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The use of theoretical kinetic modeling provides an invaluable tool for the study of
biofuel blend development and optimization. These models provide a way to simulate complex
combustion systems and extract information without the need for costly experimental
procedures. Indeed, these models often allow one to treat extreme conditions, such as those
found in combustion engines, where in situ experiment is not yet feasible. However, many
combustion models have large uncertainties in their rate coefficients and many models have been
optimized for just a few specific conditions. Therefore, systematic improvement of biofuel
combustion models is often necessary. Since these models are quite large, for example the nbutanol combustion mechanism contains 1446 reactions and 243 species, a brute force
improvement all rate constant parameters is practically impossible. My Ph.D. work involved
applying a global sensitivity analysis (GSA) method to combustion models of biofuel
components in order to identify and improve the rate constants within the mechanisms that had
the largest effect on the target simulation result. Specifically, my main focus was the combustion
of n-butanol. GSA revealed that a target simulation result, the ignition time delay, was quite
sensitive to self-reaction of the hydroperoxy radical HO2+HO2H2O2+O2. The empirical rate
coefficient for this reaction had a large uncertainty; therefore, high level ab initio calculations
and transition state theory were used to calculate a more accurate rate coefficient for this
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reaction. The second part of my Ph.D. study involved developing an efficient method for
determining the pathways taken during a chemical process using a stochastic method that
followed “single atoms”. This study was motivated with the intent of extending the GSA method
to account not only for the sensitivity of simulation results to single reactions, but to entire
chemical pathways. The method I developed extracts not only reaction flow within the chemical
network, but specifies the probabilities of exact chemical pathways.
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Chapter I
Introduction

Biofuels produced from biomass have emerged as an important future energy alternative
to traditional fossil fuels. This has stimulated a field of research into the production and design of
biofuel blends in order to optimize the performance of combustion engines. In addition to a large
body of experimental studies, theoretical kinetics modeling and mechanism development have
been important in the evolution of biofuel blends. Theoretical kinetics modeling of these biofuel
combustion blends will provide a fast and economical way of modeling the combustion
chemistry of the blends. These models can simulate the chemistry in conditions that approximate
engine conditions, which are, at present, difficult to study experimentally. In order to model
combustion processes for biofuel blends, the mechanisms of the combustion of the individual
components of the fuel must be determined. Most of the work presented in this thesis has been
motivated by the need to systematically improve theoretical models of biofuel component
combustion.
Processes that involve complex chemical processes can be found in many different fields
of science. In atmospheric and combustion processes, many reactions involving a myriad of
different molecular and radical species determine the system chemistry. In surface catalysis of
organic molecules, the processes of adsorption and desorption and reactions and decompositions
of adsorbed molecules into many different adsorbates must be considered. In biology, a large and
complex set of reactions of biomolecules drives cellular and biological processes at the
molecular level. All of these are examples of systems that can and have been modeled using
theoretical kinetics modeling. While most of this work focuses on combustion chemistry, it is
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worthwhile to note that many of the methods developed and mentioned here can be applied to
other these other complex chemical systems.
A model of a complex chemical system is usually made up of a list of elementary
chemical steps. Each of the elementary chemical steps has a rate coefficient associated with it.
These rate coefficients, sometimes in conjunction with relevant thermochemistry data, are the
parameters of the model. The quality of the model, its ability to reproduce experimental
measurements and the insight it can provide about the relevant chemistry, is dependent upon the
inclusion of all the important elementary steps in the reaction list and upon the accuracy of the
rate coefficient parameters. The rate coefficients are often determined by experimentation or
theoretical calculations. However, for complex chemical processes, the large number of
elementary steps prohibits an accurate determination of all the rate coefficients. In fact, an
accurate determination of the elementary step rate coefficients may be limited to a modest subset
of the full mechanism list while the other parameters are generated by simple rules, such as
group additivity, with large associated error bars. These error bars are sometimes quite large,
sometimes greater by an order of magnitude than the rate coefficient itself. Therefore, if the
results to be simulated depend equally upon all the parameters of the model, the model may not
be feasibly constructed and any generated results would be unreliable at best. However, in
practice, usually the chemistry of large mechanisms is most sensitive to a small collection of
reactions, such as slow steps and bottleneck reactions that limit the production of important
reaction species. If these reactions can be systematically identified and their associated error
reduced, then the kinetics model can be refined in an effective manner. The important parameters
can be identified while the parameters that have little effect on the results need not be
meticulously considered. Such a procedure is of great utility to improving the combustion
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models of biofuel components. Since the combustion models of the individual components of
biofuel blends share many of the same elementary steps, important reactions identified in the
simpler combustion models of the smaller components, e.g. methanol, are likely also important
reactions in the larger combustion models of larger components, e.g. n-butanol. Therefore, a
systematic way to identify and reduce the uncertainty of key rate coefficient parameters in the
smaller component mechanisms allow us to simultaneously improve many or all of the larger
component mechanisms due to the hierarchical nature of the combustion mechanism
construction. The work presented in this thesis focuses on improving the combustion mechanism
of biofuel components, specifically n-butanol, and in developing new tools to augment current
improvement schemes. The main method used to identify important reactions in a mechanism
used in this work is global sensitivity analysis.
Global sensitivity analysis (GSA) determines how the uncertainty of the full input
parameter space dictates the uncertainty of the modeled output quantity, called the target. GSA
then partitions the variance of the target into contributions from each input parameter. The
parameters that have the most significant contributions to the target variance are said to have the
largest main effect. The parameters with the largest main effect and the largest uncertainty range
are those that warrant accurate measurement or calculation. GSA can also resolve the target
variance into contributions from the coupling of two parameters, called second order effects.
Once reactions in combustion mechanisms with the largest main or second order effects have
been identified, high level quantum chemistry calculations in conjunction with unimolecular and
absolute rate theory can be used to calculate the rate constants to relatively high precision.
In Chapter II, a model for the combustion of bio-butanol is studied using global
sensitivity analysis for the systematic improvement of the kinetic mechanism. The butanol
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mechanism includes 1446 reactions, and it is shown that it is straightforward, though
computationally time consuming to implement global sensitivity analysis for this system that
incorporates all the reactions. The recent interest in bio-butanol as a biofuel is a motivation to
consider the butanol combustion mechanism as an important application mechanism
improvement. Butanol derived from biomass sources, typically n-butanol, has received recent
attention as an alternative to gasoline and as a candidate for blending with diesel and biodiesel,
because its outstanding advantages, such as low vapor pressure, good tolerance to water
contamination, the ability to use existing fuel distribution pipelines, the ability to be blended at
high concentrations without retrofitting vehicles, good fuel economy due to higher energy
density and as an addition to traditional fuels can reduce engine-soot emissions and so on.
Therefore, developing a good mechanism for butanol is very important not only for the
subsequent biofuel research, but also for the mechanism developing for more carbon chain
biofuel products. We use global sensitivity analysis to analyze and improve to combustion
mechanism of n-butanol.
In Chapter III, the self-reaction of the hydroperoxy radical, HO2, is studied using
statistical rate theory in conjunction with high level ab initio electronic structure calculations. We
are motivated to reconsider the HO2+HO2 reaction kinetics at this time by our recent
investigation of the global sensitivity analysis of auto-ignition delay times for various
combustion fuels.1 2 3 A new theoretical rate coefficient is generated for low pressures that is
appropriate for both high and low temperature regimes. The transition state region for the ground
triplet potential energy surface is characterized using the CASPT2/CBS/aug-cc-pVTZ method
with 14 active electrons and 10 active orbitals. The reaction is found to proceed through an
intermediate complex bound by approximately 9.79 kcal/mol. There is no potential barrier in the
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entrance channel, although the free energy barrier was determined using a large Monte Carlo
sampling of the HO2 orientations. The inner (tight) transition state lies below the entrance
threshold. It is found that this inner transition state exhibits two saddlepoints corresponding to
torsional conformations of the complex. A unified treatment based on vibrational adiabatic
theory is presented that permits the reaction to occur on an equal footing for any value of the
torsional angle. The quantum tunneling is also reformulated based on this new approach. The
rate coefficient obtained is in good agreement with low temperature experimental results, but is
significantly lower than the results of shock tube experiments for high temperatures.
In Chapter IV, two stochastic pathway analysis methods are developed and applied to the
hydrogen combustion mechanism and to the decomposition of methanol on a metal surface. The
pathway analysis methods were motivated by the need to understand the effects of how chemical
pathways through a mechanism influence simulation target functions. Indeed such pathway
information may suggest more effective and systematic ways to improve complex chemical
mechanisms beyond the selection of single key reactions by the global sensitivity analysis used
in the prior chapters. The first pathway analysis method developed is a traditional Markov chain
procedure that describes each reaction as a Markov process and follows individual atoms or sets
of atoms throughout the course of a stochastic simulation that uses a reference kinetics
simulation to define the probabilities of reaction events. The pathway probability taken by is
defined by running many trials of the atom-following Markov trajectories. Since many trials are
required to converge the pathway probabilities, a result of some reactive events being rare, this
traditional method often requires long computer run times. In order to dramatically reduce run
times, a second method was developed by modifying the Markov chain procedure to account for
rare reactive events.
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Chapter II
Multi-Target Global Sensitivity Analysis of n-Butanol Combustion

I. Introduction
Theoretical models provide an important tool in the analysis of combustion problems and
can be an efficient guide to the design of optimal operating conditions and fuel blends in real
systems. At the core of any theoretical combustion model is a chemical mechanism that describes
the elementary chemical steps involved in the oxidation of the source fuel. This mechanism can
involve hundreds of distinct chemical species and thousands of chemical reactions when the fuel
species becomes a reasonably large molecule. The Lawrence Livermore n-heptane mechanism,
e.g., already consists of 2539 reactions and 561 distinct species.4 The rate coefficients, ki(T), for
the elementary reactions, as well as the thermochemistry of the reaction steps, H0i , are required
input to carry out combustion simulations. Unfortunately, it is often the case that only a small
fraction of the rate coefficients have actually been measured. The remaining “unknown” rate
coefficients are typically produced using mechanism generation schemes that employ, e.g., the
group additivity hypothesis5 or are guided by chemical intuition. As a result, many of these can
be in serious error, often by an order of magnitude or more. While most established combustion
mechanisms have been validated to some degree by comparison to experiment, it is not feasible
to devise a validation scheme that is sufficiently thorough to test every aspect of the mechanism.
It is typical that the mechanism is only tested over a relatively narrow range of conditions and for
a small set of observables that are amenable to experiment. For practical applications, such as in
engine modeling, it is often necessary to extend the conditions to ranges well outside the
validation regime where the model predictions may break down. Models may be improved (or
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updated) when experiments provide new values for the rate coefficients. Unfortunately, it is often
difficult to isolate the contribution from individual reactions since experiments typically
presuppose the validity of a chemical model to extract individual rate coefficients. An alternative
approach is to use methods of theoretical chemistry to directly calculate the rate coefficients
from first principles. While some error is inevitably introduced through limitations of the
computational methods, a high quality computation of the rate coefficient can be much more
accurate than the ad hoc expressions that are now used.
In our previous work 6
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, we developed a theoretical method to improve reaction

mechanisms. We applied this method to the 93 reaction methanol combustion mechanism of Li et
al.9 The theoretical basis of method was subsequently investigated in detail using an even simpler
25 reaction hydrogen combustion model.8 The scheme has two parts: first, global sensitivity
analysis to identify the pertinent reaction steps, and second, the theoretical rate constant
refinement. It is known that theoretical rate coefficients (ki) can be quite accurate if they are
obtained using sophisticated computational methods. One expects that ki values computed in this
way to be more reliable than rule-generated ki values. Unfortunately, such high-level
computations are quite computationally intensive and cannot be carried out indiscriminately for
all of the reactions in the mechanism. Therefore, a procedure to identify the key reaction steps of
the mechanism to be targeted for high-level computation is crucial. The key reactions are
reactions affecting an observed quantity (a response function) due to the intrinsic sensitivity of
the response function to the value of ki and the uncertainty range of ki.. The key reactions are
identified sequentially and the ki values recomputed and so the performance of the model is
progressively improved one reaction at a time. Thus, a satisfactory model can be generated with
a relatively modest number of calculations of rate coefficients. In order to identify the key
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reaction steps of a mechanism, we make use of global screening methods that have been
developed by the statistics community to locate important variables (or factors) in highdimensional response functions. 10

11

A target function that reflects the chemistry of the

combustion process is chosen to represent the predictions of the model. The largest payoff will
be obtained by computing a rate coefficient to which the target observable is highly sensitive and
which is also highly uncertain. We distinguish our global approach from the more traditional
chemical diagnostics, such as local sensitivity analysis. While the local sensitivity analysis has
been used extensively in past studies and is advantageous from a computational standpoint, the
global sensitivity analysis simultaneously incorporates the uncertainty information for all the rate
constants. A global analysis may be necessary to determine the important reactions in the
mechanism, especially when the response of the kinetics to the values of the rate constants is
highly non-linear.
In our previous work, we employed the ignition delay time (k1,…,kN) as the target
function for the global sensitivity analysis. This variable is practically important for engine
performance and is also a sensitive probe of the early stage of the chain branching kinetics. It is
obvious, however, that any single target function is inadequate to provide a comprehensive
validation of a kinetic mechanism, especially if that mechanism is as large as that for butanol
combustion. Hence, in this chapter we begin the use of multiple targets for the global sensitivity
analysis. In addition to the delay time, we also study the use of concentration targets (see also,
Ref. 12). A given chemical species Ai is selected as being important to an aspect of the kinetics,
and then the concentration of that species at some fixed time [Ai(t)] becomes the target function.
The sensitivity analysis of speciation provides an important complement to recent experimental
studies in which concentration profiles are obtained in rapid compression machines. Those
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studies can identify species for which model predictions are in serious error compared to
experiment, and therefore provide likely target functions to investigate.
In the present work, we analyze the combustion of n-butanol using our methodology. The
recent interest in bio-butanol as a biofuel is a motivation for us to consider the butanol
combustion mechanism as an important application mechanism improvement. Due to the
potential benefits of biofuels, production and design of these fuels has become an important topic
in both experimental and theoretical chemical research. Butanol derived from biomass sources,
typically n-butanol, has received recent attention as an alternative to gasoline and as a candidate
for blending with diesel and biodiesel, because its outstanding advantages, such as low vapor
pressure, good tolerance to water contamination, the ability to use existing fuel distribution
pipelines, the ability to be blended at high concentrations without retrofitting vehicles, good fuel
economy due to higher energy density and as an addition to traditional fuels can reduce enginesoot emissions and so on. Therefore, developing a good mechanism for butanol is very important
not only for the subsequent biofuel research, but also for the mechanism developing for more
carbon chain biofuel products.
The methanol mechanism used in our previous6
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work was relatively small, with 93

reversible reactions and 18 chemical species. The combustion of n-butanol (n-BtOH) constitutes
a much more challenging application. Black et al.13 recently proposed a kinetic mechanism to
describe the combustion of n-BtOH that involves 1446 reversible reactions and 243 species. The
mechanism is based on their updated C4 chemistry model and a butanol sub-mechanism that was
loosely generated by the EXGAS program. Simulations using this mechanism are consistent with
experimental results reported by Dagaut et al. 14

15

in relatively low pressure and low

concentration. However, inaccuracy in the rate coefficients of many of the reactions in the
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mechanism may cause the model to fail at the high-pressure and high-concentration conditions
found in engine combustion. Therefore, this mechanism is a good candidate for our improvement
scheme.
This chapter is organized as follows: In Sec. II, we review the basic procedures and
strategies in our mechanism improvement method. Section III presents the results obtained for
the ignition delay time target function. Three stages of mechanism improvement are presented. In
Sec. IV, the species concentration targets are discussed and the key reaction steps are identified
for various choices of species target. In Sec. V the sensitivity of the ignition time target is studied
as a function of temperature and pressure. Section VI presents a brief conclusion of our study.
II. Method
Our approach to mechanism improvement has been presented previously,6
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so here we

present only a brief review. The basic strategy of the method is to first identify key reaction steps
within a mechanism using global sensitivity analysis as a screening method, and then improve
those rate coefficients using high level calculations of the quantum chemistry and statistical rate
theory.
The reaction mechanism is described by N elementary reaction steps governed by the rate
coefficients ki, i=1,…, N involving the M distinct chemical species Aj, j=1,…,M. In the present
case, we shall assume that the reaction proceeds in a homogeneous thermally isolated gas phase
environment at constant volume. Thus, the chemistry is governed by the M first-order ordinary
differential equations
(2.1)
where Rj is the composite rate law for the jth species. The time-dependence of the rates in eq. (2.1)
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is due to the evolution of the temperature which is found from


dT
U

dt
CV

(2.2)



where U is the rate of chemical energy production and Cv is the total heat capacity. Each rate
coefficient has a dimensionless, multiplicative uncertainty,
(2.3)
that we take to be temperature independent. We assume that the true value of the rate coefficient
is equally likely to lie anywhere within the uncertainty range

. The rate coefficients for

reverse reactions are obtained using microscopic reversibility and there is no additional
uncertainty introduced by the thermochemistry in the present problem. From a probabilistic
viewpoint, the probability distribution for the N rate coefficients is uniform within the Ndimensional uncertainty hypercube

that surrounds the original

value of the rate coefficients.
The manner in which we hope to improve the mechanism is set by the choice of a target
function,

which is some function of the kinetics trajectories which

describes an important observable that we want the model to accurately describe. Different target
functions are sensitive to different parts of the mechanism. For models of auto-ignition in
engines, a very useful target function is the ignition delay time, . Since ignition is characterized
by a very abrupt increase in temperature, a reasonable definition of  is time required for the
mixture to reach a temperature T0 that is several hundred degrees higher than the initial
conditions. The target is a function of the rate coefficients, and is computed using fixed initial
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concentrations, temperature and pressure, e.g. for ignition time
(2.4)
When combined with the uncertainty within the hypercube , this yields a probability
distribution function (pdf) for the observable target function itself, P(). This pdf is of special
interest since it reflects the uncertainty of the model parameters (i.e. the rate coefficients) in the
observable.
Once a target has been chosen, the sensitivity of the target function to a given rate
coefficient is determined by global sensitivity analysis. The most sensitive rate coefficient is
updated using high level quantum chemistry and statistical rate theory, yielding a new value and
a new (presumably lower) uncertainty. The updated rate coefficient is inserted into the
mechanism to generate the 2nd stage mechanism. The process is repeated with the 2nd stage
mechanism, and another rate coefficient is updated. We can continue to update the rate
coefficients in this way until the predictions of the model no longer change significantly.
The global sensitivity analysis is carried out using the analysis of variance (ANOVA) 16
strategy with the aid of the high dimensional model representation (HDMR).17 18 19 20 Briefly, the
global sensitivity index for rate coefficient ki is given by the ratio of the partial variance to the
total variance of the target function, i.e. the “main effect”

 i2
Si  2
T
The total variance is  T2   2  

(2.5)

