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Understanding how species move in their environment is a key objective in ecology. In the

face of climate change, invasive species, and habitat destruction, understanding primary factors

that drive species can help predict how territories change or whether a species survives as the

environment changes, another species goes extinct, or a competing species invades. Mechanistic

models using only local information and local processes have been used to understand the forces

that drive species movement and to predict the persistence or extinction of species. However, many

ecological phenomena are deeply affected by nonlocal interactions and reactions, and including these

forces into mathematical models can change the dynamics and more accurately describe observed

phenomena. We investigate two particular ecological phenomena affected by nonlocal forces.

First, we study a nonlocal mechanistic model describing territory development of social groups

to determine the most prominent mechanisms driving movement. While the nonlocal nature of this

model leads to a better approximation of physical reality, it also causes numerical and analytical

challenges. The focus in this work is to address these issues. Therefore, we employ several strategies

to solve the nonlocal system of equations. We are particularly interested in model verification

through the connection with data and understanding how the nonlocal terms and parameters in

the model influence solutions.

Second, we investigate an integro-differential equation modeling a birth-jump process, where

birth and dispersal cannot be decoupled. This has been argued to be a more suitable model for

processes such as seed dispersal, cancer cell growth, and fire propagation. We prove global existence

and uniqueness of solutions and investigate persistence and extinction of a population subject to

various growth terms. We are particularly interested in cases where a population can overcome the

Allee effect, where population density affects the fitness of individuals.
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Chapter 1

Introduction

Mechanistic models, which use theory to predict the real world, are powerful tools that

can help understand complex biological phenomena. In particular, mechanistic models using only

local information and processes have been used to describe diverse ecological phenomena such as

competition, dispersal, consumption of resources, and territory use [62, 102, 7, 71]. However, there

are systems in ecology and biology that are deeply affected by nonlocal interactions or reactions.

For example, consider the COVID-19 virus. It is well known that COVID-19 is spread through

particles in the air [29]. Thus, an infected individual can spread this virus to an individual at a

different spatial location. Nonlocal processes also occur at the cellular level [50]. Chemotaxis is the

process through which a cell senses a chemical gradient which directs its movement, and this can

be considered a nonlocal process [101, 49]. In [49], the authors consider a chemotaxis model with

a finite sampling radius, meaning the sampling is nonlocal. Some cells can sense their environment

through long protrusions that probe the area around them [3, 85]. These nonlocalities have been

included in cellular models and have been used to understand cancer cells [34].

In ecology, nonlocal forces are also at work as individuals gather information about their local

environment, such as location of food resources, temperature, environmental features, predator and

prey locations, and location of conspecifics [16, 83]. Many species sense their surroundings and

use this information to aggregate in flocks, swarms, herds, and social groups, to avoid predators,

and to hunt prey [30, 35, 57, 72]. Gathering information about one’s environment is inherently

nonlocal [23, 63]. Consider the process of observing locations of predators, prey, or conspecifics.
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These observations can happen at a distance, and individuals might use these observations to

avoid these locations in the future. They also might be attracted to locations where they have

previously encountered members of their own species or group. This is all evidence of nonlocal

information influencing decisions in species. Therefore, understanding the effects of nonlocal forces

in ecological processes has become of great interest. For example, the system of Lotka-Volterra

equations that models competition between species has been intensely studied. Recently, variants

including nonlocal competition have been of interest, [32, 46, 67, 98], as well as nonlocal dispersal

[5, 79, 109], which has also been included in various ecological models [24, 61, 99, 100, 61, 104]. In

ecology, the question of which dispersal strategies are advantageous in a population is an important

one as it can lend insight into what strategies persist in populations through the process of natural

selection. This has been explored in some cases with nonlocal dispersal, [28, 70]. In [28], the authors

investigate which nonlocal dispersal strategies are evolutionarily stable, meaning a population using

this strategy is resistant to invaders. They determine that the only evolutionarily stable nonlocal

dispersal strategies are those that lead to all individuals in the population having equal fitness with

no movement of individuals at equilibrium.

Nonlocal interactions can produce markedly different results than their local counterparts,

often leading to dynamics that more closely describe what is observed than when nonlocal processes

are ignored. For example, cell-cell adhesion is a biological phenomenon that is important in many

areas of biology such as early embryo development and tumor growth. A continuous nonlocal model

of cell-cell adhesion was able to replicate observed cell-sorting behavior that was previously only

able to be accomplished through discrete models [3]. In [64], the inclusion of nonlocal interactions

in competition enhances the possibility of coexistence between competing species. The inclusion of

nonlocal advection in home range [13] and territory [90] models has ensured well posedness of the

model, and is necessary to model cohesive swarms [72]. In other cases, the nonlocal advective term

allows a model to avoid blow up and ensure global existence of solutions [33, 49, 11, 21].

We study nonlocal dispersal and advection under the umbrella of two ecological phenomena,

the first being territory development of social groups. Social interactions and social groups are
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not exclusive to the human population, and certain animal populations also move and live in social

groups, e.g, deer, wolves, lions, and meerkats [108, 107, 7]. To better understand nonlocal processes

involved with territory development of social groups, we investigate a nonlocal mechanistic model

that incorporates nonlocal aggregation within a group and nonlocal segregation between groups.

The second phenomenon we consider is a population where birth and dispersal cannot be decoupled,

which we model as a birth-jump processes. Dispersal in populations is often modeled using linear

diffusion, describing random dispersal of individuals. While this is reasonable for many populations,

for processes such as fire propagation or cancer cell growth, dispersal is a nonlocal process and is

linked to birth. Thus, birth-jump processes have been introduced to understand phenomena where

birth and dispersal cannot be decoupled [48, 12, 93].

1.1 Nonlocal Territorial Models in Ecology

Learning about the local environment is essential to a species’ survival. Interactions within

a social group, competition with conspecifics, foraging, and avoiding predators are a few examples

of processes that inform how a species moves in its environment, and these are essential in under-

standing and predicting territories of species. For example, wolves move according to the scent

of their pack, scents of conspecifics, pack density, the location of wolf pups, foraging to find food,

and dispersal to mark territory [107]. Understanding how individuals interact with each other and

their environment, a core objective of theoretical ecology, is particularly crucial as climate change

is altering the habitats of many species [73, 103]. A recent study in Nature [86] brought forward

significant evidence that 279 species (out of 1700 in their study) had been affected by climate

change, and the use of mathematical models to obtain insight into this issue can be extremely

powerful. Mathematical models can use the mechanisms that inform territory decisions to predict

how territories change or redistribute in response to the environment, or a change in the territory

of another species.

Mechanistic models can be used to study how populations live and move in their environ-

ment by utilizing the underlying description of the primary drivers of movement. In some cases,
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mechanistic models can be more useful than stochastic models due to their predictive ability and

ability to compare to field measurements [74]. They have been used to describe foraging [44, 43],

aggregation [45], and home ranges [59, 71] . Mechanistic home range models connect species move-

ment, territory formation, environment favorability, and space use [76, 75]. In [51] and [82], these

models included diffusion and attraction to a home center, such as a den site, to generate stable

territory patterns. More realistic mechanistic models have been considered since, incorporating

scent marking [74] and habitat selection [77].

A modeling framework which has been heavily used in biology and ecology is that of reaction-

advection-diffusion equations [16, 14, 83, 68, 19, 18, 17]. These models can be derived mechanisti-

cally from individual based models, and use assumptions of random and directed movement, birth,

and death to help make conclusions about persistence, extinction, and coexistence in species [16].

Local reaction-advection-diffusion (RAD) models, or those that only take local information and

local processes into account, have been used with success to predict the territories of species such

as wolves, [107], coyotes, [74], and meerkats, [7]. Such verified models can then be of use to help

predict how territories will evolve as the environment changes or how different groups will redis-

tribute if a group becomes extinct. Local mechanistic models attempt to capture the social and

environmental dynamics that govern how competing subgroups of a species interact with one an-

other. Generally, local RAD models incorporate inter- and intra-group dynamics, or the dynamics

within and between groups, respectively, and preferences toward favorable patches in the environ-

ment [27, 96]. However, as mentioned earlier, it is the case that the process of gathering information

about a local environment is inherently nonlocal. Thus, there are cases where local RAD models

alone are insufficient to explain certain observed phenomena without the introduction of artificial

dynamics. In the local system introduced to model the dynamics of territory use of meerkats, an

advective term pointing in the direction of an artificial home center was introduced in order to keep

different groups coherent [7]. Recent evidence shows that some animals avoid locations where they

have previously encountered a member of another group (see for example [26, 7]). This implies

that these animals inform their decision of where to move based on nonlocal information.
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We introduce a system of nonlocal RAD equations to model territory formation of social

groups which we argue to be more suitable for the case where there is no home center. Due to

the analytical and computational expense of the nonlocal term, we investigate several methods

to efficiently find solutions to the model. We are particularly interested in solving the system

efficiently in order to connect the model with data and to better understand the effects of diffusion,

aggregation, segregation, and the environment on solutions.

1.2 Birth Jump Processes

The movement of individuals from one location to another, known as dispersal, can greatly

influence the development of a population. For example, dispersal can help populations control

their size or expand their territory. While dispersal can be beneficial to species, in some cases

it can be detrimental. High dispersal rates can prevent the adaptation of a population to a new

environment, which can hinder the survival of small populations [91]. In fact, the effect that

dispersal has on the dynamics of a population is very complex and thus developing mathematical

models that incorporate dispersal and growth of a population can be helpful in teasing out what

those effects are.

Reaction-diffusion equations have provided a good framework for such modeling efforts as

they allow one to understand the effect that dispersal has on the population dynamics from a

macroscopic perspective. Importantly, the reaction-diffusion framework allows one to understand

when a population will persist and when it will become extinct. Classically, dispersal is represented

by linear diffusion modeling random dispersal of individuals [102, 16], and two growth patterns that

are typically studied with dispersal are logistic growth and an Allee effect. The Allee effect is a

phenomenon in biology in which the density of a population affects the fitness of the individuals; if

the population density falls below the Allee threshold, the per-capita growth rate becomes negative.

It is known that the type of growth-pattern that a species is subject to also plays a key role in the

population dynamics. For example, the Allee effect is observed in the fact that solutions to classical

models with initial density below the Allee threshold will go extinct as time goes to infinity. An
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important thing to note here is that in classical models, birth and dispersal are decoupled actions.

This is a natural assumption to make in many circumstances, for example, when modeling mammals

that are dispersing to hunt prey or to move from their birth site to breeding site. However, there

are situations, such as birth jump processes, where dispersal and birth are inextricably linked.

In [48], a model for birth jump processes was introduced and was argued to be more suitable

to model forest fire propagation due to a mechanism called spotting, where an ember from a fire

can float in space and start another fire ahead of the front [69, 2]. It is shown that the inclusion

of spotting in the model can lead to increased invasion speed of forest fire fronts. Birth jump

processes have also been argued to be more accurate to describe cancer cell growth [12]. Cancer

can metastasize due to cells transported through bodily fluids, thus growing tumors in distant

locations, which is directly related to the birth of new cells [105]. To tease out the complicated

effects of nonlocal dispersal, we develop theory for a model of birth-jump processes. We establish

results on properties of solutions and global existence and uniqueness, and we are interested in

determining under which initial conditions a population can persist or will go extinct. We pay

particular attention to the question of whether nonlocal dispersal can help a population overcome

the Allee effect.



Chapter 2

Nonlocal Mechanistic Models in Ecology

2.1 Introduction

We present and analyze a nonlocal mechanistic model that can be used to describe territory

formation of social groups, without the need for artificial dynamics. However, due to the inclusion

of nonlocal advection, classical theory no longer applies [13, 21]. Therefore, analyzing the model

is difficult and solving it numerically is computationally expensive [9]. In order to investigate the

behavior of solutions in two dimensions with several groups and connect the model with data, we

must address these challenges. Specifically, we introduce a nonlocal RAD system for multiple-

species, which helps maintain coherence of animal territories when there is no home center. We

are concerned with studying the solutions of this model, with particular interest in those where the

territories are segregated, as this is observed in many species.

We take advantage of the fact that this mechanistic model can be seen as a gradient flow of an

energy (with respect to the Wasserstein metric, [106]), thus minimizers of the energy are equilibrium

solutions of the mechanistic model. We first focus on the study of the nonlocal energy that contains

convolution terms, which can be computationally expensive. In [111], the authors study a system

of nonlocal PDEs modeling pattern formation in marshes. They use a local approximation to

predict pattern formation in the nonlocal one-dimensional model which they explore numerically.

This motivates our second objective, which is to derive local approximations of the original nonlocal

model and provide a comparison of the energy landscapes. Here, we present both second and fourth-

order approximations and determine that, in one-dimension, the second-order approximation does
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a good job matching the minimizers of the nonlocal model only in a few cases. As we will see,

the fourth-order local approximation matches the dynamics of the nonlocal model more widely.

Moreover, in two-dimensions, the fourth-order approximation is required.

One objective is to understand how much faster (if at all) it is to find minimizers of the

local energies compared to the nonlocal energy and how these savings scale with the number of

species. The latter point is of particular importance, because in the model verification stage, when

comparing to data, we will have to find equilibrium solutions of many groups (e.g. 6-10 depending

on the application). When our algorithm was seeded with random data, we discover that the local

approximations can lead to significant savings in computational time. However, with two groups,

when starting data close to an energy minimizer was fed to the algorithm, the computation times

were similar and in some occasions, the local approximation was slower than the original nonlocal

energy. With three groups in two-dimensions, we observe an increased savings in computation

time with the fourth-order approximation and random starting data. For some parameter values,

we also see increased savings in computation time for segregated starting data. Moreover, for

some starting data, the local and nonlocal algorithms find different energy minimizers. This can

be attributed to the fact that the energy landscapes are complex (indeed there are an infinite

number of equilibrium solutions, [95]). Note that we are often able to find a minimizer in the local

approximation that matches the nonlocal minimizer provided we seed the nonlocal equilibrium to

the local approximation. Incorporating an environmental potential alleviates this issue as the set

of minimizers is reduced significantly. Of course, we still have non-uniqueness since for a given

minimizer, if you swap populations, we obtain another minimizer. Moreover, if the environmental

potential is radially symmetric, then the minimizers are invariant under rotations. Studying this

case will highlight differences in segregation strength between the local and non-local models.

We find the energy landscapes to be quite complicated and difficult to compute efficiently.

Thus, we shift to the use of a different method to numerically find solutions to the model. We

work on a bounded, periodic grid and use spectral methods to compute the convolutions and

derivatives in Fourier space. We investigate the effects the interaction potential, the environment,
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the diffusion strength, and the number of groups have on the behavior of the equilibrium solutions

and the computation time. Interestingly, we find some cases where changing the type of interaction

potential has more of an effect on a population’s territory than changing the variance. We also see

that the balance between the diffusion strength and the aggregation strength seems to have a large

influence in the computation times. Finally, with the intention of completing a similar analysis to

[7] to determine which forces are primary drivers in the movement of meerkat social groups, we

propose a method to connect the model with observed environment and meerkat location data. We

test this method on synthetic data.

2.1.1 Application: Meerkat Territory Formation

As discussed, connecting mechanistic models of meerkat territory formation with data from

field observations has been done in a local RAD framework [7]. The authors use various local

RAD models to describe territories of social groups of meerkats, incorporating processes such as

territorial scent marking and direct interactions between groups. They consider the model,

∂tui(x, t) = ∇2[ui(x, t)D(x, t)]−∇ · [ui(x, t)Ci(x, t)], (2.1)

for x ∈ Ω ⊆ Rd, t > 0, where ui represents social group with i = 1...N , D(x, t) is the spatial

diffusion rate, and Ci(x, t) is the velocity of group i’s directed movement. Each groups advects

in the direction of v̂i(x), a unit vector pointing in the direction of group i’s home center. There

are two core versions of this model: the groups either move away from direct interactions with

conspecifics or away from scent markings by conspecifics. Within these core models, the authors

can take into account both desirable and undesirable habitat features, social groups splitting, and

territories shifting.

This model was connected with environment data and meerkat location data from the Kala-

hari Meerkat Project, a long term study of meerkat social groups in South Africa. The meerkat

location data, seen in Figure 2.1(a), describes locations and times where members of meerkat social

groups were observed, as well as occurrences of social groups splitting. Environment data such
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(a) Meerkat location data (b) Elevation data

(c) Sand Data (d) Edge Data

Figure 2.1: Data from the same geographical location in South Africa: Meerkat location data from
the Kalahari Meerkat Project and environment data rated from most attractive (yellow) to least
attractive (blue) on a scale from 0 to 1.

as elevation (Figure 2.1(b)), sand-type (Figure 2.1(c)), and interface between sand-types (Figure

2.1(d)), were also considered in this study. For three different distinct time periods, the authors

incorporate data into the various versions of equation (2.1) via maximum likelihood estimation,

They determine which models are most accurate to the data during each period and hypothesize

primary drivers of meerkat movement.

However, in the local system introduced to model the dynamics of territory use of meerkats,

an advective term pointing in the direction of an artificial home center was introduced in order to

keep different groups “coherent” (by coherence we mean the non-transient formation of spatially
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non-constant distributions) [7]. The home center considered for each group is not observed in

meerkat populations, and there is evidence that meerkats inform their territories based on nonlocal

information. It has also been noted that a mechanistic model should be able to recreate observed

behaviors without fixing a home center a priori [15]. As far as we are aware, the only other work

that has tried to incorporate this spatial memory is [89].

2.1.2 Model and Methods

We propose a system of nonlocal reaction-advection-diffusion equations, which in its most

general form reads as follows: ∂tui = η∆A(ui)−∇ ·
[
ui∇

(
K ∗ ui −K ∗

∑N
j=1,j ̸=iuj + U(x, t)

)]
,

ui(x, 0) = u0(x),

(2.2)

for x ∈ Ω ⊂ Rd, t > 0, where K ∗ u(x) =
∫
ΩK(x − y)u(y, t)dy. Here, ui represents different

competing groups, with i = 1, 2, ..., N . For this study we use periodic boundary conditions. A

version of (2.2) was first introduced in [94] to understand social segregation. However, it can be

seen as a generalization of the aggregation-diffusion equation for a single group, which has been the

object of much research – see [60, 10, 8, 9] and reference within. Versions have also been studied

in the N = 2 case, [37, 22], and this model has been used to study phenomena such as animal

territories [90], predator-prey dynamics [38], and human gangs [6]. In [40], the authors investigate

an efficient way to solve a multi-species model using spectral methods.

