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Thesis directed by Professor Leo Radzihovsky

We present a theoretical study of finite momentum states in the context of degenerate gases
and iron-based magnet. The unifying theme of these seemingly disparate states of condensed matter
is the finite momentum of their respective grounds states and the associated enhanced fluctuations.

For the degenerate atomic gases, we study in the first part of the thesis a system of two species
of bosonic atoms interacting through a p-wave Feshbach resonance as realized in Rubidium-85/
Rubidium-87 mixture. In mapping out the phase diagram, we show that the system exhibits atomic
(ASF), molecular (MSF) and atomic-molecular (AMSF) superfluid phases, where atoms, molecules,
and atoms and molecules Bose condense, respectively. The ASF and MSF states are respectively
characterized by a nonzero s-wave atomic and p-wave (orbital) spinor molecular condensates. The
AMSF is distinguished by the presence of both of these condensates, with the s-wave atomic
condensate component necessarily periodically modulated at a wavevector that is tunable with a
magnetic field; that is, generically AMSF is a robust supersolid, that simultaneously breaks spatial
translational and gauge symmetries. We explore the rich phenomenology of these phases and phase
transitions between them, that we find to be strongly influenced by the quantum and thermal
fluctuations.

In the second part of the thesis, we study magnetism in Fe; ,Te, a parent compound of
the iron-based high-temperature superconductors. Motivated by earlier studies that have provided
evidences of finite momentum spiral states in these materials, we show that a spin-1 exchange
model, supplemented by a single-ion anisotropy accounts well for the experimentally observed mag-
netic phase diagram, that prominently exhibits commensurate bi-collinear and incommensurate
spin-spiral orders with the associated low-energy spin-wave spectra. We derive the low energy hy-

drodynamic models for these magnetic states and use it to describe the magneto-structural and
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commensurate-incommensurate transitions, and the static and dynamic structure functions across

temperature - Fe doping phase diagram.
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Chapter 1

Introduction

1.1 Overall Background

One of the fundamental questions in condensed matter physics is classification and character-
ization of different phases of matter. In many cases, the low temperature regime and small energy
scales are at the central focus of these studies since much of interesting physics like superfluidity,
superconductivity, and magnetism appear in these conditions. It is therefore quite uncommon and
exotic for a system to exhibit low temperature phases characterized by a finite momentum where
nonzero kinetic energy plays a crucial role. Indeed the success of the fundamental theories of su-
perfludity and superconductivity relies heavily on their simple ground state structure. However, in
the recent decades a number of systems have been discovered or theoretically proposed to exhibit
ground states with finite momentum. In fact, many exotic physical phenomena are closely related
with finite momentum phases. One of the most familiar and oldest examples are density wave states
such as charge-density wave (CDW) and spin-density wave (SDW) that play an important role in
modern condensed matter physics.

Since the pioneering work by Peierls in 1930s [1], the density waves have attracted a lot
of interest [2, 3]. CDW and SDW appear materials and have been argued to play a central role
to understanding of the high T, superconductors [4, 5] where the pairing mechanism and pseudo-
gap states are still not understood and are hotly debated. More recently, it is discovered that
iron-based materials also show superconductivity at higher transition temperature [6, 7] and as a

result have attracted considerable attention in the condensed matter community. For iron based



superconductors, it is also believed that density waves (especially SDW) play a similarly important
role.

In the area of exotic superconductivity, Fulde-Ferrel-Larkin-Ovchinikov (FFLO) state is an-
other famous and long-sought-after finite momentum superconducting ground state [8, 9]. It is
expected to be driven by a high Zeeman field, that leads to partial polarization of the Fermi sea.
The corresponding spin-up and spin-down Fermi surfaces mismatch determines the finite momen-
tum of the modulated ground state. Despite many efforts for an experimental realization of the
FFLO state, because of many complexities of traditional solid state systems, there is little direct
evidence for a realization of this fascinating state. However, some prospects have recently appeared
in degenerate atomic gases, that offer a number of advantages over their solid-state cousins.

Such states are of considerable interest because in addition to internal symmetry breaking
(be it superfluidity, superconductivity, magnetism, etc), they also spontaneously break spatial sym-
metries, which leads to interesting interplay of Goldstone modes and topological defects. In this
thesis, we investigate two novel putative realizations of such finite momentum states in the con-
text of degenerate atomic gases and the other in antiferromagnetic parent compound of iron-based
superconductors, that have received considerable attention recently. A unifying theme of these
physically quite distinct systems is the finite momentum (i.e., periodically modulated) superfluid

and magnetic orders, respectively. Before turning to details, we next briefly outline each system.

1.2 Degenerate atomic gases

The development of the laser cooling and trapping of neutral atoms has led to tremendous
progress and milestones in the newly burgeoning field of condensed matter of degenerate atomic
gases. Because trapped atomic gases are extremely dilute, studies of condensed matter phenomena
in such systems seems at first sight quite paradoxical. However, magically the interplay of their
quantum degeneracy and strong interactions enables rich phenomenology even in these extremely
dilute regimes.

The necessary strong interactions in these gaseous systems have primarily been realized in



two independent ways. One powerful method (that we mention for completeness but is not the
subject of this thesis) is through the introduction on an optical lattice, generated via an AC Stark
effect of crossed detuned laser beams generating a periodic standing wave. By suppressing atomic
motion, the generated periodic potential strongly quenches the kinetic energy, thereby enhancing the
dimensionless measure of the interaction relative to kinetic energy. This highly tunable (in terms of
geometry and strength of the periodic potential) technique has lead to a realization of large number
of phenomena, the earliest and best studied of these, the superfluid-insulator transition in bosonic
atoms [10, 11, 12]. Optical lattices thereby give considerable promise for engineering a broad range
of quantum many-body lattice models experimentally and exploring their exotic phenomenology.

A second methods of generating strong interactions (that is central to the first part of this
thesis) is through the so-called Feshbach resonances [13]. These have been first demonstrated
experimentally in [14] and have become a standard and highly tunable tool of controlling inter-
actions in fermionic and bosonic atomic gases. This tunable interaction phenomenon is associ-
ated to the existence of two-body resonant scattering, that appears when a quasi-bound state of
two atoms in a non-scattering internal state (the so-called closed channel) is tuned to cross and
thereby strongly affect the low-energy continuum of atomic scattering (the so-called open chan-
nel) states. The two channels are distinguished by the two-atom electron spins, with the open
channel an approximate spin-triplet and closed channel an approximate singlet. Consequently
they have different Zeeman energies, allowing the center of mass rest energy v of closed channel
bound state to be tuned, relative to the open channel two-atom continuum, via an external mag-
netic field. This yields an unprecedented tunability of the effective atomic interaction strength by
varying a magnetic field. For fermionic trapped gases, it enabled a realization of a fermionic atom-
paired s-wave superfluidity and exploration of its BEC-BCS crossover and resonant universality
[15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33].

These and many other studies have thereby raised a question of the analog of such BCS-BEC
crossover for resonant bosonic atoms. For bosonic, single species s-wave FR this question has been

extensively explored and answered, starting with the early work of Radzihovsky et al. and Romans



et al. [34, 35, 36, 37, 38]. These works find that in contrast to smooth evolution for fermionic gases,
bosons necessarily exhibit a phase transition between an atomic (ASF) and molecular (MSF) forms
of superfluidity of such a resonant gas.

A natural extension of such resonant system to a far richer p-wave bosonic resonant gas,
which is motivated by p-wave resonance in mixtures of Rb-8"Rb gases [39], and richness of p-
wave superfluidity in fermionic systems is the subject of this thesis. As we will show, out of wealth
of interesting phenomena that such system exhibits, the most interesting one is a robust realization
of a finite-momentum superfluid at intermediate detunings.

We present the more detailed motivation in Sec. 1.4.

1.3 Iron-based superconductors and antiferromagnets

The other major subject of this thesis is the physics of iron telluride (FeTe), one of the parent
materials of the iron-based superconductor. Iron-based superconductor received huge attention
recently and there have been tremendous research activities already. While the subject is quite
different from ultracold atomic gases, still there is an interesting and important physics behind
FeTe related with finite momentum phases, in particular, SDW.

Traditionally, iron or other magnetic elements are considered to be a bad candidate for a
superconducting material since the magnetism (e.g. ferromagnetism) disfavors superconductivity
(e.g. seen from the Meissner effect). Therefore it was quite a surprise when Hosono and coworkers
discovered a superconductivity [6] from LaFeAsO. Since then, many iron based superconductors
discovered and typically classified as 1111 material (e.g. LaFeAsO), 122 material (e.g. BaFeaAss),
and etc depending on their structures [7].

Even though there are many different iron-based superconductors, they share interesting
features which make them distinct from cuprate superconductors. First of all, the phase diagram
is very similar to that of cuprates while the mechanism and pairing symmetry are believed to be
different [7]. As in the case of cuprates, the phase diagram is consist of antiferromagnetic order and

superconducting dome where both can be controlled by the doping of chemical substitutions. The



similarity of phase diagram implies that the pairing mechanism is believed to be unconventional, i.e.
non-phonon mediated, but might be different from cuprates. Another distinct feature of iron-based
superconductors is their pairing symmetry. Unlike from the cuprates which show d-wave symmetry,
(unconventional) s-wave symmetry is predicted and observed in iron-based superconductors [40, 41,
42]. However the node and the sign-changing order parameter are found in most of the compounds
which makes it distinct from conventional BCS superconductors. The gap structure is believed
to be s+ or s; 4 which is still on active research. Finally the parent compounds of iron-based
superconductors are mostly metallic while most cuprates are based on the Mott-insulators. Due
to the metallic nature of compounds, the Fermi surface nesting is expected and observed in many
cases which leads the discussion about the effects of nesting. Actually it is widely accepted that
the nesting and density wave order will be the key to explain the superconducting mechanism in
iron based superconductor.

More recently the materials with simpler structure draw attentions from researchers. In par-
ticular, FeTe and FeSe attracted considerable interest due to their structural simplicity and are
expected to simplify the deciphering of superconductivity mechanism the superconducting mecha-
nism directly.

In this thesis, we study self-doped Fe;,Te focusing on its magnetic structure and dynamic
properties. Even though Fe;,,Te is not a superconducting material itself (doping of Se or S is needed
for superconductivity), it exhibits interesting physics such as commensurate-incommensurate tran-

sition. We will describe more detailed motivation of Feiy,Te in Sec. 1.4.

1.4 Theoretical and experimental motivation

The main goal of this thesis is to explore the physics of the finite momentum ground states,
focusing on two specific experimental realizations. In particular, we investigate the system of degen-
erate gases and iron based material based on following theoretical and experimental motivations.

First we study the finite momentum state in the degenerate bosonic gases with p-wave Fes-

hbach interaction. There has been an earlier work by Radzihovsky et al. on bosonic system with



s-wave interaction [34, 35, 36], followed by a number of interesting generalization to lattice systems
and recent numerical studies [37, 38]. Unlike the fermionic BEC-BCS crossover where the order
parameter structure remains the same throughout the phase diagram, they found a true phase
transition between atomic superfluid (ASF corresponds to BCS) and molecular superfluid (MSF
corresponds to BEC). Therefore extending this study to a finite angular momentum symmetry of
the interaction, (e.g. p-wave) is one of the main motivation of our work.

In addition to the theoretical motivation, there are few experiments that observed p-wave
FR in ultracold atoms [43, 44]. First, Gaebler et al. observed the p-wave FR from 4°K [44]. Using
fermionic atoms, they were able to make the cold molecular gas and found that it exhibits the
angular momentum structure of p-wave interaction. p-wave FR was also found in bosonic atoms.
Papp et al. first observed p-wave FR in bosonic atoms between 8”Rb and ®*Rb isotopes [39]. We note
that two different bosonic species are needed to have p-wave interaction due to bosonic symmetry.
Similar to the fermionic counterpart, these rubidium gases has been confirmed to display the p-
wave two-body scattering properties. Unfortunately both realizations are unstable due to three-
body processes, thereby creating considerable challenges for reaching to the degenerate regime
where interesting quantum many body effects are realized. We hope that these challenges can be
overcome (e.g., via stabilization in an optical lattice [37, 38]), allowing predictions in this thesis to
be testable.

While finishing our study on bosonic p-wave FR interaction, we learned of an interesting in-
elastic neutron scattering experiments on FeTe conducted by Reznik group and turned our attention
to Feq4,Te which was found to exhibit several novel characteristics.

The most interesting of these is an unconventional bi-collinear planar magnetic state, with a
commensurate, planar spin-spiral order characterized by (7/2, 7/2) wavevector in the orthorhombic
ab-plane [45]. A magnetic transition to this state is accompanied by a structural transition to an
orthorhombic (with slight monoclinicity) state [46]. At low temperature, the magnetic order also
undergoes a commensurate-incommensurate (CI) transition with iron doping at y. = 0.12. Low

doping (y < 0.12) corresponds to the bi-collinear commensurate state while spin-spiral (incommen-



surate phase) state are observed at large doping (y > 0.12).

Furthermore, even though Feq ., Te is metallic, several experiments support the local magnetic
moment picture for Fej;,Te. It is found that Fejy, follows Curie-Weiss law with a relatively
large magnetic moment [46]. Also nesting along the magnetic ordering wavevector is not observed
from DFT calculation and ARPES experiment [47, 48]. There have been several analytical and
numerical studies to explain the observed phenomenology of FeTe [49, 50, 51, 52, 53]. Although
these models were successful in describing the observed bi-collinear and spin-spiral order, because of
the underlying spin-rotational invariance of these models, they predict these magnetically ordered
states to exhibit gapless spectra. This contrasts the gapped excitation spectrum observed in the
commensurate bi-collinear state.

In addition, the aforementioned recent paper by Parshall et al. added a new interesting
phenomenology to be explained and was the main motivation for our work. At low temperature
below T, they observed a commensurate Bragg peak corresponding to the previously established
bi-collinear order at gy = [1/2,0,1/2]. However, below above T their inelastic neutron scattering
measurements showed that the dynamic structure peak shifts to an incommensurate wavevector
q1 = [0.45,0,0.5].

In the second part of this thesis, we present a model that is a qualitative extension of the
earlier model by Turner et al. [49]. By introducing a single ion anisotropy derivable from the
magnetoelastic coupling, we are able to describe much of the above phenomenology of Fe;,Te,
from the gap structure of the excitation spectrum to the commensurate-incommensurate transition.

We present the details in Chapter 3.

1.5 Outline of the thesis

The remainder of this thesis is organized as follows.
In Chapter 2, we present the study on the bosonic dilute gas with p-wave Feshbach interaction.
We start from more detailed background and set up our model. Then we give the global phase

diagram based on the mean-field theory followed by the analysis on the excitations and topological



defects.

The study on the static and dynamic properties of FeTe is given in Chapter 3. After pre-
senting our model, we analyze the magneto-structural transition of FeTe. Then the commensurate-
incommensurate transition is studied in the context of Pokrovsky-Talapov theory. We present the
magnetic dynamic properties of FeTe and calculate the dynamic structure factor throughout the
phase diagram. We show that they are consistent with the experiment.

In Chapter 4, we conclude with future directions and a summary of the thesis.



Chapter 2

p-wave resonant Bose gas

2.1 Introduction

2.1.1 Background and Motivation

Since the experimental realization of Bose-Einstein condensation (BEC) in trapped alkali
atomic gases [54, 55], the resulting burgeoning field of degenerate atomic gases has seen an ever-
expanding research activity. It has been fueled by the steady advances in new experimental tech-
niques to control and interrogate the continually growing class of degenerate atomic systems. A
Feshbach resonance (FR) has been one of these exceptionally fruitful experimental “knobs”; that
lends exquisite tunability (via magnetic field) of interactions in the ultra-cold atomic gases. For
fermionic trapped gases, it enabled a realization of a fermionic atom-paired s-wave superfluidity
and exploration of its BEC-BCS crossover and resonant universality [15, 16, 17, 18, 19, 20, 21, 22,
23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33].

Motivated by the demonstration of p-wave FR in “°K and SLi, p-wave paired fermionic su-
perfluidity has also been extensively explored theoretically [56, 57, 33, 58], predicting to exhibit an
even richer phenomenology. A recent laboratory production of p-wave Feshbach molecules [44, 59]
shows considerable promise toward a realization of p-wave fermion-paired superfluidity and the
associated rich phenomenology [33], though substantial challenges of stability remain [44, 60].

The bosonic counterparts have also been extensively explored and in fact in the s-wave FR

case of 8°Rb [61] predate recent fermionic developments. As was recently emphasized [34, 35,
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36], in contrast to their fermionic analogs, that undergo a smooth BEC-BCS crossover, resonant
bosonic gases are predicted to exhibit magnetic field- and/or temperature-driven sharp phase
transitions between distinct molecular and atomic superfluid phases. One serious impediment to a
laboratory realization of this rich physics is the predicted [62, 63] and observed [64] instabilities of
a resonantly attractive Bose gas sufficiently close to a Feshbach resonance. Nevertheless, a number
of features of the phase diagram are expected to be exhibited away from the resonance and/or
reflected in the nonequilibrium phenomenology (before the onset of the instability) of a resonant
Bose gas. Furthermore, recent extension to an s-wave resonant Bose gas in an optical lattice [37, 38]
demonstrated the stabilization through a quantum Zeno mechanism proposed by Rempe [65], that
dates back to Bethe’s [66] analysis of the triplet linewidth in hydrogen. The predictions [34,
35, 36, 37, 38] have been supported by recent density matrix renormalization group [67], exact
diagonalization [68], and quantum Monte Carlo [69] studies, as well extensions to two species [68].

Along with the ubiquitous s-wave resonances, recent experiments on a 8°Rb-8"Rb mixture
have demonstrated an interspecies p-wave Feshbach resonance at B = 257.8 Gauss [39, 70]. Al-
though the consequences of this two-body p-wave resonance on the degenerate many-body state of
such a gas mixture has not been explored experimentally, it provided the main motivation for our
recent [71] and present studies. We note that closely related studies of Bose condensation in p-(and
higher) bands in optical lattices have been carried out in Refs. [72, 73, left= right=]|.

The rest of the paper is organized as follows. We conclude the Introduction with a summary of
our main results and their experimental implications. In Section 2.2 we introduce a microscopic two-
channel p-wave FR model for a description of a two-component Bose gas, as for example realized
by a ®°Rb-*"Rb mixture. Having related the parameters of the model to two-body scattering
experiments on a dilute gas, in Section 2.3 we present a general symmetry-based discussion of
phases and associated phase transitions expected in such an atomic gas at finite density. In Section
2.4, by minimizing the corresponding imaginary-time coherent state action, we map out a generic
mean-field phase diagram for this system. In Section 2.5, we supplement this Landau analysis with a

derivation of the corresponding Goldstone mode Lagrangians and extract from them the low-energy
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elementary excitations and dispersions characteristic of each phase. The true (beyond-mean-field)
nature of the quantum and thermal phase transitions is discussed in Section 2.6. In Section 2.7 we
study the topological defects, vortices and domain walls, in each of the phases. We make a more
direct contact with cold-atoms experiments in Section 2.8 by using a local density approximation
(LDA) to include the effects of the trapping potential. We close with a brief summary in Section

2.9.

2.1.2 Summary of results

Before turning to the analysis of the system, we present the main predictions of our work, a
small subset of which was previously reported in a brief Letter [71]. Our key results are summarized
by a Feshbach resonance detuning - temperature phase diagram, illustrated in Fig. 2.1, and by the
properties of the corresponding phases and transitions.

TT

N

ASF
MSF

AMSF

vcl O ch v

Figure 2.1: Schematic temperature-detuning phase diagram for a balanced two-species p-wave
resonant Bose gas. As illustrated, it exhibits atomic (ASF'), molecular (MSF'), and atomic-molecular
(AMSF) superfluid phases. The novel AMSF state is characterized by a p-wave, molecular and a
finite-momentum @ (see Fig. 2.2) atomic superfluidity.

We find that in addition to the normal (i.e., non-superfluid) high temperature phase, the p-
wave Feshbach-resonant two-component balanced Bose gas (e.g., equal mixture of 3> Rb and 8"Rb
atoms) generically exhibits three classes of superfluid phases: atomic (ASF), molecular (MSF)

and atomic-molecular (AMSF) condensates, where atoms, p-wave molecules, and both are Bose-



12

condensed, respectively. Our most interesting finding is that the AMSF phase, sandwiched between
(large positive detuning) ASF and (large negative detuning) MSF phases is necessarily a finite
momentum @ spinor superfluid, akin to (but distinct from) a supersolid [74, 75, 76, 77, 78]. It is

characterized by a momentum A(Q), with

Q = am\/@ ~ ’Ypenm 5 \/’Tp/& (2'1)

tunable with a magnetic field (via FR detuning, v that primarily enters through the molecular
condensate density n,,(v)), with «, m, £, and ~,, respectively, the FR coupling, atomic mass,

average atom spacing, and a dimensionless measure of FR width [33].

Q

MSF, v AMSF,  vo ASE’

Figure 2.2: Schematic momentum Q(v) characteristic of the AMSF (polar) state, ranging between
zero and the p-wave FR width-dependent value.

As illustrated in the phase diagram, Fig. 2.1, the ASF appears at a large positive detuning
(weak FR attraction) and low temperature, where one of the three combinations (ASF;, ASFs,
ASF13) of the ®Rb and 3Rb atoms are Bose-condensed into a conventional, uniform superfluid,
and the p-wave 35Rb-8"Rb molecules are energetically costly and therefore appear only as gapped
excitations.

In the complementary regime of a large negative detuning, the attraction between two flavors
of atoms is sufficiently strong so as to bind them into a tight p-wave hetero-molecules (e.g., Rb-

8TRb molecule), which at low temperature condense into a p-wave superfluid, with atoms in the
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species-balanced case existing only as gapped excitations. In this tight binding molecular regime
the gas reduces to a well-explored system of a spinor-1 condensate [79, 80, 81, 82, 83, 84, 85,
86, 87, 88, 89, 90, 91, 92, 93, 94, 95, 96], with the spinor corresponding to the relative orbital
angular momentum ¢ = 1 of the two constituent atoms of the p-wave molecule. Thus, for negative
detuning we predict the existence of a £, = 0 “polar” (MSF,,) and ¢, = +1 “ferromagnetic” (MSFy, )
molecular p-wave superfluid phases, with their relative stability determined by the ratio ag/as of
molecular spin-0 (ag) to molecular spin-2 (ag) scattering lengths. We find that this ratio and
therefore the first-order MSF,-MSFy,, transition are in turn controlled with the p-wave Feshbach
resonance detuning v, or equivalently, the atomic p-wave scattering volume v ~ 1/v, tunable with
a magnetic field.

