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Rejection of external disturbances is crucial for small aircraft flying in environments with dy-

namic flow fields, especially due to their increased sensitivity to disturbances. Fixed-wing vehicles

are generally controlled using successive closure of position and velocity state feedback loops. The

successive loop closure method ignores aerodynamic coupling and fails in the presence of strong

gusts or aircraft damage. Existing multi-input, multi-output (MIMO) control methods may include

aerodynamic coupling and provide more robust performance, but still respond slowly to high speed

gusts because they feed back lower order states such as position and velocity. This study aims to

develop a MIMO control methodology to feed back translational and rotational acceleration states

on a simulated fixed-wing aircraft, enabling quicker rejection of disturbances. The acceleration

states are linearly estimated using measurements from 12 simulated uniaxial accelerometers dis-

tributed away from the center of gravity of the vehicle. The novelty of this research is in using

these acceleration states in inner feedback loops in addition to the existing autopilot to demon-

strate disturbance rejection on a fixed-wing vehicle before propagation to lower order states. Using

the Ttwistor small Unmanned Aircraft System (sUAS) model and robust control analysis tools, a

nonlinear flight simulation with and without acceleration estimation and feedback was conducted

to quantify the improvement in disturbance rejection. The resulting augmented autopilot enables

the small fixed-wing UAS to fly through turbulent, gusty environments by improving disturbance

rejection up to 58% in some aircraft states. We also developed a framework for analyzing bare

airframes as candidates for augmented control based on gust sensitivity and maneuverability. The

results shown with the Ttwistor model demonstrate the limitations of this control approach on

fixed-wing vehicles as well as the potential for even better gust rejection on smaller and more

responsive platforms.



iv

Acknowledgements

The author would like to express gratitude to her advisor, Professor Sean Humbert, for his

research guidance and patience through one-on-one controls lessons. She also thanks Professors Eric

Frew and Robert MacCurdy for their feedback and challenging questions regarding this research.

The author acknowledges her colleagues at CU and ARL, especially Cosima, Badri, and Greg, for

their advice and support through the inevitable blockades against research progress. Many thanks

are due also to the friends and family who encouraged her to start her biggest adventure yet by

moving across the country, and to all of the new friends and family that made Colorado feel like

home.

The author also thanks the Logistics Management Institute (LMI) for funding her education

through the SMART Scholarship for Service Program, and the U.S. Air Force Center of Excellence

for funding this project through the Nature Inspired Flight Technology Ideas (NIFTI) program,

Grant FA9550-14-1-0398.



v

Contents

Chapter

1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Current Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Research Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.4 Organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Model Structure 8

2.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2 Aircraft Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.1 Nonlinear Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.2 Linear Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3 Disturbance/Environment Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3 Assessment of Aircraft Candidacy for Augmented Control 23

3.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.2 Maneuverability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.3 Disturbance Sensitivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28



vi

4 Control Design 33

4.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.2 Outer Loop Controller . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.3 Inner Loop Acceleration Feedback . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4.4 Distributed Acceleration Sensing . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

5 Performance Analysis 43

5.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

5.2 Disturbance Rejection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

5.3 Noise Sensitivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

5.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

6 Summary and Future Work 58

6.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

6.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

Bibliography 61



vii

Tables

Table

2.1 Ttwistor aircraft geometry and mass properties. . . . . . . . . . . . . . . . . . . . . . 11

2.2 Ttwistor aircraft trim state and control inputs. . . . . . . . . . . . . . . . . . . . . . 15

2.3 Ttwistor aircraft linear model parameters. . . . . . . . . . . . . . . . . . . . . . . . . 18

3.1 Frobenius norms of scaled maneuverability gramians for the Ttwistor and Skywalker. 26

3.2 Frobenius norms of scaled disturbance sensitivity gramians for the Ttwistor and

Skywalker. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

5.1 Nominal and acceleration feedback performance of wind disturbance rejection. . . . . 53



viii

Figures

Figure

1.1 Fixed-wing aircraft such as this Ttwistor aircraft can be subjected to high winds

while collecting weather data near a tornado. . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Basic outline of sensing, actuation, and control in a fly, including the halteres and

campaniform sensilla which are used to measure forces and moments. . . . . . . . . . 3

1.3 Scanning electron microscope images of a representative subset of fly halteres, show-

ing large variations in shape (adapted from [5]). . . . . . . . . . . . . . . . . . . . . . 4

1.4 A quadrotor with distributed accelerometers (circled in blue) and force-adaptive

feedback implementation (adapted from [23]). . . . . . . . . . . . . . . . . . . . . . . 5

1.5 CU Boulder’s Ttwistor aircraft in flight. . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1 Simulink main block diagram for the nonlinear simulation. . . . . . . . . . . . . . . . 9

2.2 Ttwistor aircraft being launched. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.3 Open loop nonlinear model structure. . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.4 Simulink block diagram for the aircraft model subsystem, with force and moment

calculations and 6 degree-of-freedom equations of motion. . . . . . . . . . . . . . . . 12

2.5 Open loop state space model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.6 Simulink block diagram for modeling three types of wind, Dryden turbulence, dis-

crete gusts, and wind shear. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.7 Model for Dryden wind turbulence with forming filters. . . . . . . . . . . . . . . . . 20



ix

2.8 Dryden turbulence forming filter magnitudes for translational (top) and rotational

(bottom) velocities. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.1 Maneuverability ellipses for the Ttwistor open loop aircraft model. . . . . . . . . . . 30

3.2 Comparison of maneuverability ellipses for the Ttwistor and Skywalker open loop

aircraft models. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.3 Comparison of disturbance sensitivity ellipses for the Ttwistor and Skywalker open

loop aircraft models. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4.1 Nominal LQR control model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

4.2 Augmented control with acceleration feedback. . . . . . . . . . . . . . . . . . . . . . 36

4.3 Coordinate frames for the acceleration of a point P on the rigid body O′ with respect

to the inertial frame O (reproduced from [23]). . . . . . . . . . . . . . . . . . . . . . 37

4.4 Modeled locations of the 4 triaxial accelerometers used for simulation, which are on

the surface of a 10cm-radius sphere. . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

5.1 Sensitivity singular values for both controllers, in lateral (top) and longitudinal (bot-

tom) directions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

5.2 Simulated Dryden wind velocities. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

5.3 Time histories of longitudinal states from nonlinear simulations with each controller,

for (a) 1 simulation and (b) shaded ranges for 100 simulations. . . . . . . . . . . . . 49

5.4 Time histories of lateral states from nonlinear simulations with each controller, for

(a) 1 simulation and (b) shaded ranges for 100 simulations. . . . . . . . . . . . . . . 50

5.5 Time histories of acceleration states from nonlinear simulations with each controller,

for (a) 1 simulation and (b) shaded ranges for 100 simulations. . . . . . . . . . . . . 51

5.6 Time histories of control inputs from nonlinear simulations with each controller, for

(a) 1 simulation and (b) shaded ranges for 100 simulations. . . . . . . . . . . . . . . 52



x

5.7 Trajectories of the aircraft with each controller, compared to straight trim trajectory,

for (a) 1 simulation and (b) 100 simulations. . . . . . . . . . . . . . . . . . . . . . . . 54

5.8 Acceleration feedback control block diagram with additive sensor noise at the accel-

eration states. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5.9 Noise rejection singular values for the acceleration feedback controller, in longitudinal

(solid) and lateral (dashed) directions. . . . . . . . . . . . . . . . . . . . . . . . . . . 56



xi

Nomenclature

α Angle of attack, rad

σ̄ Maximum singular values

β Sideslip angle, rad

βi Elevation angle of the ith accelerometer, rad

δa Aileron control input, rad

δe Elevator control input, rad

δr Rudder control input, rad

δt Throttle control input, fraction of full-throttle from 0 to 1

γi Azimuth angle of the ith accelerometer, rad

~̂ei Orientation vector of the ith accelerometer

~̂xa Estimated acceleration state vector

κi Scale factor of the ith accelerometer

φ Roll Euler angle, rad

ψ Yaw Euler angle, rad

ρ Density of air kg/m3

σ Dryden turbulence intensity, m/s

σ(e) Standard deviation of error

θ Pitch Euler angle, rad

εc Reachability ellipsoid for aircraft controllability

εd Reachability ellipsoid for aircraft disturbance sensitivity

~ω Angular acceleration vector, rad/s2

~ω Angular velocity vector, rad/s

~ωB Aircraft angular velocity vector in body coordinates, rad/s

~ωwind Angular wind velocity vector, rad/s

~a Translational acceleration vector, m/s2

~b Accelerometer bias vector

~d Disturbance vector

~F Force vector, N



xii

~M Moment vector, N

~n Acceleration noise vector

~ri Position vector of the ith accelerometer with respect to the aircraft center of mass, m