The dynamics of each group in (2.2) are governed by the competition between three forces:

local diffusion (or short-range repulsion); long range intra-group attraction; and long-range inter-

group repulsion. Social interactions and social groups are not exclusive to the human population,

and certain animal populations also move and live in social groups, e.g deer, wolves, lions, and

meerkats [108, 107, 7]. The different inter- and intra-forces which have been observed, or postulated

to occur, between these social groups are the factors that we incorporate into (2.2). The function

A in (2.2) represents the intragroup dispersal rate, the convolution term represents intra-group

aggregation, and inter-group repulsion is governed by the potential K. Note that the long-range
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aggregation term moves the group ui with a nonlocal velocity −∇K ∗ ui, which helps maintain

the group coherent. Moreover, the long-range, inter-group repulsion term moves the population ui

away from other groups via the velocity field
∑N

j=1,j ̸=i∇K ∗ uj and serves as a segregation term.

System (2.2) can be seen as a gradient flow of the following energy with respect to the

Wasserstein metric, which describes the distance between two probability distributions on a metric

space. One can think about this metric as the cost it takes to transfer one measure to another in

the most optimal way.

E[ui](t) :=

∫
Ω

η N∑
i=1

A(ui)−
1

2

N∑
i=1

(K ∗ ui)ui +
N∑

i,j=1,i ̸=j

(K ∗ ui)uj +
N∑
i=1

U(x, t)ui

 dx. (2.3)

Indeed, the first variations of the energy with respect to ui are given by:

δE

δui
= η

δA

δui
(ui)−K ∗

ui −
n∑

j=1,j ̸=i

uj

+ U(x, t). (2.4)

We see that we can rewrite (2.2) as

∂tui = ∇ ·
[
ui∇

(
δE

δui

)]
, (2.5)

and write the time derivative of the energy using (2.5) and integration by parts,

dE

dt
=

∫
Ω

(
n∑

i=1

δE

δui
uit

)
dx

= −
∫
Ω

(
n∑

i=1

ui

∣∣∣∣∇ δE

δui

∣∣∣∣2
)
dx. (2.6)

One of the motivations for this work lies in the fact that solving the evolution equation (2.2)

is computationally expensive as explained in the work of Bernoff and Topaz in [9]. We recap their

argument for convenience. For the two-dimensional problem, if we use quadrature, the nonlocal

convolution runs in O(n4) time for an n×n grid, which can be decreased to O(n2 log n) operations

with the use of pseudospectral methods. However, solutions of (2.2) can have contact lines that

develop from the degenerate diffusion (as will be illustrated in what follows – see for example Figure

2.3) and dealing with this then requires a finer grid, increasing the computational time.
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In [9], Bernoff and Topaz considered a nonlocal biological aggregation diffusion equation and

derived its local approximation (a Cahn-Hilliard type equation). Their goal was to determine if the

minimizers of the energy functional stemming from the original nonlocal model did a reasonable

job matching the minimizer of the energy stemming from the local approximation. We use the

ideas introduced in that paper and generalize them to a system of nonlocal equations. That is, we

explore the use of the energy (2.3) as a way of efficiently finding equilibrium solutions. We note

a few differences between this work and that of [9]. First, we focus on studying systems, which

are known to behave differently than scalar equations (indeed we see a much more complex energy

landscape even with two groups). We also provide a comparison of computational costs between

finding the minimizers to the nonlocal energy and the local counterparts.

To use the energy as a way to find equilibrium solutions to (2.2) we consider two possible

strategies. First we focus on a specific potential, the Laplace potential, which lends itself to some

useful analysis, in the context of this model. This reduces the complexity of the problem, enabling

us to find explicit equilibrium solutions when two groups are interacting. In the more general

case, finding equilibrium solutions reduces to solving boundary value problems with a convolution

that can be solved efficiently. The second approach considers more general potentials for which we

perform a long-wave approximation. As mentioned earlier, our aim is to see if the local models

do a suitable job approximating the nonlocal model and if it is more efficient to find equilibrium

solutions of the local models.

Finally, we consider spectral methods as an efficient way to compute equilibrium solutions.

Similar to the work of [40], we compute convolutions and derivatives in Fourier space. In contrast,

we find equilibrium solutions in two dimensions with N > 2 in order to incorporate data. We

investigate the effect of parameters and potentials on the equilibrium solutions, demonstrate the

effect of each of the terms in the model, and incorporate synthetic data by minimizing the negative

log-likelihood function using stochastic gradient descent.
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2.2 From interacting-particles to a population density

We begin considering n distinct groups of a species interacting with each other. For each

of these groups, i = 1, ..., n, there are Ni individuals and xNi
k (t) denotes the position of the kth

member of group i at time t. We can describe the change in position of the individual as follows:

dxNi
k (t)

dt
= vk(x, t),

where the velocity is given by the various interactions. Specifically, it has the form:

vk(x, t) =

Ni∑
j=1,j ̸=k

∇V (xNi
k (t)− xNi

j (t)) +
n∑

l=1

Nl∑
j=1

∇K(xNi
k (t)− xNl

j (t)) +∇U(x, t).

The potential V describes the intra-group interactions, long-range attraction and short range re-

pulsion, K describes the inter-group interactions, a weak long range force, and U describes the

favorability of the environment. If we take the limit as the members of each group go to infinity,

one has to consider how these interactions will change with different numbers of particles in the

system. The typical scalings considered are:

VN (x) = NγvV1(N
γv/d(x)) and KN (x) = NγkK1(N

γk/d(x)).

Where γi ∈ (0, 1) leads to the range of interaction decreased and the strength increased, and γi = 0

leads to long-range but weak interactions. Therefore, in order to match the forces we want in our

model, we choose γv ∈ (0, 1) and γk = 0 [81, 80].

In the continuum limit we arrive at the following nonlocal model for each group u and v.

The diffusion term, A(u) = u2 in (2.2).

∂tui = η∆u2i −∇ ·

ui∇
K ∗

ui −
n∑

j=1,j ̸=i

uj

+ U(x, t)

 . (2.7)

A version of system (2.7) was used to study animal ecosystems with multiple groups in [89], where

it is assumed that each population can detect opposing populations within a local neighborhood

through direct observations or interactions, communication through scent marking, or memory of

past interactions with opposing populations. Thus, in system (2.7) we are able to take into account

the processes modeled in system (2.1), while eliminating the need for an artificial home center.
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2.3 Second and fourth-order approximations

In this section we derive and analyze the second and fourth-order local approximation to

(2.2). Note that for two groups, constants u1 = u2 = c are equilibrium solutions to (2.2), when

U ≡ 0. For three groups or more, the non-local problem has only the trivial solution as a spatially

homogeneous solutions. However, for the local counterparts, all constants are equilibrium solutions

when U ≡ 0. Through linear stability analysis of these constant equilibrium solutions, we find

that both approximations lead to some parameter regimes of stability. The main objective of this

stability analysis is not to determine if there are parameter regimes where one expects non-constant

equilibrium solutions, but rather to make sure that the approximations are not ill-posed.

The second and fourth-order approximation of the system for groups i = 1, ..., n is given by:

∂tui = ∇ ·

ui∇
ωui +

n∑
j=1,j ̸=i

uj + U(x, t)

 . (2.8)

and

∂tui = ∇ ·

ui∇
ωui −∇2ui +

n∑
j=1,j ̸=i

(uj +∇2uj) + U(x, t)

 , (2.9)

respectively, with ω = 2η−1. Both approximations enjoy a gradient-flow structure with the following

the respective energies:

EL2[u1, ..., un] :=

∫ ω

2

n∑
i=1

ui +
n∑

i,j,i̸=j

uiuj +
n∑

i=1

U(x, t)ui

 dx (2.10)

EL[u1, ..., un] :=

∫ ω

2

n∑
i=1

u2i +
1

2

n∑
i=1

|∇u2i | −
∑

i,j,i̸=j

(∇ui ·∇uj− uiuj)+

n∑
i=1

U(x, t)ui

dx. (2.11)

In the remainder of the paper we work with interacting potentials K that satisfy the following

assumptions:

(1) K is radial: K(x) = K(|x|);

(2) K ∈ L1(Rd) with unit mass:
∫
Rd K(y)dy = 1;
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(3) K has sufficient decay as |x| → ∞: defining

Mm :=
1

m!

∫
Rd

K(z)zmdz;

we assume that limm→∞Mm = 0 and Mm+1 = o(Mm);

(4) K has a normalized second moment M2 = 2d.

2.3.1 Long-wave approximations

To obtain a local approximation to the nonlocal model, we perform long-wave approximation

of the nonlocal term under the assumption for the interaction potential discussed above, exactly as

found in [9], but details are included for the reader’s convenience. The main thing to consider is

that we can approximate the convolution term by first taking the Fourier Transform of the potential

and keeping the long-wave modes. By assumption, K is radial and thus its Fourier Transform is

also radial in k. We have

K̂(k) =

∫
Rn

K(r)e−ikxdx,

where k = |k| and r = |x|. We rewrite the exponential in series form,

e−ikx =

∞∑
m=0

(−i)m
k · x
m!

;

and obtain that:

K̂(k) =

∫
Rd

(
K(r)−K(r)ik · x− 1

2
K(r)(k · x)2 + · · ·

)
dx.

Using the assumptions on K, we find the second and fourth terms to be zero due to symmetry,

and the first term,
∫
Rd K(z)dz = 1. For the third term, we have
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−1

2

∫
Rd

(k · x)2K(r)dx = −1

2

d∑
p=1

d∑
q=1

kpkq

[∫
Rd

K(r)xpxqdx

]
(2.12)

= −1

2

d∑
p=1

k2p

[∫
Rd

K(r)x2pdx

]
(2.13)

= −1

2

d∑
p=1

k2p

[
1

d

∫
Rd

K(r)r2dx

]
(2.14)

= −1

2

1

d
2d

d∑
p=1

k2p (2.15)

= −k2.

We rewrite (k ·x)2 as a double sum in the right hand side of (2.12), (2.13) uses symmetry to

conclude that the non-diagonal terms cancel, (2.14) uses the radial symmetry of K to arrive at the

second moment, and (2.15) substitutes in the assumption we have made for M2. Finally, using the

first three terms in the approximation, we get K̂ = 1− k2 +O(k4).

From this, we obtain second-order approximation by taking K ∗w ≈ w and substituting this

back into (2.7) to get (2.8). On the other hand, substituting K∗w ≈ w+∇2w gives the fourth-order

approximation seen in (2.9).

2.3.2 Stability analysis for the local approximations

To determine the viability of using these local approximations, we start by performing a

stability analysis for both approximations when the number of groups interacting with each other

is two or three. We find parameter regimes leading to stability for both approximations; however,

as expected, the fourth-order approximation has a larger regime of stability. Of course, this comes

at the cost of having more terms to deal with analytically and numerically. Thus, for the purpose

of fast computations ideally one would prefer to work with a second-order approximation.

Proposition. We obtain the following conditions to achieve linear stability for the local approxi-

mations, (2.8) and (2.9):
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(1) The second-order approximation, (2.8), with U = 0, achieves linear stability for n = 2 and

n = 3 when η > 1.

(2) The fourth-order approximation, (2.9), with U = 0, achieves linear stability for n = 2 when

η > 1/2.

(3) The local approximations, (2.8) and (2.9), with U ̸= 0 achieve linear stability for n = 2

when ∆U < 0.

The proof of this proposition relies on lemmas which we state and prove below.

2.3.3 Second-order approximation with no environment

We begin with the stability analysis of (2.8) for n = 2 and n = 3 with the following result:

Lemma 1. Let U = 0. Then, (2.8) achieves linear stability for n = 2 and n = 3 when η > 1.

Proof. Consider perturbations of the form u = ū+ δue
ikx+σt and v = v̄ + δve

ikx+σt.

The resulting linear system is:

σ

 δu

δv

 =

−ωūk2 −ūk2

−v̄k2 −ωv̄k2


 δu

δv

 .

Note that the determinant of the matrix isD = (ω2−1)ūv̄k4 and it is positive when ω2−1 > 0

which corresponds to η > 1. The trace, T = −ωk2(ū + v̄), is negative when ω > 0, corresponding

to η > 1/2. Therefore, for (2.8), we get linear stability for η > 1.

When n = 3, we substitute the perturbation of the constant solution, w = w̄+ δwe
ikx+σt and

linearize the system in the same manner. The resulting system is given by:

σ


δu

δv

δw

 =


−ωūk2 −ūk2 −ūk2

−v̄k2 −ωv̄k2 −v̄k2

−w̄k2 −w̄k2 −ωw̄k2




δu

δv

δw

 .
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Here we can use the Routh-Hurwitz criterion, [97], to determine when the the eigenvalues

are in the left half of the complex plane. We first find the characteristic equation,

p(λ) = −λ3 − ωk2(ū+ v̄ + w̄)λ2 + k4(v̄w̄ + ūw̄ + ūv̄)(1− ω2)λ+ k6ūv̄w̄(−2 + 3ω − ω3).

From the characteristic equation, we obtain:

a0 = k6(ūv̄w̄)(2− 3ω + ω3)

a1 = −k4(v̄w̄ + ūw̄ + ūv̄)(1− ω2)

a2 = ωk2(ū+ v̄ + w̄).

We have linear stability when a0 > 0, a2 > 0, and a2a1 > a0. We first consider when a2a1 − a0 is

greater than zero:

a2a1 − a0 = 2k6ūv̄w̄(ω3 − 1) + k6(ū2(w̄ + v̄) + v̄2(w̄ + ū) + w̄2(ū+ v̄))(ω3 − ω).

We see the coefficients of ω3 − 1 and ω3 − ω are positive. We also have ω3 − ω and ω3 − 1 are

positive when ω > 1. This corresponds to η > 1. It is quick to check that a0, a2 > 0 when η > 1 as

well. Therefore, the system is linearly stable for η > 1.

Note that we can use the Routh-Hurwitz criterion for higher dimensional systems in order to

determine stability for an artibrary number of groups.

2.3.4 Fourth-order approximation with no environment

Lemma 2. Let U = 0 and n = 2. The fourth order approximation, (2.9), achieves linear stability

when η > 1/2.

Proof. For the fourth-order approximation, the corresponding linear system with two groups is:

σ

 δu

δv

 =

−k2(ω + k2)ū k2(k2 − 1)ū

k2(k2 − 1)v̄ −k2(ω + k2)v̄


 δu

δv

 .

The determinant D = k4ūv̄[(ω + k2)2 − (k2 − 1)2] is positive if

(ω + k2)2 > (k2 − 1)2, or (2η − 1 + k2)2 > (k2 − 1)2.
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This is true if η > 0. For the trace, T = −k2(ū+ v̄)(ω+ k2), to be negative we need ω+ k2 > 0, or

1− 2η < k2. If η > 1/2, 1− 2η is always negative, so it is less than k2. For η > 1/2, we get linear

stability.

Therefore, we see that the fourth-order approximation is stable for a larger region of η than

the second-order approximation.

2.3.5 Stability with an environment term

For simplicity, we only consider the case with two interacting groups when adding an envi-

ronmental potential U to our system.

Lemma 3. Let n = 2 and U ̸= 0. The local approximations, (2.8) and (2.9), achieve linear stability

when ∆U < 0.

Proof. The equilibrium solutions are now ū = 0 and v̄ = 0. So, our perturbations are now simply

u = δue
ikx+σt and v = δve

ikx+σt. Substituting those into the system and keeping only linear terms

in δu, δv both in the second and fourth-order approximations gives us the resulting system:

σ

 δu

δv

 =

ik∇U(x, t) + ∆U(x, t) 0

0 ik∇U(x, t) + ∆U(x, t)


 δu

δv

 .

With an environment potential, the only constant equilibrium solution is the trivial. Therefore, we

obtain a simple diagonal matrix when we perturb them and keep linear terms. The eigenvalues are

the diagonal entries. In order to have real part negative, we must have ∆U(x, t) < 0. Therefore,

we need the environment potential to be concave down for stability.

Now we are ready to prove Proposition 2.3.2.

Proof. (Proposition 2.3.2)

Combined, Lemma 1, Lemma 2, and Lemma 3 prove our result.
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2.4 Equilibrium solutions for the Laplace potential

Strategically choosing certain potentials can help streamline the analysis of the system. To

illustrate this, in this section we consider the Laplace potential, which is the Green’s function of

the Helmholtz equation. A nice consequence of this is that for two groups we obtain analytical

equilibrium solutions to (2.2). This is not the case for n groups, but we do obtain a reduced model,

a nonlocal boundary-value problem where the nonlocal term is the convolution. Recall that the

Laplace potential, K(x) = 1
2me−m|x|, satisfies:

Kxx −m2K = −δ(x). (2.16)

2.4.1 Two groups: n = 2

We consider two groups, denoted by u and v. Using the gradient-flow structure observed in

(2.6), we can substitute (2.4) for both groups u and v and analyze the equilibrium solutions to

obtain:

0 = −
∫
Rd

(
u

∣∣∣∣∇δE

δu

∣∣∣∣2 + v

∣∣∣∣∇δE

δv

∣∣∣∣2
)
dx

= −
∫
Rd

(
u |∇(2ηu−K ∗ (u− v))|2 + v |∇(2ηv −K ∗ (v − u))|2

)
dx.

Note that u, v ≥ 0 are physical constraints on the solution we care about and thus the integrand

above must be non-negative. This enforces that the integrand be zero, meaning that both terms in

the integrand must vanish. Thus,

0 = u |∇(2ηu−K ∗ (u− v))|2 = v |∇(2ηv −K ∗ (v − u))|2 .

From here, we deduce that ∇(2ηu−K ∗ (u− v)) = ∇(2ηv −K ∗ (v − u)) = 0, implying that:

2ηu−K ∗ (u− v) = c1 (2.17)

2ηv −K ∗ (v − u) = c2 (2.18)

where c1, c2 are constants. Solving for u+ v gives:

u+ v =
c1 + c2
2η

. (2.19)
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Now hitting (2.17) with the operator ∂xx − m2 and recalling that K satisfies (2.16) allows us to

compute as follows:

2η(uxx −m2u)−
∫
R
(∂xx −m2)K(x− y)(u(y)− v(y))dy = −m2c1

2η(uxx −m2u) + u(x)− v(x) = −m2c1

2η(uxx −m2u) + u(x)− c1 + c2
2η

+ u = −m2c1

uxx + (1/η −m2)u =
(1− 2ηm2)c1 + c2

4η2
(2.20)

In the case when ηm2 < 1, we can solve this second-order differential equation explicitly.

u(x) = A cos(
√
1/η −m2x) +B sin(

√
1/η −m2x) +

(1− 2ηm2)c1 + c2
4η2(1/η −m2)

.