We emphasize that (in contrast to the s-wave case [34, 35, 36]) because a p-wave resonance
does not couple a uniform atomic condensate to the molecular one, a p-wave molecular condensate
is not automatically induced inside the ASF state.

The most distinctive signatures of these superfluids should be directly detectable via time-
of-flight shadow images, with the ASF exhibiting an atomic condensate peak and MSF displaying
a p-wave molecular one. At higher densities in a trap, the bulk phase diagram as a function of the
chemical potential (see Fig. 2.20 and 2.21) translates into shell structure of distinct phases, that
we estimated within the local density approximation (LDA) [97, 98, 99].

In addition to these fairly conventional uniform atomic and molecular BEC’s, for intermedi-

o 0
6@)@

Figure 2.3: A cartoon of a p-wave molecule decaying into two oppositely moving two species of
atoms, illustrating a resonant mechanism for a finite momentum Q atomic superfluidity (indicated
by wavy lines) in the AMSF phase.
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ate detuning around unitary point we predict the existence of novel AMSF,, and AMSFg;, phases,
characterized by a finite momentum @ atomic condensate [72, 71], that is a superposition of the
two atomic species. Such, generically supersolid state [74, 75, 76, 77, 78] is always accompanied
by a p-wave molecular condensate, concomitantly induced through the p-wave FR interaction. In
addition to exhibiting an off-diagonal long-range order (ODLRO) of an ordinary superfluid the two
AMSF,, i, states (distinguished by the polar versus ferromagnetic nature of their p-wave molecu-
lar condensates) spontaneously partially break orientational and translational symmetries, akin to
polar and smectic liquid crystals [100] and the putative Fulde-Ferrell-Larkin-Ovchinnikov states of
imbalanced paired fermions [8, 9, 101, 102, 103, 104, 105, 106].

As illustrated in Fig. 2.4, in the polar AMSF,, state, Q aligns along the quantization axis
along which the molecular condensate has a zero projection of its internal £ = 1 angular momentum.
For the case of the ferromagnetic AMSFy,, state, Q lies in the otherwise isotropic plane, transverse
to the p-wave molecular condensate axis, as illustrated in Fig. 2.5.

In the narrow FR approximation we find that the AMSF, ¢, states are collinear, characterized
by a single Q of a Fulde-Ferrell like form [8], as opposed to a +Q and —Q Larkin-Ovchinnikov like [9]
or other more complicated crystalline forms, found in imbalanced paired fermionic systems [104,
105, 106]. However, because the detailed spatial structure of the AMSFy, (but not the AMSF,
state) sensitively depends on the interactions (since it spontaneously breaks symmetry transverse
to the ¢, = 1 axis), we do not exclude a more general lattice structure in a more generic beyond-
mean-field model, that is best analyzed numerically.

The phase boundaries between this rich variety of phases can be calculated for a narrow
Feshbach resonance and in a dilute Bose gas limit, but are notoriously difficult to estimate in a
strongly interacting system, where they can only be qualitatively estimated within a mean-field
analysis. In the former case the zero-temperature phase boundaries are given by critical detunings:

2
mao
= —(g1+92— 2gam + F)nm, (2.2)
2

mo
= (2)\ — Gam + W)na, for g9 < 0, (2.3)

MSF,—AMSF,
Ve

AMSF,—ASF
Ve
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with similar expressions for transitions out of the ferromagnetic phases, that can be found in
Eq. (2.80), (2.81). Here g;’s and \;’s are molecular and atomic two-body interaction pseudopoten-
tials, respectively related to the background molecular (agg and agg ), and atomic scattering lengths
(a1}, a3, and ays).

As any neutral superfluid, ASF, MSF, and AMSF are each characterized by Bogoliubov
modes, illustrated in Fig. 2.13, 2.14, 2.15, and 2.16, with long wavelength acoustic “sound” disper-
sions

EB(K) ~ ¢, hk, (2.4)

where ¢, (with 0 =ASF 912, MSF}, trn, AMSF}, #1y,) are the associated sound speeds with standard
Bogoliubov form ¢, = \/m In each of these SF states one Bogoliubov mode (and only
one in the ASF; states) corresponds to the overall condensate phase fluctuations. In addition, the
MSF}, exhibits two degenerate “transverse” Bogoliubov orientational acoustic modes. The MSFg,

E}:/ISF““ ~ k2 and one

is also additionally characterized by one “ferromagnetic” spin-wave mode,
gapped mode, consistent with the characteristics of a conventional spinor-1 condensate [84, 85].

Because MSF, ¢, are paired molecular superfluids, they also exhibit gapped single atom-like
quasiparticles (akin to Bogoliubov excitations in a fermionic paired BCS state), that do not carry
a definite atom number. These single-particle excitations are “squeezed” by the presence of the
molecular condensate, offering a mechanism to realize atomic squeezed states [107], that can be
measured by interference experiments, similar to those reported in Ref. [108, left=,right=]. The
low-energy nature of these single-atom excitations is guaranteed by the vanishing of the gap at the
MSF-AMSF transition at v o > M3 gy Efia(ve) =0.

We also note that inside the MSFy, f,, for v > vy Am —(gp.fm + Cp,fmmaQ/hQ)nm, where
Cptm = 2,1 for polar and ferromagnetic phases, respectively, the minimum of the single-atom

excitations (that for v < v, is at k = 0) shifts to a finite momentum, k ~ Q). This is a precursor of

the atomic gap-closing MSF-AMSF transition at yMSF—AMSF

- , where atoms also Bose condense at

finite momentum Q.
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We predict that in addition to the conventional Bogoliubov superfluid mode associated with
the phase common to the atomic and molecular condensates, the AMSF also exhibits a Goldstone
mode corresponding to the fluctuation of a relative phase between the two atomic condensate
components. Furthermore, a spatially periodic, collinear AMSF state, characterized by at least +Q
momenta (but not just single Q) further exhibits the condensate phonon mode u corresponding to
the difference between phases of the £Q condensate components, akin to the Larkin-Ovchinnikov
state [9, 109, 110].

For the single Q AMSF states, we predict the smectic-like “phonon” spectra in the polar and

ferromagnetic cases

wavsr, () = \/(BR2+ KKy, (2.5)

wavisiy, (k) = /(B2 + k2(Kok2 + K k2) /X (2.6)

as well as the conventional Bogoliubov modes associated with superfluid order, and an orientational

mode w{ , associated with orientational symmetry breaking in AMSFg,

205
X+m

Jk? | BE2 + k(K k2 + K, k2
(K =\/ Bk + 1 oA
6

wyp(k) =

k, (2.7)

2.8
Ix—k? + K2k2 ’ (28)

e VIR N (A= A12).

4m am

2ng _ _ _
where B = 2Lt K = K, = 2K, I

— 2m3a2>

Having summarized the results of our study, we next turn to the definition of the two-

component p-wave resonant Bose gas model, followed by its detailed analysis.

2.2 Model

We study a gas mixture of two distinguishable bosonic atoms (e.g., 8°Rb, 8"Rb) [70], cre-
ated by field operators wl(r) = (1[11(1‘),@[}%(1?)), and interacting through a p-wave Feshbach reso-
nance associated with a tunable “closed”-channel bound state. The corresponding p-wave (£ = 1)
closed-channel hetero-molecule (e.g., 8°Rb-87Rb) is created by a Cartesian vector field operator

of(r) = (d);rﬁ, gZ)L, gbi), related to qbl = (QSL + quL)/\/i, gbl = ¢l operators, that create closed-channel
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molecules in the £, = 1, 0 eigenstates, respectively. This system is governed by a grand-canonical

Hamiltonian density (with & = 1 throughout)

Ho= > dleste+ -0+ Heg (2.9)

o=1,2

+5 (81 [B1(=i9)ids — a(=iW)in | + hec)

where single particle atomic and molecular Hamiltonians are given by

. 1
£, = —%V2 — Uy (2.10)
1
b o= ——V?- 2.11
“ 4m Him (2.11)
with the effective molecular chemical potential
o = p1 + p2 — v, (2.12)

adjustable by a magnetic field dependent detuning v, latter being the rest energy of the closed-
channel molecule relative to a pair of open-channel atoms. For simplicity we have taken atomic
masses to be identical (a good approximation for the 8°Rb-8"Rb mixture that we have in mind),
and will focus on the balanced case of j11 = ps = p, with p fixing the total number of 3°Rb and
8TRb atoms, whether in the (open-channel) atomic or (closed-channel) molecular form. The FR
interaction encodes a coherent interconversion between a pair of open-channel atoms 1,2 (in a
singlet combination of 1,2 labels, as required by bosonic statistics) and a closed channel p-wave
molecule, with amplitude « [111].

The FR coupling o and detuning v are fixed experimentally through measurements of the

low-energy two-atom p-wave scattering amplitude [43, 44]

]{72

2.13
—v~ 1+ %kok‘g — k3 ( )

fp(k) =

where v is the scattering volume (tunable via magnetic field dependent detuning v) and k¢ (negative

for the FR case) is the characteristic wavevector, [112, 33]

o7

-1

= — — 2.14
v mo2 (V Cl)> ( )

12
ko = —— (14 c), (2.15)

m2a?
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respectively analogous to the scattering length a and the effective range r( in s-wave scattering case.
In above, constants c; 2 are determined by the details of the p-wave interaction at short-scales, that

in a pseudo-potential model above are given by [33]

2
mo
c1 = WAS? (216)
m2a2
Cy = WA, (217)

where A = 27/d is the inverse size of the closed-channel molecular bound state, of order of the
interatomic potential range.
The p-wave resonance and bound state energy are determined by the poles of f,(k). At low

energies, (where ik can be neglected) the energy of the pole is given by

k2 1
Ep=-2n—— (2.18)

om  mulko|’
which is real and negative and thus is a bound state energy for v > 0 (negative detuning) and a
finite lifetime resonance for v < 0 (positive detuning).

In above, for simplicity we have focused on a rotationally invariant FR interaction, with & and
« independent of the molecular component i. This is an approximation for our system of interest,
85Rb-8"Rb mixture, where indeed the p-wave FR around B = 257.8 Gauss [39, 70] is split into a
doublet by approximately AB = 0.6 Gauss, similar to the fermionic case of 4°K [43, 44, 57, 33].
We leave the more realistic, richer case for future studies.

The background (non-resonant) interaction density

Hig = Ha + Hm + Ham (2.19)
is given by
R D N W T (2:20)
o=1,2
How = 5@ )+ 2o 6P, (2:21)
Ham = Y Gam¥5d' - P, (2.22)

o=1,2
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where coupling constants Ay, A2, 91,2, gam are related to the corresponding background s-wave
scattering lengths (a1, ag, etc.) in a standard way, and thus are fixed experimentally through
measurements on the gas in a dilute limit [15]. Correspondingly, we take these background s-
wave couplings to be independent of the p-wave detuning, an approximation that we expect to be
quantitatively valid in the narrow resonance and/or dilute limits considered here. A miscibility of

a two-component atomic gas requires [113]
arag > a3y (2.23)

which may be problematic for the case of ¥ Rb-87Rb due to the negative background scattering
length of 3°Rb.

The molecular interaction couplings g1, g2 (set by the L = 0 and L = 2 channels of p-wave
molecule-molecule scattering) and gq, can be derived from a combination of s-wave atom-atom
(\s) and p-wave FR («) interactions. We present lowest order of this analysis in Sec.2.4.4.3, that
shows that these parameters can in principle be tuned via a magnetic field through the p-wave FR
detuning v.

The above two-channel model, Eq. (2.9) faithfully captures the low-energy p-wave resonant
and s-wave nonresonant scattering phenomenology of the 8°Rb-8"Rb p-wave Feshbach-resonant
mixture [70]. Its analysis at nonzero balanced atomic densities, that is our focus here, leads to the

predictions summarized in the previous section.

2.2.0.1 Lattice model

As discussed in the Introduction, based on the experience for the s-wave case [34, 35, 36, 114],
it is likely that a stable realization of above continuum p-wave resonant two-species bosonic model
will require an introduction of an optical lattice [37, 38]. This leads to a two-component atomic
Hubbard model, with standard tight-binding atomic and molecular lattice-hopping kinetic energies,

density-density interactions and a lattice projection of the p-wave Feshbach resonant coupling that
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in a single band Wannier basis is given by

H?ﬁice = % Z blm, (@1,r,02.v;—5, — O1,r,02,r,+5,) + h.c., (2.24)

ri,a

where, e.g., on a cubic lattice, d, are lattice vectors. A related finite angular-momentum FR lat-
tice model was proposed and studied in an interesting paper by Kuklov [72], predicting a robust
p-wave atomic condensate in an optical lattice. As usual[11], at low lattice filling this lattice model
reproduces the phenomenology of the continuum model. As an additional qualitative feature, at
commensurate lattice fillings we also expect it to admit a rich variety of zero-temperature Mott
insulating phases and quantum phase transitions from them to the superfluid ground states exhib-
ited by the continuum system studied here. We leave the detailed analysis of the lattice model to

future studies.

2.2.0.2 Coherence-state formulation of thermodynamics

With the model defined by #, Eqs. (2.9), (2.19), and (2.2), the thermodynamics as a func-

tion of the chemical potential p (or equivalently total atom density, n), detuning v and tempera-

ture 7" can be worked out in a standard way by computing the partition function Z = Tr[e_ﬁﬁ ]
(8 =1/kpT) and the corresponding free energy F' = —kpgT'In Z. The trace over quantum mechan-
ical many-body states can be conveniently reformulated in terms of an imaginary-time (7 = it)

functional integral over coherent-state atomic, ¥, (7,r) (0 = 1,2) and molecular, ¢(,r) fields:

Z = / Dy DyyDp*Dpe, (2.25)

where the imaginary-time action is given by [115]

B8
S:/ dT/dr[wj; e + @F - 0-p+ H(YL, Yo, dF, D) |, (2.26)
0

_ /0 " i / drL. (2.27)
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The Lagrangian density is given by
* VQ * v2 )\U 4
L = ¢J(6T_%_ﬂa)¢a+¢ '(87_%_,Um)'¢+7|¢0’

+ Nafr Pl 4 gan (912 + o) |67 + To™ - o + L - oI

+ S (@7 [ (=i )ha — o (—iV )1 +c.c.). (2.28)

| Q

Above (and throughout), the summation over a repeated index, as for o in the first term, is implied.
We note that closely related models also arise in completely distinct physically contexts.
These include quantum magnets that exhibit incommensurate spin liquids states [116] and bosonic
atoms in the presence of spin-orbit interactions [117].
The associated coherent-state action S will be the basis of all of our analysis in subsequent
sections for the computation of the phase diagram, the nature of the phases and excitations in each

of the corresponding phases of a p-wave resonant Bose gas.

2.3 Phases and their symmetries

Before turning to a microscopic analysis, it is instructive to consider the nature of the expected
phases, corresponding Goldstone modes and associated phase transitions based on the underlying
symmetries and their spontaneous breaking.

The fully disordered symmetric state of our two-component Bose gas confined inside an
isotropic and homogeneous [118] trap exhibits the Un(1) ® Uan(1) ® O(3) ® T, ® T symmetries.
The first two U(1) groups are associated with the total (whether in atomic or molecular form) atom
number N = Ny + No+ 2N, and the atom species number difference AN = Ny — Ny conservations.
The O(3) x T, symmetries correspond to the Euclidean group of three dimensional rotations and
translations (in a trap-free case), and T is a symmetry of time reversal.

Since our system is composed of bosonic atoms and molecules confined to a large trap [119],
at sufficiently low temperature we expect it to be a superfluid, that in three dimensions exhibits
Bose-Einstein condensation, characterized by complex scalar atomic, ¥, and/or 3-vector molecular,

® order parameters. Thus, in addition to the high temperature normal (non-superfluid) state,
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where above order parameters all vanish and the full symmetry Uy (1) @ Uan(1) @ O3) @ T & T,

is manifest [120], at low temperature we expect the system to exhibit three classes of SF phases:

(1) Atomic Superfluid (ASF), ¥, # 0 and ® =0
(2) Molecular Superfluid (MSF), ¥, =0 and ® # 0

(3) Atomic Molecular Superfluid (AMSF), ¥, # 0 and ® # 0

that spontaneously break one or more of the above symmetries. Although these phase classes
resemble the previously studied phases of s-wave Feshbach-resonant system [34, 35, 36], as will be

clear from the following discussion, there are important qualitative differences.

2.3.1 Atomic superfluid phases, ASF

At large positive detuning v it is clear that the molecules are gapped and all atoms are in
the unpaired open channel. In this regime, the gapped molecules can be neglected (or integrated
out) and the Hamiltonian (2.9) reduces to that of two bosonic atom species, that can exhibit Bose-
condensation characterized by W1, ¥y condensates. Such two-component system is characterized by
two types of phase diagram topologies, and has been extensively studied in the statistical physics
community [121, 122, 123].

For ajay > a2, it admits three ASF phases:
(1) ASFy (U1 #0,V¥s =0),
(2) ASFz (W1 =0,¥3 #0),
(3) ASF12 (¥1 # 0, %3 #0)

with ASF; and ASF5 separated from ASFi5 and the normal phases by continuous phase transitions
driven by temperature and density, or atomic polarization (or equivalently the chemical potential
imbalance) as illustrated in a mean-field phase diagram, Fig. 2.6. These phases clearly break U; (1),
Us(1), or both of these symmetries, respectively, and are therefore expected to exhibit conventional

Bogoliubov modes corresponding to these U(1) symmetries.
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Alternatively, for ajas < a%Q, the ASFi, state is unstable, with ASF; and ASF, separated
by a first-order transition and the associated phase separation visible in a trap.

We emphasize that in contrast to the s-wave FR bosonic system (where atomic condensation
necessarily induces a molecular one, and therefore ASF phase is not qualitatively distinct from the
s-wave AMSF phase, separated from it by a smooth crossover) [34, 35, 36|, for a p-wave FR, above
k = 0 atomic ASF condensates do not automatically induce a p-wave molecular condensate since
for k = 0 the p-wave FR coupling vanishes. Thus the ASF class of phases is qualitatively distinct

from the AMSF class that we discuss below.

2.3.2 Molecular superfluid phases, MSF

In the opposite limit of a large negative detuning, atoms are gapped, tightly bound into
heteromolecules, that at low temperature condense into a p-wave molecular superfluid, MSF. In
this regime of atomic vacuum, the gas reduces to that of interacting p-wave molecules, a system
quite clearly isomorphic to that of the extensively studied F' = 1 spinor condensate [83, 84, 85, 88,
89, 90, 91, 92, 93], with the hyperfine spin F' here replaced by the orbital £ = 1 angular momentum
of two constituent atoms.

Like F' = 1 spinor condensates, the p-wave molecular superfluid, MSF can exhibit two dis-
tinct phases depending on the sign of the renormalized interaction coupling gs in Eq. (2.21), or
equivalently the sign of the difference a(()m) — aém) of the molecular L = 0 and L = 2 channels

s-wave scattering lengths [124].

2.3.2.1 Ferromagnetic molecular superfluid, MSF/,,

For g5 > 0 the ground state is the so-called “ferromagnetic” molecular superfluid, MSFg,,
characterized by an order parameter ® = <I)ﬁ(ﬂ +im), with i, m, ¢ =n x m a real orthonormal
triad, ®g, a real amplitude, and the state corresponds to ¢, = 41 projection of the internal

molecular orbital angular momentum along the ¢ axis. MSFp, spontaneously breaks the time

reversal, the O(3) rotational and the global gauge symmetry Un(1), latter corresponding to a total
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atom number N conservation. Inside MSFy, the low-energy order parameter manifold is that of
the O(3) = SU(2)/Zs group, corresponding to orientations of the orthonormal triad 7, 1, £.

As its hyperfine spinor-condensate cousin, ferromagnetic MSF4,,, exhibits two gapless Gold-
stone modes, one linear (x k) Bogoliubov mode associates with the broken global gauge symmetry,
and another quadratic (oc k?) corresponding to the ferromagnetic order, with associated spin-

waves [84] reflecting the precessional FM dynamics.

2.3.2.2 Polar molecular superfluid, MSF,

Alternatively, for g < 0 the ground state is the so-called “polar” [125] molecular superfluid,
MSF,, characterized by a (collinear) order parameter ® = ®,e’n, with fi a real unit vector,
¢ a (real) phase, and ®, a (real) order-parameter amplitude, with the state corresponding to
¢, = 0 projection of the internal molecular orbital angular momentum along n. MSF, clearly
spontaneously breaks rotational symmetry by its choice of the ¢, = 0 quantization axis n, and the
global gauge symmetry, corresponding to a total atom number conservation. The low-energy order
parameter manifold that characterizes MSF}, is given by the coset space (U(1) ® S2)/Z2, admitting
half-integer “charge” vortices [93] akin to (but distinct from) the s-wave MSF [34, 36, 35].

As we demonstrate explicitly in Sec.2.5, based on symmetry we expect the polar MSF}, state
to exhibit three gapless Bogoliubov-like modes. One corresponds to breaking of the global atom

number conservation and two associated with breaking of rotational O(3) symmetry [84].

2.3.3 Atomic-molecular superfluid phases, AMSF

As detuning is increased from large negative values of the MSF}, f;, phases, for intermediate

v the gap to atomic excitations decreases, closing at a critical value of ViVISF*AMSF at which, in

addition an atomic Bose condensation takes place. General arguments show that this precedes the

atomic condensation in the absence of FR coupling, i.e., yMSF—AMSF (o) o ) MSF—AMSF () = The

novel features of this MSF-AMSF transition and the AMSF phase are derived from the fact that at

these intermediate detuning, the atomic condensation necessarily takes place at a finite momentum
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k = @, set by a balance of the p-wave FR hybridization and the atomic kinetic energies.

