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The rapid development of new technologies in recent decades has caused an ever increasing
demand for energy storage devices that are lightweight, durable, and maintain high life-cycle ex-
pectancies. Lithium-ion batteries have emerged as a universal solution due to their exceptional en-
ergy storage and high power delivery. Lithium-ion batteries based on organic electrolytes suffer from
safety concerns; specifically lammability, low temperature thresholds, and coupled electrochemical-
mechanical degradation. From a design perspective, introducing a new type of lithium-ion battery
with enhanced storage capacity, safe and reliable performance is the most ongoing challenge in
battery research communities.

This research focuses on the numerical modeling of electrochemical and mechanical inter-
actions in all solid-state lithium-ion batteries. In particular, we present physical and numerical
modeling frameworks to model and understand the electrochemical and mechanical performance
of all solid-state lithium-ion batteries under the influence of some electrochemical and mechanical
degradation phenomena. To this end, we developed finite element modeling frameworks based on
multi-scale and full resolution modeling methods. These models facilitate detailed understand-
ings and comprehensive studies of the behavior of lithium-ion batteries under the evolution of
degradation phenomena. While our model is not limited to any particular battery system and
failure mechanism, we focus on the evaluation of the electrochemical performance of both thin
and bulk solid-state lithium-ion batteries, stress-diffusion-damage coupling effects in the electrode
active materials and interfacial debonding effects in the battery cell. The involved coupled physical
phenomena includes mechanical deformation, diffusion-migration processes, stress-diffusion-damage

coupling, electrochemical surface reactions, and cohesive zone model. To provide a predictive nu-



iv
merical tool for optimizing the performance of battery cell, our finite element model is augmented
with a parameter identification method. The parameter identification method provides unique op-
portunities for parametric study and identifying key design parameters in the life-time performance
of all solid-state lithium-ion batteries.

The characteristics of the research are explored by presenting comprehensive numerical ex-
amples. The presented numerical examples illustrate the performance of the battery cell under the
influence of different physical phenomena. We verified and calibrated the accuracy and stability of
the developed framework by numerical and experimental examples. The parameter identification
method is applied for parametric study and error minimization in the battery. The results revealed
the great influence of material properties and geometric configuration on the electrochemical perfor-
mance of the battery cell. The influence of damage evolution on the mechanical and electrochemical
performance of the battery is explored by numerical examples. The results showed that diffusion-
damage coupling has significant influences on the life-time performance of the battery cell. The
results of cohesive zone modeling revealed the main contribution of the interface properties on the

separation and the debonding phenomena at the interface of multi-phase material.
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Chapter 1

Introduction

1.1 Background

The rapid development of new technologies in recent decades has required energy storage
devices to become lightweight, rechargeable, and portable. With demand growing in industrial
applications, such as electric vehicles, wireless communication, and renewable energy, substantial
improvement has been made to energy storage technologies; although, the enhancements have
emphasized a multitude of remaining problems.

Lithium-ion batteries (LIBs) have emerged as a universal solution due to exceptional energy
storage and high power delivery [I123]. They feature high energy density, low self-discharging,
relatively high thermal stability, and cycling performance. A traditional lithium-ion battery cell
composed of a current collector, a negative electrode (anode), a separator, a positive electrode
(cathode), and another current collector as shown in Figure The material and structure of
electrodes and the separator are varied widely; usually lithium metal oxide based materials for the
cathode, graphite based materials for the anode, and semi-permeable membranes for the separator.
The entire battery cell is immersed in the electrolyte, which is usually lithium salt with organic
solvent. During the discharge process, electrons flow from the anode layer over an external circuit
and reach to the cathode layer. While lithium ions migrate through the electrolyte via diffusion-
migration and reach the cathode particles. The reverse of this action happens during the charge
process.

In spite of all technological successes, LIBs are still experiencing numerous critical reliability



and safety issues. Most of these issues are related to the electrochemical, mechanical, and thermal
phenomena and their interactions, which affect the life-cycle performance and reliability of these
batteries. These phenomena diminish the storage capacity and increase the self-discharging rate
during normal operation of the battery. In the past two decades, many of the LIBs safety and
reliability issues have been addressed both experimentally and numerically, and improvements
have been made to enhance the life-time performance and reliability of these batteries. During
recent decade many of these potential safety concerns related to the capacity fade, such as the
side reaction and formation of Solid Electrolyte Interface (SEI) [6, 37, 85l 11T, 126], thermal abuse
[8], aging [23| 119, 144, [146], and fracture of electrode materials [0, 93] have been addressed and
studied widely to understand the main issues of capacity loss. For more information regarding the

review of safety concerns in LIBs the reader is referred to [IJ.

e N @ €
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Figure 1.1: Schematic of lithium-ion battery cell.

The most important physical phenomena related to capacity fade and electrochemical-mechanical
degradation in the LIB are illustrated in Figure [[.2] and described in detail in Section These

phenomena evolve upon charge-discharge cycles, and the evolution of these phenomena results in ca-



pacity fade and reduction in the life-time performance of the battery. During cyclic charge-discharge
process deintercaltion/intercalation of lithium-ion cause shrinking/swelling in the electrode active
materials. Upon a few first charge-discharge cycles formation of the SEI consumes lithium, see
Figure case a. The diffusion induced stresses cause evolution of micro-cracks or extension of
pre-existing cracks on the surface of the electrode, see case b. These phenomena lead to the growth
of SEI on the newly exposed electrode surface, see case ¢c. The repeated cyclic charge-discharge
process results in growth of the pre-existing crack and decomposition of the electrode materials, see
case d. The interfacial debonding happens when the interface loses its electrochemical-mechanical
functionality and a poor mechanical connection is established at the electrode/electrolyte interface,
see case e. This phenomenon results in reduction in the surface reaction, and eventually capacity
fade in the battery. Inside of the electrode material the cyclic process of shrinking/swelling causes
the evolution of damage in the particle, see case f. The damage evolution leads to the reduction in
the strength of materials and electrochemical performance (specifically diffusivity of the electrode)
of the battery. This research focuses on the influence of some of these degradation phenomena on

the life-time performance of Solid-State Lithium-Ion Batteries (SSLIBs).

1.2 Motivation

LIBs based on organic liquid state electrolytes suffer from safety concerns, specifically flamma-
bility and low temperature thresholds. The replacement of these electrolytes with a reliable and
non-flammable electrolytes improves the safety and reliability of battery systems. From a design
perspective, introducing a new type of LIB displaying improved enhanced storage capacity, safe
and reliable performance, whilst diminishing cost are the most ongoing challenges in the battery
community [62]. LIBs based on inorganic solid-state electrolytes have emerged as a promising can-
didate for the new generation of the battery. Most of the experimental studies in this field are
focused toward finding suitable electrolyte materials for the new generation of LIBs. The lack of
sophisticated numerical modeling frameworks for LIBs based on solid-state electrolytes motivated

us to focus on building a numerical modeling framework to simulate, evaluate and predict the



coupled multi-physical responses in all SSLIBs.
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Figure 1.2: Electrochemical and mechanical degradation phenomena in the LIB during charge-
discharge cycles. The highlighted phenomena are studied in this thesis.



1.3 Background on numerical modeling of LIBs

1.3.1 Models based on the liquid state electrolyte

Numerical modeling, in conjuncture with experimental observations, has proven to be a useful
tool in recent decades for identifying the next generation of electrode and electrolyte materials as
well as the optimizing of designs [25, 153, [154]. The primary and fundamental mathematical
model for LIBs was developed over 20 years ago to describe the electrochemical phenomena in the
electrode by employing porous electrode [I0I] and concentration solution theories [43, [44]. The
porous electrode theory treats the electrode as a homogeneous porous structure at the macro-scale
without resolving the detail of the exact geometric at the micro-scale. Most of electrolyte solutions
in LIBs exhibit concentrated solution behavior as a non-ideal solution. The non-ideal solution
assumes non-constant transport properties [90]. Recently, most of the developed numerical models
for LIBs adopted the general modeling framework of [43] [44] for the conventional liquid state
electrolyte. Comparisons with experimental results indicate that the model is capable of capturing
transport processes and electrochemical reactions, for example see [20}, 43}, [44] [61), (106}, 127].

Multi-scale and multi-physics models have received great attention during the past decade.
These models describe the electrochemical, mechanical, and thermal intercalations between different
physical phenomena at different length scales. Several detailed multi-scale modeling of LIBs with
electro-mechanical effects that describes the behavior of micro-structure at different length scales
presented in the past few years, for example see [52] [58, [120] 121, 122]. In most of these mod-
els computational homogenization techniques have been employed to describe the multi-physics
phenomena in the micro-structure of the battery cell. In few of these models, the operation of
lithium-ion batteries at two different physical domains is governed by electrochemistry and charge
transport, for example see [74]. In comprehensive multi-scale models, the model accounts for the
electrochemical, thermal and mechanical interactions at different length scale [58| [77, [147]. For
more information and general overview about the recent development in the multi-scale modeling

of LIBs the reader is referred to [52].



Battery intercalation compounds are experiencing shrinking and swelling of the electrodes
during charge and discharge processes. During discharge process lithium ions deintercalate out of
the anode electrode, then migrate through the electrolyte via diffusion-migration and eventually
intercalate into the cathode active particles. The reverse of this action happens during the charge
process. The repeated discharge-charge cycling process results in accumulation/loss of the strain
energy in the particles that can lead into initiation of micro-cracks, and fracture in active particles.
The cyclic degradation phenomena result in reduction in the electrical conductivity [124], initiation
of micro-cracks and formation of the SEI layer in the newly exposed surface [42, [156], and fracture
caused loss of active materials and the total stored energy of the system [93], [169].

Mechanical failure due to degradation of the electrode active materials have been identified as
one of the most important factors in life-time performance of LIBs [4,[93],[169]. Stress generation due
to intercalation phenomena has been identified as the main source of mechanical failures. The first
intercalation induced stress model was developed by [112]; the results of stress analysis showed that
the stress distribution generated by the intercalation process is highly dependent on the diffusion
process derived from the surface concentration. Stress-diffusion coupling model has been employed
in the most of numerical models to describe the intercalation induced stress in the electrode active
particles, for example see [22], 30} 41, 1T5]. The results of stress-diffusion coupling showed that stress
enhances the diffusion and swelling, for example see [163], [164]. The effects of mechanical stress
on the electrochemical properties of both electrode and electrolyte have been investigated in few
studies. For example, the study by [55] showed that there are significant influences of mechanical
stress on the chemical potential of the electrode, however, these effects are negligible in the chemical
potential of the solid-state electrolyte. The influences of hydrostatic, surface, and interface stresses
have been studied in several numerical models [29, 311 [66, [87]; the results of these studies revealed
the significant contribution of stress in the electrochemical performance of the electrode particle.
Moreover, the effects of electrode geometry and topology on the stress distribution and capacity
of the electrodes have been studied widely, for example see [48] 163, 164]. It is found that the

geometry of the electrode has a substantial influence on the stress distribution as well as capacity



of the electrode. For example, the electrode with higher surface area relaxes the stress and increases
the capacity [48]. Moreover, the study by [40] showed that stress generation in solid particles during
lithium insertion decreases as particle radii decrease. However, with decreasing the particle size
the surface stress begin to dominate the stress states. The results also show that hollow particles
experience lower stress than the solid one [40)]. In few numerical models, the effects of phase
transformation in cathode active particles have been included in the coupled stress-diffusion model,
for example see [107]; the results showed that the generated stress due to the phase transition is
larger than the one due to the concentration gradient.

Stress generation and fracture caused by mechanical stresses in the electrode active particle
are another main source of capacity fade in LIBs. Upon charge-discharge cycles, the diffusion
induced stresses cause initiation of micro-cracks or growth of pre-existing cracks on the electrode
surface. This leads to the growth of the SEI on the newly exposed surfaces, consumption of lithium
due to formation of new SEI, and eventually capacity fade in the battery [42]. Capacity fade due to
fracture and micro-cracks in the electrode active particles has been studied by few research groups.
For example, modeling of fracture in a single spherical particle of cathode material showed that
fractures in electrode particles are more probable at the rate of high power application and the
probability of fracture increases with particle size [32], [33]. The surface of the particle can fracture
at the end of lithium de-insertion process while core failure occurs at the beginning of insertion.
Another study by [143] revealed that the electrode particle under fatigue-stress cycling tends to
show the maximum tensile and shear stresses in the transition period from charging to discharging
and viceversa. This study also demonstrated the importance of quick charge and slow discharge for
the mechanical stability, it is shown that a long slow charge followed by a rapid discharge results
in a greater tensile stress at the surface and higher strain-energy density relative to faster charges
followed by slow discharges. The effects of fast charging and particle size on crack propagation have
been studied by [166], the study showed that no pre-existing cracks can advance if the maximum
energy release rate is smaller than the fracture energy. The results showed that this is a good

indicator to calculate the critical particle size and optimal discharge rate prior to the fracture. It



was also shown that for the elasto-plastic behavior of the active particle (anode), soft material with
small particle size have a better fracture strength [167].

Irreversible lithium loss due to formation of the SEI is another important source of capacity
fade during life-time performance of the battery. Upon charging and discharging, the growth of the
SEI or the formation of the SEI on newly exposed surfaces results in consumption of lithium at the
electrode surfaces and capacity fade in the battery [42]. The study of capacity fade due to formation
of the SEI has received great attention during recent years. The experimental-numerical study by
[42] show that formation of the SEI at the surface of the electrode consumes lithium during the
first few charge-discharge cycles, upon charging-discharging the pre-existing SEI grows gradually
along with the formation of the SEI upon newly cracked surfaces. These mechanisms result in
consumption of lithium and irreversible capacity loss in the battery. The operating conditions of
the LIB have been proved to play an important role in the formation of the SEI [155] [160] [168].
For examples, it is found that there is significant influence of the operating temperature on the
formation and growth of the SEI; low operating temperature effectively reduces the capacity loss
process in the battery [I55]. For more information and a general overview about the mechanism
and formation of the SEI the reader is referred to [28]. Side reactions in LIBs result in number
of substantial changes in the battery and lead to capacity loss. These reactions cause electrolyte
decomposition and active materials dissolution [7], or, at the interface between the electrode and
electrolyte, the unstable and lithiated electrode interacts with the organic solvents which results in
irreversible loss of lithium [23]. For more information about an overview of the capacity fade due
to side reaction the reader is referred to [7].

Most of organic liquid state electrolytes suffer from thermal abuse due to highly energetic
materials and flammable electrolyte [2]. During normal operation of the battery, if the cell tem-
perature exceeds the critical temperature gas and degradation reactions will initiate which result
in thermal runaway. The temperature variation during the battery operation not only causes the
thermal stress in the LIB but also significantly affects the mechanical and transport properties of

the battery [30, 82]. For a critical review of the thermal issues in the LIB the reader is referred to



[8]. Understanding heat generation during normal operation of the battery is a necessary step in
assessing the thermal stress of the battery. In addition to mechanical contributions, thermal effects
have received considerable attention during the last decade. Few numerical frameworks have been
developed to incorporate the heat generation and thermal abuse effects in lithium-ion batteries, for
example see [I8] [65] [76, 114, 132 149]. These frameworks are useful for estimating cell thermal
characteristics, reliable predictions of cell temperature, and heat generation rate required for the
design and thermal management of battery systems. In lithium-ion batteries the heat generation
comes from irreversible resistance heating, reversible entropy heating, the heat of mixing and heat
of phase change. The irreversible resistance heating includes joule heating and the dissipated en-
ergy at the surface of particle [I3]. The reversible entropy heating is related to the change of the
Gibbs function of the cell contents. During electrochemical reactions, the composition of individual
species in each phase departs from their initial composition and hence the total entropy of the
cell varies. The heat of mixing represents the heat associated with the generation or relaxation
of concentration profile. It was found that for a battery well designed to mitigate concentration

overpotential, the heat of mixing was negligible [132].

1.3.2 Models based on solid-state electrolyte

SSLIBs are one of the most promising candidates for the next generation of batteries. Re-
placement of the liquid electrolyte with a solid conductor allows for high energy density, high
thermal stability, excellent cycling performance, and a non-flammable system [I13]. Substantial
research efforts have been directed towards finding suitable solid electrolytes with high ionic con-
ductivity and high electrochemical stability, for example see [51], [78, 103, 113, 130]. However,
improving SSLIBs technology and introducing a high performance generation of these batteries re-
quires profound understanding of the electrochemical, mechanical, and thermal processes involved.
From mathematical modeling point of view, constructing a robust numerical model describing all
electrochemical, mechanical, and thermal interactions in the solid-state battery is an ongoing chal-

lenge. For more information on numerical modeling concepts of SSLIBs the reader is referred to
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[103].

The vast majorities of mathematical modeling of SSLIBs have been conducted toward mod-
eling and investigation on thin-film configurations. These batteries are prepared by vacuum de-
position techniques with length scales on the nano-meter level [I02]. The main advantage of all
solid-state thin-film batteries is that the size of the battery can be made smaller; where the capac-
ity and ionic conductivity can be increased, depending on the type of solid-state electrolyte. The
first solid-state battery model used Poissons equation to determine the potential in the solid elec-
trolyte [12]. The results revealed that the electroneutrality condition is maintained throughout the
electrolyte layer. Successively, a one-dimensional mathematical model was presented for thin-film
SSLIBs [38]. In this model, an ionization reaction of immobile to mobile ions (lithium ions) and
negative charges (vacancies) are considered to model the transport of ions in the solid-state elec-
trolyte. The numerical input parameters were calibrated in order to fit numerical charge/discharge
curves to the experimental results at different discharge rates. Another one-dimensional model for a
thin-film micro-battery was presented at a similar time [50]. This model accounts for the diffusion-
migration of lithium ions throughout the solid electrolyte, migration of electrons in the positive
electrode, and reaction kinetics at the electrode/electrolyte interface. By employing experimental
techniques to determine the electrochemical, mechanical, and material properties of the system, the
model accurately predicted the charge/discharge response of the battery at different temperatures.

LIBs modeling and behaviors prediction requires a broad understanding of the coupled multi-
physical phenomena in the battery. In addition to experimental studies, numerical modeling of the
coupled multi-physics phenomena and understanding the electrochemical-mechanical interactions
in SSLIBs have significant impacts on identifying the life-cycle performance and reliability of the
new generation of batteries. In spite of all research efforts, to the best of our knowledge, no compre-
hensive numerical model has been developed yet to study the coupled electrochemical-mechanical
intercalations in bulk SSLIBs. This is the first work that presents a comprehensive study for nu-
merical simulation of coupled multi-physical responses in all SSLIBs. In particular, this research

focuses on identify SSLIBs degradation phenomena and developing a finite element framework to
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model, evaluate and predict the responses of all SSLIBs under the influence of these degradation

phenomena.

1.4 Objectives

The main goal of this research is to present a comprehensive modeling framework for numer-
ical simulation and evaluation of the coupled multi-physical responses in all SSLIBs. In particular,
we aim to study and understand the influence of some mechanical and electrochemical degradation
phenomena on life-time performance of SSLIBs. To the best of our knowledge, this is the first
comprehensive numerical model for bulk SSLIBs that addresses the electrochemical-mechanical
coupling effects. The developed numerical modeling framework provides unique opportunities for
comprehensive studies and facilitates detailed understandings of the behavior of SSLIBs under the
influence of degradation phenomena. The characteristics of our numerical modeling framework are
described in Section [I.5 In spite of complexity in the physical modeling of degradation phenomena

described in Section [L.1] in this research we focus on studying and physical model of:
(1) The electrochemical phenomena in both thin and bulk SSLIBs,

(2) The influence of damage evolution on the mechanical and electrochemical performance of

the SSLIB,
(3) The effects of interfacial debonding on the electrochemical performance of the battery.

(4) The effects of material and geometric parameters on the electrochemical performance of
the battery. In particular, what is the influence of uncertainty in material and geometric

properties on the electrochemical performance of the battery?

The geometric configuration and structure of electrode layers in the LIB is highly complex. This
complexity often arises due to random size and distribution of active particles in the electrode
domain, see Figure Numerical modeling and optimizing of this complex structure with finite

element method need a robust computation and re-meshing techniques. The eXtended Finite
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Element Method (XFEM) appears as an alternative promising solution for the numerical modeling
of multi-phase structures with complex geometric configuration. In this research we adopt the

XFEM to predict the structural response.

1.5 Approaches

In this section we wish to provide a detailed description of our numerical modeling approach.
The main aspects of our approach for modeling of all SSLIBs are shown in Figure Our finite
element model accounts for the electrochemical and mechanical interactions in both thin and bulk
SSLIBs. The involved coupled physical phenomena includes mechanical deformation, diffusion-
migration processes, stress-diffusion coupling, damage-diffusion coupling, interfacial debonding and
cohesive zone model, and electrochemical surface reactions. To provide a predictive numerical tool
for optimizing the performance of SSLIBs, a Parameter Identification Method (PIM) is augmented
into our finite element model. The PIM allows us to perform parametric study and identifying key
design parameters in life-time performance of SSLIBs. The characteristics of our research approach

are described as follows:

(1) Develop a full resolution model based on finite element and extended finite element methods
for both thin-film and bulk SSLIBs. The model accounts for the transport processes,
electric fields, and mechanical deformation in the entire battery cell. The XFEM model
is developed for numerical modeling and topology optimization of electrode material with

complex geometric configuration.

(2) Augment the full resolution model with non-local damage process in the electrode particle.
This process accounts for mechanical and electrochemical coupling effects and capacity fade
in the battery. In particular, we coupled the damage properties with the diffusivity of the

electrode materials.

(3) Develop and augment a cohesive zone model that accounts for interfacial delamination and

debonding in the structural configuration of the SSLIB model.
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Figure 1.3: The main flowchart of research approaches.

(4) Develop comprehensive verification and calibration benchmark examples to examine differ-
ent aspects of the full resolution modeling framework. The developed numerical examples

evaluate different physical responses at both thin-film and bulk SSLIB models.

(5) Develop an augmented parameter identification and design optimization framework in both

finite element and XFEM models.
(6) Develop a multi-scale modeling framework for SSLIBs.

The remainder of this thesis is organized as follows: in Chapter [2, we outline the formulation
of coupled multi-physical responses in the entire battery cell. In Chapter[3] we discuss the numerical
modeling and implementation of the SSLIB model. The PIM and design optimization method are
described in Chapter[d] In Chapter [5] we study the main characteristics of the proposed framework
with comprehensive numerical examples. Insight gained from this research and numerical studies

are summarized in Chapter [6] Areas for future research are summarized in Chapter [7]



Chapter 2

Physical Modeling

2.1 Balance principles

This section is devoted to derive a general form of balance principles as ingredients for
governing equations in the LIB modeling. In particular, this section discusses the basic balance
equations and thermodynamics inequalities as integral balance conditions for the LIB applications.
The latter will be used as a fundamental ingredient for dissipation phenomenon in the LIB damage
model. In this section we aim to derive the mass, momentum, and energy balances for LIBs

applications.

2.1.1 Balance of mass

For every continuum body, the mass is defined as the amount of material contained in the
body that is invariant during a motion. For coupled deformation-diffusion problem it is assumed
that no mass production occurs due to the electrochemical reaction. One may separate the balance
of mass for the solid skeleton and chemical species. The total mass of a continuum body, 2, for

solid skeleton is defined by:
m = / pdv, (2.1)
Q

where p is the partial mass density, the balance of mass implies that:

Dm
- _ 2.2
Dt /dev, (22)

where v is the mass supply.
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Figure 2.1: Kinematic relationship for a point in the undeformed and deformed configuration.

By equating Equations (2.1)) and (2.2), localizing the integral to point wises, and assuming

zero mass supply, v = 0, the balance of mass for the solid skeleton is given as follows:

Dp _9p _ 2.3
D =2 =" (2.3)

For the electrochemical-mechanical coupling we consider the transport of lithium-ions during elec-
trochemical reactions. The general form of the balance of mass for multiple species is defined as

[67):

D
/ pcidv = —/Ji-nds—i-/ h;dv, (2.4)
Dt Jq r Q

where pc; represents the species density, ¢; is the concentration, J; is the vectorial species flux, n
is the outgoing normal vector, and h; is the scalar species supply. By applying product rule on the

left hand side of Equation (2.4)):

Dp DCZ'
i —— dv=— [ J; nd h;dv. 2.5
/Q[th—}—th] v /F ns—}—/Q v (2.5)

Finally, by localizing the integrating, using the results of balance of mass for the solid skeleton,

and applying the Divergence Theorem (DT) on the right hand side of Equation (2.5) the balance
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of mass for species ¢ is defined by:

Dc; dc;
=p—=-V-J;,+ h;. 2.6
th p@t V-Ji+h (2.6)
2.1.2 Balance of linear momentum

For a continuum body, €2, with a set of material points, the total linear momentum, L(t), for
a given motion « = x(x, t), partial mass density p = p(x,t) and spatial velocity field v = v(x, t) is
defined as [69]:

L(t):/Qp(a:,t)v(w,t)dv. (2.7)

The material time derivative of linear momentum for an arbitrary region in the continuum body

results in the balance of linear momentum defined as follows:

Dgit) :/Qp(a:,t)bdv+/rt_ds, (2.8)

where b is the body force vector per unit mass, ¢ is the traction vector acting on boundary, I'. By

applying material time derivative on Equation (2.7 we obtain:

DL Dp  Dv
o |2+ p2l | . 2.9
Dt /Q[Dthrth] Y (2:9)

In addition, by applying the DT on the second term in Equation (2.8) the surface integral is

converted to volume integral as follows:

/fds:/a-nds:/v-adv, (2.10)
r r Q

where o is the Cauchy stress tensor. Combining the left and right hand sides of the balance of

linear momentum gives:

D
/ [pb+V - o]dv = p—vdv. (2.11)

Finally, by localizing the integral the balance of linear momentum can be written as:

V.o + pb = pa. (2.12)



17

2.1.3 Balance of energy (first law of thermodynamics)

The balance of energy in presence of species transport is defined as follows [67]:

DEtotal .

Dt — 4L'input + Qinput + Iinputa (213)

with

1
Etotal = / (2P'U v+ pe) dv, (2.14)
Q
Piput = / pv - bdv + / v - tds, (2.15)
Q r

Qinput = /Q (=V - q+ pr) do, (2.16)

Linput = Z <_/FMi Ji-nds —i—/ﬂuihidv) , (2.17)

where Fiotal is the total internal energy, e is the internal energy per unit mass, Pipue is the
mechanical power input due to external forces, Qinput is the heat input rate, q is the heat flux
vector, r is the heat input rate per unit mass, linput is the energy flow due to the transport of all
species, and p; is the chemical potential for specie ¢, respectively. By applying the material time

derivative on the total internal energy, Fiota1, we get:

M:/D lpv.v+pe d’l}
Dt o Dt \ 2

B Dp (1 Dv Dp De
_/Q[Dt (2'0 v)—i—(p v) Dt}dv—i—/ﬂ[Dte—i-th]dv.

Using the relationship for the balance of mass ([2.3), the material time derivative of the total internal

(2.18)

energy is simplified as follows:

DEtotal / De
= . | dv. 2.19
Di A po-a+po | dv (2.19)

Moreover, one can apply the DT on the second term in the mechanical power input as follows:

/F'v-t_ds:/rfv-(a-n)ds

:/QV-(’U:O')dv:/(O':E?—i—’U-V%J’)d%

Q

(2.20)
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where € is the infinitesimal strain rate, by substituting the divergence of stress from the balance of

linear momentum, the mechanical power is simplified as:

iDinput—/Mbﬂ'l)“r/(O'i é+pv'a—ﬂz/p57dv
“ o (2.21)

:/(U:é—l—p’v-a)dv.
Q

In the energy flow due to the transport of all species, one can apply the DT on the first term as

follows:

/ui Ji-nds:/V-(,ui-.]i)dv:/(J¢~Vui+uiV-Ji)dv. (2.22)
r Q Q

Finally, by substituting Equation (2.22]) into (2.17) and using the balance of mass for the species

(Equation , one can get the energy flow due to the transport of all species as follows:
Iinput = Z <— / (Ji -V — - V- Ji)dv —|—/ Nihid?f)
: 0 0
= Z </ —V - Ji+h) =i vm)dv> (2.23)
De;
_Z</ (Pﬂz i Jz"VMi>dU)~
Substituting above equations into the balance of energy equation results in:
| feart o | d
o pu—a- th v
:/(a:é+Mdv+/(—V-q+pr)dv (2.24)
Q

+Z ( / (puz ~J;- w) dv) :

By localizing the integral, the balance of energy is written as:

De . Dc
th—a:s+V-q—pr—Z<met —Ji- Vm)zo- (2.25)

7

2.1.4 Principle of entropy inequality (second law of thermodynamics)

The second law of thermodynamics is defined as:

T'(t) >0, (2.26)
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which states that the total production of entropy per unit time is non-negative, more specifically

I'(t) is the total production of entropy per unit time, defined as:

I(t) = 2:5(0) - Q1) > .

with

S(t) = /Q pndv,

1 1
= —_— d— —_— . d
/QTPTU /ranS’

(2.27)

(2.28)

(2.29)

where S is the internal entropy, 7 is the entropy per unit mass, Q is the rate of entropy input,

and T is the temperature field, respectively. The material time derivative of the internal entropy

is defined as:

Dn
/Dt pn)dv = /( —I-th)dv

Using Equation (2.3)), the material time derivative of internal entropy is written as:

D
/ ndv

Moreover, by applying the DT on the second term in the rate of entropy input:

1 0 (1
/FTq.ndS_/Qé?cc(Tq) dv
—/ iVT + lV d
~ o\ ey g )ar

The rate of entropy input, therefore, is written as:

1 1
Q(t)—/QT<p7“+TVT-q—V-q>dv.

