








121

Solid (dashed) lines are simulation trajectories corresponding to the PF-CF (TT-CF). Blue (red)
trajectories start from the same initial condition.

Figure 5.9: Simulation results for a straight path.

the simulation is performed until x reaches x(0) + 12. Figure 5.9(a) shows the results for initial

states where the initial state is near I. The simulations suggest that both methods perform similarly

and all trajectories converge to the path (y converges to zero). The simulation time for all cases

are similar and around 6s. Also, the velocity of the vehicle is almost constant for both methods.

Figure 5.9(b) shows the results for cases when the initial states are further away from G (it needs

more forces/time to reach G). In this case, the path-following method takes a longer time to reach

x = 4 as the speed increases smoothly. Figure 5.9(c) considers initial states that are closer to G. For

these cases, the path-following method takes a shorter time to reach x = 12 as the speed decreases

smoothly. The results demonstrate that the path-following method yields a faster convergence to

the reference path. Moreover, the velocity changes smoothly while the trajectory tracking method

settles the target velocity immediately.

We also investigate the same problem (straight path from x = −4 to x = 4) where the

velocity is more restricted:

S(θ) : [−1, 1]3 × [−0.5, 0.5] , I : G : {[α x y v]t|4α2 + 4x2 + 4y2 + 16v2 ≤ 1} .

Again, under these circumstances, learning TT-CF fails while finding PF-CF is feasible. In other

words, in trajectory tracking the change of velocity is crucial for reducing the tracking error.
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Trajectory Tracking

The parkour car finishes five rounds around the circle. The reference trajectory is shown in black.

Figure 5.10: Trajectories of the parkour car platform for the circular path.

Circular Path: To carry out experiments on the parkour car platform and examine the be-

havior over long trajectories, we consider a circular path with radius 1.5m. The vehicle moves with

a constant velocity π
2m/s and the reference trajectory would be xr(t) : [π3 t, 1.5 cos(t), 1.5 sin(t), π2 ]t.

For the learning process we consider a finite trajectory (moving on the path for one round) where

t ∈ [0, 6]. The sets are

S(θ) : [−1, 1]× [−3, 3], I : B0.5(0), G : B0.5(0) .

We can find a path-following based control funnel (PF-CF) and a trajectory tracking based

control funnel (TT-CF) when we use the “body fixed frame.” However, the learning fails in the

differential frame. Figure 5.10 shows trajectories when the controller runs on the parkour car

platform. Despite the uncertainties in the measurements and simple modeling, both controllers

do a good job of following the reference. Figure 5.11 shows trajectories for different initial states.

Figure 5.11(b) suggest that the trajectory tracking method may take shortcuts to satisfy time

constraints.

We also investigated the same problem with higher reference velocity. When the reference

velocity is increased to π (from π/2), we could not find a TT-CF. Nevertheless, increasing reference

velocity does not seem to affect the process of finding PF-CF, and we can discover solutions even

if the reference velocity is 10π.

Oval Path: Following a circular path is easy as the curvature remains fixed. However,
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Blue (red) lines corresponds to the path-following (trajectory tracking) method. The reference
trajectory is shown in black. Initial state: (a) [−π/2, 0, 0, 0], and (b) [π, 2.25,−1.4, 0].

Figure 5.11: Trajectories of the parkour car platform, for different initial states.

the problem is more challenging when the path is an oval. The goal is to follow an oval path

P : {[x y]t | y2

12 + x2

22 = 1}. First, a reference trajectory is generated to follow this path closely. As

polynomial approximations for the reference path become more challenging, we divide the reference

path into two similar parts. Then, we find a funnel for each part and make sure we can concatenate

these two funnels. For the first part, the goal is to reach from B0.5([2, 0]) to B0.5([−2, 0]) going in

a CCW direction and then reach from B0.5([−2, 0]) to B0.5([2, 0]) again in a CCW direction. For

both segments we use the following sets:

S(θ) : [−1, 1]× [−3, 3], I : B0.5(0), G : B0.5(0) .

Notice that since G for the first segments fits in I for the second segment, we can safely concatenate

the funnels. If a trajectory tracking method is being used, the learning procedure fails to find

solutions. However, the path following method yields proper control funnels. Figure 5.12 shows

trajectories generated from our experiments using the control-funnel-based controller. The tracking

is not precise when the curvature is at its maximum. We believe the main reason is input saturation

for the steering, which occurs because of the imprecise model we use (Figure 5.12).

Obstacle Avoidance: Going back to the scenario of Example 7, we wish to find a control

funnel to guarantee safety (avoiding the obstacle). Recall that having a reference trajectory, instead

of defining S(θ), we simply define Ŝ : {x | ([x, y]⊕B0.25)∩O = ∅}. We were able to find a solution

