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My dissertation studies the behaviors of agents engaged in interconnected activities within
a social network. This research comprehensively analyzes how agents’ decisions across multiple
activities are influenced by those of their peers. I characterize the Bayesian Nash Equilibrium of the
underlying network game and provide a sufficient condition for the existence and uniqueness of the
equilibrium. I also propose a computationally feasible estimation method to recover the structural
parameters and investigate its finite sample performance through Monte Carlo simulations.

The first chapter, “Simultaneous Equations with Censored Outcomes and Social Interac-
tions,” considers a simultaneous equations model where agents participate in multiple activities
with censored outcomes. An agent’s decision in an activity depends on not only their latent incen-
tives in other activities but also their rational expectation of other agents’ decisions in all related
activities. The second chapter, “Simultaneous Equations with Limited Dependent Variables and
Social Interactions,” further extends this model to allow the observed outcome in different activities
to be continuous, censored, or binary. I provide a microfoundation of the econometric model and
derive a sufficient condition for the existence and uniqueness of the equilibrium. I propose a two-
stage estimation procedure for the model, where I estimate the reduced form parameter using the
nested pseudo-likelihood method in the first stage and recover the structural parameters from the
reduced form parameters in the second stage. I establish the asymptotic properties of the proposed
estimator and conduct Monte Carlo simulations to study its finite sample performance.

The third chapter, “A Simultaneous Equation Tobit Model with Social Interactions,” consid-
ers a similar model to the first chapter. The key difference is that we assume an agent’s decision in
an activity depends on their actual decisions instead of latent incentives in other activities. This

introduces an additional complication to the analysis as it becomes impossible to derive the re-



iii
duced form of the structural model. Hence, instead of using the two-stage estimation procedure

developed in the first two chapters, I propose a new estimator that directly estimates the structural

parameters. I show in Monte Carlo simulations that the new estimator works well in finite samples.
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Chapter 1

Simultaneous Equations with Censored Outcomes and Social Interactions

1.1 Introduction

In various real-world economic scenarios, the results of individual or agent activities are often
censored. This means that the outcomes, such as a household’s annual expenditure on travel, are
restricted to either zero or a positive figure. Similarly, research into adolescent behavior focuses
on quantifiable activities like cigarette smoking and alcohol consumption, with outcomes that are
also non-negative. These outcomes can be influenced not only by an individual’s other activities
but also by the activities of others within their network. For instance, a household’s spending
on travel can affect its entertainment budget, and vice versa, with both potentially influenced by
the spending habits of their peer group. Likewise, in adolescent behavior studies, the number of
cigarettes smoked by a teenager can affect their alcohol consumption, and vice versa, with both
behaviors also shaped by their social circle.

This interdependence of outcomes across different actions by the same agent, as well as the
influence of others’ actions, highlights a complex web of interactions. Our paper introduces a
simultaneous equation model that accommodates censored outcomes and social interactions. This
model aims to elucidate the interconnected nature of economic decision-making across different
agents and activities, providing insights into how individual and collective behaviors shape economic
outcomes.

Drawing from foundational works in the field, |Amemiya; (1974) introduced a multivariate

Tobit model that extends the methodologies of [Tobin (1958) and Amemiyal (1973). This model



simplifies consistent estimation by categorizing agents into two groups based on the outcomes of
their activities. In a different vein, Nelson and Olson| (1978]) developed an alternative multivariate
Tobit model that incorporates latent endogenous variables within a broader truncation framework,
allowing for outcomes that are not exclusively zeros. This model is characterized by having one fully
observed endogenous variable and another that is truncated, and introduces a two-stage estimation
process that leverages both the least squares and likelihood methods. Building on these concepts,
Amemiya (1979) further expanded the simultaneous-equation Tobit model to more comprehensively
integrate both truncated and non-truncated endogenous outcomes, proposing a more efficient GLS-
based estimator by optimizing the variance-covariance matrix. This approach was shown to be
more effective than Nelson and Olson (1978) estimation technique.

Our econometric model aligns with the traditional framework of simultaneous equation mod-
els, but it distinctively relies on the unobserved reservation values rather than the observed outcomes
for the endogenous variables. This approach underscores the importance of underlying factors not
directly observable in influencing economic behaviors and outcomes.

Our research is predicated on the understanding that agents engage in multiple activities con-
currently, with outcomes that are not visible to other agents prior to decision-making. However,
the anticipation of the outcomes of others significantly impacts an agent’s actions. This scenario
necessitates that researchers unravel the complexities of the Bayesian Nash Equilibrium within the
context of an incomplete information network game. Liu (2019)) explores a binary simultaneous-
equation model that incorporates social interactions under incomplete information, employing es-
timation techniques based on maximum likelihood and nested pseudo-likelihood as introduced by
Aguirregabiria and Mira| (2007). [Yang et al.| (2018) examines the dynamics of the single-equation
Tobit model in scenarios characterized by incomplete information and social interactions, drawing
comparisons with cases of complete information. This study builds upon Xu and Lee, (2015), which
developed a maximum likelihood estimator for the single-equation SAR Tobit model. Additional
literature, including |Lee et al.| (2014), Lin and Xu (2017), and |[Yang and Le¢| (2017), delves into

the existence of Bayesian Nash Equilibrium within social networks under incomplete information,



where individuals harbor rational expectations regarding the outcomes of others.

The rest of this chapter is organized as follows. Section [1.2] clarifies the microeconomic
foundation of this paper, a network multi-activity game under incomplete information case. Section
is the generation of the econometric model of this paper. Section presents the estimation.

Section gives the Monte Carlo simulation. Section concludes.

1.2 Incomplete Information Network Game

The microeconomic foundation of the econometric model in this paper is based on the network
game with incomplete information. First of all, we need to clarify the network structure. Suppose
there are n agents in a network. Each agent can interact with other agents. Then, without loss
of generality, we will have a row-normalized (the sum of elements in each row equals one) network
matrix W = [w;;] for indices ¢ and j from 1 to n, where the self-tied network weight is ruled out,
ie., wy; = 0 for all ¢, and w;; are known, predetermined, non-stochastic non-negative constants,
representing agent j’s influence on agent i. Therefore, w;; is not necessarily equal to wj;, and wj;
can be zero, meaning that agent j has no direct influence on agent 1.

Suppose each agent 7 in the network participates in m activities. y; represents agent i’s
intention in the k-th activities. Other people can only observe agent i’s outcome in activity k, i.e.,
yit = Y 1(y5, > 0) where I(-) is an indicator function that will be 1 if the inside statement is true
and 0 otherwise. For other agent j # i, he/she can only observe y;, for k = 1,...,m, and y; is
known only by agent ¢ him /herself. Then from Ballester et al.| (2006)), Calvo-Armengol et al.| (2009)

and [Blume et al.| (2015), we employ a linear-quadratic form utility function for agent i as

n

m m
Ui =Y O o Y wijyji + @ik — k)Y — Z Z Vikyir¥in (1.1)

k=1 I1=1  j=1 k 11=1
where 9y = Yy, and O # 0 for all k. {w;;}.") 1j—1 is the predetermined, non-stochastic, and
exogenous network structure parameters. {wik}?jf,k:l is the predetermined, non-stochastic, and
exogenous attributes that directly influence agent i’s utility from activity k. The utility function

contains two items of activities’ intention, the first item, 221:1 (Zﬁl Olk Z?ZI Wi Yjl + Tik — Eik) Y



represents the payoff from {y7 }}" , (the higher {y} }7",, the higher the utility ¢/;). The second
item, %Z?Zl Yoty Yikyh.ys, represents the cost generated by {yj }i-, (the higher {y} }7",, the
lower the utility U; because there is a negative sign in front of the term in the utility function).
We could figure out that the utility function is a payoff-cost-structure linear-quadratic function of
{y}i,. Given this form of the utility function, for each agent ¢ in this network, other agents
J’s activities’ outcome {y;x}",, where w;; # 0, will influence the marginal benefit/payoff of agent
i’s activities’ intention {y;.}1~,, the coefficient gj in the first part of the utility function can be
interpreted as the spillover effect for peers’ activities outcomes on the marginal payoff of agent
i’'s {y 1. Also, the marginal benefit/payoff is influenced by agent 4’s characteristics w;, — g,
where w;;, is public knowledge and known by all agents in the network, and &;;, is the random error
and only privately known by agent i. €;, are independent of {wik}?:’T7k:1'

The utility is proposed similarly to|Liu (2019). The difference is the activities’ outcomes
in our model are censored instead of binary. The utility function we propose is also different from
that in |Cohen-Cole et al.| (2018). First, the outcomes of agents’ activities are censored instead of
observable values (if ¥}, is negative, other people can only observe y;, = 0). Second, there is an

unobserved random error term (shock) for each agent’s activity, i.e., ;.

Remark 1. A linear quadratic form wutility function is applied here because it incorporates a lin-
ear benefit component alongside a quadratic cost component. This structure ensures a consistent
marginal benefit while leading to a rise in marginal cost, which fosters diminishing marginal util-
ity, assuming other variables remain constant. A firm’s research and development endeavors are
advantageous within a real-world economic context. However, these benefits are also influenced
by competitors’ research outcomes, the firm’s own attributes, and unique random shocks. Costs
are categorized into intra-project and inter-project expenses, acknowledging that coordinated costs
emerge across multiple projects as a company engages in various research and development works.
Hsieh et al.| (2022) utilizes a single-activity form of the linear quadratic utility function to examine

a firm’s research and development efforts within a social network.



According to the network structure and the public knowledge that influences the activities’
intention, each agent i (i = 1,2,...,n) chooses {y;. }}*; simultaneously to maximize the conditional

expected utility

m m n
EUl{ealiz) => O ow Y wijpji + @ik — €)Yy, — Z Z kit (1.2)
k=1 1=1  j=1 k 11=1
where p;; = E(y;;) . From the first-order condition in maximizing conditional expected utility, we
have
Ik ol Ik ik — ik
—yh = -— WPl + ———. (1.3
o= X 2 |
Let 6), = 19— ANk = 517’2 ik = ?}z: and €;, = 19 , then we can rewrite the first-order condition of

maximizing conditional utility in the following form

m m n
D Oyl =Y Nk Y wipji+ Tik — €in (1.4)
=1 =1 j=1

to write the vector form, we introduce the following notations,

yi= WY ym)
pi= (pu,paty o)
(1.5)
= (Tik, T2ky oor Tk)
€= (€1ks €2y ooes Enk)’
the vector form can be written as
m m
> Oyl = AkWpy + i — €. (1.6)
=1 =1

In the equation , the 6;; represents the interdependence effect among activities conducted
by the same agent. In other words, an agent’s underlying intention in activity k£ will depend on
his/her underlying intention in activity . And obviously, we have 0y, = 1. A represents the
same-activity’s peer effect, which means an agent’s intention of activity £ may be impacted by the
expected activities’ outcomes of the peers in the same activity. Ay represents the cross-activity’s

peer effect, which means an agent’s intention of activity £ may be impacted by the expected



activities’ outcomes of the peers in activity [. Then, we introduce the following notations to write

the matrix form

Y* = I:YT7YS?"'7y::n:|
P= [p17p27‘--7pm]
(1.7)
II= [m,m2, ..., )
E= e, €2,....€6n]
then the matrix form can be written as
Y*® = WPA+II-E (1.8)

Given © is non-singular, we will have the reduced form of the matrix form of our model, which is
Y*=WPA* +1II" — E* (1.9)

where A* = A@~ !, IT* = IIO®~!, and E* = E®~!. According to the reduced matrix form of our

model, we can derive the scalar reduced form as
m n
Yik = Z Alk Z wijpj1 + T — €k (1.10)
=1 =1
where [N 07 = AF, [ ]2 = IT*, and [}, ]2 ,_; = E*. Then
pir = E(yil{@} ;20 121) = Byl {w} ;21 =1 vie > 0)Pr(yir > O[{cwi} )0y ) (1.11)

In the current stage, we can not derive a similar form as the equation followed by (2.6) in Liu

(2019). Therefore, we need to propose the following assumption.
Assumption 1.2.1. The simultaneous effect (interdependence effect) matrixz © is nonsingular.

Remark 2. Given the simultaneous effect matriz is nonsingular, we have the capability to extract
the reduced form model. This foundation allows us to implement a two-step parameter estimation
process: initially, we estimate the parameters of the reduced form, followed by the derivation of the
structural form parameters. These procedures will be elaborately outlined in the sections dedicated

to the econometric model and parameter estimation.



Assumption 1.2.2. For each agent i in our model, the random shock (€;1,--- ,€mm) are jointly
normally distributed with zero mean and variance-covariance matrix 3, and are independently

among agents.

Remark 3. The derivation of our Bayesian Nash Equilibrium relies on the assumption that random
shocks follow a joint-normal distribution. Yet, in cases where the outcomes are binary, similar to the
model in |Liu (2019), it is not necessary to presume that these random shocks are jointly normally

distributed. Further elaboration on this point is provided in the subsequent parts of this section.

With Assumption and Assumption [1.2.2] we can derive that the reduced form random

shock vector of our model, i.e., (¢f,- - , €)', are jointly normally distributed with zeros mean and
variance-covariance matrix ¥* = @ 1X*@! = [pzla;’;al*];”:’?l:l, all the diagonal elements of the
matrix ¥* are finite, pj;, = 1 for £ = 1,--- ,m This can interpreted by the following proposition.

Then equation [1.11| can be derived as

m n Zm b Zn wiipi + *
=1 Nk =1 Yigljl k
pik = (Z)\}kkzwijpjz +7r2‘k)<1>( ! : )
=1  j=1

O.*
g (1.12)

NS wiipa + T
+UZ¢(ZZ_1 Tk 2 j—1 WijDj zk>

%
According to the expression of {pi;};-] _;, we use the vec() function where p = vec(P) and we

have p = ﬁ(p) in the Bayesian Nash Equilibrium (BNE). Then p = (p}, - ,p),)

N oA Wp + 7 . A Wp + 7
pk:<z)\lkwpl+ﬂ'k>@¢'<zll AR k)—i—ok(b(z:ll L hdd o ’“) (1.13)

* *
=1 O O

then, we set the notation
h(p) = [A1(p)',- -+ Am(p)] (1.14)

for each k=1, ,m, we have

ﬁk(p) (ulkq)lk O-I:leh U Pk + Uz¢nk)/
= > i Wp, + 7 m 1.15)
E Wp, + 7 Al N Wp + 7 (
( AW k) O] 'I>< =17k 2 ’“> UZ¢<Zl:1 1k YV Pi k>

* *
=1 Tk Tk




where

m n
wik =Y N Y wigpji + iy
=1 j=1

B, - =1 Al 221 WigPjt + T (1.16)
(2 O_Z
- D et Ak Z}Ll Wigpj1 + Ty
k

We also have p;, = u;,®i + 05,¢i- To propose a sufficient condition for the existence of the
uniqueness of the solution to p = E(p), we need to add the following assumption to our previous

assumptions.

Assumption 1.2.3. The reduced form peer effect matric A*, and the network structure matric W
should satisfy

min{[[A"][1[|[W][oo, [|A|oo[[WI1} < 1

Where for any (n x m) matrix A, ||A||s is the row-sum matrix norm and ||A||; is the

column-sum matrix norm

i=1,2,....n 4

m
|Alloo = max > |a]
= (1.17)

m
1AL = j:rf,lff?f,nz |aij|

=1
Remark 4. Let us consider a two-activity case with agents in a row-normalize network, if A1 =
Aoo = 0.9 and Aja = Ao; = 0.6 and Oy = 015 = 0.5. We can derive A* = AO~L and have
1= A9 = 0.8 and X}y, = X5 = 0.2, then we have min{||A*||1||W]|oc, ||A*||ec||W]|1} = 1, and
the data generating process can not generate the Bayesian Nash Equilibrium (cannot stop at a
fixed-point in the mapping . More geometric steps will be contained in the rest of this section.

Howewver, this parameter setting works well in the binary-outcome case, the simulation section of

Liu (2019). I will also elaborate on the difference in the next chapter.

Suppose we denote p = vec(P), y* = vec(Y™*), and 7* = vec(IT*), € = vec(E*), then we have the

following proposition



Proposition 1. If Assumption and holds, then the incomplete information

network game has a unique pure strateqy BNE, given the equilibrium strategqy y* as

y*:(A*/®W)p*—|—7r*—€*

where the vector of equilibrium beliefs p* is the unique solution of

where

and

where

and

p = h(p)

—

hie(p) = [Fr(uir), Frluor), - -+ Fr(unk)]

m n
wik = 3 A D wigpsi + ik

=1 G

Fy(u) = u@((j%) + a;;(b(;‘;:)

where ®(-) and ¢(-) is C.D.F. and P.D.F. of standard normal distribution.

(1.18)

(1.19)

(1.20)

Proof: As Fj(-) is continuous for all k € {1,2,---m}, therefore, h(-) is continuous and according

to contraction mapping theorem, there at least exist one solution to p = E(p) According to the

contraction mapping theorem, the solution to p = H(p) is unique if there exists some kind of norm

that the Hessian matrix norm less than one, i.e., ||0h(p)/dp’|| < 1 for some || - || then we have
[ETS Y
- op} vy,
oh(p) _
op’
Ohm(p) .. Ohm(p)
| 9P} P
then
B (uik) Uik | Wij Ui, uip, 1 uig
= A\ |wi;®(— L (=) — ofwij— —
8pjl lk[ ij (UZ ) + UZ zk¢( UZ ) k' Wiy UZ UZ ¢( 0_;: )]
Uik
= Apwi®(—)
k
< ARwij
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It follows
dh(p) i "
15 o s, 33l a3 sl = A W1
= j:
8E(p) i "
1G5 < max SN max 3 fugl = Aol WI
’ =1 T =1

When the assumption [1.2.1] assumption and assumption hold, the contraction mapping

property of p = ﬁ(p) is ensured.
1.3 Econometric Model

Suppose i, = X0y, 7 = X8, where X = [x1,X2,...,X,] is an n X ¢ matrix, representing
exogenous variables; and B, is unknown g-dimension parameter in the model, then we can consider

a simultaneous-equation model with a censored outcome variable y;1, = 7. - 1(y5. > 0), pir = E(yir),

where
m m n
v =— > Ouyi+ Y Mk Y wipj+xiB), — €, (1.21)
1=1,1#k =1 j=1,j#i
for ¢ = 17"'7” and k = 17"'7m' Let Y* = [yT7y§77Y;kn]7P = [p17p27”'7pm]7X:
[X17X27 T 7Xn],7 E= [617 T 7€m]7 and W = [wZ]]7 where YZ; = (yikka ygka T 7y:;k;),7
Pt = (P1k, - »Pnk), and €x = (€1, €2, -+ €)' Let © = [fy], an (m X m)-dimension matrix

that reflects the inner effect cross activities of the same agent, where 6 = 1 for all k, A = [Ay],
an (m x m)-dimension matrix that reflects the peer effects among agents and activities; and B =

[B1, -, B,,], which reflects the direct effects. In matrix form, Equation (1.21]) can be written as
Y*© = WPA + XB — E. (1.22)

Based on our Assumption we can extend our assumption that vec(E) ~ N(0,X®L,). If ©

is nonsingular, the reduced form of Equation ([1.22)) is
Y* = WPA* + XB* — E*, (1.23)

where A* = A@~!, B* =BO~ !, and E* = E®~!. As vec(E) ~ N(0,2®1,), we have vec(E*) ~

N(0,=*®1,) where £* = ©'7'XO~!. Let the (k,l)-th element of ¥* is p},0507, with p}, = 1 for



11

all k =1,--- ,m. From equation ([1.23]), we can derive the scalar reduced form of the econometric

model as

m n
Yir = Z Alk Z wipji + XiB% — €y (1.24)
=1 j=1#i
Let d;, = 1 if yj; > 0. Then,

m n
Pr(di, = 1) = Pr(yjp > 0) = Pr(Y_ A > wijpji + XiBj, > €f) = Par,
I=1  j=1,j#i

where @ = @[(37)% Ny D271 i wispj + X;B%)/0r]. And ©(:) is the cdf of standard normal

distribution

ik E(yir) = E[E(yir|dir)]
= E(yi|dix =1)Pr(di = 1)

m n
= Ik WijPji T XiPk)Pik T Ok Pik

(DN +XiB) @ik + 0%

=1 =l
where ¢ip = @[30 Ajj, Dol i wijpjt + XiB1)/0%]. Let us consider the identification of the re-
duced form parameter first, i.e., A* = [A\yliZ7,_), B* = [Bi]fL,, and {o}}}L,. As the network
agent connection matrix W and agents’ characteristics matrix X are given, exogenous, and observ-
able, we propose the case that the parameter group (A*, B*, {UZ}Z@:l) and (K*, B*, {o} ?:1) are
observational equivalent if

m n m n
O Nk Y. wibj+xiB) ik + Ghdik = O_ Ny Y wipji + XiBi) ik + ohdir (1.25)
I=1 j=1,j#i =1 J=Lj#

foralli=1,---,nand k=1, ---,m. Based on our Assumption and ik and Dk

are fixed point solutions to the contraction mapping, which should be identical to each other due

to the uniqueness. p; = pi foralli =1,--- ,nand k =1, -+, m. Therefore we have

(WP, X][A",B”' © ®([WP, X|[A", B"/D;,") + (WP, X][A”, B”'D, ")D;

m

(1.26)
=[WP,X][A",B"] ® &([WP,X][A", B"]D: 1) + ¢([WP, X][A”, B¥]D: 1D

m

where ® is the Hadamard (Schur) product of matrices explained in section 7.5 of Horn and Johnson

(2012). D, and D, are diagonal matrices with diagonal elements {ox2ym {532} |, and other



12

elements are zeros. Then we can derive the scalar form as

%

> wiipi + xiB;) +~;;,¢3f’“ lek Z wips + XiBr) + ¢k (1.27)
1,571

J= J=1j#i
Suppose we denote L = [¢;x/ <I>2k]?:ql p—; (this is non-random because X, W, and other parameters

are predetermined and non-random), then if the matrix [WP, X, L] is full column rank, the reduced

form parameters [A*, B*, D | are identifiable. As
(WP, X, L] ([A*, B*,D*] - [A*, B*, f):n]) ~0 (1.28)

the scalar form results are

Z Alk Z wijpji + Xify,) = Z Alk Z wi;Pji + %ifB})

J=1,j#i J=1,j#i (1.29)

O'Z2 = 5;2

And in matrix form, it will be

WPA* + XB* = WPA* + XB*

(1.30)
D;, =D},
If [WP, X, L] has full column rank, the observational equivalence of [A*, B, Dfn]l
and [./K*’,]NB*',]SZ’L] implies that
[A¥, B, D] = [A¥,B*,D};,]’ (1.31)

means that the reduced form parameters can be identified. Therefore, the following assumption is

essential to our econometric model identification.
Assumption 1.3.1. [WP, X, L] has full column rank.

When the Assumption holds, we will have the sufficient conditions for the identification
of the reduced form parameters [A*’,B*’,Djfn]/, where A* = A®~!, B = BO~!, and D}, is an
m xm diagonal matrix whose diagonal elements are ® 13X ~! and zeros in non-diagonal positions.

To figure out the sufficient condition for the identification of structural form parameters, we need
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to propose some constraints to the structural form matrix T' = [@’, —A’, —B']’. Suppose =}, is the
k-th column of I', and Ry, is the matrix for the constraint that Ry, = 0 and rank(R;I") = m — 1
for k=1, --- ,m — 1, which is the sufficient rank condition to identify structural parameters from

reduced form parameters by [Schmidt| (1976).

