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Infectious disease dynamics are shaped by interactions across multiple scales. Within a host, pathogens

interact with cellular and immune processes, driving fluctuations in pathogen concentrations and immune

responses. Between hosts, infectious contacts facilitate pathogen transmission, driving fluctuations in case

counts and population immunity levels. However, traditional mathematical models often focus on only one

of these scales. This dissertation addresses this gap by leveraging multi-scale modeling to examine how

within-host dynamics influence population-level transmission. By integrating models of within-host viral

and immune dynamics with between-host epidemiological transmission models, this work provides insights

into infectious disease spread and intervention strategies.

First, a multi-scale model is developed to estimate testing effectiveness, the reduction in transmission

due to testing and subsequent isolation, using a probabilistic framework which incorporates viral kinetics,

test attributes, and testing behaviors. This model provides a general framework for comparing testing strate-

gies for any virus. Second, these results are incorporated into a compartmental modeling framework to

analyze the effectiveness of vaccinate-or-test policies for COVID-19. Lastly, a framework is developed to

evaluate our ability to learn about correlates of protection by linking immunological marker concentrations

with observed infection events in test-negative design studies. This research highlights the importance of

incorporating both within-host and between-host processes to understand infectious disease dynamics and

evaluate intervention strategies.

© all rights reserved by Casey Middleton
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Chapter 1

Introduction

Public health practitioners are tasked with improving health outcomes, and one piece of this puzzle

is the prevention of infectious diseases. These diseases, and the pathogens that cause them, range widely

in characteristics, such as mode of transmission, pathogenicity, virulence, latency, seasonality, symptom

timing, and more. The potential landscape of interventions is equally vast, from non-pharmaceutical inter-

ventions such as testing, masking, and quarantining to medical interventions like vaccination and anti-viral

treatment. In the face of these many variables, public health practitioners are tasked with a daunting ques-

tion: which intervention, or combination of interventions, will prevent the most sickness and death with

minimal interruptions to daily life?

Mathematical modeling provides a strong foundation to help make these choices, comparing the

costs and benefits of potential interventions in a “mock population” before choosing one to implement

in the real world. In 2019-2020, severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2) ripped

through the population, causing an estimated 83.7 million confirmed COVID-19 infections and 1.8 million

deaths in 2020 alone [183]. In the face of uncertainty about how to minimize sickness and death for such a

transmissible virus, modeling was used to make recommendations for many public health decisions. Before

vaccines were developed, college campuses [70,112] and skilled nursing facilities [103,155] used modeling

to implement testing programs that protected students and residents. More broadly, modeling was also used

to make testing [136] and masking [47, 61] recommendations for the general population. As vaccines were

being developed, the World Health Organization (WHO) also relied on modeling studies to inform who



2

should be prioritized for initial doses when supplies were limited [30, 169].

1.1 Between-host modeling

Early work in the field of infectious disease modeling focused on “between-host” dynamics – i.e.

who is infected, who is susceptible, and how does disease spread between them? The earliest example

of this comes from 1760, when Daniel Bernoulli used differential equations and life tables to show that

smallpox vaccination is associated with increased life expectancy, despite the small risk associated with

being vaccinated [17, 54]. A few hundred years later, the idea of the basic reproduction number (R0) was

introduced by Ronald Ross in 1911 to define the average number of expected secondary infections in a fully

susceptible population [206]. This work was soon followed by the introduction of the susceptible-infectious-

exposed (SIR) compartmental model by Kermack and McKendrick in 1927 [118] and the Reed-Frost model

which incorporates individual heterogeneity in 1928 [37].

These foundational models laid the groundwork for modern day infectious disease modeling. The SIR

model is arguably the single most commonly employed tool in an epidemiological modeler’s toolkit. Some

simple SIR model variations introduce more complexity to the transmission process by adding an exposed

(E) compartment for individuals who have been infected but cannot yet transmit to others, or adding vector

species which facilitate transmission [24, 151]. Simple model variations to explore intervention strategies

may include vaccination [27, 30, 169] or isolation after a positive test result [70, 103].

While powerful for studying transmission, the standard SIR model and its many variations share a

few key assumptions which may not accurately reflect the real world. First, populations are assumed to

exhibit “homogeneous mixing” where everyone is equally likely to come into contact, which we know

poorly represents highly assortative real-world contact networks [170, 192, 227]. Second, everyone within

a given compartment is treated identically. This masks the heterogeneity in individual attributes such as

susceptibility and infectious potential [21, 255], assuming instead that everyone experiences the average of

these values. Lastly, these models exhibit exponential wait time distributions. This means that even if the

average infectious period is 6 days, some individuals will spend much longer in this compartment, impacting
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epidemic timing and probability of epidemic extinction. To understand if these assumptions reflect reality,

we must zoom in and focus on infected individuals instead of infected populations.

1.2 Within-host modeling

Within-host modeling seeks to understand how a pathogen interacts with a host’s cellular and im-

mune systems. Studies on viral kinetics quantify the amount of virus in an infected individual throughout

the course of their infection [93, 94, 121, 124, 126, 141]. These studies have been used to identify that chil-

dren have a longer duration of pre-symptomatic influenza viral shedding than adults [178], that individual

SARS-CoV-2 infectiousness varies over time [116] and across infected individuals [255], and inform Human

Immunodeficiency Virus (HIV) anti-retroviral treatment strategies [68, 180, 189].

Beyond viral kinetics, within-host modeling can also be used to understand the host immune response

to vaccination or infection. Measuring key components of the adaptive immune system, such as antibodies or

T cells, may provide information about one’s level of protection from subsequent infection or development of

severe disease. Immunological studies have been used to predict lower immunity to the omicron variant than

previously circulating variants during the COVID-19 pandemic [73, 163], predict vaccine effectiveness for

the Mpox vaccine [19], and estimate how immunity wanes over time for multiple pathogens [51, 242, 254].

One consistent observation in within-host dynamics is the existence of variation across individuals.

The time-course of infection looks different for each infected individual, meaning individuals may not con-

tribute equally to transmission dynamics [116]. Similarly, immune response to vaccination varies across

individuals, meaning everyone may not experience the same level of protection when given the same vac-

cine [51]. This variation highlights the limitations of typical between-host modeling approaches, which

assume average infectiousness and protection levels for all, and points us toward a need for more complex

models.
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1.3 Multi-scale modeling

Multi-scale modeling recognizes the importance of both within-host and between-host modeling, and

attempts to combine the strengths of both to make better predictions [77,152]. There are multiple approaches

to combining models across scales, as outlined by Garira [77]. “Multi-domain integration frameworks” run

two models in parallel, the within-host sub-model informing the between-host model dynamics [77]. Early

multi-scale models fell into this framework, embedding individual viral-immune models into population-

level network transmission models to simulate disease dynamics [98,128,234]. A similar approach has been

used to compare testing strategies for COVID-19, considering the importance of viral load when comparing

tests with varying sensitivities [103, 133, 134, 136]. These multi-scale models provide more insight than

either of the two components individually, but they are burdened by high parameter and computational costs

and low tractability for mathematical analysis [152].

Alternatively, “simultaneous integration frameworks” use the within-host sub-model to describe the

entire infectious disease system, often through some statistical analysis of the sub-model results, omitting

the need for a between-host model altogether [77]. One example of this framework is the use of viral ki-

netics curves to directly infer individual transmission risk, using the area under the curve as a proxy for

infectious potential without incorporation of a between-host transmission model [29, 69]. Comparing ex-

pected viral kinetics with and without an intervention has been used to provide insight into the effectiveness

of interventions like symptomatic isolation and contact tracing [69] and traveler screening programs [29].

1.4 Outline

This thesis will utilize multi-scale modeling to address three key questions in the field of infectious

diseases. Broadly, this work focuses on multi-scale modeling for testing, from the impact of viral kinetics

on diagnostic testing practices, to the impact of serological tests on inferred immunity levels.

Chapter 2 considers the question of how effective different testing decisions may be to control respi-

ratory virus transmission, when paired with isolation after a positive test. For example, how does the use of
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at-home rapid tests compare to the use of clinical diagnostic tests, and when is the optimal time to use a test

after symptoms start? To answer these questions, we define testing effectiveness (TE) to be the reduction

in transmission due to testing and subsequent isolation for a particular testing strategy. We then develop a

simultaneous integration framework, which uses within-host viral kinetics to probabilistically estimate indi-

vidual transmission potential with and without testing. We evaluate post-symptom testing recommendations

for SARS-CoV-2, influenza A, and respiratory syncytial virus (RSV) using this framework.

Aside from general population-wide testing recommendations, we may be interested in testing only

select groups. During the COVID-19 pandemic, the development of vaccines led to questions about re-

prioritizing testing resources toward unvaccinated populations. Chapter 3 incorporates the results of Chap-

ter 2 into a traditional SIR modeling framework to look at targeted testing for SARS-CoV-2. This chap-

ter provides an example of a serial integration framework, where the within-host model is solved prior to

running the between-host model. This work clarified the scenarios in which COVID-19 test-or-vaccinate

policies could be used to control transmission, and when they couldn’t.

While the previous two chapters focused on using viral kinetics to inform transmission potential, we

may also use the abundance of immune markers, such as antibodies, to inform protection levels. In order to

use within-host immunological models to inform susceptibility levels in between-host transmission models,

we must understand the relationship between a given immune marker and the relative protection it provides.

Chapter 4 shows that current inference methods used to estimate this relationship are limited in their abil-

ity to infer realistic protection functions. An alternative model is proposed and tested, which provides a

strong foundation to learn how within-host immune markers are associated with reductions in susceptibility.

This chapter lays the groundwork for future multi-scale modeling efforts to incorporate serology data into

between-host transmission models.

Chapter 5 concludes this work with a synopsis of results from each chapter. This chapter discusses

the implications of the findings in this thesis, limitations to the body of work, and open questions which may

inform future research prospects.



Chapter 2

Modeling the Transmission Mitigation Impact of Testing for Infectious Diseases

Portions of this chapter are adapted from:

Casey E. Middleton, Daniel B. Larremore, Modeling the transmission mitigation impact of testing for

infectious diseases. Sci. Adv. 10:eadk5108, 2024. DOI: 10.1126/sciadv.adk5108.

2.1 Introduction

Throughout the SARS-CoV-2 pandemic, the status quo for diagnostic test usage evolved. Despite doc-

umented successes of routine screening for SARS-CoV-2 in nursing homes [155], college campuses [200],

and even nations [186], regular screening via RT-qPCR or rapid diagnostic tests (RDTs) gave way to elec-

tive testing after known exposures or symptom onset, typically with RDTs alone. At the same time, the

variety and targets of available diagnostics continues to grow, with numerous available RDTs for respiratory

syncytial virus (RSV; [18]) and influenza A [159], new RDTS for SARS-CoV-2 utilizing exhaled aerosols

[79], and simultaneous testing for all three viruses via both multiplex RT-qPCR [44] and rapid antigen lat-

eral flow “triple tests” [67]. Rapid diagnostics have proved valuable for a broader set of pathogens too,

including HIV [92] and measles [60], as well as P. falciparum, with sufficient impact that rapid diagnosis

and treatment have even selected for RDT-escape mutations among P. falciparum parasites [66].

Direct empirical estimation of the population-scale impact of testing is difficult, and only possible

retrospectively, elevating the value of mathematical modeling that can predict it from first principles. Math-

ematical models estimating the impacts of testing on transmission [16, 82, 103, 124, 129, 136, 185, 200, 222]

and treatment [158, 258] proved useful in guiding policy and recommendations for SARS-CoV-2, building

https://doi.org/10.1126/sciadv.adk5108
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in many ways on a broad set of earlier efforts to estimate transmission reduction, clinical impact, and cost

effectiveness for routine HIV screening (e.g., [107, 256]). However, these successes have been restricted

to a limited number of pathogens and either routine screening or risk-group based testing, highlighting the

need for more flexible modeling to accommodate an increasing array of diagnostic tests for a growing set of

pathogens, used electively after known exposures or symptom onset. Moreover, because testing guidelines

are only as effective as human behaviors allow them to be, it would be valuable for models to incorpo-

rate key behaviors such as imperfect participation [92] and compliance [21] and imperfect adherence to

post-diagnosis isolation [221].

Here, we fill this gap by introducing a more general mathematical model for testing without restricting

analysis to a single pathogen, test, testing pattern, or set of behaviors. Our focus is to estimate (i) the extent

to which testing reduces the risk of transmission for infected individuals, (ii) the distribution of diagnosis

times and the probability that individuals are diagnosed at all, and (iii) the costs of test consumption and

isolation days corresponding to these diagnosis and transmission mitigation benefits. Taken together, this

model places various intuitions about disease mitigation via testing on firm quantitative ground, and exposes

important testing-associated variables and behaviors to in silico experimentation and optimization.

To demonstrate how one might use our model, we apply it to the study of the respiratory pathogens

RSV, influenza A, and SARS-CoV-2. We first analyze differences between pathogens and between testing

strategies by asking whether a single testing strategy might be optimal for all three focal pathogens. Second,

we ask when one should test after respiratory symptoms appear, acknowledging that supplies may be limited

and infection may not yet be detectable at symptom onset. Third, we reevaluate the tradeoffs between test

sensitivity and turnaround time for SARS-CoV-2 in light of shifts in viral kinetics and symptom onset time

caused by immune experience and new variants. Finally, we compare the costs and benefits of fixed-duration

and test-to-exit isolation guidelines using the model’s cost estimates for test consumption and days spent in

isolation. In this way, this chapter has twin goals: to first introduce a flexible mathematical model for testing,

and then demonstrate its value in the service of relevant scientific and policy questions.
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2.2 Results

2.2.1 A model for testing effectiveness (TE)

To examine the impact of testing on community transmission, we developed a probabilistic model

which integrates four key elements: (i) the properties of a particular diagnostic test, (ii) a strategy for its

administration, (iii) the time-varying profiles of infectiousness, symptoms, and detectability over the course

of an infection, and (iv) the key behaviors of participation (whether or not one refuses to test), compliance

(whether or not one takes a recommended test), and isolation length. Given these elements, the model

generates a distribution of probable diagnosis times, and uses them to compute the expected reduction

in the risk of transmission due to testing. By then incorporating heterogeneity between individuals, the

model estimates testing effectiveness, the proportion by which a testing program reduces population-level

transmission, in expectation, given by the relationship between reproductive numbers R with and without

testing,

TE = 1−
Rtesting

Rno testing
↔ Rtesting = (1− TE)Rno testing . (2.1)

This definition intentionally mirrors the language of vaccine effectiveness (V E) against onward transmis-

sion, that is, the expected reduction in post-infection transmission risk for vaccinated vs unvaccinated indi-

viduals [25, 64]. However, we name the present quantity testing effectiveness instead of test effectiveness

due to the simple observation that the same test, used differently, may have a markedly different impact.

We built our analyses around a simple, common, and computationally efficient model of within-host

pathogen kinetics: after some post-exposure latent period, the pathogen load grows exponentially at some

proliferation rate until reaching a peak, and then declines exponentially at some clearance rate. This leads

to a piecewise linear model of log pathogen load which requires only the four parameters of latent, prolifer-

ation, and clearance periods, and a peak load, which we draw from distributions estimated from studies of

RSV [210, 213], influenza A [34, 108, 220], and SARS-CoV-2 measured for both the founder strain in naive

hosts during the pre-vaccination era [121, 124, 136] and omicron variants in experienced hosts during the

post-vaccination era [94, 121] (see Table S1). While the results presented here utilize this simplistic model
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of viral kinetics, the modeling framework is highly flexible to incorporate more sophisticated alternatives.
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Figure 2.1: Model diagram. (A) Each realization of the stochastic testing model first draws four control

points to specify a piecewise linear model of pathogen load on a logarithmic scale (filled pink circles) and

a symptom onset time (tSx, open pink circle). The realization then draws a set of testing times (open blue

squares), which may be triggered by symptoms (pink arrow), triggered by a known exposure (not shown),

or ongoing at a particular cadence (not shown). A test taken during the detectable window (blue bar) when

pathogen load exceeds the test’s limit of detection (LOD, gray line) will return a positive diagnosis with

a fixed probability after a specified turnaround time (not shown). However, not all tests are necessarily

taken, due to imperfect compliance (not shown). Diagnosis at time tDx leads to isolation and thus reduced

infectiousness (grey). (B) The ensemble mean, whether computed through integrals or estimated via Monte

Carlo, produces expected infectiousness curves with and without testing. The areas under these curves are

proportional to their respective reproductive numbers, enabling estimation of testing effectiveness TE (see

Eq. (2.1)). The model also computes the proportion of individuals who remain undiagnosed at time t (blue

curve), a curve which approaches zero as ascertainment approaches 100%.

We used stochastic realizations from this simple pathogen load model in three ways. First, we as-

sumed that a test taken at time t would return a negative diagnosis if the pathogen load was below the test’s
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limit of detection (LOD), and would return a positive diagnosis with some probability when pathogen load

was above the LOD. Due to the importance of test turnaround time [136], we modeled sample-to-answer

delays by returning results after a specified turn-around time (TAT). Second, we took infectiousness to be

proportional to the logarithm of pathogen load in excess of an empirically estimated threshold [116, 117],

consistent with observations that higher viral loads are associated with more efficient transmission for

pathogens including SARS [187], SARS-CoV-2 [21], influenza [138], and RSV [173]. Alternative rela-

tionships between pathogen load and infectiousness are possible [116,136]. Third, we drew symptom onset

times relative to the times of peak pathogen load, reflective of the typical manner of reporting in the litera-

ture [138, 141]. In this way, our model is similar in spirit to the CEPAC model (Cost-Effectiveness of Pre-

venting AIDS Complications), which provides stochastic individual-level realizations of post-HIV-infection

dynamics, costs, and outcomes [1].

Our model generates its estimates by integrating over the timing of possible symptoms and tests, to

calculate a distribution of diagnosis times, including the possibility of no diagnosis at all. If receiving a di-

agnosis, each individual is assumed to isolate thereafter for a specified number of days, or until released by a

negative test (via a so-called test-to-exit plan), with mitigated infectiousness during isolation (Fig. 2.1A). By

averaging outcomes over the ensemble defined by its random variables, whether by integration or via Monte

Carlo, the model produces estimates of the expected infectiousness curves over time, with and without test-

ing (Fig. 2.1B). The areas under these two curves are proportional to the total transmission potential with

and without testing, and thus, their respective reproductive numbers. The model also provides a curve rep-

resenting the cumulative probability that a randomly chosen infected individual has not yet been diagnosed

by some time (Fig. 2.1B). The long-time limit of this curve is particularly useful because it represents the

proportion of the infected population who escape diagnosis entirely. Its complement, the proportion of the

infected population to receive a diagnosis at any point, is therefore the ascertainment of the testing scenario,

a quantity also called protocol sensitivity in the literature [222]. A complete mathematical description and

details of parameterizations can be found in Materials and Methods.
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2.2.2 Testing effectiveness varies by strategy and pathogen

Despite the 2023 end to the World Health Organization’s COVID-19 public health emergency [253],

the burden of COVID-19 and respiratory viruses more broadly remains substantial. In the U.S. alone, an

estimated 9 million cases of influenza A caused 100,000 hospitalizations (2021-2022 season; [239]), and a

global estimate of 33 million RSV infections in children under 5y led to 3.6 million associated hospitaliza-

tions and 101,400 associated deaths, the vast majority of which were in low- and middle-income countries

(2019; [145]). With the broad expansion of diagnostic testing globally, including at-home rapid diagnos-

tic tests (RDTs) for influenza A, RSV, and SARS-CoV-2, we sought to determine whether a single testing

strategy might be optimal for all three common respiratory pathogens.

To examine the potential impacts of testing, we considered three distinct testing behaviors, meant

to capture both institutional testing strategies and elective testing in response to exposure or symptoms.

First, we considered routine weekly RDT screening (turnaround time TAT = 0, LODs Table S1). Given

the markedly different sensitivities of different RDT kits and RT-qPCR protocols [14, 15], a representative

limit of detection (LOD) was chosen for each respiratory virus to investigate general principles of testing

(see Materials and Methods). To incorporate the fact that not all policy-prescribed tests are actually taken

in practice [21], this scenario included compliance of only 50%, such that each test was taken or not taken

independently with probability 1
2 . Second, we considered an elective testing scenario in which individuals

experiencing symptoms used one RDT per day for 2 consecutive days following the onset of symptoms

(TAT = 0; see Table S1 for stochastic timing and prevalence of symptoms). Finally, we considered an

elective testing scenario in which 75% of individuals sought out a single RT-qPCR test (TAT = 2, see

Table S1 for LODs) between 2d and 7d after exposure; the other 25% did not participate. For each scenario,

and each of the three circulating respiratory viruses (RSV, influenza A, and SARS-CoV-2), we calculated TE,

the timing of diagnoses, and ascertainment—the total fraction of individuals receiving a positive diagnosis—

based on 105 stochastic realizations of viral load, symptom onset, testing, diagnosis, and isolation. For

SARS-CoV-2 we specifically considered within-host dynamics and RDTs associated with omicron variants

in immune-experienced hosts.
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Figure 2.2: Testing effectiveness varies considerably by strategy and pathogen. (A) Testing effective-

ness is shown for RSV (orange), influenza A (pink), and SARS-CoV-2 omicron in experienced hosts (green)

under three testing programs: (1) weekly rapid diagnostic test (RDT) screening with 50% compliance, (2)

testing with one RDT per day for two days starting at symptom onset, and (3) one RT-qPCR test admin-

istered 2-7d after exposure, with 75% participation and 2d test turnaround time (TAT). Panels C-E depict

population-level infectiousness curves without (hatched) and with (filled) testing and isolation for the la-

beled pathogen and testing program, and panel B provides annotations for an example simulation. Black

curves represent the proportion of infections not yet detected by time t. See Fig. S1 for scenario ascertain-

ment rates and Fig. S2 for population-level infectiousness curves for all testing scenarios.

