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This thesis explores novel strategies for advancing superconducting quantum computing

through a series of experimental investigations and device innovations. Grounded in the develop-

ment of circuit quantum electrodynamics, the work addresses the challenges posed by the limitations

of coherent control, coherence time and scaling of superconducting qubits. Focusing on transmon

qubits, the thesis first reviews the foundational principles of circuit quantum electrodynamics and

the critical role of the transmon in achieving robust qubit performance.

Three experimental studies form the core of this work. The first study demonstrates a uni-

versal quantum gate set for strongly coupled transmons. By exploiting the residual ZZ interaction,

the work introduces a novel two-axis gate protocol for single-qubit operations and implements both

CZ and CNOT gates with high fidelities, highlighting the potential for fast, low-error quantum op-

erations in the strong coupling regime. The second study investigates a dual-rail qubit architecture

using parametrically coupled transmons, showcasing a hardware-efficient approach to quantum error

correction. This experiment converts single-photon loss errors into detectable erasures and lever-

ages mid-circuit detection to enhance qubit coherence, thereby advancing fault-tolerant quantum

computing schemes in the NISQ era. The final study focuses on the development of merged-element

transmons (MET) and their FinMET variants. By integrating the Josephson junction and shunt

capacitor into a single trilayer device, these innovations achieve a dramatic reduction in device

footprint while addressing loss channels through advanced materials engineering, ultimately paving

the way for scalable, high-coherence quantum circuits.

Collectively, these contributions demonstrate significant progress in quantum gate design,

error mitigation, and qubit architecture, offering promising routes toward the realization of large-

scale, fault-tolerant quantum computers.
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Chapter 1

Introduction

Since the dawn of civilization, the pursuit of more efficient methods for counting, calculating,

and processing information has driven technological progress. However, it was not until the mid-

20th century that a true revolution occurred with the invention of the transistor in 1947 by John

Bardeen, William Shockley, and Walter Brattain at Bell Laboratories [1]. This innovation, which

enabled the creation of compact, reliable electronic switches, paved the way for the modern com-

puter age. As transistors became smaller and more powerful, the number of transistors integrated

on a single chip grew exponentially, following Moore’s law [2], which predicted that the number of

transistors on a chip would double approximately every 18 months.

For decades, this exponential growth fueled rapid improvements in computing power, en-

abling the development of everything from personal computers to global communications networks.

However, the relentless miniaturization of transistors has faced fundamental physical limits [3]. As

transistors shrink to the scale of individual atoms, quantum mechanical effects, such as tunneling

and leakage currents, begin to dominate [4], making further progress increasingly difficult. Around

2006, Dennard scaling, which had previously allowed transistors to operate at lower voltages and

higher speeds as they were reduced in size, also began to break down [5]. This marked the be-

ginning of the end for the steady increases in clock speed and single-thread performance that had

driven much of the computing revolution. The failure of Moore’s law has prompted the search

for new paradigms of computing [6], and it is here that quantum computing offers an exciting

alternative, utilizing the principles of quantum mechanics to transcend the limitations of classical
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transistor-based devices [7].

At the dawn of the 20th century, many believed that the major questions of physics had been

resolved [8]. Classical theories appeared to explain the workings of thermodynamics, electromag-

netism, and mechanics with great precision, reflecting the technological triumphs of the industrial

revolution. Yet, several experimental anomalies—such as the ultraviolet catastrophe—revealed

gaps in the existing scientific framework [9]. These inconsistencies would ultimately lead to the

birth of quantum mechanics. Introduced through Max Planck’s idea of energy quantization [10,

11] and later expanded by Werner Heisenberg [12] and Erwin Schrödinger [13], quantum mechan-

ics overturned the classical worldview, introducing concepts like superposition and entanglement,

which defy common intuition [14].

Initially met with skepticism, quantum mechanics gradually gained acceptance through the-

oretical breakthroughs and experimental validation. For instance, John Bell’s theorem [15] and

the experimental work of Alain Aspect in the 1980s [16] provided irrefutable evidence of quan-

tum non-locality, validating the strange but accurate predictions of quantum theory. This laid the

groundwork for further exploration of quantum mechanics beyond fundamental physics, leading to

the possibility of harnessing quantum phenomena for computation.

The idea of quantum computing was first proposed in 1982 by Richard Feynman, who rec-

ognized that simulating quantum systems on classical computers is computationally inefficient due

to the sheer complexity of quantum interactions [17]. Peter Shor’s development of a quantum al-

gorithm for factoring large numbers in 1994 marked a significant milestone, as it demonstrated the

potential of quantum computers to outperform classical ones in solving specific, computationally

hard problems like integer factorization [18]. Shor’s algorithm also raised alarms regarding the

security of modern cryptography, which relies on the difficulty of factoring large numbers to secure

data [19].

Over the past two decades, researchers have explored various physical platforms for quantum

computing, each with its unique advantages and challenges [20]. Trapped ions represent one of the

earliest successful quantum computing architectures [21], where individual ions are confined with



3

electromagnetic fields and manipulated with lasers, offering long coherence times and high gate

fidelity [22]. Photonic systems, in which quantum information is carried by photons, are attractive

due to their natural resistance to decoherence [23], but they face difficulties in implementing two-

qubit gates [24]. Spin-based qubits, such as those in quantum dots or nitrogen-vacancy centers in

diamond [25], leverage the quantum properties of individual electrons, providing another promising

approach with strong potential for integration [26]. The subject of this thesis, superconducting

circuits, has seen rapid advancements in scalability and coherence, making them a leading candidate

for large-scale quantum computing [27].

In particular, the development of the transmon qubit [28], a specific type of superconducting

qubit, has been a critical milestone in the evolution of quantum computing. Traditional super-

conducting qubits, such as the Cooper-pair box, were prone to high sensitivity to charge noise,

which limited their coherence times. The transmon, introduced by Robert Schoelkopf and Michel

Devoret in 2007, solved this issue by reducing the qubit’s sensitivity to charge fluctuations, signif-

icantly improving coherence times without sacrificing control over quantum operations [28]. This

breakthrough has positioned superconducting circuits as one of the most viable platforms for quan-

tum computing, leading to their widespread adoption in industry and academia alike [29].

However, the current landscape of quantum computing exists in what is known as the Noisy

Intermediate-Scale Quantum (NISQ) era [30]. NISQ devices, which typically consist of tens to

hundreds of qubits, operate in a regime where noise and errors are unavoidable but manageable

for specific tasks [31]. Although these devices lack the ability to implement large-scale quantum

error correction, they still hold considerable potential for solving problems that remain intractable

for classical computers [32]. Researchers have begun developing NISQ algorithms, such as the

Variational Quantum Eigensolver (VQE) [33] and Quantum Approximate Optimization Algorithm

(QAOA) [34], which are designed to leverage the computational power of these noisy systems.

While NISQ devices cannot yet achieve fault-tolerant computation, they represent an important

transitional phase, bridging the gap between classical computing and fully developed quantum

machines.
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One of the major challenges in quantum computing is the issue of error correction. Unlike

classical bits, quantum bits (qubits) are vulnerable to errors from environmental noise and inaccu-

racies in control [35]. These errors can accumulate over time, making long computations prone to

failure. In 1995, Peter Shor introduced the first quantum error correction code [36], which allowed

a logical qubit to be redundantly encoded using multiple physical qubits. This breakthrough paved

the way for more sophisticated error-correcting codes [37], and today, error correction remains

central to the pursuit of large-scale, reliable quantum computation [38].

Despite these challenges, rapid progress in quantum information science is undeniable. From

Shor’s algorithm to the development of quantum error correction and the growing capabilities of

superconducting qubits, the field has made significant strides. However, much work remains before

fully fault-tolerant, large-scale quantum computers can be realized [39].

1.1 Overview of thesis

This thesis reports recent experiment results aiming to either explore new strategies that

can improve current superconducting devices or utilize these devices to explore hardware-efficient

quantum error correction codes.

Chapter 2 gives a brief summary of circuit quantum electrodynamics (circuit-QED). Starting

from a simple LC oscillator, the most basic component that can be found on a superconducting

quantum processor, incrementally complex components are further introduced.

The technical details of experiment setups and device fabrication are discussed in chapter 3.

The experiments involving superconducting devices in this thesis are performed with fabricated

chips cooled down to ∼ 10mK in a dilution refrigerator. To probe and control these devices,

microwave pulses generated by delicate electronics at room temperature are routed through various

stages of attenuation at different temperatures sequentially before reaching the device. These details

should help readers to better understand the experiments described in this thesis.

In chapter 4, an experiment aiming to realize a universal gate set with two strongly coupled

transmons is discussed. It is shown that with a finite amount of ZZ coupling between transmons,



5

which is normally viewed as a challenge of realizing high-fidelity single-qubit gates, unconditional

single-qubit gate can still be realized via pulse-shape engineering. Combined with numerically

shaped two-qubit gates, we can prepare the two-qubit system into any desired state. Detailed

characterizations of the gates are also discussed.

Chapter 5 introduces an experiment that investigates encoding a dual-rail logical qubit

with two parametrically coupled transmons to explore hardware-efficient quantum error correction

schemes. We also demonstrated the possibility of further improving the logical qubit coherence

times by utilizing mid-circuit detection.

Three experiments are covered in chapter 6 where effort towards realizing the merged-element

transmon is introduced. By integrating the Josephson junction and shunt capacitor into a single tri-

layer device, the merged-element transmon scheme has the potential of benefiting next-generation

quantum processors by both dramatically reducing the qubit footprint and improving qubit coher-

ence times.

The last chapter 7 sums up the dissertation with a summary of our research results and

possible improvements.



Chapter 2

Circuit Quantum Electrodynamics

The advent of circuit quantum electrodynamics (circuit-QED) represents a major milestone

in the field of quantum information science, as it enables the realization of strong interactions

between quantum bits (qubits) and electromagnetic modes within superconducting circuits [40,

41]. Drawing from the principles of cavity quantum electrodynamics (cavity-QED), where atoms

interact with photons confined in cavities [42], circuit-QED adapts this framework to the solid-state

realm. This shift to superconducting circuits provides a highly scalable and versatile platform for

building quantum processors [39].

A key element of circuit-QED is the transmon qubit, a type of superconducting qubit that

has become the standard in many quantum computing architectures [28]. The transmon is derived

from the Cooper pair box [43, 44], a charge qubit, but with design modifications that significantly

reduce its sensitivity to charge noise, one of the primary sources of decoherence. This is achieved

by increasing the ratio of the Josephson energy to the charging energy, thus making the energy

levels less dependent on small fluctuations in charge. As a result, the transmon qubit exhibits

greater coherence times compared to earlier charge qubits, making it a robust candidate for scalable

quantum computing [45].

The transmon operates by confining quantum information in the quantized energy levels

of a non-linear resonant circuit, typically consisting of a Josephson junction shunted by a large

capacitance. Its anharmonic energy level structure ensures that the lowest two levels (representing

the |0⟩ and |1⟩ states) can be isolated for quantum operations. This anharmonicity is essential for
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avoiding unwanted transitions to higher energy levels during qubit manipulations.

In the context of circuit-QED, transmon qubits are coupled to microwave cavities, which can

serve different roles: they can be utilized to store quantum information [46, 47, 48], measure adja-

cent qubit non-destructively [49, 50], filter the electromagnetic environment seen by the qubit [51,

52], or mediate interactions between qubits [53, 54]. The combination of qubits and cavities, gov-

erned by the principles of quantum mechanics and circuit theory, creates a powerful platform for

exploring fundamental quantum phenomena and advancing quantum computation [55].

This chapter starts from the one of the basic building blocks of circuit-QED, a simple LC

oscillator, followed by several discussions, incrementally moving towards more complex systems.

Through these topics, we aim to build a solid foundation for understanding how circuit-QED

contributes to modern quantum technology.

2.1 The Quantum LC Oscillator

2.1.1 Simple LC Oscillator

A capacitor (C) and an inductor (L) form an LC oscillator when connected in parallel or in

series. In one such system, energy oscillates between electrical energy stored in the C and magnetic

energy stored in L as shown in Fig. (2.1).

Energy stored in a capacitor or an inductor can be derived from the instantaneous voltage

V (t) and current I(t) in each individual element,

E(t) =

∫ t

−∞
V (t′)I(t′) dt′. (2.1.1)

Combine Eq. (2.1.1) with the current-voltage relation of a capacitor I = C dV /dt or an inductor

V = L dI/dt , we can derive

UC =
1

2
CV 2 (2.1.2)

UL =
1

2
LI2. (2.1.3)
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Figure 2.1: Circuit diagram of a simple lumped-element parallel LC oscillator. (a) and (b) show
two different mechanisms for energy storage during an oscillation period. Sign of the capacitor
charge q and direction of the current I are chosen to be consistent with the Hamilton’s equations
of motion Eq. (2.1.13) and Eq. (2.1.14).

It is convenient when analyzing Josephson junctions, which are effectively nonlinear inductors,

to modify Eq. (2.1.2) and Eq. (2.1.3) in terms of the node flux Φ [56, 57] defined as

Φ(t) =

∫ t

−∞
V (t′) dt′, (2.1.4)

where V (t) is the node voltage at the point shown in Fig. (2.1). Since V (t) = Φ̇(t),

UC =
1

2
CΦ̇2. (2.1.5)

Examine the inductor current-voltage relation, we can derive

I =

∫ t

−∞

V (t′)

L
dt′

=
Φ

L
. (2.1.6)

Then

UL =
1

2L
Φ2. (2.1.7)

The energy oscillation of LC oscillators can then be described by the Lagrangian,

L =
1

2
CΦ̇2 − 1

2L
Φ2. (2.1.8)
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In an analog to a harmonic oscillator formed by attaching a mass m to a spring with constant

k described by the Lagrangian L = mẋ2/2 − kx2/2, the electrical energy resembles the “kinetic

energy” term, while the magnetic energy resembling the “potential energy” term. From the Euler-

Lagrange equation of motion

∂L
∂Φ

− d

dt

∂L
∂Φ̇

= −Φ

L
− CΦ̈ = 0 (2.1.9)

we can see that the natural frequency ωr of one such LC oscillator is given by

ωr =
1√
LC

. (2.1.10)

The conjugate momentum can be derived by

∂L
∂Φ̇

= CΦ̇ = CV = q, (2.1.11)

which turns out to be the charge q. The Hamiltonian can then be derived as

H = qΦ̇− L =
1

2C
q2 +

1

2L
Φ2. (2.1.12)

The Hamilton’s equations of motion can be written

−q̇ = ∂H
∂Φ

=
Φ

L
= I (2.1.13)

Φ̇ =
∂H
∂q

=
q

C
= V (2.1.14)

The fact that Eq. (2.1.13) agrees with the law of conservation of charge and Eq. (2.1.14) agrees

with previous definition Eq. (2.1.4) serves as a sanity check to ensure that above analysis of the

system is physically intact.

Similar to the treatment of a spring-mass mechanical oscillator, we can promote the charge

q and node flux Φ to quantum operators which obey the canonical commutation relation

[Φ̂, q̂] = iℏ. (2.1.15)

To better describe the superconducting systems under consideration, we define the reduced flux

ϕ̂ ≡ 2πΦ̂/Φ0 with Φ0 = h/(2e) being the superconducting magnetic flux quantum and charge
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number n̂ ≡ q̂/(2e). Now the Hamiltonian can be rewritten as

Ĥ =
2e2

C
n̂2 +

1

2L

(
Φ0

2π

)2

ϕ̂2

≡ 4EC n̂
2 +

1

2
ELϕ̂

2, (2.1.16)

where EC ≡ e2/(2C) is the charging energy required to add one electron [58] to the capacitor and

EL ≡ Φ2
0/(4π

2L) is the inductive energy. ϕ̂ and n̂ now obey the canonical commutation relation

[ϕ̂, n̂] = i. (2.1.17)

We can write Eq. (2.1.16) in a second quantization form by defining a creation operator â

and an annihilation operator â† as

â = +i

(
2EC

EL

) 1
4

n̂+

(
EL

32EC

) 1
4

ϕ̂ (2.1.18)

â† = −i
(
2EC

EL

) 1
4

n̂+

(
EL

32EC

) 1
4

ϕ̂, (2.1.19)

such that

[â, â†] = 1 (2.1.20)

and

ϕ̂ = ϕzpf × (â† + â) (2.1.21)

n̂ = nzpf × i(â† − â), (2.1.22)

where ϕzpf ≡ (2EC/EL)
1/4 and nzpf ≡ (EL/32EC)

1/4 are magnitudes of zero-point fluctuations of

the reduced phase and the charge number respectively. By substituting ϕ̂ and n̂ in Eq. (2.1.16), we

can get

Ĥ = ℏωr

(
â†â+

1

2

)
, (2.1.23)

where ωr =
√
8ELEC/ℏ = 1/

√
LC.

The eigenstates of Eq. (2.1.23) can be labeled as |k⟩ with k = 0, 1, 2, · · · , also known as Fock

states. The eigenenergies Ek = ℏωr(k + 1/2) form an equally spaced infinite set of levels as shown
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Figure 2.2: (a) An analogy we can draw between the LC oscillator and a spring-mass mechan-
ical oscillator. (b) Energies of the first five eigenstates of a quantum harmonic oscillator. The
wavefunctions ψk(ϕ) illustrate how the distributions are confined by the quadratic potential well
V (ϕ) = ELϕ

2/2.

in Fig. (2.2(b)). The wavefunction of state |k⟩ in the flux basis is

ψk(ϕ) =
1√
2kk!

(
1

2πϕ2zpf

) 1
4

e
− ϕ2

4ϕ2
zpf Hk

(
ϕ√
2ϕzpf

)
, (2.1.24)

where Hk are the physicist’s Hermite polynomials,

Hk(x) = (−1)kex
2 dk

dxk
e−x2

. (2.1.25)

When the harmonic oscillator is at its lowest-energy state |0⟩, we can calculate the variance

of ϕ̂ and n̂ via

⟨0| ϕ̂2 |0⟩ = ϕ2zpf ⟨0| (â† + â)2 |0⟩ = ϕ2zpf (2.1.26)

⟨0| n̂2 |0⟩ = −n2zpf ⟨0| (â† − â)2 |0⟩ = n2zpf . (2.1.27)

These non-zero fluctuations enable the harmonic oscillators to interact with other degrees of freedom

even at their ground state and mark a major difference between a quantum harmonic oscillator and

its classical counterpart.
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Properties of lumped-element LC oscillators found in circuit-QED experiments can vary de-

pending on the specific application and goal. An example set of properties L ∼ 5 nH and C ∼ 200 fF

is reported in Ref. [59], which yields ωr/2π ∼ 5GHz. We can link the vacuum fluctuation of voltage

∆V to nzpf through ∆V = 2e/C ·∆n = 2e/C ·
√
⟨n̂2⟩ − ⟨n̂⟩2 = 2e/C · nzpf =

√
ℏωr/(2C) ∼ 3 µV.