We emphasize that in contrast to the s-wave Feshbach-resonant bosons [34, 35|, for which
an atomic condensate necessarily induces a molecular condensate, thereby erasing a qualitative
distinction between the AMSF and ASF states, for the p-wave case, ASF and AMSF phases are
qualitatively distinct [34]. The latter is ensured by the momentum dependent nature of the p-wave
coupling that breaks spatial rotational invariance and vanishes for Q = 0.

As with other crystalline states of matter [126, 8, 9], the detailed nature of the resulting AMSF
states depends on the symmetry of the crystalline order, set by the reciprocal lattice vectors, Q,, at
which condensation takes place. Determined by a detailed nature of interactions and fluctuations,
typically the nature of crystalline order is challenging to determine generically. Here we will focus
on the collinear states, with a parallel set of Q, = nQ, that in the present system can be
generically shown to be energetically preferred in the AMSF}, state. There are two possible classes
of such collinear states, that are bosonic condensate analogs of the Fulde-Ferrell (FF) [8] and
Larkin-Ovchinnikov (LO) [9] states, extensively studied in fermionic paired superconductors and
superfluids [104, 105, 106]. The qualitative features of these classes of finite-momentum superfluids
are well-captured by two simplest representative states, one with a single Q and the other with
a pair of +Q condensate, that we respectively denote as “vector”, AMSFY and “smectic”, AMSF?*
atomic-molecular superfluids. With a choice of Q the AMSF"*® states both break spatial rotational
symmetry. However, they are qualitatively distinguished by the AMSF? also spontaneously breaking
the time-reversal symmetry, while remaining homogeneous, and the AMSF? instead also breaking
the translational symmetry along Q, while remaining symmetric under the time reversal. Because
within a mean-field theory analysis it is the former, vector state that appears to be favored, for
simplicity we focus on the single Q AMSF states.

The nature and symmetries of these AMSF states furthermore qualitatively depends on the
parent MSF, with the ferromagnetic AMSFy,, and polar AMSF,, as two possibilities depending on
the sign of the renormalized interaction coupling gs. In addition to the symmetries already broken

in its MSF parent, by virtue of atomic condensation the AMSF state breaks the remaining Uan (1)
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global gauge symmetry associated with the conservation of the difference in atom species number,

AN. Other symmetries that it breaks depend on the detailed structure of the AMSF;” o States.

2.3.3.1 Polar atomic-molecular superfluid, AMSF,

The polar atomic-molecular superfluid AMSF}, emerges from the polar molecular state, MSF,,.
As we will see in the next section, in the AMSF, the finite momentum atomic condensate orders
with Q along the molecular condensate field ®, and therefore (as illustrated in Fig.2.4) for a single
Q the vector superfluid does not break any additional spatial symmetries. With the molecular
quantization axis, ® locked to the atomic condensate momentum Q, on general symmetry grounds
(simultaneous rotations of ® and Q is a zero-energy Goldstone mode), we expect and indeed find
that (see Sec. 2.5.3) the superfluid phase will be characterized by a smectic [126] Goldstone mode
Hamiltonian. The smectic AMSF}, superfluid, in addition breaks translational symmetry along @,
with low-energy fluctuations about this state described by a smectic phonon v and a superfluid

phase ¢ Goldstone modes.

S

0

@

Figure 2.4: Schematic of the AMSF, polar state. The thick arrow indicates the atomic condensate
momentum Q and the n arrow denotes the quantization axis along which the projection of molecular
internal orbital angular momentum vanishes.
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2.3.3.2 Ferromagnetic atomic-molecular superfluid, AMSF,,

In contrast, a finite-momentum atomic condensation from the MSFg, leads to the ferromag-
netic atomic-molecular superfluid, AMSFg,,. In this state, a p-wave Feshbach resonant interaction
leads to the energetic preference for a transverse orientation of the atomic condensate momen-
tum Q to the molecular quantization axis, =" x . Consequently, as illustrated in Fig.2.5, the
AMSFy,, state breaks additional orientational symmetry of the uniaxial molecular state in the plane
transverse to the molecular quantization axis ¢. That is, the AMSFy, state is a biaxial nematic
superfluid defined by Q and ¢ axes, with the superfluid phase described by a smectic[126] Goldstone
mode Hamiltonian akin to that of the FF state [110]. The latter form is enforced by the symmetry
associated with a simultaneous reorientation of atomic momentum Q and molecular gauge transfor-
mation. The biaxial smectic AMSF{  superfluid, in addition breaks translational symmetry along

Q, with low-energy fluctuations about this state described by two Goldstone modes, that are a

smectic phonon u and a superfluid phase .

Figure 2.5: Schematic of the AMSFy, ferromagnetic state. The thick arrow indicates the atomic
condensate momentum Q, lying in the plane transverse to the quantization axis £, along which the
projection of the molecular internal orbital angular momentum is ¢, = +1.
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2.4 Mean Field Theory

Our main goal in this paper is to establish the phase diagram and nature of phase transitions
exhibited by the p-wave Feshbach-resonant two-component Bose gas. This requires a minimization
of the free energy which, in the presence of interactions and fluctuations is a nontrivial function
of a number of system’s physical parameters. However, outside the critical region, inside each
phase where fluctuations are small [127], we can approximate the Landau free-energy functional
F[¥,, ®] by replacing the atomic and molecular coherent state fields with the classical order pa-
rameters, ¥, (r), ®(r), that minimize the action S via the saddle-point method. In the simplest

approximation, the Landau free-energy functional F'[¥,, ®] takes the form identical to H [1[10, q?)],

3 A . B
F|V,, ®] —/d%[ > (\11;;50\1/0 + ?“\\11014) + A2 91 2P0 + Gam (1917 + | W2?) | B2
o=1,2

I ST %|<1>* B2+ %|<1> B2+ % (@ - [T (—iV) Uy — Ua(—iV) )] +c.c.)

(2.29)

with the effective couplings (fig, fim, Ao, ---), that are functions of the microscopic parameters
(Hos fims Aoy - - - ) in Eq. (2.9), encoding all the complexity of the fluctuations and interactions on
short scales. Though nontrivial, these parameters are in principle derivable from the Hamiltonian.
However, we will not be concerned with this aspect of the problem. Instead our goal is to capture the
qualitative form of the phase diagram, taking fluctuations into account only when they qualitatively
modify the nature of the phases and phase transitions. For simplicity of notation, we will therefore

neglect the distinction between the microscopic and effective couplings, dropping tildes.

2.4.1 Order parameters

We begin by introducing order parameters that in mean-field approximation completely char-
acterize the states of the system. In contrast to a conventional (s-wave interacting) Bose gas, antic-

ipating the energetics, we allow the atomic condensates ¥y (r) and Wa(r) to be complex periodic
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functions characterized by momenta Q,,, with the simplest single Q; = Q form given by

Pi(r) — Ty(r) = Uy qe'QT, (2.30)
wQ(I’) — \Ilz(r):\lf27_Qe_iQ'r, (231)
dr) — @, (2.32)

where @ is a complex 3-vector order parameter characteristic of the £ = 1 molecular condensate and
the choice of £Q momentum relation for the two atomic condensate fields is dictated by momentum
conservation.

More generally, the atomic condensate order parameter is given by

\1}17 eiQn'r

U, (r) = = e . (2.33)
\Ifg(r) Q, \PQ,_Qne_iQ".r

However, as alluded to in the previous section, based on the energetics of the model, we expect

that for most of the phase diagram a single Q,, = Q and double Q,, = £Q collinear forms of the

atomic order parameters are sufficient to capture the ground-state atomic condensates. The latter

Larkin-Ovchinnikov like form can equivalently, more simply be written as
Uy(r) = U, qe' " + U, _qe 97, (2.34)

with ¥, +q, ®, and Q to be determined by the minimization of the mean-field free energy. As
we demonstrate in Appendix A, it is the single Q (Fulde-Ferrell like) condensate that is preferred
energetically in a mean-field approximation, and will therefore be the primary focus of the analysis
presented here.

The molecular condensate complex order parameter ® can in general be decomposed in terms

of orthonormal real 3-vectors u and v, [33]
®=utiv. (2.35)

As we will demonstrate explicitly shortly, in this representation the two possible £ = 1 molecular



30

superfluids, ferromagnetic and polar condensates are described by

u L v, “ferromagnetic”, £, = 1 condensate, (2.36)

u || v, “polar”; £, = 0 condensate, (2.37)

where for ferromagnetic state u = v and the polar state can obviously be equivalently characterized
by a vanishing of one (but not both) of u and v. These two molecular condensate states are the
bosonic analogues of the p, + ip, and p, p-wave paired superfluids [57, 33].

We next consider the Landau free-energy as a function of these atomic and molecular order
parameters, and by minimizing it for a range of experimentally tunable parameters, compute the

mean-field phase diagram for this p-wave resonant two-component Bose gas.

2.4.2 Atomic Superfluid (ASF)

As is clear from Eqgs.(2.12),(2.29) for large positive detuning, v the molecular chemical po-
tential u,, < 0 is negative, with molecules gapped and therefore the ground state is a molecular
vacuum. We can thus safely integrate out the small Gaussian molecular excitations, leading to an

effective atomic free-energy

F,[¥,]

1%

F[¥,,0]

. A
/d%[ . (‘1’350‘1’0 + 20\‘1’014) + Ao Wi 7 Wy

o=1,2

Q

(2.38)

with coefficients that are only slightly modified from their bare values in Eq. (2.29). This functional
is a special U(1) ® U(1) form of a O(N) ® O(M) model, first studied many years ago by M. E.
Fisher et al. and more recently in the magnetic and many other contexts [121, 122, 123]. This

free-energy is clearly minimized by a spatially uniform atomic order parameters, ¥,, giving

fasf :F[|\Pg’,0]/v (239)
Ao
= 3 [ ol Wol? + ZF W] + A [0, ? (2.40)
o=1,2

as the ASF free-energy density.
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Figure 2.6: Mean-field phase diagram of a p-wave resonant two-component Bose gas for large
positive detuning. Molecules are gapped, reducing the system to a conventional two-component
Bose gas, for A\j Ay > A3, displaying three types of ASF phases.

A minimization of f.s, leads to 4 states corresponding to condensed and normal (nonsuper-
fluid) combinations of the two-component Bose gas. For both chemical potentials negative, uy < 0,

p2 < 0, both atoms are in the noncondensed, normal (N) phase
|| = |Pq| =0. (2.41)

On a lattice (e.g., generated by a periodic optical potential [128]) at commensurate atom filling, this
would correspond to a Mott insulating phase extending down to zero temperature. In a continuum
(e.g., a trap), the normal state can only be realized by heating the gas above its degeneracy
temperature.

As physical parameters are varied (e.g., a weaker periodic potential, lower temperature and
higher density for one of the atomic species) for asymmetric mixture (different densities and/or
masses) one of the two atomic chemical potentials, py, po can turn positive, leading to a conventional

normal-superfluid transition to ASF; or ASF5 states, respectively. The order parameters and mean-
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field phase boundaries in each of these conventional single component atomic BECs are given by

A
ASF: ¥, = ﬂ,\lfg =0,for p1 >0, ps < ﬁ,ul, (2.42)
)\1 )\1
2 A12
ASF5: U, = 0,0y = )T,fOI‘ pe >0, pup < T,UQ. (2.43)
2 2

We note that generically for a symmetric two-component Bose mixture, these phases will be
avoided by symmetry.

Further changes in system’s parameters, so as to drive both chemical potentials positive, for
A1y > /\%2 leads to ASF; - ASF19 or ASF5 - ASFq5 transitions. The resulting two-component con-
densate, ASF14 is characterized by two nonzero atomic condensates and mean-field phase boundaries

given by

1 1
ASFpp: Uy — [W]Q v, [WT
AA2 = Ay A2 — Afy

for u1>0,u2>0,%>%>%. (2.44)

These classical phase transitions are generically continuous, in the XY universality class, breaking

the associated U (1) symmetries. The N-ASF; transition only takes place in a fine-tuned balanced

mixture pp = po (that is our primarily focus here) going directly through a tetracritical point, u; =
pa = 0. Extensive studies demonstrate it to be in the decoupled universality class [121, 122, 123].

For A\ < )\%2, the ASF; and ASF5 energies cross before either becomes locally unstable.

Consequently, instead of continuous transitions to the ASFi5 state, the two-component ASF1s is

absent and the ASF; and ASFs phases are separated by a first-order transition, located at

A
p2 =4/ )\iul (2.45)
1

that terminates at a bicritical point. On this critical line the ASF; and ASF, states coexist and

spatially phase separate.

2.4.3 Molecular Superfluid (MSF)

In the opposite limit of large negative detuning, i.e. —v > |u|, open-channel atoms are

gapped and the ground state is an atomic vacuum. Hence for p < 0 the free energy F[VU,,®] is
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minimized by ¥, = 0 and a uniform molecular condensate ®. The free-energy density then reduces

to

fmsf[q)] = F[Oﬂ q)}/vv

:—Mmyq>|2+92—1\<1>*-q>|2+%|<1>.<1>|2, (2.46)
= —pim (U + v?) + 9—21( e %(uQ —v?)?, (2.47)

identical to a spinor-1 bosonic condensate, corresponding to the £ = 1 molecular Bose gas. Thus, the
thermodynamics and low-energy excitations of the MSF are isomorphic to that of the well-studied
spin-1 Bose condensate [84, 85].

The minimization of fn,«¢[®] then leads to two superfluid phases, the “polar” MSF,, for go < 0

and the “ferromagnetic” MSFg, for go > 0 molecular condensates. For the polar MSF, the order

Hm A
b=,/ n=®&,n, forgs <0, 2.48
g1+ 92 P 92 ( )

spanning the [U(1) x Sa]/Z9 manifold of degenerate ground states. For the ferromagnetic MSF, we

parameter is given by

instead find

Hm , ~ S (I)fm ~ s
=, /—(n+im)=——(n+1im), for gz >0, 2.49
i+ ) = i), for g (249)

spanning the SO(3) manifold of states. In above, n, ™, [ = A x 7 is an orthonormal triad and D tm
are complex order-parameter amplitudes, breaking the SO(3) x Uy (1) symmetry of the disordered
phase. For finite T" the N-MSF transitions are in the well-studied universality class of a complex
O(3) model [84]. The MSF, and MSF4, are separated by a first-order transition, at go = 0 in

mean-field approximation.

2.4.4 Atomic Molecular Superfluid (AMSF)

For the intermediate detuning, we consider a condensation of both atoms and molecules, for
generality allowing atoms to condense at a nonzero momentum. The latter is motivated by the
discussion in the Introduction of the p-wave atom-molecule Feshbach coupling, that drives such

finite momentum atom condensation [72, 71].
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To analyze the phase boundaries and the behavior of the order parameters in the AMSF
phase, it is convenient to approach the AMSF state from the MSF phase at negative detuning,
where molecular condensate is well formed, and study the atomic condensation upon the increase
of the detuning and of the atomic chemical potential.

We focus on the simpler case of a single momentum, Q atomic condensate, that we will also
later find to be the preferred form of the AMSF state. We relegate to Appendix A the conceptually
straightforward, but technically slightly involved analysis of the more general +Q momenta state.

Using the order parameter form from Eq.(2.30),(2.31), and (2.32) inside the mean-field free-

energy density famst = F[¥s, ®]/V = fo + fmst, We obtain

fo = €@ (Yiq¥iq+ 95 _qV2q) —2q¥iq¥s q —A4%1.q¥2 q

A A
+5 1W1ql* + T W2l + 2| V1 o*| V2ol (2.50)

where e = % — W+ Gam|®?, Aq = a® - Q = |Aqle™¥, and for simplicity we specialized to
a balanced mixture set by puy = po = pu. To determine the nature of the atomic condensate in
the AMSF state, we diagonalize the quadratic part of the free-energy density, fg with a unitary

transformation Uy,

Up = — : (2.51)

obtaining
€ —Aq| [ Yiq
fg): <\D>{,Q \1’27_Q> ) (252)
z’fQ —AQ U_
:<\I/j \p+> U Us , (2.53)
Q Ay £Q v Q

= QU+ eglU_I%, (2.54)
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where
v i | Yia 1 [ e+ _q
v vk —e o + Uk
+ Q 2,-Q 1,Q 2,-Q
and

cq=cq+[Aql, g =cq—|Aql (2.56)

Expressing the quartic terms of the free-energy density in terms of the diagonalized atomic con-

densate fields, ¥, we find

Wialt = (10l [ AP () ()
WL P(W, U 4 U ) — 2 W2, U+ \pz;xp*_)), (2.57)

Waqlt = (10 1O AP (2 ()
F2AWL P U+ W) 42 P+ W)), (258)
WiaPlWs qf = (Wt () (R ), (2.59)

Since €q < 65, the MSF-AMSF transition takes place at g =0, tuned to this point by the FR
detuning, v — V(I:\/ISF_AMSF. At higher detuning, v > nyF_AMSF, a finite momentum Q atomic
condensate develops, characterized by a nonzero order-parameter ¥_ # 0, and ¥4 = 0. From the
latter condition, we deduce that

Uy _q=e "V q, (2.60)

and

T =V2e700 q, (2.61)

leading to a considerable simplification of the AMSF Landau free-energy density,

g1

_ 1
famst = eQ\\I/_]2+§/\|\I/_\4—um|<I>\2+ 5

@ B2 + 92—2y<l> LB, (2.62)

where \ = %()\1 + A2+ 2A12). The minimization of famst[¥—, ®] over the order parameters and the

atomic momentum Q is straightforward. The optimum |Q| = Qo is given by,

afamsf _
oQ

0, (2.63)
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and leads to

Qo = am [(u® — v?) cos® Oq + v 12 , (2.64)

with g the angle between Qg and u. Without loss of generality taking « > v and putting () back
into the free energy shows that fame is minimized by g = 0, i.e., by Qq aligned along the longest

of the u and v components, giving

Qo = amu ~ am/ny,. (2.65)

Thus, as illustrated in Fig. 2.2, the momentum (g is at its maximum value near the MSF-AMSF
phase boundary and decreases continuously to zero with the molecular condensate n,, at the AMSF-
ASF transition, tunable with a magnetic field via detuning, v.

As in the treatment of the MSF phases, it is convenient to express the free energy in terms

of the magnitudes of the real, u and imaginary, v vector components of ®. Minimizing it over W_,

we obtain
1 ma® 2, .2 ’ 2 .2y, 9l 2 9v2 92,9 92
famsf: oy | B+ ——u _gam(u +v ) _Nm(u +v )+7(u +v ) +7(u -V ) ’
2\ 2 2 2
(2.66)
with the atomic condensate given by
2 1/2
mo
T_| = [(u+2u2—gam(u2+02))/)\ : (2.67)

Minimization of fanst With respect to u and v gives a number of solutions. In addition to the
Normal (V_ =0, ® =u =v =0) and the ASF (V_ # 0, ® = u = v = 0) phases we find the polar,
AMSF, (¥_ # 0, u # 0, v = 0) and the ferromagnetic, AMSFy¢, (V_ # 0, u > v # 0) phases that

are the descendants of the MSF,, and MSFg, molecular condensates.
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Figure 2.7: Schematic atomic (thick) and molecular (thin) order parameters versus the FR detuning
| MSF,—AMSF, | AMSF, —ASF

v for the polar phase, with v.; = ve and veo = 1

2.4.4.1 Polar AMSF: AMSF,

A straightforward minimization of famst[u, v], Eq.(2.66) for go < 0 leads to the AMSF}, phase,

characterized by order parameters,

AMbm = Gam
Up = —, v, =0, 2.68
P \/)‘(91 +92) — 92m P ( )
(91 + 92)# — JamMm
U_ | = ~ , 2.69
Vel \/ Mg+ 92) = Gam (269

where Gum = gam — ma? /2. The phase boundaries corresponding to the MSF, - AMSF,, and
the AMSF,, - ASF transitions are also easily worked out (set by the vanishing of the atomic and

molecular condensates, respectively) and are given by

v PPN — (g 4 gy — 2G0m) Tim, (2.70)
= =5 91+ 2 — 2 7, (2.1)

yoMSER=ASE 08— Gam) T, (2.72)
~ 2\ — Gam) 1, (2.73)

where we used py, = 2pu — v = (g1 + g2)nm and g = An, to eliminate the molecular and atomic

chemical potentials in favor of the molecular condensate n,,, the atomic condensate n, and the
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(b)

g1+ g2
M= "= HA

Jam

Figure 2.8: Mean field phase diagrams for polar phase as a function of atomic and molecular chem-
ical potentials, pq, tm, respectively. Ferromagnetic phase is similar but with different parameters.
(a) For A(g1 + g2) — §2,, > 0, all three superfluid phases, ASF, AMSF, and MSF appear and are
separated by continuous phase transitions (thick black lines), (b) For A(g1 + g2) — §2,, < 0, AMSF
is unstable, and the ASF and MSF are separated by a first-order transition (hatched double line).

detuning v. We also used the fact that at low temperature and for weak interactions, n,, ~ n/2
and n, ~ n in the MSF and ASF, respectively.

It is clear from Fig. 2.8 (a) and Eq.(2.69) for W_ , that the condition
Mot +92) = Gam > 0 (2.74)

is necessary for the stability of AMSF,,. We observe that in addition to setting the value of the finite
momentum, )y of the atomic condensate, the p-wave Feshbach-resonance coupling, o expands the
stability of the AMSF phase. Within the mean-field approximation, the MSF,-AMSF, and AMSF -
ASF transitions are of second order. This will be qualitatively modified, as we will see when we
discuss fluctuation effects in Sec.2.6.