Assumption 1.3.2. Let T' = [@',— A/, —B'], and ~,, is the k-th column of T, and the Ry, is the

matrixz for constraints Ry, = 0, and rank(RiL) =m —1 fork=1,--- ,m.

Remark 5. An easier way to understand this assumption is suppose a two activity case, and the
dimension of X; is two, i.e., 31 = (B11,21)" and By = (P12, B22)’. Even we can estimate all reduced
form parameters, i.e., A1, Ay, A51, A3a, B11, Blas B51, Bsy. However, the number of structural
parameter we need to estimate is ten — all X\, 5, and 612, 021. This makes us use eight equations
to solve ten unknowns. The derivation process will be unidentified. Therefore, the constraints to
structural parameter space are necessary. In this, one constraint is f12 = Po1 = 0, this is also

applied in our Monte Carlo Simulation.

Under all the assumptions above, we can derive a two-stage estimation process of the econo-

metric model’s structural parameters in the next section.

1.4 Estimation

After the discussion about the econometric model identification, we derive the estimation
process. There are two steps of the estimation. The first step is to estimate the reduced form pa-
rameters A*, B*, and (o7, -+ ,0},) by nested pseudo-likelihood (NPL) algorithm (we use “pseudo”
here because, in each maximum likelihood estimation iteration, we cannot use the true value of p
to estimate parameters. We calculate the p by parameters estimated from previous iteration, this
is how our estimation differs from a typical maximum likelihood estimation), which is discussed
in |Aguirregabiria and Mira (2007). NPL is also applied in [Lin and Xu| (2017) in large network
games and adopted in |Liu/ (2019) for multi-activity network games with discrete outcomes. Sup-

pose we denote ¥* = [A* B* (0},---,0},)] and at t = 0 the NPL starts from an initial vector
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p(® € [0,1]™" and conduct the following iterative steps:
Step 1 Given p~1, obtain Q,Abz(t) = (S\I,(f), o Ak B ) ,O'Z(t))/ — argmaxIn L(v}; pt—1)
where
n 1 Yik — u<t—1) u(t—l)
I L(i V) = Y din (—o(MESE L)) (1 - di) o (1- @ (P ))
i=1 Tk Tk Ok
- 1 1 1 1)) 2
= di[—712 e ( ull }
;{k 5 m2m — 5 lnoy” — 2072 Yik — )
u(,tc_l)
+H1-d)[1 -2 (=) [}
where
- * . (t-1) ! %
SN Jwigpy Y + X6
=1  j#i
for ke {1,2,---, m}
*(t ~ *(t) . (t) - g (t—l) S *(t)
tep 2 Given 1 0, "], obtain p\Y = A(p ; , where
S Given ¥ = 3 b b i W h
~ x(t - _ ~ *(t) - _ ~ *(t)
hptD; & )) (D& Dy (pt D ( )]
with
T k(pl D )
[ m *(t) (t—1) Z}ﬂl)‘*(t) Z] 1“’1]1”51 +5’3,1/§Z(t)/ |
( 1M Zj 1 Wiipy T 15k ) < or® )
+Uk( )¢<Zr1)\*(t) Zj:;;l§p§i_l)+xl13;(t) )
m t—1 ~x(t) m )\*(t) ST wp p(t U—l—z%ﬁ*m/
<Zl 1>‘1k Z] n n]'pg'l )+x%5k())¢,< =1 Jj= 1*(15; l k )
o0 B By e
for k € {1,2,--- ,m}. Update p~1) in Step 1 to p®). Repeat these two steps until the estimation

results of the reduced-form parameters converge.
The contraction mapping ([1.19)) with a fixed point is an important determinant of the conver-

gence of the nested pseudo-likelihood algorithm (Kasahara and Shimotsu (2012)). The contraction
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property of the mapping p = f_i(p) is ensured by assumption assumption and assump-

tion The NPL estimator is characterized by 'l,Ab;: = arg max In L(¢}, p) when NPL algorithm
converges, where p is implicitly calculated through p = l_i(ﬁ, \/I\l*) The details on the asymptotic
distribution of the NPL algorithm estimator are in the Appendix.

Suppose we denote all the regressing variables as Z = [WP,X], then we can rewrite our

reduced form model as following
Y*=Z[AY,BY) —E* =Z¥ — E* (1.32)

After the estimation of reduced form parameters A*, B*, and based on the rank condition of
constraints of the structural form parameters, we can estimate the reduced form parameters O,
A, and B by the Amemiya Generalized Least Square (ALGS) estimation in [Amemiya (1974) and
Amemiya, (1979) for simultaneous-equation Tobit model situation, and Amemiya/ (1978), Lee| (1981)),
and |Liu (2019) for simultaneous-equation Probit model situation. After the estimation of the
structural form ©, reduced form {o}?}™ , and {p};l}zn:’rﬁl:l’k 41> We can estimate the structural
form parameters for random shock among agents and activities, i.e., {o2}7, and {Pkl}ZZT,l:Lk;él-
According to the constraints on the simultaneous effect matrix, we can derive the following model
for y1 = (y11,- -+ ,yn1) as

yi=-Yi01+Z1¢1 — &1 (1.33)

where ¥ = [A¥ B*), and 1, is the first column of ¥. 6 is the first column of ®. And Y} =
(¥5,---, ¥, as we introduce selection matrix Y1 = YJy,, and Z; = ZJ z,. Then, the reduced-form
model can be written as

yT = —Y*Jylel + ZJZl’l,ZJl — €1 (1.34)
when we combine this form and the original reduced-form result, we can get

yT = — (Z‘I’ — E*)JY191 + Zleq/Jl — €
(1.35)

= — Z(\I/Jylel — le’l,bl) + E*Jylal — €1
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then we can derive the relation between the first column of the structural form parameter W, i.e.,

1, and the first column of the reduced-form parameter ¥*, i.e., 9], as following

Y] = —V'Jy, 01 + Iz, (1.36)
and the regression equation is
Py = U Jy,01 + Iz 1 + vy (1.37)
and the regression-error item is
vi = () — 9}) + (T — ¥)Iy, 6, (1.38)

If the asymptotic variance-covariance matrix of v; is €217, and (AZH is the estimator. Then the

estimator of (6, 7) is

~ o~

(6,, %) = (H Q' Hy) ' H, Q' (1.39)

where IA{’l = [—17):.] vi,J2z,]. The estimation of the m-activity equation system can be derived by

the same procedure. The detailed deriving process is in the Appendix.

1.5 Monte Carlo Simulation

1.5.1 Simulation Setup

We will simulate the performance of a finite sample based on the following two-equation

model
yi = —021y5 + \M11Wp1 + A1 Wpo + X181 — €1
(1.40)
v = —b012y7 + AMi2Wp1 + Ao Wpa + Xofa — €2
Then the matrix form of structural parameters are
1 t2 A1 A2 pr 0
oy 1 A21 Aao 0 B

If we denote Y* = [y7,y3], P = [p1,p2], X = [Xy,X32], and E = [€1, €2], we can derive the matrix

form of the two-equation model as

Y*® = WPA + XB — E. (1.42)
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then we can derive the reduced form
Y* = WPA" + XB* - E*. (1.43)
the matrix form of reduced-form parameters are

Bi1 Bi
B'=Be'=| " 7 (1.44)

Aol Az Bar B

o ne | N X

and the relation between reduced-form parameters and structural parameters can be expressed as

Bia B B85 B85,
o1 = ——; 02 = —— B1=P11— — B2 =B — —r
611 B22 H ﬁ22 22 ﬁll
A=A — Bil Alg A2 = Ajy — /812 ATl A1 = Ay — Bil Ay Az = A3 — 5}62 A%
/622 /811 ﬁ22 611

(1.45)
the equation gives an arithmetic method that reflects the relation between reduced-form
parameters and structural-form parameters. That means if we know the true value of the reduced-
form parameters, we can use this arithmetic method to calculate the true value of structural-form
parameters. However, as we can only estimate the reduced-form parameters in our estimation and
simulation, we need the following discussion of our algorithm estimator to show the relation between
the reduced-form estimator and the structural-form estimator. All these details are included in the

Appendix. As for the random shock vec(E*) ~ N(0,¥* ® I,,) where

*2 * k%
o projo
»r=| ! b (1.46)
*2

that means when we get the estimation results of reduced form parameters, then we can get all

structural parameters. The vector form of the reduced-form model can be written as

yi =A\11Wp1 + A5, Wpo + X167 + Xof5, — €]
(1.47)
Y3 =A12Wp1 + A5y Wpa + X1 875 + X355 — €
Note: As we will use the unconstrained toolbox during the optimization, therefore, both pa-

rameters and (p*, o7, 03) should be searched through the whole real line, however, we know that

what we want to estimate (p*,o7,03) are correlation and standard deviation, which means that
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p* e (—1,1), o7 € (0,400), and o5 € (0, +00), therefore, we introduce the following transformation
during the optimization

2
1+ e

al a2

ol =fla)=c"  o3=flaz)=e? " =glas) =1 (L.48)

after this transformation, we can search ai, ao, and as all along the whole real line. And for any
function, the first-order partial derivative with respect to aq, ao, and ag can be written as the
first-order partial derivative with respect to o7, o3, p*.

OlnL O0lmLdoy  ,0lnL

day  Jof Oay — doy
Ol _9lnLdo _ .OlnL (1.49)
dasy dos 0Oas dos

OlnL  OdlnL dp* ,0lnL
das  Op* Oas P op*

The steps of the algorithm are the following.
e At step 0, suppose we initialize pgo) = pgo) € [0,1]™, and initialize )\p(o) B;éo) =0.1,
e At step t > 1 and we define d;; = I(y;1 > 0), di2 = I(y;2 > 0), then we can write the log-likelihood

as

n

Wy + A w; )+-Tz + x; i
lnL1—Z[dlln[ ¢< 112 =1 Jpzl 12 =1 WizD;o 1811 251 — ?Jl)]

i=1 o1 o1

Ny S0y wigply) + Ny S wigply) + w8y + i3
+(1—dj1)ln [1_@( 11 Z]—l P 21 234 iDio 1871 203, H

*
01

(1.50)
InLy = Z d; ln[id)( 12 Z =1 wszzl + A% E -1 wwpz(z) + @i1 By + Ti2B39 — Z/z’2)]
2 ' 12 G'; 0_2
=1
* n t * n t * *
4 (1—di)n [1 B (I)()‘m > i1 wijp§1) + A% 2 i wijpz('Q) + @i By + $i2522)}
12 0_5
the results are
A s a0 g, 072 = argmaxIn Ly (M, gy, By, B3, 07) )

*(t) * * * * *
()‘12 ) 2§ 7512 ’522 ) 2 )_argmaXIHLZ()\lzv)\22751%522,02)
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(t+1) ( (t+1)

then we have the p; = (py; -+ ,pn1) and P(Hl) ( 5

/
P12 y T apn?) as

SH )‘11 wal’ +)‘2 wapzz +9521511 "‘3712521 )‘I’S) *(t)¢1(1)

7 (1.52)
pg-i-l) t) wap(t) *(t) szjpﬁ + 952151 + $i2622t))¢)(t) I *(t)¢z2
J=1
fori=1,---,n and we have
()+)\()Z w ()—I—a:B 4 5
(t) — < J 1 WijPi 21 j=1 WijPis i1P11 T2 21 >
11 0_1
)‘ ] szz(? + A;gt) Z?:1 w@-jp,%) + :L‘ilﬁﬁt) + IEiQﬁ;Y)
_¢( o )
(®) *(t) n (t) *(t) (1) (153)
_ < Z] 1 WigDiy + Agy Zj:l WD + i1 By + Ti2Bas )
03
*(t) () | \*() (t) ,6’ ﬁ
12 Z] 1 WijPi1 + Agg Z -1 w,]pﬂ + i 12 —|- Tio 22 >

A
® _
the same as the previous notation, ¢(-) and ®(-) represent the PDF and CDF of the standard

normal distribution. We repeat step ¢ and (¢ + 1) until the parameters estimated converge. Then,

use the estimated parameters, respectively, A71, Ao, A31, Ao, 811, Bl 851, Bae and 67, 65, calculated
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the equilibrium, p; and po; then use all these to estimate p*, the log-likelihood function is

. . . . R R R
. = ATt Do Wighin + A3y D5 wigPi2 + T By + i2B3y — ya
mL(p*) = > |dudiaInés pe ,
i=1 1
R . o . ) R R
Mo 2ioq wighin + A3 D0y wijhia + Ta By + Ti2Biy —vie .,
~ % y01,09,p
02

+di1(1 — di2) In [‘I’ (p*(j\ﬁ 2jo Wighi Ao 2 j—1 wijhiz + raBf + xioBs — yin)
L1 — diy
o Ny

3 * n ~ N n ~ Qs Q%
Mo D1 Wighin + A3y D7y wijbia + T By + 332'2522)

a5/1— p*?
gzﬁ(j\fl > iy wighi + A5y > iy wighiz + v B + 225 — yin )}
o1

(1 = di)ds In [<I> (P*(S‘Tz > i wigpi + A5 > i Wigpiz + 21 Bty + Ti2Bhy — Yiz)
1=
M > i Wighin + A5y > i1 Wighiz + w1 By + 225,
) oI )
(b(j\fz Sy wighin 4 Ny Y5y wighia + w1 Bia + wi2Bsy — vio )}
7
A D j—1 Wighi1 + Ay D j—1 Wijhiz + za By + wials;

o

i

—l—(l — dzl)(l — dlg) In (I’2<

k
,017027,0

3 * n N 3 * n N Ak D

Mo 2ojmg wijhin + Asg D i wijhia + Tt By + xi2Bsy )}
A~k
a.

2

where ¢o(-, -, 67,05, p") and ®a(-,-, 67,05, p*) are PDF and CDF of bivariate normal distributed

random variables with variance-covariance matrix

~ %2 * Ak Ak
o proio
! . (1.54)
protos o3
and the estimation result of p*, i.e., p* can be estimated as
p* = argmaxIn L(p*) (1.55)

through a bivariate Probit Maximum Likelihood estimation in |Greene| (2017)). Suppose we denote

Z = [Wpy, Wp2, X], and ¥7 = (A\]1, A5y, 571, B31)" and 3 = (Ao, A3y, By, B3)'; then we have

y1 =Zap] — €]
(1.56)

y2 =Zap5 — €
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then given the NPL algorithm, for each step, suppose the current equilibrium p = (p),p5)’, and

we use Z = [Wp,, WPy, X], then we have

PN * *2. A
(1, 012) =arg maxIn L(¢17U12; p1)

(1.57)
(95, 652) =argmaxIn L(y3, 03% pa)
where
1 z; i Zhah*
In L(%7,07;P1) Zduln [;¢( ’d’z yl)} + (1 —di)In [1—@( Z{:l)}
! ” ! "glb (1.58)
1 z; 2 — Yi2 s _ ii ;
In L(43,03: o) den [aéﬁ( = )]+ = dia)in 1 - 3 = ]
the first-order conditions are
oL & Z i ikZi
e
Eoio Tk (1= i) (f%)> (1.59)
oL - 1 Z/- r— % 2 Z/- r i .
3 :Zdik[—Q *2-1-(2;% *Qka)]—l—(l—dik) (Zwk)¢k2§:0
) = o, Cr 2(1 — ®y) (072)>

where k = {1,2}, ®;, = ®(2/¢);/0}) and ¢, = ¢(z)1); /o)) then according to the results E(y;; —

pik) = 0, i.e.,
E[yir — (zi¢5)®ik — o5dir] =0
(1.60)
E[di — @] =0
this can be used to simplify the first-Taylor expansion of the first-order condition, which is the ap-
proach to derive the asymptotic variance-covariance matrix of reduced-form parameters’ estimator

discussed in |Amemiya, (1973), Amemiya (1985), and Maddala, (1986]). Detailed steps for deriving

the variance-covariance matrix will be in the Appendix.

Remark 6. (Binary Dependent Variable Case) |Liu (2019) proposes the case in which all the
decision outcomes are binary. There is no need to estimate the variance of reduced form error

terms o] and o5. Therefore, the first-order conditions of the NPL estimator degenerate to

oLl S o — IO, _ (161)
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for k = 1,2. The first-order Taylor expansion of the above equation around the ¥* can draw the

following equation

" (dig — Pig) Pin (dik — Pir)Pik s s [ Y TR ap2 .
Z Zi — Zi\Z; z; + A Wii*-l-)\
— Dip(1 — D) O (1 — D) (z:%7) U D7 2k W Doy (5 — ¥i)

_c1>,~k(1?—kq>“€)zi [Z; T Xikwig:;f/ + AZkWigZﬂ (% — vi)
m [0’ a;;in 852 ] (0% — 07
 (dix —;j:“()fb%gﬂ:) 2(I)ik)zi [Z; + AW 85:, + AW 852 ] (W — ¥p)
- 1:1 ((CIZ)Z;(_l ?ﬂ&))j:z)k Zi — Dyp(1 3_19 q)ik)zi [Z; + )‘Tkwiiz)% + Ao W 8;;2 ] (% — ¥3)
= Op(1) (1.62)

where ®;, = ©(z}1))) and i, = P(z[Y5)

1.5.2 Simulation Results

We conduct two types of normalized network structures in our simulation. The first type is
the random network, which means agent ¢ will be randomly affected by five other agents in the
network. And each of the five agents’ effects is identical. In this case, that is w;; = 1/5 if agent j
can affect agent ¢ in the network. The other type is the circular network structure. In this case,
the agent ¢ will only connect with agent ¢ + 1 and ¢ — 1, and the peer effects are the same, i.e.,
Wiit1 = Wii—1 = 1/2. And for agent 1, we have wis = wi, = 1/2. And for agent n, we have
Wn1 = Wy pn—1 = 1/2. The network graph is similar to a big circle in which each node only connects
its two neighbors. That is where the network name ‘circular’ comes from. The parameter of the
simulation are followings, 612 = 021 = 0.5, 81 = 2 = 1, n = 2000, and rep = 1000, o] = 05 =1,
Pia = 0.1.

All the detailed simulation results are available in part B of the Appendix. In the following
discussion, we will focus on three typical scenarios

e Case 1: Weak peer effect \11 = Ao = 0.2, A3 = X971 = 0.1



+x Random Network

b1 021 A1 A1z a1 A2
0.500 0.502 0.226 0.121 0.126 0.230
(0.031) | (0.031) | (0.065) | (0.064) | (0.066) | (0.064)
b1 2 a1 5 P12
1.000 0.999 0.997 | 0.998 0.100
(0.046) | (0.047) | (0.029) | (0.028) | (0.033)
* Circular Network
012 f21 A1 A12 a1 A2
0.500 0.500 0.225 0.122 0.123 0.227
(0.031) | (0.032) | (0.041) | (0.044) | (0.044) | (0.042)
B Ba o1 P p12
1.001 1.001 0.997 | 0.997 | 0.100
(0.047) | (0.047) | (0.028) | (0.028) | (0.032)
e Case 2: Medium peer effect Aj;1 = Ago = 0.5, Aj2 = X971 = 0.3
* Random Network
012 021 A1 A1z a1 A2
0.500 0.502 0.542 0.329 0.332 0.546
(0.031) | (0.031) | (0.053) | (0.056) | (0.059) | (0.053)
B Ba 01 2 p12
1.000 0.999 0.998 0.996 0.099
(0.047) | (0.047) | (0.029) | (0.029) | (0.029)

* Circular Network
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b1 b1 A1t A12 a1 A2
0.515 0.513 0.540 0.333 0.338 0.544
(0.034) | (0.035) | (0.030) | (0.042) | (0.042) | (0.032)
B Ba o1 P p12
0.975 0.974 0.994 0.995 0.101
(0.048) | (0.046) | (0.030) | (0.030) | (0.029)
e Case 3: Strong peer effect A11 = Aog = 0.8, Ao = Ao1 = 0.5
* Random Network
012 O A1 A1z a1 A2
0.502 0.503 0.813 0.488 0.484 0.810
(0.034) | (0.034) | (0.045) | (0.057) | (0.057) | (0.045)
B Ba 01 2 P12
0.998 0.997 0.998 0.998 0.098
(0.051) | (0.052) | (0.032) | (0.031) | (0.024)
* Circular Network
b1 021 A1 A1z a1 A2
0.533 0.529 0.811 0.503 0.507 0.812
(0.044) | (0.044) | (0.017) | (0.050) | (0.049) | (0.017)
B Ba 01 2 P12
0.933 0.929 0.980 0.980 0.099
(0.049) | (0.051) | (0.039) | (0.037) | (0.025)
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From the results, we could find that the random network estimation of simultaneous effect matrix

parameters (612 and 21) performs better than those in circular networks. In a random network, the

estimator average accuracy of simultaneous effect matrix parameters (612 and 62;1) is always low,

and the coefficient of variation is about 6% ~ 7%. However, in a circular network, the estimator

average accuracy of the simultaneous effect matrix parameter can be lower than 95%, and the

coefficient of variation can be over 8%.
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As the peer effect strengthens, the estimator’s accuracy and consistency increase. In a strong
peer effect case, the estimation average accuracy of the same-activity peer effect (611 and 6a2) is over
98%, and the coefficient of variation is about 2% in a circular network and 4% in a random network.
As for the cross-activity peer effect, the accuracy is over 95%, and the coefficient of variation is

about 10%. Both perspectives show under a strong peer effect case, the estimator works better.

1.6 Conclusion

This paper presents a simultaneous equation model that captures peer effects and rational
expectations within an incomplete information network, alongside a discussion on its econometric
model and microeconomic foundation. We explore the necessary conditions for the existence of a
Bayesian Nash Equilibrium in games played over incomplete information networks. Additionally, we
develop a method for nested pseudo-likelihood estimation and examine the asymptotic distribution
characteristics of this estimator. Through Monte Carlo simulations, we demonstrate the estimator’s
consistency in scenarios of finite sample sizes and large network dimensions. In this work, networks
are considered static and not influenced by agents’ random shocks or characteristics. However, in
practical economic scenarios, an agent’s network connections often mirror both their observable
and hidden traits. This suggests that incorporating an endogenous network structure could be a
valuable direction for future research. Another possible extension identified in our study is the
exploration of simultaneous effects stemming from an agent’s various activities intentions, and how
these may relate to the outcomes of other activities. This highlights the necessity of considering

option models and addresses the imminent challenge of model selection in subsequent studies.



Chapter 2

Simultaneous Equations with Limited Dependent Variables and Social

Interactions

2.1 Introduction

In this chapter, we consider an extensive case from the previous chapter. Given an agent make
decisions on multiple activities and the outcomes of these activities are of three types: some are
fully observable by analysts, such as an investor who faces decisions on adjusting investment levels,
allocating funds for consultancy in investment, and the choice to venture into a new financial
market. From an observational standpoint, we can track changes in her investment—whether
it increases, remains unchanged, or decreases, showcasing fully observable outcomes; others are
censored (partially observable) — for the inventor’s consultancy expenses, we only discern between
expenditure and non-expenditure, marking it as censored; and a few are binary — her decision to
enter or not enter a new market falls into a binary category. The decision-making process of the
investor is not isolated; it’s influenced by the interconnected incentives across the different activities
and further shaped by the dynamics with competitors and collaborators in her network.