Using the relation in (2.19), we can explicitly write v,

v(x) =
c1 + c2
2η

−A cos(
√

1/η −m2x)−B sin(
√
1/η −m2x) +

(1− 2ηm2)c1 + c2
4η2(1/η −m2)

.

One of these analytical solutions is illustrated in Figure 2.2(a). We can consider how the restriction

(a) (b)

Figure 2.2: (a) Analytical solution to (2.20) with two groups interacting (b) The least squares
solution to the linear system (2.22) with three groups.

ηm2 < 1 can be interpreted physically. Decreasing m leads to a steeper segregation potential, and

increasing the parameter η increases the diffusion of the groups. Therefore, as we increase the

steepness of the potential, we can allow for larger diffusion, or a group with smaller density. This

suggests that if groups have a stronger repulsion from each other, they can take up more space.
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As we decrease the steepness of the potential, we must have smaller diffusion, or higher mass for

the group. Thus, if the groups are not as strongly repulsed from each other, they must take up

less space. This interplay between these parameters suggests a balance that leads to the territory

segregation we see in Figure 2.2(a).

2.4.2 General number of groups: n > 2

The nice cancellations that occurred in the above section do not happen in the more general

case; however, we can still follow the procedure discussed above to reduce the system’s complexity.

Indeed, we obtain a system of ODEs that we can solve recursively for group i = 1, ..., n. We can

use the symmetry of the system to get the remaining ODEs. An appropriate linear combination of

(2.4), gives the following:

n∑
i=2

ui = (n− 3)u1 −
n− 2

η
K ∗ u1 −

n− 3

2η
c1 +

1

2η

n∑
i=2

ci (2.21)

If we hit (2.4) for i = 1 with the operator ∂xx −m2 and substitute in (2.21), we have the resulting

ODE:

u1xx −
(
m2 +

n− 4

2η

)
u1 +

n− 2

2η2
K ∗ u1 =

(−2ηm2 − n+ 3)c1 +
∑n

i=2 ci
4η2

. (2.22)

The obvious algorithm to use for solving this ODE is the Fast Fourier Transform (FFT), [47].

Taking the Fourier Transform of (2.22) and solving for û1 gives that:

û1(w) =
(2ηm2 − n+ 3)c1 +

∑n
i=2 ci

4η2(−w2 − (m2 + n−4
2η ) + n−2

2η2(1+w2)
)
δ(ω). (2.23)

Therefore, in order to find u1 and therefore ui by symmetry, we need to find the inverse Fourier

Transform of (2.23). Note that this returns the constant solution of the ODE. Recall that the

boundary value problem is not unique. In fact, we get this same result using this method on the

ODE obtained with two groups.

To obtain non-constant solutions, we discretize the domain and approximate uxx with cen-

tered differences and approximate the convolution with the same matrix multiplication that we use

in our numerical results in Section 2.5, reducing the problem to solving a linear system. Figure
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2.2(b) illustrates a solution, while these solutions are negative in some values, the overall solution

provides the territory boundaries when three groups are interacting in a one-dimensional space. In

this case, we could interpret territory boundaries by shifting solutions above y = 0.

2.5 Energy minimizers for general potentials

To consider more general potentials we resort to computing the energy minimizers numeri-

cally, which we do through the use of fmincon from MatLab’s optimization toolbox, computing the

convolution via matrix multiplication using a equispaced grid, and computing derivatives using cen-

tered differences. We use the Laplace potential for each case, normalized to satisfy the assumptions

put on our potential, K(x) = −a1e
a2|x|, where a1 =

π
Γ( d+1

8π
)

(
d+1
8π

)d/2
, a2 =

√
d+1
2 .

2.5.1 One-dimensional energy minimizers

For proof of concept we begin with the one-dimensional case. Our analysis begins with con-

sidering the interaction between two groups and we compare the local and nonlocal minimizers of

their respective energies. Additionally, we contrast the computational time required for the algo-

rithm to find the minimizers when seeded (1) random starting data and (2) segregated starting data

(i.e. presumably close to what we believe to be a minimizer). The scaling of these computational

times as we add more groups is very important for real world applications; hence, we also study

what happens when we have three groups interacting. The final case we analyze in one-dimension

is the addition of an environment potential.

2.5.1.1 Two groups interacting with no environmental influence

η 1/6 1/3 1/2 2/3 5/6

Nonlocal 78 153 78 33 23

Local-4th order 56 40 67 75 102

Table 2.1: Computational time in seconds for two groups interacting with no environmental
influence and with a random starting data.
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(a) η = 1/3 (b) η = 1/2

Figure 2.3: Energy minimizers for random starting data. NL refers to the non-local model and L4
to the 4th-order approximation.

(a) η = 1/3 (b) η = 1/2

Figure 2.4: Energy minimizers for segregated starting data. NL refers to the non-local model, L2
and L4 to the 2nd-order and 4th-order approximations, respectively.

First, consider the case of two groups interacting with no environmental influence. From

our analysis, for random starting data, we observe that the fourth-order local model is a better

approximation to the nonlocal model in comparison to the second-order model. The second-order

approximation either does not match the nonlocal model or is unstable, by which we mean that

the algorithm did not return a reasonable minimizer. The latter was the case for the numerical

experiments illustrated in Figure 2.3, which is the reason that results from the second-order ap-

proximation are not included. The results illustrated in Figure 2.3 are as expected: the two groups
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form territories that are segregated, but have larger territories as η increases. For lower values of

η, the minimizers for the fourth-order local energy tend to be shorter and wider than the mini-

mizers for the nonlocal energy. Also note that as η increases, the fourth-order approximation does

a better job matching the nonlocal equilibrium. A potential reason for this behavior is the desire

to segregate is stronger in the nonlocal model than in the local counterpart. We observe that this

difference diminishes as the two groups diffuse more and thus have less space to occupy (due to the

boundedness of the domain), see Figure 2.3.

When seeding the minimizer algorithm with segregated data, we often find minimizers of

higher energy as compared to the minimizers obtained when seeding the algorithm with random

data. Recall that these energies are not convex and there are many local minimizers, which our

algorithm will find depending on the data seeded. In fact, in all of our simulations, we found a

minimizer of higher or equal energy when we seeded segregated data versus random data. This

implies that we are more likely to get to a global minimizer if seeding the algorithms random data.

Comparing the nonlocal minimizers illustrated in Figures 2.3(a) and 2.4(a), we note that the

former has lower energy than the latter. Also, the nonlocal minimizers illustrated in 2.3(b) and

2.4(b) have equal energy. In Figure 2.4, the minimizer of the nonlocal model is not a minimizer of

the fourth-order approximation, but is a minimizer of the second-order approximation. Hence, there

are rare cases where the second-order approximation matches the nonlocal and the fourth-order

approximation does not.

We must also point out that in some cases, when the algorithm was initialized with segregated

data, the minimizer of the fourth-order approximation did not match the nonlocal minimizer.

However, this was never the case when seeded with random data. The second-order approximation

matched in rare cases, but was unstable more often than not. For these reasons, we find the

fourth-order approximation to be more suitable.

When comparing computational time, the fourth-order approximation performed at about

the same level as the nonlocal counterpart, this is illustrated in Table 2.1. Thus, while the fourth-

order approximation seems to be a suitable replacement for the nonlocal model, it does not save
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computational time in one-dimension. Interestingly, for smaller values of η the local approximation

was faster, but for larger values of η computing the minimizer for the nonlocal energy was faster.

The computational times for segregated starting data are not shown in Table 2.1, because when

feeding the algorithm a starting point close to an energy minimizer it takes at most two seconds

for any of the models to find the minimizer. If the data seeded to the algorithm are not close

to a minimizer, the results are similar to those with random starting points. In either case the

fourth-order approximation does not really save computational time in the one-dimensional case

with two-species interacting.

2.5.1.2 Three groups interacting with no environmental influence

η 1/6 1/3 1/2 2/3 5/6

Nonlocal - 2 Groups 78 153 78 33 23

Nonlocal - 3 Groups 563 1460 268 143 138

Table 2.2: Computation times in seconds for three groups with no environmental influence and
random starting data.

Next, we look at energy minimizers when three groups interact with no environmental in-

fluence. When considering random starting data, in contrast to the previous case studied, both

the fourth-order and the second-order approximation returned unstable results. Therefore, we only

illustrate the nonlocal minimizers in Figure 2.5, where we observe intuitive results as we did with

two groups.

For segregated starting data, the results for the nonlocal model and the second-order local

approximation are very similar to the previous case. The fourth-order local approximation remains

unstable. We see matches between the nonlocal and the second-order approximation in some cases,

for example, for η = 1/3, as illustrated in Figure 2.6(a). In contrast, for η = 2/3, the starting

data remains near a steady state for the second-order approximation, and is no longer a steady

state for the nonlocal model. Therefore, the second-order approximation does not appear match

the nonlocal model for the data seeded as η increases. Moreover, as in earlier cases, the energies
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of the minimizers found with random starting data are lower than or equal to the energies found

with segregated starting data.

We also analyze the computational expense incurred when adding a group to the nonlocal

model. These times are displayed in Table 2.2. Adding a group significantly increases computational

time, as we can see from the time differences shown in Table 2.2. The computational time for

segregated starting data is not included, for the same reasoning as previously mentioned.

(a) η = 1/3 (b) η = 2/3

Figure 2.5: Minimizers for random starting data for the nonlocal model with different η values.

(a) η = 1/3 (b) η = 1/2

Figure 2.6: Minimizers for segregated starting data



29

(a) η = 1/6 (b) η = 1/2

Figure 2.7: Minimizers of the nonlocal and the fourth-order approximation energy for random
starting data.

Figure 2.8: Minimizers of the nonlocal and fourth-order approximation energies with random start-
ing data, η = 2/3, a = 2.

Environment No Environment

η 1/6 1/3 1/2 2/3 1/6 1/3 1/2 2/3

Nonlocal 38 39 31 21 78 153 78 33

Local-4th order 51 42 53 69 56 40 67 75

Table 2.3: Computational times in seconds for two groups with an environmental influence and
random starting data

2.5.1.3 Two groups interacting with an environmental influence

Finally, we investigate the effect of an environmental potential which influences the movement

of all groups. With random starting data, as expected for the nonlocal model, if the influence of the
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environmental potential is strong enough, it overpowers the desire for groups to segregate. However,

there is some balance found between establishing a territory where groups see environmental benefits

while being reasonably segregated. This balance is illustrated in Figure 2.7, where we have used

the environmental potential U = ae−x2
with a = 1. the change of the environmental strength is

done by changing the value of a.

For weak diffusion coefficients, as seen in Figure 2.7(a), one group tends to overpower regions

that provide a good environment. The group that dominates depends on the seeded data (i.e. it

is random if the seeded data is random). For larger values of η, the groups remain segregated but

are closer and the second group is closer to the environment potential, illustrated in 2.7(b). Like

the cases without the environment potential, the minimizers of the local energy were often shorter

and wider for lower η values.

The environment potential also highlights some differences between the nonlocal model and

local approximation that we have not seen previously. In Figure 2.8, the strength of the environment

potential (a = 2) overpowered the segregation in the fourth-order local approximation: both groups

have some claim to territory where the environment is beneficial, and their territories overlap.

However, the desire to segregate remains strong in the nonlocal minimizers. In fact, only one

group has established territory in regions where the environment is good and there is no territory

overlap. Moreover, without the influence of an environment potential, higher η values diminished

the differences in segregation between the local and nonlocal minimizers. On the other hand, with

an environment potential, we observe the stronger sense of segregation in the nonlocal model for

higher η values.

For segregated starting data, we obtain similar results to those seen when we considered

no environmental influence. The second-order approximation matched local minimizers in limited

cases, but was often unstable, and therefore is not displayed. The energy minimizers of the fourth-

order approximation provide a reasonable match for most of the minimizers found using segregated

data and matched the minimizers of lowest energy found. It produced stable results for a wide

range of η values.
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The computational times for two groups with an environmental influence are shown in the

Table 2.3 for random initial data. We again omit the table for segregated starting data for the same

reasons as the previous cases. The times suggest that the addition of the environment potential

may, on average, slightly speed up the computation for a random starting data as compared to the

results for two groups without the environmental potential. These are also listed in Table 2.3 for

comparison. However, it is still clear that in one-dimension, the fourth-order approximation did

not save computation time, and in many cases, it was more computationally expensive.

2.5.2 Two-dimensional energy minimizers

In this section, we perform an analysis which is analogous to that done in one-dimension.

However, as two-dimensional domains are physical for many applications in spatial Ecology, the

results from these sections are more relevant from the application perspective. When investigating

both the second and fourth-order local approximations in two-dimensions, the results from the

second-order approximation are not stable and we are forced to use the fourth-order approximation.

Therefore, in this section we only analyze and compare the fourth-order local approximation to the

nonlocal counterpart.

2.5.2.1 Two groups with no environmental influence

For two groups with no environmantal influence, we obtain results mirroring those seen in

one-dimension. For random starting data, the local model matches the nonlocal model reasonably

well, as we see in Figure 2.9. In some cases, like Figure 2.9, the minimizer of the local energy is

slightly translated and has a larger territory than the nonlocal minimizer. This effect diminishes

as η increases, just as we saw in one dimension.

For segregated starting data, we find that in many cases, the fourth-order local approximation

matches the nonlocal model well. However, in some cases the nonlocal model returns a different

minimizer than the local model. Just as we saw in one dimension, the nonlocal minimizers that do

not match the local approximation, in each case, have been minimizers with a higher energy than
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those found with random starting data.

When comparing computation time, we find differences between the one- dimensional and

two-dimensional case. In two-dimensions, if the algorithm was fed random starting data, the

local approximation terminated much faster than the nonlocal. This is likely because in one-

dimension, we implement the convolution with an N x N matrix, but in two-dimensions, in order

to implement the convolution, we use an N2 x N2 matrix, so the time complexity is much larger

when we increase to two-dimensions. The computation time for random starting data can be found

in Table 2.4. However, when fed starting data closer to a minimizer (i.e. segregated territories), the

computation time was similar. There were cases (η = 1/3) where the local model terminated faster,

but also cases when the nonlocal model terminated faster (η = 1/2). Some of these computation

times are displayed in Table 2.4.

(a) Nonlocal group u (b) Nonlocal group v

(c) Local group u (d) Local group v

Figure 2.9: Energy minimizers for the local and nonlocal models with η = 1/3.
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Random Starting Data Segregated Starting Data

η 1/6 1/3 1/2 1/6 1/3 1/2

Nonlocal > 600000 509988 > 600000 16 3121 767

Local 17202 45452 112098 13 24 5252

Table 2.4: Computational times (s) for two groups in two-dimensions.

2.5.2.2 Two groups with an environment potential

Here, we observe analogous results to the one-dimensional case when we include an environ-

mental influence. Figure 2.10 illustrates results in two dimensions with environmental potential

U = e−
1
4
((x−20)2+(y−30)2). This minimizer can be compared to the minimizer Figure 2.7, which il-

lustrates results one-dimension. One group overpowers the territory where there are environmental

benefits, and the other group crowds closely by while maintaining some segregation. As we have

in one-dimension, the group that develops their territory with environmental benefits depends on

the random starting data.

When comparing the nonlocal model and the local model, we also see results similar to those

observed in one-dimension. At lower η values, we see that the nonlocal model often has higher

population density, it retains more segregation than the local model. When η increases or the

mass of the population increases, we see better matches if there is no environment term. However,

with an environment term, the desire to be in environmentally beneficial locations overpowers the

desire to segregate in the local model: the groups develop overlapping territories over beneficial

environment. On the other hand, the desire to segregate remains strong in the nonlocal model.

Figure 2.11 displays this discrepancy. It is enlightening to see what a possible cross-section of

Figure 2.11 might look like by referencing the analogous one dimensional figure, Figure 2.8.

Similar to the results in one dimension, the computation time is sped up with an environment

potential, but in two-dimensions, it is considerably faster than without an environment term. This

can be seen in the differences in Table 2.4 and 2.5. It is also still the case that with random starting

data, the local model terminates much faster than the nonlocal model.
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(a) Nonlocal group u (b) Nonlocal group v

(c) Local group u (d) Local group v

Figure 2.10: Energy minimizers for the local and nonlocal model with an environment potential
with η = 1/3

η 1/6 1/3 1/2

Nonlocal 177161 84358 70929

Local 16613 14242 43122

Table 2.5: Computation times in seconds for two groups with an environment potential, random
starting data

2.5.2.3 Three groups with no environmental influence

Finally, we found energy minimizers in two-dimensions with three groups. The computational

expense it took to add a group in the nonlocal model in two-dimensions with random starting data

was too great for the algorithm and our resources, although we were able to get results with

segregated starting data. We found interesting results when comparing to two groups in two-

dimensions. In the cases where the local model was a reasonable match for the nonlocal, lower

values of η, we observed the local model terminated much faster given the same starting data. So,

with the trials we ran, the local model saved computation time irrespective of whether the starting
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(a) Nonlocal group u (b) Nonlocal group v

(c) Local group u (d) Local group v

Figure 2.11: Energy minimizers for the nonlocal model and local approximation with an environ-
ment potential, η = 1/2

(a) Group u - NL (b) Group v - NL (c) Group w - NL

(d) Group u - L4 (e) Group v - L4 (f) Group w - L4

Figure 2.12: Energy minimizer for three groups with a segregated starting point for both the
nonlocal and local model and η = 1/3.
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data was random or segregated. However, we still observe that the local approximation did not

match the nonlocal model well in every case with segregated data and returned unstable results

in some cases. Figure 2.12 illustrates a reasonable match between the minimizers of the nonlocal

model and its fourth-order approximation. Note that the local minimizers are more concentrated

than their local approximations.