(only if the path-following method is being used). For the experiment, the parkour car moves
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<latexit sha1_base64="VKBmHzW8QSsKAJyMTOHLZMLYwhQ=">AAAB53icbZC7SgNBFIbPxluMt6ilzWAQrMKuFmqjARvLBFwTSJYwOzmbjJmdXWZmxRDyBDYWKrY+i29g59s4uRSa+MPAx/+fw5xzwlRwbVz328ktLa+sruXXCxubW9s7xd29O51kiqHPEpGoRkg1Ci7RN9wIbKQKaRwKrIf963Fef0CleSJvzSDFIKZdySPOqLFW7bFdLLlldyKyCN4MSlefp6cVAKi2i1+tTsKyGKVhgmrd9NzUBEOqDGcCR4VWpjGlrE+72LQoaYw6GE4GHZEj63RIlCj7pCET93fHkMZaD+LQVsbU9PR8Njb/y5qZic6DIZdpZlCy6UdRJohJyHhr0uEKmREDC5QpbmclrEcVZcbepmCP4M2vvAj+Sfmi7NXcUuUSpsrDARzCMXhwBhW4gSr4wADhCV7g1bl3np03531amnNmPfvwR87HD44/jnA=</latexit><latexit sha1_base64="eDurCWlOA7gA9CbtnYdQwc0d7RI=">AAAB53icbZC7TgJBFIbP4g3xhlraTCQmVmRXC7VREhtLSFwhgQ2ZHc7CyOwlM7NGsuEJbCzU2PosvoGdb+OwUCj4J5N8+f9zMuccPxFcadv+tgpLyyura8X10sbm1vZOeXfvTsWpZOiyWMSy5VOFgkfoaq4FthKJNPQFNv3h9SRvPqBUPI5u9ShBL6T9iAecUW2sxmO3XLGrdi6yCM4MKlefp7nq3fJXpxezNMRIM0GVajt2or2MSs2ZwHGpkypMKBvSPrYNRjRE5WX5oGNyZJweCWJpXqRJ7v7uyGio1Cj0TWVI9UDNZxPzv6yd6uDcy3iUpBojNv0oSAXRMZlsTXpcItNiZIAyyc2shA2opEyb25TMEZz5lRfBPaleVJ2GXaldwlRFOIBDOAYHzqAGN1AHFxggPMELvFr31rP1Zr1PSwvWrGcf/sj6+AFIsI78</latexit><latexit sha1_base64="eDurCWlOA7gA9CbtnYdQwc0d7RI=">AAAB53icbZC7TgJBFIbP4g3xhlraTCQmVmRXC7VREhtLSFwhgQ2ZHc7CyOwlM7NGsuEJbCzU2PosvoGdb+OwUCj4J5N8+f9zMuccPxFcadv+tgpLyyura8X10sbm1vZOeXfvTsWpZOiyWMSy5VOFgkfoaq4FthKJNPQFNv3h9SRvPqBUPI5u9ShBL6T9iAecUW2sxmO3XLGrdi6yCM4MKlefp7nq3fJXpxezNMRIM0GVajt2or2MSs2ZwHGpkypMKBvSPrYNRjRE5WX5oGNyZJweCWJpXqRJ7v7uyGio1Cj0TWVI9UDNZxPzv6yd6uDcy3iUpBojNv0oSAXRMZlsTXpcItNiZIAyyc2shA2opEyb25TMEZz5lRfBPaleVJ2GXaldwlRFOIBDOAYHzqAGN1AHFxggPMELvFr31rP1Zr1PSwvWrGcf/sj6+AFIsI78</latexit><latexit sha1_base64="QwhibbO+spffpvRTJgiNdPXgPro=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokX9SIFLx5bMLbQhrLZTtq1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm6Wt8vbO7t5+5eDwXieZYuizRCSqHVKNgkv0DTcC26lCGocCW+HoZuq3HlFpnsg7M04xiOlA8ogzaqzUfOpVqm7NnYEsE68gVSjQ6FW+uv2EZTFKwwTVuuO5qQlyqgxnAiflbqYxpWxEB9ixVNIYdZDPDp2QU6v0SZQoW9KQmfp7Iqex1uM4tJ0xNUO96E3F/7xOZqLLIOcyzQxKNl8UZYKYhEy/Jn2ukBkxtoQyxe2thA2poszYbMo2BG/x5WXin9eual7TrdavizRKcAwncAYeXEAdbqEBPjBAeIZXeHMenBfn3fmYt644xcwR/IHz+QNSK4zI</latexit>

y
<latexit sha1_base64="AFmduLGpU7JIQPXz2nyY/7SRO1E=">AAAB53icbVA9SwNBEJ3zM8avqIWFzWIQrMKdjdpIwMYyAc8EkiPsbeaSNXt7x+6ecIT8AhsLFVv/kp1/Ir/BzUehiQ8GHu/NMDMvTAXXxnW/nZXVtfWNzcJWcXtnd2+/dHD4oJNMMfRZIhLVDKlGwSX6hhuBzVQhjUOBjXBwO/EbT6g0T+S9yVMMYtqTPOKMGivV806p7FbcKcgy8eakXD0ejwkA1Dqlr3Y3YVmM0jBBtW55bmqCIVWGM4GjYjvTmFI2oD1sWSppjDoYTg8dkTOrdEmUKFvSkKn6e2JIY63zOLSdMTV9vehNxP+8Vmaiq2DIZZoZlGy2KMoEMQmZfE26XCEzIreEMsXtrYT1qaLM2GyKNgRv8eVl4l9Urite3YZxAzMU4ARO4Rw8uIQq3EENfGCA8Ayv8OY8Oi/Ou/Mxa11x5jNH8AfO5w91H48c</latexit><latexit sha1_base64="ex8PasJDk4XobGnucE6MUF4AkzE=">AAAB53icbVDLSgNBEOyNrxgfiXrw4GUwCJ7CrhcVRAJePCbgmkCyhNlJbzJm9sHMrLCEfIEXDype/Qb/xJsf4DXf4CTxoIkFDUVVN91dfiK40rb9aeWWlldW1/LrhY3Nre1iaWf3VsWpZOiyWMSy6VOFgkfoaq4FNhOJNPQFNvzB1cRv3KNUPI5udJagF9JexAPOqDZSPeuUynbFnoIsEueHlKv743Hx4v2r1il9tLsxS0OMNBNUqZZjJ9obUqk5EzgqtFOFCWUD2sOWoRENUXnD6aEjcmSULgliaSrSZKr+nhjSUKks9E1nSHVfzXsT8T+vlergzBvyKEk1Rmy2KEgF0TGZfE26XCLTIjOEMsnNrYT1qaRMm2wKJgRn/uVF4p5UzitO3YRxCTPk4QAO4RgcOIUqXEMNXGCA8ABP8GzdWY/Wi/U6a81ZPzN78AfW2zfNMZDf</latexit><latexit sha1_base64="ex8PasJDk4XobGnucE6MUF4AkzE=">AAAB53icbVDLSgNBEOyNrxgfiXrw4GUwCJ7CrhcVRAJePCbgmkCyhNlJbzJm9sHMrLCEfIEXDype/Qb/xJsf4DXf4CTxoIkFDUVVN91dfiK40rb9aeWWlldW1/LrhY3Nre1iaWf3VsWpZOiyWMSy6VOFgkfoaq4FNhOJNPQFNvzB1cRv3KNUPI5udJagF9JexAPOqDZSPeuUynbFnoIsEueHlKv743Hx4v2r1il9tLsxS0OMNBNUqZZjJ9obUqk5EzgqtFOFCWUD2sOWoRENUXnD6aEjcmSULgliaSrSZKr+nhjSUKks9E1nSHVfzXsT8T+vlergzBvyKEk1Rmy2KEgF0TGZfE26XCLTIjOEMsnNrYT1qaRMm2wKJgRn/uVF4p5UzitO3YRxCTPk4QAO4RgcOIUqXEMNXGCA8ABP8GzdWY/Wi/U6a81ZPzN78AfW2zfNMZDf</latexit><latexit sha1_base64="uiEJWcYOrpINU9M6yOsTtU/bmQc=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0m8qBcpePHYgrGFNpTNdtKu3WzC7kYIpb/AiwcVr/4lb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjB51kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfj25nffkKleSLvTZ5iENOh5BFn1FiplferNbfuzkFWiVeQGhRo9qtfvUHCshilYYJq3fXc1AQTqgxnAqeVXqYxpWxMh9i1VNIYdTCZHzolZ1YZkChRtqQhc/X3xITGWudxaDtjakZ62ZuJ/3ndzERXwYTLNDMo2WJRlAliEjL7mgy4QmZEbgllittbCRtRRZmx2VRsCN7yy6vEv6hf172WW2vcFGmU4QRO4Rw8uIQG3EETfGCA8Ayv8OY8Oi/Ou/OxaC05xcwx/IHz+QNTrozJ</latexit>