From the balance of energy ( Equation [2.25]):

De Dc;
pr—V - q—pD—t—a €—Z<PMD;—J1"VM>-

1

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)
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Then we can get:

1 De . Dc; 1
Qt) = /Q T (th —0:€— Z (puz Dt —J;- V,uz> + TVT : q> dv. (2.35)

7

By substituting Equations ([2.31)) and (2.35|) into (2.27) and by localizing the integral:

Dn 1 [ De Dc 1
1 1 T -J;-V —VT-q|>0. .
"Di T(’ODt 7€ - (pulDt “Z>+T q>—0 (2.36)

Finally, by multiplying Equation (2.36) by 7', the second law of thermodynamics can be written
as:

Dn

De D 1

2.1.5 Clausius-Duhem inequality

Consider the Helmholtz free energy per unit mass:

Yv=e—"1Tn. (2.38)

By taking the material time derivative of Equation ([2.38)), using the first law of thermodynamics
and substituting the results into the second law of thermodynamics one can end up with the
Clausius-Duhem inequality. The material time derivative of the Helmholtz free energy per unit

mass is written as:

Dy _De DI Dn (2.39)
Dt~ Dt "Dt Dt

By multiplying both sides with partial mass density p and rearranging:
Dy _ e Dv_ DT (2.40)

T— = —p— — pn—.
pt "Dt~ "Dt "D
And finally by substituting Equation (2.40)) into the second law of thermodynamics, the Clausius-

Duhem inequality is defined as:

Dy DT Dc; 1
Por Py O <WZD “Z> rvia=0 (241)
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We assume that the Helmholtz free energy per unit mass is a function of deformation, temperature,

and concentration as ¥ (e, T, ¢;). By applying the chain rule on the Helmholtz free energy:

Dy oy . oy . O .
Dy _ oy . 0p . 0% 2.42
Dt ~oe T, Gtar T (242)

By substituting Equation (2.42)) into (2.41)) the Clausius-Duhem inequality is rewritten as follows:

0 0 . 0
<U—paﬁ) é— (pa?’?ﬂm) T+ <Zpui-é¢—p£-6i>

) (2.43)
= 3V - VT q>0.

One can apply the Coleman and Noll argument [35] for the independent processes €, T, and ¢;, then
for Equation (2.43)) and the second law of thermodynamics to be satisfied, the following constitutive

equations must hold:

o = %
7p8€7
oY

= _-7 2.44
R
Hi = 9

Therefore, the reduced energy dissipation inequalities become:

> i Vi 20,
i (2.45)

1
—VT.-q>0.
TV q>0

where the dissipation inequality of Equation ([2.43) is strongly requires satisfaction of inequalities

in Equation ([2.45]).
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2.2 SSLIBs full resolution model

The proposed full resolution model, based on dilute solution theory [100], predicts the electro-
chemical and mechanical phenomena in a half-cell model including the cathode and solid electrolyte
layers. The whole electrochemical and mechanical process involves three main physical phenomena
including species/ion transport, mechanical deformation, and electrochemical reactions. For the
transport of species/ion three different phenomena are considered: the transport of ions through
the electrolyte, the transport of species and electrons through the electrode particles. The trans-
port of species and ion are treated as a diffusive process and it is assumed that the motion of the
electrons is much faster than the diffusion of species, therefore the electrons movement is modeled
with electrostatics. It is also assumed that the electrochemical reactions only occur at the interface
of electrode and electrolyte. Although there are significant impacts of side reactions, formation of
the SEI, diffusion induced micro-cracks, heat generation and electrolyte decomposition on battery
performance and validity of the numerical model, we neglected the influences of these phenomenal
in our numerical model, see Chapter For an isothermal condition it is assumed that the me-
chanical response to the swelling is much faster than the diffusion process so the body is assumed
to always be in a state of mechanical equilibrium. In our full-resolution model, the cathode layer
can be represented by the pure solid material or solid material with voids either empty or filled
with the electrolyte. The influence of the lithium metal anode on the electrochemical processes is
replaced via representative boundary conditions. In the following sections the electrochemical and

mechanical phenomena in the electrolyte, electrode, and interface are described in detail.

2.2.1 Electrolyte

The diffusive transport model in an electrolytic solution is described in terms of transport of
charged species via diffusion-migration, electric currents, and electroneutrality condition. Unlike
the concentrated liquid phase electrolyte, in the solid phase electrolyte the dilute solution theory

is employed which considers the diffusion of charged species instead of simple diffusion [I00]. The
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most fundamental definitions of electrochemical processes in the solid phase electrolyte are described
here. The electrochemical potential of an ionic species (the required energy for reversible transfer

of charged species between two phases [83, [100]) is defined as:
fe; = fey, + RTIn(c;) + 2 F s — Qiop, (2.46)

where fhei, 18 the initial electrochemical potential, R is the universal gas constant, 7" is the temper-
ature, ¢; is the concentration, z; is the valence number (number of transferred electrons per ion),
F' is the Faraday’s constant, ¢; is the electric potential of species i, €); is the partial molar volume,
and oy, is the mechanical hydrostatic stress, respectively. For the diffusive transport model, the
convection due to fluid-like motion of electrolyte is neglected. The flux density of each charged
species which represents the migration of charged species in an electric field and diffusion caused
by concentration gradient is defined by:

¢iD;
RT

Ji= "V, (2.47)

where D; is the diffusion coefficient of species i. In addition, the electroneutrality condition implies
that:

> zici =0, (2.48)

i
We assume the solution is composed of one kind of cation and one kind of anion [100] and is
represented by ¢y as the cation and c_ as the anion concentration, respectively. The concentration
of the electrolyte is then defined by:
Cyt C_

== =, (2.49)

vy v_
where v4 and v_ are the numbers of cations and anions produced by dissociation of one molecule
of electrolyte, respectively [100]. Moreover, the current density, i;, in an electrolytic solution due

to the migration of charged species is defined by:

i =F> zd (2.50)
k

Based on these fundamental definitions the balance laws for the solid phase electrolyte is described

in the following sections.
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2.2.1.1 Balance of mass

The electrochemical transport of the cations and anions is governed by the balance of mass

29):

8CZ'
V - i— h; = (]’ 2.51
n + J h ( )

where h; is defined as the rate of volumetric production of the species via chemical reaction [100].
With the assumption of constant diffusion coefficients, the balance of mass for the cation and anion

is expressed as:

dq zi D 0D

YT D, V¢ — EF FV - (V) — RT+V (Vop) — hy =0, (2.52)
dq 9 z_D_ O D_

LD V2% — : - : —h_ = 2.

ot D_V-<q RT AV (cqubl) RT v (C[VO’h) 0, ( 53)

where ¢; is the concentration, ¢; is the electric potential in the solid phase electrolyte, and £ is
the partial molar volume for the electrolyte, respectively. The electroneutrality condition allows
the elimination of the electric potential field and the derivation of an effective material balance for
the electrolyte. By combining the above equations, the effective balance of mass for the electrolyte
is written as:

Jg

9.3, = b, 2.54
o TV di=h (2.54)

where h, is the total chemical reaction production, and J; is the electrolyte flux which accounts for

stress-diffusion coupling as follows:

Q
J; = Deg <Vcl — lec_fVO'h) , (2.55)

with the effective diffusion coefficient defined as [100]:

22_D+D_
Dgg=——"— 2.56
eff Z+D+ . D ) ( )

and the hydrostatic stress:

1
Op = 5(011 + 092 + 033). (2.57)
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Following [38], the total chemical reaction production can be related to the ionic generation and
the inverse recombination reactions described by the Arrhenius law. Therefore, the overall rate of
the charge carrier generation and the net rate of the inverse reaction is considered in the electrolyte

balance of mass in the following setting:
&,
1- Ecl ’

where ¢, is the maximum electrolyte concentration, kg is the dissociation rate constant in the

hy = kg ( — ) — ke, kg = ke, .. (2.58)

Clmaz

electrolyte, k, is the Li-ion recombination reaction rate, and &, is the fraction of free Li ions in the

equilibrium.

2.2.1.2 Balance of charge

The conservation of charge states that the total current is conserved throughout the cell [43]:

ip +1is = Text, (2.59)
where i; is the current density in the electrolyte, iy is the current density in the electrode, and
I« is the applied external current, respectively. For a constant discharge, taking the divergence of
Equation gives the relation between the ionic and electronic current densities. The balance

of charge for the electrolyte is defined as:
Vi =0. (2.60)

The current density in the electrolyte is evaluated by substituting the flux density of cation and
anion into Equation (2.50)) and summation over solution. Therefore, the current density in the

electrolyte is given by:
2

il = —F (Z+D+ -+ Zfo) VC[ — Z+ﬁ

(Z+D+ — Z,D,) cquZ)l. (261)

2.2.1.3 Balance of linear momentum

To account for the mechanical-diffusion coupling in the electrolyte the mechanical stress is

coupled with the electrochemical model through the concentration induced swelling strain. For the
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electrolyte the balance of linear momentum in absence of inertia term is given by:
V-o,+b =0, (2.62)
with the following linear constitutive and kinematic relationships [164]:

1
o] = (Clt (El - gQZAClI)a (2.63)

1
g = i(Vu + Vaul), (2.64)

where o is the mechanical stress for the electrolyte, C; is the electrolyte elasticity tensor, g; is the

mechanical strain in the electrolyte, and I is the second order identity tensor, respectively.

2.2.2 Electrode

The electrochemical performance of active materials is described by the balance of mass that
accounts for the diffusion of lithium ions, and the conservation of charge that accounts for the
migration of electrons in the active materials. The governing equations for these phenomena are

described here.

2.2.2.1 Balance of mass

Similar to the balance of mass for the electrolyte, the balance of mass for the electrode which

accounts for the diffusion of Li™ within the active materials is governed by:

dey
ot

+V-J,=0, (2.65)

with the flux, Jg, that accounts for the stress-diffusion coupling as follows:

B Qe
J,=—-D, <Vcs ~ BT Vah> , (2.66)

where Dy is the diffusion coefficient of the electrode, ¢, is the concentration of the electrode, €2
is the partial molar volume for the electrode, and oy, is the hydrostatic stress defined by Equation

2.57).
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2.2.2.2 Balance of charge

Similar to the balance of charge for the electrolyte, the current flowing in the electrode is
governed by the Ohm’s law [43]:

V-ig =0, (2.67)
with the current density in the electrode defined as follows:
is = —AsVos, (2.68)
where \A; is the electronic conductivity and ¢s is the electric potential in the electrode, respec-
tively.
2.2.2.3 Balance of linear momentum
For the electrode particle the balance of linear momentum can be described by:
V-os+bs=0, (2.69)
with the constitutive and kinematic relationships defined as [164]:

1
o, =Cs: (g5 — gﬂsAcsI), (2.70)

1
€s = §(Vu + Vaul), (2.71)

where o is the mechanical stress for the electrode, C; is the electrode elasticity tensor, and e is

the mechanical strain in the electrode, respectively.

2.2.3 Surface kinetics

The electrochemical reaction kinetics at the surface of particle is governed by the Butler-
Volmer (BV) model which is commonly used in numerical modeling of lithium-ion batteries. For

the electrochemical surface reaction:

jbv(cl7687 gbla QSS) - F]S = 07 (272)
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where 7, is the BV equation for the given interface and j, is surface flux. The BV equation is a

model specific properties and different formulation is provided for different models.
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2.3 SSLIBs multi-scale model

The multi-scale modeling approach developed here accounts for 3D modeling of all solid-
state lithium-ion batteries. Our multi-scale modeling framework has originally been developed for
liquid state electrolyte by [58] that is extended to account for the solid-state electrolyte [121I]. The
model, based on porous electrode and dilute solution theory, describes different physical phenomena
at different length scales. This includes the interaction of different physical phenomena such as
electrochemical, mechanical, and thermal processes at macro, meso, and micro scales. The main

characteristics of our multi-sale model for SSLIBs are explored here.

2.3.1 Macro-scale model

At the macro-scale the electrochemical, mechanical, and thermal intercalations in the entire
battery cell are characterized through transport of Li-ion via diffusion-migration, electric potential
in both solid-state electrolyte and active particles, thermal transport, and macroscopic mechanical
deformation. Following Equations and , the electroneutrality condition allows the
elimination of the electric potential field and the derivation of an effective material balance for the
electrolyte. By solving Equation for the electric potential field and substitution of the result
into the balance of mass for the cation or anion, the effective balance of mass for the electrolyte is
described as follows:

7861 1 0 —
5[5+V‘J[+/2+7FV'(t+‘1l)_h+_07 (273)

where & is the electrolyte volume fraction, and ti is the transference number defined as follows:

Z+D+

) =—"—+ .
+ Z+D+ —z_D_

(2.74)

Unlike full resolution model, the effective diffusion coefficient needs to be modified to account for the
electrolyte volume fraction. The effective diffusion coefficient for the multi-scale model is defined

Deﬂ' =&

' 2.75
lZ+D+ —z_D_ ( )
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Assumption that only the cation reacts at the electrode [I00] means that the cation reaction rate
can be related to the divergence of the electric current in the electrolyte via Faraday’s law. This
can be performed by multiplication of Equation by z;F' and summation over the number of

species, the result implies that:

1
hy = —=V-i,. 2.76
=Vl (2.76)
In multi-scale modeling the rate of volumetric production of the cation is related to the macro-scale

effective pore-wall flux, jeg, in the following setting:
hy = Jeft, (2.77)

where the macro-scale effective pore-wall flux is related to the micro-scale pore-wall flux, js, the
electrolyte volume fraction, &;, the void volume fraction, &,, and the electrode particle radius, R,
as follows:

. 3(1 — & — 511) .
eff = s- 2.78
Jeft R j (2.78)

By replacing the above mentioned relationships in the effective balance of mass for the electrolyte,

one can write the balance of mass for the electrolyte as follows:

_0q I o0 . 0ys
€l ot +V l+Z+Fv+ i —( )i =0 (2.79)

Considering the effective pore-wall flux at the electrode/electrolyte interface, the currents flowing
through the electrode and electrolyte are governed by the modified Ohm’s law in the following
settings:

Vi, — Fjog =0, (2.80)

V - is + Fjog = 0, (2.81)

where i; and i are defined as Equations (2.61) and (2.68]), respectively. To account for the

electrochemical-mechanical coupling phenomena at macro-scale, the mechanical model is coupled
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with the electrochemical model through homogenization method. In this model the balance of

linear momentum is defined as follows:
V-oM+b=0, (2.82)
with the following linear constitutive and kinematic relationships:

oM =Ceg: (eM — M), (2.83)

eM = %(Vu +Vaul), (2.84)

where Cog is the effective elasticity tensor, and e is the electrochemical eigenstrain tensor. The
Mori-Tanaka (M-T) approach is used to compute an effective elasticity tensor and overall chem-
ical eigenstrains of the aggregate as well as average stresses in the particles due to diffusion and

mechanical loads [58) [96]. Based on this approach the effective elasticity tensor is given by:

Ceg = C5 + (1 — 51)<(C5 — Cl)i Ag, (2.85)
with

Ay =Ap: [T+ (1 —g)Ap]™", (2.86)

Ap=[T+S:C': (C,—C)] ™, (2.87)

where S is the Eshelby’s tensor. The Eshelby’s tensor is a function of particle aspect ratio and the
Poisson’s ratio of the electrolyte phase. The detailed derivations of effective elasticity and Eshelby
tensors can be found in Appendix [B]

The thermal diffusion with Joule heating is described by:
oT
pep oy + V- (=kVT)-1-E =0, (2.88)

where p is the partial mass density, c, is the specific heat capacity,  is the thermal conductivity, I

is the current density, and E is the electric potential in the electrode and electrolyte phases. The
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Joule heating I - E is defined as:

I-E=i,-E;+¢& -1 - Ey, (289)
with
Es = _v¢sa
(2.90)
E, = —-Vg,.
2.3.2 Micro-scale model

Similar to the full resolution model, the balance of mass for the micro-scale which accounts
for the diffusion of Li™ within the particles is governed by Equation (2.65). The balance of linear

momentum for the micro-scale in the absence of body force is governed by Equation ({2.69)).
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2.4 Electrode damage model

Fracture, micro-cracks, and damage have been identified as one of the most import sources of
capacity fade and electrochemical degradation in the LIBs [42] 150, 03], 169]. Damage evolution in
the electrode active materials is accompanied by the cyclic process of diffusion induced intercalation
during normal operation of the battery. The damage evolution happens when the stress in the
electrode active materials exceeds the strength of the material. Diffusion induced mechanical stress
and reduction in the strength of material affect the electrochemical properties of the battery during
normal life-time performance [26, [48]. The influence of diffusion induced stress, crack, and fracture
on the life-time performance of the battery have been studied widely in the literature. Recently,
a stochastic simulation approach is used by [9} 26, 27] to study the evolution of diffusion induced
damage in electrode active particles. The model used random lattice spring mechanism to estimate
microcracks initiation and damage accumulation in the electrode active particles assuming brittle
fracture behavior. The lattice spring model displays stiffness in both axial and transverse shear
directions. The model relates the formation of micro-cracks to degradation of the strength of active
materials and reduction in the diffusivity of the electrode active particles. While the contribution of
hydrostatic stress on the diffusion process was neglected in their model, the results revealed a great
contribution of damage on capacity fading in LIBs. In addition, the model showed that the influence
of crack on the surface concentration at the peripheral region is significantly greater than those
located at the center of particle. The evolution of cracks during charge-discharge cycles exposes
new surface for the SEI, this process consumes lithium that leads to capacity fade in the battery
[42]. The results of damage model showed the influence of electrode particle size and discharge rate
on damage effects [26] 27]. It was concluded that larger particle or higher discharge rate result in
more capacity fade due to formation of lager zone of influence in the damage model. The purpose
of this section is to study the influence of damage evolution on the electrochemical performance of
SSLIBs. In particular, the influence of stress-diffusion coupling and deformation induced due to

swelling on damage initiation and evolution in the electrode active particles are investigated. For
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this purpose, we augmented the damage evolution model into our SSLIB full resolution model. The
main characteristics of the damage evolution model are explored in this section.

For the damaged electrode materials, the total free energy of a system describes the coupled
electrochemical-mechanical behavior of the damaged elastic materials. For an isothermal condition
the total stored strain energy is defined in terms of the total strain, diffusion induced swelling and

damage parameter as follows:

Y(€s, 5, D) = (1 — D)0 (&5, cs), (2.91)

where 1 is the total free energy function per unit volume. The factor (1 — D) is known as the
damage reduction factor where the scalar D € [0, 1] is the damage parameter that describes the
isotropic degradation of brittle materials. When D = 0 the material is undamaged while the value
D =1 is an upper limit such that the material is completely damaged and failure occurs. In the
above equation, ° denotes a initial elastic stored free energy function of the undamaged material.
In particular, for the electrode materials with linear elastic behavior and coupled with diffusion

induced swelling the initial elastic stored free energy function is defined as follows:

1
QzDO(ESaCs) - 565: (CS: Eg — KQSACSES: I, (292)

where K is the bulk modulus, and Ac; is the concentration difference in the electrode phase. It
is assumed that the total damage accumulation is based on stress softening of the material [69].
By employing the second law of thermodynamics and the Clausius-Duhem inequality derived in

section [2.1} one can postulate the following inequality:

Dint = <0's_g¢> D €5+ <Ns_g¢> “ Cs
©s Cs (2.93)

where the damage related dissipation is a non-negative internal dissipation inequality. This in-

equality must hold true for any strain increment

Ding = fD >0, (2.94)
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where f denotes as the thermodynamic force related to loading-unloading condition which governs
the damage evolution. It turns out that f is identical to the stored strain energy function of the
undamaged material, 9°. This inequality equation expresses the fact that damage is a dissipative
process. In order to define a constitutive equation for the elastic materials with an isotropic
damage including softening effects, the evolution equation for the damage parameter, D, should be

determined. The inequality equation (2.93)) yields the following elastic constitutive equation:

Os = (1 - D)O’g(&“s, Cs)v (295)
where
02(557 cs) =Cs: 65 — KQsAcsI. (2.96)
2.4.1 Non-local damage formulation

In the damage mechanics modeling, the scalar damage parameter, D, is related to damage

evolution law by:
D = g(r), (2.97)

where g is the damage evolution function and & is an internal variable that corresponds to the
maximum level of equivalent strain ever reached in the previous history of the material. The

internal inequality dissipation, known as the loading-unloading condition, implies that:

fle, k) = €eqle) =K <0,  £>0,  fle,r)i=0, (2.98)

where €4 is a scalar measure of the strain level called the equivalent strain. The specific expression
for the equivalent strain can be related to the shape of affected domain in the strain space. For
example the equivalent strain can be related to the norm of strain energy or as a function of
principle strains [92]. In this study the equivalent strain is defined as a function of the scaled norm
of strain energy as follows:

Eeql€) = £ g: = (2.99)
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The scaling of the norm of strain energy by Young’s modulus is considered to transform the energy
into a strain-like quantity. In many loading cases the damage in materials dominates by tension
than compression. The particular expression for the equivalent strain is defined such that the
influence of tension is emphasized. For example, one can define the equivalent strain as a function

of principle strain ([92]) as follows:

ceqle) = 1/ {e11) + (E2) + (e33)?, (2.100)

where the brackets (€) is defined as the positive part operator, such that:

e ife>0
(e) = ) (2.101)

0 ife<O
A suitable approach for the damage evolution law is to consider a non-local damage formulation
which is associated with well-posed boundary value problem. The formulation smooths the damage
variable computed from the local equivalent strain. To this end, the local equivalent strain (€¢q) in
the loading-unloading conditions (2.98]) is replace with the weighted non-local strain in the following
setting:

€eq— k<0, K20, (Beq — k) = 0. (2.102)

An implicit gradient damage formulation [I16] can be used to compute the weighted non-
local equivalent strain. Following the approach proposed by [116], the non-local equivalent strain

variable is indirectly defined as the solution of a Helmholtz-type differential equation:

Eoq — CV?Eeq = €cq, (2.103)

where the gradient enhanced parameter, ¢, is of the dimension length squared and control the
smoothness of the damage. In particular, ¢ is proportional to the length scale parameter (charac-
teristic length). The length scale parameter is related to material properties, fracture energy, and
aggregate size which needs to be determined experimentally [11]. Considering &, as an indepen-

dent variable that simplifies the formulation and enables a straightforward and continuous finite
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element interpolation. The only major issue in the Helmholtz-type equation is the requirement of
the additional boundary condition that needs to be satisfied. Following by [116], the most simple

case for the additional boundary condition is that:

Vée -m = 0. (2.104)

The evolution of damage then can be described by the damage evolution function, g(x), which is
defined in different forms of evolution law as a function of damage internal variable, k. The simplest

form of the evolution function can be expressed as a function of internal variable as follows [116]:
_ Ko
D=gk)=1-—, (2.105)

where kg is the initial damage threshold. Following Equation (2.95)), the rate form of tangent
constitutive equation for damaged and undamaged electrode material is defined by:

(1 -=D)(Cs: €5 — KQI: &) — 8%—(:)0'22 Eoq if Eeq >k
&y = , (2.106)

(1—D)(Cy: &5 — KQgI: ¢&y) if eq < K

The derivative of the damage evolution law (2.105) with respect to scalar history parameter, &, is

defined as:
0g(k) _ Ko (2.107)

ok K2

The update procedure for the non-local damage evolution with stress-diffusion coupling is expressed
in the Algorithm

In order to trigger the influence of damage evolution on the transport properties, discharge
behavior, and electrochemical performance of the battery, the electrode diffusion coefficient, Dy,
can be described as a function of the damage parameter, D, [26, 27]. The diffusion induced stresses
cause the evolution of damage in the electrode active materials. With increasing the influence
of the damage the diffusivity of the electrode is decreased. The reduction in the diffusivity of
the electrode contribute to the capacity loss in the battery. To this end, the evolution of the

damage is described by an exponential law such that the damage parameter, D, is expressed as
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an exponential function of the damage internal variable, x, as shown in Figure Moreover, the

electrode diffusion coefficient, Dy, is described as an exponential function of the damage internal

D =1-exp <—ﬁk> ,
ko

- k
DS = €xp (_Bko> )

where D is the damage evolution parameter, S is the damage sharpness and slope controlling

variable, x, as follows:

(2.108)

parameter,  is the initial damage threshold, and Dj is the nondimensional diffusion coefficient in

the electrode phase.
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Figure 2.2: The evolution of damage parameter and electrode diffusion coefficient with damage
internal variable.
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2.5 Cohesive zone model in LIBs

The performance of engineering structures composed of multi-phase materials is often dom-
inated by mechanical interface phenomena such as frictionless and frictional contacts. These phe-
nomena can be observed in many engineering applications; such as: crack propagation, sliding
contact, and metal forming operation. From design perspective, the performance of structures can
be influenced by interface conditions and the influence of these phenomena need to be considered
carefully in the design specially for the extreme loading condition. The frictional contact or adhe-
sion represent a progressive nonlinear behavior along the interface. This phenomenon which relates
the separation along the interface to the traction is called cohesive zone model. The cohesive zone
model has received widespread interest among scientific communities during past three decades. It
describes the material failure and interfacial debonding in engineering structures. It was initially
introduced by Dugdale [45] to analyze the damage evolution and material failure around the crack
tip. The model describes the existing cohesive forces along the interface as a function of interfacial
separation. During the separation the traction along the interface grows up to the maximum value
and then falls to zero and vanishes. Over the past three decades, numerical modeling of struc-
tural problems with cohesive zone models have received considerable attentions. The most primary
and fundamental continuum mechanics model with an interface phenomenon was introduced by
Needleman [99]. The model described the evolution of the interface phenomenon from an initial
debonding through a perfect separation. The interface phenomenon was introduced through an
energy based constitutive equation which describes a mechanical relation between traction and
separation along the interface. The traction increases with growing interfacial separation, reaches
the maximum value, then drops to zero, and eventually vanishes such that complete decohesion
occurs. Considering the cohesive zone model led to a nonlinear mechanical problem, which acts
at the interface to prevent either interpenetration or separation of bodies. The constitutive rela-
tion between traction and separation can be described by exponential, bilinear, and polynomial

forms of cohesive zone laws [24], 136], 137, [I57]. The standard bilinear cohesive zone model has
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received much attention among the scientific communities, being used for simulation of interfacial
debonding, matrix cracking, delamination of fiber reinforced composites [49, 84], and failure in
functionally graded materials [165]. The normal and tangential traction can be represented as a
function of both normal and tangential separation (coupled) or only one of them (uncoupled). This
functionality is a useful tool to represent the behavior of materials at different fracture modes [139)].
Both coupled and uncoupled cohesive zone models have been extensively studied in literature. For
example, the cohesive zone model was used to study the fracture phenomenon in concrete and
rock [0}, [47,, 109} 128] 117], to simulate the propagation of matrix cracks in thin composite plates
subjected to low velocity impact [57]. For more information about review of cohesive zone models,
the reader is referred to [10§].

The cohesive zone model has received considerable attentions in the numerical modeling
of lithium-ion batteries. In most cases it is considered to model fracture and fatigue induced
delamination in the electrode particle during insertion of lithium [63], 19, 21, RT]. The influence of
Interfacial debounding due to lithium intercalation induced stress in capacity fade of lithium-ion
batteries studied extensively by [104]. Mechanical properties of the current collector have shown
great influence on delamination behavior at the electrode/current collector interface [I05]. We
studied the influence of cohesive zone model on the electrochemical performance of SSLIBs. The
main characteristics of the cohesive zone model in our LIB framework are explored in this section.
The mechanical responses at the interface between electrolyte, O, and electrode, Q°, considering
contact relations pertinent to the interface phenomena are illustrated in Figure 2.3 Here we
introduce superscript p to represent either of phases electrolyte and electrode. Surface quantities
TP, n?, and tP are the traction, normal vector, and tangential vector for phase p, respectively. We
define u'® as the displacement jump across the interface. The mechanical response at the interface

depends on the traction and relative displacement across the interface. For any given point on the
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Figure 2.3: Schematic of two bodies in contact with cohesive interface.

interface, the normal and tangential traction and separations are defined as:

An — uls . ns’ At — uls . ts7 n’ = —’I’Ll, - _tl ,
(2.109)
T,=T°n*=-T'-n° T,=T°t'=-T -t°,

where A,, is the normal separation, A; is the tangential separation, T,, is the magnitude of normal
traction, and 7T} is the magnitude of tangential traction. The relationship between surface traction
and relative displacement are illustrated in Figure The variables 67, 6%, 6", and df represent the
critical normal separation, the critical tangential separation, the normal separation at which the
normal traction vanishes, and the tangential separation at which the tangential traction vanishes,
respectively. In our uncoupled bilinear cohesive zone law three distinct regions are defined. The
bonded zone refers to the linear elastic region where A,, < §7 and A; < 5£. The reduced zone is

defined as the region where 07 < A, < 6" and 8, < A, < §f. Finally, the debonded zone refers to
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Figure 2.4: Uncoupled bilinear cohesive zone law, (a) normal response, (b) tangential response.

the region in which cohesion has vanished, i.e. A, > ¢f* and Ay > 513.

Departing from the frequently used penalty method to prevent surface penetration, the com-
pressive region depicted in the lower left quadrant of Figure (a) is handled separately by a
stabilized Lagrange formulation. This mitigates ill-conditioning and accuracy issues that can arise
with the use of penalty methods. During separation, the magnitude of normal and shear traction
at the interface increases linearly to a prescribed maximum value, then falls to zero when separa-

tion has surpassed the cohesion limit. The governing equations for bilinear cohesion are defined as

follows:
)
A ifrA<0
i %An if 0 S An S 62}
Fanny—d : (2.110)
% if 67 < A, < 0p
0 it A, > 5?
and
) % if 0 < Ay < O
Ay = = 7 (2.111)
_%{;Aﬂ if — ok <A< 3t
0 if [Ay] > 6
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where o ax is the value of normal traction at the critical normal separation, 6'; Tmax is the tangential
traction at the critical tangential separation, d%; A is the Lagrange multiplier associated with
the non-penetration condition. The constraint equation associated with the stabilized Lagrange

multiplier is evaluated as follows:

A=T-n°—~yA, =0, (2.112)

with

T=6-n° &=uos+uloy, (2.113)

where 7y is a penalty factor. The penalty factor discourages penetration during the early stages of
convergence but becomes insignificant as equilibrium is achieved and the relative normal separation
goes to zero, i.e. A, ~ 0. The weighting factors, wP, are such that w® + w! = 1; in this work we
assume that w® = w! = 0.5. The stabilized Lagrange multiplier for the contact non-penetration
condition described in Equation is approximated as being element-wise constant. The

Lagrange multipliers are condensed out locally to determine the structural response.



