
Modeling Thermochemical Nonequilibrium with the Continuous
Galerkin Finite Element Flow Solver PHASTA

Connor W. Morency∗ and Kenneth E. Jansen†

University of Colorado Boulder, Boulder, CO, 80309, USA

This paper aims to introduce developments within the PHASTA flow solver that are needed
for applications in hypersonic CFD research. The PHASTA formulation is described and
unit tests are performed that serve to validate new features that enable the simulation of
thermochemical nonequilibrium. These features include a multi-species reacting flow module,
a two-temperature formulation that includes a model for vibrational temperature, a model
for mass diffusion, and the Spalart-Allmaras RANS turbulence model. The code accurately
predicts the physics for simple problems but requires further development for more complex
flows that represent real-world engineering problems.

I. Nomenclature

𝐶𝑡𝑟
𝑝 = specific heat at constant pressure for the translational-rotational mode, 𝐽/𝑘𝑔/𝐾

𝑒𝑡𝑜𝑡 = specific total energy, 𝐽/𝑘𝑔
𝑒𝑣 = specific vibrational energy, 𝐽/𝑘𝑔
𝑒𝑣𝑠 = specific vibrational energy of species s, 𝐽/𝑘𝑔
ℎ𝑠 = specific enthalpy of species s, 𝐽/𝑘𝑔
𝐽𝑠𝑖 = diffusion mass flux of species s in the ith direction, 𝑘𝑔/𝑚2/𝑠
𝑃 = pressure, 𝑃𝑎
𝑄𝑐−𝑣 = source of vibrational energy due to chemical reactions, 𝐽/𝑚3/𝑠
𝑄𝑡𝑟−𝑣 = source of vibrational energy due to relaxation via inter-molecular collisions, 𝐽/𝑚3/𝑠
𝑞𝑖 = heat flux in the ith direction, 𝐽/𝑚2/𝑠
𝑞𝑣
𝑖

= vibrational heat flux in the ith direction, 𝐽/𝑚2/𝑠
𝑅𝑠 = specific gas constant of species s, 𝐽/𝑘𝑔/𝐾
𝑇 = temperature, 𝐾
𝑇 𝑣 = vibrational temperature, 𝐾
𝑢𝑖 = velocity in the ith direction, 𝑚/𝑠
𝛿∗ = displacement thickness of the boundary layer, 𝑚𝑚
𝛿𝑖 𝑗 = Kronecker delta
𝜅𝑡𝑟 = thermal conductivity of the translational-rotational mode, 𝐽/𝑠/𝑚/𝐾
Ω𝑠 = mass production rate of species s, 𝑘𝑔/𝑚3/𝑠
𝜌𝑠 = density of species s, 𝑘𝑔/𝑚3

𝜏𝑠 = vibrational relaxation time of species s, 𝑠
𝜏𝑖 𝑗 = viscous stress tensor, 𝑘𝑔/𝑚2/𝑠2
𝜇𝑠 = chemical potential of species s, 𝐽/𝑘𝑔
𝜃 = momentum thickness of the boundary layer, 𝑚𝑚
𝜃𝑣𝑠 = characteristic vibrational temperature of species s, 𝐾

II. Introduction

From cutting-edge incognito spy planes, to the threat of nuclear warheads from overseas, to the dawn of the golden
age of space travel, all of these news-worthy phenomena share one thing in common: the vehicles in question fly at
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hypersonic speeds. It is no secret that hypersonics are an integral part of the aviation world today. It then follows that
many aviation scientists are working to uncover the secrets of this regime of flight and understand the complicated
physics and chemistry contained within.

For many years the design of hypersonic flight vehicles was conducted mainly using empirical data with occasional
analytical modeling. This method of engineering, which amounts to an educated guess and check system, is admittedly
often effective in achieving acceptable designs. However, deep understanding of the flow physics is lacking when one
relies on empirical data to guide design choices, and this reality has its pitfalls. It is advantageous to better understand
the flow physics for two main reasons. First, it allows engineers to design better experiments informed by the flow
physics such that optimization of the vehicle is achieved more efficiently with respect to both time and cost. And
second, a more complete understanding of the underlying mechanisms present in complex physical processes allows for
engineers to envision brand new systems inspired by the laws of nature instead of relying on anecdotal evidence from
previous designs which can be limiting in terms of creativity. Furthermore, while analytical modeling can sometimes
capture the full physics of relatively simple problems, this approach is infeasible for most flow problems of engineering
interest that involve the complexities of thermochemical nonequilibrium. Herein lies the value of computational fluid
dynamics (CFD) for hypersonic applications.