This analysis demonstrated that a test, how it is used, and the pathogen it targets, can interact in

potentially complicated ways. For instance, we found that weekly RDT screening with 50% compliance

exhibited low TE for all three pathogens, ranging from 13% for omicron-era SARS-CoV-2 down to just 7%

for influenza A (Fig. 2.2A). These low values are driven by the fact that the time windows during which the

pathogens are detectable via RDT are almost always shorter than 7d, meaning that weekly testing missed

a considerable number of infections (Fig. 2.3). These short detection windows are compounded by the

assumed 50% compliance, leading to low ascertainment across pathogens (11-14%).
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Figure 2.3: Relative timing of symptom onset, infectiousness, and detectability vary by pathogen and

individual. Symptom onset time (open circles), infectious period (shaded rectangles), and window of de-

tectability by a rapid diagnostic test (RDT, colored lines) are shown for 15 stochastic realizations of RSV

(A, orange), influenza A (B, pink), and SARS-CoV-2 omicron/experienced (C, green) infections. The ab-

sence of an open circle indicates an asymptomatic infection. See Supplementary Table S1 for parameters

and references.

In contrast to regular screening, elective testing with the same RDT at symptom onset achieved 38%

TE for influenza A, but only 21% for RSV (Fig. 2.2A). This difference in effectiveness primarily reflects

differences in the relative timing of symptoms, infectiousness, and detectability: both influenza A and RSV

typically become detectable by RDT within one day of symptom onset, but RSV infections are characterized

by higher rates of asymptomatic and pre-symptomatic infectiousness (Fig. 2.3A,B). In contrast, TE for

elective testing at SARS-CoV-2 symptom onset was middling at 25%, balancing early detection for those

who test positive with lower ascertainment as a result of testing too early to be detected (Fig. 2.3C). Due

to their highly overlapping symptom sets, our results indicate that testing immediately after symptom onset

with a single three-pathogen RDT [67] is therefore likely to mitigate transmission most for influenza A,

followed by SARS-CoV-2 omicron and RSV.

This ordering of differential TE was inverted for a single elective RT-qPCR between 2d and 7d post-

exposure, which was least effective for influenza A (Fig. 2.2A). This ordering reflects a substantially faster
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onset of infectiousness after exposure for influenza A (Fig. 2.3B), meaning that a post-exposure test that is

timed effectively for SARS-CoV-2 and RSV is administered far too late to effectively control influenza A.

Thus, in a scenario where an individual seeks a highly sensitive multiplex diagnostic test within one week

after a known exposure to an unknown respiratory pathogen, our results indicate an impact on transmission

of 28% for SARS-CoV-2, 22% for RSV, and just 2% for influenza.

Our results highlight the fact that variation in viral kinetics, symptom onset time, tests’ analytical

sensitivities, and interactions thereof, lead to markedly different impacts on transmission, even under the

same testing guidance. Given these complexities, we explored whether varying either the pathogen load

above which individuals are considered infectious or the RDT limit of detection would substantially alter

our findings. These sensitivity analyses showed that, while the magnitude of TE varies slightly, the primary

trends documented above remain consistent (Fig. S3).

Throughout these experiments, we observed that ascertainment—the proportion of infections diag-

nosed via testing—was only weakly related to TE, showing that a testing program’s information value and

mitigation impact are distinct quantities. For instance, elective RDT testing post-symptoms for influenza A

showed TE and ascertainment of 38% and 60%, respectively; for elective RT-qPCR testing post-exposure,

TE decreased by 36 percentage points to just 2% but ascertainment decreased by only 10 percentage points

to 50% (Fig. S1). To illustrate the reason for this difference, we plotted the infectiousness curves β(t) with

and without testing, averaged over all 105 simulated individuals, as well as the curves showing the fraction

of individuals remaining undiagnosed 1−pE [F (t)] (Fig. 2.2C,D,E). In instances where diagnoses typically

arrive earlier, the average β(t) (and thus the area beneath it, Rtesting) is more substantially reduced, while

the same number of diagnoses, arriving later, leave more area under the β(t) curve. Thus, TE incorporates

not just whether one is diagnosed, but also when.

2.2.3 Impacts of timing and availability of elective post-symptom testing

In an era of increasing elective and self-administered rapid diagnostic test (RDT) usage, two key

questions are when to test and how many tests to use. We sought to answer these questions by modeling the
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impact of changes in timing and supply of RDTs on TE for RSV, influenza A, and SARS-CoV-2 omicron

in experienced hosts. In these experiments, we considered that individuals would wait 0d-5d after symptom

onset and then begin using one RDT per day, with 1-6 RDTs available. For comparison, we also computed

TE for a single RT-qPCR with a two-day turnaround. For each fixed supply of tests, we then identified the

optimal number of days post-symptoms that one should wait to maximize TE, separately for each pathogen

(Fig. 2.4, white stars).

This experiment showed three common patterns for RSV and influenza A. First, the most effective

timing of post-symptom testing was zero days, with TE decreasing monotonically for each additional day

of delay (Fig. 2.4A,B). Second, although using two tests was superior to using one, using more than two

tests was roughly equivalent to two. And third, using just one RDT provided superior TE to a single RT-

qPCR with a two-day turnaround time, highlighting the importance of RDT availability and rapid results for

transmission control.
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Testing effectiveness (TE) of rapid test (RDT) and RT-qPCR with 2 day turnaround time, used x days after

symptom (Sx) onset using y tests once per day is shown for RSV (A, orange), influenza A (B, pink), and

SARS-CoV-2 omicron in experienced hosts (C, green). Darker colors represent higher TE as indicated.

In each row, the testing strategy with highest TE is annotated with a white star. Turnaround times: rapid

tests, TAT = 0; RT-qPCR TAT = 2. See Supplementary Table S1 for LODs and Fig. S4 and Fig. S5 for

monochromatic TE and ascertainment visualizations, respectively.

In contrast, for SARS-CoV-2 omicron in experienced hosts, the number of available tests markedly

shifted the optimal time at which one should begin testing, such that when only 1-2 RDTs were available,

daily testing was most effective beginning 2d post-symptoms; with 3-4 RDTs, 1d; and with 5-6 RDTs,

testing should begin immediately upon symptom onset (Fig. 2.4C). These results reflect a tradeoff arising

from the variable gap between symptom onset and first detectability by RDTs (Fig. 2.3C): using tests later

improves the probability of diagnosis but decreases the impact per diagnosis. A large test supply alleviates

this tradeoff by enabling one to test early, with the potential for high impact, while also testing later to avoid
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missing a diagnosis entirely. Furthermore, for a fixed delay before testing, using more SARS-CoV-2 RDTs

was always superior, yet a single RT-qPCR on the first day of symptoms provided approximately equivalent

TE to using one RDT starting on day two.

Together, these results suggest a unified recommendation for the timing of post-symptom testing

via RT-qPCR for all three pathogens and post-symptom RDTs for RSV and influenza A: one should test

immediately, regardless of the number of available tests. In contrast, the timing of optimal SARS-CoV-

2 RDT use in supply-limited scenarios depends on the number of available tests. In sensitivity analyses

varying the RDT limits of detection and changing the pathogen load threshold for infectiousness, these

general findings were unchanged (Fig. S6), though the precise recommended post-symptom wait time for

SARS-CoV-2 RDTs shifted in some sensitivity analyses by up to 1d.

One common point surfaced by our investigations of elective post-symptom testing was that the ex-

istence of any asymptomatic and presymptomatic transmission implies that TE < 1 for symptom-driven

testing, regardless of the quality of the diagnostic test itself. This implies that even groundbreaking advances

in diagnostic LODs, cost, or turnaround times must be paired with appropriate recommendations for usage.

Finally, we briefly note that identical questions of when to test and how many tests to use also arise

after known exposure to a pathogen. An otherwise identical analysis recommends wait times of 3-5d after

RSV or SARS-CoV-2 exposure, and 0-2d after influenza A exposure, depending on the number and type of

available tests (Fig. S7).

2.2.4 Reevaluation of the sensitivity/turnaround tradeoff for SARS-CoV-2

Modeling studies in 2020 and 2021 argued that test sensitivity was secondary to frequency and

turnaround time for SARS-CoV-2 screening [16, 26, 136, 162], using within-host dynamics and rapid diag-

nostic test (RDT) sensitivities for the founder strain in naive hosts. However, three important observations

regarding the omicron variants circulating in 2023 led us to revisit these findings. First, studies of viral load

trajectories, estimated via prospective longitudinal sampling, show lower peak viral loads, shorter clear-
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ance times, and slightly longer proliferation times for omicron infections in experienced hosts compared to

founder-strain infections in naive hosts [94, 124], leading to shorter windows of detectability (Fig. 2.5A).

Second, symptom onset is typically 3-5d earlier for omicron/experienced vs founder/naive, relative to peak

viral load, an observation argued to be due to the immune experience of hosts in particular [86, 94, 232].

Third, the analytical sensitivity of RDTs is estimated to have worsened for omicron variants vs founder

strain, with limits of detection (LODs) increasing by 0.5 − 1.0 orders of magnitude depending on the

test [14, 15]. Together, these factors led us to hypothesize that the previously established superiority of

RDTs over RT-qPCR for mitigation of founder-strain SARS-CoV-2 in a naive population could be equalized

or reversed for omicron-variant SARS-CoV-2 in an immune experienced population.

To test our hypothesis, we estimated TE for RDT testing (0d turnaround time, TAT) and RT-qPCR

testing (2d TAT) programs, in twice-weekly, weekly, and elective post-symptom testing scenarios, and com-

pared our findings for founder/naive vs omicron/experienced parameters. We found that in each of the three

founder/naive testing scenarios, RDTs provided higher TE than RT-qPCR (Fig. 2.5B), replicating the claims

of the literature [16, 26, 136, 162]. However, each of the three omicron/experienced scenarios saw a re-

versal, with RT-qPCR providing higher TE than RDTs, despite the modeled 2d RT-qPCR turnaround time

(Fig. 2.5C). In general, we also observed that TE decreased for RDTs from the founder-strain era to the

omicron era (Fig. 2.5B vs C), while staying approximately the same (twice weekly, weekly) or even increas-

ing (post-symptom) for RT-qPCR. Together, these results suggest that, setting aside any differences in cost

or regulatory complexity, RT-qPCR-based SARS-CoV-2 testing would be superior to otherwise identical

RDT-based testing in the omicron and immune-experienced era.
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Figure 2.5: RT-qPCR vs RDT tradeoffs for the SARS-CoV-2 omicron era. (A) Typical viral kinetics for

founder SARS-CoV-2 strains in naive hosts and SARS-CoV-2 omicron variants in experienced hosts (log10

cp mRNA / mL). Trajectories are characterized above the RT-qPCR limit of detection (LOD = 103) with

their respective rapid diagnostic test (RDT) LODs indicated by horizontal dashed lines (105 and 106 for

founder strain and omicron variant, respectively). Individuals are considered infectious when the viral load

exceeds 105.5 cp mRNA / mL. Potential symptom onset times for each trajectory are shaded on the lower

axis. (B,C) Testing effectiveness using RT-qPCR with 2 day turnaround time (gray) or RDT with immediate

delivery of results (green) for twice weekly and weekly screening, or testing immediately upon symptom

(Sx) onset using one test.

To what can we attribute this apparent reversal in the prioritization of speed vs sensitivity, and how

might such principles generalize? First, we note that during viral proliferation, there exists a gap between

the time of first detectability via RT-qPCR and the time of first detectability via RDT. This gap represents

a potential diagnostic advantage for the RT-qPCR test, but it can be realized only if (i) a test is actually

taken during the gap, and (ii) the turnaround time for the RT-qPCR is smaller than the gap. For founder-
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strain SARS-CoV-2 in the naive host, the typical gap is just 1.4d, vs 2.8d for SARS-CoV-2 omicron variants

in experienced hosts (Fig. 2.5A). Thus, changes in viral proliferation and RDT limits of detection lead to

a longer “head start” for RT-qPCR in the era of omicron variants. Second, we note that shortening the

window of analytical detectability reduces the chance of diagnosis. For founder-strain SARS-CoV-2 in the

naive host, the typical RDT detection window lasts 6.6d, vs 2.2d for SARS-CoV-2 omicron variants in

experienced hosts. Thus, RDTs in the omicron variant era have fewer opportunities to contribute to testing

effectiveness than those in the founder strain era. We expect both the head start and detection window

intuitions to generalize, yet caution that direct estimation of TE is superior to intuition, as not all infections

contribute equally to transmission so an apparent advantage for one test over another in the average case

may disappear or reverse in the most consequential cases.
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Figure 2.6: Fixed isolation recommendations may lead to unnecessary isolation when symptomatic

testing ascertainment is high. (A) Testing effectiveness, (B) total test consumption over diagnosis and

test-to-exit (TTE) usage, and (C) average isolation duration for detected individuals are shown for a fixed

5d isolation period (dark blue) and a test-to-exit isolation program requiring one negative rapid diagnostic

test to exit isolation (light green) when 1 or 2 tests were available to diagnose (Dx), used daily beginning

one day after symptom onset for SARS-CoV-2 omicron variants in experienced hosts. (D) The distribution

of individual days spent in isolation for a test-to-exit scheme using 2 tests to diagnose, with the average

isolation time indicated by the vertical dashed line. TTE scenarios assumed individuals waited 2 days after

diagnosis before beginning exit-testing.



21

2.2.5 Estimating costs: isolation days and test consumption

Diagnosis-driven isolation provides a mitigation benefit of TE, but at the cost of testing resources

and days spent in isolation. Therefore, in addition to quantifying the benefits of TE and ascertainment, we

estimated the costs of test consumption and isolation days (Materials and Methods). When calculating these

costs, we also recognized that diagnostic tests may be used to determine when one should exit isolation, via

so-called test-to-exit (TTE) guidelines [238], potentially increasing test consumption in order to decrease

isolation days, with the additional risk of early release from isolation due to a non-analytical test failure.

Based on these modeling needs, we modified our estimates of all model outputs to incorporate TTE strategies

(see Appendix).

To explore the ways in which our model could assist in evaluating complex cost-benefit tradeoffs

across scenarios, we considered elective post-symptom testing for SARS-CoV-2 omicron variants in expe-

rienced hosts, using either one or two RDTs daily after symptom onset to attempt diagnosis. Diagnosis was

followed by either a fixed-duration isolation of 5d, the minimum time recommended by CDC at time of

writing [238], or a TTE policy of daily testing using the same RDT, beginning after a minimum of 2d spent

in isolation. In each of the 2 × 2 scenarios, we computed TE, the average number of tests consumed per

infected individual, and the average number of isolation days per diagnosed individual.

At a high level, using two tests to diagnose led to substantially higher TE than using just one

(Fig. 2.6A), mirrored by an increase in per-infection testing cost from 1 to 1.8 tests for the fixed-isolation

scenario, and from 1.4 to 2.4 for the TTE scenario (Fig. 2.6B). Average isolation days per diagnosis were

identically 5d for the two-fixed isolation scenarios by definition, and reduced to 3.2-3.3d for TTE (Fig. 2.6C).

Thus, as intended, TTE programs decreased average isolation days without a large impact on TE, driven by

the fact that the most common outcome of TTE was release after just 48-72h, while nevertheless maintaining

long isolations for those remaining detectable for longer periods (Fig. 2.6D).
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2.3 Discussion

This chapter quantifies the impact of testing as a non-pharmaceutical intervention by defining testing

effectiveness (TE) as the expected reduction in the risk of transmission for a particular testing behavior,

test, and infecting pathogen. While TE varies considerably across the scenarios we explored, three general

principles emerge. First, no single elective testing strategy provides superior control across respiratory

viruses, due to important differences in their dynamics within host. This highlights the importance of models

linking within-host kinetics to between-host transmission when establishing testing guidelines, and the risks

of blanket recommendations for respiratory virus transmission control. Second, elective post-symptom or

post-exposure testing can have a substantial impact on transmission, but timing is important and depends

on the pathogen, test, and available supply. While greater availability of tests leads to strictly larger TE, in

supply-limited scenarios, a strategic delay may lead to greater TE by diagnosing more infections, even if

they are not detected as early. Last, by modeling tests and testing through different parameters, our analyses

show the importance of key behaviors, including compliance, post-diagnosis isolation, and the manner in

which to test. These present opportunities to markedly increase the mitigation impact of testing through not

only test technology and availability, but through usage guidance and policy as well, based on quantitative

guidance from the model.

By exploring TE under various testing scenarios for three common respiratory viruses, this chapter

demonstrated that an effective strategy for one pathogen may be ineffective for another, and vice versa.

This is driven by the complex tradeoffs between a test’s timing, probability of diagnosis, and number of

potentially avoided future transmissions should the test come back positive. Intuitively, early testing leads to

fewer diagnoses with higher impact per diagnosis, while delayed testing leads to more diagnoses but lower

impact per diagnosis. Mathematical models integrating over these contingent factors, stochasticity, and

heterogeneity between individual infections, are critical to putting this intuition on a quantitative foundation.

Exemplifying this value, our analysis showed that the use of rapid diagnostic tests upon symptom

onset may be an effective strategy for transmission control of RSV and influenza A, but strategic delays in



23

testing may provide higher effectiveness when test availability is limited for SARS-CoV-2. Our analysis also

showed that testing with a slower but more sensitive RT-qPCR exhibited a higher TE than otherwise identical

rapid antigen testing for SARS-CoV-2 omicron variants in experienced hosts (but not founder SARS-CoV-

2 strains in naive hosts), updating a previously published finding that emphasized turnaround time over

sensitivity for founder-strain SARS-CoV-2 [136]. Importantly, this analysis focused only on TE under an

assumption of identical participation and compliance. However, self-administered rapid diagnostics may

have greater availability, lower cost, and higher tolerability than RT-qPCR tests, factors which may lead to

differences in participation and compliance which in turn could be incorporated into updated TE estimates.

These examples show how TE and its modeling framework may empower researchers or public health

strategists to prospectively evaluate diverse testing strategies and behaviors.

The model introduced in this chapter was necessary because empirical evaluation of the impact

of a testing program or behavior is difficult, with compelling analyses nevertheless lacking formal con-

trols [186,200] or requiring enormous scale [155]. In contrast with various methods to empirically estimate

vaccine effectiveness V E, we know of no direct identification strategies for testing effectiveness (or similar

quantities) in real-world settings. Complicating matters, our calculations suggest that any effective testing

program will also shorten the generation interval and increase ascertainment, two quantities that impact the

data and models underyling common estimators of the reproductive number R [246]. This suggests that an

R-based empirical TE estimator would present challenges. Methodological development in this direction

would be valuable.

Our modeling provides four potentially useful outputs beyond TE. First, we have attempted to quan-

tify the twin costs of test consumption and isolation days, enabling the Pareto frontier between cost and

benefit to be explored under a variety of assumptions. When weighted by dollar costs, these estimates

may be useful for individuals and policymakers alike. Second, our calculations estimate ascertainment,

which may be useful for surveillance and situational awareness. Third, the distribution of tDx − TAT, the

post-exposure time at which the diagnosing test was taken, could be a valuable inclusion in “nowcasting”

models, while the implied distribution of pathogen loads in diagnosing samples may be useful in estimating
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population-scale epidemiologic dynamics [93]. Finally, in smaller populations, actual testing effectiveness

may differ from TE estimates due to finite size effects, variation which could be estimated from sets of

Monte Carlo approximations, enabling the incorporation of uncertainty into testing strategy evaluation.

Our work is subject to a number of important limitations associated with the structure of our model.

First, we assumed that symptoms may trigger testing, but do not trigger isolation in and of themselves.

Relaxation of this assumption would require empirical estimates of self-isolation behavior or simply the ad-

ditional assumption that a proportion of individuals isolate at symptom onset without testing [136]. Second,

we modeled participation/refusal, compliance, and isolation behaviors as statistically independent between

individuals, but health-related behaviors are known to be clustered [104, 126, 147], a type of heterogeneity

not included in our TE calculations. In principle, estimates of TE for a set of behaviorally homogeneous

groups could be computed and integrated into appropriately structured transmission models [27]. Finally,

our model includes no treatment of specificity, an important factor for certain classes of diagnostic tests.

The inclusion of imperfect specificity in our model would not affect TE estimates, but could substantially

affect cost estimates, particularly if a low positive predictive value led to markedly more isolation days. For

such scenarios, our model could be easily extended to include a second confirmatory test to derive a new

distribution for tDx.

Our work is also subject to limitations associated with parameterization. For instance, we relied on

estimates of pathogen load dynamics and symptom onset time, including variation thereof across a popula-

tion. These are relatively well characterized for variants of SARS-CoV-2 in moderate to large population

cohorts [116, 117, 121, 124, 208], but are sparse for RSV [210, 213] and influenza A [34, 108, 220] where

they come typically from small numbers of healthy volunteers in human challenge studies and are typically

presented through population means and confidence intervals, which, at best, indirectly inform between-host

variation [257]. Even weakly characterized distributions are effectively unknown for many other pathogens,

particularly prior to symptom onset. Joint estimates of viral kinetics and symptom prevalence and timing for

many communicable diseases would be powerful for our modeling, and useful in many other applications as

well, including studies of the value of early diagnosis as a path to timely treatment [158, 258]. Another im-
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portant limitation is the assumption that infectiousness can be parameterized as a function of the logarithm

of viral load. While viral load and infectiousness are empirically linked in some studies [21,113,116], their

precise relationship is more complicated. For instance, studies of SARS-COV-2 have shown fewer plaque-

forming units per copy of viral RNA during an infection’s clearance phase than during its proliferation

phase [86].

Finally, as with any public health intervention, there are important ethical considerations related to

this work. This chapter focused on using resources (tests and isolation days) to provide a benefit (decreased

transmission), yet not all individuals, communities, or settings may be equally well positioned to afford tests

or isolation time. Similarly, our modeling focuses on population-scale transmission, but ignores heterogene-

ity in vulnerability among those to whom a disease may be transmitted. Finally, stigma around infection

status could lead to low participation, particularly if that otherwise private status will be disclosed [132].

Application of this work should consider affordability, incentives, vulnerability, and privacy in local con-

texts.

