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The study of opinion dynamics provides useful insights into large-scale trends in the formation
and evolution of opinions in social networks and acts as a platform for rich dynamical behavior.
The increased use of online social media, which allows for the rapid dissemination of information
throughout a social network, makes the field more important than ever today. In particular, topics
such as the propagation of false information and the formation of echo chambers and radicalized
communities are relevant in today’s social climate. In this Thesis I will present my research in
the fields of opinion dynamics and social contagion theory. First, I discuss my work on a binary
opinion model on hypergraphs where both individual agents and groups of 3 agents have opinions
that evolve both through dyadic (i.e., pairwise) interactions and group memberships. This model
contains parameter regimes with oscillatory and excitable dynamics that are highly sensitive to the
structure of the underlying hypergraph. Second, I discuss my work on the spread of two competing
beliefs in a social network where individuals have an internal opinion models their cognitive biases
and modulates their likelihood of adopting one of the two beliefs. The addition of cognitive biases
in the spreading process enriches its transient dynamics, facilitating behavior such as the revival
of a dying belief and the overturning of an initially widespread opinion. The model is also studied
with the presence of external recruitment of spreaders to examine how the intentional spread of
information can lead to the eventual dominance of one of the two beliefs. Lastly, I discuss my
ongoing work on the social compass model, a model of opinion depolarization. Particularly, I apply
the Ott-Antonsen ansatz to successfully produce a low-dimensional description of the dynamics
and study the onset of consensus for a large class of distributions of initial opinions. I also study a

generalization of the model that includes community structure and external forcing.
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Chapter 1

Introduction

“If all those around you belicve some particular thing, you will soon be tempted to
share in that belief.”

- Frank Herbert, Children of Dune

The purpose of this thesis is to present my research as part of the requirements of the graduate
school at University of Colorado at Boulder and the Department of Applied Mathematics for the
completion of the Degree of Doctor of Philosophy. My research can loosely be placed under the
heading of complex systems, with my contributions focusing on the fields of opinion dynamics
and social contagion theory. The research presented in this dissertation comes from a collection of
completed and ongoing projects in these fields. In addition to my research, this dissertation includes
a discussion of related research in the fields of opinion dynamics, social contagion theory, and
coupled oscillator systems, to help provide context and highlight the relevance of my contributions.

The remainder of this dissertation follows the following layout. Chapter[2]contains a literature
review of relevant topics such as voter models (Sec. , models of clustering and alignment
(Secs. &, social contagions and compartmental models (Sec. , phase oscillator models
(Sec. , and the social compass model (Sec. . The remaining chapters are based on research,
both complete and ongoing, during my time at the University of Colorado at Boulder. Chapter [3]
is based on a work titled “Oscillatory and Excitable Dynamics in an Opinion Model with Group
Opinions” in collaboration with Prof. Juan G. Restrepo (the University of Colorado at Boulder)

and Prof. Mason A. Porter (the University of California, Los Angeles), which studies the role of



group opinions in a discrete opinion model reminiscent of non-linear voter models. We observe a
number of novel behaviors, including the formation of oscillatory and excitable dynamics similar
to the formation of excitable and oscillatory dynamics observed in neural systems [2]. This work
is currently available as a preprint via arXiv (arXiv identifier 2408.13336) and is under revision
in Physical Review E. Chapter [ is based on a work titled “Competing Social Contagions with
Opinion Dependent Infectivity” in collaboration with Prof. Juan G. Restrepo. This work studies
an agent-based model of two competing beliefs, modeled as social contagions, where individuals
have an internal opinion that modulates their likelihood of adopting one of the two beliefs, modeling
the role of cognitive biases such as confirmation bias and the illusory truth effect. We observe that
including opinion-dependent infection and recovery rates results in novel transient dynamics that
depend non-trivially on the initial state of the system, with potential consequences for the spread
of misinformation and disinformation [3]. This work was published by Physical Review E (111,
024313) on Feb. 24, 2025. Chapter [5|is based on an ongoing project with Prof. Juan G. Restrepo
examining generalizations and alternative approaches to study the social compass model, a model
for opinion depolarization proposed by Ojer et al. (Sec. [1L4]. In particular, we are examining
the application of the Ott-Antonson ansatz (Sec. to the social compass model and extending

the model to include features such as external sources and community structure.



Chapter 2

Background

2.1 Complex systems

The natural world is full of systems comprised of a large number of aggregate parts. The
fundamental building blocks of matter, the atoms, combine and interact to form molecules, cells,
and organisms. These organisms themselves interact creating social groups, observed both in hu-
mans and animals, and particularly among humans we create many artificial interacting systems
such as transportation systems, autonomous multi-agent systems, and many others. Such systems,
along with many others, are examples of complex systems. The constituent parts of a complex sys-
tem, often called “agents”, typically interact following a set of relatively simple microscopic rules.
Despite the relative simplicity of the interactions among the agents in a complex system, they can
produce remarkably complicated macroscopic phenomena which are often non-trivial extensions of
their microscopic interactions. These macroscopic phenomena are known as collective behavior or
emergent behavior and have become a defining feature of complex systems [5] [6]. Some basic exam-
ples include the ability of complex systems to successfully spread information, reach spontaneous
synchronization, and many others [5] [7, 8 [9].

In recent decades, the study of complex systems has gained substantial attention in a diverse
array of fields such as biology, social sciences, mathematics, and physics [5] [6]. The field of complex
systems is itself comprised of the study of many other fields typically involving self-organization
and collective behavior, dynamical systems, network science, game theory, and many others [5].

For the purposes of this dissertation, we focus on the role of network science in the study of



complex systems. Network science provides a natural language to describe interactions among
many individual components, with some examples including social interactions (social networks),
the power-grid and logistics networks (transportation networks), and even interspecies interactions
(ecological networks)[I0]. Due to the important role of network science in the study of complex
systems to encode the details of agent interactions, this is where we begin, with a short introduction

to networked systems and some associated terminology.

2.1.1 Networked systems

Networked systems are ubiquitous in both the natural and human-made world and represent
a major paradigm in the field of complex systems [5]. Networks naturally appear in a diverse
collection of fields, ranging from food webs in biology and ecology, to the distribution networks
such as those that make up supply chains and the power grid that we depend on [10]. Even the
structures that make up societal interactions can be understood as networked systems, typically
referred to as social networks [10]. These networks are closely related to the spread of information,
ideas, and beliefs within society and are the primary type of network that is relevant to this
dissertation. Understanding some of the ideas, terminology, techniques, and canonical examples
in network science is a necessary prerequisite to the study of complex systems and dynamical
systems on networks, parent fields to the primary topic of this dissertation, opinion dynamics. The
following subsections provide a brief introduction to the relevant concepts and terminology from

network science that pertain to the remainder of this dissertation.

2.1.2 Mathematical formalism of networks

A network, sometimes called a graph, is a collection of nodes and the edges that connect
them. Mathematically, a network is typically represented as G = (V, ), where V is the set nodes
and & is the set of edges, each of which is a pair of nodes, representing pairwise interactions among
the nodes. There are numerous possible examples of network structures in the real world, but since

we are focusing on the topic of social systems we will focus on examples relevant to this area. One



set of examples is online social networks. In this context, the nodes could represent user accounts,
while the edges may represent two accounts following each other. However, even in the context
of online social media other choices may be appropriate, such as online social networks where the
edges represent liking, sharing, or commenting on posts of one user by other users. Networks
can be directed or undirected. In a directed network edges are ordered pairs representing a one-
way interaction. For example, on online social media platforms where one individual “follows” the
other, a directed network would be an appropriate model to encode such interactions. In undirected
networks, interactions are symmetric. For example, friendship in some online social networks (e.g.,
Facebook) is mutual and such friendship networks can be represented via an undirected network.
In some networked systems it is appropriate to have self-edges, in which a node is connected to
itself (any system where individuals have self-interactions), or multi-edges, in which an edge occurs
multiple times (e.g., repeated interactions in social contact networks). Networks that contain multi-
edges are refereed to as multigraphs, while networks that contain neither self-edges nor multi-edges
are known as simple graphs or simple networks [10)].

There are many ways to encode the structure of a network. A convenient way is by using
the network’s adjacency matriz (denoted A). Let G be a simple directed network with nodes
V=1{1,2,3,...,N} and & the set of edges of G. Then the adjacency matrix A of G = (V,€) is an

N x N matrix with entries defined as

1 if edge (i,7) € &,
Ajj = (2.1)

0 otherwise,
indicating there is an edge pointing from node j to node ¢. When G is an undirected network,
(i,j) € £ whenever (j,i) € £ and the resulting adjacency matrix is symmetric, A = A”. An
alternative method for encoding the structure of a network is the incidence matriz (denoted M).
The incidence matrix encodes the relation between the nodes and edges, instead of directly encoding

the relations between nodes. For a simple network G with nodes V = {1,2,3,..., N} and an edge



set & of size K, the incidence matrix M of G is the N x K matrix M with entries defined as

1 if node 7 belongs to edge e,
M;e = (22)

0 otherwise.

For networks that contain multi-edges, one can generalize the definition of a network to allow the
edge set £ to be a multiset, allowing for multiple instances of each element to occur. With this
adjustment, the entries of the adjacency and incidence matrices of a multigraph are instead defined
as the number of times an edge occurs between nodes ¢ and j, for the adjacency matrix, and the
number of times node ¢ appears in edge e, for the incidence matrix. When networks contain self-
edges then the diagonal entries of the adjacency matrix are non-zero and represent the number of
self-edges (i.e., the number of edges in which the node appears more than once) that the nodes
have.

In some situations, it is appropriate to allow the nodes or edges to carry weights or dynamic
variables [10, 1], 12| 13, 2]. Weighted nodes and edges are often used to model heterogeneity
in the structure of the interactions. Within the context of dynamical systems on networks, it is
common to use nodes to represent dynamical systems that interact through coupling along the
network structure, in which case one or more dynamical variables are defined on each node [10].
Additionally, it has been a recent extension to allow the edges to also carry dynamical variables
such as the work in [II], 12, [I3] on coupled oscillators. Variables defined on edges can also be
included in models of opinion dynamics. One such model is the topic of Chapter 3| [2].

Fach node in a network has an associated degree k, defined as the number of edges that
the node participates in. In terms of the adjacency matrix, for undirected, unweighted networks,
the degree of node i is k; = Zjvzl Ay = Z;V:1 Aj;. Note that this expression includes self-edges

and multi-edges, if they are present. For a directed network, one has to distinguish between the

(

number of links that point to a given node i, its in-degree k‘im), from the number of links that

(out)

point away from node 4, its out-degree k; . In terms of the adjacency matrix, these are given by

kz(in) _ Zj\’: | Aij and o) — Zjvzl Aji, respectively. The average degree of a network (k) is given

%



(k) = (k) = (e0) = = 373" 4 (23)

Note that one gets the same result averaging over the in- and out-degrees, so when studying directed
networks one needs only consider the average degree of the network, and not the average in-degree
and average out-degree. Networks in which all nodes have the same degree are known as reqular
networks and are often labeled with the degree. For example, in a network where all nodes have
degree k then one says that the network is k-regular. Lastly, it is often helpful to define the degree
distribution P(k) of a network, which is the distribution describing the probability that a node
chosen uniformly at random will have degree k. The degree distribution of a network is often used
together with a random graph generative model to construct null models. These null models are
useful to understand the role of nodal degrees in dynamical systems on networks versus the role of
other network features.

One of the most important random graph generative model is the configuration model [10].
The configuration model allows the creation of a random graph with a specific degree sequence
(i.e., a prespecified list of the degree held by each node). Fig. contains a schematic of the
creation of a single instance of a random network generated by the configuration model, which is
discussed now. Consider a collection of nodes V = {1,2,3,..., N} with a specified degree sequence
[k1, ka2, ks, ... kn] [see Fig. [2.1p]. The degree k; specifies the number of “stubs” (or “half-edges”)
that node 7 contributes to the network. Then, pairs of stubs are selected uniformly at random to be
paired together into an edge [see Fig. and c| until all stubs have been combined, resulting in a
random network with the specified degree sequence [see Fig. ] [10]. However, the configuration
model suffers from two minor issues. First, the stub matching procedure described above requires
that the total number of stubs is even, as pairs of stubs are selected. Thus the degree sequence

must have the property that

1 N
§Zki=meN, (2.4)
=1
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Figure 2.1: A schematic of the configuration model for N = 5. (a) Each node i has a specified
degree indicating the number of stubs it contributes. (b) Pairs of stubs are selected uniformly at

random (shown as red stubs). (c) Selected stubs are connected into an edge (shown as a red edge).
(d) Stub selection is repeated until all stubs have formed into edges.



where m is the total number of edges that will form [10]. More generally, the degree sequence must
be graphical, which means a network with the specified degree distribution can be realized [14].
Second, selecting stubs uniformly at random introduces the possibility that self-edges and multi-
edges are produced, which is undesirable in some applications. However, it can be shown that
the fraction of self-edges and multi-edges tends towards zero as the size of the network becomes
large if the prescribed degree distribution is not too heterogeneous [10]. This allows one to remove
self- and multi-edges from the resulting network while introducing only a small deviation from the
desired degree sequence. The formation of edges by uniform random selection of stubs allows one
to easily determine the probability that an edge between nodes with degree k; and k; will form.
Particularly, consider a stub of node 7. From Eq. , the total number of stubs is 2m. Adjusting
for the selected stub there are 2m — 1 remaining stubs. Then, the probability that a stub of node j
is selected from the remaining stubs is thus k;/(2m — 1) and, since there are k; ways that a stub of
node ¢ could have been selected, this results in a probability that an edge is formed between nodes

i and j given by

_ kik;
C2m—1

Dij (2.5)

More accurately, this is the expected number of edges between nodes 7 and j, although this dis-
tinction becomes irrelevant in the limit of large m [L0]. The —1 that appears in the denominator
also becomes negligible in the limit as m becomes large, leading to the more common expression

for the probability that an edge will form between nodes i and j [10],

kik;

2m

Pij = (2.6)

The probability given in Eq. has also been used to formulate an alternative generative model
where nodes have a specified expected (or target) degree, known as the Chung-Lu model [10, [15]
16, 17].

The inclusion of network structures into dynamical systems can result in significant changes to

the qualitative behavior of these systems. One example of this can be found in models that exhibit



10

a continuous bifurcation as they transition from one regime to another, such as contagion spreading,
synchronization of coupled oscillators, and polarization and consensus [I8| [19] 20} 21} 22| 4]. The
bifurcation threshold of these models often vanishes in the limit N — oo when studied on scale-free
networks [i.e., those with a limiting degree distribution of the form P(k) ~ k7] [18, 19} 20}, 21, 22, 4].
This indicates that on large scale-free networks epidemics may form more easily for a given rate
of infection [18] 19, 20], synchronization of coupled oscillators can be reached for weaker coupling
strength [21), 22], and consensus can be more readily reached from a polarized state [4]. Another
example is how the stability of complete synchronization of coupled identical oscillators is highly
dependent on the network structure of the coupling [23]. It has also been observed that the
successful diffusion of information and innovation in social networks are highly affected by network
structure as well. Some studies have shown that diffusion is most successful on networks that

exhibit the small world structure [24] 25].

2.1.3 Systems with polyadic interactions

Pairwise networks, such as those discussed above, are a paradigmatic model of interactions in
complex systems. However, pairwise interactions are insufficient to capture the complexity of many
real-world systems [26]. For example, the formation and spreading of opinions within a population
often occurs through social interactions among many individuals simultaneously, in addition to one-
on-one interactions. These group interactions, such as group discussions, participation in online
forums, and interactions in a classroom setting, are often known as polyadic interactions [27, 28].
Polyadic interactions also occur frequently in systems outside of social science, such as in multi-
species interactions in biology [29] 30], metabolic and genetic systems in medicine [31], and coupling
in neural systems [32], [33] [34]. (Some studies suggest, however, that polyadic interactions in neural
systems may be redundant and could be described by pairwise interactions [35] [36].) In many cases
such polyadic interactions cannot be decomposed into linear combinations of pairwise (dyadic)
coupling [26]. For example, the spread of complex opinions and beliefs often needs multiple sources

of exposure or additional social reinforcement, thus requiring group interactions to spread [37, [38,
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39, [0}, [41), 42], or spread differently when mediated by group interactions than when mediated by
pairwise interactions [41l [40] [43] [44), [45], 46 [47, [48].

Polyadic interactions can lead to changes in the qualitative dynamics of networked dynami-
cal systems, producing phenomena not observed otherwise in the corresponding pairwise network
system. Some examples include the opinion jumping phenomenon in polyadic bounded-confidence
models [28] and the formation of bistable regions in epidemic models and Kuramoto models with
polyadic interactions [49, [45] 50, (1), 52].

There are a number of different mathematical structures that can be used to model polyadic
interactions. The most common are bipartite (more generally n-partite) networks, simplicial com-
plexes, and hypergraphs. In this thesis we will use hypergraphs to encode polyadic interactions.
The remainder of this section covers the relevant mathematical formalism of hypergraphs which is

necessary for Chapter [3]

2.1.4 Mathematical formalism of hypergraphs

A hypergraph is a generalization of a network that allows for edges of sizes larger than 2.
Mathematically, a hypergraph Hg can be defined as a pair (V, £), where V is the set of nodes and
€ is the set of hyperedges, each of which is a nonempty subset of V of size at least 2 [27), 53, [10].

A hypergraph is said to be d-uniform if it contains only hyperedges comprised of exactly
d nodes. When working with a hypergraph, Hg = (V,€), it is often useful to decompose it
into a collection of d-uniform hypergraphs, Hg, = (V,£4), such that £ = UzE,, where &4 is
the set of hyperedges of size d. In a pairwise graph, each node ¢ € V has an associated degree,
ki, which represents the number of edges that i participates in. For hypergraphs it is useful to
consider the degree of node ¢ within each of the d-uniform sub-hypergraphs. That is, node i
has degree k(id) if it belongs to k(id) hyperedges of size d. The hyperdegree of node i is then the
vector k; = [k(ig), k:gfg), e k’(iN)]. As with pairwise networks, each hypergraph has a hyperdegree
distribution, P(k), which is a probability distribution describing the probability that a node chosen

uniformly at random has hyperdegree k.
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One can define an incidence matrix similar to the one defined for a pairwise network. The

incidence matrix M of a hypergraph Hg is an |V|-by-|€| matrix with entries defined as

1 if node 7 belongs to hyperedge j,
M;; = (2.7)

0 otherwise.
The incidence matrix defined above assumes the hypergraph contains no multi-edges, is undirected,
and is unweighted. Details on generalizations for directed and weighted hypergraphs can be found

in [54] 53]

2.2 Opinion dynamics

Within social systems the formation of consensus (i.e., a state of agreement among all in-
dividuals) is an important component for societal function and acts as a foundation for many
concepts that we rely on every day, such as money, language, decorum, and notions of equality
[56, 57, B8]. As such, in today’s social climate of political polarization and tribalism [59], misinfor-
mation [60], and increased interactions via social networks [61} [62], developing an understanding of
how consensus can form, if and when it will occur, and how it may change in time has become an
important question that has drawn the interest of sociologist [63], physicists and mathematicians
[64, 65 [66], 67, 28], and many others [68], [64] [69]. The mathematical study of the formation, spread,
and evolution of opinions and beliefs within a population is known as opinion dynamics. Although
opinion dynamics depends on many simplifying assumptions about the nature of individual inter-
actions, it helps provide insight into how the opinions of individuals in a population can change
over time and how this process is affected by the structure of underlying social networks and the
role of cognitive and social biases [70].

In the study of opinion dynamics, one typically considers a population of individuals (or
agents), often represented as nodes in a network or hypergraph. Each agent is assigned one or more
dynamical quantities that represent their opinions, stances, or beliefs on a collection of topics. These

opinions can be discrete quantities representing, for example, an individual’s vote in an election
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or whether or not they have adopted a certain belief or social practice, or continuous quantities
representing one’s stance on a topic along a spectrum. The collection of opinions carried by each
agent allows an individual to be represented in an opinion space, for example, {0,1} for binary
opinions or [0, 1] for continuous opinions on a single topic. Consensus can then be understood as a
state where all individuals in a population have the same state in opinion space. It is also common
to consider a state where all individuals are clustered together in opinion space, representing a
state of partial consensus in the population. In some models of opinion dynamics, it is also possible
for a population to split into multiple opinion clusters (i.e., groups of individuals that have almost
the same opinion), a state sometimes referred to as opinion fragmentation [71]. In some cases,
opinion fragmentation can lead to the formation of opinion clusters that are well separated, a state
sometimes referred to as opinion polarization [72].

In addition to social systems, there are examples of consensus-like behaviors in many animals.
Examples of these behaviors are flocking of birds, schooling of fish, herding of foragers, and swarming
of insects [73}, [74], [75], [76, [7'7, 78, [79, [80], 81} [82, 83]. In these cases opinion spaces are replaced by
state spaces of position, velocity, or angle. In such cases, consensus-like behaviors are referred to
simply as clustering or sometimes as alignment. The latter terminology is used since many models
use vector quantities, such as velocity, which are directional. As in social systems, consensus-like
behaviors within animal populations are important for species survival and are important for food
acquisition, protection from predators, and mating. Models that exhibit consensus or alignment also
have many applications to engineering, particularly in relation to the management of autonomous
systems such as unmanned air vehicles, formation control, distributed sensor networks, and attitude
alignment for satellite clusters [84]. There are also applications of consensus models in the topic of

decentralized training of machine-learning algorithms [85].

2.2.1 Voter models

One particularly simple class of models from opinion dynamics are the wvoter models, first

proposed by Clifford and Sudbury as a model of species competition [76} [86, [87]. In the standard
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voter model one considers a network of N individuals (voters), each with an opinion that is 0 or
1. At each time step one selects a voter, uniformly at random, to update their opinion. The voter
then copies the state of one of its neighbors selected uniformly at random. The standard voter
model and its variants have been a topic of great interest in mathematics and statistical physics.
In this section we provide a survey of several variants and the behavior that they exhibit.

A collection of early work studied the conditions under which consensus, a state where all
individuals have the same opinion, is reached for the standard voter model on infinite d—dimensional
lattices in the limit as time tends to infinity [76}, 86, 88]. Clifford and Sudbury showed that the voter
model reaches stable coexistence, a stationary distribution such that there are infinitely many 0’s
and 1’s, when d > 3 and produces clustering, in the sense that the probability of adjacent individuals
disagreeing becomes vanishingly small in the long-time limit, in d = 1 and d = 2 [76, [88].

Although the standard voter model is a vast simplification of a complex system, there have
been a number of studies demonstrating interesting behavior and generalizations that help provide
insight into the behavior of real-world systems. One example is the standard voter model on
heterogeneous networks [89, [90]. Sood and Redner showed that for the standard voter model on
configuration model random networks, the average time to consensus scales as N (k)2/(k?), where
(k) and (k?) denote the first and second moments of the network’s degree distribution, implying
that consensus is reached more rapidly when the degree distribution is more broad. Furthermore,
Sood and Redner showed that when the network is scale-free [i.e., has a limiting degree distribution
of the form P(k) ~ k~7] then the average time to consensus scales as O(N) for v > 3 and scales
sub-linearly for v < 3 [89, [90]. Fernandez-Garcia et al. also provided an interesting example of a
spatial compartmental variation of a noisy voter model (imperfect copying of a neighbor’s state)
that was able to capture a number of statistical features of U.S. presidential elections [64].