The hypersonic flight regime, when compared to subsonic and supersonic, is the most challenging and least
understood area of research in the CFD community. A hypersonic flow is loosely defined by scientists and engineers as
anything traveling at Mach 5 or above, but perhaps a more apt description, and one that hints at the true challenges of
modeling these problems, is to say that hypersonic flow problems are high-enthalpy flow problems. This is because the
enthalpy is high in all regions of the flow around a hypersonic vehicle. Before the shock, the high free-stream velocity
drives up the enthalpy; after the shock, the enthalpy is buoyed by the high temperature. The post-shock region presents
the greatest challenge with respect to physical modeling–this is where the thermochemical nonequilibrium effects reside.
And the shock itself creates the most difficult problem with respect to solution convergence in a discretized method
such as finite elements–the large discontinuities across a strong shock in hypersonic flow present grand challenges for
residual-based solution finding methods.

Among the notable CFD codes that have paved the way for numerical simulation of thermochemical nonequilibrium
flows are: University of Minnesota’s US3D; University of Colorado’s LeMANS∗; NASA Langley’s LAURA; NASA
Ames’ DPLR; and University of Texas’ FIN-S. US3D [1] is a finite volume code that features implicit time-stepping,
Steger-Warming vector splitting, non-catalytic or fully-catalytic wall boundary condition options, and a 5-species
reacting flow solver based on Park’s 1990 chemistry model [2]. LeMANS [3] is a finite volume code that can solve a
5-species, 8-species, or 11-species reacting flow formulation. It solves the viscous Jacobians in primitive form and
the rest of the conservation equations in conservative form. It also features the ability to be coupled to a DSMC code
for regions in the flow that do not qualify for the continuum assumption. LAURA and DPLR [4] are structured finite
volume codes developed by NASA that have slightly different models for vibrational relaxation, electronic energy, and
mass diffusion. FIN-S [5] is a finite element code that features a FANS-SA turbulence model, a radiative equilibrium
wall boundary condition option, and adaptive meshing/shock fitting. Broadly speaking, in the last ten years there have
been many research groups around the globe reporting new codes with similar capabilities to the few mentioned above.

The work presented in this document serves as an introduction to recent developments in PHASTA that have the
potential to contribute to the growing field of research that is the simulation of hypersonic flows. These developments
originate from the ideas discussed in [6]. PHASTA is designed to handle very computationally expensive problems–it is
an efficient, massively parallel flow solver with the capability to handle problems on the scale of 92 billion elements
and/or 3.1 million processes. Additionally, PHASTA features unique capabilities such as mesh adaptivity [7], scale
resolving simulations such as detached eddy simulations [8], and flow control with jet actuators [9] that one day may be
combined with the thermochemical nonequilibrium physics for novel research.

III. PHASTA
PHASTA (Parallel Hierarchic Adaptive Stabilized Transient Analysis) is a stabilized continuous-Galerkin finite

element fluid solver that can solve the compressible Navier-Stokes equations. Since PHASTA is designed primarily
for convection-dominated flows it uses the streamline upwind/Petrov-Galerkin (SUPG) finite element scheme to avoid
the spurious node-to-node oscillations encountered when solving the Navier-Stokes equations with the Galerkin finite
element scheme [10, 11]. PHASTA features different branches of the code that can solve the Navier-Stokes equations
using distinct variable transformations that each offer unique advantages for certain problems. The branch that is
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the main subject of this research is the entropy variable branch that can solve ten conservation equations in total.
The conservation laws of mass, momentum, vibrational energy, and energy that PHASTA solves expressed as partial
differential equations are Equations 1, 2, 3, and 4, respectively:

(𝜌𝑠),𝑡 + (𝜌𝑠𝑢𝑖),𝑖 = −(𝐽𝑠𝑖),𝑖 +Ω𝑠 (1)

(𝜌𝑢 𝑗 ),𝑡 + (𝜌𝑢𝑖𝑢 𝑗 + 𝑃𝛿𝑖 𝑗 ),𝑖 = 𝜏𝑖 𝑗 ,𝑖 (2)

(𝜌𝑒𝑣),𝑡 + (𝜌𝑢𝑖𝑒𝑣),𝑖 = −(𝐽𝑠𝑖𝑒𝑣𝑠 + 𝑞𝑣𝑖 ) +𝑄𝑡𝑟−𝑣 +𝑄𝑐−𝑣 (3)

(𝜌𝑒𝑡𝑜𝑡 ),𝑡 + (𝜌𝑢𝑖𝑒𝑡𝑜𝑡 ),𝑖 + (𝑢𝑖𝑃),𝑖 = (𝑢 𝑗𝜏𝑖 𝑗 − 𝑞𝑖 − 𝑞𝑣𝑖 − 𝐽𝑠𝑖ℎ𝑠),𝑖 (4)

where Equation 1 can represent up to five equations (the subscript s can go from 1-5) and Equation 2 represents three
equations, one for each spatial dimension. The ten conservation laws can subsequently be expressed in the conservative
form as a single vector equation (Equation 5):

U,𝑡 + A𝑖U,𝑖 − (K𝑖 𝑗U, 𝑗 ),𝑖 = ℱ (5)

A change of interpolation variables can be performed on Equation 5 and the result is Equation 6:

Ã0Y,𝑡 + A𝑖Ã0Y,𝑖 − (K𝑖 𝑗Ã0Y, 𝑗 ),𝑖 = ℱ(U(Y)) (6)

where Ã0 = U,Y and is called the Reimannian metric tensor. More information about this matrix system and change of
variables can be found in [6]. For the entropy variable branch, the vector-variable Y is Equation 7:

Y =
1
𝑇


𝜇𝑠 − 𝑢𝑘𝑢𝑘

2
𝑢 𝑗

1 − 𝑇
𝑇𝑣

−1


(7)

The advantages of the entropy variable transformation are clearly outlined in [6] in which it is stated that the entropy
variable formulation "expresses intrinsically the mathematical and physical stability provided by the second law of
thermodynamics" and that "strong mathematical foundations support the analysis of convergence of finite element
methods applied to the numerical solution" of Equation 6 expressed in terms of entropy variables. Most importantly,
the entropy variable branch includes thermal and chemical nonequilibrium physics which will allow for the accurate
simulation of hypersonic flows.

A second branch of PHASTA, the pressure-primitive formulation, has already been validated and verified for
supersonic, turbulent flows [12]. The conservation laws of mass, momentum, and energy that PHASTA solves in this
branch are Equations 8, 9, and 10, respectively:

(𝜌),𝑡 + (𝜌𝑢𝑖),𝑖 = 0 (8)

(𝜌𝑢 𝑗 ),𝑡 + (𝜌𝑢𝑖𝑢 𝑗 + 𝑃𝛿𝑖 𝑗 ),𝑖 = 𝜏𝑖 𝑗 ,𝑖 (9)

(𝜌𝑒𝑡𝑜𝑡 ),𝑡 + (𝜌𝑢𝑖𝑒𝑡𝑜𝑡 ),𝑖 + (𝑢𝑖𝑃),𝑖 = (𝑢 𝑗𝜏𝑖 𝑗 − 𝑞𝑖),𝑖 (10)

For the pressure-primitive variable branch the vector-variable Y is Equation 11:

Y =


𝑃

𝑢 𝑗

𝑇

 (11)
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The pressure-primitive variable formulation offers an advantage over the entropy variable formulation because it
makes interpolation (with respect to the finite element method) easier. It is also easier to derive boundary conditions
for the pressure-primitive formulation than for the entropy formulation. However, the pressure-primitive formulation
lacks the thermochemical nonequilibrium capabilities present in the entropy formulation, making it unsuitable for the
computation of hypersonic flows. It is used in this research for bench-marking purposes only.

