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the energy of the noise is high and insulates the underlying signal. Here, only the noise will be
extracted and the signal will remain untouched. The locations at which signal is extracted into an

otherwise noisy IMF will be shown to be phase dependent.

High energy noise:
Signal is insulated from
extraction.

Lower energy noise:
Signal is extracted to
compensate.

Figure 5.14: A model of a noisy signal in the time-frequency plane. Signal will be extracted in the
region corresponding to 0.5-0.6 seconds. Here the energy of the noise is too low to insulate the

signal from extraction. Outside of this region, only the energy of the noise will be extracted.

Consider two signals with identical spectral content, differing only by a constant phase factor
and contaminated with the same noise realization. For simplicity, we consider two stationary
signals. Using a stationary example will limit the effect of spectral leak, as unlike the chirp used in
the previous nonstationary case, a signal with one frequency should not have energy spread over
many IMFs. Let f =75 Hz and t € [0, 1] seconds. We examine z1 = sin(27 ft) and a phase-shifted
copy xo = sin(2w ft + .9p), where p = % is the period of x;. Because x; and x2 have the same

frequency content, we expect that when contaminated with the same noise realization, EMD should

produce very similar results. Figure 5.15 shows that the first transition IMF's for each noisy signal



O,

SSSSSSSSSSSSSS

((((((((((



104

contain signal in different locations. Examining the residual from which each transition IMF was
extracted lends an explanation. The smallest standard deviation in each residual occurs near 0.7
seconds and 0.4 seconds for x1 and x5 respectively and is highlighted in red. These time locations
correspond exactly with the location of signal content in each transition IMF. At these locations,
the level of the noise is too small to insulate the signal from extraction into the current IMF. This
process demonstrates that the extraction of transition IMFs is also phase dependent.

In the above example, the first IMF contains pure noise for both signals. Because the exact
same noise realization was used to contaminate both signals, one might expect that the first IMF,
and thus the first residual, for each signal would be identical. However, as noted above and seen
in figure 5.15, the statistics of the residuals are different, showing dips in the energy of the noise
at different locations. For a more complete understanding of the demonstrated phase dependence,
we consider how the phase of a signal interacts with noise. The interference between the sinusoidal
function x;(t) = acos(wt+ ;) (i = 1 or 2) and a realization n(t) of the white noise can be described
by the following simple model. We consider n(t) to be a realization of a white noise process sampled
at a finite number of samples N. We can decompose n(t) using a finite Fourier transform [11] and

the Fourier series expansion can be written as follows:

N-1
P cos( 27rk— + ¢r)

k=0

where the pr > 0 and ¢y, are defined by

ap = PrCOSYy, b = —prsinpg, and ap = 2ppcospy,
with
2 t 2= t
g = o ; n(t) COS(27T]{2N) (k=0,...) and 2 n(t) sin 27TI<:N) (k=1,...).

We now contaminate the signal x;(¢) by adding the noise realization n(t) to x;(),

N-1
xi(t) + n(t) = acos(wt + ;) —|—Zpkcos 27Tk—+g0k) (t=0,1,...,N —1).
k=0
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Because the noise is white, we expect the realization of the noise to have a uniform distribution of
the energy in the Fourier domain. In other words, we expect that all p; have similar amplitudes.
We now examine under what circumstances the noise will interfere with the signal. First,
we assume that the signal amplitude is about the same as the noise level, (a & pg,). Second, we
consider the frequency index of the noise that matches the frequency of the signal, ky such that
w = 27kg. At this frequency the noise will interfere with the signal. Formally, we can consider the

interaction of the two cosine function,

t t
« CoS <wN + Bz’) + Pk, COS (27TkON + (Pko) ~

w—|—27rko t ,31"1’(/7160 CU—27T]-€0 t Bi—(pko
5 N 3 cos 5 N 2 '

2py, €OS <

If w = 27kg, then the function

w—2mko L Bi — ¢k,
cos< 5 N+ 5

slowly modulates the other cosine function,

wH2mko t B + ¢k
Pro €03 <2N+Z20

which still oscillates at the frequency w since (w+27mkg)/2 ~ w. The overall amplitude of the slowly
varying envelope cos((w — 2mko)/2 t/N + (8; — vi,)/2) clearly depends on the phase difference
(Bi — ¢ky)/2, as is shown in figure 5.15.

We conclude that the exact amount of cancellation created by the interference between the
original signal x;(¢) and the noise realization n(t) depends on the phase of the signal x;(t). We note
that this analysis is concerned with one realization of the noise, and is not in contradiction with
the fact that the noise statistical properties are translation invariant, since the noise is considered

to be stationary.