~u Control input vector

~uo Outer-loop actuator command vector

~v Translational velocity vector, m/s

~V E Aircraft inertial velocity vector in body coordinates, m/s

~VB Air relative velocity vector in body coordinates, m/s

~Vwind Translational wind velocity vector, m/s

~x State vector

~xa Acceleration state vector

~xEa Inertial acceleration state vector

~y Output vector

~z Accelerometer measurement vector

A Dynamic state space matrix

B Control authority state space matrix

b Aircraft wingspan, m

C Output state space matrix

c Aircraft mean chord length, m

Ca Accelerometer measurement matrix

CD Nonlinear drag model

CL Nonlinear lift model

Cl Linear approximation of rolling moment coefficient

Cm Linear approximation of pitching moment coefficient

Cn Linear approximation of yawing moment coefficient

CT Thrust coefficient

CY Linear approximation of lateral force coefficient

CSo Disturbance sensitivity transfer function

Dx Reachability scaling matrix

dp, dq, dr Angular velocity disturbances, rad/s

du, dv, dw Translational velocity disturbances, m/s

F Acceleration feed-forward matrix

g Gravitational acceleration, m/s2

Gd Disturbance state space matrix

H(s) Forming filter for Dryden turbulence velocities

I Aircraft moment of inertia, kg m2

Ke(s) Equivalent controller transfer function for combined inner and outer loop



xiii

Ko Outer loop control matrix

km Motor coefficient for throttle

L Dryden turbulence scale length, m

M Acceleration feedback estimation matrix

m Aircraft mass, kg

NS Noise sensitivity transfer function

p, q, r Roll, pitch, and yaw angular velocity, rad/s

Q, R LQR controller weighting matrices

S Aircraft wing area, m2

Sprop, Cprop Propeller disc area and coefficient

u, v, w Forward, lateral, and heave translational velocity, m/s

Va Airspeed

x, y, z Inertial position of the aircraft, m

Xc Controllability gramian

Xd Disturbance sensitivity gramian



Chapter 1

Introduction

1.1 Motivation

Small unmanned aircraft systems (sUAS) are being considered for many applications such

as package delivery, search and rescue operations, crop monitoring, and military surveillance and

reconnaissance. To perform these tasks, the aircraft must deal with environmental uncertainties

including wind gusts and turbulence. In some cases like the storm-chasing aircraft in Figure 1.1, the

vehicle is expected to fly stably through extreme winds. Fixed-wing sUAS are often controlled using

successive feedback loops with a single input and a single output (SISO), which are unsuccessful in

situations with strong gusts or damage to the aircraft that causes deviations from normal behavior

[14]. The objective of this thesis is to develop an acceleration feedback control method for fixed-wing

vehicles that enables more stable and controlled flight even in the presence of strong disturbances

such as wind turbulence that are of the order of platform capabilities.

A sensor suite for fixed-wing sUAS generally includes GPS, an inertial measurement unit

(IMU) with triaxial accelerometers, gyroscopes, and magnetometers, and static and dynamic pres-

sure sensors [14], which provide measurements used to produce aircraft state estimates that are used

in proportional-integral-derivative (PID), proportional-derivative (PD), or proportional-integral

(PI) control [10, 35]. Fixed-wing control often involves PID loops using different dynamics as-

sumptions and combinations of states estimated with the same set of sensors [27, 6, 7, 40]. Other

methods involve complex nonlinear control schemes [9, 15, 33] that push the limits of autopilot

systems that can be used on sUAS with limited payloads.
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Figure 1.1: Fixed-wing aircraft such as this Ttwistor aircraft can be subjected to high winds while
collecting weather data near a tornado.

More robust multi-input multi-output (MIMO) control methods have been successfully imple-

mented for various types of aircraft, enabling stability and performance when facing model uncer-

tainties and large disturbances. While MIMO control has been extensively explored with rotorcraft

and other vehicles with high coupling between lateral and longitudinal dynamics [24, 23, 29], its

implementation on fixed-wing vehicles has not been explored significantly. However, some research

has explored robust H∞ loop-shaping and µ-analysis-based methods for fixed-wing aircraft with

improved disturbance rejection and uncertainty reduction [8, 25, 26, 29].

These MIMO control methods sometimes use a larger variety of sensors in order to estimate

aircraft states. Distributed strain sensors and accelerometers have been proposed for force and

moment estimation [22, 32] and force and moment feedback has been explored in simulated MIMO

control, improving performance in the presence of uncertainties [37, 36]. Other studies skipped

the force estimation and instead processed the sensor measurements using wide field integration or

identified sensor models [11, 12].

Distributed inertial sensing has emerged from research examining biological flight, and pro-

vides improved redundancy and robustness. Insects use distributed mechanosensors to perform

aerobatic, robust flight in the presence of disturbances [30]. Halteres are club-shaped flapping

structures located behind a fly’s wings (Figure 1.2). Different fly species show a large variation in

haltere shape and sensilla placement (Figure 1.3) [5]. Despite this variation, all halteres measure
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Figure 1.2: Basic outline of sensing, actuation, and control in a fly, including the halteres and
campaniform sensilla which are used to measure forces and moments.

strain through distributed campaniform sensilla. Flies are able to measure forces and moments

acting on their bodies by pooling the outputs of the sensilla. Flies cannot maintain stable flight

when halteres are removed, suggesting that they are vital for robust and maneuverable flight [19].

Gyroscope and strain sensor design has been inspired by these biological sensors [39, 38].

Precise placement of a small number of accelerometers distributed from the center of grav-

ity can be used to estimate translational and rotational acceleration states [16, 17]. These state

estimates provide useful information about the forces and moments acting on the vehicle and can

be used in feedback control for disturbance rejection [23]. The force-adaptive feedback method

described in [23] motivated this research. The method was implemented by placing accelerometers

on the quadrotor vehicle in Figure 1.4 to estimate translational and angular acceleration states.

The states were estimated using linear least squares, with accelerometers were distributed away

from the center of gravity in order to capture angular acceleration information. A system identi-

fication method was developed to determine the locations and orientations of the accelerometers

as needed for state estimation. A nominal controller was augmented with an inner acceleration

state feedback loop, including a feedforward term to prevent attenuation of desired accelerations.
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Figure 1.3: Scanning electron microscope images of a representative subset of fly halteres, showing
large variations in shape (adapted from [5]).
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The method provided improved disturbance rejection in 2 degree-of-freedom lateral motion of a

quadrotor vehicle.

Figure 1.4: A quadrotor with distributed accelerometers (circled in blue) and force-adaptive
feedback implementation (adapted from [23]).

1.2 Current Work

This work uses acceleration feedback to augment an existing fixed-wing autopilot for improved

disturbance rejection. Acceleration states are fed back in an inner feedback loop which allows for

quicker responses to disturbances such as wind gusts. The acceleration measurements essentially

detect disturbing forces directly instead of sensing the position, pose, and velocity states after the

disturbance propagates through the system. The main contribution of this work is the application

of acceleration state feedback for a full 6-DOF fixed-wing UAS (instead of the 2-DOF, multirotor

model in [23]) using nonlinear flight physics and demonstration of gust rejection. In practice the

states would be estimated with distributed accelerometers, but for this work the acceleration states

are assumed to be known.

The fixed-wing implementation introduces new challenges. Fixed-wing platforms tend to
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Figure 1.5: CU Boulder’s Ttwistor aircraft in flight.

be less maneuverable and more susceptible to gusts than multirotors [21]. Acceleration feedback

has the potential to help fixed-wing platforms become more responsive and capable of rejecting

disturbances even in turbulent environments. We will demonstrate this using a simulation of the

Ttwistor aircraft (Figure 1.5), which has well-developed linear and nonlinear models.

1.3 Research Contributions

This research includes the following contributions to the field of fixed-wing unmanned aircraft

systems control:

(1) Synthesis and analysis of acceleration feedback control augmentation for fixed-wing aircraft

in 6 degrees of freedom

(a) Identification of challenges for fixed-wing implementation of acceleration feedback

(b) Design of outer and inner loop controllers for a fixed-wing aircraft model

(c) Analysis of disturbance rejection performance improvement through closed-loop trans-

fer function singular values and nonlinear simulation with wind turbulence

(d) Analysis of noise sensitivity of the closed-loop control method

(2) Framework for gust sensitivity and maneuverability analysis of bare airframe fixed-wing

dynamics to assess candidacy for acceleration feedback control
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(a) Analysis of disturbance sensitivity to quantify aircraft’s open loop response to gusts

(b) Analysis of maneuverability to characterize aircraft’s potential for improved distur-

bance rejection by augmenting control

1.4 Organization

The thesis is organized as follows.

Chapter 2: In order to describe the simulation environment, the aircraft and environment

models are outlined and discussed. This chapter details the nonlinear and linear aircraft models,

and environmental wind model.

Chapter 3: Closed-loop aircraft disturbance rejection performance is limited by the capa-

bilities of the aircraft itself. This chapter analyzes the open-loop aircraft model’s maneuverability

and disturbance sensitivity to determine whether it is a good candidate for acceleration feedback

control.