✓
<latexit sha1_base64="w+9WVMfNTPfgAmSOMBuvKCUPAN4=">AAAB7HicbZC7SgNBFIbPxluMt6ilzWAQrMKuKdRGAzaWEcwFkiXMTmaTMbOzy8xZISx5BxsLFVtfxDew822cXApN/GHg4//PYc45QSKFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3kzy5iPXRsTqHkcJ9yPaVyIUjKK1Gh0ccKTdYsktu1ORZfDmULr+rFSqAFDrFr86vZilEVfIJDWm7bkJ+hnVKJjk40InNTyhbEj7vG1R0YgbP5tOOyYn1umRMNb2KSRT93dHRiNjRlFgKyOKA7OYTcz/snaK4YWfCZWkyBWbfRSmkmBMJquTntCcoRxZoEwLOythA6opQ3uggj2Ct7jyMtTPypdl784tVa9gpjwcwTGcggfnUIVbqEEdGDzAE7zAqxM7z86b8z4rzTnznkP4I+fjB0n+kJw=</latexit><latexit sha1_base64="GrmmrBZNX+21CiaGxy2f0FiGpYE=">AAAB7HicbZDPSgMxEMZn/Vvrv6pHL8EieCq7elAvWvDisYLbFtqlZNNsG5vdLMmsUErfwYsHFa++iG/gzbcx3fagrR8EfnzfDJmZMJXCoOt+O0vLK6tr64WN4ubW9s5uaW+/blSmGfeZkko3Q2q4FAn3UaDkzVRzGoeSN8LBzSRvPHJthErucZjyIKa9RESCUbRWvY19jrRTKrsVNxdZBG8G5evPs1y1Tumr3VUsi3mCTFJjWp6bYjCiGgWTfFxsZ4anlA1oj7csJjTmJhjl047JsXW6JFLavgRJ7v7uGNHYmGEc2sqYYt/MZxPzv6yVYXQRjESSZsgTNv0oyiRBRSark67QnKEcWqBMCzsrYX2qKUN7oKI9gje/8iL4p5XLinfnlqtXMFUBDuEITsCDc6jCLdTABwYP8AQv8Ooo59l5c96npUvOrOcA/sj5+AEEb5Eo</latexit><latexit sha1_base64="GrmmrBZNX+21CiaGxy2f0FiGpYE=">AAAB7HicbZDPSgMxEMZn/Vvrv6pHL8EieCq7elAvWvDisYLbFtqlZNNsG5vdLMmsUErfwYsHFa++iG/gzbcx3fagrR8EfnzfDJmZMJXCoOt+O0vLK6tr64WN4ubW9s5uaW+/blSmGfeZkko3Q2q4FAn3UaDkzVRzGoeSN8LBzSRvPHJthErucZjyIKa9RESCUbRWvY19jrRTKrsVNxdZBG8G5evPs1y1Tumr3VUsi3mCTFJjWp6bYjCiGgWTfFxsZ4anlA1oj7csJjTmJhjl047JsXW6JFLavgRJ7v7uGNHYmGEc2sqYYt/MZxPzv6yVYXQRjESSZsgTNv0oyiRBRSark67QnKEcWqBMCzsrYX2qKUN7oKI9gje/8iL4p5XLinfnlqtXMFUBDuEITsCDc6jCLdTABwYP8AQv8Ooo59l5c96npUvOrOcA/sj5+AEEb5Eo</latexit><latexit sha1_base64="4Iw8T5DqR6QsftkJJe1xNIMOXIU=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0m8qBcpePFYwbSFNpTNdtKu3WzC7kQoof/BiwcVr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777ZTW1jc2t8rblZ3dvf2D6uFRyySZ5uDzRCa6EzIDUijwUaCETqqBxaGEdji+nfntJ9BGJOoBJykEMRsqEQnO0EqtHo4AWb9ac+vuHHSVeAWpkQLNfvWrN0h4FoNCLpkxXc9NMciZRsElTCu9zEDK+JgNoWupYjGYIJ9fO6VnVhnQKNG2FNK5+nsiZ7Exkzi0nTHDkVn2ZuJ/XjfD6CrIhUozBMUXi6JMUkzo7HU6EBo4yokljGthb6V8xDTjaAOq2BC85ZdXiX9Rv657926tcVOkUSYn5JScE49ckga5I03iE04eyTN5JW9O4rw4787HorXkFDPH5A+czx8N6o70</latexit>