Given the economic scenario, we consider a simultaneous equation model with continuous,
censored, and binary outcomes. Previous chapter focus on the case that all outcomes are censored.
Liu (2019)) discusses the case that all outcomes are binary. Lee (1981)) discusses the general form
simultaneous equation system containing different types of outcomes but without peer effect. We
combine previous work and propose the simultaneous equation model with continuous and limited

dependent variables and social interaction.
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The rest of this chapter will be organized in this way. Section shows how we derive the
Bayesian Nash Equilibrium and the difference from chapter 1. Section derives the economet-
ric model and the identification condition. Section develops the estimation based on nested
pseudo likelihood algorithm. Section 2.5 is the Monte Carlo Simulation. Section is the chapter

conclusion.

2.2 Bayesian Nash Equilibrium

Given the assumption on non-singularity of simultaneous effect matrix ®, we have the reduced

form model
m n
Yir, = Z Al Zwijpﬂ + T — €k (2.1)
=1  j=1
where p;, = E(y;r). Without loss of the generality, let v, = yj}, for k =1,--- ,mq, yi =y, 1y}, >
0) for k = mi+1,--- ,my+ma, and y;, = I(y;, > 0) for k = mi+mo+1,--- ,m. m3 =m—mo—my.

For all fully observable decision outcome activities, i.e., k = 1,--- ,m1, we have

m n m n
pit = E(yir) = E(y;;,) = E(Z Alk Z Wijpji + iy — 62%) = Z Alk Z WigPst + T, (2.2)
=1 =1 =1 =1

We need an assumption related to continuous-outcome activities reduced-form random shock €

for k=1,---,m as following

Assumption 2.2.1. The reduced-form random shock term €. for all continuous-outcome activities,

k=1,---,m1 have zero mean and variance 01’22

Remark 7. For continuous-outcome activities’ reduced-form random shock terms, a finite variance
for each activity k = 1,--- ,m is needed for deriving the rational expectation p;,. For the maximum

likelihood estimation step, we denote Fi(-) and fi(-) as the CDF and PDF of €}, .
For all binary outcomes, i.e., k = mi +mg + 1,--- ,m, a unit-variance assumption is needed.

Assumption 2.2.2. The variance of reduced form idiosyncratic shock term o}, = 1, for all binary-

outcome activities, i.e., k =mq +mo +1,--- ,m.
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Remark 8. From Maddala (1986), the reduced-form idiosyncratic vector (€fy,--- €l ) variance
covariance matriz 3 has normalized diagonal elements. This helps the parametric identification

and the mazximum likelihood estimation steps in the following sections.

Then, we have

pir = E(yix) = E(yix|yix > 0)
mom (2.3)
= Pr(yj;, > 0) = FxD_ Ny > wipj + 75
=1 j=1

where Fi() is the cumulative distribution function, i.e., CDF, of the reduced form idiosyncratic

shock €. We need the following assumption to derive the rational expectations of censored outcome

activities, i.e., k =mqy +1,--- ,my + ma.

Assumption 2.2.3. For all agents, the reduced form idiosyncratic shock €, satisfies the i.i.d
normal distribution with zero means and variance-covariance matrix X*, for censored outcome

activities, i.e., k=mi+1,--- ,m1 +ma.

Under the i.i.d. joint normal distribution assumption, we can derive the rational expectation on
decision outcomes of activities K = mi + 1,--- ,m1 + mo in the same form as the chapter 1 as

following (The diagonal elements of £* is 032, for all k =my + 1,--+ ,mq + ma.)

m n SN wiipi + T SN wipi + T
« X 1=1 Nk 22j=1 WijPjl k « 1=1 Nk 22j=1 WijPjl k
pik = <Z)‘lkzwijpﬂ+7rik>¢)< ’ : >+0k¢< ’ : )
=1 j=1

* *
Oy, Oy

(2.4)
where ®(-) is the cumulative distribution function of the standard normal distribution, and ¢(-) is
the probability density function of the standard normal distribution. Then, we can get the vector

form of rational expectations on decision outcomes among all activities.

m
P =Y MWpi+m, k=1 ,m
=1

Pi = (Z)\lkWpl —|—7rk) ® <I><Zl—1 AR ’“) + ak¢<21—1 i 2 X ’“)
=1

* *
O O

(2.5)

k=mi+1,--- ;m1+mg

m
pk:Fk<Z/\TkWpl+7l’k) k=mi+mo+1,---,m
=1
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We apply the vec(-) function that transfer the rational expectation matrix P into p = vec(P) =
(P}, -+ ,pl,). The process of developing Bayesian Nash Equilibrium (BNE) is p = E(p) =
[h1 (D), -+, hm(p)'], for each column hy(p) can be written as

m
hk(p):ZATkWpl—Fﬂ'k kZl,-” , M1
=1

_<Zx\7ksz+ﬂ'k>@q,<Zl—1 Ik Pz+7rk>+gz¢< ey A pl+7rk>

* *
=1 O% oL

k=mi+1,--- ,m1 +mo

m
:Fk<z)\fkwpl+ﬂ'k> k=mi+mo+1,--- ,m
=1

To guarantee the existence of the Bayesian Nash Equilibrium, we need the following assumption

about the reduced-form model’s parameter space.

Assumption 2.2.4. The reduced-form simultaneous effect matriz A*, the network structure weight
matric W, and the probability density function of reduced-form idiosyncratic shock for all binary-

outcome activities, i.e., {fx(*) gLy, tmqs1, ne€d to satisfy
min{[| A" |1 [[W]|oo, [[A™[[oo| [W][1} < 1
min{[[A”||1[[W{[oo max sup fi(w), || Ao W ||y maxsup fi(u)} <1
u u

Given the reduced form parameter space constraint, we will have sufficient conditions for the

existence of Bayesian Nash Equilibrium according to the Contraction Mapping Theorem.

Proposition 2. If assumptions|1.2.1,12.2.2,12.2.5, and|2.2.4] hold, then the incomplete information

network game with the linear-quadratic form wutility function will have a unique Bayesian Nash
Equilibrium y* as

v ' =(A"@W)p*+ 7" —¢€* (2.7)

where 7 = vec(Il), € = vec(E), and the equilibrium from rational expectation of activities out-

comes is the unique solution to p = ﬁ(p)
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—

We use the first-order derivative of the mapping p = h(p) to prove this proposition. For k =

1,---,my, we have
Opik
= | AL w;; 2.8
Sk = (28)
For k=my1+1,--- ,mq1 + mo, we have
Opik Dot Al D1 WigPjt + T,
|5 | = [Nwis| @ — =) < INgwijl (2.9)
apjl O
For k=mq+mo+1,---,m, we have
8pzk A A A
’ | = [Akwij | fi Z lkzwljpjl + i) <| lkww|SUPfk( u) (2.10)
=1 j=1

Given all these scalar-form first-order derivatives, we can derive the norm bound of the matrix form

of the first-order derivative of p = H(p) When m3 =0

9h(p) .
op’ e S max Z\/\zk! max Z\w”! = (1A% W]oo
_ (2.11)
p * _ *
152 < lggxm;mujg%;wz-j|—||A ol W11
and when ms # 0, we have
Haﬁ(p)H < [maxZM |max2|w }maxsupfk( ) = [||A*H1HWH }maxsupfk(u)
(9p’ 0o i ij o0 k w
7=1
- (2.12)
p *
=y |rls[maxZMlumngwu}maxsupfk<> 1A o W1 | misesup i ()
i=1

Given the assumption [1.2.1], assumption [2.2.1] assumption [2.2.2] assumption and assumption

the contraction property of the fixed-point mapping, p = H(p) is hold.

2.3 Econometric Model

In this section, we will transfer the exogenous attributes that directly influence the intention
of activities among all agents into a linear form, i.e., wp = X3, where X = [x1, -+ ,x,]) isan nx ¢
matrix, represent exogenous variables that contribute to the direct effect of each agent i =1,--- ,n

intention of activities. 3, is the coefficient of direct effect on activity k. We have a simultaneous



31

equation model as follows

m m n
v=— O Ouwyn+ Y Ak Y wipi+XiBy — e, (2.13)
I=1,l#k =1 j=1,j%i
for all agents i = 1,--- ,n. And for kK = 1,--- ,mq1, yir = ¥y, for k = mq + 1,--- ,m1 + mao,

vik = yhl(ys, > 0), for k = mi +ma + 1,--- ,m, yi, = I(y}, > 0). We also use the following
notation, the intention of all activities among all agents, Y* = [y},y5, -+ ,y.,], the Bayesian Nash
Equilibrium of rational expectations, P = [p1,pa2,- -, Pm], the exogenous attributes of all agents,
X = [x1,X2, - ,Xy)’, the idiosyncratic shocks in all activities among all agents, E = [e1,- - , €],
the network structure matrix W = [wj;], px = (P1k,- - ,Pnk)’, and €, = (€1k, €25, -+ , €nk)’, the
simultaneous effect matrix with unit diagonal elements @ = [f;], the direct effect coefficient matrix

B =3, - ,8,,], then we can derive the matrix form of the model as
Y*'® =WPA +XB-E (2.14)
According to our assumption that ® is non-singular, we can derive the reduced form model
Y*=WPA* + XB* - E* (2.15)

where A* = A@~ !, B* = BO !, and E* = E@!. vec(E*) ~ N(0,¥* ® I,,). According to our

previous assumptions, the k-th diagonal elements of ¥* are bounded for k = 1,--- ,m; + mo, and
are unit for k =mj +mo + 1,--- ,;m. The scalar form of the reduced-form econometric model is
m n
Ve =D Nk Y wipji +XiBk — €y (2.16)

=1 j=lj#i

If there are no censored-outcome activities, i.e., mo = 0, then the reduced form econometric model
can be identified when [WP, X] are full column rank. ®(-) is a monotonic increasing function. Let
P* = [AY B*], and an alternative parameters T = [K*/,]g*’ |, then we will have the following

equation for perfect-observed-outcome activities

m n m n
E(yin) = 3 N Y, wipp+xiBi =D Ny D wibj +XiBy, (2.17)
=1 j=1,j#i =1 J=Llj#i
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and also following equation for binary-outcome activities Pr(y;; = 1|W,X) = Pr(y;x = 1) as W

and X are non-stochastic and predtermined.

Pr(yix = 1) (Z Nk Z wijpji + Xzﬂk) (Z Ak Z wijpji + Xz:@k) (2.18)

J=Lj#i J=Llj#i

then, according to our previous conclusion related to the uniqueness of the fixed point, we have,

for perfect-observe-outcome activities,

m n
Pk =Y N > wijpji+XiB;

=1 j=lj#i

n . (2.19)
Pk = N > wiibj+XiBy
=1 j=lj#i
and for the binary-outcome activities, we have
Dik = (Z )\lk Z WijPji + x; Bk)
J= LJ#Z (2.20)
Dik = (Z )\lk Z wszjl + X; Bk)
J=Lj#1
as the fixed point are unique for the contraction mapping, then we have
m _ n .
DN =) D wipi X8 — Br) =0 (2.21)
I=1 =1,
which can be expressed in a matrix form as
[WP,X]|(T* — %) =0 (2.22)

If [WP,X] is full column rank, then [WP,X](¥* — ¥") = 0 only when ¥* = ¥ which is
the identification condition for the reduced form parameter ¥*. When mo # 0, i.e., there are
censored-outcome activities. Then, we need more conditions to make sure both parameters ¥
and o}, for k = my + 1,--- ,m1 + mg, are identifiable. Before continuing our discussion, let
By, = D0 M 2o jmr s Wighit + XiB%)/078), die = S((12) Ny, Yiy oz WigPj1L + XiB1) /f),
and ), = (22 /\ g 1,j2i WigPjl +%; ,Bk)/ak) @k = o((X1% /\ _] 1,521 WigPjl +%; ﬁk)/ak)

Then we have

n
? > wipu +xi6;)/0%)

=15

n
7 > wipii+ xiBy)/5%)

j=1,j#i

Pr (yzk>0 zk—

(2.23)
=, =

I Ms I Ms
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Given ®(-) is a monotonic increasing function, we have
m * ok
Z( It = ) Z WP + X; ('Bk flj) =0. (2.24)
=1 k™ j=1,j#i Tk k
If we have [WP, X] full column rank, then ¥*D~! =¥ D! , where D and D are m x m diagonal
matrices, for k=1,--- ,my,my+ms+1,--- ,m, the k-th diagonal element of D and D are one. For
k=my+1,---,mq + ma, the k-th element of D is o} and the k-th element of D is oy. To derive

the identification condition for both [A*, B*]" and {UZ}?;:@TﬁU we need the following assumption.

Assumption 2.3.1. If mo = 0, i.e., no censored-outcome activities in the model, the sufficient
condition for the reduced form econometric model identification is [WP, X] full column rank. Oth-
erwise, (WP, X L] should be full column rank. L is the n x mg matriz, in which the (i, j)-th element

i8 Ditmy+1)/ Pitmy 1y for l=1,--- ,mg andi=1,--- n.

To clarify the importance of this assumption, we start with the following. For k = my+1,--- ,m1+

mo, we have

m n
Pik = < DNk D wipa+ Xgﬁ}i) ik + 0 Pik

I=1 j—l,jséz'

(Z )\lk Z WijPjl + Xzﬁk) ik + 0k¢zk

J=1j#i

(2.25)

based on our previous discussion, we have ®;;, = <I>Z-k and ¢;p = qﬁik, therefore we can derive

- * Nk . * a* * ~x ¢l
Z()‘lk: = \ik) Z wijpji + X (By — By) + (0% — Uk)(bz =0 (2.26)

I=1 j=1,57

and when [WP, X, L] is full column rank, the reduced form parameters [A*, B*] and {o}};"]""
are identifiable. With sufficient conditions for identifying the reduced form parameters, we need to
derive the structural form parameters’ identification condition. The structural form parameter ma-
trix, [A*¥, B*]', is an m x (m+¢q) matrix. And the structural form parameter matrix, [®, —A’, —B']/,
is an m X (2m+ ¢) matrix. Even though we know all the diagonal elements are all one, we still need
structural form parameter matrix rank condition to make it identifiable. According to [Schmidt
(1976)), let ~ is the k-th column of T' = [@,—A’, —B’), and Ry is the constraint matrix, i.e.,

Ry, = 0. And the rank condition as rank(RyI') =m —1fork=1,--- ,m — 1.



34

Assumption 2.3.2. Suppose T' = [@,—A', —B'), v, is the k-th column of T', Ry, is the matriz

for the constraint Ry, =0, and rank(RxL) =m —1 fork=1,--- ,m.

Under all previous assumptions and discussions, we can derive sufficient conditions for the identi-
fication of both reduced form parameters and structural form parameters. In the next section, we

will discuss the estimation method and steps.

2.4 Estimation

Given that we have figured out sufficient conditions for the identification of reduced-form
and structural-form model parameters, we develop our estimation process in two steps. In the
first step, we will use Nested Psedo Likelihood (NPL) estimation to estimate all reduced form
parameters - {\; }h 1, {Br ity {o7}1 ™2, NPL estimation method is discussed and applied in
Aguirregabiria and Mira (2007)), Lin and Xu| (2017, and |Liu| (2019). During the estimation, the
true value of the rational expectations, i.e., the Bayesian Nash Equilibrium, is unknown. We must
initialize an nm x 1 vector p, i.e., vec(P), the first n(m; + ms) elements should locate in (0, +00),
and the rest nms elements should locate in (0, 1). The iterative steps conducted in NPL estimation

after initializing p are the following.

Step 1 Given p(*~1), obtain @Z(t) = (S\L(f), e ,XZ&?,BZU) ,az(t))’ = argmaxIn L(+p5; pt—1), for

*
Oy

- o (2.27)
‘ % M= =1

n m * n (t—1) ! %
o (t— 1 Doimg Al Dj=1 WigPy -+ XiB — Yik
In L(ypy; p ) =) lln ((ﬁb( ! !
4 k
1
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fork=mi+1,--- ,m1 +mo

n m oy ) (t— + ; . i
lnL("pZ;p(t_l)):Z{dkln<a*¢(2l ! lkz 1w3p3l x; 3}, yk)>

i=1 k Uk

m * n t—1 .
+ (1 —di)In <1 . q)<211 Alk Zj:l wijpg-l ) + x;ﬁk>> }

*
O

:zn:{dik[ 11127—*1 noy *2<Z>‘lkzw”pjl +X;B2_yik>2}
=1

DIt Al 21 wijp§‘z U Xi/@k>] }

+(1—dik)|:1—(1)(

ok
(2.28)
fork=mi+mo+1,---,m
n m n "
* t— *
In L(yj;pt 1) =) [ ik 1n<1>(2 N S wiply Y + i85
= =t (2.29)
+ (1 = dix) In (1 - Z)‘lk szﬂ?ﬂ +X§52))]
5 5 e n®) — Frot-1. o1, gty _
Step 2 Given \Il =, ", -4, |, we can derive p\¥) = h(p ;W ") where h(p ;) =

[ﬁl (p(t—l); ‘/I\]*(t))/, . ’]_z’m(p(t_l); ‘/I\l*(t))/] FOI' I{Z _ 1’ e my

m *(t n t—1 *(t
S > i1 wljp§l "+ %8

F(p 08" = (2.30)

m *(t n t—1 *(t
_21:1 )‘ug : > i1 wnjp§l '+ Xﬁaﬂk( :

Fork=mi+1,--- ,m1 +mo

- m *(i) n (t—1) 7 g*(t)\ 7]
m *(t) n (t-1) 1 a*(t) 1y A 2ojeiwiipy X8y
(Zl:l Ak Zj:l wipy T+ X118y )@ . *(t> .

m *(t) (t—1) *(i)
w(t) (2 Mg 2= w1;Pj +x1 8,
+o,, qﬁ( oy

= ~x(t
(= D; &)

m *(t) n (t—1) *(t)
m (t— *(t) 21 N Dj=1 WPy X By
(> 1)‘lk > 1wnjpjl X387 )® < = o0
m y*(t) (t=1) *(t)
*(t) Zl 1)‘ ZJ 1wn3p ,3
L +Uk: ¢( *(t)

(2.31)
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Fork=mi+mo+1,---,m

m * n —1 *
10y )‘lkgt) Zj:l wljp% "t Xllﬂk(t))
— =~ *(1 .

Rt o) = : (2.32)

m * n —1 *
_(I)(lel )‘uit) Zj:l ’wnjp§§ "t X;ﬁk(t))

Then, update p=Y in Step 1 to p*), repeat the iterations until estimation results convergence.

The contraction mapping [2.6| with a fixed point is an essential determinant of the convergence
of the nested pseudo likelihood algorithm by Kasahara and Shimotsu (2012). The contraction
property of the mapping p = ﬁ(p) is ensured by assumption assumption assumption
2.2.2| assumption and assumption The NPL estimator is characterized by 1}2 =
arg max In L(}, p) when NPL algorithm converges, where p is implicitly calculated through p =
ﬁ(f), \i'*) The details on the asymptotic distribution of the NPL algorithm estimator are in the
appendix. A Monte Carlo simulation is conducted in the next section to offer a straightforward

perspective of our estimation.

2.5 Monte Carlo Simulation

We will develop our simulation based on the following two-equation Tobit-Probit model.

n n
i = =021y + A1 > wipin + A1 Y wijpja + i fi — €q
p= =1
(2.33)

n n
Yip = —012y57 + A12 Z wijpj1 + A2 Z w;jpj2 + Ti2f2 — €2
j=1 j=1

the observed decision outcomes are y;1 = yj11(y}, > 0) and y2 = I(y, > 0). The vector form is

yi = —021y5 + \MiiWp1 + A1 Wpe + X151 — €

(2.34)
Vs = — 012y] + Ai2Wp1 + Ao Wpo + Xo s — €
and the matrix form is
Y*® = WPA + XB — E. (2.35)
where
1 1o A1 A2 pr 0
e = A= B = (2.36)
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and Y* = [y}, y3], P = [p1,p2), X = [X1,X32], and E = [e1, €2]. Then, we can derive the reduced

form of the model in the matrix style

Y* = WPA* + XB* — E*. (2.37)
where
Ar=p@ L= |7 T B'=Bel=| " 7 (2.38)
21 A Ba1 Bz

are reduced form parameters. The scalar and vector expression of the reduced form model is

¥i =AWt + A5, Wps + X4 87; + Xo85; — €]

(2.39)
Y5 =A12aWp1 + A5y Wpa + X1 87; + Xof85, — €
and
n n
v = N1 D wigpit + Moy D wigpys + i By + miof — €
j=1 j=1 (2.40)

n n
* * * * * *
Yio = Al2 E Wi Pj1 + Ago E wijpj2 + Ti1Bie + Ti2fa9 — €5o
j=1 Jj=1

the reduced form error term (e;1, €;2)" satisfies the joint normal distribution with zero means and

variance-covariance matrix X%, where

*2 * ok
o pro
= | ! ! (2.41)
pro] 1

as our previous assumption, 032 = 1, without loss of generality, we set o2 = 1, and consider cases
in which p* = 0.2,0.5,and 0.8. We follow the steps of the NPL algorithm.
e At step 0, initialize p; € (0,¢)"™ where ¢ > 0, and py € (0,1)”. We also initialize all parameters

* * * * * * * * * : :
(ANi1s Afg, Ady, Ao, 01, B4y Biay Ba1, Bas) as 0.1 before iteration.
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e For steps t > 0, we can derive the log-likelihood function as

n

* t * t * *
InLq = Z [I(yﬂ > 0)In [1*¢</\11 > i1 wijpz(l) + A5 D wijpv(;z) + za f1) + 22y — yzl)}

*
g
=1 1

* n t * n t * *
4 I(yi1 = 0)In [1 % <)‘11 > =1 wijpz('l) + A5 2 wijpz(Q) + zi1 1) + w23y )H

*
01

7j=1 7j=1

=1

+ (1 —yi2)In [1 - o (xfz > wigply + Mg > wiply + ri1 B + $i25§2)] }

j=1 J=1
(2.42)
and the results as
* *(t *(t * *(t * * * * *
()\15)7)\23); 1§)7 25)7 ())—argmaxlnLl( 11> 2215 8115 831, 01) (2.43)

*(t *(t * * * *
()‘1%)’)‘22 7512 ) 25)):argmaxlnL2( 120 22, B12: B32)

use the result from Maximum Likelihood Estimator, we derive the Bayesian Nash Equilibrium

p1 = (p11,- - ,pm1) and p2 = (P12, ,Pn2)’ where

ng) = Z wwp(t) *(t) Z wwpzz + %1511 + 5512521 )‘I’g) + Ur(t)@(?
= (2.44)
(t+1 *(t) Z wszl ‘|’ )\22) Z wz]ng + leﬁlg + szB*(t )
7=1
and
*(t n t *(t n t *(t *(t
e _ ( 15 ) Zj:l wijpz(l) + Azg) Zj:l wijpz(a) + 951'1515 '+ $i252§ )>
E 7 (2.45)

*(t)

x(t L\t
¢(t) _ (/\15 : > i1 wwp§1) ( ) > wwp£2) + 3311511 + T2y
il =

oy
the step ¢ and step t + 1 will be repeatedly executed until the estimated parameters converge.