For A(g1 + ¢2) — G4, < 0 (Fig. 2.8 (b)), AMSF, state is unstable, replaced by a direct
first-order ASF-MSF,, transition. The corresponding phase boundary is given by the degeneracy
condition of the ASF and MSF, free-energies

2 2

/"L :U’m
as -_——— - —-—_—— = ms . 2‘75
Jast = =55 2(g1 + g2) Junsty (2.75)
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2.4.4.2 Ferromagnetic AMSF: AMSF ¢,

A minimization of the free energy, famst[u,v] for a range of couplings shows that for interme-

diate detuning, the low-temperature state is the ferromagnetic AMSFy,,, characterized by

u _ 2)‘92,Um - ggmﬂm — (gl + g?)gamﬂ + (91 - gQ)gam,U + GamGamttm (2 76)
fm 4)‘9192 - 4g2gam§am - (gl + 92)(ma2/2)2 ’
v _ 2)‘92.um — ggm:um - (gl + gQ)Qam,u + (gl - gQ)gam/J + GamGamttm (2 77)
fm 4)‘9192 - 4929am§am - (gl + 92)(ma2/2)2 ’
92(491M - 4gam,um + mO‘QNm)
g = . 2.78
| fm| \/4)‘9192 - 4929am§am - (gl + 92)(ma2/2)2 ( )

d=u+iv, ¥

MSEm vei  AMSFm v AMS, va ASE Y

Figure 2.9: Schematic atomic (thick) and molecular (thin and dashed) order parameters versus the
FR detuning v for ferromagnetic phases. The AMSFy,-AMSF,, phase transition at v leads to
kinks (change in slope) in the molecular (u) and atomic (¥) order parameter, later indicated by a

black dot. Without loss of generality we chose 7 axis (component of u) to lie along Q. The critical

MSF¢, —AMSFg, AMSF¢, —AMSF}, VAMSprASF

detunings are denoted by v = v, , Vea = Ve ,and veg3 = 1

The behavior of these order parameters as a function of detuning, v is illustrated in Fig. 2.9.
With increasing detuning, the component v (being smaller than u) vanishes first, signaling a tran-
sition of the ferromagnetic AMSF4g, to the polar AMSF,, state. Depending on the value of other
parameters, upon further increase of v the system either continuously transitions at 1/? MSFp —ASK
to one of the three ASF states or undergoes a first-order AMSFy,,-ASF transition with u discontin-

uously jumping to zero when v vanishes. As we will discuss in Sec.2.5, on general grounds, beyond

the mean-field approximation, we expect the transitions from such smectic-like superfluid phases
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(AMSF}, m) to homogeneous and isotropic ASF states to be driven first-order by fluctuations.
The detuning phase boundaries corresponding to the MSFg, - AMSFy,, and the AMSFy,, -
AMSF,, transitions, determined by a vanishing of the atomic and the v (transverse to Q) compo-

nent of the molecular condensates, respectively, are given by

Vi\/ISFfm*AMSFfm = — (gl — 2gam + ma2/2) nm, (279)
1
~ —5 (gl - 29am + ma2/2) n, (280)
AMSFo,—AMSF, _ 8Ag2 + gam (2ma? — dgo) —ma? (g1 — g2 + ma?) | (2.81)
¢ 4g9 + 2ma? a' .

Q

' Y
MSF, ve1 AMSF, v AMSF, vz ASF

Figure 2.10: Schematic detuning dependence of the momentum Q of the atomic condensate starting

MSFf, —AMSFy,, AMSF¢, —AMSF,,
l/C s c

with the ferromagnetic MSFg,, with v, = Veg = V, , and vz =

AMSF,—ASF
Ve .

As with the polar state, the stability of the AMSFy, is dictated by a condition on the

interaction couplings, given by

4)‘9192 - 4929am§am - (gl + 92)(ma2/2)2 > 0. (282)

In the opposite regime of 4\g1g2 — 4g29amam — (91 + g2)(ma?/2)? < 0 (Fig. 2.8 (b)), the AMSFyy,
state is unstable, replaced by a direct first-order MSFy,,-ASF transition. The corresponding phase

boundary is given by the degeneracy condition of the ASF and MSFg,, free-energies

2

2
0 0
fasf = _ﬁ = _?T = fmsffm- (2'83)
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2.4.4.3 Renormalized molecular interactions couplings

We conclude this section by noting that near a Feshbach resonance the microscopic pseu-
dopotentials g;, A; are modified by quantum fluctuations, replaced by corresponding experimentally
determined scattering lengths. To lowest order (Born approximation, valid at low densities) in the

FR coupling «, the diagrammatic corrections illustrated in Fig. 2.11 and Fig. 2.12 are given by

Figure 2.11: A lowest-order diagrammatic correction to molecular interaction coupling g;.

-~ g Sal o
e D NG o oA

Figure 2.12: A next lowest-order diagrammatic corrections to molecular interaction couplings g;.

miatA? 22 ap ma?
Sglt = - 29— (0.468 2.84
& ot ( Bmh * or 16 ¢ )) ’ (284)
miatA? 2 ma?
Sgt = - — 0.0489 2.85
92 it < Bmh ~ 16 ¢ )> ’ (2:85)
where apy, = a1+az+2a12, the scattering lengths are defined by a standard relation, A,or = %,

and A = 27/d is the ultra-violet cutoff set by the interatomic potential range. In the large A limit,
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5gF reduce to

miatA2 [ap ma?2
mPalA?
Sgit ~ —W(o.msg). (2.87)

This two-loop approximation (though valid only in the narrow Feshbach resonance limit), that
finds §g4* < 0 suggests that in the broad-resonance limit it is the polar molecular phase, MSF,, that
prevails.

More generally, the importance of these fluctuation corrections to molecular interactions, is
that they provide a mechanism to tune and in principle even change the sign of the effective go,

thereby allowing a detuning-driven MSF,-MSFy,, transition.

2.5 Elementary excitations

Having established the existence of a variety of superfluid ground states, we now turn our
attention to the nature of low-energy excitations in each of these phases. As long as fluctuations
remain finite for a range of system’s parameters, the phases detailed in the previous section are
self-consistently guaranteed to be stable in these regimes and to retain their qualitative form.

We study quantum fluctuations within each of the ASF, MSF and AMSF classes of phases
established above. To this end we expand the atomic and molecular bosonic operators around their

mean-field condensate values ¥, ®,

wcr = \PU+5¢U7 (288)

¢i = Pi+dg, (2.89)

where 01, (0 = 1,2) are fluctuation fields for atoms of flavors 1 and 2, respectively, and d¢;

(i = x,y, z) are triplet of the £ = 1 molecular fluctuation fields.
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For some of the analysis it is convenient to work in momentum space,

1 ‘

Sty = —E Ak €57, 2.90

1/} \/V - k ( )
1 ,

Sy = 3 b e 2.91

¢ \/V . k € ( )

Using above momentum representation inside the Hamiltonian, Eq. (2.9), and expanding to

second order in the fluctuations operators a, k, b;k, we obtain H = Hy,[V,, ®] + H £, with

1

k o=1,2

+ t1a] o qazk-q + 21+ QA1K+QAZ-k-Q

1. 1
+ > <2wz‘,kbzkbi,k + 5ibi,—kbi,k> +3 > (gijb;kbi,k + %’jbz‘,—kbj,k>

i=1,y,2 bizas
— Z ok - bLag,kJrQa + h.c.|, (2.92)
o
= Z chﬁﬁ'Bclg’k (2.93)
k,a,8

where iLﬁB is a Bogoliubov Hamiltonian matrix defined by matrix elements
Erk = €k — fo + 200 | Vo|* 4+ A2 V5| + gam| @7, (2.94)
Wik = %ek — i + 911 + (91 + 292) @i [* + gam (|V1]* + [¥2]*), (2.95)
Ao = %)\U\Ilj‘f, (2.96)
t1 = M2 Uq 05, (2.97)
tok = AW V5 —a®” -k, (2.98)
i =GP 4 B B (2.99)
9ij = 0197 j + 29207 P, (2.100)
Yij = %gl@z‘fb}f, (2.101)
12k = Ta¥,q (Q, — k/2), (2.102)
€k = %, 1 = 2,2 = 1, and we suppressed the Q subscript on the atomic condensate order
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parameter, ¥, q. The ten-dimensional bosonic Nambu spinor ¢,k is given by

Cak = (aa,k+QUa bi x> ai,_kJng, b;_k> . (2.103)

A diagonalization of this ten-dimensional Bogoliubov Hamiltonian, preserving bosonic com-
mutation relations of the ¢,k components gives the spectrum of the 5 modes throughout the phase
diagram. This can be done numerically, but is not very enlightening. Instead, we will study the

problem one phase at a time, which allows a significantly more revealing solution of the problem.

2.5.1 ASF phases

In the simplest limit of a large positive detuning, v > vAMSF=ASF the molecules are gapped,
one or both species of the atoms are condensed at zero momentum, Q = 0, and the system is in the
ASF phases. As discussed in Sec. 2.3, these are conventional well-studied superfluids, characterized
by one Bogoliubov mode for each of the atomic U(1) symmetry that is broken. In the ASF phases
® = 0, the three molecular modes are gapped and can therefore be integrated out (adiabatically
eliminated). Away from the transition, this leads to only a small renormalization (that we will
neglect) of effective parameters in the resulting Hy. From Eq.(2.92) the atomic sector of the
Bogoliubov Hamiltonian is then given by

1. -
HJ/}SFU = Z Z <250’ka;kao7k + )\Uam_kag,k) +t a;kaa,k + to ko, —kagx | + h.c.. (2.104)
k o=1,2

2.5.1.1 ASF,: single atomic species BEC
In the regime where only a single atomic species of 2 condenses (i.e., ¥, # 0,¥5 = 0),

the system is in an ASF, phase. Standard analysis then leads to a conventional, gapless atomic

Bogoliubov sound mode for species o

(@) _ \/k2 k?
FE = + Ao ), 2.1
ka 2m(2m A n) (2.105)
~ o cuk, (2.106)
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with ¢, = 4/ )51’7? , and a gapped atomic mode for the complementary atomic species a:

k2 n
EY ~ L4 A 2.107
P om* Mo + 125 ( )

where § ~ n; = ny for a balanced case. Above, the coupling parameters are those from Eq. (2.29),

with ® = U5 = 0, and m}. are effective atomic masses renormalized by interaction

1 1 3na?
_ 1 , 2.108
m} m 2 — An+ %nn) ( )
1 1 3na?
= —— . 2.109
m* m  4(v — An + %nn) ( )

The remaining three molecular-like modes (corrected by coupling to atoms) are gapped and in a

k — 0 limit are given by

m m k> Ao am
EM = Elg2>:%+u—7n+92 n— iz, (2.110)
2
(m) k B & Yam
g’ =~ 4m’, tro gt Ty e (2.111)
Eex
(a)
Eyz
(m)
(m)
()
By
k

Figure 2.13: Schematic ASF single BEC (ASF,) excitation spectrum. The lowest curve is the
atomic Bogoliubov mode and the upper curves are gapped atomic (thin) and molecular (thick)
modes.

2.5.1.2 ASFi5: double atomic species BEC

In the regime where both atomic species of 11 o condense, i.e., W12 # 0, the system is in a

two-species ASF15 phase. Standard analysis, consistent with two U(1) symmetries spontaneously
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broken, then leads to two gapless atomic Bogoliubov sound modes for species 1 and 2. Together

with the gapped molecular excitations this leads to spectra of the five modes:

B@2) = \/;; (2]‘7; +2Xn), (2.112)
B9~ (2 (2.113)
E,(CTIQ) = E,(Cgm) = f; + v — 2 \n + gamn, (2.114)
B~ 4’:;* T U= 2\ + Gamn, (2.115)

where for E,Egm) and E,Eglu) we took &k — 0 and o — 0 limit, and defined the sound velocity and

effective atomic mass

(A= A2)n  3na?\/(A— Aig)mn

(012)  — - 2.11
¢ m 4(v =2 \n + gamn) ’ (2.116)
1 1 3(v— (A4 A\2)n + gamn)na?
= — . 2.11
m* m (v = 2Xn + ggmn)? (2.117)

E,Egm) and E,Eglz) are atom-like, gapless, in-phase and out-of-phase modes, respectively. E,Egm) and

E,E:gm) are modified by the FR interaction between atoms and molecules. The ASF-AMSF phase

boundary is determined by the point where the molecular gap

ESS = v —2)n + gamn (2.118)

closes, and is consistent with the critical detuning determined by the development of the molecular

order parameter that we found in Sec. 2.4.

2.5.2 MSF phases

In the opposite limit of a large negative detuning, v < vMSF=AMSF pboth atomic species
are gapped, ¥, = 0, and p-wave molecules are condensed into one of the two (¢ = 1) £, = 0
polar (MSF,) and ¢, = £1 ferromagnetic (MSF{y,) molecular superfluids, isomorphic to spinor-
1 condensates with well-studied properties [84, 89, 91]. To see this, we note that the atomic
Bogoliubov excitations are gapped and can therefore be integrated out. Away from the transition,

they lead to only a small renormalization of effective parameters. Neglecting these small effects,
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/ EI((rng)
—Eq3

—

El(éu)

EI((ilz)

Kk

Figure 2.14: Schematic ASF double BEC (ASFj2) excitation spectrum. There are two gapless
atomic Bogoliubov modes (thin) as well as three gapped molecular modes (thick).

the vanishing of oz x = +a¥, q_(Q, — k/2) = 0 decouples the Hamiltonian, Hy = H, + Hy, into
atomic and molecular parts, that then are straightforwardly diagonalized.
The atomic sector, H, is of standard Bogoliubov form, simplified to a 2x2 form by t; = A, = 0

inside the MSF phases, leading to the atomic excitation spectrum, that for the symmetric case of

11 = po = p is given by

o’ =V (i +|a® - k|) (G — |a® - KI), (2.119)

where &, = k?/2m — p + gam|®|*.

One key observation is that already inside the MSF phases the atomic spectrum, E%?F
(degenerate for o = 1,2 species) develops a minimum at a nonzero momentum kyin = Q, y, With
the corresponding atomic gap minimum, Egd gSan"’fm given by a value dependent on the nature of the

MSF}, tm phase.

2.5.2.1 Polar MSF,, state : g» <0

As analyzed in Sec. 2.4, the polar MSF}, phase is defined by a molecular condensate order
parameter, that can be taken to be a three-dimensional real vector, ® = u = ®,n, with n,, = \<I>p\2.

In terms of the molecular condensate density n,, ~ n/2 the atomic chemical potential for the
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symmetric case, p1 = o = i is given by

i= (i + ) = = (91 + g2)nm + 1), (2.120)

2

NN

controlled by the FR detuning, v.
For this symmetric case pu; = po = p (easily generalizable for the asymmetric, imbalanced

case), the atomic spectrum minimum is characterized by

kmin = Qpa
= amy/Nm, (2.121)
2
MSFyp, mon
Efap ™ = —p+ Gamim SR (2.122)

where in an isotropic trap the orientation of Ky, is spontaneously chosen. The MSF,-AMSF,

phase transition boundary is set by the closing of this atomic gap, and is given by

MSFp—AMSFp _ (91 + g2 — 2gam +ma®) . (2.123)

Reassuringly, this is identical to the critical detuning for this phase boundary, that we obtained in
Sec. 2.4 from the value of detuning at which the finite-momentum atomic order-parameter became
nonzero.

The diagonalization of molecular part H,, is also straightforward, and is identical to the case
of the spinor-1 condensates [84, 89, 91], with effective parameters of our physically distinct, p-wave
resonant scalar Bose gas. Substituting characteristics of the polar phase MSF,, (order parameters,

Wyt = (g1 + g2)Nm, g2 < 0, etc. from above) into H,,, we obtain

MSF L L
Hypo'? =" [ <26k +(on+ gz)nm) bl acbie + <26k + \92"m> bl buk
k

1 1
+ (2(91 + g2)nmbH,—kb||,k + §ggnmbl,,k bk + h.c.>] , (2.124)

where b i are two degenerate transverse (to Q) molecular modes. This leads to three Bogoliubov



type dispersions,

MSF 1
Byt = 5\/% + 4(g1 + g2)nmex,
o Lot g2)nm
- 2m ’
MSF 1
El," = 5,/ei+4\gglnmek,
’92’nm
~ ==k
om

MS
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(2.125)

(2.126)

(2.127)

(2.128)

where the longitudinal mode, E|| i ¥r describes the conventional molecular superfluid phase fluctu-

ations and the doubly-degenerate transverse mode, Eﬂ\_/IiFP

is the dispersion for the £ = 1 molecular

orientational spin-waves. From the second set of K — 0 expressions we read off the corresponding

phase and spin-wave velocities, given by

MSF, (91 + 92)nm
Il B om, ’
MSF,  [lg2lnm

CJ_ = om .

MSF, MSF
p p
Ea, k EJ_, k
MSF
p
Eu, k

Kk

Q%

(2.129)

(2.130)

Figure 2.15: Schematic excitation spectrum for the polar molecular superfluid, MSF;,. The doubly-
degenerate atomic spectrum (upper thin curve) exhibits a minimum gap at nonzero k, a precursor
of finite momentum atomic condensation inside the AMSF,. The molecular spectra (thick curves),
one longitudinal (lowest) and two degenerate transverse (middle) modes are of Bogoliubov type.
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2.5.2.2 Ferromagnetic MSFy,, state : g >0

Inside the ferromagnetic MSFyg,, state, the molecular condensate order parameter is given
by ® = <I>%(ﬁ, + 1), expressed in terms of an orthonormal triad, 7o x 1 = £. From the earlier
mean-field analysis, the molecular condensate density is given by n,, = |®|?> = umn/g1, leading for
the symmetric case, 1 = pus =

1
p=y (g17m + V) . (2.131)

To lowest order, the atomic spectrum inside MSFg, has identical structure as that of the MSF,

state, Eq.(2.5.2.1), but with the replacement g1 + g2 — g1 and o? — a2 /2.

kmin = Qfma
1 (2.132)
= —amy/Nm, .
V2
2
mao=n
EgéSFf‘“’a) = Ut GamTm — m (2.133)

4

The MSFy,-AMSFy, phase transition boundary is determined by the vanishing of the atomic gap,
and is given by

1
Vi\/ISFfm—AMSFfm — (gl — 2gam + 2ma2> nm, (2134)

identical to the critical detuning obtained from mean-field theory for the order parameter in Sec. 2.4.
Using above parameters characteristic of the ferromagnetic phase MSFy, inside H,,, the

molecular sector of the Hamiltonian reduces to
HMSFm ! 2 bl b L bl b Lot b
m _Z (§€k + anm) +k’+k + (§Ek + glnm) —kV-k + §€k 2 kVz.k
k

1 1
+ 591t + ggrnmbl by |, (2.135)

where

1
by = (b +ibm), (2.136)

(b — b)), (2.137)

I
S-S
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are expressed in terms of operators b,, b,,, that are components of b along n, 1™, respectively.

Diagonalization of above Hamiltonian then gives the following spectrum

EMSFtm - — lek:ki (2.138)
2k 2 4m’
1
BT = 5k + 2027, (2.139)
1
Eﬁmm - 5,/e§+4glnmek, (2.140)
ginm
~ i 2.141
Syl (2.141)

where the Bogoliubov sound speed is given by cusr,,, = \/m

We note that despite a three-dimensional coset space, SO(3) characterizing MSFy,, only two
modes (linear and quadratic in k) exhibit a spectrum that vanishes in & — 0 limit. The spectrum
EgiFfm, is that of a conventional Bogoliubov superfluid phase, here associated with the U(1) broken
gauge symmetry of the molecular condensate. The quadratic in k& gapless spectrum is that of the

ferromagnetic spin-waves, where the two components of the spinor are canonically conjugate and

as a result combine into a single low-frequency mode.

Eex

MSF
Efk ™ EMSFin
a, k
Eyl Skam
‘ k
Qfm

Figure 2.16: Schematic Excitation spectrum for the ferromagnetic molecular superfluid, MSF4¢,.
The doubly-degenerate atomic spectrum (thin curves) exhibits a minimum gap at nonzero k, a
precursor of finite momentum atomic condensation. The molecular spectrum (thick curves), consists
of a longitudinal gapless quadratic ferromagnetic spin-wave mode (lowest), a Bogoliubov sound
mode and a quadratic gapped mode.
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2.5.3 AMSF phases

To obtain the spectrum inside the AMSF phases requires a solution of the fully general
Hamiltonian, Hy, Eq. (2.92). Because in this superfluid state all atomic and molecular modes are
coupled, a direct BdG analysis generically involves a diagonalization of a 10 x 10 Bogoliubov matrix.
This can be done numerically. However, instead, below we take a complementary coherent-state
path-integral approach, that allows us to obtain the modes and dispersions analytically, leading to
more insight into their structure. Using the formulation of the problem introduced in Sec. 2.2.0.2, we
analyze the low-energy fluctuations in the AMSF states using the coherent-state Lagrangian density,
LYo, ¢ = Lyurr[Ve, @] + L, Eq. (2.2.0.2), where Lypr[¥e, @] is the mean-field Lagrangian
defining the AMSF phase and 6L is the Lagrangian density of the quadratic fluctuations. To
obtain 6L we expand the atomic and molecular bosonic fields v),, ¢ about their mean-field values

(for clarity of notation in this section we choose to use p instead of n of the previous sections, where

Po = Na/2, Pm = Nm, and ps = n)

Ve = +/pgelrTiQor (2.142)
¢ = pmpe', (2.143)

where Q, = £Q for ¢ = 1,2, respectively, pp, = pmo + dpm and p, = po + dp, are the molecular
and atomic densities, with the mean-field values p,o0 = |®|?, po = |¥,|?, and, based on Eq. (2.60)
with latter o-independent in the AMSF phase. In addition to the density fluctuations dp,, dp,,
and two atomic and one molecular superfluid phases, 6,, ¢, the molecular Goldstone modes are
characterized by a unit-vector (,‘Z), whose form depends on the polar or ferromagnetic nature of the

AMSF state

ASS
I

n, for polar AMSF,, (2.144)

1
= —(n+1im), for ferromagnetic AMSFg,,.

S

(2.145)
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Substituting these parametrizations of the atomic and molecular fields into the Lagrangian, Eq. (2.28),

we obtain 6L that controls fluctuations in the AMSF phases.