5.5 EMD Decomposition of Synthetic Seismic Data

Having demonstrated both the effect and mechanism of noise corruption on simple synthetic

examples, we turn our attention to a synthetic seismic signal which will serve as a model for real
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world data. The signal was constructed using elementary chirplet wave packets. Such chirplet
packets were proposed in [6] to decompose seismograms. Details of the construction are given in
the next subsection. Figure 5.16a shows the clean signal that will be considered along with the
estimate of its instantaneous frequency®. In the absence of noise we observe that the decomposition
of the signal yields a physically meaningful IF (figure 5.16b).

To investigate the effect of noise, the same signal is contaminated with additive white Gaus-
sian noise and we consider an SNR of 24dB. The noisy signal is shown in figure 5.17a and it is clear
that a meaningful IF was not produced (figure 5.17b). Examining the IMFs of the noisy signal
shows that IMF 1 contains noise and IMF 2 represents the transition from noise to signal. It is
noted that 91.8% of the signal’s total energy is captured in this transition IMF. Eleven IMF's were
produced and figure 5.18 shows the first five, capturing 98.6% of the energy. It is clear that to pro-
duce a meaningful instantaneous frequency, IMF 1 must be discarded. IMF 2 must be included as
it contains almost all of the energy, but will be problematic as it also contains noise. Recomputing
the IF (not shown) using all but the first IMF fails to produce a meaningful IF estimate due to the
noise present in IMF 2.

The seismic signal is clearly nonstationary. We therefore expect that the transition IMF
was formed due to spectral leak. The IMFs in figure 5.18 indicate that the decomposition indeed
followed the process presented in the model for spectral leak (figure 5.11). IMF 1 is pure noise,
extracted by EMD operating in the filter bank regime. The spectrogram of IMF 2 shows that
EMD continued down the frequency axis in a somewhat dyadic fashion. In principle, IMF 2 would
have contained only pure noise, but the frequency content of the signal leaked into the bottom of
this frequency band. The spectrograms of IMFs 3 - 5 show that the extraction of signal into the

transition IMF damaged all subsequent IMFs.

3 This synthetic seismic waveform is the result of the superposition of several signals, each with different frequency
and amplitude functions. Therefore, the waveform is a multicomponent signal and its analytic IF is not well defined.
The IF must be computed numerically (as the weighted sum of the IF from each of its IMFs) as shown in figure
5.16b.
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Figure 5.16: Clean seismic signal from which a physically meaningful IF is calculated.

Signal Instantaneous Frequency

2000

1000

nz
(=}

—1000

—2000

0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
(a) Signal (b) Instantaneous Frequency

Figure 5.17: Noisy seismic signal (SNR = 24dB) from which a physically meaningful IF cannot be

calculated.

Finally, there is also evidence of phase dependence. Let the original signal be denoted by x,
and consider z1 and zo, two phase-shifted copies of x with identical spectral content. Phase shift
is accomplished by adding a constant ¢ to the argument of the sine in the wave packet wg(t) (see
Section 5.5.1). The values used for ¢ are 0.97 and 0.37 for x; and x9, respectively. Figure 5.19

shows the transition from noise to signal is captured in IMF 2 for x and x1. Although subtle, these
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IMF 1 IMF 1

TIMF5 TIMF 5

0.5
0
-0.5 —_—— =
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
seconds seconds
(a) IMFs (b) Spectrograms of IMFs

Figure 5.18: First five IMF's with spectrograms from the decomposition of the noisy seismic signal.
91.8% of the total energy is captured in transition IMF 2. IMF's 3-5 are damaged by the extraction
of signal into IMF 2.
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IMF's contain signal at different locations (most easily seen at 0.6 seconds). A more obvious effect

is seen in the decomposition of xo, where the transition begins in IMF 1 instead of IMF 2.

IMF 1 IMF 1 IMF 1
10 10 10
0 0 0
-10 -10 -10
02 04 06 08 02 04 06 08 02 04 06 08
IMF 2 IMF 2 IMF 2
20 20 20
-20 -20 -20
02 04 06 08 02 04 06 08 02 04 06 08
seconds seconds seconds
(a) (b) z1 (c) z2

Figure 5.19: First two IMFs of noisy seismic signals differing only by a phase factor. IMF 2 is the
transition IMF for & and x1, while the transition begins in IMF 1 for x5. The transition IMF's for x

and x1 contain signal content in slightly different locations, most notable at time ¢ = 0.6 seconds.

5.5.1 Construction of the seismic waveform

The synthetic seismic waveform, f(t), used in this section is based on the work of Bardainne

[6] and is constructed as follows:

Let f(t) = Yoy awwp ((t — t)/di) .t € [0,1]
e Wave packet wy(t) = g(t) sin [2 7(fi + pxtl*)t]
e Envelope g(t) = two Gaussians smoothly glued:

2

Ler(1-1y)

1 ifck(l—lk) <t<6k+(1fck)lk

_ (atO-aoi—t) | _
eXP[ <%(1*Ck)(1*lk)) ] ifep + (1 -l <t <1

e (fk,pr,qr) control the frequency of the wave packet
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e (ck,lg) control the boundary between the attack and the silencing of the wave packet.