A different direction in the generalization of voter models is the creation of non-linear voter
models, which we will use in Chapter[3] In the standard construction, the probability that a selected
voter changes its opinion is simply the fraction of their disagreeing neighbors. In non-linear voter

models the probability that a node changes their state is a non-linear function of the number or
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fraction of disagreeing neighbors. One such example of a non-linear voter model was proposed by
Lambiotte and Redner and is known as the vacillating voter model [91]. In this model a voter will
examine the opinions of two neighbors and change its opinion if it disagrees with either of them,
resulting in a higher probability that a voter will change its opinion. This mechanism inhibits
the formation of consensus. Later, Lambiotte and Redner considered a one-dimensional version
of the model [92]. Particularly, they noted that in one dimension a voter can only have 0, 1, or
2 disagreeing neighbors. Under the assumption that the probably of changing opinions with no
disagreeing neighbors should be zero, then their model has one natural parameter, the conviction
parameter o = po/p1, where p; is the probability that a voter will change state with i disagreeing
neighbors [02]. In this model they found that for a > 2, which corresponds to having stronger
conviction, the system reached consensus faster than in the standard voter model, and for a@ < 2
the system reached consensus much slower. They also showed that the probability of reaching
consensus has a non-trivial dependence on the initial conditions of the system.

Another example of non-linear voter models are the threshold voter models, in which a voter
surveys the opinions of its neighbors, within 7" hops on the network, and changes opinions if the
number of disagreeing neighbors is greater than some threshold 6 [93 94, ©5]. This model was
studied on the infinite d—dimensional lattice, and Cox and Durrett conjectured that when 6§ = 1
the model results in stable coexistence of the two opinions for all cases except T = d = 1. A
rigorous proof of this was later provided by Liggett [93, [94]. In the case that d = 1, Andjel et al.
provided a proof that clustering, defined in the same way as for the linear voter models, occurs for
all @ =T > 1 [95]. These threshold voter models are similar to the later Watts’ threshold model
proposed by Duncan J. Watts to study the formation of infrequent opinion cascades observed in
such phenomena as cultural fads, collective action, and the diffusion of norms and innovation [96].

A similar, although distinct, model of species competition is the majority rule model proposed
by Galam to describe public debates [97]. In this model a collection of N interacting voters each
have an opinion that can be either 0 or 1. At each time step, a subset of these voters is selected

uniformly at random to participate in a vote. Then all the voters in the subset simultaneously



16

adopt the majority state in that group. To expand on this work, Lanchier and Neufer introduced
a spatial variation of this model, known as the spatial majority rule model [98]. In this variation,
instead of selecting groups of voters uniformly at random, a spatial structure is encoded using
a hypergraph and the voter groups are hyperedges. Lanchier and Neufer studied a case that
is analogous to the infinite d—dimensional lattice of early voter models, particularly considering
n?—regular hypergraphs. They found that for d = 1,2 the model had similar clustering behavior to
the standard voter model when n is odd and to a biased voter model (i.e., where individuals with a
particular state update their opinion at a faster rate) when n is even. However, unlike the standard
voter model, they found that clustering, and later consensus, was possible for any dimension when

n was odd.

2.2.2 Clustering and alignment models

We now turn our discussion to models of alignment and clustering. These types of models have
a wide range of applications, including problems in social systems [76] 04, [8 66, 99], applications
to the movement and flocking of animals [9, [76, [77, [78, [79], and even several applications to
consensus and alignment problems within the fields of robotics and automation [84) 100} 101l [102].
Some examples include examining conditions of flocking (formation control problems) such that
connectedness of the underlying interaction network is ensured [100], the use of potential fields to
maintain the connectivity in networks of mobile agents [102], and consensus models on switching
network topologies [84]. The models discussed in this section, both in the context of animal behavior
and opinion dynamics, often consider the role of localized interactions. Localized interactions are
commonly observed in social interactions and animal behavior via physical distance (i.e., nearby
in space) or topologically defined distance (e.g., nearest network neighbors). A prominent example
of the importance of topologically defined distances in biology was a study by Ballerini et al. that
made comparisons between observation data of flocks of starlings and numerical models. Ballerini et
al. found that the starlings seem to interact on average with 6 to 7 neighboring birds, as opposed to

all neighbors within a fixed distance, suggesting that, in some cases, a topological distance between
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members of a flock may be more important than a physical distance [79].

Models of clustering and consensus (i.e., the formation of a single cluster) are important in
the study of social systems. We begin with a foundational class of models of opinion dynamics,
the discrete-time models similar to the DeGroot model of consensus [8, 99]. In DeGroot’s original
model, each individual has an initial real-valued opinion x;(0) at time ¢ = 0. Then, at every time
t, every agent ¢ revises their opinion as a weighted average of the opinions of all other agents
of the form z;(t + 1) = Z;VZI Ajjz;(t), where A is a row-stochastic matrix (where A;; > 0 and
Zjvz 1 Aij = 1). The necessary and sufficient conditions for convergence of the DeGroot model
were then formulated by Berger [103]. Friedkin and Johnsen later proposed a separate model of
opinion dynamics focusing on details of the opinion-forming process [104]. This model acts as a
variant of DeGroot’s original model where individuals remember their initial opinion, which affects
their opinion at each subsequent time step. More recent studies by Ding et al. and Dong et al.
studied an extension of the DeGroot model that includes self-confidence, network structure, and
leaders [105], 106]. Lastly, DeGroot’s model later influenced the bounded-confidence models, which
will be discussed below, such as the Hegselmann-Krause (HK) and the Deffuant-Weisbuch (DW)
models [66, 99]. In fact, the Hegselmann-Krause model is a direct adaptation of the DeGroot model
where interactions can only occur locally in opinion space. Since these bounded-confidence models

comprise such a large collection of work on their own, they warrant a separate section and are the

topic of Sec. [2.:2.3]

2.2.3 Bounded-confidence models

A particularly important and well-studied class of models in opinion dynamics are the
bounded-confidence models. The two main variants of which are the Deffuant-Weisbuch (DW)
[66, 107, 108, 109, 110, 111, 112, 113, 28] model and the Hegselmann-Krause (HK) [99, 114 115,
110, 116] model. Although these two models are different, both are based on interactions that
only occur between agents with sufficiently close opinions. First, in the DW model one considers a

population of N interacting agents each with a continuous opinion z;, traditionally in the interval
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[0,1]. At each time step two nodes, say j and i, are selected uniformly at random to interact and

adjust their opinions according to the rule

new old old old
7 = z7 ¢+ m(zFC — 27?),

new old old old
T =@+ m(zd — xj ),

if and only if |:c;?ld — 29| < ¢, where m € [0,1/2] is a convergence parameter and ¢ € [0, 1] is the
confidence bound [66]. In the HK model, again, one considers a population of N interacting agents
where at each time ¢ each agent, say agent i, has a continuous opinion z;(t). At each time step,
each agent ¢’s opinion is updated as the average opinion of all nodes within node ¢’s confidence

bound, i.e.,

1
xi(t+1) = ’I(Z)’ jg;i) xj(t) )

where I(i) = {1 < j < n : |z;(t) — zj| < ¢}, cis the confidence bound, and |I(-)| denotes the
number of elements in the set [99]. The basic behavior of both models is the formation of one
or more opinion clusters depending on the value of the confidence bound c¢. In Deffuant’s original
paper, it was found from numerical simulation that the number of clusters in the final distribution of
opinions seemed to scale as 1/2¢, referred to as the 1/2c—rule [66, [111]. In addition to this, Deffuant
et al. considered two primary variations. The first variation was a bounded-confidence model with
network topologies, and the second was a bounded-confidence model with vector opinions, such as
the later work by Huet et al. [108].

Deffuant incorporated network structure into the DW model by considering interactions on
a 2—dimensional grid. This was found to lead to similar behavior to that for the fully mixed case,
with two main exceptions. For larger values of the confidence bound (¢ > 0.3) the majority of the
agents would reach the same opinion, but some “extremists” with opinions near the maximum and
minimum values would remain separate. For ¢ < 0.3, a number of opinion clusters would form,
but it was noted that consensus can only be reached on connected clusters in the network [66].

Since then there have been many studies in this direction. Some initial work to study the DW
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model on scale-free network topologies showed the networks to have only a minimal effect on the
behavior of the model [I11]. However, a 2018 paper by Meng et al. provided a comprehensive
examination of the DW model on a large variety of networks and found that the network topology
affected the average time to consensus and the number of clusters for a specific confidence bound,
showing that the 1/2c¢—rule was inaccurate for many networks [I12]. Some more recent works have
studied the effect of additional network structures such as non-static networks and hypergraphs
[113, 28]. Kan et al. considered a generalization of the DW model in which the network re-wires
to promote homophily within the network, and found that this led to more difficulty forming a
consensus and the possibility of a pseudo-consensus, a state where two non-interacting clusters
form which have opinions that only differ by a small amount. Hickok et al. considered the DW
model on networks with polyadic interactions (simultaneous interactions among multiple agents).
They found that the inclusion of polyadic interactions allows “opinion jumping”, the change in an
agent’s opinion by an amount larger than the confidence bound [28]. In a different direction, a
later work by Deffuant and Weisbuch discussed a variant known as the smooth bounded-confidence
model to study the phenomenon of extreme opinion shifting reported in social psychology [107].
In this model, agents have both a time-dependent opinion, z;(t), and confidence bound, w;(t).
Both opinions and confidence bounds update via a Gaussian influence function. In this variant the
opinions with small confidence bounds become more influential, leading to more frequent formation
of clusters at extreme opinions.

For the HK model many initial results looked at the effect of static asymmetry in the confi-
dence bound, i.e., defining I(i) as I(i) = {1 < j <n:—¢ <z —z; < ¢}, and opinion dependent
asymmetry, [(i) = {1 < j <n:—¢(x;i(t)) < z; —x; < cr(zi(t))}. The static asymmetry leads to
a bias towards extreme opinions (i.e., opinions near the boundary of the opinion space), causing
consensus to form at a more extreme opinion, while the opinion-dependent asymmetry promotes
the formation of two opinion clusters at opposite extremes (i.e., near opposite boundaries of the
opinion space) [I14]. A study by Schawe et al. examined the behavior of the HK model on a

variety of network topologies. Particularly, they found that for some network topologies consensus
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is possible for confidence bounds below the threshold corresponding to well-mixed populations.
Furthermore, it was found that for random networks the threshold for consensus approaches zero
in the thermodynamic limit, regardless of the network’s degree distribution. This implies that for
random networks in the limit N — oo, as opposed to the two-dimensional lattice, consensus is

possible for any confidence bound given a sufficiently long time [117].

2.3 Social contagions

A social contagion can be defined as the spread of a piece of information, such as a behavior,
belief, or emotion, in a spreading process analogous to the spread of biological contagions [118].
One of the earliest known uses of the term “social contagion” was made by Le Bon in 1895 (or
1903 by some records) to describe the onset of collective behaviors in large groups, such as the
formation of panic groups rushing towards an exit [119] 120]. It has been observed that behaviors
such as smoking, sexual behavior, and the use of drugs and alcohol can spread through social
networks as contagions [121]. Many recent works have expanded the scope of social contagions to
include the spread of social fads, online trends, and crime waves [I18]. Today, with the widespread
use of online social media, social contagions are ubiquitous with common examples including the
creation and spreading of memes [122] [123] 124], the practice of online “challenges” [125, [126],
and the spreading of rumors [127], 128]. The spread of rumors and beliefs as social contagions has
even been shown to be closely related to the spread of infectious disease and vaccination practices,
which has major implications for public health [129] 130} 131 [60]. Social contagions have also been
studied in marketing with the development of “viral marketing” strategies based on the concept of
electronic word of mouth [132, 133, [134] [125]. Finally, the role of spreading rumors and beliefs can
be closely tied with the spread of misinformation (the unintentional spread of false information)
and disinformation (the malicious spread of false information), which makes it an important topic
concerning political stability and national security [60) 135], and which this thesis will study in
Chapter

In many ways, there is considerable overlap between the study of social contagions and
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opinion dynamics. Models such as voter models and threshold models rely on individuals adopting
the opinions, beliefs, or behaviors of the individuals with whom they interact (Sec. and
threshold voter models are conceptually similar to the soon-to-be discussed “complex contagions”.
Even models of opinion dynamics with continuous opinions, such as bounded-confidence models
and variants, are driven by the passage of information from one individual to another through a
social network (Sec. . To help make a distinction, we will consider models of social contagions
in the context of the mathematical techniques that are used. For the remainder of this section we
will be considering models of social contagion spreading that follow the techniques and terminology

of mathematical epidemiology, particularly the framework of compartmental models.

2.3.1 Compartmental models

Compartmental models of mathematical epidemiology first appeared in the early twenti-
eth century, with the earliest examples being what we now refer to as SIR (Susceptible-Infected-
Removed) models [136]. In the SIR model, individuals are grouped by the status of their infection.
Susceptible individuals () are those that are not currently infected and can become infected, in-
fected (I) individuals are those that carry the contagion of interest and can infect other individuals
in the system, and, finally, removed (R) individuals are those that cannot infect other individ-
uals; this includes individuals that have recovered and gained immunity from their exposure or
succumbed to the infection. Fig. 2.2] shows a schematic of the standard SIR model. Susceptible
individuals transition to infected with rate 3 upon interaction with an infected individual. Infected
individuals become removed from the system with rate v and remain infected otherwise. The rate
B is known as the infection rate or infectivity of the contagion and represents the probability per
unit time that an individual becomes infected from a single exposure to the contagion. The rate of
removal 7y is related to the time an individual spends infected. In particular, the average infection
time is 1/. Mathematically, the traditional SIR model is typically treated using the assumption of

a “well-mixed” population of N individuals (all-to-all interactions) resulting in a system of ordinary
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B
S —_— I —_— R

Figure 2.2: A schematic representation of the basic SIR compartmental model. Upon interaction
with an infected individual, a susceptible individual S transitions to the infected compartment I
with probability per unit time (. Infected individuals spontaneously transition to the removed
compartment R with probability per unit time ~.

differential equations

s

o =—BSI, (2.8)
dl
dR
= =1 (2.10)

where S, I, and R are the fraction of the population in each compartment and 8 = N§. Addition-
ally, by definition these variables satisfy S 4+ I + R = 1. Additional compartments can be added
to describe more complex situations, such as if individuals can become exposed but are unable to
spread the infection until an average incubation period has passed, if individuals can be vaccinated,
if reinfection is possible after an average refractory period, and many more [137]. Additional het-
erogeneity can be included by relaxing the assumption of a well-mixed population and including an
underlying network structure describing a contact network of individuals or large-scale transition
pathways such as transportation networks between countries, states, or counties [138, [139].

When discussing contagions (both social and otherwise), it is often helpful to examine the
transition to epidemic (or endemic, depending on the model) behavior, known as the epidemic
threshold. A key quantity that determines this transition is the basic reproduction number Ry
of the contagion. The basic reproduction number is the expected number of infected individuals
generated by a single infected individual in a population of otherwise all susceptible individuals
[140]. The basic reproduction number provides a measure of how effective a contagion is in a

population and can be used to determine if the contagion is capable of spreading throughout a
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system. Particularly, Ry = 1 marks the epidemic threshold and represents when the disease-free
state becomes unstable and the contagion begins to spread through the system. For the SIR model,
the basic reproduction number is Ry = 3/, so that the epidemic occurs when 5 > 7. A common
technique for determining the basic reproduction number of a more general compartmental model
is the “next generation matrix method” introduced in [141].

An in-depth discussion of mathematical epidemiology is beyond the scope and context of this
dissertation. For a more complete discussion on compartmental models in the context of infectious

diseases see [142]. We now turn to compartmental models in the context of social contagions.

2.3.2 Developments in complex and interacting social contagions

We begin our discussion of current research on social contagions with the seminal paper by
Granovetter, “The strength of weak ties” [I43]. Granovetter showed that so-called “weak ties”,
such as those that exist between colleagues and acquaintances, help to facilitate the spread of
contagions throughout a social network more than “strong ties”, those that exist between close
friends [143], 140]. This work was later built on by Watts and Strogatz, who showed that these
“weak ties” act as bridges between otherwise distantly connected clusters of individuals in a social
network [144] T40]. Together, these works started a great interest in the role of network structures
in dynamical systems [140]. While “weak ties” promote the spread of simple contagions (those
that can spread through single exposures), social contagions are often influenced by many social
and cognitive biases such as repeated exposure bias, illusory truth effect, and conformist and anti-
conformist behaviors [37), 38, 39, 40]. In particular, the spread of some behaviors or beliefs require
multiple or repeated exposures to spread throughout a social system, especially when adoption of
these behaviors or beliefs may be perceived as risky or costly to the individual [41], 42]. To model
this, Centola and Macy proposed that some social contagions spread as “complex” contagions,
which require additional social affirmation or reinforcement to spread, motivated by earlier research
by McAdam and Paulsen [41, 42]. Studying the spread of these complex contagions, Centola

and Macy’s work showed that while networks with many weak ties promote the spread of simple
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contagions, they inhibit the spread of complex contagions [41l [140]. As put by Guileault et al.

(Ref. [136], page 4),

The primary consequence of the distinction between simple and complex contagions
for diffusion through social networks is that as “worlds” become very small, the
speed of simple contagions increases, while complex contagions become harder to
spread.

With the work of Centola and Macy, and the sociological research that inspired their work, it has
become apparent that social contagions can spread under the influence of many additional factors,
such as multiple repeated exposures (as in Centola and Macy’s work) [411, 40} 43}, 44} [45] 46, 47, [48] or
interacting contagion systems (i.e., systems of multiple contagions that may compete for resources
or interact to promote or discourage infection) [129] 130}, 131l [145| [146] 147, 148]. In the following
we discuss various models of complex contagion.

The first generalization of a complex contagion that is discussed here in the context of the
work by Centola and Macy, was proposed by Iacopini et al. and named “simplicial contagion” [43].
In this work, lacopini et al. formulated an SIS-type model of a complex contagion on simplicial
complexes. In this model, the contagion can spread via both pairwise links and higher-order
simplices (i.e., groupings of multiple individuals similar to a hyperedge, see Sec. , where
all simplices of a given order have their own infection rate, allowing the contagion to spread at
different rates in interactions of different sizes. These simplicial contagions show qualitatively
different dynamics than simple contagions, such as the formation of hysteresis around the epidemic
threshold, creating a discontinuous transition under some parameter regimes [43]. Building on this
idea, Ferraz de Arruda et al. developed a generalization to hypergraphs, following the same basic
structure but no longer requiring the interaction network to strictly be that of a simplicial complex
[149]. Their model displayed qualitatively similar behavior to the previous simplicial contagions,
but with a larger parameter space and more varied dynamics. More importantly, the project
outlines an in-depth framework for studying dynamical processes on hypergraphs [149]. Later,
Landry and Restrepo further built on the model of Ferraz de Arruda et al. to allow for hyperdegree

heterogeneity and hyperdegree correlation (i.e., correlation between the number of interactions
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of each size in which an individual participates), and the effects of higher-order healing (i.e., an
increased rate of healing for individuals that participate in group interactions with infected nodes)
[45]. Tt was found that increasing the heterogeneity of the pairwise degrees suppressed the formation
of a discontinuous transition, while increasing heterogeneity in the higher-order degree distribution
promoted it. Landry and Restrepo also studied this model on hypergraphs with hyperdegree
correlation [46]. More recently, Landry and Restrepo studied the effect of community structure
for a hypergraph social contagion model, showing that, with the presence of polyadic interactions,
only the existence of sufficiently disconnected communities is needed to create opinion disparity
(the formation of different average opinions in different social groups) [47]. Recently, Serrano et
al. studied a variation of Iacopini et al.’s simplicial contagion model that allowed for stochastic
variation in the infection rates [4§].

Another direction in the study of social contagions has looked at the role of interacting con-
tagions, a concept which exists in the study of biological contagions as well [150, 151, 152, 153,
154, [155]. Some such studies have focused on the co-evolution of a biological contagion (simple
contagion) with a social practice (typically a complex contagion) [129] 130, [I31], while others have
focused on multiple competing rumors [145] 146, 148, [147]. One of the earliest studies looking at
social behaviors spreading as a complex contagion, which then affects the spread of a simple (biolog-
ical) contagion, was by Campbell and Salathé [129]. In their model, Campbell and Salathé consider
the spread of a social contagion, representing the spread of a negative vaccination sentiment and
subsequent refusal to be vaccinated. This is followed by the spread of a biological contagion in
the remaining susceptible populations (i.e., those that adopted the anti-vaccination stance) [129].
Campbell and Salathé found that when the social contagion spread as a complex contagion (requir-
ing repeated exposures) the outbreaks of the biological contagion were both larger and occurred
more frequently. A later work by Fu et al. proposed and studied a model of co-spreading conta-
gions, representing the simultaneous spread of a biological and a social contagion, each spreading
on separate network structures [I30]. Fu et al. were able to make a direct comparison of their

model with real-world vaccination, health, and social network data collected from students at Har-
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vard College during the 2009 HIN1 epidemic. Fu et al.’s results suggest that many epidemiological
models for biological contagions may provide dramatic underestimates of the basic reproduction
numbers and that the rate of spread of vaccination behavior may be more important than the rate
of spread of the biological contagion when assessing the outlook of a potential epidemic [130]. A
more recent study that looked at allowing the social contagion and biological contagion to spread
simultaneously, and one seemingly unaware of Fu et al.’s work, examined a similar concept but
allowed the social contagion to be a simplicial contagion as described earlier by Iacopini et al. In
this work, by Lucas et al., it was found that the spread of a social (complex) contagion that acts
as a driver to the biological (simple) contagion can create a discontinuous epidemic threshold in
the simple contagion [I31]. This shows that simple contagions can display qualitative dynamics
of complex contagions (such simplicial or hypergraph contagions) when driven by an underlying
complex contagion, even if one of these contagion is otherwise unobserved [131].

Another direction of work that considers the effects of interacting contagions in the context
of social systems are those that look at multiple social contagions spreading simultaneously in
a system, inspired by the simultaneous spread of multiple rumors in a social network. In these
cases, there are three possible types of interactions: competition, cooperation, and non-interaction.
For the modeling of competition and cooperation, there are a number of potentially meaningful
approaches, for example, contagions could compete in the sense of consumption of resources (sus-
ceptible agents), or the contagions could compete in the sense that an agent can carry multiple
contagions at once, but the contagions inhibit each other’s infection rates. For cooperation a nat-
ural possibility is that individuals can carry multiple contagions, but some contagions increase the
infection rate of other contagions (modeling, for example, a rumor which becomes more believable
when you already believe a different rumor). We begin a brief survey with a fully competitive
two-contagion SIS type model proposed by Trpevski et al. [145]. In this work, Trpevski et al.
consider the asymmetric spread of two resource-competing contagions. This model was considered
on several different network topologies and it was found that the relative success of each contagion

was highly dependent on the underlying network [I45]. A later work by Beutel et al. considered
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a variation on this previous type of model, but with symmetric spreading of the two contagions
and partial competition [146]. Recently there have also been models of competing contagions con-
structed using a variation of an SIR-type model that included resource competitive or cooperative
spreading and “stiflers”, which are “recovered” individuals that enter into a refractory period be-
fore once again becoming susceptible [147]. Lastly, Myers and Leskovec developed an interesting
statistical model of multiple interacting rumors spreading through an online social network [148].
Myers and Leskovec’s model treats cooperation and competition in the variable infectivity approach
mentioned above, whereby an individual becomes more (or less) receptive to a piece of information

based on what previous information they have been exposed to.

