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Spin-orbit coupling exists in materials in general. However, it entangles the spin and or-
bital degrees of freedom and complicates the model. Thus, theorists usually neglect the effects
induced by spin-orbit coupling first and consider spin-orbit coupling as perturbation next. The
non-perturbative effects brought up by spin-orbit coupling are thus often less studied or overlooked.

On the other hand, the majority in the study of interacting topological order focusing on the
general structure of theories and made significant advances by leaving material details behind. It is
thus important to find possible microscopic models that could realize the new phases in laboratories
and benefits from the progress of theories to make experimental predictions.

In this thesis, we study the physical effects due to strong spin-orbit coupling from the per-
spective of searching new quantum orders and the non-trivial responses.

(i) The first project, we propose the nontrivial dipolar-octupolar(DO) doublets on the py-
rochlore lattice. By studying the most general symmetry allowed model at the localized and the
itinerant limit for DO doublets, we found two 3D symmetry enriched topological orders and topo-
logical insulator correspondingly. (ii) In the second project, we analyze the 2D model descending
from the localized limit of DO doublets on pyrochlore. The discrete onsite symmetry and space
group symmetry could lead to a symmetry-enriched topological order with symmetry fractionaliza-
tion pattern that cannot emerge from a spin model with continuous spin rotational symmetry. The
non-trivial symmetry fractionalization pattern contributes to the striking numerical signal that can
help identifying the topological order. (iii) In the third project, we develop a theory to understand

the high-energy Raman signal in SryIrO,.
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Chapter 1

Introduction

1.1 General introduction

One of the most important question in physics is: ”What are the quantum phases of
matter? ”. The question is not only centrally important for physics but also to move the frontiers
of materials science. The band theory successfully characterizes a large family of weakly interacting
electron systems and is the underpinning of many advances in the study of semiconductors. The
abilities to predict and manipulate semiconductors assists the development of computer era. The
study of band theory is one corner of the study of quantum phase of matter where interaction effect
can be understood perturbatively. It is interesting to ask: are there quantum phases that cannot
be explained using the perturbative picture of the microscopic degrees of freedom? A broad way to
rephrase the question is: what kind of quantum emergent phenomena are possible in nature? How
to realize those quantum emergent phenomena?

There are two different philosophical concepts in the research of Physics- emergence and
reductionism[I]. Condensed matter systems are formed by electrons, protons, and neutrons which
are well-understood particles. From the reductionists’ point of view, all we need to do to understand
condensed matter systems is to find a powerful computer to simulate how all the building blocks
interact with each other. The study of condensed matter systems is thus an area with only technical
challenges based on the reductionists’ view of nature.

However, reductionists’ cogent statement is too limited and fails to appreciate the beauty of

condensed matter physics. In the highly influential article ” More is different” by Philip Anderson[2],



he points out the fallacy of this kind of thinking is the reductionist hypothesis does not imply the
ability to start from the microscopic components and reconstruct the macroscopic phenomena. Also,
the exact wavefunction with a macroscopic number of quantum particles will be so complicated
that it is challenging or even impossible to extract useful information to predict its behavior or to
develop possible applications.

In contrast to reductionism, emergence is a concept that takes an entirely different point
of view. We might understand how the building blocks in our system very well. However, the
complexity of the systems could lead to qualitatively new phenomena which only emerge at the
thermodynamic limit. Thus the phenomena are intrinsically many-body phenomena and cannot be
understood using its building blocks alone.

Emergent phenomena are ubiquitous in physics. One of the most important concepts- spon-
taneous symmetry breaking- is an emergent phenomenon. Only when the number of degrees of
freedom reaches the thermodynamic limit, the symmetry could be spontaneously broken. The
concept of emergence points out quantitative change could lead to qualitative change and can be
generalized in different fields of physics[3]. The idea of emergence thus brings immense possibilities
to condensed matter systems and becomes the backbone of modern condensed matter physics.

Landau introduced a general theory that describes the phases of matter and the transitions
between different phases[4]. The idea behind Landau’s theory is to classify different phases of
matter according to the global symmetry and the order parameter. Transitions among the various
phases are thus the change of symmetry of the order parameters. The order parameter is a local
phenomenological quantity that emerges from microscopic degrees of freedom. For example, the
crystal phase spontaneously breaks continuous translation symmetry, and the order parameter is a
vector defined in a unit cell; the Bose-Einstein condensate is a phase spontaneously breaks particle
number conservation U(1) symmetry, and the order parameter is a complex number with modulus
1; the nematic phase spontaneously breaks SO(3) rotational symmetry, and the order parameter
is a quadrupolar operator. Such order parameters emerge from the complex interactions between

underlying microscopic degrees of freedom. The order parameters for different systems are defined



in various spaces. The order parameter for the crystal phase in 2D is defined in a torus space, the
order parameter for Bose-Einstein condensation is defined in S', and the order parameter for the
nematic phase is defined in RP?[5].

The Landau theory describes a broad class of matter and forms the cornerstone to understand
and to characterize different phases of matter according to its symmetry. One natural question to
ask is: are there other scenarios to describe different phases? Are there new phases that cannot
be described by Landau theory ? There are various attempts to go beyond the Landau theory.
It is reasonable to question the axiom of the existence of the locality of order parameters to find
new phases beyond Landau theory. Another possibility is to find new phases that have the same
symmetry but have very different physical properties.

The discovery of Berezinskii-Kosterlitz-Thouless(BKT) transition suggests the nontrivial role
played by the topology of the system[6, [7, 8]. In a two dimensional system with U(1) symmetry,
the Goldstone mode will destroy the spontaneous order and suggest no spontaneous symmetry
breaking in such system. However, different asymptotics of correlation functions at high- and
low- temperature limits indicate there should be a transition point that separates the two distinct
behavior. It turns out such transition is characterized by the proliferation of topological defects,
U(1) vortices. The topological defect is characterized by ”classical topology.” The proliferation of
vortices is driven by thermal fluctuations and is of classical nature.

Spontaneously symmetry breaking and the BKT transition are emergent phenomena with
a classical interpretation. However, there are emergent phenomena without any classical analogy
and must be understood in quantum picture. The main subject of this thesis, topological order,
is a quantum emergent phenomena without classical description. F. Wegner invented Ising gauge
theory in 1971[9]. The model is a quantum model. The gauge structure of the theory turns the
model into a quantum gauge theory. According to Elitzur’s theorem, the local symmetry cannot
be broken. However, the model still has nontrivial phase diagram with phases that cannot be
characterized by a local order parameter. Wegner’s theory thus shed much light’s on the novel

concept of quantum phase transition without local order parameter. One of the key structure for



the Ising gauge theory is the constrained Hilbert space which is non-local. The Hilbert space is
non-local in a sense that it cannot be described by direct products of local Hilbert spaces. The basis
of the Hilbert space can have a classical interpretation. However, superposition of the basis leads
to long-range entangled wave functions. Thus, the Hilbert space is long-range entangled in that
sense. Such structure is closely related to the later development of string-net picture[10, 11}, 12 13].
The long-range entangled state is intrinsically quantum state and has no classical analogy.

Many such states share similar behavior that the low energy effective theory is a topological
field theory. Therefore, those states are called topological order. During the development, people
found symmetry alone is not enough to describe the topological order. The most famous examples
for such physics are the chiral spin liquid[I4}, [15] and fractional quantum Hall effect(FQHE)[I6].
Later, people realize chiral spin liquid and FQHE are just tips of the iceberg for a huge class of topo-
logical order. From experimental perspectives, FQHE is experimentally measured[16]. However,
searching for quantum spin liquids in the lab is still a challenging and ongoing research topic[17, [18].

Now, let’s change gear to another line of important but more abstract thinking and discuss
how it helps us in studying quantum spin liquids.

The discovery of topological insulator sparks a huge wave of research activities on the study
of quantum phases[19, 20, 21} 22], 23], 24 25, 26l 27]. People realize that topological insulator is
just a tip of the iceberg of a huge family of phases which is dubbed symmetry protected topological
orders (SPTs)[28] 291 30, 311 [32], [33], B4L 35l 36], 37]. SPTs are non-trivial phases that are protected
by certain symmetries. A topological insulator can be considered as a non-trivial phase protected
by time-reversal symmetry. When time reversal symmetry is preserved, the wave function of a topo-
logical insulator can not be adiabatically transformed into the wave function of a trivial insulator
without closing the bulk gap.

The discovery of topological insulator not only indicates the nontrivial effect of spin-orbit
coupling in materials but also raises the interesting question of the interplay among symmetry and
topological orders.

The useful idea initiated from the discovery of topological insulator gives new insight to the



study of topological order[38]. The new advances on the line of study of topological order is that
symmetry alone can not pin down which topological order it is. However, symmetry divides the
parameter space of a topological order such that we have a finer classification for topological order.
The topological excitations will carry non-trivial quantum numbers that can distinct the topolog-
ical order in this finer classification scheme. Thus, symmetries could provide useful experimental
signatures to probe the underneath topological order. After imposing symmetry on topological or-
ders, we have more topological orders with different physical properties. Thus, the new topological
order is ”enriched” from the parent topological order. The new generation of topological order are
thus called symmetry enriched topological order(SETs)[39, [40], 41, 42} [43], 44, [45], 46, [47].

The new understanding of SPTs and SETs ignites the study of new quantum phases in the
last decade. SPTs and SET's are both macroscopic quantum phases. Both of them have energy gap
in the bulk. The energy gap provides a well-defined topological structure. That is, we can change
the parameters of the Hamiltonian, as long as the gap is not closed by tuning of parameters, the
phase should remain in the same topological phase. Thus, the parameter space of the Hamiltonian is
divided into different topological phases. As the Hamiltonian followed a particular path of change
of parameters, if the path crosses the boundary of distinct topological phases, the gap closes,
and the Hamiltonian could go from one topological phase to the other topological phase. When
symmetry is broken, the SPTs will collapse into a trivial product state. On the other hand, the
SETs will collapse into a topological order which is still a nontrivial long-range entangled wave
function. Specifically, a topological insulator is an SPT protected by time-reversal symmetry and
electron number conservation. When time reversal symmetry or electron number conservation is
broken, the wave function can be adiabatically connected to product states of atomic orbitals. A
Z5 topological order can be enriched by space group symmetry thus the spinon/vison transform
nontrivially under space group. When the symmetry is removed, only the topological structure like
fusion and braiding is left and we have a generic Zs topological order.

Now, we can get back to the challenge to find the material realization of quantum spin liquids.

There are several difficulties to realize quantum spin liquids in experiments. One of the challenges



for seeking quantum spin liquids is the microscopic mechanism for the emergent phenomena is not
clear. Exactly solvable models are powerful tools to analyze the properties of topological orders.
However, it is laborious or even impossible to relate the results from exactly solvable models to
real materials and provide useful experimental predictions. Because of that, the experimentally
relevant measurement which can positively identify topological order is lacking. To shed new lights
on the problem of how quantum spin liquids emerges from realistic microscopic models, simple
models with physical realizations that can be simulated by numerical techniques will be essential.
Another major obstacle is the smoking gun evidence of quantum spin liquid. Most experimental
measurements are local probes. It is thus tough to devise a probe to extract the global quantum
structure.

In this thesis, I will tackle the two issue accordingly. In chapter 2, I would like to strengthen
the weak link between theory and material by proposing realistic models in new parameter region
of the material- strong spin-orbit coupled 4f and 5d pyrochlores. The new model demonstrates in-
teresting physics from different perspectives. First, it is the minimum model to capture spin-orbit
coupling for certain rare earth pyrochlore material. Second, it lies in a sweet spot that interest-
ing theoretical proposal can be tested by unbiased large-scale quantum Monte Carlo simulation.
The advantage of this model puts itself in a good position to study three dimension long range
entangled quantum states. Because of the general symmetry argument, it could be relevant to
realize topological insulator for 5d transition metal compounds in the future. In chapter 3, I would
like to connect the newly developed theoretical concepts to a closely related model by proposing
signals that can be measured by numerical simulation and potentially can be measured in future
experiments. In chapter 4, I will discuss the work I collaborate with a local experiment group to
construct a theoretical model to understand the Raman scattering experiment in SryIrO,. The
spin-orbit coupling leads to different selection rules that reveal the possible microscopic dynamics
in this material.

In summary, this thesis explores how novel quantum orders emerge from strong spin-orbit

coupling in materials. Through the understanding of spin-orbit coupling and symmetry, we can



identify the unique response to probe new quantum orders or the possible microscopic dynamics

from the experiment.

1.2 Quantum spin ices and topological phases from dipolar-octupolar dou-

blets on the pyrochlore lattice []

We consider a class of d- and f-electron systems in which dipolar-octupolar Kramers doublets
arise on the sites of the pyrochlore lattice. For such doublets, two components of the pseudospin
transform like a magnetic dipole, while the other transforms like a component of the magnetic
octupole tensor. Based on a symmetry analysis, we construct and study models of dipolar-octupolar
doublets in itinerant and localized limits. In both limits, the resulting models are of surprisingly
simple form. In the itinerant limit, we find topological insulating behavior. In the localized limit,
the most general nearest-neighbor spin model is the XYZ model. We show that this XYZ model
exhibits two distinct quantum spin ice (QSI) phases, that we dub dipolar QSI, and octupolar

QSI. We conclude with a discussion of potential relevance to real material systems.

1.3 Theory of quantum Kagome ice and vison zero modef]

We derive an effective Zy gauge theory to describe the quantum kagome ice (QKI) state
that has been observed by Carrasquilla et. al. in Monte Carlo studies of the S = 1/2 kagome
XYZ model in a Zeeman field[50]. The numerical results on QKI are consistent with, but do not
confirm or rule out, the hypothesis that it is a Z spin liquid. Our effective theory allows us to
explore this hypothesis and make a striking prediction for future numerical studies, namely that
symmetry-protected vison zero modes arise at lattice disclination defects, leading to a Curie defect
term in the spin susceptibility, and a characteristic (Ng;s — 1)In2 contribution to the entropy,

where Ng;s is the number of disclinations. Only the Zs Ising symmetry is required to protect the

! This section has been published as a portion of Yi-Ping Huang, Gang Chen, Michael Hermele, Phys. Rev.
Lett. 112, 167203, 48] copyright 2014 American Physical Society, and is reproduced here in accord with the copyright
policies of the American Physical Society.

2 This section has been published as a portion of Yi-Ping Huang and Michael Hermele, Phys. Rev. B 95,
075130,[49] copyright 2017 American Physical Society, and is reproduced here in accord with the copyright policies
of the American Physical Society.



vison zero modes. This is remarkable because a unitary Zy symmetry cannot be responsible for
symmetry-protected degeneracies of local degrees of freedom. We also discuss other signatures of
symmetry fractionalization in the Z, spin liquid, and phase transitions out of the Z5 spin liquid to

nearby ordered phases.

1.4 High-energy electronic excitations in Sr,IrO, observed by Raman scat-

tering [

Spin-orbit interaction in SryIrO, leads to the realization of the Jog = 1/2 state and also
induces an insulating behavior. Using large-shift Raman spectroscopy, experimentalists found two
high-energy excitations of the d-shell multiplet at 690 meV and 680 meV with A;4, and By, sym-
metry respectively. As temperature decreases, the A;, and By, peaks narrow, and the A, peak
shifts to higher energy while the energy of the B, peak remains the same. We show that both
pseudospin-flip and non-pseudosin-flip dd electronic transitions are Raman active, but only the
latter are observed. Our analysis and experiments place significant new constraints on the possible

electronic structure of SryIrQO,.

3 This section has been published as a portion of Jhih-An Yang, Yi-Ping Huang, Michael Hermele, Tongfei Qi,
Gang Cao, and Dmitry Reznik, Phys. Rev. B 91, 195140,[5I] copyright 2015 American Physical Society, and is
reproduced here in accord with the copyright policies of the American Physical Society.



Chapter 2

Quantum spin ices and topological phases from dipolar-octupolar doublets on

the pyrochlore lattice [1]

2.1 Introduction

Finding new phases of matter is a problem of fundamental importance in condensed matter
physics. This search motivates in part the exploration of new classes of materials, where novel
parameter regimes can lead to phases not realized elsewhere, and other new phenomena. Recently,
there has been intense interest in materials combining strong spin-orbit coupling (SOC) with sub-
stantial electron correlation, especially in compounds with heavy elements [52]. SOC entangles the
spin and orbital degrees of freedom, and microscopic models including SOC have in many cases
not yet been constructed and studied. Spin-orbital entanglement can lead to rather complicated
models, but this need not always be the case.

In this chapter, we study a class of systems where strong SOC leads to surprisingly simple
microscopic models that — in different limits — naturally realize not only a topological band insulator,
but also two distinct quantum spin ice (QSI) phases. One of these is the familiar QSI phase [53],54],
here dubbed dipolar QSI (dQSI), while the other is a novel octupolar QSI (0QSI). dQST and 0QSI
are two distinct symmetry enriched U(1) quantum spin liquids, with space group symmetry playing
the crucial role.

Much of the recent activity in strong-SOC systems has focused on 5d iridates and 4f py-

! This chapter has been published as a portion of Yi-Ping Huang, Gang Chen, Michael Hermele, Phys. Rev.
Lett. 112, 167203, 48] copyright 2014 American Physical Society, and is reproduced here in accord with the copyright
policies of the American Physical Society.
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rochlores. Various novel models and phases have been predicted for iridates with pyrochlore
[551 56l 57, 58|, (9L [60], hyperkagome[61), 62, 63] [64] 65, [66], honeycomb[67] and hyperhoneycomb
lattices[68], [69], while the dQSI phase has been predicted in 4f pyrochlores[70} [71, [72, [73, [74]. In
many of these systems, SOC and other interactions lead to Kramers doublets on the d or f ions,
which in turn are the building blocks for minimal effective models to capture the low-energy physics.
Any Kramers doublet is associated with a time-reversal odd pseudospin operator 7# (u = x,y, z),
but not all Kramers doublets transform identically under space group symmetry [75]. The most
familiar possibility, which holds in the above recently studied 4f and 5d systems, is that, just like
a true spin-1/2 moment, 7# transforms as a magnetic dipole (i.e. as a pseudovector) under space
group operations.

In this chapter, focusing on the pyrochlore lattice of corner-sharing tetrahedra, we consider a
class of systems with Kramers doublets arising from d or f ions, where (in suitable local coordinates
discussed below) 7% and 7% both transform like the z-component of a magnetic dipole, while 7Y
transforms as a component of the magnetic octupole tensor. Models of such dipolar-octupolar (DO)
doublets have striking properties in both weak and strong correlation limits. We note that a similar
type of Kramers doublet has been considered on other lattices|76l, [77].

More specifically we consider both A3B2O7 pyrochlores and AB2Oy4 spinels, where the py-
rochlore A-site, and B-sites in both families, form a pyrochlore lattice. We consider two principal
situations: (1) In both pyrochlores and spinels, B is a transition metal in d' or d® electron configu-
ration and A is non-magnetic. (2) In pyrochlores, A is a trivalent rare earth with a partially filled
4f shell, and B is non-magnetic. Both cases can lead to effective models of DO doublets on the
pyrochlore lattice.

Case (1). The magnetic ions reside at the center of a trigonally-distorted oxygen octahedron;
the single-ion physics has been treated e.g. in [75]. Due to the cubic crystal field only the ta,

manifold is relevant. Projection P of orbital angular momentum L into the ¢34 manifold is PLP =
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—£, where the ¢/ are spin-1 matrices. The single-site Hamiltonian within the ?3, manifold is
H=-)\¢ S+ Hii + Hint, (2.1)

with A the strength of SOC and S the spin operator. Hiy = Ag(@zi)2 is the trigonal crystal field
allowed by D3y site symmetry. The z;-axis is the local C3 axis (i = 1,...4 is the sublattice index),
and x;, y;-axes are specified in the section The interaction Hi,: is of Kanamori form, and is
treated in the atomic limit where it is characterized by Hubbard interaction U and Hund’s coupling
Ju (see section [2.2)).

Defining an effective total angular momentum j.g¢ = £+ S, SOC alone splits the t3, manifold
into an upper doublet (jog = 1/2) and lower quadruplet (jog = 3/2). Effective models of jeg = 1/2
doublets are relevant for 5d° iridates [78, [79] and have received significant attention[61, 55, 67, 59,
68, [69]. While the jog = 1/2 doublet is dipolar, it does not obey a naive Heisenberg exchange
model due to strong SOC [77, 80].

The trigonal crystal field Hiy splits the quadruplet into two Kramers doublets, for a total
of three doublets. If Az > 0, the lower and upper doublets are dipolar and transform as the FI
irreducible representation of the D3y double group [81]. The middle doublet is a DO doublet; it
has j% = +3/2, and transforms as 'y & I'j (Fig. . The doublet is half-filled for d* electron
configuration, or (if Az < 0) for d* configuration.

While Hubbard interaction does not affect the single-site energy spectrum for a fixed number
of electrons, Hund’s coupling plays an important role. When Az > 0, we find the d* ground state
multiplet remains a DO doublet even for large Jg (see section . However, as Jy increases, the
energy gap between the ground state and the dipolar doublet first excited state decreases, vanishing
in the limit of large Jy where we recover a spin-3/2 moment. The splitting between the ground
and first excited doublets is substantial only when Jg < A, and increases with Az/\ (see section
. Hund’s coupling has no effect for d' configuration.

Case (2). Here A is a trivalent rare earth, where the ground state has angular momentum

J. The D3g-symmetric crystal field Hamiltonian is Her = 3B3(J?)? + -+ [82]. If J = 9/2 or 15/2,
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Figure 2.1: (Color online.) (a) The evolution of d electron states under cubic crystal field, SOC and
trigonal distortion. (b) The energies for the three local doublets under different trigonal distortions.
Compression (elongation) along the C3 axis corresponds to Az > 0 (Az < 0).
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and BY < 0 and dominates the other crystal field terms, then the ground state is a DO doublet
with J? = £J, transforming as Fgr @ Fg under D3q site symmetry. The DO doublet nature of the
ground state is robust even when the other crystal field terms are appreciable, as long as the ground
state is adiabatically connected to the J? = £.J doublet. Among the lanthanides, only Nd**+, Dy3*
and Er®* have the required values of J. Of these, B < 0 only for Nd3* and Dy** [82]. Indeed,
the crystal field ground state of Nd3* in NdalIr2O7 is a DO doublet [83], and a DO doublet ground
state is predicted for Dyt in Dy, TisO7[84].