2.6 Numerical Solutions via Spectral Methods

In this section, we solve System (2.7) using spectral methods. We are able to investigate how

the parameters, potentials, and terms in the model affect the behavior of equilibrium solutions and

are also able to use this method to incorporate synthetic data into the model.

2.6.1 Discretization Scheme

We outline the process to numerically find equilibrium solutions of System (2.7). We take

advantage of working with a bounded, periodic grid and use the Fast Fourier Transform to move to

frequency space, compute derivatives and convolutions, and use the Inverse Fast Fourier Transform

to move back to physical space. This process gives us a discrete representation of the right hand

side of our system, which allows us to discretize in time and numerically solve the system.

Consider the Fourier Transform,

û(x) =

∫ ∞

−∞
u(x)e−2πikxdx, k ∈ R.

Because we are solving a nonlocal system of PDEs, we must address computing convolutions and

derivatives efficiently. Therefore, there we employ two convenient properties of the Fourier Trans-

form in our computations:

f̂ ′(x) = ikf̂(x) (2.24)

K̂ ∗ f(x) = K̂(x)f̂(x). (2.25)
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However, we are working on a bounded, periodic grid. Thus, we compute derivatives and convolu-

tions in frequency space using the Discrete Fourier Transform (DFT),

v̂k = h
N∑
j=1

vje
−ikxj , k ∈ −N

2
+ 1, ...,

N

2
, (2.26)

which allows us to pass into frequency space. The Inverse Discrete Fourier Transform (IDFT),

vj =
1

2π

N/2∑
k=−N/2+1

v̂ke
ikxj , j ∈ 1, ..., N, (2.27)

allows us to return to physical space. We utilize equation (2.26) to move into the Fourier domain,

we use properties (2.24) and (2.25) to compute derivatives and convolutions in Fourier space, and

use (2.27) to move back to physical space. In fact, we make use of the Fast Fourier Transform

(FFT) and Inverse Fast Fourier Transform (IFFT) in order to move in and out of frequency space

efficiently, reducing number of operations from N2 to N logN .

We first compute the right hand side of System (2.7) on the bounded, periodic grid for

t = n∆t. Let ui,nmj be the value of u at time n∆t for group i ∈ {1, ...,M} at grid point (m, j) for

m, j ∈ {1, ..., N} , and let ûi,nkℓ represent the DFT for k, ℓ ∈ {−N/2 + 1, ..., N/2}. We begin by

using the FFT to move into Fourier space to determine ûi,nkℓ , K̂, and Û . We compute the nonlocal

terms in System (2.7) by multiplying ûi,nkℓ and K̂ for each group i, utilizing the property in equation

(2.25). We remain in Fourier space to compute the gradient of the nonlocal terms and U(x, t),

using the property in equation (2.24). We then use the IFFT to return the physical domain and

multiply these terms by u. We move back into frequency space in order to compute derivatives.

Finally, we take the IFFT to move back to physical space. This gives us a discrete representation

of the right hand side for group i at time t = n∆t,

∂tu
i,n = f(ui,n), i = 1, ...,M, (2.28)

where f is the function described above. To find equilibrium solutions, we either solve (2.28) with

∂tu
i,n = 0 for i = 1...M , or we time step. One can use equation 2.28 and an ODE solver to find

ui+1,n. In particular, we use a Runge Kutta method in Matlab.
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After solving for the equilibrium solution or between time steps, we mitigate error by following

two processes as done in [7]. First, we set all negative entries for ui,nm,j equal to zero. Second, we

approximate the mass of each group,

Mn
i =

N∑
m,j=1

1

4
(ui,nm,j + ui,nm,j+1 + ui,nm+1,j + ui,nm+1,j+1)∆x∆y,

and divide ui,n by Mn
i to maintain a mass of 1. Note that when m or j = N , we use periodicity

in u. We determine error at time n∆t by computing the the L2 norm of f(ui,n) for for i = 1...M .

For an equilibrium solution, this value should be zero. We continue time-stepping until this value

is below a chosen tolerance.

We explore acceptable error tolerances by exploring the differences in equilibrium solutuions.

For example, in one instance, decreasing the error tolerance from .025 to .001 produced similar

territories with one having a slightly larger maximum density than the other. However, the com-

putation time increased from 15 seconds to 125. Therefore, we must find an acceptable balance in

the differences in territory predictions with the computational expense of reducing error.

2.6.2 The Effect of Potentials on the Behavior of Equilibrium Solutions

In this section, we investigate how the terms, parameters, and potentials in our model affect

the territory formation of social groups and how the computation time scales as we increase the

number of groups. The former allows us to determine how changing the shape of the interaction

potential and the environment potential changes the behavior of solutions, which can help inform

how one may choose potentials going forward. The latter is of particular importance in application,

as the meerkat location data we are interested in incorporating into the model includes thirteen

social groups. We solve for equilibrium solutions using the methods described in section 2.6.1 while

varying the parameters and potentials used.

In our simulations, we use parameters η, a, and b, where η is the strength of diffusivity

shown in system 2.7, and a and b are constants multiplied by U(x, y) and K(x, y), respectively. We

refer to these as the environment and interaction potential strength. We also vary the shape of the
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environment potential and the interaction potential. In most simulations, the environment potential

used is U(x, y) = A exp(−.1x2 − .1y2). However, when varying the shape of the environment

potential, we also use a Laplace potential, U(x, y) = A exp(−
√

3
2 |x|). In both cases, A is found to

normalize U so the maximum value is one. Therefore, the most attractive environment has a value

of one, and a less attractive environment, or neutral environment, has a value of zero. We also

use various interaction potentials. Typically, the interaction potential used is the Laplace potential

as described above. However, A is found so that K integrates to one over the domain. When

investigating how the shape of the interaction potential changes the equilibirum solutions, we also

use a Gaussian potential, K(x, y) = A exp(− x2

2σ2 − y2

2σ2 ), where we change the variance, σ, and A is

chosen so that K integrates to one over the domain. Finally, we also consider a Morse Potential,

K(x, y) = 2 exp(−c(x2+ y2− r))− exp(−2c(x2+ y2− r)). This allows us to consider a larger range

of b and η values, as the Morse potential repels a population at close distances. Therefore, a higher

b value does not need a higher η value to balance it. In all of these simulations, we are computing

equilibrium solutions over a 100x100 grid. This is due to the fact that this is the resolution of the

data we intend to incorporate into our model.

2.6.2.1 Equilibrium Solutions N = 1

We begin with a simple case– one group in two dimensions. This allows us to investigate how

the behavior of the solutions changes as our potentials and parameters change. We investigate the

strength of diffusion, η, the strength and shape of the interaction potential, K, and the strength

and shape of the environment potential, U(x, y).

In System (2.7), the parameter η affects the strength of diffusivity within a group. While the

nonlocal term K ∗ u is aggregating the group, η balances this aggregation by imposing diffusion.

The interplay between these two terms helps to determine the area and population density of a

group’s territory. For this reason, we would expect as we increase η and keep other parameters

constant, the territory a group occupies increases and the population density decreases. Figure

2.13 shows an example of how a solution changes when the diffusion strength, η, is varied and
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(a) u(x,∞), η = 3 (b) u(x,∞), η = 5 (c) u(x,∞), η = 7

(d) u(x,∞), U(x), η = 3 (e) u(x,∞), U(x), η = 5 (f) u(x,∞), U(x), η = 7

Figure 2.13: Equilibrium solutionsto (2.7) for a = .25, b = .25, and varied η, shown as a contour
plot (top), and a three-dimensional plot with U(x) in black (bottom).

the environment strength and the interaction potential strength remain constant. Each column of

figures shows one simulation for a value of η; the top figure is a contour plot of u and the bottom

figure is a three-dimensional plot of u and U(x, y). The difference in territory size as η increases is

apparent in Figure 2.13(a), 2.13(b), and 2.13(c). As we would expect, the territory size increases

with η, and the population density decreases. The change in population density is more apparent in

Figure 2.13(d), 2.13(e), and 2.13(f), because the population density in relation to U is shown. As η

increases, the population spreads out to territory with a less attractive environment and therefore

population density decreases.

When we investigate the interaction potential, we consider both the strength of the interaction

potential, b, and the shape of the interaction potential. Therefore, we perform simulations changing

the value of b and simulations with different functions, K(x, y). Because K controls aggregation
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(a) u(x,∞), b = .25 (b) u(x,∞), b = .5 (c) u(x,∞), b = 1

(d) u(x,∞), U(x), b = .25 (e) u(x,∞), U(x), b = .5 (f) u(x,∞), U(x), b = 1

Figure 2.14: Equilibrium solutions to (2.7) with a = .25 and η = 3, and varied b, shown as a
contour plot (top), and a three-dimensional plot with U(x) in black (bottom).

within a group, we are looking to see how aggregation changes as we change the shape and strength

of K. It is important to note that the repulsion between groups would also be affected when N > 1,

which we investigate in Section 2.6.2.2.

Figure 2.14 illustrates how the strength of the interaction potential changes the behavior of

the solution. In this simulation, the interaction potential is the Laplace potential. The diffusion

strength and environment strength are kept constant. As with the previous case, each column is

a simulation for a different value of b and each row is a different plot of the same simulation. We

would expect as we increase the strength of the interaction potential, b, the aggregation within a

group will increase and the size of the group’s territory decreases. This behavior is demonstrated in

Figure 2.14(a), 2.14(b), and 2.14(c); the area the group occupies in Figure 2.14(c) is much smaller

than in Figure 2.14(a). The increase in population density as K increases is more apparent in

Figure 2.14(d), 2.14(e), and 2.14(f). When b = 1, as in 2.14(f), the population density is much
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(a) u(x,∞) (b) u(x,∞) (c) u(x,∞)

(d) u(x,∞) and U(x) (e) u(x,∞) and U(x) (f) u(x,∞) and U(x)

(g) K(x, y), σ = 2 (h) K(x, y),σ = .5 (i) K Laplace

Figure 2.15: Equilibrium solutions to (2.7) for a = .25, η = 3 and b = 1 and varied K, shown
as a contour plot (top), a three-dimensional plot with U(x) in black (middle), and the respective
potentials K(x, y) (bottom).

higher than when b = .25, in Figure 2.14(d).

Next, we consider how the shape of the interaction potential changes the behavior of the

solution. We use the same interaction potential from Figure 2.14, and compare the behavior of

the equilibrium solutions to solutions with a Gaussian as the interaction potential. We vary σ

to determine how the solution changes. The environment and η are kept constant. Figure 2.15

compares the equilibrium solutions from these different interaction potentials. The first two rows

are similar to previous simulations, with the bottom row depicting a three-dimensional plot of the

interaction potential used. Figure 2.15(g) and Figure 2.15(h) are Gaussian potentials with σ = 2 and
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σ = .5, respectively. Figure 2.15(i) is the Laplace potential. When comparing the simulations using

the potentials with different values of σ, it is interesting to note that although K is qualitatively

quite different in Figure 2.15(g) and 2.15(h), the predicted territory and population density are

quite similar, with the population density in Figure 2.15(h) being slightly higher. Although K in

Figure 2.15(h) and 2.15(i) qualitatively look most similar, the difference in equilibrium solutions is

most drastic when we shift K from the Gaussian to the Laplace Potential. In Figure 2.15(c) and

2.15(f), the population density is much higher and the territory is smaller than in the simulations

with K Gaussian.

We also consider a Morse potential for K. The motivation for this is drawn from the interplay

between η and the strength of K. If K is stronger, η must be larger to balance out the aggregation

within a group. This needed balance is reflected in the stability of our numerical simulations. If K

is too strong and η is too small, our numerical methods take much longer to find an equilibrium

solution with the requested tolerance, if the simulation terminates at all. This phenomena is

addressed later in this section when we consider multiple groups and the scaling of computation

time. However, with the Morse potential, there is repulsion within a group at shorter distances,

and aggregation at longer distances. Therefore, the balance between diffusion and aggregation is

encapsulated in K. We completed simulations with a constant, varying b and η, for both K as

the Laplace potential and K as the Morse potential. We determined a viable range of η in our

numerical simulations for each b value. When K was the Laplace potential, there was a lower bound

for stable η values. However, for the Morse potential, we could set η = 0 and incorporate both

the diffusion and aggregation in K. This is depicted with multiple groups where we have different

potentials for aggregations and segregation in Section 2.6.2.2.

Finally, we investigate the influence of the strength of the environment potential, a, and

the shape of the environment potential. An illustration of the effects of shape and strength are

demonstrated in Figure 2.17 and 2.16. Figure 2.16 shows simulations with the same U(x, y) from

previous simulations. Each column in these two rows is one simulation with different a values and

the same two plots as previous simulations. Figure 2.17 shows simulations with a Laplace potential
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(a) u(x,∞), U(x), a = .25 (b) u(x,∞), U(x), a = .5 (c) u(x,∞), U(x), a = 1

(d) u(x,∞), a = .25 (e) u(x,∞), a = .5 (f) u(x,∞), a = 1

Figure 2.16: Equilibrium solutions for η = 3, b = .5, and varied a, shown as a three-dimensional
plot with U(x) in black (top), and a contour plot (bottom).

(a) u(x,∞), U(x), a = .25 (b) u(x,∞), U(x), a = .5 (c) u(x,∞), U(x), a = 1

(d) u(x,∞), a = .25 (e) u(x,∞), a = .5 (f) u(x,∞), a = 1

Figure 2.17: Equilibrium solution to (2.7) for η = 3, b = .5, and varied a, shown as a three-
dimensional plot with U(x) in black (top), and a contour plot (bottom).
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(a) u(x,∞), a = .5 (b) u(x,∞), a = .25

(c) u(x,∞), U(x), a = .5 (d) u(x,∞), U(x), a = .25

Figure 2.18: Equilibrium solutions to (2.7) with varied a, η = 3 and b = .5, shown as a contour
plot (top) and a three-dimensional plot with U(x) in black (bottom)

for U(x, y). Each column is a simulation with a different a value, and each row shows the same

perspectives as in 2.16.

First, we consider how changing a changes the equilibrium solution. In both cases, the

attractiveness of the environment pulls in more of the population as a increases, and the territory

becomes smaller and more concentrated around the attractive environment. We also note that the

shape of the environment affects the change in territory as a increases, as well. The territory in

Figure 2.17 changes more drastically than Figure 2.16 due to the fact that there is a sharp decrease

in U . In Figure 2.17, the population density also changes more drastically. The maximum value

of u changes from approximately .13 in Figure 2.17(d) when a = .25 to a maximum value of .24 in
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Figure 2.17(f) when a = 1. In Figure 2.16, there is a slower decrease in U , meaning a larger area of

attractive environment, and less drastic change as we change a. In this simulation, the maximum

value of u changes from approximately .1 in Figure 2.16(d) to .13 in 2.16(f) as a changes from .25

to 1. The shape of the environment also plays a role in the shape of the equilibrium solutions, as

can be seen in Figure 2.16(a), 2.16(b), and 2.16(c), the solution decreases more gradually, while

in Figure 2.17(a), 2.17(b), and 2.17(c), the solutions decreases more sharply, both mimicking the

shape of the environment.

The previous simulation demonstrated how the environment potential can compete with the

strength of diffusion. However, it is also the case that an environment can compete with the

aggregation strength. This is demonstrated in Figure 2.18, which shows two simulations with η

and b constant and varying values of a. There are four distinct peaks of attractive environment.

In Figure 2.18(b), the territory of u is connected, although attracted to the environment in four

different directions. In Figure 2.18(a), a is stronger, and thus overpowers the aggregation strength

within u, and the territory splits into the four distinct regions. Note that the territories are still

pulled towards the center of the domain, as the four separate regions are attracted to each other.

2.6.2.2 Solutions - N > 1

As discussed, investigating equilibrium solutions for multiple groups is of particular impor-

tance, as the data we plan to consider include thirteen groups of meerkats. We begin by investigating

the effect of the interaction potential K with multiple groups, because the potential K acts as an

aggregation potential within groups and a segregation potential between groups. We also consider

the importance of each of the terms in the behavior of the solutions to System (3.10), and how

the computation time scales as we increase the number of groups in our simulations. Finally, we

consider the meerkat location data and the environment data in solutions to the the model

Figure 2.19 demonstrates what occurs as the interaction potential strength changes for multi-

ple groups. In this figure, b is varied and the environment and η are kept constant. The environment

potential is the same as Figure 2.16(d). The columns are simulations for each value of b, and the
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(a) ui(x,∞), b = .5 (b) ui(x,∞), b = .75 (c) ui(x,∞), b = 1

(d) ui(x,∞), U(x), b = .5 (e) ui(x,∞), U(x), b = .75 (f) ui(x,∞), U(x), b = 1

Figure 2.19: Equilibrium solution to (2.7) for i = 1, 2, 3 with η = 3 and a = 1 shown with a contour
plot (top) and a three dimensional plot with U in black (bottom).

rows are the same two plots as previous cases. In Figure 2.19(c), the groups take up less territory

and have higher population density which occurs when n = 1, but there is also more space sepa-

rating the territories between groups than we see in Figure 2.19(a). Thus, as b increases, there is

more aggregation within groups and more segregation between groups.

Next, we demonstrate the importance of each term in System (2.7). Figure 2.20 considers

the dynamics of the solution when η = 0; no diffusion within each group. This illustrates the

importance of the diffusion term, η∆u2. In this case, the aggregation within a group resulting from

the potential K has nothing to balance it out, and each group begins to aggregate to a single point,

seen in Figure 2.20(c) and Figure 2.20(f). However, there are cases where the diffusion term is not

needed if the aggregation potential is chosen correctly. Figure 2.21 shows a simulation done with

η = 0, but the aggregation potential is the Morse potential, shown in Figure 2.21(c), which repulses

a group at shorter range and aggregates a group at longer range. The segregation potential is the

Laplace potential. In this simulation, we have two different functions for K; one potential controls

the aggregation within a group (Figure 2.21(c)), and the other controls the repulsion between
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(a) ui(x, 0) (b) ui(x, t1), t1 > 0 (c) ui(x, t2), t2 > t1

(d) ui(x, 0) and U(x) (e) ui(x, t1), t1 > 0 and U(x) (f) ui(x, t2), t2 > t1 and U(x)

Figure 2.20: Dynamics of solution to (2.7) for i = 1, ..., 5 with η = 0, b = 1, and a = .25, shown
with a contour plot (top) and three-dimensional plot with U(x) in black (bottom).