2.4 Kuramoto models

Another important emergent behavior is spontaneous synchronization in systems of coupled
oscillators. Some examples include clapping synchronization of members of an audience [156],
synchronization of flashing fireflies [157, [158], coupled metronomes [159], and pedestrians walking
on suspension bridges [160, 161, 162]. More importantly, the onset of synchronization, as well as the
more general study of coupled oscillator systems, is highly important to a number of fields with many
applications in biology, engineering, and physics [163| 164} 165, 166), 167, 168, 157, 158, 169, [170].
In biology and medical science, synchronization is of interest due to its role in a number of systems
[166, 167, 168, 157, 158, 169, 170} 160} 161, 162]. For example, the synchronization of a number of
neural structures is closely tied to the onset of epilepsy [166]; investigations into cardiorespiratory
synchronization are used to study the existence of hidden synchronization regimes in the human
body [167]; and the synchronization of pacemaker cells in the heart plays an important role in
triggering heart contractions [168]. Within physics and engineering there are examples such as
synchronization of quantum dipoles and decentralized power grids [163], [164], [165]. Synchronization
also plays an important role in human interactions, for example, brain patterns have been observed
to synchronize during non-verbal interactions [169, [I71] 172] 173], and a number of animal studies

have displayed evidence of synchronized circadian rhythms at various scales (chemical, social, and
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cellular) [I70]. There is also interest in controlling these systems. Examples include applications
to stabilization in micro- and smart-grid technologies [I74] [175], control applications to cardiac
pacemaker cells and neural synchrony [176], and even wearable robotic systems to improve human
athletic performance [177]. Synchronization has also been used to model opinion dynamics. Some
prominent examples include the work by Hong and Strogatz on conformists and contrarians [I78],
Ojer et al.’s social compass model [I], 4], Pluchino et al.’s work on naturally changing opinions [179],
and Zhang et al.’s recent generalization for opinions on the unit sphere [180].

The purpose of this section is to provide a brief summary of the Kuramoto model of coupled
phase oscillators and the use of the Ott-Antonsen ansatz [I81] before introducing the social compass
model developed by Ojer et al. [I]. The social compass model is a model of opinion consensus and
polarization that uses the structure of the Kuramoto model. As such, many of the techniques and
generalizations of the Kuramoto model are applicable to the study of the social compass model,
motivating this section. Then in Chapter [5| we will return to studying some of these generalizations
of the social compass model by applying the Ott-Antonsen ansatz.

The Kuramoto model is one of the most important models of synchronization of oscillators
with wide-reaching applications and generalizations. Kuramoto showed that an ensemble of N
weakly coupled oscillators could be described approximately in terms only of phase angles 6;,
i=1,2,...,N, by following a so-called phase-reduction procedure [182]. The simplest description
of such coupled phase oscillators is known as the Kuramoto model and is given by the system of

ODEs
. KX
9i—wi+N;sin(9j—0i), i=1,...,N. (2.11)

Here w; is the intrinsic frequency of oscillator i, K is the coupling constant, and sin(#;—6;) represents
an attractive coupling between oscillators. For small values of the coupling strength K, the system
will exist in an incoherent state in which the oscillators each oscillate approximately independently
with their intrinsic frequency. However, when the coupling strength exceeds a certain critical value,

the system will spontaneously synchronize [183].
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To study the onset of synchronization, it is helpful to define the order parameter

N
4 1 :
z=re¥ = = E i (2.12)

N =
where v is the phase of the order parameter and r is its magnitude. To understand Eq. , we
represent each oscillator as a complex number in the complex unit circle with phase 6;, then take the
average of these complex numbers, resulting in Eq. . The magnitude of the order parameter,
r, represents the degree of synchronization in the system. When r is close to 1, most oscillators
have a phase close to ¢; when r is near to 0, the system is in an incoherent state. Although the

form of the Kuramoto model of Eq. (2.11]) involves coupling between each pair of oscillators, with

the order parameter in Eq. one can rewrite the Kuramoto model as

0; =w; +rKsin (¢ —6;), i=1,...,N, (2.13)
or

0; = w; + Im{(Kz)e Y}, i=1,...,N. (2.14)

In Egs. (2.13)) and (2.14]) the dynamics of each oscillator are governed by coupling to the global

order parameter z.

2.4.1 The Ott-Antonsen ansatz

In this subsection we summarize a technique to study the dynamics of the Kuramoto model
and its variations proposed by Edward Ott and Thomas M. Antonsen [I81]. This approach is now
known as the Ott-Antonsen ansatz. An outline of the Ott-Antonsen ansatz is described below for
the all-to-all Kuramoto model.

First, taking the continuum limit as the number of oscillators goes towards infinity, the order

parameter z [see Eq. (2.12))] becomes

00 2
z = / / f(t,0,w)e?dodw, (2.15)
—o0 JO
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where f(t,0,w) is the density of oscillators with intrinsic frequency w and phase 6 at time ¢. Then

we require that the density f satisfies the continuity equation

?’){ + ;‘9 [(w + Im{Kze_w}> f} =0, (2.16)

as no oscillators are created or destroyed. In Eq. (2.16]), the factor w + Im{Kze~} is the right

hand side of Eq. (2.14). Next, we make a Fourier series expansion of f in 6 to get

f(tv eaw) = gé::) R (217)

oo
1+ Z o (t,w)e™ ™ + C.C.
n=1

where C.C. stands for the complex conjugate and g(w) is the distribution of natural frequencies.
Substituting Eq. into Eq. (2.16)) would result in an infinite number of equations indexed by n
for each coefficient in the expansion in Eq. (2.17). However, Ott and Antonsen proposed making

n

the ansatz that the expansion coefficients «,, are all powers of a single coefficient «, i.e., a,, = ™.

With this ansatz, Eq. (2.15]) reduces to

z = /OO a(t,w)g(w)dw (2.18)

— 00

and Eq. (2.16) reduces to an ordinary differential equation for «,

8@ K 2 .
- —z = 2.1
5 t5 (za” = Z) + iwa = 0, (2.19)

thus reducing the original N dimension dynamical system to a single differential-integral equation.
Furthermore, if the integral in Eq. can be evaluated exactly, then the reduced equation can
be expressed as a small number of coupled ordinary differential equations. In Ott and Antonsen’s
original paper they consider the case of g(w) being a combination of one or more Lorentzian
distributions, allowing the integral to be computed exactly using the method of residues. This
allows the dynamical system to be reduced to a small number of coupled non-linear differential
equations that capture the original dynamics of the N dimensional system (in the limit as N — o)
and can be used to study the onset of synchronization for more complex systems.

The introduction of the Ott-Antonsen ansatz allowed for further study of a large variety of

generalizations of the Kuramoto model. For example, Childs and Strogatz were able to develop
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the stability diagram of the periodically forced Kuramoto model using the ansatz demonstrating a
number of bifurcations [I84]. Skardal and Arenas used the technique to show the creation of dis-
continuous transitions and multistability of a Kuramoto-type model on simplicial complexes [185].
Martens et al. showed that bimodal frequency distributions can create standing wave solutions,

where two counter-rotating groups of phase-locked oscillators coexist [186].

2.4.2 The social compass model

Recently, Ojer et al. proposed a model of opinion consensus, concentrating on the effect of
initial opinions, within populations of agents each with continuous opinions on two topics, X and
Y. Denoting the continuous opinions of agent ¢ as x; and y;, relative opinions on topics X and Y are
represented as a phase in polar coordinates 6 = atan2(y;, z;), which we call an opinion orientation,
while the magnitude p; = \/xf + yf of their opinions represents the individuals’ conviction, [here,
atan2(y, x) is defined as the argument of the complex number x+iy, taken in [0, 27)]. The dynamics

of each agent’s opinion orientation 6; is described by the system
. KX
0; = pisin(¢; — 0;) + N;sin(ej —0;), i=1,...,N. (2.20)

Here ¢; = 0;(0) is the initial opinion orientation of agent i, p; is the conviction of agent i, and K is
the coupling constant. In Eq. , the first term represents an individual’s tendency to return to
their initial opinion orientation ¢;, while the second term represents the interactions between node
1 and all other individuals, thus pulling node ¢ towards the opinion orientations of all other nodes.
The strong similarity between this model and the Kuramoto model allows for substantial overlap
in the techniques that can be used to study the dynamics of the system. Similar to the Kuramoto
model, Ojer et al. show that their model exhibits a transition from a polarized state (analogous to
the incoherent state of the Kuramoto model) to a consensus state (analogous to the synchronized
state) for sufficiently strong coupling. Furthermore, it was found that depending on the distribution
of initial opinion orientations (¢;, p;) the transition to consensus can occur as a discontinuous

transition for uncorrelated initial opinions [meaning that the distribution P(¢, p) is quadrimodal
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in ¢| to a continuous transition for correlated initial opinions [meaning P(¢, p) is bimodal in ¢]
[1]. In a follow-up work by Ojer et al. [4], they formulated a multi-dimensional generalization of
their model (allowing opinions across more than 2 topics) and investigated the effects of including
network heterogeneity on the formation of consensus when the distribution of initial opinions is
correlated (bimodal). It was found that the depolarization threshold vanishes as the network size
goes to infinity for uncorrelated random networks with power-law degree distributions.

The development of the social compass model is rather recent, and to date, these are the
only two works that have been published on the model. The topic of possible generalizations to

the social compass model and the application of the Ott-Antonsen ansatz will be the subject of

chapter.



Chapter 3

Oscillatory and Excitable Dynamics in an Opinion Model with Group Opinions

3.1 Introduction

The opinions of individuals in a social network often change when they are exposed to the
opinions and actions of other individuals. The ensuing opinion dynamics of such individuals has
received considerable attention from sociologists [63], economists [68], political scientists [64, 69],
applied mathematicians and theoretical physicists [64] [65], 66, (67, 28], and many others. Researchers
have studied models of opinion dynamics on social networks to gain insight into phenomena such as
the propagation of false or misleading information [I87, [188], the emergence of consensus opinions
[189, [67, 190], and the formation of echo chambers [191] [192]. See [193, [194] for reviews of opinion
models.

Models of opinion dynamics necessarily involve many assumptions about the nature of the
opinions of individuals, the interactions between individuals, and how such interactions affect the
opinions of other individuals [70]. Most opinion models assume that agent opinions change as a
result of pairwise (i.e., dyadic) interactions. In opinion models, the agent opinions are typically
either real-valued scalars or real-valued vectors (e.g., if one wants to simultaneously model opinions
of multiple things). In some models, the opinions have discrete values; in others, they have continu-
ous values, such as in an interval of the real line [I94]. Researchers typically consider discrete-value
opinions when examining phenomena in which entities make discrete choices, such as when people
vote for a candidate for a political office. By contrast, researchers often consider continuous-valued

opinions when they want to explicitly account for a wide spectrum of views, such as political out-
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Figure 3.1: A schematic illustration of how the opinions of nodes and groups are influenced by the
opinions of other nodes and groups in our model. (a) A hypergraph with 9 nodes and 3 groups.
Nodes 1, 3, 4, 6, and 8 have opinion 1 (in blue), and nodes 2, 5, 7, and 9 have opinion 0 (in light
red). Groups I and III have opinion 1 (in blue), and group II has opinion 0 (in light red). (b) Node
5’s opinion is influenced by the opinion of its neighboring nodes 1, 2, 6, 8, and 9 (thin arrows)
and by the opinions of groups I and II (thick arrows). (¢) Group I’s opinion is influenced by the
opinions of its constituent nodes 1, 2, and 5 (thick arrows).

looks that range from very liberal to very conservative. There are a wealth of opinion models
[195] 194], which researchers study on networks to examine how social structures affect opinion
dynamics. As discussed in Chapter [2] examples of opinion models include the DeGroot consensus
model [§], voter models [76, [86] and their generalizations [196], majority-rule models [197], and
bounded-confidence models [198].

A basic assumption in most opinion models is that only the individual agents, which are
represented by the nodes of a network, are endowed with an opinion. In the present chapter, we
relax this assumption by allowing groups of nodes to hold a collective opinion. Social groups, which
range in scope from family and friendship units to large political and corporate organizations, help
shape the fabric of society [199, 200, 201]. In many situations, it is reasonable to posit that social
groups themselves can possess opinions. For example, large corporate organizations sometimes
take public stances on social issues [202]. Additionally, courts such as the United States Supreme
Court hear cases and document collective opinions through their decisions on these cases [203].
Moreover, a mathematics department at a university may broadcast a collective opinion, such as
through documentation on its website or through a hiring decision, that differs markedly from the

opinions of its individual faculty. The opinion of a research group, such as the applied-mathematics
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group, may also differ from the individual opinions of members of that group. In all of these
examples, a group’s opinion does not necessarily reflect a consensus among the members of that
group, as individuals in the group can disagree (sometimes rather strongly) with the group opinion.
Importantly, groups and individual members of a group can influence each other. Group opinions
are influenced by the opinions of its constituent members, and the opinions of individuals are
influenced by the collective opinions of the groups in which they participate [204], 205].

In the present chapter, we formulate and analyze a model of opinion dynamics in which
both a network’s nodes and its groups of nodes have binary opinions. The opinions of individual
nodes are affected both by their neighbors in a network and by the opinions of the groups in which
they participate. The opinions of groups are affected by the opinions of their constituent nodes.
For simplicity, we neglect interactions between distinct groups. In Fig. we give a schematic
illustration of how the opinions of nodes and groups are influenced by the opinions of other nodes
and groups in our model, which we describe in detail in Sec. [3.2] In our model, group opinions can
lead to oscillatory dynamics or excitable dynamics. In the oscillatory regime, the mean opinion of a
network develops self-sustained oscillations. In the excitable regime, it is possible for a situation in
which most of the nodes have the same opinion to quickly and temporarily change to a situation in
which most of the nodes have the other opinion. The emergence of oscillatory and excitable regimes
depends strongly on the correlation between group structure and dyadic network adjacencies. We
develop a mean-field approximation of our model’s dynamics and use it to gain insight into its
dynamics. We find that the onset of excitable dynamics occurs due to a bifurcation from a stable
equilibrium to sustained oscillatory dynamics. This bifurcation resembles the onset of excitable
dynamics in models of neuronal dynamics [206, [207]. There is some qualitative similarity between
the excitable dynamics in our model and the formation of social fads, which is a collective behavior
in which a topic, object, or behavior experiences an increase in popularity that forms suddenly,
lasts a short amount of time, and declines rapidly [208], 209].

As discussed in Chapter [2] the role of group interactions, which are often called “higher-order

interactions” or “polyadic interactions”, in opinion dynamics and other dynamical processes on
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networks has received much attention in the past few years [27], 210], 21T], 212]. The renewed interest
in polyadic interactions in complex systems has built on foundational work that dates back many
decades [213| 214 215] 216]. In social systems, a lot of recent research has extended existing models
to incorporate polyadic interactions [189, [43] [67, 2177, [65], 218, 190, 28|, 219, 220, 221], 222| 223]. In
these extensions, the opinions are associated with individual agents and they change due to both
pairwise and group interactions. By contrast, in our model, we also assign opinions to the groups
themselves. In this sense, our work is related to recent studies of the synchronization of quantities
that are defined on the edges and higher-order simplices of a simplicial complex [224].

The incorporation of polyadic interactions into network dynamics can significantly affect
qualitative behavior. For example, “opinion jumping” can occur in polyadic bounded-confidence
models [28], bistable regions can arise in polyadic models of disease spread [43], 49, [45], and the
qualitative nature of synchronization transitions of phase oscillators are affected by polyadic interac-
tions [225] [50]. Our observation that group opinions can induce oscillatory and excitable dynamics
provides another example of how polyadic interactions can fundamentally modify the dynamics of
networked systems. For simplicity, we consider polyadic interactions only through groups of size
3 (i.e., the groups always have exactly 3 nodes). Although this choice prevents us from exploring
the effects of group-size heterogeneity (which occurs in most social systems), it has the important
advantage of allowing us to easily engage with our primary focus, which is to study the effects of
group opinions. Even with this major assumption, our model has very rich dynamics that differ
markedly from existing opinion models (which do not incorporate group opinions).

In our model, the individual nodes do not account for their own current opinions when they
update their opinions. With this choice of opinion updating, we emphasize the role of (both dyadic
and polyadic) social interactions in opinion evolution. Essentially, we are examining a regime in
which the effects of self-influence are small in comparison to the effects of social interactions. In
this respect, our opinion model is very different from many opinion models [194], but it follows the
tradition of classical voter models 76, [86l, [196]. In our model, groups can influence themselves, but

distinct groups cannot influence each other. Because of group self-influence, we can use our model to
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explore the effects of social phenomena, such as “pluralistic ignorance” [226], 227] and “groupthink”
[228], that can decelerate changes in group opinions. In pluralistic ignorance, the members of a
group believe incorrectly that they hold a minority opinion within a group [226, 227]. Pluralistic
ignorance, which one can view as a “minority illusion” [229] in social dynamics, provides a potential
mechanism to slow social change through a process of self-silencing, such that individuals appear
to conform to a belief that they believe is held by the rest of a group [230]. Groupthink refers to
the tendency of individuals in a group to seek social conformity and thereby disregard their own
opinions. Our opinion model does not directly encode pluralistic ignorance or groupthink, but one
can view its group self-influence term (which slows changes in group opinions) as incorporating
them indirectly.

This chapter proceeds as follows. In Sec. [3.2] we introduce our stochastic model of opinion
dynamics. In Sec. 3.3 we discuss the model of random hypergraphs on which we simulate these
opinion dynamics. In Sec. [3.4] we derive a mean-field description of our stochastic opinion model,
study its steady-state behavior, and compare that behavior to the steady-state behavior of the
original opinion model. We also discuss the assumptions and approximations that we use to derive
the mean-field description. In Sec. we discuss the formation of group—node discordance states.
In Sec [3.6] we examine the formation of excitable and oscillatory dynamics. Finally, in Sec. 3.7]
we summarize and discuss our findings. Our code, figures, and data are available at https:

//github.com/CorbitSampson/Oscillatory_Excitable_Opinion_Dynamics.gitl

3.2 Our stochastic opinion model

In this section, we describe our stochastic model of opinion dynamics with group opinions.
We consider a set V of N nodes, which we index by i € {1,2,..., N}. Each node holds a binary
opinion, which is either 0 or 1. Our model uses discrete time, so the time ¢ € {0,1,...}. Let z}
denote the opinion of node ¢ at time t. As in opinion models on ordinary graphs, which assume
dyadic interactions between nodes, our nodes are adjacent to each other if there is an edge between

them in a graph G, which has an associated adjacency matrix A. We assume that G is undirected


https://github.com/CorbitSampson/Oscillatory_Excitable_Opinion_Dynamics.git
https://github.com/CorbitSampson/Oscillatory_Excitable_Opinion_Dynamics.git
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and unweighted, so A;; = A;; = 1 if nodes ¢ and j are adjacent to each other and A;; = Aj; = 0 if
they are not adjacent. We also suppose that there are S groups of nodes; each group is a subset of
V. For simplicity, we suppose that all groups have exactly 3 nodes. Each group has either opinion
0 or opinion 1. We label the groups with the index j € {1,2,...,S}, and we denote the opinion of
group j at time t by yf. The N x S incidence matrix M has entries M;; = 1 if node 7 participates in
group j and M;; = 0 if it does not. We henceforth refer to the groups in our networks as “triangles”.
The dyadic degree of each node 7 is its number of edges, and its triadic degree is its number of
triangles. Node i’s dyadic degree is thus k; = ) ; Aij, and its triadic degree is ¢; = Zj M;;. The
mean number of edges per node is (k) = >, k;/N, and the mean number of triangles per node is
(g) =>_;ai/N.

The opinion of a node is influenced both by the opinions of its adjacent nodes (i.e., dyadic
influence) and by the opinions of the groups in which it participates (i.e., polyadic influence) [see
Fig. |3.1p]. The opinion of a group is influenced by the opinions of its constituent nodes [see
Fig. ﬂ}] Groups do not directly influence other groups.

We now describe our model in detail. The opinions of the nodes (i.e., individuals) and
triangles (i.e., groups) evolve stochastically according to the update rule

1 with probability p?¥ (xt, yt
. with probability p; (x Y ) 3.1)

0 otherwise,

1 with probability p¥ (x*,y?)
yttt = ’ (3.2)

0 otherwise,

t t

where x! = [zt 2, ... 24T

is a node opinion vector at time ¢t and y* = [y}, 45, .. .,yg]T is a
triangle opinion vector at time t.
Suppose that the probability that node i adopts opinion 1 is a nonlinear function of a linear

combination of the opinions of its adjacent nodes (via its incident edges) and the opinions of the
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triangles in which it participates. That is,
p (x'y") = fn (az! +b5}) . (3.3)

where
N
T = Z Aijas (k) (3.4)

Z kyk/ (3.5)

the influence function fy is a sigmoidal function [see Eq. below], and a and b are real-valued
constants E| . The parameter a encodes the influence of node opinions on their neighbors, and the
parameter b encodes the influence of triangle opinions on their constituent nodes, as we will discuss
in more detail below. As we discussed in Sec. nodes do not consider their own current opinions
when they update their opinions (i.e., A; = 0 for all 7).

We suppose that the probability that a triangle adopts opinion 1 is a sigmoidal function of a

linear combination of its own current opinion and the opinions of its constituent nodes. That is,

pJE (xt,yt) =fE (czf + dy}) , (3.6)
where
1 N
=1

the influence function fg is a sigmoidal function [see Eq. below], and ¢ and d are real-valued
constants. The parameter ¢ encodes the influence of node opinions on the triangles to which they
belong, and the parameter d encodes the tendency of a triangle to maintain its opinion. For
simplicity, we use the same sigmoidal function for the influence function for all nodes and all

triangles. We thus write

£(2) = fn(2) = fole) = % [1-+ tanh(m(z — )] (39)

! One can absorb the quantities (k) and (¢) in Egs. and into the model parameters a, b, ¢, and d.
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where p is the inflection point of the sigmoid f(z) and 1/m is proportional to the width of the
sigmoid’s transition region. We use a sigmoidal function because it is convenient for represent-
ing saturating interactions [231]. Researchers have used sigmoidal functions in models of many
other scenarios, including echo chambers and polarization [191], smooth bounded-confidence dy-
namics [192], and many other saturating interactions, which occur in diverse fields that range from
neuroscience to robotics [232].

In Table we summarize the parameters and other key quantities of our model. These
parameters include the influence parameters (a, b, ¢, and d), the influence function f and its
parameters x4 and 1/m, and parameters and other descriptors of network structure.

It is important to highlight the parameters a, b, ¢, and d, which encode the amount of (positive
or negative) opinion influence at each time step. We interpret positive values of a, b, ¢, and d as
conforming to influence, and we interpret negative values of these parameters as rejecting influence.
The parameters a and b encode how much nodes are influenced by their neighboring nodes (the
parameter a) and by the groups in which they participate (the parameter b). In particular, a > 0
(respectively, a < 0) increases (respectively, decreases) the probability that a node transitions to or
maintains opinion 1 when more of its neighbors have opinion 1. Analogously, b > 0 (respectively,
b < 0) increases (respectively, decreases) the probability that a node transitions to or maintains
opinion 1 as it participates in more groups with opinion 1. The parameter ¢ plays an analogous
role for group opinions as b does for node opinions. Specifically, ¢ > 0 (respectively, ¢ < 0)
increases (respectively, decreases) the probability that a group transitions to or maintains opinion
1 when more of its participants have opinion 1. The parameter d encodes how much a group’s
current opinion affects its subsequent opinion. In particular, d > 0 (respectively, d < 0) increases

(respectively, decreases) the probability that a group maintains opinion 1.

3.3 Random-hypergraph model

It is convenient to use hypergraphs to describe our networks, which consist of nodes, edges,

and triangles. While hypergraphs were discussed already in Chapter [2, we repeat here some of
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Table 3.1: The parameters and other key quantities of our opinion model.