The action of Fd3m space group symmetry on DO doublets is given in the supplementary
material (see section . The D34 site symmetry is generated by a 3-fold rotation C3, a mirror
plane M, and inversion Z, with: Cs : 7# — 7# M : 7% — —1%* M : 7Y — 7Y and Z : 7% — 7.
These transformations are not those of a pseudovector, and imply that 7%* transform like the z;-
component of a magnetic dipole, while 7¥ transforms like a component of the magnetic octupole
tensor (see section [2.6]).

We now proceed to construct effective models using a single DO doublet on each pyrochlore
lattice site as the basic building block. We assume throughout that higher-energy on-site degrees
of freedom can be ignored. Even when this is not quantitatively accurate, our models may still be
valid as minimal low-energy effective models.

We consider limits of itinerant and localized electrons, constructing tight-binding and spin
Hamiltonians, respectively, in the two limits. The Hamiltonian contains all electron hopping terms
(itinerant limit) or spin exchange terms (localized limit) allowed by time reversal and F'd3m space
group symmetry, up to a given spatial range. We note that tight-binding and exchange mod-
els of dipolar FI doublets have been extensively studied in the context of iridate and rare-earth
pyrochlores[85] 55, 86l 59, 60 [73], [72].

In the itinerant limit we ignore electron interactions, and the general form of the model is

Hrp = Z [c;[TM/c,, + h.c.]. (2.2)
(r,r")

Here, 7 labels pyrochlore lattice sites, the sum is over all pairs of sites, and ¢l = (cpi,cp).
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T.,. =T ;f,r is a 2 x 2 matrix describing tunneling between sites 7 and r’. The operator ci,i
creates an electron at site r with j7; = £3/2 in case (1), or J* = %J in case (2). Pseudospin

operators are 7. = (1/ 2)61«0’“&«, where o are the Pauli matrices. Time reversal symmetry implies
Ty =19, + ith ot

For nearest-neighbor sites, the hopping matrix 7;.,» has a remarkably simple form. Choosing
an appropriate orientation of bonds (see section, we find Ty.n = i[tl o' +13 03], taking the

same form for all nearest-neighbor bonds. A global rotation about the y-axis in pseudospin

1

+n, leading to T,,,T/ = it3 03, where the tilde indicates we are working in

space can thus eliminate ¢
the transformed basis. The nearest-neighbor model thus has a U(1) spin symmetry, and the purely
imaginary (spin-dependent) hopping is similar to models considered in [87]. A highly unstable
Fermi surface coincides with a surface of intersection between two bands (see section .
Evidently the nearest-neighbor tight-binding model is highly fine-tuned, so we also include
second-neighbor hopping, which is specified by parameters (g, w,, ;) (see section . Second-
neighbor hopping breaks the U(1) spin symmetry and gaps out most of the nearest-neighbor Fermi
surface. One finds either a metallic state, or a semi-metal with isolated band touchings occurring

at the W points (see Fig. [2.2]). These W-point touchings are in fact unstable and are gapped out

by fourth-neighbor hopping, leading to a strong topological band insulator (see section [2.4.2]).

. T I

1.0
0.5}
0.0

0.5

1.0

-1.5 Wy

i 2
Figure 2.2: Phase diagram of the tight-binding model wtih first- and second-neighbor hopping, as a
function of (o, Wy, W), setting 3, = 1. Very small fourth-neighbor hopping is included to remove
unstable band touchings at the W-point. Metallic (M) and strong topological insulator (TT) phases
are found. The phase diagram is symmetric under w, — —W, and Wy — —Wy.

We now consider the large-U limit of localized electrons, where the degrees of freedom are the
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. We find that the most general symmetry allowed nearest-neighbor

pseudospin-1/2 moments T,
exchange is H,, = Z<M/>[Jx7'f7'f, + Jny,'yT% + Lrith 4 Jua(TETE 4 TET))], where the sum is over
nearest-neighbor bonds. Quite remarkably, the exchange is identical in form on every bond. Similar
to the itinerant limit, the J,, term can be eliminated by a global pseudospin rotation (see section
. After this transformation, the exchange is of the remarkably simple XYZ form:

Hxyy = Y Joiowh + Jles + L7k, (2.3)

(rr!)

This result should be contrasted with the case of dipolar doublets on the pyrochlore lattice, where
the form of nearest-neighbor exchange varies according to the orientation of each bond [71].

Beyond simplicity of form, this pyrochlore XYZ model supports two distinct QSI phases. To
see this, we first review the XXZ model (j L =J, = jy), where QSI was identified in a study of the
regime J, > 0, J, > ]j 1| [B3]. For simplicity we concentrate on J, < 0, where quantum Monte
Carlo [88] found QSI for |.J,|/J. < ¢, with ¢ ~ 0.1. When |.J,|/J. > ¢, magnetic order is present.
It is important to note that QSI is robust to arbitrary symmetry breaking perturbations, and thus
survives away from the XXZ line.

The physics of QSI can be understood by mapping to a compact U(1) gauge theory, which is
exact for large J, [53]. The centers of pyrochlore lattice tetrahedra r form a diamond lattice, and
each pyrochlore site r corresponds to a unique nearest-neighbor diamond link (r,¢"). We introduce
lattice vector fields Ey = 77 and e = 72 447, where r (') lies in the diamond A (B) sublattice,
and By = —Eyy, Ay = —Apy. E (A) can be interpreted as the electric field (vector potential) of
a compact U(1) lattice gauge theory, of which QSI is the deconfined phase, supporting a gapless
photon, and gapped electric charge and magnetic monopole excitations.

So far we have been describing dQSI, so named because the electric field E,v = 77 is a
magnetic dipole. In the low-energy continuum theory, the electric field is odd under time reversal
and transforms under the I‘I (pseudovector) representation of the Oy point group. [The magnetic
field is time reversal even, and transforms under the I'j (vector) representation.] The same dQSI

phase occurs for large .J, > 0 (jy,z < 0 for simplicity), where E, = 7;¥, which transforms identically
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to 77 under symmetry.

The novel 0QSI phase arises for jy > 0 large (j“ < 0 for simplicity), so that E, = 77. In
this case the electric field is purely octupolar. In the continuum theory, the electric field is still time
reversal odd, but transforms under the I‘5+ representation of O, (neither vector nor pseudovector).
The magnetic field transforms as I'; .

0oQSI and dQSI are thus distinguished by the action of space group symmetry on electric
and magnetic fields, and can be viewed as distinct symmetry enriched U(1) quantum spin liquids.
This means that dQSI and oQSI are distinct phases in the presence of space group symmetry, but
weak space-group-breaking perturbations take dQSI and oQSI into the same U(1) quantum spin
liquid phase (which is robust to arbitrary weak perturbations regardless of symmetry). In terms
of physical properties, dQSI and oQSI both have a T contribution to specific heat from gapless
photons; in f-electron realizations, this is expected to be about 1000 times the phonon contribution
[72]. Dipolar spin correlations, as measured e.g. by neutron scattering, will, however, be quite
different, as illustrated by the fact that, neglecting effects of long-range dipolar interaction, equal-
time dipolar correlations fall off as 1/r* in dQSI [53], but as 1/7% in 0QSI (see section [2.7). In
future work, it would be interesting to compare the dynamic spin structure factor in dQSI and
0QSI. Neutron scattering signatures of dQSI have been discussed in [72].

So far, we have avoided discussing the case J1 > 0; here, less is known for the XXZ model,
due to the presence of a sign problem in quantum Monte Carlo. In the [.J||/J, < 1 limit, J, favors
QSI with 7 flux of the vector potential A, through each pyrochlore hexagon, unlike for J. <0,
where zero flux is favored (see section . We have not considered the properties of the resulting
m-flux versions of dQSI and oQSI, leaving this for future work. QSI is expected to persist over a
larger range of J | > 0, since in this case both jZ and J | interactions are frustrated [73].

We now discuss the phase diagram of the XYZ model. The simplest magnetically ordered
phases appear ferromagnetic in local coordinates; for instance, if J, < 0 and is dominant, (77) =
mg # 0. This is the “all-in-all-out” (AIAO) state, where dipoles point along the local z; axes,

toward (away from) pyrochlore tetrahedron centers lying in the diamond A (B) sublattices (or vice
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Figure 2.3: (Color online). Left: Unit cube in (J,,J,,J.) parameter space of the XYZ model.
Shaded regions were analyzed via gMFT. Right: gMFT phase diagram on the .J, = 1 surface of the
cube, where dQSI, all-in-all-out (ATAO), and anti-ferro-octupolar (AFO) phases are found. Within
gMFT, the phase transition is 1st order (2nd order) at the dashed (solid) boundary. The dotted
line is the XXZ line. We did not apply gMFT for Jy + J > 0. There, the exchange is frustrated,
and QSI is likely to be more stable than for J, + J < 0 [73]. The phase diagram on the other
surfaces of the cube can be obtained by relabeling parameters, with the nature of phases changing
according to the anisotropic character of 7. dQSI occurs on the J, = 1 and J, = 1 faces, while
0QSI occurs on the jy =1 face.
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versa). Since 7% and 7% transform identically under space group, the same ATAO state arises when
Jp <0, | o] > jy,z. A distinct magnetically ordered phase, with (7/) = m, # 0, is obtained when
jy <0, |jy| > jLZ. This state has anti-ferro-octupolar order, and no on-site dipolar order.

To study the phase diagram away from the simple limits discussed above, we employ gauge
mean field theory (gMFT)[72, [73] to our model (see section [2.8). gMFT makes the U(1) gauge
structure explicit via a slave particle construction, and is capable of describing both QSI and
magnetic phases. For simplicity, we limited our analysis to the shaded regions shown (Fig. on
the faces of a cube in (jz, jy, jz) space. We find only the two QSI and magnetically ordered phases
discussed above. In the same regions of parameter space we analyzed via gMFT, the XYZ model
can be studied via quantum Monte Carlo without a sign problem (see section [2.8]).

We now comment on the prospects for applying the models discussed above to real materials.
Promising systems to realize the XYZ model are Nd2B2O7 pyrochlores. B = Zr,Sn compounds
are insulators exhibiting antiferromagnetic order at low temperature [89, 00]. While the B = Ir
compound is known to carry a DO doublet [83], the physics is complicated by the presence of Ir
conduction electrons[58]. Synthesis of other Nd pyrochlores has been reported [91]. The validity
of the XYZ model description could be ascertained and the exchange couplings measured directly
via neutron scattering in applied magnetic field, as was done in the dipolar case for YboTizOr
[92]. DO doublets are likely in Dy pyrochlores [84], but the large moment of Dy®* means dipolar
interactions must be included. DO doublets may also occur in B-site rare earth spinels, and there
is evidence for this in CdErySes [93]. More broadly, strongly localized d-electron Mott insulators
with S = 3/2 and D34 site symmetry comprise another class of systems where DO doublets may
be the low-energy degrees of freedom.

5d systems are a likely setting for itinerant (or weakly localized) DO doublets. Cd20s207,
believed to exhibit ATAO order below a finite-temperature metal-insulator transition[94] 05], has
Os3t in 5d® configuration. Microscopic calculations indicate a DO doublet ground state, but show
a very small splitting between ground and first excited doublets [96], likely due to Hund’s coupling.

Moreover, electronic structure calculations do not show a clear separation between DO doublet and
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other energy bands [97, 08]. Thus 5d' systems, perhaps on other lattices, may be more promising
for the realization of itinerant DO doublets.

In summary, we have pointed out that Kramers doublets with dipolar-octupolar character
can arise on the sites of the pyrochlore lattice in both d- and f-electron systems. We studied
effective models of DO doublets in itinerant and localized limits, finding topological insulation in

the former case, and two distinct quantum spin ice phases in the latter.

2.2 On-site interaction for d® electron configuration

As discussed in the main text, for d* electron configuration, the on-site interaction plays an
important role and must be included. For a fixed lattice site, the interaction Hjyt projected into

the to, manifold is of Kanamori form,

Hint = = Z Z djngd;rng mo’ dmo’

m o#o’

+ = Z Zdjnadjng mo‘dmd

m;ém o,0!

+ 3 Z Zd:rnffd;rno' ma’dma

m;ém o,0’!

T Z Zdjnadino mcr’dm’g' (24)

m;ém o0’
Here, dI,w creates an electron in the ?9, orbital labeled by m = 1,2,3, with spin ¢ =1, ], and
U,U’,J,J" are the Kanamori parameters. For simplicity, we take the atomic limit by setting
U=U+J+J and J = J = Jy, where Jy is the Hund’s coupling.

We have assessed the effect of on-site interaction by direct diagonalization of the on-site
Hamiltonian [Eq. (1) in the main text], including spin-orbit coupling A, trigonal crystal field split-
ting Ag, as well as the interaction parameter Jg. For a fixed number of electrons, the Hubbard
interaction U has no effect and can be neglected. In Fig. [2.4h, the energy spectrum is plotted as
a function of Jy /A for Az = X. The ground state is a DO doublet, and the first excitation is a
dipolar doublet; we denote the splitting between these levels by . Independent of Jg, we find that
the DO doublet remains the ground state (6 > 0), but 6/ becomes small for Jg

2 A, as large

~
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Jy favors a S = 3/2 ground state. The splitting J is plotted in Fig. for different values of
As/\; it is apparent that larger trigonal splitting leads to larger separation between the two lowest

doublets.

2.3 Lattice geometry

The pyrochlore lattice is a FCC lattice with four-site basis. Setting the FCC lattice constant

to unity, we choose the FCC primitive vectors to be

1
a = 3(0,1,1) (2.5)
1
ay = 5(1,0.1)
1
a; = 3(1,1,0).

The basis vectors are taken to be

b; = —\fz (2.6)

where Z; is defined below, and ¢ = 1,...,4 is the sublattice index. The pyrochlore lattice can
be viewed as composed of corner-sharing tetrahedra whose centers form a diamond lattice. The
A-sublattice diamond sites are { R}, and the B-sublattice sites are {R + 1(1,1,1)}, where R is an
arbitrary FCC Bravais lattice vector. The basis vectors themselves form the A-sublattice tetrahe-
dron centered at the origin. In the following we will use serif symbol r, ¥’ to label the sites on the
dual diamond lattice and =, 7’ to label the sites on the pyrochlore lattice. Pyrochlore sites are also
labeled by the pair (R, ), where r = R + b;.

It is convenient to introduce local coordinate systems for each sublattice. These are given by

unit vectors (&, g, 2;) defined as follows,

5 = jgu,m m:\g(o,l,—l),
B = %(1,—1,—1) yg=j§<—1,0,—1),
t = \}g(—l,l,—l) y?,:%(—l,—l,m,
2 = %(—1,—1,1) g4:\2(—1,1,0), (2.7)
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Figure 2.4: (a) The energy spectrum of the single-site Hamiltonian for d* electron configuration,
as a function of Jg /A at Az = \. (b) Plot of the splitting § between the first excited and ground
doublets as a function of Jg /A for three different values of Az/\.
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and T; = y; X 2;. 2; the local 3-fold axis of the D3, site symmetry, and points toward the center of

the A-sublattice tetrahedra.

2.4 Symmetry analysis

2.0

The Fd3m space group is generated by the following operations: (1) Symmetries of the
tetrahedron centered at r = 0, forming the group Ty. (2) Inversion Z about the site » = by. (3)
Primitive FCC translations Ty, , T4,, Ta;. We also consider time reversal symmetry 7.

The Ty group preserving the r = 0 tetrahedron is generated by Cs;1 and M,;. Here, C3;

is a 3-fold rotation preserving the site r = by, and M,y is a mirror reflection sending x <+ —y.

Explicitly,
0 01
Cs1:r—Csir=1 10 0 |7 (2.8)
010
and
0O -1 0
Myg:r—>Mggr=| -1 0 0 |7 (2.9)
0 0 1

Below, we work out the effect of these symmetries on DO doublets, first for the simpler case

of localized pseudospins, then for the case of itinerant electrons in DO doublets.

2.4.1 Localized case

For concreteness, we begin by considering f-electron magnetic moments on the sites of the
pyrochlore lattice, with total angular momentum J = 3/2,9/2,15/2. We suppose that crystal field
splitting leads to a ground state DO doublet, with the same symmetry as the doublet J% = +.J.
(Note that we do not assume the ground state doublet is exactly given by J* = +.J, only that it

transforms identically under symmetry.) Letting P project onto the J* = +.J subspace, we define
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the pseudospin operators by

1 .

Thi = 573,]%77 (2.10)
1

+ +i\2J

TRi = (QJ)!P(JM) P, (2.11)

where 75, = (T3;)1, TEZ. = Th; £iTh;, and J;é = Jg,+iJg;. With these conventions, the pseudospin
operator T, (1 = x,y, z) has eigenvalues +1/2. We can now proceed to determine the symmetry
transformations of Téi in terms of the known transformations of J g;.

The above discussion applies directly to DO doublets obtained from d-electrons [case (1)
in the main text], upon replacing Jg; with jeRHZ-, and J with 3/2. Both Jg; and j‘}cﬂi transform
identically under symmetry, namely as time-reversal odd pseudovectors.

The generators of the symmetry group act on J, as follows:

Ta, : Jr — Jria, (2.12)
I:J, — Jzp (2.13)
Csp:dr — C3Joy,r (2.14)
Myg: Jr = =Ml ar (2.15)
T:Jr — —Jp (2.16)

For each symmetry operation S, we let Us be the unitary operator representing it. The above
notation is short-hand for conjugation of J, by the appropriate unitary or anti-unitary operators

representing each symmetry, e.g. Z: J, — ﬁIJ,,U% =Jzr.
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From the above relations and the definition of 7/, it is straightforward to show

Ta, 7T — T, (2.17)
I:7) — 714, (2.18)
Ca1:7 — 7'53’17, (2.19)
Mg 177 — —Tﬁ;r (2.20)
Mg 1) — 711(41@’? (2.21)
T 18 — -1 (2.22)

It is notable that 7 transforms trivially under C3; and that 7 transforms trivially under all space
group operations. This is a direct reflection of the octupolar character of 7¥ (see Sec. .

The space group transformation properties can be simply stated without choosing specific
generators. Consider the diamond lattice formed by the tetrahedron centers r. Every space group
operation either preserves the diamond A-sublattice (and hence also the B-sublattice), or it ex-
changes A- and B-sublattices. We refer to the former operations as A /B-preserving, and the latter
as A/B-exchanging. For improper A /B-preserving operations (e.g. mirror planes), 7" is odd.
(More precisely, if S is such an operation, then S : 7% — —75”.) For proper A/B-preserving
operations, 7;."° is even. This is reversed for A/B-exchanging operations, with 7% even under
improper operations and odd under proper operations. Finally, 7/ is even under all space group

operations.

2.4.2 Itinerant case

Here, we work out the effect of space group and time reversal symmetry on electron operators,
as required to construct models of itinerant electrons in DO doublets. Rather than pursuing a
direct microscopic analysis, we adopt an indirect approach. The idea is to first write down, for each
generator, the most general transformation of the electron operator consistent with the pseudospin
transformations derived above. Each such transformation involves unknown phase factors, and in

general the resulting transformations do not satisfy the relations defining the symmetry group. We
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show that, up to gauge transformations, the phase factors are completely determined by requiring
the group relations to hold.
We let c}lia, where av = &, create an electron at site (R, %) in pseudospin state 7§, = 1/2 for
a =+, and 75, = —1/2 for « = —. It is convenient sometimes to suppress the pseudospin index
and write cki, which we can think of as a two-component row vector of operators. Sometimes we
suppress both spin and basis indices, writing ck, an 8-component row vector of operators. The
po_ 1%

pseudospin operator is T, = 5¢p.0Cp,.
Since translations Ty, commute, a gauge can be chosen in which
T : ¢y = Up, kUL, = chya. (2.23)
The residual gauge freedom preserving this form of Ty, is cjﬁ —aof cki, where o € U(1).
The most general action of time reversal consistent with Eq. 1' is T : ck — 70%7’71 =

CTRUE, where

o (oY) 0 0 0
0 al.(icY 0 0
Ul = relio?) , (2.24)
0 0 s (icY) 0
0 0 0 afy(io?)

where a . € U(1). Using the fact that UT%T = ’TUTai, it is easy to show af, = o . Moreover, we
can make a gauge transformation to set o] = 1, and thus 7 : chi — c;ﬁ(iay). The residual gauge
freedom preserving the form of both translations and time reversal is still c;ﬁ — af cki, but now

each of € {+1}.

The most general form of (31 rotation consistent with the pseudospin transformations is

~ . c
Cs1: CL — UCa,1CE%U2‘3,1 = CTCS,IRURB’I, (2.25)
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where the 8 x 8 matrix Ugg’l is given in 2 x 2 block form by

%, 0 0 0
0 0 0 a%
USt = e (2.26)
0 o% 0 0
0 0 a% 0

for a%, € U(1). This is simplified by noting that UCSJUT%_ = UT03 L, U03,1 implies o, = af’, and

TUcy, = Uc,, T gives af € {£1}.

To proceed further, we employ the relation [Uc&l]?’ = —1, where the minus sign reflects the
S = 1/2 nature of electrons. This implies that oz? = —1, and agagaf = —1. It is then possible set

all of = —1, by making a gauge transformation of the form of = 1, and af € {£1} (for i = 2,3,4).
The resulting form of C5 1 rotation is still preserved by gauge transformations with of € {1} and
ol =1 (for i = 2,3,4).

2

Next we consider the mirror reflection M.y, which acts on electron operators by

A A sz
My :cly = Uy cgUl, =l pUgR™, (2.27)
where
0 0 0 oM (io¥)

0 ol (ioY) 0 0
UMy = 2 , (2.28)

0 0 ol (ioY) 0

oM (oY) 0 0 0

where a}. € U(1). The relation UMW UTai = UTMzgai 0sz implies o, = oM, and TUMZQ = UMW'T
gives oM € {£1}.