When the harmonic oscillator is at a finite temperature T , there will be thermal fluctuation added

to the zero-point fluctuation. To ensure that the quantum behavior won’t be cloaked by the ther-

mal effects, we require that kBT ≪ ℏωr. A harmonic oscillator with ωr/2π ∼ 5GHz requires

T ≪ 240mK, which calls for use of dilution refrigerators that can stably cool macroscopic devices

to ∼ 10mK.

The ground state |0⟩ is also a special case of the so-called coherent states. A coherent state

|α⟩ is a specific quantum state of the harmonic oscillator that most closely resembles classical

behavior [42, 60], and can be written as the superposition of Fock states

|α⟩ = e−
|α|2
2

∞∑
n=0

αn

√
n!

|n⟩ . (2.1.28)

We’ll see in the next part that |α⟩ is a state that is created when a harmonic oscillator at its ground

state is subject to a classical drive.

2.1.2 Driven Harmonic Oscillator

Since ⟨k| Ĥ |l⟩ = 0 when k ̸= l, when the harmonic oscillator is left on its own, transitions

between different Fock states are prohibited. Time evolution of a harmonic oscillator is described

by the Schrödinger’s equation, in which case the Fock states are stationary. We can add more

dynamics to the system by introducing a time-dependent classical current source Id(t) to the ϕ

node as shown in Fig. (2.3). Kirchhoff’s current law dictates that

q̇ + I − Id(t) = 0. (2.1.29)

We can model the system by adding a driving term V (q,Φ) to Eq. (2.1.12),

Hdriven =
1

2C
q2 +

1

2L
Φ2 + V (q,Φ). (2.1.30)
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Compare the Hamilton’s equation of motion −q̇ = ∂Hdriven/∂Φ = Φ/L + ∂V (q,Φ)/∂Φ with

Eq. (2.1.29), we can find that V (q,Φ) = −Id(t)Φ and therefore

Hdriven =
1

2C
q2 +

1

2L
Φ2 − Id(t)Φ. (2.1.31)

Then the second quantization Hamiltonian is found to be

Ĥdriven = ℏωr

(
â†â+

1

2

)
− ℏε(t)(â† + â), (2.1.32)

where ε(t) ≡ Id(t) · ϕzpf/(2e).

Figure 2.3: An LC oscillator driven by a classical current source Id(t)

It is often desirable to separate the effect of the driving term from the harmonic oscillator’s

own oscillation. This can be achieved by switching to the interaction picture [61] and transforming

the Hamiltonian with the unitary operator U(t) = exp(iωrtâ
†â) such that

ĤI
driven = UĤdrivenU

† + iℏU̇U †

= −ℏε(t)(eiωrtâ† + e−iωrtâ). (2.1.33)

As pointed out in Ref. [61], time evolution over time t with Eq. (2.1.33) brings a harmonic

oscillator prepared in a coherent state |α(0)⟩ to |α(t)⟩ such that

α(t) = α(0) + i

∫ t

0
ε(t′)eiωrt′ dt′ (2.1.34)

If we consider the case where the initial state is the vacuum state |0⟩, then the time evolution can

be modeled with a unitary operator D̂(α) where

|α⟩ = eαa
†−α∗a |0⟩

≡ D̂(α) |0⟩ , (2.1.35)
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with α ≡ i
∫ t
0 ε(t

′)eiωrt′ dt′. D̂(α) is named the displacement operator that reflects the effect of a

classical drive on a coherent state.

2.1.3 Coupled Harmonic Oscillators

The above analysis shows how we can treat an isolated lumped-element LC oscillator as

a quantum harmonic oscillator. In real circuit-QED devices, however, these oscillators are often

embedded in complex environments, interacting with other circuit components. We’ll first examine

a simple case where two LC oscillators are coupled through a capacitor Cc as shown in Fig. (2.4).

Figure 2.4: Two LC oscillators coupled through a capacitor Cc.

By adding the energy of Cc to the oscillators’ Lagrangian, we can find the system Lagrangian

to be

Lcoupled =
∑
i=1,2

(
1

2
CiΦ̇

2
i −

1

2Li
Φ2
i

)
+

1

2
Cc

(
Φ̇1 − Φ̇2

)2
. (2.1.36)

It is a common practice to write Eq. (2.1.36) in a matrix form

Lcoupled =
1

2
Φ̇

⊺
CΦ̇− 1

2
Φ

⊺
L−1Φ, (2.1.37)

where

Φ =

(
Φ1

Φ2

)
, (2.1.38)

C =

(
C1 + Cc −Cc

−Cc C2 + Cc

)
, (2.1.39)

L =

(
L1 0

0 L2

)
. (2.1.40)
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The charge q is now

q = CΦ̇. (2.1.41)

Then we can derive the Hamiltonian of the system

Hcoupled = q
⊺
Φ̇− Lcoupled

=
1

2
q
⊺
C−1q +

1

2
Φ

⊺
L−1Φ. (2.1.42)

Define ωi ≡
√
(C−1)ii/Lii and β ≡ Cc/

√
(C1 + Cc)(C2 + Cc), we can derive the second quantiza-

tion Hamiltonian following the procedure of Eqs. (2.1.12)–(2.1.23),

Ĥcoupled =
∑
i=1,2

ℏωi

(
â†i âi +

1

2

)
− 1

2
ℏβ

√
ω1ω2(â

†
1 − â1)(â

†
2 − â2), (2.1.43)

with the ladder operators âi and â
†
i now obeying the canonical commutation relation

[âi, â
†
j ] = δij . (2.1.44)

We can see from Eq. (2.1.43) that the system reduces to two individual harmonic oscillators

with an additional term that governs the interaction between them. The Hamiltonian can be further

diagonalized using Bogoliubov transformation [62] which could turn into a tedious process. Here

we will instead seek to simplify Eq. (2.1.43) with rotating-wave approximation (RWA).

A unitary transformation U = exp[−i(ω1â
†
1â1 + ω2â

†
2â2)t] brings the Hamiltonian into the

interaction picture as

ĤI
coupled = −1

2
ℏβ

√
ω1ω2(â

†
1e

−iω1t − â1e
iω1t)(â†2e

−iω2t − â2e
iω2t)

= −1

2
ℏβ

√
ω1ω2

[
â†1â

†
2e

−i(ω1+ω2)t − â†1â2e
−i(ω1−ω2)t + h.c.

]
. (2.1.45)

Applying RWA, terms oscillating at frequency ω1 +ω2 can be neglected when |ω1 −ω2| ≪ ω1 +ω2.

Then

ĤI, RWA
coupled =

1

2
ℏβ

√
ω1ω2

[
â†1â2e

−i(ω1−ω2)t + â1â
†
2e

i(ω1−ω2)t
]
. (2.1.46)

Transform back into the Schrödinger picture,

Ĥcoupled ≈
∑
i=1,2

ℏωi

(
â†i âi +

1

2

)
+

1

2
ℏβ

√
ω1ω2(â

†
1â2 + â1â

†
2). (2.1.47)
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The interaction term in Eq. (2.1.47) is often called transverse coupling since it only populates

the off-diagonal elements in the Hamiltonian matrix.

2.2 Transmission Line

Discussion in the previous sections involves mainly lumped-element circuits where it is as-

sumed that the dimension d of any circuit element is far smaller than the wavelength λ of the

electromagnetic wave under study. This requirement is not always achievable in the microwave

regime where we may have to deal with λ in the millimeter range while d ∼ 100 µm [63]. Thus

distributed circuits such as transmission lines are frequently employed in circuit-QED devices. We

will now investigate both finite-length and semi-infinite transmission lines.

2.2.1 Transmission Line Resonator

A finite-length transmission line can be formed with a coaxial cable or a segment of coplanar

waveguide (CPW) on a dielectric substrate, e.g. sapphire or silicon. A loss-less transmission line

of total length d can be modeled by a series of lumped-element LC segments of unit length ∆x as

shown in Fig. (2.5(c)). The terminations on both ends (x = 0 and x = d) can be either open or

short. By assuming all segments have the same unit capacitance C0 and inductance L0, we can

treat the transmission line as many coupled harmonic oscillators and write its Lagrangian LTL in

terms of flux Φ0,Φ1, · · · ,Φn−1 at each node,

LTL =

N−1∑
n=0

[
1

2
C0Φ̇

2
n − 1

2L0
(Φn+1 − Φn)

2

]
, (2.2.1)

where N = d/∆x. The charge qn at each node is then given by

qn =
∂LTL

∂Φ̇n

= C0Φ̇n. (2.2.2)

Therefore the Hamiltonian of the transmission line is

HTL =

N−1∑
n=0

qnΦ̇n − LTL =

N−1∑
n=0

[
1

2C0
q2n +

1

2L0
(Φn+1 − Φn)

2

]
, (2.2.3)
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(a)

(b)

(c)

Figure 2.5: Schematics of the transmission line model. (a) A coaxial cable is an example of
transmission line. It consists of a metal center trace surrounded by ground plane with insulation
in between. (b) The top view of a CPW resonator. It’s formed by depositing metal (blue) on a
dielectric substrate (gray). The top and bottom are ground planes. The gaps in the center trace
are coupling capacitors. (c) Both coaxial cable and CPW can be modeled with a transmission line
model where the distributed system is broken down into a series of lumped-element LC segments.

In the limit of ∆x → 0, we can treat qn and Φn as continuous fields q(x, t) and Φ(x, t)

dependent on both x ∈ [0, d] and t ∈ [−∞,+∞] such that q(n∆x, t) = qn/∆x and lim∆x→0(Φn+1−

Φn) = dx · ∂Φ(x, t)/∂x . Then Eq. (2.2.3) can be rewritten as

HTL =

∫ d

0
dx

[
1

2c0
q2 +

1

2l0

(
∂Φ

∂x

)2]
, (2.2.4)
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where c0 ≡ C0/ dx and l0 ≡ L0/dx are capacitance and inductance per unit length respectively.

The Hamilton’s equations of motions are

−∂q
∂t

=
δHTL

δΦ
= − 1

l0

∂2Φ

∂x2
(2.2.5)

∂Φ

∂t
=
δHTL

δq
= − 1

c0
q. (2.2.6)

From Eq. (2.2.5) and Eq. (2.2.6) we can derive the wave equation for Φ(x, t)

v2p
∂2Φ

∂x2
− ∂2Φ

∂t2
= 0, (2.2.7)

with vp = 1/
√
l0c0 being the phase velocity of the transmission line.

The solution to Eq. (2.2.7) can be decomposed into normal modes each oscillating at a

frequency ωm

Φ(x, t) =

∞∑
m=0

ϕm(x)Xm(t), (2.2.8)

with Ẍm = −ω2
mXm. Then for each mode ϕm(x) can be decided by solving the boundary-value

problem

d2

dx2
ϕm(x) + k2mϕm(x) = 0, (2.2.9)

where the wave vector km = ωm/vp. The general solution to Eq. (2.2.9) is

ϕm(x) = Am cos(kmx+ φm). (2.2.10)

For the circuit shown in Fig. (2.5(c)), the transmission line is terminated with opens at both ends

and form a half-wave resonator, which requires the derivative of ϕm(x) to vanish at x = 0 and

x = d. In this case φm = 0 and kmd must be integer multiple of π. This condition constraints all

possible ωm to form an infinite set of discrete values such that

ωm = (m+ 1)
πvp
d
. (2.2.11)

The zero-frequency term has been dropped since it corresponds to a trivial mode where flux along

the whole transmission line uniformly offsets from zero. The standing-wave modes ϕm(x)’s form

an orthogonal basis when

1

d

∫ d

0
ϕm(x)ϕm′(x) dx = δmm′ , (2.2.12)
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which yields Am =
√
2. Then we can substitute

Φ(x, t) =
∞∑

m=0

√
2Xm(t) cos(kmx) (2.2.13)

q(x, t) = c0Φ̇ =
∞∑

m=0

c0
√
2Ẋm(t) cos(kmx) (2.2.14)

back into Eq. (2.2.4) with the orthogonal property Eq. (2.2.12) to get

HTL =
∞∑

m=0

(
1

2C
P 2
m +

1

2
Cω2

mX
2
m

)
, (2.2.15)

where C = c0d is the total capacitance of the half-wave transmission line resonator and Pm = CẊm.

The Hamiltonian Eq. (2.2.15) appears to be a sum of familiar harmonic oscillator Hamiltonian at

different frequencies. We can then follow the second quantization procedure again to get

ĤTL =
∞∑

m=0

ℏωmb̂
†
mb̂m, (2.2.16)

where âm and â†m are ladder operators of mode m defined as

b̂m =

√
Cωm

2ℏ

(
X̂m +

i

Cωm
P̂m

)
(2.2.17)

b̂†m =

√
Cωm

2ℏ

(
X̂m − i

Cωm
P̂m

)
. (2.2.18)

Eq. (2.2.16) shows the transmission line resonator can be modeled as an infinite series of

independent harmonic oscillators. The mode with the lowest frequency ω0/(2π) = vp/(2d) =

1/(2d
√
l0c0) is often called the fundamental mode. The other modes are called higher harmonics

with mode frequencies being integer multiples of the fundamental frequency.

2.2.2 Semi-infinite Transmission Line

In the limit of d → +∞, the half-wave resonator transitions to a semi-infinite transmission

line. With the mode separation ∆ω/(2π) = vp/(2d) → 0, the discrete mode frequencies ωm turn

into a continuous spectrum and give rise to the Hamiltonian

Ĥsi–TL =

∫ ∞

0
ℏωb̂†(ω)b̂(ω) dω, (2.2.19)
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with [b̂(ω), b̂†(ω′)] = δ(ω − ω′). Eq. (2.2.19) suggests that a semi-infinite transmission line can be

viewed as a heat bath with flat spectrum [64].

In circuit-QED applications, semi-infinite transmission lines often serve as feedlines delivering

microwave drives to resonators or qubits. Here we will study a scenario where an LC oscillator is

capacitively coupled to a semi-infinite transmission line. The added coupling allows for driving the

oscillator with external forces while opening dissipate channels at the same time. The goal is to

follow the input-output formalism [64, 65] and derive the quantum Langevin equation [66] which

describes the scattering process involving the oscillator.

The system Hamiltonian can be written as a sum of three terms

ĤLC–TL = ĤLC + Ĥsi–TL + Ĥint. (2.2.20)

Ĥint accounts for the interaction between the harmonic oscillator and the heat bath and takes the

form of

Ĥint = iℏ
∫ ∞

−∞
dωγ(ω)[b̂†(ω)â− b̂(ω)â†]. (2.2.21)

Then the Heisenberg equation of motion for b̂(ω) is

˙̂
b(ω) =

i

ℏ
[ĤLC–TL, b̂(ω)]

= −iωb̂(ω) + γ(ω)â. (2.2.22)

We can solve Eq. (2.2.22) for b̂(ω) such that

b̂(ω) = e−iω(t−t0)b̂0(ω) + γ(ω)

∫ t

t0

e−iω(t−t′)â(t′) dt′. (2.2.23)

Then the quantum Langevin equation can be derived by substituting Eq. (2.2.23) into the Heisen-

berg equation of motion for â,

˙̂a =
i

ℏ
[ĤLC–TL, â]

= −iωrâ−
∫ ∞

−∞
dωγ(ω)e−iω(t−t0)b̂0(ω)−

∫ ∞

−∞
dωγ2(ω)

∫ t

t0

e−iω(t−t′)â(t′) dt′. (2.2.24)
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To simplify Eq. (2.2.24), we can assume that the coupling strength γ is independent of frequency

and define γ(ω) =
√
κ/(2π). An input field b̂in(t) can be defined as

b̂in(t) =
1√
2π

∫ ∞

−∞
dωe−iω(t−t0)b̂0(ω), (2.2.25)

with b̂0(ω) being the value of b̂(ω) at t = t0. Also notice two useful properties∫ ∞

−∞
dωe−iω(t−t′) = 2πδ(t− t′) (2.2.26)∫ t

t0

c(t′)δ(t− t′) dt′ =
1

2
c(t). (2.2.27)

Now we can rewrite Eq. (2.2.24) as

˙̂a = −iωrâ−
κ

2
â−

√
κb̂in(t). (2.2.28)

Eq. (2.2.28) describes how the harmonic oscillator evolves in time when placed in an open

quantum environment. The first term on the RHS is the coherent oscillation at natural frequency

ωr. The second term corresponds to damping of the oscillator when energy leaks out into the semi-

infinite transmission line at a rate κ. Even though all elements in the system are non-dissipative,

energy propagating along the semi-infinite line never comes back and therefore resembles loss.

The third term captures the effect from the environment (the transmission line). b̂in(t) could

represent the vacuum state, a coherent drive, thermal field, or some other quantum state entering

the harmonic oscillator.

We can also reverse time and solve Eq. (2.2.22) from t to a future time t1 and get

b̂(ω) = eiω(t1−t)b̂1(ω)−
√

κ

2π

∫ t1

t
eiω(t

′−t)â(t′) dt′. (2.2.29)

An output field b̂out(t) is defined as

b̂out(t) =
1√
2π

∫ ∞

−∞
dωeiω(t1−t)b̂1(ω). (2.2.30)

Then if we substitute Eq. (2.2.30) instead of Eq. (2.2.25) into Eq. (2.2.24)

˙̂a = −iωrâ+
κ

2
â−

√
κb̂out(t). (2.2.31)
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Compare Eq. (2.2.31) to Eq. (2.2.28) we get

b̂out(t) = b̂in(t) +
√
κâ(t). (2.2.32)

This equation highlights how the oscillator modifies the outgoing field relative to the incoming field,

enabling reflection/transmission measurements, single-photon detection, etc [64].

We can solve Eq. (2.2.28) by Fourier transforming the equation [57] in the convention of

â(ω) =
∫∞
−∞ exp(iωt)â(t) dt such that

−iωâ(ω) = −iωrâ(ω)−
κ

2
â(ω)−

√
κb̂in(ω), (2.2.33)

which yields

â(ω) = − i
√
κ

ω − ωr +
iκ
2

b̂in(ω). (2.2.34)

Use Eq. (2.2.32), we can draw connection between b̂in(ω) and b̂out(ω),

b̂out(ω) =
ω − ωr − iκ

2

ω − ωr +
iκ
2

b̂in(ω). (2.2.35)

This equation demonstrates that the output field will have the same magnitude as the input field.