Parameter Description

Influence of individuals on other individuals

Influence of groups on individuals

Influence of individuals on groups

Influence of a group on itself

Sigmoidal influence function

Inflection point of the sigmoid f

Width of the transition of the sigmoid f

Correlation coefficient between dyadic degree and triadic degree
Hyperdegree distribution

s oo e

Bl

|9

Marginal dyadic degree distribution

Py Marginal triadic degree distribution

k; Dyadic degree (i.e., ordinary node degree) of node i

q; Triadic degree of node i

the definitions for convenience. A hypergraph is a generalization of a graph that includes both
ordinary edges (i.e., dyadic adjacencies) and hyperedges with more than two nodes (i.e., polyadic
adjacencies) [10, 2I1]. Following standard convention, we refer to any of these adjacencies as
hyperedges. Mathematically, a hypergraph Hg = (V, ) consists of a set V of nodes and a set £ of
hyperedges. Each hyperedge is a nonempty subset of V; the number of nodes in this subset is the
“size” of the hyperedge.

In an ordinary graph, each node ¢ € V has an associated degree k;, which indicates the

number of edges that are attached (i.e., “incident”) to it. In a hypergraph, the hyperdegree of node
@ 1B

i PR

.,k(-L)]

i is the vector k; = | i

@

%

, where L is the size of its largest hyperedge and the [th-order
degree k;’ is the number of size-l hyperedges that are incident to node i. Each hypergraph has a
hyperdegree distribution P(k), which encodes the probabilities that a uniformly-randomly-chosen
node has hyperdegree k for each k. We consider hypergraphs with hyperedges of sizes 2 and 3;
the hyperedges of size 2 encode dyadic adjacencies, and the hyperedges of size 3 encode the triadic

(i.e., group) adjacencies. For such hypergraphs, the hyperdegree of a node is k = [k, ¢|.

To study our opinion model, it is convenient to use random hypergraphs with specified
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hyperdegree sequences. We use such configuration-model random hypergraphs because we are
able to control their hyperdegree sequences. In Appendix we provide a detailed discussion
of the random-hypergraph model that we employ. The formation of hyperedges in this random-
hypergraph model depends only on the specified hyperdegree of each node, so one can employ
hyperdegree-based compartmental models when studying dynamical processes on the hypergraphs
that it generates. Such techniques have been used extensively in the study of disease spread on
networks [233], 234].

To examine the effects of correlations between the dyadic degree k and the triadic degree q,
we employ a convenient family of hyperdegree distributions to produce the degree sequences in our
random hypergraphs. Given the marginal degree distributions Pj(-) and P»(-) for the edges and
triangles, respectively, there are two extremes for the joint distribution P(k, q). In one extreme, we
let k = ¢, which implies that P(k, q) = Pi(k)d(k—¢q). In the other extreme, k and ¢ are uncorrelated,
which implies that P(k,q) = Pi(k)P2(¢). To systematically explore the effects of correlations
between the dyadic and triadic degrees, we use a hyperdegree distribution that interpolates between

these two extremes. This joint distribution is
P(k,q) = Pr(k)P2(q)(1 —r) + Pi(k)é(q — k)r, (3.9)

where the Pearson correlation coefficient r € [0, 1] between the dyadic and triadic degrees param-
eterizes the amount of correlation between these degrees. When r = 0, the dyadic degree k£ and
triadic degree ¢ are uncorrelated; when r = 1, we have that k = ¢ for every node.

To examine the effects of degree heterogeneity, we suppose that the degree distributions P; (k)

and P»(q) have the approximate power-law form

<”‘1> K77, k> Emin
Pi(k) = Py(k) = P(k) = ¢ \'™» (3.10)

0, otherwise,

where ki, is the minimum degree. In a particular hypergraph that we construct using our random-

hypergraph model, we generate the hyperdegree of each node using bivariate inverse sampling from
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the distribution that is described by Eqgs. (3.9) and (3.10). We then construct the hypergraph using

a procedure that we describe in Appendix

3.4 Mean-field approximation, initial conditions, and steady-state solutions

3.4.1 Mean-field approximation of Egs. (3.1])—(3.2)

We develop a mean-field description that approximates the dynamics of our stochastic opinion
model (3.1)—(3.2). Our mean-field description tracks the dynamics of three order parameters:
(1) the expected fraction V* of nodes with opinion 1 in a uniformly random selected edge at

time ¢;

(2) the expected fraction U? of nodes with opinion 1 in a uniformly random selected triangle

at time t¢; and

(3) the expected fraction Y? of triangles with opinion 1 at time t.

Alternatively, V! represents the probability of moving to an opinion-1 node by following an edge
that one chooses uniformly at random.

In this section, we present a simplified derivation of our mean-field approximation. In Ap-
pendix[A-2] we show a detailed derivation of this approximation. Because we generate hypergraphs
using a configuration model, the probability that there is a hyperedge that connects a group of nodes
depends only on the hyperdegrees of those nodes. Therefore, we can use a hyperdegree-based com-
partmental model to obtain mean-field equations. First, we approximate the order parameters V*
and U" in terms of the expected fraction zi of nodes with hyperdegree k = [k, ¢] that have opinion

1 at time ¢. As we show in Appendix [A.2] these approximations take the form

¢~ kP

vt = Ek s (3.11)
. qP(k)xf(

Ut = §k e (3.12)

The variables V! and U? are both closely related to — but can differ from — the expected fraction

>k P(k)zi of nodes with opinion 1 at time ¢.
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To obtain a system of discrete-time evolution equations for the order parameters V¢, U?, and
Yt consider the probability [see Eq. ] that a node i with hyperdegree k = [k, g] has opinion
1 at time ¢ + 1. Assuming that all nodes with the same hyperdegree behave in the same way, we
seek to approximate the variables z}, 3/, 2]?5, and y§ that appear in the probabilities f in
terms of the order parameters.

We approximate z/, which is the normalized number of neighbors of node 7 that have opinion

1, by

ol =~ kV (k). (3.13)
The term g, which is the normalized number of triangles that are attached to node i and have
opinion 1 [see Eq. (3.7)], is approximately

g~ qY'/(q) (3.14)

because node i is attached to ¢ triangles and Y? is the expected fraction of triangles that have
opinion 1.

We insert the approximations (3.13) and (3.14) into Eqgs. (3.1)—(3.3)) to obtain
k b
P~ f <<“k>vt n <;>Yt> . (3.15)
Under the mean-field assumption that all triangles behave in the same way (i.e., y§< =y’ and 2} =zt

for all j), the time evolution of the expected fraction Y of triangles with opinion 1 satisfies
Y = flezt + d)Y! + flezh)(1 - YY), (3.16)
Similarly to our approximation of 7! in Eq. , we approximate z! by
Zta U, (3.17)

which is the expected fraction of nodes at time ¢ with opinion 1 in a triangle that we select uniformly

at random. Substituting Eq. (3.17) into Eq. (3.16|) yields

YL =Y (U +d) + (1= Y') f(eU"). (3.18)
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Inserting Eq. (3.15)) into Egs. (3.11)—(3.12)) yields a closed map for the time evolution of the three

order parameters:
kP(k,q) , (ak bq
Vt-l—l — 77](‘ 7vt + 7}/15 ,
22— @ w
Plk,q) , (ak bq
Uttt = qi’f Tyt Lyt (3.19)
Z,; Zq: (@) (k) (@)
YL =Y (U +d) + (1= Y") f(eU").

The mean-field description (3.19)) relies on various approximations, which we now summarize
and discuss. First, our mean-field description is a hyperdegree-based compartmental model, so it
assumes that the expected time evolution of all nodes with hyperdegree k is the same. (For example,
the probability that each such node has opinion 1 at time t is :L‘f{) This approximation relies on
the fact that we assume that all nodes of hyperdegree k possess the same type and number of

expected connections. Our mean-field description also assumes that the dyadic and triadic degrees

of each node are both sufficiently large that we can replace the variables z}, 3!, and z! by their

means [as we did in Eqgs. (3.13)), (3.14)), and (3.17))]. In particular, we do not expect our mean-field

approximation to give a good approximation for sparse hypergraphs. One can generalize our mean-
field description to account for hypergraph models (e.g., degree-assortative random hypergraphs
[235]) in which nodes have intrinsic variables and connect to each other with probabilities that
depend on these variables. Such generalizations of configuration models have a long history of

success in investigations of dynamical processes on graphs [230].

3.4.2 Selection of initial conditions

We now discuss our selection of initial conditions of our stochastic opinion model —
and its mean-field approximation . The spaces of initial conditions for these two models differ
drastically from each other, so we need to select initial conditions that allow us to compare these
models as effectively as possible.

In our simulations of the stochastic opinion model 7, the initial opinion of each node

and each triangle is either 0 or 1. To reduce the number of parameters that we need to describe
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the initial conditions of the stochastic opinion model, we specify only the initial probabilities that
nodes and triangles that have opinion 1. We specify the initial opinion of each node and each
triangle independently. Each node initially has opinion 1 with probability u; and opinion 0 with
probability 1 —u, and each triangle initially has opinion 1 with probability us and opinion 0 with
probability 1 —wus. We then specify the initial conditions of the stochastic opinion model f
as ordered pairs (u,u2) of initial probabilities.

The mean-field map describes the evolution of the three orders parameters V!, U?,
and Y, so we directly specify the initial conditions V°, U, and Y of these order parameters.
This specification contrasts with our selection of initial conditions in the stochastic opinion model
7, for which we can specify initial conditions using only two parameters. To mitigate this
discrepancy, in our examples that compare simulations of f and , we let VO = U0 =
uy and Y0 = uy to make the initial conditions for the two descriptions as similar as possible. We
make this choice because the order parameters V* and U? are related (but not equal) to the fraction
of nodes with opinion 1 [see Egs. and ] and Y is the expected fraction of triangles
with opinion 1.

In several of our examples, we compare many possible choices of the initial conditions of

the stochastic opinion model (3.1)—(3.2)) and mean-field map (3.19)). In Appendix we give a

detailed description of how we select these initial conditions.

3.4.3 Steady-state solutions of the stochastic opinion model (3.1))—(3.2))

We now examine the steady-state solutions (i.e., states in which the order parameters V', U?,
and Y are constant) of the stochastic opinion model f by studying the fixed points of the
mean-field equations . We obtain qualitatively similar steady-state solutions and bifurcations
for any value of the hyperdegree correlation r € [0, 1]. Therefore, for simplicity, we assume in the
present discussion that » = 1, which implies that the dyadic degree and triadic degree are equal
(i.e., k = q). We use this assumption for the remainder of this section and throughout Sec. We

will see in Sec. that relaxing this assumption results in qualitatively different dynamics. Under
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this assumption, V! = U? and the mean-field equations (3.19) reduce to

t+1 _ kP(k) k- aVt ¢
v =32 (g vt 520)

Y =Y (eVi4+d)+ (1=Y))f (V) .

Any fixed point [V, Y] = [V* Y*] of the map (3.20) must satisfy

1% _Zk:<k>f (<k> (aV* +bY )) , (3.21)

Y5 =Y*f(V +d) 4+ (1= Y*)f(cV*) . (3.22)

Solving (3.22)) for Y* and substituting the result into Eq. (3.21)) shows that the fixed points of

Egs. (3.20) have the form [V*,Y*| = [F

(v
Zk:k’ff ( @V + 6V ))),

f(cV)
1+ f(eV) = f(cV +d)

*), G(V*)], where

(3.23)

G(V) =

The equation V* = F(V*) is a one-dimensional equation for V* that one can solve using a root-
finding algorithm. After determining V*, we obtain Y™* using the equation Y* = G(V'*).

To illustrate the usefulness of Egs. f to study steady-state solutions of the stochas-
tic opinion model 7, we compare the fixed points that we obtain from the solution of
Egs. f with the results of simulations of Egs. f. In Fig. we plot both the
steady-state values V* and Y* that we obtain from simulations of Eqs. (3.1)-(3.2) (dots) and the
fixed-point solutions of Egs. — (solid and dashed curves) as a function of the sigmoid
inverse-width parameter m for a = b = ¢ = d = p = 1/2, power-law exponent v = 4, and mean
degrees (k) = (q) = 20. Because a, b, ¢, and d all have positive values, all nodes and groups
experience only conforming influence. For each value of m, we iterate Eqgs. — for 400 steps
and plot the values of V* and Y™* after the final step. We do 100 independent simulations of this
process with evenly spaced initial conditions in the unit square (see Appendix . For each value
of m, we use the same hypergraph with N = 700 nodes. Both our simulations of the stochastic

opinion model (3.1))—(3.2) and our analysis of the mean-field approximation (3.20)) illustrate that
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l « simulation —— mean field (stable) - -- mean field (unstable) ]

Figure 3.2: An example of a bifurcation of the steady-state solutions when the dyadic and triadic
degrees are equal (i.e., 7 = 1) in simulations of our stochastic opinion model f and solutions
of the mean-field equations for the parameter values a = b = ¢ = d = p = 0.5, power-law
exponent v = 4, and mean degrees (k) = (¢) = 20. The bifurcation parameter is the inverse-width
parameter m of the sigmoidal influence function (3.8). We show the values of (a) V* and (b) Y*
that we obtain from the mean-field equations (solid and dashed curves) and from means of 100
simulations of our stochastic opinion model (dots).

the system transitions from a regime with a single steady state to a regime with two distinct steady
states as we increase m. Although we observe some quantitative differences between our mean-field
description and direct simulations of the original stochastic opinion model, the fixed points of the
mean-field equations are reasonably successful at approximating the steady-state solutions of the
stochastic model. The bifurcation in Fig. [3.2] gives an interesting example of the behavior of our
opinion model. A similar bifurcation was also observed in another opinion model with sigmoidal
interactions [232]. Therefore, we do not focus on such bifurcations of steady-state solutions in
situations with equal dyadic and triadic degrees (r = 1). Instead, we investigate novel features that
arise due to the presence of group opinions. In particular, we observe (1) states in which the mean
node and mean group opinions are different and (2) excitable and oscillatory opinion dynamics.
The oscillator dynamics (see Sec. arise only when the dyadic degree and triadic degree are not

fully correlated (i.e., when r < 1).
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3.5 Group—node discordance

An important feature of our opinion model is that it admits solutions in which the mean
opinion of the nodes differs significantly from the mean opinion of the groups. We refer to these
solutions as group—node discordance states. These states can model situations in which a social
organization (or other social group) has a different official stance than the individuals who comprise

that organization. In our model, we measure the discordance of a solution by calculating
D(V*Y*)=|V*=Y"|. (3.24)

A group-node discordance state occurs when D(V*,Y*) > 0. The maximum possible discordance
is D(V*,Y*) = 1.

We explore how group—node discordance states can arise for different strengths of group
influence (i.e., for different values of the group-influence parameters ¢ and d). We plot D(V*,Y™)
versus the node-opinion influence parameter a (with a = b) using the mean values of V* and Y* from
16 independent simulations of the stochastic opinion model 7, and we compare this plot
to a numerical solution of the fixed-point equations f for the mean-field approximation
. In this comparison, we use a single realization of a configuration-model hypergraph with
N = 2000 nodes, inverse-width parameter m = 4, power-law exponent v = 4, and mean degrees
(k) = (q) = 20 for both p = 0.5 [see Fig. [3.3p] and 1 = 0.25 [see Fig. [3.3p]. The initial conditions
of the 16 independent simulations are evenly spaced in the unit square (see Appendix . For
= 0.5, we obtain more group—node discordance [i.e., larger values of D(V*,Y™*)] when the node
parameters a and b are very different from the hyperedge parameters ¢ and d. We see this in
Fig. for ¢ = d = 0.1 (red solid curve and open circles) and ¢ = d = 0.9 (orange solid curve and
open squares). In both Fig. and Fig. , the maximum discordance occurs when a + b is on
the opposite side of y as ¢ +d. When ¢ = 0.1 and d = 0.9, we observe a more uniform discordance
in the system, with a small decrease near a = b = 0.5. When p = 0.25 [see Fig. ] forc=d=0.1
and ¢ = d = 0.9, we observe the same general trend. The group—node discordance states arise most

prominently when c+d < p < a+bora+b< p < c+d. For p = 0.5 [see Fig. [3.3h], the transition
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to a group—node discordance state for ¢ = d = 0.1 looks like it may be discontinuous; for p = 0.25
[see Fig.[3.3b], the transition to a group—node discordance state is continuous.

We also explore how the width (which is proportional to 1/m) of the sigmoid transition
region affects the onset of group—node discordance states by calculating D(V*,Y™*) versus m for
several values of a, b, ¢, and d. We show the results of our numerical simulations in Fig. which
uses the same initial conditions, network parameters, and other conventions as Fig. |3.3] When
a=0b=c=d=0.5 (blue curve and closed circles), the width parameter m has a minimal effect
and D(V*,Y™*) remains close to 0, indicating that there is very little group—node discordance. For
both a = b = 0.2, ¢ = d = 0.8 (red curve and open circles) and a = b = 0.8, ¢ = d = 0.2 (orange
curve and open squares), the group—node discordance D(V*,Y*) has a maximum at an intermediate
value of m. We also observe an interesting difference between the cases p = 0.5 [see Fig. [3.4h] and
u = 0.25 [see Fig. [3.4b]. When a = b = 0.8 and ¢ = d = 0.2, there is a possibly discontinuous
transition from discordance to non-discordance for p = 0.5; however, the transition is continuous

for p = 0.25.

3.6 Excitable and oscillatory dynamics

Our opinion model also has excitable and oscillatory opinion dynamics. To illustrate these
dynamics, we simulate both the stochastic opinion model f and the mean-field approxi-
mation with the parameters (a,b,c,d) = (1,—0.5,0.25,0.25) and (m, u) = (8,0.25). In this
regime, the nodes are influenced considerably by the opinions of their neighboring nodes (a = 1),
nodes reject the opinions of their groups (b = —0.5), groups are influenced equally by their con-
stituent nodes and their own opinions (¢ = d = 0.25), and the sigmoidal influence function of the
nodes and groups has a small inflection point (u = 0.25) and a very steep transition (m = 8).

We first suppose that the dyadic and triadic degrees are equal (so the correlation between
them is » = 1). This situation yields excitable dynamics, in which a dynamical system is initially
at a locally stable steady-state solution, but — for a sufficiently large perturbation (which is often

called a “stimulus”) — it experiences a large excursion through phase space before returning to the
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Figure 3.3: The group—node discordance D(V*, Y*) versus the node-opinion influence parameter a,
with a = b, for a single numerical solution (V*,Y*) = (F(V*), G(V*)) of Egs. (solid curves)
and the mean of 16 independent simulations of the stochastic opinion model f for a single
configuration-model hypergraph with NV = 2000 nodes, inverse-width parameter m = 4, power-law
exponent v = 4, mean degrees (k) = (¢) = 20, and several values of the group-influence parameters
c and d. We consider (a) = 0.5 and (b) p = 0.25. The initial conditions of the 16 simulations are
evenly spaced in the unit square (see Appendix .
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Figure 3.4: The group—node discordance D(V*,Y™) versus the sigmoid inverse-width parameter
m for a single numerical solution (V*,Y*) = (F(V*),G(V*)) of Egs. (3.23]) (solid curves) and
the mean of 16 independent simulations of the stochastic opinion model f for a single
realization of a configuration-model hypergraph with N = 2000 nodes, power-law exponent v = 4,
mean degrees (k) = (¢) = 20, and several values of a, b, ¢, and d. We consider (a) u = 0.5 and
(b) = 0.25. The initial conditions of the 16 simulations are evenly spaced in the unit square (see

Appendix [A.3).
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steady-state solution [206] 207]. Excitable dynamics are common in neuronal and cardiac systems,
and they are often associated with a system being near a bifurcation from a resting state to sustained
spiking or oscillatory behavior [206], 207, 237]. In Fig. we show the order parameters V? (red)
and Y? (blue) from numerical simulations of Egs. f for the aforementioned parameter
values and a configuration-model hypergraph with N = 1000 nodes and an approximate power-law
hyperdegree distribution with v = 4. The dashed curves show the fixed-point solution that we
obtain by solving Eqgs. f. In these simulations, the expected node fraction V¢ remains
close to the fixed-point solution for a short time before it increases sharply and then subsequently
decreases and returns approximately to the fixed-point solution. The expected triangle fraction Y*
has the same behavior; its dynamics follow V! with a short delay. We use the term opinion pulses
for these spikes in V! and Y.

In Fig. we show V' as a function of time in simulations of the stochastic opinion
model (3.1)(3.2) (top) and the mean-field equations (bottom). For the mean-field equations,
we introduce a stimulus at time ¢ = 200 by increasing both V* and U? by 0.2 (vertical arrow). The
mean-field equations yield a single opinion pulse, which resembles the ones that we observe in
simulations of our stochastic opinion model 7, in which finite-size fluctuations seemingly
provide a stimulus.

As we decrease the correlation r between the dyadic and triadic degrees, the opinion pulses
become more frequent until they eventually become self-sustained oscillations. In Fig. we
show an example of such oscillations for » = 0.15. We again observe that the mean-field equations
successfully reproduce the qualitative behavior of the stochastic opinion model f.

One can use the mean-field equations to understand the transition from excitable to
oscillatory dynamics as the correlation r decreases. When r = 1, the mean-field map has
three fixed points [see Fig. [3.6h]. We obtain these fixed points using root-finding methods and
determine their linear stability by calculating the eigenvalues of the Jacobian matrix of . We
compute the Jacobian matrix numerically using the “Adaptive Robust Numerical Differentiation”

package for MATLAB [238]. One of the fixed points [see the closed blue circle in Fig. [3.6p-b] is
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(a) An example of opinion pulses in a single sim-
ulation of our stochastic opinion model 7
with parameter values a = 1, b = —0.5, ¢ = d =
0.25, p = 0.25, and m 8 for a configuration-
model hypergraph with equal dyadic and triadic
degrees (i.e., r = 1) that we draw from an approx-
imate power-law distribution with exponent v = 4
and mean-degrees (k) = (¢) = 20. We plot the ex-
pected node fraction V? in red and the expected
triangle fraction Y? in blue. The dashed lines
show the fixed points that we obtain by solving
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(b) Comparison of a single pulse of the expected
node fraction V* for (top) a single simulation of our
stochastic opinion model (3.I)—(3.2) and (bottom)
the mean-field equations %I) for the parameter
values a = 1, b = —0.5, ¢c = d = 0.25, p = 0.25,
and m = 8 for a hypergraph with equal dyadic and
triadic degrees (i.e., r = 1) that we draw from an
approximate power-law distribution with exponent
v = 4 and mean-degrees (k) = (g) = 20. We ap-
ply a stimulus (which is indicated by the black ar-
row) of (6V,0U,0Y) = (0.2,0.2,0) to the mean-field
equations to induce an excitation at time ¢ = 200.
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(¢) An example of the oscillatory dynamics in (top)
a single simulation of our stochastic opinion model
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and (k)

3.1!? and (bottom) the mean-field equations
3.1

9) for parameter values a = 1, b
d=10.25 4 =025 r=0.15 m =38, v = 3.8,
(g = 20. We plot the expected node

—0.5,

fraction V? in blue and the expected triangle frac-
tion Y* in red. The initial conditions of the stochas-
tic opinion model are (u1,us2) = (0.5,0.5), and the
initial conditions of the mean-field equations are

(V°,U°,Y°) = (0.5,0.5,0.5).