�
<latexit sha1_base64="hCh0gEKdU7yMXbJBuaBJfZN3XEA=">AAAB7HicbVC7SgNBFL3rM8ZX1MLCZjAIVmHXRm0kYGMZwU0CyRJmJ7PJmHksM7NCWPIPNhYqtn6QnT+Rb3DyKDTxwIXDOfdy7z1xypmxvv/trayurW9sFraK2zu7e/ulg8O6UZkmNCSKK92MsaGcSRpaZjltpppiEXPaiAe3E7/xRLVhSj7YYUojgXuSJYxg66R6u4eFwJ1S2a/4U6BlEsxJuXo8HiMAqHVKX+2uIpmg0hKOjWkFfmqjHGvLCKejYjszNMVkgHu05ajEgpoon147QmdO6aJEaVfSoqn6eyLHwpihiF2nwLZvFr2J+J/XymxyFeVMppmlkswWJRlHVqHJ66jLNCWWDx3BRDN3KyJ9rDGxLqCiCyFYfHmZhBeV60pw78K4gRkKcAKncA4BXEIV7qAGIRB4hGd4hTdPeS/eu/cxa13x5jNH8Afe5w8SYpE0</latexit><latexit sha1_base64="U0S3bRYqdnTWC2YU7r//Jg4Rx40=">AAAB7HicbVC7SgNBFL0bXzE+ErWwsBkMglXYtVFBJGBjGcFNAskSZiezyZiZ2WVmVghL/sHGQsXWH/BP7PwA23yDk8RCEw9cOJxzL/feEyacaeO6n05uaXlldS2/XtjY3NoulnZ26zpOFaE+iXmsmiHWlDNJfcMMp81EUSxCThvh4GriN+6p0iyWt2aY0EDgnmQRI9hYqd7uYSFwp1R2K+4UaJF4P6Rc3R+PixfvX7VO6aPdjUkqqDSEY61bnpuYIMPKMMLpqNBONU0wGeAebVkqsaA6yKbXjtCRVbooipUtadBU/T2RYaH1UIS2U2DT1/PeRPzPa6UmOgsyJpPUUElmi6KUIxOjyeuoyxQlhg8twUQxeysifawwMTaggg3Bm395kfgnlfOKd2PDuIQZ8nAAh3AMHpxCFa6hBj4QuIMHeIJnJ3YenRfnddaac35m9uAPnLdvanSS9w==</latexit><latexit sha1_base64="U0S3bRYqdnTWC2YU7r//Jg4Rx40=">AAAB7HicbVC7SgNBFL0bXzE+ErWwsBkMglXYtVFBJGBjGcFNAskSZiezyZiZ2WVmVghL/sHGQsXWH/BP7PwA23yDk8RCEw9cOJxzL/feEyacaeO6n05uaXlldS2/XtjY3NoulnZ26zpOFaE+iXmsmiHWlDNJfcMMp81EUSxCThvh4GriN+6p0iyWt2aY0EDgnmQRI9hYqd7uYSFwp1R2K+4UaJF4P6Rc3R+PixfvX7VO6aPdjUkqqDSEY61bnpuYIMPKMMLpqNBONU0wGeAebVkqsaA6yKbXjtCRVbooipUtadBU/T2RYaH1UIS2U2DT1/PeRPzPa6UmOgsyJpPUUElmi6KUIxOjyeuoyxQlhg8twUQxeysifawwMTaggg3Bm395kfgnlfOKd2PDuIQZ8nAAh3AMHpxCFa6hBj4QuIMHeIJnJ3YenRfnddaac35m9uAPnLdvanSS9w==</latexit><latexit sha1_base64="qKDsu+oo8F0i9J6hh7qKn+z7HZM=">AAAB7HicbVA9SwNBEN2LXzF+RS1tFoNgFe5s1EYCNpYRvCSQHGFus5es2Y9jd08IR/6DjYWKrT/Izn/jJrlCEx8MPN6bYWZenHJmrO9/e6W19Y3NrfJ2ZWd3b/+genjUMirThIZEcaU7MRjKmaShZZbTTqopiJjTdjy+nfntJ6oNU/LBTlIaCRhKljAC1kmt3hCEgH615tf9OfAqCQpSQwWa/epXb6BIJqi0hIMx3cBPbZSDtoxwOq30MkNTIGMY0q6jEgQ1UT6/dorPnDLAidKupMVz9fdEDsKYiYhdpwA7MsveTPzP62Y2uYpyJtPMUkkWi5KMY6vw7HU8YJoSyyeOANHM3YrJCDQQ6wKquBCC5ZdXSXhRv64H936tcVOkUUYn6BSdowBdoga6Q00UIoIe0TN6RW+e8l68d+9j0Vryiplj9Afe5w/w4o7h</latexit>

✓
<latexit sha1_base64="w+9WVMfNTPfgAmSOMBuvKCUPAN4=">AAAB7HicbZC7SgNBFIbPxluMt6ilzWAQrMKuKdRGAzaWEcwFkiXMTmaTMbOzy8xZISx5BxsLFVtfxDew822cXApN/GHg4//PYc45QSKFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3kzy5iPXRsTqHkcJ9yPaVyIUjKK1Gh0ccKTdYsktu1ORZfDmULr+rFSqAFDrFr86vZilEVfIJDWm7bkJ+hnVKJjk40InNTyhbEj7vG1R0YgbP5tOOyYn1umRMNb2KSRT93dHRiNjRlFgKyOKA7OYTcz/snaK4YWfCZWkyBWbfRSmkmBMJquTntCcoRxZoEwLOythA6opQ3uggj2Ct7jyMtTPypdl784tVa9gpjwcwTGcggfnUIVbqEEdGDzAE7zAqxM7z86b8z4rzTnznkP4I+fjB0n+kJw=</latexit><latexit sha1_base64="GrmmrBZNX+21CiaGxy2f0FiGpYE=">AAAB7HicbZDPSgMxEMZn/Vvrv6pHL8EieCq7elAvWvDisYLbFtqlZNNsG5vdLMmsUErfwYsHFa++iG/gzbcx3fagrR8EfnzfDJmZMJXCoOt+O0vLK6tr64WN4ubW9s5uaW+/blSmGfeZkko3Q2q4FAn3UaDkzVRzGoeSN8LBzSRvPHJthErucZjyIKa9RESCUbRWvY19jrRTKrsVNxdZBG8G5evPs1y1Tumr3VUsi3mCTFJjWp6bYjCiGgWTfFxsZ4anlA1oj7csJjTmJhjl047JsXW6JFLavgRJ7v7uGNHYmGEc2sqYYt/MZxPzv6yVYXQRjESSZsgTNv0oyiRBRSark67QnKEcWqBMCzsrYX2qKUN7oKI9gje/8iL4p5XLinfnlqtXMFUBDuEITsCDc6jCLdTABwYP8AQv8Ooo59l5c96npUvOrOcA/sj5+AEEb5Eo</latexit><latexit sha1_base64="GrmmrBZNX+21CiaGxy2f0FiGpYE=">AAAB7HicbZDPSgMxEMZn/Vvrv6pHL8EieCq7elAvWvDisYLbFtqlZNNsG5vdLMmsUErfwYsHFa++iG/gzbcx3fagrR8EfnzfDJmZMJXCoOt+O0vLK6tr64WN4ubW9s5uaW+/blSmGfeZkko3Q2q4FAn3UaDkzVRzGoeSN8LBzSRvPHJthErucZjyIKa9RESCUbRWvY19jrRTKrsVNxdZBG8G5evPs1y1Tumr3VUsi3mCTFJjWp6bYjCiGgWTfFxsZ4anlA1oj7csJjTmJhjl047JsXW6JFLavgRJ7v7uGNHYmGEc2sqYYt/MZxPzv6yVYXQRjESSZsgTNv0oyiRBRSark67QnKEcWqBMCzsrYX2qKUN7oKI9gje/8iL4p5XLinfnlqtXMFUBDuEITsCDc6jCLdTABwYP8AQv8Ooo59l5c96npUvOrOcA/sj5+AEEb5Eo</latexit><latexit sha1_base64="4Iw8T5DqR6QsftkJJe1xNIMOXIU=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0m8qBcpePFYwbSFNpTNdtKu3WzC7kQoof/BiwcVr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777ZTW1jc2t8rblZ3dvf2D6uFRyySZ5uDzRCa6EzIDUijwUaCETqqBxaGEdji+nfntJ9BGJOoBJykEMRsqEQnO0EqtHo4AWb9ac+vuHHSVeAWpkQLNfvWrN0h4FoNCLpkxXc9NMciZRsElTCu9zEDK+JgNoWupYjGYIJ9fO6VnVhnQKNG2FNK5+nsiZ7Exkzi0nTHDkVn2ZuJ/XjfD6CrIhUozBMUXi6JMUkzo7HU6EBo4yokljGthb6V8xDTjaAOq2BC85ZdXiX9Rv657926tcVOkUSYn5JScE49ckga5I03iE04eyTN5JW9O4rw4787HorXkFDPH5A+czx8N6o70</latexit>