The harmonic oscillator acts like a perfect mirror in this sense. When the input field is on-resonant

with the harmonic oscillator(ω ≈ ωr), the output field gains a π phase shift relative to the input

field. If the field is far detuned (|ω − ωr| ≫ κ), the phase shift will instead approach zero. This

frequency-dependent response allows us to spectroscopically probe the harmonic oscillator through

the transmission line and is fundamental to many circuit-QED measurements.

Real-world resonators often come with internal loss due to various mechanisms, e.g. dielectric

loss. We can model the loss by including an extra damping term κint/2·â to the RHS of Eq. (2.2.28).

Then we can derive the scattering coefficient S(ω) = b̂out(ω)/b̂in(ω) as,

S(ω) =
ω − ωr − iκ−κint

2

ω − ωr + iκ+κint
2

. (2.2.36)

We can also express Eq. (2.2.36) in terms of quality factors which are unit-less and defined as

Qint ≡ ωr/κint, Qext ≡ ωr/κ and Q−1
tot = Q−1

int +Q−1
ext such that

S(ω) = 1− 2Qtot

Qext − 2iQextQtot
ω−ωr
ωr

. (2.2.37)
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The reflected power ratio is found to be

|S(ω)|2 = 1−
4

QextQint

1
Q2

tot
− 4

(
ω−ωr
ωr

)2 , (2.2.38)

which is a Lorentzian. Different relative relationships between Qint and Qext can lead to different

characteristics in the resonator response as shown in Fig. (2.6). In experiments, making S-parameter

measurements on a resonator not only gives us information about ωr but also allows us to gain

information about Qint and Qext, which is essential to understanding the loss mechanisms and

improving the devices.
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Figure 2.6: S-parameter of a resonator. (a) The real and imaginary part of S(ω) when sweeping ω
across ωr. The blue, orange and green circles correspond to over-coupled (Qint ≫ Qext), critical-
coupled (Qint ≈ Qext) and under-coupeld (Qint ≪ Qext) cases respectively. (b)(c)(d) Magnitude
and phase response when the resonator is at different coupling regimes.

For superconducting resonators commonly found in circuit-QED experiments, κint is affected

by multiple factors such as dielectric losses [67, 68], surface and interface losses [69, 70] as well

as material and fabrication treatment [71, 72, 73, 59]. In general, it is desirable to pursue more

coherent resonators through improving the listed factors. κext is mostly determined by device

geometry design. Large κext is preferred for faster information extraction from the resonator while

small κext favors the lifetime of information stored within the resonator.

2.3 Superconductivity and Josephson Effect

In previous section, we start from a classical circuit description of the LC oscillator and jump

into the quantum world by promoting charge and flux variables to quantum operators. Modeling
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the system with just two non-commuting operators may seem to be oversimplification considering

that even micro-fabricated circuits may contain millions of atoms and electrons. As it turns out,

in ordinary superconductors, this simplification is justified due to the emergence of macroscopic

quantum coherence. Superconductivity effectively gaps out single-particle excitations, and the

long-range Coulomb force suppresses plasmon excitations at GHz range [57]. As a result, the

relevant quantum degrees of freedom in a superconducting circuit are limited to those describing

the collective motion of the electron fluid.

Even though being a significant element, the LC oscillator is quite limited in quantum infor-

mation processing applications due to the equidistant spacing between energy levels, which renders

selective control over quantum transitions impossible [56]. The inclusion of a nonlinear element–the

Josephson junction–could introduce anharmonicity into the system and lift this degeneracy.

Super-
conductor

Super-
conductor

Insulator

Figure 2.7: A schematic of the superconductor-insulator-superconductor type Josephson junction.
The order parameter ϕ is defined as the phase difference φA − φB of the two superconductors. In
circuit diagrams a Josephson junction is often represented by a cross symbol shown on the right.

A Josephson junction can be formed by placing two superconductors in proximity with some

barrier or restriction in between [74]. A common type of Josephson junction is a superconductor-

insulator-superconductor structure as shown in Fig. (2.7). The Josephson junction can be described
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by the Josephson relations [75]:

I(t) = Ic sin[ϕ(t)] (2.3.1)

V (t) =
ℏ
2e

dϕ

dt
, (2.3.2)

where I(t) and V (t) are the current through and the voltage across the Josephson junction, ϕ is the

phase difference of Ginzburg—Landau order parameters across the junction, and critical current Ic

is a characteristic of the junction.

We can view the Josephson junction as a nonlinear inductor, then

dI

dt
=

dI

dϕ
· dϕ
dt

= Ic cosϕ · 2e
ℏ
V (t). (2.3.3)

Recall that for a regular inductor V = Lİ, we can find the Josephson junction inductance to be

L =
ℏ

2eIc cosϕ
=

Φ0

2πIc cosϕ
=

LJ

cosϕ
, (2.3.4)

where LJ ≡ Φ0/(2πIc) is named the Josephson inductance.

The energy stored in the Josephson junction can be calculated with

E(t) =

∫ t

−∞
I(t′)V (t′) dt′ = −IcΦ0

2π
cosϕ = −EJ cosϕ, (2.3.5)

where EJ ≡ IcΦ0/(2π) is named the Josephson energy. A trivial constant EJ is often added to

E(t) such that E(t) = EJ(1− cosϕ).

Now we can go back to the LC oscillator model, replace the inductor with a Josephson

junction as shown in Fig. (2.8) and modify Eq. (2.1.16) such that

Ĥ = 4EC n̂
2 + EJ(1− cos ϕ̂). (2.3.6)

Taylor expand Eq. (2.3.6) around ϕ̂ = 0,

Ĥ = 4EC n̂
2 + EJ

(
ϕ̂2

2!
− ϕ̂4

4!
+ · · ·

)
= 4EC n̂

2 + EJ

(
ϕ̂2

2!
− ϕ̂4

4!

)
. (2.3.7)
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Figure 2.8: A non-linear harmonic oscillator can be formed by replacing the inductor in a harmonic
oscillator with a Josephson junction.

We can then proceed with the same definitions for create and annihilation operators in the simple

harmonic oscillator case and get

Ĥ =
√
8EJEC

(
â†â+

1

2

)
− EC

12
(â† + â)4

= ℏωq

(
â†â+

1

2

)
− EC

2
â†â(â†â− 1) +

(
non-diagonal

terms

)
. (2.3.8)

The first term of Eq. (2.3.8) comes out as the familiar quantum harmonic oscillator Hamiltonian

with ωq = (
√
8EJEC − EC)/ℏ. The second term originates from the non-linear nature of the

Josephson junction and can be viewed as an energy shift added to ωq that depends on the energy

level. The anharmonicity α is defined as [28]

α =
E12 − E01

ℏ
, (2.3.9)

with Eij being the energy difference between the ith and the jth level. We can easily find that

α = −EC/ℏ in this case. In experiments, when we want to address the transition |0⟩ ↔ |1⟩ with a

microwave tone on-resonant with E01/ℏ, the tone will be detuned from driving |1⟩ ↔ |2⟩ by EC/ℏ.

This enables us to selectively address individual transitions and approximately treat one particular

transition out of the infinite ladder as a qubit.

Built upon the non-linearity property of Josephson junctions, different species of supercon-

ducting qubit have been developed over the past several decades including charge qubit, flux qubit,
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phase qubit and quasicharge qubit [76]. These species differ mostly in choice and arrangement of

capacitor, inductor and Josephson junction aiming to explore different regime of the parameter

space spanned by the relative strengths of capacitive charging energy EC , the inductive energy

EL and the Josephson energy EJ [29]. Among these species, the transmon [28], derived from the

Cooper-pair box [77, 44, 43], stands out as a charge-insensitive charge qubit.

2.4 Transmon

Figure 2.9: The circuit schematic of a Cooper-pair box (CPB).

We’ll start the discussion about transmon with its predecessor, the Cooper-pair box as shown

in Fig. (2.9) which is a charge qubit and can be modeled by adding a gate voltage Vg to the

circuit in Fig. (2.8). The gate capacitance Cg allows for transferring Cooper pairs between the

superconducting island and the reservoir. To include the effect of Vg and Cg, we have to modify

Eq. (2.1.16) as

ĤCPB = 4EC(n̂− ng)
2 + EJ(1− cos ϕ̂), (2.4.1)

where the offset charge ng = CgVg/(2e) and EC = e2/2(C + Cg).

To find the eigenstates and eigenenergies of the system, we need to solve the Schrödinger’s
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equation for Eq. (2.4.1) in the phase basis,[
4EC

(
− i

d

dϕ
− ng

)2

+ EJ(1− cosϕ)

]
Ψ(ϕ) = EΨ(ϕ). (2.4.2)

It is possible to solve Eq. (2.4.2) analytically by noticing that the equation differs from a Mathieu’s

equation by a transformation [28]. Then wavefunctions of the eigenstates can be expressed in

terms of the Mathieu functions. The periodic boundary condition Ψ(ϕ + 2π) = Ψ(ϕ) also leads

to eigenenergies which can be expressed in terms of the characteristic numbers of the Mathieu

equation.
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Figure 2.10: Energies of the first five eigenstates of a Cooper-pair box with ng = 0.3 and EJ/EC =
33.3. The wavefunctions ψk(ϕ) illustrate how the distributions are confined by the cosine potential
well V (ϕ) = EJ(1− cosϕ).

An alternative approach is to rewrite Eq. (2.4.1) in the charge basis spanned by vectors |n⟩

such that n̂ |n⟩ = n |n⟩. Then the first term of the Hamiltonian becomes

4EC

∑
m,n

|m⟩ ⟨m| (n̂− ng)
2 |n⟩ ⟨n| = 4EC

∞∑
n=−∞

(n− ng)
2 |n⟩ ⟨n| . (2.4.3)

Using the Fourier transforms

|n⟩ = 1√
2π

∫ 2π

0
dϕeinϕ |ϕ⟩ (2.4.4)

|ϕ⟩ = 1√
2π

∞∑
n=−∞

e−inϕ |n⟩ , (2.4.5)
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To transform the Josephson energy term, we first investigate

eiϕ̂ |n⟩ = 1√
2π

∫ 2π

0
dϕeinϕeiϕ̂ |ϕ⟩

=
1√
2π

∫ 2π

0
dϕei(n+1)ϕ |ϕ⟩

= |n+ 1⟩ , (2.4.6)

and similarly exp(−iϕ̂) |n⟩ = |n− 1⟩. Then the Josephson energy term can be transformed as

−EJ

∑
m,n

|m⟩ ⟨m| cos ϕ̂ |n⟩ ⟨n| = −EJ

2

∑
m,n

|m⟩ ⟨m| (eiϕ̂ + e−iϕ̂) |n⟩ ⟨n|

= −EJ

2

∑
m,n

(
|m⟩ ⟨m| eiϕ̂ |n⟩ ⟨n|+ |m⟩ ⟨m| e−iϕ̂ |n⟩ ⟨n|

)
= −EJ

2

∑
n

(
|n+ 1⟩ ⟨n|+ |n⟩ ⟨n+ 1|

)
. (2.4.7)

Therefore

ĤCPB = 4EC

∞∑
n=−∞

(n− ng)
2 |n⟩ ⟨n| − EJ

2

∞∑
n=−∞

(
|n+ 1⟩ ⟨n|+ |n⟩ ⟨n+ 1|

)
. (2.4.8)

To numerically find the eigenenergies of Eq. (2.4.8), we can truncate the charge basis to a closed

range [−ncut, ncut]. Then the Hamiltonian becomes a square matrix of dimension 2ncut + 1, eigen-

values and eigenvectors of which can be found with diagonalizing algorithms. Wavefunctions in the

phase basis can be derived by Fourier transforming the charge basis eigenvectors. The first few

states are shown in Fig. (2.10).

Due to the offset charge ng dependence in the capacitive energy term of the Hamiltonian,

the Cooper-pair box is very sensitive to charge fluctuations. Fig. (2.11(a)) shows the energies of

the lowest levels for a device investigated in Ref. [43]. In devices like this, the capacitance C comes

from the parasitic capacitor included in the Josephson junction and is usually very small, resulting

in EJ/EC ≪ 1. Even operated at the sweet spots at half-integer ng where E01 is protected from

∆ng up to first order, Cooper-pair boxes still have difficulty demonstrating long-term stability [28].

To mitigate the charge sensitivity, an option is to increase the ratio EJ/EC to lower the

effect of the capacitive energy fluctuation on the total energy. This leads to the invention of the
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Figure 2.11: The energies of the first few levels of the Cooper-pair box as a function of ng. All levels
are normalized by E01 defined as the energy difference between the first two states when ng = 0.5.
We can clearly observe from the trend a decrease of offset charge dependence.

transmon where the Josephson junction is shunted by a large capacitor with smaller EC . As

it turns out, charge dispersion, defined as max(Em) − min(Em), depends exponentially on the

quantity
√
EJ/EC [28]. If we compare the energy levels of a transmon with EJ/EC = 65 shown

in Fig. (2.11(d)) to Fig. (2.11(a)), we can observe that dependence on the offset charge is almost

completely lifted. Meanwhile, the ironed out energies leave us with smaller anharmonicity. We can

define a relative anharmonicity αr as

αr =
α

ω01
≈ − EC√

8EJEC
= −

√
EC

8EJ
. (2.4.9)

As a result, the transmon benefits exponentially from the increasing ratio EJ/EC at the cost of

slowly losing its anharmonicity. EJ/EC of most transmons fall in the range [30, 100].
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2.5 The Jaynes–Cummings Hamiltonian

In this last section, we will investigate the model where we couple a transmon to an LC

oscillator for readout purpose with the tools we developed so far. The model can be modified from

Fig. (2.4) by replacing one LC oscillator with a transmon as shown in Fig. (2.12).

Figure 2.12: A transmon qubit capacitively coupled to a linear resonator. This architecture sits at
the core of circuit-QED in that it allows for probing the qubit state non-destructively through the
reasonator.

We can then substitute one harmonic oscillator energy term in Eq. (2.1.43) with Eq. (2.3.8)

and get the system Hamiltonian

ĤJC = ĤLC + Ĥtransmon + Ĥint

= ℏωrâ
†â+

1

2
ℏωqσ̂

z + g(â†σ̂− + âσ̂+). (2.5.1)

Eq. (2.5.1) is known as the Jaynes–Cummings Hamiltonian [78].

We are interested in studying Eq. (2.5.1) in the dispersive limit [79] where the frequency

detuning between the resonator and the qubit |∆| = |ωq − ωr| is much greater than the coupling

strength g as well as the decay rates of them. In this limit direct photon exchange between the

qubit and the resonator is not allowed to happen. Instead, the coupling can only dispersively push

and pull their frequencies.

To derive an approximate form of Eq. (2.5.1) in the dispersive limit ∆ ≫ g, we can make

a Schrieffer–Wolff transformation by transforming the Hamiltonian with the unitary exp(Ŝ) where
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Ŝ = λ(âσ̂+ − â†σ̂−) with λ = g/∆ ≪ 1. Then

Ĥdispersive = eŜĤJCe
−Ŝ

≈ ĤJC + [Ŝ, ĤJC] +
1

2
[Ŝ, [Ŝ, ĤJC]]

= ℏωrâ
†â+

1

2
ℏω̃qσ̂

z + ℏχσ̂zâ†â, (2.5.2)

where the dispersive shift χ = g2/∆ and the Lamb-shifted qubit frequency ω̃q = ωq + χ. If we

go beyond the reduced spin-1/2 model and include the second excited state of the transmon, the

dispersive shift is modified into [28]

χ =
g2α

∆(∆+ α)
. (2.5.3)

There are two alternative perspectives to interpret the third term in Eq. (2.5.2). We can

let the resonator energy term to absorb it and become ℏ(ωr + χσ̂z)â†â. In this interpretation, the

resonator’s frequency depends on the state of the qubit ⟨σ̂z⟩. The resonator frequency undergoes

a 2χ shift when we flip the qubit state. This means that we can measure the qubit state in a

quantum non-demolition (QND) manner by measuring the resonator frequency. In experiments,

this is often realized by probing the resonator at ωr and monitoring change in the magnitude or

phase of the transmitted signal. In general, larger dispersive shift makes it easier to distinguish

different states. However, to achieve so we have to either decrease the detuning ∆ or increasing

the coupling strength g. In either cases we may break the condition required for both RWA and

Eq. (2.5.2). A critical photon number [41, 55] is defined as ncrit = (∆/2g)2 for transmon-resonator

systems. This quantity regulates the amount of photons we can put into the resonator before

the dispersive approximation fails and higher-order physics starts to play a role. Apparently ncrit

decrease when we increase 2χ. This essentially puts a higher bound on the values of dispersive

shift we can achieve. For common transmon devices, 2χ ranges from ∼ 100 kHz to ∼ 10MHz. In

order to resolve the dispersive shift in experiment, we require the dispersive shift to be not smaller

than the resonator’s full width at half maximum (FWHM). This can be achieved by working with

resonators with large quality factors Q.
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A second way to interpret Eq. (2.5.2) is to bundle the third term with the qubit energy

as ℏ/2(ω̃q + 2χâ†â)σ̂z. In this view, the qubit frequency now sees an extra ac Stark shift [80,

81] proportional to the number of photons in the resonator ⟨â†â⟩. In some cases, this ac Stark

shift can serve as a tool and allow people to learn and manipulate the quantum state within the

resonator [81, 82, 83]. However, the ac Stark shift also causes unwanted qubit frequency fluctuations

due to thermal population of the resonator, which will cause qubit to lose its phase information.

To suppress this type of error, it is desirable to keep the temperature of the resonator as well as

the qubit low.

There are more factors than the ac Stark shift that can cause transmon qubits to undergo er-

rors such as uncontrolled degrees of freedom or coupling to the environment. In general, these errors

fall into one of two categorizes: relaxation (energy decay) and dephasing (phase randomization).

Relaxation error, or longitudinal error, involves the transition of a qubit from its excited

state |1⟩ to its ground state |0⟩ or vice versa, accompanied by the exchange of energy with the

environment. It can be modeled by a relaxation rate Γ1 = 1/T1 = Γ+ + Γ−, with T1 being the

relaxation time. Since the circuit-QED devices are mostly operated at ∼ 10mK as discussed in

section 2.1.1, we can derive from Boltzmann statistics that

Γ+

Γ−
= e

− ℏωq
kBT ≪ 1, (2.5.4)

which means we often only refer to the energy decay when reporting the transmon’s T1.