(a) Equilibrium solution (b) Equilibrium solution and U (c) Aggregation Potential

Figure 2.21: Equilibrium solution to (2.7) for i = 1, ..., 5 with η = 0, a = .5, b = .5 shown with
a contour plot (left) and three-dimensional plot with U in black (middle), and K as the Morse
potential (right).

groups (Figure 2.15(i)). The repulsion at shorter range in the Morse potential allows for η = 0,

preventing groups from aggregating to a single point and maintaining coherence within a group,

shown by the equilibrium solution in Figure 2.21(a).
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(a) ui(x, 0) (b) ui(x, t1), t1 > 0 (c) ui(x, t2), t2 > t1

Figure 2.22: Dynamics of the solution to (2.7) with η = 5, b = 1, a = .25, U(x, t) = 0, and no
aggregation potential.

(a) ui(x, 0) (b) ui(x, t1), t1 > 0 (c) ui(x, t2), t2 > t1

Figure 2.23: Dynamics of the solution to (2.7) with η = 5, b = 1, a = .25, and no segregation
potential, and U(x) from Figure 2.20.

Figure 2.22 demonstrates the importance of the nonlocal aggregation within a group. Without

this term, the groups do not maintain coherence. The initial condition is shown in Figure 2.22(a),

and u at a later time is shown in Figure 2.22(c). The difference between the maximum value and

the minimum value of the population density are getting closer together, thus closer to a constant

in the area not occupied by opposing groups. With only one group, we would see the solution

go towards a constant, and with U(x, y) > 0, the group would be attracted to larger values of U

without regard to whether it split into disjoint territories. Finally, Figure 2.23 demonstrates the

importance of the nonlocal segregation term. In this simulation, the segregation potential is zero.

The groups are attracted to the environment and overlap their territories over desirable habitat.

Thus, to achieve segregated territories, the nonlocal segregation term is necessary.
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a = .25 a = 1

b = .5

N /η 1 3 5 7 9 1 3 5 7 9

1 6 25 14 16 20 46 8 15 17 21
3 82 31 58 56 69 194 25 62 49 66
5 362 107 120 108 133 354 52 75 115 115
7 1038 270 216 169 206 1926 164 119 162 138

b = 1

N /η 1 3 5 7 9 1 3 5 7 9

1 65 6 20 14 25 6 14 10 17
3 126 94 63 73 50 32 49 91
5 446 248 202 191 265 226 156 147
7 1202 481 375 288 734 392 351 290

Table 2.6: Computation time in seconds for varying environment strength (a), potential strength
(b), group number (n), and diffusivity parameter (η) with tol = .025.

We also consider the expense of adding multiple groups to our simulations. For different

values of η, a and b, we determine how long it takes to compute an equilibrium solution for

N = 1, 3, 5, 7 groups. Table 2.6 shows these computation times. These simulations were done with

the same starting point for each trial, ui,0 = e−(x−xi
0)

2−(y−yi0)
2
, the same environment potential,

U(x, y) = exp(−.1x2 − .1y2), and K as the Laplace potential. For n = 1, (x0, y0) = (0, 0). For

n > 1, (xi0, y
i
0) were spaced symmetrically about a circle centered at the origin with radius 2. The

simulations were run until the error for each equation in the System (2.7), described in Section

2.6.1, was under a chosen tolerance, tol = .01.

It is clear that the computational expense increases as we increase the number of groups.

However, it is worth noting that the computational expense is dramatically less than in [36], where

the time to compute an equilibrium solution in two dimensions with N = 1 was on the order of

hours. It is also the case that some regimes of η and b are more efficient than others for higher

values of N . As mentioned in the case where N = 1, there is interplay between η and b. When b

is larger and there is a stronger sense of aggregation within groups, a higher η balances this out.

It can clearly be seen in Table 2.6 that lower η values take longer to compute when b = 1 than

when b = .5. In these regimes, it seems the expense of adding groups is constant relative to group

number, while in the regimes where η is small relative to b, it is more expensive to add groups. It is

also possible that this could be the effect of initial data. In some parameter regimes, the initial data
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is further away from an equilibrium solution. It is also important to note that we have observed

different simulations with different environments are faster or slower than others. We remark on

this in more detail later in the section.

(a) Sand Environmental Data (b) Mollified Sand Environmental Data

(c) Edge Environmental Data (d) Mollified Edge Environmental Data

Figure 2.24: Environmental data (left) and mollified environmental data (right) in the same geo-
graphical area in South Africa for two environment types on a scale of 0 (unattractive environment)
to 1 (attractive environment), where yellow is attractive and blue is unattractive.

Finally, we consider the environment data and meerkat location data while solving for meerkat

equilibrium solutions. The detailed account of the acquisition of the habitat data can be found in

[7]. The environmental data are shown in Figure 2.24(a) and Figure 2.24(c). The data were rescaled

fall between zero and one. For the sand-type data, Figure 2.24(a), zero corresponds to clay sand,

and one corresponds to ferrous sand. For the edge data, or the interface between sand-types seen
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in Figure 2.24(c), zero corresponds to the interface and one corresponds to one distinct sand-type.

Due to the nature of the data, we convolve the environmental data with a mollifier so that we can

consider a smoother U(x, y) in our simulations. These mollified environment functions are shown

in Figure 2.24(b) and Figure 2.24(d). Finally, we consider the meerkat location data. In [7], three

time periods of data were considered: a steady period where territories didn’t move, a period where

a group split into two new meerkat groups, and a period where territories shifted. Due to the fact

that we are considering equilibrium solutions, we show the data from the steady period in Figure

2.25(a). To feed our algorithm initial conditions with this data, we compute the kernel density

estimation with the given data for each group, shown in Figure 2.25(b). Figure 2.25(c) and Figure

2.25(d) show how the two different environments considered can lead to different territories. These

figures were both generated with the same parameter values, but Figure 2.25(c) was generated with

the environment seen in Figure 2.24(d), and Figure 2.25(d) was generated with the environment

seen in Figure 2.24(b). For this parameter set, it is clear that the edge environment more accurately

predicts the meerkat locations than the sand environment. These equilibrium solutions found with

starting points from location data were found more quickly than those with a similar number of

groups found with the typical Gaussian environment. It is likely the more detailed environment

and the initial conditions that begin in popular locations helped to decrease the computation time.

2.7 Incorporation of Data

For proof of concept and to test our method of incorporating data, we work with synthetic

data. We generate the synthetic data by first finding an equilibrium solution, f(x, y), with known

parameters. We then pick (x, y) randomly in the domain and p randomly in (0, 1). If f(x, y) > p,

we keep the sample. If f(x, y) < p, we reject it. Therefore, if (x, y) is at a location with higher

population density, we are more likely to keep that sample. Figure 2.26(a) shows an example of

a PDF generated with known parameters and Figure 2.26(b) shows the synthetic data generated

from the PDF.
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(a) Meerkat location data (b) Kernel density estimation of (a)

(c) Equilibrium solution to (2.7) with u0(x)
from (b), U = Edge, and data from (a)

(d) Equilibrium solution to (2.7) with u0(x)
from (b), U = Sand, and data from (a)

Figure 2.25: Meerkat location data in (a), kernel density estimation of location data in (b), and
equilibrium solutions to (2.7) with b = .25, a = 1, η = 3, u0(x) from Figure 2.25(b), and two
different mollified environment types from Figure 2.24, U = Edge (c) and Sand (d).

We perform maximum likelihood estimation on the set of synthetic data, {yi|i = 1, ...N}. We

minimize the negative of the log-likelihood function over the set of parameters, θ,

−ℓ(θ) = − log
(∏

f (yi|θ)
)
.

To do this, we find the PDFs, f(x|θ) using the methods described in Section 2.6.1 with starting

point determined by kernel density estimation of the set of synthetic data. In order to better

understand the behavior of the function we are minimizing, we found an equilibrium solution for a

pre-determined value of b and generated synthetic data from that PDF. Using this data, yi for i =
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(a) PDF with known parameters (b) Synthetic data generated from PDF

Figure 2.26: Contour plot of a PDF from numerical solution of system (3.10) (left) and correspond-
ing synthetic data (right).

(a) b = 1 (b) b = 2

Figure 2.27: Negative log-likelihood functions with data generated from varying b, n = 1, η = 5
and a = .25.

1...50, we calculated the one-dimensional negative log-likelihood function by generating equilibrium

solutions for values of b, f(x|b), and computing − log (
∏

f (yi|b)). Therefore, the minimum of this

function is the parameter value most likely used to generate the data. The negative log-likelihood

functions for two different data sets generated from different parameter values, b, are shown in

Figure 2.27. In Figure 2.27(a), the data was generated with b = 1. Due to the random nature
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of the generated data, the minimum of the log-likelihood function is actually around b = 1.4.

The data used in the log-likelihood function in Figure 2.27(b) was generated with b = 2, which is

approximately where the minimum occurs. In both cases, the minimum is near the parameter used

to generate the data. It is important to note that there are local minimums which we want to avoid

while minimizing these functions. We also observe in some cases for lower values of b, the slope of

the log-likelihood function below b gets shallower. Thus, we want to consider methods to minimize

the negative log-likelihood function that will allow us to avoid getting stuck in local minimums and

also to move quickly down shallow slopes.

Therefore, we use stochastic gradient descent (SGD) to minimize the negative log likelihood

function. SGD uses a small subset of data to update the parameter at each iteration. This leads

to more variance in the update, thus allowing a possibility to move away from a local minimizer.

We update the parameter as follows:

θ = θ − α∇θ (− log(f(yi|θ))) , (2.29)

where yi is a randomly chosen data point (or small set of data points) from the set of synthetic

data, and α is the learning parameter which typically decreases as we iterate. We also consider a

variation of stochastic gradient descent, the momentum method, that averages over past gradients.

This method can be useful to speed up convergence for functions with shallow gradients in some

directions, thus an attractive method for the cases with shallow gradient that we have observed.

The parameter is updated as follows, v = γv + α∇θ (− log(f(yi|θ)))

θ = θ − v.

(2.30)

Both α and γ can change in time.

Figure 2.28 and Figure 2.29 demonstrate two examples of fitting a single parameter to data

for one group. We fit b and η, respectively. Figure 2.28(a) and Figure 2.29(a) are the log-likelihood

functions that we are attempting to minimize. Note that the shallower slopes in the log likelihood

functions occur in the parameter regimes that lead to larger territories. Intuitively, this makes sense
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(a) Negative log-likelihood function (b) Approximated b (top) and corresponding log-
likelihood value (bottom) for each iteration of SGD

Figure 2.28: The negative log likelihood function (left) and stochastic gradient descent iterations
to estimate b (right), with 50 data points generated with n = 1, b = 1.5, a = .25, η = 5.

(a) Negative log-likelihood function (b) Approximated η (top) and corresponding log-
likelihood values (bottom) for each iteration of SGD

Figure 2.29: The negative log likelihood function (left) and stochastic gradient descent iterations
to estimate η (right), with 50 data points generated from η = 5, b = 1.5, a = .25.

as there is a greater expense for data points lying outside of a territory due to the steepness of

the log function near zero. This may serve as information to keep in mind when choosing starting

estimates for parameters when the log-likelihood function is unknown. In Figure 2.28, η = 5,

a = .25, and the number of data points generated was 50. The step size for iteration m was

α(m) = .01(.9)m. In Figure 2.28(a), there are local minimums in the log likelihood function we are

able to successfully avoid and converge to the correct parameter value. In Figure 2.29, b = 1.5,
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a = .25, and the number of data points generated was 50. The step size for iteration m was .1(.9)m.

When we fit η, we found a larger step size to be appropriate. Again, we see local minimums in

Figure 2.29(a), and we are able to successfully avoid these and converge to the correct parameter

value.

Figure 2.30: The estimated parameter value for b (top) and log likelihood value (bottom) for each
iteration of stochastic gradient descent (blue), and the values from true parameters (red) using 100
data points generated with n = 2, b = 1, a = .25, and η = 5.

It is a natural next step to consider fitting data to multiple groups and to fit multiple pa-

rameters. As we increase n and the number of parameters we are estimating, we cannot efficiently

generate the log-likelihood function to find the minimum, and we must depend on stochastic gradi-

ent descent. We begin by fitting data with one parameter and n = 2. In Figure 2.30, we estimate

the parameter b from data generated with b = 1 and n = 2. The figure shows the algorithm con-
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(a) Estimated parameter value for η (top) and log-likelihood value
(bottom) for each iteration of SGD (blue), and values from true
parameters (red).

(b) Equilibrium solution to (2.7)
with b = 1 and η = 4.3

(c) Equilibrium solution to (2.7)
with b = 1 and η = 5

Figure 2.31: One trial of stochastic gradient descent done with 100 data points generated with
n = 2, b = 1, a = .25, and η = 5 (left), and equilibrium solutions to (2.7) with the parameters used
to generate the data (bottom right) and from the predicted parameters (top right).

verging to b = 1 and to the minimum of the log-likelihood value, both shown in red. In Figure 2.31,

we estimate η from data generated with η = 5 and n = 2. Here, the algorithm does not converge

to the parameter the data was generated with, but converges to a parameter value that has a

lower log-likelihood value than the parameter used to generate the data. It is worth looking at the

predicted territories from both of these parameters. Figure 2.31(b) and 2.31(c) show equilibrium

solutions from the parameters predicted in Figure 2.31(a) and the parameters used to generate the

data, respectively. Here, the territory boundaries and the population densities are similar, and the

algorithm predicts a similar territory to the one the data came from.

In Figure 2.32, we estimate both the parameter b and η for n = 1 using data generated with

b = 1.5 and η = 5. The figure shows the approximated parameters for each iteration and the cor-

responding log-likelihood functions. The red lines show the parameter value used to generated the
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Figure 2.32: Estimated b (top), η (middle), and corresponding log-likelihood values (bottom) for
each iteration of stochastic gradient descent (blue) using 100 data points generated with n = 1,
b = 1.5, a = .25, and η = 5, where the true parameters and log-likelihood value are shown in red.

data and its corresponding log-likelihood value. In this simulation, we converge to approximately

the correct parameter for both η and b.

There are cases where stochastic gradient descent does not converge to the parameters that

were used to generate the data. We consider this in Figure 2.33. Figure 2.33(a) and Figure 2.33(b)

show two trials of stochastic gradient descent, both using data generated with b = 1 and η = 5.

In Figure 2.33(a), the algorithm converges approximately to η = 6.6 and b = 1.6. In Figure

2.33(b), the algorithm converges approximately to η = 6.7 and b = 1.25. In both of these cases,

the value of the log-likelihood function that the estimated parameters produces is similar to that of

the true parameters. We consider whether these estimated parameters predict similar territories.

This is reasonable, as η is overestimated, leading to a larger territory, but b is also overestimated,
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(a) Estimated η, b, and corresponding log-likelihood
values for each iteration of SGD (blue), and values
from true parameters (red).

(b) Estimated η, b, and corresponding log-likelihood
values for each iteration of SGD (blue), and values
from true parameters (red)

(c) Equilibrium solution to (2.7)
with b = 1, η = 5

(d) Equilibrium solution to (2.7)
with b = 1.6, η = 6.6

(e) Equilibrium solution to (2.7)
with b = 1.25, η = 6.7

Figure 2.33: Two trials of Stochastic Gradient Descent (top) to determine η and b from two sets
of 100 data data points generated with η = 5 and b = 1, and equilibrium solutions (bottom) from
the true parameters (left) and the predicted parameters (middle and right).

leading to a more aggregated territory. These could balance out to result in similar territories. In

Figures 2.33(c), 2.33(d), and 2.33(e), we consider the equilibrium solutions of System 3.10 with

the parameters used to generate data, and the two estimated parameter sets. These three sets of

parameters predict similar territory boundaries, and they all have a maximum value between .13

and .14. While the algorithm converges to different parameters than those used to generate the

data, the estimated parameters still predict a similar territory. It is worth noting that the step size,

α, used for η seems to be too small to visit the parameter space in the same way that was done for

b. Perhaps with a larger step size or a different starting value for η, the correct parameter would

resurface. In all of these cases, converging to the correct parameter is sensitive to the chosen step

size. A step size too large might take many iterations to converge, and thus take too long, but a
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step size too small or decreasing too quickly could decrease before the algorithm has had a chance

to settle on the correct parameter value.

2.8 Conclusions and Future Work

We investigate a nonlocal mechanistic model which we argue to be more suitable for social

groups without a home center. First, we study the gradient-flow structure of our model and its local

approximations by minimizing associated energies to find equilibrium solutions. We find the energy

landscapes to be complex, and in some cases, the equilibrium solutions of the local approximation

did not match those of the nonlocal model. We also find that for starting data close to a minimizer,

the local approximation was not necessarily more efficient. Second, we use spectral methods to

solve System (2.7), and find this method to be a more efficient way to compute solutions. Using

spectral methods, we are able to investigate the effects of each term, the aggregation and segregation

potential, and the environment on solutions. We are also able to compute equilibrium solutions

efficiently enough to incorporate synthetic data into the model for two groups and two parameters.

When incorporating synthetic data, a more rigorous study of appropriate step sizes in stochastic

gradient descent and initial guesses for the parameters remains to be investigated. Naturally, we

also aim to use spectral methods to incorporate the meerkat location data and environmental data

to our model.



Chapter 3

Birth Jump Processes

3.1 Introduction

Since Skellam’s seminal paper linking random walks of species and the heat equation [102],

the study of reaction-diffusion equations has gone hand in hand with the study of spatial ecology.

In fact, numerous researchers have used the classical reaction-diffusion equation,

ut(x, t) = d∆u+ f(u, x), for (x, t) ∈ R× R+, (3.1)

as a general model to understand the spatio-temporal dynamics of ecological populations; see

[16, 56, 83, 88] and references within. This equation naturally considers these subprocesses as

separate and is suitable for certain populations (e.g. many mammals). Another equation typically

used to study the spatiotemporal dynamics of ecological populations, where dispersal may be born

out of a position-jump process, is a generalization of the classical reaction-diffusion equation that

incorporates a non-local diffusion operator:

ut =
∫
R J(x− y)u(y, t) dy − u+ f(x, u) for (x, t) ∈ R× R+. (3.2)

For example, in ecology (3.2) is a more suitable model for species, such as seeds, that are

moved from one location to another due to wind effects [53, 87, 52]. Equation (3.2) has received

much attention and has been the subject of numerous studies – see for example [20, 1] and reference

within. One can argue that it broadens the types of species whose dynamics can be described

through these types of mechanistic models. However, it still separates the subprocesses of dispersal
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and reproduction. A birth-jump process is one where these subprocesses are inextricably linked.