2

where the bracket indicates an average over the uncertainty

hypercube in the N-dimension rate coefficient space. The partial variance is obtained using the
HDMR expansion
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 k1, k2 , , k N    0   Ai (ki )   Bi, j (ki , k j )  
i

(2.6)

i j

. Since it can be shown that Ai  Ai A j  Bn,m  Ai Bn,m    0 if the

where

component functions are expanded using orthogonal polynomials, then the partial variance is
given by
(2.7)
The N component functions, Ai(ki), are obtained using a least squares fitting of a Legendre
. Thus, the uncertainty hypercube is randomly sampled 21

expansion,

using a large number L of Monte Carlo values,

22

, for which  is computed,

and this sample is used to determine all of the component functions. If the expansion in first
order component functions Ai proves inadequate to represent the target function, then an
analogous treatment using the second order terms, Bi,j can be attempted which then incorporates
part of the interaction between the factors ki.
The global sensitivity coefficients, Si, are responsive to two aspects of the kinetic model:
first, there is the sensitivity of the target function to changes in the rate coefficient k i. Second,
there is the size of the uncertainty range, ki. Thus, a highly sensitive ki might not be selected for
update if its value is already accurately known, i.e. if ki is small. We can contrast the behavior
of Si to the traditional local sensitivity coefficients, si, which only measures the response of the
target to ki in the vicinity of the nominal mechanism, k0,
si 

 ln 
|kk 0
 ln k i

(2.8)

Clearly, the uncertainty in our knowledge of ki does not enter into this expression. To address this
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deficiency, eq. (2.8) can be modified in an ad hoc way by simply multiplying s i by the
uncertainty range ki. As discussed previously,6 however, this is only valid if  is well
approximated by a linear function in ki, which is often not the case. Although more
computational effort is required, the global sensitivity coefficient appears to be the more
generally reliable method to identify key reactions that are in need of updating.
III. Results for the Target Function 
The global sensitivity analysis for the ignition time delay, , is first carried out for the
original (unaltered) mechanism of Black et al.13 The required uncertainty factors for the rate
coefficients were taken from the review of Baulch et al. 23 For those reactions where an
uncertainty was not reported, we employed a common uncertainty factor of x=5. A sample of M
randomly selected points within the uncertainty hypercube for which the kinetic trajectories were
computed and the target evaluated. All M trajectories in the sample start from the same initial
conditions, i.e. concentrations, temperature, and pressure, but correspond to different rate
coefficients. We define  to be the time required for the mixture to reach the temperature,
T0=1800. The first-order component functions for each of the rate coefficients, Ai(ki), were fit to
a 5th order polynomial using standard regression. The partial variances were computed
analytically using the definite integral over the uncertainty range,
variance,

. The total

, was computed numerically from the Monte Carlo sample and was used to compute

the first order effect via

. The results were computed for a wide range of initial

temperatures (T), pressures (P), and equivalence ratios (). All ignition-delay calculations
presented in this chapter were done in the absence of buffer gases.
The n-butanol combustion mechanism is over an order of magnitude larger than that of
methanol/O2 considered previously. Therefore, before the results are presented and discussed, we
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briefly consider a few preliminary results illustrating the convergence of the calculations. Using
a uniform Monte Carlo sampling of M points, we compute the sum of all first order effects,

.

If the factors (ki) are uncorrelated, then the 2nd and higher order terms in expansion (2.6) vanish
and the sum should go to 1. For the exactly calculated Si’s in a realistic problem, we will have
<1 indicating the existence of factor correlation. In Fig. 2.1, we show

vs. M for sample

sizes up to M=1.1×106 for the case T=1150 K, P=50 bar, and =1. It is seen that at small values
of M, the sum is much greater than 1 indicating a lack of convergence in the regression fitting.
However, above M=50,000 the sum appears to stabilize at a value of 0.94. We note that
M=50,000 corresponds to roughly 35 random points per rate coefficient. Inspection of the results
reveals that the lack of convergence at low M is due to statistical fluctuations of (many) small
Si’s. The larger Si’s appear to converge rather quickly.
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Figure 2.1
The sum of all 1st order effects,
, vs. M, the number of
trajectories in the Monte Carlo sample. The calculation was carried out for the
original Black et al13 n-butanol combustion mechanism under the conditions case
T=1150 K, P=5 bar, and =1.

As a second test of the HDMR regression fitting procedure to this very high dimensional
problem, we consider the construction of the PDF, P(), using the expansion eq. (2.6). Of course
the exact PDF can be obtained by merely performing histogram binning of the sample, i
i=1,…,M. However, if the fitting procedure for the component functions has properly converged,
then we may also use eq. (2.6) to predict the distribution by simply evaluating the function (2.6)
for the Monte Carlo sample of k’s and plotting the resulting distribution. In Fig. 2.2 we show the
PDF for the (T, P, ) = (1150K, 5bar, 1) computed using a sample size of M=1,100,000. The
black curve is the exact PDF obtained by histogram binning. The remaining curves are obtained
using the 1st order component functions; the purple curve employs the 10 largest terms (for
which Si>0.01), the aqua curve employs the 30 largest terms (for which Si>0.001) and the red
curve which employs all the first order terms. The most important reactions in the mechanism are
listed in Table 2.1. The 1st order reconstruction of the PDF clearly converges quickly as the
important reactions are added, but yet there remains a significant different between the 1st order
predicted PDF and the exact simulation.
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Figure 2.2
The PDF for the ignition delay time computed for n-butanol
combustion of the original mechanism of Black et al for the conditions the (T, P,
) = (1150K, 5bar, 1). The exact results are obtained by histogram binning of ti
for the M=1,100,000 sample trajectories, while the 1st order results are obtained
using eq. (2.6) with the indicated number of Ai terms.

To obtain a more complete representation of the PDF, we next include the influence of certain
second order terms, Bi,j(ki,kj). To include all of the 2nd order terms, as we did for the 1st order
terms, is an overwhelming task for a large mechanism. If there are N-reactions in the mechanism,
then there are N(N-1)/2 distinct functions Bi,j each of which must be obtained by regression. For
the present problem this requires fitting over a million two-dimensional functions. Thus, we
severely restrict the 2nd order terms included in the construction. There are 10 reactions with
Si>0.01 and 30 reactions with Si>0.001. The largest 2nd order effects are between reactions 1353,
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14, and 16. As seen from Table 2.1, these are reactions involved with the production and
destruction of H2O2. We surmise that these reactions may have the strongest correlations between
them. In Fig. 2.3 we show the influence of the 10×9/2=45 and 30×29/2=435 largest 2nd order
terms on the PDF. These component functions were obtained by regression fitting products of
Legendre polynomials, Ln(ki)×Lm(kj) up to 5th order

Figure 2.3
The ignition delay time PDF computed under the same conditions
as Fig. 2.2. The black curve is for the exact simulation, the red curve is the full
(1446 rxn) 1st order HDMR prediction, the green curve contains all the inactions
between the 10 most important reactions in 1st order, while the blue curve
contains all the interactions between the 30 most important 1st order reactions.

It is clear from the figure that the inclusion of the 2nd order terms in the HDRM expansion leads
to an excellent representation of the PDF. We believe that this result, as well as the previous
results in Fig. 2.1, provides a convincing demonstration that the global sensitivity analysis using
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the regression HDMR expansion of the target function is a convergent procedure even for the
large mechanism under consideration here.
The spectrum of global sensitivity indices (i.e., Si versus i, where i is the reaction index)
for the original mechanism of Black et al.13 is plotted in the upper panel of Fig. 2.4. The
calculation is carried out for the case of T=1150 K, P=5 bar, and Φ=1 using a sample size of
M=50,000. The important reaction indices are listed in Table 2.1 and also in the Figure caption.
For comparison, we also plot the uncertainty modified local sensitivity coefficients,
, where N normalizes the coefficients to 1 when summed over
reaction index.

Figure 2.4
The sensitivity coefficient vs. reaction index for the original
mechanism of Black et al. The global indices are plotted in red, the local indices
in blue. The largest contributions are from the reactions 1353, 1352, 1351, and
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1350 which are the  abstraction sites for the process
C4H9OH+HO2C4H8OH+H2O2. The second most important are the
HO2+HO2H2O2 (14 and 15) and H2O2+M2OH+M (16).

Table 2.1
A listing of the key reaction steps revealed by the global sensitivity
analysis for the original mechanism of Black et al. The first order sensitivity
coefficients are listed for the five targets, , [C2H4], [CH3CHO], [1-C4H8], and [nC3H7CHO]. For each concentration we present the result at 0.2  (upper number)
and 0.8  (lower number). The highest coefficient for each target is red while the
second and third highest is green.
Reaction
Index

Reaction

14

H2O2+O2<=>HO2+HO2

0.187

15

H2O2+O2<=>HO2+HO2

0.032

16

H2O2(+M)<=>OH+OH(+M)

0.059

109

CH3+HO2<=>CH3O+OH

0.002

171

C2H5+HO2<=>C2H5O+OH

0.031

174

C2H5O<=>CH3+CH2O

1e-04

175

C2H5O<=>CH3CHO+H

7e-05

184

C2H5+O2<=>C2H4+HO2

0.002

187

C2H5+O2<=>CH3CHO+OH

0.004

190

C2H5O2<=>C2H4+HO2

1e-04

205

C2H3O1-2<=>CH2CHO

7e-04

216

CH3CHO+OH<=>CH2CHO+H2O

6e-05

251

C2H4+OH<=>C2H3+H2O

0.013

474

C3H6+HO2<=>C3H5-A+H2O2

0.007

720

SC4H9<=>1-C4H8+H

2e-04

1057

IC4H9<=>IC4H8+H

1e-04

1058

IC4H9<=>C3H6+CH3

8e-05

1235

IC4H8+H<=>C3H6+CH3

1e-04

1329

NC4H9OH(+M)<=>CH3+C3H6OH(+M)

0.011

1330

NC4H9OH(+M)<=>C2H5+PC2H4OH(+M)

0.009

1331

NC4H9OH(+M)<=>NC3H7+CH2OH(+M)

0.005

C2H4

CH3CHO

1-C4H8

n-C3H7CHO

0.073
0.002
0.079
4e-04
0.022
0.001
0.002
5e-04
0.018
0.013
2e-04
1e-04
1e-04
2e-04
0.003
0.009
0.002
0.001
4e-04
7e-04
0.001
0.002
9e-05
1e-04
0.018
0.026
0.011
0.004
1e-04
1e-04
4e-05
5e-05
2e-04
8e-05
4e-05
4e-05
0.049
6e-04
0.036
6e-04
0.024
7e-04

0.018
0.002
0.020
0.004
0.007
2e-04
5e-04
4e-04
3e-04
0.041
0.022
0.186
0.008
0.088
0.201
0.147
0.369
0.132
0.011
0.008
6e-04
0.001
7e-05
4e-04
0.005
0.006
0.003
0.003
1e-04
2e-04
1e-04
3e-05
3e-04
2e-04
6e-05
2e-05
0.023
5e-04
0.011
2e-04
0.007
4e-04

0.039
0.012
0.041
0.007
0.011
0.001
0.003
0.012
1e-04
0.023
7e-04
0.003
6e-05
1e-03
0.007
0.021
9e-05
4e-05
4e-04
0.001
0.001
0.011
6e-05
7e-05
0.008
0.016
0.006
0.011
1e-04
5e-04
0.138
0.382
0.009
0.025
0.021
0.055
0.039
0.001
0.011
4e-04
0.013
7e-04

0.005
3e-04
0.007
2e-04
0.002
2e-04
3e-04
2e-04
0.001
3e-04
7e-05
1e-04
2e-04
2e-04
3e-05
5e-05
2e-04
2e-04
7e-05
1e-04
2e-04
3e-04
2e-04
2e-04
0.002
7e-04
0.001
5e-04
2e-04
1e-04
7e-05
7e-05
1e-04
1e-04
3e-04
2e-04
0.004
1e-04
0.002
7e-05
0.004
4e-04

21

1334

NC4H9OH(+M)<=>1-C4H8+H2O(+M)

3e-05

1337

NC4H9OH+H<=>C4H8OH-2+H2

8e-04

1340

NC4H9OH+OH<=>C4H8OH-4+H2O

0.003

1341

NC4H9OH+OH<=>C4H8OH-3+H2O

2e-04

1342

NC4H9OH+OH<=>C4H8OH-2+H2O

2e-04

1343

NC4H9OH+OH<=>C4H8OH-1+H2O

3e-04

1344

NC4H9OH+OH<=>PC4H9O+H2O

4e-04

1350

NC4H9OH+HO2<=>C4H8OH-4+H2O2

0.018

1351

NC4H9OH+HO2<=>C4H8OH-3+H2O2

0.062

1352

NC4H9OH+HO2<=>C4H8OH-2+H2O2

0.029

1353

NC4H9OH+HO2<=>C4H8OH-1+H2O2

0.431

1358

NC4H9OH+CH3<=>C4H8OH-1+CH4

1e-04

1388

C4H8OH-4<=>C2H4+PC2H4OH

5e-04

1392

C4H8OH-2<=>C3H5OH+CH3

8e-04

1393

C4H8OH-2<=>1-C4H8+OH

1e-03

1395

C4H8OH-1<=>C2H3OH+C2H5

4e-04

1396

C4H8OH-1<=>NC3H7CHO+H

9e-05

1398

C4H8OH-1+O2<=>NC3H7CHO+HO2

2e-04

1e-04
7e-05
2e-04
1e-04
0.205
0.456
0.146
0.224
7e-05
0.004
5e-04
0.005
0.001
0.002
0.043
0.019
0.030
0.002
0.001
6e-04
0.023
0.078
6e-04
5e-04
0.016
0.021
0.002
1e-04
3e-04
4e-04
0.004
0.003
2e-04
2e-04
3e-04
2e-04

7e-05
7e-05
3e-04
8e-05
0.002
9e-05
0.013
0.021
7e-04
9e-04
0.017
0.049
3e-04
5e-04
2e-04
2e-04
0.010
2e-04
2e-04
4e-04
0.074
0.095
8e-04
8e-04
2e-05
2e-04
0.001
3e-04
7e-04
3e-04
0.005
0.004
2e-04
1e-04
2e-04
1e-04

2e-02
7e-04
4e-03
9e-03
0.002
5e-04
0.007
0.004
0.030
0.047
0.029
0.019
0.008
0.017
0.002
6e-04
0.001
0.008
0.019
0.007
0.051
0.003
0.055
0.015
0.001
6e-04
0.065
0.060
0.050
0.042
3e-04
5e-05
2e-04
8e-05
6e-05
1e-04

1e-04
1e-04
1e-04
2e-04
5e-04
4e-05
0.004
0.003
6e-05
3e-04
0.008
0.032
3e-04
5e-04
4e-05
4e-05
0.003
1e-04
3e-04
3e-04
0.034
0.033
4e-04
1e-03
1e-04
2e-04
8e-04
3e-04
2e-04
5e-05
0.630
0.645
0.056
0.060
0.038
0.037

The global analysis identifies the reactions 1353-1350 as being particularly sensitive in
determining the ignition delay time. These reactions
CH3CH2CH2CH2OH +HO2 = CH3CH2CH2CHOH + H2O2 (S=0.431)

Rxn 1353

CH3CH2CH2CH2OH +HO2 = CH3CH2CHCH2OH + H2O2 (S=0.029)

Rxn 1352

CH3CH2CH2CH2OH +HO2 = CH3CHCH2CH2OH + H2O2 (S=0.062)

Rxn 1351

CH3CH2CH2CH2OH +HO2 = CH2CH2CH2CH2OH + H2O2 (S=0.018)

Rxn 1350
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correspond to the  and  reaction sites for the H-atom abstraction reaction of n-butanol
with HO2. This is completely analogous to the result we obtained for methanol combustion for
which the global sensitivity analysis identified abstraction reaction CH3OH+HO2=CH2OH+H2O2
as the most sensitive. The second most sensitive reaction(s) for the butanol reactions are
HO2+HO2 = H2O2+O2 (S=0.19)

Rxns 14, 15

H2O2+M = OH+OH +M

Rxn 16

(S=0.06)

As we discussed previously for methanol, the importance of the abstraction reactions for the
ignition time could be thought of in terms of the sub-mechanism24
R-H + HO2 → R. + H2O2
H2O2+M → OH+OH+M
Hence these reactions are critically related to promoting chain branching. Conversely, the
reaction HO2+HO2H2O2+O2 inhibits this sub-mechanism. We note that the local analysis also
correctly identifies the importance of this pair of reaction classes, although the magnitude of the
effect is quite different. For the smaller reactions the differences between local and global
analysis are quite significant.
To better appreciate the sensitivity of the key reaction steps, in Fig. 2.5 we show a scatter
plot of several hundred random points from the MC simulation of the ignition time versus the
scaling variable xi for reactions 1353 and 14, in the upper and lower panels respectively. Also
shown in the plots are the regression fits of the first order component <>+Ai(ki). The
distribution of points at a fixed value of xi is indicative of the variation of (k1,…,kN) with ki held
fixed, i.e. it is the variance of  due to all factors except ki. The component function for Rxn
1353 varies by roughly a factor of 1.6 over the uncertainty range and exhibits clear non-linearity.
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Increasing k1353 will decrease . The behavior of the HO2+HO2 reaction goes in the opposite
direction with increasing k14 tending to lower , all other rate coefficients being held fixed. The
variation in  over the uncertain range of Rxn 14 is about a factor of 1.3 and nonlinearity is again
quite apparent. We point out that regression fits of this nature were carried out for all 1446
reactions in the mechanism.
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Figure 2.5
A scatter plot of several hundred MC trajectories showing
(k1,…kN) vs xi for i=1353 (upper) and 14 (lower). Also shown are the component
functions Ai(ki) obtained by regression fitting. The quantity xi varies linearly from
0 to 1 over the uncertainty range for the rate coefficient.