Figure 3.5
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linearly stable. It is located near the origin, so we refer to it as the “near-0” fixed point. A nearby
fixed point [see the open green circle in Fig. fc] is a saddle. The third fixed point [see the red
star in Fig. fc] is an unstable spiral, and we refer to this spiral as the “away-from-0" fixed point.
When the mean-field system is close to the near-0 fixed point (which is linearly stable) and is
perturbed so that it crosses the stable manifold of the saddle, it makes an excursion through phase
space. It gets close to the unstable spiral and then returns to the stable fixed point, completing
an opinion pulse. In Fig. [3.6h, we show an example of such a trajectory in phase space. As we
decrease r, the stable and saddle fixed points approach each other [see Fig. [3.6b], and one can
then create opinion pulses using smaller stimuli. Eventually, the linearly stable fixed point and the
saddle collide in a SNIC (i.e., saddle—node on invariant circle) bifurcation, resulting in oscillatory
behavior [see Fig. [3.6c]. See [207] for details about SNIC bifurcations.

We have seen that oscillatory dynamics arise via a SNIC bifurcation as the correlation coef-
ficient r decreases. To obtain a broader perspective of the bifurcations and associated changes in
qualitative dynamics that occur as the parameters change, we show a bifurcation diagram in (r,~)
space in Fig. [3.7al Recall that v is the exponent of the approximate power-law degree distributions
of our configuration-model hypergraphs, so smaller values of v correspond to more heterogeneous
degree distributions. For small values of r and ~, the fixed points of the mean-field map (3.19)) are
linearly stable, which we indicate in the diagram by writing “steady state”. Through the numerical
linear stability analysis that we described above, we observe three bifurcations as v and r increase
(see Fig.|3.7a)). We describe these three bifurcations in the order that they occur. First, there is
a Hopf bifurcation of the away-from-0 fixed point (red curve), which transitions from a linearly
stable spiral to a linearly unstable spiral. This bifurcation marks the onset of oscillatory dynamics.
Second, there is a SNIC bifurcation of the near-0 fixed point (blue curve), which transitions from
a saddle to a linearly stable fixed point. This bifurcation marks a change from oscillatory dynam-
ics to excitable dynamics. Third, there is a “complex-to-real bifurcation” where the away-from-0
fixed point transitions from an unstable spiral to an unstable node. This bifurcation marks the

return of steady-state behavior. The bifurcation diagram in Fig. indicates where excitable and
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Figure 3.6: The phase-space trajectories of solutions of the mean-field equations with a
perturbation (dV, U, YY) = (0.25,0.25,0) for hyperdegree distributions with correlations between
the dyadic and triadic degrees of (a) r = 1, (b) » = 0.5, and (¢) » = 0.1. The merging of stable and
unstable fixed points near an unstable spiral leads to the transition from excitable to oscillatory

dynamics. The other parameter values are a =1, b= —0.5, c=d = 0.25, p = 0.25, m = 8, v = 4,
and (k) = (¢) = 20.

oscillatory dynamics occur in the parameter range (r,7) € [0, 1] x [2.5,6].

The mean-field map is an approximation of the stochastic opinion model 7, SO
we expect similar bifurcations to occur in the stochastic opinion model. Therefore, we believe that
the aforementioned bifurcations provide a good explanation of the onset of excitable and oscillatory
dynamics in both the mean-field equations and the stochastic opinion model f that
they approximate. To numerically verify this conjecture, we study the qualitative dynamics of
the stochastic model f for different values of both the correlation coefficient r and the

exponent v of the approximate power-law degree distribution. We compute the difference
H(V',T) := maxz(V") — ming(V?), (3.25)

between the maximum and minimum values of the expected node fraction V! in an interval Z. A
fixed-point solution of Egs. gives H(V, T) ~ 0 if we choose an interval Z after the transient
dynamics disappear. Oscillations and opinion pulses both yield H(V*,Z) > 0. In principle, one can
also distinguish between pulses and oscillations by sliding and/or varying the length of the interval
Z, but we do not employ these approaches (and we have not examined them thoroughly).

In Fig. m we plot H(V!,Z) versus the power-law exponent v from Eq. (3.10) and the
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(b) A heat map of H(V',Z) = maxz(V*') —
minz(V?) [see Eq. (3.25))] for (top) a mean of 25
independent simulations of the stochastic opin-
ion model (3:I)-(3.2); (middle) a mean of 25 in-
dependent simulations of the stochastically per-
turbed mean-field equations (3.26)); and (bottom)
a mean of 25 independent simulations of the orig-
inal mean-field equations . The horizontal
axis is the correlation coefficient r, and the vertical
axis is the power-law exponent . In these simula-
tions, we use a single realization of a configuration-
model hypergraph and the parameter values a =1,
b= —-05 c=d=025 p =025 m =8, and
(k) = (¢) = 20. For both the stochastic opin-
ion model and the mean-field equations (both with
and without stochastic fluctuations), we select 25
evenly spaced initial conditions in the unit square

(see Appendix [A.3)).

Figure 3.7
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correlation coefficient r for dyadic and triadic degrees in the interval Z = [100,400], which seems
to provide adequate time for the transient behavior to disappear. For each pair (r,), we simulate
the stochastic opinion model f and the mean-field equations to obtain H from
Eq. . For both the stochastic opinion model and the mean-field equations, we select 25 evenly
spaced initial conditions in the unit square (see Appendix . In the top panel of Fig. we
plot H from simulations of the stochastic opinion model f. In the bottom panel, we plot H
from the mean-field equations . For a given value of the correlation coefficient r, oscillatory
or excitable dynamics occur only for a narrow range of power-law exponents, illustrating that
these dynamics are very sensitive to network structure. A stronger correlation between dyadic and
triadic degrees (i.e., a larger r) requires a smaller value of 7 (i.e., a more heterogeneous network)
for oscillatory or excitable dynamics to occur. Interestingly, perfectly correlated dyadic and triadic
degrees (i.e., r = 1), which reduce the dimensionality of the mean-field equations from 3 to
2, suppress the oscillatory dynamics. Observe that the yellow band [which indicates a large value
of H(V*',Z)] in the bottom panel of Fig. does not extend to r = 1.

Despite the qualitative similarities between the dynamics of the stochastic opinion model
f (see the top panel of Fig. and those of the mean-field equations (see the
bottom panel of Fig. , there are key differences between the qualitative dynamics of these
models. As we discussed above, although the mean-field equations support excitable dynamics, they
require a stimulation to yield opinion pulses. To mimic the effect of the stochastic model’s finite-
size fluctuations, which are absent in the deterministic mean-field equations , we introduce a

stochastic term. We consider the equations

t+1 kP(k,q) ﬁ t bﬁ t ol
VR (v ) e

1 _ aP(k,q) . (ak o bagy) | 3.26
Ly (v ) e o

YL =Y (U +d) + (1= Y") f(eU").
In Egs. (3.26)), we draw o} and o} uniformly at random from the interval (0, Q) at each time step.

These small stochastic perturbations act as a repeated small stimulus to the system. Our decision
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to not include a random stimulus to Y arises from our observation that the fluctuations in the
fraction of hyperedges with opinion 1 is smaller than the fluctuations in the fraction of nodes with
opinion 1. This is the case because a hypergraph from the employed random-hypergraph model
has many more hyperedges than nodes. There are N{(q)/3 hyperedges in an N-node hypergraph.

In the middle panel of Fig. we show H from the stochastically perturbed mean-field
equations with an upper bound of @ ~ 0.036 on the stochastic noise. We are not attempting
to accurately reproduce the finite-size fluctuations of the stochastic opinion model f.
Instead, we seek to demonstrate that the mean-field description , when augmented with
stochastic fluctuations, can produce excitable and oscillatory dynamics that are qualitatively similar
to those that we obtain from simulations of the stochastic opinion model.

By simultaneously examining Fig. [3.7a] and Fig. B.7b] we observe that the mean-field ap-
proximation [see the bottom panel of Fig. has a region with H(V*,Z) > 0 of a shape that
is qualitatively similar to the oscillatory region in Fig. We expect this similarity because
our simulations of the mean-field equations in the bottom panel of Fig. do not include
perturbations or stimuli, and they thus do not exhibit excitable dynamics. We also observe that
the region with #(V*,Z) > 0 in the top and middle panels of Fig. [3.7b|is qualitatively similar to
the union of the oscillatory region and the lower part of the excitable region in Fig. When
we use a larger value of () in the stochastically perturbed mean-field map , the region with

H(VT Z) > 0 more closely resembles the union of the entirety of the excitable and oscillatory

regions in Fig.
3.7 Conclusions and discussion

We introduced and analyzed a stochastic model of opinion dynamics in which both nodes
and groups of nodes have binary opinions. This opinion model includes novel dynamics that result
directly from polyadic interactions. We showed that our model supports a richer repertoire of
qualitative dynamics than related models in which only nodes have opinions. In particular, our

opinion model has both excitable dynamics (in which brief but strong opinion swings arise from
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perturbations of a steady-state solution) and oscillatory dynamics (in which the mean opinions of
the nodes and hyperedges have self-sustained oscillations). The excitable dynamics of our system
have qualitative similarities with the dynamics of social fads [20§]. In particular, opinion changes
appear initially in a small number of individuals (or via an external perturbation for our mean-
field approximation), experiences a surge that affects the majority of the system, and then quickly
dies out. Our opinion model also possesses group—node discordance states, in which nodes and
groups have contradictory opinions. Our simulations of the stochastic opinion model and its mean-
field approximation both reveal that the excitable and oscillatory dynamics depend significantly on
network structure (specifically, on dyadic degrees, polyadic degrees, and the correlation between
them).

There are many interesting ways to extend our opinion model. As with all models of opin-
ion dynamics, we greatly simplified human dynamics (or the dynamics between other animals) to
formulate a mathematically and computationally tractable model that one can study systemati-
cally. For example, we assumed that opinions are binary (instead of allowing more opinion states
or continuous-valued opinions), that interactions occur through a known and time-independent hy-
pergraph, and that opinions evolve through precise mathematical rules. It is worth relaxing these
assumptions and exploring the consequences of doing so.

One important way to generalize our model is to incorporate various heterogeneities, including
in the group sizes, the interaction strengths (e.g., some groups or nodes may be more influential than
others), and the shapes of the sigmoidal functions (e.g., some nodes may be more likely than others
to change their opinions). For simplicity, we limited our study to groups of size 3. As we illustrated
at length, the dynamics that result from considering only groups of size 3 is already very rich.
However, it is natural to expect that some phenomena occur only in networks with heterogeneous
group sizes. For example, perhaps an opinion can propagate from small groups to large groups (or
vice versa). Just as the degree distribution of a graph can significantly influence the qualitative
behavior of dynamical processes on it [10, 239], we expect that the hyperedge-size distribution

(along with hyperdegree distributions) influences the qualitative behavior of dynamical processes
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on a hypergraph. In our study, we also neglected interactions between distinct groups, which are
likely to introduce additional interesting dynamics. Another potentially interesting extension of
our model is the inclusion of node self-influence, as individuals typically have some conviction in
their prior beliefs. Additionally, although our mean-field approximation adequately reproduced the
observed dynamics and provided some theoretical insights, it is based on the assumption that the
hypergraph that describes the nodes and the groups is generated by a configuration model. It is
worthwhile to extend our mean-field approximations to stochastic-block-model hypergraphs with
assortative mixing (which can encode homophily) [46] and community structure [47].

Although our opinion model has rich behavior and provides insights into the effects of group
opinions on opinion dynamics, it is important to note that we have not validated our model with
real-world opinion data. Indeed, such validation efforts are notoriously difficult in the study of
opinion dynamics [240} 241], but it can be possible when appropriate data is available [242]. We
hope that further studies of opinion dynamics will encourage and guide efforts in data collection,

associated data analysis, and model validation.



Chapter 4

Competing Social Contagions with Opinion Dependent Infectivity

4.1 Introduction

In the last few decades, social media has become increasingly ubiquitous in people’s lives
[61, 62]. Online social media has become a source of news for many individuals, with about half of
US adults admitting to receiving news at least “occasionally” through social media [243] 244] 245].
However, the widespread use of social media and other factors such as its low barrier to entry, limited
view format, and ideologically segregated social networks make online social media platforms an
attractive target for the malicious dissemination of false information (known as disinformation)
[135], 246, 247]. The spread of disinformation and misinformation (the unintentional spread of false
or inaccurate information) has been labeled a major threat to national security and appears as
a concern relating to health security, political instability, and violent societal conflict [60]. These
concerns have led to great interest in the study of how disinformation and misinformation spread
[248, 249, 250], 135 2511 B7, 252 253| 135, 254, 255, 249 256| 257, 258, 259, 260] and in the
development of methods to limit the spread of misinformation [261] 262] 263], 264, 265, 266].

Although the spread of disinformation within online social media platforms can be exac-
erbated by many mechanisms, here we are interested in understanding the effect of individuals’
cognitive biases in the spread of disinformation. A cognitive bias is the tendency for human cogni-
tion to consistently form beliefs that are systematically distorted from reality [38]. Particularly, we
are interested in the effects of the confirmation bias and the illusory truth effect. Confirmation bias

is the tendency of individuals to more readily believe information that aligns better with their own
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beliefs [39]. The illusory truth effect is the tendency of individuals to view ideas as more truthful
through mere exposure (i.e., exposure to those ideas without additional reinforcement) [267, 37].
Together, these two biases lead to the possibility that individuals may believe a particular piece
of information simply from repeated exposure. The effects of repeated exposure promoting the
spread of misinformation have been observed in relation to public health misinformation involving
COVID-19 [40].

In this chapter we develop an agent-based model to examine how confirmation bias and the
illusory truth effect can affect the spreading dynamics of two mutually exclusive beliefs, leading to
the predominance of one over the other. In our model, the two competing beliefs are represented
as two discrete states, +1 and —1. Adopting terminology from the social contagion and epidemic
spreading literature, we refer to these states as contagions, and the adoption of one of these be-
liefs as an infection. To model confirmation bias and the illusory truth effect, each individual is
endowed with an internal, continuous opinion variable, which represents the alignment of the indi-
vidual’s biases towards competing beliefs. This internal opinion is modified by infection attempts,
modeling the illusory truth effect, and modifies the infection probabilities, modeling confirmation
bias. We study the long-term dynamics of the competing beliefs by means of numerical simulations
of the agent-based model and a mean-field description of the dynamics. We find that there is a
continuum of disease-free states, each characterized by a different average internal opinion of the
population. The average internal opinion determines the stability of the disease-free state. As
opposed to traditional spreading processes, the presence of cognitive biases can lead to unexpected
dynamics depending on the initial conditions. In some situations, a pair of competing beliefs with
numbers of supporters that are initially decaying can rebound, so that one of the beliefs ends up
becoming dominant while the other dies. Similarly, a population with an average opinion that
initially is biased toward one belief can end up overturning this opinion so that the opposing belief
becomes dominant. We also study how the long-term dynamics are modified by external recruit-
ment of spreaders for one of the two beliefs and find that, depending on the initial conditions, this

recruitment can lead either to total domination by the promoted belief or coexistence of the two
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beliefs.

As discussed in Chapter 2 there are many other studies that have examined the effects
of multiple interacting contagions both in the context of biological and social contagions [147,
148, 130, 268]. These have included both competitive and cooperative interactions [147, [148] as
well as the simultaneous spread of viral contagions and vaccination-seeking behavior [130]. Some
studies have even included many heterogeneous features, such as the work by Kaligotla et al. [268],
which developed a threshold-like agent-based model of two competing rumors which included agent
reputation, effort of information spreading, and contrarian agents. Although these previous studies
examined multiple spreading contagions and their potentially complex interactions, in our study
we also highlight the role of individual opinions and cognitive biases in the spread of competing
beliefs.

This chapter proceeds as follows. In Sec. [£.2] we introduce our agent-based model. In
Sec. [4:3] we formulate a mean-field approximation of our model. In Sec.[d.4] we discuss the possible
long-term behaviors of the model and classify their linear stability. In Sec. we discuss two
of the primary behaviors of the model and how they arise from opinion-dependent stability of
the disease-free state. In Sec. [£.6] we study the effect of a heterogeneous distribution of initial
opinions. In Sec. [£.7, we modify the model to include external recruitment of spreaders. Finally,
in Sec. {8, we summarize and discuss our findings. The code for this project is available at

https://github.com/CorbitSampson/Competing_Social_Contagions.

4.2 Description of the model

We consider a model where individuals can adopt one of two mutually exclusive beliefs or
remain neutral, and individuals who have adopted one of the two beliefs try to actively spread their
belief to the rest of the population. In order to make contact with existing literature and terminology
on social contagion and epidemic processes, we will refer to the two beliefs as “contagions”, and
label them as +1 and —1. We will refer to the neutral state as the “susceptible” state, and label it

with a 0. Therefore, each individual has a trinary contagion state, either —1,0, or +1. We will also
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say that an individual who adopts one of the two beliefs is “infected”. In addition to the contagion
state, each node has an internal opinion which is used to model the effects of confirmation bias
and the illusory truth effect. Confirmation bias is the effect whereby a person is more likely to
believe information that already aligns with their current belief [39], and the illusory truth effect
is a phenomenon where people are more likely to believe something if they have been repeatedly
exposed to it [267, [37]. Below we describe our model in detail.

Our model consists of a network where, at time ¢, each node ¢ has a discrete contagion state
st € {—1,0,1}. The contagion states —1 and 41 indicate that the individual is infected with one
of the two mutually exclusive contagions and can spread this contagion to its network neighbors.

The state 0 indicates the individual is susceptible. In addition, each node has a continuous internal

t
)

opinion ! € [—1,1]. The opinion z! measures the node’s alignment with each of the two contagions.
To model the effects of confirmation bias we will assume that, the closer z! is to +1 (—1), the more
likely it is that node i is infected with opinion +1 (—1) when exposed by a neighbor and the less
likely it is to recover from it. Furthermore, to model the illusory truth effect, each time a node
with contagion s; attempts to infect a node j, the opinion of node j moves closer to s;, even if the
infection attempt is unsuccessful.

We assume that time evolves in discrete steps, t = 0, At, 2At, ... . A single time step of the

agent-based model is as follows:
(1) M nodes are selected uniformly at random to act as “spreaders”.
(2) For each spreader node i:

(a) if st = 0, nothing is done. Otherwise, one network neighbor j of 7 is selected uniformly

at random to be exposed.

(b) The opinion of node j is updated to

x]HAt = l‘;jLC(S}E*SU;)At, (4.1)

t+At

where C' € RT is the rate of opinion shift. If #"7" is larger than +1 (less than —1),
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$§+At is set to +1 (—1).

(c) If sg. =0, node j is infected with contagion s! (i.e., s§+At = st) with probability
B(xh, s At (4.2)
(3) Each infected node, d, heals with probability
y(zh, sh)At. (4.3)
The infection and recovery rates are given, respectively, by
Bs) = 5 B, (4.4
V(z,s) = 1_2841“%“’“ (4.5)

where ¢ > 0 is a parameter that measures the difference between the smallest and largest values
of 8 and ~ as shown in Fig. The particular choice of § in Eq. was made so that the
infection rate of a node 7 with opinion z; to contagion s is larger if z; is close to s, to model
confirmation bias. Similarly, the form for v in Eq. was selected such that ~ is smaller if x; is
close to s, to model the unwillingness to give up an idea that the individual has a strong belief in.
In addition, v increases as x; gets closer to —s, allowing individuals to stop spreading a contagion
that is inconsistent with their views.

The parameter € controls the strength of the confirmation bias: for € = 0, the infection and
healing rates dependence on the node’s internal opinion is the strongest; as € — oo, the infection
and healing rates become independent of the node’s internal opinion.

In simulations of our agent-based model each node is assigned an initial internal opinion and
an initial discrete contagion state. To set the initial conditions for the fractions of nodes in the
three contagion states, subsets of the n nodes are selected to be infected with the +1 contagion,
—1 contagion, or left susceptible. These subsets are constructed by drawing N agents uniformly
at random from all agents to be infected with the +1 contagion. From the remaining agents,

an additional N_ are selected uniformly at random to be infected with the —1 contagion. The
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Figure 4.1: Infection and recovery rates ((x,s) (top) and v(z,s) (bottom) as functions of the
opinion z for parameters Omax = 1, Ymax = 1, and € = 1.5, for s = 41 (solid lines) and s = —1
(dashed lines).

remaining n — Ny — N_ agents are left susceptible. The initial internal opinions are assigned
homogeneously (i.e., all nodes begin with the same internal opinion) in Sections IV and V, while
heterogeneous distributions of initial opinions are explored in Section VI.

Fig. illustrates our model. Fig. shows a network where each node has a contagion
state which is either —1 (red), 0 (white), or +1 (blue), shown in the inner circle of each node. The
opinion of each node is a continuous variable x represented by the color of the outer circle of each
node. Fig. shows an example of the illusory truth effect and confirmation bias in our model,
as a node with contagion s = +1 and opinion x = 0.2 (left) repeatedly attempts to infect another
node (right). With each attempt, the opinion of the node on the right gets closer to +1 (illusory

truth effect), thus making the node more susceptible to the contagion (confirmation bias).
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s =1 1st attempt 5;=0
x=02 x=-04
s;=1 2nd attempt 5;=0
x;=0.2 x=-0.1
s;=1 3rd attempt 5;=0
si=1 4th attempt 5 =1

Figure 4.2: (a) A diagram showing an example interaction network for the agent-based model.
Each node has a contagion state —1 (red), 0 (white), or +1 (blue) (shown as the inner circle). The
internal opinion of each node is represented by the color of the outer ring, ranging from —1 (red)
to +1 (blue). (b) An example of how repeated exposures can change the opinion of node j to align
with the contagion of node ¢ and the possible transition of node j from susceptible to infected with

the +1 contagion.
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4.3 Mean-field approximation

To study the dynamics of this model we develop a mean-field approximation for the dynamics

of the average opinion and the fraction of nodes with the +1 and —1 contagions, given respectively

by
1 N
1=1
1
S, = sti, (4.7)

1
.= 5 > il (4.8)

For simplicity, we develop our mean-field approximation only for k-regular networks. The expected

fraction of nodes that recover from +1 contagion in a small time step of length At is approximately
v(X,+1)SL At. (4.9)

Similarly, the expected fraction of nodes that become infected with the £1 contagion in a small

time step of length At is approximately

M -1

where M Sy is the expected number of spreader nodes with the +1 contagion, %(1 - Sy —=50)
is the probability that the randomly chosen neighbor of the spreader node is susceptible, and
B(X,£1)At is the probability that the spreader node successfully infects the susceptible neighbor.
To understand the need for the factor (k — 1)/k, note that (1 — S4 — S_) would be the expected
fraction of susceptible neighbors of the spreader node if these nodes were selected uniformly at
random. However, this estimate neglects the fact that neighbors of a spreader node are not chosen
uniformly at random, but their choice is conditioned on being neighbors of an already infected
node. Since the spreader node must have been infected by one of its neighbor nodes, we remove
one node from the count by multiplying by the factor (k —1)/k (this first-order correction neglects

the possibility that the node might have healed since it infected the spreader node).
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From Eq. (4.1) the average change in opinion over the small time interval At due to attempted

infections from nodes with the +1 contagion is approximately

%C(il — X)S1 At. (4.11)

In the limit At — 0 these approximations result in the following system of differential equations

for the three order parameters in Eqs. (4.6])-(4.8)):

s,
dt

ds_
dt

ax
dt

where 5 and ~ are given by Egs.