Several mechanisms contribute to relaxation in transmon qubits, including dielectric loss,

quasiparticle tunneling, the Purcell effect, and material defects. Dielectric loss originates from the

absorption of electromagnetic energy by insulating materials in the qubit structure, such as the

Josephson junction barrier or substrate interfaces. This loss is characterized by the dielectric loss

tangent tan δ, with the relaxation rate expressed as

Γdielectric
1 = ωq

∑
i

pi tan δi, (2.5.5)

where pi stands for the ratio of stored electromagnetic energy for each different material or surface

with corresponding loss tangent tan δi. Quasiparticle tunneling constitutes another relaxation path-
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way, in which non-equilibrium quasiparticles in the superconducting film dissipate energy as they

traverse the Josephson junction. The corresponding relaxation rate is proportional to the quasi-

particle density nqp, underscoring the importance of suppressing quasiparticle generation[84]. The

Purcell effect, a phenomenon intrinsic to circuit-QED systems, results from the emission of qubit

energy mediated by a coupled resonator. This can be understood by going back to Eq. (2.5.1) where

we derived the Jaynes–Cummings Hamiltonian for a qubit-resonator system. Due to the presence

of the coupling term, the ’bare’ qubit states got hybridized with the ’bare’ resonator states. We

can express the dressed state in terms of the bare states as |̃e, 0⟩ = |e, 0⟩+(g/∆) |g, 1⟩. Then if the

resonator loses energy to the environment it couples to, e.g. a semi-infinite transmission line, at a

rate κ, the dressed qubit state will decay accordingly at a rate of

ΓPurcell
1 =

(
g

∆

)2

κ. (2.5.6)

Finally, relaxation can also arise from material defects, particularly two-level systems (TLS) at

interfaces or within insulating materials [85, 86, 87].

Experimental determination of T1 typically involves time-domain measurements, such as ex-

citation and decay protocols, in which the qubit is initialized in the |1⟩ state and the population

decay is monitored as a function of time. Recent advances have extended T1 values for trans-

mon qubits to beyond 100 µs [88, 89, 90], though further improvements remain necessary for the

implementation of fault-tolerant quantum computing.

Dephasing error, or transversal error, refers to the loss of phase coherence and can be quan-

tified with a dephasing rate of Γ2 = 1/T1 = Γ1/2 + Γϕ. The first term accounts for loss of phase

information solely due to relaxation. The second term is the pure dephasing rate and arises pri-

marily from fluctuations in the qubit’s transition frequency.

We already discussed about how photon number fluctuation in the readout resonator can ac

Stark shift the qubit frequency and thus cause dephasing. The remaining causes that can dephase

a transmon include residual sensitivity to charge noise, low-frequency 1/f magnetic flux noise [91]

and interactions with TLS’s.
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(a) (b)

Figure 2.13: Effect of noise shown on the Bloch sphere. (a) Relaxation error can either flip |0⟩ to
|1⟩ or |1⟩ to |0⟩. (b) A superposition state will precess randomly on the equator due to dephasing
error. Adapted from [76].

The Bloch-Redfield formalism [92, 93, 94] is helpful in providing both quantitative and visual

insights into a qubit undergoing error processes. The density matrix ρ of a qubit prepared at

arbitrary pure state |ψ⟩ = α |0⟩+ β |1⟩ is

ρ = |ψ⟩ ⟨ψ| =
[
|α|2 αβ∗

α∗β |β|2

]
. (2.5.7)

The Bloch sphere is a geometric representation of a qubit’s state, where the state is depicted as a

point on or inside a unit sphere. The north and south poles represent the |0⟩ and |1⟩, respectively,

while points on the equator correspond to superpositions of these states with equal probabilities

but varying relative phases. In the presence of both relaxation and dephasing error, the density

matrix evolves in time such that [76]

ρ(t) =

[
1 + (|α|2 − 1)e−Γ1t αβ∗e−Γ2t

α∗βe−Γ2t |β|2e−Γ1t

]
. (2.5.8)

Fig. (2.13) shows how the qubit state are affected by the noise terms on the Bloch sphere.

2.6 Summary

In summary, this chapter has provided a detailed journey through the theoretical framework

underlying circuit-QED. Beginning with the classical LC oscillator and progressing to its quantum
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description via canonical quantization, we developed the tools necessary to analyze both isolated

and driven harmonic oscillators, as well as coupled oscillator systems. The treatment was extended

to distributed circuits through the modeling of finite and semi-infinite transmission lines, lead-

ing to the derivation of the quantum Langevin equation and the input–output formalism crucial

for understanding measurement and dissipation in these systems. Building on these foundations,

we introduced superconductivity and the Josephson effect as mechanisms to impart nonlinearity,

culminating in the design of the transmon qubit that overcomes charge noise challenges. Finally,

the chapter culminated with the Jaynes–Cummings Hamiltonian and its dispersive limit, offering

insight into the qubit–resonator interactions that are pivotal for readout and coherent quantum

control in superconducting quantum computing architectures.



Chapter 3

Experiment Setup

This chapter provides an overview of the experimental infrastructure where our experiments

take place. As mentioned in the previous chapter, the quantum phenomena we want to observe and

manipulate require non-ambient conditions. It takes effort to create the suitable environment, tailor

the signals to be seen by the device, route the signal to the device as well as pick up and analyze

the signals coming back from the device. By interweaving these elements, the chapter elucidates

how careful integration and engineering of cryogenic and ambient components collectively make the

experiments feasible.

3.1 Dilution Refrigerator

At the core of the setup is the dilution refrigerator, or “fridge”. Dilution refrigerators achieve

continuous cooling to temperatures in the millikelvin range by exploiting the unique thermody-

namic properties of helium-3 (3He)–helium-4 (4He) mixtures. Below approximately 870mK, the

mixture spontaneously phase-separates into a 3He-rich (concentrated) phase and a 3He-poor (di-

lute) phase—with the dilute phase retaining about 6.6% 3He even as T → 0K. The cooling effect

is generated in the mixing chamber, where 3He atoms continuously cross the phase boundary from

the concentrated phase into the dilute phase. This process is endothermic, meaning that it absorbs

heat from the environment, thereby lowering the temperature of the mixing chamber. The refrig-

erator’s operation relies on a closed-loop circulation of 3He, maintained by vacuum pumps at room

temperature and a series of highly efficient heat exchangers that pre-cool the incoming 3He to near
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the mixing chamber temperature. The overall cooling power of the refrigerator depends on both

the molar circulation rate of 3He and the temperature of the mixing chamber.

Key components of the dilution refrigerator include the mixing chamber (where phase sep-

aration and dilution occur), the still (which facilitates the removal of 3He from the dilute phase),

and multiple heat exchangers (which minimize the temperature difference between the circulating

helium streams). Modern designs often incorporate cryogen-free precooling via pulse tube coolers,

reducing operational complexity and reliance on liquid cryogens. Fig. (3.1) shows a peek into the

Bluefors XLD dilution refrigerator.

4K Flange

S�ll Flange

Mixing Chamber Flange

S�ll

HEMT Amplifier

Microwave Components

Cryoperm Shield with
Device inside

Heat Exchanger

Mixing Chamber

Output Coaxial Cables

Input Coaxial Cables

Figure 3.1: Inside of a dilution refrigerator. The different stages are separated by flanges at different
temperatures when the fridge operation is stable. Shields that block thermal radiation from stages
at higher temperature are removed. Devices are mounted to the bottom flange which is cooled
by the mixing chamber. The input and output wires have to thread through the stages, getting
thermalized along the way. The device is mounted to metal brackets in the silver Cryoperm shield.



39

3.2 Control and Measure the Qubit

An example of a circuit-QED experiment setup is shown in Fig. (3.2), which includes signal

synthesis, signal routing inside the fridge and signal acquisition and digital signal processing at

room temperature. This section aims to provide general discussions about the different parts of

this measurement system.
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3.2.1 Qubit Control Pulse with Single-sideband Modulation

Our anatomy of the measurement system will start with the room temperature electronics

shown in the top left corner of Fig. (3.2).

High-fidelity quantum control in superconducting circuits critically depends on the precise

generation of shaped microwave pulses. These pulses drive coherent transitions between qubit

states, implementing single- and multi-qubit gates. In the dispersive regime of circuit quantum

electrodynamics (cQED), the typical control paradigm involves addressing the transition between

the ground |g⟩ and first excited state |e⟩ of a transmon qubit. To achieve spectrally selective and

phase-programmable control while minimizing leakage to higher levels, shaped pulses are synthe-

sized via in-phase and quadrature (IQ) modulation of a local oscillator (LO) tone using arbitrary

waveform generators (AWG) and microwave mixers.

The backbone of qubit drive pulse generation is an IQ modulator (Polyphase AM4080A),

a four-port nonlinear device that modulates a continuous wave (CW) microwave LO with two

low-frequency analog signals: the in-phase component I(t) and the quadrature component Q(t).

These baseband waveforms are produced by an AWG (Raytheon BBN APS2), and encode both

the amplitude and phase of the desired drive envelope.

Assuming the LO provides a carrier at frequency ωd, the output at the IQ modulator RF

port is ideally given by:

V (t) = I(t) cos(ωdt)−Q(t) sin(ωdt). (3.2.1)

This expression can be equivalently recast in polar form as:

V (t) = A(t) cos[ωdt+ ϕ(t)], (3.2.2)

where the instantaneous amplitude and phase are:

A(t) =
√
I(t)2 +Q(t)2 (3.2.3)

ϕ(t) = arctan

[
Q(t)

I(t)

]
. (3.2.4)
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This formalism enables the implementation of arbitrary qubit rotation gates by modulating A(t)

and ϕ(t). For example, Gaussian or DRAG-shaped envelopes [95, 96, 97] can be applied to minimize

spectral leakage and leakage to non-computational states.

To minimize the impact of carrier leakage–residual LO power that appears even when I(t) =

Q(t) = 0–single-sideband (SSB) modulation is often employed. In this scheme, I(t) and Q(t) are

themselves modulated by an intermediate frequency (IF) tone at ωIF typically tens of MHz:

I(t) = AI(t) cos(ωIFt) (3.2.5)

Q(t) = AQ(t) sin(ωIFt). (3.2.6)

Substituting into the IQ modulator output yields:

V (t) =
AI(t) +AQ(t)

2
cos[(ωd + ωIF)t] +

AI(t)−AQ(t)

2
cos[(ωd − ωIF)t]. (3.2.7)

The result contains two spectral sidebands centered at ωd ± ωIF. By setting AI(t) = AQ(t), one

can suppress the lower sideband at ωd − ωIF, retaining only the upper sideband at ωd + ωIF. This

allows the effective qubit drive frequency to be set as ωq = ωd + ωIF, while the carrier tone at ωd

remains far detuned from the qubit. This significantly mitigates residual excitation and spurious

Stark shifts from LO leakage.

3.2.2 Heterodyne Measurement

As discussed in section 2.5, in the dispersive circuit-QED regime, qubit state can be readout

by measuring the frequency of the readout cavity that is coupled to the qubit. Such readout cavities

have typical frequencies ranging from 4GHz to 10GHz, where direct digitization of readout signals

is technically challenging due to the demand of high-speed analog-to-digital converters (ADCs).

Heterodyne detection addresses this by down-converting high-frequency signals to intermediate

frequencies (IF) compatible with commercially available ADCs.

In the setup shown in Fig. (3.2), we use a Keysight N5183M signal generator as the readout

RF to generate microwave signal near the readout cavity frequency fRO = 8.715GHz. A power
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combiner (Mini-Circuits ZX10-2-183-S+) divides the readout signal into two copies, one of which is

sent into the fridge while the other is reserved at room temperature as a reference signal. Another

Keysight N5183M signal generator takes on the role of a local oscillator (LO), generating microwave

signal at a frequency that is lower than fRO by an amount of fIF = 62.5MHz. The output signal

coming from the fridge will be filtered and amplified through several stages before being down-

converted with the LO signal at an IQ mixer. Then, the IF output from the mixer will carry the

information of the readout cavity at a frequency of 62.5MHz and can be acquired as a time trace

of the voltage V (t) by the digitizer (AlazarTech ATS9373).

(a) (b)

Figure 3.3: The measurement outcomes when qubit is at different states in a (a) noise-less case (b)
noisy case.

To extract the quadrature components VI and VQ from the signal, we first consider a noise-less

case where V (t) = A cos(ωIFt+ ϕ) = I cos(ωIFt)−Q sin(ωIFt) with

A =
√
I2 +Q2 (3.2.8)

ϕ = arctan

[
Q

I

]
. (3.2.9)
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Then the VI and VQ can be extracted by calculating the integrals

2

τ

∫ τ

0
V (t) cos(ωIFt) dt =

2

τ
VI

∫ τ

0
cos2(ωIFt) dt−

2

τ
VQ

∫ τ

0
cos(ωIFt) sin(ωIFt) dt

= VI when τ is integer multiples of TIF = 1/fIF (3.2.10)

−2

τ

∫ τ

0
V (t) sin(ωIFt) dt =

2

τ
VQ

∫ τ

0
sin2(ωIFt) dt−

2

τ
VI

∫ τ

0
cos(ωIFt) sin(ωIFt) dt

= VQ when τ is integer multiples of TIF = 1/fIF . (3.2.11)

If we plot (VI , VQ) on a plane, the readout cavity frequency shift due to qubit being at different

state will appear as a phase rotation shown in Fig. (3.3(a)).

However, in real experiments, system noise fluctuates both the amplitude A and the phase ϕ

of the acquired signal. As a result, when we build up statistics by repeating the same measurement

many times (i.e. single-shot measurement), the (VI , VQ) pair will fluctuate and form two bivariate

normal distributions on the IQ plane as shown in Fig. (3.3(b)). By drawing boundaries between

these two distributions using algorithms such as Gaussian Mixture Model (GMM) or Support Vector

Machine (SVM), we are able to distinguish the qubit state from each individual measurement

outcome.



Chapter 4

Experiment: A Universal Quantum Gate Set for Strongly Coupled Transmons

High-fidelity single- and two-qubit gates are essential building blocks for a fault-tolerant

quantum computer. While there has been much progress in suppressing single-qubit gate errors

in superconducting qubit systems, two-qubit gates still suffer from error rates that are orders of

magnitude higher. One limiting factor is the residual ZZ-interaction, which originates from a

coupling between computational states and higher-energy states. While this interaction is usually

viewed as a nuisance, here we experimentally demonstrate that it can be exploited to produce a

universal set of fast single- and two-qubit entangling gates in a coupled transmon qubit system. To

implement arbitrary single-qubit rotations, we design a new protocol called the two-axis gate that

is based on a three-part composite pulse. It rotates a single qubit independently of the state of the

other qubit despite the strong ZZ-coupling. We achieve single-qubit gate fidelities as high as 99.1%

(for |̃01⟩ ↔ |̃11⟩ transition) from randomized benchmarking measurements. We then demonstrate

both a CZ gate and a CNOT gate. Because the system has a strong ZZ-interaction, a CZ gate

can be achieved by letting the system freely evolve for a gate time tg = 53.8 ns. To design the

CNOT gate, we utilize an analytical microwave pulse shape based on the SWIPHT protocol for

realizing fast, low-leakage gates. We obtain fidelities of 94.6% and 97.8% for the CNOT and CZ

gates respectively from quantum progress tomography.

The content of this chapter is based on the following work:

• Junling Long et al. A Universal Quantum Gate Set for Transmon Qubits with

Strong ZZ Interactions. Mar. 2021. doi: 10.48550/arXiv.2103.12305. arXiv:

https://doi.org/10.48550/arXiv.2103.12305
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2103.12305 [quant-ph]

4.1 Introduction

Superconducting qubits hold promise as the main building blocks of a future fault-tolerant

quantum computer [99, 100, 39]. In recent years, advances in both coherence times [29] and quantum

gate fidelities [101, 102, 103], together with the inherent scalability of superconducting circuit

architectures, have enabled demonstrations of superconducting quantum computers comprised of

tens of qubits [104, 31, 105]. While single-qubit gate errors are routinely on the order of 0.01% [95,

106, 107], two-qubit gates across different qubit architectures have exhibited higher error rates,

ranging from 0.1% up to the few-percent level [29, 108, 101, 109, 99, 102, 110, 111, 112, 113]. Thus,

two-qubit gates remain a bottleneck in the performance of existing devices.

One significant source of two-qubit gate errors is the residual ZZ interaction between coupled

qubits [102]. The ZZ interaction, also known as ZZ coupling or crosstalk, originates from a mixing

between computational states and higher-energy states of the coupled qubits. It shifts the resonance

frequency of one qubit conditionally on the state of another qubit. As a result, spurious phases are

accumulated during gates, reducing fidelities. Some efforts have been devoted to suppressing the

ZZ coupling using tunable couplers [114, 115] or hybrid superconducting qubits [116].

With the recent progress in tunable couplers [114, 115, 112], new opportunities open up for

scalable architectures. In this context, it has been realized and demonstrated that the ZZ interaction

can in fact be exploited for the implementation of a maximally entangling CZ gate [112]. This

approach is very promising for scalability, as the qubits can be brought into the strong ZZ coupling

regime to generate fast gates, while in the idling regime crosstalk is suppressed. Since tuning can

be costly in terms of time and possibly coherence, it would be beneficial for the performance of the

device to maximize the use of this strongly coupled regime by developing additional quantum gates

that can be implemented within it. For example, a CNOT gate, despite being locally equivalent

to a CZ, can be directly implemented using microwave fields [117, 118], eliminating the need for

additional single-qubit rotations. The development of a broader toolset of gates applicable in the

https://arxiv.org/abs/2103.12305
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nonzero ZZ coupling regime is also important for cases where this coupling cannot be completely

switched off, which is the generic situation in superconducting circuits.

In this work, we develop and demonstrate a universal set of fast gates that operate in the

regime of strong ZZ interactions between capacitively coupled superconducting transmon qubits. To

implement arbitrary single-qubit gates in this regime, we introduce a family of three-part composite

pulses that effectively freeze the ZZ coupling so that one qubit is rotated independently of the state

of another. We call these two-axis gates (TAGs). Randomized benchmarking is performed on each

qubit to characterize the TAG fidelity, which we find to be 99.1%. We also demonstrate two types

of maximally entangling gates: CZ and CNOT. The CZ gate is implemented via free evolution

under the ZZ interaction, yielding a gate time of 53.8 ns. For the CNOT gate, we employ the

SWIPHT protocol [117, 118, 119], which amounts to cleverly designing the pulse such that it acts

on two transitions (the target and the nearest competing transition) in such a way that the net

effect is the implementation of the target gate. This allows for a much faster gate compared to

resolving the transitions. We create a maximally entangled state with the CNOT gate and obtain

a fidelity of 98.2%, confirmed using quantum state tomography. Finally, we characterize the CZ

and CNOT gates using quantum process tomography. The measured average gate fidelity is about

94.6% (97.8%) for the CNOT (CZ) gate.