Chapter 3

Numerical Modeling

3.1 Non-dimensionalization

In most of LIB cells the distance between two current collectors is significantly smaller than
the in-plane dimensions of the cell. In order to obtain a well-posed numerical problem in two
or three dimensions, a non-dimensionalization approach is considered. In this section, a variable
denoted by (;) indicates a non-dimensional variable. The non-dimensional degrees of freedom and

differential operators are defined as follows:

~ u = Dyt ~ &) ~ Cs
u = ] t:Tta g =— Cs = )
Lref Lref Clref Csref
(3.1)
b= b= B V=LV,
¢ref ¢ref Eref

where Lot is the reference length, D, is the reference diffusion coefficient, ¢; . is the electrolyte

ref
reference concentration, ¢y, is the electrode reference concentration, ¢,ef is the reference electric
potential, and E,. is the reference Young’s modulus. This leads to the following non-dimensional
system of equations. The diffusion of the electrolyte, the electric potential, and the balance of
linear momentum in the electrolyte are described as follows:

¢y

——~ 4 V.J —h. =0, 3.2
8t+ l (3.2)



45

where
- ﬂ (wl - ;Elr:’ff%ff%o , Dy = &DH_, (3.6)
hy = kq (@, — &) — ket (3.7)
Fy = LQDfilffk; R = Ko, g _32q7 (3.8)
v (3.9)

i = —(24Dy +2_D_)Vé — 2,¢(24.Dy — 2_D_)Vgy.
In a similar manner, the diffusion of electrode, the electric potential, and the balance of linear

momentum in the electrode are described as follows:

0Cs =~ =
° 4+ v.J, =0, 3.10
5 (3.10)
V-i,=0, (3.11)
V. &,+b,=0, (3.12)

where
~ - ~ Erof Qsés ~ ~ D
J,=-D - Von|, D= =% 3.13
’ ) (v ’ cSref RT " ’ Dref ( )
t IS T Y (bref
— )\ A= — 3.14
1 Vs, DrefcsmfF s ( )



Os B o Lyet
) s —
Eref Eref

bs,

0s =

The detailed derivations of non-dimensionalization are presented in Appendix
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(3.15)



47

3.2 Finite element analysis

3.2.1 Strong and weak forms

In this section, the weak form based upon the strong form of the governing equations for
the full resolution model is presented. The standard Galerkin’s finite element method is adopted
to seek approximate solutions for the weak form of governing equations. The displacement, u, the
electrolyte concentration, ¢, the electric potential in the electrolyte, ¢;, the electrode concentration,
cs, the electric potential in the electrode, ¢5, the hydrostatic stress, o, and the non-local equivalent
strain, &4, are selected as independent state variables, see Figure The governing equations
used in this section are presented in Chapter

Find u(x,t) € LY, ¢(x,t) € L%, ¢i(x,t) € L, co(x,t) € L%, ps(x,t) € L%, op(x,t) €
Lh Eoq(x,t) € L% such that:

For the electrolyte phase:

8Cl =1

—+V-J,—h-=0 Q
D_ .

3y mgl = —mﬂl)i Sy
D_

l -] l
Jimy, = FD, +D,)]bf’ €Iy,
V=0 S Ql

la _ _ :la Fla
"N = —Jp € bv (316)

le -lc le
I "Ny = —Jyy eIy,
V-o,+b=0 c Q)
U = U S Pita

Il _f la
o -n, =1 eIy
op — *U‘(O’l) =0 S Ql

\
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and for the electrode phase:

V-Js=0 Q°
D + s €
1.
3ol = s e,
V-ig=0 e Qf
is - NG = Lext eIl
i -y, = i, e Iy,
: (3.17)
V-os+b;,=0 e Qf
U = Us ey
os-n; =1 eIy
1 O)S
op — gtr(as) =0 €
Eoq — CV?Eeq — Ecq =0 €QF

\

where LY, Lo, LU, Lo LPs Lo LEea are the trial solution spaces defined as follows:

Fla Pé% nff,t‘)
u
L
= l
n la Ql Fbi)
! (w,ci, d1,0n)
Electrolyte
B —
_—
rie
—_
—_—

Figure 3.1: Schematic of two-phase solid-state lithium-ion battery with boundary conditions.
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L ={ui: P x 0,7~ R" u; € H' u;(t) = 4;(t) on T'%, ui(x,0) = ujg () }

L ={cp: @ x [0, T = R ¢, € H', cp(x,0) = cp(z) } ,
Z% =16, QP x [0,T] = R™, ¢ € H', ¢p(,0) = ()}, (3.18)

Lo = {ah: QP x [0,T] — R, 04 € HY, o (,0) = Jho(:c)}7

LFe = {Eeq: QP X [0,T] = R, &oq € H',Eeq(x,0) = Eoq, ()},
where z is the vector of coordinates, ()P is the volume occupied by phase p, which represents either
electrolyte, I, or electrode, s, and I'? is the boundary of the phase p; Ffff; is the BV boundary at the
anode/electrolyte interface, Flf‘ is the applied external current boundary at the anode/electrolyte
interface, I'' is the boundary at anode/electrolyte interface where the displacement is prescribed,
Fé“ is the boundary at anode/electrolyte interface where the traction is prescribed, Flf“_,ﬂ is the
flux boundary at anode/electrolyte interface. In addition, Fé% is the BV boundary at the cath-
ode/electrolyte interface, Fif is the prescribed displacement boundary at cathode/electrolyte in-
terface, I'¢¢ is the traction boundary at cathode/current collectors interface, I'S® is the prescribed
displacement boundary at cathode/current collector interface, and I'}® is the applied external cur-
rent boundary at the cathode/current collector interface. In the above mentioned solution spaces,
u;, is the initial displacement vector, c,, is the initial concentration, ¢y, is the initial electric poten-
tial, and op, is the initial hydrostatic stress, €, is the initial non-local equivalent strain in phase

p. R™ is the linear space and H! is the first Sobolev space [71].

In order to define the variational or the weak form of the strong form of the governing

equations, proper weighting functions of independent state variables need to be defined as follows:
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wy(x,t) = du(x,t),
we, (x,t) = dci(x, 1),
we, (x,1) = 6¢u(, 1),
We, (x,t) = des(x, 1), (3.19)
we, (@, 1) = 0¢s(x, ),
We, (,t) = dop(x, ),
wgeq(m,t) = 0€cq(x, 1),
where w, € V", we, € V9, wy, € ”f/d’l, We, € V', wy, € ”i/¢’5, We, € V0, We,, € ¥ €ea guch that:
={w!: O x [0,T] = R", wl € H', w! =00nT%},
YU = {wcl: Qf x [0,T] — R" w,, € Hl},
79 = {wy: O X [0,T] > R, wy, € H' |,
Y = {wcS: Q° x [0,T] = R™ w,, € Hl}, (3.20)
V0 = {wy,: O x [0,T] = R, wy, € H'},
Yo = {wg, : Q x [0,T] — R, w,, € H'},
Y Eea = {wgeq: QP x [0,T] R"™, we,, € Hl},
The weak form of the diffusion and migration of Li™ in the electrolyte is described by:

Ocy
RC: C J hr d
. szl<8t+v 1 — ) v

(3.21)
oq
= / We, = 5 dv+/ we, V - Jidv / We, - hydv = 0.
Q! Q!
The chain rule and the DT imply that:
/ we, V- Jidv = V- (we,Jp)dv — / Vwg, - Jidv
o o o (3.22)

:/ we,Jg - n'ds —/ Vuw, - Jidv.
I Q!

Substituting Equation (3.22)) into (3.21)) results in:

R,: | wclac(;tldv—/ Vwe, - Jldv—/Q We, - hdv—l—/ we,J - n'ds = 0. (3.23)
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Similar to the balance of mass for the electrolyte, the weak form of the diffusion of Li™ in the

electrode active materials is described by:

R.,: wcs%dv — Vuw,, - Jsdv + / we Js - m’ds = 0. (3.24)

0 s

Qs at Qs

The electrolyte electric potential is governed by the Ohm’s law and the weak form is given by:
Ry, : /z we,V - ijdv = 0. (3.25)
Q

Applying the chain rule and the DT give:

/ w¢lV . ildv = / V- (w@il)dv —/ V’LU@ : ildv
Ql Ql Q!

(3.26)
= / we, iy - n'ds — / Vg, - iidv.
I Q!
Finally, Equation (3.25) is rewritten as follows:
R¢lt — de)l . ildv + / wd’lil . ’I’leS = 0, (327)
Ol T!

and the weak form of the electrode electric potential, governed by the Ohm’s law, is defined in the
similar fashion as follows:
Ry, : — [ Vuwy, -idv —I—/ We,is - M°ds = 0. (3.28)
Qs Is

The weak form for the balance of linear momentum in the electrolyte is defined by:

R,: wy, (V- o+ by)dv =0. (3.29)
Ql

By applying the chain rule and the DT:

- w,V-odv= [ V- (wyo)dv— | Vw,- oudv
& i o (3.30)

= Wy,0o - nlds — ~ Vw, - odv.
T! Ql

Finally, Equation (3.29) is rewritten as follows:

Ry: Vw, -odv— [ wy,-bdv— | wyo;-nlds =0, (3.31)
Q! Q! I
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and in the electrode:

R,: Vw, - osdv — w,, - bgdv — wyo,-n’ds = 0. (3.32)
Qs Qs s

The weak form of the hydrostatic stress in the electrolyte is described by:

1
R,,: / We), <Uh - tr(al)> dv
ol 3

) (3.33)
= / We,, Opdv — / ~Wg, tr(oy)dv =0,
9) a3
Similarly, the weak form of the hydrostatic stress in the electrode is described by:
1
R,,: | we, (O‘h - 3tr(0'3)> dv
@ (3.34)

1
:/ wahahdv—/ SWg, tr(os)dv = 0.
o) Qs 3

Finally the weak form of the Helmholtz-type differential equation for the non-local damage evolution

is defined as:
Re,,: / We, (Boq — €V Eeq — Eeq)dv = 0. (3.35)
Qs

By applying the chain rule and the DT:

/ Weyy CV2€eqdv = V(we—eq . CVE_eq)dU — Vwe_eq . CVE_equ
Q Qs Qs
/ we_eq ' Cvgeq . nsds - | Vwe—eq . CVE_fequ (336)
I's Qs
=— Vwe,, - €VEeqdv.
Qs
Therefore
Re.,: / Wg,y " €eq T [ Vwe,, - cVEeqdv — / We,q * Ecqdv = 0. (3.37)
Qs Qs Qs

The derivatives of the residual equations with respect to independent state variables are presented
in the Appendix [A]
3.2.2 Finite element formulation

For the finite element simulation we adopt the standard Galerkin’s method for the approxi-

mation of solutions in the weak form of governing equations. To this end, let’s introduce .Z" and
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¥" for the finite dimensional approximation associated with the discretization of the domain
which is parameterized by the characteristic length scale h. The domain Q" is discretized into the
domain Q°, 1 < e < ng, where n, is the number of elements in the domain. The solutions are
approximated by using mixed elements such that higher order element (i.e. quad-8 or hex-20) is
used for the quadratic interpolation of displacement solutions and linear interpolation is used for
the approximation of concentrations, electric potentials, hydrostatic stress, and non-local strain

fields. Using interpolation functions, we write u”, w”, cf‘, w(’}l, qb?, wgl, ch, wfjs, ", wgs, O'Z, wgh,

E’gq, wlgeq in natural coordinates as follows:
Displacement u
nd
= > Ne(©in(t) = N @, (3.38)
T
wh(€) =D N (€)(f)a = N - i, (3.39)
a=1
nd
ZBeu .= B%". AZ? (3‘40)
where, 4¢ is the nodal displacements, Ng" is the associated shape functions, Bz is the spatial

derivative of the shape functions for element e, and nz 4 1s the number of nodes in the quadratic

interpolation. The components of the vector W, correspond to the nodal values of the weighting

function w”.

Concentration at phase p € [I,s], ¢,:

= 3N = N -2 (3.41)

p?

'nd

ZNG P (&) (WS ¢ Ja= N7 - (3.42)

Cp
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!
nd

vl (€) =Y B (€)(i, o = B -, (3.43)

a=1

n

where, (é‘;)a is the nodal concentrations, Ny ” is the associated shape functions, Bg'® is the spatial

derivatives of shape functions for element e at phase p, and nfld is the number of nodes in the linear

interpolation. The components of the vector wgp correspond to the nodal values of the weighting

h

function wy .
P

Electric potential at phase p, ¢p:

Oh(Et) = N (€)(85)a(t) = N9 - g, (3.44)
a=1

l
nd

wgp(ﬁ) = ZNf»‘f’p (&)@ )a = NE&» . W, (3.45)

D

n

a=1

5
vVl (€)= ZBZ’¢” (€)(WS,)q = BP0, (3.46)
a=1

where, (qgg)a is the nodal electric potential, N;’% is the associated shape functions, and Bg’% is

the spatial derivative of shape functions for element e at phase p. The components of the vector
'Li;‘;p correspond to the nodal values of the weighting function wgp.
Hydrostatic stress, op:

1

Tnd

on(&,t) =D N (£)(65)a(t) = N - &5, (3.47)
a=1

wh (€) = 3 NET (€t )o = N -, (3.48)
a=1

where, (6%), is the nodal hydrostatic stress and Ng?" is the associated shape functions for element

h

e. The components of the vector @y, correspond to the nodal values of the weighting function wy, .
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Non-local equivalent strain, &eq:

nt

nd _ ~ .
El(€.0) =Y No®1(€)(Eyalt) = N5 - G, (3.49)
a=1
g
wlh (&) =3 Ne®UE) (@, )a = N1 b, (3.50)
a=1
nild B
ngcq (E) = Z Bg7seq (E) (wg_cq)a — B%Fea. wz_cq’ (351)
a=1
where, (r—fgq)a is the nodal non-local equivalent strain, N(f’geq is the associated shape functions, and

BS’EQQ is the spatial derivative of shape functions for element e. The components of the vector wgcq

h

correspond to the nodal values of the weighting function wg, -

Considering all of these expressions, the update algorithm for the damage evolution is given

be the following algorithm:

3.2.3 Time integration

We discretize our equations in time by the implicit backward Euler scheme [56]. For an

ordinary differential equation using the implicit backward Euler scheme implies that:

% = f(u;t) = u(tn—l-l) = u(tn) + At - f(u(tn+1)7tn+1)' (352)

Integrating the deferential equation from ¢, to t,11 = t, + At yields:

trn+1 du tn41
—dt = t)dt
/tn = | U

. (3.53)
S w(tyin) — ulty) = /t Flu, ).

The approximation of the right hand side integral gives:

U(lnt1) = u(tn) + At - f(u(lnt1), tnt1)- (3.54)
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Algorithm 1: Algorithm for non-local damage evolution and updating precedure.
+1

an+1 2n+l o
y Cs 'y Egq R

Input: @"
1 if &2 < k" (no damage evolution occurs) then
eq
2 1) k" = k"
3 2) D"l = D" = (k")
4| 3) ol = (1 D)oY,
()"t = CoB "o — KQ,N® (&t — eI

s

6 4) Jo 1! _ (1 _ Dn+1)(C3Bu

a,an-kl

7 | 5) 92i — —(1 - DMKQN®T

gentt
ao.n+1
8 6) =0
) oen
9 else
10 1) ,{n-l-l — s—g,(i&—l

11 2) pntl — §(Iin+1)

12 3) o.n—l-l — (1 _ Dn+1)(0'8)n+1,

13 ()"l = C,B*a"™ — KQ,N%(e"t! — &1
14 | 4) 2250 = (1- D")C,B"
15 | 5) 220 = (1 DYKQNT
o | ) 22t = o oy
L eq

Unlike the explicit backward Euler scheme which is conditionally stable and needs to satisfy cer-
tain conditions, this approximation results in an unconditionally stable method. The resulting

discretized governing equations are written in the following compact form:

1
Ry = M (€451 ) R ) <o 59

Jg;nl — ﬁMn—s—l + Jn+1 (}A(n—&—l)7

where Rg;nl represents the residual of all governing equations, M™*! is the capacitance matrix,

%"+1 and X" are the vector of all variables at current and previous time steps, respectively, R"*!

Jn+1

dyn is the derivative of all residual equations, and J”*! is the

is vector of the residual equations,

Jacobian of the corresponding residual equation. Newton’s method is used to solve the nonlinear



equations using analytically derived Jacobians.

o7
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3.3 eXtended Finite Element Method

During recent decades, numerical methods have been developed and emerged as appropriate
tools to predict the response of engineering structures composed of multi-phase materials. With
advancement in science and technology, the demand for analyzing and modeling of interface phe-
nomena and crack in complex multi-phase structures has become a challenging task. Consequently
the development of appropriate numerical tools and more efficient algorithms considering compu-
tational costs and accuracy of the solutions is quite essential. Mesh based numerical methods is
one of the most important challenges in computational mechanics. Mesh updating and re-meshing
for multi-phase structural systems are the main issues in these techniques and in most cases cause
a high computational cost for large and complex structures.

The Level Set Method (LSM) is a promising approach for defining the geometry of the
interface in multi-phase materials. In the LSM, the boundary between materials is explicitly defined
by an iso-contour of the Level Set Function (LSF), ¢, at a particular value; commonly ¢ = 0 at the
interface. The interface geometry between two distinct material phases can be described by explicit
or implicit LSM. Unlike an implicit LSM, which typically solves the Hamilton-Jacobi equation (e.g.
[3]), explicit LSMs define the discretized level set field as explicit functions of the nodal variables
[89, 110k [150]. For more information and a review of recent developments of LSMs, the reader is
referred to [141]. For geometries defined through the LSM, the mechanical model can be constructed
by either a body fitted mesh, an Ersatz material approach, or immersed boundary techniques.
Numerical simulation of multi-phase structural systems with interface phenomena may be carried
out through different approaches, such as: the boundary element formulation [I61], the element free
Galerkin method [I4], and the finite element formulation [I58]. In standard finite element methods,
a common approach is to introduce an interface element between volume elements. Remeshing may
or may not be necessary depending on the magnitude of surface geometry changes in the mechanical
deformation [15,[64] 72, [133]. The eXtended Finite Element Method (XFEM) has been developed to

model arbitrary discontinuities in the finite element model without remeshing. Initially developed



99

for modeling materials with brittle and ductile fractures [94], the XFEM leverages the partition
of unity concept with appropriate enrichment functions to accurately resolve solution fields along
the interface [94, 05]. The XFEM is well-suited for evaluating the response of a structure whose
geometry is described by a LSF. The combination of the XFEM-LSM is a promising approach for
defining the geometry of the interface and approximating the solution field along the interface. The
XFEM retains the sharp definition of surface geometry afforded by the LSM and provides a reliable
mechanical response throughout the evolution of the design domain. The reader is referred to [53]
and [75] for an introduction and general overview of the XFEM. To retain a sharp definition of the
interface, we adopt the XFEM for predicting the structural response. The particular framework
for integrating the explicit LSM and the generalized formulation of the XFEM used in this study
are described in detail in [91] and [145].

For problems involving multi-phase materials and interface phenomena, the solution field at
material boundaries are strongly discontinuous. Therefore, a Heaviside enrichment strategy is used
exclusively for this work. For more information regarding different enrichment strategies, the reader

is referred to [54]. The solution field, u;, throughout the design domain is defined as follows:

M Ne
wi(x) = (H(—¢<x>>ZNk< ) G "

m=l (3.56)
ZNk 5B : zk ) ’
where the Heaviside step function is:
1 if¢o>0,
H(9) = (3.57)
0 ifgp<O0.

The shape functions are denoted as N;(x), M is the number of enrichment levels, N, is the number
of elemental node, k is the degree of freedom of enrichment level m at node k corresponding
to the solution w; in phase p, and § is the Kronecker delta. The Heaviside function turns on/off
the interpolation functions associated with each material. For each material, multiple enrichment

functions may be necessary to interpolate the solution to multiple, disconnected regions to prevent
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fictitious coupling or load transferring. The Kronecker delta, 5?,&’3, applies the active enrichment
level ¢ for node k such that the solution fields at point x are interpolated by only one set of
degrees of freedom defined at node k, satisfying the partition of unity principle. To maintain the
continuity of the solution field across the elemental boundaries, an appropriate enrichment level
is chosen. The approach used in this study is adapted from [91], for more description the reader
is referred to [91, 131, 134]. The XFEM allows the integration of the weak form of governing
equations in an intersected element by decomposing into triangles (2D) and tetrahedrons (3D)
while in non-intersected elements the solution fields are approximated by the standard finite element

interpolation.

3.3.1 XFEM interface contribution - coupled cohesive zone model and stabilized

Lagrange multiplier

The main contributions of the cohesive zone model in LIB were explored in Section[2.5] In this
section the XFEM implementation of the coupled cohesive zone model and stabilized Lagrange mul-
tiplier for LIBs application are described in detail. In the XFEM formulation and for an intersected
element, the boundary term in the weak form of governing equations is applied as the XFEM inter-
face contribution. In this section the XFEM interface contribution associated with cohesive zone
model and stabilized Lagrange multiplier considering coupling between electrochemical-mechanical
phenomena are explored. The residual equation at the interface derived from the balance of linear

momentum is defined as follows:
RE = [ (wa)itds, (3.58)
Tis
where (w,,); is the test function and t; is the global interfacial traction which is described as a
function of local traction in the following setting:

ti(ur) = RyiTj(Ax, M), (3.59)

where Rj; is the rotation matrix and Tj is total local traction which is a function of local interfacial

separation, local Lagrange multiplier, and electrochemical concentration. The total local traction
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is decomposed into the following components:

Tj(Ax, M) = Tj(Ax) + T3 (M), (3.60)
where T] is the separation associated component of the total local traction and TJ is the stabilized

Lagrange multiplier associated component of the total local traction. The interfacial separation is

a function of displacement jump across the interface which is defined as follows:

where A; is the interfacial separation in local coordinate, R;, is the rotation matrix and u, is the

displacement jump across the interface in global coordinate. The displacement jump is defined as

follows:

o = 1 Al N
Up = Npq“q = Npquq - N;qu;, (362)

where N}, is the shape function and @ is the nodal displacement for phase p, respectively. The

local cohesive traction in normal and tangential directions is defined as:

0 if A, <0
) Tpax A\, if 0 <A, <67
Fan =) h , (3.63)
% if o7 < A, < 67
0 if A, > 5?
\
)

Tmax((st_At) : t t
i melA0 i< A <

Ty (At) = : (3.64)

Tmax(éﬁ_At) : t t
- TmefEA) i gt < A <

and the contribution from the stabilize Lagrange multiplier during penetration is described as
follows:

An i A, <0
Tn(An) = ) (3.65)

0 it A\, >0
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) A if A, <0
Tt()\t) == 5 (366)

0 ifA,>0
where A\, and )\; are the normal and tangential components of the stabilized Lagrange multiplier
in the local coordinate. The stabilized Lagrange multiplier in the local coordinate is related to the

global component as follows:

where the stabilized Lagrange multiplier in the global coordinate is defined as follows:

A = K i, (3.68)
where
Kz’k = l (5ikd8,, (369)
F s
fe = u/ P ngds + 'y,u/ g - ngds, (3.70)
Fls Fls
with

pn+l _ =—n+1_
P =0, ninj

(3.71)
g = ((w)i — (us)i)ng,

where p is the stabilized Lagrange multiplier test function and + is the penalty factor. The deriva-
tives of global traction with respect to displacement and concentration at phase p are described as

follows:

O _ o 0T 0D OT; DA
ouf ~ oA, ol TN, od

~ 0 ~
ot 0T 0Ng" . OT; O
o ~Tiga,, g iy, e

The local separation is a function of displacement jump across the interface, by using Equations

(3.72)

(3.60) and (3.61) the total derivatives of the global traction with respect to displacement and
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concentration at phase p are described as:

O _ o 0Ty OAn 0wy o OT; 0N 04y
oul, -7 OA,, Ouy oul, ﬂa)\ 8)\ oy’ (3.73)
oT; . ou Xy '
= Rji—=— A, Rmp 8ﬁ£ RJZ(SJmRmPa p’
ot T O ON, N
Rl Cm = R:i0imBum 3.74
o = Fiiga, on, o ~ Faidimfmn g (3.74)
The derivatives of local traction with respect to local separations are described as follows:
0 if A, <0
oT Finax it0 <A, <7
LR ¢ 3.75
A , (3.75)
— 5%“3;” if o0 < A, < OF
0 if A, > of
\
Tigx if —6f <A <dL
oT, B —é’j—agé if 6 < Ay < 6t (3.76)
oA, ’ '
e 6F < Ay < 6L
0 if |A¢| > ot
and
P 1 ifA, <0
Tn n >
T, _ , (3.77)
0An
0 ifA,>0
of, )t A=l (3.78)
O\t
0 ifX,>0

\

Following Equations (3.58)), , and (3.60)), the residual equation can be decomposed into the

contribution from local separation and the stabilized Lagrange multiplier:

RI" = /Fls(wu)iRjiTde + /Fls(wu)iRjiTde- (3.79)
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Since the rotation matrix and stabilized Lagrange multiplier are constant parameters for the entire

integral, one can rewrite Equation (3.79) in the following setting:

ls = a
RU = [ () Bshy+ [ (s (3.80)

The derivatives of interface residual with respect to the solutions are written as follows:

ORL” oT; ou o3,
o - /F (00 G S STy + /F ()R oy 2, (3.81)
ORL” oA,
= 3.82
aéi /1“15 (wu) dSR]zdijmp 8Cp ( )

The derivatives of the stabilized Lagrange multiplier with respect to the nodal solutions are provided

in Appendix [C]

3.3.2 XFEM interface contribution - Nitsche’s method for stress-diffusion coupling

problems

Unlike cohesive zone model, the continuity of the mechanical displacement at the elec-
trode/electrolyte interface is enforced using Nitsche formulation. However, the electrochemical
reaction kinetic in enforced by using the BV formulation. For the mechanical portion, the residual
equation using Nitsche formulation is described in the following variational setting:

RY = - [ ul-fonpdsT [ (oo} [ulds o [ (ul fulds,  (35)

Tis Tis Tis
where {o - n} represents an averaged interface traction, [u] is displacement jump across the inter-
face, o is the Cauchy stress, n is the outward pointing surface normal, and ~ is the penalty factor.

For stress-diffusion coupling problem the Cauchy stress for phase p is described as follows:

1
op=Cp: (gp — gﬁpAcpI). (3.84)
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In finite element context the discretized form of Equation (3.83) is written as:

R = ()" |- /F (N (o my i [ {8<a‘n>

W)nﬂ} - [ulds + /FZS(NG’“)T - [uds

Tis
1RL s 2Rrlis 3RLis
d(o-n)
~e \T
- |uld
:F(wcp) /l'*ls {8(6;)n+1} [u] S
4Rgls

(3.85)
Due to complexity, the residual equation is decomposed into four portions and the contribution of
each portion will describe separately.

Let’s focus on 'Rls:

lels = —/ (Ne’u)T o -n}lds= —/
Fls

(T = (Ne)T) (o - mfs + w'or - mi ) ds,
Tis

(3.86)
where (N“")T is the jump in shape function between two phases, wP is the weight factor for the
stress contribution in phase p, and né‘j} is the outgoing normal vector. This residual contribution
is decomposed into the residual contributions from the electrode and electrolyte phases in the

following setting;:

1l e,u\T l le s lc
R;,! __/1“1 (Nl ) .(wal-nbv%—w o-s-n,w)ds,

(3.87)
1R5€; = +/ (NenT. (wlo'l nif 4+ Wi - né%)ds.
Tis
The derivatives of each component with respect to independent state variables (i.e. (@f)"*!,
(@)™t (&)™t and (€£)"*1) in each phase is described as follows:
1, l l
9 R’ull _ (NE,U)T . a(w g nbi}) ds
a(@ym+t — Jpe ! o(ap)~+t
1R !
9 Rull _ _/ (NG,U)T . a(wso's ) nbf)) ds
a(ag)n+t ris o(ag) (3.88)
l l ’
aleiS — / (Ne,U)T . a(w g ,n’b%) ds
oay)™tt  Jp " ? o(ap)r+t
aleis _ Ne,u)T . a(wso-s ) ’I’Lé%) ds
a(ag)™+t oo " o(ag)+tt
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Since the stress is a function of both displacement and concentration at both phases, the derivatives
of the residuals in both phases with respect to electrode and electrolyte concentrations are non-zero,
therefore the derivatives of residuals with respect to electrode and electrolyte concentrations are

described as follows:

1R c

9 Ruzl — _/ NE,U)T . a(wla-l ) név) ds

a(ep) P o)t
1R s le

8A]3ull _ _/ (Nle,u>T_ 8(w ZS ) nbv) ds,

aleiS _ / (Ne,U)T 8((‘0101 ) néi}) d ‘
0@~ Jo e ey
81:5{5? — / (N?’U,)T i a(ws?: ) ’I’Lé%) ds.
8(cs)n+1 I'ls 8(cs)n+1
For the second component of the total residual, 2RLs:

8(wlal i ’I’Lé%) 8(wsas i In’é%) e,u s ~e\n+1 eu/~neyn+1
:q:/rls< oy T agany ) (NEHE)T NG ds

In a similar manner, one can decompose this residual into the contribution from electrode and

electrolyte phases:

d(wla; - nle)
2l S el /7 I eusmerntl | nreu(meyntl
Rul - :F/Fzs ( a(ﬁle)n+1 ) (Nl (ul) Ns (us) )ds

5(w508,nl%) €U ~e\n e, ~ne\n
“R," :¢/Fls (W '(Nf (7)™ — N (ag) H)ds-

(3.91)

The derivatives of residuals with respect to independent state variables in both phases are written

as follows:

Ry _ / o m)) . e,
a(ﬁle)n+1 Iis 3(’&?)”*1 l ’

82R51ls a(wlal ) nbv) e,u
st =% u) NG,

3.92
(92R525 B / o(wos - néfj) ( )
a(@) 1 ~ T Ju U a(@)r

. Nle7ud5,

2RI
O*RLts

_ e,u
(W_i/rls ’.ZV'S dS.