To proceed to stage 2, the reaction with the highest global sensitivity should be updated.
Thus, we re-consider the rate coefficient(s) for the n-BtOH-+HO2 reaction corresponding to Rxn
indices 1350-1353 for the various abstraction sites. In the original mechanism, these rate
coefficients were apparently generated using chemical insight and were assigned an uncertainty
factor of x=5. Zhou et al.25 have recently carried out theoretical calculations of the n-BtOH+HO2 that produced the rate coefficients reaction at all the abstraction sites. These calculations
used a CCSD(T)/cc-pVTZ//MP2/6-311G(d,p) determination of the potential surface combined
with transition state theory to yield a more reliable value for k(T). The overall rate (i.e. the sum
of rates from all abstraction sites) was about 30% lower at 1150 K using the improved expression.
For both the original and improved mechanisms, the -abstraction site (Rxn 1353) is the largest.
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However,

we

find

the

branching

ratios

change

significantly.

For

original:

=0.55:0.14:0.20:0.11 while for the improved =0.69:0.12:0.08:0.10. The abstraction in particular is over a factor of two less important in the new mechanism. Zhou et
al.25 assigned an uncertainty factor of 2.0 to each of the new rate coefficients, which is less than
half the value of the original mechanism. The uncertainty data at various stages of improvement
are shown in Table 2.2.
The sensitivity spectrum calculated for the Stage 2 mechanism is shown in Fig. 2.6. The
Si for the n-BtOH+HO2 reactions are seen to significantly decrease compared to the original
mechanism. This is, apparently, due in the most part to the reduction in the uncertainty range,
since the value of the total rate has not changed very much. In the stage 2 mechanism,
HO2+HO2 H2O2+O2 becomes the dominate reaction in affecting the ignition time (along with
H2O2 dissociation). A small contribution develops for reaction 474 (C3H6+HO2=C3H5-A+H2O2),
but is quite similar to the Stage 1 spectrum.

Table 2.2
The uncertainty in ignition time at various model stages along with
the uncertain ranges employed.
T/<>

 (s)

x1353

x14

x1343

Stage 1

0.13

2.42E-04

5.0

5.0

5.0

Stage 2

0.13

2.80E-04

2.0

5.0

5.0

Stage 3

0.10

2.70E-04

2.0

2.0

5.0

Stage 4

0.11

2.79E-04

2.0

2.0

2.0
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Figure 2.6
The sensitivity coefficient vs. reaction index for the mechanism in
which the rate coefficients for reactions 1350-1353 have been updated. The most
important are now HO2+HO2H2O2 (14 and 15) and H2O2+M2OH+M (16).

At Stage 3, we select for improvement the HO2+HO2 H2O2+O2 reaction (for which
reactions 14 and 15 combine for the full rate coefficient, but which is dominated by 14 at high
temperatures). Recently, Skodje and coworkers26 have developed a new expression for the rate
coefficient for this reaction using quantum chemistry at the level CASPT2/CBS/aug-cc-pVTZ
with 14 active electrons and 10 active orbitals and a statistical theory employing an improved
treatment of torsional motion. While the low temperature behavior is quite similar to the
conventional prediction for k(T), the high temperature value was significantly lower. At 1150 K
the new rate coefficient is a factor of 1.7 times smaller than the original. Furthermore, the high
level theoretical treatment permitted the uncertainty range to be reduced to x=2 from the original
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x=5. In Fig. 2.7 we show the updated global sensitivity spectrum that employs the new values for
the HO2+HO2 and n-BtOH+HO2 rate coefficients. It is seen that sensitivity of reaction 14
receded upon the update, and that reaction 1353 has re-emerged as the most sensitive reaction.
Since this reaction has already been treated and no further improvement can be accomplished,
we terminate the updating process at stage 3 for the target . We note that when the species
targets are introduced, new key reactions are identified for improvement. In the next section we
find that OH+n-BtOHC4H8OH+H2O (rxns 1340-1343) are important for the production of 1butene and ethylene. However, the “stage 4” results obtained with these rate coefficients updated
based on Ref. 27 reveal little change in the ignition time target.

Figure 2.7
The sensitivity coefficient vs. reaction index for the mechanism in
which the rate coefficients for reactions 14 and 15 as well as 1350-1353 have
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been updated. The most sensitive reaction is again found to be 1353, as it was in
stage 1.

IV. Application to the Species Concentration Targets
As we noted in the introduction, the use of the species concentration as a target function
for the sensitivity analysis permits different parts of the mechanism to be updated and improved.
For species “Ai” the target function is taken to be simply [Ai(t)] for some selected time t during
the combustion process. Thus, reactions that are most involved in the generation or destruction of
this species are expected to be revealed as the most sensitive. The particular choice of target
species will obviously have an effect on which aspects of the mechanism will be highlighted for
sensitivity analysis. Here, we shall focus on four targets that have been investigated in recent
experimental studies of speciation in butanol combustion. 28 Specifically, we choose stable
species C2H4, 1-C4H8, CH3CHO, and C3H7CHO for our analysis, and the conditions under which
we study these species are the same as those in Ref. 28, where there was good agreement
between experiments and modeling for ignition delay times, but not for all species time histories.
The formation of 1-butene by complex fission, n-C4H9OH→1-C4H8+H2O, is believed to be an
important pathway in the consumption of butanol, and thus this pathway is probed by the 1-C4H8
target.
The calculation of the main effects using the HDMR expansion for the four speciation
targets proceeded in exactly the same manner described previously for the target function . The
time t at which the analysis was conducted was first taken to be a fixed number for every
trajectory, such as 1 millisecond, which was chosen to be less than the ignition time for the
nominal mechanism. However, the initial attempts to apply the method proved unsatisfactory
since the sum of first order effects,

was found to often be much less than 1. This was an
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indication that the HDMR expansion was failing to converge without the inclusion of many
higher order terms. Further investigation revealed that even though the time t was chosen to be
less than  computed for the nominal mechanism, since  is a function of randomly chosen k,
many trajectories actually had t>. Since the species concentrations change extremely abruptly at
ignition, the HDMR series expansion was unsatisfactory for samples that spanned ignition. To
rectify this situation, we chose to employ a scaled time at which to evaluate the target function,
i.e.

Thus, every trajectory is propagated twice, first to ascertain the value of , and second to
evaluate the target concentration at time t=, with <1. It is found that this procedure corrects
the breakdown of the HDMR expansion and leads to a sum of first order effects that is near to 1.
In Fig. 2.8-2.11 we show the global sensitivity coefficients versus scaled time for the four
target concentrations, and Fig. 2.12 shows further analysis of the results in Fig. 2.8. The
simulations were carried out under the same conditions as in Ref. 28. Unlike the spectra of Si vs i
plotted in Fig. 2.4, e.g., here we pick out those few reactions for which S i>0.01 (at any ) which
are then plotted versus .
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Figure 2.8
The global sensitive coefficients versus scaled time, =t/,
obtained for the concentration target [C2H4(t=)]. The simulation was carried out
under the same conditions as in Ref. 28 using MC sample of 50,000 trajectories
from the uncertainty hypervolume. The original mechanism of Black et al.13 is
used.

31

Figure 2.9

Same as Fig. 2.8 except for the 1-C4H8 target.
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Figure 2.10

Same as Fig. 2.8 except for the CH3CHO target.
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Figure 2.11

Same as Fig. 2.8 except for the target C3H7CHO.

The C2H4 target is seen to be most sensitive to the abstraction rxn 1340, nBtOH+OH→C4H8OH-4+H2O throughout most of the pre-ignition history. This is understandable
since the radical product quickly undergoes -scission to form ethylene, i.e. C4H8OH4→C2H4+P-C2H4OH. There are at least two other pathways to the ethylene target that are
somewhat more complex (see Ref. 28, for example), that one might expect to yield large
sensitivity coefficients.

The

first

starts

with

OH

abstracting the

-hydrogen,

n-

BtOH+OH→C4H8OH-1+H2O (rxn 1343), and the nascent C4H8OH-1 undergoes -scission to
form C2H5; then an oxygen molecule abstracts an H-atom to yield ethylene, i.e.
C2H5+O2→C2H4+HO2 (rxn 184). By a similar pathway, rxn 1353, n-BtOH+HO2→C4H8OH1+H2O2, can also initiate ethylene production. While C2H4 shows little sensitivity to rxn 1343, it
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does show sensitivity to the reaction rate for rxn 1353.
The previous set of observations demonstrates one of the differences between global
sensitivity analysis and reaction pathway analysis. A reaction can be an important pathway to a
particular species, but the formation of the species is not sensitive to the reaction rate within the
uncertainty range of the nominal reaction rate. Put another way, the reaction is either fast enough
or slow enough over the whole uncertainty range to allow the species to be formed.
Another difference between global sensitivity analysis and reaction pathway analysis is
evident in the strong sensitivity to formation of ethylene from the abstraction of the -hydrogen
of butanol by OH, reaction 1341: n-BtOH+OH→C4H8OH-3+H2O, which is the second most
sensitive reaction in Fig. 2.8. This reaction clearly leads the system away from ethylene
formation, favoring the formation of propylene (for example, Ref. 28). The large sensitivity
coefficient for formation of ethylene results from inhibition, rather than promotion. Figure 2.12
demonstrates this by comparing the sensitivity of the formation of ethylene at the scaled time of
0.5 over the whole uncertainty range of reactions 1340 and 1341. The top panel for reaction 1340
shows that as the reaction rate increases in going from 0.0 to 1.0, the amount of ethylene present
in the system increases, while the opposite effect is observed for reaction 1341 in shown in the
bottom panel.
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Figure 2.12 Figure 2.8 showed that formation of ethylene was most sensitive to
reactions 1340 and 1341. This figure demonstrates that reaction 1340 promotes
formation of ethylene (top panel) and 1341 inhibits its formation (bottom panel).

Figure 2.9 once again shows how global sensitivity analysis can highlight reactions that
promote and inhibit species formation, in this case 1-butene, 1-C4H8. First, as demonstrated in
Fig.
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the

formation
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is
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1342

(n-
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C4H9OH+OH→C4H8OH-2+H2O) and 1393 (C4H8OH-2 → 1-C4H8 + OH). These reactions,
abstraction (1342) and dissociation (1393) work in series to produce 1-butene. The global
sensitivity index for rxn 1342 is somewhat larger since this is the slower step in the sequence
under the present conditions. A second pair of steps also emerges from the analysis which are
inhibitory as they again lead to propylene, as the discussion of Fig. 2.8 above indicated, rxn 1341
(n-C4H9OH+OH→C4H8OH-3+H2O) and rxn 1392 (C4H8OH-2→1-C4H8), a -scission.
In Fig. 2.10 we show the sensitivity coefficients for the production of acetaldehyde as a
function of scaled time . This is an interesting case because there is crossover between two sets
of most sensitive reactions at

about x=0.7.

At short times, we see rxn 187

(C2H5+O2→CH3CHO+H2O) and rxn 184 (C2H5+O2→CH3CHO+H2O) are most important. These
two reactions are in competition: rxn 184 is a production step for CH3CHO and rxn 187 is an
inhibition step that depletes the acetaldehyde precursor, C2H5. At longer times, a different set of
promotion

and

inhibition

(C2H5O→CH3+CH2O)

being

pairs
the

are
most

observed,
sensitive

with

the
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(C2H5O→CH3CHO+H) being less sensitive. Apparently, at these times the production of
acetaldehyde from the radical decomposition reaction becomes an important pathway. It is
interesting that the formation of acetaldehyde shows such significant sensitivity to
C2H5+O2→CH3CHO+H2O, because this reaction is not significant enough to be identified in the
reaction pathway analysis of Ref. 28. It is the only promoting reaction we have observed in the
present study that has significant sensitivity and is not part of the reaction pathway in Ref. 28.
Once again, as in Fig. 2.8, Fig. 2.10 shows that there are reaction pathways (see Fig. 2.19 in Ref.
28) that are not highlighted in a significant manner in the global sensitivity analysis. Another
interesting aspect of Fig. 2.10 is that the bottlenecks to formation of acetaldehyde occur further
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down the reaction pathway, with no significant sensitivity coefficients for the abstractions of the
hydrogens from butanol via OH or HO2.
Finally, the concentration target for n-butyraldehyde, n-C3H7CHO, is presented in Fig.
2.11. Possibly because the flux into this species is so small, the formation of n-butyraldehyde is
most sensitive to a reaction that inhibits its formation, rxn 1395 (C4H8OH-1→C2H3OH+C2H5). It
is much less sensitive to rxn 1396, (C4H8OH-1→n-C3H7CHO + H) which promotes its formation,
with the former having a much larger sensitivity coefficient than the latter. It is interesting that
the global sensitivity analysis once again differs with the reaction pathway analysis, which does
not indicate that reaction 1396 has the largest flux into n-butyraldehyde (Fig. 2.20 in Ref. 28).
While we have identified key reactions in the production/destruction of particular target
species, we have not engaged in the systematic stage-by-stage improvement of the mechanism.
Each of the species tends to reveal different key reaction steps, which makes the updating
process laborious. However, we do note that site-specific abstraction reactions 1340-1343 (nC4H9OH+OH→C4H8OH-i+H2O, i=1,2,3,4) tend to be important for the generation of a number
of species including 1-butene and ethylene. Since Zhou et al.27 have recently computed the rate
coefficients for these reactions using ab initio TST with G3//MP2/6-311G(d,p) quantum
chemistry, we chose to investigate the effect of this one update. In Figs. 2.13 and 2.14 we show
the effect of the update on the species targets C2H4 and 1-C4H8. The targets CH3CHO and nC3H7CHO are not shown since there was very little effect from the update in those cases. Once
again the simulations were carried out with the same conditions as in Ref. 28. The global
sensitivity coefficients were calculated at 20 values of scaled time using 50,000 MC points from
the uncertainty hypercube. The uncertainty range of the updated rate coefficients for reactions
1340-1343 is reduced
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Figure 2.13 The global sensitive coefficients versus scaled time, =t/,
obtained for the concentration target [C2H4(t=)]. The simulations was carried
out with the conditions from Ref. 28, using MC sample of 50,000 trajectories
from the uncertainty hypervolume. The mechanism has been updated to include
the new rate coefficients from Zhou et al.27 for reactions 1340-1343.
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Figure 2.14

Same as Fig. 2.13, except for the 1-C4H8 target.

from x=5 to x=2 after the updating. The total abstraction rate from OH+n-BtOH from all sites
increases by a factor of 2.01 from the original mechanism. The branching ratios for 
abstraction go from 0.20:0.20:0.33:0.27 in the original to 0.40:0.06:0.27:0.26 in the updated
mechanism. Hence, the rate coefficient for the -abstraction increases by about a factor of 4
upon updating.
Consider first the ethylene target. Comparing Figs. 2.8 and 2.13, we see significant
change in the global sensitivity indices. While S1340 and S1341 (for  and  abstraction) are still
the most important for much of the time range, it is seen that values decrease by about a factor of
1.4 from the original mechanism. In contrast, the competing abstraction reaction, HO2+n-BtOH
(1353), increases in relative importance to actually become the second most important reaction
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for much of the time interval.
The most profound effect of the update is seen in the 1-butene target. Comparing Figs.
2.9 and 2.14 we see that ordering of the Si’s is very different in the two mechanisms. In the
original Black et al.13 mechanism it is seen that the -abstraction (rxn 1342) has the largest
sensitivity coefficient throughout the pre-ignition time period. In contrast, the updated
mechanism has rxn 1393 with the largest sensitivity coefficient. In addition, rxn 1352 now plays
an important role at early times in the new mechanism, while for the original mechanism it was
only of negligible importance. As we have noted above, reaction steps 1342 (nC4H9OH+OH→C4H8OH-2+H2O) and 1393 (C4H8OH-2→1-C4H8+OH) work in series to produce
the 1-butene product. In the updated mechanism, the increased value of the rate coefficient and
the decreased uncertainty range has now caused 1393 to be the most sensitive of the two steps.
The reaction 1352 becomes important as competing pathway in the production of the C 4H8OH-2
intermediate.
In Ref. 28 comparisons were made between their experiments and modeling using the
same mechanism and under them same conditions we have studied in this section. The modeling
was done with two sets of rate coefficients, the original ones in Ref. 13, and a set updated with
the new set of rate constants for the H-abstraction reactions, OH + C4H9OH, from the four
carbon sites. With one or both of these sets they were able to reproduce species time histories
reasonably well with the exception of ethylene (Fig. 2.12 in Ref. 28), where there was significant
disagreement between the modeling and experiments with the original set of rate coefficients,
which got worse with the updated abstraction reactions. In the rest of this section we investigate
whether the global sensitivity analysis can shed some light on this.
We supplement our analysis in the previous plots in this chapter with the global
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sensitivity coefficients for formation of propylene in Fig. 2.15, using the same set of conditions
as in Figs. 2.8-2.12 and plotted in the same manner. This figure indicates that the formation of
propylene is most sensitive to rxn 1341, n-C4H9OH+OH→C4H8OH-3+H2O, which promotes
formation, and is also sensitive to a lesser extent to rxn 1343, n-C4H9OH+OH→C4H8OH-1+H2O,
which inhibits formation.

Figure 2.15 Global sensitivity indices for propylene formation, using the same
set of initial conditions as in previous plots (e.g., Fig. 2.8).