2.5.3.1 polar AMSF,
Focusing first on the polar state, with ¢ = /pne®, we find
0Ly = poli0ly — tio) + 27 (V05 + Qu)? + pinliDrp = i) + 27 (Vip)? 4 1 (T)?
P 2m 7 4m 4m
A
m - (VO — Vo + 2 — 61— 0 Vpo)? Vom)? + =2 p?
a/pmp1pz 1o+ (Vo 5 +2Q) cos(p — b1 — 62) + Smpg( Po)” + 16mpm< pm)”+ 5 Ps
120102 + Gam(p1 + p2)pm + %pzn — LyET[p0s Pmo, T, Q) (2.146)
i0p40:0+ + P2 (V0,)2 +idp_0.0_ + L2VO_ + Q)%+ i6pmdrp + L0V )2 4 Lm0 (w2
m m 4m 4m

2ap0/pmo - (VO_ + Q) cos(¢p — 20)

1 2 2
T6mp, (Vpi)™ + (Vp-)" +

A A A
(Vom)* + 7005 + 5007 + T”(dpi —6p%)

16mpo 16mpmo

JamOp+0pm + g‘sp?na

(2.147)
where g = g1 + g2, A = A1 = Ag for simplicity, and
0. — é(el L 0y), (2.148)
0p+ = 0Op1 £ 0pa, (2.149)
po= 5l (2150)
o= ln - ), (2151)
Q = amypmoho. (2.152)

In the second form, Eq. (2.147), we expanded the Lagrangian about its mean-field value Lypr

to quadratic order in fluctuations, 0., ¥, dps,dpm, and neglected the constant and subdominant

contributions, that are negligible at long scales and low energies. We note that as usual, the

linear terms in dL,, Eq. (2.147) vanish identically, enforced by the saddle-point equations for the

condensates, p_g, pmo, and Q.
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Examining the last form of 0L, it is clear that important simplifications take place at long
scales. In particular, the Feshbach resonant (Josephson-like) coupling, —acos(¢ — 26,) between
the closed-channel molecules and atoms (that is always relevant in three dimensions and therefore

acts like a “mass”) locks their phases together, at low energies giving:

=20, (2.153)

Integrating ¢ out and completing the square for the VO_ + Q and n, to lowest order then gives

5Ly =i(Sps +2060m)0:0+ + Z2(V0,)” + ibp_0,0- + LU(VE_ +Q — amypgn)® + B (V)?
1 2 2 1 2 A 2 A 2 >‘12 2 2
_ —_ m -0 —0p° + —=(6p°. — dp~
+ 16mp0(Vp+) + 16mp0(Vp )"+ 16mpm0(Vp )7+ 7003+ 0p7 + == (0p% — 6p7)
+ Gam0p+0pm + gépgna (2.154)
. Ps0 2, . Po L2 Pm0 xga\2
=i(0py + 20pm)0-04 + E(VGJF) +idp_0-0_ + E(Vﬁ, — amy/pmodn)” + m(Vn)
1 2 2 1 2 A 2 A 2 )‘12 2 2
(V)2 + 26 - Sp2 — 6
16mPO(Vm) + 16mp0(Vp )°+ 16mpm0(Vp )"+ 0Py + 4 0pZ + —=(9py —0p7)
+ Gam0p+0pm + gépiw (2.155)

1
%(Wﬁ +i0p_0-0_ + %(829_)2 + ——(VV .0 )?

:7‘(6:04- + 2(5Pm)870+ + 4m3a2

1 A A A
(Vo )2+ ———(Vpm)? + 5003 + Z6p2 + Z2(6p3 — 0p%)
1 1 1

Vo )2
(Vpe)"+ 16mpg 16mpmo

+ 16mpg

+ GamOp+0pm + %5/)%17 (2.156)

where

Pso0 = pPo+ Pmo, (2157)

~

Q, (2.158)

'8
Il

and in the second form, Eq. (2.155) we used the minimum value of Q, Eq. (2.152) characterizing
the AMSF,, phase, that leads to a minimal-like coupling between V6#_ and dn, latter transverse

(L) to ng and Q. Subsequently, to obtain our final expression, we integrated out dn, that to lowest
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order via a Higgs-like mechanism introduced a low-energy constraint

R 2.159
on am\/p%VLH s ( )
- Lty (2.160)

Q
Using it inside the (V72)? term, then leads to a quantum smectic-like “elasticity” for the §_ Goldstone
mode, with 2 chosen to lie along Q, i.e., 2 = Q This smectic dispersion is expected based on
the underlying rotational symmetry, that is spontaneously broken by the periodic AMSF,, state.
It is closely related to other periodic superfluids, such as, for example the Fulde-Ferrell-Larkin-
Ovchinnikov pair-density wave states [8, 9, 109, 110].
As a final step we now integrate out the densities dp4 fluctuations, obtaining at long scales

(where Vp4 can be neglected) our final form for the Goldstone mode Lagrangian in the AMSF,,

state:
1 2 | PsO 2 1 2, PO 2 1 29 \2
0Lp = ox+(0:04)" + = (VO1)" + ox-(0:0-)" + —(0:0-)" + 55 (V16-)7, (2.161)
where the compressibilities are given by
2
_ = 2.162
X FEwe (2.162)
4 —4 am
o = S0+ dem (2.163)
9+9 — 9am

with g4 = L(A + A12).

Thus, the in-phase and out-of-phase Goldstone modes are characterized by dispersions:

W+p(k) = C+k, (2164)
w_pk) = \/(Bk'g—i—Kk:‘i)/X,, (2.165)
with defined parameters
2ps
ey = o)L (2.166)
X+m
B = (2.167)
m
1
K = ——. (2.168)

2m3a2
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The linear wy (k) dispersion of the superfluid phase 6 is the expected Bogoliubov mode corre-
sponding to the superfluid order. The anisotropic smectic-like dispersion of the “phonon” 6_ is
a reflection of the uniaxial finite-momentum order in the AMSF,, state, akin to the Fulde-Ferrell

superconductor[8, 110].

N>

Figure 2.17: The diagram defining various vectors appearing in Eq. (2.169). V = 7ucos(¢ — 26,) —
msin(p — 2604), while ¢ — 260, is measured relative to n axis and g is measured relative to 2.

2.5.3.2 ferromagnetic AMSFy,,

The analysis for the ferromagnetic AMSFy,, phase is very similar, with only a single mod-

ification of the MSFg, order parameter, given instead by ¢ in Eq. (2.145). The corresponding
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fluctuations Lagrangian density is given by:

Lo ~idpy 0,0, + 2 (V9+) +idp_0,0_ + @(Va_ + Q)2+ i6pmOr (@ — @) + ipmots - Driit

+ 570w )? + 20 (V) + 20 (Vi) +

2
4dm 8m 8m (Vo)

16mpm0
— V20p0y/pmo (VO + Q) - [fucos(p — 2604) — mhusin(p — 26, )]

1 A A A2
P (Vp_)*+ (5p++ Zop? +—(5p+—5p )
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(Vo)™ + 6mpo

16mp0

+ gam(Ser(spm + %5p3na (2169)

X 1 ’
~i(0p+ + 20pm)0-04+ + P 0(V¢9+) +i0p_0-0_ + — <V9 - Eam\/pm 5n>

PmOo Pm0 A \2 2
on - 0r v —(V v
T 8pmodn - Ot + g 8m ( n) + 8m (V)™ + 16mp0( P+ 16mpq

(Vp-)?

1
T T6mpmo

A A A12
(me) + (5p+ + 6 2 -+ 7(6P+ 5p2—) + gam6p+6pm + %(SP%, (2'170)

where to get the second form we performed a gauge transformation to absorb the n — m planar
rotations angle m - 9;n = 0-pp into J,;¢ and to simplify the Feshbach resonance term, as well as
subsequently integrated out ¢, completed the square into a minimal-like coupling for V6_, and

chose Q = am,,/250n

T, similar to the polar state analysis of the previous subsection.
Integrating out dn, with the effective minimal-coupling constraint, Eq. (2.160) and the con-

straint on the in-plane (nn — 1) component of dm
n-dm = —m-din, (2.171)
at long scales we find

OLin A~ i(0ps +2060m)0,0+ + Z2(VOL)” + ibp_0,0- + L2(9.6) + (VV.10)

Am3a2

1 \/2pm Pmo 2 1 1 2
Vo.0_ O0y0_07y \Y v _
+ ( )2 + o +gm (V) +16mp0( pi)? +16mpO(Vp )

4m3 2
1 A A A2 9 g1 o
+ 16mpmo (me) + 5P+ + 5p + — ((5p+ (5,0_) + Gam0p+0pm + 5 5pm, (2'172)
1 o 1 1
= (@87 + (VO xf(fmf B0+ KV + LKy (Vo,0)?

1
+ kD00 + §J(V’y)2, (2.173)
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where we used [V (6m)]2 = [V (7 - 0m)]2 + [V (£ - 6m1)]2, introduced couplings

V2Pm
ko= YEPmo (2.174)
am
1
1
Pm0 2
= M _ K 2.1
J ™ yQ7 (2.177)
defined a real scalar field
v =4£- 5, (2.178)

for fluctuations of 1 outside of the n — m plane, and chose axes

& = m, (2.179)

g = 4 (2.180)

We note that the Goldstone-modes action, Eq. (2.5.3.2), exhibits a biaxial smectic energetics
in the smectic phonon, 6_, in addition to the xy-model energetics of the superfluid phase, ;. The
biaxiality is expected and arises due to a smectic in-plane polar (p-wave) order, characterized by
a spinor ¢g,,, with the quantization axis, £. The finite angular momentum, ¢, = +1 along ¢
distinguishes AMSFy,, from AMSF,, and leads to an additional Goldstone mode +.

A straightforward diagonalization of the above Lagrangian leads to dispersions for three

Goldstone modes inside the AMSFy,, state:

win(k) = cyik, (2.181)
wi(k) = \/[Bk:§ + k(K k2 + Ky k2)] /X, (2.182)
Jk2[BE2 + k2(K k2 + K, k2)]
7 (k) = Z i A LAY 2.1

The anisotropic w}m(k) dispersion corresponds to the ferromagnetic spin-waves in the plane
of atomic condensate phase-fronts (“smectic layers”) of the p-wave atomic-molecular condensate,
AMSF4y,, reducing to the dispersion of MSFg, in Eq. (2.5.2.2) for a vanishing smectic order, with

B =0.
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2.6 Phase Transitions

In this section, we study the quantum MSF - AMSF phase transitions beyond earlier mean-
field approximation, demonstrating that they are described by a d+1 dimensional quantum de
Gennes (Abelian Higg’s) model[100] akin to that for a normal-to-superconductor and nematic-to-
smectic-A transitions. Based on the extensive work for these systems [129, 130], in three (spatial)
dimensions (d = 3) we predict that the effective gauge-field fluctuations drive this transition first-
order. The derivation is most transparent via a coherent-state Lagrangian, Eq. (2.2.0.2),

2 2

Vv N
%_Na)wa"i‘(p '(87'_%

Mol Pl + gan (912 + o) 1617 + Tlo™ - o + L - oI

As
L = ¢§(3T— _Nm)'¢+?|w0’4

+
| R

(" - [1(—=iV)hy — o (—iV)1] + c.c.), (2.184)

working in polar representation similar to that of the previous subsection.

2.6.1 MSF,-AMSF,, polar transition

It is convenient to analyze the transition from the MSF side, where the atomic and molecular

order parameters are given by,

Vo =Vrq, €T, Q,==Q, for 0=1,2 (2.185)

¢ =/pmoe? . (2.186)
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Using these forms inside £, Eq. (2.184) and for simplicity focusing on the balanced case with

= [lo = Wb — GamPmo, We obtain

2

* * ~ 1
£ =Viadrina + v adva-a + (g ) (1l + 2-o) + 5-1V¥al

1 .
+ (MQU 0q(=iV)inq

— a/pmoe” P - (Q?/Jl,Q@Dz,—Q + % [V1,(—iV)2 _q — Y2,—q(—iV )91 ,q] > + C-C->

i pmByp + ipmodm - D, + %(V@)Q n %(Vﬁﬁ + gapzn n %p%w]dm\Q 4 Line + Lon

(2.187)

where terms linear in fields vanish by virtue of the saddle point equations. The contribution L£gf

is the mean-field part analyzed in Sec. 2.4 and Lj, is the higher order terms. Defining

£Q = ;i — I, (2.188)
Aq = ay/pmon - Q, (2.189)
and introducing atomic eigenfields 4
Yy = \}5(—%@ +15 _q), (2.190)
v- = —slia -+ q) (2191)

mean-field version of which was obtained in Sec. 2.4, the Lagrangian simplifies considerably to,

Ep = 1/11577,/)— + ¢+87'¢i

1 ) . 1 ) .
+ %] (—iV + Q + amy/pmon cos @) ¥y |2 + %] (=iV + Q — am/pmon cos ) ¥_ |2

. 1 .
e 5 (Q + amy/pmont cos 80)2} i ? + [6 ~ 9 (Q — amy/pmot cos ) | [y |?
+ 1ay/pmoTe - (P4 (—IV )L — L (—iV)Y_) singp
1 2 Pmo o, Lo v Pm0 oo
+ % (0-0)° + A (V) + 50 (0-n)" + i (Vn)

+ Lint + Linst, (2.192)
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where
€+ = EQ + |AQ| (2.193)

and we completed the square in £;,. It can be shown that near a critical point the sin ¢ contribution
leads to an irrelevant quartic correction to |¢)_|* and renormalization of (8H¢_)2 stiffness. Further-
more, it is clear that the canonically conjugate field ¢, (it appears as a canonical momentum for
the critical field ¢ _) remains massive at the MSF-AMSF transition, defined by the vanishing of the
coefficient of [1)_|? term, consistent with Sec. 2.4. Therefore, safely integrating out ¢, and making

a choice Q = am./pmono that minimizes the energy, leads to

_ 1 : . A 1 . M0 o i
L, =etoy-|* + %| (—iV — amy/prmodn) > + e[ + §|7¢L|4 + ng(ar’n)z + ZTT?(V’”)z

L o002 4 Pm0 g )2
+ 29(&@) + o (Ve (2.194)

with A\ = %()\1 + A2 + 2)\12), and we dropped the mean-field part and irrelevant interactions.
Thus, as anticipated on symmetry grounds, the zero-temperature MSF,-AMSF, transition

is indeed described by a quantum ((d 4+ 1)-dimensional) de Gennes model (or equivalently the

Ginzburg-Landau) Lagrangian [100], where the role of the nematic director (gauge-field) is played

by the £, = 0 quantization axis of the p-wave molecular condensate.

2.6.2 MSF;,-AMSFy,, ferromagnetic transition

Using the fields form appropriate for the ferromagnetic case

Vo =Prq, €'Y, Q,==Q, for 0=1,2 (2.195)

b = %(A + i), (2.196)
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a very similar analysis leads to

Com =ex 4 ® + e[ |2+—rvw+|2+*\vw 2+ ipmie - i+ 20 (V)2 4 270 (w2

8m 8m
v/ Pmo

+ o — i) - (0 (V) — 0 (i)

+ % : ¢i(—2v)¢+ + Q/Ji(—ZVW—) - wiaﬂb— + ¢+67—7/}t + g(5p%1 + £int + £rnsf: (2197)

= 7/}16wa + 1l)+3r¢i

1‘ (—zV—i—Q— —am~/Pmo n)

2
1 _ 1 .
+ Qm‘ (—ZV +Q+ ﬁam pmon) Yyl +

2m
tle - (@ — ) 9+ 1* + Q- [p-?
€+ m ﬁam PmoT + €— am Pmo TL (o
Pm0 Pm0 V Pmo .
+ ipmn - Orn + 8 (V) +%(Vm)2+aﬁ( ) - (PL(=iV)Yo — Py (HiV)YL)
+ gap?n + Lint + Lunst, (2.198)

where to obtain the final form we rotated n and m by —p and completed the square. Similarly
to the treatment of the polar case in the previous subsection, here it can be shown that the linear
(—im) term only leads to irrelevant quartic coupling and can therefore be neglected. Integrating

out the noncritical conjugate field ¥4, gives the final Lagrangian form
2

1 . am~/pmo - .
Ltm :€;1|67'1;Z)7|2 + Zm' —ZV - \/;05,”) (o

+e g+ rw 4 BE (VA 4 L (Vi) + ipi - O (2.199)

of the quantum de Gennes-Ginzburg-Landau form that controls the MSF¢,,-AMSFy,, transition. In
above we dropped the mean-field part and irrelevant interactions. As anticipated by symmetry, it is
distinguished from the polar case by the additional biaxial order whose fluctuations are characterized

A~

by m.

2.7 Topological Defects

Having established the nature of the ordered states, characterized by Landau order parame-

ters, and the associated Goldstone modes, we now turn to a brief discussion of the corresponding
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topological defects. As usual, these singular excitations are crucial to a complete characterization of
the states and their disordering, particularly in the case of non-meanfield (e.g., partially disordered)

states that are not uniquely characterized by a Landau order parameter.

2.7.1 Defects in ASF

As discussed in Sec.2.4, the ASF; states (with ¢ = 1,2,12) are characterized by two atomic
condensate order parameters, 1), = /pge'%. Correspondingly, as in an ordinary superfluid, because
0, are compact phase fields (6, and 0, + 27 are physically identified), in addition to their smooth
Goldstone mode configurations, there are vortex topological excitations, corresponding to nonsingle-
valued configurations of ,(r). These are defined by two corresponding integer-valued closed line

integral, enclosing a vortex line
}[ dl- Vb, = 2mp,. (2.200)
In a differential form, the line defects are equivalently encoded as
V xVl, =m, , (2.201)

with vortex line topological “charge” density given by

m,(r) = QWZ / PLti(s:)03(r — ri(si))ds; (2.202)

where s; parametrizes the i’th vortex line (or loop), r;(s;) gives its positional conformation, t;(s;)
is the local unit tangent, and vortex “charges” p’ are independent of s;, since the charge of a given

line is constant along the defect. Furthermore,
V-m(r)=0 (2.203)

enforces the condition that vortex lines cannot end in the bulk of the sample; they must either form
closed loops or extend entirely through the system.
Thus, vortices in the single-component ASF, states are characterized by a n, integer, and

in the two-component ASFjo the defects are specified by a pair of integers (p1,p2). These are
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associated with the fundamental group m of the torus U(1) ® U(1), that characterizes the low-
energy manifold of Goldstone modes of the ASFis state. It is therefore closely related to other
U(1) ® U(1) systems, such as easy-plane spinor-1 condensates [131] and two-gap superconductors,
e.g., MgBs [132].

As in conventional superfluids vortices appear in response to imposed rotation and proliferate
with enhanced quantum and thermal fluctuations, providing a complementary description of phase

transitions out of the ASF; states.

2.7.2 Defects in MSF

Because of its finite angular momentum, ¢ = 1 structure the defects in the MSF states are
somewhat more complicated. However, relying of the aforementioned relation of the MSF to the
well-explored spinor-1 condensates [79, 93, 84, 85, 90, 91], we inherit a clear characterization of
defects in the two MSF phases. As discussed in Sec. 2.4 the polar MSF, and the ferromagnetic
MSFy, states are respectively characterized by [So x Un(1)]/Z2 (the mod out by Zs corresponds
to the identification of n — —n with ¢ — ¢ + m) and SO(3) order-parameter (Goldstone modes)
manifolds. The defects are characterized by the homotopy group of the corresponding manifolds.
In the ferromagnetic MSFy, case the SO(3)=S3/Zy manifold also appears in the dipole-locked A
phase of Helium-3 with topological defects well understood [133].

The nature of defects in the polar MSF,, state was a subject of some debate, until it was
definitively resolved by Mukerjee, et al. [93]. These are characterized by elements of the homotopy
groups 7, (S2 X Un(1)/Z3) = Z. The key new feature is the appearance of a composite defect that
is a m-vortex and 7 texture where n — —n, keeping the molecular order parameter single-valued at
long scales. The consequences of this were discussed and explored through Monte Carlo simulations
by Mukerjee, et al. [93], and is quite closely related to other realizations of composite half-integer
defects [34, 36, 35, 109, 110]. We expect the MSF,, to exhibit similar phenomenology, that we do

not explore further here.
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2.7.3 Defects in AMSF

As discussed in Sec. 2.4, in addition to the molecular condensate ¢, the two AMSF states
are characterized by a finite momentum two-component atomic condensate order parameter, with

a nonzero amplitude
V.o = e WU+ T g (2.204)

and a vanishing amplitude ¥4 = 0, Eq. (2.55). The latter is consistent with the locking of the atomic
condensate phase 6. = %(91 +05) to a molecular superfluid phase ¢/2, imposed by the FR coupling,
Eq. (2.5.3.1). It also locks the atomic condensate magnitudes to be equal, |V q| = |V2 _q-

Using the phase representation, the atomic condensate order parameter reduces to
U_ o~ e 2 cos(0, — ¢/2). (2.205)

From this form it is clear that, as a conventional superfluid, the AMSF admits 2w-vortices in

0_ = %(91 —63), and ¢ = 0, corresponding to a 27 “spin”-vortex,
O0_(r) = 0i(r)=—0s(r), (2.206)
= 6, 2r “spin”-vortex, (2.207)

with equal counter-propagating (atomic species 1 and 2) currents, and a vanishing “charge”-(atomic
number) current. Above, 6 is a polar coordinate angle.

Another type of a defect is topologically equivalent to a 27-vortex in 64 (r),

0,(r) = 01(r) = 0(r), (2.208)

= 60, 2r “charge’-vortex, (2.209)

with equal co-propagating (atomic species 1 and 2) currents, and a vanishing “spin”-current. How-

ever, as is clear from the Feshbach interaction form in Eq. (2.147)

5»CFBR ~ COS(QO—QQ.,.), (2.210)
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for vortex-free molecular order parameter (e.g. ¢ = 0), inside the AMSF phase the “charge”-vortex
27 winding and currents are confined to a domain wall whose thickness is set by the ratio of the
superfluid stiffness and FR coupling «, on the order of 1/Q. As a result of this current confinement
the energy of such domain-wall scales linearly in 2d and as a surface in 3d. Consequently, such +27
“charge”-vortices are confined into neutral pairs inside the AMSF phase. However, in the presence
of a molecular 47-vortex, with ¢(r) = 20, (r) = 20 no domain wall appears and a conventional +27
“charge”-vortices can deconfine.

Finally, as with other analogous physical systems [109, 110], the product form of the atomic
condensate order parameter, U_, Eq. (2.204) admits composite defects with half-integer topological
charge. These are characterized by a bound state of a 7-“spin” and +m-“charge” vortices, with latter
(as above) confined by FR interaction into a -7 domain-wall. A simplest (topologically faithful)

realization of this is a vortex only in one (but not both) atomic species,

0, (r) = 0_(r) = %el(w = 30, (1) =0,

(+7) — (4) vortex domain-wall, (2.211)
1 1
0,(6) = —0_(x) = 0a(x) = 2. 61(x) =0,
(—m) — (+m) vortex domain-wall. (2.212)

Again, in the presence of a +27 molecular vortex, ¢(r) = %6, the m-“spin”, m-“charge” composite
vortex, _(r) = £0,(r) = g no longer exhibits a domain wall, since ¢ — 264 = 27p. It is therefore
not confined inside the AMSF state.

