
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Figure 7.1: Results of the WKB version of the corrected Born approximation
(dashed lines) compared with the actual susceptibility profiles (solid lines)

x(2) = xosin?(27z) for increasing contrast.

Here, we confine ourselves to showing the representative results given in Fig-
ure 7.1. Clearly, the approximate inversion method is succesful even for a
relatively large variation in the value of x(z). Hence, the underlying WKB
approximations should certainly be applicable in the context of Section 6.1,
where the reference configuration is assumed to be close to the actual con-

figuration.
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7.2 Optimization approach

An alternative way to resolve the inverse-profiling problem discussed in this
paper is to minimize a cost function of the form

2 /ow {€2(zast) - Eozart)} at
+ 6 il{Xm-l - 2Xm + Xm-{;l]z (71)

m=1
M-1
+ 6 Z [Um—l - 20'1" + a'm+l]2

m=1

as a function of the parameters {x..} and/or {0,,} with the aid of a nonlinear
~optimization method. In (7.1), the summation runs over one or both of the
labels & = +, according to whether one or both of the contitutive parameters
x(z) and o(z) are unknown. The reflected fields £_ (2, ) pertain to some trial
medium, in which the unknown profile(s) are given by the piecewise-linear
expansions (5.16) and/or (5.17). The main advantage of the optimization
approach is that we can now use all the reflected-field information in the
time interval 0 < ¢ < oo. In addition, we can relate the reflected field(s)
£€.(2a,t) to the unknown profile(s) via the integral relation (3.20) without
experiencing an inherent band limitation.

An approach of this type was previously proposed by Lesselier [32], [33].
The fundamental improvement in our version is that we purposely choose the
expansion of the unknown profile(s) in conformity with. the amount of infor-
mation available from the known reflected field(s). We experimented with
both quasi-Newton and conjugate-gradient procedures available from stan-
dard mathematical subroutine libraries. The most efficient reconstruction
procedure was obtained by combining a conjugate-gradient method with an
independent evaluation of the “gradient” (the vector containing the partial
derivatives of the cost function with respect to the unknown profile param-
eters) as outlined in [32], [33]. Even for this procedure, however, a typical
computation took an effort equivalent to tens of iteration steps in the Born-
type procedure.

The fact that a conjugate-gradient method converges faster than quasi-
Newton methods provides yet another confirmation of the applicability of

“the approximate correspondence (6.1): only if the cost function varies almost
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Figure 7.2: Results of reconstructing the susceptibility profiles specified in
Figure 6.3 for 0(z) = 0, M = 20, T = 1 and initial estimate ¥(z) = 1 by
nonlinear optimization.

quadratically with the parameters {x} and {0,.} will a conjugate-gradient
method be more efficient than a quasi-Newton method (see e.g. [14]).

As an illustration, we present in Figure 7.2 results of reconstructing the
same two discontinuous susceptibility profiles that we considered previously
in Figure 6.3. In this figure, we show the actual and the reconstructed con-
figurations, as well as the corresponding reflected fields. Both from Fig-
ures 7.2b,d and from the r.m.s. errors listed, it is observed that the recon-
structed profiles are of approximately the same quality as the ones displayed
in Figure 6.3. The increase in the r.m.s. error for the reflected fields can be
explained from the fact that we now have used unfiltered fields over the entire
interval 0 < t < co. The deviations between the fields given in Figures 7.2a,c
indicate that, possibly, a slightly better reconstruction can be obtained by
making the piecewise-linear expansions (5.16), (5.17) more flexible near the
discontinuities.

7.3 A Prohy-type method

Now that we have solved the inverse-scattering problem, we have two different
ways of finding the natural frequencies of a slab configuration from time-
- domain reflected-field data. In the first place, we can follow the indirect route
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Table 7.1: Comparison of the actual natural frequencies of the slab configu-
ration specified in Figure 6.4 with the ones recovered from the time-domain
reflected fields excited by a sine-squared incident pulse with T = 0.7.