Viewing M,y as the composition of a Cy rotation and an inversion, we require the relation

[Un,,]> = —1, which implies o = a}. The relation [0Mzg(703,1]4 = —1 then implies o} =

—ag/f . To fix the remaining free parameters, in addition to gauge freedom, we have the freedom

to redefine Usz — —Upy,,, which allows us to set )/ = —1, o}’ = 1. We can then make a

gy
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gauge transformation of the form of € {£1}, af =1 (for i = 2,3,4), to set o = o} =1, thus
completely fixing the form of U M-

The only remaining generator is inversion, which acts on electron operators by
b SN | z
L:cpy = UrcgiUz = [~ R+2(by—b,)],iYRi> (2.29)

for aﬁi € U(1). The relation UT%_ Ur = UIT_ai implies aﬁi =of, and TU; = U T gives ot €

10

{£1}.
To proceed further, considering the action of the relation UI(A]C&1 = UC&IUI on cTRZ., for
R =0, gives aZ = af = oZ. Similarly, acting on C&O with (A]Ta3 @'IUMQ:Q = UMzg Uz gives of = o,
and thus all the afi[ are equal. We can then set oziI = 1 by exploiting the freedom to send Uy — —Us.

We have thus completely fixed the action of symmetry on electron operators. To summarize,

we have obtained the following results:

Ta, : CL — ck+ai (2.30)
T:ch, — o iaeibols (2.31)
C3q: ck — ng,lRUCS’l (2.32)
Myg:ch — cly gUM (2.33)
T: cki — cki(iay), (2.34)

ULt = : (2.35)

0 0 0 (io¥)
0 —(icY) 0 0
0 0  (ig¥) 0
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We have also obtained the same results directly from a microscopic analysis[99], but prefer
the indirect approach presented here both for its greater technical simplicity, and the additional

insight it provides.
2.5 Dipolar-octupolar nature of the doublets

Here, we consider the transformation of 7# under the D34 site symmetry. We show that 7%
transform like m,, the z-component of a magnetic dipole, while 7¥ does not transform like any
component of a magnetic dipole. Instead, 7¥ transforms like a component of the magnetic octupole
tensor 7},,». In this section, we will consider a fixed site . We consider dipole m,, and octupole
T}, tensors in the local coordinates introduced in Sec. suppressing the basis index ¢ to simplify
the notation.

The D34 site symmetry is generated by 3-fold rotation C', inversion Z, and a mirror plane
M. (There are three different mirror planes; we arbitrarily choose one of these to be a generator.)
The dipole m,, transforms as a pseudovector under these operations, as does each index of T, 5. It

follows from Sec. 2.4.1] that

Cy:rh — TH (2.37)
Miroe o _go (2.38)
M:7 5 ¥ (2.39)
Z:7" — TH (2.40)

It is clear that 7 does not transform as a pseudovector. We observe that 7% and 7% transform
identically to one another, and also to m,; therefore the y = x, z components of 7# are dipolar.
On the other hand, 7¥ does not transform as any component of m,. Note that inversion does not
play an important role, acting trivially on 7#, m,, and T, .

Instead, 7¥ transforms identically to a component of T}, x. To identify the appropriate com-



ponent, we change coordinates from pu = z,y, z to a = +, —, z by writing
Mo = Roumy
Taﬁy = RauRﬁyR'y)\T;w)\a

where

We have transformation laws

Csy:imy — e23m,
Cs3:m, — m,

. +i
M:my — e 1¢Mm1

M:m, — —m,,
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(2.41)

(2.42)

(2.43)

(2.44)
(2.45)
(2.46)

(2.47)

with the same transformations holding for each index of Tt 3. Here, ¢pps = m,7/3, —m/3, depending

on which of the three D3y mirror planes is chosen for M. For our purposes, the phase factor ¢,y is

unimportant, as it drops out in the transformation of T4, and T___; that is

M:T+++ — =T __

M:T __ — —T+++.
Using these transformations, we can identify

Ty ~ i(T+++ — T___).

(2.48)

(2.49)

(2.50)

As desired, the right-hand side is real and time-reversal odd, since time reversal 7 : m4 — —m=.

2.6 Tight-binding model

Here we describe the symmetry allowed tight-binding model for itinerant electrons in DO dou-

blets on the pyrochlore lattice, and provide more information on the analysis of the corresponding

electron band structures.
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Figure 2.5: Orientations of nearest-neighbor bonds for which the nearest-neighbor hopping takes
an identical form on every bond. The sites are numbered by basis index ¢ = 1,...,4. The center of
the tetrahedron on the right (solid line bonds) lies in the diamond A-sublattice, while that of the
left-hand tetrahedron (dashed-line bonds) lies in the diamond B-sublattice.
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Requiring F'd3m space group and time reversal symmetry, the symmetry transformations

given in Sec. can be used to determine the most general tight-binding model allowed by
symmetry. The electron hopping has the general form given in Eq. (2) of the main text

Hrp = Z |:CI.TTT/C,,,, + h.c.] , (2.51)

(rr")
where the sum is over all bonds, with some arbitrary but fixed choice of orientation for each bond.

0

Time reversal symmetry implies Ty, =t

+ it ,o#. For nearest-neighbor bonds (rr’), space
group symmetry implies

Tippry = itpno” + it} 07, (2.52)

with the orientation shown in Fig. The nearest-neighbor hopping Hamiltonian thus has an
identical form on every bond. A pseudospin rotation about the local y; axes can eliminate one
hopping parameter, resulting in
Hup =Y &L(it3,0%)é, + h.c., (2.53)
(rr’)
where £, = \/(tL, )2 + (£3,)? and &, & are electron operators in the rotated basis.

The nearest-neighbor model at half-filling has a non-generic and highly unstable Fermi surface
specified by cos %z + cos %’ + cos % = 0, which coincides with a surface of intersection between two
bands. The corresponding band structure is plotted in Fig. (a). This highly fine-tuned Fermi
surface is unstable to further-neighbor hopping, and it is thus crucial to include at least second-
neighbor hopping in the tight-binding model.

Letting (rr’)9 label second-neighbor bonds, we specify the second-neighbor hopping by giving

Ty on a reference bond (ror()2, where ro = by, r( = —i(l7 1,1) — by. We have
Tirgry)y = Wo + iwgo® + iw,o07, (2.54)

where wy, is forbidden by the Cs rotation symmetry taking the bond into itself. The reference bond
can be mapped into any second-neighbor bond by an appropriate space group operation, so all

T(ryr), can be obtained from T} ,- Unlike for nearest-neighbor hopping, the form of T{;,), varies

T07})
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from bond to bond. The global pseudospin rotation resulting in Eq. for nearest-neighbor
hopping affects the second-neighbor hopping merely by transforming the parameters (wg, w,, w,) —
(o, We, W)

Including second-neighbor hopping, we find that the ground state is either a metal [Fig,. (b)]
or semimetal with isolated four-fold band touchings at the W-points. [Fig. 2.6(c)]. The phase
diagram is discussed in the main text. The putative semi-metal phase is an incipient topological
band insulator. Because there is a gap at all time reversal invariant momenta, the Zs invariant can
be computed using the Fu-Kane formula [I00], and is found to correspond to a strong topological
insulator. This implies that any time reversal preserving perturbation that opens a full gap leads
to a strong topological insulator.

In fact, the W point band touching in the semimetal phase is unstable, and its presence
is an artifact of restriction to only first- and second-neighbor hopping. Upon including fourth-
neighbor hopping, a gap opens at the W point, resulting in a strong topological insulator (third-
neighbor hopping does not open a gap). To establish this, among the 6 distinct W points, we focus
on ky = (2w, 7,0). Letting H(k) be the 8 x 8 Bloch Hamiltonian including first- and second-
neighbor hopping, we observe that H(ky ) is block-diagonalized by the unitary transformation

H(k) = Uy, H(k)Up, where

1 0 1 O
e N [P (2.55)
W_\/i C o 0 2X2- .
0 «+ 0 —2

Here 159 is the identity matrix acting in the DO doublet pseudospin space. We find, in 4 x 4 block

form
~ €F14 4 0
H(kw) = " , (2.56)
0 K

where the upper-left block acts in the manifold of the 4-fold touching, e is the Fermi energy, and

K is a Hermitian 4 x 4 matrix with eigenvalues not equal to ep.
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To proceed, we consider the 4 x 4 effective Hamiltonian Hg(q) that describes the splitting
of the band touching for k = kw + q, where q is small compared to the Brillouin zone size. In
principle, this can be constructed by expanding the Bloch Hamiltonian H (kw + q) in powers of g,
and treating the g-dependent terms via degenerate perturbation theory.

For the present purposes, it is more useful to determine the most general form of H.g(q)
allowed by symmetry. The group of the wavevector for ky is isomorphic to Cy,, and is generated
by the four-fold rotation-reflection Sy, = C31M;; and the mirror reflection M, = ZCs;, where
Cyy € Ty is a m-rotation about the (100) axis. In addition, the composition of inversion and
time reversal Z7 is an anti-unitary symmetry leaving all k-points invariant. Using the results
of Sec. and the transformation Uyy, we determined the action of these symmetries in the
4-dimensional manifold of the band touching. To quote the results, we introduce the operators
TH = o# ® lgxs and ¥ = lgyo ® o#; any 4 X 4 Hermitian matrix can be written as a real linear

combination of 14x4, T#, ¥#, and T#¥Y. The symmetries act as follows:

CTED S 3 (2.57)
Sgy XY — Y (2.58)
Syy: T — —TY (2.59)
Syy:TY — —T° (2.60)
Syy:T? — -T7 (2.61)
Say (e 0y, 42) = (Qes —Qys —0a), (2.62)
and
M, :%H — x# (2.63)
M, :T* — —TY (2.64)
M,:TV — —T¢ (2.65)
M,:T* — —T* (2.66)

M:pi(q:v,qya%) — (_Qx,CIya%)a (2-67)



and finally

The most general Hamiltonian respecting Z7T is

T %+
IT:T*
T 1Y
T :T7

IT : q

K

TY

TCL’

TZ

Heff(q) = 6O(Q)ﬂétxél + fa(Q)’Yay

where a = 1,...,5, the f,(q) are arbitrary functions of g, and

4!

72

73

Bz

V5

= T=.

SRR

ST — TY)
SY(T* — TY)
ST — TY)

(T" + T)
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(2.68)
(2.69)
(2.70)
(2.71)

(2.72)

(2.73)

(2.74)
(2.75)
(2.76)

(2.77)

(2.78)

The 7y, matrices satisfy the y-matrix algebra {74, V5 } = 2d4s, and it follows that the energy spectrum

of Heg(q) is

(2.79)

where each (non-zero) energy level is two-fold degenerate. A band touching occurs at g only when

fa(@) = 0 for all a. In the putative W-point semi-metal, there is an isolated touching at ¢ = 0, and

€0(0) = ep.

The remaining symmetries Sy, and M, constrain the form of the f,(q). Keeping terms up
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through second order in q, we find:

fila) = cyay+ craa(ds — @) (2.80)
fo(@) = m+ oy + 2@t + &) (2.81)
fsla) = csyqy + C3ea (05 — G2) (2.82)
fi(@) = c12:029: (2.83)
fs@) = 502004 (2.84)
c(g) = er+ eOyyqz + €0u2 (05 + ¢2). (2.85)

There is clearly a 4-fold touching at ¢ = 0 only if m = 0, so evidently it happens that m
vanishes if we only include first- and second-neighbor hopping. This can be understood by recalling
that first- and second-neighbor hopping do not involve the ¢¥ Pauli matrix in the DO doublet

space, and thus the 8 x 8 Bloch Hamiltonian can be written in the form
H(k) = Mo(k) @ laxs + Mi(k) @ 0" + M3(k) @ 07, (2.86)

where the M 3(k) are 4 x 4 Hermitian matrices. It follows from the form of Uy, that also

H(k) = My(k) @ laxs + My (k) @ 0” + Mz(k) ® 0° (2.87)

Now, Heg(g = 0) is simply the upper-left 4 x 4 block of H(ky ), and we thus see that $¥ and YT
terms cannot appear. In particular, since v = X¥(T% — TY)/+/2, this implies that f»(0) = 0. This
result holds unless we consider hopping that involves ¢¥ in the DO doublet space; it turns out that
the shortest-range hopping for which this occurs is fourth-neighbor.

Now we consider the effect of a small m # 0 on the energy spectrum. We are interested in
the presence or absence of a gap. We first note that, in the quadratic approximation for f,(q),
and for generic values of the parameters cyy, ciza, €etc., Za;ﬁ2[fa(q)]2 # 0 for ¢ # 0. Then since
f2(0) =m, 3 [fa(q)]? # 0 for all g, and a full gap is opened. For generic parameters, this result is
also expected to hold beyond the quadratic approximation, since each f,(q) = 0 defines a surface in
g-space, and the four surfaces for a = 1, 3,4, 5, apart from intersecting at g = 0, are not expected

to have other intersections.
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wo = 0,1, = 0,w, = 0,0, =0 wo = 0.3, 0, =0.1,w, = 1,0, =0

r x w L o I X W L T

Figure 2.6: Band structure along high symmetry lines with energy in units of #3_. (a) Only
nearest-neighbor hopping is considered. (b) The metallic phase when both nearest-neighbor and
second-neighbor hoppings are present. (c¢) The semimetal phase with W-point band touchings when
nearest-neighbor and second-neighbor hoppings are present. (d) The strong topological insulator
phase after the fourth-neighbor hopping is included on top of the nearest-neighbor and second-
neighbor hopping. The topological invariant of the strong topological insulator is (v;vy,ve,v3) =
(1;0,0,0).
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The above discussion implies that a small fourth-neighbor hopping will open a gap at the

W point, which we have directly verified. A band structure illustrating this effect is shown in

Fig. 2.6(d).
2.7 XYZ model and quantum spin ice

Here, we mention some features of the XYZ Hamiltonian
Hxyz = Y JoTid + Jy7lil + Ligwh, (2.88)
(rr’)
and discuss its dQSI and oQSI phases.

First, we note that Hxyyz has an extra Zs X Zs spin symmetry, which is not expected to be
preserved upon including longer-range or multi-spin exchange. Keeping this in mind, for simplicity
we have confined our attention to the nearest-neighbor model.

The XYZ Hamiltonian has no quantum Monte Carlo sign problem over a substantial portion

. . . . . ~ ~:|: _ o~ .~
of its parameter space. This is seen upon expressing Hxyy in terms of 7% and 7= = 7% £47Y, where

Hxyz = Y. [JZZ%,%%;, — JL (7L + hee)
()
+ e (FFTE 4+ he)|. (2.89)

Here, J,, = J,, Ji = —i(jw + jy), and J44 = %(jz — jy) The XYZ Hamiltonian is thus similar to
the model discussed in Ref. [73], but is simpler in that it lacks the bond-dependent phase factors
of the latter model. Because the transformation 7+ — i7" sends Ji4 — —J14 without affecting
the other terms, there will be no sign problem when Jy + jy < 0, in world-line or stochastic series
expansion quantum Monte Carlo. By cubic permutations, the sign problem is also absent when
jy—l—jz<00r jx+jz<0.

Now, we discuss quantum spin ice in the perturbative regime [53], where J,, > 0 and
Joe > |Jil, |J1+]. In the limit of J — 0 and Jiy — 0, the resulting Hamiltonian produces
an extensively degenerate ground state manifold that is spanned by the so-called “two-in-two-out”

spin ice configurations.
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Quantum dynamics is turned on with small J+ and Jy4. Standard degenerate perturbation
theory generates an effective low energy Hamiltonian that acts within the spin-ice manifold. The

leading-order effective Hamiltonian is

Heg = Jung Y, (H 7 7 75 7 +hc.,) (2.90)
hexagon
where 1,2,---,6 label the 6 spins on the perimeter of a pyrochlore hexagon, and Jyjug o J3J2,.

J++ does not contribute to Heg at third-order.

H.g can be mapped to a U(1) lattice gauge theory [53] by writing

72 = By, (2.91)

7t o= A (2.92)

where the pyrochlore site r corresponds to the link rt’ of the dual diamond lattice, and F and A
are a lattice electric field and vector potential defined on the diamond links. This definition holds
for r in the diamond A-sublattice and ¢’ in the diamond B-sublattice. In order to interpret E and
A as lattice vector fields, we choose Fyy = —Ep, and Ay = —Apy.

The Hamiltonian H.g can be interpreted as the Maxwell term suppressing magnetic flux
through each hexagon. We focus on Ji+ > 0, where Jyi,g < 0, which favors a ground state with zero
flux through each hexagon.

Quantum spin ice can be understood as the deconfined phase of U(1) gauge theory [53], and
is in fact the ground state of the ring exchange Hamiltonian Heg [88]. The low-energy effective
Hamiltonian density is simply ‘H = K, B2+ Kb§2, where E , B are continuum electric and magnetic
fields. So far we have been describing dQSI. Upon permuting the axes in pseudospin space, the
same discussion applies to 0QSI, which arises when jy > 0 is large. The difference lies only in the
space group transformations of the electric and magnetic fields.

In the continuum theory, we consider transformations of E and B under the Op, point group
to distinguish dQSI and oQSI. It is straightforward to identify the irreducible representations of

Oy, under which E and B transform. In dQSI, E transforms as I'J (pseudovector representation)
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with B transforming as I'; (vector representation). In 0oQSI, on the other hand, E transforms as
I'Y, with B transforming as I';. In both dQSI and 0QSI, E (B) is odd (even) under time reversal.

The oQSI transformations can be simply understood by noting that O = T; X Z3, where
Ty is the group of symmetries of a pyrochlore tetrahedron, and the Zs is generated by inversion Z.
Then any g € Op can be uniquely written g = Z9¢, where s = 0,1, and ¢t € T;. Letting DFfs(g) be

the representation matrices for g € Oy, we have

Drs(t) = Dps(t) (2.93)

4

Dps(Tt) = —Dps(Th). (2.94)

Therefore, we can say that F;r agrees with the vector representation on 7y, but for g ¢ Ty, the
transformations come with an extra minus sign. Similarly, I';" agrees with the pseudovector repre-
sentation on Tjy.

In dQSI, equal-time dipolar spin correlations are given by (Eﬁ> electric field correlations,
which fall off as 1/r*. The above results can be used to determine the corresponding (but more
subtle) result for oQSI. First, we note that 77 can be viewed as a vector field on the diamond
lattice, transforming as a time-reversal odd pseudovector (i.e. identical to E in dQSI). Therefore,
in the long wavelength limit, 777 transforms as FZ.

To proceed, we need to construct the operator in the (Gaussian) oQSI continuum theory
with smallest scaling dimension, that also transforms as FI and is time-reversal odd. We have
dimE = dim B = 2, and dim 0, = 1. Also, the derivative 9, transforms as I';. For example,
we need to consider operators of the form 8MEV, which transforms as I'j ® F;. Decomposing
this into irreducible representations, we find that FI does not appear in the tensor product, and
this operator does not contribute to the dipolar spin correlations. Proceeding in this fashion, the
desired operator is instead of the form O\ = 8H8V(E) x» with dim O,,,» = 4. The corresponding
correlations fall off as a power law with exponent twice the scaling dimension, so the oQSI dipolar

correlations fall off as 1/75.

This result ignores the role of long-range dipolar interaction, which is potentially significant



40

in f-electron systems, but its main purpose is to illustrate a sharp difference between dQSI and
oQSI. In addition, if one restricts to the XYZ Hamiltonian only (i.e. includes no longer-range
exchange), the Z3 x Zs symmetry actually implies that dipolar correlations fall off exponentially in

0QSI, since both 77 and 7% transform non-trivially under Zs x Z».

2.8 Gauge Mean Field Theory

The formalism of gauge mean field theory (gMFT) for the pyrochlore lattice was introduced
in Refs. [72), [73]. This mean-field theory is anchored to the QSI phase known to occur in the easy-
axis limit [88], and allows one to assess the competition between QSI and magnetically ordered

phases. Here, we adapt the gMFT formalism specifically to the pyrochlore XYZ model.

2.8.1 Slave particles

The ground state of Heg [Eq. ] is a U(1) quantum spin liquid whose low energy physics
is described by compact quantum electrodynamics in 3+ 1 dimensions[53} [88]. In the gauge theory
language, the “two-in-two-out” spin ice rule becomes Gauss’ law, and the 7;& breaks the ice rule by
creating electrically charged spinon excitations on neighboring tetrahedra. The Ji term describes
the hopping of spinons on the dual diamond lattice sites.

Following Refs. [72] [73], to make the spinons and gauge field explicit, we enlarge the physical

Hilbert space by writing the spin operators as

7z+ — (I)ISJF [0)) (295)

r,r+e; rrt+e; “rte;

~z _ z
Ter+e; =  Srrtep (2'96)

where r is an A sublattice site of the diamond lattice, and e; connects r to its neighbors on the

z

+
'S

dual diamond lattice. ®{ (®r) is the spinon creation (annihilation) operator at site r, and s}, s,,,

are spin-1/2 operators that act as gauge fields. Since the spinons are bosonic, we further write
<I>I = e (&, = e, where ¢, is a 27 periodic angular variable and @Iq)r = 1 by construction.