T
<latexit sha1_base64="PWbBse41NPwXLVkceTsuBwVacl4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0n0oF604MVjhcYW0lA22027dLMbdjdCCf0ZXjyoePVn+A+8+W/ctD1o64OBx3szzJuJUs60cd1vp7Syura+Ud6sbG3v7O5V9w8etMwUoT6RXKpOhDXlTFDfMMNpJ1UUJxGn7Wh0W/jtR6o0k6JlxikNEzwQLGYEGysF3QSbIcE8b0161Zpbd6dAy8Sbk9rN5/l5AwCavepXty9JllBhCMdaB56bmjDHyjDC6aTSzTRNMRnhAQ0sFTihOsynkSfoxCp9FEtlSxg0VX9P5DjRepxEtrOIqBe9QvzPCzITX4Y5E2lmqCCzRXHGkZGouB/1maLE8LElmChmsyIyxAoTY79UsU/wFk9eJv5Z/aru3bu1xjXMUIYjOIZT8OACGnAHTfCBgIQneIFXxzjPzpvzPmstOfOZQ/gD5+MHMR+S3g==</latexit><latexit sha1_base64="4jgQG4uG3WiMq2jjxGQxhdkuXvA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0n0oF604MVjhcYW2lA22027dLMbdjdCCf0ZXjyoePVn+A+8+W/cpD1o64OBx3szzJsJE860cd1vp7Syura+Ud6sbG3v7O5V9w8etEwVoT6RXKpOiDXlTFDfMMNpJ1EUxyGn7XB8m/vtR6o0k6JlJgkNYjwULGIEGyt1ezE2I4J51pr2qzW37hZAy8Sbk9rN53mBZr/61RtIksZUGMKx1l3PTUyQYWUY4XRa6aWaJpiM8ZB2LRU4pjrIishTdGKVAYqksiUMKtTfExmOtZ7Eoe3MI+pFLxf/87qpiS6DjIkkNVSQ2aIo5chIlN+PBkxRYvjEEkwUs1kRGWGFibFfqtgneIsnLxP/rH5V9+7dWuMaZijDERzDKXhwAQ24gyb4QEDCE7zAq2OcZ+fNeZ+1lpz5zCH8gfPxA+uBk2o=</latexit><latexit sha1_base64="4jgQG4uG3WiMq2jjxGQxhdkuXvA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0n0oF604MVjhcYW2lA22027dLMbdjdCCf0ZXjyoePVn+A+8+W/cpD1o64OBx3szzJsJE860cd1vp7Syura+Ud6sbG3v7O5V9w8etEwVoT6RXKpOiDXlTFDfMMNpJ1EUxyGn7XB8m/vtR6o0k6JlJgkNYjwULGIEGyt1ezE2I4J51pr2qzW37hZAy8Sbk9rN53mBZr/61RtIksZUGMKx1l3PTUyQYWUY4XRa6aWaJpiM8ZB2LRU4pjrIishTdGKVAYqksiUMKtTfExmOtZ7Eoe3MI+pFLxf/87qpiS6DjIkkNVSQ2aIo5chIlN+PBkxRYvjEEkwUs1kRGWGFibFfqtgneIsnLxP/rH5V9+7dWuMaZijDERzDKXhwAQ24gyb4QEDCE7zAq2OcZ+fNeZ+1lpz5zCH8gfPxA+uBk2o=</latexit><latexit sha1_base64="zKI9YWl24JwmIaDNihi/qiRgsQo=">AAAB8XicbVBNS8NAFHypX7V+VT16CRbBU0m8qBcpePFYodFCG8pmu2mXbnbD7otQQn+GFw8qXv033vw3btoctHVgYZh5j503USq4Qc/7dipr6xubW9Xt2s7u3v5B/fDowahMUxZQJZTuRsQwwSULkKNg3VQzkkSCPUaT28J/fGLacCU7OE1ZmJCR5DGnBK3U6ycEx5SIvDMb1Bte05vDXSV+SRpQoj2of/WHimYJk0gFMabneymGOdHIqWCzWj8zLCV0QkasZ6kkCTNhPo88c8+sMnRjpe2T6M7V3xs5SYyZJpGdLCKaZa8Q//N6GcZXYc5lmiGTdPFRnAkXlVvc7w65ZhTF1BJCNbdZXTommlC0LdVsCf7yyaskuGheN/17r9G6Kduowgmcwjn4cAktuIM2BEBBwTO8wpuDzovz7nwsRitOuXMMf+B8/gD0/JE2</latexit>

The reference trajectory is shown in black.

Figure 5.12: Trajectories of the parkour car platform for the oval path.
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Funnel boundary is shown in gray and as long as the center of car is in the funnel, the whole body
of the car remains in the blue region. (a) guaranteed traces, (b) not guaranteed but safe traces,

(c) not guaranteed and unsafe traces.

Figure 5.13: Trajectories of the parkour car platform for the obstacle avoidance problem.

toward the obstacle with different initial states and the control-funnel-based controller engages

when x difference between the car and the obstacle reaches 1.5m. Figure 5.13 shows the projection

of the funnel on x-y plain. We note that if a trajectory starts from the head of the funnel, not

only its initial x and y, but also its initial v and α should also be inside the funnel. Figure 5.13 (a)

shows trajectories where the initial state is inside the head of the funnel. As shown, trajectories

remain inside the funnel and reach the tail. However, as demonstrated in Figure 5.13 (b), even

if the trajectory starts outside of the funnel head, the whole body of the car may remain in the

guaranteed region (blue region). Nevertheless, the safety is not guaranteed any longer as Figure 5.13

(c) shows trajectories where the parkour car leaves the guaranteed region.