This chapter is organized as follows. In section 4.2, we provide details about the transmon

device and the effective ZZ Hamiltonian. Section 4.3 presents our two-axis gate designs for im-

plementing arbitrary single-qubit rotations in the strong ZZ coupling regime. In section 4.4, we

describe how we implement our CZ and CNOT gates, including a review of the SWIPHT protocol

we use for the latter. Our randomized benchmarking measurements for the two-axis gates are

presented in section 4.5, while our quantum state tomography and process tomography results for

our two-qubit entangling gates are shown in section 4.6 and section 4.7, respectively. We conclude

in section 4.8.
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4.2 Device

The sample chip is shown in Fig. (4.1) (a) and (b), where optical images of the full device and

a zoomed-in view of the two qubits (red and blue) are shown, respectively. The device consists of two

floating transmon qubits [28] capacitively coupled to each other. Each transmon qubit is coupled

to a coplanar waveguide readout resonator. The two readout resonators are coupled to the feedline

in a hanger-style. Readout and control signals are all sent through the feedline. The capacitive

components of each transmon are comprised of two identical rectangular pads [red (blue) for the

first (second) qubit, as shown in Fig. (4.1)(b). Each pair of pads is connected by an Al/AlOx/Al

Josephson junction that is fabricated with an overlap technique [120]. The full chip (except for the

Josephson junctions) is made of 100 nm thick Niobium superconducting films. In this particular

device, the two transmon qubits have frequencies of ω1/2π = 5.075GHz and ω2/2π = 5.310GHz,

and anharmonicities of α1/2π = −260MHz and α2/2π = −340MHz. The relaxation and coherence

times of the two qubits are measured to be T
(1)
1 = 76.98 µs, T ∗(1)

2 = 50.65 µs, T (2)
1 = 79.71 µs, and

T
∗(2)
2 = 17.09 µs. The equivalent grounded circuit model of the two capacitively coupled transmon

qubits is shown in Fig. (4.1)(c). The Gaussian elimination method described in Ref. [121] was

applied to convert the full floating circuit model to this simplified grounded circuit model. Note

that the circuit of the readout resonators is not shown.

The level diagram of the device is shown in Fig. (4.1)(d). Two-qubit states are labeled as

|mn⟩, wherem and n in the ket represent themth state of the first qubit and nth state of the second

qubit, respectively. The gray dashed lines in Fig. (4.1)(d) are the uncoupled two-qubit states, while

the solid lines are the dressed two-qubit states with the always-on capacitive coupling. We only

retain states involving up to two total excitations. The coupling between the |10⟩ and |01⟩ states is

given by g1. This coupling causes the two states to repel each other. As a result, the dressed qubit

frequency shifts down (up) compared to the uncoupled qubit frequency of the first (second) qubit.

The couplings in the two-excitation manifold are between the |20⟩ ↔ |11⟩, and |11⟩ ↔ |02⟩

states, with the same strength, g2 ≈
√
2g1. As a result of the two couplings, the dressed energy
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Figure 4.1: (a) Optical micrograph of the full chip including qubits, readout resonators, test Joseph-
son junctions, and test resonators. (b) Zoomed-in view of the two floating qubits used in this
experiment. Each qubit consists of two identical pads (red for the left qubit and blue for the right
qubit) and a Josephson junction connecting the two pads. Each qubit is coupled to its own readout
resonator (green). (c) Grounded circuit model of the capacitively coupled device. See Ref. [121]
for how to obtain the equivalent grounded circuit model of floating qubits. (d) Energy level di-
agram of the two-qubit system. Gray dashed lines are uncoupled two-qubit energy levels. Solid
lines represent the diagonalized energy levels of the two-qubit system with the coupling on. The
red bidirectional curved arrows denote the swapping couplings between excitation-preserved states,
and the coupling strengths are given by g1 and g2. gz denotes the shift of |11⟩ due to the couplings.

level |̃11⟩ is shifted up from the uncoupled |11⟩ state. This makes the frequencies of the transitions

|̃01⟩ ↔ |̃11⟩ and |̃10⟩ ↔ |̃11⟩ higher than those of |̃00⟩ ↔ |̃10⟩ and |̃00⟩ ↔ |̃01⟩, respectively, i.e.,

this is a state-dependent shift in qubit frequencies. In the computational subspace, defined by the

dressed qubit states |̃00⟩, |̃01⟩, |̃10⟩, and |̃11⟩, the two-qubit system is described by the following

Hamiltonian,

Hq/ℏ =

(
ω1 +

gz
2

)
σ
(1)
z

2
+

(
ω2 +

gz
2

)
σ
(2)
z

2
+ gz

σ
(1)
z

2

σ
(2)
z

2
, (4.2.1)

where σ
(i)
z = (|̃1⟩⟨̃1| − |̃0⟩⟨̃0|) is the atomic inversion operator for the ith qubit; ω1 (ω2) is the

frequency of the first (second) qubit while the other qubit is in its ground state, i.e., it is the

transition frequency of |̃00⟩ ↔ |̃10⟩ ( |̃00⟩ ↔ |̃01⟩); gz is the effective coupling strength determined by

the amount of the up-shift of state |̃11⟩. We obtain a value of gz/2π = 9.29 MHz from spectroscopy

measurements. As shown in Eq. (4.2.1), the coupling between the two qubits in the computational

subspace (dressed basis) is ZZ, but it originates from the transverse XX coupling between level |11⟩

and the higher levels |20⟩ and |02⟩.
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Measured transition frequencies of the device:

Qubit Transition Frequency(GHz)

|̃00⟩ ↔ |̃10⟩ 5.075

|̃00⟩ ↔ |̃01⟩ 5.310

|̃01⟩ ↔ |̃11⟩ 5.084

|̃10⟩ ↔ |̃11⟩ 5.319

|̃10⟩ ↔ |̃20⟩ 4.815

|̃10⟩ ↔ |̃02⟩ 4.969

Table 4.1: Spectrum of the two-qubit system.

Average coherence times measured for each qubit:

T1(µs) T ∗
2 (µs)

Q1 76.98 50.65

Q2 79.71 17.09

Table 4.2: Relaxation and Ramsey times of the qubits.

4.3 Arbitrary single-qubit rotations

Performing arbitrary single-qubit rotations is not a trivial task in a two-qubit system with

strong ZZ coupling because the frequency of one qubit is conditional on the state of the other

qubit. Here, we design a new type of single-qubit gate, called the two-axis gate (TAG), that

unconditionally drives arbitrary single-qubit rotations in this ZZ-coupled, two-qubit system.

To explain how TAGs work, we take a Xπ/2 rotation on the first qubit as an example. As

shown in Fig. (4.2)(a), TAGs are implemented with three-part composite pulses. Note that the

TAG protocol can be implemented using any pulse shapes for each of the three pieces. Here, we

use square pulses in our experiments to facilitate pulse tune up. The first and third pulses (red)

are identical, and we refer to them as Bloch sphere rotation (BR) pulses. The second pulse (blue)
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is called the qubit rotation (QR) pulse. For our Xπ/2 rotation example, the center frequency of the

TAG drive is set to be on resonance with the |̃00⟩ ↔ |̃10⟩ transition. In the frame rotating at this

frequency, the rotation axes for the three pulses of the TAG are all along the x-axis, as shown in

Fig. (4.2)(b). The pulse strengths and durations are chosen such that all three pulses combine to

rotate the state vector around the x-axis by π/2 and drive the original state |̃00⟩ to the final state

|−y⟩ = (|̃00⟩ − i|̃10⟩)/
√
2.

Since the center frequency is detuned from the |̃01⟩ ↔ |̃11⟩ transition by gz as described by

Eq. (4.2.1), the rotation axes of the BR and QR are both tilted from the x-axis in the xz plane by

ϕBR and ϕQR, respectively, as shown in Fig. (4.2)(c). The BR pulses can be treated as a rotation of

the Bloch sphere around the blue axis in the opposite direction. This is the reason why we call it a

Bloch sphere rotation. When the first BR pulse is applied, we require it to rotate the Bloch sphere

such that the x-axis after the rotation coincides with the QR axis, i.e., the blue axis in Fig. (4.2)(c).

To achieve this, two conditions need to be satisfied. First, the red axis needs to be the bisector of

the angle formed between the blue- and x-axis, i.e., ϕQR = 2ϕBR. Second, the rotation angle of

the BR pulse needs to be π or −π. In the rotated Bloch sphere, since the QR (blue) axis is on the

x-axis, we can perform a rotation around the x-axis by π/2. After the QR pulse, we apply the BR

pulse again to rotate the Bloch sphere around the BR (red) axis by another π angle to get back to

the original Bloch sphere. Treating a BR pulse as a rotation of the Bloch sphere is a good way to

understand the TAG. If we treat all the pulses in the TAG as rotations of a state vector, we can

see the trajectories on both Bloch spheres. This is shown in Fig. (4.2)(c). When the first BR pulse

is applied, the rotated state vector becomes perpendicular to the blue axis. Then, the QR pulse is

applied to rotate the state vector by Θ = π/2. Finally, the BR pulse is applied again to bring the

state to |−y⟩.

Similarly, we can design TAGs that rotate the state of one qubit around the x-axis by other

arbitrary angles. To perform a y-rotation with the TAG, one can just add a 90◦ global phase shift

to the TAG. Arbitrary rotations can be performed by combinations of x and y-rotations.
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Figure 4.2: (a) A square shaped two-axis gate that implements a X(π/2) on the first qubit. (b)

and (c) show the trajectories of the state vector for the |̃00⟩ ↔ |̃10⟩ and |̃01⟩ ↔ |̃11⟩ transitions,

respectively. In (b) and (c) the initial state is |̃00⟩, as denoted by the dark green arrow, while the

final state is |−y⟩ = (|̃00⟩ − i|̃10⟩)/
√
2, which is denoted by the light green arrow. The red (blue)

dots in (a) and (c) denote the trajectories corresponding to the BR (QR) pulses.

4.4 Two-qubit entangling gates

In this section, we describe how we realize two different two-qubit entangling gates, a CZ

gate and a generalized CNOT gate, on our device.

4.4.1 A controlled-Z gate by free evolution

With the ZZ coupling, free evolution of the system is, in fact, a controlled-phase gate. By

transforming the Hamiltonian in Eq. (4.2.1) to the rotating frame of ω1 and ω2 for the first and

second qubit, respectively, and adding a constant energy shift gz/4, one obtains

Hrot
q /ℏ = gz |̃11⟩⟨̃11|. (4.4.1)

Note that we used the fact that σ
(i)
z is defined in the dressed two-qubit basis to obtain this result.

Also note that adding a constant energy shift to the Hamiltonian only produces a global phase; it
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does not change the dynamics of the two qubits. The time evolution operator of this Hamiltonian

above is given by

U(t) = e−iHrot
q t/ℏ = e−igzt|̃11⟩⟨̃11|

=


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 e−igzt

 . (4.4.2)

This is a standard controlled-phase gate with the phase given by −gzt. To realize a CZ gate, we

can just let the system evolve for time t = π
gz
, in which case the evolution operator becomes

UCZ = U

(
π

gz

)
=


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1

 . (4.4.3)

The CZ gate time is given by π
gz

= 53.8 ns. We analyze the performance of this gate using quantum

process tomography in section 4.7. We note that a similar CZ gate based on free evolution in the

strong ZZ coupling regime, achieved via a tunable coupler, was recently demonstrated [112].

4.4.2 A generalized controlled-NOT gate based on the SWIPHT protocol

In addition to the free-evolution CZ gate, it is also possible to implement a CNOT gate in

the strong ZZ coupling regime using a shaped microwave pulse. A protocol known as SWIPHT

(speeding up wave forms by inducing phases to harmful transitions), provides a general framework

for designing fast, high-fidelity two-qubit entangling gates [117, 118, 119]. The SWIPHT proto-

col is based on reverse-engineering analytical pulse shapes that implement two-qubit entangling

gates [122]. SWIPHT was first demonstrated experimentally for a two-transmon system in the

weak ZZ coupling regime [123]. The SWIPHT protocol was originally proposed for two transmon

qubits coupled with a bus resonator, but it applies to any two-qubit system with ZZ coupling in

the dressed qubit basis. Here, we employ SWIPHT to implement a generalized CNOT gate for our

two-qubit system.

Fig. (4.3)(a) shows the energy levels in the computational subspace of the two-qubit system.

A CNOT gate can be viewed as effectively swapping the |̃00⟩ and |̃01⟩ states while leaving the other
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logical states alone. A natural way to implement this is to apply a resonant microwave drive to

perform a π rotation on the target transition |̃00⟩ ↔ |̃01⟩. However, there exists a nearby harmful

transition |̃10⟩ ↔ |̃11⟩ [red in Fig. (4.3)(a)] that is detuned from the target transition by gz, so it

would be driven off-resonantly. As a result, one would have to make the gate time much longer than

2π/gz to selectively drive the target transition. This is not optimal, given the limited coherence

times of the qubits. Instead of attempting to avoid the harmful transition, the SWIPHT CNOT

gate is designed to purposely drive it through a trivial cyclic evolution while driving a π rotation

on the target transition. This is shown in Fig. (4.3)(b). A cyclic evolution on a two-level system

can be described by a Z rotation, e−iφσ
(2)
z /2, where φ is the phase accumulated during the cyclic

evolution. We can express the SWIPHT CNOT gate in the dressed two-qubit basis as

UCNOT = |̃0⟩⟨̃0| ⊗ e−iπσ
(2)
x /2 + |̃1⟩⟨̃1| ⊗ e−iφσ

(2)
z /2

=


0 −i 0 0

−i 0 0 0

0 0 e−iφ
2 0

0 0 0 ei
φ
2

 . (4.4.4)

Figure 4.3: (a) The computational subspace of the two transmon qubit system with strong ZZ

coupling. The frequency of the target transition (green) |̃00⟩ ↔ |̃01⟩ is ω2. The harmful transition

(red) |̃10⟩ ↔ |̃11⟩ is detuned from the target transition by gz. (b) The SWIPHT pulse (see Fig. (4.4))
is on resonance with the target transition and induces a π rotation around the x-axis in the two-level
target subspace. At the same time, the harmful transition is off-resonantly driven by the SWIPHT
pulse and undergoes cyclic evolution, acquiring trivial phases.

Compared to a standard CNOT gate, the SWIPHT CNOT gate described above has some

extra phases, which is why we refer to it as a generalized CNOT gate [117]. This generalized CNOT
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gate is maximally entangling and is related to the standard CNOT by single-qubit Z rotations and

a global phase.

According to the SWIPHT protocol [117], analytical pulse shapes that implement the oper-

ation given in Eq. (4.4.4) can be generated from the formula

Ω(t) =
χ̈√

g2z
4 − χ̇2

− 2

√
g2z
4

− χ̇2 cot (2χ). (4.4.5)

Any real function χ(t) obeying the constraint |χ̇| ≤ gz/2 and the boundary conditions χ(0) =

χ(tg) = π/4, χ̇(0) = χ̇(tg) = 0, where tg is the gate time, produces a pulse wave form Ω(t) that

performs a generalized CNOT. One may notice a factor of two difference from the original expression

in Ref. [117]. This is due to different definitions of the Rabi strength. Here, we choose χ(t) as in

Ref. [117]:

χ(t) = A

(
t

tg

)4(
1− t

tg

)4

+
π

4
, (4.4.6)

where A and tg are given by

tg =
5.87

gz
, A = 138.9. (4.4.7)

Given gz = 9.29MHz the resulted gate time is tg = 100.6 ns. The pulse shape of the SWIPHT

gate is plotted in Fig. (4.4). The performance of our CNOT gate is evaluated in section 4.6 and

section 4.7 through quantum state and process tomography.

Figure 4.4: Pulse shape that implements the SWIPHT CNOT gate. The gate time is about 100.6 ns.
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4.5 Randomized Benchmarking of the two-axis, single-qubit gate

To characterize the TAG, we perform the randomized benchmarking (RB) protocol described

in Ref. [124] with assumption that errors are gate independent. The RB experiment starts with

the qubit initialized in the ground state. Various π/2 gates and π gates are randomly chosen and

concatenated together to form a sequence. A comparison of the measured result of these operations

with what would be expected from an ideal system can then be used to evaluate performance.

The π/2 gates are Clifford group generators e±iσuπ/4, with u = x, y. The π gates are chosen

from e±iσbπ/2 with b = 0, x, y, z, where we have defined σ0 to be the identity operator. The RB

sequence is truncated at different numbers of π/2 − π gate pairs and applied to the qubit. Each

truncation is followed by a π/2 or π gate to always bring the qubit to a certain eigenstate of σz.

For convenience, we typically use the ground state in our experiments. Then, the probability of

the ground state, alternatively referred to as the sequence fidelity, is measured for each truncation

of the RB sequence. The above process is repeated for many different RB sequences. Finally, the

sequence fidelity F is averaged over all of the sequences, thereby becoming a function of only the

truncation, which is quantified by the number of π/2 gates. F decays exponentially, and the decay

rate is determined by the average gate infidelity [124].

Since the TAG is designed to address two transitions for each qubit (one where the other

qubit is in the ground state, and one where it is in the excited state), we run the RB experiment

on each transition separately for each qubit. This measures the average fidelity of the TAG as

it acts on the corresponding transition. For each RB experiment, we choose 5 random π/2 gate

sequences and 8 random π gate sequences, yielding a total of 40 different RB sequences. Each

sequence is truncated at every other pair of π and π/2 gates. For each truncation, 1000 copies

are measured to obtain the sequence fidelity F . The experimental results are plotted in Fig. (4.5)

for all four transitions of the two qubits. The average gate fidelities of the TAG are 97.7(5)%,

99.1(1)%, 96.9(7)%, and 98.3(3)% for the transitions |̃00⟩ ↔ |̃10⟩, |̃01⟩ ↔ |̃11⟩, |̃00⟩ ↔ |̃01⟩, and

|̃10⟩ ↔ |̃11⟩, respectively. Since each TAG has to be calibrated simultaneously for two transitions
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Figure 4.5: Randomized benchmarking of the two-axis, single-qubit gate. Average sequency fidelity

vs. the number of Cliffords/π
2 gates for the transition |̃00⟩ ↔ |̃10⟩ (red circle), |̃01⟩ ↔ |̃11⟩ (green

diamond), |̃00⟩ ↔ |̃01⟩ (blue square), and |̃10⟩ ↔ |̃11⟩ (cyan triangle). Solid curves are the expo-
nential fittings to the data to extract an average gate fidelity for each transition.

of a qubit, we believe there are some coherence errors in the TAGs due to imperfect calibration.

The gate fidelities of the two transitions of the second qubit are lower than those of the first qubit.

This is consistent with the fact that T ∗
2 of the second qubit is only half that of the first qubit.