In the above equations, the physical Hilbert space has been enlarged to the the combined space
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of the spinons and gauge field. To project back to the physical Hilbert space, we implement the

following constraint,
Qr =T Z Sf,r—&—y,eﬁ (297)
i
where 7, = 1 for r € A/B sublattice. Here @, is the spinon number operator and satisfies

[¢r7 Qr’] = Z.(srr’- (298)

The XYZ model Hamiltonian [Eq. (2.89))] can be rewritten as

J2z

— —Mr +nr

HXYZ — 2 E Qr Ji§ § (I)I’-H]rez r+nre; rr+nre15rr+77re]
roi#j

Jj:ﬁ:
Z Z CI)T(I) (bl’-‘r"]rez (I)r+7]rej r r""77re% r r+77'e +he. )
roi#j
-+ constant. (2'99)

The Ji4 term now appears as an interaction between spinons. The above Hamiltonian is manifestly
invariant under the local U(1) gauge transformation (®, — ®,e~Xr, :f, — si e 0w —xr)),
2.8.2 Mean field theory

Following Ref. [73], we now decouple the Hamiltonian in Eq. (2.99) by mean field theory. As

an illustration, the spinon hopping term is decoupled as follows,

T —Mr +nr
(I)r—l—'r],ez (I)H—nrej 3r,r+77rei r,r+nee;
T _ T —MNr +nr
— ((I)r—i-nre,- (br—&—nrej <(I)r+nrei (I>r+77rej>) <5r,r+nrei>< r,r+77rej>

- + - + - +
+ <CI)I+17rez q)f+nrej> (sr,rﬁmei <8r,rnJrr17rej> + <Sr,rrl7]rei>sr,rrinrej - <8r,rn#r~nre¢> <8r,|:q%r~77rej >) : (2 100)

Similar decouplings can also be made to the Ji1 term. The microscopic Hamiltonian is now reduced

to mean field Hamiltonians for both spinon sector Hg and gauge sector Hy,

Hxvyz = Hgurr = Ho + Hs. (2.101)
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Here, Hg is given by

J
Hy = ;Z Z QF — JLA? Z (I)Lrnreiq)”“”'ef
B r

Jij:A2 B A*
+5— z; > [@I@IXM X0 Py, Prie, +2(R[0 0 & + IO, &) + h.c.}
rcA i#j

JiiA2 A *
+ 9 Z Z [(DI(I)IXU + X(]j% (I)r—eiq)r—ej + 2((I)I(I)r—ei£; + (I)I(I)r—ejgz?k) + hc} .
reB i#j
(2.102)
We have chosen a mean-field state where the spinons feel zero magnetic flux through each hexagon,

as appropriate for Jyne < 0 and J+ < 0, and have thus chosen a gauge in which the spinon hopping

is uniform. We have introduced the sublattice mixing parameters,

&= (0]®,,,.) for reA, (2.103)
the onsite pairing parameters,
o = (®,8,) for reA, (2.104)
X8 = (®,9,) for reB, (2.105)
and the inter-site pairing
X5 = (By_e,Py_0,) for reB, (2.106)
Xo = (Die,Prie,) for reA. (2.107)

Finally, the parameter A is defined as A = <sfriei> is chosen uniformly on all bonds due to the
above gauge choice. H, only contains Zeeman terms for si, and is trivially solved, leading to
A=1/2

The ground state of Hp in Eq. is then solved self-consistently under the constraint
®{®, = 1. The gMFT ground state is selected by optimizing the variational energy (Hxyz) in
Eq. . Magnetic ordering appears when the spinon field is condensed with the physical order

st

parameter given by (7,5, .) = (@] rrte;

Py ie,)- We find that, the pairing parameters always
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vanish when the spinon field is not condensed, indicating the absence of an intermediate Z5 quantum
spin liquid in this mean field approach. Therefore, the phase boundary of the phase diagram in the

main text is obtained when the spinon field condensation takes place.

2.9 Conclusion and future work

The neutron data suggest the existence of dipolar-octupolar doublets in pyrochlore material.
The dipolar component can be measured easily in the experiment. One important question is to
understand the possible physical effect induced by the octupolar exchange interaction. How to
probe the octupolar fluctuation is a challenging and exciting subject for future study.

Also, the physical effects of the dipolar-octupolar doublets to transport measurement is also
interesting. How to understand the quantum nature of dipolar-octupolar doublets and its coupling

with the itinerant electron is also important to study related materials.



Chapter 3

Theory of quantum Kagome ice and vison zero modeﬂ

3.1 Introduction

Quantum spin liquids (QSLs) are remarkable zero-temperature phases of insulating spin
systems.[T01] 102 [18] These states lack any sort of symmetry-breaking order, but instead exhibit
long-range quantum entanglement. Some QSLs are stable phases with gapless excitations, while
others are gapped and topologically ordered, supporting fractional excitations, as in fractional quan-
tum Hall liquids. Over the last several years, a number of candidate materials for gapless QSLs
have emerged (see [[18]] and references therein). Recent Knight shift[I03] and inelastic neutron
scattering[104] measurements suggest a gapped spin liquid ground state in ZnCus(OD)gCly, but
interpretation of these results is complicated by significant impurity effects, while other measure-
ments point to a gapless state [I8, 105, [106]. It remains an important problem to find candidate
materials for gapped QSLs.

In a closely related development, numerical studies of simple and fairly realistic quantum
spin models have found evidence for two types of gapped QSLs, namely Z, QSLs,[107, 108 109,
110, [T11L 112) 113, 114, 115] and chiral spin liquids.[?, ?] There is evidence for a Zs QSL in the
S = 1/2 kagome Heisenberg antiferromagnet,[116], 117, 118, [119] although there are also contrary
indications that the ground state may be gapless.[120] 121, [122], [123] In the same model, a chiral

spin liquid phase arises upon adding second and third neighbor interactions, with or without XXZ

! This section has been published as a portion of Yi-Ping Huang and Michael Hermele, Phys. Rev. B 95,
075130,[49] copyright 2017 American Physical Society, and is reproduced here in accord with the copyright policies
of the American Physical Society.
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anisotropy.[124] [125], [126] Recently, in the S = 1/2 J; — Js triangular Heisenberg antiferromagnet,
density matrix renormalization group studies have found evidence of a gapped spin liquid, [127, [12§]
although a variational wave function approach favors a gapless spin liquid.[I29] These works raise
the prospects for finding gapped QSLs in real materials, and provide clues where to look for such
states. However, especially given that gapped QSLs are not conclusively established in some of

these models, it continues to be important to identify simple, fairly realistic candidate models for

gapped QSLs.

FM

v
Sl

0

Figure 3.1: Schematic zero-temperature phase diagram of the XYZh model, based on the quantum
Monte Carlo results of Ref. [50], showing quantum kagome ice (QKI), ferromagnetic (FM) and
valence bond solid (VBS) states. Only h > 0, J, > 0 is shown, as the phase diagram is symmetric
under h — —h and J, changes sign under unitary 7 /2 spin rotation. At small J,/J,, the system
can be mapped to a honeycomb lattice quantum dimer model where we believe VBS order is the
most likely possibility, [I30] although VBS order was not observed in Ref. [50]; this point is discussed
further in the text. The phase transition from QKI to FM was found to be first-order.

In an exciting addition to this body of work, Carasquilla, Hao and Melko (CHM) have
identified a gapped, quantum disordered phase in a S = 1/2 XYZ model on the kagome lattice
in a z-axis Zeeman magnetic field (XYZh model).[50] CHM proposed this state, dubbed quantum
kagome ice, to be a gapped Zo QSL.

The XYZh model has potential relevance to f-electron pyrochlore magnets where effective
spin-1/2 degrees of freedom transform not as magnetic dipoles, but instead as dipolar-octupolar
Kramers doublets.[48] Together with G. Chen, we showed that such systems are described by
a XYZ model, which was argued to be particularly relevant for A2BsO7 pyrochlores with A =
Nd;[48] experiments have found evidence for dipolar-octupolar doublets in some such systems.[83),

131, (132}, [133] Following prior work on the “kagome ice” state of classical spin ice pyrochlores,[134]
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1351, [136], 137, 138, 139, 140, 141] CHM noted that the pyrochlore XYZ model descends to the
XYZh model on approximately decoupled kagome layers upon applying a magnetic field.

In more detail, CHM considered the Hamiltonian

Hxvmm = Y, LSiSu—h)_ S; (3.1)
(rr') r
- > [J; (S, +h.c) + % (S5 S+ h.c.)

(rir’)

where J, > 0, r labels Kagome lattice sites, and (r, ') denotes nearest-neighbor bonds. CHM set
J1 = 0 and used quantum Monte Carlo to obtain the phase diagram as a function of J,/J, and
h/J,, finding two “lobes” of QKI centered at h/.J, = +1, as shown in Fig.

CHM examined various candidate orders in the QKI state and concluded that it lacks
symmetry-breaking order. Moreover, following prior works,[142] [72], [73] they showed that Hxyzn
can be exactly rewritten as a U(1) gauge theory, with the .J, term a pair-hopping of spinons that can
lead to condensation of spinon pairs and thus to a Zs QSL. Based on this insight, CHM described
how to obtain this state within a gauge mean-field treatment.|[72]

For small J,/J,, the XYZh model onto a honeycomb lattice quantum dimer model, which
can be seen using degenerate perturbation theory. The phase diagram of two-dimensional bipartite
dimer models, including on the honeycomb lattice,[130] is dominated by different types of valence
bond solid (VBS) order, and we believe that a VBS state is likely present within the lobe for
sufficiently small J,. However, we are aware of no general argument ruling out, for instance, a Z
QSL or a trivial quantum paramagnet in the honeycomb dimer model. Indeed, it has recently been
shown that a trivial paramagnet can occur for S = 1/2 spins on the honeycomb lattice. This is
likely also possible for the dimer model, because it can viewed as an effective theory for such a spin
model. It is important to note that CHM did not observe VBS order, but this may be due to a
small temperature scale or problems with equilibration at small J,.

The results of CHM are consistent with the hypothesis that quantum kagome ice is a Zo QSL,
but this has not been directly confirmed or ruled out. No Lieb-Schultz-Mattis type theorem[143],

1441, [145] is believed to hold for the XYZh model, so that a trivial quantum paramagnet is expected
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to be a possible ground stateﬂ and is also comsistent with the results of CHM. It is therefore
important to devise signatures that can distinguish the Zy QSL and trivial paramagnet, as well as
other possible states.

In this paper, we derive an effective gauge theory of QKI as a Zs QSL, study its properties,
and use it to make a striking prediction that we expect can be tested in future quantum Monte
Carlo studies. In particular, we show that lattice disclination defects host vison zero modes, i.e.
there is no energy cost to insert a vison at a disclination. The resulting degeneracies only require the
Zo Ising symmetry of the XYZh model for their protection, which is remarkable because a unitary
Zo symmetry cannot protect degeneracies of local degrees of freedom. The vison zero modes lead
to a Curie spin susceptibility localized at the defects. In addition, in a system without boundary
where Ny, disclinations host vison zero modes, there are 274 /2 degenerate states associated with
the zero modes, where the factor of 1/2 comes from the global constraint of an even number of
visons. The resulting (Ng;s — 1)In2 contribution to the entropy directly distinguishes vison zero
modes from local doublets bound to disclinations, which would have a degeneracy of 2Vdis. We also
discuss other possible signatures related to the symmetry properties of spinon and vison excitations,
both within the Z5 spin liquid phase and at phase transitions to nearby symmetry-breaking phases.

In Sec. [3:2] we derive the effective Z gauge theory, starting from an exact rewriting of the
XYZh model as a U(1) gauge theory.[50], 142, 72 [73] We then discuss the role of symmetry in the
Zy QSL (Sec. . We find that the spinon has non-trivial symmetry fractionalization, while the
symmetry fractionalization of the vison is trivial; the computation of the symmetry fractionalization
is discussed in Appendix Section describes the vison zero modes at lattice disclinations
their signatures in spin susceptibility and entropy. Other properties of the Zy QSL, including
phase transitions to nearby phases, are discussed in Sec. |3.5, and the paper concludes with a brief
discussion (Sec. [3.6)).

We would like to note other current work on the theory the spin liquid state in the XYZh

model, using an approach complementary to our own.[146]

2 Our effective theory allows us to confirm this expectation.
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Figure 3.2: (a) The sites of the kagome lattice, where spins of the XYZh model reside, are identified
with nearest-neighbor links of the honeycomb lattice. Honeycomb sites, which correspond to kagome
triangles, naturally divide into A and B sublattices, shown as open and closed circles, due to the
bipartite nature of the honeycomb lattice. The generators of the p6m space group are shown, with
Py and P, reflections (dashed lines) and T and T5 translations (thick arrows). (b) and (c) illustrate
the hopping processes in the U(1) gauge theory that correspond to J; and J, terms, respectively.

3.2 Derivation of effective gauge theory

Our effective gauge theory is based on an exact rewriting of the XYZh model as a U(1)
gauge theory. Before getting into details, we motivate the rewriting by considering the classical
limit J, = J, = 0 and h = J,, where the ground states are configurations of S? with two spins
up and one spin down on every triangle. Kagome sites correspond to nearest-neighbor links of the
dual honeycomb lattice, while kagome triangles correspond to honeycomb sites (Fig. ) We can
view up-up-down spin configurations as dimer coverings of the honeycomb lattice, associating down
spin (up spin) with presence (absence) of a dimer. Moving slightly away from the classical case by
allowing 0 # J,,J| < J,, we obtain a honeycomb quantum dimer model, which is a U(1) gauge
theory.

Now we proceed to rewrite the XYZh model as a U(1) gauge theory, without making any
assumptions about the size of the various couplings in the Hamiltonian. This rewriting follows
CHM,[50] who in turn followed Refs. [142] [72] [73]. We first introduce the Hilbert space and
operators of the gauge theory, and then describe their relationship to the Hilbert space and spin
operators of the XYZh model. We label the sites of the honeycomb lattice by sans serif letters r.
On each honeycomb link we place a U(1) quantum rotor, with number e, that will be the electric
field, and phase a, that will be the vector portential. On the same link, these operators satisfy the

commutation relation [a,.,e./] = i, and we define ey, = —e, (similarly for a,). On honeycomb
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sites we also place U(1) quantum rotors with number n, and phase 6,, satisfying [6,,n,] = ¢. The
site degrees of freedom are matter fields carrying the U(1) gauge charge. To fully specify the gauge

theory Hilbert space we need to specify the Gauss’ law constraint, which we take to be
(dive)r =21 + Qr, (3.2)

where @, = n, is the gauge charge at r, 27, is a static background charge, and we have defined 7,

to be 1 (—1) for r in the A (B) sublattice. The lattice divergence is defined by (dive), =) . _, en,
where the sum is over the three neighbors of r.
The gauge theory Hilbert space is identical to that of the spin model, if we impose the

additional “hardcore” constraint e, = 0,1, with r in the A sublattice. Then we impose the relation

e = e(S% +1/2), (3.3)
where we take S, = S7,. This says that Ising spin configurations are the same as electric field
configurations. Gauss’ law then determines @, giving

Qr:nr(zsﬁ—l/Z), (3.4)

reA

where A is the triangle whose center is r. We see that @, is zero for triangles in an up-up-down
spin configuration, and measures the deviation of the total spin on a triangle from 1/2. In fact, we
included the background charge 27, in Gauss’ law in order to make this property hold.

To complete the mapping between the gauge theory and spin model, we write
Sjr_’ = exp (inr(ar — O + arr’))7 (3.5)

where again we take Sjr, = SrJ,rr. This formula has a simple interpretation, namely that Sjr, hops a
gauge charge between two neighboring sites of the honeycomb lattice.

Taking h = J, for simplicity, which puts us at the center of one of the lobes of QKI, in terms
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Figure 3.3: Illustration of how J, and J| terms can combine to give nearest-neighbor charge-two
hopping. Three different J, coordinated hopping processes are shown. Two of these are shown
with red dashed arrows, one with green solid arrows. Acting in succession with the two red/dashed
processes gives a charge-one hopping from r” to r, the same process as the J, term. Combining
this with the green/solid process then gives a charge-two hopping from r” to r'.
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of the gauge theory degrees of freedom the XYZh Hamiltonian becomes

Hoonge = ‘]3 Skt U D (ew —1/2)° (3.6)

reAr~r
- Ju Z cos(0y — O + Ay + apyr)
(rr)
- Ja Z cos(20y — O, — O + apy + aprr).
{rr)

The sum in the latter two terms is over pairs of next-nearest neighbor honeycomb sites r, r”, with 1/
the site “in between” r and r” as shown in Fig. ,c. In order to obtain a useful effective theory,
we have softened the hardcore constraint on electric fields with the U term, which restores this
constraint in the limit U — oo, where the original spin model is recovered. We see that the J
term is a next-nearest neighbor hopping of gauge charges (Fig[3.2b). The J, term is a coordinated
hopping, which moves unit charges from sites r and r” together into site r' (Fig. ﬂc)

The coordinated J, hopping can loosely be thought of as motion of a charge-two object.
As was suggested for very similar U(1) gauge theories on the pyrochlore lattice,[73] and in the
present context by CHM,[50] it is thus reasonable that .J, may drive condensation of a charge-two
field, while leaving single charge excitations gapped. Such a condensation breaks the U(1) gauge
structure down to Z,[147] thus leading to a Z, spin liquid.

We note that a nearest-neighbor charge-two hopping can indeed be generated from the J,
hopping process, or from J, and J| processes together, as illustrated in Fig. 3.3l This motivates
us to introduce a charge-two field with number N, and phase ©,, which represents a bound state

of two unit 6, gauge charges. We add the following terms to the Hamiltonian:

OH = us Z N2 A Z cos(©, — 26,) (3.7)

— 19 ZCOS(@r — O + 2ay) — KZCOS((V X a)n)-
(rr’) O

The first term is a repulsive interaction for the new charge-two field. The second term corresponds

to a process where two unit charges convert to a single double charge, and the third term is nearest-

neighbor hopping of double charges. The last term is a Maxwell term for the U(1) gauge field, where
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the sum is over honeycomb hexagons and (V x a)n is the discrete line integral of a, around the
perimeter of a hexagon. The discrete line integral of a,+ around the perimeter of a hexagon is
defined as

(Vxa)y= E yy - (3.8)

rr’ €O

The Maxwell term suppresses U(1) gauge fluctuations, and is the leading dynamical term generated
in degenerate perturbation theory when J, ,J, < J,. While we do not work in that limit, the fact
that the Maxwell term is generated there makes it reasonable to add it explicitly to our effective
Hamiltonian. For consistency, we also redefine @), = n, + 2N, in Eq. .

We now take the A and ¢y terms in 0H to be large. The ¢5 term drives condensation of the
charge-two field, while A is taken large for convenience. Provided K is sufficiently large, this drives
the system into the Zs QSL phase and allows us to obtain an effective gauge theory describing it.

Taking to large and treating the cosine as a constraint, we have

1 1
Qppr = §@r’ - Eer + oy, (39)

where a,p takes values 0, 7. There is an ambiguity in multiplying a U(1) phase by 1/2, which is
the same as the ambiguity in defining the square root for complex numbers. We pick a branch by
associating a U(1) phase ¢ with the corresponding real number lying in the interval [—m, 7), for
which multiplication by 1/2 is defined in the usual way.

The other effect of treating the to term as a constraint is that only operators commuting
with the term survive in the low-energy Hilbert space. In particular, e, does not commute with
the constraint, but

or = explimeyy) (3.10)

does, and becomes the Zj electric field. We also define the Zy vector potential o7, = exp(iayy),
which anticommutes with o}, on the same link, justifying the Pauli matrix notation.

Similarly, taking A large gives the constraint

1
b= 5O + 1, (3.11)
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where ¢, = 0,7 and we define 77 = exp(it,). We also introduce 7;¥ = exp(inn,), which, unlike n, or
N,, commutes with the A term.

To write the low-energy effective Hamiltonian, those terms commuting with the constraints
can straightforwardly be simplified using Eqs. . Terms not commuting with the constraint
need to be replaced by new terms acting within the low-energy Hilbert space. Rather than try to
determine those terms systematically, we simply write down the simplest such terms consistent
with symmetry (taking input from Sec. , and use physical arguments to further constrain the
corresponding parameters. The effective Hamiltonian is

%eﬁ' = _KZBP —J Z Trza'fr/O';,Z/r//Trz//
p (rr))

- vZaﬁ,—uZTf, (3.12)
(rr) r

where the first sum is over hexagonal plaquettes p and B, = Hrr,ep o7,. The first term is obtained
directly from the K term in dH, and the J term from the J, and J, terms of the original Hamil-
tonian. The latter two terms are the simplest symmetry-allowed terms giving dynamics to o7, and
77, in accord with the discussion above. The Zj gauge constraint is obtained by exponentiating
Eq. and is [[,,., oF, = 7. It should be noted that the background U(1) gauge charge 27, has
dropped out.

We are free to choose u,v > 0 by making unitary transformations 7% — —7% (6% — —o%)
to change the sign of u (v). Each of these transformations introduces a minus sign into the gauge
constraint, which becomes [[,,_, 0%, = +7¥, with an undetermined sign that we now fix below by
a physical argument.

First, we need to describe the excitations of the Z5 spin liquid phase that the model enters
when K is sufficiently large compared to the other terms in H.g. This puts the Z; gauge field in
its deconfined phase. There are two types of gapped excitations: spinons carrying the Zs gauge
charge, and visons carrying the Zs gauge flux. 7% = —1 (+1) indicates the presence (absence) of a
spinon, so that u controls the spinon gap. Visons reside on hexagons with B, = —1.

To fix the sign of the gauge constraint, we recall our expectation that a VBS state is the most
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likely possibility to occur adjacent to the Z5 spin liquid for J,,JJ, < J,, based on the mapping to
the honeycomb quantum dimer model (see Sec. . We suppose that this VBS can be accessed
by condensation of either the spinons or visons of the Z5 spin liquid. In the same limit where VBS
occurs, spinons correspond to defect triangles that violate the up-up-down constraint, and thus
have a large energy gap. Therefore vison condensation is the only option to access the VBS.

We can integrate out spinons to obtain a pure Z, gauge theory, keeping only the K and u
terms of Heq, with gauge constraint [, , 0%, = %1, corresponding to presence (—1) or absence
(+1) of a background gauge charge. It should be noted that this background charge has no direct
connection to the background charge 27, in the U(1) gauge theory. Visons reside on sites of the
dual triangular lattice (honeycomb hexagons), and feel a background charge as a m flux. With
zero flux, the minimum of the vison dispersion lies at the I' point of the Brillouin zone, and we
expect visons to condense at zero momentum if v is made sufficiently large. This leads to a confined
phase without breaking lattice symmetry. On the other hand, visons hopping in background = flux
have degenerate dispersion minima at the zone corners (K points), so that lattice symmetries are
necessarily broken when large enough v drives their condensation, and the confined phase is a VBS.
Therefore we take the gauge constraint to be

[ =7 (3.13)

r/~r
It should be noted that the presence of background Z5 gauge charge is a non-universal feature
of our effective theory, that in principle can be changed by tuning parameters (although it is not

clear which parameter to tune in the XYZh model to achieve this). If v is reduced and eventually

T

made negative, we can make a unitary transformation o7,

— —oy, to again make the coefficient of
o” negative in Heg, and remove the background charge from Gauss’ law. This can be done while
remaining within the Z5 spin liquid phase, and can be thought of as simply reversing the sign of
the vison hopping matrix element. From this new point in parameter space of the Z5 spin liquid, it

is clearly possible to condense visons at zero momentum and enter a trivial phase. This shows that

a trivial quantum paramagnet is indeed possible in the XYZh model, although to access this phase
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it may be necessary to add additional symmetry-allowed terms to the Hamiltonian. We remark
that this situation is distinct from that occurring in effective theories for other Zs spin liquids. For
instance, a gapped Zs spin liquid in the S = 1/2 kagome Heisenberg model [with SU(2) symmetry]
necessarily has a background Z5 gauge charge, which is tied to the odd number of S = 1/2 moments
in each unit cell and to the impossibility of a trivial quantum paramagnet in such a model.[148]
We emphasize that the sign of the gauge constraint, as a non-universal property, does not

affect the presence of vison zero modes at disclinations.