The estimation results after all the iterations, i.e., A\]{, A9, A5y, A3q, 811 Bla: Bo1, B39 and 07, can be

used to calculate the Bayesian Nash Equilibrium, i.e., p; and p2. Then we can use the Maximum
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Likelihood estimation to estimate p*. The log-likelihood is the following

n

InL(p*) = Z [I(yil > 0)yiz

i=1

In [cI) ( j‘f2 Z?:l wijpin + 5\32 Z?:l wijpiz + xilBﬁ + $i2fé§2
V1—p?2
P (N G wigbin + Ny 307y wigbie + wa By + wizB5y — yn))
61\/1—p2

1¢<5‘T1 D i1 Wighin + A5y DGy wijPi + za By + TioBs — ya )}
o1

o
+I(yi1 > 0)(1 — yi2)
p*( NIy Dojoq wigbi + A3y D25 wijbi2 + @ By + T2y — Yir)
m[@(
a1 — p*?
Mo S0y wighin + Nop Y5y wighia + min B + xi?@z)
1— p*2

1 ¢<5\T1 S0 wibin + A5y Gy wighiz + xa By + w2l — va )}
o7 o7
+1(yi1 = 0)yi
AT1 2oy Wighin + A3y DTy wijhie + i By + T2

o

I

1n<1>2(—

n n
No D wighin + Xsg > wighia + w1 By + i3, —P*)
= =1
+I(yin = 0)(1 — yi2)
ATq Z?:l wijPi1 + Ay Z?:l wipia + i1 11 + Tiafy
oy

Y

In @2 ( —
n n

—(Al2 Z wijPi1 + Agg Z wijPiz + T Ba + Ti2B32), P*>]

j=1 j=1

where ®o(+, -, p) is the cumulative distribution function (CDF) of the standard joint normal distribu-
tion with unit variance and correlation p. The MLE estimation result of p* is p* = arg maxIn L(p*)
from the Maximum Likelihood estimation of a bivariate normal distribution case in (Greene, (2017)).
We can use the similar approach discussed in|Amemiya (1973)), Amemiya (1985)), and Maddala

(1986)) to figure out the asymptotic property of our NPL algorithm to estimate the reduced form

parameters. Let Z = [Wp17Wp27X]7 and '(p)lk = ( T17A5175T17551)/ and 1,03 - ( TQ? 32751371852)/7
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the reduced form model of our simulation can be written in the following vector form

—Z4p} — €} o
—Z4p5 — €

with the NPL estimation algorithm, we calculate the p; and p; for each step, and the regressors

Z = [Wp1, Wpy, X], and results of Maximum Likelihood Estimation as following

Ak ~ ~ ~
(41,67%) =argmaxIn Ly (47, 07% b1, b2)

(2.47)
1y, = argmax In Lo(13; P1, P2)
where
* X, A ~ - Z 1
1HL1(¢17013P1,I)2):ZI(%1>0)ln [a <I5< ’lP; yl)} +I(yin = 0)In [1 < a¢1>]
i 1 1 1
nl - i (2.48)
VA2 Z,;
In Lo(F. 0% Br. Do) — o In | @ 212 1—yp)In |1 — & =222
n Ly (43, 09; P1, P2) ;yz n[ ( o1 )}H Yi2) ﬂ[ ( oF )}
and we can write the first-order derivative to 17, o}, and 95 as
OlnLi (24, — yin)2i dir%i
— = _I(yil > 0)% - I(yil = O)f =0
oy o o1 (1 —®i)oy
Il & [ L (@) —yn)? (Zi1) i
=S My > 0)| — = = ELZ VT g, 2 ) 2P0, 2.49
dot ; =05 o1’ ST W 24
8ln£}2 :Zn: [yiz — @ (2j305)]6(2 gib )., 5 =0
5’152 i—1 (Z 1.02)[1 - ( 2)]

where ®;1 = ®(2}47/6F) and ¢ = ¢(2b%/6%). We implement two types of normalized network
structures in our simulation. The first type is the random network, where each agent i is randomly
influenced by five other agents in the network, with each of these five agents exerting an identical
effect. Thus, in this scenario, w;; = 1/5 if agent j can influence agent ¢ in the network.

The second type is the circular network structure. In this setup, each agent ¢ is only connected
to agents ¢ + 1 and ¢ — 1, and the peer effects are consistent, specifically w; ;41 = w;;—1 = 1/2. For
agent 1, we have wip = wy, = 1/2, and for agent n, we have wy; = wy -1 = 1/2. This network
graph resembles a large circle where each node only connects to its two neighboring nodes, hence

the name ‘circular’ network.
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The simulation parameters are as follows: #19 = 691 = 0.5, 81 = B2 = 1, n = 1000, rep = 1000,

o] =05 =1, and pj, = 0.2,0.5,and 0.8.

e Case 1: Weak peer effect A1 = Aoo = 0.2, A1 = o1 = 0.1. Weak reduced-form error term

correlation p* = 0.2

* Circular Network

~ ~ ~ ~ ~ ~ ~ A~

012 21 A1 A12 A1 A22 B1 B2

0.498 0.506 0.203 0.102 0.101 0.198 0.997 1.007

(0.051) | (0.050) | (0.069) | (0.069) | (0.122) | (0.121) | (0.068) | (0.080)

+x Random Network

012 01 A1 A12 Aa1 Aoz By Bo

0.497 0.505 0.198 0.100 0.103 0.199 1.003 1.009

(0.051) | (0.054) | (0.100) | (0.106) | (0.165) | (0.168) | (0.073) | (0.082)

e Case 2: Medium peer effect A\j1 = doo = 0.5, A3 = Ao = 0.3. Weak reduced-form error term

correlation p* = 0.2

* Circular Network

A~ ~ ~ ~ ~ ~ ~ ~

012 21 A1 A12 21 A22 B B2

0.497 0.506 0.498 0.295 0.305 0.504 1.000 1.009

(0.051) | (0.053) | (0.058) | (0.055) | (0.115) | (0.116) | (0.068) | (0.081)

+x Random Network

012 fa1 A1 A12 Ao1 A2o B Bo

0.497 0.505 0.499 0.297 0.301 0.500 1.002 1.008

(0.050) | (0.052) | (0.096) | (0.095) | (0.179) | (0.174) | (0.069) | (0.079)

e Case 3: Strong peer effect A1 = Aog = 0.8, A2 = A9; = 0.5. Weak reduced-form
correlation p* = 0.2

* Circular Network

error term
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~ ~ ~ ~ ~ ~ A~

012 021 A1 A12 A21 A22 B1 B2

0.498 0.507 0.796 0.496 0.511 0.806 1.000 1.009

(0.058) | (0.061) | (0.053) | (0.051) | (0.099) | (0.103) | (0.076) | (0.081)

+x Random Network

A~

012 fo1 A1 Al Aa1 Aoz B Bo

0.496 0.506 0.798 0.499 0.512 0.806 1.001 1.012

(0.055) | (0.053) | (0.087) | (0.085) | (0.190) | (0.174) | (0.071) | (0.086)

e Case 4: Weak peer effect A\11 = Ao2 = 0.2, A\j3 = A9 = 0.1. Medium reduced-form error term
correlation p* = 0.5

* Circular Network

012 B21 A1 A12 a1 22 b1 B2

0.498 0.504 0.203 0.102 0.101 0.199 0.998 1.008

(0.052) | (0.051) | (0.072) | (0.071) | (0.127) | (0.123) | (0.071) | (0.082)

+x Random Network

A~

012 0o1 A1 A12 Ao1 Aoo el Bo

0.498 0.505 0.197 0.098 0.102 0.197 1.002 1.008

(0.053) | (0.055) | (0.105) | (0.110) | (0.172) | (0.175) | (0.075) | (0.084)

e Case 5: Medium peer effect \j1 = Aog = 0.5, A3 = Ao1 = 0.3. Medium reduced-form error term
correlation p* = 0.5

* Circular Network

012 621 A1 A12 21 22 b1 B2

0.499 0.506 0.498 0.296 0.306 0.506 0.999 1.006

(0.052) | (0.055) | (0.059) | (0.057) | (0.120) | (0.119) | (0.071) | (0.081)

+x Random Network

012 621 A1 A12 A1 A22 B1 B2

0.498 0.504 0.500 0.300 0.300 0.498 1.002 1.008

(0.053) | (0.054) | (0.100) | (0.100) | (0.189) | (0.187) | (0.071) | (0.083)
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e Case 6: Strong peer effect A\11 = Aoy = 0.8, A2 = A9; = 0.5. Medium reduced-form error term
correlation p* = 0.5

* Circular Network

A~ ~ ~ ~ ~ ~ ~ A~

012 621 A1 A12 A1 A22 B1 B2

0.499 0.505 0.795 0.496 0.509 0.804 1.002 1.007

(0.060) | (0.064) | (0.054) | (0.053) | (0.102) | (0.106) | (0.083) | (0.084)

+x Random Network

012 fa1 A1 A12 Aa1 A2o B Bo

0.502 0.503 0.795 0.501 0.512 0.804 1.000 1.003

(0.057) | (0.055) | (0.092) | (0.089) | (0.196) | (0.194) | (0.074) | (0.090)

e Case 7: Weak peer effect A\j1 = Aog = 0.2, A2 = A9y = 0.1. Strong reduced-form error term
correlation p* = 0.8

* Circular Network

012 621 A1 A12 A1 A22 B1 B2

0.498 0.507 0.203 0.102 0.104 0.203 0.996 1.005

(0.054) | (0.054) | (0.074) | (0.072) | (0.132) | (0.128) | (0.073) | (0.083)

* Random Network

A~

012 fo1 A1 Al Aa1 Aoo B Bo

0.498 0.505 0.196 0.097 0.104 0.201 1.003 1.008

(0.054) | (0.056) | (0.109) | (0.111) | (0.180) | (0.181) | (0.077) | (0.084)

e Case 8: Medium peer effect A\j; = Ao = 0.5, \13 = 91 = 0.3. Strong reduced-form error term
correlation p* = 0.8

* Circular Network

~ ~ ~ ~ ~ ~ ~ A~

012 621 A1 A12 A1 A22 B1 B2

0.500 0.504 0.497 0.295 0.305 0.506 1.000 1.004

(0.056) | (0.057) | (0.062) | (0.058) | (0.122) | (0.123) | (0.074) | (0.086)
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+x Random Network

012 fo1 A1 A12 Aa1 Aoz By Ba

0.500 0.505 0.500 0.300 0.301 0.499 1.000 1.003

(0.056) | (0.055) | (0.105) | (0.104) | (0.195) | (0.190) | (0.074) | (0.086)

e Case 9: Strong peer effect A\j1 = Aog = 0.8, A\j2 = o1 = 0.5. Strong reduced-form error term
correlation p* = 0.8

* Circular Network

012 621 A1 A12 A1 22 b1 B2

0.499 0.506 0.795 0.497 0.510 0.806 1.002 1.007

(0.061) | (0.066) | (0.054) | (0.053) | (0.109) | (0.112) | (0.085) | (0.085)

* Random Network

012 fo1 A1 A12 Aa1 Aoz By Ba

0.501 0.505 0.794 0.498 0.515 0.807 0.999 1.004

(0.058) | (0.058) | (0.095) | (0.092) | (0.206) | (0.200) | (0.077) | (0.088)

From the results, we could find the estimation of simultaneous effect is very stable and accurate,
with an error rate +1% and a coefficient of variation 10%. The strength of peer effect and error-
term correlation doesn’t influence the estimation of simultaneous effect parameters. This shows the
accuracy and stability of our two-stage approach to the estimation of structural form parameters.
We could find that the estimation of peer effect caused by censored-outcome activity is better than
the estimation of peer effect caused by binary-outcome activity. Especially the standard deviation
of Aoq and \gs are significant higher than the standard deviation of estimation of A1 and \j2. The
overall peer effect estimation is more consistent in the circular network than in a random network.
Each agent will be treated equally and predictable in the circular network. However, in a random
network, some agents may be overweight and may cause the overall peer effect estimation to be

less consistent. All p;; are between zero and positive infinite, but all p;o are between zero and



45

one. Therefore, Wp; will be more variant than Wps given the same network weighted structure.
And this will lead to a more consistent estimation in A1; and Ao than A9; and A9o. The standard
deviation of the peer effect estimation doesn’t change much as we increase the peer effect, which
means the estimation results will be more reliable under a stronger peer effect case. As for the
estimation of direct effect, ,5’1 is more accurate ,5’2 (£0.3% and +1% in error rate), as the censored
outcomes contain more numerical information than binary outcomes. All the results show our

estimation approach’s accuracy, consistency, and reliability numerically.

2.6 Conclusion

This paper proposes a simultaneous equation model with limited dependent variables and
social interactions. We develop the game theoretical foundation as an incomplete network game
and figure out the parameter space condition for the existence of the Bayesian Nash Equilibrium. A
Nested Pseudo Likelihood estimation is proposed to estimate the reduced form parameters without
knowing the true values of agents’ rational expectations of others’ decision outcomes. We develop
different forms of Bayesian Nash Equilibrium for different activity types and separately identify
their parameter space constraints. Monte Carlo simulation shows the accuracy, consistency, and
reliability of the NPL algorithm and Amemiya General Least square estimation under a sufficient
parameter space condition. Future work is necessary for potential model selection problems or a

different mechanism in simultaneous effect.



Chapter 3

A Simultaneous Equation Tobit Model with Social Interactions

3.1 Introduction

In this chapter, we consider a simultaneous equation model, but the interdependent effect is
caused by other activity outcomes instead of incentives.

Amemiya| (1974) develops a computation-relief approach to handle the two-equation Tobit
model with censored outcomes and proves the consistency of the estimation. Agents in this scenario
are categorized into two groups - positive outcome values in both activities and the rest of them.
The consistency of such estimation is proved. However, as the number of activities increases, the
information loss problem will be more severe as we group all the agents into two instead of 2™
(where m is the number of activities). When agents have two activities, they can be categorized
into four groups if both activities’ outcomes are censored at zero. (positive-positive, positive-zero,
zero-positive, zero-zero). |Amemiya, (1974) estimation categorizes agents into two groups (positive-
positive and non-positive-positive) and provides consistency proof. However, when the number
of activities becomes larger, i.e., m, there will be 2™ groups for agents based on their activity
outcomes. Suppose we still categorize them into an all-positive group and a non-all-positive group.
In that case, the number of agents in the first group will take a much lower percentage of all agents
if the data is randomly distributed. Even the estimation process will be simplified if we categorize
all agents into two groups, and the estimation results will be influenced. Another concern is when
other agents influence an agent’s decision, and such peer effect is through rational expectations on

other agents’ decision outcomes, then Amemiyal (1974)) simplified-categorization estimation cannot
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handle. /Amemiya(1974)) is important to the study of simultaneous equation systems with truncated
outcomes and elaborated in book chapters by [Amemiya (1985) and Maddalal (1986)). Our model
differs from Amemiyal (1974) as we contain peer effect among agents through rational expectations.
Another difference is we don’t use the simplified version of maximum likelihood estimation raised by
Amemiyal (1974)) as we need to use nested-pseudo likelihood estimation and calculate the Bayesian
Nash Equilibrium for every iteration.

The single-equation Tobit SAR model also develops fast, and several papers enlighten our
research. |(Qu and Lee (2012) propose two types of SAR Tobit model, the difference is peer effect is
through actual decision outcomes (positive or zero) or reservation value (positive, zero, or negative)
of the decision outcome. They also provide the hypothesis test for LM statistics for testing models.
Qu and Lee| (2013) propose a more locally powerful test for Spatial Tobit models. Xu and Lee
(2015)) develop the maximum likelihood estimation for the Spatial Tobit model in which peer effect
is through reservation value of decision outcome. They discuss the asymptotic properties of the
estimation and prove the consistency. Xu and Lee|(2018)) extend the maximum likelihood estimation
to sieve maximum likelihood estimation to handle distribution-free estimation cases. All of this
recent progress contributes to my current work and my next-step research - as we can make both
peer effect and simultaneous effect through other agents’ decision outcomes of different activities.

The rest of the paper is organized as follows. Section [3.2]is the econometric model, identifi-
cation, and parameter space discussion. Section [3.3] shows the estimation procedure. Section [3.4]

presents the Simulation and the discussion of simulation results. Section [3.5]is the conclusion.

3.2 Econometric Model

In the econometric model, agents cannot see other agents’ decision outcomes when they
make their own decisions (incomplete information; this is the same as in previous chapters), and
they need to make predictions (rational expectations) on other agents’ decision outcomes. Such
rational expectations of other agents’ outcomes will influence the certain agent’s reservation value

of each activity (peer effect). Peer effect can exist in the same activity (inner-activity peer effect)
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and among different activities (cross-/inter-activity peer effects). Moreover, for each agent, her
reservation value of each activity is also influenced by her decision outcomes (this is different from
the previous two chapters. In the structural form, the right side of the equation is y;; instead of
y5.) of other activities (simultaneous effect) and her exogenous attributes (direct effect).

Suppose there are n agents belonging to a network, and each agent needs to make m decisions.

The econometric model is

m m n
Ui =— Y Owvi+ Y Ak > wiypi+XiBy — €k, (3.1)
I1=1,l#k I=1  j=1,j#i
where y7. is agent i’s reservation value toward activity k, it can only be observed as positive or

zero, i.e., yg = yhI(y} > 0). In other words, y;, is agent i’s decision outcomes toward activity k.
pjt = E(y;1). This is observable to all other agents and researchers. 6y, represent the simultaneous
effect of agent ¢’s decision outcome on activity [ on agent i’s reservation value of activity k. wj;
reflect the network structure, and the strength of agent j influence agent i. A\;; represents the peer
effect of the weighted average of agent i’s rational expectations on other agents’ decision outcomes
in activity [ on agent ¢’s reservation value of activity k. 3, represents the direct effect on activity k.
x; contains all the exogenous characteristics of agent ¢ that directly influence the reservation values
of different activities’ decision-making processes. €;; represents unobserved idiosyncratic term that
influence agent ¢’s reservation value on activity k. We need the following assumption with respect

to (€i1, €2, -+ , €im)" for each agent i

Assumption 3.2.1. (€1, €2, - ,€im) are i.i.d for i = 1,2,--- n and satisfies a joint normal

distribution with zero means and variance-covariance matriz 2.

Remark 9. The joint normal distribution will assist in deriving the Bayesian Nash Equilibrium
(BNE) and the solution to the fized point mapping problem. However, the form of the BNE will

differ from Chapter 1 and will be discussed in the rest of this section.
Assumption 3.2.2. All principal minors of ® are positive.

Remark 10. The assumption of © is stronger in this chapter compared to the previous two chap-

ters. We use the condition for ® in |Schmidt (1981). Cases discussed Amemayal (1974) can clarify
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the necessity of this assumption. Suppose in a two-activity simultaneous equation system, in which
2 2
012 =021 =2, and Y71y Nk D5y jz; WigPj1 +XiB1 —€i1 = D g Nk D5y sy WigPj2+XBy—€i2 = 1,
then (yi1,yi2) can be (%, %), (1,0), or (0,1), instead of a unique result. Suppose 019 = b33 = —2,
2
Y oiiq Ak Z;‘L:Lj;éi Wi5Pj1 +x;8; —¢€;1 >0, and 212:1 Ak Z;‘L:L#i W;ijP;2 +x;8, — €2 > 0, then there

will be no (yi1,yiz) satisfies the model [3.1]

The assumption clarifies our model environment and the precondition for unobserved error
terms. They should be independent among different agents. The unobserved error vector satisfies
a joint normal distribution for each agent, and the variance is finite. The distribution of the
unobserved error vector for each agent is identical and known by all the agents (public knowledge).
This assumption is necessary because the Bayesian Nash Equilibrium is derived in our following
steps. This is different from Liu (2019) because our outcomes are censored instead of binary, we
need to restrict the function form of idiosyncratic terms to derive the rational expectations on all

agents decision outcomes, i.e., Bayesian Nash Equilibrium. Then, the matrix form is

Y = -YO+WPA+XB-E (3.2)
where © = [0y], Ok, = O for k = 1,--- m, represents the simultaneous effect matrix. A =
[Air] represents the peer effect matrix. W = [wj;]};_; is the network structure matrix. Y =
[Y1,¥2, " ,¥m], represents the decision outcomes matrix of all m activities among all n agents.
P = [p1,p2, - ,Pm], represents rational expectations on decision outcomes of all m activities,
among all n agents. B = [B;,8,, - ,0,,], represents the direct effect matrix. X contains all

the exogenous variables influencing the reservation value of all m activities of all n agents. And
E = [e1,€2, -+, €p] represent the matrix containing all unobserved error term related to all m
activities’ decision-making process of all n agents.

Then we can define ® = I,,+©, and © = [0], where §;, = 1 forall k = 1,--- ;m. According
to whether each agent’s decision outcome on each activity is positive or zero, we can categorize all

the n agents into at most 2™ groups. Then, without loss of generality, there are n, agents in the
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group ¢g. And we have
Y0, = W/PA+X,B-E,. (3.3)

We denote the 1st group containing all agents with positive outcomes in each activity. and the
2™-th group containing all agents with 0 outcome values in every activity. The diagonal elements in
the k-row of @, are all ones; other elements are the same as © or zeros. We give a brief discussion
of what each ©, looks like when m = 2 and m = 3. Y} is ny X m, i.e., only containing agents
belonging to group g, and Wy, a revised ny x n network matrix, only contains the rows of original
n X n network matrix related to agents in group g. In the following part of this section, we will
consider two basic scenarios of how to develop @,
e ke {1,2} - then we can categorize all the n agents into 4 groups

Group 1: g=1 y;1 >0,y;0>0

Group 2: g=2 yi1 >0,y2=0

Group 3: g=3 91 =0,y2>0

Group 4: g=4 yi1=0,y2=0
and the ®, matrix for each group of agents can be expressed as

1 012 1 612 10 10
@1: @2: @3: @4:

01 1 0 1 091 1 0 1

For agents in group 1, there exist simultaneous effect of activity 2 decision outcome on the reser-
vation value of activity 1, and simultaneous effect of activity 1 decision outcome on the reservation
value of activity 2. So @ is the same as ©. For agents in group 2, as y;2 = 0, there only exists the
simultaneous effect of activity 1 outcomes on the reservation value of activity 2, but doesn’t exist
the simultaneous effect of activity 2 outcomes on the reservation value of activity 1. Therefore,
the simultaneous effect matrix @ is upper diagonal. For agents in group 3, as y;; = 0, there only
exists the simultaneous effect of activity 2 outcomes on the reservation value of activity 1, but
doesn’t exist the simultaneous effect of activity 1 outcomes on the reservation value of activity 2.