4.6 Quantum State Tomography of a Maximally Entangled State

The core functionality of two-qubit gates is to entangle two qubits. We first verify this

functionality by preparing a maximally entangled state and performing quantum state tomography

on it. Since the CNOT gate is more straightforward in terms of generating entangled states, we

present experimental results of an entangled state generated with the SWIPHT CNOT gate.

As shown in Fig. (4.6)(a), the experiment starts from a π/2 rotation around the y-axis of

the first qubit, which is the control qubit. This prepares the system in the state 1√
2
(|0⟩ + |1⟩) |0⟩.

We then apply the SWIPHT CNOT gate, which brings the system to a maximally entangled state

|ψ⟩ = 1√
2
(e−iφ

2 |10⟩−i |01⟩). The extra phase φ/2 on |10⟩ is due to the fact that the SWIPHT CNOT

is a generalized CNOT gate. Finally, tomography rotations are applied, followed by projective

measurements on both qubits. Each run consists of N = 1000 measurements in order to obtain
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Figure 4.6: Results of quantum state tomography on a maximally entangled state prepared with
the SWIPHT CNOT gate. (a) Pulse sequence for the quantum state tomography experiment (not
to scale). (b) and (c) are the real and imaginary parts of the reconstructed density matrix. (d)
The vector representation of the state in the Pauli basis. The light blue bars are the single-qubit
components, and the red bars are the two-qubit components. The outlined bars represent the ideal
entangled state 1√

2
(e−iφ

2 |10⟩ − i |01⟩). By comparing to the ideal entangled state, we obtained an

experimental fidelity of 98.2%.

good statistics on the final state populations. Noise and imperfections during the experiment

can lead to an unphysical density matrix. To remedy this, a maximum likelihood estimation is
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applied to search for a physical density matrix such that the predicted probability of obtaining

the observed data with the physical density matrix is maximized [125]. In addition, a wide-band,

quantum limited Josephson parametric amplifier was used that allowed us to read out both qubits

at the same time.

The real and imaginary parts of the reconstructed density matrix are shown in Fig. (4.6)(b)

and (c), respectively. As we can see, the largest contributions are all within the |10⟩, |01⟩ subspace,

as expected. To compare to the ideal entangled state, the vector representation in the Pauli basis

of the entangled state is shown in Fig. (4.6)(d). A fidelity of 98.2 % is obtained using F = ⟨ρ|ψ⟩,

where |ψ⟩ and ρ are the ideal entangled state and the reconstructed density matrix from experiment,

respectively.

4.7 Quantum Process Tomography of Two-Qubit Gates

Finally, we perform a full characterization of our two-qubit entangling gates using quantum

process tomography. The process tomography starts from single-qubit rotations implemented with

TAGs on both qubits to prepare the system. There are 36 different possible initial states for the

two qubits: {|±x⟩ , |±y⟩ , |±z⟩}⊗2. A separate run for each initial state is conducted. In each run,

a two-qubit entangling gate is applied after the initial state is prepared. For the SWIPHT CNOT

gate, the gate time is about 100.6 ns. However, to remove a residual conditional phase due to the ZZ

interaction, right after the SWIPHT gate we let the system idle (evolve freely) for a time such that

the sum of the SWIPHT gate time and the idle time is equal to a full period of the ZZ interaction,

2π/gz. For the free-evolution CZ gate, no entangling microwave pulse is applied, and the system

instead undergoes free evolution for 53.8 ns. Subsequently, tomography rotations and projective

measurements are performed on both qubits. Each run consists of N = 1000 measurements in order

to obtain good statistics on the final state populations. We apply a maximum likelihood estimation

method to reconstruct the Pauli transfer matrix R for the process.

The experimental Pauli transfer matrices, Rexp
CNOT for the SWIPHT CNOT gate and Rexp

CZ

for the free-evolution CZ gate, are shown in Fig. (4.8)(a) and (d), respectively. Fig. (4.8)(c) and
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Figure 4.7: Pulse sequence for the quantum process tomography experiment (not to scale).

(f) illustrate the ideal R matrices, Rideal
CNOT and Rideal

CNOT, for the SWIPHT CNOT and CZ gate,

respectively. The average gate fidelity in each case is computed by comparing Rexp to Rideal,

Fave =
Tr[(Rexp)TRideal]/4 + 1

5
. (4.7.1)

For the SWIPHT CNOT (CZ), we obtain an average gate fidelity of 94.6% (97.8%). To understand

how much the decoherence contributes to the infidelity of the gates, we performed master equation

simulations for both the SWIPHT CNOT and CZ gates with state preparation rotations also

included, incorporating decoherence at levels consistent with our measured T1 and T ∗
2 times. We

then run the quantum process tomography on the simulated data to extract the simulated R

matrices, shown in Fig. (4.8)(b) and (e) for the SWIPHT CNOT and CZ gates, respectively. The

average gate fidelities from the master equation simulations are 98.92% for the SWIPHT CNOT

gate and 99.25% for the CZ gate. In another simulation, perfect state preparation is assumed. The

outcome gate fidelities are 99.4% for the SWIPHT CNOT gate and 99.7% for the CZ gate. This

indicates that the SPAM errors [126] contributes about 0.5% to the infidelity.

The experiments report about 4% lower fidelities compared to the simulations. We attribute

this difference to coherent errors [127] and leakage errors [113]. Note that our master equation

simulation only includes the computational subspace and therefore does not capture leakage errors.

Purity of the SWIPHT CNOT Pauli transfer matrix is measured to be 95.54%, which indicates

the presence of leakage errors. Extra nonzero terms in Fig. (4.8)(a) and (d) compared to the
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Figure 4.8: (a)-(c) [(d)-(f)] are the experimental, simulated, ideal Pauli transfer matrices for the
SWIPHT CNOT gate [free evolution CZ gate]. Note that (e) and (f) are different although no
significant difference can be noticed under this color scale.

simulation results in Fig. (4.8)(b) and (e) indicates that there are indeed coherent errors. On the

other hand, the maximally entangled state in the quantum state tomography described in the last

section reports a fidelity of 98.2%, which is close to the decoherence limit from the master equation

simulation. This means that other states in the quantum process tomography would have fidelities

lower than the average gate fidelity. The varying state fidelities of different states in the quantum

process tomography also indicates that there are coherent errors in the experiment.

4.8 Summary

In this chapter, we experimentally demonstrated a universal quantum gate set for the regime

of strong ZZ coupling between superconducting transmon qubits. We introduced the concept of

two-axis gates to implement arbitrary single-qubit rotations in this regime, and we tested their
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performance in a two-qubit system using randomized benchmarking. The average gate fidelity

was found to be about 99% for the first qubit and 98%for the second qubit. In addition, we

demonstrated two types of two-qubit entangling gates: a SWIPHT CNOT gate implemented with

a shaped microwave pulse and a CZ gate based on free evolution under the ZZ interaction. The

SWIPHT CNOT was found to produce a maximally entangled state with a measured fidelity

of 98.2% from quantum state tomography. We further characterized the performance of both the

SWIPHT CNOT and the free-evolution CZ gates using quantum process tomography. We obtained

average gate fidelities of 94.6% and 97.8% for the SWIPHT CNOT and the CZ, respectively.

We presented evidence that the infidelities are likely due to coherent, SPAM, and leakage errors.

Advanced pulse shaping techniques [95] and calibration improvements would likely reduce these

errors significantly. The universal gate set demonstrated here offers additional control flexibility

that can help to optimize the use of tunable couplers and to mitigate the adverse effects of residual

ZZ interactions in superconducting qubit processors.



Chapter 5

Experiment: A dual-rail qubit with parametrically coupled transmons

5.1 Introduction

Quantum error correction (QEC) represents a foundational pillar in the pursuit of fault-

tolerant quantum computing, enabling the suppression of logical error rates below practical thresh-

olds through the synergistic integration of redundancy, error detection, and active correction proto-

cols [38]. Over the past decade, significant strides have been made in reducing physical error rates

across leading quantum platforms, including superconducting circuits [101], trapped ions [128],

and photonic systems [129]. These advancements have brought surface code implementations and

other topological QEC schemes closer to realizability [130]. Nevertheless, the stringent resource

overheads associated with traditional QEC necessitate further suppression of physical error rates–

particularly for measurement, single-qubit gates, and two-qubit entangling operations–to enhance

the scalability of quantum processors and extend the utility of noisy intermediate-scale quantum

(NISQ) devices [30].

A promising strategy to alleviate these challenges involves tailoring QEC protocols to exploit

the intrinsic noise biases of specific physical systems. For instance, bosonic codes, such as the

Kerr-cat qubit, leverage the nonlinear dynamics of superconducting cavities to bias errors toward

detectable photon loss events, thereby relaxing the threshold requirements for fault tolerance [47,

131]. Similarly, the emerging paradigm of erasure qubits capitalizes on the asymmetry between

amplitude damping (T1) and dephasing (T2) errors, which are ubiquitous in solid-state and atomic

systems [132, 133]. By encoding logical qubits in subspaces where leakage out of the computa-



63

tional basis—termed erasure errors—dominates over stochastic Pauli errors, these protocols enable

near-deterministic identification of error locations through syndrome extraction. This intrinsic

detectability substantially elevates the tolerable physical error rates for QEC, as demonstrated

theoretically in concatenated code architectures [134]. Recent experimental realizations in neutral

atoms [135], superconducting cavities [136], and statically coupled transmons [137] have validated

the feasibility of erasure conversion, highlighting its potential to streamline fault-tolerant quantum

computing.

In this chapter, we demonstrate a superconducting erasure qubit encoded in a dual-rail man-

ner within the single-excitation manifold of two parametrically coupled transmons. We show that

single-photon loss errors of the transmons are converted to detectable erasure errors and can be

corrected with high fidelity. We also show that with careful engineering of device parameters,

coherence of the dual-rail qubit can largely surpass the underlying physical qubits. Finally, we

demonstrate continuous mid-circuit erasure detection during dual-rail qubit operations by doing

parity readout, and show that this detection ability can further prolong the dual-rail qubit life time.

5.2 Device

Our device consists of two transmons and one common readout cavity as shown in Fig. (5.1).

The transmons are coupled through a two-junction SQUID. The readout cavity allows for joint

readout of the transmon states. The dc-SQUID loop serves as the only tuning element on the chip.

By varying the flux through the SQUID, we can tune the frequencies of both transmons as well as

the cavity simultaneously.

The sample was fabricated by Dr. Katarina Cicak at NIST Boulder Microfabrication Facility

on 76mm sapphire wafers. 100 nm-thick sputtered niobium film served as the main wiring layer,

patterned by a fluorine-based reactive ion dry gas etch. Josephson junctions were then formed using

the established Dolan bridge technique, involving a double-angle (±14.3◦) aluminum evaporation

onto a bi-layer resist stack of MMA/PMMA (550 nm/240 nm). Between the two aluminum deposi-

tions, the first layer (35 nm) was oxidized at 100 mTorr for 300 seconds to create the tunnel barrier,
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followed by deposition of the second aluminum layer (75 nm). This overlap defined the Josephson

junctions, where qubit junctions were approximately 100 nm× 120 nm and SQUID junctions were

about 1.8µm × 0.1µm. All depositions were carried out in a custom chamber equipped with a

load-lock and computer-controlled oxidation to ensure consistent junction current densities. To

electrically connect the Josephson junctions to the niobium wiring, an aluminum patch layer was

e-beam evaporated in the same chamber and then lifted off. Before this final aluminum deposition,

an ion mill cleaning step (beam = 300V, accelerator = 950V, filament = 3.47A) for 30 seconds

was performed to ensure a robust, superconducting interface between the various metal layers.

(a)

Cavity

Q1 Q2

(b)

Figure 5.1: A flux and parametrically tunable two-qubit system. (a) Optical micrograph of the two-
qubit system. (b) Circuit diagram of the device. The two transmons, Q1 (blue) and Q2 (red), are
joined by a DC SQUID (black) and can be jointly readout through the cavity (green). The stray
capacitance between the transmons (orange) gives rise to capacitive (negative linear transverse)
coupling and is canceled by the inductive (positive linear transverse) coupling from the shared
currents in the DC SQUID at a particular “cancellation” flux. Residual (nonlinear) inter-transmon
ZZ coupling can be further suppressed to near zero by parametrically modulating the SQUID off-
resonant from the difference frequency of the two transmons.

The dual-rail qubit is defined in the single-excitation manifold of the two-transmon compu-

tational space, where |0L⟩ = |10⟩ and |1L⟩ = |01⟩. With this encoding scheme, bit-flip errors of
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the underlying transmons caused by single-photon loss or excitation are converted to detectable

erasure errors of the dual-rail qubit.

Parametric
Drive

Logical Subspace

Figure 5.2: Energy levels of the two-transmon system. Logical ground and excited states are en-
coded in the single-excitation manifold. The dual-rail qubit transition can be driven by modulating
the SQUID parametrically at the difference frequency ω|10⟩ − ω|01⟩.

The design of our device provides the dual-rail qubit with additional protection against

dephasing. The dual-rail qubit transition frequency ωL is determined by the transmon frequency

difference ωL = ω|01⟩ − ω|10⟩. As can be seen from Fig. (5.3), even though the transmons are

susceptible to flux noise when a nonzero static flux bias is applied to the SQUID, there exists a

sweet spot at ϕs = Φs/Φ0 ≈ 0.39 where dω1/dΦ ≈ dω2/dΦ. At this sweet spot, the first derivative

of the dual-rail qubit frequency dωL/dΦ approaches zero, which means that the dual-rail qubit is

insensitive to flux noise up to first order. The transmon frequencies and coherence times at this

sweet spot are shown in table 5.1. Another major source of dephasing, cavity photon noise, can be

mitigated as well. Since both transmons are dispersively coupled to the common readout cavity,
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thermal photons within the cavity will dephase the transmons simultaneously at the rate [138]

Γi =
8n̄κχ2

i

κ2 + 4χ2
i

, (5.2.1)

where 2χ1 (2χ2) is the dispersive shift of Q1 (Q2), n̄ is the average number of intra-cavity photons

and κ is the cavity decay rate. The dephasing rate of the dual-rail qubit is expected to depend on

the difference of the dispersive shifts, ∆χ = χ2 − χ1, such that

ΓL =
8n̄κ∆χ2

κ2 + 4∆χ2
. (5.2.2)

In an ideal case where χ1 = χ2, the dual-rail qubit will not be dephased by intra-cavity photons

at all. We note that a device geometry similar to ours is proposed in Ref. [132] where protection

against measurement and thermal cavity photons is also discussed at length. With our current

device, we achieved ∆χ = 0.093(14)MHz which is two orders of magnitude smaller than χ1 and χ2.

Transmon 1 Transmon 2

f(GHz) 5.069 5.533

T1(µs) 18.2(6) 9.9(2)

T ∗
2 (µs) 2.45(9) 2.35(9)

Table 5.1: Frequencies and coherence times of the transmons at the flux sweep spot.

To readout the dual-rail qubit, we carry out a parity readout at the end of dual-rail qubit

operations. The frequency of the readout drive is chosen such that the zero-, single- and double-

excitation states of the two-transmon system can be resolved. To calibrate the readout drive, we

first measure the cavity spectrum after initializing the transmons in different states. The cavity

spectroscopic curves corresponding to four initial states are shown in Fig. (5.4(a)). The optimal

readout frequency ωRO/2π = 8.7148GHz is close to the cavity frequency when the transmons are

in |10⟩ or |01⟩ state. Integrated signals of single-shot measurement outcomes fall into one of three

Gaussian distributions in the IQ plane depending on the number of excitations (Fig. (5.4(b))). To

resolve the dual-rail qubit states which are both single-excitation states, we apply a π pulse to Q1

before readout to map |0L⟩ and |1L⟩ to |00⟩ and |11⟩ respectively, which are well separated in the
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Figure 5.3: Frequency modulation curves of (a) the transmons, and (b) the dual-rail logical qubit.
The dashed line is where we operate the logical qubit to gain protection against flux noise.

IQ plane for classification. The π pulse also maps the shots where the system is not in the dual-rail

space anymore by the time of final readout (i.e. erasure errors have happened) to the distribution

corresponding to single-excitation states. Then we can assign the number of shots in each bin to

|0L⟩, |1L⟩ and erasure respectively. By leaving out the erasure shots, we can postselect against

such erasure errors. The logical outcome populations are defined as P1L(0L) = N1L(0L)/(N1L +N0L)

where N is the number of shots of the assigned logical state.

Single-qubit gates within the dual-rail space is implemented with a beamsplitter interaction

induced by modulating the SQUID parametrically with a microwave drive at frequency ωL/2π =

(ω|10⟩ − ω|01⟩) = 464.43MHz. The phase of this parametric drive (PD) defines the rotating axis.

The waveform of the PD is directly synthesized with a high-speed AWG at room temperature. This

gives us a great flexibility to implement arbitrary single-qubit gates with high fidelity. We then use
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Figure 5.4: (a) Cavity spectrum of the two-transmon system initialized in different states. The
dashed line at 8.7148GHz is the optimal frequency for the final readout. (b) Histogram of single-
shot measurement outcomes in the IQ plane. States with zero-excitation (|00⟩ in green), single-
excitation (|10⟩ in blue and |01⟩ in red) and double-excitation (|11⟩ in orange) each form a Gaussian
distribution.

dual-rail qubit Rabi oscillations to tune up single-qubit π and π/2 gates. An example pulse diagram

of one such experiment is shown in Fig. (5.5(a)). By sweeping the frequency of the parametric drive,

we can observe a “Chevron”-like interference pattern (Fig. (5.5(b))) that allows us to determine

ωL more accurately at the center of this symmetric pattern. The single-qubit gates in this work

are calibrated to be 30 ns long while faster gates are feasible by increasing the amplitude of the

PD. We then perform Clifford randomized benchmarking [139] to characterize gate fidelity of the

single-qubit gates. We measure an error-per-Clifford of 0.0053(5) shown in Fig. (5.5(d)).