Chapter 4: Controllers are often described by block diagrams. This chapter provides block

diagrams and design methods for the outer loop (nominal) and inner loop (acceleration feedback)

controllers used in this work, and the framework for distributed acceleration sensing.

Chapter 5: Controller performance for the acceleration feedback controller in comparison

with the nominal controller can be analyzed via singular values, robust analysis, and simulated

flight. This chapter gives the results of disturbance rejection, simulated wind gust tolerance, and

noise rejection for the acceleration feedback controller in comparison with the nominal controller.

Chapter 6: This chapter provides a summary of the main results of the analysis of accel-

eration feedback control for fixed-wing vehicles, and suggests future work to support this research

area.



Chapter 2

Model Structure

2.1 Overview

In this chapter, the simulation models for the aircraft and environment are described. The

kinematics and dynamics of the Ttwistor aircraft used in this thesis were well-defined and tested by

the Research and Engineering Center for Unmanned Vehicles (RECUV) team at the University of

Colorado Boulder [31]. The force and moment equations (for lift, drag, and propulsive forces) were

used to simulate a nonlinear model in Simulink (Figure 2.1). The actuators were also modeled to

include saturation limits. The model was linearized about a straight-and-level flight trim condition

to produce a linear state space model of the aircraft. This linear model was utilized for preliminary

transfer function analysis as discussed in section 5.2. The simulation environment was set up to

include Dryden turbulence to test disturbance rejection capabilities. In this chapter, the Dryden

model will be described and turbulence parameters chosen.
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Figure 2.1: Simulink main block diagram for the nonlinear simulation.
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2.2 Aircraft Model

The Ttwistor airframe (Figure 2.2) was chosen because both linear and nonlinear models

were available [31]. The Ttwistor has twin engine-driven propellers to provide thrust, elevators

and ailerons on the wings, and a rudder on its T-shaped tail. The configuration is common for

fixed-wing vehicles. The geometric and mass properties of the Ttwistor aircraft are shown in Table

2.1.

Figure 2.2: Ttwistor aircraft being launched.

2.2.1 Nonlinear Model

A nonlinear model of the aircraft forces and moments was produced using the non-dimensional

stability derivatives, engine and control surface parameters, moments of inertia, and aircraft geom-

etry from [31]. For the nonlinear simulation, a Simulink model (Figure 2.4) was developed using the

open loop nonlinear model outlined in Figure 2.3 and the controllers designed in Chapter 4. The

aircraft’s non-dimensional stability and control derivatives were used to calculate the forces and

moments (Fnet andMnet) acting on the aircraft considering the aircraft state xn, control inputs un,

surrounding wind disturbance dn, and air density ρ at the nth timestep. The forces and moments

were sent to the 6 degree of freedom equations of motion for a fixed-mass body to determine the
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Table 2.1: Ttwistor aircraft geometry and mass properties.

Geometric Mass

Parameter Symbol Value Units Parameter Symbol Value Units

Wing Span b 3.067 m Mass m 5.74 kg

Wing Area S 0.6282 m2 Inertia Ixx 1.2009 kg m2

Mean Chord c 0.208 m Iyy 0.9318 kg m2

Izz 2.0734 kg m2

Ixz 0.0946 kg m2

new aircraft state and body-fixed acceleration. The individual blocks composing this model will be

discussed in the next sections.

Nonlinear
Force and Moment

Equations

Rigid Body
Equations of Motion

xn
un

dn
ρ

Fnet

Mnet

xn+1

ẋn+1

Figure 2.3: Open loop nonlinear model structure.

The aircraft state x, control input u, and disturbance d vectors are defined:

x =

[
x y z φ θ ψ u v w p q r

]T
u =

[
δe δa δr δt

]T
d =

[
du dv dw dp dq dr

]T
(2.1)

2.2.1.1 Kinematics and Dynamics

The 6 degree-of-freedom nonlinear equations of motion for the aircraft are solved using a pre-

defined Simulink block for a rigid body with fixed mass. The right block in Figure 2.4 accepts as

input the forces and moments acting on the body (in the body reference frame), and calculates the

inertial position and velocity (in the inertial frame), Euler angles, direction-cosine matrix (DCM),

and inertial and angular velocities and accelerations (in the body frame). The rigid body equations
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Figure 2.4: Simulink block diagram for the aircraft model subsystem, with force and moment
calculations and 6 degree-of-freedom equations of motion.

of motion are well-defined and documented by MathWorks in [4]. The nonlinear aircraft simulation

is further specified by the calculation of the aerodynamic forces and moments acting on the aircraft,

as discussed in the next section (2.2.1.2).

2.2.1.2 Forces and Moments

The forces and moments acting on the aircraft are nonlinear with respect to aircraft states and

control inputs, and can be separated into gravitational (Fgrav), propulsive (Fprop), and aerodynamic

forces and moments (Faero, Maero). Therefore, the net forces and moments acting on the aircraft

are defined as follows:

Fnet = Fgrav + Fprop + Faero

Mnet = Maero

(2.2)

The propulsive force will be described in the next section (2.2.1.3) detailing actuator models.

Assuming the gravitational force acts at the center of mass of the vehicle, the weight produces

only a force in the inertial z direction. Rotated into the aircraft body frame, this force relates to
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the mass m and Euler angles of the vehicle (roll φ and pitch θ), and the gravitational acceleration

constant g.

Fgrav =


−mg sin θ

mg cos θ sinφ

mg cos θ cosφ

 (2.3)

The aerodynamic forces and moments are defined using the aircraft state, geometry param-

eters (b, c, S), nonlinear lift and drag models CL and CD, and linear approximations for pitching

moment Cm as well as lateral forces and moments CY , Cl, and Cn.

Faero =


X

Y

Z

 =
1

2
ρVa

2S


CL sinα− CD cosα

CY

−CL cosα− CD sinα



Maero =


L

M

N

 =
1

2
ρVa

2S


bCl

cCm

bCn



(2.4)

The nonlinear lift and drag models are defined as:

CL = CL0 + CLαα+ CLq
c

2Va
q + CLδe δe

CD = CDmin +K(CL − CLmin)2
(2.5)

and the linear pitching moment and lateral forces and moments are modeled as:

Cm = Cm0 + Cmαα+ Cmq
c

2Va
q + Cmδe δe

CY = CY0 + CYββ + CYp
b

2Va
p+ CYr

b

2Va
r + CYδa δa + CYδr δr

Cn = Cn0 + Cnββ + Cnp
b

2Va
p+ Cnr

b

2Va
r + Cnδa δa + Cnδr δr

(2.6)
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In these equations, all double-subscripted coefficients C∗∗ represent static and dynamic stability

and control derivatives, determined using system identification and computational fluid dynamics

(CFD) analysis of the Ttwistor [31].

2.2.1.3 Actuator Model

The control inputs were limited by upper and lower saturation values based on knowledge

of fixed-wing control surfaces. The elevator, aileron and rudder were limited to ±π/2 rad from

their trim values, while the throttle was limited to range between 0 to 1 (given as a proportion of

maximum thrust).

The propulsive force is calculated assuming the thrust vector is along the body x-axis, and

there is negligible moment associated with the propeller. The propulsive force expressed in the

body frame is defined:

Fprop =


1
2ρVa

2SCT

0

0

 (2.7)

where CT is the thrust coefficient, defined using the propeller disc area Sprop and coefficient Cprop,

motor constant km, throttle setting δt, aircraft geometry and airspeed as follows. Values are defined

for the Ttwistor from system identification [31].

CT = 2
SpropCpropδt

SVa
2 [Va + δt(km − Va)][km − Va] (2.8)

2.2.1.4 Sensor Model

The simulations in Chapter 5 assume the aircraft’s position and velocity states are known

for outer loop control, but the acceleration states are estimated from sensors with noise for inner

loop control. The outer loop controller was used as a baseline for comparison with the new control
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method being analyzed requires a unique distributed sensing architecture with accelerometers and a

gyroscope. These sensors were modeled to properly characterize the new controller’s performance.

For this purpose, the sensor models used noise levels based on the Analog Devices ADXL325

accelerometer [1] and ADXRS450 gyroscope [2]. The noise was generated from a normal distribution

with standard deviations of 0.025g and 0.13 deg/s for the accelerometer and gyroscope, respectively.

2.2.2 Linear Model

The goal of this section is to develop a linear model of the Ttwistor aircraft in state space

form. In order to accomplish this, the nonlinear model must be linearized about a trim condition,

as discussed in the next section.

2.2.2.1 Trim Condition

The aircraft parameters were used to produce a linear state space model for flight about a

straight-and-level-flight trim condition. The condition was chosen for typical flight of the Ttwistor

in Boulder, Colorado. The linear model assumes states and control inputs are modeled as pertur-

bations from the trim condition. The trim states and control inputs are all zero except for those

listed in Table 2.2.

Table 2.2: Ttwistor aircraft trim state and control inputs.