In what follows we wish to gauge the effectiveness of the global sensitivity analysis in
analyzing the discrepancy between the experiments and modeling. We make the following three
assumptions. First, we assume that the experiments are accurate enough that the discrepancy
between the modeling and experiments are not due to experimental error. Second, we assume
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that the constant volume simulation used here and in Ref. 28 is an accurate representation of the
experimental conditions, an assumption that is not always true.29 The third assumption is that the
selected uncertainty ranges of the reactions are sufficiently large to account for the uncertainty in
the reaction rates.
Based on these assumptions and the sensitivity analysis in Fig. 2.15, we would expect
that an improvement in the rate coefficients for reactions 1341 and 1343 would lead to an
improvement in the model prediction for propylene formation. This is what is observed in Fig.
2.12c of Ref. 28, where modeling using the updated rate coefficients of Ref. 27 led to a
significant improvement in the accuracy in the agreement with experiments, with the amount of
propylene formation significantly reduced. The G3 rate coefficient for reaction 1341 is
approximately a factor of two larger at T = 1000 K than the original one and the G3 rate
coefficient for reaction 1343 is approximately a factor of four larger than the original one at the
same temperature, so that the reduction of the amount of propylene is not surprising, although
the relative sensitivity of propylene formation to these two reactions should mitigate this
conclusion.
We now focus on the discrepancy in the modeling of ethylene. As noted above, rxn 1341
is inhibitory for the formation of ethylene (Fig. 2.12). So an increase in the rate coefficient leads
to a decrease of the amount of ethylene in the mixture, which is the opposite of the trend
observed in Fig. 2.12b of Ref. 28. On the other hand, the formation of ethylene is most sensitive
to rxn 1340, n-C4H9OH+OH→C4H8OH-4+H2O and this rate coefficient does increase
significantly with the new calculation in Ref. 28, once again by a factor of approximately 2 from
the original rate coefficient. This trend explains the change in the formation rate observed in Fig.
2.12b of Ref. 28, but leaves us with the conclusion that either the rate coefficient for n-
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C4H9OH+OH→C4H8OH-4+H2O is in error relative to the other two abstraction reactions we
have discussed, or one of our three assumptions is incorrect. It is difficult for us to comment
concerning the first two assumptions, but can on the third. We suspect that a possible source of
error is that some of the reactions that promote formation of ethylene are sufficiently incorrect
that the uncertainty ranges assigned to them, typically a factor of 5 for reactions where there is
no direct experimental or theoretical evidence, do not enclose the actual rate coefficient, with
some of the -scission reactions the most likely source30 of this difficulty.

V. Global Sensitivity Maps
The sensitivity of a target function to a given reaction clearly depends on the conditions
under which the simulation takes place. Thus, a given sensitivity coefficient may be high for one
set of values (T,P,) but small for another set of values. In order to properly test a mechanism, it
is desirable to select the simulation conditions in regimes where the desired aspect of the
mechanism is most sensitive. In this section, we investigate the behavior of the  target function
in space of (T,P).
A. Two dimension global sensitive spectra
The most straightforward approach to assess the dependence of the global sensitivity to a
given simulation condition is to scan that variable and observe the change in the sensitivity
spectrum. Consider the temperature scan shown in Fig. 2.16 computed for the original
mechanism of Black et al.13 The first-order global sensitivity coefficient index for the  target is
plotted versus temperature and reaction index at a fixed pressure of 5 bar and a fixed equivalence
ratio of 1. The temperature spans a physically realistic range of T=900-1400 K.
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Figure 2.16 The global sensitivity coefficient Si versus the reaction index i and
temperature for the original butanol combustion mechanism of Black et al. The
pressure is fixed at 5 bar and the equivalence ratio is 1.

Figure 2.17 The global sensitivity coefficient Si versus the reaction index i and
pressure for the original butanol combustion mechanism of Black et al. The
temperature is held at 1150 K and the equivalence ratio is 1.

It is seen that for much of the temperature range the reaction 1353 is clearly the most sensitive.
However, as the temperature increases above 1200 K, it is seen that S1353 rapidly falls off as the
relative importance of S14 and S1341 increase. Hence, the design of experimental conditions for
testing the accuracy of the n-BtOH+HO2 C4H8OH+H2O2 rate coefficients should employ
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lower temperatures where the complications of the HO2+HO2 and H2O2+M chemistry is smallest.
The effects of pressure are likewise revealed by a scan of the spectrum versus P at fixed
temperature T=1150 K. It is seen again in Fig. 2.17 that the S1353 dominates the sensitivity
spectrum for much of the range. However, at very high pressures it is seen that unimolecular
decomposition process H2O2+M2OH+M (reaction 16) becomes increasingly important.
B. Two dimensional sampling
A complete exploration of the way in which global sensitivities change with initial
conditions goes beyond the analysis of Figs. 2.16 and 2.17. In this section we demonstrate how a
sparse sampling procedure coupled with sophisticated interpolation can be used to explore the
way global sensitivity indices change with initial conditions. Our purpose in this subsection is to
demonstrate the utility of the approach, and our analysis here is not exhaustive.
The method presented here is useful, because the calculation of the global sensitivity is
time consuming and a typical Monte Carlo sampling with small sample size will not fill the
space adequately. To fill the space adequately, we employ a “space filling design” 31, specifically
a maximin Latin Hypercube design, as described elsewhere 32

33 34

(specific examples can be

downloaded35). Generally, a reasonable estimate of the response of a system to initial conditions
can be obtained with a sample size approximately 10 x the number of initial conditions. In what
follows we explore the way the global sensitivity indices change with the initial pressure and
temperature (for stoichiometric mixtures of n-BtOH and oxygen) for constant-volume ignition
simulations, and we use designs with 24 points. An example of the use of Latin Hypercube
designs in a physical science application can be found in Ref. 36.
To complete the picture of the response of the sensitivity indices to changes in pressure
and temperature, we generate a “response surface” describing the way the sensitivity to each of
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the reaction changes with initial pressure and temperature using the Gaussian process model, also
known as “Kriging”

31 37 38 39

. References 8 and 36 have applications of this technique for

generating smooth approximation to functions, and along with Refs 37-39 describe how the
technique is applied. For example, the “hyperparameters” used here in the Gaussian Process
model are adjusted based on maximum likelihood as they are in Refs. 8 and 36 .
Figure 2.18 shows two views of the response surface for the reaction with highest
sensitivity at low to intermediate temperatures. The top panel shows a perspective view of the
response surface and the bottom panel a contour plot of the same surface, with color-coded
contours. The top panel has dots on it, which show the maximin Latin Hypercube design used to
generate the response surface. These points are the initial pressures and temperatures of the
constant volume simulations that are all undertaken for stoichiometric mixtures. The z-axis
shows the first-order sensitivity coefficients for the reactions, whose values away from the 24
dots were estimated via interpolation using the Gaussian process model. All calculations were
generated for the original butanol model.13
Figure 2.18 demonstrates that the first-order sensitivity coefficient for the reaction is
highly dependent on temperature, but only weakly dependent on pressure. Although this reaction
is not pressure dependent, the amount of HO2 in the system should be, so it is a bit surprising that
the sensitivity to this reaction does not show a dependence on pressure. From our experience
with a number of reaction mechanisms the global sensitivity indices for the reaction of the
primary fuel with HO2, often the most sensitive reaction, are generally not dependent on pressure
to a significant extent, and the results here are consistent with that experience.
We finish our introduction of global sensitivity maps by comparing maps for two of the
models studied in this chapter (stage 1 and stage 2), for several important reactions. The left
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column of Fig. 2.19 shows results of first-order sensitivity indices of four reactions using the
original model (stage 1) and the right column shows the same set of reactions for the stage 2
mechanism (butanol + HO2 reactions updated). All the plots have the same contour values and
labeling, so that they can be compared easily.
These plots demonstrate how sensitivity varies with P0 and T0. In the top row, the relative
value of the global sensitivity of HO2 + HO2 is dependent on both temperature and pressure, with
the highest values at low pressure and low temperature. Once again, this is a surprising result.
The rate coefficient for this reaction is not pressure dependent (however, see the recent paper by
Zhou et al26), but we would expect that its importance would depend on the stabilization of the
HO2 species, which would more likely occur at high pressure. The top two panels also show that
the relative sensitivity of this reaction increases when the HO2 + butanol reactions are updated,
and in the low pressure/low temperature region it is the most sensitive reaction, with over 40% of
the total variance contained in this reaction (the maximum is 0.42).
The second reaction studied in Fig. 2.19 is the dissociation of H2O2. This is a pressure
dependent reaction. The global sensitivity of this reaction is clearly dependent on initial pressure
and is also dependent on initial temperature, but only at high pressure. Comparison of the left
and right columns also indicate that the sensitivity of the ignition to this reaction increases when
the rate coefficients and uncertainties of the HO2 + butanol reactions are changed. An interesting
aspect of this effect is that the maximum sensitivity to this reaction shifts to lower temperature
and pressure when the reaction rates are updated for the HO2 abstraction reactions. In the
original mechanism the maximum of 0.34 is achieved at P0 = 100 bar and T0 ~ 1330 K, where as
for the new mechanism the maximum is 0.42 at P0 = 80 bar and T0 = 900 K. Near both of these
maxima this reaction has the highest sensitivity of any reaction in the mechanism.
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The third reaction studied in Fig. 2.19 is OH + C4H9OH = OH + C4H8OH-3. This reaction
has much lower sensitivity for ignition than do the others in Fig. 2.19 (but is very important for
species sensitivities, see for example, Fig. 2.8). This reaction only has significant sensitivity for
ignition at the highest temperatures studied in Fig. 2.19, and is slightly higher when pressure is
lower. The two plots in the third row for this reaction demonstrate that the updates to the rate
coefficients of the HO2 abstraction reactions have little impact on the sensitivity to ignition for
these reactions.
The bottom plots show the key reaction for ignition, HO2 + C4H9OH = H2O2 + C4H8OH1 (the left plot repeats the bottom panel of Fig. 2.19) and they both demonstrate that the relative
sensitivity is reduced from the left column to the right, a consequence of the reduced uncertainty
for this reaction. These plots demonstrate that the sensitivity to ignition for this reaction is
strongly dependent on temperature, with nearly half of the total variance contained in this
reaction at low temperature. The plots in the bottom row also demonstrate that there is only a
slight change in relative sensitivity as pressure is lowered, particularly at low temperature.
The analysis in this subsection has not been comprehensive, but has been meant to
demonstrate that a complete global sensitivity analysis as a function of initial conditions can be
done in an efficient manner with the techniques employed here. Some results of this analysis are
straightforward. For example, the second row shows the dissociation of H2O2, which is a
pressure dependent reaction that leads to a sensitivity coefficient that is dependent on pressure. In
addition, a comparison of the left and right columns indicate that the relative sensitivity of this
reaction increases when the uncertainty of the butanol + HO2 reaction is reduced, as it is in going
from stage 1 to stage 2.
Figure 2.19 also demonstrates that some results are less straightforward. For example, the
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top row of Fig. 2.19 shows that the sensitivity to ignition from the HO2 + HO2 reaction depends
strongly on pressure and temperature, even though the reaction is not pressure dependent. It is
presumed that this trend results from the fact that the amount of HO2 present in the system
should increase with an increase in pressure and a decrease in temperature, as HO2 would be
stabilized more readily under these conditions, leading to this trend. However, this trend is not
observed in the bottom row of Fig. 2.19 for butanol + HO2, possibly because the reaction
involves a single HO2 species, rather than two.
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Figure 2.18 Two views of a response surface describing the way the first-order
sensitivity index for ignition delay changes with initial pressure and temperature
for the titled reaction.
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Figure 2.19 A series of responses are shown for 4 different reactions. The left
column shows results for the stage 1 mechanism and the right column for the
stage 2 mechanisms. The text has further details.

VI. Conclusion
This chapter extends previous works in three ways.6-8 First, we have extended the
application of global sensitivity to large reaction mechanisms without having to pre-select
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reactions ahead of time. Although this is time consuming from a computational standpoint,
particularly when a complete picture of the uncertainty is obtained through the pdf (Figs. 2.2 and
2.3), it is relatively straightforward to obtain first-order sensitivity coefficients, which can be
used for screening reactions. For example, in the ignition-delay study of Sec. III, Monte Carlo
calculations using 50,000 runs were enough to get good convergence of the first-order global
sensitivity coefficients. These runs typically took 2 to 3 processor days for the butanol
mechanism.
A second way in which our analysis has been extended is the addition of species targets
in the global sensitivity analysis, as described in Sec. IV. We refer to the analysis of mechanisms
using species and ignitions targets, as a multi-target approach, which can lead to a more thorough
theoretical validation of a reaction mechanism.
The previous works have also been extended in a third way, with the introduction of
global sensitivity maps in Sec. V. The techniques used to generate these maps make very efficient
use of the Monte Carlo runs discussed in the first paragraph of this conclusion. In addition, they
are easily distributed among a set of processors, leading to more efficiency. Because the
generation of the response surfaces in Sec. Vb do not require, an evenly spaced set of points,
they can be updated easily by choosing extra points based on an initial examination of the
response surface, such as the one plotted in the top panel of Fig. 2.18.
Using global sensitivity analysis we were able to demonstrate which reactions were most
important for ignition and speciation for butanol combustion. In the case of ignition we showed
how the mechanism could be improved by including important rate coefficients that had recently
been calculated,26-28 and how the new rate coefficients affected the global sensitivity analysis,
leading to further updates in the mechanism.
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The use of global sensitivity analysis for the study of speciation was motivated by recent
experimental and modeling efforts in Ref. 28. We showed how the formation of particular
species studied there were sensitive to particular reactions and showed that the global sensitivity
analysis highlighted reactions which promoted the formation of a species, but also those that
inhibited the formation of a given species. This feature of global sensitivity analysis for species
gives different information than reaction pathway analysis, which only highlights those reactions
that promote the formation of a species. In addition, we demonstrated that some reactions that
promote the formation of a species did not have significant global sensitivity, presumably
because their impact does not change over their uncertainty range.
Finally, we note that at the end of Sec. V we made an attempt to explain the discrepancy
between experiments and modeling in Ref. 28 with regards to formation of ethylene. The result
of this attempt motivates us to examine more carefully the values and uncertainties ascribed to
several reactions important for the formation of the species studied in Sec. V, which we plan to
do in the future. In particular, it is possible that global sensitivity analysis is incomplete, because
the true rate coefficients of some of the reactions, such as the -scissions, may be sufficiently
different from those used in the model, that they lay outside of the uncertainty range of rate
coefficients used in our simulations.
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CHAPTER III
Theoretical Determination of the Rate Coefficient for the HO2+HO2H2O2+O2 Reaction:
Adiabatic Treatment of Anharmonic Torsional Effects

I. Introduction
The self-reaction of the hydroperoxy radical, HO2, is an important process in atmospheric
and combustion chemistry. As such, it has been repeatedly studied over the last several decades.
40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64 65 66 67

It is believed that this reaction is

the primary source for hydrogen peroxide in the stratosphere and is an important participant in
atmospheric HOx chemistry. For high temperature combustion problems, the HO2 self-reaction
plays a critical role in the ignition process. It is believed that the primary product channel for
self-reaction is the triplet process
(3.1.1)
which is highly exothermic, Hrxn(298K)=-38.2 kcal/mol. 68 In addition to reaction (3.1.1),
several minor channels have been observed (or conjectured) that yield the H2+2O2(3 ),
H2O2+O2(1), or H2O+O3 products.52 69
We are motivated to reconsider the HO2+HO2 reaction kinetics at this time by our recent
investigation of the global sensitivity analysis of auto-ignition delay times for various
combustion fuels. 70

71 72

Our goal in this work was to systematically improve theoretical

combustion mechanisms by using high level ab initio quantum chemistry and transition state
theory (TST) to compute more accurate rate coefficients. We targeted for re-evaluation those rate
coefficients in the mechanism that are simultaneously highly sensitive and highly uncertain.
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Therefore, there is a good likelihood that a more precise determination of these rate coefficients
would reduce the overall uncertainty of important predictions of the mechanism. For the autoignition of methanol, butanol, and hydrogen, it was found that the global sensitivity coefficient
for the HO2+HO2 reaction was consistently among the largest. The HO2 radical plays an
important role in the ignition process through the reaction sequence73
HO2+R-H→H2O2+R.
H2O2+M→.OH+.OH+M
Thus, in this cycle, one HO2 radical generate three radicals which greatly contributes to the chain
branching. Reaction (3.1.1) proves to be a sensitive reaction since it inhibits this sub-mechanism.
One of our primary objectives in the present work is to update the rate coefficient for the selfreaction of HO2 at combustion temperatures. Since there does not currently exist a high level
computation of the rate coefficient, it appears to be a good candidate for study.
On a fundamental level, reaction (3.1.1) exhibits several interesting characteristics that
have attracted attention. First, the temperature dependence of the observed kobs(T) reveals a clear
minimum near T=700-800K, as the activation energy shifts from negative at low temperature to
positive at high temperature. Second, the rate exhibits a substantial pressure dependence at low T
which apparently disappears above about T=600 K. Finally, there appears to be a strong
dependence of the reaction rate on the concentration of gas phase water43 44 and methanol62 at low
T. The influence of water is a serious matter since substantial amounts of H2O are almost always
present in laboratory measurements. The HO2+HO2 reaction was one of the earliest examples of
water catalysis of gas phase water reactions.
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A relatively straightforward mechanism has emerged to account for these observations
based on the presumed existence of an intermediate complex, H2O4. Mozurkewich and Benson51
suggested that the energetic profile along the reaction coordinate should resemble the schematic
shown in Fig. 3.1. Thus, in the presence of a buffer gas (M), the reaction is described by the
multistep mechanism
(3.1.2)
(3.1.3)
(3.1.4)
(3.1.5)
M

(3.1.6)
(3.1.7)

The distinction between the “species” H2O4**, H2O4* and H2O4 is based on the energetics of
Fig. 3.1. While the observation of a negative activation energy was generally ascribed 74 75 to
barrierless complex formation, various aspects of this mechanism remained unclear. The
structure of the intermediate was undetermined during the earliest investigations. Giguerre and
Herman,76 e.g., identified a linear chain “tetraoxy” structure, HOOOOH, for the intermediate in
matrix isolation studies. Patrick et al.47 and Kircher et al.49 carried out modeling studies of the
HO2 self-reaction using the tetraoxide form. Alternatively, a doubly hydrogen bonded ring
structure was also proposed77 78 that was used by Mozurkewich and Benson. Recent quantum
chemistry calculations have now clearly established that the latter hydrogen bonded structure
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was in fact the most stable form of the gas phase intermediate.58
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Likewise, the precise nature

of the transition state was also the subject of some debate.

Figure 3.1
A schematic diagram showing the two bottleneck model of the
HO2+HO2 reaction. The reaction is barrierless so TS1 is a loose transition state.
The tight transition state is submerged (i.e. lower that the entrance channel). The
“species” H2O4* and H2O4 are accessible only by third body collision.