A major source of logical single-qubit errors is bit-flip error within the dual-rail space caused
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by double-photon events, where the two-qubit state leaves and then re-enters the dual-rail subspace

via a combination of one relaxation event and one thermal excitation event, in either order. This

erasure error can decohere the dual-rail qubit as a bit flip, if it re-enters the other logical state or

as a phase flip if it re-enters the same logical state. Postselection using the final readout result at

the end of the logical operation is not sufficient to eliminate these errors. To migitate such errors,

we can perform continuous mid-circuit erasure detection during the logical operation so that the

occurrence of an erasure event can be detected, and thus excluded, before a second reentry event

happens.
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Figure 5.5: (a) Pulse diagram of a dual-rail qubit Rabi oscillation experiment. After preparing
|0L⟩ with a 50 ns microwave pulse on Q1, transition |0L⟩ ↔ |1L⟩ is driven by the parametric drive.
The parametric drive frequency is swept to observe the “Chevron”-like interference pattern in (b).
(c) Pulse diagram of a Clifford randomized benchmarking experiment. Clifford gates are applied
to the dual-rail qubit followed by a final readout. The randomized benchmarking data is shown in
(d). At each Clifford depth we generate 40 random sequences, the outcomes of which are plotted
in light purple. The average survival probability is fitted to an exponential decay.
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5.3 Mid-circuit Erasure Detection

Double-photon errors caused by transmon heating limit the coherence improvement we can

achieve through erasure detection [137](e.g., if there were no heating events, then all decay events

would occur only once and could be detected at any time as an erasure). We leverage the common

readout cavity in our device to carry out continuous erasure detection during logical operations to

mitigate the impact of these errors. As previously discussed, we engineer the couplings between the

cavity and both transmons to minimize dephasing induced by intra-cavity photons. This allows us

to probe the readout cavity during logical operations, while minimizing excess logical qubit phase

errors from photon shot noise in the readout cavity.

In the experimental protocol shown in Fig. (5.6(a)), we turn on the mid-circuit detection

(MCD) tone after dual-rail qubit state initialization and start acquiring the digitized signal which

will be divided into segments with a 560 ns integration window. Due to the non-zero residual ∆χ,

we have to blue-shift the MCD tone by ∼ 2MHz from ωRO to avoid significant dephasing of the

logical qubit state. As a result, the mid-circuit detection is only sensitive to energy decay events to

the two-qubit state |00⟩ and not thermal excitation events to the |11⟩ state. These are the majority

of erasure events that occur during logical operations. These results are shown in Fig. (5.6(b)).

A linear boundary can be drawn between the two distributions that allows us to distinguish if a

decay erasure event has happened or not with a readout fidelity for erasure detection of 95.21%.

The MCD tone is turned off for 560 ns before the final readout in order to allow the readout cavity

to fully relax before being driven at ωRO.

By monitoring the MCD signal in time, we can identify decay erasures during a single shot

and then choose to exclude this data in postselection. Fig. (5.7) shows an example dataset of 50

measurement traces detected over the course of t = 44.8µs. With the information extracted with

MCD, we can mark the traces where the logical qubit appears to remain in the logical subspace

during operations and only calculate logical qubit statistics based on the final readout outcomes of

those data.
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Figure 5.6: (a) Pulse diagram of carrying out the MCD during the logical operation. The acquired
MCD signal can be divided into shorter segments each containing 560 ns of erasure detection in-
formation for being within the logical subspace or in state |00⟩ (here the shift of the MCD cavity
readout frequency prevents detection of |11⟩ events). (b) Integrated signal of the MCD on the IQ
plane. Each point corresponds to a 560 ns segment. (c) Experimentally measured histogram of the
integrated MCD quadrature signal.
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Figure 5.7: MCD signal of 50 measurement runs from t = 0 to t = 44.8µs. Each horizontal line
represents a single-shot measurement run evolving in time. Following one shot from left to right,
change in color indicates leaving or entering the logical space. Note that the time duration of each
pixel is much shorter than the transmon coherence times, so we can view the isolated purple pixel
events as most likely due to classification infidelity. The single-shots free from decay erasure events
are those that remain solid purple throughout the entire duration of the MCD.
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We measure the logical qubit bit-flip rate first without MCD where we prepare either |0L⟩

or |1L⟩ and readout the final state after a varying length of delay. An exponential increase in

the erasure outcomes can be observed in Fig. (5.8) as expected. At longer delay times, this large

fraction of erasure counts intervenes with the logical state outcomes due to error in assigning the

counts. Results of two simulation are also shown in Fig. (5.8) as solid and dash lines. For the solid

lines, we modeled the full system with the Lindbladian master equation

ρ̇ = −i[Ĥ, ρ] + Γ1
↓D[σ̂− ⊗ I]ρ+ Γ2

↓D[I ⊗ σ̂−]ρ+ Γ1
↑D[σ̂+ ⊗ I]ρ+ Γ2

↑D[I ⊗ σ̂+]ρ, (5.3.1)

where Γ1
↓ and Γ2

↓ are relaxation rates of the transmons shown in table 5.1 and the thermal excitation

rates Γ
1(2)
↑ = Γ

1(2)
↓ × exp(−ℏω1(2)/kBT ) with the effective temperature of qubits independently

measured to be 45mK. Logical state assigning errors are also taken into account in the simulation

by postprocessing the simulation outcome with the readout infidelities measured independently.

For the dash line we remove double-photon errors by setting the transmon-heating rates to zero.

The simulations indicate that both assigning error and double-photon error contribute to logical

qubit bit-flip in our system.

We then turn on the mid-circuit detection during the delay to check for erasures only seen

during the final outcome in the measurements described above. We again prepare either |0L⟩ or

|1L⟩ before the MCD tone and calculate P0L or P1L based on only the outcomes that survive the

entire MCD period during the delay. The relaxation curve in Fig. (5.9(b)) appears to take a non-

exponential form. This is possibly caused by the fact that the MCD is only sensitive to erasures

which bring the logical qubit to |00⟩. We are not able to check and correct erasures caused by

thermal excitations with MCD in the current setup. Another possible cause of the non-exponential

form is that assigning error accounts for different weights at different delay times. At longer

delay times, assigning error plays a critical role since the number of surviving shots becomes much

smaller compared to the erasure outcomes. If fitted to a linear model ∆P = 1− t/T1, data shown

in Fig. (5.9(b)) yields a logical qubit T1 = 91(3)µs which is longer than the average T1 of both

transmons (14µs) by a factor of 6.5.
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Figure 5.8: Dual-rail bit-flip error measurement. The physical state outcomes, assigned based
on measurement, are plotted as a function of delay for the dual-rail qubit prepared in (a) |0L⟩
and (b) |1L⟩. The plots display the fractions corresponding to three possible outcomes, with
each state preparation repeated 20 000 times. The solid line represents a simulation that uses the
experimentally measured parameters including T1 and effective temperature of the transmons, while
the dashed line shows a simulation with double-photon errors removed by setting the transmon-
heating rates to zero. The close match between the solid and dashed lines indicates that transmon
heating is not the primary source of error, and the strong agreement between both simulation
curves and the experimental data confirms our overall understanding of the error mechanisms at
play. All error bars represent ±1σ standard error.
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Figure 5.9: (a) |1L⟩ population as a function of delay time when preparing either |0L⟩ or |1L⟩. Each
state preparation repeated 80 000 times with a small fraction surviving postselection.. (b) The
difference between the two curves in (a) is used to define the relaxation time of the logical qubit.
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We can also perform a logical Ramsey experiment with MCD as shown in Fig. (5.10). We

expect the measured T ∗
2 = 11(2)µs to be largely limited by the residual ∆χ and photons in the

readout cavity when we have the mid-circuit detection tone on. Yet we still observe a factor of 4.7

improvement compared to the transmons’ T̄ ∗
2 = 2.4µs.
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Figure 5.10: Ramsey T ∗
2 fringe of the dual-rail qubit with MCD.

5.4 Summary

In this chapter, we presented an experimental demonstration of a superconducting erasure

logical qubit encoded in a dual-rail two-qubit subspace using two parametrically coupled trans-

mons. By encoding the logical states in the single-excitation manifold–where |0L⟩ = |10⟩ and

|1L⟩ = |01⟩–our approach converts common single-photon loss errors into detectable erasure events.

This conversion, in conjunction with tailored device design and parameter engineering, leads to a

significant suppression of both dephasing and bit-flip errors. The device consists of two transmons

coupled via a two-junction SQUID and jointly read out through a common cavity. The SQUID

not only enables parametric modulation for qubit control but also allows tuning of the transmon

frequencies to a flux sweet spot, minimizing first-order sensitivity to flux noise. Moreover, by en-

gineering the dispersive shifts (χ1 ≈ χ2), the dual-rail qubit becomes largely immune to dephasing

from cavity photon noise, as the dephasing rate depends on their difference ∆χ.
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Single-qubit gates are implemented via a beamsplitter interaction induced by a parametric

drive, with gate durations of around 30 ns. High-fidelity operations are confirmed through ran-

domized benchmarking, which yielded an error-per-Clifford of approximately 0.0053. Additionally,

the dual-rail encoding offers inherent protection, as evidenced by a measured logical relaxation

time (T1) of about 91µs–roughly 6.5 times longer than the individual transmon T1 times–and an

improvement in Ramsey T ∗
2 compared to the underlying transmons.

A key innovation in our work is the implementation of continuous mid-circuit erasure detec-

tion. By probing the readout cavity with a readout tone shifted to higher frequency than the final

readout during logical operations, we can effectively detect when the qubit leaves the computa-

tional subspace (specifically when the transmons decay to |00⟩). This real-time monitoring enables

postselection of valid logical qubit operations and helps mitigate errors due to double-photon events

arising from transmon heating.

Overall, our experimental results validate the dual-rail qubit architecture as a promising

route toward error mitigation by converting energy decay error events to logical qubit erasures.

The combination of erasure conversion and mid-circuit detection not only extends the coherence of

the logical qubit beyond that of the constituent transmons but also offers a possible path to reduce

the overhead in coping with decay errors so that full error correction schemes can be implemented

more effectively for fault-tolerant quantum computing.



Chapter 6

Experiment: Merged-element Transmon

This chapter presents a comprehensive investigation into merged-element transmon (MET)

architectures, aimed at overcoming the scalability and loss challenges inherent to traditional su-

perconducting qubits. In the first study, we introduce the “MET” concept by replacing the large

external shunt capacitor with the intrinsic capacitance of a Josephson junction. This approach

achieves nearly a 100-fold reduction in device footprint while demonstrating robust qubit operations

through state-dependent resonator shifts and multi-photon transitions. A detailed participation-

ratio analysis identifies the amorphous-Si tunnel barrier as the primary loss channel, setting the

stage for the necessity of low-loss barrier such as crystalline materials with fewer defects.

Building on this foundation, the second work proposes the FinMET device–a MET based

on silicon fins. By exploiting the anisotropic etching properties of Si substrates, FinMET enables

the formation of atomically flat, high-aspect-ratio tunnel barriers with an epitaxial capacitor. This

architecture promises a significant reduction in dielectric losses and two-level system defects, paving

the way for scalable fabrication using mature silicon processing technologies.

In the third contribution, we demonstrate the performance of superconducting parallel plate

capacitors constructed from crystalline Si fins. Integrated into lumped element resonators and trans-

mon circuits, these capacitors exhibit state-of-the-art internal quality factors and qubit relaxation

times, underscoring the viability of Si-fin technology for achieving compact, low-loss superconduct-

ing components.

Collectively, these studies chart a promising route toward high-density, high-coherence quan-
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tum circuits by merging innovative device architectures with advanced materials engineering.

The content of this chapter is based on the following work:

• Ruichen Zhao et al. “Merged-Element Transmon”. In: Physical Review Applied 14.6

(Dec. 2020), p. 064006. doi: 10.1103/PhysRevApplied.14.064006

• Aranya Goswami et al. “Towards Merged-Element Transmons Using Silicon Fins: The

FinMET”. in: Applied Physics Letters 121.6 (Aug. 2022), p. 064001. issn: 0003-6951.

doi: 10.1063/5.0104950

• Anthony P. McFadden et al. “Fabrication and Characterization of Low-Loss Al/Si/Al Par-

allel Plate Capacitors for Superconducting Quantum Information Applications”. In: npj

Quantum Information 11.1 (Jan. 2025), pp. 1–6. issn: 2056-6387. doi: 10.1038/

s41534-025-00967-5

6.1 Introduction

The invention of the transmon qubit has spurred rapid progress in quantum-information re-

search over the past decade, enabling landmark demonstrations such as mid-flight detection and

reversal of quantum jumps [141] and the pursuit of quantum supremacy [31]. At the heart of

the transmon architecture lies a Josephson junction (JJ) providing a nonlinear inductance (LJ)

shunted by a capacitor (C) that defines the charging energy (EC = e2/(2C)) and the Josephson

energy (EJ = IcΦ0/(2π)). By engineering the ratio EJ/EC , transmons can suppress charge dis-

persion while maintaining sufficient anharmonicity, a balance that renders them relatively robust

against charge noise [28]. Nonetheless, conventional transmon designs face significant challenges,

notably due to energy relaxation arising from parasitic two-level systems (TLSs) at surfaces and

interfaces [87] and the inherent limitations in scaling imposed by large planar shunt capacitors.

A common thread in the works presented in this chapter is the exploration of merged-element

transmon (MET) architectures as a pathway to overcome these challenges. By integrating the

JJ and its shunting capacitor into a single element—constructed from a superconductor–tunnel-

https://doi.org/10.1103/PhysRevApplied.14.064006
https://doi.org/10.1063/5.0104950
https://doi.org/10.1038/s41534-025-00967-5
https://doi.org/10.1038/s41534-025-00967-5
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barrier–superconductor trilayer–the MET approach offers several advantages over conventional de-

signs. First, it dramatically reduces the device footprint (by factors ranging from 102 to 104),

thereby alleviating issues related to unwanted radiation, interqubit coupling, and stray field inter-

actions that can arise in densely integrated systems. Second, the merged configuration provides

a natural cancellation between the capacitive and inductive contributions to the qubit frequency,

leading to enhanced robustness against lithographic variations and improved frequency precision.

Third, by enabling the use of low-barrier-height materials for the tunnel barrier, the MET archi-

tecture permits the fabrication of thicker barriers with reduced sensitivity to atomic-scale thickness

variations and defect-induced TLS losses.

An innovative extension of the MET concept is embodied in the FinMET device, which lever-

ages silicon fin technology to further enhance scalability and device performance [142, 143]. By

exploiting the anisotropic wet etching of Si(110) substrates, atomically flat Si(111) sidewalls are

achieved, which serve both as high-aspect-ratio tunnel barriers and as low-loss parallel-plate capaci-

tor (PPC) elements. These PPCs, with their compact form factor and confined electric field energy,

may offer substantial improvements in coherence times when integrated into superconducting cir-

cuits. The FinMET design not only facilitates tighter control over barrier thickness and junction

uniformity but also minimizes participation of lossy interfaces, thereby addressing key limitations

encountered in conventional Al/AlOx/Al junctions and planar capacitor geometries.

Collectively, these studies converge on the common objective of enhancing superconducting

qubit performance through innovative materials engineering and device architecture. By merging

the traditionally separate roles of the JJ and shunt capacitor, and by employing advanced fab-

rication techniques such as epitaxial growth and anisotropic silicon etching, the merged-element

and FinMET approaches promise to reduce device dimensions, mitigate deleterious TLS losses,

and ultimately enable large-scale, high-coherence quantum circuits. This chapter synthesizes these

advancements, laying the groundwork for next-generation quantum information processors that

combine scalability with robust quantum coherence.
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6.2 Nb/a-Si/Nb Trilayer MET

We first present a proof-of-principle demonstration of a MET that integrates the shunt capac-

itor and Josephson junction into a single device constructed from a sputtered niobium–amorphous

Si–niobium (Nb/a-Si/Nb) trilayer [144]. The device fabrication was carried out by Dr. Ruichen

Zhao at NIST Boulder Microfabrication Facility and begins with the deposition of the Nb/a-Si/Nb

trilayer onto a high-resistivity intrinsic silicon substrate that has been pre-treated with hydrofluoric

acid to remove native oxides and contaminants. The trilayer is patterned using optical lithography

followed by a fluorine-based dry etch, forming the device structure with an barrier thickness of ap-

proximately 9 nm. Two interdigitated capacitors, designed to couple the MET to the surrounding

circuitry, are realized in the same process. A Nb air bridge, isolated by a SiOx spacer, is subse-

quently deposited and patterned to connect the top electrode to the interdigitated capacitors; a final

dip in hydrofluoric acid removes the SiOx, ensuring a clean metal interface and minimizing parasitic

dielectric contributions. Fig. (6.1) shows a scanning electron micrograph and an illustrative picture

of the cross section of the device.

(a) (b)

Figure 6.1: (a) Scanning electron micrograph and (b) illustrative cross-section diagram of the
Nb/a-Si/Nb trilayer MET. Figure adapted from [140].

The microchip is mounted in a cryogen-free dilution refrigerator operating at temperatures

around 10mK. Microwave tones are introduced through heavily attenuated input lines to minimize

thermal noise, and a vector network analyzer (VNA) is used to probe the system. In this configura-
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tion, a half-wavelength readout resonator is capacitively coupled to the MET, enabling dispersive

readout of the qubit state. The resonator, with a bare frequency of approximately 6.876GHz, ex-

hibits a qubit-state-dependent frequency shift observable in the transmission amplitude |S21|. By

adjusting the probe power, the system transitions from a low-power regime—where the dressed

resonator frequency is apparent—to regimes dominated by bifurcation effects and finally to one

where the bare resonator frequency is recovered as shown in Fig. (6.2), thereby confirming the

dispersive coupling between the qubit and the resonator.

Figure 6.2: Transmission amplitude |S21| of the readout resonator plotted as a function of frequency
and power of the probe tone. For clarity, the vertical axis has been offset by the bare readout
resonator frequency fr = 6.876 331GHz. Figure adapted from [140].

Two-tone spectroscopy is used to characterize the energy-level structure of the MET, which

behaves as a weakly anharmonic oscillator. A pump tone is swept in frequency while a low-power

probe tone remains fixed near the dressed resonator frequency corresponding to the qubit ground

state. The experimental data shown in Fig. (6.3) reveal distinct peaks associated with single-

photon and multiphoton transitions between the energy levels of the MET. From these transitions,

the anharmonicity is extracted as α = 2f01 − f02. Although the device was designed for a qubit

frequency of 5GHz and an anharmonicity of 260MHz, the measured values are 4.475GHz and

170MHz, respectively–deviations primarily attributed to uncertainties in the a-Si tunnel barrier
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thickness (approximately 0.5 nm) and in the effective relative permittivity of the a-Si layer, which

was determined to be around 17.5 rather than the assumed 11.9.

Figure 6.3: Transmission amplitude |S21| of the readout resonator plotted as a function of probe-
tone frequency (fprobe) and pump-tone frequency (fpump). The probe-tone power is set at -40 dBm
to maintain dispersive coupling between the MET and the resonator. The change in the resonator
frequency around fpump ≈ 4.475GHz represents the MET qubit-state transition. The horizontal

axis is offset by the dressed resonator frequency for the qubit ground state f̃rg = 6.876 796GHz.
Figure adapted from [140].

Finite-element simulations play a critical role in understanding the electric field distribution

within the MET and in quantifying the contribution of different regions to the overall device loss.