Actual natural

Approzimation from

Approzimation from

-2.186+13.195
-1.824+16.145
-2.224+19.110
-2.588+110.960
-2.143+:12.851
-1.943+115.797

-2.151+13.144
-1.795+16.097
-2.153+19.092
-2.553+110.973
-2.180+112.818

-1.814+4115.510

frequency profile reconstruction | Prony-type method
-4.819 -4.962

-4.422 -4.659 -4.569

-2.635 -2.490 -2.631

-2.186+13.195
-1.818+16.142
-2.195+19.084
-2.471+4111.049
-2.162+4112.889
-1.628+115.822

of first reconstructing the configuration with the aid of the Born-type iterative
procedure. Subsequently, we can then compute the natural frequencies of the
reconstructed configuration as explained in [48]. In the second place, we can
resample the filtered time signals mentioned in Section 6.2 with a suitably
chosen sampling period, and directly apply Prony’s method [35], [46, Section
4.3] to the resampled signal.

By comparing the two sets of results thus obtained with each other and
with the actual natural fregencies, we can resolve two issues at once. In the
first place, we can verify our conclusion that reconstructed configurations as
shown in Figures 6.3 and 6.4e,f have the same reflection coefficients as the
actual configuration over the real-frequency range excited. If this conclusion
is correct, we should observe good agreement between the natural frequencies
of the reconstructed configurations whose imaginary parts lie in that range
and their actual counterparts. In the second place, we can decide whether
the piecewise-linear expansions employed are flexible enough. If the deviation
between the indirectly obtained natural frequencies and those obtained oth-
erwise increases considerably with their increasing imaginary parts, it may
be necessary to choose a larger number of subintervals, i.e. a larger M.

In Table 7.1, results are presented of determining the natural frequencies
-as proposed above for the lossy three-layer slab specified in Figure 6.4. With
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the obvious exception of the real part of the natural frequency neere:t 1o
the cut-off frequency of the low-pass filtering, the Prony results turn out to
be slightly better than the results obtained indirectly by determining the
natural frequencies of the reconstructed configuration given in Figures 6.4e 1.
This suggests that a slight improvement of that reconstruction should, in
principle, be possible. This would be in agreement with the rather large
field error remaining in the final iteration step. In view of the relatively
small reduction of the field error achieved in steps 5 and 6, however, it does
not seem sensible to try and obtain this improvement by carrying out more
iteration steps.

From Table 7.1, it is also observed that Prony’s algorithm is not able to
distinguish between the two poles located close together at the far end of
the negative real s-axis. Instead, only a single pole with a residue twice as
large is recovered. This can be explained from the feature that the natural
frequency of a more rapidly decaying exponential is obtained with less ac-
curacy. On the other hand, especially the natural frequencies nearest to the
origin of the complex s-plane are recovered well by the Prony-type method.
Hence, comparing these frequencies with those obtained indirectly via profile
reconstruction may indeed provide an additional way of Jjudging the quality
of the reconstructed profiles.
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Chapter 8

Conclusions

With the analysis presented in this paper, we have established a more rigorous
theoretical foundation for the Born-type reconstruction of material parame-
ters of an inhomogeneous, lossy dielectric slab. In our analysis, two key points
are equally important. In the first place, the Born-approximated equations
for the unknown profiles should be uniquely solvable, at least within some
limitations. In the second place, the Born error made in formulating these
equations should be small enough for the solutions obtained to be better
approximations than the estimates previously available.

For the configuration at hand, only a single version of the Born-type it-
erative scheme exists that meets both these requirements, and, hence, may
lead to a fully detailed determination of the unknown constitutive parame-
ters. When sufficient reflected-field information is available, this version of
the Born-type iterative scheme appears to be as powerful as any of the “ex-
act” approaches involving a Liouville transformation. Moreover, by avoiding
that transformation, we have kept open the possibility of using more realistic,
incomplete reflected-field data, and, probably, of generalizing the approach
to more complicated geometries.

The conclusions from our closed-form analysis have been verified in two
ways. First, we have implemented the Born-type scheme numerically, taking
into account the consequences of the closed-form analysis. The quality of
the profile reconstructions obtained exceeds the quality attained previously
with other iterative procedures considerably. Second, we have independently
validated our analytical and numerical results by invoking optimization and
Prony-type techniques.
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Finally, it is recommended that any generalization of our approach to
more complicated geometries starts off with an analysis of the case of small
contrast, as performed in Chapter 5. For that case, the Born inversion has al-
ready been analyzed and implemented in the context of a variety of practical
imaging techniques (see [29]). In fact, the success of this application and the
limited availability of scattered-field data indicate that it may be worthwhile
to enhance the low-contrast results with the aid of a perturbation approach
as proposed in Section 5.4, before tackling the more involved implementation
of a full Born-type iterative approach.
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