7S+7(X7 1)

MEk—-1
WT(I — S+ - S—>S+5(X7 1)7

_S—’Y(Xv _1)

MkEk—-1
NT(I — S.J,_ - S—)S—B(Xa _1)7

%c (1-X)Sy —(1+X)S],

(4.12)

(4.13)

(4.14)

(4.4) and (4.5). Substituting Eqs. (4.4) and (4.5) and non-

dimensionalizing Eqs. (4.12))-(4.14]) we arrive at the reduced equations

s,
dr

as.
dr

ax
dr

where 79, 7, and K are defined as

Sy (1—X+e)

ro(1—= Sy — 5_)Ss (1+ X +¢) , (4.15)
—-S_(1+X+¢)

ro(1— S, —S)S_ (1— X +¢) (4.16)
K[(Sy - S_) — (Ss +S_)X] , (4.17)
e o
T o= ;“r’; (4.19)
K = MC/N. (4.20)
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Note that Eqgs. (4.15) and (4.16)) correspond to the SIS model for a pair of competing conta-

gions where the healing and infection rates are [1 — X + €] and ro[1 + X + €|, respectively, for the
+1 contagion, and [1 + X + €] and rg[1 — X + €] for the —1 contagion. The healing and infection
rates are controlled by the average opinion X, which in turn depends dynamically on the fraction
of infected individuals, Sy and S_, via Eq. . In the next section we will study the condi-
tions under which one contagion becomes prevalent while the other disappears. First, however, we
discuss some of the assumptions made in developing the model and its mean-field description.

Our mean-field description is based on the assumption of a homogeneous network where each
node has degree k. However, our analysis could be extended to networks with heterogeneous degree
distributions using the methods of Ref. [269]. We have conducted our numerical simulations of the
agent-based model using target k-regular networks constructed via the configuration model and
found good agreement with our mean-field approximation even for k as small as 7 (see Fig. [4.4al).
The target k-regular networks used in this project were constructed using the complex group
interactions (XGI) package for Python [270]. In addition, our mean-field description neglects pair
correlations [269].

Other assumptions of our model are the particular functional forms for how the healing and
infection rates depend on a node’s opinion, and how the opinion changes upon an attempted infec-
tion. We chose the forms in Egs. , , and for simplicity, and we expect qualitatively
similar results for other choices where the infection rates are increasing and decreasing function of
the node’s opinion for the +1 and —1 contagions, respectively, and vice versa for the healing rates.

Our model is based on sequential (rather than simultaneous) updating. The basic update rule
in our model is the selection of a random node that, if infected, attempts to spread the contagion.
To speed up the numerical simulation of our model, M such updates are carried out every time
step. Alternatively, one could consider a simultaneous updating version of our model, where at
every time step every infected node attempts to spread its contagion with a certain probability.
Although we have not explored this version of our model, it exists as a special case where M = n

(i.e., selecting every node at each time step).
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When comparing the agent-based model and the mean-field approximation, it is necessary to
match their initial conditions. To achieve this, given initial conditions S (0) for the initial fraction
of spreaders in the mean-field model, we compute the initial number of spreaders for each contagion
in the agent-based model as Ny = floor[NS1(0)]. For the opinions, given a mean opinion X (0)
in the mean-field model, we sample their initial opinion from a distribution with mean X (0). In
Secs. IV and V we assign all agents in the agent-based model the same opinion X (0). In Sec. VI
we allow agents to start with different opinions by sampling their initial opinion from a Gaussian
and a bimodal distribution. With these choices, the average opinion of the agents in the agent-
based model will be X (0) and the initial fraction of spreaders of the +1 and —1 contagions will
be approximately S (0) and S_(0), respectively. This allows us to specify the initial conditions of
both the agent-based model and mean-field equations as the ordered triplet (X (0),.54(0),S_(0)).
Note that these choices do not allow the initial conditions for opinions and contagion states to be

correlated, a potentially important case that will be studied in future work.

4.4 Equilibria and their stability

The mean-field equations (4.15)-(4.17) admit the following equilibrium solutions:

e Disease-free behavior: The family (X, S+,S5-) = (A,0,0), where A is an arbitrary constant.
This family corresponds to the case where both contagions are absent, but there is an

underlying average opinion X = A.

e Endemic behavior: The two equilibria (X, S;,S_) = (+1,5%,0) and
(X,S54+,5-) =(-1,0,5%), where

I
s =1 CET (4.21)

These two equilibria correspond to the case where one contagion drives the other one
to extinction, and the surviving contagion drives the average opinion to consensus (here
understood as the state where all nodes hold the same opinion). We refer to these cases,

respectively, as +1 endemic behavior and -1 endemic behavior.
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e Coexistence: The equilibrium point (X, Sy, S-) = (0,0,0), where

ro — 1
= . 4.22
27‘0 ( )

This equilibrium point corresponds to a case where the two contagions coexist and the av-

erage opinion is zero. However, linear stability analysis shows that this solution is unstable.

The local stability of the disease-free equilibrium solutions (A4, 0,0) depends on the condition

that RE(A) < 1, where the effective reproduction numbers RE(A) and R (A) are given by

1+A+e

+ _

RI(A) = ro[l_A+6], (4.23)
_ 1—A+e€

R(4) = 1o [1+A+6] (4.24)

Similarly, a linear stability analysis about (+1,5% 0) and (—1,0,5*) results in the conditions
RE(A) > 1 and R (A) > 1, respectively, for these points to be stable.

For a given rg and e, the value of the average opinion A that results in instability of the
disease-free state towards the +1 or —1 contagions (i.e., such that the unstable manifold of the
disease-free state is a subset of the basin of attraction of the +1 or —1 endemic state) can be found

by setting R or Ry equal to 1. When R{ =1, Eq. (4.23)) gives

AT = max{(1+e) [1_”)] ,o} . (4.25)

1+7"0

Similarly, setting R, = 1 we get

A = min{—(1+6) E;:ﬂ ,0} , (4.26)

from Eq. (4.24). The inclusion of the max(-) and min(-) functions in Eqs. (4.25) and (4.26)),

respectively, is to ensure that AT > 0 and A~ < 0 for values of 79 > 1. This is done to emphasize

that 4+1 endemic behavior and —1 endemic behavior cannot simultaneously be stable.

The values (4.25) and (4.26) provide bounds on the average opinion for which each of the

three equilibria are stable. Particularly, for A € (A=, A") the equilibrium (A, 0,0) is stable. For
A > AT (4+1,5*%0) is stable, and for A < A~ the equilibrium (1,0, .S*) is stable. Notice that for

any value of A, there is always exactly one stable equilibrium point.
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(a) Examples of the stability of the (A4,0,0) equilibrium
state, from Egs. (4.23) and , for values of rg €
{0.30,0.67,0.80,1.00} as a function of A and e. Red represents
unstable towards the —1 contagion (Rf < 1 and R, > 1),
blue represents unstable towards the +1 contagion (R > 1 and
R < 1), and white represents stable (R{ < 1 and Ry < 1).
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(b) The long-term behavior of the agent-based model for ry €
{0.30,0.67,0.80,1.00} as a function of X(0) and e. The color of
each point represents which contagion was successful more fre-
quently out of 9 independent trails of the agent-based simulation
on a 30-regular network of N = 1000 nodes. Each simulation ran
for 3000 time steps with initial fractions of infected nodes given as
(54+(0),5-(0)) € {(0.05¢/2, 0.055/2)|i € {0,1,2}, j € {0,1,2}}.

Figure 4.3
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In Fig. we show how the stability of the disease-free equilibrium (A, 0,0) depends on A
and e for values of the reproductive number 7y given by 0.3 (top left), 0.67 (top right), 0.8 (bottom
left), and 1 (bottom right). In each panel, the color white indicates stability of the disease-free
state [i.e., RE(A) < 1, Ry (A) < 1], red indicates instability towards the —1 contagion [Rg (A) > 1,
R{(A) < 1], and blue instability towards the +1 contagion [Rf(A) > 1, R, (A) < 1].

Fig. shows the results obtained from numerical simulation of the agent-based model
for a target k-regular network with NV = 1000 and k£ = 30 and the same values of ry shown in
Fig. For each choice of (X (0),¢), the agent-based model was simulated 9 times with initial
fractions of infected nodes (54 (0),S_(0)) spaced uniformly in the square [0,0.05] x [0,0.05] [i.e.,
(54(0),S5-(0)) € {(0.05i/2, 0.055/2)|i € {0,1,2}, j € {0,1,2}}]. After 3000 time steps the fraction
of nodes with each contagion was stored. After the 9 independent simulations for each pair (X (0), €)
the mean final fraction of nodes with each contagion across the 9 simulations was computed. When
the mean final fraction of nodes with the +1 contagion was larger than the mean final fraction of
nodes with the —1 contagion, a 1 was recorded (blue). Conversely, when the mean final fraction
of nodes with the —1 contagion was larger than the mean final fraction of nodes with the +1, a
—1 was recorded (red). Otherwise, a zero was recorded (white). The choice of 3000 time steps
allows sufficient time for the system to converge such that the average opinion at 3000 time steps
deviates from the mean over the last 200 time steps by less than 0.001. We will use the same
number of time steps in the rest of the chapter unless noted. The same condition is fulfilled in the
rest of the simulations. Overall, the mean-field approximation and the numerical simulations of the
agent-based model agree well for k-regular networks for kK = 30. We also observe reasonably good

agreement for k as small as 7 (cf. Fig. 4.4al).

4.5 Rebound and bias overturning

In the previous section we found that the mean-field version of our model admits disease-free
and endemic states, where stability is dependent on the average opinion. Since the average opinion

is a dynamic quantity, the transient and long-term behavior of our model depends in a non-trivial
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way on the initial conditions. Two examples of the complex dependence of the final state on the
initial conditions are the rebound and the bias overturning behaviors, which we discuss below.

In the rebound, the initial conditions (X (0), S+ (0),S_(0)) are such that A~ < X < A*, so
that only the disease-free state with S, = 0 = S_ would be stable if X was constant. As Sy and
S_ decay to zero, X changes and moves out of the interval [A~, AT] thus bringing the system
into the basin of attraction of either the +1 endemic or —1 endemic states, depending on whether
X > AT or X < A~ respectively. Fig. shows an example of a rebound. Fig. (top)
shows the average opinion X obtained from the agent-based model (teal solid line) and from the
mean-field model (brown dashed line). Fig. (bottom) shows Sy and S_ obtained from the
agent-based model (solid lines) and from the mean-field model (dashed lines). As discussed above,
while both S and S_ initially decay, X increases, at some point exceeding A" (black dot-dashed
line). Subsequently, Sy increases while S_ keeps decaying. This is further illustrated in Fig. 4.4b|
which shows the trajectories of (Sy, X) and (S_, X). After the trajectories enter the region where
X > A" (blue region), they converge to the +1 endemic state equilibrium (S*,1) and (0, 1) (black
circles).

The bias overturning behavior is characterized by the sign of the average opinion in the final
state being opposite of that in the initial state. An example is shown in Figs. and [£.5D] with
the same conventions as those used in Figs. [£.4a] and [£.4b] As shown in Fig. [£.54] the initial value
of X is positive. However, there is an excess of spreaders for the —1 contagion which, even as their
numbers decay, manage to make X negative, crossing A~ (dot-dashed line), causing the system to
converge to the —1 endemic state.

These examples illustrate how the final state of the system depends on the initial values of S,
S_,and X. To illustrate this more systematically, in Fig. 4.6 we have plotted the basin of attraction
of the +1 endemic (blue), —1 endemic (red), and disease-free (white) cases for S4.(0), S—_(0) € [0,0.5]
and r9 € {0.3,0.5,0.7,1.0} with an initial opinion bias X (0) = 0.1, obtained using numerical
solutions of the mean-field equations — simulated over ¢ty = 3000 time steps. There we

see that as r( increases the disease-free region becomes smaller until the system transitions directly
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(a) An example of a rebound to the +1 en-
demic state for a single simulation of the agent-
based model and single numerical solution to the
mean-field equations — with parameters
ro = 0.66, K = 0.4, and 7 = 0.07 on a 7-regular
network. The dot-dashed black line indicates the
threshold A* from Eq. .
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(b) A phase space diagram showing an example of
arebound to the +1 endemic state from a single nu-
merical solution to the mean-field equations —
for 1o = 0.66, K = 0.4, and 7 = 0.07 on
a 7-regular network. The blue and red lines with
arrows indicate (S, X) and (S_, X) trajectories,
respectively. The black dots indicate the equilibria
of the +1 and —1 contagions and the dot-dashed
and dashed black lines indicate the thresholds A™

and A~ from Eqgs. (4.25)) and (4.26) respectively.

Figure 4.4
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(a) An example bias overturning for a single
simulation of the agent-based model and a sin-
gle numerical solution to the mean-field equations
Egs. - with parameters ro = 1.44, K =
3.20, and 7 = 0.017 on a 10-regular network.
The dot-dashed black line indicates the threshold

AT = A~ from Egs. and .

77

average opinion

0.00 025 050 075  1.00
fraction of infected

(b) A phase space diagram showing an exam-
ple bias overturning in the mean-field equations
Egs. — with parameters ro = 1.44, K =
3.20, and 7 = 0.017 on a 10-regular network. The
blue and red lines with arrows indicate (S, X) and
(S_, X) trajectories, respectively. The black dots
indicate the equilibria of the +1 and —1 contagions
and the dashed black line indicates the threshold

AT = A~ from Egs. and .

Figure 4.5
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Figure 4.6: Long-term behavior of the mean-field equations (4.15)-(4.17) after 3000 time steps
as a function of the initial fraction of infected individuals in states S;(0) and S_(0) for rg €
{0.30,0.50,0.70,1.0}, K = 0.25, 7 = 0.1, X(0) = 0.1, and a time step of size h = 0.25.

between the +1 and —1 endemic cases (lower right panel). Again, since X always changes towards
the dominant contagion, if the system is near the transition boundaries and - then a
sufficiently large initial portion of the population infected with the opposite contagion can result in
the initial bias of the population being overturned. Fig. [4.6] corresponds to an initial mean opinion
X (0) = 0.1. When a different value of X (0) is used, the basins of attraction for each steady-state
grow /shrink in accordance. For example, using a more positive value makes the basins of attraction
for the +1 endemic state larger, while the basins of attraction for the —1 endemic state and disease-
free state become smaller. Additionally, we note that, for the parameters that we have studied, the
bias overturning behavior only occurs when the initial bias is small.

When the disease-free region is quite large and bias overturning is impossible (e.g., Fig. top
right) having a sufficiently large initial population in the state opposite the initial average opinion
can still push the system from either the +1 or —1 endemic states into the disease-free state.
This behavior may have potential consequences for the spread of disinformation, as it suggests
that artificially boosting the initial number of spreaders through, for example, social-bot networks

may be sufficient to overcome an initial bias towards a belief and potentially sway public opinion.
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However, we have also observed that the average initial opinion has a strong effect on the possibility
of bias overturning. This suggests that a suitably large initial bias, perhaps through prebunking
efforts (the practice of proactively exposing and debunking misinformation before it spreads, see
[271]) may provide good protection against bias overturning in the unforced system. We will
be considering the effects of external forcing in Sec. [f.7] It should also be noted that this has
implications both for protection against misinformation as well as the creation of misinformation,
since it shows that if the system becomes initially biased towards a piece of false information, it

may be quite difficult to overturn the bias in favor of the truth.

4.6 Heterogeneous initial opinions

Until this point we have made the assumption that all agents begin with the same initial opin-
ion. This assumption is highly unrealistic for any real-world system. In this section we investigate
the effects of heterogeneous initial opinions on the behavior of our model and on the accuracy of our
mean-field approximation. We consider two cases for the distribution of heterogeneous initial opin-
ions. In the first case, we consider opinions sampled from a normal distribution with mean p and
standard deviation o truncated to the interval [—1,1], i.e., values that fall outside of this interval
are redrawn from the same distribution until all values are within the given interval. In the second
case, we consider an evenly weighted bimodal Dirac delta distribution with mean p and a distance
A between the two modes, i.e., a distribution given by P(X) = [§(X —u+A/2)+6(X —pu—A/2)]/2.

Fig. shows the results obtained from numerical simulation of the agent-based model for
a 30-regular network with N = 1000 nodes with ro = 0.67 for the truncated normal distribution
with ¢ € {0.05,0.1,0.3,0.5}. For each pair (u,€) the same procedure is used as in Fig. m
with the same selection of (S4(0),S-(0)). The panels of Fig. should be compared to the
top-right panel of Fig. m (ro = 0.67). We observe that the general shape of the basins of
attraction for the three possible steady-state behaviors is qualitatively similar for smaller values of
0. As o increases, the similarity decreases; in particular, the basins of attraction of the endemic

states become smaller. This shows that while our mean-field results are reasonably accurate with
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the inclusion of heterogeneous initial opinions, as the amount of heterogeneity is increased, this
accuracy can be lost. Furthermore, we notice that increasing o causes the basins of attraction of
the 41 and —1 endemic cases to become smaller, which means that the disease-free state can be
stable for smaller values of €. This indicates that when the initial distribution of opinions is more
heterogeneous the disease-free state can remain stable even when the infection and healing rates
are more strongly affected by an individual’s opinion, suggesting that the role of confirmation bias
and the illusory truth effect in the spread of information is smaller when the initial opinions are
highly heterogeneous.

Fig. 4.7b| (middle and bottom) again shows numerical results of our agent-based model for a
30-regular network with N = 1000 nodes and rg = 0.67 for the bimodal Dirac delta distribution
for ;1 = 0 (middle) and p = 0.5 (bottom) with the same procedure as Figs. and for each
ordered pair (A, €). Fig. [4.7b| (top) shows an example of the bimodal Dirac delta distribution with
mean p and distance A between modes. In Fig. 4.7b[ (middle) we see that when the average opinion
is zero, p = 0, increasing the distance between the two modes causes a shift from the disease-free
state being stable when A = 0 to a bistable region between the +1 and —1 endemic states when
A > 0, for sufficiently small values of e. When the distribution is significantly biased to one side,
w= 0.5, (Fig. bottom) the difference between the two modes seems to have no effect. However,
there is a transition between the 41 endemic and the disease-free state as € is increased, mirroring
what was found in the case of homogeneous opinions (cf. Fig. .

The results of this section show that our model can result in rich behavior that is not captured
by our mean field approximation when the initial distribution of opinions is highly heterogeneous.

However, we leave an analysis of this case for future research.
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(a) The long-term behavior of the agent-based
model for 7o = 0.67 and o € {0.05,0.10,0.30,0.50}
as a function of p and e. The color of each
point represents which contagion was successful
more frequently out of 9 independent trails of the
agent-based simulation on a 30-regular network of
N = 1000 nodes. Each simulation ran for 3000
time steps with initial fraction of infected nodes
given as (54+(0),S-(0)) € {(0.05i/2, 0.055/2)|i €
{0,1,2}, j € {0,1,2}}. Insert shows a sample trun-
cated Gaussian with mean p for each value of o.
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(b) (top) An example of the Dirac delta bimodal dis-
tribution with mean p and distance A between modes.
(middle) the long-term behavior of the agent-based
model for r¢ = 0.67 with mean p = 0 as a func-
tion of A. (bottom) the long-term behavior of the
agent-based model for g = 0.67 with mean p = 0.5
as a function of A. The color of each point repre-
sents which contagion was successful more frequently
out of the 9 independent trails of the agent-based sim-
ulation on a 30-regular network of N = 1000 nodes.
Each simulation ran for 3000 time steps with initial
fraction of infected nodes given as (S (0),5_(0)) €
{(0.05¢/2, 0.055/2)|i € {0,1,2}, j € {0,1,2}}.

Figure 4.7
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4.7 External recruitment of spreaders

Now we modify our model to allow for the external recruitment of spreaders. This could
model a situation where disinformation is spread by the coordinated actions of malicious external
agents. To model this we introduce an additional forcing term to our system which allows for

external recruitment of contagion spreaders. Working in the framework of Eqgs. (4.15)-(4.17), we

modify them as

% = —S+ [1 - X + 6]

+ ro(1 =54+ —5)S+[1+ X +¢

+ Q=S5 =8S)f+(1), (4.27)
ds_
o = —S_[1+ X +¢€

+ ro(1—54—5S_)S_[1—X +¢

+ (1-=5:—-85-)f-(t), (4.28)
dX
el K[(Sy —S-)—(S+ +5-)X], (4.29)

where fy(t) and f_(t) represent normalized rates of recruitment of spreaders for the +1 and —1
contagions, respectively. Since we are interested in how the spread of disinformation may affect the
spread of the “true” information, from this point on we will consider the +1 contagion as “true”
and the —1 contagion as “false”, recognizing that sometimes it is not possible to make such a clear
distinction. In addition, for simplicity we will assume that only the “false” contagion will have
external recruitment of spreaders, meaning we will consider only the case where fi(¢) = 0. For
f—(t) we will consider only the case of constant forcing f_(t) = B, which could represent a constant
recruitment of “false” information spreaders due to, for example, an unchanging social-bot network.
With the addition of external forcing of the —1 contagion, disease-free behavior is no longer an

equilibrium state of the system. Instead, with a constant forcing f_(¢) = B there are now two
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steady-state equilibria. The first is of the form (X,S;,S5_) = (—1,0,5%) where

—[B+e€—10(2+€)]

5o = 2ro(2 +€)
VIB+e—10(2+€)2+4r9(2+¢€)B
2ro(2 +¢€) ’ (4.30)

which corresponds to the “false” information becoming dominant in the system. The second is of
the form (X, Sy, S_) = (X*,S5(X*), S7(X*)) where X*, S5, and S are solutions to the non-linear

algebraic equations

) = X o (REX) Re(x) (4.31)

SHX*) = 1- Rg(lx*) S XY, (4.32)
* QRX(X*) * *

Xt = 1- [Rif(X*) . 1] SHXY). (4.33)

This second equilibrium corresponds to the +1 contagion becoming dominant in the system while
the —1 contagion remains sustained by a small fraction of the population, due to the constant
external recruitment. We have found numerically that both of these solutions are stable.

Now we discuss how the forcing of the —1 contagion modifies the bias overturning behavior
studied in Sec. In the absence of forcing, the bias overturning behavior is facilitated by
a more infectious contagion: note how, in Fig. the red region (corresponding to the initial
positive opinion being overturned) increases in size as rg increases. In contrast, a more infectious
contagion suppresses bias overturning in the presence of constant external forcing. To illustrate
this, Fig. shows the average opinion after a long period of time (t; = 3000) against the forcing
term f_(t) = B € [0,1] and X (0) € [0,1] for 79 = 0.3,0.9 and S4(0) = 0.1,0.5 with S_(0) = 0,
obtained using the mean-field equations. Since X (0) > 0 the system is initially biased towards the
true contagion. In Fig. [{.§ we see that as r increases the red region which, again, corresponds to
the overturning behavior, becomes smaller. Therefore, in this case, we see that for larger rq it is
more difficult to overturn the initial bias. Similarly, as S;(0) increases a larger value of forcing is

required to overturn the initial bias.
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Figure 4.8: Average opinion of the population as a function of X (0) and the constant forcing
f—(t) = B after t; = 3000 time steps with parameters 7 = 0.1, K = 0.25, ¢ = 0.01, ro € {0.3,0.9},
S+(0) € {0.1,0.5}, and a time step h = 0.25.

Although modeling an underlying social-bot network via external forcing terms is a limited
approach, we observe within our model that information that spreads with lower values of rq is
more susceptible to disinformation, as measured by the size of the basis of attraction of the —1

endemic state.

4.8 Discussion

We introduced a hybrid model of a pair of competing beliefs (interpreted as social contagions)
coupled with an internal opinion describing the alignment of the individual’s biases towards the
two beliefs. Modeling cognitive biases, the internal opinion gets modified by infection attempts
(modeling the illusory-truth effect) and modifies the infection probabilities (modeling confirmation
bias). We found that this model results in an opinion-dependent stability of the disease-free state
(i.e., when the two beliefs are not being spread). In addition, we found that the incorporation of
cognitive biases in the contagion process can lead to transient dynamical behaviors that are absent
in simpler models of social contagions. These behaviors include the rebound, where one of the com-

peting beliefs is revitalized after an initial decay, and the bias overturning, where the initial opinion
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of the population switches from one belief to the other. We found that bias overturning is promoted
by stronger beliefs, as measured by the effective reproduction number ry in Eq. ; however,
overturning an initial bias towards one belief when there is external recruitment of spreaders for the
opposing belief is more difficult when the effective reproduction number is larger. While examining
the role of heterogeneity in initial opinions we found that when the distribution of initial opinions
is Gaussian the role of confirmation bias and the illusory truth effect decreases as the variance of
the Gaussian increases. Furthermore, we observed that equally weighted bimodal distributions of
initial opinions can result in bistability of the 1 endemic behavior.