Both branches of the code are designed for use with the Reynolds-averaged Navier-Stokes Spalart-Allmaras
(RANS-SA) one-equation turbulence model [13], which provides an appropriate approximation of turbulence when
used for steady-state applications. However, only the pressure-primitive formulation has been previously verified and
validated for use with this model [14].

IV. Thermochemical Nonequilibrium Unit Tests
Three distinct features have been added to the entropy variable branch of PHASTA as part of this research that when

used together enable the simulation of hypersonic flow with thermochemical nonequilibrium effects. These features are
part of the conservation equations presented in Section III but are new and therefore require testing. The first new feature
separates the translational-rotational and vibrational modes of temperature by introducing a second energy equation.
The second new feature splits the mass conservation equation of a single species flow into five separate equations and,
together with a chemistry solver, enables the solution of a five-species reacting flow. And third, a mass diffusion term is
added to account for the diffusion of different species based on concentration gradients. Each new feature is discussed
in the following Section along with a unit test that validates its implementation.

A. Vibrational Relaxation
The equation of state for the flow is derived under the assumption that the gas is a mixture of thermally perfect gases.

Additionally, the rigid-rotator and harmonic-oscillator models are adopted for the atoms and diatoms in the gas [6].
With these facts in mind the species specific translational energy is Equation 12, the species specific rotational energy is
Equation 13, and the species specific vibrational energy is Equation 14:

𝑒𝑡𝑠 =
3
2
𝑅𝑠𝑇 (12)

𝑒𝑟𝑠 =

{
0 for atoms
𝑅𝑠𝑇 for diatoms

(13)

𝑒𝑣𝑠 =

{
0 for atoms

𝑅𝑠 𝜃
𝑣
𝑠

exp(𝜃𝑣
𝑠 /𝑇𝑣−1) for diatoms

(14)

The sum of Equations 12, 13, and 14 represents the internal energy for each species. When temperatures reach
around 11,400 K electronic excitation becomes significant for 𝑂2 [6]. An equation similar in form to Equation 14 can be
added to the system for electronic energy; however, this research is limited to hypersonic flight applications–temperatures
are not expected to reach 11,400 K and therefore electronic energy is neglected. The source of vibrational energy due to
collisional processes [15] is Equation 15:

𝑄𝑡𝑟−𝑣 =

𝑛∑︁
𝑠=1

𝜌𝑠
𝑒𝑣𝑠∗ − 𝑒𝑣𝑠
𝜏𝑠

(15)

The species relaxation time 𝜏𝑠 is modeled using a Landau-Teller formulation [16] with coefficients provided by
Millikan and White [17] and corrected for high temperatures according to Park [2]. It should be noted that the Millikan
and White correlation and Park’s high-temperature correction diverge from experimental data when used above 5000
K; therefore, the efficacy of this model likely begins to diminish above that temperature [18–20]. The unit test for
vibrational relaxation compares an analytical solution to a one-dimensional flow computed by PHASTA for three
single-species cases: 𝑂2, 𝑁𝑂, and 𝑁2. It is assumed in the analytical model that the density is constant and that the
temperature used in the relaxation time calculation is constant. In the PHASTA simulation the two temperatures, 𝑇 and
𝑇 𝑣 , are set to be out of equilibrium at the inflow and then allowed to converge to the equilibrium temperature, 𝑇∗, as the
flow advects through the domain (the process of which is driven by Equation 15). The prescribed inflow conditions for
each PHASTA run are presented in Table 1; the conditions reflect a low supersonic flow (Mach < 1.5) at one atmosphere.
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Fig. 1 Comparison of vibrational relaxation for 𝑂2, 𝑁𝑂, and 𝑁2 molecules as computed by PHASTA and by an
analytical model.

The temperatures are set to be around 5000 K because that is an appropriate condition at which to test the validity of the
vibrational relaxation model [17]. The results of each unit test are displayed in Figure 1.

Table 1 Inflow details for the PHASTA portion of the vibrational relaxation unit test.