Trim State Value Units

h∗ 1800 m

V ∗a 18 m/s

θ∗ 0.0515 rad

u∗ 17.9762 m/s

w∗ 0.9263 m/s

Trim Input Value Units

δ∗e -0.537 rad

δ∗t 17.92 % of max
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2.2.2.2 State Space Model

The open loop aircraft system can be represented in state space form (Figure 2.5). The

control inputs u and external disturbance d enter the plant, which in turn produces the states x,

state derivatives ẋ, and outputs y. The state space matrices A, B, C, and Gd are properties of the

aircraft dynamics. The matrices utilize force and moment coefficients to characterize the aircraft.

The coefficients were calculated using non-dimensional stability derivatives of the aircraft, which

were determined by the system identification and CFD analysis in [31]. This reduced linear model

was used for controller design and analysis. The aircraft model used 4 control inputs, 6 disturbance

inputs, 8 states, and 4 outputs, separated into longitudinal and lateral directions:

ẋ = Ax+Bu+Gdd
y = Cx

u

d

y

Figure 2.5: Open loop state space model.

ulon =

[
δe δt

]T
ulat =

[
δa δr

]T
dlon =

[
du dw dq

]T
dlat =

[
dv dp dr

]T
xlon =

[
u/V ∗a w q θ

]T
xlat =

[
v p r φ

]T
ylon =

[
u/V ∗a θ

]T
ylat =

[
v φ

]T
(2.9)

The longitudinal and lateral dynamics can be modeled by the following state space matrices, with
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the force and moment coefficients for the Ttwistor defined in Table 2.3:

Alon =



Xu Xw/V
∗
a Xq/V

∗
a −g cos θ∗/V ∗a

ZuV
∗
a Zw Zq −g sin θ∗

MuV
∗
a Mw Mq 0

0 0 1 0


Alat =



Yv Yp Yr g cos θ∗

Lv Lp Lr 0

Nv Np Nr 0

0 1 tan θ∗ 0



Blon =



Xδe/V
∗
a Xδt/V

∗
a

Zδe 0

Mδe 0

0 0


Blat =



Yδa Yδr

Lδa Lδr

Nδa Nδr

0 0



Gd,lon =



−Xu −Xw/V
∗
a −Xq/V

∗
a

−ZuV ∗a −Zw −Zq

−MuV
∗
a −Mw −Mq

0 0 0


Gd,lat =



−Yv −Yp −Yr

−Lv −Lp −Lr

−Nv −Np −Nr

0 0 0


Clon =

1 0 0 0

0 0 0 1

 Clat =

1 0 0 0

0 0 0 1



(2.10)

2.3 Disturbance/Environment Model

Wind was modeled using existing tools in Simulink, which include Dryden turbulence, discrete

wind gusts, and wind shear models displayed in the block diagram (Figure 2.6) [4]. The wind

translational and angular velocities (in the aircraft body frame) are provided by the Simulink

blocks using the height, airspeed, and direction cosine matrix for the aircraft. The translational

wind velocity vector Vwind is subtracted from the aircraft velocity vector V E to produce the air

relative velocity vector as VB =

[
u v w

]T
= V E−Vwind. The air relative velocity vector is used
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Table 2.3: Ttwistor aircraft linear model parameters.

Force Moment

Parameter Value Units Parameter Value Units

Xu -0.1271 s-1 Lv -1.1467 (m ·s)-1

Xw 0.6409 s-1 Lp -15.7093 s-1

Xq -0.9106 m/s Lr 2.6774 s-1

Yv -0.3714 s-1 Mu 0.1090 (m ·s)-1

Yp 0.8254 m/s Mw -2.1148 (m ·s)-1

Yr -17.6451 m/s Mq -3.2853 s-1

Zu -0.7655 s-1 Nv 0.6400 (m ·s)-1

Zw -6.3237 s-1 Np -1.2356 s-1

Zq 16.9091 m/s Nr -0.5669 s-1

Xδe 0.0018 m/s2 Lδa -5.3580 s-2

Xδt 3.3846 m/s2 Lδr 0.0316 s-2

Yδa -0.0137 m/s2 Mδe -1.3996 s-2

Yδr 0.0556 m/s2 Nδa -0.2566 s-2

Zδe -0.1234 m/s2 Nδr -0.1309 s-2
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to calculate the airspeed Va, angle of attack α, and sideslip β using the following expressions.

Va = ‖VB‖

α = arctan (w/u)

β = arcsin (v/Va)

(2.11)

The airspeed and wind angles are then used in the nonlinear force and moment calculations. The

angular wind velocity vector ωwind provided by the Dryden turbulence model was added to the

angular velocity of the aircraft as ω = ωB + ωwind.

Figure 2.6: Simulink block diagram for modeling three types of wind, Dryden turbulence, discrete
gusts, and wind shear.

2.3.0.1 Dryden Turbulence

The Dryden wind turbulence model was used to simulate wind for evaluation of the acceler-

ation feedback control method. The turbulence was produced by passing band-limited white noise

(with an upper limit of the simulation’s time step) through a forming filter representing the relevant

frequency content (Figure 2.7). The filtered white noise created simulated turbulence velocities in

each of the 6 degrees of freedom of the system as d =

[
du dv dw dp dq dr

]T
. The filters are
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based on the power spectral densities of turbulence in each direction. The filters are described by

the following transfer functions for each velocity direction (in aircraft body coordinates) as defined

in [3]:

H(s)
White
Noise

d

Figure 2.7: Model for Dryden wind turbulence with forming filters.

Hu(s) = σu

√
2Lu
πV

1
1+(Lu/V )s

Hv(s) = σv

√
Lv
πV

1+(
√
3Lv/V )s

(1+(Lv/V )s)2

Hw(s) = σw

√
Lw
πV

1+(
√
3Lw/V )s

(1+(Lw/V )s)2

(2.12)

The wind magnitudes depend on the turbulence intensities σu,v,w and scale lengths Lu,v,w as well

as the magnitude of the velocity of the aircraft V . The wind angular rates also depend on the

aircraft’s wingspan b and the other velocity intensities as

Hp(s) = σw

√
0.8
V

(π/4b)1/6

L
1/3
w (1+(4b/πV )s)

Hq(s) = ±s/V
1+(4b/πV )sHw(s)

Hr(s) = ±s/V
1+(3b/πV )sHv(s)

(2.13)

The turbulence intensities and scale lengths were chosen according to the vehicle’s trim flight

condition at 1800 m true altitude (above sea level), assuming moderate turbulence severity (with

probability of exceedance 10−3) as defined by [3]. For all wind velocity directions, σu,v,w = 3.038m/s

and Lu,v,w = 533.4m, and the aircraft’s trim speed and wingspan of 18m/s and wingspan of 3.067m
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were used as V and b, respectively. The magnitude of turbulence in each direction is described by

the magnitude of each transfer function as a function of frequency with s = jω (Figure 2.8).

The magnitudes of turbulence in the u, v, and w directions have a lower corner frequency in

comparison to the angular rates. The angular rate magnitudes are low (less than 0.07 rad/s) for

all frequencies. According to these plots, the wind disturbances of interest will be mainly in the

velocity states u, v, w and will have frequencies of less than 1 rad/s. For frequencies greater than 1

rad/s, the largest turbulence magnitude is less than 0.6 m/s. The range of disturbance frequencies

up to 1 rad/s (highlighted in Figure 2.8) will be considered when analyzing the disturbance rejection

capabilities of the acceleration feedback controller in Chapter 5.

2.4 Conclusions

In this chapter, the simulation models for the aircraft and environment were described. The

nonlinear force and moment equations for a small fixed-wing UAS were assembled with identified

aerodynamic stability and control derivatives, and the model was linearized assuming small pertur-

bations from a straight-and-level trim condition. The longitudinal and lateral linear models were

decoupled to allow for separate analysis in the later performance section (Chapter 5). A simulation

for applied wind disturbances was also outlined using the Dryden turbulence model. The turbu-

lence parameters were chosen based on typical flight of the simulated Ttwistor aircraft at its trim

condition. The shaping transfer functions for Dryden turbulence indicated that wind turbulence

has significant magnitudes up to a frequency of 1 rad/s, so the controller should be able to reject

disturbances up to this frequency.
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Figure 2.8: Dryden turbulence forming filter magnitudes for translational (top) and rotational
(bottom) velocities.



Chapter 3

Assessment of Aircraft Candidacy for Augmented Control

3.1 Overview

The open loop aircraft model (in state space form) should be characterized before examining

controller performance to ensure limitations are known. The aircraft’s maneuverability can deter-

mine whether a more aggressive controller (such as acceleration feedback) may be unsuitable due

to the platform’s limitations. In addition, the aircraft’s sensitivity to disturbances may determine

whether an augmented controller is needed to maintain stability in the presence of disturbances.

Both can be characterized using controllability gramians and disturbance sensitivity gramians, re-

spectively, as outlined in [20]. This chapter will analyze the gramians of the Ttwistor aircraft to

evaluate whether acceleration feedback control can be utilized to improve disturbance rejection

performance, without closing the loop.