Therefore, the simultaneous effect matrix @3 is lower diagonal. There is no simultaneous effect
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for agents in group 4 as both activities’ outcomes are zeros and @4 is an identity matrix. For
each activity, reservation value is only determined by peer effect, direct effect, and unobserved
idiosyncratic terms.
e ke{1,2,3} - then we can categorize all the n agents into 8 groups

Group 1: g=1 yin >0, y2>0, 93>0

Group 2: ¢g=2 y1>0, y2>0, y3=0

Group 3: g=3 w1 >0, w2=0, v3>0

Group4: g=4 yi1 =0, y2>0, y3>0

Group 5: g=5 91 >0, y2=0, y3=0

Group 6: g=6 91 =0, y2>0, y3=0

Group 7: g=7 yi1 =0, y2=0, y3>0

Group 8: ¢g=8 51 =0, y2=0, y3=0
We can derive the simultaneous effect matrix for each group of agents through a similar approach to
k € {1,2} and have the following results. For agents in group 1, there exist all types of directions’
simultaneous effect, and @, is the same as ©. For agents in group 8, there will be no simultaneous
effect between different activities as all activities’ outcomes are zero. Therefore, the simultaneous
effect matrix g is an identity matrix. For agents in group 2, simultaneous effects only exist from
activity 1 and 2 toward other activities as the outcome of activity 3 is zero. Therefore, the non-
diagonal non-zero elements in @9 are 012, 013, 021, and 3. For agents in group 3, simultaneous
effects only exist from activity 1 and 3 toward other activities as the outcome of activity 2 is zero.
Therefore, the non-diagonal non-zero elements in @3 are 615, 013, 631, and 032. For agents in group
4, simultaneous effects only exist from activity 2 and 3 toward other activities as the outcome of
activity 1 is zero. Therefore, the non-diagonal non-zero elements in @4 are 651, 023, 031, and Oso.
For agents in group 5, simultaneous effects only exist from activity 1 toward other activities, as
the outcome of activity 2 and 3 are zero. Therefore, the non-diagonal non-zero elements in s

are 615 and 013. For agents in group 6, simultaneous effects only exist from activity 2 toward
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other activities, as the outcome of activity 1 and 3 are zero. Therefore, the non-diagonal non-zero

elements in g are 691 and 693. For agents in group 7, simultaneous effects only exist from activity

3 toward other activities, as the outcome of activity 1

non-zero elements in 7 are 031 and 63.

and 2 are zero. Therefore, the non-diagonal

_ 1 bO2 913_ _ 1 612 b3 _ 1 b2 913_ _ 1 0 O

O1= 10 1 Oo3| ©2= (0 1 o3| ©O3=[0 1 0[|O1= 10y 1 0o

031 O3 1 0o 0 1 031 O3 1 031 032 1
—1 012 913_ _ 1 0 0 _ _ 1 0 0- —1 0 0_
=10 1 0 O6= [0y 1 03] ©7=]0 1 0[/Os=10 1 0
0 O 1 0 0 1 f31 O30 1 0 01

For a general number of activities m for each agent, all the agents can be divided into 2™ different

groups. We have
* _ -1 -1 -1
Y, =W/,PAO, +X,BO, —-E0O,

(3.4)
= W,PA; +X,B; - E|
where Ay = A@;l, B, = Bg(-);l, and Ej = Eg@;l and we have
[Y;EL = [WQEZIP[AZ]Ezl + [XgBZ]gg - [E;]gg (3.5)

so for each p;;. That means we will have a group-specific reduced form model similar to |Liul (2019)
for each group of agents. We can derive the rational expectation of activity outcomes, i.e., p;r as

following.

pit = E(Yir) = E(Yir|yix > 0)Pr(yi > 0)
gm
= ZE(yzk] agent ¢ in group g)Pr(agent i in group g).
g=1
It is obvious that some E(y;x| agent ¢ in group g) are zeros, but to make the formula represent a

(3.6)

general case, we still use this form. According to our previous discussion about the group-specific
reduced form model, we need the following assumption.
) 2m7

Assumption 3.2.3. All group-specific reduced form simultaneous effect matriz ®4, forg =1,---

should be non-singular.
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Given k € {1, 2}, we have the following simultaneous equation Tobit model with social interactions.

n n
yi = —621yi2 + A1 Z wijpj1 + A21 Z wijpje + X081 — €
-1 —1
! ! (3.7)

n n
Yio = —0123i1 + A2 Z wijpj1 + A2 Z w;jpj2 + X8y — €2
s =1

for each agent 4, neither yJ; or y3 can be observed. However, the outcome y;; and y;2 can be

observed as zero or positive.

vi1 = yal(yh > 0)
(3.8)

Yiz = Yial(yiz > 0)

then, we derive the rational expectation from our previous group discussion and the property of

conditional expectation values.
pir = E(yi) = E(ya|yir > 0)Pr(yir > 0) + E(yi|yir = 0)Pr(yi1 = 0)
= E(yi1lyi > 0)Pr(y;; > 0)
= E(yi1lyir > 0,552 > 0)Pr(y;; > 0,555 > 0) + E(y1[yi1 > 0,45 < 0)Pr(y;; > 0,555 < 0)
pi2 = E(Yi2) = E(yi2|lyi2 > 0)Pr(yi2 > 0) + E(yi2|yi2 = 0)Pr(y;2 = 0)
= E(yi2|yia > 0)Pr(yj; > 0)

= E(yilyii > 0,y > 0)Pr(y;; > 0,355 > 0) + E(yialys; < 0,y > 0)Pr(y;; <0,y > 0).

(3.9)
For the possible case that agent ¢ belong to group 1, i.e., y/; > 0 and y3, > 0, we have
yi1 = —0yj + Ziwpy — i1 > 0
(3.10)
Uiy = —012y5) + 2y — €52 > 0
following is our notation of previous equation system
n n /
z; = ( Z WijPj1, Z WijPj2, X;)
j=1 j=1
(3.11)

¥y = (M1, Aa1, B7)

Py = (12, A2, B5)
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and the inequality, when ¥} > 0 and y}, > 0, can be rewritten as the vector form

1 612
(Y515 Yi2) = z(h1,v2) — (€1, €2) > (0,0) (3.12)
021 1

the simultaneous effect matrix under this case is the same as in the structural model. Then,
according to the assumption made on the parameter space, we have 1 — #126021 # 0, we can rewrite

the inequality of (v, y)5) as

(yﬁ»y;z) = Z;("’bp'ﬁbz) - (61‘1, 61’2)
by 1 Oy 1 (3.13)

= z; (Y1, 9¥3) — (€1, €;2) > (0,0)
(¥7,43) are group 1 specific reduced form parameters, and (€}, €};) are group 1 specific reduced
form idiosyncratic error terms, which is similar to [Lee (1981)), |Liu/ (2019) and Chapters 1 and 2.

The formula of (¢7,5) and (€, €),) can be written as

-1

1 6 1 I -0
(], 93) = (1, o) =)y :
921 1 12V21

_ (¢1 — 02199 Py — 9127/’1)
1 — 012021 " 1 — 61202

o (3.14)
* * 1 912 1 1 _912
(6i17€i2) = (6i175i2) = (61,62)7
1 — 612691
01 1 1 1
_ (61 —ba1€2 €3 — 912€1>
1 — 6126217 1 — 01262
Suppose for each agent i = 1,2, --- ,n, the structural form model idiosyncratic vector (;1, €;2) has
zero mean and variance-covariance matrix as
2
09 pPo102
(3.15)

2
pPoO102 0y

and according to the property of joint normal distributed random vector, we can derive the variance-
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covariance matrix of the group 1 specific reduced form idiosyncratic vector, i.e., (€}, €), as

- /-1 -1
01‘2 proios 1 019 0% pPO109 1 019
proios 052 01 1 pO109 O'% 01 1
_ (3.16)
0% — 2021 po109 + 03,03 (1 + 012021) po1og — 01207 — 02103
_(1 + 912921),0010'2 — 9120’% — 9210% U% — 2912,0010’2 + 9%20'%

o], 05, and p* are the reduced form parameters related to the joint normal distribution of group 1

specific reduced form idiosyncratic vector, their formula are

o] = \/a% — 2091 po109 + 03,03

o= \/ag — 2012p0109 + 02503 (3.17)

p* — (1 + 912921)P0'10'2 - 9120’% — 0210‘%
V(0F = 2031p0102 + 03,03) (05 — 2012p0102 + 03507

Then, we can use the group 1 specific reduced form model’s parameters to derive the probability

that agent ¢ belongs to group 1, as follows

*x 7 *

Pk ook
z; Y1 z;Yy — B
Y - *2
01 2

Pr(yi1 > 0,yi2 > 0) = Pr(y}y > 0,y > 0) = Pr(zjyp] > €1,z,15 > €) = (I)g(

(3.18)
Where ®4(-, -, p) is the CDF of the standard bivariate normal distributed vector with correlation
coefficient p.

Then we consider the possible case that agent ¢ belongs to group 2, that means the activities’

outcomes are y;; > 0 and y;2 = 0, i.e., the activities’ reservation values are y;; > 0 and y5 <0

Y = —021yi2 + z;p; — €10
= Zé’l/)l —€1>0
(3.19)
Yy = —bh2yin + zithy — €i2
= —b12y;) +2jtpy —€in <0

when we write the two-equation system in a vector-matrix form, we can also derive the group 2



56
specific simultaneous effect matrix

1 612
(Yi1, via) = zi(P1,,) — (&1, €i2) (>0,<0) (3.20)
0 1

according to our previous assumption, if all of the group-specific simultaneous effect matrices are

non-singular, then the vector-matrix form of the two-equation system can be rewritten as

—1 -1
C 1 612 1 61
(Yi1: Yia) = 2i(P1, %) — (€1, €i2) (>0,<0)
0 1 0 1 (3.21)

=z (P17, 957 — (i1, €63)  (>0,£0)

%

the group 2 specific reduced form parameters (7%, 15") and idiosyncratic vector (€5, €}5) can be

written as

1 912
( T*v S*) = (¢17¢2) - (¢17¢2—912¢1) (3'22)
0 1
-1
1 012
(€i1:€i2) = (€, €in) = (€1, €2 — O12€1) (3.23)
0 1

according to the property of bivariate normal distribution random vector, the variance-covariance

o kk kk 3
matrix of (€, €}5) is

- /—1 -1
2 2
or* proTr o5 1 019 o7 poioa| |1 612
proiros* o3*? 0 1 poios 03 0 1
_ (3.24)
2 2
09 p0'10'2—9120'1
2 2 2 2
pPO109 —91201 05 —2912p0102+91201

o1*, 03*, and pi* are parameters related to the distribution of (€], €/5) and can be written as

following
o1 =01
oyt = \/a% — 2012p0109 + 02503 (3.25)
o = po10y — 0120% poa — O1201

o1 \/05 — 2019p0109 + 9%20% \/05 — 2019p0109 + 9%20%
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Then, we can use the group 2 specific reduced form model’s parameters to derive the probability

that agent ¢ belongs to group 2, as follows

Pr(yi > 0,y:2 = 0) = Pr(y;; > 0,95, <0)

. . 3.26

Z;,l)f*l* 5 _Z;f§ 7_9**> = <D§*' ( )
01 )

= Pr(zpi" > eif 293" < ) = @2
Then we consider the possible case that agent ¢ belongs to group 3, which means the activities’

outcomes are y;; = 0 and y;2 > 0, i.e., the activities’ reservation values are y;; <0 and yj > 0

Yl = —001vi2 + z;h; — €51 = —02195 +Zp; — €1 <0
(3.27)

Yo = —O12yi1 + 2%y — €12 = Z;3pg — €12 > 0
when we write the two-equation system in a vector-matrix form, we can also derive the group 3

specific simultaneous effect matrix in the vector-matrix form is

1 0
(Wi1, Yi2) = z(1,¥y) — (€n,e2)  (£0,>0) (3.28)
0 1

according to our previous assumption, if all of the group-specific simultaneous effect matrices are

non-singular, then the vector-matrix form of the two-equation system can be written as

1 1
1 0 1 0

(Wi, vi) = 2i(Y1,1,) — (€1, €2) (£0,>0) (3.29)
‘921 1 021 1

we can derive the group 3 specific parameters and idiosyncratic vector as follows

-1

1 0
( T**a 3**> = (lplva) - (d)l - 921¢27¢2)
O 1
-1 (3.30)
1 0
(6;1**7 6:2**) = (fih 62’2) = (61 — 02169, 62)
01 1

according to the property of bivariate normal distribution, we can derive the variance-covariance
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matrix of (e, €5*) as follows

- -1 -1
Ui‘**g P o o 1 0 O'% pPO102 1 0
P o oSt 0’2***2 01 1 pPO102 0% 02 1
- (3.31)
2 2 2 2
o7 —2921p0102+92102 p0102—92102
2 2
p0102—92102 g5

koksk kokk

R B are parameters related to the distribution of (€, €/5*) and can be written as

01 502 and p***

following

o = \/O'% — 2091 poi0g + 03,03

oy =09 (3.32)
p0102—0210% _ PU’I_HQIUQ
02\/0%—2921,001024-9%10'% \/U%—2921p0102+9%10%

Then, we can use the group 3 specific reduced form model’s parameters to derive the probability

sokk

p

that agent ¢ belongs to group 3, as follows

Pr(yil = O)yiQ > 0) = Pr(y;,kl S O)y;kQ > 0)
(3.33)

IS /SR TES
Zi/lpl Zi'wQ p***) _ q)***
3 s - 2 -
gErE U;**

=Pr(z;y]"" < ", Zih;™ > €57) = ‘1)2< a
1
The last possible case to discuss is when agent ¢ belongs to group 4, means the activity outcomes

yi1 = 0 and y;0 = 0, i.e., yj; <0 and yj, <0, we have

v = —0a1yi2 + zipy — €1 = zip — €1 <0
(3.34)

Yo = —012yi1 + 2i%py — €2 = ziPy — €12 <0
we can find no simultaneous effect as both ;1 and y;2 are zeros. Then, we can derive the probability

of agent ¢ belongs to group 4 as follows

Pr(yi = 0,y:2 = 0) = Pr(y;; < 0,95, <0)
(3.35)

Zl’¢1 Z/'¢2
= Pr(zj, < €i1,z10y < €2) = <I>2< — 7; ,—720 ,,0)-
1 2

According to the results of probability for different cases and the method of conditional expectation,
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we can derive the rational expectation values as

bi1 —(Z 1/’1)‘1’2 ( )‘I)
+ ot [QS(Zﬂfl)q)(Ulzﬂbz P 02Zz¢1) +p*¢<zﬂf2)¢(azzz¢1 P Uﬂﬂ/’z)]
oy ofoi\/1— p*? ) oo/ 1 — p*?
Z/-TP1 5" ,d’ UT*Z/ 2
+oi[o( %55 ) )
1 0-1 UT*U**\/W

*%x,/ Kk __kxk /)

**¢(22¢§*)¢(02 21" — p ol 7y )}
o5* Ui«*a** 1— p**2
piz =(293)®5 + (zih3™ )85

Lo [¢<Zé¢§>¢(0§ziwi - p*oIZQIbS) +p*¢(22¢’f)q)(ai“zm§ - p*USZ{ﬂpT)]
2 0—; * *m 0'* O'TU; /1 _p*2
/ kokk ***O_*** / *3kok *** !/ Fokk
Foyr o2 Y (MY )
g2

*kok *** *kokk 2
o] 1—p

(3.36)

*** 1 )y koK *** ***Z,’l/)***

e e (TS )
o] UT** oL /1 — p***Q

Suppose we denote p = vec(P) = (p}, ph)’, and p = ﬁ(p), then we have

h(p) = [h1(p), ha(p)] (3.37)



where

2
in(p) = (Z Ny Wpy + xm)
=1

®(I)<Zl21 AW+ XB7 212:1 Ao Wpy + X35 p*)

o1 a3
2
+ ( > AiWp, + Xﬂ’{*)
=1
o ( S ANTWp+ XBT YL Ay W + X85 _p**>
O-T* ) O_;* ?

2 * *
+o? ¢<Zz:1 AiWpr + Xﬁl)

*
01

b (UT(Zzzl Mo Wi+ XB3) — pros (31, Ay Wi+ Xﬂ’f))

k% _ *2
0101V p

2
. 1 Ao Wp + X35
+p¢<211 12 *l 2>
p)
b <0§(Z§11 AiWpy + XB7) — p ot (7, AW + X5§)>
ofof\/1 — p*?

+oi*

0_**

1

¢<Z?:1 A Wpr + Xﬂ?)

o0 (P**03*<Z%1 N Wi+ XB1) — o (K7, N W + XB5)
Ui‘*ai‘*m
_p**¢<212:1 )‘TQ*Wpl + Xﬁ§*>

o5*

00 (Ué‘*@:’”‘l Ni Wi+ XBiY) — o (TF, A W+ XB57)

ko Kk *k2
ooV 1—0p
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)
)
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2
Fate) = (3 Wi+ X83)

=1
Qq)(Zl 1 AW +X:31 El 1 ApWpi + XG5 p*)

o} o5

@@( TELN Wor s X0 SLOWos X5 )

*kkk *kkk
01 D)

*
+o1 |9

<Zl 1 A Wpi + Xﬂz)

g

oUW X0~ (2 W X6
ofoty/1— p*?
S AW+ Xﬁ?)

*
0y

+ﬁ¢<

o (UT(Z?1 NoWp + X35) — p*oé“(Zle A1 Wp; + XBT))
oioty/1— p*?

<Zl ) )\***Wpl + XB***)

*okok
+05

kkok
09

@(I)(p*** ***(Zl . )\E**Wpl + X,B***) ***(E;nl )\***sz + XB***))

Kook *** _ pkEx2
o] 1—p

_p*** (Zl 1 )‘Z(l**wpl + XIB***)

kokk
01

@@( ***(Zl 1)\***WPZ+X5***)— *okk ***(El 1)\***Wpl+Xﬁ>{**)>]

UT** ger /1_ Kokx2

and the first-order derivative is

- Ohi(p) Ohi(p)
on(p) _ [ “opi “op, | (3.38)
op’ Oha(p)  dha(p)

op} op}

We can derive the formula of the first-order derivative by figuring out the expression of dp;;/0p’
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and Op;2/0p’. Then we can get results similar in forms to [Liu| (2019) but with some extra terms.

TI;’ :[)‘llwiv)‘Qlwi]q)Q
< Zpt - prot 2) [AloWi, ASowi] ¢<Zéw§>@(0522¢’{—p*oi‘z;wé)
Z o5 “ 03 o5 oios/1 — p*?
o[ NowWi, Asow zZip] Zaps s o
(1 ) D) z* 22 l]¢2<z 1’ 2*2,p>+[11Wz,)\21Wz]
72 e (3.39)
T p**O'T*, % P‘ﬁwﬂ)‘%wl] Z;"p;* U;*Z/ —P *Zg'(»b;*
— |z — — 2z - Pl ——)®
0'2 0'2 9 O-T**O-S* 1— ,0**2
O_** **W,A**W / *k / *k
—(1-p) (A5 i 22 z]¢2< @f* ’ @f* ’ **>
0'2 0'1 0'2
=[AT1 Wi, A5y wi] @5 + [ATTwy, AT w95 + Ky
61;’ =[A12Wi, Ao w; | P
.\ < i P %) i Xl T g (oi7its —  oim
' o ' 1 o} oio3\/1 — p*?
(1 _ )0'2 [)\11W7,7)\21Wz] ¢2<Z ¢1? Z,¢27p > + *** “)\*** ]@***
o}
s ***O.*** e ***W , ***W ***
- <Z; 2 _pO.TfZ; 1 >[ = Z***Ql Z ( *** ) (340)
1

sk /o Kok skokk skokok [ ] kKoK

(I)(Ulz 2 — P 0y % 1)
UT**UE** 1 — p***Q

(1 ey O8N Wi X (% 2t 2l )
O.>1k** UT** ’ O'S** ’

=[ATawi, Agpwi] D5 + [ATy" Wi, A" wi| 25" + Koo
To prove both dp;1/0p’ and dp;2/0p’ are bounded, the key part is to prove the extra terms are

bounded. Then, we can conclude that under our parameter space restriction condition, at least one
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type of norm of the first-order derivative matrix is bounded.

u—< dp — 20 ) %W”A&W%(ZW%)@(@Z;@@fp*ofzm)
2 o o5 01‘0*\/1—7*2
7 oF or*as*w

2 2
K _< l¢2 p* ZQ ; 1) [ 11Wu* 21Wz]¢<z/‘f1>(p<fflzz'¢2 P 0’2%"?1) (3.41)
0-1 0-1 0-1 * %k /1 _p*2

sokk skkok sokok koK
. Z/ Hokk P ) Z/ EEES [ 11 Wi, 21 WZ]¢ Z; 'd)
172 ok ok 171 Hokok ok ok
01 g1

(o}
1
*** /SR T3 ko *** VYR L
<I)( 1 Z;Yo —p 05 Y )
UT**JE** 1— p***Q

To fulfill the condition of the existence of fixed-point in rational expectations of outcomes among
different activities. We need the following assumption related to the parameter space of the model.
The parameter space assumption for our model is different from what is presented in |Liu/ (2019) as

our restriction condition on the model parameter space is related to the agent’s exogenous variables.

Assumption 3.2.4. The group-specific reduced form peer effect matriz ||A*||, ||[A**||, [|A***||, the
network weight matriz W, and the extra term determined by both the parameters and the exogenous

variables, should satisfy the any either of the following conditions,

min { max{||A"][1, [[A™] |, [[A™ 1 HIW]loo[L + f(X, )],
(3.42)

max{||A"[oo; [|A™||oo, [[A™[|oo W1 [T + f(thb)]} <1

Proposition 3. If assumption [3.2.1, assumption and assumption hold, then the in-

complete information network game will hold the Bayesian Nash Equilibrium, and the fixed point

of p = h(p) will exist.

To achieve this, we can start with [A\};w;, A5; w;|®5+[ATTw,, A5Tw;|®5% and [A]owy, A5, w;| @5+

A5 Wi, N85 w; | ®5™* to derive the following two inequalities.

[M1wi, Ay Wil @5 + [AT1wi, A wi| @57 < [max{ A}y, A pwi, max{ A, A7 wil (3.43)
3.43
[A2Wi; Apa Wi @5 4 [Mio Wi, Aoy "W | @57 < [max{Ajp, Aip" }wi, max{ s, Agy™ pwil
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then we can derive the inequalities for K;; and K;o as following
2
K <y 2lma(, Xifbw, max(¥, A i
N A AN v s
o o J\a T a7
2
Ko <y Zlmac{M. 5 v mace( . 557w

103 % * k) o)k IYETTS kokk _skskok o/ o) kKoK
max z;Y5 P o3z z; Yy pT oy
O—T O—T ) JT** O—T**Z

That means if any of the two following conditions are satisfied, we can conclude the existence of a

(3.44)

fixed point according to contraction mapping theorem.

max{ [[A"| |1, [[A™ ]|, [[A™ [ HIW]|oo[L + f(X,9)] < 1
(3.45)

max{[|A%|oo, || A ||oo, [[A™ o HIWI[ [T+ f(X, )] <1

Where X are all exogenous independent variables of all agents related to all activities. 1 contains

all the parameters of the model, i.e., ¥ = (012,621, vec(A), B}, B85, 01,02, p) and

F(X, 1) :\/Em?x { max {

zppl  protzs | |zt ptro iy

* *2 ’ *ok k2 )
02 09 02 09 (3.46)
/¢* * * /,l'b* /,('b*** kkok skoksk o/ *kkok ’
Z;Yo P OZiYy| |Z;%y P O3 ZjYy }
* * ) *kok *kk2
01 01 01 01

When the assumption [3.2.1] assumption [3.2.3] assumption [3.2.4] the contraction mapping property
of p= i_i(p) is ensured. The assumption is the precondition for identifying the two-equation
Tobit Model by [Schmidt (1981)). The discussion of the econometric model identification in this
chapter differs from that in Chapters 1 and 2 because we don’t need to consider estimating the

reduced form parameters. All structural form parameters are estimated directly.