Inflow Parameter 𝑂2 𝑁𝑂 𝑁2

Vibrational Temperature 4900 K 4935 K 4970 K
Translational-rotational Temperature 5000 K
Pressure 101325 Pa
Velocity 1626 m/s

The analytical model compares well with the PHASTA runs in Figure 1. Most importantly, both models predict
the same equilibrium temperature and the curves follow similar paths to equilibrium. The relaxation behavior is not
exactly the same between the simulation and the analytical model but this is expected due to the assumptions used when
deriving the analytical model. In a real flow, the density and translational-rotational temperature will both change as
the flow approaches thermal equilibrium which alters the relaxation time in space, which in turn will alter the path to
equilibrium. Overall, Figure 1 gives confidence that the two-temperature model and vibrational relaxation model for
diatomic molecules are correctly implemented in PHASTA.

B. Chemistry Model for Reacting Flow
When the temperature rises above 2000 K, as it often does under hypersonic conditions, the chemistry of the air

begins to change due to dissociation and recombination [21]. Beyond 10, 000 K ionization begins to take place [6];
however, this version of PHASTA is intended for hypersonic flight applications and will not be used to simulate flow at
that high of a temperature. Thus, ionization is omitted from the model.

The air model used is an approximation of Earth’s atmosphere and is comprised of 5 distinct species: 𝑁2, 𝑂2, 𝑁𝑂,
𝑁 , and 𝑂. Each species is assigned its own mass conservation equation (Equation 1). The species mass production rate
due to chemical reactions, Ω𝑠 , is Equation 16:
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Ω𝑠 = 𝑀𝑠 ¤𝜔𝑠 (16)

where 𝑀𝑠 is the species molar mass and ¤𝜔𝑠 is the total rate of change in species concentration due to chemical reactions.
¤𝜔𝑠 is calculated in part by use of the Arrhenius rate equation. The coefficients for the equilibrium constants used in
the calculation of the reaction rates are provided by Park in [2]; there are 17 possible reactions in total. For brevity,
a detailed description of these models is not shown here. If the reader is interested a complete derivation of ¤𝜔𝑠 as
implemented in PHASTA can be found in [22]. The computation of ¤𝜔𝑠 is performed in PHASTA in a routine called the
chemistry module.

A novel feature regarding the implementation of the chemistry module has been introduced. Instead of manually
prescribing the mole fractions of each species in the domain (usually at the inflow and as an initial condition) as was
originally suggested, the user must only prescribe the pressure and temperature. The equilibrium mole fractions are then
computed from this condition using the chemistry module.

The process works as follows. First, the mole fractions are initialized for room temperature air: ∼ 79% 𝑁2, ∼ 21%
𝑂2, and trace amounts of the other constituents. The chemistry module is then run until the rate of change in species
concentration is less than some tolerance, | ¤𝜔𝑠 | < 𝑡𝑜𝑙, for each species; the exact tolerance can be adjusted by the user
but the default is 𝑡𝑜𝑙 = 10−5. As the module is run, the pressure is constantly recomputed using the new mole fractions
such that the ideal gas law is satisfied for each species. The final equilibrium mole fractions and pressure are then set as
the new inflow and initial conditions. This feature ensures that the inflow and initial conditions are reflective of a system
that is in equilibrium before the PHASTA solver begins to advance in time, without the user having to worry about
manually computing the equilibrium conditions which would introduce the possibility of user error. That being said, the
chemistry module is activated only at temperatures of 2000 K and above [6]. This means that for many flow problems
of interest where the inflow and initial temperatures are set below 2000 K the corresponding mole fractions will be
equivalent to those at room temperature.
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Fig. 2 Equilibrium mole fractions for 5-species air as computed by PHASTA and by NASA CEA.