3.2 Maneuverability

Maneuverability is quantified by the set of reachable states in response to a bounded, unit-

norm input (‖u(t)‖ ≤ 1). The reachable states represent the ellipsoid:

εc = {X1/2
c xc : xc ∈ Rn and ‖u(t)‖ ≤ 1} (3.1)

with geometric properties defined by the infinite-time controllability gramian, using the aircraft
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state space matrices from eqn (2.10):

Xc =

∫ ∞
0

eAτBB′eA
′τdτ ≤ 0 (3.2)

If the system is stable, the controllability gramian is calculated using the Lyapunov equation

AXc +XcA
′ +BB′ = 0 (3.3)

For an unstable but stabilizable system, the controllability gramian may be computed as shown in

[41] using the Lyapunov equation

(A+BF )Xc +Xc(A+BF )′ +BB′ = 0 (3.4)

with F = −B′X, where X is the stabilizing solution to the Riccati equation

XA+A′X −XBB′X = 0 (3.5)

The resulting controllability gramian in either case provides the reachability ellipsoid’s (εc) principal

axis lengths and directions via the eigenvalues and eigenvectors of X
1/2
c , respectively. Longer

ellipsoid axis lengths represent directions in which the aircraft is more maneuverable, as they

require less energy to control. As in [20], the controllability gramian is normalized by a diagonal

matrix based on expected maximum values of each state. For the Ttwistor aircraft, the longitudinal
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and lateral scaling matrices are:

Dx,lon =



1 0 0 0

0 5m/s 0 0

0 0 10rad/s 0

0 0 0 1.5rad



Dx,lat =



5m/s 0 0 0

0 10rad/s 0 0

0 0 10rad/s 0

0 0 0 1.5rad



(3.6)

to produce the normalized controllability gramians for each set of states as

X̄c = D−1x XcD
−1
x (3.7)

The size of the ellipsoid (and overall maneuverability of the vehicle in longitudinal and lateral

directions) can then be quantified by the Frobenius norm of the controllability gramian:

∥∥∥X̄1/2
c

∥∥∥
F

=

√
trace[(X̄

1/2
c )X̄

1/2
c ] (3.8)

The controllability gramians for the Ttwistor aircraft produce the ellipses in Figure 3.1 which

are projected onto axes of each pair of states. The angular rate ellipses have longer axes in the roll

rate p direction than the pitch or yaw rate (q or r) directions. This indicates that the aircraft’s roll

rate can be changed with less control effort than the pitch or yaw rates. For the velocity directions,

the forward velocity u is already normalized by the trim airspeed to produce the state u/V ∗a . With

a trim airspeed of 18 m/s, the ellipse axes are much larger in the forward velocity u direction than

in lateral or upward velocities (v or w). The lateral velocity ellipse axis is slightly longer than the

upward velocity axis, indicating that the aircraft can most easily change its forward velocity, and
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Table 3.1: Frobenius norms of scaled maneuverability gramians for the Ttwistor and Skywalker.∥∥∥X̄1/2
c

∥∥∥
F

Longitudinal Lateral Overall

Ttwistor 0.6581 0.5983 0.8894
Skywalker 12.7291 15.5090 20.0639

has most difficulty changing its upward velocity. This is consistent with what we expect for a fixed-

wing vehicle with typical control inputs. The engine directly changes forward acceleration, whereas

the other control inputs (elevators, aileron, and rudder) affect the aircraft’s angular acceleration

more directly than lateral or upward velocities. The maneuverability can be further characterized

by the Frobenius norms of each of the scaled gramians (Table 3.1). The Frobenius norm is larger for

longitudinal directions than lateral, so the aircraft is likely more maneuverable in its longitudinal

states. This aircraft characteristic becomes a limitation later in Section 5.2, in which we analyze

controller performance in both longitudinal and lateral directions. A more maneuverable aircraft

will have increased benefits from inner-loop controllers (like the one in Chapter 4) because it

will respond more quickly to fast control input changes. Thus, maneuverability is an important

consideration for an aircraft’s candidacy for augmented control.

A smaller aircraft model’s maneuverability was quantified in comparison to the Ttwistor.

Controllability gramians were calculated for the Skywalker 1880 (1.88m wingspan) linear state-

space model from [13]. The model assumes a constant throttle setting to maintain the trim airspeed

of 21.34 m/s, and therefore does not include longitudinal B matrix entries for throttle. The throttle

simplification in this analysis may result in a lower maneuverability than you would see in reality

for the Skywalker. The projected reachability ellipsoids for both the Skywalker and Ttwistor are

presented in Figure 3.2, and the Frobenius norms are compared in Table 3.1. The Skywalker’s con-

trollability ellipses are larger in all state directions and the Frobenius norms of the controllability

gramians are over 20 times larger. This indicates that the Skywalker has a significant maneuver-

ability advantage over the Ttwistor. Higher maneuverability should allow for faster disturbance

rejection with the more aggressive inner loop controllers described in Chapter 4.
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3.3 Disturbance Sensitivity

Similarly to the maneuverability analysis, the disturbance sensitivity of the aircraft may be

analyzed to quantify the need for augmented control. The set of reachable states for the system in

response to a bounded disturbance input ‖d‖ ≤ 1 are equivalent to the ellipsoid

εd = {X1/2
d xd : xd ∈ Rn and ‖d(t)‖ ≤ 1} (3.9)

Where the disturbance sensitivity gramian is computed using the aircraft state space matrices A

and Gd in the Lyapunov equation:

AXd +XdA
′ +GdG

′
d = 0 (3.10)

for a stable system. For an unstable but stabilizable system, the disturbance sensitivity gramian is

Xd =
1

2π

∫ ∞
−∞

(jωI −A)−1GdG
′
d(−jωI −A′)−1dω (3.11)

with the solution from the Lyapunov equation

(A+GdF )Xd +Xd(A+GdF )′ +GdG
′
d = 0 (3.12)

where F = −G′dX, where X is the stabilizing solution to the Riccati equation

XA+A′X −XGdG′dX = 0 (3.13)

The resulting disturbance sensitivity gramian provides the lengths and directions of the disturbance

sensitivity ellipsoid axes through the eigenvalues and eigenvectors of X
1/2
d . Longer axes represent

that the aircraft may be pushed in that direction with less disturbance energy. Again, the gramian



28

Table 3.2: Frobenius norms of scaled disturbance sensitivity gramians for the Ttwistor and Sky-
walker. ∥∥∥X̄1/2

d

∥∥∥
F

Longitudinal Lateral Overall

Ttwistor 3.2009 2.9853 4.3770
Skywalker 6.0726 2.4780 6.5587

is normalized using diagonal scaling matrices and the Frobenius norm is computed to quantify the

aircraft’s overall disturbance sensitivity in longitudinal and lateral directions.

The disturbance sensitivity ellipses for the Ttwistor and Skywalker aircraft are represented

in Figure 3.3. The longer ellipse axes indicate that the aircraft is more susceptible to disturbances

in those directions. The Ttwistor is nearly equally sensitive to disturbances in all angular rate and

Euler angle states. For velocity states, remembering that the forward velocity state is normalized,

the Ttwistor is most sensitive to forward velocity disturbances and least sensitive to heave velocity

disturbances. The Frobenius norms of the scaled sensitivity gramians (Table 3.2) further indicate

that both aircraft are more susceptible to longitudinal disturbances than lateral, as the norms

are larger for the longitudinal gramians. Augmented control may be more useful in longitudinal

directions for these aircraft because of their increased sensitivity. The overall sensitivities of the

two aircraft are characterized by the Frobenius norms of the full gramians with longitudinal and

lateral components. The Skywalker is marginally more sensitive to wind gusts and may benefit

more from an augmented controller for disturbance rejection.

3.4 Conclusions

The aircraft characteristics affecting the success of augmented control have been discussed.

A platform’s maneuverability affects whether more aggressive control signals will propagate into

aircraft states fast enough to provide improvement in disturbance rejection. Sensitivity has also

been quantified to determine whether an aircraft is affected by external disturbances enough to

necessitate augmented control. Two aircraft models were compared using both of these analyses.

Aircraft with high maneuverability and high sensitivity (as characterized by the controllability
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and sensitivity gramians) make good candidates for the control scheme described in Chapter 4 for

significant disturbance rejection improvement.
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Figure 3.1: Maneuverability ellipses for the Ttwistor open loop aircraft model.
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Figure 3.2: Comparison of maneuverability ellipses for the Ttwistor and Skywalker open loop
aircraft models.
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Figure 3.3: Comparison of disturbance sensitivity ellipses for the Ttwistor and Skywalker open
loop aircraft models.



Chapter 4

Control Design

4.1 Overview

The acceleration feedback control scheme is described in this chapter. A nominal outer

loop controller is chosen as a baseline for comparison. The outer loop controller is augmented

with acceleration feedback and feedforward terms to improve disturbance rejection performance.