Despite the simplicity of our model, there are a number of results that can be related to the
real-world spread of competing beliefs. First, we observe that the initial biasing of the system is
highly important in the long-term behavior, both relating to the initial opinions of agents and the
initial fraction spreading each belief. This suggests preemptive efforts to combat misinformation
through prebunking-type approaches are important in reducing the spread of false information. It
also suggests that ignoring the early spread of false information may result in a system that is highly
prone to belief in it and may be very resistant to recovery. Second, the formation of the rebound
behavior may suggest that the effects of confirmation bias and the illusory-truth effect allow the
creation of a type of “reservoir” to the social contagion, similar to the existence of reservoirs in
infectious contagions such as avian influenza and bovine tuberculosis [272], allowing the rebound
of the belief into a population that initially rejected it. However, confirming such a feature in our
model will require further study; particularly, closely examining the role of network and community
structures as well as the spatial distribution of opinions within these structures. It should also be
noted that the existence of such a rebound behavior and the relevant time scale is difficult to
determine as it requires high-quality time-dependent data on the spreading of beliefs in a social
network. At this time we have been unable to find sufficient data to confirm or refute this feature of
our model in real-world systems and would be an interesting and highly interdisciplinary extension
of our study.

Our model is an idealized description of how two competing beliefs may spread in a regular
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network where individuals have cognitive biases such as confirmation bias and the illusory truth ef-
fect. There are many ways in which the model could be made more realistic. For example, our model
doesn’t account for potential interactions among more than two contagions, non-binary beliefs, re-
alistic social network structure, fact-checking, or more detailed cognitive bias models. However,
even within our highly simplified model there remain many potentially interesting questions. For
example, in all analytical results, we assumed that identical initial opinions were assigned to all
agents within the agent-based model. An extension of our analysis to the case of initial heteroge-
neous opinions is left for future work. Other examples include using more heterogeneous networks

or real-world social networks instead of a k-regular network.



Chapter 5

The Social Compass Model with Communities and External Sources

5.1 Introduction

Within a society, the ability to reach a state of consensus is paramount to societal function and
is an important component in establishing many of the ideas that are foundational to our everyday
lives, including the value of money, the meaning of language, and our notions of fairness and
equality [56], 57, 58]. However, most social systems rarely exist in a true state of consensus, easily
observed in the variety of cultural practices, beliefs, and norms that vary with country, religion,
and political ideology, among many other possible divisions [273]. Instead, many social systems
exist in a state of local consensus such that there are groups of individuals that share the same
or a similar opinion. Such a state is sometimes referred to as fragmentation in models of opinion
dynamics [71]. In some cases, these fragmented states can become more extreme resulting in two (or
sometimes more) groups with opposite and extreme opinions, a state known as opinion polarization.
However, it should be noted that this definition is used to place this work in alignment with the
terminology used in [I] and that polarization can refer to a large number of related concepts. For
an in-depth discussion on definitions and types of polarization see Ref. [274]. Opinion polarization
is a social phenomenon that has been observed across a wide range of topics including religious
and political ideologies [275, (9], race [276], and climate change [277]. Although some opinion
models suggest that a certain amount of polarization may promote consensus [278], typically the
existence of opinion polarization in a population is associated with negative societal outcomes

such as reduced democratic stability [59], increased political division [279], slower resolution of
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societal challenges [280], and may promote the spread of conspiracy theories and misinformation
[281]. Additionally, the formation of opinion polarization is often associated with homophily (i.e.,
the tendency for individuals to form connections with similar individuals) [282] 283], tribalism (a
tendency for individuals to form an “us versus them” mentality), and increased social tensions
[59]. There has been some work that has shown that a tendency toward homophily can result
in the formation of communities in an adaptive bounded-confidence model of opinion dynamics
[113]. Furthermore, a major 2021 study by Cinelli et al. found that homophilic communities in
online social media tend to dominate online interactions and act as echo-chambers (i.e., groups
of like-minded individuals reinforcing a shared narrative) [284]. These echo chambers may play
an important role in the formation of opinion polarization [285]. These results suggest that the
role of communities, specifically those that exhibit homophily, is an important component in the
formation of an opinion-polarized system. In addition to communities, the formation of extreme
opinions, and possible opinion polarization, may be influenced by external actors that publicly
broadcast their opinions; we will refer to such entities as opinion leaders (e.g., politicians, news
and entertainment, celebrities, and online personalities) [286, 287, 288, 289]. One study found
evidence that an opinion-polarized social network, with the presence of opinion leaders, tended to
also have homophilic communities [287]. While this finding doesn’t imply that these communities
have formed as a consequence of the opinion leaders, it demonstrates that opinion leaders and
homophilic communities can coexist. Thus, it is worthwhile to study the interactions between
community structure and external sources of opinions.

Unsurprisingly, there is a great interest in studying the mechanisms that underlie the for-
mation of an opinion-polarized system and how polarization can be reduced. Many of the current
models for studying the formation of polarization focus on the formation of a polarized state in
regards to a single topic [1, 290, 291]. However, it is common for individuals to carry correlated
opinions on different topics (known as opinion alignment), allowing polarization to occur along
an axis defined by two topics [I, 292, 293, 294]. Ojer et al. noted that many models that have

multi-dimensional opinion spaces have failed to reproduce opinion polarization and often neglect
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opinion alignment [I]. However, there are a small number of studies that do include or produce
opinion alignment. The particular example that we discuss here is Schweighofer et al.’s highly
comprehensive model of opinion dynamics, which is based on cognitive dissonance and structural
balance theories from psychology. In particular, Schweighofer et al. propose an agent-based model
that exhibits opinion alignment and polarization as emergent phenomena in a multi-dimensional
opinion space [295]. However, as this is a rather complex agent-based model, Schweighofer et al.
developed no major analytical results.

The lack of analytically tractable models of polarization that include or produce opinion
alignment led Ojer et al. to propose the social compass model, which is a model of opinion consensus
and polarization where individuals hold opinions on two different, but possibly interdependent
topics [I]. In the social compass model, the opinion space is represented in the polar plane, where
the opinion orientation of a pair of opinions (x,y) is represented as the angle § = atan2(y, z) and
individuals’ conviction (i.e., how strongly individuals hold onto their initial stance) is represented
as the radius p = /22 + y2. It is assumed that the opinions z and y are continuous, real-valued
opinions measured on the open interval (—oo,00). Furthermore, the social compass model allows
one to study how correlation between the two opinions z and y (i.e., opinion alignment) affects the
onset of consensus. To illustrate how opinion alignment is modeled, one can consider the following
examples. First, suppose that topic X is abortion rights and topic Y is pineapple on pizza, with each
topic measured on [—1, 1], for simplicity, with —1 representing against and 1 representing begin in
favor. One would not expect to find individuals’ stances on these topics to be correlated. Therefore,
one would expect 4 extreme opinions: (—1,—1), (—=1,1), (1,—1), and (1,1). Alternatively, consider
an example where topic X is abortion rights and topic Y is now gun control, again measured on
[—1,1] with the same convention. Anecdotally, these topics tend to be correlated, which suggests
that, in this case, there are only 2 extreme opinions: (—1,—1) and (1,1). In each case, if one
assumes that the population begins in a polarized state, then the distribution of initial opinion
orientations for the first example should be quadrimodal, corresponding to the 4 possible extreme

opinions, [see Fig. (right)] while the distribution of initial opinion orientations in the second
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Figure 5.1: A schematic representation of the distribution of initial opinion orientations for cor-
related initial opinions (left) and uncorrelated initial opinions (right). The black dots mark the
location of of initial opinion orientations.

example should be bimodal, as there are only 2 extreme opinions [see Fig. [5.1|(left)].

To date, Ojer et al. has shown that the social compass model exhibits a phase transition from
a state of initially polarized opinions to one of consensus that is strongly dependent on the initial
correlation of opinions. Particularly, they found that when initial opinions were uncorrelated the
social compass model exhibited a first-order transition to consensus (i.e., one which is discontin-
uous), while for correlated initial opinions they observed a continuous transition to consensus [I].
Additionally, in a follow-up study, Ojer et al. showed that when coupling among individuals oc-
curs along a network structure, then the critical coupling strength, marking the transition between
polarization and consensus, depends strongly on the network topology. Furthermore, Ojer et al.
showed that the threshold for the transition vanishes in networks with highly heterogeneous degree
distributions in the limit N — o0, suggesting that network degree heterogeneity may mitigate
polarization [4].

Although the social compass model provides an interesting way of encoding opinion alignment
into an analytically tractable model of opinion dynamics, there are a number of assumptions made
in [I] that result in several limitations, which we discuss now. First, by defining an individual’s

conviction p as the magnitude of their opinions represented in polar coordinates and treating



91

conviction as a fixed value they implicitly assume that an individual’s opinion on the two topics X
and Y are coupled. As a result, when an individual’s opinion orientation changes, they necessarily
decrease their stance on one topic in favor of the other. While this may be appropriate for some
topics, it is not a behavior one would expect to observe in general. Furthermore, the assumption
that an individual’s conviction is constant also introduces the implicit assumption that individuals
with particularly high values of p are simply highly affected by their own opinion regardless of
their belief. This suggests that an individual who holds an extreme opinion initially and therefore
has a strong conviction is difficult to sway from any stance regardless if this is their initial stance
or one adopted through further social interaction. However, while it is important to explicitly
discuss these assumptions, they allow for a particularly simple model that can be easily studied via
analytical approaches.

The social compass model exhibits a structural similarity with the Kuramoto model, due to
the form of the term that describes interactions between individuals. The techniques used by Ojer et
al., particularly the construction and expansion of a self-consistent equation in the thermodynamic
limit (or continuum limit), are similar to the early approaches used to study the Kuramoto model
[7]. However, they do not allow for the analytical study of some important generalizations, such as
the existence of external forcing or community structure [I81] or the study of the time evolution
of macroscopic model variables. Within the study of Kuramoto models, these limitations led to
the proposal of the Ott-Antonsen ansatz [I81] [184] (186, [185], which allows the high-dimensional
Kuramoto model to be reduced to a single integro-differential equation or a small system of coupled
ordinary differential equations (depending on the underlying distribution of natural frequencies)
[I81]. Inspired by Ojer et al.’s social compass model, we seek to exploit the similarity between
the social compass model and the Kuramoto model and use the Ott-Antonsen ansatz to develop
a reduced representation of the dynamics of the social compass model. We find that this method
is successful at capturing the global dynamics of the social compass model. Furthermore, we use
our alternative approach to generalize Ojer et al.’s results to consider continuous distributions of

initial opinions and convictions. Lastly, we extend the social compass model to include external
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forces and community structure and apply the Ott-Antonsen ansatz to this generalization as well.

The organization of this chapter is as follows. In Sec. we introduce the social compass
model proposed in [I] that will be studied in the rest of the chapter. In Sec. we apply the Ott-
Antonsen ansatz to the social compass model to derive a reduced description of the dynamics, the

equilibrium solution, and the resulting self-consistent equation. In Subsections [5.3.1] and [5.3.2], we

use our approach to recover one of the self-consistent equations used by Ojer et al. and generalize
their results to continuous distributions of initial opinions and convictions, respectively. In Sec.
we introduce a generalization of the social compass model that includes community structure and
external forcing. We also apply the Ott-Antonsen ansatz to our generalization to again find a
reduced description of the dynamics. Finally, in Sec. we discuss our findings and planned future

work.

5.2 The social compass model

The social compass model from Ref. [I] is a consensus model of N interacting agents of the

form

Z\N

0; = p; sin(g;

N
Z (0, — 6;) (5.1)

fori =1,2,3,...,N. Here, p; is the conviction of agent ¢, which measures how strongly agent i
holds their original opinion and is randomly drawn for each agent from a distribution P(p). The
phase 6; represents the opinion orientation of node i, as measured by an 6; = atan2(y;, x;), where
vi, x; € R are agents ¢’s opinions on topics Y and X, each of which is a continuous opinion defined
on the interval (—oo, 00). The phase ¢; represents the initial opinion orientation of node i and is
drawn randomly from a distribution Q(¢). Lastly, K is the coupling strength between agents. This
model assumes that each agent’s opinion orientation is pulled towards its initial value, ¢;, which
can represent a bias, and towards other agents’ opinion orientations.

Since consensus in this model is modeled as alignment of the phases 6; of each agent, we can
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measure consensus as the magnitude of the complex-valued order parameter

4 1 :
z=re¥ = N Z e, (5.2)

We refer to the magnitude r of this complex order parameter as the degree of consensus. This
order parameter can be understood by representing the opinion orientation of each agent as a
complex number with phase #; on the complex unit circle (i.e., %) and then taking the mean of
these complex numbers. When the opinion orientations of the agents are distributed approximately
uniformly around the unit circle then r is small. When the agents are near consensus, their phases
will be concentrated around a single phase and r = 1. In terms of the order parameter in Eq.
and the complex number representation of the initial state of each agent a; = p;e®, we can express

the system of ODEs in Eq. (5.1 as
0; = Im{(a; + Kz)e "}, (5.3)

It is also convenient to define the constant H; = a; + Kz, which can be thought of as the combined
pull of the agent’s own initial opinion (a;), and the other agents in the system (Kz). Then the

behavior of each agent i is described by the system
0; = Im{H;e "}, i=1,2,...N. (5.4)

The form of the social compass model shown in Eq. (5.4) is particularly useful as it will allow us
to derive a reduced description of the social compass model and a general self-consistent equation
using the Ott-Antonsen ansatz using Eq. , and then choose particular forms of H to include
additional features to the model, such as external sources and community structure without the
need to rederive the reduced system for each variation of the model.

The method used in [1I] is to solve for the fixed points of Eq. and consider the ther-
modynamic limit (N — oo) of the order parameter. This results in a self-consistent equation that
can be used to study the behavior of the steady states of the system’s order parameter and the

transition from a polarized (incoherent) state to a consensus (synchronized) state.
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However, as for the original Kuramoto model, the method of self-consistent equations is ill-
suited for certain types of problems, such as stability analysis or determining the dynamics of the
order parameter [I81]. In the remainder of this chapter, we will employ the Ott-Antonsen ansatz
introduced in [I81] to study a generalization of the social compass model. This will allow us to
provide an alternative method for recovering the self-consistent equations of [I] while providing a
reduced description of the dynamics. We then incorporate the effects of community structure and

external forcing into the social compass models.

5.3 Dimensionality reduction of the social compass model

In this section we use the Ott-Antonsen ansatz (see [I81]) to derive a set of reduced equations
for the generalized form of the social compass model [see Eq. ] that we will then use to study
special cases in the subsequent sections. We begin by following the approach by Ott and Antonsen
[181] and summarized in Chapter [2| expressing the system’s order parameter in integral form by

taking the continuum limit,

oo 21 27
o= / / 1(t.6, p, &) dbidodp, (5.5)
0 0 0

where f(t,0, ¢, p) is the density of agents with opinion orientation 6, conviction p, and initial opinion
orientation ¢ at time ¢. We then require that f satisfies the continuity equation (since agents are

assumed to be conserved)

of 9 —i0; _
B + 50 [Im{HZ-e 0 }f} =0, (5.6)

and expand the density f in Fourier series in #. We then make the Ott-Antonsen ansatz, «, = a”,

to get

. (5.7)

f(t,0,p,0) = P(pz)g(é)

1+ a"(t,p.¢)e™ + C.C.
n=1

Inserting Eq. (5.7) into the continuity equation [Eq. (5.6)] and collecting like terms results in the

same ODE for every n,

(t,p,6) + 5 0*(1,p,6) — 5 =0 (58)
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where the bar indicates complex conjugation. Finally, inserting Eq. (5.7)) into Eq. (5.5)) reduces the

order parameter to

e’} 2
2= /0 /0 al(t, p. 6)P(0)Q(6)ddp. (5.9)

The integro-differential equation described by Egs. and , together with H = pe’® +
Kz, describes the dynamics of the original system in reduced form.

Unlike the Kuramoto model, the social compass model is a model of consensus, and therefore
we expect the steady-state behavior to approach a constant value (note that the intrinsic frequency
of each oscillator is zero). Setting & = 0 in Eq. we find that there is an equilibrium solution

given by

E

(5.10)

I

Inserting this in Eq. (5.9) we find a self-consistent equation for the steady state behavior as

o) 2T H
= [ [ P s (5.11)

At this point, we use our results from Eqgs. and to reproduce some of the results
in Ref. [I]. In addition, we use the reduced dimensional description to develop further insights into
the dynamics of the model. This will be the topic of subsection We then will consider the
case of a continuous distribution of initial opinions Q(¢) in subsection [5.3.2]

5.3.1 Recovery of the results of Ref. [1]

In this Section we will consider one of the two cases considered in [I]. In particular, we

consider the case where

P(p) =6(p = pmax); (5.12)

and

Q(¢) = £ [0(¢ — ¢o) + (¢ — ¢o + ) + 3(d + o) + 0(¢ + ¢o — )] . (5.13)

| =



96

where ¢g € [0,7/4] parameterizes the transition from correlated initial opinions (at ¢g = 0) to
uncorrelated initial opinions (for ¢y > 0). The distribution Q(¢) is shown schematically in Fig.[5.1

There are two goals of this Section. First, we will consider the utility of developing a reduced
description of the dynamics and gain further insight into the social compass model. Second, using
Egs. and , we will reproduce the self-consistent equation of Ojer et al., from which all of
their results can be recovered.

To begin with our first goal, we will apply our choices of P(p) and Q(¢) to Egs. and ,
resulting in a collection of ordinary differential equations for the dynamics of (¢, p, ¢), coupled by
the global order parameter z. With these choices, Egs. and become

K @+ Kz
ozl-+az+2 Za?—a’z -0, i=1,2,34, (5.14)

and

4
1
SN (5.15)
j:

respectively, where O[](t) - a(tapmaX)(z)j)v aj = pmaxei¢j7 ¢1 - ¢05 ¢2 - ¢0 -, ¢3 - _¢07 and
¢4 = —¢o + 7. Next, to better understand Eq. (5.14) we will take a; = r;e% and split Eq. (5.14)
into its real and imaginary parts. This results in

(aj + K2)e'% o (aj + Kz)e's

v 4 irib; + e =0, (5.16)
or
¥ = —%(r? — 1) [pmax cos(¢; + 6;) + Krcos(¢ + 6;)], (5.17)
1ty = =53 1) [ sin(6; 4 65) + Krsin(yr + 65)], (5.18)
j=1,2,3,4,

where z = re”. From here, note that r; = 0 whenever r; = 1, which is observed numerically to be
stable. On the invariant surface where r; = 1 for j = 1,2, 3,4, the dynamics of the phases reduce

to

0; = pmaxsin(—¢; — 0;) + Krsin(— —0;), j=1,2,3,4. (5.19)
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Figure 5.2: The phases 6; shown in the top half of the unit circle from numerical solutions of
Eq. (5.19) (left). The phase §; shown in the top half of the unit circle from numerical solutions of
Eq. (5.19) after applying the mappings in Eqs. (5.20) and (5.21)).

In the following, we will search for stationary solutions on this invariant surface.
Next, we will make use of the symmetry about the imaginary axis in the distribution Q(¢)

to further reduce the system in Eq. (5.19)). Note that

05(0) = g = 1 — 05(0), (5.20)

04(0) = ¢ps = 7 — 61(0), (5.21)

and that therefore, from Eq. , ¥(0) = £5. One can check that 6, + 63 and 6 + 0, are
conserved by Egs. as long as 1) = +7, and so we can assume that 03 + 603 = —7, 01 + 04 = 7,
Y = £7 and reduce the dimension of the system. Additionally, Fig. shows the effect of applying
the transformations 0o = —7w — 03, 84 = ™ — 61 to a numerical solution of Eq. . Making the

substitutions 6o = —m — 603, 04 = 7 — 01 in Eq. (5.15)), we obtain

z = |:6—i91 + 6—i(7r—93) + e—i@g + e—i(ﬂ—_gl):|

e

_ _% [sin(6,) + sin(63)] (5.22)

Thus the order parameter exists purely on the imaginary line, meaning that ¢» = +7/2, as assumed
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above. Enforcing this on Eq. (5.19) we find that
éj = Pmax sin(—¢; — 0;) = Krcos(0;), j=1,2,3,4. (5.23)

Lastly, we apply the transformation in Egs. (5.20) and (5.21)) to get

01 = pmax sin(—¢o — 01) + Kr cos(6,), (5.24)

03 = pmax sin(do — 03) £ Kr cos(3), (5.25)

with the order parameter z defined by Eq. (5.22). Eqgs. (5.24)) and (5.25)), together with Eq. (5.22)),

capture the dynamics of the original high-dimensional system.
Next, we want to use this result to recover the key results of Ojer et al. To do this, we solve
Egs. (5.24) and (5.25)) for the constant valued solutions 67, 65, corresponding to 6, = 0 and 63 = 0.

These are

Kr

0% = arctan [— tan(¢o) £ sec(¢)] , (5.26)

pmax

sec(gb)] . (5.27)

K
05 = arctan [tan(qﬁo) + =0

Pmax

Then, substituting these into r =  [sin(6}) + sin(63)] and simplifying, we get

. —Pmax Sin(¢g) + Kr
2\/ Prax + (K1) = K7 pimax sin(¢o)
N Pmax Sin(¢g) £ Kr .
21/ Prax + (K7)2 + K7 pimax sin(¢o)

(5.28)

the right-hand side of Eq. (5.28]) is identical to equation (31) from the supplement of [I], meaning
that additional results, such as the onset of bistability and the critical coupling strength can be

recovered using the same techniques from this point on.

5.3.2 Generalized distributions of opinion orientation and conviction

In this section, we use our alternative approach to study the effects of symmetric continuous
distributions Q(¢) and arbitrary continuous distributions P(p). In real-world opinion distributions,

it is common for there to be some level of deviation in individuals’ opinions, as opposed to the
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population being split into a discrete number of opinions. By studying continuous distributions of
initial opinion orientations, we can maintain the comparison between correlated and uncorrelated
initial opinions, as in Ref. [I], which are not simply drawn from a discrete number of choices.

Throughout this section we will be considering distributions Q(¢) such that

/ " 8 Q(8)do — 0, (5.20)

and that Q(¢) is symmetric about the imaginary axis. These conditions can be understood as
generalizations of the symmetries that were exploited in the previous section. We begin by showing

that o* = H/|H]| is still an equilibrium solution to our system when z = 0

z—/ /Qﬂ Q9 P(p)dedp

0= / P(p) /0 |§| (6)dodp

27 ip K
/ / e Qodady

_ pe'? ince z —
_/o P(,o)/0 |pei¢|Q(¢)d¢dp, since z = 0,

-/ " P(p)dp / 7 e (¢)do

=0.