The unit test for the chemistry module compares the equilibrium mole fractions as computed by PHASTA and by
the NASA CEA (chemical equilibrium with applications) code [23] from 2000 K to 10,000 K at intervals of 500 K.
According to [24], "CEA remains the gold standard for detailed analysis of problems involving combustion, rocketry,
shock and detonation". Importantly, the CEA code is designed to calculate equilibrium mole fractions only and therefore
cannot be adopted into a non-equilibrium code such as PHASTA. It is, however, quite useful as a comparison tool in this
context.
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As shown in Figure 2, PHASTA compares well with NASA CEA. For 𝑁 and 𝑂 the codes predict similar mole
fractions across the entire temperature range. For 𝑁2, 𝑂2, and 𝑁𝑂 the codes compare well at low temperatures but
increasingly differ after around 5000 K. It is important to note the log scale on the y-axis of the plot–differences in the
mole fraction of 𝑁2 at high temperatures appear small, for example, when in fact those differences cause a much more
drastic change in the flow physics than the visually larger differences in the mole fraction of 𝑁𝑂 that are actually orders
of magnitude smaller.

It is expected that PHASTA does not exactly match NASA CEA. It has been previously reported that Park’s model for
the Zeldovich (or "neutral exchange") reactions begins to diverge from experimental data above 5000 K [25]. However,
given the limitations of the Park model the performance is as expected and this unit test gives confidence that the
chemistry model is correctly implemented and can be used for hypersonic flight calculations.

C. Mass Diffusion
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Fig. 3 Diffusion of 𝑁2 and 𝑂2 as computed with PHASTA and with an analytical model (direct integration of
Fick’s law).

When multiple species of a gas mixture are present, each individual species will tend to move from a region of
higher species concentration to a region of lower species concentration. This process is driven by a gradient in Gibbs
free energy and is called mass diffusion. Mass diffusion can occur across regions even if the total density in each region
is the same since it is based on the gradient of each individual species concentration (not the gradient of total density).
The diffusion mass flux, 𝐽𝑠𝑖 , is calculated using Fick’s law and is Equation 17:

𝐽𝑠𝑖 = −𝜌𝐷 𝜕𝑥𝑠
𝜕𝑥𝑖

(17)

The diffusion coefficient 𝐷 is given by Equation 18:

𝐷 =
𝜅𝑡𝑟𝐿𝑒

𝜌𝐶𝑡𝑟
𝑝

(18)

The diffusion coefficient is the same for all species–this approach is referred to as the constant Lewis number (CLN)
method. The Lewis number 𝐿𝑒 is set to 1.4 in PHASTA. The CLN method "works well as long as the majority of the
molecules of the flow have similar diffusion properties, for instance the nitrogen and oxygen molecule in air" [26].
Also presented in [26] is that the CLN method compares well with other more comprehensive (multi-component) mass
diffusion methods up to a velocity of about 8000 m/s, above which the CLN method begins to diverge from the other
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methods. This suggests that the CLN method is suitable for hypersonic flight applications but not for hypersonic reentry
applications.

The unit test for mass diffusion compares a one-dimensional integration of Fick’s law in MATLAB to a one-
dimensional simulation in PHASTA. Both MATLAB and PHASTA are given identical initial conditions. A domain of
length 4 cm is split in half such that one side starts with 45% 𝑁2 and 55% 𝑂2 and the other side starts with 55% 𝑁2 and
45% 𝑂2 (the percentages refer to molar concentrations). The initial pressure is 101325 Pa, the initial temperature is 300
K, and the initial velocity is 0 m/s. MATLAB and PHASTA then advance in time and the species diffuse across the
center of the domain. The results are shown in Figure 3.

PHASTA shows good agreement with the isolated integration of Fick’s law. Figure 3 clearly shows that the added
mass diffusion term in PHASTA is driving the flow toward an equilibrium state. The species densities from the PHASTA
simulation at each time increment closely match those computed by the integration of Fick’s law. It is not expected for
the solutions to exactly match because the PHASTA simulation accounts for other gradients in the flow such as density,
temperature, and velocity. Overall, Figure 3 gives confidence that the mass diffusion term is correctly implemented in
PHASTA.