For the third component, 3R1Ls:

BRI = [ (N fulds
I‘ls
= [ (N = (N - (NG - N ds
The decomposed form of this residual is written as follows:

VT (NP @) - N (@) ) ds,
F s

RE = = [ (N (NP = N ds

And the derivatives:

ORI
’ T ’
atai = [ (V0T i
O3RLs
8(ﬁe)zl+l -7 /1"1 (NZQU)T ’ N?udsv
s S
03R515 T eu
a@)ntt — /Fzs(N?u) Ny ds,
agRFls
S = [ (VT Nz,
s S

Finally, for the concentration driven contribution of the residual, 4R} s:

= [ {FE s

P

o Lol e O(w?® i lc
_ :F/FlS ( (w g nbv) + (w g nbv)) . (Nl&u(,ale)n—i-l _ Ng,u(ag)n—l-l)ds

oy T a@E)

The decomposed form of this residual is written as follows:

a(wlo.l_nlc)
AT — b . eurae\ntl (e e\nt1
RY: = [ (HeZo ) (vpane - Mo s

O(wios-nlc) . R

and the derivatives with respect to independent state variables:

ORI Il e
u' :F/ (8(w ol nbv)> . N©Uds,
Tis

oty alepy+
AR c
a Rull — Zl:/ 8(wl0'l ) né’u) i Ne,uds
a7 Je \ 0 o
ORI O(wos - nlc)
_Us VT T8 el ) L N&YY
o(ag)"t1 jF/rls ( a(é)n+t > v
34R513 G(wsa's ) né%) e,u
o i/m ( o(&)™ > T
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(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)



Chapter 4

Parameter identification and Topology Optimization

4.1 Introduction

The numerical modeling of the LIB systems requires accurate battery models with many
model and material parameters. The simulation aims to predict the performance of the battery
for a specific set of parameters. However, insufficient and incorrect input parameters lead to
incorrect results and discrepancy between numerical predictions and experimental observations.
The high experimental expense caused by the measurement of large number of material parameters.
This leads to an inefficient application for calibration of numerical models against experimental
observations. Moreover, measurement of some material and model parameters in the battery cell
requires specific tools and methods. Numerical techniques such as the stochastic analysis [68]
and deterministic approach are used to reduce difficulties caused by the measurement of some
material and model parameters. Unlike the stochastic analysis that uses sufficient measurements
and samples, the deterministic approach allows performing analysis with insufficient measurements.

In the numerical modeling of the LIB, identifying important parameters governing the elec-
trochemical performance of the battery needs robust numerical techniques. In this section we aim
to get insight into the contribution of model and material parameters dominating the performance
of the bulk SSLB. To this end, we introduced the PIM into our full resolution model. The PIM
enables us to minimize the discrepancies and mismatch between numerical predictions and experi-
mental observations using material and model parameters. The method employs the deterministic

approach using the main features of the gradient based optimization. The gradient based and gra-
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dient free are the most well-known optimization techniques. Unlike the gradient free method which
is non-differentiable and has costly gradient evaluation procedures, the gradient based optimization
is differentiable and a well-established approach. In the gradient based approach the optimization
problem is defined as follows:

The objective:

min z(s,u(s,t),t), (4.1)

S

subject to inequality and equality constraints:

gi(s,u(s,t),t) <0 i=1,2,..., N,
(4.2)
hj(s,u(s,t),t) =0 j=1,2,..., N,

with

SGS:{RNS |s§’§sj§s§-],j:1,2,...Ns}, (4.3)

where s is the vector of design variables, u is the vector of independent state variables, and ¢ is
the time, g; is the inequality constraint, and h; is the equality constraint. The number of design
variables is /Ny; the lower and upper bounds on the design variable, s; are denoted by S]L and sg.],
respectively. In a class of gradient based optimization we seek to compute the gradient of a global
scalar with respect to the design variables. To this end the following steps are needed:

1) Define a global scalar: the global scalar is an explicit and implicit function of the design

variables. The general form of the global scalar over the volume is define as:

o(s,u(s, 1)) = /Q £, (u(s,1))dv (4.4)

2) Define criteria: the criteria are physical quantities such as strain energy, displacement and stress

measures, etc. The general form of a criterion over time is defined as:

T
Qa(s, u(s. 1)) = /O fola(s, u(s, £)))dt (4.5)
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3) Define the optimization quantities:
z(s,u(s, t),t) = 2(Q),
g9(s,u(s,1),t) = g(Q), (4.6)
h(s,u(s,t),t) = h(Q).

We seek to compute the gradient of optimization quantities:

dz  dz dQ dq
&~ dg ds
dy _ dg Qg W)
ds dQ dq ds’
dh  dh dQ dq
ds ~ dQ dq ds’

The converged residual equations a time step n + 1 implies that:

R" (s, u" (s, 1t),t) = 0, (4.8)

where u"t! is the vector of all state variable solutions, and R™! is vector of residual equations
at current time step. The derivative of the residual equations with respect to design variables is

defined as:

an+1 Rn+1 Rn+1 n+1
_ R ORT ou (4.9)
ds Os ounrtl  QOs

and the derivative of the global scalar with respect to design variables:

ds 0s Ou"tl 9s

n+1
dg _ 0q 9q Ou™ (4.10)

By computing the partial derivative of state variables with respect to design variables from Equation
(4.9) and replacing into Equation (4.10]), the derivative of the global scalar with respect to design
variables can be defined using the following methods:

a) Direct method:

dq dq dq T
dqg _0q¢ (Oq\" 4.11
dSZ' ﬁsi <(9$j i ( )
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where
-1
ORM! ORM gyt
Yij = =) k-2 (4.12)
auk 8Sj 85]'
b) Adjoint method:
dgq g T@R’”l
B I Y. . 4.13
dSZ' &si J Osj ’ ( )
where
or N\ ag  ORM!
No= | 2 L (4.14)
duptt | oultt  0q

Considering the computational costs of each method, we used the adjoint method for our

purpose.

4.2 Parameter identification in LIBs

In this study, we utilize the capability of optimization techniques and defined the PIM that
is integrated into our full resolution battery model. The objective in the parameters identification
study is minimizing the discrepancies and mismatch between numerical solutions and experimental
observations by varying the design variables. To this end, we used the discharge curve in the battery
cell which is a representative solution for the global performance of the battery cell. The state
variable in this case is the electrical potential in the electrode. As the state variable (i.e. electrode
potential) at the measurement point is varying over the discharge time, a transient minimization
problem needs to be solved. In this framework we use a gradient based nonlinear programming
method namely Globally Convergent Method of Moving Asymptotes (GCMMA) to solve a nonlinear
problem. This method requires the gradients of the objective function and constraints with respect
to the design variables. Despite the complexity of coupled physical phenomena in the battery model
we applied analytical sensitivities for the transient problem using adjoint sensitivity equation. For
more information about design optimization of lithium-ion battery using adjoint method the reader

is referred to [59, 60]. According to the parameter identification method defined in this study, for a
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given discharge rate, the objective is defined by an integral of the discrepancy between the computed
and target discharge curves over full discharge time. The minimization problem for each discharge

rate is defined as:

Z; = zi(s,u(s,t),t)
(4.15)
seS= {RNS|5 <s]<s ,j=1,2,. Ns},

where z; is decomposed into the explicit and implicit terms as follows:

w5, u(s,6),) = 2T o /0 (Gamn (U(5,£),1) — G (1)) d, (4.16)

and w is the objective function scaling factor, ¢, . is the electrode potential at a given time
for the numerical model and ¢s,,, is electrode potential at a given time for the target model (i.e.

experimental model). Using mid-point integration rule, Equation (4.16|) is approximated as follows:

Nt
Zi(sv u(sa t)a t) =w Z ( _s'num (U(S, t)a t) - _gtar (t))Q Atj: (4'17)
7=l 533)
where
Qggm,m(u(&t)vt) — gmum( ( ) ) 5 ¢Snum( ( ) t)7 _gtm(t) — Star( ) 5 ¢3tar( )7 (418)

and qﬁsnum and ¢snum are the electrode electrical potentials for the numerical model and ¢Star and

é;rl are the electrode electrical potentials for the experimental results at current and previous
discharge times and At; is the time step size in the transient analysis, see Figure for more
details. We applied this framework for the parameter identification study in both single-problem
and multi-problem. In the case of multi-problem we discharge the battery cell in sequential forward
analyses with different discharge rates. In our multi-problem which is computationally much more
complex we solve multiple forward problems and transient sensitivity analyses at the same time

for unique design variables. In the case of multi-problem the total objective value is defined as the

sum of individual objective for each discharge rate:

S

P
min  Z=)Y_Z, (4.19)



where IV, is the number of discharge rates. The performance of the parameter identification frame-

work is studied with numerical examples given in Section
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Figure 4.1: Schematic of objective evaluation in parameter identification problem.

The derivatives of objective function with respect to design variables are computed by the

adjoint method. We adopt the discrete formulation for a transient problem of [34, 59].

The
derivatives of the objective function with respect to design variables is divided into explicit and
implicit terms:

_ Np o~ T .
dZ; 0 9z " oul)

i_ (4.20)
dsk Sk + wjz; 8u(3) 3Sk ’

where the explicit derivative with respect to design variables is zero. The implicit term is computed
by the adjoint method as follows:

NT T . NT Ay n1
950 9y ) T O (R(J))
el Gy A=/
‘”; oul) Bs, ; () dsi, (4.21)
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For more information about the sensitivity analysis for transient problems the reader is referred to

134, [59).
4.3 Topology optimization

Design optimization methods can be classified by the geometric changes that are allowable
during the optimization process. Optimization methods in which geometry variation is restricted
to affecting the shape of the material interface is known as shape optimization. Optimization
methods in which geometry variation allows for changes in both shape and number of design
components is known as topology optimization. To provide a high level of design freedom, a
topology optimization framework is used in this research. Density methods, such as the Solid
Isotropic Material with Penalization (SIMP) approach, are the most common method of describing
the geometry in topology optimization. The SIMP approach was originally developed by [17, 118§]
and describes the geometry of a body by defining the material distribution in the design domain
as a function of design variables. A fictitious porous material with density, 0 < p < 1, defines a
continuous transition between two or more materials. For more information and an overview of
recent developments, the reader is referred to [16, 39, 125]. By representing topology as a continuous
transition between materials, density methods effectively smear-out the interface geometry. This
loss of precise interface geometry proves challenging when modeling design dependent surface loads.

The LSM, on the other hand, is a promising alternative approach for defining the geometry
of the interface in topology optimization problems. In this study, we combine the LSM with the
XFEM. Using the LSM, the geometry of the structure is defined by the LSF, ¢(x), where x is the
vector of spatial coordinates. For a two-phase problem, the LSF describes the spatial distribution

of both phases as follows:
4

H(x) >0 Vxet

Pp(x) <0 VxeQB (4.22)

p(x) =0 VxecI4B
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where Q4 is the volume occupied by phase A, QF is the volume occupied by phase B, and I'*B is
the interface between two phases. The parameters of the discretized LSF are defined by explicit
functions of the optimization variables. The level set field can be parameterized to describe any
particular geometry such as circles or rectangles. The location and geometry of these primitives
are defined by the optimization variables. This approach has proven to be effective in optimization
studies of stress and strain energy minimization [142] 148]. Following to the approach of [79], to
increase design freedom, the domain is discretized by finite elements and one optimization variable
is associated with each finite element node, i.e. Ny = N,,, where N,, is the number of nodes. The

level set value at the i*" node is defined by the following linear filter:

-1

Ny, Nn
di= | > wi S wigsy . with  wy = maz (0, (r — [xi — x;)) (4.23)
j=1 j=1

where 7 is the filter radius, and x; the position of the 4% node. The level set filter (4.23]) enhances
the convergence of the optimization process by widening the zone of influence of the optimization
variables on the level set field [79]. The main features of the combined parameter identification and

topology optimization are explored in numerical examples.



Chapter 5

Numerical Examples

In this chapter, we provide comprehensive numerical benchmark examples that are intended
to test the functionality and demonstrate the performance of the developed numerical framework
for all SSLIBs. The objective, characteristics, and results of each numerical examples are explored

here.

5.1 Full resolution model - verification examples

5.1.1 Solid-state thin-film battery

The numerical study is described here to illustrate the accuracy, stability and convergence
performance of the implemented finite element model for solid-state thin-film application. Thin-film
lithium-ion batteries are typically developed for small scale application with low storage capacity.
For this purpose, we consider a conventional all solid-state thin-film model, shown in Figure [5.1
consist of LiCoOs, as a positive electrode, and LigPOy, as a solid phase electrolyte. The model has
originally been studied by [38], both experimentally and numerically, and COMSOL multiphysics
for one-dimensional application that is extended for a three dimensional model. The developed 3D
model provides unique opportunity to compare model predictions with experimental measurements
as well as existing numerical models. To simplify the model, the influence of current collectors on
the electrochemical processes is neglected and only half cell of thin-film is modeled. As mentioned
in Section the contribution from the lithium metal anode is considered through relevant

boundary and interface conditions. The model configuration, material parameters, and boundary
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conditions are listed in Tables [5.1] and respectively.

Cathode Electrolyte
LiCoO LizPOy
5’ z
::L' a
+ 58 + 5l

Figure 5.1: Schematic of all solid-state thin-film battery.

In this model the electrochemical interface reactions happen at both anode/electrolyte and
cathode/electrolyte interfaces. Both reactions can be described by the BV expression [3§]. On
the negative electrode interface, lithium metal reacts with lithium-ions in the electrolyte. The BV
expression which describes the reaction kinetic at this interface is given by:

la s [ a \™ aaFn (1 —aa)Fn
_ N _U=aa)fn 5.1
Jbw = Fk (c > (eXp [ RT } exp [ RT ’ (5-1)

l’rrLa:L'

with

n= ¢S - ¢l7 (52)

where k% is the BV reaction rate constant at the anode/electrolyte interface and a4 is the anodic
transfer coefficient. On the positive electrode interface the active materials react and the reaction
which results in flux continuity at the interface can also be described by the BV expression as

follows:

(1 —-ac)F

ity =i (00 | o = )| ~ e |[-U2 R - ve)| ) 6



Table 5.1: Thin-film model parameters and material properties [3§].

Description Symbol Value Unit
electrolyte thickness 0 1.50 x 107 m
electrode thickness O 032x10% m
in-plane length a 1.0 x 1072 m
maximum Li concentration Csma 23300 mol m—3
minimum Li concentration Cspin 11650 mol m~3
initial Li concentration Cso 11766.5 mol m~—3
maximum Li* concentration Cloas 60100 mol m~3
initial Li™ concentration Clo 10818 mol m™3
electronic conductivity As 1.13 Sm™!
diffusion coefficient of Li* D;f 0.9x107® m?s!
diffusion coefficient of n~ D/ 5.1 x 1071 m? s~!
diffusion coefficient of Li Dy 1.76 x 107 m? g1
BV reaction rate k5 1.0 x 1072 mol/m? - s
BV reaction rate k¢ 5.1 x 1074 mol/m? - s
anodic transfer coefficient aq 0.4 -

cathodic transfer coefficient agc 0.6 -
recombination coefficient k. 9.0 x 107? m>?mol1s™!
fraction of free Li & 0.18 -
Faraday’s constant F 96485 C/mol
universal gas constant R 8.3145 N.m/K.mol
reference temperature T 298.15 K
electrode Young’s modulus JON 7.0 x 10* MPa
electrolyte Young’s modulus E; 10.34 x 10* MPa
electrode Poisson’s ratio Vs 0.20 MPa
electrolyte Poisson’s ratio Y 0.26 MPa
electrode partial molar volume €, 3.852 x 1077 m3mol ™!
electrolyte partial molar volume € 0.0 m?mol
applied external current Toxt var. A /m?

Table 5.2: Solid-state thin-film model boundary conditions [38].

Boundary condition Symbol (I'*¢)® (I'*¢)b (Dlaye
electrode flux Jsn % jll,f) 5

- 1 - 1
electrolyte flux Jn —ijf, F(D+1D )be,
electrode current is-n Text jéf)
electrolyte current ii-n *j,l,i *jll,?,

&Cathode-current collector interface

bCathode—electrolyte interface

€Anode-electrolyte interface

78
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where

N ac - l—ac
ioc — Fké‘ (( (Csma.’p CS)CZ > ( Cs Csmin > , (54)

Csmaz — Csmin)Clinas Csmaz — Csmin
and k¢, is the BV reaction rate constant at the cathode/electrolyte interface, ac is the cathodic
transfer coefficient, and U’(c;) is the open circuit potential. For numerical verification, the model
is discharged at different discharge rates; namely 1.6, 3.2, 6.4, 12.8, 25.6, and 51.2 C rates. The
performance of the model is evaluated by comparing the discharge curves at different discharge rates
with reference solutions [38]. The results are shown in Figure the comparison demonstrates
that there is excellent agreement between solutions. The comparison also reveals the performance,
stability, and extensibility of full 3D solid-state battery model. To show the performance of the
thin-film model the profile of concentration over total length of thin-film model at different discharge
time is presented in Figure[5.3] The comparison of concentration profile at different discharge time
step shows that initially the concentration profiles in both electrode and electrolyte are constant
and the model is in equilibrium. However, as soon as the discharge current established, significant

concentration gradients evolve in both electrode and electrolyte layers.

5.1.1.1 Mesh refinement study

In order to evaluate the influence of geometric configuration on the overall performance of
the battery, a mesh refinement study has been performed. While the number of elements in the
thickness direction remains constant as the one-dimensional reference model, the influence of in-
plane discretization has been studied through variation of mesh size in in-plane directions. The
study shows there is negligible sensitivity of solutions with mesh refinement and the response of the
battery model can be captured with coarse mesh configuration. This study enables us to evaluate
the performance of battery cell with a coarse mesh configuration and minimal computational cost.
As an example the plot of mesh convergence study for a single discharge rate is shown in Figure
The results show that there is very negligible influence of mesh refinement on the performance

of the thin-film model.
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Figure 5.2: Comparison of discharge curves in all solid-state thin-film battery.
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4.2 T T T T T T T T T
= mesh 01x01x44
mesh 02x02x44
i mesh 04x04x44 i
4 = mesh 08x08x44
= mesh 16x16x44

— reference

(9%]
o0
L]

0.0147079324

0.01470793235

0.0147079323

Battery potential (V)
[0'%]
=

E.;J
s
L]

Relative error

0.01470793225

- | -

32F
0.0147079322 - - . . *
0 2000 4000 6000 8000 10000 12000
Number of elements
3 1 Il 1 Il 1 Il 1 Il 1
0 5 10 15 20 25 30 35 40 45 50

Time (s)

Figure 5.4: Study of the performance of thin-film model with mesh refinement (discharge rate:
C-51.2). The relative error represents the error between numerical model and reference solution.
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5.2 Full resolution model - calibration examples

5.2.1 Calibration of TiS; model

In this section we aim to evaluate the performance of the full-resolution model by comparing
the numerical predictions with experimental observations for bulk SSLBs. As such, we chose a well
known solid-state battery system using a sulfide glass electrolyte and TiSo electrode. The TiSs
has been studied for many decades in liquid state, thin-film, and bulk SSLBs [152] [73] 135]. For
numerical modeling, two different models are considered. The first model accounts for a dense
bulk solid-state battery. The differences between this model and the thin-film solid-state model
presented in Section [5.1.1]are thicknesses of the electrode and electrolyte which are greater than the
thin-film model. In order to get more insights into the numerical response of the bulk solid-state
batteries, a porous electrode model is developed based on the initial configuration of the dense bulk
model. The objective of this model is to evaluate the performance of the numerical model when

voids are introduced inside of the cathode layer and at the electrode/electrolyte interface.

5.2.1.1 Experimental Procedures

All experiments are conducted in a dry argon environment. The 77.5 LioS — 22.5P2S5 solid
electrolyte (denoted as a77.5) is prepared by planetary ball-milling LisS (Alfa, 99.9%) and P3Ss
(Sigma, 99%) in a 77.5 to 22.5 molar ratio for 20 hours in a 500 mL stainless steel jar. A reinforced
cell die is used for all electrochemical tests. 150 mg of a77.5 is pressed at 75 MPa as a separator.
Commercial TiSy (Alfa, 99%, 50um) is pressed onto one side of the separator at 375 MPa. Lithium
metal foil (Alfa) is pressed onto the other side of the separator as a counter electrode using 20 in-1b
torque delivered by a torque wrench (California torque) to tighten the cell die. This is the same
pressure used when operating the cells. Galvanostatic Intermittant Titration Technique (GITT)
and cycling was performed using an Arbin BT2000 Battery Test Station. The GITT is performed
by using a rate of C/20 for 1 hour followed by a 6 hour relaxation. An aerial current density

of 0.054 mAcm~?2 corresponds to a rate of C/10. The operating voltage window was 3-1 V (vs.
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Lit/Li). All electrochemical tests are performed at 60°C unless otherwise noted; cells are allowed 3
hours of temperature acclimating before tests are performed. Thicknesses of separator and cathode
were determined by using calipers during preparation. All experimental studies are conducted for
charge/discharge process and at different discharge rates, the battery’s performance is evaluated

with charge/discharge curves.

5.2.1.2 Assumptions

In our numerical models, for simplicity, we neglected the mechanical contribution on the
electrochemical performance of the battery. However, a number of assumptions must be made in

order to reduce the computational intensity of the model.

e Effects of lithium anode: the effect of this on the electrochemical performance of the model

is replaced with the BV equation described in Section [5.1.1

e Charge transfer at the interface: it is assumed that no substantial charge transfer happens

at the cathode/electrolyte interface.

e Effects of porosity: the effects of porosity in the electrode layer on the charge/discharge
performance of the battery is considered through introducing porosity in the electrode layer

and at the electrode/electrolyte interface.

e Anisotropic diffusion in electrode: the effects of anisotropic diffusion in the electrode is
considered through the electrode diffusion coefficient profile described as a function of the

State of Charge (SOC).

e Volume changes in the active material: the impact of volume changes in the active material

on the electrochemical performance of the battery is neglected.
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5.2.1.3 Bulk solid electrode model

This model accounts for full bulk solid electrode materials that has been used in the ex-
perimental setup. The 2D view of the geometric configuration and boundary conditions of this
model are presented in Figure and Table respectively. The model geometry and mate-
rial parameters are listed in Table For numerical simulation, 3150 8-node brick elements.
The cathode/electrolyte and anode/electrolyte interface contributions are modeled through Equa-
tions and (5.3). The determined diffusion coefficient (D) as a function of state of charge
(SOC = ¢g/cs,,,.), are used in the bulk solid electrode model. Figure [5.6| displays the experimen-
tally derived diffusion coefficient within the TiSy by the GITT. The trend of increasing diffusion
coefficient due to resistance in c-axis spreading from lithium intercalation is a well observed and
modeled trend, for example see [140, [138].

55 5l 0, 1
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Figure 5.5: Schematic of solid electrode model, (a) dense bulk electrode (b) porous bulk electrode.

The model is discharged at different rates; namely C, C/2, C/5, C/10, C/20, and C/50. The
results of numerical modeling presented in terms of variation of battery potential with discharge
time are compared with experimental observations; as displayed in Figure[5.7} There is a remarkable
agreement between numerical and experimental results at low discharge rates of C/20 and C/50.
The exact capacity, overpotentials, and general discharge curve shapes are captured. However, at
higher rates, discrepancies begin to arise. For all rates C through C/10, the model consistently

predicts a greater discharge time (and thus greater capacity) than actually exhibited. This would



Table 5.3: LiTiSo model parameters and material properties.

Description Symbol Value Unit
electrolyte thickness ) 1.0 x 1073 m
electrode thickness bulk model dg 7.0x 1076 m
electrode thickness void model 4, 7.1x 107 m

surface area A 1.3273 x 1074 m?
maximum Li concentration Csma 25995 mol m~3
minimum Li concentration Csmin 1.0x107 mol m~3
initial Li concentration Cso 1.0 x 107 mol m~3
maximum Li" concentration Clynas 28032 mol m~3
initial Lit concentration Cly 27751 mol m~3
electronic conductivity As 10.0 Sm!
diffusion coefficient of Li* D} 1.0x1072 m?s!
diffusion coefficient of n™ D, 1.0 x 1071 m? 5!
BV reaction rate k5 1.0 x 1072 mol/m? - s
BV reaction rate k¢ 5.1 x 1074 mol/m? - s
anodic transfer coefficient ap 0.4 -

cathodic transfer coefficient ac 0.6 -
recombination coefficient k- 9.0 x 107? m>mol1s~!
fraction of free Li & 0.99 -
Faraday’s constant F 96485 C/mol
universal gas constant R 8.3145 N.m/K.mol
reference temperature T 333.0 K

applied current Toxt var. A/m?
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indicate the model may not predict the harsher conditions in the experimental battery. Additionally,
the precise curve begins to deviate, more particularly at lower potentials the discrepancies are
the largest. These discrepancies highlight the major differences between the thin-film and bulk
models. In this bulk model, similar to the thin-film model the electrode is assumed completely
dense. Therefore, it could capture rates as high as 51.2C with the thin-film model, yet begin to see
discrepancy at C/10 for the bulk model. Therefore, transition to the bulk model need to be made

to more accurately depict the true experimental setup.
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Figure 5.6: The profile of electrode diffusion coeflicient as a function of state of charge.

5.2.1.4 Porous solid electrode model

In order to get more insight into the numerical and experimental performances of bulk SSLIBs,
a porous solid electrode model is developed based on the initial framework of the bulk model. In
particular, the objective of this model is to evaluate the performance of the numerical model when
voids are introduced within the cathode and at the electrode/electrolyte interface. The 2D view of
the model setup is shown in Figure The porosity is assumed to be about 10%), it is also assumed
that the electrolyte does not flow through porous media. For a solid battery, the introduction of
voids is more akin to the real world conditions actually exhibited. The compaction of powders will
also create an imperfect density profile (assuming not a completely ductile material). Changing
the void space at the electrode/electrolyte interface provides an opportunity to look at the effect
of defectual connections in diffusion paths of lithium ions.

The results of the computed discharge curves versus experimental results for porous model is
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Figure 5.7: Comparison of discharge curves in all solid-state bulk cell.

shown in Figure In this model, rates of C/50 and C/20 are excluded for clarity. Additionally
these lower rates were adequately captured in the previous model and they present lower rates than
commercially useful, they are not explored for the remainder of this work but did serve a valuable
calibration role. The porous model provides less discrepancy for the high rate discharge than the
bulk model. The model indicates that the presence of voids in the bulk SSLIBs is crucial, as shown

in Figure [5.8
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Figure 5.8: Comparison of discharge curves in all solid-state bulk cell with porous electrode.
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5.2.2 Calibration of L333 model

The current commercially available cathode materials for SSLIBs suffer from life cycle perfor-
mance and reliability during harsh operational condition. Lithium nickel-manganese-cobalt oxide
Li, LiNi; ;3Mn; 3C0; /302 (L333) have been studied extensively as a high performance cathode ma-
terial for the SSLIB application. They represent high specific energy and relatively low cost [159].
The SSLIB based on these material represents as exceptional specific energy and life cycle per-
formance. This battery fabricated for high performance solid-state batteries application E| . The
aim of this example is to explore the characteristics and performance of the SSLIB based on L333
cathode material and compare the numerical results with experimental observations.

The following assumptions must be made in order to reduce the computational intensity of

the model.

e Effects of lithium anode; the effects of lithium metal on the electrochemical process are

neglected in the numerical modeling.

e Mechanical effects; Due to configuration of experimental setup and for simplicity we ne-

glected the contribution of mechanical deformation and stress-diffusion coupling.

e Effects of porosity: The numerical model is constructed based on porous electrode model

and it is assumed that the electrolyte flow through the porous media.

The representative configuration of the 1.333 SSLIB model is shown in Figure 5.9 Each
unit cell is composed of electrode and electrolyte phases, the interaction between two phases is
represented through an interface model. The full numerical model is constructed from combination
of multiple unit cells as shown in Figure [5.10, For numerical simulation purpose periodic boundary
conditions are used in both x and y directions and only one unit cell is considered in those directions,
while, multiple unit cells are used in z direction. The model is discretized with 15696 hexahedron
elements and linear interpolation is used for solution fields. The model parameters and material

properties are shown in Table

! The experimental model developed by Prof. Se-Hee Lee and Dr. Jae Ha Woo.
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Unlike thin-film and TiSs SSLIB models, the electrochemical interface reactions happens only

at cathode/electrolyte interface. This reaction can be described by the BV expression as follows:

ity =i (e | 5ot (- U] — o0 |-U2 g ven]). 69)
where
oo = FRE(e0)" ()" (Capnr )~ (56)

and k% is the BV reaction rate constant at the cathode/electrolyte interface, ac is the cathodic
transfer coefficient, and U’(c;) is the open circuit potential.

For numerical simulation the model is discharged with four different discharge rates, namely
C/5, C/10, C/20, and C/50. The results are presented in terms of variation of cell potential over
discharge time and are compared with experimental observations, as shown in Figure There
is a good agreement between numerical and experimental results at high discharge rates of C/5 and
C/10. However, at lower discharge rate (C/20 and C/50) discrepancies begin to arise and the model
predicts a lower discharge time (and thus lower capacity) than the experimental observations. The

snapshots of the concentration distribution over the electrode layer for the C/5 and C/50 discharge

rates are shown in Figures and

Unit cell Electrolyte Electrode Interface

PeEs

Figure 5.9: The schematic of the unit cell in 1.333 SSLIB model.
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Figure 5.10: The schematic of full L333 SSLIB model composed from multiple unit cells.
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Table 5.4: The L333 model parameters and material properties.

Description Symbol Value Unit
electrolyte thickness 0y 9.0 x 1074 m
electrode thickness Os 1.0 x 107* m

cross sectional area a 1.3273 x 1074 m
maximum Li concentration Csman 48263 mol m~3
minimum Li concentration Cspmin 22833 mol m™3
initial Li concentration Cso 22833 mol m~3
maximum Li" concentration Clinas 34588 mol m™—3
initial Li* concentration Clo 34242 mol m~3
electronic conductivity As 3.6565 x 1072 Sm!
diffusion coefficient of Li* Dl+ 1.8 x 10712 m? s~}
diffusion coefficient of n~ D/ 1.8182 x 10~ m? s~}
diffusion coefficient of Li Dy 6.3 x 10714 m? s7!
BV reaction rate k% 0.0 mol/m? - s
BV reaction rate & 6.117219 x 107 mol/m? - s
anodic transfer coefficient aa 04 -

cathodic transfer coefficient ac 0.6 -

fraction of free Li & 0.99 -
Faraday’s constant F 96485 C/mol
universal gas constant R 8.3145 N.m/K.mol
reference temperature T 303 K
electrode Young’s modulus JON 1.6 x 10° MPa
electrolyte Young’s modulus E 3.719 x 10* MPa
electrode Poisson’s ratio Vs 0.30 MPa,
electrolyte Poisson’s ratio Y 0.296 MPa
electrode partial molar volume Qs 4.2855 x 107° m?®mol !
electrolyte partial molar volume € 0.0 m®mol !
applied external current | - var. A/m?
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Figure 5.12: Electrode and electrolyte concentrations distribution in the L333 model, discharge
rate: C/5.
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5.3 Full resolution model - parameter identification

5.3.1 Verification example

In this section, we aim to test the functionality and robustness of the implemented param-
eter identification framework through a numerical example. To this end, the solid-state thin-film
model presented in Section has been selected. In order to verify the performance and robustness
of the framework we artificially perturbed some material properties for the thin-film model, then
we discharged the model simultaneously for all discharge rates used in Section [5.1] The material
parameters are perturbed by about 10%. The perturbed material parameters are the electrode
diffusion coefficient, D;, the electrode maximum concentration, ¢, ., the electrode electronic con-
ductivity, A, the diffusion coefficient of Li™, Dl+, the diffusion coefficient of n™, D;”, the electrolyte
maximum concentration, ¢, .., the BV reaction rates, k% and [¢,.