Chapter 6

Conclusions and Future Work

In this thesis, we have introduced different classes of control certificates for smooth and

switched feedback systems. We showed how control synthesis problems are reduced to finding

control certificates. We have proposed an algorithmic framework for synthesizing these control

certificates. Our framework uses different constraint solvers along with a demonstrator oracle to

efficiently find a control certificate or prove certain types of control certificates do not exists. In

the rest of this section, we discuss some current limitations as well as possible extensions.

Extensions to Discrete-Time Systems: Control problems on discrete-time systems have

been widely studied. MPC schemes are naturally implemented over such systems, and furthermore,

certificate conditions extend quite naturally. As such, our approach can be extended to discrete-

time nonlinear systems defined by maps as opposed to ODEs. However, polynomial discrete systems

are known to pose computational challenges: when the Lie derivative is replaced by a difference

operator, the degree of the resulting polynomial can be larger.

Extensions to Stochastic Systems: While we have addressed disturbances using worst-

case analysis, many control problems consider stochastic disturbances. Our framework is extendable

to stochastic systems using stochastic certificates, namely super-martingales [104]. For such exten-

sions, one needs proper templates (cf. [131]), a formal definition of a counterexample for stochastic

systems, and a stochastic demonstrator (e.g. [141]).

Optimizing Performance Criteria: Our framework searches for a feasible solution and

stops as soon as a control certificate is discovered. An important extension to our work is finding
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control certificates so that the resulting controllers optimize some performance metric.

Other Verifiers: While in theory, the SDP relaxation addresses verification problems for

polynomial systems, the scalability is still an issue. There are alternative solutions to the SDP

relaxation, which promise better scalability. In particular linear programming is attractive for our

framework [4, 18].

For a highly nonlinear system, the degree of polynomials for the dynamics as well as basis

functions get larger. For these systems, the scalability is even more challenging. In future, we

wish to explore the use of falsifiers (instead of verifiers) and move towards more scalable solu-

tions [2, 6, 35]. While falsifiers would not guarantee correctness, they can be used to find concrete

counterexamples. Furthermore, by dropping formal correctness, a falsifier can replace the verifier

in the learning framework.

Beyond Polynomial Control Certificates: We assumed that the template is a linear

combination of some given basis functions. While this model is precise enough to for specific sys-

tems [100], there are systems for which a smooth V does not exist. Moreover, for some specifications

such as STL [85], the structure of a certificate gets more complicated [33]. Nevertheless, our frame-

work can also handle nonlinear templates such as Gaussian mixtures or feed-forward neural network

models, especially if the verifier is replaced by a falsifier that can be implemented through simula-

tions. However, there are some serious drawbacks, including more expensive candidate generation,

and weaker convergence guarantees.

Beyond MPC-based Demonstrations: As mentioned earlier, we use a black-box demon-

strator. We have investigated to use MPC as they are easy to design, and can provide smooth

feedbacks which in our experiments is the key to find smooth control certificates. However, if we

employed human demonstrators (for example, an expert who operates the system), the demonstra-

tor may include errors, and we may need to consider approaches that can reject a subset of the

given demonstrations [63]. Also, the demonstrations can lead to inconsistent data, wherein nearby

queries are handled using different strategies by the demonstrator, leading to no single control

certificate that is compatible with the given demonstrations [28, 24].
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In the end, we note that correct-by-construction controllers rely on models and their cor-

rectness is guaranteed only w.r.t. the models. From a practical point of view, modeling can

be challenging and models may be considerably different from real systems. In this thesis, we

demonstrated the applicability of correct-by-construction controllers to real systems only through

experiments. However, can we make any claim about the correctness of the real closed-loop sys-

tems? How does the model compare versus the reality? We need to investigate these issues to

achieve perfectly reliable systems.
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[27] X. Chen, E. Ábrahám, and S. Sankaranarayanan. Flow*: An analyzer for non-linear hybrid
systems. In Natasha Sharygina and Helmut Veith, editors, Computer Aided Verification,
pages 258–263, Berlin, Heidelberg, 2013. Springer Berlin Heidelberg.

[28] S. Chernova and M. Veloso. Learning equivalent action choices from demonstration. In
Intelligent Robots and Systems, 2008. IROS 2008. IEEE/RSJ International Conference on,
pages 1216–1221. IEEE, 2008.

[29] E. Clarke, O. Grumberg, S. Jha, Y. Lu, and H. Veith. Counterexample-guided abstraction
refinement. In E. Allen Emerson and Aravinda Prasad Sistla, editors, Computer Aided
Verification, pages 154–169, Berlin, Heidelberg, 2000. Springer Berlin Heidelberg.

[30] C. Cobelli, E. Renard, and B. Kovatchev. Artificial pancreas: past, present, future. Diabetes,
60(11):2672–2682, 2011.

[31] P. Cousot and R. Cousot. Abstract interpretation: A unified lattice model for static analysis
of programs by construction or approximation of fixpoints. In Proceedings of the 4th ACM
SIGACT-SIGPLAN Symposium on Principles of Programming Languages, POPL ’77, pages
238–252, New York, NY, USA, 1977. ACM.

[32] L. de Moura and N. Bjørner. Z3: An efficient smt solver. In C. R. Ramakrishnan and Jakob
Rehof, editors, Tools and Algorithms for the Construction and Analysis of Systems, pages
337–340, Berlin, Heidelberg, 2008. Springer Berlin Heidelberg.

[33] R. Dimitrova and R. Majumdar. Deductive control synthesis for alternating-time logics. In
2014 International Conference on Embedded Software, EMSOFT 2014, New Delhi, India,
October 12-17, 2014, pages 14:1–14:10, 2014.
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Appendix A

Benchmark

The benchmark used in the experiments are examples adopted from the literature. We

consider each of these systems as a switched system with RWS as the specification, where the safe

set S is a box, and the initial (goal) set is a ball with radius rI (rG) centered at the origin.

System 1 This system is adopted from [78]. There are two continuous variables x and y and the

dynamics are ẋ = y , ẏ = −x + u. We assume u ∈ {−1, 0, 1} and instead of stability, we consider

RWS with region S : [−1 1]2, rG = 0.2 and rI = 0.8.