The parameter values used in this section are shown in table 5.5.1 below.

k]t de  fo ar ca Wk pr
1 0 1 10 03 00 1 0 O
2102 08 8 02 09 05 10 1
3
4

032 0.0 300 3 07 01 2 -1
045 024 195 10 0.2 02 -5 10

Table 5.1: Parameters used for constructing the seismic waveform.

5.6 Conclusions

All data analysis tools are susceptible to noise corruption; EMD is not an exception. Despite
this reality, EMD has emerged as an effective tool for nonstationary data analysis. Wavelet decom-
positions, which suffer from similar corruption in the presence of noise, are accompanied by rich
theory from which this noise corruption may be studied and understood. A complete theoretical
framework for EMD has yet to emerge. Therefore, EMD is best understood through experiments
to discover and test its limits. EMD is an effective tool for estimating the IF of a clean signal but
provides a poor estimate in the presence of noise. When decomposing a noisy signal, “transition”
IMFs are extracted, capturing both noise and signal in the same mode. Such IMFs are problem-
atic as their noise pollutes the IF calculation yet their signal content cannot be ignored. We have
demonstrated both the existence of and mechanism by which transition IMF's are created. Specif-
ically, transition IMFs arise from spectral leak between modes and EMD'’s filter bank behavior in
the presence of noise. In addition, the manner in which signal leaks into an otherwise noisy IMF
has been shown to be phase dependent. Given this understanding, there is an opportunity to more
faithfully estimate instantaneous frequency in the presence of noise. In doing so, care must be
taken to treat transition IMF's in a manner that preserves any meaningful physical information, as

this is an idea at the core of the development of EMD.



Chapter 6

Conclusion and Future Directions

The work in this thesis is motivated by the goal of constructing an efficient parameterization
of a large data set of points lying close to a smooth manifold in high dimension. We have studied
the recovery of the local tangent plane from a collection of noisy manifold samples. The tangent
plane yields an efficient local parameterization that allows for the data to be well represented in
fewer dimensions than those of the ambient space. Such a parameterization therefore yields a sparse
representation guided by the geometry of the data.

We have presented a detailed analysis of the optimal scale for tangent plane recovery. Using
local PCA, we seek a scale small enough such that the manifold is approximately linear, but a scale
large enough such that structure may be discerned from noise. We use eigenspace perturbation
theory to study the stability of the subspace estimated by PCA and bound, with high probability,
the angle it forms with the true tangent space. The scale that optimally balances the noise-curvature
trade-off is identified, yielding the optimal tangent plane estimate.

Local PCA is frequently used for subspace approximation and tangent plane recovery in the
manifold learning and data analysis literature. Most often, locality is defined via a fix number of
nearest neighbors or a fixed radius about a point. However, estimates that do not consider the
curvature of the manifold or noise level of the data are bound to be suboptimal. The analysis in
this thesis uses the geometry of the data to guide the definition of locality and thus offers new
results for optimal scale selection and tangent plane recovery.

To connect this analysis with practical algorithmic considerations, we have studied a PCA
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approximation-based partitioning scheme for noisy data. Our geometric analysis and numerical
results indicate that the main loop of this algorithm is driven by a noise-curvature trade-off and
therefore recovers a partitioning that provides an appropriate scale for tangent plane estimation. In
future work, we plan to combine our analysis of the optimal scale for tangent plane recovery with
the partitioning criterion of such an algorithm. Rather than resorting to an a posteriori comparison
of the returned partitioning to the optimal scale, the algorithm should be guided by our tangent
plane stability analysis. Further, as our results yield error bounds on the local scale, a partitioning
may be found in a manner that maintains low-distortion guarantees over the entire data set. Such
guarantees are desirable not only in this context, but in any data parameterization algorithm.

A particular area of application for the ideas discussed in this thesis is image processing. The
manifold geometry of collections of images or image patches (“patch-space”) has been a growing
area of study over the past decade (see [23, 53], for example). In fact, face images are used as a
standard data set with which to benchmark the performance of various parameterization algorithms
(see the experiments in [67, 77|, amongst many others). As sparse representation algorithms have
recently demonstrated state-of-the-art image denoising results [1], the geometric sparsity afforded
by the local tangent plane parameterization of patch-space may be used in a similar manner.
Projecting noisy points (each point representing an image or image patch) into the optimal estimate
of the local tangent plane effectively eliminates noise in all of the out-of-plane dimensions. As the
dimensionality of the tangent space (intrinsic dimensionality) is typically much smaller than that of
the ambient space, such a projection can eliminate much of the noise. Denoising via the sparsity of
this geometric parameterization is similar in spirit to the well-studied idea of wavelet thresholding
[58]. A key difference, however, is that thresholding transform coefficients relies on sparsity in a
fixed basis, whereas our results can adaptively find the proper geometric parameterization of the
data. We are currently studying the performance of image filtering in the tangent plane, comparing
the statistics of this method with those of standard image filtering techniques (see the analysis in
[60]). Image processing in the tangent plane therefore remains a focus of our current research.