The results of initial configuration in the solid-state thin-film battery model , with perturbed
material properties, are shown in Figure The results show that the perturbed material prop-
erties create large discrepancies between numerical and reference results. The comparison between
Figures 5.2 and reveals the influence of material properties in the SSLIB modeling. The evo-
lution of the objective as well as initial and final views of discharge curves are shown in Figure
The results show the robustness of the parameter identification framework in capturing the

performance of the battery with multiple discharge rates.

5.3.2 parameter identification of TiS; model

We wish to extend this framework to study the performance of dense and porous bulk SSLBs
mentioned in Section In these examples our design variables are the electrode and electrolyte
material parameters mentioned in Section The results show that the parameter identification
decreases error from near 50% to under 10%. The initial and optimized material parameters for
the dense electrode model are presented in Table The initial and optimized discharge curves

are shown in Figure It is clear that there is not a large difference between initial and optimal
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values, indicating initial design variables were adequate and the model is not sensitive to many of
those material parameters. Of all the possible optimized values, the value with the greatest impact
is the diffusion coefficient in TiS,. Interestingly, this is one of the few parameters experimentally
derived and not taken from literature. However, there has been documentation on the inadequacies
of GITT [I51]; additionally a variety of diffusion values for TiSe have been reported varying over

orders of magnitude [I38]. parameter identification for the porous model is displayed in Figure
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Figure 5.16: The evolution of the objective, initial and optimal design in the dense TiSo model
(discharge rates: C, C/2, C/5, C/10).

Initial and optimized material parameters are displayed in Table[5.6] The porous model was already
fit more accurately by the model than the dense model. Interestingly, parameter identification keeps

the diffusion coefficient closer to experimentally derived values than the dense model, as the porous
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Table 5.5: Initial and optimized values of material parameters in LiTiSs for the dense electrode

model.
Description Symbol  Unit Initial Optimized
diffusion coeff. of Li Dy m?s~! 10.0 x 107 8.59 x 10~
electronic conductivity g Sm~! 10.0 9.99
diffusion coeff. of Li™ Dl+ m2s~! 10.0 x 10713 9,97 x 10713
diffusion coeff. of n™ D/ m?s! 10.1 x 107 10.1 x 10715
max. Li* concentration ¢, molm™3 28032 27951
BV reaction rate k¢, mol/m?s  5.10 x 107%  4.98 x 10~*
BV reaction rate k5 mol/m?s  10.0 x 1073 9.99 x 1073
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Figure 5.17: The evolution of the objective, initial and optimal design in the porous TiSy model

(discharge rates: C, C/2, C/5, C/10).

model would be more in line with the GITT experiment performed. The largest parameter changed
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in this case is the cathodic reaction rate. The cathodic reaction rate has never been measured for
TiS, and is little regarded in literature. Therefore, it would be understandable that this value
would change. Interestingly, both models converge to approximately the same solution in terms
of overall discharge time. However, the dense model must lower the diffusion coefficient in the
cathode further. This indicates that the diffusion within the cathode is especially important for
bulk solid-state batteries as the system will always be porous so long as manufacturing methods
such as sintering are not involved. Therefore, solid systems will hinge upon either achieving an
extremely dense structure or increasing the diffusion with the active material. One way to deal
with this requirement is adding solid electrolyte into the cathode and reducing the particle size of
the active material to reduce the overall diffusion distances. This strategy has been successfully
reported in the past [98] [162].

Table 5.6: Initial and optimized values of material parameters in LiTiS, for the porous electrode
model.

Description Symbol  Unit Initial Optimized
diffusion coeff. of Li Dy m?s~! 10.0 x 107 9.53 x 10~
electronic conductivity g Sm~! 10.0 9.99
diffusion coeff. of Li™ Dl+ m?s~! 10.0 x 10713 9.99 x 10713
diffusion coeff. of n™ D/ m2s! 10.1 x 1071 10.1 x 1071
max. Lit concentration ¢, molm™3 28032 27999

BV reaction rate k¢, mol/m?s  5.10 x 107%  4.62 x 10~*
BV reaction rate k% mol/m?s  10.0 x 1073 9.92 x 1073

5.3.3 parameter identification of L333 model

Similar to the TiSy model we wish to study the performance of the 1.333 SSLIB model during
changes in material properties. For this model we examine the performance of our parameter
identification framework with single and multiple problem. In all cases the design variables are the

electrode and electrolyte material properties. First we examined the behavior of the L333 model

for a single discharge rate. In particular, we run a full parameter identification analysis for each
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individual discharge rates. The initial and optimized design for each discharge rate are shown in
Figures - The results show the capability of the parameter identification framework in
minimizing the discrepancy between numerical and experimental solutions. The optimized design
parameters are compared for all discharge rates as shown in Figures and The results
show that for some design parameters (e.g. As, €1, Df, D;", ki, and A.) there is similar trend

for all discharge rates, however, the optimized values are different between discharge rates.
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Figure 5.18: The evolution of the objective, initial and optimal design in the 1333 model, C/5.

Next, we combine two upper (C/5 and C/10) and two lower (C/20 and C/50) discharge
rates and perform parameter identification analysis for multiple problems. The evolution of the
objective function as well as the initial and optimized designs are shown in Figures [5.24] and [5.25
The results show the significant decrease of the objective for upper discharge rates, however, small
discrepancies can be observed for lower discharge rates. Finally, we combine all discharge rates and
perform a parameter identification analysis for multiple problems considering all discharge rates.

The evolution of the objective function as well as the initial and optimal designs are shown in
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Figure 5.19: The evolution of the objective, initial and optimal design in the L333 model, C/10.
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Figure 5.21: The evolution of the objective, initial and optimal design in the L333 model, C/50.

Figure While there is a significant decrease in the objective value, but there is a considerable
discrepancies between the optimized results and experimental observations, especially for lower

discharge rates.
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Electrode max. concentration Electrode diffusion coefficient
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Figure 5.22: Comparison of the initial and optimized values of material properties for a single
parameter identification problem in L333 SSLIB model.
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Figure 5.23: Comparison of the initial and optimized values of material properties for a single
parameter identification problem in L333 SSLIB model.
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Figure 5.24: The evolution of the objective, initial and optimal design in the L333 model, C/5,
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5.4 Numerical examples for Non-local damage model

In order to evaluate the performance of the non-local damage formulation, series of analytical
and numerical examples are provided for structural problems. To this end, first an analytical exam-
ple is described for a one-dimensional bar and the results are compared with numerical solutions.
The influence of the structure geometric configuration on damage evolution and the zone of influ-
ence is studied by several numerical examples. In addition, the accuracy of solutions for different
mesh configurations is studied by mesh refinement for a three-dimensional example. Finally, the
effects of gradient parameter (c) on the width of damage influence zone are investigated for different

gradient parameters.

5.4.1 Analytical solution for non-local damage model

An analytical example is provided to evaluate the performance of non-local damage formu-
lation. This example has originally been developed by [116] for gradient enhanced damage model
(non-local damage model) and utilized here to evaluate the performance of finite element model
based on non-local damage formulation. To this end, a bar with length L and isotropic material
properties is considered. The bar is subjected to a uniaxial and pure tensile loading by using pre-
scribed displacement at both ends. While the material properties are considered uniform for the
entire bar, the cross-sectional area, A, has been reduced by a factor (1 - «) for the length I. The
purpose of the reduction in the cross-sectional area is to trigger localization of the deformation at
the middle of the bar. The schematic of the described 3D beam with damage influence zone is
shown in Figure

In order to calculate the width of damage influence zone, w, and damage variable, an an-
alytical solution is derived for the one-dimensional case [116]. For the one-dimensional case the

equivalent local strain e¢q is set to the axial strain e for uniaxial condition, thus, the differentiation

of Equation (2.103)) can be written as:

2_
d°Eeq _
dz?

Fug — (5.7)



107

I
L
Y

D z

xT

0

1

Figure 5.27: Schematic of 3D beam with damage influence zone for non-local damage model.

By employing the stress-strain relation

o= (1— D)Ek, (5-8)

where D is the damage variable. Substituting Equation (5.8)) into (5.7]) gives:

d2§eq o
Ceq — = . 5.9
faT 0 T 1 -D)E (5.9)

The boundary condition for non-local strain implies that
deeq _ (5.10)

dx ’
which should be imposed at the end of bar. The reduction in cross-sectional area in the beam
implies that the actual stress in the weakened zone should be different compare to the other parts.
Considering the symmetry condition, only one half of the bar is considered for the analytical

derivation. On the interval (3/,3L) one can define the stress as follows:

c=(1-8)Exr; with B>0, (5.11)
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where k; is the initial value of damage history parameter. In the weakened zone the length [ is
assumed to be smaller than the width of damage influence zone, w, the stress can be, therefore, is

defined by

c=1+47)Ex; with >0 (5.12)
In the undamaged zone (%w, %L) the damage variable D = 0, substituting D = 0 in the Equation
yields the linear form of differential equation

. de
Eeq — CW;‘ = (1-B)ki (5.13)

Solving this linear differential equation results in the following solution

1 1 1 1
Eeq(x) = (1 — B)ki + Aj exp (\ﬁm) + Agexp (—ﬁx> for Jqw<ue < §L (5.14)

where A1 and A, are the integration constants. In the area where damage is increasing, the history
parameter, x, equals to the non-local strain, £.q. Using this relationship and substituting damage
evolution law (2.105)) into Equation (5.9)) the following differential equation for damage on interval

(0, 3w) can be concluded

xrx d2 76

By substituting the definition of stress for the weakened and unweakened zones two solutions for

the differential equation ([5.15)) can be found as follow

Eeq(x) = Brexp (\/é.%‘) + Byexp (—\/f:t) for %l <z < %w (5.16)
o v
€eq(z) = C cos <\/:x> for 0<z<

The integration constants, Ay, Ao, B, By, C, the stress factors 3, 7, and the width of damage

l (5.17)

DN | =~

influence zone width, w, can be derived from boundary and continuity requirements. At x = %l

and z = %w, the continuity of the displacement field imposes the continuity of the non-local strain

and its first derivative as follows

Bjexp (;l\/é) + By exp (—;l\/§> = C'cos <;l\/z> at == él (5.18)
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By exp <;w\/€> + Byexp (—;w\/§>
= (1—B)k; + Ajexp (;w\}6> + Asexp <—;w\2> at = %u}

(5.19)

and for the first derivative

\/EBl exp (;lﬁ) - \/fBg exp <—;l i) = —C'\/Zsin <;l\/z> at x = él (5.20)
\/EBl exp <1w\/§> — \/EBQ exp (—1111\/?)
c 2 c c 2 c

1Ae 1w1 1Ae 1w1 at lw
— xp | zw— | — —= Xp | ——w—= ==
Je LEPA\QUTR ) T P\ T 2

Furthermore, at =z = %w the non-local strain must be equal to the initial value of the history

1 1 l
k; = Brexp <2w\/§> + Byexp (—Qw\/§> at = §w (5.22)

and the discontinuity in the stress fields at z = %l should be proportional with the surface reduction

(5.21)

parameter, K;,

as follows:
E;fig: = (1_AO‘)A = 8;55 = (110‘) = (1-B)=0+y(1-a) (5.23)

At the end of the bar, the boundary condition, V&, - i = 0, is applied in the following setting

1

1. 1 1 1_1 l
- _ _L— ) = = — 5.24
\ﬁAl exp ( ) As exp < 2L ) 0 at 2L (5.24)

2" ) T NG

Finally, at the end of the bar a prescribed displacement, %AL, is applied. This is related to the

1 1
1 3k ER d’e,
§AL = \/0‘ edr = /0 <€eq — Cdl;q> dx

L 1 1w iL
Eoq dx = / €eoq d + / Eeq dx + / €oq dx
0 11 1

2 W

non-local strain by

(5.25)

N[

1
3L
0 0
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By substituting the non-local strains

3
1AL:/2 C cos (Wx) dx
2 0 C
3w B B
+ ) B exp EIL' + Byexp | — Eﬂf dz (5.26)
1
1

2

ip
1
—1—/2 (1 —PB)ki + Arexp <x> + Agexp (—x) dz
1oy Ve c

Lo C(flf)
o) 40 len ()= ()
#anye (o (520 ) o (gzm) ) + Aeve (o (g zw) —ew (-5t ) )

—i—%(l — B)ki(L — w)

This condition can be simplified as follows

—+

In order to compute integration constants, stress factors, and the width of damage influence
zone, Equations - can be solved numerically for particular values of geometry and
material parameters. Then the strain and damage variable can be computed using the solution of
non-local strain.

For the finite element simulation, the length L = 100mm and the cross-sectional area A =
10mm? are assigned to the model. The length of the weakened zone is set to | = 10mm and the
cross-sectional reduction factor, «, is set to 0.1. Linear isotropic material with Young’s modulus
E = 2000 N/mm? and Poisson’s ration v = 0.0 is considered. In the numerical simulation the
initial damage history parameter ko = 104 and the gradient parameter in Helmholtz equation is

set to ¢ = 1mm?

. The applied displacement is U, = 0.05mm. For finite element simulation a
one-dimensional model is considered, quadratic elements are used to predict the displacement field,
while, linear interpolation is used to solve the Helmholtz equation for non-local damage variables.

The results of finite element simulation are compared with analytical solutions for the damage

variable and local strain. The distributions of the damage variable and local strain over the length
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of the bar are shown in Figures and The results show that there is excellent agreement
between analytical and numerical solutions. The results also reveal that there is high concentration
of damage and strain in the weakened zone and extreme damage occurs in the weakened zone which

is associated with localization of the local strain.

l L] L) L] L] L] L) L) L) L]
Analytical
09 F = Numerical | -
0.8 F b
0.7F b
IT\O() B -
)
s 05F o
g
<
S o4} -
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Figure 5.28: Plot of the distribution of damage variable in one-dimensional bar model.

5.4.2 Frustum beam model

To evaluate the performance of the non-local damage model in multi-dimensional cases a
three-dimensional finite element example is provided. Two connected Frustum beam with total
length L is considered, which is subjected to a uniaxial and pure tensile loading using prescribed
displacement at both ends. The material properties are uniform for the entire bar, however, the

cross-sectional area, A, is varying through the length by factor «, where « is the ratio between
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Figure 5.29: Plot of the distribution of local strain along the length of the bar.

the start and end cross sections. The schematic and 2D view of the beam is shown in Figure [5.30
For finite element simulation, the length L = 20mm and the radius of sectional area r = 2mm are
assigned to the model. The cross section reduction factor, «, is set to 0.2 < o < 1.0. Linear isotropic
material with Young’s modulus E = 20000 N/mm? and Poisson’s ration v = 0.0 is considered. For
the damage model, linear damage evolution law with initial damage history parameter
ko = 107* and the gradient parameter ¢ = 0.25mm? is considered. The applied displacement is
set to U, = 0.025mm. Due to symmetry only one eighth of the model is considered, the quadratic
interpolation with hexahedron element is used for displacement field, while, the linear interpolation
with 8-node element is used for approximation of the non-local damage variables. The evolution
of the non-local strain as a function of « is shown in Figure [5.31] The results show that with a

increasing « the influence of the non-local strain is increased and eventually for a = 1.0 a uniform
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. | . |

Figure 5.30: Schematic and 2D view of the Frustum beam.

non-local strain is observed. The zone of influence of the non-local strain along the length of the
bar for different « is shown in Figure As it can be seen for small values of a the localization
of the strain can be observed, however, by increasing the « ratio the zone of influence is increased
and the localization is decreased. The variation of the non-local damage along the length of bar
for different « is shown in Fig. It can be seen for a uniform cross section a uniform damage
can be observed. Finally, the evolution of the local strain is shown in Figure Compared to
the non-local strain the localization effect can be seen in the local strain plot and higher value in

the local strain plot can be observed for small «.

5.4.2.1 Mesh refinement

In order to evaluate the influence of geometric configuration on the overall performance of
non-local damage model, a mesh refinement study has been performed. To this end, the Frustum
beam model with different mesh configurations, i.e. 5x5x 15, 7x7x19, 9x9x 23, 11 x 11 x 27, is
considered. The results of the mesh refinement study are presented in terms of variation of damage
variable, local and non-local strains along the length of the beam, see Figures . The

results show that there is a negligible sensitivity of damage evolution formulation with respect to
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the size of element and an accurate solution can be captured even with coarse mesh configuration.

5.4.2.2 Influence of Helmholtz gradient parameter

In order to investigate the influence of the gradient parameter, ¢, in the Helmholtz equation,
a series of simulations with different values of ¢ have been performed. To this end, the Frustum
beam model is considered and the simulation is performed with ¢ = 0.0625mm?, ¢ = 0.125mm?,

2. The results are presented in terms of variation of the damage

¢ = 0.25mm?, and ¢ = 0.5mm
variable, local and non-local strains along the length of the beam, see Figures (5.3845.40). The

results show that with increasing the ¢ parameter the damage zone of influence is growing, while,

localization effects can be observed for smaller c.

5.4.3 Double notched plates

In the other example, two symmetric and non-symmetric double notched plates with total
length (L) and different locations for cylindrical hole are considered. The plates are subjected to
uniaxial and pure tensile loading by using prescribed displacement at the ends. The schematic of
the plates and boundary conditions are shown in Fig. The material properties are uniform for
the entire plate. Linear isotropic material with Young’s modulus £ = 20000N/mm? and Poisson’s
ration v = 0.0 is considered. The applied displacement is set to U, = 1.2mm. The dimensions of
the plates are set to L = 10 mm, t = 2 mm and r = 2 mm that represent the length, the thickness
and the radius of the hole, respectively. The distribution and profiles of of non-local strain are

shown in Fig. and The localization of strain can be observed in both cases.
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Figure 5.31: Evolution of non-local strain with a.
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Figure 5.32: Variation of non-local strain along the length of Frustum for different «.
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Figure 5.33: Variation of non-local damage along the length of Frustum for different «.
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Figure 5.34: Variation of local strain along the length of Frustum for different «.
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Figure 5.35: Variation of non-local strain along the length of Frustum for different mesh configu-
rations.
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Figure 5.36: Variation of non-local damage along the length of Frustum for different mesh config-

urations.
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Figure 5.37: Variation of local strain along the length of Frustum for different mesh configurations.
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Figure 5.41: Schematic of double notched plates
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Figure 5.42: The distribution of non-local strain in double notched plates
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5.5 Damage evolution in SSLIBs

In this section we aim to illustrate the performance of SSLIBs under damage evolution effects
through 2D and 3D numerical examples. To this end, we perform parametric studies on the influence
of damage mechanics on the electrochemical performance of SSLIBs. In particular, we study the
influence of particle shape and cyclic charge-discharge process on the damage evolution and overall
performance of SSLIBs through numerical examples. The impact of damage evolution on the
discharge behavior and life-time performance of the battery is assessed by coupling the damage
parameter with the diffusivity of the electrode particle. To study the performance of the SSLIB
cell under damage evolution effects, the damage evolution mechanism is related to electrochemical
properties of the battery. In particular, the electrode diffusion coefficient, Dy is described as a
function of damage internal variable, k. The influence of damage evolution on the diffusivity of the
electrode has been studied by [26], 48] through stochastic modeling of damage evolution in LIBs.
To this end, the evolution of the damage is described by an exponential law such that the damage
parameter, D, is expressed as an exponential function of the damage internal variable, s, as shown

in Figure 2.2} The main features of damage evolution in the battery are explored here.

5.5.1 One-dimensional analytical expression for the non-local damage model

In this section we aim to present an analytical expression for the evolution of non-local damage
model in LIBs and the influence of gradient parameter, ¢, on the non-local damage distribution. To
illustrate the evolution of damage in the electrode active particle, lets consider a sphere of radius
R, for a constant diffusion coefficient the balance of mass in the spherical coordinate system can

be expressed as follows [30]:

Ocs Dg 0 20cs\
5 2 or ( o ) =0, (5.28)
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for the galvanostatic operation (constant current) the following initial and boundary conditions

hold:
cs(r,0) = cqy, for 0<r<R,
D, %) (=0 for 120 (5.29)
r—=
D) _Lew  for ¢ >0
r=Rs

The analytic solution for the balance of mass (Equation (5.28))) is given by [30]:

1 9 00 in(\,7
2 3 (sm( T)

Cs(ryt) = csy + pErYew exp(—)\if)”, (5.30)

n=1
where A\, (n = 1,2,3,...) are the positive roots of tan(A,) = A,, 7 = /R, is the non-dimensional
length, and £ = Ds/R2t is the non-dimensional time, respectively. Considering the stress-diffusion
coupling within the spherical particle, the radial and tangential stresses that satisfy the balance of

linear momentum equation in the spherical coordinate system are given by [30]:

2,0, 1_ ~
or(r,t) = ——m—— [cS(RS,t) — ¢q(r, t)},
A=) (5.31)
() = 5 [9,(Ru,t) 4 (1) — Bes(r. )]
= —— | 4Cs Sy Cs\T, — 9Cs\ T, s
70t 9(1 — vy)
where
' T\ [, 1.
Cs(r,t) = :’3/ r?es(r,t)dr = gy + 3 <};D"t> [t + 1—0(r2 ~1)
0 s
o N _ (5.32)
2 sin(A,7) — (ApT) cos(A,7) .
=3 —Act
73 — ( )\% Sln()\n) exp( n )) )
= RsIext T Iext
cS(Rs,t):cso+3( FD. >t:cso+3<FRs>t. (5.33)

Substituting Equations (5.32)), , and (5.30) into Equation (5.31)) results in the following ex-
pressions for the radial and tangential stresses:
Or (Ta t)

[(B.94/(3(1 = 1)) (Rt /(FD,))]

1 _ 4 X sin( A7) — (AnF) cos(Anf - )
=50 3 (T el ) .

n=1

= a,(7, 1),
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og(r,t)
[(ESQS/<3(1 — 1)) (Rolext/(FD,)]
t

" exp(—A2t) (5.35)
—27) + 22 An sin(Ay,)
sin(A,7)  sin(A,7) — (AnT) COS()\nT) = (5 f
: ( i A3 —rn:

For the diffusion induced deformation the strain energy density can be calculated from the stresses,
for the isotropically deform sphere the strain energy per unit volume is defined as [30]:

02(r) + 203 (r) — 2v504(r) | 20,(r) + o4 (r) (5.36)

v(r) = 7o ,

and the total stored elastic energy in the sphere can be calculated by integrating the strain energy
density over the entire volume of the sphere:

W) = dr [ (e (5.37)
0

Using Equation and the total non-dimensional stored elastic energy in the sphere can
be defined as:
U(r,t)
2 R3E, [QSRSIext /(3(1 - I/S)FDS)} ’

= /01 [53@, £) + 257 (7, 1) — 2v55(F, 1) (2&,,(77, 7) + 64(7, g)>] 2245 (5.38)

= U(r,1).
Following the non-local damage equations defined by the Helmoltz-type equation, the non-dimensional

form of the non-local damage can be expressed as follows:

= 10 [ 5084(F, 1)\
Eeq(T, t) - Cﬁg <7' T = Eeq(?”,t). (539)

The simplified format of Equation (5.39) can be written as:

_n 208q(F 1) _0%€q(FE) - 5 40
Eoq(T,t) — c; 7 — = €eq(T,1). (5.40)
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The equivalent local strain can be defined as a function of strain energy density:

€eq(7, 1) = \/ (7, 1), (5.41)

where

G2(7, 1) + 262(7, 1) — 2wsGg (7, T) [257,(%, #) + 64(7, 1)
2

D) — (5.42)

By solving Equation ([5.40) numerically, the non-local strain is expressed as a function of particle
radius, 7, non-dimensional gradient parameter, ¢, Poisson’s ratio, and non-dimensional time, . The

residual form of the Helmholtz-type equation in the spherical coordinate can be written as:

_ 20 _ NETY
Re,,: / W,y (seq — ?steq — cV%seq — eeq> dv =0. (5.43)
Qs

_ 2c =
Re,,: /Q We,y * Eeqdv — / ?ws—cq - Vi€eqdv
S S

(5.44)

+/ 6@,:11)56(] . @;Eeqdv — / Wy Eeqdv =0
Qs s

The variation of the non-local strain over the particle radius and for different gradient param-
eter and Poisson’s ratio are shown in Figures - The results show that for an increasing
gradient parameter, the damage influence zone is increased and the model behave more ductile.
The results also show that with an increasing the Poisson’s ratio the influence of non-local strain

decreases.

5.5.2 Effect of electrode particle shape - 2D

In this example we wish to examine the influences of particle shape and topology on the
electrochemical performance of the battery cell through damage evolution in the electrode particle.
In particular, the objective of this example is to evaluate the effect of electrode shape and topology
on damage evolution and capacity fade in the battery. To this end, three different configurations

based on the solid-state thin-film model presented in Section are considered. While the volumes
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Figure 5.44: Variation of the non-local strain over the particle radius for different damage gradient
parameter, ¢, for Poisson’s ratio v; = 0.0.

are the same in all configurations, the geometric shape of the electrode and electrolyte is changing
by varying geometric parameters (i.e. major and minor radii). The schematic of the solid-state
thin-film model with different configurations shape is shown in Figure The volume of the
electrode and the electrolyte are set to V; = 0.32um? and V; = 1.50um3, respectively. The material
and geometric properties are given in Table and the damage parameters are given in Table
For numerical modeling, one-fourth of the design domain is discretized with 1076, 1104, and 1220
quadrilateral elements for cases a/b = 1.0, a/b = 2.0, and a/b = 3.0, respectively. To avoid stress
oscillations, quadratic interpolation polynomials have been used for the displacement field, while
linear interpolations have been used for concentrations, electric potentials, hydrostatic stress, and
non-local strain fields. The forward analysis is solved with a 2D plane strain condition.

For the numerical simulation four different scenarios have been considered for each geomet-
ric configuration. In the first scenario, the model is discharged at C-rate of 51.2; without any

mechanical contribution and stress-diffusion coupling effects. This scenario is called the nominal
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Figure 5.45: Variation of the non-local strain over the particle radius for different damage gradient
parameter, ¢, for Poisson’s ratio v; = 0.2.

Table 5.7: Damage parameters in the SSLIB model.

Description Symbol Value Unit
damage initiation threshold kg 75x107° -
damage sharpness parameter 10 -
damage gradient parameter ¢ 1.0x 107° m?

analysis for the rest of this study. In the second scenario, the influence of mechanical deformation
is considered through stress-diffusion coupling effects in the nominal analysis. The influence of the
damage evolution on the mechanical performance of the battery is considered in the third scenario.
Finally, the effects of damage evolution on the electrochemical performance of the battery model is
assessed by considering damage-diffusion coupling. The results are presented in terms of variation
of battery’s parameters in time and space.

The variations of electrode and electrolyte concentrations at the end of discharge in both
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Figure 5.46: Variation of the non-local strain over the particle radius for different damage gradient
parameter, ¢, for Poisson’s ratio v; = 0.4.
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Figure 5.47: Schematic of the solid-state thin-film model with different configurations, P is the
damage measurement point.

directions (i.e. z and y) and for different aspect ratios (ratio of a/b) are shown in Figures
and respectively. The results show that there is a great influence of the electrode shape on
the SSLIB performance. By increasing the aspect ratio, the electrode concentration is increased

in both directions. This indicates that the capacity increases with an increasing aspect ratio,
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these effects had been observed by [164] for the liquid state electrolyte. Moreover, comparison
of the electrolyte concentration profiles shows that with an increasing aspect ratio the gradient
of the electrolyte concentration decreases, this behavior is presented graphically in Figure [5.50
The results show that unlike the electrode layer, a uniform concentration can be observed in the
electrolyte layer with higher aspect ratios, however, high concentration gradients are observed in

the y direction. In addition, Figures [5.48] [5.49 and [5.50] indicate that for a damaged electrode

particle, there is a substantial change in the electrode concentration profile. This change shows the
significant influence of the damage evolution on the battery’s capacity and overall performance. The
evolution of damage parameter, D, and electrode diffusion coefficient, D, during a full discharge
process is shown in Figure Initially the damage doesn’t have any contribution on the diffusion
coefficient and electrochemical performance of the battery. After reaching the damage threshold,
the damage evolves and eventually increases during the discharge process, while, the diffusion
coefficient and consequently the capacity of the battery decrease. This influence is shown in Figure
Comparison of the discharge profile for different aspect ratio shows that increasing the aspect
ratio results in increase in the capacity of the battery cell, while, the damage induced capacity fade
is decreasing with increasing the aspect ratio. This indicates that the capacity fade and reduction
in the electrochemical performance of the battery cell can be minimized by maximizing the particle
aspect ratio.

The results of different type of mechanical stresses are presented in Figures[5.53]-[5.57} For all
aspect ratios, the highest stress occurs at the interface due to the difference in material properties.
The stress is uniform for the case a/b = 1.0 and the absolute value of stress is increasing with an

increasing aspect ratio and discharge time.
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Figure 5.50: Variation of electrode and electrolyte concentrations at the end of discharge for C-rate:
51.2 (A: without stress-diffusion coupling, without damage, without damage-diffusion coupling,
B: with stress-diffusion coupling, without damage, without damage-diffusion coupling, C: with
stress-diffusion coupling, with damage, without damage-diffusion coupling, D: with stress-diffusion
coupling, with damage, with damage-diffusion coupling).
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Figure 5.57: Variation of von-mises stress at the end of discharge (C-rate: 51.2) in both electrode
and electrolyte.
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5.5.3 Effect of electrode particle shape - 3D

Following the 2D example, the 3D effects of particle shape and topology, and damage evo-
lution on the electrochemical performance of the battery are analyzed using the 3D numerical
examples. Similar to the 2D example, three different configurations for the solid state thin-film
model are considered, see Figure [5.47, The volume of the electrode and the electrolyte are set
as the same as the 2D model, Vi = 0.32um? and V; = 1.50um3. The material and geometric
properties are given in Table and For numerical modeling, one-eighth of the design domain
is discretized with 1225, 1572, and 1695 hexahedron elements for cases a/b = 1.0, a/b = 2.0, and
a/b = 3.0, respectively. The particle radius in the third direction is set to ¢ = b. To avoid stress
oscillations, quadratic interpolation polynomials have been used for the displacement field, while
linear interpolations have been used for other solution fields. Similar to the 2D example, four dif-
ferent scenarios have been considered for each configuration. The model is discharged at C-rate of
51.2. The results are presented in terms of variation of battery’s parameters in time and space.