3.3 Symmetry in the Z; spin liquid

The symmetry group of the XYZh model is G = sz x Z1 x pbm, where ZQI (generated by 7) is
the Ising spin symmetry given by a 7 rotation about the z-axis in spin space, and p6m is the space
group of the kagome lattice. While the Zeeman field h breaks the usual time reversal symmetry for
spin systems, the XYZh Hamiltonian does enjoy a modified time reversal symmetry (Z7 , generated
by T) that leaves both SZ and S, invariant; this is the natural time reversal operation if we view

the XYZh model as a hardcore boson system.

Sﬁ S’# Hr T Qry! Err/
9 | 82 Syt | P9 €aM9()  Col9(n.0(r)  €aColr)glr)
| S; —S,jF 0, Ny At + T Crr
T 52 S| -6 n . e
- - 77 T o o
9| - i I T N O N W (O W T (0
T - - T TF —0o7, lop
T - - T TF (gl (o

Table 3.1: Action of symmetry operations ¢g,Z,7T on the operators of the spin model and U(1)
gauge theory (above double line), and Z, effective gauge theory (below double line). Here g is an
element of the p6m space group and ¢, = +1 (—1) when g preserves (exchanges) the A and B
honeycomb sublattices. The transformations of ©, and N, are the same as those of 6, and n,.

Table shows how the variables of the spin model and U(1) and Zs gauge theories trans-
form under symmetry. Because 6, and a, are not gauge invariant, there is a gauge arbitrariness

in choosing their symmetry transformations. We have made particular choices to simplify the dis-
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cussion of the effective Zy gauge theory; it is possible to make other gauge-equivalent choices, but
this has no effect on the physics and does not lead to different possible effective theories. The
transformations in Table can be obtained from the definitions of the operations quoted for spin
operators, by using the expressions that relate the U(1) and Zy gauge theory variables to spin
operators and to one another.

With the symmetry transformations in hand, we can compute the action of symmetry on the
spinon and vison excitations of the Z5 spin liquid. Because these are fractional excitations, their
behavior under symmetry is an instance of symmetry fractionalization.[39, 149, 150, 151] By
computing the symmetry fractionalization of the spinons and visons, we characterize the Zs spin
liquid as a symmetry enriched topological (SET) phase,[39, [149] 152, [153] which is a starting point
for determining its universal properties tied to symmetry.

To characterize the spinon and vison symmetry fractionalization, we first specify the sym-
metry group in terms of generators and relations. We choose generators Z, T, Py, Py, T1 and 15,

where the p6m generators are described graphically in Fig. [3:2h. The generators obey the relations

7’ = T?=ITIT =1 (3.14)
(Pd)2 = (Py)2 = (PdPy)G
= NLI'T,'=TP,1'P,=1 (3.15)

Ty = PPy TyP,=P,TiTy". (3.16)

In addition, there are six more relations dictating that 7 and Z commute with Py, P, and Ty (it
then follows from the other relations that the internal symmetries also commute with 75). Taken
together, these relations completely specify the group multiplication.

We introduce operators Z¢ and Z™, and similarly for the other generators, giving the action
of symmetry on spinons (e) and visons (m). These operators obey the same relations up to minus
signs, and the pattern of minus signs for all the relations specifies the symmetry fractionalization
of the corresponding excitation. The spinon and vison symmetry fractionalizations are computed

in Appendix For the visons, we find that all the relations hold with positive signs; that is,
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the vison has trivial symmetry fractionalization. On the other hand, the spinon has non-trivial
symmetry fractionalization; we find

I°P¢ = —PI°, (3.17)

while all other relations hold with a positive sign. This means that, acting on spinons, the Ising
symmetry anticommutes with space group operations that exchange the A and B sublattices, but
commutes with operations not exchanging the sublattices.

There have been many studies of Zs spin liquids on the kagome lattice with continuous spin
symmetry, either U(1) spin rotations about the z-axis, or full SU(2) symmetry. It is interesting to
ask whether the QKI Zs spin liquid is related to any of these states. In fact, it is impossible to start
with such a state, and obtain the QKI Z5 spin liquid by weak explicit breaking of the continuous
spin symmetry down to ZZ. This is so because with continuous spin symmetry, the Z operation can
be continuously deformed to the identity, so that Z¢ must commute with all the discrete symmetry

generators, which is not consistent with Eq. (3.17)).

3.4 Vison zero modes at disclinations

Here, we consider disclination defects of the crystal lattice, and show that the Zo QSL has
symmetry-protected zero modes bound to these defects. These zero modes are visons that cost
exactly zero energy as long as Ising symmetry is preserved. We describe observable signatures of
the vison zero modes that can be probed in future quantum Monte Carlo studies. We note that
very similar anyon zero modes at symmetry-flux defects of on-site symmetries, and also at lattice
dislocations, have been described previously in Ref. [I54].

Figure shows a 7 disclination centered at a hexagon. The disclination is a defect of the
lattice where points related by a m rotation at the disclination center are identified. Apart from
identifying points related by the 7 rotation, we focus on a special type of disclination where the
Hamiltonian density away from the disclination center is left unchanged, i.e. the Hamiltonian of

the XYZh model on every site and link is the same as in the defect-free system. Such a disclination



o8

Figure 3.4: 7 disclination at a hexagon center of the kagome lattice, with the dual honeycomb
lattice also shown. The disclination is a defect where the shaded region is cut out, and sites of
the remaining lattice that are related by a m rotation about the disclination center are identified.
Equivalently, rather than cut out the shaded region, we can simply identify all sites related by a
7 rotation, such as the kagome sites k and k’. Similarly, the honeycomb site a is identified with
a’. The hexagonal honeycomb plaquette at the disclination center becomes a triangular plaquette
with sides ab, be, ca’ ~ ca.
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preserves the Ising symmetry. All of our results continue to hold for more generic 7 disclinations, as
long as Ising symmetry is preserved, and as long as the Hamiltonian density is unchanged in the far
field of the defect. Our results also hold for any disclination that identifies sites in the A sublattice
with sites in the B sublattice (i.e., for £m/3 disclinations), but not for +2x/3 disclinations that
preserve the bipartite structure of the honeycomb lattice.

We first consider the effect of a single disclination in an infinite plane, using the effective Zs
gauge theory of the Zs QSL. We go to the exactly solvable point of Heg deep within the spin liquid
phase, by setting J = v = 0E| At this point, the exact eigenstates are labeled by eigenvalues of
the commuting operators 7i* and B,,, and the spinon and vison excitations do not propagate. We
observe that all hexagonal plaquettes remain locally unchanged, except for the hexagon pg;s at the
disclination center, which becomes a closed loop of three links. This implies that B, is odd
under the Ising symmetry, and in order to preserve Ising symmetry we must set the coupling K ;s
of this term to zero. Therefore, putting a vison at the core of the disclination costs zero energy,
and we have a pair of degenerate vison / no-vison states.

Remarkably, this vison zero mode is protected by the ZI Ising symmetry; this is unusual
because normally a unitary Zs symmetry cannot lead to symmetry-protected degeneracies. To see
the symmetry protection, consider an effective 2 x 2 matrix Hamiltonian for the doublet of vison
/ no-vison states, Hqoublet = 020" + ayo¥ + a,0%. a, corresponds to Kg;s and is forbidden by Ising
symmetry. The off diagonal terms a, and a, are also forbidden, because no local operator we might
use to perturb the Hamiltonian can create or destroy a vison and flip between o* eigenstates. The
doublet therefore remains degenerate as long as Ising symmetry is preserved — no other symmetries
are needed for its protection. While lattice rotation of the defect-free system plays an important
role, allowing us to introduce the disclination in the first place, it and other point group symmetries
are not needed to protect the zero mode.

We now turn to observable signatures of the vison zero modes. The degeneracy will be lifted

3 At this point, the gauge theory is equivalent to the exactly solvable point of the toric code model on the
honeycomb lattice. See Ref. [115] and Appendix
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if the Ising symmetry is broken explicitly, because Kg;s # 0 is then allowed. Returning to the

XYZh model, this can be achieved by adding a local transverse field

Hiransverse = — Z hy (’I’)Sf, (3'18)

where h;(r) non-zero only near the disclination center. This implies that disclinations contribute a
Curie term in the temperature dependence of the transverse spin susceptibility x.,(7"). Since only
the spins near the defect contribute to the Curie susceptibility, to detect this effect it is sufficient to
look at the local susceptibility of spins in some region near the disclination. Indeed, looking at the
local susceptibility is preferable to better separate bulk and impurity contributions to x..(7"); away
from the disclination, x4z(7") goes to a constant as 7' — 0. The Curie behavior should be observable
within a temperature range Tiow < 1" < Tyap, Where Ty,p is the lowest bulk energy gap of the XYZh
model in temperature units, and Tj, corresponds to the energy scale for interactions between vison
zero modes on nearby disclinations. Such interactions require visons to tunnel through the bulk
where they are gapped, and thus go to zero exponentially in the separation between disclinations.

The vison zero modes also have an interesting manifestation in entropy as measured by
heat capacity. We consider a finite system without boundary, which has an even number Ny, of
disclinations. Naively we might guess the total degeneracy is 2V¢is, but this is not correct due to
the constraint that the total number of visons in the system must be even. This means that the
total degeneracy is in fact 2V4is—1 In principle, this should be observable in quantum Monte Carlo
by measuring the heat capacity in a small transverse field, and integrating the resulting Schottky
peak to obtain the entropy of (Ngs — 1) In2 associated with the gapless defect modes.

This latter signature is important, as it differentiates vison zero modes from a collection of
local doublets bound to disclinations (e.g. Kramers doublets), which would have a degeneracy of
2Nais . Another way to differentiate these two scenarios would be to add perturbations, localized
near disclinations, breaking all symmetries except ZQI E| Adding such perturbations will gap out

local doublets (which cannot be protected by Ising symmetry alone), but will preserve the vison

4 Unfortunately, it appears impossible to break Z7 while preserving Z2, without introducing a Monte Carlo sign
problem.
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zero modes. We note that the presence of local doublets can also be interesting. For example,
following Ref. [155], it can be shown that Kramers doublets bound to disclinations are a sign of a
non-trivial symmetry protected topological phase, protected by the combination of Dg point group
and time reversal symmetry. [156]

The vison zero modes should be thought of as a consequence of the symmetry fractionalization
of spinons and visons, and in particular of the non-trivial spinon symmetry fractionalization. We
make this connection indirectly: Any Zo QSL in the same phase as the one described here can be
adiabatically continued so that it is described by the same effective theory and has robust vison zero
modes at disclinations, which are a property of the quantum phase. This Zy QSL is characterized
as a SET phase by the spinon and vison symmetry fractionalization, and only the spinon symmetry
fractionalization is non-trivial, so by process of elimination it must be responsible for the vison zero
modes. For example, if we modified the action of Ising symmetry to be trivial on ¢® and %, we
would obtain trivial symmetry fractionalization, and nothing would forbid Ky;s # 0, so there would
be no vison zero modes. This argument is indirect, and it would certainly be desirable to have a
more direct and explicit connection between symmetry fractionalization and vison zero modes, as
obtained in Ref. [I54] for on-site and translation symmetries. We have not currently made such a

connection, which we leave for future work.

3.5 Other properties of the 7, spin liquid

Here we use our effective theory to discuss other properties of the Zo QSL. Some of these
properties are likely challenging to test in quantum Monte Carlo, but may instead be accessible to
other numerical approaches.

First, we focus on direct consequences of the non-trivial spinon symmetry fractionalization
within the spin liquid phase. Every state in the single-spinon spectrum is at least doubly degenerate,
because a non-degenerate state is not consistent with anticommuting symmetry generators as in
Eq. . While the single-spinon spectrum cannot be directly probed, its degeneracies lead to

characteristic features in the two-spinon continuum. Previous works elucidated this structure in
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cases where translations have non-trivial commutation with other symmetry generators, and found
an enhanced periodicity of the two-spinon density of states in crystal momentum. 157, 158, [159]
Here, acting on a single spinon, translations commute with other generators. Nonetheless, similar
structure is present in the density of states, and can be resolved by point group and Ising quantum
numbers.

For simplicity, we focus on P, and Z symmetries, and follow the analysis of Ref. [159]. We
consider a two-spinon scattering state [¢), whose energy is such that single spinon excitations
cannot decay (this will always be true near the bottom of the two-spinon continuum). Without loss
of generality, we take |1)) to be an eigenstate of P, and Z, with eigenvalues op = £1 and o7 = £1,
respectively. The action of symmetry operations on [i) factorizes into a product of actions on the

two individual spinons, for example
Pylp) = Py (1) Py (2)1). (3.19)
We then consider the effect on op of transforming just one of the spinons by the Ising operation,

[¥) =Z°(D)). (3.20)

We have

Pyl¢') = Py ()P (2)') = —opli), (3.21)

and we see that op — —op. Now, [¢') is an eigenstate with the same energy as [1), because Z¢(1)
is a symmetry operation, and the two spinons do not interact in a scattering state. Similarly, we
can find a state of the same energy with o7 — —o7.

This discussion can be summarized by defining N, , »,(w) to be the density of two-spinon
scattering states with Py-eigenvalue op and Z-eigenvalue oz. We have shown that N, »,(w) is
independent of op and oz. In particular, the low-energy threshold for the two-spinon continuum
is the same in all four symmetry sectors.

Another signature of the spinon symmetry fractionalization involves reduction to a one-

dimensional SPT state.[I60} [161] We roll the system into a cylinder, so that P, acts effectively
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as an on-site symmetry of the one-dimensional system, i.e. it does not exchange two ends of the
cylinder. Then 7 and P, generate a Zs X Z3 on-site symmetry, which can protect a single non-trivial
SPT phase, the Haldane phase.[162, [163], 30, 3T, 32, [33], 34, [35] In this phase, there are degenerate
end states acting on which 7 and P, anticommute, just as in Eq. . We consider two different
minimally entangled states (MES) of the Zs spin liquid, that are related by creating a pair of
spinons and dragging them to opposite ends of the cylinder. Equivalently, we can start with one
MES and act on it with the string operator transporting a spinon along the cylinder. One of these
MES will be in the trivial Zo x Zs SPT phase, while the other will be in the Haldane phase, and
the difference can be detected via the entanglement spectrum.[31]

Now we turn to the properties of continuous quantum phase transitions that may occur
between the Zs QSL and nearby conventional ordered phases. To access such a transition, we can
either condense spinons or visons. The particle that does not condense is gapped at the transition
and plays no role there.

To study condensation of visons, we integrate out gapped spinon degrees of freedom, which
reduces Heg to a pure Zo gauge theory obtained from Eq. by dropping the v and J terms,

and replacing the gauge constraint with [],, _, o5, = —1. Condensation of visons in this theory,

r’~r
which is sometimes referred to as “odd” Z gauge theory, has been studied before in [[164] [165]].
The simplest possibility, which is driven by nearest-neighbor hopping of visons on the triangular
dual of the honeycomb lattice, is for visons to condense at the Brillouin zone corners (K points),
which can lead either to columnar or plaquette valence bond solid (VBS) order, depending on the
sign of an anisotropy term. The transition is in the XY universality class, where the physical VBS
order parameter is bilinear in the XY field. Ref. [165] also studied transitions to other types of
VBS states that can be driven by adding additional terms to the gauge theory.

In the present context, VBS order is likely for small J, due to the mapping to the honeycomb
lattice quantum dimer model (see Fig. . If this order can be found in quantum Monte Carlo,

depending on the type of VBS order, there could be a continuous transition between the VBS and

Zo QSL states.
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Turning to condensation of spinons, the first step is to integrate out the gapped vison degrees
of freedom. Before doing that, it is convenient to make a new gauge choice for the action of Ising

symmetry, where

T O'fr/ — O'fr/ (322)
Z:177 — —17, reA (3.23)
177 — 17, r e B. (3.24)

The difference from the form given in Table is that we have “moved” (by gauge transformation)
the action of Z from the gauge field to the matter fields. Integrating out visons corresponds to
freezing the magnetic fluctuations of the gauge field, so we set o7, = 1, and drop the K and v terms
in Heg. The new gauge choice for Ising symmetry makes this procedure manifestly compatible with
the symmetries of the problem.

The effective theory thus becomes two decoupled transverse field Ising models, on the A and
B triangular sublattices of the honeycomb lattice. For simplicity, we assume J > 0 so that these
Ising models are ferromagnetic. The two Ising models will be coupled by other allowed terms not
included in H.g, as is easily taken into account upon passing to a continuum field theory. We
denote the continuum fields for the two Ising models by ¢4 and ¢p. To construct a Lagrangian for
¢4 and ¢p, we need to discuss the action of microscopic symmetries. Both fields change sign under
global Zs gauge transformations. On the other hand, ¢4 changes sign under Ising symmetry while
¢p is invariant. Some of the lattice symmetries (such as P,) exchange A and B sublattices, and
therefore take ¢4 <> ¢pp. Taking these symmetries into account, and working in 2 + 1-dimensional

Euclidean space time with coordinates pu = 7, z,y, the continuum Lagrangian is
L= 1[04+ Bu0n)] + (A + 63) (3.25)
= o L\%PA w¥B 9 \PA B :
+ Mh + 0B)° + N Aok (3.26)

Here we have included all quadratic terms with two or fewer derivatives, and all quartic terms with

no derivatives.
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For X = —2\, £ reduces to two decoupled ¢* field theories, which are constrained by sym-
metry to have the same parameters. One can contemplate an Ising X Ising transition, but the
qS%‘d)QB coupling is relevant at this fixed point, so the Ising x Ising transition can only exist as a
multicritical point.

Setting instead A = 0, we have a XY model. The ) term is a four-fold anisotropy that is
known to be irrelevant at the XY critical point (see [[166]] and references therein). This suggests
that there can be a continuous transition in the XY universality class between the Zy QSL, where
(pa) = (¢B) = 0, and an ordered state with a ¢4, ¢p condensate. To establish this conclusively, it
would be necessary to consider allowed higher derivative terms and show they are irrelevant.

The nature of the ordered state depends on the sign of \. For X > 0, the condensate can

take on four values, namely

(Pa) =+do , (¢p)=0 (3.27)
(0a) =0 , (oB) = %0 (3.28)

The overall sign of the condensate is not physical, because it can be changed by a global Zs gauge
transformation, so there are two distinct ground states. In this phase, Ising symmetry is preserved,
but those point group symmetries exchanging the A and B sublattices are broken. A microscopic
realization of this ordering pattern is a density wave of S, S:, on nearest-neighbor kagome bonds,
where (S;FS¥) = ¢+, with the positive (negative) sign on bonds contained in up-pointing (down-
pointing) triangles.

For N < 0, up to Z, gauge transformations there are two distinct states, with

(¢a) = £(¢B). (3.29)

Here, Ising symmetry is broken, and all lattice symmetries are preserved, so this is the same fer-
romagnetic state observed by CHM in the XYZh model.[50] There, a first-order transition was
found between the QKI regime and the ferromagnetic state. Our analysis suggests that this tran-
sition could potentially be made continuous, and in the XY universality class, by some suitable

modification of the XYZh model.
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3.6 Discussion

In this paper, we derived an effective Zs gauge theory to explore the hypothesis that the QKI
state observed in the XYZh model is a Zs QSL.[50] In addition to other properties, we found that
lattice disclination defects in the Zs QSL host vison zero modes, which lead to striking observable
signatures in the spin susceptibility and entropy. It would be exciting if these predictions can be
tested in future numerical studies of the XYZh model.

The possibility of anyon zero modes at symmetry defects, including flux defects of on-site
symmetries and lattice dislocations, has already been pointed out in Ref. [I54]. However, it appears
that little attention has been given to such phenomena so far. In part because anyon zero modes
can give rise to striking observable consequences, as we discussed here, further work on this topic

may be worthwhile.

3.7 Computation of spinon and vison symmetry fractionalization

In the main text, symmetry fractionalization was described in terms of operators giving the
action of symmetry on a single spinon or vison. For exactly solvable toric code type models, such
operators can be explicitly constructed, and used to compute the symmetry fractionalization of
spinons and visons.[167] Here, using the fact that the QKI Zs spin liquid has a solvable point that
is equivalent to a toric code model, we compute the symmetry fractionalization, largely following
Ref. [167].

The Zy gauge theory Heg of Eq. is exactly solvable when J = v = 0, because B,
and 77° commute with Heg and form a complete set of commuting operators. To make contact
with Ref. [167], we now exploit the well-known mapping between Zs gauge theories and toric code
models, [IT5] which maps the solvable point of the gauge theory to a solvable toric code.

The toric code Hilbert space has a single Ising spin on each link of the honeycomb lattice,
for which we write Pauli operators u?,, u,. The Hilbert space is a tensor product of single-spin

Hilbert spaces; there are no gauge constraints. The mapping between gauge theory and toric code
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Hilbert spaces is given by

twrzr/ = Tfo-fr/TrZ; (330)
Mﬁ/ = O'ﬁ/ . (331)

It follows that

=1 w, (3.32)

r/~r

where we used the gauge constraint Eq. (3.13)). From these mappings and TABLE. it is

straightforward to determine the action of symmetry on 7, and u,. We have

95ty = My () (3.33)
Ty — oy (3.34)
L:pg = —pgp (3.35)
L:pgr — g, (3.36)

where g is a p6m space group operation.

The gauge theory Hamiltonian Heg maps to the toric code Hamiltonian

Hiorie =uY A =K Y By, (3.37)
r p

where A, = [[,, 1+, and B, = Hrr,ep pZ,. The only difference from the usual toric code on the
honeycomb lattice is the sign of the A, term. We can change this sign by making a basis change,

using the unitary transformation U = [[,,, pZ,, which sends p* — —pu”, and results in

Hioie = —u Y A —K» B, (3.38)
r P

The action of the symmetry operations on the Pauli operators remains unchanged in the new basis.

To summarize, we have mapped the problem to the usual toric code model on the honeycomb
lattice. Space group and time reversal act in a trivial way on Pauli operators, but Ising symmetry
acts non-trivially on p?. We can therefore anticipate that the subgroup pém x ZI has trivial sym-

metry fractionalization for both spinons and visons, and that any non-trivial part of the symmetry
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fractionalization must involve the Ising symmetry. We now outline a more detailed calculation of
the symmetry fractionalization, which confirms this expectation.