The pressure dependence of the reaction reflects the influence of the collisions of the
background gas M with the intermediate, H2O4. As the pressure of M goes up, the overall rate
increases since the back reaction, eq. (3.1.3), is partially suppressed by the collisional energy
transfer processes through process (3.1.5). The sensitivity of the reaction to water was explained
by the assumed formation of the HO2.H2O complex. The observations are explained if this
complex is presumed to be more reactive with HO2 than is HO2 in the uncomplexed form.
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At present, there is no first principles calculation of the HO2+HO2 rate coefficient. The
early theoretical treatments of Mozurkewich and Benson51 and of Patrick et al.,47 while
physically well grounded, rely heavily on the use of empirical parameters. As such, these
treatments do not provide an independent check on possible experimental error. One impediment
to an accurate RRKM calculation has been the difficulty in obtaining reliable electronic structure
results. Single reference calculations are not adequate for this system and it is necessary to carry
out much more demanding CASPT2 or MRCI treatments of this problem. It is also necessary to
include the effects of quantum tunneling since the reaction coordinate is largely H-atom motion
and the imaginary frequency at the barrier turns out to be quite large. The most challenging
aspect of this reaction is the role lowest frequency torsional motion in the transition state
complex. As noted above, the intermediate is a doubly hydrogen bonded ring structure. The
transition state is found to multi-faceted. That is, there are two distinct saddlepoints associated
with two conformations of a torsional coordinate of the H2O4 adduct. In this work we present a
new unified treatment of the multi-faceted transition state based on the vibrationally adiabatic
model.
The remainder of this chapter is organized as follows. The general structure of the rate
coefficient is presented in Sec. II. Working in a microcanonical representation, our derivation
closely follows that the Murukewich and Benson79 and Chen et al.80 and provides a first
principles representation of the rate coefficient. The influence of pressure is included using a
master equation formalism. In Sec. III, we discuss the electronic structure calculations carried
out for the HO2+HO2 reaction. In Sec. IV we present the procedures used for the numerical
calculation of the rate coefficient. The highlight of this section is the adiabatic treatment of the
torsional motion that permits a unified treatment of the multiple transition states. In Sec. V the
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methods used for quantum tunneling are presented. It is found that the unified treatment of the
multi-faceted transition state also requires a new formulation of the quantum tunneling. In Sec.
VI the final form of the new rate coefficient is presented and discussed. While the rate
coefficient obtained agrees well with low temperature experiments, it is lower than experiment in
the high temperature regime.
II. The Form of the Rate Coefficient
The statistical rate theory for a reaction that proceeds through an intermediate complex,
C, viz. A+B↔C→P, has been formulated previously by Mozurkewich et al.79 and Chen et al80
and has been discussed by Georgievskii and Klippenstein.81 Here, we shall briefly review and
adapt this treatment. Using a notation consistent with Fig. 3.1, the outer transition state, TS1, is
loose and is characterized by the cumulative density of states

. The energy zero lies at the

ground state in the reagent channel. J is the magnitude of the total angular momentum. The inner
transition state, TS2, is tight and has the cumulative density of states
corrected barrier lies at the negative value
entrance channel threshold,

The zero-point

<0. Since the energy zero remains set at the

will be nonzero for the negative energies

<E<0.

However, in the absence of third body collisions these energies are inaccessible. Using RRKM
theory for fixed E and J, the microcanonical rate coefficient for the complex going forward to
products is, where C=H2O4
(3.2.1)
while the rate coefficient for going backward to reagents is
(3.2.2)
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We use C(E,J) for the state density of the intermediate H2O4 at fixed E and J.
Collisions between the intermediate and the background gas lead to energy and angular
momentum transfer that may affect the rate. In the “high pressure limit”, many such collisions
occur and the first-order decay rate coefficients k-1 and k2 are given by canonical TST
expressions. Conversely, in the low pressure regime, the complex is formed and decays without
additional collisions and, thus, E and J are conserved in microcanonical (C) representation.
Since the H2O4 complex is not strongly bound and the lifetimes are short, we expect the collision
free C form should be accurate at elevated temperatures, which will be derived explicitly. The
effect of collisions over a wide range of pressures and temperatures shall quantitatively modeled
using a master equation approach with empirically chosen parameters.
In the collision free limit, the reaction can be described by a complex formation step
followed by a decay step. The rates of formation and decay of the complex are governed by
transition state bottlenecks, TS1 and TS2, at the same (E,J) since these variables are conserved.
Assuming statistical branching, once formed the complex will decay into the entrance and exit
channels with a branching ratio of
(3.2.3)
The rate of product formation is obtained using a steady state approximation for the intermediate
and is given by
(3.2.4)
where we have made the continuum approximation for the angular momentum. Inserting the
steady state expression for the concentration [C(E,J)]ss we find
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(3.2.5)
where QA and QB are the canonical partition functions per unit volume for the reagents.
Equation (3.2.5) provides the general expression that we shall employ for the rate coefficient for
the HO2 self -reaction. It important to note that the effective bimolecular rate coefficient eq.
(3.2.5) does not depend on the detailed properties of the complex since the density of states
C(E,J) has cancelled out the final expression. Instead, the rate depends on the two bottlenecks,
TS1 and TS2 through the ratio

.

To estimate the pressure dependence of kobs(T) due to collisions with a background gas
(here assumed to be N2), we employ a conventional master equation formation.82 83 In contrast to
the first principles calculation described above for the low pressure limit, this approach is
empirical in that the Lennard-Jones parameters, (), and energy transfer probabilities, P(E,E')
must be fit to experimental data. The concentration density of the intermediate at energy E and
time t (summed over all J) is given by X(E,t). The rate of collisional energy transfer (EE') of
the intermediate is described by the rate kernel
(3.2.6)
where collision frequency is

,

(3.2.7)

the buffer gas concentration,  the reduced mass of N2 with H2O4, and
(3.2.8)
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The energy transfer probability function is taken to be the exponential “down” form

E>E'
where

(3.2.9)

is the normalization constant and the “up” transition probability, for E'>E, is set by

microreversibility. The collisions between N2 and H2O4 are modeled using =1.88 KJ/mol (a
value used previously by Patrick et al.48), =6 Å, and =1200 K. The rate of change of the
concentration density is given by the kinetic equation

(3.2.10)
Where Emin is the (negative) zero-point of the intermediate. The chemical source term, S(E),
describes complex formation from A+B (i.e. HO2+HO2)

(3.2.11)
The decay of the complex to reagents and products are governed by the rate coefficients
(3.2.12)
and
(3.2.13)
The details of the J-summing and other computational procedures are discussed in Sec. IV. The
overall pressure dependent rate coefficient is formally given by the expression

(3.2.14)
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In eq. (3.2.14), X(E) is computed for steady state where dX(E,t)/dt=0 in in eq. (3.2.10). It is
easily verified that the concentration dependence of kobs(T,p) cancels out.
III. Quantum Chemistry
As noted in the introduction, there have been numerous electronic structure calculations
performed on the HO2+HO2 system that have yielded a wide range of results.58 59 65 84 85 Most of
the early attempts involved single reference calculations for the stationary points of the potential,
most importantly the intermediate and TS2. The results of Lin and coworkers58 at the
CCSD(T)/6-311G(d,p) and G2M levels confirmed that the most stable triplet intermediate was a
doubly hydrogen-bonded six member ring, see Table 3.1. Relative to reagents, the intermediate
was stabilized by 9.6 or 9.5 kcal/mol for the two methods, respectively. For both methods, the
lowest transition state to H2O2+O2 products was “submerged”, i.e. lying below the entrance
channel threshold. Several additional stationary points were located that correspond to the double
H-atom exchange process and to further conformational structures.

Table 3.1
Zero-Point Corrected Energies (kcal/mol)
Reagents

Intermediate

Products
TS2

TS2'

(HO2+HO2)

(H2O4)

(H2O2+O2)

Present Resulta

0.00

-9.79

-4.22

0.45

-38.15d

CASPT2/6-311+G(3df,2p)b

0.00

-8.80

-3.00

-1.10

-39.50

B3LYP/6-311G(d,p)c

0.00

-11.80

-8.10

-5.50

-33.80

MP2/6-311G(d,p)c

0.00

-8.60

2.00

2.50

-51.70
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MP2/6-311+G(3df,2p)c

0.00

-8.50

1.80

2.60

-51.40

CCSD(T)/6-311G(d,p)c

0.00

-9.60

-0.36

1.60

-38.50

G2Mc

0.00

-9.50

-0.50

1.70

-38.20

Imaginary Frequency (cm-1)
TS2

TS2'

Present Resulta

2548.6 i

3466.7 i

CASSCF/6-311+G(3df,2p)b

4709.2 i

4896.7 i

T1 Diagnostic Value
Reagents

Intermediate

Product

Product

(H2O2)

(O2)

0.00992

0.00604

TS2

CCSD(T)/cc-pVDZe

(HO2+HO2)

(H2O4)

0.0362

0.0423

0.0545

a The geometry and frequencies of the reactants (two HO2 radicals separated by
10 Å), the intermediate (H2O4), TS2 and TS2’ are calculated by the method
CASPT2/aug-cc-pVTZ with 6 active electrons and 6 active orbitals (
,
,
and
), but their energy is calculated using CASPT2/aug-cc-pVTZ/CBS with
14 active electrons and 10 active orbitals (
,
,
, and
).
b Ref. 65
c Ref. 58
d The product state calculations did not require a multi-reference treatment and
were obtained using CCSD(T)/aug-cc-pVTZ/CBS. The result is close to the
experimental value of -38.3 kcal/mol.
e The geometry and energy for all species are calculated using CCSD(T)/ccpVDZ.
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Since the HO2+HO2 system involves four oxygen atoms with two unpaired electrons, one
expects that the multi-reference character of the wave function may affect the results. Indeed, our
computation of the T1-diagnostic for multi-reference character at the TS2 structure yielded a
result of 0.055, far higher than the <0.02 value generally accepted for the validity of single
Anglada et al.65 have recently carried out calculations using multi-

reference calculations.

reference complete active space (CAS) methods which did yield results quite different from
Lin’s single reference calculations. They optimized geometry and calculated frequencies using
the CASSCF/6-311+G(3df,2p) method with a small active space of 8 active orbitals and 10
active electrons, i.e. (8o,10e), for the intermediate and (9o,11e) for the transition state. They then
calculated the energy using the perturbation method86 CASPT2/6-311+G(3df,2p) method with a
larger active space (12o,14e). A potential problem is that the use of the CASSCF method to
optimize the geometries may yield error in the barrier energies and frequencies. Indeed, Anglada
et al. report an imaginary frequency of 4709i cm-1 for TS2 implying that even a small error in
geometry may lead to a large error in the energy of the transition state, although the energy
calculation is done at a higher level.
To reduce the error incurred in the geometry optimization, we undertaken a new set of
CAS calculations using the MOLPRO 2010 package.87 The geometries and frequencies are now
computed using CASPT2 which we expect to yield higher accuracy than the previous results
using CASSCF. The energies of the reagents, intermediate, and transition states were carried out
using the same basis set and quantum method for consistency. The geometry optimization and
frequencies were obtained using CASPT2 / aug-cc-pVTZ with 6 active electrons and 6 active
orbitals (6o,6e) (

,

,

,

,

and

). The reagent optimization was

carried at a center of mass separation between the HO2 radicals of 10 Å. The energies were

66

obtained from single point calculations using CASPT2/aug-cc-pVTZ with 14 active electrons
and 10 active orbitals (10o,14e) (
and

,

,

,

,

,

,

,

,

). More accurate energies are then obtained by an extrapolation to the complete

basis set (CBS) limit88 using the CASPT2 calculations with the aug-cc-pVDZ, aug-cc-pVTZ, and
aug-cc-pVQZ basis sets. For completeness, we also undertook the computation of the product
channel properties, although this is not required for the determination of the rate coefficient. It
was difficult to optimize the orbitals for the product channel in manner consistent with the
transition state and reagents. However, since the T1-diagnostic value for the product species is
small, a single reference method was chosen instead which obviates the need to construct the
active space. The product energy, geometry, and frequencies were obtained using
CCSD(T)/CBS/aug-cc-pVTZ.89 The zero point corrected energy of reaction obtained in this way
was E0= -38.15 kcal/mol. We note in passing that the product state energy obtained using
CCSD(T) is over 6 kcal/mol higher than the corresponding CASPT2 result with (10o,14e), which
clearly illustrates the difficulty in selecting the correct active space. If a full valence calculation
of the reagents and products is carried out (which was not feasible for the transition state), we
obtain a CASPT2/CBS result of E0= -38.76 kcal/mol in agreement with the CCSD(T) method.
Since the T1-diagnostic is 0.036 for the HO2 radical itself, it appears also necessary to
use multi-reference methods to characterize the loose transition state in the entrance channel,
TS1. The objective of these computations is not to find stationary points but rather to sample the
relative orientations of the two HO2 asymmetric tops as a function of the intermolecular
separation. Since on the order of 105 computations are required, a more efficient method was
employed, viz. CASPT2/aug-cc-pVDZ with (2o,2e), i.e. two

orbitals for two unpaired
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electrons. The results of this (2o,2e) calculation used for the computation of

at TS1 is

shifted to be consistent with the (10o,14e) calculation presented in Table 3.1.
The optimized structures obtained are shown in Fig. 3.2, while the energetics are
presented in Table 3.1. The normal mode frequencies are presented in Table 3.2. The
characteristics of the intermediate and transition states we obtained are qualitatively similar to
those of Anglada et al.65, although there are quantitative differences. In our calculations, the
doubly hydrogen bonded intermediate is more strongly bound by about 1.0 kcal/mol while the
TS2 barrier is further submerged by about 1.2 kcal/mol. However, the most important differences
between the two sets of calculations lie with the geometries. For example, the O2-H5-O3 bond
lengths in the for the H-atom transfer at the TS2 structure were found to be R2,5=1.131Å and
R3,5=1.266Å in our computations while they were found be R2,5=1.175Å and R3,5=1.211 Å by
Anglada et al. The O1-O2 bond length at TS2 was R1,2=1.256 Å in our calculation and was
R1,2=1.293 Å in that of Anglada et al. The optimization of the torsional conformer of the
transition state, TS2' (see below), is even more different. We obtained R2,5=1.109Å and
R3,5=1.277Å while they obtained R2,5=1.171Å and R3,5=1.214 Å. In addition to the large
geometry differences between the CASSCF and CASPT2 optimized geometries, we also find the
vibrational frequencies were also quite different. As shown in Table 3.1, the imaginary barrier
frequency is seen to differ by almost a factor of two. Despite the high level of the present
calculation, we still expect errors on the order of 1 kcal/mol due to the use of perturbation theory
and limitations of the basis set and active space.
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Figure 3.2
The energies and structures of the stationary points on the ground
triplet potential energy surface obtained using CASPT2/aug-cc-pVTZ (6o,6e) for
geometries and CASPT2/CBS/aug-cc-pVTZ (10o,14e) for the energies. The
distances are in Å and the harmonic zero-point corrected energies are in kcal/mol.

Table 3.2
Normal Mode Frequencies of Stationary Points (cm-1)a
HO2
Intermediate H2O4

3600.8, 1451.7, 1217.4
3355.7, 3263.1, 1577.6, 1560.1, 1315.6, 1310.5, 749.7, 612.0, 296.9, 264.5, 206.3, 109.9
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TS2

3500.7, 1774.7, 1531.2, 1485.9, 1313.3, 1125.7, 691.6, 426.4, 356.5, 209.5, 119.7, 2548.6 i

TS2’

3598.0, 1603.0, 1461.0, 1438.7, 1222.0, 842.2, 657.2, 407.0, 263.8, 100.5, 16.7, 3466.7 i

a See footnote a of Table 3.1

We need to also be cognizant of the electronic degeneracies when computing the partition
functions. The HO2 species forms an electronic doublet, thus the HO2+HO2 asymptote will
consist of four degenerate levels, a triplet and a singlet. The reaction is assumed to occur only on
the triplet surfaces which correlate with the ground state products. Thus, we shall multiply the
nuclear rate coefficient by a temperature independent multi-surface factor of ¾.
Finally, it is important to highlight the role of the torsional motion at the transition state.
The lowest frequency (i.e. 119.7 cm-1) normal mode of TS2 is found to correspond nicely with a
torsional motion involving the four oxygen atoms. Specifically, the dihedral angle is formed
from the R(O1-O2) and R(O3-O4) vectors with the R(O2-O3) axis. Interestingly, the second
transition state, TS2', is found at a torsional displacement of 142.1°from TS2 with the remaining
bond lengths and bond angles only changing modestly. The optimized structures as a function of
the torsional coordinate are shown in Fig. 3.3. The energy of TS2' is 4.67 kcal/mol higher than
TS2. It is important to note that the normal mode frequencies are also quite different, as seen in
Table 3.2. The torsion at TS2' now exhibits a frequency of merely 16.7 cm-1, suggesting it likely
behaves as a free rotor. The next lowest modes have frequencies (356.5 cm-1, 209.5 cm-1) for
TS2 while for TS2' they are (263.8 cm-1, 100.5 cm-1). We shall show that both transition states
need be included in the rate coefficient calculation. The other torsional motions in the H2O4
complex are less important and will be treated using the normal mode model. We note, however,
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that there exists a mirror image configuration for both TS2 and TS2' that requires an overall
factor of 2 for

.

Figure 3.3
The configurations of the H2O4 adduct as a function of the dihedral
angle for the low frequency torsional mode.

IV. Numerical Determination of the State Densities Including Torsion Anharmonicity
The determination of the rate coefficient requires the numerical evaluation of the state
densities

and

using the data obtained from the ab initio calculations. For the

most part, these calculations employed standard methods that were implemented using
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subroutines adapted from the Polyrate90 and VariFlex91 software packages. Here, we shall give
only very briefly reviews those known methods. The main emphasis of this section is the
treatment of torsional nonseparability for TS2 and TS2 '.
A.

The Loose Transition State: TS1

The association reaction
transition state. We calculate

is a barrierless process described by a loose
, the total ro-vibration cumulative state density for fixed E

and J, using the variable reaction coordinate transition state method (VRC-TST).92 The VRCTST calculations are performed using by Polyrate 2010A package along with our own interface
between Polyrate and Molpro. In these computations, the distance between the centers of mass
of the rigid HO2 radicals is held fixed and CASPT2/aug-cc-pVDZ energy is computed for a
Monte Carlo sample of relative orientations. We carry out these calculations for 50 separation
distances between 2.5 and 10 Å using MC sample sizes of 2000 orientations. The local minimum
of the smoothed density of states curve is used to define the location of the transition state. (This
is a small modification of Polyrate which uses the global minimum.) We estimate the MC
sampling error for
B.

to be approximately 1% or less.