Where the last line of this equality comes from our assumption about the symmetry of Q(¢).
Therefore o* = H/|H| is an equilibrium solution to Eq. (5.14) when 2 = 0. Now we study the

linear stability of this solution by studying the evolution of small perturbations

da=a—a’, (5.30)

and [see Eq. (5.9)]
00 2
s:= [ Plo) [ Qo dod, (5.31)
0 0

Linearizing Eq. (5.14]) we get

oc K
— 4+ 0o+ —
P 2

p

(O‘;)25z - 1&] — 0. (5.32)
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We are interested in the critical coupling strength, marked by the transition from decreasing to
increasing da. Taking d& = 0 we get

2
oo+ ()

K.
2

5z — ;5,2] —0. (5.33)

Next, we multiply Eq. (5.33) by P(p)Q(¢) and integrate on [0, 27] x [0, 00), obtaining

oz + K7 <E¢ [eM] E,[1/p)6z — E,[1/p] E) =0, (5.34)
where
P = [ Qo (5.35)
and
g1/ = [ Fap, (5.36)

Next, due to the symmetry in Q(¢), dz is purely imaginary and Eq. (5.34]) reduces to

14 K7 <E¢ [e%ﬂ E,[1/p +E, [1/p]> ~0. (5.37)
Solving for K. we get
2(E,[1/p]) 7"
K. = % (5.38)

as the critical coupling strength.

Next, we test 2 example distributions for ¢ and 3 example distributions for p to make com-
parisons with simulations of the agent-based model of Eq. (5.1)) with N = 2000 agents. For the
distributions of individuals’ convictions, we consider a Dirac delta distribution [see Eq. ],
an inverse power-law distribution with the limiting form P(p) ~ p~7 above a minimum possible
conviction pmyin, and a truncated power-law distribution with the limiting form P(p) ~ p7 below
a maximum possible conviction ppax. We use the power-law exponent v = 3 in both of the latter

cases. Note that we select the minimum conviction pui,, the maximum conviction ppax, and the
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constant conviction of Eq. (5.12)) to ensure the same mean value of the distributions. For the dis-
tributions of initial opinion orientations Q(¢), we consider the quadrimodal case as in Eq. (5.13)
with ¢9 = 7/6 and a bimodal Cauchy distribution wrapped onto the unit circle with a probability

density function of the form

B 1 — ¢2 1 1 5.39
Q¢) = (1+02—26COS(¢—M1) + 1—#02—20008@3_#2))7 (5:89)

where ¢ = 1/1.5 is the shape parameter and p; = 0 and pe = 7 are the centers of the two
modes. For the examples with the Dirac quadrimodal distribution of initial opinion orientations,
we use a mean value of the conviction (p) = 1, while for the bimodal Cauchy distribution we use
(p) = 3. Fig. m shows the degree of consensus r plotted against the coupling strength K with a
vertical line marking the critical coupling strength K. [see Eq. ] The degree of consensus r
is calculated using Eq. from the results of a single numerical solution of the social compass
mode [see Eq. ] for each value of K using N = 2000 agents. Numerical solutions are produced
using Euler’s method with a step size h = 0.05 for the time interval [0, 50]. Initial conditions for
K = 0 are drawn for each agent randomly from the distribution Q(¢) and the initial conditions
for subsequent values of K are selected as the end conditions at ¢ = 50 from the previous value
of K. The predictions of the critical coupling strength calculated from Eq. are marked by
black vertical lines. We observe good agreement between the predicted critical coupling strength
and the numerical simulations of the agent-based model [Eq. ] for all three cases. However, it
should be noted that the process described above only provides a prediction of the critical coupling
strength when the polarized state becomes unstable and cannot be used to predict the onset of

bistability and the resulting discontinuous transitions to consensus.

5.4 Community structure and external forcing

In the previous sections we demonstrated an alternative approach for studying the social
compass model based on an application of the Ott-Antonsen ansatz. From this approach we have

derived a collection of reduced equations describing the dynamics of the original agent-based model,
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Figure 5.3: Forward continuation of the degree of consensus r plotted against the coupling strength
K for an initial distribution of opinion orientations Q(¢) that are quadrimodal Dirac delta distri-
butions [as in Eq. with ¢9 = /6] (top row) and Cauchy bimodal distributions [Eq. (5.39)]
(bottom row). distributions of individuals’ conviction P(p) are Dirac delta distributions [Eq. (5.12))]
(first column), inverse power-law distribution [i.e., P(p) ~ p~7], and power-law distribution [i.e.,
P(p) ~ p7] (third column).

rederived Ojer et al.’s self-consistent equation, and derived an alternative expression of the critical
coupling strength for distributions of ¢ with the symmetry property in Eq. . Now, we want to
extend the social compass model to include the effects of community structure and external forcing.

Community structure often plays an important role in social interactions as it is often a
network structure that partially (or fully) isolates individuals from different groups. Community
structure is usually defined in terms of the number of connections between individuals within a
community relative to the number of connections out of the community [296]. Here we will con-
sider a somewhat similar approach where the network is all-to-all, but intracommunity coupling is
stronger than intercommunity coupling. Furthermore, there are a number of different social inter-
actions that can be well modeled as external sources, such as, different news sources may broadcast
information that changes on a substantially slower time scale than the opinions of individuals,
spreaders of disinformation may spread claims that mostly don’t change, and some influential in-
dividuals may post content that is biased towards their opinions. All of these cases can be thought
of as an external source that holds a single opinion state broadcast into the system with a specific

strength or intensity.
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Inspired by these ideas we consider a generalization of the social compass model where there

are two communities, 1 and 2, of sizes N/2. The model is described by the following equation:

N/2
dalo- (] (oa ag KUU : g g
P sin(¢f — 67) + N ;Sln(ej —607)
oo N/2
+ N Zsin(@? —07)
j=1
M
+ Y Fnsin(Bm —07), o#0 (5.40)
m=1

In Eq. , 07 and pf are the opinion orientation and conviction, respectively, of node i in
community o. K99 is the intracommunity coupling, K 79" i3 the intercommunity coupling, M is
the number of external sources, (3, is the opinion orientation of source m, and Fy, is the intensity
with which source m broadcasts its opinion.

As in the previous case, without forcing and community structure [See Eq. ], we can

define an order parameter to measure the amount of consensus in each community. We define
N/2

2 9
0= z; 7, (5.41)
]:

as the local order parameter for community ¢. Then the global order parameter is given by

1
2= (2o + 207) - (5.42)

With the definition of the local order parameter in Eq. (5.41]), we can express the generalized social

compass model in Eq. (5.40) as

B {H e~ } (5.43)
dt g I .
where
. 1 1 M .
H, = p;f'e“ﬁj + iK””zg + QKW 2y + mZZI EpePm o+ (5.44)

Now, applying the Ott-Antonsen ansatz, as in Sec. we arrive at the reduced description

of the system dynamics given by

—2 = _H, — —H,a?, (5.45)
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for each community o and

') 27
2 = /0 /0 o (t, 2 &) Pol(p) Qo (6)derp, (5.46)

where P,(p) is the distribution of convictions and @Q,(¢) is the distribution of initial opinion ori-
entations of individuals in community o, respectively. Lastly, we can write down a self-consistent

equation for the equilibrium solutions of the generalized social compass model. The equilibrium

solution to Eq. ((b.45|) is

&

(5.47)

Qg —

|H,|
Substituting the equilibrium solution into Eq. (5.46) we get

27
/ / (69, 0) Pr(9) Q0 (). (5.48)

Finally, using Eq. (5.42)) we have

1 oo 2w Ha H
=3 /0 /O [w(t,p,é)Pa(p)Qa(cﬁ) e ‘(t .0, 0) P () Qo (@) | dopdp, (5.49)

together with Eq. (5.44)), as a self-consistent equation for the global order parameter at equilibrium.

5.5 Results

At this point, it is helpful to consider specific cases of interest. Particularly, we will be

considering the effects of only community structure (subsection [5.5.1) and only external forcing

(subsection [5.5.2]).

5.5.1 Community structure

To begin our study of the social compass model with communities, we let the number of
external sources be zero (i.e., M = 0) and select the distributions of initial opinion orientations for

communities 1 and 2, respectively, as

Q1(¢) = 5 [0(¢ — do) + (¢ + ¢0)], (5.50)

l\D\H
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Figure 5.4: A schematic representation of the distribution of initial opinion orientations for cor-
related initial opinions (left) and uncorrelated initial opinions (right). The blue dots mark the

location of initial opinion orientations for community 1 while the red dots mark the locations of
the initial opinion orientations for community 2.

and

[6(¢ — do +7) + (¢ + do — )] (5.51)

N

Q2(9) =

In Fig. we include a schematic representation of these distributions with the modes associated
with community 1 in blue and the modes associated with community 2 in red. This choice is made
to ensure that initially correlated opinions (¢9 = 0) are held in distinct communities. We also
make the choice that the intercommunity coupling (K?% with o/ # o) has the form K7 = yK°°
with 0 < p < 1 and we also assume K'' = K?2. The choice ;. = 0 corresponds to completely
disconnected communities, while g = 1 corresponds to no community structure. Fig. [5.5] shows
a bifurcation diagram for the transitions between a polarized state (r = 0), a consensus state
(r ~ 1), and a bistable state versus K°° and y for the agent-based model [right, Eq. (5.40)] and
reduced description of the dynamics [left, Eq. ] We see that as the amount of intercommunity
coupling decreases, reaching consensus requires larger intracommunity coupling and the region of
bistablity becomes more narrow. Within the range that we have considered (i.e., K77 € [0, 3]),
reaching consensus becomes impossible for y less than about 0.4, although it is unclear if consensus

could still be reached for sufficiently large values of intracommunity coupling outside the range
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Figure 5.5: (left) A bifurcation diagram of the steady-state behavior of Eq. (5.45)) in the region
w € [0,1] and K77 € [0,3] for 2 communities with initial opinion distributions as in Eqs. (5.50)

and (5.51)) with ¢9 = m/4 and convictions all equal to 1 [i.e., as in Eq. (5.12) with ppax = 1].
(right) A bifurcation diagram of the agent-based model [i.e., Eq. (5.40)] with N = 1500 of the
steady-state behavior in the region p € [0,1] and K77 € [0, 3] for the same conventions as in the

reduced equations [i.e., Eq. (5.45))].

that we have considered. Additionally, comparing the left and right panels of Fig. we see good
qualitative agreement between the reduced dimensional description of the dynamics [Eq. (5.45))]

and the agent-based model [Eq. (5.40))].

5.5.2 External forcing

Now we will consider the effect of including a single external source (M = 1) that broadcasts
opinion orientation 8 with strength F' to every agent. This could model, for example, a single
news station watched by all agents. For this example, we will return to considering only a single
community with the quadrimodal distribution of initial opinion orientations [Eq. (5.13))] and a Dirac
delta distribution of convictions [Eq. (5.12)] with pmax = 1. Fig.[5.6] shows a bifurcation diagram in
the number of stable equilibrium solutions of r versus K and F for an external source with opinion
orientation 5 = w/6. We see that the bistable region vanishes for a non-zero value of the external
forcing. Furthermore, Fig. shows a plot of r versus K and F', with the same conventions.
Here we see that, as in the unforced model, consensus is reached above a critical value K¢ of the

coupling strength. However, we also see an increase in r, blurring the transition from polarization
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Figure 5.6: (left) A bifurcation diagram of the steady-state behavior of Eq. in the region
F €[0,0.2] and K?7 € [0, 3] with external forcing of opinion orientation § = /6 and initial opinion
distributions as in Eq. with ¢g = 7/4 and convictions all equal to 1 [i.e., as in Eq. with
Pmax = 1]. (right) A bifurcation diagram of the agent-based model [i.e., Eq. (5.40)] with N = 1500
of the steady-state behavior in the region F' € [0,0.2] and K?? € [0, 3] for the same conventions as

in the reduced equations [i.e., Eq. (5.45)].

to consensus, for sufficiently large external forcing. As in the case of two communities, we also
observe good qualitative agreement between the reduced description of the dynamics [Eq. (5.45))]

and the agent-based model [Eq. (5.40))].

5.6 Discussion and future work

The work presented in this chapter is currently ongoing and we are still working on developing
some of our key results. Despite this, we have shown that, like the Kuramoto model, the dynamics
of the social compass model can be represented with a low-dimensional dynamical system by ap-
plication of the Ott-Antonsen ansatz. This method provides an alternative approach to study the
social compass model, which allows for the study of its dynamics in addition to its equilibria. We
have also shown that a generalization of the social compass model that includes communities and
external forces can also be represented as a reduced dimensional system using the Ott-Antonsen
ansatz, in the limit N — oo, showing that the agent-based model and reduced description of the
dynamics have reasonable qualitative agreement.

Using our generalized version of the social compass model, we have examined the role of
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Figure 5.7: A plot of the degree of consensus r versus F and K generated from the reduced
description of the dynamics [Eq. (5.45)] without communities, a single external force with opinion
orientation § = /6, and initial opinion and conviction distributions as in Egs. (5.13)) and (5.12)),
respectively.

communities on a system’s ability to reach consensus from polarization. Particularly, we find that
the balance of intracommunity coupling, K°?, and intercommunity coupling, K ""/, affects the onset
of consensus, with less intercommunity coupling resulting in more difficulty reaching consensus (i.e.,
requiring larger coupling strength) and a smaller region of bistability. We have also found that the
inclusion of external forcing results in a non-trivial transition from a region of bistability between
polarization and consensus, to a continuous transition between the two. We have observed that a
sufficiently strong external force can increase the degree of consensus, r, even when the coupling
strength is insufficient on its own, and lowers the necessary critical coupling. However, it should
be noted that this doesn’t account for additional behaviors such as rejection of certain opinions or
other contrarian-like behaviors.

While it is difficult to provide an in-depth interpretation of the role of bistability in a model
of opinion consensus, some features of this transition that are worth noting are as follows. First,
the existence of bistability, as appears in the social compass model, allows the system to transition
from a state of polarization to one of consensus as a discontinuous transition. This suggests that
the transition to consensus can occur in a more widespread manner very quickly. Additionally,

as this type of bistability introduces hysteresis into the system, when the system is already in



109

consensus it is more difficult to bring it into a polarized state by decreasing the coupling strength.
One interpretation of this is that a bistable region, as in this model, may make a social system in
consensus more robust to a decreasing coupling strength and helps the system remain in a state
of consensus, and is therefore desirable. In the context of our findings, this suggests that the
separation of a population into 2 communities, with weaker coupling strength between members of
opposite communities, makes the system more vulnerable to becoming polarized since it decreases
the size of the bistable region and requires a larger intracommunity coupling to reach consensus.
Furthermore, the introduction of an external force can remove the region of bistability altogether,
possibly making the system less robust to polarization, but can promote the formation of consensus
for sufficiently large values of F' and seems to decrease the critical coupling strength.

As this is an ongoing project, there are still a number of advancements that we are currently
working towards. First, we will be continuing the work presented in Sec. to find an expres-
sion describing the transition from a continuous to a discontinuous bifurcation in the steady-state
behavior for the class of distributions considered in that section. We then are planning to extend
these results to the version of the social compass model with communities to find analytical expres-
sions of the critical coupling strength and formation of bistability. We also plan to extend these
techniques to the social compass model with external forcing to develop an understanding of how

forcing can reduce bistability and the behavior of the model with more external sources.
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Appendix A

Supporting Work for Chapter

Al Hypergraphs and the random-hypergraph model

As we stated in Sec. it is convenient to use hypergraphs to describe our networks, which
consist of nodes and groups of nodes. A hypergraph is a generalization of a graph that includes both
ordinary edges (i.e., dyadic adjacencies) and hyperedges with more than two nodes (i.e., polyadic
adjacencies) [10]211]. Following standard convention, we use the term “hyperedge” for any of these
adjacencies. Mathematically, a hypergraph Hg = (V, £) consists of a set V of nodes and a set £ of
hyperedges. Each hyperedge is a nonempty subset of V; the number of nodes in this subset is the
“size” of the hyperedge. In an ordinary graph, each node ¢ € V has an associated degree k;, which
indicates the number of edges that are attached (i.e., “incident”) to it. The “hyperdegree” of node i

K2 L0

i PR

oy k(-L)], where L is the size of its largest hyperedge and the [th-order

is the vector k; = [ p

0

degree k;” is the number of size-l hyperedges that are incident to node 7. Each hypergraph has a
hyperdegree distribution P(k), which encodes the probabilities that a uniformly-randomly-chosen
node has hyperdegree k for each k.

Just as one can describe a hypergraph using a bipartite network [10], it is also possible to
formulate our opinion model by considering dynamics on an ordinary graph with two types of nodes.
In this formulation, the agents constitute one type of node and the groups constitute a second type
of node. An agent can have adjacencies both with groups and with other agents, and a group is

adjacent to each agent that participates in it. We view the group language as much more natural

than bipartite-network language, just as the language of hypergraphs and simplicial complexes is
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natural for studying polyadic interactions [211] 297].

We now describe the particular random-hypergraph model that we employ. Consider a set
of nodes i € {1,2,3,..., N} with hyperdegrees k;, where kl(l) is the number of loose ends (i.e.,
“stubs”) of size-l hyperedges that are attached to i. We form a size-l hyperedge by uniformly
randomly selecting [ stubs for the hyperedge. We repeat this stub-selection process until all stubs
are assigned to a hyperedge. If (k:(l)> is finite, the probability that there is a size-l hyperedge that

connects nodes {i1,2,...,7} in the limit N — oo is

1= D)EDED o gD
71 1]

12

(N<k‘(l)>)l_l

filkiy, Kiys oo, ki) = (A1)

This expression is a generalization of an associated expression for ordinary configuration-model
graphs [298], 10].

The above random-hypergraph model is a special case of the stub-labeled hypergraph con-
figuration model in [235] in which we allow only hyperedges of sizes 2 and 3. Constructing a
hypergraph with a configuration model yields a small number of self-hyperedges (i.e., hyperedges
in which a single node participates two or more times) and multi-hyperedges (i.e., redundant hyper-
edges, which are hyperedges that occur two or more times) (See Sec. 12.1 of Ref. [10] for a relevant
discussion in the context of graphs.) Because we assume that nodes do not influence themselves,
we remove these self-hyperedges when constructing a hypergraph. For example, in a calculation
of means using a single sample of 20 instantiations of a 2500-node hypergraph with v = 4 and
(k) = (¢) = 20, we remove approximately 0.05% of the edges and approximately 0.15% of the
triangles. However, we retain multi-hyperedges. From the same sample of 20 instantiations of a
2500-node hypergraph with v = 4 and (k) = (¢) = 20, we find that about 0.33% of all edges and
about 0.0003% of all triangles are multi-hyperedges.

Our random-hypergraph model is reminiscent of the closely related random-graph models
with clustering that were proposed independently by Newman [299] and Miller [300]. In a Newman—
Miller model, nodes have specified dyadic and triadic (i.e., triangle) degree sequences, which one

uses independently in a stub-matching procedure. However, a “triangle” in the Newman—Miller
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model corresponds to three dyadic interactions, rather than to a single size-3 hyperedge.

A.2 Detailed derivation of the mean-field approximation (3.19))

In this appendix, we give a detailed derivation of our mean-field equations . As we
discussed in Sec. we consider the time evolution of the three order parameters V¢, U, and Y.

We begin by expressing V* and U? in terms of xf(, which is the fraction of nodes at time ¢ with
hyperdegree k = [k, g] that have opinion 1. The total numbers of edges is N(k)/2, and the total
number of triangles is N(q)/3. The expected fraction of opinion-1 nodes in a uniformly randomly
selected edge is thus

PRI () (44 ()5

k k' k

where NP(k)NP(k')/2! is the expected number of pairs of nodes with hyperdegrees k and k’,
the quantity kk’'/(N(k)) is the expected fraction of these pairs that are connected by an edge
[see Eq. with | = 2], and (z} + z},)/2 is the expected fraction of opinion-1 nodes that are
attached to an edge that connects uniformly-randomly-selected nodes with hyperdegrees k and k.
Analogously, the expected fraction of opinion-1 nodes in a uniformly randomly selected triangle is

t / " Iy ot + ot 4ot (k)zt
- _ZZZNP(k)NP?S()NP(k) ((2]3?(1;;)2>< t + 1§+ 4 >/<N§q>> _Zk:qP@ k|

k kl k//

(A.3)

Because we generate hypergraphs using a configuration model, the probability that there is

a hyperedge that connects a group of nodes depends only on the hyperdegrees of those nodes. We
can thus use a hyperdegree-based compartmental model to obtain mean-field equations. Consider
the probability [see Eq. (3.1)] that a node ¢ with hyperdegree k = [k, ¢] has opinion 1 at time ¢ + 1.
Assuming that all nodes with the same hyperdegree behave in the same way (i.e., the probability

that node j has opinion 1 is z} for all nodes j with hyperdegree k; = k), we approximate the
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normalized number Z} of neighbors of node i that have opinion 1 [see Eq. (3.4)] by
|
.fl-t = — Z AZ]JZE

~ <1> > NP(K.q) (;@) Tk

k
o

B i k:'P(k:’,q’)xf{,

(k) ; (k)

= kVt/(k), (A.4)

where the approximation in the second line replaces the number of opinion-1 neighbors of node 4
with its expected value. The term g/, which is the normalized number of triangles that are attached

to node 7 and have opinion 1 [see Eq. (3.7))], is approximately
ui ~qY"/(q) (A.5)

because node i is attached to ¢ triangles and Y? is the expected fraction of triangles that have

opinion 1. We insert the approximations (A.4)) and (A.5)) into Egs. (3.1)—(3.3) to obtain

1
i = E[zit!
k Np(k) kiZ:k [ 7 ]
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where E[-] denotes the expectation. The time evolution of the expected fraction Y of triangles

with opinion 1 satisfies

1 1
t+1 _ t+1 | _ t+1
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Making the mean-field assumption that all triangles behave in the same way (i.e., y§ = ¢! and

zt =z} for all j) yields

Y =By = 1]P(y" = 1)

+E[y™y' = 0]P(y' = 0). (A-8)
We then use Eq. (3.6) for the expected values and the relation P(y' = 1) = Y to obtain
Y = flezt + d) YT 4 f(ezh)(1 - YY). (A.9)

Finally, similarly to our approximation of 3! in Eq. (3.14), we approximate z* (i.e., the fraction of

nodes with opinion 1 in a triangle that we select uniformly at random) by
Ztx U, (A.10)

which is the expected fraction of opinion-1 nodes at time ¢ in a triangle that we select uniformly

at random. Substituting Eq. (A.10) into Eq. (A.9) yields
YL =Y (U +d) + (1= Y f(cU"). (A.11)

Inserting Eq. (A.6) into Eqs. (A.2)—(A.3]) yields the closed map (3.19)) for the time evolution of the

three order parameters:
LR ()
it — Z Z (JP (alj vt ?q>yt) (A.12)
Y=Y (U +d) + (1= Y') f(eU").
A.3 Selection of initial conditions

In this appendix, we discuss how we select initial conditions for our simulations of the stochas-
tic opinion model ([3.1)—(3.2)), the deterministic mean-field approximation (3.19)), and the stochasti-

cally perturbed mean-field approximation (3.26)). In most of our simulations, we perform parameter
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sweeps using W?2 evenly spaced initial conditions in the unit square. For each initial condition, we
perform a single simulation of the stochastic opinion model 7, the deterministic mean-field
map , or the stochastically perturbed mean-field map (3.26]).

For the stochastic opinion model 7, we use the W? evenly spaced probabilities
(u1,u2) (which we described in Sec. in the set {(¢/(W —1), j/(W—-1))| 4,5 € {0,1,..., W —1}}
for our parameter sweeps. For the mean-field equations and , we need to select initial
values for the three order parameters (V9 U? Y?). As we described in Sec. we employ initial
conditions with V9 = U so that our initial conditions resemble our initial conditions for the
stochastic opinion model as closely as possible. Therefore, we use the W?2 evenly spaced initial
conditions (VO U°, Y9) in the set {(i/(W — 1)), i/(W — 1)), j/(W —1)))| i,5 € {0,1,...,W —1}}

for our parameter sweeps.
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