Before describing the calculation, we first give a more detailed description of what is meant by
the spinon (“e-particle”) symmetry fractionalization.[I49] (The description for visons is identical.)
The generators (Z, T, Py, Py, T1 and T5) and relations of the symmetry group are described in
Sec. We introduce operators Z¢, T¢, Pg, P, T{ and Ty giving the action of each generator on
a single spinon. These operators obey the same relations as in the symmetry group, but only up

to Zo-valued phase factors. That is,

(9% = o%,  (T9)’=o0% (3.39)
TeTeIT® = o%r (3.40)
(P = o (B =0, (3.41)
(PEP5)" = Ofapy (3.42)
T T = ofp (3.43)
TEPTE ' Py = 01y (3.44)
A By A (3.45)
PIIePy'I = oy (3.46)
PI°P I = opr (3.47)
T{TTy M T = ofr (3.48)
PITePIT = ofyr (3.49)
PeTeP' T = ofyr (3.50)
I, = PPy (3.51)

TP, = PITy" (3.52)

Here, each o€ parameter can be either +1 or —1. The generators can be redefined by a minus sign
without affecting any physical properties; for example, T¢ — —T is an allowed redefinition. The

o€ parameters are invariant under such redefinitions, and specifying all 14 ¢¢’s gives the spinon
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fractionalization class, which is an element of H%(G, Z5) ~ (Z)'*. The last two relations have no
o€ parameters because the generators can be suitably redefined to remove any phase factors.

We find that all the ¢®’s are unity, except oy = —L Since P, is the only p6m generator
that exchanges the A and B honeycomb sublattices, it follows that Z¢ anticommutes with precisely
those p6m operations exchanging the two sublattices, while it commutes with operations taking
A to A and B to B. For the vison, we find that all the o parameters are unity; that is, the vison
fractionalization class is trivial.

We now describe how the spinon symmetry fractionalization is computed. We omit the
computation of the vison symmetry fractionalization, as it can be straightforwardly obtained by
the same means. We first follow Ref. [I67] to obtain the ¢¢’s involving only unitary operations. We
then determine the ¢¢’s involving time-reversal by a different argument.

In the ground state of the toric code, A, = 1, and spinons reside at honeycomb sites with
A, = —1. To create a pair of spinons at r; and r9, we act on the ground state with a string operator
L, where s is a path of links on the lattice joining ri and rp, and L§ is a product of u?, over

this path. Such string operators also transport a spinon from one site to another. We consider

two-spinon states
|the(s)) = LE[o), (3.53)

where for simplicity we assume the ground state [ig) is invariant under all symmetry operations.
The state [1)¢(s)) only depends on the endpoints of the path s.
We let g be a unitary element of the symmetry group, realized by the operator Uy. Ref. [167]

showed that we can find operators Uge(r) giving the action of g on the spinon at r, satisfying

Uglte(s)) = Uy (r)Ug (r2)[e(s)).- (3.54)
In general,
US(r) = Jlr) L5, 0, (3.55)

where fq(r) € {£1}, and sy(r) is a path joining r to g(r). Only the action of Ug(r) on states of

the form [t)¢(s)) is of any consequence, and different choices of Ug(r) having the same action are
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considered equivalent. For the toric code model we are considering here, the choice of path sg(r)
(for fixed endpoints) does not affect the action of Ug(r) on [t)c(s)), so we can completely specify
Us() by fylr).

It was shown in Ref. [167] that the operators Ug(r) have a unique action on states [ (s))
up to projective transformations Ug(r) — A(g)Ug(r), where A(g) € {#+1}. Working in terms of
generators and relations, these transformations simply express the freedom to redefine Uge(r) by a
minus sign for g a generator.

The ¢ parameters can then be calculated by acting with appropriate products of Uge(r) on a

state |¢)¢(s)). For example, to calculate oy, , we write

Up, [Py (r)IUB, (r1)[¢e(s)) = opy[e(s)), (3.56)

and evaluate the left-hand side.
As mentioned above, the operators Uy (r) are completely specified by f4(r). It is not difficult

to see that

fo(r) =1, (3.57)

for g any space group operation, including the generators 17, 15, P, and Fy. For the Ising symmetry,

we have

+1, reA
Jz(r) = : (3.58)

-1, reB
With this information, it is straightforward to follow the prescription described above and determine
all the o® parameters not involving time reversal. We find that they are all equal to unity except

e _ _
Oyt = 1.

It would not be difficult to extend the formalism of Ref. [I67] to incorporate time reversal,
but to maximize efficiency and minimize the introduction of new formalism, we use a different set
of arguments to determine the remaining five ¢ parameters involving 7. All of these parameters

are associated with particular symmetry-protected degeneracies in the single-spinon spectrum that

we now show are not present.
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First, we consider o%. If this parameter were —1, spinons would be Kramers doublets, but
a spinon localized on the lattice site r is clearly non-degenerate, implying 0% = 1. Similarly, we
must also have 0%+ = 1, since otherwise Z¢ and 7° would anticommute, and a spinon localized to
r would have at least a two-fold degeneracy.

The remaining 0 parameters involving time reversal are oy, r, OpdT and Oy T These param-
eters involve the space group generators, which in general are not symmetries of a spinon localized
at r. Instead, it is convenient to consider single-spinon plane wave states. We perturb the toric code
Hamiltonian by adding 6H = —h > n M, which breaks Z1 but preserves pbm x ZI. This term is
a nearest-neighbor hopping for spinons, and results in a spinon dispersion with a non-degenerate
minimum at k = 0. If any of o7}, Opdt OF Opy 7 Were equal to —1, time reversal would anticommute
with some space group operations, which is inconsistent with having a non-degenerate single-spinon

energy eigenstate. Therefore, all of the o¢ parameters involving time reversal are equal to +1.

3.8 Conclusion and future work

The gauge theory description gives some hints to the physics of anisotropic exchange. How-
ever, it is certainly interesting to study the anisotropic exchange further since it is the simplest
term to capture the spin-orbit coupling effect for the pseudo-spin model.

Furthermore, it will be interesting to combine numerical methods to search Z, topological

order in the parameter space and find vison zero modes.



Chapter 4

High-energy electronic excitations in SryIrO, observed by Raman scatterinﬂ

The two most relevant energy scale for strongly correlated electrons are the bandwidth ¢ and
the onsite U which capture the Coulomb interaction between electrons. The competition between
the two energy scale leads to various interesting phenomena such as metal-insulator transition[168],
superconductivity[169], Kondo effects[I70] ... e.t.c. The 3d transition metal oxides are the ideal
playground to study the correlated electrons and have been extensively studied for decades.

On the other hand, the discovery of topological insulator exhibits the non-trivial physics
emerges from strong spin-orbit coupling (SOC). SOC is a relativistic effect which entangles the
orbital and spin wave function. It scales as Z*, where Z is the atomic number. SOC is usually
considered as a small perturbation in 3d transition metal oxides. However, for heavy elements, the
quantitative change in SOC could lead to striking qualitative effect.

The two research topics come together in the heavy transition metal compounds with 4d or
5d ions[52]. As the atomic number increases, the SOC coupling increases. On the other hand,
because the orbital wave function is more and more extended, the Coulomb repulsion reduces as
the atomic number increases. It turns out in 4d and 5d transition metal compounds, the three
energy scale, bandwidth ¢, on-site U and the SOC X are all relevant. Thus, in search of new phases
of matter, heavy element compound such as iridates plays an important role.

The SrolrOy is one of the materials that attracts much attention due to the unusual effect of

! This section has been published as a portion of Jhih-An Yang, Yi-Ping Huang, Michael Hermele, Tongfei Qi,
Gang Cao, and Dmitry Reznik, Phys. Rev. B 91, 195140,[5I] copyright 2015 American Physical Society, and is
reproduced here in accord with the copyright policies of the American Physical Society.
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SOC. The material is an insulator. According to DFT calculation, it is necessary to include SOC
to open the band gap using reasonable parameters. SrolrQO, is thus considered as a SOC-induced
insulator[78]. In addition to the non-trivial effect of SOC, SryIrO, has a local electronic configu-
ration that reminiscent the electronic configuration of cuprates which is the mother compound of
the high-Tc superconductor[I71]. The Raman experiment on this material will be useful for future
experimental or theoretical studies.

In this project, the Raman spectroscopy found two peaks with distinct polarization signals
which cannot be described by simple selection rules of magnon or phonon. We would like to
understand what the observed Raman signal suggest about the electronic structure. We propose two
possible excitations that could be responsible for the observed signal. Both of them are electronic
excitation. One scenario corresponds to onsite d-d transitions between different crystal field levels
and the other scenario corresponds to the inter-site electronic transition between an onsite wave
function and a cluster state. From the observed selection rule, the onsite d-d transition should also
contribute to polarization Ay, and Ba,. The fact that those component are not observed suggest
the second scenario is a more nature explanation. However, from the symmetry analyze, we cannot
rule out the possibility that the electronic transitions contribute to As; and Ba, polarization are
not forbidden by symmetry but with a small cross-section. To finalize the answer, we need more
experiments in the future. The theoretical ideas that are essential to derive the above physical

picture will be explained in the following sections.

4.1 Experimental facts

From the data measured by Yang. The high-energy Raman peak is observed in xz(A14+ Big),
'z (Aig + Bag) and 2'y'(Aag + Big) channel. As shown in FIG. The Raman peak is absent in
Aoy + Bag channel. Looking at the data more carefully, the big Raman peak at xzz is actually two
different peak separated by 10meV with A, peak at 690 meV and Bj, peak at 680 meV. Here,
the representation are the irreducible representation of D4y, point group.

This big Raman signal is also observed in cuprate[I72]. The charge transfer gap in cuprate
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Figure 4.1: Raman spectra with incident laser wave-length 457.9 nm in four different scattering
configurations measured at 10 K. Broad peaks around 5600 cm1 are electronic (see text) and peaks
around 1400 cml are two-phonon scattering. xx probes A4 + By, symmetry, x'x'(A1g + Bay),
X'y (Big + Agg), Xy (Bag + Agg).
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Figure 4.2: Raman spectra with different excitation energies in xx, x’x’, and x’y’ scattering con-
figurations. The A4, and By, peaks keep their positions at different laser energies, indicating that
these peaks are real Raman signals. The spectra were normalized to the same power of incident

lasers.
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is 1.7 ~ 2eV. The onsite U is about 5eV. Since this big Raman peak is also observed in iridate, it
is nature to ask in what aspects the cuprate and iridate are similar such that we can see this big

Raman peak in both materials?

4.2 The crystal structure: space group and corresponding point group.

4.2.1 Space group of the material

There are several experiments about the determination of this material. However, we assume
the essential structure for our modeling to be of the space group 142 and the corresponding point
group to be Dy [I73]. The corresponding structure is shown in FIG. There are three
positions for oxygen ion. The ratio between O; and Oq is 861:139.

However, the site symmetry which is the symmetry that leaves the site invariant will have
lower symmetry than the corresponding point group, Dyy,, of the space group. In this material, the
bending of bond angle lowers the symmetry from Dy, to Cyp.

Here, we describe the symmetry elements explicitly. Dy, had C4, and Cs, rotation along
z-axis. Cay, Cyy rotation along local z and y-axes. Cagy and Chyy rotation along local (1,1,0)
and (1,—1,0) axis and inversion, /. The rest elements are the combination of the operation ICo;,
ICoy, 1Cs,, 1C5,Cy,.

Cyp, is the sub group of Dy, without group elements Co,, Cay, Cozy and Coyy.

4.2.2 Crystalline electric field(CEF)

The iridium is surrounded by octahedral crystal field with Dgj, distortion due to the elongation
along c-axis. The distortion of CEF can be captured by three independent parameter By, BY and

BY[TH).

Hietra = Bi (0§ +50%) + B30Y + BYO} +48B4 + 48B] + 389, (4.1)

cubic tetragonal
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Figure 4.3: (a) Top view.(b) Side view. The red circle denote the most probable oxygen location.
The orange oxygen is the defect of oxygen.

Figure 4.4: The space group structure. To show the structure explicitly, we label some sites. The
site 1 ~ 5 are related by four fold screw axis with z = y = 0.5. 0 to 1 is by glide a, 0 to 2 by glide
¢, 0 to 6 by glide d. Thus, the space group is I4;/acd.
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where the operators O are composed of orbital angular momentum operators

0Y = 3501 —30L(L+1)L? +25L% — 6L(L +1) + 3L*(L +1)*
1

o = 3 (L% + %)

0% = 3L2—L(L+1)

1
0F = S(Li+1%). (4.2)

The constant shift is just a redefinition of zero energy orbitals to be yz, zz. If we project the angular

momentum operators into the d orbitals, and arrange our basis by yz, zx, xy, 322 — r2, 22 — y?, the

angular momentum are represented by

0 0 0 —iv3 —i
0 0 4 0 0

L:=|1 0o —i 0 0 0 |
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For future convenience, we redefine the parameters
A = 9BY+60B)
A" = 12BY - 608
120B4 = 10Dgq, (4.4)

where By control the E, and Thg energy splitting and A, A’ are the parameters control the tetragonal

distortion.

00 0 0 0
00 0 0 0
Hictra = 0 0 A 0 0 (4.5)
00 0 A—A"+120By 0
0 0 0 0 A+ 120By

The relation between CEF and SOC are represented in Fig[f.5] According to experimental evidence

(a) (b) (c) (d) (e)

~_ =y ;
L_py — — T{— — — T eT¢

120B4
- — TF
, p+<Lx=yi T — — e .
29 == — —1TI} A _ — — — T
= —T1¢ + +
Yz 2T F5 __1“7+ ’__F7@F8
— —f—>— —Tier}

Figure 4.5: (a)Cubic(Op) CEF.(b)Tetragonal distorted(Dy,) CEF. (c)Tetragonal distorted
CEF (D4 )+SOC.(d)Cyp, CEF+SOC (e) Cubic(Op) CEF+ SOC

which suggest A ~ 0.075eV, A ~ 0.4eV [174], A’ ~ 2V and 120B, ~ 4eV [175]. For Ir** which had
valence electron configuration 5d°, the filled state will be in F;r for tetragonal distorted CEF and

SOC are considered.
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4.2.3 tog orbital splitting with spin-orbit coupling and tetragonal distortion(Dy).

If we assume the e, orbitals are completely decoupled with #2, orbitals, we can diagonalize
the spin-orbit coupling and tetragonal crystal field distortion analytically at the same time.

Within the t2, Hilbert space, we can write down the tetragonally distorted crystal field as

00 0 0O0 O

00 0 0O0 O

0 0 O
1 0 00 A 0O DO
Hietra ® 0 0 O = (4 6)
01 00 0 0 0 O
0 0 A

00 00O O

00 0 00 A

Here, A represent the energy splitting between zy and yz, zx orbitals and should not be confused
with the 10Dq splitting. The orbital basis of this representation is arranged as yz, zz,zy. The
spin basis is arranged as +, —. In order to make our expression consistent with other notation, we

change basis as

‘0> = idzy

£1) = s (Fidys + ). (4.7)

Under this basis, the fictitious angular momentum operator can be represented as

) .
0o 0 % 0 0 - 1 0 0

L= 0 0 % =1 0 0 E =0 -1 0 (4.8)
L . .
5 5 0 & =2 0 0 0 0



The spin-orbit interaction can thus be written as Hsoc =Y, —As; ® I;.

A
-3 0 0 0 0 0
A A
0 2 0 0 0 —2
0 0 0 -2 0 0
Hsoc = V2
A A
0 0 -2 3 0 0
o 0 0 0 -3 0
A
0 —J 0 0 0 0

The complete single particle Hamiltonian is

-3 0 0 o 0 0
o 5 0 0 0 -
H = Hsoc + Hietra = ’ ’ s _% ’ ’
0 0 -5 5 0 0
0 0 0 0 -3 0
0 -2 0 0o 0 A

0 2 0 0 0 -3

—3@y) 0 0 0 0 o

. 0 0 A 3 —=3@(n o0
0 0 3 0 —3@{x o0

0 0o 2 2 0 0

|
ol
|
N[
—
.
>
S—
o
o
o
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(4.10)

(4.11)

with basis choice yz, +; zx, +; 2y, +;y2, —; 2z, —, vy, —. The eigenvectors that diagonalize H can



be parameterized by %. Here we define some functions for our future convenience.

coso

(1-2p)2+8—(1-2p)

The eigenvectors can be written as

|AF‘7*7+>
|Ar;r,_>
|BF;’+>
|BF;L,_>
|Crg,+>
|Crg,_>
0 ot} cos(6)
0 0
0 —ie ) sin(5)
0 0
—jetletd) 0
0 0
jet(ata’) cos(9) eilata’) cos(0)
V2 V2
0 0
ei(b+b/) sin(d) 1el(b+b/) sin(9)
0 0
_ei(c+c/) iei(c+c’)
V2 V2
0 0

f(%)
F(R)2+8
2V/2
F(R)2+8
0 0 0
e@sin(d)  —e cos(6) 0
0 0 0

—ie® cos(8) —iesin(6) 0

0 0 0
0 0 _jelc
0 0 0

i€ sin(9) ieiaf/‘%s(fs) e \c/oﬁs(é)
0 0 0

e cos(8) — 6ib\8}g(5) _ ie“’\s/i%l(é)
0 0 0
0 f/i _ z\e/i

—et(atd) gin(§)

— ettt cos(0)

—ie'(@ta) gin()

!0V cos(8)
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(4.12)

|+1,4)
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Dy E Caz Caz Cag Cogy I T
r 1 1 1 1 1 1 1
Fif 1 -1 1 1 1 1 -1
ot 1 0 ( w 0 ) i 0 0 —i 0 w 1 0 0o -1
6 0o 1 w* 0 —i —i 0 —w* 0 0o 1 1 0
r+ é 1 0 g ( —w 0 ) i 0 0 —i 0 —w 1 0 0o -1
7 0 1 0 —w* 0 —i —i 0 w* 0 0 1 1 0
. 1 0 ( 3 0 > ( —1 0 ) ( 0 i ( 0 —1 ) —1 0 ( 0 1 )
5 0o 1 0 —i 0 -1 —i 0 -1 0 0 -1 1 0
- 1 0 w* 0 ) —i 0 1 0 w -1 0 0o -1
6 0o 1 0 w 0 i -1 0 —w* 0 0 -1 1 0
- 1 0 ( —w* 0 ) —i 0 0o -1 0 w -1 0 0o -1
7 0 1 0 —w 0 i 1 0 —w* 0 0 —1 1 0

Table 4.1: The double group representation for Dy point group. w = 7

with eigenenergies

1 2
By — 4<2A+)\+\/(2A—)\) +8>\2>
1 2
By — 4<2A+)\—\/(2A—)\) +8/\2>
Ec = —% (4.14)

Here, we use A,B,C to represent different doublets. For Ir*t, we focus on A doublets.
If T'd had the energy between the two I'T, we require (Ec — E4) (Ec — Eg) < 0. After some
algebra, that corresponds to the constraint A\ < 0.

Here, the phase factors, a,d’, b, b, ¢, (prime are the relative phase factors),are defined such

that time-reversal operator can be written as 7 = —io? K. The time-reversal operator is represented
as
0 o—i(2b+0)
(4.15)
_o—i(2b+) 0

We choose a = 0,b =c= 7, a’ =7, b’ = ¢ = 0 as our phase choice.

Under the phase convention, the relevant representation of D, can be constructed(Table
4.1).

Note that, the subscript FgL and F? labeled how the states transform under symmetry. The
reason we emphasize this is because the confusion when we truncated the e, orbitals. When only
tag orbitals are considered, the matrix element of REAL angular momentum operator just looks like

the [ = 1 angular momentum operator with an additional minus sign, L,, = —L;=;. That helps
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us to label the spin-orbital wave function by j.;r. However, this labeling is sometimes confusing.

>E—|l:1>®|32%>. In

N[

The real wave function transform according to [tyg) ® |s =
most literature, they use [jess) = [l = 1) ® [s = 1) = [jeff = 3) @ |jesr = 3) to label the
states. However, the minus sign is important when considering the representation. We should
keep in mind that the symmetry operation representation constructed by the j.;s had a minus
sign difference with how the state really transform. For example, the real C4 rotation should
be constructed as —(jerrlexp [i0jcrs] |jers) instead of (jerrlexp[ibjess]|jers). Thus, in the jegy
notation, |jeff = %,i%) and |jerr = ,:l:%> actually did not transform according to real spin.
Instead, it is |jess = 3,43) transform as real spin. (Note that in the definition we have the minus

sign. However, the definition of Cy should be consistent with the definition of C4 which is C4.Cy,

and the extra minus sign is canceled.)

4.2.4 oy orbital splitting with spin-orbit coupling and Cj;, site symmetry consid-

ered.

Within the #94 orbitals, the Cy, CEF can be parameterized by

6 0 O
HC4h = 0 51 0 (4'16)
0 0 09

Here, the basis is ordered as yz, zx, xy. The matrix is constrained by the time-reversal and Cy,

operation. For the d orbitals, under C4, constrain

o Wy 0 0 0
-0y 01 0 0 0
He,, = 0 0 6 0 A; |- (4.17)

0 0 0 4 O
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C4h 042 022:
I‘;r w )
FZ{ w* —1
F;r —w 1
I‘;{ —w* | —i

Table 4.2: Relevant irreducible representation of Cyj,. Here w = exp[i7].

Here, all §; are real parameters, As can, in general, be a complex number. Once time-reversal

symmetry is considered

00 0 0 0 O

He,, = 0 0 6 0 o5 |- (4.18)

0 0 0 63 O

0 0 65 0 4y
we need only five real parameters to describe the Cy;, crystal fields. However, if we truncated the
Hilbert space into ta, manifold, the system did not have the ability to distinguish Dy, and Cy,
crystal field environment. The only method for d,, orbital to notice the difference between Dy,
and Cyy is through the coupling with d,2_,2 orbitals. Here, 10Dq ~ 4eV. The influence of Cyy
environment is relevant only when d5 ~ 4eV. In our system, it is very unlikely to happen. Thus,
we will have the conclusion that the influence of Cyy crystal field effectively change the relative
energies of zy and yz, zz orbitals without changing the symmetry properties of the wave function
significantly. Thus, the effects of (4, environment on {3, orbitals is to renormalize
the value of A without changing the wave function symmetry properties from Dy

irreducible representation significantly.

4.3 On-site electronic Raman effect- group structure and selection rule

In FIG[.5] we see that the local levels have different schemes of separation. The various
schemes of separation correspond to different selection rules for the electron Raman scattering.