Normal mode Treatment of TS2 and TS2'

It is straightforward to implement the conventional harmonic oscillator-rigid rotor
treatment for

at TS2. The energy levels of the transition state are obtained from the

normal mode vibrational frequencies computed by CASPT2/aug-cc-pVTZ (6o,6e), the
symmetric top approximation for the rotational states, and the saddlepoint energy from
CASPT2/CBS/aug-cc-pVTZ (10o,14e). The state sums are carried out using the Beyer-
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Swinehart93 algorithm for the vibrational levels,

and then (up to the overall rotational

degeneracy of 2J+1)

(3.4.1)

where I1 and I3 are the moments of inertia computed for the TS2 geometry. The calculation of the
cumulative state density for TS2' is carried out in a similar way. The one modification required is
that the torsional normal mode is replaced with a free rotor since its frequency is only 17 cm-1
and the barrier to hindered rotation is 5 cm-1.
We also carried out certain calculations with a separable hindered rotor model of the
torsional motion. In those computations, the energy levels of the torsional coordinate () motion
are obtained by solving the one-dimensional Schrodinger equation using a potential function
obtained by relaxing the geometry at each . The remaining normal modes were treated in the
usual harmonic oscillator fashion from TS2 frequencies.
C.

Semiclassical Adiabatic treatment of the Torsional Motion

As we have noted above, the torsional motion is problematic in the HO2 +HO2 reaction.
The two configurations, TS2 and TS2', essentially correspond to conformational isomers of the
transition state lying at = -25.5°and = -167.6°, where  is the dihedral angle. While there are
two other modes that might also be regarded as torsional, we did not find additional saddlepoints
for those degrees of freedom (aside from the mirror image configurations). Multi-faceted
transition states have received some attention in the recent literature94 95 and are expected to be
generic for systems with energetically accessible torsional conformers. Truhlar and coworkers96
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have suggested the MS-AS method in which the contributions for the various transition state
structures are summed using several possible weighting factors. The HO2+HO2 reaction is a
particularly challenging case since remaining vibrational modes are strongly coupled to the
torsion as is clear from the large variation in the frequencies seen in Table 3.2. Furthermore,
since the barrier to hindered rotational for TS2' is very low, 5 cm-1, it is not meaningful to
compute the state sums using local potential expansions around TS2'. On the other hand, the
usual separable hindered rotor approximation for the remaining modes is questionable because of
the strong anharmonicity and mode coupling.
We present a unified approach for a single torsional coordinate in which the reaction can
proceed across the barrier for any value of the dihedral angle and is not restricted to occur near
the stationary points TS2 or TS2'. As illustrated in Fig. 3.4, TS2 and TS2' correspond to two
points on a transition state ridge, and it is clear that for sufficiently high energy the system may
cross the ridge at any value of . Unlike a saddlepoint which is a single geometry, the ridge is a
one dimensional curve in the configuration space of the complex that we can parameterize with
the dihedral angle, i.e. R(). We can compute this ridge curve to high accuracy using the
following procedure. The configuration of TS2 is first found using a standard saddlepoint search
in the 3n-dimensional full configuration space using by CASPT2/aug-cc-pVTZ (6o,6e) with the
Molpro package. The lowest nonzero frequency mode is found to correspond to mostly
displacement in the dihedral angle. Therefore, we carry out a set of constrained saddepoint
searches where the dihedral angle is held fixed. The value of the dihedral angle is scanned over
2 starting at TS2. In this way the ridgeline R() is mapped out. To characterize the properties of
the saddlepoints obtained for each of the constrained structures, a normal mode analysis was
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carried out at each value of R(). In this analysis, the frequencies were obtained by diagonalizing
the projected force constant matrix,
(3.4.2)
Here, F is the conventional Hessian matrix in the mass weighted Cartesian coordinates of the full
configuration space and P is a projection operator. We compose P as a product of onedimensional projectors that locally eliminate the subspaces for translation, overall rotation, and
the torsion. Diagonalizing the matrix Fproj yields the instantaneous normal modes of the
transition state complex as a function of . There are 3n-8 real frequencies,
, and one imaginary frequency is() associated with the local reaction
coordinate s. Here, n is the number of atoms so there are 3n-8=10 normal modes excluding
torsion and the reaction coordinate. In Fig. 3.5, we show the 10 instantaneous normal mode
frequencies for the HO2+HO2 transition state ridge as a function of the dihedral angle. The
nonseparability of the torsional motion is apparent from the large variation of the frequencies. Of
course since the torsional displacement gives rise to large geometric changes in the adduct, the
principle moments of inertia are also functions of . We should point out that while the torsional
mode we have defined is not precisely a normal mode, the frequencies from the full normal
mode analysis and the constrained normal mode analysis at TS2 and TS2' are nearly the same.
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Figure 3.4
The potential energy surface as a function of the reaction
coordinate, s, and the dihedral angle, . The remaining normal mode coordinates
have been relaxed to their minima at each value of . The ridge line is shown with
a solid black line and the locations of TS2 and TS2' are indicated.
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Figure 3.5
The frequencies of the 10 normal modes of H2O4 transition state
complex (excluding the reaction coordinate and the torsion) as a function of the
dihedral angle of the torsion. The strong mode coupling seen here is especially
important for the low frequency modes.

The framework of our treatment is based on the observation that the torsion is the slowest
vibrational mode at the transition state. Therefore, we adopt a vibrationally adiabatic approach
in which the energy levels for the remaining “fast” vibrational degrees of freedom
instantaneously adjust to the “slow” torsional motion. Hence, the vibrational energy levels of the
3n-8 dimensional constrained complex are
(3.4.3)
where the quantum numbers, n, are conserved during torsional motion. The full vibrational
energy, n,k, of a given state is then obtained by solving the vibrationally adiabatic Schrodinger
equation for the torsion degree of freedom, i.e.
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(3.4.4)
where (n,k) form a complete set of 3n-7 vibrational quantum numbers for the transition state and
V() is the Born-Oppenheimer potential along the ridge line. The torsional moment of inertia is
given by97
(3.4.5)
with

(3.4.6)
(3.4.7)
Here,

and

are the masses of oxygen and hydrogen atoms, and

,

and

are the

vertical distance to the O2-O3 torsional axis of atoms 1, 4, and 6. We can define adiabatic
rotational levels since the principle moments of inertia are also functions of ,
(3.4.8)
The rotations are not slow compared to the torsional motion, but the errors incurred using this
approximation are small in the final expressions.
If we numerically solve the one-dimensional Schrodinger equation (3.4.4) for every
physically relevant 10-tuple of quantum numbers, n, the vibrational energy levels may be
explicitly generated and the cumulative state density may be directly computed. Since this may
require 100,000’s of solutions to eq. (3.4.4), we instead adopt a simpler semiclassical approach.
We know the quantum expression for the cumulative vibration state density is
(3.4.9)
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where  is the Heaviside step-function and

is the 3n-7 dimensional vibrational Hamiltonian.

Analogously, the semiclassical expression makes use of phase space integration
(3.4.10)
where H is the classical analog of

. We adopt a mixed representation where the torsion is

treated classically and the remaining coordinates are treated quantum mechanically. Thus we
have
(3.4.11)
where the Hmixed has classical torsion but quantum normal mode vibration, i.e.
(3.4.12)
The partial trace, Tr', is taken over the quantum variables only. To evaluate eq. (3.4.11) we first
carry out the partial trace at fixed values of

. This yields
(3.4.13)

where
(3.4.14)

and the energy is shifted as E'=E -

- V(). Thus

is the usual cumulative state density

for the 3n-8 normal modes at fixed . We evaluate eq. (3.4.13) using numerical quadrature by
first constructing a two dimensional table of

for the relevant range of energies and

angles, which are then used to create an efficient tensor spline representation of the function. An
illustration of the variation of

with dihedral angle is shown in Fig. 3.6. For the case of E'=5000

80

cm-1 it is seen that the cumulative state density near TS2 (= - 25.5°) dominates over that of TS2'
(= -167.6°).

Figure 3.6
The cumulative state density at the inner transition state as a
function of the dihedral angle. The calculation was carried out for E=5000 cm-1
above the entrance channel zero point and includes vibration only. Under these
conditions, state density near TS2 dominates over TS2'.

It is known that the semiclassical expression, eq. (3.4.10), suffers error if the effects of
zero point energy are not included. In our mixed representation the zero point of all 3n-8 nontorsional normal modes is fully included within

, so that only the torsional zero point is

neglected in Nmixed. Thus, to improve the result at the level of the Marcus-Rice approximation98
the torsional zero point computed at TS2 (0=59.8 cm-1) is added to the energy argument of eq.
(3.4.14).
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Finally, to obtain the total cumulative density of state including the rotational
contributions it is necessary to sum over the rotational progressions along the transition state
ridge. Complicating the analysis slightly is the  dependence of the rotational constants. Using
the adiabatic model we write in analogy to eq. (3.4.1)

(3.4.15)
This gives the cumulative density of states at the inner transition state up to the (2J+1) overall
rotational degeneracy factor. It should be noted that eq. (3.4.15) is no more complicated to
evaluate that the vibration only expression, eq. (3.4.13), since the rotational terms are merely an
energy shift that can be accounted for using the same tensor spline representation of
used above.
V. Quantum Tunneling
The imaginary frequency along the transition state ridge is found to be quite high (see
Fig. 3.7). It is expected, therefore, that quantum tunneling should play a significant role in the
reaction. Since most treatments of tunneling are referenced to a single saddlepoint, it is not
initially obvious how to include tunneling through the ridge, which can be thought of as a one
parameter family of saddlepoints. Therefore, we shall therefore propose here a very simple
scheme to incorporate tunneling through the transition state ridge.
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Figure 3.7
The imaginary frequency of the transition state ridge as a function
of the dihedral angle.

The generally accepted procedure to include tunneling in a RRKM determination of the
rate is to replace the classical (i.e. no tunneling) cumulative density of states N(E) with
(3.5.1)
where the state density is ()=dN()/dand P(E-) is the quantum transmission probability at
the translational energy E-. The energy  is the total excitation energy of the 3n-8 transition
state modes. For ridge tunneling in the adiabatic approximation, we can assume that the
tunneling dynamics occurs at fixed , i.e. the torsion is dynamically frozen. Thus, a tunneling
probability at each value, P(E-,), may be determined by applying the tunneling method of
choice to the torsionally constrained Hamiltonian, H(=constant). We can calculate the quantum

83

transmission probability at fixed  by simply applying eq. (3.5.1) separately to each  value.
Thus, in place of the classical

we have the quantum expression
(3.5.2)

where

. The use of this expression in place of eq. (3.4.14) then provides

one method to incorporate tunneling in the present problem.
We have chosen to model the tunneling using Small Curvature Tunneling (SCT) method
which has proven to be effective approach in numerous previous studies.99 100 This method takes
into account the corner cutting tendency of the tunneling for problems with a curved minimum
energy path (MEP) near the TS. Since the recalculation of the MEP at many values of  proved
to be a laborious chore, we adopted the following streamlined procedure. The reaction path and
the SCT transmission function P(E,) were computed at the  values corresponding to TS2 and
TS2'. We then interpolate P(E,) to other values of  using a parabolic tunneling formula. Thus,
the tunneling through TS2 and TS2' is “exact” and the values between are interpolated based on
the imaginary frequency and height of the effective barrier.
VI. Results and Discussion
Using the formalism described above, we have computed the canonical rate coefficient
over the temperature range of 200-2000 K and pressure range 0-10 atm. To obtain agreement
with experiment, we have found it necessary to shift the energy the transition state ridge upward
by 1 kcal/mol. This is within our error estimates for the quantum chemistry. In Fig. 3.8, we show
the results of our theory for p=0 and 1 atm. Using a nonlinear least squares procedure we have fit
our numerical results to a two exponential expression
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(3.6.1)
ktheory(p=0) and ktheory(p=1atm) differ by roughly a factor of 1.4 at low T while becoming
virtually identical for T>500 K. For comparison, we also plot a fitting of various low and high
temperature experimental results that was constructed by Troe and coworkers,60 i.e.
kexp (cm3 mol-1 s-1)=1.03×1014·exp(-5556 K/T) + 1.94×1011·exp(709 K/T)
(3.6.2)
The experimental low temperature results46

54 53

used in this fit were gathered at total pressures

near 1 atm in an environment consisting of mostly N2 buffer gas. It is seen that the theoretical
rate coefficient gives a U-shaped curve versus 1/T, with negative activation energy at low-T and
positive activation energy at high-T. The shape of the function and location of the minimum near
T=800 K is consistent with experiment. At low temperatures, the theory and experiment agree
quite well. For temperatures less that 500 K, the theoretical rate coefficient is no more that 25%
higher than the three sets of experiment results of Pilling,44 Lesclaux,53 Jenkins,54 and their coworkers. The high-T predictions are also in reasonable agreement with experiment showing an
increasing rate coefficient above 1000 K. Unlike the low-T result, the high-T kobs(T) is largely
insensitive to pressure effects. Hence, it is gratifying that the reasonable agreement with
experiment is achieved independent of empirically adjusted collisional parameters. We do note,
however, that our theoretical kobs(T) grows less rapidly versus T than does the shock tube
experiments of Troe and workers.55

60

At 1250 K (the highest temperature reported), the

experiment is roughly a factor of 1.5 larger than theory. If the extrapolation of eq. (3.6.2) to
higher temperatures is valid, then the differences between theory and experiment grow larger
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with T, becoming nearly a factor of three by T=2000 K. These differences may lead to important
consequences in future modeling work.

Figure 3.8
The HO2+HO2 rate coefficient versus temperature. The red curve is
the present calculation at p=1 atm and the blue curve is for p=0. The experimental
results ∆ (ref. 46 ), □ (ref. 53) and ○ (ref. 60) are shown for reference. The dashed
black curve is a fitting of the experimental results consistent with p=1 atm of N2.

It is worthwhile to point out that the same shock tube studies of H2O2 pyrolysis
conducted by Troe and coworkers55

60

which led to the HO2+HO2 rate coefficient also produced

rate coefficients for the processes OH+H2O2HO2+H2O and OH+HO2H2O+O2. The k(T) for
these processes showed rapid increase at high temperature, analogous to the HO2 self-reaction.
Recently, Hanson and coworkers 101

102

have performed new experiments at even higher

temperatures that showed somewhat different behavior for the OH+H2O2 and OH+HO2
reactions. In particular, Hanson and coworkers found a flattening out of the OH+HO2 rate
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coefficient at temperature between 1600 and 2200 K. These results did not appear to follow a
smooth extrapolation of the lower temperature results of Troe and coworkers. The OH+H2O2 was
found to be substantially lower and more slowly increasing than that of Troe et al., although this
was a less direct measurement. There was broad agreement for the rate of H2O2 dissociation. To
assess the high temperature behavior of HO2+HO2, and the possibility of a similar high
temperature flattening, it would be interesting to have new experimental results above T=1400K.
The two main theoretical innovations of the present work are the vibrationally adiabatic
modeling of the torsion, and the associated inclusion of the tunneling through the transition state
ridge. To assess the importance of this methodology, we carried out several additional
calculations using alternate methods. First, we have calculated the rate coefficient using the
standard normal mode treatment of the torsion. We have carried out a determination of the rate
coefficient assuming, in turn,

, and

in eq. (3.2.4). Tunneling was included using the conventional SCT
method. As seen in Fig. 3.9, the lower transition state, TS2, dominates over TS2' at low T.
However, at high T the higher transition state TS2' dominates. Computing kobs(T) using the sum
is analogous to the simple MS-AS-HO method of Truhlar and coworkers.96 Interestingly, this approach gives a result quite close to the more sophisticated
adiabatic model. It is likely that the agreement between these approaches is fortuitous. Indeed, at
lower levels of QM the shallow TS2' saddlepoint actually disappears. In this case, the
appropriate calculation would be
Fig. 3.9.

which is clearly inadequate as seen in

87

Figure 3.9
The theoretical rate coefficient calculated using several methods.
The red line is the full calculation with the vibationally adiabatic treatment of the
torsion. The TS2 and TS2' curves are the results using the normal mode treatment
of the two saddlepoints. The TS2+TS2' curve is the result of summing the flux
through both transition states. All calculations include tunneling.

Another conventional approach is to model the torsional motion using a separable
hindered rotor while computing the remaining normal mode frequencies at the conventional
transition state. When the hindered rotor approximation is made at the TS2 saddlepoint, we refer
to the resulting rate as

. In Fig. 3.10 we plot the results for the hindered rotor model along

with the previously obtained results. It is seen that at low T, the hindered rotor model is essential
equivalent to the standard normal mode treatment. At high T, the result is somewhat higher that
the TS2 normal mode analysis, but is still far too low compared to either experiment or the
adiabatic torsion model. The sum expression
the normal mode TS2+TS2'.

+ TS2' appears to be roughly comparable to
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Figure 3.10 Several additional methods for computing the rate coefficient are
shown. The rate coefficient computed using a hindered rotor model at the TS2
saddlepoint is denoted by
. The remaining rate expressions are identical to
those shown in Fig. 3.9.

We have also carried out calculations in which tunneling through the inner transition state
is ignored, but where we have retained the vibrationally adiabatic treatment of the torsion. As
seen in Fig. 3.11, the value of kobs(T) is significantly reduced at low temperatures. Below 400 K,
the tunneling contributed almost a factor of two the rate coefficient. It is gratifying to note that
the experimental results are more consistent with the results that include tunneling. At high
temperatures, above 1000 K, the influence of tunneling steadily wanes.
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Figure 3.11 The low pressure rate coefficient calculated with and without the
SCT tunneling correction.