Acceleration feedback allows for faster responses to external disturbances because the inner loop

feeds back acceleration states, instead of adjusting control inputs after the disturbance propagates

through velocity and position states. The block diagrams for the nominal and acceleration feedback

control methods are outlined in the following sections. The acceleration state estimation method

through distributed acceleration sensing is explained in section 4.4.

4.2 Outer Loop Controller

There are several types of MIMO controllers; for this work a linear-quadratic-regulator (LQR)

controller was chosen for the outer loop. The LQR method uses weighting matrices representing

the desired performance and control bounds to calculate an optimal stabilizing controller Ko, a

matrix which forces the states x to zero while satisfying actuator limits. The nominal feedback

control system is shown in Figure 4.1 with the plant in state space form and the LQR controller

acting on the states.

For the Ttwistor aircraft, the Q and R weighting matrices were chosen to maximize attenu-

ation of the output states while limiting the control inputs enough to avoid saturation. The LQR
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−Ko
ẋ = Ax+Bu+Gdd

y = Cx
u

x

d

y

Figure 4.1: Nominal LQR control model.

controllers were designed separately for longitudinal and lateral directions, then combined into a

single matrix. The Q and R matrices were defined:

Qlon =



50 0 0 0

0 0 0 0

0 0 0 0

0 0 0 50


Qlat =



1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 1


Rlon =

5 0

0 10

 Rlat =

5 0

0 50


(4.1)

These weighting matrices produced the following outer loop LQR controllers for longitudinal and

lateral directions:

Ko,lon =

−0.4413 0.1025 −0.3348 −2.9343

1.9260 −0.0053 0.0303 0.1724



Ko,lat =

−0.0047 −0.1136 0.5472 −1.0983

0.0018 0.0026 −0.0248 0.0117


(4.2)

The outer loop LQR controller was augmented with inner loop acceleration feedback as

discussed in the next section.
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4.3 Inner Loop Acceleration Feedback

In this work, the nominal LQR controller was augmented with an inner loop for accelera-

tion state feedback as described in [23] (Figure 4.2). The translational and rotational acceleration

states xa =

[
u̇ v̇ ẇ ṗ q̇ ṙ

]T
were chosen with the feedback estimation matrix M . Simply

feeding back the total acceleration on the aircraft will attenuate gust disturbances, but will addi-

tionally suppress desired vehicle accelerations caused by pilot command inputs, which need to be

compensated for using a feed-forward term. The specific form of the feed-forward term has been

shown to be F = MB in [23]. The feed-forward matrix mapped the outer loop controller’s actuator

commands uo into desired acceleration states, which were subtracted from the total acceleration

states, leaving only the accelerations due to disturbances, and fed to the inner loop control matrix

Ki. The inner loop matrix to map accelerations to control inputs was defined as the pseudoinverse

of F , or

Ki = ((MB)TMB)−1(MB)T (4.3)

For the longitudinal and lateral directions, the following matrices resulted:

Ki,lon =

 0 −0.0625 −0.7090

5.3182 0 0.0004


Ki,lat =

0.0123 −0.1848 −0.0394

0.2701 0.0300 −0.6420


(4.4)

This controller produced augmented control inputs u which were modified based on the

accelerations of the vehicle. For the nonlinear simulation in this paper, the inner loop control

matrix Ki was adjusted by placing a reduced 1/10 weight on the row corresponding to the rudder

control input δr. The above definition of Ki caused saturation and chopping of the rudder in

initial simulations, so the weighting was manually reduced. This produced more reasonable rudder
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Figure 4.2: Augmented control with acceleration feedback.

commands as discussed in Chapter 5.

Disturbances immediately and directly impact the acceleration states of the aircraft, allowing

the autopilot with acceleration feedback to respond more quickly. Disturbance rejection was verified

through controller analysis and nonlinear simulations, as discussed in Chapter 5.

In the nonlinear simulation, the acceleration states were calculated from the equations of

motion of the aircraft. Numerical differentiation performed in MATLAB created high frequency

noise in the acceleration states at the simulation’s time step. To resolve this, the acceleration states

were processed with a low-pass weighted average filter with equation

ẋLPF,n = 0.9ẋLPF,(n−1) + 0.1ẋn (4.5)

where ẋLPF,n is the low-pass-filtered acceleration state vector at the current time step, and

is calculated using the previous low pass filtered accelerations and the current acceleration state

vector.

4.4 Distributed Acceleration Sensing

The acceleration state vector of the aircraft will be used in the next section for acceleration

feedback control. A collection of tri-axial accelerometers are distributed across the fuselage to esti-
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Figure 4.3: Coordinate frames for the acceleration of a point P on the rigid body O′ with respect
to the inertial frame O (reproduced from [23]).

mate the translational and rotational accelerations of the vehicle, given in the inertial acceleration

state vector:

xEa =

[
ax ay az ṗ q̇ ṙ p2 q2 r2 pq pr qr

]T
(4.6)

The state estimation is performed using a modified version of the method outlined in [23]. The

inertial acceleration with respect to the inertial frame O at the point P of any accelerometer placed

away from the vehicle center of mass O′ (Figure 4.3) is given by:

aP/O = aO′/O + aP/O′ +α× rP/O′ + 2ω × vP/O′ + ω × (ω × rP/O′) (4.7)

with the following definitions:

(1) aO′/O is the translational acceleration of the vehicle center of mass with respect to the

inertial frame

(2) aP/O′ is the translational acceleration of P with respect to O
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(3) rP/O′ is the position vector of point P with respect to the center of mass O′

(4) α× rP/O′ is the Euler acceleration of the vehicle

(5) 2ω × vP/O′ is the Coriolis acceleration of the vehicle

(6) ω × (ω × rP/O′) is the centripetal acceleration of the vehicle

Given the assumption that the aircraft fuselage is a rigid body, the position vector rP/O′ is constant

in the body-fixed frame and its derivatives (vP/O′ and aP/O′) are zero. Terms (2) and (5) are now

removed from the equation to produce the following for the acceleration at each accelerometer

location:

aP/O = aO′/O +α× rP/O′ + ω × (ω × rP/O′) (4.8)

This is a linear relationship which can be used to relate the total acceleration ai at the ith ac-

celerometer located at position ri =

[
rx,i ry,i rz,i

]T
to the inertial acceleration state vector of

the vehicle xEa as

ai =


1 0 0 0 rz,i −ry,i 0 −rx,i −rx,i ry,i rz,i 0

0 1 0 −rz,i 0 rx,i −ry,i 0 −ry,i rx,i 0 rz,i

0 0 1 ry,i −rx,i 0 −rz,i −rz,i 0 0 rx,i ry,i

xEa (4.9)

When combined with sensor characteristics, this is used to represent each uniaxial accelerometer

measurement zi of the total acceleration ai using the position ri, orientation êi, scale factor κi and

bias bi of the ith accelerometer:

zi = κiê
T
i ai + bi ≡ cTi xEa + bi (4.10)

where the orientation unit vector is expressed using the azimuth and elevation angles (γi, βi) with
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respect to the body x axis as

êi ≡
[
cos γi cosβi sin γi cosβi − sinβi

]T
(4.11)

The sensor characteristic constants (κi, bi, γi, βi, rx,i, ry,i, rz,i) fully define the relationship between

xEa and zi. The n sensor measurements and characteristic matrices are concatenated to produce

an accelerometer measurement vector z as

z ≡



z1

z2

...

zn


=



cT1

cT2
...

cTn


xa +



b1

b2

...

bn


≡ Caxa + b (4.12)

where the matrix Ca = Ca(r, κ, γ, β) has dimension n×12. The relationship is inverted to produce

the acceleration state vector estimate using the pseudoinverse C†a as

x̂Ea = (CTa Ca)
−1CTa (z − b) ≡ C†a(z − b) (4.13)

Assuming the sensors have additive, zero-mean Gaussian noise, this equation represents the optimal

linear estimator [18, 28].