Finally, sparsity has been demonstrated to be a powerful data model that allows for efficient
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representation of complex and high-dimensional data sets. The past decade has witnessed many
new and exciting results exploiting the sparsity inherent in such data. The work in this thesis has
highlighted a geometric notion of sparsity that can be used to extend sparse representation to a
wider range of data. The geometric interpretation of standard sparse representation is clear and
has been discussed in several contexts [26, 69]. By representing points as linear combinations of
a small number of basis elements or dictionary atoms, traditional sparse representation operates
under the assumption of samples from a linear subspace or union of linear subspaces. Spectral
clustering of the sparse coefficient matrix can then be used to partition a data set into linear
clusters (see [2, 27] for example). However, most data sets exhibit curvature and thus cannot be
completely characterized by such a “flat” geometric model. Extremely recent results of the past
months have presented algorithmic [28] and theoretical [72] considerations of sparse representation
in the manifold context. Still, a more detailed analysis incorporating curvature is needed (see [16]
for recent related work). The continued development of sparse representation from a geometric

perspective is a primary focus of our current work and an important extension of this thesis.
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Appendix A

Appendix: Optimal Tangent Plane Recovery From Noisy Manifold Samples

Al The Set (2,

Here the set €2 over which projections of the vector e have bounded norm is formally defined.
Begin by recalling a standard result on the concentration of the Gaussian measure on RY, denoted
by vn. Consider a random vector drawn from the N'(0,02Iy) distribution. By the concentration

of Gaussian measure [36], the set
S={zeRY: VN(1-¢) < |lz]|/c < VN1 +¢)}

has measure

Ne?

YN (S) >1—2¢ 2.

This result states that the Gaussian measure of the set of points in RY that concentrate about the
sphere of radius o N is extremely large.

The sets

Q1 ={zeR?: ||z|| <oVd(l+e)}

Oy ={z eRP: ||z|| < ovVD —d(1+¢2)}

have Gaussian measure

2
—def

Ya(21) >1—e 2

—(D—d)<?

’}/D_d(Qz) >1—e 2
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We may define sets
Qu, = {z eRP : |UTz|| < oVd(1+e1)}
Qu, ={z € RP: UL z|| <ovVD —d(1 +&2)}
such that Qp, and Qy, are the preimages of {21 and {29, respectively, in RP. The Gaussian measures

of the sets Q; and €y are the pushforwards of the Gaussian measure in R” by the respective

projections U and UZ":

where Q denotes the complement of the set €.
Finally, define

Qe = QUl N QU2

and a standard union bound argument yields

—de? —(D-d)e3

0(Qe) = 0 (Qu, U Qu,) = v0(Quy) +70(QUp) < ez +e 2

Set €14/d/2 = e2+/(D — d)/2 = &. Then both

|UTell < o (V+£v2)
|Ufell <o (VD= d+¢v2)

hold on 2., and

2

Yp(Qe) > 1 — 275,
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A.2 Suprema and Expectations for Main Result 1

A.2.1 Suprema R’/ and R}

Listed here are the suprema terms needed for the calculations leading to Main Result 1. The
calculation is outlined in Chapter 3.3.2.1.

First we have R terms:

R; <o (\/ng 66\[2) on .,
Rz <o (\/lfd + {e\@> on .

Then using (3.3.19) we may bound the remaining R"]:

4
1
RESSEK%A ( N ) |

4 max Nmagg
3
1 N \¢
Rgl} < iK’rfna:p (N > )
11 2 2
R.. <o (\/g—i— fe\/i) on e,
2
RZ <o? (VD —d+ ge\fz) on .,
R < o2 (\/& v geﬁ) (\/D —d+ ge\@> on €,
N \d
Rig} < 0Tmax (N) (\/& + ge\/i) on Qey
N \d
Rzl} < OTmax <N (VD—d"i_feﬁ) on 2,
2
1 N \d
R2 < iKUTEmm: (N ) (\/g-i- 5@/5) on Q,
2
1 N \4
R%2 < §K0rfna$ (N) (\/D —d+ fe\/§> on .
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A.2.2 Expectations
Here we detail the calculation of the expectations from Chapter 3.3.2.2. Each term is of the

form

| E7 (0 —Ela) 6 —ERDT U], = ||Blaw, L) - Elaw, | EBE,]

P

As only pure curvature (cc!’) and pure noise (ee!) terms have nonzero expectation, the calculations

of all other terms are omitted.

Pure Curvature Term: The expectation of the pure curvature term is computed as follows.