Finally, it is interesting to consider the role of third body collisions. Kircher and Sander49
noted a pronounced pressure enhancement at ambient temperatures and pressures. This
enhancement became weaker as the temperature increased and presumably disappears above
T=500 K. This is likely due to the collisional stabilization of the H2O4 complex and suppression
of the back reaction H2O4→2HO2. Using the the master equation formalism, we have estimated
the enhancement factor over a range of temperatures and pressures. In Fig. 3.12 we show
kobs(T,p)/kobs(T,p=0) for p(0,10 atm) and T=300, 500, 1000, and 1500K. It is seen that the
enhancement at p=1 atm is negligible at T=500 K and is negligible at all pressures below 10 atm
above 700 K. The enhancements predicted by the theory are qualitatively similar to those
observed experimentally by Kircher and Sander although there are quantitative differences.
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Figure 3.12 The enhancement of the computed rate coefficient,
kobs(T,p)/kobs(T,p=0) as a function of pressure for several temperatures.
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Chapter IV
Stochastic Pathway Analysis for Complex Chemical Mechanism

I. Introduction
In Chapter II, key reactions in the combustion mechanism of n-butanol were identified
using the methods of global sensitivity analysis (GSA). While GSA is useful for identifying key
reactions, it is not particularly convenient for determining the effects of coupling among several
reactions. Indeed, most studies utilizing GSA rarely analyze rate coefficient coupling beyond the
pair-wise interaction because of the computational demands of integrating high dimensional
functions. At this time, GSA cannot effectively extract information about effects of higher than
second order.
While single key reactions, and pairs of key reactions, are often quite important to
describing the chemistry in a mechanism, it is possible that the effect of rate coefficient
uncertainty on the target function cannot be fully resolved into contributions of single elementary
steps. Rather, it may be useful to consider the mechanism as a circuitous network defined by the
species and elementary steps that define the paths between the species. A schematic of such a
network is shown in Figure 4.1. With this view in mind, it is easy to postulate that the full
pathways taken through the mechanism may be as important to the target observable as any
single reaction. Indeed, an understanding of the topology of the mechanism and of how the
chemical pathways are accessed in a chemical pathway may define why particular reactions are
identified as key in GSA.
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Figure 4.3
A schematic illustrating a graph theory representation of a
chemical reaction mechanism that is useful in treating chemical pathway analysis.
The green line shows a specific pathway.

The idea of kinetic pathway analysis is not new. The most common method of pathway
analysis, now included as a standard addition to many kinetic modeling software packages such
as CHEMKIN Pro103, measures the flux passing through single reactions throughout the course
of a simulation. These reaction flux simulations are usually best represented in a graph of the
mechanism with the thickness of the arrows between reactants defining the amount of flux
through a particular reaction. While both economical and insightful, this pathway analysis
procedure is still somewhat restricted to considering reactions in a piecewise manner rather than
pathways as a whole. Such a pathway analysis does not unambiguously distinguish the history of
how the chemistry proceeds through the mechanism. A single reaction may have a high flux
through it during the course of the simulation, but flux analysis does not answer the question of
how the reactants of that particular reaction came to be or what their fate is after proceeding
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through the reaction. It could be that an earlier reaction siphoned the chemistry to the high-flux
reaction, or that the chemistry of products of the high-flux reaction has consequences for the
chemistry later in the reaction process. Such effects are difficult to determine solely from flux
analysis.
Stochastic Monte Carlo simulations that account for the natural fluctuations inherent in
chemical kinetics were made popular by D. A. McQuarrie 104 and D.T. Gillespie 105

106

. Such

methods are routinely applied in many different chemical systems ranging from surface reaction
networks107 to biological processes108 109. These simulations may consider a discrete ensemble of
atoms or molecules, each representing a portion of the concentration in a corresponding
continuous kinetics trajectory. In such simulations, the full history of the chemistry of atoms or a
group of atoms can be recorded so that a detailed pathway history can be determined. However,
such simulations are still trajectory-based and are computationally intensive. In addition,
reactions that are rare events 110 in the chemistry require many simulation trials and, often,
extended run times if not treated properly. In other words, a full pathway analysis requires that
many simulations be run in order to determine converged pathway probabilities.
The methods developed here harness the virtues of reaction flux analysis and stochastic
Monte Carlo simulations while eliminating both the ambiguity of the single reaction focus of the
former and the computational demands of the latter. In these methods, a reference continuous
kinetics simulation is used to define stochastic reaction probabilities. An ensemble of stochastic
trajectories then follow only a single discrete atom or finite group of atoms, recording the path
these atoms take as the simulation proceeds. In this way, the reaction history of a discrete atom is
effectively extracted from the reference kinetics simulation. The first method uses traditional
Markov chain procedures111 while the second method, an extension of the first, accounts for any
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reactive processes that are rare events compared to the time scale of the other reactions and the
time scale of the simulation. Both methods are dramatically faster than a full Monte Carlo
simulation and the second method is much more efficient than the first.
This chapter is organized as follows: Sec. II introduces two stochastic pathway analysis
methods. Section III presents the results and discussions. Section IV shows an implementation of
the pathway analysis method to the decomposition of methanol on a metal surface. Section V
presents a brief conclusion of our work and suggestions for the future study.

II. Method
Method One
The first method is developed from a traditional Markov chain procedure. The first step
in this procedure is a normal kinetics simulation, i.e. integrating the rate equations of the kinetics
system, and then recording the following information at each timestep: the concentration of each
of the species, the value of the rate of each elementary reaction step, and value of the destruction
rate of each of the species, defined to be the total negative contribution to the time rate of change
of that species. This kinetics simulation, which will be called the reference simulation, is the
template upon which the atom-following stochastic trajectories are based. Eq. 4.0 summarizes
the kinetic rate equations used to generate the reference kinetics simulations.
(4.0)
The species is given by
involves

and the concentration of

as a reactant (product) is

that involves

as a reactant and

(

is

. The rate of reaction

that

). Hereafter, the rate of reaction

as a product will be denoted

.
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To construct the stochastic trajectories, an atom or group of atoms is selected and
followed during the stochastic simulation. Each individual atom is always a constituent of a
reactive species, which we call a molecule for brevity, in the mechanism. An atom builds up a
history as it passes from molecule to molecule as it proceeds through the elementary steps of the
mechanism. The history of the atom consists of a sequential list of the elementary reactions the
atom passes through and the molecules the reactions transfer the atom to. A complete history of
an atom over the entire course of the trajectory is called a pathway. In terms of graph theory112
113

, a pathway consists of a sequential list of molecules (nodes) and reactions (directed edges)

connecting the molecules the atom is associated with over the stochastic simulation.
Atoms are transferred between molecules through elementary steps of the mechanism. In
each step of the stochastic trajectory, an atom, which is not in a terminal species of the
mechanism, may undergo any one of a set of elementary reactions in which its affiliated
molecule is a reactant, each with an associated probability. There is also a probability that the
molecule does not react, which we will hereafter refer to as the unchanged or no reaction
probability. If a molecule reacts, then it transfers its atoms to one or more product molecules. A
reactive event for a followed atom is determined, in accordance with a Monte Carlo scheme, by
generating a random number between 0 and 1. The [0,1] random number sample space is
partitioned into intervals, each the length of one of reaction probabilities and the last the length
of the unchanged probability (note that these probabilities all necessarily sum to 1). The reaction,
or non-reaction, the molecule undergoes is determined by which interval of the sample space the
generated random number lies in. A schematic of the sampling scheme is shown in Figure 4.2.
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Figure 4.4
A schematic of how the random number sample space is
partitioned in order to account for many different reaction events. Pi represents the
reaction probabilities of reaction i and Pu is the unchanged probability. The
interval in which a sampled random number falls determines what event will
occur in the atom-following trajectory method.

The key quantity in the above procedure is the reaction probability for an atom through a
particular elementary step during a stochastic trajectory time step. This probability is calculated
for a sufficiently small time step Δt according to equation 4.1.

(4.1)
Here,

stands for the probability that the atom

molecule, of species , to a product molecule, of species
interval between
equivalent atoms to

and

. The factor

(

is transferred from a reactant

, through the reaction

in the time

) is the number of chemically

in the reactant (product) molecule. By chemically equivalent, we mean

atoms in a molecule that can undergo the same chemistry, e.g. the hydrogens in the methyl group
of methanol are all equivalent to each other but not to the hydrogen in the hydroxyl group. The
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purpose of the reference simulation should now be apparent, it is used to define the reaction
probabilities in the stochastic simulation at any given time. The unchanged probability is easily
determined from the sum of all reaction probabilities as seen in Eq. 4.2.
(4.2)
A large ensemble of atom-following trajectories must be run in order to sample all possible
pathways of the atom. From all the collection of pathways determined from the ensemble, a
probability for each pathway can be defined. A probability function for each pathway of the atom
is the final result of the method.

Method Two
While the previous method is very useful for studying the most commonly occurring
pathways in a chemical system, it is not useful for studying pathways of low probability, in
particular those pathways that contain a reaction that will be considered a rare event in the
simulation. An example of such a problem occurs when studying the combustion of hydrogen
gas. The reactive species HO2 must be produced in a modest amount before the ignition time can
be reached. However, the production of HO2 is a rare event and most pathways observed in an
ensemble of atom-following trajectories do not lead to this species. Pathways leading to HO2
may be rare, but since HO2 is vital to the combustion process, understanding the most common
pathways leading to HO2 before the ignition time may help elucidate important chemistry. In
order to converge the probabilities of these rare event-containing pathways (RECPs) using the
previous method, a very large number of atom-following trajectories would have to be run.
Clearly, method one is impractical for studying RECPs and a more economical method is needed
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to determine the probability of RECPs.
The second method alleviates the need to run many trajectories and explicitly treats rare
events. It still follows single atoms and uses a reference kinetics simulation to define the reaction
probabilities as a function of time. However, the central idea of the method is no longer
stochastic trajectories, but a “sum over histories” 114 of the probabilities of the pathway. The
overall goal of this method is to calculate the probability of a particular pathway. I expound upon
the method in what follows.
A key idea in this method is the time-resolved pathway (TRP). Recall in the previous
method that the pathway an atom took was defined to be a list of chemical species along with the
reaction steps that shuttle the atom from one molecule to another. A TRP is similarly defined
with an addition; the TRP of an atom is the list of chemical species in which the atom is a
constituent, the elementary reaction steps that shuttle the atom from one species to another, and
the times when the reaction steps occur. The main idea of this method is to calculate the overall
probability of a given pathway by summing over the probabilities of all TRPs corresponding to
the pathway.
Before we compute the probability of an entire TRP, let us first consider calculating the
probability of a single reaction step within the TRP. Consider the following reaction step
scenario: the followed atom becomes part of molecule
reaction r to become part of molecule
Eq. 4.3.

at time tinit and reacts at time tr through

. The probability of this reaction step3 is summarized in
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Prxn step

 Prob. atom  Conditional Prob. atom  Conditional Prob. the rxn 




 remains in S  experience s a rxn between t r  that occurs at t r is ri and 

for time between  and t r  dt r given no rxn  atom becomes part of 





 occurs between t and t  S ' given a rxn occurs 
t
and
t
init
r



init
r


(4.3)
In order to derive the probability of an independent fundamental reaction step, an expression for
each factor on the right-hand side of Eq. 4.3 must be found. The first factor is the probability no
reaction step occurs within the time interval between the atom becoming part of the reactant and
the time at which the reaction is defined to happen. This probability is constructed from the
unchanged probability in given in Eq. 4.2, which expresses the probability that the atom does not
change molecules within the small time step, Δt, between time t and t+Δt. However, it is
necessary to calculate the unchanged probability for a finite, and possibly large, time interval for
the first factor. In Eq. 4.4, the unchanged probability over the finite time interval, specifically
between time tinit and time t, is expressed as the product of unchanged probabilities over the
differential time intervals, defined in Eq. 4.2, that compose the full time interval.
(4.4)
Therefore, the first factor in Eq. 4.3 is

. The probability expressed in Eq. 4.4 will

be referred to as the cumulative unchanged probability between t and tinit.
The last term in Eq. 4.3 is the probability that the reaction that transfers the followed
atom at time tr to molecule
probability of

is reaction ri given that a reaction must occur. The conditional

reacting in elementary step ri and occurring at time t given that

reacts at t can

be given as a variation of Equation 4.1, where the tilde above the P denotes that the probability is
a conditional probability.
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(4.5)
The sum in the denominator of Eq. 4.5 is over all reactions rj containing molecule sr as a reactant.
As in Eq. 4.1,

is the rate of elementary step ri at time t that is determined from

the reference kinetics simulation.
The second factor in Eq.4.3 is the probability that the followed atom experiences any
reaction at time interval tr to tr+dtr given that no reaction has occurred in the prior interval tinit to
tr. The probability that a reaction occurs can be expressed using the cumulative probability is
defined in Eq. 4.4.
(4.6)
The difference in the cumulative unchanged probability in the differential time interval gives the
probability of a change, a reaction, in the interval. If we expand the first term in Eq. 4.6 in terms
of dtr about tr and truncate to the first order differential, the probability of reaction can be
expressed as Eq. 4.7.

(4.7)
The absolute value sign is used in order to avoid writing the negative sign that is necessary since
the derivative is a negative quantity. The absolute value of the derivative is consistent with the
result of Eq. 4.4. The conditional probability of a reaction in the differential interval defined, in
Eq. 4.7, given that no reaction occurred between times tinit and tr is given by dividing by Eq. 4.4.
(4.8)
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The expression in Eq. 4.8 is the second factor in Eq. 4.3 and at this point we have constructed the
necessary probability functions for the fundamental reaction step probability. Inserting Eq.’s 4.4,
4.5, and 4.8 into Eq. 4.3 and simplifying, we obtain the reaction step probability in Eq. 4.9.
(4.9)
Notice that the unchanged probability factor of the first term of Eq. 4.3 cancels with the
denominator of the second term.
Each reaction step in a pathway is an independent random event. Therefore, the
probability of undergoing going n sequential reaction steps is simply the product of n reaction
step probabilities occurring in sequential time intervals. The TRP probability for a TRP
consisting of Nrxns , where the ith reaction occurs at time tri, and beginning at time t0 and ending at
time tf is, therefore, easily expressed as a product of reaction step probabilities over sequential
time intervals.

(4.10)
In Eq. 4.10,

is equal to the kinetics start time

and

is the terminal species of the

pathway. The last factor in Eq. 4.10 was added in order to account for the probability that the
followed atom remains in the terminal species without any reaction until the terminal time is
reached. Inserting the form of the reaction step probabilities in Eq. 4.9 into Eq. 4.10, the TRP
probability can be expressed in a more useful form.
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(4.11)
In Eq.s 4.10 and 4.11, the product of one reaction is the reactant in the subsequent reaction. Thus,
is identical to

, save for the last step in the path where the terminal species is expressed as

.
The full pathway probability can be determined by integrating over all possible TRP
probabilities corresponding to the pathway. This integral is essentially a sum of probabilities over
all possible histories of the pathway. Particular consideration must be made to ensure the time
ordering of the reactions is preserved in the integration limits of the sum over the pathway
history. The full pathway probability is expressed in Eq. 4.12.

(4.12)
In Eq. 4.12,
over

is the constant

, and the first integral is over

, and the last integral over

, the second over

, the ith

. The pathway probability given in Eq. 4.12 is the final

result and is equivalent to the pathway probability estimated in first method.
While Eq. 4.12 gives the explicit form of the pathway probability, numerical integration
of the multiple integral is daunting task. No obvious computational advantage of the second
method over the first can be gleaned from Eq. 4.12. However, Eq. 4.12 is actually a great
advance towards a more economic method of computing pathway probabilities. Notice that,
unlike the first method where many ensembles of atom-following trajectories must be simulated
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and history of each simulation recorded, Eq. 4.12 considers the pathway probability directly, so
that the computation of the probability is pathway-focused rather than trajectory-focused. All that
is needed to convert the expression Eq. 4.12 into a useful computational method is an efficient
way to evaluate the multiple integral.
I have developed a Monte Carlo integration technique, similar to the time sampling
inversion technique of Gillespie3, which performs a fast but accurate evaluation of the multiple
integral. In this evaluation scheme, a random number generator and the unchanged probability
functions of the molecules are used to select a random TRP of the pathway. The probability of
the TRP is evaluated and then the process is repeated. The pathway probability is averaged over
all the random TRPs’ probabilities.
In order to compute a TRP pathway, it is necessary to select the time that each reaction
occurs in the pathway sequence. These times are generated considered in chronological order.
Consider a pathway with a sequence of reactions

that occur between the times

and . Now consider a TRP of the pathway where the reaction sequence occurs at times
. The following constraints are placed on the time list in order to preserve the
reaction time ordering: (1)

, (2)

, and (3)

. In order to

specify a random TRP, it is necessary to choose the times and account for the previously
mentioned time order restraints. In the Monte Carlo method I have developed, the times in the
list are chosen sequentially. For the first reaction time,

, the unchanged probability

is computed as a function of time between the start time
simulation end time . It is important to note that
but may reach some value

and the final reference

need not be zero at the end time,

. The points are then fit as a function of

using a cubic
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spline. A random number, corresponding to an random unchanged probability, is then selected in
the interval [

), and the cubic spline is used to calculate a corresponding for

that the time for the first reaction has been specified, the second reaction time,

. Now

, can be chosen.

The second reaction time is chosen by computing the unchanged probability function
for times between

and

. Notice that this function, as defined in Eq. 4.4,

is unity and the probability falls to

. Again a random number generator is

used to choose a random number, consistent with an unchanged probability, in the interval
[

). This random number is then used with a cubic spline fit of versus

obtain a value for

to

. The subsequent reaction times in the TRP time list are chosen using the

same procedure. Once all the times have been chosen, the TRP is fully specified and its
probability can be computed using Eq. 4.11. However, the term

in Eq. 4.11 can

be computed by numerical differentiation of the computed curve

as the reaction

times are chosen. This avoids the excess computations needed to find the probability derivative
after all times are already chosen. A schematic of the time choosing procedure is shown in Figure
4.3.
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Figure 4.3
A schematic illustrating how TRP reaction times are generated
using the unchanged probability curves of the reacting species. The schematic
above illustrates the procedure for choosing a pathway composed of two reactions.

The time selection method above has the great advantage of accounting for reactions that
are rare events. By using random numbers corresponding to unchanged probability times,
reaction times are selected with a bias towards more probable reaction times. Therefore, if a
particular species in a pathway has a very long lifetime, the reaction time selection criterion has
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the largest likelihood of choosing a reaction time commensurate with this lifetime. In the first
method, many atom-following trajectories may need to be run in order observe the reaction of a
long-lived species, but in the second method, the time selection accounts for the rare event.
III. Results and Discussions
H2/O2 Combustion and Method Performance
The two pathway analysis methods were applied to the H2/O2 mechanism of Li et al.115
The chemical species and elementary steps included in this mechanism are listed in Table 4.1.
This reaction mechanism is quite small compared to combustion reactions of larger molecules, in
that it contains only 11 species and 23 reactions. However, because of its simple chemistry and
its small size the mechanism serves an excellent test case.
In the H2/O2 mechanism, an H atom starting in an H2 molecule was selected and followed
using both pathway methods. The conditions of the reference kinetic trajectory were chosen so
the initial temperature of the system was 1200 K, the initial pressure was 1 bar, and the volume
remained constant throughout the course of the simulation. The H2 and O2 had stoichiometric
starting concentrations consistent with the initial conditions. All other species started without any
initial concentration present. The nominal values of the all the rate coefficients were used in the
reference kinetics simulation. The target function chosen to model is 0.9τ, where τ is the ignition
delay time.