With small-perturbation assumptions for the rotational rates based on straight and level

flight (i.e. ∆p∆q ≈ ∆p∆r ≈ ∆q∆r ≈ ∆p2 ≈ · · · ≈ 0), the estimated acceleration state condenses

to

x̂Ea =

[
âx ây âz ˆ̇p ˆ̇q ˆ̇r

]
(4.14)

The additional assumption of a quadrotor in hover in [23] allowed for the acceleration states to be

equated as âx ≈ ˆ̇u, ây ≈ ˆ̇v, and âz ≈ ˆ̇w. This does not apply for a fixed-wing vehicle in forward
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flight, which always has nonzero forward velocity. Therefore, we must also apply the equations:

ax = u̇+ qw − rv

ay = v̇ + ru− pw

az = ẇ + pv − qu

(4.15)

These equations can be rearranged to describe the desired states (ˆ̇u, ˆ̇v, ˆ̇w) and linearized about the

straight-and-level flight trim condition for fixed-wing aircraft to produce the following:

ˆ̇u = âx − q̂w∗

ˆ̇v = ây − r̂u∗ + p̂w∗

ˆ̇w = âz + q̂u∗

(4.16)

where the rotational velocities (p̂, q̂, r̂) are directly measured and estimated using a triaxial gyro-

scope on the vehicle. The lateral velocity is assumed to be small (∆v ≈ 0), and the forward and

heave velocities are approximated based on the straight-and-level flight trim condition (u ≈ u∗ and

w ≈ w∗). The velocities are approximated by the trim conditions because of the lack of sensors

available to directly measure these states on a general fixed-wing vehicle. The velocity states could

also be estimated with a Kalman filter on GPS, IMU, or pitot tube data; this process is omitted

in this work for simplicity. Therefore, distributed accelerometers and a triaxial gyroscope can be

used with the equations above for estimating the acceleration state vector to produce:

x̂a =

[
ˆ̇u ˆ̇v ˆ̇w ˆ̇p ˆ̇q ˆ̇r

]T
(4.17)

Analysis of the accelerometer estimation scheme with different numbers and positions of

sensors is available in [23]. At least 8 uniaxial sensors need to be placed in non-coplanar locations

to produce a non-singular estimation matrix (Ca). Placing accelerometers further away from the

center of gravity of the vehicle has been shown to reduce estimation error. It is not recommended to
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place accelerometers on the wings, as the rigid body equations would no longer be valid considering

the wings’ flexibility. For the nonlinear simulations in this work, 4 triaxial accelerometers (12

uniaxial) were simulated with positions on the surface of a 10cm-radius sphere centered around the

center of gravity of the aircraft (Figure 4.4), with the sensing axes aligned with the aircraft body

axes. This is a conservative placement for the Ttwistor aircraft, which could have sensors placed

farther away from the center of gravity along the full fuselage length.

4.5 Conclusions

The acceleration feedback control method has been outlined in this chapter. A full-state-

feedback LQR controller was designed for the outer loop, and acceleration feedback and feedforward

matrices for the inner loop. The LQR controller alone will be used as a baseline for performance

comparison in Chapter 5. The augmented control method with acceleration feedback should provide

quicker and more robust disturbance rejection by adjusting control inputs based on acceleration

states rather than lower-order velocity and position states. The acceleration state estimation equa-

tions have also been described and adjusted for fixed-wing implementation.



42

Figure 4.4: Modeled locations of the 4 triaxial accelerometers used for simulation, which are on
the surface of a 10cm-radius sphere.



Chapter 5

Performance Analysis

5.1 Overview

The performance of the nominal and acceleration feedback controllers can be compared

through various methods. Disturbance rejection and sensitivity to accelerometer noise can be

characterized over frequency through sensitivity transfer functions. In addition, nonlinear flight

simulations with Dryden turbulence are used to compare gust rejection performance.

5.2 Disturbance Rejection

The improvement in disturbance rejection was analyzed through the frequency response of

the closed loop transfer function matrices for both nominal and acceleration feedback control.

The acceleration feedback controller was collapsed into an equivalent transfer function matrix by

following the path from states x to control inputs u. The state derivatives ẋ are equivalent to the

transfer function sx, and the outer loop controller’s commands uo are calculated using uo = −Kox.

u = uo −Ki(M ẋ− Fuo)

= −Kox−Ki(M ẋ+ FKox)

= −Kox−Ki(Msx+ FKox)

= −(Ko +KiMs+KiFKo)x

(5.1)

This produces the equivalent controller transfer function for the controller with inner accel-
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eration feedback:

Ke(s) = Ko +KiMs+KiFKo (5.2)

The equivalent controller was used to calculate the closed loop transfer functions. The transfer

function to map the disturbance d (as illustrated in the block diagrams in Figures 2.5-4.2) to the

states x was calculated as

ẋ = Ax+Bu+Gdd

= Ax−BKx+Gdd

x = (sI −A+BK)−1Gdd

(5.3)

Where K can be substituted to represent either the nominal controller (Ko) or augmented

acceleration feedback controller (Ke). Continuing to the plant outputs y produces

y = Cx

y = C(sI −A+BK)−1Gdd

(5.4)

This provides the sensitivity transfer function matrix CSo which maps the disturbance d to

the plant output y as

CSo = C(sI −A+BK)−1Gd (5.5)

The frequency response of this transfer function matrix was analyzed by calculating the max-

imum singular values σ̄(CSo) as is common for robust analysis [34]. The maximum singular values

for CSo represent the largest transfer of disturbance energy to output energy. Lower singular values

indicate better disturbance rejection, as less energy is allowed to propagate from the disturbance

to the output. Figure 5.1 shows the sensitivity singular values for both nominal and acceleration
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Figure 5.1: Sensitivity singular values for both controllers, in lateral (top) and longitudinal (bot-
tom) directions.

feedback controllers; the top two curves are for lateral directions, and the bottom two are for lon-

gitudinal. The shaded region represents disturbance frequencies of interest based on the Dryden

turbulence model.

The sensitivity singular values show improved disturbance rejection within the frequency

range of interest. The maximum lateral singular values are reduced from 15.6 dB to 7.9 dB, and

the longitudinal are reduced from 3.8 dB to 1.0 dB. This indicates that the energy transfer of wind

disturbances to the output states of the aircraft may be reduced by adding the inner acceleration

feedback loop. To verify this theoretical improvement, MATLAB was used to run nonlinear flight

simulations, producing the results presented and discussed next.

The MATLAB simulation applied wind disturbances to the nonlinear aircraft model. The

aircraft was initialized in its straight and level flight trim condition, and was buffeted by the wind

for 10 seconds with a simulation time step of 1 ms. Both the nominal outer loop controller and the

augmented acceleration feedback controller were modeled in separate simulations with the same

applied wind velocities. The white noise signal was generated using random seeds produced by

MATLAB and sent through Simulink’s Dryden Wind Turbulence Model block to produce the wind
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velocities (Figure 5.2).

The resulting longitudinal and lateral states of the aircraft with and without acceleration

feedback are shown in Figures 5.3 and 5.4 for both a single simulation run and 100 simulation runs.

Each simulation was started with a random white noise seed to produce different wind turbulence

signals. The plots for 100 simulations show the shaded range of each state for visibility. The upper

and lower bounds of the shaded regions represent the worst-case deviations of the states from trim

over all 100 simulations. The acceleration feedback controller produces smoother states with lower

magnitudes of oscillations, especially in forward velocity u, pitch rate q, and heading angle ψ.

The acceleration states were also captured by the simulation (Figure 5.5) with translational

accelerations are given in m/s2 and the angular accelerations in rad/s2. The acceleration feedback

controller greatly reduces the amplitude of the acceleration state oscillations for states u̇, ṗ, and q̇.

The other three states are largely similar for both controller cases.

The control commands are presented in Figure 5.6. The controller with acceleration feedback

produces larger amplitudes and more oscillations in the control signals than the nominal case to

compensate for the wind-induced accelerations. The effect is especially pronounced in the rudder

signal, which oscillates over its full range of ±45◦ even with the reduced weighting of δr in the inner

loop control matrix Ki as discussed in section 4.3.

The results were analyzed by calculating the standard deviation of the error signal (difference

from the trim condition) for each aircraft state in each simulation run. The error standard deviations

were averaged over all 100 simulation runs to produce the results in Table 5.1. The error standard

deviation results match the intuition provided by the previous state time-history plots. The forward

velocity and acceleration, pitch rate and acceleration, roll acceleration, and heading angle have

improvements equal to or greater than 28% considering the error standard deviations. Other

states including height, lateral acceleration, roll angle and rate, and yaw rate and acceleration have

between 10 and 20% improvement with acceleration feedback. The velocity states v and w show

little to no improvement over the nominal controller case. This is likely because the control inputs

of the aircraft do not directly affect these states. On a fixed-wing platform, the lateral velocity
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v is indirectly altered through steering with roll and yaw, and the heave velocity w is altered by

changing forward speed and pitch to produce lift.
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Figure 5.2: Simulated Dryden wind velocities.
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(a) (b)

Figure 5.3: Time histories of longitudinal states from nonlinear simulations with each controller,
for (a) 1 simulation and (b) shaded ranges for 100 simulations.
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(a) (b)

Figure 5.4: Time histories of lateral states from nonlinear simulations with each controller, for (a)
1 simulation and (b) shaded ranges for 100 simulations.
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(a) (b)

Figure 5.5: Time histories of acceleration states from nonlinear simulations with each controller,
for (a) 1 simulation and (b) shaded ranges for 100 simulations.
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(a) (b)

Figure 5.6: Time histories of control inputs from nonlinear simulations with each controller, for
(a) 1 simulation and (b) shaded ranges for 100 simulations.
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Table 5.1: Nominal and acceleration feedback performance of wind disturbance rejection.