2.4 Materials and Methods

2.4.1 Mathematical Model for Testing

We introduce testing effectiveness TE as the proportion by which a testing program decreases the risk

of transmission, given infection, for an infectious disease [Eq. (2.1)] and define a mathematical model to

prospectively estimate it. This model combines known or assumed properties of (i) a particular diagnostic

test, (ii) a strategy for its administration, (iii) behavior/isolation after diagnosis, and (iv) the time-varying

profiles of infectiousness and detectability over the course of an infection. Due to its integration of these ele-

ments, the model can also estimate a testing program’s ascertainment (the proportion of infections detected),

the impact of testing on the generation interval and selection coefficients, the distribution of diagnosis times,

and the expected number of tests and isolation days required per diagnosis.
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2.4.1.1 Infectiousness

In the absence of testing, the individual reproductive number ν0 quantifies the expected number of

secondary infections from that person [149], under typical behavior. It is given by the area under that

individual’s infectiousness curve β(t) over time,

ν0 =

∫ ∞

0
β(t) dt . (2.2)

The mean across all individual reproductive numbers is R by definition, and therefore

Rno testing = E [ν0] =

∫ ∞

0
E [β(t)] dt . (2.3)

By prompting a post-diagnosis behavior change, participation in testing may isolate or attenuate part

of that individual’s infectiousness, decreasing its total from ν0 to ν̄testing. Provided that one’s ν0 and one’s

testing behaviors are statistically independent, then the mean across all individuals’ ν̄testing is related to the

effective reproductive number as

Rtesting = pE
[
ν̄testing

]
+ (1− p)E [ν0] , (2.4)

where p represents the proportion of the population participating in testing. The participation rate incorpo-

rates both the proportion of the population that “opts in” to testing, as well as the fact that even among those

opting in, not all will experience symptoms (for elective post-symptom testing) or be alerted to their having

been exposed (for elective post-exposure testing). Our focus in the derivation that follows is to estimate

ν̄testing for each person, after which we may average to get Rtesting and thus TE.

2.4.1.2 Isolation after diagnosis

Suppose that at time tDx, an individual receives a diagnosis that causes them to attenuate their infec-

tiousness via a change in behavior, such as isolation, masking, or increased ventilation. Here, we develop

the mathematics corresponding to perfect isolation post-diagnosis, but provide equations for partial and/or

time-varying impacts of behavior on transmission in Appendix. Post-diagnosis isolation leads to

νtesting(tDx, texit) =

∫ tDx

0
β(t) dt +

∫ ∞

texit

β(t) dt , (2.5)
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which has the simple interpretation that one’s infectiousness is simply that which occurred prior to diagnosis

at tDx and that which occurred after exiting isolation at texit. While more complicated test-to-exit equations

are developed in the Appendix, here we consider only fixed isolation periods of duration ℓ, such that texit =

tDx + ℓ.

2.4.1.3 Time of diagnosis as a random variable.

In practice, the time of diagnosis tDx depends on numerous factors including test availability or sched-

ule or the timing of symptoms. We model tDx as a random variable with probability density function f(tDx).

This leads to an effective infectiousness, calculated in expectation over the probable times of diagnosis, of

ν̄testing =

∫ ∞

0
νtesting(tDx) f(tDx) dtDx . (2.6)

Substituting in the definition of νtesting(tDx) from Eq. (S1), rearranging, and making use of the cumulative

probability of a diagnosis F (t),

ν̄testing = ν0 −
∫ ∞

0
β(t) [F (t)− F (t− ℓ)] dt . (2.7)

We note that if one reinterprets F (t) as the cumulative probability of symptom onset (as if symptoms were

the diagnostic test itself), with an exhaustive isolation thereafter (large ℓ), then Eq. (2.7) recovers the core

notion of symptom-based controllability of Fraser et al. [69]. However, unlike symptom onset, the time of

diagnosis via testing tDx depends on within-host kinetics, test administration, and of course the test itself, as

we calculate next.

2.4.1.4 Calculating tDx: testing, compliance, failure rates, detectability, and turnaround time

To calculate the distribution of diagnosis times f(tDx), we combine test administration—the proba-

bility that a test is administered at a particular time—and detection—the conditional probability that said

test would return a positive diagnosis. This approach naturally separates a test administration strategy from

the properties and performance of the particular diagnostic to be modeled.

Let A(t) be the prescribed rate of test administration in tests per day, such that for sufficiently small
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δ,

Pr(test administered between t and t+ δ) =

∫ t+δ

t
A(t′) dt′ . (2.8)

For instance, setting A(t) = 1
7 would model a weekly screening regimen, while A(t) = 2 for 4 ≤ t ≤ 6

would represent twice-daily testing starting 4 days post-exposure and ending on day 6.

Let D(t) be an indicator function representing the analytical detectability of the infection at time t

for a given diagnostic, such that D(t) = 1 when an infection is, in principle, detectable by that diagnostic,

and D(t) = 0 otherwise. For example, to model qPCR, D(t) = 1 when concentrations of RNA or DNA

from a biospecimen exceed the assay’s limit of detection; below the limit of detection, D(t) = 0.

Combining administration with detectability, the cumulative number of scheduled tests with the po-

tential to return a positive result by time t is

m(t) =

∫ t−TAT

0
A(t′)D(t′) dt′ . (2.9)

Note that the integral’s upper limit is shifted by TAT, the test turnaround time, i.e., the amount of time

between a test’s administration and the return of actionable results. Although any particular person may have

taken only an integer number of tests, m(t) computes a real-valued expectation over all testing schedules or

phases that match the specified rate A(t).

The function A(t) represents an intended test administration strategy (e.g., a policy or guideline), yet

in many circumstances, imperfect compliance may result in missed tests. To account for compliance, we let

c be the independent Bernoulli probability that each test is actually taken as intended.

Similarly, a test may fail for reasons unrelated to the analytical limit of detection or presence of a

symptom. For example, poor biospecimen collection technique (e.g. poor nasal swab technique) could

result in test failure irrespective of an assay’s limit of detection [14]. To account for test failure of this type,

we let ϕ be the independent Bernoulli probability that a test fails for non-analytical reasons.

Combining the number of possible positive tests taken m(t) with compliance c and test failure ϕ,
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allows us to compute the cumulative probability that one has received a positive test by time t,

F (t) = 1− (1− m̄(t))[1− c(1− ϕ)]m(t)−m̄(t) − m̄(t)[1− c(1− ϕ)]m(t)−m̄(t)+1 (2.10)

where m̄(t) = m(t) mod 1. This function reflects the cumulative probability that for a monotonically

increasing number of possible positive tests m(t), there are two possibilities: one may have taken either

m(t) − m̄(t) tests with probability (1 − m̄(t)), or m(t) − m̄(t) + 1 tests with probability m̄(t). In turn,

each of these integer number possible positive tests tests may fail (with probability ϕ) or be missed due to

non-compliance (with probability 1 − c). We note that this is an improper CDF which need not reach 1 in

the limit of large t, as not all individuals will necessarily receive a diagnosis.

In the case where the product A(t)D(t) is a constant Ā between t1 and t2, and 0 otherwise, the

associated improper PDF is

f(t) = Āc(1− ϕ) (1− c(1− ϕ))m(t)−m̄(t) (2.11)

for t1 + TAT ≤ t ≤ t2 + TAT and 0 otherwise.

In the specific case of elective testing at symptom onset, the functions above require slight modifi-

cation to include the symptom onset time tSx. We modeled tSx as a random offset from the time of peak

viral load, drawn from a specified uniform distribution (see Supplementary Table ??), a choice that reflects

the way symptom onset is typically reported in the literature. For the cases considered in this chapter, in-

dividuals wait x days after symptoms and test for y days at rate Ā per day, leading to a test administration

function,

A(t, tSx) = Ā [u(t− tSx − x)− u(t− tSx − x− y)] , (2.12)

where u(t) is the unit step function defined as 0 prior to t and 1 thereafter. This equation means that Eq. (2.9)

depends on tSx, and thus so does the cumulative probability of detection,

F (t, tSx) = 1− (1− m̄(t, tSx))[1− c(1− ϕ)]m(t,tSx)−m̄(t,tSx) − m̄(t, tSx)[1− c(1− ϕ)]m(t,tSx)−m̄(t,tSx)+1 .

(2.13)
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The cumulative probability of detection can then be computed by integrating Eq. (2.13) against the tSx

distribution.

2.4.2 Model Estimates

2.4.2.1 Testing effectiveness

Testing effectiveness TE can now be computed by substituting Eq. (2.7) (ν̄testing) into Eq. (2.4)

(Rtesting) into Eq. (2.1), to get

TE = p

∫ ∞

0
E [β(t) [F (t)− F (t− ℓ)]] dt

/ ∫ ∞

0
E [β(t)] dt , (2.14)

where Eq. (2.10) can be used to compute the CDF F (t) of diagnosis times tDx. If isolation is of sufficient

duration to prevent all post-diagnosis transmission, TE simplifies to

TE = p

∫ ∞

0
E [β(t)F (t)] dt

/ ∫ ∞

0
E [β(t)] dt . (2.15)

Note also that the integrands enclosed in expectations above have useful interpretations: they represent the

expected infectiousness trajectories with (numerator) and without (denominator) participation in testing.

2.4.2.2 Ascertainment, and diagnosis and swab time distributions

For a single individual, the distribution of diagnosis times is given by its improper f(tDx) or CDF

F (t). The related improper distribution of “diagnosing swab” times is given by shifting the CDF by the

turnaround time TAT.

The long-time limit of F (t) is the probability that that individual will be diagnosed at all. Ascertain-

ment, the proportion of infections diagnosed by a particular strategy at the population scale, can therefore be

estimated by taking the expectation of the long-time limits over individuals, and scaling by the participation

rate,

α = p lim
t→∞

E [F (t)] . (2.16)

Here, the expectation is taken over individual heterogeneity in within-host dynamics across the population

(just as in Eqs. (2.3) and (2.4)).
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2.4.2.3 Mean generation interval and selection coefficient

The mean generation interval, defined as the typical time between infection and subsequent trans-

mission, can be computed from the centers of mass of the expected infectiousness curves that appear in the

numerator and denominator of Eq. (2.14). Such estimates may be important for post-hoc estimation of TE

from empirical data, given that methods of estimating Rt from empirical case counts often rely on the mean

generation interval.

If a single test is capable of diagnosing two strains of the same pathogen, then there is the potential

for testing to alter the selection coefficient. Here, TE calculations can estimate this impact, such that the

selection coefficient is predicted to shift from s = RA
RB

to stesting = s (1−TEA)
(1−TEB) .

2.4.2.4 Test Consumption

How many tests are consumed during the course of a testing regimen? We break this calculation into

two cases, depending on whether the individual receives a diagnosis or not.

First, suppose an individual never tests positive. This implies that any tests that were meant to be

taken when the infection was detectable, i.e. when D(t) = 1, were either (i) not taken, due to a failure of

compliance (probability 1− c), or (ii) taken yet failed to provide the correct positive diagnosis (probability

cϕ). Because only the latter case consumes a test, this means that a key quantity is cϕ/(1 − c + cϕ), the

relative probability that a planned test consumed a test, given the absence of diagnosis. On the other hand,

any tests meant to be taken when the infection was undetectable, i.e. when D(t) = 0, were taken with

probability c. Summing these two provides an estimate of average test consumption for those who are not

diagnosed.

q̄no-Dx =
cϕ

1− c+ cϕ

∫ ∞

0
A(t)D(t) dt+ c

∫ ∞

0
A(t) [1−D(t)] dt . (2.17)

The reason that we call this an estimate and not an exact calculation is that testing and diagnosis are causally

linked, and therefore conditioning on a no-diagnosis outcome means that the prescribed test administration

may no longer be A(t) exactly.
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In contrast, if an individual receives a diagnosis at tDx, we assume that no additional tests were con-

sumed thereafter, and that at least one test was consumed—if not, no diagnosis could have been produced.

For a fixed time of diagnosis,

qDx(tDx) = 1 + c

[ ⌊∫ tDx−TAT

0
A(t) dt

⌋
+

⌊∫ tDx

tDx−TAT
A(t) dt

⌋ ]
. (2.18)

Above, the first integral accounts for non-diagnostic test consumption up until the diagnosing test, while the

second integral accounts for additional tests consumed while waiting for the diagnosing test. The separate

floor functions are a necessary consequence of conditioning on the separate counting of the diagnosing test.

Taking an expectation over tDx yields

q̄Dx = 1 +
pc

α

[ ∫ ∞

0

⌊∫ tDx−TAT

0
A(t) dt

⌋
f(tDx) dtDx +

∫ ∞

0

⌊∫ tDx

tDx−TAT
A(t) dt

⌋
f(tDx) dtDx

]
. (2.19)

Combining our calculations for q̄no-Dx and q̄Dx, weighting the latter by ascertainment and the former

by its complement, we get a general expression for the expected test consumption among infected individu-

als,

q̄infected = (1− α) q̄no-Dx + α q̄Dx . (2.20)

Of course, the whole point of testing is that one does not know a priori who is infected and who is

not. Consequently, we can estimate consumption by those who are not infected as

q̄not infected = c

∫ ∞

0
A(t)dt . (2.21)

Finally, combining Eqs. (2.20) and (2.21), we get

Q = p
[
(θ seref.) q̄infected + (1− θ)(1− spref.) q̄not infected

]
, (2.22)

where p is the population participation rate, θ is the prevalence of the pathogen, and seref. and spref. are

the sensitivity and specificity of the scheme used to refer people to testing, respectively. Such referral

schemes include contact tracing, the appearance of symptoms, membership in a group with known high risk

of infection, or even universal testing (in which case the referral “program” would have se = 1 and sp = 0).
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2.4.2.5 Days spent in isolation

For fixed-duration perfect isolation of length ℓ, the average number of isolation days per infected

person is given by the product of ℓ and ascertainment d = ℓ α. A similar calculation for test-to-exit policies

is found in Supplementary Equation S10.

2.4.3 Parameterization of the Model

2.4.3.1 Viral kinetics, symptoms onset, and infectiousness

We parameterized the time-varying profiles of viral load and infectiousness using a simplified model

which captures four features common to RSV [213], influenza A [34], and multiple variants of SARS-CoV-

2 [124]: (i) a post-exposure period where virus is undetectable by any known test, (ii) a proliferation period

of exponential growth, (iii) a peak viral load (VL), followed by (iv) a clearance period of exponential decline.

We capture these features using a piecewise linear function describing the logarithm of viral load, specified

by three points: (t0,LLOQ), the first time at which VL exceeds the lower limit of quantification (LLOQ);

(tpeak,Vpeak), peak VL timing and concentration; and (tf ,LLOQ), the last detectable time [124,136], where t

represents the time since exposure in days (Fig. S8). For the pathogens considered here, the LLOQ is equal

to the RT-qPCR LOD. Because within-host kinetics vary from one infection to another, each trajectory is

parameterized using independent draws from random variables for each control point.

While summarized in Table S1, we briefly review the studies and sources of evidence used to pa-

rameterize our simple viral load models. Influenza A latent period parameters were drawn from a review

of challenge studies by Carrat et al. supporting a 0.5–2d delay between inoculation and first detectable in-

stance using a gold standard test [34], noting that this range is slightly wider than in other studies [220].

Data from a household study from Ip et al. characterized peak VL between 1–3d after symptom onset, and

noted that symptom onset and first detectability were indistinguishable. Their data also showed peak VL

between 6–8.5 log10 cp RNA/mL, followed by 2–3d clearance times [108]. We note that these clearance

times were shorter than those observed in challenge studies [34,220]. Symptom onset time was specified as

taking place between 2d and 0d prior to peak VL from observations of naturally acquired infection [138].
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RSV viral kinetics were characterized using vaccine efficacy challenge studies, which reported only

geometric means of viral load, measured in days since challenge inoculation [210, 213]. Placebo group

data from both studies support a 2–4d latent period and 3-6d between peak VL and clearance [210, 213].

Schmoele-Thoma et al. present individual data points for longitudinal sampling of infected participants

supporting a proliferation phase of 2–4d and peak VL between 4.5–8 log10 cp RNA/mL [213]. Sadoff et al.

indicate slightly later and lower peaks, but we weight these less heavily in model parameterization because

only mean and confidence intervals are presented, but not individual data points [210]. Symptom onset time

was specified as taking place between 1d prior to and 1d after peak VL from an additional human challenge

study [141].

We briefly note that our characterization of influenza A and RSV viral kinetics relies primarily on

studies meant to capture vaccine [210, 213] and drug [220] efficacy, or to report symptom dynamics [108].

In all four studies, viral kinetics data are reported as a secondary finding, and typically as a geometric mean

since time of onset—including, in two instances, all the individuals for whom inoculation failed [210, 213].

Due to the lack of viral load data linked at the level of individuals to inform distributional choices of kinetics

parameters across a population, we assumed uniform distributions over supported parameter ranges for both

viruses.

In contrast, our estimates of SARS-CoV-2 viral kinetics parameters were drawn from studies per-

formed specifically to characterize within-host viral dynamics. Kissler et al. and Hay et al. provide mean

and 95% credible interval estimates for peak VL and the durations of the proliferation and clearance phases

for founder-strain/naive and omicron-strain/experienced SARS-CoV-2, respectively [94, 124]. Parameter

distributions were assumed to be Lognormal with parameters µ and σ, whose values were adapted from

published means, 95% credible intervals, and sample sizes. Specifically, we selected values such that an

equal number of draws from Lognormal(µ, σ) would lead to a frequentist confidence interval matching the

published mean and credible interval to the closest approximation. See Table S1 for these parameter values.

Given the possibility of the occasional non-biologically large draw from the Lognormal distributions, we

rejected proliferation phases shorter than 0.5d and longer than 10d, and rejected clearance phases shorter
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than 0.5d and longer than 25d for both SARS-CoV-2 models. A challenge study provides support for a

2.5-3.5d latent period after inoculation [121]. Symptom onset time was specified as taking place between

0-3d after peak VL for founder-strain/naive infections [86, 94, 232], and between 1-5d before peak VL for

omicron-variant/experienced infections [121, 130, 181].

Given a stochastic realization of viral kinetics from the model above, we calculated infectiousness

β(t) as proportional to the logarithm of viral load in excess of some minimum threshold, specified by

the typical viral load (concentration of RNA cpRNA/ml) at which plaque forming units are consistently

found (> 1 PFU/ml). While this type of log-viral-load infectiousness assumption is common for studies of

influenza A [34, 55], SARS-CoV-2 [133], and RSV [247], alternative relationships between viral load (or

other quantities) and infectiousness are possible [115, 136].

2.4.3.2 Analytical sensitivity and failure rate of diagnostic tests

Analytical sensitivities (limits of detection; LODs) were drawn from the literature for RT-qPCR and

RDT tests for influenza A, RSV, founder-strain SARS-CoV-2, and SARS-CoV-2 omicron variants. Due to

the variability in LODs between assays of the same type for the same pathogen, we chose a single value

(Table ?? to represent each pathogen and test type. Above a test’s estimated LOD, false negative rates ϕ

were available only for SARS-CoV-2 [14] at approximately 5%, a rate we assumed for RSV and influenza A,

collectively modeling factors such as sample contamination, poor biospecimen collection, or manufacturing

error. In general, parameters were more widely available and better characterized for SARS-CoV-2 tests

than for RSV or influenza A. See Table S1 for LODs, failure rates, and relevant sources.
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3.1 Introduction

SARS-CoV-2 created a pandemic in which morbidity and mortality were partially mitigated in many

areas by widespread vaccination. COVID-19 vaccines are extremely effective at preventing severe disease

(vaccine efficacy, VE>90%, [62]), while also reducing susceptibility to infection (VES) and risk of onward

transmission (VEI ). In spite of these reductions, so-called vaccine breakthrough infections and subsequent

transmission have been widely documented [214], and increased dramatically with the emergence of the

omicron variant in late 2021 [10, 57]. These developments raise the question of how to best mitigate trans-

mission in partially vaccinated populations.

Prior to the approval of COVID-19 vaccines, transmission mitigation via regular and repeated screen-

ing was shown to be an effective approach to break chains of transmission and decrease the burden of

COVID-19 using both RT-PCR [21, 136, 199] and rapid antigen testing [136, 186]. Specifically, screening

via testing, which we hereafter refer to simply as screening in most cases, is effective at the community

https://doi.org/10.1038/s41467-022-30144-7
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level because it decreases transmission from individuals who are already infected [136,156]. However, pol-

icy proposals in 2021 and early 2022 shifted to focus routine testing requirements on only the unvaccinated

population, including an requirement announced by the Italian government in October, 2021 [105] and a

U.S. requirement for healthcare workers beginning February, 2022 [204]. By reducing rates of transmission

from only the unvaccinated population, such policies may be limited by the extent to which transmission is,

in fact, driven by the unvaccinated. This raises critical questions about projected policy impacts relative to

other non-pharmaceutical interventions [91, 215]—particularly in areas where the unvaccinated population

is small.

The role of vaccines in reducing transmission is complex and changing. First, VES and VEI vary

depending on which vaccine was administered [25]. Second, both VES and VEI wane with time since

vaccination [11, 40, 80], but can be boosted to higher levels for those receiving an additional dose [74].

Third, those who have experienced a SARS-CoV-2 infection also show decreased risks of reinfection and

subsequent transmission [25], providing partial protection to those who are previously infected and remain

unvaccinated, but also augmenting protection for those who are both vaccinated and previously infected [74,

163]. Finally, preliminary estimates of VES and VEI , and their prior-infection equivalents, are markedly

lower for the omicron variant [10, 89]. Thus, the relative estimates of risk reductions due to vaccination,

prior infection, or both, as well as the sizes of the populations falling into each category of immunity, will

affect transmission dynamics—with or without testing.

In this chapter, we model the spread of SARS-CoV-2 in populations of mixed vaccination status,

focusing on three critical questions. First, how do vaccinated and unvaccinated populations each contribute

to community spread and hospitalizations, and how do those contributions vary with rates of vaccination

and prior infection? Second, how do testing-based screening programs focused on unvaccinated individuals

alone affect community spread and hospitalizations? Third, how effective are delta-era screening strategies

likely to be against variants with higher breakthrough and reinfection rates? This chapter’s goals are not to

make perfectly calibrated predictions but instead to elucidate more general principles of transmission and

unvaccinated-only testing in partially vaccinated populations. As such, our analyses consider a wide range
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of parameters and scenarios.

3.2 Results

Unvaccinated-only testing-based screening programs have been discussed and implemented during

transmission of both the delta and omicron variants, yet these variants differ in their transmission and dis-

ease parameters, particularly among vaccinated or previously infected individuals—the focus of the present

chapter. As such, the analyses that follow incorporate a range of empirically estimated parameters for the

delta variant and plausible parameters associated with the omicron variant.