The electrode and electrolyte concentration profiles at the end of discharge and for different
aspect ratio are given in Figures [5.58 and A comparison of the electrode concentration in x
and y directions shows that the electrode concentration profiles remain the same for both directions.
Although, they vary substantially as the aspect ratio changes, large aspect ratio results in higher
capacity. Similar trend can be observed in the electrolyte concentration profiles. Comparison of
the 2D and 3D concentration profiles reveals the 3D influence in the battery model, the comparison
shows that there is great difference between concentration profiles in both electrode and electrolyte
layers. This indicates that concluding 2D results for 3D purpose may not be adequate depending
on the intended application. The influence of the damage on the electrochemical performance of

the battery can be seen in the concentration profiles and battery discharge curves, found in Figures

5.53), [5.59] [5.60, and [5.65] For damaged materials, the results show that there is significant influence

from the damage evolution on the electrochemical performance and capacity fade of the battery.

However, this trend is decreasing with increasing the aspect ratio. Compared to the 2D discharge
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curves, capacity fade in the 3D results is more pronounced than the 2D one, this is related to the

3D influence in the battery model.

The results of 3D stress distribution are shown in Figures - Similar to the 2D

results, higher concentration happens at the interface, however, at the same discharge time the

amount of stress is smaller than the one observed in the 2D cases.
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Figure 5.59: The normalized concentrations at the end of discharge, along y and z directions and

for different aspect ratio.
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Figure 5.65: Variation of electrode and electrolyte concentrations at the end of discharge for C-rate:
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Figure 5.66: Variation of von-mises stress at the end of discharge (C-rate: 51.2) in both electrode
and electrolyte.
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5.5.4 Effect of cyclic charge-discharge

In this example we wish to examine the influence of coupled damage accumulation and cyclic
charge-discharge process on the electrochemical performance of the battery cell. In particular,
we wish to examine the evolution of both electrochemical and mechanical properties under cyclic
charge-discharge process. To this end, a 2D SSLIB model with an island of electrode materials
surrounded by the electrolyte is considered. Both stress-diffusion and damage-diffusion coupling
effects are considered in this model. The exponential form of damage evolution law is considered
in the model as shown in Figure [2.2l The material and geometric properties are adopted from
the thin-film model given in Table while, the damage parameters are set in Table The
schematic of the electrode island model is given in Figure [5.67] For numerical modeling, the design
domain is discretized with 1168 quadrilateral elements. Similar to other 2D battery’s examples and
to avoid stress oscillations, quadratic interpolation polynomials have been used for the displacement
field, while linear interpolations have been used for concentrations, electric potentials, hydrostatic
stress, and non-local strain fields. The forward analysis is solved with a 2D plane strain condition.

The influence of cyclic charge-discharge process on the electrochemical performance of the
battery are given in Figures[5.68|- . Comparison of discharge curves at different discharge cycle
shows that, initially the damage contribution on the electrochemical properties of the battery is
negligible, however, with an increasing number of discharge cycle the damage accumulation increases
such that the diffusivity of the electrode is diminished gradually. This process result in degradation
in the electrode active material, capacity fade and reduction in the discharge time in the entire
battery cell as shown in Figure Similarly, the electrode concentration distribution shows that
initially higher concentration occupies the entire electrode island, while, with an increasing number
of discharge cycle the electrode concentration gradient is increasing which result in reduction in the
electrochemical performance of the battery cell. This phenomenon can be observed by comparing
the concentration distribution in discharge cycles No. 1 and No. 61 given in Figures and

respectively.
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The impacts of coupled damage and cyclic charge-discharge process on the mechanical prop-
erties of the SSLIB island model are given in terms of variation of Von-mises stress at different
measurement locations shown in Figure The results are presented in terms of variation of the
stress with discharge time and discharge cycles, see Figure[5.71]and [5.72] The results show that, for
all measurement points, initially higher stress evolves at the end of each cycle. However, with an
increasing number of discharge cycles the damage evolution is dominant which results in reduction

in the material strength and eventually the magnitude of von-mises stress.

Table 5.8: Damage parameters in the 2D SSLIB island model.

Description Symbol  Value Unit
damage initiation threshold kg 9.0 x 1074 -
damage sharpness parameter [ 10 -
damage gradient parameter ¢ 1.0 x107% m?
applied external current Toxt 10.24 A/m?

cc
1—‘I

Figure 5.67: Schematic of a solid-state battery model for cyclic study.
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5.6 Numerical examples for the cohesive zone model

In this section, we first verify the accuracy of the implemented cohesive zone model for
different modes of delamination through comparison against analytical reference solutions. To gain
insight into the effectiveness and robustness of the cohesive zone model in our battery modeling
framework, numerical examples for battery models with cohesive interface are considered. We
studied the influences of cohesive interface parameters and the magnitude of the applied load

through optimization problems. The results of this study present in Appendix [E]

5.6.1 Verification of cohesive zone model for mode I of delamination

The accuracy of the XFEM formulation of the cohesive zone model discussed above is val-
idated through comparison against the analytical solution for mode I of delamination. For this
purpose, a double cantilever beam (DCB) is studied. The schematic of the DCB geometry is il-
lustrated in Figure m Using linear elastic beam theory [5], the analytical solution for the crack

length can be described as a function of cohesive fracture energy. The crack length is given by [129]

3 A2
oo (EETS o
C

where F is the Young’s modulus, A is the separation at the end, H is the beam height, and G, is

as:

the cohesive fracture energy. We adapted the model parameters and problem configuration given
by [129], provided in Table For numerical modeling, the beam is discretized with 330x33
bilinear quadrilateral elements and the forward analysis is solved with a 2D plane strain condition.
The measured crack length, a, is plotted as a function of end displacement, A, and compared to
the analytical solution in Figure [5.74, The inset snapshots depict the initial and final deformed
configuration of the DCB, with an expanded view of the mesh used. For visualization purposes,
intersected elements are decomposed into triangles. Despite the influence of the fixed edge boundary
condition, the measured relative error between two solutions is approximately 1%. This error is

caused by unstable crack growth near the fixed edge of the beam, similarly observed by [5, 129].
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P Table 5.9: Model parameters for the double can-
%H tilever beam.

Cohesive interface

V4 Description Parameter Value Units
2 """"" L — P a 24 beam length L 200 mm
l beam height H 10 mm
l Young’s modulus E 142  GPa

yT_) Poisson’s ratio v 0.35
X d fraction energy G, 344  J/m?
Figure 5.73: Schematic of the double cantilever ~ material strength Omax 3.56  MPa

beam. penalty factor y 20
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Figure 5.74: Comparison between analytical and numerical solutions for the double cantilever beam.

For visualization purpose, the displacement in the deformed configuration is shown with a scaling
factor 10.

5.6.2 Verification of cohesive zone model for mixed mode of delamination

In addition to mode I verification, the structural response during mixed mode uniform de-

lamination is verified by an analytical solution. A rectangular block with a horizontal cohesive
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s [P S
Cohesive interface H

Figure 5.75: Loading and boundary conditions for the laminated structure with cohesive interface.

interface is fixed along the bottom edge and subjected to a uniform displacement along the top
edge. The schematic of the problem and the boundary conditions are shown in Figure The
material and cohesive zone model parameters for the mixed mode delamination model are given

in Table For any given uniform surface separation value, the analytical solution for the total

Table 5.10: Material and cohesive zone parameters for the mixed mode model.

Description Parameter Value Units
beam length L 10 mm
beam height H 0.1 mm
beam thickness t 0.1 mm
applied displacement U, 0.15 mm
Young’s modulus E 2.0 GPa
Poisson’s ratio v 0.3

maximum normal traction Omax 1.0 MPa
maximum tangential traction Tmax 3.0 MPa
ultimate normal separation IS 0.06 mm
ultimate tangential separation ot 0.033 mm
critical normal separation oy 0.006 mm
critical tangential separation ot 0.0033 mm
penalty factor y 20

delamination force is:
f:/ (12 +12)"dr ~ (12412 x Hxt (5.46)
r.

where f is the total force for uniform delamination along the cohesive interface I'.. For numerical
modeling, the domain is discretized with 100x1 elements and the simulation is performed for 2D

plane strain conditions. Since only the response at the interface is of interest, a single layer of
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elements in thickness direction is sufficient. A uniform displacement is applied with a magnitude
of 0.15 mm in sequence of load increments. Figure [5.76] compares numerical and analytical results
for the total delamination force as a function of the magnitude of separation between the surfaces.
The inset snapshots illustrate the mechanical response of a segment of the laminated structure at
specific loading stages, with the intersected elements decomposed into triangles for visualization

purposes. The measured relative error in the uniform mixed mode example problem is 2.25 x 10~7

%.

35 T T T

Analytical

©  Numerical

Total force (kN)

0 02 04 0.6 0.8 1 12
Surface separation (m) %10

Figure 5.76: Force-separation curves for the analytical and numerical solutions in the laminated
structure.

5.6.3 Influence of interfacial debonding on the electrochemical performance of the

battery

In this example we wish to study the influence of debonding and delamination at the electrode
and electrolyte interface on capacity fade and electrochemical performance of the battery. To this

end, we used the thin-film solid state battery model presented in Section [5.1.1} The displacement
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boundary condition is shown in Table 5.1} The influence of separation at the interface on the

Table 5.11: Thin-film solid-state battery displacement boundary condition.

Face 1wy Uy e

Toin  fxed - -
Tmaz Hxed - -
- - fixed

Zmin

Zmaz - - fixed
Ymin - fixed -
Ymazx - - -

electrochemical performance of the battery is considered through the BV equation. In particular,
for the interface in the debonded zone (see Figure|2.4]) the BV contribution is neglected. Neglecting
the BV contribution results in decreasing the electrochemical influence of the interface during

discharge process. The interface properties for the cohesive zone model is shown in Table

Table 5.12: Cohesive zone parameters for the thin-film solid-state battery model.

Description Parameter Value Units
maximum normal traction Omax 56.0 MPa
maximum tangential traction Tmax 56.0 MPa
ultimate normal separation o 1.0 x 1078 m
ultimate tangential separation ot 1.0 x 1078 m
critical normal separation oy 50x107%  m
critical tangential separation 5t 5.0 x 1079 m
penalty factor ~y 20

The model is discharged with different discharge rates and the results are presented in terms
of variation of cell potential with discharge time. The results of the model with cohesive interface are
compared with model with fully bonded interface based on Nitsche formulation (Figure . The
results show that there is significant capacity fade in the battery with interfacial debonding. This
indicates the influence of poor mechanical connections at the electrode/electrolyte interface on the
electrochemical performance of all SSLIBs. This phenomenon needs to be studies experimentally

for both thin and bulk solid-state batteries application.
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Figure 5.77: Comparison of the discharge curves for the thin-film model with cohesive interface.



Chapter 6

Conclusions

This thesis presents a comprehensive modeling framework for numerical simulation of cou-
pled multi-physical responses in all SSLIBs. In particular, the research focuses on study and
understanding the influence of damage evolution in the electrode active materials on capacity fade
and life-time performance of SSLIBs, the influence of debonding and delamination at the electrode
and electrolyte interface on the electrochemical performance of the battery, and the influence of
material and model parameters on predicting the life-time performance of all SSLIBs. To this end,
we build a full resolution modeling framework based on the FEM and XFEM approaches which
enables us to study, evaluate and predict multi-physics responses of all bulk SSLIBs under the
influences of electrochemical and mechanical interactions. The developed framework accounts for
the electrochemical and mechanical interactions, the involved coupled physical phenomena includes
mechanical deformation, diffusion-migration processes, stress-diffusion coupling, damage evolution,
interfacial debunding and electrochemical surface reactions. The developed framework provides a
higher-level of understanding and accuracy in evaluating the life-cycle performance and reliabil-
ity of SSLIBs. To provide a predictive numerical tool for optimizing the performance of SSLIBs,
an optimization algorithm is augmented into our finite element model. The optimization frame-
work provides unique opportunities for parametric study and identifying key design parameters in
life-time performance of SSLIBs.

The functionality of the developed full resolution framework is tested with comprehensive

numerical benchmark examples. The numerical studies describe the accuracy, stability and conver-
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gence performance of the developed framework for all SSLIB application. To compare the model
prediction with experimental observations a comprehensive calibration experimental studies have
been performed. The calibration examples illustrate the performance of the numerical model in
capturing the experimental observations for bulk SSLIBs. However, during calibration studies some
discrepancies were observed between the numerical results and experimental observations. In order
to minimize these discrepancies, we developed a comprehensive parameters identification framework
to study and minimize the discrepancies and mismatch between numerical and experimental re-
sults. The results showed the stability and performance of our parameters identification framework
in minimizing the discrepancies, however, small discrepancies remain between the solutions which
could be related to some physical phenomena (e.g. phase change, side reaction, thermal effects)
that we are not including in our full resolution model. The performance of SSLIBs model under
damage evolution effects were evaluated through numerical examples. In particular, we studied the
influence of particle shape and cyclic charge-discharge process on the damage evolution and overall
performance of SSLIBs. The impact of damage evolution on the discharge behavior and life-time
performance of the battery was assessed by coupling the damage parameter with the diffusivity of
the electrode particle. The results of our studies show that there is a significant contribution of the
damage evolution on the electrochemical and life-time performance of the battery. The influence
of delamination and debonding at the electrode and electrolyte interface has been studied through
introducing cohesive zone model at the interface of the electrode and electrolyte. We coupled the
delamination effects with the BV equation. The results showed that there is a great influence of

separation at the interface on capacity fade and electrochemical performance of the battery.



Chapter 7

Future work

In order to improve the predictive capability of the model, the following studies should involve

in the future work:

e Effects of phase change, formation of solid electrolyte interface, and side reaction through

numerical modeling of SSLIBs;
e Effects of temperature and thermal diffusion on the life-time performance of the SSLIB.
e Topology optimization in the SSLIB.

e Effect of coupled delamination and damage evolution on the electrochemical performance

of the SSLIB.
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Appendix A

Weak form and derivatives of governing equations in full resolution model

Al Weak form and derivatives of the electrolyte balance of mass

The residual form of the diffusion and migration of Li™ in the electrolyte is described by:

R.: [ wclaaildv—/ Ve, - Jldv—/Q We, - hdv—}-/F we,Jp - nlds = 0. (A1)

In Finite Element context

~€ 1 €,C, €,C, AE\ T A\
R,: <wq>T<At/ (Ne)T N (&)™~ (&)")do
(A.2)
— / (BT Jdv — / (Ne)Th,dv + / (NeTy, . nlds> =0,
Q! Q! I
where At is the time step size, the derivations of R, with respect to independent state variables

is described as follows:

aRcl ]. lT " / lT aJZ / " 8hr
— e,c, €,C, €,C &,C _— A3
G At/ (Ne)T Nt dy — Ql(B ) 8(Af)”+1d Q(N )T a(éle)n+1dv, (A.3)

where

O, N &<t (ae n+1
Ji = Deg (Bev” eyt - AN peon s e)"“) ) (A.4)
RT
aJ; O
—D B&¢ — ' B&oh (¢ n+1Ne cy A5
ey = Dan (B = prBron @) N ). (A5)

and

hy = ka(Cly,, — N @E)") — kp (N (e])"1)?, (A-6)
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ah?‘ e,c e,Cc1 [ Ae\ T e,c
ST = Rl = 2 (N @) Yy Nee, (A7)
8RC e.c\T 6J[
Fa = B g A
where

aJ; QN4 (éf)”“ .
- _ M M) RBeon A9
oyt~ Dt B (4.9)

The derivatives of R, with respect to the rest of independent variables are zero.

A.2 Weak form and derivatives of the electrolyte electric potential

The electrolyte electric potential is governed by Ohm’s law and the residual form is given by:

Ry : — [ Vwg, -ijdv+ / we, i - nlds = 0. (A.10)
Q! I
In Finite Element context
Ry, : (wgl)T<— / (B“?)Ti;dv + / (Ne’¢l)Til-nlds) = 0. (A.11)
Q I
The derivations of Ry, with respect to independent state variables are described as follows:
ORy, oy
- _ Beo\T d A.12
e = Jy B gy (4.12)

where

F2Nec(gf)ntt

i| = —F(24 Dy + 2-D_)B“(&)""" — 2, (24 Dy — 2-D_)B“% ()", (A13)

RT
8il F2N6’Cl R
W = —F(Z+D+ + Z_D_)BB,Cl — Z+T(Z+D+ — Z_D_)Be’(m((ﬁle)’nri»l7 (A14)

ORy,

_ €:¢l T ail
P TALE /Q (B P FATE dv, (A.15)

qﬁle)n-i-l
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where
oo F2NS% (&)t
ag)t 1 RT

(z4Dy —z_D_)B®?", (A.16)

The derivatives of Ry, with respect to the rest of independent variables are zero.

A.3 Weak form and derivatives of the electrolyte balance of linear momen-

tum
The residual equation for the balance of linear momentum in the electrolyte is defined as:

R,: Vw, - odv — w,y - bidv — | wyoy - nlds = 0. (A.17)
Ql Ql It

In Finite element context

Q Q

R.,: (w;;)T< / (BT odv — / (N bydv — / (Ne’“)Tal-nlds> =0, (A.18)
O 0! !
where

o1 = C (Bw(ae)“1 - éQlNe’Cl ((a;)n“ - (57)0)1.> (A.19)

The derivations of R, with respect to independent state variables are described as follows:

OR,, do

= [ (BT A.20
ey = o gyt 20
where
do 1 ,
- _- 2 A.21
ey = 3 CIUN T, (A.21)
8Ru 80’[
_— = Bewl __—" g A.22
e = o e S
where
_ o _ C, B (A.23)
D@y '

The derivatives of R,, with respect to the rest of independent variables are zero.
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A4 Weak form and derivatives of the electrolyte hydrostatic stress

The residual form of hydrostatic stress in the electrolyte is described by:

1
R,,: W, Opdv — / —wg, tr(oy)dv = 0. (A.24)
ol a3

In Finite Element context

Ro—h3 (wgh)T</Q (Ne,ah)TNe,oh (&z)n-i—ldv o /_

1(Ne"’h)Ttr(0'l)dv> =0. (A.25)
Q

The derivations of R, with respect to independent state variables are described as follows:

OR,, 1 ArO(tr(ar))

— [ Lyeonyrolirton) A.26
o(e))" Juz @ oy 20
where

tr(o) = (3)\ n 2u) Ie, — 3K A
(A.27)
= (38X +20) 1B (@)™ — 3N (&)™ - (&)°)),
d(tr(a1)) l
_ A28
Byt~ SKNe, (A.28)
OR,, 1 A7 O(tr(ay))
_ _ [ Lyeonyrdlizlol) A.29
et = oy s e (4.29)
where
(tr(a1))
—_— = eu A.
T (31 +20) 1B°, (A.30)
R, o
— &on\T N eoh g A.31
0(57)" Jyae B -

where K is the bulk modulus, A and p are the Lame parameters. The derivatives of R,, with

respect to the rest of independent variables are zero.
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A5 Weak form and derivatives of the electrode balance of mass

Similar to the balance of mass for the electrolyte, the residual form of diffusion of Li™ in the
electrode is described by:

R.,: wcs%dv - Vwe, - Jsdv + / we, s - n’ds = 0. (A.32)
Qs at Qs s ’

In Finite Element context
1
R, (wg,)" (At / (Nee) TN (&) = (&)™) dv
Qs
(A.33)
— / (B4 3 ydv + / (NeeH)TT, . n5d3> =0,
Qs s

where At is the time step size, the derivations of R, with respect to independent state variables

is described as follows:

OR 1 0J
_ O, L NEcs\T N€Cs dyy — BeesYT =5 g A.34
ae)+t At /Qs( ) ! /Qs( ) et 3
where
QsNe,CS ~se\n+1
3=, (oo - BNE pro gy, (4.3)
0J Q
5 D, B — 5 Beon(ge)ntlNecs A.36
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and
OR oJ
_Yrtes BeesYT 25 4 A.37
gt = [ (B e (A.37)
where
3.]3 QSNe’CS (ée)n-i-l
R s B&°h. A.38
o35y RT e

The derivatives of R., with respect to the rest of independent variables are zero.

A.6 Weak form and derivatives of the electrode hydrostatic stress

The residual form of hydrostatic stress in the electrode is described by:

1
R,,: We, OpdV — / SWg, tr(os)dv = 0. (A.39)
Qs ) Qs 3



In Finite Element context

1
Rah3 (wsh)T</ (Ne’ah)TNe’Uh(&Z)nJrldv _/ (Ne’ah)Ttr(US)dv> —0.
Qs Q

The derivations of R, with respect to independent state variables are described as follows:
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where
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where

d(tr(os))

B = (3>\ + QH) 1B,

aA]:}Uh — / (Ne,ah)TNe,ah dv.
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The derivatives of Ry, with respect to the rest of independent variables are zero.

A.7 Weak form and derivatives of the electrode electric potential
The electrode electric potential is governed by the Ohm’s law:

Ry,: — | Vwy, -isdv +/ Wy, is - M°ds = 0.
Qs Is

In Finite Element context

Ry, : (wgs)T<— /Q S(Be@s)Tisdv + / S(N€’¢5)Tis - nsds> =0.
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(A.40)

(A.41)

(A.42)

(A.43)

(A.44)

(A.45)

(A.46)

(A.47)

(A.48)
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The derivations of Ry, with respect to independent state variables are described as follows:

OR, i,
Td)s = —/ (Be’(bs)T%dU, (A49)
O(¢,)"+! Qs o)t
where
i, = —A\B“% ()", (A.50)
_9 )\ B, (A.51)
o)t

The derivatives of Ry, with respect to the rest of independent variables are zero.

A.8 Weak form and derivatives of the electrode balance of linear momentum

For the electrode the residual equation for the balance of linear momentum is described as:

R,: Vw, - osdv — wy, - bgdv — wy,os-n’ds = 0. (A.52)
Qs Qs s

In Finite element context

R.,: (wg)T< / (B! o dv — / (N Tbydv — / (Ne’“)TaS-nSds> =0, (A.53)
Q) Q s

where

o, = C, (Be:ume)"“ - éQN ((ag)"ﬂ . (ag)o) I>. (A.54)

The derivations of R,, with respect to independent state variables are described as follows:

R, r 00
- euwyl'__~~8 A.55
ey = o gy 2

where
oo 1

_99s _ _ _lC,Q.NOT A.56
oy 8 ’ 20

OR oo
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where

dos

W (CSBe’u. (A58)

The derivatives of R,, with respect to the rest of independent variables are zero.
A.9 Weak form and derivatives of the Helmholtz-type differential equation
The weak form of the Helmholtz-type differential equation is described as:

Re,,: /_ Weoy " Eeq+ | Ve, - CVEeqdv — /_ We,, - Eeqdv = 0. (A.59)

In Finite element context

Re.,: <wzeq>T</Q (NEea)T N (&)

(A.60)
+ / c- (Beﬁ_eq)TBe,E_eq (éﬂq)n-‘rldv o / (Ne,&_‘eq)ng(;-ld,U —-0.
Q Q
Assuming the following relationship for the local equivalent strain:
n+1 n+1
41 [&s Cs: €5
enfl = \/ = (A.61)

The derivations of Rg,, with respect to independent state variables are described as follows:

8R§e e Eo T 6€gq+1
a(T)”jrl = — /3:25 (N € q) de, (A62)
where
8€n+1 o
cq _ S e,u
ST~ e B (A.63)
and
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eq S S

The derivatives of Rg,, with respect to the rest of independent variables are zero.



Appendix B

The effective elasticity tensor

B.1 General effective moduli of inclusion with interface

Consider a composite domain composed of finite volumes of matrix, particle, and inter-layer
phases defined by Vj,,, V,, and V;, respectively [88]. The volume fractions implies that V;,, +V,+V; =
1. The elasticity tensors in the phases are denoted by C™, CP and C' respectively. Assume the
domain is subjected to displacement displacement boundary conditions that is compatible with

constant strain e, then, the effective elasticity tensor, C, for this composite domain is defined by
g=Ce=C¢& (B.1)
where & and € are the volume average stress and strain in the composite domain defined by

o = V,a™ +V,af + Vo' (B.2)

& =V,e" + Ve’ + Ve (B.3)

and the average stress and strain in the matrix, inclusion and interlayer phases implies that
g"=Cc"e" gl=Cle, &'=C'F%¥ (B.4)

Technically, the average strain in the matrix is not equal to constant strain e”. Lets introduce an

0

averaged perturbed strain, €™, from e”. This perturbed strain is introduced due to the presence

of inclusions. The average perturbed stress is related to the average perturbed strain through
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elasticity tensor for the matrix by " = C™e™. The principle of linear superposition implies that

the total stress in the matrix after the perturbation is
gl=6+6m"=CmE"+&m) (B.5)

Lets also define & and &P as average perturbed strain in the interphase and particle with respect
to the matrix, respectively. The Eshelbys equivalent principle implies that the total stress in the
interphase and the particle may be written as
gil=+6"+4
=Ci(e"+&m+ & (B.6)
=C"(e" + & +8& —&")
From Equation
(C'—C™) (e’ +&™ +8&)+Cme" =0 (B.7)
In the same manner for particle
g'=+c"+a”
=CP(e’ 8™ + &) (B.8)
= C™(e’ +&m 4 & — &)
From Equation

(CP — C™)(e" +&™ + &) + C™&" = 0 (B.9)

where & and &P are the average equivalent transformation strains of the interphase and the parti-
cle, respectively. For the double-inclusion model, the Eshelbys solutions for the average perturbed

strains & and &P are given by Hori and Nemat-Nasser [70].

%As(é*p — &) (B.10)

%

él — SZé*’L +

&P = SP&*P + AS&* (B.11)



181

where S’ and SP are Eshelbys tensors for the domain of interphase with particle and the particle
region, respectively, and AS = S?—SP. By substituting Equations (B.10)) and (B.11]) into Equations

(B.7) and (B.9)

(C'—C™) |’ +&™ +S'&" + %AS(é*p — &) | +Cme" =0 (B.12)

(CP — C™)(e? + 8™ 4 SP&™P + AS&*) + CM&*P =0 (B.13)

In the above equations the eigenstrains €* and &*P can be solved in term of e’ + &". Solving the

above equations for eigenstrains gives

& = (e’ + &m) (B.14)

& = P +&m) (B.15)

where the fourth-order tensors ®¢ and ®” are

- 1-1

-1
&~ |AS+ (S 1+ B <sp Vs Ep> <sp ~Yeast E) (B.16)
- v 1 v 1-1
®P = — |(SP + EP) + AS (sp - V’?As + E> <Sp - V?AS + EP> (B.17)
with
E' = (C'—Ccm™~lcm (B.18)
E? = (C? — Cc™)~tc™ (B.19)

Moreover, by substituting Equations (B.14) and (B.15) into Equations (B.10) and (B.11]), the

average perturbed strains &' and &P can be expressed in term of e? + &" as

& = |S'P + %AS(@” — @) | (" +&m) (B.20)

7
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& = [SP®P + ASP'] (e + &™) (B.21)

From Equations (B.5{B.8|) one can write the average strains in the matrix, interphase and particle

as
egm=e’+a&m (B.22)
g=e'+&m4+é (B.23)
& =e’4e&m e (B.24)

By substituting Equations (B.16]) and (B.17)) into Equations (B.22[-|B.24)), we obtain the following

relations
g = Al (B.25)
e’ = Ale" (B.26)
where
i igi L Vp P i
Al =1+ SP®P + ASP’ (B.28)

Equations (B.27) and (B.28) are dilute or local concentration tensors for the double-inclusion model

[70]. In the derivations of Dunn et al., the dilute concentration tensors and should be
known in advance (J46]). Using these relations, the effective properties of the three phase materials

with finite matrix volume can be predicted as follow. Form Equation (B.3)) and (B.25)) and (B.26)

& = (VoI + V;AL + V,AD) & (B.29)
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In addition, form Equations (B.2)) and (B.4) and (B.25)) and (B.26))

o = (VC™ 4+ V;C'Al; + V,CPAL ) @™ (B.30)
Finally the effective elasticity tensor can be given as

C = (VuC™ + V,C' A%, + V,CPAR) (V, T + ViAY, + V,AD) ™

1

= C" 4+ [Vi(C' = C™) A + Vp(C" = CMAL] (VinL + ViAy + VpAG) - (B.31)
Define
Al = Ay (Vi + ViAly + VpAL) ™ (B.32)
AP = AL (V14 VAL, + VpAR) ! (B-33)
Finally the effective elasticity tensor (Equation [B.31)) can be written in a compact form as
C=C"+ [;(C'— C™A] + V,(CP — C™)AF] (B.34)

B.2 Effective moduli for inclusion model without interphase

For inclusion without interlayer phase, the Eshelby tensor can be written as SP = S, therefore

total stress in matrix is

=C™(e’ +&m) (B.35)

and in the inclusion
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=C" (e’ + 8"+ & —&7) (B.36)
From Equations (B.35)) and (B.36)
(CP —C™)(e” +&™ + &) + C™&"P =0 (B.37)
where
&P = S&*P (B.38)

by replacing Equation (B.38]) into (B.37))
(CP — C™)(e’ 4+ &™ + S&*P) + C™&*™ =0 (B.39)
by more simplification the eigenstrain will be

&% = —[(C* -C™S+C™m ' (CP—-C™) &

= —{(C-cm)ter-cms+ ey e

=—[s+(Ccr-cm)lcm] T em (B.40)
Based on Equations (B.22)-
e’ =e'+8&"+&
=e +&" + se&*
=&" 4 S&7
= (1-s[s+(cr-cmem) )
= (I ~S[s+(Cr— cm)—lcm]‘l) & (B.41)
= ([s+(cr—cmtem-s][s+(cr-cmlem] ) e
= (e -cmem s+ (cr-cmyem) )
-1

= ([S + (CP — Cm)flcm] (c™~cr - Cm)) &m

= [I+s(c™)cr-cm)] " &n
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Define
Ap = [1+S(C™Y(cr—c™)] ™ (B.42)
SO
e’ =Ape" (B.43)
The effective strain would be
e=(VpI+V,Ap)e™ (B.44)
and the effective stress
o =Vyo"+V,of
=V, Cre"+V,Cre’
= [V, C™" +V,CPAp| "
= [ViuC™ + V,CPAp] [Viul + V,Ap| " & (B.45)
= [V C™ 4+ V,C™Ap — V,C™Ap + V,CPAp] Vi + V,Ap] ' &
= [C" (Vi + V,Ap) + Vp(CP — C™)Ap] [Vil + V,Ap| ™' &
_ {cm +V,(CP — C™)Ap [ViI + vaD]*l} &
Define
As=Ap[V,I+V,Ap]™" (B.46)
Finally the effective elasticity tensor will be
C=C"+V,(C’"-C™Ag (B.47)
B.3 Eshelby tensor for isotropic material with different shape of inclusion

B.3.1 Ellipsoidal inclusion

For an ellipsoid inclusion (a3 > as > ag) some nonzero components of the fourth-order

Eshelby tensor can be expressed in matrix form as

1—2v

St = aj Iny + Sri=v) I (B.48)

3
8n(1—v)



1-2v

— 1
sr(1—v)

2
St122 = ay T2 +

1
8m(l —v)

1-—-2v

— 1
sr(1—v)

2
S1133 = asz I3 +

8m(l —v)

a? + a3 1-2v

Siopg — A9 ¢, 2TV
R T R R R T

In the above equations, the constants Iy, 15,111,112, 113 are defined as follow

dmaiasag
Il = {F(Qak) _E(Qak)}
(af — a3)(af — a3)!/?
dmaiasag as(a® — a? 1/2
L= o o i o1 — ) — E(0,k)
(a3 — a3)(ai — a3) aias

where the elliptical integrals are defined by

0 dw
FO, k)= d
(6. %) /0 (1 — k2 sin? w)1/2 v

0
E0,k) = / (1 — k% sin® w)2dw
0

where

6 =sin~!(1 - a3/a])"/?, k={(al —a3)/(af —a

Moreover

L+, +1I3=4n

3111 4+ Ipp + 113 = 4w /a?