Here we will consider the simplified case without bond angle distortion first. In that case, the site
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symmetry is consistent with the point group Dy4;. We develop the corresponding selection rule for

Dy, point group first. The situation with Cy;, will be considered later.

4.3.1 Tetragonal distorted cubic CEF(Dy;,) and selection rule

For tetragonal distorted CEF, d orbitals will split into doublets which transform according
to irreducible representation Fg or F;r of Dy, point group. The initial and final state for electron
Raman scattering can be described as the FIG.

Next, we consider the possible transition and the corresponding polarization. The lowest and
the fourth doublet transform according to Fg , others transform according to F7+. Therefore, the
I't — T'f are (a)(c)(h), TF — I'{ are (b)(g), I'g — T'F are (d)(f), Ty — I'q are (e). According to

the Koster’s table[]1]

It xTd = If +T5+T7F

It xTd = I'd +Tf +TF

Iy xTy = If+0§ +1F
(4.19)

The corresponding polarization are

a 0 0 0 ¢ 0 d 0 0
If(Ay) = [0 a 0 |iT5(A2)=| — 0 0 |iT5(Bu)=| 0 —-d 0

00 b 0 00 0 0 0

0 e 0 00 f 0 0 0
T (By) = | e 00 |5THE)=]0 0 0 00 f |- (4.20)

000 g 00 0 g 0

When time-reversal symmetry is considered, only I'j (4;,) and I'j (B1,) component are allowed.

The derivation of those matrices is in the appendix
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Figure 4.6: Different initial and final state for electron Raman scattering. The doublets are arranged

according to FIG. [£.5] (c).
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From above relation, we know those electron transitions should produce peaks that are ob-
servable at the specific polarization. For example, the FJF,F;F transition should produce a peak
that contains I‘f component. The polarization dependence of the single-ion cross section without

z direction can be obtained from reference.

It T3 ¢ |a(eef +ele!)|?

Ty = T3 : |d(efel —eve!)|? (4.21)

7

In the experiments, we have zx 2’2’ xy,2'y’ where e, = (1,0,0), e, = (0,1,0), e, = (%, %,O), ey =

(—%, %, 0). Hence, the experiments should be able to be described by those parameters
zr o al? +1d)?
o'z’ i lal?
Ty :0
oy o |dA (4.22)

However, this symmetry argument just gives the possible selection rule but did not provide
the relative amplitude of those components. To estimate the relative intensity we need to do more
detailed calculation. Only processes (a)(d) fit into the right energy window. (a) can contribute the

[T (A1), (b) can contributes the I' (By,) signal.

4.3.2 Cyp, site symmetry of Ir site and selection rule

The real site symmetry is Cy,. The compatibility relation of Dy, and Clyy, is I‘ér = F; + Fé”
and I‘;r = F;r + Fgr. Similarly, we can find the corresponding polarization components. From the
reference, the polarization dependence of the single-ion cross section without z direction can be

obtained from references.

Id+T¢ =T +T0d @ +Ty - T +T8) 2 +T35 +Tf

B S A N A R (4.23)
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Here,
a ¢ 0 d e 0 0 0 f 0 0 —h

If=| —¢c a0 |5I5=]¢ —d o0 5T+ =10 0 & 0 0 f | (424
0 0 b 0O 0 O g 1 0 - g 0

The detail is shown in 4.5.2]

4.3.3 Band structure argument

The intra-site Raman process can happen when the intermediate state is parity odd. However,
the possible intra-site Raman process will create a hole in the jer; = % band. Since the bandwidth
of jegr = % band is much larger than j.;r = % band. The corresponding peak width for intra-site
transition will roughly be of the same order of the bandwidth for j.;r = % band. Thus, in the
experiment, the peak is too broad to be observed.

Because of that, we are supposed to look for inter-site transition which happened within the

Jeff = % band and is possible to be observed in the Raman experiments.

4.4 Inter-site electronic Raman effect

4.4.1 The cluster picture

Dyp,:Ir*t ring cluster

The previous process is the intra-site transition. For the inter-site transition, we can try to
apply the cluster picture. For simplicity, we assume the site symmetry is identical with the point
group symmetry Dy, of the oxygen cage. When electron tunnel from one Ir** to another, it can
tunnel to its four neighbors with equal probability. Thus, the final state supposes to be the linear
combination of the four local state, the A doublets, which transform according to F}F of Dy, as
shown in FIG. 4.7

The wave function of the outer 4 Ir** can generally be written as

[Yout, o) (c1|1, A o) + 2|2, A, 0) + c3|3, A, 0) + 4|4, A, 0)), (4.25)

1
N
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Figure 4.7: (a)The cluster of Ir** ion. The light green zone means the wave function of the four
Ir** is the linear superposition of the site wave function which transforms according to F}F of Dyy,
group. The pink region represents the three-dimensional cluster cage which is formed by oxygen p
orbitals.(b) The real situation where the site symmetry is Cyy,. Here, Cay is the Cy rotation along
the global Y axis. (c) The case where the distortion is in another direction.
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where N is the normalization factor and |c;|*> = 1 are the phase factors. o is the pseudo spin
index. Since the wave function at different sites, in general, may not be orthogonal, |[N|?> =
Zi,j ciej(i, T3, TF). We temporally switch the label of sites into {1,2,3,4} = {+z, +y, —z, —y}
for notation convenience.

Now we assume the overlap between I’;r for different sites is small. The transformation
properties should not depend on the magnitude of lattice constant. Under that situation, we will
focus on the choice of relative phase factor in the linear combination.

Now, we will discuss how that phase choice transforms under Dy, point group. The two
trivial choice are % (1,1,1,1) which transform according to I'{” and % (1,—1,1,—1) which transform
according to I‘;.

The two-dimensional irreducible representation can be constructed as follow. Let’s assume

w = exp [zﬂ 1) = %(w7,w5,w3,w) represent the coefficient for site 1,2,3,4. Another state

|2) = % (w, w3, wP, w7). Those two state form a two-dimensional irreducible representation of Dyy,.

We can construct the matrix representation of (i|Cy|j) and they are listed below.

Cy ~ ;O ~ ;O ~ ; Cpmy ~ ;

I~ (4.26)

From that representation, we can see |1) and |2) form a two-dimensional representation, I'; .

After giving the representation and basis explicitly above, we are going to argue the three
irreducible representation above is complete.

For one-dimensional irreducible representation, only ng are possible. Since for (¢, co, ¢3,c4),
the matrix element of Cy, is i (1414 cyeq + coc)). This value can never be —1. Thus we rule
out half of the one-dimensional irreducible representation. Also, for inversion, the matrix element
will be § (¢jes + c3cf + cea + cach) = 1 (ler + 3] + |2 + ca|?> — 4). This quantity can be —1 only

when ¢q + ¢3 = ¢o + ¢4 = 0. If it is true, we can construct the character for Cy rotation, it will be



91

% (c¢5c1 — ¢jea) which is a pure imaginary number or zero. No one-dimensional irreducible repre-
sentation satisfied this requirement, so it must be some part of higher dimensional representation.

For two-dimensional irreducible representation, only I'y’ can be created by this method.
Choosing the two-dimensional basis to be (¢1,c2,c3,c¢4) and (di,d2,ds,ds), we can calculate the
character for Co,. The character will be i (|02 +cq|? + |do + d4|2). From the character table, we
require this to be zero for both F5i. Thus, we have ¢ = —c4 and d2 = —d4. Similarly for Cy,
we will have the constraints ¢; = —c3 and d; = —ds. With those constraints, the character for
inversion can be derived to be —2. Thus only I'y is possible.

Thus the ring cluster state, which including the phase factor and the local A doublets, can

only transform according to

a1, ) = %(|1,A,i>+|2,A,i>+\3,A,i>+|4,A,i>)~r1+®r¢~r7+
g, +) = %(]1,A,i>—|2,A,i)+\3,A,i>—|4,A,i))~r3+®r¢~rg
81, £) = %(wW'l,A,i)+w¢5|2,A,i>+w¢3\3,A,i>+w¢1|4,A,i>)NFg
|Bo,£) = %(wi7y1,A,i>+wi5\2,A,i>+wi3\3,A,i>+wily4,A,i>)Nr;
B) ~ Ty @i ~Tg +T7 ~|B1) +B2). (4.27)

Since the initial state transforms like F7+, the final state should be |a;) because of the parity should
be identical for Raman process. On the other hand, the intermediate state should be Raman
forbidden which could be |3;) for Ir-Ir-Ir process.

Cup:

(A small surprise: Under Cyy, the F;r will turn into F? + 1";{, which transform according to
|~ 2) and [3).)

Since Cyy, is a proper subgroup of Dy, I would guess the relation is similar

3)

@h) ~ T @ (7 + 1) ~ I7 + T ~ [ £ 5

1
az) ~ Ty @ (g +19) ~T5 + 1§ ~ [ £35)

8~ (T3 +T;) @ (T7 +T3) ~ (U5 +Tg) + (I7 +T%). (4.28)
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4.4.2 Selection rules(Site symmetry Dyp)

The selection rules of the inter-site process are identical with the intra-site process. Only

diagonal component are allowed under Dy and time-reversal symmetry.

4.4.3 Selection rules(Site symmetry Cy;)

Following the conclusion of the inter-site process, the off-diagonal components are allowed if
we only consider site symmetry.

Next, we notice the bond angle is not perfect 180°. We now try to consider a unit cell
with two Ir*t where the two CEF are rotated counterclockwise and clockwise as the left green one
and the central red one in FIG[.§| (b). Also we label the local axis of the sublattice 1(green) as
ai,b1,c1 and sublattice 2(red) as ag, by, co. Now consider initial state as |Ig) = |B1,0) ® |Ba, —0)
and |I¢) = |Cy,0) ® |Cy, —0). Final state as |Fp) = % (|A1,0) ® | B2, —0) + |B1,0) ® |A2, —0))
and |F¢o) = % (|A1,0) ® |Ca, —0) +|C1,0) @ |Ag, —0)). The fermionic anti-symmetric properties
can be shown by projecting to real space by %((]rﬂ(rﬂ — (ro|(r1])-

The Raman operator is R = R{"” ® 15 + 11 ® Rb”.

1 v v
(Fo| R |Is) = 7 [(A1, 0|RY"[s1,0) + (A2, —0|RY"|s2, —0)] , (4.29)

here, s = B, C' as the initial state.
Now, if we consider the Coy rotation which is equivalent to interchange site 1 and 2 after
making a local Uy rotation. Also, the local Cy, and Cs, rotation just switch the pseudo spin and

add a phase factor for all doublets we are interests in.
Cop : |£) = —i|F)
Coy : [£) = £[F) (4.30)
We can see that
(A2, —0|RY"|s2,—0) = (A2, ~0|Cay Coy Ry Coy Caylsz, —0)

= (A10|(Coy RY"Cip))[s1.0). (4.31)
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For the X,V component of the Raman operator, Coy Ry Y Cyyf = —RiY, which means (Fy|R*|I5) =
0 when = X,v =Y. Therefore, even though the site symmetry does not have the Ca;, Coy sym-
metry, the space group has the symmetry Csx, Coy which provides similar effect to cancel the off

diagonal elements.

4.5 Selection rules

4.5.1 Dy, case

Here, we discuss the selection rule for doublets Fé“ and F;r for D4y point group. The part
that determined the selection rule is the Raman tensor R*”. In the experiment, we only care about
the case where p,v = x,y.

The initial and final states can be [I'¢,£) or [I'F,£). We want to analyze how (F|R*|I)
transform under Dy symmetry.

', —1T;

For CQZ,

<Pj7i|xxlrj7i> % <Fj7i|(¢i)(_x)(_x)(ii)lrj7i>:<Fj7i’xx‘rjvj:>7

CQz

<F]'7 i|$x|1—‘jv :F> <Fj’ i|(:!:i)(_x)(_m)(:|:i)|rjv :F> = _<Fj’ i|xm|rjv :F>7

<Fj7:t‘xylrj>j:> % <Fj,i’(IFi)(—x)(—y)(ii)’Pj,i>:<Fj,i’$y‘rj,i>,

(T, leylTy, ) 22 (T, £|(F0) (—2) (—y) (F) T, F) = —(0j, Hayl0y, 5. (432)

Thus, R*" is diagonal in spin space.

For C4z7
(T, Hlaw|Dy,£) 5 (D £(- 1 (eapli 7)) () () (1) (eaplFi 7Dy, £)
= <Fj7i’yy‘rj’j:>
(D Elaylly ) S5 (L, (=1 (eapli ) () (—2) (-1 (explFiZDIT;, &)

= —<Fj,i‘y$lrj,i>. (433)
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The off diagonal symmetry part is forbidden, only asymmetry component exist.
For 023;,
Cay . .
<Fj’ :E‘$$|Fj, i> = <Fj7 :F’(Z)xw(_l)lrjﬁ :F> = <Fj7 :F’xx|rj7 :F>7

<Fj,:|:|l‘y|1_‘j,:|:> % <Fj7:|:’(i)$(_y)(_i)|rj’:|:>:_<Fj7:|:’$y|rj’:|:>' (4'34)

For Cogy,

2zy

(T, £[zx|T), £) P, <1“j,HF\(—1)j(w’p[ﬂmg])yy(—l)j(exp[iig])\Fj,3F>=<Fj,¢\yylfj7¢>,

Bty (0, FI 1 (ewplFi Ty (—1) (eapl ki), F) = (T FlyalTy, ).

<Fj7j:|xy|rjv:t> — 4
(4.35)
Coy and Cygy did not give further constrain to the matrix R.
Above relation suggest
a c¢ 7
R - —C Qa ? 5 (436)
? 7?09
for I'; — I'; transition without time-reversal symmetry.
When time reversal symmetry is considered,
T
Ty, £lay|Ly, £) = (L, FI(&EDzy(EDL;, F) = (T, FlaylLy, F)- (4.37)
Together with Cs;, no off-diagonal components are allowed for I'; — I';.
a 0 7
R — 0 a ? 5 (438)
?2 92 7

when both Dy, symmetry and time-reversal symmetry is considered.
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For Cs;, I'; and T'js transform in the same way. Thus,

Ca, . .

(Tj, £|zz|Tj, +) =5 (T, 2|[(Fi) (=) (—2) () |[Tjr, £) = (T, £|zz|Ty, £),
Ca, . .

<Fj7:t‘mm|rj’7 :F> —5 <Pj,:t‘(:FZ)(—x)(—l’)(:FZ”Fj/, :F> = _<Fj7i’xx‘rj’7:|:>7
Ca, . .

Ty, £lzylTyr, +) =5 (T, £[(Fi)(—2)(—y) (£1) [T, +) = (Tj, £|zy[Ty, £),

(), |2y, ) 25 (0, £ (F0) (—2) (—) (FO)Dyr, F) = —(Tj, £lay[Ty, ). (4.39)

Thus, R*" is diagonal in spin space, also.

For Cy.,
(D, £Hlaw|Dy ) S5 (0, 2(-1) (eap[£i5]) () (9) (~ 1) (explFig)ITy, £)
= (T £lyylly, £)
(D £layllyr, ) S5 (D, £ (1) (eaplig)) (W) (—2) (<1 (eaplFig )Ty, £)
= (I, £|yz|lj, £). (4.40)

The off diagonal asymmetry part is forbidden, only symmetry component exist.

For sz,rg and F;r transform in the same way. Thus,

Cax . .
<Fj7 i‘$$|rj/7 i) L> <Fja :|:|(Z)l‘l‘(—l)|Fj/, :F> = <Fj7 :F|33‘33‘|Fj/, q:>a
Coy . .
For Cogy,
CQ.’zy ,] LT j/ LT
(L £loa|Ty, £) —— (L, FI(=1) (exp[Fi g [yy (1) (explEi L ])Uy, F) = — (L, FlyylLs, ),
Coy . T . T
Ty, £y Ty, £) — (L FI1) (eaplFi ya(=1) (exp[£i )Ty, F) = —(Lj, Flyz|Ljr, F)-
(4.42)
Coy and Cy,y did not give further constrain to the matrix R.
Above relation suggest
d e 7
R=1¢ —d 7 |, (4.43)



for I'; — I'j transition without time-reversal symmetry.

When time reversal symmetry is considered,
T
(Tj, £lzy[Ty, £)  — (L, Fl(EDzy(£1)|Tyr, F) = (T, Flay[Ly, F).

Together with (Cy,, no off-diagonal components are allowed for I'; — I';:.

when both Dy, symmetry and time-reversal symmetry is considered.

4.5.2 Cyp, case
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(4.44)

(4.45)

For Cyy, the symmetry operation Co, and Cazy cannot be used. From Koster’s table, we can

know that, under Cs,, the eigen states transform exactly as those in Dy, case. Thus, R matrix is

diagonal in spin space. Only Cy, needs to be discussed.

Note that, the basis is chosen such that time reversal operator satisfied

TITs) = [Te); T|ls) = —|T's)

TIT7) = [Is); T|l's) = —|I'7).

F5/6 — F5/6 or F7/8 — F7/8

Cyz

(s 6|z Ts6) — (561t )yy()Ts/6) = (Ts/6lyyITs/6)

Ciz *
(Tss6lwylTs6) —=  —(Tss6l(t")ya(t)|Ts/6) = —(Ts 61y Ts/6)

. Here, t is just the complex phase factor. The same relation holds for I'; g — T'7/s.

(4.46)

(4.47)

Next, time-reversal symmetry implies (I's 5|2z |T'5 /6) 7, (e 5|72 T6/5) and (s 6|7y| s 6) 7,
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(T'6/5|7y|Tg/5). This constrain also applies on I'y/g — T'7 /5. Thus,

a ¢ 7
? ? 07

I's/e = I'7/s

4z

C. *
(Tss6lzx|T78) —= (Tss6] — (K")yy(k)|[T7/8) = —(Us/6lyy|T7/s),
C z *
(Tss6lzylTrss) —= = —(T56l — (K" )yaz(k)|T7/8) = (56lyz|T7/s) (4.49)
. Here, k is just the complex phase factor.
Next, time-reversal symmetry implies (I's j|z2[T'7/3) T, (De/5|mx [T /7) and (L's j6]ay|T7/5) T,

(Lo /5lzy[Ts)7)-

Thus,
d e 7
R= e —d ? |- (4.50)
?2 2 9
4.6 Results and discussion
4.6.1 Selection rules for intra-site and inter-site transitions.

First we compare these results to a simple calculation of what types of on-site and near
neighbor hopping electronic transitions appear in what symmetry and then discuss how the inter-
pretation of the RIXS data proposed in Ref. [I76] needs to be reconsidered in light of the Raman
results.

The Raman intensity is proportional to [177]:

1 2 _E;/kpT
I Z;\wmwu)\ e BT s(Bp — B — hw), (4.51)
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where I, F' label energy eigenstates of the electronic system with energies Fy, Er, w is the Raman
shift, and Z is the partition function. R, is the Raman tensor, with pu,v = z,y,2 giving the
direction of linear polarization of scattered and incident light in our experiment, respectively. The
electronic Raman cross section is typically dominated by the first two terms in perturbation theory
[see Eq. (13) of Ref. [I77]]. Fig. shows that the intensity of the peaks of interest has a strong
laser energy-dependence. Since the first order term does not depend on the laser energy , the second

order term must dominate. Thus we focus on this contribution, which is given by:

1

R, =
a pMEI+mI_Hel

Po, (4.52)

where H,; is the electronic Hamiltonian, p, the electron momentum operator, and wy is the fre-
quency of incident light. [Note that we have dropped an additional non-resonant second-order term;
see Eq. (13) of Ref. [177].]

In the presence of tetragonal crystal field (CF) and SOC, the ty, manifold splits into three
Kramer doublets labeled with ji, jo and Jo (Fig. 4.8(a)) [178, 179, I80]. The j (JZ; = £1/2) and j
(JZ¢ = £3/2) doublets transform differently under Dy, symmetry and time reversal (See Appendix
. Note that Jgff is not a good quantum number under Dy, CF.

We adopt a tight-binding description of the electronic states, with fia creating an electron at
the Ir lattice site r in the local spin-orbital state a. Here, the spin-orbital state a = (a, ), where
a = j1,j2, J2 labels the local doublets, and o = 1,2 is the pseudo-spin. We work in real-space. In
our description of the Raman process, a photon is absorbed near a lattice site =, with the resulting
excited intermediate state propagating over some distance before emission of a photon near site 7.
Far enough away from resonance, the intermediate state will propagate only over a short distance;

this leads to the expansion

RMV - Z M&ﬁV(T)fiafrﬂ + Mﬁgu(r)clafrﬂ +e (453)

Here the first term represents on-site transitions, while the second term describes inter-site pro-

cesses, in which an electron moves from a site r to a cluster state created by cla. The cluster state
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Non-pseudospin-flip | Pseudospin-flip
J2 = 01 rr, o'z’ (A1) zy, o'y’ (Agg)
T2 = 1 zx, 7'y’ (Big) z'v!, zy (Bag)

Table 4.3: Polarization and symmetry of on-site Raman transitions with Dy, site symmetry. The
row indicates the doublets between which the transition occurs, and the column indicates whether
a pseudospin flip is involved.

is a linear superposition of spin-orbital states on the four Ir sites nearest to r. Sums over repeated
indices «, 8 are implied. Longer range terms have been dropped.

To interpret the experimental results, we assume significant local antiferromagnetic correla-
tions to temperatures well above the Neel temperature (Ty = 240 K), focusing here on T > Ty,
as the gross features of the Raman spectrum remain largely unchanged as T' is lowered through
Tn. In the low-temperature antiferromagnetic state, the moments lie in the ab-plane, with small
canting out of the plane that we ignore [79, 181, 182 [183].

We first consider an idealized situation, where the Ir-O-Ir bond angle is 180° and the site
symmetry is Dyj,. We focus on on-site transitions within the to;, manifold, so jo — ji and 72 — j1 are
relevant (the energy of the main peak is likely too large for purely magnetic j; — j; transitions)(Fig.
4.8(a)). The pseudospin structure of each transition is described by the appropriate 2 x 2 block
of the 6 x 6 matrix Mo, (r). We always find this 2 x 2 matrix to be either proportional to the
identity matrix (no pseudospin flip), or to the o* Pauli matrix (pseudospin flip).

For the on-site transitions, both non-pseudospin-flip and pseudospin-flip processes can occur
(See Appendix A). The former should appear in A1y and By, symmetry and the latter in Aoy and
By symmetry (Table |4.3).