3.2.1 High vaccination rates drive total infections and hospitalizations down, increase the propor-

tions of vaccine breakthroughs, and shift the drivers of transmission

To examine the dynamics of transmission in a population with mixed vaccination status, we first mod-

eled transmission within and between communities of vaccinated (V ) and unvaccinated (U ) individuals in

the absence of a screening program. Based on a standard Susceptible Exposed Infected Recovered (SEIR)

model, we tracked the four transmission modes by which an infection might spread: U → U , U → V ,

V → U , and V → V (Fig. 3.1a). A constant and equivalent fraction of both populations was assumed to

have experienced prior SARS-CoV-2 infection, resulting in four categories of imperfect immunity: unpro-

tected (unvaccinated with no prior infection), infection-acquired, vaccine-acquired, and both vaccine- and

infection-acquired (so-called “hybrid” immunity). To account for introductions of infection from outside

the population, all susceptible individuals were subject to a small, constant rate of exposure, with infection-

acquired and vaccine-acquired immunity providing partial protection against subsequent infection.

Traditionally, the basic reproductive number R0 is defined as the number of secondary infections

generated by a typical infector in an entirely susceptible population, i.e., a population without any non-

pharmaceutical interventions (NPIs). At the time of writing, NPIs such as masking, ventilation and physical

distancing are commonplace in many areas, so we hereafter define RNPI
0 to be the expected number of

secondary infections generated by a typical infector in a population with possible NPIs, but prior to any
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impacts of population immunity. Furthermore, because precise estimates of RNPI
0 vary by context, variant,

and over time, we consider a range of RNPI
0 values from 4 to 6. In our baseline modeling scenario, vaccines

were assumed to reduce susceptibility to infection by VES = 65%, the likelihood of transmission to others

by VEI = 35%, and the likelihood of disease progression to hospitalization conditioned on infection by

VEP = 86%, values which land within plausible literature estimates for the effectiveness of two doses of

mRNA vaccine against the delta variant in the absence of dramatic waning and without boosting [25,64,73,

74]. Though less often studied in the literature, we assumed that prior SARS-CoV-2 infection would lead to

63% and 13% decreases in risk of infection and transmission based on a statistical model relating immunity

to neutralization [74], and that hybrid immunity would be superior to either vaccination or prior SARS-CoV-

2 infection alone. We further assumed an additional 54% decrease in risk of hospitalization conditioned on

infection for individuals with prior SARS-CoV-2 infection [8], and that individuals with hybrid immunity

receive the greater of vaccinated or prior immunity’s protection against hospitalization. See Materials and

Methods and Supplementary Tables S2 and S3 for a complete description of the model and parameters.
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Figure 3.1: Vaccination affects which population drives transmission and dominates infections and

hospitalizations. (a) Diagram of four transmission modes within and between vaccinated and unvaccinated

communities, where vaccines and prior infection decrease risks of infection, transmission, and hospitaliza-

tion. (b) Number of infected individuals and (c) new daily hospitalizations over time (solid black), stratified

by unvaccinated (dashed gray) and vaccinated (solid gray) populations. (d) Daily transmission events sep-

arated and colored by transmission mode (see legend). (e) Cumulative infections and (f) hospitalizations

as a percentage of total infections/hospitalizations without vaccination (black), and the percent of each ac-

counted for by vaccine breakthroughs (gray) for varying vaccination rates. (g) Transmission mode (see

legend) as a percentage of cumulative infections for varying vaccination rates. Black arrows in panels e, f,

and g indicate vaccination rate at which Reff = 1; vertical dashed lines indicate the lowest vaccination rates

for which vaccinated individuals account for the majority of infections, hospitalizations, and transmission as

annotated. RNPI
0 = 4 for all plots, with baseline VE and immunity parameters vs the delta variant (Materials

and Methods, Supplementary Tables S2 and S3); no screening. Panels b, c, and d: 58% vaccination rate and

35% rate of prior infection.

In a modeled population of N = 20, 000 with 58% vaccination rate (corresponding to U.S. estimates
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as of Nov. 4, 2021 [236]) and 35% past infection rate, outbreaks still occurred, despite assuming a partially

mitigated delta variant (RNPI
0 = 4). During the ensuing outbreak, 59% of total infections and 89% of hospi-

talizations occurred in unvaccinated individuals (Fig. 3.1b,c), despite making up only 42% of the population.

Furthermore, the peak burden of disease occurred first in the unvaccinated community and then one week

later in the vaccinated community (Fig. 3.1b), a known consequence of disease dynamics in populations

with heterogeneous susceptibility and transmissibility [205, 251]. By categorizing transmission events into

four distinct modes (Fig. 3.1a), we observe that infections during a delta outbreak in both communities were

driven predominantly and consistently by the unvaccinated community (U → U , U → V ; Fig. 3.1d), but

that there was nevertheless some transmission from the vaccinated community (breakthrough transmission).

These differences occurred despite a “well mixed” modeling assumption—namely, that an individual with a

given vaccination status is no more or less likely to associate with a member of their own group vs the other

group.

Vaccination and past infection rates vary widely across the U.S. [236] and the world [202] due to

impacts of both vaccine availability [202] and refusal [56], as well as the success or failure of transmission

mitigation policies. We therefore asked how a population’s vaccination and past infection rates would affect

our observations about infections, hospitalizations, and the relative impacts of the four modes of transmis-

sion. This analysis revealed three important points.
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Figure 3.2: Vaccination and prior infection rates affect epidemic potential, vaccine breakthroughs, and

drivers of transmission. Heatmaps show (a) the total number of infections, (b) the total number of hospi-

talizations, (c) the percentage of total infections occurring in the unvaccinated population (d) the percentage

of total infections caused by the unvaccinated population, and (e) the percentage of total hospitalizations

occurring in the unvaccinated population for simulated epidemics (see text). White annotation curves show

(a, b) isoclines of the effective reproductive number Reff calculated at t = 0, and the line of parameters

along which (c) 50% of infections were breakthroughs, (d) 50% of transmission was due to breakthrough

infections, and (e) 50% of hospitalizations were breakthroughs. N = 20, 000 and RNPI
0 = 4 for all plots,

with baseline VE and immunity parameters vs the delta variant (Materials and Methods, Supplementary

Tables S2 and S3; no testing. See Fig. S10 for RNPI
0 = 6.

First, our results reinforce the fact that increased vaccination rates lead to decreased total infections

and hospitalizations, both before and after the herd immunity threshold at Reff = 1 (Fig. 3.1e,f). Moreover,

when large proportions of the population are also partially protected by immunity from prior infection,
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the vaccination levels required to reach Reff = 1 decrease considerably (Fig. 3.2a). For instance, increasing

prior infection rates from 35% to 50% decreases the required vaccination rate forReff = 1 from 87% to 80%

under baseline modeling parameters. Combinations of immunity from past infection and vaccination thus

have the potential to create a herd immunity frontier, beyond which transmission is no longer self-sustaining

even in the absence of screening. We caution that although total infections and hospitalizations may appear

equal along lines of constant Reff (Fig. 3.2a,b), both actually decrease as vaccination rates increase, due to

vaccines’ superior protection, relative to prior infection, against infection and hospitalization.

Second, as vaccination rates increased, the fraction of infections classified as vaccine breakthroughs

increased (Fig. 3.1e), creating a transition point such that when 68% of the population was vaccinated, 50%

of all infections were breakthrough infections under our baseline modeling conditions for the delta variant.

To determine whether this transition point of 68% was sensitive to the precise fraction of the population

with immunity from past infection (35%, Fig. 3.1), we varied the fraction with infection-acquired immunity

between 0% and 100%, finding that the 50/50 breakthrough infection transition occurred between 63%

and 75% vaccine coverage (Fig. 3.2c). Because vaccines provide an additional level of protection against

hospitalization VEP , the 50/50 breakthrough hospitalization transition occurs at rates of vaccination of 90-

96% (Figs. 3.1f and 3.2e). Thus, our results set the expectation that increasing vaccination rates will decrease

total infections and hospitalizations, yet a higher proportion of both will be breakthroughs, irrespective of

levels of immunity due to prior infection.

Third, as vaccination rates increased, the unvaccinated community ceased to be the primary driver of

transmission. Under our baseline modeling conditions (RNPI
0 = 4, 35% with infection-acquired immunity),

this transition occurred when 80% or more of the population was vaccinated (Fig. 3.1g). When we varied

the fraction of the population with infection-acquired immunity between 0% and 100%, this transition point

varied from 76% to 82% (Fig. 3.2d). Thus, while COVID-19 hospitalizations remain concentrated primarily

in unvaccinated populations, only a minority of infections will occur in, and be driven by, the unvaccinated

community when vaccine coverage is sufficiently high. Note that this implies that unvaccinated individuals

living in highly vaccinated communities will still be exposed to SARS-CoV-2 and thus remain at risk of
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infection and severe disease.

These findings are driven by reductions in susceptibility, disease severity, and infectiousness arising

from vaccination, prior SARS-CoV-2 infection, or both. However, quantitative estimates of those reductions

vary depending on which vaccine was administered [11], time since vaccination or SARS-CoV-2 infec-

tion [11,40,80], whether an additional “booster” dose was given [74], and the variant circulating at the time

of the study [49,175]. We therefore sought to determine how our findings might change under different sets

of assumptions about vaccine effectiveness by comparing our baseline scenario (VES =0.65, VEI =0.35,

VEP =0.86) with a waning/low immunity scenario (VES=0.5, VEI=0.1, VEP =0.80) and a boosted/high

immunity scenario (VES=0.8, VEI=0.6, VEP =0.90), as well as a scenario reflecting plausible VE values

based on early observations for the omicron variant (VES =0.35, VEI =0.05, VEP =0.77; [73, 230]). To

explore the impact of these changes in vaccine effectiveness, we simulated outbreaks for all combinations

of vaccination and infection-acquired immunity rates under the four VE scenarios. Across simulations, to-

tal infections and hospitalizations were well predicted by calculating Reff at the start of each simulation

(Eq. (3.3); Methods). In particular, outbreaks were small when vaccination or past infection rates crossed

the herd immunity threshold (Reff < 1). When Reff > 1, total infections monotonically increased as Reff

increased (Fig. S9). The herd immunity threshold was impossible to cross with vaccination alone in the

waning or omicron VE scenarios with partially mitigated transmission (RNPI
0 = 4, Fig. 3.3a,d; Fig. S9),

and in waning, baseline, and omicron VE scenarios with unmitigated transmission (RNPI
0 = 6; Fig. S10), as

evidenced by the fact that the Reff = 1 curves either fail to intersect the vaccination rate axis or appear at

all.
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Figure 3.3: Transition points for breakthrough infections, hospitalizations, and transmission. All pan-

els show curves representing the vaccination and prior infection rates infections (pink), transmission (green),

and hospitalizations (purple) are composed of equal numbers of vaccinated an unvaccinated individuals, with

majority-breakthrough regions to the right of each line as indicated, for (a) waning/low, (b) baseline, and

(c) boosted/high VE vs the delta variant, and (d) plausible VE vs the omicron variant. Black lines indicate

Reff = 1 isoclines, which do not appear in panel (d) due to Reff > 1. See Table S3 for immunity parameter

values. RNPI
0 = 4 in all panels.

Waning, boosting, or omicron-specific assumptions altered the proportions of infections and hospi-

talizations occurring in, and transmission from, the unvaccinated vs vaccinated communities. All else being

equal, waning or omicron VE led to increased fractions of breakthrough infections and hospitalizations, and

increased transmission from the vaccinated community, while boosted VE led to decreases of all three. In

turn, the population vaccination rates at which the majority of infections or hospitalizations were break-

throughs shifted down for waning or omicron VE (Fig. 3.3a,d), while the vaccination rate at which the

majority of transmission was driven by vaccinated individuals shifted up for boosted VE (Fig. 3.3c).
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Among the four transition points identified in transmission dynamics, we observe that, in each VE

scenario, Reff is driven by both vaccination and past infection rates, as evidenced by curvature in Reff = 1

isoclines (Fig. 3.3, black lines). In contrast, isoclines representing the transition points between majority-

unvaccinated vs majority-breakthrough infections (Fig. 3.3, pink lines), between majority-unvaccinated

vs majority-breakthrough hospitalizations (Fig. 3.3, purple lines), and between majority-unvaccinated vs

majority-breakthrough transmission (Fig. 3.3, green lines) are relatively insensitive to variation in rates of

infection-acquired immunity, as evidenced by vertical or near-vertical isoclines. These findings suggest that

the relative proportions of breakthrough infections, hospitalizations, and transmission are driven more by

vaccination rates and VE, but not by rates of past infection or proximity to herd immunity; indeed, after the

herd immunity threshold, all three isoclines show essentially no variation. These observations suggest that

unvaccinated-only screening programs, which decrease rates of U → U and U → V transmission, may be

highly effective only in regimes where transmission is driven by the unvaccinated (i.e. to the “left” of green

isoclines, Fig. 3.3), an intuition we now explore in detail.
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Figure 3.4: The impact of unvaccinated-only screening corresponds to three distinct parameter re-

gions. Total number of infections with no screening (black) and weekly testing with 99% compliance (pink)

are shown for (a) 25%, (b) 75%, and (c) 95% population vaccination rates. (d) Effective reproductive num-

ber over various population vaccination rates, where Reff = 1 is denoted by gray dashed line. The impacts

of screening fall into three categories (see text) depending on whether vaccination rate falls into region I, II,

or III, as annotated. RNPI
0 = 4 and 35% rate of prior infection with baseline immunity parameters (Materials

and Methods, Table S3).

3.2.2 The impacts of unvaccinated-only screening depend on population immunity, compliance,

and VE

To explore the impact of unvaccinated-only screening on population transmission, we modified our

simulations so that a positive test would result in an unvaccinated individual isolating to avoid infecting

others [135,136]. We considered test sensitivity equivalent to RT-PCR with a one-day delay between sample

collection and diagnosis under three screening paradigms: weekly testing with 50% compliance—a value

which reflects observed compliance with a weekly testing mandate in a university setting [21]—weekly

testing with 99% compliance, and, specifically for the omicron variant, twice-weekly testing with 99%

compliance.

Our analysis shows that the benefits of an unvaccinated-only screening program fall into one of three

categories, depending on the population vaccination rate and transmission dynamics. These categories align
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with three distinct regions in parameter space, denoted in Fig. 3.4 as regions I, II and III. In region I,

screening is insufficient to fully control transmission, yet nevertheless markedly reduces the peak number

of total infections, colloquially “flattening the curve” (Fig. 3.4a). In region II, screening successfully brings

transmission under control (Fig. 3.4b). In region III, screening has little impact on transmission due to the

fact that outbreaks are already mitigated by population immunity and other control measures (Fig. 3.4c).

Unvaccinated-only screening is therefore impactful in the first two regions, sufficient for transmission con-

trol in only the second region, and largely inconsequential to transmission in the third.

The three regions that correspond to different impacts of screening on transmission are separated

by boundaries which can be estimated from two analytical calculations of Reff—one which includes the

effects of screening and one which does not (Eq. 3.3, Methods). The boundary separating regions I and

II is given by those parameters for which Reff = 1 with screening, while the boundary separating regions

II and III is given by those parameters for which Reff = 1 without screening (Fig. 3.4d). Thus, the value

of a screening testing program in reducing infections can be evaluated based on which of three regions the

current vaccination rate, prior infection rate, and VE fall into.
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Figure 3.5: The impacts of unvaccinated-only screening depend on population immunity, compliance,

and vaccine effectiveness. Percent reduction in cumulative infections due to screening over various popu-

lation vaccination rates assuming waning/low (a, d), baseline (b, e), and boosted/high (c, f) VE with once-

weekly screening at 50% (top row) and 99% (bottom row) compliance. White lines indicate the population

immunity rate at which Reff = 1 with screening (solid) and without screening (dashed), which divide the

space into three regions, labeled I, II and III. See Table S1 and Table S3 for parameter values. RNPI
0 = 4 in

all panels; see Fig. S11 for RNPI
0 = 6.

To illustrate the value of this Reff-based analysis, we considered vaccination rates and prior infection

rates ranging from 0-100% and varied VE between waning, baseline, and boosted scenarios for the delta

variant. Across scenarios, dramatic relative reductions in cumulative infections are concentrated within

the envelope between the boundaries of Reff = 1 with and without screening, i.e., region II (Fig. 3.5).

Outside of this effective screening envelope, percent reductions in cumulative infections decreased markedly,

either because unvaccinated-only screening flattened the infection curve but had little impact on cumulative
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infections (region I), or because existing population immunity prevented large outbreaks in the first place

(region III). Assuming a 35% past infection rate and RNPI
0 = 4, region III appeared only for baseline and

boosted vaccine effectiveness assumptions, and only when vaccination rates were approximately 90% or

greater (baseline VE) or 75% or greater (boosted VE). Sensitivity analyses show that increasing RNPI
0 to 6,

potentially representing pre-pandemic contact rates and the SARS-CoV-2 delta variant, cause region III to

shrink further (Fig. S12). Thus continued screening for SARS-CoV-2 among the unvaccinated may be of

limited value when vaccination rates are sufficiently high.

The role of compliance—the fraction of scheduled tests that are actually taken—can also be clarified

by examining the three regions of screening testing impact. Both the simulations and equations forReff show

that increasing compliance from 50% (Fig. 3.5, row 1) to 99% (Fig. 3.5, row 2) causes the lower boundary

of the effective screening envelope to shift to lower vaccination and prior infection rates, decreasing the size

of region I and increasing the size of region II. Moreover, increased compliance increases the magnitude

of infection reductions within both regions, visible as an intensification of color in the infection reduction

heatmaps (Fig. 3.5). As a result of these observations, we conclude that, in addition to test sensitivity,

frequency, and turnaround time [136], high participation in screening programs is critical to expanding the

impact of unvaccinated-only screening testing programs. However, we also note that compliance had little

effect in region III where Reff < 1, a result which parallels analysis of universal screening programs [156].

This Reff-based analysis of transmission is not restricted to unvaccinated-only screening programs.

To illustrate this, we considered an identical set of simulations as in Fig. 3.5 but with universal screening,

i.e. screening via testing of the vaccinated and unvaccinated populations alike. Universal screening caused

the boundary between regions I and II (Reff = 1 with screening) to shift, expanding the size of the effective

screening envelope (Fig. S13). While we present these results here for completeness, universal testing in

mixed vaccination status populations have been investigated elsewhere prior to the present work [156].

The impact of screening on hospitalizations is also predicted well by the Reff-based effective screen-

ing envelope. While hospitalizations were not identical across all equal-Reff combinations of vaccination and
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prior infection rates, dramatic relative reductions in cumulative hospitalizations were nevertheless clearly

concentrated within region II, with decreasing relative reductions in regions I and III (Fig. S14). We there-

fore find that analysis based only on the effective screening envelope, calculated via Eq. (3.3) (Methods),

is useful in predicting the impact of screening regimens—both unvaccinated-only and universal—on reduc-

tions in cumulative infections and hospitalizations alike.

Reff = 1
with testing

I I I

II
A B C

A

B

C

No testing

x 103

% reduction
in infections

due to testing

d

Figure 3.6: Unvaccinated-only screening during omicron transmission cannot achieve Reff < 1 ex-

cept in low-vaccination and high-frequency regimes. Percent reduction in cumulative infections due to

screening over various population vaccination rates assuming plausible parameters for immunity versus the

omicron variant, with (a) once-weekly screening at 50% compliance, (b) once-weekly screening at 99%

compliance, and (c) twice-weekly screening at 99% compliance. (d) Number of individuals infected over

time, under screening scenarios denoted A, B, C, compared with no screening (black) with 58% vaccination

rate and 35% rate of prior infection. Solid white line indicates Reff = 1 with screening; Reff = 1 is not

achievable without screening. See Table S2 and Table S3 for parameter values. RNPI
0 = 4 in all panels; see

Fig. S12 for RNPI
0 = 6 and Fig. S13 for universal testing.

The omicron variant’s rapid spread, and in particular its increased rates of reinfection and vaccine

breakthrough, raise key questions about the role of unvaccinated-only screening programs and whether

populations considering such policies may fall into region I, II, or III defined above. Because estimates of

omicron-specific immunity parameters were either limited or nonexistent at the time of writing, we assumed
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plausible lower values of each based on extant data [73,230], alongside lower infection-hospitalization rates

for omicron in general (Table Table S2 and Table S3). Under such assumptions, weekly unvaccinated-only

screening with 50% compliance was ineffective at reducing cumulative infections even though screening

reduced the peak magnitude of infections (Fig. 3.6d). Regardless of compliance, all prior infection and

vaccination rate combinations with a weekly screening policy were in region I, indicating that magnitude

of peak infections can be mitigated but impact on cumulative infections is low (Fig. 3.6a,b). Doubling the

frequency of screening to twice weekly with 99% compliance creates a bifurcated landscape, with highly

effective screening only in settings with 18-40% vaccination rates (Fig. 3.6c). For vaccination rates above

50%, even twice-weekly unvaccinated-only screening programs with near-perfect compliance are unlikely to

dramatically impact the spread of the omicron variant (region I). Universal screening showed comparatively

higher impact, yet, nevertheless, only twice-weekly testing regimens created broad region II regimes in

which community spread was controlled (Fig. S13).

3.2.3 Unvaccinated-only screening shifts the balance of unvaccinated vs breakthrough transmis-

sion but not infection or hospitalization

By reducing transmission from unvaccinated individuals, screening programs specifically mitigate

U→U and U→V transmission modes, thus diminishing the role of the unvaccinated population in trans-

mission dynamics and amplifying the relative role of vaccine breakthrough transmission. As a consequence,

we observe that in the presence of screening, the vaccination rates at which the unvaccinated cease to drive

a majority of transmission decrease by up to 15 percentage points (Fig. 3.7b), with the largest decreases for

99% compliance and waning VE vs delta, and the smallest decreases for 50% compliance and boosted VE

vs delta, or in all screening scenarios vs the omicron variant. Under waning/low, baseline and omicron VE

scenarios, unvaccinated-only screening programs shrink the regime in which the unvaccinated population

drives outbreaks.

In contrast, unvaccinated-only screening programs had little effect on the percentage of infections

or hospitalizations that were vaccine breakthroughs. Instead, majority breakthrough regimes remained pri-
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marily dependent on vaccination rates and vaccine effectiveness (Fig. 3.7a,c), with transitions to majority-

breakthrough infection regimes beginning at 55 to 67% vaccination rates (waning VE, delta), 63 to 75%

vaccination rates (baseline VE, delta), 83 to 84% vaccination rates (boosted VE, delta), and 50 to 55%

vaccination rates (omicron). Transitions to majority-breakthrough hospitalizations occurred at 83 to 88%

(waning VE, delta), 91 to 96% (baseline VE, delta), 96 to 99% vaccination rates (boosted VE, delta), and 58

to 83% vaccination rates (omicron), regardless of screening. We therefore conclude that unvaccinated-only

screening programs do not markedly alter the expectations of majority-breakthrough infections or hospital-

izations at high vaccination levels, particularly if VE is low or waning.
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Figure 3.7: Screening and vaccine effectiveness affect transition points to majority-breakthrough

regimes. The vaccination rates at which the vaccinated population makes up the majority of (a) infec-

tions, (b) transmission, and (c) hospitalizations for low, moderate, and high vaccine effectiveness scenarios.