3.3 Estimation

After figuring out the parameter space condition, we derive the estimation process by Nested
Pseudo Likelihood (NPL) Estimation developed by Aguirregabiria and Mira (2007) and has been

applied in incomplete information network game estimation in|Lin and Xu| (2017)) and Liu/ (2019). In
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our estimation, the true value of rational expectation value of agents’ activities’ outcomes cannot be
observed directly. So we need to initialize p; and p2 at the beginning. Then use the initialized p =
(P, ph) € [0,1]?" to estimate model structural parameters ¥ = (612, 021, vec(A), B}, By, 01,02, p),
then use the estimated model structural parameters to update the rational expectation value of
agents’ outcomes p = (p/, p5)’. Then use the updated p to estimate 1 by maximum likelihood es-
timation (MLE). We repeat the previous two steps until our estimated model structural parameters
converge. Here are the steps:

Step 1 Given p~1, we estimate the model structural parameters 1), notation 17)(t), by MLE, i.e.,

'z,Ab(t) = arg max In L(2p; p*~Y) where

1—
In L('l’b; p(t_l)) = Z log Jf(1722921

1€Group 1
n (1) n (t=1) / , .
& <>\11 Zj:l WijPj1 + A21 Zj:l WijPjo + Xiﬁl — 02192 — Vi1
2 o1 )
M2l wzgpjl Y4 oo Py wmpgg + %8y — thayin — Yi2 )
P
02

(t— ' ,
n Z log 1 ()\11 Z -1 wszjl + A21 Z -1 wmpjz + Xi/Bl - yzl>

g
1€Group 2 1

-1 -1
<P()\11 > -1 wijP§-1 Do Y wigply Y+ xB, — va)
o1y/1 — p?
A2 D0 wijpﬁ_l) + A2 0 wijp§t2_1) + X8, — 912%‘1)
o9/1 — p2
n Z ( A12 Z =1 wljpjl Yy A22 Z =1 wzap§2 +x;8; — yi2)

02

)

i€Group 3
\ D s ) g
(E(P( 12051 WijPjy A2 wiPyy |+ XiBy Yi2)
0'2\/1—p2

A1 doiey wijpg-tfl) + A1 00 wijpg-t{l) + %81 — 9213/1‘2)

o1/ 1 — p?

A Y wip 4 Ay wip'h )+ x!8
i Z lqu)Q(— Zj_l 141 2] 1 %2 i 1’
) o1
1€Group 4
t—1 t—1
Al wijp§‘1 "+ 2y 2 =1 wijp§‘2 '+ X8, p)
g9 ’

(3.47)
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Step 2 Given 1,Ab(t) = (ég,ééﬁ),vec(xm)’, Aﬁt)/,,@;t),, 6?), 6§t), ﬁ(t)) and calculate p(*) by
> —1). @) - 1 50y 7 _1 5@
p") =h(p" Vi) = ("9 ) ha (P4 ) ) (3.48)

both H1 (P(tfl);@(t))

and ﬁg(p(tfl);'@(t)) are n X 1 vectors. For 1 = 1,--- ,n, the i-th element of

(et 9") is

2 n R $2 RO s (D) e
P =0 RS wigp(i T 4 kB ) (SIS :
=1 0'1

s

=1

i XZ(Q(t) Py wz‘jP;;il) + x;a;(t)
oX(®)
2

) p*(t))

N t—1 >
SN o wapl Y+ xgB

2 n
EIODPYREDS wijpgffm + x;ﬁf*(t))q>2(
i=1

= U;*(t) ’
23" = i N S el e xiBY
- w%(t) » TP )
T2
2 $*(t) «n t—1 S (t)
Lor® [qb(zl:”“( S wigpli ) +xB)
1

‘TI(U
o 1S A Sy wispl ™Y+ X8R — 7oy (S R SR wagpfi T + xgai“h)
Ur(t)U;(ﬂ /1 — p*(1)2

2 5+ s (t=1) gD
+p*(t)¢(2l:1 Mg B wigby  +xiPs
-
T2

(3.49)

o EE A Sy wispl ™Y +xBE ) — ot Ool (SR R SR wigpg T+ xiB5 ) )]

gl gl
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+opr® [¢(le:l O “’"J'p;l )i

o ®
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the i-th element of l_ig(p(t_l); @(t)) is

2 5 =2 *(t) Sy wi p(f Dy X{E*(t)
Di2 _(Z (t) Z w; p L —1) +x (t))q>2( 1A 1 *(tj) i~1 ,
=1 91
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+ o
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then we updated pt=1 in Step 1 to p®. We repeat the two steps until the estimated model

»(”

structural parameters @(t) converge. The contraction mapping with a fixed point is an im-
portant determinant of the nested pseudo likelihood algorithm convergence according to Kasahara
and Shimotsu (2012)). Given assumption assumption [3.2.3] assumption the contraction
property of p = ﬁ(p) is ensured. The NPL estimator is characterized by '::bz = argmax In L(v}, D)
when NPL algorithm converges, where p is implicitly calculated through p = E(ﬁ,\/I\l*) (The
structural parameters are directly estimated in our NPL. There is no need to derive the process
from estimated reduced-form parameters to structural-form parameters. This is the difference in
the estimation process from |Liu (2019))A Monte Carlo simulation is conducted in the next section

to offer a straightforward perspective of our estimation.
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3.4 Monte Carlo Simulation

3.4.1 Simulation Setup

In our simulation, we build a n-agent network, and each agent makes decisions in two activities
simultaneously. The model can be expressed for each agent ¢ in the following two equations.
Vi = —Oayi2 + A > wigpin + Ao Y wigpjz + xa B — e

= = (3.51)

Yin = —012Yi1 + Ai2 Z W;iPj1 + A22 Z w;jpj2 + Ti2fP2 — €42
j=1 J=1

where y;; and y, are reservation values of activity outcomes and can only be observed as positive
results or zeros, i.e., yi1 = y51(y5 > 0) and yi2 = y51(y5 > 0). 241 and x;2 are independent
variables related to different activities. &;1 and g;5 are unobserved idiosyncratic terms among
agents in the two activities. (g;1,€;2)" is identical and independently distributed, satisfying joint

normal distribution with zeros means and variance-covariance matrix as

the vector form is

yi = —021y2 + A11Wp1 + A1 Wpe + X161 — €1
(3.52)

ys = —012y1 + AM2Wp1 + Ao Wp2 + X 82 — €2
where yT = (41, ¥n)' ¥5 = W2 Une)s y1 = (11, yn1)'s y2 = (412, ,yn2)', P1 =
(P11, s Pn1)'s P2 = (P12, -+, pn2)’, X1 = (@11, 2n1), Xo = (212, , 2n2), €1 = (€11, ,€n1)'s
g9 = (€12, -+ ,en2)’. In the data-generating process, we need to use group-specific reduce form
parameter value to iterate calculate p; and po, suppose we denote 1, = (A11,A21,51,0) and

'1,02 = ()\12, )\22, 0, BQ)/, and Z; = (Z?:l wijpﬂ, Z?:l wijij, Til, l'ig)/ then we Wﬂl have the following



reduced form parameters. The reduced form parameters for Group 1 are

¢* :1tb1 - 9211/]2
11— 01960
« Yo — 0127

¥ 1 — 6012021

O’T =4/ 1— 2921p—|— 9%1
o3 =y/1 — 2012p + 03,

= (1 + 012021p — 612 — 621)
V(1= 20210+ 03,)(1 = 2012p + 07,)

The reduced form parameters for Group 2 are

){* :¢1
3* =1y — 0129,

o;" =1

03" =1/1—2012p + 6%,
Kk p— 012

p =

V 1- 2912P + 9%2

The reduced form parameters for Group 3 are

1 =t — O21%,

2 =1,
o5 =1
P = p— 0

V 1- 2921P + 0%1
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(3.53)

(3.54)

(3.55)

then, we can calculate the rational expectations by equation (3.36)), until results converge. In the

estimation process, when we obtain the rational expectation values, we write the log-likelihood

function of structural form parameters, and we will get the following result by [Amemiya, (1974)
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and Maddala; (1986)

n

> |:di1di2 InPr(y1 = yi1, y2 = yiz) + dir(1 — diz) nPr(y1 = yin, y2 = 0)
i=1

+ (1 = di1)digIn Pr(ys = 0,92 = yi2) + (1 — di1)(1 — di2) n Pr(y; = 0,2 = 0)

n
=) [dildi2 InPr(ein = 21 — 0219i2 — Yir, €2 = 25y — O12yi1 — Yio)
i=1

+ di1 (1 — dig) InPr(e = 291 — yi1, €2 > Ziahy — O12yi1)
+ (1 — di1)dia In Pr(ej1 > zjap, — O21yi2, €2 = zi2hy — yi2)

+ (1= din)(1 —dio) InPr(eq > 23y, €0 > zgng)} (3.56)

n
1 — 0120 b — Oorio — i1 Zho — O1oUi1 — Us
— Z |:di1di2 In 12U21 ¢2 (Zz’(pl 21Yi2 Yil : Zl’l,b2 12Yi1 Y2 , p)
=1 0102 Ul 02

<Z§¢1 - yﬂ)@(l)(%% —yi1)  ZPy — 912%1)
01 o1y/1 — p? o9y/1 — p?
N L 2y — yio p(zipy —yio)  Zip — 021952
(1= dit)dio 1n;2¢( )@( _ )

02 o9v/1 — p? o1/ 1 — p?

(1= di) (1 = dig) In @5 — Za’fl_z%p)}

02

1
+ dil(l — dig) In 7(1)

01

n
=3 [dﬁdi2 InLy 4+ dit(1 — din) In Lo + (1 — dit)dio In Ly + (1 — di1)(1 — din) In L4]
=1
The Maximum Likelihood Estimation (MLE) step in our simulation is a standard version of MLE
in handling the two-equation simultaneous Tobit Model in |Amemiya| (1974)), Amemiya| (1985)) and
Maddalal (1986). We estimate the structural parameters directly in each iteration of NPL esti-
mation, unlike the practice in [Liu (2019), in which the reduced-form parameters are estimated.
However, we use the group-specific reduced form in our rational expectation obtaining step for

each iteration to accelerate the computation and reduce the programming complexity.

Note From a group-specific reduced form parameter perspective, the likelihood function can be
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written as

n

Z [dildiQ InPr(y; = yi1,y2 = vi2) + dir(1 — di2) n Pr(y1 = yi1,y2 = 0)
i=1

+ (1 =di1)digIn Pr(y; = 0,y2 = yi2) + (1 — di1)(1 — diz) n Pr(y; = 0,2 = 0)
=Y [dildﬂ InPr(ef; = Z;9] — yi1, € = 25 — yi2)
i1

+ di1(1 — di2) nPr(ey = 27" — yi1, €5 > z;p3")

+ (1 —di1)dio In Pr(ef* > zabt™, €™ = zaps™ — yin)

, , (3.57)
(1= d)(1 = dig) In Pr(en > Ziapy, iz > z@«m]

- 1
= E {dildz‘Q In —
X g0
=1

*
1¥2

1 100k
;1 —yin z 5 — Y2
¢2 * ; * P
01 )

1z — i P (Zh1™ — yin) z 5"
T+ di(1— dys ln[ **¢>( Y1 - )@( i _ i )
7 ( () ) o o UT* /1 _ p**Q O.>2k* /1 _ p**2

1 1
1 ¢(z§'¢§** - %2)(1) (P***(z§¢§** — Yi2) ziab )}

skokok *kkok
p)

g 0.>2k** /1 o p***Z UT** /1 o p***Q
7! z!
+ (1 —dn)(1 - dz’2)111‘1>2( - ﬂv Zd)z,ﬂ)}
01 g9

+ (1 — dil)dig 111 |:

The group-specific reduced-form parameters approach will be useful in rational expectation value
calculation in each iteration of our NPL estimation step, following the equation . The group-
specific reduced form’s likelihood function will finally be used to estimate structural-form param-
eters only. If the number of activities increases, we can use reduced-form parameters to assist the

programming process.

3.4.2 Simulation Results

The network in our simulation contains n agents, each with two exogenous independent
variables. They are normally distributed with zero means and unit variance, and no correlation
exists among agents’ independent variables. As for the network structure, we consider both circular
and random networks. In a circular network, an agent will only be friends with her neighbors. In

a random network, an agent will be friends with five other agents randomly. The following are the
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graphs of a circular network example and a random network example.

The number of replications is 1000. The unit direct effect and the unit variance of idiosyncratic
terms are applied, i.e., 81 = f2 = 1 and 01 = 09 = 1. Following are our results with different values
in peer effect and idiosyncratic shock correlation.

e Case 1: Weak peer effect, weak error-term correlation. Aj; = Aog = 0.2, Ajo = Ao = 0.1, p=10.2

+x Random Network

~

012 01 A1 A12 21 A22

0.108 0.108 0.190 0.122 0.121 0.188

(0.072) | (0.071) | (0.111) | (0.110) | (0.114) | (0.126)

~ ~

B1 B2 a1 op) P12

0.997 0.998 0.996 0.995 0.211

(0.058) | (0.058) | (0.045) | (0.045) | (0.084)

* Circular Network

~ A~ ~ ~ ~ ~

012 021 A1 A12 21 A22

0.110 0.107 0.203 0.118 0.107 0.194

(0.075) | (0.076) | (0.090) | (0.092) | (0.090) | (0.093)

B1 B2 a1 0P P12

0.997 0.999 0.996 0.997 0.209

(0.061) | (0.062) | (0.046) | (0.043) | (0.092)

e Case 2: Medium peer effect, weak error-term correlation. A1; = 9o = 0.3, A2 = Ao1 = 0.2,
p=02

+x Random Network



* Circular Network

th2 621 A11 A12 A21 A22
0.105 0.108 0.298 0.203 0.209 0.300
(0.069) | (0.071) | (0.120) | (0.125) | (0.137) | (0.135)
B Ba 01 G2 P12
0.998 1.000 0.996 0.997 0.208
(0.060) | (0.060) | (0.043) | (0.043) | (0.089)

012 021 A1 A1z a1 A2
0.104 0.102 0.299 0.205 0.200 0.298
(0.074) | (0.069) | (0.083) | (0.094) | (0.089) | (0.085)
B Ba 01 P P12
0.997 1.001 0.996 0.999 0.206
(0.062) | (0.058) | (0.042) | (0.043) | (0.090)
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e Case 3: Strong peer effect, weak error-term correlation. A\1; = oo = 0.5, A\jo = o1 = 0.3, p=10.2

+x Random Network

* Circular Network

~

b1 O A1 A12 a1 A2
0.103 0.105 0.491 0.302 0.313 0.503
(0.061) | (0.062) | (0.106) | (0.118) | (0.116) | (0.106)
B Ba 01 G2 P12
0.999 1.000 0.996 0.996 0.207
(0.055) | (0.056) | (0.040) | (0.041) | (0.080)
b1 O A1 A1z a1 A2
0.103 0.103 0.503 0.301 0.300 0.502
(0.063) | (0.064) | (0.052) | (0.074) | (0.073) | (0.050)
B Ba 1 02 P12
0.998 1.000 0.999 0.997 0.201
(0.059) | (0.058) | (0.041) | (0.040) | (0.084)
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e Case 4: Weak peer effect, medium error-term correlation. A1; = Aog = 0.2, Ao = o1 = 0.1,
p=0.5

+x Random Network

012 021 A1 A12 a1 A22

0.108 0.107 0.193 0.117 0.118 0.194

(0.066) | (0.068) | (0.108) | (0.104) | (0.111) | (0.122)

B1 B2 a1 G2 P12

0.995 0.998 0.997 0.996 0.509

(0.058) | (0.058) | (0.047) | (0.047) | (0.060)

* Circular Network

12 021 A1 A12 21 A22

0.108 0.106 0.204 0.116 0.106 0.197

(0.069) | (0.072) | (0.087) | (0.090) | (0.090) | (0.090)

B Ba a1 op P12

0.996 0.998 0.996 0.996 0.506

(0.060) | (0.062) | (0.048) | (0.047) | (0.066)

e Case 5: Medium peer effect, medium error-term correlation. A1 = Ago = 0.3, A2 = A9 = 0.2,
p=0.5

* Random Network

012 021 A11 A12 21 A22

0.103 0.106 0.295 0.200 0.209 0.303

(0.063) | (0.068) | (0.112) | (0.117) | (0.131) | (0.127)

B1 B2 a1 op; P12

1.001 0.998 0.999 0.996 0.507

(0.057) | (0.060) | (0.044) | (0.045) | (0.062)

x Circular Network



b1 b1 A1t A12 a1 A2
0.105 0.105 0.300 0.204 0.204 0.299
(0.070) | (0.067) | (0.083) | (0.094) | (0.086) | (0.077)
B Ba 01 G2 P12
0.999 0.998 0.997 0.995 0.502
(0.063) | (0.060) | (0.044) | (0.045) | (0.069)
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e Case 6: Strong peer effect, medium error-term correlation. Aj; = Aoo = 0.5, Ao = Ag1 = 0.3,

p=205

+* Random Network

012 021 A1 A1z a1 A2
0.100 0.101 0.500 0.299 0.299 0.500
(0.057) | (0.060) | (0.089) | (0.101) | (0.105) | (0.095)

B Ba 01 2 P12
1.001 1.001 0.995 0.997 0.500
(0.053) | (0.056) | (0.041) | (0.040) | (0.060)

* Circular Network

b1 021 A1 A1z a1 A2
0.101 0.106 0.499 0.302 0.306 0.497
(0.065) | (0.069) | (0.057) | (0.084) | (0.086) | (0.062)

B Ba 01 2 P12
1.001 0.999 0.999 0.997 0.501
(0.060) | (0.058) | (0.050) | (0.045) | (0.069)

e Case 7: Weak peer effect, strong error-term correlation. Aj; = Aog = 0.2, A\j2a = A1 = 0.1, p = 0.8

* Random Network



* Circular Network

th2 621 A11 A12 A21 A22
0.105 0.108 0.195 0.106 0.114 0.202
(0.061) | (0.065) | (0.098) | (0.098) | (0.108) | (0.111)
B Ba 01 G2 P12
0.999 0.996 1.001 0.997 0.804
(0.057) | (0.060) | (0.052) | (0.051) | (0.029)

012 021 A1 A1z a1 A2
0.106 0.109 0.203 0.108 0.108 0.201
(0.066) | (0.064) | (0.087) | (0.087) | (0.081) | (0.080)
B Ba o1 o2 P12
0.997 0.996 0.998 0.995 0.802
(0.061) | (0.060) | (0.052) | (0.050) | (0.031)
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e Case 8: Medium peer effect, strong error-term correlation. A1 = Aog = 0.3, A2 = A9 = 0.2,

p =038

+x Random Network

* Circular Network

012 021 A1l A12 A21 A22
0.101 0.103 0.299 0.199 0.200 0.300
(0.058) | (0.062) | (0.103) | (0.111) | (0.115) | (0.112)
B Ba 01 2 P12
1.001 1.000 0.995 0.996 0.800
(0.055) | (0.059) | (0.049) | (0.049) | (0.029)
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~ A~ ~ ~

012 021 A11 A12 A21 A22

0.100 0.108 0.299 0.200 0.206 0.298

(0.063) | (0.065) | (0.075) | (0.090) | (0.093) | (0.080)

B Ba o1 op; P12

1.002 0.997 0.999 0.995 0.801

(0.059) | (0.059) | (0.052) | (0.052) | (0.030)

e Case 9: Strong peer effect, strong error-term correlation. A1; = Ago = 0.5, A2 = Ao = 0.3,
p =038

+* Random Network

012 021 A1 A12 21 A22

0.104 0.103 0.504 0.305 0.300 0.499

(0.056) | (0.057) | (0.103) | (0.110) | (0.106) | (0.096)

B1 B2 a1 o) P12

0.998 0.999 0.997 0.996 0.802

(0.054) | (0.054) | (0.048) | (0.047) | (0.028)

* Circular Network

012 021 A1 A12 a1 A22

0.108 0.106 0.502 0.304 0.302 0.502

(0.071) | (0.069) | (0.078) | (0.094) | (0.090) | (0.078)

B1 B2 a1 G2 P12

0.997 0.999 1.002 1.005 0.803

(0.062) | (0.065) | (0.064) | (0.068) | (0.032)

From the results, we could find that the estimation of peer effect in the circular network have
a smaller standard deviation than that from the random network. The structure of a circular
network matrix is more predictable than a random network. The rational expectation values of
each agent is weighted identically in a circular network, making circular network work structure

more robust to an outlier. When the peer effect is strong, the estimation of the simultaneous effect
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parameter performs better. Estimating the direct effect parameter is always more accurate and has
less standard deviation than the simultaneous effect and peer effect parameters’ estimation. The
network structure’s influence on estimating direct effect and error term parameters is not obvious
in our simulation, neither in the bias or the standard deviation of the estimation. The increase
in error-term correlation will increase the accuracy and decrease the standard deviation of the
estimation result. In conclusion, the simulation results shows that the NPL estimation of model

structural parameters performs well in a finite sample.