Clearly, out of above six types of defects, the 27-“spin” vortex is least energetically costly,
because it does not involve a “charge” domain-wall in 6, nor requires an additional molecular
vortex. On the other hand it is the two half-integer vortex domain-wall defects that are the
elementary ones. This therefore opens up a possibility of unconventional nonsuperfluid states in

the two-species p-wave resonant Bose systems, driven by unbinding of composite topological defects,

like the 2m-“spin” vortex. We leave the discussion of the resulting states to future work.
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Figure 2.18: (a) 27 “spin” vortex with equal counter-propagating atomic currents, ji, j2. (b) 27
“charge” vortex with equal co-propagating currents, confined to a domain wall (grey area), of width
¢ ~ 1/Q, with atomic order parameter suppressed. In the presence of a molecular 47-vortex domain
wall is no longer required, and the “charge” vortex is deconfined.

2.8 Local Density Approximation

Because the primary experimental application of our predictions is to degenerate atomic
gases it is important to extend our analysis to include the trapping potential V(r), that in a typical
experiment is well-approximated by a harmonic potential. A full analysis of the effect of the trap
is beyond the scope of this manuscript, and here we will limit our treatment to a local density
approximation (LDA).

Closely related to the WKB approximation [112], LDA amounts to the bulk system pre-
dictions, but with the chemical potential replaced by an effective local chemical potential u(r) =
w — Vi(r). The validity of the LDA relies on the smoothness of the trap potential, with the cri-
terion that Vi(r) varies slowly on the scale of the longest physical length A in the problem, i.e.,
(A/Vi(r))dVy(r)/dr < 1. Tts accuracy can be equivalently controlled by a ratio of the single-particle
trap level spacing 0 E to the smallest characteristic energy F. of the studied phenomenon (e.g, the
chemical potential, condensation energy, etc.), by requiring 6 E/E. < 1. For our system the longest
natural length scale is the period 27/Q, Eq. (2.1) of the finite-momentum atomic condensate inside
the AMSF state. Thus, away from the AMSF-ASF phase boundary, where @ vanishes (see Fig. 2.2),

we expect an LDA treatment of the effects of the trap to be trustworthy.
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(a) (b)

Figure 2.19: m — 7 vortex in a = 0 limit. (a) In §; — 6 representation; black (grey) arrows indicate
01 (62). (b) In 6, — O_ representation, the pair of arrows indicate 6, and #_, while wavy line
indicates a domain wall. For a@ # 0, the Feshbach resonance coupling “squeezes” the 6, m-vortex
textures into a domain wall of width £ ~ 1/@Q. In the presence of an additional molecular 27 vortex,
the domain wall is absent and the composite defect is deconfined.

A generalization of a resonant Bose gas model, Eq. (2.9) to include a trap is straightforward,
accounted for by the additional Hamiltonian density

Hiap = Vi@)Vis +2Vi(r)o' - ¢, (2.213)

o=1,2

with H — H + Hirap- In above, for simplicity we specialized to an atomic species-independent
trapping potential, and approximated the closed-channel molecular trapping potential by twice the
atomic one, valid for the interaction range 7o (typically less than 50;&) much smaller than the cloud
size R (typically larger than a micron).

Henceforth, to be concrete, we shall focus on an isotropic harmonic trap (although this

simplification can easily be relaxed) with

1
Vi(r) = Emwfra (2.214)
= g (2.215)

latter expression defining the cloud size R. Within LDA, locally the system is taken to be well-

approximated as uniform, but with a local chemical potential given by

1
ulr) = u—imwter, (2.216)

_ . (1 _ ;Z) 7 (2.217)
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where p is the true chemical potential (a Lagrange multiplier) enforcing the total atom number N.

The spatially-varying species 1 and 2 chemical potentials are then given by:

pi(r) = wp(r)+h, (2.218)

pa(r) = p(r)—h, (2.219)

Figure 2.20: N,v,T dependent cuts through the bulk phase diagram with increasing radial position
r through the atomic cloud. Stars indicate system’s parameters (local chemical potentials g, fm)
at the trap center.

Consequently, within LDA the system’s energy density is approximated by that of a uniform
bulk system, Eq. (2.29), with the spatial dependence entering only through u(r). The ground
state energy is then simply a volume integral of this energy density. Thus, the phase behavior
of a uniform system as a function of the chemical potential, u, translates into a spatial cloud
profile through p(r), with the critical phase boundaries p. corresponding to critical radii defined
by pe = p(re, h) [104, 105]. As predicted [134, 104] and observed [10, 135, 136, 137, 138] in other
systems this leads to a shell-like cloud structure “imaging” of the bulk phase diagram as illustrated

in Fig. 2.20.
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Applying this LDA analysis to our system leads to a prediction of rich, magnetic field, atom
number, and temperature tunable shell structures in a p-wave resonant Bose gas, schematically
illustrated in Fig. 2.21. For a range of atom number, detuning, and temperature admitting the
AMSF phase, we expect a cloud shell with an r-dependent atomic condensate wavevector ¢(r),

given by

q(r) = amy/np(r), (2.220)

2
/ r
qor/ 1 — R for rysp < 7 < TASF, (2.221)

where mysr (T, N,v) and rasp (7T, N, v) are the boundaries of the AMSF shell.

%

2.9 Summary and Conclusions

To summarize, we studied a degenerate gas of two-species bosonic atoms interacting through
a p-wave Feshbach resonance, as realized for example in a *Rb-8"Rb mixture. We mapped out the
corresponding phase diagram and thermodynamic properties of the phases as a function of temper-
ature, atom number and Feshbach-resonance detuning, and analyzed the nature of corresponding
phase transitions. We showed that at intermediate detuning such atomic quantum gas generically
exhibits an atomic-molecular superfluid (AMSF) state with atoms condensed at a finite tunable
momentum Q(v) along a direction set by the angular momentum axis of the molecular condensate.
This AMSF state undergoes quantum phase transitions described by a quantum de Gennes model
into a molecular p-wave (orbital spinor-1) superfluid (MSF) and into an s-wave atomic superfluid
(ASF) at large negative and positive detunings, respectively. A magnetic field can be used to tune
the modulation wavevector of the AMSF between zero and a value set by interactions as well as to

drive quantum phase transitions in this rich system.
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Figure 2.21: Schematic illustration of the shell structure expected in the p-wave resonant atomic
cloud, corresponding to the phase diagram cuts in Fig. 2.20.



Chapter 3

Finite momentum phase of Fe, ,Te

3.1 Introduction

3.1.1 Iron-based superconductors and magnetism

Initiated by Hosono and co-worker’s discovery of iron-based high-temperature superconduc-
tivity in fluorine-doped LaOFeAs [6], there have been tremendous research activity and develop-
ments in the area of iron-based superconductors. While searching for higher transition temperature
and its mechanism, many classes of materials were discovered and analyzed extensively, theoreti-
cally and experimentally [7]. The most well-known materials are the 1111 (such as LaOFeAs) and
122 (such as BaFeaAsy) compounds, conventionally referred to as FeAs materials.

These iron pnictides exhibit many interesting features that have attracted considerable at-
tention [7]. Their phase diagram exhibits similarities to that of cuprate superconductors, with the
pairing mechanism that is believed to be unconventional (i.e., non-phonon mediated). Concomitant
with this is the superconducting order parameter that is predicted to be (with some experimental
evidence [40, 41, 42]). of an unconventional, extended (s;4 and s+, alternating sign around the
Brillouin zone but fully gapped on the Fermi pockets) s-wave type. Angle resolved photoemis-
sion spectroscopy (ARPES) and inelastic neutron scattering (INS) studies suggest that the nesting

1

along (7,0) axis * accompanied by the spin density wave (SDW) plays a central role for mediating

! We use a 2d convention for the reciprocal lattice vector ¢ = (qa, ) with the coordinate system in terms X,Y
coordinates (diagonals a, b of the original square lattice), and the ¢. = m/2 component implied. For the bi-collinear
state, it is given by (m,0), that is equivalent to the ¢’ = (7/2,7/2) in the original zy square lattice coordinate system.
In terms of reciprocal lattice unit notations used by experimentalists, this is given by ¢ = [1/2,0,1/2].
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superconducting mechanism.

More recently discovered, the so-called 11 materials (e.g. FeSe and FeTe based compounds)
also show superconductivity with doping of sulfur or selenium. Their simpler structures, with no
atoms at the interplanar layer is hoped to be present a simpler challenge of uncovering the nature
of the pairing mechanism, but still to shed light more generally on iron-based and other strongly
correlated superconductors.

With magnetism believed to be central to high temperature superconductivity and interest-
ing in its own right, much attention has also recently turned to magnetic parent compounds, such
as the self-doped Fej,Te [45, 46, 47, 48, 49, 50]. It is observed to exhibit a number of novel
characteristics. The most interesting of these is an unconventional bi-collinear planar magnetic
state, with a commensurate, planar spin-spiral order characterized by (7/2,7/2) wavevector in the
orthorhombic ab-plane [45]. A first-order magnetic transition to this state at 67.5K is accompanied
by a structural transition to an orthorhombic (with slight monoclinicity) state [46]. At low temper-
ature the magnetic order also undergoes a commensurate to incommensurate (CI) spiral transition
with iron doping at y ~ 0.12, with low doping corresponding to the commensurate phase [139].

Measurement of the Curie-Weiss susceptibility with a large magnetic moment of order 2up [46]
and no Fermi surface nesting observed in DFT [47] and ARPES [48] suggest that (despite its metallic
nature) a local moment description may be sufficient to capture magnetism in Fej,Te compounds.
This is supported by first-principles electron structure calculations that observe the formation of the
iron local moments [52, 53]. There have also been a few analytical and first-principle studies based
on the local moment description [49, 50, 51, 52, 53]. Turner et al. [49] assumed that the electrons
are localized and the structural transition is driven by an orbital ordering resulting from Jahn-
Teller coupling. Their model consists of super-exchange and double exchange interactions, which
together favor an incommensurate (nearly bi-collinear) state, as well as a spin-lattice interaction
driven biquadratic exchange which favors the commensurate bi-collinear state. Fang et al. [50] also
developed a local spin model with a relatively complicated exchange interaction. They obtained

a rich phase diagram which includes, the two relevant phases observed in Feii,Te. Yin et al. [51]
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unified the two pictures based on itinerant electrons and localized spin in Fejy,Te in analogy
with manganites [140]. They pointed out the sensitive competition between the superexchange
and orbital-degenerate double-exchange ferromagnetism, finding several collinear states including
the bi-collinear spin state. Although these models are successful in capturing the bi-collinear and
incommensurate spin-spiral states observed in FeTe, their underlying spin-rotational invariance
predicts gapless spinwaves, at odds with experimental observations [141, 142] of gapped spectrum
in the commensurate bi-collinear state that appears for y < 0.12.

The main motivation for our study is the recent inelastic neutron scattering experiments by
Parshall et al. [143] on a y = 0.08 Fe;4,Te sample. These experiments have observed an incom-
mensurate inelastic peak (at g3 = [0.45,0,0.5]) in the dynamic structure function that precipitously
shifts to a commensurate position (at go = [1/2,0,1/2]) below the transition at Ty = 67.5K to the
bi-collinear magnetic state.

We also aim to understand and model the aforementioned earlier finding of a transition
as a function of increasing Fe doping from the commensurate bi-collinear to the incommensurate
spin-spiral state at y. = 0.12.

The rest of the paper is organized as follows. We conclude the Introduction with the summary
of our main results and their experimental implications. In Section II, we introduce a microscopic
model that is an extension of that in Ref. [49], incorporating a key new ingredient of single-ion
anisotropy and omitting the superfluous biquadratic exchange. We use it to compute the low-
energy magnetic excitation spectrum and to derive the hydrodynamic theory in Section III. We use
the latter to map out the temperature-doping phase diagram in Section IV, and to compute the
static and dynamic structure functions in the context of recent experiments in the paramagnetic
and magnetically ordered phases in Section V. We conclude the paper in Section VI with a summary

and discussion of our predictions.

3.1.2 Summary of results

Before turning to the detailed analysis of the system, we outline the main results of our work.



75

Motivated by experimental observations [45, 46, 139, 143], we introduce an exchange model
for Fei4,Te that primarily builds on studies by Turner et al.’s [49], supplementing their model with

single-ion easy-plane orthorhombic anisotropy

Hani = Y Das [(S7)? = (S1?] (3.1)

and omitting their biquadratic exchange that we believe is unnecessary to capture FeTe phenomenol-
ogy. Here Sf b are the spin component along a and b axes at ¢th site and Dy is the orthorhombic
anisotropy coefficient arising below the structural transition.

To model the single-ion anisotropy in Eq. (3.1), we also study a magneto-elastic Landau
model, where magnetic order and orthorhombic strain are coupled. Through the analysis of this
model we predict a generic phase diagram, illustrated in Fig. 3.6, that exhibits a variety of phases,
such as: (1) tetrahedral paramagnet, (2) orthorhombic paramagnet, (3) orthorhombic commensu-

rate (bi-collinear), and (4) orthorhombic incommensurate planar spiral states.
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Figure 3.1: The schematic global phase diagram of Fei;,Te in 7" and y (doping) space.

Hani explicitly breaks the spin rotational symmetry (present in Ref. [49, 50, 51]) and leads to
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a gapped spin-wave excitation spectrum in the bi-collinear (commensurate) state and gapless one

in the incommensurate spiral state,

€r. =\/cak2 + ok} + c k2 + D? (3.2a)

ab’

€if =1/cak2 + cpk? + c;k2, (3.2b)

that we derive within the Holstein-Primakoff analysis. These are consistent with experimental
observations [139, 141, 142, 143]. The parameters appearing in the above spectra are given in
Eq. (3.27).

We use this microscopic model to derive a hydrodynamic theory, from which we compute
the corresponding dynamic structure function. Utilizing hydrodynamic description, we also com-
pute static and dynamic structure functions on the approach to the magnetically ordered states,
respectively given by Eq. (3.85), (3.98) illustrated in Figs. 3.11, 3.12. The pole of the later in the
ordered state (calculated in Sec. 3.5) also gives the spectrum Eq. 3.2. Consistent with experimental
finding by Parshall et al. [143], upon lowering of temperature it displays an inelastic peak shift from
incommensurate ¢; to commensurate gy value (see Fig. 3.11, 3.12).

For a range of parameters the model admits a direct first-order transition from a tetrahedral
paramagnet to orthorhombic commensurate bi-collinear spiral, as observed in Fey;,Te. However,
it also allows a more generic range of possibilities of continuous transitions through intermediate
phases as seen in FeAs materials [144].

Finally, at low 7" in the ordered state, we show that the system exhibits a commensurate-
to-incommensurate spin-spiral transition controlled by the Pokrovsky-Talapov model [145]. We
compute the corresponding static structure function, whose peak shifts from commensurate to
incommensurate value as domain-walls proliferate at y. = 0.12. As illustrated in Fig 3.7, just above

the transition, the dilute gas of domain-walls also induces higher harmonic peaks given by

Felt) = Y 500k = a0 — g = 27/ ) (33)

with the amplitude peaks at low T' given universally a sequence 4/(2p + 1), where qo is a commen-

surate wavevector.
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Having summarized the results of our study, we next turn to the detailed description of our

model.

3.2 Model of FeTe

3.2.1 Microscopic model
3.2.1.1 Orbitals, exchange interaction, and single-ion anisotropy

Our microscopic model for Fejy,Te is based on the local S = 1 exchange model introduced
by Turner et al. [49]. Although FeTe compounds are metallic, we assume that the magnetism in
Feq4,Te is described by localized electrons with spin S = 1 due to the local moment features of
iron telluride alluded to in the Introduction. The main difference between our model and that of
Ref. [49] is our introduction of the single-ion anisotropy that explicitly breaks spin-rotational sym-
metry, consistent with the orthorhombic low-temperature crystal structure, spin-orbit interaction
and the observed gapped spinwave spectrum in the bi-collinear (commensurate spiral) state. Mi-
croscopically, the transition to orthorhombic state can be argued to be associated with the orbital
ordering via Jahn-Teller coupling [49]. However, here we capture it more simply, phenomenologi-
cally through a magnetoelastic coupling, that we analyze in Sec. 3.2.3. Also in contrast to Ref. [49],
we neglect the biquadratic exchange, that furthermore we believe is not necessary to capture the
FeTe phenomenology.

At low temperatures, Fej,Te distorts from a tetragonal to a weakly monoclinic structure
for small Fe doping and to an orthorhombic structure for large Fe doping. Since the monoclinic
distortion is fairly weak, with 8 ~ 89.2 degrees [45], we neglect it for simplicity and take the low
temperature crystal structure to be orthorhombic. At low temperature, the degeneracy of dy,
and dyx, Fe?T orbitals of the high temperature tetragonal phase (with a = b) is lifted as indicated
in Fig. 3.2, with crystal elongated along a and compressed along b axes (a > b). As shown in
Fig. 3.2, the lower e, orbitals are both doubly occupied and the upper d,, and dx. orbitals are

singly occupied, forming a local spin moment S = 1.
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Figure 3.2: Left : Bi-collinear state with spins locked by the single-ion anisotropy to the xy-plane
along the b-axis, and exchange couplings of the model Eq. (3.5) indicated; Upper right : the electron
configuration of Fe?* in the orthorhombic phase; Lower right : the choice of coordinates.

As discussed in Ref. [49], because of the single occupancy of d,, and dx orbitals, the exchange
interaction, Jy,, along a (or equivalently X ) axis is expected to be antiferromagnetic. On the other
hand, along the b (Y') axis that is more metallic we take it to be a ferromagnetic exchange, Jop,
via a double exchange of the extra electron on the upper dy, orbital due to Fe (self-) doping. Such
ferromagnetic exchange can also arise due to the nearly 90 degree exchange path [50]. In addition
these second neighbor exchanges, Ja, and Jo, (NNN), we include an antiferromagnetic exchange J;
between nearest neighbors (NN), that for simplicity we take to be the same along x and y. The
orthorhombic single-ion anisotropy energy is allowed by symmetry and microscopically arises from

the second order contribution of the spin-orbit interaction. It is given by,
Hani = = 3 [4a(S2)? + Ay(SD)?] (3.4)
i

with S¢ = (S¥ — $Y)/v/2 and S? = (S¥ +5Y)/v/2. Aap are the orthorhombic anisotropy coefficients
which we will provide the relation to Dy, later. As discussed in Sec. 3.2.3, such contribution
naturally arises through a magnetoelastic interaction which leads the condition, A, > A, > 0 that

favors magnetic alignment along the b axis. Thus, we take the full model Hamiltonian for Fe;,Te
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to be given by

H=J1 Z S; - Sj + Jog Z S; - Sj — Jop Z S, - Sj — Z [AG(SZ“)Q + Ab(SZb)2 . (3.5)
(i) ((i5))a ({@))e i

We study its properties first microscopically in mean-field approximation together with spin-
wave analysis appropriate at low temperature inside the ordered states. We supplement this with a
hydrodynamic theory more appropriate at high temperatures, that allows us to map out the phase
diagram and to compute the dynamic structure function measured via inelastic neutron scattering

in Ref. [143].

3.2.1.2 Phase diagram and spin wave excitation

First we find the ground state of H for vanishing single-ion anisotropy, A, = A;, treating
spins classically. Straightforward calculation shows that the ground state of such H is a coplanar

spin spiral with an ordering wavevector (k1,—k1), given by

Ji
ki=— . 3.6
cos kq 5Ty (3.6)
Generically this spin spiral is incommensurate for Jy/(2J2,) < 1. When ﬁéa > 1, the ground state

is conventional (7, ) Néel state on the square lattice.

The inclusion of single-ion anisotropy raises the competition between the exchange interaction
that favors the incommensurate spin-spiral order and the commensurate spiral state with spins
aligned along the b axis for A, > A,. The commensurate wavevector can be either 7/2 or 7, but
is selected by the antiferromagnetic Jo, exchange to be close to (7/2, —7/2). Consequently, when
single-ion anisotropy dominates, it locks the spiral to the (7/2,—m/2) wavevector with collinear
magnetic order along b-axis, a state dubbed “bi-collinear”. With this ordering wavevector, the
nearest-neighbor exchange interaction J; is quenched and the two sublattices of the square lattice
effectively decouple.

Treating spin classically, we find the energy per site for the incommensurate spin-spiral order

. J12 A, + Ay
_jS = <J2a + Jop + 2J2a> 5 , (3.7)

Eic(k1, —Fk1)|

coski=
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and for the commensurate bi-collinear order
EC(TF/Q, —71'/2) =— (Jga + ng) — Ap. (3.8)

Comparing these energies, we obtain a phase diagram depicted in Fig. 3.3.

20

15

Incommensurate

0.51

Bicollinear

O_“‘\“‘\“‘\“““
8.0 0.2 0.4 0.6 0.8 1.0

(Ao=Ad)/J2a

Figure 3.3: Phase diagram of our microscopic Hamiltonian. Solid lines are phase boundary deter-
mined by comparing the classical energies.