As mentioned earlier, a strong case has been made that these processes are more suitable for

phenomena such as fire propagation and cancer cell dynamics. It has also been argued to be more

accurate to seed dispersal.

3.1.1 Application: Seed Dispersal

Dispersal is crucial to the ability of plants to be able to move in and adapt to their en-

vironment, hence crucial to their survival. Various models have been used to describe seed dis-

persal including integrodifference equations, random walks, reaction-diffusion equations, and agent

based models, and the interest in modeling seed dispersal extends to a variety of situations includ-

ing changing environments [41] and two-species predator-prey interactions [58]. Classical results

have used random walks to describe seed dispersal [39, 54]. However, processes that move seeds

such as wind and animals are better described by long distance dispersal. This has been done in

the context of integro-difference equations [55], stochastic models [25], and a a generalization of

reaction-diffusion equations called a position-jump process, equation (3.2) [53, 87, 52].

Consider what happens when a seed is produced. It is immediately dispersed via wind,

gravity, and animals. Thus, modeling seed dispersal where birth and dispersal are linked is of

interest. This has been done in the context of Agent Based Models (ABM), which provide a

description of how individuals move in a spatially heterogeneous environment, and are useful in

describing ecological processes that include birth and death, movement, and the environment [42,

66]. They have also been useful to describe how individuals move in response to environmental

changes due to climate change [31, 92]. An ABM was used in [65] to understand plant dynamics.

However, as noted in [93], the ABM does not provide much opportunity for analysis. Thus, from

this model, they derive a birth-jump process as a model for plant dynamics, which we provide details

on below. The birth-jump process can be seen as a generalization of a classical reaction-diffusion

equation which provides the benefit of determining when a species survives or goes extinct, but

is also distinct from models such as a position-jump process due to the fact that birth cannot be
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decoupled from dispersal.

3.1.2 Model and Methods

We consider the following integro-differential equation modeling a birth-jump process, which

was introduced in [48], ut(x, t) = g(u(x, t), x)
∫
R2 S(x, y)β(u(y, t), y)u(y, t) dy − δu(x, t), x ∈ Rd, t > 0,

u(x, 0) = u0(x).

(3.3)

To understand the connection between the classical reaction-diffusion equation and the integro-

differential equation modeling a birth-jump process, one can take a diffusion limit of the latter

(under suitable conditions of the relocation potential) to obtain a reaction-diffusion equation where

the birth term appears not only in the reaction term, but also in the diffusion term. Thus, one might

expect that the dynamics of a population following the birth-jump model can be very different.

Above, the function β(y, u) models the birth rate at location y, which can density dependent; the

function g(x, u) represents the rate of survival once the organism arrives at x, which can also be

density dependent; and δ is the death rate. In the context of plant dynamics, g represents the

germination rate. One can see that once birth takes place at the rate of β, relocation happens

immediately. This relocation is controlled by S : R × R → [0,∞), the relocation potential; thus,

S(x, y) is the probability that an individual at location y will be relocated to location x. Note also

the actual growth in the population at (x, t) is controlled by the function g.

The purpose of this study is to begin to understand the effect that a birth-jump process has

on the persistence of a population that is subject to either logistic growth or a strong Allee effect.

In a classical reaction-diffusion model the type of growth is modeled in the reaction term. However,

in birth jump processes, one can model the Allee effect or logistic growth in either the survival rate

or birth term. For example, in some plants an Allee effect has been detected in the germination

process due to seed predation, but not in the production of seeds [110]. Motivated by this, we

consider two types of germination functions: bistable-type or monostable-type, which we defined

concretely in below. The dynamics in this case turn out to be very different than those for the case
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when the Allee effect is incorporated in the birth term, and we will remark on this in more detail

later on.

When modeling a strong Allee effect in the germination function we assume that g is of

bistable-type with only three zeros at each spatial location and satisfies:

g(0, x) = g(θ(x), x) = g(m(x), x) = 0, g′(0, x) < 0 for all x ∈ Rd. (3.4)

for 0 < θ(x) < m(x) for all x ∈ Rd. The Allee threshold θ and the carrying capacity m can be

spatially heterogeneous. To compare the dynamics of a population with and without the presence

of the Allee effect we also study the case when g is of monostable-type: in this case g only has two

zeros at each spatial location and satisfies:

g(0, x) = g(m(x), x) = 0, g′(0, x) > 0 for all x ∈ Rd, (3.5)

where 0 < m(x) for all x ∈ Rd. We assume that there is no loss of individuals during the redistri-

bution process. Moreover, let us assume the following conditions:

(A1) The functions g and β be Lipschitz continuous and bounded with Lipschitz constants Lip(g)

and Lip(β) respectively;

(A2) supx∈Rd m(x) = M < ∞;

(A3) S bounded and satisfies∫
S(x, y) dy ≤ 1 for all x ∈ Rd and

∫
Rd

∫
Rd

S(x, y) dy dx = 1 for all x ∈ Rd;

(A4)
∫
S(x, y) dy > 0 for all x ∈ Rd.

Using analysis tools we first prove the existence of a global-in-time solution to equation (3.3)

under physically relevant assumptions on g, β, and S. Next, we study the issue of persistence of a

population depending on the initial data, with g either monostable or bistable. We also examine

whether the relocation potential S can play a role in overcoming a strong Allee effect. By overcoming

the Allee effect we mean that there are solutions with initial data below the Allee threshold that
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will persist. In contrast to the classical reaction-diffusion equation (3.1), when the Allee effect or

logistic growth is included in g we observe that the dynamics are governed at each spatial location

by an ODE, leading to potentially discontinuous solutions. Interestingly, in this case S cannot help

overcome the Allee effect. On the other hand, if there is an Allee effect incorporated in β, then

the dynamics become more complex and there are relocation potentials that can help overcome the

Allee effect. This is verified numerically. However, a limitation of this work is the lack of analytical

results in this case. Another limitation of this study is that we do not consider an ignition-type g

or β, which are physically very relevant.

We then consider a birth-jump process with the additional mechanism of linear diffusion, ut(x, t) = d∆u(x, t) + g(u(x, t), x)
∫
R2 S(x, y)β(u(y, t), y)u(y, t) dy − δu(x, t),

u(x, 0) = u0(x),

(3.6)

for x ∈ Rd, t > 0. We perform an analogous analysis to equation (3.3). In contrast, we find the

analysis to be more difficult in some cases. This leads us to consider a simpler, and as mentioned,

more physically relevant case where g is of ignition-type. In this case, g satisfies:

g(u) = 0 for u ∈ (−∞, θ] ∪ [m,∞) and g > 0 for u ∈ (θ,m). (3.7)

We begin by proving global existence and uniqueness of a solution to equation (3.6) under

similar assumptions to the case where d = 0. We also some prove properties of solutions, and in

contrast to equation (3.3), solutions to equation (3.6) are continuous. Then, we study whether a

population persists or goes extinct under certain initial data, with g monostable, ignition-type, and

bistable. Unlike the case where d = 0, here we find cases in our numerical simulations where a

population can overcome the Allee effect when it is incorporated in g. However, it is still true in

this case that the redistribution term does not aid in overcoming the Allee effect when a population

is below the Allee threshold.
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3.2 From an Agent Based Model to a Birth-Jump Process

Birth-jump processes can be derived either from a position-jump process, seen in equation

(3.2), which generalizes a random walk allowing individuals to make spatial jumps with a certain

probability [52, 78, 84], or from a reaction-diffusion equation. As noted above, [93] introduced

equation (3.3) as a model for plant dynamics, derived from an agent based model,

nij(t+ δt)− nij(t) =
∞∑

k=−∞

∞∑
m=−∞

pβ(xkm)pg(xij)sxkmxijnkm(t)− pδ(xij)nij(t),

where nij(t) is the number of plants at location xij and time t, nij(t + δt) is the number of

arriving seeds that germinate, and the number of surviving plants from time t. The number of

arriving seeds that germinate is
∑∞

k=−∞
∑∞

m=−∞ pβ(xkm)pg(xij)sxkmxijnkm(t), and the surviving

plants from time t is (1 − pδ)nij(t), where pβ is the probability of birth, pg is the probability of

germination, sxy is the probability that a seed at location y will be relocated to location x, and

pδ is the probability of death. To achieve the continuous model, they take the limit at δt and δx

approach zero, moving from a discrete representation of plants to a density representation seen in

(3.3).

3.3 Background

Much work has gone into developing a theory for equation (3.1) with both monostable and

bistable growth-patterns. For simplicity, let us consider a constant Allee threshold, θ, and carrying

capacity, m. We mention a few, now classical results, which are relevant for this work. For a

monostable growth pattern case on Rd, the solution to equation (3.1) with positive initial density

will converge to m, uniformly in compact sets, as t → ∞. The situation is more complicated for

the bistable case. Indeed, let u represent the solution to (3.1) with positive initial data: if u0 > θ

in Rd, then u will approach m, uniformly on compact sets; however, it will instead approach zero

if u0 < θ in Rd – see [4].

The behavior of solutions with more general initial data is more delicate, but of particular

interest. For our purpose, more general means that u0 is above the Allee threshold for some spatial
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values, but less in others. In particular, the question of whether initial data with compact support

will lead to extinction or persistence is an important one. As an example, consider initial data

of the form u0 = mχ[−L,L] (here χ represents the characteristic function). It is known that the

solution will converge to zero if L is small and will converge to m on compact sets if L is sufficiently

large. In fact, there is a critical threshold L∗ separating this phenomenon, we point the interested

reader to [112] and references within.

3.4 Results - Equation (3.3)

We develop theory for equation (3.3), and begin by establishing some properties of the so-

lutions and global existence and uniqueness. Following, we establish results on persistence and

extinction of a species subject to certain initial conditions. We consider both logistic growth and

an Allee effect. With particular interest in whether a population can overcome the Allee effect, we

consider the case where the Allee effect is incorporated in the birth term .

3.4.1 Global existence and properties of the solutions

In this section we discuss some preliminary properties of solutions to equation (3.3) and the

global well-posedness of these solutions with bounded initial data. The first result provides a sort-of

maximum principle for equation (3.3).

Lemma 4 (Global lower and upper bounds). Let g be of bistable or monostable-type, conditions

(A1)-(A3) hold, and 0 ≤ u0(x) ≤ m(x) for all x ∈ Rd. Then any solution to equation (3.3) must

satisfy the bounds 0 ≤ u(x, t) ≤ m(x) for all x ∈ Rd and t > 0.

Proof. Let us first assume that the initial data, for some ε > 0, satisfies 0 < ε < u0(x) < m(x)− ε

in Rd. Assume for contradiction that there exists a first time, t1 > 0, for which there exists an

x1 ∈ Rd such that u(x1, t1) = 0. Note then that ut(x1, t1) = 0 and so the solution cannot decay

below zero at x1. A similar argument can be made for the upper bound. If u(x1, t1) = m(x1) for

the first time at t = t1 and x = x1 then we see that ut(x, t) = −δu(x1, t) = −δm(x1) < 0. Thus, u
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will decay after time t > t1. Taking ε → 0 gives the result.

Our next result proves continuous dependence of initial data.

Lemma 5 (Continuous dependence on initial data). Assume the conditions from Lemma 1. Let u

and v be solutions to equation (3.3) with respective initial data u0, v0 ∈ L∞(Rd). Then w = u − v

satisfies the following bound:

∥w(·, t)∥∞ ≤ e(L−δ)t∥w0(·)∥∞, (3.8)

for some L > 0.

Proof. Let u and v be solutions to (3.3) with initial data u0(x) and v0(x), respectively. Note that

w = u− v satisfies:

wt = g(u(x, t))

∫
Rd

S(x, y)β(u(y, t))u(y, t) dy − g(v(x, t))

∫
Rd

S(x, y)β(v(y, t))v(y, t) dy − δw.

For simplicity, we have suppressed the explicit dependence on the spatial variable x above. After

some algebra and integration in time we get the following bound for w:

∥w(·, t)∥∞ ≤ e−δt∥w0(·)∥∞ + L

∫ t

0
e−δ(t−s)∥w(·, s)∥∞ ds,

≤ e−δt∥w0(·)∥∞ + L

∫ t

0
∥w(·, s)∥∞ ds (3.9)

where

L = max
K

g(u, x)

(
Lip(β)M +max

K
β(u, x)

)
+ Lip(g)

(
max
K

β(u, x)M

)
with K =

{
(u, x) : 0 ≤ u ≤ m(x), x ∈ Rd

}
. Above, we have used the conservation of mass of S

and conditions (A1) and (A2). An application of Grönwall’s inequality then gives (3.8).

It also holds that solutions to equation (3.3), with L∞(Rd) initial data, exist globally in time

and are unique.
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Theorem 1 (Global existence and uniqueness of solution). Under the assumptions made in Lemma

5, equation (3.3) with initial data u0 ∈ L∞(Rd), such that 0 ≤ u0(x) ≤ m(x) in Rd, has a unique

global solution in the space L∞(Rd, [0,∞)).

Proof. We use a fixed point argument. Let ΓT = L∞(Rd, [0, T )) for suitably small T , which we

describe below. Consider now a suitable subset of ΓT :

ΓT,M := {u ∈ ΓT : ∥u(·, t)∥∞ ≤ M for all t ∈ [0, T ]} .

Let ũ = u0 ∈ ΓT,M and let u to be the solution to the problem:

ut(x, t) = g(ũ, x)

∫
R2d

S(x, y)β(ũ(y, t), y)u(y, t) dy − δu(x, t),

with initial data u(x, 0) = u0(x). This problem has a solution and we let F denote the solution

map. Using assumptions we have on S, β, and g, and bounding estimates, we have,

d

dt
∥u∥∞ ≤ (max

K
g(u, x)max

K
β(u, x)− δ)∥u∥∞

∥u∥∞ ≤ ∥u0∥∞e(M̃−δ)t

where K =
{
(u, x) : 0 ≤ u ≤ M, x ∈ Rd

}
and M̃ = maxK g(u, x)maxK β(u, x). Thus, u grows at

most expontentially, and for T suitably small, we have F : ΓT,M → ΓT,M .

Similar computations to those used to obtain (3.9) and Grönwall’s inequality give that the

map ũ → u is a contraction if T is sufficiently small. A fixed point argument then provides a solution

u(x, t) for t ∈ [0, T ]. We can then take u(x, T ) as initial data and continue this process indefinitely

to create our global solution. Finally, uniqueness of the solution is obtained from (5).

3.4.2 Asymptotic behavior of the solutions

One of the main objectives of this work is to compare the long-term behavior of the solutions

with positive initial data to equation (3.3) with those of the solutions to the classical equation (3.1)

with the same initial data. First, we consider the case when there is no death.
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3.4.2.1 The case when δ = 0

We discuss first the result for the monostable germination function.

Theorem 2 (Monostable germination with δ = 0). Let δ = 0, β > 0 and g be of monostable-type

and conditions (A1) − (A4) be satisfied. Let u be the unique solution with nontrivial initial data

u0 ∈ L∞(Rd), satisfying 0 ≤ u0 ≤ m, which is guaranteed to exist by Theorem 1. Then, for x ∈ Rd

the following hold:

(i) if u0(x) > 0 then u(x, t) → m(x) as t → ∞;

(ii) if u0(x) = 0 then u(x, t) = 0 for all t > 0.

Proof. Let x ∈ Rd. First, consider the case when u0(x) = 0. Then, g(u0(x, t), x) = 0 and as∫
Rd S(x, y)β(u(y, t), y)u(y, t) dy > 0 we have that ut(x, 0) = 0 and so u(x, t) = 0 for all t. On the

other hand, if 0 < u0(x) then g(u0(x, t), x) > 0 and as
∫
Rd S(x, y)β(u(y, t), y)u(y, t) dy > 0 we have

that ut(x, 0) > 0 for all t > 0. In fact, u(x, t) → m(x) as t → ∞. If not the case, assume for

contradiction that u(x, t) → w(x) with w(x) ̸≡ m(x). Then consider the solution v with initial data

w(x), clearly vt > 0 at x, which is a contradiction.

Note that equation (3.3), with δ = 0 and g monostable, has an infinite number of weak

equilibrium solutions. In fact, u(x) = χ[a,b]m(x), for any a < b, are equilibrium solutions. Moreover,

any linear combination of these solutions, with disjoint support, is also a solution. Unlike the

classical reaction diffusion equation, there is no regularization in the process governed by (3.3).

One might, very naturally, expect that the nonlocal redistribution would help the population grow

at locations where the initial data is equal to zero, but this actually does not happen. Note also that

if for x ∈ Rd fixed,
∫
S(x, y) dy = 0 holds then u(x, t) = u0(x) for all t > 0. Figure 3.1 illustrates

results from a simulation with g of monostable-type and a potential S that redistributes all the

mass in [−L, 0] symmetrically to [0, L]. That is, all of the mass located at −x relocates to x (with

x > 0). In the region x < 0, Figure 3.1 illustrates that, as
∫
S(x, y) dy = 0, condition (A4) does
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not hold; hence, u(x, t) = u0(x) for all t > 0. However, in the region x > 0, since
∫
S(x, y) > 0 dy,

the solution u reaches its carrying capacity, m = 2, as expected from Theorem 2.

(a) u(x, 0) = u0 (b) u(x, 1) (c) Long term population density

Figure 3.1: Solution to (3.3) with monostable g, δ = 0, β = 2, and m = 2.

Theorem 3 (Bistable germination with δ = 0). Let δ = 0, β > 0, g be of bistable-type and conditions

(A1) − (A4) be satisfied. Let u be the unique solution with nontrivial initial data, u0 ∈ L∞(Rd),

satisfying 0 ≤ u0 ≤ m, which is guaranteed to exist by Theorem 1. Then, we have the following

dichotomy:

(i) if 0 < u0(x) < θ(x) for x ∈ Rd, then u(x, t) → 0 as t → ∞.

(ii) if θ(x) < u0(x) < m(x) for x ∈ Rd, then u(x, t) → m(x) as t → ∞.