Consider first (cy, 652)

ij = cicj for i,j = (d+1),...,D. Then

1 i i j j
Elcicj] = ZE[(@’@% o+ mD2YEV G+ kD)
1 .. 1 ..
= JKLEL] + K Bl
4 NNE
= maz K + K9 1. A21
4(d +2)(d + 4) <me> (385 + K] ( )

Next consider (¢y,); = ¢; for i = (d+1),...,D. Then

T;Inax N % 11 17
Bl Ble] = 1% () [+ K] (A22)

and we have

Al

| Blewsch,] - Elew] Elck

1
2

I'mag N Vil o - ij ij 12
2(d + 2)2(d + 4) ( Nm> > > l+nEg -KL| (A.2.3)
i=d+1 j=d-+1

Pure Noise Terms: Using that the entries of e are i.i.d. random variables from the N(0,c?)

distribution, we have



123

N

D D % D D
<Z > E[eiej]2> =| ¥ EP+ X Elagl?| =0’vVD-d

i=d+1 j=d+1

if (p,q) = (2,2),

D :
<,_Z ZE[eiejF) =0 if (p,q) = (2,1).

A.3 Norm Bounds for Main Result 1

The right-hand side of the confidence interval (3.3.18) from Chapter 3 is used to bound the
size of the perturbation norms. When considering noise terms, recall that we must condition on
e € Q.. Recalling the rescaled notation r = rqq (N /Nmax)l/d is helpful for interpretation. Note
that we may work with either the matrix in question or its transpose when computing the norm

and our notation may reflect either choice.

Curvature

oz (seer) v, <

"maa Ny Z Z (d+ 1)K, — KiJ 1
2(d+ 2)2(d + 4) \ Npaz "

i=d+1 j=d+1

+ \/lﬁlfr;‘m (Niaz)g [(2 + ncc\/ﬁ) + \;N (2 + nc\/§>2:| (A.3.1)

with probability at least 1 — e Mee — e~ over the random selection of the sample points.
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Noise

o7 (vBET) 1],

VI + o (Vi) [ (24 av) + = (2402 (A.32)

with probability at least 1 — e Mee — e M — 2¢~& over the random realization of the noise.

1 ~~
‘UQT (NEET) Uy

F_ o*VD —d + \/ia <\/ +§e\[)

X [(2 + nee\@) + \/IN (2 + ne\/i) 1 (A.3.3)

with probability at least 1 — e~ Mee — e~Me — 2¢~€ over the random realization of the noise.

1 ~~
T T
‘UQ (NEE >U1

= Ta 2(Vi+e2) (VD=d+¢v2)

x [(2 n nee\@) + \/1N (2 n ne\/§> 1 (A.3.4)

with probability at least 1 — e~ Mee — e~Me — 2¢~€ over the random realization of the noise.

Linear-Curvature Interaction

oz (3e1r) ], <

L (52) [ ne®) o+ (e ®) (248)] ()

with probability at least 1 — e~Mie — e~ — e~ over the random selection of the sample points.

Linear-Noise Interaction

1
1 ~~ 1 N d
’ UiT <NELT> U1 S ﬁarmam (N) (\/g‘F ge\/§>
F max

X [(2 + me\@) + \/1N <2 + m\@) (2 + ne\@)] (A.3.6)
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with probability at least 1 — e e — e M — e — 2e~& over the joint random selection of the

sample points and random realization of the noise.

; < \;No'rmax (&)é (m+§eﬂ>

x [(2 + me\/i)

1 ~~
T T
—FEL

oo (2nd) (240vB)| (as)

with probability at least 1 — e Mee — e~ — e — 2e=& over the joint random selection of the

sample points and random realization of the noise.

Curvature-Noise Interaction

1 ~~
T T
—CE

= \/%IgorﬁqagE( al >3(\/&+§exf2)

<|(rnav?)+ oo (4nd) (24002)] (a38)

with probability at least 1— e Mee —e~Me —e M —2e5¢ over the joint random selection of the sample

points and random realization of the noise. Note that |U{ (%ECT) Us||r = |US (% CET) Ui||p.

Hag (}VaET) Us )3 (VD=d+&v3)

_ 1K, ( N
——=—0r
F o \/N 2 max Ninaz

X [(2 + nce\/i) + \/% (2 + ncﬂ) (2 + n\/ﬁ)] (A.3.9)

with probability at least 1 — e e — ™M — M — 2e7E over the joint random selection of the

sample points and random realization of the noise.

A4 Moment Calculations

The following moment calculations will be used in the confidence interval calculations. Let
L; be the random variable that returns the ith coordinate of a point from B%(r), randomly chosen

according to a uniform distribution. Let = [z1 2 ... 4] and compute the following expectations
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with respect to p, the uniform measure on B%(r):

Similarly,

Then we compute the following moments:

Biif) = [t

7

/ diL‘l e dwi—l diL'i_H e d:Ed d:Ei

zl, T 1,Ti4 1505 Td
€ Bi-1(y/r2—z?)

i

1 T
= / xy Vol(Bd_l( r2 — SU?)) dx;

vol(B4(r)) J—

_ vol(B4(1)) [T
 vol(Bi(r)) /_

Blzsz) — YA (L) /

vol(B4(r))

r4

i J] = @+2)(d+4)

i
E [LA'L] (d+23) (d+4)

¢ (2 —x?)% dx;.