We now turn our attention to the spin wave excitations that we study using the standard
Holstein-Primakoff analysis.
For the incommensurate spin spiral state, the classical (average) spin orientation at site

(i, i) is given by
n; = (cos(kiz; — k1y;), sin(kiz; — k1y;), 0), (3.9)

and the spin operators can be written as

Si : TALi =5 — aj.ai, (3.10&)
St =(2+in; x 2)-S; = V2Sa;, (3.10Db)
S7 =(2—in; x 2)-S; = V2S5a]. (3.10¢)

For the commensurate bi-collinear spin state, we label the two sublattices of the square lattice

as A and B as the spin state is not a proper state [146]. The spin orientations for two sublattices



81

are parametrized as follows

) a1 1
nA,i :(_)( 4 yz)/2 (2, \/§7O> , (3113)

A e (11
s — (=)@ <ﬂ’¢§’0> (3.11b)

where x; — y; is even (odd) for A (B) sublattice. We express the spin operators as

SAJ; . ’ﬁ,i =S — a;'ai, (3.12&)
Sii=(2+ina; x 2)-Sa; = V2Sa;, (3.12b)
Sas =(2—ina, x 2)-Sa; = V2Sa] (3.12¢)
and
Sp,i-fi =S — blbi, (3.13a)
St =(2+inp; x 2)-Sp; = V2Sb;, (3.13b)
Sp,; =(2 —inp; x 2) - Sp,; = V2Sb]. (3.13¢)

Plugging this parametrization into the Hamiltonian (3.5) and approximating to quadratic
order of the magnon operators, we obtain the spin-wave Hamiltonian for the incommensurate spin
spiral state,

Hic = Z eical ax + meatal | + eaxa_y + N Eio(ki, —k1)lcos ki=— 1 /(2J20) (3.14)
K

with A the number of lattice sites and

- A, + A J?
€ =S # + 2(Joq + Jo) + Tla + Ji(cos kg + cos ky) — 2Jo cos(ky + ky)
2
2
_ (cos kg — cos(ky — ky) + cos ky) (3.15)
2J24
Ao+ Ay J? Ji Ji
v =8 1 + (1 - @ Joq cos(ky — ky) + 5 1+ 5o, (cosky +cosky)|.  (3.16)

In above expressions we eliminated the spiral incommensurate wavevector k1 in favor of its optimum

value given by Eq. (3.6).
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Figure 3.4: The spin wave dispersion of the incommensurate spin spiral state for Jo, = Jop = 1,
J1 =04, A, = 0.1, A, = 0.12. Upper : the dispersion along (k, k). Lower : the dispersion along
(ka _k)

For the commensurate phase, we have

He = Z(Mkaﬂbk + mkaLbik + nkaLaik + h.c.) + ef((a;r{ak + bLbk) + NE. (g’ _ﬁ> (3.17)
k

2
with
. S A,
k=5 Joa + Ay — 5t Jop(1 — cos(kg + ky)) (3.18a)
e =J1 S (e 4 et (3.18b)
my =J1S(e" = 4 eiky) (3.18¢)
Aq
ng =S [2 + Jog cos(ky — k:y)] (3.18d)

The corresponding spin-wave dispersions are readily obtained, and as illustrated in Figs. 3.4, 3.5

are gapless for the incommensurate and gapped for commensurate bi-collinear states, respectively.

3.2.2 Effective continuum model

As we can see from the previous section, the microscopic lattice model gives us the ground
state and spin excitation spectrum of Fej,,Te consistent with its experimental studies [139, 141,
142, 143]. However, to study the low-energy fluctuations more universally and in more detail,
particularly near the continuous phase transition and beyond mean-field theory, it is convenient
to formulate the system’s description using a continuum Landau-Wilson functional, that can be

derived from the above microscopic model.
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Figure 3.5: The spin wave dispersion of the bi-collinear spin state for Jo, = Jop = 1, J1 = 0.4,
A, =0.1, Ay, = 0.3. Upper : the dispersion along (k, k). Lower : the dispersion along (—k, k).

We start from the partition function for the microscopic model, Eq. (3.5),
Z="Trexp |- JijSi-S; — BHani (3.19)
.3

with the exchange-coupling matrix J;;. Here, J;; = J1, Ja, or —Jg, when ¢j connects first neighbor
or second neighbor sites along a and b directions, respectively.
Using the Hubbard-Stratonovich transformation by introducing an auxiliary field ¢; to de-

couple the exchange interactions, we have
Z= / De's Tis Jis 93 Tpe=FHan =B E; Su-bi (3.20)
Expanding around the saddle point gives

Z= /Dq,’)exp[—Seff] (3.21)

where the effective action Seg is given by

B a
Seft = /O dr) (0-01)"

3
ij A

(@) (@)t (@9 (1 1N _ (6] ((#9)* | (&)
+<A2 At A, <Aa+Ab>_AaAb<Ab + A@))]. (3.22)

L @02 (68 _ (90’
A3 Ay A,

PP
-1
— T g

In the disordered, paramagnetic state it is sufficient to only quadratic terms with the effective

Hamiltonian,

Q& pH a)2 b)2
Ho :Z [—Ji;“b’;)ﬂ - (‘iib) - (i’j ] . (3.23)
ij



84

Let us consider the exchange term first. ng is a 2 X 2 matrix and one of the eigenvalue corresponds

Ji
2J2a

to the ground state energy, e, whose minimum is at k; = (k, —k) or (—k, k) with cosk = —
depending on the value of Hamiltonian couplings. Going to Fourier space, expanding the dispersion

in Ho around k; is straightforward and changing the basis from zy plane to ab plane using

ke, 1 -1 ks
= (3.24)
ky 1 1 ky
gives
1
Ho =5 k- &+ Dan(9; — 6}), (3.25)
where the dispersion is given by
=15 (k2 — a})? + okt 4+ 7 (3.26)
41
with
q1 =2 cos_l(—zj: ) (3.27a)
Joa (475, — J7)
Ca = 4 ) 3.27b
2(J7 + 2J2a(J2a + J2p))? (3270)
J2a(JE 4 4J2a T )
cp = , 3.27c
" T 2(J7 + 220 (Jaa + Jop))? (8.27¢)
1 1
D= 2
Aa (3.27d)
171
o = - = 2
Du =3 (- ) , (3.27¢)
2
J2a (3.27f)

:J12 + 2050 (Joa + Jop)

The vanishing of 7 controls the PM to AFM transition.
Taking the continuum limit of the single-ion anisotropy terms ins more subtle in the mag-
netically modulated spin spiral and bi-collinear states, as it oscillates and naively averages to zero.
However, for a magnetic modulation wavevector kj close to the reciprocal lattice vector of crystal

lattice, there is a tendency of the magnetically modulated state to lock to the crystal lattice.
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To capture this physics, we use Poisson summation formula to convert a summation over
lattice vector R, to integration, retaining the underlying discreteness.

1 - q
v D el =3 "5 (r — Ry) (3.28)
Ry

=

G’IL
where G, is a reciprocal vector and L is the periodicity.

Applying this to the single-ion anisotropy, we find
Hyin =D Dan ((98)? = (#0)°) (3.292)
1 TIMxq /a
=7 2 / dr Dy (7 — )€ el o0 (3.29b)

:% / drDap(? — $2)(1 + 2 cos(qoa)) (3.20¢)

where wavevector qp = i—g is the lowest reciprocal lattice vector, with ag the lattice constant along

x, axis, V' the volume of the system. We note that we only kept the lowest harmonic, with higher
ones weaker and also assumed incommensurate with the k; modulation of the magnetic order.
Combining the above analysis, we obtain the effective Hamiltonian in continuum limit up to

quadratic order,

1 .
Her = 5 > botdo + Dan(ds — ¢3) cos(qoa) (3.30)
o=a,b
where
é :40752(—82 - q%)2 - cba;j’ — 0283 +7 (3.31)
1

and we included z axis contribution from the interaction, J.S; . - S; .41, which does not crucially
contribute in the present analysis.
3.2.3 Magnetoelastic coupling for the single-ion anisotropy

We supplement our model with the magnetoelastic coupling, that provides a structural dis-

tortion mechanism for the single-ion anisotropy.
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A general elastic energy density (up to quadratic terms) with 2-dimensional square symmetry

is given by
1
Hel = 9 (K (uz, + uzy) + K12Uzatyy + 2K44u3y] (332)

where K11, K12, K44 are bulk and shear moduli and u,,s are elastic strain tensors. Anticipating
the proximity to the tetragonal to orthorhombic structural transition, it is convenient to express

He in ab coordinates, rotated by 7/4 relative to zy coordinates using matrix R,
R=— . (3.33)

The transformed strain tensor is then given by

geb — [ " | Z pyevpr — g | " | BT (3.34)
Ugh  Upd Ugy  Uyy
with

1
Uz :i(uaa + uph + 2ugp) (3.35a)

1
Uy :§(uaa + Upp — Zuab) (335b)

1
Ugy :Q(*Uaa + ’U,bb). (335C)

Using these relations inside Eq. (3.32) gives

1 1 1 1 1
Hel =3 [(2K11 + ZKH + 2K44> (U2, + uy) + <K11 + §K12 - K44> Ugaupp + (2K 11 — K1) u2,

(3.36a)

1
=3 (K1 (uhg + uiy) + Kigttaaues + Kigugy] (3.36b)

with transformed bulk and shear modulus K{,, K1, and K. For the tetragonal to orthorhombic

transition ugy # 0 and ugz; = uyy = 0. Equivalently, we take —u,q = up, = ug and ug, = 0, reducing



87

the elastic energy to

1

Hor =3 (2K uf — K{yud] (3.37a)
1

= <K{1 — 2K{2> ul (3.37b)

=Kyyu? (3.37¢)

Including elastic nonlinearities the magneto-elastic Hamiltonian is given by

B A
H = 5“32”9 + Zuiy — OéSiUiij + glgugys2 (338)

where B = 2K 44 and the elastic strain tensor U is given by
U= . (3.39)
Or equivalently in the ab coordinates, the magnetoelastic («) term coupling is given by
-1 Sa 2 2
—als, S, RUR = — QUaa(Sq)” — aupy(Sp) (3.40)
Sp
with S, 5 = %(Sm F Sy), with the Hamiltonian reducing to Then the magnetoelastic Hamiltonian

in ab coordinate becomes,

B A
H= §u§ + Zué — aup(S? — S?) + g12u3S? (3.41)

that after a structural transition to the orthorhombic state (characterized by ug > 0) leads to the

single-ion anisotropy of the previous section.

3.3 Magnetostructural transition

We now turn to a mean-field analysis of the magnetostructural transition of FeTe based on
the above Landau theory similar to Paul et al. [147].
In Fei4,Te, the structural transition from tetragonal to orthorhombic (for high doping) or

monoclinic (for low doping) is accompanied by the magnetic transition and as a result is naturally
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first order. However, in other iron pnictides the structural transition is observed to precede the
magnetic transition. As we demonstrate below, our model captures both possibilities depending on
the value of Landau parameters.

We begin with the Ginzburg-Landau free energy density, Far,,

Far =Fu + Fg + FuE, (3.42a)
RN 2, 9,14
T =yt +rpl” + Sl (3.42b)
B A
fE :Euiy + Zuiya (342C)

1 *
Fug = — 5oé(sz + gy + grat[ul,, (3.42d)

where anticipating an easy-plane anisotropy of FeTe (arising from the single-ion anisotropy in model
(3.5)), we specialized to an xy order parameter ¢ = 1), 411}, and € is given in Eq. (3.31). We take all
(phenomenological) couplings to be positive except r and B which can change sign at the structural
and magnetic transitions.

The corresponding saddle point equations are given by

0 :aﬁL (3.43a)
=) + gl PP — g ugy + o, (3.43b)
0 :%Zi; (3.43¢)
—Buy, — %a(@bQ 2 4 210l Pty + M, (3.43d)

We firstly observe that this general magnetoelastic coupling requires that a nonzero magnetic
order always induces a structural distortions as it is coupled linear to it. Thus, a tetragonal phase
with magnetic order is generically not allowed. Then, this model generically admits the following

three phases:
(1) Tetragonal paramagnet, PMr : ¢ = 0, ugy =0,

(2) Orthorhombic paramagnet, PMg : ¢ = 0 and ug, # 0



89

(3) Orthorhombic commensurate or incommensurate AFM spiral, AFMg : ¢ # 0 and ugy # 0

We now map out the corresponding phase diagram. The PMrt phase appears for B > 0 and
r > 0.

For B < 0 and r > 0, the system enters PMg state, characterized by order parameters,

Y =0 (3.44a)

(3.44D)

uxy ==

B
e

The PMt - PMo phase boundary is therefore given by B = 0 and r > 0.
On the other hand, for large B > 0, u,y = 0 is minimum of Fg, giving r = 0 as the PMr-
AFM phase boundary at large positive B. To determine the phase boundaries for smaller B > 0,

we eliminate (or equivalently integrate out) the strain ug, in favor of v, via
Q2
Usy = 7Y (3.45)
thereby obtaining an effective Landau free energy density inside PMr
2 , 1 ao? 4, 96,16
Femy 2 () tslv—3 || +§|¢| + - (3.46)

where gg = 3%. For sufficiently large positive B (such that the g > a2?/B) the PMp-AFM
transition remains continuous at r = 0. However, for B < B.(r = 0) = a?/g such that the quartic

coupling turns negative, the transition is first-order at r.(B) determined by

Fpmq (1) =0 (3.47a)
8}‘pMT
=0 3.47b
OY*  ly=yy ( )
These give

4r.
[Yol® == (3.48)

o« -

and a first-order transition boundary

1 B\?
ro(B) = <a— g) , for B>0. (3.49)
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Although this analysis is quantitatively only valid for sufficiently large B > 0, such that elastic
nonlinearities remain small, the qualitative behaviour (upturn in the r.(B) boundary and the first-
order nature of the transition) persists, as illustrated in Fig. 3.6.

In contrast, for B < 0 regime, u,, spontaneously develops a nonzero expectation value, ug.

2

For large negative B, ug is determined by balance of u3,

and uiy terms while other terms are small

in comparisons. This gives

(3.50)

Uy = —

B
A

as before and phase boundary is given by (from the saddle point equation),

B B
re(B) = ay/ T g2y for (large) B < 0 (3.51)

However for small negative B, the term linear in u,, is more dominant than uf,y term. Therefore

ug (%WP)I/ 3 and the effective free energy density is given by

1 B ra\2/3 3\ fa\4/3
Fowio =rfwf* + galul’ + 5 (3) 7 W = (3) 7 i (352)

from which we find the first order transition as in Fig. 3.6. Combining the above analysis, we obtain
the phase diagram in Fig. 3.6.
r

PMo(¢=0,U,#0) | PM+ (6=0,Ux=0)

-

.
.
.
.
’
- B

(¢#0,Uxy#0)

Figure 3.6: The global phase diagram in the reduced exchange, » and bulk modulus B plane. For
low Fe doping, experiments [45, 46, 139] suggest that the reducing temperature takes the system
across the first-order phase boundary in the positive »r — B quadrant, leading to a simultaneous
orthorhombic distortion and development of bi-collinear magnetic order.
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For low Fe doping experiments of Feq,,Te [45, 46, 139] suggest that the reducing temperature
takes the system across the first-order phase boundary in the positive »r — B quadrant of phase
diagram in Fig. 3.6. This leads to a simultaneous orthorhombic distortion and development of bi-
collinear magnetic order. In contrast, FeAs compounds which exhibit distinct continuous structural
and magnetic transitions, are accommodated by the phase diagram by a temperature path through

continuous phase boundary.

3.4 Ordered state and commensurate-incommensurate transition

Another interesting observation in the phenomenology of Feji,Te is the commensurate-
incommensurate transition in the magnetically-ordered state which is observed to take place near
ye =~ 0.12. To address this phenomenon, here we derive an effective model of the ordered state. We
then use it to demonstrate the existence of a CI transition, driven by a competition between the
exchange interaction (with preferred wavevector k1) and single-ion lattice pinning (to a wavevector
ko).

To this end we utilize the Hubbard-Stratonovich derivation of Sec. 3.2, but this time intro-
ducing two basis sublattice to capture the bi-collinear state and its low-energy deformations.

We parametrize incommensurate bi-collinear state by expanding ¢; around a commensurate
bi-collinear state, Eq. (3.11), in terms of the incommensurate (bi-collinearly) staggered magnetiza-

tion ¥
Pu(ri) = 5TV (i), (ry), (3.53)

that varies slowly on each sublattice. We therefore characterize @ by two-sublattice spirals fields
Yy, with wavevector kg = koa = 5 (& — g) = ma, where the sub-lattice index p denotes A and B.

In terms of the field 1), the quadratic part of the continuum Hamiltonian density is given by

Holgl = 3 Dy ((60)° — (W)2) + 32 Sur — cadf — Ut + cant§ (005, (354)

pn=0,1 pn=0,1

in which, ¢ = 0, 1 correspond to two sublattices A and B, respectively, and, 7, ¢, ¢p, and cqp = 2¢4ko

are given in Eq. (3.27). The new coordinates are defined as X = (z +4)/v2, Y = (z — 3)/v2 (see
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Fig. 3.2). The quartic field contribution is given by

wa4 wb4 wa2wb2 1 1 ¢z2 ¢a2 ¢b2
o[ S (L) ()

Yo (3.55)

m

The structure of the ground state is determined by the lowest eigenvalue and eigenvector
of the quadratic part of the Hamiltonian. As discussed in Sec. 3.2, in the absence of single-ion
anisotropy (i.e., in the tetragonal symmetry phase), it is given by the incommensurate bi-collinear

state that we parametrize as

4 =thoRe[(X — iV)e(@X+0x)] (3.56a)
Y =toRe[(—Y — iX)e(@XH0x)], (3.56b)

with @) determined by minimization of the lowest eigenvalue of the quadratic dispersion for D, = 0.

We find that it is given by

d
0 (e — Q%] =0 (3.57)

which gives

0= \/%37_7 (3.58)

and 0 is arbitrary Goldstone mode for D, = 0, and 1P is determined by minimization of the energy
along with quartic terms.

In terms of this representation the single-ion anisotropy part of the Hamiltonian reduces to:
Hani = —Dapyhg cos(2Q + 20) (3.59)
In the ordered state, the energy density reduces to

f==(0:0)* — gcos(20 + 2QX) (3.60)

(U= CY R

(9x9)* = KQDatp + Q7 — g cos(2¢) (3.61)

with ¢ = 0 + Qz, k = %’11/)8, g = %é(Agl + Agl)(Agl — Agl)z. This is a standard sine-Gordon

model.
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E(k)

Commensurate Incommensurate

-9

Figure 3.7: Energy (E(k)) as a function of momentum () in commensurate-incommensurate tran-
sition in ¢ representation of Eq. (3.61). Q. represents the CI transition point.
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The sine-Gordon model with a twist ) exhibits a well-known CI transition between a phase
where pinning g dominates with o = 0 and an incommensurate phase where elasticity dominates

leading to proliferation of domain walls at

Qe=—=—/=, (3.62)

of width £ = %\/% that corresponds to an incommensurate state that asymptotically gives ¢; = Q.
For @Q < @, the system is in the bi-collinear state with ¢ = —Qx/2. On the other hand when
Q@ > Q., the system becomes incommensurate state where solitons (domain-walls) proliferate with
p =0 at large ). We can analyze the static structure function of these two states in the following
way.

3.4.1 Dynamic structure function in the soliton regime

As we have demonstrated in the previous section 3.4, the commensurate-incommensurate

transition is governed by a following Hamiltonian

H :/ Bm(w)? — gcos(20 + QQX)] : (3.63)
1

—/ [Qn((vw)Q —2Q0,p) — g cos 290] ; (3.64)

where Q = ¢1 — ¢o/2 and k and g are given in Section 3.4. The model exhibits CI transition at a

_1_27g
Qe _7T§ - 71'\/; (3.65)
1 /k
522\/; (3.66)

between a commensurate state § = 0(¢ = —Qa), corresponding to a spin density wave at q = %qu

critical value of incommensurability

and an incommensurate state, where solitons (domain-walls) proliferate, at large Q asymptotically
leading to 6 = Qa(p = 0), corresponding to a spin density wave at q = g1a. The average tilt is

0(a) = qa, where q(Q) ~ 7/d = 7ns(Q), where d,ng is soliton spacing and density, respectively.

In the dilute soliton limit (close to Q.), £ < d can be taken to be zero and as can be seen from
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Fig. 3.9 d6(a) = 6(a) — ga becomes simply a linear function
d6(a) = —g(a —d/2), for 0 <z <d, (3.67)

periodically extended.

Figure 3.8: 0(z) (Elliptic integral of the second kind) displaying a train of domain walls in the
incommensurate state, just above Q., as well as the average tilted form 6(z) = gz.

At T = 0, the structure function I(k) can be straightforwardly computed

I(k) = Re / dze™kx (gig@ortif(x)=if(0)) (3.68)

— 00

In the incommensurate phase, at zero temperature

I (k) ~ Re/ dzei(za0ta)e—ikex+idh(x) (3.69)

—o0
We note that at large Q, ¢ =& Q = q1 — %qo, reducing the SDW peak from the commensurate %qo
to the incommensurate q; wavevector, and the structure function becomes a Bragg peak d-function
at q1.

For intermediate values of Q > Q., it is simply a Fourier transform of e®?®) that can be

easily taken in the above linear (saw-tooth) approximation. Let us take z = d(n + 7/27), we find

d > 2m . .
I (k) :%Rezel(éqqu)dn/o ah—el%(%qurqrfk)T*l%(T*Tf)7 (3.70)
1 u o
o~ Z o(k — 500 — ¢~ 27Tp/d)2Re/ dTe_’pT_Z%(T_”), (3.71)
0
P

4 1
~ ——qgyg—q—2 d 72
Zp:zp+15(k 500 — 4 np/d) (3.72)
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Figure 3.9: A train of domain walls in the incommensurate state, 6 = 0(z) — O(x), just above Q.,
after §(x) = gz has been subtracted.

Thus, as anticipated, just above Q. the appearance of solitons leads to higher harmonic x-ray peaks
at ¢, = 2mp/d, with the amplitude 4, =4/(2p +1).

At finite temperature, fluctuations about 6,(x) need to be included. However, because of
these fluctuations are described by an zy-model (because spatial rotational invariance is explicitly
broken), we expect that in 3d these fluctuations are finite and lead to a finite Debye-Waller factor
suppressing the amplitude of these Bragg peaks but leaving them sharp at the limit of the resolution
(or due to disorder). Generalization of this analysis to a dynamic structure function may be of
interest in comparing with inelastic neutron scattering.

We next turn our attention to the dynamic properties of Feq,Te.