Proof. Let B1 =
{
x ∈ Rd : 0 < u0(x) < θ(x)

}
and B2 =

{
x ∈ Rd : θ(x) < u0(x) < m(x)

}
. First,

consider x ∈ B1. Since g(u(x, 0), x) < 0 and
∫
Rd S(x, y)β(u(x, 0), y)u(y, t) dy > 0 in B1, we have

that ut(x, 0) < 0. Thus, as u decreases initially, the same argument shows that u is decreasing with

t point-wise in B1. In fact, u(x, t) → 0 as t → ∞ in B1, by a similar argument as presented in

the proof of Theorem 2. This proves (i). If δ = 0 and for x ∈ B2, since the initial data satisfies

θ(x) < u0(x) < m(x), then u is increasing. Moreover, note that u(x, t) ≤ m(x) for all t ≥ 0. This

implies, that u(x, t) converges point-wise to m(x) in B2.

Remark 1. Note that (i) remains true for δ > 0.

Similar to the monostable case discussed above, equation (3.3) with δ = 0 and g bistable also

has an infinite number of weak equilibrium solutions. Here, u(x) = χ[a,b]m(x) and v(x) = χ[c,d]θ(x)
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for any a < b and c < d, are equilibrium solutions. From the modeling perspective, considering

δ = 0 and incorporating the strong Allee effect in g, essentially means that we are incorporating the

birth and death competition in the function g. The simulation illustrated in Figure 3.2 incorporates

the strong Allee effect in g and uses the same potential S as in Figure 3.1. As in Figure 3.1, in

the region where x < 0, u(x, t) = u0(x) for all t > 0. However, for x > 0 where
∫
S(x, y) dy > 0,

we see the results from Theorem 3 demonstrated. If u0 is below the Allee threshold, θ = .3, as

illustrated in the region where 5 < x < 10 in Figure 3.2(a), then the population approaches zero

in the long term, as seen in Figure 3.2(c). This happens in spite of the fact that all of the mass

from the negative region is redistributed to the positive counterpart. If u0 is above θ, as seen in

the region 0 < x < 5 in Figure 3.2(a), then the population persists and approaches the carrying

capacity in the long term, as seen in Figure 3.2(c).

(a) u(x, 0) = u0 (b) u(x, 6) (c) Long term population density

Figure 3.2: Solution to (3.3) with bistable g, δ = 0, θ = .3, β = 2, and m = 1.

Remark 2. It is interesting to consider the case when the strong Allee effect is incorporating in β

instead of g. While this is a more difficult situation to consider analytically, we can use simulations

to gain insight. Figure 3.3 illustrates a simulation where the Allee effect is incorporated in β, while

g is constant, and S remains as defined above. We see in Figure 3.3(a), that for x > 0, u0(x) is

below the Allee threshold, and once the solution reaches its equilibrium, as illustrated in Figure

3.3(c), it overcomes the Allee effect to reach the carrying capacity. This is a direct consequence of

the redistribution of mass from the negative region to the positive region.
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(a) u(x, 0) = u0 (b) u(x, 208) (c) Long term population density

Figure 3.3: Solution to (3.3) with bistable β, δ = 0, θ = .3, g = 2, and m = 1.

3.4.2.2 The case when δ > 0

When δ > 0 the situation is more delicate. In the section above, we used only the fact that if

u0 is nontrivial and nonnegative then the redistribution term F (x, t) =
∫
Rd S(x, y)β(u(y, t), y)u(y, t) dy

is strictly positive, but we never used the actual value. However, this changes when δ > 0 as we

are now considering the competition between (possible growth) and decay. Here the actual value

of F comes into play and for a general result we would need more information on the redistribution

potential. For this work, we only consider the case of a symmetric redistribution kernel, that is

S(x, y) = K(|x− y|), and g, β spatially homogeneous (that is m, θ are assumed to be constant).

The equation we consider in this section is then:

ut(x, t) = g(u(x, t))

∫
R2d

K(|x− y|)β(u(y, t))u(y, t) dy − δu(x, t). (3.10)

Rewrite g(u) = uf(u) with f having either one zero (if g is monostable) or two (if g is bistable)

and assume further that there exists u1, u2 with θ < u1 < u2 such that

u1f(u1)β(u1) = u2f(u2)β(u2) = δ. (3.11)

Then u1, u2 are equilibrium solutions. It is straight forward to obtain the following result.

Theorem 4 (The case δ > 0). Let g be of bistable-type or monostable-type such that (3.11) holds

and S(x, y) = K(|x− y|). Let u be the unique solution with constant initial data u0 ∈ L∞(Rd) to

(3.10), which is guaranteed to exist by Theorem 1. We have the following dichotomy:
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(a) u(x, 0) = u0 < u1 (b) u(x, 12.5) (c) Long term population density

(d) u(x, 0) = u0 > u1 (e) u(x, 1) (f) Long term population density

Figure 3.4: Two solutions to (3.3) with monostable g, δ = 0.1, β = 2, m = 1, u0 < u1, and u0 > u1,
respectively.

(i) If 0 ≤ u0 ≤ u1 then u(x, t) → 0 uniformly in x as t → ∞.

(ii) If u1 < u0 < m for all x ∈ R then u(x, t) → u2 uniformly in x as t → ∞.

Proof. The key is to realize that as u0 is constant, the rearrangement does not do anything except

to act as a homogeneous growth/decay term. Thus u(x, t) = u(t) for all t ≥ 0.

Figure 3.4 demonstrates the results of Theorem 4 with a symmetric redistribution potential,

S(x, y) = 1
2e

−|x−y|, and a monostable-type function g. For this case, one can quickly find the

equilibrium solutions u1,2 =
1
2 ±

√
.2. The first simulation with initial data shown in Figure 3.4(a),

sets u0 < u1. As expected, u decays to zero, shown in Figure 3.4(c). The second simulation with

initial data shown in Figure 3.4(d), sets u0 > u1 and shows u(x, t) → u2, seen in Figure 3.4(f).

Remark 3. Note that in the case when δ > 0 and g is monostable there is actually an Allee effect

in place. There are in fact three steady state solutions 0 < u1 < u2 < m.

To gain more insight to the case when δ > 0 we have taken the previous simulations, which
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(a) u(x, 0) = u0 (b) u(x, 12.5) (c) Long term population density

Figure 3.5: Solution to (3.3) with monostable g, δ = 0.1, β = 2 and m = 2.

(a) u(x, 0) = u0 (b) u(x, 10) (c) Long term population density

Figure 3.6: Solution to (3.3) with bistable g, δ = 0.1, θ = .3, β = 2, and m = 1.

were performed for δ = 0 and potential S that relocates mass symmetrically from [−L, 0] to [0, L],

and run them for δ = .1. In each case, one item of note is that in the region where x < 0, we have

that u(x, t) → 0 as t → ∞. This is due to the combined facts that
∫
S(x, y) dy = 0 for x < 0 and

the decay due to a positive δ. However, when x > 0, Figure 3.5 illustrates a balance between the

growth and decay with Figure 3.5(c) being a non-zero equilibrium. In Figure 3.6(a), we have initial

conditions that are able to sustain the population at carrying capacity for x > 0 when δ = 0. With

δ > 0, this is not the case as demonstrated by its equilibrium at zero in Figure 3.6(c). Finally, in

Figure 3.7, we model the strong Allee effect in β. With the same u0 illustrated in Figure 3.7(a),

g = 2 and δ = 0, note that the population was able to overcome the Allee effect. With the decay

incorporated by δ = .1, the population can overcome the Allee effect with sufficiently high g (we

have g = 18). Indeed, for x > 0, although u0 is below the Allee threshold, it reaches a non-zero
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equilibrium in 3.7(c).

(a) u(x, 0) = u0 (b) u(x, 11) (c) Long term population density

Figure 3.7: Solution to (3.3) with bistable β, δ = 0.1, θ = .3, g = 18, and m = 1.

3.5 Results - Equation (3.6)

Here, we develop results analogous to Section 3.4. We prove global existence and unique-

ness, some properties of solutions, and persistence and extinction results for equation (3.6) with g

monostable, g ignition-type, and g bistable. We compare these results to those for equation (3.3).

3.5.1 Global Existence and properties of the solution

In this section we discuss the global well-posedness of solutions to equation (3.6) with bounded

initial data. We begin by proving boundedness of solutions to equation 3.6.

Lemma 6 (Boundedness of solutions). Let conditions (A1)-(A4) hold. Let δ, d be positive constants,

β ≥ 0, and g be of bistable, monostable, or ignition-type. Let u be a smooth solution to equation

(3.6) with initial data 0 ≤ u0(x) ≤ M . Then, 0 ≤ u(x, t) ≤ M for all x ∈ Rd, t > 0.

Proof. Suppose ε < u0(x) < M − ε, ans suppose there exists a first time t1 such that u(x1, t1) = 0

for some x1 ∈ Rd. Then, ut(x1, t1) = d∆u. Because u(x1, t1) ≥ 0 everywhere, then d∆u ≥ 0, and

the solution cannot decay below zero. Suppose there exists a first time t1 such that u(x1, t1) = M

for some x1 ∈ Rd. Then, ut = Cg(M,x1)− δM + d∆u(x1, t1) for some positive constant C arising

from the integral. Because M ≥ m(x), g(M,x1) ≤ 0. We also have that u(x, t) ≤ M everywhere,
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so d∆u(x1, t1) ≤ 0. Therefore, ut(x1, t1) ≤ 0 and u cannot rise above M . Take ε → 0 to get the

final result.

The following proves continuous dependence on initial data for equation (3.6).

Lemma 7 (Continuous dependence on initial data). Let conditions (A1)-(A4) hold and g be of

monostable or bistable type. Let u and v be solutions to (3.6) with initial data u0(x), v0(x) in

L∞(Rd). Then, w = u− v satisfies the following bound:

∥ w(·, t) ∥∞≤ e(L+d)t ∥ w0(·) ∥∞

for some L > 0.

Proof. Let u and v be solutions to (3.6) with initial data u0(x) and v0(x), respectively. Note that

we can write the solution w = u− v using the fundamental solution of the heat equation, ϕ(x, t),

w(x, t) =

∫
Rd

ϕ(x− y, t)w0(y)dy

+

∫ t

0

∫
Rd

ϕ(x− y, t− s)

[
g(u, y)

∫
Rd

S(y, k)β(u, k)u(k, s)dk

]
dyds

−
∫ t

0

∫
Rd

ϕ(x− y, t− s)

[
g(v, y)

∫
Rd

S(y, k)β(v, k)v(k, s)dk − δv(y, s)

]
dyds

Through algebra and bounding estimates we obtain the following:

∥ w(·, t) ∥∞≤ ∥ w0 ∥∞ +

∣∣∣∣∣∣∣∣∫ t

0

∫
Rd

ϕ(x− y, t− s)
∣∣∣∣g(u, y) ∫ S(y, k)β(u, k)u(k, s)dk

− g(v, y)

∫
S(y, k)β(v, k)v(k, s)dk − δw(y, s)

∣∣∣∣
∞dyds

∣∣∣∣∣∣∣∣
∞

≤ ∥ w0 ∥∞ +

∫ t

0
∥ g(u, y)

∫
S(y, k)β(u, k)u(k, s)dk

− g(v, y)

∫
S(y, k)β(v, k)v(k, s)dk − δw(y, s) ∥∞ ds

≤ ∥ w0 ∥∞ +

∫ t

0
∥ g(u, ·)− g(v, ·) ∥∞∥ β(u, ·) ∥∞∥ u(·, s) ∥∞ ds+ δ

∫ t

0
∥ w(·, s) ∥∞ ds

+

∫ t

0
∥ g(v, ·) ∥∞∥ β(u, ·)− β(v, ·) ∥∞∥ u(·, s) ∥∞ +

∫ t

0
∥ g(v, ·) ∥∞∥ β(v, ·) ∥∞∥ w(·, s) ∥∞

≤∥ w0 ∥∞ +(MLip(g)max
K

(β) +MLip(β)max
K

(g) + max
K

gmax
K

β + δ)

∫ t

0
∥ w(·, s) ∥∞ .
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An application of Gronwall’s inequality gives:

∥ w(·, t) ∥∞≤ e(L+δ)t ∥ w0 ∥∞

with L = M(Lip(g)maxK(β) + Lip(β)maxK(g)) + maxK(g)maxK(β) and K = {(u, x) : 0 ≤ u ≤

M, x ∈ Rd}.

Now we are ready to prove global existence and uniqueness of solutions.

Theorem 1 (Global Existence and Uniqueness). Let conditions (A1)-(A4) hold and g be of bistable,

monostable, or ignition-type, β ≥ 0. Given initial condition u0(x) ∈ L∞(Rd, [0, T )) such that

0 ≤ u0(x) < M for all x ∈ Rd, we have a unique, global solution to equation (3.6) in L∞(Rd, [0,∞)).

Proof. We use a fixed point argument. Consider the space ΓT = L∞(Rd, [0, T )) for suitably small

T , which we describe below. Consider a subset of ΓT :

ΓT,M := {u ∈ ΓT :∥ u(·, t) ∥∞≤ M for all t ∈ [0, T )}.

Consider u0 = ũ ∈ ΓT,M and let u be the solution to the equation,

ut = d∆u+ g(ũ(x, t), x)

∫
Rd

S(x, y)β(ũ(y, t), y)u(y, t)dy − δu. (3.12)

with initial data u0(x). Define Fũ to be the solution map. Using a similar process to Theorem 1

in Section 3.4, we can bound ∥u∥∞ ≤ ∥u0∥∞e(M̃−δ)t. Thus, u can grow at most exponentially. For

T sufficiently small, we have 0 ≤ u(x) ≤ M , and F : ΓT,M → ΓT,M .

Similar computations to those used in Lemma 7 can be used to show F is a contraction if T

is sufficiently small. An application of the Contraction Mapping Theorem provides a solution for

u(x, t) for t ∈ [0, T ]. We can then use u(x, T ) as initial data and continue this process to create the

global solution. Uniqueness follows from Lemma 7.

The following result establishes smoothness of the solutions u(x, t).

Lemma 8 (Regularity of solutions). Let conditions (A1) - (A4) hold, g be of monostable, bistable,

or ignition-type, and u be the solution to equation (3.6) guaranteed to exist from Theorem 1 with

continuous initial condition, u0(x). Then, u(x, t) is C∞(Rn, [0, T )) for t > 0.
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Proof. Consider writing the solution to equation (3.6) using the fundamental solution to the heat

equation, ϕ(x, t),∫
Rd

ϕ(x− y, t)u0(y)dy +

∫ t

0

∫
Rd

ϕ(x− y, t− s)[g(u, y)

∫
Rd

S(y, k)β(u, k)u(k, s)dk − δu(y, s)]dyds

= I1(x, t) + I2(x, t),

We have that u0(x) is continuous, so I1(x, t) is C∞(Rn, [0, T )). Therefore, what is left to show is

that I2(x, t) is C
∞(Rn, [0, T )). The continuity of I2(x, t) follows from considering I2(x1, t)−I2(x2, t),

bounding g, β, and u(x, t), using the assumptions on S(x, y), and finally using the continuity of ϕ.

Consider the partial derivative of the integrand, I(x,t),∣∣∣∣ ∂∂xI(x, t)
∣∣∣∣ ≤ (max gmaxβM + δM)

∣∣∣∣ ∂∂xϕ(x− y, t− s)

∣∣∣∣
We know derivatives of the fundamental solution, ϕ(x, t), are integrable, and therefore the derivative

of the integrand is bounded by an integrable function. We then have,

∂

∂x
I2(x, t) =

∫ t

0

∫
Rd

∂

∂x
ϕ(x− y, t− s)[g(u, y)

∫
Rd

S(y, k)β(u, k)u(k, s)dk − δu(y, s)]dyds.

Therefore, we can conclude that u = I1 + I2 is C1(Rn) in its x variables with bounded derivatives.

We can iterate this argument to conclude u is C2, etc, to gain regularity in u.

3.5.2 Asymptotic behavior of the solutions

In this section, we develop persistence and extinction results for equation (3.6). We do this

for δ = 0 when g monostable and ignition-type, and for g bistable above the Allee Threshold. We

also consider the case when δ > 0.

3.5.2.1 The case where δ = 0, g monostable and ignition-type

In order to prove long time behavior of solutions, we first establish a comparison principle.

Lemma 9 (Comparison Principle for monostable or ignition-type g, β, β′ > 0). Let conditions

(A1)-(A4) hold, g be of monostable-type or ignition-type, and β, β′ > 0. Consider solutions u, v to

(3.6) with initial data u0(x) > v0(x). Then, we have u(x, t) ≥ v(x, t) for all x ∈ Rd and t > 0.
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Proof. Let w = u− v. We have,

wt =∆w − δw + g(u(x, t), x)

∫
Rd

S(x, y)β(u(y, t), y)u(y, t)dy

− g(v(x, t), x)

∫
Rd

S(x, y)β(v(y, t), y)v(y, t)dy

=∆w − δw + (g(u, x)− g(v, x))

∫
Rd

S(x, y)β(u, y)u(y, t)dy

+ g(v, x)

∫
Rd

S(x, y)(β(u, y)− β(v, y))u(y, t)dy

+ g(v, x)

∫
Rd

S(x, y)β(v, y)w(y, t)dy

=∆w − δw + g′(θ, x)w(x, t)

∫
S(x, y)β(u, y)u(y, t)dy

+ g(v, x)

∫
Rd

S(x, y)β′(s, y)w(y, t)u(y, t)dy

+ g(v, x)

∫
Rd

S(x, y)β(u, y)w(y, t)dy.

We use the Mean Value Theorem above on g and β. Suppose for the first time t1 that u(x1, t1) =

v(x1, t1). Then, we have that w(x1, t1) = 0, and ∆w(x1, t1) ≥ 0, as u(x, t) ≥ v(x, t) . Therefore,

the first integral term evaluated at (x1, t1) is zero, and the second and third must be positive due

to the positivity of g,S,β,β′ and w. Thus, wt(x1, t1) ≥ 0 and u cannot decrease below v. If g is

ignition-type and we consider initial conditions below θ or below θ in some area, a similar argument

holds, however some of the positive terms above are simply zero because g is zero below θ

Remark 4. The above result also holds for g bistable above the Allee threshold. However, below

the Allee threshold, g is negative and thus is it possible for wt(x1, t1) ≤ 0. We comment on this is

more detail later.