Table 4.1
Species and mechanism of the combustion of H2/O2 of Li et al.116
each species and reaction is denoted with a number.
Species
1
2

O2
H2O
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3
4
5
6
7
8
9
10
11

H2
H2O2
H
OH
HO2
O
AR
N2
HE

Reaction
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

H+O2=O+OH
O+H2=H+OH
H2+OH=H2O+H
O+H2O=OH+OH
H2+M=H+H+M
H2+AR=H+H+AR
H2+HE=H+H+HE
O+O+M=O2+M
O+O+AR=O2+AR
O+O+HE=O2+HE
O+H+M=OH+M
H+OH+M=H2O+M
H+O2(+M)=HO2(+M)
HO2+H=H2+O2
HO2+H=OH+OH
HO2+O=O2+OH
HO2+OH=H2O+O2
HO2+HO2=H2O2+O2
HO2+HO2=H2O2+O2 (Duplicate)
H2O2(+M)=OH+OH(+M)
H2O2+H=H2O+OH
H2O2+H=HO2+H2
H2O2+O=OH+HO2
H2O2+OH=HO2+H2O
H2O2+OH=HO2+H2O (Duplicate)

In order to check that the two pathway methods correctly converge to the corresponding
chemistry of the reference kinetics simulation, a test criterion for convergence was established.
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Each pathway has a terminal species at the end time of 0.9τ. Using either the first and second
methods, the sum of the probabilities of all pathways that end at a given terminal species can be
computed. The ratio of this sum of pathway probabilities between any two terminal species
should converge to the ratio of the molar fractions, or concentrations, of the two species at the
terminal time of 0.9τ in the reference kinetics simulation, where the convergence will depend
upon the number of atom-following trajectories performed for the first method and upon the
number of Monte Carlo TRPs used to calculate each pathway probability in the second method.
The convergence results are reported in Table 4.2. The convergence of the sum over history
method is faster than that of the atom-following trajectory method. This because the sum over
history method chooses the reaction times of species based on the full reference kinetics
simulation rather than at single time points of the reference kinetics simulation. The key point is
that both methods converge and both methods accurately represent the chemical process of the
reference kinetics simulation.

Table 4.2
Convergence test results of both pathway analysis methods applied
to the combustion of H2/O2 to reproduce the mole fraction ratios of terminal
species of the reference kinetics simulation.
Terminal Species (x)
H2O
H2O2
H
OH
HO2

Normal Kinetics Simulation
Mole Fraction (χ)
2.40E-02
2.54E-06
1.70E-02
1.62E-03
1.68E-04

Ratio (χx/ χwater)
1.00
1.06E-04
7.08E-01
6.75E-02
6.97E-03

Atom-Following Trajectory Method (Method One)
Terminal Species (x)
Probability (P)
Ratio (Px/ Pwater)
H2O
1.85E-02
1.00
H2O2
1.76E-06
9.51E-05
H
1.31E-02
7.06E-01
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OH
HO2

1.21E-03
1.23E-04

6.53E-02
6.64E-03

Sum Over History Method (Method Two)
Terminal Species (x)
Probability (P)
Ratio (Px/ Pwater)
H2O
1.85E-02
1.00
H2O2
2.10E-06
1.13E-04
H
1.30E-02
7.00E-01
OH
1.12E-03
6.06E-02
HO2
1.20E-04
6.47E-03

Both methods were used to determine the probability of the most common pathways of
an H atom through the mechanism with the given reference kinetics simulation discussed above.
The results of the overall most probable H-atom pathways in the mechanism are shown in Table
4.3. Reactions in the pathways are represented in the notation “x.y >”, where “x” is the number
of the species containing the followed H atom and “y” is the reaction number, both numbers are
given in Table 4.1. The “>” signifies that the H atom is transferred through reaction “y”. A
negative sign preceding “x” signifies that the “y” reaction is in the reverse direction.

Table 4.3
Pathway analysis using both methods identifying the most
probable paths in the combustion of H2/O2.
Key Pathways Found From Method One
Pathway
Probability
3.2
1.8E-02
3.5
9.1E-03
2.6>3.2
7.0E-03
3.5>1.6>3.2
6.1E-03
2.5
3.7E-03
2.5>1.6>3.2
2.6E-03
3.5>15.6>3.2
8.2E-04
3.5>13.7>15.6>3.2
8.0E-04
2.6
4.6E-04
3.5>1.6
4.2E-04

Key Pathways Found From Method Two
Pathway
Probability
3.2
1.8E-02
3.5
9.1E-03
2.6>3.2
7.1E-03
3.5>1.6>3.2
6.2E-03
2.5
3.9E-03
2.5>1.6>3.2
2.7E-03
3.5>13.7>15.6>3.2
9.2E-04
3.5>15.6>3.2
8.2E-04
2.6
4.3E-04
3.5>1.6
3.9E-04
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2.5>15.6>3.2
2.5>13.7>15.6>3.2
2.5>1.6
3.5>13.7>14.3
3.5>14.3
3.5>13.7
2.5>14.3
2.5>13.7>14.3
3.5>15.6
3.5>13.7>16.6>3.2

3.2E-04
3.1E-04
1.8E-04
1.7E-04
1.5E-04
8.7E-05
6.6E-05
6.2E-05
5.8E-05
5.6E-05

2.5>15.6>3.2
2.5>13.7>15.6>3.2
3.5>14.3
3.5>13.7>14.3
2.5>1.6
3.5>13.7
2.5>14.3
3.5>13.7>16.6>3.2
2.5>13.7>14.3
3.5>15.6

3.5E-04
3.2E-04
1.7E-04
1.6E-04
1.4E-04
7.2E-05
6.8E-05
6.7E-05
6.0E-05
5.7E-05

The agreement between the two methods is perspicuous and nearly consistent. Either
method is a good predictor of pathways. The most probable reactive pathway in the mechanism
is the reaction of H2 with O to produce the hydroxyl radical. The second most probable pathway
is the collisional breaking of the H2 bond into two H radicals. Both pathways involve only one
step and highlight that the chemistry prior to the ignition involves only small concentrations of
reactants. This chemistry is important for adumbrating the conditions for the ignition, but is not
as dramatic as the post ignition chemistry.
The results in Table 4.4 show the most commonly occurring pathways between H2 and
several important reaction species: H2 (reaction cycles), H2O, H2O2, H, and OH. The second
method was implemented with an addition to select pathways based on the identity of the starting
and terminal species. Again the agreement between the two methods is nearly consistent in the
pathways chosen as the most probable. Minor disagreements between the methods may be
attributable to the deficiency in the number of atom-following trajectories in the ensemble used
in the first method. The results of Table 4.4 reveal, as mentioned previously, that short chemical
pathways are favored early in the combustion process prior to the ignition time.
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Table 4.4
The most probable pathways found between sets of initial and
terminal species in the combustion of H2/O2 using both pathway analysis methods.
Key Pathways from H2 to H2O
Method One
Pathway
Probability
3.2
1.8E-02
2.6>3.2
7.1E-03
3.5>1.6>3.2
6.2E-03
2.5>1.6>3.2
2.7E-03
3.5>13.7>15.6>3.2
8.5E-04

Method Two
Pathway
Probability
3.2
1.8E-02
2.6>3.2
7.0E-03
3.5>1.6>3.2
6.2E-03
2.5>1.6>3.2
2.6E-03
3.5>13.7>15.6>3.2
8.8E-04

Key Pathways from H2 to H2
Method One
Pathway
Probability
3.5>13.7>14.3
1.8E-04
3.5>14.3
1.8E-04
2.5>13.7>14.3
7.5E-05
2.5>14.3
7.5E-05
3.5>-2.3
4.2E-05

Method Two
Pathway
Probability
3.5>14.3
1.8E-04
3.5>13.7>14.3
1.7E-04
2.5>14.3
7.5E-05
2.5>13.7>14.3
7.1E-05
3.5>-2.3
4.1E-05

Key Pathways from H2 to H2O2
Method One
Pathway
Probability
3.5>13.7>18.4
1.1E-06
-22.4
7.2E-07
3.5>13.7>-22.4
5.0E-07
2.5>13.7>18.4
4.4E-07
2.6>-20.4
3.1E-07

Method Two
Pathway
Probability
3.5>13.7>18.4
1.1E-06
-22.4
6.8E-07
3.5>13.7>-22.4
6.2E-07
2.5>13.7>18.4
5.0E-07
2.6>-20.4
3.3E-07

Key Pathways from H2 to H
Method One
Pathway
Probability
3.5
9.1E-03
2.5
3.7E-03
2.6>-1.5
3.0E-05
3.5>1.6>-1.5
2.8E-05
2.5>1.6>-1.5
8.7E-06

Method Two
Pathway
Probability
3.5
9.1E-03
2.5
3.8E-03
2.6>-1.5
3.2E-05
3.5>1.6>-1.5
2.8E-05
2.5>1.6>-1.5
1.2E-05

Key Pathways from H2 to OH
Method One

Method Two
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Pathway
2.6
3.5>1.6
2.5>1.6
3.5>15.6
3.5>13.7>15.6

Probability
4.3E-04
3.6E-04
1.6E-04
5.1E-05
4.6E-05

Pathway
2.6
3.5>1.6
2.5>1.6
3.5>13.7>15.6
3.5>15.6

Probability
4.3E-04
3.8E-04
1.6E-04
4.7E-05
4.7E-05

Key Pathways from H2 to OH
Method One
Pathway
Probability
3.5>13.7
8.4E-05
2.5>13.7
3.5E-05
2.6>-1.5>13.7
2.5E-07
3.5>1.6>-1.5>13.7
2.3E-07
2.5>1.6>-1.5>13.7
9.5E-08

Method Two
Pathway
Probability
3.5>13.7
8.4E-05
2.5>13.7
3.5E-05
2.6>-1.5>13.7
3.6E-07
3.5>1.6>-1.5>13.7
3.5E-07
2.5>1.6>-1.5>13.7
1.0E-07

In addition to the agreement between the two methods, it is useful to compare their
relative computation times. For example, in the pathway probability for the most common
pathways between H2 to H2O2 shown in Table 4, the results generated using the first method
required almost one week of CPU time while the second method produced similar results in less
than 10 minutes of CPU time when comparable Monte Carlo sample sizes. The ability of the
second method to directly compute full pathway probabilities and the efficiency of the Monte
Carlo integration procedure provides a staggering reduction in the required time to converge the
pathway probabilities when the second method is combined with an efficient pathway search
procedure, most saliently when rare event reactions are present within the mechanism. Similar
time reductions were observed in the other calculations, and the dramatic time reduction is
expected to extend to applications of the two methods. It is important to note that if rare event
reactions are not present in the mechanism, then the computational economy of the two methods
is actually quite comparable.
Finally, the two methods complement each other. The atom-following trajectory method
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is very easy to implement and can often estimate the dominant pathways after only a modest
sampling of atom-following trajectories. It cannot, however, converges pathway probabilities as
efficiently as the second method. Therefore, dominant pathways can be identified using the first
method and then their pathway probabilities quickly and efficiently converged using the sum
over history method.
Methanol Decomposition of Pd(111)
The first pathway method was applied to the decomposition of adsorbed methanol on the
metal surfaces Pd(111) and Pt(111). The decomposition mechanism was developed using the
quantum chemistry calculations of stationary points and transition states of Gu and Li117 and the
transition state theory rate constants of Kramer and Skodje118. A schematic of the mechanism is
show in Figure 4.4(a). Global sensitivity analysis was performed using the time to convert 80%
of methanol adsorbates to carbon monoxide as the target. The several different initial conditions
of the simulation were used and were generated by varying the initial methanol surface coverage
and the temperature. While the simulation results were somewhat insensitive to the initial
coverage values, temperature variation dramatically altered the kinetics. Regardless of initial
conditions, GSA reveals that the reaction with the largest effect on both surfaces is the oxidation
of the COH adsorbate, hereafter referred to as reaction 8 or the slow step. However, a large
second order contribution to the target variance was observed, particularly at higher temperatures.
The large second order effects were associated with coupling of reactions 6 and 8, 7 and 8, 9 and
8, and 10 and 8. For the chosen target function, all second order coupling involved reactions at
pathway junctures, reactions 6,7,9, and 10, and the slow step, reaction 8. Of the juncture
reactions, reactions 6 and 7 lie along the pathway that proceeds through reaction 8 to the terminal
CO species, and reactions 9 and 10 divert the chemistry to pathways to the terminal CO species
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that avoid reaction 8. In this system, there is certainly a connection between the global sensitivity
analysis and the pathway switching within the mechanism.
The atom-following trajectory method was applied to the methanol decomposition
mechanism on Pd(111) of Kramer, Zhou, and Skodje119. The methanol carbon atom was chosen
as the atom to be followed throughout the course of the kinetics. The conditions of the reference
kinetics trajectories were constant temperature and constant surface area. Several different
temperatures were used to generate several different reference trajectories. The initial starting
concentration of methanol on the surface was assumed to be 0.01 ML in all trials. Also, many
reference trajectories were generated for varying the value of several rate constants in order to
study the effect of the rate constant values on the pathway probability. Many of the results of the
pathway analysis on this system, specifically the pathway distributions, are shown in Figure
4.4(b-e).

Figure 4.4:

(a) The reaction mechanism for the decomposition of methanol
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adsorbate on a metal surface. (b) The pathway probability distribution as a
function of temperature is shown for the decomposition of methanol on Pd(111)
using the atom-following trajectory method and the nominal values of the rate
constants. (c) The pathway probability distribution as a function of the value of
the rate constant for reaction 8. (d) The pathway probability distribution as a
function of the value of the rate constant for reaction 6. (e) The pathway
probability distribution as a function of the value of the rate constant for reaction
9.

The pathway probability distribution as a function of the temperature is shown in Figure
4.4(b). From this plot, the pathway distribution clearly changes as the temperature increases. At
low temperatures, the pathway featuring the key reaction step 8 dominates, while the other
pathways become more prominent as reactions 9 and 10 become more competitive with reactions
6 and 7, respectively. If reactions 9 and 10 become more important, reaction 8 can be bypassed
as the reaction proceeds to the terminal CO species. Figure 4.4(c) shows the pathway distribution
as a function of the value of the rate coefficient of reaction 8, the most important first order
reaction and a component in every large second order sensitivity. Clearly, the pathway
distribution is independent of the value of rate coefficient of reaction 8. Figures 4.4(d) and 4.4(e)
show the probability distributions as functions of the values of the rate constants of reactions 6
and 9, competing reactions at a pathway altering juncture. Clear indication of pathway switching
is seen in the variation of both rate constants. The pathway through reaction 8 is dominant when
reaction 6 is faster than reaction 9 and the short cut pathways. When reaction 6 is less
competitive, the other pathways leading to the terminal species contribute more.
A clear connection between GSA results and pathway distribution would be interesting to
establish. The results of this project clearly suggest a connection between the second order
sensitivity analysis and pathway switching shown in the pathway distribution function; however,
a rigorous connection between second order sensivity and pathway distribution change would be
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of great interest.
IV. Future Work
While a significant amount of work was done in developing the two pathway analysis
methods, there is a substantial amount of work left to do both in further developing the methods
and in applying these methods to actual chemical problems.
In terms of method development, the most immediate work needs to address the problem
of atom mapping between the reactant and product species. This mapping problem can be
understood by considering following a hydrogen atom in the combustion mechanism of methanol,
H3COH. Notice that the chemistry of a hydrogen atom depends on which functional group it is
attached. If a hydrogen atom is transferred to or from a methanol molecule, it is necessary to
specify which of the methanol functional groups the atom is attached to. Depending on the
functional group, the list of stochastic reaction events possible for the atom is different and must
be specified in the input. Another example of atom mapping is given in reaction 24 in Table 4.1,
the reaction of hydrogen peroxide with hydroxyl radical, H2O2+OH=HO2+H2O. In this reaction,
a hydrogen atom in H2O2 can be transferred to either product molecule. However, a hydrogen
atom in OH can only end up in the H2O. As of this point, all this information must be entered by
hand and supplied to the pathway analysis programs. For the small mechanisms such as
hydrogen combustion and for atoms that are either quite uncommon or have unambiguous
chemistry in the reaction mechanism, this work is trivial; however, for large chemical
mechanisms, providing atom-mapping information for a large mechanism may be prohibitively
tedious. One modification that may reduce the atom mapping issue is to add the ability to follow
groups of atoms through a mechanism rather than only single atoms. In many reactions, several
groups remain together over the course of all pathways. Sometimes, groups of atoms remain
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together for only portions of a pathway. It would be useful to account for the ability to statically
or dynamically follow groups of atoms through a mechanism to reduce the difficulty of
specifying the atom mapping throughout a mechanism. Dynamical atom group tracking over the
course of the mechanism may also be an additional tool for describing the chemistry of a
pathway. Another approach may be to build tools to analyze the reactions in the mechanism and
apply rules to determine the reaction flow. This would require building an algorithm that can
recognize certain reactions and chemical patterns.
Application of these methods to actual chemical problems has been limited. So far only
the hydrogen combustion mechanism and the decomposition of adsorbed methanol on Pd(111)
and Ni(111) have been treated. Future work should consist of applying these methods to complex
combustion problems. Indeed, studying the important pathways of the combustions of biofuel
components and comparing them to the combustion pathways of simple systems, like hydrogen
gas, may be an insightful way of understanding how the complexity of available chemistry, and
mechanism, topology influences chemical pathways. Also, understanding how pathways affect
target functions of simulations may provide a way to improve and augment the GSA methods for
refining model reaction mechanisms. Instead of focusing on optimizing the rate coefficients of
certain reactions within a mechanism, it may prove of great utility to improve the rate
coefficients along an entire important pathway of the mechanism.
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