[T i =) oy,
Var[L;] = df2
Var[LiL] = s
Var[L?] = %
Var|LiL3] = Graydsaare
VarlLY] = Grayitaars)
Var[L?L?] = (d+2)§ijiz§g&?g(d+s)
Var[L?] = (d+22§g(gzzi21()§[(i;j8€;+8)'
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A5 Central Limit Theorem Calculations for Main Result 2

Here we detail the Central Limit Theorem (CLT)-based calculations that are used for Main
Result 2. In the following analysis we will write % Zévzl Y: 4y meaning that the sum converges
in distribution to the random variable Y, and we will then indicate the distribution from which Y
is drawn.

A.5.1 Matrix Entries

A.5.1.1 Centering

We first compute the entries of the matrices representing the centering terms E[L], E[C], and

E[E].
e Linear
N
=~ 1
E[L] = NZL@’? 4y e w—"T, p+T] (A5.1)
k=1
p=20 (A.5.2)
1 2 N \d
= = mazx ) A5,
NV a2 (wa) (A.5.3)

with probability greater than 1 — 6_77%, where Y ~ N (E[Li], %Var[Li]).

e Curvature

N
~ 1
E[Ci] = > Cin (A.5.4)
k=1
N N
_ 1@l 9 01 5
=3 ["ﬁ Nkz_lLuﬂL” + Ry N;Ld,k
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2
K; r? N \d
p= B T ( ) (A.5.5)
2 (d+2) \ Nmaz
2
K; r? N \4(2nc [d+1
[=—'_maz A.5.6
2 (d+2) (Nmm) («/N d+4 ( )
with probability greater than 1 — de= & , where Y;

~ N(E[L?], %Var[L?]) forj=1,...,d.

e Noise
N
~ 1 o2 ov?2
EF] = =) Ex =Ye€e|-npg———, np—= Ab5.7
[Ei] N ; ke ne JN ne \/N] ( )
with probability greater than 1 — 6_77?5, where Y ~ N (0, %02).
Combining these results, we will use the following centering terms:
o E[GIE[C)] € [p—T, p+T]
4
K,K; N \d
= ——= A5,
4
KK, N \d(4nc [d+1 4nZ [(d+1
=——"—I_n ¢ A5.9
4(d+2)2Tmax<Nmax> (\/N ara v \ar4 (A.5.9)
with probability > 1 — de*’%,
« BERE) € [-R%, %]
1—2e7 (i)
with probability >
L—e™me (i=j),
o E[LJE[C)] € [u—T, p+T]
w=0 (A.5.10)
3
1 K; N \d 2ne [d+1
=g J r;”nax< ) 1+ =y —— (A.5.11)
VN V2(d +2)2 Nimag VNV d+4
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with probability > 1 — e — de‘”g‘,

=0 (A.5.12)
r= nmE;\/c%rmm <Ni\jm>}i (A.5.13)
with probability > 1 — e — e_”gE,
e E[CGIE[E;] € [u—T, p+T]
=0 (A.5.14)
T = nE\/lﬁ\/%rﬁm (Nfa)i [1 + 37% Zj:jl (A.5.15)

with probability > 1 — de ™ — e k.
A.5.1.2 Curvature

The entries of the pure curvature term CC7T are computed as follows. Note that the curvature

term is the only one for which the entries grow with N.

N
1
- Zci,kcj7k (A.5.16)
k=1
1 L1/ g : 1
k=1
1 d ‘ 1 N 1 d . 1 N
O LR D SIS SRR SN
n=1 k=1 m,n=1 k=1
m#n
d 1 d ; 1 <& .
— ZZ/@S)/{%J) Zn + 1 Z H%)/Q%J) Yinn
n=1 m,n=1
m#n
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1 7";lnaac z] i
“:Z(d+2)(d+4 ( max) 3K}, + K3,] (A.5.17)
1 max )
fzf(d+2 d+4) \ Nmaz
i 24(d+1)(4d+17) i 8(d? + 5d + 3)

with probability greater than 1 — de_nécl — @eﬂ%%, where Z, ~ N <E[L?], %Var[L?]) and

Yon ~ N(E[L?L?], %Var[L?L?}), for myn=1,...,d. Subtracting I/EE[CZ]]/E[CJ] from (A.5.16),

< ! 55’T> € [u—T, p+T1] (A.5.19)
1,J
rd N i - .
p=s Ve ey (Nm) [(d+ 1)K, — K] (A.5.20)
1 rfmx N i
\/74((14—2) < maz) (A.5.21)
i 48(d+1)(4d + 17) i (d? + 5d + 3)
(”OCIK \/(d +a2(d+6)d+8) T 4”002Km”\/(d +4)%(d+6)(d + 8)

(d+2) Vd+4 VN  (d+2)(d+4)

2 1 2
with probability greater than 1 — de” 7¢¢1 — @e ey, — de=ME. Note that only the lower right

(D —d) x (D — d) entries are nonzero.