3(1%111 + a%Iu + a%Ilg =3I

(I +Ip)
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(B.49)

(B.50)

(B.51)

(B.52)

(B.53)

(B.54)

(B.55)

(B.56)

(B.57)

(B.58)

(B.59)
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Lip = (I — 1) /(af — a3) (B.60)

The remaining components of S;j;,; can be calculated by cyclic permutations of (1,2,3). Any com-
ponents that cannot be obtained from these formulas are zero: thus S1112 = S1293 = S1232 = 0 etc.
Note that S;ji; has many of the symmetries of the elastic compliance tensor (e.g. Siju = Sjiki),
but does not have major symmetry S;ji;; = Si;;. Additional terms follow from the symmetry

conditions Sijkl = Sjikl = Sijlk = Sjilk-

B.3.2 Prolate spheroidal inclusion

For a prolate spheroidal inclusion (a2 = a3 < aq), the Eshelby matrix is reduced to

S1111 S1122 S1133 0 0 0
So2211 S2222 So233 0 0 0
S3311 S3322 S33zzz 0 0 0
S = (B.61)
0 0 0 So393 0 0

0 0 0 0 Sz O

0 0 0 0 0 Si212

where
3 a? 1 9
= = 1-2v— ———— B.62
S =Smn = gr e o) T I =) { TPy } g (B:62)
1 302 —1 302
St12s = Soptt = —— o fi g3 (B.64)
122 =922 T 0y [2(a2 - 1) YTt -1 7 '
1 a? 1 30?2
= = — —(1-2 B.
S1133 = S2233 30— 1) (@ = 1) + M=) {(a2 ) ( u)}g (B.65)

1 1 3
- SN 12wt 2 B.
S3311 = S3322 20— 1) {1 2V+a2_1}+2(1_y) { V+2(a2_1)}9 (B.66)
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1 az 1
8(1—-v) (a2—1)+4(1_y){1_2”—4(a2_1)}9 (B.67)

Si212 =

1 a?+1 1 3(a®+1)
82323—81313—4(1_1/){1—2V— a2—1}_ 8(1—1/) {1—2U—(C¥2_1)}g (B68)

where where v is the Poisson ratio of the matrix, « is the aspect ratio of the inclusion (« = a;/a3),

and is given by
a

o g 7 =

B.3.3 Oblate spheroidal inclusion

For a oblate spheroidal inclusion (a2 = a3 > a1), the Eshelby matrix components is

a2
S1111 = Sa222 = _8(13—y) 1= a) + 4(11_1/) {1 —2v+ 4(13042)}9 (B.70)
1 2 1 3

S1122 = Soon1 = 8(11—1/) {1 “a —1a2)} + 16(11— o) {—4(1 —2v) + (1_30[2)} 9 (B.72)

1 a? 1 3a?
— — -+ — B.
S1133 = S2233 = 201 — v (1 2T A1) {1 2v }9 (B.73)

S3311 = S3322 =

1 a2 1 3
SA—v)(1—a?) 1601 —1) {4(1 — W)+ (1_(12)} 9 (B.75)

Si212 = —

1 1+ a? 1 3(1+ a?)
S =S =—-91-2 - 1-2 — B.76
2323 1313 4(1—1/){ v+ 1_a2} 8(1—1/){ v+ g ( )
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where
g= ﬁ {cos_1 a—a(l— a2)1/2} (B.77)
-«

B.3.4 Spheroidal inclusion

For a spheroidal inclusion (a; = ag = as), the Eshelby matrix components is

7 —b5v

S =S =S = — B.
11 = Sazz = Sass = 77— (B.78)
ov —1
S1122 = S2233 = S3311 = S1133 = S2211 = S3322 = ) (B.79)
4 —b5v
S1212 = S2323 = S3131 = (B.80)

15(1 — v)



Appendix C

Stabilized Lagrange Multiplier for elastic problem with stress-diffusion

coupling

C.1 Stabilized Lagrange multiplier
In linear elasticity the strong form of governing equation and boundary condition for two-

phase material can be expressed in the following settings:

V-op+b,=0 in QF
(C.1)

op,=0C,: (sp — %QpAcpI) with €, = % (Vu + VuT) )

U; = Ug on I's

where p represents either of phases. Applying weak form on the strong format of governing equation

and performing integration by parts leads the following relation:

Wy, (V- 05+ bs)dv =0, (C.2)

’wul(v e +bl)dv+ ~
Qs

Ol
where w,, and w,, are test functions. By applying Divergence Theorem on Equation (C.2))

Wy, - 0 - Myds —/ Vw,, - o1dv +/ wy, - bidv
Tis Ol Ql (03)

+ Wy,  Os - Ngds — Vw,, - osdv + Wy, - bsdv =0,
Tis Qs Qs
—ny; = n. The simplified format of Equation (C.3|) can be written as

Vwy, -odv+ [ Vw,, -odv
Qs

where ng =

ol
(C.4)

Wy, - Os - Ngds

+ Wy, - O - Ngds —
Tis

Tis
= wy, - bidv + Wy, - bsdv,
Ql Qs
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where the boundary term is expressed as:

l Wy, - O - Nsds — l Wy, - O - NgdS. (C.5)
[ls [ls

Introducing
A=0o;-n=0 n. (C.6)

By inserting Dirichlet boundary condition, Equation (C.6|) can be written in the following compact

format:

[l xds [ s, ()

where p is the Lagrange multiplier test function and the jump in the displacement and test function

can be described as follow:

Jw| = wy, —wu,;  Jlul =w -, (C.8)

In the case of stabilized Lagrange multiplier, the Lagrange multiplier parameter can be defined as

follow:

)\:%(al+os)-n:&-n. (C.9)

Using the stabilized Lagrange multiplier approach and satisfying the weak form of compatibility of
the stresses, one can compute the Lagrange multiplier as follow:

/Flsu()\—a'~n)ds—fy/Flsu-Hqus:O. (C.10)

~
consistency constraint

In this case the residual contribution of the interface based on the stabilized Lagrange multiplier

can be constructed in the following settings. Using Equation (C.10):

RFZSZ/ ||6uH->\ds+/ pA=&-n—yul)ds.
Tis Tis

Vv
u A
RFZS ers

(C.11)

Since the test function is the same for the both parts of the Lagrange multiplier residual equation,

thus it can be factored out from the equation.

Rélszu[/ws A—&-n—|ull)ds| . (C.12)
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At the time step (n + 1) the stabilized Lagrange multiplier contribution of the total residual can

be written as follow:

Ry )M = - 5ij5\§”+1ds — ,u/rls 6%“ -njds —yp /pzs g ]| ds. (C.13)

In the Finite element context:

(R )i = /F digds {X;P“}

—_————
B (C.14)
— N/pzs 6%“ njds — yp /pzs i ||+ ds .
f

By solving for /A\”H, the stabilized Lagrange multiplier parameter can be condensed out at elemental

level:
(K] [X”H] =[f] = [5\”“} = [K,\ 7 [f]. (C.15)

By substituting the computed stabilized Lagrange multiplier parameter into the displacement con-

tribution of the residual

R = [l A, c10
T'ls
C.2 Cohesive zone model with stabilized Lagrange multiplier

Since we augmented the stabilized Lagrange multiplier formulation into our bilinear cohe-
sive zone model, we are interested in the normal component of pressure at the interface. For a
coupled cohesive-stabilized Lagrange multiplier formulation, one can define the stabilized Lagrange

multiplier formulation as follow:

P nyds — yp /Fl g - npds, (C.17)

(R = [ s s - [
Fls Fls
where

pn+l _ =—n+1_ .
P =0, NNy,

()i — (us)i)ni,

(C.18)

N}
I



The derivatives of (R}

Fls)n+1

(a)"*1 ) are described as

ORp, oprt
o)t~ T e aery

where
=G <Be’“(ﬁ?)"“ U (Gl <ef>0)1.>,
60'[ 1

9L CCyNeeT

JCIEE

8PTL+1 1 80’[ T

== n
A&~ 20(e )n+1
aRFZS 8Pn+1
B(&8)n+1 =K s O(&8)n L -nds

where

aszcs(BEv“mz)”“ IR (G <é§>°)1>,

Oo 1
T __C,Q,N°T
ZC T R
8PTL+1 1 80'[ T
== n
o 2y
[ o[ i
a(ay) ris O(4p)" ris O(a7) ’
oo
Be&Y
s

1
3(,&[6)n+1 - 55( )n+1

with respect to independent state variables( (&)"+1, (&5)"+1 (

193

ap),

(C.19)

(C.20)

(C.21)

(C.22)

(C.23)

(C.24)

(C.25)

(C.26)

(C.27)

(C.28)

(C.29)



a]R'I):ls

g=

a(as)r+1 -

(NP = New(@g) ) -n,

99

a(a?)n—&-l

P!

ris O(@g)

=N;" n,

0g
-nds — _ 99
nds fyu/rls Ba) nds,

0o e
alag ~ S
opntt 1 9dos o
= = nn
o(@s1 ~ 2oy ™
(Nft @™ = Nev(@s) ™) -,
8§ e,u
plagyt T N
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(C.30)

(C.31)

(C.32)

(C.33)

(C.34)

(C.35)

(C.36)



Appendix D

Derivation of non-dimensionalization in SSLIBs model

D.1 Electrolyte phase

D.1.1 Electrolyte diffusion coefficients

For electrolyte diffusion coefficients:

therefore

D.1.2 Electrolyte flux

For flux in the electrolyte (z4 = —z_ = 1):

2D, D_
Jj=—7—7"-—V
! D+ D cl

Cspo Dot Cso Dret 1
(ee.) (524 ) |

_ ref ref

o (CsrefDref D+> + <CSrefDref D_) Lref

Clref C ef

V (él Clref )

— _CsrefDI'ef 21~)+D7 @‘C"l
Lref .D+ + D_

SO

. D = 2D, D_
Ji=Ji . Jis Ji e = CsreLfifmfa Ji = *ﬁv@
re + —

(D.1)

(D.3)
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D.1.3 Recombination rate constant

1;2 C
f lr £
re € kr

SO
Dret ~ -
k, =k, =
" Do

ky =
2 T
Lrefclrcf

D.1.4 Dissociation rate constant

SO
Dhef ; .
k‘d === k‘d = k‘d = —
L2 Dref

This rate constant is also function of k,:
2

= 72
Lrefclref

SO
7 Dyt 7 7~ :
ka=kachay ki =15 ka= k‘rczmx?&l (D.10)



D.1.5 Generation/recombination reaction

For the generation/recombination reaction:

By substituting parameters

Dr f7 /~ ~ -Dr f ~
he = 5 k(o Clios — CCe) = 75— kr(Gici,)
' L12‘ef ! ! Ll‘efclref ' '
Dy ety 7 [~ ~ Dyeter 7 - 2
= —5 " ka(Clppy — C) — —5 k(1)
2 max 2
Lref Lref
DietCls (7 /= N7
= =t (ka(@,,,, — &) = o (@)?)
ref
S0
~ D £Cl > - ~ 7
hr - h'Trcth; hrrcf - %7 h’T = kd(clmaz - Cl) - kTCIQ
ref
D.1.6 Electrolyte diffusion
ac
87; +V.J; =
By substituting all parameters
(¢ ¢ 1 - ~
( ~L2r;3f) + L fv(Jlrele) 0
0 (tD—f) re
By simplifying
Drefclref % Drefcsref @ jl -0
2 7 2 =
Lref ot Lref
Finally
85[ ~ = C]
y—+V.J; =0; y= —xL
at csref
In the presence of generation/recombination reaction
oc
aTl + VI —h =0

197

(D.11)

(D.12)

(D.13)

(D.14)

(D.15)

(D.16)

(D.17)

(D.18)

(D.19)



then
Dref;lref 86} Dref;sref @jl _ Dref;lref i’/r -0
Lref ot Lref Lref
06 = = ~ ¢
Nt 4 VT, — vk, = 0; o= et
at Csref
Finally
85[ ~ = = C|
— +V.J; —~h, =0; = —xeb
of 1= Yhr Y Coror
D.1.7 Electric potential in the electrolyte
For potential in the electrolyte:
N.m -~
¢ = bez
N.m B
= Ko g
mol
Ry Tiet ~
— g;f € (bl
ref
S0
~ Ry Tt
(bl = ¢ref¢l; ¢ref = %
ref
D.1.8 Current in the electrolyte
The current in the electrolyte:
. F2¢
ij=—-F(Dy—D_)V¢ — (Dy + D_)Ve¢

R,T
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(D.20)

(D.21)

(D.22)

(D.23)

(D.24)

(D.25)



~ 1

- F2F2 ey ¢ Die
—-D_ ) \V4 (Cl Clos ) ref ref “Sref T€

ref Rg Rgre ¢ TTiet Cluos

Csof Dref
re

h

Cloos ref

(Dy +[)_)L

F(Dy — D_)V¢—

R Tref Cl L ref

Jref ref

2
FiotClice Cspor Dret @ret (

Fref Cs,of Dref

— FretConee Dret (ﬁ(m -D)Va- -

L ref

SO

i =1, i =

ref

- F2%¢

fa=—F(Dy, —D_)V§ — = T(D+ + D)V

g

D.1.9 Electric potential equation in the electrolyte

The electric potential in the electrolyte:

V-i=0
By substituting
1 -
V-i =
Lref
@ . llrefil =0
SO
V=0

D.1.10 Electrode diffusion coefficient

For electrode diffusion coeflicient

Dy + bmzl)

Dy bmzl)

Frefcsref Dt
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(D.26)

(D.27)

(D.28)

(D.29)

(D.30)

(D.31)

(D.32)



SO

D.1.11

SO

D.1.12

Finally

D.1.13

~ ~ D
Ds:Drest :>Ds: DS
ref

Electrode flux

Diffusion in the electrode

Jdcg
ot

+VJI;=0

CsrefDref 0cs CsrefDref = =
e —r - VJ,=0
L2, ot L? B

ref ref

06, - -
= VJs=0
ot *

Electrode electric potential

The potential in the electrode:

SO

N.m ~

¢s = T(ﬁs

N.m
_ Kol ’ KQE
= =5 0s

mol

Ry, Tret

Gref - rEl 7
= = ¢s
Fref

- R, T
¢s = ¢ref¢s; (bref = %
ref
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(D.33)

(D.34)

(D.35)

(D.36)

(D.37)

(D.38)

(D.39)

(D.40)



D.1.14

SO

D.1.15

The current in the electrode:

SO

D.1.16

A:

1s = 15,6113

DrefcsrefFref X - 5\ _

¢ref

Current in the electrode

Dref Csyet Fr

Electrode electronic conductivity

Drefcsref Fref

is =

~ 1 =
ef>\ \VA

Qbref

llref =

The electric potential in the electrode:

L ref
D

Lref

Frefcsref Dot

L ref

Electric potential in the electrode

V-ig=0

¢ref

_Av¢s

(Qgs ¢ref )

refCs ot Fler X@és

s iy =—AVg,

A
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(D.41)

(D.42)

(D.43)

(D.44)

(D.45)
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By substituting

1 & .
Lrefv Cig =0 (D.46)
Vi, 05 =0 (D.47)

So

V-ii=0 (D.48)



Appendix E

Paper: Level set topology optimization of structural problems with interface

cohesion
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Level set topology optimization of structural problems with
interface cohesion
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SUMMARY

This paper presents a finite element topology optimization framework for the design of two-phase structural
systems considering contact and cohesion phenomena along the interface. The geometry of the material
interface is described by an explicit Level Set Method (LSM) and the structural response is predicted by
the eXtended Finite Element Method (XFEM). In the present work the interface condition is described by
a bilinear cohesive zone model based on the traction-separation constitutive relation. The non-penetration
condition in the presence of compressive interface forces is enforced by a stabilized Lagrange multiplier
method. The mechanical model assumes a linear elastic isotropic material, infinitesimal strain theory, and
a quasi-static response. The optimization problem is solved by a nonlinear programming method and the
design sensitivities are computed by the adjoint method. The performance of the presented method is
evaluated by 2D and 3D numerical examples. The results obtained from topology optimization reveal
distinct design characteristics for the various interface phenomena considered. In addition, three-dimensional
examples demonstrate optimal geometries that cannot be fully captured by reduced dimensionality. The
optimization framework presented is limited to two-phase structural systems where the material interface is
coincident in the undeformed configuration, and to structural responses that remain valid considering small
strain kinematics. Copyright © 2016 John Wiley & Sons, Ltd.

Received ...

KEY WORDS: topology optimization, level set method, extended finite element method, cohesive zone
model, nonlinear interface, contact model, adaptive dynamic relaxation

1. INTRODUCTION

The performance of structures composed of multiple components such as anchors, fasteners,
laminated composites, and snap-fit designs is afforded in part by mechanical interface phenomena
such as frictionless contact and material cohesion. From a design perspective, interfacial properties
must be carefully considered for intended applications whose functionality relies on structural
component interactions. However, accurate mechanical response prediction and design optimization
of such systems proves challenging, given the interface response is surface orientation-dependent
and often highly nonlinear. This paper presents a topology optimization method for structural
problems involving frictionless contact and bilateral cohesive interface phenomena in both two and
three dimensions.

Design optimization methods can be classified by the geometric changes that are allowable
during the optimization process. Optimization methods in which geometry variation is restricted to
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TEmail: kurt.maute @colorado.edu

Copyright © 2016 John Wiley & Sons, Ltd.
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affecting the shape of the material interface is known as shape optimization. Optimization methods
in which geometry variation affords changes in both shape and number of design components is
known as topology optimization. To provide a high level of design freedom, a topology optimization
framework is used in this paper.

The interface conditions considered in this study are inherently nonlinear. For frictionless contact,
interfacial forces act to prevent the penetration of bodies but vanish during separation. Material
cohesion provides resistance to shear and normal separation of joined materials, but can result in
rapid delamination when the cohesive limit is surpassed. Due to their complex behavior, problems
with contact phenomena have only been considered in a few two dimensional topology optimization
studies. This paper presents a novel topology optimization method for two and three dimensional
problems involving interface cohesion and delamination.

Density methods, such as the Solid Isotropic Material with Penalization (SIMP) approach, are the
most common method of describing the geometry in topology optimization. The SIMP approach
was originally developed by [1,2] and describes the geometry of a body by defining the material
distribution in the design domain as a function of design variables. A fictitious porous material
with density, 0 < p < 1, defines a continuous transition between two or more materials. For
more information and an overview of recent developments, the reader is referred to [3-5]. By
representing topology as a continuous transition between materials, density methods effectively
smear the interface geometry. This loss of precise interface geometry proves challenging when
modeling design dependent surface loads. To recover the interface behavior, a common approach is
to convert surface loads into a volumetric body force; see for example [6], [7], and [8]. This approach
is ill-suited for modeling surface orientation-dependent contact behavior, as the interface geometry
is not explicitly defined. A second approach introduced by [9] approximates surface geometry by
iso-volumetric density curves. This method introduces approximation error in surface position and
orientation, which is ill suited for problems whose mechanical response is highly sensitive to surface
geometry. The density method has been used to optimize the material distribution surrounding
surface geometries defined by body-fitted meshes, as is the case for [10] and [11]. In these works, the
contact interface is mesh conforming and excluded from the geometry variation in the optimization
process.

The LSM is a promising alternative approach for defining the geometry of the interface in
topology optimization problems. In the LSM, the boundary between materials is explicitly defined
by an iso-contour of the Level Set Function (LSF), ¢, at a particular value; commonly ¢ = 0 at
the interface. For more information and a review of recent developments of LSMs, the reader is
referred to [12]. For geometries defined through the LSM, the mechanical model can be constructed
by either a body fitted mesh, an Ersatz material approach, or immersed boundary techniques.

In this study, we combine the LSM with the XFEM, a finite element method for immersed
boundaries. The XFEM retains the sharp definition of surface geometry afforded by the LSM and
provides a reliable mechanical response throughout the evolution of the design domain. The reader
is referred to [13] and [14] for an introduction and general overview of the XFEM. Previously
[15] applied the XFEM-LSM to topology optimization of structural problems with bilateral,
frictionless sliding contact. Initially applied to two dimensional frictionless contact problems, it
was subsequently extended to interface cohesion problems [16]. Liu et al. [17] recently leveraged
the XFEM-LSM framework to minimize the compliance of multi-material structures with interface
cohesion. Using adjoint sensitivities and the Hamilton-Jacobi equation to advance the structural
boundary, optimal solutions were achieved for two dimensional problems. The presented method
builds on the work of [16], extending it to the treatment of interface cohesion between two materials
in three dimensions.

Material cohesion represents a progressive nonlinear behavior along the interface. This
phenomenon, which relates separation along the interface to surface traction, is also called the
cohesive zone model. The cohesive zone model is frequently used to describe material failure
and interfacial debonding in engineering structures. It was initially introduced by Dugdale [18]
to analyze the damage evolution and material failure within a localized region surrounding the tip
of a crack. During separation, the traction along the interface grows to a maximum value, then
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diminishes to zero. Numerical modeling of structural problems with cohesive zone models have
received considerable attention, seminally introduced by Needleman [19]. Normal and tangential
traction at the interface can be represented as either independent or coupled functions of normal and
tangential separation. The constitutive relation between traction and separation has been described
by exponential, bilinear, and polynomial forms of cohesive zone laws [20-23]. The standard bilinear
cohesive zone model is used often for the simulation of interfacial debonding, matrix cracking,
delamination of fiber reinforced composites [24,25], and failure in functionally graded materials
[26]. This work considers an uncoupled, bilinear representation of the cohesive zone models. For
more information about cohesive zone models, the reader is referred to [27].

Numerical simulation of interface phenomena may be carried out through different approaches,
such as: the boundary element formulation [28], the element free Galerkin method [29], and the
finite element formulation [30]. In standard finite element methods, a common approach is to
introduce an interface element between volume elements. Remeshing may or may not be necessary
depending on the magnitude of surface geometry changes in the mechanical deformation and design
optimization processes [31-34]. The XFEM has been developed to model arbitrary discontinuities
in the finite element model without remeshing. This method leverages the partition of unity concept
with appropriate enrichment functions to accurately resolve displacement fields along the interface
[35,36]. A variety of contact modeling methods have been explored in the XFEM. A penalty method
has been employed to model small strain frictional contact problem using XFEM, for example,
by [37-39]. The XFEM framework has been used to investigate interface cohesion effects on the
mechanical performance of nano-structures [40]. A Lagrange multiplier formulation has been used
in a few approaches, see [41] and [42]. A mixed Lagrange multiplier formulation has been applied
for contact problems by [43] and mortar methods have been studied by [44], respectively. Finite
deformations have been considered in a few contact problems, for example, by [45—49].

Many cohesive zone laws rely on a penalty method to prevent surface penetration during
compression. To mitigate ill-conditioning and accuracy issues often caused by penalty formulations,
in this work a stabilized Lagrange method is adopted for the enforcement of non-penetration. During
the process of delamination, the mechanical model can experience instabilities. To mitigate this
issue, a dynamic relaxation method is employed for the evaluation of the structural response. The
interface geometry between two distinct material phases is described by an explicit LSM. Unlike
an implicit LSM, which typically describes the evolution of the level set field in the optimization
process by the Hamilton-Jacobi equation (e.g. [50]), explicit LSMs define the discretized level set
field as explicit functions of the optimization variables [51-53]. To retain a sharp definition of the
interface, we adopt the XFEM for predicting the mechanical response. The particular framework for
integrating the explicit LSM and the generalized formulation of the XFEM used in this study are
described in detail in [54] and [55].

The remainder of this paper is organized as follows: in Section 2, we outline the formulation
of the optimization problems considered in this study. In Section 3, we discuss the geometry
model used to describe the phase boundaries. In Section 4, the mechanical model of problems
with cohesive interfaces is described. The XFEM formulation is summarized in Section 5. The
numerical implementation is described in Section 6. In Section 7, we study the main characteristics
of the proposed XFEM-LSM method with numerical examples. Insight gained from the numerical
studies and areas for future research are summarized in Section 8.

2. OPTIMIZATION PROBLEM

In this study, we consider the interactions between two phases, A and B, in two and three
dimensions. A representative configuration of the optimization problems relevant to this paper is
shown in Figure 1. The design domain QP consists of two non-overlapping subdomains Q* and QF,
such that QP = QAU QP and I8 = QA N QB is the interface between both subdomains. Frictionless
sliding or a cohesive interface behavior is modeled at the material interface I8, Displacements are
prescribed at the boundary 1"5 while material A is fixed at the boundary 1"‘[“]. In the optimization
examples presented in Section 7 we seek to maximize the reaction force at I).
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Figure 1. Representative configuration of an optimization problem.

To discourage the emergence of oscillatory shapes mimicking a rough surface, we introduce a
perimeter penalty term into the formulation of the objective function. This penalty term measures
the interface between domains Q* and QF and is computed as follows:

P= dr. (1

AB

While a perimeter penalty does not allow explicit control of the local shape and the size of geometric
features, it has been reported effective in regularizing structural optimization problems [12]. For
additional reading on the use of perimeter measures for regularization, the reader is referred to
[15,56,57]. Geometric features that approach the length scale of element size can result in poor
mechanical response predictions. To suppress the formation of such features, a gradient measure
penalty is used and will be further discussed in Section 3. Finally, we constrain the ratio of volumes
occupied by either solid, V4 and V5, to exclude trivial solutions.
The optimization problem is defined by the following nonlinear program:

min (Zz(u(s)) + ;—ZP(S) + g’;G(s)>
st VA(s)—c, VB(s) <0 @

seS= {RNS|Smin <s5i < Smax, L= INS} ’

where z denotes the contribution of the mechanical response to the objective, ¢, is the associated
weighting factor, zg is the initial mechanical response in objective, ¢, is the weight of the material
interface penalty, Fy is the initial measure of the material interface, ¢, is the weight of gradient
measure penalty, Gy is the initial gradient measure, and c, controls the desired volume ratio between
the two solids, respectively. The number of optimization variables is Nj; the lower and upper
bounds on the optimization variables are denoted by s,,;, and s,,,,, respectively. The structural
response, z(u(s)), depends on the discretized state variables, u, which are implicitly dependent
on design variables, s. While the proposed optimization framework allows considering other
objectives and constraints, such as strain energy, displacement and stress measures, the formulations
of the optimization problem used here are well suited to illustrate the influence of mechanical
interface conditions on optimized designs. The optimization problem (2) is solved by a nonlinear
programming method, and the design sensitivities are calculated by the adjoint method.

3. GEOMETRY MODEL

The geometry of the structure is defined by the LSF, ¢(x), where x is the vector of spatial
coordinates. For a two-phase problem, the LSF describes the spatial distribution of both phases
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as follows:
o(x)>0 VxeQA

P(x)<0 VxeQf | 3)
p(x)=0 VxeI"B

where Q4 is the volume occupied by phase A, Q5 is the volume occupied by phase B, and I is
the interface between two phases. The parameters of the discretized LSF are defined by explicit
functions of the optimization variables. The level set field can be parameterized to describe any
particular geometry such as circles or rectangles. The location and geometry of these primitives
are defined by the optimization variables. This approach has proven to be effective in optimization
studies of stress and strain energy minimization [58, 59]. Following to the approach of [60], to
increase design freedom, the domain is discretized by finite elements and one optimization variable
is associated with each finite element node, i.e. Ny = N,;, where N,, is the number of nodes. The level

set value at the i’ node is defined by the following linear filter:

—1
Ny Ny
¢i: <Z Wij> ZW,‘]‘S]', with w,-j:max(O,(r—|x,~—xj\)) s “4)
j=1

Jj=1

where r is the filter radius, and x; the position of the 7" node. The level set filter (4) enhances
the convergence of the optimization process by widening the zone of influence of the optimization
variables on the level set field [60].

In this paper, the LSF is discretized by quad-4 and hex-8 elements for 2D and 3D design
domains, respectively. This choice of discretization limits the complexity of interface geometry
within an element, but can still result in sub-element features. These features can cause poor
structural response predictions, as well as optimization convergence issues if they are found to
be advantageous to the design [61]. To mitigate these issues, we adopt the approach of [62] that
suppresses sub-element features by introducing a constraint on the norm of the spatial gradient of
the LSF in the vicinity of the material interface along with setting the lower and upper limits of the
optimization variables to values that depend on the element size.

A constraint is imposed on the integral measure, G, that is evaluated over the design domain as
follows:

¢

_o? 2 .
G:/QDe C(Vol-17de  wih  a=e, L

A‘P = (bmax - (Pmin ) (5)
where e, is the penalization parameter, and A¢ is the range of allowable level-set values within
the design domain, with ¢, and ¢,,;, denoting the upper and lower limits of the level set value,
respectively. The first term in (5) vanishes away from the zero level set isosurfaces, but is unity in
its vicinity. The second term encourages a signed distance-like level set field, i.e. |[V¢| = 1. The
combination of these two terms identifies level set gradients that do not match the desired value of 1
near the material interface. The use of the integral measure G for regularization is only successful in
discouraging sub-element features with appropriate upper and lower bounds of the level set values,
ideally @,qx = h/2 and @iy, = —h/2 where h corresponds to the element size. This approach was
used successfully towards the optimization of convective heat dissipation problems [62, 63], where
it was observed that the lower and upper bounds can be relaxed to 4 to improve the convergence
of the optimization process.