Minimum (filled circle) and maximum (open circle) endpoints show the variation in transition points over

all combinations of vaccination and prior infection rates for no screening (black), 50% compliance (purple),

99% compliance (pink) over all possible values for past infection rates. RNPI
0 = 4 for all plots; see Fig. S15

for RNPI
0 = 6.
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3.3 Discussion

In this analysis, we find that in communities with mixed vaccination status, routine SARS-CoV-2

screening programs focused only on the unvaccinated may reduce infections and hospitalizations, but in a

manner dependent on two conditions. First, effective screening via testing requires high participation to be

most impactful, reinforcing the need for mechanisms to encourage or enforce high participation. Second,

when immunity from vaccination and past infection are high enough to curtail transmission on their own, or

in concert with effective non-pharmaceutical interventions (NPIs) [91, 215], testing the remaining unvacci-

nated population averts few infections and hospitalizations in both relative and absolute terms. On the other

hand, when transmission due to reinfection and/or vaccine breakthrough is sufficiently high, unvaccinated-

only screening will at best “flatten the curve” of infections, but cannot adequately control infections and

hospitalizations except when testing twice weekly with near-perfect participation in low vaccination commu-

nities. Once communities reach vaccination rates of ∼40% or more, even twice-weekly unvaccinated-only

screening, with near-perfect compliance and isolation adherence, cannot control the omicron variant. Thus,

targeted unvaccinated screening programs are highly effective only in a restricted region of epidemiological

parameter space, results echoed by similar work analyzing universal screening programs [156].

Key to understanding this chapter are three observations and findings. First, an unvaccinated-only

screening program simply tests fewer and fewer individuals as vaccination rates increase. Second, the rel-

ative role of the unvaccinated population in driving transmission decreases as vaccination rates increase,

regardless of vaccine effectiveness. Third, when vaccine effectiveness against infection and transmission

wanes, unvaccinated-only screening programs decrease in impact. As a consequence, our work broadly sug-

gests that unvaccinated-only screening is most beneficial when a population is undervaccinated and is close

to, but has not yet achieved, herd immunity—region II in our analyses—leading to the recommendation that

such testing programs be used in conjunction with other NPIs. Indeed, our work finds that unvaccinated-

only screening alone is generally insufficient to markedly reduce infections and hospitalizations when (i)

the population is far from the herd immunity threshold, inclusive of existing NPIs, in either direction, (ii)

vaccination rates are high, or (iii) testing is weekly and/or compliance is low. Against a backdrop of wan-
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ing immunity and continued emergence of antigenically distinct variants, even herd immunity may be, at

best, temporary. In this context, weekly unvaccinated-only screening programs alone are an insufficient

countermeasure for the omicron variant.

Indeed, while our analysis focused on a single screening-based intervention in isolation, unvaccinated-

only (or universal) screening programs are typically implemented alongside other NPIs [21,186,199]. These

NPIs, including limitations on gatherings, increasing the availability of personal protective equipment, and

school or restaurant closures, were estimated to have reduced the effective reproductive number Reff by

0.1 − 0.2 in 2020, particularly when implemented early [91], and by around 10% in 2021 [215]. In com-

parison, an unvaccinated-only weekly screening policy with a realistic (50%) compliance rate [21] and 58%

vaccination rate, would reduce Reff by an estimated 10.2% (Eq. (3.3)), decreasing further as vaccination

rates increase, and compliance and isolation adherence decrease. Thus, while our analysis ranks vaccinate-

or-test policies as potentially competitive with high-impact NPIs [91, 215], such screening will decrease in

impact as vaccination rates inch higher. Because prior work has shown that pandemic countermeasures also

vary in their impact depending on time, vaccination, and the presence of other NPIs or behaviors [215],

an empirical assessment of vaccinate-or-test programs would be valuable. However, just as empirical esti-

mates of NPIs’ impacts on Reff include wide uncertainty [91, 215], similar estimates for unvaccinated-only

screening programs are also likely to be highly uncertain.

This chapter elucidates three critical transitions as vaccination rates increase. First, when vaccination

rates are sufficiently high, a majority of the albeit reduced number of infections will be vaccine breakthrough

infections. This fact should come as no surprise, as this transition must occur at some point for any vaccine

below 100% effectiveness; for the delta variant, our modeling estimates it to take place between 63% and

75% vaccine coverage (baseline VE; 55-67% vaccinated with waning VE; 83-84% vaccinated with boosted

VE), while for the omicron variant, we estimate it to take place between 55% and 59% vaccine coverage.

Second, a transition to majority breakthrough hospitalizations will occur at some point greater than the tran-

sition to majority breakthrough infections, a natural consequence of VEP > 0. Third, while community

spread is driven by the unvaccinated at low vaccination rates, it is driven by the vaccinated population at
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high vaccination rates (Fig. 3.3). These vaccination rate transition points separating majority-unvaccinated

transmission and majority-breakthrough transmission are driven lower by unvaccinated-only screening pro-

grams (Fig. 3.7). Taken together, these results suggest that while the overall number of infections during an

outbreak decreases as vaccination rates increase, assuming VES > 0, vaccine breakthrough infections and

transmission events from vaccinated individuals should not be surprising in highly vaccinated populations—

vaccine effectiveness is imperfect. Consequently, in anticipation of continued community transmission even

in highly vaccinated communities, those at increased risk of severe COVID-19 should take additional pre-

cautions to limit their risk of infection or severe disease.

Our analyses identify two limitations of screening via testing programs in reducing community trans-

mission which generalize beyond the specific scenarios investigated herein. First, the ability of a screening

program to prevent community spread is restricted to a limited “envelope” of past infection rate and vac-

cination rate combinations such that Reff without screening is greater than one, and Reff with screening is

less than one. Second, the width of that effective screening envelope, and thus the effectiveness of a screen-

ing program to control transmission more broadly, are highly sensitive to compliance and participation:

weekly screening with 50% compliance—a rate which reflects observed compliance in a population with

a weekly screening mandate [21]—is likely to be relatively ineffective. However, although our analyses

focus on the benefits of testing in reducing transmission, testing also plays an important role in diagnosis

and treatment, detection of variants, situational awareness and surveillance, and decreasing pressure on the

healthcare system during outbreaks. Furthermore, testing focused on the unvaccinated population may pro-

vide additional incentives to get vaccinated and thus avoid regular testing. This work did not explore the

benefits of unvaccinated-only testing mandates for these additional purposes.

Our analysis is limited in at least three different manners. First, our modeling incorporated fixed

parameters that are difficult to estimate in practice. For instance, while our analysis considered boosted,

baseline, and waning scenarios for vaccines’ reductions in susceptibility VES , infectiousness VEI , and

hospitalization given infection VEP based on ranges of estimates in the current literature, few studies are

available to guide estimates of similar risk reductions associated with prior SARS-CoV-2 infection, with
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or without vaccination (but see Refs. [25] and [74]). Moreover, real-time estimates for emerging variants

of concern such as omicron require observational study and are thus unavailable for prospective policy

analyses. Alternative parameter assumptions may be explored via the provided open-source code. Second,

we assumed perfect isolation after receiving a positive test result. Were this assumption to be violated by

imperfect or delayed isolation, we predict a proportional loss of screening impact across all scenarios. Third,

our model assumes values ofRNPI
0 and immunity associated with the delta variant and plausible values for the

omicron variant, but other emerging variants may dramatically shift the values of these parameters. These

limitations affect the exact vaccination and past infection rates at which the three transitions identified in

this chapter occur, and thus our analyses describe fundamental phenomena but do not make projections or

predictions for specific communities.

Our analysis also uses a well-mixed SEIR model framework, inheriting two key limitations which

merit direct discussion. First, we assume that vaccination and past infection statuses are uncorrelated at the

population level. In reality, they may be anticorrelated due to the protective effects of vaccination, or because

those with past infection may choose to forgo subsequent vaccination. We similarly assumed no homophily

in contact patterns based on vaccination status, following the well-mixed assumption of the SEIR model

framework, yet those who choose to be vaccinated may be more likely to be situated in a social network

with others who choose to be vaccinated, and vice versa [127]. Second, compartmental SEIR models such as

ours assume uniform infectiousness in the I compartment, contrasting empirical observations [96] and more

sophisticated models [135,136]. While our model’s latent and infectious periods are well aligned with other

SEIR models [5, 41, 70, 156], they nevertheless lead to unrealistically long generation times. Decreasing

these periods proportionally to achieve the same reproductive number while aligning more closely with

generation time estimates [90] would change the time-scale across all simulations, but would not impact the

cumulative metrics or dynamics discussed in our key results.

More broadly, our work is situated within a family of research which uses mathematical modeling to

estimate the impact of targeted countermeasures or strategies in populations with heterogeneous susceptibil-

ity, transmissibility, and/or contact rates. Other areas of focus include the allocation of scarce personal pro-
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tective equipment to reduce transmission [252], the prioritization of vaccines by subpopulation [30,154,157],

proactive screening programs in specific workplace structures [190] or contact networks [156], immunity

“passport” programs [135], or immune shielding strategies [248]. While our analyses are directed at SARS-

CoV-2, this work illustrates contributes general principles to this literature by showing that screening pro-

grams focused on testing the unvaccinated may be less effective than hoped in the face of high vaccination

rates, waning vaccine effectiveness, or low compliance with testing.

3.4 Materials and Methods

3.4.1 SEIR model

Our analyses are based on a continuous time ordinary differential equation compartmental model

with Susceptible, Exposed, Infectious, and Recovered (SEIR) compartments, stratified into vaccinated V

and unvaccinated U groups. In addition to tracking infections among these two groups separately, we also

tracked infections from both groups separately, enabling us to investigate four modes of transmission: from

U to U , from U to V , from V to U , and from V to V . In all simulations, we used a constant total population

size of N = 20, 000 and denoted the vaccinated fraction of the population with ϕ.

To incorporate the possibility that individuals may have experienced prior infections, we further sub-

dividedU and V into SARS-CoV-2 naive and SARS-CoV-2 experienced subpopulations, such that a fraction

ψ of each was assumed to be previously infected and 1−ψ remains naive. For notation, we denote the sub-

populations of U to be u (unvaccinated, naive) and x (unvaccinated, experienced/prior infection), and the

subpopulations of V to be v (vaccinated, naive) and h (vaccinated, experienced). We assumed that vac-

cination and SARS-CoV-2 experience statuses were fixed at the start of each simulation and immutable

throughout, such that there was no ongoing vaccination, and individuals who were infected and recovered

during each simulation were not reassigned to SARS-CoV-2 experienced status [6].

We denote the protective effects of immunity as XE, VE, HE, expressed as reductions in risk due to

prior infection alone (x), vaccination alone (v), or prior infection and vaccination (i.e. so-called “hybrid”



59

immunity; h), respectively. Immunity was modeled to (i) decrease the risk of infection upon exposure, (ii)

decrease the risk of transmission upon infection, placing our vaccine and immunity model in the broader

category of leaky models [88], and (iii) decrease the risk of disease progression (i.e., hospitalization) upon

infection. Reductions in the risk of infection upon exposure (XES , VES , HES), reductions in the risk of

transmission when infected (XEI , VEI , HEI ), and reductions in the risk of hospitalization when infected

(XEP , VEP , HEP ) were parameterized separately, based on ranges of estimates from the literature. Note

that VEH , the reduction in risk of hospitalization due to vaccination, is more commonly reported in the

literature than VEP , the reduction in risk of hospitalization due to vaccination conditional on infection. So,

we used the formula VEP = 1 − 1−VEH
1−VES

to estimate values for VEP . We used the same relationship to

estimate XEP . See Table S3. Due to broad uncertainty in these effects over time since exposure [6, 25] or

vaccination [25, 40, 80], by vaccine manufacturer and schedule [11, 74, 84, 217], by context [87, 175], and

by variant [74], our analyses intentionally consider a range of values. We assumed that hybrid immunity

against infection, HES , and transmission, HEI , would always be superior to either vaccination alone or prior

infection alone, via the simple formula HE = (1−XE)VE+XE and hybrid immunity against hospitalization

given infection HEP = max{VEP ,XEP }.

Fig. S16 shows a model schematic diagram for the SEIR model used in this chapter, where solid

and dashed lines denote movement and transmission between classes, respectively. In lieu of including

hospitalization as a model compartment, we computed total hospitalizations in each immunity class via

multiplication of total infections, variant-specific infection hospitalization rates and (1 − RRP ), where

RRP is the risk reduction against progression to hospitalization given infection (i.e., 0, VEP , XEP , or

HEP ) (Supplementary Tables S2 and S3).

To model a community with open boundaries, we included a uniform risk of exposure to infection

from an external source at a rate of N−1 per person per day. For instance, in a completely naive population,

Su/N individuals would be infected per day. After including the protective effects of vaccination and past

infection this resulted in importation of infections at per-capita rates of (1 − VES)N
−1, (1 − HES)N

−1,

(1− XES)N
−1, and N−1 new infections per day in the v, h, x, and u groups respectively.
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All simulations were run for 270 days, and all individuals were initially in one of the susceptible

compartments Su, Sx, Sv, or Sh in proportions (1− ϕ)(1− ψ), (1− ϕ)ψ, ϕ(1− ψ), and ϕψ, respectively.

Model equations were solved using lsoda solver from the package deSolve, R version 4.1.0.

3.4.2 Incorporation of community testing

Screening the unvaccinated population via community testing, and subsequent isolation of those test-

ing positive, was modeled by increasing the rate at which infected individuals were removed from the unvac-

cinated Iu and Ix compartments. Similarly, universal screening regardless of vaccination status was modeled

by increasing the rate at which infected individuals were removed from all I compartments, Iu, Ix, Iv and

Ih. The effectiveness of screening tests was assumed to be equal for vaccinated and unvaccinated individu-

als. We estimated increased rates of removal taking into account (i) the calibrated trajectories of viral loads

within individual infection [38], (ii) the relationship between viral load and infectiousness [136], (iii) the

frequency of testing, (iv) the test’s analytical sensitivity (i.e. limit of detection) and turnaround time [135],

and (v) screening compliance and valid sample rates, i.e. the fraction of scheduled or mandated tests which

actually produce a valid sample [21]. In particular, our adaptation takes a previous model [135, 136] and

updates viral load dynamics for the delta variant of SARS-CoV-2 [23, 125], the dominant variant at the

time of the present analysis. To incorporate the effectiveness of screening θ, we reduce the duration of

infectiousness 1/γ by a factor (1 − θ), where θ corresponds to testing effectiveness (TE) as presented in

Chapter 2. Parameter values for θ are found in Table S2, and are based on weekly PCR testing with a one-

day turnaround, analytical limit of detection of 103 RNA copies per ml sample, and compliance rates of 50%

(as in [21]) or 99% (as in [186]). These values assume that individuals immediately and successfully isolate

upon receiving a positive diagnosis. We note that estimated effects of rapid antigen tests (with higher ana-

lytical limits of detection, but zero turnaround time) are highly similar to PCR testing under the assumptions

above, provided that the community testing program frequencies and compliance rates are identical [136].
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3.4.3 Transmission modes and forces of infection

Inclusive of all effects introduced above, the forces of infection are given by

λu = α

(
Iu
Nu

cu→u + [1− XEI ]
Ix
Nx

cx→u + [1− VEI ]
Iv

Nv
cv→u + [1− HEI ]

Ih
Nh

ch→u

)
+

1

N
(3.1)

λi =

[
α

(
Iu
Nu

cu→i + [1− XEI ]
Ix
Nx

cx→i + [1− VEI ]
Iv

Nv
cv→i + [1− HEI ]

Ih
Nh

ch→i

)
+

1

N

]
[1− (RRS)i] ,

(3.2)

where i = {x, v, h}, and reductions in susceptibility due to immunity are given by (RRS)i = {XES ,VES ,HES},

correspondingly. The parameter α is the probability an unvaccinated, SARS-CoV-2 naive individual is in-

fected by an infectious contact, tuned to achieve the desired RNPI
0 , ci→j is the number of times an individual

in group j is contacted by individuals from group i per day, and Nj is a convenience variable representing

the number of people in subpopulation j.

To produce counts of how many infections were caused by each of the transmission modes U → U ,

U → V , V → U , and V → V , we integrated the appropriate terms of Eqs. (3.1) and (3.2) over the duration

of each simulation. For instance, the cumulative number of vaccinated infections caused by the unvaccinated

population is given by integrating over the forces of infection from u and x to v and h,

U → V = α

∫ 270

0

[
Iu(t)

Nu

(
cu→vSv(t)[1− VES ] + cu→hSh(t)[1− HES ]

)
. . .

+ [1− XEI ]
Ix(t)

Nx

(
cx→vSv(t)[1− VES ] + cx→hSh(t)[1− HES ]

)]
dt

3.4.4 Reproductive number

The basic reproductive number R0 is defined as the expected number of secondary infections cre-

ated by a typical infector in an entirely susceptible population, in the absence of any non-pharmaceutical

interventions. Given the variety of environments in which SARS-CoV-2 spreads, and the presence of var-

ious permanent or semi-permanent non-pharmaceutical interventions, we use RNPI
0 in this work to denote

the reproductive number in an entirely susceptible population inclusive of varying levels of now-baseline

NPIs for the delta, omicron, and future variants. We consider RNPI
0 = 4 (Main and Supplementary Figures)
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and RNPI
0 = 6 (Supplementary Figures). For unvaccinated-only screening programs, this model’s effective

reproductive number is given by

Reff = RNPI
0 [fu(1− θ) + fxrx(1− θ) + fvrv + fhrh] , (3.3)

where fu = (1 − ψ)(1 − ϕ), fx = ψ(1 − ϕ), fv = (1 − ψ)ϕ, and fh = ϕψ represent the fractions of

the population in the unvaccinated, experienced, vaccinated, and hybrid immunity groups, respectively, and

rx = (1− XEI)(1− XES), rv = (1− VEI)(1− VES), and rh = (1− HEI)(1− HES) are the cumulative

impacts of immunity on each group. Setting the above equation equal to a constant produces isoclines shown

in plots throughout the paper. The reduction in Reff due to screening is given by

Rno screening −Rscreening = RNPI
0 θ(1− ϕ) [1− ψ(1− rx)] , (3.4)

a function linear in each of its variables which goes to zero as the vaccination rate ϕ approaches 1.

For universal screening programs, similar calculations yield

Runiversal
eff = RNPI

0 (1− θ) [fu + fxrx + fvrv + fhrh] , (3.5)

differing from Eq. (3.3) only in the terms to which (1 − θ) applies. For a complete derivation of these

equations, see Appendix.



Chapter 4

Statistical Methods for Estimating the Protective Effects of Immune Markers Using

Test-Negative Designs

4.1 Introduction

Antibodies are a key component of the adaptive immune system, equipping the host to quickly recog-

nize and respond to pathogen invasion. Antibodies have been identified as a mediator of protection against

infection or severe disease for pathogens such as flu [167], SARS-CoV-2 [32,102,119,148,179,195], Ebola

virus [212,249], and HIV [153]. While the concentration of antibodies and other immune molecules can be

qualitatively linked to decreased risks, establishing the quantitative relationship between immune markers

and protection is more challenging.

Test-negative design (TND) studies provide cost-effective data to understand the risk reduction pro-

vided by potential correlates of protection, and have been a common tool to estimate vaccine effectiveness in

real-world settings [50,71,109,111,144]. TNDs recruit individuals who seek care for a particular symptom

set, such as influenza-like illness (ILI) or fever. All sampled individuals are tested for a pathogen of interest,

and the results of the test are reported alongside potential correlates of protection, such as vaccination status.

These methods have been extended to understand the association between immunological assays, such as

antibody titer, and risk reduction [32, 102, 148, 167, 179, 195].

TNDs typically use logistic regression to estimate the associations between continuous covariates

and risk [32, 102, 148, 167, 179, 195]. Logistic regression provides a powerful statistical tool to estimate the
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odds of a binary outcome, such as observable disease, given covariates such as antibody titer. However,

little work has been done to understand the ability of logistic regression to recover commonly assumed

antibody-protection relationships.

In this chapter, we make progress on the problem by first showing which types of relationships may

be well suited for inference using logistic regression in TND studies, and which may not. Importantly, while

the protective effects of antibodies are typically assumed to be sigmoidal in the literature [81, 120, 218], we

demonstrate that standard logistic regression applied to TND data inherently limits the ability to accurately

recover these relationships. We then extend the scaled logit model introduced by Dunning [58] to TND data,

demonstrating its ability to recover commonly assumed protection functions from TND studies, with only

a small mathematical change. We explore the accuracy of the scaled logit model for inference of various

protection functions, identify conditions under which it may still fail, and provide practical guidance for

researchers to adopt this model as a new standard for estimating the protective effects of immunological

assays in TND studies.

4.2 Results

4.2.1 Standard logistic regression recovers only exponential protection from TND data

Test-negative designs (TNDs) are commonly used to estimate vaccine effectiveness (VE), defined as

the reduction in risk of disease due to vaccination. In TNDs, VE is estimated using the odds ratio (OR)

of disease among vaccinated versus unvaccinated individuals, i.e. V E = 1 − OR [109, 144]. Logistic

regression is a convenient statistical tool for inferring log-odds from data, and is often employed to learn

this relationship from TND data [50,71,111,144,225]. In a logistic regression model, the log-odds of disease

given vaccination status and other covariates are modeled as:

logit p = β0 + β1V + β2θ, (4.1)

where p is the probability of disease, V is the vaccination status (e.g., 1 if vaccinated, 0 if not), and θ

represents other covariates. The coefficient β1 represents the change in log-odds of disease associated with
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vaccination, meaning the odds ratio is described by: OR = eβ1 . Therefore, vaccine effectiveness is defined

as:

V E = 1− eβ1 . (4.2)

When analyzing scalar correlates of protection, such as antibody titers, an intuitive substitution is to

simply replace the binary vaccination status V with a measured titer A, and proceed with typical logistic

regression [32, 102, 148, 167, 179, 195]. Assuming a baseline risk of A = 0, this replacement yields the

following protection function, which describes the fraction by which risk is reduced as a function of A:

Φ(A) = 1− eβ1A, (4.3)

where β1 is the predicted change in log-odds of risk given a one unit increase in antibody titer using logistic

regression.