A.5.1.3 Noise

A diagonal entry of the pure noise matrix EET is the square of the norm of a vector in
RN of Gaussian random variables. We could use the concentration of Gaussian measure to bound
this norm (see Section A.1l), but obtain a slightly tighter result using the CLT. Note that this
norm neither grows nor decays with N, and its leading order term o2 represents a noise-floor. An
off-diagonal entry is the inner-product between two such vectors, and we therefore expect it to
be small. Using a Bernstein-type inequality [59] to bound such entries yields the same leading
behavior but with higher order terms, whereas using the CLT does not. Properties of the Wishart

distribution could also be used [62]. Note that the off-diagonal terms tend to zero as N grows.
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e Diagonal entry (i = j)

N 2 N

1 o d

NE Ei1Ei) = WE Y, = o?Z (A.5.22)
k=1 k=1

o) )

with probability greater than 1 — e_n2EE1, where Y}, ~ x2(1) so that E[Y;] = 1, Var[V;] = 2,

and Z ~ N (E[Y}], % Var[Yy]). Subtracting IE[El]I/E\J[EJ] yields
LEEr) (A.5.23)
N y 5.

2 () 2 o+ )

)
with probability greater than 1 — e "FE1 — e

e Off-diagonal entry (i # j)

N
1 d o2/2 o2
<Y Ei4Ejx 5 Y € |-npp,—r—) NEE,—r— (A.5.24)
N &~ VN VN
with probability greater than 1 — ¢ i, , where
Y ~ N (E[E;E}], £ Var[E;E}]). Subtracting E[E;]JE[E;] yields
1 ~=~ o2\/2 [2 o2\/2 2
EET) € [— (HEEQ + 1 ) ; NEE, + i\ (A.5.25)
<N i, VN N VN N

)
with probability greater than 1 — e "FE2 — 2e B,
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A.5.1.4 Linear-Curvature Interaction

The entries of the linear-curvature term are computed as follows.

=z

1
v > LinCjx (A.5.26)
k=1
N
1 1 j
= Nz 5(“1 Lt +"‘+“¢(1J)L?t,k)
k=
1 1 N N
= 2 ki — 2 Likliy + o+ fDSTL L+ RY NZLML
N= k=1 k=1
4 LIy Y, + 92
— 5 fo + K;
o
€ [u—"T, p+T17
=0 (A.5.27)
3
1 3 N d
= r A.5.28
\/N\/2(d+2)(d+4)(d+6) maa <Nm> (4.5.28)
d '
X ULclz&(f) + nch\/gﬂZ(])
with probability greater than 1 - (d - 1)6_77]2‘01 - e_"%%, where

Z ~ N(]E[Lf’],%Var[L?]), and Y, ~ N(E[LiL?],%Var[LiLJZ]), forn = 1,....6—1,i+1,...d,

and Subtracting IE[Li]IE[Cj],

1 ~~
(NLCT> € [u—T, p+T] (A.5.29)
ij

=t (A.5.30)
1 T?naac N ) nLCl\/§ nr
\f\/ﬁ( max) [Kg< (d+4)(d+6)+(d+2)> (A.5.31)
) V3 (e, V5 — ) 1 2npne [d+1
©) '
e (d+4)(d+6) +Kﬂm(d+2)\/;

) 2
with probability greater than 1 — (d — 1)e” "2¢1 — e "LC2 — e — de .

Qe
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A.5.1.5 Linear-Noise Interaction

An entry of the linear-noise matrix may be shown to be a Lipschitz function of Gaussian
variables on a set with large measure. One may show that on this set, such a function concentrates
tightly about its expectation (see [59]). Using the CLT to compute the Lipschitz constant yields
the same leading order behavior as directly applying the CLT to the entries, but results in higher

order terms as well. Thus we proceed with the usual CLT calculation.