4. PHYSICAL MODEL
Static equilibrium in the design domain is defined by the balance of linear momentum
V.6+b=0 in QF, (6)
with the following Dirichlet boundary conditions:

u=u on Iy, @)
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where 0 is the Cauchy stress tensor, b is the body force vector, and 1 is the prescribed displacement
at the surface I'y, respectively. By assuming small strain behavior, the constitutive and linear
kinematic relations for both materials are defined as follows:

o(u)=C-g(u), (®)

e(u) = % (Vut (Vo)) | ©)

where C is the fourth order elasticity tensor, and € is the infinitesimal strain tensor.

To describe the mechanical response at the interface between Q4 and QF, Figure 2 illustrates
contact relations pertinent to the interface phenomena considered in this paper. Here we introduce
superscript p to represent either of phases A and B. Surface quantities T”, n”, and t? are the traction,
normal vector, and tangential vector for phase p, respectively. We define u?4 as the displacement
jump across the interface. The mechanical response at the interface depends on the traction and
relative displacement across the interface. For any given point on the interface, the normal and
tangential traction and separations are defined as:

A,,:uBA~nA, A= BA-tA, nA:—nB, th=—t8

)
7,=T'n* =—-T8.n", T,=T4t"=—-18.¢4, (10)
where A, is the normal separation, A, is the tangential separation, 7, is the magnitude of normal
traction, and 7; is the magnitude of tangential traction. The relationship between surface traction
and relative displacement are illustrated in Figure 3. The variables 87, &!, 6/, and 9} represent
the critical normal separation, the critical tangential separation, the normal separation at which the
normal traction vanishes, and the tangential separation at which the tangential traction vanishes,
respectively. In our uncoupled bilinear cohesive zone law three distinct regions are defined. The
bonded zone refers to the linear elastic region where A, < 8 and A; < &. The reduced zone is
defined as the region where 8! < A, < &} and 8! < A; < d}. Finally, the debonded zone refers to
the region in which cohesion has vanished, i.e. A, > {' and A; > J}.
Departing from the frequently used penalty method to prevent surface penetration, the
compressive region depicted in the lower left quadrant of Figure 3(a) is handled separately by a
stabilized Lagrange formulation. This mitigates ill-conditioning and accuracy issues that can arise

Figure 2. Schematic of two bodies in contact with cohesive interface.
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Figure 3. Uncoupled bilinear cohesive zone law, (a) normal response, (b) tangential response.

with the use of penalty methods. During separation, the magnitude of normal and shear traction at
the interface increases linearly to a prescribed maximum value, then falls to zero when separation
has surpassed the cohesion limit. The governing equations for bilinear cohesion are defined as
follows:

1 ifA <0
GmaxA 1f0<A <6”
) A, >8n > 0
Faay -] A , 11
n( n ) %f&ﬁ") if5Crl<An§5tﬂ "
0 if A, > 68f
and
B R
r_
) IO A e 5 < A < 8
L) =9 o s . o a -
o T SA<g

where Omax is the value of normal traction at the critical normal separation, 8”; Tmax is the tangential
traction at the critical tangential separation, 8;; A is the Lagrange multiplier associated with the non-
penetration condition. The constraint equation associated with the stabilized Lagrange multiplier is
evaluated as follows:

A-T-n*—yA, =0, (13)

with
T=6-n", 6=0"0¢"+0"0c?, (14)
where 7 is a penalty factor. The penalty factor discourages penetration during the early stages of
convergence but becomes insignificant as equilibrium is achieved and the relative normal separation

goes to zero, i.e. A, =~ 0. The weighting factors, ®”, are such that ®* + ®® = 1; in this work we
assume that @ = ©% =0.5.

5. XFEM DISCRETIZATION

The weak form of the governing equations are discretized with the XFEM: for additional
information about the weak form of the governing equations involving cohesive zone model and
frictionless contact, the reader is referred to [36] and [64]. For problems involving sliding contact
and separation, the solution field at material boundaries are discontinuous. Therefore, a Heaviside
enrichment strategy is used exclusively for this work. For more information regarding different
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enrichment strategies, the reader is referred to [65]. The displacements, u;, throughout the design
domain are defined as follows:

M

Ne
ui(x) =Y <H<—¢<x>> L N() ;"

m=1

N (15)
5 B.m
+H@@»2Nwwﬂﬁmk>v
k=1
where the Heaviside step function is:
1 if¢ >0,
H(9)= . 4 (16)
0 if¢g<0.

The shape functions are denoted as N;(x), M is the number of enrichment levels, N, is the number
of elemental node, ug ;{m is the degree of freedom of enrichment level m at node k corresponding
to the displacement u; in phase p € {A,B}, and & is the Kronecker delta. The Heaviside function
turns on/off the interpolation functions associated with each material. For each material, multiple
enrichment functions may be necessary to interpolate the solution to multiple, disconnected regions
to prevent fictitious coupling or load transferring. The Kronecker delta, Sn’;;,k, applies the active
enrichment level ¢ for node k such that the displacements at point x are interpolated by only one
set of degrees of freedom defined at node &, satisfying the partition of unity principle. To maintain
the continuity of the displacement field across the elemental boundaries, an appropriate enrichment
level is chosen. The approach used in this study is adapted from [54], for more description the
reader is referred to [54, 66, 67]. The XFEM allows the integration of the weak form of governing
equations in an intersected element by decomposing into triangles (2D) and tetrahedrons (3D) while
in non-intersected elements the displacement field is approximated by the standard finite element
interpolation.

In this paper, the displacements are approximated by quad-4 and hex-8 elements in 2D and 3D,
respectively. The stabilized Lagrange multiplier for the contact non-penetration condition described
in Equation (13) is approximated as being element-wise constant. The Lagrange multipliers are
condensed out locally to determine the structural response. To cure the ill-conditioning of the XFEM
formulation associated with small intersections, the geometric preconditioning scheme detailed
by [68] is employed.

6. IMPLEMENTATION

The discretized model yields a non-linear system of equations, which is solved in a quasi-
static manner using a Newton-Raphson iterative procedure. Convergence difficulties often arise
in Newton-Raphson based solvers when the solution approaches a strong material or geometric
nonlinearity. To mitigate these convergence issues, we use dynamic relaxation. This method uses
an artificial damping term which mitigates oscillations in the system response and increases the
stability and convergence toward the steady state solution. The damping parameter is updated
during the iterative solve based on convergence criteria, and vanishes as convergence is achieved.
Dynamic relaxation has been successfully used for solving variety of nonlinear problems such as
elasto-plasticity, wrinkling, large deflection analysis, simulation of atomic structures and materials
[69-T1].

In this paper, we adopt a Levenberg-Marquardt similar method [72] for dynamic relaxation.
Originally developed to solve non-linear least square problems, the Levenberg-Marquardt algorithm
has shown to be useful in density method topology optimization; specifically by reducing analysis
instabilities caused by element distortion in large strain compliant mechanisms [73]. In this paper
we follow a similar approach by modifying the Jacobian matrix as follows:

J=1J+p diag,(J), (17)
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where J is the original Jacobian of the system, B is the damping parameter, and J is the modified
Jacobian of the system, respectively. The basic algorithm and convergence criteria for computing
the structural response using an adaptive dynamic relaxation method are presented in Algorithm 1.

Algorithm 1: A basic algorithm for computing the structural response using the adaptive
dynamic relaxation method.

Input: damping parameter Bim
1 for n < 1 to maximum time iterations do
2 Restart damping parameter: B "= Bim
3 for k <— 1 to maximum Newton’s iteration do

4 for m < 1 to maximum dynamic relaxation iteration do
1) Compute new damping parameter for relaxation iteration

_ 1
e J10BT i[RI !>|Rz|
B<k+1)m B Rn if n+1
Br/1o it [y | <

2) Update the Jacobian matrix

Fn+1 1+1 An+1 n+1
J (k+1)m k+l ) +B (k+1)n  di ag(J (k+1)m )

3) Solve for current relaxation iteration

n+1 _ Fn+1 1pn+l
Au<k+l) (J k+l m) R(k+l>m
An+1 _ n+1
Bt = WA,

4) Check the convergence of dynamic relaxation

if (|RyY) | < [REH]) or (Au”]:Lll | < [auz*1]) then

accept current solution: uki%

“(k+1),,,
go to next Newton’s iteration: k = k+ 1

break

For each Newton step k, the physical response solver applies m dynamic relaxation iterations.
Damping parameter 3 is either increased or decreased depending on whether or not the norm
of the residual, |R|, has reduced from the previous iteration. If the norm of the residual or the
solution increment, |Au|, has decreased from the previous Newton iteration, the solution increment
is accepted. However, if these convergence criteria are not met, the solution increment is rejected
and dynamic relaxation continues to the next iteration. The reliable convergence behavior afforded
by dynamic relaxation is offset by additional computational expense; for the numerical experiments
presented, the computational time required for response prediction often doubled.

7. NUMERICAL EXAMPLES

In this section, we first verify the accuracy of the implemented cohesive zone model for different
modes of delamination through comparison against analytical reference solutions. To gain insight
into the effectiveness and robustness of the optimization framework, both 2D and 3D optimization
problems are considered. We study the influence of cohesive interface parameters on the optimized
design through numerical examples. The effect of the gradient measure penalty on optimal
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L i Table 1. Model parameters for the double cantilever
P beam.

Cohesive interface %H Description Parameter Value Units
// beam length L 200 mm
2 """"""""" a— 28 beam height H 10 mm
g l Young’s modulus E 142  GPa

y Poisson’s ratio v 0.35
LX ? fraction energy G, 344 J/m?
material strength Omax 3.56 MPa

Figure 4. Schematic of the double cantilever beam.  penalty factor Y 20

performance is evaluated, and the impact of surface debonding on the optimized geometry is
assessed by varying the magnitude of the applied loads.

The optimization problems are solved by the Globally Convergent Method of Moving Asymptotes
(GCMMA) [74]. The parameters controlling the adaptation of the lower and upper asymptotes are
set to 0.5, 0.7, and 1.2, respectively. The relative step size, As, is provided for each example. The
GCMMA constraint penalty is set to 50. For all optimization examples provided in this paper, the
upper and lower limits for the optimization variables are set to s,,,x = h and s,,;, = —h, where h
represents the length of the elements. For the sensitivity analysis we adopt a discrete formulation
similar to that used by [63, 75], which can be readily evaluated from the governing equations
of the design problem. The partial derivatives of the objection function, the constraint, and the
element residual with respect to the design variables are evaluated by a finite difference method.
The linearized sub-problems within the Newton iterations and the adjoint sensitivity analysis are
solved using the UMFPACK direct solver [76] for the 2D examples and a Generalized Minimal
RESidual (GMREYS) iterative solver with incomplete LU factorization [77] for the 3D examples.

7.1. Verification of cohesive zone model

The accuracy of the XFEM formulation of the cohesive zone model discussed above is validated
through comparison against the analytical solution for mode I of delamination. For this purpose,
a double cantilever beam (DCB) is studied. The schematic of the DCB geometry is illustrated in
Figure 4. Using linear elastic beam theory [78], the analytical solution for the crack length can be
described as a function of cohesive fracture energy. The crack length is given by [79] as:

3A2
a:f/;’EféA , (18)

where E is the Young’s modulus, A is the separation at the end, H is the beam height, and
G, is the cohesive fracture energy. We adapted the model parameters and problem configuration
given by [79], provided in Table I. For numerical modeling, the beam is discretized with 330x33
bilinear quadrilateral elements and the forward analysis is solved with a 2D plane strain condition.
The measured crack length, a, is plotted as a function of end displacement, A, and compared
to the analytical solution in Figure 5. The inset snapshots depict the initial and final deformed
configuration of the DCB, with an expanded view of the mesh used. For visualization purposes,
intersected elements are decomposed into triangles. Despite the influence of the fixed edge boundary
condition, the measured relative error between two solutions is approximately 1%. This error is
caused by unstable crack growth near the fixed edge of the beam, similarly observed by [78, 79].

In addition to mode [ verification, the structural response during mixed mode uniform
delamination is verified by an analytical solution. A rectangular block with a horizontal cohesive
interface is fixed along the bottom edge and subjected to a uniform displacement along the top edge.
The schematic of the problem and the boundary conditions are shown in Figure 6. The material and
cohesive zone model parameters for the mixed mode delamination model are given in Table II. For
any given uniform surface separation value, the analytical solution for the total delamination force
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Figure 5. Comparison between analytical and numerical solutions for the double cantilever beam. For
visualization purpose, the displacement in the deformed configuration is shown with a scaling factor 10.
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Figure 6. Loading and boundary conditions for the laminated structure with cohesive interface.

Table II. Material and cohesive zone parameters for the mixed mode model.

Description Parameter  Value  Units
beam length L 10 mm
beam height H 0.1 mm
beam thickness t 0.1 mm
applied displacement U, 0.15 mm
Young’s modulus E 2.0 GPa
Poisson’s ratio \ 0.3
maximum normal traction Omax 1.0 MPa
maximum tangential traction Tmax 3.0 MPa
ultimate normal separation i 0.06 mm
ultimate tangential separation X 0.033 mm
critical normal separation ol 0.006 mm
critical tangential separation ot 0.0033 mm

penalty factor Y 20
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Figure 7. Force-separation curves for the analytical and numerical solutions in the laminated structure.

is:
f:/ (12+72)"7dr ~ (12+712)"7 < H %1, (19)
Ie

where f is the total force for uniform delamination along the cohesive interface I'.. For numerical
modeling, the domain is discretized with 100x 1 elements and the simulation is performed for 2D
plane strain conditions. Since only the response at the interface is of interest, a single layer of
elements in thickness direction is sufficient. A uniform displacement is applied with a magnitude
of 0.15 mm in sequence of load increments. Figure 7 compares numerical and analytical results for
the total delamination force as a function of the magnitude of separation between the surfaces. The
inset snapshots illustrate the mechanical response of a segment of the laminated structure at specific
loading stages, with the intersected elements decomposed into triangles for visualization purposes.
The measured relative error in the uniform mixed mode example problem is 2.25 x 1077 %.

7.2. Material anchor - 2D

To explore the characteristics of the proposed optimization method, we first introduce the 2D
material anchor design problem shown in Figure 8. A structural anchor (represented by phase A)
is embedded in a host material (designated as phase B) with frictionless and cohesive interface
conditions, imposed at the boundary between both phases. In this problem, we wish to determine
the optimal geometry such that the holding force of the anchor is maximized. Originally studied for
frictionless contact by [15], this problem is extended to account for cohesion at the interface.

The anchor is fixed along the boundary I';, and a prescribed displacement, Uf, is applied to the
host material along I';_4. Displacements in the y direction are constrained to zero along I',_4. To
exclude the trivial case in which the anchor material directly connects boundary I'; to boundaries
I';_4, these boundaries are excluded from the design domain. Considering the symmetric nature of
the problem, only one half of the design domain is analyzed.

The response dependent contribution to the objective function in Equation (2) is defined through
the holding force of the anchor in the x direction along I'j. The holding force is measured by
integrating the normal stress oy, along I';. This contribution to the objective function is defined
as follows:

z:—/ O dl. (20)
I
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Table III. Nominal parameters for the material anchor
design problem.

Description Parameter
length of domain Li=10m
length of anchor head L, =0.715m
length of anchor width L3 =0.523 m
anchor base width Ly =0.20m
anchor distance fromend Ls;=0.175m
inclusion width Le =0.0833m
inclusion width L7 =0.0667 m
fixed section width Lg =0.0333m
thickness t=1/13m
applied displacement UB = var.
Young’s modulus EA = 10°N/m?
Young’s modulus EB = 10*N/m?
Poisson’s ratio vi=0.3
Poisson’s ratio vB=023
spring stiffness K =2.0x 10°N/m?
response weight cu=5.0xEA
perimeter weight ¢, =025
volume constraint weight ¢, = 0.5

Figure 8. Initial design of the material anchor gradlf.:nt measure weight  ¢g = var.

problem. penalization parameter e, =1.0

desired level set gradient ~ d¢, = 1.0
penalty factor Y=20
initial damping parameter  fiy = 0.01
GCMMA step size As=3.0x107>

The optimization problem is regularized by applying a perimeter penalty and the level set gradient
measure penalty along the interface. In order to ensure that the anchor material geometry does not
occupy the entire design domain geometry, a volume constraint of 50% is imposed.

Half of the design domain is discretized with 120x60 elements and the physical response is
predicted assuming plane strain conditions. To mitigate mechanical response convergence issues
due to material inclusions undergoing rigid body rotations, the host material is grounded elastically
by a distributed system of weak linear springs with stiffness K. The LSF is discretized by the XFEM
mesh and the nodal level set values are defined as the optimization variables. The LSF is initialized
by an array of cuboids as shown in Figure 8. The smoothing radius of the linear filter in (4) is
0.0375m.

The effect of the perimeter penalty on optimized designs for frictionless contact was studied
in [15]. In this work, we study the effectiveness of constraining the level set gradient measure to
regularize the optimization problem and consider different values of the weighting factor ¢, in
Equation (2). The influence of the interface conditions and the cohesive zone parameters on the
optimized design are studied by varying the normal and tangential interface resistance. An example
designed to initially exhibit total debonding is optimized to recover interface cohesion. Finally, the
influences of the applied load are investigated through the variation of the applied displacement
magnitude.

7.2.1. Nominal design We first illustrate the geometry evolution and convergence behavior of the
nominal design. Design parameters are consistent with those given in Table III, and we exclude
the influence of the level set gradient measure by setting ¢, = 0.0. The nominal model assumes
frictionless sliding contact, excluding material cohesion, and the applied displacement is set to
UB = 0.025m. The evolution of the nominal design is shown in Figure 9. During the optimization
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Figure 9. Objective evolution and convergence behavior of the nominal design.

Table IV. Holding force and interface length in the initial and optimized stages of the nominal design.

Design iteration Holding force (N) Interface length (m)
Initial 1.1432 3.86387
Optimized 1.8835 1.36123

process, the anchor material coalesces into a unified body. Interlocking tabs at the anchor head and
barbs along the sides afford resistance to separation. The initial and optimized values for the holding
force and the interface length are given in Table IV. While the general design traits are similar to
that of [15], the increase of prescribed displacements in this study produce interlocking tabs at the
head of the anchor.

7.2.2. Influence of gradient measure penalty Optimization problems involving sliding contact can
lead to the formation of extremely sharp protrusions or periodic surface oscillations to maximize
the resistance to surface separation. These small features can lead to poor mechanical response
predictions when they approach the length scale of an element. Additionally, small features can
be problematic for manufacturing. The level set gradient measure penalty helps to regularize the
problem by discouraging small features. However, this form of regularization may lessen the
formation of barbs along the side and separation resistant features if it is overemphasized in the
objective function. To explore the impact of gradient measure regularization, the nominal design is
solved for different values of the gradient measure penalty weight, c,. The applied load is increased
to UB = 0.05m to amplify optimized geometry features, while all other model parameters and
boundary conditions are the same as defined for the nominal design.

With an initial penalty weight of ¢, = 0.0, the optimized geometry and subsequent holding
force provide a reference value free of gradient measure regularization. The penalty weight is then
increased incrementally to ¢, = 1.0, and the percentage of the reduction in holding force is evaluated
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Figure 10. Effect of gradient measure penalty on the optimized design.

Table V. Holding force, reduction in holding force and the interface length of the optimized design for
different gradient measure penalty weights, c.

Gradient measure Holding force Reduction in Interface
penalty c, N) holding force (%) length (m)
0.0 4.0827 0.0 1.3885
0.0001 4.0830 0.009 1.4244
0.001 4.0728 0.242 1.2857
0.01 4.0739 0.216 1.2861

0.1 4.0806 0.052 1.2859

1.0 4.0805 0.053 1.4553

by comparison to the optimized design with no gradient measure penalty. The optimization results
are given in Figure 10 and Table V. The gradient measure regularization reduces the prevalence
of small features at a minimal cost to the resulting holding force. For the remaining 2D examples
provided in this paper, a gradient measure penalty of ¢, = 0.01 is used.

7.2.3. Influence of interface conditions While optimized geometries for frictionless contact are
somewhat intuitive, additional interface phenomena, such as cohesion and debonding, complicate
design considerations. The optimized anchor design in the presence of cohesive interface conditions
is investigated by varying the normal and tangential resistance at the interface. While the critical
and final separation cohesion parameters are kept constant, 67 = 8/ = 0.007m, 6" = 6/ = 0.2m,
the optimization problem is solved for different values of maximum normal and tangential traction,
Omax and Ty4y. To provide an intuitive metric for the normal and tangential resistance experienced
at the interface, we define the effective normal and shear cohesion modulus as follows:

N __ Omax T Tmax
E —a—cn, E —6—5, 21
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Figure 11. Influence of interface conditions on the optimized design, U = 0.025m.

where EV is the effective normal cohesion modulus and E7 is the effective shear cohesion modulus.
Figure 11 illustrates optimized geometries for various normal and shear cohesion moduli values
normalized by the anchor material Young’s modulus (E“). As the tangential cohesion modulus is
increased, the contact interface aligns with the direction of the applied displacement to maximize
resistance. In the case of a large normal cohesion modulus, the trailing edges of barbs or tines
flatten out to provide resistance to normal separation. For a design involving large shear and
normal cohesion, analogous to perfect bonding at the interface, a reduction of surface features and
consolidated anchor mass are observed. This design trend has also been observed by [15] for the case
of perfect bonding and separable interface. For all examples with cohesion presented in Figure 11,
interface cohesion remains in the bonded zone; see Figure 3.

7.2.4. Optimization of problems experiencing debonding In the numerical studies above, the
initial anchor geometry provides significant interface resistance. During the evolution of the anchor
geometry, features quickly emerged to further increase the surface traction. This section considers
the case where the optimization process is initialized with a design that experiences complete
delamination. To this end, the optimized geometry for the highest pure tangential cohesion case,
EN/EA =0.0 and ET /E* = 10.0 from Figure 11, is chosen as the initial configuration. The final
separation parameters are set to 8 = &f = 0.014m, the maximum tangential traction parameter to
Tmax = 140N/ m? and the applied displacement to UB = 0.1m. All other material parameters remain
the same as the nominal design.

The objective history during optimization, supported by snapshots of the physical response and
force-displacement curves for select iterations, are shown in Figure 12. During the initial stages
of design evolution, full debonding occurs when the applied displacement surpasses 0.05m. This
behavior is evident by the sudden drop in holding force at the applied displacement of UZ =~ 0.05m,
shown in the inset of Figure 12. Within the first ten design iterations total debonding is mitigated.
After optimization, the entirety of the material interface remains in the bonded zone of cohesion
at the maximum applied displacement, as demonstrated by the linear force-displacement curve.
Similar to the frictionless nominal design, the geometry produces barbs along the sides that provide
resistance to the separation. This example also demonstrates that dynamic relaxation provides a
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Figure 12. Evolution of design and load-displacement curve during optimization.

reliable evaluation of the mechanical response experiencing rapid delamination, throughout design
iterations.

7.2.5. Influence of applied load In the previous example, complete debonding of the initial design
was induced by selecting the initial geometry, load conditions, and interface properties favorable
to such a response. To further investigate design traits associated with reduced cohesion, in this
study we focus our attention on the influence of the magnitude of the applied displacement on the
optimized geometry. Beginning with the optimized design and model parameters for the tangential
resistance case EV/EA = 0.0 and E” /EA = 1.0 shown in Figure 11, the applied displacement is
incrementally raised to match the final separation cohesion parameter, i.e. US = 8! = 0.2m. The
optimization problem is solved at each load level using the initial design shown in Figure 8. The
evolution of the optimized design as the applied displacement increases is shown in Figure 13.

For small displacements, the optimized design exhibits an interface that is predominantly aligned
with the direction of applied load to afford cohesive resistance to separation. As the applied
displacement increases, cohesion diminishes gradually in localized regions. The physical response
in these regions is dominated by sliding contact interactions. At the highest loading case of
UB = 0.2m, the majority of interfacial separation is greater than the critical separation value. With a
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Figure 13. Influence of applied load on the optimized design, ET /EA = 1.0.
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Figure 14. Influence of extreme loading condition on the optimized design, U2 = 0.2m.

reduced influence of cohesion, the optimized design for the maximum load scenario shows a close
resemblance to the nominal design without cohesion.

The highest loading level, i.e. U? = 0.2m, is applied to the material interface configurations
studied in Section 7.2.3, and the resulting optimized geometries are illustrated in Figure 14. The
percentage of the interface which resides in the reduced zone of cohesion is provided above each
case. Comparison between Figures 11 and 14 shows that under the maximum loading condition,
there is a general trend towards the development of barbs or interlocking features to prevent
separation. For this load case scenario, the benefit of such features outweighs the cost of the interface
measure penalty. However, design problems in which the entire interface remains in the bonded zone
of cohesion (Figure 3) remain relatively unchanged.

The studies performed on the 2D material anchor design problem demonstrate that the proposed
optimization framework is sufficient to solve a broad range of problems, including those exhibiting
complete debonding. Interfacial properties have shown to be a dominant design consideration for
material anchors. The study on varying the magnitude of the applied load showed that design
characteristics can be tailored in localized regions where either cohesion or frictionless contact are
prevalent.
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7.3. Material anchor - 3D

The following examples extend the design domain to study three dimensional problems. The design
domain of the 2D example in Figure 8 is repeated in the out-of-plane direction. The schematic of
the 3D model initial configuration is shown in Figure 15. All material parameters and interface
conditions are adopted from 2D example; see Table III.

Similar to the 2D example, the objective is to maximize the holding force of the anchor. Line
boundary I'; is extended to a surface boundary where the 3D anchor exits the design domain. Line
boundaries I, and I'y are extended to the x —y and x — z planes at the design domain boundaries.
Finally, line boundary I'; is extended to a surface boundary at the x = O plane. Considering the
symmetric nature of the problem, only one fourth of the domain is analyzed with 60x30x30
elements. The optimization step size is set to As = 0.001. Similar to the 2D example, the response
dependent contribution to the objective function in Equation (2) is defined through the holding force
of the anchor in the x direction along I'y. The holding force is measured by integrating the normal
stress Oy, along I'1 (20). The optimization problem is regularized by applying a perimeter penalty
and gradient measure penalty for the level set field along the interface. The response, perimeter,
and volume constraint weights are the same as provided in Table III, whereas the gradient measure
weight is kept consistent with the 2D analog for each study. Specifically, the gradient measure
weight is set to ¢, = 0.0 for the nominal design and ¢, = 0.01 for the remaining 3D examples.

We first illustrate the geometric evolution and convergence behavior of the nominal design. In all
3D examples, the applied displacement is set to UZ = 0.007m; higher loads resulted in numerical
instabilities from complex geometric features. The evolution of the nominal design is shown in
Figure 16. Similar to the 2D problem, the anchor material evolves into a unified body. Ridges or
spines along the outer face of the anchor provide resistance to separation.

7.3.1. Influence of interface conditions The 3D effects of interface cohesion on the optimized
design are investigated for different levels of normal and tangential cohesive resistance. All cases
of interfacial properties investigated in Section 7.2.3 are studied here for the three dimensional
configuration. The resulting geometries for these sets of interface parameters are shown in Figure 17.
For comparison, a cutaway view is provided in Figure 18.

Although 2D and 3D examples show design trend similarities, the 3D optimized geometries
exhibit traits that cannot be fully represented in two dimensions. The relative size and placement
of barbs in the x direction along the outer surface varies radially, which cannot be deduced from
2D examples. The non-uniform radial profile is likely a result of the square shaped design domain.
The plain strain assumption used in 2D examples determines the physical response appropriate for
an extruded 3D domain. Due to the cylindrical nature of the optimized geometry in 3D examples,
the relative size of barbs is not directly comparable. For all 3D examples presented, the entirety of
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Figure 16. Objective evolution for the 3D nominal design.

the interface remained in the bonded zone of cohesion. Note that the reduction of barbs size in the
3D examples when compared to 2D cases could be a result of the reduced applied load. However,
these examples demonstrate that concluding 3D geometries from a 2D analysis may not be adequate
depending on the intended application.

8. CONCLUSIONS

This paper presented a topology optimization framework for two-phase materials with cohesive
interface phenomena. The interface condition is described by a bilinear cohesive zone model. To
prevent surface penetration and to provide more accurate solution of the finite element analysis,
the constitutive cohesive zone model is augmented by a stabilized Lagrange multiplier formulation.
The material behavior of the mechanical model is described by linear elastic isotropic material and
infinitesimal strains are assumed for the mechanical deformation. The XFEM is used to discretize
and integrate the governing equations. To remedy the convergence difficulties for large separation
and post delamination, an adaptive dynamic relaxation method is adopted for computing the static
response.

An explicit LSM is used to describe the interface geometry between two distinct material phases.
The LSF is defined by explicit functions of the optimization variables. The optimization problem
is solved with a nonlinear programming method. The optimization problems studied in this paper
consider the mechanical response and penalty terms on the material interface surface area and a
level set gradient measure to suppress sub-element geometric features. A constraint on the volume
ratio of the material phase is imposed. The design sensitivities are evaluated by the adjoint method.

The presented optimization framework proved reliable for a variety of 2D and 3D examples,
optimizing the topology of a material anchor by maximizing the holding force. Gradient measure
regularization was shown to be successful at removing small features that are problematic for
accurate response prediction and for manufacturing considerations at a minimal cost to design
performance. The interface conditions were shown to have a strong influence on optimized
geometry, as various levels of normal and tangential resistance yielded drastically different designs.
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Figure 18. Inclined cross section view of the influence of interface conditions on the optimized design,
= 0.007m.

An initial design experiencing total debonding was optimized to recover interface cohesion and
a monotonic resistance to separation. The applied load study demonstrated that geometry can be
tailored to localized regions where either cohesion or delamination are present. A three dimensional
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example revealed design traits that could not deduced from 2D studies, such as circumferential barb
size and placement.

While only bilinear cohesion and frictionless contact were considered in this study, the developed
method allows for the convenient extension of the framework for different interface constitutive
relations. The applied load in three dimensional studies was reduced, as convergence difficulties in
the mechanical model were encountered at higher loads. Additional solution techniques, such as the
arc length method, should be explored to improve the stability of the physical response prediction.
The proposed method is currently limited to two-phase material problems in the small strain regime.
For future studies, this method needs to be extended to multi-phase material problems in the finite
strain regime.
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