3.5 Conclusion

This paper proposes a simultaneous equation Tobit model to handle the incomplete infor-
mation network game, in which the individual decision-making process is influenced by the same
agent’s outcomes in other activities (simultaneous effect), the rational expectation outcomes of the
agents’ friends (peer effect), and the agents own attributes (direct effect). The constraints of the
model parameters for the existence of the fixed point in the contraction mapping and the identi-
fication of the econometric model are discussed. A nested pseudo-likelihood (NPL) estimation of
the model structural parameters is developed. The Monte Carlo simulation shows the consistency.
Future studies are needed to clarify the form of parameter space constraints as an expression related

to the exogenous variables of agents in the network.
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Appendix A

Appendix to Chapter 1

Let m = 2, according to |Lee (1978, {1979, |1981, {1982), Maddala and Lee| (1976), Nelson and

Olson (1978)), and |Liu (2019)), we have the structural model as

Vi = —Yab +Zi1p1 — €
(A1)

Vs = —yi1b12 + Zatpy — €2

where Z1 = [Wpy1, Wpo, X|, Zy = [Wp1, Wpy, Xs|, and Z = [Wp1, Wpy, X]. Then, we can

write the reduced form as

y1=2Z¢7 — €
(A.2)
y2 = Zp; — €
For agent i, z, = (w;p1, W;p2,X,) is the i-th row of Z. And w; = (wj1,- -+, w;y,)" is the i-th row of

the network structure matrix W. As for the random error term of agent i, (€1, €;2), it satisfies the
normal distribution N (0, ¥*), where

*2 * k%
s _ 71 p 0109
*2

e o
And the random shock vector (e}, €e) ~ N(0,X* ® I,,) according to the identical independently
distribution (i.i.d.) assumption among all the agents in the network. The reduced form parameters
of the model of equation system (B.2), i.e., * = (¢7,13’)" can be estimated by the NPL estimator.
(A*/ Tl

The estimation result is denoted as ¢* = 77, 13"). Suppose we denote p = (P, P5) as the fixed

point result from NPL estimator for k = 1,2, where 7= [Wp,, Wpy, X] and

pr. = (ZU}) © ®(207/57) + 51o(24;/57) (A.3)
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We can get the NPL estimation result by (@EZ’ ,0%) = argmaxIn L(¢;, o%; P) and

In (67, 075B) = Y {duIn [6(@07 — yin) /o7 /7] + (1 — du) In [1 - @@ /)] b (A
=1

Now, suppose we introduce the vectors of ones and zeros to form the selection matrices J; and Jo,

subject to Z; = ZJ, and Zs = ZJs, we can rewrite the structural model as

y1 = —y2021 + ZJ191 — €
(A.5)

y2 = —y1612 + ZJ2tp2 — €
then we put the reduced-form equations in the model (B.2)) into the reorganized structural model

(A.5), we can get

y1 = —(Zy] — €1)021 + ZI 11 — €1 = Z(—1p1021 + J19p1) + €1021 — €1 "
.6

y2 = —(Zy; — €3)012 + ZIathy — €2 = Z(—th36h2 + Jo1h2) + €3612 — €2
then, we can derive the relation between reduced-form parameters and structural form parameters

as following

Y] = =561 + J1ih
(A7)

g = =161z + Jorho

then, we can derive the relation between the estimation of reduced-form parameters and the true

value of structural parameters as following

bi = 301 + J1h + v
by = — 1012 + Joths + vo
where
vi = (Y1 —¥1) + (Y3 —¥3)021
(A.9)
va = (V5 —¥3) + (Y] — ¥7)b12
Suppose we apply € as the notation of the asymptotic covariance matrix of v = (v}, v})’. Suppose

we have §; = (021,¢])" and 02 = (012, ¢%)’. Then the estimator § = (87,05) is

5§ = (HQ'H)'HQ (A.10)
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where
_ H 0
H = (A.11)
0 H,
in which H; = [—{p\;, J,] and Hy = [—12’1", J5). And Q is a consistent estimator of £2. To derive the

detailed form of €, we need to derive the asymptotic variance-covariance matrix of (1}’ ,0;22) We

start with the first-order condition of our NPL estimator

Ol L({}. 57 ) ’L{ o @0 — i) o(2"07/5) }\_
= — dg S (1 — dy) = —— 2 =0
oy ; e YA s@rdr /e 62
amwk,a;;,ﬁ)_i { d,k[_ 1 @;w;;—yik)?]m_ i) (@) (220 /575) }:0
: 2 ’ 3

5(07) G2 26 Yot~ 9@/ (62)

=1

The first-order Taylor expansion is

JdlnL 0 (OlnL 6 OlnLY\ .o w2y
aﬁwwl,;(%)(wk )+ o (o ) @2 = i) = 0,01

A.12
OlnL . 0 8lnL (1/) o) + 8 OlnL (62 2y _ 0 (1) ( )
oL —o00) =
dor2 oy PR T 902\ o2 )R Tk P
the matrix form is
: aop \ our | a0z \ 0v; (Vi — ¥F) Op(1)
o 4 k k Tk k k k _ p (A.13)
i) (5) 2 (3)| [ee-a)] o
then the asymptotic results can be written as
-1
“~ N 1.9 dlnL 1 90 dlnL 9
w4 [k () ()] (mms)
~x2 *2 1 0 OlnL 1 0 dlnL 1 9lnL
Vin(@® — of) n81/)2(80%2> naa;2<aan;2> 77 9072
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The second-order full-term derivatives are

(1 1
85 g;;*/ Z —di, M W gg}% -(1- dik)(l_%’:k)z \Z gglg,
w; 6655’ Wi G
DR Sy
- mzl (z; + AW 88@10):’ + AW gj};)

. (1 — dir) Pir (2zi3)F) ( s 3;;:/ Y 8p2>

(1 — ®yp)op? 6%’;'
2
— di)P; 1 —di) i
- Z *2 ZiZ; — u-d k)fliz 2%; + (1= de)ds T2%iZ;
(1 — ®ix)?oy; (1—®;)(0:2)2

k
dz o ., 0
 da <A*sz P, A%wipf,>

a2 vy Yy,
(1 — dir) 93, opP1 |\« . Op2
_ —(1 — Q)ik)Qo‘;;Q Z; 1sz 8¢*/ + )\Qsz a’(/};;/ (A15)
1 — dig) pir(2;
( k) Pik (2 ;bk)zi . 3p1/ g (9pf/
(1—®y)o; oYy, 8¢k
o o
(Z% — yik) 8 Pik
—dgr T o1 | — (1 —dj)——— Op1
de Uk2 W 8w*/ ( k) (1 - q)lk)a_;; W; 87/)*/
Wi 353, Wi gjf,
n Y 2 .
D o2, Pik(z; %ﬁk) w. OPL Op2
_ i * A\
[a;;? e o gy TR gy
0/
_ zk( lwk yzk) ¢zk 8p1
o2 Uk Wiy

Wigts
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_ . L (zi05 — vir)”
o~ 2 e oy

S (e + v )|
+{ _d““){ {4(1(5?));:;)7 B 4(1(—Z;Dk))f:k2)5 4(1(_/§kk))¢z *2)3]
" [zu_f e 2(1(i Zk)f;i S 81 kif&kf)g] Qm@i’% (A.16)
)}
_@i;‘a(f;)? * (42/) ]})%% " (4<f:);b R

n [@ik(z WL = Yik) bk (Z05) bk (z20%) dik ]
(@32 2o 2012)z  2(1— Qi) (0f)?

. Op1 . Op2 )
AkWis gy + Ao Wi .
( (02 ETe A(o}?)
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0 /0L ~  (Zf — i)z z; ik
— dz - 1-— dz 3
8022 (81/),’2) ; k (0;’52)2 + k>2(1 — )(ng)i
2 O 2iPik O%iy
—(1—4d; 1 —(I—d; *
( k) (1 ey )(0_752>§ a( ;22) ( k)( Y k) ( *2) 8(0k2)

(2 T/Jk yzk)zz Z; Pik;
= g — + (1 —dix) 3
Z (1 - @a)(072)3

B (1- @iqs)i?ak 2)2 [;(:ig)z - (Z;:?@k) ( T’“W’gng - g:’;‘ﬂ

- dik)(1 ~ cIaZZd));k(ak 2)3 [_ 2((2;?))3 " (0*12)% ( Tkwlgpzlz A g: )]
- Zzn; i (Zgw(ka?;_?i/;k) () 2(1 — Zii)k(gy)i

—(1- dik)Q(izi¢£)2ii§;;)g (- dik)Q(l(z_T’fIf)k) (’“Zl 27

H ) [(1(_,?);2?:2) g (i + o)
DI (;ﬁl;)kfk e

IR A

_ |:(Zz¢k yzk)q)zk + ¢zk :|<O w; 8131 W, 8p2>
O (0,’;2)% 80;;2 80;22 o
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8%(807;2) 1{”“ ;%) i ”“)2(1—c1>)(ak2)%

i=

-0- di’“)zu(iii)f oAb T e
<zz . gg;;w; g0
de y”“) 1= da) Z(blﬁk(a,:?)
-a- dik)z(fz;wg) i;) b B
- [dik%;)gyik) +(1- dik)Q(l N qi;k)(gf)% .
INEIV S ! 2
—(1— dik)Q(l(i‘ik))zb;%)g (1- )2(1 E f’“if( 22)2]
(gt i)

Zz¢zk _ (Zﬂz)k) Gikzi (Z wk)ﬁf%kzz
—Z 2ot 21— )P

+[ ik(z i~ Yik) Lk (z37) i (zi35) o3 ]
(032)? 2012)3  2012): 21— )(GZQ)
0 0

< Ikaziw + Mgy, 852 >

According to pip = (xX[17) Pk + 0 ik, we can derive dpy/OY; and Opg/do;?. (k=1,2and = 1,2)

op1

B = K;'AZ

1

d _

o 1Az
2

0 * * -

ij, = (I, — A AW AWK P ALZ
2

8 * * —

Wpf, = (T — Ny Ay WXL, A WK 1A, Z
! (A.19)

op1 _K;! 01

doi? 2(032)1/2

8102 -1 ¢2

80;2 K2 2( *2)1/2

op1 ¢2

aI)2 * * —1 ¢1
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where

K =1L, — XJAW — AL AW, — A5AsW) AW

Ko =1, — A55Ao0W — A1, 05, Ao W (T, — X{1A1W)*1A1W
(A.20)

A = diag(P11, o1, Pra)
Ay = diag(P12, Pa2, - Pp2)
Then we can derive 0(d1n L/0vy}) /0y, 0(0In L/oyy) /002, 9(01n L/0o}?) /0y,

and 9(01n L/00}?)/00}? by previous results. According to the algebra results, we can derive the

asymptotic variance of (¢} Vot ;" ,032) is

Vit Vio
vV — (A.21)

Vis Vo

as for the diagonal element of V, i.e., Vi, can be derived as following

—1 -1
Air brk Hy, prr| [Ake brk

Vi = (A.22)
Czk Jkk Oﬁck Skk Czk 9kk

all the elements to derive Vg, i.e., Arg, brk, €k, 9k, Hrk, Pk, 9k, and sgi can be derived as

following

o () i O3 Ip1 Ip2
Akk = Z/ [dlag¢:1 <Wkkk;)g - 0-7;:‘2 - m Z + )\ 1W 1!}*, + )\ 1W ¢*, (A23)

Gk (200) Pk (207) 0% )]L
20:2)2  2(032)3  2(1-Pu)(037)2 /1"

+
) Dy (Z05) bik 2 op1 Op2
Z/ d n_ o 1 'k o ik )\
+ [ 1agl_1( o2 + (022)% 1= )07 wW—3 9072 5 + W5 9072 (A.24)

<0W3P1 W(9p2> |:dl o ((ZQ@ZJZ yzk)q>ik+ Dik ﬂén

*2 *2 *2
do}, o} o (o 22)

bkk :Z/ |:diag?:1 < -

e

N, 22 R TP Pik (Z;wl:y(blk (Z wk) zk
ok =2 [dlagizl< 2o2)F 202 21— (o >>}
P | e P2\
+ ( kW8¢*/ + AQkWW,’;’) (A.25)
* 1.0,%\2 Lah®Y h2
ding™ ik (z30% — Yin) I (Zi%) i >] .
[ g( G ol ot - )R )|
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A BT Dy, (zip) 0 (2o (20%) %
g [dlag“(‘zw;f)? o)F | aei  A0-# ><a;;2>3>]L”
A i (Zi0% — vik) Pk (zi3%) ik (ZY}) ik
T 5T ool -8 o) e

op1 . Op2 >
WPl WP
( 000 T a(ap?)

/ 2
Ok ( k
e m /w i i¢*_ 1 3(I)i ;w* 12
pus = e = 2 [anst (50 7;;)’;) - k_2<1(—zq>f:><fzz>2>]b" 42%)
A i, _(Z;@bk Yir) P (zphg — yir)' @ (Z;@ZJZ)QCZ’%QIC
o = s s — S e e ) [

and the non-diagonal elements, i.e., V; can be derived as following

-1 /—1

Air bik Hy pul| [Au by
Vi = (A.30)

/ / /
Crr  Ykk Qi; Skl ¢y 9gu
and the elements Hy;, px, qri, and sg; can be derived as following

[(ZQTPZ — yir) (2] — yar) By (ZWZ z;)f ,o*)

*2 %2 * ) *
0L 0y O !

Kl —Z’{diag?zl

+ ( /wk yzlil(bzl (I)Q(Zqult 7 _Zﬁfz* , _p*)
(1—®y)o;70f o gt (A.31)
(Zg% - yzl)¢zk Z; ¢Z Z’W *

+ —**2‘1’2( T P )
(1 - ®y)o}0; oy 0]

_l’_

PikPil } 2( CZy ozl p*) }Z
(1= i) (1 — ®y)oz0; op ' of

ziy —yar) [ (20 —wa)® 1 zpby, zl]
= — 7Z'diac™ ( k ¢ 171 ¢ _ d ( ik Tt *)
Pkl 1ag;—1 { ;:2 2(0_72)2 20_;2 2 * ) « P

Uk: 1
4 (z0) — yir) (Zi] )¢zl (Zgwly;’ _Z;wl*?_p*>
2(1 — ®;)072(07?)?

* *
O 9y

bu [V -y 1 i 2o (432
ik Z; Y — Yil 2V, Zi%i *
+ (1—®)0% [ 2(07%)2 S 2 *2}(1)2( oot P )
(2 Y] ) PinPi ; (1)2( B Zﬂf}; 7 Wl p*) }Ln
2(1 = @4p) (1 — ®ig)oy(07?)> Tk o1
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zpbf —ya) [ 2y —yan)® 1 ziby Zb)
— — Z/diag"_ (z l L 17k L _ P ( i k’ i l’ *)
Akl gzl{ 0_1*2 2(0_;;2)2 2% *2 2 O'Z zk P

Pit (Z% — yik)” T A
[ t 2032}%( 5 l’_p>

*

+ (1— )0} 2(0}%)2 o oy A
I T TN T A (8.33)
2(1 — ®i)072(0 ;;2)% op o}
(Ziﬂjk)éf)z‘kﬁbil . (1)2< _ qu/*}k7_z U p*> }Ln
2(1 = i) (1 = @y)of(0}2)2 Tk or
v S ) 1 [ @ ) zn zYl
o _L”dlag“{[ 20122 20;;2H 20722 20;‘2]@2( op ' of )
(zioy —yi)® 1 (27)dir ] ziVy _mYl .
+[ 2(03")? 2‘722” 2(1 — ®y)(072)2 %( % p) A.34
+[<zgw7—yﬂ>2_ | H (Z5) b ] o = B0 L (A-34)
2(0}?)? 2072 2(1 — By) (072 )2 or or

AT RN B S )}
41— ) (1 — D) (0123 (072)3 oo

T Iy
where ®5(-, -, p) is the standard bivariate normal distribution C.D.F. with a coefficient p. Then
we need to figure out the asymptotic variance-covariance matrix of v = (v}, v})’. For notation

convenience, we redefine the asymptotic covariance matrix of ¢* = (¢, ¢3') is

_ Vii Vi
vV = | (A.35)

Vip Vo
where ka is the upper-left corner sub-matrix of Vi, i.e., only remove the last column and the
last row from V.. And Vkl is the upper-left corner sub-matrix of Vy, i.e., only remove the last

column and the last row from Vy;. Therefore, from Liu (2019), the asymptotic covariance matrix

of v=(v],vh) is

Qi1 Q2
q — (A.36)
Qp Q2
where
Qu = Vi+ 931{722 + 021 (‘712 + \7'12) (A.37)
Qoy = \722 + 9%2\711 + 912(\712 + \7/12) (A.38)

Qiz = 612V11 + 021 Voy + Vig + 01200 Vi (A.39)



Appendix B

Appendix to Chapter 2

To derive the asymptotic variance covariance matrix of the AGLS estimator, we start with
m = 2 case, in which y;1 = y;I(y;; > 0) and yi2 = I(ys > 0) for i = 1,---,n. Let yj =
(i1, ,yh) and y5 = (yie, -+ ,yls), according to Lee (1978, 1979, 1981, 1982), Maddala and
Lee| (1976]), Nelson and Olson| (1978)) , and |Liu (2019), we have the following vector form structural

model

yi = —bays +Z1p, — €
(B.1)

Vs = —012y7 + Zovpy — €2
where Z1 = [Wpy1, Wpo, Xy|, Zy = [Wp1, Wpy, Xs|, and Z = [Wp1, Wpy, X]. Then, we can

write the reduced form as
yi =27 — €]
(B.2)
ys = Zp; — €
where 9] = (11 — 02195) /(1 — 612021) and 3 = (g — 01291) /(1 — 012021); €] = (€1 — O21€2) /(1 —
012621) and €5 = (€2 — 012€1)/(1 — 012621). And for each agent 7, the reduced form model is
Y = Z;Wf — €
(B.3)
Yio = Z;’lﬁ'; — €9
where z, = (wW;p1, W;p2,X}) is the i-th row of Z. And w; = (w1, -+ ,wp)" is the i-th row of the

network structure matrix W. The reduced form random error vector for each agent i, i.e., (€;1, €2)’

satisfies the joint normal distribution, identically and independently, with zero means and variance
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covariance matrix as following

*2 * sk
s _ o7 POy
pfol 1

the unit variance of €}, is from our assumption with respect to binary-outcome activities’ reduced-
form random shock.

The reduce form parameters, (1}, 03?) and 1} can be estimated through our Nested Pseudo
Likelihood (NPL) algorithm. Let 'gAb; and ’;,L; represent the estimation result of ¥ and 5. We
denote p; and p2 as the fixed point calculated from the NPL algorithm

B1 = (Z4))) © ®(Zep1 /57) + 510(24h1/57)

AN~ %

p2 = ®(Z,)

(B.4)

where ® is the Hadamard (Schur) product discussed in section 7.5 of Horn and Johnson| (2012)).
®(-) and ¢(-) are CDF and PDF of the standard normal distribution function. And for each agent

i, we have the following results
~ o~ X o~ F ~ o~ TF
P = (Z:%1) (239, /07) + 51 0(Z1/57)
(B.5)
Piz = ®(Z;%,)

~/ =

Let p = (P}, P5), the results from NPL algorithm, i.e., ('@I/,Ei&)’ = argmaxIn Ly (¢}, 07%;p) and

In La (95,015 5) = 3 {1 > 0)In [$((Z5 — yia) o) o] + yix = 0)In [1 — D(Fapi/o7)] }
=1

In Ly (9 B) = > {yioIn [@(2[03)] + (1 - o) In [1 — B(@jae3)] }
=1
(B.6)

We introduce matrix contains only zero or one as its element value, i.e., selection matrix — J; and

Jo where Z1 = ZJ, and Zy = ZJ,, then we can rewrite the structural model as

yvi =Y +ZJ1¢p; — €
(B.7)

v = —yib12 + ZJ2py — €2

then we combine the two equation system of the reduced-form model and the structural-form model,
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we can get

y1 = —(Zyp] — €7)021 + ZI 19, — €1 = Z(—pi021 + J191) + €1021 — €1 ®4)
.8
vo = —(Zap; — €3)012 + ZI2vpy — €2 = Z(—p5012 + Jo1py) + €3012 — €2

we combine this result with the reduced-form model, we can figure out the relation between the

reduced-form model’s parameters and the structural-form model parameters

Y] = =501 + J19hy
(B.9)
Y5 = =161z + Jah,

then, we can derive the relation between the reduced-form parameters estimation results and the

true values of the structural parameters as following

17;16 = —17’;921 +J1Y + vy

(B.10)
Py = —t1012 + Jothy + V2
where
vi = () — ) + (; — 93)0
(B.11)
v2 = ($ — ¥3) + (b1 — $i)0
We denote © as the asymptotic variance covariance matrix of v = (v}, v}). We also denote

structural parameters in vector form as 81 = (621,%]) and 83 = (612,%5)". According to the

equation system (B.11]), we can derive an SUR-type AGLS to estimate § = (8%, d5)" as

§ = (HQ'H)'HQ ' (B.12)
where
. H, o0
H = (B.13)
0 H,

in which Hy = [—@Z;,Jl] and Hy = [—'IE,JQ]. And Q is a consistent estimator of . We need the

asymptotic variance-covariance matrix of (17, 03?)" and 15 to figure out the the expression of €,
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starting from the first-order condition of our NPL estimator

Sy~ n oy o A’?‘/A* A~
aln Ll (1/)1; 01 ,p) _ Z { _ I(yz‘l > 0) (Zid]}\*g yzl) . I(yil _ O) QS/(\ZzA/‘vfl{\o'l) — T }/Z\z -0
Oy i=1 71 [1— @(zf’@bl/af)](ai&)z
d1n Ly (4),5:%P) . { { 1 (@) —ya) }
* I Yin > 0)| — Sk + : “k
9(01?) Zl - ) 261 2(51%)

)

Ay o) EROETE)

2[1 — (2, /57)](572)
Ol Ly($:P) _ + b2 ¢ EP0EP)
03 z:: Byl — B@Dy)]

The first-order Taylor expansion around 7, 01 , and 13, of the previous first-order conditions for

N

the Pseudo Maximum Likelihood estimation are

InL InL 8 InL
S e (Gt ) B — D) + o (G ) @22 — o) = 0,0

Oy oY1\ O Py
81HL1 0 61nL1 0 61nL1 ~x2 2
D+ =—=5—==)@1"—07°) =0,(1 B.14
e+ gt (g B -+ W( st )@ e =0, (B
8ln LQ 6 <alnL2>
g0; " ous\ gy )2 =0
we can derive the matrix form for 1} and 032 as
9ln L 8* 81n[;1> 3* (811’1%1) Sk
T L |7 ( o9 | 072\ 09 W =¥ | _ |O%(1) (B.15)
i) o (%) ()] lee -] Lo
then, the asymptotic results can be derived as
-1
~ % " 1 8* 8ln£/1 1 0 alnél 9ln L
\/ﬁ(d)l _'¢1) é B ”87/’1< o] ) n80f2< 03 > in 3'¢T1 (B16)
V(a1 = o1?) oo <85§;L21> %83{2 <6312TL21> %%};}QL
-1
~ % 1 0 8111[/2 1 8IDL2
iy —apy) & —|= < ) < ) B.17
(2= 92) ndpy \ O3 Vi 0y (B.17)
The asymptotic form of \/ﬁ('@; —1p3) can be reached in [Liu (2019) as following
~1
1 ¢ [(z35)]? / Op1 w, P2
ek Z P(z3pa)[1 = D(z3h)] oy T g B18)

Bz iz — D(alps)]
\FZ (zjrhy)[1 — P(2]9,)] '
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Let ®;; = ®(z/4p]/07) and ¢;1 = ¢(z,4p]/07), the second-order full-term derivatives are

82 lnL1 . - (I)il (ﬁzzl / ¢i1 !
oot g - [arz T aue @—f?)i]“i
-q)il 121 Qbil (Z;,lpT) * apl * ) 8p2
R R S T T
(B.19)
0/
[ @alz 1,01 yi1) ¢z1 .
72 Tor ) | Wiser
P
Wi
& In Ly :i_ on | (z])’ ¢21 (Zpi)on  (2i1)*0%
00?2 = 201 4oz 4(e12): AL - @a)(of?)?
(gl ¥ 4 . T2 b
n |:q)zl(z 1&; . yi) ¢ __ (z;91) le N (z; 1.01)@1 (B.20)
(o7%) 2022 2012):  2(1— @u)(07?)?
« . Op1 « . Op >
Wim—ay + A Win—5r
( H d(a7?) 2t d(o7?)
9, (81nL1) :Zn:_ zigi (Z§¢f)z¢ilzi+ (2;37)* 0712
o\ Oy /= gei): 2002)E 2(1— Pi1)(0f%)?
~ Pazi | (ZiY1)9azi Ohz; «  Op1 Op2
o[- T o1 e e T ige ) (02U
/ ) ’
- |:(Z ’lpl *lel)q) + ¢;1 1:| (Wlaap:Q)WZ aap*2270,)
o1 (07%)2 oy a1
8<8InL1> :i_ zigii (Z§¢T)2¢ilzi+ (zi1) 971 2
oI\ 0oi® ) = oei2)s 2072)s 2(1- @4)(07?)?
Di1 (21 — yin) i1 (z47)° ¢>z1 (z91) o5 }
+ L + - + (B.22)
[ (01%)? 2022 200123 2(1— @p)(07?)?
* 8pll / apQ
(gt + e

According to p;1 = (z4])®i + ofdin and pip = P(z2P5) we can derive dp; /0], Op1/0vs,
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Op2 /07, Opa /05, apl/&f{?, and 8p2/80>{2.
op1 -1
=K ' A{Z

ooy~

op2 -1

—= =K, "AyZ

61/);’ 2 2

gg,}, = (I, — NG ATW)AL A WK 1AL Z

5 2 (B.23)

Wpf, = (I, — Ny AoW)AL, Ay WK 1AL Z

1
8Pl -1 01
K1Yt

8UT 1 2( *2)1/2

8I)2 * * —1 ¢1

W’{Q == (In - )\22A2W))\12A2WK1 W

where
Ki =1, — M JAIW — XA ATW(L, — A AoW) TLAW
Ko =1, — A55Ao0W — A15 05, Ao W (T, — X{1A1W)71A1W
(B.24)

Ay = diag(®q1, o, - - 1)
A, = diag(¢i2, 22, - - Pn2)

Then we can derive the asymptotic variance covariance matrix of reduced-form parameter estima-

~x/ __ ~x/ . . .
tion results, (1,012, )" according to previous algebra results is

Vit Vi
vV - (B.25)
Vi, Vo
where
— - —1 ~ 1—1
v A1 by Hii quii| |[Ann bn
1n =
_C/11 911 | qj; s chy g
_ -1 ~
A1 by H, op1 op2 b2 ~1
Vi, = [(Z+A2w LW P2 )dag"l(iﬂ)Z}
oy 0 Di0(l — ®;
Clll 911_ _q112 '¢’ ¢ 2( 2)
2 0 0
= 'diae™ [ — T2 P1 P2
Vi = [z dlagl:1<q>i2(1 2 %)) (z FNW S+ AW )}
) b3,
/ n 3
Z [dlagi:l <<I>i2(1 — %)ﬂ Z
« x OP1 Op2 n % -1
|:<Z + )\12W8¢ + )\22W8/¢) ) dlagz 1 (q)ZQ(]- — (1)12)>Z:|
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qi11

S11

C11

gi1
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2
7/ | diae™ Z 1.51 - yzl Dy il 7
[ =1 - Dj1)o}?