N

1

NZLZ‘JCE]',]@ Ly ¢ (A.5.32)
k=1

e 2 (N o 2 (NN
nLE\/N 4t o max N ) ULE\/N d 4 o maz A
with probability greater than 1—e~72&, where Y ~ A (E[L;Ej], & Var[L,E;]). Subtracting IE[LZ]]E[EJ],

<1ZET) € [p—T, p+1) (A.5.33)

w=0 (A.5.34)

NLE + nLnEﬁ] (A.5.35)

r o 2 ( N )d
= —— 7T —_—
VNV d+2 " \ Npae N

with probability greater than 1 — e e — e — b,
A.5.1.6 Curvature-Noise Interaction

The entries of the curvature-noise matrix may be shown to be Lipschitz functions over a
large set and the same comment holds as in the linear-noise case. Directly applying the CLT to

the entries of this matrix, we have

N
1 d
v Y CE; S5Y € [u—T, p+T] (A.5.36)
k=1
w=0 (A.5.37)
1 or? N d - -
= naz 3K — K4 A.5.38
nCE\/N 2(d+2)(d—|—4) <Nmax> ( )
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with  probability = with  probability  greater than 1 — e_’72CE, where Y ~

N (E[C;E}j), +Var[C;Ej]). Subtracting IE[C'@]IE[E]],

<;6ET>M € [p-T, p+T1) (A.5.39)
=0 (A.5.40)
= VNG (d = < > (A.5.41)

with probability greater than 1 — e~MEE — de e — e~

NOE_ [apeii _ i 4 1B K<1+27IC d+1>

A.5.2 Norm Bounds

Recall the following constants, previously defined in Chapter 3.4.3 and restated here for

clarity:

{ 2 [(d+ 1)K — Kl
CCyj = +

1 i | 48(d+1)(4d +17)
(d+2)(d+4) W(ncclK \/(d+4)2(d+6)(d+8)
y (d? +5d + 3) incK;K; [d+1
+cc, \/(d+4)2(d+6)(d+8) d+2) Vd+4

1 dng KiKj(d + 1))}}
VN (d+2)(d+4) ’

nLey V'3 L ) V3 (nLes VB — ey )
i = [ ( (d+4)(d+6)+(d+2)>+' (d+4)(d+6)

1 2npne /d+1

N+ dra

C& = 3KY, + K¥  + Ki|14+—=\/——
[\/d+4 Vd+2 ( VN d+4>

EE(x) = oV {\/5 (77EE1\/§+77EE2VI_ 1) + =g (14 Ve - 1)] ;

%m
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We now use the confidence intervals computed above to bound each perturbation norm. Note again
that we may work with either the matrix in question or its transpose when computing the norm

and our notation may reflect either choice.

e Curvature

with probability greater than

NI

1 rd N z 3 S
< = mazx CCzQ A.5.42
4(d+2) (Nmam) izd-‘f:-ljzd;"l ’ ( |

1 ~~
Ul <NCCT> Us

F

1= (D = d)? [de "oer 4 AN | gemi

e Noise

< (A.5.43)

1 ~~
(R

F
o*Vd 1+£ V2 VA=) + 22 Vid -
NEEV 2+ NEE, +—=np(l+vd—-1
VN N
_ —-1) _
with probability greater than 1 — de ey _ %e Mmy _ de "z,

< o*vVD—d (A.5.44)
F

1 ~~
Uy (NEET> Us

1+ \/\/% (77EE1\/§+77EEQM) + %n% (1 + M)]

with probability greater than

(D—d)(D—d—1)

5 ¢ bEy _ (D — d)efﬂ%.

1 ~~
ur (EET> U Ve
‘ PN 1 VN

with probability greater than 1 — d(D — d)e_"%EQ — De™ 5.

1 — (D — d)e "m1 —
. < o?\/d(D — d)\/\/% [nEEz + \/i] (A.5.45)



e Linear-Curvature Interaction

1 ~~
T [ ~ LT
‘UQ (NC Uy

with probability greater than

1 7'3 ( N ) % i i £CQ
< max 2
F - \/N 2(d —+ 2) Nmaz K

i=1 j=d+1

1—d(D - d) [(d ~1)e e e‘"i%} —de™ — de %,

e Linear-Noise Interaction

1 ~~
T (L 57T <
‘Ul <NEL )U1 =
P 2 < N >d N V2
T 77"”7,(11‘ EN T
VNV a+2"" N ) | PN

with probability greater than 1 — d2e e — de M — de e,

<
F

|

VD= e ()

\/N d+2 mes Nmax

1 ~~
T T
vl (=EL" U
2 <N > !

)
NLE nLnE\/ﬁ

with probability greater than 1 — d2e e — de L — de B,

N|=
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(A.5.46)

(A.5.47)

(A.5.48)
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e Curvature-Noise Interaction

'UQT (;5?) Ul < (A.5.49)
F
1
2/ D 3
o d 9 N \d 9
| CE?
VN 2(d + 2)7“maz <Nm“x> (izd—:i—l )

with probability at least 1 — d(D — d)e_"%‘E — de™ " — de k.

1 ~~
}UQT (NCET> Us|| < (A.5.50)
F
1
2 D 2
o D—-d , N \1 ;
— 4 CE:
YN\ 2(d+2) e (Nma) (;1 )

with probability greater than

1— (D —d)2e e —de "% — (D — d)e "E.

The norm bounds are combined to yield Main Result 2 (equation (3.4.13) in Chapter 3) and a

union bound is used to establish its associated probability.