Controller Error Standard Deviation σ(e)

u (m/s) w (m/s) q (rad/s) θ (rad) h (m) u̇ (m/s2) ẇ (m/s2) q̇ (rad/s2)

Nominal 0.622 1.129 0.045 0.036 3.552 0.431 1.981 0.290

Acceleration Feedback 0.418 1.134 0.030 0.035 2.972 0.272 1.822 0.121

Improvement (%) 33 -0.4 34 3.5 16 37 8.0 58

v (m/s) p (rad/s) r (rad/s) φ (rad) ψ (rad) v̇ (m/s2) ṗ (rad/s2) ṙ (rad/s2)

Nominal 1.182 0.144 0.119 0.096 0.200 1.981 1.328 0.389

Acceleration Feedback 1.141 0.126 0.098 0.078 0.144 1.658 0.873 0.309

Improvement (%) 3.5 13 17 19 28 16 34 20
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The resulting trajectories of the aircraft with and without acceleration feedback are shown

in Figure 5.7 for both a single simulation run and 100 simulation runs. The final lateral deviation

from the straight-and-level path is reduced by over 50% by acceleration feedback in the single

simulation run. The aircraft’s position drifts with both controllers because the wind velocities have

nonzero mean, and the controllers do not correct position error. The addition of a higher-level

path planning and position-correcting loop around each stabilizing controller would cause both to

stay closer to the desired trajectory, and the acceleration feedback controller would further reduce

deviations.

(a) (b)

Figure 5.7: Trajectories of the aircraft with each controller, compared to straight trim trajectory,
for (a) 1 simulation and (b) 100 simulations.

5.3 Noise Sensitivity

The sensitivity of the acceleration feedback closed loop to sensor noise should be identified.

Figure 5.8 displays the location of additive accelerometer noise in the block diagram of the closed

loop system. Assuming additive sensor noise in the acceleration states, the transfer function from

noise n to outputs y can be found by adjusting the control input u equation to include the noise
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Figure 5.8: Acceleration feedback control block diagram with additive sensor noise at the acceler-
ation states.

vector

u = −Kox−Ki(Msx+ n+ FKox)

= −(Ko +KiMs+KiFKo)x−Kin

= −Kex−Kin

(5.6)

This input is substituted in the state-space equations ẋ = Ax+Bu and y = Cx to produce

y = Cx

y = C(sI −A+BKe)
−1(−BKin)

(5.7)

Thus, the noise sensitivity transfer function NS from noise to outputs is formed using the definition

y = NSn as:

NS = −C(sI −A+BKe)
−1BKi (5.8)

The maximum singular values of the noise sensitivity function characterize the response of the

system to additive sensor noise over frequency. It is desired for the singular values to be low at

higher frequencies at which accelerometer noise will occur. Figure 5.9 indicates that the high-
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Figure 5.9: Noise rejection singular values for the acceleration feedback controller, in longitudinal
(solid) and lateral (dashed) directions.

frequency sensor noise will be attenuated at the outputs of the system.

5.4 Conclusions

In this chapter, the performance of an acceleration feedback controller was compared to a

nominal controller through transfer function analysis and nonlinear simulation. The closed-loop

system’s sensitivity to output disturbances was reduced by the acceleration feedback augmentation

for low frequencies within the range of most wind turbulence (less than 1 rad/s). The sensitivity of

the acceleration feedback controller to noise in the acceleration states was also examined to show

that the effect of sensor noise would drop off at high frequencies.

Disturbance rejection performance was improved in a nonlinear simulation with Dryden tur-

bulence. The improvement was significant only in some aircraft states, most notably in longitudinal

directions. For fixed-wing vehicles, stabilization of the longitudinal states is more important to en-

sure lift; fixed-wing vehicles are thus designed to be more maneuverable in longitudinal states. The

velocity states that showed the most improvement with acceleration feedback were the forward ve-

locity u and pitch rate q, by 33% and 34%, respectively. This indicates an increased capability for

flight stabilization of fixed-wing vehicles even in turbulent environments. However, the disturbance

rejection performance was limited in the lateral directions by the aircraft’s inability to respond
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to lateral control inputs. Disturbance rejection in the lateral directions was especially limited for

the Ttwistor aircraft model in this work because it was less responsive to lateral control inputs as

shown by the maneuverability analysis in section 3.2. The rudder control surface was commanded

with over 10 times larger amplitude in the acceleration feedback case, but provided relatively low

improvement (17%) in yaw rate disturbance rejection.

The heave and lateral velocity disturbance directions (w and v) were also difficult to reject

and produced less than 5% improvement with acceleration feedback (with the w state showing

decreased performance by -0.4%). This is also a product of the typical fixed-wing control con-

figuration. The common elevator, aileron, rudder, and throttle configuration allows the aircraft

to most directly change its pitch, roll, yaw, and forward velocity, but other states (such as heave

and lateral velocities) are only impacted indirectly through the other states. The Ttwistor linear

model’s B matrices in Chapter 2 and maneuverability analysis in Chapter 3 support this lack of

control authority; the reachability ellipsoid is shorter in v and w directions.

Another important note is that the augmented controller produced larger actuator commands

than the nominal case. In hardware implementation, fixed-wing actuators have saturation and speed

limits similar to those modeled in this work. If the controller is improperly designed, the inner loop

may cause actuator saturation leading to poor performance. As a result, the outer loop controller

design must impose stricter control effort restrictions to account for the additional control input

commands of acceleration feedback. The results of the performance assessment in this chapter

illustrated the limitations of the acceleration feedback control approach with fixed-wing vehicles,

and the need for maneuverability assessment of bare airframes prior to implementation. The

maneuverability and gust sensitivity analyses presented in Chapter 3 should be used to determine

aircraft candidacy for acceleration feedback control.



Chapter 6

Summary and Future Work

6.1 Summary

This thesis outlined the need for control schemes to enable small UAS to fly through highly

turbulent environments in Chapter 1. Inspired by insect flight, distributed sensing and force-and-

moment feedback control methods provide the potential for more robust flight especially for small

platforms with size, weight and power constraints. Distributed accelerometers can be used to

estimate and feed back acceleration states in an inner loop to augment existing aircraft controllers.

This method allows disturbances to be sensed and corrected as soon as they exert a force on the

vehicle, instead of being fed back in position and velocity states after they have caused vehicle

motion.

In Chapter 2, the UAS and environment models used for performance analysis were out-

lined. The linear and nonlinear models of the Ttwistor UAS and the Dryden turbulence model

for wind disturbances were explained. This led to the aircraft candidacy assessment in Chapter

3, which provided maneuverability and gust sensitivity analysis tools to determine whether a bare

airframe would be a good candidate for augmented control. High sensitivity to gusts and high

maneuverability were factors for good candidacy.

Chapter 4 described the acceleration feedback control scheme as well as the nominal outer

loop controller used for comparison. The outer loop LQR controller and inner loop acceleration

feedback controllers were designed for the Ttwistor UAS. We outlined the distributed accelerometer

equations for linearly estimating acceleration states, and augmented them for a fixed-wing vehicle in
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forward flight. Improved gust rejection was demonstrated in Chapter 5 with acceleration feedback

on a 6 degree-of-freedom fixed-wing system using both linear model analysis and a nonlinear flight

simulation. The singular values of sensitivity transfer functions indicated sufficient attenuation

of high-frequency accelerometer noise and improved disturbance rejection performance within the

bandwidth of most turbulence. Simulation results showed significant improvement in disturbance

rejection performance for some states (up to 58%) with the addition of an acceleration feedback loop

to a nominal full-state-feedback controller. The magnitudes of some of the aircraft states in response

to moderate turbulence were reduced, and as a result the simulated aircraft flew closer to its desired

trajectory. However, the disturbance rejection performance was limited by the maneuverability of

the chosen aircraft model, motivating the maneuverability analysis in Chapter 3. We speculated

there would be potential for more improvement with a smaller, more agile aircraft.

6.2 Future Work

For future directions, a simulation using a smaller, more responsive fixed-wing aircraft model

is recommended. The MATLAB simulation developed in this work can be easily modified to utilize

different aircraft models, and the wind model may be augmented to include discrete gusts and

wind shear, which would further test the capabilities of the acceleration feedback controller by

introducing larger disturbances with more frequency content. In addition, we propose analysis of

the controller’s performance for disturbances occurring at the plant input, output, or directly as

forces and moments.

The performance of the acceleration feedback controller in the presence of model uncertainties

has not been explored. In the future, the robust stability and performance of the closed-loop system

with this control methodology should be assessed.

There is also a potential for other acceleration estimation schemes than the one proposed in

section 4.4. The translational velocities of the vehicle could be estimated using Kalman-filtered

IMU data instead of assuming trim values. New methods should be explored and estimation error

compared.
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This work suggests that acceleration feedback may provide small fixed-wing vehicles with

greater flight stability and disturbance rejection in the presence of environmental uncertainties

and wind turbulence. Future work should lead to implementation of acceleration feedback with

fixed-wing UAS hardware to illustrate the capabilities of this control method in uncertain, gusty

real-world environments. Eventual implementations may be miniaturized for use on insect-scale

vehicles to enable robust flight at smaller scales.
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