VA [diag? 1< yzl ‘I) _ (Z "pl yzl) il (ZQQPT)G(%?)Q)}%

2(01?)3 2(1 — @41)
N T Z"Pl yz‘l) il (Z Py — yzl) il (Z Y1) 95
" [dlagi At ™ 2P T et 209 )(012)3””1
A n z; ¢1 ¢11 D 4 op1 op2
i 1( Ea ) (Z“ D)
/ ca N Z ¢T)2¢11 (Z ¢1) 'Ll
z [dlag" < T aemi 30— ewol >>}
| yon i1 (zh])oa ? op1 Op2
+7Z [dlagi1< 022 + © f;) - = <I>:1)UT2>] < 1W8 2 + )\21Wa o >

B Ip1 Op2 o ((ZY] —ya) P Pin
<0,W80T27W80T2> [d1agi:1< T2 + = TQ)% ln

S Pi1 (zj37)% i (zj97)% 9% )]
[ lag’_1< 2o TQ)% 2(0 TQ)% + 2(1 — ®;1)(072)2 ‘

op Jp
<1W W 2)

oy oy
i1 (Zi] — yi1) di1 (Z"W{)Qqﬁzl (zb1) 9%
[dlag’ < 22 Taemi aei 20— <I>u)(aT2)2>]L"
T S (ziap7)? ¢>z1 (ZipD)on  (Z91)°0h )]
b, |:dlagz—1( 2( T2)2 4(0’?2) + 4(01&)% 4(1 Y 1)(O_>1k2)3 ln

' diae™ (i —yan) on  (zjh})*on (zi1) P )]
+Ln[ lagl—1< @2 20022 20125 2(1— Qa)(of?)?
Op1 . Op2
(6w gt + W 5
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Hp — z’{diag;ll[—(Z;¢T_yi1>¢i2¢> ( iy zjaps, p )

O'T2<I>,L'2 *
(Zh1 —yin)Pi2 . (2] . x
1*211 - Zq) )Z (b2( ;_Tl ) _Z;’po’ —p )

¢11¢22 Z; 'lpl
o (1 -

LA )
¢11¢12

(-
(-2 i)

qi12 = {dlag@ 1 |:< 2 1 + (Z Z)(l _Byll) > iiz@ (Zo_'l%blu z¢27 )
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as we can derive the following
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EI(ya > 0)yir] = ‘1’2<Zg§1,z§ E,p*>
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where ®y(-, -, p*) is the standard bivariate normal distribution CDF with a coefficient p*. Then
we need to figure out the asymptotic variance-covariance matrix of v = (v}, v}). For notation

%/ ~%/

convenience, we redefine the asymptotic covariance matrix of ¢¥* = (¢ , 15 )’ is

~ Vii Vig
vV = | (B.26)
Viz Va
where \711 is the upper-left corner sub-matrix of Vi, i.e., only remove the last column and the

last row from V71;. And \712 is the upper-left corner sub-matrix of Vi, i.e., only remove the last

row from Vio. Therefore, from Liu (2019), the asymptotic covariance matrix of v = (v}, v}) is

Qi1 Q2
Q - (B.27)

Qly Qa2



100
where
Q7 = \711 + 9§1V22 + 091 (\712 + \7/12) (B.28)

Qoy = Voo + 05V 4 015(Vig + Vi) (B.29)

Q12 = 019V11 + 091 Vag + Vi + 912921\732 (B.30)
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Appendix to Chapter 3

C.1 Steps of deriving BNE
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pi2 =E(i|yi1 > 0,955 > 0)Pr(y;; > 0,55 > 0) + E(yialy;; <0,y > 0)Pr(y;; < 0,35 > 0)
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C.2 Steps in Parameter Space Discussion

Following are the first-order derivative of h(p) with respect to p.
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C.3 Simulation Preparation

For a bivariate normal distributed vector (e1,e2), suppose the mean vector is (0,0), and

without loss of generality, the variance-covariance matrix is

2
o1 pPO102

2
pPoO102 g5

then we have the probability density function as

ot = st sl () () () o

therefore, we have

Pr(e; < a,e0 <b) = Py (g, i,p)

Pr(e; < a,e9 >b) = <I>2(a1,—b,— )

where ®5(, -, p) is the CDF of bivariate normal distributed vectors with correlation p. And we can

also derive
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And we have (according to the definition of partial derivatives)
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where ®(-) and ¢(-) are the CDF and PDF of the standard normal distributed variable. According
to (Tallis| (1961) and /Amemiya; (1974), we consider the following model suppose the probability
density function of (z1,z2) is

p2(x1/01,22/02,p)

= < d <
f(@1,22) 10aPT (i) < 1,73 < @) z1 < ay and 22 < ap .10,
=0 otherwise
then we will have following two equations as with similar form to |Amemiya, (1974)) (2.5)
E(z})  pE(z1z2) 1y aE(z1)  a1pE(z2)
of(1=p*)  o103(1 - p?) ot(1—=p?)  o102(1 = p?) (1)
E(z3) _ pE(z129) 14 a2E(z2)  azpE(x1)
A=) - B oroa(l— )
and we define
Y1 =a1 — 11
(C.12)

Y2 =a2 — X2
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then by applying (2.11) in |Amemiya (1974), we have

E(y}) — E(y1a1) =E(27) — a1E(21)
E(y1y2) — E(y1a2) =E(z122) — a1E(22)
(C.13)
E(y3) — E(y2a2) =E(23) — asE(2)
E(y1y2) — E(y201) =E(2122) — asE(z1)

then after combine and we can derive similar results to (2.13) in |Amemiya (1974)

Bwi) B  _, @Bl)  paxB(y)
oi(1—p?)  o102(1 = p?) oi(1—=p?)  o102(1 = p?)
Bl  pEny) L _Blp)  paB(y)
o5(1—p?)  o102(1 = p?) o3(1—p?)  o102(1 = p?)

After rearrangement, we have
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72 72 (C.14)

g9 g9
E(y3) = 03(1—p?) + a2B(y2) — paalE(yl) + paE(ylyz)
Before we conduct the simulation, let’s consider the following simplified simultaneous equation

model with truncated outcomes

yh = —0avi+zib1 — €
Yo = —012yi1 + xi2f2 — €2
where
yii = yil(y; >0)
Yie = Yil(yqn >0)

and x;1, T;2 are exogenous explanatory variables. (€1, €;2) are i.i.d joint normally with a zero mean

and variance-covariance matrix as
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then the log-likelihood function can be written as Amemiya| (1974) and Maddala) (1986)
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C4 Amemiya(1974) Approach

According to/Amemiyal (1974), we can write the revised form of the log-likelihood function by
dividing all the sample agents into two groups. The first group contains all agents with a positive
outcome in both activities, and the rest agents are in group 2, here we set the notation as group
2%, then the group-1 specific reduced form parameters will be applied in the maximum likelihood

estimation steps

210g0*10*¢2(z Y1 — yir Z¢2 vi2. ) Zlog [1_ <z fal zatfg )} (C.15)
1
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the first-order condition, with respect to the reduced form parameter, can be written as
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dlog L -y [ 1 N (Zi] —ya)®  p(zab] — yio) (Ziahs — Z/il)]

> _
0o

=0
(C.17)

=0

1
d)Q Z; ¢1/017Z1’lp2/0—27 ) _
t 2 T oo dy o]

(C.18)
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Amemiya, (1974) introduces IV estimation based on the reduced form. As we only use agents in
group 1, i.e., ¥ > 0 and y}, > 0 which is the same as €] < z}] and €}, < z/¢3, which can also
be rewritten as —ej; > z/4p] and —¢f, > —z/1p5. Then according to equation (2.14) in [Amemiya

(1974), we will have the similar form of equation (4.7) in Amemiya (1974)) as following

* *0-* * * * * * * * * *
yit =p J*iyuyig — 0t?(1 = p*?) — zj(03°} — protosvs)yi + mia
2 (C.19)

O.*
vz =p" vy — 03° (1= p™) = Zi(o1"95 — p ol o3 y)yis + mi2
1

To get the instrumental variables, we can regress each y;; and ¥}, on z;, z? Then we can

2.
obtain the least-squares prediction of y;; and y}, which can be denoted as §;; and 3. Then we

use (1,950%,2.9%) and (1,959%,2.35)" as instrument variables to estimate o7, o3, p*, 97, and

5. Then, according to (2.6) and (2.7) in |Amemiya, (1974)), we can derive

PE(ej;) = — o1 fiFs — p*oi fo I

PE(€j) = — 03 foF1 — p*os f1F>

PE(F) =01P + (1 901203 — oialabi 1 — 72 T d (C.20)
2
PE(ej3) =03>P + p* (1 — p**)03> ¢ — osziaps foFy — p* 2* 2] f1F>

PE(€j€55) =p oo P+ (1 — )0102¢2 p*JSZQwale - P*Ufzgiﬁ;szl

where
z z .
P = 2< ¢1a ¢2vp >
oy 03
h ¢(Z2¢’{>
1
221!)3)
=il 7 (C.21)
Z/’(/J* p*Z/¢* .
F1 :¢< Pt 2
UT 1— ,0*2 1— P*2
F2 _@( Z;11b§ p*zl¢1 >
o3/1— p*? 1-—
2:¢2( zqvf17 7 *27P )
01 02
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then according to (2.7) in |Amemiya| (1974), we can derive a similar form as (4.9) in Amemiya

(1974) as following

1 1, .
v =z] + FﬂfleQ + Fp*alfQFl + &in
(C.22)

Yio =215 + fffzfzﬂ + B o f1F2 + &in

Here are the steps for estimation
(i) Use only group 1 observations that y; > 0 and y}; > 0.
(ii) Apply the IV estimation to ((C.20))
(iii) Use the results in (ii) to estimate the regressors of

(iv) Derive the structural parameters.
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C.5 Binary Case

Now, we consider the situation in which the outcome is binary. The econometric model for

two actions is

n n
yi1 = —0a1dio + A1 Z wi;pj1 + A21 Z wijpj2 + X;B1 — €
=1 j=
n n
Yo = —0Orad;1 + A2 Z W;iiPj1 + A22 Z wijpjo + X;B2 — €
p i=1
where
din = 1(yi1 > 0)
dio = 1(yi2 > 0)

and without loss of generality, (€;1,€;2) satisfy the join normal distribution with zero mean, unit
variance, and correlation p. Then, we have the rational expectation
pin = E(di1) = E(din|din = 1)Pr(d;; = 1) + E(d;1|din = 0)Pr(dip = 0)
= E(di|yin > 0)Pr(yi1 > 0)
= E(di1|lya > 0,yi2 > 0)Pr(y;1 > 0,y:2 > 0)
+E(di1]yin > 0,32 < 0)Pr(yi1 > 0,y:2 < 0)
= Pr(yi > 0,92 > 0) + Pr(yi > 0,2 <0)
= Pr(ej < ziapy — 091, €0 < Ziapy — 012) + Pr(e; < ziahy, €2 > ziahy — 012)

= &, <Z§1/71 — 021,253y — b12, ,0) + @ (Z;"/Jl, —zipy + b2, *P)
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pi2 = E(di2) = E(dia|dio = 1)Pr(d;2 = 1) + E(d;2|dia = 0)Pr(d;; = 0)
= E(di1|yi2 > 0)Pr(y2 > 0)
= E(di|yin > 0,92 > 0)Pr(yi > 0,y:2 > 0)
+E(di1lyin < 0,yi2 > 0)Pr(yi > 0,y:i2 <0)
= Pr(yi > 0,y:2 > 0) + Pr(yi <0,y2 > 0)
= Pr(en < zithy — 091, €2 < 23y — b12) + Pr(epn > ziahy — 01, €2 < zj1h5)

= &, <Z§1/’1 — a1, 2i3py — 912,P) + ‘192( — zip + Oa1, 2, —P)

The log-likelihood function is

Z |:di1di2 lnPr(d1 = 1,d2 = 1) + dﬂ(l - dig) lnPr(d1 = 1,d2 = O)
=1

+(1 — dil)dig hlPI‘(dl = 0, d2 = 1) + (1 — dﬂ)(l — diQ) hlPI‘(dl = 0, dg = 0):|

= Z di1diz In @9 (Zgiﬁl — 091, zj2py — bh2, P) +di1(1 — dj2) In @9 (Zéq/’p —2z;%y + 012, —,0>
i=1

+(1 = di1)diz In 4’2( — Zjpy + 021, 2}, —P) + (1 = di1)(1 — dig) In ‘1’2( — zjpy, —Z;ay, p)
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the first-order condition can be written as

0, — " Bz, — Oo1, 200y — 012, p)

(zj3p1)® a<z¢2 b12) + i)l V1= 7).
(z Yy, —zpy + 012, — )
P(zj%py — 921) ([(zjah) — p(zj3py — 621)]/\/1 — )
Do (—zj1hy + 021,250y, —p)
¢(Z;¢1) (( Zz¢2 + Iozz’l'bl /V 1 - p2) 7
(7Z',[,llb17 7Z;¢2’p) '
OlnL Z": {d i P(ziapy — 012)® ([(2j3p — 021) — p(ziapy — 012)]/+/1 — )
0, e Do (zj1p) — 021,259 — 012, p)
¢((Z§¢2 - 912))‘1’([(Z ¥y) — (Z hy — 012)]/y/1 — )
D2 ((zj2)y), —(2jpy — bh2), —p)
(zj3h2) P a<z¢1 O1) + plzitpa)l V1= 77)
Do (—zj1p; + o1, 25709, —p)

o((zj3p,)) @ ([ (zi1h1) + p(Zi2hs)] /\/1_7)

OlnL Zn:{dld'ch)(zg"h—%l P ([(zj1g — 012) — p(zjtpy — 021)]/\/1—p )

+din(1—d; 2)

—(1 —d;1)dso

—(1—din)(1 —di2) =0

=1

—di1 (1 —dy2)

+di1 (1 — di2)

—(1 —dn)(1 —di2)

Dy (—z; 1.017 —Z; ¢27 P)
oL & [ J D(ziahy — 021) @ ([(zj2hg — 012) — p(Zj3p1 — 021)]/+/1 — p?)
00 pat Girhiz Do(zi1p) — 021,295 — 012, p)

P(ziap) )@ ([—(Zjpy — 012) + p(zj3p1)]/\/1 — p?)
D, (ziap|, —zlapy + b12, —p)
¢(Z;¢1 - 921)‘1’([(41#2) - P(Zﬁh —021)]/v/1 — 02)
(I>2(—Z;’¢1 + 9217 Z;"'vb2a —P)
P(ziah) )@ ((—2ziahy + pziapy) //1 — p?)
‘1’2(—4"/’1, —Z;"Pza )
oL Xn: [_ g, OEbs = 012)2 (231 — 021) — p(zjpy — 012)]/V/1 — p?)
0012 e Do(zi1p) — 021,25 — 012, p)
¢(<Z§¢2 - 912))‘1’([(221#1) - P(Z£¢2 —012)]/v/1 — PQ)
D5((zi91), —(z{y — b12), —p)
D(ziaho) @ ([—(Zjpy — O21) + p(zj3py)]/\/1 — p?)
Qo (—2zjpy + 021,25, —p)
D ((ziaho)) B ([—(2iahy) + p(ziahs)]/ /1 — p?)
‘1’2(—Z2¢1, _Z;’(p% p)

—d;i1(1 — dy2)

+(1 — di1)dio

+(1—di1)(1—di2) =0

=1

+di1(1 — di2)

—di1(1 — dy2)

+(1—di1)(1—di2) =0
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dlnL - ((Zjapy — 021), (Zj3py — 012),p)
op ; [ Zldﬁ ‘1’2 ((zlapy — 621), (Ziapy — 612), p)
P2((zi2hy), —(zj%ps — 012), —p)
((Z ¥y), (Z¢¢2—912)7—P)

o b= (ala — ), (Zha), )
(L= dn)di <<z¢1—em>,<z¢2> =)
(= (a), —(aly), p)
= A= o) g = ang), —(a). )

—din(1—d; )

C.5.1 Binary simulation preparation

Before simulating the binary model, we start with a simplified case that only contains pure

€X0genous regressor

yir = —badip+ X181 —€en
Yio = —bhiadi + X902 — €0
where
di = 1(yu >0)
dio = 1(yi2 > 0)

then we can write the log-likelihood as

Z |:d7;1di2 In PI‘(dil = 1,di2 = 1) + dzl(l — dlg) In PI‘(dﬂ = 1, diQ = 0)
i=1
+(1 — dil)diQ IOgPI'(dil =0,djn = 1) + (1 - dll)(l - dlg) hlPI'(dil =0,dj = O)

n

= Z [dﬂdz’z In @9 (2151 — b21, Ti2f2 — 612, p)
i=1
+di1 (1 — dig) In ®o (24161, —xi2f2 + 612, —p)
+(1 — di1)dig In ®o(—xi1 51 + 621, Ti2 B2, —p)

+(1 = di1)(1 — di2) In ®o(—xi1 61, —xi202, p)
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C.5.2 Preparation Simulation Results

Simulation model

din = 1(—021ds1 + 2161 — €1 > 0)
dip = 1(—b12ds2 + 2202 — €52 > 0)
Estimate all parameters in one step 1 = 85 = 1
b1 =012 | p B Ba O b12 p
0.877 0.876 0.373 0.386 0.404
0.1 0.1
(0.220) | (0.220) | (0.356) | (0.359) | (0.390)
0.822 0.819 0.587 0.590 0.710
0.2 0.3
(0.199) | (0.199) | (0.285) | (0.283) | (0.282)
0.733 0.738 0.823 0.823 0.872
0.3 0.3
(0.173) | (0.173) | (0.200) | (0.203) | (0.190)
Estimate 8 and 6 in the first step, then estimate p, 81 = B2 = 1
o1 =012 | p By B B2 f12 p
1.011 1.007 0.084 0.087 0.086
0.1 0.1
(0.089) | (0.089) | (0.077) | (0.078) | (0.071)
1.022 1.012 0.089 0.096 0.201
0.2 0.3
(0.087) | (0.087) | (0.077) | (0.081) | (0.075)
1.026 1.026 0.205 0.205 0.245
0.3 0.3
(0.089) | (0.089) | (0.096) | (0.094) | (0.075)

We could find that, no matter how we choose the order of the parameter to estimate, both the
accuracy and consistency perform poorly. After diving into the data-generating process, we found

that such DGP exists in unstable data points. For example, if the unobserved error terms €;1, €2
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satisfied the following
zi1f1 — 021 < €1 < xinh
Ziofa —b12 < €2 < TP
suppose the DGP of (d;1, d;2) starting at (0,0), (0,1), (1,0), and (1,1), then we have
(0,0) = (1,1) = (0,0) =
(0,1) = (0,1) = (0,1) =
(C.23)
(1,0) = (1,0) = (1,0) =
(1L,)) = (0,00 = (1,1) =
the results are uncertain between (1,0) and (0,1). And we can summarize the stability of data-

generating process results with respect to the range of (&1, €;2)

(€11, €2) (=00,zi181 — 021) | (zirP1 — b21,i1B1) | (i B, +00)
(—00, 2282 — b12) (1,1) (1,0) (0,1)
(24282 — b2, 4202) (1,0) (1,0) or (0,1) (0,1)
(wi2 B2, 0) (1,0) (0,1) (0,0)

In [Schmidt| (1981)), to make such a simultaneous equation Probit model identifiable, all principal

minor of ® must equal one if m = 2, the econometric model is
Yi1 = X;1ﬁ1 — €l
Yio = —012di1 + X 02 — €2
if m = 3, the econometric model is
yi1 = X1 B — €1
Yiz = —bO1adi1 + Xjp 2 — €
yiz = —013di1 — Oo3diz + X303 — €53
Given the data-generating process, we can get the following simulation results
Yir = i1 f1 — €

Vi = —O12di1 + xi282 — €2
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012

A~

b1

1))

0.2

0.2

0.202

(0.104)

1.004

(0.086)

1.008

(0.086)

0.201

(0.109)

0.5

0.2

0.501

(0.113)

1.004

(0.087)

1.006

(0.087)

0.200

(0.111)

0.8

0.2

0.801

(0.115)

1.004

(0.089)

1.004

(0.089)

0.199

(0.112)

0.2

0.5

0.201

(0.101)

1.004

(0.084)

1.009

(0.084)

0.502

(0.096)

0.5

0.5

0.500

(0.104)

1.004

(0.084)

1.007

(0.084)

0.502

(0.096)

0.8

0.5

0.802

(0.104)

1.004

(0.084)

1.005

(0.084)

0.501

(0.098)

0.2

0.8

0.199

(0.092)

1.007

(0.129)

1.011

(0.129)

0.805

(0.062)

0.5

0.8

0.501

(0.090)

1.004

(0.085)

1.008

(0.085)

0.804

(0.064)

0.8

0.8

0.803

(0.089)

1.005

(0.086)

1.006

(0.086)

0.807

(0.064)

Consider the following econometric model

where

* /
Y1 = —O21dio + X161 — €1

* !
Yio = —012yi1 + X002 — €2

yi1 = ya 1(y;; > 0)

diz = 1(y;5 > 0)

120

This model is a simultaneous equation Tobit-Probit model; the simultaneous effect passes through

agents’ decision outcomes, and the dependent variable contains both censored and binary. Accord-
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ing to the outcome value distribution, we have the following four cases
® yi1>0,dip=1
€i1 < xi1f1 — O
€i2 — 01261 < Ti2f2 — b12741 81 + 012021

e yi1>0,dpp=0

€1 <z b1
€i2 — B12€i1 > 24282 — O12741 51

e y1=0,dp=1

€1 > xi1 1 — 021
€i2 < T2

e yi1=0,dp2=0

€1 > Ti1 P
€2 > Tiofl2

However, when (€1, €;2) satisfies the following conditions

€1 < x;181 — b1
xiof2 — 01224181 < €12 — O12€i1 < Tiaf2 — O12xi1 B1 + G12021

the outcome of agent 7 is uncertain between (y;1,1) and (v:1,0).

And when (€;1, €;2) satisfies the following conditions

z1P1 — b1 <ein < zinfr
ziof2 — O12%i1f1 <€ip — O12€i1
€i2 < Ti2f2
the outcome of agent i is uncertain between (y;1,0) and (0,1).The following graph reflects the

instability of this model’s data-generating process.
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(yilr 0) €i2 — b12€i1 = TizPo — 0122181 + 012021
/9126' = T2 — b12Ti1 1

(xi1B1 — 021, Xi2B2)

(xi1B1,Xi2B2)

d

(yis, 1)

(0, 1)

To make the model identifiable, we need to set 61 = 0, and the model will be

* !
v =xapB1 —€a
* !
Yio = —012Yi1 + Xjo02 — €52

where

yin = yal(y;; > 0)

diz = 1(y;o > 0)
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