Equation 4.3 provides the exact functional form of the resulting protection function when logistic

regression is used to learn from TND data. Consequently, logistic regression is well suited to recovering

this particular functional relationship between titers A and protection Φ. Hereafter, we refer to this as an

exponential protection function.

To illustrate how logistic regression accurately recovers exponential protection functions, we devel-

oped a straightforward synthetic TND data testbed. First, we specify the shape of a protection function,

and here we assume the exponential form (Fig. 4.1A). Second, we use this protection function to simulate

infected (red circles) and uninfected (gray circles) antibody titer distributions (Fig. 4.1B). As a base case,

we assume a large sample size (N = 100, 000) and perfect diagnostic sensitivity and specificity for as-

signing infected status. Third, we use logistic regression to estimate risk of infection from the simulated

data (Fig. 4.1C, purple curve). Lastly, we use this risk estimate to compute the odds ratio, with A = 0

as the baseline risk, and arrive at an estimated protection function (Fig. 4.1D, purple curve). The result of

this simulation (Fig. 4.1D) illustrates what we have shown mathematically: using logistic regression to infer

protection (purple curve) can recover true protection when the true protection function is exponential (black

dashed curve).
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Figure 4.1: Logistic regression provides an accurate estimate of antibody protection for an exponential
protection function. (A) First, we specify a protection function. (B) Next, we simulate TND data using
this protection function to produce antibody distributions for test-positive (red circles) and test-negative
(gray circles) individuals (subset of data shown here). (C) Logistic regression is used to estimate risk of
infection from the simulated data. (D) Lastly, we compute the estimated protection function from the logistic
regression model results (purple curve), which we compare to the true protection function (black dashed
curve).

4.2.2 Logistic regression is poorly suited to recover a general protection function

The fact that logistic regression leads to an estimated protection function defined by a single-parameter

exponential (Eq. 4.3) raises an important question: what if the true protection function is not exponential?

We illustrate this type of mismatch between model and data – a model misspecification problem – through

a second simulation experiment which follows the same four step procedure illustrated above. However,

in this experiment, we generate data according to a plausible (but non-exponential) alternative protection

function, and then fit a logistic regression model to the data.

Rather than an exponential protection function, we used a sigmoidal shape (Fig. 4.2B; black dashed

curve), as is commonly assumed in the literature [81,120,218]. We simulated TND data using this sigmoidal

protection function (Fig. 4.2A, red and black circles), and fit a logistic regression model to the synthetic data.

The inferred risk (Fig. 4.2A) and resulting estimated protection function (Fig. 4.2B) are shown in purple.
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Figure 4.2: Logistic regression does not provide an accurate estimate for a sigmoidal protection func-
tion. (A) Logistic regression fit to simulated data. Circles show a subset of infected (red) and uninfected
(gray) simulated individuals at various antibody titers used to train the model. (B) Estimated protection
function from logistic regression (purple curve) compared to true protection function (dashed black curve).

Logistic regression fails to recover the true sigmoidal protection function used to generate the data,

as evidenced by the mismatch between the estimated and true curves. These results are not unexpected: the

logistic regression model is restricted to exponential protection functions (Eq. 4.3) and thus cannot recover

other functional forms, even when applied to an ideal dataset with large sample size and no measurement

error. Consequently, this model is incapable of capturing other intuitive functional forms, even under ideal

data conditions. To infer a general, unknown relationship between antibodies and protection, a different

statistical approach is required.

4.2.3 The scaled logit model can recover many functional relationships between antibody titers

and risk reduction from TND data

A few alternatives to logistic regression have been proposed for inferring correlates of protection,

which we briefly review. Zhang et al. showed that rescaling model inputs such that logit p ∼ ln(1 − X)

for rescaled titers X ∈ [0, 1] can recover a linear protection function, and matching the power of X to

the protection function can recover polynomial functions [259]. However, the functional form of the risk

reduction curve must be known a priori in order to use this method.

One might also consider using a polynomial expansion in our logistic regression model such that

logit p = β0 + β1A+ β2A
2 + ...+ βnA

n, (4.4)
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an approach commonly employed when the relationship between the predictor and log-odds is nonlinear.

While this approach can approximate more complicated functional forms of protection, it has the drawback

of overfitting data and requires model selection techniques to determine the optimal number of polynomial

terms (n) to employ. Thus, polynomial logistic regression is not an ideal alternative for current practices.

Dunning proposed a scaled logit model to describe the relationship between immunological assay val-

ues and subsequent development of disease in case-control data [58]. This approach defines the probability

of observing a case as

Pr(disease) = λ(1− π(A | θ)), (4.5)

where λ denotes the probability a susceptible individual develops disease, and π(A | θ) describes the

probability that an individual with titer A is protected, given model parameters θ. If a logistic protection

function is assumed for π(A), this results in the following risk of disease:

Pr(disease) =
λ

1 + eβ0+β1A
. (4.6)

Thus, the scaled logit model has a similar shape to the logistic, but parameter λ reduces the expected force

of exposure for individuals with low antibody titer. We refer to this model as the scaled logit, mirroring

Dunning’s original language.

We extend the scaled logit model for use in test-negative designs (TNDs) by substituting the risk

function in Eq. 4.6 into the protection function estimator, i.e. one minus the odds ratio of protection at titer

A vs titer A = 0. This yields a protection function of

ΦS(A) = 1− 1− λ+ eβ0

1− λ+ eβ0+β1A
, (4.7)

where subscript S identifies this as the protection function using the scaled logit model. Importantly, the

use of the scaled logit model requires estimation of only one more parameter (λ) than traditional logistic

regression, and this, in turn, produces a protection function with three parameters β0, β1, and λ (Eq. 4.7)

instead of only one parameter β1 given by logistic regression (Eq. 4.3). Consequently, we should expect

protection functions resulting from the scaled logit model to be substantially more flexible in modeling

correlates of protection.
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Figure 4.3: The scaled logit model can recover complicated antibody protection functions. Estimated
protection function using the scaled logit model (green curve) trained on data generated using exponential
(A) and sigmoidal (B) protection functions (dashed black curve). Circles show a subset of infected (red) and
uninfected (gray) simulated individuals at various antibody titers used to train the model.

To demonstrate the flexibility of a scaled logit for TND studies, we simulated TND data under both

exponential and sigmoidal protection functions (Fig. 4.3A,B; black dashed curves), and used the scaled

logit model to estimate the protection function (green curves) for each simulated data set. We observe that

the scaled logit model has high accuracy for estimating both exponential and sigmoidal protection. These

results demonstrate that the scaled logit model can recover not only exponential protection, which logistic

regression can recover, but also sigmoidal protection functions, which logistic regression cannot capture.

To further explore the ability of these models to accurately recover a variety of protection function

scenarios, we subjected both the scaled logit and logistic models to several additional synthetic data sets

generated from distinct protection functions. We found that the scaled logit, again, was able to accurately

recover protection functions that logistic regression was unable to (Fig. S17). In further tests, we restricted

the range of antibody titers such that few individuals had high or low titers, to challenge the scaled logit

model’s ability to recover protection functions from less optimal data, but its high accuracy was unaffected

(Fig. S18).

These results demonstrate that introducing a single additional parameter in a scaled logit model en-

ables inference of a broader range of functional forms, including sigmoidal risk reduction, which standard

logistic regression cannot capture. Adopting this scaled logit model as the standard approach for estimating
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the protective effects of immunological assays from TND data would allow for inference of a broader set of

possible protection functions.

4.2.4 Scaled logit model accuracy depends on sample size

Studies vary widely in the total number of individuals sampled, as well as the proportion of samples

that are cases versus controls [32,102,148,167,179,195]. Factors such as study duration, disease prevalence,

and specificity of the symptoms which trigger enrollment into the study may impact sample size and case-

to-control ratios. To explore how sample attributes impact the accuracy with which we can infer a protection

function, we simulated TND data from a range of sample sizes and case-to-control ratios using a sigmoidal

protection function, and the simulated data was used to estimate the protection function from both the scaled

logit and logistic regression models. For each scenario, we computed error as the discrete ℓ2 norm of the

difference between the best-fit model Φ̂(A) and the true protection function Φtrue(A), given by

∥Φ̂− Φtrue∥ℓ2 =

(
N∑
i=1

(Φ̂(Ai)− Φtrue(Ai))
2

) 1
2

, (4.8)

where {Ai}Ni=1 is the set of all potential antibody titers in the population. This norm corresponds to the

Euclidean distance between the predicted and true values. To account for stochasticity in the generation of

synthetic data, the mean error was calculated for 50 simulations per scenario.

When the scaled logit model is used to estimate protection, we observe higher error for smaller

sample sizes (Fig. 4.4A). This is a result of model fitting estimating a threshold-type relationship between

antibody titer and risk when sample size is low (see panel I), and thus poorly approximate the sigmoid used

in synthetic data generation. As sample size increases, model fits more closely resemble the true protection

function on average (panels I, III). Furthermore, we observe lower error when a higher proportion of total

samples are cases (lighter colored curves), especially at low sample sizes. This demonstrates that cases

typically provide more information to model inference than controls.

The same analysis of error in protection function estimation using logistic regression shows a higher

error across all scenarios (Fig. 4.4B), which does not approach 0 as sample size increases. These results
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Figure 4.4: The scaled logit model is better specified to recover sigmoidal protection from TND data
than logistic regression. Average error over 50 simulations per scenario for various sample sizes and
case-to-control ratios using the scaled logit model (A) and logistic regression (B). Error was defined as the
discrete ℓ2 norm (Euclidean distance) between the modeled and true protection functions. Darker-colored
lines represent scenarios with more controls per case. Insets show protection function estimates (colored
curves) compared with the true protection function (black dashed curve) from a single simulation when
N = 1, 10, and 35 thousand for the scaled logit (I-III) and 35 thousand for the logistic model (IV) using a
1 : 49 case-to-control ratio.

reflect the large discrepancy between the inferred and true protection functions when using logistic regres-

sion (panel IV). This observation offers further support that logistic regression is poorly suited to recover a

sigmoidal protection function, regardless of sample size, and the scaled logit model should be preferentially

used to recover this functional form. However, the scaled logit model’s high level of flexibility may also

result in high error when large sample sizes are not feasible (see Figs. S19, S20).

4.2.5 The scaled logit model has poor accuracy if antibodies do not provide perfect protection

While the addition of a scaling constant λ allows for more flexible protection function estimates,

ΦS still approaches 1 as A → ∞ (Eq. 4.7) for typical monotonically decreasing risk parameterization (i.e.

β0 < 0, β1 > 0). Because of this, the model may be ill suited to recover scenarios where protection is

imperfect, or where perfect protection exists but is simply not in the sampled population.
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Figure 4.5: Scaled logit model has reduced accuracy if antibodies do not provide perfect protection.
The scaled logit model is fit to TND data generated from a sigmoidal protection function which does not
saturate to 1 (A,B) and when individuals with near-perfectly protective antibody titers are not sampled
among controls (C,D). (A,C) Predicted protection functions from the scaled logit model (green curves)
versus true protection (black dashed curves) for a maximum protection of 0.65. (B,D) Prediction error
(Euclidean distance between predicted and true protection) under varying maximum protection levels.

We conducted two numerical experiments, each of which explores a different scenario in which the

scaled logit may have poor accuracy. In the first experiment, we asked what happens if the protection

function does not saturate to one — that is, to perfect protection — as antibody titers grow large. We sim-

ulated TND data under a sigmoidal protection function which saturates at 65% (Fig. 4.5A, black dashed

curve), such that individuals with high antibody titers still have a 25% chance of infection if they are ex-

posed. We then estimated the protection function using the scaled logit model (green curve). The best-fit

protection function overestimates protection at both low and high antibody titer, and approaches 1 as titer

values increase. Varying the saturation point, or maximum possible protection, we observe relatively stable

error estimates until the maximum possible protection surpasses 90%, at which point error approaches 0

(Fig. 4.5B).

In the second experiment, we asked what happens if individuals with near-perfectly protective anti-

body titers are simply not sampled among the controls. To simulate this, we generate TND data where the
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maximum sampled antibody titer is Amax, but the slope of the sigmoidal protection function is reduced such

that risk reduction is perfect only for values A ≫ Amax (Fig. 4.5C, dark green curve). For this scenario,

we observe an estimated protection function (green curve) that nearly perfectly estimates the true protec-

tion function (black dashed curve; note curves are overlapping). Varying the maximum observed protection

shows that error is low and nearly constant across scenarios (Fig. 4.5D). Comparing across experiments, we

observe higher error for saturating protection (Fig. 4.5B) than for unsampled perfect protection (Fig. 4.5D).

Distinguishing between these two scenarios may facilitate a better understanding of confidence in model

fits.

4.3 Discussion

Our results establish the scaled logit model as a more flexible alternative to typical logistic regression

methods for protection as a function of scalar immunological assays in test-negative design (TND) studies.

Using simulated data, we see that the scaled logit model can recover not only an exponential protection

function, which logistic regression can recover, but also a sigmoidal protection function, which logistic

regression fails to recover. Despite its increased flexibility, we demonstrate that the scaled logit model

may not consistently recover the true protection function for sample sizes below ≈ 10, 000, and that model

accuracy drops off steeply for sample sizes < 1, 000. Furthermore, we show that if protection does not

saturate to 1, model accuracy may suffer.

These results lead us to recommend the adoption of the scaled logit model for estimating the protec-

tive effects of immunological assays from TND data. This model allows for flexible inference of a variety

of protection functions. If researchers are faced with small sample sizes, for which we demonstrate low

accuracy of the scaled logit model, we note that performance would be greatly improved by implementing

regularization to prevent parameter β1 from predicting steep transitions. This work omits regularization to

explore the utility of the scaled logit model with minimal prior knowledge of the protection function. Al-

ternative models with greater flexibility to capture protection functions which do not saturate to 1, exhibit

asymmetry, or are characterized by extremely steep transitions have been previously explored [59]. How-



74

ever, differentiating between model options requires model selection methods or prior knowledge of the

expected shape of the protection curve. Thus, we recommend the scaled logit model as a simple alternative

to logistic regression methods, exhibiting greater flexibility without the need for model selection.

Our methods are subject to a number of limitations. First, we simulate data under ideal sampling

scenarios, exploring limitations of sample sizes and case-to-control ratio variations, but not sensitivity and

specificity of diagnostic tests or noise in immunological assay measurements. Second, we do not consider

the effects of demographic covariates, such as age and sex, or immunity covariates, such as time since last

infection or other immunological assays [171]. While these covariates may impact protection estimates, we

posit that the scaled logit model can be used to control for their effects as effectively as logistic regression.

Third, our exploration of protection functions is limited to functions which start at 0 when A = 0 and

monotonically increase with increasing titer. These functions do not account for immune imprinting [243] or

antigenic drift which may lead to decreasing protection functions. Lastly, we do not account for differences

in care-seeking behavior that may be correlated with titer values, i.e. due to changes in symptom prevalence

or timing, nor do we account for potential cross-protection between circulating pathogens in our synthetic

data pipeline. These factors, as well as differential depletion of susceptibles, have been shown to potentially

bias the protection estimates inferred using test-negative designs for vaccine effectiveness studies [109,144].

Quantifying the relationship between assay value and risk reduction is an important task to un-

derstand the utility of immunological assays. Informative immunological assays may open up new data

streams to model heterogeneous susceptibility in immune-experienced populations [33, 161], vaccination

strategies [123, 166], and other epidemiological endpoints. Furthermore, understanding the strength of cor-

relations between titer values and protection could be used to predict vaccine efficacy from titers alone

instead of following a cohort in vaccine trials, reducing costs and increasing the speed at which trials may

be performed. The scaled logit model, in combination with test-negative designs, can provide an accurate

road-map of which immunological measurements predict protection levels, opening the door for immuno-

logical assays to inform infectious disease modeling efforts. Once the functional relationship connecting

immune assays to protection is understood, the norms of the field may evolve from sharing only binary
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serology results to a more granular view of serology data [137].

4.4 Materials and Methods

The purpose of this study is to evaluate statistical methods used to infer correlates of protection in test-

negative design (TND) studies. These studies seek to establish a quantitative link between an immunological

assay and risk reduction – we call this relationship the protection function, i.e. the reduction in risk of disease

associated with a particular immunological assay value. Here, we focus on antibody titer A as a commonly

utilized quantitative immunological assay, but methods may be extended to other scalar assays as well.

In TNDs, protection is estimated using the odds ratio (OR) of disease among individuals with titer

A versus individuals with titer A = 0, mirroring the estimator used predict the direct protective effects of

vaccination in vaccine effectiveness studies [109, 144]. A statistical model is used to infer the relationship

between titer and risk of disease from data. Given the inferred relationship between titer and risk, p(A), the

estimated protection function is defined as

Φ̂(A) = 1− OR = 1−
p(A)

1−p(A)

p(A=0)
1−p(A=0)

. (4.9)

We wish to evaluate the ability of a particular inference method, such as logistic regression, to learn this

protection function from TND data. To accomplish this, we will simulate data where the protection function

we wish to infer is known a priori, allowing for comparison between the known relationship (Φtrue) and the

predicted relationship (Φ̂) under different inference methods.

Our methodology follows a four step routine. First, we first specify the shape of a protection function

(e.g. exponential protection in Fig. 4.1A). Second, we use this protection function to simulate infected (red

circles) and uninfected (gray circles) antibody titer distributions (Fig. 4.1B), which produces a synthetic test-

negative design data set under the specified protection function. Third, we use a statistical model to estimate

the relationship between titer and risk (p(A)) from the simulated data (Fig. 4.1C, purple curve). Lastly, we

utilize this risk estimate to compute the estimated protection function from Equation 4.9 (Fig. 4.1D, purple

curve), and compare the inferred protection function to the true protection function used to generate the data.
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The methods for each step are explained in detail below.

4.4.1 Simulating test-negative design (TND) data

TND studies typically recruit all individuals who report a particular symptom or set of symptoms.

Recruited individuals are tested for a pathogen of interest, with data reported on: (1) test result for pathogen

of interest (positive or negative), (2) value of covariate(s) assumed to be associated with infection risk (i.e.

vaccination status or immunological assay), and (3) other variables which may impact risk (i.e. age, sex).

Our synthetic data will focus on quantitative antibody titer A as the covariate of interest, but other scalar

immunological assay values may be easily substituted.

We begin by defining the protection function Φtrue(A) that will be used to generate TND data. The

protection function is defined such that Pr(disease | A) = (1 − Φtrue(A)) · Pr(disease | A = 0). High

values of Φtrue(A) are thus associated with a low probability of infection. Multiple functional forms for this

relationship were explored in our analyses, including: (1) no relationship, (2) threshold: perfect protection

above a given titer, (3) exponential, and (4) sigmoidal (Fig. S21).

Next, we simulate a large population of individuals with known log antibody titers (log(A)). For

main-text analyses, log(A) ∼ log-uniform(1, 10), representing raw antibody titers on the interval of ap-

proximately A ∈ [0, 22000], distributed uniformly on a log-scale. Titer values are meant to represent a

quantitative assay, such as Enzyme-Linked Immunosorbent Assay (ELISA). However, the authors note that

antibody titer distributions vary widely depending on the pathogen and population-level immunity. Given

that this manuscript seeks to evaluate whether statistical methods can recover known protection functions

from data, we use this arbitrary distribution of titers not to reflect reality for any given pathogen but simply

to establish an assumed relationship.

Next, we draw from this pool of individual antibody titers to simulate N = 100, 000 synthetic TND

samples, made up of cases who test positive for the pathogen of interest and controls who test negative.

The ratio of cases to controls varies widely across studies, depending on factors such as disease prevalence,
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symptom specificity, and immunity levels. Thus, we specify the number of controls per case (c = 4) and

explore the effects of different ratios in the main text. For a specified number of samples (N ) and controls-

per-case value (c), we generate ncases = N/(c+ 1) cases and ncontrols = N − ncases controls.

Under the assumption that antibodies provide no protection from other non-focal pathogens or condi-

tions which may cause symptoms, we may reasonably assume that our controls are a random sample of the

total population who experience symptoms for reasons other than infection with the pathogen of interest.

Thus, antibody titers for ncontrols are drawn uniformly at random from the simulated antibody titers without

replacement.

Since antibody titers may provide protection to disease from the pathogen of interest according to

the pre-defined relationship Φtrue(A), we must consider individual antibody titer levels A when simulating

cases. Thus, cases are randomly selected from the population with probability 1 − Φtrue(A) until ncases is

achieved. The resulting simulated data contains [titer, case designation] pairs for N individuals as a result

of a synthetic test-negative design study.

4.4.2 Estimating protection function

TND studies provide samples of linked covariates (i.e. antibody titer) and outcomes (i.e. observed

infections). TNDs define protection using the ratio of infection odds with and without an intervention [144].

For scalar antibody titers A, the protection function is given by Equation 4.9. A statistical model is needed

to estimate odds, or equivalently risk, from data.

4.4.2.1 Using logistic regression to estimate risk

In practice, logistic regression is often employed as a convenient statistical tool to estimate odds of

an outcome given data [32, 102, 148, 167, 179, 195]. For antibody titers, the logistic model defines risk as

logit p = β0 + β1A. Computing risk reduction (Φ̂logistic) from this estimate using the odds ratio definition

gives

Φ̂logistic = 1− eβ1A. (4.10)
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Computationally, we perform maximum likelihood estimation (MLE) for logistic model parameters

using sklearn in python 3.8.11 without regularization (see code availability for model training code).

Parameters are fit to logged titer data, following the norms of the field [32, 102, 148, 167]. The protection

function was then computed using Equation 4.10 by computing the odds of disease at each logged titer

compared to the baseline odds when A = 0 under the logistic model.