3.5 Structure function for Fe;, ,Te

We now study the dynamics of Fej4,Te in the ordered bi-collinear (T' < T) and disordered
paramagnetic (7" > Ty ) states. Our main motivation is to understand the recently measured dy-
namic structure function of Fe;,Te from inelastic neutron scattering (INS) experiment by Parshall
et al. [143] focused on the regime near Ty. Studying Fe; ogTe, which shows a commensurate bi-
collinear order at lower temperature, they found that above Ty = 67.5K, the inelastic scattering
controlled by spin-wave fluctuations is peaked at an incommensurate wavevector, q;,. = [0.45, 0, 0.5]
and zero frequency (Note that we use the notation from Parshall et al. [143]). Furthermore, in the

ordered state the excitation gap near £ = 6 meV is also observed consistent with other experiments.
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With these experiments performed in a relatively higher temperature regime, i.e. near Ty, we
utilize a hydrodynamic description based on Halperin and Hohenberg’s work on the planar magnet,

extending it to spiral states of Fei4,Te and finding qualitative agreement with experiments [143].

3.5.1 Static structure function in paramagnetic state, PMg

Before turning to the calculation of the dynamic structure function, it is instructive to com-
pute the static structure function in the orthorhombic paramagnetic PMo state just above the
transition to the bi-collinear planar spiral state. We note that although in Feiy,Te this PMg
phase has not been observed (as it undergoes a direct first-order transition from PMt to AFMg),
as discussed above and illustrated in the phase diagram of Fig. 3.6, generically it is allowed and
has been observed in other materials [148, 149]. This static structure computation elucidates the
competition between the incommensurate spiral state selected by the exchange interaction and the
commensurate state imposed by the single-ion anisotropy.

Motivated by microscopic description in Sec. 3.2, we utilize an effective continuum model,
with quadratic part of the Hamiltonian density given by

Ho = Z Sy€Sy 4 Dap(S2 — S2) cos(go X) (3.73)
o=a,b,z

where the dispersion is given by

é :4%2(—82 — q%)2 — cbag — czaf + 7. (3.74)
1

As discussed in the above, for weak anisotropy, the ordering is into a coplanar spiral state ? given

by

S =Re [¢(a —ib)einX (3.75)

where q; = 2cos™!(— 2‘}; ) minimizes the exchange dispersion. The complex spiral order parameter

2 Here for simplicity we focus on single, two-sublattice spiral.



1) encodes the dominant fluctuations near Tx. In terms of it, the Hy reduces to

1 ,
Ho = Z ex|v|* + QDab(w262““X + c.c.) cos(qoX)
k

=;Zk: (w* w) -

Dgpe 19X €K P

DabeiQX ¢

where

€k =Cak? + cpk? + e k24T

Q =qo — 2q1.
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(3.76)

(3.77)

(3.78)

(3.79)

Above matrix form is easily diagonalized and, using ¢ (r) = \/% >k e’ T straightforward

analysis gives,

1

Ho =5 > [ECI P + B o ]
k
where
(L S —op | [ B by — iy
Ul kran/2 Uk Uy Uy vy Uy

The coefficients, ug and v, are given by
1 Ek— 1 Ek—
— =14+ == — /= (1= ==
Uk 2<+Ek>’ Uk 2( Ek)
where

1
Ek+ :§(€k+qTA + E—k—&-qTA)

Ek =4/ 812(7 + ng

Ef =Ek+ + Ek.

Expressing Sk in terms of these normal modes

1o s
_ - +x* —* * +x _ —*
Sk = (Uk+%°wk+%0 T “k+%¢k+q70 T “kf%wk_%o Uk*%wk—%})'

2

(3.80)

(3.81)

(3.82)

(3.83a)
(3.83b)

(3.83¢)

(3.84)



99

N 1O
N lOF

Figure 3.10: The spectra showing two shifted parabolas hybridized weakly (in proportion to D)
at their crossings.
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[(K)

ql qO

Figure 3.11: The static structure function where the shift of peaks from incommensurate wavevector
¢1 (red line) to commensurate wavevector gg/2 (blue line) are shown. The dashed lines are the value
in between. The plot is drawn in arbitrary unit.

and using equipartition for the correlation function of the normal modes in the PM state, we obtain

the static structure function for T > T

Ik(k:) :<SZS/§> (3.85&)
kT ‘”k+q70‘2 |uk+%0‘2 |Uk—‘170|2 |Uk_‘170|2 (3.85b)
2 E;+q—0 E1:+q—0 Elj—@ By a0 '
L 2 2 2 2
kT €(kad0y,9A €_(k_90y,9A
A P s ke S s (3.85¢)
4 | Ef wE a  Ef wB
| k+5 kg k-3 k=3
3.5.2 Dynamic structure function in paramagnetic state, PMg

We now turn to the computation of the dynamic structure function, first focusing on the

paramagnetic state. Because the primary experiments [143] of our interest is corresponding to high

temperature, we utilize a classical hydrodynamic description [150]. Standard symmetry arguments,

together with nontrivial spin commutation relations lead to a model E hydrodynamics, described

by Langevin equation,

g =

A

- im% +¢ (3.86)

om :AVQ% + I'lm <¢* 5%) + Cm (3.87)

5o
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where ¢ = S, — 15y, m = S, and I', v, A are coefficients related with the dynamics of the system.

¢ = (, —1(p is a thermal Gaussian noise, i.e.

(Co(t)) =0 (3.88)

<CU (t)CU’(t/» = Q’YkBT(SUO'/(S(t - t/)- (389)

where the structure of the variances imposed by the fluctuation-dissipation relation [150]. The
equations consist of purely dissipative (relaxational) terms as well as the reactive parts that capture
the spin precessional dynamics as studied extensively for numerous other magnetic systems. The
new ingredient here is the spiral nature of the ordered state and the single-ion pinning anisotropy
special to Feq,Te.

In disordered paramagnetic state, we can take the harmonic approximation from which we

can ignore the nonlinear precessional terms. Thus the equations of motion simplify to

05, 5Hy
ot 58,

+ Co (3.90)

and using Eq. (3.75) for the spin spiral state, we have

0 w é¢ DabeiQX ¢ qu
5 = — 2y + (3.91)
¢* DabefiQX ¢ w* C*Ql
where & = —¢,02 — ¢,0} — .02 + 7 and (%', (T are independent Gaussian noise with
(C(t)C-k(t) = dvkpTo(t —1'). (3.92)

After Fourier transformation, the susceptibility can be obtained straightforwardly,

-1

—iw + 2761 Q)2 2y Dap
2’)/Dab —iWw + 276—k+Q/2
from which we can find
aa .
Pk + 5 w) =C [(—zw + 2'76_k+qTA)<k+qTA + 27DabCk_qTA] , (3.94a)

* q .
vi(—k+ 7A7 —w) =C [2’7Dabck+qTA + (—iw + 2'7€k+qTA)Ck—qTA} (3.94b)
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(K, w)

w

Figure 3.12: The dynamic structure function in function of k (top) and w (bottom). We can see
the shift of peaks from the incommensurate state (red) where D,y is small to commensurate state
(blue) where Dy is large. The dashed lines are the value in between. The lorentzian peak at w = 0
represents the relaxational dynamics which is the main feature of disordered phase.
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where C' = (—w? + 4y%(e}, — E} — iwex4 /7)) ™. Now using (with ¢1 = (g0 — Q))

Shlk,) =5 (-, + i) (3.95)
1 Q,_ 4 " ., 9
=S — )+ B ) by -+ 2+ B2 ) (3.96)

4 2 2 2 2
1, Qo , da D , 92
Lo % 9a o G 9a 3.97
+ 7 (W 5 T 5wl 2 T (3.97)
) kT (W +49*(6] an y an + DF))
(- + 4%, — By )+ (wer s L)

vkpT (w? + 4~ (€2

q0 an
ko

+Dp))

(W 4P, g~ By )P+ (e i L)

(3.98)

We can easily obtain the static structure function by integrating over w which verifies our

calculation.
3.5.3 Dynamic structure function in planar spiral state
3.5.3.1 Order parameter structure

Before we move on to find the dynamic structure function, let us consider the order parameter
structure in the ordered state first. As we discussed in Sec. 3.2, the order parameter in bi-collinear

state is given by Eq. (3.11)

pas=(—)v/ (\2 \2,0) : (3.99)

@2 (L1 )
¥Bi =(=)""Y (ﬁ’ﬂ’o (3.100)

and we need to consider the fluctuations from each lattice separately. When we focus on the low
energy fluctuations, however, the optical modes (i.e., fluctuations out of phase between A and B
components) can be ignored and ¥4 and ¢ p are simply related by ¢ = ¥4 = ¢ p, thus giving us

essentially single fluctuation spiral order parameter.
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Figure 3.13: The dynamic structure function in disordered phase above the commensurate state in
k and w space.
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Both commensurate or incommensurate spin-spiral state can be written as
S = Re(wpe'd™) (3.101)

where q represents commensurate or incommensurate ordering vector. For 1, there are two possible
states, so called, ferromagnetic and polar states. Note that ferromagnetic does not literally means
ferromagnetic order here.

For ferromagnetic state, v is written by,
W = (7 +im)e? (3.102)
where 1 and M are two real vectors with 7 - m = 0. Therefore S can be represented by,
S =ncos(q-r+¢)+msin(q-r+ @) (3.103)

This describes the spin spiral in zy plane. Note that in general v is in S = S? x U(1) space,
with two Goldstone modes. However, we have an easy-plane in zy plane and [ =n x m is fixed at
2. Therefore the order parameter manifold effectively reduces from S® — SU(2) due to an easy-
plane anisotropy. The Goldstone mode ¢ is the fluctuation of the spin direction (phase), which
corresponds to the shift of spin spiral.

For polar state, @ has a simpler form of
P = ne'? (3.104)
Now there are two different Goldstone modes corresponding to the spin direction fluctuation and
shift of spiral. In this case,

S =ncos(q-r+ ) (3.105)

As we can see from above, the spin spiral is naturally described by ferromagnetic order
parameter. Thus we expect the ferromagnetic order parameter is what we have in our system and

the spin components can be represented by

S =Spcos(q - r+ ¢(r)) (3.106a)

Sp =Spsin(q - r + ¢(r)) (3.106Db)
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with Sy being constant. We also choose r = a due to the crystal structural transition spontaneously

chooses the direction of the order parameter.

3.5.3.2 Incommensurate phase

Now we study the dynamic structure function in ordered phase. Our Hamiltonian is given
by Eq. (3.30) and we ignore the single-ion anisotropy for incommensurate phase since they are less

dominant. Then the Hamiltonian becomes,
Hegp = S,éS, + L (3.107)
- 2Xm
o=a,b
where we included m? term for z-directional response.
From model E [150], the Langevin equations are given by

__O0H

O = - m;s% e (3.108)

o0H o0H
_ 2 *
O¢m =AV 5 + I'lm (qb e

where ¢ = 5, — 1S, and I', v, A are coeflicients related with the dynamics.

) + Cm (3.109)

We can express the above equations of motion explicitly using our model in S, and S,

04Sq = — V€S — TXp' Sym + Ca (3.110a)
Sy = — vESy + Iy Sam + Gy (3.110b)
dym =\x;, 1 V2m — 18,8y, + T'SpéSq + Cm (3.110c)

Now plugging in our order parameter, Eq. (3.106), we have
o I
Op=—v€p+ X—m—i—(@(kz) (3.111a)
m

A
om =—V>m —T& o+ Cu(k). (3.111b)

m

After Fourier transform we have
. r
(—iw + yek)p(k,w) :X—m(k,w) + (o (k,w) (3.112a)
(—iw + 2 k2)m(k, w) = — Tegep(l,w) + Con (k). (3.112b)

Xm
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Let us find the characteristic frequency first. It can be found from the determinant,

1‘\2
w? 4+ iw(yex + Dimk?) — Dypyek? — —ec =0 (3.113)
which gives us
1 i 2 2)2 2 I
w=g |- i(ver + Dmk®) £ | —(vex + Dimk?)? + 4Dpyerk? + 4—ep, (3.114a)
1
~ 4T, /;i — 5iex + Dk?) (3.114b)
~ 4+ Q(k) — %D(k)kQ (3.114c)

where D,,, = 2 Q(k) = co\/ex, D(k) = (yer, + Dpk?)/E?, and co = \/)FT

Xm

Rewriting the equations of motion, we have

pk,w) | 1
(k)] T QR i(DRR?)
—iw + D k? L k,
LT Xom Clhe) ) (3.115)
—Leg —iw + e |\ Gm(k,w)

Using the noise correlations,

Ie ¢, = (Co(k,w)Cp(—k, —w)) =2kpT (3.116)
I = (G (K, 0)Cm(—k, —w)) =2kpTAK? (3.117)

(3.118)
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we can obtain correlation functions,

1 2 212 r\?
= D,k I -] I 11
Cop (w2 — w(k)?)2 + w?D(k)2k* (W +( )M epc, + (Xm CmCm (3.119a)
2kBT 2 2.9 T 2 9
= Dk — ) Ak 119b
(@? — w(k)2)? + w2 D(k)%k* [W + (Dmk)) + | - (3.119D)
2kT  Yw*k* + Dycgh? (3.119¢)
Tk (w2 — w(k)2)? + w2D(k)2k? ‘
1 2 2, .22
Crmm :(w2 — w(k)2)2 + w2D(k)2k? [(Fﬁk) Ieyc, + (W 4+~ Ek)Icmcm] (3.119d)
2kpT
(@ w7 + DG T AR 4] (3.119¢)
N 2kpTXm (vcke: + Dimw?k?) (31160
(w? —w(k)?)? + w2 D(k)2k* '
1 r
m = —iw + D k?)(—Tey)I —(i I 11
Com =2 — w2 + DR {( oot Dmk5) (=T Mlepq, + 57 (00 + 7vek) 4*”44 (3.119)
QkBT . T )
- (w2 _ w(k)2)2 + w2D(k)2k4 I:_’Y(_ZW + Dmk'Z)FEk + —(iw+ ’)/Ek))\k2:| (3.119h)
2%kpT , , ‘
=@ a0 + 2D [0+ D)) (3.119)
2
_,_ 2kpTwID(k)k a0

(w? —w(k)?)? + w?D(k)?k*
Note that the above correlation functions are similar to those of the planar magnet obtained

from Ref. [150].

3.5.3.3 Commensurate phase

The main difference between commensurate and incommensurate phases are the pinning term
whose origin is the orthorhombic distortion. The main consequence of the pinning term is opening
up the gap at the spin wave excitation.

With strong pinning term, the equation of motion becomes,

I
Orp = = (exp + 2D sin(2p + Qa)) + ——m + Co(k) (3.120)
Bm = 2m — Ten + 2Dy sin (20 + Qa)) + Con (k). (3.121)

Xm
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Now replacing ¢ with 6 using 8 = 2¢p — Qa,

T
010 = — ver — 4yDgp sin 6 + 2—m + (k) (3.122)
A 2 1 .
Om =—V*m — §P€k9 — 2I'Dypsin @ + (o (k). (3.123)

where we multiplied 2 for 6 equation. The above equations resemble the sine-Gordon equation and
in general the nonlinearity should be considered. In simple approximation, however, since 6 is small

in commensurate phase, we can expand sine term in #. This gives us,

r
00 = — (e +4Dgp)0 + 27771 + Co(k) (3.124)

A 1
om =—-V?m — iF(Ek +4Dap)0 + G (K). (3.125)

m

which are linear in 8 and m. Therefore we can find the correlation functions straightforwardly as

before. Again we take Fourier transform and write the above equation in matrix form.

0(k,w) 1
— 2 2 _ 2
m(k, w) w? + Qq(k)? —iw(Dgy(k)k?)
—iw + Dy, k? 2L Co(k,w
X Xm (k) (3.126)
—%I‘(ek +4Dyp) —iw + (e +4Dgp) Cm(k,w)
where Dy(k) = (y(ex + 4Dgp) + Dik?)/k* Qy(k) = cov/ex + 4Dgp and ¢p = \/%
Using the noise correlations,
Ieocy = (Colk,w)Co(—k, —w)) =2kpTy (3.127)
I = (Cm(kyw)Cm(—k, —w)) =2kpT Ak (3.128)
(3.129)
the similar calculation from the previous section gives us,
c _2kpT yw?k? + Dmcgk4 (3.130)
TR (W2 — Qy(k)%)2 + w2Dy (k)% '
c N2kBTXm('ycg(6k + 9)? + Dpw?k?) (3.131)
T (W = Qy(k)?)? + w2Dy (k)21 '
2kpTwl D,y (k)k>
Coom =i pTwI Dy (k) (3.132)

(w? = Qy(k)?)? + w? Dy (k)2k*
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Note that the dispersion relation in incommensurate is gapless while it is gapped in commen-
surate. This result is consistent with the mean field result as expected. Therefore we have a good

agreement between the mean-field calculation and the hydrodynamic calculation.

3.6 Summary and Conclusion

To conclude, we studied Fejy,Te, a parent material of iron based superconductor. We con-
structed our model based on the theory by Turner et al. with inclusion of the single ion anisotropy.
The single ion anisotropy originated from the magnetoelastic coupling from which we mapped out
the phase diagram of magneto-structural transition. We showed the existence of the first order
magneto-structural transition at certain range of parameters. At low temperature, the commen-
surate bi-collinear state and the incommensurate spin-spiral were obtained from our model as
well as the excitation spectrum which was consistent with the experimental observations. The
commensurate-incommensurate transition was also analyzed. Finally, we computed dynamic struc-
ture functions at paramagnetic states and found the qualitative agreement with the recent experi-

ments. The correlation function of Goldstone mode in magnetically ordered state is also computed.



Chapter 4

Conclusions and outlook

In this thesis, the finite momentum phases of degenerate atomic gas and FeTe, a parent
material of iron superconductors are investigated.

In particular, we studied a degenerate gas of two species bosonic atoms interacting through
p-wave Feshbach resonance, as realized in ®>Rb-87Rb mixture. We mapped out the corresponding
phase diagram and thermodynamic properties of the phases as a function of temperature, atom
number, and Feshbach resonance detuning. We also analyzed the nature of corresponding phase
transitions.

Our main finding is that at intermediate detuning such atomic quantum gas generically
exhibits an atomic-molecular superfluid (AMSF), a finite momentum state with atoms condensed
at a finite tunable momentum Q(v) along a direction set by the angular momentum axis of the
molecular condensate. This AMSF state undergoes quantum phase transitions described by a
quantum de Gennes model into a molecular p-wave (orbital spinor-1) superfluid (MSF) and into an
s-wave atomic superfluid (ASF) at large negative and positive detunings, respectively. A magnetic
field can be used to tune the modulation wavevector of the AMSF between zero and a value set by
interactions as well as to drive quantum phase transitions in this rich system.

On the other subject, we studied Fe,.,, a self-doped parent material of iron superconductors,
based on the model suggested by Turner et al.. We found that a single ion anisotropy which is
derived from the magnetoelastic coupling plays a central role describing Fej,,Te. With single-ion

anisotropy, we computed the mean-field spin-wave excitations from the Holstein-Primakoff theory
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that show the correct gap structure, gapped in commensurate phase and gapless in incommen-
surate phase. We also study the magneto-structural transition prevalent in iron-based supercon-
ductors. We found that our model shows the first order transition from tetragonal-paramagnet
to orthorhombic spin spiral phase that is observed by several experiments. Furthermore we ex-
plain the commensurate-incommensurate transition which is unique in FeTe among other iron-
based superconductors. Finally we computed the dynamic structure function that qualitatively ex-
plains the recent experimental data. Our dynamic structure function showed the incommensurate-
commensurate transition near Tly.

There are possible directions of extending our work. First of all, incorporating the optical lat-
tice in the degenerate gas with p-wave Feshbach resonance is a natural direction. It is also attracting
since optical lattice can enhance the chance of realizing the suggested system by suppressing the
three-body loss which is the main obstacle to the experiment. Furthermore the possible sponta-
neous vortex lattice phase that can arise from spin-1 MSF and its effect on other phases might be
interesting.

For FeTe, extending our model to the superconducting compound will be interesting. By con-
sidering the superconducting order parameter, the effect of single ion anisotropy and the commensurate-
incommensurate might give a hint to the superconducting mechanism of FeTe which might be

different to that of FeAs due to the lack of nesting.
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Appendix A

Order parameter structure of AMSF phase

As discussed in the main text, the detailed nature of the AMSF states depends on the
structure (the set of reciprocal lattice vectors, Q,,) of the finite-momentum atomic order parameter.
However, because Wq depends on the details of the inter-atomic interactions and fluctuations, to
determine its form in general is a nontrivial problem, as exemplified by the FFLO problem and the
conventional crystallization. However, as seen in Sec.2.4, for the case of the polar AMSF,, state,
the problem simplifies considerably as the energy is clearly minimized by a collinear state, with
Q,, parallel to ®. Such collinear states fall into two universality classes[110], represented by the

Fulde-Ferrell-like[8] and the Larkin-Ovchinnikov-like[9] single harmonic forms

\IIEF — \IJO',QgeiQU‘r7 (Al)

ULO = 0, e QT + U, _qe QT (A.2)

In the FF-like (LO-like) state each species is characterized by a single Q (double +Q) momentum,
exhibiting a uniform (periodic) atomic density.

Focusing on these two collinear (FF and LO) states, in this appendix we demonstrate that,
generically (at least within the mean-field theory), it is the FF state that is energetically selected
by the interactions.

To this end, we re-express the mean-field energy densities for FF and LO in terms of the
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corresponding eigenmodes, \I/iQ, latter involving two (£Q) critical modes

1
Err = (eq — D)W + SAWCL, (A.3)
€10 = (eq — |AQ)(IW¥P* + [W=7%)

1 _ -
+ S ATEP 4+ [P VOO, (A.4)

where A = (A1 + X2 + 2X12) and X = (A1 + X2 — 2A12).

These free energies thus show that the energetically preferred form of the AMSF state is
determined by the coefficient X’ of last term in Eq. (A.4). For X > 0, i.e., A + A\g > 2)19, the single
Q FF-like state is selected. On the other hand, for N < 0, i.e., \{ + Ao < 2\19, it is the LO-like
state that has the lowest energy.

Combining above requirement on X for the stability of the LO-like state with the condition

for two-species miscibility, A; Ay > A}, we find an inequality

M+
1; 2 < Aie < VA (A.5)

which for positive couplings A; can be shown to have a zero-range of stability. Thus, as advertised,
within mean-field approximation it is the single @ FF-like AMSF state that is always energetically
selected. Perhaps the LO-like AMSF form can be realized for a metastable atomic gas with A; < 0,

as e.g., realized by a 8"Rb-®Rb mixture.