For the inter-site transitions, we consider hopping between j; doublets on neighboring sites.
An electron hops from site r into a parity-even cluster state, constructed by superposing j; doublets
on the four neighboring sites (Fig. 4.8(b)). There are two such Raman-active cluster states, one with
s-wave symmetry and the other with d;2_ 2 symmetry. In addition, there can be an infrared-active,
Raman inactive transition to a p-wave cluster state. The s-wave/d,2_,2 cluster state transforms

identically to the on-site j/7 doublet. This means the r — s/r — d,2_,2 inter-site process has the

)
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same selection rules as the on-site jo — j1/72 — j1 transition respectively. Note that pseudospin-
flip processes are forbidden by the combination of local antiferromagnetic correlations and the Pauli
principle (see Fig. [£.§(b)).

So far we assumed Dyj, site symmetry, but, in reality, the Ir-O-Ir bond angle is away from
180° by 22°, lowering the site symmetry to Cy, (the point group remains Dyp). In this case, both
jo — j1 and Jo — jp transitions (and corresponding inter-site transitions) may produce a non-
pseudospin-flip contribution in xy polarization. That this is not seen suggests the site symmetry is

effectively Dyp to a good approximation.

4.6.2 Discussion

Raman scattering has different matrix elements from RIXS, and thus highlights different
excitations. RIXS data are consistent with two dispersing modes whose spectral intensity can
be controlled by the scattering angle. These have been assigned (in our notation) to excitons
associated with jo — j1 and j» — ji intra-site transitions. However, these transitions should
produce four distinct excitations, considering that the pseudospin flip and non-flip transitions
should have different energies in the presence of magnetic-order. Here we propose that modes
seen in RIXS as well as in our data can also originate from inter-site excitations whose energy
would correspond to on-site repulsion. Thus more analysis and data are needed to understand the
signal seen in RIXS.

In the on-site transitions scenario this means that both pseudospin non-flip transitions are
seen close to 0.7 eV with jo — j1/J2 — ji appearing in the A;,/B, symmetry respectively. This
scenario necessitates that one or both corresponding pseudospin-flip transitions contribute to the
RIXS peak at 0.6 eV and their Raman matrix element is so small that they are not seen in the
XY-polarized Raman spectrum where they would appear. While this scenario cannot be ruled out
without a better understanding of the Raman matrix elements, we would like to point out that the
Raman data were taken over a wide range of laser energies, which always produced no signal in

this scattering geometry. We will attempt to look for these excitations covering a wider range of



101

(a) tetragonal j1(Ji = +3) s,
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Figure 4.8: Schematic of the on-site and inter-site transitions. (a) Local states and on-site transi-
tions: The SOC and tetragonal CF split the ¢34 orbitals into three doublets labeled with ji, 72, and
Jj2. The non-pseudo-spin-flip electronic transition contributes to the A, and B, signal, and the
pseudo-spin-flip process contributes the Ay, and Byg signal. (b) Inter-site transitions: The ground
state configuration is described in the top block. The electron can tunnel from the central site to
the s-wave/d,2_,» cluster state which transforms identically to the on-site j/7 doublet respectively.
The gray oval encloses the states on the same site.
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both laser energies and Raman shifts in a future study. This scenario also implies that the splitting
between the js and 72 levels is 30 meV, not 137 meV as proposed in Ref. [176].

Another possibility is that the RIXS experiments reveal excitons associated with inter-site
transitions. In this case three peaks come out naturally with transitions to the s-wave/d-wave
cluster states making up the A;,/B14 peaks and the transitions to the p-wave cluster making up
the Raman-inactive peak at a lower energy. We note that pseudospin-flip transitions in this scenario
are not allowed due to the Pauli exclusion principle.

The third possibility is that the three peaks come from some combination of inter-site and
intra-site transitions. We think that this possibility is least likely, because it implies that the on-site
repulsion energy should be very similar to the intra-site level splitting, which would be an unlikely

coincidence.



Chapter 5

Summary and perspectives

Two questions entangle with the search of topological order. First, where to find the topo-
logical order? Second, how to probe topological order? By carefully constructing the microscopic
models, we find it is valuable to investigate the strong spin-orbit coupled system and to analyze
the symmetry fractionalization pattern of the symmetry enriched topological order.

In this thesis, we study the strong spin-orbit coupled materials. On the most frustrated three-
dimensional lattice, pyrochlore lattice, we found the space group allows the existence of the novel
dipolar-octupolar doublets. The dipolar-octupolar doublets realize a long-sought realistic model
which support quantum spin ices. By applying a magnetic field, we can reduce the pyrochlore
lattice to layers of Kagome lattice which could achieve a symmetry-enriched Z5 topological order.
The spin-orbit coupling breaks the continuous spin rotational symmetry and leads to a non-trivial
symmetry fractionalization pattern with striking response to classical disclination defect. The
symmetry enriched topological orders are robust against perturbations. Spin-orbit coupling might
lower the symmetry of the system and make the system difficult to analyze. However, it could be
useful to realize signals that can be detected in future numerics and experiments. The pyrochlore
and Kagome lattice model indicates the subtle relation between space group symmetry and onsite
symmetry when the spin-orbit coupling is included. At the level of modeling, the space group
gives non-trivial constraint to the local degrees of freedom. At the level of studying the symmetry
fractionalization pattern, the combination of space group and discrete onsite symmetry leads to

the vison zero modes.
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At this stage, the general experiment method to identify topological order is still lacking. In
the future, it is interesting to find other realistic models with similar physics and study the general
structure of using space group defects and onsite discrete symmetry to probe topological order.

The nontrivial physics can be traced back to the dipolar-octupolar doublets in the material.
The pseudo spin operator can have very different symmetry properties depends on the quantum
states. Spin-orbit coupling gives another energy scale to select the novel degrees of freedom and
leads to dramatically different model. The mixed multipolar nature of the novel degrees of freedom
also raises another perspective to understand the well-studied classical spin ice materials. How the
new quantum model changes our understanding of the experiments is also an attractive direction.
More broadly, this mechanism could exist in other materials, and its physical consequences are

relatively unexplored.
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Appendix A

Cross section of Raman scattering

Let incident/scattering light denoted by (q;,w;, eq,) and (g, ws, eq,). The Hamiltonian is

written as

N
S (p; + 6/0 A(ry))
H = + HCoulomb + Hfields
=1

.

pz
— 2m
7

= Ho+ Hyielas + Hint- (A.1)

+ HC’oulomb + Hfzelds + Hznt

Here, e is the magnitude of electron charge. Hy describe the system we want to probe without light
which satisfied Ho|la) = E,|a). Here, o can be a combination of band index, wave vector, orbital,
spin qunatum numbers depends on how Coulomb interaction is included into Hy. H ieqs describe

the free electromagnetic wave. Hj;,; describe how light is coupled to the system we want to probe.

e
Hippy = — - A(ri) + A(ry) - p; + A(r;) - = H, + H A2
C = e P G+ AC) P QmCQZ i) LHH(A2)

Here H; denote the part with linear dependence of A and Hs denote the part with quadratic

dependence of A. Now, we quantize the vector potential with transverse gauge as usual

\/€§ [@ik'riAk(t) + c.c.] . (A.3)

Since A(r;) is real, we need the second term. Then, replace the Fourier component by

Ag(t) — ;;‘ak(t); ar(t) =) arenn (A.4)
n
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aLm ayy are creation and annihilation operators of transversal photon with momentum value £ and
polarization direction denoted by real unit vector €x,. The quantized vector potential and electric

field is

A(r) = Zk: 2‘§|Ck| [eik'”ak(t)+h.c.]

E(r) = —131‘2(;"):; zﬁk’ (ik) [eik'”ak(t)—e’ik'ria;c(t)]. (A.5)

c

From above expression, we can see that H; and Hy corresponds to the process that system
is coupled to one photon and two photons cases.
In order to construct the general expression, we would like to write H;,+ in second quantization

form.

he 'Lk:-m
= % Z Z \/ Sk “€pp) € gy, + h.c.}
= —Z\/ he oz] D €py)e kT 18Vl cs | apy + hec. (A.6)
me 2Vk o "

W he
ik-r; ik'-r;
Hy, = 2m02 E E [( \/kakn—i-hC) kn (6 \/ 2k,ak/ n —i—hc) Ek’n’]

i knk’
. —q .o
[( k—i—k)rzaknak,n,) i <e z(k:—i—k)'r'za]tna};/n/)

- 2mc2Vzi:Z2\/W
k//

+ (ei(k_k,)‘ri:nal’n’) + (e_i(k_k,)‘riaznak/"/) ] (ekn . ek/n,)

2 h . Il
= R S S S IS e O Bl cparay + (ole BT B)chcpal al,

2
2mc* 2V P Lk’ o3
k/n/
Hale ™7 8)ch cpargal, + (ole E 7Bk cgal, oy | (A7)

When k- r; < 1, which means electron is bounded in a range ~ a3. The above exponent can
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be expanded in term of power series.

e he
~ e . ik - T
Hl mec ; Wk Zﬁ(aKp €k77) (1 + ik-r + ) ‘B)cacﬁ akT] + h.c.
»1 L (6
~— Z e E :(Oz](p-ek )\5)&06 agn + h.c. (A.8)
mc P 2VEk " n a n

To zeroth order of k - 7 corresponds to the electric dipole approximation. Using the relation

p == [r, Hol. (A.9)

H; can be represented by dipole operator conveniently as

e hc m
Hy  ~ — kz: \ 2vE Z;M(m [r, Ho] - €kn)|B)chcs | ary + hec.
777 a?

e | he m

= —Z% kzn Wk ; g(EB — Eo){af(r - €kn)|5>cgcﬁ Akn — h.c.
+ hC 3
=~ [ Staler)iBretes | 37 g i) lengany — )
k.

a?IB
=-> D;-E(k-1;=0). (A.10)
i
The expression into dipole operator is convenient when we consider local orbitals since the physical
meaning of dipole is transparent. To start from the local picture, dipole operator is easier to work
with. For conductor, k is a good quantum number, the original expression is easier to implement.

Now, if we assume the initial, final and intermediate state to be

W) = |I) @ |ng)
|Wy) = |F)®]ny)
W) = |v)®[n). (A.11)

Here, |I, F, v) represent the many electron wave function of the probed system. |n;,ns,n,) represent

the photon wave function. With those definition, we can calculate (V(|T'|¥;) ,where

1

T=Hy+ H —H
2 YE = (Ho + Hyicta) + ic

(A.12)
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E = E; + hck; = Es + hcks. The transition rate is

dr' = 2m(Us|T W) p);

vV 43 Vv
(v — s qs dQ
pQS (2,“—)3 qus (2,“_)
%4 do
) = & (A.13)
26 €L ek’ / i(he—k )
(Uy|Ho W) = —5 Z S TR NN ale BRI B (Pl es|T) | (nglaf, apy lna)
2mc2 2V v
e? hce--e . 2 he 1
= o S q-r F ]L I _ & ne L A14
mc22v\/m%;((ale 18)) (Flcles|) mCQQV\/mAg (A.14)

Above expression is the only non-zero contribution if we assume |n;) and |ny) are both single mode
laser. This term represent an incident photon with momentum g¢; is absorbed by the system and

release a photon with momentum ¢;. So g = q; — q,.



121

Similarly, we can evaluate the contribution of the second term.

1 e | he
Ue|lH Hy|\U;) = (U]l — —
(¥l 1E—(H0+Hfield)+i6 ¥ = f’mc% 2Vk

> (al(p-em)e™T(B)cles | awy + hec.
a7ﬁ

1
(Z,,: |\IJV><\IJV|> E — (HO + Hfield) + ge (Z |\IJV/><‘IIV,‘> H1|\Ilz>

Vl

e 2 he 1 —iggr / N otq; T 3!
~ () 35 gt S ) { Silip-eenio
1

o iy e ) el D) gl ) (ol I
€.

(Flcleslv)ny|(v] — (

+ [ D _(all-e)e’®mB) | | D (dl(p-es)e "5
a7/6 a/,ﬁ/
1

Hy + Hyicrq) + ic
- —igs T o iq,;-r| !
B (mc> QVWZZ o|(p-es)e ) (B|(p - e;)e'™|B)

B!
<F|cha/\y><z/|czch,\I> <F\cgcﬁ/ ’V><V‘Clca/|f>
(E‘ + n,(hwz)) - (EV + (nz — 1)(77,&}%)) + ie E; — E, — hws + ic

= (efh01 EZZ)ﬂpes 9710/Y (B](p - €)' | B
5,3’

(Flcleslv)ny|(v] — ( |V,>‘nu’><V,‘CL/C,B’|I><”f’aq7;|nu><nu’|ags|ni>}

mc V V@igs

(Flehew p)iichegll)  (Fleheg mvicheall)] ¢ he 1 A (415
(Ei — By + hw; + ic Ei—E, —hws +ic | mc22V \/qigs m '
The collision rate is

ez hel? 1 Aq V ¢

dl' = (2 —_— | — 2 =

(27) [mc2 2V] qiqs| 2+ m| (27r)3 c

e? %/ he Vg
= — 5 —|*dQ) A.16
(47rm02> (V) |A + | ( )
And the differential cross section is

do _ ,24s Bpilag 4+ 21 A1 L, (A.17)

aQ
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Differential cross section is

d*c o Ws
= ’]"O _—
dQdws wj

1
=N e PE\Mp |26 (Ep — Er — h(w; — ws)) (A.18)
z I.F

Here, E7, Er corresponds to the many-electron system’s initial and final energy. Mp; = Az + %
where M is the effective light scattering operator. With this definition, we can calculate

And now we define ¢ = q; — g, which is the momentum transfer to the system by photon.
Usual Raman scattering process with visible light satisfied |q| << kp. Physically, that means the
wave length of light is much larger than lattice constant which is the typical range for electron to
move around. Thus, Raman scattering detect the zero momentum transfer excitation.

Mp; has contribution from H; and H,. H; couples the current to a single photon. Hj
couples the electron charge to two photons.

Assume we have two bands, the conduction band and the valence band. In the nonresonant
intra band case, H; couples to the current, which means the photon gives part of its energy to the
electron current which is contributed from the conduction band. Thus we end up with an electron-
hole pair in the conduction band and a photon with lower energy. In the intra band situation, the
valence electron is excited to some intermediate state and decay into the final state with emitted
photon. When the incident or emitted photon energy fits the energy gap separation, it is resonant.

The simple picture says that the electrons near the fermi surface is probed by nonresonant
intra band scattering and excitations that involve inter band transition are probed by intermediate

state scattering.

Mes = ee X ( [ @ramenmionn ) (Flededn
a,B
* nlzZZ,<a|p~ese—iqs"‘|a’><ﬁ|p-eieiqz"’“m
BB’
<<F|czca/u><u|cgcﬁ/f> <F|chﬁ/\u><u|chaf|I>>

A.19
E;r — E, + hw; + ic E;r — E, — hw, + ie ( )



Or under electric dipole approximation, it can be written in terms of dipole operator

Mps = q-%§j</d%@MMwmm)<wamn

B
+ me* 303 (o) - exle)(Bl(r) - 19"
ﬂﬂ’

(Flchear ) (wlchea|I)  (Flcheg |v) (vlchea|I)
Er— E, + hw; + i€ E;r—FE, — hws + ie .

or

Mps = @-%§j</d%¢MMwmm)<\ fLesll)

o,p

ZZ al(p) - es|’) (Bl (p) - el ')
BB’
(Flchear V) (vlchea|I)  (Flcheg |v) (vlchea|I)
Er— E, + hw; + ie E;r—FE, — ws + ie .

123

(A.20)

(A.21)

The first term should be considered for zx and 2’2’ scattering process and it had no resonance

behavior. The zy and x’y’ are purely contribution from the second term.



Appendix B

Polarization and pseudospin structure

Here, we give details on how symmetry constrains the polarization dependence and pseu-
dospin structure of the electronic Raman transitions considered in the main text. We focus on
on-site transitions; as stated in the main text, the inter-site transitions discussed are of the same
symmetry as on-site transitions, and do not need to be considered separately here. In addition, we
show that the Raman tensor can indeed induce pseudospin-flip processes, even if R, is assumed
to act only on orbital (and not spin) degrees of freedom.

Beginning with Eq. (3) of the main text, the objective is to use site symmetry and time
reversal to constrain the matrix elements for on-site transitions, contained in the 6 x 6 matrix
Mo,.,. We focus on a single lattice site  and thus drop the site label from our analysis. As
discussed in the main text, we consider an idealized case of Dy site symmetry and only later
consider breaking down to Cy,. The analysis proceeds in the high-temperature phase, with no
spontaneous symmetry breaking due to long-range magnetic order.

We focus on two 2 x 2 blocks of Mjy.,,,, one describing transitions from a j-doublet to another
j-doublet M, ,]W_” ), and another describing transitions from a j-doublet to a j-doublet (M,]W_)j ). The
on-site jo — j1 transition and the inter-site r — s transition are both of ;7 — j type, while the
on-site 72 — ji and inter-site » — d,2_,2 transitions are of j — 7 type. (The symmetry constraints
on j — 7 and J — j transitions are the same.)

Ignoring inversion, which acts trivially on the electronic states of interest, Dyy, is generated by

the operations C4, (four-fold rotation about the z-axis), Ca; (two-fold rotation about the z-axis),
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and Cogy (two-fold rotation about the (2 + ¢)-axis). It will also be useful to explicitly consider
Cs., = (Cy2)%. We consider the single-ion Hamiltonian obtained by projecting spin-orbit coupling
and Dy, crystal field to the t2, manifold, which allows us to obtain wave functions for the electronic
states of interest. Using these wave functions, we find the following matrices representing the action

of Dy, symmetry on the j-doublets:

‘ e—i7r/4 0
Ci. = - (B.1)
0 ei7r/4
c), = —io” (B.2)
cj, = io® (B.3)
Cly = (0" +0Y), (B.4)

Ty ﬂ

where 0%, 0¥, 0% are the usual 2 x 2 Pauli matrices. For j-doublets we find:

B 672’71’/4 0
L. = (B.5)
0 eiﬂ‘/4

C), = —io® (B.6)
ng = 0" (B.7)

_ i
C%xy = E(U + Uy)' (B 8)

In both cases time reversal is given by

T =i0'K, (B.9)

where K is the complex conjugation operator. We note that these forms only depend on the
symmetry properties of the electronic states, which are expected to be captured accurately in our
simple treatment.

Now we analyze the constraints on the matrix elements. First, we consider the action of

symmetry on R, which has to agree with that on the corresponding matrix elements. We only
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need to consider those operations that take a given component of R, into itself (or minus itself):

Co:: Roy — Rao (B.10)
Cop: Ryw — Rua (B.11)
Co: Ryw — R (B.12)
Cory: Rurw — Ry (B.13)
Cy: Ry — Ry (B.14)
Cop: Ryy — —Ryy (B.15)
Co.: Ryy — Ryy (B.16)
Couy : Ry — —Rury. (B.17)

In addition, R, is invariant under time reversal.

Now we consider the matrix elements Mfw_” and M,JW_)J_ . In each case, time reversal allows
the matrices loxo and io* (u = x,y,z) to appear with arbitrary real coefficients, where 1ay9 is
the 2 x 2 identity matrix. For example, time reversal allows the form M%; I = ag - laxo + ayiot,

without yet imposing any other symmetries. Using all symmetries gives

j—J J—J =7 AT

Magm ’, Mz’z’ aMix 7, foy/ o< laxa (B.18)
J—7 J—J J—7 j—7 z

Mxy , Mx,y, , Mgg,x, , sz x o”°. (B.19)

The information provided in Table I of the main text follows from these results. We note in
particular that only pseudospin-flip transitions contribute in xy polarization.

Effect of Cy; site symmetry. The true Ir site symmetry is Cyp, which is generated by the
operations Cy4, and inversion. Focusing on effects of this lower symmetry in xy polarization, we
find that Mfggf J and Mgf«? 7 are both allowed to have a non-pseudospin-flip contribution. The fact
that a peak is not seen in zy polarization suggests that the breaking of Dy, — Cyy, is a weak effect,
at least for the electronic states probed by our Raman measurements.

Below Neel temperature. Below the Neel temperature, long-range magnetic order lowers

the site symmetry. Assuming the moments lie in the xy plane and point along the z’ axis, the site
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symmetry is generated by the operations C2,7T and Co,, [181) 182} 183]. All components of R,
are left invariant by C5,7. This operation acts on both doublets as the matrix Cs,7 = —ic”K,
and this allows the matrices (with real coefficients) 1,07, 0%, i0” to appear. Focusing again on xy
polarization, there are no further constraints on Mfc; 7 and M;%; 7. so non-pseudospin-flip transitions
are allowed to contribute in xy polarization. The absence of a peak indicates that Neel order is
not strong enough compared to electronic energy scales to have a significant effect on the Raman
transitions probed.

Raman scattering can flip the pseudospin. In the absence of spin-orbit coupling, the
Raman tensor cannot induce spin-flip processes. This follows from the presence of SU(2) spin
rotation symmetry, and the fact that R,, commutes with SU(2) spin rotations. In the present
case, there is substantial spin-orbit coupling, and SU(2) spin symmetry is not present, opening the
possibility of pseudospin flips in the Raman process.

To assess whether R, indeed contains pseudospin-flip transitions with significant amplitude,
we make the conservative assumption that spin-orbit coupling only enters in the initial and final ¢54
states, ignoring spin-orbit coupling in the intermediate state. As a result R, commutes with SU(2)
spin rotations, and spin-flip processes are forbidden. However, we find pseudospin-flip processes
are nonetheless Raman active. To illustrate this point we focus on a single lattice site for simplicity
and assume:

RNV = fIXGRZVB Bo® (BQO)

Here A, B = yz,zz,xy labels the ty, orbital states, o =1, ] is electron spin, and the 3 x 3 matrix
R* is constrained by site symmetry and time reversal. We are thus assuming that I, acts only
on the orbital degrees of freedom. Spin-orbit coupling enters via the single-ion Hamiltonian, whose
local energy eigenstates (the ji, jo and j2 doublets) have mixed spin and orbital character. We
determined the general symmetry-allowed form of R¥”. Then transforming the expression for R,
into the basis of spin-orbital energy eigenstates, we find that pseudospin-flip processes are fully

allowed, even though R, contains no spin-flip terms. This justifies our analysis of the Raman
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process including both transitions with and without pseudospin flips.