4.4.2.2 Using a scaled logit to estimate risk

Dunning presented a model called the scaled logit model for estimating immunological correlates of

protection from case-control studies [58]. This approach defines the probability of observing a case as

Pr(disease) = λ(1− π(A | θ)), (4.11)

where λ denotes the probability a susceptible individual develops disease, and π(A | θ) is a smooth function

on the interval [0,1] describing the probability an individual with titerA is protected, given model parameters

θ. If a logistic protection function is assumed for π(A), this results in a risk function of:

pscaled(A) =
λ

1 + eβ0+β1A
. (4.12)

If we extend this model for use in test-negative designs using Equation 4.9, risk reduction (Φscaled)

can be computed as:

Φscaled(A) = 1− 1− λ+ eβ0

1− λ+ eβ0+β1A
. (4.13)

Importantly, the use of the scaled logit model requires estimation of only one more parameter (λ) than

traditional logistic regression, which results in two more parameters describing the protection function.

4.4.2.3 Fitting a scaled logit model

The scaled logit model defined in Eq. 4.12 was fit to data using maximum likelihood estimation

(MLE). Unlike standard logistic regression, typical programming languages do not have built-in model

fitting for atypical functions such as the scaled logit. Thus, we present our fitting method and code to assist

researchers in adapting the scaled logit model for their own work.
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The likelihood of observing a given data set is given by

L(λ, β0, β1; {yi, Ai}) =
∏
i

(
λ

1 + e(β0+β1Ai)

)yi (
1− λ

1 + e(β0+β1Ai)

)(1−yi)

, (4.14)

where Ai denotes individual antibody titers and yi = 1/0 denotes an observed infection or non-infection,

respectively. We wish to find the parameters (λ, β0, β1) which maximize this likelihood function, or equiv-

alently the parameters that minimize the negative log-likelihood:

NLL(λ, β0, β1; {yi, Ai}) =
∑
i

[
−yi log

(
λ

1 + e(β0+β1Ai)

)
− (1− yi) log

(
1− λ

1 + e(β0+β1Ai)

)]
.

(4.15)

The latter form is preferable for computational methods, given limitations of machine epsilon when com-

puting extremely small values.

We use the built in scipy.minimize function in python, implemented with the Nelder-Mead

minimization algorithm and options to increase the number of iterations before convergence, to find the

optimal parameterization which minimizes the negative log-likelihood. Sample code is provided for MLE

in both python and R in the Appendix.



Chapter 5

Conclusion

The chapters of this dissertation highlight how multi-scale modeling can be used to inform public

health decision making. Chapter 2 utilizes a simultaneous integration framework informed by within-host

viral kinetics modeling to estimate the impact of diagnostic testing and subsequent isolation on transmission

reduction. Chapter 3 extends these results into a compartmental modeling framework to estimate the impact

of vaccinate-or-test programs for COVID-19 using a serial integration framework. Chapter 4 considers a

different type of within-host data: immune markers, such as antibody titers, which may predict one’s level

of susceptibility to infection or severe disease. This chapter uses simulated antibody titer data to show

the limitations of common statistical methods for estimating correlates of protection, and introduces an

alternative model with increased flexibility.

5.1 Significance

The work completed in this thesis has numerous applications furthering the field of infectious disease

modeling and public health decision making. Chapter 2 introduces a novel approach to multi-scale modeling

for the impact of testing on disease transmission. This chapter builds on work comparing COVID-19 testing

strategies by Larremore et al. [136], formalizing the mathematics to predict testing effectiveness for any

virus. This simultaneous integration framework mirrors the mathematics developed by Fraser to estimate

the effects of symptomatic isolation and contact tracing [69] and could be further extended to other inter-

ventions. Furthermore, the results of this model predict reduction in transmission due to testing, and can
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therefore be incorporated into a compartmental model to analyze the impact of targeted testing strategies, as

in Chapter 3. This provides a more accurate estimate of testing effectiveness than traditional compartmental

methods given its reliance on viral kinetics data, but is more computationally efficient than performing the

same estimates using a multi-domain integration framework, as in [136]. The results of this study were

published in multiple news outlets to inform COVID-19 at-home testing recommendations [97, 172, 224].

Chapter 3 incorporates the results from Chapter 2 into a serial integration framework, estimating the

effects of vaccinate-or-test policies for COVID-19. As COVID-19 vaccines rolled out in 2021, schools, in-

stitutions, and governments considered reallocating diagnostic testing resources towards unvaccinated pop-

ulations. Our results showed that the effectiveness of vaccinate-or-test policies would vary depending on

population immunity levels for early variants of COVID-19. Furthermore, results elucidated that these poli-

cies would be ineffective toward the omicron variant, which swept America as the manuscript was in press,

due to higher levels of immune escape from the omicron variant. These results were used to inform testing

policies on CU Boulder campus.

Chapter 4 uses simulated data to evaluate common statistical methods used to infer correlates of pro-

tection from test-negative design data. These methods have been used to estimate the protective effects of

antibodies towards SARS-CoV-2 [32, 102, 148, 179] and influenza [167, 195]. Our results show that more

flexible statistical methods open the door to more realistic protection functions. This work provides a frame-

work for learning how within-host immune markers are associated with reductions in susceptibility, proven

mathematically and through simulation studies. This chapter lays an important groundwork to change the

models we use to understand correlates of protection, a necessary step towards future studies that use within-

host immunological models to inform susceptibility levels in between-host transmission models.

5.2 Limitations

The studies presented in this thesis are subject to a number of common limitations. First, pathogens

evolve over time, and the models presented here do not necessarily predict the impact of this evolution.

Chapters 2 and 3 each consider multiple distinct variants of SARS-CoV-2. However, the aggregation of
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genotypes into variants is limited in itself, and our ability to characterize distinct attributes (such as viral

kinetics, symptom timing, test sensitivity, etc.) to each variant was limited by the information available

at the time during a rapidly changing pandemic. Similarly, Chapter 4 results may change depending on if

currently circulating variants are highly mutated compared to the immune marker being measured in the

study.

Second, human behavior is an important component of transmission dynamics, which we do not

directly consider in our studies. None of the three chapters consider how differences in behavior may

reduce transmission. This simplification omits observed differences in contacts based on attributes such as

age or occupation [170, 192, 227], as well as potential differences in preventative behaviors, such as mask

wearing [226] or vaccination refusal [147], across a population. Inclusion of this heterogeneity may lead to

differentially distributed infectious potential (Chapters 2 and 3) or potential for exposure (Chapter 4) in the

population.

Lastly, the number of potential infectious disease endpoints is vast and often difficult to measure.

Chapter 2 considers how testing can reduce transmission, and therefore the number of infections. This

does not explore how testing may reduce other important endpoints, such as the likelihood of an outbreak

or importation of a disease [29]. Similarly, Chapter 4 explores the statistical methods used to estimate

probability of disease, or symptomatic infection, but cannot be used to estimate the probability of infection

itself. This endpoint would require a different study design, which is not conducive to test-negative design.

5.3 Future research

5.3.1 Estimating individual infectiousness profiles

In Chapter 2, we use viral load as a proxy for infectious potential. Viral load is measured using

quantitative reverse transcription polymerase chain reaction (RT-qPCR), which amplifies viral genomic ri-

bonucleic acid (RNA) to quantify even small concentrations of genetic material. However, this method

does not differentiate between replicating virus, which is considered potentially infectious, and non-viable
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viral fragments. To approximate infectious viral concentrations, researchers may use assays such as focus-

forming/plaque assays [121] or viral titers [13,95,141] which aim to capture only the virus that can actively

replicate in-vitro.

Chapters 2 and 3 rely on the assumption that a higher viral load is associated with a higher transmis-

sion potential given contact with a susceptible person, which is supported by the literature [7, 7, 21, 72, 86,

113, 116, 188], albeit not perfectly [86, 115, 116]. Some studies show higher correlation between viral load

and replicating virus in the early days of an infection [116], i.e. the proliferation period. This phenomenon

may be explained by neutralizing antibodies, cytotoxic T cells, phagocytic cells, or other immune responders

preventing viral replication without necessarily clearing viral RNA.

This idea could be incorporated into a within-host model that simulates virus interactions with cells

and immune molecules (Figure 5.1A). This model seeks to replicate infectious virus (V ) interactions with

host target cells (T ), which become infected (I) and stimulate the production of immune responders (A) and

more virus particles. If viral-immune interactions lead to reductions in infectious virus without immediate

reductions in viral RNA, we may observe differential peaks for infectious virus (Figure 5.1, red curve)

and total viral RNA as measured by RT-qPCR (V + R, black curve). Fitting this model to viral load (black

curve) and viral titer (red curve) data may allow us to infer the rate at which the immune response effectively

stunts viral replication (i.e. parameter σ). If this parameter value is consistent across individuals or even

pathogens, we may realize a future where viral load measurements can be easily be mapped to infectious

potential without the need for time consuming titer or plaque assays.
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Figure 5.1: Within-host modeling can help differentiate infectious virus from non-infectious virus.

(A) Model diagram depicting within-host compartments of target cells (T), infected cells (I), infectious

virus particles (V), non-infectious virus particles (R), and immune response (A). (B) Example kinetics for

infectious (red curve), non-infectious (blue curve), and total (black curve) virus populations.

The approach depicted in Figure 5.1 focuses on within-host data, but we may also learn the rela-

tionship between viral load and infectious potential using between-host data, or observed transmissions.

These observations are complicated by veils of stochasticity, individual behaviors, and individual suscep-

tibility levels. However, we may gain some traction by comparing the distribution of observed secondary

infections to the distribution of individual infectiousness under some model (i.e. the logarithm of viral load

above some threshold). Infectiousness models which replicate observed transmission distributions are likely

good candidate models to infer infectiousness from viral load data. Increased model complexity may also

consider how expected behaviors, such as heterogeneous contact patterns and symptomatic self-isolation,

change these results.

5.3.2 Incorporating serology data into epidemiology models

The methods presented in Chapter 4 are one of several ways to infer the protective effects of quan-

titative immunological assays. These methods can link assay values, such as antibody titers, to observed
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reductions in risk of infection, severe disease, transmission, or death. Understanding this functional link

between assay values and risk reduction is the first step to incorporating quantitative cross-sectional sero-

surveys into epidemiological modeling efforts.

This adds another layer of complexity to individual heterogeneity that can change modeling re-

sults. Theoretical work has demonstrated that heterogeneous host susceptibility generally dampens infec-

tion counts [33], reduces epidemic final size and herd immunity threshold estimates [33,161,166], and may

change optimal vaccination policies [123]. Realistically modeling this heterogeneity requires both serology

data and the protection function which links serology data to observed reductions in risk. Given this un-

derstanding, future work could easily incorporate serological data into a simple SSIR-type model, where

multiple susceptible compartments provide varying levels of protection from infection given exposure.

5.4 Concluding remarks

This dissertation demonstrates the power of multi-scale modeling to bridge the gap between individual-

level viral and immune dynamics and population-level transmission and protection outcomes. By integrat-

ing viral kinetics with testing and isolation strategies, evaluating vaccinate-or-test policies, and examining

statistical methods to estimate correlates of protection, this work advances our ability to predict and miti-

gate infectious disease transmission. While some limitations remain, such as the availability of large-scale

immune response data and the complexity of real-world transmission dynamics, these findings provide a

strong foundation for future research on testing policies, vaccine evaluation, and multi-scale infectious dis-

ease modeling. Ultimately, this work demonstrates the value of multi-scale modeling to inform public health

decision-making and improve epidemic preparedness.
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cia, Stephanie Baggio, Anna-Rita Corvaglia, Frederique Jacquerioz, Catia Alvarez, Manel Essaidi-
Laziosi, Camille Escadafal, Laurent Kaiser, and Isabella Eckerle. Analytical sensitivity of eight dif-
ferent SARS-CoV-2 antigen-detecting rapid tests for omicron-BA.1 variant. Microbiology Spectrum,
10(4):e00853–22, Aug 2022.

[16] Ted Bergstrom, Carl T Bergstrom, and Haoran Li. Frequency and accuracy of proactive testing for
COVID-19. MedRxiv, pages 2020–09, 2020.



88

[17] Daniel Bernoulli. Essai d’une nouvelle analyse de la mortalité causée par la petite vérole et des avan-
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Figure S1: Ascertainment rates vary considerably by strategy and pathogen. Ascertainment is shown

for RSV (orange), influenza A (pink), and SARS-CoV-2 omicron in experienced hosts (green) under three

testing programs: (1) weekly rapid diagnostic test (RDT) screening with 50% compliance, (2) testing with

one RDT per day for two days starting at symptom onset, and (3) one RT-qPCR test administered 2-7d

after exposure, with 75% participation and 2d test turnaround time (TAT). Panels B-E depict population-

level infectiousness curves without (hatched) and with (filled) testing and isolation for the labeled pathogen

and testing program. Black curves represent the proportion of infections not yet detected by time t. See

Supplemental Figure 2.2 for scenario Testing effectiveness estimates.
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Figure S2: Population-level infectiousness curves for all Figure 2.2 scenarios. Scenario results are shown

for RSV (orange), influenza A (pink), and SARS-CoV-2 omicron in experienced hosts (green) under three

testing programs: (1) weekly rapid diagnostic test (RDT) screening with 50% compliance, (2) testing with

one RDT per day for two days starting at symptom onset, and (3) one RT-qPCR test administered 2-7d

after exposure, with 75% participation and 2d test turnaround time (TAT). Panels depict population-level

infectiousness curves without (hatched) and with (filled) testing and isolation for the labeled pathogen and

testing program. Black curves represent the proportion of infections not yet detected by time t.
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Figure S3: Sensitivity analysis of testing effectiveness patterns observed in Figure 2.2. Testing effec-

tiveness is shown for RSV (orange), influenza A (pink), and SARS-CoV-2 omicron in experienced hosts

(green) under three testing programs: (1) weekly rapid diagnostic test (RDT) screening with 50% compli-

ance, (2) testing with one RDT per day for two days starting at symptom onset, and (3) one RT-qPCR test

administered 2-7d after exposure, with 75% participation and 2d test turnaround time (TAT). Each scenario

is considered for a 0.5 log-fold increase or decrease in infectious threshold or RDT limit of detection (LOD),

as labeled. In this sensitivity analysis, although precise values change, the relative patterns and orderings

discussed in the main text are unaffected.
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Figure S4: Testing effectiveness after symptom onset depends on the pathogen, the number and type

of tests available, and when they are used. Testing effectiveness (TE) of rapid test (RDT) and RT-qPCR

with 2 day turnaround time, used x days after symptom (Sx) onset using y tests once per day is shown for

RSV, influenza type A, and SARS-CoV-2 omicron in experienced hosts. Darker colors represent higher TE

as indicated, and the associated TE for each strategy is shown. Turnaround times: rapid tests, TAT = 0;

RT-qPCR TAT = 2. See Supplementary Table S1 for limits of detection and other parameters and Figure 2.4

for colored heatmaps with annotated optima.
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Figure S5: Ascertainment of testing after symptom onset depends on the pathogen, the number and

type of tests available, and when they are used. Ascertainment—defined as the total proportion of infec-

tions diagnosed—of rapid diagnostic test (RDT) and RT-qPCR with 2 day turnaround time, used x days after

symptom (Sx) onset using y tests once per day is shown for RSV, influenza A, and SARS-CoV-2 omicron in

experienced hosts. Darker colors represent higher ascertainment as indicated, and the ascertainment values

are shown. Turnaround times: rapid tests, TAT = 0; RT-qPCR TAT = 2. See Supplementary Table S1 for

limits of detection and other parameters.
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Figure S6: Sensitivity analysis of optimal timing of RDT usage after symptom onset. Testing effective-

ness (TE) of rapid test (RDT), used x days after symptom (Sx) onset using y tests once per day is shown for

RSV (orange), influenza A (pink), and SARS-CoV-2 omicron in experienced hosts (green). Darker colors

represent higher TE as indicated. In each row, the testing strategy with highest TE is annotated with a white

star. Each scenario is considered for a 0.5 log-fold increase or decrease in infectious threshold or RDT limit

of detection (LOD), as labeled. In this sensitivity analysis, optimal test timing recommendations for RSV

and influenza A are unaffected, and are shifted by at most 1d for SARS-CoV-2. Turnaround times: rapid

tests, TAT = 0; RT-qPCR TAT = 2.
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Figure S7: Optimal timing of testing after known exposure depends on the number of tests available.

Testing effectiveness (TE) of rapid test (RDT) and RT-qPCR with 2 day turnaround time, used x days after

exposure using y tests once per day is shown for RSV (orange), influenza A (pink), and SARS-CoV-2

omicron in experienced hosts (green). Darker colors represent higher TE as indicated. In each row, the

testing strategy with highest TE is annotated with a white star. Turnaround times: rapid tests, TAT = 0;

RT-qPCR TAT = 2. See Supplementary Table S1 for LODs and Figure 2.4 for TE estimates.
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Figure S8: Examples of modeled viral kinetics. Stochastic realizations (gray lines; n=15) and a single

characteristic realization (colored line) of the piecewise linear model of viral load kinetics for RSV (orange),

influenza A (pink), and SARS-CoV-2 omicron/experienced (green). Horizontal lines show the pathogen-

specific limit of detection of RT-qPCR (solid line) and rapid diagnostic tests (RDTs; dashed line). Infectious

viral load is indicated by the gray shaded region.
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Pathogen Parameter Value Units Source

Influenza A

Latent period Unif[0.5,1.5] Days from exposure [34, 220]
Peak time Unif[1,3] Days from latent [34, 108, 220]
Peak VL Unif[6,8.5] log10 cp RNA/mL [108]
Clearance time Unif[2,5] Days from VL peak [34, 108, 220]
Infectious threshold 4 log10 cp RNA/mL [138]
High sensitivity LOD 2.95 log10 cp RNA/mL [108]
Low sensitivity LOD 5.38 log10 cp RNA/mL [233]
% symptomatic 64 % of infections [34, 108, 220]
Symptom onset time Unif[-2,0] Days from VL peak [138]
Failure rate 5 % of tests above LOD See text

RSV

Latent period Unif[2,4] Days from exposure [210, 213]
Peak time Unif[2,4] Days from latent [213]
Peak VL Unif[4,8] log10 cp RNA/mL [210, 213]
Clearance time Unif[3,6] Days from VL peak [210, 213]
Infectious threshold 2.8 log10 cp RNA/mL [210]
High sensitivity LOD 2.8 log10 cp RNA/mL [213]
Low sensitivity LOD 5 log10 cp RNA/mL [197]
% symptomatic 57 % of infections [173, 247]
Symptom onset time Unif[-1,1] Days from VL peak [141]
Failure rate 5 % of tests above LOD See text

SARS-CoV-2
omicron strain
experienced host

Latent period Unif[2.5,3.5] Days from exposure [121, 136]
Peak time Lognorm[1.053,0.688]∗ Days from latent [94]
Peak VL Lognorm[1.876,0.181] 40 - Cycle threshold [94]
Clearance time Lognorm[1.704,0.491]† Days from VL peak [94]
Infectious threshold 5.5 log10 cp RNA/mL [7, 72, 116, 188]
High sensitivity LOD 3 log10 cp RNA/mL [94, 121]
Low sensitivity LOD 6 log10 cp RNA/mL [14, 15]
% symptomatic 65 % of infections [94]
Symptom onset time Unif[-5,-1] Days from VL peak [86, 94, 232]
Failure rate 5 % of tests above LOD [14]

SARS-CoV-2
founder strain
naive host

Latent period Unif[2.5,3.5] Days from exposure [121, 136]
Peak time Lognorm[0.873,0.788]∗ Days from latent [125]
Peak VL Lognorm[1.999,0.199] log10 cp RNA/mL [125]
Clearance time Lognorm[1.953,0.611]† Days from VL peak [125]
Infectious threshold 5.5 log10 cp RNA/mL [7, 72, 116, 188]
High sensitivity LOD 3 log10 cp RNA/mL [94]
Low sensitivity LOD 5 log10 cp RNA/mL [15]
% symptomatic 65 % of infections [94, 121]
Symptom onset time Unif[0,3] Days from VL peak [121, 130, 181]
Failure rate 5 % of tests above LOD See text

Table S1: Summary of viral load, infectiousness, and testing parameters. For a description of how pa-
rameters were extracted from the cited sources, please see Materials and Methods. LOD, limit of detection;
VL, viral load; Unif, uniform; ∗ bounded within [0.5, 10]; † bounded within [0.5, 25].
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6.1.1 Imperfect isolation behaviors

To include imperfect post-diagnosis isolation behaviors, we consider a behavior change function

B(τ), one’s relative infectiousness at time since diagnosis τ . For instance, perfect isolation upon diag-

nosis would be modeled as B(τ) = 0, while a one-week partial isolation might be modeled as B(τ) = 0.5

for 0 ≤ τ ≤ 7, and B(τ) = 1 for τ > 7. The individual reproduction number can thus be written as the sum

of the total infectiousness before and after diagnosis,

νtesting(tDx) =

∫ tDx

0
β(t) dt+

∫ ∞

tDx

B(t− tDx)β(t) dt . (S1)

Simplifying yields

ν̄testing = ν0 −
∫ ∞

0

∫ t

0
β(t)

[
1−B(t− tDx)

]
f(tDx) dtDx dt . (S2)

This equation offers a helpful term-by-term interpretation: diagnosis decreases total infectiousness from its

baseline of ν0 by an amount that depends on (i) the probability distribution of diagnosis times f(tDx) and

(ii) the quality of isolation after said diagnosis B(τ), weighted by (iii) the infectiousness β(t) at the time of

isolation and thereafter. Under a specified isolation behavior B(τ), TE is computed as

TE = p

∫ ∞

0
E
[
β(t)

(∫ t

0

[
1−B(t− tDx)

]
f(tDx) dtDx

)]
dt

/ ∫ ∞

0
E [β(t)] dt . (S3)

Thus, more complex post-diagnosis behaviors may be easily modeled, but such scenarios were not explored

numerically in the main text.

6.1.2 Test to exit strategies

Test-to-exit (TTE) is a strategy designed to maximize the effectiveness of post-diagnosis isolation

while minimizing the number of days spent in isolation by requiring one or more negative test(s) before

exiting isolation. While various formulations of TTE may exist, here we analyze a simple version in which

individuals wait w days after receiving a diagnosis and then begin testing at a rate Ā tests per day, with a

per-test failure rate of ϕ and a test turnaround time of TAT. We assume that compliance with TTE is c = 1

due to individuals’ expected desire to leave isolation.
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Mirroring Eq. (S1), the expected infectiousness under a test-to-exit program, assuming perfect isola-

tion between the time of diagnosis tDx and the time of isolation exit texit, is given by

νtesting(tDx, texit) =

∫ tDx

0
β(t) dt +

∫ ∞

texit

β(t) dt . (S4)

We define the PDF and CDF of texit as g and G, respectively, allowing us to rewrite the previous equation as

ν̄testing = ν0 −
∫ ∞

0
β(t)F (t) dt+

∫ ∞

0
β(t)

∫ t

0
G(t, tDx)f(tDx) dtDx dt . (S5)

This expression takes on the interpretable form of total infectiousness in the absence of testing ν0, minus

post-diagnosis infectiousness prevented due to perfect and indefinite isolation, plus any residual infectious-

ness realized by an exit from isolation.