System 2 This system is a switched system adopted from [46] (Example 3.1). There are two

continuous variables x and y and five modes (u1, ...,u5) the dynamics of each mode is described

below

u1





ẋ = 0.0403x+ 0.5689y

ẏ = 0.6771x− 0.2556y

u2





ẋ = 0.2617x− 0.2747y

ẏ = 1.2134x− 0.1331y

u3





ẋ = 1.4725x− 1.2173y

ẏ = 0.0557x− 0.0412y

u4





ẋ = −0.5217x+ 0.8701y

ẏ = −1.4320x+ 0.8075y

u5





ẋ = −2.1707x− 1.0106y

ẏ = −0.0592x+ 0.6145y .

The original specification is stability. We consider RWS with S : [−1 1]2, rI = 0.5 and rG = 0.1.

System 3 This system (adopted from [87]–Section 7.1) is a DC motor system. There are two

continuous variables ω and i, and input u is the source voltage:

ω̇ = −B
J
ω +

k

J
i , i̇ = − k

L
ω − R

L
i+

1

L
u ,
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where B = 10−4, J = 25× 10−5, k = 0.05, R = 0.5, L = 15× 10−4, and u ∈ {−10, 0, 10}. In this

example, the goal is to bring ω close to 20.0 (19.5 to 20.5) and i close to 0 (−0.7 to 0.7). The safe

set S is [−1, 30] × [−3, 3]. For a more challenging problem, we restrict the control input to be in

range u ∈ {−3, 3}, target set to a ball with radius 0.5. Since the desired point is [ω i] = [20 0], by

a change of basis, the following system is obtained:

ω̇′ = −B
J

(ω′ + 20) +
k

J
i , i̇ = − k

L
(ω′ + 20)− R

L
i+

1

L
u .

Also, the specification is originally RS. Here, we just consider the RWS with rI = 2 and rG = 0.5.

System 4 This system is a DCDC converter adopted from [91] with two discrete modes (u1, u2)

and two continuous variables i and v (x : [i v]t. The safe set is [0.65, 1.65] × [4.95, 5.95] and the

goal set is [1.1, 1.6]× [5.4, 5.9]. The dynamics are

u1





i̇ = 0.0167i+ 0.3333

v̇ = −0.0142v

u2





i̇ = −0.0183i− 0.0663v + 0.3333

v̇ = 0.0711i− 0.0142v .

The specification is RWS and we choose a new origin (i = 1.25, v = 5.55). Then, we set

rG = 0.15 to under-approximate the original goal set. For the initial region, we consider rI = 0.35.

System 5 This system is adopted from [96]. There are two continuous variables x1 and x2, and

the controller can choose between three different modes (u1, u2, and u3). Dynamics for these modes

are

u1





ẋ1 = −x2 − 1.5x1 − 0.5x3
1

ẋ2 = x1 − x2
2 + 2

u2





ẋ1 = −x2 − 1.5x1 − 0.5x3
1

ẋ2 = x1 − x2

u3





ẋ1 = −x2 − 1.5x1 − 0.5x3
1 + 2

ẋ2 = x1 + 10 .
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The safe set is [−2, 2]×[−1.5, 3] with some obstacles at corners of the safe set. For simplicity,

we assume that there are no obstacles. Also, the goal set is [−1,−0.5] × [1.5, 2]. By setting x1 =

−0.75 and x2 = 1.75 as the origin, rG is defined as 0.25. Furthermore, we consider rI = 1.0.

System 6 This system is adopted from [101](Example 8). There are two continuous variables x

and y, and the dynamics are ẋ = u , ẏ = y2x, where u ≤ |k| for some constant k. We assume

k = 4 and discretize the input (u ∈ {−4, 0, 4}). Also, in the original problem, y is the output.

However, we consider state feedback problem here. The specification is RWS (instead of stability)

with S : [−1 1]2, rG = 0.1, and rI = 0.5.

System 7 (a) This system (adopted from [144]) is a model of inverted pendulum on a cart. There

are two continuous variables θ (angular position)and ω (angular velocity), and input u is the applied

force to the cart.

θ̇ = ω , ω̇ =
g

l
sin(θ)− h

ml2
ω +

1

ml
cos(θ)u .

, where g = 9.8, h = 2, l = 2, m = 0.125, and u ∈ [−3, 3]. The specification is region-stability with

region S : {[θ ω]t|θ ∈ [−1.5 1.5], ω ∈ [−1 1]} and G = [−0.25, 0.25]2. We consider RWS and use

rG = 0.25 to under-approximate the target region and rI = 0.5.

(b) We consider the same problem, except for the fact that we enlarge the safe set S :

{[θ ω]t|θ ∈ [−1.5 1.5], ω ∈ [−4 4]} (and also increase the input range u ∈ {−15, 0, 15}) to

make another instance for the inverted pendulum example.

System 8 The system is a linear switched system, adopted from [102]. There are three continuous
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variables x, y, z in this system and the dynamics for three modes (u1, u2, and u3) are

u1





ẋ = 1.8631x− 0.0053y + 0.9129z

ẏ = 0.2681x− 6.4962y + 0.0370z

ż = 2.2497x− 6.7180y + 1.6428z

u2





ẋ = −2.4311x− 5.1032y + 0.4565z

ẏ = −0.0869x+ 0.0869y + 0.0185z

ż = 0.0369x− 5.9869y + 0.8214z

u3





ẋ = 0.0372x− 0.0821y − 2.7388z

ẏ = 0.1941x+ 0.2904y − 0.1110z

ż = −1.0360x+ 3.0486y − 4.9284z .

The original specification is stability. Here we consider RWS with S : [−1 1]3, rI = 0.7, and

rG = 0.1.

System 9 This system is a switched system adopted from [46] (Example 3.2). There are three

continuous variables x, y, z, and five modes (u1, ...,u5) the dynamics of each mode is described

below

u1





ẋ = 0.1764x+ 0.8192y − 0.3179z

ẏ = −1.8379x− 0.2346y − 0.7963z

ż = −1.5023x− 1.6316y + 0.6908z

u2





ẋ = −0.0420x− 1.0286y + 0.6892z

ẏ = 0.3240x+ 0.0994y + 1.8833z

ż = 0.5065x− 0.1164y + 0.3254z

u3





ẋ = −0.0952x− 1.7313y + 0.3868z

ẏ = 0.0312x+ 0.4788y + 0.0540z

ż = −0.6138x− 0.4478y − 0.4861z

u4





ẋ = 0.2445x+ 0.1338y + 1.1991z

ẏ = 0.7183x− 1.0062y − 2.5773z

ż = 0.1535x+ 1.3065y − 2.0863z

u5





ẋ = −1.4132x− 1.4928y − 0.3459z

ẏ = −0.5918x− 0.0867y + 0.9863z

ż = 0.5189x− 0.0126y + 0.6433z .