V. Turbulent Supersonic Flat Plate
Validating the five-species, two-temperature entropy variable formulation in PHASTA requires more than just unit

tests. Canonical flow problems should first be solved with the entropy variable formulation of PHASTA to show that the
code is performing as expected before more challenging problems–such as those featuring strong shocks–are tackled
with the new hypersonic flow solver. One such canonical problem is turbulent supersonic flow over a flat plate. Since the
pressure-primitive version of PHASTA has already been verified and validated for this type of problem [12] the results
it produces can be used as the standard to which the entropy code should perform. If the two codes produce results
within an acceptable margin of error given identical boundary conditions and initial conditions, it can be concluded that
the entropy formulation of PHASTA is also suitable for use with problems that include supersonic turbulent boundary
layers. While preliminary simulations have been performed, grid refinement studies are required to complete this study.
The following discussion describes simulations that were run on a coarse mesh–it serves as a progress update, not a
validation study.

Fig. 4 Total density, temperature, x-velocity, and eddy viscosity boundary layer profiles for pressure-primitive
and entropy variables taken at x = 0.05 m from the inflow.

The simulation is designed as simply as possible to reduce computational expense. First, a boundary layer profile
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is taken from a turbulent supersonic flat plate simulation that was previously completed using the pressure-primitive
formulation of PHASTA. This profile includes solution values such as temperature, pressure, velocity, and the RANS
eddy viscosity (Spalart-Allmaras variable). This profile is set as the inflow condition for both the pressure-primitive and
entropy variable simulations. The simulations are then executed with identical boundary conditions elsewhere, such as
zero heat flux and the no-slip condition enforced on the plate. Boundary layer profiles can then be extracted from each
simulation at an identical location on the plate and the results can be compared. In this case, the profiles were taken at
x = 0.05 m from the inflow. The boundary layer profiles for each simulation are shown in Figure 4. Boundary layer
integral quantities for each simulation are shown in Table 2.

Table 2 Boundary layer quantities for the entropy and pressure-primitive formulations with percent difference.

Parameter Pressure-primitive Entropy
𝜃 [mm] 1.04 1.06 (+1.9%)
𝛿∗ [mm] 2.41 2.46 (+2.0%)
𝐻 = 𝜃

𝛿∗ 2.32 2.33 (+0.43%)
𝑢𝜏 [m/s] 13.0 13.1 (+0.76%)
𝐶 𝑓 2.20 × 10−3 2.25 × 10−3 (+2.2%)

As can be seen in Figure 4, the velocity and eddy viscosity profiles compare fairly well (some discrepancy) between
the two variable formulations. However, the density and temperature profiles do not compare as favorably, especially
near the wall. As shown in Table 2, the momentum thickness 𝜃 and the displacement thickness 𝛿∗ show differences
between the variable formulations on the order of fifteen to twenty percent. The reason for these discrepancies is
still under investigation as they are far larger than expected. There is suspicion that there may be a bug in the code
somewhere that is causing the temperature to creep up and the density to creep down at the wall. However, the mesh
used for these simulations is too coarse for any concrete conclusions to be drawn. Further investigation, starting with a
grid refinement study, is required.

While there are clearly still problems to be sorted out with the entropy variable formulation of the code, there are
encouraging signs. For example, the free-stream values (15 mm from the plate as can be seen in Figure 4) show good
agreement between the codes. The Eddy viscosity calculations show similar behavior throughout the boundary layer,
which suggests that the turbulence model is correctly implemented in the entropy code (this is not validated yet however).
From Table 2, it can be seen that the ratios between the integral quantities show good agreement. This suggests that if
there is an error in the code, it scales with the density and not the velocity which is consistent with the profiles shown in
Figure 4. Overall, the code shows promise that it will soon be able to correctly predict supersonic turbulent boundary
layers; however, there is still work to be done to achieve this goal.

VI. Conclusion
This document serves as an introduction and benchmark study for the PHASTA hypersonic CFD code. The

code formulation was described in Section III, unit tests validating certain nonequilibrium features were performed
in Section IV, and preliminary results for a turbulent supersonic flat plate simulation were discussed in Section
V. The new features–namely the two-temperature model, reacting flow capabilities, mass diffusion, and the RANS
turbulence model–seem to be performing as expected. However, the entropy variable formulation with thermochemical
nonequilibrium capabilities still requires further development before it can be confidently used to simulate flows of
engineering interest.
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