In these simulations, a two-dimensional model capturing the cross-sectional geometry of the MET

is constructed. The model includes the a-Si tunnel barrier, the interfaces between the barrier and

the metal electrodes, and adjacent regions such as the metal–vacuum and substrate interfaces. Due

to the high aspect ratio between the junction radius and the thickness of the various interface

layers, a finely meshed grid is employed—particularly near the thin dielectric and interface regions

to ensure accurate integration of the electric field energy.

From the simulated electric field profiles, the participation ratio (PR) for each region is

computed. Defined as the fraction of the total electric field energy stored in a given region (pn =

Un/Utotal), the PR provides a quantitative measure of the contribution of each region to the device’s
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Figure 6.4: (a) Cross-section images of a MET used in the finite-element simulation. The labels
attached to each region illustrate the device partition used in the TLS-loss analysis. (b),(c) En-
largement of (b) the mesh grid and (c) the electric field energy profile near the tunnel-barrier (TB)
interfaces. BE, bottom electrode; M, metal; TE, top electrode; V, vacuum. Figure adapted from
[140].

overall dielectric loss. By assigning literature-based loss tangents to each region, we estimate the

qubit lifetime (T1) due to dielectric losses as shown in table 6.1. The analysis reveals that the

dominant loss mechanism arises from the dielectric loss in the a-Si tunnel barrier and its associated

interfaces, with the PR model predicting a T1 on the order of 17 ns.

Moreover, the simulation indicates that by replacing the amorphous silicon barrier with a

high-quality crystalline material, and by optimizing the junction geometry–for example, by in-

creasing the tunnel barrier thickness and the junction radius–the participation of lossy interfaces,

particularly at the tunnel barrier–vacuum and tunnel barrier–metal boundaries, can be significantly

reduced. Such modifications could potentially extend the qubit lifetime to tens or even over a hun-

dred microseconds as shown in Fig. (6.5) while still maintaining a substantially reduced device

footprint relative to conventional transmons.

These finite-element simulations and participation-ratio analyses clearly demonstrate that

the amorphous silicon tunnel barrier, along with its associated interfaces, is a major contributor

to dielectric loss, ultimately limiting the qubit lifetime. The predicted T1 of approximately 17 ns

underscores the need for improved material quality in the tunnel barrier region. These findings

suggest that replacing the lossy amorphous silicon with a high-quality crystalline silicon barrier

could substantially reduce dielectric losses. In the following section, we shift our focus to devices
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Region Material ϵ d (nm) pn tan δ Reference T1 (µs)

Tunnel bar-
rier

a-Si 11.9 9 7× 10−1 5.00× 10−4 O’Connell
et
al. [145]

9.08× 10−2

Tunnel-
barrier-
metal
interface

a-Si/Nb 11.4 2 2.94× 10−1 5.00× 10−3 10 tan δTB 2.17× 10−2

Tunnel-
barrier-
vacuum
interface

a-Si/SiOx 4.0 2 8.03× 10−5 5.00× 10−1 1000 tan δTB 7.93× 10−1

Metal-
vacuum
interface

Nb2O5 10.0 15 2.66× 10−3 2.20× 10−4 Kaiser et
al. [146]

5.45× 101

Substrate-
vacuum
interface

SiOx 4.0 2 5.55× 10−7 1.70× 10−3 Woods et
al. [147]

3.37× 104

Metal-
substrate
interface

Nb/Si 11.4 2 5.73× 10−7 4.80× 10−4 Woods et
al. [147]

1.16× 105

Substrate Si 11.9 10000 1.28× 10−4 2.60× 10−7 Woods et
al. [147]

9.56× 105

Table 6.1: Parameters for a-Si MET TLS-loss analysis: material, relative permittivity (ϵ), layer
thickness (d), simulated participation ratio (pn), TLS loss tangent (tan δ) from the literature, tan δ
reference, and T1 for each MET region. To take into account the interface defects between the
electrode metal and the barrier, we assume tan δTB-M is 10 times tan δTB. Similarly, considering
the exposure of the tunnel-barrier–vacuum interface to harsh clean-room processes, tan δTB-V is set
to be 1000 times tan δTB. The vacuum region is lossless and, therefore, is omitted in this analysis.

employing crystalline silicon as the barrier layer, exploring how this alternative material and the

corresponding fabrication strategies may further enhance qubit coherence while preserving the

benefits of a reduced device footprint.
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Figure 6.5: Simulated T1 of a MET with a crystalline tunnel barrier and interfaces plotted as a
function of barrier thickness dTB and junction radius rTB. For this analysis, we use tan δTB of
1 × 10−7, which is comparable to tan δ of bulk crystalline silicon [147]. The same scaling factor
in table 6.1 is used to derive tan δ of tunnel-barrier–metal (10 tan δTB) and tunnel barrier–vacuum
(1000 tan δTB) interfaces. The loss tangents of all other interfaces and bulk materials are identical
to the values presented in table 6.1. Figure adapted from [140].

6.3 Towards merged-element transmons using silicon fins

Motivated by the need to further scale superconducting qubit technology and to mitigate

losses associated with conventional amorphous tunnel barriers, we investigate a FinMET design

that leverages silicon fin technology to create merged-element transmons as shown in Fig. (6.6).

This section describes the fabrication of high-aspect-ratio silicon fins, the self-aligned metallization

process to form fin capacitors, and the integration of these capacitors into lumped-element resonator

circuits for microwave characterization.

The FinMET devices are fabricated by Dr. Aranya Goswami and Dr. Anthony McFadden on

intrinsic Si(110) substrates using an anisotropic wet etch process that exploits the crystallographic

orientation to yield atomically flat Si(111) sidewalls. A silicon nitride (SiNx) hard mask is deposited

by low-pressure chemical vapor deposition and patterned via electron beam lithography followed by

CF4/O2 plasma etching. Prior to the wet etch, a short plasma cleaning removes the top damaged
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layer, ensuring uniformity in the subsequent 45% potassium hydroxide (KOH) etch at 87 ◦C. Fin

structures with varied mask widths (ranging from 100 nm to 1µm) are produced, with typical

undercutting of 50 nm to 80 nm. The minimum reliably fabricated fin width is approximately

80 nm, with fins exhibiting lengths up to 100µm and heights around 3µm.

Figure 6.6: The proposed schematic of a fin merged-element transmon (FinMET). Figure adapted
from [73].

Following fin formation, the fin sidewalls–composed of well-defined, smooth Si(111) surfaces–

serve as the tunnel barrier. In the present work, the fins are initially fabricated too thick for

tunneling; however, they are integrated as capacitive elements. Fin metallization is achieved by

first cleaning the exposed Si surfaces with a buffered HF etch and a high-temperature anneal, which

is critical for obtaining pristine interfaces. Superconducting aluminum (Al) is then deposited using

a shadow-evaporation technique in a molecular beam epitaxy chamber. In the self-aligned process

employed here, the retention of the SiNx hard mask creates an overhang that yields a break in the

metal layer at the fin top, thus naturally defining the fin capacitor without additional etching steps.

Optical lithography is subsequently used to pattern the contact pads and the rest of the circuitry,

enabling standard interconnectivity with the rest of the circuit.

To evaluate the electrical performance of the fin capacitors, we integrate them into lumped-

element (LE) resonator circuits. These resonators are designed using a meander inductor and

interdigitated capacitors (IDCs) into which the fin capacitors are incrementally added. By system-

atically varying the number of fins inserted between the IDC fingers, we are able to separate the

resonant frequencies of the LE resonators and determine the incremental capacitance contribution
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Figure 6.7: Metalized fin structure illustrating the self-aligned process and growth of Al on the
Si(111) surfaces with a SiNx hard mask. (a) Side view of the fin, (b) shows zoomed in area of (a)
with the SiNx hard mask on top of the fin, extending out to the left, and (c) shows a zoomed in area
of (b) with the area where Al is shadowed.(d) High angle dark field scanning transmission electron
microscopy image of a fin cross section with a SiNx hard mask and shadow deposited Al. (e) and
(f) Energy-dispersive x-ray scans highlighting the Al and Si areas, respectively. Figure adapted
from [73].

of each fin. Microwave measurements are conducted on diced die packaged and cooled to 35mK in

a dilution refrigerator.

The resonant frequency of each LE resonator is found to decrease linearly with an increasing

number of fins. Fig. (6.9) displays the measured resonant frequency versus the number of fins and

the corresponding capacitance ratio (Cn/C0) obtained from the resonators, where Cn is the capac-

itance with n fins and C0 is the capacitance without fins. I performed finite-element simulations

using COMSOL Electrostatics (Fig. (6.8)) and achieved great agreement between the simulation

result and the experimental data. From these simulations, fin dimensions are extracted by fitting

the measured capacitance values. For instance, nominally 400 nm and 300 nm thick fins yield ex-
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Figure 6.8: The geometry simulated with COMSOL Electrostatics to extract the capacitance of the
fin parallel-plate capacitors. The IDC is formed by the two electrodes colored as blue and green
respectively and is kept unchanged while adding fins (gray) to the slots.

tracted thicknesses of approximately 319 nm and 219 nm, respectively, with the capacitance per

unit length determined to be ∼ 1.3 fF/µm and ∼ 1.8 fF/µm. These values closely match estimates

based on a parallel-plate capacitor model.

Additionally, the internal quality factors (Qi) of the resonators are characterized, with one-

fin and six-fin resonators exhibiting Qi values of 8.4 × 104 and 1.8 × 105, respectively. Based on

simulations of the combined IDC-fin capacitors, the single-fin loss is estimated to be on the order of

3× 10−7, indicating that the use of Si fins may provide a significant improvement over traditional

thin-film capacitor implementations.

Future steps towards realizing FinMET devices for qubit applications are underway. To

achieve tunneling through the silicon fins, the fin thickness must be reduced to approximately

5 nm to 10 nm. This extreme aspect ratio requires further refinement of the etching process, which

may involve additional wet etches or digital etching methods (e.g., room-temperature O2 plasma

oxidation followed by HF etching, or atomic layer etching using a combination of O2, HF, and

Al(CH3)3). An alternative process flow using photolithography to form SiNx masks on step edges

has been proposed to enhance wafer-scale fabrication reliability [148].
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Figure 6.9: (a) Measured resonant frequency vs the number of fins in each interdigitated capacitor.
(b) Capacitance ratio vs the number of fins (circles) along with fits (straight lines) from COMSOL
simulations. Fits in (b) are for 219 nm and 319 nm thicknesses for nominally 300 nm and 400 nm
thick fins, respectively. Figure adapted from [73].

In summary, this work demonstrates the fabrication and microwave characterization of low-

loss, fin-based capacitors integrated into superconducting resonator circuits. The results establish

the feasibility of using silicon fin to form self-aligned, compact superconductor/Si/superconductor

trilayer structures, paving the way for the development of FinMET devices. Future efforts will focus

on thinning the silicon fins into the tunneling regime, thereby enabling the realization of scalable

FinMET qubits with reduced footprints and enhanced coherence.

6.4 Fabrication and Characterization of Low-Loss Al/Si/Al Parallel Plate

Capacitors

Following the previous work, this section presents a detailed account of the fabrication and

characterization of parallel plate capacitors constructed from aluminum-contacted, crystalline sil-

icon fins. This work focuses on integrating these capacitors into lumped element resonators and

transmon qubits to make more compact transmon capacitors that are 100 times smaller than typical

planar capacitors while achieving state-of-the-art microwave performance.

The device fabrication was performed by Dr. Aranya Goswami, Dr. Anthony McFadden

and Teun van Schijndel. The process begins with intrinsic Si(110) substrates, which are cleaned
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and then coated with a 100 nm low-stress silicon nitride (SiNx) layer deposited via LPCVD. The

SiNx acts as a hard mask and is patterned using electron beam lithography and subsequent dry

etching. Critical to the process is the alignment of the fin patterns with the major flat of the Si(110)

wafer, ensuring that the etching exposes high-quality Si(111) sidewalls. The anisotropic wet etch is

performed in a 45% KOH solution at 87 ◦C for 2 minutes, resulting in fin structures with a parallel-

plate region approximately 2.2µm tall and a tapered base that enhances mechanical stability. The

fins exhibit uniform thicknesses near 220 nm in the capacitor region, which is essential for achieving

the desired capacitance characteristics.

After fin formation, the native oxide is removed using a buffered oxide etch (BOE), followed by

a DI water rinse, and the wafer is immediately loaded into a high-vacuum chamber for metallization.

Aluminum is deposited in two 50 nm thick layers at ±25◦ angles relative to the wafer normal,

ensuring conformal coating of the fin sidewalls. The undercut created by the SiNx mask naturally

forms a self-aligned break in the metallization near the fin tops, thereby defining the capacitor

electrodes without additional patterning steps. Post-deposition, the aluminum is patterned using

optical lithography and wet etching with an acid-based etchant to define the capacitor geometry. For

integration into complete circuits, Josephson junctions are fabricated using a standard EBL/Dolan

bridge process, with particular care taken to calibrate junction dimensions in proximity to the fin

capacitors.

The design incorporates these fin capacitors into both lumped element resonators and trans-

mon circuits. The lumped element resonator chip comprises eight resonators inductively coupled

to a central feedline in a hanger configuration. Each resonator is formed by shunting a meander in-

ductor with a section of the fin capacitor, where approximately 81% to 84% of the total capacitance

originates from the fin capacitor itself. The resonant frequency is tuned by lithographically adjust-

ing the metalized length along the fins, and I employed 3D full-wave electromagnetic simulations

to corroborate the experimental capacitance values. Finite-element analysis using COMSOL Elec-

trostatics yields a capacitance per unit length of approximately 2.1 fF/µm, which is in reasonable

agreement with a parallel plate approximation based on the measured fin dimensions.
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Figure 6.10: Device schematics and micrographs. (a), (b) Optical micrographs and corresponding
circuit schematics for Si-fin lumped element resonators and transmons respectively. The functional
components of the fin transmon are indicated and illustrate the capacitive coupling of the fin
transmon to the readout resonator (RO). (c) Scanning electron micrograph of a Si-fin transmon.
The insets show the Josephson junction region in higher magnification.

Microwave measurements are conducted in a dilution refrigerator at a base temperature of

35mK. Lumped element resonators are characterized via vector network analyzer (VNA) measure-

ments of the S21 transmission parameter. The resonators exhibit a low-power internal quality factor

(Qi) exceeding 700 k, with the resonant frequency showing a linear dependence on the metallized

length of the fin capacitor. In addition, transmon qubits incorporating these Si-fin capacitors are

evaluated. The transmon devices, fabricated on a separate chip, demonstrate anharmonicities near

300MHz and qubit-readout coupling constants on the order of 100MHz. Time-domain measure-

ments yield qubit T1 times in the range of 11µs to 26µs and quality factors between 350 k and

750 k. Notably, the measured T1 times are comparable to or slightly exceed the estimated Purcell

limits, underscoring the low intrinsic loss of the fin capacitor design.

The successful integration of the silicon fin capacitors into both resonator and qubit archi-
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Figure 6.11: Full EM simulation of the fin transmon device. (a) Schematic of the device model
simulated with Ansys HFSS. Two sections of the fin are used to form capacitors, one as the transmon
shunt capacitor while the other as the coupling capacitor to the readout resonator. (b) Cross section
of the fin shows that electric field is highly confined within the silicon fin. This sheds light on the
potentiality of improving transmon coherence with higher quality crystallin silicon.

tectures demonstrates that the parallel plate geometry, realized through anisotropic etching and

self-aligned aluminum deposition, is a promising approach for achieving compact, low-loss capac-

itors in superconducting quantum circuits. The fabrication process leverages standard techniques

yet results in a significant reduction in footprint compared to traditional designs, while maintaining

high performance. This work establishes a scalable platform that addresses the dual challenges of

device miniaturization and loss mitigation, providing a strong foundation for future advancements

in superconducting qubit technology.



92

6.5 Summary

Collectively, these three studies represent a systematic progression toward realizing the

merged-element transmon with scalable, high-coherence superconducting circuits. Zhao et al. [140]

explored the concept by integrating the Josephson junction and shunt capacitor into a single

Nb/a-Si/Nb trilayer device, thereby dramatically reducing the qubit footprint. Building on this

foundation, Goswami et al. [73] introduced the FinMET approach, exploiting silicon fin technology

to form high-aspect-ratio, self-aligned fin capacitors with atomically flat Si(111) sidewalls. This

innovation offers enhanced control over barrier thickness and capacitance, which are critical for

improved qubit performance. Finally, McFadden et al. [59] advanced the field by demonstrating

low-loss Al/Si/Al parallel plate capacitors fabricated from crystalline silicon fins. This work high-

lights that the careful engineering of fin-based capacitors leads to resonators and transmon qubits

with quality factors and coherence times on par with or exceeding state-of-the-art devices.

Together, these works form a cohesive strategy for overcoming traditional limitations in

superconducting qubit architectures. By progressively refining materials, device geometries, and

fabrication processes–from amorphous to crystalline barrier materials and from planar to three-

dimensional fin-based structures–this body of research lays the groundwork for next-generation

quantum processors that can achieve both high integration density and enhanced coherence.



Chapter 7

Conclusion

This thesis has explored the frontiers of circuit-QED with an emphasis on pushing the ex-

perimental boundaries necessary for scalable quantum computing.

Experimentally, the work has been structured around three major thrusts. First, we demon-

strated the feasibility of implementing a universal gate set with strongly ZZ coupled transmons,

using both unconditional single-qubit rotations and numerically derived two-qubit operations. This

result highlights the potential to precisely control qubit interactions even in the presence of strong

parasitic couplings. Second, the investigation into dual-rail logical qubit encoding via parametri-

cally coupled transmons offers a promising route toward hardware-efficient quantum error correc-

tion. Our results indicate that mid-circuit detection of erasure-type error events can serve as a

tool to further prolong coherence times. Finally, by introducing the concept of the merged-element

transmon–wherein the Josephson junction and shunt capacitor are integrated into a single trilayer

device–we have shown a pathway to reduce the qubit footprint, a vital step toward next-generation

quantum processors. Taken together, these studies not only reinforce the viability of supercon-

ducting circuits as a platform for quantum computing but also provide critical insights into the

interplay between device design, coherence, and control.

Looking forward, several avenues for further research emerge. First, realizing and under-

standing two-qubit operations between two dual-rail logical qubits remain paramount for bringing

the platform closer towards scaling and applications. Second, the scalability of superconducting

qubit devices will benefit from further innovations in creating tunneling silicon fin structures, that
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is several orders of magnitude smaller than state of the art conventional transmons.

In conclusion, the work presented in this thesis contributes to the growing body of knowledge

required to transition quantum computing from a laboratory curiosity to a practical technology. By

addressing both theoretical and experimental challenges, we have taken meaningful steps toward

the realization of large-scale, fault-tolerant quantum processors.
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