To model post-isolation exit testing, we assume that one waits w days before testing at a rate Ā using

a test with turnaround time TAT and failure rate ϕ. Under these conditions, n(t) = Ā(t− tDx − TAT − w)

represents the expected cumulative number of scheduled tests with the potential to return an exit-inducing

result by time t, with n̄(t) = n(t)mod1. The distribution for texit is then given by the rather cumbersome

G(t, tDx) =



0 t ≤ tDx + w + TAT

ψ1(t) tDx + w + TAT ≤ t ≤ tmax

ψ2(t) t ≥ tmax

(S6)

where the function

ψ1(t) = 1−
[
(1− n̄(t))(1− ϕ)n(t)−

¯n(t) + ¯n(t)(1− ϕ)n(t)−n̄(t)+1
]

(S7)

represents the cumulative probability that one receives a negative test due to a false negative (i.e., a test

failure when above that test’s limit of detection), and where

ψ2(t) = min

{
1, Ā [1− ψ1(tmax)][t− tmax] + ψ1(tmax))

}
(S8)

captures the rapid approach of G toward guaranteed exit from isolation after one is no longer detectable.

The quantity tmax = max
[
tu + TAT, tDx + w + TAT

]
represents the latest possible time at which a person
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testing to exit could receive a positive test. The corresponding PDF is

g(t, tDx) =



0 t ≤ tDx + w + TAT

Āϕ(1− ϕ)n(t)−n̄(t) tDx + w + TAT ≤ t ≤ tu + TAT

Ā [1− ψ1(tmax)] tu + TAT ≤ t ≤ tu + TAT + 1/Ā

0 t ≥ tu + TAT + 1/Ā.

(S9)

Under the above TTE assumptions, the typical number of days spent in isolation may be computed as

the expected difference between the texit and tDx distributions. One may also update q̄Dx in computing test

consumption (Materials and Methods) to include the additional tests consumed while testing to exit,

q̄TTE = 1 +

∫ ∞

0

∫ ∞

tDx+w

(⌊∫ texit−TAT

tDx+w
Ā dt

⌋
+

⌊∫ texit

texit−TAT
Ā dt

⌋)
g(texit, tDx)f(tDx)dtexitdtDx . (S10)

6.2 Chapter 3 supplementary materials

Parameter Description Value Reference
Population parameters

N Population size 20,000 —

ϕ Proportion of population vaccinated
[0, 1]

US: 0.58 [236]

ψ
Proportion of population with
infection-acquired immunity

[0, 1]
US: 0.35 [42]

Infection parameters
σ−1 Latent period 3 days [48]
γ−1 Infectious period 6 days [36]
RNPI

0 Basic reproductive number {4, 6} see Methods

α
Probability of transmission given contact

(tuned to achieve the desired RNPI
0 ) RNPI

0 γ/N —

IHR Infection hospitalization rate for naive unvaccinated
delta: 0.02

omicron: 0.01
[4, 101]

[143, 235]
Testing parameters

Fraction by which screening & isolation reduces typical unvaccinated infectious period∗

no screening 0 —
weekly screening, 50% compliance 0.242 [136]
weekly screening, 99% compliance 0.473 [136]

θ

2× weekly screening, 99% compliance 0.808 [136]

Table S2: Summary of population, infection and testing parameters used in modeling and simulation.
∗Assuming PCR testing with a one day turnaround time for test results.
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Parameter Description Value Reference
Immunity parameters

VES
Vaccine effectiveness to decrease susceptibility

to infection

delta
waning = 50%
baseline = 65%
boosted = 80%

[40]
[25, 64]

[74]
omicron

35% [73]

VEI Vaccine effectiveness to decrease infectiousness

delta
waning = 10%
baseline = 35%
boosted = 60%

[64]
[25, 64]

[74]
omicron

5% [73]

VEP
Vaccine effectiveness to decrease disease

progression to hospitalization given infection

delta
waning = 80%
baseline = 86%
boosted = 90%

[12, 73, 230]
[12, 73, 230]

[73, 230]
omicron

77% [73, 230]

XES
Infection-acquired immunity effectiveness to

decrease susceptibility to infection

delta
63% [74]

omicron
35% [8]

XEI
Infection-acquired immunity effectiveness to

decrease infectiousness

delta
13% [74]

omicron
5% [8]

XEP
Infection-acquired immunity effectiveness to decrease
disease progression to hospitalizations given infection

delta
54% [8, 39]

omicron
74% [8]

HES
Hybrid immunity effectiveness to decrease

susceptibility to infection
(vaccine- and infection-acquired immunity)

delta
waning = 81.5%
baseline = 87.1%
boosted = 92.6%

see Methods

omicron
50% —

HEI
Hybrid immunity effectiveness to decrease

infectiousness

delta
waning = 21.7%
baseline = 43.5%
boosted = 65.2%

see Methods

omicron
10% —

HEP
Hybrid immunity effectiveness to decrease

disease progression to hospitalizations given infection

delta
waning = 80%
baseline = 86%
boosted = 90%

see Methods

omicron
77% —

Table S3: Summary of immunity parameters used in modeling and simulation.
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Reff = 1
1 1

1 1

1

R0 = 4

R0 = 6

Total
infections

Figure S9: Vaccination’s impact on the total number of infections depends on vaccine effectiveness
and RNPI

0 . For (top row) RNPI
0 = 4 and (bottom row) RNPI

0 = 6, heatmaps show the total number of
infections as past infection and vaccination rates vary for vaccines with (a) waning, (b) baseline, and (c)
boosted effectiveness vs the delta variant. See Supplementary Tables S2 and S3 for scenario parameter
values. Curves denote the effective reproductive number Reff at t = 0 as annotated. N = 20, 000.
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Reff = 1

3
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Reff = 1

3
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Figure S10: Vaccination and past infection affect epidemic potential, vaccine breakthroughs, and
drivers of transmission. (a) Curves denote the effective reproductive number Reff at t = 0 as anno-
tated, as past infection and vaccination rates vary. Heatmaps show (a) the total number of infections, (b) the
percentage of total infections occurring in the unvaccinated population and (c) the percentage of total infec-
tions caused by the unvaccinated population. White annotation curves in (b) and (c) indicate the 50% point.
N = 20, 000 andRNPI

0 = 6 in all panels, with baseline VE and immunity parameters vs the delta variant; see
Figure 3.2 for RNPI

0 = 4. See Supplementary Table S3 for values for infection-acquired, vaccine-acquired,
and hybrid immunity parameters.
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Weekly testing, 
99% compliance

% reduction 
in infections 
due to testing

Weekly testing, 
50% compliance

III

I

Reff = 1
no testing

Reff = 1
with testing

II

Figure S11: The impacts of unvaccinated-only screening on total infections depend on population
immunity, compliance, and vaccine effectiveness. Percent reduction in infections due to screening over
various population vaccination rates assuming low (a, d), baseline (b, e), and high (c, f) vaccine effectiveness
with once-weekly screening at 50% (top row) and 99% (bottom row) compliance. White lines indicate the
population immunity rate at which Reff = 1 with screening (solid) and without screening (dashed), which
divide the space into three regions, labeled I, II and III. See Supplementary Table S3 for immunity parameter
values. RNPI

0 = 6 in all panels; see Figure 3.5 for RNPI
0 = 4.
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Reff = 1
with testing

A B C

A

B

C

No testing
x 103

% reduction
in infections

due to testing

d

Figure S12: Unvaccinated-only screening during omicron transmission cannot achieve Reff < 1 except
in low-vaccination and high-frequency regimes. Percent reduction in infections due to screening over
various population vaccination rates assuming plausible parameters for immunity associated with prior in-
fection, vaccination, or both, with (a) once-weekly screening at 50% compliance, (b) once-weekly screening
at 99% compliance, and (c) twice-weekly screening at 99% compliance. (d) Number of individuals infected
over time, under screening scenarios denoted A, B, C, compared with no screening (black) with 58% vacci-
nation rate and 35% rate of prior infection. Solid white line indicates the population immunity combinations
for which Reff = 1 with screening; no combinations exist to produce Reff = 1 without screening. See Sup-
plementary Table S3 for immunity parameter values. RNPI

0 = 6 in all panels. See Figure 3.6 for RNPI
0 = 4.

d

Reff = 1
with testing

I

A B C
A

B C

No testing

x 103

% reduction
in infections

due to testing

I II

Figure S13: Universal testing during omicron transmission can achieve Reff < 1 in high-compliance
and high-frequency regimes. Percent reduction in infections due to universal screening over various pop-
ulation vaccination rates assuming plausible parameters for immunity associated with prior infection, vac-
cination, or both, with (a) once-weekly screening at 50% compliance, (b) once-weekly screening at 99%
compliance, and (c) twice-weekly screening at 99% compliance. (d) Number of individuals infected over
time, under universal screening scenarios denoted A, B, C, compared with no screening (black) with 58%
vaccination rate and 35% rate of prior infection. Solid white line indicates the population immunity combi-
nations for which Reff = 1 with screening; no combinations exist to produce Reff = 1 without screening.
See Supplementary Table S3 for immunity parameter values. RNPI

0 = 4 in all panels. See Figure 3.6 for
unvaccinated-only screening.
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Figure S14: The impacts of screening on total infections and hospitalizations depend on popula-
tion immunity, compliance, and vaccine effectiveness. (Top/middle panel) Percent reduction in infec-
tions/hospitalizations due to universal screening over various population vaccination rates assuming low (a,
d, g, j), baseline (b, e, h, k), and high (c, f, i, l) VE vs the delta variant with once-weekly screening at 50%
(top row) and 99% (bottom row) compliance. (Bottom panel) Percent reduction in hospitalizations due to
unvaccinated-only screening over various population vaccination rates assuming low (m, p), baseline (n, q),
and high (o, r) VE vs the delta variant with once-weekly screening at 50% (top row) and 99% (bottom row)
compliance. White lines indicate the population immunity rate at which Reff = 1 with screening (solid) and
without screening (dashed), which divide the space into three regions, labeled I, II and III. See Supplemen-
tary Table S3 for immunity parameter values. RNPI

0 = 4 in all panels; see Figure 3.5 for percent reduction
in infections under unvaccinated-only testing.
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Figure S15: Screening via testing and vaccine effectiveness affect transition points to majority-
breakthrough regimes. The vaccination rates at which the vaccinated population makes up the majority of
(a) infections and (b) transmission for low, moderate, and high vaccine effectiveness scenarios. Minimum
(filled circle) and maximum (open circle) endpoints show the variation in transition points over all combi-
nations of vaccination and prior infection rates for no screening (black), 50% compliance (purple), and 99%
compliance (pink) over all possible values for past infection rates. RNPI

0 = 6 for all plots; see Figure 3.7 for
RNPI

0 = 4.
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Figure S16: SEIR Model Flow Diagram. SEIR model schematic depicting unvaccinated (u subscript),
SARS-CoV-2 experienced (x subscript), vaccinated (v subscript), and both experienced and vaccinated (“hy-
brid”; h subscript) populations. Solid lines denote movement of individuals between classes at the given
rate. The time spent infectious, 1/γ, may be shortened by a factor of 1 − θ due to screening. Dashed lines
denote infectious interactions, scaled by protection against infection (VES ,HES ,XES) and transmission
(VEI ,HEI ,XEI ).
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6.2.1 Derivation of effective reproductive number

With unvaccinated-only screening, this model’s next generation matrix M , used to calculate the ef-

fective reproductive number Reff, is given by

M =
α

γ



1 0 0 0

0 1− XES 0 0

0 0 1− VES 0

0 0 0 1− HES


C



1− θ 0 0 0

0 (1− XEI)(1− θ) 0 0

0 0 1− VEI 0

0 0 0 1− HEI


(S11)

where C is the contact matrix

C =



cu→u cx→u cv→u ch→u

cu→x cx→x cv→x ch→x

cu→v cx→v cv→v ch→v

cu→h cx→h cv→h ch→h


(S12)

with units of average number of contacts per person per day. In a well-mixed population of size N with

proportions ϕ vaccinated and SARS-CoV-2 prior infection ψ,

Cwell mixed = N



ϕ(1− ψ) ϕψ (1− ϕ)ψ (1− ϕ)(1− ψ)

ϕ(1− ψ) ϕψ (1− ϕ)ψ (1− ϕ)(1− ψ)

ϕ(1− ψ) ϕψ (1− ϕ)ψ (1− ϕ)(1− ψ)

ϕ(1− ψ) ϕψ (1− ϕ)ψ (1− ϕ)(1− ψ)


. (S13)

The effective reproductive number is the absolute value of the dominant eigenvalue of M . It depends on

RNPI
0 , ϕ, and ψ, as well as values of VE, HE, XE, and θ,

Reff = RNPI
0

[
ϕ(1− ψ)(1− VES)(1− VEI) + ϕψ(1− HES)(1− HEI)

+ (1− ϕ)ψ(1− XES)(1− XEI)(1− θ) + (1− ϕ)(1− ψ)(1− θ)

]
. (S14)

This equation has the more compact form

Reff = RNPI
0 [fu(1− θ) + fxrx(1− θ) + fvrv + fhrh] , (S15)

after substituting fu = (1 − ψ)(1 − ϕ), fx = ψ(1 − ϕ), fv = (1 − ψ)ϕ, and fh = ϕψ, the fractions of

the population in the unvaccinated, experienced, vaccinated, and hybrid immunity groups, respectively, and
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rx = (1 − XEI)(1 − XES), rv = (1 − VEI)(1 − VES), and rh = (1 − HEI)(1 − HES), the cumulative

impacts of transmission-related immunity on each group. Note that for universal screening testing, this

equation becomes

Runiversal
eff = RNPI

0 (1− θ) [fu + fxrx + fvrv + fhrh] . (S16)

Setting Reff = 1 in Eq. (S14) leads to the following required vaccination fraction ϕ to achieve a

reproductive number below one,

ϕR=1 =
ξ [ψ(1− XES)(1− XEI) + (1− ψ)]− 1

RNPI
0

ξ [ψ(1− XES)(1− XEI) + (1− ψ)]− (1− ψ)(1− VES)(1− VEI)− ψ(1− HES)(1− HEI)
,

(S17)

where ξ = 1− θ. In the absence of screening, this equation simplifies to

ϕR=1 =
ψ(1− XES)(1− XEI) + (1− ψ)− 1

RNPI
0

ψ(1− XES)(1− XEI) + (1− ψ)− (1− ψ)(1− VES)(1− VEI)− ψ(1− HES)(1− HEI)
.

(S18)

6.3 Chapter 4 supplementary materials



S23

Figure S17: The scaled logit model can recover complicated antibody protection functions, while lo-
gistic regression is limited in its scope. Estimated protection function using the scaled logit model (green
curve) trained on data generated using a threshold (A), exponential (B), sigmoidal (C), and flat (D) protec-
tion functions (dashed black curve). Circles show a subset of infected (red) and uninfected (gray) simulated
individuals at various antibody titers used to train the model.

Figure S18: The scaled logit model can recover complicated antibody protection functions, even under
different titer distributions. Estimated protection function using the scaled logit model (green curve)
trained on data generated using exponential (A) and sigmoidal (B) protection functions (dashed black curve)
for uniformly (A) and normally (B) distributed titers. Circles show a subset of infected (red) and uninfected
(gray) simulated individuals at various antibody titers used to train the model.
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Figure S19: Scaled logit model fit with low sample sizes. Estimated protection function using the scaled
logit model (green curves) for 20 stochastic simulations at the specified sample size (N ) using a sigmoidal
true protection (dashed black curve).

Figure S20: The scaled logit model has low accuracy at small sample sizes. Average error over 50
simulations per scenario for various sample sizes and case-to-control ratios using the scaled logit model.
Error was defined as the discrete ℓ2 norm (Euclidean distance) between the modeled and true protection
functions. Darker-colored lines represent scenarios with more controls per case.
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Figure S21: Protection functions used for data simulation. Risk reduction as a function of antibody titer
for exponential (A), sigmoidal (B), threshold (C), and no relationship (D) protection functions.
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6.3.1 Fitting the scaled logit model to TND data

Under the scaled logit model, the likelihood of observing a given data set is given by

L(λ, β0, β1; {yi, Ai}) =
∏
i

(
λ

1 + e(β0+β1Ai)

)yi (
1− λ

1 + e(β0+β1Ai)

)(1−yi)

, (S19)

where Ai denotes individual antibody titers and yi = 1/0 denotes an observed infection or non-infection,

respectively. We wish to find the parameters (λ, β0, β1) which maximize this likelihood function, or equiv-

alently the parameters that minimize the negative log-likelihood:

NLL(λ, β0, β1; {yi, Ai}) =
∑
i

[
−yi log

(
λ

1 + e(β0+β1Ai)

)
− (1− yi) log

(
1− λ

1 + e(β0+β1Ai)

)]
.

(S20)

The latter form is preferable for computational methods, given limitations of machine epsilon when com-

puting extremely small values.

We use the built in scipy.minimize function in python, implemented with the Nelder-Mead

minimization algorithm and options to increase the number of iterations before convergence. Sample code

is provided for MLE in both python and R in the Appendix. In python, this process uses the following code,

where λ has been replaced with k to avoid conflict with built-in functions:

# Import required packages

import numpy as np

from scipy.optimize import minimize

# Define the scaled logit function

def scaled_logit(x, k, beta_0, beta_1):

"""

Scaled logit function

Parameters:

x (array-like): Input values.

k (float): Maximum value (scale).

beta_0 (float): Intercept parameter for linear regression.

beta_1 (float): Slope parameter.

Returns:

array-like: Scaled logistic function values.

"""

return k / (1 + np.exp(beta_0 + beta_1*x))

def neg_log_likelihood_scaled_logit(params, data):
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'''

Defines negative log-likelihood function for scaled logit model

Parameters:

params: list of model params [k, beta_0, beta_1]

data: list of lists containing [Ab_titers, infected_status] for all oberved samples

Returns:

Scalar negative log-likelihood value

'''

k, beta_0, beta_1 = params

Abs = np.array(data[0]); infected = np.array(data[1])

# Get likelihood

prob_pos = infected * np.log(scaled_logit(Abs, k, beta_0, beta_1))

prob_neg = (1-infected) * np.log(1-scaled_logit(Abs, k, beta_0, beta_1))

return -1*np.sum(prob_pos + prob_neg)

def fit_scaled_logit(x_data, y_data, initial_guess=(0.5, 1, -1)):

"""

Fit the scaled logit model to data.

Parameters:

x_data (array-like): Independent variable values.

y_data (array-like): Dependent variable values.

initial_guess (tuple): Initial guesses for k, beta_0, and beta_1.

Returns:

tuple: Fitted parameters (k, beta_0, beta_1)

"""

data = [x_data,y_data]

result = minimize(neg_log_likelihood_scaled_logit, initial_guess, method='Nelder-Mead', args=(data), options={'xatol': 1e-10,

'fatol': 1e-8, 'maxiter': 10000, 'maxfev': 20000})↪→

return result.x

# Example of fitting the model to data

# Generate anibody titers for 1000 cases and controls

Ab_titers_cases = np.random.uniform(np.log(1), np.log(1000), 1000)

Ab_titers_controls = np.random.uniform(np.log(1), np.log(8000), 1000)

Ab_titers = np.concatenate([Ab_titers_cases, Ab_titers_controls])

# Generate infected status array

infected = np.concatenate([np.ones(1000),np.zeros(1000)])

# Fit sccaled logit model to data

fitted_params = fit_scaled_logit(Ab_titers,infected)

fitted_k, fitted_beta_0, fitted_beta_1 = fitted_params

print(fitted_params)

# Create vector of model predictions for increasing titers

potential_Abs = np.arange(np.log(1),np.log(8000))

prob_infection = scaled_logit(potential_Abs, fitted_k, fitted_beta_0, fitted_beta_1)
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If the researcher prefers to work in R, the equivalent script is:

# Load necessary library

library(stats)

# Define the scaled logit function

scaled_logit <- function(x, k, beta_0, beta_1) {

return(k / (1 + exp(-(beta_0 + beta_1 * x))))

}

# Define the negative log-likelihood function for the scaled logit model

neg_log_likelihood_scaled_logit <- function(params, data) {

k <- params[1]

beta_0 <- params[2]

beta_1 <- params[3]

Abs <- data[[1]]

infected <- data[[2]]

# Compute likelihood

prob_pos <- infected * log(scaled_logit(Abs, k, beta_0, beta_1))

prob_neg <- (1 - infected) * log(1 - scaled_logit(Abs, k, beta_0, beta_1))

return(-sum(prob_pos + prob_neg))

}

# Function to fit the scaled logit model

fit_scaled_logit <- function(x_data, y_data, initial_guess = c(0.5, 1, -1)) {

data <- list(x_data, y_data)

result <- optim(

par = initial_guess,

fn = neg_log_likelihood_scaled_logit,

data = data,

method = "Nelder-Mead",

control = list(reltol = 1e-6, maxit = 4000)

)

return(result$par)

}

# Example of fitting the model to data

# Generate antibody titers for 1000 cases and controls

Ab_titers_cases <- runif(1000, log(1), log(1000))

Ab_titers_controls <- runif(1000, log(1), log(8000))

Ab_titers <- c(Ab_titers_cases, Ab_titers_controls)

# Generate infected status array
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infected <- c(rep(1, 1000), rep(0, 1000))

# Fit scaled logit model to data

fitted_params <- fit_scaled_logit(Ab_titers, infected)

fitted_k <- fitted_params[1]

fitted_beta_0 <- fitted_params[2]

fitted_beta_1 <- fitted_params[3]

print(fitted_params)

# Create vector of model predictions for increasing titers

potential_Abs <- seq(log(1), log(8000), length.out = 100)

prob_infection <- scaled_logit(potential_Abs, fitted_k, fitted_beta_0, fitted_beta_1)
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