The original specification is stability. However, here we consider RWS with the safe region S :

[−1 1]3, rG = 0.2, and rI = 0.8.
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System 10 This system with three continuous variables and four modes is adopted from [21] (Ex-

ample 2). The dynamics are

u1





ẋ = 4.15x− 1.06y − 6.7z + 1

ẏ = 5.74x+ 4.78y − 4.68z − 4

ż = 26.38x− 6.38y − 8.29z + 1

u2





ẋ = −3.2x− 7.6y − 2z + 4

ẏ = 0.9x+ 1.2y − z − 2

ż = x+ 6y + 5z − 1

u3





ẋ = 5.75x− 16.48y − 2.41z − 2

ẏ = 9.51x− 9.49y + 19.55z + 1

ż = 16.19x+ 4.64y + 14.05z − 1

u4





ẋ = −12.38x+ 18.42y + 0.54z − 1

ẏ = −11.9x+ 3.24y − 16.32z + 2

ż = −26.5x− 8.64y − 16.6z + 1 .

The original specification is stability, while here we consider RWS as the specification with S :

[−1 1]3, rG = 0.2, and rI = 0.8.

System 11 This system is a radiant system in building adopted from [96], which is a switched

linear system with three continuous variables (Tc, T1, and T2) and two modes (u1, u2). The

dynamics for mode u1 is as follows:

CrṪc = Kr,1(T1 − Tc) +Kr,2(T2 − Tc)−Kw(Tw − Tc)

C1Ṫ1 = Kr,1(Tc − T1) +K1(7− T1) +K1,2(T2 − T1) + p1

C2Ṫ2 = Kr,2(Tc − T2) +K2(7− T2) +K2,1(T1 − T2) + p2 ,

where C1 = C2 = 2000, Cr = 3500, Kr,1 = Kr,2 = 7.8740, K1 = K2 = 0.4651, Kw − 16.6667,

K1,2 = K2,1 = 5.5556, Tw = 18, Ta = 31, and p1 = p2 = 12.8. For mode , u2, Kw is zero.

These parameters are taken from [93]. The original specification is region-stability, with region

[20, 28]3 and target set [21, 27] × [22, 25]. Here we just consider RWS with a smaller target region

[23, 25] × [22, 24]2. More precisely, we consider state Tc = 24, T1 = T2 = 23 as the new origin

and rG = 1. Also rI = 3. Additionally, since the changes in dynamics are slow, we enlarge the

derivatives 1000 times. Furthermore, the problem scaled down ten times to avoid numerical issues.
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System 12 This system is adopted from [123]. There are three continuous variables x, y, z, and

the dynamics are

ẋ = −10x+ 10y + u , ẏ = 28x− y − xz , ż = xy − 2.6667z .

The original specification is stability with output feedback. Here we consider RWS with state feedback

and region S : [−4, 4]3, and rG = 1. Also, we limit u ∈ {−100, 0, 100}. The initial set is defined

by rI = 3. Also, the problem scaled down ten times times to avoid numerical issues.

System 13 This system is a uni-cycle example, adopted from [77]. There are three variables x, y,

and z, with two control input u and v. The dynamics are

ẋ = u , ẏ = v , ż = xv − yu .

The original goal is stability. Here, RWS is considered instead with S : [−1, 1]3, rI = 0.5, and

rG = 0.2.

System 14 The original system is a switched control system with continuous input u from [155]

(Example 7.2). There are four variables (w, x ,y, and z) and four original modes. The dynamics

are

u1





ẇ = −0.693w − 1.099x+ 2.197y + 3.296z − 7.820u

ẋ = −1.792x+ 2.197y + 4.394z − 8.735u

ẏ = −1.097x+ 1.504y + 2.197z − 2.746u

ż = 0.406z + 3.244u

u2





ẇ = −1.792w − 1.099x+ 2.197y + 1.099z + 6.696u

ẋ = 0.406x− 2.197y + 4.734u

ẏ = −0.693y + 2.773u

ż = −2.197w − 1.099x+ 2.197y + 1.504z + 4.263u
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u3





ẇ = 0.406w + 0.811u

ẋ = 1.099w − 0.144x+ 0.549y − 0.549z + 1.910u

ẏ = 0.549x− 0.144y − 0.549z + 3.871u

ż = 1.099w − 0.693z + 4.970u

u4





ẇ = −0.693w + 2.000x+ 1.863u

ẋ = −0.693x+ 4.159u

ẏ = −0.693y + 2.773u

ż = 4.000x− 4.000y − 0.693z − 1.069u .

, where u ∈ {−1, 0, 1}. Instead of stability, we consider RWS with S : [−1, 1]4, rG = 0.2, and

rI = 0.5.

System 15 The goal of this benchmark is to keep R rooms warm, given some limited number of

heaters.

The first three instances are adopted from [91]. Temperature of each room i is shown with ti.

For mode, u0 the heater is off, and the dynamics are

ṫi = 0.01(−10.5ti + 5t(i+1)%R + 5t(i−1)%R + 5) .

If the heater is on in room i, the dynamics for room i changes as follows

ṫi = 0.01(−11.5ti + 5t(i+1)%R + 5t(i−1)%R + 55) .

(a) In this instance, R = 3 and there is one heater which can be off or in one of the rooms.

(b) In this instance, R = 4 and there is one heater which can be off or in one of the rooms.

(c) In this instance, R = 5 and there is one heater which can be off or in one of the rooms.

(d) In this instance, R = 6 and there are two heaters which can be off, or they are both on at

the same time. Also, if the first heater is in room i, the other heater must be in room (i+ 3)%R.

(e) In this instance, R = 9 and there are three heaters which can be off, or they are all on

at the same time. Also, if the first heater is in room i, the other two heaters must be in room

(i+ 3)%R and (i+ 6)%R.
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The original specification is safety with safe set [20, 22]R. Here we consider RWS with target

set [20, 22]R, and safe set [17, 25]R. To under-approximate the target region, we consider ti = 21

(for all i) to be the origin and rG = 1. Also, rI = 3.