The existence of positive equilibrium solutions follows from the comparison principle.

Theorem 2 (Existence of equilibrium solutions for g monostable or ignition-type, δ = 0). As-

sume the conditions for Lemma 9 hold. Then, equation (3.6) with δ = 0 has at least one positive

equilibrium solution.

Proof. By Theorem 1, we know there exists a global solution to equation (3.6), ũ(x, t) with constant

initial condition u0 > 0 if g monostable, or u0 > θ if g or ignition-type. We have that the constant
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is a sub-solution, as

d∆u0 + g(u0, x)

∫
S(x, y)β(u0, y)u0dy = g(u0, x)

∫
S(x, y)β(u0, y)u0(y, t)dy > 0.

We also can find a super-solution: M = supx∈Ωm(x). Define w(x, t) = ũ(x, t + δ) for arbitrary

δ > 0; w(x, t) is a solution to (3.6) because the equation is autonomous in time. We also have

w(x, 0) = ũ(x, δ) > ũ(x, 0) = u0 because u0 is a sub-solution. Lemma 9 then implies that w(x, t) ≥

u(x, t) for all t > 0. Because δ is arbitrary, this implies u(x, t) is increasing in time. However, we

also have that u(x, t) is bounded above by M , so we have an increasing sequence that is bounded

above. Therefore, u(x, t) → u∗(x, t) pointwise, for some equilibrium solution, u∗.

(a) u(x, 0) (b) u(x, 1) (c) u(x,∞)

Figure 3.8: Solution to (3.6) with g monostable, δ = 0, d = 2, β = 2

Remark 5. In the case where g is of ignition-type and with initial conditions below θ, u is the

solution to the heat equation. This is due to the fact that g(u, x) = 0 when u < θ, so the equation

is ut = ∆u. In section 3.5.2.3, we will explore how this changes when δ > 0.

The results of Theorem 2 for g monostable are illustrated in Figure 3.8. The intial condition

u0(x) begins above zero in Figure 3.8(a), and reaches an equilibrium solution around the carrying

capacity in Figure 3.8(c). Note that it does not match m(x) exactly, as u is above m(x) at the

edges of the domain. This is in contrast to the case where d = 0, as the solution u(x, t) is bounded

above by m(x).
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3.5.2.2 The case where δ = 0, g bistable

In the case where g is of bistable-type, we can prove the comparison principle in the same

manner as Lemma 9 when u0 and v0 are greater than the Allee threshold, θ. However, this does

not hold for bistable g when u0 and v0 are not above θ. This is demonstrated in Figure 3.9, as we

have two solutions, u and v with θ > u0(x) > v0(x) ≥ 0, but u(x, t) < v(x, t) for some time t > 0

and some x ∈ Rd

Because we have the comparison principle for bistable g when u0(x) and v0(x) are greater than

θ, we can then get similar persistence and extinction results to Theorem 2. This is demonstrated

in Figure 3.10. We can see for initial condition above θ, in Figure 3.10(a), the population persists

at long term, shown in Figure 3.10(c). For initial condition below θ, in Figure 3.10(d), the lack

of comparison principle makes proving the analogous result for u0(x) below the Allee threshold

difficult, but our numerical simulations suggest that the population decreases to zero, demonstrated

in Figure 3.10(f).

(a) u(x, 0) > v(x, 0) (b) u(x, t) < v(x, t) in some area

Figure 3.9: Solution to (3.6) with δ = 0, g bistable, β constant, u0(x), v0(x) < θ.

3.5.2.3 The case where δ > 0

We can also prove persistence of u(x, t) under certain conditions when δ > 0.
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(a) u(x, 0) (b) u(x, 1) (c) u(x,∞)

(d) u(x, 0) (e) u(x, 10) (f) u(x,∞)

Figure 3.10: Solution to (3.6) with δ = 0, g bistable, β constant

Figure 3.11: βg(u) and δ for a fixed x

Theorem 3 (Existence of equilibrium solutions for δ > 0, β constant, and S(x, y) = S(|x − y|)).

Assume the conditions for Lemma 9 hold, g be of monostable or ignition-type, and βm2(x) > 4δ or

β(m − θ)2 > 4δ, respectively. Then, equation 3.6 with δ > 0 has at least one positive equilibrium

solution.
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(a) u(x, 0) (b) u(x, 20) (c) u(x,∞)

(d) u(x, 0) (e) u(x, 18) (f) u(x,∞)

Figure 3.12: Solution to (3.6) with δ > 0, g monostable, β constant

Proof. Consider g(u, x)β−δ = 0 and the case where there is a u1(x) and u2(x) such that 0 ≤ u1(x) ≤

u2(x) for x ∈ Rd that solve this equation. Let u−1 = infx∈Ω(u1(x)) and u+1 = supx∈Ω(u1(x)). If

u+1 < u2(x) for all x ∈ Rd, We can see that u+1 is a sub-solution,

d∆u+1 + g(u+1 , x)

∫
βS(x, y)u+1 dy − δu+1 = g(u+1 , x)βu

+
1 − δu+1 ≥ 0,

and u−1 is a super-solution,

d∆u−1 + g(u−1 , x)

∫
βS(x, y)u−1 dy − δu−1 = g(u−1 , x)βu

−
1 − δu−1 ≤ 0.

By a similar argument to Theorem 2, we can consider use u+1 to show the existence of a positive

equilibrium solution.

We can also use a similar argument to show an equilibrium solution below u−1 . Suppose for

sake of contradiction this equilibrium solution, u∗(x) was not zero. We know g(u∗, x)
∫
βS(x, y)u∗(y)−

δu∗(x) is negative for all x ∈ Ω. Therefore d∆u∗(x) must be positive for all x ∈ Ω in order for

this to be an equilibrium solution. However, u∗(x) cannot be bounded above by u−1 and also
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have ∆u∗(x) > 0 everywhere, so we have reached a contradiction. We can then conclude by the

comparison principle that solutions to 3.6 with u0(x) < u−1 decrease to zero.

See Figure 3.11 for a visual of u1 and u2 for a fixed value of x. Examples of a monostable,

bistable, and ignition-type g are plotted along with the value of δ. We find u1(x) < u2(x) by the

intersection with δ and these germination functions. The condition that this theorem needs to meet

essentially means that over the entire domain, the largest u value in which the first intersection

occurs between βg(u, x) and δ cannot be bigger than the smallest u value in which the second

intersection occurs.

If g is monostable of the form g(u, x) = u(m(x) − u) and βm2(x) > 4δ for all x ∈ Rd, then

supu1(x) < u2(x) for all x ∈ Rd. This can be shown first by using the quadratic formula to find

u1,2(x) =
m(x)
2 ∓ 1

2β

√
β2m2(x)− 4βδ. In order to have two real solutions, we must have βm2(x) <

4δ. From here, we want supx∈Rd

[
m(x)
2 − 1

2β

√
β2m2(x)− 4βδ

]
< infx∈Rd

[
m(x)
2 + 1

2β

√
β2m2(x)− 4βδ

]
.

We determine the value of x that maximizes or minimizes the two expressions by taking the

derivative. We have u′1,2(x) = m′(x)
2

(
1∓ βm(x)√

β2m2(x)−4βδ

)
and can determine from this expres-

sion that u1(x) is maximized and u2(x) is minimized when m(x) is minimized. We then want

inf
x∈Rd m(x)

2 − 1
2β

√
β2 infx∈Rd m2(x)− 4βδ <

inf
x∈Rd m(x)

2 + 1
2β

√
β2 infx∈Rd m2(x)− 4βδ which always

holds. While the case with ignition-type g is more difficult to do the same analysis, we can follow

the same process for two cases: m constant and θ constant. In each case, we can find that if

β(m− θ)2 > 4δ for all x ∈ Rd, then supx∈Rd u1(x) < infx∈Rd u2(x).

The result from Theorem 3 is demonstrated numerically in Figure 3.12. In Figure 3.12(a) and

3.12(d), u1(x) and u2(x) are shown, and u0(x) = u+1 and u0(x) = u−1 , respectively. For u0 = u+1 ,

the population persists to a positive equilibrium solution, shown in Figure 3.12(c). For u0 = u−1 ,

the population decreases to zero, shown in Figure 3.12(f).
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(a) u(x, 0) (b) u(x, 10) (c) u(x,∞)

Figure 3.13: Solution to (3.6) with g bistable, β constant, δ = 0.

(a) u(x, 0) (b) u(x, 10) (c) u(x,∞)

Figure 3.14: Solution to (3.6) with g bistable, β constant, δ = 0.1.

3.5.2.4 Overcoming the Allee Effect

Finally, we use numerical simulations to demonstrate a case that is difficult numerically. We

are interested in whether a population can overcome the Allee effect, meaning a population that

is initially below the Allee threshold in some area, persists. In the case where d = 0, a population

beginning below the Allee threshold could not overcome the Allee effect when it was incorporated

in g(u, x). This is because the dynamics are governed by an ODE at each spatial location, where

ut(x, t) < 0 if g(u, x) < 0. However, when d > 0, δ = 0, and the Allee Effect is incorporated in g,

we see in Figure 3.13 there are some cases where a population can indeed overcome the Allee effect.

When x > 10, the initial population begins below the Allee threshold, seen in Figure 3.13(a). In

Figure 3.13(c), we see the population persists to a positive equilibrium solution. However, it is the

local diffusion driving this, as the nonlocal dispersal term is still negative at the spatial locations
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below the Allee Threshold.

A population overcoming the Allee efffect can also occur when δ > 0. In this case, without

the local diffusion term, a population cannot overcome the Allee threshold when incorporated into

g, and without the nonlocal term, a population would not persist either. However, with both of

these terms, we can find a case where a population below the Allee threshold persists to a positive

equilibrium solution. This is illustrated in Figure 3.14. In Figure 3.14(a), the population begins

below the Allee threshold for x > 0. At long term, the population persists, shown in Figure 3.14(c).

Below the Allee Threshold, the concavity of the solution is causing the diffusion term to be positive,

pulling the population above the Allee Threshold. Above the Allee threshold, the nonlocal dispersal

term is positive positive, causing growth in the solution to counteract δ. Note that below the Allee

Threshold, the redistribution still does not help a population overcome the Allee effect when it is

incorporated in the germination term, as the germination term is negative at that spatial location,

and the integral is positive. To see the redistribution aid a population in overcoming the Allee

effect, we would need the Allee effect to be incorporated in β, as was the case with d = 0.

3.6 Conclusions and Future Work

We study a model for birth-jump processes, where birth and dispersal cannot be decoupled,

and a variant of this model with an additional linear diffusion term. We consider both logistic

growth and an Allee effect, and establish global existence and uniqueness of solutions and persistence

and extinction results subject to these growth terms. However, the model with linear diffusion is

more difficult and in some cases, the results are more limited, but we also consider a more physically

relevant growth term, g ignition-type. We pay particular attention to cases where a population

can overcome the Allee effect due to nonlocal dispersal. The Allee effect must be incorporated

into the birth term in both cases for redistribution to help a population overcome the Allee effect.

However, we only investigate this case numerically. Analytical results for overcoming the Allee

effect as well as studying the case for g ignition-type in the case without linear diffusion remains

to be investigated.
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Discussion

There is much evidence that nonlocal forces are prominent in ecological phenomena, and thus,

it has become of much interest to study nonlocal models. However, the benefit of accuracy to the

physical processes that comes from studying nonlocal models also brings a large computational and

analytical expense. This work studies both the effects of nonlocal terms incorporated in ecological

models, and also ways to analyze these models both theoretically and numerically.

Mechanistic models, based on local dynamics, have been used successfully to understand

the leading factors in the formation of territories in different species. However, many species take

nonlocal information into account and thus nonlocal mechanistic models are more suitable in those

situations. Using a more realistic model comes at a computational cost and when using these

models to understand population dynamics by incorporating location data of species of a group,

we must solve the model numerous times as we move through a (potentially very large) parameter

space. If we take into account that we might have a large system to solve (maybe a double digit

number of groups), it becomes imperative that we solve the system efficiently.

In this work, we explore using the energy to find minimizers and derive local approximations

to determine if it is suitable to use such approximations. The main takeaway of minimizing energies

of the local and nonlocal models is that the situation is more complex than we would like. In some

cases the local approximations do a reasonable job approximating the equilibrium solutions of the

nonlocal model and can be computed more efficiently; but, this was not always the case. Thus, if

this method is to be used, our recommendation, is that the actual data be taken into account to
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help ensure that the local approximation and the nonlocal models actually match.

We also use spectral methods to solve the nonlocal system of equations, utilizing the Fast

Fourier Transform and properties of the Fourier Transform to reduce the computational cost of the

nonlocal term. We are able to find numerical solutions of the nonlocal model, in particular, we

are able to find numerical solutions using environmental data and meerkat location data. We also

investigate the effect of the potentials and parameters on the solutions and fit the model to synthetic

data using stochastic gradient descent to minimize the log-likelihood function. This suggests this

is an appropriate direction to take in order to incorporate meerkat location data into the model.

We notice that in the process of minimizing the negative log likelihood function, converging to the

correct parameters is sensitive to step size. One limitation of this study is that step size is not

thoroughly investigated.

Equation (3.3) arises from a process where birth and diffusion cannot be decoupled, which

happens in many applications as discussed above. For those applications, the model discussed

and analyzed here is a natural replacement for the reaction-diffusion equations. In comparing the

dynamics of equation (3.3) to those of equation (3.1), we find some stark differences. For example,

note that characteristic functions, m(x)χ[−L,L], are weak equilibrium solutions of equation (3.3),

but no such equilibrium solutions exist for (3.1). Moreover, the dynamics of equation (3.1) are

significantly more subtle even when considering simple initial data of the form u0 = χA, where

A ⊂ Rd is compact. This is due to the compact nature of the initial data and the regularization

property of the equation. Equation (3.3) lacks a regularization property and when β is constant

the dynamics are governed by g; thus, it behaves like an ordinary differential equation. Initially,

these results might appear counter intuitive, as one might naturally think that some aggregating

redistribution potentials may actually help overcome the Allee effect. That is to say, that for some

potentials S you might expect that if you start with initial data below the Allee threshold, the

redistribution might help the population survive. In fact, we see that this is not the case. On the

other hand, if we include the Allee effect in β, the dynamics become more complicated and we

might expect that for some redistribution potentials the population may overcome the Allee effect.
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These expectations are realized as illustrated in our numerical simulations. It would be of interest

to characterize potentials that lead the population to overcoming the Allee effect. It is worth

pointing out that for many applications, including the ones mentioned here, g and β should really

be non-negative. Hence, modeling an Allee effect in g, should correspond to g of ignition-type. We

consider this case when studying equation (3.6).

With the addition of the linear diffusion term, we compare solutions to equation (3.6) to the

dynamics of solutions to equation (3.3). For one, the solutions to equation (3.6) are continuous. It

is also the case that the analysis of equation (3.6) is more difficult when investigating persistence

and extinction results, and this prompts studying g ignition-type, which is also more physically

relevant. Therefore, we develop persistence and extinction results for g monostable, bistable, and

ignition-type. Finally, we find cases where a population can overcome the Allee effect when g is

bistable, in contrast to the case without linear diffusion. However, it is still the case that the

redistribution term is negative at a location where a population is below the Allee threshold when

g is bistable. It remains the case that only if the Allee effect is incorporated in the birth term, the

redistribution can aid in a population overcoming the Allee effect.
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[28] Chris Cosner, Juan Dávila, and Salomé Mart́ınez. Evolutionary stability of ideal free nonlocal
dispersal. Journal of Biological Dynamics, 6(2):395–405, 2012. PMID: 22873597.



94
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[65] G. P. Malanson and N. Rodŕıguez. Traveling waves and spatial patterns from dispersal on
homogeneous and gradient habitats. Ecological Complexity, 33(1):57–65, 2017.

[66] G.P. Malanson and S. J. Walsh. Agent-based models: Individuals interacting in space.
Applied Geography, 56:95–98, 2015.

[67] Kalyan Manna, Vitaly Volpert, and Malay Banerjee. Dynamics of a diffusive two-prey-
one-predator model with nonlocal intra-specific competition for both the prey species.
Mathematics, 8(1), 2020.

[68] M.B.A. Mansour. Traveling wave solutions of a reaction–diffusion model for bacterial growth.
Physica A: Statistical Mechanics and its Applications, 383(2):466–472, 2007.

[69] Jonathan Martin. Derivation and investigation of mathematical models for spotting in
wildland fire. University of Alberta (Canada), 2013.

[70] Annalisa Massaccesi and Enrico Valdinoci. Is a nonlocal diffusion strategy convenient for
biological populations in competition? Journal of Mathematical Biology, 74:113–147, 2017.

[71] Michael S. Mitchell and Roger A. Powell. A mechanistic home range model for optimal use
of spatially distributed resources. Ecological Modelling, 177(1):209–232, 2004.

[72] Alex Mogilner and Leah Edelstein-Keshet. A non-local model for a swarm. Journal of
Mathematical Biology, 38:534–570, 1999.

[73] P. K. Molnár, A. E. Derocher, T. Klanjscek, and M. A. Lewis. Predicting climate change
impacts on polar bear litter size. Nature communications, 2:186, 2011.

[74] P. R. Moorcroft, M. A. Lewis, and R. L. Crabtree. Home range analysis using a mechanistic
home range model. Ecology, 80:1656–1665, 1999.

[75] Paul R. Moorcroft and Alex H. Barnett. Mechanistic home range models and resource selec-
tion analysis: a reconciliation and unification. Ecology, 89 4:1112–9, 2008.

[76] Paul R. Moorcroft and Mark A. Lewis. Mechanistic Home Range Analysis. Number 43 in
Monographs in Population Biology. Princeton University Press, 2006.

[77] Paul R Moorcroft, Mark A Lewis, and Robert L Crabtree. Mechanistic home range models
capture spatial patterns and dynamics of coyote territories in yellowstone. 273(1594):1651 –
1659, 2006.



97

[78] James D Murray. Mathematical biology: I. an introduction. interdisciplinary applied math-
ematics. Mathematical Biology, Springer, 2002.

[79] Wenjie Ni, Junping Shi, and Mingxin Wang. Global stability and pattern formation in
a nonlocal diffusive lotka–volterra competition model. Journal of Differential Equations,
264(11):6891–6932, 2018.
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